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Letter from the Editor–in–Chief

I would like to welcome you to the Iranian Journal of Numerical Analysis and Optimization
(IJNAO). This journal has been published two issues per year and supported by the Faculty
of Mathematical Sciences at the Ferdowsi University of Mashhad. The faculty of Mathematical
Sciences with the centers of excellence and the research centers is well-known in mathematical
communities in Iran.
The main aim of the journal is to facilitate discussions and collaborations between specialists in
applied mathematics, especially in the fields of numerical analysis and optimization, in the region
and worldwide. Our vision is that scholars from different applied mathematical research disci-
plines pool their insight, knowledge, and efforts by communicating via this international journal.
In order to assure the high quality of the journal, each article is reviewed by subject-qualified
referees. Our expectations for IJNAO are as high as any well-known applied mathematical jour-
nal in the world. We trust that by publishing quality research and creative work, the possibility
of more collaborations between researchers would be provided. We invite all applied mathemati-
cians especially in the fields of numerical analysis and optimization to join us by submitting their
original work to the Iranian Journal of Numerical Analysis and Optimization.
We would like to inform all readers that the Iranian Journal of Numerical Analysis and Opti-
mization (IJNAO), has changed its publishing frequency from ”Semiannual” to a ”Quarterly”
journal since January 2023. The four journal issues per year will be published in the months of
March, June, September, and December. One of our goals is to continue to improve the speed
of both the review and publication processes, while try continuing to publish the best available
international research in numerical analysis and optimization, with the high scientific and pub-
lication standards that the journal is known for.

Ali R. Soheili

Editor-in-Chief
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Research Article

A fitted numerical technique for a class of singularly
perturbed delay differential equations

A. Mardi*, , H. Shankar Prasad

Abstract

This paper examines the applicability of a new exponentially fitted scheme on Shishkin mesh for
solving a class of singularly perturbed problems in ordinary differential equations containing a
small delayed term. The original delayed problem is reduced to an equivalent new problem using
Taylor series expansion procedure, and then a three-term recurrence relationship is obtained
by approximating the first and second-order derivatives in the reduced problem by their mixed
and central difference analogue, respectively. To avoid the nonuniformity in the solution, a
fitting factor is introduced into the obtained tri-diagonal scheme, and its value is determined
by the use of singular perturbation theory. Thomas algorithm is efficiently used to solve a
tridiagonal system of equations. Convergence and stability of the scheme are discussed in
detail. Richardson’s extrapolation technique is employed to improve the accuracy and rate
of convergence of the solution produced by the scheme. Four standard example problems are
solved, and the computational results are presented in terms of the maximum absolute point-
wise errors and rate of convergence. Computational results are compared with some other
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Mardi and Shankar Prasad 758

published results. Theoretical and computational analysis reveal that the fitted scheme is
able to produce accurate and uniformly convergent solutions with first-order accuracy, which
is further improved to second-order accuracy by Richardson extrapolation. Furthermore, the
method is most suitable for all the values of (1/N) ≫ ε, where ε ≤ 10−6 and N is the number
of subintervals in which the underlying interval is divided.

AMS subject classifications (2020): 34D15 · 34E15 · 34E20 · 34B25

Keywords: Singular perturbation problem · Boundary layer · Differential-difference equation ·
Fitting factor · Thomas Algorithm · Stability and convergence

1 Introduction

It is well known that the singularly perturbed delay differential equations (SPDDEs) or
differential-difference equations with interval boundary conditions (IBCs) are the result of math-
ematical modeling of various physical and biological phenomena/processes/problems. These
SPDDEs with IBCs are most ubiquitous and arise in situations in which the future state of the
system depends upon the present as well as the past. There are a number of realistic model
singularly perturbed problems in differential-difference equations in which one encounters the
SPDDEs with IBCs. The first exit time problems in the modeling of activation of neurons and
variational problems in control theory are two examples of such problems. The importance of
these singularly perturbed problems in differential-difference equations (SPPDDEs) can be easily
realized from the research articles and monographs [34, 37, 41, 55, 46, 23, 6, 22, 69, 74, 53, 38, 5,
11, 8, 19, 72, 73, 54, 71]. These SPDDEs are ordinary/partial differential equations in which the
highest order derivative is multiplied by a small singular perturbation parameter ε (0 < ε� 1)

and the term(s) contain delay (negative shift) and/or advance (positive shift) argument(s). The
solution of such problems exhibits oscillatory and/or boundary/interior layer behavior in the un-
derlying interval of interest. In fact, the solution is of multi-scale character when the ε is small
tending to zero. That is there exist thin transition layer(s) where the solution undergoes drastic
change, while away from the layer(s) the solution behaves regularly and varies slowly. Here, the
word “layer” stands for the small subregion of the independent variable over which the dependent
variable experiences the most rapid change and the terms boundary and interior layers are due
to the occurrence of the layer in the neighborhood of the end and the interior points of the under-
lying domain, respectively. These thin layers are usually termed as the boundary layers, shock
layers, skin layers and transitional points in the various fields of applied science and engineering.

Iran. J. Numer. Anal. Optim., Vol. 16, No. 3, 2026, pp 757–789



759 A fitted numerical technique for a class of singularly perturbed delay differential equations

Development of numerical/analytical methods has been a herculean task due to such abnormal
layer behavior of solutions. It has been experienced that the error in solving such problems by
applying classical numerical methods cannot be reduced below a certain fixed limit unless spe-
cially designed numerical methods or nonuniform meshes are used [47]. Thus, the study of such
a pervasive problem is vital if robust and accurate solutions are required. More detailed infor-
mation can be obtained from the monographs: [18, 10, 9, 56, 57, 55, 8] and the research articles:
[20, 52, 75, 63, 67, 29, 26, 28, 36, 33, 61, 66, 25, 65, 27, 1, 62, 30, 40, 39, 59, 60, 15, 17, 7, 32, 21, 76].

This paper considers a class of second-order SPDDEs in ordinary differential equations having
small delay (δ) in both the convection and reaction terms:

εy′′(s) + b(s)y′(s− δ) + c(s)y(s− δ) + d(s)y(s) = f(s) (1)

with the IBCs: y(s) = α(s) on − δ ≤ s ≤ 0 and

y(s) = β(s) on 1 ≤ s ≤ 1 + δ, (2)

where the functions b(s), c(s), d(s), and f(s) are sufficiently continuously differentiable functions
over [0, 1] with b(s) ≥ b∗ > 0; α and β are considered to be constants.

The solution of SPDDE (1) with the IBCs (2) exhibits boundary layer behavior at left-end
of the interval [0, 1] when b(s) − δc(s) ≥ M > 0, where M is considered to be a positive real
number. When b(s) − δc(s) ≤ M < 0, the solution exhibits boundary layer at the right-end of
the underlying domain.

Such SPPDDEs have grabbed a great deal of attention in the recent and past years. In
a series of papers, [38, 39, 40, 42, 41], Lange and Miura performed the singular perturbation
analysis of boundary-value problem for differential-difference equations with small shifts. In the
papers [41] and [42], they employed asymptotic approaches to approximate the solution of BVPs
for the two classes of singularly perturbed problems in differential-difference equations with small
shifts. In the article [42], they studied the effect of small shifts on the oscillatory behavior of the
solution and remarked that the shifts affect oscillatory solutions more than the boundary layer
solutions. They pointed out that the delayed term can be approximated by the use of the Taylor
series expansion procedure in the case when the delay is of a small order of ε [42]. There are many
references in the literature where the shifts are very small and affect the solution considerably.
Lange and Miura [42] have demonstrated that the effect of very small shifts on the solution
behavior by considering several numerical example problems in which the shifts are of small
order of ε. They pointed out that the small shifts affect the solution considerably and cannot be
neglected. The biologist Hutchinson [24] also found that “there is a tendency for the time lag to

Iran. J. Numer. Anal. Optim., Vol. 16, No. 3, 2026, pp 757–789



Mardi and Shankar Prasad 760

be reduced as much as possible by natural selection”. The arguments for small delay problems
are found throughout the literature on epidemics and populations. Thus the small shifts play an
important role in practical problems [34]. In the article [35] the authors have devised a B-spline
based numerical method to treat singular perturbation problems (SPPs) having delays in the
convection and reaction term over a piece-wise uniform mesh. The convergence of the method
is thoroughly discussed. The method is achieving almost second-order convergence. In the
article [77], the authors have suggested an exponentially fitted mid-point upwind finite difference
method for solving a class of convection-diffusion SPDDEs. The proposed method achieves
linear order convergence. A nonsymmetric finite difference based scheme has been devised by
the authors in the article [78] to treat convection type SPPs having delay shift. The terms
containing the delay parameter are expanded up-to second-order using the well-known Taylor
series expansion. Theoretical and numerical examinations reveal that the method is achieving
second-order convergence. Authors in [58] have carried out a numerical integration technique
to treat a class of SPDDEs which yields a tri-diagonal system that has been solved by Thomas
algorithm. This scheme has been performed on some example problems to validate the scheme.
A detailed discussion has been done on how the change of the shift parameter affects the layer
behavior of the solution. The author in [60] has developed a cubic spline-based numerical solving
technique for SPDDEs having delays in the convection and reaction terms. The computational
results have been compared with some published results. The author has observed that the
scheme achieved second-order rate of convergence (ROC) as ε ≥ h but losses an order when
ε � h and tending to zero. Similar types of problems are discussed in the paper [3]. Here, the
authors have proposed a central finite difference based exponentially fitted scheme for solving
it using uniform mesh discretization. The numerical and experimental analysis reveals that the
method is of quadratic order convergence for ε = O(N−1). On the other hand, the method
achieves linear order convergence for ε � N−1 which indicates the fact that the ROC of the
method is ε-dependent. The depicted figures for the solution to the example problems, show
that the width of the boundary layer decreases as the perturbation parameter goes smaller.

In this article, we have proposed a novel exponentially fitted scheme for numerical solution
of SPDDE (1) with the IBCs (2). The negative shift (or delay parameter) induces memory
effect into the problem, that is the solution of the problem at any moment depends upon the
solution of the problem at some earlier moment. Taylor’s series expansion is used to approximate
the delayed terms and the first- and second-order derivatives in the reduced equivalent problem
are approximated by the first-order mixed finite differences and second-order central differences
respectively, which leads to generating a tridiagonal system of equations. Application of Taylor
series expansion is justified due to the reason that the delay δ is of a small order of ε. A suitable
fitting factor that involves the exponential function has been introduced into the scheme to
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761 A fitted numerical technique for a class of singularly perturbed delay differential equations

avoid the nonuniformity in the solution. The resulting system is solved by “Discrete Invariant
Imbedding Algorithm” widely known as “Thomas Algorithm”. To improve the accuracy of the
solution produced by the proposed scheme and ROC of the scheme, we have applied Richardson
extrapolation procedure to it. The stability and convergence of the fitted scheme have been
discussed in detail. To confirm the applicability of the proposed scheme, four example problems
have been solved for diverse values of δ and ε. The computational results are tabulated in
terms of maximum absolute point-wise errors (MAPEs) and the ROCs before and after applying
Richardson extrapolation. Numerical experiments show that the scheme is capable of producing
better results than the results obtained in [60, 3, 58, 41]. For more clarity, the solutions of the
problems have been plotted graphically for different values of ε, N , and δ, which reveals that as
δ increases and ε → 0 the thickness of the boundary layer decreases. Also, the log-log plot of
MAPEs vs N for the problems have also been done which shows the relation between the ε, N ,
and MAPEs.

Here, the novelty of the proposed method is associated with the improvement in the accuracy
of the solutions obtained and the ROC achieved, when the Richardson extrapolation procedure
is applied. There are some methods/ schemes for which the accuracy of the solutions obtained
improves but the ROC does not improve when the Richardson extrapolation procedure is applied
on it. In the articles [50, 51], the authors have shown that the Richardson extrapolation does not
improve the ROC of the method while there is an improvement in the accuracy of the solutions.
Nevertheless, in the case of the proposed scheme, an application of the Richardson extrapolation
noticeably improves the accuracy as well as the ROC. This fact strengthens the claim “A numer-
ical solution of required accuracy can be obtained by using Richardson extrapolation” [2, 68].
Furthermore, from the point of view of the wealth of the literature on singular perturbation
problems, we always raise a question that whether there are other ways to deal with the SPPs
which can be used easily with minimal amount of computational work (problem preparation).
Motivated from this question, we have successfully devised a new exponentially fitted finite dif-
ference method for solving the considered SPPDDEs. Method is capable of producing highly
accurate and uniformly convergent results with quadratic ROC for all the values of (1/N)� ε,
where ε ≤ 10−6 and N is the number of subintervals in which the underlying interval is divided.
Furthermore, our method does not depend upon any other parameters as used in [31, 64]

The remaining part of the article has been arranged in the following manner:
In Section 2, an approximated version of the original problem is deduced by the use of Taylor
series; In Section 3, Shishkin mesh is described. In Section 4, we have derived the proposed
scheme. In Section 5, stability of the proposed method is thoroughly discussed. In Section 6,
Richardson’s extrapolation procedure is discussed in detail. In Section 7, we have applied the
proposed method to some example problems to establish the applicability of the method. The
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Mardi and Shankar Prasad 762

results produced by the method are presented in tabular form. In Section 8, we have summarized
the paper work. Paper ends with the references.

2 Approximate problem and solution properties

Using the Taylor series, we have

y(s− δ) ≈ y(s)− δ y′(s) +O(δ2),

y′(s− δ) ≈ y′(s)− δ y′′(s) +O(δ2).

 (3)

Using the above expansions into (1), we get

µy′′(s) + p(s)y′(s) + q(s)y(s) = f(s), s ∈ [0, 1], (4)

with

y(0) ≈ α(0) and y(1) ≈ β(1). (5)

where µ = ε− δb(s), p(s) = b(s)− δc(s) and q(s) = c(s) + d(s), respectively, and it is presumed
that q(s) ≤ 0.

The SPDDE (4)–(5) is different from the original problem (1)–(2) by the term (O(δ2)y′′ +
O(δ2)y′′′), which is a good approximation of the original problem. The use of Taylor’s series
expansion in approximating the term containing delay arguments (δ) is valid because of the fact
that the values of delay δ are considered to be of o(ε) [42, 41].

As the new equivalent version of the original problem (4)–(5) differs from the original problem
(1)–(2) by the term (O(δ2)y′′ +O(δ2)y′′′), we prefer a new notation say λ(s) for the solution of
the approximated version of (1)–(2). Thus (4)–(5) can be written as

Lλ := µλ′′(s) + p(s)λ′(s) + q(s)λ(s) = f(s), s ∈ [0, 1], (6)

with

λ(0) = α(0) = α0 and λ(1) = β(1) = β1. (7)

The solution of the problem (6)–(7) can be decomposed as

λ = v + w. (8)

Iran. J. Numer. Anal. Optim., Vol. 16, No. 3, 2026, pp 757–789



763 A fitted numerical technique for a class of singularly perturbed delay differential equations

For any k1 > 0, the regular part v satisfies

|v(k)(s)| ≤ C for k = 0, 1, . . . , k1, (9)

and the layer part w satisfies

|w(k)(s)| ≤ Cµ−ke−p∗(1−s)/µ for k = 0, 1, . . . , k1. (10)

Furthermore, we have
Lv = f and Lw = 0; (11)

see [44].

3 Description of the Shishkin-mesh

In order to obtain the discretized scheme on the Shishkin mesh, we divide the considered interval,
[0, 1] into N subintervals such that XN = {0 = s1 < s2 < s3 < · · · < sN < sN+1 = 1}, where
N is the multiple of 2. Now, we divide the interval [0, 1] into two subintervals [0, τ ] and [τ, 1],
where the transition parameter τ is given by

τ = min
(
1

2
,
2µ

p∗
ln(N)

)
,

where p∗ is the maximum value of p over [0, 1]. The mesh points are given by

si+1 =
i

N/2
τ, i = 0, 1, 2, . . . ,

N

2
,

sN
2 +i+1 = τ +

i

N/2
(1− τ), i = 1, 2, . . . ,

N

2
,

(12)

where the step lengths hi = si+1 − si i = 1, 2, 3, . . . , N and h = max{hi}, i = 1, 2, 3, . . . , N .
Let the function ϕ denote the mesh generating function over the interval [0, s(N/2)+1] and de-
fined in such a way that ϕ(0) = 0 and ϕ( 12 ) = ln(N)

p∗ , where ϕ is a continuously differentiable
monotonically increasing function. We define another function ψ such that

ϕ = − lnψ. (13)

This function is monotonically decreasing with ψ(0) = 1 and ψ(1/2) = e−
lnN
p∗ , which gives
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ψ(s) = e−2
(ln N)s

p∗ . (14)

4 Description of the proposed scheme

In this section, we will discuss the proposed scheme step by step for obtaining the solution of
the problem (6)–(7).

By the theory of singular perturbation, the solution of the problem (6)–(7) can be written
as (see . 22–261[56])

λ(si) = λ0(si) + (α− λ0(0)) exp
(
−
(p(0)

µ
− q(0)

p(0)

))
. (15)

Taking hi → 0 and using (15), we get

lim
h→0

λi = lim
hi→0

λ(si) = λ0(0) + (α− λ0(0)) exp
(
−
(p2(0)− µq(0)

p(0)

)
iρ
)
, (16)

where ρ = h
µ is called “density factor”.

Approximating the first-order derivative and using the mixed finite difference analogue,

λ′i = α

(
λi+1

2hi
− λi−1

2hi

)
+ (1− α)

(
λi+1

hi
− λi
hi

)
+O(hi) with α =

1

2
;

that is,
λ′i =

3λi+1 − 2λi − λi−1

4hi
, (17)

and the second-order derivative by the second-order central difference

λ′′i =
λi+1 − 2λi + λi−1

hi
2 , (18)

we obtain
µ
[λi+1

hi
2 −

2λi

hi
2 +

λi−1

hi
2

]
+ pi

[3λi+1

4hi
− 2λi

4hi
− λi−1

4hi

]
+ qiλi = fi. (19)

Introducing a fitting factor σ(ρ) into (19), we get

σ(ρ)µ
[λi+1

hi
2 −

2λi

hi
2 +

λi−1

hi
2

]
+ pi

[3λi+1

4hi
− 2λi

4hi
− λi−1

4hi

]
+ qiλi = fi. (20)

Multiplying (19) by hi and taking hi → 0, we get
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σ(ρ)

ρ

[
λi+1 − 2λi + λi−1

]
+ pi

[
3λi+1 − 2λi − λi−1

]
= 0. (21)

Using (16), we get

lim
hi→0

(λi+1 − 2λi + λi−1) = (α− λ0(0))e−iκρ
(
eκρ + e−κρ − 2

)
,

lim
hi→0

(3λi+1 − 2λi + λi−1) = (α− λ0(0))e−iκρ
(
3e−κρ − eκρ − 2

)
,

where κ = p2(0)−µq(0)
p(0) .

By using the above two equations, the fitting factor is obtained as follows:

σ(ρ) =
p(0)ρ

2
· e

kρ
2 − e

−kρ
2

e
kρ
2 + e

−kρ
2

− p(0)ρ

4

=
p(0)ρ

2
coth

(
p2(0)− µq(0)

p(0)

ρ

2

)
− p(0)ρ

4
. (22)

Finally, (20) gives the recurrence relation as follows:

Eiλi−1 −Fiλi + Giλi+1 = Hi, i = 2, . . . , N, (23)

where

Ei =
σµ

hi
2 −

pi
4hi

,

Fi =
2σµ

hi
2 +

2pi
4hi
− qi,

Gi =
σµ

hi
2 +

3pi
4hi

,

Hi = fi.

Equation (23) with boundary conditions (7) generates (N − 1) × (N − 1) system of equations.
This system is solved by the Thomas Algorithm. The stability conditions for the algorithm are
Ei > 0, Fi > 0 and Gi > 0, Ei + Gi ≥ Fi. In this method, if q(s) ≤ 0 holds, then one can easily
show the stability of the algorithm.
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5 Stability analysis

5.1 Consistency

Let us consider
τ̄i[λi] ≡ Lhi

λ(si)− Lλ(si), i = 1, 2, · · · , N + 1,

where λ is a smooth function over I = [0, 1] with Lhi as the finite difference operator. Then the
problem finite difference problem (23)–(7) is consistent with the differential problem (6)–(7) if

|τ̄i[λ]| → 0 when h→ 0,

where τ̄i[λ], i = 1, . . . , N + 1 are the local truncation errors.

5.2 Accuracy

The solution of the problem (6)–(7) is said to be accurate of order p if for a positive constant C
independent of h and µ, there exists a relation of the form:

|τ̄i[λ]| ≤ Chp, i = 1, 2, · · · , N + 1.

Assumption 1. Throughout the paper, we shall assume that

µ ≤ CN−1, (24)

which is generally in the case for discretization of the convection-dominated problems.
Assumption 2. LN follows the bound

|LNλ(si)− Lλ(si)| ≤ 2µ

∫ si+1

xi−1

|g′′′(s)|ds+ qi

∫ si+1

si

|g′′(s)|ds, (25)

where g is any function g ∈ C3[0, 1].

Lemma 1 (Kellogg and Tran). If b(s), c(s), d(s) are sufficiently smooth and independent of µ,
then the the solution λ(s) satisfies the inequality,

|λ(k)(s)| ≤ C
(
1 + (ε− δb∗)−ke

−M′s
(ε−δb∗)

)
, k = 0, 1, 2, . . . . (26)
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Proof. See [48].

Theorem 1. Let us consider that the piece-wise differentiable mesh generating function ψ

satisfies the condition
maxϕ′
N

≤ C (27)

and ∫ 1
2

0

ϕ′(x)2dx ≤ CN. (28)

Then the error of the scheme (17) satisfies

|λ(si)− λN (si)| ≤,


CN−1 max |ψ′|, for i = 1, . . . , N/2,

CN−1, for i = (N/2) + 1, . . . , N + 1.

(29)

Proof. The mesh size hi on the fine mesh satisfies

hi = 2µ
(
ψ(si)− ψ(si−1)

)
≤ 2µN−1 maxψ′ for i = 2, . . . , (N/2) + 1. (30)

Thus
hi ≤ CN−1, for i = 2, . . . , N + 1, (31)

by using (14) and the Assumption 1 and (27).
Now, using the decomposition in [44] of λ, we split the solution of the discrete problem as

LNvNi = fi for i = 2, . . . , N + 1, for vN1 = v1, vNN+1 = vN+1

and
LNwNi = 0 for i = 2, . . . , N + 1, for wN1 = w1, wNN+1 = wN+1.

An immediate consequence of (9), (25), M-matrix property of LN , and (31),

|vi − vNi | ≤ CN−1 for i = 1, . . . , N + 1. (32)

Using the M-matrix property of LN , one can show that

wNi ≤
(N/2)+1∏
k=2

(
1 +

hk
2µ

)−1

, for i = (N/2) + 1, . . . , N + 1, (33)
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from [43, 45, 70]. We have

ln

(N/2)+1∏
k=2

(
1 +

hk
2µ

) ≥ (N/2)+1∑
k=2

(
hk
2µ
− 1

2

(
hk
2µ

)2
)

≥ lnN − 1

2

(N/2)+1∑
k=2

(
hk
2µ

)2

.

Therefore,
(N/2)+1∏
k=2

(
1 +

hk
2µ

)−1

≤ N−1 exp

1

2

(N/2)+1∑
k=2

(
hk
2µ

)2
 .

Now, the representation

hk
2µ

=

∫ sk

sk−1

ϕ′(x) dx, for k = 2, . . . , (N/2) + 1,

yields
(N/2)+1∑
k=2

(
hk
2µ

)2

≤
(N/2)+1∑
k=2

(sk − sk−1)

∫ sk

sk−1

ϕ′(x)2 dx = N−1

∫ 1/2

0

ϕ′(x)2 dx.

Thus, if assumption (28) holds true, then (33) yields

wNi ≤ CN−1 for i = (N/2) + 1, . . . , N + 1.

Consequently,

|wi − wNi | ≤ |wi|+ |wNi | ≤ CN−1 for i = (N/2) + 1, . . . , N + 1. (34)

For the truncation error of the method with respect to the layer part w, inequalities (10)
and (25) imply that

τ̄i := ‖LN [wi − wNi ]‖ ≤ Cµ−2

∫ xi+1

xi−1

e−p∗(1−s)/µ dx for i = 2, . . . , N.

Substituting x = 2µϕ(s) on the fine part of the mesh, we obtain

τ̄i ≤ C(ep∗/µ)µ−1

∫ si+1

si−1

e−2ϕ(s)ϕ′(s) ds = C(ep∗/µ)µ−1

∫ si+1

si−1

e−ϕ(s)|ψ′(s)| ds

for i = 2, . . . , N/2. Let s ∈ [si−1, si+1] be arbitrary. Then we have
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e−ϕ(s) ≤ e−si−1/(2µ) = e−si/(2µ)e(xi−si−1)/(2µ) = e−si/(2µ)ehi/(2µ) ≤ Ce−si/(2µ),

by (27) and (30). Thus

τ̄i ≤ C(ep∗/µ)µ−1N−1e−si/(2µ) max |ψ′| for i = 2, . . . , N/2.

Now, the discrete comparison principle based on the barrier function presented in [70] (see also
[43, 45]) yields

|Ei − ENi | ≤ CN−1 max |ψ′| for i = 2, . . . , (N/2) + 1. (35)

Combining (32), (34), and (35), we are done.

This shows that the proposed new scheme is linearly convergent.

Now, the Richardson extrapolation technique is described for improving the accuracy and
ROC of the solution obtained by the proposed scheme (23).

6 Richardson extrapolation

It is well known that the Richardson extrapolation procedure is designed to enhance the ROC
of the scheme/method and the accuracy of the computed solutions. This procedure can be
described as follows:

Let XN ⊂ X2N , where X2N is the set of mesh points obtained by bisecting the step size of
XN . Let λ2N (s) be the solution obtained for X2N . Let λN (si) be the numerical solution of the
fully discretized scheme (23) over XN . Then using (29) of Theorem 1, one can write

λ(si)− λN (si) = C(N−1) +RN , si ∈ XN . (36)

Similarly, by assuming λ2N (si) as the numerical solution of the fully discretized scheme
equation (23) on X2N , we have

λ(si)− λ2N (si) = C
(
(2N)−1

)
+R2N , si ∈ X2N . (37)

The two remainders RN and R2N are O(N−2). From (36)–(37), using the approaches in [15,
16, 14], we get

λ(si)−
(
2λ2N (si)− λN (si)

)
≤ C

(
N−2

)
, si ∈ X2N . (38)

Now, we define the extrapolation formula as
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λextN (s) = 2λ2N (s)− λN (s), (39)

which gives a better approximation of λ(si) than either λN (si) or λ2N (si). The truncation error
of spatial discretization after applying the extrapolation to the solution can be written as follows:

λ(si)− λext(si) = λ(si)−
(
2λ2N (si)− λN (si)

)
,

= 2
(
λ(si)− λ2N (si)

)
−
(
λ(si)− λN (si)

)
, (si) ∈ X2N . (40)

Theorem 2 (Error estimation after applying Richardson extrapolation to the scheme). Let λ(si)
be the solution of (6)–(7) and let λext

N (si) be the extrapolated solution as defined in 39). Then

|λ(si)− λext
N (si)| ≤ C

(
N−2

)
, i = 1, . . . , N + 1.

Proof. Like the solution λ(si) of (6)–(7) and the numerical solution λN (si) of (23) in XN , the
numerical solution λ2N (si) of (23) on X2N can be decomposed into regular V2N (si) and singular
W2N (si) components such that

λ2N (si) = V2N (si) +W2N (si). (41)

Therefore, we have

λ(si)− λk(si) =


v(si)− V2N (si) + w(si)−W2N (si), if k = 2N,

v(si)− VN (si) + w(si)−WN (si), if k = N.

(42)

The combination of (40) and (42) gives

λ(si)− λext
N (si) = 2

(
v(si)− V2N (si)

)
−
(
v(si)− VN (si)

)
+ 2
(
w(si)−W2N (si)

)
−
(
w(si)−WN (si)

)
= v(si)− V ext

N (si) + w(si)−W ext
N (si), (43)

where V ext
N (si) is the regular component, and W ext

N (si) is the singular component such that
λext
N (si) = V ext

N (si) +W ext
N (si). From (29) and the techniques used in [12, 4] on X2N , we have

v(si)− V2N (si) =


C
(
(2N)−1

)
+ (R1)2N , 2 ≤ i ≤ N

2
+ 1,

C
(
(2N)−1

)
+ (R2)2N ,

N

2
+ 2 ≤ i ≤ N,

(44)
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where (R1)2N and (R2)2N are of O((hi/2)2). For 1 ≤ j ≤ N
2 , by using (29) and (44), we have

2
(
v(si)− V2N (si)

)
−
(
v(si)− VN (si)

)
= C

(
(2N)−1

)
+O

(
(N−1)2

)
− C

(
N−1

)
+O

(
(N−1)2

)
= O

(
N−2

)
.

Thus,
v(si)− V ext

N (si) = O
(
N−2

)
. (45)

For N
2 + 2 ≤ i ≤ N , using the same procedure employed above, we can get the same result

(45). Now, consider the singular components in the outer layer region and interior layer region.

First, consider the estimate in the outer layer region [0, 1− τ ]. From (10), we have

|w(si)| ≤ C exp
(
−p∗(1− si)

µ

)
≤ C exp

(
−p∗(1− (1− τ))

µ

)
= C exp

(
−p∗τ

µ

)
≤ CN−2, since we assumed τ =

2µ

p∗
lnN. (46)

For the solution of the given problem, we consider the following barrier function in order to
determine the bound of |W (si)|:

S(si) = C
i∏

r=1

(
1 +

p∗hr
µ

)[ N∏
r=1

(
1 +

p∗hr
µ

)−1
]
. (47)

By the same technique used in [70], we obtain |WN (si)| ≤ CN−2. Therefore,

|w(si)−W (si)| ≤ CN−2. (48)

In a similar approach, we can get

|w(si)−W2N (si)| ≤ CN−2. (49)

From (48)–(49) for the outer layer region, we obtain

|w(si)−W ext
N (si)| ≤ CN−2. (50)

For the interior layer region [1− τ, 1], by following the same procedure in

[49, 4, 13], we obtain
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w(si)−Wk(si) =


O
(
N−2

)
, if k = 2N,

O
(
N−2

)
, if k = N.

(51)

Therefore, for the inner layer region, we get

|w(si)−W ext
N (si)| ≤ CN−2. (52)

Hence, the combination of (45), (50), and (52) gives the required result.

7 Numerical experiments

To establish the applicability of the proposed numerical scheme, we applied the scheme to some
widely discussed example problems and presented the computational results in tabular form in
terms of MAPEs and ROCs for diverse values of N and ε. Since the exact solutions of the
problems are unknown, “double-mesh principle” [18] is used to compute the MAPEs and ROCs.
Thereafter, to increase the accuracy of the solutions and the ROC of the scheme, we applied the
Richardson extrapolation technique to it. We calculated the MAPEs (ENε ) by the double-mesh
principle formula: ENε = max1≤i≤N+1 |(λextN )i − (λext2N )2i−1| and the ROCs (RNε ) by the formula,
RNε = log2

EN
ε

E2N
ε

.

Problem 1. First, consider the SPDDE with variable coefficient exhibiting left-end boundary
layer [60, 3]:
ελ′′(s) + (1 + s)λ′(s− δ) + e−2sλ(s− δ)− 2e−sλ(s) = 0 over [0,1];
with λ(0) = 0 and λ(1) = 1.

Problem 2. Now, consider the SPDDE with variable co-efficient exhibiting left-end boundary
layer [60]:
ελ′′(s) + (1 + s)λ′(s− δ) + sin(2s)λ(s− δ)− e−sλ(s) = sin(2s) + 3e−s over [0,1];
with λ(0) = 0 and λ(1) = 1.

Problem 3. Now, consider the SPDDE with variable co-efficient exhibiting left-end boundary
layer [60, 3, 41, 58]:
ελ′′(x) + esλ′(s− δ) + sλ(s) = 0 over [0,1];
with λ(0) = 0 and λ(1) = 1.
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Problem 4. Finally, consider the nonlinear SPDDE with constant co-efficient exhibiting bound-
ary layer at the left-end of the underlying domain [41, 58]:
ελ′′(s) + λ(s)λ′(s− δ)− λ(s) = 0 over [0,1];
with λ(s) = 1,− δ ≤ s ≤ 0, and λ(1) = 1.

The linear form of the problem:
ελ′′(s) + λ′(s− δ)− λ(s) = 0 over [0,1];
with λ(0) = 1 and λ(1) = 1.

Table 1: MAPEs (EN
ε ) and ROCs (RN

ε ) for diverse values of N and ε of Problem 1 for δ = 0.5ε

ε N = 23 N = 24 N = 25 N = 26 N = 27 N = 28 N = 29

before
extrapolation

10−6 8.7523(-003) 4.5022(-003) 2.2956(-003) 1.1627(-003) 5.8468(-004) 2.9337(-004) 1.4705(-004)
RNε 0.9590 0.9718 0.9814 0.9918 0.9949 0.9964

10−7 8.7520(-003) 4.5019(-003) 2.2953(-003) 1.1625(-003) 5.8439(-004) 2.9307(-004) 1.4715(-004)
RNε 0.9591 0.9719 0.9815 0.9922 0.9957 0.9940

10−8 8.7520(-003) 4.5019(-003) 2.2952(-003) 1.1624(-003) 5.8436(-004) 2.9305(-004) 1.4718(-004)
RNε 0.9591 0.9719 0.9815 0.9922 0.9957 0.9936

10−9 8.7520(-003) 4.5019(-003) 2.2952(-003) 1.1624(-003) 5.8436(-004) 2.9304(-004) 1.4719(-004)
RNε 0.9591 0.9719 0.9815 0.9922 0.9958 0.9934

10−10 8.7520(-003) 4.5019(-003) 2.2952(-003) 1.1624(-003) 5.8436(-004) 2.9305(-004) 1.4718(-004)
RNε 0.9591 0.9719 0.9815 0.9922 0.9957 0.9936

after
extrapolation

10−6 8.6094(-004) 2.4311(-004) 6.4230(-005) 1.6260(-005) 3.8500(-006) 1.0000(-006) 5.4000(-007)
RNε 1.8243 1.9203 1.9819 2.0784 1.9449 0.8890

10−7 8.6135(-004) 2.4346(-004) 6.4580(-005) 1.6630(-005) 4.2200(-006) 1.0400(-006) 2.5000(-007)
RNε 1.8229 1.9145 1.9573 1.9785 2.0207 2.0566

10−8 8.6140(-004) 2.4348(-004) 6.4600(-005) 1.6670(-005) 4.2400(-006) 1.0800(-006) 2.9000(-007)
RNε 1.8229 1.9142 1.9543 1.9751 1.9730 1.8969

10−9 8.6139(-004) 2.4350(-004) 6.45900(-005) 1.6670(-005) 4.2500(-006) 1.0800(-006) 2.9000(-007)
RNε 1.8227 1.9145 1.9541 1.9717 1.9764 1.8969

10−10 8.6139(-004) 2.4350(-004) 6.4610(-005) 1.6660(-005) 4.2400(-006) 1.0800(-006) 2.9000(-007)
RNε 1.8227 1.9141 1.9554 1.9743 1.9730 1.8969

We have implemented the proposed numerical scheme on four standard example Problems
1 to 4 for diverse values of N = {23, 24, . . . , 29} and ε = {10−6, 10−7, 10−8, 10−9} with δ = 0.5ε

and presented the computational results in Tables 1 to 4 in terms of MAPEs and ROCs before
and after applying Richardson extrapolation procedure to it. One can easily observe that the
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Table 2: MAPEs (EN
ε ) and ROCs (RN

ε ) for diverse values of N and ε of Problem 2 for δ = 0.5ε

ε N = 23 N = 24 N = 25 N = 26 N = 27 N = 28 N = 29

before
extrapolation

10−6 8.1429(-002) 3.9447(-002) 2.0202(-002) 1.0197(-002) 5.1213(-003) 2.5675(-003) 1.2861(-003)
RNε 1.0456 0.9654 0.9864 0.9936 0.9961 0.9974

10−7 8.1428(-002) 3.9445(-002) 2.0201(-002) 1.0195(-002) 5.1200(-003) 2.5663(-003) 1.2849(-003)
RNε 1.0457 0.9654 0.9866 0.9936 0.9965 0.9980

10−8 8.1428(-002) 3.9445(-002) 2.0201(-002) 1.0195(-002) 5.1199(-003) 2.5662(-003) 1.2847(-003)
RNε 1.0457 0.9654 0.9866 0.9937 0.9965 0.9982

10−9 8.1428(-002) 3.9445(-002) 2.0201(-002) 1.0195(-002) 5.1199(-003) 2.5662(-003) 1.2847(-003)
RNε 1.0457 0.9654 0.9866 0.9937 0.9965 0.9982

10−10 8.1428(-002) 3.9445(-002) 2.0201(-002) 1.0195(-002) 5.1199(-003) 2.5662(-003) 1.2847(-003)
RNε 1.0457 0.9654 0.9866 0.9937 0.9965 0.9982

after
extrapolation

10−6 5.5340(-003) 1.7500(-003) 4.8230(-004) 1.2711(-004) 3.3660(-005) 9.7000(-006) 3.6500(-006)
RNε 1.6610 1.8594 1.9239 1.9170 1.7950 1.4101

10−7 5.5325(-003) 1.7485(-003) 4.8086(-004) 1.2567(-004) 3.2180(-005) 8.2700(-006) 2.1800(-006)
RNε 1.6618 1.8624 1.9360 1.9654 1.9602 1.9236

10−8 5.5323(-003) 1.7484(-003) 4.8070(-004) 1.2552(-004) 3.2030(-005) 8.1200(-006) 2.0500(-006)
RNε 1.6618 1.8628 1.9372 1.9704 1.9799 1.9859

10−9 5.5323(-003) 1.7484(-003) 4.8070(-004) 1.2549(-004) 3.2030(-005) 8.1100(-006) 2.0200(-006)
RNε 1.6618 1.8628 1.9376 1.9701 1.9816 2.0053

10−10 5.5323(-003) 1.7484(-003) 4.8070(-004) 1.2549(-004) 3.2030(-005) 8.0900(-006) 2.0300(-006)
RNε 1.6618 1.8628 1.9376 1.9701 1.9852 1.9947

application of Richardson extrapolation to the the solution of the original scheme improves the
accuracy of the solution in such a way that the ROC of the proposed scheme is improving from
1 to 2. Furthermore, a simple comparison of the computational results presented in the Tables
5, 6, 7, and 8 with the results obtained in [60, 3, 58, 41] clearly reveal that the proposed scheme
with Richardson extrapolation is capable of producing highly accurate and uniformly convergent
results for all the values of 1/N � ε, where ε ≤ 10−6. To examine the effect of the small
delay (δ) on the solution behavior of the example Problems 1 to 4, we plotted the graphs of the
obtained solution in Figures 1–8 for N = 100 and diverse values of δ = {0.0ε, 0.3ε, 0.6ε, 0.9ε} and
ε = {10−1, 10−2}. These figures reveal that the thickness of the boundary layer decreases and
form strong boundary layers when δ increases with fixed N and ε. For more clarity, in Figures
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Table 3: MAPEs (EN
ε ) and ROCs (RN

ε ) for diverse values of N and ε of Problem 3 for δ = 0.5ε

ε N = 23 N = 24 N = 25 N = 26 N = 27 N = 28 N = 29

before
extrapolation

10−6 2.4316(-002) 1.1480(-002) 5.5608(-003) 2.7345(-003) 1.3557(-003) 6.7510(-004) 3.3700(-004)
RNε 1.0828 1.0458 1.0240 1.0122 1.0059 1.0024

10−7 2.4315(-002) 1.1479(-002) 5.5605(-003) 2.7342(-003) 1.3554(-003) 6.7480(-004) 3.3670(-004)
RNε 1.0828 1.0457 1.0241 1.0124 1.0062 1.0030

10−8 2.4315(-002) 1.1479(-002) 5.5604(-003) 2.7342(-003) 1.3554(-003) 6.7480(-004) 3.3670(-004)
RNε 1.0828 1.0457 1.0241 1.0124 1.0062 1.0030

10−9 2.4315(-002) 1.1479(-002) 5.5604(-003) 2.7342(-003) 1.3554(-003) 6.7470(-004) 3.3670(-004)
RNε 1.0828 1.0457 1.0241 1.0124 1.0064 1.0028

10−10 2.4315(-002) 1.1479(-002) 5.5604(-003) 2.7341(-003) 1.3554(-003) 6.7470(-004) 3.3670(-004)
RNε 1.0828 1.0457 1.0241 1.0123 1.0064 1.0028

after
extrapolation

10−6 1.3570(-003) 3.5830(-004) 9.2300(-005) 2.3500(-005) 6.0000(-006) 1.6000(-006) 5.0000(-007)
RNε 1.9212 1.9568 1.9737 1.9696 1.9069 1.6781

10−7 1.3572(-003) 3.5840(-004) 9.2300(-005) 2.3600(-005) 6.0000(-006) 1.6000(-006) 5.0000(-007)
RNε 1.9210 1.9572 1.9675 1.9758 1.9069 1.6781

10−8 1.3569(-003) 3.5840(-004) 9.2200(-005) 2.3600(-005) 6.0000(-006) 1.6000(-006) 5.0000(-007)
RNε 1.9207 1.9587 1.9660 1.9758 1.9069 1.6781

10−9 1.3569(-003) 3.5840(-004) 9.2200(-005) 2.3600(-005) 6.0000(-006) 1.6000(-006) 5.0000(-007)
RNε 1.9207 1.9587 1.9660 1.9758 1.9069 1.6781

10−10 1.3569(-003) 3.5840(-004) 9.2200(-005) 2.3300(-005) 6.0000(-006) 1.6000(-006) 5.0000(-007)
RNε 1.9207 1.9587 1.9844 1.9573 1.9069 1.6781

9–12, we have plotted the log-log plots for MAPE vs N (after extrapolation) for Problem 1 to
4 for various values of ε tending to zero. Through these figures, we easily observe that despite
of increasing the value of N , for ε = 10−6, the MAPE increases after certain value of N . Thus
the method is capable of producing highly accurate and uniformly convergent results for all the
values of (1/N)� ε where ε ≤ 10−6.

8 Conclusion

A new exponentially fitted numerical scheme is addressed to approximate the solution of a class
of SPDDEs having delay terms in the convection and reaction terms. Taylor’s series expan-
sion procedure has been used to approximate the terms containing the delay argument (δ). To
increase the accuracy of the solution and the ROC of the scheme from 1 to 2, Richardson ex-
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Table 4: MAPEs (EN
ε ) and ROCs (RN

ε ) for diverse values of N and ε of Problem 4 for δ = 0.5ε

ε N = 23 N = 24 N = 25 N = 26 N = 27 N = 28 N = 29

before
extrapolation

10−6 1.9855(-002) 1.0658(-002) 5.5309(-003) 2.8184(-003) 1.4226(-003) 7.1450(-004) 3.5787(-004)
RNε 0.8976 0.9464 0.9726 0.9863 0.9935 0.9975

10−7 1.9856(-002) 1.0659(-002) 5.5314(-003) 2.8189(-003) 1.4231(-003) 7.1497(-004) 3.5833(-004)
RNε 0.8975 0.9464 0.9725 0.9861 0.9931 0.9966

10−8 1.9856(-002) 1.0659(-002) 5.5315(-003) 2.8189(-003) 1.4231(-003) 7.1502(-004) 3.5838(-004)
RNε 0.8975 0.9463 0.9725 0.9861 0.9930 0.9965

10−9 1.9856(-002) 1.0659(-002) 5.5315(-003) 2.8189(-003) 1.4231(-003) 7.1502(-004) 3.5838(-004)
RNε 0.8975 0.9463 0.9725 0.9861 0.9930 0.9965

10−10 1.9856(-002) 1.0659(-002) 5.5315(-003) 2.8189(-003) 1.4231(-003) 7.1502(-004) 3.5838(-004)
RNε 0.8975 0.9463 0.9725 0.9861 0.9930 0.9965

after
extrapolation

10−6 1.5751(-003) 4.4038(-004) 1.1714(-004) 2.9860(-005) 7.2300(-006) 1.4900(-006) 2.6000(-007)
RNε 1.8386 1.9105 1.9719 2.0461 2.2787 2.5187

10−7 1.5756(-003) 4.4083(-004) 1.1756(-004) 3.0310(-005) 7.6700(-006) 1.9000(-006) 4.6000(-007)
RNε 1.8376 1.9068 1.9555 1.9825 2.0132 2.0463

10−8 1.5756(-003) 4.4089(-004) 1.1761(-004) 3.0340(-005) 7.7100(-006) 1.9500(-006) 5.0000(-007)

RNε 1.8374 1.9064 1.9547 1.9764 1.9833 1.9635

10−9 1.5757(-003) 4.4087(-004) 1.1760(-004) 3.0360(-005) 7.7300(-006) 1.9500(-006) 5.1000(-007)
RNε 1.8376 1.9065 1.9536 1.9736 1.9870 1.9349
10−10 1.5756(-003) 4.4088(-004) 1.1763(-004) 3.0350(-005) 7.7000(-006) 1.9700(-006) 5.1000(-007)
RNε 1.8374 1.9061 1.9545 1.9788 1.9667 1.9496

Table 5: Comparison of MAPEs (EN
ε ) for diverse values of N and ε of Problem 1

ε N = 25 N = 26 N = 27 N = 28 N = 29 N = 210

2−20 6.4250(-005) 1.6310(-005) 3.8700(-006) 9.8000(-007) 5.3000(-007) 4.2000(-007)
2−24 6.4580(-005) 1.6650(-005) 4.2200(-006) 1.0600(-006) 2.7000(-007) 8.0000(-008)
2−28 6.4620(-005) 1.6640(-005) 4.2500(-006) 1.0800(-006) 2.9000(-007) 9.0000(-008)
2−32 6.4610(-005) 1.6640(-005) 4.2500(-006) 1.0800(-006) 2.9000(-007) 9.0000(-008)

result in [60]
2−20 4.7320(-003) 2.4804(-003) 1.2705(-003) 6.4304(-004) 3.2349(-004) 1.6223(-004)
2−24 4.7320(-003) 2.4804(-003) 1.2705(-003) 6.4307(-004) 3.2352(-004) 1.6226(-004)
2−28 4.7320(-003) 2.4804(-003) 1.2705(-003) 6.4307(-004) 3.2352(-004) 1.6226(-004)
2−32 4.7320(-003) 2.4804(-003) 1.2705(-003) 6.4307(-004) 3.2352(-004) 1.6226(-004)

result in [3]
2−20 0.12360(-001) 0.62211(-002) 0.31206(-002) 0.15628(-002) 0.78203(-003) 0.39117(-003)
2−24 0.12360(-001) 0.62211(-002) 0.31206(-002) 0.15628(-002) 0.78203(-003) 0.39117(-003)
2−28 0.12360(-001) 0.62211(-002) 0.31206(-002) 0.15628(-002) 0.78203(-003) 0.39117(-003)
2−32 0.12360(-001) 0.62211(-002) 0.31206(-002) 0.15628(-002) 0.78203(-003) 0.39117(-003)

trapolation technique is applied. Numerical experiments are performed to show the applicability
of the proposed method. Convergence and stability are also examined. Numerical results are
noted in tabular form in terms of MAPEs and the ROCs before and after applying the Richard-
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Table 6: Comparison of MAPEs (EN
ε ) for diverse values of N and ε of Problem 2

ε N = 25 N = 26 N = 27 N = 28 N = 29 N = 210

10−10 4.8070(-004) 1.2549(-004) 3.2030(-005) 8.0900(-006) 2.0300(-006) 5.2000(-007)

10−12 4.8070(-004) 1.2549(-004) 3.2030(-005) 8.0900(-006) 2.0300(-006) 5.2000(-007)

10−15 4.8070(-004) 1.2549(-004) 3.2030(-005) 8.0900(-006) 2.0300(-006) 5.2000(-007)

10−20 4.8070(-004) 1.2549(-004) 3.2030(-005) 8.0900(-006) 2.0300(-006) 5.2000(-007)
result in [60]

10−10 7.9338(-003) 4.0004(-003) 2.0070(-003) 1.0060(-003) 5.0411(-004) 2.5064(-004)

10−12 7.9338(-003) 4.0004(-003) 2.0070(-003) 1.0060(-003) 5.0411(-004) 2.5064(-004)

10−15 7.9338(-003) 4.0004(-003) 2.0070(-003) 1.0060(-003) 5.0411(-004) 2.5064(-004)

10−20 7.9338(-003) 4.0004(-003) 2.0070(-003) 1.0060(-003) 5.0411(-004) 2.5064(-004)

Figure 1: Solution graph for Problem 1 for N = 100, ε = 1
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Figure 2: Solution graph for Problem 1 for N = 100, ε = 1
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son extrapolation. The results are compared to the results in [60, 3, 58, 41]. The method is
successfully achieving quadratic order convergence with higher accuracy. Solution graphs for
the considered example problems produced by the proposed numerical technique are plotted for
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Table 7: Comparison of MAPEs (EN
ε ) for diverse values of N and ε of Problem 3

ε N = 25 N = 26 N = 27 N = 28 N = 29 N = 210

10−9 9.2200(-005) 2.3600(-005) 6.0000(-006) 1.6000(-006) 5.0000(-007) 3.0000(-007)

10−10 9.2200(-005) 2.3300(-005) 6.0000(-006) 1.6000(-006) 5.0000(-007) 3.0000(-007)

10−11 9.2200(-005) 2.3300(-005) 6.0000(-006) 1.6000(-006) 5.0000(-007) 3.0000(-007)

10−12 9.2200(-005) 2.3300(-005) 6.0000(-006) 1.6000(-006) 5.0000(-007) 3.0000(-007)

10−13 9.2200(-005) 2.3300(-005) 6.0000(-006) 1.6000(-006) 5.0000(-007) 3.0000(-007)

result in [60]
10−9 4.4394(-003) 2.3357(-003) 1.1972(-003) 6.0599(-003) 3.0464(-004) 1.5287(-004)

10−10 4.4394(-003) 2.3357(-003) 1.1972(-003) 6.0599(-003) 3.0464(-004) 1.5287(-004)

10−11 4.4394(-003) 2.3357(-003) 1.1972(-003) 6.0599(-003) 3.0464(-004) 1.5287(-004)

10−12 4.4394(-003) 2.3357(-003) 1.1972(-003) 6.0599(-003) 3.0464(-004) 1.5287(-004)

10−13 4.4394(-003) 2.3357(-003) 1.1972(-003) 6.0599(-003) 3.0464(-004) 1.5287(-004)

result in [3]
10−9 4.8030(-003) 2.5439(-003) 1.3085(-003) 6.6353(-004) 3.3410(-004) 1.6763(-004)

10−10 4.8030(-003) 2.5439(-003) 1.3085(-003) 6.6353(-004) 3.3410(-004) 1.6763(-004)

10−11 4.8030(-003) 2.5439(-003) 1.3085(-003) 6.6353(-004) 3.3410(-004) 1.6763(-004)

10−12 4.8030(-003) 2.5439(-003) 1.3085(-003) 6.6353(-004) 3.3410(-004) 1.6763(-004)

10−13 4.8030(-003) 2.5439(-003) 1.3085(-003) 6.6353(-004) 3.3410(-004) 1.6763(-004)

result in [58]
10−9 0.066(-001) 0.042(-001) 0.023(-001) 0.012(-001) 0.064(-002) 0.032(-002)

10−10 0.066(-001) 0.042(-001) 0.023(-001) 0.012(-001) 0.064(-002) 0.032(-002)

10−11 0.066(-001) 0.042(-001) 0.023(-001) 0.012(-001) 0.064(-002) 0.032(-002)

10−12 0.066(-001) 0.042(-001) 0.023(-001) 0.012(-001) 0.064(-002) 0.032(-002)

10−13 0.066(-001) 0.042(-001) 0.023(-001) 0.012(-001) 0.064(-002) 0.032(-002)

result in [41]
10−9 0.18(-001) 0.93(-002) 0.47(-002) 0.24(-002) 0.12(-002) 0.59(-003)

10−10 0.18(-001) 0.93(-002) 0.47(-002) 0.24(-002) 0.12(-002) 0.59(-003)

10−11 0.18(-001) 0.93(-002) 0.47(-002) 0.24(-002) 0.12(-002) 0.59(-003)

10−12 0.18(-001) 0.93(-002) 0.47(-002) 0.24(-002) 0.12(-002) 0.59(-003)

10−13 0.18(-001) 0.93(-002) 0.47(-002) 0.24(-002) 0.12(-002) 0.59(-003)
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Table 8: Comparison of MAPEs (EN
ε ) for diverse values of N and ε of Problem 4

ε N = 24 N = 25 N = 26 N = 27 N = 28 N = 29

10−9 4.4087(-004) 1.1760(-004) 3.0360(-005) 7.7300(-006) 1.9500(-006) 5.1000(-007)

10−10 4.4088(-004) 1.1763(-004) 3.0350(-005) 7.7000(-006) 1.9700(-006) 5.1000(-007)

10−11 4.4088(-004) 1.1763(-004) 3.0350(-005) 7.7200(-006) 1.9700(-006) 5.1000(-007)

10−12 4.4088(-004) 1.1763(-004) 3.0350(-005) 7.7200(-006) 1.9700(-006) 5.1000(-007)

10−13 4.4088(-004) 1.1763(-004) 3.0350(-005) 7.7200(-006) 1.9700(-006) 5.1000(-007)
result in [58]

10−9 0.40(-002) 0.20(-002) 0.10(-002) 0.51(-003) 0.26(-003) 0.13(-003)
10−10 0.40(-002) 0.20(-002) 0.10(-002) 0.51(-003) 0.26(-003) 0.13(-003)
10−11 0.40(-002) 0.20(-002) 0.10(-002) 0.51(-003) 0.26(-003) 0.13(-003)
10−12 0.40(-002) 0.20(-002) 0.10(-002) 0.51(-003) 0.26(-003) 0.13(-003)

10−13 0.40(-002) 0.20(-002) 0.10(-002) 0.51(-003) 0.26(-003) 0.13(-003)
result in [41]

10−9 0.11(-001) 0.57(-002) 0.29(-002) 0.14(-002) 0.72(-003) 0.36(-003)
10−10 0.11(-001) 0.57(-002) 0.29(-002) 0.14(-002) 0.72(-003) 0.36(-003)
10−11 0.11(-001) 0.57(-002) 0.29(-002) 0.14(-002) 0.72(-003) 0.36(-003)
10−12 0.11(-001) 0.57(-002) 0.29(-002) 0.14(-002) 0.72(-003) 0.36(-003)
10−13 0.11(-001) 0.57(-002) 0.29(-002) 0.14(-002) 0.72(-003) 0.36(-003)

Figure 3: Solution graph for Problem 2 for N = 100, ε = 1
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and various values of δ of o(ε)
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Figure 5: Solution graph for Problem 3 for N = 100, ε = 1
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and various values of δ of o(ε)
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Figure 6: Solution graph for Problem 3 for N = 100, ε = 1
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and various values of δ of o(ε)
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Figure 8: Solution graph for Problem 4 for N = 100, ε = 1
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and various values of δ of o(ε)
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Figure 9: Log-log plot for MAPE vs N for Problem 1 for various values of ε
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Figure 10: Log-log plot for MAPE vs N for Problem 2 for various values of ε
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Figure 11: Log-log plot for MAPE vs N for Problem 2 for various values of ε
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Figure 12: Log-log plot for MAPE vs N for Problem 4 for various values of ε
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N = 100 and different values of δ and ε. These graphs show that as the delay argument (δ)

increases and ε→ 0, the thickness of the boundary layer decreases. For more clarity, in Figures
9, 10, 11, and 12, we have plotted the log-log plots for MAPE vs N (after extrapolation) for the
considered Problems 1 to 4 for various values of ε. Through these figures, we easily observe that
despite increasing the value of N , for ε = 10−6, the MAPE increases after certain value of N .
Thus the method is capable of producing highly accurate and uniformly convergent results for
all the values of (1/N)� ε where ε ≤ 10−6. Novelty of the proposed method is associated with
the improvement in the accuracy of the solutions in such a way that the ROC increases from
1 to 2, when the Richardson extrapolation procedure is applied. For some methods/schemes,
the accuracy of the solutions obtained improves, but the ROC does not when the Richardson
extrapolation procedure is applied to it [50, 51].
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791 Adaptive-batch stochastic gradient descent for constrained optimization based on relaxed barrier functions

In this paper, we propose a novel hybrid algorithm, AdaBS-RBSGD, which integrates the
relaxed barrier framework with an adaptive batch size strategy. Our algorithm dynamically
adjusts the batch size Bk to be inversely proportional to the estimated optimization loss,
systematically reducing gradient variance as the iterates approach the solution.

We provide a rigorous mathematical proof establishing the almost-sure convergence of this
hybrid algorithm. Furthermore, our theoretical analysis of error bounds demonstrates that ac-
tive variance management allows the error term associated with stochastic noise to vanish more
rapidly compared to the baseline method. Empirically, results on a benchmark problem show
that the proposed algorithm significantly outperforms its single-sample counterpart, success-
fully breaking the “noise floor,” achieving higher stability, and reaching a more accurate final
solution. This work presents a practical and theoretically sound methodology for accelerating
and improving the precision of stochastic constrained optimization.

AMS subject classifications (2020): Primary 90C15, 90C25; Secondary 49M30, 65K05, 68T05.

Keywords: Constrained optimization, Stochastic gradient descent (SGD), Relaxed logarithmic
barrier functions, Adaptive batch sizes, Variance reduction, Large-scale optimization.

1 Introduction

Stochastic gradient descent (SGD) and its variants have become cornerstone algorithms in mod-
ern large-scale optimization, driving progress in fields ranging from machine learning to net-
worked systems [4, 14, 25]. These methods are fundamentally rooted in the pioneering work
on stochastic approximation by Robbins and Monro [16] and later acceleration techniques by
Polyak and Juditsky [15]. While SGD is exceptionally efficient for unconstrained problems [10],
its effective application to constrained optimization remains an active area of research [19].

Many classical approaches require full knowledge of the constraint set at each iteration, often
necessitating computationally expensive projection steps that are prohibitive when the number
of constraints is very large [22]. To overcome this challenge, recent methods have been developed
that rely on sampling only a subset of constraints [12, 23, 24]. A particularly promising direction
is the adaptive relaxed barrier SGD algorithm proposed by Dimitrieski, Cao, and Ebenbauer [7].
This approach avoids expensive projections by using a carefully adapted relaxed barrier function
[8, 9], allowing for sampling both the objective function and the constraints.

While the baseline algorithm guarantees almost-sure convergence [7], it suffers from a critical
limitation: the inherent high variance of single-sample gradients causes significant oscillations
and stagnation near the optimal solution. To overcome this fundamental bottleneck, we introduce
AdaBS-RBSGD (Adaptive-batch relaxed barrier SGD), a novel hybrid algorithm that explicitly
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targets this variance. Our key contribution lies in the seamless integration of relaxed barrier
functions with a dynamic batch-size adaptation strategy, building upon the foundations laid by
[1, 2, 3, 20, 21]. Specifically, unlike traditional methods, our approach adopts the logic from [20]
to actively suppress gradient noise by inversely scaling the batch size Bk with the optimization
loss —a technique shown to be a powerful alternative to decaying the learning rate [21]. This
allows the algorithm to break the “noise floor” and enable high-precision convergence without the
computational burden of full constraints. We provide a rigorous theoretical analysis establishing
the almost-sure convergence of this hybrid method and demonstrate its clear theoretical and
empirical advantages in variance reduction.

2 Problem statement and hybrid algorithm

2.1 Problem statement

In this paper, we consider the constrained optimization problem of finding a minimizer for a
finite sum objective function, subject to a large number of inequality constraints. The problem
is formally stated as:

min
x∈Rd

f(x) =
1

n

n∑
i=1

fi(x) s.t. gj(x) ≤ 0, j ∈ {1, . . . ,m}, (1)

where we assume that the objective functions fi and constraint functions gj are continuously
differentiable (C1) functions. We adopt the following standard assumptions [5, 6, 18]:

Assumption 1 (Objective function properties). The objective function f and its components
fi are assumed to possess the following properties for constants L ≥ µ > 0 and for any x, y ∈ Rd:

1. L-Smoothness: Each component fi(x) is L-smooth, meaning its gradient is Lipschitz
continuous with constant L:

fi(y) ≤ fi(x) +∇fi(x)T (y − x) +
L

2
||y − x||2

2. convexity: Each component fi(x) is convex:

fi(y) ≥ fi(x) +∇fi(x)T (y − x)

3. Strong Convexity: The total function f(x) is µ-strongly convex:
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793 Adaptive-batch stochastic gradient descent for constrained optimization based on relaxed barrier functions

f(y) ≥ f(x) +∇f(x)T (y − x) + µ

2
||y − x||2.

These assumptions, although restrictive, are not uncommon in convergence proofs for
gradient-based optimization algorithms [5, 7, 14].

Assumption 2 (Constraint functions). The constraint functions gj(x) are affine, defined as:

gj(x) := aTj x+ bj ,

where aj ∈ Rd and bj ∈ R. The feasible set X := {x ∈ Rd : gj(x) ≤ 0, ∀j} is assumed to have a
nonempty interior, which is a fundamental condition for applying barrier-based methods [5, 9]

Assumption 3 (Stochastic batch sampling). At each iteration k, given a batch size Bk ≥ 1, we
sample:

• A batch of objective indices: Ik = {is}Bk
s=1, where each is is drawn independently and

uniformly at random from U{1, . . . , n}.

• A batch of constraint indices: Jk = {js}Bk
s=1, where each js is drawn independently and

uniformly at random from U{1, . . . ,m}.

This uniform distribution is chosen to ensure that the stochastic batch average gradients are
unbiased estimators of the true gradients, thereby satisfying the standard assumptions for SGD
algorithms [16]. This is demonstrated by the following function:

1. For the objective function: The expected value of the sampled stochastic batch gradient
is equal to the true gradient of the full function [7, 16]:

E

[
1

Bk

Bk∑
s=1

∇fis(x)

]
=

1

Bk

Bk∑
s=1

E[∇fis(x)] =
1

n

n∑
i=1

∇fi(x) = ∇f(x).

2. For the barrier function: The expected value of the sampled stochastic batch gradient of
the barrier function equals the average effect of the gradients over all constraints [7]:

E

[
1

Bk

Bk∑
s=1

∇B(gjs(x), δ)

]
=

1

Bk

Bk∑
s=1

E[∇B(gjs(x), δ)]

=
1

m

m∑
j=1

∇B(gj(x), δ).
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To handle the constraints stochastically, we use the same relaxed logarithmic barrier function
B(z, δ) as defined in [7]. The core idea is to solve a sequence of unconstrained problems:

min
x∈Rd

Φk(x) := f(x) +
1

m

m∑
j=1

B(gj(x), δk),

where the barrier parameter δk = δ∞ + ϵk is adapted at each iteration k.

For completeness, we state the formulas for B(z, δ) and its gradient here, as adopted from [7].
The function is defined piecewise as:

B(z, δ) =

−δ log(−z) if z < −δ,
1
2

(
(z+2δ)2

δ − δ
)
− δ log(δ) if z ≥ −δ.

Its gradient with respect to z, ∇zB(z, δ), used in the SGD updates, is:

∇zB(z, δ) =

−δ/z if z < −δ,

(z + 2δ)/δ if z ≥ −δ.

2.2 The baseline algorithm

The baseline algorithm proposed by Dimitrieski, Cao, and Ebenbauer [7] is a single-sample SGD
method. This corresponds to a special case of Assumption 3 where the batch size is fixed to
Bk = 1 for all k. At each iteration k, it samples one objective index ik ∼ U{1, . . . , n} and one
constraint index jk ∼ U{1, . . . ,m}, and updates xk using the gradient Gbase

k :

Gbasek = ∇fik(xk) +∇B(gjk(xk), δk), (2)

xk+1 = xk − γkGbasek . (3)

As shown in our results, the high variance of Gbasek hinders the optimization process, lim-
iting the algorithm to the standard SGD convergence rate of O(1/

√
k) and causing significant

oscillations near the optimal solution.
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2.3 The proposed hybrid algorithm

To address the high variance of the baseline, we propose a hybrid algorithm, AdaBS-RBSGD,
which integrates the relaxed barrier framework with an adaptive batching mechanism [20]. In-
stead of a single sample, our method draws a batch of Bk indices: Ik = {i1, . . . , iBk

} and
Jk = {j1, . . . , jBk

}. The batch gradient Gk is the average:

Gk =
1

Bk

∑
i∈Ik

∇fi(xk) +
1

Bk

∑
j∈Jk

∇B(gj(xk).δk) (4)

The batch size Bk is adapted based on the practical batch loss, Lbatchk , which is defined as
follows:

Lbatchk =
1

Bk

∑
i∈Ik

fi(xk) +
1

Bk

∑
j∈Jk

B(gj(xk), δk). (5)

We follow the RADADAMP logic from [20] to update the batch size using this loss. The
process involves tracking a ”noise” term tk and its exponential moving average d̂k.

First, tk is calculated as a proxy for the ’optimization noise’, using the batch loss Lbatchk and
batch gradient Gk:

tk = Lbatchk + λ||Gk||2. (6)

Next, this term is smoothed using an exponential moving average d̂k:

d̂k = ρd̂k−1 + (1− ρ)tk. (7)

Finally, the batch size for the next iteration, Bk+1, is computed to be inversely proportional to
this average d̂k.

The intuition is that as the algorithm approaches the optimum, both the batch loss Lbatchk

and the gradient norm ||Gk||2 will decrease, leading to a smaller tk and consequently a smaller
d̂k. This smaller d̂k will, in turn, lead to a larger batch size Bk+1, actively reducing variance as
the solution is approached. The conceptual feedback loop of this process is illustrated in Figure
1. The full algorithm is detailed in Algorithm 1.

⋆ Parameters ρ and λ are adopted from the RADADAMP logic [20]. ρ is the ’memory’ or smoothing factor
for the exponential moving average d̂k (7), while λ is a balancing coefficient for the ’noise’ term tk (6) which
combines the loss Lbatch

k and the gradient norm ||Gk||2.
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Algorithm 1 AdaBS-RBSGD (Hybrid adaptive-batch relaxed barrier SGD)
Require: Initial point x0 ∈ Rd, total iterations K ∈ N, initial batch size B0 ∈ N≥1, max

batch size Bmax ∈ N≥B0 , step-size schedule {γk}K−1
k=0 ⊂ R+, barrier schedule {ϵk}K−1

k=0 ⊂ R+,
adaptive parameters ρ ∈ (0, 1), λ ∈ R+, δ∞ ∈ R+.⋆
Initialize: B ← B0, d̂← 0.0, d0 ← −1.0
for k = 0 to K − 1 do

// Phase 1: Setup Batch Size and Learning Rate
Bk ← dBe
γ′k ← γk
if Bk ≥ Bmax then

γ′k ← γk · (Bmax/Bk)
Bk ← Bmax

end if
Set barrier parameter δk ← δ∞ + ϵk
// Phase 2: Compute Stochastic Batch Gradient and Loss
Sample Ik = {i1, . . . , iBk

} ∼ U{1 : n}Bk

Sample Jk = {j1, . . . , jBk
} ∼ U{1 : m}Bk

Gk ← 1
Bk

∑
i∈Ik
∇fi(xk) + 1

Bk

∑
j∈Jk

∇B(gj(xk), δk)

Lbatchk ← 1
Bk

∑
i∈Ik

fi(xk) +
1
Bk

∑
j∈Jk

B(gj(xk), δk)
// Phase 3: Update Primary Iterate
xk+1 ← xk − γ′kGk
// Phase 4: Update Batch Size Logic (from [20])
tk ← Lbatchk + λ‖Gk‖2
if k = 0 then

d̂← tk
d0 ← tk

else
d̂← ρd̂+ (1− ρ)tk
if d̂ > 10−8 and d0 > 0 then

B ← B0 · (d0/d̂)
else

B ← Bmax
end if

end if
end for
return xK
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1. Optimization Loop (Dimitrieski)

2. Adaptive Controller (Sievert)

Stochastic Gradient Step
(Sample Ik,Jk

& Compute Gk)

Current Iterate
xk

Current Batch Size
Bk

Next Iterate
xk+1

Feedback Signal
Lbatch
k , Gk

Adaptive Batch Logic
(Compute tk, Update d̂k)

New Batch Size
Bk+1

Update Measure

feeds

feeds
back

for
(k

+
1
)

Figure 1: Conceptual diagram of the proposed AdaBS-RBSGD algorithm. The system is a feedback loop: (1)
The Optimization Loop (blue, from [7]) performs the stochastic update and measures the current loss. (2)
The Adaptive Controller (orange, from [20]) receives this feedback to compute the batch size Bk+1 for the
next iteration, actively managing the gradient variance.
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2.4 Design rationale

The proposed AdaBS-RBSGD algorithm is a nontrivial hybrid designed to address the core
weaknesses of its parent methods. The relaxed barrier component [7] provides a theoretically-
sound mechanism to handle constraints stochastically. However, its primary weakness is the high
variance from single-sample gradients. The adaptive batching component [20] directly targets this
weakness. By dynamically increasing Bk as the loss decreases, the algorithm actively suppresses
the gradient variance, allowing for more stable and precise steps near the optimum.

Noise Handling and Adaptation Speed: The algorithm manages stochastic noise by
continuously monitoring the noise proxy tk (6), which acts as a real-time signal of the variance
in the optimization landscape. The responsiveness of the algorithm to changing noise levels is
explicitly controlled by the memory factor ρ in the exponential moving average (7). A lower ρ
enables rapid adaptation to sudden noise shifts but may lead to instability, whereas a higher ρ
(such as our chosen ρ = 0.999) ensures a smoother, more gradual adaptation. This conservative
approach effectively filters out transient noise spikes, allowing the batch size to grow steadily only
when a persistent trend of variance reduction is detected, thus maintaining algorithmic stability.

Implicit Determination of Batch Growth Rate: Unlike heuristic schedules that enforce
a fixed growth rate, the rate of increase for Bk in AdaBS-RBSGD is not predetermined but is
fully data-driven. It is governed implicitly by the inverse relationship with the smoothed noise
metric d̂k (7). As the optimization loss decreases, d̂k diminishes, naturally driving Bk upward.
Consequently, the “optimal” rate emerges automatically from the landscape geometry: regions
of significant progress induce rapid batch scaling, while stagnation leads to slower growth. This
mechanism aligns with the practical guideline established by Smith et al. [21], which posits
that increasing the batch size is theoretically equivalent to decaying the learning rate γk. Thus,
practically, our algorithm decouples the manual tuning of batch schedules from the learning rate,
allowing the batch size to adjust automatically based on the solver’s progress.

3 Convergence analysis

In this section, we provide the formal statement of the convergence theorem for the proposed
AdaBS-RBSGD algorithm (Algorithm 1). The rigorous mathematical proof, structured into
logical steps, follows in Section 4.

Theorem 1 (Almost sure convergence of AdaBS-RBSGD). Consider the constrained optimiza-
tion problem (1) and assume Assumptions 1, 2, and 3 hold. Let {Xk}k≥0 be the sequence of
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iterates generated by Algorithm 1. Let {γk}k≥0 and {ϵk}k≥0 be positive sequences such that
δk = δ∞ + ϵk (with δ∞ > 0) satisfying

(a)
∑∞
k=0 γk =∞,

(b)
∑∞
k=0 γ

2
k <∞,

(c)
∑∞
k=0 γkϵk <∞.

Then, the sequence of iterates {Xk}k≥0 converges almost surely (a.s.) to the unique minimizer
of the relaxed problem, x∗(δ∞). That is:

lim
k→∞

Xk = x∗(δ∞) a.s.

Remark 1 (Convergence conditions and failure modes). The almost-sure convergence estab-
lished in Theorem 1 relies strictly on Assumptions 1-3. Consequently, the method guarantees
convergence primarily for strongly convex objectives subject to affine constraints, provided the
step-size conditions in Theorem 1 are met. The algorithm may fail or exhibit instability under
the following specific conditions:

1. Violation of convexity: Applying the method to nonconvex objectives violates Assump-
tion 1. Without strong convexity, the drift analysis in the proof (specifically the bound
on 〈∇Φ(Xk), Xk〉) no longer holds, risking entrapment in local minima or divergence.

2. Nonaffine constraints: Assumption 2 requires affine constraints to ensure the barrier
gradient variance remains quadratically bounded (as shown in (11) of the analysis). With
general nonlinear constraints, this bound may be violated, potentially leading to explosive
gradient variance.

3. Incompatible parameter decay: Convergence requires the specific interplay between
step-size and barrier parameters (

∑
γkϵk < ∞). If ϵk decays too rapidly relative to γk,

the bias error term will not vanish, preventing convergence to the exact solution.

4 Proof of almost-sure convergence

In this section, we provide a rigorous, step-by-step convergence analysis of the proposed AdaBS-
RBSGD algorithm. We rely on the Robbins-Siegmund supermartingale convergence lemma [17]
and the techniques for biased stochastic approximation [11] to establish that the iterate sequence
{Xk} converges almost surely to the optimal solution x∗.
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Proof of Theorem 1. We define the Lyapunov function Rk as the squared Euclidean distance
between the current iterate Xk and the unique minimizer x∗ := x∗(δ∞) of the limit problem:

Rk := ‖Xk − x∗‖2.

Let Fk denote the σ-algebra generated by the random variables {X0, . . . , Xk}. Our goal is to
analyze the conditional expectation E[Rk+1|Fk].

Step 1: Expansion of the iteration

Recall the update rule: Xk+1 = Xk − γkGk. We expand the squared norm:

Rk+1 = ‖Xk − γkGk − x∗‖2

= ‖(Xk − x∗)− γkGk‖2

= ‖Xk − x∗‖2 − 2γk〈Gk, Xk − x∗〉+ γ2k‖Gk‖2.

Taking the conditional expectation with respect to Fk:

E[Rk+1|Fk] = Rk − 2γk〈E[Gk|Fk], Xk − x∗〉+ γ2kE[‖Gk‖2|Fk]. (8)

Measurability note: Before proceeding, it is important to note that since the current iterateXk

is Fk-measurable (fully determined by the history up to step k), the terms∇Φ(Xk) and∇Ck(Xk)

are deterministic constants with respect to the conditional expectation E[·|Fk]. Consequently,
terms such as ‖∇Φ(Xk)‖ satisfy E[‖∇Φ(Xk)‖ | Fk] = ‖∇Φ(Xk)‖, as the expectation operator
acts solely on the random batch indices Ik and Jk drawn at the current iteration.

Step 2: Analysis of the expected gradient (Drift Term)

We analyze the expected gradient term E[Gk|Fk]. The batch gradient Gk is the average of Bk
independent samples. Let ∇ψi,j(x) = ∇fi(x) +∇B(gj(x), δk) be a single sample gradient.

E[Gk|Fk] = E

[
1

Bk

Bk∑
s=1

∇ψis,js(Xk)

∣∣∣∣∣Fk
]
= E[∇ψi,j(Xk)|Fk].

We decompose this expectation into the target gradient ∇Φ(Xk) and the bias term ∇Ck(Xk).
Following the notation in [7], we define the optimality gap of the potential function as:
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Φ0(Xk) := Φ(Xk)− Φ(x∗) ≥ 0. (9)

Substituting the decomposition back into the inner product term in (8):

−〈E[Gk|Fk], Xk − x∗〉 = −〈∇Φ(Xk), Xk − x∗〉 − 〈∇Ck(Xk), Xk − x∗〉.

By the strong convexity of Φ(x)⋆⋆, we have:

−〈∇Φ(Xk), Xk − x∗〉 ≤ −(Φ0(Xk) +
µ

2
‖Xk − x∗‖2).

Thus, applying the Cauchy-Schwarz inequality, the drift term is bounded by:

−2γk〈E[Gk], X̃k〉 ≤ −γk(2Φ0(Xk) + µRk) + 2γk‖∇Ck(Xk)‖
√
Rk. (10)

Step 3: Analysis of the variance (Noise Term)

We analyze E[‖Gk‖2|Fk]. Since samples are i.i.d., the variance of the average decreases with Bk:

E[‖Gk‖2|Fk] = ‖E[Gk]‖2 +Var(Gk|Fk)

= ‖∇Φ(Xk) +∇Ck(Xk)‖2 +
1

Bk
Var(∇ψi,j(Xk)).

