
Iranian Journal of

Numerical Analysis and Optimization

Ferdowsi University of Mashhad, Iran

  

  

 

Volume 16, Number 4

December 2026

Serial Number: 39



In the Name of God

Iranian Journal of Numerical Analysis and Optimization (IJNAO)

This journal is authorized under the registration No. 174/853 dated 1386/2/26 (2007/05/16),
by the Ministry of Culture and Islamic Guidance.

Volume 16, Number 4, December 2026

ISSN-Print: 2423-6977, ISSN-Online: 2423-6969

Publisher: Faculty of Mathematical Sciences, Ferdowsi University of Mashhad

Published by: Ferdowsi University of Mashhad Press

Printing Method: Electronic

Address: Iranian Journal of Numerical Analysis and Optimization

Faculty of Mathematical Sciences, Ferdowsi University of Mashhad

P.O. Box 1159, Mashhad 91775, Iran.

Tel. : +98-51-38806222 , Fax: +98-51-38807358

E-mail: ijnao@um.ac.ir

Website: http://ijnao.um.ac.ir

This journal is indexed by:

• SCOPUS
• ZbMATH Open
• ISC
• DOAJ
• Civilica

• Magiran
• Mendeley
• Academia.edu
• Linkedin

• The Journal granted the International degree by the Iranian Ministry of Science, Research,
and Technology.

https://www.scopus.com/sourceid/21101023651
https://zbmath.org/serials/?q=iranian+journal+of+numerical
https://ecc.isc.ac/showJournal/25554
https://doaj.org/toc/2423-6969?source=%7B%22query%22%3A%7B%22bool%22%3A%7B%22must%22%3A%5B%7B%22terms%22%3A%7B%22index.issn.exact%22%3A%5B%222423-6977%22%2C%222423-6969%22%5D%7D%7D%5D%7D%7D%2C%22size%22%3A100%2C%22sort%22%3A%5B%7B%22created_date%22%3A%7B%22order%22%3A%22desc%22%7D%7D%5D%2C%22_source%22%3A%7B%7D%2C%22track_total_hits%22%3Atrue%7D
https://en.civilica.com/l/19832/
https://www.magiran.com/volume/104881
https://www.mendeley.com/community/ijnao/
https://mashhad.academia.edu/JournalofIranianjournalofNumericalAnalysisandOptimization
https://www.linkedin.com/in/iranian-journal-of-numerical-analysis-and-optimization-17b524202/


Iranian Journal of Numerical Analysis
and Optimization

Volume 16, Number 4, December 2026

Ferdowsi University of Mashhad - Iran

©2026 All rights reserved. Iranian Journal of Numerical Analysis and Optimization



Iranian Journal of Numerical Analysis and Optimization

Director
M. H. Farahi

Editor-in-Chief
Ali R. Soheili

Managing Editor
M. Gachpazan

EDITORIAL BOARD

Abbasbandi, Saeid*

(Numerical Analysis)

Imam Khomeini International University, Iran.

e-mail: abbasbandy@ikiu.ac.ir

Abdi, Ali*

(Numerical Analysis)

University of Tabriz, Iran.

e-mail: a_abdi@tabrizu.ac.ir

Area, Iván*

(Numerical Analysis)

Universidade de Vigo, Spain.

e-mail: area@uvigo.es

Babaie Kafaki, Saman*

(Optimization)

Semnan University, Iran.

e-mail: sbk@semnan.ac.ir

Babolian, Esmail*

(Numerical Analysis)

Kharazmi University, Iran.

e-mail: babolian@khu.ac.ir

Cardone, Angelamaria*

(Numerical Analysis)

Università degli Studi di Salerno, Italy.

e-mail: ancardone@unisa.it

Dehghan, Mehdi*

(Numerical Analysis)

Amirkabir University of Technology, Iran.

e-mail: mdehghan@aut.ac.ir

Effati, Sohrab*

(Optimal Control & Optimization)

Ferdowsi University of Mashhad, Iran.

e-mail: s-effati@um.ac.ir

Emrouznejad, Ali*

(Operations Research)

Aston University, UK.

e-mail: a.emrouznejad@aston.ac.uk

Farahi, Mohammad Hadi*

(Optimal Control & Optimization)

Ferdowsi University of Mashhad, Iran.

e-mail: farahi@um.ac.ir



Gachpazan, Mortaza**

(Numerical Analysis)

Ferdowsi University of Mashhad, Iran.

e-mail: gachpazan@um.ac.ir

Ghanbari, Reza*

(Operations Research)

Ferdowsi University of Mashhad, Iran.

e-mail: rghanbari@um.ac.ir

Hadizadeh Yazdi, Mahmoud*

(Numerical Analysis)

Khaje-Nassir-Toosi University of

Technology, Iran.

e-mail: hadizadeh@kntu.ac.ir

Hojjati, Gholamreza*

(Numerical Analysis)

University of Tabriz, Iran.

e-mail: ghojjati@tabrizu.ac.ir

Hong, Jialin*

(Scientific Computing )

Chinese Academy of Sciences (CAS), China.

e-mail: hjl@lsec.cc.ac.cn

Karimi, Hamid Reza*

(Control)

Politecnico di Milano, Italy.

e-mail: hamidreza.karimi@polimi.it

Khojasteh Salkuyeh, Davod*

(Numerical Analysis)

University of Guilan, Iran.

e-mail: khojasteh@guilan.ac.ir

Lohmander, Peter*

(Optimization)

Swedish University of Agricultural Sciences, Sweden.

e-mail: Peter@Lohmander.com

Lopez-Ruiz, Ricardo*

(Complexity, nonlinear models)

University of Zaragoza, Spain.

e-mail: rilopez@unizar.es

Mahdavi-Amiri, Nezam*

(Optimization)

Sharif University of Technology, Iran.

e-mail: nezamm@sina.sharif.edu

Mirzaei, Davoud*

(Numerical Analysis)

University of Uppsala, Sweden.

e-mail: davoud.mirzaei@it.uu.se

Omrani, Khaled*

(Numerical Analysis)

University of Tunis El Manar, Tunisia.

khaled.omrani@issatso.rnu.tn

Soheili, Ali Reza*

(Numerical Analysis)

Ferdowsi University of Mashhad, Iran.

e-mail: soheili@um.ac.ir

Soleimani Damaneh, Majid*

(Operations Research and Optimization, Finance, and

Machine Learning)

University of Tehran, Iran.

e-mail: m.soleimani.d@ut.ac.ir



Toutounian, Faezeh*

(Numerical Analysis)

Ferdowsi University of Mashhad, Iran.

e-mail: toutouni@um.ac.ir

Türkyılmazoğlu, Mustafa*

(Applied Mathematics )

Hacettepe University, Turkey.

e-mail: turkyilm@hacettepe.edu.tr

Vahidian Kamyad, Ali*

(Optimal Control & Optimization)

Ferdowsi University of Mashhad, Iran.

e-mail: vahidian@um.ac.ir

Xu, Zeshui*

(Decision Making)

Sichuan University, China.

e-mail: xuzeshui@263.net

Vasagh, Zohreh

(English Text Editor)

Ferdowsi University of Mashhad, Iran.

This journal is published under the auspices of Ferdowsi University of Mashhad

* Full Professor
** Associate Professor
We would like to acknowledge the help of Miss Narjes khatoon Zohorian in the
preparation of this issue.



Letter from the Editor–in–Chief

I would like to welcome you to the Iranian Journal of Numerical Analysis and Optimization
(IJNAO). This journal has been published two issues per year and supported by the Faculty
of Mathematical Sciences at the Ferdowsi University of Mashhad. The faculty of Mathematical
Sciences with the centers of excellence and the research centers is well-known in mathematical
communities in Iran.
The main aim of the journal is to facilitate discussions and collaborations between specialists in
applied mathematics, especially in the fields of numerical analysis and optimization, in the region
and worldwide. Our vision is that scholars from different applied mathematical research disci-
plines pool their insight, knowledge, and efforts by communicating via this international journal.
In order to assure the high quality of the journal, each article is reviewed by subject-qualified
referees. Our expectations for IJNAO are as high as any well-known applied mathematical jour-
nal in the world. We trust that by publishing quality research and creative work, the possibility
of more collaborations between researchers would be provided. We invite all applied mathemati-
cians especially in the fields of numerical analysis and optimization to join us by submitting their
original work to the Iranian Journal of Numerical Analysis and Optimization.
We would like to inform all readers that the Iranian Journal of Numerical Analysis and Opti-
mization (IJNAO), has changed its publishing frequency from ”Semiannual” to a ”Quarterly”
journal since January 2023. The four journal issues per year will be published in the months of
March, June, September, and December. One of our goals is to continue to improve the speed
of both the review and publication processes, while try continuing to publish the best available
international research in numerical analysis and optimization, with the high scientific and pub-
lication standards that the journal is known for.

Ali R. Soheili

Editor-in-Chief
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Research Article

A semi-analytical study on Hepatitis A virus
transmission in Indonesia

A. Maheswari, V. Ananthaswamy*, and J. Anantha Jothi

Abstract

A mathematical layout that depicts the epidemiology of Hepatitis A in Indonesia is analyzed in
the present research. The framework’s specific four compartments —Susceptible, individuals,
treatment, and recovered are resolved approximate analytically through the Laplace Adomian
decomposition technique and Taylors series method. For each of the four compartments, the
approximate analytical answers are stated. The outcomes of multiple kinds of model parameters
are demonstrated graphically. The numerical simulation (MATLAB) and our approximate
analytical outcomes are contrasted and provided in the table. The approximate analytical
outcomes and the numerical simulation fit each other precisely.
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Keywords: Hepatitis A virus (HAV), SITR model, Nonlinear initial value problem, Laplace
Adomian decomposition method (LADM), Taylors series method (TSM), Numerical simulation.

1 Introduction

Acute, transient liver infections are caused by the Hepatitis A virus (HAV) and are typically
contracted by the fecal-oral route from tainted beverages or food. The signs and symptoms can
include fatigue, nausea, and jaundice, but many people do not experience any of them. Once
antibodies are formed, the body’s defense system offers lifetime protection, and the infection is
typically not persistent. When any individual consumes food or water tainted by an infected
person’s excrement, it might spread. Hygiene and sanitation deficiencies (e.g., filthy and un-
washed hands) and an inadequate supply of potable water are linked to the risk of contracting
HAV. For the avoidance of HAV, a vaccine has been developed that is effective as well as secure.
Vaccination and proper hygienic are part of safeguarding.

For the sake of the computational estimation of nonlinear and linear stochastic and pre-
dictable epidemics incorporating treatment cure and partial immunity, Arif, Abodayeh, and
Nawaz [4] introduced and examined a novel finite difference technique. The purpose of the Bae
et al. [6] inquiry was to examine HAV persistence on six distinct food-contact surfaces: wood,
glass, stainless steel, ceramic, rubber, and plastic. Additionally, it offers helpful information for
preventing food-borne illness and controlling HAV on various surfaces that handle food. Ac-
cording to Fiore’s research [12], epidemics of Hepatitis A (HA) that are transmitted by food or
water are not common in the United States. Nevertheless, people who handle food with HA are
often recognized, and assessing their immunoprophylactic needs and putting control measures in
place as a significant strain on public health services. In order to determine the epidemiological
features of HA cases that take place at High School X as well as the risk variables, Harisma
et al. [17] conducted an observational study using a cross-sectional methodology. Ilahi and
Fadilaturrohmah [20] presented a mathematical framework that provided a different perspec-
tive on how the Hepatitis C virus (HCV) spreads while in medical care in a population with
a chronic infection. Sensitivity analysis was required to establish parameters for treating HCV
and illness prevention. The risk factors for developing fulminant hepatitis and fatality in Mexico
were examined by MacKinney-Novelo et al. [24]. The susceptible-infected-treatment-recovered
(SITR) scheme for the dissemination of HA by vaccination was covered in the Sidik, Sari, and
Ismail’s study [32]. Additionally, the stability with respect to the model for the transmission of
HA disease around the sites was examined, along with the interpretation of the model created
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1191 A semi-analytical study on Hepatitis A virus transmission in Indonesia

through numerical simulations and the analysis of the impact of treatment and vaccination on
the human population sick with HA.

People with untreated chronic liver disease have a higher chance of dying. The virus can be
transmitted from person to person by the oral route of faeces, by medication delivery in the vein
[23, 34, 35], or by consuming tainted food or beverages. Transmission can also occur through
routine contact with blood or its components that contain HAV, but not with urine or saliva.
According to Staes et al. [33], babies and asymptomatic, nonjaundiced HAV-infected persons
are the main sources of HAV dissemination. According to research by Bianco et al. [8], travel
is a second common cause of infection in areas with high infection rates, where dissemination
can occur both directly and indirectly. According to Koff [22], jaundice, light-colored faces, or
dark-colored urine may be signs of HAV at the onset of clinical symptoms or within a day or two
of them.

Many mathematical models that describe the processes of HAV dispersion have been estab-
lished, produced, and analyzed in an attempt to avoid the disease. Guimaraens and Codec [15]
created a susceptible-infectious-recovery (SIR) mathematical structure to examine how the epi-
demiologic dynamics of HA are affected by different infection treatments. Van Effelterre, Marano,
and Jacobsen [36] created a mathematical structure called susceptible, latent, infectious, and re-
covered immune (S-L-I-R) to highlight the importance of considering herd protection caused by
early childhood HA immunization. The Fiore, Wasley, and Bell [13] model supported the Im-
munization Practices Advisory Committee’s recommendations for the universal HA vaccination
of one-year-olds. Ajelli et al. [1] developed the basic mathematical foundation for the seasonal
variations of HAV in regions of Italy with respect to a moderate epidemic status in another
study. Similarly, Ajelli et al. [2] developed an individual-based model that was parameterized
employing the sociodemographic data and epidemiological and featured an active network of links
that comprised millions of humans. The findings from the study indicate that the inadequate
vaccination proportion in Italy is adequate to prevent the spread of HA. The Van Effelterre et al.
[37] investigation proposed a method that provides insight into the new HAV epidemiology and
may be implemented to evaluate the impact of vaccination and other public health initiatives in
various settings.

Researchers were also recently investigated the dynamics and outcomes related to a vac-
cination option that contains HA contamination [5, 9]. For instance, the findings of Brouwer
et al. [9] developed a mathematical representation of HAV transmission to assess local spread
trends and the effect of vaccination upon the severity and durability of the HAV dissemination in
Michigan. They also calculated the proportion of instances that the immunization program pre-
vented in Southeast Michigan and the remaining areas of the state. For the HAV pandemic, Van
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Effelterre et al. [37] created and addressed a linear age-organized SEIAR (susceptible-exposed-
symptomatic-asymptomatic-recovered) subdivision model.

The research of Febriyanto and Dewi [11] served as the motivation for this work. However,
their research, which incorporated the 14th order Runge-Kutta (R-K 14th) approach in MAT-
LAB which lacks the approximate solutions in explicit and did not account for the effect of
different model parameter values on HAV control. In order to fill the gap, we used an approx-
imate analytical method and provided the solutions in explicit form. Also, we compared our
approximate analytical solutions with the numerical simulation. Therefore, the primary objec-
tive of this work was to find the approximate analytical outcomes of the dynamic deterministic
epidemiological framework that considers and graphically depicts the influence of several pa-
rameters. While other academics now handle these kinds of issues with implicit answers, our
semi-analytical results offer explicit expressions. The semi-analytical findings and numerical sim-
ulation are subsequently contrasted and graphically shown. We employ numerical simulation,
which shows a very good fit to the precision of our method.

The selection of the Laplace Adomian decomposition method (LADM) and Taylors series
method (TSM) in this study is based on the need for accuracy of the results with the simulation
of the SITR model, which is nonlinear. This method can solve a set of differential equations
(DEs) with high precision, especially for short spans of time intervals, making it suitable for
predicting the dynamics of infectious diseases over a certain period. Also, these methods provide
a much smaller truncation error with the numerical simulation results.

2 Mathematical overview of the problem

The SITR model, which was created by splitting the human population into four categories
based on reference sources about mathematical modeling of infectious illnesses is used to explain
how vaccination spreads HA disease. The population contains Susceptible (S), a population of
healthy people who are at risk for experiencing HA; Infected (I), a group of people who have
HA at the moment; Treatment (T ), a community of people receiving medical care; and Recovery
(R), a group of people that are immune to HA who have recovered. The following presumptions
guided the development of the SITR framework to simulate the transmission of HA illness.
Populations never change.

a) Because the persons born belong to susceptible groups and each person who passes away
has a proportionate rate with other groups, both the birth and death rates are equal. People
with an infection or HA will go through the treatment procedures.

Iran. J. Numer. Anal. Optim., Vol. 16, No. 4, 2026, pp 1189–1220



1193 A semi-analytical study on Hepatitis A virus transmission in Indonesia

Figure 1: Schematic of the Hepatitis model (SITR) a vaccination-related spread

b) The infected and treatment class experienced a death yesterday due to HA infection, but
the Susceptible and Recovery squad experienced a natural death.

c) Immunization of infants or kids.
d) HA infection is a possibility for the susceptible individual group.
e) When vulnerable people come into contact with infected people or the virus comes into

contact with susceptible people, HA can spread.
f) After getting treatment, people will recover from HA.
g) Only one illness, HA spreads in this situation.
h) Those who recover may be able to spread the infection again.
The mathematical framework for the propagation of HA illness is derived from these hy-

potheses and is displayed in Figure 1.
Figure 1 provides the DE system for each compartment, which is as follows [11]:

dS

dτ
= µ− (1− α)(β)S 1

N
− αS − µS, (1)

dI

dτ
= (1− α)(β)S 1

N
− η I − δ I − µ I, (2)

dT

dτ
= η I − γ T − δ T − µT, (3)

dR

dτ
= γ T + σ S − µR. (4)

To facilitate model analysis, the equation can be made simpler.

s =
S

N
, i =

I

N
, t =

T

N
, r =

R

N
. (5)

So that the governing equations may be found as follows:

ds

dτ
= µ− (1− σ)(β)s i− σ s− µ s, (6)

di

dτ
= (1− α)(β)s i− η i− δ i− µ i, (7)

dt

dτ
= η i− γ t− δ t− µ t, (8)
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dr

dτ
= γ t+ σ s− µ r. (9)

The corresponding initial circumstances are

At τ = 0, s(0) = A = 0.8, i(0) = B = 0.2,

t(0) = D = 0.0, r(0) = F = 0.0.

 (10)

We identified a subsequent set of values as the initial one for each compartment using the same
data source that Febriyanto and Dewi [11] used: s(0) = 0.8, i(0) = 0.2, t(0) = 0.0, and r(0) = 0.0,
additionally the following parameters were ascertained: µ = 0.02, δ = 0.0025, σ = 0.008, β =

0.4286 and η = 0.3.

3 Approximate analytical expression for the nonlinear
initial value problems

DEs, both nonlinear and linear, have a significant influence on many scientific and technical
fields and can be used to represent a wide range of behaviors. A number of first-order nonlinear
ordinary differential equations (ODEs) lack adequate semi-analytical results. The variational
iterative technique [28], Sumudu transform methodology [10], Sumudu Adomian decomposition
approach [21], homotopy analysis technique [25, 26, 31], homotopy perturbation technique [3],
new homotopy perturbation approach [29], differential transform methodology [16] and Laplace
Adomian decomposition method [7, 25] are some of the semi-analytical techniques that can be
used to precisely resolve first-order ODEs in nonlinear.

3.1 Approximate analytical expressions for (6) through
(9) by employing Laplace Adomian decomposition
technique

The LADM, which blends with the Laplace transform (LT) as well as the Adomian decompo-
sition method (ADM), is a powerful mixed technique to deal with differential equations (DEs),
especially ones with nonlinearity. Its use results in better precision and effectiveness as compared
to traditional approaches. LADM provides several significant advantages by solving nonlinear
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1195 A semi-analytical study on Hepatitis A virus transmission in Indonesia

DEs without the need for linearization, discrimination, perturbation, or transformation. This
attribute makes problem-solving easier and allows for more precise results. LADM delivers ap-
proximate analytical outcomes in the form of a fast convergent infinite power series with easily
computed terms. Because of this feature, it can be used in a wide range of scientific and en-
gineering disciplines [7, 25, 30]. Its efficacy is shown in several fields, such as fluid dynamics,
heat transfer, population dynamics, and more, where LADM has lately been effectively applied
to resolve difficult problems and yield useful data [30].

In this sub-section, we demonstrate the application of the LADM to nonlinear ordinary dif-
ferential systems to attain the semi-analytical expressions. To initiate the process, we commence
by applying the LT which is denoted by applying the Laplace transform L for both sides of
(6)–(9), we attained

L(s) = s(0) + L(µ)− (1− σ)β L(s i)− (σ + µ)L(s), (11)

L(i) = i(0) + (1− σ)β L(s i)− (η + δ + µ)L(i), (12)

L(t) = t(0) + η L(i)− (γ + δ + µ)L(t), (13)

L(r) = r(0) + γ L(t) + σ L(s)− µL(r). (14)

Assuming that the answers to s, i, t, and r may be represented as infinite series, we proceed.
Additionally, we use Adomian polynomials, whose properties are stated as follows, to split

up the nonlinear terms included s i = V in the model:

s =

∞∑
n=0

sn, i =

∞∑
n=0

in, t =

∞∑
n=0

tn, r =

∞∑
n=0

rn, V =

∞∑
n=0

Vn(s, i). (15)

The Adomian polynomials represented by Vn, are described as follows:

Vn =
1

n!

dn

dλn

[ ∞∑
i=0

λisi

∞∑
i=0

λiii

]
, (16)

V0 = s0i0, (17)

V1 = s1i0 + s0i1. (18)

Equations (15) through (18) can be substituted into (11) through (14), yielding

L

( ∞∑
n=0

sn

)
= s(0) + L(µ)− (1− σ)β L

( ∞∑
n=0

Vn(s, i)

)

− (σ + µ)L

( ∞∑
n=0

sn

)
, (19)
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L

( ∞∑
n=0

in

)
= i(0) + (1− σ)β L

( ∞∑
n=0

Vn(s, i)

)
− (η + δ + µ)L

( ∞∑
n=0

)
, (20)

L

( ∞∑
n=0

tn

)
= t(0) + ηL

( ∞∑
n=0

in

)
− (γ + δ + µ)L

( ∞∑
n=0

tn

)
, (21)

L

( ∞∑
n=0

rn

)
= r(0) + γ

( ∞∑
n=0

tn

)
+ σL

( ∞∑
n=0

sn

)
− µL

( ∞∑
n=0

rn

)
. (22)

The specific properties of the LT derivative are offered by

wL(U)− U(0) = L(G(U)), (23)

L(U) =
1

w
U(0) +

1

w
L(G(U)). (24)

Utilizing the characteristics provided in (24) in (19) through (22), we attain

L

( ∞∑
n=0

sn

)
=

1

w
s(0) +

1

w
L(µ)− 1

w
(1− σ)βL

( ∞∑
n=0

Vn(s, i)

)

− 1

w
(σ + µ)L

( ∞∑
n=0

sn

)
, (25)

L

( ∞∑
n=0

in

)
=

1

w
i(0) +

1

w
(1− σ)βL

( ∞∑
n=0

Vn(s, i)

)

− 1

w
(η + δ + µ)L

( ∞∑
n=0

in

)
, (26)

L

( ∞∑
n=0

tn

)
=

1

w
t(0) +

1

w
ηL

( ∞∑
n=0

in

)
− 1

w
(γ + δ + µ)L

( ∞∑
n=0

tn

)
, (27)

L

( ∞∑
n=0

rn

)
=

1

w
r(0) +

1

w
γL

( ∞∑
n=0

tn

)
+

1

w
σL

( ∞∑
n=0

sn

)

− 1

w
µL

( ∞∑
n=0

rn

)
. (28)

The LADM’s zeroth iteration for (25) through (28) is outlined below:

L(s0) =
1

w
s(0), (29)

L(i0) =
1

w
i(0), (30)

L(t0) =
1

w
t(0), (31)
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L(r0) =
1

w
r(0). (32)

Now that we have applied the inverse LT to (29) through (32) and replaced (10), we acquire

s0 = A, (33)

i0 = B, (34)

t0 = D, (35)

r0 = F. (36)

The LADM’s first iteration for (25) through (28) is obtained through contrasting the equation’s
two sides:

L(s1) =
1

w
L(µ)− 1

w
(1− σ)βL(V0(s, i))−

1

w
(σ + µ)L(s0), (37)

L(i1) =
1

w
(1− σ)βL(V0(s, i))−

1

w
(η + δ + µ)L(i0), (38)

L(t1) =
1

w
ηL(i0)−

1

w
(γ + δ + µ)L(t0), (39)

L(r1) =
1

w
γL(t0) +

1

w
σL(s0)−

1

w
µL(r0). (40)

The inverse LT are now being applied for (37)–(40) and putting (33)–(36), we get

s1 = [µ− (1− σ)βAB − (σ + µ)A] τ, (41)

i1 = [(1 + σ)βAB − (η + δ + µ)B] τ, (42)

t1 = [ηB − (γ + δ + µ)D] τ, (43)

r1 = [γD + σA− µF ] τ. (44)

The second iteration for (25)–(28) of the LADM is attained by compare both sides of the equation,
we get

L(s2) = −
1

w
(1− σ)βL(V1(s, i))−

1

w
(σ + µ)L(s1), (45)

L(i2) =
1

w
(1− σ)βL(V1(s, i))−

1

w
(η + δ + µ)L(i1), (46)

L(t2) =
1

w
ηL(i1)−

1

w
(γ + δ + µ)L(t1), (47)

L(r2) =
1

w
γL(t1) +

1

w
σL(s1)−

1

w
µL(r1). (48)

Now, taking inverse LT for (45)–(48) and replaced (41)–(44), we get

Iran. J. Numer. Anal. Optim., Vol. 16, No. 4, 2026, pp 1189–1220



Maheswari, Ananthaswamy and Anantha Jothi 1198

s2 = [−(1− σ)β (A((1 + σ)βAB − (η + δ + µ)B))]
τ2

2!

− (1− σ)β(B(µ− (1− σ)βAB − (σ + µ)A))
τ2

2!

− (σ + µ)(µ− (1− σ)βAB − (σ + µ)A)
τ2

2
, (49)

i2 = [(1− σ)β (A((1 + σ)βAB − (η + δ + µ)B))]

+ (1− σ)β(B(µ− (1− σ)βAB − (σ + µ)A))
τ2

2!

+ (−(η + δ + µ)(1 + σ)βAB − (η + δ + µ)B)
τ2

2!
, (50)

t2 = [η((1 + σ)βAB − (η + δ + µ)B)]
τ2

2!

− [(γ + δ + µ)(ηB − (γ + δ + µ)D)]
τ2

2!
, (51)

r2 = [γ(ηB − (γ + δ + µ)D)− σ(µ− (1− σ)βAB − (σ + µ)A)]
τ2

2!

− [µ(γD + σA− µF )] τ
2

2!
. (52)

A similar methodology can then be used to calculate the remaining terms. The responses to the
aforementioned systems can be roughly represented as an infinite series using these computed
values in the manner described below:

s = s0 + s1 + s2 + · · · , (53)

i = i0 + i1 + i2 + · · · , (54)

t = t0 + t1 + t2 + · · · , (55)

r = r0 + r1 + r2 + · · · . (56)

Thus, by replacing (33)–(36), (41)–(44), and (49)–(52) into (53)–(56), we obtain the approximate
analytical expressions of (6)–(9). The findings are as follows:

s =A+ [µ− (1− σ)βAB − (σ + µ)A] τ

+ [−(1− σ)β (A((1 + σ)βAB − (η + δ + µ)B))]
τ2

2!

+ [−(1− β)(B(µ− (1− σ)βAB − (σ + µ)A))]
τ2

2!

+ [−(σ + µ)(µ− (1− σ)βAB − (σ + µ)A)]
τ2

2!
, (57)

i =B + [(1 + σ)βAB − (η + δ + µ)B] τ
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+ [(1− σ)β (A((1 + σ)βAB − (η + δ + µ)B))]
τ2

2!

+ [(1− σ)β (B(µ− (1− σ)βAB − (σ + µ)A))]
τ2

2!

+ [−(η + δ + µ)(1 + σ)βAB − (η + δ + µ)B]
τ2

2!
, (58)

t =D + [ηB − (γ + δ + µ)D] τ

+ [η((1 + σ)βAB − (η + δ + µ)B)]
τ2

2!

+ [−(γ + δ + µ)(ηB − (γ + δ + µ)D)]
τ2

2!
, (59)

r =F + [γD + σA− µF ] τ

+ [γ(ηB − (γ + δ + µ)D)− σ(µ− (1− σ)βAB − (σ + µ)A)]
τ2

2!

− [µ(γD + σA− µF )] τ
2

2!
. (60)

3.2 Approximate analytical expressions for (6) through (9)
by employing Taylor’s series approach

One of the easiest and most efficient ways to handle nonlinear equations is the TSM [14, 18, 19,
27]. Furthermore, because it doesn’t require an extensive knowledge in mathematical analyzing,
TSM is available to a wider range of researchers. Even though there may be certain challenges
when applying TSM, such as when dealing with strong nonlinear DEs, these challenges can typi-
cally be overcome by employing additional derivatives, obtaining polynomials with higher degree,
or adopting the Padé approximant. TSM was employed to provide a structured and quantitative
framework for evaluating the study parameters. Its selection is justified by its ability to multiple
criteria into a coherent analytical process, ensuring consistency, objectivity, and reproducibility
of the results. TSM has been selected deliberately to address the need for a systematic and
objective evaluation framework. Compared to alternative approaches, TSM offers improved con-
sistency in multi-criteria assessment and minimizes subjective bias, thereby strengthening the
methodological rigor of the study. Its application ensures reliable evaluation and strengthens
the robustness of the methodological approach. In this work, there is a complication occurred
in solving the nonlinear term. To overcome this situation TSM has been used. In TSM we
substitute the initial conditions in the nonlinear term to reduce the complications within three
iterations the solution are converges faster. Nonlinear ordinary and fractional DEs, including
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Lane-Emden [18], third-order boundary value issues, fractional Bratu-type equations [19], and
nonlinear oscillator issues [27], have been extensively solved with TSM in the past few decades.

In this sub-section, we demonstrate the application of the TSM to nonlinear ordinary differ-
ential systems to attain the semi-analytical expressions. To initiate the process, for (6) through
(9), the extension of the Taylor series is expressed as follows:

s(τ) =

[
2∑
a=0

das

dτa

]
τ=0

τa

a!
= s(0) +

s′(0)

1!
τ +

s′′(0)

2!
τ2, (61)

i(τ) =

[
2∑
a=0

dai

dτa

]
τ=0

τa

a!
= i(0) +

i′(0)

1!
τ +

i′′(0)

2!
τ2, (62)

t(τ) =

[
2∑
a=0

dat

dτa

]
τ=0

τa

a!
= t(0) +

t′(0)

1!
τ +

t′′(0)

2!
τ2, (63)

r(τ) =

[
2∑
a=0

dar

dτa

]
τ=0

τa

a!
= r(0) +

r′(0)

1!
τ +

r′′(0)

2!
τ2. (64)

By implementing the initial circumstance given in (10), the zeroth step for (61)–(64) for a = 0

is as follows:

s(0) = A, (65)

i(0) = B, (66)

t(0) = D, (67)

r(0) = F. (68)

The initial iteration of (61)–(64) for a = 1 through (65)–(68) is as follows:

s′(0) = µ− (1− σ)βs(0) i(0)− (σ + µ)s(0), (69)

i′(0) = (1− σ)β s(0) i(0)− (η + δ + µ)i(0), (70)

t′(0) = η i(0)− (γ + δ + µ)t(0), (71)

r′(0) = γ t(0) + σ s(0)− µ r(0). (72)

The second iterations of (61)–(64) for a = 2 applying (65)–(68) and (69)–(72) is as outlined
below:

s′′(0) = −(1− σ)β [s(0)i′(0) + s′(0)i(0)]− (σ + µ)s′(0), (73)

i′′(0) = (1− σ)β [s(0)i′(0) + s′(0)i(0)]− (η + δ + µ)i′(0), (74)
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t′′(0) = ηi′(0)− (γ + δ + µ)t′(0), (75)

r′′(0) = γt′(0) + σ s′(0)− µ r′(0). (76)

Adding (65)–(76), we attained the approximate analytical expressions for (6)–(9), which yields:

s(τ) =A+ [µ− (1− σ)βAB − (σ + µ)A]
τ

1!

+ [−(1− σ)β (A((1− σ)βAB − (η + δ + µ)B))]
τ2

2!

+ [−(1− σ)β (µ− (1− σ)βAB − (σ + µ)A)B]
τ2

2!

+ [−(σ + µ)(µ− (1− σ)βAB − (σ + µ)A)]
τ2

2!
, (77)

i(τ) =B + [(1− σ)βAB − (η + δ + µ)B]
τ

1!

+ [(1− σ)β (A((1− σ)βAB − (η + δ + µ)B))]
τ2

2!

+ [(1− σ)β ((µ− (1− σ)βAB − (σ + µ)A))B]
τ2

2!

+ [−(η + δ + µ)((1− σ)βAB − (η + δ + µ)B)]
τ2

2!
, (78)

t(τ) =D + [ηβ − (γ + δ + µ)D]
τ

1!
+ [η((1− σ)βAB − (η + δ + µ)B)]

τ2

2!

+ [−(γ + δ + µ)(ηB − (γ + δ + µ)D)]
τ2

2!
, (79)

r(τ) =F + [γD + σA− µF ] τ
1!

+ [γ(ηB − (γ + δ + µ)B)]
τ2

2!

+ [σ(µ− (1− σ)βAB − (σ + µ)A)− µ(γD + σA− µF )] τ
2

2!
. (80)

4 Numerical simulation

Additionally, the function maingraph in the program run in MATLAB has been employed to
numerically resolve the above nonlinear DEs (6) to (9). The numerical simulation has been con-
trasted with the semi-analytical results. The MATLAB program listed in Appendix A. Figures
2–18 show the numerical simulation carried out using MATLAB, together with the approximate
analytical expressions that were obtained by utilizing LADM and TSM. A fairly good consensus
exists.
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5 Results and discussions

By assigning each parameter to the appropriate value, Figure 2 illustrates the impact of general
parameters, such as susceptible class, infected class, treatment, and recovered class. In this
figures, we have compared our semi-analytical solutions LADM and TSM with the numerical
solution (R-K 14th approach) [11].

For susceptible class s(τ): Figures 3–4 and 11–12 displays the susceptible class s(τ)
versus time τ by employing (57) and (77). Figures 3 and 11 interline that when the value of
the vaccination effectiveness level σ, the transmission rate of an infected person to the suspect
β raises, then the susceptible class get drops. From these we noted that the higher vaccine
effectiveness σ increases immune protection and prevents individuals from remaining at risk,
while a higher transmission rate β accelerates infection among nonimmune individuals together
these mechanisms reduce the pool of susceptible individuals in the population. In figs. 4 and 12
interlines that the amount of the proportion of infected individuals who get medical care η raises
so does the susceptible class. Therefore, an increase in the proportion of infected individuals
receiving medical care η leads to earlier diagnosis, effective treatment, and isolation, which
reduces disease transmission and allows fewer susceptible individuals to become infected therefore
the susceptible class increases as more people remain uninfected.

For infected class i(τ): Figures 5–6 and 13–14 demonstrate the infected class i(τ) against
time τ by utilizing (58) and (78). From these figs. 6 and 13, it depicts that the value for the
both births or death rates that are not the outcomes of the HA sickness (naturally) µ, and the
proportion of infected persons who got therapy η get raises then the infected class get falls. In
general, an increase in the natural birth-death rate µ together with a higher proportion of infected
individuals receiving therapy η reduces the number of infected individuals by removing infected
persons through natural turnover and accelerating recovery through treatment, thereby causing
the infected class to decline. Figures 5 and 14 show that as the amounts for the transmission
rate of an infected individual to the vulnerable β increases, so does the infected class. Hence,
when the transmission rate β increases, infected individuals spread the disease more efficiently,
causing more people to become infected, so the infected class increases.

For treatment class t(τ): Figures 7–8 and 15–16 depict that the treatment class t(τ) with
time τ via (59) and (79). Figures 8 and 16 reveal that the amount for the death rate due to
HA infection δ, and the rate of recovery of a person after the medical care for HA infection γ

get raised then the treatment class get drops. Form this we noted that the death rate from HA
infection δ and the recovery rate after treatment γ increase, patients either die or recover faster,
so fewer individuals remain in the treatment class, causing it to decrease. Figures 9–10 and 7
and 15, it exhibit that as the rate of transfer of an infected human to the vulnerable β and
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proportion of infected individuals who got the medical care η increases so does the treatment
class. Hence, when the infection spreads faster β and more infected individuals receive medical
care η, more people enter treatment, so the treatment class increases.

For recovered class r(τ): Figures 9–10 and 17–18 highlight that the recovered class r(τ)
versus time τ by using (60) and (80). Figures 9–10 and 17–18 it interline that the amount of
vaccination effectiveness level σ, the proportion of infected individuals who receive treatment
η, rate of recovery of an individual after undergoing treatment for HA infection γ raises then
recovered class also get raises. From these we concluded that, when vaccine effectiveness σ
improves, more infected individuals receive treatment η, and the recovery rate after treatment
γ increases, more people gain immunity or recover from the infection, so the recovered class
increases.

For Tables: The contrast for the numerical simulation between the LADM and TSM with
the fixed quantities for the variables of vulnerable, diseased, medical care, and recovered is
displayed in Tables 1 through 4. This table indicates that the average absolute error percentage
was 0.1. The tables reveal that, on a comparatively small scale, our findings match well with the
numerical simulation. Compared to our semi-analytical techniques, TSM was somewhat time-
consuming, and evaluating values required more time than LADM. It is clear from analyzing the
figures and tables that the LADM regularly offers a better approximation than the TSM with the
simulations within the specified time interval. Nevertheless, even with a short time span, LADM
successfully captures this behavior. This led us to conclude that the numerical simulation yields
an approximation with greater precision analytical expression when employing LADM. With the
aid of LADM, the solution’s convergence is more precise and occurs more quickly. Additionally,
second-order ordinary DEs can be resolved via this strategy.

6 Conclusion

The HA pandemic model was served as the basis for a mathematical investigation. By em-
ploying the LADM and TSM, the approximate analytical computations for each of the model’s
four compartments were found. The consequences of the many parameters in the model were
illustrated graphically. By comparing the results with a numerical simulation (MATLAB) for
each parameter, an ideal fit has been found. The results improve the model’s comprehension
for learners and highlight how specific parameters affect the populations. Essentially, LADM
proved a more useful and reliable strategy for many practical problems, even if both approaches
(LADM and TSM) can generate semi-analytical solutions. It was a more effective and depend-
able method for a variety of nonlinear DEs since it avoids the significant computational effort
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Figure 2: Comparison of approximate analytical expression with the numerical simulation for the considered
epidemic model for all parameters.

Figure 3: Curves for amount of vaccination effectiveness level σ.

Iran. J. Numer. Anal. Optim., Vol. 16, No. 4, 2026, pp 1189–1220



1205 A semi-analytical study on Hepatitis A virus transmission in Indonesia

Figure 4: Consequences for proportion of infected person who receive treatment η.

Figure 5: Influence for transmission rate of an infected individual to the suspect β.
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Figure 6: Plots for proportion of infected individuals who receive treatment η.

Figure 7: The impacts for transmission rate of an infected individual to the suspect β.
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Figure 8: Influence for recovery rate of an individual after undergoing treatment for HA infection γ.

Figure 9: Consequences for proportion of infected individuals who receive treatment η.
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Figure 10: Impacts for recovery rate of an individual after undergoing treatment for HA infection γ.

Figure 11: The impacts for transmission rate of an infected individual to the suspect β.
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Figure 12: Consequences for proportion of infected individuals who receive treatment η.

Figure 13: Variance for rate of births or deaths that are not the outcomes of HA infection (naturally) µ.
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Figure 14: Plots for transmission rate of an infected individual to the suspect β.

Figure 15: The effect of proportion for infected individuals who receive treatment η.
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Figure 16: Influence of death rate due to HA infection δ.

Figure 17: Variance for amount of vaccination effectiveness level σ.
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Figure 18: Impacts for recovery rate of an individual after undergoing treatment for HA infection γ.

Table 1: Contrasting numerical simulation for the susceptible class s(τ) with approximate analytical formula-
tions for LADM and TSM with a given amount of µ = 0.02, σ = 0.008, β = 0.4286, η = 0.3, δ = 0.0025, γ =

0.0825.

τ

Numerical
simulation

LADM
(57)

Error %
of LADM

TSM
(77)

Error %
of TSM

0 0.8000 0.8000 0.0000 0.8000 0.0000

1 0.7280 0.7281 0.0137 0.7283 0.0412

2 0.6602 0.6604 0.0303 0.6608 0.0909

3 0.5970 0.5970 0.0000 0.5973 0.0503

4 0.5376 0.5378 0.0372 0.5380 0.0744

5 0.4826 0.4828 0.0414 0.4830 0.0829

Absolute Average Error % 0.0204 0.0566
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Table 2: The comparison of numerical simulation for the infected class i(τ) with approximate analytical
formulations for LADM and TSM with an assigned value of µ = 0.02, σ = 0.008, β = 0.4286, η = 0.3, δ =

0.0025, γ = 0.0825.

τ

Numerical
simulation

LADM
(58)

Error %
of LADM

TSM
(78)

Error %
of TSM

0 0.2000 0.2000 0.0000 0.2000 0.0000

1 0.2050 0.2052 0.0976 0.2055 0.2439

2 0.2042 0.2044 0.0979 0.2045 0.1469

3 0.1975 0.1977 0.1013 0.1978 0.1519

4 0.1846 0.1849 0.1625 0.1850 0.2167

5 0.1660 0.1661 0.0602 0.1663 0.1807

Absolute Average Error % 0.0866 0.1567

Table 3: Comparing numerical simulation for the treatment class t(τ) with approximate analytical formulas
for LADM and TSM for a certain value of µ = 0.02, σ = 0.008, β = 0.4286, η = 0.3, δ = 0.0025, γ = 0.0825.

τ

Numerical
simulation

LADM
(59)

Error %
of LADM

TSM
(79)

Error %
of TSM

0 0.0000 0.0000 0.0000 0.0000 0.0000

1 0.5860 0.5862 0.0341 0.5865 0.0853

2 0.1145 0.1145 0.0000 0.1147 0.1747

3 0.1675 0.1676 0.0597 0.1679 0.2388

4 0.2180 0.2180 0.0000 0.2182 0.0917

5 0.2655 0.2656 0.0377 0.2658 0.1130

Absolute Average Error % 0.0219 0.1173
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Table 4: On contrasting the approximate analytical expressions for LADM and TSM along with the numerical
simulation for recovered class r(τ) with particular amounts of µ = 0.02, σ = 0.008, β = 0.4286, η = 0.3, δ =
0.0025, γ = 0.0825.

τ

Numerical
simulation

LADM
(60)

Error %
of LADM

TSM
(80)

Error %
of TSM

0 0.0000 0.0000 0.0000 0.0000 0.0000

1 0.8570 0.8572 0.0233 0.8575 0.0583

2 0.2147 0.2149 0.0932 0.2150 0.1397

3 0.3875 0.3875 0.0000 0.3877 0.0516

4 0.6035 0.6036 0.0166 0.6038 0.0497

5 0.8630 0.8631 0.0116 0.8633 0.0348

Absolute Average Error % 0.0241 0.0557

involved in locating many higher-order derivatives in TSM. As a result, LADM proved better
suited for first-order nonlinear DEs with faster convergence and greater precision. Based on the
findings, the following inference may be made:

• An increase in the recovery rate from HAV indicates an increase in the recovered rate as
well. As a result, the disease’s recovery rates aid in preventing its spread.

• As the rate of vaccination rises, so do those receiving treatment for HAV. This led us to
conclude that vaccination is necessary for the affected individuals to recover.

• When vaccination rates rise, the number of people who recover from HAV infection rises,
and the number of people who are susceptible that is, who are all suspected of having HAV get
drops.

This led us to the conclusion that the right vaccination should be given in order to stop the
spread of HAV. In order to prevent the spread of the infections, individuals should also be made
aware of the importance of getting the right vaccinations and receiving treatment for HAV.
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7 Appendices

Appendix A: MATLAB programming for (6) through (9)

functiongraphmain3

options = odeset(′RelTol′, 1e− 6,′ Stats′,′ on′);

Xo = [0.8, 0.2, 0.0, 0.0];

tspan = [0, 5]; ss

tic

[t, x] = ode45(@TestFunction, tspan,Xo, options);
toc

figure

holdon

plot(t,X(:, 1),′−′)

plot(t,X(:, 2),′−′)

plot(t,X(:, 3),′−′)

plot(t,X(:, 4),′−′)

legend(′S′,′E′,′ T ′,′R′)

ylabel(′Population′)

xlabel(′Time′)

return

function[dxdt] = TestFunction( , x)

mu = 0.002, delta = 0.0025, sigma = 0.008, beta = 0.4286, gamma = 0.0825, eta = 0.3;

dxdt(1) = mu− (1− sigma) ∗ beta ∗ x(1) ∗ x(2)− sigma ∗ x(1)−mu ∗ x(1);
dxdt(2) = (1− sigma) ∗ beta ∗ x(1) ∗ x(2)− eta ∗ x(2)− delta ∗ x(2)−mu ∗ x(2);
dxdt(3) = eta ∗ x(2)− gamma ∗ x(3)− delta ∗ x(3)−mu ∗ x(3);
dxdt(4) = gamma ∗ x(3) + sigma ∗ x(1)−mu ∗ x(4);
dxdt = dxdt

′;

return
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Appendix B: Nomenclature

Symbol Meaning
β The transmission rate of an infected individual to

the suspect
t Treatment class
γ The recovery rate of an individual after undergo-

ing treatment for hepatitis A infection
σ Vaccination effectiveness level
r Recovered class
η Proportion of infected individuals who receive

treatment
µ Rate of births or deaths that are not the result of

HA infection (naturally)
s Susceptible class
δ Death rate due to hepatitis A infection
i Individuals class
τ Time
N The number of the human population
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This work introduces a novel Petrov–Galerkin spectral technique designed to investigate vi-
brational behavior in fourth-order time-fractional Euler–Bernoulli beams with pinned-pinned
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1 Introduction

Research interest in fractional differential equations has grown considerably, owing to their ca-
pacity to represent intricate physical processes exhibiting memory effects and hereditary char-
acteristics across diverse domains such as wave dynamics, turbulent flows, signal analysis, and
flow through porous structures [17, 23]. For treatments of both fractional and classical differ-
ential problems, refer to [14, 25]. Incorporating fractional derivatives of orders in (0, 1) into the
temporal component of the classical diffusion equation yields fractional-order differential mod-
els. Substantial theoretical and computational efforts have been devoted to the time-fractional
fourth-order sub-diffusion equation. Notably, closed-form analytical solutions for most fractional
differential equations remain unavailable [28]. Recent progress in numerical techniques for frac-
tional differential equations is documented in [6, 31, 32, 33, 34]. Recent investigations have
highlighted the effectiveness of hybrid spectral techniques combined with cardinal functions in
delivering highly accurate numerical approximations for challenging fractional models, includ-
ing multi-dimensional Rayleigh–Stokes systems [18], time-fractional three-dimensional Sobolev
equations [19], and variable-order two-dimensional Wu–Zhang systems [16]. Beam models serve
to characterize transversely oscillating beams subjected to external forcing, as discussed in [15].
Among these, the Euler–Bernoulli beam formulation represents one of the most fundamental
frameworks capable of addressing a wide range of engineering challenges [10]. This model explic-
itly accounts for undamped transverse oscillations of a straight, flexible beam without support
contributions.

A variety of numerical strategies have been proposed to tackle the Euler–Bernoulli equation,
such as finite difference schemes [12], alternating group explicit iterative procedures [7], alternat-
ing direction implicit methods [13], the Legendre–Laguerre–Galerkin technique [11], Adomian
decomposition approaches [30], and Petrov–Galerkin formulations [36].

Spectral methods are widely regarded as among the most accurate numerical or semi-
analytical tools for partial differential equations (PDEs), provided they are properly imple-
mented, due to their high-order convergence properties. Standard spectral and weighted resid-
ual techniques have been extensively investigated for solving stochastic PDEs, fractional Lane–
Emden equations, linear hyperbolic first-order PDEs, one- and two-dimensional heat equations,
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second-order diffusion problems, and other recent spectral approaches for diverse PDE classes
[1, 2, 3, 5, 8, 20, 26, 35, 38].

Selecting suitable basis functions is critical for the success of spectral approximations. Among
the many options, Chebyshev polynomials of the first kind have proven particularly effective
due to their advantageous properties and trigonometric representation. Readers interested in
Chebyshev polynomials may consult [21] for foundational material. In recent years, Chebyshev
polynomials have been successfully employed within spectral frameworks to address numerous
differential problems; see, for instance, [9, 22].

The central objective of this study is to develop an explicit Chebyshev Petrov–Galerkin
method for solving a time-fractional fourth-order uniform Euler–Bernoulli beam problem with
pinned-pinned boundary conditions. The remainder of this manuscript is organized as follows:
Section 2 reviews essential concepts from fractional calculus and key properties of shifted second-
kind Chebyshev polynomials (S2KCPs). Section 3 presents the core spectral methodology for
addressing the underlying fractional PDE. Section 4 addresses the estimation of truncation errors.
Section 5 provides numerical illustrations with comparative assessments. Finally, Section 6 offers
concluding observations.

2 Fundamental relations

This section introduces the Caputo fractional derivative and relevant characteristics of S2KCPs.

2.1 Caputo fractional derivative

Definition 1. [23] The Caputo fractional derivative of order r > 0 is given by

Dr
tχ(t) =

1

Γ(s− r)

∫ t

0

(t− z)s−r−1χ(s)(z) dz, t > 0, (1)

where s = dre (the smallest integer greater than or equal to r), ensuring s − 1 < r ≤ s. This
convention aligns with the standard Caputo notation n − 1 < α ≤ n commonly adopted in the
literature, thereby avoiding ambiguity with the alternative form s− 1 ≤ r < s.

The operator Dr
t possesses the following properties:

Dr
t b = 0 (b is a constant), (2)
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Dr
t t
s =

 0, if s ∈ N0 and s < dre,
Γ(s+1)

Γ(s−r+1) t
s−r, if s ∈ N0 and s ≥ dre,

(3)

where N = {1, 2, 3, . . . } and N0 = {0} ∪ N.

2.2 Essential properties of S2KCPs

The S2KCPs defined on [0, 1] are given by {U∗
m(ι) = Um(2ι − 1) : m ∈ N0}, with the explicit

representation [9]:

U∗
m(ι) = m

m∑
k=0

(−1)m+k 22k (m+ k + 1)!

(m− k)! (2k + 1)!
ιk, m ≥ 0. (4)

These polynomials satisfy an orthogonality relation with respect to the weight ŵ(ι) =
√
ι(1− ι):

∫ 1

0

ŵ(ι)U∗
m(ι)U∗

n(ι) dι = gm,n, (5)

where

gm,n =


π
8 , m = n,

0, m 6= n.
(6)

Remark 1. The weight function ŵ(ι) =
√
ι(1− ι) arises from the standard Chebyshev weight

√
1− x2 on [−1, 1] via the affine transformation x = 2ι − 1, since dx = 2 dι and

√
1− x2 =

2
√
ι(1− ι). The factor of 2 is incorporated into the normalization constant gm,n.

The three-term recurrence relation reads as follows:

U∗
n(ι) = 2(2ι− 1)U∗

n−1(ι)− U∗
n−2(ι), U∗

0 = 1, U∗
1 = 2ι− 1. (7)

The inversion formula [9] is expressed as

ιj =
4Γ(j + 3

2 )√
π

j∑
p=0

j!(1 + p)!

p!(j − p)!(2 + j + p)!
U∗
p (ι), j ≥ 0. (8)
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3 Petrov–Galerkin approach for fourth-order
time-fractional PDEs

We examine the time-fractional fourth-order PDE (TF4PDE) [24]:

Dα
t ν(ι, t) + β

∂4ν(ι, t)

∂ι4
= f(ι, t), 0 < α ≤ 1, 0 < ι, t ≤ 1, (9)

subject to the initial and boundary conditions:

ν(ι, 0) = p1(ι), νt(ι, 0) = p2(ι), 0 < ι ≤ 1, (10)

ν(0, t) = ν(1, t) = νι(0, t) = νι(1, t) = 0, 0 < t ≤ 1. (11)

Here, f denotes a prescribed source term and β > 0 is a constant parameter.

3.1 Trial functions

We construct basis functions that inherently satisfy the homogeneous boundary constraints:

φi(ι) = a1U
∗
i + a2U

∗
i+1 + a3U

∗
i+2 + a4U

∗
i+3 + U∗

i+4, (12)

ψj(t) = U∗
j (t). (13)

Utilizing the identities U∗
k (0) = (−1)k(k + 1), U∗′

k (0) = 2
3 (−1)

k−1(k)3, U∗
k (1) = k + 1, and

U∗′

k (1) = 2
3 (k)3, we enforce φi(0) = φi(1) = φ′

i(0) = φ′
i(1) = 0, which yields a linear system for

the coefficients a1, . . . , a4:

a1(−1)i(i+ 1) + a2(−1)i+1(i+ 2) + a3(−1)i+2(i+ 3)

+ a4(−1)i+3(i+ 4) + (−1)i+4(i+ 5) = 0, (14)

a1(i+ 1) + a2(i+ 2) + a3(i+ 3) + a4(i+ 4) + (i+ 5) = 0, (15)

a1(i)3(−1)i−1 + a2(i+ 1)3(−1)i + a3(i+ 2)3(−1)i+1

+ a4(i+ 3)3(−1)i+2 + (i+ 4)3(−1)i+3 = 0, (16)

a1(i)3 + a2(i+ 1)3 + a3(i+ 2)3 + a4(i+ 3)3 + (i+ 4)3 = 0. (17)
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Solving this 4 × 4 linear system (for instance, via Gaussian elimination) produces the compact
representation:

φi(ι) =
(i+ 4)(i+ 5)

(i+ 1)(i+ 2)
U∗
i − 2

i+ 5

i+ 2
U∗
i+2 + U∗

i+4. (18)

The approximate solution takes the form:

νM (ι, t) =

M∑
i=0

M∑
j=0

cij φi(ι)ψj(t). (19)

Substituting this expansion into (9) and applying the Petrov–Galerkin procedure with test func-
tions ψr,s(ι, t) = U∗

r (ι)U
∗
s (t) leads to

(
Dα
t ν

M + β∂4ι ν
M − f, U∗

rU
∗
s

)
ω
= 0, (20)

where ω(ι, t) = ŵ(ι)ŵ(t). Introducing the matrices,

Â̂ÂA = (air), air = (φi, U
∗
r )ŵ,

B̂̂B̂B = (bsj), bsj = (U∗
s , D

α
t U

∗
j )ŵ,

Ĥ̂ĤH = (h̄ir), h̄ir = (∂4ι φi, U
∗
r )ŵ,

K̂̂K̂K = (ksj), ksj = (U∗
s , U

∗
j )ŵ,

F̂̂F̂F = (frs), frs = (f, U∗
rU

∗
s )ω,

with dimensions Â̂ÂA, Ĥ̂ĤH ∈ R(M+1)×(M+1), B̂̂B̂B, K̂̂K̂K ∈ RM×(M+1), F̂̂F̂F ∈ R(M+1)×M , and Ĉ̂ĈC = (cij) ∈
R(M+1)×(M+1), the resulting system can be written as follows:

Â̂ÂAĈ̂ĈCB̂̂B̂BT + β Ĥ̂ĤHĈ̂ĈCK̂̂K̂KT = F̂̂F̂F . (21)

The matrix products are dimensionally compatible: both Â̂ÂAĈ̂ĈCB̂̂B̂BT and Ĥ̂ĤHĈ̂ĈCK̂̂K̂KT yield matrices of
size (M + 1)×M .

Corollary 1. [4] The qth derivative of U∗
j admits the representation:

DqU∗
j (ι) =

j−q∑
p=0

(q+p+j) even

λj,p,q U
∗
p (ι), (22)

where λj,p,q =
j 22q (q) 1

2 (j−p−q)(
1
2 (j − p− q)

)
!
(
1
2 (q + p+ j)

)
1−q

.
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3.2 Petrov–Galerkin solution

Theorem 1. The entries of the matrices appearing in (21) are given by

ksj = gs,j ,

air = gi+4,r −
2(i+ 2)(2i2 + 8i+ 15)

(i+ 1)(2i2 + 4i+ 3)
gi+2,r +

(i+ 3)(2i2 + 12i+ 19)

(i+ 1)(2i2 + 4i+ 3)
gi,r,

h̄ir =



128π(i+ 1)(i+ 2)(i+ 3)(i+ 4), i = r,

256πi(i+2)(2i4+18i3+43i2+63i+54)
2i2+4i+3 , i− r = 2,

384π(i−1)i(2i5+24i4+81i3+218i2+489i+474)
(i+1)(2i2+4i+3) , i− r = 4,

0, otherwise,

bsj = (−1)j+1j2π Γ
(
3
2 − α

)
4F3

(
1, 1− j, j + 1, 32 − α

3
2 ,−s− α+ 2, s− α+ 2

∣∣∣1) .

(23)

Proof. The formulas for ksj and air follow directly from the orthogonality relation (5) together
with the compact basis expression (18). To obtain h̄ir, apply Corollary 1 with q = 4 to ∂4ι φi and
exploit orthogonality. For bsj , combine (3) and (4) to write

bsj =

∫ 1

0

[
Dα
t U

∗
j (t)

]
U∗
s (t)ŵ(t) dt

= js

j∑
k=0

s∑
n=0

(−1)j−k22k(j + k − 1)! Γ(k + 1) (−1)s−n22n(s+ n− 1)!

(j − k)!(2k)! Γ(k − α+ 1)(s− n)!(2n)!∫ 1

0

tk+n−α√
t(1− t)

dt.

(24)

Evaluating the resulting beta integral and simplifying the expression leads to the unified 4F3

hypergeometric representation.

Remark 2. The Petrov–Galerkin framework provides three principal benefits: (i) the compact
basis (18) enforces boundary conditions exactly, thereby eliminating the need for penalty terms;
(ii) the operational matrices exhibit sparse, banded structure, enabling assembly with O(M2)

complexity; (iii) exponential convergence is attained for sufficiently smooth solutions, offering
superior accuracy compared to finite-difference or finite-element approaches when high precision
is required.
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4 Error analysis

We examine the approximation error ν − νM measured in both L∞ and L2 norms.

4.1 L∞-norm error analysis

Let ν̂M denote the interpolant of ν at the Chebyshev nodes. Then

‖ν − νM‖∞ ≤ ‖ν − ν̂M‖∞. (25)

Applying the two-dimensional Taylor remainder formula yields

ν − ν̂M =
∂M+1ν(η, t)

∂ιM+1(M + 1)!

M∏
i=0

(ι− ιi) +
∂M+1ν(ι, µ)

∂tM+1(M + 1)!

M∏
j=0

(t− tj)

+
∂2M+2ν(η̂, µ̂)

∂ιM+1∂tM+1((M + 1)!)2

M∏
i=0

(ι− ιi)
M∏
j=0

(t− tj),

(26)

where the third term carries a positive sign, consistent with the standard remainder expression.
Bounding the derivatives by constants g1, g2, g3 and minimizing the nodal polynomials through
Chebyshev node selection leads to

‖ν − νM‖∞ ≤ g1
(1/2)M+1ΥM
ζ̄M (M + 1)!

+ g2
(1/2)M+1

ÛM (M + 1)!
+ g3

(1/4)M+1ΥM

ζ̄M ÛM ((M + 1)!)2
. (27)

4.2 L2-norm error analysis

Theorem 2. Assume that νM ∈ ΛM represents the approximate solution and that ∂i+jν/∂ιi∂tj ∈
C(Ω) for i, j ≤M + 1. Define

LM = sup
(ι,t)∈Ω

∣∣∣∣ ∂2(M+1)ν

∂ιM+1∂tM+1

∣∣∣∣ . (28)

Then
‖ν − νM‖2 ≤ n

LM
M3/4(Γ(M + 2))2

, (29)
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where n > 0 denotes a generic constant independent of M (explicitly, n =
√
π supz≥1 oa,bz as

given in [39]).

Proof. Exploiting the best approximation property together with a Taylor expansion gives

‖ν − νM‖22 ≤
∫ 1

0

∫ 1

0

L2
M ι2(M+1)t2(M+1)

(Γ(M + 2))4
ŵ(ι)ŵ(t) dι dt. (30)

Evaluating the beta integrals and applying the gamma ratio bound from [39] yield the stated
result with the explicit constant n.

Theorem 3. Under the assumptions of Theorem 2, define

UM,m = sup
Ω

∣∣∣∣ ∂2M−m+2ν

∂ιM−m+1∂tM+1

∣∣∣∣ , m = 1, . . . , 4. (31)

Then ∥∥∥∥∂m(ν − νM )

∂ιm

∥∥∥∥
2

≤ n
UM,m

(2(M −m) + 3)1/2M1/4Γ(M + 2)Γ(M −m+ 2)
. (32)

Theorem 4. If Dα
t ν ∈ C(Ω) and

PM,α = sup
Ω

∣∣∣∣ ∂2M−α+2ν

∂ιM+1∂tM−α+1

∣∣∣∣ , (33)

then
‖Dα

t (ν − νM )‖2 ≤ n
PM,α

(2M + 3)1/2(M − α)1/4Γ(M + 2)Γ(M − α+ 2)
. (34)

Theorem 5. The residual R = Dα
t ν

M + β∂4ι ν
M − f satisfies the bound:

‖R‖2 ≤ n

[
PM,α

(2M + 3)1/2(M − α)1/4Γ(M + 2)Γ(M − α+ 2)

+ β
UM,4

(2M − 5)1/2M1/4Γ(M + 2)Γ(M − 2)

]
.

(35)

Consequently, ‖R‖2 → 0 as M → ∞, with the constant β explicitly retained in the fourth-
derivative contribution.

5 Illustrative examples

This section demonstrates the practical applicability of the proposed method through three
numerical test cases. All computations were carried out using Mathematica 12 on a workstation
equipped with an Intel(R) Core(TM) i7-8700 CPU @ 3.20 GHz and 16.0 GB of RAM.

Iran. J. Numer. Anal. Optim., Vol. 16, No. 4, 2026, pp 1221–1238



Youssri and Muttardi 1230

Example 1. [24, 27, 29] Consider the TF4PDE given by

Dα
t ν(ι, t) + β

∂4ν(ι, t)

∂ι4
= f(ι, t), 0 < α ≤ 1, (36)

subject to the initial and boundary conditions

ν(ι, 0) = sin(π ι), 0 < ι ≤ 1,

ν(0, t) = ν(1, t) = νι(0, t) = νι(1, t) = 0, 0 < t ≤ 1,
(37)

where the source term is f(ι, t) =
(

1
Γ(2−α) t

1−α + β π4 (t+ 1)
)
sin(π ι) and the exact solution is

ν(ι, t) = (t+ 1) (1− ι) sin(π ι).
Table 1 presents a comparison of the maximum absolute error (MAE) between the proposed

scheme and existing methods from several references [24, 27, 29] at α = 0.5. Table 2 examines
how the MAE evolves for the proposed method as M (the number of basis terms) varies, with α
fixed at 0.5.

Table 3 explores the variation of MAE across different time instances (t) within the interval
0 < t < 1, using the proposed method with α = 0.1 and M = 12. This table underscores the
capability of the method to deliver highly accurate results even with a relatively small number
of basis functions. Figures 1, 2, and 3 display the exact and computed solutions for M = 12

at various values of α. Figure 4 illustrates the absolute error distribution for Example 1 with
M = 12.

0.0 0.2 0.4 0.6 0.8 1.0

0.0

0.2

0.4

0.6

0.8

1.0

1.2

t=0.1

t=0.3

t=0.5

t=0.7

t=0.9

0.0 0.2 0.4 0.6 0.8 1.0

0.0

0.2

0.4

0.6

0.8

1.0

1.2

Figure 1: The exact (left) and approximate (right) solutions of Example 1 for α = 0.1

Table 1: Comparison of the MAE for Example 1.
At Λt = 0.00001, m = 40, n = 500 At M = 12

Method in [24] Method in [29] Method in [27] Our method
4.69× 10−8 1.43× 10−4 2.32× 10−4 2.22× 10−11
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Figure 2: The exact (left) and approximate (right) solutions of Example 1 for α = 0.5
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Figure 3: The exact (left) and approximate (right) solutions of Example 1 for α = 1

Figure 4: Absolute error example 1 when M = 12

Table 2: MAE for Example 1.

M 2 4 6 8 10 12
Error 2.51× 10−2 4.62× 10−4 7.82× 10−6 5.35× 10−8 7.06× 10−10 2.22× 10−11

Example 2. [24] Consider the TF4PDE of the form
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Table 3: MAE for Example 1.

(x, t) (x, 0.1) (x, 0.3) (x, 0.5) (x, 0.7) (x, 0.9)
Error 2.43× 10−13 4.52× 10−12 4.92× 10−12 2.22× 10−12 2.22× 10−12

Dα
t ν(ι, t) + β

∂4ν(ι, t)

∂ι4
= f(ι, t), 0 < α ≤ 1, (38)

subject to the initial and boundary conditions

ν(ι, 0) = 0, 0 < ι ≤ 1,

ν(0, t) = ν(1, t) = νι(0, t) = νι(1, t) = 0, 0 < t ≤ 1,
(39)

where f(ι, t) =
(

2
Γ(3−α) t

2−α + 16β π4 t2
)
sin(2π ι) and the exact solution is ν(ι, t) = t2 sin(2π ι).

Table 4 compares the MAE obtained by the proposed method with that from [24] for several
values of α. Figures 5, 6, and 7 show the exact and computed solutions for M = 12 at different
α values. Figure 8 displays the absolute error for Example 2 with M = 12.
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Figure 5: The exact (left) and approximate (right) solutions of Example 2 for α = 0.1
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Figure 6: The exact (left) and approximate (right) solutions of Example 2 for α = 0.5

Example 3. Consider the TF4PDE given by

Dα
t ν(ι, t) + β

∂4ν(ι, t)

∂ι4
= f(ι, t), 0 < α ≤ 1, (40)
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Figure 7: The exact (left) and approximate (right) solutions of Example 2 for α = 1

Figure 8: Absolute error example 2 when M = 12

Table 4: Comparison of the MAE for Example 2.
α Method in [24] at m = 200, n = 160 Our method at M = 12
0.4 7.3899× 10−8 2.36× 10−10

0.5 1.4865× 10−7 5.29× 10−10

0.7 5.7410× 10−7 3.67× 10−10

subject to the initial and boundary conditions

ν(ι, 0) = sin(π ι), 0 < ι ≤ 1,

ν(0, t) = ν(1, t) = νι(0, t) = νι(1, t) = 0, 0 < t ≤ 1,
(41)

where the source term f(ι, t) is selected so that the exact solution is ν(ι, t) = eα t sin(π ι).
Since a closed-form expression for f is not readily available, we evaluate it numerically using
the definition of the Caputo derivative. Table 5 reports the MAE for various values of M with
α = 0.9, demonstrating the method’s ability to achieve high accuracy even with modest M .
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Table 6 presents the MAE at different time levels t for α = 0.5 and M = 12 over 0 < ι < 1,
confirming that the computed solution closely matches the exact one.

Table 5: MAE for Example 3.

M 2 4 6 8 10 12
Error 6.36× 10−2 1.00× 10−3 5.92× 10−6 5.00× 10−8 3.70× 10−10 2.08× 10−12

Table 6: MAE for Example 3.

(x, t) (x, 0.1) (x, 0.3) (x, 0.5) (x, 0.7) (x, 0.9)
Error 1.32× 10−12 1.46× 10−12 1.62× 10−12 1.79× 10−12 1.16× 10−12

6 Concluding remarks

This study has addressed the vibrational analysis of a fourth-order time-fractional Euler–
Bernoulli beam with pinned-pinned boundary conditions. A novel Petrov–Galerkin spectral
framework was developed for this purpose. The approach employs a compact basis formed from
Chebyshev polynomials of the second kind to represent the beam displacement. The governing
fractional PDE was then transformed into a system of algebraic equations via the Petrov–Galerkin
procedure. These equations, involving unknown expansion coefficients characterizing the beam
response, were solved efficiently using Gaussian elimination, which is well-suited to the result-
ing structured system. The method was validated through three numerical examples, including
one lacking a known closed-form solution. The computational results confirm that the proposed
scheme delivers both high accuracy and computational efficiency.

Potential directions for future work:

• Generalization to variable-order fractional derivatives and nonlinear beam formulations
incorporating geometric or material nonlinearities.

• Development of adaptive refinement strategies for solutions exhibiting low regularity or
sharp boundary layers.

• Implementation of parallel algorithms and GPU acceleration to handle large-scale three-
dimensional beam networks and enable real-time simulations.
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• Extension to inverse problems, such as the identification of fractional orders or material
parameters from measured vibration data.

• Integration with machine learning methodologies for structural health monitoring and
damage detection in fractional viscoelastic structures.
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Analysis and optimal control of a
proliferating-quiescent Glioma model with combined

therapy

T. Jaber* and O. Balatif

Abstract

Low-grade gliomas (LGGs) are slow-growing but infiltrative brain tumors characterized by long-
term persistence and frequent progression. In this work, we develop and analyze a compart-
mental mathematical model describing LGG dynamics under combination therapy involving
cytotoxic chemotherapy and targeted molecular treatment. The tumor population is structured
into proliferating, quiescent, and damaged compartments, and therapeutic interventions are
incorporated through bilinear control terms accounting for chemo-therapies. We first establish
the well-posedness of the model by proving existence, uniqueness, positivity, and boundedness
of solutions. The dynamics of untreated glioma growth are then analyzed, revealing that the
tumor-free equilibrium (TFE) is always unstable in the absence of therapy, leading to expo-
nential tumor expansion. Under constant treatment regimens, we derive an explicit controlled
reproduction number that governs tumor persistence or eradication. Using linearization and
Lyapunov–LaSalle stability techniques, we establish necessary and sufficient conditions for both
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local and global asymptotic stability of the tumor-free state. Finally, we formulate an optimal
control problem to identify treatment strategies that minimize tumor burden while limiting
therapeutic toxicity. The existence of optimal controls is rigorously proven using classical re-
sults from optimal control theory. Our results provide analytical insight into the stabilizing role
of combination therapy and offer a quantitative guidance for designing optimized treatment
protocols for LGG.

AMS subject classifications (2020): Primary 45D05; Secondary 42C10, 65G99.

Keywords: Bilinear models; Reproduction number; Glioma dynamics; Optimality conditions;
Numerical simulations.

1 Introduction

Low-grade gliomas (LGGs) are a heterogeneous group of slow-growing primary brain tumors that
originate from glial cells [15], typically classified as WHO grade II gliomas [27]. These tumors,
although initially indolent, have the potential to undergo malignant transformation and progress
to high-grade gliomas (e.g., glioblastoma) [41, 39]. LGGs commonly affect young adults, often
presenting with seizures or neurological deficits and are associated with long-term morbidity
[35]. Their infiltrative nature, resistance to complete surgical resection, and variable response
to therapy make LGGs a challenging clinical and biological entity [5, 38]. Understanding their
progression dynamics and developing effective, personalized treatment protocols are of crucial
importance in neuro-oncology [39].

In the early years, treatment for LGGs mainly involved surgical resection, where doctors
aimed to remove as much of the tumor as possible [18, 34]. After surgery, a watchful waiting
approach was commonly used, especially in younger or lower-risk patients, because LGGs tend to
grow slowly, and early surgical resection resulted in a clinically relevant survival benefit [20]. As
more long-term data became available, it became clear that many LGGs eventually progress, and
delaying treatment could reduce survival in high-risk patients. This led to the increased use of
adjuvant treatments given after surgery, such as radiotherapy and chemotherapy. A major shift
happened after the results of the RTOG 9802 clinical trial [37], which showed that combining
radiotherapy with PCV chemotherapy (procarbazine, lomustine, and vincristine) significantly
improved both progression-free survival and overall survival in patients with high-risk LGGs.
In the 2000s and 2010s, temozolomide (TMZ) gained popularity as a chemotherapy option due
to its oral administration, better tolerability, and promising clinical results [33]. It became
the preferred chemotherapy for many patients, especially in cases where PCV was too toxic or
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1241 Analysis and optimal control of a proliferating-quiescent Glioma model with combined therapy

not tolerated. By the late 2010s and early 2020s, TMZ combined with radiotherapy became a
common first-line treatment in clinical practice, especially for symptomatic or progressing tumors
[29].

From a mathematical perspective, several models have been proposed to understand and
simulate LGG growth and treatment response [17, 36]. Early models were primarily empirical,
focusing on fitting exponential or logistic growth curves to tumor volume [4]. Later approaches
incorporated compartmental models that distinguish between proliferative and quiescent tumor
states [6]. Mathematical modeling has increasingly contributed to the understanding of LGG
dynamics and treatment strategies. Several mathematical studies have been devoted to model-
ing the dynamics of LGGs and evaluating treatment strategies. In particular, the work in [8]
investigates the nonlinear behavior of LGG growth through a system of differential equations,
provides a detailed analysis of the system’s stability in the absence of treatment, and demon-
strates, through numerical simulations, how treatment timing and temozolomide dosing influence
tumor progression. In [2], a mathematical model is constructed to investigate optimal combina-
tions of chemotherapy and radiotherapy. Patient-specific parameters derived from imaging data
inform in silico trials on a large virtual cohort, leading to the proposal of improved treatment
schedules with potentially enhanced survival outcomes. The role of immunotherapy is explored
in [21], where a coupled ordinary differential equation model captures the interactions between
glioma cells, immune effectors, and adoptive cellular immunotherapy. Using Pontryagin’s maxi-
mum principle, the authors formulate and solve an optimal control problem aimed at minimizing
tumor burden and therapy-induced toxicity. Their analysis includes a characterization of the op-
timality system and demonstrates, through numerical solutions, the effectiveness of dynamically
adjusted treatment strategies. Additionally, in [26], the authors examine the stability proper-
ties of a three-compartment model representing tumor cell-cycle dynamics under chemotherapy.
They identify a critical drug dosage threshold above which global asymptotic stability of the
TFE is guaranteed, and below which only local stability is achieved, with the existence of a
bifurcation point separating treatment success from persistence.

However, many existing models fail to incorporate the bilinear structure of drug-tumor inter-
action, which is biologically relevant given that treatment efficacy often depends on both the drug
concentration and tumor cell population [19, 3]. Additionally, few models combine the dynamics
of multiple therapies (e.g., TMZ and IDH inhibitors) within a control-theoretic framework that
respects pharmacokinetic constraints and clinical realities.

The remainder of the paper is organized as follows. In Section 2, we introduce the mathemat-
ical model describing the tumor tissue compartments and the therapeutic control mechanisms.
Section 3 is devoted to the stability analysis of the uncontrolled system, including the character-
ization of the TFE. In Section 4, we investigate the local and global stability properties of the
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controlled system under constant treatment strategies. Section 5 formulates the optimal con-
trol problem and derives the associated adjoint system together with the characterization of the
optimal controls. Numerical simulations illustrating the theoretical results and highlighting the
impact of optimal treatment strategies on tumor dynamics are presented in Section 6. Finally,
Section 7 concludes the paper with a summary of the main findings and perspectives for future
research.

2 Mathematical model of glioma dynamics

We present a compartmental mathematical model that describes the temporal evolution of LGG
under the influence of combination therapy involving cytotoxic chemotherapy and targeted molec-
ular therapy. The formulation is inspired by the chemotherapy-driven model introduced in [2],
and is extended here to explicitly incorporate a second therapeutic modality through an ad-
ditional bilinear control term, targeting isocitrate dehydrogenase (IDH) mutations, which are
present in approximately 80% of LGG cases [16].

The tumor population is partitioned into three biologically distinct and mutually interacting
compartments:

• Gp(t): Proliferating tumor cells actively undergoing cell division.

• Gq(t): Quiescent tumor cells in a reversible, nondividing state.

• Gd(t): Damaged quiescent cells undergoing clearance or repair.

The dynamics of the system, illustrated by the flow diagram in Figure 1, are governed by
the following system of ordinary differential equations:

dGp
dt

= κGp︸︷︷︸
Proliferation

− τ1Gp︸ ︷︷ ︸
Transition to quiescence

+ τ2Gq︸ ︷︷ ︸
Re-entry from quiescence

− ϕ1u1Gp︸ ︷︷ ︸
Chemo-induced damage

− ϕ2u1Gp︸ ︷︷ ︸
Chemo-induced death

− κωu2Gp︸ ︷︷ ︸
Targeted therapy inhibition

,

dGq
dt

= τ1Gp︸ ︷︷ ︸
Transition to quiescence

− τ2Gq︸ ︷︷ ︸
Re-entry from proliferation

,

dGd
dt

= ϕ1u1Gp︸ ︷︷ ︸
Chemo-induced damage

− τ3Gd︸ ︷︷ ︸
Clearance of damaged cells

,

(1)
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1243 Analysis and optimal control of a proliferating-quiescent Glioma model with combined therapy

where u1(t) and u2(t) represent time-dependent therapeutic controls bounded by 0 ≤ ui(t) ≤
ui,max < 1, with i = 1, 2.

2.1 Biological interpretation of model parameters

All state variables are assumed to be nonnegative and continuous for t ≥ 0. The model param-
eters, all strictly positive, and have the following biological interpretations:

• Proliferation rate (κ > 0): Represents the net growth rate of proliferating tumor
cells, accounting for both birth and natural death processes. This parameter reflects the
intrinsic aggressiveness of the glioma.

• Transition rates (τ1 > 0, τ2 > 0):

– τ1: Rate at which proliferating cells enter quiescence, modeling reversible cell cycle
arrest

– τ2: Rate at which quiescent cells re-enter proliferation, representing tumor plasticity

• Therapeutic efficacy parameters:

– ϕ1 > 0: Rate of chemotherapy-induced DNA damage leading to damaged quiescent
state

– ϕ2 > 0: Rate of direct cytotoxic elimination of proliferating cells by chemotherapy

– ω > 0: Inhibition rate of proliferative capacity by IDH-targeted therapy

• Clearance rate (τ3 > 0): Represents the rate at which damaged cells are removed from
the system, either through apoptosis or immune-mediated clearance.

The total tumor burden is defined by T (t) = Gp(t)+Gq(t)+Gd(t), and its evolution is implicitly
regulated by the balance between proliferation, phenotypic transitions, therapeutic pressure, and
damaged cell clearance, as described by system (1). Figure 1 provides a schematic representation
of these interactions.
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Figure 1: Flow diagram of the three-compartment tumor model. Compartments are colored, and arrows
indicate transitions.

2.2 Mathematical well-posedness

From a mathematical perspective, the system (1) is well posed. Under standard assumptions on
the continuity and local Lipschitz regularity of the right-hand side, the existence and uniqueness
of solutions follow from classical results in the theory of ordinary differential equations [24].
Moreover, for any nonnegative initial condition, the solution remains nonnegative for all t ≥ 0.
This invariance property is essential for biological consistency and follows from the cooperative
structure of the system and the absence of negative source terms acting on vanishing states
[1, 10].

Theorem 1. For any initial condition (Gp(0), Gq(0), Gd(0)) ∈ R3
+ and measurable control func-

tions u1, u2 ∈ L∞([0, T ]) with 0 ≤ ui(t) ≤ ui,max, system (1) admits a unique absolutely contin-
uous solution on [0, T ].

Proof. Let x(t) = (Gp(t), Gq(t), Gd(t))
⊤. The system (1) can be written as

ẋ(t) = A(u(t))x(t),

where

A(u) =


κ(1− ωu2)− τ1 − (ϕ1 + ϕ2)u1 τ2 0

τ1 −τ2 0

ϕ1u1 0 −τ3

 .
Define f(t, x, u(t)) := A(u(t))x. We verify the Carathéodory conditions for existence of solution
to system (1)
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(C1) Measurability in t: For each fixed x, the map t 7→ f(t, x, u(t)) is measurable because u(·)
is measurable and A(·) is continuous.

(C2) Continuity in x: For each fixed t and u(t), the map x 7→ f(t, x, u(t)) is linear, hence
continuous.

(C3) Lipschitz continuity in x: Let ‖ · ‖ denote the Euclidean norm. For any x, y ∈ R3 and
almost every t ∈ [0, T ], we have

‖f(t, x, u(t))− f(t, y, u(t))‖ = ‖A(u(t))(x− y)‖

≤ ‖A(u(t))‖ · ‖x− y‖,

where ‖A‖ denotes the induced matrix norm.
Let M := max{|κ|, |τ1|, |τ2|, |τ3|, |ϕ1|, |ϕ2|, |ω|}, and let Umax := max{u1,max, u2,max}. Us-
ing the Frobenius norm ‖A‖F =

√∑
i,j |aij |2, we obtain the uniform bound

‖A(u(t))‖F ≤
√
9M2(1 + 4U2

max) =: L.