Using the inequality ‖a+ b‖2 ≤ 2‖a‖2 + 2‖b‖2 and the bound on single-sample variance:

γ2kE[‖Gk‖2|Fk] ≤ γ2k
(
2‖∇Ck(Xk)‖2 + 2‖∇Φ(Xk)‖2 +

σ2

Bk

)
. (11)

Crucially, the stochastic noise term σ2

Bk
is explicitly reduced by the batch size.

Step 4: Synthesis and convergence

Substituting the bounds from (10) and (11) into (8), and utilizing the upper bounds for
‖∇Ck(Xk)‖ and ‖∇Φ(Xk)‖2 established in [7] (specifically in [7, Eqs. (8)–(10)]), we derive
the following supermartingale inequality:

E[Rk+1|Fk] ≤(1− γkµ+ γkξk)Rk

⋆⋆ The function Φ(x) is strongly convex as it is the sum of a strongly convex function f(x) (Assumption 1)
and a sum of convex functions. See [7], Appendix V-D, for the formal proof.
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− 2γk(1− 4γkL̂)Φ0(Xk)

+

(
βk(ϵk) +

γ2kσ
2

Bk

)
︸ ︷︷ ︸

Qk

, (12)

where L̂ is the modified smoothness constant, and Qk collects the error terms⋆⋆⋆. We verify the
conditions for Robbins-Siegmund:

1. The sequence γkξk is summable since
∑
γkϵk <∞.

2. The noise term Qk is summable since
∑
γ2k <∞ and Bk ≥ 1.

3. For sufficiently large k, (1− 4γkL̂) > 0.

Therefore, Rk converges almost surely to a random variable R∞. Furthermore, we have∑∞
k=0 γkΦ0(Xk) < ∞. Given that

∑
γk = ∞, this implies lim infk→∞ Φ0(Xk) = 0. Since Φ0 is

continuous and nonnegative, and Rk converges, we conclude Xk → x∗(δ∞) almost surely.

Remark 2 (Theoretical advantage). The derivation in Step 3 highlights the theoretical advan-
tage of the hybrid approach over the single-sample baseline proposed in [7]. Specifically, the
variance term for the hybrid algorithm behaves as:

Qhybridvar ∼ O
(
γ2k(σ

2
Φ + σ2

C(ϵk))

Bk

)
.

In contrast, the baseline method (where Bk = 1) has a variance term of order O(γ2k(σ2
Φ+σ

2
C(ϵk)))

(see [7, Eq. 20]). As Bk increases adaptively, the noise term in AdaBS-RBSGD vanishes at a
faster rate, allowing the algorithm to achieve lower error floors compared to the baseline.

5 Numerical experiments

In this section, we present a comprehensive empirical investigation to validate the theoretical
claims of our proposed AdaBS-RBSGD algorithm. The experiments are designed to demon-
strate its practical advantages over the baseline single-sample method from Dimitrieski, Cao,
and Ebenbauer [7].

⋆⋆⋆ In the baseline proof [7], the total error term is γkϵkrk + 4γ2kσ
2
Φ. Our Qk term modifies the variance

component to account for Bk > 1, while preserving the structural terms ξk and L̂ derived from the barrier
relaxation.
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5.1 Experimental setup

To ensure a fair and reproducible evaluation, the experiments were conducted on the Google
Colab platform with the following specifications:

• CPU: Intel(R) Xeon(R) CPU @ 2.20GHz

• RAM: 13.61 GB

• GPU: NVIDIA Tesla T4 (15 GB VRAM)

• OS: Linux

Test problem generation: We utilize the large-scale quadratic programming benchmark
framework introduced in [7]. The problem is constructed to ensure that the unconstrained
minimizer lies outside the feasible region, thereby enforcing active constraints at the optimal
solution. The objective function f(x) is defined as:

f(x) =
1

n

n∑
i=1

d∑
j=1

(
αi,jxj + log

(
1 + e−αi,jxj

)
+ (xj − β)2

)
,

where the dimension is set to d = 50 and the number of components is n = 10. The coefficients
αi,j are sampled uniformly from U(0.1, 1.1). The shift parameter is set to β ≈ 2.365, such that
the Euclidean norm of the unconstrained minimizer is approximately ‖x∗unc‖2 ≈ 15, ensuring it
violates the constraints.

The feasible set is defined bym = 10, 000 affine inequality constraints, generated to form an outer
approximation of an ellipsoidal set E := {x ∈ Rd : x⊤Qx ≤ 100}. Here, Q is a positive definite
diagonal matrix with entries qi ∼ U(1, 1.5), and the constraint normal vectors are randomly
sampled from the boundary of E . This construction guarantees a compact feasible set satisfying
the nonempty interior assumption.

The optimal solution x∗ is pre-computed using the L-BFGS-B algorithm on the deterministic
barrier objective. Crucially, to ensure statistical robustness, the results presented in this section
are averaged over R = 1000 independent simulation trajectories, providing a significantly
more rigorous validation compared to standard evaluations.
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5.2 Parameter robustness analysis

To assess the stability of our proposed hybrid algorithm, we conducted a comprehensive grid
search over the two key adaptive parameters from the RADADAMP logic [20]: the memory factor
ρ (RHO) and the regularization coefficient λ (REG LAMBDA). We evaluated the Mean Final
Error ||xk − x∗||2 at K = 5000 across a grid of ρ ∈ {0.9, 0.99, 0.999} and λ ∈ {10−4, 10−3, 10−2}.

Contrarily to findings in previous studies which noted performance degradation
at lower memory factors, our implementation demonstrated remarkable robustness.
As illustrated in Figure 2, the algorithm maintained a consistently low final error norm (approx-
imately 6.6× 10−3 to 6.8× 10−3) across the entire parameter grid. The uniform distribution of
low error values indicates that the adaptive batching mechanism effectively suppresses gradient
noise regardless of minor variations in hyperparameter settings.

Based on these results, we proceeded with the conservative settings of B0 = 2, Bmax = 8,
ρ = 0.999, and λ = 10−3 for the main experiments, although our analysis suggests that the
algorithm remains stable and precise over a much wider range of configurations.

Figure 2: Robustness Analysis: Mean Final Error ||xk − x∗||2 at K = 5000 for varying memory factors
(ρ) and regularization coefficients (λ). The uniform color distribution highlights the stability of the AdaBS-
RBSGD algorithm against parameter variations.
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5.3 Algorithms for comparison

We compare the performance of two algorithms:

• Base SGD (Baseline): The adaptive relaxed barrier SGD algorithm from [7], which
corresponds to our Algorithm 1 with a fixed batch size of Bk = 1.

• AdaBS-RBSGD (Ours): Our proposed hybrid algorithm using the adaptive parameters
defined in Section 5.2.

5.4 Performance evaluation

We now evaluate the algorithms based on convergence speed, final solution accuracy, and vari-
ance. The results are averaged over R = 1000 independent simulation trajectories.

5.4.1 Error vs. iterations

Figure 3 plots the primary performance metric, the Euclidean distance to the optimum ||xk−x∗||2,
against the number of iterations (k). The results clearly validate our central hypothesis.

• Baseline (Red): The baseline algorithm converges quickly but stagnates around a high-
variance ”noise floor” (approx. 1.4×10−2). The shaded red area remains large, preventing
further progress.

• AdaBS-RBSGD (Green): Our hybrid algorithm initially tracks the baseline. However,
as it approaches the optimum, the adaptive batching mechanism activates. The algorithm
breaks away from the baseline’s noise floor, actively suppressing variance. By iteration
10,000, it achieves a final solution that is approximately 64% more accurate (≈ 4.9×10−3)
than the baseline.

Robustness to Ill-Conditioning: The superior stability observed in Figure 3 also suggests
resilience against ill-conditioning. In ill-conditioned landscapes, where high curvature in specific
directions causes single-sample SGD to oscillate violently (zig-zagging), the adaptive increase in
batch size Bk plays a stabilizing role. By averaging out the stochastic noise components, the
algorithm computes a more accurate approximation of the true descent direction. This effectively
dampens the erratic oscillations typical of ill-conditioned problems, allowing AdaBS-RBSGD to
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Figure 3: Algorithm Performance Comparison (n = 10,m = 10000). The plot shows the mean ||xk − x∗||2
(solid line) and ±1 standard deviation (shaded area) over R = 1000 runs.

maintain steady progress where the baseline stagnates. Regarding nonconvexity, as noted in
Remark 1, while the current theory assumes convexity, this variance reduction mechanism is
expected to be empirically beneficial in navigating nonconvex landscapes, a subject reserved for
future investigation.

5.4.2 Adaptive batching mechanism

Figure 4 explains how the hybrid algorithm achieves this variance suppression. It plots the
behavior of the mean batch size Bk over the R = 1000 trajectories. Bk starts at B0 = 2 allowing
fast initial exploration. As the optimization loss decreases, Bk rapidly increases until it hits the
cap Bmax = 8. This transition from a low-batch to a controlled high-batch regime is precisely
what actively suppresses the gradient variance and enables continued convergence.

5.4.3 Computational efficiency

Figure 5 provides a critical analysis of computational efficiency by plotting the error against the
total number of gradient computations.
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Figure 4: Adaptive batch size behavior (Hybrid algorithm). The plot shows the mean Bk increasing from
B0 = 2 to Bmax = 8 as the algorithm converges.

• Baseline (Red): Efficient for low-accuracy solutions but hits a precision ceiling at ≈
1.4× 10−2, regardless of the computational budget.

• AdaBS-RBSGD (Green): While requiring slightly more gradient computations ini-
tially, the hybrid method successfully continues to converge past the baseline’s ceiling. It
trades a marginal increase in computation for a higher precision solution that is impossible
for the baseline to achieve.

Scalability with large number of constraints: A key advantage of the adaptive sampling
strategy is its scalability. The computational cost per iteration is dominated by the gradient
evaluations of the sampled batch, scaling as O(Bk · d), where d is the dimension of the decision
variable. Crucially, this cost is independent of the total number of constraints m. Even as
m grows extremely large (high-dimensional constraint space), the batch size remains capped
at Bmax � m. Consequently, AdaBS-RBSGD maintains high computational efficiency and is
well-suited for large-scale problems where evaluating all constraints is prohibitive.
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Figure 5: Computational Efficiency. The plot shows the mean ||xk−x∗||2 against the total cumulative gradient
computations (log-log scale).

5.4.4 Final solution quality and computational cost

Finally, we analyze the final iterate xK after K = 10, 000 iterations. Table 1 summarizes the
mean objective value f(xK), maximum constraint violation, and total wall-clock time.

Table 1: Comparison Results (Mean ± Std. Dev. over R = 1000 runs)
Algorithm Final Error ||x− x∗||2 Max Violation Mean Objective Total Time (s)
Dimitrieski (Baseline) 1.38× 10−2(±3.48× 10−3) 0.00(±0.00) 81.7414(±0.0001) 1.79
AdaBS-RBSGD (Ours) 4.91× 10−3(±1.22× 10−3) 0.00(±0.00) 81.7412(±0.0000) 2.53

The table provides two key insights:

1. Accuracy stability: Both algorithms find feasible solutions. However, the hybrid al-
gorithm achieves a significantly lower final error norm. More importantly, the standard
deviation of our method (±1.22 × 10−3) is approximately a factor of 3 lower than the
baseline (±3.48× 10−3), indicating superior algorithmic stability.

2. Computational Trade-offs: The transition from a fixed single-sample batch to an
adaptive batch size introduces a fundamental trade-off. By dynamically increasing Bk,
the per-iteration computational cost rises (since Bk gradient evaluations are required
instead of one). This explains why the hybrid algorithm’s total wall-clock time (2.53s)
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is higher than the baseline (1.79s). However, this additional computational investment
is strictly necessary to suppress the stochastic noise that limits the baseline’s precision.
Effectively, we trade a controlled increase in runtime for a significant gain in solution
accuracy and stability. Practically, this trade-off is kept efficient by the cap Bmax = 8,
ensuring the algorithm remains computationally feasible while achieving a precision level
that the fixed-batch baseline cannot reach.

5.5 Sensitivity to batch capacity limit (Bmax)

To rigorously justify our choice of the batch capacity limit Bmax = 8, we conducted an ablation
study analyzing the trade-off between solution accuracy and computational cost. We evaluated
the hybrid algorithm across a range of capacity limits Bmax ∈ {2, 4, 8, 16, 32, 64}, averaging the
results over independent trials to ensure statistical significance.

The results, illustrated in Figure 6, reveal a distinct trade-off point at Bmax = 8.

• Significant accuracy gain: Increasing the limit from Bmax = 2 to 8 results in a sharp
reduction in the final error norm ||xK−x∗|| (from ≈ 9.5×10−3 to ≈ 4.9×10−3), effectively
halving the error with only a minimal increase in execution time.

• Computational stability regime: For Bmax ≤ 8, the wall-clock time (dashed red line)
remains remarkably stable, showing only a slight linear increase. This indicates that the
adaptive batching is efficiently utilizing the available computational resources without
overhead.

• Cost-accuracy Trade-off: Beyond Bmax = 8, while the error continues to decrease,
the computational cost exhibits a steep, super-linear increase. For instance, achieving
the marginal accuracy gain at Bmax = 64 requires nearly doubling the execution time
compared to Bmax = 8.

Consequently, Bmax = 8 represents the optimal balance on the Pareto frontier, maximizing
solution precision while maintaining the computational efficiency that characterizes our proposed
method.
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Figure 6: Trade-off Analysis: Final error (solid blue) vs. Wall-clock time (dashed red) for varying batch
capacity limits (Bmax). The plot demonstrates that Bmax = 8 offers the optimal balance, avoiding the steep
computational penalty observed at higher capacities.

6 Conclusion

In this paper, we introduced AdaBS-RBSGD, a novel and efficient hybrid algorithm for solving
stochastic constrained optimization problems. Our work builds upon the modern framework
established by Dimitrieski, Cao, and Ebenbauer [7], addressing its critical limitation of high
gradient variance which leads to significant oscillation near the optimum. To overcome this, we
integrated the adaptive batching strategy (RADADAMP) from Sievert-Shah [20]. Our hybrid
algorithm dynamically adjusts the batch size Bk to be inversely proportional to the optimization
loss, actively suppressing gradient variance as the iterates approach the solution.

Our primary contribution is twofold. First, we provided a rigorous theoretical analysis es-
tablishing the almost-sure convergence of this nontrivial hybrid algorithm (Theorem 1). Second,
we presented comprehensive numerical experiments that empirically validate our approach. Our
results clearly demonstrate that AdaBS-RBSGD successfully breaks away from the high-variance
‘noise floor’ that stalls the baseline method, allowing our algorithm to achieve a significantly more
accurate and stable final solution.

This superior accuracy involves a manageable computational trade-off. As our experiments
with the optimized batch cap (Bmax = 8) confirm, achieving this high-precision solution requires
only a moderate increase in the computational budget (approx. 1.4× time increase) compared
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to the baseline method. This work thus presents a practical and theoretically-sound method
for accelerating stochastic constrained optimization, offering a valuable trade-off for applications
where solution precision and stability are paramount.

Future work

The promising results of our AdaBS-RBSGD algorithm open several interesting avenues for future
research:

• Analysis of convergence rate: Our current analysis proves almost-sure convergence.
A valuable theoretical extension would be to derive the explicit convergence rate of the
hybrid AdaBS-RBSGD algorithm, similar to analyses found in [13], formally proving that
it achieves a faster rate than the baseline, as suggested by our variance analysis.

• Interaction with step-size: This work used a pre-defined decaying step-size γk. Future
work should investigate the synergy between the adaptive batch size Bk and adaptive
learning rates (e.g., AdaGrad-style scaling), as both mechanisms respond to the optimiza-
tion landscape.

• Nonaffine constraints: The current analysis, similar to the baseline work [7], is focused
on problems with affine (linear) constraints. Investigating the performance, stability, and
theoretical guarantees of the AdaBS-RBSGD approach when applied to problems with
general nonlinear constraints would be an important next step.

• Nonuniform sampling: Our algorithm currently employs standard uniform sampling
for constraints. Future work could explore the synergy between adaptive batching and
nonuniform or importance sampling techniques. For instance, adaptively sampling con-
straints that are more frequently violated might accelerate convergence.

• Extension to non convex objectives: While our current theoretical framework relies
on the assumption of strong convexity to guarantee almost-sure convergence (Assump-
tion 1), stochastic gradient methods are widely used in nonconvex settings (e.g., neural
network training). Investigating the empirical performance and establishing local conver-
gence guarantees for AdaBS-RBSGD in nonconvex optimization landscapes represents a
significant and promising direction for future research.
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Comparative semi-analytical solutions of Caputo
time-fractional Fokker–Planck equations via Laplace

transform-based decomposition and iterative
methods
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Abstract

In this study, the Laplace Adomian decomposition method and the Laplace variational iteration
method are employed to obtain approximate analytical solutions for both linear and nonlin-
ear time-fractional Fokker–Planck equations (TFFPEs). These methods combine the Laplace
transform with the Adomian decomposition method and the variational iteration method,
respectively. Fractional derivatives are considered in the Caputo sense. The proposed ap-
proaches are straightforward to implement and yield solutions without requiring linearization,
discretization, or perturbation. Several examples are solved and presented both graphically
and numerically to illustrate the accuracy and stability of the methods. A comparison with
the exact solution for the integer-order case confirms that the approximate solutions are in
excellent agreement with the exact results. Further comparisons with other methods indicate
that the proposed approaches provide improved accuracy while reducing computational effort.
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All tabular and graphical results are generated using Python. Additionally, the stability and
convergence of the proposed methods for TFFPEs are analyzed.
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Keywords: Caputo fractional derivative, time fractional Fokker–Planck equation, Laplace
transform, Mittag-Leffler function, Convergence analysis, Error analysis

1 Introduction

Fractional calculus is a branch of mathematics that deals with derivatives and integrals of arbi-
trary orders and plays an important role in the mathematical modeling of real-world phenomena
such as anomalous diffusion, viscoelastic materials, signal and image processing, electromagnetic
field modeling, electrochemical processes, fluid flow problems, reaction-diffusion systems, water
wave dynamics, population growth studies, traffic flow analysis, fractional stochastic models, and
diverse topics in medical sciences [37, 45, 3].

The Fokker–Planck equation is a statistical physics equation developed by Adriaan Fokker
and Max Planck to describe Brownian motion and is commonly used to explain solute transport
[39]. The Fokker–Planck equation (FPE) appears in various fields in natural science, including
solid-state physics, astrophysics, chemical and biological systems, polymer dynamics, stochastic
processes, and circuit theory [39]. Due to the wide range of applications of the FPE, the aim of
this study is to obtain analytical and numerical solutions of the linear and nonlinear fractional
FPEs.

The linear time-fractional Fokker–Planck equation (TFFPE), also known as the fractional
forward Kolmogorov equation [39] has the form for the variables = and ℘:

∂ζ

∂℘ζ
u(=, ℘) = − ∂

∂=
[P (=, ℘)u(=, ℘)] + ∂2

∂=2
[R(=, ℘)u(=, ℘)] (1)

with the initial condition given by

u(=, 0) = f(=), = ∈ R. (2)

Here, ∂ζ

∂℘ζ
u(=, ℘) represents the Caputo fractional derivative of order ζ ∈ (0, 1) with respect to

time. The function u(=, ℘) is considered to be causal in both space and time. The terms P (=, ℘)
and R(=, ℘) > 0 denote the drift and diffusion coefficients, respectively, where both coefficients
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817 Comparative semi-analytical solutions of Caputo time-fractional Fokker–Planck equations ...

are assumed to depend only on the spatial variable =. A related fractional partial differential
equation is the fractional backward Kolmogorov equation [39], which can be expressed as follows:

∂ζu

∂℘ζ
= −

[
P (=, ℘) ∂

∂=
+R(=, ℘) ∂

2

∂=2

]
u(=, ℘). (3)

A generalization of (1) to n variables (=1,=2, . . . ,=n) yields the following:

∂ζu

∂℘ζ
= −

n∑
i=1

∂

∂=i
[Pi(=, ℘)u(=, ℘)] +

n∑
i=1

n∑
j=1

∂2

∂=i∂=j
[Rij(=, ℘)u(=, ℘)] (4)

with the initial condition given by

u(=, 0) = f(=), = = (=1,=2, . . . ,=n) ∈ Rn. (5)

The nonlinear TFFPE, which extends the traditional FPE, appears in numerous areas of sci-
ence and engineering, such as nonlinear hydrodynamics, plasma physics, surface physics, polymer
dynamics, laser physics, engineering applications, biophysics, neuroscience, population modeling,
pattern formation, and selected problems in psychology and marketing [9]. The nonlinear TFFPE
can be formulated as follows:

∂ζu

∂℘ζ
= −

n∑
i=1

∂

∂=i
[Pi(=, ℘, u)u(=, ℘)] +

n∑
i=1

n∑
j=1

∂2

∂=i∂=j
[Rij(=, ℘, u)u(=, ℘)] (6)

with the initial condition given by

u(=, 0) = f(=), = = (=1,=2, . . . ,=n) ∈ Rn, (7)

where ζ is the order of the fractional derivative (0 < ζ ≤ 1) and n is integer (n 6= 0).

Recently, researchers have developed many methods for constructing approximate analytical
solutions of TFFPEs, such as the new iterative method (NIM) [28], He’s homotopy perturba-
tion method (HPM) [34], new transform iterative method (NITM) and homotopy perturbation
Elzaki transform method (HPETM) [30], Yang transform decomposition method (YTDM) [2],
homotopy perturbation Sumudu transform method (HPSTM) [6], fractional power series method
(FPSM) [11], fractional iteration method (FIM) [31], shifted Chebyshev collocation method
(CPFK) and finite difference method (FDM) [10], homotopy analysis transform method (HATM)
[43], asymptotic homotopy perturbation method (AHPM) [19], and finite volume methods (FVM)
[48].
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Although many analytical and numerical methods have been successfully applied to solve
TFFPEs, the Laplace-based hybrid methods, namely the Laplace Adomian decomposition
method (LADM) and the Laplace variational iteration method (LVIM), offer distinct advan-
tages. These semi-analytical approaches provide highly accurate approximations that closely
match exact solutions even with only a few terms, converge rapidly, and require significantly less
computational effort compared to traditional iterative or numerical methods. Additionally, they
can handle both linear and nonlinear problems in a unified framework, making them versatile and
efficient for a wide range of fractional-order problems. Motivated by the need for fast, reliable,
and accurate solutions of TFFPEs with complex drift and diffusion terms, this paper applies
and compares LADM and LVIM, provides convergence and stability analysis, and validates the
methods with numerical examples, and demonstrates their effectiveness for complex fractional
systems.

In 1980, George Adomian introduced the Adomian decomposition method (ADM), which
is a well-known methodology to solve linear and nonlinear differential equations of classical as
well as fractional order that gives accurate solutions in a concurrent series form. However, ADM
does not properly decompose the fractional order parts. So, it was modified with many integral
transformations, such as Elzaki, Mohand, Adoodh, Sumudu, Natural, Kashuri-Fundo, Yang,
and Shehu [44, 7, 22]. ADM also combined with the Laplace transform leads to a powerful
method known as the LADM, which was introduced by Khuri [26]. In this method, we convert a
differential equation to an algebraic equation, and the nonlinear terms are decomposed in terms
of Adomian polynomials. LADM is more powerful than the standard ADM method [32].

Another well-known powerful method for solving differential equations is the variational
iteration method (VIM), introduced by Ji-Huan He [15]. The combined form of the Laplace
transform and the VIM is called the LVIM, introduced by Hammouch and Mekkaoui [12]. LVIM
is more powerful than VIM. Furthermore, the results obtained using LVIM have been compared
with LADM, showing that in some studies LVIM may be more accurate [33], but in our examples
both methods produce identical results. Unlike LADM, there is no necessity for the distinct
treatment of nonlinear terms.

Recent studies have shown the effectiveness of Laplace-based decomposition and iteration
techniques in solving nonlinear and fractional PDEs. For example, LADM has been applied
to the fractional Klein–Gordon [40], sine–Gordon [24], multi-dimensional Navier–Stokes [29],
Chaffee-Infante equations [5], PHI-four equation [41], voltage of telegraph equation [23], Ro-
tavirus model [1], SEIR epidemic model [8], smoking models [14], COVID-19 SDIQR epidemic
models [42]. Likewise, LVIM has been applied to fractional diffusion and reaction-diffusion equa-
tions [13], heat-like equations [4], wave-like equations [21], Klein–Gordon and sine–Gordon [35],
chemical kinetics and population dynamics [36], physical systems [25], microelectromechanical
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819 Comparative semi-analytical solutions of Caputo time-fractional Fokker–Planck equations ...

systems [47], transport phenomena [18], nonlinear PDEs [17] and many more. These appli-
cations highlight the wide utility of transform-based decomposition methods and motivate the
present comparative study of LADM and LVIM for TFFPEs.

The rest of this paper is organized as follows. Section 2 presents the necessary mathematical
preliminaries. Sections 3 and 4 describe the LADM and LVIM algorithms to solve TFFPE.
Section 5 presents the convergence and error analysis of the proposed methods. Section 6 provides
numerical examples and comparisons. Section 7 discusses the numerical and graphical results,
and Section 8 concludes the paper.

2 Mathematical preliminaries

This section presents fundamental concepts and operators essential for our subsequent analysis
of fractional differential equations.

Definition 1 (Caputo Fractional Derivative). For a function f ∈ Cn[0,∞) and real number
ζ > 0, the Caputo fractional derivative of order ζ is defined as follows [37]:

CDζ
ℑf(=) =


1

Γ(n− ζ)

∫ ℑ

0

(=− t)n−ζ−1f (n)(t) dt, n− 1 < ζ < n,

dn

d=n
f(=), ζ = n,

(8)

where n ∈ N and Γ(·) represents the gamma function.
For power functions, the Caputo derivative exhibits the following behavior:

CDζ
℘ ℘

β =


Γ(β + 1)

Γ(β − ζ + 1)
℘β−ζ , β > n− 1,

0, β ≤ n− 1,

(9)

where n− 1 < ζ ≤ n and β ∈ R.

Definition 2 (Laplace transform). The Laplace transform of a function f(℘) is given by [37, 45]

F (s) = L{f(℘)} =
∫ ∞

0

f(℘) e−s℘ d℘, (10)

where F (s) denotes the Laplace transform of f(℘).

Definition 3 (Laplace transform of fractional derivatives). For m− 1 < ζ ≤ m, where m ∈ N,
the Laplace transform of the Caputo fractional derivative satisfies [37]
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L
{
CDζf(℘)

}
= sζF (s)−

m−1∑
k=0

sζ−k−1f (k)(0), (11)

where F (s) denotes the Laplace transform of f(℘).

Definition 4 (Mittag-Leffler function). The one-parameter Mittag-Leffler function Eζ(℘) for
ζ > 0 is defined through the series expansion [37]:

Eζ(℘) =

∞∑
k=0

℘k

Γ(ζk + 1)
, (12)

where Γ(·) denotes the Gamma function.

3 Laplace Adomian decomposition method

The LADM (Laplace Adomian decomposition method) has been successfully applied to a vari-
ety of fractional derivatives, including Riemann–Liouville, Caputo, Caputo–Fabrizio–Riemann,
Caputo–Fabrizio–Caputo, Atangana–Baleanu–Riemann, and Atangana–Baleanu–Caputo types [20].
In this section, we focus on the implementation of the LADM algorithm for solving the nonlinear
TFFPE.

Applying the Laplace transform to both sides of (6) for one variable case, we get

L
(
∂ζu

∂℘ζ

)
= L

(
− ∂

∂=
[P (=, ℘, u)u(=, ℘)] + ∂2

∂=2
[R(=, ℘, u)u(=, ℘)]

)
. (13)

Applying the Laplace transform property for fractional derivatives yields

sζ ū(=, s)− sζ−1u(=, 0) = L
(
− ∂

∂=
[P (=, ℘, u)u] + ∂2

∂=2
[R(=, ℘, u)u]

)
. (14)

Using the initial condition (7), we obtain

ū(=, s) = f(=)
s

+
1

sζ
L
(
− ∂

∂=
[P (=, ℘, u)u] + ∂2

∂=2
[R(=, ℘, u)u]

)
. (15)

The standard Laplace decomposition method defines the solution u(=, ℘) as an infinite series:

u(=, ℘) =
∞∑
n=0

un(=, ℘). (16)
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The nonlinear terms M(u) = P (=, ℘, u)u and N(u) = R(=, ℘, u)u are decomposed using
Adomian polynomials:

M(u) =

∞∑
n=0

Mn, N(u) =

∞∑
n=0

Nn, (17)

where the Adomian polynomials are computed as

Mn =
1

n!

dn

dλn
M

( ∞∑
i=0

λiui

)∣∣∣∣∣
λ=0

, (18)

Nn =
1

n!

dn

dλn
N

( ∞∑
i=0

λiui

)∣∣∣∣∣
λ=0

. (19)

Substituting these into (15) gives

∞∑
n=0

un(=, s) =
f(=)
s

+
1

sζ
L

(
− ∂

∂=

∞∑
n=0

Mn +
∂2

∂=2

∞∑
n=0

Nn

)
. (20)

The recursive solution scheme becomes

ū0(=, s) =
f(=)
s

,

ūn+1(=, s) =
1

sζ
L
(
− ∂

∂=
Mn +

∂2

∂=2
Nn

)
, n ≥ 0.

(21)

Applying the inverse Laplace transform, we obtain

u0(=, ℘) = f(=), (22)

un+1(=, ℘) = L−1

[
1

sζ
L
(
− ∂

∂=
Mn +

∂2

∂=2
Nn

)]
, n ≥ 0. (23)

The approximate solution is obtained by truncating the series,

u(=, ℘) ≈
k∑

n=0

un(=, ℘). (24)

4 Laplace variational iteration method

Applying the Laplace transform to both sides of (6) and using the initial condition (7), we get

ū(=, s) = f(=)
s

+
1

sζ
L
(
− ∂

∂=
[P (=, ℘, u)u] + ∂2

∂=2
[R(=, ℘, u)u]

)
. (25)
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Applying the inverse Laplace transform yields

u(=, ℘) = f(=) + L−1

[
1

sζ
L
(
− ∂

∂=
[P (=, ℘, u)u] + ∂2

∂=2
[R(=, ℘, u)u]

)]
. (26)

Differentiating with respect to ℘ gives

∂u(=, ℘)
∂℘

=
∂

∂℘
L−1

[
1

sζ
L
(
− ∂

∂=
[P (=, ℘, u)u] + ∂2

∂=2
[R(=, ℘, u)u]

)]
. (27)

The correction functional is constructed as follows:

un+1(=, ℘) = un(=, ℘)−
∫ ℘

0

λ

[
∂un(=, ε)

∂ε

− ∂

∂ε
L−1

(
1

sζ
L
(
− ∂

∂=
[P (=, ε, un)un] +

∂2

∂=2
[R(=, ε, un)un]

))]
dε.

(28)

By the variational theory, the Lagrange multiplier λ for (28) can be obtained as follows:

1 + λ|ε=℘ = 0 ⇒ λ = −1.

Substituting λ = −1 into (28) yields the iterative scheme:

un+1(=, ℘) = un(=, ℘) +
∫ ℘

0

[
∂un(=, ε)

∂ε
− ∂

∂ε
L−1

(
1

sζ
L
(
− ∂

∂=
[P (=, ε, un)un]

+
∂2

∂=2
[R(=, ε, un)un]

))]
dε.

(29)

The exact solution is given by

u(=, ℘) = lim
n→∞

un(=, ℘). (30)

5 Convergence and error analysis

Definition 5. For a self map T : X → X on a set X, a point = is called a fixed point of T if

T (=) = =. (31)

Iran. J. Numer. Anal. Optim., Vol. 16, No. 3, 2026, pp 815–851



823 Comparative semi-analytical solutions of Caputo time-fractional Fokker–Planck equations ...

Definition 6. Consider a metric space (Ξ, d). A self-map T : X → X is said to be a contraction
if there exists a constant γ with 0 ≤ γ < 1 such that, for every pair =, ℘ ∈ X [27],

d
(
T (=), T (℘)

)
≤ γ d(=, ℘). (32)

Theorem 1. Let (X, d) be a complete non-empty metric space. If T : X → X is a contraction
mapping, then T has specifically one fixed point.

Proof. See proof in [27].

Theorem 2. Consider a Banach space (X, d), and let T : X → X be a self-mapping. Assume
that there exist constants δ ≥ 0 and 0 ≤ µ < 1 such that, for all x, y ∈ X,

d
(
T (x), T (y)

)
≤ δ d(x, T (x)) + µd(x, y). (33)

If T has a fixed point q, then T is said to be Picard-T stable.

Proof. See proof in [38].

5.1 Laplace Adomian decomposition method

Theorem 3 (Picard-T stability of LADM for nonlinear TFFPEs). Consider a Banach space
(X, ‖ · ‖) and a self-map T : X → X. Then, the iterative procedure (23) of the LADM is defined
by

T (un(=, ℘)) = un+1(=, ℘) = u(=, 0) + L−1

[
1

sζ
L (An(u))

]
, (34)

where An = − ∂
∂ℑMn + ∂2

∂ℑ2Nn is the Picard T -stable if

1. ‖Am(u)−An(u)‖ ≤ µ1‖um(=, ℘)− un(=, ℘)‖ for some µ1 ∈ R+,

2. µ = µ1

∥∥∥ ℘ζ

Γ(ζ+1)

∥∥∥ < 1.

Proof. First, we verify that the mapping T possesses a fixed point. Considering n,m ∈ N, we
obtain

T (un(=, ℘)) = u(=, 0) + L−1

[
1

sζ
L (An(u))

]
, (35)
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T (um(=, ℘)) = u(=, 0) + L−1

[
1

sζ
L (Am(u))

]
. (36)

Subtracting (36) from (35), we obtain

T (un(=, ℘))− T (um(=, ℘)) = L−1

[
1

sζ
L (An(u)−Am(u))

]
. (37)

Taking the norm on the both sides of (37) gives

‖T (un(=, ℘))− T (um(=, ℘))‖ =
∥∥∥∥L−1

[
1

sζ
L (An(u)−Am(u))

]∥∥∥∥ .
Using given assumption and the properties of the Laplace transform, we have

‖T (un(=, ℘))− T (um(=, ℘))‖ ≤ µ1‖um(=, ℘)− un(=, ℘)‖
∥∥∥∥L−1

[
1

sζ
L [1]

]∥∥∥∥
= µ1‖un(=, ℘)− um(=, ℘)‖

∥∥∥∥ ℘ζ

Γ(ζ + 1)

∥∥∥∥
= µ‖un(=, ℘)− um(=, ℘)‖,

where µ = µ1

∥∥∥ ℘ζ

Γ(ζ+1)

∥∥∥.
Thus, the self-map T has a fixed point and

‖T (un(=, ℘))− T (um(=, ℘))‖ ≤ δ‖un(=, ℘)− um(=, ℘)‖+ µ‖un(=, ℘)− um(=, ℘)‖. (38)

For δ = 0, µ = µ1

∥∥∥ ℘ζ

Γ(ζ+1)

∥∥∥ < 1, the self-map T is a contraction mapping. Therefore, by the
Banach fixed-point Theorem 2, the iterative scheme is Picard-T stable.

Theorem 4 (Convergence of LADM). Let (X, ‖ · ‖) be a Banach space and let T : X → X

be the operator associated with the LADM iteration scheme (34). Then there exists a unique
fixed point, and the sequence {ψn(=, ℘)}∞n=0 generated by LADM with an initial value u0 ∈ X
converges to this fixed point whenever 0 < η < 1, ‖u0‖ <∞, and

‖un+1(=, ℘)‖ ≤ η‖un(=, ℘)‖, n ≥ 0.

Proof. Take u0 ∈ X, and define the sequence of partial sums

ψn =

n∑
k=0

uk, n ≥ 0.
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From the assumption

‖ψn+1 − ψn‖ = ‖un+1‖ ≤ η‖un‖ ≤ η n+1‖u0‖.

For m > n, applying the triangle inequality yields

‖ψm − ψn‖ ≤
m∑

k=n+1

‖uk‖ ≤
m∑

k=n+1

ηk‖u0‖ ≤
η n+1

1− η
‖u0‖.

Since 0 < η < 1, the right-hand side tends to zero as n → ∞, so {ψn} is Cauchy in X and
hence convergent. Denote the limit by

ϕ∗ = lim
n→∞

ψn.

To establish uniqueness, suppose ψ is another fixed point. Then

‖ψ∗ − ϕ‖ = ‖T ϕ∗ − T ψ‖ ≤ η‖ϕ∗ − ψ‖.

As 0 < η < 1, this forces ϕ∗ = ψ. Therefore, ψ∗ is the unique fixed point of T .

Theorem 5 (Error bound LADM). Assume that
∑n
k=0 uk(=, ℘) is finite and that u(=, ℘) is the

corresponding series solution. Considering ‖uk+1(=, ℘)‖ ≤ η‖uk(=, ℘)‖ for some 0 < η < 1, then
the maximum absolute error is given by

‖u(=, ℘)−
n∑
k=0

uk(=, ℘)‖ <
ηn+1

1− η
‖u0(=, ℘)‖. (39)

Proof. Let
∑n
k=0 uk be finite; then

∑∞
k=0 uk <∞. We have

‖u−
n∑
k=0

uk‖ = ‖
∞∑

k=n+1

uk‖ ≤
∞∑

k=n+1

‖uk‖ ≤
∞∑

k=n+1

ηk‖u0‖

= ηn+1‖u0‖
∞∑
k=0

ηk =
ηn+1

1− η
‖u0‖.
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5.2 Laplace variational iteration method

From the iterative formula (29), we can rewrite it as

un+1(=, ℘) = un(=, ℘)− T [un], (40)

where the LVIM operator T [un] is defined as follows:

T [u] =
∫ ℘

0

[
∂u(=, ε)
∂ε

− ∂

∂ε
L−1

(
1

sζ
L
(
− ∂

∂=
[P (=, ε, u)u] + ∂2

∂=2
[R(=, ε, u)u]

))]
dε. (41)

Then the LVIM iteration can be written as

un+1(=, ℘) = un(=, ℘)− T [un]. (42)

Define the components ϑk, k = 0, 1, 2, . . ., through the recursive relation, ϑ0 = u0,

ϑk+1 = −T [ϑ0 + ϑ1 + · · ·+ ϑk], k = 0, 1, 2, . . . .
(43)

Then the series solution is given by

u(=, ℘) = lim
n→∞

un(=, ℘) =
∞∑
k=0

ϑk(=, ℘). (44)

Theorem 6 (Convergence of LVIM). Let T , defined in (41), be an operator from a Banach
space X to X. The series solution u(=, ℘) =

∑∞
k=0 ϑk(=, ℘), defined in (44), converges if there

exists 0 < η < 1 such that
‖ϑk+1‖ ≤ η‖ϑk‖

for all k ∈ N ∪ {0}.

Proof. From (43), we have ϑk+1 = −T [
∑k
i=0 ϑi]. The condition implies

‖ϑk+1‖ ≤ η‖ϑk‖ ≤ η2‖ϑk−1‖ ≤ · · · ≤ ηk+1‖ϑ0‖.

Define the sequence of partial sums {Sn}∞n=0 as

Sn =

n∑
k=0

ϑk, n = 0, 1, 2, . . . . (45)
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Consider the difference between consecutive partial sums:

‖Sn+1 − Sn‖ = ‖ϑn+1‖ ≤ ηn+1‖ϑ0‖. (46)

For any n,m ∈ N with n > m, we have

‖Sn − Sm‖ =

∥∥∥∥∥
n∑

k=m+1

(Sk − Sk−1)

∥∥∥∥∥ ≤
n∑

k=m+1

‖Sk − Sk−1‖

≤
n∑

k=m+1

ηk‖ϑ0‖ = ηm+1

(
1− ηn−m

1− η

)
‖ϑ0‖.

(47)

Since 0 < η < 1, we obtain
lim

n,m→∞
‖Sn − Sm‖ = 0. (48)

Hence, {Sn}∞n=0 is a Cauchy sequence in the Banach space X, which implies that the series
solution u(=, ℘) =

∑∞
k=0 ϑk(=, ℘) converges.

Theorem 7 (Error estimate for LVIM). If the series solution
∑∞
k=0 ϑk(=, ℘) converges to u(=, ℘),

and the truncated series
∑j
k=0 ϑk(=, ℘) is used as an approximation, then the maximum absolute

error Ej(=, ℘) is estimated by

Ej(=, ℘) =

∥∥∥∥∥u(=, ℘)−
j∑

k=0

ϑk(=, ℘)

∥∥∥∥∥ ≤ ηj+1

1− η
‖ϑ0‖, (49)

where 0 < η < 1 and ‖ϑk+1‖ ≤ η‖ϑk‖ for all k ≥ 0.

Proof. From the convergence proof, for n > j, we have

‖Sn − Sj‖ ≤ ηj+1

(
1− ηn−j

1− η

)
‖ϑ0‖. (50)

Taking the limit as n→∞, since Sn → u(=, ℘), we have

‖u(=, ℘)− Sj‖ ≤ lim
n→∞

‖Sn − Sj‖ ≤
ηj+1

1− η
‖ϑ0‖. (51)

Thus,

Ej(=, ℘) =

∥∥∥∥∥u(=, ℘)−
j∑

k=0

ϑk(=, ℘)

∥∥∥∥∥ ≤ ηj+1

1− η
‖ϑ0‖. (52)

Iran. J. Numer. Anal. Optim., Vol. 16, No. 3, 2026, pp 815–851



Hossain and Aman Ullah 828

6 Mathematical examples

In this section, we present the analytical solutions of several linear and nonlinear space-time
fractional FPEs and display the solutions both numerically and graphically. Furthermore, we
check the non-fractional case (ζ = 1) to ensure consistency with the exact solution.

Example 1. Consider a linear TFFPE (1) with P (=, ℘) = =, R (=, ℘) = ℑ2

2 :

∂ζu

∂℘ζ
=

[
− ∂

∂=
=+

∂2

∂=2

=2

2

]
u(=, ℘), (53)

subject to the initial condition

u(=, 0) = f(=) = =, = ∈ R. (54)

(i) LADM solution
Applying the Laplace transform to both sides of (53), we obtain

sζ ū(=, s)− sζ−1u(=, 0) = L
[
− ∂

∂=
(=u) + ∂2

∂=2

(
=2

2
u

)]
.

Using the initial condition (54), this becomes

ū(=, s) = =
s
+

1

sζ
L
[
− ∂

∂=
(=u) + ∂2

∂=2

(
=2

2
u

)]
.

The recurrence relation is, therefore

ū0(=, s) =
=
s
,

ūn+1(=, s) =
1

sζ
L
[
− ∂

∂=
(=un) +

∂2

∂=2

(
ℑ2

2 un

)]
, n ≥ 0.

(55)

Applying the inverse Laplace transform, we have

u0(=, ℘) = L−1

(
=
s

)
= =.

For n = 0 in (55):

u1(=, ℘) = L−1

[
1

sζ
L
(
− ∂

∂=
=2 +

∂2

∂=2

=3

2

)]
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= L−1

(
=
sζ+1

)
=

=℘ζ

Γ(ζ + 1)
.

For n = 1:

u2(=, ℘) = L−1

[
1

sζ
L
(
− ∂

∂=

(
=2℘ζ

Γ(ζ + 1)

)
+

∂2

∂=2

(
=3℘ζ

2Γ(ζ + 1)

))]
= L−1

[
1

sζ
L
(
=℘ζ

Γ(ζ + 1)

)]
= L−1

(
=

s2ζ+1

)
=

=℘2ζ

Γ(2ζ + 1)
.

Similarly,

u3(=, ℘) =
=℘3ζ

Γ(3ζ + 1)
.

Thus, the LADM approximate solution of (53) is

u(=, ℘) = =
(
1 +

℘ζ

Γ(ζ + 1)
+

℘2ζ

Γ(2ζ + 1)
+

℘3ζ

Γ(3ζ + 1)
+ . . .

)
= =Eζ(℘ζ). (56)

(ii) LVIM solution

Applying the Laplace transform to both sides of (53) with initial condition (54), we obtain

ū(=, s) = =
s
+
L
sζ

[
− ∂

∂=
(=u) + ∂2

∂=2

(
=2

2
u

)]
. (57)

Applying the inverse Laplace transform yields

u(=, ℘) = =+ L−1

[
1

sζ
L
[
− ∂

∂=
(=u) + ∂2

∂=2

(
=2

2
u

)]]
. (58)

Differentiating (58) with respect to ℘ gives

∂u(=, ℘)
∂℘

=
∂

∂℘
L−1

[
L
sζ

[(
− ∂

∂=
=+

∂2

∂=2

=2

2

)
u

]]
. (59)

Now, from (29), the iterative formula is

un+1(=, ℘) = un(=, ℘)

−
∫ ℘

0

[
∂un(=, ε)

∂ε
− ∂

∂ε
L−1

(
L
sζ

[
− ∂

∂=
(=un) +

∂2

∂=2

(
=2

2
un

)])]
dε.

(60)

The initial iteration:

Iran. J. Numer. Anal. Optim., Vol. 16, No. 3, 2026, pp 815–851



Hossain and Aman Ullah 830

u0(=, ℘) = =.

For n = 0:

u1(=, ℘) = =−
∫ ℘

0

[
∂=
∂ε
− ∂

∂ε
L−1

[
L
sζ

[
− ∂

∂=
=2 +

∂2

∂=2

=3

2

]]]
dε

= =+

∫ ℘

0

[
= ζ εζ−1

Γ(ζ + 1)

]
dε = =+

=℘ζ

Γ(ζ + 1)
.

For n = 1:

u2(=, ℘) = =+
=℘ζ

Γ(ζ + 1)
−
∫ ℘

0

[
∂

∂ε

(
=+

=εζ

Γ(ζ + 1)

)
− ∂

∂ε
L−1

[
L
sζ

[
− ∂

∂=

(
=2 +

=2εζ

Γ(ζ + 1)

)
+

∂2

∂=2

(
=3

2

(
1 +

εζ

Γ(ζ + 1)

))]]]
dε

= =+
=℘ζ

Γ(ζ + 1)
+

∫ ℘

0

[
2= ζ ε2ζ−1

Γ(2ζ + 1)

]
dε = =+

=℘ζ

Γ(ζ + 1)
+

=℘2ζ

Γ(2ζ + 1)
.

For n = 2:

u3(=, ℘) = =+
=℘ζ

Γ(ζ + 1)
+

=℘2ζ

Γ(2ζ + 1)
+

=℘3ζ

Γ(3ζ + 1)
.

The LVIM solution is

u(=, ℘) = =
(
1 +

℘ζ

Γ(ζ + 1)
+

℘2ζ

Γ(2ζ + 1)
+

℘3ζ

Γ(3ζ + 1)
+ · · ·

)
= =Eζ(℘ζ). (61)

Here, Eζ(℘ζ) is the Mittag-Leffler function. The LADM and LVIM solutions at ζ = 1

converge to u(=, ℘) = =e℘, which is the exact solution for the nonfractional FPE [16]. Our
LADM and LVIM solutions (56) and (61) match with the solutions obtained by NITM [30],
HPETM [30], YTDM [2], and HPSTM [6].
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Table 1: Comparative analysis of HPSTM [6], NITM [30], HPETM [30], YTDM [2], LADM, LVIM, and
exact solution for Example 1.

℘ = HPSTM NITM HPETM YTDM LADM LVIM Exact
0.2 0.25 0.305333 0.305333 0.305333 0.305333 0.305333 0.305333 0.305351
0.2 0.50 0.610667 0.610667 0.610667 0.610667 0.610667 0.610667 0.610701
0.2 0.75 0.916000 0.916000 0.916000 0.916000 0.916000 0.916000 0.916052
0.2 1.00 1.221333 1.221333 1.221333 1.221333 1.221333 1.221333 1.221403
0.4 0.25 0.372667 0.372667 0.372667 0.372667 0.372667 0.372667 0.372956
0.4 0.50 0.745333 0.745333 0.745333 0.745333 0.745333 0.745333 0.745912
0.4 0.75 1.118000 1.118000 1.118000 1.118000 1.118000 1.118000 1.118869
0.4 1.00 1.490667 1.490667 1.490667 1.490667 1.490667 1.490667 1.491825
0.6 0.25 0.454000 0.454000 0.454000 0.454000 0.454000 0.454000 0.455530
0.6 0.50 0.908000 0.908000 0.908000 0.908000 0.908000 0.908000 0.911059
0.6 0.75 1.362000 1.362000 1.362000 1.362000 1.362000 1.362000 1.366589
0.6 1.00 1.816000 1.816000 1.816000 1.816000 1.816000 1.816000 1.822119

Figure 1: Two-dimensional graphical solutions of Example 1 at ℑ = 0.1: (a) approximate solutions obtained
by the LADM for ζ = 0.8, 0.9 and 1.0, and (b) the corresponding exact solution.
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Figure 2: Three-dimensional graphical solutions of Example 1: (a) Approximate solutions for various values
of ζ, and (b) Exact solution.

Example 2. Consider a backward Kolmogorov equation (3) with P (=, ℘) = −(1 + =) and
R(=, ℘) = e℘=2:

∂ζ

∂℘ζ
u(=, ℘) = (1 + =) ∂

∂=
u(=, ℘) + e℘=2 ∂2

∂=2
u(=, ℘), (62)

subject to the initial condition:

u(=, 0) = 1 + =, = ∈ R. (63)

(i) LADM solution

Applying the Laplace transform to both sides of (62) with initial condition (63), we obtain

ū(=, s) = 1 + =
s

+
L
sζ

[
(1 + =) ∂u

∂=
+ e℘=2 ∂

2u

∂=2

]
. (64)

The recursive scheme is

ū0(=, s) =
1 + =
s

ūn+1(=, s) =
L
sζ

[
(1 + =) ∂

∂=
un(=, ℘) + e℘=2 ∂2

∂=2
un(=, ℘)

]
, n ≥ 0.

(65)

Applying the inverse Laplace transform, we have

u0(=, ℘) = L−1

(
1 + =
s

)
= 1 + =.
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For n = 0:

u1(=, ℘) = L−1

[
L
sζ

[
(1 + =) ∂

∂=
(1 + =) + e℘=2 ∂2

∂=2
(1 + =)

]]
= L−1

[
1 + =
sζ+1

]
= (1 + =) ℘ζ

Γ(ζ + 1)
.

For n = 1:

u2(=, ℘) = L−1

[
L
sζ

[
(1 + =) ∂

∂=

(
(1 + =) ℘ζ

Γ(ζ + 1)

)
+ e℘=2 ∂2

∂=2

(
(1 + =) ℘ζ

Γ(ζ + 1)

)]]
= L−1

[
L
sζ

[
(1 + =)℘ζ

Γ(ζ + 1)

]]
= L−1

[
1 + =
s2ζ+1

]
= (1 + =) ℘2ζ

Γ(2ζ + 1)
.

For n = 2:

u3(=, ℘) = (1 + =) ℘3ζ

Γ(3ζ + 1)
.

Thus, the LADM solution of (62) is given by

u(=, ℘) = (1 + =)
(
1 +

℘ζ

Γ(ζ + 1)
+

℘2ζ

Γ(2ζ + 1)
+

℘3ζ

Γ(3ζ + 1)
+ · · ·

)
= (1 + =)Eζ(℘ζ). (66)

(ii) LVIM solution

Applying the Laplace transform and the inverse Laplace transform to both sides of (62)
along with the initial condition, we get

u(=, ℘) = (1 + =) + L−1

[
L
sζ

[
(1 + =) ∂u

∂=
+ e℘=2 ∂

2u

∂=2

]]
. (67)

From (29) and (67), the iterative scheme becomes

un+1(=, ℘) = un(=, ℘)

−
∫ ℘

0

[
∂un(=, ε)

∂ε
− ∂

∂ε
L−1

(
L
sζ

[
(1 + =)∂un(=, ε)

∂=
+ e℘=2 ∂

2un(=, ε)
∂=2

])]
dε.

(68)

The initial iteration is
u0(=, ℘) = 1 + =.

From (68), for n = 0, we have
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u1(=, ℘) = (1 + =)

−
∫ ℘

0

[
∂(1 + =)

∂ε
− ∂

∂ε
L−1

[
L
sζ

(
(1 + =)∂(1 + =)

∂=
+
(
e℘=2

) ∂2(1 + =)
∂=2

)]]
dε

= (1 + =) +
∫ ℘

0

[
(1 + =) ζ εζ−1

Γ(ζ + 1)

]
dε = (1 + =)

(
1 +

℘ζ

Γ(ζ + 1)

)
.

Similarly, from (68), for n = 1, we have

u2(=, ℘) = u1(=, ℘)

−
∫ ℘

0

[
∂u1(=, ε)

∂ε
− ∂

∂ε
L−1

[
1

sζ
L
(
(1 + =)∂u1(=, ε)

∂=
+
(
e℘=2

) ∂2u1(=, ε)
∂=2

)]]
dε

= (1 + =)
(
1 +

℘ζ

Γ(ζ + 1)

)
+

∫ ℘

0

[
(1 + =) · 2ζε2ζ−1

Γ(2ζ + 1)

]
dε

= (1 + =)
(
1 +

℘ζ

Γ(ζ + 1)
+

℘2ζ

Γ(2ζ + 1)

)
.

Similarly,

u3(=, ℘) = (1 + =)
(
1 +

℘ζ

Γ(ζ + 1)
+

℘2ζ

Γ(2ζ + 1)
+

℘3ζ

Γ(3ζ + 1)

)
.

The LVIM solution is

u(=, ℘) = (1 + =)
(
1 +

℘ζ

Γ(ζ + 1)
+

℘2ζ

Γ(2ζ + 1)
+

℘3ζ

Γ(3ζ + 1)
+ · · ·

)
= (1 + =)Eζ(℘ζ). (69)

The LADM and LVIM solution at ζ = 1 converge to u(=, ℘) = (1+=)e℘, which is the exact
solution for the nonfractional FPE [16]. Our LADM and LVIM solutions (66) and (69) match
with the solutions obtained by NIM [28], NITM [30], HPETM [30], YTDM [2], and FPSM [11].
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Table 2: Comparative analysis of FIM, LADM, LVIM, and exact solution for Example 2, including absolute
errors for ζ = 1.

℘ = FIM [31] LADM LVIM Exact FIM Er. LADM Er. LVIM Er.
0.2 0.1 1.3434667 1.3434667 1.3434667 1.3435430 0.0000764 0.0000764 0.0000764
0.3 0.1 1.4844500 1.4844500 1.4844500 1.4848447 0.0003947 0.0003947 0.0003947
0.4 0.1 1.6397333 1.6397333 1.6397333 1.6410072 0.0012738 0.0012738 0.0012738
0.2 0.6 1.9541333 1.9541333 1.9541333 1.9542444 0.0001111 0.0001111 0.0001111
0.3 0.6 2.1592000 2.1592000 2.1592000 2.1597741 0.0005741 0.0005741 0.0005741
0.4 0.6 2.3850667 2.3850667 2.3850667 2.3869195 0.0018529 0.0018529 0.0018529
0.2 0.9 2.3205333 2.3205333 2.3205333 2.3206652 0.0001319 0.0001319 0.0001319
0.3 0.9 2.5640500 2.5640500 2.5640500 2.5647317 0.0006817 0.0006817 0.0006817
0.4 0.9 2.8322667 2.8322667 2.8322667 2.8344669 0.0022003 0.0022003 0.0022003

Figure 3: Two-dimensional graphical solutions of Example 2 for different values of ℑ when ζ = 1 at : (a)
Comparison of the approximate solutions with the exact solution, and (b) The corresponding absolute error .
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Figure 4: Three-dimensional graphical solutions of Example 2 for ζ = 1: (a) Comparison of the approximate
solutions with the exact solution, and (b) The corresponding absolute errors

Example 3. Consider a nonlinear TFFPE (6) with P1(=, ℘, u) = 4 uℑ −
ℑ
3 and R11(=, ℘, u) = u:

∂ζu

∂℘ζ
=

[
− ∂

∂=

(
4
u2

=
− =u

3

)
+

∂2

∂=2

(
u2
)]
, (70)

subject to the initial condition:
u(=, 0) = =2, = ∈ R. (71)

(i) LADM solution

Applying the Laplace transform with initial condition, we have

ū(=, s) = =
2

s
+

1

sζ
L
[
− ∂

∂=

(
4
u

=
− =

3

)
u+

∂2

∂=2
(u2)

]
. (72)

Applying the inverse Laplace transform, we get

u(=, ℘) = =2 + L−1

[
1

sζ
L
[
− ∂

∂=

(
4
u

=
− =

3

)
u+

∂2

∂=2
(u2)

]]
. (73)

Now, applying the standard Laplace decomposition method, we get the iterative formula:

∞∑
n=0

un(=, ℘) = =2 + L−1

[
1

sζ
L

[
− ∂

∂=

(
4

=

∞∑
n=0

Nn −
=
3

∞∑
n=0

un

)
+

∂2

∂=2

∞∑
n=0

Nn

]]
, (74)

where Nn are Adomian polynomials for u2 and Nn are Adomian polynomials for u2

ℑ :
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N0(u) = u20,

N1(u) = 2u0u1,

N2(u) = u21 + 2u0u2,

...

The solution components are

u0(=, ℘) = =2,

u1(=, ℘) = L−1

[
1

sζ
L
[
− ∂

∂=

(
4
u20
=
− =u0

3

)
+

∂2

∂=2
u20

]]
= L−1

[
1

sζ
L
[
− ∂

∂=

(
4=3 − =

3

3

)
+

∂2

∂=2

(
=4
)]]

= L−1

[
1

sζ
L
[
− ∂

∂=

(
11=3

3

)
+ 12=2

]]
= L−1

[
1

sζ
L
[
−11=2 + 12=2

]]
= L−1

[
1

sζ
· =

2

s

]
=
=2℘ζ

Γ(ζ + 1)
,

u2(=, ℘) = L−1

[
1

sζ
L
[
− ∂

∂=

(
4
2u0u1
=
− =u1

3

)
+

∂2

∂=2
(2u0u1)

]]
= L−1

[
1

sζ
L
[
− ∂

∂=

(
8=u1 −

=u1
3

)
+

∂2

∂=2
(2=2u1)

]]
= L−1

[
1

sζ
L
[
− ∂

∂=

(
23

3
=u1

)
+ 4u1 + 4=∂u1

∂=
+ 2=2 ∂

2u1
∂=2

]]
= L−1

[
1

sζ
L
[
=2

(
℘ζ

Γ(ζ + 1)

)]]
= L−1

[
=2

s2ζ+1

]
=
=2℘2ζ

Γ(2ζ + 1)

u3(=, ℘) =
=2℘3ζ

Γ(3ζ + 1)
.

Thus, the LADM solution of (70) is given by

u(=, ℘) = =2

(
1 +

℘ζ

Γ(ζ + 1)
+

℘2ζ

Γ(2ζ + 1)
+

℘3ζ

Γ(3ζ + 1)
+ · · ·

)
= =2Eζ(℘

ζ). (75)

(ii) LVIM solution

From (29) and (73), the iterative scheme becomes
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un+1(=, ℘) = un(=, ℘)

−
∫ ℘

0

[
∂un(=, ε)

∂ε
− ∂

∂ε
L−1

[
L
sζ

(
− ∂

∂=

(
4
u2n
=
− =un

3

)
+

∂2

∂=2
u2n

)]]
dε.

(76)

The initial iteration is
u0(=, ℘) = =2.

Then for n = 0:

u1(=, ℘) = =2 −
∫ ℘

0

[
∂=2

∂ε
− ∂

∂ε
L−1

[
L
sζ

(
− ∂

∂=

(
4
=4

=
− =

3

3

)
+
∂2=4

∂=2

)]]
dε

= =2 −
∫ ℘

0

[
0− ∂

∂ε
L−1

[
1

sζ
L
(
− ∂

∂=

(
4=3 − =

3

3

)
+ 12=2

)]]
dε

= =2 −
∫ ℘

0

[
− ∂

∂ε
L−1

[
1

sζ
L
(
− ∂

∂=

(
11=3

3

)
+ 12=2

)]]
dε

= =2 −
∫ ℘

0

[
− ∂

∂ε
L−1

[
1

sζ
L
(
−11=2 + 12=2

)]]
dε

= =2 −
∫ ℘

0

[
− ∂

∂ε
L−1

[
1

sζ
· =

2

s

]]
dε

= =2 −
∫ ℘

0

[
− ∂

∂ε

(
=2εζ

Γ(ζ + 1)

)]
dε

= =2 +

∫ ℘

0

[
=2ζεζ−1

Γ(ζ + 1)

]
dε

= =2 +
=2℘ζ

Γ(ζ + 1)
.

For n = 1:

u2(=, ℘) = u1(=, ℘)−
∫ ℘

0

[
∂u1(=, ε)

∂ε
− ∂

∂ε
L−1

[
L
sζ

(
− ∂

∂=

(
4
u21
=
− =u1

3

)
+

∂2

∂=2
u21

)]]
dε

= =2 +
=2℘ζ

Γ(ζ + 1)
−
∫ ℘

0

[
∂

∂ε

(
=2 +

=2εζ

Γ(ζ + 1)

)
− ∂

∂ε
L−1

[
1

sζ
L

(
− ∂

∂=

(
4

=

(
=2 +

=2εζ

Γ(ζ + 1)

)2

− =
3

(
=2 +

=2εζ

Γ(ζ + 1)

))

+
∂2

∂=2

(
=2 +

=2εζ

Γ(ζ + 1)

)2
)]]

dε

= =2 +
=2℘ζ

Γ(ζ + 1)
−
∫ ℘

0

[
=2ζεζ−1

Γ(ζ + 1)
− ∂

∂ε
L−1

[
1

sζ
L
(
=2

(
1 +

εζ

Γ(ζ + 1)

))]]
dε

= =2 +
=2℘ζ

Γ(ζ + 1)
−
∫ ℘

0

[
=2ζεζ−1

Γ(ζ + 1)
− ∂

∂ε

(
=2εζ

Γ(ζ + 1)
+
=2ε2ζ

Γ(2ζ + 1)

)]
dε
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= =2 +
=2℘ζ

Γ(ζ + 1)
−
∫ ℘

0

[
=2ζεζ−1

Γ(ζ + 1)
−
(
=2ζεζ−1

Γ(ζ + 1)
+

2=2ζε2ζ−1

Γ(2ζ + 1)

)]
dε

= =2 +
=2℘ζ

Γ(ζ + 1)
+

∫ ℘

0

[
2=2ζε2ζ−1

Γ(2ζ + 1)

]
dε

= =2 +
=2℘ζ

Γ(ζ + 1)
+
=2℘2ζ

Γ(2ζ + 1)
.

Similarly,

u3(=, ℘) = =2

(
1 +

℘ζ

Γ(ζ + 1)
+

℘2ζ

Γ(2ζ + 1)
+

℘3ζ

Γ(3ζ + 1)

)
.

Hence, the LVIM solution is

u(=, ℘) = =2

(
1 +

℘ζ

Γ(ζ + 1)
+

℘2ζ

Γ(2ζ + 1)
+

℘3ζ

Γ(3ζ + 1)
+ . . .

)
= =2Eζ(℘

ζ). (77)

The LADM and LVIM solution at ζ = 1 converges to u(=, ℘) = =2e℘, which is the exact
solution for the nonfractional FPE [16]. Our LADM and LVIM solutions (75) and (77) match
with the solutions obtained by HPM [34], NITM [30], HPETM [30], YTDM [2], and HPSTM [6].

Table 3: Comparative analysis of FIM, LADM, LVIM, and exact solution for Example 3, including absolute
errors for ζ = 1.

= ℘ FIM [31] LADM LVIM Exact FIM Er. LADM Er. LVIM Er.
0.1 0.2 0.0124081 0.0122133 0.0122133 0.0122140 0.0001941 0.0000007 0.0000007
0.1 0.3 0.0137434 0.0134950 0.0134950 0.0134986 0.0002452 0.0000036 0.0000036
0.1 0.4 0.0151706 0.0149182 0.0149182 0.0149182 0.0002524 0.0000001 0.0000001
0.6 0.2 0.4466918 0.4396800 0.4396800 0.4397050 0.0069868 0.0000250 0.0000250
0.6 0.3 0.4947610 0.4858200 0.4858200 0.4859492 0.0088118 0.0001292 0.0001292
0.6 0.4 0.5461427 0.5366400 0.5366400 0.5370569 0.0090858 0.0004169 0.0004169
0.9 0.2 1.0050566 0.9892800 0.9892800 0.9893362 0.0157204 0.0000562 0.0000562
0.9 0.3 1.1132122 1.0930950 1.0930950 1.0933856 0.0198265 0.0002906 0.0002906
0.9 0.4 1.2288211 1.2074400 1.2074400 1.2083780 0.0213781 0.0009380 0.0009380

Iran. J. Numer. Anal. Optim., Vol. 16, No. 3, 2026, pp 815–851



Hossain and Aman Ullah 840

Figure 5: Two-dimensional graphical solutions of Example 3 for different values of ζ: (a) u(ℑ, ℘) versus ℘, and
(b) u(ℑ, ℘) versus ℑ.

Figure 6: Three-dimensional graphical solutions of Example 3: (a) Comparison of the approximate solutions
obtained by the LADM for different values of ζ with the exact solution, and (b) the absolute error surface for
ζ = 1.

Example 4. Consider another nonlinear TFFPE:

∂ζu

∂℘ζ
= − ∂

∂=

(
3u2 − =u

2

)
+

∂2

∂=2

(
=u2

)
, (78)

subject to the initial condition:
u(=, 0) = =, = ∈ R. (79)
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(i) LADM solution

Applying the Laplace transform and the inverse Laplace transform to both sides of (78)
along with the initial condition, we get

u(=, ℘) = =+ L−1

[
L
sζ

[
− ∂

∂=

(
3u2 − =u

2

)
+

∂2

∂=2

(
=u2

)]]
. (80)

Now, applying the standard Laplace decomposition method, we get the iterative formula:

∞∑
n=0

un(=, ℘) = =+ L−1

[
L
sζ

[
− ∂

∂=

(
3

∞∑
n=0

Nn −
=
2

∞∑
n=0

un

)
+

∂2

∂=2

(
=

∞∑
n=0

Nn

)]]
, (81)

where Nn are Adomian polynomials for u2 [46]:

N0(u) = u20, N1(u) = 2u0u1, N2(u) = u21 + 2u0u2, . . .

The solution components are

u0(=, ℘) = =,

u1(=, ℘) = L−1

[
L
sζ

[
− ∂

∂=

(
3u20 −

=u0
2

)
+

∂2

∂=2

(
=u20

)]]
= L−1

[
L
sζ

[
− ∂

∂=

(
5=2

2

)
+

∂2

∂=2

(
=3
)]]

= L−1

[
=
sζ+1

]
=

=℘ζ

Γ(ζ + 1)
,

u2(=, ℘) = L−1

[
L
sζ

[
− ∂

∂=

(
6u0u1 −

=u1
2

)
+

∂2

∂=2
(2=u0u1)

]]
= L−1

[
L
sζ

(
− ∂

∂=

(
11=2

2
· ℘ζ

Γ (ζ + 1)

)
+

∂2

∂=2

(
2=3 ℘ζ

Γ (ζ + 1)

))]
= L−1

[
L
sζ

[
=℘ζ

Γ(ζ + 1)

]]
= L−1

[
=

s2ζ+1

]
=

=℘2ζ

Γ(2ζ + 1)

u3(=, ℘) =
=℘3ζ

Γ(3ζ + 1)
.

Thus, the LADM solution of (78) is given by

u(=, ℘) = =
(
1 +

℘ζ

Γ(ζ + 1)
+

℘2ζ

Γ(2ζ + 1)
+

℘3ζ

Γ(3ζ + 1)
+ · · ·

)
= =Eζ(℘ζ). (82)

(ii) LADM solution
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From (29) and (80), the iterative scheme becomes

un+1(=, ℘) = un(=, ℘)−
∫ ℘

0

[
∂un(=, ε)

∂ε
(83)

− ∂

∂ε
L−1

[
L
sζ

[
− ∂

∂=

(
3u2n(=, ε)−

=un(=, ε)
2

)
+

∂2

∂=2

(
=u2n(=, ε)

) ]]]
dε. (84)

The initial iterationis
u0(=, ℘) = =.

For n = 0:

u1(=, ℘) = =−
∫ ℘

0

[
∂=
∂ε
− ∂

∂ε
L−1

[
L
sζ

[
− ∂

∂=

(
3=2 − =

2

2

)
+

∂2

∂=2

(
=3
) ]]]

dε

= =+

∫ ℘

0

[
=ζεζ−1

Γ(ζ + 1)

]
dε = =

(
1 +

℘ζ

Γ(ζ + 1)

)
.

For n = 1:

u2(=, ℘) = u1(=, ℘)

−
∫ ℘

0

[
∂un(=, ε)

∂ε
− ∂

∂ε
L−1

(
L
sζ

[
− ∂

∂=

(
3u21 −

=u1
2

)
+

∂2

∂=2

(
=u21

)])]
dε

= =
(
1 +

℘ζ

Γ(ζ + 1)

)
+

∫ ℘

0

[
=2ζε2ζ−1

Γ(2ζ + 1)

]
dε

= =
(
1 +

℘ζ

Γ(ζ + 1)
+

℘2ζ

Γ(2ζ + 1)

)
.

For n = 2:

u3(=, ℘) = =
(
1 +

℘ζ

Γ(ζ + 1)
+

℘2ζ

Γ(2ζ + 1)
+

℘3ζ

Γ(3ζ + 1)

)
.

The LVIM solution is

u(=, ℘) = =
(
1 +

℘ζ

Γ(ζ + 1)
+

℘2ζ

Γ(2ζ + 1)
+

℘3ζ

Γ(3ζ + 1)
+ · · ·

)
= =Eζ(℘ζ). (85)

The LADM and LVIM solution at ζ = 1 converges to u(=, ℘) = =e℘, which is the exact
solution for the nonfractional and our LADM and LVIM solutions (82) and (85) match with the
solutions obtained by HPSTM [6].
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Figure 7: Two-dimensional graphical solutions of Example 4 for ζ = 1 : (a) Comparison of approximate and
exact solutions, and (b) the corresponding absolute error.

Figure 8: Three-dimensional graphical solutions of Example 4 at ζ = 1: (a) Comparison of approximate and
exact solutions, (b) the corresponding absolute error.

Example 5. Consider another TFFPE (4) with A1(=, ξ) = =, A2(=, ξ) = 5ξ, B1,1(=, ξ) = =2,
B1,2(=, ξ) = 1, B2,1(=, ξ) = 1, B2,2(=, ξ) = ξ2, that is,

∂ζu

∂℘ζ
= − ∂

∂=
=u− ∂

∂ξ
5ξu+

∂2

∂=2
=2u+

∂2

∂=∂ξ
u+

∂2

∂ξ∂=
u+

∂2

∂ξ2
ξ2u, (86)

Subject to the initial condition:
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u(=, ξ, 0) = =, =, ξ ∈ R. (87)

(i) LADM solution

Applying the Laplace transform to both sides and using the initial condition, we obtain

u(=, ξ, s) = =
s
+

1

sζ
L
[
− ∂

∂=
(=u)− ∂

∂ξ
(5ξu) +

∂2

∂=2
(=2u) +

∂2

∂=∂ξ
u+

∂2

∂ξ∂=
u+

∂2

∂ξ2
(ξ2u)

]
.

(88)

The recurrence relation is

u0(=, ξ, s) =
=
s
,

un+1(=, ξ, s) =
1

sζ
L
[
− ∂

∂=
(=un)−

∂

∂ξ
(5ξun) +

∂2

∂=2
(=2un) +

∂2

∂=∂ξ
un +

∂2

∂ξ∂=
un +

∂2

∂ξ2
(ξ2un)

]
.

(89)

Applying the inverse Laplace transform, we have

u0(=, ξ, ℘) = L−1

(
=
s

)
= =.

For n = 0:

u1(=, ξ, ℘) = L−1

[
1

sζ
L
[
− ∂

∂=
(=2)− ∂

∂ξ
(5ξ=) + ∂2

∂=2
(=3) +

∂2

∂=∂ξ
=+

∂2

∂ξ∂=
=+

∂2

∂ξ2
(ξ2=)

]]
= L−1

[
1

sζ
L [=]

]
= L−1

[
=
sζ+1

]
= = ℘ζ

Γ(ζ + 1)
.

For n = 1:

u2(=, ξ, ℘) = L−1

[
1

sζ
L
[
= ℘ζ

Γ(ζ + 1)

]]
= L−1

[
=

s2ζ+1

]
= = ℘2ζ

Γ(2ζ + 1)
.

Similarly,

u3(=, ξ, ℘) = =
℘3ζ

Γ(3ζ + 1)
.

Thus, the LADM solution is

u(=, ξ, ℘) = =
(
1 +

℘ζ

Γ(ζ + 1)
+

℘2ζ

Γ(2ζ + 1)
+

℘3ζ

Γ(3ζ + 1)
+ · · ·

)
= =Eζ(℘ζ). (90)

(ii) LVIM solution

The iterative formula is:
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un+1(=, ξ, ℘) = un(=, ξ, ℘)−
∫ ℘

0

[
∂un
∂ε
− ∂

∂ε
L−1

[
1

sζ
L
[
− ∂

∂=
(=un)−

∂

∂ξ
(5ξun)

+
∂2

∂=2
(=2un) +

∂2

∂=∂ξ
un +

∂2

∂ξ∂=
un +

∂2

∂ξ2
(ξ2un)

]]]
dε.

(91)

The initial iteration is
u0(=, ξ, ℘) = =.

For n = 0:
u1(=, ξ, ℘) = =+

∫ ℘

0

[
=ζεζ−1

Γ(ζ + 1)

]
dε = =+ = ℘ζ

Γ(ζ + 1)
.

For n = 1:

u2(=, ξ, ℘) = =+ = ℘ζ

Γ(ζ + 1)
+

∫ ℘

0

[
2=ζε2ζ−1

Γ(2ζ + 1)

]
dε = =+ = ℘ζ

Γ(ζ + 1)
+ = ℘2ζ

Γ(2ζ + 1)
.

Similarly,

u3(=, ξ, ℘) = =+ = ℘ζ

Γ(ζ + 1)
+ = ℘2ζ

Γ(2ζ + 1)
+ = ℘3ζ

Γ(3ζ + 1)
.

Hence, the LVIM solution is

u(=, ξ, ℘) = =
(
1 +

℘ζ

Γ(ζ + 1)
+

℘2ζ

Γ(2ζ + 1)
+

℘3ζ

Γ(3ζ + 1)
+ · · ·

)
= =Eζ(℘ζ). (92)

The LADM and LVIM solution at ζ = 1 converge to u(=, ξ, ℘) = =e℘, which is the exact
solution for the nonfractional and our LADM and LVIM solutions (90) and (92) match with the
solutions obtained by HPM [34].

7 Results and discussion

In Table 1, we present the numerical results of Example 1 for different values of ℘ and =,
obtained using HPSTM [6], NITM [30], HPETM [30], YTDM [2], LADM, and LVIM. The
results are compared with the exact solution when ζ = 1. It can be observed that LADM
and LVIM produce identical results, which are in excellent agreement with the exact solution.
Moreover, the consistency of LADM and LVIM with other recently developed methods (HPSTM,
NITM, HPETM, and YTDM) further demonstrates the validity, accuracy, and robustness of the
proposed approaches.

Tables 2 and 3 summarize the numerical results for Examples 2 (linear) and 3 (nonlinear)
for different values of = and ℘, comparing the FIM [31], LADM, LVIM, and exact solutions at
ζ = 1. In both linear and nonlinear cases, LADM and LVIM produce nearly identical results
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that closely match the exact solutions, exhibiting minimal absolute errors. While FIM performs
adequately for the linear problem, it shows comparatively larger deviations in the nonlinear case.
These observations confirm that the proposed Laplace-based hybrid methods are highly accurate,
reliable, and computationally efficient, achieving rapid convergence with fewer iterations and
lower computational cost compared to traditional approaches. Furthermore, the accuracy of the
approximate solutions can be systematically improved by including additional terms in the series
expansions.

Since LADM and LVIM solutions yield the same results, we consider only the LADM solution
in the graphs. Figures 1–6 illustrate the LADM solutions compared with the exact solutions for
Examples 1–3.

In Figure 1, the two-dimensional LADM solutions for ζ = 0.8, 0.9, 1 at = = 0.5 over ℘ ∈
[0, 0.5] are shown, with cross markers indicating discrete solution points, while graph (b) displays
the exact solution at ζ = 1 with circular markers. Excellent agreement between the approximate
and exact solutions is observed. Figure 2 presents the corresponding three-dimensional surfaces
over = ∈ [0, 1] and ℘ ∈ [0, 1], further confirming this agreement.

For Example 2, Figures 3 and 4 show two-dimensional and three-dimensional comparisons at
ζ = 1 across different = and ℘ values. The two-dimensional absolute error in Figure 3(b) and the
three-dimensional error in Figure 4(b) remain very small, demonstrating that LADM converges
quickly and accurately even with only the first four terms of the series.

Figures 5 and 6 illustrate the effect of different fractional orders ζ = 0.7, 0.8, 0.9, 1 for Ex-
ample 3. Two-dimensional plots show LADM solutions for fixed = or ℘ compared with the exact
solution at ζ = 1, and three-dimensional plots display the solution surfaces and absolute errors.
In all cases, LADM solutions closely match the exact solutions, confirming the accuracy and
reliability of the proposed method.

Figures 7 and 8 present the graphical results for Example 4 at ζ = 1. The two-dimensional
plots compare the approximate and exact solutions along with the corresponding absolute error.
The three-dimensional plots illustrate the solution surfaces and the absolute error distribution.
The results show an excellent agreement between the approximate and exact solutions, demon-
strating the accuracy and effectiveness of the proposed method.

8 Conclusion

In this study, the LADM and the LVIM were successfully applied to solve both linear and nonlin-
ear TFFPEs (time-fractional Fokker–Planck equations), as well as related fractional differential
equations. The proposed methods proved to be efficient and robust in obtaining analytical and
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numerical solutions, achieving excellent agreement with exact solutions after just a few itera-
tions. Compared to existing approaches such as YTDM, NITM, HPETM, HPSTM, and FIM,
LADM and LVIM require less computational effort while providing higher accuracy, particularly
for nonlinear TFFPEs. Unlike traditional numerical techniques, these methods do not require
discretization, linearization, or perturbation, making them highly practical for complex fractional
systems. The present work can be extended to more sophisticated fractional models arising in
physics, engineering, and finance, demonstrating the versatility of LADM and LVIM. Future
research may explore higher-dimensional fractional models or the application of other fractional
operators, including Atangana–Baleanu, Caputo–Fabrizio, and conformable derivatives.
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simulation and compares the portfolios with different levels of risk over time instead of apply-
ing a deterministic system of selection based on historical data. The technical indicators of the
LQ45 index predict the risk-aversion coefficient and can steer the model to the direction of the
market. Under cardinality, quantity, and liquidity constraints, seven portfolios constructed
from major Indonesian stock indices can be optimized with a Branch-and-Bound method that
operates in GEKKO Python. Simulation results on 10,000 runs are taken to give the portfolios
probabilistic rankings of return and risk. The probability values computed using the Monte
Carlo method are plotted against the sample size to illustrate the convergence behavior of the
algorithm. Eventually, to evaluate the robustness of the algorithm, variations in the probability
values are examined by adding normally distributed noise into the model input parameters.

AMS subject classifications (2020): Primary 91G10; Secondary 91G60.

Keywords: Logistic regression; Mean semi-absolute deviation; Monte-Carlo simulation; Port-
folio selection; Risk-aversion coefficients.

1 Introduction

After Markowitz introduced the mean-variance portfolio theory [13], many research topics have
been based on it. For example, studies by Anagnostopoulos and Mamanis [1] and Cesarone,
Scozzari, and Tardella [3] built upon the theory, while Simaan [17] compared it to other theories,
such as mean absolute deviation (MAD). There is also research in which portfolio risk is measured
using MAD, mean semi-absolute deviation (MSAD), or Gini’s mean difference (GMD) instead
of the variance used by Markowitz.

Konno and Yamazaki [11] and Konno and Wijayanayake [10] chose MAD as a measure of
portfolio risk for two reasons: It is a more straightforward approach, and the Markowitz model,
which uses a covariance matrix, is considered impractical due to computational difficulties and
implementation complications. MAD accounts for all deviations of a portfolio’s return rate
from its expected value, both smaller and larger than the expected value. However, a rational
investor might only consider deviations below the expected value as actual risk. In other words,
variability in the return rate of a portfolio above the average should not be penalized, as investors
are more concerned with poor performance (underperformance) than with excessive performance
(overperformance). For this reason, MSAD is preferred over MAD, as seen in the work of Sortino
and Meer [18]. Although they did not explicitly use the term MSAD, their article introduced
the concept of downside deviation, which is the basis of MSAD. They argued that investors are
more concerned with the risk of loss, so risk measurement should focus on deviations below the
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average. Other researchers who have used MSAD as a measure of portfolio risk include Fang,
Lai, and Wang [4] and Yixuan and Zhongfeng [21].

Using GMD for risk measurement, as done by Ji, Lejeune, and Prasad [8] and Jiang, Ji, and
Chang [9], is actually better than MSAD. This is because GMD is calculated by averaging all
absolute differences between every pair of data points in a data set, whereas MSAD is calculated
by averaging the absolute deviations of returns that are below the average return. However, this
increases the computational complexity of GMD at O(n2), compared to MSAD, which is only
O(n). For this reason, we chose MSAD as our portfolio risk measure over GMD.

Apart from risk measurement, there are other things that need to be considered in forming
a portfolio, that is, risk-aversion adjustment. This adjustment is exhibited by Jiang, Ji, and
Chang [9] and Grant, Kwon, and Satchell [6]. The risk-aversion coefficient is needed to reflect
the market trend [9]. Finally, there are several practical constraints that need to be considered
in portfolio selection: Cardinality (the number of assets in a portfolio) [1, 3, 14, 20], quantity
(the proportion of funds for each asset) [1, 3, 20], and transaction cost [4].

In general, research on portfolio optimization uses deterministic methods in formulating
problems [22]; therefore, an alternative approach is needed to consider uncertainty and address
the problem probabilistically, as proposed by Shadabfar and Cheng [15] and Xiaoxia [19]. The
main objective of this research is to provide a consideration for investors by adopting Shadabfar-
Cheng’s algorithm. Our research introduces several key methodological enhancements and ex-
tensions compared to the work of Shadabfar and Cheng [15]. The main differences are as follows.

1. The portfolio risk measure is calculated using the MSAD, rather than the portfolio vari-
ance.

2. We incorporate a risk-aversion coefficient that reflects the market trends.

3. The model is extended by incorporating cardinality, quantity, transaction cost, and liq-
uidity constraints.

4. We display the proportion of funds for each asset, which is essential for investors but is
often not discussed in many researches.

We use Monte Carlo simulation to present a probabilistic solution for the individual return and
risk of portfolios [16].

The remainder of this paper is organized as follows. Section 2 begins with a brief introduction
to the fundamental methods. Section 3 then describes the portfolio optimization model we
constructed and the probabilistic approach methodology employed in this research. Section 4
is dedicated to the discussion and analysis of the research results, including the convergence
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of Monte Carlo simulation and robustness of the algorithm to random perturbations. Finally,
Section 5 provides the conclusion based on the obtained findings.

2 Overview

2.1 Logistic regression

Logistic regression is a type of statistical analysis used to model the relationship between one
or more independent variables (predictors) and a single categorical or binary dependent vari-
able. Unlike linear regression, which predicts a continuous value, logistic regression predicts the
probability that an event occurs, with the output being a value between 0 and 1.

In the context of this study, logistic regression is used to predict the direction of a stock
index movement and to determine the risk-aversion coefficient α, as demonstrated by Jiang, Ji,
and Chang [9]. Although Jiang et al. actually used both logistic regression and XGBoost for this
prediction, the accuracy of the two methods was not significantly different (XGBoost was only
1.01% more accurate than logistic regression). For this reason and because logistic regression is
easier to implement and interpret, this study uses logistic regression to predict the direction of
the movement of the stock index.

According to James et al. [7], logistic regression can be expressed as

log
(

p(X)

1− p(X)

)
= β0 +

k∑
i=1

βiXi, (1)

where X = (X1, X2, . . . , Xk) are the k predictors. Equation (1) can be rewritten as

p(X) =
eβ0+

∑k
i=1 βiXi

1 + eβ0+
∑k

i=1 βiXi
.

The probability value p(X) is then used as an input for the risk-aversion coefficient α in the
portfolio optimization model [9].
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2.2 Branch & Bound method

The Branch and Bound algorithm is a divide-and-conquer methodology for solving discrete opti-
mization problems. We adopted the robust method from [12], which is often partially responsible
for successfully solving complex problems.

Consider the integer linear program (ILP):

zP := max
n∑
j=1

cjyj

subject to :

n∑
j=1

aijyj ≤ bi, for i = 1, 2, . . . ,m,

yj ∈ Z, for j = 1, 2, . . . , n.

We assume that the feasible region of the linear programming (LP) relaxation of P is a bounded
set. Consequently, the set of feasible solutions for a subproblem P ′ is a finite set.

1. Upper Bounds: Solve the linear programming relaxation of the subproblem P ′. Let y∗

be its optimal solution. The optimal objective function value of the LP relaxation of P ′

serves as an upper bound for zP ′ .

2. Branching Rule: Select a variable yk that is not an integer, that is, y∗k /∈ Z. The
branching is performed by creating two new subproblems: (a) P ′ with the additional
constraint yk ≤ by∗kc, and (b) P ′ with the additional constraint yk ≥ dy∗ke.

3. Lower Bounds: If the solution y∗ of the LP relaxation of P ′ happens to be in S′

(the set of feasible solutions to the integer linear program P ′), then the objective value
z∗ := c(y∗) constitutes a lower bound on zP ′ . This bound can be further refined. Even if
the optimal solution is not feasible for P ′, feasible solutions to P ′ can be visited during the
process of solving its LP relaxation (e.g., using the primal simplex method). Each of these
solutions also provides a lower bound on zP ′ . Furthermore, it may be possible to perturb
the solution of the LP relaxation to obtain a feasible solution to P ′; for instance, if the
coefficients aij are all nonnegative, then rounding down the components of y∗ provides a
feasible solution.
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3 Problem formulation and methodology

3.1 Portfolio model

In this study, portfolio risk is measured using the MSAD, as proposed by Fang, Lai, and Wang
[4].

Assume that a portfolio consists of n assets and that rij represents the return of the ith asset
in the jth period, with i = 1, 2, . . . , n and j = 1, 2, . . . ,m. It is also assumed that m > n. Let
yi, for i = 1, 2, . . . , n, denote the proportion of investment for the ith asset, with

∑n
i=1 yi = 1.

With these proportions, we assume that investors can buy assets in real numbers.
The semi-absolute deviation of the portfolio return with respect to the expected return in

period j = 1, . . . ,m is defined as follows [4]:

vj(y) = min
(
0,

n∑
i=1

(rij − r̄i)yi

)
=

1

2

(
n∑
i=1

(rij − r̄i)yi −

∣∣∣∣∣
n∑
i=1

(r̄i − rij)yi

∣∣∣∣∣
)

with r̄i being the average return of the ith asset.
Thus, the MSAD (mean semi-absolute deviation) of the portfolio return can be expressed

as:

V (y) =
1

m

m∑
j=1

vj(y) =
1

2m

m∑
j=1

(
n∑
i=1

(rij − r̄i)yi −

∣∣∣∣∣
n∑
i=1

(r̄i − rij)yi

∣∣∣∣∣
)
,

where y = (y1, y2, . . . , yn)
⊤ and yi ∈ [0, 1].

The portfolio return without transaction cost is given by
∑n
i=1 r̄iyi. If we assume that the

transaction cost for each asset is γi. Then the total transaction cost is
∑n
i=1 γiyi, so we have to

subtract the previous return by this cost to get the net of return portfolio, that is,

n∑
i=1

r̄iyi −
n∑
i=1

γiyi.

The portfolio optimization model in which risk is measured using MSAD is given by

max z1 =

n∑
i=1

r̄iyi −
n∑
i=1

γiyi, (2a)

min z2 =
1

2m

m∑
j=1

(
n∑
i=1

(rij − r̄i)yi −

∣∣∣∣∣
n∑
i=1

(r̄i − rij)yi

∣∣∣∣∣
)
, (2b)

subject to
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n∑
i=1

si = K, (2c)

0 ≤ yi ≤ δisi, i = 1, . . . , n, (2d)

li ≤ δi ≤ ui, i = 1, . . . , n, (2e)
n∑
i=1

yi +

n∑
i=1

γiyi = 1, (2f)

n∑
i=1

λiyi ≥ L, (2g)

si ∈ {0, 1}, i = 1, . . . , n, (2h)

yi ≥ 0, i = 1, . . . , n. (2i)

The portfolio model (2) can be explained as follows:

1. The functions z1 (2a) and z2 (2b) represent the portfolio return and risk, respectively.
Since investors naturally seek to maximize returns and minimize risk, the problem is
formulated as one of maximizing returns and minimizing risk.

2. The constraint
∑n
i=1 si = K (2c) is a cardinality constraint, where K denotes the

number of assets in the portfolio. The binary variable si (2h) indicates whether an asset
i is included in the portfolio, thereby allowing investors to limit the number of assets.

3. The constraints 0 ≤ yi ≤ δisi (2d) and li ≤ δi ≤ ui (2e), for i = 1, . . . , n, are quantity
constraints. They ensure that if an asset i is in the portfolio, its investment proportion
is limited to a range between 0 and δi. The investor’s profile determines the values of li
and ui.

4. The constraint
∑n
i=1 yi +

∑n
i=1 γiyi = 1 (2f) means that the entire investment fund is

used for portfolio construction after deducting transaction fees.

5. The constraint on equation (2g) is called a liquidity constraint. The liquidity of the ith
stock, denoted as λi and its calculated as the ratio of the average number of shares traded
to the number of listed shares. Investors set the number L for this liquidity constraint

6. The constraint yi ≥ 0, for i = 1, . . . , n (2i), prohibits short-selling in portfolio construction.

The model (2) is a multi-objective optimization problem. To simplify it, the model is trans-
formed into a single-objective optimization problem, as follows:
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min
[
− α

(
n∑
i=1

r̄iyi −
n∑
i=1

γiyi

)

+ (1− α)

 1

2m

m∑
j=1

(
n∑
i=1

(rij − r̄i)yi −

∣∣∣∣∣
n∑
i=1

(r̄i − rij)yi

∣∣∣∣∣
)].

The coefficient α ∈ [0, 1] is referred to as the risk-aversion coefficient, and the investor
typically determines its value. However, in this study, α is derived from the predicted value p(x)
of a logistic regression model.

If the value of α is greater than or equal to 0.5, the market is predicted to be in a bullish
trend. In contrast, if it is less than 0.5, a bearish trend is expected. For α = 0, the probability of
a market downturn is 1. Consequently, the model is equivalent to a risk-minimization strategy,
indicating that the investor is highly risk-averse during a downward market trend. Conversely,
when α = 1, the probability of a market upturn is 1. The model, therefore, becomes a return-
maximization strategy, which means the investor becomes more return-oriented during an upward
trend.

By eliminating the absolute value function in the risk term, we can transform the initial
optimization model into

min − αR+ (1− α) 1
m

m∑
j=1

uj

subject to

R = r⊤y − Γ⊤y =

n∑
i=1

r̄iyi −
n∑
i=1

γiyi,

uj +

n∑
i=1

(r̄i − rij)yi ≥ 0, j = 1, 2, . . . ,m,

uj ≥ 0, j = 1, 2, . . . ,m,

n∑
i=1

si = K,

0 ≤ yi ≤ δisi, i = 1, . . . , n,

li ≤ δi ≤ ui, i = 1, . . . , n,

n∑
i=1

yi +

n∑
i=1

γiyi = 1,

n∑
i=1

λiyi ≥ L,
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si ∈ {0, 1}, i = 1, . . . , n,

yi ≥ 0, i = 1, . . . , n.

where r = (r̄1, r̄2, . . . , r̄n)
⊤ represents the vector of average returns for assets over a certain

period, Γ = (γ1, γ2, . . . , γn)
⊤ represents the vector of transaction cost for assets, R represents

the net portfolio return, and uj =
∑n
i=1(rij − r̄i)yi is an auxiliary non-negative variable.

3.2 Study design

The assets used to analyze the portfolio model in this study are stocks, and all adjusted closed
stock and LQ45 index price data were obtained from Yahoo Finance using Python software.

In general, there are two stages to solve this portfolio optimization problem:

1. Deterministic portfolio formation. This stage begins with selecting a target portfolio,
predicting the risk-aversion coefficient, and constructing an optimum portfolio based on
historical data. The final output of this stage is the proportion of funds for each stock, as
well as the portfolio’s return and risk.

2. Probabilistic modeling of portfolio optimization. This stage is conducted to provide
investors with an alternative consideration in selecting their portfolio by looking at the
best possible portfolios from various existing target portfolio selections.

The discussion continues with a detailed explanation of each stage and is summarized in
Figure 1.

We will analyze seven portfolios in this study, which consist of stocks included in seven
different indices in Indonesia: IDX30, IDXQ30 (IDX Quality 30), IDXV30 (IDX Value 30),
IDXG30 (IDX Growth 30), ECONOMIC30 (IDX Cyclical Economic 30), JII (Jakarta Islamic
Index), and IDXSHAGROW (IDX Sharia Growth). Each of these indices is composed of 30
stocks, with the list accessible on the Bursa Efek Indonesia website [23].

To form these seven portfolios, the risk-aversion coefficient first needs to be predicted using
a logistic regression model. According to Jiang, Ji, and Chang [9], there are five critical technical
indicators used as predictors to forecast the risk-aversion coefficient. However, for simplification,
we only used four out of these five indicators: EMV(10) (Ease of Movement), MACD(2,3,3)
(Moving Average Convergence/Divergence), RSI(10) (Relative Strength Index), and ADX(3)
(Average Directional Movement Index). We can find all the formulas for these four indicators in
[9].
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Figure 1: Scheme of the proposed algorithm.

The procedure for calculating the risk-aversion coefficient α is as follows:

1. Collect monthly data for the LQ45 index and use τ periods to build a logistic regression
model to determine the risk-aversion coefficient, and a portfolio can finally be formed. In
this study, we chose τ = 300 months (25 years). This data is divided into training and
testing data with a ratio of 4:1.
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2. Based on the obtained LQ45 index values, four technical indicators are calculated and used
as predictors to forecast the probability of the LQ45 index appreciating. In addition to the
adjusted-closing price, we also need monthly data on the highest and lowest prices of the
LQ45 index to calculate EMV(10) and ADX(3), as well as additional trading volume data
to calculate EMV(10). The prediction result is then used as the risk-aversion coefficient
α in the portfolio model.

The next step is to prepare the daily stock price and trading volume data from the seven
indices targeted for portfolio selection. A total of 1,201 price data points are taken to obtain
1,200 daily return data points from these stocks. Meanwhile, we also need 1,200 trading volume
and the number of listed stocks data for each stock to calculate their liquidity. Data on the
number of listed stocks can be obtained from website IDX [23]. Then, the following steps are
performed:

1. Calculate the daily return for each stock.

2. Assuming there are 20 trading days in a month then divide the 1,200 daily return data
obtained in the previous step into 60 groups, with each group representing one month.
Do this for each stock. Calculate the monthly return rij for every stock by summing the
daily returns in each month. Therefore, each stock has 60 monthly return values.

3. Calculate the expected monthly return of the ith stock (i.e., r̄i) by averaging the monthly
returns obtained in the previous step. Do this for all stocks.

4. With the same assumptions in the return calculation (there are 20 trading days in 1
month), we divide the 1,200 trading volume data into 60 groups with each group repre-
senting one month. Calculate the average monthly trading volume for every stock so that
we can obtain the liquidity of each stock (λi) by calculating the ratio of average monthly
trading volume to the volume of listed stock.

5. Solve the optimization model to form the seven portfolios discussed, using the GEKKO
package in Python. This package already includes the Branch & Bound subroutine to
solve the Mixed-Integer Linear Programming (MILP) problem, which is our portfolio op-
timization model. Given that seven indices are being discussed, the constructed portfolios
are named A-G, where Portfolio A consists of stocks from the IDX30 index, Portfolio B
consists of stocks from IDXQ30 index, and so on.

The output of this process is the proportion of funds, return, and risk for all portfolios. This
output is used as a reference for investors to choose a portfolio that fits their profile. To achieve
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this goal, investors need to see the possibilities of the best portfolios from the seven existing
portfolios. For this purpose, a probabilistic approach is taken using Monte Carlo simulation, and
it is assumed that the daily return of each stock is a normally distributed random variable, as
stated by Shadabfar and Cheng [15]. The stages are explained as follows:

1. From the historical data, calculate the mean (αkij) and standard deviation (βkij) of the
daily return for every 20 days for each stock. Here, i denotes the ith stock index (i ∈
{A,B,C,D,E, F,G} since seven indices are used in this study), j denotes the jth stock
within an index (j ∈ {1, 2, . . . , 30} since each index consists of 30 stocks), and k is the
kth month (k ∈ {1, 2, . . . , 60} since the data was taken over 60 months or 5 years). For
example: α1

Aj means the average daily return in the 1st month (remember that each
month is assumed to have 20 days) for stock j in stock index A.

2. Perform the following steps to form seven portfolios:

(a) For k ∈ {1, 2, . . . , 60}, generate 20 random numbers each (these random variables
represent the daily return of a stock) from a normal distribution N(αkij , β

k
ij). Thus,

each stock has 1200 random numbers representing daily returns over five years.

(b) Calculate the monthly return for each stock by summing the daily returns per month
(each month has 20 days), so for each stock, there are 60 monthly return values.

(c) Calculate the expected monthly return for each stock by averaging the monthly
returns from step b).

(d) Solve the portfolio optimization model to obtain the return and risk simultaneously.
(This is the same as in the deterministic portfolio formation, meaning the same risk-
aversion coefficient is used.) The output required at this stage is the return and
risk of the seven portfolios formed.

3. Rank the seven portfolios based on the return obtained in end of step 2, so that we have
a rank of 1 to 7 for the existing portfolio based on the return.

4. Rank the seven portfolios based on the risk obtained in end of step 2, so that we have a
rank of 1 to 7 for the existing portfolio based on the risk.

5. Repeat steps 2 through 4 a total of N times (in this study, we choose N = 10, 000). As a
result, for each portfolio, the number of rankings from 1 to 7 is obtained, for both return
and risk. Let these be denoted as nil and mil, where l = 1, 2, . . . , 7. For instance, nF1

refers to the number of rank 1 outcomes for the return of Portfolio F over N simulation
runs.
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6. Calculate the respective probabilities of the rankings obtained in step 5, for both return
and risk, using the formula

pil =
nil
N

and qil =
mil

N
.

We have visualize these results in the form of bar and pie charts. After that, the analysis
is continued to see the convergence of the Monte Carlo simulation by creating a graph of the
probability of return and risk for a specific portfolio and a specific ranking against the number
of simulations N . In this study, Portfolio C for ranking five was chosen, and we ran N from 1 to
10,000.

Finally, the discussion is closed by evaluating the robustness of the proposed algorithm.
Robustness evaluation is essential in Monte Carlo simulation because the accuracy of the results
critically depends on the assumed probabilistic characteristics of the input parameters, which are
often estimated with uncertainty. By evaluating the stability of the simulation outcomes under
small perturbations in the input parameters, robustness evaluation ensures that the conclusions
drawn from Monte Carlo simulations are not overly sensitive to estimation errors and remain
reliable for decision-making. For this purpose, a normal distribution with an absolute coefficient
of variation (ACV) is employed. The ACV is adopted because the mean returns of assets may
take negative values. The ACV is defined as follows [2]:

ACV =
σ

|µ|
,

where, µ and σ are mean and standard deviation of the data, respectively. The mean of the
normal distribution is assumed to be a scaled version of the mean of the initial random variable,
that is

µfk = ϕµk,

where µk denotes the mean of the initial random variable; ϕ represents the noise contribution
factor; and µfk is the mean of the normal distribution associated with the kth perturbation
(k = 1, 2, . . . , Npert) and Npert is the number of simulations used for robustness evaluation.
The proposed algorithm is then applied to compute the optimal probabilistic solutions for the
seven portfolios under noise inputs. Specifically, the probability ranking procedure for the seven
portfolios is rerun using perturbed inputs, where each random number originally generated from
the normal distribution N(αkij , β

k
ij) is augmented by an additive noise term drawn from the

normal distribution N(µfk , σfk) with σfk = ACV × |µfk |.
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4 Results and discussion

4.1 Portfolio analysis

To predict the direction of market movement, we used monthly price data for the LQ45 index
from July 31, 2000, to July 31, 2025, covering 300 months. The logistic regression model predicted
a probability of 0.9219 with an accuracy of 82.7%. Subsequently, this predicted probability was
used as the risk-aversion coefficient α. Since the value is closer to 1, the market is expected to
be bullish, leading investors to prioritize returns over risk in portfolio construction.

Seven portfolios were constructed using stocks from various indexes: IDX30, IDXQ30,
IDXV30, IDXG30, ECONOMIC30, JII, and IDXSHAGROW. Each index consists of 30 stocks.
The data consisted of adjusted closing prices collected over five years from July 29, 2020, to July
31, 2025, totalling 1201 data points, assuming 20 trading days per month. Stocks of companies
that had their Initial Public Offering (IPO) after July 29, 2020, were excluded to ensure a com-
plete dataset of 1201 data points. The specific stocks excluded were GOTO, MBMA, ADMR,
AVIA, CMRY, TPAG, AMMN, and PGEO.

Five key parameters were established for portfolio formation and simulation:

1. The cardinality constraint was set at K = 8,

2. The transaction cost of every stock is the same, that is, 0.0015,

3. The number L of liquidity constraint is 0.05,

4. The lower and upper bounds for the quantity constraint for each stock i were li = 0.025

and ui = 0.5, respectively, and

5. The number of simulations was 10,000.

The time consumption to run this simulation for seven portfolios is around 4.7 hours. The
convergence rate of the standard Monte Carlo estimator was evaluated by analyzing the decay
of the estimation error with respect to the sample size. This error decreases proportionally to
number of simulations N , that is, O(N−1/2) [5].

Table 1 compares the returns and risks of the equal-weighted 1
n portfolios (which are con-

structed by allocating the same weight to all stocks that fall within the index) with an alternative
solution modeled in this paper. The findings suggest that the equal-weighted 1

n portfolios display
strikingly low risk. This conclusion correlates to a great diversification, since the exposure of each
asset is fixed and so the risk is minimized. But the significantly low risk of the equal-weighted
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1
n approach comes with small returns. This kind of return profile may not appeal to investors
looking for higher returns, particularly in cases where moderate risk tolerance is considered
appropriate. In contrast, the portfolios constructed using the proposed model demonstrate a sig-
nificant improvement in returns across all portfolio configurations. Although this improvement
in return is accompanied by an increase in risk, the trade-off remains reasonable and consistent
with portfolio theory, which posits that higher expected returns generally require higher risk
exposure. Furthermore, the proposed portfolios also have one additional benefit: There are just
eight stocks in each portfolio.
The smaller number of assets implies lower implementation complexity and transaction costs
than the equal-weighted 1

n strategy that requires investors to allocate capital over the index of
stocks they own.

Figure 2: Distribution of return rankings (1-7) for all portfolios. Rank 1 indicates the highest return, while
Rank 7 indicates the lowest return.

The overall results indicate that the proposed model strikes a better risk, return, practical
feasibility alignment, thus an attractive substitute for those investors seeking improved perfor-
mance without an unnecessarily difficult diversification process. From this table we can also
infer that Portfolio F offers the highest return at 10.67% compared to other portfolios and the
highest risk of 7.00%. However, such an investor might have additional considerations to make
investment decisions following the approach which was discussed in Subsection 3.2.

Figures 2 and 3 illustrate the distribution of return and risk ranks (1 to 7) for all portfolios.
From these two figures, we can see the frequency of a ranking of a portfolio for 10,000 simulations.
For example, Portfolio F is the best scenario for returns and the worst for risk because the
frequency of rank 1 for returns of this portfolio is the highest compared to other portfolios.
Similarly, the frequency of rank 7 (which means the highest risk) is also the highest. Tables 2
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Figure 3: Distribution of risk rankings (1-7) for all portfolios. Rank 1 indicates the lowest risk, while Rank 7
indicates the highest risk.

and 3 show the estimated probabilities of return and risk, respectively. The results indicate that
Portfolio F offers the highest probability (0.9884) of the best return but also presents the worst
risk to investors with probability 0.8822. Figure 4 is a pie chart that visualizes the estimated
probability of return and risk for each portfolio. From the two tables and the figure, we have
more information about the seven portfolios. For instance, although the probability of achieving
relatively low risk for Portfolio B is the highest (51.98%), but the probability of achieving the
return is the lowest (0). Such information is also provide for all other portfolio ranks.

Table 2: Estimated probabilities of return for all portfolios, ranked from 1 (highest return) to 7 (lowest return).

Portfolio
Return Rank

1 2 3 4 5 6 7
A 0 0.0131 0.0474 0.1051 0.2094 0.3634 0.2616
B 0 0.0052 0.0173 0.0472 0.1104 0.247 0.5729
C 0 0.0919 0.1537 0.2129 0.2639 0.1863 0.0913
D 0.0022 0.1839 0.2489 0.2562 0.1827 0.0934 0.0327
E 0.0051 0.3622 0.2633 0.1739 0.1126 0.058 0.0249
F 0.9884 0.0103 0.0009 0.0004 0 0 0
G 0.0043 0.3334 0.2685 0.2043 0.121 0.0519 0.0166
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Table 3: Estimated probabilities of risk for all portfolios, ranked from 1 (lowest risk) to 7 (highest risk).

Portfolio
Risk Rank

1 2 3 4 5 6 7
A 0.2439 0.3264 0.2241 0.1305 0.06 0.0148 0.0003
B 0.5198 0.2398 0.1345 0.0732 0.0277 0.005 0
C 0.1089 0.1828 0.2558 0.2431 0.153 0.0549 0.0015
D 0.0635 0.1343 0.2032 0.2665 0.2257 0.1026 0.0042
E 0.0105 0.0285 0.0612 0.1085 0.2102 0.4834 0.0977
F 0.0001 0.0002 0.0004 0.0021 0.0093 0.1057 0.8822
G 0.0533 0.088 0.1208 0.1761 0.3141 0.2336 0.0141

Figure 4: Estimated probability of return and risk for each portfolio, illustrating the distribution of return and
risk rankings from 1 to 7.
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4.2 Convergence and robustness evaluation

To examine the convergence of the Monte Carlo method in this portfolio optimization problem’s
probabilistic approach, Figures 5 and 6 show the graphs of return and risk probability values,
respectively, against the number of random samples (simulations) for Portfolio C with a rank of 5.
The blue curve represents the probability values for Portfolio C’s return and risk for 1 to 10,000
simulations, while the dashed red line indicates the probability values for 10,000 simulations. At
small random sample sizes, there are significant fluctuations in probability values. However, as
the random sample size increases, these fluctuations decrease. Finally, after using approximately
6,000 random samples, the probabilities converge, and the fluctuations become increasingly small
and can be ignored. Based on this result, all 10,000 simulations in the previous experiment are
considered sufficient.

Figure 5: Convergence of the estimated probability of return against the number of simulations for portfolio
C (Rank 5).

Besides convergence, the next important thing needed in Monte Carlo simulation is robust-
ness evaluation. This evaluation is essential in Monte Carlo simulation because the accuracy of
the results critically depends on the assumed probabilistic characteristics of the input parame-
ters, which are often estimated with uncertainty. By evaluating the stability of the simulation
outcomes under small perturbations in the input parameters, robustness analysis ensures that
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Figure 6: Convergence of the estimated probability of return against the number of simulations for portfolio
C (Rank 5).

the conclusions drawn from Monte Carlo simulations are reliable for decision-making. For ro-
bustness evaluation, we use Npert = 100. Figure 7 illustrates the box-plots of the return and
risk probabilities for Portfolio C with rank 5, respectively. From Figure 7(a), the median value
remains stable at approximately 0.261. The interquartile range is relatively narrow, indicating
that more than 50% of the simulated probabilities are concentrated within a small interval. This
limited dispersion suggests that the estimated return probability exhibits low sensitivity to input
perturbations. The presence of only two outliers further indicates that extreme return realiza-
tions are rare and do not materially influence the overall distribution. Similarly in Figure 7(b),
the median is approximately 0.158, and the interquartile range remains small compared to the
overall range of the data, implying that the variability of risk probability is well controlled under
input uncertainty. Although several upper outliers are observed, their occurrence is infrequent
and does not reflect systematic instability in the risk estimation. Thus, our proposed algorithm
is quite robust in estimating the probability of return and risk.
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Figure 7: Box-plots of the simulated probabilities for (a) return and (b) risk of Portfolio C with rank 5 under
input perturbations.

5 Conclusions

The algorithm proposed in this paper provides an alternative insight for investors with a prob-
abilistic approach to selecting portfolios, including constraints on the number of assets, the
quantity and liquidity of each asset, and also transaction cost within the portfolio. Based on five
years of data collected between July 29, 2020, and July 31, 2025, with a total of 1,201 data points,
investors can not only estimate their expected returns and risks, but also view the probability
of an optimal portfolio that is appropriate by considering market trend conditions through the
risk-aversion coefficient. A Monte Carlo simulation was used 10,000 times to determine these
probabilities, as the convergence graph showed that the simulation had already converged after
6,000 iterations. Eventually, the absence of prominent distributional shifts and the small num-
ber of outliers confirm that the proposed portfolio model exhibits satisfactory robustness against
small perturbations in the input parameters.
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Abstract

This article presents an efficient numerical technique based on a nonpolynomial tension spline
for solving the generalized nonlinear time-fractional convection-diffusion equation with poly-
nomial nonlinear convection terms. The proposed method uses nonpolynomial tension spline
spatial discretization with the Crank–Nicolson time-stepping scheme, and employs the quasi-
linearization technique to handle the nonlinear term pv ∂p

∂x
for v = 1, 2, . . . , 10. The tension

spline introduces a controllable smoothness parameter, which can improve accuracy and re-
duce spurious oscillations. Additionally, the order of convergence for the suggested scheme
is determined by analyzing the truncation error, and we theoretically present the stability of
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the developed scheme using the von Neumann method. The method is shown to be condi-
tionally stable. The method is validated on two representative test problems, showing good
agreement with expected solutions and improved accuracy compared with existing numerical
methods. These results illustrate the potential of the approach for solving nonlinear time-
fractional convection-diffusion problems.

AMS subject classifications (2020): 35R11, 65M06, 65M12, 65D07, 65H10.

Keywords: Caputo’s fractional derivative, Crank-Nicolson scheme, Nonlinear time-fractional
convection-diffusion equation, Quasi-linearization, Nonpolynomial tension spline.

1 Introduction

Fractional calculus represents a generalization of ordinary and partial differentiation and integra-
tion to arbitrary noninteger orders, thereby unifying and extending the concepts of integer-order
differentiation and integration (for the history and development of this field, see, for example,
[37]). Compared with classical calculus, fractional derivatives and integrals of arbitrary order
provide more accurate representations of real-world phenomena [19]. Only at integer orders
(1, 2, 3, . . .) can classical derivatives give information; they are unable to characterize behaviors
that correspond to fractional orders (0, 1], (1, 2], (2, 3] [27, 33]. On the other hand, the fractional-
order derivative operator exhibits nonlocal behavior because the derivative at a given point
depends on the entire history of the function, not merely its local values [5]. Unlike integer-order
derivatives [13], this property improves the modeling performance of systems with memory and
hereditary effects [33]. Such characteristics show that fractional derivatives are more versatile in
capturing the history and hereditary properties of different dynamical systems and in modeling
them [42, 1, 5].

There are numerous definitions of the fractional derivative presented in the literature (e.g.,
Riemann–liouville, Caputo, Weyl, Grünwald–Letnikov, and Riesz forms) [35]. Multiple defini-
tions help guide researchers in selecting the most convenient one for obtaining the best solutions.
The two most frequently utilized are the Riemann–Liouville and Caputo derivatives, which differ
mainly in how integration is applied before differentiation. In order to overcome the challenge of
determining initial values for the Riemann–Liouville derivative in Laplace transform applications,
the Italian mathematician Caputo first proposed the Caputo fractional derivative in the 1960s
[37]. The primary benefit of the Caputo approach is that it uses the same initial conditions as
traditional (integer-order) differential equations. In recent studies, the Caputo derivatives have
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been favored over the Riemann–Liouville derivative for obtaining both exact and approximate
solutions of fractional differential equations (FDEs) [35].

Solving FDEs has become essential because of their many applications and their ability
to help in understanding complex real-world systems. The time-fractional convection-diffusion
equation is a significant type of partial FDE, which is the focus of this investigation. It is chal-
lenging to obtain explicit analytic solutions of fractional partial differential equations (FPDEs)
because of their peculiar characteristics, which include violations of the semigroup property,
Leibniz rule, and chain rule [39]. As a result, FPDEs have attracted considerable interest in
approximate analytical and numerical approaches. The perturbation analysis method and differ-
ential transform method [4], integral-type variational iterative method [6], and Yang transform
decomposition method [7] are examples of approximate analytical methods that have been ap-
plied to solve the fractional convection-diffusion equation. One disadvantage of these techniques
is that they only take into account the initial condition and overlook the boundary conditions
of the fractional convection-diffusion model. Boundary conditions, however, are crucial for de-
scribing and simulating real-world processes [41]. Therefore, developing a numerical approach
for solving fractional convection-diffusion models with suitable initial and boundary conditions
is important.

Nonlinear FPDEs (NFPDEs) play a crucial role in understanding and modeling nonlinear
behaviors that frequently occur in real-world physical and engineering systems [13, 33]. NFPDEs
have recently been successfully used to apply a large number of mathematical models in math-
ematical biology, electrodynamics, control theory, fluid mechanics, analytical chemistry, and
other fields [34, 7, 13, 25]. For studying real-time events like earthquake propagation, volcanic
eruption, diffusion process, cancer models, gene models, soil dynamics in water, cosmology, and
seismology, NFPDE are a major option [28, 15]. There are many nonlinear time FPDEs (NTF-
PDEs). For instance, the nonlinear time-fractional convection-diffusion equation (NTFCDE) [1],
nonlinear time-fractional Korteweg-de Vries equation [31], nonlinear telegraph equation [16, 17],
time-fractional Burgers equation, nonlinear time-fractional Klein-Gordon equation [29, 18], non-
linear time-fractional sine-Gordon equation [23], nonlinear time-fractional Schrödinger equation
[43], nonlinear time-fractional reaction-diffusion equation [9, 2], and nonlinear time-fractional
convection-reaction-diffusion equation [38] are the fractional versions of NTFPDEs. In this pa-
per, we focus on the NTFCDE.

The NTFCDE, referred to as the time-fractional Burgers’ equation, is one of the most im-
portant NFPDEs arising in applied sciences and mathematical physics, and it has interesting
applications in physics and astrophysics [6, 13]. NTFCDEs are used in the analyze fluid me-
chanics modeling, diffusive wave modeling in fluid dynamics, shock wave theory, turbulent fluid
mathematical modeling, sound waves in a viscous medium, and many other areas [41]. For the
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same reasons, recent studies have focused on examining and developing models for time-fractional
Burgers (convection-diffusion) equations. Several techniques have been developed to obtain ap-
proximate or numerical solutions because many NFPDEs, including NTFCDEs, cannot be solved
analytically. In this section of our manuscript, we briefly review some of them. Esen and Tas-
bozan [21] used the quadratic B-spline Galerkin method, which is a practical and effective finite
element approach, to investigate numerical solutions of the equation. In [22], the authors ob-
tained more accurate numerical solutions by using collocation points and increasing the degree of
basis. A Shehu transform variational iteration method for solving NTFCDEs with proportional
delay has been proposed by Bekela, Belachew, and Wole [6]. To obtain approximate solutions
of the NTFCDE, a numerical method based on the Crank–Nicolson finite difference scheme was
proposed in [35]. The formable transform Adomian decomposition method was used by Bekela
and Woldaregay [10] to solve nonlinear time-fractional diffusion equations.

The NTFCDE has been discussed in the literature using a number of numerical and semi-
analytic approaches. To mention a few, Li, Zhang, and Ran [32] suggested a linearized implicit
finite difference scheme for the generalized NTFCDEs. The Haar wavelet scheme and cubic B-
spline finite element method were introduced by Esen, Bulut, and Oruç [20]. In recent years,
several numerical methods have been studied for solving the NTFCDEs, including the extended
cubic B-spline method [3], the Chebyshev wavelet method [36], and combination of cubic B-
splines and the differential quadrature method [26] include some of these methods. The anoma-
lous diffusion and wave propagation models were studied in [8]. The generalized NTFCDEs
or generalized time-fractional Burgers’ equations, have received considerable attention in recent
years and have been studied by a number of authors. Readers are referred to [13, 33, 12] and
the references therein.

In this article, we consider the following generalized NTFCDE:

C
0 D

α
t p(x, t) + (p(x, t))

v ∂p(x, t)

∂x
= d

∂2p(x, t)

∂x2
+ f(x, t), (x, t) ∈ (0, L)× (0, T ), (1)

with the initial condition

p(x, 0) = g(x), 0 ≤ x ≤ L, (2)

and the boundary conditions

p(0, t) = g0(t), p(L, t) = g1(t), 0 ≤ t ≤ T, (3)

Iran. J. Numer. Anal. Optim., Vol. 16, No. 3, 2026, pp 876–921



Bekela, Enyadene and Woldaregay 880

where d is the diffusion coefficient parameter and v is a positive integer. Also, C0 Dα
t is the

Caputo fractional derivative of order α, where (0 < α ≤ 1) with respect to t. The functions
g(x), g0(t), g1(t) and f(x, t) are assumed to be sufficiently smooth in their corresponding domains.
There are many interpretations of the concept of fractional-order derivatives, but in this paper
we use the sense of Caputo; specifically,

C
0 D

α
t p(x, t) =

1

Γ(1− α)

∫ t

0

∂p(x, s)

∂s

ds

(t− s)α
, 0 < α ≤ 1. (4)

In order to solve the generalized NTFCDE, this paper proposes a conditionally stable and conver-
gent numerical method based on a nonpolynomial tension spline. First, a sequence of linear time-
fractional convection-diffusion is obtained using the quasi-linearization technique [11]. Readers
are referred to [40] and [24] for additional work addressing the nonlinear term that appears
in the equation using the quasi-linearization technique. Then, the time-fractional derivative is
discretized using the Crank–Nicolson difference scheme. The spatial derivatives are further dis-
cretized using the nonpolynomial tension spline method, which has not been explored previously
for NTFCDEs. Furthermore, some existing numerical approaches for solving NTFCDEs have a
low accuracy [13, 21, 20, 35, 25, 44], and we compare the present method with results reported
in those references through numerical implementation. Therefore, we have developed a hybrid
numerical scheme that combines the quasi-linearization technique, the Crank–Nicolson method,
and the nonpolynomial tension spline approach to achieve higher accuracy. The von Neumann
analysis shows that the linearized TFPDE is conditionally stable.

The article’s remaining content is arranged as follows: The linearization technique called the
quasi-linearization process and its approximation are presented in Section 2. Section 3 describes
the application of the nonpolynomial tension spline approach in the spatial direction and the
Crank–Nicolson scheme in the temporal direction. Section 4 provides a thorough demonstration
of the stability and convergence of the proposed scheme. This section also computes the local
truncation error of the approximation. Numerical results are presented in Section 5 to support
the theoretical findings. A brief discussion of the concluding remarks in Section 6 completes the
paper.

2 Linearization technique

In this section, we linearize the generalized NTFCDE in (1) to obtain a sequence of linear time-
fractional convection-diffusion equations. Then, these equations are further discretized using a
nonpolynomial tension spline based on the Crank–Nicolson scheme.
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2.1 Quasi-linearization technique

The method of quasi-linearization linearizes the nonlinear term in the PDE by expanding it
about the solution from of the previous step in a sequence of linear TFCDEs that quadratically
converge to the solution of the original nonlinear problem. Readers are referred to [11, 40] for
additional information regarding the quasi-linearization process and its convergence. For the
initial guess p0, the linearization process yields a sequence {pn} that satisfies the problem’s
initial condition (2) and boundary conditions (3). We begin by defining the nonlinear operator
in (1):

N
(
p,
∂p

∂x

)
= pv

∂p

∂x
. (5)

The quasi-linearization procedure uses a first-order Taylor expansion about the nth iterate(
pn, ( ∂p∂x )

n
)
:

N

(
pn+1,

(
∂p

∂x

)n+1
)
≈N

(
pn,

(
∂p

∂x

)n)
+
∂N
∂p

∣∣∣
(pn,( ∂p

∂x )n)

(
pn+1 − pn

)
+
∂N
∂px

∣∣∣
(pn,( ∂p

∂x )n)

((
∂p

∂x

)n+1

−
(
∂p

∂x

)n)
. (6)

After differentiation and algebraic simplification, we obtain

(
pn+1

)v (∂p
∂x

)n+1

≈v (pn)v−1

(
∂p

∂x

)n
pn+1 + (pn)

v

(
∂p

∂x

)n+1

− v (pn)v
(
∂p

∂x

)n
. (7)

Replacing the nonlinear condition term in (1) with this linear approximation gives the iterative
sequence of linear equations:

C
0 D

α
t p

n+1 =d

(
∂2p

∂x2

)n+1

− v (pn)v−1

(
∂p

∂x

)n
pn+1 − (pn)

v

(
∂p

∂x

)n+1

+ v (pn)
v

(
∂p

∂x

)n
+ fn+1, (8)

which satisfies the original initial and boundary conditions:

pn+1(x, 0) = g(x), 0 ≤ x ≤ L, (9)
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pn+1(0, t) = g0(t), pn+1(L, t) = g1(t), 0 ≤ t ≤ T. (10)

From (8), for simplicity of presentation, all nonlinear terms evaluated at the previous time level tn
are denoted collectively by p̄, where p̄ = pn. However, in the numerical analysis, these quantities
are treated explicitly at their original time indices. Then, (8) becomes

C
0 D

α
t p

n+1 = d

(
∂2p

∂x2

)n+1

− vp̄v−1 ∂p̄

∂x
pn+1 − p̄v

(
∂p

∂x

)n+1

+ vp̄v
∂p̄

∂x
+ fn+1. (11)

3 Numerical scheme formulation

3.1 The time semi-discretization

In this method, we first divide the spatial domain [0, L] into Nx equal parts, where Nx is the
number of nodal points, to obtain the partition Ωx of the domain defined as Ωx = {xm|xm =

mh,m = 0, 1, 2, . . . , Nx}, where h = L
Nx

. In the same way, the partition of the time domain
[0, T ] is considered as Ωt = {tn|tn = nk, n = 0, 1, 2, . . . ,Mt}, where k = T

Mt
. The formulas

pnm = p(xm, tn) and fnm = f(xm, tn) represent the values of the functions p and f at the grid points
(xm, tn), respectively. Similar to the classical Crank-Nicolson difference scheme, the Caputo
fractional order α at (xm, tn+ 1

2
) is defined as follows:

C
0 D

α
t p(xm, tn+ 1

2
) =

1

Γ(1− α)

∫ t
n+1

2

0

∂p(xm, s)

∂s

(
tn+ 1

2
− s
)−α

ds. (12)

Let tn = nk and tn+ 1
2
=
(
n+ 1

2

)
k. Splitting the integral over the time sub-intervals yields

C
0 D

α
t p(xm, tn+ 1

2
) =

1

Γ(1− α)

n∑
i=1

∫ ik

(i−1)k

∂p(xm, s)

∂s

(
(n+

1

2
)k − s

)−α

ds

+
1

Γ(1− α)

∫ (n+ 1
2 )k

nk

∂p(xm, s)

∂s

(
(n+

1

2
)k − s

)−α

ds.

For the full interval [ti−1, ti], i = 1, 2, . . . , n, the midpoint is ti− 1
2
. A Taylor expansion of pim

and pi−1
m about this midpoint is used to approximate the time derivative. Similarly, for the half-

interval [tn, tn+ 1
2
], the midpoint is tn+ 1

4
, and a Taylor expansion of pnm and p

n+ 1
2

m around this
midpoint is used to approximate the derivative. By substituting these expressions, we obtain

C
0 D

α
t p(xm, tn+ 1

2
)
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=
1

Γ(1− α)

n∑
i=1

∫ ik

(i−1)k

(
pim − pi−1

m

k
+O

(
k2
))((

n+
1

2

)
k − s

)−α

ds

+
1

Γ(1− α)

∫ (n+ 1
2 )k

nk

(
pn+1
m − pnm

k
+O (k)

)((
n+

1

2

)
k − s

)−α

ds.

By applying the power rule of integration, we obtain

C
0 D

α
t p(xm, tn+ 1

2
)

=
1

Γ(1− α)
1

(1− α)kα
n∑
i=1

(
pim − pi−1

m

)[(
n− i+ 3

2

)1−α

−
(
n− i+ 1

2

)1−α]

+
1

Γ(1− α)
1

(1− α)

n∑
i=1

[(
n− i+ 3

2

)1−α

−
(
n− i+ 1

2

)1−α]
O
(
k3−α

)
+

1

Γ(1− α)
1

(1− α)kα
pn+1
m − pnm
21−α

+
1

Γ(1− α)
1

(1− α)
1

21−α
O
(
k2−α

)
,

where O
(
k3−α

)
= O

(
k2
)
O
(
k1−α

)
and O

(
k2−α

)
= O (k)O

(
k1−α

)
. By rearranging, we get

C
0 D

α
t p(xm, tn+ 1

2
)

=
1

Γ(2− α)
1

kα
pn+1
m − pnm
21−α

+
1

Γ(2− α)
1

kα

n∑
i=1

(
pim − pi−1

m

)[(
n− i+ 3

2

)1−α

−
(
n− i+ 1

2

)1−α]

+
1

Γ(2− α)

n∑
i=1

[(
n− i+ 3

2

)1−α

−
(
n− i+ 1

2

)1−α]
O
(
k3−α

)
+

1

Γ(2− α)
1

21−α
O
(
k2−α

)
, (13)

where 1
Γ(2−α) = 1

Γ(1−α)
1

(1−α) . For computational efficiency, we re-index the sum by letting
j = n− i+ 1, so i = n− j + 1. With these substitutions, (13) becomes

C
0 D

α
t p(xm, tn+ 1

2
) (14)

=
1

Γ(2− α)
1

kα
pn+1
m − pnm
21−α

+
1

Γ(2− α)
1

kα

n∑
j=1

(
pn−j+1
m − pn−jm

)[(
j + 1

2

)1−α

−
(
j − 1

2

)1−α]

+
1

Γ(2− α)

n∑
j=1

[(
j + 1

2

)1−α

−
(
j − 1

2

)1−α]
O
(
k3−α

)
+

1

Γ(2− α)
1

21−α
O
(
k3−α

)
. (15)
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Let σ0 = 1
Γ(2−α)kα and rj =

(
j + 1

2

)1−α − (j − 1
2 )

1−α, so that
∑n
j=1 rj =

(
n+ 1

2

)1−α − ( 12)1−α.
By substituting σ0 and rj in (14), we get

C
0 D

α
t p(xm, tn+ 1

2
)

= σ0

pn+1
m − pnm
21−α

+

n∑
j=1

(
pn−j+1
m − pn−jm

)
rj

+R1 +R2, (16)

where

R1 +R2

=
1

Γ(2− α)

[ n∑
i=1

rjO
(
k3−α

)
+

1

21−α
O
(
k2−α

) ]
=

1

Γ(2− α)

[((
n+ 1

2

)1−α − ( 12 )
1−α

)
O
(
k3−α

)
+
(
1
2

)1−α
O
(
k2−α

) ]
.

Now, substituting n = tn/k, we have

R1 +R2

=
1

Γ(2− α)

[((
tn
k

+
1

2

)1−α

−
(
1

2

)1−α
)
O
(
k3−α

)
+
(
1
2

)1−α
O
(
k2−α

)]
.

For small k, we can approximate
(
tn
k + 1

2

)1−α ≈ ( tnk )1−α, to leading order,

R1 +R2 ≈
1

Γ(2− α)

[(
tn
k

)1−α

O
(
k3−α

)
+

(
1

2

)1−α

O
(
k2−α

) ]
=

1

Γ(2− α)

[
t1−αn O

(
k2
)
+

(
1

2

)1−α

O
(
k2−α

) ]
.

Since 0 < α < 1, we have 2− α < 2, so O
(
k2−α

)
dominates O

(
k2
)
for small k. Therefore,

R1 +R2 = O
(
k2−α

)
. (17)

Expressing the scheme directly in terms of the solution values pim by dropping the truncation
term, we rewrite the sum in (16) as

C
0 D

α
t p(xm, tn+ 1

2
)

= σ0

[
pn+1
m − pnm
21−α

+ r1p
n
m +

n−1∑
i=1

(rn−i+1 − rn−i) pim − rnp0m
]
. (18)
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Thus, (18) is the Crank–Nicolson time-stepping scheme for the Caputo time-fractional derivative
at (xm, tn+ 1

2
).

3.2 Nonpolynomial tension spline for space discretization

From space domain discretization using a uniform mesh with step size ∆x = h, we have Ωx =

{xm|xm = hm,m = 0, 1, 2, . . . , Nx, xNx = L, h = L
Nx
}, where Ωx = [0, L]. Let B(x, t, µ) be

the spline function associated with the tension factor µ, which belongs to the class C2[0, L].
Note that when µ → 0, this parametric spline function reduced to cubic spline. To interpolate
p(x, t), we consider the function at the nodal point (xm, tn). Let Bnm denote an approximation to
pnm = p(xm, tn), obtained from the segment B∆m(x, tn, µ) of the interpolating function passing
through the points (xm,Bnm) and (xm+1,Bnm+1). On the sub-interval [xm, xm+1], the tension
spline function B∆(x, tn, µ) satisfies the following differential equation when µ > 0:

B
′′

∆(x, tn, µ)− µB∆(x, tn, µ)

=

[
B

′′

∆(xm, tn, µ)− µB∆(xm, tn, µ)
]
xm+1 − x

h

+

[
B

′′

∆(xm+1, tn, µ)− µB∆(xm+1, tn, µ)

]
x− xm
h

, (19)

which satisfies the interpolation conditions

B∆(xm, tn, µ) = p(xm, tn), B∆(xm+1, tn, µ) = p(xm+1, tn). (20)

The spline approximation to the second-order derivative pxx(x, t) is given by

B
′′

∆(xm, tn, µ) =Mn
m = (pxx)

n
m and B

′′

∆(xm+1, tn, µ) =Mn
m+1 = (pxx)

n
m+1. (21)

To determine the arbitrary constants, we solve (19) and apply the interpolation conditions (20),
together with the spline derivative relations in (21), yielding

B∆(x, tn, µ)

=
h2

λ2 sinh(λ)

[
Mn
m+1 sinh (λ)

x− xm
h

+Mn
m sinh (λ)xm+1 − x

h

]
−
[
h

λ2
Mn
m −

1

h2
pnm

]
xm+1 − x

h
−
[
h

λ2
Mn
m+1 −

1

h2
pnm+1

]
x− xm+1

h
, (22)
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where λ = h√
µ . Now, differentiating (22) and letting x → xm on the interval [xm, xm+1], we

obtain

B∆′(x+m, tn, µ) = (px)
n
m =

pnm+1 − pnm
h

− h
[
γ1M

n
m+1 + γ2M

n
m

]
, (23)

where γ1 = 1
λ2

[
1− λ

sinh(λ)

]
, γ2 = 2

λ2 [λ coth (λ)− 1]. By similar manner, we proceed for the
interval [xm−1, xm] and obtain

B
′

∆(x
−
m, tn, µ) = (px)

n
m =

pnm − pnm−1

h
+ h

[
γ2M

n
m + γ1M

n
m−1

]
. (24)

Using the continuity of the first-order derivative of the tension spline function B∆(x, tn, µ) at
x = xm, we obtain B′

∆(x
+
m, tn, µ) = B

′

∆(x
−
m, tn, µ) for m = 1, 2, . . . , Nx − 1, n = 0, 1, 2, . . . ,Mt.

This equality gives

pnm+1 − pnm
h

− h[γ1Mn
m+1 + γ2M

n
m] =

pnm − pnm−1

h
+ h[γ2M

n
m + γ1M

n
m−1].

After rearranged, this leads to the tridiagonal system

γ1M
n
m−1 + γ2M

n
m + γ1M

n
m+1 =

1

h2
[
pnm−1 − 2pnm + pnm+1

]
+O

(
h2
)
. (25)

Using the nonpolynomial spline function, we approximate the second-order spatial derivative at
(xm, tn) [30, 14] as follows: (

∂2u

∂x2

)n
m

=Mn
m +O(h2). (26)

By applying the Crank–Nicholson scheme to (11) at the point (xm, tn+ 1
2
), we obtain

C
0 D

α
t p

n+ 1
2

m = d

(
∂2p

∂x2

)n+ 1
2

m

− vp̄v−1 ∂p̄

∂x
p
n+ 1

2
m − p̄v

(
∂p

∂x

)n+ 1
2

m

+ vp̄v
∂p̄

∂x
+ f

n+ 1
2

m . (27)

Now, using (18) and (27) within the Crank–Nicolson framework, and for simplicity denoting(
∂p
∂x

)n
m

= (px)
n
m,
(
∂2p
∂x2

)n
m

= (pxx)
n
m, we obtain

σ0

[
(pn+1
m − pnm)

21−α
+ r1p

n
m +

n∑
i=1

(rn−i+1 − rn−i) pim − p0mrn
]

= d
(pxx)

n+1
m + (pxx)

n
m

2
− vp̄v−1p̄x

pn+1
m + pnm

2
− p̄v (px)

n+1
m + (px)

n
m

2

+ vp̄v p̄x + fn+
1
2 . (28)
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Using (26) in (28), we get

Mn+1
m +Mn

m

2
=

1

d
vp̄v−1p̄x

pn+1
m + pnm

2
+

1

d
p̄v
[
(px)

n+1
m + (px)

n
m

2

]
−1

d
vp̄v p̄x −

1

d
f
n+ 1

2
m

+
σ0
d

[
pn+1
m − pnm
21−α

+ r1p
n
m +

n∑
i=1

(rn−i+1 − rn−i) pim − p0mrn
]

+Rn+
1
2

m . (29)

Rewrite (25) at (n+ 1)th time-level as

γ1M
n+1
m−1 + γ2M

n+1
m + γ1M

n+1
m+1 =

1

h2

[
pn+1
m−1 − 2pn+1

m + pn+1
m+1

]
, (30)

for m = 1, 2, . . . , Nx − 1, n = 0, 1, 2, . . . ,Mt − 1. Adding (25) and (30), and then taking their
average, we obtain

γ1h
2

(
Mn+1
m−1 +Mn

m−1

2

)
+ γ2h

2

(
Mn+1
m +Mn

m

2

)
+ γ1h

2

(
Mn+1
m+1 +Mn

m+1

2

)
=
pn+1
m−1 + pnm−1

2
− (pn+1

m + pnm) +
pn+1
m+1 + pnm+1

2
. (31)

A use of (29) in (31), yields

γ1h
2

[
1

d
vp̄v−1p̄x

pn+1
m−1 + pnm−1

2
+

1

d
p̄v
(
(px)

n+1
m−1 + (px)

n
m−1

2

)
− 1

d
vp̄v p̄x −

1

d
f
n+ 1

2
m−1

+
σ0
d

(
pn+1
m−1 − pnm−1

21−α
+ r1p

n
m−1 +

n∑
i=1

(rn−i+1 − rn−i)pim−1 − p0m−1rn

)]
+ γ2h

2

[
1

d
vp̄v−1p̄x

pn+1
m + pnm

2
+

1

d
p̄v
(
(px)

n+1
m + (px)

n
m

2

)
− 1

d
vp̄v p̄x −

1

d
f
n+ 1

2
m

+
σ0
d

(
pn+1
m − pnm
21−α

+ r1p
n
m +

n∑
i=1

(rn−i+1 − rn−i)pim − p0mrn
)]

+ γ1h
2

[
1

d
vp̄v−1p̄x

pn+1
m+1 + pnm+1

2
+

1

d
p̄v
(
(px)

n+1
m+1 + (px)

n
m+1

2

)
− 1

d
vp̄v p̄x −

1

d
f
n+ 1

2
m+1

+
σ0
d

(
(pn+1
m+1 − pnm+1)

21−α
+ r1p

n
m+1 +

n∑
i=1

(rn−i+1 − rn−i)pim+1 − p0m+1rn

)]
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=
pn+1
m−1 + pnm−1

2
− (pn+1

m + pnm) +
pn+1
m+1 + pnm+1

2
. (32)

By replacing the first-order spatial derivative with the average over four neighboring points, the
above equation becomes

γ1h
2

[
1

d
vp̄v−1p̄x

pn+1
m−1 + pnm−1

2
+

1

d
p̄v
(
pn+1
m + pnm − pn+1

m−1 − pnm−1

2h

)
−1

d
vp̄v p̄x −

1

d
f
n+ 1

2
m−1

+
σ0
d

(
pn+1
m−1 − pnm−1

21−α
+ r1p

n
m−1 +

n∑
i=1

(rn−i+1 − rn−i)pim−1 − p0m−1rn

)]

+γ2h
2

[
1

d
vp̄v−1p̄x

pn+1
m + pnm

2
+

1

d
p̄v
(
pn+1
m+1 + pnm+1 − pn+1

m−1 − pnm−1

4h

)
−1

d
vp̄v p̄x −

1

d
f
n+ 1

2
m

+
σ0
d

(
(pn+1
m − pnm)

21−α
+ r1u

n
m +

n∑
i=1

(rn−i+1 − rn−i)pim − p0mwn
)]

+γ1h
2

[
1

d
vp̄v−1p̄x

pn+1
m+1 + pnm+1

2
+

1

d
p̄v
(
pn+1
m+1 + pnm+1 − pn+1

m − pnm
2h

)
−1

d
vp̄v v̄x −

1

d
f
n+ 1

2
m+1

+
σ0
d

(
pn+1
m+1 − pnm+1

21−α
+ r1p

n
m+1 +

n∑
i=1

(rn−i+1 − rn−i)pim+1 − p0m+1rn

)]

=
pn+1
m−1 + pnm−1

2
− (pn+1

m + pnm) +
pn+1
m+1 + pnm+1

2
. (33)

Equation (33) can be rearranged as[
− d+ 2γ1σ0h

2

21−α
+ γ1h

2vp̄v−1p̄x − γ1hp̄v −
γ2h

2
p̄v
]
pn+1
m−1

+

[
2d+

2γ2σ0h
2

21−α
γ2h

2vp̄v−1p̄x

]
pn+1
m

+

[
− d+ 2γ1σ0h

2

21−α
+ γ1h

2vp̄v−1p̄x + γ1hp̄
v +

γ2h

2
p̄v
]
pn+1
m+1

=

[
d+

2γ2σ0h
2

21−α
− γ1h2vp̄v−1p̄x + γ1hp̄

v +
γ2h

2
p̄v
]
pnm−1

+

[
− 2d+

2γ2σ0h
2

21−α
− γ2h2vp̄v−1p̄x

]
pnm

+

[
d+

2γ1σ0h
2

21−α
− γ1h2vp̄v−1p̄x − γ1hp̄v −

γ2h

2
p̄v
]
pnm+1
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−2σ0h2r1(γ1pnm−1 + γ2p
n
m + γ1p

n
m+1)

+2σ0h
2rn(γ1p

0
m−1 + γ2p

0
m + γ1p

0
m+1)

−2σ0h2
n−1∑
i

(rn−i+1 − rn−i)(γ1pim−1 + γ2p
i
m + γ1p

i
m+1)

+4γ1h
2vp̄vp̄x + 2γ2h

2vp̄vp̄x

+h2
[
γ1f

n+ 1
2

m−1 + γ2f
n+ 1

2
m + γ1f

n+ 1
2

m+1

]
+ 2h2T n+

1
2

m , (34)

where T n+
1
2

m = γ1R
n+ 1

2
m−1 + γ2R

n+ 1
2

m + γ1R
n+ 1

2
m+1 denotes the truncation error m = 1, 2, . . . , Nx −

1 and n ≥ 0, which we will be proved later in section 4. Assuming that Pnm is the approximate
solution of pnm and removing the truncation error from (34), one obtains the following form of
proposed scheme for the generalized NTFCDE in (1):[

− d+ 2γ1σ0h
2

21−α
+ γ1h

2vP̄ v−1P̄x − γ1hP̄ v −
γ2h

2
P̄ v
]
Pn+1
m−1

+

[
2d+

2γ2σ0h
2

21−α
+ γ2h

2vP̄ v−1P̄x

]
Pn+1
m

+

[
− d+ 2γ1σ0h

2

21−α
+ γ1h

2vP̄ v−1P̄x + γ1hP̄
v +

γ2h

2
P̄ v
]
Pn+1
m+1

=

[
d+

2γ1σ0h
2

21−α
− γ1h2vP̄ v−1P̄x + γ1hP̄

v +
γ2h

2
P̄ v
]
Pnm−1

+

[
− 2d+

2γ2σ0h
2

21−α
− γ2h2vP̄ v−1P̄x

]
Pnm

+

[
d+

2γ1σ0h
2

21−α
− γ1h2vP̄ v−1P̄x − γ1hP̄ v −

γ2h

2
P̄ v
]
Pnm+1

− 2σ0h
2r1(γ1P

n
m−1 + γ2P

n
m + γ1P

n
m+1)

+ 2σ0h
2rn(γ1P

0
m−1 + γ2P

0
m + γ1P

0
m+1)

− 2σ0h
2
n−1∑
i

(rn−i+1 − rn−i)
(
γ1P

i
m−1 + γ2P

i
m + γ1P

i
m+1

)
+ 2h2vP̄ vP̄x (2γ1 + γ2) + h2

[
γ1f

n+ 1
2

m−1 + γ2f
n+ 1

2
m + γ1f

n+ 1
2

m+1

]
. (35)

There are Nx − 1 equations with Nx + 1 unknowns in the system (35). Two more equations
are required in order to solve this system. From the boundary conditions in (2) and the initial
condition in (3), we have

Pn0 = g1(tn), P
n
N = g2(tn), 0 ≤ n ≤Mt − 1,

P 0
m = g(xn), 0 ≤ n ≤ Nx − 1.
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With these initial and boundary conditions, (35) is written as two systems of equations for ease
implementation. The system of equations for n = 0 is as follows:

AP 1 = BP 0 + C0, (36)

where A and B are tridiagonal matrices of order Nx − 1, defined as

A =



b11 c
1
1

a12 b
1
2 c12

a13 b
1
3 c13

. . . . . . . . .
a1Nx−2 b

1
Nx−2 c

1
Nx−2

a1Nx−1 b
1
Nx−1


,

B =



b01 c
0
1

a02 b
0
2 c02

a03 b
0
3 c03

. . . . . . . . .
a0Nx−2 b

0
Nx−2 c

0
Nx−2

a0Nx−1 b
0
Nx−1


,

P 1 =
[
P 1
1 , P

1
2 , · · · , P 1

Nx−1

]T
, P 0 =

[
P 0
1 , P

0
2 , · · · , P 0

Nx−1

]T
,

C0 =2h2



v
(
P̄ vP̄x

)0
1
(2γ1 + γ2) + γ1f

1
2
0 + γ2f

1
2
1 + γ1f

1
2
2

v
(
P̄ vP̄x

)0
2
(2γ1 + γ2) + γ1f

1
2
1 + γ2f

1
2
2 + γ1f

1
2
3

...
v
(
P̄ vP̄x

)0
Nx−2

(2γ1 + γ2) + γ1f
1
2

Nx−3 + γ2f
1
2

Nx−2 + γ1f
1
2

Nx−1

v
(
P̄ vP̄x

)0
Nx−1

(2γ1 + γ2) + γ1f
1
2

Nx−2 + γ2f
1
2

Nx−1 + γ1f
1
2

Nx



−



a1P 1
0 − a0P 0

0

0
...
0

c1P 1
Nx
− c0P 0

Nx


,

and the coefficients are
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a1 = −d+ 2γ1σ0h
2

21−α
+ γ1h

2vP̄ v−1P̄x − γ1hP̄ v −
γ2h

2
P̄ v,

b1 = 2d+
2γ2σ0h

2

21−α
+ γ2h

2vP̄ v−1P̄x,

c1 = −d+ 2γ1σ0h
2

21−α
+ γ1h

2vP̄ v−1P̄x + γ1hP̄
v +

γ2h

2
P̄ v,

a0 = d+
2γ1σ0h

2

21−α
− γ1h2vP̄ v−1P̄x + γ1hP̄

v +
γ2h

2
P̄ v,

b0 = −2d+ 2γ2σ0h
2

21−α
− γ2h2vP̄ v−1P̄x,

c0 = d+
2γ1σ0h

2

21−α
− γ1h2vP̄ v−1P̄x − γ1hP̄ v −

γ2h

2
P̄ v.

Additionally, the following system of equations is obtained for n ≥ 1:

APn+1 = BPn + 2σ0h
2rn

(
γ1P

0
m−1 + γ2P

0
m + γ1P

0
m+1

)
(37)

−2σ0h2
n−1∑
i

(
rn−i+1 − rn−i

) (
γ1P

i
m−1 + γ2P

i
m + γ1P

i
m+1

)
+ Cn,

where A and B are tri-diagonal matrices of order Nx − 1, defined as

A =



bn+1
1 cn+1

1

an+1
2 bn+1

2 cn+1
2

an+1
3 bn+1

3 cn+1
3

. . . . . . . . .
an+1
Nx−2 b

n+1
Nx−2 c

n+1
Nx−2

an+1
Nx−1 b

n+1
Nx−1


,

B =



bn cn

an bn cn

an bn cn

. . . . . . . . .
an bn cn

an bn


,
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Cn =2h2



v
(
P̄ vP̄x

)n
1
(2γ1 + γ2) + γ1f

n+ 1
2

0 + γ2f
n+ 1

2
1 + γ1f

n+ 1
2

2

v
(
P̄ vP̄x

)n
2
(2γ1 + γ2) + γ1f

n+ 1
2

1 + γ2f
n+ 1

2
2 + γ1f

n+ 1
2

3

...
v
(
P̄ vP̄x

)n
Nx−2

(2γ1 + γ2) + γ1f
n+ 1

2

Nx−3 + γ2f
n+ 1

2

Nx−2 + γ1f
n+ 1

2

Nx−1

v
(
P̄ vP̄x

)n
Nx−1

(2γ1 + γ2) + γ1f
n+ 1

2

Nx−2 + γ2f
n+ 1

2

Nx−1 + γ1f
n+ 1

2

Nx



−



an+1Un+1
0 − anUn0

0
...
0

cn+1Un+1
Nx
− cnUnNx


,

and the coefficients are

an+1 = −d+ 2γ1σ0h
2

21−α
+ γ1h

2vP̄ v−1P̄x − γ1hP̄ v −
γ2h

2
P̄ v,

bn+1 = 2d+
2γ2σ0h

2

21−α
+ γ2h

2vP̄ v−1P̄x,

cn+1 = −d+ 2γ1σ0h
2

21−α
+ γ1h

2vP̄ v−1P̄x + γ1hP̄
v +

γ2h

2
P̄ v,

an = d+
2γ1σ0h

2

21−α
− γ1h2vP̄ v−1P̄x + γ1hP̄

v +
γ2h

2
P̄ v − 2σ0h

2r1γ1,

bn = −2d+ 2γ2σ0h
2

21−α
− γ2h2vP̄ v−1P̄x − 2σ0h

2r1γ2,

cn = d+
2γ1σ0h

2

21−α
− γ1h2vP̄ v−1P̄x − γ1hP̄ v −

γ2h

2
P̄ v − 2σ0h

2r1γ1.

The fully discrete scheme results in a tridiagonal linear system with Nx − 1 unknowns at each
time step. The Thomas algorithm is used to solve this system; during the forward elimination
and backward substitution stages, a fixed number of arithmetic operations is required for each
grid point. As a result, each time step has a computational cost of O(Nx). Since the solution is
advanced over Mt time steps, the algorithm’s total computational substitution cost is O(NxMt)

with memory usage of order O(Nx).
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4 Theoretical analysis of the numerical scheme

4.1 Error analysis

Suppose that Tm is the local truncation error for the developed numerical scheme (25) in mth

term. Then,

Tm =
1

h2
[
pnm−1 − 2pnm + pnm+1

]
− γ1Mn

m−1 − γ2Mn
m

−γ1Mn
m+1 +O (hz) , z > 0. (38)

Replace Mn
m−1,M

n
m and Mn

m+1 with ∂2pnm−1

∂x2 ,
∂2pnm
∂x2 and ∂2pnm+1

∂x2 , respectively, in (38) to get

Tm =
1

h2
[
pnm−1 − 2pnm + pnm+1

]
− γ1

∂2pnm−1

∂x2
− γ2

∂2pnm
∂x2

−γ1
∂2pnm+1

∂x2
+O (hz) . (39)

Applying the Taylor series expansion for pnm−1, p
n
m+1 in terms of pnm and its derivatives, we get

Tm =

(
2γ1 + γ2 − 1

)
∂2pnm
∂x2

+ h2
(
γ1 −

1

12

)
∂4pnm
∂x4

+h4
(
γ1
12
− 1

360

)
∂6pnm
∂x6

+O (hz) . (40)

It is clear from (40) that for suitable values of the parameters γ1(γ1 = 1
12 ) and γ2 = 10

12 such that
2γ1 + γ2 = 1, the value of z is 2. From the local substitution truncation error Rn+

1
2

m in (29), we
have

Rn+1/2
m =Mn+1/2

m − 1

d
vp̄v−1p̄x

pn+1
m + pnm

2
− 1

d
p̄v
[
(px)

n+1
m + (px)

n
m

2

]
+

1

d
vp̄vp̄x +

1

d
fn+1/2
m

− σ0
d

[
pn+1
m − pnm
21−α

+ r1p
n
m +

n∑
i=1

(rn−i+1 − rn−i)pim − p0mrn
]

=O
(
h2
)
+O

(
k2−α

)
= O

(
h2 + k2−α

)
. (41)

Based on the above concepts, truncation error T n+
1
2

m of (34) is given by

T n+
1
2

m
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= γ1R
n+ 1

2
m−1 + γ2R

n+ 1
2

m + γ1R
n+ 1

2
m+1

= −σ0γ1
d

[
pn+1
m−1 − pnm−1

21−α
+ r1p

n
m−1 +

n∑
i=1

(rn−i+1 − rn−i)pim−1 − p0m−1rn

]

− σ0γ2
d

[
pn+1
m − pnm
21−α

+ r1p
n
m +

n∑
i=1

(rn−i+1 − rn−i)pim − p0mrn
]

− σ0γ1
d

[
pn+1
m+1 − pnm+1

21−α
+ r1p

n
m+1 +

n∑
i=1

(rn−i+1 − rn−i)pim+1 − p0m+1rn

]

− γ1
[
1

d
vp̄v−1p̄x

pn+1
m−1 + pnm−1

2
+

1

d
p̄v
[
(px)

n+1
m−1 + (px)

n
m−1

2

]
− 1

d
vp̄v p̄x

]
− γ2

[
1

d
vp̄v−1p̄x

pn+1
m + pnm

2
+

1

d
p̄v
[
(px)

n+1
m + (px)

n
m

2

]
− 1

d
vp̄vp̄x

]
− γ1

[
1

d
vp̄v−1p̄x

pn+1
m+1 + pnm+1

2
+

1

d
p̄v
[
(px)

n+1
m+1 + (px)

n
m+1

2

]
− 1

d
vp̄v p̄x

]
−
(
γ1M

n+ 1
2

m−1 + γ2M
n+ 1

2
m + γ1M

n+ 1
2

m+1

)
+

(
γ1

1

d
f
n+ 1

2
m−1 + γ2

1

d
f
n+ 1

2
m + γ1

1

d
f
n+ 1

2
m+1

)
= (2γ1 + γ2)

(
O(h2) +O(k2−α)

)
= O

(
h2 + k2−α

)
. (42)

Remark 1. A numerical method is said to be consistent if T n+
1
2

m → 0 as h, k → 0

4.2 Stability analysis

In this section, we apply Von Neumann stability analysis to investigate the stability of the
proposed numerical scheme. The stability analysis begins by introducing the error term
Enm = pnm − Pnm, for m = 0, 1, 2, . . . , Nx, n = 0, 1, 2, . . . ,Mt, where Pnm denotes the numerical
approximation to the exact solution of the system defined in (35). Substituting the error expres-
sion into the numerical scheme (35), we obtain the following error equation:[

− d+ 2γ1σ0h
2

21−α
+ γ1h

2vP̄ v−1P̄x − γ1hP̄ v −
γ2h

2
P̄ v
]
En+1
m−1

+

[
2d+

2γ2σ0h
2

21−α
+ γ2h

2vP̄ v−1P̄x

]
En+1
m

+

[
− d+ 2γ1σ0h

2

21−α
+ γ1h

2vP̄ v−1P̄x + γ1hP̄
v +

γ2h

2
P̄ v
]
En+1
m+1
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=

[
d+

2γ1σ0h
2

21−α
− γ1h2vP̄ v−1P̄x + γ1hP̄

v +
γ2h

2
P̄ v
]
Enm−1

+

[
− 2d+

2γ2σ0h
2

21−α
− γ2h2vP̄ v−1P̄x

]
Enm

+

[
d+

2γ1σ0h
2

21−α
− γ1h2vP̄ v−1P̄x − γ1hP̄ v −

γ2h

2
P̄ v
]
Enm+1

− 2σ0h
2r1
(
γ1Enm−1 + γ2Enm + γ1Enm+1

)
+ 2σ0h

2rn
(
γ1E0m−1 + γ2E0m + γ1E0m+1

)
− 2σ0h

2
n−1∑
i

(rn−i+1 − rn−i)
(
γ1E im−1 + γ2E im + γ1E im+1

)
, (43)

with En0 = EnNx
= 0, for n > 0,m = 1, 2, . . . , Nx− 1. Consider the grid function that is defined as

En(x) =

 Enm, xm−h
2
≤ x ≤ xm+h

2
, 1 ≤ m ≤ Nx − 1,

0, 0 ≤ x ≤ h
2 or xL−h

2
≤ x ≤ L.