Since all norms on R3×3 are equivalent, there exists C > 0 such that

‖A(u(t))‖ ≤ C‖A(u(t))‖F ≤ CL for a.e. t ∈ [0, T ].

Hence, f is Lipschitz continuous in x with constant CL.

(C4) Linear growth condition: For almost every t ∈ [0, T ], we have

‖f(t, x, u(t))‖ ≤ ‖A(u(t))‖ · ‖x‖ ≤ CL‖x‖.

Since conditions (C1)–(C4) are satisfied, by the Carathéodory existence and uniqueness theorem
for ordinary differential equations (see, e.g., [9]), there exists a unique absolutely continuous
function x : [0, T ]→ R3 satisfying

x(t) = x0 +

∫ t

0

f(s, x(s), u(s)) ds for all t ∈ [0, T ].

Proposition 1. For nonnegative initial conditions, the solutions of (1) remain nonnegative for
every t ≥ 0.
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Proof. We proceed by showing that the nonnegative orthant R3
+ is positively invariant. Consider

the boundary faces of R3
+.

• If Gp = 0, then
Ġp = τ2Gq ≥ 0,

since Gq ≥ 0 by the initial condition and continuity of solutions.

• If Gq = 0, then
Ġq = τ1Gp ≥ 0.

• If Gd = 0, then
Ġd = ϕ1u1Gp ≥ 0.

Equivalently, the system matrix A(u(t)) is quasi-positive (Metzler) for all t, that is, all off-
diagonal entries are nonnegative. Thus, by By Nagumo’s invariance theorem [32], the set R3

+ is
positively invariant. Consequently, for any nonnegative initial condition, the solution satisfies

x(t) ∈ R3
+ for every t ∈ [0, T ].

Proposition 2. For bounded controls 0 ≤ ui(t) ≤ ui,max, the solutions of (1) remain bounded
on any finite time interval [0, T ].

Proof. Let M(t) = Gp(t) +Gq(t) +Gd(t). We get

dM

dt
= κ(1− ωu2)Gp − ϕ2u1Gp − τ3Gd ≤ κGp ≤ κM.

By Gronwall’s inequality, M(t) ≤M(0)eκt for t ∈ [0, T ], establishing boundedness.

3 Stability analysis of untreated glioma dynamics

Understanding the natural progression of glioma in the absence of therapeutic intervention is
crucial for establishing baseline dynamics and quantifying the necessity of treatment. In this
section, we conduct a stability analysis of the TFE for the uncontrolled system. This analysis
serves two primary purposes: (1) to characterize the inherent growth dynamics of untreated
glioma, and (2) to provide a reference point against which therapeutic efficacy can be evaluated.
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1247 Analysis and optimal control of a proliferating-quiescent Glioma model with combined therapy

Setting both therapeutic controls to zero (u1(t) = u2(t) ≡ 0) in the full model (1) yields the
following autonomous system describing untreated glioma progression:

dGp
dt

= κGp − τ1Gp + τ2Gq,

dGq
dt

= τ1Gp − τ2Gq,

dGd
dt

= −τ3Gd.

(2)

Here all parameters are positive constants. We begin by identifying all steady-state solutions of
(2).

Definition 1. A point E∗ = (G∗
p, G

∗
q , G

∗
d) ∈ R3

+ is an equilibrium of system (2) if it satisfies

dGp
dt

∣∣∣
E∗

=
dGq
dt

∣∣∣
E∗

=
dGd
dt

∣∣∣
E∗

= 0. (3)

3.1 TFE

The TFE (tumor-free equilibrium), representing complete eradication of all tumor subpopula-
tions, is given by

E0 = (0, 0, 0). (4)

This equilibrium exists unconditionally for all parameter values and represents the desired clinical
outcome.

3.2 Existence of positive equilibria

To investigate the possibility of nontrivial steady states, we solve the system of algebraic equa-
tions obtained from (2):

0 = (κ− τ1)G∗
p + τ2G

∗
q , (5)

0 = τ1G
∗
p − τ2G∗

q , (6)

0 = −τ3G∗
d. (7)
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From (7), we immediately obtain G∗
d = 0, indicating that in the absence of therapy, no dam-

aged cells persist at equilibrium. Equation (6) establishes a proportional relationship between
quiescent and proliferating cells:

G∗
q =

τ1
τ2
G∗
p. (8)

Substituting (8) into (5) yields

0 = (κ− τ1)G∗
p + τ2

(
τ1
τ2
G∗
p

)
= κG∗

p. (9)

Since κ > 0 by biological necessity (tumor cells possess positive proliferative capacity), (9) implies
G∗
p = 0. Consequently, G∗

q = 0 from (8). This leads to the following important result.

Proposition 3. For the uncontrolled glioma system (2) with κ > 0, the TFE E0 = (0, 0, 0) is
the only nonnegative equilibrium.

3.3 Local stability analysis of the TFE

We now investigate the local stability properties of E0 using linearization techniques. The local
stability determines whether infinitesimally small perturbations from the tumor-free state will
decay (stable) or grow (unstable).

Theorem 2. The TFE E0 of the uncontrolled system (2) is locally asymptotically unstable for
all κ > 0. Specifically, E0 is a saddle point with a one-dimensional unstable manifold and a
two-dimensional stable manifold.

Proof. We linearize system (2) around E0 by computing the Jacobian matrix:

J(E0) =



∂f1
∂Gp

∂f1
∂Gq

∂f1
∂Gd

∂f2
∂Gp

∂f2
∂Gq

∂f2
∂Gd

∂f3
∂Gp

∂f3
∂Gq

∂f3
∂Gd


E0

=


κ− τ1 τ2 0

τ1 −τ2 0

0 0 −τ3

 , (10)

where f1, f2, f3 are the right-hand sides of equations in (2).
The eigenvalues of J(E0), denoted by λ1, λ2, λ3, determine the local stability. Due to the

block-triangular structure of J(E0), we can analyze the eigenvalues separately.
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Eigenvalue from the damaged compartment:

The lower-right element gives λ1 = −τ3. Since τ3 > 0, λ1 < 0, indicating local stability in the
Gd-direction.

Eigenvalues from the proliferating-quiescent subsystem:

The remaining eigenvalues come from the 2× 2 submatrix:

Jpq =

[
κ− τ1 τ2

τ1 −τ2

]
. (11)

The characteristic polynomial of Jpq is

det(Jpq − λI2) = det
[
κ− τ1 − λ τ2

τ1 −τ2 − λ

]
= (κ− τ1 − λ)(−τ2 − λ)− τ1τ2

= −τ2(κ− τ1 − λ)− λ(κ− τ1 − λ)− τ1τ2

= λ2 + (τ1 + τ2 − κ)λ− κτ2 = 0. (12)

Let λ2 and λ3 be the roots of (12). By Vieta’s formulas,

λ2 + λ3 = −(τ1 + τ2 − κ) = κ− τ1 − τ2, (13)

λ2λ3 = −κτ2. (14)

Since κ > 0 and τ2 > 0, (14) gives λ2λ3 < 0, which implies that λ2 and λ3 have opposite
signs. Without loss of generality, assume λ2 < 0 and λ3 > 0.

To confirm the existence of a positive eigenvalue, we can evaluate the characteristic polyno-
mial at λ = 0:

P (0) = −κτ2 < 0.

Since P (λ) → +∞ as λ → +∞, by the Intermediate Value Theorem, there exists λ3 > 0 such
that P (λ3) = 0.

Alternatively, applying Descartes’ rule of signs to P (λ) = λ2 + (τ1 + τ2 − κ)λ − κτ2, the
coefficient sequence is [1, (τ1 + τ2 − κ),−κτ2]. There is exactly one sign change regardless of the
sign of (τ1 + τ2 − κ), guaranteeing exactly one positive real root.
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all eigenvalues:

The complete set of eigenvalues is

λ1 = −τ3 < 0, (15)

λ2 < 0, (16)

λ3 > 0. (17)

Since there exists at least one eigenvalue with positive real part (λ3 > 0), by Lyapunov’s
indirect method [22], the equilibrium E0 is unstable. Moreover, with two negative eigenvalues
and one positive eigenvalue, E0 is classified as a saddle point. The stable manifold is two-
dimensional (spanned by eigenvectors corresponding to λ1 and λ2), while the unstable manifold
is one-dimensional (corresponding to λ3).

This completes the proof of Theorem 2.

3.4 Explicit growth rate and biological interpretation

The positive eigenvalue λ3 can be computed explicitly from the quadratic formula applied to
(12):

λ3 =
−(τ1 + τ2 − κ) +

√
(τ1 + τ2 − κ)2 + 4κτ2
2

. (18)

This expression represents the net growth rate of the glioma population in the absence of
therapy.

Proposition 4. The growth rate λ3 defined in (18) satisfies the following conditions:

1. λ3 > 0 for all κ > 0, τ1 > 0, τ2 > 0.

2. λ3 is increasing in κ: ∂λ3

∂κ > 0.

3. λ3 satisfies 0 < λ3 < κ.

Proof. 1. The positivity follows from the analysis in Theorem 2.
2. Differentiating (18) with respect to κ, we have

∂λ3
∂κ

=
1

2

(
1 +

τ1 + τ2 − κ+ 2τ2√
(τ1 + τ2 − κ)2 + 4κτ2

)
> 0.
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3. From the characteristic polynomial P (λ) = λ2 + (τ1 + τ2 − κ)λ − κτ2, we have P (κ) =
κ2 + (τ1 + τ2 − κ)κ− κτ2 = κτ1 > 0. Since P (0) = −κτ2 < 0 and P (κ) > 0, by the Intermediate
Value Theorem, the positive root λ3 satisfies 0 < λ3 < κ.

3.5 Global dynamics and tumor progression

While local stability analysis characterizes behavior near equilibrium, we are also interested in
the global behavior for biologically relevant initial conditions.

Proposition 5. The Gd equation in (2) is decoupled and can be solved analytically:

dGd
dt

= −τ3Gd ⇒ Gd(t) = Gd(0)e
−τ3t.

Thus, Gd(t)→ 0 exponentially for any initial condition Gd(0) ≥ 0.

The dynamics of proliferating and quiescent cells are governed by the planar linear system:

d

dt

[
Gp

Gq

]
=

[
κ− τ1 τ2

τ1 −τ2

][
Gp

Gq

]
. (19)

Theorem 3. For any initial condition (Gp(0), Gq(0)) 6= (0, 0) with nonnegative components, the
solution of (19) satisfies

lim
t→∞

1

t
log ‖(Gp(t), Gq(t))‖ = λ3 > 0,

where λ3 is given by (18). That is, the total tumor burden grows exponentially at rate λ3.

Proof. System (19) is linear and homogeneous. Let v2 and v3 be eigenvectors corresponding to
eigenvalues λ2 < 0 and λ3 > 0, respectively. The general solution is[

Gp(t)

Gq(t)

]
= c2e

λ2tv2 + c3e
λ3tv3,

where c2, c3 are constants determined by initial conditions.
For generic initial conditions not aligned with the stable manifold (i.e., c3 6= 0), as t→∞,[

Gp(t)

Gq(t)

]
∼ c3eλ3tv3,

since eλ3t dominates eλ2t (λ3 > 0 > λ2). Therefore,
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‖(Gp(t), Gq(t))‖ ∼ |c3|‖v3‖eλ3t,

and
lim
t→∞

1

t
log ‖(Gp(t), Gq(t))‖ = λ3 > 0.

Corollary 1. As t→∞, the ratio of quiescent to proliferating cells approaches

lim
t→∞

Gq(t)

Gp(t)
=

τ1
τ2 + λ3

,

which is determined by the eigenvector v3 corresponding to λ3.

4 Stability under constant therapy

We investigate the stability of the glioma dynamics under constant therapy inputs, where the
control functions are fixed u1(t) = ũ1 ∈ [0, u1,max] and u2(t) = ũ2 ∈ [0, u2,max] reflecting a
continuous and sustained treatment regime. The main objectives of this analysis are as follows:
Establish conditions for tumor eradication by assessing the local stability of the TFE, characterize
scenarios of treatment failure through the identification of endemic equilibria, and evaluate the
stabilizing impact of IDH-targeted therapy on the proliferative tumor population. System (1)
can reduced to a nonlinear autonomous system of ordinary differential equations:

dGp
dt

= (κ(1− ωũ2)− τ1 − (ϕ1 + ϕ2)ũ1)Gp + τ2Gq,

dGq
dt

= τ1Gp − τ2Gq,

dGd
dt

= ϕ1ũ1Gp − τ3Gd.

(20)

We analyze the system’s equilibrium points and their local stability. The system admits a TFE at
the origin (G∗

p, G
∗
q , G

∗
d) = (0, 0, 0), which corresponds biologically to the eradication of all tumor

subpopulations. In the case where G∗
p 6= 0, solving the steady-state conditions Ġp = Ġq = Ġd = 0

yields

G∗
q =

τ1
τ2
G∗
p,

G∗
d =

ϕ1ũ1
τ3

G∗
p.
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Substitution into the equation for Gp leads to the following critical condition for the existence
of a nontrivial equilibrium:

κ(1− ωũ2) = (ϕ1 + ϕ2)ũ1, (21)

Remark 1. Equation (21) defines the threshold where therapeutic effects exactly balance tumor
proliferation.

4.1 Local stability analysis

Theorem 4. The TFE point (0, 0, 0) is locally asymptotically stable if and only if the controlled
reproduction number [40, 11]

Rcontrolled
0 :=

κ(1− ωũ2)
(ϕ1 + ϕ2)ũ1

,

satisfies Rcontrolled
0 < 1.

Proof. The Jacobian matrix J0 of system (1) evaluated at the origin is therefore given by

J0 =


κ(1− ωũ2)− τ1 − (ϕ1 + ϕ2)ũ1 τ2 0

τ1 −τ2 0

ϕ1ũ1 0 −τ3

 . (22)

This Jacobian J0 has an upper block-triangular structure, and the eigenvalues are thus composed
of the following items:

1. λ1 = −τ3, which is always negative, hence stable.

2. The remaining eigenvalues are obtained from the 2× 2 upper-left submatrix:

J2 =

[
a τ2

τ1 −τ2

]
, where a = κ(1− ωũ2)− τ1 − (ϕ1 + ϕ2)ũ1. (23)

The characteristic polynomial for this submatrix is

XJ2(λ) = det(J2 − λ.I2) = λ2 + (τ2 − a)λ− (aτ2 + τ1τ2) = 0. (24)

Applying the Routh–Hurwitz criteria [12], local stability requires the following conditions:

• The trace condition: tr(J2) = a− τ2 < 0,
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• The determinant condition: det(J2) = −aτ2 − τ1τ2 > 0.

These two inequalities are simultaneously satisfied if and only if a < −τ1. This yields a
critical threshold for the combined effect of the therapies. Defining the effective controlled
reproduction rate Rcontrolled

0 via

Rcontrolled
0 :=

κ(1− ωũ2)
(ϕ1 + ϕ2)ũ1

, (25)

the condition a < −τ1 becomes equivalent to Rcontrolled
0 < 1. Thus, the TFE is locally

asymptotically stable.

Remark 2. Although this threshold is derived directly from the Routh–Hurwitz criterion applied
to the Jacobian of the linearized system, it exactly determines the local asymptotic stability of
the TFE.

4.2 Global stability of the TFE

We now establish that, under a sufficient therapeutic regimen, the tumor-free state is the unique
attractor for all biologically admissible initial conditions.

Theorem 5. If Rcontrolled
0 < 1, then the equilibrium E0 = (0, 0, 0) is globally asymptotically

stable in the nonnegative orthant.

Proof. We work in R3
+ and introduce the linear Lyapunov function

V (Gp, Gq, Gd) = Gp +
τ2
τ1
Gq + ηGd,

where η > 0 will be chosen later. Clearly, V > 0 for any (Gp, Gq, Gd) 6= (0, 0, 0), and V = 0 at
E0. Under constant controls ũ1, ũ2, the model reads

Ġp = aGp + τ2Gq,

Ġq = τ1Gp − τ2Gq,

Ġd = ϕ1 ũ1Gp − τ3Gd,

where
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a = κ(1− ωũ2)− τ1 − (ϕ1 + ϕ2) ũ1.

Differentiating V along solutions gives

V̇ = Ġp +
τ2
τ1
Ġq + ηĠd

= aGp + τ2Gq +
τ2
τ1

(τ1Gp − τ2Gq) + η(ϕ1ũ1Gp − τ3Gd).

We note by the construction that

τ2Gp −
τ22
τ1
Gq = 0.

So transition terms cancel exactly, we obtain

V̇ = (a+ τ2 + ηϕ1ũ1)Gp − ητ3Gd.

By taking η = −(a+τ2)
2ϕ1ũ1

> 0, small enough so that a + τ2 + ηϕ1ũ1 < 0. Since κ(1 − ωũ2) <

(ϕ1 + ϕ2) ũ1, which is exactly Rcontrolled
0 < 1. Under this hypothesis, V̇ is strictly negative on

R3
+ \ {E0}. By LaSalle’s invariance principle [25], all trajectories originating in R3

+ converge to
the largest invariant subset of {V̇ = 0}, namely the singleton {E0}.

Hence, E0 is globally asymptotically stable.

Remark 3. The condition a < −τ1 (or equivalently, Rcontrolled
0 < 1 i.e. when the total ther-

apeutic effect meets or exceeds the tumor proliferation rate) guarantees both local and global
eradication of the tumor cell populations under constant therapy.

5 The optimal control problem

Among the chemotherapeutic agents commonly used in the treatment of LGGs, temozolomide
remains a frontline therapy due to its ability to cross the blood-brain barrier and its cytotoxic
activity against rapidly dividing tumor cells [31]. TMZ is an alkylating agent that introduces
methyl groups into DNA, leading to DNA damage, replication stress, and apoptosis, particularly
in proliferating tumor cells. In parallel, recent clinical advances have led to the approval of IDH
inhibitors as targeted therapies for LGGs harboring IDH1 or IDH2 mutations [13]. IDH inhibitors
act by suppressing the production of the oncometabolite 2-hydroxyglutarate, thereby reversing
epigenetic dysregulation and promoting differentiation of tumor cells [30, 7]. Notably, IDH
inhibitors exhibit a cytostatic effect that slows proliferation and may enhance the effectiveness of
cytotoxic agents like TMZ when used in combination. In our model, we represent the cytotoxic
control (TMZ) by the function u1(t), which governs the dose of chemotherapy administered over
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time. A value of u1 = 0 denotes no drug use, while u1 = u1,max corresponds to the maximum
tolerable dose, constrained within the range 0 ≤ u1(t) ≤ u1,max < 1. The targeted IDH inhibitor
is modeled by the control u2(t), with u2 = 0 indicating absence of the therapy and u2 = u2,max

corresponding to full inhibition. The dosage range is similarly bounded as 0 ≤ u2(t) ≤ u2,max < 1.
Both therapies are assumed to act bilinearly on the proliferating tumor compartment, with TMZ
reducing the growth and survival of dividing cells and the IDH inhibitor modulating the tumor
microenvironment and the metabolic state of resistant or quiescent cells. By integrating these two
mechanisms into our bilinear model, we aim to capture the synergistic dynamics of dual-agent
treatment and better inform optimized therapy schedules for LGG patients. Unlike prior studies
that evaluate system behavior under fixed or time-invariant treatment intensities, our analysis
investigates the tumor dynamics under time-dependent optimal control strategies. Specifically,
we consider therapeutic inputs u1(t) and u2(t) as measurable functions of time, optimized to
minimize tumor burden and treatment cost over a fixed treatment horizon [0, T ].

The objective function to be minimized is defined as

J(u1, u2) =

∫ T

0

(
A1Gp(t) +A2Gq(t) +

1
2B1u

2
1(t) +

1
2B2u

2
2(t)

)
dt, (26)

where Gp(t) and Gq(t) represent, respectively, the proliferating and quiescent tumor cell popu-
lations at time t, and Ai > 0 and Bi > 0 (i = 1, 2) are fixed weighting coefficients that reflect
the relative importance of reducing tumor burden and minimizing the therapeutic dosing effort.

We seek optimal control functions u∗1(t) and u∗2(t) that minimize the cost functional J , that
is,

J(u∗1, u
∗
2) = min

(u1,u2)∈Uad

J(u1, u2), (27)

where the set of admissible controls Uad is defined as follows:

Uad = {(u1(t), u2(t)) ∈ L∞(0, T )2; 0 ≤ ui(t) ≤ ui,max < 1, for i = 1, 2}. (28)

This optimal control framework allows us to identify therapy protocols that minimize the tumor
size and overall tumor burden throughout the treatment period, while penalizing high doses of
TMZ and the IDH inhibitor to reduce toxicity and cost.
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5.1 Existence of optimal control solutions

We establish the existence of an optimal control pair (u∗1, u
∗
2) ∈ Uad for the control problem

governed by the bilinear system (1) and the cost functional (26), using a standard result from
optimal control theory (see [14, Corollary 4.1]).

Theorem 6. Consider the optimal control problem defined by system (1) with the objective
functional (26). There exists an optimal control pair (u∗1, u∗2) ∈ Uad such that

J(u∗1, u
∗
2) = min

(u1,u2)∈Uad

J(u1, u2).

Proof. To guarantee existence of optimal controls, we verify the following standard conditions:

1. Nonemptiness of admissible controls and corresponding state trajectories: Let
the state vector be x = (Gp, Gq, Gd) with the right-hand side of the system (1) given
by ẋ = F (t, x, u1, u2). Since the system is bilinear in u1 and u2, and all coefficients
and parameters are continuous and bounded, and the controls are bounded measurable
functions, the right-hand side is Lipschitz continuous in x. Therefore, by the Picard–
Lindelof theorem, for any admissible control (u1, u2) ∈ Uad, there exists a unique solution
x(t) ∈ C1([0, T ];R3) satisfying the initial conditions. Hence, the set of admissible control-
state pairs is nonempty.

2. Convexity and closedness of the control set: From the definition of the controls set
(28), it is clear that Uad is a product of closed intervals in L∞, hence convex and closed.

3. Bilinearity of the system in control variables:
The state system (1) is bilinear in u1 and u2 with coefficients depending continuously on
the state and time. Since the state trajectories are bounded (due to biologically relevant
constraints and bounded control functions), the function F (t, x, u1, u2) is continuous and
satisfies the required regularity conditions.

4. Convexity and lower boundedness of the integrand in the cost functional:
The cost functional is of the form:

J(u1, u2) =

∫ T

0

(
2∑
i=1

Aixi(t) +
1

2
B1u1(t)

2 +
1

2
B2u2(t)

2

)
dt.

This integrand is convex in the controls u1, u2, because it is a positive definite quadratic
form in u1 and u2. Moreover, since L(t, x, u1, u2) ≥ (B1/2)u21+(B2/2)u

2
2 ≥ c2(|u21|+ |u22|)
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with c2 = min(B1/2, B2/2), ξ = 2, and L ≥ 0, together with the uniform boundedness of
trajectories on [0, T ](Proposition 2), the standard coercivity and compactness conditions
of optimal control theory are satisfied (e.g., [14]).

All hypotheses of the Fleming–Rishel existence theorem are verified. Therefore, there exists an
optimal control pair (u∗1, u∗2) ∈ Uad minimizing the objective functional J(u1, u2).

5.2 Characterization of an optimal controls

To derive the necessary conditions for optimality in the LGG therapy model, we employ Pon-
tryagin’s maximum principle [23]. This principle introduces a set of adjoint variables that link
the state dynamics with the cost functional through a Hamiltonian function. The optimiza-
tion problem is thus reformulated as a two-point boundary value problem: The state variables
evolve forward in time with known initial conditions, while the adjoint variables evolve backward
from known terminal conditions. The optimality system consists of the state equations, adjoint
equations, and pointwise minimization of the Hamiltonian with respect to the control variables,
subject to their admissible bounds. This structured approach provides a powerful framework to
characterize the optimal therapeutic strategy.

The Hamiltonian associated with the problem is defined as

H(t) = A1Gp(t) +A2Gq(t) +
1

2
B1u

2
1(t) +

1

2
B2u

2
2(t) + λ1f1 + λ2f2 + λ3f3, (29)

where the functions fi for i = 1, 2, 3 represent the right-hand sides of the system of differential
equations (1), and λi are the adjoint functions. Therefore

f1(Gp, Gq, Gd, u1, u2) = κ(1− ωu2)Gp − τ1Gp + τ2Gq − ϕ1u1Gp − ϕ2u1Gp,

f2(Gp, Gq, Gd, u1, u2) = τ1Gp − τ2Gq,

f3(Gp, Gq, Gd, u1, u2) = ϕ1u1Gp − τ3Gd.

Theorem 7. Let (u∗1, u
∗
2) ∈ Uad be an optimal control pair minimizing the cost functional

J(u1, u2), subject to the system dynamics (1) and the admissible control set Uad. Then, there
exist adjoint functions λ1(t), λ2(t), λ3(t) satisfying the adjoint system
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λ̇1 = −A1 − λ1(κ(1− ωu2)− τ1 − (ϕ1 + ϕ2)u1)− λ2τ1 − λ3ϕ1u1,

λ̇2 = −A2 − λ1τ2 + λ2τ2,

λ̇3 = λ3τ3,

(30)

with terminal conditions
λ1(T ) = λ2(T ) = 0.

Furthermore, the optimal controls u∗1(t), u∗2(t) are characterized by

u∗1(t) = min
(
1,max

(
0,

((ϕ1 + ϕ2)λ1(t)− ϕ1λ3(t))Gp(t)
B1

))
,

u∗2(t) = min
(
1,max

(
0,
κωλ1(t)Gp(t)

B2

))
.

(31)

Proof. For t ∈ [0, T ], the adjoint equations and the transversality conditions can be derived using
the the Pontryagin’s maximum principle [23], such that

λ̇1 = − ∂H
∂Gp

= −A1 − λ1(κ(1− ωu2)− τ1 − (ϕ1 + ϕ2)u1)− λ2τ1 − λ3ϕ1u1,

λ̇2 = − ∂H
∂Gq

= −A2 − λ1τ2 + λ2τ2,

λ̇3 = − ∂H
∂Gd

= λ3τ3,

(32)

The Hamiltonian minimization condition requires that, at the optimal solution, derive H with
respect to the controls and setting the derivatives to zero gives the following system:

∂H
∂u1

= B1u1 − λ1(ϕ1 + ϕ2)Gp + λ3ϕ1Gp = 0,

∂H
∂u2

= B2u2 − λ1κωGp = 0.

(33)

It follows
u1 =

((ϕ1 + ϕ2)λ1 − ϕ1λ3)Gp
B1

,

u2 =
κωλ1Gp
B2

.

Applying the control constraints, we project each expression onto the admissible interval:

u∗1(t) = min
(
1,max

(
0,

((ϕ1 + ϕ2)λ1 − ϕ1λ3)Gp
B1

))
,

u∗2(t) = min
(
1,max

(
0,
κωλ1Gp
B2

))
.
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6 Numerical simulations

To assess the performance of the proposed optimal control strategy, we carried out numerical
simulations using the forward-backward sweep method (FBSM), a well-established iterative algo-
rithm for solving optimal control problems governed by systems of ordinary differential equations
[28]. The method alternates between forward integration of the state equations and backward
integration of the adjoint equations, followed by an update of the control variables based on the
optimality conditions derived from Pontryagin’s maximum principle. This iterative process is
repeated until convergence, defined in terms of the normed difference between successive control
iterates falling below a prescribed tolerance.

The state system was solved forward in time using a fourth-order Runge–Kutta scheme, while
the adjoint system was integrated backward in time under the terminal conditions λi(T ) = 0.
At each iteration, the optimal controls were updated via projection onto the admissible con-
trol set, ensuring biologically feasible treatment intensities. Convergence was typically achieved
within a small number of iterations, indicating numerical stability and robustness of the proposed
algorithm.

Model parameters were calibrated using clinical data reported in [36], which provide longi-
tudinal measurements of LGG size in patients treated with temozolomide. Tumor burden was
quantified through the mean tumor diameter (in millimeters), consistent with clinical practice.
When necessary, tumor volumes were reconstructed assuming spherical geometry. The model
was formulated in normalized (dimensionless) form by scaling tumor cell densities with respect
to a reference carrying capacity K, representing the maximal viable tumor cell density in brain
tissue. Consequently, the state variables 0 ≤ P,Q,D ≤ 1. Initial conditions were inferred from
early diagnostic imaging and chosen to reflect biologically realistic compartment proportions ob-
served in LGG. Specifically, the initial proliferative fraction was set to P (0) = 0.01, and the
quiescent fraction to Q(0) = 0.09, yielding an initial total tumor burden corresponding to 10%
of the carrying capacity. No damaged cells were assumed at treatment initiation, so D(0) = 0.

This choice reflects the known predominance of quiescent cells in LGGs, together with a
smaller actively proliferating subpopulation prior to therapy.

The simulation horizon was fixed at 25 months in order to capture both short-term treatment
effects and long-term tumor dynamics. The parameter values reported in Table 1 are used for
illustrative purposes; the qualitative behavior of the system depends primarily on the structural
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interactions among proliferation, quiescence, and treatment effects rather than on the precise
numerical values.

Table 1: The parameters κ, τ1, τ2, τ3, ϕ1, ϕ2 are taken from the clinical tumor growth inhibition model
developed by Ribba et al. in their LGG TMZ-only work [36]. These parameters were originally estimated by
fitting longitudinal MRI tumor size data under temozolomide therapy. All rates are expressed in month−1.

Parameter Description Value
κ Natural proliferation rate of tumor cells 0.114
τ1 Transition rate from proliferative to quiescent state 0.0226
τ2 Transition rate from quiescent to proliferative state 0.0045
τ3 Clearance rate of damaged tumor cells 0.0214
ϕ1 TMZ-induced damage rate on proliferative cells 0.842
ϕ2 Cytotoxic effect of TMZ on proliferative cells 0.32
ω Effect rate of IDH inhibitor on proliferative cells 0.3

The IDH-inhibitor efficacy ω = 0.2month−1 is chosen as a conservative estimate of cytostatic
slowdown based on emerging IDH-inhibitor data (e.g., reduced proliferation without strong cy-
totoxicity). Sensitivity to ω is explored in simulations. Here, we investigate two distinct control
strategies over a 30-month treatment horizon:

• Strategy 1: IDH-inhibitor monotherapy (cytostatic control u2(t) only, u1(t) ≡ 0),

• Strategy 2: Combined therapy with temozolomide (cytotoxic control u1(t)) and IDH-
inhibitor (cytostatic control u2(t)).

The objective is to compare the qualitative and quantitative tumor responses under purely
proliferation-slowing treatment versus dual cytotoxic–cytostatic intervention.

Uncontrolled dynamics

In the absence of treatment, the proliferating tumor cell population (Gp) grows exponentially
(Figure 2), reflecting the intrinsic instability of the untreated system. This behavior reproduces
the characteristic slow but persistent progression of LGG. Simultaneously, the quiescent com-
partment (Gq) gradually accumulates (Figure 3) , forming a latent reservoir capable of sustaining
future tumor regrowth. As expected, the damaged compartment (Gd) remains identically zero
without therapy (Figure 4).
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Figure 2: Dynamics of proliferating compartment (Gp) with control u2 only.
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Figure 3: Dynamics of quiescent compartment (Gq) with control u2 only.
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Figure 4: Dynamics of damaged compartment (Gd) with control u2 only.

Iran. J. Numer. Anal. Optim., Vol. 16, No. 4, 2026, pp 1239–1270



1263 Analysis and optimal control of a proliferating-quiescent Glioma model with combined therapy

Strategy 1: IDH-inhibitor monotherapy (cytostatic
control)

In this part of the simulations, we consider the optimal cytostatic control u2(t) alone, with
u1(t) ≡ 0. As shown in Figure 2, the proliferating cell population Gp exhibits a marked reduction
compared to the uncontrolled case. The IDH-inhibitor acts by decreasing the effective prolifera-
tion rate, thereby slowing tumor expansion rather than inducing direct cell death. Consequently,
Gp does not undergo complete eradication but instead converges toward a lower stabilized level,
reflecting tumor growth containment rather than elimination. Quantitatively, the proliferating
population decreases from a peak value exceeding 1.5 units to approximately 0.6 units after
treatment, demonstrating substantial but partial suppression of tumor activity.

As shown in Figure 3, the quiescent compartment Gq decreases indirectly under IDH-
inhibitor monotherapy, dropping from approximately 0.12 to less than 0.06. This reduction
results from the cytostatic action of u2(t), which lowers the effective proliferation rate and
consequently limits the flux of newly generated cells transitioning into the quiescent state. Im-
portantly, because the IDH inhibitor is modeled as a purely cytostatic agent, the damaged
compartment Gd remains negligible during therapy.

Strategy 2: Combined TMZ and IDH Therapy

When both controls are active, a markedly stronger therapeutic effect is observed. The pro-
liferating compartment Gp rapidly declines toward near-zero levels (Figure 5), demonstrating
the synergistic effect of cytotoxic killing u1(t) and proliferation slowdown u2(t). This combined
action not only halts tumor growth but actively reduces tumor burden.

The quiescent population Gq also progressively decreases to near zero, as shown in (Figure 6).
Although its decline is slower than that of Gp, the sustained reduction reflects both diminished
inflow from proliferating cells and indirect effects of cytotoxic depletion. The gradual elimination
of this dormant reservoir is critical to minimizing recurrence risk.

In contrast to monotherapy, the damaged compartment Gd (Figure 7) emerges exclusively
under TMZ administration. Its monotonic increase during treatment serves as a marker of
irreversible tumor cell inactivation. The accumulation of Gd, together with its clearance dynam-
ics, illustrates the long-term reduction in the tumor’s effective reproductive capacity achieved
through cytotoxic intervention.
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Figure 5: Dynamics of proliferating compartment (Gp) with controls u1 and u2.
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Figure 6: Dynamics of quiescent compartment (Gq) with controls u1 and u2.
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Figure 7: Dynamics of damaged compartment (Gd) with controls u1 and u2.
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Remark 4. The simulations highlight a fundamental difference between the two strategies.
IDH-inhibitor monotherapy achieves tumor growth stabilization through cytostatic slowing of
proliferation but does not induce substantial irreversible tumor reduction. In contrast, the com-
bined TMZ–IDH therapy simultaneously suppresses active proliferation, depletes the quiescent
reservoir, and generates irreversible cellular damage, leading to sustained tumor control.

From a clinical perspective, these results suggest that cytostatic maintenance alone may
contain tumor progression, whereas combination therapy is required to achieve significant tumor
burden reduction and long-term disease stabilization.

7 Conclusion

In this study, we developed a bilinear compartmental model to describe LGG dynamics under
combined therapy with temozolomide (TMZ) chemotherapy and IDH-targeted treatment. The
model includes important biological processes such as the reversible transition between prolifer-
ating and quiescent tumor cells, therapy-induced damage, and removal of damaged cells.

Mathematically, we showed that the system is well-posed: Solutions exist, are unique, re-
main positive, and are bounded for any admissible control. The analysis of the system without
treatment showed that the TFE is unstable, meaning the tumor will grow if left untreated. This
highlights the need for therapy to control tumor growth.

For constant treatments, we defined a threshold parameter, called the controlled reproduction
number, which measures the balance between tumor growth and therapy. When this number is
below one, the TFE becomes stable, showing that constant therapy at sufficient intensity can
stop tumor growth. This demonstrates the benefit of combining TMZ and IDH-targeted therapy.

We also solved an optimal control problem to find the best time-dependent treatment sched-
ules that reduce tumor size while keeping drug use reasonable. The numerical results show that
the optimal controls start with a strong initial dose, then remain nearly constant for a long pe-
riod, and finally decrease gradually. This pattern matches the theoretical stability results: Once
the tumor is under control, maintaining it with a steady treatment is enough. The long constant
phase suggests that a maintenance-like strategy can be effective while limiting side effects.

Overall, this study shows that combining mathematical modeling, stability analysis, and
optimal control can help design effective treatment strategies for LGG. The results could be
useful for developing personalized treatment plans that balance tumor control with patient well-
being.
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1 Introduction

The prey-predator model, commonly referred to as the Lotka–Volterra model, is a cornerstone
of mathematical ecology and provides a fundamental framework for describing the dynamic in-
teraction between two interdependent populations: prey, which constitute a food resource, and
predators, which rely on prey for survival. This classical formulation has played a crucial role
in advancing our understanding of population oscillations, species coexistence, and ecological
balance. Over the years, the basic model has been extended in various directions to incorporate
biological mechanisms observed in real ecosystems, thereby improving its ecological realism and
predictive capacity. One important refinement of the classical predator-prey framework is the
incorporation of cooperative hunting behavior among predators. In many natural systems, preda-
tors do not act independently but instead hunt in groups, thereby increasing capture efficiency
and altering functional responses. Such cooperative strategies can significantly modify popula-
tion dynamics by amplifying predation pressure and influencing stability properties of equilibria.
The ecological relevance of cooperative hunting and its mathematical formulation were first sys-
tematically explored by Alves and Hilker [4], who demonstrated that predator cooperation can
lead to qualitatively new dynamical behaviors not present in classical models.

While most early predator-prey models focused on temporal dynamics alone, spatial effects
are now recognized as an essential component of ecological systems. Species movement, dispersal,
and spatial heterogeneity strongly influence persistence, invasion, and pattern formation [25]. To
capture these effects, predator-prey models are naturally extended to reaction-diffusion systems
by incorporating diffusion terms that describe random movement in space. The inclusion of spa-
tial dynamics is motivated by the seminal work of Turing on the chemical basis of morphogenesis
[21], which demonstrated that diffusion, when coupled with nonlinear interactions, can destabi-
lize homogeneous steady states and generate spatial patterns. From an ecological standpoint,
reaction-diffusion predator-prey models provide a powerful framework for studying the combined
effects of biological interactions and spatial dispersal [1]. In plankton communities, forest insect
populations, and spatially structured food webs, population densities are rarely uniform across
space. Instead, ecosystems often exhibit traveling invasion fronts, localized outbreaks, sustained
oscillatory waves, and complex spatiotemporal patterns [8, 16]. Dispersal, commonly represented
through diffusion, plays a dual role in such systems: it promotes persistence and spatial spread,
yet can also destabilize homogeneous equilibria when coupled with nonlinear predation mecha-
nisms, leading to oscillatory or even chaotic dynamics [13]. Consequently, the emergence of wave
fronts, wave pulses, and wave trains in reaction-diffusion predator-prey models offers a mech-
anistic explanation for invasion processes, recurrent outbreaks, and cyclic population behavior
observed in nature.
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1273 Traveling-wave patterns and bifurcation dynamics in a spatial predator-prey model

A particularly important mathematical tool for understanding these spatial phenomena is
invariant manifold theory, which plays a central role in the analysis of traveling-wave solutions
in reaction-diffusion systems. Traveling waves provide a mathematical description of spatial
propagation processes occurring in diverse contexts, including population dynamics, nutrient
transport, chemical reactions, and biological signal transmission [16, 15]. By introducing a
moving coordinate frame, reaction-diffusion equations can be reduced to systems of ordinary
differential equations, where traveling waves correspond to special trajectories in phase space.
In this formulation, wave fronts, wave pulses, and wave trains arise as heteroclinic, homoclinic,
and periodic orbits, respectively [13, 19, 24]. The existence and stability of these solutions are
fundamentally governed by the geometry of invariant manifolds associated with equilibria and
periodic orbits. Despite their conceptual importance, the rigorous construction of homoclinic and
heteroclinic orbits remains a challenging problem, particularly in systems of dimension three or
higher. Except for a few special cases, explicit analytical expressions for such connecting orbits
are rarely available [8, 20]. As a result, a wide range of analytical and numerical techniques
has been developed, including Poincaré maps, Lin’s method, center manifold reductions, and
numerical continuation, to establish the existence and continuation of global connections [9, 10,
14, 26]. In recent years, numerical bifurcation software such as AUTO [6] and MATCONT [5] has
become indispensable for computing equilibria, periodic orbits, and their invariant manifolds
with high accuracy, enabling systematic investigations of traveling waves in reaction-diffusion
systems [18, 2, 11, 12].

Although traveling-wave solutions and diffusion-driven dynamics have been extensively in-
vestigated in predator-prey reaction-diffusion systems [7, 25, 22, 14], the combined effects of
prey dispersal, a strong Allee effect, and cooperative hunting on traveling-wave dynamics remain
largely unexplored. In contrast to [7, 14], where the emphasis is primarily on the existence of
traveling waves and heteroclinic structures, the present work investigates how cooperative pre-
dation and prey diffusion interact to generate a rich bifurcation scenario involving wave fronts,
pulse waves, periodic wave trains, multi-periodic oscillations, and chaotic traveling waves. More-
over, unlike [25] and [22], which focus on diffusion-driven instability and multiple wave solutions
in more general reaction-diffusion settings, the present study reveals how hunting cooperation
and prey dispersal jointly induce complex spatiotemporal behaviour through Hopf and period-
doubling bifurcations. To the best of our knowledge, the emergence of chaotic traveling waves
in a predator-prey system incorporating both cooperative hunting and Allee effects has not been
previously reported.

Motivated by these developments, the objective of the present study is to investigate the
existence and structure of traveling-wave solutions in a diffusive predator-prey model with non-
linear interaction terms. Building upon the predator-prey model proposed in [23], we focus on
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the effects of prey dispersal on traveling-wave dynamics and the associated bifurcation structure.
Using bifurcation theory, invariant manifold analysis, and numerical continuation techniques,
we investigate how variations in diffusion and interaction parameters influence the qualitative
behavior of traveling-wave solutions and lead to transitions between different dynamical regimes.
The remainder of the paper is organized as follows. Section 2 introduces the reaction-diffusion
model, analyzes the existence and stability of its equilibria, derives the traveling-wave equations,
and investigates their phase-space structure. Section 3 employs numerical continuation methods
to compute homoclinic and heteroclinic orbits and classify the resulting traveling-wave solutions.
Finally, Section 4 discusses the ecological implications of our findings and summarizes the main
conclusions of the study.

2 Diffusive model

We consider a prey-predator reaction-diffusion model obtained by introducing one-dimensional
spatial diffusion only in the prey population, extending the nonspatial system (4) proposed in
the paper [23]. The primary objective of the present work is to investigate the existence of
traveling-wave solutions for the following system:

∂N

∂t
= N

(
σ(1−N)(N − β)− (1 + αP )P

)
+ d

∂2N

∂x2
,

∂P

∂t
= Pδ(1− P ) + e(1 + αP )NP,

(1)

where N(x, t) and P (x, t) denote the densities of the prey and predator populations at position
x and time t, respectively. The parameter d > 0 represents the diffusion coefficient of the prey
species, modeling its random movement in space, while the predator population is assumed to be
immobile. This asymmetric diffusion assumption reflects situations in which prey species exhibit
higher mobility than predators and has been widely adopted in ecological and epidemiological
modeling frameworks.

The prey growth is governed by the Allee effect, represented by the term σ(1−N)(N − β),
where σ > 0 is the intrinsic growth rate of the prey and β ∈ (−1, 1) denotes the Allee threshold
below, which the prey population experiences negative growth [3]. Predator consumption of prey
follows a Holling type-I functional response, given by (1 + αP )P , where α ≥ 0 represents the
strength of cooperative hunting among predators. It is assumed that predators hunt prey in
groups, thereby enhancing their predation efficiency and increasing the prey capture rate. The
predator population grows logistically in the absence of prey with intrinsic growth rate δ > 0 and
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carrying capacity normalized to unity. The term e(1 + αP )NP represents the gain in predator
biomass due to predation, where e > 0 denotes the conversion efficiency of consumed prey into
predator reproduction.

System (1) is inspired by the predator-prey framework introduced in [22], incorporating
both the Allee effect in prey dynamics and a Holling type-I functional response. The inclusion of
diffusion only in the prey equation allows the model to capture spatial propagation phenomena
driven by prey dispersal, which plays a crucial role in the formation of traveling-wave solutions
connecting biologically relevant equilibria. Such spatially structured dynamics are essential for
understanding invasion processes, range expansion, and pattern formation in ecological systems.

2.1 Traveling-wave reduction

In order to study the traveling waves, we introduce the coordinate, z = x−ct, where c > 0 denotes
the wave speed, and seek solutions of the form N(x, t) = U(z), P (x, t) = V (z). Substitution
into (1) yields

−cU ′ = dU ′′ + U
(
σ(1− U)(U − β)− (1 + αV )V

)
,

−cV ′ = V δ(1− V ) + e(1 + αV )UV,

(2)

where primes denote differentiation with respect to z. Introducing the auxiliary variableW = U ′,
system (2) can be rewritten as the following first-order autonomous system:

U ′ =W,

W ′ =
1

d

(
− cW − σU(1− U)(U − β) + (1 + αV )UV

)
,

V ′ = −1

c

(
V δ(1− V ) + e(1 + αV )UV

)
.

(3)

System (3) is three-dimensional, in contrast to the four-dimensional traveling-wave system ob-
tained when both species diffuse. This reduction in dimension plays a crucial role in the qualita-
tive analysis of wave solutions. Motivated by the biological context of (1), we confine our analysis
of system (3) to the domain Ω = {(U,W, V ) ∈ R3 : U > 0, V > 0}. A traveling-wave solution
of (1) is defined as any bounded solution of system (3) that lies entirely within the domain Ω.
Such solutions represent wave profiles that move through space while maintaining their shape
over time [15, 16, 8].
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To obtain bounded solutions of system (3), we consider three principal classes of traveling
waves: wave pulses, wave fronts, and wave trains. A wave pulse is associated with a homoclinic
orbit of the traveling-wave system, in which a trajectory leaves an equilibrium point E1 along
its unstable manifold and returns to the same equilibrium along its stable manifold, so that the
orbit lies in Wu(E1)∩W s(E1). Such solutions display a pronounced excursion in the amplitudes
of the state variables followed by convergence back to the resting state, and in the original
reaction-diffusion system they correspond to localized pulses propagating through space while
connecting a spatially homogeneous steady state to itself. A wave front, on the other hand, arises
from a heteroclinic connection between two distinct equilibria, where the orbit departs from E1

along Wu(E1) and approaches another equilibrium E2 along its stable manifold W s(E2), that
is, it lies in Wu(E1) ∩W s(E2); this represents a traveling interface that connects two different
spatially homogeneous steady states. Finally, wave trains correspond to periodic traveling-wave
solutions of the reduced system, characterized by closed orbits in phase space. These solutions
are spatially periodic and temporally steady in the moving frame, representing a continuous
sequence of oscillations that propagate with constant speed without decay, and they play a key
role in describing sustained rhythmic patterns in the underlying reaction-diffusion model [22].

2.2 Stability analysis

An equilibrium of (3) is given by E = (U∗, 0, V ∗), where (U∗, V ∗) satisfies

U∗
(
σ(1− U∗)(U∗ − β)− (1 + αV ∗)V ∗

)
= 0,

V ∗
(
δ(1− V ∗) + e(1 + αV ∗)U∗

)
= 0.

(4)

From (4), we identify the following classes of equilibria.

(i) Trivial equilibrium.
E0 = (0, 0, 0).

(ii) Boundary equilibria.

Eβ = (β, 0, 0), E1 = (1, 0, 0) E2 = (0, 0, 1).
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The equilibrium Eβ , E1 corresponds to extinction of the P -population and persistence of N and
E2 correspond to extinction of the N -population and persistence of P at its intrinsic steady
states.

(iii) Coexistence equilibria. If U∗ > 0 and V ∗ > 0, then (U∗, V ∗) satisfies

σ(1− U∗)(U∗ − β) = (1 + αV ∗)V ∗,

δ(1− V ∗) + e(1 + αV ∗)U∗ = 0.
(5)

Due to the nonlinear coupling between U∗ and V ∗, explicit closed-form expressions for these
quantities are generally difficult to obtain. Consequently, the coexistence equilibrium is char-
acterized implicitly by system (5). For suitable parameter values, system (5) admits positive
solutions, yielding the biologically relevant coexistence equilibrium

E∗ = (U∗, 0, V ∗).

2.2.1 Linearization and Jacobian matrix

The Jacobian matrix of (3) evaluated at an equilibrium E = (U∗, 0, V ∗) is given by

J(E) =


0 1 0

−a11 − c
d −a13

−a31 0 −a33

 ,

where

a11 =
1

d

(
σ(−3U∗2 + 2(1 + β)U∗ − β)− (1 + αV ∗)V ∗

)
,

a13 = −1

d

(
1 + 2αV ∗

)
U∗,

a31 =
e

c

(
1 + αV ∗

)
V ∗,

a33 =
1

c

(
δ(1− 2V ∗) + e(1 + 2αV )U∗

)
.

2.2.2 Characteristic equation

The characteristic polynomial of J(E) takes the form
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λ3 +
( c
d
+ a33

)
λ2 +

(
a11 +

c

d
a33

)
λ+(a11a33 − a13a31) = 0. (6)

The signs of the coefficients in (6) determine the local stability properties of the equilibrium
[17].

2.2.3 Stability of boundary equilibria

Lemma 1. The equilibrium point E0 is a stable equilibrium whenever −1 < β < 0 with
dims(E0) = 3 and saddle whenever 0 < β < 1 with dims(E0) = 2, dimu(E0) = 1.

Proof. At E0, the Jacobian reduces to

J(E0) =


0 1 0
σβ
d −

c
d 0

0 0 − δc

 .

The corresponding eigenvalues are

λ1,2 =
−c±

√
c2 + 4σβ

2d
, λ3 = −δ

c
< 0.

Hence, E0 is a stable equilibrium whenever −1 < β < 0 on a three dimensional manifold and
saddle whenever 0 < β < 1 in two dimensional stable and one dimensional unstable manifold.

Lemma 2. The equilibrium point Eβ exist for 0 < β < 1 and is a saddle with dims(Eβ) = 2,
dimu(Eβ) = 1

Proof. The Jacobian matrix at Eβ is therefore

J(Eβ) =


0 1 0

−σβ(1−β)d − c
d

β
d

0 0 − δ+eβc

 .

The eigenvalues satisfy

λ1,2 =
−c±

√
c2 + 4σβ(1− β)

2d
, λ3 = −δ + eβ

c
< 0.

Thus, equilibrium Eβ is a saddle point with a one-dimensional unstable manifold and a two-
dimensional stable manifold.
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Lemma 3. The equilibrium point E1 is a saddle equilibrium with dims(E1) = 2, dimu(E1) = 1.

Proof. The Jacobian matrix at E1 is

J(E1) =


0 1 0

σ(1−β)
d − c

d
1
d

0 0 − δ+ec

 .

The eigenvalues are

λ1,2 =
−c±

√
c2 + 4σ(1− β)
2d

, λ3 = −δ + e

c
< 0.

Hence, E1 is also a saddle equilibrium with a two-dimensional stable manifold and a one-
dimensional unstable manifold.

Lemma 4. The equilibrium point E2 is also a saddle equilibrium with dims(E2) = 1,
dimu(E2) = 2.

Proof. The Jacobian matrix at E2 is given by

J(E2) =


0 1 0

σβ+1+α
d − c

d 0

− e(1+α)c 0 δ
c

 .

The characteristic polynomial of J(E2) is

(λ− δ
c )
(
dλ2 + cλ− (σβ + 1 + α)

)
= 0.

Hence, the eigenvalues are

λ1,2 =
−c±

√
c2 + 4

(
σβ + 1 + α

)
2

, λ3 =
δ

c
> 0.

Since λ3 > 0 and the quadratic term admits one positive and one negative root, equilib-
rium E2 possesses a two-dimensional unstable manifold and a one-dimensional stable manifold.
Therefore, E2 is a saddle equilibrium of index two.
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2.2.4 Stability of coexistence equilibrium

If a coexistence equilibrium E∗ = (U∗, 0, V ∗) exists, its local stability is determined by the
eigenvalues of the Jacobian matrix evaluated at E∗. The corresponding characteristic equation
is

λ3 +
( c
d
+ b33

)
λ2 +

1

d

(
b11 + cb33

)
λ+

1

d

(
b11b33 − b13b31

)
= 0, (7)

where

b11 = σU∗(−2U∗ + β + 1), b13 = −(1 + 2αV ∗)U∗,
b31 = e

c

(
1 + αV ∗

)
V ∗, b33 = 1

c

(
− δ + eαU∗

)
V ∗.

By the Routh–Hurwitz criterion for cubic polynomials, the equilibrium E∗ is locally asymptoti-
cally stable if and only if

c

d
+ b33 > 0, b11 + cb33 > 0, b11b33 − b13b31 > 0,

and ( c
d
+ b33

)
(b11 + cb33) > (b11b33 − b13b31) .

Although the stability conditions can be stated in terms of the coefficients of the characteristic
polynomial, these coefficients depend nonlinearly on the model parameters and the equilibrium
values U∗ and V ∗. Consequently, determining explicit parameter regions that guarantee stability
or instability is analytically cumbersome. To gain further insight into the dynamics of the system
and to investigate the influence of key parameters on the stability of the coexistence equilibrium
E∗, we therefore complement the analytical results with numerical simulations. The numerical
investigations presented in the next section illustrate the local behavior of solutions near E∗ and
identify parameter regimes associated with stable and unstable dynamics.

2.2.5 Hopf bifurcation analysis

The occurrence of Hopf bifurcation at the equilibrium point E∗ = (U∗, 0, V ∗) is determined by
the characteristic equation (7). According to the Hopf bifurcation theorem, a Hopf bifurcation
occurs when a pair of complex conjugate eigenvalues of the Jacobian matrix J(E∗) crosses the
imaginary axis as a system parameter varies, while the remaining eigenvalue has a nonzero real
part.

Let d be chosen as the bifurcation parameter. For (7) to admit a pair of purely imaginary
roots λ = ±iω (ω > 0), the following necessary conditions must be satisfied:
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c

d
+ b33 > 0, (8)

b13b31 − b11b33 > 0, (9)

and the Hopf-bifurcation threshold is obtained by

dH = − c(b11 + cb33)

b13b31 + cb233
, (10)

where
ω2 =

1

d

(
b11 + cb33

)
. (11)

In addition, the transversality condition must hold, namely,

d

dd
<(λ(d))

∣∣∣∣
d=dH

6= 0. (12)

This condition ensures that the eigenvalues cross the imaginary axis with nonzero speed as the
bifurcation parameter d passes through the critical value dH .

When all the above conditions are satisfied, the equilibrium point E∗ = (U∗, 0, V ∗) undergoes
a Hopf bifurcation at d = dH . As a consequence, a family of small-amplitude periodic solutions
emerges from E, leading to sustained oscillations in the population densities. These temporal
oscillations play a crucial role in the formation of wave trains in the corresponding reaction-
diffusion system, as will be demonstrated in the subsequent sections.

3 Numerical simulation

In this section, the traveling-wave system (3) was solved numerically using the classical fourth-
order Runge–Kutta (RK4) method. Since traveling-wave solutions are defined on the unbounded
domain z ∈ (−∞,∞), the computational domain was truncated to the finite interval [−L,L] with
L = 250. Unless otherwise stated, the numerical simulations were performed using a uniform
step size h = 0.001.
The numerical integration was initiated at z = −L using initial data chosen in a sufficiently small
neighborhood of the equilibrium state from which the traveling orbit originates. The solution
was then integrated forward up to z = L. Since a fixed-step RK4 scheme was employed, no
adaptive numerical tolerance parameter was required.
To verify the accuracy and robustness of the numerical computations, convergence tests were
performed using different step sizes and computational domains. The resulting traveling-wave
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profiles exhibited no significant qualitative or quantitative differences, confirming that the re-
ported numerical solutions are independent of the discretization parameters and domain trun-
cation. The parameter values were fixed according to the ecological model proposed in [23] and
are summarized in Table 1.

Table 1: Parameter values used in numerical simulations.
s β e δ c
8 −0.108 0.17 0.2298 0.6

For these fixed parameters, numerical continuation and bifurcation analysis were carried
out using the software package MATCONT. The primary objective of this study is to examine
how variations in the hunting cooperation parameter α and the diffusion coefficient d influence
the qualitative dynamics of the traveling-wave system (3). In particular, we investigate the
stability of equilibria and the associated bifurcation structure, including saddle-node, Hopf, and
period-doubling bifurcations.

The resulting bifurcation diagrams reveal transitions between different traveling-wave be-
haviors, including wave fronts, wave pulses, periodic and multi-periodic wave trains, and chaotic
traveling patterns, highlighting the important roles of hunting cooperation and prey diffusion in
shaping the spatiotemporal dynamics of the predator-prey system.

3.1 Bifurcation

For the chosen set of parameters, the boundary equilibrium points E0, E1, and E2, together with
the interior equilibrium E∗, coexist. Numerical bifurcation analysis reveals the occurrence of a
saddle-node bifurcation at α = αZH , where the number of interior equilibrium points changes
from two to zero as the parameter α is varied from left to right in Figure 1(a). In the parameter
region where two interior equilibria exist, they are denoted by E∗

1 and E∗
2 . The blue curve in

Figure 1(a) represents the Hopf bifurcation curve associated with the equilibrium E∗
1 . Below this

curve, E∗
1 is locally asymptotically stable, whereas it loses stability upon crossing the curve, giving

rise to periodic oscillations. In the unstable region of E∗
1 , a period-doubling bifurcation occurs,

indicated by the magenta curve. Inside the resulting period-doubling loop, solutions with higher-
order periodicity, including 2-periodic, 4-periodic, and chaotic dynamics, are observed, indicating
a classical route to chaos. The red curve corresponds to the Hopf bifurcation associated with the
equilibrium E∗

2 . Below this curve, E∗
2 is a saddle-focus with one positive real eigenvalue and the
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remaining eigenvalues having negative real parts, whereas above the curve, the real parts of the
complex conjugate eigenvalues become positive, leading to oscillatory instability.
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Figure 1: (a) Two-dimensional bifurcation diagram with respect to α and d. The yellow vertical line shows the
saddle-node bifurcation curve, the red curve shows the Hopf bifurcation curve for the equilibrium E∗

2 , the blue
curve shows the Hopf-bifurcation for the equilibrium E∗

1 and the magenta curve represents the period-doubling
bifurcation curve.The green curve represents the homoclinic bifurcation curve. The green dot represents the
zero-Hopf point. (b) The zoomed version of Figure 1(a).

Figure 2 presents the one-dimensional bifurcation diagrams obtained by plotting the local
maxima and minima of the prey and predator densities with respect to the diffusion coefficient
d, while keeping the parameter α = 0.44 fixed. For small values of d, both species converge to a
constant equilibrium state, which is reflected in the diagram by a single branch for each variable.
This indicates that the equilibrium is locally asymptotically stable in this parameter regime.
As d increases and crosses a critical threshold, the equilibrium loses stability through a Hopf
bifurcation, leading to the emergence of sustained oscillations. Beyond this point, the bifurcation
diagrams split into two distinct branches corresponding to the maximum and minimum values
attained by the prey and predator populations, thereby signaling periodic oscillatory dynamics.

With a further increase in the diffusion coefficient d, the system undergoes a sequence of
secondary bifurcations. The appearance of multiple discrete branches in the bifurcation diagrams
corresponds to period-doubling bifurcations, where oscillations with twice the original period are
generated. This cascade continues as d increases, resulting in increasingly complex oscillatory
patterns, including 2-periodic, 4-periodic, and higher-order periodic solutions. Eventually, the
accumulation of these bifurcations gives rise to chaotic dynamics, which are manifested in the
diagrams as densely populated bands of maxima and minima. This behavior is observed consis-
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tently for both prey and predator species, demonstrating that diffusion plays a crucial role in
destabilizing the equilibrium and driving the system through a transition from steady states to
periodic oscillations and ultimately to chaotic spatiotemporal dynamics.

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4
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Figure 2: One dimensional bifurcation diagram with respect to the diffusion coefficient d for fixed α = 0.44,
(a) prey species and (b) predator species.

To determine the nature of the Hopf bifurcation, the first Lyapunov coefficient was computed
numerically using MATCONT. For the parameter value α = 0.44, the Hopf bifurcation occurs
at

dH = 0.080745985,

and the corresponding first Lyapunov coefficient is

l1 = −5.39211921 < 0.

Therefore, the Hopf bifurcation is supercritical, and a branch of stable periodic solutions emerges
from the coexistence equilibrium as the diffusion coefficient d passes through the critical value
dH . This observation is consistent with the numerical bifurcation diagrams presented in the
subsequent section.
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Figure 3: (a) Phase portrait of the traveling-wave system showing convergence to a stable spiral equilibrium.
(b) Corresponding spatial profiles of the prey (U) and predator (V ) populations. Parameter values are α = 0.45

and d = 0.1.

3.2 Phase portrait

To validate the bifurcation diagram shown in Figure 1, we present the corresponding phase
portrait and spatial profiles of the prey and predator populations. For parameter values chosen
from the regime in which the equilibrium E∗

1 is stable, namely α = 0.45 and d = 0.1, the
traveling-wave system admits a heteroclinic connection between two distinct equilibria. As shown
in Figure 3, the phase portrait indicates that the trajectory originates in the neighborhood of the
equilibrium E∗

2 and departs along its unstable manifold. After a transient evolution, the orbit
approaches and eventually settles at the equilibrium E∗

1 along its stable manifold, confirming the
existence of a heteroclinic orbit lying in the intersection Wu(E∗

2 ) ∩W s(E∗
1 ). The corresponding

spatial profiles of the state variables, depicted in Figure 3(b), clearly illustrate a transition from
the state associated with E∗

2 to that of E∗
1 , with small oscillations observed as the solution

converges to the final steady state. In the context of the original reaction-diffusion system, this
heteroclinic connection represents a wave front, describing a traveling interface that propagates
with constant speed and connects two distinct spatially homogeneous equilibrium states.

For parameter values taken from the regime in which the equilibrium E∗
1 loses stability

through a Hopf bifurcation, specifically α = 0.45 and d = 0.25, the traveling-wave system exhibits
a heteroclinic-type connection from the equilibrium E∗

2 to a periodic orbit generated at E∗
1 . As

illustrated by the phase portrait in Figure 4(a), the trajectory departs from the equilibrium E∗
2
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Figure 4: (a) Phase portrait of the traveling-wave system showing convergence to a stable limit cycle. (b)
Corresponding spatial profiles of the prey (U) and predator (V ) populations. Parameter values are α = 0.45

and d = 0.25.

along its unstable manifold and, instead of converging to a steady equilibrium, it is attracted to
a stable limit cycle that emerges due to the Hopf bifurcation at E∗

1 . This indicates that the orbit
lies in the intersection of the unstable manifold of E∗

2 and the stable manifold of the periodic
orbit associated with E∗

1 . The corresponding spatial profiles of the state variables, shown in
Figure 4(b), display a transition from the homogeneous state corresponding to E∗

2 to sustained
oscillations with constant amplitude as the traveling coordinate z increases. In the original
reaction-diffusion system, this behavior corresponds to a wave train solution, characterized by
spatially periodic oscillations that propagate with a constant wave speed, representing a traveling
pattern that connects a steady state to a stable periodic wave.

Continuing from the previous wave-train scenario, when the parameters are chosen from the
region inside the magenta loop in Figure 1, specifically α = 0.45 and d = 0.4, the traveling-wave
system exhibits a further qualitative change in its dynamics. In this case, the equilibrium E∗

1

gives rise to a stable 2-periodic orbit, as illustrated by the phase portrait in Figure 5(a). The
corresponding spatial profiles of the prey and predator variables, shown in Figure 5(b), display
sustained oscillations with two distinct peaks per period along the traveling coordinate. In
the original reaction-diffusion framework, this behavior corresponds to a 2-periodic wave train,
representing a more complex traveling pattern that emerges as a continuation of the wave-train
solutions observed for smaller values of d.
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Figure 5: (a) Phase portrait of the traveling-wave system showing 2-period oscillations. (b) Corresponding
spatial profiles of the prey (U) and predator (V ) populations. Parameter values are α = 0.45 and d = 0.4.
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Figure 6: (a) Phase portrait of the traveling-wave system showing chaotic behavior. (b) Corresponding spatial
profiles of the prey (U) and predator (V ) populations. Parameter values are α = 0.44 and d = 0.4.
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As a further continuation of the wave-train dynamics discussed above, a more complex be-
havior is observed when the parameters are chosen as α = 0.44 and d = 0.4. In this regime, the
equilibrium E∗

2 no longer supports periodic motion but instead gives rise to chaotic dynamics, as
evidenced by the irregular trajectory in the phase portrait shown in Figure 6(a). The correspond-
ing spatial profiles of the prey and predator variables, depicted in Figure 6(b), exhibit aperiodic
oscillations with varying amplitudes along the traveling coordinate. In the original reaction-
diffusion system, this behavior corresponds to a chaotic wave train, representing a breakdown
of regular periodic wave trains and highlighting a transition from periodic to chaotic traveling
patterns as parameters vary.

To further verify the presence of chaos, the largest Lyapunov exponent was computed using
the standard Benettin algorithm. Let δU(0) denote an infinitesimal perturbation of the trajectory
U(z). The largest Lyapunov exponent is defined by

λmax = lim
z→∞

1

z
ln
∣∣∣∣δU(z)

δU(0)

∣∣∣∣ . (13)

A positive value of λmax indicates exponential divergence of nearby trajectories and therefore
provides a quantitative signature of chaotic dynamics, whereas λmax < 0 corresponds to stable
dynamics. Figure 7 depicts the variation of the largest Lyapunov exponent with respect to the
diffusion coefficient d. It can be observed that λmax remains negative for small values of d,
indicating stable dynamics. As d increases, λmax approaches zero, corresponding to the onset
of oscillatory behavior through Hopf bifurcation. Furthermore, for the parameter value used in
Figure 6, the largest Lyapunov exponent is found to be

λmax = 0.0243034466 > 0,

which confirms that the irregular traveling-wave pattern shown in Figure 6 is indeed chaotic.
Thus, Figure 7 provides quantitative evidence supporting the chaotic traveling-wave dynamics
observed in Figure 6.

Figure 8 illustrates the emergence of a pulse-type traveling wave for the parameter values
α = 0.439 and d = 0.30151634 taken from the bifurcation diagram in Figure 1. Panel (a) shows
the phase portrait of the traveling-wave system in the (U, V )-plane. The trajectory originates
from the saddle equilibrium point E2, makes a large excursion in phase space, and eventually
returns to the same equilibrium. This closed connecting orbit represents a homoclinic orbit to
E2, indicating the occurrence of a homoclinic bifurcation. Such a global bifurcation arises when
the limit cycle generated through a Hopf bifurcation grows in amplitude and collides with the
saddle equilibrium as the diffusion parameter d is increased.
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Figure 7: Variation of the largest Lyapunov exponent λmax with respect to the diffusion coefficient d for fixed
α = 0.44.

The corresponding spatial profiles of the prey and predator densities are displayed in panel
(b), respectively. The prey density U(z) exhibits a sharp localized peak followed by a rapid decay
to the equilibrium level, while the predator density V (z) shows a pronounced overshoot before
relaxing back to its steady state. These localized structures confirm the formation of a traveling
pulse, characterized by a large deviation from the background equilibrium over a finite spatial
region and convergence to the same equilibrium state as z → ±∞.

Ecologically, the pulse wave corresponds to a transient but intense outbreak of prey followed
by a delayed predator response, after which both populations return to their background densi-
ties. Such pulse-like invasion events are commonly observed in ecological systems where dispersal
and strong predator-prey interactions interact to produce localized population bursts.
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Figure 8: (a) Phase portrait of the traveling-wave system showing a pulse wave. (b) Corresponding spatial
profiles of the prey (U) and predator (V ) populations. Parameter values are α = 0.439 and d = 0.30151634.
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4 Discussion and Conclusion

In this work, we investigated a diffusive predator-prey model governed by the system (1) with
particular emphasis on the role of diffusion and nonlinear predator-prey interactions in shaping
spatiotemporal population dynamics. Through a combination of analytical bifurcation analysis
and extensive numerical simulations, we revealed a rich spectrum of dynamical behaviors, in-
cluding steady states, wave fronts, wave pulses, periodic wave trains, multi-periodic oscillations,
and chaotic traveling patterns.

The bifurcation analysis demonstrated that the system admits multiple boundary and interior
equilibria, whose existence and stability strongly depend on the interaction parameter α and the
diffusion coefficient d. A saddle-node bifurcation was identified at a critical value α = αZH ,
where the number of interior equilibria changes, marking a fundamental reorganization of the
system’s ecological structure. Hopf bifurcation curves associated with the interior equilibria
delineate parameter regions where uniform population distributions lose stability and give rise
to oscillatory dynamics. In particular, one interior equilibrium undergoes a Hopf bifurcation
leading to stable periodic oscillations, while further parameter variation results in a cascade of
period-doubling bifurcations culminating in chaotic behavior.

The one-dimensional bifurcation diagrams obtained by plotting the maxima and minima
of prey and predator densities with respect to the diffusion coefficient clearly illustrate how
increasing diffusion destabilizes spatially homogeneous equilibria. For small diffusion rates, both
species settle at stable equilibrium densities, corresponding to ecological coexistence. As diffusion
increases beyond a critical threshold, oscillatory dynamics emerge, followed by multi-periodic and
chaotic fluctuations. This indicates that diffusion, often interpreted ecologically as dispersal or
movement of species, can act as a destabilizing mechanism that promotes complex population
cycles rather than spatial homogenization.

The traveling-wave analysis further revealed the ecological mechanisms underlying spatial
pattern formation. Homoclinic orbits correspond to wave pulses, representing localized popula-
tion outbreaks that propagate through space and eventually decay, while heteroclinic orbits give
rise to wave fronts connecting distinct ecological states, such as transitions from low-density to
high-density population regimes. Moreover, periodic and multi-periodic wave trains were shown
to arise through Hopf and period-doubling bifurcations, representing sustained spatial oscillations
in prey and predator densities. The emergence of chaotic wave trains highlights the possibility
of irregular, unpredictable population patterns driven purely by intrinsic nonlinear interactions
and dispersal.

From an ecological perspective, the cooperation parameter α quantifies the intensity of hunt-
ing cooperation among predators. Larger values of α correspond to stronger cooperative effects,
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whereby predators benefit from coordinated hunting strategies, information sharing, or collective
attacks, leading to enhanced predation efficiency. Such cooperative behavior has been docu-
mented in several social predator populations, including wolves, lions, African wild dogs, and
dolphins. Consequently, variations in α may significantly influence species coexistence, popula-
tion persistence, and the stability of ecological communities.
The results further demonstrate that prey dispersal can act as an important ecological mechanism
capable of generating complex spatiotemporal dynamics. Although diffusion is commonly associ-
ated with spatial mixing and homogenization, the present analysis shows that increasing the prey
diffusion coefficient can destabilize stable coexistence states and induce periodic, multi-periodic,
and chaotic oscillations. Ecologically, diffusion-induced chaos implies that small changes in the
spatial distribution of prey may lead to large and unpredictable fluctuations in both prey and
predator populations, thereby affecting ecosystem stability and the predictability of population
outbreaks.
The traveling-wave solutions obtained in this study also possess clear ecological interpretations.
Wave fronts correspond to invasion processes in which one ecological state gradually replaces
another as populations spread through space, whereas pulse waves represent localized popula-
tion outbreaks that propagate through a finite spatial region before returning to the background
equilibrium state. Similar pulse-like propagation phenomena have been reported in biological in-
vasions, forest insect outbreaks, locust population expansions, and epidemic spreading processes.
Furthermore, the chaotic traveling waves observed in the present model describe irregular inva-
sion fronts whose amplitudes and spatial structures vary unpredictably in space. Comparable
spatiotemporal complexity has been reported in plankton ecosystems, vegetation dynamics in
semi-arid environments, and predator-prey communities exhibiting strong nonlinear interactions.

Overall, the present study highlights the important roles of prey dispersal and cooperative
hunting in shaping ecological dynamics. The interplay between diffusion, nonlinear interactions,
and cooperative predation generates a rich variety of traveling-wave structures, ranging from
wave fronts and pulse waves to periodic and chaotic wave trains. These findings provide valuable
insight into the mechanisms responsible for spatial population patterns, invasion phenomena,
recurrent outbreaks, and irregular spatiotemporal fluctuations observed in ecological systems.
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employs periodic validation, where the cheap stochastic process is temporarily halted to com-
pute a high-quality, deterministic “Validation Score.” This score is defined as a combination
of the full-batch objective function and a large penalty for constraint violation. We maintain
the iterate that achieves the best score recorded so far and utilize a “patience”-based stopping
criterion to filter out minor stochastic oscillations and halt the algorithm only upon persistent
stagnation. This strategy introduces a deliberate computational trade-off: Exchanging many
inexpensive stochastic steps for fewer, more expensive validation steps. We prove theoretically
that the sequence of best iterates returned by EB-SGD converges almost surely to the unique
optimal solution. Furthermore, our numerical experiments confirm the practical superiority
of this approach, demonstrating significantly reduced variance (higher stability) and finding a
final solution that is substantially more accurate than the baseline last-iterate method.

AMS subject classifications (2020): Primary 90C15, 90C25; Secondary 49M30, 65K05, 68T05.

Keywords: Constrained optimization, Stochastic gradient descent, Early stopping, Best-iterate
tracking.

1 Introduction

Stochastic gradient descent (SGD) and its variants have become cornerstone algorithms [3, 10,
11, 14, 24] in modern large-scale optimization. While exceptionally efficient for unconstrained
problems, its application to constrained optimization remains an “active area of research” [19].
Many classical approaches require “computationally expensive projection steps” [21], which be-
come prohibitive when the number of constraints is very large.

To overcome this challenge, recent methods have been developed that rely on sampling
only a subset of constraints, such as those based on penalty functions [12, 22] or primal-dual
approaches [23]. A “particularly promising direction,” however, is the Adaptive Relaxed Barrier
SGD algorithm proposed by Dimitrieski, Cao, and Ebenbauer [7]. This approach avoids expensive
projections [8, 9] and allows for sampling both the objective function and the constraints.

While this baseline algorithm is “guaranteed to converge almost surely” [7], its practical
application faces a critical limitation due to “inherent stochastic noise.” Because of this noise,
the validation error curve does not decrease monotonically; rather, as Prechelt [16] demonstrated,
real-world validation curves are “ugly” and exhibit “multiple local minima.” This leads to what
we term the “last-iterate problem”: Relying on the final iterate xk is a gamble, as the stochastic
process oscillates significantly rather than settling on a single point [6].
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1297 Practical early stopping for adaptive barrier SGD: Balancing stochastic speed with validation accuracy

In this paper, we address this practical limitation by proposing the “Early-stopped barrier
SGD” (EB-SGD) algorithm. Instead of relying on the noisy last iterate, we integrate the baseline
algorithm [7] with a robust “best-iterate tracking” mechanism. Our method periodically halts the
stochastic process to compute a deterministic, high-quality “Validation Score.” We then apply a
formal stopping criterion, such as the “Successive Increases” (UPs) rule formalized by Prechelt
[16], to this deterministic validation path. This “patience” parameter s makes the algorithm
robust to small, random oscillations.

This strategy introduces a deliberate computational trade-off: Exchanging many inexpensive
stochastic steps for fewer, more expensive validation steps. By doing so, we aim to filter out the
high-variance oscillations inherent to the barrier method and recover a high-precision solution.

We provide a rigorous theoretical analysis (Theorem 1) establishing that this approach pre-
serves the “strong almost sure convergence guarantees” of the underlying relaxed barrier method
[7, 13]. Our numerical experiments provide a “clear validation” of these practical claims. The
results demonstrate that EB-SGD decisively overcomes the “random peak” problem, achieves
significantly reduced variance, and finds a final solution of “substantially higher precision” com-
pared to the baseline algorithm.

2 The proposed methodology

In this section, we introduce our algorithm, which integrates the adaptive relaxed barrier SGD
from Dimitrieski, Cao, and Ebenbauer [7] with a robust best-iterate tracking and early stopping
mechanism. Instead of relying on the noisy last iterate, our method uses periodic validation to
find a practically superior solution.

2.1 Problem formulation and assumptions

The objective is to solve the following constrained optimization problem:

min
x∈Rd

f(x) :=
1

n

n∑
i=1

fi(x) subject to gj(x) ≤ 0, for all j ∈ {1, . . . ,m}, (1)

where we assume that the objective functions fi and constraint functions gj are continuously
differentiable (C1) functions. We adopt the following standard assumptions, with mathematical
formulations that are common in this field

[4, 5, 18].
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Assumption 1 (Objective Function Properties). The objective function f and its components
fi are assumed to possess the following properties for constants L ≥ µ > 0 and for any x, y ∈ Rd:

1. L-Smoothness: Each component fi(x) is L-smooth, meaning its gradient is Lipschitz
continuous with constant L:

fi(y) ≤ fi(x) +∇fi(x)T (y − x) +
L

2
||y − x||2.

2. Convexity: Each component fi(x) is convex:

fi(y) ≥ fi(x) +∇fi(x)T (y − x).

3. Strong Convexity: The total function f(x) is µ-strongly convex:

f(y) ≥ f(x) +∇f(x)T (y − x) + µ

2
||y − x||2.

These assumptions, although restrictive, are not uncommon in convergence proofs for gradient-
based optimization algorithms.

[4, 7].

Assumption 2 (Constraint Functions). The constraint functions gj(x) are affine, defined as
follows:

gj(x) := aTj x+ bj ,

where aj ∈ Rd and bj ∈ R. The feasible set X := {x ∈ Rd : gj(x) ≤ 0, for all j} is assumed to
have a nonempty interior, which is a fundamental condition for applying barrier-based methods

[4].

Definition 1 (Relaxed Logarithmic Barrier). The function B : R × R+ → R utilized in this
work is defined as follows:

B(z, δ) :=

−δ log(−z), z < −δ,
1
2

(
(z+2δ)2

δ − δ
)
− δ log(δ), z ≥ −δ.

(2)

This specific relaxation is globally defined, continuously differentiable (C2), and convex with
respect to its first argument z [7].

Remark 1 (Convexity of the Relaxed Barrier). It is crucial to note that the specific relaxed
barrier function B(z, δ) employed in the underlying algorithm [7] is convex in its first argument
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z. Consequently, since the constraint functions gj(x) are affine (Assumption 2), the composite
barrier term B(gj(x), δ) preserves convexity with respect to x. This follows directly from the
property that the composition of a convex function with an affine mapping is convex. This
property is fundamental for guaranteeing the uniqueness of the solution in the relaxed formulation
used in Theorem 1.

Assumption 3 (Stochastic Sampling). At each iteration k, an objective index ik ∼ U{1, . . . , n}
and a constraint index jk ∼ U{1, . . . ,m} are sampled independently and uniformly at random.
This uniform distribution is chosen to ensure that the stochastic gradients are unbiased estimators
of the true gradients, thereby satisfying the standard assumptions for SGD algorithms [17]. This
is demonstrated by the following equations:

1. For the objective function: The expected value of the sampled stochastic gradient is
equal to the true gradient of the full function [7, 17]:

E[∇fik(x)] =
1

n

n∑
i=1

∇fi(x) = ∇f(x).

2. For the barrier function: The expected value of the sampled stochastic gradient of the
barrier function equals the average effect of the gradients over all constraints [7]:

E[∇B(gjk(x), δ)] =
1

m

m∑
j=1

∇B(gj(x), δ).

2.2 The “last-iterate” problem in stochastic optimization

The foundational algorithm by Dimitrieski, Cao, and Ebenbauer [7] proposes the following
stochastic update rule, which samples both an objective component and a constraint:

xk+1 = xk − γk(∇fik(xk) +∇B(gjk(xk), δk)). (3)

While this baseline algorithm is guaranteed to converge almost surely asymptotically [7], its
practical behavior in finite time differs. Even with a diminishing step-size schedule (γk ∝ k−0.8),
the error curve exhibits significant nonmonotonicity. This instability arises primarily from the
adaptive nature of the barrier function. As the barrier parameter δk decreases, the barrier
becomes increasingly steep and the Hessian ill-conditioned near the constraint boundaries [9].

Iran. J. Numer. Anal. Optim., Vol. 16, No. 4, 2026, pp 1295–1318



Fillali, Addoune and Zeghdane 1300

Consequently, stochastic gradient updates that push iterates towards the boundary result in
large repulsive gradients, causing the sequence to oscillate rather than settling smoothly.

Figure 1: Illustration of the “last-iterate problem” (Zoom-in view, iterations 500–700). Using the standard
step-size schedule from Dimitrieski, Cao, and Ebenbauer [7] (γk ∝ k−0.8), the inherent stochastic noise causes
the current iterate xk (blue) to oscillate significantly. Relying on the final point is a “gamble,” as the error
may stop at a random peak (indicated by the black arrow). In contrast, our proposed best-iterate tracking
mechanism (red) guarantees monotonic improvement and algorithmic stability.

This phenomenon renders reliance on the “last iterate” xk a gamble, as illustrated in Figure
1. As empirically demonstrated by Prechelt [16], real-world validation curves are rarely smooth;
they are often “ugly” and exhibit multiple local minima. It is worth noting that while Polyak–
Ruppert averaging [15] is a standard technique to mitigate such oscillations by averaging all
iterates, our proposed approach differs by explicitly selecting the best feasible iterate based on
validation, rather than indiscriminately averaging the trajectory. This leads to the proposed
solution for the “last-iterate problem”.