Then, the Fourier series expansion of En(x) is given by

En(x) =
∞∑

k=−∞

ηn(k)ei
2πkx

L ,

where L is right boundary, i2 = −1 and

ηn(k) =
1

L

∫ L

0

En(β)e−i
2πkβ

L dβ, n = 1, 2,Mt,

are known as discrete Fourier coefficients. Defining the norm

‖En‖2 =

[N−1∑
m=1

h|Enm|2
] 1

2

=

[ ∫ L

0

|En(x)|2dx
] 1

2

.

Introducing Parseval’s identity (for the discrete Fourier transform)

∫ L

0

|En(x)|2dx =

∞∑
k=−∞

|ηn(k)|2,

and the norm

‖En‖2 =

(
Nx−1∑
m

h|Enm|2
) 1

2

=

(∫ L

0

|En(x)2dx|

) 1
2

.
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Thus, we obtain the following expression:

‖En‖22 =

∞∑
k=−∞

|ηn(k)|2.

Based on the above analysis discussed in this section, we can write the solution of (43) as
Enm = ηneimhθ, where L = 1 and θ = 2πk

L . Now, we use the expression Enm = ηneimhθ in (43) to
obtain [

− d+ 2γ1σ0h
2

21−α
+ γ1h

2vP̄ v−1P̄x − γ1hP̄ v −
γ2h

2
P̄ v
]
ηn+1ei(m−1)hθ

+

[
2d+

2γ2σ0h
2

21−α
+ γ2h

2vP̄ v−1P̄x

]
ηn+1eimhθ

+

[
− d+ 2γ1σ0h

2

21−α
+ γ1h

2vP̄ v−1P̄x + γ1hP̄
v +

γ2h

2
P̄ v
]
ηn+1ei(m+1)hθ

=

[
d+

2γ1σ0h
2

21−α
− γ1h2vP̄ v−1P̄x + γ1hP̄

v +
γ2h

2
P̄ v
]
ηnei(m−1)hθ

+

[
− 2d+

2γ2σ0h
2

21−α
− γ2h2vP̄ v−1P̄x

]
ηneimhθ

+

[
d+

2γ1σ0h
2

21−α
− γ1h2vP̄ v−1P̄x − γ1hP̄ v −

γ2h

2
P̄ v
]
ηnei(m+1)hθ

− 2σh2r1

(
γ1e

i(m−1)hθ + γ2e
imhθ + γ1e

i(m+1)hθ
)
ηn

+ 2σh2rn

(
γ1e

i(m−1)hθ + γ2e
imhθ + γ1e

i(m+1)hθ
)
η0

− 2σ0h
2
n−1∑
j=1

(rn−j+1 − rn−j)
(
γ1e

i(m−1)hθ + γ2e
imhθ + γ1e

i(m+1)hθ
)
ηj . (44)

Divide the entire equation by eimhθ and apply the trigonometric identities eihθ + e−ihθ =

2 cos(hθ), eihθ − e−ihθ = 2i sin(hθ), we get[
2

(
− d+ 2γ1σ0h

2

21−α
+ γ1h

2vP̄ v−1P̄x

)
cos(hθ)

+ 2i

(
γ1hP̄

v +
γ2h

2
P̄ v
)
sin(hθ) + 2d+

2γ2σ0h
2

21−α
+ γ2h

2vP̄ v−1P̄x

]
ηn+1

=

[
2

(
d+

2γ1σ0h
2

21−α
− γ1h2vP̄ v−1P̄x

)
cos(hθ)

− 2i

(
γ1hP̄

v +
γ2h

2
P̄ v
)
sin(hθ)

− 2d+
2γ2σ0h

2

21−α
− γ2h2vP̄ v−1P̄x

]
ηn
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− 2σ0h
2r1

(
γ2 + 2γ1 cos(hθ)

)
ηn + 2σ0h

2rn

(
γ2 + 2γ1 cos(hθ)

)
η0

+ 2σ0h
2
n−1∑
j=1

(
rn−j − rn−j+1

)(
γ2 + 2γ1 cos(hθ)

)
ηj . (45)

For n = 0, (45) gives

|η1| =

∣∣∣∣( 2σ0h
2

21−α − h2vP̄ v−1P̄x
)
β0 − β1 − 2iβ2 sin(hθ)

∣∣∣∣∣∣∣∣( 2σ0h2

21−α + h2vP̄ v−1P̄x
)
β0 + β1 + 2iβ2 sin(hθ)

∣∣∣∣ |η
0|

=

√((
2σ0h2

21−α − h2vP̄ v−1P̄x
)
β0 − β1

)2

+ 4
(
β2 sin(hθ)

)2
√((

2σ0h2

21−α + h2vP̄ v−1P̄x
)
β0 + β1

)2

+ 4
(
β2 sin(hθ)

)2 |η0|
≤ |η0|, (46)

where

β0 = γ2 + 2γ1 cos(hθ), β1 = 2d (1− cos(hθ)) , β2 = γ1hP̄
v +

γ2h

2
P̄ v. (47)

Now, assume that the inequality |ηl| ≤ |η0| holds for l = 2, 3, . . . , n− 1. Then, from (45), we get

|ηn+1| =

∣∣∣∣( 2σ0h
2

21−α − h2vP̄ v−1P̄x
)
β0 − β1 − 2iβ2 sin(hθ)− 2σ0h

2β1r1

∣∣∣∣∣∣∣∣( 2σ0h2

21−α + h2vP̄ v−1P̄x
)
β0 + β1 + 2iβ2 sin(hθ)

∣∣∣∣ |ηn|

+
2σ0h

2β1∣∣∣∣( 2σ0h2

21−α + h2vP̄ v−1P̄x
)
β0 + β1 + 2iβ2 sin(hθ)

∣∣∣∣
×
(
rn|η0|+

n−1∑
j=1

(rn−j − rn−j+1)|ηj |
)
. (48)

From the assumption |ηl| ≤ |η0| holds for l = 2, 3, . . . , n − 1 and decreasing function of rj , we
have

rn|η0|+
n−1∑
j=1

(rn−j − rn−j+1)|ηj | ≤
( n−1∑
j=1

(rn−j − rn−j+1) + rn

)
|η0|

= r1|η0|. (49)

Iran. J. Numer. Anal. Optim., Vol. 16, No. 3, 2026, pp 876–921



Bekela, Enyadene and Woldaregay 898

Using (49) in (48), one obtains

|ηn+1|

≤

∣∣( 2σ0h
2

21−α − h2vP̄ v−1P̄x

)
β0 − β1 − 2iβ2 sin(hθ)− 2σ0h2β1r1

∣∣+ 2σ0h2β1r1∣∣( 2σ0h2

21−α + h2vP̄ v−1P̄x

)
β0 + β1 + 2iβ2 sin(hθ)

∣∣ |η0|

≤

∣∣( 2σ0h
2

21−α − h2vP̄ v−1P̄x

)
β0 − β1 − 2σ0h2β1r1

∣∣+ 2β2 sin(hθ) + 2σ0h2β1r1∣∣( 2σ0h2

21−α + h2vP̄ v−1P̄x

)
β0 + β1 + 2iβ2 sin(hθ)

∣∣ |η0|, (50)

where β0, β1 and β2 as defined in (47). As for small sin(θ) ≤ θ, we have

|ηn+1| (51)

≤

∣∣( 2σ0h
2

21−α − h2vP̄ v−1P̄x

)
β3 − dθ2h2 − 2dσ0h4θ2r1

∣∣+ 2β2hθ + 2dσ0h4θ2r1∣∣( 2σ0h2

21−α + h2vP̄ v−1P̄x

)
β0 + β1 + 2iβ2 sin(hθ)

∣∣ |η0|.

where β3 = γ2 + 2γ1(1 − h2θ2

2 ). Now, we consider two cases: In the first case, we consider(
2σ0h

2

21−α − h2vP̄ v−1P̄x
)
β3 − dθ2h2 > 2dσ0h

4θ2r1, which yields

|ηn+1|

≤
(
2σ0h

2

21−α − h2vP̄ v−1P̄x
)
β3 − dθ2h2 − 2dσ0h

4θ2r1 + 2β2hθ + 2dσ0h
4θ2r1∣∣( 2σ0h2

21−α + h2vP̄ v−1P̄x
)
β0 + β1 + 2iβ2 sin(hθ)

∣∣ |η0|

≤
(
2σ0h

2

21−α − h2vP̄ v−1P̄x
)
β3 − dθ2h2 + 2β2hθ∣∣( 2σ0h2

21−α + h2vP̄ v−1P̄x
)
β0 + β1 + 2iβ2 sin(hθ)

∣∣ |η0|. (52)

From the boundedness of P̄ and P̄x, we obtain

2hθ(γ1hP̄
v + γ2h

2 P̄ v)∣∣( 2σ0h2

21−α + h2vP̄ v−1P̄x
)
β0 + β1 + 2iβ2 sin(hθ)

∣∣ → 0 as k → 0. (53)

Using (53) in (52), we obtain

|ηn+1| ≤
(
2σ0h

2

21−α − h2vP̄ v−1P̄x
)
β3 − dθ2h2∣∣( 2σ0h2

21−α + h2vP̄ v−1P̄x
)
β0 + β1 + 2iβ2 sin(hθ)

∣∣ |η0| ≤ |η0|.
Second, we consider

(
2σ0h

2

21−α − h2vP̄ v−1P̄x
)
β3 − dθ2h2 < 2dσ0h

4θ2r1, which gives

|ηn+1| ≤
4dσ0h

4θ2r1 −
(
2σ0h

2

21−α − h2vP̄ v−1P̄x
)
β3 + dθ2h2 − 2β2hθ∣∣( 2σ0h2

21−α + h2vP̄ v−1P̄x
)
β0 + β1 + 2iβ2 sin(hθ)

∣∣ |η0|. (54)

In order to obtain |ηn+1| ≤ |η0| the next condition must satisfied
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4dσ0h
4θ2r1 −

(
2σ0h

2

21−α − h2vP̄ v−1P̄x
)
β3 + dθ2h2 − 2β2hθ∣∣( 2σ0h2

21−α + h2vP̄ v−1P̄x
)
β0 + β1 + 2iβ2 sin(hθ)

∣∣ ≤ 1,

which is hold true when (3/2) ≤ 3α. Thus, the numerical scheme in (35) is conditionally stable.

4.3 Convergence analysis

In this section, we investigate the convergence of the proposed numerical scheme (35), for which
the error is defined as ξnm = pnm − Pnm,m = 0, 1, 2, . . . , Nx, n = 0, 1, 2, . . . ,Mt, at the grid point
(xm, tn). Then, the error equation is written in the following form:[

− d+ 2γ1σ0h
2

21−α
+ γ1h

2vP̄ v−1P̄x − γ1hP̄ v −
γ2h

2
P̄ v
]
ξn+1
m−1

+

[
2d+

2γ2σ0h
2

21−α
+ γ2h

2vP̄ v−1P̄x

]
ξn+1
m

+

[
− d+ 2γ1σ0h

2

21−α
+ γ1h

2vP̄ v−1P̄x + γ1hP̄
v +

γ2h

2
P̄ v
]
ξn+1
m+1

=

[
d+

2γ1σ0h
2

21−α
− γ1h2vP̄ v−1P̄x + γ1hP̄

v +
γ2h

2
P̄ v
]
ξnm−1

+

[
− 2d+

2γ2σ0h
2

21−α
− γ2h2vP̄ v−1P̄x

]
ξnm

+

[
d+

2γ1σ0h
2

21−α
− γ1h2vP̄ v−1P̄x − γ1hP̄ v −

γ2h

2
P̄ v
]
ξnm+1

− 2σ0h
2r1
(
γ1ξ

n
m−1 + γ2ξ

n
m + γ1ξ

n
m+1

)
+ 2σ0h

2rn
(
γ1ξ

0
m−1 + γ2ξ

0
m + γ1ξ

0
m+1

)
− 2σ0h

2
n−1∑
i

(rn−i+1 − rn−i)
(
γ1ξ

i
m−1 + γ2ξ

i
m + γ1ξ

i
m+1

)
+ 2h2

(
γ1R

n+ 1
2

m−1 + γ2R
n+ 1

2
m + γ1R

n+ 1
2

m+1

)
, (55)

associated with the required conditions in terms of error term ξn0 = ξnNx
= ξ0m = 0 and Rn+

1
2

m ≤
CT n+

1
2

m ≤ C1
(
h2 + k2−α

)
. Likewise, the grid functions defined in the previous section, we use

the following grid functions in the further process of proving the convergence:

ξn(x) =

 ξnm, xm−h
2
≤ x ≤ xm+h

2
, 1 ≤ m ≤ Nx − 1,

0, 0 ≤ x ≤ h
2 or xL−h

2
≤ x ≤ L,
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and

Rn+ 1
2 (x) =

R
n+ 1

2
m , xm−h

2
≤ x ≤ xm+h

2
, 1 ≤ m ≤ Nx − 1,

0, 0 ≤ x ≤ h
2 or xL−h

2
≤ x ≤ L.

Expanding the grid functions Rn+ 1
2 (x) and ξn(x) using the Fourier series, we have

ξn(x) =

∞∑
l=−∞

δn(l)ei
2πlx
L ,

Rn+ 1
2 (x) =

∞∑
l=−∞

rn+
1
2 (l)ei

2πlx
L , n = 0, 1, 2, . . . ,Mt,

where δn(l) and rn+ 1
2 (l) are defined as

δn(l) =
1

L

∫ L

0

ξn(s)e−i
2πls
L ds, rn+

1
2 (l) =

1

L

∫ L

0

Rn+ 1
2 (s)e−i

2πls
L ds.

Using Parseval’s identity and the L2-norm, we get

‖ξn‖22 =

Mt−1∑
n=1

h|ξnm|2 =

∫ L

0

|ξn(s)|2ds = L

∞∑
l=−∞

|δn(l)|2, (56)

and

‖Rn+ 1
2 ‖22 =

Mt−1∑
n=1

h|Rn+
1
2

m |2 =

∫ L

0

|Rn+ 1
2 (s)|2ds = L

∞∑
l=−∞

|rn+ 1
2 (l)|2. (57)

Assuming that ξnm = δneihmθ and Rn+
1
2

m = rn+
1
2 eihmθ, (55) gives

δn+1 =

(
2σ0h

2

21−α − h2vP̄ v−1P̄x

)
β0 − β1 − 2iβ2 sin(hθ)− 2σ0h2r1(γ2 + 2γ1 cos(hθ))(

2σ0h2

21−α + h2vP̄ v−1P̄x

)
β0 + β1 + 2iβ2 sin(hθ)

δn

+
2σ0h2β0rn(

2σ0h2

21−α + h2vP̄ v−1P̄x

)
β0 + β1 + 2iβ2 sin(hθ)

δ0

+
2σ0β1h2

∑n−1
j=1 (rn−j − rn−j+1)(

2σ0h2

21−α + h2vP̄ v−1P̄x

)
β0 + β1 + 2iβ2 sin(hθ)

δj

+
2h2β0(

2σ0h2

21−α + h2vP̄ v−1P̄x

)
β0 + β1 + 2iβ2 sin(hθ)

rn+ 1
2 . (58)

Lemma 1. If δn satisfy (58), then there exists a positive constant C such that

|δn| ≤ C|r 1
2 |, n = 0, 1, 2, . . . ,Mt.
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Proof. We will prove the result using mathematical induction. Since the error equation satisfies
the initial condition ξ0m = 0, it follows that r0 = 0. Thus, for n = 0, (58) gives

|δ1| = 2h2β0

|
(
2σ0h2

21−α + h2vP̄ v−1P̄x
)
β0 + β1 + 2iβ2 sin(hθ)|

|r 1
2 |.

It implies that |δ1| ≤ C|r 1
2 |, for some C ≤ 1. Now, we assume that the result is true for n such

that |δn| ≤ C|r 1
2 ||. From (58), we get

|δn+1| ≤

∣∣∣∣( 2σ0h
2

21−α − h2vP̄ v−1P̄x
)
β0 − β1 − 2iβ2 sin(hθ)− 2σ0h

2β0r1

∣∣∣∣∣∣∣∣( 2σ0h2

21−α + h2vP̄ v−1P̄x
)
β0 + β1 + 2iβ2 sin(hθ)

∣∣∣∣ |δn|

+

|2h2β0|
(
σ0
∑n−1
j=1 (rn−j − rn−j+1)|δj |+ σ0r

n|δ0|+ |rn+ 1
2 |
)

∣∣∣∣( 2σ0h2

21−α + h2vP̄ v−1P̄x
)
β0 + β1 + 2iβ2 sin(hθ)

∣∣∣∣
≤

∣∣∣∣( 2σ0h
2

21−α − h2vP̄ v−1P̄x
)
β0 − β1 − 2iβ2 sin(hθ)− 2σ0h

2β0r1

∣∣∣∣∣∣∣∣( 2σ0h2

21−α + h2vP̄ v−1P̄x
)
β0 + β1 + 2iβ2 sin(hθ)

∣∣∣∣ C1|r 1
2 |

+
|2σ0β0h2r1|∣∣∣∣( 2σ0h2

21−α + h2vP̄ v−1P̄x
)
β0 + β1 + 2iβ2 sin(hθ)

∣∣∣∣C
2|r 1

2 |

+
|2h2β0|∣∣∣∣( 2σ0h2

21−α + h2vP̄ v−1P̄x
)
β0 + β1 + 2iβ2 sin(hθ)

∣∣∣∣ |r
n+ 1

2 |. (59)

Using (41) and (57), we get that there exists a positive constant Cn+ 1
2 , such that

|rn+ 1
2 | ≤ Cn+ 1

2 |r 1
2 |, n = 0, 1, 2, . . . ,Mt.

Let C = max{C1, C2, Cn+
1
2 , n = 0, 1, 2, . . . ,Mt}, and let the time step size approach zero. Then

we obtain |δn| ≤ C|r 1
2 |.

Theorem 1. The proposed numerical scheme (35) is convergent, and the solution satisfies the
condition ‖pn − Pn‖ ≤ C(h2 + k2−α), n = 0, 1, 2, . . . ,Mt.

Proof. Using the result of Lemma 1 and the Parseval’s identity presented in (56) and (57), we
get the following result:

‖pn − Pn‖ = ‖ξn‖2 ≤ C‖R
1
2 ‖2 = C(h2 + k2−α).
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Hence, the convergence order relies on the appropriate choice of parameters γ1 and γ2. When
γ1 = 1

12 and 2γ1 + γ2 = 1, the proposed numerical scheme is O
(
h2 + k2−α

)
accurate.

Remark 2. Although the nonlinear parameter v can be significantly affect the qualitative be-
havior of continuous solution, the numerical scheme’s convergence orders and stability condition
are independent of v. This is because the quasi-linearization process places v only within bounded
coefficients, and the error analysis relies solely on the boundedness of these coefficients rather
than their specific values. The numerical results recorded in tables and figures confirm that for
v = 1, 2, . . . , 10, the errors and convergence rates remain comparable.

5 Numerical simulation

In this section, some numerical experiments are carried out to validate the theoretical results.
Let p(xm, tn) and P (xm, tn) denote the analytical and numerical solutions to the problem (1) at
the grid point (xm, tn). The errors are measured using the following error norms:

ENx,Mt

2 = max
1≤n≤Mt

√√√√h

Nx−1∑
m=1

|p(xm, tn)− P (xm, tn)|2,

ENx,Mt
∞ = max

1≤n≤Mt

(
max

1≤m≤Nx−1
|p(xm, tn)− P (xm, tn)|

)
.

For problems where the exact solution is not available, the efficiency of the proposed method
is evaluated by computing the errors in the L2 and L∞-norms using the double mesh principle,
defined as follows:

ENx,Mt

2 = max
1≤n≤Mt

√√√√h

Nx−1∑
m=1

∣∣P (xm, tn)− P̄ (x2m, t2n)∣∣2, (60)

ENx,Mt
∞ = max

1≤n≤Mt

(
max

1≤m≤Nx−1

∣∣P (xm, tn)− P̄ (x2m, t2n)∣∣) , (61)

where P̄ (x2m, t2n), for m = 0, 1, 2, . . . , Nx, n = 0, 1, 2, . . . ,Mt, denotes the numerical solution
obtained on a refined grid by doubling the number of mesh points in both spatial and temporal
directions. The spatial and temporal convergence orders of the method are computed using the
following formulas:

Lxq = log2

(
ENx,Mt
q

E2Nx,Mt
q

)
, where q = 2,∞, (62)
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Ltq = log2

(
ENx,Mt
q

ENx,2Mt
q

)
, where q = 2,∞. (63)

Furthermore, we investigate the combined spatial and temporal convergence orders of the method
using the formula:

ρNx,Mt = log2

(
ENx,Mt
q

E2Nx,2Mt
q

)
, where q = 2,∞. (64)

Based on the structure of the proposed method, a quasi-linearized system of equations is solved
at each time level. In this study, the proposed numerical scheme is combined with the Thomas
algorithm as an iterative solver to obtain the numerical solution. In practice, the stopping
criteria is defined as ‖pnm − Pnm‖ ≤ 10−8, where pnm denotes the exact solution and Pnm denotes
the numerical solution. For all numerical implementations in this paper, we use the parameter
values γ1 = 1

12 and γ2 = 10
12 .

Example 1. Consider the following generalized nonlinear time-fractional convection-diffusion
equation [13]:

C
0 D

α
t p(x, t) + (p(x, t))

v ∂p(x, t)

∂x
= d

∂2p(x, t)

∂x2
+ f(x, t), (x, t) ∈ (0, 1)× (0, 1),

with initial and boundary conditions

p(x, 0) = 0, 0 ≤ x ≤ 1,

p(0, t) = t2, p(1, t) = et2, t ≥ 0.

The source term is defined as f(x, t) = 2t2−αex

Γ(3−α) + (t2ex)v+1 − dt2ex. For special value of α = 1,
the exact solution is p(x, t) = ext2.

For this example, the numerical experiments are conducted for various values of α, v, and
the mesh sizes, and the corresponding results are presented in tables and figures. Since the exact
solution is available only for α = 1, the double mesh principle is employed for other values of
α. Tables 1–4 present a comprehensive numerical study of the proposed scheme with respect
to temporal and spatial discretizations, as well as the influence of the nonlinear convection
parameter v and the fractional order α. Table 1 reports the temporal errors, convergence orders,
and CPU times of the computed solution for different values of α with a sufficiently fine spatial
grid Nx = 1000 using formula in (63), ensuring that spatial errors do not influence temporal
accuracy. It is observed that the errors in both Lt2 and Lt∞-norms decrease monotonically as the
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time step size is refined, confirming the stability and convergence of the temporal discretization.
The computed convergence rates are in good agreement with the theoretical order 2 − α. In
particular, for a smaller fractional order α = 0.2, the theoretical rate is 2−α = 1.8, and observe
rates are initially close to this value and then slightly decrease toward 1.8 as the mesh is further
refined, indicating convergence toward the theoretical estimate. A similar trend is observed for
other values of α: for α = 0.5, the rates approach the expected order 1.5, while for α = 0.5

and α = 0.9, the computed rates consistently align with the theoretical orders 1.3 and 1.1,
respectively.

Regarding the stability condition stated in Remark 3, namely 3α ≥ 3
2 (implying α ≥ 0.37), it

is important to emphasize that this is a sufficient not necessary condition. The numerical results
clearly show that the scheme remains stable and accurate even for α = 0.2, where the condition
is violated. This confirms that the theoretical stability bound is conservative, as commonly
observed in von Neumann-type analyses and energy-based estimates. The inclusion of α = 0.2

is therefore deliberate, demonstrating the robustness of the method beyond the theoretically
guarantee range.

Table 1: Temporal errors, convergence orders, and CPU times of the computed solution for Example 1 with
different fractional orders α and time step sizes Mt, using Nx = 1000 and d = v = 1.

α Norms Mt = 32 Mt = 64 Mt = 128 Mt = 256 Mt = 512 Mt = 1024

0.2

Lt2 1.14×10−4 3.01×10−5 7.81×10−6 2.02×10−6 5.79×10−7 1.66×10−7

1.928 1.945 1.949 1.805 1.798 —
Lt∞ 1.60×10−4 4.21×10−5 1.09×10−5 2.82×10−6 7.87×10−7 2.26×10−7

1.924 1.947 1.953 1.843 1.800 —
CUP(s) 3.3953 6.9406 17.5882 41.9596 128.6501 420.4133

0.5

Lt2 1.98×10−4 6.21×10−5 1.85×10−5 5.55×10−6 1.82×10−6 6.03×10−7

1.676 1.744 1.740 1.609 1.593 —
Lt∞ 2.67×10−4 8.33×10−5 2.47×10−5 7.65×10−6 2.50×10−6 8.28×10−7

1.684 1.752 1.692 1.6114 1.598 —
CUP(s) 0.5482 2.8717 6.5998 5.9386 32.0136 66.3795

0.7

Lt2 2.53×10−4 9.11×10−5 3.40×10−5 1.31×10−5 5.26×10−6 2.12×10−6

1.475 1.419 1.373 1.321 1.306 —
Lt∞ 3.50×10−4 1.25×10−4 4.69×10−5 1.80×10−5 7.21×10−6 2.91×10−6

1.478 1.421 1.378 1.324 1.307 —
CUP(s) 0.1335 0.2927 0.6866 1.7674 4.3070 14.4766

0.9

Lt2 2.43×10−4 9.86×10−5 4.23×10−5 1.92×10−5 8.98×10−6 4.19×10−6

1.300 1.220 1.136 1.102 1.099 —
Lt∞ 3.35×10−4 1.36×10−4 5.83×10−5 2.64×10−5 1.23×10−6 5.74×10−6

1.304 1.222 1.142 1.102 1.099 —
CUP(s) 0.1335 0.2927 0.6866 1.7674 4.3070 14.4766
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Table 2: Spatial errors, convergence orders, and CPU times of the computed solution for Example 1 with
different values of α and the space step sizes Nx and Mt = 1000 with d = v = 1.

α Norms Nx = 4 Nx = 8 Nx = 16 Nx = 32 Nx = 64

0.2

Lx2 1.13×10−3 2.73×10−4 6.76×10−5 1.67×10−5 4.07×10−6

2.047 2.017 2.013 2.039 —
Lx∞ 1.53×10−3 3.82×10−4 9.45×10−5 2.35×10−5 5.72×10−6

2.005 2.016 2.008 2.039 —
CUP(s) 17.2782 14.5134 14.3909 14.6191 12.0917

0.4

Lx2 1.09×10−3 2.65×10−4 6.53×10−5 1.60×10−5 3.74×10−6

2.047 2.020 2.027 2.099 —
Lx∞ 1.49×10−3 3.70×10−4 9.14×10−5 2.25×10−5 5.25×10−6

2.010 2.017 2.022 2.098 —
CUP(s) 17.0886 14.4452 14.3717 14.4228 11.8596

0.7

Lx2 1.02×10−3 2.47×10−4 5.96×10−5 1.33×10−5 2.12×10−6

2.053 2.052 2.165 2.648 —
Lx∞ 1.40×10−3 3.44×10−4 8.36×10−5 1.87×10−5 2.90×10−6

2.024 2.044 2.158 2.689 —
CUP(s) 17.0548 14.6582 14.3671 14.3693 11.8885

Table 2 presents the spatial discretization errors and CPU times of the computed solution
using a sufficiently fine time step Mt = 1000, ensuring that the temporal errors do not influence
spatial accuracy. The results clearly demonstrate that the method achieves second-order accuracy
in space for all considered values of α. The observed convergence rates remain uniformly close
to 2 across all refinement levels, confirming that the spatial discretization is independent of the
fractional-order α and is not affected by temporal memory effects.

Tables 3 and 4 examine the effect of the nonlinear parameter v in the term pvpx. It is observed
Table 3 that the errors in both L2 and L∞-norms decrease consistently with mesh refinement, and
the corresponding convergence rates remain stable for all values v = 1, 2, . . . , 10. This indicates
that the proposed scheme maintains its accuracy even for strongly nonlinear cases. Moreover,
under further mesh refinement, and as also observed in Table 1, the numerical convergence
orders approach the expected theoretical values more closely. Table 4 reports pointwise errors
for fixed discretization parameters Nx = 160 and Mt = 256, for various values of α and v.
The results indicates that the numerical errors remain uniformly small across all tested values
of α and v, demonstrating the stability and robustness of the scheme. As α increases, a slight
improvement in accuracy is observed, which is consistent with the smoother behavior of solutions
for larger fractional orders. In line with Remark 2, the convergence behavior and stability of the
scheme are not significantly influenced by v. This is reflected in the numerical results, where
the errors and convergence rates remain comparable across all tested values of v, demonstrating
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Table 3: Pointwise errors and corresponding convergence orders for Example 1 in L2 and L∞ norms for different
values of v with α = 0.5 and d = 1.

v Norms Nx = 10 Nx = 20 Nx = 40 Nx = 80 Nx = 160 Nx = 320

Mt = 16 Mt = 32 Mt = 64 Mt = 128 Mt = 256 Mt = 512

1
L2 1.533×10−3 5.262×10−4 1.684×10−4 5.110×10−5 1.487×10−5 4.186×10−6

1.54 1.64 1.72 1.78 1.83
L∞ 2.069×10−3 7.071×10−4 2.254×10−4 6.800×10−5 1.968×10−5 5.515×10−6

1.55 1.65 1.73 1.79 1.84 —

2
L2 1.522×10−3 5.256×10−4 1.684×10−4 5.110×10−5 1.487×10−5 4.186×10−6

1.53 1.64 1.72 1.78 1.83 —
L∞ 2.053×10−3 7.063×10−4 2.253×10−4 6.800×10−5 1.968×10−5 5.515×10−6

1.54 1.65 1.73 1.79 1.84 —

3
L2 5.567×10−3 1.219×10−3 2.827×10−4 6.651×10−5 1.542×10−5 4.186×10−6

2.19 2.11 2.09 2.11 1.88 —
L∞ 9.333×10−3 1.958×10−3 4.482×10−4 1.063×10−4 2.519×10−5 5.842×10−6

2.25 2.13 2.08 2.08 2.11 —

4
L2 1.289×10−2 2.635×10−3 6.058×10−4 1.457×10−4 3.551×10−5 8.629×10−6

2.29 2.12 2.06 2.04 2.04 —
L∞ 2.445×10−2 5.568×10−3 1.142×10−3 2.415×10−4 5.901×10−5 1.450×10−5

2.13 2.29 2.24 2.03 2.02 —

...
...

...
...

...
...

...
...

10
L2 4.903×10−2 1.245×10−2 2.924×10−3 7.070×10−4 1.696×10−4 4.004×10−5

1.98 2.09 2.05 2.06 2.08 —
L∞ 9.751×10−2 2.833×10−2 8.120×10−3 2.208×10−3 5.768×10−4 1.460×10−4

1.78 1.80 1.88 1.94 1.98 —

Table 4: Pointwise errors for Example 1 in L2 and L∞ norms for different values of α and v using Nx =
160,Mt = 256 and d = 1.

v Norms α = 0.4 α = 0.6 α = 0.8 α = 0.9 α = 1

1 L2 1.367×10−5 1.421×10−5 2.402×10−5 2.219×10−5 4.760×10−7

L∞ 1.830×10−5 1.941×10−5 3.294×10−5 3.045×10−5 6.528×10−7

2 L2 1.367×10−5 1.421×10−5 2.325×10−5 2.137×10−5 3.834×10−6

L∞ 1.830×10−5 1.866×10−5 3.178×10−5 2.921×10−5 5.495×10−6

3 L2 1.714×10−5 1.421×10−5 2.306×10−5 2.116×10−5 1.792×10−5

L∞ 2.714×10−5 2.248×10−5 3.155×10−5 2.895×10−5 2.776×10−5

4 L2 3.654×10−5 3.409×10−5 3.086×10−5 3.104×10−5 3.680×10−5

L∞ 5.992×10−5 5.778×10−5 5.496×10−5 5.513×10−5 6.004×10−5

...
...

...
...

...
...

...

10 L2 1.697×10−4 1.695×10−4 1.692×10−4 1.692×10−4 1.695×10−4

L∞ 5.768×10−4 5.768×10−4 5.767×10−4 5.767×10−4 5.767×10−4
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the robustness of the method with respect to nonlinear effects. A numerical comparison of the
suggested method with the current numerical approaches documented in [13], [21], [22], and
[35] is presented in Tables 5–7. Comparing the suggested approach to the previously published
schemes, the numerical results show that it achieves better convergence characteristics and higher
accuracy. Results specifically show that the current approach is robust and efficient in all tested
problem settings, confirming its efficacy and potential benefits for real-world applications across
a broad range of v values.

Table 5: Comparison results for Example 1 in the L2 and L∞ norms for α = 0.4, d = 1, and different values of
v and mesh sizes.

v Norms Nx = 16,Mt = 10 Nx = 32,Mt = 20 Nx = 64,Mt = 40

Method [13] Present Method [13] Present Method [13] Present

2 L2 1.08×10−2 6.314×10−3 2.53×10−3 1.338×10−3 6.15×10−4 3.614×10−4

L∞ 1.73×10−2 8.962×10−3 4.09×10−3 1.917×10−3 9.92×10−4 5.141×10−4

3 L2 1.61×10−2 8.561×10−3 3.75×10−3 1.611×10−3 9.15×10−4 4.148×10−4

L∞ 3.56×10−2 1.263×10−2 8.64×10−3 2.482×10−3 2.10×10−3 6.167×10−4

Table 6: L∞ and L2 errors comparisons for Example 1 with Mt = 4000, α = 0.5 and v = 1.

Nx
Method [21] Method [22] Present method

L2 L∞ L2 L∞ L2 L∞

10 1.633× 10−3 2.296× 10−3 1.765× 10−3 3.101× 10−3 5.136× 10−4 7.113× 10−4

20 4.477× 10−4 6.250× 10−4 4.056× 10−4 8.128× 10−4 1.246× 10−4 1.737× 10−4

40 1.618× 10−4 2.273× 10−4 6.774× 10−5 2.095× 10−4 3.081× 10−5 4.320× 10−5

80 9.262× 10−5 1.331× 10−4 4.575× 10−5 6.920× 10−5 7.580× 10−6 1.063× 10−5

Table 7: L∞ and L2 errors comparisons for Example 1 with α = 0.5, v = 1 and Nx = 40.

Mt
Method [35] Present method

L2 L∞ L2 L∞

1000 9.204× 10−4 2.401× 10−3 7.474× 10−6 1.089× 10−5

2000 4.549× 10−4 1.198× 10−3 6.639× 10−6 9.759× 10−6

4000 2.225× 10−4 5.972× 10−4 6.363× 10−6 9.385× 10−6

8000 8.344× 10−5 2.364× 10−4 6.271× 10−6 9.259× 10−6
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Figure 1 displays the numerical solution and absolute error surface plots, while Figure 2
displays the two-dimensional (2D) numerical solution and error plots for Example 1 at α =

0.4, d = v = 1. Graphs of absolute errors for various values of α and v at various time levels
t = [0.25, 0.5, 0.75, 1.0] are shown in Figures 3–8. All errors in Figures 2–8 are computed using
the double mesh principle, based on the difference between the numerical solutions obtained on
the meshes (Nx,Mt) = (64, 128) and (Nx,Mt) = (128, 256) for Example 1.
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Figure 1: 3D representations of the solution behavior and corresponding absolute error for Example 1 with
α = 0.4, v = 1 and d = 1.
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Figure 2: 2D representations of the solution comparison and the corresponding absolute error for Example 1
with α = 0.4, v = 1 and d = 1.
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(b) Error for α = 0.7
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(c) Error for α = 0.9

Figure 3: 3D representations of the absolute error behaviors for Example 1 with v = 1 and d = 1.

0.0 0.2 0.4 0.6 0.8 1.0
x

0

1

2

3

|E
rro

r|

×10−5

t=0.25
t=0.50
t=0.75
t=1.00

(a) Error for α = 0.5

0.0 0.2 0.4 0.6 0.8 1.0
x

0

2

4

6

|E
rro

r|

×10−5

t=0.25
t=0.50
t=0.75
t=1.00

(b) Error for α = 0.7
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Figure 4: 2D representations of the absolute error behaviors for Example 1 at v = d = 1.
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(b) Error for α = 0.7
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(c) Error for α = 0.9

Figure 5: 3D representations of the absolute error behaviors for Example 1 at v = 2, d = 1.
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Figure 6: 2D representations of the absolute error behaviors for Example 1 at v = 2, d = 1.
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Figure 7: 3D representations of the absolute error behaviors for Example 1 at v = 4, d = 1.
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Figure 8: 2D representations of the absolute error behaviors for Example 1 at v = 4, d = 1.

Example 2. Consider the following generalized nonlinear time-fractional convection-diffusion
equation [13]:
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C
0 D

α
t p(x, t) + (p(x, t))

v ∂p(x, t)

∂x
= d

∂2p(x, t)

∂x2
+ f(x, t), (x, t) ∈ (0, 1)× (0, 1),

with initial and boundary conditions

p(x, 0) = 0, 0 ≤ x ≤ 1,

p(0, t) = 0, p(1, t) = 0, t ≥ 0,

where the source term is f(x, t) = 2t2−α sin(2πx)
Γ(3−α) + 2πt4 sin(2πx) cos(2πx) + 4dt2π2 sin(2πx), and

p(x, t) = t2 sin(2πx) is the exact solution of this problem for special case α = 1 and v = 1 [35, 25].

Table 8: Pointwise errors and corresponding convergence orders for Example 2 in the L2 and L∞ norms for
α = 0.5, d = 1, and different values of v and mesh sizes.

v Norms Nx = 10 Nx = 20 Nx = 40 Nx = 80 Nx = 160 Nx = 320
Mt = 16 Mt = 32 Mt = 64 Mt = 128 Mt = 256 Mt = 512

1
L2 6.03×10−3 1.24×10−3 3.02×10−4 7.24×10−5 1.72×10−5 4.08×10−6

2.27 2.05 2.06 2.07 2.08 —
L∞ 8.65×10−3 1.67×10−3 4.27×10−4 1.02×10−4 2.44×10−5 5.77×10−6

2.37 1.97 2.06 2.07 2.08 —

2
L2 1.66×10−2 3.87×10−3 1.01×10−3 2.59×10−4 6.61×10−5 1.68×10−5

2.10 1.93 1.97 1.98 1.97 —
L∞ 2.53×10−2 6.56×10−3 1.71×10−3 4.36×10−4 1.11×10−4 2.82×10−5

1.95 1.94 1.97 1.98 1.97 —

3
L2 5.07×10−3 1.24×10−3 3.02×10−4 7.24×10−5 1.72×10−5 4.08×10−6

2.02 2.05 2.06 2.07 2.08 —
L∞ 6.83×10−3 1.67×10−3 4.27×10−4 1.02×10−4 2.44×10−5 5.77×10−6

2.02 1.97 2.06 2.07 2.08 —

4
L2 1.95×10−2 2.80×10−3 8.02×10−4 2.10×10−4 5.41×10−5 1.39×10−5

2.80 1.80 1.93 1.96 1.96 —
L∞ 2.61×10−2 4.59×10−3 1.33×10−3 3.51×10−4 9.03×10−5 2.32×10−5

2.51 1.78 1.93 1.96 1.96 —

...
...

...
...

...
...

...
...

10
L2 7.05×10−3 1.61×10−3 5.90×10−4 1.63×10−4 4.31×10−5 1.13×10−5

2.12 1.46 1.85 1.92 1.93 —
L∞ 1.41×10−2 2.57×10−3 1.00×10−3 2.79×10−4 7.34×10−5 1.92×10−5

2.46 1.36 1.84 1.93 1.93 —

Table 8 represents the pointwise errors and corresponding convergence orders for Example 2
in the L2 and L∞ norms for different values of the nonlinear parameter v and progressively
refined mesh sizes. It is observed that the errors decrease consistently as the mesh size is refined,
and the computed convergence orders approach second-order accuracy in both norms. This
confirms that the proposed scheme maintains its expected spatial accuracy while simultaneously
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capturing the temporal behavior under mesh refinement. Moreover, the results demonstrate
that the convergence rates remain stable across a wide range of nonlinearities v = 1, 2, . . . , 10.
Minor variations in the convergence order for coarse meshes are observed, particularly for large
values of v, but these effects diminish as the mesh is refined. This behavior is consistent with
the pre-asymptotic regime and does not affect the overall convergence trend. Table 9 reports
pointwise errors for fixed discretization parameters Nx = 160 andMt = 256, for various values of
α and v. The results indicate that the numerical errors remain uniformly small across all tested
values of α and v, demonstrating the stability and robustness of the scheme. As α increases, a
slight improvement in accuracy is observed, which is consistent with the smoother behavior of
solutions for larger fractional orders. In line with Remark 2, the numerical results in both tables
confirm that the convergence behavior and stability of the scheme are essentially independent of
the nonlinear parameter v. The comparable error magnitudes and consistent convergence rates
across all tested values of v demonstrate that the proposed method effectively handles nonlinear
effects without loss of accuracy. Overall, Tables 8 and 9 further validate the theoretical findings,
showing that the scheme is second-order accurate, stable, and robust for a wide range of fractional
orders and nonlinearities.

Table 9: Pointwise errors for Example 2 in L2 and L∞ norms for Nx = 160,Mt = 256, d = 1, and different
values of α and v.

v Norms α = 0.4 α = 0.6 α = 0.8 α = 0.9 α = 1

1 L2 1.92×10−5 1.45×10−5 1.24×10−5 1.21×10−5 3.31×10−6

L∞ 2.72×10−5 2.05×10−5 2.01×10−5 1.98×10−5 5.59×10−6

2 L2 6.72×10−5 6.49×10−5 6.16×10−5 5.72×10−5 4.78×10−5

L∞ 1.12×10−5 1.09×10−5 1.04×10−5 9.79×10−5 8.38×10−5

3 L2 1.92×10−5 1.45×10−5 1.33×10−5 1.31×10−5 1.06×10−5

L∞ 2.72×10−5 2.05×10−5 1.88×10−5 1.85×10−5 1.60×10−5

4 L2 5.56×10−5 5.25×10−5 4.74×10−5 4.20×10−5 3.23×10−5

L∞ 9.23×10−5 8.81×10−5 3.25×10−5 7.27×10−5 5.70×10−5

...
...

...
...

...
...

...

10 L2 4.54×10−5 4.03×10−5 3.25×10−5 2.68×10−5 1.91×10−5

L∞ 7.65×10−5 6.97×10−5 5.89×10−5 4.98×10−5 3.61×10−5

A numerical comparison of the suggested method with the current numerical approaches
documented in [22, 35, 25, 44, 21] is presented in Tables 10–14. The numerical results demon-
strate that the proposed method achieves higher accuracy compared with the previously reported
schemes. Specifically, the findings support its efficacy and possible benefits for real-world uses
across a broad range of v values. The tension parameters of the nonpolynomial spline offer a vital
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benefit over a conventional cubic B-spline because they can prevent unwarranted spurious oscil-
lations. The key feature of tension spline is the tension parameter µ, which allows local control of
the spline shape and can effectively suppress oscillations that often arise in convection-dominated
regimes. Tables 6, 10 and 14 demonstrate that our algorithm can be better used than common
B-spline algorithms [21, 22].

Table 10: Example 2: L∞ and L2 errors for Mt = 4000, α = 0.5, and v = d = 1.

Nx
Method [22] Method [35] Present method

L2 L∞ L2 L∞ L2 L∞

10 2.26× 10−2 3.04× 10−2 7.14× 10−3 1.01× 10−2

20 5.44× 10−3 7.70× 10−3 4.77× 10−4 7.48× 10−4

40 1.22× 10−3 1.73× 10−3 1.22× 10−3 1.72× 10−3 8.20× 10−5 1.31× 10−4

80 1.77× 10−4 2.53× 10−4 1.68× 10−4 2.38× 10−4 2.09× 10−5 3.02× 10−5

100 5.22× 10−5 7.65× 10−5 4.23× 10−5 5.99× 10−5 1.35× 10−5 1.90× 10−5

Table 11: Comparison for Example 2 in L2 and L∞ norms for different values of α with Mt = 1000 and
v = d = 1.

α Norms Nx = 8 Nx = 16 Nx = 32

Method [25] Present Method [25] Present Method [25] Present

0.5 L2 3.32×10−2 1.80×10−2 8.14×10−3 1.06×10−3 2.02×10−3 1.31×10−4

L∞ 4.70×10−2 2.54×10−2 1.15×10−2 1.44×10−3 2.86×10−3 2.26×10−4

0.9 L2 3.29×10−2 1.78×10−2 8.06×10−3 1.05×10−3 2.00×10−3 1.29×10−4

L∞ 4.65×10−2 2.52×10−2 1.14×10−2 1.43×10−3 2.83×10−3 2.24×10−4

Table 12: Comparison for Example 2 in L2 and L∞ norms for different values of α withMt = Nx and v = d = 1.

α Norms Nx = 10 Nx = 20 Nx = 40

Method [25] Present Method [25] Present Method [25] Present

0.5 L2 2.11×10−2 1.31×10−2 5.21×10−3 3.25×10−3 1.30×10−3 7.91×10−4

L∞ 2.88×10−2 1.77×10−2 7.37×10−3 4.37×10−3 1.88×10−3 1.11×10−3

0.9 L2 2.08×10−2 1.05×10−2 5.15×10−3 2.26×10−3 1.28×10−3 4.55×10−4

L∞ 2.84×10−2 1.42×10−2 7.28×10−3 3.05×10−3 1.81×10−3 6.43×10−4

In Figure 9, we display the surface plots of the numerical solution and the absolute error for
Example 1 at α = 0.4, d = v = 1. All errors in Figures 10–13 are computed using the double
mesh principle, based on the difference between the numerical solutions obtained on the meshes
(Nx,Mt) = (64, 128) and (Nx,Mt) = (128, 256) for Example 2. In Figures 10–13 illustrate the
distributions of absolute errors for different values of α and v.
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Table 13: Comparison for Example 2 in L2 and L∞ norms for different values of α with h = 0.01 and
v = 1, d = 1.

t Norms α = 0.5 α = 1

Method [44] Present Method [44] Present

0.02 L2 3.764×10−3 1.206×10−4 4.333×10−3 5.332×10−5

L∞ 8.596×10−3 1.705×10−4 9.738×10−3 7.597×10−5

0.04 L2 2.577×10−3 5.011×10−4 2.968×10−3 2.123×10−4

L∞ 5.303×10−3 7.087×10−4 6.010×10−3 3.003×10−4

0.06 L2 2.166×10−3 1.249×10−3 2.494×10−3 5.998×10−4

L∞ 5.303×10−3 1.766×10−3 6.010×10−3 8.483×10−4

0.08 L2 3.921×10−3 2.246×10−3 4.513×10−3 1.223×10−3

L∞ 8.596×10−3 3.176×10−3 9.738×10−3 1.729×10−3

Table 14: Comparison for Example 2 in L2 and L∞ norms for α = 0.5 with Nx = 120,Mt = 2000, v = d = 1

and T = 0.1.

d Method [21] Method [25] Present method

L2 L∞ L2 L∞ L2 L∞

0.1 1.501×10−5 2.126×10−5 6.666×10−7 9.427×10−7 1.185×10−8 2.019×10−8

0.01 1.045×10−6 2.001×10−6 1.338×10−7 1.919×10−7 2.744×10−8 4.775×10−8

0.005 7.583×10−7 2.341×10−6 8.573×10−8 1.261×10−7 2.947×10−8 5.143×10−8
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Figure 9: 3D representations of solution behaviors and absolute error corresponding to Example 2 for α = 0.4

and v = d = 1.

Remark 3. The stability condition, which is 3α ≥ 3
2 and leads to α ≥ 0.37, is not a necessary

condition; rather, it is sufficient. It can be observed from Tables 1 and 2 that for α = 0.2, the
condition 3α ≥ 3

2 is violated, but the results are of the same precision.
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Figure 10: 3D representations of the absolute error behaviors for Example 2 at v = d = 1.
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Figure 11: 2D representations of the absolute error behaviors for Example 2 at v = d = 1.
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Figure 12: 3D representations of the absolute error behaviors for Example 2 at v = 2, d = 1.
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Figure 13: 2D representations of the absolute error behaviors for Example 2 at v = 2, d = 1.

6 Conclusion

This paper develops a numerical method for the generalized nonlinear time-fractional convection-
diffusion equation. First, the quasi-linearization process is used to obtain a linear-time fractional
convection-diffusion sequence. Next, we apply the scheme on uniform partitions, which consists
of the nonpolynomial tension spline scheme in the spatial direction and the Crank–Nicolson
discretization in the temporal direction. Analytical and some numerical results from the literature
are compared with the results. This comparison demonstrates the effectiveness and efficiency of
the proposed approach, which can also be applied to a variety of scientific and physical fields.
Additionally, the error norms L2 and L∞ are calculated and provided in tables to demonstrate
the accuracy of the present approach. The accuracy of the proposed scheme is demonstrated
using two test problems for a range of parameter values. The results of these different tests,
along with comparisons with other results and the error norms L2 and L∞, are displayed in
tables and figures. Finally, it has been demonstrated that the present approach is suitable and
widely applicable to FDEs. In the future, we will extend this method to Caputo sense time-FDEs
near t = 0, which exhibit weakly singular behavior.
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Abstract

Methods based on stochastic gradient descent using relaxed barrier functions provide a powerful
framework for linearly constrained optimization but often suffer from sensitivity to hyperpa-
rameter settings and slow recovery from infeasible regions. Our investigation reveals that the
optimal performance of standard relaxed barrier methods is confined to a narrow and unstable,
“special-case” optimization path, limiting their practical robustness. This paper introduces a
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in proportion to the magnitude of constraint violations, ensuring a strong push towards the
feasible set specifically when iterates become highly infeasible. We provide a rigorous theo-
retical analysis, preserving the almost sure convergence guarantees of the baseline algorithm
and deriving an explicit linear convergence rate to a neighborhood of the solution. Numeri-
cal results on challenging linearly constrained quadratic programming problems demonstrate
that our algorithm exhibits superior robustness: It significantly reduces constraint violations
in ill-conditioned scenarios compared to the standard method, acting as a reliability safety net,
while maintaining competitive efficiency in nominal conditions.

AMS subject classifications (2020): Primary 90C15, 90C25; Secondary 49M30, 65K05, 68T05.

Keywords: Linearly constrained optimization, Stochastic gradient descent, Relaxed barrier
functions, Dynamic barrier amplification, Robust optimization, Convergence analysis

1 Introduction

Stochastic gradient descent (SGD) and its variants have established themselves as the corner-
stone of modern large-scale optimization, driving advancements in fields ranging from machine
learning to complex networked systems [2, 3, 15, 24]. While SGD exhibits exceptional efficiency
in unconstrained settings, its extension to constrained optimization remains a challenging and
active area of research [19].

Classical approaches often demand full knowledge of the constraint set, necessitating com-
putationally expensive projection operations that become prohibitive in high-dimensional spaces
[20]. To mitigate this, recent methodologies have emerged that rely on sampling subsets of
constraints, utilizing techniques, such as penalty functions [12, 21] or primal-dual frameworks
[22, 23]. Among these, the adaptive relaxed barrier SGD proposed by Dimitrieski, Cao, and
Ebenbauer [6] stands out as a promising direction, leveraging a relaxed logarithmic barrier to
avoid projections entirely [7, 8].

However, despite its theoretical guarantees, our investigation uncovers a critical limitation in
this baseline approach: Its performance is heavily dependent on a “highly sensitive” optimization
path. Specifically, when initialized far from the feasible region or when faced with ill-conditioned
linearly constrained problems, the uniform learning rate fails to generate a sufficient corrective
signal. This architectural vulnerability leads not merely to slow convergence, but to signifi-
cant constraint violations, rendering the method unreliable for applications where feasibility is
paramount.
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In this paper, we address this reliability gap by introducing a novel algorithm: Robust SGD
with dynamic barrier amplification. Unlike standard methods that treat all gradients equally,
our approach introduces a mechanism that dynamically intensifies the corrective barrier force
in direct proportion to constraint violations. This effectively creates an adaptive “safety net,”
ensuring robust recovery from infeasible regions without compromising efficiency in standard
conditions.

Our contributions are summarized as follows:

• Algorithmic Innovation: We introduce the dynamic barrier amplification mechanism,
which adaptively modulates the barrier gradient to prioritize feasibility precisely when
needed.

• Theoretical Rigor: We provide a comprehensive convergence analysis that preserves the
almost sure convergence guarantees of the baseline algorithm. Furthermore, addressing a
gap in prior work [6], we derive an explicit linear convergence rate to a neighborhood of
the solution using the expected smoothness framework.

• Empirical Robustness: Through rigorous “stress testing” on linearly constrained
quadratic problems, we demonstrate that our algorithm acts as a robust safeguard. While
performing identically to the baseline in nominal settings, it significantly suppresses con-
straint violations in ill-conditioned scenarios where the standard method fails.

The remainder of this paper is organized as follows: Section 2 formalizes the problem state-
ment and details the proposed dynamic barrier amplification methodology. Section 3 provides
the theoretical framework, establishing almost sure convergence. Section 4 presents the deriva-
tion of the linear convergence rate. Section 5 reports the numerical experiments and robustness
analysis. Finally, Section 6 concludes the paper and outlines directions for future research.

2 The proposed methodology

In this section, we formally introduce the proposed algorithm. We begin by defining the lin-
early constrained problem formulation and the necessary assumptions, incorporating specific
relaxations suggested by the analysis of stochastic approximation. We then detail our novel
modification, the dynamic barrier amplification strategy.
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2.1 Problem formulation and assumptions

We address the following linearly constrained optimization problem:

min
x∈Rd

f(x) :=
1

n

n∑
i=1

fi(x) s.t. gj(x) ≤ 0, for all j ∈ {1, . . . ,m}, (1)

where the objective components fi : Rd → R are continuously differentiable, and the constraint
functions are affine, defined as gj(x) := aTj x+ bj with aj ∈ Rd and bj ∈ R.

We adopt the following standard assumptions, which are common in the analysis of stochastic
gradient methods [4, 5, 18].

Assumption 1 (Objective function properties). The objective function components fi are L-
smooth and convex. Furthermore, the aggregate function f(x) is µ-strongly convex for some
µ > 0. These assumptions are standard in convergence proofs for gradient-based optimization
[6, 15].

Remark 1. This condition is satisfied if at least one component function fi is strongly convex,
even if the others are merely convex.

Assumption 2 (Feasibility). The feasible set X := {x ∈ Rd : gj(x) ≤ 0, for all j} satisfies
Slater’s condition, meaning it has a nonempty interior. This is a fundamental requirement for
the validity of barrier-based methods [4, 8]

Assumption 3 (Stochastic sampling). At each iteration k, an objective index ik ∼ U{1, . . . , n}
and a constraint index jk ∼ U{1, . . . ,m} are sampled independently and uniformly at random.
This ensures that the stochastic gradients are unbiased estimators satisfying standard SGD
assumptions [6]:

E[∇fik(x)] = ∇f(x),

E[∇B(gjk(x), δk)] =
1

m

m∑
j=1

∇B(gj(x), δk).

2.2 Baseline algorithm: Adaptive relaxed barrier

The foundation of our work is the adaptive relaxed barrier SGD algorithm proposed by Dim-
itrieski, Cao, and Ebenbauer [6]. This method addresses the constrained problem (1) using
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a stochastic update rule that combines the objective gradient with the gradient of a relaxed
logarithmic barrier function, B(g, δ). The standard update rule is given by

xk+1 = xk − γk (∇fik(xk) +∇B(gjk(xk), δk)) . (2)

While effective, this approach applies a uniform learning rate γk to both the objective and barrier
gradients. This can lead to slow progress, particularly when an iterate is far outside the feasible
region and requires a stronger corrective signal.

In this context, the specific relaxed logarithmic barrier function B(z, δ) employed in (2) is
defined as follows:

B(z, δ) :=

−δ log(−z), z < −δ,
1
2

(
(z+2δ)2

δ − δ
)
− δ log(δ), z ≥ −δ.

2.3 Dynamic barrier amplification strategy

To address the limitation of the baseline method, we introduce a novel mechanism called dynamic
barrier amplification. The core idea is to adaptively increase the influence of the barrier gradient
precisely when a constraint is violated. This is achieved by introducing a dynamic amplification
factor, denoted by Ak, which modulates the barrier term. The amplification factor is a function
of the constraint violation gjk(xk) and is defined as

Ak = 1 + λ · tanh (max(0, gjk(xk))) ,

where λ > 0 is a hyperparameter that controls the intensity of the amplification.

The hyperbolic tangent function, tanh, is specifically chosen for its intrinsic saturation prop-
erties. As the constraint violation increases, tanh provides a smooth yet significant corrective
boost that naturally saturates, preventing overly aggressive updates that could lead to numerical
instability.

The intuition behind the design of Ak is effective. When a constraint is satisfied (gjk(xk) ≤
0), the max term becomes zero, and thus Ak = 1. In this case, our algorithm’s update step
defaults to the original relaxed barrier method (see (2)). However, when a constraint is violated
(gjk(xk) > 0), Ak becomes greater than 1, applying a stronger corrective force to push the iterate
back towards the feasible region more aggressively. The behavior of this amplification factor is
illustrated in Figure 1.
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This leads to our proposed amplified rate SGD update rule:

xk+1 = xk − γk (∇fik(xk) +Ak · ∇B(gjk(xk), δk)) . (3)

By dynamically amplifying the barrier gradient, this update rule prioritizes constraint satisfaction
when needed, thereby aiming for faster and more robust overall convergence.
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Figure 1: Behavior of the Dynamic Amplification Factor (Ak) as a function of the constraint violation (g),
using the hyperbolic tangent (tanh) function with λ = 1.0. The factor remains at its baseline value of 1 in the
feasible region (g ≤ 0) and increases smoothly upon violation (g > 0), naturally saturating at an upper bound
of 1 + λ. This inherent stability removes the need for an explicit upper cap.

3 Theoretical framework and convergence analysis

Our convergence analysis relies on the well-established theory of stochastic gradient methods,
rooted in the pioneering work on stochastic approximation [16, 11, 9]. Recent advancements have
focused on providing a deeper, quantitative understanding of this convergence by establishing
explicit almost sure convergence rates for various stochastic algorithms [13]. The analysis proves
that the introduction of the stabilized dynamic barrier amplification factor, Ak, preserves the
almost sure convergence guarantees of the original algorithm [6]. The baseline algorithm is proven
to converge with probability one for strongly convex objectives and affine inequality constraints,

Iran. J. Numer. Anal. Optim., Vol. 16, No. 3, 2026, pp 922–951



Fillali, Addoune and Zeghdane 928

under specific conditions on the step-size (γk) and barrier adaptation (δk) rules [6]. Our proof
builds upon the detailed derivations for the stochastic gradient components presented in the
appendices of Dimitrieski, Cao, and Ebenbauer [6].

Our analysis extends this framework to formally prove that the introduction of the dynamic
barrier amplification factor, Ak, preserves this convergence guarantee. The proof leverages the
fact that the modifications introduced by Ak are inherently bounded due to the natural saturation
properties of the hyperbolic tangent function, allowing for the application of the same convergence
theorems.

3.1 Preliminaries and Lyapunov function

We begin by restating our proposed update rule from (3):

xk+1 = xk − γk(∇fik(xk) +Ak∇B(gjk(xk), δk)).

Our goal is to prove that the sequence of iterates {Xk} generated by this rule converges
almost surely to x∗(δ∞)⋆.

Let X̃k = Xk − x∗(δ∞) be the error at iteration k. We define the Lyapunov function
Vk = ||X̃k||2. The core of our proof is to analyze the conditional expectation of Vk+1 given the
filtration Fk⋆⋆, denoted by Ek[·] = E[·|Fk].

Expanding the Lyapunov function, we have

Ek[||X̃k+1||2] = ||X̃k||2 − 2γkEk[GTk X̃k] + γ2kEk[||Gk||2], (4)

where Gk = ∇fik(xk) +Ak∇B(gjk(xk), δk) is the amplified stochastic gradient.

⋆ Here, x∗(δ∞) denotes the unique global minimizer of the regularized objective function Φ(x) (as defined in
(5)), with the limiting barrier parameter δ∞ > 0.
⋆⋆ Fk represents the σ-algebra generated by the history of the algorithm up to iteration k, i.e.,
{x0, i0, j0, . . . , ik−1, jk−1}.
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3.2 Decomposition of the amplified stochastic gradient

To analyze (4), we first decompose the gradient term Gk. Following Dimitrieski, Cao, and Eben-
bauer [6], the relaxed barrier gradient can be split as ∇B(gjk , δk) = ∇B(gjk , δ∞)−∇C(gjk , δk),
where ∇C captures the difference due to the decaying barrier parameter ϵk = δk − δ∞.

To formalize the analysis, we first define the regularized objective function, Φ(Xk), as follows:

Φ(Xk) := f(Xk) +
1

m

m∑
j=1

B(gj(Xk), δ∞). (5)

Using this definition, the amplified stochastic gradient Gk can be decomposed. This decompo-
sition is key, as it isolates the original stochastic gradient term, ∇Φik,jk(Xk)

⋆⋆⋆, from the new
terms introduced by our amplification mechanism:

Gk = ∇fik(Xk) +∇B(gjk(Xk), δ∞)︸ ︷︷ ︸
∇Φik,jk

(Xk)

+(Ak − 1)∇B(gjk(Xk), δ∞)−Ak∇C(gjk(Xk), δk).

3.3 Bounding the Lyapunov recurrence

We now bound the terms in (4).

3.3.1 Bounding the cross-term

The expectation of the cross-term is

Ek[GTk X̃k] = Ek[∇ΦTik,jkX̃k] + Ek[((Ak − 1)∇Bjk,∞)T X̃k]− Ek[(Ak∇Cjk)T X̃k]. (6)

1. The first term provides the driver for convergence. Due to the µ-strong convexity of
Φ(·) (from Assumption 1), we have Ek[∇ΦTik,jkX̃k] = ∇Φ(Xk)

T X̃k ≥ Φ0(Xk) +
µ
2 ||X̃k||2, where

Φ0(Xk) := Φ(Xk)− Φ(x∗(δ∞)).
2. The second term is nonnegative. When a constraint is satisfied (gjk(xk) ≤ 0), the

amplification factor Ak = 1, making (Ak − 1) = 0 and the term zero. When a constraint is
violated (gjk(xk) > 0), the factor (Ak − 1) is positive. Furthermore, the inner product is non-

⋆⋆⋆ The stochastic gradient of the regularized objective function, ∇Φik,jk , is defined based on (5). For a single
random sample (ik, jk), it is the sum of the objective gradient and the final barrier gradient: ∇Φik,jk (Xk) :=

∇fik (Xk) +∇B(gjk (Xk), δ∞).
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negative. This follows from the first-order condition for the convexity of the barrier function
B(gjk(·), δ∞), which implies that

(∇Bjk,∞)T X̃k ≥ B(gjk(xk), δ∞)−B(gjk(x
∗(δ∞)), δ∞) > 0.

Therefore, the conditional expectation Ek[((Ak − 1)∇Bjk,∞)T X̃k] is nonnegative.

3. The third term, −Ek[(Ak∇Cjk)T X̃k].

First, by applying the Cauchy–Schwarz inequality to the inner product, we have

(Ak∇Cjk)T X̃k ≤ ||Ak∇Cjk || · ||X̃k||.

The amplification factor is inherently bounded due to the tanh function, such that Ak =

1 + λ tanh(max(0, gjk(xk))) ≤ 1 + λ. Since Ak is a positive scalar, we can write

||Ak∇Cjk || = Ak||∇Cjk || ≤ (1 + λ)||∇Cjk ||.

Taking the conditional expectation Ek[·] yields

Ek[(Ak∇Cjk)T X̃k] ≤ (1 + λ)Ek[||∇Cjk || · ||X̃k||].

The remaining term Ek[||∇Cjk ||||X̃k||] is precisely the baseline (nonamplified) error term.
Following the citation style of the main paper, the bound for this term is explicitly derived in
the baseline algorithm’s analysis [6, Appendix V-B], resulting in the inequality stated in [6, p.
4, Eq. (8)]. By substituting this known upper bound, we get the final result:

Ek[(Ak∇Cjk)T X̃k] ≤ (1 + λ)

[
‖X̃k‖2

(
a

ϵk
δkδ∞

+ ĉϵka+ b
ϵk

δkδ∞

)
+
ĉϵk
4
a+

1

4
b
ϵk

δkδ∞

]
.

To handle this amplified error and proceed with the proof, we drop the nonnegative second
term from (6) to find an upper bound for the full cross-term. By substituting the bounds for the
first and third terms, we get

−2γkEk[GTk X̃k] ≤− 2γk

(
Φ0(Xk) +

µ

2
||X̃k||2

)
+ 2γk(1 + λ)

[
||X̃k||2

(
a

ϵk
δkδ∞

+ ĉϵka+ b
ϵk

δkδ∞

)
+
ĉϵk
4
a+

1

4
b
ϵk

δkδ∞

]
.
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3.3.2 Bounding the squared norm

To analyze the Lyapunov recurrence, we must find an upper bound for the term Ek[‖Gk‖2].
Using the inequality ‖u + v + w‖2 ≤ 3‖u‖2 + 3‖v‖2 + 3‖w‖2, which is an application of the
Cauchy–Schwarz inequality, we can bound the squared norm of the amplified stochastic gradient
Gk. The decomposition from section 3.2 leads to

Ek[‖Gk‖2] ≤ 3Ek[‖∇Φik,jk‖2] + 3Ek[‖(Ak − 1)∇Bjk,∞‖2] + 3Ek[‖Ak∇Cjk‖2]. (7)

We bound each of the three terms on the right-hand side as follows:

• Term 1: Bounding EF
k [||∇Φik,jk(Xk)||2]. This term represents the variance of the stochas-

tic gradient of the regularized objective function Φ. As proven in detail in the [6, Appendix
V-D] of the baseline algorithm, this term is bounded by the following inequality:

Ek[||∇Φik,jk(Xk)||2] ≤ 4L̂Φ0(Xk) + 2σΦ,

where L̂ is a positive constant related to the smoothness of the function, and σΦ is a
bounded constant representing the variance at the optimal solution.

• Term 2: Bounding Ek[||(Ak − 1)∇Bjk,∞||2]p. The second term is a novel artifact of the
amplification mechanism, To establish a controllable upper bound, we leverage the fact
that Ak − 1 = λ tanh(max(0, gjk)). Since | tanh(·)| ≤ 1, we have |Ak − 1| ≤ λ. This leads
to the bound:

Ek
[
||(Ak − 1)∇Bjk,∞||2

]
≤ λ2Ek

[
||∇Bjk,∞||2

]
.

The problem is now reduced to bounding the remaining component, Ek[||∇Bjk,∞||2],
which is part of the original stochastic variance analyzed in the baseline algorithm by
Dimitrieski, Cao, and Ebenbauer [6].

The boundedness of this term is formally justified by the proof that the variance at
the optimum, σΦ, is a finite value (σΦ < ∞), as established in the baseline algorithm’s
analysis [6].† This analysis is presented in detail in [6, Appendix V-D].

This analysis ensures that the term is bounded by a finite constant, which leads to the
following overall bound:

Ek[||(Ak − 1)∇Bjk,∞||2] ≤ CB ,

† In the source paper [6], σΦ is defined in Eq. (20) using the term ||∇Φi,j ||2. The stochastic gradient ∇Φi,j is
itself defined on page 3 as the sum of the objective and final barrier gradients: ∇fi +∇B(gj , δ∞). Therefore,
the finiteness of σΦ necessarily implies the boundedness of the final barrier gradient term.
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where CB > 0 is a constant that depends on 1 + λ. and the final barrier variance.

• Term 3: Bounding Ek[||Ak∇Cjk ||2]. This term arises from the amplification of the tran-
sient error caused by the decaying barrier parameter. Using the fact that the amplification
factor is inherently bounded (Ak ≤ 1 + λ), we can establish an upper bound:

Ek
[
||Ak∇Cjk ||2

]
≤ (1 + λ)2 · Ek

[
||∇Cjk ||2

]
.

The remaining component, Ek[||∇Cjk ||2], is precisely the expected squared error from the
baseline algorithm, which is analyzed by Dimitrieski, Cao, and Ebenbauer [6]. The bound
for this term is explicitly derived in [6, p. 4, Eq. (9)], with the full justification provided
in [6, Appendix V-C, p. 8]. By substituting this result, we obtain the complete upper
bound for our amplified error term:

Ek[||Ak∇Cjk ||2] ≤ (1 + λ)2 ·

(
3â
ϵ2k||X̃k||2

δ2kδ
2
∞

+ 3ĉ2ϵ2ka+
3bϵ2k
δ2kδ

2
∞

)
.

To formalize this step of the proof, we rely on the following key lemma, which is a direct appli-
cation of the Robbins–Siegmund Theorem [17].

Lemma 1 (Application of the Robbins–Siegmund Theorem [17]). Let {Vk}, {ak}, and {bk} be
sequences of nonnegative random variables, adapted to a filtration {Fk}, such that for all k ≥ 0,

E[Vk+1|Fk] ≤ (1− ak)Vk + bk a.s..

If
∑∞
k=0 ak =∞ a.s. and

∑∞
k=0 bk <∞ a.s., then Vk converges almost surely to a finite random

variable, and
∑∞
k=0 akVk <∞ almost surely.

3.4 Main convergence result

By substituting the bounds derived in section 3.3.2 back into the Lyapunov recurrence (4) and
collecting terms, we arrive at a relation of the form shown in (8). For a complete step-by-step
derivation of this result, see Appendix 6.

Ek[‖X̃k+1‖2] ≤ (1− γk(µ− ξ′k))‖X̃k‖2 − 2γk(1− C1γk)Φ0(Xk) +Q′
k. (8)
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To enhance the clarity of the proof, we now provide a more explicit description of the
summable error term Q′

k from (8). This term, which is an augmented version of the error
sequence from the baseline algorithm [6], collects all residual, bounded error components from the
Lyapunov analysis that do not depend on the error norm ||X̃k||2 or the objective distance Φ0(Xk).
It incorporates new bounded terms that arise from our dynamic barrier amplification mechanism.
The constant C1 is related to the smoothness parameter L̂.

Our modified term, ξ′k, is an augmented version of the original error sequence ξk from [6, p.
4]. It includes additional components related to our amplification mechanism, but importantly,
it remains a vanishing sequence (i.e., limk→∞ ξ′k = 0). While the original term collected errors
from the decaying barrier, our augmented term ξ′k now incorporates the inherent bound of the
tanh function. This ensures that even the amplified error terms are properly accounted for in
the convergence proof. The explicit formula for ξ′k is constructed by scaling the components of
the original ξk based on how the amplification factor, bounded by 1 + λ, impacts the cross-term
and squared-norm bounds in the Lyapunov analysis:

ξ′k := 2(1 + λ)

(
ϵk

δkδ∞
(ā+ b̄) + ĉϵkā

)
+ 9(1 + λ)2γk

ϵ2kâ

δ2kδ
2
∞
. (9)

Crucially, the step-size rules for γk and ϵk, adopted from the baseline algorithm, are sufficient
to satisfy the conditions of Lemma 1, thereby enabling the proof of our main convergence result.

Theorem 1 (Almost sure convergence). Consider the amplified rate SGD algorithm defined by
the update rule in (3). Let Assumptions 1, 2, and 3 hold. Then the sequence of iterates {Xk}
converges almost surely to the unique minimizer x∗(δ∞) of the regularized objective function:

lim
k→∞

‖Xk − x∗(δ∞)‖2 = 0 a.s.

Proof. The proof of almost sure convergence is established by analyzing the behavior of the
Lyapunov function Vk = ‖Xk − x∗(δ∞)‖2, which represents the squared Euclidean distance to
the minimizer. We aim to show that Vk → 0 a.s. by employing the Robbins–Siegmund lemma
[17], a fundamental result in martingale convergence theory. The proof proceeds in three steps.

Step 1: The Lyapunov recurrence relation. The starting point is the master recurrence
inequality, derived in detail in Appendix 6. This inequality governs the conditional expectation
of the Lyapunov function with respect to the filtration Fk (the history of the process up to
iteration k):

E[Vk+1|Fk] ≤ (1− γk(µ− ξ′k))Vk − 2γk(1− C1γk)Φ0(Xk) +Q′
k,
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where µ > 0 is the strong convexity modulus, {ξ′k} is a vanishing sequence capturing the pertur-
bation from the amplification mechanism, and {Q′

k} is a sequence of summable residual errors.
The term −2γk(1−C1γk)Φ0(Xk) is nonpositive. This holds because γk > 0 by definition, the

step-size is chosen sufficiently small such that (1−C1γk) > 0 for large k, and most importantly,
Φ0(Xk) = Φ(Xk)− Φ(x∗(δ∞)) ≥ 0 by the definition of x∗(δ∞) as the minimizer of Φ(x).

By dropping this nonpositive term, we obtain a looser but still valid upper bound, which
simplifies the application of the subsequent lemma:

E[Vk+1|Fk] ≤ (1− γk(µ− ξ′k))Vk +Q′
k. (10)

Step 2: Verification of the conditions of Lemma 1.

To apply Lemma 1 (the Robbins–Siegmund Theorem) [17] to our recurrence rela-
tion in (10), we map the terms as follows:

• ak := γk(µ− ξ′k),

• bk := Q′
k.

We now verify that the conditions of the lemma are met:

1. Condition 1 (
∑
ak = ∞): Since limk→∞ ξ′k = 0 and µ > 0, there exists a

k0 such that for all k ≥ k0, we have (µ − ξ′k) ≥ µ/2 > 0. Given that the
step-size rule satisfies

∑
γk = ∞, it follows that the series

∑
ak must also

diverge. Thus, the condition is satisfied.

2. Condition 2 (
∑
bk < ∞): The sequence {Q′

k} is constructed to contain all
summable residual error terms. Therefore,

∑∞
k=0 bk =

∑∞
k=0Q

′
k < ∞ by

definition. Thus, the condition is satisfied.

Step 3: Final conclusion via proof by contradiction.
With both conditions of the Robbins–Siegmund lemma satisfied, we can conclude two key

facts: (i) the series
∑
ak diverges to infinity almost surely, and (ii) the series

∑
akVk <∞ almost

surely.
We now show that these two facts can only hold simultaneously if Vk converges to zero.

We proceed by contradiction. Assume that Vk does not converge to zero, but rather to a small
positive constant c > 0. In this case, for a sufficiently large k, the series

∑
akVk would behave

like c
∑
ak. Since

∑
ak diverges to infinity, it follows that c

∑
ak must also diverge to infinity.
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This leads to a direct contradiction with the second fact established by the lemma, which
guarantees that

∑
akVk is finite. Since our assumption leads to a contradiction, it must be false.

Therefore, the only possible conclusion is that Vk must converge to zero.

lim
k→∞

Vk = lim
k→∞

‖Xk − x∗(δ∞)‖2 = 0 a.s.

This completes the proof.

While this result provides a solid theoretical foundation by confirming that our mechanism
preserves the almost sure convergence guarantees of the baseline method by Dimitrieski, Cao,
and Ebenbauer [6], it does not quantify the algorithm’s efficiency. To provide this deeper,
quantitative insight—a contribution that extends beyond the original theoretical framework, as
Dimitrieski et al. established almost sure convergence but left the derivation of an explicit conver-
gence rate as an avenue for future research—we now derive the algorithm’s explicit nonasymptotic
convergence rate.

4 Convergence rate analysis: An expected smoothness
approach

In this section, we provide a modern and streamlined convergence analysis for the proposed
amplified rate SGD algorithm. Instead of relying on restrictive assumptions such as the uniform
boundedness of stochastic gradient variance, we adopt the more general framework of expected
smoothness [10]. This approach not only simplifies the proof but also provides a clearer intuition
by directly linking the convergence rate to two fundamental quantities: An effective smoothness
constant and the gradient noise at the optimum.

4.1 Preliminaries and key assumptions

Our analysis focuses on minimizing the regularized objective function, previously defined in (5):

Φ(x) := f(x) +
1

m

m∑
j=1

B(gj(x), δ∞).
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Let x∗ := x∗(δ∞) denote the unique minimizer of Φ(x). Our proof relies on the following standard
assumptions.

Assumption 4 (Effective strong convexity). The regularized objective function Φ(x) is µ-
strongly convex. Consequently, for any x ∈ Rd, it satisfies

〈∇Φ(x), x− x∗〉 ≥ Φ(x)− Φ(x∗) +
µ

2
‖x− x∗‖2.

Assumption 5 (Expected smoothness and finite noise). LetGk(x) = ∇fik(x)+Ak∇B(gjk(x), δk)

be the amplified stochastic gradient at an iterate x. We assume that this stochastic gradient
satisfies the expected smoothness condition with respect to Φ(x). That is, there exist effective
constants L′ > 0 and σ′2 ≥ 0 such that for any iterate Xk,

Ek
[
‖Gk(Xk)‖2

]
≤ 2L′ (Φ(Xk)− Φ(x∗)) + σ′2.

Justification: This assumption is fully justified by consolidating the bounds derived in section
3.3.2. The term 2L′Φ0(Xk) encapsulates all components proportional to the objective distance,
while σ′2. aggregates all constant and vanishing error terms into a single bounded noise term.
A detailed derivation is provided in Appendix 6.

4.2 Main convergence result

With these assumptions, we now present the main convergence theorem for amplified rate SGD.

Theorem 2 (Linear convergence of amplified rate SGD). Let the above assumptions hold.
Consider the iterates {Xk} generated by the amplified rate SGD algorithm with a fixed step-size
γk = γ satisfying γ ≤ 1

2L′ . The mean squared error converges linearly to a noise ball as follows:

E
[
‖Xk − x∗‖2

]
≤ (1− γµ)k‖X0 − x∗‖2 +

2γσ′2

µ
.

Proof. Let X̃k = Xk−x∗ be the error vector at iteration k. The update rule is Xk+1 = Xk−γGk.
We begin by analyzing the squared error at the next iteration:

‖X̃k+1‖2 = ‖X̃k − γGk‖2

= ‖X̃k‖2 − 2γ〈X̃k, Gk〉+ γ2‖Gk‖2.
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We now take the expectation conditioned on the current state Xk (denoted by Ek[·] = E[·|Fk]):

Ek
[
‖X̃k+1‖2

]
= ‖X̃k‖2 − 2γ〈X̃k,Ek[Gk]〉+ γ2Ek

[
‖Gk‖2

]
. (11)

Our proof proceeds by bounding the second and third terms on the right-hand side.
Step 1: Bounding the Cross-Term. The expected stochastic gradient Ek[Gk] is an

unbiased estimator of the true gradient ∇Φ(Xk), up to vanishing error terms which we omit for
clarity in this high-level proof. Using the µ-strong convexity of Φ(x), we have

〈X̃k,Ek[Gk]〉 ≈ 〈Xk − x∗,∇Φ(Xk)〉 ≥ Φ(Xk)− Φ(x∗) +
µ

2
‖X̃k‖2. (12)

Step 2: Bounding the Squared Norm. Here, we directly apply our expected smoothness
assumption:

Ek
[
‖Gk‖2

]
≤ 2L′ (Φ(Xk)− Φ(x∗)) + σ′2. (13)

Step 3: Combining the Bounds. We substitute the bounds from (12) and (13) back into
our main recurrence (11). For simplicity, let Φ0(Xk) = Φ(Xk)− Φ(x∗). Then

Ek
[
‖X̃k+1‖2

]
≤ ‖X̃k‖2 − 2γ

(
Φ0(Xk) +

µ

2
‖X̃k‖2

)
+ γ2

(
2L′Φ0(Xk) + σ′2)

= (1− γµ)‖X̃k‖2 − 2γ(1− γL′)Φ0(Xk) + γ2σ′2.

We choose a step-size γ ≤ 1
2L′ <

1
L′ . This choice ensures that the coefficient (1−γL′) is positive.

Since Φ0(Xk) ≥ 0 by definition of x∗ being the minimizer, the term −2γ(1 − γL′)Φ0(Xk) is
nonpositive. We can therefore drop this term to obtain a simpler upper bound:

Ek
[
‖X̃k+1‖2

]
≤ (1− γµ)‖X̃k‖2 + γ2σ′2.

Step 4: Solving the recurrence.
By taking the full expectation of both sides, a standard and foundational step in the

nonasymptotic analysis of stochastic approximation algorithms [1, 14], we obtain the follow-
ing deterministic recurrence:

E
[
‖X̃k+1‖2

]
≤ (1− γµ)E

[
‖X̃k‖2

]
+ γ2σ′2.

By unrolling this recurrence relation from j = 0 to k − 1, we obtain

E
[
‖X̃k‖2

]
≤ (1− γµ)k‖X̃0‖2 + γ2σ′2

k−1∑
j=0

(1− γµ)j
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≤ (1− γµ)k‖X̃0‖2 + γ2σ′2
(
1− (1− γµ)k

1− (1− γµ)

)
≤ (1− γµ)k‖X̃0‖2 +

γ2σ′2

γµ

= (1− γµ)k‖X0 − x∗‖2 +
γσ′2

µ
.

The result in the theorem statement uses 2γσ′2/µ which follows the convention in [10] and holds
for the choice γ ≤ 1

2L′ .

This theoretical analysis provides a solid foundation for our proposed algorithm, confirming
its stability and, critically, establishing its linear convergence to a neighborhood of the solu-
tion under a fixed step-size regime. We now proceed to a comprehensive numerical verification
designed not merely to validate these theoretical guarantees, but to explore the fundamental
dynamics that distinguish our method from the baseline, particularly under the challenging con-
ditions where its practical advantages are most pronounced.

5 Numerical experiments

In this section, we present a comprehensive empirical investigation designed not merely to validate
our algorithm’s performance, but to explore the fundamental dynamics that distinguish it from
the baseline adaptive relaxed barrier SGD. Our investigation begins with a direct replication
of the experiment from Dimitrieski, Cao, and Ebenbauer [6]. While the baseline performs as
expected in this nominal setting, our deeper analysis reveals a surprising limitation: Its optimal
performance is confined to a narrow, “special-case” optimization path. We then proceed to
a broader, more realistic analysis across a wide range of parameters, demonstrating that our
amplified rate SGD provides a robust and general solution where the baseline falters.

5.1 Experimental setup

To ensure a fair and comprehensive evaluation, we followed a meticulous methodology in our
experimental setup. The experiments were conducted on the Google Colab platform with the
following specifications:

• CPU: Intel(R) Xeon(R) CPU @ 2.00GHz

• RAM: 13.61 GB
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• GPU: NVIDIA Tesla T4 (15 GB VRAM)

• OS: Linux (6.6.97+)

• Python Version: 3.12.11

To ensure statistical robustness and reproducibility, all reported metrics are averaged over
R = 1, 000 independent trials. Specifically, for the r-th run, the random number generator is
initialized with a seed of 42 + r + 2.

The experiments were performed on the academic quadratic programming (QP) problem
introduced by Dimitrieski, Cao, and Ebenbauer [6], which is designed to test an algorithm’s
ability to handle large-scale optimization problems. The problem parameters were set as follows:

• Dimension: d = 50.

• Number of objective components: n = 10.

• Number of constraints: m = 10, 000.

The objective function is defined as follows:

f(x) =
1

n

n∑
i=1

d∑
j=1

(αi,jxj + log(1 + e−αi,jxj ) + (xj − β)2).

The objective coefficients αi,j are sampled uniformly from U(0.1, 1.1). The affine constraints
Ax ≤ b are generated to form an outer approximation of the ellipsoid defined by xTQx ≤ 100,
where Q is a diagonal matrix with entries sampled from U(1, 1.5).

To deeply analyze the algorithm’s behavior, we adopted a far start point (x0 = [10, . . . , 10]T )
for all our experiments. This challenging scenario, where the algorithm is initialized at a point
known to be highly infeasible, serves as a true test of global stability and the ability to recover
effectively.

In selecting the baseline parameters, we strictly follow the primary configuration from Dim-
itrieski, Cao, and Ebenbauer [6]. Specifically, the step-size was set to γk = 0.3k−0.8 and the
barrier parameter decay was defined by ϵk = 5k−0.3, with a lower bound of δ∞ = 10−6. While
the source paper briefly mentions an alternative, faster decay (ϵk ∝ k−1.3), it notes that this
leads to “slightly increased variance”. Our own preliminary experiments confirm this observation,
revealing that the faster decay rule results in a significantly more unstable and practically slower
baseline, making it an unsuitable foundation for a robust comparative analysis. Therefore, to
ensure a fair evaluation against a stable and effective baseline, we focus our main analysis on the
more resilient k−0.3 decay rule.
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Following the benchmark design by Dimitrieski, Cao, and Ebenbauer [6], the objective shift
parameter was calibrated at β ≈ 2.365. This specific value ensures that the Euclidean norm of
the unconstrained global minimizer satisfies ||x∗f ||2 = 15, positioning the unconstrained solution
significantly outside the feasible set to force active constraint engagement.

5.2 Performance evaluation: Safety and robustness

Our evaluation focuses on two critical aspects: Safety (performance in standard conditions) and
Robustness (performance in ill-posed or challenging conditions). To test this, we varied the
problem difficulty parameter β and tuned the amplification factor λ via sensitivity analysis for
each regime.

5.2.1 Safety in standard conditions

In the standard setting (β = 2.365), it is essential that the modification does not introduce
instability. We utilized a conservative amplification factor (λ = 0.1). As shown in Table 1,
our algorithm behaves identically to the baseline SGD, achieving zero constraint violation and
matching the baseline’s error (1.32 × 10−2). This confirms that our mechanism is “safe” and
nonintrusive when the problem is well-conditioned.

5.2.2 Robustness in challenging regimes (stress test)

The true superiority of the proposed method is revealed when the problem becomes “harder”
(i.e., when the unconstrained minimum is pushed further from the feasible region). We increased
β to 10.0 and 20.0, utilizing a stronger amplification factor (λ = 7.0) to enforce feasibility.

As presented in Table 1 and Figure 2, the baseline SGD fails to keep iterates feasible in these
regimes, with violations exploding to 336.94 at β = 20. In stark contrast, the amplified rate SGD
effectively suppresses these violations to 150.46, representing a reduction of approximately
55.3%.

It is important to note that while the final error (||xk − x∗||) of our method appears higher
in these extreme cases, this is a necessary trade-off for feasibility. The baseline SGD achieves a
artificially lower error by deeply violating constraints (approaching the unconstrained minimum),
whereas our method remains closer to the feasible region.
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Figure 2: Robustness Analysis. The plot illustrates the maximum constraint violation as a function of
problem difficulty (β). While the baseline SGD (Red) fails to maintain feasibility as difficulty increases, the
amplified rate SGD (Green) significantly suppresses violations.

Table 1: Comparative Performance Analysis (Averaged over 1,000 Runs). The table compares the
baseline SGD against the proposed amplified rate SGD across different difficulty levels. Optimal λ was selected
via sensitivity analysis for each scenario.

Scenario Metric Baseline SGD Amplified SGD Improvement
Standard Final Error 1.32× 10−2 1.32× 10−2 Identical (Safe)
(β = 2.365) Max Violation 0.00 0.00 -
Challenging Final Error 3.92 19.23 (Feasibility Trade-off)
(β = 10.0) Max Violation 178.37 98.41 44.8% Reduction
Highly Ill-posed Final Error 10.39 44.42 (Feasibility Trade-off)
(β = 20.0) Max Violation 336.94 150.46 55.3% Reduction

5.3 Mechanism analysis: Adaptive activation

To understand the internal dynamics, we analyzed the behavior of the dynamic amplification
factor Ak during the optimization process.
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Figure 3: Adaptive Mechanism. The amplification factor Ak exhibits corrective spikes only during the
transient phase when constraints are violated, and naturally decays to 1.0 as the iterate stabilizes.

As shown in Figure 3, in the challenging regime, Ak exhibits sharp corrective spikes during the
early transient phase, effectively steering the iterate back towards the feasible region. Crucially,
as the iterate approaches the optimal solution, Ak naturally decays to 1.0. This confirms that
the proposed method acts as an “intelligent barrier”: It applies strong force only when necessary
and behaves like the standard efficient SGD otherwise.

5.4 Application to classification: Robustness stress test

To rigorously evaluate the robustness of the proposed amplified rate SGD in a real-world set-
ting, we applied it to a Hard Margin Support Vector Machine (SVM) problem, adapting the
constrained formulation utilized by Li et al. [12]. Unlike standard benchmarks where initializa-
tion is neutral (e.g., zero vector), we designed a “stress test” to simulate a scenario where the
optimizer is initialized far from the feasible region with a restricted learning rate.

Problem Formulation

We consider the binary classification of a linearly separable dataset D = {(xi, yi)}mi=1 with
xi ∈ Rd and yi ∈ {−1, 1}. Following the setup in [12], the problem is formulated as finding
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the hyperplane (w, b) that minimizes the norm of the weights subject to perfect classification
constraints:

min
w,b

1

2
‖w‖2 s.t. 1− yi(wTxi + b) ≤ 0, for all i = 1, . . . ,m. (14)

Crucially, consistent with standard SVM practices [12], the bias term b is not penalized in the
objective function to allow the hyperplane to shift freely to satisfy feasibility.

Experimental Setup for Reproducibility

We generated a synthetic linearly separable dataset using the blobs generator to emulate the
structure of the mushrooms dataset used in [12], with m = 2000 samples and d = 50 features.
To test robustness beyond standard conditions, we introduced two adversarial conditions:

1. Adversarial Initialization: Weights were initialized randomly from a distribution with
high variance: w0 ∼ N (0, 202). This places the initial iterate significantly far from the
feasible set, creating massive initial constraint violations.

2. Starved Step-Size: We utilized a conservative step-size schedule (γk ∝ 0.001k−0.5).
This simulates an ill-conditioned landscape where standard gradient updates are too small
to traverse the large distance to the feasible region within a reasonable time.

Results

As illustrated in Figure 4, the difference in performance is stark. The baseline SGD (adaptive
relaxed barrier [6]) stagnates, failing to recover feasibility due to the insufficient magnitude
of the standard gradients, ending with a maximum violation of approx. 36.2. In contrast,
the amplified rate SGD (green solid line) activates the dynamic amplification factor (Ak ≈
1+50 tanh(violation)), which effectively rescales the gradient to match the scale of the violation.
This allows the algorithm to rapidly enforce strict feasibility (0.00 violation) and achieve 100%
classification accuracy within the first few hundred iterations.

6 Conclusion

In this work, we addressed the critical challenge of maintaining feasibility in stochastic con-
strained optimization, particularly when the problem is ill-posed or the unconstrained solution
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Figure 4: Robustness Stress Test on Hard Margin SVM. (Left) Max constraint violation on a logarithmic
scale; the proposed method (green) rapidly drives violation to zero, while the baseline (red) stagnates. (Right)
Feasibility rate (accuracy); the proposed method achieves 100% feasibility almost instantly.

lies far outside the feasible region. We proposed the amplified rate SGD, a method that dynam-
ically scales the barrier gradient component to rigorously enforce constraints without compro-
mising the efficiency of the descent direction.

Our extensive empirical evaluation, averaged over 1,000 independent trials, leads to two
major conclusions:

1. Robustness in adversarial regimes: While the standard barrier-based SGD fails to
contain iterates within reasonable bounds in challenging scenarios (β ≥ 10), our proposed
method demonstrates superior robustness. By utilizing a tuned amplification factor, we
reduced maximum constraint violations by approximately 55%, effectively preventing the
“barrier collapse” observed in the baseline.

2. Safety in standard regimes: In well-conditioned problems where the standard SGD
performs adequately, our method (with conservative tuning) proves to be entirely safe,
reproducing the baseline’s convergence trajectory with zero overhead.

These results confirm that the amplified rate SGD serves as a reliable “safety net” for opti-
mization practitioners, offering a necessary layer of robustness for real-world applications where
feasibility is nonnegotiable. Future work will focus on developing fully adaptive mechanisms to
auto-tune the amplification parameter λ online, removing the need for scenario-specific calibra-
tion.
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Future work

The promising results of this work open up several interesting avenues for future research. Based
on our findings, we suggest the following directions:

• Theoretical analysis of baseline sensitivity: Our experiments revealed the highly
sensitive, “special-case” nature of the baseline algorithm. A valuable theoretical investi-
gation would be to analyze why the baseline’s performance is strictly dependent on specific
hyperparameter choices.

• Synergy with nouniform sampling: The current method uses uniform sampling for
constraints. Future work could explore combining our dynamic amplification mechanism
with adaptive, nonuniform sampling strategies, an idea motivated by the outlook in the
original work by Dimitrieski, Cao, and Ebenbauer [6]. For instance, constraints that are
more frequently or severely violated —and thus receive higher amplification— could be
sampled with greater probability, potentially accelerating the return to the feasible set.

• Theoretical extension and optimality: Our convergence analysis assumes strong
convexity. Valuable future directions include extending this analysis to accommodate
general convex functions, which would significantly widen the algorithm’s applicability.
Additionally, investigating whether the derived linear convergence rate is optimal for the
chosen step-size rules or if it can be improved, possibly by integrating momentum-based
acceleration, presents another important research avenue.

A Detailed derivation of the Lyapunov recurrence

Theorem 3 (Lyapunov recurrence inequality). Given the fundamental expansion of the Lya-
punov function,

Ek[
∥∥∥X̃k+1

∥∥∥2] = ∥∥∥X̃k

∥∥∥2 − 2γkEk[GTk X̃k] + γ2kEk[‖Gk‖
2
], (15)

the following inequality holds:

Ek[
∥∥∥X̃k+1

∥∥∥2] ≤ (1− γk(µ− ξ′k))
∥∥∥X̃k

∥∥∥2 − 2γk(1− C1γk)Φ0(Xk) +Q′
k. (16)

Proof. The proof begins with (15). By substituting the upper bounds for the cross-term and the
squared norm term, we arrive at the following comprehensive inequality:
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Ek[
∥∥∥X̃k+1

∥∥∥2]
≤
∥∥∥X̃k

∥∥∥2 − 2γkΦ0(Xk)− γkµ
∥∥∥X̃k

∥∥∥2 + 2γkEk[(Ak∇Cjk)T X̃k]

+ 3γ2k

(
Ek[‖∇Φik,jk‖

2
] + Ek[‖(Ak − 1)∇Bjk,∞‖

2
] + Ek[‖Ak∇Cjk‖

2
]
)
.

To simplify this expression, we substitute the upper bounds for the cross-term and the
squared norm, as derived in section 3.3. We begin by replacing each variance term within the
inequality (17) with its corresponding bound. This yields the following comprehensive inequality:

Ek[‖X̃k+1‖2]

≤ ‖X̃k‖2 − 2γk

(
Φ0(Xk) +

µ

2
‖X̃k‖2

)
+ 2γk(1 + λ)

[
‖X̃k‖2

(
a

ϵk
δkδ∞

+ ĉϵka+ b
ϵk

δkδ∞

)
+
ĉϵk
4
a+

1

4
b
ϵk

δkδ∞

]
+ 3γ2k(4L̂Φ0(Xk) + 2σΦ) + 3γ2kCB

+ 3γ2k(1 + λ)2

(
3â
ϵ2k‖X̃k‖2

δ2kδ
2
∞

+ 3ĉ2ϵ2ka+
3bϵ2k
δ2kδ

2
∞

)
. (17)

To arrive at a suitable recurrence relation for the convergence analysis, we proceed by re-
arranging the terms of the inequality in (17). The objective is to isolate the terms related to
||X̃k||2 and Φ0(Xk), and to collect the remaining summable residuals.

First, we collect the coefficients of the ||X̃k||2 term. An inspection of (17) yields the following
expression:

||X̃k||2
(
1− γkµ+ 2γk(1 + λ)

(
ā

ϵk

δkδ∞
+ ĉϵkā+ b̄

ϵk

δkδ∞

)
+ 9γ2k(1 + λ)2â

ϵ2k
δ2kδ

2
∞

)
.

Similarly, we gather the coefficients of the Φ0(Xk) term:

Φ0(Xk)(−2γk + 12γ2kL̂),

where we have L̂ reflect the smoothness parameter of the composite function Φ.

To simplify the expression, we define two sequences. The first, ξ′k, encapsulates the vanishing
error terms that perturb the strong convexity coefficient µ:

ξ′k := 2(1 + λ)

(
ϵk

δkδ∞
(ā+ b̄) + ĉϵkā

)
+ 9γk(1 + λ)2â

ϵ2k
δ2kδ

2
∞
.

The second, Q′
k, collects all remaining summable error terms:
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Q′
k :=2γk(1 + λ)

(
ĉϵk
4
ā+

b̄ϵk
4δkδ∞

)
+ 6γ2kσΦ + 3γ2kCB + 9γ2k(1 + λ)2

(
ĉ2ϵ2kā

+
b̄ϵ2k
δ2kδ

2
∞

).

By substituting these definitions into the rearranged inequality (17), we arrive at the following
compact recurrence relation:

Ek[||X̃k+1||2] ≤ (1− γk(µ− ξ′k))||X̃k||2 − 2γk(1− C1γk)Φ0(Xk) +Q′
k.

Here, µ > 0 is the strong convexity modulus of the objective function f(x), and C1 is a constant
defined as C1 = 6L̂, which depends on the smoothness parameter L̂. This inequality forms the
basis for applying the Robbins–Siegmund theorem [17] to establish convergence.

B Detailed derivation of the expected smoothness
assumption (Assumption 5)

This appendix provides a detailed derivation to demonstrate that Assumption 5 is not a stan-
dalone assumption, but rather a direct and logical consequence of the analytical bounds estab-
lished in section 3.3.2. We will methodically show how the various bounded terms are consoli-
dated to arrive at the compact form of the expected smoothness condition.

B.1 Objective: Justifying Assumption 5

The goal is to formally justify the upper bound on the expected squared norm of the amplified
stochastic gradient Gk, as stated in Assumption 5:

Ek
[
‖Gk(Xk)‖2

]
≤ 2L′(Φ(Xk)− Φ(x∗)) + σ′2,

where L′ is an effective smoothness constant and σ′2 represents the total bounded noise.
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B.2 Step-by-step derivation

B.2.1 Step 1: Decomposing the squared norm

Our starting point is (7) from section 3.3.2, which decomposes the upper bound for Ek[‖Gk‖2]
into three primary components using an application of the Cauchy–Schwarz inequality:

Ek[‖Gk‖2] ≤ 3Ek[‖∇Φik,jk‖2] + 3Ek[‖(Ak − 1)∇Bjk,∞‖2] + 3Ek[‖Ak∇Cjk‖2].

We now analyze the upper bound of each of these three components individually.

B.2.2 Step 2: Analyzing the first component

The first term, 3Ek[‖∇Φik,jk‖2], represents the variance of the stochastic gradient for the reg-
ularized objective function. As shown in the analysis of section 3.3.2, this term is bounded as
follows:

Ek[‖∇Φik,jk(Xk)‖2] ≤ 4L̂Φ0(Xk) + 2σ2
Φ.

Key Observation: This bound contains two distinct parts:

1. A term, 4L̂Φ0(Xk), that is linearly dependent on Φ0(Xk) := Φ(Xk) − Φ(x∗). This part
will form the basis of the 2L′Φ0(Xk) term in our final expression.

2. A constant term, 2σ2
Φ, representing the variance at the optimum. This will be absorbed

into the total noise term σ′2.

B.2.3 Step 3: Analyzing the second component

The second term, 3Ek[‖(Ak−1)∇Bjk,∞‖2], is an artifact of our dynamic amplification mechanism.
In section 3.3.2, we proved that this term is controllable and bounded by a finite constant, which
we denoted as CB ,

Ek[‖(Ak − 1)∇Bjk,∞‖2] ≤ CB .

Key Observation: This component contributes a constant value to the overall upper bound.
This constant, 3CB , will be fully incorporated into the noise term σ′2.
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B.2.4 Step 4: Analyzing the third component

The third term, 3Ek[‖Ak∇Cjk‖2], represents the amplified error arising from the decaying barrier
parameter δk. The upper bound for this term, derived in section 3.3.2, depends on ϵk.

Ek[‖Ak∇Cjk‖2] ≤ (1 + λ)2 ·

(
3â
ϵ2k‖X̃k‖2

δ2kδ
2
∞

+ 3ĉ2ϵ2kā+
3b̄ϵ2k
δ2kδ

2
∞

)
.

Key Observation: Since {ϵk} is a vanishing sequence (i.e., ϵk → 0 as k → ∞), this entire
component is also a vanishing term. Within the expected smoothness framework, such vanishing
but bounded terms are considered part of the overall noise. Therefore, this bound will also be
absorbed into σ′2.

B.3 Step 5: Aggregating the bounds

Finally, we substitute the bounds for all three components back into the main inequality from
Step 1. We then proceed by collecting and regrouping the terms.

1. Collect terms dependent on Φ0(Xk): We have only one such term, arising from
the first component: 3 · (4L̂Φ0(Xk)). We can define an effective smoothness constant
2L′ := 12L̂.

2. Collect all constant and vanishing terms (the noise): We aggregate all remaining
parts: The constant variance from the first component (3 · 2σ2

Φ), the bound from the
second component (3 · CB), and the entire vanishing bound from the third component.
We define the total noise term σ′2 as the sum of all these bounded terms.

By these definitions, we directly arrive at the compact and elegant formulation of Assumption
5:

Ek
[
‖Gk‖2

]
≤ 2L′Φ0(Xk) + σ′2.

This completes the derivation and formally shows that Assumption 5 is a valid and well-founded
simplification of the detailed analysis presented in the paper.
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A new numerical computational method
for solving nonhomogeneous time-fractional

nonlinear parabolic problems in unbounded domains

S.A. Ghanizadeh and M.H. Akrami*,

Abstract

This paper addresses the numerical solution of nonhomogeneous time-fractional nonlinear
parabolic problems defined on unbounded domains, where challenges arise due to temporal
nonlocality, nonlinear dynamics, and the infinite spatial extent. To overcome these difficulties,
we propose a novel computational framework that transforms the original unbounded domain
problem into an equivalent formulation on a bounded domain through the construction of ab-
sorbing boundary conditions. Unlike existing approaches that rely on Padé approximations,
our method directly utilizes the fundamental properties of fractional derivatives to define these
boundaries more accurately. The resulting problem is then discretized using a high-order fi-
nite difference scheme, allowing for efficient and precise numerical implementation. Theoretical
analysis confirms that the method is stable and ensures controlled computational error. Numer-
ical experiments demonstrate the practical effectiveness of the proposed approach, achieving
accurate results with significantly reduced computational cost. This method provides a reliable
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and efficient tool for modeling diffusion phenomena governed by time-fractional dynamics in
unbounded spatial settings.
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1 Introduction

Over the past several decades, fractional partial differential equations (FPDEs) have gained
significant attention in mathematical research owing to their exceptional ability to model com-
plex physical systems exhibiting memory and hereditary properties [2, 6, 10, 17, 22]. These
equations have found extensive applications in diverse scientific disciplines, including biology,
chemistry, and various other fields that can be described through mathematical frameworks.
FPDEs have become particularly valuable for representing anomalous diffusion processes and
nonlocal phenomena. A fundamental characteristic of these equations involves the replacement
of the conventional first-order time derivative in standard diffusion equations with a fractional-
order derivative of degree α, where the parameter α satisfies 0 < α < 2. The resulting equations
exhibit distinct behaviors depending on the fractional order for 0 < α < 1, the system demon-
strates sub-diffusive properties while values in the range 1 < α < 2 correspond to fractional
wave dynamics. Recent years have witnessed substantial progress in both theoretical analysis
and numerical approximation techniques for FPDEs. Nevertheless, obtaining closed-form ana-
lytical solutions remains challenging in most practical cases, and often proves intractable due to
the inherent complexity of these fractional-order systems [5, 12, 15, 18]. Even when analytical
solutions to fractional differential equations are attainable in specialized cases, they frequently
incorporate sophisticated special functions such as Fox-H, Wright, and Mittag-Leffler functions.
The numerical computation of these functions presents significant computational difficulties due
to their inherent complexity. The increasing necessity for practical implementations in engineer-
ing and applied sciences has consequently stimulated substantial progress in developing robust
numerical approaches for solving FPDEs. Among these, finite difference methods have emerged
as particularly important for approximating solutions to time-fractional differential equations.
Previous investigations have predominantly concentrated on initial-boundary value problems de-
fined over finite spatial domains. As a representative example, Zhuang and Liu [5] examined
one-dimensional sub-diffusion equations with Caputo time-fractional derivatives, introducing a
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numerical scheme that employs the L1 approximation for the Caputo derivative. Their work
rigorously established the stability and convergence properties of this method [5, 27]. It is in
related developments that Murillo and Yuste presented explicit finite difference schemes and
carried out detailed stability analyses by numerical experimentation. Alternatively, Sun and
Wu [5] developed their numerical scheme based on implicit discretization, where a full theo-
retical justification was given using discrete energy methods [5, 23]. A significant volume of
research effort has been devoted to problems posed on unbounded spatial domains since such
problems are of crucial importance in the mathematical modeling of heat conduction in solids,
fluid flow, as well as problems arising from financial mathematics, for example, option pricing
theory [5, 8, 9]. Fractional equations in unbounded domains were first studied in the 1980s. For
instance, Weiss and co-authors mainly researched the analysis and the derivation of the analytic
solution to fractional diffusion equations; typically, the solutions were expressed with complex
functions like Fox-H functions [5, 21, 26]. However, numerical research in this area is still in its
infancy, with only a few scattered studies addressing this topic [1, 5, 6, 16, 19, 20]. One of the
effective numerical schemes for such a class of differential equations involves the use of absorbing
boundary conditions (ABCs). In general, time-FPDEs defined on unbounded (infinite) domains
are computationally demanding, as they require complex and intensive computation for very
large spatial intervals. An ABC essentially transforms a problem that is initially defined on an
unbounded spatial domain (χ ∈ R) into a boundary value problem on a bounded domain. This
not only reduces the computational complexity but also helps preserve the solution’s essential
features. A number of studies on the design of ABCs for fractional equations have been carried
out. Some of them are given below:

• Gao, Sun, and Zhang [5] consider fractional-time diffusion equations in unbounded spatial
domains. They first derived accurate artificial boundary conditions using the Laplace
transform and then transferred the problem to a bounded domain and proposed a stable
and convergent finite difference scheme with accuracy O(ϱ2−α + h2), where ϱ and h are
time and space step size, respectively. For the compact case, they also developed and
presented a numerical method with higher accuracy, O(ϱ2−α + h4).

• Gao and Sun [6] used the Laplace transform to derive accurate artificial boundary con-
ditions and employing the method of order reduction. Then, they transformed the
fractional-time differential equations problem in an infinite domain into a solvable model
in a bounded domain and solved it.

• Li and Zhang [14] proposed a numerical method for solving nonlinear fractional-time
equations in unbounded domains, where the exact ABCs are derived using the Laplace
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transform. Additionally, to simplify the nonlinear part, they used a Padé approximation
for the linearized finite difference scheme, eliminating the need for iterative methods to
solve the problem.

Now, based on the aforementioned papers and the explanations provided regarding the back-
ground of such problems, in this paper, we consider the following nonhomogeneous problem:

C
0 D

α
ρ ξ(χ, ρ) = ξχχ(χ, ρ) + F(ξ(χ, ρ)) + G(χ, ρ) χ ∈ R, 0 < ρ ≤ P,

ξ(χ, 0) = ξ0(χ), (χ, ρ) ∈ R,

ξ(χ, ρ)→ 0, |χ| → ∞,

(1)

where the initial function ξ0(χ) has compact support, meaning that it is nonzero only within a
finite interval, and is exactly zero outside this interval. Here, ξ(χ, ρ) is the unknown real-valued
solution of the problem. The operator C0 Dα

ρ denotes the Caputo fractional derivative of order α,
which is defined for sufficiently smooth functions ξ(χ, ρ) ∈ Cn[0, P ] by

C
0 D

α
ρ ξ(χ, ρ) =

1

Γ(n− α)

∫ ρ

0

∂nξ(χ, ϑ)

∂ϑn
1

(ρ− ϑ)α−n+1
dϑ,

n− 1 < α < n, n ∈ N, (2)

where Γ(·) denotes the Gamma function. In particular, for the case 0 < α < 1, we obtain

C
0 D

α
ρ ξ(χ, ρ) =

1

Γ(1− α)

∫ ρ

0

∂ξ(χ, ϑ)

∂ϑ

1

(ρ− ϑ)α
dϑ. (3)

Throughout this work, we mainly focus on the case 0 < α < 1, and therefore the simplified
form (3) will be used [12, 18]. The nonlinear term F(ξ) and the term G(χ, ρ) appear in differ-
ent forms for various problems. This equation is well-suited for modeling anomalous diffusion
processes and complex systems where memory effects and nonlocal temporal behaviors play an
important role. Such equations are frequently used in scientific and engineering fields to describe
phenomena with long-term memory or systems with history-dependent behaviors. In this work,
we convert the original unbounded domain problem into an equivalent bounded domain for-
mulation by developing ABCs. Unlike traditional methods based on Padé approximations, our
approach directly applies the inherent properties of fractional derivatives to define these bound-
aries with improved accuracy. The reformulated problem is then discretized using a high-order
finite difference scheme, enabling efficient and precise numerical solutions. In recent years, Ca-
puto fractional derivatives have attracted significant attention due to their ability to accurately
model memory-dependent processes in various physical and engineering applications. Several
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recent studies have focused on the analytical and numerical treatment of fractional differential
equations involving Caputo operators, highlighting their effectiveness in capturing anomalous
diffusion phenomena. For instance, the works reported in [24, 25] investigate advanced numer-
ical schemes and theoretical properties of Caputo-type fractional models, providing important
insights into stability, convergence, and computational efficiency. These developments further
motivate the present investigation on high-order numerical methods for time-fractional nonlinear
parabolic equations.

2 Problem formulation

Solving partial differential equations (PDEs) on unbounded domains directly presents signifi-
cant challenges. A common technique to address these challenges involves employing ABCs.
The main objective of the ABCs is to simulate the behavior of infinite boundaries by adding
special conditions at the boundaries of a finite domain. These boundary conditions act in such
a way that waves or information approaching the boundaries of the finite domain are absorbed,
preventing their reflection back into the domain [4]. In fact, incoming waves smoothly dissipate
at the boundary without causing disruption or reflection within the domain. In this way, the
numerical solution of the problem on a finite domain closely approximates the real solution on
an infinite domain. For example, if a fractional-time differential problem is defined on an infinite
domain (χ ∈ R), then the domain is reduced to a finite interval [a, b] for numerical solution.
The use of ABCs at the points χ = a and χ = b ensures that the value of the function near the
boundaries naturally tends to zero. Thus, the ABCs conditions are designed in such a way that
they simulate the behavior lim

|χ|→∞
ξ(χ, ρ) = 0 at the artificial boundaries. In practice, the Laplace

transform provides a powerful analytical tool for constructing accurate ABCs in problems defined
on unbounded spatial domains. Direct numerical computation over an infinite region is gener-
ally infeasible. Therefore, it is essential to reformulate the problem on a finite computational
interval while preserving the physical behavior at infinity. By applying the Laplace transform
to the governing equation, one can analytically derive exact boundary conditions that emulate
the decay of the solution at infinity. This procedure effectively eliminates artificial wave reflec-
tions from the truncated boundaries and ensures that the numerical solution within the bounded
region accurately represents the true dynamics of the original unbounded problem. Without
implementing accurate ABCs, performing numerical simulations over unbounded domains be-
comes either impractical or leads to results contaminated by large errors and high computational
costs. Hence, the application of the Laplace transform in constructing exact ABCs is essential.
Otherwise, one must either accept inaccurate numerical approximations or incur prohibitively
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high computational expenses both of which are far from ideal for reliable numerical modeling. It
is important to note that the nonlinear term is restricted to the interior computational domain,
while the exterior region is assumed to be linear. Under this assumption, the ABCs derived
through the Laplace transform remain mathematically valid and physically consistent. In this
study, taking into account that the solution ξ(χ, ρ) vanishes as |χ| → ∞, a direct relationship
between its spatial derivative and the fractional time derivative of order (α2 ) is derived. This
relation serves as the exact ABC, ensuring that the outgoing energy and information approach-
ing the boundaries are naturally absorbed instead of being reflected back into the computational
domain. Consequently, artificial reflections are effectively eliminated, leading to a substantial
improvement in the accuracy and stability of the numerical solution. In this study, our focus is
on the fractional-time diffusion equation in an infinite spatial domain, as shown in (1). First, we
consider two artificial boundary points for the left and right sides of the domain as follows:Λ− := {χ|χ = I−},

Λ+ := {χ|χ = I+}.

Then, we divide the entire domain R into three sections:
∆− := {χ | −∞ < χ < I−},

∆i := {χ | I− ≤ χ ≤ I+},

∆+ := {χ | I+ < χ < +∞}.

(4)

The exterior of the domain is denoted by ∆e = ∆− ∪∆+. The constants I− and I+ are chosen
such that the initial function ξ0(χ) takes nonzero values only within the interior region of the
domain ∆i and is exactly zero outside of it. The form of the operator equation (1) in ∆e is
written as follows:

C
0 D

α
ρ ξ(χ, ρ) = Lξ(χ, ρ) +N ξ(χ, ρ), χ ∈ ∆e, (5)

where
Lξ = ξχχ, N ξ = F(ξ) + G(χ, ρ).

Considering the linear part of (5), we have

C
0 D

α
ρ ξ(χ, ρ) = ξχχ(χ, ρ). (6)

The Laplace transform of the Caputo fractional derivative for 0 < α < 1 is given by [18]:
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L[C0 Dα
ρ ξ(χ, ρ)](ϑ) =ϑ

αL[ξ(χ, ρ)](ϑ)− ϑα−1ξ(χ, 0)

=ϑαξ̃(χ, ϑ)− ϑα−1ξ(χ, 0). (7)

Thus, we first restrict the problem (1) to the domain ∆e, where F(ξ(χ, ρ)) ≈ 0 and G(χ, ρ) ≈ 0.
Now, considering the initial condition ξ0(χ) = 0 for χ ∈ ∆e, (6) can be rewritten in the Laplace
space as follows:

ϑαξ̃(χ, ϑ) = ξ̃χχ(χ, ϑ), Re(ϑ) > 0. (8)

Equation (8) has a general solution given as follows:

ξ̃(χ, ϑ) = A1(ϑ)e
−
√
ϑαχ +A2(ϑ)e

√
ϑαχ, (9)

where A1(ϑ) and A2(ϑ)are unknown parameters. Given that ξ(χ, ϑ)→ 0 as |χ| → ∞, we have

ξ̃(χ, ϑ) =

A1(ϑ)e
−
√
ϑαχ, χ ∈ ∆+,

A2(ϑ)e
√
ϑαχ, χ ∈ ∆−.

(10)

Differentiating ξ̃(χ, ϑ) with respect to χ, yields

∂ξ̃(χ, ϑ)

∂χ
=

−
√
ϑα ξ̃(χ, ϑ) = −ϑα

2 ξ̃(χ, ϑ), χ ∈ ∆+,
√
ϑα ξ̃(χ, ϑ) = ϑ

α
2 ξ̃(χ, ϑ), χ ∈ ∆−.

(11)

Now, applying the inverse Laplace transform to (11), implies

∂ξ(χ, ρ)

∂χ
=

−
1

Γ(1−α
2 )

∫ ρ
0
(ρ− ϑ)−α

2
∂ξ(χ,ϑ)
∂ϑ dϑ = −C0 D

α
2
ρ ξ(χ, ρ), χ ∈ ∆+,

1
Γ(1−α

2 )

∫ ρ
0
(ρ− ϑ)−α

2
∂ξ(χ,ϑ)
∂ϑ dϑ =C0 D

α
2
ρ ξ(χ, ρ), χ ∈ ∆−.

(12)

By taking the limit as χ → I+ and χ → I−, and assuming the smoothness of ξ(χ, ρ) at χ = I−

and χ = I+, we obtain the following relation:
∂ξ(I+,ρ)
∂χ = −C0 D

α
2
ρ ξ(I+, ρ),

∂ξ(I−,ρ)
∂χ =C0 D

α
2
ρ ξ(I−, ρ).

(13)

In this work, the interrelation between the Caputo and Riemann–Liouville fractional derivatives
is implicitly exploited in the analytical formulation of the ABCs. Specifically, since the function
ξ(χ, ρ) is defined such that all its integer-order time derivatives vanish at the initial point (ρ = 0),
the Caputo and Riemann–Liouville derivatives become equivalent in this setting. Under this
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assumption, the composition property of the Riemann–Liouville derivative can be consistently
extended to the Caputo derivative. Consequently, the following relation holds and is analytically
justified based on the fundamental properties of fractional calculus:

C
0 D

α
2
ρ

(
C
0 D

α
2
ρ ξ(χ, ρ)

)
= C

0 D
α
ρ ξ(χ, ρ).

Now, applying the fractional derivative C0 D
α
2
ρ to relation (13), gives C

0 D
α
ρ ξ(χ, ρ) = −C0 D

α
2
ρ ξχ(χ, ρ) χ = I+,

C
0 D

α
ρ ξ(χ, ρ) =

C
0 D

α
2
ρ ξχ(χ, ρ) χ = I−.

(14)

At this stage, the exact artificial boundary conditions (14) for the problem (1) have been obtained.
Considering (14), we observe that these boundary conditions involve fractional time derivatives
of order α

2 , which is half of the time derivative order in the governing equation (1). Thus, the
original problem (1) is reduced to an IVP problem in the bounded domain ∆i and can be written
as follows:

C
0 D

α
ρ ξ(χ, ρ) = ξχχ(χ, ρ) + F(ξ(χ, ρ)) + G(χ, ρ), (χ, ρ) ∈ ∆i × (0, P ],

C
0 D

α
2
ρ
∂ξ(I−, ρ)

∂χ
= ξχχ(I−, ρ) + F(ξ(I−, ρ)) + G(I−, ρ), ρ ∈ (0, P ],

C
0 D

α
2
ρ
∂ξ(I+, ρ)

∂χ
= −(ξχχ(I+, ρ) + F(ξ(I+, ρ)) + G(I+, ρ)), ρ ∈ (0, P ], (15)

u(χ, 0) = φ(χ), χ ∈ ∆i = [I−, I+],

u(0, ρ) = ϕ(ρ), ρ ∈ (0, P ].

Now, we transformed PDE with unbounded domain (1) into an equivalent bounded domain
formulation by developing ABCs (15). This reformulation enables the solution of the modified
problem, governed by (15), using an appropriate numerical methodology. In (15), the functions
φ(χ) and ϕ(ρ) are known functions determined by the given source term and initial data of the
original problem (1), and they arise naturally from the reformulation of the nonhomogeneous
term after imposing the ABCs.

3 Numerical technique

This section presents a novel numerical methodology for solving the boundary-value problem
governed by (15). It is organized into three main components:
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(1) the derivation of a high-order approximation scheme for fractional derivatives,
(2) the development of an efficient high-order finite difference framework based on this approxi-
mation, and
(3) the implementation of the proposed numerical scheme to solve the considered problem.

Compared with classical time discretization methods for Caputo fractional derivatives, such
as the L1 scheme with accuracy O(ϱ2−α), the proposed high-order finite difference approximation
achieves a temporal accuracy of O(ϱ3−α). This improvement significantly reduces the numerical
error for long-time simulations and allows the use of relatively larger time step sizes without
sacrificing accuracy. Moreover, the higher-order approximation enhances the stability properties
of the numerical scheme, particularly in the presence of ABCs involving fractional derivatives of
order α/2. As a result, the proposed method provides a more accurate and efficient computa-
tional framework compared with standard low-order schemes, especially for nonlinear fractional
diffusion problems posed on unbounded spatial domains.

3.1 Approximation of fractional derivative

This part establishes high-order numerical approximations for the Caputo fractional derivative.
The accuracy of this method depends on the parameter α ∈ (0, 1). First, we introduce a (3−α)-
order approximation, which was proposed in [13]. For simplification, in this subsection, we
consider one variable function ξ(ρ), and suppose that ξ(ρ) ∈ C6[0, P ], that ξ(5)(ρ) is continuous,
and that ξ(6)(ρ) exists in the interval [0, P ]. Additionally, 0 = ρ0 < ρ1 < . . . < ρN = P is
given for a positive integer N > 0, where ρk = kϱ, k = 0, 1, . . . , N , and ϱ = P

N is the time step
size. First, we write the Taylor expansion of the function ξ′(ϑ) around the point ρ = ρj , where
0 ≤ j < k. We have

ξ
′
(ϑ) =ξ

′
(ρj) + ξ

′′
(ρj)(ϑ− ρj) +

ξ
′′′
(ρj)

2!
(ϑ− ρj)2

+O((ϑ− ρj)3), ϑ ∈ (ρj , ρj+1). (16)

This expansion shows that the first derivative of the function at the point ϑ is computed as
a linear combination of higher-order derivatives at the point ρj . Now, consider the following
relations for the first and second derivatives:

ξ
′
(ρj) =

ξ(ρj+1)− ξ(ρj−1)

2ϱ
− ξ3(ρj)

3!
ϱ2 +O(ϱ4), (17)

Iran. J. Numer. Anal. Optim., Vol. 16, No. 3, 2026, pp 952–990



961 A new numerical computational method for solving nonhomogeneous time-fractional nonlinear ...

and
ξ
′′
(ρj) =

ξ(ρj+1)− 2ξ(ρj) + ξ(ρj−1)

ϱ2
− ξ4(ρj)

12
ϱ2 +O(ϱ4). (18)

By substituting (17) and (18) into (16), we arrive at the following relation:

ξ
′
(ϑ) =

ξ(ρj+1)− ξ(ρj−1)

2ϱ
+
ξ(ρj+1)− 2ξ(ρj) + ξ(ρj−1)

ϱ2
(ϑ− ρj)−

ξ3(ρj)

3!
ϱ2

+
ξ3(ρj)

2!
(ϑ− ρj)2 +O((ϑ− ρj)3), 0 < ϑ− ρj < ϱ. (19)

This approximate relation defines the derivative ξ′(ρ) by considering the integrals corresponding
to the third-order derivatives over the specified interval. By applying relation (19), the Caputo
derivative approximation with the condition (0 < α < 1) is written as follows:

C
0 D

α
ρ ξ(ρ)|ρ=ρk =

1

Γ(1− α)

∫ ρk

0

(ρk − ϑ)−αξ
′
(ϑ)dϑ

=
1

Γ(1− α)

k−1∑
j=0

∫ ρj+1

ρj

(ρk − ϑ)−αξ
′
(ϑ)dϑ

=
1

Γ(1− α)

k−1∑
j=0

∫ ρj+1

ρj

(ρk − ϑ)−α(
ξ(ρj+1)− ξ(ρj−1)

2ϱ

+
ξ(ρj+1)− 2ξ(ρj) + ξ(ρj−1)

ϱ2
(ϑ− ρj)−

ξ3(ρj)

3!
ϱ2

+
ξ3(ρj)

2!
(ϑ− ρj)2)dϑ+O((ϑ− ρj)3)

=
ϱ−α

Γ(3− α)

k−1∑
j=0

(ω1,k−j(ξ
j+1 − ξj−1)

+ ω2,k−j(ξ
j+1 − 2ξj + ξj−1))+Rk, (20)

where Rk ≤ Cϱ3−α [13]. Relation (20) represents the Caputo fractional-time derivative applied
to solve the problem in (1). Following the approximation framework established in [3, Lemma
2.1], weighting coefficients defined in (20) are derived as follows: ω1,n = 2−α

2

(
(n)1−α − (n− 1)1−α

)
,

ω2,n = (n)2−α − (n− 1)2−α − (2− α)(n− 1)1−α.
(21)

Therefore, fractional-time derivative of relation (20) is written as follows:
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C
0 D

α
ρ ξ(ρ)|ρ=ρk =

ϱ−α

Γ(3− α)

k−1∑
j=0

(ω1,k−j(ξ
j+1 − ξj−1)

+ ω2,k−j(ξ
j+1 − 2ξj + ξj−1)) +O(ϱ3−α). (22)

In formula (22), if j = 0, then the value ξj−1 = ξ−1 is defined outside the interval [0, P ]. Here,
several choices are presented for approximating ξ−1 . In numerical computations, values of the
neighboring function are mainly used to approximate ξ−1 such that

ξ−1 = ξ(0)− ϱξ′(0) + ϱ2

2
ξ′′(0) +O(ϱ3).

1. When ξ′(0) = 0 and ξ′′(0) = 0, we have ξ−1 = ξ0 + O(ϱ3), where the convergence order
of formula (22) is O(ϱ3−α).

2. When ξ′(0) = 0 and ξ′′(0) 6= 0, we have ξ−1 = ξ0 + ϱ2

2 ξ
′′(0) + O(ϱ3). In this case, the

convergence order of formula (22) is O(ϱ2).

3. When ξ′(0) 6= 0, the convergence order is O(ϱ).

Lemma 1. [7] The coefficients ω1,k−j and ω2,k−j in relation (22) have the following properties:

(I) Initial values of the coefficients:

ω1,1 =
2− α
2

, ω2,1 = 1.

Assume that 0 < α < 1.

(II) Constraints and behavior of the coefficients: 0 < ω1,r−j+1 < ω1,r−j ≤ 2−α
2 < 1,

0 < ω2,r−j+1 < ω2,r−j ≤ 1.

(III) Difference between adjacent coefficients: ω1,r−j+1 − ω1,r−j > ω1,r−j − ω1;r−j−1, r − j ≥ 2,

ω2,r−j+1 − ω2,r−j > ω2,r−j − ω2,r−j−1, r − j ≥ 2.

(IV) Sum of coefficients:
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ω1,2 + ω1,1 + ω2,2 − ω2,1

> 0, α ∈ (0, α0),

≤ 0, α ∈ [α0, 1),

which α0 ≈ 0.68 is the root of the equation

(6− α)2−α + α− 4 = 0, α ∈ (0, 1),

and also,
ω1,r−j + ω1,r−j−1 + ω2,r−j − ω2,r−j−1 > 0, r − j ≥ 3.

(V) Special combinations of the coefficients:

− ω1,2 + 2ω2,1 − ω2,2 > 0,

ω1,3 − ω1,1 + ω2,3 − 2ω2,2 + ω2,1

> 0, α ∈ (0, α1),

≤ 0, α ∈ [α1, 1),

that α1 ≈ 0.37 is the root of the equation

−23−α + 3 · 22−α − 21−α + 2−α − 3(2− α)2

21−α
− 3α2 + 6 = 0, α ∈ (0, 1),

and also,

ω1,r−j+1 − ω1,r−j−1 + ω2,r−j+1 − 2ω2,r−j + ω2,r−j−1 < 0, r − j ≥ 3.

In this work, a high-order finite difference approximation with temporal accuracy of O(3 − α)
is adopted for discretizing the fractional-time derivative, as presented in (22). This scheme
achieves higher accuracy than the classical L1 method, whose convergence order is O(2 − α).
The enhanced accuracy enables the method to produce reliable results even for relatively large
time step sizes. Moreover, since the ABCs are analytically and exactly formulated, numerical
disturbances due to wave reflections at the boundaries are effectively eliminated, which plays a
crucial role in maintaining the stability of the proposed numerical scheme (28).
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3.2 Construction of the finite difference method

Assume that ϱ = P
N and h = I+−I−

M are the time and spatial step sizes, respectively, where M
and N are given positive integers. The spacing between the grid points in the temporal and
spatial dimensions is considered as follows: χi = ih, 0 ≤ i ≤M,

ρk = kϱ, 0 ≤ k ≤ N,

and the computational domain is partitioned into two structured grids:

Πϱ = {ρk | 0 = ρ0 < ρ1 < · · · < ρN = P},

Πh = {χi | χi = I− + ih, 0 ≤ i ≤M}.

Assume that ξki is the numerical approximation of ξ(χi, ρk), we define the space of grid functions
defined on Πτ ×Πh as follows:

V = {ξki | 0 ≤ i ≤M, 0 ≤ k ≤ N}.

To facilitate the subsequent numerical analysis, the following systematic notation is formally
defined:  σχξ

k
i− 1

2

=
ξki −ξ

k
i−1

h , σ2
χξ
k
i =

σχξ
k

i+1
2
−σχξ

k

i− 1
2

h , Fv = ∂F
∂ξ

∣∣∣
ξ=v

,

ξk
i+ 1

2

= 1
2 (ξ

k
i+1 + ξki ), σχξ

k
i+ 1

2

= 1
h (ξ

k
i+1 − ξki ).

For each ξ, v ∈ Πh, the inner product and norm are expressed as

(ξ, v) = h

M∑
i=1

(ξi− 1
2
vi− 1

2
),

‖ξ‖ =
√
(ξ, ξ), ‖ξ‖1 =

√√√√h

M∑
i=1

(σχξi− 1
2
)2, ‖ξ‖∞ = max

0≤i≤M
|ξi|.

The fractional-time derivative of relation (22) is rewritten as follows:

Dα
ϱ ξ

k
i =µ1

k−1∑
j=0

(ω1,k−i(ξ
j+1
i − ξj−1

i ) + ω2,k−i(ξ
j+1
i − 2ξji + ξj−1

i ))

+O(ϱ3−α), (23)
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where µ1 = ϱ−α

Γ(3−α) . To address the computational complexity associated with the fractional
differentiation of the nonlinear term F(ξki ), the composition property of the Riemann–Liouville
derivative together with its equivalence to the Caputo form is employed. This analytical manip-
ulation enables the fractional derivative of order (α2 ) to act solely on F(ξki ), while its influence is
consistently controlled through the exact ABCs derived earlier. As a result, the nonlinear con-
tribution is incorporated in a mathematically consistent and numerically stable manner within
the proposed scheme.

In this paper, only one continuous mathematical model is investigated, namely the nonho-
mogeneous time-fractional nonlinear parabolic equation posed on an unbounded spatial domain,
as introduced in (1). The formulation presented in (15) does not represent a new model; rather,
it is an equivalent reformulation obtained by imposing exact ABCs on the original unbounded
domain problem. The introduction of the auxiliary variable v(χ, ρ) = ξχ(χ, ρ) is carried out
solely to facilitate the numerical discretization and the implementation of the ABCs involving
fractional derivatives of order α/2. This auxiliary reformulation does not alter the governing
equation nor introduce additional modeling assumptions. Consequently, the continuous prob-
lems defined by (1) and (15) are mathematically equivalent, and the numerical scheme developed
in section 3 is derived directly from this equivalent formulation.

3.3 Applying numerical method to the main problem

In this section, we address the numerical solution of problem (15). First, we consider the following
change of variable:  v(χ, ρ) = ξχ(χ, ρ),

vχ(χ, ρ) = ξχχ(χ, ρ),

where function v(χ, ρ) is used as an intermediate function to maintain the continuity of the
derivatives of ξ(χ, ρ) during the discretization. In this case, the problem (15) can be rewritten
as the following equation:

C
0 D

α
ρ ξ(χ, ρ) = vχ(χ, ρ) + F(ξ(χ, ρ)) + G(χ, ρ), (χ, ρ) ∈ ∆i × (0, P ],

v(χ, ρ) = ξχ(χ, ρ), χ ∈ ∆i,

C
0 D

α
2
ρ v(χ, ρ) = vχ(χ, ρ) + F(ξ(χ, ρ)) + G(χ, ρ), χ ∈ ∆−,

v(χ, ρ) = ξχ(χ, ρ), χ ∈ ∆−,

C
0 D

α
2
ρ v(χ, ρ) = −(vχ(χ, ρ) + F(ξ(χ, ρ)) + G(χ, ρ)), χ ∈ ∆+, (24)
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v(χ, ρ) = ξχ(χ, ρ), χ ∈ ∆+

ξ(χ, 0) = φ(χ), χ ∈ ∆i,

ξ(0, ρ) = ϕ(ρ), ρ > 0.

We observe that problem (1) is equivalent to problem (24), as their solutions coincide. Thus, we
formulate the following lemma to establish the uniqueness of the solution to problem (24).

Remark 1. (a) In the numerical implementation, the nonlinear term F(ξki ) is replaced by its
previous-time value F(ξk−1

i ). This semi-implicit (time-lagging) treatment linearizes the discrete
system at each time-step and significantly reduces the computational cost. (b) To analyze the
effect of this replacement, we define T ki = F(ξki ) − F(ξ

k−1
i ). Under the Lipschitz continuity

condition |F(ξki ) − F(ξk−1
i )| ≤ L|ξki − ξk−1

i |, it follows that |T ki | ≤ L|ξki − ξk−1
i |. Hence the

lagging error is of higher order and does not affect the overall accuracy, stability, or convergence
of the proposed scheme.

Lemma 2. Assume ξ(χ, ρ) ∈ C4,6([I−, I+] × [0, P ]), and let the temporal grid be ρk = kϱ.
Suppose the ghost value is chosen so that ξ−1 = ξ0+O(ϱ3) this holds if ∂ρξ(χ, 0) = ∂2ρξ(χ, 0) = 0.
Then the local truncation error Rki of the scheme (24) satisfies

Rki = O(ϱ3−α + h2),

uniformly for 0 ≤ i ≤M and 1 ≤ k ≤ N .

Proof. The smoothness assumption ξ ∈ C4
χC

6
ρ([I−, I+]× [0, P ]) ensures that the remainder terms

in the temporal Taylor expansions are uniformly bounded with respect to both χ and ρ. Moreover,
since the temporal grid is uniform (ρk = kϱ), the mean value theorem yields

∂ρξ(χi, ρj) = ∂ρξ(χi, ρk) +O(|ρj − ρk|)

= ∂ρξ(χi, ρk) +O(ϱ),

and a similar relation holds for ∂2ρξ. Hence, replacing ρj by ρk inside the discrete fractional sums
introduces an additional term of order O(ϱ3−α), which is absorbed into the overall truncation
error. The choice ξ−1 = ξ0 + O(ϱ3), corresponding to the conditions ξρ(χ, 0) = ξρρ(χ, 0) = 0,
eliminates any lower–order boundary contributions. We then proceed with the Taylor expansions
for fixed i, k and each j = 0, . . . , k − 1.

Iran. J. Numer. Anal. Optim., Vol. 16, No. 3, 2026, pp 952–990



967 A new numerical computational method for solving nonhomogeneous time-fractional nonlinear ...
ξj+1
i − ξj−1

i = 2ϱ ∂ρξ(χi, ρj) +
2ϱ3

6
∂3ρξ(χi, ρj) +O(ϱ5),

ξj+1
i − 2ξji + ξj−1

i = ϱ2 ∂2ρξ(χi, ρj) +O(ϱ4),

ξki+1 − 2ξki + ξki−1 = h2 ∂2χξ(χi, ρk) +O(h4).

(25)

Recall the discrete Caputo approximation used in the scheme (22):

C
0 D

α
ρ ξ(ρ)|ρ=ρk =

ϱ−α

Γ(3− α)

k−1∑
j=0

(ω1,k−j(ξ
j+1 − ξj−1)

+ ω2,k−j(ξ
j+1 − 2ξj + ξj−1)) +O(ϱ3−α),

where the remainder O(ϱ3−α) originates from integrating the higher-order terms of the Taylor
expansions against the kernel (ρk−ϑ)−α on each temporal subinterval; under the stated smooth-
ness the constant in this bound is uniform in k (see [7, Lemma 2.1]). Substitute the expansions
(25) into the discrete Caputo sum to obtain

ϱ−α

Γ(3− α)

k−1∑
j=0

(
ω1,k−j(ξ

j+1
i − ξj−1

i ) + ω2,k−j(ξ
j+1
i − 2ξji + ξj−1

i )
)

=
ϱ−α

Γ(3− α)

k−1∑
j=0

(
2ϱω1,k−j ∂ρξ(χi, ρj) + ϱ2ω2,k−j ∂

2
ρξ(χi, ρj)

)
+O(ϱ3−α).

By the regularity of ∂ρξ and ∂2ρξ on [0, ρk] and using the boundedness and positivity properties of
the weights {ω1,m}, {ω2,m} 1, we may replace the temporal arguments ρj by ρk up to a temporal
interpolation error of order O(ϱ) inside the sums. Consequently,

ϱ−α

Γ(3− α)

(
2ϱ∂ρξ(χi, ρk)

k−1∑
j=0

ω1,k−j + ϱ2∂2ρξ(χi, ρk)

k−1∑
j=0

ω2,k−j

)
+O(ϱ3−α).

A direct comparison with the continuous Caputo derivative shows that the leading discrete terms
reproduce the continuous operator up to the O(ϱ3−α) remainder (this is the standard consistency
calculation for the chosen weights; the details follow from the definition of ω1,n, ω2,n and standard
quadrature estimates). Together with the spatial discretization error O(h2) from (25), we obtain
a bound for the local truncation error of the fully discrete scheme:

|Rki | ≤ C1

(
ϱ3−α + h2

)
,

Iran. J. Numer. Anal. Optim., Vol. 16, No. 3, 2026, pp 952–990



Ghanizadeh and Akrami 968

for some constant C1 > 0 independent of ϱ, h, uniformly in i, k. Finally, the hypothesis ξ−1 =

ξ0 +O(ϱ3) guarantees that no lower-order boundary-term arising from the ghost value degrades
the stated order. Therefore Rki = O(ϱ3−α + h2), which proves the lemma.

Assume that ξ(χ, ρ) ∈ C4,6
χ,ρ(R), and define the discrete values ξki = ξ(χi, ρk), V ki = v(χi, ρk)

and source term gki = G(χi, ρk), function f(ξ(χi, ρk−1)) is defined as F(ξ(χi, ρk−1)). By employ-
ing the fractional derivative approximation formula given in relation (22) and using Lemma 2,
together with Taylor expansion, we obtain

C
0 D

α
ρ ξ

k
i+ 1

2
= σχV

k
i+ 1

2
+ F(ξk−1

i+ 1
2

) + Gki+ 1
2
+Rki+ 1

2
,

V ki+ 1
2
= σχξ

k
i+ 1

2
+ Zki+ 1

2
,

C
0 D

α
2 V k0 =

(
σχV

k
0 + F(ξk−1

0 ) + Gk0
)
+ T k,

V k0 = σχξ
k
0 +Ak, (26)

C
0 D

α
2 V kM = −

(
σχV

k
M + F(ξk−1

M ) + GkM
)
+W k,

V kM = σχξ
k
M +Qk,

ξ0i = φ(χi), χ ∈ ∆i,

ξk0 = ϕ(ρk), ρ > 0,

where the remainder functions are denoted by R,Z, T,A,W, and Q. There exists a positive
constant C0 such that [6]

|Rki+ 1
2
| ≤ C0

(
ϱ3−α + h2

)
, |Zki+ 1

2
| ≤ C0h

2, |T k| ≤ C0(ϱ
3−α

2 + h2),

|Ak| ≤ C0h
2, |W k| ≤ C0(ϱ

3−α
2 + h2), |Qk| ≤ C0h

2, (27)

By assuming that ξ(χ, ρ) ∈ C4,6
χ,ρ(R) and applying the fractional derivative approximation in (22)

together with Lemma 2 and the Taylor expansion, the discrete formulation (26) is obtained.
The remainder terms, denoted by R,Z, T,A,W, and Q, represent higher–order truncation errors,
whose magnitudes are bounded as in (27). Since these terms are of order O(ϱ3−α + h2) or
smaller, their effects can be neglected in the implementation stage R = Z = T = A = W =

Q = 0. Consequently, the simplified and implementable finite difference scheme with accuracy
O(ϱ3−α + h2) and guaranteed stability is obtained, as presented in (28).

C
0 D

α
ρ ξ

k
i+ 1

2
= σχv

k
i+ 1

2
+ f(ξk−1

i+ 1
2

) + gki+ 1
2
,

vki+ 1
2
= σχξ

k
i+ 1

2
,
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C
0 D

α
2
ρ v

k
0 =

(
σχv

k
0 + f(ξk−1

0 ) + gk0
)
,

vk0 = σχξ
k
0 , (28)

C
0 D

α
2
ρ v

k
M = −

(
σχv

k
M + f(ξk−1

M ) + gkM
)
,

vkM = σχξ
k
M ,

ξ0i = φ(χi), χ ∈ ∆i,

ξk0 = ϕ(ρk), ρ > 0.

For the interior grid points 1 ⩽ i ⩽ M − 1, the classical second-order central difference ap-
proximation is applied for the spatial derivative, which provides an accuracy of order O(h2).
However, at the boundary points χ0 and χM , the external function values ξ−1 and ξM+1 are not
available, and thus the standard central difference formula cannot be directly employed. To pre-
serve the second-order spatial accuracy and maintain the consistency of the numerical solution,
Lemma 3 constructs suitable boundary approximations by expressing the spatial derivatives at
the boundaries in terms of the known nodal values and the exact ABCs derived in Section 2.
These boundary relations are incorporated into Theorem 1, where the complete discrete system
of equations is established by combining the interior scheme (28) with the boundary approxima-
tions from Lemma 3. Consequently, Theorem 3.4 ensures that the number of algebraic equations
equals the number of unknowns, making the proposed finite difference formulation fully discrete
and directly implementable. We approximate the second-order integer derivative as follows:

Lemma 3. Assume that ξ(χ) ∈ C4[I−, I+], that h = I+−I−
M , and that M is a given positive

integer. Then

ξ′′(χ0)−
2

h

(
ξ(χ1)− ξ(χ0)

h
− ξ′(χ0)

)
= −h

3
ξ(3)(χ0 + θ1h), θ1 ∈ (0, 1),

ξ′′(χM )− 2

h

(
ξ′(χM )− ξ(χM )− ξ(χM−1)

h

)
=
h

3
ξ(3)(χM − θ2h), θ2 ∈ (0, 1). (29)

Proof. Lemma 3 can be easily proven using Taylor’s theorem.

Theorem 1. for 1 ≤ i ≤M − 1, 1 ≤ k ≤ N the finite difference scheme (28) is equivalent to

1

2

(
C
0 D

α
ρ ξ

k
i− 1

2
+ C

0 D
α
ρ ξ

k
i+ 1

2

)
=σ2

χξ
k
i +

1

2

(
f(ξk−1

i− 1
2

) + f(ξk−1
i+ 1

2

)
)

+
1

2

(
gki− 1

2
+ gki+ 1

2

)
,

C
0 D

α
ρ ξ

k
1
2
=
2

h

(
σχξ

k
1
2
− C

0 D
α
2
ρ ξ

k
0 + f(ξk−1

0 )
)
+ gk1

2
,

C
0 D

α
ρ ξ

k
M− 1

2
=
2

h

(
−C0 D

α
2
ρ ξ

k
M − σχξkM+ 1

2
− f(ξk−1

M )
)
+ gkM− 1

2
,
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ξ0i =ξ(χi), 0 ≤ i ≤M, (30)

ξk0 =φ(ρk),

and

vk0 = σχξ
k
1
2
− h

2

(
C
0 D

α
ρ ξ

k
1
2
− f(ξk−1

0 )− gk1
2

)
,

vkM = σχξ
k
M− 1

2
+
h

2

(
C
0 D

α
ρ ξ

k
M− 1

2
− f(ξk−1

M )− gkM− 1
2

)
,

vki = σχξ
k
i− 1

2
+
h

2

(
C
0 D

α
ρ ξ

k
i− 1

2
− f(ξk−1

i )− gki− 1
2

)
, 1 ≤ i ≤M, 1 ≤ k ≤ N.

Proof. We start from the discrete relations at the half-grid points, as presented in (28) of the
manuscript:

1

2

(
vki+1 − vki

)
=
h

2

(
C
0 D

α
ρ ξ

k
i+ 1

2
−F(ξ k−1

i+ 1
2

)− Gki+ 1
2

)
, 0 ≤ i ≤M − 1, 1 ≤ k ≤ N, (31)

vki+ 1
2
= σχ ξ

k
i+ 1

2
. (32)

Here we employ the semi-implicit treatment F(ξki ) 7→ F(ξk−1
i ) and omit the higher-order remain-

der terms (see the bounds in (27)), the neglected terms are of order O(ϱ3−α + h2). To derive
an explicit expression for vki+1, we add (31) and (32) evaluated at the same half-point. Using
the standard identity vk

i+ 1
2

= 1
2 (v

k
i+1 + vki ), which follows from the definition of the half-grid

variables, we obtain after simple algebra

vki+1 = σχ ξ
k
i+ 1

2
+
h

2

(
C
0 D

α
ρ ξ

k
i+ 1

2
−F(ξ k−1

i+ 1
2

)− Gki+ 1
2

)
.

Shifting the index i 7→ i− 1 yields the equivalent relation

vki = σχ ξ
k
i− 1

2
+
h

2

(
C
0 D

α
ρ ξ

k
i− 1

2
−F(ξ k−1

i− 1
2

)− Gki− 1
2

)
, 1 ≤ i ≤M. (33)

Next, to obtain an expression for vki in terms of the right half-point, we use (31) at index i

together with (32) at i + 1
2 . Eliminating the difference vki+1 − vki between these two relations

gives
vki = σχ ξ

k
i+ 1

2
− h

2

(
C
0 D

α
ρ ξ

k
i+ 1

2
−F(ξ k−1

i+ 1
2

)− Gki+ 1
2

)
, 0 ≤ i ≤M − 1. (34)

Now, combine (33) and (34) for interior indices 1 ≤ i ≤ M − 1. Adding the two expressions for
vki and dividing by two yields

1

2

(
C
0 D

α
ρ ξ

k
i− 1

2
+ C

0 D
α
ρ ξ

k
i+ 1

2

)
= σ2

χξ
k
i +

1

2

(
F(ξ k−1

i− 1
2

) + F(ξ k−1
i+ 1

2

)
)
+

1

2

(
Gki− 1

2
+ Gki+ 1

2

)
,
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which is exactly the interior equation stated in Theorem 1. In the interior domain, the nonlinear
term F(ξki ) is treated semi-implicitly, F(ξki ) is replaced by its previous time level F(ξk−1

i ) to
ensure numerical stability and to avoid solving a nonlinear system at each step. However, in the
boundary relations derived from the discrete ABCs, this term naturally appears with the current
time index k, since those relations are obtained directly from the continuous ABC operators and
therefore do not involve any time-lagging approximation. This difference in the treatment of
F does not affect the overall consistency, as both approximations preserve the same truncation
order O(ϱ3−α + h2) (27). Finally, to derive the right boundary formula, substitute (33) with
i =M and use the ABC given in the manuscript:

C
0 D

α/2
ρ vkM = −

(
σχv

k
M + F(ξk−1

M ) + GkM
)
, vkM = σχξ

k
M .

Note that C0 D
α/2
ρ vkM = C

0 D
α/2
ρ (σχξ

k
M ). Substituting this relation and rearranging terms gives

C
0 D

α
ρ ξ

k
M− 1

2
=

2

h

(
− C

0 D
α/2
ρ (σχξ

k
M )− σχξkM+ 1

2
−F(ξk−1

M )
)
+ GkM− 1

2
.

Here ξk
M+ 1

2

denotes the boundary-adjacent value treated via the discrete ABC approximation
Lemma 3. The left boundary relation is obtained analogously. Combining the interior and
boundary equations shows that the total number of discrete equations matches the number of
unknown nodal values, so the fully discrete system is well-posed and can be solved uniquely at
each time level. This completes the proof.

4 Stability and convergence of the numerical method

In this section, we present several preliminary lemmas that will be essential for establishing the
stability and convergence of the proposed finite difference scheme. These lemmas provide useful
discrete inequalities and auxiliary estimates that simplify the forthcoming analysis.

Lemma 4. [5, 11] Suppose the network function ξ = {ξk | 0 ≤ k ≤ N} is defined on the temporal
grid Πϱ. Then, the following inequality holds:

ϱ

n∑
k=1

(
C
0 D

α
ρ ξ

k
)
ξk ≥ ρ−αn

2Γ(1− α)
ϱ

n∑
k=1

(
ξk
)2 − ρ1−αn

2Γ(2− α)
(
ξ0
)2
, 1 ≤ n ≤ N, (35)
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where C0 Dα
ρ ξ

k for k ≥ 1 is defined according to the relation (22). This lemma plays a crucial role
in establishing the positivity and coercivity of the discrete Caputo operator, which are essential
properties for the stability and convergence analysis of fractional time-stepping schemes.

Lemma 5. [5] Let ξ be a grid function defined on the spatial grid Πh with ξ0 = 0. Then the
following discrete inverse inequality holds:

‖ξk‖2∞ ≤ C ‖σχξk‖2, (36)

where C is a positive constant independent of h.

The above lemmas provide the fundamental discrete estimates required for analyzing the
stability and convergence properties of the proposed scheme.

Theorem 2 (Initial estimate). Assume that {ξki : 0 ≤ i ≤ M, 0 ≤ k ≤ N} is the grid solution
of the discrete scheme (37)–(44), with the notation ρn = nϱ and the discrete norms ‖ · ‖ (discrete
L2) and ‖ · ‖∞ (discrete supremum). Moreover,

C
0 D

α
ρ ξ

k
i+ 1

2
= σχv

k
i+ 1

2
+ f(ξk−1

i+ 1
2

) + gki+ 1
2
, 0 ⩽ i ⩽M − 1, (37)

vki+ 1
2
= σχξ

k
i+ 1

2
+ zki+ 1

2
0 ⩽ i ⩽M − 1, (38)

C
0 D

α
2
ρ v

k
0 = σχv

k
0 + f(ξk−1

0 ) + gk0 + tk, (39)

vk0 = σχξ
k
0 + ak, (40)

C
0 D

α
2
ρ v

k
M = −σχvkM − f(ξk−1

M )− gkM + wk, (41)

vkM = σχξ
k
M + qk, (42)

ξ0i = φ(χi), χ ∈ ∆i, (43)

ξk0 = 0, ρ > 0. (44)

Suppose furthermore that the remainder terms zk
i+ 1

2

, tk, ak, wk, qk satisfy the bounds from Lemma
2 and relation (27):

|zki+ 1
2
| ≤ C0h

2, |ak|, |qk| ≤ C0h
2, |tk|, |wk| ≤ C0(ϱ

3−α
2 + h2),

for some C0 > 0 independent of h, ϱ. Let

µn :=
ρ−αn

Γ(1− α)
, 1 ≤ n ≤ N.

Then for every 1 ≤ n ≤ N it holds that
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ϱ

n∑
k=1

‖ξk‖2∞ + µn ϱ

n∑
k=1

‖ξk‖2 ≤C1‖ξ0‖2 + C2ϱ

n∑
k=1

(f(ξk−1), ξk)

+ C3ϱ

n∑
k=1

‖gk‖2 + C4ϱ

n∑
k=1

(qk)2

+ C5ϱ

n∑
k=1

(
(ξkM )2 + (σχξ

k
M )2

)
, (45)

where C1, . . . , C5 > 0 are constants depending only on α, C0 the remainder bounds and universal
constants but independent of h, ϱ and n.