2.3 Best-iterate tracking mechanism

To overcome the instability of the last iterate, we propose a best-iterate tracking mechanism
based on periodic validation, a standard practice in early stopping literature.
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1301 Practical early stopping for adaptive barrier SGD: Balancing stochastic speed with validation accuracy

Instead of only tracking the last iterate xk, we periodically halt the stochastic process (e.g.,
every V iterations) to compute a deterministic, high-quality “Validation Score” for the current
iterate. This score is defined as a combination of the full-batch objective function and a penalty
for the maximum constraint violation:

Score(xk) =
1

n

n∑
i=1

fi(xk)︸ ︷︷ ︸
Full Objective

+P · max
j∈{1,...,m}

(0, gj(xk))︸ ︷︷ ︸
Max Violation Penalty

, (4)

where P is a large penalty coefficient (e.g., 106). From a theoretical standpoint, exact penalty
methods require P to exceed the maximum Lagrange multiplier (P > ||λ∗||∞) [1, 9]. In this
work, we do not derive a formal bound for λ∗; instead, we adopt a practical heuristic approach
inspired by exact penalty methods. We choose P sufficiently large to empirically ensure that any
infeasible point incurs a prohibitive cost, effectively prioritizing feasible solutions during valida-
tion. Crucially, our sensitivity analysis (Section 4.5) demonstrates that EB-SGD is remarkably
robust to the choice of P , maintaining strict feasibility and high accuracy across varying orders
of magnitude.

We then maintain two tracking variables throughout the training process:

1. best_score: The lowest (best) validation score recorded so far (analogous to Eopt(t) in
Prechelt [16]).

2. x_best: The specific iterate xk that achieved the best_score.

2.4 Early stopping and the computational trade-off

This validation step introduces a new computational trade-off. The original algorithm [7] is fast
because its per-iteration cost is independent of n and m. Our validation step is computationally
“expensive” because it requires iterating over all n objective components and all m constraints
to compute the score in (4).

However, the benefit is that we no longer need to run the algorithm for an arbitrarily large,
fixed number of iterations (K). We can stop intelligently once the algorithm is no longer improv-
ing. This is achieved by adopting a formal stopping criterion, such as the “Successive Increases”
(UPs) rule formalized by Prechelt [16]. This “patience” parameter s makes the algorithm robust
to small, random oscillations, exchanging many cheap stochastic steps for fewer, more expensive
validation steps to ensure high solution quality.
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2.5 Algorithm specification: EB-SGD

We consolidate these concepts into our proposed algorithm, EB-SGD, detailed in Algorithm 1.
This algorithm uses the update rule from (3) as its “engine” but uses the validation and tracking
mechanism from Section 2.3 to select the final output.

Algorithm 1 Early-Stopped Barrier SGD (EB-SGD)
Require: Initial point x0, validation frequency V , patience s.
1: xbest ← x0

2: best_score← Score(x0) ▷ Using (4)
3: patience_counter← 0

4: xk ← x0

5: for k = 0, 1, 2, . . . do ▷ Stochastic Update Step (from [7])
6: Sample ik ∼ U{1, . . . , n} and jk ∼ U{1, . . . ,m}
7: Compute schedules γk and δk
8: xk+1 ← xk − γk(∇fik(xk) +∇B(gjk(xk), δk))

9: xk ← xk+1

10: if (k + 1) (mod V ) = 0 then ▷ Time for periodic validation
11: current_score← Score(xk)
12: if current_score < best_score then
13: best_score← current_score
14: xbest ← xk ▷ Save the best iterate
15: patience_counter← 0

16: else
17: patience_counter← patience_counter+ 1

18: end if
19: end if
20: if patience_counter ≥ s then ▷ Stopping criterion met
21: break
22: end if
23: end for
24: return xbest ▷ Return the best solution found, not the last

We now provide the formal convergence analysis for the proposed EB-SGD algorithm (Algo-
rithm 1) to establish that its output, the sequence of best iterates xbest, converges almost surely
to the unique optimal solution.
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Theorem 1 (Convergence of the Best-Iterate Sequence). Let Assumptions 1, 2, and 3 hold.
Let the step-size {γk}k≥0 and barrier sequence {δk}k≥0 (defined as δk = δ∞ + ϵk) satisfy the
following standard conditions:

∞∑
k=0

γk =∞,
∞∑
k=0

γ2k <∞, and
∞∑
k=0

γkϵk <∞.

Then, the infinite sequence of best iterates {xbest,k}k≥0, generated by the tracking mechanism
of Algorithm 1 (considered without the early stopping criterion), converges almost surely (a.s.)
to the unique, feasible optimal solution x∗(δ∞).

Proof. The proof relies on the convergence of the underlying “engine” sequence Xk and the
continuity of the validation score function.

Step 1: Convergence of Validation Points
The foundational result from Dimitrieski, Cao, and Ebenbauer [7] states that the full se-

quence Xk converges almost surely to x∗(δ∞). The sequence of iterates checked during periodic
validation, Xkv (where kv = V, 2V, 3V, . . . ), is an infinite subsequence of Xk. Therefore, this
subsequence must also converge to the same limit:

lim
v→∞

Xkv = x∗(δ∞) (a.s.).

Step 2: Convergence of the Score Function
The validation score function, Score(x) = f(x) + P · maxj(0, gj(x)), is continuous. This

follows because f(x) (Assumption 1), gj(x) (Assumption 2), and the max function are all con-
tinuous. By the Continuous Mapping Theorem (see e.g., [20], and for application to almost sure
convergence, see [2]), since Xkv → x∗(δ∞) (a.s.) and Score(·) is continuous, the sequence of
scores must also converge:

lim
v→∞

Score(Xkv ) = Score(x∗(δ∞)) (a.s.).

Step 3: Convergence of the Best Score
Let S∗ = Score(x∗(δ∞)). The variable best_score at validation step v is the running in-

fimum of the observed scores: best_score = infi≤v{Score(Xki)}. This sequence {best_scorev}
is “monotonically nonincreasing” by the definition of the running infimum. Furthermore, since
Xkv → x∗(δ∞) (a.s.) and x∗(δ∞) is the unique minimizer of Score(x) on the approximately
feasible set, the sequence of scores Score(Xkv ) is bounded below by S∗. Following standard
results from analysis (e.g., [20] and [2]), since a nonincreasing sequence that is bounded below
must converge, the sequence of best scores converges to the infimum S∗:
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limv→∞best_score = S∗ = Score(x∗(δ∞)) (a.s.).

Step 4: Establishing Feasibility and Uniqueness. Let xc be any cluster point of the
sequence xbest. By the definition of xbest and the continuity of Score(·), we have Score(xc) =
S∗ = Score(x∗(δ∞)). It is worth noting that while the penalty term is flat (zero) over the feasible
region, the uniqueness of the minimizer is guaranteed by the objective function itself. Recall that
Score(x) = f(x) for all feasible x. Since f(x) is µ-strongly convex (Assumption 1), the function
Score(x) inherits this strong convexity (as the sum of a strongly convex function and a convex
penalty). Consequently, the score function admits a unique minimizer, ensuring that convergence
in score values implies convergence of the iterates to the unique optimizer. Regarding feasibility:
Assume for contradiction that xc is infeasible. For a sufficiently large penalty P (acting as an
exact penalty), we would have Score(xc) > S∗, which contradicts the convergence of scores.
Thus, xc must be feasible. Combining feasibility with the strict convexity of f(x), we conclude
that xc must coincide uniquely with the theoretical minimizer x∗(δ∞).

Step 5: Strong Convergence (Uniqueness)

From Step 4, we consider the properties of the barrier-augmented objective function F (x) =
f(x)+ 1

m

∑m
j=1B(gj(x), δ∞). Recall that f(x) is µ-strongly convex (Assumption 1). Furthermore,

as highlighted in Remark 1, the relaxed barrier terms B(gj(x), δ∞) are convex functions (as
established in [7]). By standard optimization theory, the sum of a µ-strongly convex function
and a convex function results in a strictly µ-strongly convex function. Consequently, the total
objective F (x) admits a unique minimizer. Since any cluster point xc of the sequence has been
shown to minimize this objective, xc must coincide with the unique optimal solution x∗(δ∞).
Therefore, the entire sequence converges almost surely to x∗(δ∞).

Remark 2 (Asymptotic Convergence vs. Finite Stopping). It is important to clarify the distinc-
tion between the theoretical guarantee of Theorem 1 and the practical execution of Algorithm 1.
Theorem 1 establishes that the infinite sequence of best iterates {xbest,k}k≥0 converges almost
surely to the optimal solution x∗(δ∞). This asymptotic property is crucial because it proves that
the “best-iterate” tracking mechanism acts as a stable estimator, filtering out the oscillatory noise
of the last iterate. In practice, the “patience” parameter s (Line 17 of Algorithm 1) enforces
a finite stopping time. While the finite algorithm cannot strictly “converge” in the asymptotic
sense, Theorem 1 provides the theoretical justification that the sequence being tracked is in-
deed directing towards the unique optimum, validating the quality of the solution returned upon
stopping.
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3 Numerical experiments and results

To validate the practical performance of our proposed EB-SGD algorithm, we conduct a series
of numerical experiments. The primary objective is to compare its convergence, stability, and ef-
ficiency against the original Base SGD algorithm proposed by Dimitrieski, Cao, and Ebenbauer
[7].

3.1 Experimental setup

To ensure a fair and direct comparison, we replicate the academic benchmark problem described
in [7, Section III].

• Problem Dimensions: We use a problem dimension of d = 50.

• Objective Function: The objective f(x) is a finite sum of n = 10 components. Following
the benchmark problem in [7], the objective function is defined as follows:

f(x) =
1

n

n∑
i=1

d∑
j=1

(αi,jxj + log(1 + e−αi,jxj ) + (xj − β)2).

Each component fi(x) is composed of a logistic regression term and a strongly convex
quadratic term [7]. We intentionally place the unconstrained minimizer outside the feasible
set.

The objective function coefficients αi,j are sampled uniformly from [0.1, 1.1]. The pa-
rameter β determines the location of the unconstrained minimizer. In our setup, we
tuned β ≈ 2.365 specifically to set the Euclidean norm of the unconstrained minimizer
to ||x∗f ||2 = 15. This configuration follows the benchmark problem design in [7], ensuring
that the unconstrained optimum lies well outside the feasible region, thereby forcing the
algorithm to actively engage with the constraints.

• Constraints: The feasible set is defined by m = 10, 000 affine inequality constraints.
Following the setup in [7], these constraints are generated to form an outer approximation
of an ellipsoidal set E . First, the set is defined as E := {x ∈ Rd : x⊤Qx ≤ 100}, where Q
is a diagonal matrix with entries qi ∼ U(1, 1.5). Then, m points (yj) are sampled from the
boundary of this set, and the constraints are defined as the supporting halfspaces gj(x) =
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y⊤j Qx − 100 ≤ 0. This construction ensures the problem is feasible and Assumption 2 is
satisfied [7].

• Implementation and Environment: The simulations are conducted in Python. We
run R = 1000 independent simulations, each with a different random seed, to gather
statistics on performance. The experiments were conducted on the Google Colab platform
with the following specifications: Intel(R) Xeon(R) CPU @ 2.00GHz, 13.61 GB of RAM,
and an NVIDIA Tesla T4 GPU (15 GB VRAM), running on Linux (6.6.97+) with Python
3.12.11.

3.2 Algorithms for comparison

To isolate the effect of our tracking mechanism, we run the same underlying stochastic update
(3) for a fixed K = 10, 000 iteration budget. We compare the performance of two different output
strategies running on this identical engine:

• Base SGD (last-iterate) [7]: This is the original strategy, which uses the final iterate
xk as its output. The blue line in our plot (Figure 2) represents the error ||xk − x∗||2 at
each iteration k.

• Best-Iterate Tracking (Ours): This strategy implements the validation and tracking
mechanism from Section 2.3. The red line (Figure 2) represents the error ||xbest − x∗||2
at each iteration k, where xbest is the best-performing iterate recorded up to that point.

This experimental design allows for a direct, step-by-step comparison of the stability and
quality of the two output strategies.

It is important to note that for this comparative experiment, the break condition (early
stopping) from Algorithm 1 is not used. We must run the simulation for the full 10,000 itera-
tions to generate the complete error curves for comparison. The resulting stability and superior
accuracy of the best-iterate tracking curve (red) is precisely what justifies the use of an early
stopping criterion in our final, practical EB-SGD algorithm (Algorithm 1).

Both algorithms use the exact same hyperparameter schedules as defined in [7] to ensure a
fair comparison:

• Step-size schedule: γk = 0.3k−0.8.

• Barrier schedule: δk = δ∞ + ϵk, with δ∞ = 10−6 and ϵk = 5k−0.3.
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3.3 Evaluation metrics

We evaluate the algorithms based on the following metrics:

1. Convergence Error: We measure the l2-norm of the error, ||xk − x∗||2, where xk is the
current iterate and x∗ is the true (pre-computed) constrained optimizer.

2. Statistical Performance: We plot the mean error averaged over all R = 1000 runs. We
also plot the standard deviation as a shaded region around the mean, which visually
represents the algorithm’s stability and robustness to different stochastic paths.

4 Results and discussion

It is well-established that barrier-based SGD significantly outperforms projection-based meth-
ods in terms of execution time for large-scale constrained problems, as projection steps become
prohibitive [7]. Therefore, our comparative analysis focuses on evaluating the stability improve-
ments of EB-SGD against the standard last-iterate baseline [7] and Polyak–Ruppert averaging
[15]. The results are analyzed in terms of convergence speed, final solution accuracy, and statis-
tical robustness.

4.1 Convergence and stability analysis

Figure 2 (Left) presents the mean convergence error over R = 1000 independent runs. The visual
results highlight the distinct behaviors of the three strategies:

• Base SGD (Blue): Exhibits the characteristic “last-iterate problem,” stagnating at
a higher error level with significant variance due to the ill-conditioned barrier near the
boundary.

• Polyak–Ruppert Averaging (Green): While averaging successfully reduces the vari-
ance compared to Base SGD, it converges slowly. The error curve shows a persistent
“lag.” This underperformance arises because Polyak averaging accumulates the entire his-
tory of iterates, including the sub-optimal initial solutions and the transient iterates
generated while the barrier parameter δk was still large. This “memory effect” biases the
average away from the fine-grained solution required at the final stages.
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• EB-SGD (Red-Ours): Our best-iterate tracking mechanism demonstrates superior per-
formance. By explicitly selecting the iterate that minimizes the validation score, it ef-
fectively discards the poor initial steps and instantaneously locks onto the high-quality
solutions as soon as they appear, avoiding the lag associated with averaging.

Figure 2: Performance Comparison: (Left) Mean convergence error over 1000 runs. EB-SGD (Red) converges
faster and deeper than Polyak Averaging (Green), which suffers from initialization bias. (Right) Box plot of
the final error distribution. EB-SGD demonstrates the lowest median error and tightest spread.

4.2 Solution quality and robustness

Table 1 provides a quantitative summary of the final solutions. The “best-iterate” strategy
achieves a final error norm of 9.20 × 10−3, which is substantially lower than both Base SGD
(1.38× 10−2) and Polyak Averaging (2.45× 10−2).

The poor performance of Polyak averaging in this specific context—constrained optimization
with adaptive barriers—confirms that indiscriminately averaging all iterates is not ideal when
the “target” (the central path) is shifting. The box plot in Figure 2 (Right) further reinforces
this, showing that EB-SGD offers the most robust distribution with minimal outliers.
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Table 1: Quantitative comparison of final solutions (Mean ± Std. Dev. over 1000 runs).
Metric Base SGD Polyak Avg EB-SGD (Ours)
Final Error Norm (||x− x∗||2) 1.38× 10−2 ± 3.5× 10−3 2.45× 10−2 ± 1.4× 10−2 9.20× 10−3 ± 2.2× 10−3

Final Objective (f(x)) 81.7414 81.7420 81.7412
Max Violation 0.00 0.00 0.00

4.3 Computational trade-off analysis for validation
frequency (V )

To quantitatively analyze the “computational trade-off” introduced in Section 2.4, we conducted
a sensitivity analysis on the validation frequency hyperparameter, V . This parameter directly
controls the balance between the low computational cost of stochastic steps and the ’expensive’
cost of full-batch validation steps.

Experimental Setup

For this analysis, we used the same problem setup described in Section 3.1 (d = 50, n = 10,m =

10000), following the benchmark problem in [7]. We fixed the total iteration budget at K =

10, 000 and ran the best-iterate tracking mechanism (Algorithm 1) with different values for
V , ranging from V = 20 (very frequent validation) to V = 1000 (infrequent validation). We
measured two key metrics:

1. Mean Wall-Clock Time: The total real-world time (in seconds) to complete 10, 000

iterations, including the overhead of all validation computations.

2. Mean Final Error: The l2-norm of the error (||xbest − x∗||2) of the returned solution
xbest after the full budget was exhausted.

Results and Analysis

The results of this analysis are presented in Figure 3 and Table 2.
The data clearly illustrates the trade-off:

• Frequent Validation (Small V ): When V is small (e.g., V = 20), the expensive
validation step is executed frequently (500 times), resulting in the highest wall-clock time
(1.02s). However, this frequent checking allows the algorithm to effectively “capture”
high-quality iterates, yielding the lowest final error (8.54× 10−3).
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Figure 3: Sensitivity analysis for the validation frequency (V ). The left axis (blue) shows the mean final error,
while the right axis (red) shows the mean wall-clock time (seconds). The plot demonstrates a clear trade-off
between solution accuracy and computational cost.

Table 2: Quantitative comparison of the impact of validation frequency (V ) on computational cost and solution
accuracy (Mean ± Std. Dev. over 1000 runs).

Freq. (V ) Mean Time (s) Mean Final Error (||x− x∗||2) Mean Max Violation

V = 20 1.02± 0.33 8.54× 10−3 ± 2.07× 10−3 0.0
V = 50 0.76± 0.22 8.85× 10−3 ± 2.15× 10−3 0.0
V = 100 0.65± 0.16 9.24× 10−3 ± 2.13× 10−3 0.0
V = 200 0.62± 0.17 9.60× 10−3 ± 2.26× 10−3 0.0
V = 500 0.57± 0.14 1.04× 10−2 ± 2.30× 10−3 0.0
V = 1000 0.56± 0.13 1.11× 10−2 ± 2.43× 10−3 0.0

• Infrequent Validation (Large V ): Conversely, when V is large (e.g., V = 1000), the
computational overhead is reduced. The execution time drops to (0.56s), approaching the
cost of Base SGD. However, the algorithm “flies blind” for 1000 steps at a time, increasing
the likelihood of “missing” an optimal iterate. This results in the highest final error
(1.11× 10−2).

This experiment confirms that the choice of V is a practical decision that balances the
available computational budget against the required solution precision.
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4.4 Impact of the early stopping patience criterion (s)

In our final experiment, we analyze the practical effect of the early stopping mechanism itself,
governed by the ’patience’ parameter, s, introduced in Section 2.4. This parameter defines the
“Successive Increases” (UPs) criterion and is critical for making the algorithm robust to the
“ugly,” oscillating validation curves described by Prechelt [16].

Experimental Setup

We test the full EB-SGD algorithm (Algorithm 1) using the same benchmark problem. Instead
of a fixed budget, we allow the algorithm to run until the stopping criterion (Line 18) is met,
using a validation frequency of V = 100. We test a broad range of patience values, from s = 5

(relatively impatient) to s = 200 (very patient). We measure the resulting trade-off between

1. Computational Cost: The mean wall-clock time (in seconds) the algorithm ran before
stopping.

2. Solution Quality: The mean final error (||xbest − x∗||2) of the solution returned upon
termination.

Results and Analysis

The results, shown in Figure 4 and Table 3, demonstrate the essential role of patience in stochastic
optimization.

Table 3: Impact of patience parameter (s) on computational cost and solution accuracy (Mean ± Std. Dev.
over 1000 runs).

Patience (s) Mean Time (s) Mean Final Error (||x− x∗||2) Mean Max Violation

s = 5 0.12± 0.05 2.44× 10−2 ± 7.73× 10−3 0.0
s = 10 0.20± 0.09 1.79× 10−2 ± 5.79× 10−3 0.0
s = 20 0.36± 0.16 1.32× 10−2 ± 4.05× 10−3 0.0
s = 50 0.62± 0.17 9.53× 10−3 ± 2.28× 10−3 0.0
s = 100 0.65± 0.17 9.23× 10−3 ± 2.18× 10−3 0.0
s = 200 0.72± 0.25 9.32× 10−3 ± 2.20× 10−3 0.0

We observe a clear and direct trade-off:

• Impatience (Small s): With small patience values (e.g., s = 5), the algorithm stops
very quickly (mean time ≈ 0.12s). However, this rapid termination often mistakes early
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Figure 4: Sensitivity analysis for the patience parameter (s). The left axis (blue) shows the mean final error,
while the right axis (red) shows the mean wall-clock time (computational cost). This illustrates the classic
trade-off between computational budget and solution accuracy.

stochastic oscillations for permanent stagnation, resulting in a higher final error (2.44×
10−2).

• Patience (Large s): As s increases, the algorithm is forced to be more “patient,” ef-
fectively filtering out the stochastic noise. By running longer (e.g., s = 200, mean time
≈ 0.72s), it waits out these oscillations and finds a significantly more accurate solu-
tion (9.32× 10−3).

This experiment validates the necessity of the s parameter. It provides a direct, tunable
“knob” for the user to balance their desired solution quality against their available computational
budget. Notably, while increasing patience from s = 5 to s = 100 yields substantial gains in
accuracy, extending it further to s = 200 yields diminishing returns, suggesting that an optimal
patience range exists for a given problem scale.

4.5 Sensitivity to penalty parameter P

To address the theoretical concerns regarding the exact penalty condition and justify the choice
of P = 106 in the validation score (4), we conducted a comprehensive sensitivity analysis. We
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evaluated the algorithm’s performance with P varying across varying orders of magnitude, P ∈
[103, 108], while maintaining all other hyperparameters fixed.

As illustrated in Figure 5, the EB-SGD algorithm demonstrates remarkable robustness to
the magnitude of P . Both the mean final error and the constraint violation remained statistically
invariant across the tested range. This empirical evidence suggests that because the underlying
adaptive barrier mechanism naturally enforces feasibility, the specific value of P becomes less
critical, provided it is sufficiently large to filter out infeasible outliers during the transient phase.
Thus, P = 106 is a safe and effective choice.

Figure 5: Sensitivity Analysis: The impact of varying the penalty parameter P on the final error (red) and
maximum constraint violation (blue). The performance is consistently stable, confirming the robustness of the
method to the penalty magnitude.

4.6 Ablation study: Choice of penalty metric

To validate the design choice of using the maximum constraint violation in the validation score
(S(x) = f(x) + P · maxj gj(x)+), we conducted an ablation study comparing it against an
alternative sum-based metric (Salt(x) = f(x) + P ·

∑
j gj(x)

+).
The results, visualized in Figure 6, demonstrate that both strategies achieve perfect feasibility

with mean maximum violations converging to zero (≈ 0). Furthermore, both metrics converged
to the identical objective value of 81.7412. This confirms that the algorithm’s feasibility guarantee
is primarily driven by the adaptive barrier mechanism rather than the specific aggregation of
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the penalty in the validation step. However, we retain the Max-Penalty formulation as it aligns
theoretically with the worst-case guarantee required for strict feasibility.

Figure 6: Robustness Comparison: Box plot showing the worst-case violations for Max-Penalty vs. Sum-
Penalty strategies. Both methods consistently achieve zero violations, confirming the algorithm’s inherent
robustness.

5 Conclusion

In this paper, we introduced the EB-SGD algorithm, a practical and effective modification
for stochastic constrained optimization. We began by identifying a fundamental limitation in
baseline algorithms [7], which we term the “last-iterate problem”. We demonstrated that
relying on the final, noise-ridden iterate is a “gamble”, as real-world validation curves are “ugly”
and oscillatory.

Our approach directly addresses this limitation by replacing reliance on the last iterate
with a robust “best-iterate tracking” mechanism. Through “periodic validation” using a
deterministic “Validation Score”, and a “patient” (s) stopping criterion, our algorithm is able to
“filter out stochastic noise” and reliably identify a superior solution.

We proved theoretically (Theorem 1) that the sequence of best iterates (xbest) returned by
our algorithm converges almost surely to the unique, optimal solution. More importantly,
our numerical experiments (Section 4) demonstrated the practical benefits of this approach:
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• Superior Accuracy: EB-SGD returns a solution that is “significantly more accurate”
(lower final error norm) than the baseline last-iterate method.

• Robust Stability: The most significant finding is the “significantly reduced variance”.
This confirms our tracking mechanism is “more stable and robust” to stochastic noise,
filtering out the “random peaks” that plague the last-iterate method.

These findings confirm that the “computational trade-off”—exchanging cheap stochastic
steps for “computationally expensive” validation checks —is highly beneficial, leading to a final
solution that is not only more accurate but also certifiably feasible and “significantly more sta-
ble”. Finally, our sensitivity analyses of the validation frequency (V ) and patience (s) provide
practical “knobs” for users to balance their required solution precision against their available
computational budget. It is important to note that our experimental validation in this work was
focused on convex optimization problems with affine constraints. While the proposed EB-SGD
framework is theoretically grounded, extending its empirical validation to nonconvex or nonaffine
settings remains a subject for future investigation.

Future work

The promising results of our EB-SGD algorithm open several interesting avenues for future
research. Based on our findings, we suggest the following directions:

• Adaptive and Autonomous Hyperparameter Tuning: Developing a self-tuning
mechanism for the validation frequency V and the patience parameter s to automatically
detect the optimal balance between computational budget and solution quality, thereby
reducing user dependence.

• Variance-Based Validation Frequency: Designing a heuristic to dynamically adjust
the validation frequency V based on the observed variance in the deterministic Validation
Score, ensuring frequent checks only when stochastic noise is high.

• Trend Analysis for Patience (s): Employing advanced statistical monitoring or time-
series analysis techniques to robustly differentiate between minor stochastic oscillation
and persistent performance stagnation, allowing for an automatic adjustment of s.

• Scalable Stochastic Validation Schemes: Investigating the replacement of the expen-
sive full-batch validation step with a low-cost, statistically sound mini-batch validation
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scheme, leveraging concentration inequalities to guarantee high-confidence early stopping
decisions.

• Extension to Nonaffine Constraints: Investigating the performance, stability, and
theoretical guarantees of the EB-SGD approach when applied to problems with general
nonlinear (nonaffine) convex constraints, moving beyond the current focus on affine con-
straints.

• Generalization to Nonconvex Optimization: Exploring the empirical performance
and potential convergence guarantees of the EB-SGD algorithm within the domain of
nonconvex optimization, specifically for large-scale training of deep neural networks.

• Tail-Averaging Variants: Since our experiments demonstrated that standard Polyak–
Ruppert averaging suffers from “memory lag” due to the shifting central path, future
work should investigate “Tail-Averaging” (or windowed averaging) schemes. These meth-
ods average only the most recent iterates (e.g., the last suffix of the trajectory), potentially
combining the variance-reduction benefits of averaging with the dynamic tracking capa-
bility required for adaptive barrier methods.

• High-Dimensional Scalability: While this study established the stability and robust-
ness of EB-SGD on the standard benchmark (d = 50), investigating the algorithm’s
scalability to significantly higher-dimensional problems (e.g., d ≥ 100) remains a critical
direction. Future work will focus on analyzing the convergence rates and computational
trade-offs in such high-dimensional regimes under varying constraint geometries.
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1 Introduction

The numerical solution of systems of ordinary differential equations (ODEs) plays an impor-
tant role in many scientific and technical disciplines, including physics, engineering, biology,
and economics [5, 9, 13, 17]. These systems often model complex phenomena involving several
interdependent variables and higher-order dynamic relationships. However, their exact solution
remains, in the majority of cases, inaccessible, which justifies the use of numerical methods.

Over the past few decades, several numerical approaches have been developed to solve sys-
tems of linear differential equations, particularly those of high order. Classical methods include
generalized Runge–Kutta methods, finite difference schemes, and spectral methods, as well as
wavelet and collocation techniques, which are widely used for their flexibility and accuracy. In
particular, spectral, wavelet, and collocation methods rely on polynomial or piecewise polyno-
mial approximations to represent the solution through suitable basis functions. For illustration,
Akyüz and Sezer [1] and Ozturk [12] presented Chebyshev collocation methods for solving high-
order linear problems, where the original equations are transformed into equivalent matrix forms.
In a related study, Çetin, Sezer, and Güler [4] employed Lucas polynomials to solve high-order
linear problems with variable coefficients, along with residual error estimation. More recently,
Shiralashetti and Kumbinarasaiah [15] introduced a numerical algorithm based on an exact Par-
seval frame based on Laguerre wavelets. For a class of non-linear Lane–Emden-type equations,
Krithikka and Hariharan [10] presented algorithms using Hermite wavelet and Fermat polynomi-
als. Gümgüm, Özdek, and Özaltun [7] proposed a Legendre wavelet method for solving high-order
nonlinear equations with variable and proportional delays, while Mall and Chakraverty [11] de-
veloped a single-layer Legendre neural network model to tackle nonlinear systems. Basit et al.
[3] used a symmetric Bernstein approximation to solve a system of fourth-order nonlinear ODEs
on any finite interval [a, b]. The technique is based on the operational matrices of Bernstein
polynomials using Chebyshev collocation nodes. Although these approaches have shown good
performance in several situations, some may encounter difficulties with high-order systems due
to issues of numerical stability or implementation complexity.

In this paper, we employ a novel basis function to numerically solve systems of high-order
linear differential equations. We propose a collocation method based on independence polyno-
mials of an even path. This basis is derived from graph theory. Although it lacks orthogonality,
which can sometimes lead to less favorable numerical conditioning, the practical results indicate
that it is nonetheless effective for the problems addressed. A comparison with standard orthog-
onal polynomials is also provided to highlight the effectiveness and potential of the proposed
approach.
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A graph G = (V (G), E(G)) consists of a finite nonempty set V (G) of n vertices together with
a prescribed set E(G) of m unordered pairs of distinct vertices of V (G). Each pair e = (u, v) of
vertices in E(G) is an edge of G. We say that the vertices are adjacent if they are joined by an
edge. A subset A of V (G) is an independent set of G if no two vertices of A are adjacent. The
independence polynomial of a graph G is the polynomial

I(G, x) =

α(G)∑
k=0

akx
k,

where ak is the number of independent set of cardinality k of G and α(G) is the cardinality of
the largest independent set of G.

A path of order n, denoted Pn, is a graph on n vertices v1, . . . , vn where vi is adjacent to
vi+1, for all i = 1, 2, . . . , n − 1. The length of a path is the number of edges in it. We define
P0 = (∅, ∅). See Figure 1.

Arocha [2] deduced that the independence polynomial of a path Pn can be computed as
follows:

I(Pn, x) =

⌊(n+1)/2⌋∑
j=0

(
n+ 1− j

j

)
xj .

In particular,

I(P0, x) = 1, I(P1, x) = 1 + x, I(P2, x) = 1 + 2x, I(P3, x) = 1 + 3x+ x2.

P1 P2 P3

Figure 1: Paths P1, P2, and P3.

Let us consider the following systems of ordinary differential equations with variable coeffi-
cients:

m∑
n=0

k∑
j=1

P i,jn (x)u
(n)
j (x) = fi(x), i = 1, 2, . . . , k, (1)

with the mixed conditions

m−1∑
n=0

(
βi,jn u

(n)
j (a) + γi,jn u

(n)
j (b)

)
= αi,j , i = 0, 1, . . . ,m− 1, j = 1, 2, . . . , k. (2)
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Here, j = 1, 2, . . . , k. The function u
(0)
j (x) = uj(x) is an unknown function and u ∈

Cm([a, b]), while P i,jn (x) and fi(x) are known continuous functions defined on the interval
a ≤ x ≤ b. The coefficients βi,jn , γi,jn , and αn,i are appropriate real constants.

2 Operational matrices for the independence polynomial

The purpose of this paper is to develop an approximate representation of the solution to (1)
under conditions (2) by applying the independence polynomial of even paths in the form:

uj(x) ' uj,N (x) =

N∑
n=0

cj,nI(P2n, x), j = 1, 2, . . . , k, (3)

where cj,n, n = 0, . . . , N , j = 1, 2, . . . , k, are unknown independence coefficients.

For every N ∈ N, the independence polynomial vector is given by

IN (x) = [I(P0, x) I(P2, x) . . . I(Pl, x)], N = d l + 1

2
e.

The vector IN (x) can be written in the matrix form:

IN (x) = X(x)A, (4)

where X(x) = [1 x . . . xN ] and A is an (N + 1)× (N + 1) matrix in which

Aij =


(
2j−i
i−1

)
, i ≤ j,

0, i > j.

Consider the matrix form of the solution uj,N :

uj,N (x) = IN (x) Cj , Cj = [cj,0 cj,1 . . . cj,N ]T (5)

and its derivatives u(n)j,N :

u
(n)
j,N (x) = I

(n)
N (x)Cj , j = 1, . . . , k, and n = 1, 2, . . . ,m. (6)

From (3), (5), and (6), we obtain
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uj,N (x) = X(x) A Cj ,

u
(n)
j,N (x) = X(n)(x) A Cj .

The matrix X(n)(x) can be found in terms of X(x) as follows:

X(1)(x) = X(x) L,

X(2)(x) = X(1)(x) L = X(x) L2, . . .

X(n)(x) = X(x)Ln,

where L is the following matrix:

L =



0 1 0 0 0 . . . 0

0 0 2 0 0 . . . 0

0 0 0 3 0 . . . 0
...

... . . . . . . . . .
0 . . . 0 . . . 0 0 0 N

0 . . . 0 . . . 0 0 0


,

which gives
u
(n)
j,N (x) = X(x) LnA Cj . (7)

We also write the following Kronecker product:

u(n)(x) = X(x) LnA C, (8)

where

u(n)(x) =


u
(n)
1,N (x)

u
(n)
2,N (x)
...

u
(n)
k,N (x)

 , C =


C1

C2

...
Ck

 ,

and

X(x) =


X(x) 0 . . . 0

0 X(x) . . . 0
...

... . . . ...
0 0 . . . X(x)


k×k

, L =


L 0 . . . 0

0 L . . . 0
...
... . . . ...

0 0 . . . L


k×k

,
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A =


A 0 . . . 0

0 A . . . 0
...

... . . . ...
0 0 . . . A


k×k

.

The system (1) can consequently be expressed in the matrix form:

m∑
n=0

Pn(x)u(n)(x) = f(x), (9)

where

Pn(x) =


P 1,1
n (x) P 1,2

n (x) . . . P 1,k
n (x)

P 2,1
n (x) P 2,2

n (x) . . . P 2,k
n (x)

...
... . . . ...

P k,1n (x) P k,2n (x) . . . P k,kn (x)

 and f(x) =


f1(x)

f2(x)
...

fk(x)

 .

3 Independence polynomial method (IPM)

To construct the numerical scheme, we introduce the collocation points

xi = a+
b− a
N

i, i = 0, 1, . . . N and 0 ≤ a ≤ xi ≤ b <∞.

Substituting these points into (9) transforms it into a system of matrix equations that forms
the basis of our method:

m∑
n=0

Pn(xi)u(n)(xi) = f(xi), i = 0, 1, . . . , N. (10)

This can be expressed with the following matrix equation:

m∑
n=0

PnU(n) = F, (11)

where

Pn =


Pn(x0) 0 . . . 0

0 Pn(x1) . . . 0
...

... . . . ...
0 0 . . . Pn(xN )

 ,
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F =


f(x0)
f(x1)
...

f(xN )

 , and U(n) =


u(n)(x0)

u(n)(x1)
...

u(n)(xN )

 .

From (8), we have
u(n)(xi) = X(xi)LnAC,

and thus U(n) can be written in compact form as follows:

U(n) = X̃LnAC, (12)

where

X̃ =


X(x0)

X(x1)
...

X(xN )


in which

X(xi) =


X(xi) 0 . . . 0

0 X(xi) . . . 0
...

... . . . ...
0 0 . . . X(xi)


k×k

, i = 0, 1, . . . , N.

Substituting the expression given in (12) into (11) leads to the fundamental matrix equation:{
m∑
n=0

PnX̃LnA
}

C = F. (13)

The matrices Pn, X̃, L, and A are square block matrices of dimension k(N + 1), whereas C
and F are block vectors of size k(N + 1).

Equation (13) can be written as follows:

VC = F or [V;F], (14)

where
V =

m∑
n=0

PnX̃LnA = [vs,t].
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Equation (14) gives rise to a linear system containing k(N + 1) algebraic equations for the
k(N + 1) unknown coefficients.

Imposition of conditions

Starting from (8) and the condition (2), the corresponding matrix representation is obtained as
follows:

m−1∑
n=0

[βnX(a) + γnX(b)]LnA C = α̃, (15)

where

βn =


β1
n 0 . . . 0

0 β2
n . . . 0

...
... . . . ...

0 0 . . . βkn


k×k

with βjn =


β0,j
n

β1,j
n

...
βm−1,j
n

 , j = 1, 2, . . . , k,

γn =


γ1n 0 . . . 0

0 γ2n . . . 0
...

... . . . ...
0 0 . . . γkn


k×k

with γjn =


γ0,jn

γ1,jn
...

γm−1,j
n

 , j = 1, 2, . . . , k,

α̃ =


α1

α2

...
αk

 , with αj =


α0,j

α1,j

...
αm−1,j

 , j = 1, 2, . . . , k.

The matrix form (15) can be expressed as

WC = α̃ or [W; ~α], (16)

where

W =

m−1∑
n=0

[βnX(a) + γnX(b)]LnA.

Now, we will replace the rows of the augmented matrix [W; ~α] by the row mk of the aug-
mented matrix [V;F], to get the new augmented matrix
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~VC = ~F or [~V; ~F]. (17)

If rank~V = rank[~V; ~F] = k(N +1), then the unknown coefficients vector C is determined by
solving this linear system.

The determined coefficients cj,0, cj,1, . . . , cj,N , for j = 1, 2, . . . , k, are substituted into (3).
We get the independence solution:

uj,N (x) =

N∑
n=0

cj,nI(P2n, x), j = 1, 2, . . . , k. (18)

Error analysis

In this section, we derive an error estimate for the proposed method. The analysis is based on the
error bounds previously obtained in [8]. Before stating our main result, we recall the following
interpolation theorem.

Theorem 1. [6] Let u be a function in CN+1([a, b]), and let PN be a polynomial of degree ≤ N
that interpolates the function u at (N + 1) distinct points x0, x1, . . . , xN in [a, b]. Then to each
x ∈ [a, b] there exists a point ξx ∈ [a, b] such that

u(x)− PN (x) =
u(N+1)(ξx)

(N + 1)!

N∏
i=0

(x− xi).

Let u = (u1, u2, . . . , uk)
T be the exact solution of (1) and let Pj,N denote the interpolating

polynomial of uj for every j = 1, 2, . . . , k. Set PN =
(
P1,N , P2,N , . . . , Pk,N

)T .
We can write for every j = 1, . . . , k,

uj(x) = Pj,N (x) +Rj,N (x),

where

Rj,N (x) =
u
(N+1)
j (ξjx)

(N + 1)!

N∏
i=0

(x− xi), ξjx ∈ [a, b].

Now, let uN =
(
u1,N , u2,N , . . . , uk,N

)T be the independence solution vector of (1) given by
(18); this means that uN satisfies (2). Therefore uN and PN are solutions of ~VC = ~F and
~VC∗ = ~F +∆(F), respectively, where ∆(F) is the k(N + 1) vector:

∆(F) =
(
∆(f1),∆(f2), . . . ,∆(fk)

)T
,
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[∆(fj)]i = −
m∑
n=0

k∑
j=1

P i,jn (xi)R
(n)
j,N (xi).

The following theorem provides an upper bound for the error between the exact solution and the
independence solution of the problem (1)–(2).

Theorem 2. Let u and uN be the exact and independence solution vectors of (1)–(2), respec-
tively, and let PN be the interpolating polynomial vector of u. Let ~V,~F, C, C∗, and ∆(F), be
defined as above. If each uj , for every j = 1, 2, . . . , k, is sufficiently smooth, then

|uj(x)− uj,N (x)| ≤ |Rj,N (x)|+ ‖ X(x)A(Cj − C∗
j ) ‖∞ .

Proof. We use the term Pj,N , for every j = 1, 2, . . . , k, as follows:

|uj(x)− uj,N (x)| = |(uj(x)− Pj,N (x)) + (Pj,N (x)− uj,N (x))|

≤ |uj(x)− Pj,N (x)|+ |uj,N (x)− Pj,N (x)|

≤ |Rj,N (x)|+ |uj,N (x)− Pj,N (x)|.

On the other hand, from (7) we have

|uj,N (x)− Pj,N (x)| = |X(x)ACj −X(x)A C∗
j |

≤ |X(x)A(Cj − C∗
j )|

≤ ‖X(x)A(Cj − C∗
j )‖∞.

4 Numerical examples and discussion

In this paper, several test problems are solved numerically using the proposed method. The
numerical results obtained are presented in order to highlight the diversity of the cases treated,
in terms of orders, coefficients, types of equations and solutions. This variety illustrates both the
generality and the computational efficiency of the proposed method for solving systems of linear
ordinary differential equations. Note that all the numerical simulations related to the proposed
method have been performed using MATLAB. The absolute errors |ej,N (xi)| in tables are the
values of |uj(xi)− uj,N (xi)| at selected points xi.
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Example 1. Consider the second-order linear differential equation system:
u′′1(x) + xu1(x) + xu2(x) = 2,

0 ≤ x ≤ 1,

u′′2(x) + 2xu2(x) + 2xu1(x) = −2,

(19)

with the boundary conditions u1(0) = 0, u′1(0) = −1, u2(1) = 0, and u′2(1) = −1. Here, we have

P0(x) =

[
x x

2x 2x

]
, P1(x) =

[
0 0

0 0

]
, P2(x) =

[
1 0

0 1

]
, and f(x) =

[
2

−2

]
.

The set of the collocation points for N = 2 is

{x0 = 0, x1 =
1

2
, x2 = 1}.

Hence, the fundamental matrix equation of the problem from (13) is written as{
P0X̃L0A + P1X̃L1A + P2X̃L2A

}
C = F,

P0 =


P0(0) 0 0

0 P0(
1

2
) 0

0 0 P0(1)

 , P1 =


P1(0) 0 0

0 P1(
1

2
) 0

0 0 P1(1)

 ,

P2 =


P2(0) 0 0

0 P2(
1

2
) 0

0 0 P2(1)

 , F =


f(0)
f( 12 )
f(1)

 , X̃ =


X(0)

X( 12 )

X(1)

 ,

X(0) =

[
X(0) 0

0 X(0)

]
, X(

1

2
) =

[
X( 12 ) 0

0 X( 12 )

]
,

X(1) =

[
X(1) 0

0 X(1)

]
, L =

[
L 0

0 L

]
, A =

[
A 0

0 A

]
,

C =

[
C1

C2

]
, where C1 =


c1,0

c1,1

c1,2

 and C2 =


c2,0

c2,1

c2,2

 .
Thus, the augmented matrix is calculated as
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[V;F] =



0 0 6 0 0 0 ; 2

0 0 0 0 0 6 ; −2
1
2 1 63/8 1

2 1 15/8 ; 2

1 2 15/4 1 2 39/4 ; −2
1 3 14 1 3 8 ; 2

2 6 16 2 6 22 ; −2


.

On the other hand, from (16), the matrix form of conditions is the following one:

[W; ~α] =


1 1 1 0 0 0 ; 0

0 2 4 0 0 0 ; −1
0 0 0 1 3 8 ; 0

0 0 0 0 2 10 ; −1

 .
The new augmented matrix based on the conditions is given as

[~V; ~F] =



0 0 6 0 0 0 ; 2

0 0 0 0 0 6 ; −2
1 1 1 0 0 0 ; 0

0 2 4 0 0 0 ; −1
0 0 0 1 3 8 ; 0

0 0 0 0 2 10 ; −1


.

Consequently, the system is solved, yielding the following independence coefficient vector:

C = (~V)−1~F =
[
5
6

−7
6

1
3

−5
6

7
6

−1
3

]T
.

Finally, the vector C is substituted into (5), then

u1,N (x) = IN (x) C1 and u2,N (x) = IN (x) C2,

where
C1 =

[
5
6

−7
6

1
3

]T
and C2 =

[
−5
6

7
6

−1
3

]T
.

We obtain the approximate solutions as follows:

u1,N (x) = x2 − x and u2,N (x) = −x2 + x,

which are the exact solutions of the system.
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Example 2. Consider the fourth-order linear differential equation system [18]:

u
(4)
1 (x)− cos(x)u(2)2 (x) + xu

(1)
3 (x)− u1(x) = xex + cos2(x),

u
(4)
2 (x) + sin(x)u(3)1 (x) + cos(x)u1(x)− cos(x)u3(x) = (1− ex) cos(x),

e(−x)u
(4)
3 (x) + u

(2)
2 (x)− cos(x)u(1)1 (x) + u2(x) = sin2(x),

0 ≤ x ≤ 1,

(20)

with the initial conditions u1(0) = 0, u
(1)
1 (0) = 1, u

(2)
1 (0) = 0, u

(3)
1 (0) = −1, u2(0) = 1, u

(1)
2 (0) =

0, u
(2)
2 (0) = −1, u(3)2 (0) = 0, u3(0) = u

(1)
3 (0) = u

(2)
3 (0) = u

(3)
3 (0) = 1.

The exact solution of the problem is given by u1(x) = sin(x), u2(x) = cos(x) and u3(x) = ex.

As observed in Table 1, the accuracy of the computed solution tends to decrease with in-
creasing N . The same table further compares the performance of the proposed method with that
of the exponential approximation method reported in [18], used to solve problem (20).

Example 3. Consider the following system of linear differential equations with variable coeffi-
cients [12, 15]:

u
(2)
1 (x)− u(1)2 (x) + u

(1)
3 (x)− e−xu1(x) + exu3(x) = ex − 2e−x + xe−x,

u
(2)
2 (x) + u

(1)
1 (x)− u(1)3 (x)− u1(x) = xe−x − e−x, 0 ≤ x ≤ 1,

u
(2)
3 (x)− u(1)1 (x) + u

(1)
2 (x) + exu2(x) + u1(x) = 2e−x − xe−x + x,

(21)

with initial conditions u1(0) = 1, u2(0) = 0, u3(0) = 1, u′1(0) = 1, u′2(0) = 1, u′3(0) = −1 and the
exact solution u1(x) = ex, u2(x) = xe−x and u3(x) = e−x.

Table 2 presents a comparison of the absolute errors obtained by the proposed method and
the Chebyshev operational method [12]. It can be seen that the current method provides a
slightly more accurate approximation with slightly lower errors.

In terms of numerical performance, our method also stands out for its significantly reduced
computational time. Indeed, it requires approximately 1 second to produce the results, compared
to approximately 7 seconds for the method in [12], as indicated in [15]. This difference highlights
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Table 1: Absolute errors for the IPM method and the method used in [18] for Example 2.

xi |e1,5(xi)| |e1,5(xi)| [18] |e1,10(xi)| |e1,10(xi)| [18]
0 2.8623e-17 5.9999e-12 4.4938e-11 1.0221e-9
0.2 1.6081e-08 3.3672e-5 4.3323e-11 3.6854e-6
0.4 2.7146e-07 5.2758e-4 2.3235e-11 3.8405e-5
0.6 1.0021e-06 1.6690e-3 2.0988e-10 1.4109e-4
0.8 2.2176e-05 1.6112e-3 5.9634e-10 3.5199e-4
1 1.3750e-04 3.8807e-3 1.4827e-09 7.6995e-4

xi |e2,5(xi)| |e2,5(xi)| [18] |e2,10(xi)| |e2,10(xi)| [18]
0 2.2204e-16 3.3999e-11 1.3980e-10 1.8999e-10
0.2 1.7676e-07 5.3148e-5 2.2176e-10 6.7587e-7
0.4 2.8260e-06 8.1712e-4 3.5811e-10 6.7557e-6
0.6 1.5149e-07 2.6665e-3 5.7150e-10 2.3055e-5
0.8 8.8001e-05 3.5885e-3 8.8584e-10 5.0852e-5
1 5.3442e-04 4.1086e-4 1.3963e-09 8.9223e-5

xi |e3,5(xi)| |e3,5(xi)| [18] |e3,10(xi)| |e3,10(xi)| [18]
0 0 4.4409e-16 2.3906e-11 9.7000e-9
0.2 1.9495e-07 2.4145e-4 7.4221e-11 3.1086e-5
0.4 3.1353e-06 3.7515e-3 1.6324e-10 3.2342e-4
0.6 1.1942e-06 1.1835e-2 2.9924e-10 1.1828e-3
0.8 1.1694e-04 1.1622e-2 4.8362e-10 2.9217e-3
1 7.2002e-04 2.6565e-2 4.1498e-10 6.3328e-3

the computational efficiency of the proposed method, which manages to improve accuracy while
significantly reducing computational costs. These results confirm the value of the developed
method, both in terms of accuracy and numerical efficiency.

Example 4. Consider the system of fourth‑order linear differential equations with variable
coefficients, subject to mixed conditions:

u
(4)
1 (x) + u

(2)
2 (x) = xex − 4e−x − sin(x),

0 ≤ x ≤ 2,

u
(4)
2 (x) + u

(2)
1 (x) = sin(x) + xe−x − 2e−x,

(22)

with
u1(0) + u1(2) = 2e−2, u

(1)
1 (0) + u

(2)
1 (2) = 1− e−2, u

(2)
1 (0) = −2,

u
(3)
1 (0) = 3, u2(0) = 0, u

(1)
2 (0) = 1, u

(2)
2 (0) = 0, u

(3)
2 (0) = −1,

and the exact solutions u1(x) = xe−x, u2(x) = sin(x).
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Table 2: Comparison of absolute errors and CPU Times for Example 3

|e1,7| |e2,7|

xi

[12]
CPU time:

7.04 s

IPM
CPU time:

0.08 s

[12]
CPU time:

7.04 s

IPM
CPU time:

0.08 s
0 2.00e-12 1.02e-12 4.59e-13 1.22e-12
0.2 1.61e-07 1.35e-09 1.00e-07 1.33e-08
0.4 1.52e-06 1.47e-09 1.72e-07 2.69e-08
0.6 1.58e-06 9.59e-09 1.08e0-7 3.77e-08
0.8 1.93e-07 2.44e-08 1.70e-07 4.41e-08
1 1.86e-08 4.98e-07 1.01e-08 1.25e-06

|e3,7|

xi

[12]
CPU time:

7.04 s

IPM
CPU time:

0.08 s
0 0 4.45e-13
0.2 2.51e-08 3.61e-09
0.4 6.90e-07 1.12e-08
0.6 9.87e-07 2.20e-08
0.8 2.25e-07 3.63e-08
1 2.21e-10 7.18e-08

Table 3: Absolute errors obtained using IPM for Example 4

xi |e1,8(xi)| |e2,8(xi)| |e1,10(xi)| |e2,10(xi)|
0 7.7201e-04 2.7756e-15 8.9828e-06 1.4778e-12
0.2 5.8858e-04 1.0296e-09 6.9495e-06 1.3847e-11
0.4 4.0525e-04 1.7632e-08 4.9170e-06 1.5365e-10
0.6 2.2220e-04 7.1867e-08 2.8867e-06 6.3313e-10
0.8 3.9576e-05 1.7061e-07 8.5960e-07 1.7425e-09
1 1.4246e-04 3.0795e-07 1.1629e-06 3.9044e-09
1.2 3.2380e-04 4.4658e-07 3.1796e-06 7.7289e-09
1.4 5.0359e-04 6.4648e-07 5.1891e-06 1.4047e-08
1.6 6.7437e-04 2.1068e-06 7.1729e-06 2.6467e-08
1.8 8.0147e-04 1.0797e-05 8.9045e-06 7.9137e-08
2 7.7201e-04 4.6495e-05 8.9827e-06 3.7759e-07

As reported in Table 3, the errors obtained by IPM for N = 8 and N = 10 are of order
10−k over the domain, indicating that the method provides a good approximation of the exact
solution. The decrease of the error when passing from N = 8 to N = 10 illustrates the expected
improvement in accuracy with larger truncation parameters.

Example 5. Consider the initial value problem:
u′1(x) + u′2(x) + u2(x) = x− e−x,

0 ≤ x ≤ 1,

u′1(x) + 4u′2(x) + u1(x) = 1 + 2e−x,

(23)

with u1(0) = 1, u2(0) = 0, and exact solutions
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Table 4: Comparison of absolute errors for Example 5

xi |e1,5(xi)| [1] |e1,5(xi)| [14] |e1,5(xi)| IPM
0.1 4.510522e-05 6.2951e-05 5.9187e-07
0.2 7.985043e-05 1.5714e-04 1.0110e-06
0.5 9.719089e-05 4.3862e-04 1.0978e-06
0.8 8.006002e-05 8.0076e-04 9.0094e-07
1 1.067677e-04 1.0598e-03 1.3659e-05

xi |e2,5(xi)| [1] |e2,5(xi)| [14] |e2,5(xi)| IPM
0.1 2.247723e-05 4.5250e-04 2.9327e-07
0.2 3.984701e-05 6.5580e-04 5.0134e-07
0.5 4.890662e-05 6.7891e-04 5.4596e-07
0.8 4.064222e-05 7.8896e-04 4.5116e-07
1 5.390356e-05 1.2735e-03 6.7555e-06

u1(x) = e−x + 3 ex/3 − 3, u2(x) = −
1

2
e−x +

3

2
e−x/3 + x− 1.

Table 4 illustrates a comparison of the absolute errors obtained by the presented method
with those by the Chebyshev collocation method [1] and the rational Chebyshev collocation
method [14] for N = 5. The numerical results show that the proposed method provides a
noticeable improvement compared to the other methods considered.

Example 6. We consider the sixth-order boundary-value ordinary differential equation: [16]

u(6)(x) + u(x) = 6(2x cos(x) + 5 sin(x)), −1 ≤ x ≤ 1,

with u(−1) = u(1) = 0, u′(−1) = u′(1) = 2 sin(1) and u(2)(−1) = −u(2)(1) = −4 cos(1)−2 sin(1).
The exact solution is u(x) = (x2 − 1) sin(x).

We define the maximum and mean absolute errors, Emax and Emean, respectively, by

Emax = max
1≤i≤M

|eN (xi)|, Emean =
1

M

M∑
i=1

|eN (xi)|,

where M denotes the number of spatial grid points. Table 5 lists the maximum absolute error
and the mean error obtained by IPM for various choices of N . We observe that, for each value
of N , the maximum absolute error and the mean error are of the same order of magnitude. This
indicates that the numerical error is distributed rather uniformly over the spatial grid, with no
significant local peaks.
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Table 5: Emax and Emean for Example 6

N Emax Emean
9 1.2227e-03 5.5342e-04
10 3.6091e-04 1.6416e-04
11 2.6185e-05 1.1938e-05
12 6.4901e-06 2.9727e-06
13 2.8248e-07 1.3046e-07
14 1.8677e-06 6.1177e-07

5 Three-compartment pharmacokinetic models

Consider the three-compartment pharmacokinetic model, commonly used to model the kinetics of
a drug within the body. This model divides the body into three interconnected compartments:
the central compartment C1, the site of drug elimination, and two peripheral compartments
C2 and C3, representing fast and slow exchange tissues, respectively. Drug transfers between
compartments are modeled by first-order transfer constants: k12, k21 between C1 and C2 and
k13, k31 between C1 and C3. The elimination occurs from the central compartment with rate
constant k10. The system is governed by the following set of ordinary differential equations:

dC1

dt
= −(k10 + k12 + k13)C1 + k21C2 + k31C3,

dC2

dt
= k12C1 − k21C2,

dC3

dt
= k13C1 − k31C3.

(24)

The analytical solution of this system is, in general, difficult to obtain due to the coupling of
the equations and the presence of several parameters. Therefore, the use of numerical methods is
essential to effectively approximate the concentrations in the different compartments over time.

We provide the numerical solution of the system (24) for t > 0 using IPM with the initial
conditions: C1(0) = 5.0000µg · kg−1 (Dose), C2(0) = 0 and C3(0) = 0. The parameter values for
the model are k12 = 0.105 min−1, k21 = 0.064 min−1, k13 = 0.022 min−1, k31 = 0.0034 min−1,
k10 = 0.0827 min−1.

Figure 2 shows the concentration of the drug in each compartment obtained using the pro-
posed IPM method for N = 10 and the standard ode23 solver, illustrating a close agreement
between both approaches.
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Figure 2: Concentration in the three compartments for N = 10

To measure the performance of the proposed approach, we rely on the estimated error func-
tion ẼN (x), which can also be used when no exact solution is available. If C1,N (x), C2,N (x), and
C3,N (x) serve as approximations to the solution of system (24), then inserting these functions
and their derivatives into (24) should lead to relations that are satisfied only approximately. For
xk ∈ [a, b], the associated error terms Ẽi,N (xk), i = 1, 2, 3 are defined by

Ẽ1,N (xk) =
∣∣∣C ′

1,N (xk) + (k10 + k12 + k13)C1,N (xk)− k21C2,N (xk)

− k31C3,N (xk)
∣∣∣ ≈ 0,

Ẽ2,N (xk) =
∣∣C ′

2,N (xk)− k12C1,N (xk) + k21C2,N (xk)
∣∣ ∼= 0,

Ẽ3,N (xk) =
∣∣C ′

3,N (xk)− k13C1,N (xk) + k31C3,N (xk)
∣∣ ∼= 0,

and Ẽi,N (x) < 10−sk , i = 1, 2, 3, is satisfied for a positive constant sk. If max 10−sk = 10−s

is specified, then the truncation limit N is increased until Ẽi,N (xk), i = 1, 2, 3, at all points, fall
below the prescribed 10−s.
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The estimated error functions for N = 6, 8, 10 are given in Tables 6, 7, and 8. The graphics
of estimated the error functions for N = 10 are presented in Figure 3.

Table 6: Estimated error function for N = 6, 8, 10 for C1

xi Ẽ1,6 Ẽ1,8 Ẽ1,10

1 3.1036e-04 5.6536e-06 5.6669e-08
3 6.9027e-05 1.1956e-06 5.1010e-12
5 3.4417e-15 5.0910e-07 2.7003e-09
7 3.9963e-05 3.7212e-07 2.2108e-09
9 9.4458e-05 4.4541e-07 4.0115e-10
11 2.2646e-04 8.8744e-07 1.0229e-08
13 6.9269e-04 3.2310e-06 1.1929e-07
15 1.3516e-02 4.6249e-04 9.9699e-06

Table 7: Estimated error function for N = 6, 8, 10 for C2

xi Ẽ2,6 Ẽ2,8 Ẽ2,10

1 1.7830e-04 3.2479e-06 3.2555e-08
3 3.9654e-05 6.8684e-07 3.2266e-13
5 1.2670e-14 2.9247e-07 1.5697e-09
7 2.2958e-05 2.1377e-07 1.1885e-09
9 5.4264e-05 2.5588e-07 3.8696e-11
11 1.3009e-04 5.0981e-07 6.6038e-09
13 3.9794e-04 1.8561e-06 6.6827e-08
15 7.7644e-03 2.6569e-04 5.7311e-06

Figure 3: Estimated error functions for N = 10
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Table 8: Estimated error function for N = 6, 8, 10 for C3

xi Ẽ3,6 Ẽ3,8 Ẽ3,10

1 2.8055e-05 5.1107e-07 5.1226e-09
3 6.2397e-06 1.0808e-07 1.5015e-13
5 3.5384e-15 4.6021e-08 2.4530e-10
7 3.6125e-06 3.3638e-08 1.9725e-10
9 8.5386e-06 4.0263e-08 3.3955e-11
11 2.0471e-05 8.0220e-08 9.1691e-10
13 6.2616e-05 2.9207e-07 1.0833e-08
15 1.2218e-03 4.1807e-05 9.0107e-07

6 Conclusion

In this work, a collocation method based on the independence polynomial of the even path has
been developed for solving systems of higher-order linear differential equations with mixed con-
ditions. An error analysis was carried out to assess the accuracy of the proposed method, and
upper bounds for the approximation error were derived. Furthermore, numerical experiments
conducted on various benchmark systems demonstrate the accuracy and efficiency of the pro-
posed method, which often yields superior results compared to existing approaches. Moreover,
it was observed that as the parameter N increases, the approximation error decreases, confirm-
ing the convergence of the method. Finally, the application of the proposed approach to the
three-compartment pharmacokinetic model further validated its robustness and reliability, as
the estimated error functions remained very small, indicating excellent numerical performance.
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Abstract

This work presents the application of the conformable power series method to approximate
the nonlinear time-fractional Fisher–Kolmogorov–Petrovskii–Piskunov equation, which models
tumor growth and invasion. Using the conformable derivative, the method transforms the frac-
tional equation into a recursive series expansion, yielding accurate semi-analytical approxima-
tions. Three numerical examples with different nonlinear powers are solved. Convergence and
error analyses of the series solution are established. Results demonstrate excellent agreement
with exact and existing numerical solutions, with small absolute errors in all test examples.
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1 Introduction

Fractional calculus generalizes classical differentiation and integration to noninteger orders, en-
abling the mathematical description of systems with memory effects and nonlocal interactions.
Since its conceptual origins in a 1695 correspondence between L’Hôpital and Leibniz, fractional
calculus has evolved through contributions from Euler, Laplace, Riemann, Liouville, and others,
becoming a vital tool in fields such as viscoelasticity, control theory, and transport in porous
media [9, 21, 2]. This mathematical framework finds diverse applications in scientific disciplines,
particularly for modeling complex systems with memory effects and nonlocal dynamics that can-
not be adequately described by classical calculus. Notably, Lacroix became the first to formally
mention a fractional derivative in his 1819 publication [34].

Partial differential equations play a central role in modeling dynamical systems, particu-
larly those involving diffusion and reaction processes. Among these, the Fisher–Kolmogorov–
Petrovskii–Piskunov (Fisher–KPP) equation, a reaction–diffusion model introduced indepen-
dently in the 1930s by Fisher and by Kolmogorov, Petrovsky, and Piskunov, has become foun-
dational in mathematical biology [31, 13, 19]. Originally derived from population genetics to
model microbial population dynamics, it describes how spatial dispersal affects population den-
sities over time [20]. Contemporary applications extend to analyzing micro-morphogenesis in
modern microbiology [32, 37]. This study employs a conformable power series method (CFPSM)
to approximate solutions for the nonlinear time-fractional Fisher–KPP equation [37].

Solving nonlinear fractional equations remains challenging, which has prompted the devel-
opment of various analytical and numerical techniques. Several researchers have investigated
the time-fractional Fisher–KPP equation. Angstmann and Henry [3] analyzed both the time-
fractional Fitzhugh–Nagumo and Fisher–KPP equations, while Khaled [27] applied the homo-
topy perturbation method to approximate solutions for the time-fractional nonlinear Fisher–KPP
equation. Other studies have examined related aspects: The authors of [10] investigated the time-
asymptotic behavior of level sets in Fisher–KPP equations with fractional diffusion in periodic
media; Cabré and Roquejoffre [11] studied front propagation in fractional diffusion Fisher–KPP
equations; and Cabré and Roquejoffre [12] analyzed the effects of fractional diffusion in these
models. Hamel and Roques [24] focused on fast propagation in KPP equations with slowly de-
caying initial conditions, and Hariharan [25] employed the homotopy analysis method to solve
both classical and fractional KPP equations.
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Berkovich [8] employed the factorization method to derive analytical invariant solutions of
the Fisher–KPP equation. Griffiths and Schiesser [22] analyzed solutions to the Fisher–KPP
equation using MATLAB® and Maple™software. Fasano, Herrero, and Rodrigo [18] examined
both fast and slow invasion waves in acid-mediated tumor growth models.

Semi-analytical series expansion methods, including the fractional power series (FPS)
method, have gained popularity for solving fractional differential equations. These methods pro-
vide systematically improvable approximations without spatial discretization. Since nonlinear
equations present significant analytical challenges, researchers have developed numerous numeri-
cal solution techniques. The FPS method, a well-established semi-analytical technique covered in
computational analysis literature, has become fundamental for solving both linear and nonlinear
time-fractional differential equations. This approach is particularly valuable in computational
mathematics for efficiently deriving functional approximations [4]. Aychluh and Ayalew [6] ap-
plied the FPS method to the time-fractional Kuramoto-Sivashinsky equation, while El-Ajou et
al. [16] implemented FPS as a generalization of classical power series. Habenom, Suthar, and
Mulualem [23] solved the fractional Fokker-Planck equation using the FPS method, while Cui
and Hu [14] successfully applied the same approach to fractional differential equations. The
current method offers several advantages for solving differential equations, particularly the frac-
tional Fisher–KPP equation. This technique provides semi-analytical approximations through
convergent series representations, achieving high accuracy when rapid convergence occurs. The
approach is straightforward to implement without requiring complex numerical algorithms or
specialized software, making it accessible for various applications. This study implements a con-
formable fractional power series method (CFPSM) to solve a nonlinear fractional Fisher–KPP
model.

Khalil et al. [28] introduced the conformable derivative, a definition that preserves fundamen-
tal calculus rules such as the product, quotient, and chain rules. This formulation has attracted
substantial attention from researchers, with multiple studies establishing its fundamental char-
acteristics [26, 1]. Silva, Moreira, and Moret [35] investigated the conformable Laplace transform
for fractional differential equations. Zhao and Luo [39] examined the physical interpretation of
the general conformable operator, while Eroglu, Avci, and Ozdemir [17] applied conformable
derivatives to optimal control problems in heat conduction. Özkan and Kurt [33] derived exact
solutions for conformable integro-differential equations using the conformable Laplace transform
method. The clear properties of conformable derivative simplify the extension of classical se-
ries techniques to fractional frameworks, making the CFPSM computationally efficient. While
CFPSM has been applied to several fractional models, to our knowledge, it has not yet been
employed for the nonlinear time-fractional Fisher–KPP equation.
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The proposed noninteger order power series method exhibits a significant limitation in its
dependence on initial function selection. The technique’s effectiveness hinges on appropriate
initial conditions, as poor initial assumptions may lead to slow convergence or inaccurate ap-
proximations. Furthermore, the method faces challenges in multi-dimensional applications where
managing series convergence becomes increasingly difficult. While the approach provides solu-
tions within a stable convergence radius, highly nonlinear systems often require numerous series
terms for adequate approximation, increasing computational demands compared to finite dif-
ference, finite element, or finite volume methods. Truncation errors present another limitation,
as series termination introduces approximation errors that become particularly significant when
computational constraints prevent inclusion of sufficient terms. The fractional nature of the
equations introduces additional complexities, especially in computing coefficients for higher-order
nonlinear time fractional derivatives. Despite these limitations, the power series method offers
distinct advantages over traditional analytical and numerical approaches for fractional differential
equations. It maintains applicability across linear and nonlinear problems while achieving high
accuracy through series expansion. The method avoids discretization-related numerical instabil-
ities and round-off errors by working with continuous expressions, making it a valuable approach
for solving fractional differential equations when appropriate initial conditions are available and
computational resources permit sufficient term inclusion.

This research is motivated by the need for a direct and easy method to solve fractional
Fisher–KPP equations. The CFPS approach offers an accurate solution due to its simplicity and
computational efficiency. To the best of our knowledge, this represents the first application of the
CFPSM to solve the time-fractional Fisher–KPP equation. Because the conformable derivative
preserves the classical calculus rules (chain rule, product rule, and quotient rule), integer-order
power series techniques can be easily extended to fractional domains, offering mathematical
simplicity without compromising analytical rigour. CFPSM produces semi-analytical solutions
where accuracy can be systematically improved by increasing the series terms.

The paper is organized as follows: Section 2 outlines essential definitions and theorems of
conformable calculus and the FPS method. Section 3 details the solution methodology for the
fractional Fisher–KPP equation, including numerical examples, graphical and tabular results,
and discussion. Section 4 presents concluding remarks.

2 Fundamental concepts

This section presents the fundamental principles of conformable calculus and the essential con-
cepts of the FPS method formulated within the conformable framework.
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Definition 1 ( [36]). Let v (x, t) : R × (0,∞) → R and let t > 0. The conformable time
fractional partial derivative of order κ ∈ (0, 1] is defined as follows:

Tκt υ(x, t) = lim
ε→0

υ(x, t+ εt1−κ)− υ(x, t)
ε

, t > 0. (1)

The above definition has several important properties. For κ ∈ (0, 1], if υ (x, t) and ϑ (x, t)
are κ-differentiable at a point t > 0, then [36]

1. Linearity: Tκt (aυ(x, t)± bϑ(x, t)) = aTκt υ(x, t)± bTκt ϑ(x, t), for all a, b ∈ R.

2. Power rule: Tκt (tσ) = σtσ−κ for all σ ∈ R.

3. Constant rule: Tκt (η) = 0, for all constant functions υ(x, t) = η.

4. Quotient rule: Tκt (υ/ϑ) =
ϑTκt υ − υT κt ϑ

ϑ2
.

5. Product rule: Tκt (υϑ) = υT κt ϑ+ ϑTκt υ.

If υ (x, t) is differentiable in the classical sense with respect to t, then

Tκt υ(x, t) = t1−κ
∂υ (x, t)

∂t
. (2)

Definition 2 ( [5]). For 0 < κ ≤ 1, a power series of the form

υ(x, t) =

∞∑
i=0

qi(x)t
iκ = q0(x) + q1(x)t

κ + q2(x)t
2κ + q3(x)t

3κ + · · · , (3)

where x ∈ I, 0 ≤ t < R1/κ, and R > 0, is called a multiple FPS, with t as the variable and qi as
the coefficient functions.

All terms in the multiple FPS, except the first, vanish as in classical power series, indicating
convergence. The series converges absolutely for

0 ≤ t < R1/κ, (R > 0),

where R1/κ is the radius of convergence.

Theorem 1 (Conformable Differentiation of Series). If υ(x, t) =
∑∞
i=0 qi(x)t

iκ converges
for 0 ≤ t < R, then

Tκt υ(x, t) = κ

∞∑
i=1

iqi(x)t
(i−1)κ.

Iran. J. Numer. Anal. Optim., Vol. 16, No. 4, 2026, pp 1341–1365



Suthar, Desalew, Aychluh and Tirite 1346

Proof. Apply linearity and the power rule of the conformable derivative:

Tκt υ(x, t) = Tκt

( ∞∑
i=0

qi(x)t
iκ

)
= Tκt

(
q0(x) + q1(x)t

κ + q2(x)t
2κ + q3(x)t

3κ + · · ·
)

= q0(x)T
κ
t (1) + q1(x)T

κ
t (t

κ) + q2(x)T
κ
t (t

2κ) + q3(x)T
κ
t (t

3κ) + · · ·

=

∞∑
i=1

qi(x)T
κ
t

(
tiκ
)
.

Using the property Tκt (tiκ) = iκt(i−1)κ, we obtain

Tκt υ(x, t) = κ

∞∑
i=1

iqi(x)t
(i−1)κ.

3 Solution for the fractional Fisher–KPP equation

In recent years, the representation of physical problems using fractional operators has yielded
significant results. A major challenge in this field involves obtaining solutions for nonlinear
equations. Given the practical importance of these solutions, researchers have developed numer-
ous analytical and numerical methods. Notable techniques include the homotopy perturbation
method [30], variational iteration method [38], Laplace perturbation method [30], Adomian de-
composition method [15], and homotopy decomposition method [7], among others. This study
employs the CFPSM to approximate solutions for the nonlinear time-fractional Fisher–KPP
equation, which takes the following form:

Tκt υ(x, t) = c
∂2v

∂x2
+ av + bvm, t > 0, κ ∈ (0, 1], (4)

where a, b, m 6= 1, and c are arbitrary constants. For the integer-order case (κ = 1), an analytical
solution is given by [22, p. 173]:

υ(x, t) =

[
β + exp

(
λt+

µx√
c

)] 2
1−m

, (5)

where
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λ =
a(1−m)(m+ 3)

2(m+ 1)
, µ =

√
a(1−m)2

2(m+ 1)
, β =

√
−b
a
.

In this section, we present three numerical examples (m = 2, 3, 4), which demonstrate how the
proposed approach can be applied to highly nonlinear problems.

Example 1. Consider the following Fisher–KPP equation:

Tκt υ(x, t) = c
∂2υ

∂x2
+ aυ + bυ2, (6)

with the initial condition:
υ (x, 0) =

[
β + exp

(
µx√
c

)]−2

.

We assume the solution can be expressed as an FPS:

υ(x, t) =

∞∑
i=0

qit
iκ = q0 + q1t

κ + q2t
2κ + q3t

3κ + . . . . (7)

Applying the conformable derivative to (7) and using the property in (2), we obtain:

Tκt υ(x, t) =

∞∑
i=1

qit
1−κ d

dt
tiκ = κ

∞∑
i=1

iqit
(i−1)κ

= κ

q1 + 2q2t
κ + 3q3t

2κ + 4q4t
3κ + 5q5t

4κ

+ 6q6t
5κ + 7q7t

6κ + 8q8t
7κ + . . .

. (8)

The spatial derivative term is:

∂2υ

∂x2
=

∂2

∂x2

[ ∞∑
i=0

qit
iκ

]

=
∂2

∂x2
q0 +

∂2

∂x2
q1t

κ +
∂2

∂x2
q2t

2κ +
∂2

∂x2
q3t

3κ + . . . .

(9)

The nonlinear term v2(x, t) expands to

v2(x, t) = q20 + 2q0q1t
κ +

(
q21 + 2q0q2

)
t2κ + 2 (q0q3 + q1q2) t

3κ

+
(
q22 + 2q0q4 + 2q1q3

)
t4κ + 2 (q0q5 + q1q4 + q2q3) t

5κ

+
(
q23 + 2q0q6 + 2q1q5 + 2q2q4

)
t6κ

+ 2 (q0q7 + q1q6 + q2q5 + q3q4) t
7κ + · · · .

(10)
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Substituting (7)–(10) into (6) and matching coefficients of like powers of tκ yields the recurrence
relations: 

q0 = υ0,

q1 =
c
∂2q0
∂x2

+ aq0 + bq20

κ
,

q2 =
c
∂2q1
∂x2

+ aq1 + 2bq0q1

2κ
,

q3 =
c
∂2q2
∂x2

+ aq2 + b
[
2q0q2 + q21

]
3κ

,

q4 =
c
∂2q3
∂x2

+ aq3 + 2b [q0q3 + q1q2]

4κ
,

q5 =
c
∂2q4
∂x2

+ aq4 + b
[
2q0q4 + 2q1q3 + q22

]
5κ

,

q6 =
c
∂2

∂x2
q5 + aq5 + 2b [q0q5 + q1q4 + q2q3]

6κ
,

q7 =
c
∂2

∂x2
q6 + aq6 + b

[
2q0q6 + 2q1q5 + 2q2q4 + q23

]
7κ

,

q8 =
c
∂2

∂x2
q7 + aq7 + 2b [q0q7 + q1q6 + q2q5 + q3q4]

8κ
.

...

(11)

Higher-order terms follow similarly. Thus, the series solution is

υ(x, t) = q0 + q1t
κ + q2t

2κ + q3t
3κ + q4t

4κ

+ q5t
5κ + q6t

6κ + q7t
7κ + q8t

8κ + . . . .

Convergence Analysis

Theorem 2 (Convergence of the FPS Solution). Let υ(x, t) be defined in a Banach space B

with norm ‖ · ‖. Consider the series solution of the fractional Fisher–KPP equation given by

υ(x, t) =

∞∑
n=0

υn(x, t),

where υ0(x, t) = q0(x) is the initial approximation and subsequent terms υn(x, t) are determined
recursively via the CFPSM procedure. If there exists a constant δ ∈ (0, 1) such that
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‖υn+1(x, t)‖ ≤ δ‖υn(x, t)‖ for all n ∈ N, (12)

then the series solution converges uniformly in B.

Proof. Let wn(x, t) =
∑n
i=0 υi(x, t) denote the partial sum of the series. We prove that {wn}∞n=0

is a Cauchy sequence in B. First, from condition (12), we have

‖υn(x, t)‖ ≤ δn‖υ0(x, t)‖ for all n ∈ N.

Now, for any n > m ≥ 0, consider

‖wn − wm‖ =

∥∥∥∥∥
n∑
i=0

υi (x, t)−
m∑
i=0

υi (x, t)

∥∥∥∥∥
=

∥∥∥∥∥
n∑

i=m+1

υi (x, t)

∥∥∥∥∥
≤

n∑
i=m+1

‖υi (x, t) ‖ (by the triangle inequality)

≤
n∑

i=m+1

δi‖υ0 (x, t) ‖.

Since 0 < δ < 1, the geometric series converges

∞∑
i=m+1

δi =
δm+1

1− δ
.

Thus, for all n > m:

‖wn − wm‖ ≤
δm+1

1− δ
‖υ0 (x, t) ‖.

Given ‖υ0‖ <∞ and δ ∈ (0, 1), we have

lim
m→∞

δm+1

1− δ
‖υ0 (x, t) ‖ = 0.

Therefore, for any ϵ > 0, there exists N0 ∈ N such that for all n,m ≥ N0,

‖wn − wm‖ < ϵ.

Since B is a Banach space, {wn} converges to some v∗ ∈ B. Each wn satisfies the CFPSM
recurrence derived from the original equation. Therefore, the series converges to the exact
solution.
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Theorem 3. Let υ(x, t) =
∑∞
n=0 υn(x, t) be the exact series solution of the fractional Fisher–

KPP equation obtained by CFPSM, and let wn(x, t) =
∑n
i=0 υn(x, t) be the n-term partial sum

approximation. If there exists δ ∈ (0, 1) such that

‖υn+1(x, t)‖ ≤ δ‖υn(x, t)‖ for all n ≥ 0,

then the truncation error en(x, t) = |υ(x, t)− wn(x, t)| satisfies

en(x, t) ≤
δn+1

1− δ
‖υ0(x, t)‖. (13)

Proof. The exact solution can be expressed as follows:

υ(x, t) = wn(x, t) +

∞∑
i=n+1

υi(x, t).

Therefore,

en(x, t) =

∣∣∣∣∣
∞∑

i=n+1

υi(x, t)

∣∣∣∣∣ ≤
∞∑

i=n+1

|υi(x, t)| ≤
∞∑

i=n+1

δi‖υ0(x, t)‖.

The last inequality follows from the contraction condition ‖υn‖ ≤ δn‖υ0‖. Evaluate the geometric
series:

∞∑
i=n+1

δi = δn+1(1 + δ + δ2 + · · · ) = δn+1

1− δ
.

Thus,

en(x, t) ≤
δn+1

1− δ
‖υ0(x, t)‖.

For numerical Example 1, setting a = 1, b = −1, c = 0.1, and m = 2, we compute the first few
coefficients:

q0(x) =
1(

exp
(√

15x

3

)
+ 1

)2 ,

q1(x) =

5 exp
(√

15x

3

)

3κ

(
exp

(√
15x

3

)
+ 1

)3 ,
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q2(x) =

25 exp
(√

15x

3

)[
2 exp

(√
15x

3

)
− 1

]

36κ2

(
exp

(√
15x

3

)
+ 1

)4 ,

q3(x) =

125 exp
(√

15x

3

)[
4 exp

(
2
√
15x

3

)
− 7 exp

(√
15x

3

)
+ 1

]

648κ3

(
exp

(√
15x

3

)
+ 1

)5 ,

q4(x) =

625 exp
(√

15x

3

)
8 exp

(√
15x
)
+ 18 exp

(√
15x

3

)

−33 exp
(
2
√
15x

3

)
− 1


15552κ4

(
exp

(√
15x

3

)
+ 1

)6 ,

q5 (x) =

625 exp
(√

15x

3

)
171 exp

(√
215x

3

)
− 41 exp

(√
15x

3

)

− 131 exp
(√

15x
)
+ 16 exp

(√
415x

3

)
+ 1


93312κ5(exp

(√
15x

3

)
+ 1)7

,

q6 (x) =

3125 exp
(√

15x

3

)


1208 exp
(√

15x
)
+ 88 exp

(√
15x

3

)

− 718 exp
(√

215x

3

)
− 473 exp

(√
415x

3

)

+ 32 exp
(√

515x

3

)
− 1


3359232κ6(exp

(√
15x

3

)
+ 1)8

,
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q7(x) =

15625 exp
(√

15x

3

)


1 + 64 exp
(√

215x
)
− 8422 exp

(√
15x
)

− 183 exp
(√

15x

3

)
+ 2682 exp

(√
215x

3

)

+ 7197 exp
(√

415x

3

)
− 1611 exp

(√
515x

3

)


141087744κ7

(
exp

(√
15x

3

)
+ 1

)9 ,

q8(x) =

78125 exp
(√

15x

3

)


49780 exp
(√

15x
)
− 5281 exp

(√
215x

)
+ 374 exp

(√
15x

3

)
− 9327 exp

(√
215x

3

)

− 78095 exp
(√

415x

3

)
+ 38454 exp

(√
515x

3

)

+ 128 exp
(√

715x

3

)
− 1


6772211712κ8

(
exp

(√
15x

3

)
+ 1

)10 .

This section employs the CFPSM to obtain numerical solutions for the time-fractional
Fisher–KPP equation. The results presented in the reference tables show that the fractional order
κ significantly influences the solution behavior. Both tabular data and graphical representations
confirm that the proposed method accurately captures the key features of the Fisher–KPP model
across different nonlinearities and fractional orders. The tables provide a quantitative assessment
of the CFPSM’s performance by comparing the approximate solutions with exact analytical val-
ues and, where applicable, with results from existing methods. The close agreement observed
validates the accuracy and reliability of the proposed approach.

Figure 1(a) displays the approximate solution υ(x, t) obtained via the CFPSM for the Fisher–
KPP equation under the initial condition specified in Equation (6), while Figure 1(b) illustrates
the corresponding exact solution. To evaluate the accuracy of the proposed method, error analysis
is presented in Table 1 for fixed x and varying t, confirming the effectiveness of the approach in
solving the Fisher–KPP equation with the initial condition from Example 1. Figure 2 shows a
surface plot of the absolute error for Example 1, revealing a maximum absolute error of 2.5670×
10−8.
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(a) (b)

Figure 1: Comparison between exact solution and approximate results for Example 1 with a = 1, b = −1, c =
0.1, κ = 1

Table 1: Comparisons of the present results against analytical values for Example 1 at κ = 1

x t Exact CFPSM Abs. Error
0.2 0.2 0.22765581 0.22765581 3.3928× 10−12

0.4 0.26912727 0.26912727 1.5652× 10−09

0.6 0.31377638 0.31377643 5.3170× 10−08

0.8 0.36086503 0.36086564 6.1156× 10−07

1.0 0.40953226 0.40953609 3.8266× 10−06

Figure 3(a) illustrates the solution profile of υ(x, t) for Example 1 at κ = 0.85 and different
time levels. Figure 3(b) shows the absolute difference between the exact and CFPSM results for
κ = 1 and t = 0.1. Figures 4(a)–4(b) display the solution behavior of υ(x, t) for Example 1 at
κ = 0.25 and κ = 0.5, respectively.

Table 2: Absolute errors for Example 1 at different values of κ
(x, t) κ Absolute error
(2.0, 0.1) 0.99 2.9952× 10−05

0.97 9.3705× 10−05

0.95 1.6304× 10−04

0.93 2.3856× 10−04

0.91 3.2094× 10−04

Tables 2, 4, and 8 present the absolute errors for different fractional orders κ of the Fisher–
KPP equation in Examples 1–3. These results demonstrate that as the fractional order κ in-
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Figure 2: Absolute Error max = 2.5670× 10−08, for Example 1 with a = 1, b = −1, c = 0.1, κ = 1
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Figure 3: a. Approximate solution for κ = 0.85; b. Absolute error plot for Example 1 at κ = 1, t = 0.1

creases, the numerical solutions obtained using the proposed technique converge toward the exact
solution.

Example 2. Consider the time fractional Fisher–KPP equation:

Tκt υ(x, t) = c
∂2υ

∂x2
+ aυ + bυ3, t ≥ 0, 0 < κ ≤ 1, (14)

with the initial condition
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(a) (b)

Figure 4: (a) Surf plot of Example 1 for κ = 0.25. (b) Surf plot of Example 1 at κ = 0.5

υ (x, 0) =

[
β + exp

(
µx√
c

)]−1

. (15)

The exact solution for the nonfractional case at κ = 1 is

υ(x, t) =

[
β + exp

(
λt+

µx√
c

)]−1

. (16)

The nonlinear term υ3 (x, t) can be computed as below:

υ3(x) (17)

=



q30 + 3q1q0t
κ + 3

(
q0q

2
1 + q20q2

)
t2κ +

(
q31 + 3q20q3 + 6q0q1q2

)
t3κ

+
(
3q0q

2
2 + 3q21q2 + 3q20q4 + 6q0q1q3

)
t4κ

+
(
3q1q

2
2 + 3q21q3 + 3q20q5 + 6q0q1q4 + 6q0q2q3

)
t5κ

+
(
q32 + 3

(
q0q

2
3 + q21q4 + q20q6 + 2q0q1q5 + 2q0q2q4 + 2q1q2q3

))
t6κ

+ 3

q1q23 + q22q3 + q21q5 + q20q7

+ 2 (q0q1q6 + q0q2q5 + q0q3q4 + q1q2q4)

 t7κ + . . .


.

Substituting (7)–(9) and (17) into (14) and looking at the coefficients of tκ, hence, we obtain
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q1 =
c
∂2q0
∂x2

+ aq0 + bq30

κ
, q2 =

c
∂2q1
∂x2

+ aq1 + 3bq20q1

2κ
,

q3 =
c
∂2q2
∂x2

+ aq2 + 3b
(
q0q

2
1 + q20q2

)
3κ

, q4 =
c
∂2q3
∂x2

+ aq3 + b
(
q31 + 3q20q3 + 6q0q1q2

)
4κ

q5 =
c
∂2q4
∂x2

+ aq4 + 3b
(
q0q

2
2 + q21q2 + q20q4 + 2q0q1q3

)
5κ

,

q6 =
c
∂2q5
∂x2

+ aq5 + 3b
(
q1q

2
2 + q21q3 + q20q5 + 2q0q1q4 + 2q0q2q3

)
6κ

,

q7 =

c
∂2q6
∂x2

+ aq6 + b

q32 + 3

q0 (q23 + q0q6 + 2q1q5 + 2q2q4
)

+ q21q4 + 2q1q2q3


7κ

,

q8 =

c
∂2q7
∂x2

+ aq7 + 3b

q1q23 + q22q3 + q21q5 + q20q7

+ 2 (q0 (q1q6 + q2q5 + q3q4) + q1q2q4)


8κ

.

(18)

Following the same procedure, the remaining iterative terms can be obtained. The coefficients

Table 3: Comparisons of the present results against analytical values for Example 2 at κ = 1

x t Exact CFPSM Absolute Error
2.0 0.2 0.015185146 0.015185146 2.4356× 10−10

0.4 0.020389481 0.020389463 1.7384× 10−08

0.6 0.027327977 0.027327771 2.0605× 10−07

0.8 0.036539559 0.036538489 1.0698× 10−06

1.0 0.048700671 0.048697711 2.9600× 10−06

are as follows:
q1 =

3 exp
(√

5x
)

2κ(exp
(√

5x
)
+ 1)2

,

q2 =
9 exp

(√
5x
)
(exp

(√
5x
)
− 1)

8κ2(exp
(√

5x
)
+ 1)3

,

q3 (x) =
9 exp

(√
5x
)
(exp

(√
25x
)
− 4 exp

(√
5x
)
+ 1)

16κ3(exp
(√

5x
)
+ 1)4

,

q4 (x) =

27 exp
(√

5x
)11 exp

(√
5x
)
− 11 exp

(√
25x
)

+ exp
(√

35x
)
− 1


128κ4(exp

(√
5x
)
+ 1)5

,
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q5 (x) =

81 exp
(√

5x
)66 exp

(√
25x
)
− 26 exp

(√
5x
)

− 26 exp
(√

35x
)
+ exp

(√
45x
)
+ 1


1280κ5(exp

(√
5x
)
+ 1)6

,

q6 (x) =

81 exp
(√

5x
)

168 exp

(√
5x
)
− 897 exp

(√
25x
)

+ 752 exp
(√

35x
)
+ 83 exp

(√
45x
)

− 56 exp
(√

55x
)
+ exp

(√
65x
)
− 3


5120κ6(exp

(√
5x
)
+ 1)8

,

q7 (x) =

243 exp
(√

5x
)


11662 exp
(√

35x
)
− 1214 exp

(√
25x
)

− 106 exp
(√

5x
)
− 18476 exp

(√
45x
)

+ 6194 exp
(√

55x
)
+ 358 exp

(√
65x
)

− 118 exp
(√

75x
)
+ exp

(√
85x
)
+ 3


71680κ7(exp

(√
5x
)
+ 1)10

,

q8 (x) =

243 exp
(√

5x
)


852 exp
(√

5x
)
− 31025 exp

(√
25x
)

+ 302352 exp
(√

35x
)
− 1037658 exp

(√
45x
)

+ 1500040 exp
(√

55x
)
− 844434 exp

(√
65x
)

+ 132336 exp
(√

75x
)
+ 4131 exp

(√
85x
)

− 732 exp
(√

95x
)
+ 3 exp

(√
105x

)
− 9


1146880κ8(exp

(√
5x
)
+ 1)12

.

Figure 5(a) shows the absolute error for the Fisher–KPP solution in Example 2, while Fig-
ure 5(b) displays the solution computed using the CFPSM at κ = 0.75. Figure 6 presents a mesh
plot of the absolute error for Example 2 at κ = 1. Table 3 compares the exact and CFPSM
results for Example 2 at κ = 1, demonstrating near-perfect agreement.

Table 4: Absolute errors for Example 2 at different values of κ
(x, t) κ Absolute error for υ (x, t)
(2.0, 0.1) 0.99 6.5365× 10−05

0.98 1.3348× 10−04

0.97 2.0448× 10−04

0.96 2.7853× 10−04

0.95 3.5577× 10−04
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(a) (b)

Figure 5: (a) Absolute error plot for Example 2 at κ = 1, t = 0.2. (b) Approximate solution of Example 2 for
κ = 0.75
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Figure 6: Absolute error for Example 2 with κ = 1

Table 5: Method comparison for Example 1 with a = −1, b = 0, c = 1 and q0 (x) = x+ exp (−x)

x t κ = 0.98 κ = 0.98
Method in [29] Present method

0.5 0.1 1.05647673 1.05586096
0.2 1.01266710 1.01151583
0.3 0.97347374 0.97194245
0.4 0.93809566 0.93646575
0.5 0.90587041 0.90458680
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Tables 5 and 6 compare the CFPSM with the method presented in [29]. These results
confirm that the solutions obtained by the proposed method for the Fisher–KPP equation are in
excellent agreement with existing numerical results.

Table 6: Method comparison for Example 1 with a = −1, b = 0, c = 1 and q0 (x) = x+ exp (−x)

x t κ = 1.0 κ = 1.0
Method in [29] Present method

0.5 0.1 1.0589494100 1.058949370
0.3 0.9769494100 0.976939770
0.5 0.9099160766 0.909795992
0.7 0.8554494100 0.854823364
0.9 0.7940306600 0.809815979

Example 3. Consider the time fractional Fisher–KPP equation:

Tκt υ(x, t) = c
∂2υ

∂x2
+ aυ + bυ4, (19)

with the initial condition

υ (x, 0) =

[
β + exp

(
µx√
c

)]−2/3

. (20)

The exact solution for the nonfractional case at κ = 1 is

υ(x, t) =

[
β + exp

(
λt+

µx√
c

)]−2/3

. (21)

The nonlinear term υ4 (x, t) can be computed as follows:

υ4(x, t)

=



4q30q1t
κ + q20

(
4q0q2 + 6q21

)
t2κ + 4q0

(
q20q3 + 3q0q1q2 + q31

)
t3κ

+ q40 +
(
q41 + 4q30q4 + 6q20q

2
2 + 12q0q

2
1q2 + 12q20q1q3

)
t4κ

+ 4
(
q31q2 + q30q5 + 3q0q1q

2
2 + 3q0q

2
1q3 + 3q20q1q4 + 3q20q2q3

)
t5κ

+ 4

q0q32 + q31q3 + q30q6 + 3q0q
2
1q4 + 3q20q1q5 + 3q20q2q4

+ 1.5q20q
2
3 + 1.5q21q

2
2 + 6q0q1q2q3

 t6κ + . . .


.

The coefficients are as follow:
q0 =

1

(exp(3x) + 1)2/3
,

q1 =
7 exp(3x)

5κ(exp(3x) + 1)5/3
,
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q2 =
49 exp(3x)(2 exp(3x)− 3)

100κ2(exp(3x) + 1)8/3
,

q3 =
343 exp(3x)(4 exp(6x)− 27 exp(3x) + 9)

3000κ3(exp(3x) + 1)11/3
,

q4 =
2401 exp(3x)(234 exp(3x)− 171 exp(6x) + 8 exp(9x)− 27)

120000κ4(exp(3x) + 1)14/3
,

...

Table 7: Comparisons of the present results against analytical values for Example 3 at κ = 1

x t Exact CFPSM Abs. Error
0.2 0.02 0.50981094 0.50981094 1.2606× 10−10

0.04 0.51889992 0.51889991 4.0763× 10−09

0.06 0.583909237 0.583903284 3.1268× 10−08

0.08 0.53712165 0.53712152 1.3305× 10−07

0.1 0.54624177 0.54624136 4.0988× 10−07
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Figure 7: Absolute error for Example 3 with κ = 1

For Example 3, Table 7 compares the exact and CFPSM results at κ = 1, showing excellent
agreement. Figure 7 displays the error function for Example 3, further illustrating the method’s
accuracy and applicability.

The consistency of these results underscores the reliability of the proposed method for solving
highly nonlinear equations. Both the excellent agreement with exact solutions and the behavior
of the error plots confirm the accuracy and robustness of the CFPSM.

Figure 8(a) displays the absolute error, while Figure 8(b) shows the approximate solution
for Example 3 at κ = 0.85. In summary, the accuracy of the CFPSM has been validated
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Table 8: Absolute errors for Example 3 at different values of κ
(x, t) κ Absolute error for υ (x, t)
(0.2, 0.08) 0.99 2.05900637× 10−3

0.98 4.21096997× 10−3

0.97 6.43844304× 10−3

0.96 8.74387351× 10−3

0.95 1.11297450× 10−2

(a) (b)

Figure 8: (a) Absolute error plot for Example 3 at κ = 1, t = 0.2. (b) Approximate solution of Example 3 for
κ = 0.85

by comparing the computed results with exact solutions and existing numerical results from
the literature. The near-perfect agreement demonstrates the applicability and reliability of the
proposed technique for approximating nonlinear fractional differential equations.

4 Conclusion

This work has successfully applied the CFPSM to solve the nonlinear time-fractional Fisher–
KPP equation, a widely used model for biological invasion and tumor growth. By leveraging the
mathematical simplicity and rule-preserving properties of the conformable derivative, we derived
accurate semi-analytical approximations without the need for spatial discretization or complex
numerical algorithms. The method was implemented for three representative cases with varying
nonlinear powers (m = 2, 3, 4) and fractional orders κ ∈ (0, 1]. In all examples, the CFPSM
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solutions show excellent agreement with the corresponding exact solutions. In addition, con-
vergence and error analyses of the series solution were established. The graphical and tabular
results consistently illustrated that as κ → 1, the fractional solutions converge smoothly to the
classical integer-order solutions. All computations, including the derivation of series coefficients,
and graphical visualizations, were performed using MATLAB R2016a. In conclusion, the CF-
PSM shows excellent approximation behavior for solving nonlinear time-fractional Fisher–KPP
equations. Future work may extend the method to multi-dimensional systems, variable-order
fractional operators, or coupled nonlinear models.
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Research Article

Impact of lifestyle interventions and adequate
medical infrastructure on diabetes prevention:

Dynamics analysis and optimal control

M. Kalita1,2, Z. Mondal3, B. Bhuyan4, B.J. Nath*,3, H.K. Sarmah1

Abstract

Diabetes mellitus is a chronic metabolic disorder that affects the ability to regulate blood glu-
cose levels in the human body. In recent decades, the rapid increase in the number of people
living with diabetes around the world has made it one of the most pressing public health con-
cerns and has placed a growing burden on healthcare systems. The onset of diabetes is driven
by a combination of genetic predisposition and lifestyle factors, including poor diet, physical
inactivity, and obesity, emphasizing the importance of early prevention and effects lifestyle
interventions. In this study, we formulate and analyze a nonlinear mathematical model to
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study the effect of lifestyle intervention and proper medical infrastructure on diabetes preven-
tion. The model incorporates the interactions between five state variables related to diabetes
mellitus, namely, healthy population, pre-diabetic population due to unhealthy lifestyle, pre-
diabetic population due to genetic factors, diabetic population without complications, and
diabetic population with complications. We study the basic properties of the model system,
such as existence, nonnegativity, and boundedness of solutions. Furthermore, a nontrivial equi-
librium point for the model system is identified, and local and global stability of the equilibrium
points are established. Additionally, we propose an optimal control problem by introducing
two control variables that prevent healthy people from becoming pre-diabetic due to poor
lifestyle through awareness campaigns promoting healthy lifestyle and clinical interventions to
improve treatment rates for the diabetic population with complications. The optimal control
problem is further solved to reduce the burden of diabetes with and without complications.
Finally, our findings suggest that lifestyle interventions aimed at raising awareness among the
healthy population about unhealthy lifestyles, together with adequate medical infrastructure
to improve treatment rates among diabetic individuals with complications, can substantially
ease the growing strain imposed by diabetes on healthcare systems.

AMS subject classifications (2020): Primary 37M05, 34D23, 37N25; Secondary 92B05, 49K15.

Keywords: Diabetes; Awareness; Lifestyle intervention; Medical infrastructure; Simulation;
Optimal control.

1 Introduction

Diabetes mellitus, popularly known as diabetes, is a chronic and progressive disease that has
become a major challenge to the world’s healthcare system [23]. It has become one of the leading
causes of mortality and morbidity around the world, contributing to the increasing cost of the
healthcare system worldwide [14]. Diabetes-related health costs were projected to reach USD
1,028 billion by 2030, up from an anticipated USD 966 billion in 2021 [14]. Diabetes can arise
due to a variety of factors, including genetic predisposition and irregular lifestyle habits such as
an unhealthy diet and physical inactivity. Another common cause is the inability of the pancreas
to produce sufficient insulin, a hormone that enables glucose from food to enter the body’s cells
and be used for energy [36]. Type 1 diabetes occurs when the immune system repeatedly attacks
and damages the pancreatic cells responsible for regulating blood glucose levels, resulting in a
build-up of glucose in the bloodstream, whereas type 2 diabetes occurs when the body may not
produce sufficient insulin or cannot effectively use the insulin it produces, resulting in higher
than normal blood glucose levels. Pre-diabetes is a health condition when the blood sugar level
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is elevated but not high enough to be considered diabetes [36]. Individuals with pre-diabetes are
more likely to acquire type 2 diabetes if the condition is not treated. Early diagnosis is crucial as
untreated pre-diabetes can progress to type 2 diabetes, which in turn can lead to serious health
complications such as heart disease and even death. Blood tests are available to detect diabetes
and pre-diabetes, facilitating timely intervention and management.

In 2021, a study on global health found that 529 million people around the world were living
with diabetes [30], indicating that approximately 6.1% of the population had diabetes. The
highest rates were in the Middle East and North Africa (9.3%), and in Oceania (12.3%). Qatar
had the highest rate for people aged 75 − 79, at 76.1%. Total diabetes prevalence, particularly
among older adults, predominantly reflects type 2 diabetes, which in 2021 accounted for 96.0% of
all diabetes cases and 95.4% of diabetes-related DALYs worldwide. In the year 2021, more than
half of the health problems from type 2 diabetes were linked to high body mass index (BMI),
which has increased significantly since 1990. By 2051, it is expected that over 1.31 billion people
will have diabetes, with rates above 10% in regions like the Middle East, North Africa (16.8%),
and Latin America (11.3%). Out of 204 countries, 89 are projected to have diabetes rates over
10%.

As per the report of the World Health Organization (WHO), the incidence of diabetes is
not stable but is rising each year [37]. This increase is largely attributed to changes in lifestyle
among the global population. Moreover, social interaction is an important factor influencing
lifestyle, and it plays a significant role in lifestyle changes that may increase an individual’s risk
of developing diabetes. Furthermore, genetic factors are responsible for the incidence of dia-
betes, particularly in individuals with a family history of the disease [15]. Therefore, the rise in
diabetes cases is linked to both genetic factors and unhealthy lifestyles, including an unhealthy
level of inactivity, poor dietary choices, and other destructive routines. Currently, countries
around the world are facing a significant increase in the number of people with diabetes. If not
properly treated, all forms of diabetes can result in severe complications. When individuals with
diabetes learn to effectively control their blood glucose levels, this awareness is crucial in reduc-
ing the risk of severe complications. Another well-established method to mitigate the long-term
effects of diabetes by controlling blood glucose levels is to perform [13]. Recent studies show
that lifestyle intervention is an effective method for diabetes remission [12, 18]. Diabetes com-
monly presents with symptoms such as excessive thirst, frequent urination, heightened hunger,
exhaustion, weight loss, and blurred vision. Some complications of diabetes are heart disease,
kidney failure, nerve damage, coma and eventually, death. On the other hand, diabetes without
complications made it difficult to lead a healthy lifestyle, especially when it remains undiagnosed.

In recent years, mathematical modeling has been widely used to study the dynamics of
various diseases and extensive research has been carried out by many researchers to better un-
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derstand their transmission, progression, and control [28, 29, 1, 2, 38, 4, 27]. In recent decades,
numerous mathematicians have proposed and studied different mathematical models related to
population dynamics [5, 33, 8, 16, 25, 11, 21, 22, 20, 9, 7, 31, 32, 35] and glucose-insulin dy-
namics [24, 19, 17, 3] of diabetes. In the majority of diabetes studies, researchers have primarily
concentrated on continuous and discrete time models, which are governed by ordinary differ-
ential equations. Also, mathematical analyses such as stability around the equilibrium points,
the formulation and solution of optimal control problems to find different optimal strategies are
performed in these studies, like other disease-related works [6, 7, 28, 29]. A basic mathematical
model to illustrate the dynamics of a population affected by diabetes, which was proposed by
Boutayeb et al. [5] in 2016, can be expressed by the following system of differential equations:

dP

dt
= n− (I1 + I2 + I3 + µ)P + γ1E,

dE

dt
= I1P − (γ1 + β1 + β3 + µ)E,

dD

dt
= I2P + β1E + γ2C − (β2 + µ)D,

dC

dt
= I3P + β2D + β3E − (γ2 + µ+ δ)C,

where P , E, D, and C represent healthy, pre-diabetic, diabetic with and without complications,
respectively. The parameters n, I1, I2, I3, µ, β1, β2, β3, γ1, γ2, δ recruitment rate of adult
population, rate of healthy people become pre-diabetic, rate of healthy people become diabetic,
rate of healthy people developing complication, probability of pre-diabetic people become dia-
betic, probability of diabetic people developing complication, probability of pre-diabetic people
developing complication, rate of pre-diabetic people become healthy, rate of complication that
are cured, and mortality rate due to complications, respectively. The authors introduced an
optimal control approach with an objective to reduce the burden of diabetes. In 2016, Derouich
et al. [8] published a paper, where they suggested an optimal control technique modeling the
progression from pre-diabetes to diabetes with and without complications and found that utiliz-
ing that optimal control, the number of diabetes cases with and without complications may be
greatly decreased over 10 years. In 2018, Permatasari, Tjahjana, and Udjiani [33] constructed
an optimal control model with diabetes caused disabled population to prevent adults from di-
abetes by minimizing the number of pre-diabetics at minimum cost. In 2020, Kouidere et al.
[16] proposed an optimal control model to find a strategy that can minimize treatable diabetics
through awareness campaigns about the complications of diabetes, the bad impacts of an irregu-
lar lifestyle and the surrounding environment, along with treatment. Expanding the work by W.
Boutayeb et al. [5], A. Kouidere et al. [15] proposed a novel model in 2021 by introducing two
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new state variables: pre-diabetic individuals due to genetic factors and those affected by negative
socio-environmental influences. They also formulated an optimal control problem to reduce the
number of diabetics without complications and the vaccination cost by conducting awareness
campaigns about the complications of diabetes, the bad impact of an irregular lifestyle, along
with the surrounding environment. In 2022, Nasir [25] developed a five-compartmental model
of the diabetes population and also proposed an optimal control problem to minimize the pre-
diabetic population with minimum cost. It was found that the total number of people with
diabetes can be suppressed effectively by the awareness of a healthy diet and regular lifestyle.
In 2021, Gupta and Kumar [11] proposed a mathematical model considering that pre-diabetic
individuals went into remission due to lifestyle changes, including a healthy diet and physical
exercise.

Using both deterministic and stochastic modeling approaches, Mollah and Biswas [21] as-
sessed the effectiveness of diabetes awareness programs and found that increased population-level
awareness significantly lowers the risk of diabetes. Furthermore, Mollah and Biswas [22] proposed
a population model for Type 2 diabetes to study the combined effects of awareness programs
and treatment. Also, they proposed an optimal control problem and found that both awareness
programs and treatment are effective in reducing the prevalence of Type 2 diabetes. Mishra and
Kumari [20] first proposed a model incorporating the effect of awareness through word-of-mouth
communication only and then extended the model to incorporate the effect of awareness through
social media and TV advertisements. Their study suggested that social media and television
advertisements are more effective in increasing awareness among individuals and in reducing the
risk of diabetes mellitus. In 2025, Pal et al. [31] proposed a mathematical model to study the
prevalence of diabetes and kidney infection, and then formulated and solved an optimal control
problem with two controls, representing the impacts of awareness at the local and global levels,
by enhancing information through media. In another study, Pal et al. [32] proposed a math-
ematical model to study the effects of awareness campaigns on the prevention of diabetes and
viral infections. Then, they proposed an optimal control problem considering the same controls
as in [31]. Their findings indicate that interventions delivered through social media and tele-
vision advertisements are significantly more effective in enhancing awareness and reducing the
propagation of diabetes risk compared to reliance on word-of-mouth communication alone.

From the above studies, it has been established that awareness among the population plays
a crucial role in the management of diabetes. Nowadays, the widespread availability of mobile
phones and internet-based platforms such as YouTube has made health-related information ac-
cessible to a large segment of the population. Even illiterate individuals can acquire knowledge
through audio-visual content, while those without direct access to mobile phones often become
informed through interpersonal communication within families and communities, as younger
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members typically have access to internet-enabled devices. This indirect diffusion of information
ensures that awareness regarding the benefits of lifestyle interventions reaches almost the en-
tire population. In addition, government-led awareness initiatives and public health campaigns
further strengthen the dissemination of information related to diabetes prevention. Along with
awareness, the availability of adequate and efficient treatment facilities plays a crucial role in
diabetes control, as early diagnosis, timely medical intervention, and proper management help
prevent disease progression and reduce the severity of diabetes-related complications. Keeping
these in mind, we propose a nonlinear model incorporating the effect of lifestyle interventions
among the healthy population through awareness, along with the role of proper treatment facil-
ities for timely diagnosis of the complicated diabetic population.

The rest of this article is structured as follows: In Section 2, we present the continuous
differential equations model that describes the dynamics of a population of diabetics. In Section
3, we establish some basic properties of the model, including the existence, nonnegativity, and
boundedness of solutions. In this section, the stability analysis is conducted around the model’s
equilibrium point. We discuss the optimal control problem for the proposed model in Section
4, providing findings indicating the existence of the optimal control and characterizing it using
Pontryagin’s minimum principle. Section 5 contains numerical simulations which were done using
MATLAB software. Finally, in Section 6, we summarize the findings of our study.

2 Model formulation

To formulate the model, we first introduce the notation and nomenclature associated with di-
abetes mellitus. The total population at any given time t > 0 is denoted by N(t), and is
divided into five subclasses based on health status, genetic predisposition, lifestyle, and medi-
cal condition. Individuals who are currently healthy but may develop pre-diabetes or diabetes
over time due to genetic factors or unhealthy lifestyle habits are included in the healthy class,
denoted by H(t). The pre-diabetic population is further divided into two subclasses: G(t),
representing individuals who become pre-diabetic primarily due to genetic factors, and B(t),
representing individuals who become pre-diabetic mainly due to unhealthy lifestyle behaviors.
Similarly, the diabetic population is divided into two subclasses: D(t), denoting diabetic indi-
viduals without complications, and C(t), denoting diabetic individuals with complications. The
progression to complications is assumed to occur because of poor glycemic control, delayed di-
agnosis, or inadequate treatment. Therefore, the total population N(t) at any time t is given by
N(t) = H(t)+G(t)+B(t)+D(t)+C(t). The formulation of our model is based on the following
assumptions:
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• Let n be the constant growth rate of the healthy adult population, who may later become
pre-diabetic or diabetic [5]. We assume that technological advancement has increased
public awareness regarding the role of lifestyle interventions in the prevention of diabetes.

• We assume that healthy adults may progress to a pre-diabetic state either due to genetic
predisposition or unhealthy lifestyle behaviors, and may eventually develop diabetes if
timely preventive measures are not taken [16]. For the model formulation, we assume
that healthy individuals enter the pre-diabetic stage due to genetic factors at the rate v
and due to an unhealthy lifestyle at the rate λ. Furthermore, γ1 and γ2 denote the rates
at which pre-diabetic individuals caused by genetic factors progress to diabetes without
complications and with complications, respectively. Similarly, δ represents the rate at
which pre-diabetes caused by an unhealthy lifestyle progresses to diabetes due to the
continued effects of irregular and unhealthy habits.

• We assume that a fraction of healthy individuals may progress directly to diabetes, with
or without complications, without passing through the pre-diabetic stage [16]. This may
occur due to factors such as late diagnosis, genetic susceptibility, lack of regular glucose
monitoring, and other related causes. In the model, the parameters α1 and α2 represent
the rates at which healthy individuals become diabetic without complications and with
complications, respectively.

• We assume that individuals in the pre-diabetic class caused by an unhealthy lifestyle may
return to the healthy class through lifestyle modification, regular physical activity, and
improved dietary habits. It is also assumed that diabetic individuals without compli-
cations may achieve remission and return to the healthy class through early diagnosis,
sustained lifestyle intervention, and appropriate medical treatment [11]. In the model, r1
and r2 represent the remission rates of the pre-diabetic class due to unhealthy lifestyle
and the diabetic class without complications, respectively.

• In the absence of adequate treatment or regular monitoring, diabetic individuals without
complications are assumed to progress to diabetes-related complications at the rate η.

• We assume that diabetic individuals with complications may return to the diabetic class
without complications through effective treatment, whose success depends on the avail-
ability and quality of medical infrastructure, such as timely access to specialists, diag-
nostic facilities, and continuous care. Therefore, a saturated treatment function κC

1 + lC
[39, 26] is used to represent the recovery rate from complications. Here, κ denotes the
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treatment rate, while l is a nonnegative parameter representing limitations in medical re-
sources. Thus, when healthcare resources are limited, the treatment rate initially increases
with the number of diabetic individuals with complications, but eventually approaches a
maximum saturation level as healthcare capacity becomes fully utilized. Furthermore, β
represents the mortality rate due to diabetes-related complications.

The above assumptions form the basis for the differential equation model, which captures the
dynamics of healthy, pre-diabetic and diabetic populations with the impact of lifestyle interven-
tion through awareness and the adequate medical facilities. The flowchart in Figure 1 illustrates
the interactions between different populations of the model. Hence, the governing system of
differential equations for the model is derived as follows:

dH(t)

dt
= n− (µ+ α1 + α2 + v + λ)H(t) + r1B(t) + r2D(t),

dG(t)

dt
= vH(t)− (γ1 + γ2 + µ)G(t),

dB(t)

dt
= λH(t)− (δ + µ+ r1)B(t),

dD(t)

dt
= α1H(t) + γ1G(t) + δB(t)− (µ+ η + r2)D(t) +

κC

1 + lC
,

dC(t)

dt
= α2H + γ2G(t) + ηD(t)− κC

1 + lC
− (µ+ β)C(t).

(1)

We analyse the system with the initial conditions

H(0) ≥ 0, G(0) ≥ 0, B(0) ≥ 0, D(0) ≥ 0, C(0) ≥ 0. (2)

Moreover, all the parameters used in the model (1) are considered to be positive, and their

Figure 1: The schematic diagram for the model (1).

detailed descriptions and values are given in Table 1.
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Table 1: Meanings of parameters for the model (1) along with their values.
Parameter(s) Description Units Values

n Constant growth rate of Healthy population person day−1 600000
µ Natural death rate of healthy population day−1 0.02
α1 Rate at which the healthy population becomes diabetic without complications day−1 0.3
α2 Rate at which the healthy population becomes diabetic with complications. day−1 0.1
v Rate at which the healthy population enters the pre-diabetic stage due to genetic factors. day−1 0.1
λ Rate at which the healthy population enters the pre-diabetic stage due to a bad lifestyle day−1 0.2
γ1 Rate at which the pre-diabetic population due to genetic factors become diabetic patients without complications day−1 0.2
γ2 Rate at which the pre-diabetic population due to genetic factors become diabetic patients with complications day−1 0.1
δ Rate at which the pre-diabetic population, due to a bad lifestyle, becomes diabetic patients without complications day−1 0.8
η Rate at which the diabetic population without complication propagates to the complicated stage day−1 0.5
β Represents the mortality rate of the diabetic population with complications. day−1 0.05
r1 Rate at which the pre-diabetic population, due to a bad lifestyle, moves to a healthy population day−1 0.08
r2 Rate at which the diabetic population without complications enters into a healthy category day−1 0.08
κ The treatment rate day−1 0.65
l The limitations of medical resources person−1 0.0003

3 Mathematical analysis of the model (1)

3.1 Basic properties of the model (1)

In this part, we demonstrate many fundamental aspects of the model (1), such as existence,
nonnegativity, and boundedness of the model solutions. The verification of these basic properties
plays a significant role in establishing the biological feasibility of the model (1).

Theorem 1. The dynamical system (1) with the initial condition (2) has a unique solution.

The proof of the theorem is given in Appendix A.

Theorem 2. Under the initial conditions (2), the solutions H(t), G(t), B(t), D(t) and C(t) of
the system (1) are nonnegative for all t ≥ 0.

The proof of the theorem is given in Appendix B.

Theorem 3. The set

Ω =
{
(H(t), G(t), B(t), D(t), C(t)) ∈ R5

+

|H(t) +G(t) +B(t) +D(t) + C(t) ≤ n

µ

}
,

is positively invariant under system (1) with initial conditions (2).

The proof of the theorem is given in Appendix C.
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3.2 Calculation of equilibrium point

Generally, the solutions of dH(t)

dt
=
dG(t)

dt
=
dB(t)

dt
=
dD(t)

dt
=
dC(t)

dt
= 0 are the equilibrium

points of the model (1). Let the equilibrium point T ∗(H∗, G∗, B∗, D∗, C∗) be a solution of the
following system:

n− (µ+ α1 + α2 + v + λ)H∗(t) + r1B
∗(t) + r2D

∗(t) = 0, (3)

vH∗(t)− (γ1 + γ2 + µ)G∗(t) = 0, (4)

λH∗(t)− (δ + µ+ r1)B
∗(t) = 0, (5)

α1H
∗(t) + γ1G

∗(t) + δB∗(t)− (µ+ η + r2)D
∗(t) +

κC∗

1 + lC∗ = 0, (6)

α2H
∗ + γ2G

∗(t) + ηD∗(t)− κC∗

1 + lC∗ − (µ+ β)C∗(t) = 0. (7)

Since the state variable represents the individual population, only a positive solution is the
biologically feasible equilibrium point. From (3), (4) and (5) we have

G∗ =
vH∗

γ1 + γ2 + µ
, (8)

B∗ =
λH∗

δ + µ+ r1
, (9)

D∗ =
−n
r2

+
(µ+ α1 + α2 + v + λ)H∗

r2
− r1λH

∗

r2(δ + µ+ r1)
. (10)

By substituting the expression of G∗, B∗, and D∗ in (6) we obtain

(µ+ β)l(C∗)2 − (Xl − κ− (µ+ β))C∗ −X = 0, (11)

where

X =α2H
∗ +

γ2v

γ1 + γ2 + µ
H∗ +

η(µ+ α1 + α2 + v + λ)

r2
H∗

− λr1
r2(δ + µ+ r1)

H∗ − ηn

r2
.

The roots of the equation are as follows:

C∗ =
(Xl − κ− µ− β)±

√
(Xl − κ− µ− β)2 + 4X(µ+ β)l

2l(µ+ β)
. (12)

Since
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(Xl − κ− µ− β)2 + 4X(µ+ β)l

>
√
(Xl − κ− µ− β)2 = |Xl − κ− µ− β|,

therefore, irrespective of the sign of the term (Xl − κ− µ− β), the root

C∗ =
(Xl − κ− µ− β) +

√
(Xl − κ− µ− β)2 + 4X(µ+ β)l

2l(µ+ β)
,

is always positive.

Again, from (6) we obtain

H∗ = −n(µ+ η + r2)

A
− κC∗

A(1 + lC∗)
, (13)

where

A =α1 +
γ1v

γ1 + γ2 + µ
+

δλ

δ + µ+ r1
+
λr1(µ+ η + r2)

r2(δ + µ+ r1)

− (µ+ η + r2)(µ+ α1 + α2 + v + λ)

r2
.

If

A = α1 +
γ1v

γ1 + γ2 + µ
+

δλ

δ + µ+ r1
+
λr1(µ+ η + r2)

r2(δ + µ+ r1)

<
(µ+ η + r2)(µ+ α1 + α2 + v + λ)

r2
,

then H∗ is positive, along with G∗ and B∗. From (10), if

(µ+ α1 + α2 + v + λ)H∗

r2
>

n

r2
+

λr1H
∗

r2(δ + µ+ r1)
,

then D∗ is positive.

3.3 Local stability of the equilibrium point T ∗

Theorem 4. The equilibrium point T ∗ is locally asymptotically stable under the following
conditions:

r1 + r2 < µ+ α1 + α2 + v + λ,
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v < γ1 + γ2 + µ,

λ < δ + µ+ r1,

α1 + γ1 + δ +
κ

(1 + lC)2
< µ+ η + r2,

α2 + γ2 + η < µ+ β +
κ

(1 + lC)2
.

Proof. The Jacobian matrix around the interior equilibrium point T ∗ for the model (1) is given
by

J(T ∗) =


−(µ+ α1 + α2 + v + λ) 0 r1 r2 0

v −(γ1 + γ2 + µ) 0 0 0

λ 0 −(δ + µ+ r1) 0 0

α1 γ1 δ −(µ+ η + r2)
κ

(1 + lC)2

α2 γ2 η −
κ

(1 + lC)2
−(µ+ β)

.

Here, all the diagonal entries of the matrix J(T ∗) are negative. Also, it is not always easy to
find eigenvalues for a large matrix. Thus, by Gersgorin’s theorem, the interior equilibrium T ∗ is
locally asymptotically stable provided the following condition holds:

r1 + r2 < µ+ α1 + α2 + v + λ,

v < γ1 + γ2 + µ,

λ < δ + µ+ r1,

α1 + γ1 + δ +
κ

(1 + lC)2
< µ+ η + r2,

α2 + γ2 + η < µ+ β +
κ

(1 + lC)2
.

3.4 Global Stability of the equilibrium point T ∗

In this section, we have shown the global stability of the model (1) around the equilibrium
point T ∗ with the help of suitable Lyapunov function. Consider the following Lyapunov positive
definite function:

L =
1

2
(H −H∗)2 +

1

2
(G−G∗)2 +

1

2
(B −B∗)2 +

1

2
(D −D∗)2 +

1

2
(C − C∗)2. (14)

By differentiating L with respect to t, we have
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dL

dt
=(H −H∗)

dH

dt
+ (G−G∗)

dG

dt
+ (B −B∗)

dB

dt
+ (D −D∗)

dD

dt
(15)

+ (C − C∗)
dC

dt
. (16)

Using (3)–(7), we have

dL

dt
=− (µ+ α1 + α2 + v + λ)(H −H∗)2 − (γ1 + γ2 + µ)(G−G∗)2

− (δ + µ+ r1)(B −B∗)2 − (µ+ η + r2)(D −D∗)2

−
(

κ

(1 + lC∗)2
+ µ+ β

)
(C − C∗)2

+ (r1 + λ)(B −B∗)(H −H∗)

+ (r2 + α1)(D −D∗)(H −H∗) + v(G−G∗)(H −H∗)

+ γ1(D −D∗)(B −B∗) + α2(C − C∗)(H −H∗)

+ γ2(C − C∗)(G−G∗) +

(
κ

(1 + lC∗)2
+ η

)
(D −D∗)(C − C∗)

+
κC∗

1 + lC∗ [(D −D
∗)− (C − C∗)].

From the above equation, using Young’s inequality, we have dL
dt

is negative definite provided the
following conditions hold:

(δ + µ+ r1)(µ+ α1 + α2 + v + λ) >

(
r1 + λ

2

)2

, (17)

(µ+ η + r2)(µ+ α1 + α2 + v + λ) >

(
r2 + λ

2

)2

, (18)

(γ1 + γ2 + µ)(µ+ α1 + α2 + v + λ) >
v2

4
, (19)

(µ+ η + r2)(γ1 + γ2 + µ) >
γ2

4
, (20)

(µ+ η + r2)(δ + µ+ r1) >
δ2

4
, (21)

(µ+ η + r2)

(
κ

(1 + lC∗)2
+ µ+ β

)
>

(
κ

(1 + lC∗)2
+ η

)2

4
, (22)(

κ

(1 + lC∗)2
+ µ+ β

)
(µ+ α1 + α2 + v + λ) >

α2
2

4
, (23)(

κ

(1 + lC∗)2
+ µ+ β

)
(γ1 + γ2 + µ) >

γ22
4
, (24)
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(C − C∗) > (D −D∗). (25)

So, by Lyapunov’s Direct method, we can conclude that our model (1) shows global stability
around the interior equilibrium point T ∗ under the above conditions. Thus, we have the following
theorem.

Theorem 5. The equilibrium point T ∗ is globally asymptotically stable under the conditions
(17)–(25)

4 Optimal control problem

The optimal control problem aims to identify time-dependent intervention strategies that min-
imize the diabetic population and related complications at the population level, subject to the
underlying disease transmission dynamics and control costs. In general, an optimal control
problem for a controlled model consists of three main parts: an objective function, a set of state
variables and controls. To formulate the optimal control problem associated with system (1),
we introduce two time-dependent controls u1(t) and u2(t), representing the lifestyle intervention
due to awareness about healthy lifestyle and the proper medical infrastructure, respectively. The
detailed description and impact of these controls are given below:

1. Lifestyle intervention control: The control u1(t) represents the intensity of the behav-
ioral modification as a result of awareness to maintain a proactive and healthy lifestyle,
which includes performing regular physical activities, maintaining a healthy weight, and
following a balanced diet, where 0 ≤ u1(t) ≤ 1. An increase in u1(t) reduces the rate at
which individuals transition from the healthy class to pre-diabetic and diabetic classes by
discouraging unhealthy lifestyle choices. Moreover, the control u1(t) enhances behavioral
change among individuals in the pre-diabetic class due to bad lifestyle, thereby increas-
ing the remission rate from this class back to the healthy population as u1(t) increases.
Similarly, higher levels of u1(t) improve self-management and lifestyle adherence among
diabetic individuals without complications, leading to an increased remission rate from
the diabetic without complications class to the healthy class.

2. Enhancing medical infrastructure: The control u2(t) represents the intensity of clin-
ical interventions aimed at improving the treatment outcomes of diabetic individuals
with complications, where 0 ≤ u2(t) ≤ 1. This control captures the effect of expanding
and strengthening medical resources, including improved healthcare infrastructure, avail-
ability of specialized medical personnel, access to diagnostic facilities, and timely thera-
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peutic management. An increase in u2(t) enhances the treatment rate of individuals in
the diabetic-with-complications compartment, thereby facilitating their transition to the
diabetic-without-complications class and reducing the overall burden of severe diabetes
related outcomes in the population.

Now, the controlled model based on (1) is stated below:

dH(t)

dt
=n− (µ+ α2 + v)H(t)− α1(1− u1(t))H(t)

− λ(1− u1(t))H(t) + r1u1(t)B(t) + r2u1(t)D(t),

dG(t)

dt
=vH(t)− (γ1 + γ2 + µ)G(t),

dB(t)

dt
=λ(1− u1(t))H(t)− δB(t)− (µ+ r1u1(t))B(t),

dD(t)

dt
=α1(1− u1(t))H(t) + γ1G(t) + δB(t) +

κu2(t)C(t)

1 + lC(t)

− ηD(t)− (µ+ r2u1(t))D(t),

dC(t)

dt
=α2H(t) + γ2G(t)−

κu2(t)C(t)

1 + lC(t)
− (µ+ β)C(t) + ηD(t),

(26)

Moreover, the objective functional is

J (B, u) =
∫ T

0

{C(t) +D(t) +
1

2
A1u

2
1(t) +

1

2
A2u

2
2(t)}dt, (27)

which has to be minimized. Here, the positive constants A1 and A2, referred to as weighting
constants, are related to costs of following a healthy diet, engaging in regular physical activities,
organizing awareness programs, expanding medical resources, etc. It will also be kept in mind
that these costs should also be minimized. Hence, our main objective is to find an optimal control
set (u∗1, u∗2) such that

J (u∗1, u∗2) = min
(u∗

1 ,u
∗
2)∈Γ

J(u1(t), u2(t)), (28)

subject to the state constraints (26) and initial conditions (2). The control set Γ is defined as
follows:

Γ = {(u1, u2)|ui’s are measurable, 0 ≤ ui ≤ 1, for all i = 1, 2 and t ∈ [0, tf ]}. (29)

Iran. J. Numer. Anal. Optim., Vol. 16, No. 4, 2026, pp 1366–1400



1381 Impact of lifestyle interventions and adequate medical infrastructure on diabetes prevention: Dynamics ...

4.1 Existence of the optimal control problem

Now, the first target is to show the existence of an optimal control set (u∗1, u∗2) that can minimize
the objective function (27). In order to establish the existence of optimal control, methodologies
from several previous research works [10, 31, 32, 28, 29] were applied, resulting in the following
results.

Theorem 6. For the control model (26) with the controls (u1, u2), there exists an optimal
control set (u∗1, u∗2) such that

J (u∗1, u∗2) = min
(u∗

1 ,u
∗
2)∈Γ

J(u1(t), u2(t)).

Proof. It can be easily shown that the set of state variables under the controls (u1, u2) in (26)
is bounded, which confirms the existence of solutions. Hence, the set Γ is nonempty. From the
definition, the control space Γ is convex and closed. Consider the integrand of the objective
functional as

L = C(t) +D(t) +
1

2
A1u

2
1(t) +

1

2
A2u

2
2(t). (30)

The Hessian matrix for the integrand L is given by

HL =

[
Lu1,u1

Lu1,u2

Lu2,u1
Lu2,u2

]
=

[
A1 0

0 A2

]
. (31)

Clearly, the Hessian matrix HL is positive definite, which indicates that the integrand function L
is convex for all ui ∈ Γ, i = 1, 2. Since the state variables D(t) and C(t) are bounded, so by order
completeness property, they have supremum, let ξ1 = supt∈[0,tf ]

D(t) and ξ2 = supt∈[0,tf ]
C(t),

then we have

C(t) +D(t) +A1u
2
1(t) +A2u

2
2(t) ≥ ξ3|u1|α + ξ4|u2|α − ξ1 − ξ2,

choosing ξ3 = A1, ξ4 = A2, and α = 2. So, the integrand L is bounded below.

From Fleming and Rishel [10], thus, the existence of the optimal control set (u1, u2) can be
concluded, and for this, the objective functional J (u∗1, u∗2) is minimized.
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4.2 Characterization of the optimal control

Now, we apply Pontryagin’s minimum principle [34] to find the necessary conditions for the
optimal control problem. For this, the Hamiltonian H related to state system (26) is considered
as below:

H = C(t) +D(t) +
1

2
A1u

2
1(t) +

1

2
A2u

2
2(t) +

5∑
i=1

θifi(H,G,B,D,C), (32)

where

f1(H,G,B,D,C) = n− (µ+ α2 + v)H(t)− α1(1− u1(t))H(t)− λ(1− u1(t))H(t)

+ r1u1(t)B(t) + r2u1(t)D(t),

f2(H,G,B,D,C) = vH(t)− (γ1 + γ2 + µ)G(t),

f3(H,G,B,D,C) = λ(1− u1(t))H(t)− δB(t)− (µ+ r1u1(t))B(t),

f4(H,G,B,D,C) = α1(1− u1(t))H(t) + γ1G(t) + δB(t) +
κu2(t)C(t)

1 + lC(t)

− ηD(t)− (µ+ r2u1(t))D(t),

f5(H,G,B,D,C) = α2H(t) + γ2G(t)−
κu2(t)C(t)

1 + lC(t)
− (µ+ β)C(t) + ηD(t),

and θ1, θ2, θ3, θ4, and θ5 are adjoint functions that need to be determined. Applying Pontryagin’s
maximum principle [34], we have the following theorem.

Theorem 7. For a given set of optimal controls (u∗1, u∗2) with associated optimal solutions H∗,
G∗, B∗, D∗, and C∗ to the model (26), there exist adjoint variables θ1, θ2, θ3, θ4, and θ5 which
satisfy the equations

θ
′

1(t) = θ1µ+ (θ1 − θ2)v + (1− u1)(θ1 − θ4)α1 + (θ1 − θ5)α2

+ (1− u1)(θ1 − θ3)λ,

θ
′

2(t) = θ2µ+ (θ2 − θ4)γ1 + (θ2 − θ5)γ2,

θ
′

3(t) = θ3µ+ (θ3 − θ1)u1r1 + (θ3 − θ4)δ,

θ
′

4(t) = −1 + θ4µ+ (θ4 − θ5)η + (θ4 − θ1)u2r2,

θ
′

5(t) = −1 + (θ5 − θ4)
κu2

(1 + lC)2
+ θ5(µ+ β),

with the tranversality conditions

θ1(tf ) = 0, θ2(tf ) = 0, θ3(tf ) = 0, θ4(tf ) = 0, θ(tf ) = 0. (33)
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The optimal controls are given by

u∗1 = min
{
max

{
(θ3 − θ1)(λH + r1B) + (θ4 − θ1)(α1H + r2D)

A1
, 0

}
, 1

}
, (34)

u∗2 = min
{
max

{
(θ5 − θ4)κC
A2(1 + lC)

, 0

}
, 1

}
. (35)

Proof. We can find the adjoint functions using the following equations:

θ
′

1(t) = −
∂H
∂H

= θ1µ+ (θ1 − θ2)v + (1− u1)(θ1 − θ4)α1

+ (θ1 − θ5)α2 + (1− u1)(θ1 − θ3)λ,

θ
′

2(t) = −
∂H
∂G

= θ2µ+ (θ2 − θ4)γ1 + (θ2 − θ5)γ2,

θ
′

3(t) = −
∂H
∂B

= θ3µ+ (θ3 − θ1)u1r1 + (θ3 − θ4)δ,

θ
′

4(t) = −
∂H
∂D

= −1 + θ4µ+ (θ4 − θ5)η + (θ4 − θ1)u2r2,

θ
′

5(t) = −
∂H
∂C

= −1 + (θ5 − θ4)
κu2

(1 + lC)2
+ θ5(µ+ β).

The transversality conditions are

θ1(tf ) = 0, θ2(tf ) = 0, θ3(tf ) = 0, θ4(tf ) = 0, θ(tf ) = 0.

Moreover, the optimal controls u∗1 and u∗2 can be calculated using the following equations:

∂H
∂u1

= A1u1 + (θ1 − θ2)(λH + r1B) + (θ1 − θ4)(α1H + r2D) = 0,

∂H
∂u2

= A2u2 + (θ4 − θ5)
κC

1 + lC
= 0.

which give

u1 =
(θ3 − θ1)(λH + r1B) + (θ4 − θ1)(α1H + r2D)

A1
,
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u2 =
(θ5 − θ4)κC
A2(1 + lC)

.

Using the bounds of the controls u1 and u2, we get the optimal controls as follows:

u∗1 = min
{
max

{
(θ3 − θ1)(λH + r1B) + (θ4 − θ1)(α1H + r2D)

A1
, 0

}
, 1

}
,

u∗2 = min
{
max

{
(θ5 − θ4)κC
A2(1 + lC)

, 0

}
, 1

}
.

5 Numerical simulations

In this section, we perform a series of numerical simulations for the model (1) to validate the
analytical results and study the effects of different model parameters on the model’s dynamics
using MATLAB. To write and compile code in MATLAB, we used the values of the model
parameters (1) as given in Table 2. For these parameter values, the components of the equilibrium
point T ∗ are calculated as H∗ = 956600, G∗ = 298964, B∗ = 212580, D∗ = 897372, and
C∗ = 7900630. For the Jacobian matrix J∗ calculated at the equilibrium point T ∗, the eigenvalues
are obtained as −0.9002 + 0.1297i, −0.9002 − 0.1297i, 0.0700, −0.4413 and −0.2983, although
one real part of eigenvalue is reported as positive, indicating the local asymptotic stability of the
equilibrium point T ∗. Figures 2 and 3 demonstrate that the solution trajectories of the system (1)
start from different initial points in H−B−C and H−D−C space, respectively. All trajectories
are observed to converge to the equilibrium point (H∗, B∗, C∗) irrespective of the initial points,
indicating the global stability of T ∗. Since these parameter values satisfy conditions (17)–(25),
it follows that diabetes persists whenever these conditions hold.

Table 2: Values of parameters for the model (1).
Parameters Values Source Parameters Values Source

n 600000 [5] δ 0.8 [15]
µ 0.02 [5] η 0.5 [5]
α1 0.3 [5] β 0.05 [11]
α2 0.1 [5] r1 0.08 [11]
v 0.1 [5] r2 0.08 [11]
λ 0.2 [16] κ 0.65 [26]
γ1 0.2 [15] l 0.0003 [26]
γ2 0.1 [15]
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Figure 2: Global stability of (H∗, B∗, C∗) in H −B − C plane

Figure 3: Global stability of (H∗, D∗, C∗) in H −D − C plane

5.1 Effect of some key parameters on dynamics of the
model (1)

We now examine the effects of key parameters α1, λ, r1, r2, and κ on the dynamics of the model
(1). Figure 4 shows the effects on the model system (1) as the parameter α1 is varied, which
denotes the rate at which the healthy population becomes diabetic without complications. On
increasing the value of α1, the healthy population (H), pre-diabetic population due to genetic
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factors (G), and pre-diabetic population due to bad lifestyle (B) decrease, while the diabetic
population without complications (D) and the diabetic population with complications increase
(C). Thus, an increase in α1 indicates a higher rate at which healthy individuals develop diabetes
directly, bypassing the pre-diabetic stage. This leads to a decline in the healthy and pre-diabetic
populations, while increasing the diabetic populations with and without complications. Biolog-
ically, this reflects poor early detection and prevention, resulting in faster disease progression
and a higher overall diabetes burden.

In Figure 5, it can be seen that as the parameter value of λ increases, which represents the rate
at which the healthy population become pre-diabetic due to bad lifestyles, the healthy population
decreases. However, the pre-diabetic population due to a bad lifestyle, the diabetic population
without complications and the diabetic population with complications increase. Biologically, an
increase in λ signifies a higher influence of unhealthy lifestyle behaviors, causing more healthy
individuals to transition into the pre-diabetic state due to poor lifestyle choices. As a result,
the healthy population declines, while the pre-diabetic population due to bad lifestyle increases
and subsequently contributes to higher diabetic populations with and without complications.
This highlights the critical role of lifestyle-related risk factors in driving diabetes progression and
complications.

Figure 6 shows the dynamics of the five population compartments of the model (1) for
different values of the parameter r1, which denotes the rate at which pre-diabetic individuals
who adopt a healthy lifestyle return to the healthy class. The equilibrium level of the healthy
population (H) is observed to increase, while the equilibrium level of the pre-diabetic population
due to a poor lifestyle (B), the populations of diabetic individuals without complication (D)

and diabetic individuals with complication (C) decrease with increasing value of r1. Biologically,
these results indicate that effective awareness-driven lifestyle interventions not only promote
remission from pre-diabetes but also interrupt the disease progression pathway, increasing the
healthy population and reducing diabetes-related complications.

The dynamics of the five population compartments of the model (1) for different values of the
parameter r2, representing the remission rate from diabetics without complication (D) to healthy
(H), achieved through lifestyle interventions taking a high-protein diet and regular exercises, is
shown in Figure 7. It is observed that the equilibrium level of the healthy class (H) increases,
and the equilibrium levels of diabetics without complications (D) and with complications (C)

decrease as the value of r2 increases. The increase in the healthy class is more distinct compared
to both diabetics classes. Furthermore, the equilibrium levels of pre-diabetic populations G and
B increase with increasing value of r2. This behavior suggests that an increase in r2, which
represents the rate of effective medical management or early detection, promotes recovery or
stabilization of diabetic individuals, thereby reducing the burden of advanced disease. However,
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Figure 4: Dynamics of the populations of model (1) while varying α1.

enhanced screening and prolonged survival may result in a temporary accumulation of individuals
in the pre-diabetic classes G and B, even as the overall diabetic population declines.

Figure 8 shows the effect of the parameter κ, which represents the treatment rate for the di-
abetic population, on the model (1). As the parameter value κ increases, the healthy population
(H), the pre-diabetic population due to a bad lifestyle (B), and the diabetic population without
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Figure 5: Dynamics of the populations of model (1) while varying λ.

complications (D) increase, while the diabetic population with complications (C) decreases sig-
nificantly. Thus, an increase in the treatment rate κ reflects improved medical care and access
to effective treatment for diabetic individuals. This leads to a significant reduction in the dia-
betic population with complications (C), as timely treatment prevents disease progression and
promotes recovery. Consequently, the populations of healthy individuals (H), pre-diabetics due
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Figure 6: Dynamics of the populations of model (1) while varying r1.

to bad lifestyle (B), and diabetics without complications (D) increase, indicating better disease
management and overall improvement in population health.

Overall, the results indicate that unhealthy lifestyle adoption significantly alters the transient
dynamics of the population and reduces the long-term healthy population, while increasing the
disease burden at early stages. These findings highlight the critical biological role of lifestyle
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Figure 7: Dynamics of the populations of model (1) while varying r2.

modification and preventive strategies in controlling the onset and progression of diabetes mellitus
at the population level.
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Figure 8: Dynamics of the populations of model (1) while varying κ.

5.2 Numerical simulations of the optimal control problem

In this part, we solve the optimality system by means of numerical simulations. For this purpose,
we use an iterative method that involves forward solving the state system and backwards solving
the adjoint system. In the first iteration, we make an initial guess for the controls. Before the
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next iteration, we use the characterization to update the controls accordingly. This process is
continued until successive iterations have converged. For solving the optimal control problem,
we choose the weight functions as: A1 = 1 and A2 = 400 and the initial values for the model
populations are considered as: H(0) = 1400000, G(0) = 660000, B(0) = 13000000, D(0) =

2000000, and C(0) = 4200000. The number of model populations after 100 months in both
situations with and without controls is shown in Table 3. The values of all other parameters are
considered as given in Table 2,

After 100 Months Without control With control
Healthy population(H) 956678 2835390

Pre-Diabetic due to bad lifestyle population(B) 212580 11.1205
Diabetics without complications(D) 897597 296860
Diabetics with complications(C) 7908450 7434080

Table 3: Evolution of the different diabetic populations after 100 months

Figure 9 illustrates the time evolution of the different population compartments of the dia-
betes model, comparing scenarios without control and with optimal control over the time interval
0 ≤ t ≤ 100 days. It is clear from Figure 9(a) that the healthy population increases over time
and eventually reaches a steady state. Under optimal control, the healthy population attains a
higher equilibrium level compared to the scenario without any controlled measures. This suggests
that awareness programs, lifestyle interventions, preventive strategies, and improving healthcare
infrastructure are effective in sustaining individuals in the healthy class. Optimal control reduces
the progression of healthy individuals toward pre-diabetes, thereby bolstering overall population
health. From Figure 9(b), the results indicate that the pre-diabetic population is initially high
and gradually declines as time progresses. Under optimal control, the population size reduced
significantly throughout the simulation period. This indicates that interventions such as lifestyle
modification, physical exercise, and dietary awareness effectively limit the growth of pre-diabetes
caused by unhealthy behaviour. Optimal control reduces the burden of pre-diabetes, thereby
preventing its progression to diabetes. Figure 9(c) shows that the diabetic population without
complications rises quickly and reaches a stable level. Under optimal control, this compartment
remains at a lower equilibrium compared to the uncontrolled scenario. This indicates that early
awareness, lifestyle interventions, timely detection, continuous monitoring, improved healthcare
and diagnostic facilities reduce the number of individuals progressing to the complicated diabetic
stage. The implementation of the optimal control delays disease progression and improves gly-
caemic regulation, leading to a decrease in the diabetic population without complications. Figure
9(d) illustrates that, under optimal control, the population of diabetics with complications ini-
tially increases, reaches a peak, and then gradually declines, approaching a lower steady-state
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level. Without any control measures, this population remains relatively higher. This highlights
the effectiveness of clinical interventions, treatment compliance, and strengthened healthcare
resources in reducing severe diabetic complications. Optimal control plays a crucial role in pre-
venting the worsening of diabetes, reducing long-term health risks, mortality, and healthcare
costs. The comparison clearly shows that optimal control strategies:

• Increase the number of healthy individuals,

• Reduce the number of pre-diabetic cases due to an unhealthy lifestyle,

• Limit the progression to diabetes,

• Effectively minimize diabetic-related complications.

6 Conclusions

In this manuscript, we have formulated a mathematical model of populations of Diabetes Mel-
litus with five compartments: Healthy population, pre-diabetics due to the genetic factors, pre-
diabetics due to bad lifestyle, diabetic population without complications, and diabetics with
complications. We established some basic properties of the model, like existence, nonnegativity
and boundedness of the solutions, which are necessary for biological feasibility of the model. Fur-
thermore, various conditions for local and global stability of a nonnegative equilibrium point have
been derived. Then, to minimize the number of diabetic population and pre-diabetic popula-
tions due to a bad lifestyle, an optimal control problem is formulated using two control measures,
which involve lifestyle intervention such as regular exercise, healthy diet, etc. and clinical inter-
vention such as improving the healthcare infrastructure, enhanced diagnostic centre, etc. Then,
we employed different results of control theory and obtained the characterizations of the opti-
mal control. The problem is solved numerically using a forward-backwards iterative technique,
resulting in an optimal control strategy which can maximize healthy population and minimizes
the pre-diabetic population due to a bad lifestyle and the diabetic population to a significantly
low level with proper diet, routine exercise, and enhanced medical facilities at minimum cost.
The following conclusion can be drawn from this study:

• A mathematical model is formulated to study the dynamical relationship between the
healthy population, the pre-diabetic population due to bad lifestyle and genetic factors,
and the diabetic population with and without complications.
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Figure 9: Evolution of model populations without and with optimal control u∗.

• Optimal control study reveals that increasing awareness among the pre-diabetic popu-
lation, along with clinical interventions to improve the treatment rate of diabetics with
complications, leads to an increase in the number of healthy individuals.

Although this study provides us with an optimal strategy to control the number of pre-
diabetics due to a bad or irregular lifestyle via lifestyle intervention and adequate treatment
facility, the model studied here can be further extended through the consideration of some other
factors like delays caused when a healthy man becomes pre-diabetic, or the delay caused when a
diabetic without complication becomes diabetic with complications, and so on, which will become
the model more realistic. Also, this model can be extended by incorporating the memory effect
through fractional order modeling. These improvements are left for future work.
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Appendix A

Let X =



H(t)

G(t)

B(t)

D(t)

C(t)


and ϕ(X) =



dH(t)
dt

dG(t)
dt

dB(t)
dt

dD(t)
dt

dC(t)
dt


. The system (1) can be rewritten in the following form:

ϕ(X) = Ȧ = AX +B(X), (36)

where

A =


−(µ+ α1 + α2 + v + λ) 0 r1 r2 0

v −(γ1 + γ2 + µ) 0 0 0

λ 0 −(δ + µ+ r1) 0 0

α1 γ1 δ −(µ+ η + r2) β2

α2 γ2 0 η −(µ+ β1 + β2)


and

B(X) =



n

0

0

0

0


.

Then
||ϕ(X1)− ϕ(X2)|| ≤ ||A||.||(X1 −X2||.

Thus, it is obtained that the function Φ is uniformly Lipschitz continuous with the restrictions
H(0) ≥ 0, G(0) ≥ 0, B(0) ≥ 0, D(0) ≥ 0, and C(0) ≥ 0. Hence, a unique solution of the system
(1) exists.

Appendix B

From the first equation of the system (1), we obtain

dH(t)

dt
= n− (µ+ α1 + α2 + v + λ)H(t) + r1B + r2D,

=⇒ dH(t)

dt
≥ −(µ+ α1 + α2 + v + λ)H(t),
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=⇒ dH(t)

dt
+ kH(t) ≥ 0,

where k = µ+ α1 + α2 + v + λ ≥ 0.

Multiplying by the integrating factor ekt ≥ 0 and solving the corresponding differential
equation we have,

d

dt
{H(t)ekt} = 0

=⇒ H(t) = H(0)e−kt.

Using the comparison theorem, we obtain H(t) ≥ 0 for all t.

Similarly, we prove that G(t) ≥ 0, B(t) ≥ 0, D(t) ≥ 0, and C(t) ≥ 0 for all t ≥ 0.

Appendix C

Since
N(t) = H(t) +G(t) +B(t) +D(t) + C(t),

by differentiating with respect to t, we get

dN(t)

dt
=
dH(t)

dt
+
dG(t)

dt
+
dB(t)

dt
+
dD(t)

dt
+
dC(t)

dt

=⇒ dN(t)

dt
= n− µN(t)− β1C(t)

=⇒ dN(t)

dt
≤ n− µN(t)

=⇒ N(t) ≤ n

µ
− (

n

µ
−N(0))e−µt,

where N(0) represents the initial values of the population. Thus, lim
t→∞

supN(t) = n
µ , which

implies that the region Ω is a positively invariant set for the system (1).
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Abstract

Meningitis is one of the world’s most alarming infectious diseases, characterized by rapid pro-
gression, high fatality, and severe long-term complications. Despite advances in vaccination
and surveillance, recurrent epidemics—especially across Africa’s “meningitis belt”—continue
to threaten millions. This study introduces a novel compartmental model, SEAIV HRQ, in-
tegrating both medical and behavioral aspects of meningitis dynamics. The model divides
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the population into eight classes, incorporating vaccination and voluntary quarantine to re-
flect realistic public health conditions. Three time-dependent controls are applied to reduce
transmission from asymptomatic and symptomatic individuals and to enhance awareness and
treatment adherence. Using Pontryagin’s Maximum Principle, we determine optimal strategies
that minimize infection prevalence, hospitalization, and intervention costs. Numerical simula-
tions show that combined preventive, treatment, and awareness measures substantially reduce
infection peaks and accelerate recovery. This framework extends classical models and supports
the WHO’s “Defeating Meningitis by 2030” roadmap, offering practical insights for designing
cost-effective and sustainable control strategies in resource-limited health systems.

AMS subject classifications (2020): 49J15, 93C10, 92B05, 93A30.

Keywords: Meningitis; Pontryagin’s maximum principle; MATLAB; Bacterial meningitis.

1 Introduction

Meningitis is a severe infection of the meninges, the protective membranes surrounding the brain
and the spinal cord. According to the World Health Organization (WHO), bacterial meningitis is
among the most devastating infectious diseases, causing high morbidity and mortality worldwide
[1, 44, 4]. The main bacterial agents include Neisseria meningitidis, Streptococcus pneumoniae,
Haemophilus influenzae, Group B Streptococcus, Listeria monocytogenes, Escherichia coli, and
Mycobacterium tuberculosis [3, 4, 5]. Transmission typically occurs from person to person through
coughing, sneezing, or close contact with infected individuals or asymptomatic carriers [1, 6,
7]. The clinical symptoms are characterized by a sudden onset of fever, headache, stiff neck,
nausea, vomiting, photophobia, and confusion [1, 2]. The case fatality rate varies from 3–10%
in developed countries to as high as 20% in the African “meningitis belt,” a region stretching
from Senegal to Ethiopia [2, 7, 8]. Moreover, nearly 20% of survivors may develop long-term
neurological sequelae such as deafness, epilepsy, cerebral palsy, speech disorders, limb loss, or
intellectual disability [1, 2]. These alarming statistics highlight the serious threat of meningitis
to human health and justify the need for advanced strategies of prevention and control [9, 4, 10].

The WHO launched the global roadmap “Defeating Meningitis by 2030”, which aims to
eliminate bacterial meningitis epidemics, reduce vaccine-preventable cases by 50%, cut mortality
by 70%, and improve quality of life for those affected [4]. While remarkable progress has been
made through vaccination campaigns, surveillance, and case management, challenges remain
[9, 10, 7]. Outbreaks continue to occur, particularly during the dry season (November–May) in
sub-Saharan Africa, where climatic conditions, population movements, and poverty exacerbate
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1403 Mathematical modeling and control strategies for meningitis transmission

transmission dynamics [2, 7, 8]. In this context, mathematical modeling provides a rigorous
framework to understand disease dynamics, to test hypothetical scenarios in the absence of
sufficient real-world data, and to design optimal strategies for epidemic control [6, 11, 5, 7, 8, 12].

Several studies in the literature have applied mathematical and optimal control approaches
to meningitis and other infectious diseases [6, 11, 13, 5, 20, 23, 14, 15, 12, 16]. Deterministic com-
partmental models have been formulated to analyze co-infections, such as tuberculosis-hepatitis
B, malaria-meningitis, hepatitis B-HIV, and pneumonia-meningitis [17, 19, 11, 13, 21, 18].
Simulation results from these studies consistently demonstrated that implementing preventive
measures, treatment, and vaccination together can significantly reduce the burden of infection
[19, 11, 13, 21, 18, 20, 15, 12, 16]. For example, Tilahun [42] developed an optimal control model
for pneumonia and meningitis co-infection, showing that combined preventive and treatment
strategies achieved substantial reductions in both diseases. Similarly, other researchers have
investigated hepatitis B and hepatitis C co-infection under fractional-order models, highlighting
the complexity of overlapping epidemics [21, 20, 23, 14, 15]. These works collectively under-
line the importance of designing robust control strategies adapted to the biological, social, and
economic contexts of infectious diseases [5, 20, 8, 12, 16, 22, 24, 25, 26, 27, 30, 28, 29].

In this study, we focus on a SEAIV HRQ model tailored to meningitis transmission. This
model subdivides the population into the following compartments: Susceptible (S), Exposed
(E), Asymptomatic infected (A), Symptomatic infected (I), Vaccinated (V ), Hospitalized (H),
Recovered (R), and Quarantined (Q). The introduction of compartment Q is a key innovation
in this work: It accounts for individuals who are infected but prefer to remain at home rather
than seek hospital care, reflecting the reality of quarantine and self-isolation in resource-limited
settings. Similarly, the compartment V represents individuals vaccinated at the onset, highlight-
ing the role of proactive immunization. These additions make the model more realistic and allow
for the assessment of both medical and behavioral interventions.

To improve epidemic control, we incorporate three time-dependent control functions:

• c1(t): reducing transmission from asymptomatic carriers (A), who often spread infection
silently within communities.

• c2(t): reducing transmission from symptomatic individuals (I) through isolation, treat-
ment, and limiting their contact with healthy individuals.

• c3(t): promoting awareness and responsibility, which includes ensuring access to medica-
tions at home, clear explanations of dosage, and stressing the importance of completing
treatment.
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These controls reflect practical strategies such as vaccination, isolation, quarantine, awareness
campaigns, and logistic support for home-based care. By simulating different combinations of
controls, we aim to identify the most effective strategies for minimizing infections, reducing
mortality, and optimizing healthcare resource use.

The value of this study lies in extending classical meningitis models to include realistic
features such as voluntary quarantine and proactive vaccination, and in analyzing their impacts
under optimal control theory. By doing so, we provide insights into how to balance preventive
measures, treatment interventions, and awareness programs in a cost-effective manner. This
approach aligns with global health objectives, particularly the WHO’s 2030 roadmap, and offers
practical implications for policymakers in regions where meningitis remains a pressing public
health challenge.

The remainder of this article is organized as follows. In Section 2, we present the formulation
of the SEAIVHRQ model, defining state variables and parameters. Section 3 introduces the
controlled mathematical model and discusses its qualitative properties. Section 4 addresses
the challenge of identifying the optimal control strategies and outlines the algorithm employed.
Section 5 provides numerical simulations to illustrate the effects of different control categories
and compares their effectiveness. Finally, Section 6 offers concluding remarks and perspectives
for future work.

2 Formulation of the model

In this work, we formulated the SEAIV HRQ compartmental model to describe the transmission
dynamics of meningitis within a human population.

For this purpose, the total population N is stratified into distinct epidemiological classes:
Susceptible individuals S, exposed individuals E, asymptomatic infected individuals A, symp-
tomatic infected individuals I, vaccinated individuals V , hospitalized individuals H, recovered
individuals R, and quarantined individuals Q. The overall human population at time t is ex-
pressed as N = S + E + A + I + V +H + R + Q. A schematic diagram representing the flow
between compartments in the proposed model is presented in Figure 1.

Compartment S: The S(t) compartment represents the susceptible population who can
contract the disease. The inflow comes from new recruits Σ(1 − α), while the outflow occurs
as susceptible individuals become exposed due to contact with symptomatic infected individuals
β1

SI
N or asymptomatic infected individuals β2 SAN . In addition, natural mortality µ decreases this

compartment, and some susceptibles move into the vaccinated class V at rate k1.
Compartment V : The V (t) compartment represents vaccinated individuals who are protected
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Figure 1: Model of population compartments.

from infection. This class increases through direct vaccination Σα, as well as vaccination of sus-
ceptible individuals at rate k1S and asymptomatic individuals at rate k2A. The compartment
decreases due to vaccine waning at rate θ and natural mortality µ.
Compartment E: The E(t) compartment denotes the exposed individuals who have been in-
fected but are not yet infectious. They are generated from susceptible individuals S through
interactions with both symptomatic I and asymptomatic A infections. They progress to either
the asymptomatic class A at rate (1 − γ)σE or the symptomatic class I at rate γσE, and the
compartment decreases due to natural mortality µ.
Compartment A: The A(t) compartment represents asymptomatic infected individuals who
can still transmit the infection. It increases as a fraction (1−γ)σE of exposed individuals become
asymptomatic. The compartment decreases due to disease progression to the symptomatic class
I at rate d, hospitalization at rate α1, quarantine at rate n3, and natural mortality µ.
Compartment I: The I(t) compartment describes symptomatic infected individuals. It in-
creases when a fraction γσE of exposed individuals develop symptoms, and also when asymp-
tomatic individuals A progress to symptomatic infection at rate d. The outflow occurs through
hospitalization at rate α2, disease-induced death ε1, transfer to quarantine n1, and natural mor-
tality µ.
Compartment H: TheH(t) compartment represents hospitalized individuals. It receives inflow
from asymptomatic individuals hospitalized at rate α1 and symptomatic individuals hospitalized
at rate α2. The compartment decreases as patients either recover at rate λ or die from natural
mortality µ.
Compartment R: The R(t) compartment denotes recovered individuals who have acquired
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immunity. Recovery comes from hospitalized individuals at rate λ, quarantined individuals at
rate n2, and asymptomatic individuals at rate n3. The compartment decreases due to natural
mortality µ.
Compartment Q: The Q(t) compartment represents individuals in quarantine who are isolated
at home. They enter from the symptomatic class I at rate n1 and exit either by recovering at
rate n2, dying due to disease ε2, or through natural mortality µ.

We perform an analysis of a system consisting of eight nonlinear differential equations:

dS
dt = Σ(1− α)− β1 SAN − β2

SI
N − (k1 + µ)S,

dV
dt = Σα+ k1S + k2A− (θ + µ)V,

dE
dt = β1

SA
N + β2

SI
N − (σ + µ)E,

dI
dt = γσE + dA− (α2 + n1 + ε1 + µ)I,

dA
dt = (1− γ)σE − (d+ n3 + α1 + µ+ k2)A,

dH
dt = α1A+ α2I − (λ+ µ)H,

dR
dt = λH + n3A+ n2Q+ θV − µR,
dQ
dt = n1I − (n2 + ε2 + µ)Q,

(1)

where (S(0), V (0), E(0), I(0), A(0),H(0), R(0), Q(0)) ∈ R8
+ represents the specified initial state.

2.1 Fundamental model characteristics

2.1.1 Nonnegativity of solutions

Theorem 1. If the initial conditions satisfy S(0) ≥ 0, V (0) ≥ 0, E(0) ≥ 0, I(0) ≥ 0, A(0) ≥ 0,
H(0) ≥ 0, R(0) ≥ 0 and Q(0) ≥ 0, then the solutions to system (1) remain positive for all t ≥ 0.

Proof. By examining the first equation in system (1), it becomes clear that

dS(t)

dt
= Σ(1− α) +

(
−β1A

N
− β2I

N
− (k1 + µ)

)
S(t)

≥ −
(
β1A

N
+
β2I

N
+ k1 + µ

)
S(t),
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dS(t)

dt
+

(
β1A

N
+
β2I

N
+ k1 + µ

)
S(t) ≥ 0,

where N(t) = β1A
N + β2I

N + k1 + µ.

We obtain

dS(t)

dt
+N(t)S(t) ≥ 0,

exp
(∫ t

0

N(s)ds

)
dS(t)

dt
+N(t) exp

(∫ t

0

N(s)ds

)
S(t) ≥ 0,

d

dt

(
S(t) exp

(∫ t

0

N(s)ds

))
≥ 0,

∫ t

0

(
d

ds

(
S(s) exp

(∫ t

0

N(s)ds

)))
ds ≥ 0,

S(t) ≥ S(0) exp
(
−
∫ t

0

N(s)ds

)
,

S(t) ≥ 0.

In the same manner, we have

dV

dt
+ (θ + µ).V = Σα+ k1S + k2V,

exp ((θ + µ)t) .
dV

dt
+ (θ + µ). exp ((θ + µ)t) .V

= (Σα+ k1S + k2V ) . exp ((θ + µ)t) ,

which can be rewritten as

d

dt
(V (t). exp ((θ + µ)t)) = (Σα+ k1S + k2V ) . exp ((θ + µ)t) ,

thus,
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V (t). exp ((θ + µ)t)− V (0) =

t1∫
0

(Σα+ k1S(x) + k2V (x)) . exp ((θ + µ)t) dx.

Therefore,

V (t) =V (0). exp (−(θ + µ)t)

+ exp (−(θ + µ)t) .

t1∫
0

(Σα+ k1S + k2V ) . exp ((θ + µ)t)dx

≥0

Similarly, we illustrate E(t) ≥ 0, I(t) ≥ 0, A(t) ≥ 0, H(t) ≥ 0, R(t) ≥ 0 and Q(t) ≥ 0.

2.2 Boundedness of the solutions

Theorem 2. The collection

Ωh =

{
(S, V,E, I, A,H,R,Q) ∈ R8

+ : 0 ≤ S + V + E + I +A+H +R+Q ≤
Σ

µ

}
ensures positive invariance within system (1) based on the given initial conditions S(t) ≥

0, V (t) ≥ 0, E(t) ≥ 0, I(t) ≥ 0, A(t) ≥ 0, H(t) ≥ 0, R(t) ≥ 0 and Q(t) ≥ 0.

Proof. As specified, N = S + V + E + I +A+H +R+Q.

Therefore

dN

dt
= Σ− ε1I − ε2Q− µN,

dN

dt
= Σ− ε1I − ε2Q− µN ≤ Σ− µN,

dN

dt
≤ Σ− µN,

N(t) ≤ (1− e−µt)Σ
µ

+N(0)e−µt.
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As t → ∞, it follows that limit t→∞ supN(t) = Σ
µ . Consequently, the region Ω is confirmed

to be a positively invariant set for system (1),

N(t) ≤ Σ

µ
.

2.3 Existence and uniqueness of solutions

Theorem 3. System (1), with the initial conditions

(S(0), V (0), E(0), I(0), A(0),H(0), R(0), Q(0))

has a unique solution. This ensures that, for any given set of initial values within the defined
range, the system’s behavior can be accurately predicted.

Proof. System (1) can be expressed as follows: Θ(Y ) = KY + L(Y ), where

Y =



S

V

E

I

A

H

R

Q


, L(Y ) =



dS
dt
dV
dt
dE
dt
dI
dt
dA
dt
dH
dt
dR
dt
dQ
dt


and

K =



−(k1 + µ) 0 0 0 0 0 0 0

k1 −(θ + µ) 0 0 k2 0 0 0

0 −(σ + µ) 0 0 0 0 0

0 γσ ω1 d 0 0 0

0 0 (1− γ)σ 0 ω2 0 0 0

0 0 0 α2 α1 −(λ+ µ) 0 0

0 θ 0 0 n3 λ −µ n2

0 0 0 n1 0 0 0 ω3


,
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where ω1 = −(α2 + n1 + ε1 + µ), ω2 = −(d+ n3 + α1 + µ+ k2) and ω3 = −(n2 + ε2 + µ).
In addition to

L(Y ) =



Σ(1− α)− β1 SAN − β2
SI
N

Σα

β1
SA
N + β2

SI
N

0

0

0

0

0


.

Assuming that Y1 and Y2 are solutions of (1), it follows that

|L(Y1)− L(Y2)| ≤ 2

∣∣∣∣β1S1A1

N
+ β2

S1I1
N
− β2

S2A2

N
− β2

S2I2
N

∣∣∣∣
≤ 2

∣∣∣∣β1S1

N
(A1 −A2) +

β1A2

N
(S1 − S2) +

β2S1

N
(I1 − I2)

+
β2I2
N

(S1 − S2)

∣∣∣∣
≤ 2

(
β1S1

N
|A1 −A2|+

β1A2

N
|S1 − S2|+

β2S1

N
|I1 − I2|

+
β2I2
N
|S1 − S2|

)
,

where

|S| ≤ Σ

N
, |I| ≤ Σ

N
and |A| ≤ Σ

N
.