Proof. Using the discrete inner product and applying relations (37)–(38), we obtain

(C0 D
α
ρ ξ

k, ξk) = (σχv
k, ξk) + (f(ξk−1), ξk) + (gk, ξk),

(vk, vk) = (σχξ
k, vk) + (zki+ 1

2
, vk), 1 ≤ k ≤ N. (46)

Adding these two relations gives

(C0 D
α
ρ ξ

k, ξk) + ‖vk‖2 =(σχv
k, ξk) + (σχξ

k, vk) + (f(ξk−1), ξk) + (gk, ξk)

+ (zki+ 1
2
, vk), 1 ≤ k ≤ N. (47)

Next, using the discrete integration-by-parts identity together with the boundary conditions (42)
and (44), we have

(σχξ
k, vk) + (σχv

k, ξk) = h

M∑
i=1

[
(σχξ

k
i− 1

2
)vki− 1

2
+ (σχv

k
i− 1

2
)ξki− 1

2

]
= ξkMv

k
M − ξk0vk0 = ξkM (σχξ

k
M + qk), (48)

since ξk0 = 0 for all k. Combining (47) and (48) yields

(C0 D
α
ρ ξ

k, ξk) + ‖vk‖2 =(f(ξk−1), ξk) + (gk, ξk) + ξkMσχξ
k
M + ξkMq

k

+ (zki+ 1
2
, vk), 1 ≤ k ≤ N. (49)

Multiplying both sides of (49) by ϱ, summing over k = 1, . . . , n, and applying Lemma 4, we
obtain

ρ−αn
2Γ(1− α)

ϱ

n∑
k=1

‖ξk‖2 + ϱ

n∑
k=1

‖vk‖2
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≤ ρ1−αn

2Γ(2− α)
‖ξ0‖2 + ϱ

n∑
k=1

(f(ξk−1), ξk) + ϱ

n∑
k=1

(gk, ξk)

+ ϱ

n∑
k=1

ξkM σχξ
k
M + ϱ

n∑
k=1

(zki+ 1
2
, vk) + ϱ

n∑
k=1

ξkM qk, 1 ≤ n ≤ N. (50)

Applying the Cauchy–Schwarz and Young inequalities to the right-hand side of (50) yields the
following estimate:

ρ−αn
2Γ(1− α)

ϱ

n∑
k=1

‖ξk‖2 + ϱ

n∑
k=1

‖vk‖2

≤ ρ1−αn

2Γ(2− α)
‖ξ0‖2 + ϱ

n∑
k=1

(f(ξk−1), ξk)

+ ϱ

n∑
k=1

(
ρ−αn

4Γ(1− α)
‖ξk‖2 + ραnΓ(1− α) ‖gk‖2

)

+ ϱ

n∑
k=1

(
1

2
‖vk‖2 + 1

2
‖zki+ 1

2
‖2
)
+ ϱ

n∑
k=1

(
1

2
(ξkM )2 +

1

2
(qk)2

)

+ ϱ

n∑
k=1

(
1

2
(ξkM )2 +

1

2
(σχξ

k
M )2

)
, 1 ≤ n ≤ N. (51)

Using the estimate (51) and moving the small left-hand terms to the left, we obtain

ρ−αn
4Γ(1− α)

ϱ

n∑
k=1

‖ξk‖2 + 1

2
ϱ

n∑
k=1

‖vk‖2

≤ ρ1−αn

2Γ(2− α)
‖ξ0‖2 + ϱ

n∑
k=1

(f(ξk−1), ξk)

+ ραnΓ(1− α) ϱ
n∑
k=1

‖gk‖2 + 1

2
ϱ

n∑
k=1

‖zki+ 1
2
‖2 + ϱ

n∑
k=1

(
1

2
(qk)2 + (ξkM )2

)

+
1

2
ϱ

n∑
k=1

(σχξ
k
M )2, (52)

for every 1 ≤ n ≤ N . Using relation (38) together with Lemma 5, we have the pointwise bound

‖ξk‖2∞ ≤ ‖σχξk‖2 = ‖vk − zki+ 1
2
‖2 ≤ 2‖vk‖2 + 2‖zki+ 1

2
‖2, 1 ≤ k ≤ N. (53)

Now, multiply (53) by ϱ and sum over k = 1, . . . , n, then combine with (52). Using the fact that
1
2ϱ
∑n
k=1 ‖vk‖2 appears on the left of (52), we obtain after elementary algebra the inequality
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ϱ

n∑
k=1

‖ξk‖2∞ +
ρ−αn

Γ(1− α)
ϱ

n∑
k=1

‖ξk‖2 − 4ϱ

n∑
k=1

(ξkM )2 − 2ϱ

n∑
k=1

(σχξ
k
M )2

≤ 2ρ1−αn

Γ(2− α)
‖ξ0‖2 + 4ϱ

n∑
k=1

(f(ξk−1), ξk) + 4ραnΓ(1− α) ϱ
n∑
k=1

‖gk‖2

+ Cz ϱ

n∑
k=1

‖zki+ 1
2
‖2 + ϱ

n∑
k=1

(qk)2, (54)

for every 1 ≤ n ≤ N , where Cz > 0 is a numerical constant (here one may take Cz = 4). Finally,
by introducing the notation

µn =
ρ−αn

Γ(1− α)
,

and substituting this definition into (54), we simplify the inequality as

ϱ

n∑
k=1

‖ξk‖2∞ + µn ϱ

n∑
k=1

‖ξk‖2 − 4ϱ

n∑
k=1

(ξkM )2 − 2ϱ

n∑
k=1

(σχξ
k
M )2

≤ 2µnρn
1− α

‖ξ0‖2 + 4ϱ

n∑
k=1

(f(ξk−1), ξk) +
4

µn
ϱ

n∑
k=1

‖gk‖2 + 2ϱ

n∑
k=1

(qk)2. (55)

This inequality coincides precisely with relation (45), which completes the proof of Theorem 2.

The purpose of Theorem 2 (Initial Estimate) is to establish a discrete a priori energy bound
for the numerical solution. This estimate ensures that the grid solution {ξki } remains uniformly
bounded at all temporal levels and that the discrete ABCs do not introduce instability into the
system. Therefore, this theorem provides the theoretical foundation for the subsequent stability
and convergence analysis of the proposed numerical method.

Theorem 3 (Stability). Based on the discrete scheme (30) and under the assumptions of The-
orem 2, the proposed finite difference method is unconditionally stable. Specifically, let ξki
(0 ≤ i ≤M , 1 ≤ k ≤ N) denote the numerical solution with homogeneous initial data φ(ρk) = 0

for all 1 ≤ k ≤ N . Then, the following stability estimate holds:

ϱ

n∑
k=1

‖ξk‖2∞ +
µn
4
ϱ

n∑
k=1

‖ξk‖2 − 2ϱ

n∑
k=1

(ξkM )2 − ϱ
n∑
k=1

(σχξ
k
M )2

≤ µnρn
2(1− α)

‖ξ0‖2 + ϱ

n∑
k=1

(
f(ξk−1), ξk

)
+

1

µn
ϱ

n∑
k=1

‖gk‖2, (56)

where µn =
ρ−αn

Γ(1− α)
, and C0 denotes the remainder constant introduced in relation (27).
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Proof. The proof follows the same energy argument as in Theorem 2.

In the following, we examine the convergence of the difference method described in relations
(37)–(43). We assume that

eki = Uki − ξki , εki = V ki − vki , 0 ≤ i ≤M, 0 ≤ k ≤ N,

where Uki and V ki denote the numerical approximations of ξ(χi, ρk) and v(χi, ρk), respectively.

Theorem 4 (Convergence). Assume that ξ(χ, ρ) ∈ C4,4
χ,ρ([I−, I+]× [0, P ]), and let {ξki | 0 ≤ i ≤

M, 0 ≤ k ≤ N} and {Uki | 0 ≤ i ≤ M, 0 ≤ k ≤ N} be the exact and numerical solutions of the
problems (15) and (37)–(43), respectively. Then there exists a constant C1 > 0 such that√√√√ϱ

n∑
k=1

(
‖ek‖2∞ − 4(ekM )2 − 2(σχekM )2 + µ‖ek‖2

)
≤ C1(ϱ

3−α + h2), 1 ≤ n ≤ N, (57)

where eki = Uki − ξki is the discretization error. The constant C1 is given by

C1 = 2C0T
α+ 1

2

√
1
2 + Γ(1− α), (58)

and µ is defined in Theorem 2, while C0 is specified in (27).

Proof. Following the approach of Theorem 2, we subtract the exact relation (28) from the discrete
scheme (26) to obtain the error system:

C
0 D

α
ρ e

k
i+ 1

2
= σχε

k
i+ 1

2
+
(
f(Uk−1

i )− f(ξk−1
i )

)
+Rki+ 1

2
, 0 ≤ i ≤M − 1, 1 ≤ k ≤ N,

εki+ 1
2
= σχe

k
i+ 1

2
+ Zki+ 1

2
,

C
0 D

α
2
ρ ε

k
0 = σχε

k
0 +

(
f(Uk−1

0 )− f(ξk−1
0 )

)
+ T k, εk0 = σχe

k
0 +Ak, (59)

C
0 D

α
2
ρ ε

k
M = −σχεkM −

(
f(Uk−1

M )− f(ξk−1
M )

)
+W k, εkM = σχe

k
M +Qk,

e0i = 0, χ ∈ ∆i, ek0 = 0.

Applying Theorem 2 to this error system yields

ϱ

n∑
k=1

‖ek‖2∞ − 4ϱ

n∑
k=1

(ekM )2 − 2ϱ

n∑
k=1

(σχe
k
M )2 + µϱ

n∑
k=1

‖ek‖2

≤ 4

µ
ϱ

n∑
k=1

‖Rk‖2 + 2ϱ

n∑
k=1

‖Qk‖2, 1 ≤ n ≤ N. (60)
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Using the remainder bounds from (27), |Rk|, |Zk|, |T k|, |W k|, |Qk| ≤ C0(ϱ
3−α + h2), we have

ϱ

n∑
k=1

‖ek‖2∞ + µϱ

n∑
k=1

‖ek‖2 − 4ϱ

n∑
k=1

(ekM )2 − 2ϱ

n∑
k=1

(σχe
k
M )2

≤ 2ρnC
2
0h

4 +
4

µ

(
C0(ϱ

3−α + h2)
)2

= 2ρnC
2
0h

4 + 4ρα+1
n Γ(1− α)

(
C0(ϱ

3−α + h2)
)2

≤ 4C2
0T

1+α
(

1
2 + Γ(1− α)

)
(ϱ3−α + h2)2. (61)

Taking square roots of both sides yields√√√√ϱ

n∑
k=1

(
‖ek‖2∞ − 4(ekM )2 − 2(σχekM )2 + µ‖ek‖2

)
≤ 2C0T

α+ 1
2

√
1
2 + Γ(1− α)(ϱ3−α + h2), (62)

which proves (57)–(58).

5 Numerical examples

In this section, two representative numerical examples are provided to comprehensively evaluate
the accuracy, stability, and efficiency of the proposed computational scheme. In Example 1, the
objective is to examine the spatiotemporal behavior of the numerical solution and to verify the
convergence and stability properties of the method under various parameter settings. In Example
3, the performance of the proposed finite difference scheme given by (28) is compared with the
numerical approach reported in [14], allowing for both quantitative and qualitative analysis in
terms of accuracy and computational cost. All simulations were implemented in MATLAB R2022a.
The numerical computations were performed on an Asus K53SC laptop equipped with an Intel
Core i5-2430M processor and 8 GB RAM. The obtained numerical results demonstrate that the
proposed method yields highly accurate and stable solutions while maintaining computational
efficiency even on a mid-range hardware platform.

Example 1. Consider the following time-fractional equation:

C
0 D

α
ρ ξ(χ, ρ) = ξχχ + F(ξ(χ, ρ)) + G(ξ(χ, ρ)), 0 ≤ ρ ≤ P, χ ∈ R,

where the nonlinear term is considered as follows:
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F(ξ) = ξ2.

The source term is obtained in the following form:

G(χ, ρ) = e−χ
2

6ρ3−α

Γ(4− α)
− e−χ

2

(ρ3 + 1)(4χ2 − 2)− e−2χ2

(ρ3 + 1)2.

This problem also has the initial condition:

ξ(χ, 0) = e−χ
2

,

and the exact solution is
ξ(χ, ρ) = e−χ

2

(ρ3 + 1).

In this example, the temporal and spatial discretizations are specified by setting the number
of temporal grid points to N = 320 and the number of spatial grid points to M = 29. The
fractional order is considered for two representative cases, α ∈ {0.37, 0.68}. The spatial step size
is given by h = 1/M , while the temporal step sizes are chosen as ϱ ∈

{
1
10 ,

1
20 ,

1
40 ,

1
80 ,

1
160 ,

1
320

}
.

The spatial computational domain is defined as I = [a, b] = [−2, 2], and the final time is taken
as P = 1. This example is designed to assess the numerical accuracy of the proposed method for
solving time-fractional differential equations with prescribed initial conditions and known analyt-
ical solutions. Both numerical and graphical results are provided to illustrate the spatiotemporal
behavior of the computed solution and to compare it with the exact analytical solution. The
numerical error is defined as follows:

E(h, ϱ) = ‖ekh‖∞ = ‖Ukh − ξ(χh, ρk)‖.

The convergence order for the temporal and spatial variations is calculated as follows:

order1 = log2
E(h, ϱ)

E(h, ϱ/2)
, order2 = log2

E(h, ϱ)

E(h/2, ϱ)
.

Using a fixed spatial step size of h = 2−9 and based on the numerical results summarized in
Table 1, it is evident that the absolute error ‖ekh‖∞ decreases monotonically as the temporal
step size ϱ is refined from 1

10 to 1
320 . This consistent reduction in error confirms the temporal

convergence of the proposed scheme. Furthermore, the observed convergence rates, denoted by
order1, for both fractional orders α = 0.37 and α = 0.68 remain approximately second order,
with values ranging between 2.00 and 2.42. The slight reduction of the observed rates compared
to the theoretical convergence rate O(ϱ3−α) is attributed to the boundary approximations, which
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slightly limit the global convergence. Nevertheless, the method achieves the expected high-order
accuracy at interior points. In particular, the obtained convergence orders slightly exceed those
of the classical L1 scheme, thereby validating the improved temporal discretization strategy de-
veloped in this study. Additionally, the CPU time reported in the last column of Table 1 shows
a gradual and proportional increase as the temporal step size decreases. This trend indicates
that the computational cost grows moderately with increasing accuracy, confirming the over-
all efficiency and robustness of the implemented algorithm. Referring to Table 2, the spatial

Table 1: Error results and temporal convergence rates for Example 1 corresponding to various values of α and
ϱ.

α τ ‖ekh‖∞ order1 CPU

0.37 1/10 3.622383e-2 – 0.15
1/20 9.036367e-3 2.0031 0.27
1/40 2.098646e-3 2.1063 0.40
1/80 4.456779e-4 2.2354 0.54
1/160 8.283166e-5 2.4277 0.85
1/320 1.783819e-5 2.2152 1.45

0.68 1/10 3.634468e-2 – 0.14
1/20 9.077627e-3 2.0014 0.21
1/40 2.129381e-3 2.0919 0.29
1/80 4.610580e-4 2.2074 0.56
1/160 9.052296e-5 2.3486 0.83
1/320 2.168393e-5 2.0617 1.46

convergence behavior of the proposed scheme is analyzed by fixing the temporal step size at
ϱ = 2−9. It is clearly observed that the absolute error ‖ekh‖∞ decreases consistently as the spa-
tial mesh is refined, with h reduced from 1/10 to 1/320. For both fractional orders α = 0.37

and α = 0.68, the convergence rate, denoted as order2, remains remarkably stable and very
close to the theoretical second-order accuracy, with reported values around 1.99 across all grid
refinements. This uniform convergence confirms that the spatial discretization employed in the
scheme achieves the expected second-order accuracy, in agreement with the central-difference
approximation used for the second spatial derivative. The obtained numerical results demon-
strate that the proposed method maintains high spatial accuracy while preserving stability and
efficiency. Furthermore, the CPU time values shown in the last column of Table 2 indicate a
moderate and proportional increase in computational cost as the grid is refined, confirming the
scalability and computational efficiency of the implemented algorithm. In Figure 1, the numerical
solution obtained by the present method, (28), is compared with the exact analytical solution for
Example 1. The visual comparison reveals excellent agreement between the numerical and exact
solutions throughout the entire spatiotemporal domain. This strong consistency verifies the ro-

Iran. J. Numer. Anal. Optim., Vol. 16, No. 3, 2026, pp 952–990



Ghanizadeh and Akrami 980

bustness and accuracy of the proposed numerical scheme in capturing the dynamic behavior of
the underlying time-fractional problem, both in the temporal and spatial dimensions. The plot

Table 2: Error results and spatial convergence rates for Example 1 corresponding to various values of α and h.

α h ‖ekh‖∞ order2 CPU

0.37 1/10 6.804864e-2 – 0.19
1/20 1.765156e-2 1.9468 0.21
1/40 4.443487e-3 1.9900 0.32
1/80 1.112211e-3 1.9983 0.46
1/160 2.781080e-4 1.9997 0.81
1/320 6.952907e-5 2.0000 1.43

0.68 1/10 7.850191e-2 – 0.14
1/20 2.075293e-2 1.9194 0.16
1/40 5.231265e-3 1.9881 0.30
1/80 1.309223e-3 1.9984 0.45
1/160 3.273427e-4 1.9998 0.83
1/320 8.183599e-5 2.0000 1.46

presented in Figure 2 illustrates the comparison between the numerical and analytical solutions
when the spatial step size is fixed at h = 2−9 and the temporal step size ϱ is successively refined.
It is clearly observed that, as ϱ decreases, the numerical solution progressively approaches the
exact analytical solution across the entire computational domain. This uniform improvement
in accuracy demonstrates the temporal convergence of the proposed scheme, (28), confirming
its numerical consistency with the theoretical prediction based on the Caputo fractional deriva-
tive formulation. The close visual agreement between the numerical and exact solutions further
verifies the reliability and precision of the method in capturing the transient dynamics of the
time-fractional model. The graphical results displayed in Figures 3 and 4 provide a clear and

Figure 1: Comparison between the exact solution and the numerical solution of Example 1.

Iran. J. Numer. Anal. Optim., Vol. 16, No. 3, 2026, pp 952–990



981 A new numerical computational method for solving nonhomogeneous time-fractional nonlinear ...

Figure 2: Convergence of the numerical approxima-
tion to the exact solution for Example 1.

Figure 3: Logarithmic error plot versus ϱ for Example
1.

convincing verification of the theoretical temporal accuracy and stability of the proposed nu-
merical scheme (28). As shown in Figure 3, the log-log representation of the maximum absolute
error ‖ekh‖∞ versus the time-step size ϱ exhibits an almost perfectly linear decay. The slope of
the fitted line corresponds to an observed convergence rate of approximately p ≈ 2.45, which
agrees very well with the theoretical prediction O(ϱ3−α) for α = 0.37. This strong agreement
between the numerical and theoretical rates confirms that the proposed temporal discretization
accurately captures the high-order behavior expected from the fractional derivative formulation.
Moreover, the excellent linearity of the data points in the logarithmic scale indicates that the
error decreases uniformly with time-step refinement, providing strong evidence of asymptotic
temporal consistency and robustness of the scheme. Figure 4 further illustrates the evolution of
the absolute error with respect to time for different temporal step sizes. It is clearly observed
that as ϱ becomes smaller, the magnitude of the error significantly decreases, and its temporal
profile remains smooth and stable throughout the entire simulation period. For sufficiently fine
time steps, the error remains nearly constant, indicating that the proposed scheme effectively
suppresses error propagation and prevents numerical oscillations. Only for coarser grids does a
slight increase in the error magnitude appear near the final time, which is expected due to the
accumulation of local truncation errors inherent to fractional-order models. Overall, the results
shown in Figures 3 and 4 demonstrate that the proposed method achieves excellent agreement
with the theoretical convergence rate, while maintaining remarkable numerical stability even
over long-time integrations. These findings confirm the efficiency and reliability of the developed
high-order scheme for accurately resolving the transient dynamics of time-fractional nonlinear
parabolic equations on unbounded domains. The consistent convergence behavior, combined
with the absence of numerical instabilities, strongly validates both the mathematical formula-
tion and the computational implementation of the proposed approach.
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Figure 4: Error behavior for various ϱ values confirm-
ing the convergence of the numerical method (28) in
Example 1.

Summary: The numerical results presented in Tables 1–2 and Figures 2–4 confirm the high
accuracy, stability, and efficiency of the proposed numerical scheme (28). The method exhibits a
monotonic decrease in error with both temporal and spatial refinements, achieving convergence
rates close to the theoretical orders, O(ϱ3−α) in time and O(h2) in space. Excellent agreement
between numerical and analytical solutions validates the correctness of the temporal and spatial
discretizations, while the smooth and bounded error evolution confirms unconditional stability.
CPU time analysis indicates that computational cost grows moderately with mesh refinement,
maintaining a favorable balance between accuracy and efficiency. Overall, the results demon-
strate that the proposed approach provides a robust, accurate, and computationally efficient
framework for solving time-fractional nonlinear parabolic problems on unbounded domains, ef-
fectively fulfilling its theoretical design objectives across all tested configurations. The following
Example 2 is introduced to further demonstrate the applicability of the proposed numerical
method to physically meaningful problems. Unlike Example 1, which is primarily designed
to verify the theoretical convergence behavior of the scheme, the present example considers a
nonzero initial condition and a smooth polynomial temporal evolution that commonly arises
in diffusion and heat transfer processes with memory effects. The exact solution is chosen as
ξ(χ, ρ) = e−χ

2

(1 + ρ)3 which allows the Caputo fractional derivative to be evaluated explicitly
without involving special functions such as the Mittag-Leffler function. This choice ensures that
the source term can be constructed exactly while preserving analytical simplicity and numerical
stability. From a numerical standpoint, this example provides a more comprehensive test of the
proposed higher order discretization and absorbing boundary treatment, as it simultaneously
incorporates nonlinear effects, fractional temporal memory, and nonzero initial data. Hence, it
offers a realistic and robust validation of the effectiveness and accuracy of the proposed method.
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Example 2. Consider the following nonlinear time–fractional diffusion equation posed on an
unbounded spatial domain:

C
0 D

α
ρ ξ(χ, ρ) = ξχχ + F(ξ(χ, ρ)) + G(χ, ρ), 0 < α < 1, 0 ≤ ρ ≤ P, χ ∈ R,

where the nonlinear reaction term is defined as

F(ξ) = ξ2 + ξ.

The initial condition is given by
ξ(χ, 0) = e−χ

2

.

We choose the exact solution in the form

ξ(χ, ρ) = e−χ
2

(1 + ρ)3,

the source term is constructed as

G(χ, ρ) = e−χ
2

[
4!

Γ(4− α)
ρ3−α + 3

3!

Γ(3− α)
ρ2−α + 3

2!

Γ(2− α)
ρ1−α

]
− (4χ2 − 2)e−χ

2

(1 + ρ)3 − e−2χ2

(1 + ρ)6.

Table 3: Temporal convergence results for Example 2 with h = 1/29.

α τ ∥ekh∥∞ order1 CPU

0.37 1/10 1.471500e-1 – 0.28
1/20 3.662159e-2 2.0065 0.35
1/40 8.584786e-3 2.0928 0.47
1/80 1.864492e-3 2.2029 0.84
1/160 3.687139e-4 2.3382 1.13
1/320 8.914893e-5 2.0482 1.97

0.68 1/10 1.474604e-1 – 0.17
1/20 3.677890e-2 2.0033 0.28
1/40 8.663713e-3 2.0858 0.41
1/80 1.903987e-3 2.1859 0.72
1/160 3.884649e-4 2.2931 1.17
1/320 9.102469e-5 2.0934 2.00

Example 3. Consider the following problem:

C
0 D

α
ρ ξ(χ, ρ) = ξχχ + F(ξ) χ ∈ R, 0 < ρ ≤ P,

with the initial condition given by
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Table 4: Spatial convergence results for Example 2 with τ = 1/29.

α h ∥ekh∥∞ order2 CPU

0.37 1/10 3.270424e-1 – 0.15
1/20 8.452788e-2 1.9519 0.27
1/40 2.124029e-2 1.9926 0.45
1/80 5.313965e-3 1.9989 0.67
1/160 1.328601e-3 1.9998 1.08
1/320 3.321506e-4 1.9999 2.05

0.68 1/10 3.510207e-1 – 0.13
1/20 9.244171e-2 1.9249 0.24
1/40 2.326518e-2 1.9903 0.40
1/80 5.820151e-3 1.9990 0.65
1/160 1.455053e-3 1.9999 1.15
1/320 3.637556e-4 2.0000 2.07

ξ(χ, 0) =

(
1

1 + e−
6χ
4

) 1
3

,

and the exact solution defined as

ξ(χ, ρ) =

(
1

1 + e−
15ρ+6χ

4

) 1
3

,

The nonlinear function F(ξ) is defined by

F(ξ) = ξ(1− ξ6),

The numerical method employed in [14] to solve the above problem is described as follows:

C
0 D

α
ρ ξ

k
i = σ2

χξ
k
i + F(ξk−1

i ), 1 ≤ k ≤ N, 1 ≤ i ≤M − 1,

σχξ
k
1 = Φk + 3s

α/2
0 ξk0 +

h

2

(
C
0 D

α
ρ ξ

k
0 −F(ξk−1

0 )
)
,

σχξ
k
M−1 = Ψk − 3s

α/2
0 ξkM −

h

2

(
C
0 D

α
ρ ξ

k
M −F(ξk−1

M )
)
,

C
0 D

α
ρΦk =

(
F(ξk−1

0 )− 3sα0
)
Φk +

(
8s

3α/2
0 − 3s

α/2
0 F(ξk−1

0 )
)
ξk0 + 3s

α/2
0 F(ξk−1

0 ), (63)

C
0 D

α
ρΨk =

(
F(ξk−1

M )− 3sα0
)
Ψk −

(
8s

3α/2
0 − 3s

α/2
0 F(ξk−1

M )
)
ξkM − 3s

α/2
0 F(ξk−1

M ),

ξ0i = ξ0(χi), Φ0 = φ(0), Ψ0 = ϕ(0).

Table 5 presents the maximum errors ‖ekh‖∞ at the final time P for different time step sizes ϱ
and fractional orders α, with a fixed spatial step size h = 2−8. The results indicate that the
proposed method achieves significantly higher temporal accuracy compared to the method in
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[14], with a convergence rate (Order1) between 2.31 and 2.63, consistent with the theoretical
order O(ϱ3−α + h2). In contrast, the method of [14] has a theoretical temporal accuracy of
O(ϱ + h2), which explains why the observed convergence rate in time (Order1) is limited to
approximately 0.98–1.00. As the time step ϱ decreases from 1/10 to 1/160, the maximum error
of the proposed method drops sharply; for example, with α = 0.37, the error decreases from
5.71 × 10−2 to 3.88 × 10−5, while the corresponding error for the method in [14] reduces only
from 2.47× 10−2 to 1.60× 10−3. This demonstrates a significantly faster convergence of the pro-
posed method to the exact solution. Increasing the fractional order from α = 0.37 to α = 0.68

slightly reduces the temporal convergence rate, as predicted by the term (3−α) in the theoretical
order, but the proposed method consistently outperforms the reference method for all α, main-
taining lower error values and stable behavior. The smooth, monotonic decrease of errors with
decreasing ϱ confirms the robust numerical stability of the proposed scheme, with no oscillations
or divergence observed even for very fine temporal grids. Overall, these results indicate that
the proposed method achieves both higher temporal accuracy and faster convergence than the
method in [14], and its superior performance is especially pronounced on finer temporal grids,
highlighting its suitability for applications where temporal precision is critical. The observed

Table 5: Temporal errors and convergence of the proposed method for Example 3.

α ϱ Our method (28) order1 Method in [14] order1

0.37 1/10 5.7138196e− 2 − 2.465416e− 2 −
1/20 9.2080193e− 3 2.6334 1.246783e− 2 0.98
1/40 1.4874461e− 3 2.6300 6.285612e− 3 0.99
1/80 2.4005411e− 4 2.6314 3.170451e− 3 0.99
1/160 3.8839013e− 5 2.6277 1.595221e− 3 0.99

0.68 1/10 3.1182567e− 2 − 3.945612e− 2 −
1/20 6.2297534e− 3 2.3234 1.985421e− 2 0.99
1/40 1.2475707e− 3 2.3200 9.963412e− 3 0.99
1/80 2.4960448e− 4 2.3214 4.993210e− 3 0.99
1/160 5.0064596e− 5 2.3177 2.500843e− 3 1.00

differences in temporal convergence rates between Examples 1 and 3 are expected due to the
distinct problem setups. In Example 1, a small spatial domain [−2, 2] with a nonzero source
term was considered, whereas Example 3 involves a larger domain [−20, 20] under homogeneous
conditions (G(χ, ρ) = 0). The larger computational domain in Example 3 allows for smoother
spatial variations, reducing the relative impact of spatial discretization on the overall error and
enabling the temporal convergence to closely approach the theoretical order. Conversely, in Ex-
ample 1, the presence of the source term and the smaller domain induces steeper gradients and
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localized dynamics, which slightly diminish the observed temporal convergence rate. Moreover,
the homogeneous nature of Example 3 promotes uniform and stable numerical behavior, allow-
ing the method to achieve higher temporal accuracy (Order1 between 2.32 and 2.63) compared
to Example 1 (Order1 between 2.0 and 2.42). Therefore, these differences reflect the natural
influence of domain size, source term, and boundary conditions, rather than any deficiency in
the numerical scheme. Figures 5 and 6 present the two-dimensional and three-dimensional plots
of the numerical solution obtained by applying the method introduced in (28) to the problem
described in Example 3. The results demonstrate a clear convergence of the numerical solution to
the analytical solution, exhibiting excellent agreement in both spatial and temporal dimensions.
These plots confirm that the proposed numerical scheme performs consistently with the theoret-
ical predictions regarding accuracy, stability, and convergence. The visual evidence, combined
with the quantitative analysis presented in Table 5, reinforces the reliability and robustness of
the method for capturing the solution behavior with high fidelity across the computational do-
main.

-20 -15 -10 -5 0 5 10 15 20

x

0

0.2

0.4

0.6

0.8

1

1.2

u
(x

, 
T

)

Exact vs Numerical Solution at t = 1

Numerical Solution

Exact Solution

Figure 5: Convergence behavior of the numerical
solution toward the exact solution for Example 3. Figure 6: Numerical solution plot for Example 3.

6 Conclusions

This study presents a novel, rigorously analyzed, and computationally efficient framework for
the numerical solution of nonhomogeneous time-fractional nonlinear parabolic equations defined
on unbounded spatial domains. The core challenges of temporal nonlocality, inherent nonlinear-
ity, and the infinite spatial extent were addressed through a fundamentally new approach. The
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methodology’s cornerstone is the derivation of highly accurate ABCs, constructed directly from
the fundamental properties of fractional derivatives. This principled approach circumvents the
limitations of existing techniques based on Padé approximations, ensuring a faithful represen-
tation of the underlying fractional dynamics at domain boundaries. By effectively truncating
the infinite domain to a finite computational region while minimizing spurious reflections, these
ABCs transform the original intractable problem into an equivalent, well-posed formulation on
a bounded domain. The resulting bounded domain problem was discretized using a high-order
finite difference scheme, facilitating stable and precise numerical implementation. A compre-
hensive theoretical analysis established the unconditional stability of the proposed method and
provided rigorous error bounds, guaranteeing the reliability of the obtained solutions. Extensive
numerical experiments unequivocally demonstrate the practical efficacy and robustness of the
framework. The method achieves high accuracy in capturing the complex, memory-dependent
behaviors characteristic of fractional-order systems, even in the presence of strong nonlinearities.
Numerical results further confirm the superior accuracy and stability of the proposed method
compared to existing approaches for unbounded domains, while maintaining a significantly re-
duced computational burden. Consequently, this work provides a powerful, reliable, and efficient
computational tool for simulating anomalous diffusion and related complex phenomena governed
by time-fractional dynamics in unbounded settings. The framework has direct relevance to di-
verse applications across physics, biology, and engineering. Moreover, it lays a solid foundation
for future extensions to multi-dimensional scenarios, stochastic fractional PDEs, and problems
involving variable coefficients, highlighting the potential for further development and application
in complex fractional systems.

Future directions

Building upon the results of this study, several promising research directions can be explored.
The proposed numerical framework can be extended to multi-dimensional time-fractional nonlin-
ear parabolic equations defined on unbounded domains. Another important direction is the gen-
eralization of the ABCs to space-fractional and distributed-order models. Furthermore, the de-
velopment of adaptive time-stepping and spatial refinement strategies could significantly improve
computational efficiency for long-time simulations. Extending the present high-order scheme to
coupled systems, stochastic FPDEs, and problems with variable coefficients also represents a
meaningful avenue for future research. Finally, applying the proposed method to real-world
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models arising in physics, biology, and engineering may further demonstrate its practical rele-
vance and versatility.
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Abstract

This paper proposes a novel common-weight DEA model that combines multi-objective lin-
ear fractional programming and goal programming to determine a common set of weights for
evaluating decision-making units (DMUs). The model formulates a single linear program with-
out requiring iterative procedures, thereby enhancing computational efficiency. To validate
the model’s effectiveness, we compare the proposed method with a satisfaction degree-based
model, a distance-based model, and a credibility-based common-weight method. Our model
demonstrates competitive efficiency scores and a high degree of discrimination among DMUs,
while maintaining a lower computational complexity. This research contributes by offering a
practical and computationally efficient alternative to existing models.
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1 Introduction

Charnes, Cooper, and Rhodes [3] initially suggested the data envelopment analysis (DEA) tech-
nique for determining the effectiveness of decision-making units (DMUs). These DMUs can be
anything, like companies, schools, hospitals, or even government organizations, that use multiple
inputs (resources) to produce multiple outputs (results). Traditional DEA models evaluate the
efficiency of DMUs that use multiple inputs (resources) to produce multiple outputs (results).
Conventional DEA models, like the CCR and BCC models, let each DMU select its own input
and output weights.

This implies that each unit can maximize its efficiency score by modifying the relative im-
portance of its resources and outputs. However, because of this flexibility, many DMUs may
be classified as efficient, particularly when there are fewer units than inputs and outputs. This
reduces the model’s ability to clearly distinguish between the best and worst performers, making
it difficult to rank or compare units properly.

To solve this problem, DEA models based on common-weights were developed, assuming a
single set of weights for all DMUs, so each unit is measured against the same standard. The idea
behind using common-weights is to make the evaluation fairer and to improve the comparability
between different units. The concept of using common-weights to improve fairness in DEA was
first suggested by Roll, Cook, and Golany [17], who proposed a method for measuring each unit’s
effectiveness using a standard set of weights. This laid the groundwork for further research into
how to better compare units using common-weights.

One of the primary advantages of using DEA models with common-weights is that they allow
for better ranking of all DMUs, including both the efficient and inefficient ones. In traditional
DEA, many units might be considered efficient, even if they are not truly performing at their
best. Common-weight models, however, help provide a clear ranking based on a uniform set of
criteria, which is especially useful for decision-making and resource allocation. Charnes et al. [2]
and Golany and Roll [5] emphasized how using common-weights can make the evaluation process
fairer and more objective, especially in areas where consistent and transparent comparisons are
important.
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Over the years, many researchers have developed different methods for calculating these
common-weights. One approach involves using multi-objective optimization, where several goals
(such as minimizing input excess and maximizing output efficiency) are considered at the same
time. For example, Kao and Hung [7] proposed using goal programming to find the best common-
weights by considering multiple efficiency-related goals. Wang, Greatbanks, and Yang [20] and
Wu et al. [21] explored how integrating cross-efficiency evaluations into the common-weight
model could help reduce bias in the results and provide more reliable rankings. Cross-efficiency,
introduced by Seiford and Zhu [18], helps to avoid giving too much weight to units that perform
well only when evaluated using their own customized weights.

In addition to mathematical improvements, many researchers have also focused on creating
hybrid methods that combine DEA with other techniques like multi-objective linear program-
ming (MOLP) or mixed-integer programming. These methods help improve the accuracy of
efficiency evaluations by adding constraints or preferences according to the objectives of the
decision-maker. For example, there are studies in which hybrid methods which can be used in
industries like banking and healthcare to better evaluate the performance of various institutions
[23, 13]. common-weight and weight restricted DEA models also enhance discrimination and com-
parability of efficiency scores. Applications include internet banking efficiency [11], eco-efficiency
of urban waste services [14], dynamic performance evaluation of airlines [24], and climate com-
petitiveness assessment of EU regions using entropy-based common-weights [9]. These works
highlight the wide applicability and effectiveness of common-weight DEA frameworks. In recent
years, some researchers have even incorporated behavioral theories, like prospect theory, into
DEA models. Yu et al. [25], for instance, used prospect theory to account for how people make
decisions under risk and uncertainty, leading to more realistic evaluations.

Recent studies have introduced innovative approaches to common-weight DEA, addressing
various challenges in performance evaluation. In 2022, Omrani, Fahimi, and Emrouznejad [15]
introduced a common-weight credibility DEA model that uses credibility theory to handle un-
certainty in inputs and outputs. This model gives a strong evaluation method for industries like
aviation, where data can vary a lot. In 2023, Majidi, Ebrahimnejad, and Azizi [12] suggested a
fuzzy DEA model with common-weights that looks at both optimistic and pessimistic views when
dealing with undesirable outputs. By using fuzzy arithmetic, this approach cuts down on compu-
tation time and offers a fairer assessment of DMUs under uncertain data. Most recently, in 2024,
Kim and co-authors [10] presented a cluster-analysis-based common-weight DEA model. They
group DMUs by their production patterns and then assign one weight vector to all units in each
group, which gives more accurate and comparable efficiency measures in complex industries like
iron and steel manufacturing. In addition to fuzzy and credibility-based approaches, robust DEA
models have also been proposed to explicitly handle data uncertainty using robust optimization
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techniques [16, 1]. Together, these studies show a growing focus on making common-weight DEA
models more robust, fair, and useful in situations where data are difficult or varied.

The existing models, especially those using iterative procedures, take a lot of time to compute
— particularly when there are a lot of DMUs, inputs, and outputs [22]. These models solve the
problem several times in different rounds to get the final result. This increases the overall com-
plexity and makes them less suitable for large datasets. Also, many models give high efficiency
scores to a large number of DMUs, which reduces the ability to clearly identify top performers
[4, 19]. To overcome these issues, we have developed a new DEA model that works without any
iteration. It solves the problem in a single step, which saves time and reduces computational
effort. At the same time, it gives similar efficiency results when compared to existing models.
But unlike them, our model identifies fewer DMUs as fully efficient. This shows that it is stricter
and better at distinguishing between high and average performers. We also found that our model
gives a more realistic satisfaction degree, which is useful when studying behavior or preferences
of the DMUs. Overall, the proposed model is simpler, faster, and more practical, especially for
large-scale problems. It helps in better decision-making and provides a strong alternative to
more complex and time-consuming models.

2 Methodology

Assume that n DMUs with m inputs and s outputs need to be assessed. To determine a set of
common-weights for inputs and outputs consider the following multi-objective linear fractional
programming (MOLFP):

Max (

∑s
r=1 uryr1∑m
i=1 vixi1

,

∑s
r=1 uryr2∑m
i=1 vixi2

, . . . ,

∑s
r=1 uryrn∑m
i=1 vixin

), (1)

s.t.

s∑
r=1

uryrj −
m∑
i=1

vixij ≤ 0, j = 1, . . . , n, (2)

ur ≥ 0, r = 1, . . . , s, (3)

vi ≥ 0, i = 1, . . . ,m. (4)

After solving the CCR model for each DMUj [3], we have

Max

s∑
r=1

uryrj , (5)
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s.t

m∑
i=1

vixij = 1, (6)

s∑
r=1

uryrj −
m∑
i=1

vixij ≤ 0, j = 1, . . . , n, (7)

ur ≥ 0, r = 1, . . . , s, (8)

vi ≥ 0, i = 1, . . . ,m. (9)

The efficiency of each DMUj can be evaluated as

θj =

∑s
r=1 uryrj∑m
i=1 vixij

. (10)

Now, DMUs can be divided into two groups: E = {j : θj = 1} and I = { j : θj < 1 }.
Let θ+ = max

j∈I
θj and θ− = min

j∈I
θj .

Let Nj and Dj be the numerator and denominator of the jth objective function. The
optimum values of the numerator and denominator can be readily derived as 1 for CCR efficient
units (j ∈ E). However, the efficiency ratings of CCR efficient units should not be lower than
those of the most efficient CCR inefficient unit, which is θ+.

Based on these conditions, the membership functions for CCR efficient units are defined as
follows [6]:

CNE
i (x) =


Ni(x)− θ+

1− θ+
, θ+ ≤ Ni(x) ≤ 1,

0, otherwise,
(11)

CDE
i (x) =


θ+ −Di(x)

θ+ − 1
, 1 ≤ Di(x) ≤ θ+,

0, otherwise.
(12)

Similarly, for CCR inefficient units (j ∈ I) the ideal values of numerator and denominator are
θ+ and 1

θ+ , respectively, and the efficiency scores should not be lower than the lowest-performing
CCR inefficient unit, which is θ−. Therefore, the membership functions for CCR inefficient units
will be as follows [6]:

CNi

I (x) =


Ni(x)− θ−

θ+ − θ−
, θ− ≤ Ni(x) ≤ θ+,

0, otherwise,
(13)
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CDi

I (x) =


1
θ− −Di(x)

1
θ− −

1
θ+

, 1
θ− ≥ Di(x) ≥ 1

θ+ ,

0, otherwise.
(14)

Development of the common-weight model

Now we formulate a goal programming model by taking 1 as the aspiration level for each mem-
bership function (11), (12), (13) and (14). So the goals can be formulated as

CNi

E (x) = 1 ⇒ Ni(x)− θ+

1− θ+
= 1, (15)

CDi

E (x) = 1 ⇒
1
θ+ −Di(x)

1
θ+ − 1

= 1, (16)

CNi

I (x) = 1 ⇒ Ni(x)− θ−

θ+ − θ−
= 1, (17)

CDi

I (x) = 1 ⇒
1
θ− −Di(x)

1
θ− −

1
θ+

= 1. (18)

Simplifying and substituting numerator and denominator functions in (15), (16), (17) and
(18), we get

s∑
r=1

uryrj = 1, j ∈ E, (19)

−
m∑
i=1

vixij = −1, j ∈ E, (20)

s∑
r=1

uryrj = θ+, j ∈ I, (21)

−
m∑
i=1

vixij = −
1

θ+
, j ∈ I. (22)

By introducing deviational variables d+j and d−j for j = 1, 2, . . . , n and i = 1, 2, we can
formulate the goal programming model as
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Minimize
2∑
i=1

n∑
j=1

(
d−ij + d+ij

)
subject to

s∑
r=1

uryrj + d−1j − d
+
1j = 1, for all j ∈ E,

−
m∑
i=1

vixij + d−2j − d
+
2j = −1, for all j ∈ E,

s∑
r=1

uryrj + d−1j − d
+
1j = θ+, for all j ∈ I,

−
m∑
i=1

vixij + d−2j − d
+
2j = −

1

θ+
, for all j ∈ I,

s∑
r=1

uryrj −
m∑
i=1

vixij ≤ 0, j = 1, . . . , n,

d−ij ≥ 0, d+ij ≥ 0, i = 1, 2; j = 1, . . . , n

ur ≥ 0, r = 1, . . . , s,

vi ≥ 0, i = 1, . . . ,m.

(23)

From the goal programming model (23) we can obtain a common set of weights ur for outputs
and vi (i = 1, 2, . . . ,m) for inputs. These common-weights allow us to compare and rank the
DMUs on a common basis.

3 Theoretical properties of the proposed model

Before analyzing the performance of the proposed goal programming model, we establish the
feasibility and boundedness of the model to ensure that optimal solutions can be obtained for
the proposed model.

Theorem 1. The common-weight model (23) is feasible.

Proof. From the output-oriented CCR model, for a CCR-efficient DMU j, the optimal weights
satisfy

∑
uryrj = 1 and

∑
vixij = 1. These equalities match the goal targets for the efficient

unit exactly. Consequently, both deviational variables d+j and d−j , as well as d+i and d−i , can be
set to zero, ensuring feasibility for DMU j without any penalty.

For all other DMUs k, the same weights ur, vi may not lead to exact satisfaction of the
corresponding equality constraints in the goal programming model. However, the model includes
nonnegative deviational variables specifically to allow for flexibility in these cases. By assigning
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appropriate positive values to these variables, the equalities can always be satisfied, regardless
of how far the weighted input-output ratios are from the aspiration levels of 1 or other bounds.
Furthermore, the inequality constraint

∑
vixik ≤ 1 is guaranteed to hold for all k because it is

a defining constraint of the CCR model.
Lastly, all nonnegativity constraints for the weights and deviational variables are respected

by construction: the CCR model ensures nonnegative weights, and the deviational variables are
explicitly constrained to be nonnegative in the goal programming formulation.

Theorem 2. The optimal value of model (23) is bounded below, and the weights ur and vi are
bounded above under the assumption that every input and output value is greater than zero.

Proof. Since the model minimizes the sum of nonnegative deviational variables and each variable
in the model is restricted to be greater than or equal to zero, the objective function is clearly
bounded below by zero. Now assume, for contradiction, that the weights ur or vi are unbounded
above. Then, due to the positive input and output data, the expressions

∑
uryrj or

∑
vixij

could become arbitrarily large, violating the equality and inequality constraints of the model
— particularly, those requiring sums to equal fixed finite values like 1. Thus, any increase in
weights must be offset by changes in deviation variables, which increases the objective function
value, preventing unbounded solutions from being optimal. Therefore, the optimal value of the
model is bounded.

4 Numerical example

To illustrate the applicability and effectiveness of the developed common-weight DEA model (23)
based on MOLFP and goal programming, we consider a well-known dataset from Kao and Hung
[7], originally from Kao and Yang [8], which assesses the performance of 17 forest districts across
Taiwan. Each forest district is defined by four input variables, budget (x1), initial stocking (x2),
labor (x3), and land (x4) and three output variables, main product (y1), soil conservation (y2),
and recreation (y3). The data for the 17 forest districts is given in Table 1 below:

Table 2 shows the common-weights given to each input and output used in our model.
These weights represent how important each input (like budget, labor, land) and output (like
main product, soil conservation, recreation) is when calculating the efficiency of the different
forest districts. A special feature of our model is that it gives a nonzero weight to every input
and output. This is different from many other models using common-weights, where sometimes
some weights become zero. When a weight is zero, it means that particular input or output is
ignored completely in the analysis, which can give an incomplete or unfair result.
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Table 1: Input and Output Data for 17 Forest Districts
DMU X1 (dollars) X2 (m3) X3 (persons) X4 (ha) Y1 (m3) Y2 (m3) Y3 (visits)

1 51.62 11.23 49.22 33.52 40.49 14.89 166.71
2 85.78 123.98 55.13 108.46 43.51 173.93 6.45
3 66.65 104.18 257.09 13.65 139.74 115.96 0.00
4 27.87 107.60 14.00 146.43 25.47 131.79 0.00
5 51.28 117.51 32.07 84.50 46.20 144.99 0.00
6 36.05 193.32 59.52 8.23 46.88 190.77 822.92
7 25.83 105.80 9.51 227.20 19.40 120.09 0.00
8 123.02 82.44 87.35 98.80 43.33 125.84 404.69
9 61.95 99.77 33.00 86.37 45.43 79.60 52.62
10 80.33 104.65 53.30 79.06 27.28 132.49 42.67
11 205.92 183.49 144.16 59.66 14.09 196.29 16.15
12 82.09 104.94 46.51 127.28 44.87 108.53 0.00
13 202.21 187.74 149.39 93.65 44.97 184.77 0.00
14 67.55 82.83 44.37 60.85 26.04 85.00 23.95
15 72.60 132.73 44.67 173.48 5.55 135.65 24.13
16 84.83 104.28 159.12 171.11 11.53 110.22 49.09
17 71.77 88.16 69.19 123.14 44.83 74.54 6.14

By making sure that every factor has some weight, our model ensures that all aspects of
performance are considered. This makes the evaluation more balanced and realistic. The weights
assigned by the proposed model highlight the relative importance of each factor in shaping overall
efficiency. For example, V2 (Initial stocking) receives a higher weight of 0.005975, showing that
this input strongly influences the efficiency of the 17 forest districts and plays a key role in
distinguishing performance among them. In contrast, V3 (Labor input) has a much smaller
weight of 0.000832, suggesting that variations in labor have little impact on overall efficiency
in this dataset. These differences illustrate the model’s ability to identify which inputs and
outputs most significantly affect efficiency, offering useful insight for decision-makers about where
resources or focus can have the greatest effect. By looking at these weight patterns, practitioners
can gain clearer insight into the practical implications of the evaluation and see which factors
most strongly influence performance.

Table 2: Weights of inputs and outputs using proposed model
Weight U1 U2 U3 V1 V2 V3 V4
Value 0.002058 0.006144 0.000032 0.002091 0.005975 0.000832 0.001772
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4.1 Comparison with satisfaction degree model

To evaluate the performance of the proposed common-weight model (23), in Table 3, we compare
the efficiency scores and satisfaction degrees with those obtained using the iterative satisfaction
degree-based approach [22].

Table 3: Efficiency scores comparison
DMU Proposed Model Rank Satisfaction Degree Model Rank

1 0.9793 5 1.0000 1
2 1.0000 1 0.9999 3
3 0.9997 3 0.6979 12
4 0.8867 8 0.9583 4
5 1.0000 1 1.0000 1
6 0.9898 4 0.9004 5
7 0.7093 16 0.8197 8
8 0.8743 9 0.8609 7
9 0.6711 17 0.7099 11
10 0.9479 7 0.8764 6
11 0.7543 15 0.6524 14
12 0.8614 10 0.7388 9
13 0.8368 13 0.6258 15
14 0.9547 6 0.7233 10
15 0.8598 11 0.6888 13
16 0.7640 14 0.5194 17
17 0.8405 12 0.5736 16

From the table, it is observed that the proposed model identifies two DMUs (DMU 2 and
DMU 5) as fully efficient with scores slightly above or equal to 1.000, in close agreement with
the satisfaction degree-based model. For the majority of the DMUs, our model delivers efficiency
scores that are either comparable or significantly higher. For instance, DMU 3 receives a high
score of 0.9997 from our model, while it was evaluated at only 0.6979 in the satisfaction model.
Similarly, DMUs 13, 16, and 17 also see considerable improvement.

Examining Table 3 shows the effect of near-efficient DMUs under the proposed model. DMU
3 (0.9997), DMU 1 (0.9793), and DMU 6 (0.9898) are all close to the frontier, yet their ranks shift
slightly compared to other methods. These small differences, typically within a few positions,
reflect the model’s enhanced discrimination among nearly identical units. Importantly, this effect
influences ranking rather than the absolute efficiency classification, indicating that the magnitude
is modest and does not compromise evaluation reliability.
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To further evaluate the alignment between the models, satisfaction degrees derived from each
are also compared in Table 4. The satisfaction degree reflects how closely a DMU’s efficiency
aligns with the ideal value (typically 1), interpreted through a satisfaction function [22].

Table 4: Satisfaction degree comparison
DMU Proposed Model Satisfaction Model

1 0.9793 1.0000
2 1.0000 0.9999
3 0.9997 0.6979
4 0.8867 0.9583
5 1.0000 1.0000
6 0.9898 0.8989
7 0.7093 0.8197
8 0.8743 0.8584
9 0.6711 0.6979
10 0.9479 0.9320
11 0.7543 0.6979
12 0.8614 0.8912
13 0.8368 0.7826
14 0.9547 0.9353
15 0.8598 0.9030
16 0.7640 0.6979
17 0.8405 0.8346

To statistically assess the difference in satisfaction degrees between our proposed model and
the existing satisfaction degree-based model, the Wilcoxon signed-rank test was used. Pairs of
ordinal or nonnormally distributed data can be compared using this nonparametric test.

The test yielded a test statisticW = 89.000 with a corresponding z-value of 0.592 and p-value
= 0.579. Because the p-value is greater than the standard 0.05 threshold, we do not reject the
null hypothesis, suggesting that there is insufficient statistical evidence to support a difference
in satisfaction levels between the two models.

We compare the time complexity of our proposed model with that of the satisfaction degree-
based model from previous studies. Both models aim to solve a linear programming (LP) prob-
lem, but they differ in their structure and the number of iterations required to achieve a satis-
factory result.

Our model is formulated with a total of 4n +m + s variables and 7n +m + s constraints.
It is solved as a single LP problem, meaning all the variables and constraints are processed
simultaneously without the need for iterative procedures. This characteristic makes our model
more computationally efficient, especially as the number of DMUs increases.
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In contrast, the satisfaction degree-based model proposed in previous studies involves 3n+

m + s + 1 variables and 6n +m + s + 1 constraints per iteration. A key difference is that this
model requires multiple iterations to achieve a high level of precision. According to the authors
of the satisfaction model, 14 iterations are required to reduce the approximation error to less
than 0.0001. While this iterative process allows the model to fine-tune its results, it also increases
computational time, making it less efficient for large-scale problems.

To compare the computational complexity of the two models, we analyze the overall time
complexity involved in solving an LP problem. The computational effort required by algorithms
such as the interior-point method or ellipsoid method is approximately

O
(
(n+m)3

)
,

where n is the number of variables and m is the number of constraints. This cubic complexity
arises due to the inherent structure of the LP problem and the algorithms used to solve it.

Assuming we denote by v = m + s the total count of input and output variables, the
computational load of each model can be expressed in closed form. Our proposed approach
requires solving a single LP with 4n + v variables and 7n + v constraints, yielding a worst-case
time complexity of

Tproposed = O
(
(4n+ v + 7n+ v)3

)
= O

(
(11n+ 2v)3

)
.

By contrast, the satisfaction degree model must solve t = 14 iterations of an LP that, in
each pass, has approximately 3n+ v variables and 6n+ v constraints. Its per-iteration cost is

O
(
(3n+ v + 6n+ v)3

)
= O

(
(9n+ 2v)3

)
,

so that cumulatively:
Titerative = 14×O

(
(9n+ 2v)3

)
.

Since (11n+ 2v)3 < 14 (9n+ 2v)3 for all n, v > 0, our single-LP formulation always requires
less total computation than 14 iterations of the satisfaction degree model. Indeed, one finds that
if the iterative scheme needed as few as follows:

t >

(
11n+ 2v

9n+ 2v

)3

≈ 1.82

iterations (i.e., t ≥ 2), the cumulative cost of the iterative model would exceed that of our method
even after just two iterations.
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This highlights the clear efficiency advantage of our proposed model, especially for medium-
to large-scale DEA applications. In conclusion, our model provides a clear advantage by being
faster and simpler to compute, while still delivering similar satisfaction levels as the satisfaction-
based model. The satisfaction-based model requires multiple iterations to reach the desired
accuracy, whereas our model achieves the same results in just one step. This makes our model
more efficient and practical, especially for larger or time-sensitive problems. By reducing the
complexity without sacrificing performance, our approach offers a more efficient solution for
real-world applications.

4.2 Comparison with distance-based model

In this section, we further compare the proposed model with the results obtained from two
alternative models found in the literature [19]. The models were developed to evaluate the
efficiency of the same set of DMUs as in our study. Table 5 summarizes the efficiency scores
obtained from both models and their respective rankings.

Table 5: Efficiency score comparison with distance-based model
DMU Model 1 Model 2 Proposed Model

1 1.000 1.000 0.9793
2 1.000 1.000 1.0000
3 0.925 1.000 0.9997
4 1.000 1.000 0.8867
5 1.000 1.000 1.0000
6 1.000 0.966 0.9898
7 0.863 0.874 0.7093
8 0.834 0.847 0.8743
9 0.676 0.678 0.6711
10 0.883 0.878 0.9479
11 0.668 0.653 0.7543
12 0.702 0.717 0.8614
13 0.625 0.623 0.8368
14 0.710 0.712 0.9547
15 0.732 0.722 0.8598
16 0.666 0.670 0.7640
17 0.567 0.592 0.8405

In our model, only the best-performing DMUs are marked as efficient. Specifically, DMUs 2
and 5 are considered the most efficient. On the other hand, in the models used for comparison, a
larger number of DMUs are identified as efficient, with five DMUs being marked as fully efficient.
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While having more efficient DMUs might seem beneficial, it can create confusion and make it
harder to clearly distinguish between the best-performing units and the others. By limiting the
efficient DMUs to just those that truly perform well, our model focuses on the top performers,
which helps to identify where excellence lies.

This method has the advantage of being clearer, as it avoids labeling too many units as
efficient, which could reduce the importance of those that genuinely stand out. When fewer
DMUs are marked as efficient, it makes it easier to focus on areas that need improvement and
allows others to learn from the best. In simple terms, our model is more selective, making
the results more meaningful and useful for decision-making. It highlights the best performers,
making the analysis clearer and more actionable for anyone looking to improve efficiency.

4.3 Comparison with credibility-based common-weight
model

In recent literature, many common-weight DEA models are developed for decision-making prob-
lems with uncertain data. Therefore, along with the comparison with satisfaction degree-based
and distance-based models, we also compare the proposed method with a recent credibility-based
common-weight DEA model, namely, Omrani, Fahimi, and Emrouznejad [15].

Although the proposed model is formulated for crisp data, this comparison is included to
examine how the proposed compact common-weight structure performs when incorporated into a
recent uncertainty-based framework. For this purpose, all credibility calculations and uncertainty
modeling steps of [15] are retained, and only the final common-weight model is replaced by the
proposed common-weight formulation.

For comparison, we use the numerical example of Omrani, Fahimi, and Emrouznejad [15],
which evaluates the efficiency of 14 Iranian airlines under fuzzy conditions. The results of the
comparison between Omrani’s common-weight model (for λ = 0.8) and the proposed compact
CSW model are given in Table 6.

In the results of Omrani et al., the efficiency score equal to 1 is assigned to more than one
DMU, leading to repetition of fully efficient units. This limits the ability of the model to clearly
distinguish the best-performing DMUs. In contrast, the proposed model avoids repetition of
efficiency value 1 and produces a more spread-out set of efficiency scores. Omrani et al.’s model
also shows repetition in the rankings. In particular, DMUs 2, 9, and 14 share the same rank
(Rank 4), indicating insufficient discrimination. The proposed model clearly differentiates these
DMUs by assigning distinct efficiency scores and ranks.
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Table 6: Efficiency scores and ranks comparison with Omrani et al. model
DMU Omrani et al. Omrani et al. Proposed Model Proposed Model

Efficiency Rank Efficiency Rank
1 0.866 11 0.8689 10
2 0.946 4 0.9285 8
3 0.938 7 0.9127 9
4 0.849 12 0.9448 6
5 0.967 3 1.0000 1
6 1.000 1 0.9522 4
7 0.769 14 0.9678 2
8 1.000 1 0.9461 5
9 0.946 4 0.7439 13
10 0.874 10 0.8689 11
11 0.906 9 0.9427 7
12 0.838 13 0.6817 14
13 0.946 4 0.8501 12
14 0.941 8 0.9583 3

Overall, the results in Table 6 indicate that replacing the final common-weight stage of
Omrani et al.’s method with the proposed compact common-weight model leads to better dis-
crimination without altering the underlying credibility-based efficiency evaluation framework.

5 Conclusion

This study introduced a noniterative common-weight DEA model capable of generating efficiency
scores in a single computational step. By avoiding iterative procedures, the model enhances com-
putational efficiency, especially when working with large number of inputs, outputs, and DMUs.
Additionally, by detecting fewer perfectly efficient units, it increases the analysis’s discriminatory
power, thus enabling a more precise ranking of performance.

The results produced by the proposed model are comparable to those of existing methods but
require less computational time and effort, making it a practical choice for real-world applications
where resources are limited.

Although some DMUs achieve scores very close to one, the uniform evaluation framework of
the proposed model highlights small differences among these near-efficient units, resulting in small
shifts in their ranking. This behavior reflects the model’s ability to provide finer discrimination.
At the same time, the study has been conducted on selected datasets, and future research could
examine the model’s performance across other sectors and contexts. While the present study
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shows that the proposed model can be used within uncertainty-based DEA frameworks at the
common-weight stage, a full extension to directly handle fuzzy data, as well as the inclusion of
weight restrictions and decision-maker preferences, can be taken up in future research.

Overall, the proposed model offers a fast, straightforward, and effective alternative for
common-weight DEA, contributing to improved performance evaluation and supporting future
methodological developments in the field.
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Abstract

In this work, we study HIV infection dynamics through fractional-order differential equations
(FDEs), which have gained significant attention due to their ability to model complex biological
processes with greater accuracy. The fractional-order models provide a more flexible framework
by incorporating memory effects and hereditary properties, which are crucial in understanding
the progression of HIV infection in CD4+T-cells. This paper introduces a novel numerical
method for solving the FDE model of HIV infection by transforming the FDE system into a
system of weakly singular Volterra integral equations and applying a collocation method based
on barycentric rational interpolation. A convergence analysis is given, and the estimated error
is determined. This approach aims to enhance the accuracy and applicability of numerical
solutions in modeling HIV dynamics. Numerical examples are provided to demonstrate the
applicability and effectiveness of the proposed method.
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1 Introduction

The mathematical modeling of HIV infection dynamics has long been a critical tool for under-
standing the complex interplay between viral replication and the immune response. Among the
key components of such models, the interaction of HIV with CD4+T-cells (a primary target of the
virus) has been extensively studied using systems of differential equations. Perelson, Kirschner,
and Boer [27] proposed an ordinary differential equation (ODE) model with four components:
uninfected healthy CD4+T-cells, latently infected CD4+T-cells, actively infected CD4+T-cells,
and free virus. Other authors have proposed many models that take this model as their in-
spiration. Culshaw and Ruan [9] simplified the model of Perelson et al. into one consisting of
only three components— healthy CD4+T-cells, infected CD4+T-cells, and free virus —and they
introduced a discrete time delay to the model.

These integer-order models have provided invaluable insights, but they are inherently local,
meaning the rate of change of the system’s state depends only on its current state. Recent studies
have shown that classical integer-order HIV models, while successful in capturing short-term viral
dynamics, are often limited in representing the long-term and history-dependent processes inher-
ent in immunological systems. Traditional ODE models assume that the rate of change of viral
and cellular populations depends only on their present state, thereby neglecting the influence of
past biological activity on current infection progression [11, 28]. However, clinical observations
indicate that HIV dynamics exhibit long-term memory effects such as delayed immune activa-
tion, progressive loss of CD4+T-cell regenerative capacity, and persistent viral reservoirs that
continue to influence the system over time. Fractional-order models, incorporating derivatives
of noninteger order, provide a mathematically rigorous framework for representing such hered-
itary and nonlocal effects through their intrinsic memory kernels [16, 7]. This makes fractional
modeling particularly suitable for chronic viral infections like HIV, where immune responses and
viral replication are governed not only by current viral load but also by accumulated infection
history.

Recent advances in fractional calculus have motivated the use of fractional-order differential
equations (FDEs) to better capture memory effects and nonlocal dynamics inherent in biologi-
cal systems, offering a more nuanced representation of HIV pathogenesis. These models offer a
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more realistic representation of HIV infection dynamics by accounting for the complex interac-
tions and memory effects in biological systems [5]. The ability of fractional differential equations
to accurately capture the dynamics of HIV infection in CD4+T-cells is highlighted in previous
works. For example, Sokhanvar and Askari-Hemmat [30] proposed a Galerkin method based
on Legendre multi-wavelet functions to obtain approximate solutions of a fractional model for
HIV infection of CD4+T cells. In [8], a Laplace Adomian decomposition method was introduced
for solving this model. Also, an Adams–Bashforth–Moulton method for the fractional model
of HIV infection of CD4+T-cells was presented in [19]. Whereas the methods mentioned above
provide valuable tools for solving fractional HIV models, the development of efficient and high-
order numerical schemes remains an active area of research. Recent literature has continued to
explore novel approaches to handle the complexities of fractional systems. For instance, a Haar
collocation method has been applied to a first-order model of HIV infection CD4+T-Cells model
in [3]. A quasi-linearization and Lagrangian method has been used for solving an integer order
model of the HIV infection of CD4+T-cells in [26]. This approach is based on the Lagrangian
method by using the collocation points of transformed Hermite polynomials. Furthermore, the
authors in [33] have proposed a numerical method based on novel Bessel polynomials for solving
the fractional-order HIV-1 infection model of CD T-cells. This method considers the impact
of antiviral drug treatment for solving a fractional-order HIV infection model, highlighting its
utility as a fundamental computational tool. Alshammari et al. proposed an HIV model incorpo-
rating the impact of antiretroviral medication via the Caputo–Fabrizio derivative and presented
a numerical study that investigates the complex dynamics of HIV infection in CD4+T cells [2].
These recent contributions highlight the ongoing quest for numerical methods that combine com-
putational efficiency with high precision for fractional-order biological models.
Despite these advances, a significant challenge persists: the nonlocal nature of fractional deriva-
tives often leads to numerical methods that are computationally expensive or suffer from stability
issues, especially when dealing with the weak singularities inherent in the kernel of the equiva-
lent Volterra integral equation form. Many existing methods, including some of those cited, can
be limited by low-order convergence, complex implementation, or a lack of a robust theoretical
foundation for handling such singularities efficiently. This creates a clear gap for a high-order,
computationally efficient, and numerically stable scheme specifically designed for systems of frac-
tional differential equations with weak singular kernels.
In this paper, we consider the FDE model proposed by Dinga and Yea [10]. This model con-
sists of three components and is actually a fractional version of the Culshaw and Ruan model
[9]. We address the fractional-order HIV infection model of CD4+T-cells by transforming the
system of FDEs into a system of weakly singular Volterra integral equations (SWSVIEs). This
reformulation not only mitigates the analytical complexities of fractional operators but also pro-
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vides a robust framework for numerical approximation. In the following, we propose a novel
collocation method based on barycentric rational interpolation to solve the resulting SWSVIEs.
Our contribution is a tailored numerical scheme that directly addresses the gap of efficiently
solving SWSVIEs arising from fractional biological models. The proposed method leverages the
well-documented stability and high accuracy of barycentric rational interpolation, which is par-
ticularly adept at handling singular integrands without requiring specialized graded meshes, thus
maintaining a simpler implementation profile than many competing high-order methods. This
interpolation has emerged as a powerful tool in the numerical solution of integral equations,
particularly Volterra integral equations. Huang et al. applied collocation methods based on
barycentric rational interpolation to Volterra integro-differential equations with weakly singular
kernels [35]. The authors in [22] combined discrete techniques on graded meshes with barycen-
tric rational interpolation to address time-dependent partial integro-differential equations with
weakly singular kernels. The method achieved second-order convergence in time. In [23], re-
ducible quadrature rules were explored using barycentric rational interpolation, which do not
require additional moment calculations. These rules demonstrated high-order convergence and
extensive stability regions. Also, Li and Huang [21] developed a composite quadrature method for
auto-convolution Volterra integral equations, based on linear barycentric rational interpolation.
By leveraging this approach, we develop an efficient algorithm that avoids the stiffness often en-
countered in traditional discretization methods for FDEs. Numerical experiments demonstrate
the method’s precision, convergence, and applicability to real-world scenarios, underscoring its
potential as a reliable tool for simulating fractional-order biomedical systems.

This paper is organized as follows: Section 2 introduces the fractional HIV infection model
and its transformation to a Volterra integral system. Section 3 provides details of the barycen-
tric rational collocation technique. The convergence analysis and the corresponding order of
convergence are established in Section 4. Furthermore, Section 5 introduces an error estimator,
which is particularly useful for problems where an exact solution is unknown. Numerical results
demonstrating the efficacy of the proposed method are presented in Section 6, followed by a
discussion and biological interpretation in Section 7. Finally, concluding remarks and future
research directions are discussed in Section 8.

2 Fractional differential model

We first recall from [28] the main definitions and outcomes of fractional calculus that will be
used in the following.

Definition 1. The operator Jαa of order α ≥ 0 of the function y is given by
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Jαa y(t) =


1

Γ(α)

∫ t
a

y(s)
(t−s)1−α ds, α > 0,

y(t), α = 0,

and called the Riemann–Liouville fractional integral operator.

Definition 2. The Caputo fractional derivative of order n − 1 < α ≤ n (n ∈ N) for y ∈
ACn([a, T ]) is defined as

C
aD

α
t y(t) =


1

Γ(n−α)
∫ t
a

y(n)(s)
(t−s)1+α−n ds, n− 1 < α < n,

y(n)(t), α = n.

Proposition 1. TPodlubny) Based on the previous definitions, we have

C
0 D

α
t (J

α
0 y(t)) = y(t), Jα0

(
C
0 D

α
t y(t)

)
= y(t)−

n−1∑
i=0

ti

i!
yi(0). (1)

2.1 Conversion to an SWSVIE

Consider FDE model proposed by Dinga and Yea [10] with some initial conditions in the form

C
0 D

α
t T (t) = s− µTT (t) + rT (t)

(
1− T (t) + I(t)

Tmax

)
− κ1V (t)T (t),

C
0 D

α
t I(t) = κ′1V (t)T (t)− µII(t),

C
0 D

α
t V (t) = NµbI(t)− κ1V (t)T (t)− µV V (t), 0 ≤ t ≤ R <∞,

T (0) = T0, I(0) = I0, V (0) = V0, (2)

where T (t) represents the concentration of healthy CD4+T-cells at time t, I(t) represents the
concentration of infected CD4+T-cells, and V (t) the concentration of free HIV at time t. Here,
0.5 < α ≤ 1 is restricted. When 0 < α ≤ 0.5, we do not think fractional derivatives can
approximately describe the rate of change in number [10].

Following, note that s is the source of CD4+T-cells from precursors, µT is the natural death
rate of CD4+T-cells (µTTmax > s, see [27, p. 85]), r is their growth rate (thus, r > µT in general),
and Tmax is their carrying capacity. The parameter κ1, represents the rate of infection of T-cells
with free virus. κ′1 is the rate at which infected cells become actively infected. µI is a blanket
death term for infected cells, to reflect the assumption that we do not initially know whether the
cells die naturally or by bursting. In addition, µb is the lytic death rate for infected cells. Since
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N viral particles are released by each lysing cell, this term is multiplied by the parameter N to
represent the source for free virus (assuming a one-time initial infection). Finally, µV is the loss
rate of virus.

The initial conditions for infection by free virus are T (0) = T0, I(0) = 0, V (0) = V0, where

T0 =
r − µT +

[
(r − µT )2 + 4rsT−1

max
]1/2

2rT−1
max

.

The parameter values given in Table 1.

By applying the operator Jα0 to both sides of (2) and by using Proposition 1, we obtain the
equivalent system

T (t) = T0 +
1

Γ(α)

∫ t

0

(t− τ)α−1

(
s− µTT + rT (1− T + I

Tmax
)− κ1V T

)
dτ,

I(t) = I0 +
1

Γ(α)

∫ t

0

(t− τ)α−1 (κ′1V T − µII) dτ,

V (t) = V0 +
1

Γ(α)

∫ t

0

(t− τ)α−1 (NµbI − κ1V T − µV V ) dτ. (3)

Consider

K1(t, T, I, V ) := s− µTT + rT

(
1− T + I

Tmax

)
− κ1V T,

K2(t, T, I, V ) := κ′1V T − µII,

K3(t, T, I, V ) := NµbI − κ1V T − µV V.

Therefore, we can obtain the matrix form

f(t) = g +

∫ t

0

p(t, τ)K(τ, f)dτ,

where

f = (T, I, V )⊤, p(t, τ) =
(
(t− τ)α−1, (t− τ)α−1, (t− τ)α−1

)⊤
,

g = (T0, I0, V0)
⊤
, K(τ, f) = 1

Γ(α)

(
K1(τ, f⊤),K2(τ, f⊤),K3(τ, f⊤)

)
.
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Table 1: Parameters and variables [10]

Values
T Uninfected CD4+T-cell population size T0 = 1000 mm−3

I Infected CD4+T-cell density I0 = 0
V Initial density of HIV RNA V0 = 10−3 mm−3

µT Natural death rate of CD4+T-cells 0.02 day−1

µI Blanket death rate of infected CD4+T-cells 0.26 day−1

µb Lytic death rate for infected cells 0.24 day−1

µv Death rate of free virus 2.4 day−1

κ1 Rate CD4+T-cells become infected with virus 2.4× 10−5 mm3 day−1

κ′1 Rate infected cells become active 2× 10−5 mm3 day−1

r Growth rate of CD4+T-cells population 0.03 day−1

N Number of virions produced by infected CD4+T-cells Varies
Tmax Maximal population level of CD4+T-cells 1500 mm−3

s Source term for uninfected CD4+T-cells 10 day−1 mm−3

T0 CD4+ T-cells population for HIV-negative persons 1000 mm−3

3 Numerical method

Generally, the singularities of the kernel functions of the system (3) may cause a nonsmooth
solution, and its derivative to be singular near the integral domain boundary. In these cases,
by a smoothing transformation, we can recover the smooth property of the solution, (for more
details, see [14, 17, 20]). In the following, we assume that the solutions of the system (3) are
smooth.

Given n+1 strictly ordered interpolation points t0 < t1 < · · · < tn and the associated values
y0, y1, . . . , yn, for each i = 0, 1, . . . , n− d, 0 ≤ d ≤ n, let pi be the polynomials of degree at most
d which interpolate the d+ 1 data pairs {(ti, yi), (ti+1, yi+1), . . . , (ti+d, yi+d)} of y(t), t ∈ [0, R],
with yk = y(tk), k = 0, 1, . . . , n. Then the Floater and Hormann rational interpolation function
[12] is

r(t) =

n−d∑
i=0

λi(t)pi(t)

n−d∑
i=0

λi(t)

, λi(t) =
(−1)i

(t− ti)(t− ti+1) · · · (t− ti+d)
, (4)

where λi(t) are the original rational interpolation weights and d is the rational interpolation
parameter.

Lemma 1. [12] For any d ∈ {0, 1, . . . , n}, the rational interpolation r(t) has no poles.
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Lemma 2. [12] For any d ∈ {1, . . . , n} and y ∈ Cd+2[0, 1], then the error bound can be obtained
as

‖ y − r ‖≤

 hd+1 ∥u(d+2)∥
d+2 , if n− d is odd,

hd+1
(

∥u(d+2)∥
d+2 + ∥u(d+1)∥

d+1

)
, if n− d is even,

with h = max
0≤i≤n−1

(xi+1 − xi).

Furthermore, for equidistant nodes, the modified barycentric Floater–Hormann weight func-

tions are introduced as αi = (−1)i−d
∑
k∈Ji

(
d

i− k

)
where Ji = {k ∈ I : i − d ≤ k ≤ i, I =

{0, 1, . . . , n}} is an index set. As shown in [12], (4) can be rewritten as

rn[y](t) =

n∑
i=0

ϕi(t)yi, ϕi(t) = (
αi

t− ti
)/(

n∑
k=0

αk
t− tk

), (5)

where ϕi(t), i = 0, 1, . . . , n are called barycentric rational interpolation basis functions, which
satisfy the Lagrange property ϕi(tk) = δik, k = 0, 1, . . . , n with δik being the Kronecker-delta
functions. Consider T (ti) ≈ Ti, I(ti) ≈ Ii, V (ti) ≈ Vi, therefore the solution of system (3) may
be approximated by the representation Kl(t, T (t), I(t), V (t)) ≈ rn[Kl](t), for l = 1, 2, 3 and we
will have

Tj = T0 +
1

Γ(α)

n∑
i=0

K1,i

∫ tj

0

(tj − τ)α−1ϕi(τ)dτ,

Ij = I0 +
1

Γ(α)

n∑
i=0

K2,i

∫ tj

0

(tj − τ)α−1ϕi(τ)dτ,

Vj = V0 +
1

Γ(α)

n∑
i=0

K3,i

∫ tj

0

(tj − τ)α−1ϕi(τ)dτ, j = 1, 2, . . . , n, (6)

where the collocation nodes tj are the same as the interpolation nodes andKl,i := Kl(ti, Ti, Ii, Vi),
for l = 1, 2, 3.
The calculation of the above integral is crucial to achieve a highly accurate solution of (3); by
using variable transformation τ =

tj
2 s+

tj
2 we obtain

∫ tj

0

(tj − τ)α−1ϕi(τ)dτ = (
tj
2
)α
∫ 1

−1

(1− s)α−1ϕi(
tj
2
s+

tj
2
)ds,

then we can use the Gauss–Jacobi quadrature rule with the weights ωq and the corresponding
nods σq to approximate them. Then, a discrete system can be obtained as
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Tj = T0 +
1

Γ(α)

n∑
i=0

K1,i

N∑
q=1

ωq(1− σq)α−1ϕi(
tj
2
σq +

tj
2
),

Ij = I0 +
1

Γ(α)

n∑
i=0

K2,i

N∑
q=1

ωq(1− σq)α−1ϕi(
tj
2
σq +

tj
2
),

Vj = V0 +
1

Γ(α)

n∑
i=0

K3,i

N∑
q=1

ωq(1− σq)α−1ϕi(
tj
2
σq +

tj
2
), j = 1, 2, . . . , n. (7)

The above system can be rewritten in matrix form

fj = g +

n∑
i=0

Ki

N∑
q=1

ωqp(tj , σq)ϕi(
tj
2
σq +

tj
2
),

where

fj = (Tj , Ij , Vj)
⊤, g = (T0, I0, V0)

⊤,

p(tj , σq) =
(
(tj − σq)α−1, (tj − σq)α−1, (tj − σq)α−1

)⊤
,

Ki =
1

Γ(α)
(K1(ti, Ti, Ii, Vi),K2(ti, Ti, Ii, Vi),K3(ti, Ti, Ii, Vi)) .