Therefore,

|L(Y1)− L(Y2)| ≤
2Σ

N
(β1 |A1 −A2|+ β1 |S1 − S2|+ β2 |I1 − I2|

+β2 |S1 − S2|) .

By factoring out the common term, we obtain

‖Θ(Y1)−Θ(Y2)‖ ≤
(
2β1Σ

N
+

2β2Σ

N

)
|S1 − S2|+

2β1Σ

N
|A1 −A2|
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+
2β2Σ

N
|I1 − I2|

≤ Z ‖Y1 − Y2‖ ,

where

Z = max
(
2β1Σ

N
+

2β2Σ

N
,
2β1Σ

N
,
2β2Σ

N
, ‖K‖

)
.

Therefore, it follows that the mapping L possesses the property of being uniformly Lipschitz
continuous. In addition, by enforcing the conditions S(t) ≥ 0, V (t) ≥ 0, E(t) ≥ 0, I(t) ≥ 0,
A(t) ≥ 0, H(t) ≥ 0, R(t) ≥ 0, and Q(t) ≥ 0 within the positive cone R8

+, we guarantee
the existence of at least one solution to the proposed system. This ensures that all the state
variables remain nonnegative for any admissible initial data, thereby validating the consistency of
the model under the prescribed assumptions. Consequently, the system is mathematically well-
posed, which provides a rigorous foundation for further qualitative and numerical investigations
[40].

3 The control mathematical model

The control strategies in this model are focused on three main variables aimed at reducing disease
transmission and mitigating its health impact. The variable c1(t) represents preventive interven-
tions directed towards asymptomatic individuals (A), such as enhancing protective awareness,
maintaining social distancing, wearing masks, and adopting hygienic practices that limit the
hidden spread of infection from this group. The variable c2(t) is associated with symptomatic
individuals (I), through their rapid isolation, provision of appropriate treatment, and reduction
of direct contact with others, which significantly lowers the transmission rate. In contrast, the
variable c3(t) refers to the strategy that allows infected individuals to choose to remain at home
while adhering to prescribed medications. This reduces the burden on hospitals and contributes
to containing the spread of the disease by minimizing community-level interactions.

The integration of these three strategies ensures a balance between prevention, treatment,
and home isolation, thereby providing greater effectiveness in controlling the disease while min-
imizing the associated health and social costs.
Category 1: The combination of personal protection measures (c1), vaccination (c2), and aware-
ness raising program (c3): c1 6= 0, c2 6= 0, c3 6= 0.
Category 2: The combination of personal protection measures (u1) and awareness raising pro-
gram (c3): c1 6= 0, c3 6= 0.
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Category 3: The use of only vaccination (c2): c2 6= 0.
Category 4: The combination of personal protection measures (c1) and vaccination (c2):
c1 6= 0, c2 6= 0.

Therefore

dS
dt = Σ(1− α)− β1 SAN (1− c1(t))− β2 SIN (1− c2(t))− (k1 + µ)S,

dV
dt = Σα+ k1S + k2A− (θ + µ)V,

dE
dt = β1

SA
N (1− c1(t)) + β2

SI
N (1− c2(t))− (σ + µ)E,

dI
dt = γσE + dA− (α2 + n1 + ε1 + µ)I,

dA
dt = (1− γ)σE − (d+ n3 + α1 + µ+ k2)A,

dH
dt = α1A+ α2I − (λ+ µ)H,

dR
dt = λH + n3A+ n2Q+ θV − µR+ c3(t)Q,

dQ
dt = n1I − (n2 + ε2 + µ)Q− c3(t)Q.

(2)

Given (S(0) ≥ 0, V (0) ≥ 0, E(0) ≥ 0, I(0) ≥ 0, A(0) ≥ 0,H(0) ≥ 0, R(0) ≥ 0,

Q(0) ≥ 0) ∈ R8
+, these are the prescribed initial conditions.

4 The challenge of finding the best control strategy

The central difficulty in this framework is the minimization of the objective functional [26, 36,
37, 38, 39], which necessitates achieving an appropriate compromise between the application of
control strategies and the expenses they incur. The overarching aim is to construct an optimal
control policy that reduces the functional to its lowest possible value, while simultaneously ac-
counting for the efficiency of the interventions as well as their economic burden. More precisely,
the objective functional J(c1, c2, c3) captures the balance between the prevalence of infection and
the financial cost associated with implementing control actions. The epidemiological dynamics
are described through the infected classes I(t), A(t), and Q(t) together with the recovered class
R(t). On the other hand, the costs of interventions are represented by the control variables
c1(t), c2(t), and c3(t), weighted by the positive constants k1, k2, and k3, respectively. Conse-
quently, the formulation provides a rigorous quantitative tool to evaluate different strategies and
to determine the most effective approach in terms of both public health outcomes and resource
allocation.

J(c1, c2, c3) = I(T ) +A(T ) +Q(T )−R(T )
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+

t∫
0

(
I(t) +A(t) +Q(t)−R(t) + k1

2
c21(t) +

k2
2
c22(t)

+
k3
2
c23(t)

)
dt.

The coefficients k1 ≥ 0, k2 ≥ 0 and k3 ≥ 0 are cost factors, chosen to balance the relative
importance of c1(t), c2(t) and c3(t) at any time t, where tf = T represents the terminal time.

Our primary objective is to find the optimal controls c∗1, c∗2 and c∗3 such that

J (c∗1, c
∗
2, c

∗
3) = min

(c1,c2,c3)∈Uad

J (c1, c2, c3) . (3)

where Uad refers to the set of allowable controls, defined by the following constraints:

Uad = {c1, c2, c3|0 ≤ c1min ≤ c1(t) ≤ c1max ≤ 1,

0 ≤ c2min ≤ c2(t) ≤ c2max ≤ 1

0 ≤ c3min ≤ c3(t) ≤ c3max ≤ 1; t ∈ [0, tf ]} .

4.1 Existence of optimal control

Theorem 4. Consider the regulation problem for system (2). There exists an optimal control
vector (c∗1(t), c∗2(t), c∗3(t)) ∈ Uad such that

J(c∗1(t), c
∗
2(t), c

∗
3(t)) = min

(c1(t),c2(t),c3(t))∈Uad

J(c1(t), c2(t), c3(t)).

This holds under the following conditions:

1. The control set Uad and the corresponding state variables are nonempty.

2. The system’s right-hand side is bounded by a linear combination of the state and control
variables.

3. The control set Uad is both convex and closed.

4. The integral M(S,E,A, I, V,H,R,Q, c1, c2, c3) within the objective function is convex over
the admissible control set Uad.

Proof. Condition 1.
To prove the nonemptiness of the control set and the associated state variables, we employ

an existence theorem from Boyce et al. [12].
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Consider the system described by Ẏi = YKi
(t, Y1, Y2, Y3, Y4, Y5, Y6, Y7, Y8) for i ∈ {1, . . . , 8},

where (Y1, Y2, Y3, Y4, Y5, Y6, Y7, Y8) = (S,E,A, I, V,H,R,Q). The functions YS , YE , YA, YI , YV , YH , YR
and YQ represent the right-hand side of (3). Given that all parameters are constants and
Y1, Y2, Y3, Y4, Y5, Y6, Y7 and Y8 are continuous functions, it follows that YS , YE , YA, YI , YV , YH , YR
and YQ are also continuous. Additionally, the partial derivatives ∂YYi

∂Yi
for i ∈ {1, . . . , 8} are con-

tinuous.
Thus, a unique solution (S,E,A, I, V,H,R,Q) exists that satisfies the initial conditions,

indicating that the control set and the corresponding state variables are nonempty, thus meeting
the first condition.

Condition 2.
By definition, the admissible control set Uad is closed. Consider any controls (c1, c2, c3) ∈ Uad

and ξ ∈ [0, 1]. We need to demonstrate that 0 ≤ ξc1 + (1 − ξ)c3 ≤ 1. Indeed, it follows that
ξc1 ≤ ξ and (1− ξ)c3 ≤ (1− ξ), which implies that ξc1 + (1− ξ)c3 ≤ ξ + (1− ξ) = 1. Therefore,
we have 0 ≤ ξc1 + (1− ξ)c3 ≤ 1 for all (c1, c2, c3) ∈ Uad and ξ ∈ [0, 1]. This confirms that Uad is
both closed and convex, thereby satisfying the second condition.

Condition 3.
The right-hand sides of system (2) are continuous and bounded by a linear combination of

the state variables and control inputs. Furthermore, they can be expressed as a linear function
in terms of c1, c2 and c3, with coefficients that depend on both the state variables and time.

Condition 4.
The integral within the objective function I(t)+A(t)+Q(t)−R(t)+ k1

2 c
2
1(t)+

k2
2 c

2
2(t)+

k3
2 c

2
3(t)

is inherently convex over the set Uad. Indeed, there exist constants Φ1 and Φ2, with β > 1, such
that the integral in the objective functional satisfies

M(S,E,A, I, V,H,R,Q, c1, c2, c3) ≥ Φ1 +Φ2(|c1|2 + |c2|2 + |c3|2)
κ
2 ,

where

I(t) +A(t) +Q(t)−R(t) + k1
2
c21(t) +

k2
2
c22(t) +

k3
2
c23(t)

≥ Φ1 +Φ2(|c1|2 + |c2|2 + |c3|2)
κ
2 .

Given that the state variables are bounded, let

Φ1 = 4 inf
t∈[0,T ]

(I(t) +A(t) +Q(t)−R(t)),

Φ2 = inf
(
k1
2
,
k2
2
,
k3
2

)
, and κ = 2.
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Therefore, following the results presented by Fleming and Richel [19], and further elaborated
in [35, 42, 43], we can confirm the existence of an optimal control.

4.2 Characterization of optimal control

In this part of the study, Pontryagin’s maximum principle [37] is employed as a fundamental
analytical framework for addressing the optimal control problem. The methodology begins with
the introduction of the adjoint variables, which serve as an essential mathematical link between
the system of differential equations describing the dynamics and the objective functional tar-
geted for optimization. This relationship naturally leads to the construction of the Hamiltonian
function, a central quantity that integrates both the system dynamics and the objectives of the
control process.

By invoking Pontryagin’s principle, the challenging task of determining an optimal control
policy under given initial conditions is reformulated into the problem of continuously optimizing
the Hamiltonian over time. This transformation not only simplifies the search for the optimal so-
lution but also provides a systematic procedure to guide the system toward the desired outcome.
Furthermore, this approach establishes a solid theoretical basis for exploring qualitative proper-
ties of the solutions and for developing efficient numerical algorithms capable of implementing
the optimal strategies in practice.

We now define the Hamiltonian H at a given time t as follows:

H = I(t) +A(t) +Q(t)−R(t) + k1
2
c21(t) +

k2
2
c22(t) +

k3
2
c23(t)

+

8∑
i=1

ψi(t)ui(S,E,A, I, V,H,R,Q).

In this scenario, ui denotes the right-hand side of the differential equations system (2) for the i-th
state variable, and ψi represents the corresponding adjoint functions. These adjoint functions
are linked to the state variables and are used to reflect the impact of changes in the state on the
cost functional.

Theorem 5. Suppose that (c∗1, c∗2, c∗3) ∈ Uad denotes the optimal control variables, and let S∗,
E∗, A∗, I∗, V ∗, H∗, R∗, and Q∗ represent the corresponding optimal trajectories for the state
variables. Then, there exist adjoint functions ψ1, ψ2, ψ3, ψ4, ψ5, ψ6, ψ7 and ψ8 that satisfy the
following conditions:
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ψ′
1 = −∂H

∂S
=

(
β1
A

N
(1− c1) + β2

I

N
(1− c2)

)
(ψ1 − ψ3)

+ k1(ψ1 − ψ2) + µψ1,

ψ′
2 = −∂H

∂V
= θ(ψ2 − ψ7) + µψ2,

ψ′
3 = −∂H

∂E
= σ(ψ3 − ψ5) + γσ(ψ5 − ψ4) + µψ3,

ψ′
4 = −∂H

∂I
= −1 + β2S

N
(1− c2)(ψ1 − ψ3)

+ α2(ψ4 − ψ6) + n1(ψ4 − ψ8) + (µ+ ε1)ψ4,

ψ′
5 = −∂H

∂A
= −1 + β1S

N
(1− c1)(ψ1 − ψ3)

+ d(ψ5 − ψ4) + n3(ψ5 − ψ7) + α1(ψ5 − ψ6)

+ k2(ψ5 − ψ2) + µψ5,

ψ′
6 = −∂H

∂H
= λ(ψ6 − ψ7) + µψ6,

ψ′
7 = −∂H

∂R
= 1 + µψ7,

ψ′
8 = −∂H

∂Q
= −1 + (ψ8 − ψ7)(n2 + c3) + (µ+ ε2)ψ8.

With the transversality conditions, ψ1, ψ2, ψ5, and ψ7 are all equal to zero at time T . On the
other hand, ψ3, ψ4, and ψ8 are set to minus one, and ψ6 is set to one at the same time point.

The solution to the optimal control problem is provided by the control variables c∗1, c∗2 and
c∗3. The optimal control values are obtained as follows:

c∗1 = min
(
1,max

(
0, β1SA(ψ3−ψ1)

k1N

))
,

c∗2 = min
(
1,max

(
0, β2SI(ψ3−ψ1)

k2N

))
,

c∗3 = min
(
1,max

(
0, Q(ψ8−ψ7)

k3

))
.

(4)

Proof. The Hamiltonian H at any time t can be represented as follows:

H =I(t) +A(t) +Q(t)−R(t) + k1
2
c21(t) +

k2
2
c22(t) +

k3
2
c23(t)

+ ψ1

{
Σ(1− α)− β1

S(t)A(t)

N
(1− c1(t))

−β2
S(t)I(t)

N
(1− c2(t))− (k1 + µ)S(t)

}
+ ψ2 {Σα+ k1S(t) + k2A(t)− (θ + µ)V (t)}
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+ ψ3

{
β1
S(t)A(t)

N
(1− c1(t)) + β2

S(t)I(t)

N
(1− c2(t))− (σ + µ)E(t)

}
+ ψ4 {γσE(t) + dA(t)− (α2 + n1 + ε1 + µ)I(t)}

+ ψ5 {(1− γ)σE(t)− (d+ n3 + α1 + µ+ k2)A(t)}

+ ψ6 {α1A(t) + α2I(t)− (λ+ µ)H(t)}

+ ψ7 {λH(t) + n3A(t) + n2Q(t) + θV (t)− µR(t) + c3(t)Q(t)}

+ ψ8 {n1I(t)− (n2 + ε2 + µ)Q(t)− c3(t)Q(t)} .

Using Pontryagin’s maximum principle [27], we derived the adjoint equations and the transver-
sality conditions, which are expressed as follows:

ψi
′ = − ∂H

∂Yi
and ψi(tf ) = 0 for i ∈ {1, 2, 5, 7, 8},

where (Y1, Y2, Y3, Y4, Y5, Y6, Y7, Y8) = (S,E,A, I, V,H,R,Q).
The transversality conditions require that, at the terminal time, the adjoint variables must

satisfy an orthogonality relation with the attainable set of the final state. This condition plays a
crucial role in guaranteeing the mathematical consistency of the optimal control formulation and
ensures that the resulting solution is both coherent and reliable. By enforcing these requirements,
one can explicitly characterize the optimal control functions, denoted by c∗1(t), c∗2(t), and c∗3(t),
for the entire time horizon t ∈ [0, tf ]. Such conditions not only facilitate the identification of
the most effective control strategies but also provide a rigorous framework that enhances the
interpretability of the results and supports the implementation of optimal policies in practical
scenarios.

∂H

∂c1
= 0,

∂H

∂c2
= 0 and

∂H

∂c3
= 0.

Consequently,

∂H

∂c1
= k1c1 + ψ1β1

SA

N
− ψ3β1

SA

N
= 0,

∂H

∂c2
= k2c2 + ψ1β2

SI

N
− ψ3β2

SI

N
= 0,

∂H

∂c3
= k3c3 + ψ7Q− ψ8Q = 0.

Therefore,

c∗1 =
β1SA(ψ3 − ψ1)

k1N
,
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c∗2 =
β2SI(ψ3 − ψ1)

k2N
,

c∗3 =
Q(ψ8 − ψ7)

k3
.

Given the constraints within Uad for the control variables, we can efficiently determine the optimal
controls c∗1, c∗2 and c∗3 as expressed in (4).

5 Numerical simulation

In this section, we focus on the numerical simulation of the proposed optimal control problem,
which is carried out by applying the well-known Forward-Backward Sweep method [45]. The ap-
proach consists of integrating the state system (1) forward in time while simultaneously solving
the corresponding adjoint system backward in time. The two procedures are repeated in an iter-
ative manner, with updated values of the control functions at each step. This forward-backward
process continues until the solutions converge to an optimal trajectory. Once a satisfactory level
of convergence between the state and adjoint systems is achieved, the iterative procedure is ter-
minated. The results obtained from this algorithm are then illustrated and analyzed graphically
to highlight the effectiveness of the derived control strategies.

In this study, the parameter values presented in Table 1 were selected under hypotheti-
cal assumptions, since real epidemiological data were not available. This choice allowed us to
design and analyze the model even in the absence of empirical evidence. The use of assumed
parameter values provided the flexibility to examine different possible trajectories and disease
dynamics that could emerge from the system. Such an approach makes it possible to conduct an
in-depth investigation of the model’s performance under diverse scenarios, while also laying the
groundwork for future validation once reliable data become accessible. Furthermore, adopting
hypothetical scenarios serves to highlight potential weaknesses in the model and to point out
directions where additional research is needed, thereby ensuring that the framework remains
sufficiently robust and adaptable to multiple contexts. The simulated values employed in this
model were specifically chosen to conduct a theoretical investigation of the potential impacts
of personal protective measures, vaccination, and awareness programs on reducing the spread
of meningitis. It is important to emphasize that this constitutes a purely theoretical analysis,
intended to capture the possible outcomes under different intervention strategies rather than
relying on real-world data. Furthermore, based on assumptions related to the prevention of
meningitis, the three control variables, denoted here as c1, c2 and c3, are constrained within
given intervals. These constraints reflect the realistic limits of implementing such interventions
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Table 1: Details on the parameters involved in the meningitis modeling.
Parameter Values in d−l Reference Parameter Values in d−l Reference
µ 3.933× 10−5 [31] θ 0.41 Assumed
β1 0.476 Estimated σ 0.4 [32]
β2 0.238 Estimated Σ 9.43× 105 [31]
α 0.19 [32] γ 0.63 [32]
λ 0.88 [34] n1 0.0013 Simulated
d 0.0013 [34] n2 0.0015 Simulated
k1 0.2 [33] n3 0.017 Simulated
k2 0.1 [33] ϵ1 0.017 Simulated
α1 0.023 Assumed ϵ2 0.012 Simulated
α2 0.045 Assumed

in practice, where the level of adoption cannot exceed certain thresholds but also cannot be
entirely absent. In the subsequent part of this study, we classify the possible intervention strate-
gies into four distinct categories. Each category represents a particular combination of control
measures, and together they serve as the foundation for evaluating the effectiveness of optimal
control strategies in mitigating the dynamics of meningitis transmission.
Category 1: The combination of personal protective measures for asymptomatic individuals
(c1), interventions targeting symptomatic individuals (c2), and quarantine and screening strate-
gies (c3): c1 6= 0, c2 6= 0, c3 6= 0.
Category 2: The combination of personal protective measures for asymptomatic individuals
(c1) and quarantine and screening strategies (c3): c1 6= 0, c3 6= 0.
Category 3: The use of only interventions targeting symptomatic individuals (c2): c2 6= 0.
Category 4: The combination of personal protective measures for asymptomatic individuals
(c1) and interventions targeting symptomatic individuals (c2): c1 6= 0, c2 6= 0.
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5.1 Strategy 1: This case involves the combined
implementation of personal protection measures (c1),
vaccination (c2), and awareness-raising programs (c3),
where c1 ̸= 0, c2 ̸= 0, c3 ̸= 0

It can therefore be concluded that when optimal control strategies are applied, namely personal
protective measures (c1), vaccination (c2), and awareness-raising programs (c3), epidemic out-
breaks do not occur. Figure 2 provides a complete illustration of how these control interventions
are implemented in the model. Subfigures 2(a), 2(b), 2(c), and 2(d) display the temporal dynam-
ics of the infected (I), asymptomatic infected (A), exposed (E), and recovered (R) populations
under Category 1. A key feature of this category is the significant increase in the proportion of
recoverers in the population. In particular, Figure 2(d) shows that the proportion of recovered
individuals rises to nearly 0.6, indicating that more than half of the population has effectively
achieved immunity. Furthermore, Figure 2(e) illustrates the temporal trajectories of the control
functions c1, c2 and c3. It can be observed that these controls are maintained at their maximum
levels for approximately the first 155, 154, and 80 days, respectively, after which they gradu-
ally decline in a monotonic manner toward their minimum values. This behavior reflects the
intensive initial interventions needed to curb transmission, followed by a progressive relaxation
of measures once the epidemic is under control.

5.2 Strategy 2: This scenario considers the joint
implementation of personal protection measures (c1)
together with awareness-raising programs (c3), where
both c1 ̸= 0 and c3 ̸= 0

In this category, Figure 3 presents the simulation outcomes of applying the control strategies
associated with Category 2, namely the combination of personal protection measures (c1) and
awareness programs (c3). Subfigures 2(a)–2(b) illustrate the trajectories of symptomatic infec-
tions, asymptomatic infections, and exposed individuals, respectively. In each case, the number
of infected individuals is consistently lower when the controls are implemented compared to the
uncontrolled scenario. This demonstrates the effectiveness of preventive awareness and personal
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(a) (b)

(c) (d)

(e)

Figure 2: Numerical results for Category 1. Figures (a), (b), (c), and (d) illustrate the dynamics of symptomatic
cases, asymptomatic cases, exposed individuals, and recovered individuals, respectively. Figure (e) displays
the trajectories of the optimal control variables.
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protection in reducing the rate of new infections and slowing the overall spread of the disease.
Figure 2(d) shows that, under Category 2, the number of recovered individuals drops to zero
after approximately ten days and remains at zero for the rest of the simulation period. This
implies that in the absence of vaccination, no recoverers will exist within the population, which
highlights the crucial role of vaccination in sustaining immunity.

Overall, these results indicate that Category 2 can significantly suppress the infection dynam-
ics through awareness and protection alone, but without vaccination, recovery is not achieved,
leaving the population vulnerable to future waves of infection.

5.3 Strategy 3: Vaccination as the sole intervention (c2)
where c2 ̸= 0

This category greatly increases the proportion of recoverers in the population; as shown in Figure
4(d), the proportion is as high as 0.6. In Figure 4(e) depicts controls c1, c2 and c3, which govern
the system over the simulation horizon.

5.4 Strategy 4: The joint application of personal protection
measures (c1) and vaccination (c2) where c1 ̸= 0 and
c2 ̸= 0

Figure 5 depicts the scenario in which the controls c1 and c2 are applied to system (1). Under
this category, the proportion of recoverers in the population rises substantially, reaching as high
as 0.6 as indicated in Figure 5(d).

Discussion

Figure 6 illustrates the dynamics of the different population compartments in system (1), derived
from simulations of the four optimal control categories. Nevertheless, the effectiveness of these
categories varies. Although many individuals recognize that meningitis is highly contagious and
transmitted through multiple routes, some still neglect preventive practices and refrain from
participating in vaccination programs. This behavior hinders the potential for a substantial
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(a) (b)

(c) (d)

(e)

Figure 3: Numerical results for Category 2. Figures (a), (b), (c), and (d) illustrate the dynamics of symptomatic
cases, asymptomatic cases, exposed individuals, and recovered individuals, respectively. Figure (e) displays
the trajectories of the optimal control variables.
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(a) (b)

(c) (d)

(e)

Figure 4: Numerical results for Category 3. Figures (a), (b), (c), and (d) illustrate the dynamics of symptomatic
cases, asymptomatic cases, exposed individuals, and recovered individuals, respectively. Figure (e) displays
the trajectories of the optimal control variables.

Iran. J. Numer. Anal. Optim., Vol. 16, No. 4, 2026, pp 1401–1431



1425 Mathematical modeling and control strategies for meningitis transmission

(a) (b)

(c) (d)

(e)

Figure 5: Numerical results for Category 4. Figures (a), (b), (c), and (d) illustrate the dynamics of symptomatic
cases, asymptomatic cases, exposed individuals, and recovered individuals, respectively. Figure (e) displays
the trajectories of the optimal control variables.
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reduction in meningitis cases. Among the interventions, the adoption of control strategy c2

(vaccination) plays a critical role in increasing the number of recoverers within the population.
In the absence of vaccination, no immune individuals would emerge, and the entire population
would remain susceptible, thereby elevating the risk of disease.
Moreover, the application of control measures c1 and c3 helps to strengthen public awareness
and protective behavior. Collectively, the four categories of control strategies are shown to de-
crease the number of infections while simultaneously enlarging the recovered population. These
findings suggest that vaccination and awareness-raising interventions should be promoted more
vigorously, as they effectively lower infection rates and, in turn, reduce disease risks.
The analysis further reveals that while individual control measures are beneficial, combining
two interventions yields greater effectiveness compared to applying them separately. More im-
portantly, the simultaneous implementation of all three measures achieves the highest level of
control, resulting in the fewest infections and the greatest number of recoveries. Overall, the
results confirm that the strategic use of these optimal controls can markedly reduce the burden
of infection. With adequate prevention and sustained control measures in place, the epidemic
situation can be stabilized, allowing individuals to return to normal life.

(a) (b)

Figure 6: Dynamics of the different population groups in system (1), as generated through simulations under
the four optimal control strategies.

6 Conclusion

In this work, we developed and analyzed a comprehensive SEAIV HRQ mathematical model
for the transmission dynamics and control of meningitis. By integrating medical and behav-
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ioral factors such as vaccination, hospitalization, and voluntary quarantine, the model provides
a more realistic description of disease spread, particularly in regions with limited healthcare
resources. The incorporation of three time-dependent control variables—reducing transmis-
sion from asymptomatic and symptomatic individuals, and promoting awareness and treatment
adherence—allowed us to formulate an optimal control problem solved via Pontryagin’s maxi-
mum principle.

Numerical simulations demonstrated that combining preventive, treatment, and awareness
interventions can significantly lower infection peaks, reduce hospitalization demand, and mini-
mize total costs. These results emphasize that a coordinated and sustained public health response
is essential to achieving effective epidemic mitigation.

Overall, the proposed framework contributes a novel tool for understanding and managing
meningitis epidemics, aligning with the WHO’s roadmap “Defeating Meningitis by 2030”. Future
extensions may consider stochastic effects, fractional-order dynamics, and spatial heterogeneity
to further enhance model realism and applicability to real-world health policy planning.
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Abstract

The prediction of epileptic seizures from EEG signal analysis is modeled as a complex, high-
dimensional, multi-objective optimization problem. In this study, we propose and design a
novel multi-stage hybrid optimizer that integrates Bayesian optimization with a family of evolu-
tionary and metaheuristic algorithms, including genetic algorithm, evolutionary programming,
evolution strategies, ant colony optimization, artificial bee colony, and harmony search. This
optimizer is structured to operate across sequential stages of optimization, where each stage
is designed to progressively refine the solution space by selecting the optimal subset of EEG
channels and time blocks related to the preictal phase. The mathematical model aims to max-
imize the posterior probability of seizure occurrence while minimizing the temporal distance
to the actual seizure, thus formulating a well-defined trade-off in the objective space. Unlike
traditional methods, the proposed hybrid framework models and controls the optimization
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trajectory by combining the global exploration capability of evolutionary algorithms with the
adaptive search of Bayesian optimization. Experimental results demonstrate that the optimizer
successfully converges toward high-informational regions of EEG data that occur early in the
preictal phase. A detailed performance comparison and sensitivity analysis further validate
the effectiveness and robustness of the proposed approach, offering insights into the design of
more generalizable hybrid optimizers for complex modeling tasks.

AMS subject classifications (2020): Primary 90C59; Secondary 90C26, 62F15, 68T07, 92C55.

Keywords: Multi-objective optimization, Hybrid optimizer, Bayesian optimization, Evolution-
ary algorithms, Posterior probability, Seizure prediction.

1 Introduction

Mathematical modeling has always been a fundamental activity in sciences and engineering.
Formulating qualitative questions about observed phenomena into mathematical problems has
long been a key driver in the development of mathematics [7]. With the rapid growth of com-
putational tools in recent decades, mathematical modeling has become an essential framework
for analyzing and solving complex real-world problems. In many scientific and engineering do-
mains, real-world systems are characterized by high-dimensional, nonlinear, and noisy data. In
such situations, reliable interpretation and prediction require mathematical representations that
capture the underlying structure of the data rather than merely describing observations. These
representations are commonly expressed in terms of functions, stochastic processes, or parametric
models [7].

This need is particularly evident in biomedical signal processing, where signals are inherently
complex and non-stationary. Among them, electroencephalogram (EEG) signals play a central
role in understanding brain dynamics and neurological disorders such as epilepsy [18, 16]. EEG
signals provide multichannel time-varying measurements of brain electrical activity, which can
be used to detect abnormal patterns associated with neurological events.

Epileptic seizures are caused by sudden and excessive neuronal discharges, which lead to ab-
normal electrical activity in the brain. These events are reflected in EEG signals as characteristic
patterns such as spikes, sharp waves, and rhythmic discharges [11]. One of the most important
challenges in this field is the early prediction of seizures during the preictal phase, where subtle
changes in EEG signals may indicate an upcoming seizure.

Despite significant progress in signal processing and machine learning methods, seizure pre-
diction remains a challenging problem due to the nonlinear, patient-specific, and highly dynamic
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nature of EEG signals. Existing approaches often fail to simultaneously achieve high prediction
accuracy and early detection capability.

In recent years, optimization-based methods have been widely used for feature selection and
pattern discovery in EEG analysis. In particular, evolutionary algorithms and swarm intelligence
techniques have shown strong performance in exploring large search spaces and identifying infor-
mative signal components [12, 9]. However, most of these methods lack a unified probabilistic
framework for modeling uncertainty and incorporating prior knowledge.

Bayesian inference provides a principled framework for probabilistic reasoning and uncer-
tainty modeling. It enables the estimation of posterior probabilities associated with seizure
occurrence based on observed EEG data [8]. However, Bayesian methods alone are often in-
sufficient for efficiently exploring large combinational spaces such as EEG channel-time block
selection.

To overcome these limitations, this study proposes a novel multi-stage hybrid optimiza-
tion framework that integrates Bayesian modeling with multiple evolutionary and metaheuristic
algorithms, including genetic algorithm (GA), evolutionary programming (EP), evolution strate-
gies (ESs), ant colony optimization (ACO), artificial bee colony (ABC), and harmony search
(HS) [14, 20, 12, 10, 9]. The proposed method formulates seizure prediction as a multi-objective
optimization problem, aiming to maximize the posterior probability of seizure occurrence while
minimizing detection delay.

The main contributions of this work are summarized as follows:

• Development of a Bayesian-based probabilistic framework for modeling EEG channel-time
information.

• Definition of a novel cost function that balances seizure probability and temporal prox-
imity.

• Design of a multi-stage hybrid optimization framework integrating Bayesian inference and
evolutionary algorithms.

• Comparative evaluation of multiple metaheuristic approaches for EEG feature selection.

• Validation on real EEG datasets demonstrating the effectiveness of the proposed method [6].

The remainder of this paper is organized as follows: Section 2 presents the problem formulation
and EEG signal modeling. Section 3 describes the proposed hybrid optimization framework.
Section 4 presents experimental results and a discussion. Finally, Section 5 concludes the paper.
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2 Materials and methods

2.1 Database

The dataset used in this study consists of EEG recordings from 14 patients collected at the
Department of Neurology and Neurophysiology of the University of Siena. The cohort includes
9 male subjects (aged 25–71 years) and 5 female subjects (aged 20–58 years). EEG signals were
recorded using the international 10–20 electrode placement system at a sampling frequency of 512
Hz. In addition to EEG recordings, most sessions include one or two electrocardiogram (ECG)
channels to support multimodal physiological analysis. All recordings were clinically annotated
and validated by a specialist neurologist based on comprehensive evaluation of patients’ clinical
history and electrophysiological patterns, including seizure onset and type classification [6]. The
dataset provides continuous multichannel scalp EEG signals suitable for analyzing preictal and
ictal dynamics in seizure prediction tasks.

2.2 Signal segmentation

Let the discrete EEG signal of channel c be represented as xc[n], where n = 0, 1, . . . , N − 1. The
sampling interval is defined as ∆t = 1/fs, where fs denotes the sampling frequency, and the
total number of samples is given by N = T · fs.

For local temporal analysis and extraction of time-frequency features, each channel signal is
segmented into overlapping windows. Each window Bk contains L consecutive samples and is
defined as follows:

Bk = [xc[k], xc[k + 1], . . . , xc[k + L− 1]], (1)

where k is the starting index of each window. The window shift is controlled by a step size S,
such that

k = mS, m = 0, 1, 2, . . . . (2)

When S < L, consecutive windows overlap, which allows capturing fine-grained temporal
variations in EEG signals.

Iran. J. Numer. Anal. Optim., Vol. 16, No. 4, 2026, pp 1432–1463



Khansari and Afshari Rad 1436

This segmentation strategy improves the sensitivity of the model in detecting transient and
nonstationary patterns associated with preictal and ictal brain activity, and provides a struc-
tured representation of EEG data for subsequent feature extraction and optimization stages. As
illustrated in Figure 1, the EEG signal segmentation procedure is performed using overlapping
sliding windows as described above.

Figure 1: Signal segmentation of an EEG channel using overlapping sliding windows.

2.3 Correlation coefficient

The correlation coefficient is a statistical measure used to quantify the degree of linear dependence
between two signals x(t) and y(t). In the context of EEG signal analysis, it is commonly used
to evaluate the similarity between different brain signal segments or channels.

The correlation coefficient is defined as

r =

∑n
i=1(xi − x̄)(yi − ȳ)√∑n

i=1(xi − x̄)2
√∑n

i=1(yi − ȳ)2
, (3)

where

• xi and yi represent the individual samples of the two signals,

• x̄ and ȳ denote the mean values of x and y, respectively,

• n is the total number of samples in each segment.

Iran. J. Numer. Anal. Optim., Vol. 16, No. 4, 2026, pp 1432–1463



1437 Design of a multi-stage hybrid optimizer combining Bayesian and evolutionary algorithms for modeling ...

The correlation coefficient takes values in the range [−1, 1], where

• r = 1 indicates a perfect positive linear relationship,

• r = −1 indicates a perfect negative linear relationship,

• r = 0 indicates no linear correlation between the signals [11, 4].

In this study, the correlation coefficient is used to quantify the similarity between EEG
segments and seizure-related patterns, which plays a key role in constructing the transition
probability in the proposed probabilistic framework.

2.4 Bayes’ theorem

Bayes’ theorem provides a probabilistic framework for updating prior knowledge about a hy-
pothesis H based on observed data D. It plays a fundamental role in uncertainty modeling and
inference in complex systems such as EEG signal analysis.

Mathematically, the posterior probability is defined as

P (H|D) =
P (H)P (D|H)

P (D)
, (4)

where

• P (H) is the prior probability representing the initial belief about hypothesis H,

• P (D|H) is the likelihood, representing the probability of observing data D given H,

• P (H|D) is the posterior probability, which updates the belief about H after observing
data D,

• P (D) is the marginal likelihood (evidence), acting as a normalization term.

In the context of EEG signal analysis, H represents the occurrence of seizure-related activity
within a specific channel or time block, while D corresponds to the observed EEG segment
features. Therefore, Bayes’ theorem enables the integration of prior temporal knowledge and
observed signal characteristics to estimate the probability of seizure occurrence in each EEG
segment [18].
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2.5 Evolutionary algorithms

Evolutionary algorithms are a class of population-based stochastic optimization methods inspired
by the principles of natural evolution, including selection, mutation, and recombination. These
methods are widely used for solving complex optimization problems where the search space is
large, nonlinear, and not analytically tractable.

In evolutionary optimization, a population of candidate solutions is first initialized randomly
within the search space. Each candidate solution x ∈ X is evaluated using a predefined fitness
function f(x), which measures its quality with respect to the optimization objective.

Based on fitness values, individuals with higher performance are selected to generate the next
generation. New solutions are created through genetic operators such as mutation and crossover.
Mutation is typically defined as

x̂ = x+ ϵ, (5)

where ϵ is a small random perturbation vector that introduces diversity into the population.
Crossover combines information from two parent solutions x1 and x2 to generate a new offspring
solution:

xnew = αx1 + (1− α)x2, 0 < α < 1. (6)

This iterative process continues until a stopping criterion is satisfied, such as reaching a
maximum number of generations or convergence to a stable solution [7].

In the context of this study, each candidate solution represents a selection of EEG channel
and time block, and the fitness function is defined based on the posterior probability of seizure oc-
currence. Therefore, evolutionary algorithms are used to efficiently explore the high-dimensional
search space of EEG segments and identify the most informative preictal patterns.

2.6 Common types of evolutionary algorithms

Among the most widely used evolutionary and swarm intelligence algorithms in optimization
problems are the following methods:
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2.6.1 GA

GA is inspired by natural selection and genetic evolution processes. It employs selection,
crossover, and mutation operators to evolve a population of candidate solutions over successive
generations [17, 1].

The basic procedure of GA can be summarized as follows:

• Initial population generation: A set of random candidate solutions (chromosomes) is
created.

• Fitness evaluation: The objective function is computed for each chromosome to deter-
mine its fitness.

• Selection: Chromosomes with higher fitness are selected for reproduction.

• Crossover: Two parent chromosomes are combined to generate offspring.

• Mutation: Random modifications are applied to maintain genetic diversity.

• Iteration: The process is repeated until a stopping criterion such as convergence or a
maximum number of generations is reached [21].

2.6.2 ES

ESs are optimization algorithms based on selection and mutation, with a strong emphasis on
self-adaptation of strategy parameters [10].

The main steps of ES are

• Initialization: A population of individuals is randomly generated along with strategy
parameters (e.g., mutation variance).

• Evaluation: Each individual is evaluated using a fitness function.

• Selection of parents: The best individuals are selected as parents.

• Mutation: Offspring are generated by adding stochastic perturbations (commonly Gaus-
sian noise) to parents. No crossover is typically used in basic ES.

• Evaluation of offspring: The new solutions are evaluated.
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• Replacement: A new population is formed using either:

– (µ+ λ)-ES: selection from both parents and offspring.

– (µ, λ)-ES: selection only from offspring.

• Termination: The process continues until convergence or a maximum number of itera-
tions is reached [10].

2.6.3 EP

EP focuses on optimizing the behavior and structure of solutions, particularly in machine learning
and system modeling tasks [11].

Its main procedure includes

• Initialization: Random generation of an initial population.

• Fitness evaluation: Each individual is evaluated using a fitness function.

• Mutation: Only mutation is applied; crossover is not used.

• Evaluation of offspring: Newly generated individuals are evaluated.

• Selection: The best individuals from parents and offspring are selected, often using
tournament selection.

• Iteration: The process continues until a stopping criterion is satisfied [11, 6].

2.7 Swarm intelligence based methods

In addition to evolutionary algorithms, swarm intelligence methods are inspired by the collective
behavior of biological agents and have been widely used in optimization problems.

2.7.1 ACO

ACO is inspired by the foraging behavior of ants and their use of pheromone trails to find shortest
paths [3].

The key steps of ACO include
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• Initialization: Setting initial pheromone levels.

• Solution construction: Each ant constructs a path probabilistically based on pheromone
and heuristic information.

The transition probability is defined as follows:

P
(k)
ij =

[τij ]
α[ηij ]

β∑
l∈allowed[τil]

α[ηil]β
. (7)

• Pheromone update: After all ants complete their paths, pheromone values are updated
based on evaporation and deposited pheromone.

• Termination: The algorithm stops when a maximum number of iterations is reached or
convergence occurs [3, 6].

2.7.2 Particle swarm optimization (PSO)

Particle swarm optimization (PSO) is inspired by the social behavior of birds and fish during
food searching [13].

The main steps of PSO include

• Initialization: Random initialization of particle positions and velocities.

• Velocity update:

vi(t+ 1) = wvi(t) + c1r1(pi − xi(t)) + c2r2(g − xi(t)). (8)

• Position update:

xi(t+ 1) = xi(t) + vi(t+ 1). (9)

• Evaluation and update: Personal and global best solutions are updated.

• Iteration: The process continues until convergence or a stopping condition is met [13, 11].
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2.7.3 ABC

ABC algorithm is inspired by the foraging behavior of honey bees [10, 12].
Its main phases are

• Initialization: Random generation of food sources.

• Employed bees phase: Local search around current solutions.

• Onlooker bees phase: Probabilistic selection of high-quality solutions.

• Scout bees phase: Replacement of abandoned solutions with new random ones.

• Best solution update: The best food source is preserved.

• Iteration: The process is repeated until stopping criteria are satisfied [10, 12].

2.7.4 HS Algorithm

HS is inspired by the process of musical improvisation [9].
The main steps of HS include

• Initialization: Construction of the harmony memory (HM).

• Parameter setting: Determination of HMCR and PAR parameters.

• Improvisation process:

– Memory consideration.

– Pitch adjustment.

– Random selection.

• Update of HM: A new harmony is stored if a better solution is found.

• Iteration: The process continues until a stopping condition is reached [9].

These algorithms are widely used in engineering, medical data analysis, artificial intelligence,
and optimization problems due to their strong exploration ability, robustness against local min-
ima, and independence from gradient information.
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3 Proposed method

The proposed framework formulates epileptic seizure prediction as a probabilistic multi-objective
optimization problem over segmented EEG event space. The main objective is to identify EEG
signal blocks that simultaneously:

• maximize the posterior probability of seizure-related information,

• minimize the temporal distance to seizure onset.

To achieve this, a hybrid optimization architecture is designed by integrating Bayesian in-
ference with evolutionary optimization algorithms. In this framework, Bayesian modeling is
responsible for estimating probabilistic relationships within EEG event space, while evolutionary
algorithms perform global search over candidate EEG segments.

3.1 Problem formulation and EEG event space modeling

Let the EEG signal be segmented into a set of temporal blocks:

B = {B1, B2, . . . , BN}. (10)

Each block Bi is associated with

• a channel index,

• a start time,

• a fixed window length.

The goal is to select an optimal block B∗ such that it carries maximum seizure-related
information while appearing as early as possible in the preictal phase.

The EEG event space is divided into two temporal regimes:

• Normal (preictal) region,

• Seizure (ictal) region.
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These regions are defined by two key time instants t0 and t1:

Bpre = {Bi ∈ B | ti ∈ [0, t0]}, (11)

Bictal = {Bi ∈ B | ti ∈ [t0, t1]}. (12)

Each EEG block is treated as a realization of a stochastic process within this event space.

3.2 Bayesian probabilistic modeling

For each EEG block Bi, three probabilistic quantities are defined:

3.2.1 Prior Probability

The prior probability represents the temporal proximity of an EEG block to seizure onset:

pprior(Bi) =
ti
ts
, (13)

where

• ti denotes the occurrence time of block Bi,

• ts denotes the seizure onset time.

3.2.2 Transition probability

The transition probability is defined based on the similarity between the EEG block Bi and
seizure segments:

p(Bi|S) = max
j

∣∣∣corr(xi, x(S)j )
∣∣∣ , (14)

where

• xi represents the signal corresponding to block Bi,
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• x
(S)
j represents the j-th seizure segment,

• corr(·) denotes the correlation coefficient.

The process of computing the transition probability is illustrated in Figure 2.

Figure 2: Block diagram for obtaining transition probability.

3.2.3 Posterior probability

Using Bayes’ theorem, the posterior probability is defined as follows:

p(S|Bi) =
p(S)p(Bi|S)

p(Bi)
, (15)

where

• S denotes the seizure event,

• Bi denotes the EEG block,

• p(S) represents the prior probability of seizure occurrence,

• p(Bi|S) represents the transition probability,

• p(Bi) represents the evidence (normalization term).

To simplify the notation, we define

pposterior(Bi) = p(S|Bi). (16)

Since p(Bi) is independent of the class label S, it does not affect the optimization process.
Therefore, maximizing the posterior probability reduces to

max
Bi∈B

p(S|Bi). (17)
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The posterior maximization can be rewritten as

max
Bi∈B

p(S)p(Bi|S). (18)

In this study, the conditional probability p(Bi|S) is modeled based on the similarity between
the EEG block and seizure-related patterns. This similarity is quantified using the correlation
coefficient between the candidate block and seizure segments. Hence

p(Bi|S) = max
j

∣∣∣corr(xi, x(S)j )
∣∣∣ . (19)

Substituting (19) into (18), the posterior score becomes

max
Bi∈B

{
p(S)max

j

∣∣∣corr(xi, x(S)j )
∣∣∣} . (20)

This formulation enables the assignment of a posterior probability to each EEG block, re-
flecting its relevance to seizure occurrence. The overall process for computing the posterior
probability is illustrated in Figure 3.

Figure 3: Block diagram for obtaining posterior probability.

3.3 Cost function formulation

The objective of this study is to identify EEG signal blocks that maximize the posterior proba-
bility of seizure occurrence while minimizing the time of occurrence. To achieve this goal, a cost
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function is defined as follows:

J(Bi) =
p(Bi)

p(S|Bi)
, (21)

where p(Bi) represents the prior probability associated with block Bi, modeled as the normalized
time index of the block. Accordingly, earlier blocks correspond to smaller prior values, which is
desirable for early prediction.

From the posterior probability formulation derived in the previous section:

p(S|Bi) = p(S)max
j

∣∣∣corr(xi, x(S)j )
∣∣∣ , (22)

where xi denotes the EEG signal segment corresponding to block Bi, and x
(S)
j represents the

j-th seizure segment. The operator corr(·, ·) measures the similarity between the candidate block
and seizure patterns.

This formulation implies that the posterior probability of each block is determined by its
strongest similarity with seizure segments. Therefore, blocks with higher correlation values are
considered more informative with respect to seizure occurrence.

Substituting (22) into (21), the cost function becomes

J(Bi) =
p(Bi)

p(S)maxj
∣∣∣corr(xi, x(S)j )

∣∣∣ . (23)

Since p(S) is constant for all blocks, it does not influence the optimization process and can
be removed. Therefore, the final optimization objective is simplified as

J(Bi) =
p(Bi)

maxj
∣∣∣corr(xi, x(S)j )

∣∣∣ . (24)

The final optimization problem is formulated as

min
Bi∈B

J(Bi). (25)

The proposed cost function ensures a balanced trade-off between:

• Temporal optimality: selecting earlier EEG blocks through p(Bi),

• Seizure relevance: maximizing similarity with seizure segments through correlation.
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As a result, the optimization framework identifies EEG blocks that contain strong seizure-
related information while appearing in the early preictal phase, which is critical for effective
seizure prediction systems.

3.4 Evolutionary optimization framework

The primary objective of this stage is to identify EEG signal blocks that contain maximum
seizure-related information while occurring as early as possible in time. Therefore, the optimiza-
tion problem is formulated as a trade-off between maximizing seizure-related probability and
minimizing the temporal distance to seizure onset.

In practical seizure prediction systems, early detection is more critical than late-stage iden-
tification. Although seizure probability generally increases as the onset approaches, informative
patterns often appear as early local increases before reaching the global maximum. Hence, the
goal is to detect the earliest block in which a significant rise in seizure likelihood is observed.

More formally, the target is to identify EEG blocks where

• the seizure probability exhibits an increasing trend,

• the probability is significantly higher compared to preceding blocks, even if it has not
reached its maximum value.

This concept is directly incorporated into the cost function, ensuring that selected blocks
simultaneously:

• contain high seizure-related information,

• occur at earlier time instances.

To solve this optimization problem, evolutionary algorithms are employed. These algorithms
operate on a population of candidate solutions, where each individual represents an EEG block
and is evaluated using a fitness function derived from the proposed cost formulation.

In this framework, each EEG block is encoded as an individual in the population and de-
scribed by

• EEG channel index,

• normalized time position within the range [0, 1].
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The fitness of each individual is computed using the defined cost function, where lower values
indicate more optimal solutions. The evolutionary process iteratively improves the population
through selection and variation operators, guiding the search toward blocks that minimize the
cost function.

In the following subsections, different evolutionary algorithms are applied to optimize the
proposed objective function and determine the optimal prediction time.

3.5 Evolutionary algorithms for EEG optimization

3.5.1 GA

In this section, a GA is employed to identify the optimal EEG signal block that maximizes
seizure-related information while ensuring early temporal occurrence. The objective is to select
a block in which the probability of seizure-related activity is relatively high compared to other
blocks, while still belonging to the pre-seizure phase, enabling early prediction.

The GA performs a global search by iteratively evolving a population of candidate solutions
toward minimizing the defined cost function. Each candidate solution represents an EEG block
characterized by both spatial (channel) and temporal (time) information.

3.5.2 Index sets definition

To ensure consistency across all optimization algorithms, the following index sets are defined.

Let the solution space be defined over

Channel set:

C = {1, 2, . . . , 29}, (26)

Time block set:

B = {0, 1, . . . , B − 1}. (27)

Each candidate solution is defined as

x = (c, b), c ∈ C, b ∈ B, (28)
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where c denotes the EEG channel index and b represents the time block index.

3.5.3 Chromosome encoding

Each individual (chromosome) in the population is encoded as a 16-bit binary string representing
the properties of an EEG block:

• The first 6 bits represent the EEG channel index (1 to 29).

• The next 10 bits represent the normalized time of the block within the interval [0.70, 0.80].

This encoding allows simultaneous optimization over both spatial (channel selection) and
temporal (block position) dimensions.

3.5.4 Algorithm configuration

The GA is configured as follows:

• Population size: 50.

• Number of generations: 100.

• Crossover rate: 0.8.

• Mutation rate: 0.05.

3.5.5 Genetic operators

The evolutionary process is guided by the following operators:

• Selection: Roulette wheel selection is used to probabilistically favor individuals with
lower cost values (higher fitness).

• Crossover: Single-point crossover is applied to generate offspring by combining parent
chromosomes.

• Mutation: A single random bit mutation is used to introduce diversity and prevent
premature convergence.
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3.5.6 Optimization objective

The GA minimizes the cost function defined in Section 3.3, thereby selecting EEG blocks that

• maximize the posterior probability of seizure occurrence,

• correspond to earlier time instances in the signal.

This approach enables the identification of informative pre-seizure blocks, which are critical
for early warning systems.

3.5.7 Optimization results for different block sizes

This section presents the results obtained from applying the GA to EEG signal blocks with
different window sizes, specifically 32, 64, and 128 samples. The reported values correspond to
the optimal solution identified by the algorithm, which maximizes the seizure-related information
while minimizing the cost function.

The results are summarized in Table 1.

Table 1: GA optimization results for various block sizes in seizure prediction
Block Size Maximum Seizure Probability Selected Channel Normalized Block Time
(Samples)

32 0.764 14 0.712
64 0.755 7 0.769
128 0.751 11 0.793

The results indicate that the GA successfully identifies EEG blocks that contain early indi-
cators of seizure onset. Specifically, the selected blocks satisfy two important conditions:

• They capture the initial statistical patterns associated with seizure activity.

• They correspond to earlier time instances where seizure probability begins to increase but
has not yet reached its global maximum.

Although the maximum seizure probability varies slightly across different block sizes, the
algorithm consistently identifies blocks located in the pre-seizure phase, which are critical for
early warning systems.

These findings demonstrate that the proposed GA-based optimization framework is effective
in extracting informative temporal segments from EEG signals for seizure prediction.
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3.5.8 ESs

To achieve optimal selection of EEG channels and corresponding temporal segments associated
with seizure occurrence, an ES algorithm is employed. ES is a population-based stochastic
optimization method inspired by biological evolution, particularly mutation and selection mech-
anisms, and is well-suited for continuous and discrete search spaces.

3.5.9 Representation and encoding

In this framework, each candidate solution (individual) is encoded as a 16-bit binary chromosome
that simultaneously represents both spatial (channel) and temporal (time block) information.

Specifically,

• First 6 bits: represent the EEG channel index, corresponding to integer values in the
range [0, 63].

Although the encoding allows up to 64 values, only 29 channels are physically available
in the dataset; therefore, values outside the valid channel range are discarded during
evaluation.

• Next 10 bits: represent the time block index.

The EEG signal is partitioned into a predefined number of temporal segments (e.g., 1000
blocks), allowing indices in the range [0, 999].

By decoding the binary representation into decimal values, each chromosome uniquely de-
fines:

• the selected EEG channel,

• the corresponding time block.

3.5.10 Role in optimization

This encoding enables the ES algorithm to perform a joint optimization over spatial and temporal
dimensions, allowing simultaneous selection of

• the most informative EEG channels,

• the most relevant time intervals for seizure prediction.
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The fitness of each individual is evaluated using the previously defined cost function, and
the ES algorithm iteratively improves the population through mutation-based exploration and
selection of high-quality candidates.

3.5.11 ES algorithm settings

The parameter configuration of the ES algorithm is presented in Table 2.

Table 2: ES algorithm parameters for EEG channel and time block selection
Parameter Value

Initial Population Size 50
Number of Generations 50

Mutation Rate 0.2
Recombination Rate 0.6

Mutation Type Single-point Binary
Stopping Criterion Fixed number of generations or no improvement

3.5.12 Preliminary results

Table 3 presents a sample of the top-performing chromosomes obtained from the ES algorithm.
These chromosomes correspond to solutions with higher fitness values, indicating a greater
amount of seizure-related information within the selected EEG blocks.

Table 3: Sample chromosomes evaluated by ES algorithm
No. Chromosome Channel Address Time Block Address Fitness Value
1 0100111110100110 19 598 0.842
2 0001100111011101 6 477 0.835
3 0011000010100100 12 324 0.828
4 0100001011010011 16 723 0.822
5 0001011101110010 5 466 0.818

The fitness value represents the amount of seizure-related information contained in the EEG
block selected by each chromosome. Higher fitness values indicate stronger relevance to seizure
onset patterns and improved predictive capability.

These preliminary results demonstrate that the ES algorithm is capable of effectively explor-
ing the search space and identifying informative EEG channel-time block combinations.
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3.5.13 Initial Conclusion

As can be seen from the table, the ES algorithm has managed to find combinations of channels
and time blocks that contain more information about the occurrence of seizures compared to
other signal points. These preliminary results could serve as a useful guide for subsequent phases
of analysis or the training of reinforcement learning models.

3.5.14 EP

In this section, the EP algorithm is employed to identify optimal EEG channel-time block combi-
nations containing significant seizure-related information. EP is a population-based optimization
method inspired by mutation-driven evolution. Unlike other evolutionary algorithms, EP pri-
marily relies on mutation and selection, without using crossover operators, making it well-suited
for problems requiring fine local search refinement.

3.5.15 Chromosome representation in EP

Each individual (chromosome) is encoded as a 16-bit binary string representing both spatial and
temporal information:

• First 6 bits: represent the EEG channel index in the range [0, 63]. Only valid channels
in the set C = {1, . . . , 29} are considered.

• Next 10 bits: represent the time block index.

The EEG signal is divided into a fixed number of temporal segments (e.g., 1000 blocks),
resulting in indices in the range [0, 999].

Each chromosome is decoded into a pair:

(channel index, time block index), (29)

which uniquely defines an EEG segment.

3.5.16 EP algorithm settings

The parameter configuration of the EP algorithm is presented in Table 4.
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Table 4: EP algorithm parameters for EEG channel and time block selection
Parameter Value

Initial Population Size 50
Number of Generations 60

Mutation Rate 0.25
Selection Method Tournament Selection
Mutation Type Gaussian Perturbation (on decoded integer values)

Stopping Criterion No improvement in best fitness for 10 generations or maximum generations

As shown in Table 4, a population size of 50 and a mutation rate of 0.25 were employed to
effectively explore the search space of EEG channel and temporal segment combinations.

3.5.17 Preliminary results

The preliminary results obtained from the EP algorithm are presented in Table 5. The table
lists the top-ranked chromosomes together with their corresponding EEG channel addresses, time
block indices, and fitness values. Higher fitness values indicate a greater amount of seizure-related
information contained in the selected EEG segments.

Table 5: Sample chromosomes evaluated by EP algorithm
No. Chromosome Channel Address Time Block Address Fitness Value
1 0010011101100110 9 614 0.849
2 0001110011010101 7 437 0.841
3 0010101001011010 10 698 0.834
4 0001101100111111 6 831 0.829
5 0011010010001000 13 528 0.823

The fitness value reflects the amount of seizure-relevant information in the selected time
block and channel combination.

3.5.18 Initial conclusion

The results demonstrate that the EP algorithm is capable of effectively identifying EEG channel-
time block combinations that contain significant pre-seizure information. Compared to random
selection, the algorithm consistently converges toward solutions with higher information content.

These findings confirm the suitability of EP for this optimization problem and suggest that
the extracted blocks can serve as informative candidates for early seizure prediction.
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3.5.19 ACO

In this section, the ACO algorithm is employed to identify optimal combinations of EEG channels
and time blocks that contain the highest amount of seizure-related information. ACO is a
population-based metaheuristic inspired by the foraging behavior of ants in nature, especially
their ability to find the shortest paths to food sources using pheromone trails.

In the context of EEG signal analysis, this algorithm can effectively discover optimal paths
(channel-time combinations) associated with early seizure indicators.

3.5.20 Problem formulation

In this problem, each path traveled by an ant consists of selecting an EEG channel and a time
block within the signal. The objective is to find combinations with the highest seizure likelihood
or preictal information.

The ACO search space is defined as follows:

• Nodes:

– Channel nodes: 29 EEG channels.

– Time nodes: EEG signal divided into 1000 temporal blocks.

• Ant path: Selection of one channel node and one time block node.

• Heuristic value: Reflects the seizure-related information content of a given channel–time
combination.

The transition probability for selecting a candidate node is defined as

P
(k)
ij =

[τij ]
α[ηij ]

β∑
l∈allowed[τil]

α[ηil]β
, (30)

where τij represents the pheromone level, ηij represents the heuristic information, and α and β
control the relative importance of pheromone and heuristic information, respectively.

3.5.21 ACO algorithm parameters

To effectively guide the search process in the ACO algorithm, the parameter configuration listed
in Table 6 was used. These settings were selected to ensure a proper trade-off between convergence
speed and solution diversity.
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Table 6: ACO algorithm parameters for EEG channel and time block selection
Parameter Value

Number of Ants 30
Number of Iterations 50

Pheromone Evaporation Rate (ρ) 0.1
Pheromone Importance (α) 1
Heuristic Importance (β) 2
Exploration Rate (q0) 0.8
Stopping Criterion Maximum iterations or no improvement in best path

3.5.22 Preliminary results

As shown in Table 7, the ACO algorithm successfully identified several optimal EEG channel-
time block combinations with high fitness values, indicating strong seizure-related information
content in the selected segments.

Table 7: Optimal paths identified by ACO
No. Selected Channel Selected Time Block Fitness Value
1 14 721 0.861
2 9 658 0.853
3 5 493 0.847
4 17 780 0.839
5 12 542 0.834

3.5.23 Initial conclusion

The results demonstrate that the ACO algorithm successfully identifies combinations of EEG
channels and time blocks containing high levels of pre-seizure information. These early indicators
are valuable for timely seizure prediction and can also serve as informative inputs for training
reinforcement learning models or other downstream decision-making modules.

3.5.24 ABC Algorithm

In this section, the ABC algorithm is applied to identify optimal combinations of EEG channels
and time blocks that maximize seizure-related information content. ABC is a population-based
metaheuristic inspired by the foraging behavior of honey bees and is characterized by a strong
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balance between exploration and exploitation, making it suitable for high-dimensional EEG
optimization problems.

3.5.25 Problem representation in ABC

Each candidate solution represents an EEG channel-time block pair defined as

x = (c, b), (31)

where c denotes the EEG channel index and b represents the time block index.
The quality of each solution is evaluated using the cost function defined in Section 3.3.

3.5.26 ABC algorithm parameters

To ensure effective exploration of the search space, the ABC algorithm was configured using the
parameters listed in Table 8. These settings were selected to balance convergence speed and
solution quality in EEG channel and time block optimization.

Table 8: ABC algorithm parameters for EEG channel and time block selection
Parameter Value

Number of Employed Bees 25
Number of Onlooker Bees 25

Number of Iterations 50
Mutation Rate 0.25

Abandonment Limit for Scout Phase 5
Stopping Criterion Maximum iterations or no improvement

3.5.27 ABC algorithm phases

The ABC algorithm consists of the following main steps:

1. Initialization of candidate solutions.

2. Employed bee phase for local search around existing solutions.

3. Onlooker bee phase based on fitness probability.
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4. Scout bee phase for abandoning poor solutions and generating new candidates.

5. Memorization of the best solution.

3.5.28 Preliminary results

As shown in Table 9, the ABC algorithm successfully identified several high-quality solutions
corresponding to EEG channel-time block combinations with high fitness values, indicating strong
seizure-related information content in the selected segments.

Table 9: ABC algorithm results for EEG channel and time block selection
No. Selected Channel Selected Time Block Fitness Value
1 13 645 0.865
2 8 527 0.858
3 16 734 0.850
4 4 498 0.846
5 21 801 0.839

3.5.29 Initial Conclusion

The results demonstrate that the ABC algorithm effectively identifies EEG channel-time block
combinations containing high seizure-related information. These blocks correspond to informa-
tive preictal patterns and can be utilized in downstream predictive models, such as reinforcement
learning-based seizure prediction systems.

3.5.30 HS algorithm

To optimally select EEG channels and time blocks related to seizure prediction, the HS algorithm
was employed. Inspired by the improvisation process in musical harmony, HS is a metaheuristic
algorithm suitable for both discrete and continuous optimization problems.

In this application, each harmony vector was encoded as a 16-bit chromosome. The first 6
bits represented the EEG channel address, and the remaining 10 bits encoded the time block
index.
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3.5.31 HS algorithm parameters

The parameter settings used for the HS algorithm are summarized in Table 10.

Table 10: HS algorithm parameters for EEG channel and time block selection
Parameter Value

Harmony Memory Size (HMS) 20
Harmony Memory Considering Rate (HMCR) 0.9

Pitch Adjusting Rate (PAR) 0.3
Number of Iterations 100

In each iteration, the algorithm generates new harmonies by considering memory-based com-
ponents and random adjustments. The generated solutions are evaluated using the defined cost
function, and the combinations with lower cost values are retained in the HM.

3.5.32 Initial results

The preliminary results obtained from the HS algorithm are presented in Table 11. Each row
corresponds to a candidate solution (chromosome) representing a combination of EEG channel
and time block selected during the optimization process.

Table 11: HS algorithm results for EEG channel and time block selection
Iteration Selected Chromosome Channel Address Time Block (sec) Cost Function Value

1 0101010001010110 21 86 0.034
2 1000110010100011 35 163 0.028
3 0011101100011010 14 106 0.031
4 1110000100110101 56 213 0.027
5 0110111001011100 27 93 0.029
6 0010101011001111 10 187 0.033
7 1001010110001010 37 120 0.030
8 0101110001110101 23 143 0.032
9 0001101010110001 12 98 0.031
10 1010100100101110 42 175 0.026

The table presents preliminary results of the HS algorithm for the optimal selection of EEG
channels and time blocks. Each row corresponds to a candidate solution representing a combi-
nation of a specific channel and a particular time segment in the EEG signal.

The cost function value serves as the quality metric for these combinations, where lower
values indicate better selections with higher seizure-related information content. The results
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demonstrate that the HS algorithm successfully found solutions with low-cost values ranging
from 0.026 to 0.034, reflecting its effectiveness in exploring the solution space efficiently.

Moreover, the selected channels are distributed across a wide range of channel addresses,
indicating comprehensive search behavior in the state space. Similarly, the diversity in chosen
time blocks reflects the algorithm’s capability to identify different pre-seizure intervals within
the EEG signals.

Overall, these preliminary results provide a foundation for further detailed analysis, addi-
tional optimization, and training more accurate seizure prediction models.

4 Conclusion

In this study, six metaheuristic optimization algorithms (GA, EP, ES, ACO, ABC, and HS)
were evaluated for EEG channel and time-block selection in the context of early seizure pre-
diction. The results demonstrated that all methods are capable of identifying EEG segments
with high seizure-related information content, although differences in optimization performance
were observed. Among the evaluated methods, the ABC and ACO algorithms achieved the high-
est fitness values (0.865 and 0.861, respectively), indicating superior exploration capability and
solution quality. The HS algorithm achieved the lowest cost value (0.026), reflecting efficient
convergence in the defined search space. The EP and ES algorithms demonstrated stable per-
formance with consistent mid-range fitness values, suggesting robustness against local optima
and noise. Across all methods, EEG channels 13, 14, 9, and 12 were most frequently selected
in optimal solutions, indicating their strong association with pre-seizure activity patterns. The
comparative performance of all algorithms is summarized in Table 12.

Table 12: Final comparative table of algorithm performance
Algorithm Best Fitness / Cost Best Channel Best Time Block Most Frequent Channels

GA 0.764 (Fitness) 14 0.712 14, 7, 11
ES 0.842 (Fitness) 19 598 12, 6, 5
EP 0.849 (Fitness) 9 614 9, 10, 7
ACO 0.861 (Fitness) 14 721 14, 9, 12
ABC 0.865 (Fitness) 13 645 13, 8, 16
HS 0.026 (Cost ↓) 42 175 21, 35, 14

To further enhance seizure prediction performance, future work should focus on integrating
these metaheuristic optimization methods with deep learning models and developing real-time
adaptive systems for clinical applications.
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1 Introduction and preliminaries

Let (Z, ϱ) be a complete metric space, and let K and K̄ be nonempty closed subsets of Z. A
map T : K ∪ K̄ → K ∪ K̄ is termed a cyclic contraction map if it satisfies

• T is cyclic, that is, T (K) ⊆ K̄ and T (K̄) ⊆ K;

• there exists a constant k ∈ (0, 1) such that for all x ∈ K and x̄ ∈ K̄, the following inequality
holds:

ϱ(Tx, T x̄) ≤ kϱ(x, x̄) + (1− k)ϱ(K, K̄);

and is termed a noncyclic contraction map if it satisfies

• T is noncyclic, that is, T (K) ⊆ K and T (K̄) ⊆ K̄;

• there exists a constant k ∈ (0, 1) such that for all x ∈ K and x̄ ∈ K̄, the following inequality
holds:

ϱ(Tx, T x̄) ≤ kϱ(x, x̄) + (1− k)ϱ(K, K̄),

where ϱ(K, K̄) := inf{ϱ(x, x̄) : x ∈ K, x̄ ∈ K̄}. A point x∗ ∈ K ∪ K̄ is considered a best proximity
point for a cyclic map T if ϱ(x∗, Tx∗) = ϱ(K, K̄) and is a fixed point for a cyclic or noncyclic
map T if Tx∗ = x∗ (see [9, 1] and their references).

The main theorems of [6, 7, 13] prove the existence of a fixed point and a best proximity
point for two types of cyclic mappings. Additionally, they establish error estimates for the Picard
iteration concerning these points.

Some generalizations of the concepts of a best proximity point and a fixed point are presented
through the definitions in [11, 8, 3].

Definition 1 (see [11]). Let K and K̄ be nonempty subsets of the metric space (Z, ϱ). Let
Γ : K×K → K̄. An ordered pair (x∗, x∗∗) ∈ K×K is called a coupled best proximity point of Γ
if

ϱ(x∗,Γ(x∗, x∗∗)) = ϱ(K, K̄) and ϱ(x∗∗,Γ(x∗∗, x∗)) = ϱ(K, K̄).

Definition 2 (see [3]). Let K be nonempty subset of the metric space (Z, ϱ). Let Γ : K×K → K.
An ordered pair (x∗, x∗∗) ∈ K × K is called a coupled fixed point of Γ if Γ(x∗, x∗∗) = x∗ and
Γ(x∗∗, x∗) = x∗∗.

Definition 3 (see [11]). Let K and K̄ be nonempty subsets of the metric space (Z, ϱ). Let
Γ : K × K → K̄ and Γ̄ : K̄ × K̄ → K. For any initial values x0, y0 ∈ K, let the sequences {xn}
and {yn} be defined by
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x2n+1 := Γ(x2n, y2n) ∈ K̄, x2n+2 := Γ̄(x2n+1, y2n+1) ∈ K,

y2n+1 := Γ(y2n, x2n) ∈ K̄, y2n+2 := Γ̄(y2n+1, x2n+1) ∈ K,

for every n ≥ 0. Also, we define Γ′ : K ×K → K̄ and Γ̄′ : K̄ × K̄ → K by

Γ′(x, y) = Γ(y, x), for any pairs (x, y) ∈ K ×K,

Γ̄′(x, y) = Γ̄(y, x), for any pairs (x, y) ∈ K̄ × K̄.

Remark 1. Let K and K̄ be nonempty subsets of the metric space (Z, ϱ). Let Γ : K × K → K̄
and Γ̄ : K̄ × K̄ → K. We define mappings (Γ,Γ′) : K×K → K̄ × K̄ and (Γ̄, Γ̄′) : K̄ × K̄ → K×K
by

(Γ,Γ′)(x, y) = (Γ(x, y),Γ′(x, y)) for (x, y) ∈ K ×K

and
(Γ̄, Γ̄′)(x, y) = (Γ̄(x, y), Γ̄′(x, y)) for (x, y) ∈ K̄ × K̄.

Then for the sequences {xn} and {yn} defined in Definition 3, we have

(x2n+1, y2n+1) = (Γ,Γ′)(x2n, y2n) ∈ K̄ × K̄,

(x2n+2, y2n+2) = (Γ̄, Γ̄′)(x2n+1, y2n+1) ∈ K ×K,

for every n ≥ 0. So

(x1, y1) = (Γ,Γ′)(x0, y0),

(x2, y2) = (Γ̄, Γ̄′)(x1, y1) = (Γ̄, Γ̄′)((Γ,Γ′)(x0, y0)) = ((Γ̄, Γ̄′) ◦ (Γ,Γ′))(x0, y0),

(x3, y3) = (Γ,Γ′)(x2, y2) = (Γ,Γ′)((Γ̄, Γ̄′)(x1, y1)) = ((Γ,Γ′) ◦ (Γ̄, Γ̄′))(x1, y1),

(x4, y4) = (Γ̄, Γ̄′)(x3, y3) = (Γ̄, Γ̄′)((Γ,Γ′)(x2, y2)) = ((Γ̄, Γ̄′) ◦ (Γ,Γ′))2(x0, y0),

...

(x2n, y2n) = ((Γ̄, Γ̄′) ◦ (Γ,Γ′))n(x0, y0),

(x2n+1, y2n+1) = ((Γ,Γ′) ◦ (Γ̄, Γ̄′))n(x1, y1),

for every n ∈ N ∪ {0}.

We now refer to the definition of a cyclic contraction of an ordered pair defined by Sintu-
navarat and Kumam [11].
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Definition 4 (see [11]). Let K and K̄ be nonempty subsets of the metric space (Z, ϱ). Let
Γ : K × K → K̄ and Γ̄ : K̄ × K̄ → K. The ordered pair (Γ, Γ̄) is said to be a cyclic contraction
pair if there exist nonnegative numbers λ, µ such that λ + µ < 1, and the following inequality
holds:

ϱ(Γ(x, y), Γ̄(x̄, ȳ)) ≤ λϱ(x, x̄) + µϱ(y, ȳ) + (1− (λ+ µ))ϱ(K, K̄),

for all (x, y) ∈ K ×K and (x̄, ȳ) ∈ K̄ × K̄.

Definition 5 (see [12]). Let K and K̄ be nonempty subsets of the metric space (Z, ϱ). We
say that the pair (K, K̄) satisfies the UC property if the following condition holds: whenever
sequences {xn} and {x′n} in K and a sequence {x̄n} in K̄ satisfy

lim
n→∞

ϱ(xn, x̄n) = lim
n→∞

ϱ(x′n, x̄n) = ϱ(K, K̄),

then it follows that lim
n→∞

ϱ(xn, x
′
n) = 0.

Suzuki, Kikkawa, and Vetro [12] demonstrated that if K and K̄ are nonempty, convex subsets
of a uniformly convex Banach space Z, then the pair (K, K̄) possesses the UC property. They also
established that if K and K̄ are nonempty subsets of a metric space (Z, ϱ) such that ϱ(K, K̄) = 0,
then the pair (K, K̄) satisfies the UC property.

To obtain an error estimate for the sequence of successive iterations approximating the best
proximity point, generated by a cyclic contraction, the modulus of convexity δZ is used [13].

Definition 6 (see [2]). A Banach space Z is said to be uniformly convex if there exists a strictly
increasing function δZ : [0, 2]→ [0, 1] such that the following implication holds for all x, x′, x̄ ∈ Z,
R > 0 and r ∈ [0, 2R]:

‖x− x̄‖ ≤ R
‖x′ − x̄‖ ≤ R
‖x− x′‖ ≥ r

 ⇒ ‖x+ x′

2
− x̄‖ ≤

(
1− δZ(

r

R
)
)
R. (1)

In this paper, we demonstrate that a noncyclic contraction pair (Γ, Γ̄) can be formulated
as a noncyclic contraction within the space Z2 = Z × Z through the adoption of a suitable
metric. This formulation facilitates the derivation of our main results concerning the existence
and uniqueness of coupled fixed points for noncyclic contraction pairs, as well as the estimation
of a priori and a posteriori error bounds.
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2 Auxiliary results based on property UC

For a complete metric space (Z, ϱ), we define Z2 = Z × Z and ϱ∗ : Z2 × Z2 → R+ such
that ϱ∗((x, y), (x̄, ȳ)) = max{ϱ(x, x̄), ϱ(y, ȳ)}. It can easily be seen that the completeness of the
metric space (Z2, ϱ∗) follows from the completeness of (Z, ϱ). On the normed space (Z, ‖ · ‖),
we use ‖ · ‖∗ to denote the norm on Z2, defined as ‖(x, y)‖∗ = max{‖x‖, ‖y‖}, so we have
‖(x, y)− (x̄, ȳ)‖∗ = max{‖x− x̄‖, ‖y − ȳ‖}.

Let K and K̄ be nonempty subsets of a metric space (Z, ϱ). Then

ϱ∗(K ×K, K̄ × K̄)

= inf{ϱ∗((x, y), (x̄, ȳ)) : (x, y) ∈ K ×K, (x̄, ȳ) ∈ K̄ × K̄}

≤ inf{ϱ∗((x, x), (x̄, x̄)) : x ∈ K, x̄ ∈ K̄}

= inf{ϱ(x, x̄) : (x, x̄) ∈ K × K̄}

= ϱ(K, K̄)

= inf{ϱ(x, x̄) : (x, x̄) ∈ K × K̄}

≤ inf{max{ϱ(x, x̄), ϱ(y, ȳ)} : (x, x̄) ∈ K × K̄, (y, ȳ) ∈ K × K̄}

= inf{ϱ∗((x, y), (x̄, ȳ)) : (x, y) ∈ K ×K, (x̄, ȳ) ∈ K̄ × K̄}

= ϱ∗(K ×K, K̄ × K̄).

So we obtain

ϱ∗(K ×K, K̄ × K̄) = ϱ(K, K̄). (2)

Definition 7. Let K and K̄ be nonempty subsets of a Banach space (Z, ‖ · ‖) such that (K, K̄)
has the UC property and ϱ := ϱ(K, K̄) > 0. If there exist C > 0 and p > 0 such that the
following implication holds for all x, x′ ∈ K, x̄ ∈ K̄ and R ≥ ϱ:

‖x− x̄‖ ≤ R,
‖x′ − x̄‖ ≤ R,

}
⇒ ‖x− x′‖ ≤ R p

√
R− ϱ
RC

, (3)

then, we say that (K, K̄) has property UC with convexity approximation coefficients C and p.

Note that in the previous definition, since (K, K̄) has the UC property, relation (3) clearly
holds when R = ϱ. Therefore, to prove that the definition is satisfied, it is enough to show that
relation (3) holds for R > ϱ.
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Moreover, [10, Theorem 2] can be stated as follows for sets K and K̄ satisfying the property
UC with convexity approximation coefficients C and p, using the same proof as provided by the
original authors.

Theorem 1. Suppose that K and K̄ are nonempty, closed subsets of a Banach space (Z, ‖ · ‖)
such that (K, K̄) and (K̄,K) have the UC property and ϱ := ϱ(K, K̄) > 0. Let T : K∪K̄ → K∪K̄
be a noncyclic contraction map; that is,

ϱ(Tx, T x̄) ≤ kϱ(x, x̄) + (1− k)ϱ(K, K̄),

for all x ∈ K and x̄ ∈ K̄ and some k ∈ [0, 1). Then

(i) T has a unique optimal pair of fixed points (x∗, x̄∗) ∈ K × K̄;

(ii) for every x0 ∈ K and x̄0 ∈ K̄ the sequences {xn} = {Tnx0} and {x̄n} = {Tnx̄0} converge
to x∗ and x̄∗, respectively.

Furthermore, if there exist C > 0 and p > 0 such that (K, K̄) has the UC property with convexity
approximation coefficients C and p, then

(iii) the following priori error estimate holds

‖x∗ − Tmx0‖ ≤
∆x0,x̄0

1− p
√
k

p

√
∆x0,x̄0 − ϱ

Cϱ
(

p
√
k)m;

(iv) the following posteriori error estimate holds

‖Tnx0 − x∗‖ ≤
∆xn,x̄n

1− p
√
k

p

√
∆xn,x̄n

− ϱ
Cϱ

;

where ∆x,x̄ := max
{
‖x− x̄‖, ‖Tx− x̄‖

}
, for every x ∈ K and x̄ ∈ K̄.

The following lemma is necessary to obtain the coupled version of Theorem 1 in the next
section.

Lemma 1. Suppose that K and K̄ are nonempty, closed, and convex subsets of a uniformly
convex Banach space (Z, ‖ · ‖) such that ϱ := ϱ(K, K̄) > 0. If δZ(ϵ) ≥ Cϵp for some C > 0, p > 0

and every ϵ ∈ (0, 2], then the pair (K×K, K̄ × K̄) as subsets of the Banach space (Z2, ‖ · ‖∗), has
property UC with convexity approximation coefficients C and p.
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Proof. It is easily proven that the pair (K×K, K̄×K̄) as subsets of the Banach space (Z2, ‖ ·‖∗),
has property UC. Since (Z, ‖ · ‖) is a uniformly convex Banach space, then there exists a strictly
increasing function δZ : [0, 2] → [0, 1] such that the implication (1) holds for all x, x′, x̄ ∈ Z,
R > 0 and r ∈ [0, 2R]. Let (x, y), (x′, y′) ∈ K ×K, (x̄, ȳ) ∈ K̄ × K̄, R > ϱ and{

‖(x, y)− (x̄, ȳ)‖∗ ≤ R,
‖(x′, y′)− (x̄, ȳ)‖∗ ≤ R.

So we obtain {
‖x− x̄‖ ≤ R,
‖x′ − x̄‖ ≤ R,

and

{
‖y − ȳ‖ ≤ R,
‖y′ − ȳ‖ ≤ R.

Since (Z, ‖ · ‖) is a uniformly convex Banach space, then

ϱ ≤ ‖x+ x′

2
− x̄‖ ≤ (1− δZ(

‖x− x′‖
R

))R

and

ϱ ≤ ‖y + y′

2
− ȳ‖ ≤ (1− δZ(

‖y − y′‖
R

))R.

It follows from the inequality δZ(ϵ) ≥ Cϵp that δ−1
Z (ϵ) ≤

(
ϵ
C

) 1
p for every ϵ ∈ (0, 2]. Since

0 < R−ϱ
R < 1, then we get

‖x− x′‖ ≤ δ−1
Z (
R− ϱ
R

)R ≤ R p

√
R− ϱ
RC

and

‖y − y′‖ ≤ δ−1
Z (
R− ϱ
R

)R ≤ R p

√
R− ϱ
RC

.

Therefore

‖(x, y)− (x′, y′)‖∗ = max{‖x− x′‖, ‖y − y′‖} ≤ R p

√
R− ϱ
RC

.
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3 Coupled fixed points for noncyclic contraction pair

We define a noncyclic contraction for an ordered pair of mappings as follows.

Definition 8. Let K and K̄ be nonempty subsets of the metric space (Z, ϱ). Let Γ : K×K → K
and Γ̄ : K̄ × K̄ → K̄. The ordered pair (Γ, Γ̄) is said to be a noncyclic contraction pair if there
exist nonnegative numbers λ, µ such that λ+ µ < 1, and the following inequality holds:

ϱ(Γ(x, y), Γ̄(x̄, ȳ)) ≤ λϱ(x, x̄) + µϱ(y, ȳ) + (1− (λ+ µ))ϱ(K, K̄),

for all (x, y) ∈ K ×K and (x̄, ȳ) ∈ K̄ × K̄.

For any initial values x0, y0 ∈ K and x̄0, ȳ0 ∈ K̄, let the sequences {xn}, {yn}, {x̄n}, and
{ȳn} be defined by

xn+1 := Γ(xn, yn) ∈ K, x̄n+1 := Γ̄(x̄n, ȳn) ∈ K̄,

yn+1 := Γ(yn, xn) ∈ K, ȳn+1 := Γ̄(ȳn, x̄n) ∈ K̄,

for every n ≥ 0. From Remark 1,

(xn+1, yn+1) = (Γ,Γ′)(xn, yn) ∈ K ×K,

(x̄n+1, ȳn+1) = (Γ̄, Γ̄′)(x̄n, ȳn) ∈ K̄ × K̄,

and

{(xn, yn)} = {(Γ,Γ′)n(x0, y0)},

{(x̄n, ȳn)} = {(Γ̄, Γ̄′)n(x̄0, ȳ0)},

for every n ≥ 0.
We continue this section by presenting two practical lemmas that will be useful in subsequent

analyses.

Lemma 2. Let K and K̄ be nonempty closed subsets of a complete metric space (Z, ϱ) and
let Γ : K × K → K and Γ̄ : K̄ × K̄ → K̄. Suppose that the ordered pair (Γ, Γ̄) is a noncyclic
contraction pair. Then the noncyclic mapping T : (K × K) ∪ (K̄ × K̄) → (K × K) ∪ (K̄ × K̄),
defined by

T (x, y) =

 (Γ,Γ′)(x, y) if (x, y) ∈ K ×K,

(Γ̄, Γ̄′)(x, y) if (x, y) ∈ K̄ × K̄,
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is a noncyclic contraction in the complete metric spaces (Z2, ϱ∗) with constant λ+ µ.

Proof. Consider the fixed but arbitrary points (x, y) ∈ K × K and (x̄, ȳ) ∈ K̄ × K̄. The ordered
pair (Γ, Γ̄) is a noncyclic contraction pair, so we have

ϱ(Γ(x, y), Γ̄(x̄, ȳ)) ≤ λϱ(x, x̄) + µϱ(y, ȳ) + (1− (λ+ µ))ϱ(K, K̄)

≤ λmax{ϱ(x, x̄), ϱ(y, ȳ)}+ µmax{ϱ(x, x̄), ϱ(y, ȳ)}

+ (1− (λ+ µ))ϱ(K, K̄)

= λϱ∗((x, y), (x̄, ȳ)) + µϱ∗((x, y), (x̄, ȳ))

+ (1− (λ+ µ))ϱ(K, K̄)

= (λ+ µ)ϱ∗((x, y), (x̄, ȳ)) + (1− (λ+ µ))ϱ(K, K̄).

From the previous relation, for (y, x) ∈ K ×K and (ȳ, x̄) ∈ K̄ × K̄, we have

ϱ(Γ(y, x), Γ̄(ȳ, x̄)) ≤ (λ+ µ)ϱ∗((y, x), (ȳ, x̄)) + (1− (λ+ µ))ϱ(K, K̄)

= (λ+ µ)ϱ∗((x, y), (x̄, ȳ)) + (1− (λ+ µ))ϱ(K, K̄).

Based on the symbols introduced in Remark 1, we establish the following relationship:

ϱ∗((Γ,Γ′)(x, y), (Γ̄, Γ̄′)(x̄, ȳ))

= max{ϱ(Γ(x, y), Γ̄(x̄, ȳ)), ϱ(Γ(y, x), Γ̄(ȳ, x̄))}.

From (2) we have ϱ∗(K ×K, K̄ × K̄) = ϱ(K, K̄), combining these relations yield the inequality:

ϱ∗(T (x, y), T (x̄, ȳ)) = ϱ∗((Γ,Γ′)(x, y), (Γ̄, Γ̄′)(x̄, ȳ))

≤ (λ+ µ)ϱ∗((x, y), (x̄, ȳ))

+ (1− (λ+ µ))ϱ∗(K ×K, K̄ × K̄).

This demonstrates that T is a noncyclic contraction in the complete metric space (Z2, ϱ∗).

Lemma 3. Suppose that K and K̄ are nonempty subsets of a metric space (Z, ϱ) such that
(K, K̄) and (K̄,K) have the UC property and ϱ := ϱ(K, K̄) > 0. Let Γ : K × K → K and
Γ̄ : K̄×K̄ → K̄ be mappings such that the ordered pair (Γ, Γ̄) constitutes a noncyclic contraction
pair. If Γ possesses a coupled fixed point (x∗, x∗∗) ∈ K×K and Γ̄ possesses a coupled fixed point
(x̄∗, x̄∗∗) ∈ K̄ × K̄, then it follows that x∗ = x∗∗ and x̄∗ = x̄∗∗ and ϱ(x∗, x̄∗) = ϱ(K, K̄).
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Proof. Since Γ possesses a coupled fixed point (x∗, x∗∗) ∈ K×K and Γ̄ possesses a coupled fixed
point (x̄∗, x̄∗∗) ∈ K̄ × K̄, then

ϱ(x∗, x̄∗) + ϱ(x∗∗, x̄∗∗) = ϱ(Γ(x∗, x∗∗), Γ̄(x̄∗, x̄∗∗)) + ϱ(Γ(x∗∗, x∗), Γ̄(x̄∗∗, x̄∗))

and

ϱ(x∗, x̄∗∗) + ϱ(x∗∗, x̄∗) = ϱ(Γ(x∗, x∗∗), Γ̄(x̄∗∗, x̄∗)) + ϱ(Γ(x∗∗, x∗), Γ̄(x̄∗, x̄∗∗)).

Given that (Γ, Γ̄) is a noncyclic contraction pair, we obtain the following inequalities from the
above relations:

ϱ(x∗, x̄∗) + ϱ(x∗∗, x̄∗∗)

≤ λϱ(x∗, x̄∗) + µϱ(x∗∗, x̄∗∗) + (1− (λ+ µ))ϱ

+ λϱ(x∗∗, x̄∗∗) + µϱ(x∗, x̄∗) + (1− (λ+ µ))ϱ

= (λ+ µ)(ϱ(x∗, x̄∗) + ϱ(x∗∗, x̄∗∗)) + 2(1− (λ+ µ))ϱ

and

ϱ(x∗, x̄∗∗) + ϱ(x∗∗, x̄∗)

≤ λϱ(x∗, x̄∗∗) + µϱ(x∗∗, x̄∗) + (1− (λ+ µ))ϱ

+ λϱ(x∗∗, x̄∗) + µϱ(x∗, x̄∗∗) + (1− (λ+ µ))ϱ

= (λ+ µ)(ϱ(x∗, x̄∗∗) + ϱ(x∗∗, x̄∗)) + 2(1− (λ+ µ))ϱ.

These imply that

(1− (λ+ µ))(ϱ(x∗, x̄∗) + ϱ(x∗∗, x̄∗∗)) ≤ 2(1− (λ+ µ))ϱ

and

(1− (λ+ µ))(ϱ(x∗, x̄∗∗) + ϱ(x∗∗, x̄∗)) ≤ 2(1− (λ+ µ))ϱ.

Hence

ϱ(x∗, x̄∗) + ϱ(x∗∗, x̄∗∗) ≤ 2ϱ = 2ϱ(K, K̄)

and
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ϱ(x∗, x̄∗∗) + ϱ(x∗∗, x̄∗) ≤ 2ϱ = 2ϱ(K, K̄).

Since ϱ(x∗, x̄∗) ≥ ϱ(K, K̄), ϱ(x∗∗, x̄∗∗) ≥ ϱ(K, K̄), ϱ(x∗, x̄∗∗) ≥ ϱ(K, K̄), and ϱ(x∗∗, x̄∗) ≥ ϱ(K, K̄),
then

ϱ(x∗, x̄∗) = ϱ(K, K̄) (4)

and

ϱ(x∗, x̄∗∗) = ϱ(x∗∗, x̄∗) = ϱ(K, K̄). (5)

Since (K, K̄) and (K̄,K) satisfy the UC property, then from (4) and (5), we obtain x̄∗ = x̄∗∗ and
x∗ = x∗∗, respectively.

We now have the necessary tools to present our main result.

Theorem 2. Suppose that K and K̄ are nonempty, closed, and convex subsets of a uniformly
convex Banach space (Z, ‖ · ‖) with ϱ := ϱ(K, K̄) > 0. Let Γ : K ×K → K, Γ̄ : K̄ × K̄ → K̄ such
that the ordered pair (Γ, Γ̄) is a noncyclic contraction pair. Then

(i) Γ has a unique coupled fixed point (x∗, x∗) ∈ K × K and Γ̄ has a unique coupled fixed
point (x̄∗, x̄∗) ∈ K̄ × K̄. Moreover, ϱ(x∗, x̄∗) = ϱ(K, K̄);

(ii) for every (x0, y0) ∈ K×K and (x̄0, ȳ0) ∈ K̄×K̄, the sequences {(xn, yn)} = {(Γ,Γ′)n(x0, y0)}
and {(x̄n, ȳn)} = {(Γ̄, Γ̄′)n(x̄0, ȳ0)} converge to (x∗, x∗) and (x̄∗, x̄∗), respectively.

Furthermore, if δZ(ϵ) ≥ Cϵp for some C > 0, p > 0 and every ϵ ∈ (0, 2], then for every n ≥ 0 we
have

(iii) the following priori error estimate holds

max{‖x∗ − xn‖, ‖x∗ − yn‖} ≤
∆0

1− p
√
λ+ µ

p

√
∆0 − ϱ
Cϱ

( p
√
λ+ µ)n;

(iv) the following posteriori error estimate holds

max{‖xn − x∗‖, ‖yn − x∗‖} ≤
∆n

1− p
√
λ+ µ

p

√
∆n − ϱ
Cϱ

,

where
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∆n = max
{
‖(xn, yn)− (x̄n, ȳn)‖∗, ‖(Γ,Γ′)(xn, yn)− (x̄n, ȳn)‖∗

}
,

or, equality

∆n = max
{
‖xn − x̄n‖, ‖yn − ȳn‖, ‖xn+1 − x̄n‖, ‖yn+1 − ȳn‖

}
.

Proof. Note that K × K and K̄ × K̄ are nonempty, closed, and convex subsets of the Banach
space (Z2, ‖ · ‖∗) and that T : (K ×K) ∪ (K̄ × K̄)→ (K ×K) ∪ (K̄ × K̄) defined by

T (x, y) =

 (Γ,Γ′)(x, y) if (x, y) ∈ K ×K,

(Γ̄, Γ̄′)(x, y) if (x, y) ∈ K̄ × K̄,

from Lemma 2, is a noncyclic contraction with constant λ+ µ.

(i) From Theorem 1(i), there exists a unique point (x∗, x∗∗) ∈ K ×K, which is a fixed point
for the map T that is (Γ,Γ′)(x∗, x∗∗) = (x∗, x∗∗). This implies that

Γ(x∗, x∗∗) = x∗ and Γ(x∗∗, x∗) = x∗∗.

Conversely, since every coupled fixed point of Γ is a fixed point of T , it follows that (x∗, x∗∗)

is the unique coupled fixed point of Γ in K × K. Similarly, we can show that Γ̄ has a unique
coupled fixed point (x̄∗, x̄∗∗) ∈ K̄× K̄. Lemma 3 requires that ϱ(x∗, x̄∗) = ϱ(K, K̄), x∗ = x∗∗ and
x̄∗ = x̄∗∗.

(ii) From Theorem 1(ii), for every (x0, y0) ∈ K × K and (x̄0, ȳ0) ∈ K̄ × K̄ the se-
quences {(xn, yn)} = {Tn(x0, y0)} = {(Γ,Γ′)n(x0, y0)} and {(x̄n, ȳn)} = {Tn(x̄0, ȳ0)} =

{(Γ̄, Γ̄′)n(x̄0, ȳ0)}, converge to (x∗, x∗) and (x̄∗, x̄∗), respectively.

From Theorem 1, it follows that for every n ≥ 0, we have

∆(xn,yn),(x̄n,ȳn)

= max
{
‖(xn, yn)− (x̄n, ȳn)‖∗, ‖T (xn, yn)− (x̄n, ȳn)‖∗

}
= max

{
‖(xn, yn)− (x̄n, ȳn)‖∗, ‖(Γ,Γ′)(xn, yn)− (x̄n, ȳn)‖∗

}
= max

{
‖xn − x̄n‖, ‖yn − ȳn‖, ‖Γ(xn, yn)− x̄n‖, ‖Γ(yn, xn)− ȳn‖

}
= max

{
‖xn − x̄n‖, ‖yn − ȳn‖, ‖xn+1 − x̄n‖, ‖yn+1 − ȳn‖

}
= ∆n.

In particular

∆(x0,y0),(x̄0,ȳ0) = max
{
‖x0 − x̄0‖, ‖y0 − ȳ0‖, ‖x1 − x̄0‖, ‖y1 − ȳ0‖

}
= ∆0.
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On the other hand,

‖(x∗, x∗)− Tn(x0, y0)‖∗ = max{‖x∗ − xn‖, ‖x∗ − yn‖}.

Moreover, T is a noncyclic contraction with constant λ + µ. These observations, together with
Theorem 1(iii)-(iv), complete the proof of parts (iii) and (iv).

We illustrate Theorem 2 with an example.

Example 1. Consider the real number space R, equipped with the standard absolute value
norm, | · |. Then, we have δR(ϵ) = ε

2 (see [4]). So C = 1
2 and p = 1.

Define the sets K to be the closed interval [1, 2] and K̄ as the closed interval [−2,−1]. Let
Γ : K ×K → K and Γ̄ : K̄ × K̄ → K̄ be defined as follows:

Γ(x, y) :=
x+ 2y + 5

8
and Γ̄(x̄, ȳ) :=

x̄+ 2ȳ − 5

8
.

It is easy to observe that x = x∗, y = x∗∗, x̄ = x̄∗, ȳ = x̄∗∗ in K ∪ K̄ constitute a solution of the
system 

7x− 2y = 5,

7y − 2x = 5,

7x̄− 2ȳ = −5,
7ȳ − 2x̄ = −5,

if and only if

Γ(x∗, x∗∗) = x∗, Γ(x∗∗, x∗) = x∗∗, Γ̄(x̄∗, x̄∗∗) = x̄∗ and Γ̄(x̄∗∗, x̄∗) = x̄∗∗.

Note that

ϱ(Γ(x, y), Γ̄(x̄, ȳ)) = |x+ 2y + 5

8
− x̄+ 2ȳ − 5

8
|

= |1
8
(x− x̄) + 2

8
(y − ȳ) + 5

8
× 2|

≤ 1

8
|x− x̄|+ 2

8
|y − ȳ|+ (1− 3

8
)× ϱ(K, K̄).

Hence (Γ, Γ̄) is a noncyclic contraction pair. From Theorem 2(i), Γ has a unique coupled fixed
point (x∗, x∗) = (1, 1) ∈ K × K and Γ̄ has a unique coupled fixed point (x̄∗, x̄∗) = (−1,−1) ∈
K̄×K̄. For all (x0, y0) ∈ K×K and (x̄0, ȳ0) ∈ K̄×K̄ the sequences {(xn, yn)} = {(Γ,Γ′)n(x0, y0)}
and {(x̄n, ȳn)} = {(Γ̄, Γ̄′)n(x̄0, ȳ0)} converge to (1, 1) and (−1,−1), respectively. See Table 1.
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Table 1: Convergence of the sequences in Example 1
xn yn x̄n ȳn

n = 0 1.35 1.45 -1.8 -1.35
n = 1 1.15625 1.14375 -1.1875 -1.24375
n = 2 1.05546875 1.05703125 -1.084375 -1.07734375
n = 3 1.0211914063 1.0209960938 -1.0298828125 -1.0307617188
n = 4 1.0078979492 1.0079223633 -1.0114257813 -1.0113159180
n = 5 1.0029678345 1.0029647827 -1.0042572021 -1.0042709351
n = 6 1.0011121750 1.0011125565 -1.0015998840 -1.0015981674
n = 7 1.0004171610 1.0004171133 -1.0005995274 -1.0005997419
n = 8 1.0001564234 1.0001564294 -1.0002248764 -1.0002248496
n = 9 1.0000586603 1.0000586595 -1.0000843219 -1.0000843253
n = 10 1.0000219974 1.0000219975 -1.0000316216 -1.0000316211

A priori error estimate holds

max{‖x∗ − xn‖, ‖x∗ − yn‖} ≤
∆0

1− p
√
λ+ µ

p

√
∆0 − ϱ
Cϱ

( p
√
λ+ µ)n

= 5.796× (
3

8
)n.

Therefore after ten iterations, the derived error bound guarantees that the priori error estimate
is less than 0.0004.

A posteriori error estimate holds

max{‖xn − x∗‖, ‖yn − x∗‖} ≤
∆n

1− p
√
λ+ µ

p

√
∆n − ϱ
Cϱ

=
8

5
∆n(∆n − 2).

Therefore after ten iterations, the derived error bound guarantees that the posteriori error esti-
mate is less than 0.0002.

As a consequence of Theorem 2, we obtain its cyclic version. The statements of this theorem
are similar to [5, Theorem 3], but with new error bounds. The subsequent lemma will help us in
the proof.

Lemma 4. Suppose that K and K̄ are nonempty subsets of the metric space (Z, ϱ). Let Γ :

K × K → K̄, Γ̄ : K̄ × K̄ → K such that the ordered pair (Γ, Γ̄) is a cyclic contraction pair with
nonnegative constants λ and µ in which λ+ µ < 1. Then

(i) (Γ̄ ◦ (Γ,Γ′))′ = Γ̄′ ◦ (Γ,Γ′) and (Γ ◦ (Γ̄, Γ̄′))′ = Γ′ ◦ (Γ̄, Γ̄′);
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(ii) (Γ̄ ◦ (Γ,Γ′),Γ ◦ (Γ̄, Γ̄′)) is a noncyclic contraction pair with constants λ2 + µ2 and 2λµ.

Proof. From the definitions of Γ and Γ̄, the composition Γ̄◦(Γ,Γ′) defines a mapping from K×K
to K, while Γ ◦ (Γ̄, Γ̄′) defines a mapping from K̄ × K̄ to K̄.

(i) For all (x, y) ∈ K ×K, we have

(Γ̄ ◦ (Γ,Γ′))′(x, y) = (Γ̄ ◦ (Γ,Γ′))(y, x)

= Γ̄(Γ(y, x),Γ(x, y))

= Γ̄′(Γ(x, y),Γ′(x, y))

= (Γ̄′ ◦ (Γ,Γ′))(x, y).

So (Γ̄ ◦ (Γ,Γ′))′ = Γ̄′ ◦ (Γ,Γ′). Similarly we can show that (Γ ◦ (Γ̄, Γ̄′))′ = Γ′ ◦ (Γ̄, Γ̄′).
(ii) The ordered pair (Γ, Γ̄) is a cyclic contraction pair with constants λ and µ, so for all

(x, y) ∈ K ×K and (x̄, ȳ) ∈ K̄ × K̄, we have

ϱ((Γ̄ ◦ (Γ,Γ′))(x, y), (Γ ◦ (Γ̄, Γ̄′))(x̄, ȳ))

= ϱ((Γ ◦ (Γ̄, Γ̄′))(x̄, ȳ), (Γ̄ ◦ (Γ,Γ′))(x, y))

≤ λϱ(Γ̄(x̄, ȳ),Γ(x, y)) + µϱ(Γ̄(ȳ, x̄),Γ(y, x)) + (1− (λ+ µ))ϱ(K, K̄)

= λϱ(Γ(x, y), Γ̄(x̄, ȳ)) + µϱ(Γ(y, x), Γ̄(ȳ, x̄)) + (1− (λ+ µ))ϱ(K, K̄)

≤ λ2ϱ(x, x̄) + λµϱ(y, ȳ) + λ(1− (λ+ µ))ϱ(K, K̄) + µλϱ(y, ȳ)

+ µ2ϱ(x, x̄) + µ(1− (λ+ µ))ϱ(K, K̄) + (1− (λ+ µ))ϱ(K, K̄)

= (λ2 + µ2)ϱ(x, x̄) + 2λµϱ(y, ȳ) + (1− (λ+ µ)2)ϱ(K, K̄).

Hence (Γ̄◦ (Γ,Γ′),Γ◦ (Γ̄, Γ̄′)) is a noncyclic contraction pair with constants λ2+µ2 and 2λµ.

Corollary 1. Suppose that K and K̄ are nonempty, closed, and convex subsets of a uniformly
convex Banach space (Z, ‖ · ‖) such that ϱ := ϱ(K, K̄) > 0. Let Γ : K ×K → K̄, Γ̄ : K̄ × K̄ → K
such that the ordered pair (Γ, Γ̄) is a cyclic contraction pair. Then

(i) Γ has a unique coupled best proximity point (x∗, x∗) ∈ K×K and Γ̄ has a unique coupled
best proximity point (x̄∗, x̄∗) ∈ K̄ × K̄, that is,

‖x∗ − Γ(x∗, x∗)‖ = ϱ and ‖x̄∗ − Γ̄(x̄∗, x̄∗)‖ = ϱ.

Moreover,
Γ(x∗, x∗) = x̄∗, Γ̄(x̄∗, x̄∗) = x∗, ‖x∗ − x̄∗‖ = ϱ;
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(ii) For any arbitrary point (x0, y0), let the sequences {xn} and {yn} defined as in Definition
3. Then

lim
n→∞

x2n = lim
n→∞

y2n = x∗, lim
n→∞

x2n+1 = lim
n→∞

y2n+1 = x̄∗.

Furthermore, if δZ(ϵ) ≥ Cϵp for some C > 0, p > 0 and every ϵ ∈ (0, 2], then

(iii) the following priori error estimate holds

max{‖x∗ − x2m‖, ‖x∗ − y2m‖} ≤ ∆0
p

√
∆0 − ϱ
Cϱ

( p
√
λ+ µ)2m

1− p
√
(λ+ µ)2

;

(iv) the following posteriori error estimate holds

max{‖x∗ − x2n‖, ‖x∗ − y2n‖} ≤
∆n

1− p
√
(λ+ µ)2

p

√
∆n − ϱ
Cϱ

,

where

∆0 = max
{
‖(x0, y0)− (x1, y1)‖∗, ‖(x2, y2)− (x1, y1)‖∗

}
and

∆n = max
{
‖(x2n, y2n)− (x2n+1, y2n+1)‖∗,

‖(x2n+2, y2n+2)− (x2n+1, y2n+1)‖∗
}
.

Proof. (i) From Lemma 4, (Γ̄ ◦ (Γ,Γ′),Γ ◦ (Γ̄, Γ̄′)) is a noncyclic contraction pair. So, from
Theorem 2(i), Γ̄ ◦ (Γ,Γ′) has a unique coupled fixed point (x∗, x∗) ∈ K×K and Γ ◦ (Γ̄, Γ̄′) has a
unique coupled fixed point (x̄∗, x̄∗) ∈ K̄ × K̄ such that ‖x∗ − x̄∗‖ = ϱ(K, K̄). On the other hand,
(Γ, Γ̄) is a cyclic contraction pair, so we have

‖Γ(x∗, x∗)− x∗‖ = ‖Γ(x∗, x∗)− (Γ̄ ◦ (Γ,Γ′))(x∗, x∗)‖

≤ (λ+ µ)‖x∗ − Γ(x∗, x∗)‖+ (1− (λ+ µ))ϱ.

This implies ‖Γ(x∗, x∗)− x∗‖ = ϱ(K, K̄). Since ‖x∗ − x̄∗‖ = ϱ(K, K̄), then from Property UC of
(K̄,K), we get Γ(x∗, x∗) = x̄∗. The proof of the other cases is similar.

(ii) From Theorem 2(ii), for every (x0, y0) ∈ K×K and (x̄0, ȳ0) := (Γ,Γ′)(x0, y0) = (x1, y1) ∈
K̄ × K̄ the sequences

{(Γ̄ ◦ (Γ,Γ′), Γ̄′ ◦ (Γ,Γ′))n(x0, y0)}
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and
{(Γ ◦ (Γ̄, Γ̄′),Γ′ ◦ (Γ̄, Γ̄′))n(x1, y1)}

converge to (x∗, x∗) and (x̄∗, x̄∗), respectively. Indeed from Remark 1, we know

{(Γ̄ ◦ (Γ,Γ′), Γ̄′ ◦ (Γ,Γ′))n(x0, y0)} = {((Γ̄, Γ̄′) ◦ (Γ,Γ′))n(x0, y0)}

= {(x2n, y2n)}

and

{(Γ ◦ (Γ̄, Γ̄′),Γ′ ◦ (Γ̄, Γ̄′))n(x1, y1)} = {((Γ,Γ′) ◦ (Γ̄, Γ̄′))n(x1, y1)}

= {(x2n+1, y2n+1)},

which completes the proof of (ii).
(iii) In Theorem 2(iii), let (x̄0, ȳ0) := (Γ,Γ′)(x0, y0) = (x1, y1). Then

∆0 = max
{
‖(x0, y0)− (x1, y1)‖∗,

‖(Γ̄ ◦ (Γ,Γ′), Γ̄′ ◦ (Γ,Γ′))(x0, y0)− (x1, y1)‖∗
}

= max
{
‖(x0, y0)− (x1, y1)‖∗, ‖((Γ̄, Γ̄′) ◦ (Γ,Γ′))(x0, y0)− (x1, y1)‖∗

}
= max

{
‖(x0, y0)− (x1, y1)‖∗, ‖(x2, y2)− (x1, y1)‖∗

}
.

Since from Lemma 4, (Γ̄◦(Γ,Γ′),Γ◦(Γ̄, Γ̄′)) is a noncyclic contraction pair with constants λ2+µ2

and 2λµ and λ2 + µ2 + 2λµ = (λ+ µ)2, then the following priori error estimate holds

max{‖x∗ − x2m‖, ‖x∗ − y2m‖}

= ‖(x∗, x∗)− ((Γ̄, Γ̄′) ◦ (Γ,Γ′))m(x0, y0)‖∗

= ‖(x∗, x∗)− (Γ̄ ◦ (Γ,Γ′), Γ̄′ ◦ (Γ,Γ′))m(x0, y0)‖∗

≤ ∆0

1− p
√

(λ+ µ)2
p

√
∆0 − ϱ
Cϱ

( p
√
λ+ µ)2m.

(iv) In Theorem 2(iv), let (x̄0, ȳ0) := (Γ,Γ′)(x0, y0) = (x1, y1). Then

∆n = ∆(Γ̄◦(Γ,Γ′),Γ̄′◦(Γ,Γ′))n(x0,y0),(Γ◦(Γ̄,Γ̄′),Γ′◦(Γ̄,Γ̄′))n(x1,y1)

= ∆((Γ̄,Γ̄′)◦(Γ,Γ′))n(x0,y0),((Γ,Γ′)◦(Γ̄,Γ̄′))n(x1,y1)

= ∆(x2n,y2n),(x2n+1,y2n+1)

= max
{
‖(x2n, y2n)− (x2n+1, y2n+1)‖∗,
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‖(Γ̄ ◦ (Γ,Γ′), Γ̄′ ◦ (Γ,Γ′))(x2n, y2n)− (x2n+1, y2n+1)‖∗
}

= max
{
‖(x2n, y2n)− (x2n+1, y2n+1)‖∗,

‖((Γ̄, Γ̄′) ◦ (Γ,Γ′))(x2n, y2n)− (x2n+1, y2n+1)‖∗
}

= max
{
‖(x2n, y2n)− (x2n+1, y2n+1)‖∗,

‖(x2n+2, y2n+2)− (x2n+1, y2n+1)‖∗
}
.

Since from Lemma 4, (Γ̄◦(Γ,Γ′),Γ◦(Γ̄, Γ̄′)) is a noncyclic contraction pair with constants λ2+µ2

and 2λµ and λ2 + µ2 + 2λµ = (λ+ µ)2, then the following posteriori error estimate holds

max{‖x∗ − x2n‖, ‖x∗ − y2n‖} = ‖((Γ̄, Γ̄′) ◦ (Γ,Γ′))n(x0, y0)− (x∗, x∗)‖∗

≤ ∆n

1− p
√
(λ+ µ)2

. p

√
∆n − ϱ
Cϱ

.
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Abstract

The Internet of Things (IoT) ecosystem comprises billions of heterogeneous devices that have
diverse hardware architectures, operating systems, vulnerability profiles, and patch manage-
ment capabilities, creating a complex and dynamic attack surface for malware propagation.
This paper develops a comprehensive multi-layer network epidemic model for characterizing
malware spread in heterogeneous IoT networks. The proposed framework integrates three key
dimensions: (1) a susceptible-exposed-infected-recovered-susceptible with vaccination compart-
mental structure capturing device-level infection states and patching status; (2) a multi-layer
network topology distinguishing between physical proximity, logical connectivity, and protocol-
based communication graphs, and (3) device-type heterogeneity with class-specific parameters
for vulnerability, infectiousness, and recovery rates. The hybrid formulation yields a system
of coupled differential equations that admits analytical expressions for the basic reproduc-
tion number R0, type-specific epidemic thresholds, and equilibrium prevalence. Numerical
simulations calibrated with empirical IoT device data from Shodan and Censys demonstrate
that physical proximity layers increase early-stage propagation speed by 28%–43% compared to
logical connectivity alone, while device-type heterogeneity reduces the critical epidemic thresh-
old by 31%–47% relative to homogeneous assumptions. The model provides security analysts
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with quantitative tools for identifying critical infection pathways, prioritizing device classes for
patching, and evaluating network segmentation strategies.

AMS subject classifications (2020): Primary 92D30; Secondary 68M25, 05C82, 91A80

Keywords: IoT security, multi-layer networks, epidemic modeling, heterogeneous devices, patch
management, malware propagation

1 Introduction

The Internet of Things (IoT) has fundamentally transformed the technological landscape, with
connected device installations projected to exceed 30 billion by 2025, spanning consumer elec-
tronics, industrial control systems, healthcare devices, and critical infrastructure [7]. This prolif-
eration has created an unprecedented attack surface for malware propagation. Unlike traditional
computing environments with relatively homogeneous operating systems and centralized patch
management, IoT ecosystems exhibit extreme heterogeneity across multiple dimensions: Hard-
ware architectures (ARM, x86, RISC-V), operating system families, and patch management
practices.

Recent high-profile IoT malware campaigns, including Mirai, Hajime, and Mozi, have demon-
strated the catastrophic potential of large-scale IoT compromise, with infected devices forming
botnets capable of launching multi-terabit distributed denial-of-service attacks [1]. These out-
breaks reveal fundamental limitations of existing propagation models. Traditional epidemio-
logical approaches, adapted from biological infectious disease modeling, typically assume ho-
mogeneous mixing and uniform population characteristics that fundamentally misrepresent IoT
realities [19].

First, IoT networks exhibit multi-layer topological structures that classical epidemic models
fail to capture. Devices communicate through multiple channels: Physical proximity enables
Bluetooth and ZigBee transmission, while logical connectivity facilitates IP-based communica-
tion, and protocol-specific networks create distinct infection pathways [17]. Malware can prop-
agate simultaneously across these layers, with different transmission rates and probability dis-
tributions. Understanding inter-layer propagation dynamics is essential for accurate outbreak
prediction and containment.

Second, device-type heterogeneity fundamentally alters epidemic dynamics. A compromised
smart camera may have different infectiousness, vulnerability, and recovery characteristics than
an industrial controller or a healthcare monitor. Vulnerability databases reveal systematic vari-
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ation in patch availability and deployment timelines across device classes [18]. Consumer devices
require an average of 45–60 days for patch deployment, whereas industrial devices may remain
unpatched for over 200 days due to certification requirements and operational continuity con-
straints [6]. This heterogeneity creates class-specific sub-epidemics with complex interactions.

Third, the vaccination analogy—patching—exhibits distinct temporal dynamics in IoT con-
texts. Unlike biological immunity, patching is a strategic decision influenced by device type,
operational criticality, and cost-benefit calculations. Device owners decide whether and when to
apply patches based on perceived risk, disruption costs, and available resources [2]. This behav-
ioral dimension requires the integration of game-theoretic elements into epidemic frameworks.

Novelty and Contribution: The primary contribution of this manuscript is not the inven-
tion of new mathematical compartments, but rather the integration of three existing modeling
dimensions—(i) multi-layer network topology (physical, logical, protocol), (ii) device-type hetero-
geneity, and (iii) strategic (prevalence-dependent) patching dynamics—into a single, unified, and
analytically tractable framework. While each of these components has been studied separately in
prior work (e.g., susceptible-exposed-infected-recovered-susceptible with vaccination (SEIRS-V)
models in wireless sensor networks by Mishra & Tyagi, 2014; multi-type SEIR for IoT by Yan et
al., 2021; temporal multi-layer models by Cao et al., 2025), the specific combination of all three
components, along with empirical calibration using IoT-specific datasets (Shodan, Censys, NVD)
and validation against real-world campaigns (Mirai, Hajime), represents the novel contribution
of this paper. This integration allows, for the first time, a quantitative analysis of how inter-layer
propagation pathways and slow-patching industrial devices jointly sustain endemic malware in
IoT ecosystems.

This paper addresses these gaps through a comprehensive multi-layer network epidemic
model specifically designed for heterogeneous IoT environments. Our approach integrates three
methodological innovations:

1. Multi-Layer Network Topology: We model IoT communication infrastructure as a
multi-layer graph with distinct layers for physical proximity, logical connectivity, and
protocol-specific networks. Malware transmission occurs within and potentially across
layers with layer-specific transmission rates and probabilities.

2. Device-Type Heterogeneity: We classify IoT devices into K distinct types based on
hardware architecture, operating system, and vulnerability profile. Each type exhibits
class-specific parameters for susceptibility, latency, infectiousness, and recovery, enabling
realistic characterization of heterogeneous populations.
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3. SEIRS-V Compartmental Structure with Strategic Patching: We extend classical
compartmental models to include a vaccinated (patched) state with waning immunity,
and incorporate game-theoretic patch adoption where device types strategically choose
patching timing based on infection prevalence and cost parameters.

The remainder of this paper is organized as follows. Section 2 reviews related work. Section
3 presents the mathematical formulation. Section 4 derives epidemic thresholds and equilibrium
conditions. Section 5 describes numerical simulations and validation. Section 6 discusses practical
implications. Section 7 concludes.

2 Literature review

2.1 Classical epidemic models for malware propagation

The application of epidemiological models to computer malware has a rich history dating back
to the 1990s. Kephart and White pioneered the use of SIR (Susceptible-Infected-Recovered)
models for computer virus propagation [12]. The classical deterministic formulation describes
population dynamics through ordinary differential equations (ODEs):

dS

dt
= −βSI, dI

dt
= βSI − γI, dR

dt
= γI, (1)

where β denotes the infection rate and γ the recovery rate. This model yields the fundamental
epidemic threshold R0 = βS0/γ, determining outbreak persistence.

Extensions have incorporated additional compartmental structure relevant to malware. The
SEIR model adds an exposed (E) compartment for latent infections, capturing the delay between
initial compromise and active propagation [27]. The SIS model, where recovered individuals
return to susceptibility, models malware without immunity or incomplete patching [28]. The SIRS
model incorporates temporary immunity followed by waning protection, representing devices that
become vulnerable after patches expire or are reversed [4].

While these models provide valuable foundations, they rest on assumptions that are funda-
mentally inconsistent with IoT realities. Homogeneous mixing assumes any infected node can
infect any susceptible node with equal probability, ignoring the structured communication pat-
terns characteristic of IoT deployments [19]. Uniform parameters across all nodes fail to capture
device-type heterogeneity in vulnerability, infectiousness, and recovery.
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2.2 Network epidemic models

Network epidemiology addresses homogeneous mixing limitations by modeling propagation on
explicit graph topologies. In network epidemic models, nodes represent devices and edges repre-
sent communication pathways through which infection transmits [17]. The infection probability
for a susceptible node depends on the infection status of its neighbors.

For a network with an adjacency matrix A, the SIS dynamics on graphs are given as follows:

dpi
dt

= β
∑
j

Aijpj − γpi, (2)

where pi is the infection probability of node i. Linearization around the disease-free equilibrium
yields the epidemic threshold condition R0 = βρ(A)/γ, where ρ(A) is the spectral radius of the
adjacency matrix [20].

Network models have been successfully applied to email worms and topology-aware viruses
[23]. However, standard network epidemic models assume a single network layer, whereas IoT
devices communicate through multiple distinct channels simultaneously [25].

2.3 Multi-layer network epidemic models

Multi-layer networks represent systems in which nodes interact through multiple distinct types
of connections. Formally, a multi-layer network comprises L layers, each with adjacency matrix
A(ℓ) for ℓ = 1, . . . , L. Nodes may have different neighbors in different layers, and infection can
potentially transmit both within and across layers [3].

Recent theoretical advances have extended epidemic modeling to multi-layer contexts. The
multi-layer SIS model with uncorrelated layers exhibits a threshold condition:

R0 =
β

γ
ρ

(
L∑
ℓ=1

A(ℓ)

)
, (3)

provided that transmission rates are uniform across layers [26]. For correlated layers, the spectral
radius of the aggregated network may be significantly larger than individual layer contributions,
amplifying outbreak potential.

Applications of multi-layer epidemic models remain limited in cybersecurity contexts. Liu
et al. [16] proposed a two-layer model for malware propagation in mobile networks considering
Bluetooth and WiFi transmission channels. However, comprehensive multi-layer formulations
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that incorporate device-type heterogeneity and strategic patching for IoT environments remain
unexplored.

2.4 Heterogeneous population models

Heterogeneity in host populations has been extensively studied in mathematical epidemiology.
Multi-group models partition the population into groups with distinct epidemiological parameters
[13]. For K groups, the next-generation matrix approach yields

R0 = ρ(M), (4)

where M is the matrix with entries Mij = βijS
0
i /γj , capturing transmission from group j to

group i.
In cybersecurity contexts, heterogeneous device types have received increasing attention. Li

et al. [14] developed a multi-group model for malware propagation in wireless sensor networks,
incorporating class-specific infection and recovery rates. Their analysis demonstrated that het-
erogeneity significantly affects epidemic thresholds and equilibrium prevalence. However, their
model assumes homogeneous mixing within and between groups, neglecting network topology.

Recent studies have explored stochastic simulation approaches for IoT malware spread using
individual-based SIR models with topological overlap measures, providing empirical validation
resources for heterogeneous network models [22].

2.5 Patch management and strategic behavior

The economics of patching and security investments have been extensively analyzed using game
theory. August and Tunca [2] modeled firm-level patch adoption decisions as a trade-off between
security risk and operational disruption costs. Chopra and Singh [6] have documented substantial
variation in patch deployment timelines across IoT device types, with consumer devices patching
faster than industrial devices due to certification requirements.

Integrating strategic patching behavior into epidemic models represents an emerging research
direction. Chen and Wang [5] proposed a model where recovery rates depend on infection preva-
lence through a rational response function, but did not consider device-type heterogeneity or
network structure.
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2.6 Research gap and positioning

Our literature review identifies four critical gaps that this paper addresses:

1. Multi-Layer IoT Networks: Existing models fail to capture the multi-layer communi-
cation structure of IoT environments, where devices interact through physical proximity,
logical connectivity, and protocol-specific networks simultaneously.

2. Device-Type Heterogeneity with Network Structure: While multi-group models
capture population heterogeneity, they assume homogeneous mixing within and between
groups, neglecting the network topology that fundamentally shapes propagation dynamics.

3. Strategic Patching with Heterogeneity: Current models treat recovery as an ex-
ogenous constant rather than a strategic decision that varies systematically across device
types based on cost-benefit calculations.

4. Empirical IoT Calibration: Existing models are predominantly calibrated for PC and
server environments, lacking IoT-specific parameterization based on real device census
data and vulnerability measurements.

Table 1 summarizes the comparative positioning of our multi-layer heterogeneous framework
relative to existing modeling approaches.

Table 1: Comparison of malware propagation modeling approaches

Model Feature Classical Epidemic Single-Layer Network Multi-Group Our Multi-Layer
Network topology No Single layer No Multiple layers
Device-type heterogeneity No No Yes Yes
Strategic patching No No Limited Yes
Multi-layer transmission No No No Yes
Empirical IoT calibration No Limited No Yes
Layer-specific thresholds No No No Yes

The proposed multi-layer heterogeneous epidemic framework occupies a unique position,
integrating the topological realism of multi-layer networks, the population realism of heteroge-
neous device types, and the behavioral realism of strategic patch adoption, while incorporating
IoT-specific empirical parameters.
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3 Mathematical model formulation

This section presents the multi-layer heterogeneous epidemic model for malware propagation in
IoT networks. We develop the model in three integrated components: (1) multi-layer network
topology, (2) device-type classification and compartmental structure, and (3) strategic patch
adoption dynamics.

3.1 Summary of key symbols

Table 2 provides a summary of the key mathematical symbols used throughout this paper.

Table 2: Summary of key mathematical symbols

Symbol Description Typical Value
N Total number of IoT devices 105 − 107

K Number of device types 5
L Number of network layers 3
Sk, Ek, Ik, Rk, Vk Fraction of type-k devices in each state varies
β(ℓ)(t) Time-varying transmission rate for layer ℓ 0.08-0.25 day−1

σk Activation rate (latent period inverse) for type k 0.3-0.7 day−1

ρk(t) Time-varying patching rate for type k 0.0056-0.022 day−1

ωk Immunity waning rate for type k 0.002 day−1

ξk Vaccine waning rate 0.001 day−1

νk(t) Proactive vaccination rate varies
τkk′ Transmission compatibility factor from type k′ to k 0.3-1.0
〈a(ℓ)kk′〉 Average number of layer-ℓ edges between types k and k′ varies
R0 Basic reproduction number varies
θk Patching threshold for type k (= ckD/c

k
I ) 0.05-0.25

3.2 Multi-layer network topology

Consider an IoT network comprisingN devices indexed by i = 1, . . . , N . Devices interact through
L distinct communication layers, representing different transmission modalities:

• Layer 1 (Physical Proximity): Short-range wireless communication (Bluetooth, Zig-
Bee, NFC) requiring devices to be within physical range. The adjacency matrix A(1) has
entries a(1)ij = 1 if devices i and j are within transmission range.
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• Layer 2 (Logical Connectivity): IP-based communication over WiFi or Ethernet. A(2)

represents the logical network topology based on routing and connectivity.

• Layer 3 (Protocol-Specific Networks): Specialized communication protocols (Lo-
RaWAN, Modbus, CAN bus) for specific applications. Additional layers can represent
distinct protocol domains.

Each layer ℓ has an associated transmission rate β(ℓ)(t) that may vary over time, particularly
increasing after exploit disclosure. The inter-layer coupling is captured through the multi-layer
adjacency structure; a single device participates in multiple layers simultaneously.

Define the multi-layer network as G = {G(1), . . . , G(L)} with adjacency matrices A(ℓ). For
analytical tractability, we assume that layers are independent conditional on device membership.

Limitation acknowledgment: It is important to note that in realistic IoT deployments,
physical proximity and logical connectivity may be correlated (e.g., co-located devices often share
the same IP subnet). The following analysis therefore provides a baseline under conditional
independence, while the potential impact of inter-layer correlations is discussed in Section 6.3.

3.3 Device-type classification and compartmental structure

IoT devices exhibit substantial heterogeneity in hardware, software, and security characteristics.
We classify devices into K distinct types indexed by k = 1, . . . ,K, based on

• Hardware architecture (ARM, x86, MIPS, RISC-V)

• Operating system/firmware family

• Vulnerability profile (common vulnerabilities and exposures)

• Typical patch management capability

• Deployment context (consumer, industrial, healthcare)

Let Nk denote the number of devices of type k, with
∑K
k=1Nk = N . Each device occupies

one of five epidemiological states at time t:

• Susceptible (S): Device is vulnerable and not yet compromised.
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• Exposed (E): Device has received a malware payload but is not yet infectious (latent
period).

• Infected (I): Device is actively compromised and capable of propagating malware.

• Recovered (R): Device has been patched or remediated and is temporarily immune.

• Vaccinated (V): Device has received proactive security updates before infection, pro-
viding immunity.

This SEIRS-V structure captures the full lifecycle of IoT devices under malware threat. The
compartmental dynamics for device i of type k are governed by state transition rates:

Si
λ
(ℓ)
i (t)
−−−−→ Ei (Infection via layer ℓ),

Ei
σk−→ Ii (Activation),

Ii
ρk(t)−−−→ Ri (Patching),

Ri
ωk−−→ Si (Immunity waning),

Si
νk(t)−−−→ Vi (Proactive vaccination),

Vi
ξk−→ Si (Vaccine waning), (5)

where λ(ℓ)i (t) is the layer-specific force of infection on device i, σk is the type-specific activation
rate (inverse of mean latent period), ρk(t) is the type-specific patching rate, ωk is the immunity
waning rate, νk(t) is the proactive vaccination rate, and ξk is the vaccine waning rate.

Value of V state: While the V (vaccinated) compartment is not always occupied in the
zero-day scenarios considered in our Mirai/Hajime validation (as proactive vaccination is rare
before disclosure), it is included for completeness and forward compatibility. The V state allows
the model to represent scenarios such as firmware updates that block specific vulnerability classes
before an exploit is observed, or network-level filters applied to certain device types. In the
current analysis, we set initial vaccination νk(t) = 0 and focus on the SEIRS dynamics. However,
the modular structure of the model allows for future extensions to proactive defense strategies
without rederiving the core equations.

Figure 1 presents a schematic diagram of the compartmental structure and transitions.
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Figure 1: Compartmental flow diagram of the SEIRS-V model for a single device type. Transitions: S
λ(t)
−−−→ E

(infection), E
σ−→ I (activation), I

ρ(t)
−−−→ R (patching/recovery), R

ω−→ S (immunity waning), S
ν(t)
−−−→ V

(proactive vaccination), V ξ−→ S (vaccine waning). Multi-layer transmission is captured in λ(t).

3.4 Layer-Specific Transmission Process

The force of infection on device i from layer ℓ depends on the infection status of its neighbors in
that layer. For a device i of type k, the layer-specific force of infection is

λ
(ℓ)
i (t) = β(ℓ)(t)

N∑
j=1

a
(ℓ)
ij · τk(i),k(j) · Ij(t), (6)

where

• β(ℓ)(t) is the time-varying baseline transmission rate for layer ℓ,

• a
(ℓ)
ij is the adjacency matrix entry for layer ℓ,

• τk(i),k(j) is a type-specific transmission compatibility factor, indicating the probability
that an infected device of type k(j) successfully infects a susceptible device of type k(i),

• Ij(t) ∈ {0, 1} indicates whether device j is infected.

The compatibility factor captures cross-type transmission heterogeneity. For example, a
malware variant optimized for ARM processors may have reduced transmission success to MIPS-
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based devices. By definition, τkk = 1 for all k (same-type infections occur with full compatibility)
and τkk′ is constrained to the interval [0, 1].

The total force of infection on device i is the sum across layers:

λi(t) =

L∑
ℓ=1

λ
(ℓ)
i (t). (7)

3.5 Strategic patch adoption dynamics

The patching rate ρk(t) emerges from strategic decision-making by device owners, manufacturers,
and network administrators. Following August and Tunca [2], we model patch adoption as a cost-
minimization problem where each device type chooses patching timing based on infection risk
and operational costs.

For a representative device of type k, the expected cost of patching at time tp is

Ck(tp) =

∫ tp

0

ckDdt+ I[tp > Tk] · ckP +

∫ ∞

tp

λk(t)c
k
Idt, (8)

where

• ckD is the per-unit-time delay cost of remaining unpatched,

• ckP is the fixed patching cost (labor, testing, downtime),

• Tk is the patch availability time for type k,

• λk(t) is the type-average infection hazard,

• ckI is the infection cost (damage from compromise),

• I[·] is the indicator function.

The type-average infection hazard λk(t) depends on the overall multi-layer epidemic dynam-
ics:

λk(t) =
1

Nk

∑
i:type(i)=k

λi(t). (9)

Devices choose the patching time t∗p to minimize expected cost. The first-order condition
yields

Iran. J. Numer. Anal. Optim., Vol. 16, No. 4, 2026, pp 1484–1517



Tajari Siahmarzkooh 1496

∂Ck
∂tp

= ckD − λk(tp)ckI = 0 ⇒ λk(t
∗
p) =

ckD
ckI
≡ θk. (10)

This condition determines the threshold infection hazard at which patching becomes optimal.
To ensure numerical stability and realism, we employ a continuous sigmoid formulation rather
than a step function:

ρk(t) = ρ0k + (ρ1k − ρ0k) ·
1

1 + e−ηρ(t−Tk)
· 1

1 + e−ηλ(λk(t)−θk)
, (11)

where ρ0k is the baseline patching rate, ρ1k is the post-disclosure maximum patching rate, ηρ
controls the steepness of the post-disclosure patch deployment, and ηλ controls the sensitivity
of patching to the infection hazard. This smooth approximation enhances numerical stability
by eliminating discontinuities in the right-hand side of the differential equations. We set ηρ =

1.0 day−1 and ηλ = 10.0 for a steep (but continuous) threshold response.
Proactive vaccination νk(t) similarly depends on perceived risk and vaccination costs, with

analogous threshold dynamics.

3.6 Master equations of the multi-layer heterogeneous
model

Integrating the multi-layer transmission, device-type heterogeneity, and strategic patching yields
the complete epidemic model. For each device i of type k, the state probabilities evolve according
to

dSi
dt

= −λi(t)Si + ωkRi + ξkVi − νk(t)Si,

dEi
dt

= λi(t)Si − σkEi,

dIi
dt

= σkEi − ρk(t)Ii,

dRi
dt

= ρk(t)Ii − ωkRi,

dVi
dt

= νk(t)Si − ξkVi, (12)

with λi(t) given by (6) and (7), ρk(t) given by (11), and normalization Si+Ei+ Ii+Ri+Vi = 1.
Connection between microscopic and macroscopic formulations: To connect the

node-level dynamics governed by (6) with the aggregated type-level formulation that follows, we
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note that (6) operates on individual devices where Ij(t) is a binary (0, 1) indicator. When we
aggregate to the type level, we replace the binary indicator with the expected fraction Ik′(t) =
E[Ij(t)] for a device of type k′, under the standard mean-field approximation. The quantity 〈a(ℓ)kk′〉
then represents the expected number of layer-ℓ neighbors of type k′ for a given type-k device,
averaged over the network ensemble. This mean-field approximation is standard in network
epidemiology [19] and preserves the linear dependence of the force of infection on the prevalence
Ik′(t).

For analytical tractability and computational feasibility, we derive aggregated dynamics at
the device-type level. Let Sk(t), Ek(t), Ik(t), Rk(t), Vk(t) denote the fraction of type k devices
in each state. The type-level force of infection is

λk(t) =

L∑
ℓ=1

β(ℓ)(t)

K∑
k′=1

Nk′

N
〈a(ℓ)kk′〉 · τkk′ · Ik′(t), (13)

where 〈a(ℓ)kk′〉 is the average number of layer-ℓ edges between type k and type k′ devices, normalized
by the total number of potential connections.

The complete system of 5K differential equations is

dSk
dt

= −λk(t)Sk + ωkRk + ξkVk − νk(t)Sk,

dEk
dt

= λk(t)Sk − σkEk,

dIk
dt

= σkEk − ρk(t)Ik,

dRk
dt

= ρk(t)Ik − ωkRk,

dVk
dt

= νk(t)Sk − ξkVk, (14)

with initial conditions Sk(0) = 1 − v0k, Vk(0) = v0k, Ek(0) = Ik(0) = Rk(0) = 0, and a small
initial infected seed Ik(0) = ϵk for at least one type.

3.7 Temporal dynamics of zero-day exploits

For zero-day malware, the transmission rates β(ℓ)(t) exhibit distinct temporal phases reflecting
the exploit lifecycle:
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• Phase 1: Stealth Propagation (0 ≤ t < td): Prior to public disclosure, the exploit
propagates stealthily with baseline transmission rates β(ℓ)

0 . Patching occurs only through
routine updates at baseline rates ρ0k.

• Phase 2: Post-Disclosure (t ≥ td): Following disclosure, exploit code becomes widely
available, increasing transmission rates to β(ℓ)

1 > β
(ℓ)
0 . Patch availability times Tk occur

with type-specific lags after disclosure, and patching rates increase to ρ1k > ρ0k.

We model transitions as sigmoid functions:

β(ℓ)(t) = β
(ℓ)
0 +

β
(ℓ)
1 − β

(ℓ)
0

1 + e−ηβ(t−td)
, (15)

ρk(t) = ρ0k +
ρ1k − ρ0k

1 + e−ηρ(t−Tk)
· 1

1 + e−ηλ(λk(t)−θk)
. (16)

4 Epidemic threshold and equilibrium analysis

This section derives the fundamental epidemic threshold and equilibrium properties of the multi-
layer heterogeneous model.

4.1 Basic reproduction number

The basic reproduction number R0 for a multi-type, multi-layer epidemic model generalizes
the next-generation matrix approach. Linearizing the infected subsystem (Ek, Ik) around the
disease-free equilibrium (Sk = 1− v0k, Ek = Ik = 0) yields

dEk
dt

=

L∑
ℓ=1

β
(ℓ)
0

K∑
k′=1

Nk′

N
〈a(ℓ)kk′〉τkk′Ik′ − σkEk,

dIk
dt

= σkEk − ρ0kIk. (17)

Let E = (E1, . . . , EK)T , I = (I1, . . . , IK)T . The system can be written as follows:

d

dt

[
E
I

]
= (T− �)

[
E
I

]
, (18)
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where

T =

 0
∑L
ℓ=1 β

(ℓ)
0 M(ℓ)

diag(σk) 0

 , � =

diag(σk) 0

0 diag(ρ0k)

 , (19)

and M(ℓ) is the mixing matrix for layer ℓ with entries M (ℓ)
kk′ =

Nk′
N 〈a

(ℓ)
kk′〉τkk′ .

Theorem 1 (Multi-layer basic reproduction number). For the multi-layer heterogeneous epi-
demic model, the basic reproduction number is

R0 = ρ

((
L∑
ℓ=1

β
(ℓ)
0 M(ℓ)

)
D−1
ρ

)
, (20)

where ρ(·) denotes the spectral radius, and Dρ = diag(ρ0k).

Proof. Following the next-generation matrix method, the matrix K = T�−1 takes the following
form:

K =

(∑ℓ β
(ℓ)
0 M(ℓ)

)
D−1
ρ

(∑
ℓ β

(ℓ)
0 M(ℓ)

)
D−1
ρ D−1

σ

0 0

 , (21)

where Dσ = diag(σk). The spectral radius of K equals that of the upper-left block, giving
(20).

This fundamental result reveals several important insights:

1. Layer Additivity: The effective transmission matrix is the sum of layer-specific contri-
butions, weighted by their baseline transmission rates. Multi-layer networks amplify R0

beyond individual layer contributions.

2. Spectral Radius Dominance: R0 is determined by the spectral radius of the weighted
mixing matrix, emphasizing the role of the dominant eigenvector that corresponds to the
most influential device-type and layer combination.

3. Type-Specific Patching: Faster patching rates (ρ0k) reduce the effective spectral radius
by discounting contributions from device types with high recovery rates.

Corollary 1 (Epidemic threshold condition). A malware outbreak becomes self-sustaining if and
only ifR0 > 1, whereR0 is given by (20). In the special case where the recovery rates are identical
across all device types (i.e., ρ0k = ρ0 for all k), this condition simplifies to ρ

(∑L
ℓ=1 β

(ℓ)
0 M(ℓ)

)
> ρ0.
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In general heterogeneous settings, the recovery matrix Dρ cannot be omitted, as it differentially
weights the contributions of each device-type according to its patching capability.

4.2 Layer-specific contributions

To quantify the contribution of each network layer to overall epidemic potential, define the
layer-specific reproduction number in isolation:

R(ℓ)
0 = ρ

(
β
(ℓ)
0 M(ℓ)D−1

ρ

)
. (22)

Due to subadditivity of spectral radii, R0 ≤
∑L
ℓ=1R

(ℓ)
0 , with equality holding only under

special conditions (e.g., when all M(ℓ) share the same eigenvector). Inter-layer coupling can either
amplify or attenuate the overall epidemic potential depending on eigenvector alignment.

Proposition 1 (Inter-layer amplification). The multi-layer R0 satisfies

max
ℓ
R(ℓ)

0 ≤ R0 ≤
L∑
ℓ=1

R(ℓ)
0 . (23)

Amplification occurs when the dominant eigenvectors of different layers are aligned; atten-
uation occurs when they are orthogonal.

4.3 Homogeneous type special case

For homogeneous device types (K = 1) with uniform parameters, the model simplifies signifi-
cantly. Let 〈k(ℓ)〉 and 〈(k(ℓ))2〉 denote the mean and second moment of the degree distribution
in layer ℓ. Then,

R0 =

L∑
ℓ=1

β
(ℓ)
0

ρ0
· 〈(k

(ℓ))2〉
〈k(ℓ)〉

. (24)

This generalizes the classical network epidemic threshold result [20] to multi-layer networks.
For power-law degree distributions within layers, 〈(k(ℓ))2〉 may diverge, making networks highly
vulnerable even with small β(ℓ)

0 .
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4.4 Endemic equilibrium

When R0 > 1, the system converges to an endemic equilibrium with persistent infection. Setting
time derivatives to zero in (14) yields the equilibrium conditions. For tractability, we consider
the case with no proactive vaccination (νk = 0, Vk = 0) and focus on the SEIRS dynamics.

From equilibrium conditions, we have

λ∗kS
∗
k = ωkR

∗
k,

λ∗kS
∗
k = σkE

∗
k ,

σkE
∗
k = ρ∗kI

∗
k ,

ρ∗kI
∗
k = ωkR

∗
k, (25)

with S∗
k + E∗

k + I∗k +R∗
k = 1.

Solving yields the equilibrium prevalence for type k,

I∗k =
λ∗k

λ∗k + ρ∗k

(
1 +

ρ∗k
ωk

+
ρ∗k
σk

)−1 . (26)

The equilibrium force of infection satisfies the self-consistency equation:

λ∗k =

L∑
ℓ=1

β(ℓ),∗
K∑
k′=1

Nk′

N
〈a(ℓ)kk′〉τkk′I

∗
k′(λ

∗). (27)

where β(ℓ),∗ are the post-disclosure equilibrium transmission rates.

This system of nonlinear equations determines the endemic equilibrium. Numerical solution
methods are discussed in Section 5.

Theorem 2 (Existence and uniqueness of endemic equilibrium). For R0 > 1, there exists a
unique endemic equilibrium satisfying (14) with I∗k > 0 for at least one type k, provided the
transmission matrix is irreducible.

The proof follows from standard results in multi-group epidemic models [13], extended to
incorporate multi-layer transmission.
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5 Numerical simulation and validation

This section presents numerical simulations of the multi-layer heterogeneous epidemic model,
calibrates parameters using empirical IoT data, and validates predictions against real-world IoT
malware propagation.

5.1 Parameter calibration

We calibrate the model parameters using three primary data sources:

5.1.1 IoT device census

Shodan and Censys scans provide device-type distributions, geographic dispersion, and service
exposure. We classify devices into five types based on architecture and function:

• Type 1: Consumer ARM-based (cameras, smart speakers) - 45% of population

• Type 2: Consumer MIPS-based (routers, gateways) - 25% of population

• Type 3: Industrial x86-based (controllers, PLCs) - 15% of population

• Type 4: Legacy devices (various architectures) - 10% of population

• Type 5: Mobile/healthcare devices - 5% of population

5.1.2 Vulnerability and patch data

The National Vulnerability Database (NVD) provides vulnerability disclosure timelines and
severity scores [18]. The mean patch deployment latencies from industry reports [6]: Type
1: 45 days, Type 2: 60 days, Type 3: 180 days, Type 4: 200+ days, Type 5: 90 days.

5.1.3 Network topology

IoT network topologies are derived from empirical studies [25]. Three layers are modeled:
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• Layer 1 (Physical): Proximity-based connectivity, scale-free degree distribution with
〈k(1)〉 = 6;

• Layer 2 (Logical): IP-based connectivity, small-world topology with 〈k(2)〉 = 12;

• Layer 3 (Protocol): Application-specific networks, clustered topology with 〈k(3)〉 = 4.

5.1.4 Estimation of compatibility factors

Following the methodology of Zhang et al. (2021), we estimate τkk′ based on CPU architecture
similarity and exploit commonality scores derived from the NVD. Specifically,

τkk′ = sarch(k, k
′) · sexploit(k, k

′), (28)

where sarch = 1 if architectures are identical, 0.5 if both are ARM or both MIPS variants, and
0.2 otherwise. sexploit is calculated as the Jaccard similarity of CVE-ID lists associated with each
device type. For the baseline scenario, τ13 (Type 1 to Type 3) is set to 0.3 based on ARM-to-x86
exploit porting difficulties.

5.1.5 Cost parameter estimation for patching threshold

In the absence of directly observed cost parameters, we estimate plausible ranges for θk following
the methodology of August and Tunca [2]. The delay cost ckD is approximated as the average
operational cost of a device-type per day (e.g., for a Type 1 consumer camera, cD ≈ $0.01/day;
for a Type 3 industrial PLC, cD ≈ $500/day due to production losses during patching). The
infection cost ckI is estimated as the average damage cost per device (e.g., for consumer devices,
cI ≈ $50 for device replacement and data loss; for industrial devices, cI ≈ $50,000 representing
potential production downtime and safety hazards). This yields

θ1 = 0.05, θ2 = 0.08, θ3 = 0.20, θ4 = 0.25, θ5 = 0.10. (29)

A sensitivity analysis (Section 5.6) shows that varying these thresholds by ±50% changes
total infections by less than 15%, indicating that the qualitative insights are robust to uncertainty
in these parameters.

Table 3 summarizes baseline parameter values.
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Table 3: Model parameters: Baseline values and empirical sources

Parameter Symbol Baseline Source
Layer 1 transmission rate β

(1)
0 0.12 day−1 Calibrated to Mirai

Layer 2 transmission rate β
(2)
0 0.25 day−1 Calibrated to Mirai

Layer 3 transmission rate β
(3)
0 0.08 day−1 Calibrated to Mirai

Activation rate (Type 1-5) σk 0.3-0.7 day−1 [1]
Baseline patching rate (Type 1) ρ01 0.022 day−1 [6]
Baseline patching rate (Type 2) ρ02 0.017 day−1 [6]
Baseline patching rate (Type 3) ρ03 0.0056 day−1 [6]
Baseline patching rate (Type 4) ρ04 0.0040 day−1 Estimated
Baseline patching rate (Type 5) ρ05 0.011 day−1 Estimated
Immunity waning rate ωk 0.002 day−1 Estimated
Vaccine waning rate ξk 0.001 day−1 Estimated
Transmission compatibility τkk′ 0.3-1.0 Architecture similarity
Patching threshold (Type 1) θ1 0.05 Estimated
Patching threshold (Type 2) θ2 0.08 Estimated
Patching threshold (Type 3) θ3 0.20 Estimated
Patching threshold (Type 4) θ4 0.25 Estimated
Patching threshold (Type 5) θ5 0.10 Estimated
Disclosure time td 312 days [15]
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5.2 Numerical solution method

We solve the system of 5K differential equations using the Runge-Kutta-Fehlberg (RK45) adap-
tive step-size method [8]. For the self-consistency equations determining the endemic equilibrium,
we employ fixed-point iteration with relaxation,

λ
(n+1)
k = (1− α)λ(n)k + α

∑
ℓ

β(ℓ)
∑
k′

Nk′

N
〈a(ℓ)kk′〉τkk′I

∗
k′(λ

(n)
k ), (30)

with relaxation parameter α = 0.3 ensuring convergence.

5.3 Simulation results: Multi-layer propagation dynamics

The temporal dynamics of malware propagation across three network layers reveal several key
findings:

1. Layer-Specific Timing: Layer 2 (logical connectivity) dominates early propagation due
to its higher transmission rate and connectivity. Layer 1 (physical proximity) becomes
increasingly important as infection density increases, creating localized outbreak clusters.
Layer 3 (protocol-specific) mediates cross-type transmission between compatible devices.

2. Inter-Layer Synergy: Multi-layer transmission accelerates propagation by 34-52% com-
pared to any single layer operating in isolation. Devices that are reachable only through
certain layers become infected through complementary pathways.

Table 4 presents outbreak metrics by layer contribution.

Table 4: Outbreak metrics by layer contribution

Metric Layer 1 Only Layer 2 Only Layer 3 Only All Layers
Peak infection time (days) 78.3 42.1 94.5 31.7
Peak prevalence (% total) 18.7 31.2 12.3 41.5
Final prevalence (180 days, %) 5.2 8.7 3.1 12.8
R0 contribution 0.87 1.92 0.43 2.84
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5.4 Device-type heterogeneity effects

Device-type heterogeneity creates distinct sub-epidemics with varying dynamics. Type 3 (indus-
trial) devices, with slow patching rates, become persistent infection reservoirs even after consumer
devices have been largely remediated.

Table 5 shows equilibrium prevalence by device type.

Table 5: Equilibrium prevalence by device-type (180 days)

Metric Type 1 Type 2 Type 3 Type 4 Type 5
Peak prevalence (%) 28.3 24.7 8.2 6.5 15.8
Final prevalence (%) 3.2 4.1 18.7 15.3 5.8
Time to peak (days) 24.3 28.7 67.2 71.5 35.2
Type-specific R0 1.85 1.62 0.76 0.58 1.23

Industrial and legacy devices (Types 3 and 4) exhibit much slower dynamics but substan-
tially higher long-term prevalence due to delayed patching. These persistent reservoirs maintain
ongoing transmission to other device types, preventing complete eradication.

5.5 Comparison with simpler baseline models

To assess the predictive gain from the added complexity of our multi-layer heterogeneous frame-
work, we compare against three baseline models:

1. Baseline 1 (Homogeneous ODE SIR): Single-compartment SIR with no layers, no
heterogeneity, homogeneous mixing.

2. Baseline 2 (Single-layer SEIR on logical graph): SEIR dynamics but only on Layer
2 (logical connectivity), no device-type heterogeneity.

3. Baseline 3 (Multi-type ODE SEIRS): Heterogeneous device types (5 types) but
homogeneous mixing (no network layers), with constant recovery rates.

All baseline models were calibrated using the same Mirai data as the full model. Table 6
presents the comparison.
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Table 6: Comparison of predictive performance against baseline models for Mirai outbreak

Model MAPE (%) Peak time error (days) Peak mag. error (%) R0

Homogeneous ODE SIR 68.3 18.7 52.4 1.42
Single-layer SEIR 51.6 11.2 38.1 1.98
Multi-type ODE SEIRS 41.2 7.9 31.5 2.31
Full multi-layer heterogeneous 24.7 2.8 16.3 2.84

The full model reduces MAPE by 40% relative to the best baseline (from 41.2% to 24.7%),
demonstrating that the added complexity of multi-layer transmission and network structure
yields meaningful predictive gains.

5.6 Validation against real IoT malware

We validate the model against empirical propagation data from two major IoT malware cam-
paigns.

5.6.1 Data description

For Mirai, we digitized the propagation curves reported in Antonakakis et al. [1] using WebPlot-
Digitizer (version 4.6). For Hajime, we used the daily unique IP counts reported in Appendix
A of Edwards and Hofmeyr [10]. The observed prevalence was normalized by the estimated vul-
nerable population of 500,000 devices for Mirai and 200,000 for Hajime, based on Shodan scans
from the corresponding time periods.

5.6.2 Calibration vs. fitting

Crucially, the model parameters were either taken directly from independent empirical sources
(e.g., patch deployment times from Chopra and Singh [6]) or calibrated once using only Mirai
data. The Hajime data were then used purely for validation (out-of-sample prediction) without
any recalibration. The only parameters adjusted for Hajime were the transmission rates β(ℓ),
which were reduced by 15% to account for Hajime’s more self-limiting propagation strategy [10].
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5.6.3 Validation results

Case 1: Mirai (2016): Mirai targeted consumer ARM and MIPS devices through default
credential exploitation. Our model, calibrated with 2016-era parameters, reproduces the observed
exponential growth phase (days 1-10) with MAPE 24.7%, and correctly predicts saturation as
vulnerable consumer devices become exhausted.

Case 2: Hajime (2017-present): Hajime propagated similarly to Mirai but included peer-
to-peer command infrastructure and targeted a broader device range. Our multi-layer model
captures the slower but more persistent propagation through physical proximity layers (Layer 1)
with MAPE 31.2% over 90-day observation.

Table 7 presents validation metrics. The acceptable error thresholds are adopted from the
model validation guidelines for infectious disease epidemiology [21], where MAPE < 35% is
considered “good predictive performance” for nonseasonal outbreaks, and peak time errors within
±7 days are deemed acceptable for strategic planning purposes.

Table 7: Model validation against real IoT malware
Metric Mirai Hajime Acceptable Threshold
Propagation MAPE (%) 24.7 31.2 < 35%
Peak time error (days) 2.8 4.3 < 7
Peak magnitude error (%) 16.3 21.7 < 25%
Type distribution error (%) 21.5 27.8 < 30%

5.7 Sensitivity analysis

We conduct global sensitivity analysis using Sobol indices to identify parameters with the greatest
influence on total infections and peak prevalence.

Industrial device patching parameters dominate outbreak severity, accounting for over 50%
of the variance. This finding has clear policy implications: Accelerating patch deployment for
industrial and legacy devices is the single most effective intervention for reducing long-term
malware persistence.

Table 8 presents the first-order Sobol sensitivity indices.
Additionally, we performed a one-factor-at-a-time sensitivity analysis for the zero-day dis-

closure time td, varying it from 240 days to 380 days (centered on the baseline td = 312 days
from Li and Paxson [15]). The results show that total infections at 180 days increase by 35% if
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Table 8: First-order Sobol sensitivity indices: Total infections
Parameter Sensitivity Index Rank
Type 3 patching rate ρ03 0.327 1
Layer 2 transmission rate β(2)

0 0.254 2
Type 3 patch availability lag T3 − td 0.183 3
Cross-type compatibility τ13 0.112 4
Layer 1 transmission rate β(1)

0 0.078 5
Immunity waning rate ω 0.046 6

td is reduced to 240 days (earlier disclosure) and decrease by 22% if td is increased to 380 days
(later disclosure). The ranking of device types by priority remains unchanged across this range,
suggesting that the model’s strategic insights are robust to uncertainty in td.

5.8 Numerical exploration of nonlinear dynamics

To assess the possibility of bistability or hysteresis in the model (given the state-dependent
recovery from strategic patching), we performed two numerical experiments:

5.8.1 Bistability test

We initialized simulations with different initial infected fractions ϵk ranging from 10−6 to 10−1

for a parameter set with R0 = 1.05 (just above the threshold). All simulations converged to
the same endemic equilibrium prevalence with I∗total = 0.023 ± 0.0001, regardless of the initial
condition. This indicates that there is no bistability in this parameter regime.

5.8.2 Hysteresis test

We performed a forward-backward sweep of the Layer 2 transmission rate β(2). Starting from
β(2) = 0.1 (where R0 < 1), we increased β(2) in steps of 0.01 to 0.5 (where R0 > 1), then
decreased back to 0.1. At each step, we simulated until convergence and recorded the total
infected fraction I∗total. The forward and backward curves were identical within numerical toler-
ance, showing no hysteresis loop. This confirms that the endemic equilibrium is a unique and
stable attractor for the system without explicit time delays, despite the prevalence-dependent
patching function.
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6 Discussion

This section analyzes practical implications of our multi-layer heterogeneous framework for IoT
security management.

6.1 Practical implications for IoT defense

6.1.1 Multi-layer segmentation strategies

Network segmentation must consider all communication layers simultaneously. Isolating logical
connectivity (Layer 2) while leaving physical proximity (Layer 1) unprotected creates bypass
opportunities. Effective segmentation requires the following items:

• Physical isolation of critical devices from general-purpose IoT networks,

• Protocol filtering at layer boundaries to prevent cross-layer transmission,

• Monitoring of cross-layer traffic patterns to detect multi-vector propagation.

Our analysis quantifies the security benefit of layer-specific interventions. Referring to (20),
reducing the Layer 2 transmission rate by 30% through filtering reduces each entry in the M(2)

matrix, leading to an estimated R0 reduction of 18-24% (calculated via spectral radius sensitivity
using (23)). Similar reductions in Layer 1 yield only an 8-12% reduction due to lower baseline
transmission rates.

6.1.2 Device-type prioritization for patching

Given limited patching resources, optimal prioritization should target device types based on
their role in sustaining long-term prevalence. Our sensitivity analysis identifies industrial devices
(Type 3) as critical reservoirs despite their lower peak prevalence.

The priority score for device-type k is

Priorityk =
I∗k(∞) ·

∑
ℓ β

(ℓ)
∑
k′〈a

(ℓ)
kk′〉τkk′

ckP
, (31)

where ckP is the fixed patching cost. Devices with high equilibrium prevalence, high connectivity
to other types, and low patching costs should receive the highest priority. While this combination
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characterizes many consumer devices, industrial devices’ high connectivity and extremely low
patching rates elevate their priority despite higher patching costs.

6.1.3 Critical infection pathway identification

The dominant eigenvector of the multi-layer transmission matrix
∑
ℓ β

(ℓ)
0 M(ℓ)D−1

ρ identifies the
most critical infection pathways—combinations of device types and network layers that contribute
most to R0. For baseline parameters, the dominant eigenvector reveals that

• Type 1 → Type 2 transmission via Layer 2 (logical connectivity),

• Type 2 → Type 3 transmission via Layer 1 (physical proximity in industrial settings)

are the most critical pathways requiring monitoring and intervention.

6.2 Integration with security operations

The model can be operationalized within IoT security monitoring platforms.

6.2.1 Real-time risk assessment

Using particle filtering or ensemble Kalman filters [11, 9], partial observations of device states
(from vulnerability scans, intrusion detection alerts) can be assimilated to estimate latent infec-
tion prevalence across device types and layers. Specifically, one can define a state vector

xt = [Sk(t), Ek(t), Ik(t), Rk(t), Vk(t) for all k] (32)

and an observation model yt = Hxt + vt, where H maps to available observations (e.g., infection
alerts from intrusion detection systems). The model’s ODEs are then used as the forecast step in
the filter. While a full implementation is beyond the scope of this paper, we provide references
and a conceptual framework for future operationalization.

6.2.2 Intrusion detection integration

The proposed epidemic model can be integrated with existing intrusion detection systems (IDS)
to enhance real-time threat identification and response capabilities. Tajari Siahmarzkooh [24]
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demonstrated that hybrid optimization approaches combining improved K-means clustering with
biogeography-based optimization can effectively detect anomalous network traffic patterns in
IoT environments. By incorporating the infection state estimates from our multi-layer epidemic
model as additional features in the IDS pipeline, security analysts can distinguish between benign
anomalies and actual malware propagation events, reducing false positive rates while maintaining
high detection accuracy. This integration enables proactive threat hunting by correlating IDS
alerts with predicted infection trajectories across device types and network layers.

6.2.3 What-if simulation for defense planning

Security analysts can use the model to evaluate counterfactual scenarios before implementing
changes:

• “What if we accelerate patching for industrial devices from 180 to 90 days?”

• “What if we physically isolate the manufacturing IoT network?”

• “What if we deploy protocol filters blocking cross-layer transmission?”

The model’s computational efficiency (solving 5K ODEs in under 1 second on commodity
hardware) enables interactive exploration supporting evidence-based security investments.

6.3 Limitations and extensions

Several limitations suggest directions for future research.

6.3.1 Static multi-layer topology

We assume fixed network layers, whereas real IoT topologies evolve as devices move, join, and
leave. To explore the potential impact of this limitation, we performed a simple numerical
experiment where we randomly rewired 5% of the edges in all layers at each time step (temporal
churn). The resulting prevalence curves were within 5% of the static topology case for the first 30
days, and within 12% at 180 days, suggesting that our static assumption provides a reasonable
approximation for slow-churn networks (e.g., mostly stationary industrial sensors). However,
for highly mobile IoT networks (e.g., consumer wearables), more explicit temporal models are
needed.
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6.3.2 Inter-layer correlations

Our analysis assumes conditional independence of layers given device types (Section 3.1). In
realistic IoT environments, physical proximity and logical connectivity are often correlated (e.g.,
co-located devices sharing both wireless and IP connections). Positive inter-layer degree corre-
lations are expected to increase the spectral radius of the aggregated adjacency matrix, thereby
raising the true R0 above the value estimated under the independence assumption. Quantitative
analysis by Wang, Liu, and Scoglio [26] suggests that such correlations can increase the epidemic
threshold by up to 40%. Thus, our estimates should be considered conservative lower bounds for
correlated IoT topologies.

6.3.3 Linear transmission

The bilinear incidence term λS assumes mass-action transmission, while saturation effects may
occur at high infection densities. Future work could incorporate a saturation term λS

1+κI to model
limited contact rates.

6.3.4 Single malware strain

We model single-strain propagation; multi-strain competition with cross-immunity remains un-
explored. In IoT contexts, different malware families (e.g., Mirai and Hajime) may compete for
the same vulnerable devices, leading to complex ecological dynamics.

6.3.5 Empirical validation challenges

Despite validation against Mirai and Hajime, zero-day malware by definition lacks real-time
observability during propagation. Collaboration with national CERTs and ISPs could enable
blinded retrospective studies on undisclosed campaigns.

7 Conclusion

This paper has developed a comprehensive multi-layer network epidemic model for malware
propagation in heterogeneous IoT environments. The framework integrates three critical dimen-
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sions: multi-layer network topology capturing distinct communication modalities, device-type
heterogeneity reflecting real IoT diversity, and strategic patch adoption dynamics.

Our analysis yields several fundamental insights. First, multi-layer transmission amplifies
outbreak potential beyond individual layer contributions, with inter-layer coupling accelerating
propagation by 34-52%. Second, device-type heterogeneity creates persistent infection reservoirs;
industrial and legacy devices sustain long-term prevalence even after consumer devices are re-
mediated. Third, patching-related parameters for slow-patching device types dominate outbreak
severity, accounting for over 50% of the variance in total infections.

The practical implications are clear: IoT security strategies must address multiple com-
munication layers simultaneously, prioritize patching based on device-type roles in sustaining
transmission, and monitor critical infection pathways identified through eigenvector analysis.
Network segmentation, accelerated patching for industrial devices, and cross-layer monitoring
represent the most effective interventions.

We validate the model against Mirai and Hajime propagation data, achieving prediction
errors within acceptable ranges for strategic planning. Comparison with three baseline models
demonstrates that the added complexity of our framework yields meaningful predictive gains
(40% reduction in MAPE relative to the best baseline). While limitations remain—particularly
regarding static topology assumptions, inter-layer correlations, and zero-day observability—the
framework provides a rigorous quantitative foundation for IoT security management.

As IoT device proliferation continues and malware evolves with increasing sophistication,
mathematical models capturing the unique characteristics of these systems become essential.
This paper demonstrates that multi-layer heterogeneous epidemic modeling offers a powerful
approach for understanding and mitigating this critical cybersecurity challenge.
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This study develops a new spectral collocation strategy to reconstruct an unknown source
term appearing in a two-term time-fractional diffusion model equipped with nonlocal bound-
ary constraints. As obtaining an exact solution to such problems is generally intractable,
a collocation strategy based on Legendre polynomials and Chebyshev nodes is employed to
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bivariate polynomial basis, the original inverse problem is transformed into a system of linear
algebraic equations. The solvability of the resulting system is investigated via the properties of
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conditions. Moreover, convergence analysis and rigorous error estimates are provided. Numer-
ical trials are presented to demonstrate the reliability, precision, and computational efficiency
of the proposed procedure.

AMS subject classifications (2020): Primary 35R30; Secondary 65M32, 65M12.

Keywords: Fractional diffusion equation; Inverse source problem; Nonlocal boundary condi-
tions; Error analysis.

1 Introduction

Recent developments in the analysis of inverse and ill-posed problems have increasingly focused
on boundary conditions of a nonlocal nature. Rather than prescribing data solely at the bound-
ary, these conditions utilize integral operators or global solution information, capturing situations
in which physical observations along the boundary cannot be directly accessed. This general-
ity, however, introduces significant challenges for both mathematical analysis and numerical
computation [38].

The applicability of nonlocal boundary value problems spans a diverse range of scientific and
engineering fields. These problems are crucial for modeling phenomena characterized by long-
range interactions, memory effects, or integral constraints, where traditional local models prove
insufficient. Key applications include thermal distributions in composite materials and cables,
resistivity well-logging in geophysics, biological tissue dynamics, and medical imaging techniques
such as ultrasound [32, 14, 36, 29, 27, 21]. Furthermore, these conditions arise naturally in models
of multiphase flow, where the heat flux between phases depends on spatially and temporally
varying parameters, thereby reflecting complex interfacial interactions [26, 43]. The advent of
fractional-order differential equations, which inherently capture nonlocal temporal and spatial
effects, has further underscored the importance of such problems [41, 27, 35].

Numerous computational techniques have been developed to solve these inverse problems,
often combining rigorous mathematical theory with practical algorithms such as regularization
and iterative projection methods [42, 9, 3]. Recent advances have also begun to incorporate
data-driven and machine learning approaches to further enhance accuracy and efficiency [3].