Finally, the obtained system can be solved by Newton’s iterative method, therefore we can obtain
the values of the unknown functions at the mesh points by solving system (7) for j = 1, 2, . . . , n.

4 Convergence analysis

Theorem 1. Let the kernels Kl (l = 1, 2, 3) satisfy a Lipschitz condition with respect to all
variables except for the first. Then the solution of the discrete system (6) is convergent to the
solution of the system (3), and the order of convergence is O(hα+d+1).

Proof. Let ej := f − fj , without loss of generality, suppose that ‖ ej ‖∞= max
j
|T (tj) − Tj |.

Therefore by subtracting (6) from (3), we have

T (tj)− Tj =
1

Γ(α)

∫ tj

0

(tj − τ)α−1K1(τ, T, I, V )dτ

− 1

Γ(α)

n∑
i=0

K1,i

∫ tj

0

(tj − τ)α−1ϕi(τ)dτ

=
1

Γ(α)

∫ tj

0

(tj − τ)α−1
[
K1(τ, T, I, V )
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−
n∑
i=0

K1(ti, T (ti), I(ti), V (ti))ϕi(τ)

]
dτ

+
1

Γ(α)

n∑
i=0

[K1(ti, T (ti), I(ti), V (ti))

−K1(ti, Ti, Ii, Vi)]

∫ tj

0

(tj − τ)α−1ϕi(τ)dτ. (8)

To guarantee the existence and uniqueness of the solution, we assume that the kernels Kl(l =

1, 2, 3) satisfy a Lipschitz condition with respect to all variables except for the first [18, 25].
Applying Lemma 2 and using Lipschitz condition leads to

‖ ej ‖∞≤
hd+1

(d+ 2)Γ(α)
‖ ∂

d+2K

∂td+2
‖
∫ tj

0

(tj − τ)α−1dτ

+
L

Γ(α)

n∑
i=0

‖ f(tj)− fj ‖
∫ tj

0

(tj − τ)α−1ϕi(τ)dτ,

where n− d is odd and L is the Lipschitz constant. Equivalently,

‖ ej ‖∞≤
hα+d+1jα

α(d+ 2)Γ(α)
‖ ∂

d+2K

∂td+2
‖

+
Ljαhα

2Γ(α)

n∑
i=0

‖ ei ‖
∫ 1

−1

(1− s)α−1ϕi(
tj
2
s+

tj
2
)ds

≤C1h
α+d+1 + C2h

α
n∑
i=0

‖ ei ‖,

where C1, C2 are constants. Similarly, for the case where n− d is even, we can obtain

‖ ej ‖∞ ≤
hd+1jα

αΓ(α)

(
1

d+ 2
‖ ∂

d+2K

∂td+2
‖ + 1

d+ 1
‖ ∂

d+1K

∂td+1
‖
)

+
Ljαhα

2Γ(α)

n∑
i=0

‖ ei ‖
∫ 1

−1

(1− s)α−1ϕi(
tj
2
s+

tj
2
)ds

≤ C1h
α+d+1 + C2h

α
n∑
i=0

‖ ei ‖ .

Now, consider ‖ e ‖∞= max
j=1,2,...,n

‖ ej ‖∞=‖ en ‖∞. Then we will have

‖ en ‖∞ ≤
C1

1− C2hα
hα+d+1 +

C2

1− C2hα
hα

n−1∑
i=0

‖ ei ‖,
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and using the Grönwall’s inequality (see [24]), yields

‖ en ‖∞ ≤
C1

1− C2hα
hα+d+1 exp

(
C2

1− C2hα
tn

)
.

Hence ‖ en ‖∞→ 0 as h → 0 and the order of convergence is O(hα+d+1) which completes the
proof.

5 Error estimation

In this section, we obtain the error estimation (see [1, 31]) for HIV model (2) utilizing barycentric
rational interpolation method. The residual functions R1,n(t), R2,n(t), and R3,n(t) are

R1,n(t) =
C
0 D

α
t Tn(t)− s+ µTTn(t)− rTn(t)

(
1− Tn(t) + In(t)

Tmax

)
+ κ1Vn(t)Tn(t),

R2,n(t) =
C
0 D

α
t In(t)− κ′1Vn(t)Tn(t) + µIIn(t),

R3,n(t) =
C
0 D

α
t Vn(t)−NµbIn(t)− κ1Vn(t)Tn(t) + µV Vn(t), 0 ≤ t ≤ R <∞. (9)

Let the error functions be

e1,n(t) = T (t)− Tn(t),

e2,n(t) = I(t)− In(t),

e3,n(t) = V (t)− Vn(t), (10)

where T (t), I(t), and V (t) are exact solutions. Subtracting (9) from (2) leads to

C
0 D

α
t (T (t)− Tn(t)) =− µT (T (t)− Tn(t)) + r(T (t)− Tn(t))

− r

Tmax

[
T 2(t)− T 2

n(t) + T (t)I(t)− Tn(t)In(t)
]

− κ1 (V (t)T (t)− Vn(t)Tn(t))−R1,n(t),

C
0 D

α
t (I(t)− In(t)) =κ′1 (V (t)T (t)− Vn(t)Tn(t))− µI (I(t)− In(t))−R2,n(t),

C
0 D

α
t (V (t)− Vn(t)) =Nµb (I(t)− In(t))− κ1 (V (t)T (t)− Vn(t)Tn(t))

− µV (V (t)− Vn(t))−R3,n(t), (11)

By adding and subtracting some terms and using relations (10), we have

Iran. J. Numer. Anal. Optim., Vol. 16, No. 3, 2026, pp 1009–1030



Divsar and Katani 1020

C
0 D

α
t e1,n(t) =− µT e1,n(t) + re1,n(t)−

r

Tmax

[
T 2(t)± 2T (t)Tn(t)± T 2

n(t)

−T 2
n(t) + T (t)I(t)− Tn(t)In(t)± I(t)Tn(t)

]
− κ1 [V (t)T (t)− Vn(t)Tn(t)± V (t)Tn(t)]−R1,n(t),

C
0 D

α
t e2,n(t) =κ

′
1 [V (t)T (t)− Vn(t)Tn(t)± V (t)Tn(t)]− µIe2,n(t)−R2,n(t),

C
0 D

α
t e3,n(t) =Nµbe2,n(t)− κ1 [V (t)T (t)− Vn(t)Tn(t)± V (t)Tn(t)]

− µV e3,n(t)−R3,n(t). (12)

Then we obtain

C
0 D

α
t e1,n(t) =− µT e1,n(t) + re1,n(t)−

r

Tmax

[
e21,n(t) + 2Tne1,n(t) + Tne2,n(t)

+Ie1,n(t)]− κ1V e1,n(t)− κ1Tne3,n(t)−R1,n(t),

C
0 D

α
t e2,n(t) =κ

′
1V e1,n(t) + κ′1Tne3,n(t)− µIe2,n(t)−R2,n(t),

C
0 D

α
t e3,n(t) =Nµbe2,n(t)− κ1V e1,n(t)− κ1Tne3,n(t)− µV e3,n(t)−R3,n(t). (13)

The initial conditions for the approximate solution of the HIV model are Tn(0) = T0, In(0) = I0,
and Vn(0) = V0. Therefore the initial values for system (13) will be e1,n(0) = e2,n(0) = e3,n(0) =

0.

In the following, we estimate e1,n(t) e2,n(t) and e3,n(t) by using proposed barycentric inter-
polation method (Section 3). To accomplish this, we apply the operator Jα0 to both sides of (13);
then we have

e1,n(t) = e1,n(0) +
1

Γ(α)

∫ t

0

(t− τ)α−1k1(τ, e1,n, e2,n, e3,n)dτ,

e2,n(t) = e2,n(0) +
1

Γ(α)

∫ t

0

(t− τ)α−1k2(τ, e1,n, e2,n, e3,n)dτ,

e3,n(t) = e3,n(0) +
1

Γ(α)

∫ t

0

(t− τ)α−1k3(τ, e1,n, e2,n, e3,n)dτ,

where

k1(t, e1,n, e2,n, e3,n) =(r − µT )e1,n(t)−
r

Tmax

[
e21,n(t) + 2Tne1,n(t) + Tne2,n(t)

+Ie1,n(t)]− κ1V e1,n(t)− κ1Tne3,n(t)−R1,n(t),

k2(t, e1,n, e2,n, e3,n) =κ
′
1V e1,n(t) + κ′1Tne3,n(t)− µIe2,n(t)−R2,n(t),
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k3(t, e1,n, e2,n, e3,n) =Nµbe2,n(t)− κ1V e1,n(t)− κ1Tne3,n(t)− µV e3,n(t)−R3,n(t).

In the same manner as described in section 3, we consider e1,n(ti) ≈ ei1,n, e2,n(ti) ≈ ei2,n,

e3,n(ti) ≈ ei3,n and kl(t, e1,n, e2,n, e3,n) ≈ rn[kl](t) =
n∑
i=0

ϕi(t)kl,i where kl,i := kl(ti, e
i
1,n, e

i
2,n, e

i
3,n), l =

1, 2, 3. Also, interpolate data pairs and barycentric rational interpolation basis function are sim-
ilar to Section 3.

Finally, approximation the above integrals and using Gauss–Jacobi quadrature rule and solve
the obtained system leads to estimate of the error functions e1,n(t), e2,n(t) and e3,n(t).

6 Numerical results

In this section, we conduct experimental tests to evaluate the convergence and measure the
error of the proposed method. To do this, we carry out the numerical experiments employing
the software “MATLAB R2016a” to find approximate solution. The order of the Gauss–Jacobi
quadrature is chosen to balance the errors between interpolation and quadrature, for Gauss–
Jacobi quadrature of order N we have∣∣∣∣∣

∫ 1

−1

(1− s)α−1f(s)ds−
N∑
q=1

ωqf(σq)

∣∣∣∣∣ ≤ C

N2m
‖f (2m)‖∞,

where m depends on the smoothness of f . Therefore, we should choose N such that

Quadrature Error ≈ Interpolation Error.

This leads to the condition
Cquad
N2m

≈ Cinterphd+1.

Therefore the optimal N satisfies

N ≈
(

Cquad
Cinterphd+1

) 1
2m

.

First, we have to apply the method presented for model (2) with parameter values reported in
Table 1. We consider the initial conditions T (0) = 1000, I(0) = 0 and V (0) = 0.001 in the time
period of 100 days with the step length size h = 0.1.

The diagrams of the concentration of healthy CD4+T cells (T ), infected CD4+T cells (I),
and the concentration of HIV virus (V ) in this time period for different values of α are shown
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in Figures 1–3, respectively. The figures show that for the initial concentration V = 10−3mm−3

of HIV virus, after almost ten days, the concentration of healthy CD4+T cells decreases rapidly,
and the concentration of infected CD4+T cells and HIV virus increase rapidly in the same
proportion and after almost twenty days, the concentration of healthy cells becomes very low,
while the concentration of infected cells and HIV virus remains high. Table 2 presents the

Figure 1: Rate of the concentration of healthy CD4+T-cells (T (t)), for d = 2, h = 0.2.

estimated errors in the time period of 100 days with the step length size h = 0.2 at specific
mesh points for d = 2. The results of this table show that the estimated errors for α = 0.65 are
significantly smaller, suggesting better stability for fractional orders.

To demonstrate the efficiency of the proposed method and provide comparisons with existing
numerical approaches, consider [34]

dT

dt
= 0.1− 0.02 + T

(
1− T + I

1500

)
− 0.0027V T,

dI

dt
= −0.0027V T − 0.3I,

dV

dt
= 10(0.3)I − 2.4V, 0 ≤ t ≤ 1, (14)

with T (0) = 0.1, I(0) = 0 and V (0) = 0.1.
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Figure 2: Rate of the concentration of infected CD4+T-cells (I(t))for d = 2, h = 0.2.

Figure 3: Rate of the concentration of free HIV virus (V (t))for d = 2, h = 0.2.
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Table 2: Estimated errors for parameter values of Table 1, h = 0.2, d = 2.

α = 1 α = 0.65
t e1,n(t) e2,n(t) e3,n(t) e1,n(t) e2,n(t) e3,n(t)
1 2.456e-08 5.712e-09 4.025e-09 0 0 0
10 3.104e-07 1.321e-08 1.182e-08 5.172e-11 4.065e-12 3.421e-12
20 6.461e-07 7.051e-08 4.315e-08 2.854e-10 8.421e-11 9.603e-11
40 2.603e-06 3.402e-07 9.124e-08 6.106e-10 2.207e-10 1.557e-11
60 1.781e-05 7.051e-05 4.315e-06 5.854e-09 9.217e-10 4.103e-10
80 6.821e-05 2.157e-04 1.052e-05 6.421e-08 3.165e-09 7.551e-10
100 1.004e-04 4.203e-04 5.167e-05 3.301e-07 6.781e-09 2.445e-09

In Tables 3–5, the values of the approximate solutions at some mesh points (with step length
h = 0.1 and d = 3) are compared with the Runge–Kutta method, the Bessel collocation method
[32], exponential Galerkin method [34], and Haar collocation algorithm [3].

The method’s results in these tables are often the closest to the Runge–Kutta solution,
sometimes even surpassing the other collocation methods. The close agreement with the Runge–
Kutta method (the benchmark for integer-order ODEs) for the model from [34] confirms that
our proposed method is numerically accurate and produces biologically plausible results.

Table 3: Comparison for uninfected cells T (t).

t Runge–Kutta Bessel Galerkin Haar coll. presented
coll. [32] (N = 5) [34] [3] method

0.2 0.2087297222 0.2038616561 0.1982953765 0.2073431784 0.2087654367
0.4 0.4059409955 0.3803309335 0.4183153468 0.3930921357 0.4058215441
0.6 0.7635801781 0.6954623767 0.7603331972 0.6453087042 0.7634567891
0.8 1.4119574363 1.2759624442 1.4077147917 1.3978540981 1.4076542124
1.0 2.5867778755 2.3832277428 2.5915947135 2.5709802316 2.5854678912

7 Discussion and biological interpretation

The numerical simulations presented in this work provide insights into the progression of HIV
infection and demonstrate the capability of the proposed numerical scheme to accurately capture
the key biological characteristics of viral dynamics. The dynamics depicted in Figures 1–3 for the
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Table 4: Comparison for infected I(t).

t Runge–Kutta Bessel Galerkin Haar coll. presented
coll. [32] (N = 5) [34] [3] method

0.2 0.0000060315 0.0000062478 0.0000059641 0.0000070416 0.0000071256
0.4 0.0000131530 0.0000129355 0.0000131340 0.0000140251 0.0000134567
0.6 0.0000212106 0.0000203526 0.0000212682 0.0000230126 0.0000223456
0.8 0.0000301518 0.0000283730 0.0000301754 0.0000309231 0.0000312345
1.0 0.0000399942 0.0000369084 0.0000400377 0.0000403894 0.0000398122

Table 5: Comparison for free virus particles V (t).

t Runge–Kutta Bessel Galerkin Haar coll. presented
coll. [32] (N = 5) [34] [3] method

0.2 0.0618798121 0.0618799185 0.0618799035 0.0617912741 0.0618797124
0.4 0.0382948730 0.0382949349 0.0382947890 0.0380026874 0.0382947891
0.6 0.0237045402 0.0237043186 0.0237046061 0.0236011879 0.0237041237
0.8 0.0146803506 0.0146795698 0.0146803810 0.0139672890 0.0146808541
1.0 0.0091008270 0.0090993030 0.0091008486 0.0089053621 0.00910084567

model (2) with the parameters from Table 1 recapitulate the well-established clinical progression
of untreated HIV infection. The simulation can be interpreted as a representation of two key
phases:

• The Acute Infection Phase (Days 0-10): The initial conditions, particularly the low viral
load (V (0) = 0.001), simulate the moment of infection. The subsequent rapid decline
in healthy CD4+T-cells (T (t)) and the simultaneous rapid increase in both infected cells
(I(t)) and free virus (V (t)) are hallmarks of the acute HIV syndrome. Biologically, this
represents the uncontrolled replication and dissemination of the virus following its entry
into the host. The virus specifically targets and hijacks the machinery of CD4+T-cells.
The immune activation leads to the observed sharp drop in T (t), while the rise in I(t)

and V (t) directly reflects the successful establishment and spread of the infection within
the host.

• Transition to the Chronic Phase (After ∼ 20 days): The simulation shows the system
reaching a new, pathological equilibrium where the concentration of healthy CD4+T-cells
remains critically low, while the populations of infected cells and free virus persist at high
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levels. This state models the transition to the chronic phase of HIV infection. In a clinical
setting, this corresponds to a patient with a high viral load and a low CD4 count, leav-
ing them severely immunocompromised and vulnerable to opportunistic infections. The
model’s ability to capture this set-point is crucial, as the level at which this equilibrium
is established is a strong predictor of the rate of disease progression to AIDS (The acute
and chronic phases of HIV infection are discussed in [15], while [6] specifically addresses
the establishment of a viral set-point during the asymptomatic stage and the critically
low CD4 count characteristic of chronic infection).

An important contribution of the present study is the incorporation and analysis of fractional-
order dynamics. The results demonstrate that solutions corresponding to fractional orders (e.g.,
α = 0.65) display significantly improved numerical stability and lower estimation errors com-
pared with the classical integer-order case (consistent with [4, 29] showing that fractional models
are more biologically plausible for primary HIV infection). From a biological perspective, this
observation suggests that fractional operators may better represent the intrinsic memory and
hereditary properties of HIV infection, where the current state of the immune system is influ-
enced by the history of viral–immune interactions. Such interpretations are compatible with
experimental evidence indicating that viral replication, cell activation, and immune response
processes involve delays and cumulative biological effects that cannot always be represented ad-
equately by first-order derivative models. By capturing these nonlocal effects, the fractional
formulation may be considered closer to the real underlying biological mechanisms, improving
the descriptive and predictive power of mathematical models in immunology.

Furthermore, comparisons with existing numerical schemes, including Runge–Kutta meth-
ods, the Bessel collocation method, exponential Galerkin approaches, and Haar wavelet-based
algorithms, indicate that the proposed method achieves superior computational performance in
terms of accuracy and error control.

In general, the findings of this study highlight that the proposed numerical method advances
current computational tools for HIV modeling by improving solution quality and enabling the
study of biological memory effects. These advantages can be valuable in future investigations
of therapeutic strategies, viral mutation dynamics, immune system degradation, and long-term
patient response modeling.

8 Conclusion

This paper proposed a numerical method for solving a model of HIV infection of CD4+T-cells.
We considered the model as a fractional differential equations system and converted it to an
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equivalent SWSVIEs (system of weakly singular Volterra integral equations). The obtained
system was solved by a collocation method based on barycentric rational interpolation. We
showed the numerical results for different values of α. The proposed method is convergent with
high accuracy, simple, and can be applied to solve other cases of fractional differential equations.

The parameter d which controls the degree of the local polynomial interpolation used in
the Floater–Hormann family of barycentric rational interpolations plays a crucial role in both
the performance and numerical stability of the method. While higher d can improve theoretical
accuracy for smooth functions, it also increases the risk of oscillations (a phenomenon akin to
the Runge effect).

Although one cannot prescribe a universal optimal d, but for equidistant nodes, larger d
generally improves stability in the first form [13]. Also, the numerical results show that both
error and cost depend significantly on d. Future work could include a systematic sensitivity
analysis or a heuristic for choosing d based on node distribution and desired accuracy.
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[33] Yüzbasi, S. and Izadi, M., Bessel-quasilinearization technique to solve the fractional-order
HIV-1 infection of CD4+T-cells considering the impact of antiviral drug treatment, Appl.
Math. Comput. 431 (2022) 127319. https://doi.org/10.1016/j.amc.2022.127319.
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Existence and Ulam–Hyers stability for a singular
Caputo-fractional problem with integral boundary

conditions
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Abstract

In this article, we study a singular fractional-order Caputo differential problem involving
boundary conditions with linear operators. The analysis is carried out in an appropriate
Banach space framework. First, by applying the Banach contraction principle, we establish a
uniqueness result for the considered problem. Then, using Krasnosel’skii’s fixed point theo-
rem, we derive an existence theorem under suitable assumptions on the nonlinear term. In the
second part of the paper, we investigate different types of stability for the obtained solutions,
namely Ulam–Hyers stability and Ulam–Hyers–Rassias stability. Sufficient conditions ensuring
these stability properties are presented and proved. The obtained theoretical results highlight
the influence of the singular fractional operator and the associated boundary conditions. Fi-
nally, two illustrative examples are discussed in order to demonstrate the applicability and
effectiveness of the established results.
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1 Introduction

In recent decades, fractional calculus (FC) has attracted the interest of many mathematicians and
researchers. It gives the possibility to represent complex physical phenomena more accurately
and efficiently than ordinary calculus. Models involving fractional differentiation highlight inter-
mediate behaviors that cannot be done by models involving natural differentiation. Because of
that, FC has, over time, become an essential tool in the description of complex dynamic systems
with memory, nonlocal and hereditary properties. Compared to differential equations involv-
ing ordinary derivatives, fractional differential equations offer the possibility of better modeling
in many areas such as viscolelastic materials, where the material’s response depends on its en-
tire deformation history (see [6, 7]), processes that exhibit memory effects like in biology (see
[2, 24, 28]) and medicine (see [2, 4, 5, 13, 14, 20, 23]), in economy and finance see ( [8, 11, 19]),
and others.

The use of fractional-order differential equations, particularly the Caputo equation, has
significantly improved the understanding of boundary problems. This methodology effectively
translates initial conditions, leading to important insights regarding the existence of solutions
and their stability. To investigate these problems, various techniques are employed, including
fixed-point theorems, Ulam–Hyers and Ulam–Hyers–Rassias stability concepts see [1, 3, 12, 15,
21, 22, 25, 27] and references therein.

Our starting point in the present work is the paper [22] in which, Rezapour and Shabibi
considered the singular Caputo fractional integro-differential problem

CDαx(t) + f(t, x(t)) = 0, t ∈ ]0, 1[ , n = [α] + 1,

x(j)(0) = 0, 0 ⩽ j 6= 2 ⩽ n− 1,

ax(1) = Ipx(1), a ⩾ 1, α ⩾ 3, p ⩾ 1, 2Γ(p) ⩾ Γ(α),

where Ip is the Riemann–Liouville fractional integral of order p and f : [0, 1] × R+ −→ R+ is
singular at t = 0. They firstly proved that this problem is equivalent to an integral equation of
the form:
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y(t) =

∫ 1

0

G(t, s)f(s, y(s))ds, G(t, s) =
−(t− s)α−1

Γ(α)
δt,s + t2Φ(s), (1)

where Φ(s) is a given function and δt,s = 1 if 0 ⩽ s ⩽ t and 0 otherwise.

Using the representation (1), they gave in particular a sufficient uniqueness condition by
means of the Banach contraction principle and a sufficient existence condition by using the
compressive form of the Guo-Krasnosel’skii fixed point theorem. In 2020, Kheiryan and Rezapour
[15] investigated the Ulam stability of this problem via its integral formulation. Formula (1)
implies that the kernel G(t, s) is a one-dimensional perturbation of the Green’s function g(t, s) :=
−(t−s)α−1

Γ(α) of the equation CDαx(t) + f(t, x(t)) = 0.

In the present work, we discuss the existence, the uniqueness, the Ulam–Hyers and the Ulam–
Hyers–Rassias stability of solutions for the singular with two integral conditions boundary-value
problem:

CDαy(τ) + ψ(τ, y(τ)) = 0, τ ∈ [0, 1] , α ⩾ 3, (2)

y(j)(0) = 0, j ∈ {0, 1, . . . , n− 1} \ {j1, j2} , n = [α] + 1, (3)

Ak

(
y(qk)(1)

)
=

1

Γ(pk)

∫ 1

0

(1− θ)pk−1y(θ)dθ, pk ∈ N∗, k = 1, 2, (4)

where j1, j2, q1, q2, p1, p2 are nonnegative integers such that

0 ⩽ q1 6= q2 ⩽ j1 6= j2 ⩽ [α] , (5)

the function ψ is defined on [0, 1]× E −→ E with the following singularity:

lim
τ−→0+

‖ψ(τ, θ)‖E = +∞, for all θ ∈ E (6)

and satisfying some conditions that will be specified later, E is a real Banach space, and A1

and A2 are two commuting bounded linear operators in E. Compared to [22], the present work
contains the following novelties: The function ψ is Banach space valued, the number of integral
conditions is greater, instead of the one-dimensional (axial) distortion represented by the scalar
a in [22], we have now two multi-dimensional (spatial) distortions represented by the operators
A1 and A2.

The article is arranged as follows: In Section 2, we recall some preliminary concepts including
basic definitions and properties. In Section 3, we first give the integral equivalent formulation
of the problem proving in particular that the kernel is a two-dimensional perturbation of the
Green’s operator G̃(τ, θ) = −(τ−θ)α−1

Γ(α) IE of the equation CDαx(τ) + ψ(τ, x(τ)) = 0, IE is the
identity in E. Using the integral formulation, we give a sufficient criterion for the uniqueness
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and existence of a solution by means of the Banach fixed point theorem and the Krasnosel’skii
fixed point theorem successively. Some Ulam–Hyers and Ulam–Hyers–Rassias stability results
are also obtained. In Section 4, two illustrative examples are given.

2 Preliminaries

In what follows, E is a real Banach space equipped with the norm ‖ · ‖E, C(J,E) is the Banach
space of continuous functions from J = [0, 1] into E with the norm

‖y‖C(J,E) = sup {‖y(τ)‖E : τ ∈ J} .

Moreover, L1(J,R) is the space of measurable functions l : J −→ R that are Lebesgue integrable
with the norm

‖l‖L1(J,R) =

∫
J

|l(θ)|dθ.

Likewise, L1(J,E) is the space of measurable functions l : J −→ E that are Bochner integrable
with the norm [9, 18]

‖l‖L1(J,E) =

∫
J

‖l(θ)‖Edθ.

Finally, B(E) is the Banach algebra of all bounded linear operators in E, equipped with the
operator norm

‖A‖B(E) = inf {M > 0 : ‖A(x)‖E ⩽M ‖x‖E , for all x ∈ E} .

The following definitions and lemmas are well known in the FC of real valued functions. They
can be naturally extended to the Banach space valued case as follows.

Definition 1. [16] Let α > 0 and let [α] := n − 1 be its integer part. The Riemann–Liouville
fractional integral of order α of a function l : J −→ E is defined by

Iα0 l(τ) =
1

Γ(α)

∫ τ

0

(τ − θ)α−1l(θ)dθ,

provided that this integral exists.

Definition 2. [16] The right-side Caputo fractional derivative of order α of a function l : J −→ E
is defined by
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CDα
0 l(τ) :=


1

Γ(n−α)
∫ τ
0

l(n)(θ)
(τ−θ)α+1−n dθ (n− 1 < α < n),

l(α)(τ) (α = n).

In the both previous definitions, Γ(·) is the Gamma function

Γ(ς) =

∫ ∞

0

e−uuς−1du, Γ(ς + 1) = ςΓ(ς), Re(ς) > 0.

Lemma 1. [16]

(i) If g ∈ L1(J,E), α > 0, β > 0, then

Iα0 I
β
0 g(τ) = Iα+β0 g(τ).

(ii) Let g ∈ L1(J,E), β > α > 0; then

CDα
0 Iβ0 g(τ) = Iβ−α0 g(τ).

(iii) If α > 0, ξ > −1, then

Iα0
(
τ ξIE

)
=

Γ(ξ + 1)

Γ(α+ ξ + 1)
τα+ξIE.

(iv) If α > 0, ξ > −1, then

CDα
0

(
τ ξIE

)
=

Γ(ξ + 1)

Γ(α− ξ + 1)
τα−ξIE,

where IE is the identity operator in E.

Lemma 2. [16] Let y ∈ C(J,E), 0 < n − 1 ⩽ α < n and let ϕ ∈ L1 (J, E). Then, the general
solution of the fractional differential equation

CDαy(τ) + ϕ(τ) = 0, (0 ⩽ τ ⩽ 1)

is given by
y(τ) =

−1
Γ(α)

∫ τ

0

(τ − θ)α−1ϕ(θ)dθ + c0 + c1τ + · · ·+ cn−1τ
n−1,

where c0, c1, . . . , cn−1 are constants vectors in E.

Definition 3. Let (Q, d) be a complet metric space. A map H : Q −→ Q is called a contraction
if there exists 0 ⩽ L < 1 such that
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d(Hy1, Hy2) ⩽ Ld(y1, y2), for all y1, y2 ∈ Q.

Lemma 3. [26] (Banach contraction principle) Let Q be a complete metric space and let
H : Q −→ Q be a contraction. Then, there exists a unique y ∈ Q such that Hy = y.

Theorem 1 (Krasnosel’skii’s fixed point theorem [17]). Let S be a closed, convex, and nonempty
subset of a Banach space L. Let M, N be operators in L such that
(a) My +Nz ∈ S whenever y, z ∈ S;
(b) M is compact and continuous;
(c) N is a contraction.
Then, there exists x ∈ S such that Mx+Nx = x.

The following lemma regroups some well-known facts about the bounded linear operators in
Banach spaces [29].

Lemma 4. Let E be a Banach space.
1) If A ∈ B(E) is a bijection, then A−1 is also an element of B(E).
2) If A, B are two commuting elements of B(E) and A is a bijection, then A−1 and B also
commute.
3) If A, B are two elements of B(E), then

‖AB‖B(E) ⩽ ‖A‖B(E) ‖B‖B(E) .

4) If A, B ∈ B(E) are such that A is bijective and ‖B‖B(E) <
1

∥A−1∥B(E)
, then also A + B is

bijective.

3 Main results

3.1 Auxiliary results

We begin this section by introducing the following notations that will be used through the re-
minder of the article. Let B0 be a set of commuting elements of B(E) and let j, p, q be nonnegative
integers such that q ⩽ j ⩽ α− q − 1. For each A ∈ B0, we set

w(A, j, p, q) :=
Γ(j + 1)

Γ(j − q + 1)
A− Γ(j + 1)

Γ(j + p+ 1)
IE, (7)
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z(θ,A, p, q) =
(1− θ)α−q−1

Γ(α− q)
A− (1− θ)α+p−1

Γ(α+ p)
IE, θ ∈ J, (8)

where IE is the identity in E. We also set

W =
{
w(A, j, p, q) : A ∈ B0, j, p, q ∈ Z+

}
;

Z =
{
z(θ,A, p, q) : θ ∈ J, A ∈ B0, p, q ∈ Z+

}
.

Remark 1. The following properties are verified:

1. Each of W and Z is a subset of commuting elements of B(E) with the following norm
estimations:

‖w(A, j, p, q)‖B(E) ⩽
Γ(j + 1)

Γ(j − q + 1)
‖A‖B(E) +

Γ(j + 1)

Γ(j + p+ 1)
, (9)

‖z(θ,A, p, q)‖B(E) ⩽
‖A‖B(E)

Γ(α− q)
+

1

Γ(α+ p)
, for all θ ∈ J. (10)

2. Each element of W commutes with each element of Z.

Suppose now that the nonnegative integers j1, j2, p1, p2, q1, q2 satisfy (5) and B0 =

{A1, A2}, where A1, A2 are the commuting elements of B(E) appearing in the relation (4) and
let

U = w(A1, j1, p1, q1)w(A2, j2, p2, q2)− w(A1, j2, p1, q1)w(A2, j1, p2, q2),

(11)

Φ1(θ) = w(A2, j2, p2, q2)z(θ,A1, p1, q1)

−w(A1, j2, p1, q1)z(θ,A2, p2, q2), θ ∈ J,

(12)

Φ2(θ) = w(A1, j1, p1, q1)z(θ,A2, p2, q2)

−w(A2, j1, p2, q2)z(θ,A1, p1, q1), θ ∈ J.

(13)

Using the commutativity of the operators, one can check that
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w(A1, j1, p1, q1)Φ1(θ) + w(A1, j2, p1, q1)Φ2(θ) = Uz(θ,A1, p1, q1) (θ ∈ J) (14)

and
w(A2, j1, p2, q2)Φ1(θ) + w(A2, j2, p2, q2)Φ2(θ) = Uz(θ,A2, p2, q2), (θ ∈ J). (15)

Lemma 5. Let ϕ ∈ L1(J,E). If the operator U is invertible, then the unique solution of the
boundary value problem

(CDαy)(τ) + ϕ(τ) = 0, 0 < τ ⩽ 1, α ⩾ 3 (16)

with the conditions (3), (4), (5) is given by

y(τ) =

∫ 1

0

G(τ, θ) (ϕ(θ)) dθ, (17)

where

G(τ, θ) =


−(τ−θ)α−1

Γ(α) IE + τ j1U−1Φ1(θ) + τ j2U−1Φ2(θ), 0 ⩽ θ < τ ⩽ 1,

τ j1U−1Φ1(θ) + τ j2U−1Φ2(θ), 0 ⩽ τ ⩽ θ ⩽ 1.
(18)

Proof. Note firstly that

Φ1(θ) ∈ B(E), Φ2(θ) ∈ B(E), G(τ, θ) ∈ B(E), for all (θ, τ) ∈ J2.

According to Lemma 2, the solution of the problem (16) has the form

y(τ) =
−1
Γ(α)

∫ τ

0

(τ − θ)α−1ϕ(θ)dθ + c0 + τc1 + · · ·+ τn−1cn−1,

where c0, c1, . . . , cn−1 are constant vectors in E. Using the initial conditions at τ = 0, we obtain
that ck = 0 for k /∈ {j1, j2} and then,

y(τ) =
−1
Γ(α)

∫ τ

0

(τ − θ)α−1ϕ(θ)dθ + τ j1cj1 + τ j2cj2 (τ ∈ J).

The integral conditions

Ak

(
y(qk)(1)

)
=

1

Γ(pk)

∫ 1

0

(1− θ)pk−1y(θ)dθ, k = 1, 2

give us
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Ak

(
−1

Γ(α− qk)

∫ 1

0

(1− θ)α−qk−1ϕ(θ)dθ +
Γ(j1 + 1)

Γ(j1 − qk + 1)
cj1 +

Γ(j2 + 1)

Γ(j2 − qk + 1)
cj2

)

=
−1

Γ(α+ pk)

∫ 1

0

(1− θ)α+pk−1ϕ(θ)dθ +
Γ(j1 + 1)

Γ(j1 + pk + 1)
cj1 +

Γ(j2 + 1)

Γ(j2 + pk + 1)
cj2 ,

or equivalently, (
Γ(j1 + 1)

Γ(j1 − qk + 1)
Ak −

Γ(j1 + 1)

Γ(j1 + pk + 1)
IE

)
(cj1)

+

(
Γ(j2 + 1)

Γ(j2 − qk + 1)
Ak −

Γ(j2 + 1)

Γ(j2 + pk + 1)
IE

)
(cj2)

=

∫ 1

0

(
(1− θ)α−qk−1

Γ(α− qk)
Ak −

(1− θ)α+pk−1

Γ(α+ pk)
IE

)
(ϕ(θ))dθ.

Taking in account formulas (7) and (8), we get finally that the constant vectors cj1 and cj2 satisfy
the following linear system:

w(A1, j1, p1, q1)(cj1) + w(A1, j2, p1, q1)(cj2) =
∫ 1

0
z(θ,A1, p1, q1) (ϕ(θ)) dθ,

w(A2, j1, p2, q2)(cj1) + w(A2, j2, p2, q2)(cj2) =
∫ 1

0
z(θ,A2, p2, q2) (ϕ(θ)) dθ.

By applying the operator w(A2, j2, p2, q2) to the first equation and the operator w(A1, j2, p1, q1)

to the second equation and then subtracting, we get

U (cj1) =

∫ 1

0


w(A2, j2, p2, q2)z(θ,A1, p1, q1)

− w(A1, j2, p1, q1)z(θ,A2, p2, q2)

 (ϕ(θ)) dθ

=

∫ 1

0

Φ1(θ) (ϕ(θ)) dθ.

Similarly, by applying the operator w(A2, j1, p2, q2) to the first equation and the operator
w(A1, j1, p1, q1) to the second equation and then subtracting, we get

U (cj2) =

∫ 1

0


w(A1, j1, p1, q1)z(θ,A2, p2, q2)

− w(A2, j1, p2, q2)z(θ,A1, p1, q1)

 (ϕ(θ)) dθ

=

∫ 1

0

Φ2(θ) (ϕ(θ)) dθ.

Iran. J. Numer. Anal. Optim., Vol. 16, No. 3, 2026, pp 1031–1063



Bouziane and Bendoukha 1040

Since the operator U is autonomous with respect to τ ∈ J and invertible by hypothesis, we have

(cj1 , cj2) =

(∫ 1

0

U−1Φ1(θ) (ϕ(θ)) dθ,

∫ 1

0

U−1Φ2(θ) (ϕ(θ)) dθ

)
.

Replacing in the expression of y(τ), we get finally

y(τ) =
−1
Γ(α)

∫ τ

0

(τ − θ)α−1ϕ(θ)dθ + τ j1cj1 + τ j2cj2

=
−1
Γ(α)

∫ τ

0

(τ − θ)α−1ϕ(θ)dθ + τ j1
∫ 1

0

U−1Φ1(θ) (ϕ(θ)) dθ

+τ j2
∫ 1

0

U−1Φ2(θ) (ϕ(θ)) dθ

=

∫ 1

0

G(τ, θ) (ϕ(θ)) dθ.

Conversely, assume that the function y(τ), τ ∈ J admits the representation given by (17), (18).
Observing that

y(τ) = −Iα0+ϕ(τ) + τ j1
∫ 1

0

U−1Φ1(θ) (ϕ(θ)) dθ + τ j2
∫ 1

0

U−1Φ2(θ) (ϕ(θ)) dθ.

It is not difficult to check that (CDαy)(τ) + ϕ(τ) = 0, 0 < τ ⩽ 1 and that the initial conditions
(3) are all satisfied. Let us prove the condition (4) for k = 1 (the case where k = 2 can be
obtained by the same way). Direct calculations give

A1

(
y(q1)(1)

)
=

∫ 1

0

−(1− θ)α−q1−1

Γ(α− q1)
A1 (ϕ(θ)) dθ

+

∫ 1

0

Γ(j1 + 1)

Γ(j1 − q1 + 1)
A1U

−1Φ1(θ) (ϕ(θ)) dθ

+

∫ 1

0

Γ(j2 + 1)

Γ(j2 − q1 + 1)
A1U

−1Φ2(θ) (ϕ(θ)) dθ,

Ip10+y(1) =

∫ 1

0

−(1− θ)α+p1−1

Γ(α+ p1)
ϕ(θ)dθ

+

∫ 1

0

Γ(j1 + 1)

Γ(p1 + j1 + 1)
U−1Φ1(θ) (ϕ(θ)) dθ

+

∫ 1

0

Γ(j2 + 1)

Γ(p1 + j2 + 1)
U−1Φ2(θ) (ϕ(θ)) dθ.

Hence, we deduce that
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Ip10+y(1)−A1

(
y(q1)(1)

)
=

∫ 1

0

z(θ,A1, p1, q1) (ϕ(θ)) dθ

−
∫ 1

0

w(A1, j1, p1, q1)U
−1Φ1(θ) (ϕ(θ)) dθ

−
∫ 1

0

w(A1, j2, p1, q1)U
−1Φ2(θ) (ϕ(θ)) dθ.

By (14), Ip10+y(1)−A1

(
y(q1)(1)

)
= 0.

In the best of our knowledge, the kernel G(τ, θ) in the previous lemma is obtained for the
first time. It is an uniformly bounded linear operator according to the norm-majoration (22)
below. Moreover,

G(0, θ) = 0 = G(τ, 1), for all τ, θ ∈ [0, 1].

Function G̃(τ, θ) = − (τ−θ)α−1

Γ(α) IE is such that CDα
(∫ 1

0
G̃(τ, θ)h(θ)dθ

)
= h(τ). Thus, it can be

regarded as the Green’s operator of the fractional differential equation CDαx(τ) + h(τ) = 0.
If we set E = R, q1 = q2 := q, j1 = j2 := j, p1 = p2 := p and A1 = A2 := a, a ⩾ 1, then the

problem (2)–(4) becomes

CDαy(τ) + ψ(τ, y(τ)) = 0, τ ∈ [0, 1] , α ⩾ 3, (19)

y(j)(0) = 0, j ∈ {0, 1, . . . , n− 1} \ {j} , n = [α] + 1, (20)

ay(q)(1) =
1

Γ(p)

∫ 1

0

(1− θ)p−1y(θ)dθ, p ∈ N∗. (21)

Setting in this new problem q = 0, j = 2, we retrieve the problem investigated in [22].

Remark 2. a) Since all the real numbers α − 1, α − q1 − 1, α − q2 − 1 are positive (see the
condition (5)), all the functions

θ 7−→ (1− θ)α−q1−1, θ 7−→ (1− θ)α−q2−1, (τ, θ) 7−→ (τ − θ)α−1

are continuous. This leads to the continuity of the operator-valued functions Φ1(θ), Φ2(θ) from
J into B(E) and the continuity of the operator-valued function G(τ, θ) from J × J into B(E).
b) Obviously,

sup
θ∈J

(∥∥U−1Φk(θ)
∥∥
B(E)

)
⩽
∥∥U−1

∥∥
B(E)

(
sup
θ∈J
‖Φk(θ)) ‖B(E)

)
< +∞, k = 1, 2,
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and by (18), we have

δ = sup
θ,τ∈J

(
‖G(τ, θ)‖B(E)

)
⩽ ∆ :=

1

Γ(α)
+
∥∥U−1

∥∥
B(E)

2∑
k=1

sup
θ∈J

(
‖Φk(θ)) ‖B(E)

)
.

(22)

3.2 Existence of solutions

In the present and the following sections, ψ is the function listed in the problem (2). We shall
also suppose that there exist three real constants k > 0, m > 0, and 0 < σ < 1 such that for all
τ ∈ [0, 1],

‖τσψ(τ, y1(τ))− τσψ(τ, y2(τ))‖E ⩽k‖y1 − y2‖C(J,E),

for all (y1, y2) ∈ (C(J,E))2 , (23)

and
sup
τ∈J
‖τσψ(τ, 0)‖E ⩽ m. (24)

Lemma 6. For the function ψ, the following holds:∫ τ

τ0

‖ψ(θ, y(θ))‖Edθ ⩽ (k‖y‖C(J,E) +m)
τ1−σ − τ1−σ0

1− σ

for all (τ, y) ∈ [0, 1]× C(J,E). In particular,∫ τ

0

‖ψ(θ, y(θ))‖Edθ = lim
τ0−→0+

∫ τ

τ0

‖ψ(θ, y(θ))‖Edθ ⩽ (k‖y‖C(J,E) +m)
τ1−σ

1− σ
.

Proof. Indeed, if 0 ⩽ θ ⩽ 1 and y ∈ C(J,E), then we get by using the conditions (23) and (24),

‖ψ(θ, y(θ))‖E ⩽ ‖ψ(θ, y(θ))− ψ(θ, 0)‖E + ‖ψ(θ, 0)‖E

= θ−σ‖θσψ(θ, y(θ))− θσψ(θ, 0)‖E + θ−σ‖θσψ(θ, 0)‖E

⩽ (k‖y‖C(J,E) +m)θ−σ.

Thus, for 0 < τ0 < τ ⩽ 1 and y ∈ C(J,E),∫ τ

τ0

‖ψ(θ, y(θ))‖Edθ ⩽ (k‖y‖C(J,E) +m)

∫ τ

τ0

θ−σdθ
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= (k‖y‖C(J,E) +m)
τ1−σ − τ1−σ0

1− σ
.

It follows from this lemma that the function [0, 1] 3 θ 7−→ ψ(θ, y(θ)) belongs to L1([0, 1] ,E)
for every fixed in C(J,E) function y. So, the fractional integral Iα0 ψ(θ, y(θ)), 0 ⩽ τ ⩽ 1 is well
defined.

Theorem 2. Let the operator U be invertible, let the constants σ and k satisfy formulas (23)
and (24). If 0 < k < 1−σ

δ , then the problem (2)–(4) admits a unique solution y ∈ C(J,E).
Moreover,

‖y‖C(J,E) ⩽
mδ

1− σ − kδ
.

Proof. Recall firstly that according to (22),

δ = sup
θ,τ∈J

(
‖G(τ, θ)‖B(E)

)
<∞.

Consider in C(J,E) the self mapping Ψ, defined by

y 7−→ Ψy(τ) =

∫ 1

0

G(τ, θ)ψ(θ, y(θ))dθ. (25)

Therefore, Ψ is well defined and according to Lemma 5, the fixed points of Ψ are the solutions of
the problem (2)–(4). So, to prove the theorem, we need to prove that under the given conditions,
the operator Ψ has a unique fixed point. For instance, let y1, y2 be two elements of C(J,E) and
0 ⩽ τ ⩽ 1. Then

‖Ψy1(τ)−Ψy2(τ)‖E =

∥∥∥∥∫ 1

0

G(τ, θ)ψ(θ, y1(θ))dθ −
∫ 1

0

G(τ, θ)ψ(θ, y2(θ))dθ

∥∥∥∥
E

⩽
∫ 1

0

‖G(τ, θ)‖B(E)‖ψ(θ, y1(θ))− ψ(θ, y2(θ))‖Edθ

⩽ δ

∫ 1

0

θ−σ‖θσψ(θ, y1(θ))− θσψ(θ, y2(θ))‖Edθ

⩽ kδ‖y1 − y2‖C(J,E)

∫ 1

0

θ−σdθ =
kδ

1− σ
‖y1 − y2‖C(J,E).

Consequently,
‖Ψy1 −Ψy2‖C(J,E) ⩽

kδ

1− σ
‖y1 − y2‖C(J,E).

Since 0 < kδ
1−σ < 1, then by the Banach contraction principle (Lemma 3), the operator Ψ has

a unique fixed point y in C(J,E), which is the unique solution of the problem (2)–(4). On the
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other hand, taking in account Lemma 6, we have

‖y‖C(J,E) = ‖Ψy‖C(J,E) ⩽
k‖y‖C(J,E) +m

1− σ
δ =

kδ

1− σ
‖y‖C(J,E) +

mδ

1− σ
.

Consequently, (
1− kδ

1− σ

)
‖y‖C(J,E) ⩽

mδ

1− σ
,

or equivalently,
‖y‖C(J,E) ⩽

mδ

1− σ − kδ
.

Next, we give an existence result.

Theorem 3. Let the operator U be invertible, and assume that (23) is verified with the constants
k, σ such that

0 < k <
1− σ

‖U−1‖B(E)
∑2
i=1 supξ∈J

(
‖Φi(ξ)‖B(E)

) .
Assume also that there exists a function µ ∈ C(J,R+) such that

τσ‖ψ(τ, u)‖E ⩽ µ(τ), for all τ ∈ J, for all u ∈ E. (26)

Then, the problem (2)–(4) has at least one solution.

Proof. For the proof, we shall use the Krasnosel’skii’s theorem (Theorem 1). For instance,
consider the maps M, N defined in C(J,E) by

My(τ) =
−1
Γ(α)

∫ τ

0

(τ − θ)α−1ψ(θ, y(θ))dθ,

Ny(τ) =

2∑
i=1

τ ji
∫ 1

0

U−1Φi(θ)ψ(θ, y(θ))dθ.

Observe that Ψ =M +N , and let

R ⩾ ‖µ‖C(J,R+)

1 + Γ(α)‖U−1‖B(E)
∑2
i=1 supξ∈J

(
‖Φi(ξ)‖B(E)

)
Γ(α)(1− σ)

,

QR =
{
y ∈ C(J,E) : ‖y‖C(J,E) ⩽ R

}
.

Iran. J. Numer. Anal. Optim., Vol. 16, No. 3, 2026, pp 1031–1063



1045 Existence and Ulam–Hyers stability for a singular Caputo-fractional problem with ...

Hence QR is a closed, bounded and convex nonempty subset of C(J,E), the proof will be given
in several steps.
Step 1: My1 +Ny2 ∈ QR, for y1, y2 ∈ QR.
For τ ∈ J and y1, y2 ∈ QR, we have

‖My1(τ) + Ny2(τ)‖E

⩽ ‖My1(τ)‖E + ‖Ny2(τ)‖E

⩽ 1

Γ(α)

∫ τ

0

‖(τ − θ)α−1ψ(θ, y1(θ))‖Edθ

+

2∑
i=1

τ ji
∫ 1

0

‖U−1Φi(θ)ψ(θ, y2(θ))‖Edθ

⩽ 1

Γ(α)

∫ τ

0

‖ψ(θ, y1(θ))‖Edθ

+

2∑
i=1

∫ 1

0

‖U−1‖B(E) sup
ξ∈J

(
‖Φi(ξ)‖B(E)

)
‖ψ(θ, y2(θ))‖Edθ

⩽ 1

Γ(α)

∫ τ

0

µ(θ)θ−σdθ

+

2∑
i=1

‖U−1‖B(E) sup
ξ∈J

(
‖Φi(ξ)‖B(E)

) ∫ 1

0

µ(θ)θ−σdθ

⩽ ‖µ‖C(J,R+)

(
1

Γ(α)
+

2∑
i=1

‖U−1‖B(E) sup
ξ∈J

(
‖Φi(ξ)‖B(E)

))∫ 1

0

θ−σdθ

= ‖µ‖C(J,R+)

1 + Γ(α)‖U−1‖B(E)
∑2
i=1 supξ∈J

(
‖Φi(ξ)‖B(E)

)
Γ(α)(1− σ)

⩽ R.

Thus, y1, y2 ∈ QR =⇒My1 +Ny2 ∈ QR.
Step 2: N is a contraction.
For y1, y2 ∈ C(J,E) and τ ∈ J = [0, 1], we have

‖Ny1(τ) − Ny2(τ)‖E

⩽
2∑
i=1

τ ji
∫ 1

0

‖U−1Φi(θ) (ψ(θ, y1(θ))− ψ(θ, y2(θ))) ‖Edθ

⩽ ‖U−1‖B(E)

(
2∑
i=1

sup
ξ∈J

(
‖Φi(ξ)‖B(E)

))

×
∫ 1

0

θ−σθσ‖ψ(θ, y1(θ))− ψ(θ, y2(θ))‖Edθ
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⩽ k‖y1 − y2‖C(J,E)‖U−1‖B(E)

(
2∑
i=1

sup
ξ∈J

(
‖Φi(ξ)‖B(E)

))∫ 1

0

θ−σdθ

= k
‖U−1‖B(E)

∑2
i=1 ‖Φi‖C(J,E)

1− σ
‖y1 − y2‖C(J,E).

By hypothesis, 0 < k
∥U−1∥B(E)

∑2
i=1 ∥Φi∥C(J,E)

1−σ < 1. Thus, N is a contraction.
Step 3: M is compact and continuous.
The proof will be given in three Claims
Claim 1: M is continuous. Let y1 and y2 be two arbitrary elements of C(J,E) and let τ ∈ J .
Then

‖My1(τ)−My2(τ)‖E ⩽
∥∥∥∥ 1

Γ(α)

∫ τ

0

(τ − θ)α−1(ψ(θ, y1(θ))− ψ(θ, y2(θ)))dθ
∥∥∥∥
E

⩽ 1

Γ(α)

∫ 1

0

θ−σθσ‖ψ(θ, y1(θ))− ψ(θ, y2(θ))‖Edθ

⩽ k

Γ(α)
‖y1 − y2‖C(J,E)

∫ 1

0

θ−σdθ

⩽ k

(1− σ)Γ(α)
‖y1 − y2‖C(J,E).

Hence,
y1, y2 ∈ C(J,E) =⇒ ‖My1 −My2‖C(J,E) ⩽

k

(1− σ)Γ(α)
‖y1 − y2‖C(J,E).

The last relation expresses that the operator M is k

(1− σ)Γ(α)
-Lypschitzian and so, is continu-

ous.
Claim 2: M maps bounded sets into bounded sets in C(J,E).
It is enough to show that there exists a positive constant r such that for each y ∈ QR, one has
‖M(y)‖C(J,E) ⩽ r. In fact, we have

‖(My)(τ)‖E ⩽ 1

Γ(α)

∫ 1

0

(τ − θ)α−1‖ψ(θ, y(θ))‖Edθ

⩽ 1

Γ(α)

∫ 1

0

θ−σθσ‖ψ(θ, y(θ))‖Edθ

⩽ 1

Γ(α)

∫ 1

0

θ−σµ(θ)dθ

⩽
‖µ‖C(J,R+)

Γ(α)

∫ 1

0

θ−σdθ.

The operator M is uniformly bounded in QR as
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‖My‖C(J,E) = sup
τ∈J

(‖My(τ)‖E) ⩽ r :=
‖µ‖C(J,R+)

(1− σ)Γ(α)
, for all y ∈ QR.

Claim 3: M maps each QR into an equicontinuous subset of C(J,E).
Let τ1, τ2 ∈ J such that τ1 < τ2 and let y ∈ QR. Then,

‖My(τ1) − My(τ2)‖E

=
1

Γ(α)

∥∥∥∥∫ τ2

0

(τ2 − θ)α−1ψ(θ, y(θ))dθ −
∫ τ1

0

(τ1 − θ)α−1ψ(θ, y(θ))dθ

∥∥∥∥
E

⩽ 1

Γ(α)

∥∥∥∥∫ τ1

0

(
(τ2 − θ)α−1 − (τ1 − θ)α−1

)
ψ(θ, y(θ))dθ

∥∥∥∥
E

+
1

Γ(α)

∥∥∥∥∫ τ2

τ1

(τ2 − θ)α−1ψ(θ, y(θ))dθ

∥∥∥∥
E

⩽
‖µ‖C(J,R+)

Γ(α)

∫ τ1

0

(
(τ2 − θ)α−1 − (τ1 − θ)α−1

)
θ−σdθ

+
‖µ‖C(J,R+)

Γ(α)

∫ τ2

τ1

(τ2 − θ)α−1θ−σdθ

⩽
‖µ‖C(J,R+)

Γ(α)

∫ τ1

0

(
(τ2 − θ)α−1 − (τ1 − θ)α−1

)
θ−σdθ

+
‖µ‖C(J,R+)

Γ(α)

∫ τ2

τ1

θ−σdθ

=
‖µ‖C(J,R+)

Γ(α)

∫ τ1

0

(
(τ2 − θ)α−1 − (τ1 − θ)α−1

)
θ−σdθ

+‖µ‖C(J,R+)
τ1−σ2 − τ1−σ1

(1− σ)Γ(α)

=
‖µ‖C(J,R+)

Γ(α)

(∫ τ1

0

(
(τ2 − θ)α−1 − (τ1 − θ)α−1

)
θ−σdθ

+
τ1−σ2 − τ1−σ1

(1− σ)

)
.

Clearly, limτ1−→τ2 ‖My(τ1)−My(τ2)‖E tends to zero independently on y ∈ C(J,E). Thus, M is
equicontinuous and so, it is a relatively compact operator on QR. As a consequence of Claims 1,
2, 3 and together with the Arzelá -Ascoli theorem, we conclude that M is compact. According
to Theorem 1, we deduce that Mx + Nx has a fixed point x ∈ QR, which is a solution of the
problem (2)–(4).
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3.3 Ulam Stability

In this section, we investigate different types of Ulam’s stability of the fractional boundary value
problem (2). For instance, we adopt the following definitions.

Definition 4. [10] The fractional boundary value problem (2) is said to be Ulam–Hyers stable
if there exists a real number Cψ > 0 depending only on ψ and such that for every ε > 0 and
every solution y ∈ C(J,E) of the inequality

‖CDα
0 y(τ) + ψ(τ, y(τ))‖E ⩽ ε, τ ∈ [0, 1] , (27)

with the conditions y(j)(0) = 0, j ∈ {0, 1, . . . , n− 1} \ {j1, j2} , n = [α] + 1,

Ak
(
y(qk)(1)

)
=

1

Γ(pk)

∫ 1

0
(1− θ)pk−1y(θ)dθ, pk ∈ N∗, k = 1, 2,

(28)

there exists a solution y0 ∈ C(J,E) of the fractional value problem (2) satisfying

‖y(τ)− y0(τ)‖E ⩽ Cψε, τ ∈ [0, 1] .

Definition 5. [10] The fractional boundary value problem (2) is said to be generalized Ulam–
Hyers stable if there exists a function ω ∈ C(J,R+) with ω(0) = 0 such that for every ε > 0 and
every solution y ∈ C(J,E) of the inequality (27) with the conditions (28), there exists a solution
y0 ∈ C(J,E) of the fractional value problem (2) satisfying

‖y(τ)− y0(τ)‖E ⩽ ω(ε), τ ∈ [0, 1] .

Definition 6. [10] The fractional boundary value problem (2) is said to be Ulam–Hyers–Rassias
stable with respect to the function φ : [0, 1] −→ R+ if there exists a real number Cψ,φ > 0

depending only on ψ, φ and such that for every ε > 0 and every solution y ∈ C(J,E) of the
inequality

‖CDα
0 y(τ) + ψ(τ, y(τ))‖E ⩽ εφ(τ), τ ∈ [0, 1] , (29)

with the conditions (28), there exists a solution y0 ∈ C(J,E) of the fractional value problem (2)
satisfying

‖y(τ)− y0(τ)‖E ⩽ Cψ,φεφ(τ), τ ∈ [0, 1] .

Remark 3. 1) A function y ∈ C(J,E) is a solution of the inequality (27) if and only if there
exists a function hy : [0, 1] −→ E such that
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CDα
0 y(τ) + ψ(τ, y(τ)) = hy(τ) and ‖hy(τ)‖E ⩽ ε, (0 ⩽ τ ⩽ 1). (30)

2) Ulam–Hyers stability =⇒ Generalized Ulam–Hyers stability.

Theorem 4. Let ψ : [0, 1] × E −→ E be a function satisfying (6), (23), and (24), and suppose
that the operator U is invertible. If 0 < k < 1−σ

δ , then the problem (2) is Ulam–Hyers stable.

Proof. Recall once again that according to (22),

δ = sup
θ,τ∈J

(
‖G(τ, θ)‖B(E)

)
<∞.

It comes from Theorem 2 that under the assumptions, the problem (2) has a unique solution y0.
Let now ε > 0 and let y ∈ C(J,E) be any solution of the inequality (27) with the conditions
(28). The function

[0, 1]
2 3 (τ, θ) 7−→ ψ̃y(τ, θ) = ψ(τ, θ)− hy(τ)

satisfies all the conditions (6), (23), and (24) with the majorating constant m+ ε instead of m.
Moreover, y is a solution of the problem

CDαz(τ) + ψ̃y(τ, z(τ)) = 0, (0 ⩽ τ ⩽ 1)

with the conditions (28). By Lemma 5

y(τ) =

∫ 1

0

G(τ, θ) (ψ(θ, y(θ))− hy(θ)) dθ

=

∫ 1

0

G(τ, θ)ψ(θ, y(θ))dθ −
∫ 1

0

G(τ, θ)hy(θ)dθ (0 ⩽ τ ⩽ 1).

Consequently, for every τ ∈ [0, 1],

‖y(τ) − y0(τ)‖E

⩽
∥∥∥∥∫ 1

0

G(τ, θ)ψ(θ, y(θ))dθ −
∫ 1

0

G(τ, θ)ψ(θ, y0(θ))dθ

∥∥∥∥
E

+

∥∥∥∥∫ 1

0

G(τ, θ)hy(θ)dθ

∥∥∥∥
E

⩽
∫ 1

0

‖G(τ, θ)‖B(E)‖ψ(θ, y(θ))− ψ(θ, y0(θ))‖Edθ

+

∫ 1

0

‖G(τ, θ)‖B(E)‖hy(θ)‖Edθ

⩽ δ

∫ 1

0

θ−σ‖θσψ(θ, y(θ))− θσψ(θ, y0(θ))‖Edθ + δε

Iran. J. Numer. Anal. Optim., Vol. 16, No. 3, 2026, pp 1031–1063



Bouziane and Bendoukha 1050

⩽ δ

1− σ
k‖y − y0‖C(J,E) + δε.

Finally,

τ ∈ J =⇒ ‖y(τ)− y0(τ)‖E ⩽ ‖y − y0‖C(J,E) ⩽ Cψε, with Cψ ⩾ (1− σ)δ
1− σ − kδ

.

Remark 4. Setting ω(ε) = Cψε, it follows that ω(0) = 0 and the problem (2) is generalized
Ulam–Hyers stable.

Next result concerns the Ulam–Hyers–Rassias stability.

Theorem 5. Let ψ : [0, 1] × E −→ E be a function satisfying (6), (23), (24), let the operator
U be invertible and 0 < k < 1−σ

δ . Then, the problem (2) is Ulam–Hyers–Rassias stable with
respect to any Riemann integrable function φ : [0, 1] −→ R+ for which there exists a constant
δφ > 0 such that

for all τ ∈ [0, 1] :

∫ 1

0

φ(θ)dθ ⩽ δφφ(τ). (31)

Proof. Let ε > 0 and let φ : [0, 1] −→ R+ be a Riemann integrable function satisfying (31). Let
also y ∈ C(J,E) satisfy the inequality (29) with the conditions (28). As in the remark 3, this
implies that there exists a function hy(τ) satisfying hy(τ) ⩽ εφ(τ) for all τ ∈ [0, 1] and y is a
solution of the problem

CDα
0 z(τ) + ψ̃y(τ, z(τ)) = 0, 0 ⩽ τ ⩽ 1

with the conditions (28). The function ψ̃y(τ, z(τ)) obviously satisfies the conditions (6) and (23).
Moreover, for 0 ⩽ τ ⩽ 1,

‖τσψ̃y(τ, 0)‖E = ‖τσ(ψ(τ, 0)− hy(τ))‖E ⩽ ‖τσψ(τ, 0)‖E + ‖τσhy(τ)‖E

⩽ m+ τσεφ(τ) ⩽ m+ ε sup
0⩽τ⩽1

φ(τ).

So, the condition (24) is also satisfied by ψ̃y. According to Lemma 5, we have the representation

y(τ) =

∫ 1

0

G(τ, θ)(ψ(θ, y(θ))− hy(θ))dθ.

Therefore, if y0 is the unique solution of problem (2)–(4), then for every τ ∈ [0, 1],

‖y(τ) − y0(τ)‖E
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⩽
∫ 1

0

‖G(τ, θ)‖B(E)‖ψ(θ, y(θ))− ψ(θ, y0(θ))‖Edθ

+

∫ 1

0

‖G(τ, θ)‖B(E)‖hy(θ)‖Edθ

⩽ δ

∫ 1

0

θ−σ‖θσψ(θ, y(θ))− θσψ(θ, y0(θ))‖Edθ

+δε

∫ 1

0

φ(θ)dθ

⩽ δ

1− σ
k‖y − y0‖C(J,E) + δε

∫ 1

0

φ(θ)dθ

⩽ δ

1− σ
k‖y − y0‖C(J,E) + δεδφφ(τ).

Finally,

for all τ ∈ [0, 1] : ‖y(τ)− y0(τ)‖E ⩽ Cψ,φεφ(τ), with Cψ,φ ⩾ (1− σ)δφδ
1− σ − kδ

.

4 Examples

In this section, we treat two illustrative examples that differ only in the nature of the operators
used. In the first example, we suppose that A1 and A2 are scalar; in the second example, we
consider operators of multiplication by θ and θ2, respectively. Note firstly that for the operators
Φ1 and Φ2 defined by (12) and (13), we have the following norm estimations:

‖Φ1‖B(E) ⩽ ‖w(A2, j2, p2, q2)‖B(E)‖z(θ,A1, p1, q1)‖B(E)

+‖w(A1, j2, p1, q1)‖B(E)‖z(θ,A2, p2, q2)‖B(E)

⩽
(

Γ(j2 + 1)

Γ(j2 − q2 + 1)
‖A2‖B(E) +

Γ(j2 + 1)

Γ(j2 + p2 + 1)

)
×
(

1

Γ(α− q1)
‖A1‖B(E) +

1

Γ(α+ p1)

)
+

(
Γ(j2 + 1)

Γ(j2 − q1 + 1)
‖A1‖B(E) +

Γ(j2 + 1)

Γ(j2 + p1 + 1)

)
×
(

1

Γ(α− q2)
‖A2‖B(E) +

1

Γ(α+ p2)

)
and similarly,
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‖Φ2‖B(E) ⩽ ‖w(A1, j1, p1, q1)‖B(E)‖z(θ,A2, p2, q2)‖B(E)

+‖w(A2, j1, p2, q2)‖B(E)‖z(θ,A1, p1, q1)‖B(E)

⩽
(

Γ(j1 + 1)

Γ(j1 − q1 + 1)
‖A1‖B(E) +

Γ(j1 + 1)

Γ(j1 + p1 + 1)

)
×
(

1

Γ(α− q2)
‖A2‖B(E) +

1

Γ(α+ p2)

)
+

(
Γ(j1 + 1)

Γ(j1 − q2 + 1)
‖A2‖B(E) +

Γ(j1 + 1)

Γ(j1 + p2 + 1)

)
×
(

1

Γ(α− q1)
‖A1‖B(E) +

1

Γ(α+ p1)

)
.

Let E be a real Banach space and let ψ : J × E −→ E be given by

ψ(τ, u) =


β ln(e+ τ)

7 + cos(πτ)√
τ(1 + ‖u‖E)

u0, τ ∈]0, 1], u ∈ E,

0, τ = 0, u ∈ E,

where β > 0 and u0 is a fixed element in E.
The function ψ satisfies the conditions

lim
τ−→0+

‖ψ(τ, u)‖E = +∞, for all u ∈ E,

‖
√
τψ(τ, u)−

√
τψ(τ, v)‖E ⩽ 8βe‖u0‖E ‖u− v‖E,

for all τ ∈ J, for all (u, v) ∈ E2,

and
‖
√
τψ(τ, u)‖E ⩽ µ(τ) := 8βe‖u0‖E, for all τ ∈ J, for all u ∈ E.

For numerical simulation, we consider E = R, u0 = 1, and β = 1. The nonlinear function ψ is
implemented accordingly, and the singularity at τ = 0 is handled by setting ψ(0, y) = 0.

Figure 1 highlights the amplification effect generated by increasing values of β.
Figure 2 emphasizes the strong growth generated by the singular term 1√

τ
.

Figure 3 shows the damping effect produced by the term (1 + |y|) as |y| increases.
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Figure 1: Influence of the parameter β on the nonlinear function ψ(τ, y) = β ln(e+τ) 7 + cos(πτ)
√
τ(1 + |y|)

on the interval
[0, 1].
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Figure 2: Singular dynamics of the nonlinear function ψ(τ, y) near τ = 0 on the interval [0, 1].
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Figure 3: Effect of the state variable y on the nonlinear function ψ(τ, y) on the interval [0, 1].

Iran. J. Numer. Anal. Optim., Vol. 16, No. 3, 2026, pp 1031–1063



Bouziane and Bendoukha 1054

Example 1. Consider now in the Banach space C(J,E) the following Caputo-fractional problem:

(S1) :



C
1 ∂

α
0 y(τ) + ψ(τ, y(τ)) = 0, 0 < τ < 1, α ⩾ 3,

y(j)(0) = 0, j /∈ {3, 4} ,

a1y(1) =
∫ 1

0
(1− s)y(s)ds, a1 ∈ R∗,

a2y
′(1) =

∫ 1

0
y(s)ds, a2 ∈ R∗.

In this example, A1 and A2 are the scalar operators a1IE, a2IE, respectively, and

σ =
1

2
, m = 8βe‖u0‖E, (j1, j2) = (3, 4), (q1, q2) = (0, 1), (p1, p2) = (2, 1).

Consequently, the operator U (formula (11)) is defined in E as follows:

Ux =

(
600a1a2 + 30a1 − 60a2 + 1

600

)
x, x ∈ E.

Moreover, U is bounded with

‖U‖B(E) =
|600a1a2 + 30a1 − 60a2 + 1|

600
.

Also, U is invertible if 600a1a2 + 30a1 − 60a2 + 1 6= 0; its inverse is then given by the formula

U−1x =

(
600

600a1a2 + 30a1 − 60a2 + 1

)
x, x ∈ E

and
∥∥U−1

∥∥
B(E) =

1
∥U∥B(E)

.
Using the norm estimations given in the beginning of the section and the relation αΓ(α) =

Γ(α+ 1), α > 0, we get

∥Φ1∥B(E) ⩽ Λ1

:=
1

30Γ(α+ 2)

(
(30α3 + 120α2 + 90α)|a1a2|+ (6α2 + 36α+ 30)|a1|

+(α3 − α+ 120)|a2|+ (α+ 7)

)

and

∥Φ2∥B(E) ⩽ Λ2

:=
1

20Γ(α+ 2)

(
(20α3 + 60α2 + 40α)|a1a2|+ (5α2 + 25α+ 20)|a1|

+(α3 − α+ 60)|a2|+ (α+ 6)

)
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By (22), we can write

δ ⩽ ∆ ⩽ ∆̃ :=
1

Γ(α)
+

1

‖U‖B(E)
(Λ1 + Λ2). (32)

Thus, the problem (S1) has at least one solution if

k := 8βe‖u0‖E <
1− σ

∆̃− 1
Γ(α)

=
Γ(α)

2
(
Γ(α)∆̃− 1

) .
If

k := 8βe‖u0‖E <
1− σ
∆̃

=
1

2∆̃
<

1

2δ
, (33)

then the problem (S1) admits a unique solution y0 and it is Ulam–Hyers stable.
The function φ(τ) = 1 + τ2, for all τ ∈ [0, 1] is Riemann integrable and

∫ 1

0

φ(θ)dθ =
4

3
= δφ ⩽ 4

3
φ(τ) (0 ⩽ τ ⩽ 1).

Here is the graphical representation of the function φ(τ) = 1 + τ2 on [0, 1].

0 0.2 0.4 0.6 0.8 1

1

1.2

1.4

1.6

1.8

2

τ

φ
(τ
)

Figure 4: Plot of φ(τ) = 1 + τ2.

Figure 4 confirms that the function is increasing.
Thus, for k satisfying (33), the problem (S1) is Ulam–Hyers–Rassias stable with respect to

φ.
The following numerical simulations illustrate the behavior of the solution corresponding to

Example 1 for several integer and noninteger fractional orders α ⩾ 3. Figure 5 presents the
two-dimensional evolution of the solution y(τ) with respect to the variable τ , while Figure 6
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provides a three-dimensional visualization showing the combined influence of both the fractional
order α and the variable τ on the dynamics of the solution. These graphical representations
clearly highlight the effect induced by the fractional operator as well as the singular behavior
near τ = 0.
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Figure 5: Numerical solution of Example 1 for integer and noninteger fractional orders α ⩾ 3.
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Figure 6: Three-dimensional numerical solution of Example 1 for integer and noninteger fractional orders
α ⩾ 3.

Example 2. Let now E = C(J,R) and consider in the Banach space C(J,E) equipped with the
norm

‖y‖C(J,E) = max
τ∈J
‖y(τ, .)‖E = max

(θ,τ)∈J2
|y(τ, θ)|

the following Caputo-fractional problem
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(S2) :



C
1 ∂

α
0 y(τ, θ) + ψ(τ, y(τ, θ)) = 0, 0 < τ < 1, 0 ⩽ θ ⩽ 1, α ⩾ 3,

y
(j)
τ (r, θ) = 0, j /∈ {3, 4} , 0 ⩽ θ ⩽ 1,

θy(1, θ) =
∫ 1

0
(1− s)y(s, θ)ds, 0 ⩽ θ ⩽ 1,

θ2y
(1)
τ (1, θ) =

∫ 1

0
y(s, θ)ds, 0 ⩽ θ ⩽ 1,

where C
1 ∂

α
0 is the Caputo partial derivative of order α with respect to the first argument τ ,

y
(j)
τ (r, θ) = dj

dτj y(τ, θ) |τ=r and the function ψ is the same used in the first example.
We firstly prove that the problem (S2) can be expressed under the form (2), (3), (4).

Indeed, let A1 and A2 be the linear operators defined in E = C(J,R) by

(A1z)(θ) = θz(θ), (A2z)(θ) = θ2z(θ), for all θ ∈ J.

Now A1 and A2 commute and are bounded with ‖A1‖B(E) = ‖A2‖B(E) = 1. Using them, (S2)
can be rewritten in the desired form:

(S2) :



C
1 ∂

α
0 y(τ, θ) + ψ(τ, y(τ, θ)) = 0, 0 < τ < 1, 0 ⩽ θ ⩽ 1, α ⩾ 3,

y
(j)
τ (r, θ) = 0, j /∈ {3, 4} , 0 ⩽ θ ⩽ 1,

A1y(1, .)(θ) =
∫ 1

0
(1− s)y(s, θ)ds, 0 ⩽ θ ⩽ 1

A2y
(1)
τ (1, .)(θ) =

∫ 1

0
y(s, θ)ds, 0 ⩽ θ ⩽ 1.

In the present case, the operator U (formula (11)) is defined in E as follows:

Ux(θ) =

(
600θ3 − 60θ2 + 30θ + 1

600

)
x(θ).

The function h(θ) = 600θ3 − 60θ2 + 30θ + 1

600
, θ ∈ J is continuous, increases and

h(0) =
1

600
< h(θ) < h(1) =

571

600
, 0 < θ < 1.

Figure 7 illustrates the behavior of the function h(θ) on the interval [0, 1].
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Figure 7: Plot of the function h(θ) =
600θ3 − 60θ2 + 30θ + 1

600
on [0, 1]. The graph confirms the monotone

increasing behavior of the operator coefficient appearing in Example 2.

We can thus conclude that U is bounded and ‖U‖B(E) = h(1) = 571
600 . Moreover, U is also

invertible with
U−1x(θ) =

1

h(θ)
x(θ) =

600

600θ3 − 60θ2 + 30θ + 1
x(θ),

∥∥U−1
∥∥
B(E) =

1

h(0)
= 600.

Since ‖A1‖B(E) = ‖A2‖B(E) = 1, then to estimate the corresponding ‖Φ1‖B(E) and ‖Φ2‖B(E), it
suffices to set |a1| = |a2| = 1 in the quantities Λ1, Λ2 (see the first example). This gives us

‖Φ1‖B(E) ⩽
31α3 + 126α2 + 126α+ 157

30Γ(α+ 2)
,

‖Φ2‖B(E) ⩽
21α3 + 65α2 + 65α+ 86

20Γ(α+ 2)
.

By (22), we get

δ ⩽ ∆ ⩽ ∆̃ =
1250α3 + 4470α2 + 4471α+ 5720

Γ(α+ 2)
. (34)

Thus, the problem (S2) has at least one solution if

k := 8βe‖u0‖E <
1− σ

∆̃− 1
Γ(α)

=
Γ(α)

2
(
Γ(α)∆̃− 1

) .
If

k := 8βe‖u0‖E <
1− σ
∆̃

=
1

2∆̃
<

1

2δ
, (35)
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then the problem (S2) admits a unique solution y0 and is Ulam–Hyers stable.
The function φ(τ) = 1 + τ2, for all τ ∈ [0, 1] is Riemann integrable and

∫ 1

0

φ(θ)dθ =
4

3
= δφ ⩽ 4

3
φ(τ), (0 ⩽ τ ⩽ 1).

Thus, for k satisfying (35), the problem (S2) is Ulam–Hyers–Rassias stable with respect to φ.
Figures 8 and 9 illustrate the numerical behavior of the solution of Example 2 for several integer
and noninteger fractional orders α ⩾ 3. They show the influence of the fractional order on the
dynamics of the solution and highlight the singular behavior near τ = 0.
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Figure 8: Numerical solution of example 2 for integer and noninteger fractional orders α ⩾ 3.

Figure 8 illustrates the influence of the fractional order on the dynamics of the solution and
highlights the effect of the singular fractional operator.
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Figure 9: Three-dimensional numerical solution of Example 2 for integer and noninteger fractional orders
α ⩾ 3.
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The surface illustrates the dependence of the solution y(τ) on both the variable τ and the
fractional order α. Figure 9 highlights the effect induced by the fractional operator and the
singular behavior near τ = 0.