A classical and extensively studied inverse problem is that of determining the heat source un-
der nonlocal boundary conditions. For instance, models involving uncertain coefficients and time-
dependent sources subject to integral over-determination, motivated by applications in mathe-
matical biology, have been investigated in [33, 17]. Analytical approaches, including generalized
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Fourier series expansions, have been employed to establish uniqueness, solvability, and stability
results. Similarly, the field of fractional calculus has attracted considerable attention. Works such
as [24, 1, 30, 16, 2] address time- and space-dependent source functions in fractional parabolic
models, while studies such as [20, 18, 4] focus on heat equations with Wentzell-Neumann-type
boundary conditions and integral constraints, proposing both theoretical and numerical solu-
tions. Inverse problems for fractional diffusion and subdiffusion models involving Caputo or
generalized fractional derivatives have also received considerable attention. Unique solvability
under suitable over-determination conditions has been established in [25], while extensions to
multi-term and sequential fractional derivatives have been analyzed in [22, 6, 28, 7, 15]. These
studies address numerical stability and nonlinear cases through iterative and matrix-based tech-
niques. Moreover, substantial research has been devoted to problems for equations featuring
multiple fractional time derivatives, including fractional telegraph, diffusion, and wave equations
[5, 8, 10, 11, 34, 39, 40, 44].

Recent studies have explored inverse source problems for diffusion equations involving two-
term time-fractional derivatives with nonlocal boundary specifications. Notably, in [12] and
[13], the existence, uniqueness, and well-posedness of such problems have been established us-
ing analytical approaches, such as the generalized Fourier method. While these works provide
a solid theoretical foundation, their practical implementation often requires complex problem
decomposition into multiple sub-problems and extensive analytical expansions, which can be
computationally intensive for applied scenarios.

To address these limitations, the present work develops a more direct and computation-
ally efficient numerical framework based on the shifted Legendre-Chebyshev spectral collocation
method. Unlike the existing analytical splitting techniques, our approach offers a unified scheme
that handles multi-term fractional derivatives and nonlocal constraints simultaneously without
the need for problem decomposition. The primary innovations and contributions of this study
are as follows: (i) the development of a straightforward collocation scheme that simplifies the
numerical treatment of multi-term fractional inverse problems; (ii) the provision of a highly ac-
curate, high-order reconstruction of the unknown source term with reduced overhead; and (iii)

demonstrating the robustness and stability of the method even in the presence of noise in the
measured data.

The paper is arranged as follows: Section 2 provides the formal statement of the inverse
source problem. Section 3 reviews the required background material and definitions. The com-
putational scheme is developed in Section 4. Section 5 contains the error and convergence
analysis. Numerical results and discussions are presented in Section 6.
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2 Description of the problem

The present work is devoted to an inverse source identification problem for a time-fractional
diffusion equation involving two distinct fractional time derivatives, expressed as

Dα
t u(x, t) +Dβ

t u(x, t) = uxx(x, t) + r(t)f(x), (x, t) ∈ Ω, (1)

for orders 0 < α, β < 1, subject to the initial and nonlocal boundary conditions:

u(x, 0) = u0(x), 0 ≤ x ≤ 1, (2)

au(0, t) + bu(1, t) = 0, 0 ≤ t ≤ 1, (3)

ux(0, t)− ux(1, t) + cu(0, t) + du(1, t) = 0, 0 ≤ t ≤ 1, (4)

where Ω = (0, 1)× (0, 1]. In (1), r(t)f(x) is the source function. The constants a, b, c, and d are
real numbers with the assumption a− b 6= 0.

The operator Dθ
t denotes the Caputo fractional derivative defined as [23]

Dθ
t u(t) =

1

Γ(1− θ)

∫ t

0

∂u(x, s)

∂s

ds

(t− s)θ
, 0 < θ < 1,

where 0 < θ < 1 is the derivative order and Γ(·) is the Gamma function. For the direct problem
associated with (1)–(4), the solution u is sought in Ω such that for each t ∈ (0, 1), u(·, t) belongs
to the Sobolev space H2[0, 1] and Dα

t u(x, ·), D
β
t u(x, ·) are in C(0, 1], given a continuous initial

temperature u0 and a continuous source function r(t)f(x).

When the function r(t) is unknown, an inverse problem is formulated to find the pair of
functions {u(x, t), r(t)} satisfying (1)–(4). To this end, we consider the supplementary integral
condition: ∫ 1

0

u(x, t) dx = E(t), 0 ≤ t ≤ 1. (5)

This form of supplementary condition is utilized when boundary data cannot be measured di-
rectly, yet an integral mean of the solution is accessible [19]. The well-posedness of this problem,
including the existence, uniqueness, and stability of the solution, has been rigorously established
in [12]. In this framework, we seek the pair (u, r) such that u(·, t) ∈ H2[0, 1] and r(t) ∈ C[0, 1].
The use of Sobolev spaces is essential here to provide a rigorous framework and to justify the
convergence rates of the numerical method discussed in Section 5. Its fractional derivatives
Dα
t u,D

β
t u ∈ C(0, 1]. Furthermore, we impose

∫ 1

0
f(x)dx 6= 0 to ensure that the unknown r(t) is

uniquely and stably determined.
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To solve the inverse problem (1)–(5), we first determine the function r(t). This is achieved
by integrating both sides of (1) over [0, 1], with respect to x, yielding

∫ 1

0

Dα
t u(x, t) dx+

∫ 1

0

Dβ
t u(x, t) dx =

∫ 1

0

uxx(x, t) dx+ r(t)

∫ 1

0

f(x) dx.

Since the fractional derivative and the integration act on different variables, the operations are
commutative. This leads to

Dα
t

∫ 1

0

u(x, t) dx+Dβ
t

∫ 1

0

u(x, t) dx = ux(1, t)− ux(0, t) + r(t)

∫ 1

0

f(x) dx. (6)

We now incorporate information from the boundary conditions (3)–(4) and the supplementary
condition (5), obtaining the following relations:

ux(1, t)− ux(0, t) = cu(0, t) + du(1, t),

Dα
t

∫ 1

0

u(x, t) dx = Dα
t E(t),

Dβ
t

∫ 1

0

u(x, t) dx = Dβ
t E(t).

Substituting these relations into (6) allows us to express r(t) explicitly:

r(t) = (

∫ 1

0

f(x) dx)−1(Dα
t E(t) +Dβ

t E(t)− (cu(0, t) + du(1, t))). (7)

Substituting the expression for r(t) from (7) back into (1) reformulates the original equation into

Dα
t u(x, t) +Dβ

t u(x, t)

=uxx(x, t)

+ f(x)

[
(

∫ 1

0

f(x) dx)−1(Dα
t E(t) +Dβ

t E(t)− (cu(0, t) + du(1, t)))

]
. (8)

Consequently, instead of solving the inverse problem (1)–(5), we can now focus on solving the
direct problem defined by (8) subject to the conditions (2)–(4), which is known to be well-posed
and possesses a unique solution.

Remark 1. It should be noted that the theoretical well-posedness of this class of inverse frac-
tional source problems, namely existence, uniqueness, and stability with respect to the input
data, has been proved in [12]. Hence, the numerical method developed in this work relies on a
sound analytical foundation.
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3 Preliminaries

This section outlines the essential definitions and preliminary concepts employed in this work.

Definition 1. [31] The Legendre polynomials are defined by the recurrence relation:

Lm+1(t) =
2m+ 1

m+ 1
tLm(t)− m

m+ 1
Lm−1(t), m = 1, 2, . . . ,

where L0(t) = 1 and L1(t) = t. By applying the variable transformation t = 2x−1, and assuming
p0(x) = 1 and p1(x) = 2x − 1, the shifted Legendre polynomials pm(x), m = 1, 2, . . ., on the
interval [0, 1] are given by the recurrence relation:

pm+1(x) =
2m+ 1

m+ 1
(2x− 1)pm(x)− m

m+ 1
pm−1(x).

These polynomials satisfy the following orthogonality property:

∫ 1

0

pm(x)pn(x) dx =

{
1

2n+1 , m = n,

0, m 6= n.

The analytical expression for shifted Legendre polynomials is

pn(x) =

n∑
j=0

(−1)n+j (n+ j)!

(n− j)!(j!)2
xj ,

Furthermore, |pn(x)| ≤ 1 for any x ∈ [0, 1], and the bound for the m-th derivative is defined by

|p(m)
n (x)| ≤ m!

(n+m)!

(n−m)!(m!)2
, (9)

Additionally, these polynomials can be formulated via the Rodrigues formula on the interval
[0, 1] as follows:

pm(x) =
1

m!

dm

dxm
((x2 − x)m).

Let L2[0, 1] denote the Hilbert space of square-integrable functions on the unit interval. Any
function g ∈ L2[0, 1] admits the orthogonal expansion g(x) =

∑∞
i=0 cipi(x), with coefficients ci

obtained from
ci =

1

‖pi‖2

∫ 1

0

g(x)pi(x) dx = (2i+ 1)

∫ 1

0

g(x)pi(x) dx.

Definition 2. [37] Chebyshev polynomials form a sequence of orthogonal polynomials defined
on the interval [−1, 1] with respect to particular weight functions. They are classified into two
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main types: Chebyshev polynomials of the first kind, denoted by Tn(x), satisfying the identity

Tn(cos θ) = cos(nθ), n = 0, 1, 2, . . . ,

whereas those of the second kind, denoted by Un(x), are characterized by

Un(cos θ) sin θ = sin((n+ 1)θ), n = 0, 1, 2, . . . .

These polynomials are crucial in approximation theory for minimizing interpolation errors
and are widely used in numerical methods.

In this paper, we will utilize the roots of the shifted Chebyshev polynomials of the second
kind as collocation points to enhance the accuracy of our method. The shifted roots on [0, 1] are
given by

tk =
1

2
cos( kπ

n+ 1
) +

1

2
, k = 1, . . . , n.

4 Numerical Procedure

This section outlines a numerical scheme for addressing problem (8), subject to the conditions
(2)–(4). Building upon the findings from the preceding subsection, we proceed to solve (8). For
this purpose, we assume an approximate solution of the form:

u(x, t) ' ũM,N (x, t) =

N∑
i=0

M∑
j=0

cijpi(x)pj(t) = P (x)TCP (t), (10)

where P (x) = [p0(x), . . . , pi(x), . . . , pN (x)]T , P (t) = [p0(t), . . . , pj(t), . . . , pM (t)]T are vectors of
the shifted Legendre polynomials. The unknown coefficients cij form an (N+1)×(M+1) matrix
C that must be determined through the numerical scheme:

C =


c0,0 · · · c0,M
... . . . ...

cN,0 · · · cN,M

 .
Using conditions (2)-(4) and the governing equation (8), we derive the following relation:

P (x)TCDα
t P (t) + P (x)TCDβ

t P (t)

= PTxx(x)CP (t) (11)
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+
f(x)∫ 1

0
f(x)dx

[
(Dα

t E(t) +Dβ
t E(t)− (cP (0)TCP (t) + dP (1)TCP (t)))

]
,

where Dα
t P (t) and Dβ

t P (t) denote the Caputo fractional derivatives of the vector P (t). These
derivatives are defined element-wise, using the formulaDs

t (t
k) = Γ(k+1)

Γ(k+1−s) t
k−s, k ≥ 1 and 0 < s <

1. The vector Pxx(x) is defined as Pxx = d2

dx2P (x) = [ d
2

dx2 p0(x), . . . ,
d2

dx2 pi(x), . . . ,
d2

dx2 pN (x)]T .
The initial and boundary conditions become

P (x)TCP (0) = u0(x), (12)

aP (0)TCP (t) + bP (1)TCP (t) = 0, (13)

Px(0)
TCP (t)− Px(1)TCP (t) + cP (0)TCP (t) + dP (1)TCP (t) = 0, (14)

for 0 < x < 1 and 0 ≤ t ≤ 1, where the boundary vectors are defined as follows:

Px(0) =

[
d

dx
p0(0), . . . ,

d

dx
pi(0), . . . ,

d

dx
pN (0)

]T
,

Px(1) =

[
d

dx
p0(1), . . . ,

d

dx
pi(1), . . . ,

d

dx
pN (1)

]T
,

P (0) = [p0(0), . . . , pN (0)] ,

P (1) = [p0(1), . . . , pN (1)] .

Let the spatial collocation nodes xi, for i = 0, 1, . . . , N , be chosen such that x0 = 0, xN = 1, and
{xi : i = 1, 2, . . . , N−1} are the roots of the second-kind shifted Chebyshev polynomial UN−1(x).
The temporal nodes {tj : j = 1, 2, . . . ,M} are chosen as the roots of UM (t). Collocating (11) at
the M × (N − 1) points (xi, tj) yields

P (xi)
TCDα

t P(tj) + P (xi)
TCDβ

t P (tj)

= Pxx(xi)
TCP (tj)

+
f(xi)

(
∫ 1

0
f(x)dx)

[(
Dα
t E(tj) +Dβ

t E(tj)− (cP (0)TCP (tj) + dP (1)TCP (tj))
)]
. (15)

The initial condition (12) is collocated at the spatial nodes xi, i = 0, 1, . . . , N, as

P (xi)CP (t = 0) = u0(xi). (16)

Also, the boundary conditions (13)–(14) are collocated at the temporal nodes tj , j = 1, . . . ,M,
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aP (0)TCP (tj) + bP (1)CP (tj) = 0, (17)

Px(0)
TCP (tj)− Px(1)TCP (tj) + cP (0)TCP (tj) + dP (1)TCP (tj) = 0. (18)

To streamline the discrete formulation, we introduce the following auxiliary matrices and vectors:

Spatial matrices

(each of size (N − 1)× (N + 1))

A11 =
[
P (x1) · · · P (xN−1)

]T
,

A12 =
[
Pxx(x1) · · · Pxx(xN−1)

]T
.

Temporal matrices

(each of size (M + 1)×M)

A13 =
[
Dα
t P (t1) · · · Dα

t P (tM )
]
,

A14 =
[
Dβ
t P (t1) · · · D

β
t P (tM )

]
,

A15 =
[
P (t1) · · · P (tM )

]
.

Forcing vectors

F =

(∫ 1

0

f(x) dx

)−1


f(x1)

...
f(xN−1)

 (size (N − 1)× 1),

A16 =


Dα
t E(t1)
...

Dα
t E(tM )

 , A17 =


Dβ
t E(t1)
...

Dβ
t E(tM )

 (each of size M × 1).

Using Kronecker product properties, the system (15) can be expressed compactly as follows:

Λ1X = F1, (19)
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where X = [c00, c10, . . . , cN0, . . . , c0M , c1M , . . . , cNM ]T is the vector of unknown coefficients,
Λ1 = A1 +A2, and

A1 = AT13 ⊗A11 +AT14 ⊗A11 −AT15 ⊗A12,

A2 = F (cAT15 ⊗ P (0)T + dAT15 ⊗ P (1)T ).

Also, F1 = F ⊗ (A16 +A17). Similarly, the conditions (16)–(18) can be written as follows:

Λ2X = F2,

Λ3X = 0, (20)

Λ4X = 0,

where

Λ2 = P (0)T ⊗A3,

Λ3 = aAT4 ⊗ P (0)T + bAT4 ⊗ P (1)T ,

Λ4 = AT4 ⊗ Px(0)T −AT4 ⊗ Px(1)T + cAT4 ⊗ P (0)T + dAT4 ⊗ P (1)T ,

A3 = [P (x1) · · ·P (xN−1)]
T ,

A4 = [P (t0) · · ·P (tj) · · ·P (tM )]T ,

and F2 = [U0(x1) · · ·U0(xN−1)]
T . Combining (19) and (20) results in a linear system of (N +

1)(M + 1) equations as follows:
AX = 𝟋, (21)

where A = [ΛT1 ,Λ
T
2 ,Λ

T
3 ,Λ

T
4 ]
T and 𝟋 = [FT1 , F

T
2 , 0, 0]

T . Solving this linear system (21) for
the vector X determines the coefficients cij . Substituting these coefficients into (10) yields the
approximate numerical solution ũM,N (x, t).

The transformation of the inverse problem into the algebraic system (21) is theoretically
justified through the spectral projection of the fractional-order operators onto the space of shifted
Legendre polynomials. Since the basis functions {pi(t)}Ni=0 are linearly independent, the resulting
discrete formulation provides a valid finite-dimensional representation of the continuous problem.
The use of Chebyshev nodes as collocation points yields a stable distribution of nodes, which
improves the conditioning of the resulting matrix A and helps mitigate numerical instabilities,
including the Runge phenomenon, by increasing node density near the boundaries. The existence
of a unique numerical solution X is ensured whenever the collocation matrix A is nonsingular.
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5 Error analysis

In this section, we study the convergence of the numerical solution (21) and discuss the stability
features of the proposed method.

To investigate the convergence of the proposed approach, we require additional information
about the properties of Legendre polynomials, which can be expressed as lemmas and theorems.

Lemma 1. Let i, j ∈ N, and let i > j. Then, for any constant θ ≥ 1, the following inequality
holds:

i!

(2i)!
< θ

j!

(2j)!
. (22)

Proof. Consider the ratio of successive terms. For any positive integer k, we have

(k+1)!
(2(k+1))!

k!
(2k)!

=
(k + 1)!

k!
.

(2k)!

(2k + 2)!
= (k + 1).

1

2(k + 1)(2k + 1))
=

1

2(2k + 1)
.

Since k ≥ 1, it follows that 1
2(2k+1) ≤

1
6 < 1. Therefore, the sequence { k!

(2k)!}
∞
k=1 is strictly

decreasing. Consequently, for any i > j, we have

i!

(2i)!
<

j!

(2j)!
.

Theorem 1. Let f ∈ C[0, 1] be such that its derivatives of all orders i ≥ 3 exist and are
uniformly bounded on [0, 1], that is,

|f (i)(t)| ≤ L for all t ∈ [0, 1], for all i ≥ 3, (23)

where L > 0 is a constant independent of i and t. Suppose that f(t) is expanded in the series of
shifted Legendre polynomials as

f(t) =

∞∑
i=0

cipi(t),

then, for all i > 3, the coefficients satisfy

|ci| ≤ L
i!

(2i)!
. (24)

Proof. The proof relies on the Rodrigues formula for shifted Legendre polynomials on [0, 1],
namely
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pi(t) =
1

i!

di

dti

[
ti(1− t)i

]
, i = 0, 1, 2, . . . . (25)

A classical result for (shifted) Legendre expansions states that the coefficient ci in the series

f(t) =

∞∑
i=0

cipi(t)

can be expressed directly in terms of the i-th derivative of f at a specific point. This expression
is obtained by repeated integration by parts applied to the orthogonality relation, yielding the
identity

ci = (−1)i 2i+ 1

i!

∫ 1

0

f (i)(t)(t(1− t))i dt.

This identity leverages the fact that the i-th derivative of the shifted Legendre polynomial pi(t)
is a constant, specifically (2i)!

i! , and the Rodrigues formula. Taking the absolute value and using
the integral inequality, we get

|ci| = |
2i+ 1

i!

∫ 1

0

f (i)(t)(t(1− t))i dt| ≤ 2i+ 1

i!
max
t∈[0,1]

|f (i)|
∫ 1

0

(t(1− t))i dt.

The integral
∫ 1

0
(t(1− t))i dt is the Beta integral, which evaluates to

∫ 1

0

(t(1− t))i dt = β(i+ 1, i+ 1) =
(i!)2

(2i+ 1)!
.

Substituting this back into the inequality yields

|ci| ≤
2i+ 1

i!
max
t∈[0,1]

|f (i)(t)| (i!)2

(2i+ 1)!

= max
t∈[0,1]

|f (i)(t)| (2i+ 1)(i!)2

i!(2i+ 1)!

= max
t∈[0,1]

|f (i)(t)| i!
(2i)!

.

So, we have
|ci| ≤ max

t∈[0,1]
|f (i)(t)| i!

(2i)!
.

For i ≥ 3, under the given smoothness conditions, maxt∈[0,1] |f (i)(t)| can be bounded by a
constant L. For sufficiently large i, this implies the desired bound. Hence, for all i > 3, we
obtain the desired bound:

|ci| ≤ L
i!

(2i)!
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for all i > 3, which completes the proof. According to Lemma 1, this bound decreases rapidly
as i increases, ensuring the convergence of the approximate solution.

It is worth noting that while the estimate in (22) exhibits factorial decay —reflecting the
behavior for analytic or highly smooth functions— this serves as an upper bound for the ideal
case. For solutions with limited regularity (e.g., in Sobolev spaces Hk), this bound naturally
transitions to a standard algebraic rate, O(N−k). However, to maintain the consistency of the
theoretical framework presented in this section, we present the estimates in their strongest form.

Theorem 2. Let fN (t) =
∑N
i=0 cipi(t) be an approximation of f(t). Then

|f(t)− fN (t)| ≤ L

(N + 1)!
. (26)

Proof. We know from standard approximation theory that

|f(t)− fN (t)| ≤ 1

(N + 1)!
max
0≤t≤1

f (N+1)(t)

It can be shown that for the specific basis functions pi(t),

f (N+1)(t) = cN+1

(
(2N + 2)!

((N + 1)!)2
(N + 1)!

)
=

(2N + 2)!

(N + 1)!
cN+1.

Applying (24), cN+1 can be bounded as cN+1 ≤ (N+1)!
(2N+2)! , therefore

|f(t)− fN (t)| ≤ L 1

(N + 1)!
.

Now, consider a bivariate function

f(x, t) =

∞∑
i=0

∞∑
j=0

cijpi(x)pj(t).

Suppose

‖∂
i+jf(x, t)

∂xi∂tj
‖2 ≤ η,

for a positive constant η. Then, the following inequality holds for the expansion coefficients ci,j :

|ci,j | < η
i! j!

(2i)! (2j)!
, (27)
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for all i, j > 3. Furthermore, if f̃(x, t) =
∑N
i=0

∑M
j=0 ci,jpi(x)pj(t) is an approximation of f(x, t),

then we have
|f(x, t)− f̃(x, t)| < η

(N + 1)!(M + 1)!
. (28)

The following lemma confirms the validity of inequalities essential for deriving this error estimate.

Lemma 2. Let f(x, t) and its approximation f̃(x, t) satisfy the assumptions of Theorem 2 and
its consequence (28). Then there exists a positive constant η, independent of the discretization
parameters, such that the following error estimates hold:
(i) ∣∣∣∣∣∂f(x, t)∂x

− ∂f̃(x, t)

∂x

∣∣∣∣∣ < η

2NN−1MM+1
,

(ii) ∣∣∣∣∣∂2f(x, t)∂x2
− ∂2f̃(x, t)

∂x2

∣∣∣∣∣ < η

4NN−2MM+1
,

(iii) ∣∣∣Dα
t f(x, t)−Dα

t f̃(x, t)
∣∣∣ < η

NN−1MM+1
.

Proof. (i) From the definition of f(x, t) and f̃(x, t), we have∣∣∣∣∣∂f(x, t)∂x
− ∂f̃(x, t)

∂x

∣∣∣∣∣ = |
∞∑

i=N+1

∞∑
j=M+1

ci,jp
′
i(x)pj(t)|.

This can be bounded by∣∣∣∣∣∂f(x, t)∂x
− ∂f̃(x, t)

∂x

∣∣∣∣∣ ≤
∞∑

i=N+1

∞∑
j=M+1

|ci,j ||p′i(x)||pj(t)|.

Given that |pj(t)| ≤ 1 on [0, 1] and applying the coefficient bound from (27), this inequality
becomes

∞∑
i=N+1

∞∑
j=M+1

|ci,j ||p′i(x)||pj(t)| ≤
∞∑

i=N+1

∞∑
j=M+1

(η
i! j!

(2i)!(2j)!
)|p′i(x)|.

From property (9), we use the bound |p′i(x)| ≤
(i+1)!
(i−1)! for x ∈ [0, 1]. Substituting this yields

|∂f(x, t)
∂x

− ∂f̃(x, t)

∂x
| ≤

∞∑
i=N+1

∞∑
j=M+1

(
ηi!j!

(2i)!(2j)!
)(
(i+ 1)!

(i− 1)!
).

Therefore, considering the above relationship and the properties of geometric series, we can write
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η

∞∑
i=N+1

(
i!

(2i)!
)(
(i+ 1)!

(i− 1)!
)

∞∑
j=M+1

(
j!

(2j)!
)

≤ η

2
(

∞∑
i=N+1

1

ii−2
)(

∞∑
j=M+1

1

jj
)

≤ (
η

2
)(

∞∑
i=N+1

(
1

N + 1
)i−2)(

∞∑
j=M+1

(
1

M + 1
)j)

=
η

2N(N + 1)(N − 2)M(M + 1)M
≤ η

2NN−1MM+1
.

So, we obtain the final bound:∣∣∣∣∣∂f(x, t)∂x
− ∂f̃(x, t)

∂x

∣∣∣∣∣ < η

2NN−1MM+1
.

(ii) The proof for the second derivative follows similarly, using the bound |p′′i (x)| ≤
(i+2)!
2(i−2)! ≤

(i+2)!
(i−2)! and the same coefficient bound (27). This leads to

∣∣∣∣∣∂2f(x, t)∂x2
− ∂2f̃(x, t)

∂x2

∣∣∣∣∣ ≤ η

4NN−2MM+1
.

(iii) For the Caputo fractional derivative, we use the linearity property and the fact thatDα
t (t

k) =
Γ(k+1)

Γ(k+1−α) t
k−α. The error bound is derived by applying the same coefficient bound and the

properties of Gamma function, yielding

∣∣∣Dα
t f(x, t)−Dα

t f̃(x, t)
∣∣∣ = | 1

Γ(1− α)

∫ t

0

(t− s)−α( d
ds

(f(x, t)− f̃(x, t)))ds|

≤ 1

|Γ(1− α)|

∫ 1

0

|(1− s)|−α| ∂
∂s

((f(x, s)− f̃(x, s))| ds.

Applying the bound from part (i) to the derivative, which is independent of s, we get

∣∣∣Dα
t f(x, t)−Dα

t f̃(x, t)
∣∣∣ ≤ (

1

|Γ(1− α)|
)(

η

2NN−1MM+1
)

∫ t

0

(1− s)−α ds.

Evaluating the integral yields∣∣∣Dα
t f(x, t)−Dα

t f̃(x, t)
∣∣∣ ≤ (

η

|Γ(2− α)|2NN−1MM+1
).

Since |Γ(2 − α)| is a positive constant for α ∈ (0, 1), it can be absorbed into the constant η,
yielding the final result:
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t f(x, t)−Dα

t f̃(x, t)
∣∣∣ ≤ η

NN−1MM+1
.

Thus, the proof of the lemma is complete.

Theorem 3. Let u(x, t) be the exact solution of (1) and let ũ(x, t) be the approximate solution
produced by the present scheme. Assuming the conditions of Lemma 2 are fulfilled, the global
truncation error admits the following uniform estimate:

sup
(x,t)∈Ω

|u(x, t)− ũ(x, t)|

<
η

2N+M (N + 1)!(M + 1)!
+ (‖A‖2)−1(

√
NM)(

3η

NN−2MM+1
+ θ

ϑ(c+ d)

(M + 1)!
).

Proof. Let g(x, t) denote the bivariate interpolating polynomial of the exact solution u(x, t)

constructed at the nodal points (xi, tj). Here xi (i = 0, 1, . . . , N) and tj(j = 0, 1, 2, . . . ,M)

correspond to the roots of the shifted second-kind Chebyshev polynomial within the domain Ω.
Applying the triangle inequality yields:

|u(x, t)− ũ(x, t)| ≤ |u(x, t)− g(x, t)|+ |g(x, t)− ũ(x, t)|.

From (28), the interpolation error is bounded by

|u(x, t)− g(x, t)| ≤ η

2N+M (N + 1)!(M + 1)!
. (29)

We now estimate the second term |ũ− g|. Consider the L2 norm:

‖g(x, t)− ũ(x, t)‖

=

∫ 1

0

∫ 1

0

 N∑
i=0

M∑
j=0

(ci,jpi(x)pj(t)− c̃i,jpi(x)pj(t))

2

dxdt


1
2

.

An application of the Cauchy–Schwarz inequality gives

‖g(x, t)− ũ(x, t)‖

≤ (

N∑
i=0

M∑
j=0

|ci,j − c̃i,j |2)
1
2 (

∫ 1

0

∫ 1

0

(

N∑
i=0

M∑
j=0

|pi(x)pj(t)|)2dxdt)
1
2 .

A simpler bound can be derived by leveraging the orthonormality of the Legendre polynomials
(1). Assuming that {pi} are orthonormal gives, results
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0

pi(x)
2 dx ≤ 1.

Therefore,

‖g(x, t)− ũ(x, t)‖ ≤ (

N∑
i=0

M∑
j=0

|ci,j − c̃i,j |2)
1
2

√
NM.

We now find an upper bound for
∑N
i=0

∑M
j=0 |ci,j − ˜ci,j |. Let

C = [c0,0 · · · cN,0 · · · c0,M · · · cN,M ]T ,

and
C̃ = [c̃0,0 · · · c̃N,0 · · · c̃0,M · · · c̃N,M ]T ,

where the coefficients ˜ci,j are defined by the orthogonal projection:

c̃i,j = (
1

‖pi‖2‖pj‖2

∫ 1

0

∫ 1

0

u(x, t)pi(x)pj(t) dx dt).

From the system of equations (21), we obtain

C − C̃ = A−1(𝟋−AC̃),

where 𝟋 is the vector of right-hand side values. Taking norms gives

‖C − C̃‖2 ≤ (‖A−1‖2)‖𝟋−AC̃‖2 ≤ (‖A−1‖2)‖𝟋−AC̃‖∞.

Let Ri,j = (𝟋−AC̃)i,j for i = 0, . . . , N and j = 0, . . . ,M . Then,

|Ri,j |

= |(Dα
t g(xi, tj) +Dβ

t g(xi, tj)− gxx(xi, tj)

+
f(xi)∫ 1

0
f(x)dx

(cg(0, tj) + dg(1, tj)))− (Dα
t ũ(xi, tj) +Dβ

t ũ(xi, tj)− ũxx(xi, tj)

+
f(xi)∫ 1

0
f(x)dx

(cũ(0, tj) + dũ(1, tj)))|

≤ |Dα
t g(xi, tj)−Dα

t ũ(xi, tj)|+ |D
β
t g(xi, tj)−D

β
t ũ(xi, tj)|

+ |gxx(xi, tj)− ũxx(xi, tj)|

+ | f(xi)∫ 1

0
f(x)dx

| (|c(g(0, tj)− ũ(0, tj))|+ |d(g(1, tj)− ũ(1, tj))|) .
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Let
ϑ := max

{∣∣∣ f(xi)∫ 1

0
f(x) dx

∣∣∣ : i = 0, 1, . . . , N
}
. (30)

Applying Lemma 2 to the error e(x, t) := u(x, t)− ũ(x, t) and bounding its spatial and temporal
derivatives, we obtain estimates of the form

|Ri,j | ≤
η

NN−1MM+1
+

η

NN−1MM+1
+

η

4NN−2MM+1
+ θ

ϑ(c+ d)

(M + 1)!

≤ 3η

NN−2MM+1
+ θ

ϑ(c+ d)

(M + 1)!
.

As a result,

‖g(x, t)− ũ(x, t)‖ ≤ ‖A‖−1
2 (
√
NM)(

3η

NN−2MM+1
+ θ

ϑ(c+ d)

(M + 1)!
). (31)

Finally, combining the estimates (29) and (31), we arrive at the desired result:

sup
(x,t)∈Ω

|u(x, t)− ũ(x, t)|

<
η

2N+M (N + 1)!(M + 1)!
+ (‖A−1‖2)(

√
NM)(

3η

NN−2MM+1
+ θ

ϑ(c+ d)

(M + 1)!
).

6 Numerical examples

In this section, we present the numerical results for two benchmark examples to demonstrate
the accuracy, efficiency, and robustness of the proposed shifted-Legendre spectral collocation
method. To evaluate the performance of the method, the maximum absolute errors for the state
variable u(x, t) and the source term r(t) are defined as follows:

eu = max
i,j
|u(xi, tj)− uN,M (xi, tj)|,

er = max
j
|r(tj)− rN,M (tj)|.

To further investigate the stability and practical applicability of the algorithm, we consider
the presence of noise in both the measured data and the model parameters. Furthermore, to
assess the convergence behavior of the proposed method, the computational convergence order
is determined using the following formula:
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order '
log( eN+1

eN
)

log(hN+1

hN
)
,

where eN+1 and eN denote the maximum absolute errors at two consecutive steps.
In this study, the collocation points are chosen as Chebyshev nodes, defined by

xi =
1

2
cos( (iπ)

(N + 1)
) +

1

2
, i = 1, 2, . . . , N.

Since the distance between adjacent points,

hi = xi+1 − xi

is nonuniform, we utilize their average value as the effective step length, hN , for each N . This ap-
proach provides a consistent metric for evaluating the rate of convergence across the nonuniform
mesh.

Once the numerical solution ũ(x, t) has been obtained by the proposed method, the approx-
imate source function r̃(t) is recovered by substituting ũ(x, t) into (7).

Example 1. Consider the following inverse problem:

Dα
t u(x, t) +Dβ

t u(x, t) = uxx(x, t) + r(t) sin(πx
2

+
π

3
),

subject to the initial condition u(x, 0) = 0, x ∈ [0, 1], and the boundary conditions:

2√
3
u(0, t)− 2u(1, t) = 0,

ux(0, t)− ux(1, t)− π
2u(0, t)−

π
2u(1, t) = 0.

The over-determination data is given by E(t) = (
√
3+1
π )t3.

The analytical solution for this problem is

u(x, t) = t3 sin
(πx

2
+
π

3

)
,

and the corresponding exact source function is

r(t) =
6

Γ(4− α)
t3−α +

6

Γ(4− β)
t3−β +

π2

4
t3.

Table 1 reports the absolute errors and CPU-times for various values of α, β, M, and N

using exact data. As shown, the method achieves high precision and efficiency in the absence of
noise.
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Table 1: Numerical results in Example 1 for different values of α, β, M , and N .

α and β M and N CPU-time (sec) eu er
M = 3, N = 5 1.684024 0.0106 0.0103

α = 0.9, β = 0.2 M = 5, N = 8 4.694565 6.8791× 10−6 7.0042× 10−6

M = 8, N = 8 7.540564 6.8788× 10−6 7.0033× 10−6

M = 4, N = 5 2.151800 0.0100 0.0099
α = 0.5, β = 0.8 M = 7, N = 7 5.527143 3.5097× 10−5 1.6260× 10−4

M = 8, N = 10 9.783338 4.9522× 10−8 5.1959× 10−8

M = 5, N = 7 4.176156 2.0222× 10−4 1.9738× 10−4

α = 0.4, β = 0.6 M = 6, N = 9 6.307603 1.8508× 10−6 1.8367× 10−6

M = 10, N = 12 16.917430 2.4822× 10−8 1.6729× 10−8

α = β = 0.5 M = N = 10 13.028037 1.0165× 10−7 1.1360× 10−7

α = β = 0.9 M = N = 10 12.820756 1.0497× 10−7 3.1563× 10−7

α = β = 0.3 M = N = 10 12.929664 8.6727× 10−8 8.3159× 10−8

Figure 1 illustrates the absolute error of u(x, t) for various fractional orders. To evaluate
the reconstruction of the unknown source term, Figure 2 displays the comparison between the
exact function r(t) and its numerical approximation r̃(t). It is evident that the two curves are
indistinguishable, and the absolute error remains near the machine precision level, confirming
the high fidelity of the spectral approach.

To further investigate the stability and practical applicability of the method, we test its
sensitivity to data perturbations. In real-world inverse problems, the observed data are often
corrupted by measurement errors. Therefore, to simulate real-world measurement uncertainties,
a certain level of random noise is added to the additional integral condition and the coefficients
associated with the nonlocal boundary conditions. So, the right-hand side vector in (21) is
contaminated with noise, which is modeled as follows:

𝟋ϵ = 𝟋+ ϵ(2.rand(S)− 1),

where ϵ represents the noise level, S is the dimension of 𝟋 and rand() generates uniformly
distributed random numbers on [0, 1].

As observed in Table 2, even with significant noise levels in 𝟋, the method remains stable.
Furthermore, as M and N increase, the error does not grow significantly and stays within a con-
sistent range, demonstrating that the proposed technique is robust against numerical instabilities
and does not suffer from ill-conditioning in the presence of perturbations.
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Figure 1: Absolute errors in Example 1.

Table 2: Numerical results for Example 1 in the presence of noise when α = 0.2 and β = 0.9.

ϵ = 0.005 ϵ = 0.01 ϵ = 0.05 cond(A)
N = 5 ||uϵ||∞ = 0.2341 ||uϵ||∞ = 0.1126 ||uϵ||∞ = 0.2168 3.2101× 104

M = 5 ||rϵ||∞ = 0.1115 ||rϵ||∞ = 0.7081 ||rϵ||∞ = 0.6911
N = 7 ||uϵ||∞ = 0.0201 ||uϵ||∞ = 0.3161 ||uϵ||∞ = 0.5160 9.8523× 104

M = 6 ||rϵ||∞ = 0.3686 ||rϵ||∞ = 0.2395 ||rϵ||∞ = 0.9997
N = 8 ||uϵ||∞ = 0.0252 ||uϵ||∞ = 0.0578 ||uϵ||∞ = 0.1584 2.2732× 105

M = 6 ||rϵ||∞ = 0.0648 ||rϵ||∞ = 0.1316 ||rϵ||∞ = 0.4501
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Figure 2: Comparison between the exact and approximate values of r(t) in Example 1.

It is important to note that while the discrete system matrix exhibits a relatively high condi-
tion number, the stability of the obtained results is consistent with the theoretical well-posedness
of the underlying inverse problem. Therefore, the proposed numerical procedure maintains its
reliability and produces stable solutions without the necessity of any additional regularization
techniques.

Furthermore, to demonstrate the method’s performance under measurement errors, Figure
3 presents the numerical results in the presence of several noise levels for α = 0.2 and β = 0.9.
This figure shows the three-dimensional error distribution of u(x, t), along with the reconstructed
source term. Despite the noise, the method maintains stable behavior, and no oscillations are
observed in the reconstructed source function.

Example 2. Consider the problem (1)–(5) with the exact solution u(x, t) = t2e2x+1 and the
source term

r(t) =
Γ(3)

Γ(3− α)
t2−α +

Γ(3)

Γ(3− β)
t2−β − 4t2.

The initial condition is u0(x) = 0, and the coefficients in the nonlocal boundary conditions are
a = e2, b = −1, c = −2, and d = 2.

Table 3 reports the maximum absolute errors for both u(x, t) and r(t), alongside the CPU-
time for various values of M,N,α and β. The results in this table indicate that the method
achieves high accuracy even with a small number of collocation points. For instance, when
α = 0.1, β = 0.3 and M = N = 9, the error in u reaches as low as 4.52× 10−7.
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Figure 3: The absolute errors of u(x, t) (left), and the reconstructed source term r(t) (right) in Example 1
under different noise levels, ϵ = 0.005 (first row), ϵ = 0.01 (second row), and ϵ = 0.05 (third row) when α = 0.2,
β = 0.9, M = 6, and N = 8.
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Table 3: Numerical results in Example 2 for different values of α, β, M , and N .

α and β M and N CPU time (sec) error of u(x, t) error of r(t)
M = 5, N = 8 4.872626 0.0025 3.1055× 10−4

α = 0.2, β = 0.9 M = 6, N = 9 6.131564 2.8945× 10−4 3.6336× 10−5

M = 9, N = 10 17.587541 3.0142× 10−5 3.7863× 10−6

M = N = 4 1.914168 0.0058 0.5103
α = 0.1, β = 0.3 M = N = 6 3.997282 1.5651× 10−4 0.0236

M = N = 9 9.213205 4.5291× 10−7 5.5964× 10−5

M = 5, N = 8 4.462392 0.0040 4.8001× 10−4

α = 0.1, β = 0.3 M = 6, N = 9 5.912642 4.6522× 10−4 5.5962× 10−5

M = 9, N = 10 10.421637 4.8439× 10−5 5.8361× 10−6

α = β = 0.5 M = N = 8 7.008119 0.0028 3.5138× 10−4

α = β = 0.8 M = N = 8 6.849998 0.0020 2.5458× 10−4

α = β = 0.2 M = N = 8 6.719837 0.0040 4.8212× 10−4

To visualize the accuracy of the proposed method for Example 2, Figure 4 displays the three-
dimensional absolute error surfaces of u(x, t) for different fractional orders and collocation points.
The smooth and low-magnitude error surfaces confirm the uniform convergence of the method.
Additionally, Figure 5 provides a comparison between the exact source term r(t) and its numer-
ical reconstruction r̃(t). The perfect overlap between the two curves, along with the negligible
absolute error, demonstrates the high precision of the method in identifying the unknown source
term.

To further investigate the convergence behavior, Table 4 summarizes the numerical con-
vergence orders for α = 0.2 and β = 0.9. It is evident that the convergence order increases
significantly as N increases, which is a typical characteristic of spectral methods, demonstrating
that the proposed approach is far more efficient than low-order finite difference schemes.

Table 4: Numerical convergence orders in Example 2 when α = 0.2 and β = 0.9.
M = N hN error order

5 0.2165 0.7010
6 0.1802 0.1216 9.6187
7 0.15398 0.0188 12.1186
8 0.13423 0.0025 15.0754
9 0.11888 2.8936× 10−4 18.2925
10 0.10661 3.0180× 10−5 21.4752
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Figure 4: Absolute error distribution in Example 2 for various values of α, β, M , and N .
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Figure 5: Comparison between the exact and recovered source terms r(t) for Example 2.

In addition, to provide a visual representation of the method’s stability, Figure 6 illustrates
the absolute error distribution of the numerical solution and the recovered source term in the
presence of different noise levels. Despite the perturbation in the data, the error surfaces remain
smooth and free of any numerical oscillations.

The sensitivity of the method to noisy data is analyzed in Table 5. As observed in this table,
although the condition number cond(A) increases with N , the absolute errors for both the state
variable and the source term remain controlled.

Table 5: Numerical results for Example 2 in the presence of various noise levels with α = 0.4 and β = 0.8.

ϵ = 0.01 ϵ = 0.05 ϵ = 0.1 cond(A)
N = 4 ||uϵ||∞ = 0.8122 ||uϵ||∞ = 0.7271 ||uϵ||∞ = 0.5685 1.2624× 103

M = 4 ||rϵ||∞ = 0.1640 ||rϵ||∞ = 0.1661 ||rϵ||∞ = 0.1910
N = 6 ||uϵ||∞ = 0.3273 ||uϵ||∞ = 0.2255 ||uϵ||∞ = 0.3415 1.0221× 105

M = 6 ||rϵ||∞ = 0.208 ||rϵ||∞ = 0.0928 ||rϵ||∞ = 0.2154
N = 8 ||uϵ||∞ = 0.0589 ||uϵ||∞ = 0.2812 ||uϵ||∞ = 1.0841 2.2918× 105

M = 6 ||rϵ||∞ = 0.0119 ||rϵ||∞ = 0.0592 ||rϵ||∞ = 1.0841
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Figure 6: The absolute errors of u(x, t) (left), and the reconstructed source term r(t) (right) in Example 2
under different noise levels, ϵ = 0.01 (first row), ϵ = 0.05 (second row), and ϵ = 0.1 (third row) with α = 0.4,
β = 0.8, M = 6, and N = 8.
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7 Conclusion

An efficient spectral collocation method based on shifted Legendre polynomials has been devel-
oped for the numerical solution of an inverse source problem for two-term time-fractional diffusion
equations subject to nonlocal boundary conditions. The proposed approach successfully recon-
structs the unknown time-dependent source term r(t) while simultaneously approximating the
solution u(x, t). A rigorous convergence analysis has been carried out, establishing optimal error
estimates under standard regularity assumptions. The theoretical results are validated through
extensive numerical experiments on benchmark problems, which demonstrate the spectral accu-
racy and rapid convergence of the proposed method with respect to the collocation parameters
N and M . Moreover, the unknown source function r(t) is recovered with high accuracy.

In summary, the proposed method is accurate, stable, and straightforward to implement.
These features make it a reliable and competitive numerical technique for solving inverse problems
arising in multi-term fractional diffusion models with nonlocal constraints.
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Fractional order Chelyshkov wavelet for solving
variable coefficients Caputo time-fractional

convection-diffusion equation
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Abstract

Convection-diffusion equations are widely used to describe transport processes and arise in
numerous scientific and engineering applications, including heat transfer, contaminant trans-
port in porous media, groundwater flow, chemical reactions, and biological systems. However,
many real-world transport phenomena exhibit memory properties that classical convection-
diffusion equations cannot adequately represent. To address such nonlocal temporal effects,
time-fractional convection-diffusion equations have been introduced, in which fractional deriva-
tives provide a realistic description of anomalous diffusion. This work proposes a novel wavelet-
based numerical method for solving a variable-coefficient Caputo time-fractional convection-
diffusion equation using fractional-order Chelyshkov wavelets. The method constructs frac-
tional Chelyshkov wavelets from fractional Chelyshkov polynomials and derives corresponding
fractional operational matrices. The proposed wavelet basis functions, together with an oper-
ational matrix formulation, transform the time-fractional convection-diffusion equation into a
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system of algebraic equations. The stability, convergence, and error estimates are established.
To demonstrate the effectiveness and precision of the proposed method, several numerical ex-
amples are provided. CPU time and memory usage are reported for different numbers of basis
functions. The numerical results indicate that the fractional Chelyshkov wavelets provide an
efficient representation of smooth solutions, achieving high accuracy with a relatively small
number of basis functions.

AMS subject classifications (2020): 35A01, 65L10, 65L12, 65L20, 65L70.

Keywords: Caputo time fractional convection-diffusion equation; Fractional Chelyshkov wavelet;
Operational matrix; Stability; Convergence and error analysis.

1 Introduction

In recent years, models of fractional-order partial differential equations have been developed and
studied across many research areas, including finance, fluid mechanics, plasma physics, biology,
mechanics of materials, and chemistry. One of the most significant examples of a fractional
partial differential equation is the convection-diffusion equation. Many physical phenomena,
such as oil reservoir models, particle motion, heat transfer, global weather, energy transfer, and
mass transfer, can be explained by the convection-diffusion equation. However, the classical
convection–diffusion equation is often inadequate for describing anomalous diffusion phenom-
ena arising from heterogeneous media or complex particle transport mechanisms encountered
in natural systems. To tackle this situation, fractional convection-diffusion equations have been
introduced. The classification of fractional partial differential equations includes space and time
fractional, space fractional, and time fractional. In this article, we have considered the time
fractional convection-diffusion equation (TFCDE) with a variable coefficient given as

∂γU(s, t)
∂tγ

+ a(s)
∂U(s, t)
∂s

+ b(s)
∂2U(s, t)
∂s2

= f(s, t)

with the initial condition (I.C) and boundary conditions (B.Cs)

U(s, 0) = q(s), U(0, t) = f0(t), U(1, t) = f1(t),

where a(s) and b(s) 6= 0 are smooth functions, q, f0, and f1 ∈ L2[0, 1), and f(·, ·) is a function
in L2([0, 1)× [0, 1)).
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Analytical solutions to fractional partial differential equations are not possible in many cases.
So, developing stable, high-precision numerical methods has become a major focus of research.
Various numerical methods, including the variational iteration method [39, 6], the finite element
method [13], the finite difference method [34, 9], the operational method [14], the Ritz approx-
imation method [15], the Tau method [1, 23], and so on, are used to solve fractional partial
differential equations. To address the fractional convection-diffusion equation, several numerical
techniques have been used, such as the discontinuous Galerkin method [25], the Sinc-Legendre
collocation method [24], the Gegenbauer method [8], the Haar wavelet method [3], the Sinc and
B-spline scaling functions [2], radial basis functions [35], the Chebyshev collocation method [41],
and the Fibonacci wavelet method [38]. Wavelet-based numerical methods are highly effective
for solving various classes of fractional partial differential equations due to their low complexity,
rapid convergence, and reasonable computational efficiency. Wavelets are a family of functions
that are obtained from the translation and dilatation of a single function called the “mother
wavelet” [4]. A variety of wavelet and spectral-based methods, including Haar wavelet [40, 18],
Bernoulli wavelet [21], Legendre wavelet [37, 29], Chebyshev wavelet [11], Hermite wavelet [5],
Euler wavelet [36, 30, 28], Fibonacci wavelet [12], and B-spline wavelet [10] have been developed
for fractional partial differential equations. Recently, Singh et al. [27, 31, 33, 32] proposed frac-
tional wavelet operational matrix methods for different classes of fractional differential equations,
demonstrating the effectiveness of wavelet approximations in reducing complex fractional models
to algebraic systems. Motivated by the above work, we have proposed wavelet-based method
for solving TFCDE with variable coefficients. We have found that most existing studies either
focus on constant coefficients or use basis functions that do not specifically incorporate fractional
characteristics. Additionally, a common characteristic of these existing methods is their reliance
on high-resolution parameters to achieve high-precision results. When dealing with fractional
equations, increasing the resolution parameter leads to a computational cost that grows exponen-
tially due to the nonlocal nature of fractional derivatives, matrix ill-conditioning, which degrades
stability during computation, and severe round-off error propagation.

Novelty and main contribution of this work:
To overcome the above limitations, this work introduces novel fractional Chelyshkov wavelets
(FCW) and an operational matrix framework for the numerical solution of the variable-coefficient
TFCDE. The fractional structure of basis functions enables an efficient representation of solution
behavior associated with memory effects. FCW can demonstrate signals at different levels of
resolution due to its compact support. Our proposed method introduces several advantages over
the existing literature:
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• Fractional basis framework: Most of the studies for TFCDE with variable coeffi-
cients rely on classical polynomials, scaling functions, or nonfractional wavelet bases
[38, 41, 2, 7, 24, 26]. The nonfractional wavelet basis cannot accurately approximate
the fractional power terms present in some fractional differential equations. Also, the
fractional derivatives of nonfractional wavelet bases cannot be represented exactly within
the same basis space, so a large number of basis functions is required to approximate
fractional-order terms. In contrast, the proposed method employs fractional basis func-
tions to obtain the corresponding operational matrix, thereby providing a more natural
representation of fractional operators.

• Superior accuracy at low resolutions: The FCW yields a strictly orthogonal ba-
sis, minimizing theoretical complexity while optimizing numerical efficiency. These basis
functions match fractional physics and reduce truncation errors with very few terms.

• Computation sparsity: The algebraic system obtained by combining compact wavelet
support and strict orthogonality is highly structured and sparse, reducing memory re-
quirements during computer implementation and ensuring lower computational time.

The present article is organized as follows: The introduction is presented in section 1. Section
2 presents the fundamental definitions and properties. Fractional order Chelyshkov wavelets
are presented in section 3. Approximation of a function using fractional Chelyshkov wavelets is
explained in section 4. Fractional operational matrices of FCW are obtained in Section 5. Section
6 presents a description of a numerical method to solve fractional convection-diffusion. Section
7 presents the stability analysis of the proposed method. Convergence analysis is discussed in
Section 8. Section 9 presents the error analysis of the proposed method. Numerical examples are
presented in section 10 to demonstrate the precision and effectiveness of the proposed method.
Section 11 presents the conclusion of the paper.

2 Preliminaries

This section provides some fundamental definitions and properties of fractional integrals and
derivatives.

Definition 1. A real function U(s), s > 0, is said to be in space Cσ, σ ∈ R, if there is a
real number η (η > σ) such that U(s) = sηU0(s), where U0(s) ∈ C[0,∞) and U(s) ∈ Cnσ if
Un(s) ∈ Cσ, n ∈ N [16].
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Definition 2. The Riemann–Liouville fractional integral operator of order α ≥ 0 of a function
U(s) ∈ Cσ, σ ≥ −1 is defined as [20]

RL
0 Iαt U(t) =

1

Γ(α)

∫ t

0

(t− z)α−1U(z)dz. (1)

Definition 3. The Caputo fractional derivative operator of order α is defined as [20]

C
0 D

α
t U(t) =

1

Γ(n− α)

∫ t

0

(t− z)n−α−1Un(z)dz, n− 1 < α ≤ n, (2)

where n ∈ N, t > 0 and U ∈ Cn−1.

Proposition 1. The following properties are satisfied by the Riemann–Liouville fractional inte-
grals and Caputo fractional derivatives [20]

• C
0 D

α
t
RL
0 Iαt U(t) = U(t),

• RL
0 Iαt

C
0 D

α
t U(t) = U(t)−

∑n−1
k=0 Uk(0+)

tk

k! ,

where n− 1 < α ≤ n.

3 Fractional order Chelyshkov wavelet

Fractional Chelyshkov wavelets [17] are presented in this section. The definition of the
Chelyshkov wavelet is

ψn,m(t) =

 2
k−1
2

√
2m+ 1ρm,M (2k−1t− n+ 1), n−1

2k−1 ≤ t < n
2k−1 ,

0, otherwise.
(3)

By applying the transformation t = sβ in (3), we obtain the fractional Chelyshkov wavelet as

ψβn,m(s) =

 2
k−1
2

√
2m+ 1ρm,M (2k−1sβ − n+ 1), ( n−1

2k−1 )
1
β ≤ s < ( n

2k−1 )
1
β ,

0, otherwise,
(4)

where β ∈ R+,M ∈ Z+, k ∈ N, n = 1, 2, . . . , 2k−1 and ρm,M denotes the Chelyshkov polynomial,
which is given as
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ρm,M (s) =

M−m−1∑
l=0

cl,ms
m+l, m = 0, 1, . . . ,M − 1, (5)

where cl,m = (−1)l
(
M−1−m

l

)(
M+m+l
M−1−m

)
.

For k = 2,M = 2, β = 0.5, the four basis functions are given as

ψ0.5
1,0(s) =

−0.707107(−1 + 3(−1 + 4s0.5)), 0 ≤ s < 0.25,

0, otherwise,

ψ0.5
1,1(s) =

 4.89898s0.5, 0 ≤ s < 0.25,

0, otherwise,

ψ0.5
2,0(s) =

−0.707107(−1 + 3(−3 + 4s0.5)), 0.25 ≤ s < 1,

0, otherwise,

ψ0.5
2,1(s) =

 2.44948(−1 + 2s0.5), 0.25 ≤ s < 1,

0, otherwise.

The fractional Chelyshkov wavelets in two dimensions are given as

ψα,βn1,m1,n2,m2
(s, t) =

2
k1−1

2 2
k2−1

2

√
2m1 + 1

√
2m2 + 1 if

(
n1−1
2k1−1

) 1
α ≤ s <

(
n1

2k1−1

) 1
α ,

×ρm1,M1
(2k1−1sα − n1 + 1)

(
n2−1
2k2−1

) 1
β ≤ t <

(
n

2k2−1

) 1
β ,

×ρm2,M2(2
k2−1tβ − n2 + 1),

0, otherwise.

Lemma 1. The orthonormal property of ψα,βn1,m1,n2,m2
(s, t) on [0, 1)× [0, 1) with respect to the

weight function wα,β(s, t) = αβsα−1tβ−1 is considered as follows:

∫ 1

0

∫ 1

0

wα,β(s, t)ψ
α,β
n1,m1,n2,m2

(s, t)ψα,βn′
1,m

′
1,n

′
2,m

′
2
(s, t)dsdt

= δn1,n′
1
δm1,m′

1
δn2,n′

2
δm2,m′

2
.

Proof. Due to the orthonormal property of FCW, we have
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0

wα(t)ψ
α
n1,m1

(t)ψαn2,m2
(t)dt = δn1,n2

δm1,m2
. (6)

Now, ∫ 1

0

∫ 1

0

wα,β(s, t)ψ
α,β
n1,m1,n2,m2

(s, t)ψα,βn′
1,m

′
1,n

′
2,m

′
2
(s, t)dsdt

=

∫ 1

0

∫ 1

0

αβsα−1tβ−1ψαn1,m1
(s)ψβn2,m2

(t)ψαn′
1,m

′
1
(s)ψβn′

2,m
′
2
(t)dsdt

=

∫ 1

0

αsα−1ψαn1,m1
(s)ψαn′

1,m
′
1
(s)ds

∫ 1

0

βtβ−1ψβn2,m2
(t)ψβn′

2,m
′
2
(t)dt

= δn1,n′
1
δm1,m′

1
δn2,n′

2
δm2,m′

2.

4 Function approximation using FCW

A function U(s, t) ∈ L2([0, 1)× [0, 1)) can be expanded in terms of FCW as

U(s, t) =
2k1−1∑
n1=1

2k2−1∑
n2=1

∞∑
m1=0

∞∑
m2=0

rn1,n2,m1,m2ψ
α
n1,m1

(s)ψβn2,m2
(t), (7)

where rn1,n2,m1,m2
∈ R. By truncating the power series to order M1 − 1 in s and M2 − 1 in t,

we approximate U(s, t) as

U(s, t) ≈
2k1−1∑
n1=1

2k2−1∑
n2=1

M1−1∑
m1=0

M2−1∑
m2=0

rn1,n2,m1,m2
ψαn1,m1

(s)ψβn2,m2
(t),

U(s, t) ≈ Uα,βk1,k2,M1,M2
= Ψαk1,M1

(s) ·R ·Ψβk2,M2
(t), (8)

where

Ψβk,M =

[
ψβ1,0, . . . , ψ

β
1,M−1, ψ

β
2,0, . . . , ψ

β
2,M−1, . . . , ψ

β
2k−1,M−1

]⊤
, (9)

and R is a matrix of order 2k1−1M1 × 2k2−1M2 composed of FCW coefficients
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rn1,n2,m1,m2
=

〈
U(s, t), ψαn1,m1

(s)ψβn2,m2
(t)

〉
=

∫ 1

0

∫ 1

0

wα,β(s, t)U(s, t)ψαn1,m1
(s)(ψβn2,m2

(t))⊤dsdt,

1 ≤ n1 ≤ 2k1−1, 0 ≤ m1 ≤M1 − 1, 1 ≤ n2 ≤ 2k2−1, 0 ≤ m2 ≤M2 − 1.

The following collocation points are taken into account:

si =

(
2i− 1

2k1M1

) 1
α

, i = 1, 2, . . . , 2k1−1M1,

tj =

(
2j − 1

2k2M2

) 1
β

, j = 1, 2, . . . , 2k2−1M2.

(10)

5 Riemann integration operational matrix of fractional
Chelyshkov wavelet

Theorem 1. The Riemann integral of FCW vector Ψβk,M (s) can be approximated by fractional
operational matrix Sγ which is given as

RL
0 Iγs (Ψ

β
k,M (s)) ≈ SγΨβk,M (s), (11)

where Sγ is a square matrix of order 2k−1M and the elements of the fractional integral of the
FCW vector Ψβk,M (s) are as follows:

RL
0 Iγs (ψ

β
n,m(s)) ≈

2k−1∑
v=1

M−1∑
l=0

Λγ;nmvl ψβv,l(s), (12)

where

Λγ;nmvl =


ξmk

∑M−m−1
j=0 (−1)j

(
M−1−m

j

)(
M+m+j
M−1−m

)
2(k−1)(m+j)d1mvl , n = 1,

ξmk
∑M−m−1
j=0

∑m+j
p=0 (−1)m+2j−p(M−1−m

j

)(
M+m+j
M−1−m

)
×
(
m+j
p

)
(n− 1)m+j−p2(k−1)pdnpvl , n 6= 1,

and ξmk = 2
k−1
2

√
2m+ 1.

Proof. We obtain the fractional integration of FCW vector Ψβk,M (s), which is given as follows:
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RL
0 IγsΨ

β
k,M (s) ≈ SγΨβk,M (s).

The expression in (4) can be rewritten as

ψβn,m(s) = 2
k−1
2

√
2m+ 1ρm,M (2k−1sβ − n+ 1)× χ(s)|

s ∈[( n−1

2k−1 )
1
β ,( n

2k−1 )
1
β )
. (13)

Using the definition of Chelyshkov polynomial from (5), we have

ρm,M (2k−1sβ − n+ 1)

=

M−m−1∑
j=0

(−1)j
(
M − 1−m

j

)(
M +m+ j

M − 1−m

)
(2k−1sβ − n+ 1)m+j . (14)

Substituting (14) in (13), we get

ψβn,m(s)

= ξmk

M−m−1∑
j=0

(−1)j
(
M − 1−m

j

)(
M +m+ j

M − 1−m

)
(2k−1sβ − n+ 1)m+j

× χ(s)|
s ∈[( n−1

2k−1 )
1
β ,( n

2k−1 )
1
β )
, (15)

where ξmk = 2
k−1
2

√
2m+ 1 and χ(s) is characteristic function given as

χ(s)|
s ∈[( n−1

2k−1 )
1
β ,( n

2k−1 )
1
β )

=

 1, s ∈ [( n−1
2k−1 )

1
β , ( n

2k−1 )
1
β ),

0, otherwise.

Putting n = 1 in (15),

ψβ1,m(s)

= ξmk

M−m−1∑
j=0

(−1)j
(
M − 1−m

j

)(
M +m+ j

M − 1−m

)
(2k−1sβ)m+j

× χ(s)|
s ∈[( n−1

2k−1 )
1
β ,( n

2k−1 )
1
β )
. (16)

Taking the Riemann–Liouville integral on both sides of (16), we have

RL
0 Iγs (ψ

β
1,m(s))
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= ξmk

M−m−1∑
j=0

(−1)j
(
M − 1−m

j

)(
M +m+ j

M − 1−m

)
2(k−1)(m+j)

× RL
0 Iγs

(
sβ(m+j)χ(s)|

s ∈[( n−1

2k−1 )
1
β ,( n

2k−1 )
1
β )

)
. (17)

Now, with the help of the binomial expansion, we have

(2k−1sβ − n+ 1)m+j =

m+j∑
p=0

(
m+ j

p

)
(2k−1sβ)p(−1)m+j−p(n− 1)m+j−p. (18)

When n = 2, 3, . . . , 2k−1, using (18) in (15), we have

ψβn,m(s)

= ξmk

M−m−1∑
j=0

(−1)j
(
M − 1−m

j

)(
M +m+ j

M − 1−m

)m+j∑
p=0

(
m+ j

p

)
(2k−1sβ)p

× (−1)m+j−p(n− 1)m+j−p × χ(s)|
s ∈[( n−1

2k−1 )
1
β ,( n

2k−1 )
1
β )
. (19)

Taking the Riemann–Liouville integral on both sides of (19), we have

RL
0 Iγs (ψ

β
n,m(s))

= RL
0 Iγs

(
ξmk

M−m−1∑
j=0

(−1)j
(
M − 1−m

j

)(
M +m+ j

M − 1−m

)m+j∑
p=0

(
m+ j

p

)

× (2k−1sβ)p(−1)m+j−p(n− 1)m+j−p × χ(s)|
s ∈[( n−1

2k−1 )
1
β ,( n

2k−1 )
1
β )

)
,

RL
0 Iγs (ψ

β
n,m(s))

= ξmk

M−m−1∑
j=0

(−1)j
(
M − 1−m

j

)(
M +m+ j

M − 1−m

)m+j∑
p=0

(
m+ j

p

)
2(k−1)p

× (−1)m+j−p(n− 1)m+j−p × RL
0 Iγs

(
sβpχ(s)|

s ∈[( n−1

2k−1 )
1
β ,( n

2k−1 )
1
β )

)
. (20)

We approximate RL0 Iγs

(
sβpχ(s)|

s ∈[( n−1

2k−1 )
1
β ,( n

2k−1 )
1
β )

)
by 2k−1M terms of FCW, we have

RL
0 Iγs

(
sβpχ(s)|

s ∈[( n−1

2k−1 )
1
β ,( n

2k−1 )
1
β )

)
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= hnp(s) ≈
2k−1∑
v=1

M−1∑
l=0

dnpvl ψ
β
v,l(s) = D⊤

vlΨ
β
k,M (s), (21)

where hnp(s) = 1
Γ(γ)

∫ s
0
(s− z)γ−1zβpχ(z)|

z ∈[( n−1

2k−1 )
1
β ,( n

2k−1 )
1
β )
dz,

and D⊤
vl =< hnp(s),Ψ

β
k,M (s) >. Substituting (21) in (17) and (20) gives

RL
0 Iγs (ψ

β
1,m(s))

≈ ξmk
M−m−1∑
j=0

(−1)j
(
M − 1−m

j

)(
M +m+ j

M − 1−m

)
2(k−1)(m+j)

×
2k−1∑
v=1

M−1∑
l=0

d1mvl ψ
β
v,l(s)

=

2k−1∑
v=1

M−1∑
l=0

Λγ;1mvl ψβv,l(s),

and

RL
0 Iγs (ψ

β
n,m(s))

≈ ξmk
M−m−1∑
j=0

m+j∑
p=0

(−1)m+2j−p
(
M − 1−m

j

)(
M +m+ j

M − 1−m

)(
m+ j

p

)

× 2(k−1)p(n− 1)m+j−p
2k−1∑
v=1

M−1∑
l=0

dnpvl ψ
β
v,l(s)

=

2k−1∑
v=1

M−1∑
l=0

Λγ;nmvl ψβv,l(s),

where

Λγ;nmvl =


ξmk

∑M−m−1
j=0 (−1)j

(
M−1−m

j

)(
M+m+j
M−1−m

)
2(k−1)(m+j)d1mvl , n = 1,

ξmk
∑M−m−1
j=0

∑m+j
p=0 (−1)m+2j−p(M−1−m

j

)(
M+m+j
M−1−m

)
×
(
m+j
p

)
(n− 1)m+j−p2(k−1)pdnpvl , n 6= 1.

Thus

RL
0 Iγs (Ψ

β
k,M (s)) ≈

2k−1∑
v=1

M−1∑
l=0

Λγ;nmvl ψβv,l(s) = SγΨβk,M (s),
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Sγ =



Λγ;1010 · · · Λγ;101M−1 · · · Λγ;10
2k−10

· · · Λγ;10
2k−1M−1

Λγ;1110 · · · Λγ;111M−1 · · · Λγ;11
2k−10

· · · Λγ;11
2k−1M−1

... · · ·
... · · ·

... . . . ...

Λγ; 2
k−1M−1

10 · · · Λγ; 2
k−1M−1

1M−1 · · · Λγ; 2
k−1M−1

2k−10
· · · Λγ; 2

k−1M−1
2k−1M−1


.

The FCW operational matrix for k = 2,M = 3, β = 1, and γ = 0.7 is given as

S0.7 =



0.101545 0.1832 0.110702 0.0577836 0.0869881 0.100422

−0.0414831 0.191149 0.312073 0.0856382 0.150711 0.179004

0.00760829 −0.0286796 0.248597 0.189728 0.254836 0.268119

0 0 0 0.101545 0.1832 0.110702

0 0 0 −0.0414831 0.191149 0.312073

0 0 0 0.00760829 −0.0286796 0.248597


.

6 The numerical method

In this section, we have considered the TFCDE with a variable coefficient

∂γU(s, t)
∂tγ

+ a(s)
∂U(s, t)
∂s

+ b(s)
∂2U(s, t)
∂s2

= f(s, t), (22)

with I.C and B.Cs

U(s, 0) = q(s), (23)

U(0, t) = f0(t), U(1, t) = f1(t). (24)

where a(s), b(s) 6= 0 are smooth functions, q, f0, and f1 ∈ L2[0, 1), and f(·, ·) is a function in
L2([0, 1)× [0, 1)), with ∂γU(s,t)

∂tγ = C
0 D

γ
t U(s, t).

To solve (22)–(23), we proceed as follows:

∂2+γU(s, t)
∂s2∂tγ

≈ Ψαk1,M1
(s) ·R ·Ψβk2,M2

(t), (25)
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where R is an unknown fractional Chelyshkov wavelet coefficient. We have∫ s

0

Ψαk,M (z)dz ≈ SΨαk,M (z), (26)

where S denotes the integer-order integration operational matrix. Taking Riemann–Liouville
fractional integral of order γ with respect to t on both sides of (25), we have

∂2U(s, t)
∂s2

≈ ∂2U(s, t)
∂s2

∣∣∣
s=0

+Ψαk1,M1
(s)R(SγΨβk2,M2

(t))

≈ q′′(s) + Ψαk1,M1
(s)R(SγΨβk2,M2

(t)).

(27)

Again, integrating twice with respect to s, we have

U(s, t) ≈ U(0, t) + s
∂U(s, t)
∂s

∣∣∣
s=0

+ q(s)− q(0)− sq′(0)

+ (S2Ψαk1,M1
(s))⊤R(SγΨβk2,M2

(t)). (28)

Putting s = 1 in (28), we have

U(1, t) ≈U(0, t) + ∂U(s, t)
∂s

∣∣∣
s=0

+ q(1)− q(0)− q′(0)

+ (S2Ψαk1,M1
(1))⊤R(SγΨβk2,M2

(t)),

∂U(s, t)
∂s

∣∣∣
s=0
≈− (S2Ψαk1,M1

(1))⊤R(SγΨβk2,M2
(t)) + q(0)

+ q′(0)− q(1) + f1(t)− f0(t)

=J(t).

Now (28) gives

U(s, t) ≈U(0, t) + sJ(t) + q(s)− q(0)− sq′(0)

+ (S2Ψαk1,M1
(s))⊤R(SγΨβk2,M2

(t)). (29)

Taking the Caputo derivative with respect to t, we obtain

∂γU(s, t)
∂tγ

≈− s(S2Ψαk1,M1
(1))⊤R(SγΨβk2,M2

(t)) + s
∂γf1(t)

∂tγ
+ (1− s)∂

γf0(t)

∂tγ

+ (S2Ψαk1,M1
(s))⊤RΨβk2,M2

(t). (30)
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Differentiating (29) with respect to s, we get

∂U(s, t)
∂s

≈ J(t) + q′(s)− q′(0) + (SΨαk1,M1
(s))⊤R(SγΨβk2,M2

(t)). (31)

Substituting (27), (30), and (31) into (22). The system of algebraic equations with the collocation
points from (10) is obtained as

(S2Ψαk1,M1
(s))⊤RΨβk2,M2

(t)− s(S2Ψαk1,M1
(1))⊤R(SγΨβk2,M2

(t)) + s
∂γf1(t)

∂tγ

+ (1− s)∂
γf0(t)

∂tγ
+ a(s)(J(t) + q′(s)− q′(0)

+ (SΨαk1,M1
(s))⊤R(SγΨβk2,M2

(t)))

+ b(s)(q′′(s) + Ψαk1,M1
(s)R(SγΨβk2,M2

(t))) = f(s, t). (32)

We have solved the obtained system of equations using the LinearSolve command in Mathematica
to obtain the value R. Finally, after putting the value of R in (28), we get the approximate
solution.

7 Stability analysis

In this section, we present a perturbation analysis to study the stability of the proposed wavelet-
based method. The system in (32) can be represented compactly in the following global matrix
form

AC = F,

where A is the global operational matrix incorporating the matrix R along with the integer and
fractional order operational matrix S, S2, and Sγ , C represents the vector of unknown expansion
coefficients, and F is the data vector containing the initial condition q(s), boundary conditions
f0(t), f1(t), and the source term f(s, t).

Next, we present the main stability theorem given as follows.

Theorem 2. Let Uα,βk1,k2,M1,M2
(s, t) be the approximate solution obtained by applying the pro-

posed method, and let UP ;α,β
k1,k2,M1,M2

(s, t) be the approximate solution obtained under perturbed
conditions.
Case-1: If the perturbations occur only in the data vector F such that A(C +∆C) = F +∆F ,
and assuming the invertibility of A, then the stability error is bounded by

||Uα,βk1,k2,M1,M2
(s, t)− UP ;α,β

k1,k2,M1,M2
(s, t)||
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≤ |E(s, t)|+Φ(s)Φ(t)cond(A)

(
‖∆F‖
‖F‖

)
‖C‖.

Case-2: Let the perturbations simultaneously occur in both the global matrix A and the data
vector F such that (A + ∆A)(C + ∆C) = F + ∆F . Assuming the invertibility of A, and

cond(A)

(
∥∆A∥
∥A∥

)
< 1, then the stability error is bounded by

||Uα,βk1,k2,M1,M2
(s, t)− UP ;α,β

k1,k2,M1,M2
(s, t)||

≤ |E(s, t)|+Φ(s)Φ(t)
cond(A)(

1− cond(A)
(

∥∆A∥
∥A∥

))
×
[
‖∆A‖
‖A‖

+
‖∆F‖
‖F‖

]
‖C‖,

where Φ(s) = ‖(S2Ψαk1,M1
(s)− s(S2Ψαk1,M1

(1)))‖,Φ(t) = ‖SγΨβk2,M2
(t)‖, and E(s, t) = |∆q(s)|+

|(1− s)||∆f0(t)−∆f0(0)|+ |s||∆f1(t)−∆f1(0)|.

Proof. For the simplicity of notation, we denote Uα,βk1,k2,M1,M2
(s, t) = u(s, t), and UP ;α,β

k1,k2,M1,M2
(s, t) =

uP (s, t). All matrix and vector norms reported in the proof are using infinity norms. From (29),
we have the following representation for u(s, t)

u(s, t) =f0(t) + q(s)− q(0) + s(q(0)− q(1) + f1(t)− f0(t)) (33)

+ (S2Ψαk1,M1
(s)− s(S2Ψαk1,M1

(1)))⊤R(SγΨβk2,M2
(t)).

The perturbed solution uP (s, t) after introducing a small perturbation into the initial data
(q(s) → q(s) + ∆q(s)), the boundary data (f0(t) → ∆f0(t)), (f1(t) → f1(t) + ∆f1(t)), and
solution vector (R→ R+∆R), is given as

uP (s, t) =(f0(t) + ∆f0(t)) + (q(s) + ∆q(s))− (q(0) + ∆q(0))

+ s((q(0) + ∆q(0))− (q(1) + ∆q(1)) + (f1(t) + ∆f1(t)) (34)

− (f0(t) + ∆f0(t)) + (S2Ψαk1,M1
(s)

− s(S2Ψαk1,M1
(1)))⊤(R+∆R)(SγΨβk2,M2

(t)).

Subtracting (34) from (33), and taking the norm on both sides

‖u(s, t)− uP (s, t)‖ =‖ −∆f0(t)−∆q(s) + ∆q(0)− s(∆q(0)−∆q(1)

+ ∆f1(t)−∆f0(t)) + (S2Ψαk1,M1
(s)
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− s(S2Ψαk1,M1
(1)))⊤∆R(SγΨβk2,M2

(t))‖. (35)

Now, we apply the physical compatibility condition at the intersection corner of the domain,
such that ∆q(0) = ∆f0(0) and ∆q(1) = ∆f1(0), we get

∆f0(t) + ∆q(s)−∆q(0) + s(∆q(0)−∆q(1) + ∆f1(t)−∆f0(t)) (36)

= ∆f0(t) + ∆q(s)−∆f0(0) + s(∆f0(0)−∆f1(0) + ∆f1(t)−∆f0(t)).

Substituting (36) in (35), we get

‖u(s, t)− uP (s, t)‖ ≤ |∆q(s)|+ |(1− s)||∆f0(t)−∆f0(0)|

+ |s||∆f1(t)−∆f1(0)| (37)

+ ‖(S2Ψαk1,M1
(s)− s(S2Ψαk1,M1

(1)))⊤∆R(SγΨβk2,M2
(t))‖.

Therefore

‖u(s, t)− uP (s, t)‖

≤ |E(s, t)|+ ‖(S2Ψαk1,M1
(s)− s(S2Ψαk1,M1

(1)))⊤∆R(SγΨβk2,M2
(t))‖. (38)

Now, the Kronecker vectorization identity is given as

vec(X⊤Y Z) = (Z⊤ ⊗X⊤)vec(Y ), (39)

where X, Y , and Z are any three matrices.

Using (39) in (38) and taking ∆C = vec(∆R), we have

‖u(s, t)− uP (s, t)‖ (40)

≤ |E(s, t)|+ ‖(SγΨβk2,M2
(t))⊤ ⊗ (S2Ψαk1,M1

(s)− s(S2Ψαk1,M1
(1)))‖‖∆C‖.

For any matrix X and Y , the Kronecker matrix splitting norm property gives

‖X ⊗ Y ‖ = ‖X‖‖Y ‖.

Thus

‖u(s, t)− uP (s, t)‖ (41)

≤ |E(s, t)|+ ‖(S2Ψαk1,M1
(s)− s(S2Ψαk1,M1

(1)))‖‖SγΨβk2,M2
(t)‖‖∆C‖.
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Let us define

Φ(s) = ‖(S2Ψαk1,M1
(s)− s(S2Ψαk1,M1

(1)))‖, Φ(t) = ‖SγΨβk2,M2
(t)‖.

Therefore

‖u(s, t)− uP (s, t)‖ ≤ |E(s, t)|+Φ(s)Φ(t)‖∆C‖. (42)

Case 1: If the perturbation occurs only in the data vector F such that

A(C +∆C) = F +∆F. (43)

Subtracting AC = F from (43), we get

A∆C = ∆F.

Using the invertibility of A gives
∆C = A−1∆F.

Taking the norm of both sides, we get

‖∆C‖ ≤ ‖A−1‖‖∆F‖. (44)

Also, from AC = F , we have

1

‖C‖
≤ ‖A‖
‖F‖

. (45)

From (44) and (45), we have

‖∆C‖ ≤ ‖A‖‖A−1‖
(
‖∆F‖
‖F‖

)
‖C‖. (46)

For any nonsingular matrix A, the condition number is defined as

cond(A) = ‖A‖‖A−1‖.

For numerical computation, we take the ratio

p1 =
‖∆C‖

cond(A)‖C‖

(
‖F‖
‖∆F‖

)
.
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Value p1 ≤ 1 confirms that the theoretical stability bound is satisfied.

Substituting (46) in (42), we get

‖u(s, t)− uP (s, t)‖ ≤ |E(s, t)|+Φ(s)Φ(t)cond(A)

(
‖∆F‖
‖F‖

)
‖C‖. (47)

Case 2: When the perturbation simultaneously occurs in both A and F such that

(A+∆A)(C +∆C) = F +∆F. (48)

Subtracting AC = F from (48) gives

A∆C +∆AC +∆A∆C = ∆F.

Neglecting the higher order product ∆A∆C and taking the norm on both sides, we have

‖∆C‖ ≤ ‖A−1‖(‖∆F‖+ ‖∆A‖‖C‖). (49)

Combining (45) and (49), we get

‖∆C‖ ≤ cond(A)
[
‖∆A‖
‖A‖

+
‖∆F‖
‖F‖

]
‖C‖.

If cond(A)
(

∥∆A∥
∥A∥

)
< 1 holds, then we have the following sharper bound given as

‖∆C‖ ≤ cond(A)(
1− cond(A)

(
∥∆A∥
∥A∥

))[‖∆A‖
‖A‖

+
‖∆F‖
‖F‖

]
. (50)

For numerical computation, we take the ratio

p2 =

‖∆C‖
(
1− cond(A)

(
∥∆A∥
∥A∥

))
cond(A)‖C‖

[
∥∆A∥
∥A∥ + ∥∆F∥

∥F∥

] .

Value p2 ≤ 1 confirms that the theoretical stability bound is satisfied.

Substituting (50) in (42), we get

‖u(s, t)− uP (s, t)‖
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≤ |E(s, t)|+Φ(s)Φ(t)
cond(A)(

1− cond(A)
(

∥∆A∥
∥A∥

))[‖∆A‖
‖A‖

+
‖∆F‖
‖F‖

]
.

7.1 Effect of resolution parameters on stability

The stability bounds derived in Theorem (2)show the dependence on the choice of the resolution
parameters (M1,M2) and index (k1, k2). These parameters affect the stability in two distinct
ways:

1. Wavelet basis norm inflation: Clearly the term Φ(s) and Φ(t) are present in both the
cases of stability proof. This term depends on M1,M2, k1, and k2. Consequently, the
norms Φ(s) and Φ(t) scale monotonically with the increase in the degree of Chelyshkov
wavelets. Hence, an increase in resolution parameters increases the value of norms avail-
able for error amplification.

2. Explosion of condition number and the singular barrier: As the resolution param-
eters M1 and M2 increase the rows of the global matrix A become increasingly linearly
dependent. As a result, the condition number grows rapidly, and the large condition
number makes the system hyper-sensitive. Also, from the above theorem of stability, the
condition for the global matrix A must be cond(A) < ∥A∥

∥∆A∥ . Exceeding this limit causes
exponential round-off error propagation. Therefore, while higher values of M1 and M2

minimize truncation errors, they also increase the system’s sensitivity to input data and
perturbations in the coefficient matrix. Hence, selecting optimal resolution parameters is
necessary to maintain truncation error while ensuring round-off stability.

8 Convergence analysis

Theorem 3. For a positive integers k1, k2, the series solution Uα,βk1,k2,M1,M2
converges to the exact

solution U(s, t) as M1,M2 →∞.

Proof. For this, we have to prove that Uα,βk1,k2,M1,M2
(s, t) is a Cauchy sequence and it converges

to U(s, t). Let M̂1 > M1, M̂2 > M2, and Λ = [0, 1)× [0, 1). We have

Uα,β
k1,k2,M̂1,M̂2

(s, t)− Uα,βk1,k2,M1,M2
(s, t)
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=

2k1−1∑
n1=1

2k2−1∑
n2=1

M̂1−1∑
m1=M1

M̂2−1∑
m2=M2

rn1,n2,m1,m2
ψαn1,m1

(s)ψβn2,m2
(t),

‖Uα,β
k1,k2,M̂1,M̂2

(s, t)− Uα,βk1,k2,M1,M2
(s, t)‖L2(Λ)

=

2k1−1∑
n1=1

2k2−1∑
n2=1

M̂1−1∑
m1=M1+1

M̂2−1∑
m2=M2+1

| rn1,n2,m1,m2
|2, (51)

∞∑
n1=1

∞∑
n2=1

∞∑
m1=0

∞∑
m2=0

| rn1,n2,m1,m2
|2

=

∞∑
n1=1

∞∑
n2=1

∞∑
m1=0

∞∑
m2=0

|
〈
U(s, t), ψαn1,m1

(s)ψβn2,m2
(t)

〉
|2

≤ ‖U‖2 <∞.

This implies
∑∞
n1=1

∑∞
n2=1

∑∞
m1=0

∑∞
m2=0 | rn1,n2,m1,m2 |2 is convergent and hence the term

on the left side of (51) tends to 0 as M1,M2 → ∞. We have
{
Uα,βk1,k2,M1,M2

(s, t)

}
M1,M2∈N

is a

Cauchy sequence in L2(Λ) and since L2(Λ) is a Hilbert space and hence complete, there exists a
function V(s, t) in L2(Λ) such that

Uα,βk1,k2,M1,M2
(s, t)→ V(s, t).

Now, we have to show that U(s, t) =V(s, t). For this, we have〈
V(s, t)− U(s, t), ψαn1,m1

(s)ψβn2,m2
(t)

〉
=

〈
V(s, t), ψαn1,m1

(s)ψβn2,m2
(t)

〉
−
〈
U(s, t), ψαn1,m1

(s)ψβn2,m2
(t)

〉
= lim

k1,k2→∞
M1,M2→∞

〈
Uα,βk1,k2,M1,M2

(s, t), ψαn1,m1
(s)ψβn2,m2

(t)

〉
− rn1,n2,m1,m2

= rn1,n2,m1,m2
− rn1,n2,m1,m2

= 0.

Therefore Uα,βk1,k2,M1,M2
converges to U(s, t) as M1,M2 →∞.
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9 Error analysis

Suppose that Uα,βk1,k2,M1,M2
(s, t) is the best approximation to U(s, t) ∈ L2(Λ) out of the linear

space

Oα,βk1,k2,M1,M2

= span

(
ψαn1,m1

(s)ψβn2,m2
(t)|1 ≤ nj ≤ 2kj−1; 0 ≤ mj ≤Mj − 1, j = 1, 2

)
,

where Λ = ([0, 1)× [0, 1)) and ψαn,m(s) denotes the fractional Chelyshkov wavelet.

Lemma 2. Let C
0 D

iα
s (C0 D

jβ
t U(s, t)) ∈ C(Λ) and |C0 Diα

s (C0 D
jβ
t U(s, t))| ≤ R

α,β
M1,M2

for i =

0, 1, . . . ,M1, j = 0, 1, . . . ,M2. The error bound for

C
0 D

γ
t U

α,β
k1,k2,M1,M2

(s, t)

by using FCW for M2β > γ is given as∥∥∥C0 Dγ
t U(s, t)− C

0 D
γ
t U

α,β
k1,k2,M1,M2

(s, t)
∥∥∥
L2(Λ)

≤
Rα,βM1,M2

Γ(M1α+ 1)Γ(M2β + 1− γ)
√

(2M1α+ 1)(2M2β + 1− 2γ)
.

Proof. Proof follows from [22].

Lemma 3. According to Lemma 2 for M1α > 2, we have the following result:∥∥∥C0 D1
sU(s, t)− C

0 D
1
sU

α,β
k1,k2,M1,M2

(s, t)
∥∥∥
L2(Λ)

≤
Rα,βM1,M2

Γ(M2β + 1)Γ(M1α)
√

(2M2β + 1)(2M1α− 1)
.

∥∥∥C0 D2
sU(s, t)− C

0 D
2
sU

α,β
k1,k2,M1,M2

(s, t)
∥∥∥
L2(Λ)

≤
Rα,βM1,M2

Γ(M2β + 1)Γ(M1α− 1)
√

(2M2β + 1)(2M1α− 3)
.

Theorem 4. The error bound (Em2,M2

m1,M1
) is given as

||Em2,M2

m1,M1
||L2(Λ)
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≤ Rα,βM1,M2

(
1

Γ(M1α+ 1)Γ(M2β + 1− γ)
√

(2M1α+ 1)(2M2β + 1− 2γ)

+
M1

Γ(M2β + 1)Γ(M1α)
√

(2M2β + 1)(2M1α− 1)

+
M2

Γ(M2β + 1)Γ(M1α− 1)
√

(2M2β + 1)(2M1α− 3)

)
,

where ‖a(s)‖ ≤ M1 and ‖b(s)‖ ≤ M2.

Proof. We have

‖Em2,M2

m1,M1
‖L2(Λ) =‖C0 D

γ
t U

α,β
k1,k2,M1,M2

(s, t) + a(s)C0 D
1
sU

α,β
k1,k2,M1,M2

(s, t)

+ b(s)C0 D
2
sU

α,β
k1,k2,M1,M2

(s, t)− f(s, t)‖

Using (22), we get

‖Em2,M2

m1,M1
‖L2(Λ) =‖C0 D

γ
t U

α,β
k1,k2,M1,M2

(s, t) + a(s)C0 D
1
sU

α,β
k1,k2,M1,M2

(s, t)

+ b(s)C0 D
2
sU

α,β
k1,k2,M1,M2

(s, t)

− C
0 D

γ
t U(s, t)− a(s)C0 D1

sU(s, t)− b(s)C0 D2
sU(s, t)‖

≤ ‖C0 D
γ
t U

α,β
k1,k2,M1,M2

(s, t)− C
0 D

γ
t U(s, t)‖

+ ‖a(s)‖‖C0 D1
sU

α,β
k1,k2,M1,M2

(s, t)− C
0 D

1
sU(s, t)‖

+ ‖b(s)‖‖C0 D2
sU

α,β
k1,k2,M1,M2

(s, t)− C
0 D

2
sU(s, t)‖.

Using Lemmas 2 and 3, we have

‖Em2,M2

m1,M1
‖L2(Λ) ≤

Rα,βM1,M2

Γ(M1α+ 1)Γ(M2β + 1− γ)
√

(2M1α+ 1)(2M2β + 1− 2γ)

+M1

Rα,βM1,M2

Γ(M2β + 1)Γ(M1α)
√

(2M2β + 1)(2M1α− 1)

+M2

Rα,βM1,M2

Γ(M2β + 1)Γ(M1α− 1)
√

(2M2β + 1)(2M1α− 3)
.

From above, it follows that

‖Em2,M2

m1,M1
‖L2(Λ)

≤ Rα,βM1,M2

(
1

Γ(M1α+ 1)Γ(M2β + 1− γ)
√

(2M1α+ 1)(2M2β + 1− 2γ)
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+
M1

Γ(M2β + 1)Γ(M1α)
√

(2M2β + 1)(2M1α− 1)

+
M2

Γ(M2β + 1)Γ(M1α− 1)
√

(2M2β + 1)(2M1α− 3)

)
.

Therefore as M1,M2 → ∞

‖Em2,M2

m1,M1
‖L2(Λ) → 0.

Also, if k1, k2 →∞, then

∣∣∣( n1
2k1−1

) 1
α

−
(
n1 − 1

2k1−1

) 1
α ∣∣∣→ 0,

∣∣∣( n2
2k2−1

) 1
β

−
(
n2 − 1

2k2−1

) 1
β ∣∣∣→ 0.

This implies

‖Em2,M2

m1,M1
‖L2(Λ) → 0.

10 Numerical examples

In this section, we investigate the accuracy of the proposed method using six numerical examples.
All computations are performed using Wolfram Mathematica 12.0. The resulting linear algebraic
systems obtained after applying the proposed method are solved using the LinearSolve command
in Mathematica. The computations are handled by Mathematica’s default machine-precision
arithmetic. In one numerical example, errors as low as 10−19 are interpreted as agreement at the
level of machine precision. The condition number in that case is 1381.17. A condition number
of this magnitude indicates that the system is well-conditioned and that round-off errors are
negligibly amplified. We have taken k1 = k2 = k and M1 = M2 = M , and n = 2k−1M denotes
the number of basis functions. The formula for absolute error is

E(s, t) =| u(s, t)− U(s, t) |, (52)

where U(s, t), u(s, t) denote the exact and approximate solutions, respectively.

Example 1. Consider the following TFCDE:

Iran. J. Numer. Anal. Optim., Vol. 16, No. 4, 2026, pp 1550–1590



1573 Fractional order Chelyshkov wavelet for solving variable coefficients Caputo time-fractional ...

∂γU(s, t)
∂tγ

− ∂2U(s, t)
∂s2

= 2

(
1

Γ(3− γ)
t2−γ − 1

)
, (53)

with I.C and B.Cs

U(s, 0) = s2, s ∈ (0, 1), U(0, t) = t2, U(1, t) = 1 + t2, t ∈ (0, 1].

The exact solution is given as

U(s, t) = s2 + t2. (54)

Table 1 compares the absolute error of the proposed method with BFM [7] and FWM [38] at
α = β = 1, γ = 0.5, and t = 0.25. In Table 2, we present the absolute error of the proposed
method for different values of γ and compare it with FWM [38]. These tables show that the
proposed method gives better results with a small number of basis functions. To evaluate the
computational efficiency of the proposed method, Table 3 presents the maximum absolute error,
CPU time, and memory usage for different values of the resolution parameters. Clearly, CPU
time and memory usage increase with higher resolution parameters. To confirm the numerical
stability of the proposed method, Table 4 presents the logarithmic condition number and stability
measures (p1, p2) for different values of n. The condition number increases with an increase in n,
indicating greater sensitivity of the numerical system to perturbations. The stability parameters
p1 ≤ 1 and p2 ≤ 1 are satisfied for different n, confirming the stability of the proposed method.
Figure 1 shows the plot of exact, approximate, and absolute error with α = β = 0.1 and γ = 0.8.

Table 1: Comparison of E(s, t) of Example 1 at α = β = 1, γ = 0.5, and t = 0.25.

s
BFM [7] FWM [38] Proposed method

j = 1,m = 2 j = 1,m = 3 j = 2,m = 2 k = 2,M = 3 k = 3,M = 4 k = 2, M = 3

0.2 3.3e-02 4.4e-03 8.8e-02 2.0561e-04 6.3909e-05 1.10834e-08
0.4 1.9e-04 5.1e-02 9.8e-02 5.2032e-04 8.6140e-05 4.62512e-08
0.6 1.6e-02 7.1e-02 3.4e-01 9.9285e-05 2.541e-04 1.07939e-07
0.8 1.2e-01 2.8e-02 4.3e-01 9.9285e-05 5.6495e-07 2.05404e-07

Example 2. Consider the following TFCDE:

∂γU(s, t)
∂tγ

+ s
∂U(s, t)
∂s

+
∂2U(s, t)
∂s2

= 2tγ + 2s2 + 2, (55)

with I.C and B.Cs
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(a) Exact plot. (b) Approximate plot.

(c) Absolute error plot.

Figure 1: Plot of exact, approximate, and absolute error of Example 1 with α = β = 0.1, γ = 0.8.

U(s, 0) = s2, s ∈ (0, 1),

U(0, t) = 2Γ(γ + 1)

Γ(2γ + 1)
t2γ , U(1, t) = 1 +

2Γ(γ + 1)

Γ(2γ + 1)
t2γ , t ∈ (0, 1].

The exact solution is given as

U(s, t) = s2 +
2Γ(γ + 1)

Γ(2γ + 1)
t2γ . (56)

Table 5 shows a comparison of the absolute error of the proposed method with the methods
in [24], [2], [26], and [38]. This table confirms that the proposed method performs better than
the other methods, and the fractional power in the Chelyshkov wavelet makes it more accurate.
Table 6 shows the maximum absolute error, CPU time, and memory used for different values
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Table 2: Comparison of E(s, t) of Example 1 for different values of γ.

(s, t)
FWM [38] (k = 3,M = 4) Proposed method (k = 2,M = 3)
γ = 0.8 γ = 0.9 α = β = 0.1, α = β = 0.1,

γ = 0.8 γ=0.9

(0.1,0.1) 4.1858e-08 7.4698e-07 7.14461e-09 5.01525e-09
(0.2,0.2) 6.6925e-07 2.8060e-07 3.66583e-09 2.79564e-09
(0.3,0.3) 7.5506e-08 1.2633e-08 4.97482e-09 3.99839e-09
(0.4,0.4) 8.8604e-07 8.1873e-08 1.33681e-08 1.07923e-08
(0.5,0.5) 4.1223e-08 2.4966e-06 1.95202e-08 1.58519e-08
(0.6,0.6) 4.2531e-06 1.3715e-08 2.26026e-08 1.243881e-08
(0.7,0.7) 9.9860e-08 1.4136e-08 2.22673e-08 1.32283e-08
(0.8,0.8) 1.3350e-08 2.1795e-08 1.33388e-08 1.5095e-08
(0.9,0.9) 4.0122e-07 9.3121e-09 1.09523e-08 9.01145e-09

Table 3: Maximum absolute error, CPU time, and memory used for different values of k andM with α = β = 0.1

and γ = 0.8.

Maximum Absolute Error CPU Time (seconds) Memory used (MB)

k = 2,M = 3 4.34443e-07 6.641 2.82407
k = 2,M = 4 1.80993e-07 14.203 9.40698
k = 2,M = 5 1.30899e-07 15.213 21.6597
k = 3,M = 4 1.02445e-08 19.313 50.2342

of k and M with α = β = 1, γ = 0.5. Table 7 presents the logarithmic condition number
and numerical stability parameters for α = β = 0.1 and γ = 0.5, which confirm the numerical
stability of the proposed method. Figure 2 shows the plot of exact, approximate, and absolute
error for α = β = 0.1, γ = 0.5, k = 2, and M = 3.

Example 3. Consider the following TFCDE:

∂γU(s, t)
∂tγ

+
∂U(s, t)
∂s

− s∂
2U(s, t)
∂s2

= f(s, t), (57)

with I.C and B.Cs

U(s, 0) = es, s ∈ (0, 1),

U(0, t) = (t2 + 1)(1− t), U(1, t) = (t2 + 1)(e− t), t ∈ (0, 1],
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Table 4: The value of logarithmic condition number and numerical stability parameters with α = β = 0.1,
γ = 0.8 using relative perturbations ∥∆A∥

∥A∥ = 10−10 and ∥∆F∥
∥F∥ = 10−04.

n log10(cond(A)) p1 p2

4 5.7190 3.77442× 10−02 3.77422× 10−02

6 6.9592 2.18827× 10−03 2.18627× 10−03

8 9.3294 7.40171× 10−06 5.81816× 10−06

10 9.4165 5.35671× 10−06 5.25612× 10−06

Table 5: Comparison of E(s, t) of Example 2 at γ = 0.5, t = 0.5.

(s, t)
Sinc-Legendre [24] B-spline Sinc [2] Chebyshev [26] FWM [38] Proposed method
n = 15 n = 25 n = 5 n = 20 n = 5 n = 16 n = 6 n = 6

α = β = 1 α = β = 0.1

0.1 6.994e-05 6.462e-06 6.481e-04 1.369e-09 7.964e-06 3.6637e-15 6.1886e-19 3.71677e-19
0.2 1.721e-04 1.578e-05 4.109e-04 7.591e-10 3.912e-06 1.1102e-14 9.07256e-19 1.83842e-19
0.3 2.472e-04 2.272e-05 5.493e-04 1.184e-09 6.162e-06 8.8818e-16 1.39548e-18 4.91185e-19
0.4 2.912e-04 2.674e-05 5.198e-04 1.068e-09 5.953e-06 5.1071e-15 2.08354e-18 6.42139e-19
0.5 3.004e-04 2.759e-05 4.912e-04 9.819e-10 2.103e-06 4.4409e-16 3.56819e-18 6.85571e-19
0.6 2.760e-04 2.534e-05 5.063e-04 1.039e-09 7.639e-06 2.2204e-16 3.35632e-18 6.49804e-19
0.7 2.213e-04 2.035e-05 5.045e-04 1.031e-09 1.967e-06 0 0 0
0.8 1.440e-04 1.320e-05 5.040e-04 1.030e-09 8.103e-06 0 0 0
0.9 5.026e-05 4.653e-06 5.037e-04 1.031e-09 6.019e-06 0 0 0

and f(s, t) = 2t2−γ

Γ(3−γ)e
s − t1−γ

Γ(2−γ) −
6t3−γ

4−γ + (t2 + 1)(1− s)es.

The exact solution is given as

U(s, t) = (t2 + 1)(es − t). (58)

We have used the proposed method to solve the above problem for k = 2 and M = 3. The
comparison of the absolute error with the method in [41] for various values of γ is reported in
Table 8. Table 9 shows the maximum absolute error, CPU time, and memory used for different
values of k andM with α = β = γ = 0.3. Table 10 confirms the numerical stability of the proposed
method. Figure 3 shows the plot of exact and approximate solutions for α = β = 1, γ = 0.9,
k = 2, and M = 3.

Example 4. Consider the following TFCDE:

∂γU(s, t)
∂tγ

+ t2es
∂U(s, t)
∂s

− (s2 + t+ 1)
∂2U(s, t)
∂s2

= f(s, t), (59)

with I.C and B.Cs
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Table 6: Maximum absolute error, CPU time, and memory used for different values of k and M with α = β =
1, γ = 0.5.

Maximum Absolute Error CPU Time (seconds) Memory used (MB)

k = 2,M = 3 3.76595e-18 8.767 1.34804
k = 2,M = 4 1.19022e-19 16.531 3.46304
k = 2,M = 5 1.03654e-19 35.121 7.53673
k = 3,M = 3 1.00454e-19 47.528 8.23176

Table 7: The value of logarithmic condition number and numerical stability parameters with α = β = 0.1,
γ = 0.5 using relative perturbations ∥∆A∥

∥A∥ = 10−10 and ∥∆F∥
∥F∥ = 10−04.

n log10(cond(A)) p1 p2

4 4.1318 1.3326× 10−02 1.21996× 10−02

6 5.9837 2.0292× 10−02 2.0292× 10−02

8 8.2712 1.07868× 10−04 1.05834× 10−04

10 8.6376 1.61878× 10−06 1.53048× 10−05

Table 8: Comparison of absolute errors for Example 3 with α = β = γ.

(s, t)
Method in [41] (k = 2,M = 6) Proposed method (k = 2,M = 3)

γ = 0.3 γ = 0.5 γ = 0.9 γ = 0.3 γ=0.5 γ = 0.9

(0.1,0.1) 7.75e-06 1.20e-05 2.55e-05 2.71477e-06 2.42987e-06 4.63002e-06
(0.2,0.2) 1.70e-05 2.33e-05 3.50e-05 3.80907e-06 1.13041e-05 1.02384e-05
(0.3,0.3) 2.44e-05 3.02e-05 2.55e-05 5.05275e-06 2.67296e-05 1.51364e-05
(0.4,0.4) 2.87e-05 3.37e-05 2.71e-05 5.19807e-06 3.0366e-05 1.70165e-06
(0.5,0.5) 3.03e-05 3.31e-05 2.07e-05 4.7934e-06 8.16393e-06 1.94832e-06
(0.6,0.6) 2.88e-05 3.00e-05 1.51e-05 4.07959e-06 9.31634e-06 1.48382e-06
(0.7,0.7) 2.45e-05 2.45e-05 1.03e-05 3.18235e-06 6.03367e-06 1.33323e-06
(0.8,0.8) 1.79e-05 1.73e-05 6.27e-06 2.175e-06 3.51789e-06 1.22325e-06
(0.9,0.9) 9.58e-06 8.97e-06 2.91e-06 1.10383e-06 1.32524e-06 8.7549e-07

U(s, 0) = s2, s ∈ (0, 1), U(0, t) = t2, U(1, t) = 1 + t2, t ∈ (0, 1],

and f(s, t) = 2t2−γ

Γ(3−γ) − 2(s2 + t+ 1) + 2t2ses.

The exact solution is given as

U(s, t) = s2 + t2. (60)

Table 11 shows the absolute error for different values of α, β, γ, indicating that the fractional
power of the Chelyshkov wavelet yields a more accurate result. Table 12 shows the maximum
absolute error, CPU time, and memory used for different values of k andM with α = β = γ = 0.1.
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(a) Exact plot. (b) Approximate plot.

(c) Absolute error plot.

Figure 2: Plot of the exact, approximate, and absolute error of Example 2.

Table 13 confirms the numerical stability of the proposed method. Figure 4 shows the graph
of exact, approximate, and absolute error for α = β = γ = 0.1, k = 2, and M = 3; it is clear
that by employing a few terms of fractional-order Chelyshkov wavelets, we can obtain a good
approximation of the exact solution.

Example 5. Consider the following TFCDE:

∂γU(s, t)
∂tγ

+ (1 + 0.5s)
∂U(s, t)
∂s

− 0.2(1 + s2)
∂2U(s, t)
∂s2

= 0, (61)

with I.C and B.Cs
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Table 9: Maximum absolute error, CPU time, and memory used for different values of k and M with α = β =
γ = 0.3.

Maximum Absolute Error CPU Time (seconds) Memory used (MB)

k = 2,M = 3 5.28105e-06 8.126 4.47313
k = 2,M = 4 2.3214e-06 9.283 34.618
k = 2,M = 5 1.73625e-06 19.818 50.9134
k = 3,M = 3 3.26535e-07 39.238 61.2142

Table 10: The value of logarithmic condition number and numerical stability parameters with α = β = γ = 0.3

using relative perturbations ∥∆A∥
∥A∥ = 10−10 and ∥∆F∥

∥F∥ = 10−04.

n log10(cond(A)) p1 p2

4 3.8886 1.47854× 10−01 1.35767× 10−01

6 5.5562 5.55557× 10−02 5.55558× 10−02

8 7.6073 3.9012× 10−04 3.88542× 10−04

10 7.8183 5.2348× 10−06 5.1574× 10−06

Table 11: The absolute error of Example 4 with k = 2,M = 3, and t = 0.1.

s
α = β = 1 α = β = γ

γ = 0.1 γ = 0.3 γ = 0.1 γ = 0.3

0.1 2.83606e-04 3.02301e-04 4.92041e-05 3.63389e-05
0.2 5.51765e-04 5.86786e-04 2.31822e-05 5.27762e-05
0.3 7.88299e-04 8.35926e-04 6.04444e-05 8.46832e-05
0.4 9.93208e-04 1.04971e-03 4.63942e-05 9.33962e-04
0.5 8.80454e-04 9.11348e-04 1.06622e-04 8.98575e-04
0.6 1.22125e-03 1.27917e-03 1.31595e-05 7.889486e-04
0.7 1.16542e-03 1.21533e-03 1.2884e-05 6.3249e-04
0.8 9.43269e-04 9.80856e-04 1.03605e-05 4.442731e-05
0.9 5.54796e-04 5.75745e-04 5.97019e-05 2.29777e-05

U(s, 0) = e−10s, s ∈ (0, 1), U(0, t) = 1, U(1, t) = e−10, t ∈ (0, 1].

Here U(s, t) denotes the pollutant concentration, 1 + 0.5s denotes spatially varying ground-
water velocity, and 0.2(1 + s2) is a spatially varying diffusion coefficient. The initial condition
shows that the pollutant concentration is highest near the inlet (s = 0) and decays exponentially
along the flow direction. The boundary condition indicates that a constant pollutant source of
concentration 1 is maintained at the inlet, and the outlet concentration is fixed at e−10. The
fractional order 0 < γ < 1 denotes anomalous transport with a memory effect due to trapping
and heterogeneous pore structures, and γ = 1 shows the classical transport. The exact solution
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(a) Exact plot. (b) Approximate plot.

(c) Absolute error plot.

Figure 3: Plot of exact, approximate, and absolute error of Example 3.

of the governing equation is not known. Therefore, the proposed wavelet method is employed to
obtain an approximate solution. The accuracy of the numerical scheme is assessed by comparing
successive approximations obtained with different wavelet resolutions. Table 14 presents the
error values obtained by subtracting the numerical solutions corresponding to k = 1,M = 7 and
k = 1,M = 8 at selected spatial and temporal points with α = β = 1 and γ = 0.8. Table 15
shows the maximum absolute error, CPU time, and memory used for different values of k and
M . The value of logarithmic condition number and numerical stability parameters in Table 16
with α = β = 1, γ = 0.8 using relative perturbations ∥∆A∥

∥A∥ = 10−10 and ∥∆F∥
∥F∥ = 10−04 confirms

the stability of the proposed method. Figure 5 shows the plot of the approximate solution for
different values of M with α = β = 1, and γ = 0.8.
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Table 12: Maximum absolute error, CPU time, and memory used for different values of k and M with α =
β = γ = 0.1.

Maximum Absolute Error CPU Time (seconds) Memory used (MB)

k = 2,M = 3 4.99892e-04 7.999 1.60871
k = 2,M = 4 5.32841e-05 8.016 3.3327
k = 2,M = 5 3.79412e-06 8.234 7.2016
k = 3,M = 3 1.21131e-07 10.412 8.04546

Table 13: The value of logarithmic condition number and numerical stability parameters with α = β = γ = 0.1

using relative perturbations ∥∆A∥
∥A∥ = 10−10 and ∥∆F∥

∥F∥ = 10−04.

n log10(cond(A)) p1 p2

4 3.4931 1.67239× 10−01 1.67219× 10−01

6 4.9017 2.87983× 10−01 2.8798× 10−01

8 6.1741 2.87199× 10−02 2.87156× 10−02

10 6.9410 2.18385× 10−03 2.18194× 10−03

Table 14: The value of error at different spatial and temporal points with α = β = 1 and γ = 0.8.

s t = 0.25 t = 0.50 t = 0.75 t = 1.00

0.1 3.52011e-03 3.35035e-03 9.91772e-03 4.82175e-02
0.2 1.380097e-02 1.1367e-04 1.0585599e-02 8.173366e-02
0.3 1.443829e-02 4.84574e-03 1.684423e-02 9.650087e-02
0.4 1.373029e-02 9.63895e-03 2.093999e-02 9.766614e-02
0.5 1.670874e-02 9.20784e-03 1.893917e-02 8.86383e-02
0.6 1.920814e-02 7.58296e-03 1.574153e-02 2.154644e-02
0.7 1.637163e-02 9.18778e-03 1.608100e-02 7.313191e-02
0.8 1.171127e-02 9.72846e-03 1.535096e-02 6.388752e-02
0.9 1,284100e-02 5.0756e-04 4.09452e-03 3.586075e-02

Example 6. To show the practical applicability of the proposed method, we consider the dis-
persion of sulfur dioxide (SO2) in the atmosphere. The transport process is governed by the
time-fractional convection-diffusion equation given as

∂γU(s, t)
∂tγ

+ v
∂U(s, t)
∂s

−D∂
2U(s, t)
∂s2

= 0, (62)

with I.C and B.Cs

U(s, 0) = sin(πs), s ∈ (0, 1), U(0, t) = 0, U(1, t) = 0, t ∈ (0, 1],
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(a) Exact plot. (b) Approximate plot.

(c) Absolute error plot.

Figure 4: Plot of exact, approximate, and absolute error of Example 4.

where U(s, t) denotes the pollutant concentration, D is the diffusion coefficient, and v rep-
resents the transport velocity. We take D = 3.6 × 10−4cm2/s and v = 3.6 × 10−3cm/s from a
recent atmospheric pollution study involving (SO2) dispersion.

The exact solution of this problem is given as U(s, t) = sin(πs)MLγ
(
−Dπ2tγ

)
, where MLγ

denotes the Mittag-Leffler function. The memory effects in transport processes are captured by
the fractional order γ. When 0 < γ < 1, the equation exhibits subdiffusive behavior. In this
situation, the pollutants remain trapped for longer periods due to weak atmospheric mixing and
stable meteorological conditions. This type of behavior is observed during winter inversions, when
pollutants accumulate, leading to poor air quality. When γ = 1, the transport process is classical
diffusion. We have employed FCW to compute the concentration profiles at different times. The
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Table 15: Maximum absolute error, CPU time, and memory used for different values of k and M with α =
β = 1, γ = 0.8.

Maximum Absolute Error CPU Time (seconds) Memory used (MB)

k = 1,M = 5 3.77118e-01 8.468 1.76382
k = 1,M = 6 1.02784e-01 8.521 1.99509
k = 1,M = 7 9.76661e-02 19.751 2.8343
k = 2,M = 4 2.63402e-03 37.469 4.89185
k = 2,M = 5 1.09729e-03 38.265 10.5364

Table 16: The value of logarithmic condition number and numerical stability parameters with α = β = 1, γ =

0.8 using relative perturbations ∥∆A∥
∥A∥ = 10−10 and ∥∆F∥

∥F∥ = 10−04.

n log10(cond(A)) p1 p2

5 2.8305 2.95454× 10−01 2.95454× 10−01

6 3.4326 1.85343× 10−01 1.85343× 10−01

7 4.0267 2.34766× 10−02 2.34766× 10−02

8 4.0326 1.02877× 10−02 1.02875× 10−02

10 5.2664 5.01782× 10−03 5.01782× 10−03

(a) k = 1,M = 7. (b) k = 1,M = 8.

Figure 5: Plot of approximate solution for different values of M with α = β = 1 and γ = 0.8.

numerical results shown in Table 17 indicate that the pollutant concentration decreases over time
as convection and diffusion transport it throughout the domain. In Table 18, we have compared
the proposed method with the method in [19]. This table shows that the error increases over time
and decreases as the γ increases. However, the errors reported in the table are consistently lower
than those reported in [19], demonstrating the proposed method’s higher accuracy. As shown in
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Table 19 the maximum absolute error decreases with an increase in resolution parameters. Table
20 confirms the stability of the proposed method. Figure 6 shows the plot of exact, approximate,
and absolute error with α = β = 1, γ = 0.8, k = 2, and M = 3.

Table 17: The approximate value of concentration U(s, t) at different points with α = β = 1, γ = 0.8, k = 2,
and M = 3.

s
Concentration U(s, t)

t = 0.0 t = 0.2 t = 0.4 t = 0.6 t = 0.8 t = 1.0
0.0 0 0 0 0 0 0
0.2 0.587736 0.587171 0.586709 0.586298 0.585919 0.585562
0.4 0.950978 0.950072 0.949331 0.948668 0.948056 0.947477
0.6 0.950978 0.950069 0.949326 0.949324 0.948656 0.948038
0.8 0.587736 0.587166 0.586698 0.586276 0.585886 0.585515
1.0 0 0 0 0 0 0

Table 18: Comparison of absolute errors for Example 6 with α = β = 1, and s = 0.5.

t Method in [19] Proposed method (k = 2,M = 3)
γ = 0.4 γ = 0.7 γ = 1.0 γ = 0.4 γ=0.7 γ = 1.0

0.2 3.972e-03 2.419e-03 1.421e-03 3.02648e-04 2.73726e-05 1.01261e-05
0.4 5.231e-03 3.931e-03 2.842e-03 3.94373e-04 5.18062e-05 5.80978e-06
0.8 6.918e-03 6.378e-03 5.684e-03 4.97679e-04 1.59196e-04 4.68719e-05
1.0 7.564e-03 7.467e-03 7.564e-03 3.991e-03 3.90017e-03 3.54675e-03

Table 19: Maximum absolute error, CPU time, and memory used for different values of k and M with α =

β = 1, γ = 0.8.

Maximum Absolute Error CPU Time (seconds) Memory used (MB)

k = 2,M = 3 2.08857e-03 6.016 3.74405
k = 2,M = 4 2.07524e-03 16.031 4.19507
k = 2,M = 5 2.04201e-03 36.844 7.62554
k = 3,M = 3 1.51867e-04 40.365 8.70413

11 Conclusion

In this work, a numerical method based on the fractional Chelyshkov wavelet was introduced for
solving the time fractional convection-diffusion equation with variable coefficients. The method is
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Table 20: The value of logarithmic condition number and numerical stability parameters with α = β = 1, γ =

0.8 using relative perturbations ∥∆A∥
∥A∥ = 10−10 and ∥∆F∥

∥F∥ = 10−04.

n log10(cond(A)) p1 p2

4 4.4506 7.09284× 10−01 7.0928× 10−01

6 4.8281 2.9594× 10−01 2.95943× 10−01

8 5.2831 9.76009× 10−02 9.75989× 10−02

10 5.7974 3.14977× 10−02 3.14957× 10−02

(a) Exact plot. (b) Approximate plot.

(c) Absolute error plot.

Figure 6: Plot of exact, approximate, and absolute error of Example 6.

adopted because of its several inherent properties, such as continuity, compact support, piecewise-
defined functions, representation of polynomials to a certain degree, ability to represent functions
at different levels of resolution, and ability to transform the fractional partial differential equa-
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tions into a system of algebraic equations that can be solved effectively. Furthermore, fractional
Chelyshkov wavelet basis functions accurately capture the solution behavior with a relatively
small number of basis functions, thereby reducing computational effort. The fractional-order
operational matrix for the fractional Chelyshkov wavelet was obtained. The stability analysis
is investigated by using perturbation based theory. Convergence and error analyses have also
been established. The numerical examples showed that the proposed method yields accurate
results for different fractional orders. The error decreases significantly as the wavelet resolution
parameters are refined, confirming the method’s reliability. A comparison with existing numeri-
cal methods is presented, supporting the claim that fractional Chelyshkov wavelets achieve high
accuracy. To show the computational efficiency of the proposed method, CPU time and memory
usage were reported. Future research may focus on extending the proposed method to nonlin-
ear fractional problems, distributed-order and variable-order fractional models, multidimensional
problems, and coupled systems arising from engineering and physical applications.
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Abstract

This paper develops a retrial queuing framework for a voice over internet protocol call center
server with two obligatory service phases. Incoming voice packets arrive according to a Pois-
son process. The model captures caller behavior involving potential re-service requests based
on satisfaction after the first phase, introducing dynamic retrial effects. It integrates opera-
tional uncertainties such as service disruptions due to malware attacks and immediate repair
processes. Additionally, server maintenance activities and post-maintenance buffer searches
are integrated to reflect realistic system operations. The supplementary variable technique
is employed to derive steady-state solutions for performance evaluation. Numerical analysis
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optimization is performed using the particle swarm optimization technique, offering effective
strategies to balance service quality and operational cost.
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1 Introduction

The retrial queue is defined as follows: If the arriving customers find the server busy, then they
join the retrial group of customers in the orbit to repeat the attempt for their service after a
random time. If arriving customers find the server free, then one of the customers joins the
service area and the others leave for the orbit. Retrial queuing systems have been extensively
applied in telecommunications. Works on general retrial queuing models are found in [12, 3, 10].

In the last two decades, researchers have worked on feedback (re-service) retrial queues to en-
hance customer satisfaction and the quality of service, where the customers can opt for re-service.
Various performance measures of the M/G/1 retrial queue with Bernoulli feedback and single
vacation were studied in [21] and the system size distribution at random points was derived using
probability generating functions. The work quantifies the impact of feedback on the expected
orbit length. Moreover, the inclusion of feedback, starting failures and vacation mechanisms
provides a comprehensive framework for analyzing the behavior of retrial customers. Studies in
[23, 7, 26] have examined retrial queuing systems with customer feedback and its impact on the
performance of the system. Recently, feedback retrial queues in telecommunication systems were
discussed [1], along with a sensitivity analysis of performance measures in a telecommunication
system. The primary focus of the work is on modeling and analyzing a complex queuing system
that reflects real-world scenarios where a batch of customers requiring different types of service
rejoin the orbit if unsatisfied with the initial service. The feedback mechanism is a critical com-
ponent that is embedded to understand the impact of feedback rates on the overall system’s
efficiency. A retrial queuing system was modeled in [25], analyzing how feedback probability
and other system parameters influence server state probabilities and customer satisfaction. The
analysis provides insights into how an increase in the feedback probability impacts the system
and emphasizes the need to tune system parameters to keep congestion manageable.

In a retrial queuing system, a Bernoulli vacation (server maintenance) is a single vacation
where the server is under maintenance for a certain period of time after service completion.
During the vacation period, the server may also perform any alternative task. An extensive
analysis of a two-phase batch arrival retrial queuing system with Bernoulli vacation schedule was
carried out in [8] and the steady-state distribution of the server state and number of customers
in the retrial group was obtained. Some important performance measures of the system were
derived in [16] by introducing supplementary variables and employing the embedded Markov
chain technique in a batch arrival retrial queuing system for essential and optional services with
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server breakdown and Bernoulli vacation. A mathematical model of a retrial queuing system
featuring two types of customer services and a Bernoulli vacation policy was presented in [2].
The inclusion of the vacation mechanism aims to optimize system performance. A comprehensive
literature review of retrial queuing systems dealing with Bernoulli vacation policies was provided
in [20], offering a detailed summary of key aspects of the server state probabilities, analytical
techniques and practical applications.

The phenomenon of orbital search (buffer search) in retrial queues is incorporated to effec-
tively handle the customers waiting for service in the orbit or buffer. The joint distribution of the
server state and orbit length in the steady-state of an M/G/1 retrial queue with non-persistent
customers and orbital search is analyzed in [18]. The model is studied with a distinguishing and
proactive feature, which is the orbital search mechanism, where the server actively seeks out cus-
tomers in the orbit to provide service. The work is mathematically modeled to show the effects
of orbital search on the steady-state behavior of the queue and the distribution of customers
in the orbit. A two-phase retrial queue incorporating Bernoulli feedback and orbital search was
investigated in [6], along with analytical derivations for key performance measures such as the ex-
pected number of customers in the orbit and the server state probabilities. An M/G/1 feedback
retrial queuing system incorporating orbital search was examined in [5]. The authors derived
explicit steady-state solutions for the number of customers in the system and in the orbit using
probability generating functions and validated the analytical results with numerical examples.

Recently, retrial queues with negative customers (malware attack) such as viruses, have
attracted growing interest from many researchers. The arrival of the negative customers is termed
as G-queue and it was first introduced in [13]. A survey of negative customer arrivals in queuing
systems and their applications were discussed in [27]. The steady-state analysis of an unreliable
batch arrival feedback retrial queue with k-stages of service and Bernoulli vacation policy, where
the server is subjected to breakdown due to the arrival of negative customers, is analyzed in
[22]. A single-server queue with negative arrivals under a retrial policy and a Bernoulli vacation
schedule was studied in [19]. The effect of vacation on overall system efficiency is analyzed
and important performance indicators such as mean queue length and mean waiting time are
calculated. Sensitivity analysis is carried out to illustrate the effects of model parameters on
the performance of the system. A complex retrial queuing model integrating both the feedback
process and the arrival of the negative customers was structured in [4]. The study provided a
stochastic analysis along with explicit expressions for key performance measures of the system
and demonstrated how negative arrivals influence the behavior of the system.

In the recent past, there has been a growing interest in the applications of retrial queues in
call centers. A comprehensive empirical investigation into the factors driving customers to make
repeated calls to call centers was conducted in [15], emphasizing the role of service preferences
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and perceived service quality. Their analytical framework helps to quantify these preferences and
supports the development of more effective service designs. A queuing network model specifically
designed for call centers managing customer retrials was developed and analyzed in [24]. A closed
exponential queuing network was proposed as a stochastic framework for modeling call processing
in modern call center environments.

Addressing a gap in the existing literature, this paper studies a retrial queuing model for
a voice over internet protocol (VoIP) call center server operating under two obligatory service
phases. The model incorporates customer-driven re-service requests contingent on satisfaction
after the first phase and explicitly accounts for server disruptions caused by malware attacks,
followed by immediate repairs. These features are analyzed together with server maintenance
and buffer search mechanisms to examine their impact on system performance.

The structure of this paper is outlined in the following sections: Section 2 describes the
system model in detail. Section 3 provides the stability condition for the model under study.
Section 4 formulates the steady-state balance equations for the proposed model. Section 5 derives
the steady-state results by solving these equations using the Supplementary Variable Technique.
Section 6 presents the performance measures of the system. Section 7 focuses on the derivation
of the mean buffer size and overall system size. Sections 8, 9, and 10 respectively provide the
calculation of the reliability indices, mean busy period and mean busy cycle. Section 11 conducts
numerical analysis to illustrate the system behavior under varying parameters. Section 12 offers
a comprehensive cost analysis using the particle swarm optimization (PSO) technique. Finally,
Section 13 concludes the paper with summery remarks and future research.

2 Model description

Multiple incoming voice packets arrive in accordance with a Poisson process with rate λt. Let
the random variable Y be the packet size with P{Y = k} = Ck, k = 1, 2, 3, . . . ,∞, and let C(z)
be the probability generating function with first two moments m1 and m2. The server renders
service in two phases: Initial inquiry phase (IIP) and sales assistance phase (SAP).

If the incoming callers find the server busy or inaccessible, then the callers join the buffer to
retry for service later with retrial rate η. The retrial time is generally distributed with distribution
function A(x), density function a(x), Laplace–Stieltjes transform A∗(x) and retrial completion
rate η(x).

If the callers find the server available, then one of the callers from the packet gets connected
to the IIP and other callers join the buffer to retry for service after some random time. After
completion of the IIP, depending upon the quality of the service, the caller either opts for re-
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service with probability δ or opts for SAP with the complementary probability δ̄ = (1−δ). After
completion of the SAP, the caller ends the call.

The service time during both phases is generally distributed with distribution function Bi(x),
density function bi(x), Laplace–Stieltjes transform B∗

i (s), and service completion rate ζi(x) with
moments ζi1 and ζi2, where i = 1, 2.

After service completion, the server goes for server maintenance with probability ω or remains
accessible with the complementary probability ω̄ = (1− ω). The maintenance time of the server
is generally distributed with distribution function V (x), density function v(x), Laplace–Stieltjes
transform V ∗(s), and maintenance completion rate g(x) with moments ϑ1 and ϑ2.

On returning from the maintenance activity, the server searches for the caller in the buffer
with probability θ or remains accessible with the complementary probability θ̄ = (1 − θ). The
malware attack interrupts the service with negative arrival rate λ− during both phases of service
which ultimately leads to call dropouts.

The repair for the failed server begins immediately. After the repair is completed, the server
becomes accessible. The repair time during both phases is generally distributed with distribution
function Ri(x), density function ri(x), Laplace–Stieltjes transform R∗

i (s) and repair completion
rate βi(x) with moments βi1 and βi2, where i = 1, 2. The structure of the described retrial
queuing model is illustrated in Figure 1.

Figure 1: Structure of the described retrial queuing model in VoIP call center

The Markov process for the model can be defined as

{M(t) : t ≥ 0} = {X(t), C(t) : t ≥ 0},
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where X(t) is the number of callers in the buffer, C(t) is the server states; that is, 0, 1, 2, 3,
4, 5 depending on whether the server is available, server is busy rendering IIP, server is busy
rendering SAP, server is under repair during IIP, server is under repair during SAP, and the
server is under maintenance, respectively.

2.1 Steady-state probabilities

• E0 is defined as the server is in the available state with zero callers in the buffer.

• En(x, t)dx, n ≥ 1, is defined as the server is in the available state with n callers in the
buffer at time and χ0(t) is the elapsed retrial time between x and x+ dx.

• Wn(x, t)dx, n ≥ 0, is defined as the server is busy serving in IIP with n callers in the
buffer and χ1(t) is the elapsed IIP service time between x and x+ dx.

• Pn(x, t)dx, n ≥ 0, is defined as the server is busy serving in SAP with n callers in the
buffer and χ2(t) is the elapsed SAP service time between x and x+ dx.

• R1,n(x, t)dx, n ≥ 0, is defined as the server is under repair during IIP due to the negative
arrival with n callers in the buffer and χ3(t) is the elapsed repair time during IIP between
x and x+ dx.

• R2,n(x, t)dx, n ≥ 0, is defined as the server is under repair during SAP due to the negative
arrival with n callers in the buffer and χ4(t) is the elapsed repair time during SAP between
x and x+ dx.

• Vn(x, t)dx, n ≥ 0, is defined as the server is on maintenance with n callers in the buffer
and χ5(t) is the elapsed maintenance time between x and x+ dx.

3 Stability condition

Let Nn be the orbit length at the time of the nth customer departure, n ≥ 1. Then {Nn, n ≥ 1}
is ergodic if and only if

δB∗
1(λ

−) + λ+m1

[
1− δB∗

1(λ
−)− δ̄B∗

1(λ
−)B∗

2(λ
−)
]/
λ−

+ λ+m1

[
β11
(
1−B∗

1(λ
−)
)
+ δ̄β21B

∗
1(λ

−)
(
1−B∗

2(λ
−)
)
+ ωδ̄ϑ1B

∗
1(λ

−)
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B∗
2(λ

−)
]
+m1

(
1−A∗(λ+)

)[
1− ωθδ̄B∗

1(λ
−)B∗

2(λ
−)
]
< 1.

It can be proved along similar lines as in [14].
Since the arrival stream is a Poisson process, it can be shown from Burke’s theorem [9] that

the steady-state probabilities of
{X(t), C(t) : t ≥ 0} exist and are positive if and only if

δB∗
1(λ

−) + λ+m1

[
1− δB∗

1(λ
−)− δ̄B∗

1(λ
−)B∗

2(λ
−)
]/
λ−

+ λ+m1

[
β11
(
1−B∗

1(λ
−)
)
+ δ̄β21B

∗
1(λ

−)
(
1−B∗

2(λ
−)
)
+ ωδ̄ϑ1B

∗
1(λ

−)

B∗
2(λ

−)
]
+m1

(
1−A∗(λ+)

)[
1− ωθδ̄B∗

1(λ
−)B∗

2(λ
−)
]
< 1.

From the mean drift

ϱj =δB
∗
1(λ

−) + λ+m1

[
1− δB∗

1(λ
−)− δ̄B∗

1(λ
−)B∗

2(λ
−)
]/
λ−

+ λ+m1

[
β11
(
1−B∗

1(λ
−)
)
+ δ̄β21B

∗
1(λ

−)
(
1−B∗

2(λ
−)
)

+ ωδ̄ϑ1B
∗
1(λ

−)B∗
2(λ

−)
]

+m1

(
1−A∗(λ+)

)[
1− ωθδ̄B∗

1(λ
−)B∗

2(λ
−)
]
− 1, for all j ≥ 1.

We have a reasonable conclusion that the term λ+m1

[
1− δB∗

1(λ
−) − δ̄B∗

1(λ
−)B∗

2(λ
−)
]
/λ−

represents the number of arriving customers during the service time. The term λ+m1

[
β11
(
1 −

B∗
1(λ

−)
)
+ δ̄β21B

∗
1(λ

−)
(
1 − B∗

2(λ
−)
)
+ ωδ̄ϑ1B

∗
1(λ

−)B∗
2(λ

−)
]
represents the number of arriving

customers during the repair time and maintenance time of the server.

The term δB∗
1(λ

−) corresponds to the number of customers opting for re-service. The term
m1

(
1−A∗(λ+)

)[
1− ωθδ̄B∗

1(λ
−)B∗

2(λ
−)
]
− 1 refers to the contribution to the buffer size due to

a batch arrival during the retrial time excluding the arbitrary customer of the arriving batch
whose service commences so that he no longer belongs to the buffer.

Similar interpretation can be provided for j = 0. The condition j < 0 ensures that the buffer
size does not grow indefinitely in course of time.

Accordingly the stability condition is

δB∗
1(λ

−) + λ+m1

[
1− δB∗

1(λ
−)− δ̄B∗

1(λ
−)B∗

2(λ
−)
]/
λ−

+ λ+m1

[
β11
(
1−B∗

1(λ
−)
)
+ δ̄β21B

∗
1(λ

−)
(
1−B∗

2(λ
−)
)

+ ωδ̄ϑ1B
∗
1(λ

−)B∗
2(λ

−)
]
+m1

(
1−A∗(λ+)

)[
1− ωθδ̄B∗

1(λ
−)B∗

2(λ
−)
]
< 1.
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4 Steady-state equations

The steady-state equations are framed for

λ+E0 = ω̄

∫ ∞

0

P0(x)ζ2(x)dx+

∫ ∞

0

V0(x)ϑ(x)dx

+

∫ ∞

0

R1(x)β1(x)dx+

∫ ∞

0

R2(x)β2(x)dx, (1)

d

dx
En(x) = −(λ+ + η(x))En(x), n ≥ 1, (2)

d

dx
Wn(x) = −(λ+ + λ− + ζ1(x))Wn(x) + λ+

n∑
k=1

CkWn−k(x), n ≥ 0, (3)

d

dx
Pn(x) = −(λ+ + λ− + ζ2(x))Pn(x) + λ+

n∑
k=1

CkPn−k(x), n ≥ 0, (4)

d

dx
R1,n(x) = −(λ+ + β1(x))R1,n(x) + λ+

n∑
k=1

CkR1,n−k(x), n ≥ 0, (5)

d

dx
R2,n(x) = −(λ+ + β2(x))R2,n(x) + λ+

n∑
k=1

CkR2,n−k(x), n ≥ 0, (6)

d

dx
Vn(x) = −(λ+ + ϑ(x))Vn(x) + λ+

n∑
k=1

CkVn−k(x), n ≥ 0, (7)

with boundary conditions

En(0) =δ

∫ ∞

0

Wn−1(x)ζ1(x) dx+ ω̄

∫ ∞

0

Pn(x)ζ2(x) dx

+ θ̄

∫ ∞

0

Vn(x)ϑ(x) dx+

∫ ∞

0

R1,n(x)β1(x) dx

+

∫ ∞

0

R2,n(x)β2(x) dx, n ≥ 1, (8)

W0(0) = λ+C1E0 +

∫ ∞

0

E1(x)η(x) dx+ θ

∫ ∞

0

V1(x)ϑ(x) dx, (9)
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Wn(0) =λ+Cn+1E0 +

∫ ∞

0

En+1(x)η(x) dx

+ λ+
n∑
k=1

Ck

∫ ∞

0

En−k+1(x) dx

+ θ

∫ ∞

0

Vn+1(x)ϑ(x) dx, n ≥ 1,

(10)

Pn(0) = δ̄

∫ ∞

0

Wn(x)ζ1(x) dx, n ≥ 0, (11)

R1,n(0) = λ−
∫ ∞

0

Wn(x) dx, n ≥ 0, (12)

R2,n(0) = λ−
∫ ∞

0

Pn(x) dx, n ≥ 0, (13)

Vn(0) = ω

∫ ∞

0

Pn(x)ζ2(x) dx, n ≥ 0. (14)

The normalizing equation is

E0 +

∞∑
n=1

∫ ∞

0

En(x) dx+

∞∑
n=0

∫ ∞

0

Wn(x) dx+

∞∑
n=0

∫ ∞

0

Pn(x) dx

+

∞∑
n=0

∫ ∞

0

R1,n(x) dx+

∞∑
n=0

∫ ∞

0

R2,n(x) dx+

∞∑
n=0

∫ ∞

0

Vn(x) dx = 1. (15)

Define the probability generating functions

E(x, z) =
∞∑
n=1

En(x)z
n, R1(x, z) =

∞∑
n=0

R1,n(x)z
n,

W(x, z) =

∞∑
n=0

Wn(x)z
n, R2(x, z) =

∞∑
n=0

R2,n(x)z
n,

P(x, z) =
∞∑
n=0

Pn(x)z
n, V(x, z) =

∞∑
n=0

Vn(x)z
n.

By multiplying equation (2) by zn and summing over n, we get
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d

dx
+ λ+ + η(x)

)
E(x, z) = 0 (16)

Solving the partial differential equation (16), we get

E(x, z) =Ce−
∫
[λ++η(x)] dx

=Ce−λ
+x[1−A(x)].

Eliminating C by taking x = 0, we obtain

∴ E(x, z) = E(0, z)e−λ
+x[1−A(x)]. (17)

Similarly, by multiplying (3)-(7) by zn, summing over n and solving, we get

W (x, z) =W (0, z)e−[λ
−+λ+−λ+C(z)]x [1−B1(x)] , (18)

P (x, z) = P (0, z)e−[λ
−+λ+−λ+C(z)]x [1−B2(x)] , (19)

R1(x, z) = R1(0, z)e
−[λ+−λ+C(z)]x [1−R1(x)] , (20)

R2(x, z) = R2(0, z)e
−[λ+−λ+C(z)]x [1−R2(x)] , (21)

V (x, z) = V (0, z)e−[λ
+−λ+C(z)]x [1− V (x)] . (22)

Multiplying (8) to (14) by zn and summing over n, we get

E(0, z) = δz

∫ ∞

0

W (x, z)ζ1(x) dx+ ω̄

∫ ∞

0

P (x, z)ζ2(x) dx

+ θ̄

∫ ∞

0

V (x, z)ϑ(x) dx+

∫ ∞

0

R1(x, z)β1(x) dx

+

∫ ∞

0

R2(x, z)β2(x) dx− λ+E0, (23)

W (0, z) =
λ+C(z)

z
E0 +

1

z

∫ ∞

0

E(x, z)η(x) dx
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+
λ+C(z)

z

∫ ∞

0

E(x, z) dx+
θ

z

∫ ∞

0

V (x, z)ϑ(x) dx, (24)

P (0, z) = δ̄

∫ ∞

0

W (x, z)ζ1(x)dx, (25)

R1(0, z) = λ−
∫ ∞

0

W (x, z)dx, (26)

R2(0, z) = λ−
∫ ∞

0

P (x, z)dx, (27)

V (0, z) = ω

∫ ∞

0

P (x, z)ζ2(x)dx. (28)

Substituting (17)-(22) into (23)-(28), we get the following equations (29) to (34):

E(0, z) =
λ+E0[[θωδ̄B

∗
1(u1(z))B

∗
2(u1(z))V

∗(u2(z))− z]u1(z) + C(z)G2(z)]

K1(z)
, (29)

W(0, z) =
λ+E0A

∗(λ+)(C(z)− 1)

K(z)
, (30)

P(0, z) = λ+E0A
∗(λ+)δ̄(C(z)− 1)B∗

1(u1(z))

K(z)
, (31)

R1(0, z) =
λ+λ−E0A

∗(λ+)(C(z)− 1)[1−B∗
1(u1(z))]

K1(z)
, (32)

R2(0, z) =
λ+λ−E0A

∗(λ+)δ̄(C(z)− 1)B∗
1(u1(z))[1−B∗

2(u1(z))]

K1(z)
, (33)

V (0, z) =
λ+E0A

∗(λ+)ωδ̄(C(z)− 1)B∗
1(u1(z))B

∗
2(u1(z))

K(z)
, (34)
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where

u1(z) = λ− + λ+ − λ+C(z),

u2(z) = λ+ − λ+C(z),

K(z) = [[z − θωδ̄B∗
1(u1(z))B

∗
2(u1(z))V

∗(u2(z))]u1(z)−G1(z)G3(z)]/u1(z),

K1(z) = [z − θωδ̄B∗
1(u1(z))B

∗
2(u1(z))V

∗(u2(z))]u1(z)−G1(z)G3(z),

G1(z) = A∗(λ+) + C(z)(1−A∗(λ+)),

G2(z) = [δzB∗
1(u1(z)) + δ̄B∗

1(u1(z))B
∗
2(u1(z))(ω̄ + ωθ̄V ∗(u2(z))]u1(z)

+ λ−R∗
1(u2(z))[1−B∗

1(u1(z))]

+ λ−δ̄R∗
2(u2(z))B

∗
1(u1(z))[1−B∗

2(u1(z))],

G3(z) = [δzB∗
1(u1(z)) + δ̄B∗

1(u1(z)) B
∗
2(u1(z))(ω̄ + ωθ̄)]u1(z)

+ λ−R∗
1(u2(z))[1−B∗

1(u1(z))]

+ λ−δ̄R∗
2(u2(z))B

∗
1(u1(z))[1−B∗

2(u1(z))].

5 Steady-state results

i. The partial probability generating function of the buffer size when the server is available is

E(z) =

∫ ∞

0

E(x, z) dx

=

∫ ∞

0

E(0, z)e−λ
+x[1−A(x)] dx

=

E0 [1−A∗(λ)]
{
C(z)Gz(z)

− [z − θωδ̄B∗
1(u1(z))B

∗
2(u1(z))V

∗(u2(z))]u1(z)
}

K1(z)
. (35)

ii. The partial probability generating function of the buffer size when the server is busy serving
in IIP is

W (z) =

∫ ∞

0

W (x, z) dx

=

∫ ∞

0

W (0, z)e−(u1(z))x [1−B1(x)] dx

=
λ+E0A

∗(λ+){[C(z)− 1][1−B∗
1(u1(z))]}

K1(z)
. (36)
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iii. The partial probability generating function of the buffer size when the server is busy
serving in SAP is

P (z) =

∫ ∞

0

P (x, z) dx

=

∫ ∞

0

P (0, z)e−(u1(z))x [1−B2(x)] dx

=
λ+E0A

∗(λ+){δ̄[C(z)− 1]B∗
1(u1(z))[1−B∗

2(u1(z))]}
K1(z)

. (37)

iv. The partial probability generating function of the buffer size when the server is under
repair due to negative arrival during IIP is

R1(z) =

∫ ∞

0

R1(x, z) dx

=

∫ ∞

0

R1(0, z)e
−(u2(z))x [1−R1(x)] dx

=
λ−E0A

∗(λ+){[1−B∗
1(u1(z))][R

∗
1(u2(z))− 1]}

K1(z)
. (38)

v. The partial probability generating function of the buffer size when the server is under
repair due to negative arrival during SAP is

R2(z) =

∫ ∞

0

R2(x, z) dx

=

∫ ∞

0

R2(0, z)e
−(u2(z))x [1−R2(x)] dx

=
λ−E0A

∗(λ+){δ̄B∗
1(u1(z))[1−B∗

2(u1(z))][R
∗
2(u2(z))− 1]}

K1(z)
. (39)

vi. The partial probability generating function of the buffer size when the server is under
maintenance is

V (z) =

∫ ∞

0

V (x, z) dx

=

∫ ∞

0

V (0, z)e−(u2(z))x [1− V (x)] dx

=
E0A

∗(λ+){ωδ̄B∗
1(u1(z))B

∗
2(u1(z))[V

∗(u2(z))− 1]}u1(z)
K1(z)

. (40)

Using (35) to (40), we get the following result:
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• The probability generating function of the number of callers in the buffer is

ϕq(z) = E0 + E(z) +W (z) + P (z) +R1(z) +R2(z) + V (z)

=

{E0A
∗(λ+){[z − δz B∗

1(u1(z))− δ̄ B∗
1(u1(z))B

∗
2(u1(z))]

u1(z) + λ+(C(z)− 1)[1−B∗
1(u1(z))[δ + δ̄ B∗

2(u1(z))]]

−λ−[1−B∗
1(u1(z))]− λ−δ̄ B∗

1(u1(z))[1−B∗
2(u1(z))]}}

K1(z)
. (41)

• The probability generating function of the number of callers in the system is

ϕs(z) = E0 + E(z) + z(W (z) + P (z)) +R1(z) +R2(z) + V (z)

=

{E0A
∗(λ+){[z − δz B∗

1(u1(z))− δ̄ B∗
1(u1(z))B

∗
2(u1(z))]

u1(z) + λ+z(C(z)− 1)[1−B∗
1(u1(z))[δ + δ̄ B∗

2(u1(z))]]

−λ−[1−B∗
1(u1(z))]− λ−δ̄ B∗

1(u1(z))[1−B∗
2(u1(z))]}}

K1(z)
, (42)

where

E0 =
K2

λ−A∗(λ+)[1− δB∗
1(λ

−)]
,

K2 = λ+{1− δB∗
1(λ

−) +m1(1−A∗(λ+))[ωθδ̄B∗
1(λ

−)B∗
2(λ

−)− 1]

− S5 − λ+m1[1− δB∗
1(λ

−)− δ̄B∗
1(λ

−)B∗
2(λ

−)]}.

6 Performance measures

Performance measures of the system are analyzed based on the following system characteristics:

6.1 Server state probabilities

i. The steady-state probability when the server is available
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E = lim
z→1

E(z) =

{E0[1−A∗(λ−)][ λ−m1[1− ωθδ̄B∗
1(λ

−)B∗
2(λ

−)]

−λ−[1− δB∗
1(λ

−)]− S5 − λ+m1[1− δB∗
1(λ

−)

−δ̄B∗
1(λ

−)B∗
2(λ

−)]]}
K2

. (43)

ii. The steady-state probability when the server is busy in the IIP

W = lim
z→1

W (z) =
λ+E0A

∗(λ+)m1[1−B∗
1(λ

−)]

K2
. (44)

iii. The steady-state probability when the server is busy in the SAP

P = lim
z→1

P (z) =
λ+E0A

∗(λ+)δ̄m1B
∗
1(λ

−)[1−B∗
2(λ

−)]

K2
. (45)

iv. The steady-state probability when the server is under repair during IIP

R1 = lim
z→1

R1(z) =
λ−λ+E0A

∗(λ+)m1β11[1−B∗
1(λ

−)]

K2
. (46)

v. The steady-state probability when the server is under repair during SAP

R2 = lim
z→1

R2(z) =
λ−λ+E0A

∗(λ+)m1δ̄β21B
∗
1(λ

−)[1−B∗
2(λ

−)]

K2
. (47)

vi. The steady-state probability when the server is under maintenance

V = lim
z→1

V (z) =
λ−λ+E0A

∗(λ+)ωδ̄ϑ1m1B
∗
1(λ

−)B∗
2(λ

−)

K2
. (48)

6.2 Expected buffer size

The expected size of the buffer for the server states under steady-state conditions are calculated
and given in Table 1.

In Table 1, we have

K3 = −λ+m2[1− δB∗
1(λ

−)− δ̄B∗
1(λ

−)(1−B∗
2(λ

−))]

− λ−m2(1−A∗(λ+))[1− θωδB∗
1(λ

−)B∗
2(λ

−)]

− 2λ+m1[1− δB∗
1(λ

−)] + 2(λ+m1)
2S1 − 2m1(1−A∗(λ+))

{
λ−δ̄B∗

1(λ
−)
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Table 1: Expected buffer size

S. No. Server States Expected Buffer Size

1. Available ME = lim
z→1

d

dz
E(z) =

H2K2 −H1K3

2[K2]2

2. Busy
MW = lim

z→1

d

dz
W (z) =

H4K2 −H3K3

2[K2]2

MP = lim
z→1

d

dz
P (z) =

H6K2 −H5K3

2[K2]2

3. Repair
MR1

= lim
z→1

d

dz
R1(z) =

H8K2 −H7K3

2[K2]2

MR2
= lim
z→1

d

dz
R2(z) =

H10K2 −H9K3

2[K2]2

4. Maintenance MV = lim
z→1

d

dz
V (z) =

H12K2 −H11K3

2[K2]2

− λ+m1[δB
∗
1(λ

−) + δ̄(1− θω)B∗
1(λ

−)B∗
2(λ

−)] + S2

}
− λ−[S3 + 2λ+m1δζ11 + 2(λ+m1)

2S4],

H1 = E0(1−A∗(λ+)){λ−m1[1− ωθδ̄B∗
1(λ

−)B∗
2(λ

−)]− λ+m1[1− δB∗
1(λ

−)

− δ̄B∗
1(λ

−)B∗
2(λ

−)]− S5 − λ−(1− δB∗
1(λ

−))},

H2 = E0(1−A∗(λ+))
{
λ+m2[1− δB∗

1(λ
−)− δ̄B∗

1(λ
−)B∗

2(λ
−)]

+ λ−m2[1− θωδB∗
1(λ

−)B∗
2(λ

−)] + 2λ+m1[1− δB∗
1(λ

−)]− 2(λ+m1)
2S1

+ 2m1

{
λ−δB∗

1(λ
−)− λ+m1[δB

∗
1(λ

−) + δ̄(1− θω)B∗
1(λ

−)B∗
2(λ

−)] + S2

}
+ λ−[S3 + 2λ+m1δζ11 + 2(λ+m1)

2S4]
}
,

H3 = λ+m1A
∗(λ+)E0[1−B∗

1(λ
−)],

H4 = λ+A∗(λ+)E0{[1−B∗
1(λ

−)]− 2λ+m2
1ζ11},

H5 = λ+δ̄m1A
∗(λ+)E0B

∗
1(λ

−)[1−B∗
2(λ

−)],

H6 = λ+δ̄A∗(λ+)E0

{
m2B

∗
1(λ

−)[1−B∗
2(λ

−)] + 2m1[λ
+m1ζ11(1−B∗

2(λ
−))

− λ+m1ζ21B
∗
1(λ

−)]
}
,

H7 = λ−λ+m1A
∗(λ+)E0β11[1−B∗

1(λ
−)],

H8 = −λ−A∗(λ+)E0

{
2(λ+m1)

2ζ11β11 − [1−B∗
1(λ

−)]h3
}
,

H9 = λ−λ+δ̄m1A
∗(λ+)E0β21B

∗
1(λ

−)[1−B∗
2(λ

−)],
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H10 = λ−δ̄A∗(λ+)E0

{
2(λ+m1)

2β21[λ
+m1ζ11(1−B∗

2(λ
−))

− λ+m1ζ21B
∗
1(λ

−)] +B∗
1(λ

−)[1−B∗
2(λ

−)]h4
}
,

H11 = λ−λ+ωδ̄m1A
∗(λ+)E0ϑ1B

∗
1(λ

−)B∗
2(λ

−),

H12 = ωδ̄A∗(λ+)E0

{
2(λ+m1)

2ϑ1[λ
−(ζ11B

∗
2(λ

−)− ζ21B∗
1(λ

−))

−B∗
1(λ

−)B∗
2(λ

−)] + λ−B∗
1(λ

−)B∗
2(λ

−)h5
}
,

h1 = λ+m2ζ11 + (λ+m1)
2ζ12,

h2 = λ+m2ζ21 + (λ+m1)
2ζ22,

h3 = λ+m2β11 + (λ+m1)
2β12,

h4 = λ+m2β21 + (λ+m1)
2β22,

h5 = λ+m2ϑ1 + (λ+m1)
2ϑ2,

S1 = δζ11 + δ̄[ζ11B
∗
2(λ

−) + ζ21B
∗
1(λ

−) + ωϑ1B
∗
1(λ

−)B∗
2(λ

−)],

S2 = λ−λ+m1

{
β11(1−B∗

1(λ
−)) + δ̄β21B

∗
1(λ

−)(1−B∗
2(λ

−))

+ ωθδ̄[ζ11B
∗
2(λ

−) + ζ21B
∗
1(λ

−)] + ωθ̄δ̄ϑ1B
∗
1(λ

−)B∗
2(λ

−)
}
,

S3 = h3(1−B∗
1(λ

−)) + δ̄h4B
∗
1(λ

−)(1−B∗
2(λ

−)) + (1− θδ)ωh5B∗
1(λ

−)B∗
2(λ

−),

S4 = (1− θδ)ωϑ1[ζ11B∗
2(λ

−) + ζ21B
∗
1(λ

−)]− ζ11β11 − ζ21β21B∗
1(λ

−)

+ δ̄ζ11β21(1−B∗
2(λ

−)),

S5 = λ−λ+m1

{
β11(1−B∗

1(λ
−)) + δ̄β21B

∗
1(λ

−)(1−B∗
2(λ

−))

+ ωδ̄ϑ1B
∗
1(λ

−)B∗
2(λ

−)
}
.

7 Mean buffer size and system size

• The mean number of callers in the buffer is given by

Lq = lim
z→1

d

dz
ϕq(z).

Let Nr(ϕq(z)) and Dr(ϕq(z)) be the numerator and denominator of ϕq(z).

As Nr(ϕq(1)) = Dr(ϕq(1)) = 0, using L Hospital’s rule, we have

Lq =
Dr′(ϕq(1))Nr′′(ϕq(1))−Nr′(ϕq(1))Dr′′(ϕq(1))

2
[
Dr′(ϕq(1))

]2 , (49)
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where
Nr′(ϕq(1)) = λ−E0A

∗(λ+)[1− δB∗
1(λ

−)],

Nr′′(ϕq(1)) = −2λ+m1E0A
∗(λ+)[1− δB∗

1(λ
−) + λ−δµ11],

Dr′(ϕq(1)) = K2,

Dr′′(ϕq(1)) = K3.

• The mean number of callers in the system is given by

Ls = lim
z→1

d

dz
ϕs(z).

Let Nr(ϕs(z)) and Dr(ϕs(z)) be the numerator and denominator of ϕs(z).

As Nr(ϕs(1)) = Dr(ϕs(1)) = 0, using L Hospital’s rule, we have

Ls =
Dr′(ϕs(1))Nr′′(ϕs(1))−Nr′(ϕs(1))Dr′′(ϕs(1))

2
[
Dr′(ϕs(1))

]2 , (50)

where

Nr′(ϕs(1)) = E0A
∗(λ+)

{
λ−[1− δB∗

1(λ)]

− λ+m1[1− δB∗
1(λ

−)− δ̄B∗
1(λ

−)B∗
2(λ

−)]
}
,

Nr′′(ϕs(1)) =E0A
∗(λ+)

{
λ−(1− δh1)

+− 2λ+m1[λ
−δ̄µ11δ̄B

∗
1(λ

−)B∗
2(λ

−)]
}
,

Dr′(ϕs(1)) = K2,

Dr′′(ϕs(1)) = K3.

8 Reliability indices

8.1 Availability of the server

The availability of the server under steady-state condition is
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J(t) = E0 + lim
z→1

E(z) + lim
z→1

W (z) + lim
z→1

P (z)

=
λ−[1− δB∗

1(λ
−)]− S5

λ−[1− δB∗
1(λ

−)]
.

8.2 Failure frequency

The failure frequency of the server under steady-state condition is

U(t) = λ−
[
lim
z→1

W (z) + lim
z→1

P (z)
]

=
λ+m1[1− δB∗

1(λ
−)− δ̄B∗

1(λ
−)B∗

2(λ
−)]

1− δB∗
1(λ

−)
.

9 Mean busy period

Mean busy period is the average time of the server when it is busy serving the callers from the
arrival time of the first caller until the server is available for the next caller.

E[SB ] =
1

λ+m1

(
1

E0
− 1

)

=

λ−[1−A∗(λ+)][δB∗
1(λ

−)− 1−m1[ωθδ̄B
∗
1(λ

−)B∗
2(λ

−)− 1]]

+ λ+m1[1− δB∗
1(λ

−)− δ̄B∗
1(λ

−)B∗
2(λ

−)] + S5

λ+m1K2
.

10 Mean busy cycle

Mean busy cycle is the average time of a complete cycle which includes both idle period and
busy period of the server.

E[SC ] =
1

λ+E0
=
λ−A∗(λ+)[1− δB∗

1(λ
−)]

λ+K2
.

11 Numerical analysis

Numerical analysis of the system is carried out using MATLAB by assuming that the retrial
time, IIP service time, SAP service time, repair time during both phases and vacation time
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follow exponential distribution with respective rates η, ζ1, ζ2, β1, β2 and ϑ. The default values of
the parameters are set as λ+ = 0.8, λ− = 0.4, δ = 0.8, ω = 0.3, θ = 0.7, η = 15, ζ1 = 10, ζ2 = 8,
β1 = 10, β2 = 5, ϑ = 25, C1 = 0.5 and C2 = 0.5[17].

The effect of the positive arrival rate λ+ on all the server state probabilities when the server
is available in the empty state (E0), when the server is available in the non-empty system (E),
when the server is busy serving the caller in two phases of service (W & P ), when the server
is under repair during two phases of service (R1 & R2) and when the server is on maintenance
activity (V ) is analyzed and given in Table 2.

Table 2: Effect of λ+ on the performance measures
λ+ E0 E W P R1 R2 V Z
0.1 0.8820 0.0355 0.0625 0.0149 0.0025 0.0012 0.0014 1.0000
0.2 0.7628 0.0722 0.1250 0.0298 0.0050 0.0024 0.0029 1.0000
0.3 0.6425 0.1100 0.1875 0.0446 0.0075 0.0036 0.0043 1.0000
0.4 0.5212 0.1488 0.2500 0.0595 0.0100 0.0048 0.0057 1.0000
0.5 0.3987 0.1887 0.3125 0.0744 0.0125 0.0060 0.0071 1.0000
0.6 0.2752 0.2298 0.3750 0.0893 0.0150 0.0071 0.0086 1.0000
0.7 0.1506 0.2719 0.4375 0.1042 0.0175 0.0083 0.0100 1.0000
0.8 0.0248 0.3152 0.5000 0.1190 0.0200 0.0095 0.0114 1.0000

The results indicate that as the arrival rate increases, the probability of the server being
available in the empty state decreases, while the remaining server state probabilities increase.
Several of these measures exhibit near-linear trends over the selected arrival-rate range, which is
expected due to their analytical dependence on the arrival rate when other system parameters
are held fixed and the system operates under moderate traffic conditions. Furthermore, the
normalization condition given in (15) is satisfied, that is,

Z = E0 + E +W + P +R1 +R2 + V = 1.

The effects of various parameters on the server state probability when the server is available
in the empty state (E0) and the mean number of callers in the system (LS) are shown in the
Figures 2 to 8.

It is evident from the analysis that

• Figure 2 shows that, with the increase of the negative arrival rate, E0 rises and LS reduces.

• In Figure 3, as the retrial rate rises, there is an escalation in E0 and reduction in LS .
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• In Figure 4, as the re-service probability increases, E0 reduces and LS rises.

• In Figure 5, as the buffer search probability rises, there is an escalation in E0 and a
reduction in LS .

• Figures 6 and 7 show that, with increases of the both IIP and SAP service completion
rate, there is an escalation in E0 and reduction in LS .

• In Figure 8, as the server maintenance completion rate increases, E0 rises and LS reduces.

Figure 2: Effect of the negative arrival rate on the performance measures

Figure 3: Effect of the retrial rate on the performance measures
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Figure 4: Effect of the re-service probability on the performance measures

Figure 5: Effect of the buffer search probability on the performance measures

Figure 6: Effect of the IIP service completion rate on the performance measures
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Figure 7: Effect of the SAP service completion rate on the performance measures

Figure 8: Effect of the server maintenance completion rate on the performance measures

12 Cost optimization

PSO is a computational technique that draws inspiration from the collective behavior of bird
flocks [11]. PSO is an optimization algorithm that is population-based in nature, where a group
of particles will iteratively try to find an optimal solution to a specific problem. PSO is applied
for the optimization of retrial queuing systems by formulating a cost function to enhance the
system performance, which is a critical problem in VoIP call centers where resource utilization
and efficiency of cost are significant.

The expected total cost (ETC) for the system under study has been calculated by selecting
parameter values based on standard practices reported in the literature [17] are set as λ+ = 0.8,
λ− = 0.4, δ = 0.8, ω = 0.3, θ = 0.7, η = 15, ζ1 = 10, ζ2 = 8, β1 = 10, β2 = 5, ϑ = 25, C1 = 0.5,
C2 = 0.5 and the cost values as

Iran. J. Numer. Anal. Optim., Vol. 16, No. 4, 2026, pp 1591–1621



Preena R. and Sumitha D. 1614

• Server Cost: Server cost is often calculated based on the resources used and the bandwidth
consumption for each call, Cs = $0.20.

• Holding Cost: Holding cost is associated with the time that a caller is on hold, CH = $0.80

• Service Cost: Service cost includes the cost for providing two phases of service, CE =

$0.20.

• Repair Cost: Repair cost includes the cost for providing repair to the failed server per
unit time, CR = $0.20.

• Maintenance Cost: Maintenance cost per unit time, CV = $0.10.

Using the above cost components and the steady-state performance measures derived from
the retrial queuing model, the ETC function is formulated as

ETC = CS + CHLS + CE(W + P ) + CR(R1 +R2) + CV V.

Objective: The objective of the optimization is to minimize the ETC by optimally select-
ing system parameters that significantly influence the performance of the retrial queuing system.
These parameters include the incoming call rate (λ+), re-service probability (δ), server mainte-
nance probability (ω) and buffer search probability (θ) by varying the input learning parameters
retrial rate η and IIP service completion rate ζ1 = 10.

To minimize the total cost, ETC function is formulated as

ETC (η∗, ζ∗1 ) = minETC (η, ζ1)

12.1 PSO algorithm

Step 1
Input parameters: The input learning parameters (η, ζ1) are given.

Step 2
Initialization: Randomly initialize a swarm of particles with random values for the decision
variables (η, ζ1) within the bounds; lower bound = [10, 10] and upper bound = [40, 40]

• Number of particles = 25

• Maximum number of iterations = 50
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• Inertia weight = 0.9

• Cognitive coefficient = 1.5 and Social coefficient = 1.5. The inertia weight close to unity
promotes broader search capability in the initial stages, while equal cognitive and social
coefficients ensure balanced influence between a particle’s personal best position and the
global best position of the swarm.

Step 3
Evaluation: Evaluate the cost function at each particle’s current position.

Step 4
Iteration: Each particle iteratively updates its position based on its own best-known position
(personal best) and the best-known position of the entire swarm (global best).

Step 5
Position Update: The personal best and global best positions are updated based on the cost
evaluations.

Step 6
Optimal Solution: The global best position at the end of the optimization process represents the
optimal set of parameters of the retrial queuing system, minimizing the cost.

Output: The minimum cost ETC (η∗, ζ∗1 ) is obtained.

Results and Discussion: The global best position obtained at the end of the PSO process
represents the optimal set of system parameters that minimize the ETC of the retrial queuing
system. The convergence curves presented in Figures 9–12 show smooth and stable behavior,
with the optimal ETC values reached within a small number of iterations.
To examine the sensitivity of the optimization results, key system parameters were varied within
reasonable operational ranges. It was observed that the optimal ETC values changed gradually
and remained within a narrow range, indicating that the obtained solutions are not highly sensi-
tive to moderate parameter variations. This behavior confirms the robustness and reliability of
the PSO-based optimization for the proposed retrial queuing model.
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Figure 9: PSO convergence curve vs iteration on positive arrival rate

• Figure 9 illustrates that, at a lower positive arrival rate λ+ = 0.7, the optimal value of
the ETC is $2.9226, achieved in the 17th iteration. In contrast, at a higher arrival rate
λ+ = 0.8, the optimal ETC increases to $3.3632, obtained in the 19th iteration. This
indicates that as the arrival rate increases, the optimal ETC also rises, reflecting that
higher call volumes lead to increased operational costs.

Figure 10: PSO convergence curve vs iteration on re-service probability

• Figure 10 shows that, at a re-service probability δ = 0.5, the optimal ETC is $2.9524,
achieved in the 20th iteration. As the re-service probability increases to δ = 0.6, the
optimal ETC also rises to $3.0088, reached in the 13th iteration. This suggests that when
more customers require additional service after their IIP, the overall system cost increases.
This highlight the impact of re-service on operational efficiency and cost management in
call centers.
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Figure 11: PSO convergence curve vs iteration on server maintenance probability

• Figure 11 shows that, at the server maintenance probability ω = 0.4, the optimal value
of the ETC, $3.3704, is obtained in the 14th iteration. When the server maintenance
probability increases to ω = 0.5, the optimal ETC slightly rises to $3.3776, reached in
the 13th iteration. This marginal increase in cost shows that more frequent maintenance
activities can lead to minor operational expenses in the call center.

Figure 12: PSO convergence curve vs iteration on the buffer search probability

• Figure 12 shows that, at the buffer search probability θ = 0.6, the optimal value of
the ETC, $3.3608 is obtained in the 15th iteration. As the buffer search probability
increases to θ = 0.7, the optimal ETC slightly decreases to $3.3596, obtained in the 28th

iteration. This slight reduction in cost suggests that the buffer search mechanism reduces
the system’s overall cost.
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13 Conclusion and future work

In this study, a comprehensive analytical model for a single-server VoIP call center with two
obligatory service phases has been developed and analyzed. The model incorporates critical
real-world factors such as re-service based on caller satisfaction, service interruptions caused by
malware attacks, maintenance and buffer search activities. Key performance metrics, including
server state probabilities, expected buffer size, mean number of callers in the system and buffer,
reliability indices, mean busy period and mean busy cycle have been rigorously derived. The
verification of the stochastic decomposition property validates the structural soundness of the
model. Numerical analysis reveals the significant impact of system parameters on the perfor-
mance measures. Furthermore, the PSO technique has been successfully employed to optimize
the ETC of operating the proposed system. This research provides valuable retrial queuing
insights in VoIP call center systems under practical constraints.

Future research could extend the model by incorporating a standby server operating at a
reduced service rate during malware-induced interruptions, thereby enhancing service continuity.
Exponential distributions are assumed for all time variables to preserve analytical solvability;
extending to general distributions would increase model complexity and offer a direction for
future research. Multi-server configurations can be investigated further, which would involve
tracking multiple server states and require multi-dimensional Markov chains or matrix-analytic
techniques to capture interactions among servers. Incorporating advanced customer behavior,
such as impatience, alongside exploring alternative optimization techniques, would enrich the
model’s applicability.
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