5 Conclusion

This article investigated a class of singular Caputo-fractional boundary value problems that in-
volve two integral boundary conditions connected through linear operators. It employs Banach’s
fixed point theorem to establish a uniqueness criterion and Krasnosel’skii’s fixed point theorem
to obtain an existence criterion. Furthermore, the authors presented two Ulam-type stability
results for the problems under consideration and illustrated the theoretical results by a concrete
example. The study remains largely theoretical, and the authors propose future work to assess
practical applicability by utilizing real data and performing numerical simulations.
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1 Introduction

The inverse eigenvalue problem concerns the reconstruction of a matrix (or a class of matrices)
from prescribed spectral data such as eigenvalues or eigenpairs. Because spectral properties often
reflect essential physical and geometric characteristics of systems, inverse eigenvalue problems
arise in various applications, including vibration analysis, structural dynamics, control theory,
and signal processing. For this reason, they have been extensively studied in both theoretical
and numerical contexts [1, 2].

A large portion of the existing literature focuses on inverse eigenvalue problems for structured
matrices such as symmetric, tridiagonal and banded classes

[8, 11, 10, 5, 9, 7]. In this paper, we consider a class of composite banded tridiagonal matri-
ces, which generalize classical tridiagonal matrices by combining two different structural patterns
within a single matrix. This composite structure leads to recurrence relations that differ from
the standard ones, thereby making the associated inverse eigenvalue problems more challenging.
However, to the best of our knowledge, inverse eigenvalue problems for composite banded tridi-
agonal matrices of the present type have not been investigated in the existing literature. The
main contributions of this work can be summarized as follows. First, we formulate two inverse
eigenvalue problems for a new class of composite banded tridiagonal matrices in both symmetric
and nonsymmetric settings. Second, we derive necessary and sufficient conditions for solvabil-
ity and establish existence and uniqueness results. Finally, we develop explicit reconstruction
algorithms and validate the proposed methods through numerical examples.

This paper is organized as follows. Section 2 presents the matrix structures and formulates
the corresponding inverse eigenvalue problems. The symmetric case is analyzed in Section 3.
Section 4 addresses the nonsymmetric case. In Section 5, numerical examples are provided to
illustrate the effectiveness of the proposed methods, and concluding remarks are given in Section
6.

2 Problem formulation and preliminaries

In this section, we introduce the class of composite banded tridiagonal matrices and formally
formulate the associated inverse eigenvalue problems. We also present the notation and prelimi-
nary results that will be used in the subsequent analysis. We consider an n×n composite banded
tridiagonal matrix of the following form. In the symmetric case, the matrix An is given by
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An =



a1 b1 . . . bm+1

b1 a2
... . . .

bm+1 am+2 bm+2

bm+2 am+3 bm+3

bm+3
. . . . . .
. . . . . . bn−1

bn−1 an



, (1)

where bj 6= 0 for j = 1, . . . , n− 1.
In the nonsymmetric case, the matrix Bn is defined as

Bn =



a1 c1 . . . cm+1

b1 a2
... . . .

bm+1 am+2 cm+2

bm+2 am+3 cm+3

bm+3
. . . . . .
. . . . . . cn−1

bn−1 an



, (2)

where bjcj 6= 0 for j = 1, . . . , n− 1.
The matrix Bn of the form (2) is diagonally similar to the following symmetric matrix:

DBnD
−1

=



a1
√
b1c1 . . .

√
bm+1cm+1√

b1c1 a2

...
. . .√

bm+1cm+1 am+2
√

bm+2cm+2√
bm+2cm+2 am+3

√
bm+3cm+3

√
bm+3cm+3

. . .
. . .

. . .
. . . √

bn−1cn−1√
bn−1cn−1 an



.

Also, D = diag(1, d2, . . . , dn) such that

di =


√

ci−1

bi−1
, i = 2, 3, . . . ,m+ 1,

√∏i−1
j=m+1

cj
bj
, i = m+ 2, . . . , n,
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This implies that, under the transformation, the eigenvalues of the leading principal subma-
trices Bj , j = 1, 2, . . . , n, of the matrix Bn remain invariant. The term composite refers to the
fact that the matrix structure changes after the (m + 1)th row and column. Specifically, the
leading part of the matrix exhibits a bordered diagonal pattern, while the remaining part follows
a classical tridiagonal structure. This hybrid form generalizes standard tridiagonal matrices.

Based on the above matrix structures, we consider the following inverse eigenvalue problems.

Problem 1 (IEP-S (Symmetric Case)). The real numbers λ(n)max, λ(n−1)
max and the real vectors

x = (x1, . . . , xn)
T ∈ Rn and x′ = (x′1, . . . , x

′
n−1)

T ∈ Rn−1 are given. Find an n × n symmetric
matrix An of the form (1) such that λ(n)max and λ(n−1)

max are, respectively, the maximum eigenvalues
of An and its leading principal submatrix An−1, and (λ

(n)
max, x) and (λ

(n−1)
max , x′) are eigenpairs of

An and An−1, respectively.

Problem 2 (IEP-NS (Nonsymmetric Case)). The list of real numbers

λ
(j)
min, λ

(j)
max, j = 1, . . . , n,

and the eigenpair (λ
(n)
max, x) are given. Find a matrix Bn of the form (2) such that Bnx =

λ
(n)
maxx, and for each j = 1, . . . , n, λ(j)min and λ(j)max are, respectively, the minimum and maximum

eigenvalues of the leading principal submatrix Bj of Bn.

The considered inverse eigenvalue problems naturally arise in applications where partial
spectral information of a structured system is available. For instance, in vibration analysis and
structural dynamics, extremal eigenvalues of principal substructures may be measured exper-
imentally, while only limited eigenvector information of the full system is accessible. In such
situations, reconstructing the underlying matrix model from partial spectral data becomes es-
sential. The composite banded structure considered here may represent systems composed of
two interconnected subsystems with different internal configurations.

To prepare for the analysis in the subsequent sections, we first recall several known lemmas
from the literature that will be used in the proofs of our results.

Lemma 1. [6] Let ϕ(λ) be a monic polynomial of degree n with all real zeroes. If λ(n)min and λ(n)max

are, respectively, the minimum and the maximum zero of ϕ(λ), then

i. If x < λ
(n)
min , we have (−1)nϕ(x) > 0.

ii. If x > λ
(n)
max , we have ϕ(x) > 0.
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Lemma 2. [3] Let An be an n × n matrix of the form (1) and let λ(j)min, λ
(j)
max be the minimum

and maximum eigenvalue of the leading principal submatrix Aj of An, j = 1, 2, . . . , n. Then

λ
(n)
min < λ

(n−1)
min < · · · < λ

(2)
min < λ

(1)
min < λ(2)max < · · · < λ(n)max (3)

and
λ
(j)
min < ak < λ(j)max, k = 1, 2, . . . , j; j = 2, . . . , n. (4)

Let {ϕj(λ) = det(λIj − Aj)}nj=1 be the sequence of characteristic polynomials of An. We
obtain the recurrence relation ϕj(λ) of the matrix An in Lemma 3.

Lemma 3. [3] Let An be an n × n matrix of the form (1). Then the sequence of {ϕj(λ)}nj=1

satisfies the following recurrence relations:

i. ϕ1(λ) = (λ− a1),

ii. ϕj(λ) = (λ− aj)ϕj−1(λ)− b2j−1

∏j−1
k=2(λ− ak), j = 2, . . . ,m+ 2,

iii. ϕj(λ) = (λ− aj)ϕj−1(λ)− b2j−1ϕj−2(λ), j = m+ 3, . . . , n,

where ϕ0(λ) = 1.

3 Formulation and solution of the IEP-S (Symmetric Case)

In this section, we present the main theoretical results of the paper. By using the preliminary
lemmas established in section 2, we derive solvability conditions and reconstruction formulas for
the inverse eigenvalue problem in the symmetric case.

By Lemma 2, we now derive explicit formulas for the components of the eigenvector asso-
ciated with the maximum eigenvalue of the matrix and its leading principal submatrix. These
relations play a key role in linking the given spectral data to the unknown matrix entries.

Lemma 4. Let x = (x1, x2, . . . , xn)
T and x′ = (x′1, x

′
2, . . . , x

′
n−1)

T be eigenvectors of An and
An−1 corresponding to the eigenvalues λ(n)max and λ

(n−1)
max , respectively. Then x1 6= 0, x′1 6= 0,

and the components of these eigenvectors can be expressed in terms of their first components as
follows:

xj =
−bj−1x1

aj − λ(n)max
, j = 2, . . . ,m+ 1, (5)
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xj =
(−1)jϕj−1(λ

(n)
max)x1

j−1∏
i=m+1

bi

m+1∏
k=2

(ak − λ(n)max)

, j = m+ 2, . . . , n, (6)

x′j =
−bj−1x

′
1

aj − λ(n−1)
max

, j = 2, . . . ,m+ 1, (7)

x′j =
(−1)jϕj−1(λ

(n−1)
max )x′1

j−1∏
i=m+1

bi

m+1∏
k=2

(ak − λ(n−1)
max )

, j = m+ 2, . . . , n− 1. (8)

Proof. Let (λ(n)max, x) be an eigenpair of An. Then

Anx = λ(n)maxx. (9)

Comparing the first (n− 1) rows of (9) on both sides yields

(a1 − λ(n)max)x1 +

m+2∑
j=2

bj−1xj = 0, (10)

bj−1x1 + (aj − λ(n)max)xj = 0, j = 2, . . . ,m+ 1, (11)

bm+1x1 + (am+2 − λ(n)max)xm+2 + bm+2xm+3 = 0, (12)

bj−1xj−1 + (aj − λ(n)max)xj + bjxj+1 = 0, j = m+ 3, . . . , n− 1. (13)

By Lemma 2, (aj − λ(n)max) 6= 0 for j = 2, . . . ,m+ 1. Hence, from (11) we obtain

xj =
−bj−1x1

aj − λ(n)max
, j = 2, . . . ,m+ 1,

which establishes (5).
Next, we determine the remaining components xm+2, . . . , xn recursively. From (10) we get

xm+2 =
(λ

(n)
max − a1)x1 −

∑m+1
i=2 bi−1xi

bm+1
.

Substituting the expressions for x2, . . . , xm+1 from (5) yields

xm+2 =
(−1)m+2ϕm+1(λ

(n)
max)x1

bm+1

∏m+1
k=2 (ak − λ(n)max)

,

which verifies the base case of (6).
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Assume now that (6) holds up to j = n − 1. To prove it for j = n, consider (13) with
j = n− 1:

bn−2xn−2 + (an−1 − λ(n)max)xn−1 + bn−1xn = 0,

so that

xn =
−bn−2xn−2 + (λ

(n)
max − an−1)xn−1

bn−1
.

By the induction hypothesis,

xn−2 =
(−1)n−2ϕn−3(λ

(n)
max)x1

n−3∏
i=m+1

bi

m+1∏
k=2

(ak − λ(n)max)

,

xn−1 =
(−1)n−1ϕn−2(λ

(n)
max)x1

n−2∏
i=m+1

bi

m+1∏
k=2

(ak − λ(n)max)

.

Substituting into the recurrence gives

xn =
(−1)nϕn−1(λ

(n)
max)x1

n−1∏
i=m+1

bi

m+1∏
k=2

(ak − λ(n)max)

,

which proves (6).
Finally, since x is an eigenvector, x 6= 0. If x1 = 0, then by relations (5)–(6) all components

vanish, which is a contradiction. Hence x1 6= 0.
The same reasoning applies to the eigenpair (λ(n−1)

max , x′) of An−1: Replacing λ(n)max with λ(n−1)
max

and noting that indices now run up to n− 1, we obtain the relations (7)–(8). This completes the
proof.

With the component formulas of the eigenvectors established in Lemma 4, we are now able
to formulate the main result of this section. The following theorem provides conditions under
which the inverse eigenvalue problem admits a unique solution and shows how the unknown
entries of the matrix can be determined from the eigenvalues and eigenvector components.

Theorem 1. Problem 1 has a unique solution if the following conditions are satisfied:

a: xj 6= 0, for j = 1, 2, . . . , n and x′j 6= 0, for j = 1, 2, . . . , n− 1.

b: Ej =
∣∣∣∣∣x1 xm+2

x′1 x
′
m+2

∣∣∣∣∣ 6= 0.
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c: Fj =
∣∣∣∣∣xj xj+1

x′j x
′
j+1

∣∣∣∣∣ 6= 0, j = m+ 2, . . . , n− 2.

Proof. Assume that xj 6= 0 for j = 1, 2, . . . , n and x′j 6= 0 for j = 1, 2, . . . , n− 1.

Since (λ
(n)
max, x) and (λ

(n−1)
max , x′) are eigenpairs of the matrices An and An−1, respectively, it

follows that for j = 2, . . . ,m+ 1 the following relations hold: bj−1x1 + (aj − λ(n)max)xj = 0,

bj−1x
′
1 + (aj − λ(n−1)

max )x′j = 0.

Let Dj denote the determinant of the coefficient matrix of the above system. Then

Dj = x1x
′
j − x′1xj .

If Dj 6= 0, the system admits a unique solution for aj and bj−1, given by

bj−1 =
(λ

(n)
max − λ(n−1)

max )x′jxj

x1x′j − x′1xj
,

aj = λ(n)max −
bj−1x1
xj

.

According to Lemma 4, we have

Dj = x1
−bj−1x

′
1

(aj − λ(n−1)
max )

− x′1
−bj−1x1

(aj − λ(n)max)
=
−x1x′1bj−1(λ

(n)
max − λ(n−1)

max )

(aj − λ(n−1)
max )(aj − λ(n)max)

.

By Lemma 2 and relation (3), it follows that

(λ(n)max − λ(n−1)
max ) 6= 0,

and thus Dj 6= 0. Since (λ
(n)
max − λ(n−1)

max )x′jxj 6= 0, we conclude that bj−1 6= 0.

To determine a1 and bm+1, consider (a1 − λ(n)max)x1 +
∑m+2
j=2 bj−1xj = 0,

(a1 − λ(n−1)
max )x′1 +

∑m+2
j=2 bj−1x

′
j = 0.

Since bj for j = 1, . . . ,m are known, this system can be solved uniquely for bm+1 and a1 (as
Ej 6= 0) as follows:
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bm+1 =
(λ

(n−1)
max − λ(n)max)

∑m+1
j=1 xjx

′
j

Ej
,

a1 = λ(n)max −
∑m+2
j=2 bj−1xj

x1
.

From Lemma 4, we obtain

xjx
′
j =

b2j−1x1x
′
1

(aj − λ(n)max)(aj − λ(n−1)
max )

.

Moreover, by Lemma 2, relation (4), we have

b2j−1

(aj − λ(n)max)(aj − λ(n−1)
max )

> 0.

Therefore, the signs of xjx′j and x1x′1 coincide. Hence,
∑m+1
j=1 xjx

′
j 6= 0, and thus bm+1 6= 0. To

determine the coefficients am+2 and bm+2, consider the linear system
bm+1x1 + (am+2 − λ(n)max)xm+2 + bm+2xm+3 = 0,

bm+1x
′
1 + (am+2 − λ(n−1)

max )x′m+2 + bm+2x
′
m+3 = 0.

Since Fm+2 6= 0 by condition (c), the system has a unique solution. Therefore

bm+2 =
(λ

(n−1)
max − λ(n)max)

∑m+2
j=1 xjx

′
j

Fm+2
,

am+2 = λ(n)max −
bm+1x1 + bm+2xm+3

xm+2
.

Thus, both coefficients are uniquely determined once bm+1 is known.
By (13) for j = m+ 3, . . . , n− 2 we have

bj−1xj−1 + (aj − λ(n)max)xj + bjxj+1 = 0,

bj−1x
′
j−1 + (aj − λ(n−1)

max )x′j + bjx
′
j+1 = 0.

by condition (c), the system has a unique solution.

bj =
(λ

(n−1)
max − λ(n)max)

∑j
i=1 xix

′
i

Fj
,
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aj = λ(n)max −
bj−1xj−1 + bjxj+1

xj
.

Finally, to determine an−1, note that

bn−2x
′
n−2 + (an−1 − λ(n−1)

max )x′n−1 = 0,

which implies
an−1 = λ(n−1)

max −
bn−2x

′
n−2

x′n−1

.

Using (13), we obtain

bn−1 =
−(bn−2xn−2 + (an−1 − λ(n)max)xn−1)

xn
=

(λ
(n)
max − λ(n−1)

max )
∑n−1
i=1 xix

′
i

xnx′n−1

,

and consequently,
an = λ(n)max −

bn−1xn−1

xn
.

Theorem 1 shows that the solvability of Problem 1 depends only on the nonvanishing of
certain eigenvector components and determinant conditions involving the given spectral data.
These conditions ensure that each step of the reconstruction process is well defined and that the
unknown matrix entries can be uniquely determined. In particular, the theorem guarantees that
the prescribed eigenpairs contain sufficient information to recover the entire matrix.

4 Formulation and solution of the IEP-NS (Nonsymmetric
case)

In this section, we study the inverse eigenvalue problem for the nonsymmetric matrix Bn of the
form (2). To establish the main result, we first present some preliminary relations concerning
the characteristic polynomials of the principal submatrices of Bn. These relations form the basis
for deriving expressions of the eigenvectors associated with the dominant eigenvalue, which are
essential for the subsequent analysis.

Lemma 5. Let Bn be an n×n matrix of the form (2). Then the sequence of {ϕj(λ)}nj=1 satisfies
the following recurrence relations:

i. ϕ1(λ) = (λ− a1),
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ii. ϕj(λ) = (λ− aj)ϕj−1(λ)− bj−1cj−1

∏j−1
k=2(λ− ak), j = 2, . . . ,m+ 2,

iii. ϕj(λ) = (λ− aj)ϕj−1(λ)− bj−1cj−1ϕj−2(λ), j = m+ 3, . . . , n,

where ϕ0(λ) = 1.

Proof. The relations can be verified by expanding the determinant.

Lemma 6. Let x = (x1, x2, . . . , xn)
T denote an eigenvector of the matrix Bn corresponding to

the eigenvalue λ(n)max. Then x1 6= 0, and the components of this eigenvector can be expressed as

xj =
−bj−1x1

aj − λ(n)max
, j = 2, . . . ,m+ 1, (14)

xj =
(−1)jϕj−1(λ

(n)
max)x1

j−1∏
i=m+1

ci

m+1∏
k=2

(ak − λ(n)max)

, j = m+ 2, . . . , n. (15)

Proof. The proof follows the same reasoning as in Lemma 4, and is therefore omitted for brevity.

To proceed toward the reconstruction of the matrix elements, we make use of the following
result from [3], which establishes an interlacing property and explicit formulas for the entries
of a symmetric matrix. This theorem will play a key role in proving our main result for the
nonsymmetric case.

Theorem 2. [3] Let
σ = (λ

(1)
min, λ

(2)
min, λ

(2)
max, . . . , λ

(n)
min, λ

(n)
max),

be a list of real numbers. Then the list σ can be interlacingly realized by an n × n symmetric
matrix An of the form (1) if and only if

λ
(n)
min < λ

(n−1)
min < · · · < λ

(2)
min < λ

(1)
min < λ(2)max < · · · < λ(n)max.

The entries of an n× n symmetric matrix A of the form (1) as follows:
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a1 = λ
(1)
min,

aj =

λ
(j)
min ϕj−1(λ

(j)
min)

j−1∏
i=2

(λ
(j)
max − ai)− λ(j)max ϕj−1(λ

(j)
max)

j−1∏
i=2

(λ
(j)
min − ai)

ϕj−1(λ
(j)
min)

j−1∏
i=2

(λ
(j)
max − ai)− ϕj−1(λ

(j)
max)

j−1∏
i=2

(λ
(j)
min − ai)

,

b2j−1 =
(λ

(j)
max − λ(j)min)ϕj−1(λ

(j)
min)ϕj−1(λ

(j)
max)

ϕj−1(λ
(j)
min)

j−1∏
i=2

(λ
(j)
max − ai)− ϕj−1(λ

(j)
max)

j−1∏
i=2

(λ
(j)
min − ai)

,

for any j = 2, . . . ,m and

aj =
λ
(j)
minϕj−1(λ

(j)
min)ϕj−2(λ

(j)
max)− λ(j)maxϕj−1(λ

(j)
max)ϕj−2(λ

(j)
min)

ϕj−1(λ
(j)
min)ϕj−2(λ

(j)
max)− ϕj−1(λ

(j)
max)ϕj−2(λ

(j)
min)

,

b2j−1 =
(λ

(j)
max − λ(j)min)ϕj−1(λ

(j)
min)ϕj−1(λ

(j)
max)

ϕj−1(λ
(j)
min)ϕj−2(λ

(j)
max)− ϕj−1(λ

(j)
max)ϕj−2(λ

(j)
min)

,

for j = m+ 1, . . . , n.

The next step is to extend these relations to the nonsymmetric setting. For this purpose, we
introduce a set of auxiliary quantities that simplify the notation and facilitate the proof of the
main theorem.

Mj = λ
(j)
minϕj−1(λ

(j)
min)

j−1∏
i=2

(λ(j)max − ai),

Nj = λ(j)maxϕj−1(λ
(j)
max)

j−1∏
i=2

(λ
(j)
min − ai),

Pj = (λ(j)max − λ
(j)
min)ϕj−1(λ

(j)
min)ϕj−1(λ

(j)
max),

Dj = ϕj−1(λ
(j)
min)

j−1∏
i=2

(λ(j)max − ai)− ϕj−1(λ
(j)
max)

j−1∏
i=2

(λ
(j)
min − ai),

Sj = λ
(j)
minϕj−1(λ

(j)
min)ϕj−2(λ

(j)
max),

Tj = λ(j)maxϕj−1(λ
(j)
max)ϕj−2(λ

(j)
min),

D′
j = ϕj−1(λ

(j)
min)ϕj−2(λ

(j)
max)− ϕj−1(λ

(j)
max)ϕj−2(λ

(j)
min).

We are now ready to state and prove the main theorem of this section, which establishes the
existence and uniqueness of the solution to Problem 2 under the given spectral conditions.
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Theorem 3. If the ordered spectral relation

λ
(n)
min < λ

(n−1)
min < · · · < λ

(2)
min < λ

(1)
min < λ(2)max < · · · < λ(n)max, (16)

holds, and the component xj of the corresponding eigenvector is nonzero (i.e., xj 6= 0) for all
j = 1, 2, . . . , n, then Problem 2 admits a unique solution.

Proof. To prove this theorem, we observe that Problem 2 is equivalent to solving the system of
(17), (18), and (19) for the unknown parameters.

ϕj(λ
(j)
max) = 0, j = 1, 2, . . . , n, (17)

ϕj(λ
(j)
min) = 0, j = 1, 2, . . . , n, (18)

Bnx = λ(n)maxx. (19)

It is immediate that a1 = λ
(1)
min. The following subsystem, defined by (17) and (18) for j =

2, . . . ,m+ 2. 
ϕj(λ

(j)
max) = ajϕj−1(λ

(j)
max) + bj−1cj−1

∏j−1
k=2(λ

(j)
max − ak)

−λ(j)maxϕj−1(λ
(j)
max) = 0,

ϕj(λ
(j)
min) = ajϕj−1(λ

(j)
min) + bj−1cj−1

∏j−1
k=2(λ

(j)
min − ak)

−λ(j)minϕj−1(λ
(j)
min) = 0.

(20)

By Theorem 2 and (20), we can determine the coefficients aj and the product bj−1cj−1 as follows:

aj =
Mj −Nj
Dj

,

bj−1cj−1 =
Pj
Dj

.

Using the eigenvalue condition Bnx = λ
(n)
maxx, and substituting into (11), we obtain

bj−1 = (λ(n)max − aj)
xj
x1
.

Substituting the obtained expressions for aj and bj−1 back into the first equation of system
(20) yields

cj−1 =
(λ

(j)
max − aj)ϕj−1(λ

(j)
max)

bj−1

∏j−1
k=2(λ

(j)
max − ak))

.

Furthermore, from (16) and Lemma 1, we confirm the positivity condition:

bj−1cj−1 =
(−1)j−1Pj
(−1)j−1Dj

> 0.
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Next, using Lemma 5, the conditions in (17) and (18) can be reformulated as the following system
for j = m+ 3, . . . , n: ajϕj−1(λ

(j)
max) + bj−1cj−1ϕj−2(λ

(j)
max)− λ(j)maxϕj−1(λ

(j)
max) = 0,

ajϕj−1(λ
(j)
min) + bj−1cj−1ϕj−2(λ

(j)
min)− λ

(j)
minϕj−1(λ

(j)
min) = 0.

(21)

By Theorem 2 solving (21) for aj and the product bj−1cj−1 yields

aj =
Sj − Tj
D′
j

,

bj−1cj−1 =
(λ

(j)
max − λ(j)min)ϕj−1(λ

(j)
min)ϕj−1(λ

(j)
max)

D′
j

.

Furthermore, bj−1 can be determined recursively from (15) as

cj−1 =
(−1)jϕj−1(λ

(n)
max)x1∏j−2

i=m+1 ci
∏m+1
k=2 (ak − λ(n)max)xj

.

Finally, substituting the expressions for aj and cj−1 into (17), we obtain

bj−1 =
(λ

(j)
max − aj)ϕj−1(λ

(j)
max)

cj−1ϕj−2(λ
(j)
max)

.

The positivity of the resulting products follows from (16) and Lemma 1. Since all the
required parameters are uniquely determined by the given spectral data and the components of
the eigenvector, the solution to Problem 2 is unique.

Theorem 3 establishes that the given extremal eigenvalues of the leading principal subma-
trices, together with a single eigenpair of the full matrix, uniquely determine the nonsymmetric
matrix Bn. The interlacing condition plays a crucial role in ensuring the positivity of the recon-
structed parameters and the consistency of the solution.

5 Algorithms and numerical examples

In this section, we present the solution algorithms for Problems 1 and 2, together with numerical
examples.
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Algorithm 1 To solve Problem 1

Require: λ(n)max, λ(n−1)
max , ε, x = (x1, . . . , xn), x′ = (x′1, . . . , x

′
n−1)

Ensure: An
for j = 2 to m+ 1 do

bj−1 =
(λ(n)

max−λ
(n−1)
max )x′

jxj

x1x′
j−x′

1xj
.

aj = λ
(n)
max − bj−1x1

xj
.

end for
if |x1x′m+2 − x′1xm+2| < ε then

Problem cannot be solved by this algorithm.
end if
bm+1 =

(λ(n−1)
max −λ(n)

max)
∑m+1

j=1 xjx
′
j

Ej

a1 = λ
(n)
max −

∑m+2
j=2 bj−1xj

x1
.

if |xm+2x
′
m+3 − x′m+2xm+3| < ε then

Problem cannot be solved by this algorithm.
end if
bm+2 =

(λ(n−1)
max −λ(n)

max)
∑m+2

j=1 xjx
′
j

Fj

am+2 = λ
(n)
max − bm+1x1+bm+2xm+3

xm+2
.

for j = m+ 3 to n− 2 do
if |xjx′j+1 − x′jxj+1| < ε then

Problem cannot be solved by this algorithm.
end if
bj =

(λ(n−1)
max −λ(n)

max)
∑j

i=1 xix
′
i

Fj

aj = λ
(n)
max − bj−1xj−1+bjxj+1

xj
.

end for
an−1 = λ

(n−1)
max − bn−2x

′
n−2

x′
n−1

.

bn−1 =
(λ(n−1)

max −λ(n)
max)

∑n−1
i=1 xix

′
i

xnx′
n−1

,

an = λ
(n)
max − bn−1xn−1

xn
.

Example 1. Consider two distinct real numbers λ(7)max = 9.8796 and λ
(6)
max = 7.1115, together

with the real vectors

x = (0.0453, 0.0066, 0.0046, 0.0084, 0.2260, 0.7525, 0.6168)T ,

and
x′ = (0.21946, 0.0534, 0.0343, 0.0935, 0.4707, 0.8470)T .

Determine a 7 × 7 matrix of the form (1) such that (λ
(7)
max, x) forms an eigenpair of A7 and

(λ
(6)
max, x′) is an eigenpair of A6.

Solution: Using Algorithm 1, we obtain the following unique matrix:
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A7 =



4 1 0.8 0.9 1.1 0 0

1 3 0 0 0 0 0

0.8 0 2 0 0 0 0

0.9 0 0 5 0 0 0

1.1 0 0 0 3 2 0

0 0 0 0 2 6 4

0 0 0 0 0 4 5


.

To verify the correctness of this result, the eigenvalues of A6 and A7 are recalculated from
the above matrix. The obtained spectra are

σ(A6) = { 7.1115, 5.7253, 4.2778, 2.6905, 2.0000, 1.1947},

σ(A7) = { 9.8796, 5.8562, 4.4413, 3.2988, 2.4780, 1.5593, 0.4865}.

The underlined eigenvalues correspond to the prescribed maximum eigenvalues, confirming
the consistency of the constructed matrix with the given spectral data.

Algorithm 2 To solve Problem 2

Require: Spectral data {λ(j)min, λ
(j)
max}nj=1, eigenvector x = (x1, . . . , xn) with xj 6= 0, integer m.

for j = 2 to m+ 2 do
compute auxiliary scalars Mj , Nj , Pj , Dj from spectral data and {ϕk}
aj ←

Mj −Nj
Dj

.

bj−1 ← (λ
(n)
max − aj)

xj
x1
.

cj−1 ←
(λ

(j)
max − aj)ϕj−1(λ

(j)
max)

bj−1

∏j−1
k=2(λ

(j)
max − ak)

.

end for
for j = m+ 3 to n do

aj ←
Sj − Tj
D′
j

.

cj−1 ← (−1)j ϕj−1(λ
(n)
max) x1(∏ j−2

i=m+1 ci

)(∏m+1
k=2 (ak−λ(n)

max)

)
xj

.

bj−1 ← (λ(j)
max−aj)ϕj−1(λ

(j)
max)

cj−1ϕj−2(λ
(j)
max)

.

end for

Example 2. Given the 15 real numbers shown in Table 1, which displays the minimum and
maximum eigenvalues of the leading principal submatrices Bj , and the real vector
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x = (−0.0664,−0.0109,−0.0198,−0.2552,−0.4714,−0.6657,−0.4745,−0.1985)T ,

assume that the conditions of Theorem 3 are satisfied.

Table 1: minimum and maximum eigenvalues of leading principal submatrices Bj .
j 1 2 3 4 5 6 7 8

λ
(j)
min 4 2.3170 1.4499 0.5659 0.4374 0.3939 0.2575 -1.4229

λ
(j)
max 4 8.1830 10.8934 14.3663 16.7496 18.5961 19.6192 19.9541

Find a matrix B8 of the form (2) such that λ(j)min and λ(j)max are the minimum and maximum
eigenvalues of Bj , j = 1, 2, . . . , 8, moreover (λ(8)max, x) is its eigenpair.

Solution: By applying Algorithm 2, we obtain the following matrix

B8 =



4.0 3.2 2.8 3.8 0 0 0 0

2.2 6.5 0 0 0 0 0 0

3.2 0 9.2 0 0 0 0 0

3.8 0 0 12.5 3.5 0 0 0

0 0 0 4.8 11 4.5 0 0

0 0 0 0 6.2 12 5 0

0 0 0 0 0 7.8 6 7.2

0 0 0 0 0 0 5 8


.

The eigenvalues of the leading principal submatrices are listed in the Table 2. The underlined
values represent the minimum and maximum eigenvalues of these leading principal submatrices.

Table 2: Eigenvalues of the leading principal submatrices of B8

Submatrix Eigenvalues
B1 {4.0000}
B2 {2.3170, 8.1830}
B3 {1.4499, 7.3567, 10.8934}
B4 {0.5659, 7.1812, 10.0865, 14.3663}
B5 {0.4374, 6.9207, 8.1816, 10.9108, 16.7496}
B6 {0.3939, 5.1089, 7.2774, 10.2381, 13.5856, 18.5961}
B7 {0.2575, 1.1955, 6.8389, 7.7846, 10.5835, 14.9208, 19.6192}
B8 {−1.4229, 0.4466, 5.7080, 7.2957, 10.0053, 11.6269, 15.5863, 19.9541}

The underlined eigenvalues are the minimum and maximum eigenvalues, and
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B8x = 19.9541x.

Although the presented examples are of moderate size, they illustrate all essential steps of the
reconstruction procedure. Since the proposed algorithm is based on explicit recurrence relations
and closed form expressions, its implementation does not depend on the matrix dimension in a
structural sense. Therefore, the same reconstruction process applies to larger matrices without
modification. In practice, the numerical computations remain stable whenever the solvability
conditions of Theorem 1 and Theorem 3 are satisfied.

6 Conclusions

In this paper, we addressed two partially described inverse eigenvalue problems for a special
class of structured matrices. By utilizing limited spectral data and establishing recurrence re-
lations between successive principal submatrices, we derived necessary and sufficient solvability
conditions and proposed explicit reconstruction algorithms. Numerical experiments confirmed
the effectiveness of the developed methods, demonstrating that such inverse problems can be
successfully solved even when only partial eigendata are available.
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1 Introduction

The term environmental contaminants refer to those potentially objectionable substances (or
toxicants) that exist in the environment at enough level to harmful effect on the health of
each type of biological species (i.e., human beings, animals and plants). The environmental
contaminants are the result of various activities of human populations, such as fuel combustion,
industrialisation, chemical manufacturing, domestic sewage, and so on, and some natural factors,
such as volcanic eruptions, forest fires which contain dangerous gases, chemicals, and so on.
Some toxicants that are not directly emitted in the environment, although they are formed in
the environment by chemical and physical processes from primary toxicants (those toxicants that
are directly emitted into the environment) also cause to increase the contaminants levels in the
environment. These toxicants are known as secondary toxicants and may be even more toxic and
harmful than primary toxicants. To illustrate, some gaseous toxicants (or primary toxicants)
such as Sulfur Dioxide (SO2), Nitric Oxides (NOX), Carbon Monoxide (CO), Volatile Organic
Compounds (VOC) including Hydrocarbons (CXHY ) are discharged from particular sources,
such as burning of fuels, industrial activities, volcanic eruptions, and so on. The product of
these primary toxicants produce secondary toxicants, such as ground level ozone — produced by
product of Nitric Oxides (NOX), Hydrocarbons (CXHY ) and Sunlight — and acid rain which is
formed when SO2 and NOX react with Water (H2O) and Oxygen(O2). There are many other
toxicants that are the product of primary toxicants, sunlight, and water, for example, Peroxy
Acetyl Nitrates (PAN), Formaldehydes, Aerosols, and so on (see Figure 1).

When these toxicants enter the food chain of biological species, a range of diseases may occur
in biological species including cancer, genetic disorder, lesions, deformities, stagnated capability
of reproduction, and so on [3, 5, 11, 12, 13, 14, 16, 19].

Many researchers, economists and other authorities are busy to monitor and assess the effect
of toxicants on biological species. Some of them use mathematical models to highlight the various
natures of biological species in the real life fields such as ecology, ecotoxicology, epidemiology,
and so on. With the help of modeling, researchers are able to predict the growth of biological
species in toxic environment and understand diseases and deformities in biological species in
a more meaningful manner. In particular, researchers have proposed, analyzed, and simulated
mathematical models to provide important insights for the effect of toxicants on biological species
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Figure 1: Primary and Secondary pollutants (or toxicants)
(Image Courtesy: sciencescene.com/Environmental%20Science/Graphics/1503.jpg)

[1, 4, 8, 17, 18]. Freedman and Shukla [4] have studied the effect of a single toxicant on biological
species and predator: Prey case. They have shown that toxicant affected both the growth rate
and carrying capacity. Shukla and Agrawal [17] have proposed a model by considering the case
of allelopathy. In their model, the toxicant emitted into the environment by one species and
decreased the growth rate and carrying capacity of other species. Shukla et al. [18] proposed
and analyzed a model to study the growth of biomass resources (forests, agricultural, crops, etc.)
with the effect of primary and secondary toxicants. They concluded that primary and secondary
toxicants, both simultaneously affected the biomass resources. The biomass resources may extinct
if the emission rate of primary and secondary toxicants are extremely high. Furthermore, a highly
important observable fact when a subclass of biological species shows deformity and incapable
in reproduction after the effect of a toxicant emitted from some external sources, was studied
by Agrawal and Shukla [1]. Furthermore, Kumar et al. [8] proposed and analyzed a model with
an assumption that toxicant emitted by biological species and a subclass of species is severely
affected by this toxicant and suffer from deformity. They showed that the density of biological
species decreased and density of the subclass of biological species increased when emission rate
of toxicant increased. The system becomes unstable, and both densities (density of biological
species and density of the subclass of biological species) show oscillations for higher emission rate
of toxicant.

In this paper, we propose and analyze a mathematical model to study the effect of primary
and secondary toxicant on a biological species of a subclass, which is severely affected and gets
deformed. We also provide a numerical simulation of the model for the confirmation of our
analytical results.
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2 Mathematical model

We consider a biological species surviving in a polluted environment with population density
N(t) at time t. This polluted environment having primary and secondary toxicants with en-
vironmental concentrations T (t) and Ts(t) at time t. We assume that the primary toxicant is
constantly discharged in the environment by some external sources. A part of this primary tox-
icant is converted into secondary toxicant. So, the rate at which primary toxicant is converted
into secondary toxicant is directly proportional to the environmental concentration of primary
toxicant. Let U(t) and Us(t) be the concentrations of primary and secondary toxicants, respec-
tively, taken up by the biological species N(t) at time t. When these toxicants are being uptaken
by the biological species, the growth rate of species N(t) is decreasing as well as a subclass of
species with population density ND(t) shows deformity as stagnating the reproduction capabil-
ity. The remaining population density that is free from deformity is assumed as NA(t). Keeping
these facts in mind, we propose the following mathematical model:

dNA
dt

= (b− d)NA − (r1U + r2Us)NA −
rNAN

K(T, Ts)
,

dND
dt

= (r1U + r2Us)NA −
rNDN

K(T, Ts)
− (α+ d)ND,

dT

dt
= Q− δ1T − γ1TN + π1ν1NU − kT,

dTs
dt

= θkT − δ2Ts − γ2TsN + π2ν2NUs,

dU

dt
= γ1TN − β1U − ν1NU,

dUs
dt

= γ2TsN − β2Us − ν2NUs.

(1)

N(t) = NA(t) +ND(t), NA(0), ND(0), T (0), Ts(0) ≥ 0, U(0) ≥ c1T (0),

Us(0) ≥ c2Ts(0) 0 < θ < 1, ci(0) > 0, 0 ≤ πi ≤ 1, for all i = 1, 2.

In the proposed model system (1), all the considered parameters are positive constants. The
constants b, d, and r are the natural birth, death, and growth rate of biological species N(t).
The primary toxicant T (t) is constantly emitted in the environment at the rate Q. The constant
k represents the conversion rate at which primary toxicant is being converted into secondary
toxicant. In the conversion process, it may happen that the entire part of primary toxicant (kT )
is not fully converted into secondary toxicant, and other substances may be produced, which
are harmless for biological species. For this kind of situation, we consider a constant θ(≤ 1)
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as a fraction of that part of primary toxicant, which is converted into secondary toxicant. For
θ = 1, the entire part of primary toxicant (kT ) is converted into secondary toxicant. The primary
and secondary toxicants are uptaken by the species at the rate γ1 and γ2, respectively. These
primary and secondary toxicants are decreasing the population density at the rate r1 and r2,
respectively. Also, α is the mortality rate of deformed population due to high toxicities in the
environment. Moreover, δ1 and δ2 are the natural depletion rates of primary and secondary
toxicants correspondingly. In addition, β1 and β2 are the natural depletion rates of uptake
concentration of primary and secondary toxicants respectively. Since some members of species
die out, the uptake concentrations U(t), Us(t) are depleted at the rates ν1, ν2 and fractions
π1, π2 of these decay is re-entering into the environment, respectively. Also, c1, c2 > 0 are the
proportionality constants to find out the initial uptake concentrations of primary and secondary
toxicants. Furthermore, K(T, Ts) represents the carrying capacity of the environment. It is a
decreasing function of T and Ts, that is,

K(0, 0) = K0 > 0, K(T, Ts) > 0,
∂K(T, Ts)

∂T
< 0,

∂K(T, Ts)

∂Ts
< 0,

for T, Ts > 0,

(2)

where K0 is the carrying capacity of the toxicants free environment.

To make our analysis easy, we reduce the model system (1) into following model system (3),
which is free from NA(t) by using the fact that N(t) = NA(t) +ND(t):

dN

dt
= rN − rN2

K(T, Ts)
− (α+ b)ND,

dND
dt

= (r1U + r2Us)(N −ND)−
rNDN

K(T, Ts)
− (α+ d)ND,

dT

dt
= Q− δ1T − γ1TN + π1ν1NU − kT,

dTs
dt

= θkT − δ2Ts − γ2TsN + π2ν2NUs,

dU

dt
= γ1TN − β1U − ν1NU,

dUs
dt

= γ2TsN − β2Us − ν2NUs.

(3)

The region of attraction Ω that attracts all the positive solution of model system (3), is as follows:

Ω = {(N,ND, T, Ts, U, Us) : 0 ≤ N ≤ K0,

0 ≤ ND ≤
(r1δm2

+ r2θk)QK0

(r1δm2
+ r2θk)Q+ (α+ d)δm1

δm2

,
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0 ≤ T + U ≤ Q

δm1

, 0 ≤ Ts + Us ≤
θkQ

δm1
δm2

}
,

where δm1
= min(δ1 + k, β1) and δm2

= min(δ2, β2).

The proof of region of attraction Ω is given in Appendix A.

3 Equilibrium points

After, equating the right-hand side of model system (3) is equal to zero, we obtain two nonneg-
ative equilibrium points E1(0, 0,

Q
δ1+k

, θkQ
δ2(δ1+k)

, 0, 0) and E2(N
∗, N∗

D, T
∗, T ∗

s , U
∗, U∗

s ). Here, we
omitted the existence of E1 because it is obvious. The existence of E2 is as follows:

The values N∗, N∗
D, T

∗, T ∗
s , U

∗, and U∗
s are the positive solutions of the following nonlinear

equations:

N =
(r − r1U − r2Us)K(T, Ts)

r
, (4a)

ND =
(r1U + r2Us)NK(T, Ts)

rN + (r1U + r2Us + α+ d)K(T, Ts)
, (4b)

T =
Q(β1 + ν1N)

f1(N)
= g1(N) (say), (4c)

Ts =
θk(β2 + ν2N)

f2(N)

Q(β1 + ν1N)

f1(N)
= g2(N) (say), (4d)

U =
Qγ1N

f1(N)
= h1(N) (say), (4e)

Us =
θkγ2N

f2(N)

Q(β1 + ν1N)

f1(N)
= h2(N) (say), (4f)

where

f1(N) = (δ1 + k)β1 + {γ1β1 + (δ1 + k)ν1}N + γ1ν1(1− π1)N2, (4g)

f2(N) = δ2β2 + (γ2β2 + δ2ν2)N + γ2ν2(1− π2)N2, (4h)

From (4c) and (4d), we note that T is directly dependent on the parameter Q and Ts is directly
proportional to the parameters Q, k, and θ. Since, carrying capacity K(T, Ts) is a decreasing
function of T and Ts. Hence, the carrying capacity of the environment decreases when the
discharge rate of primary toxicant Q, the conversion rate of primary toxicant into secondary
toxicant k or the fraction of that part of primary toxicant which is converted into secondary
toxicant θ increase.
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Let
F (N) = rN − (r − r1h1(N)− r2h2(N))K(g1(N), g2(N)). (5)

At N = 0,
F (0) = −rK

(
Q

(δ1 + k)
,

θkQ

(δ1 + k)δ2

)
< 0. (6)

At N = K0,

F (K0) = rK0 − (r − r1h1(K0)− r2h2(K0))K(g1(K0), g2(K0)) > 0. (7)

Equations (6) and (7) guarantee that F (N) = 0 has a solution in the interval [0,K0].

Also, the root N∗ of F (N) = 0 is unique, if

dF

dN
=

[
r +K(g1(N), g2(N))

{
r1
dh1
dN

+ r2
dh2
dN

}
−(r − r1h1(N)− r2h2(N))

{
∂K

∂T1

dg1
dN

+
∂K

∂T2

dg2
dN

}]
> 0. (8)

Hence, F (N) = 0 must have a root N∗ in the interval [0,K0] and the root N∗ is unique if
condition (8) holds. The values of other points can be found out using the value of N∗ in (4).

4 Dynamical behavior

In this section, we show the dynamical behavior of model system (3) corresponding to the
obtained equilibrium points E1 and E2.

4.1 Dynamical behavior corresponding to E1

We evaluate the Jacobian matricesM1(say) of model system (3) and its eigenvalues corresponding
to the equilibrium point E1.

We obtain the Jacobian matrix M1 as follows:
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M1 =



r −(α+ b) 0 0 0 0

0 −(α+ d) 0 0 0 0

− γ1Q

(δ1 + k)
0 −(δ1 + k) 0 0 0

− γ2Qθk

(δ1 + k)δ2
0 θk −δ2 0 0

γ1Q

(δ1 + k)
0 0 0 −β1 0

γ2Qθk

(δ1 + k)δ2
0 0 0 0 −β2


.

Here, the eigenvalues of the Jacobian matrix M1 are r,−(α+ d),−(δ1 + k),−δ2,−β1, and −β2,
which shows that E1 is a saddle point locally unstable manifold in N− direction and locally
stable manifold in ND − T − Ts − U − Us space.

4.2 Dynamical behavior corresponding to E2

Now, we linearize the model system (3) corresponding to the equilibrium pointE2 = (N∗, N∗
D, T

∗, T ∗
s , U

∗, U∗
s )

by taking the following transformation:

N =N∗ + n, ND = N∗
D + nd, T = T ∗ + τ,

Ts =T
∗
s + τs, U = U∗ + u, Us = U∗

s + us.

Here, n, nd, τ, τs, u, and us are taken as small perturbations around E2.

After using the above transformation, the model system (3) can be written in the terms of
n, nd, τ, τs, u, and us as follows:

Ẋ =M2X +N2, (9)

where

X =



n

nd

τ

τs

u

us


, M2 =



m11 m12 m13 m14 0 0

m21 m22 m23 m24 m25 m26

m31 0 m33 0 m35 0

m41 0 m43 m44 0 m46

m51 0 m53 0 m55 0

m61 0 0 m64 0 m66


, N2 =



n1

n2

n3

n4

n5

n6


.

Moreover,
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m11 = −r
{

2N∗

K(T ∗, T ∗
s )
− 1

}
, m12 = −(α+ b),

m13 =
rN∗2

K2(T ∗, T ∗
s )

[
∂K

∂T

]
E2

, m14 =
rN∗2

K2(T ∗, T ∗
s )

[
∂K

∂Ts

]
E2

,

m21 = r1U
∗ + r2U

∗
s −

rN∗
D

K(T ∗, T ∗
s )
, m22 = −(r1U∗ + r2U

∗
s )
N∗

N∗
D

,

m23 =
rN∗N∗

D

K2(T ∗, T ∗
s )

[
∂K

∂T

]
E2

, m24 =
rN∗N∗

D

K2(T ∗, T ∗
s )

[
∂K

∂Ts

]
E2

,

m25 = r1(N
∗ −N∗

D), m26 = r2(N
∗ −N∗

D),

m31 = [−γ1T ∗ + π1ν1U
∗], m33 = − (Q+ π1ν1N

∗U∗)

T ∗ ,

m35 = π1ν1N
∗, m41 = [−γ2T ∗

s + π2ν2U
∗
s ], m43 = θk

m44 = −(δ2 + γ2N
∗), m46 = π2ν2N

∗, m51 = γ1T
∗ − ν1U∗,

m53 = γ1N
∗, m55 = −(β1 + ν1N

∗), m61 = γ2T
∗
s − ν2U∗

s ,

m64 = γ2N
∗, m66 = −(β2 + ν2N

∗),

n1 =− r

K(T ∗, T ∗
s )
.n2 +

r(2N∗ + n)

K2(T ∗, T ∗
s )

[[
∂K

∂T

]
E2

.τ +

[
∂K

∂Ts

]
E2

.τs

]
.n,

n2 =(r1.u+ r2.us).(n− nd)−
r

K(T ∗, T ∗
s )
.n.nd

+
r(N∗.nd +N∗

D.n+ n.nd)

K2(T ∗, T ∗
s )

[[
∂K

∂T

]
E2

.τ +

[
∂K

∂Ts

]
E2

.τs

]
,

n3 =− γ1.n.τ + π1ν1.n.u, n4 = −γ2.n.τs + π2ν2.n.us,

n5 =γ1.n.τ − ν1.n.u, n6 = γ2.n.τs − ν2.n.us.

In (9),M2X andN2 show the linear and nonlinear parts of the model system (3), respectively,
andM2 is a Jacobian matrix corresponding to the equilibrium point E2. Thus, the characteristic
equation of M2 can be written as

p(x) = x6 + c1x
5 + c2x

4 + c3x
3 + c4x

2 + c5x+ c6. (10)

For the coefficients c1, c2, c3, c4, c5, and c6, see Appendix B.

According to the Routh–Hurwitz criterion and characteristic equation (10), all the eigenval-
ues of Jacobian matrix M2 are either negative or having negative real parts iff

cj > 0, (j = 1, 6), (11a)

H2 = c1c2 − c3 > 0, (11b)
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H3 = c1c2c3 + c1c5 − c23 − c21c4 > 0, (11c)

H4 = (c1c2 − c3)(c3c4 − c2c5) + (c1c2 − c3)c1c6 − (c1c4 − c5)2 > 0, (11d)

H5 = c3(c1c2 − c3)(c4c5 − c3c6) + c3c5(c2c5 − c1c6) + c1c3c6(c1c4 − 2c5)

− c1(c2c5 − c1c6)2 − c5(c1c4 − c5)2 > 0.
(11e)

So, we can state the following theorem for the locally asymptotically stability of the equilibrium
point E2.

Theorem 1. The equilibrium point E2 of model system (3) is locally asymptotically stable, if
conditions (11) are satisfied.

Hence, all the positive solutions of the model system (3) in the neighborhood of E2, will
become stable to E2 if the conditions (11) are satisfied.

Existence of Hopf-bifurcation

In the model system (3), there is a possibility that Hopf-bifurcation [6, 9, 15] may exist cor-
responding to the equilibrium point E2. So, we find the conditions for the existence of Hopf-
bifurcation by treating Q (i.e., the discharge rate of primary toxicant, which is directly emitted
in the environment from some sources) as a bifurcation parameter.

It is obvious that a Hopf-bifurcation may exist if all the eigenvalues of Jacobian matrix have
negative real parts except a purely imaginary complex conjugate pair. In this case, the Jacobian
matrix M2 have six eigenvalues xj = Rj + iIj (j = 1, . . . , 6) (say). So, the Hopf-bifurcation exist
only when R1, R2 = 0, I1 = −I2 6= 0 & R3, R4, R5, R6 < 0 at the critical value Q = Q∗(say).

According to the Liu’s criterion [10], the model system (3) undergoes a Hopf-bifurcation, if
the following conditions hold at the critical value Q = Q∗ > 0:

[cj ]Q=Q∗ >0 for (j = 1, . . . , 6), (12a)

[H2]Q=Q∗ = [c1c2 − c3]Q=Q∗ > 0, (12b)

[H3]Q=Q∗ = [c1c2c3 + c1c5 − c23 − c21c4]Q=Q∗ > 0, (12c)

[H4]Q=Q∗ = [(c1c2 − c3)(c3c4 − c2c5) + (c1c2 − c3)c1c6 − (c1c4 − c5)2]Q=Q∗

> 0,
(12d)

[H5]Q=Q∗ = [c3(c1c2 − c3)(c4c5 − c3c6) + c3c5(c2c5 − c1c6) + c1c3c6(c1c4 − 2c5)

−c1(c2c5 − c1c6)2 − c5(c1c4 − c5)2
]
Q=Q∗ = 0,

(12e)
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dRj
dQ

]
Q=Q∗

6=0, for j = 1, 2. (12f)

With the help of Existence of Hopf−bifurcation in a 6-dimensional system [7], the last condition
(12f) can be written in the terms of coefficients of characteristic equation (10) as follows:[

dR

dQ

]
Q=Q∗

=

[
1

B

dH5

dQ

]
Q=Q∗

6= 0, (13)

where H5 is defined as (11e) and

B = 2{c1(c1c4 − c5)− c3(c1c2 − c3)}

∣∣∣∣∣∣∣∣∣∣∣∣∣

−c1 1 1 0 0

c2 − 2A −c1 0 1 0

c1A− c3 c2 −A A 0 1

A2 − c2A+ c4 c1A− c3 0 A 0

0 A2 − c2A+ c4 0 0 A

∣∣∣∣∣∣∣∣∣∣∣∣∣
. (14)

Also, A =
c3c5 + c21c6 − c1c2c5

c21c4 − c1c5 − c1c2c3 + c23
.

So, we can state the following theorem for the existence of Hopf-bifurcation.

Theorem 2. The model (3) undergoes a Hopf-bifurcation corresponding to the equilibrium
point E2, if Q crosses the critical value Q∗ > 0 such that

1. [cj ]Q=Q∗ > 0 for (j = 1, . . . , 6),

2. [H2]Q=Q∗ = [c1c2 − c3]Q=Q∗ > 0,

3. [H3]Q=Q∗ = [c1c2c3 + c1c5 − c23 − c21c4]Q=Q∗ > 0,

4. [H4]Q=Q∗ = [(c1c2 − c3)(c3c4 − c2c5) + (c1c2 − c3)c1c6 − (c1c4 − c5)2]Q=Q∗ > 0,

5. [H5]Q=Q∗ = [c3(c1c2 − c3)(c4c5 − c3c6) + c3c5(c2c5 − c1c6)
+c1c3c6(c1c4 − 2c5)− c1(c2c5 − c1c6)2 − c5(c1c4 − c5)2

]
Q=Q∗ = 0,

6.
[
dR

dQ

]
Q=Q∗

=

[
1

B

dH5

dQ

]
Q=Q∗

6= 0,

where B is defined as (14).

Hence, if Theorem 2 holds, there exist Hopf-bifurcation at the critical value Q∗. The model
system (3) has bifurcating periodic solutions starting from Hopf-bifurcation. So, it is essential
to know the nature of bifurcating periodic solutions.
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Nature of bifurcating periodic solutions

The direction and stability of bifurcating periodic solutions can be examined by the sign of these
important coefficients µ2, β2, τ2 given by Hassard, Kazarinoff, and Wan [6]. To evaluate these
coefficients µ2, β2, τ2 for the parameter Q, we derive some explicit formulas with the help of
normal form and center manifold theory [6, 9]. To transform the model system (3) in normal
form, we assume all the eigenvalues of Jacobian matrix M2 as ±iv, −J1, −J2, −J3 and −J4.

Let X = PY ; then the normal form is

Ẏ = JY + F, Y = col.(y1, y2, y3, y4, y5, y6), (15)

where

J =P−1M2P =



0 −v 0 0 0 0

v 0 0 0 0 0

0 0 −J1 0 0 0

0 0 0 −J2 0 0

0 0 0 0 −J3 0

0 0 0 0 0 −J4



and F =P−1f =



F1(y1, y2, y3, y4, y5, y6)

F2(y1, y2, y3, y4, y5, y6)

F3(y1, y2, y3, y4, y5, y6)

F4(y1, y2, y3, y4, y5, y6)

F5(y1, y2, y3, y4, y5, y6)

F6(y1, y2, y3, y4, y5, y6)


.

(16)

Here P is a transformed matrix defined as

P =



P11 P12 P13 P14 P15 P16

P21 P22 P23 P24 P25 P26

P31 P32 P33 P34 P35 P36

P41 P42 P43 P44 P45 P46

P51 P52 P53 P54 P55 P56

P61 P62 P63 P64 P65 P66


,

where
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P11 = m12(L3L6 − L4L7), P12 = m12(L3L7 + L4L6), P13 = m12K31K41,

P14 = m12K32K42, P15 = m12K33K43, P16 = m12K34K44, P21 = −L13,

P22 = −L14, P23 = K71, P24 = K72, P25 = K73, P26 = K74,

P31 = m12(L1L6 +m31vL7), P32 = m12(L1L7 −m31vL6)

P33 = m12K11K41, P34 = m12K12K42, P35 = m12K13K43,

P36 = m12K14K44, P41 = m12L9, P42 = m12L10, P43 = m12K61,

P44 = m12K62, P45 = m12K63, P46 = m12K64,

P51 = m12(L2L6 +m51vL7) P52 = m12(L2L7 −m51vL6),

P53 = m12K21K41, P54 = m12K22K42, P55 = m12K23K43,

P56 = m12K24K44, P61 = m12L11, P62 = m12L12, P63 = m12K51,

P64 = m12K52, P65 = m12K53, P66 = m12K54.

Also,
L1 = m31m55 −m35m51, L2 = m33m51 −m31m53,

L3 = m35m53 −m33m55 + v2, L4 = (m33 +m55)v,

L5 = m41m66 −m46m61, L6 = m46m64 −m44m66 + v2,

L7 = (m44 +m66)v, L8 = m44m61 −m41m64,

L9 = L3L5 +m43m66L1 +m41vL4 −m43m31v
2,

L10 = L4L5 −m41vL3 −m43vL1 −m31m43m66v,

L11 = L3L8 +m61vL4 −m43m64L1,

L12 = L4L8 −m61vL3 +m31m43m64v,

L13 = m11(L3L6 − L4L7) + v(L3L7 + L4L6) +m13L1 +m14L9,

L14 = m11(L3L7 + L4L6)− v(L3L6 − L4L7) +m14L10 −m13m31v.

For j = 1, 2, 3, 4,

K1j = m31m55 −m35m51 +m31Jj , K2j = m33m51 −m53m31 +m51Jj ,

K3j = m35m53 −m33m55 − (m33 +m55)Jj − J2
j ,

K4j = m64m46 −m44m66 − (m44 +m66)Jj − J2
j ,

K5j = (m61m44 −m64m41 +m61Jj)K3j −m64m43K1j ,

K6j = (m66 + Jj)(m41K3j +m43K1j)−m61m46K3j ,

K7j = −{(m11 + Jj)K3jK4j +m13K1jK4j +m14K6j},
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and

f =



f1(y1, y2, y3, y4, y5, y6)

f2(y1, y2, y3, y4, y5, y6)

f3(y1, y2, y3, y4, y5, y6)

f4(y1, y2, y3, y4, y5, y6)

f5(y1, y2, y3, y4, y5, y6)

f6(y1, y2, y3, y4, y5, y6)


,

where

f1(y1, y2, y3, y4, y5, y6) =−
r

K(T ∗, T ∗
s )
.n2

+
r(2N∗ + n)

K2(T ∗, T ∗
s )

[
∂K

∂T
(T ∗, T ∗

s ).τ +
∂K

∂Ts
(T ∗, T ∗

s ).τs

]
.n,

f2(y1, y2, y3, y4, y5, y6) =(r1.u+ r2.us).(n− nd)−
r

K(T ∗, T ∗
s )
.n.nd

+
r(N∗.nd +N∗

D.n+ n.nd)

K2(T ∗, T ∗
s )

×
[
∂K

∂T
(T ∗, T ∗

s ).τ +
∂K

∂Ts
(T ∗, T ∗

s ).τs

]
,

f3(y1, y2, y3, y4, y5, y6) =− γ1.n.τ + π1ν1.n.u,

f4(y1, y2, y3, y4, y5, y6) =− γ2.n.τs + π2ν2.n.us,

f5(y1, y2, y3, y4, y5, y6) =γ1.n.τ − ν1.n.u,

f6(y1, y2, y3, y4, y5, y6) =γ2.n.τs − ν2.n.us.

Here,

n =

6∑
j=1

P1jyj , nd =

6∑
j=1

P2jyj , τ =

6∑
j=1

P3jyj ,

τs =

6∑
j=1

P4jyj , u =

6∑
j=1

P5jyj , us =

6∑
j=1

P6jyj .

Now, we calculate the following quantities at critical value of parameter Q = Q∗ and
(y1, y2, y3, y4, y5, y6) = (0, 0, 0, 0, 0, 0):
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g11 =
1

4

{(
∂2F1

∂y21
+
∂2F1

∂y22

)
+ i

(
∂2F2

∂y21
+
∂2F2

∂y22

)}
,

g02 =
1

4

{(
∂2F1

∂y21
− ∂2F1

∂y22
− 2

∂2F2

∂y1∂y2

)
+ i

(
∂2F2

∂y21
− ∂2F2

∂y22
+ 2

∂2F1

∂y1∂y2

)}
,

g20 =
1

4

{(
∂2F1

∂y21
− ∂2F1

∂y22
+ 2

∂2F2

∂y1∂y2

)
+ i

(
∂2F2

∂y21
− ∂2F2

∂y22
− 2

∂2F1

∂y1∂y2

)}
,

g21 =G21 +

4∑
j=1

(2Gj110w
j
11 +Gj101w

j
20),

where
G21 =

1

8

{(
∂3F1

∂y31
+
∂3F2

∂y32
+

∂3F2

∂y21∂y2
+

∂3F1

∂y1∂y22

)
+i

(
∂3F2

∂y31
− ∂3F1

∂y32
− ∂3F1

∂y21∂y2
+

∂3F2

∂y1∂y22

)}
.

For j = 1, 2, 3, 4,

Gj110 =
1

2

{(
∂2F1

∂y1∂y(j+2)
+

∂2F2

∂y2∂y(j+2)

)
+ i

(
∂2F2

∂y1∂y(j+2)
− ∂2F1

∂y2∂y(j+2)

)}
,

Gj101 =
1

2

{(
∂2F1

∂y1∂y(j+2)
− ∂2F2

∂y2∂y(j+2)

)
+ i

(
∂2F2

∂y1∂y(j+2)
+

∂2F1

∂y2∂y(j+2)

)}
,

hj11 =
1

4

(
∂2F(j+2)

∂y21
+
∂2F(j+2)

∂y22

)
,

hj20 =
1

4

(
∂2F(j+2)

∂y21
−
∂2F(j+2)

∂y22
− 2i

∂2F(j+2)

∂y1∂y2

)
,

wk11 =
hj11
Jk

, wj20 =
hj20

Jj + 2iv
.

Now, we evaluate the coefficients µ2, β2 and τ2 using the following formulas:

C1(0) =
i

2v

[
g20g11 − 2|g11|2 −

1

3
|g02|2

]
+

1

2
g21, µ2 = −Re C10

Re x′1
,

β2 = 2Re C1(0), τ2 = − (Im C1(0) + µ2Im x′1)

v
.

(17)

By observing the sign of the coefficients µ2, β2 and τ2, we can state following theorem for the
nature of bifurcating periodic solutions corresponding to the parameter Q.

Theorem 3. If µ2 > 0 (or µ2 < 0), the model system (3) shows a supercritical (or subcritical)
Hopf-bifurcation and the bifurcating periodic solutions exist for Q > Q∗ (or Q < Q∗), if β2 < 0

(or β2 > 0), the bifurcating periodic solutions are stable (or unstable), if τ2 > 0 (or τ2 < 0), the
period of bifurcating solutions increases (or decreases).
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5 Numerical simulation

To clarify the analytical results of model system (3), which are found in the previous sections,
numerical simulation is given with the help of MATCONT [2]. For that, we assume the carrying
capacity function as

K(T, Ts) = K0 −
b11T

1 + b12T
− b21Ts

1 + b22Ts
, (18a)

and a set of parameters as

b = 0.2, d = 0.001, r1 = 0.6, r2 = 0.8, Q = 0.005, α = 0.0008, δ1 = 0.08,

δ2 = 0.005, θ = 0.2, k = 0.15, γ1 = 0.001, γ2 = 0.0016, π1 = 0.04,

π2 = 0.09, ν1 = 0.005, ν2 = 0.0004, β1 = 0.025, β2 = 0.02, K0 = 10.0,

b11 = 0.2, b12 = 1.0, b21 = 0.1, b22 = 2.0.

(18b)

For this set of the parameters, the equilibrium point E2(N
∗, N∗

D, T
∗, T ∗

s , U
∗, U∗

s ) attains the value
as N∗ = 9.10873, N∗

D = 0.79867, T ∗ = 0.02093, T ∗
s = 0.03242, U∗ = 0.00270, U∗

s = 0.01998.
From (8), dF

dN = 0.19893 > 0 shows that E2 is unique. The local stability conditions (11)
corresponding to E2 are also satisfied.

In Figure 2, we show the changes in total density and density of deformed subclass of bio-
logical species with respect to the value of parameter θ upto 1 (keep the remaining parameters
same as (18b)). Consequently, Figure 2 shows that when the fraction of the part of primary
toxicant (kT ), which is converted into secondary toxicant, increases, the total density decreases
and the density of deformed subclass increases.

Figure 3 shows that the total density of species decreases and that the density of deformed
subclass of species increases as conversion rate of primary toxicant into secondary toxicant k
increase upto 1 (the other parameter same as (18b)).

Figure 4 shows the variation in total and deformed subclass densities corresponding to the
discharge rate of primary toxicant Q. As the discharge rate Q increases, the total density of
species N decreases and deformed subclass density ND firstly increases then decreases with N .
For large value Q(= 0.200) both densities N and ND start oscillating. Hence, there exists a
Hopf-bifurcation corresponding to the parameter Q.

Figure 5 confirms that Hopf-bifurcation exists with respect to the parameter Q at critical
value Q∗ = 0.13628. This figure shows the real and imaginary parts of eigenvalues of Jacobian
matrix M2 for the parameter Q. The real parts of all eigenvalues (i.e., Ri < 0, i = 1, . . . , 6) are
negative for Q < Q∗(= 0.13628). At Q = Q∗ two eigenvalues become purely imaginary (i.e.,
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Figure 2: Time series graph for total and deformed subclass densities of species respect to the parameter θ.

Figure 3: Time series graph for total and deformed subclass densities of species respect to the parameter k.

R1 = R2 = 0 and I1 = −I2 6= 0) and other four eigenvalues have negative real parts (i.e., Ri < 0,
i = 3, . . . , 6).

Figure 6 shows the behavior of both densities N and ND and also nature of bifurcating
periodic solutions with respect to the discharge rate of primary toxicant Q. Both densities N
and ND become stable at equilibrium level for Q < Q∗. When Q crosses the critical value
Q∗(= 0.13628), the equilibrium point losses its stability and a supercritical Hopf-bifurcation oc-
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Figure 4: Time series graph for total and deformed population respect to the parameter Q.

Figure 5: Real and Imaginary parts of eigenvalues of Jacobian matrix M2 respect to the emission rate Q.

curs (since µ2 = 1.8418 ∗ 10−12 > 0). Both densities start oscillating around their equilibrium
level with stable bifurcating periodic orbits (since β2 = −1.2169 ∗ 10−14 < 0).
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Figure 6: Dynamic behavior of densities of total and deformed populations for emission rate Q.

6 Conclusion

This paper is based on effect of primary and secondary toxicants on a biologically species. We
have proposed and analyzed a mathematical model for the case in which after-effect of primary
and secondary toxicants, a subclass of biological species shows deformity such as stagnating the
reproduction capability. The stability analysis of model shows that total density decreases and
deformed subclass density increases as the conversion rate of primary toxicant into secondary
toxicant increases. If the discharge rate of primary toxicant into the environment increases, then
total density of species decreases and deformed subclass density firstly increases then decreases
with total density. If discharge rate crosses the critical value, then both densities start oscillations
around their equilibrium and system shows a supercritical Hopf-bifurcation. All the bifurcating
periodic solutions of model system are stable in nature.

A Proof of the region of attraction Ω

Proof. From the model system (3), we have

dN

dt
≤ rN − rN2

K0
= r

(
1− N

K0

)
N.

Thus, lim supt→∞N(t) ≤ K0. Also, we have
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dT

dt
+
dU

dt
= Q− (δ1 + k)T − β1U − (1− π1)ν1NU

≤Q− δm1(T + U),

where δm1
= min(δ1 + k, β1). Thus, lim supt→∞(T (t) + U(t)) ≤ Q

δm1
.

Similarly,
dTs
dt

+
dUs
dt

= θkT − δ2Ts − β2Us − (1− π2)ν2NUs

≤θk Q

δm1

− δm2
(Ts + Us),

where δm2 = min(δ2, β2). Thus, lim supt→∞(Ts(t) + Us(t)) ≤ θkQ
δm1

δm2
.

From the second equation of model (3), we have

dND
dt

= (r1U + r2Us)(N −ND)−
rNDN

K(T, Ts)
− (α+ d)ND

≤ (r1δm2 + r2θk)
Q

δm1δm2

(K0 −ND)− (α+ d)ND.

Thus, lim supt→∞ND(t) ≤
(r1δm2

+r2θk)QK0

[(r1δm2
+r2θk)Q+(α+d)δm1

δm2
] , proving the region of attraction Ω.

B Coefficients of characteristic equation (10)

c1 = − (m11 +m22 +m33 +m44 +m55 +m66),

c2 = (m11 +m22)(m55 +m66) +m22(m33 +m44)

+ (m33 +m55)(m44 +m66)

+

∣∣∣∣∣m11 m12

m21 m22

∣∣∣∣∣+
∣∣∣∣∣m11 m13

m31 m33

∣∣∣∣∣+
∣∣∣∣∣m11 m14

m41 m44

∣∣∣∣∣+
∣∣∣∣∣m33 m35

m53 m55

∣∣∣∣∣+
∣∣∣∣∣m44 m46

m64 m66

∣∣∣∣∣ ,
c3 = − {m11m55m66 +m12(m25m51 +m26m61)

+m22(m33 +m55)(m44 +m66)}+m13

∣∣∣∣∣m31 m35

m51 m55

∣∣∣∣∣
+m14

{∣∣∣∣∣m41 m46

m61 m66

∣∣∣∣∣−
∣∣∣∣∣m31 m33

m41 m43

∣∣∣∣∣
}

−m31

∣∣∣∣∣m12 m13

m22 m23

∣∣∣∣∣−m41

∣∣∣∣∣m12 m14

m22 m24

∣∣∣∣∣
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−m55

∣∣∣∣∣m11 m14

m41 m44

∣∣∣∣∣− (m44 +m66)

∣∣∣∣∣m11 m13

m31 m33

∣∣∣∣∣
− (m11 +m22 +m44 +m66)

∣∣∣∣∣m33 m35

m53 m55

∣∣∣∣∣
− (m11 +m22 +m33 +m55)

∣∣∣∣∣m44 m46

m64 m66

∣∣∣∣∣
− (m33 +m44 +m55 +m66)

∣∣∣∣∣m11 m12

m21 m22

∣∣∣∣∣ ,
c4 = m12

{
m26m61(m33 +m55) +m25m51(m44 +m66) +m31

∣∣∣∣∣m23 m25

m53 m55

∣∣∣∣∣
+m41

∣∣∣∣∣m24 m26

m64 m66

∣∣∣∣∣−m51

∣∣∣∣∣m23 m25

m33 m35

∣∣∣∣∣−m61

∣∣∣∣∣m24 m26

m44 m46

∣∣∣∣∣
}

+m31(m44 +m66)

∣∣∣∣∣m12 m13

m22 m23

∣∣∣∣∣+m41(m33 +m55)

∣∣∣∣∣m12 m14

m22 m24

∣∣∣∣∣
−m13(m22 +m44 +m66)

∣∣∣∣∣m31 m35

m51 m55

∣∣∣∣∣
−m14(m22 +m33 +m55)

∣∣∣∣∣m41 m46

m61 m66

∣∣∣∣∣
+m43

{
m14m31m66 +m14

∣∣∣∣∣m31 m35

m51 m55

∣∣∣∣∣−m31

∣∣∣∣∣m12 m14

m22 m24

∣∣∣∣∣
}

+

{
m11m55 +m22(m33 +m55) +

∣∣∣∣∣m11 m13

m31 m33

∣∣∣∣∣
} ∣∣∣∣∣m44 m46

m64 m66

∣∣∣∣∣
+

{
(m33 +m55)(m44 +m66) +

∣∣∣∣∣m33 m35

m53 m55

∣∣∣∣∣+
∣∣∣∣∣m44 m46

m64 m66

∣∣∣∣∣
} ∣∣∣∣∣m11 m12

m21 m22

∣∣∣∣∣
+

{
m11m66 +m22(m44 +m66) +

∣∣∣∣∣m11 m14

m41 m44

∣∣∣∣∣+
∣∣∣∣∣m44 m46

m64 m66

∣∣∣∣∣
} ∣∣∣∣∣m33 m35

m53 m55

∣∣∣∣∣ ,
c5 = m31m43

{
m66

∣∣∣∣∣m12 m14

m22 m24

∣∣∣∣∣−m12m26m64

}

+m43

{∣∣∣∣∣m12 m14

m22 m24

∣∣∣∣∣−m14m66

}∣∣∣∣∣m31 m35

m51 m55

∣∣∣∣∣
+ (m33 +m55)

{
m14m22

∣∣∣∣∣m41 m46

m61 m66

∣∣∣∣∣+m61m12

∣∣∣∣∣m24 m26

m44 m46

∣∣∣∣∣
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−m12m41

∣∣∣∣∣m24 m26

m64 m66

∣∣∣∣∣
}

+ (m44 +m66)

{
m12m51

∣∣∣∣∣m23 m25

m33 m35

∣∣∣∣∣−m12m31

∣∣∣∣∣m23 m25

m53 m55

∣∣∣∣∣
}

+m13

{
m22(m44 +m66) +

∣∣∣∣∣m44 m46

m64 m66

∣∣∣∣∣
} ∣∣∣∣∣m31 m35

m51 m55

∣∣∣∣∣
−

{
m12m25m51 +m31

∣∣∣∣∣m12 m13

m22 m23

∣∣∣∣∣
} ∣∣∣∣∣m44 m46

m64 m66

∣∣∣∣∣
−

{
(m44 +m66)

∣∣∣∣∣m33 m35

m53 m55

∣∣∣∣∣+ (m33 +m55)

∣∣∣∣∣m44 m46

m64 m66

∣∣∣∣∣
} ∣∣∣∣∣m11 m12

m21 m22

∣∣∣∣∣
−

{
(m11 +m22)

∣∣∣∣∣m44 m46

m64 m66

∣∣∣∣∣+m12m26m61 +m41

∣∣∣∣∣m12 m14

m22 m24

∣∣∣∣∣
−m14

∣∣∣∣∣m41 m46

m61 m66

∣∣∣∣∣
} ∣∣∣∣∣m33 m35

m53 m55

∣∣∣∣∣
c6 =

∣∣∣∣∣m11 m12

m21 m22

∣∣∣∣∣
∣∣∣∣∣m33 m35

m53 m55

∣∣∣∣∣
∣∣∣∣∣m44 m46

m64 m66

∣∣∣∣∣+
∣∣∣∣∣m12 m14

m22 m24

∣∣∣∣∣
∣∣∣∣∣m33 m35

m53 m55

∣∣∣∣∣
∣∣∣∣∣m41 m46

m61 m66

∣∣∣∣∣
+

∣∣∣∣∣m31 m35

m51 m55

∣∣∣∣∣
∣∣∣∣∣m12 m13

m22 m23

∣∣∣∣∣
∣∣∣∣∣m44 m46

m64 m66

∣∣∣∣∣−m12m26

∣∣∣∣∣m41 m44

m61 m64

∣∣∣∣∣
∣∣∣∣∣m33 m35

m53 m55

∣∣∣∣∣
−m12m25

∣∣∣∣∣m31 m33

m51 m53

∣∣∣∣∣
∣∣∣∣∣m44 m46

m64 m66

∣∣∣∣∣
+

{
m12m26m43m64 −m43m66

∣∣∣∣∣m12 m14

m22 m24

∣∣∣∣∣
} ∣∣∣∣∣m31 m35

m51 m55

∣∣∣∣∣ ,
where

∣∣∣∣∣m1 m2

m3 m4

∣∣∣∣∣ = m1m4 −m2m3.
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Analysis of 2D Burger’s equation using numerical
and semi-analytic techniques

A. Kaur, A. Pasrija and S. Arora*

Abstract

The effect of advective and diffusive components is studied using the 2D Burgers’ equation.
The diffusive term is influenced by the Reynolds number. Spatial discretization is performed
using radial basis collocation, while the temporal direction is discretized using 4th Runge–
Kutta method. To analyze the error behavior, the closed-form solution of 2D Burgers’ equa-
tion is derived analytically using a generalized bivariate homotopy perturbation approach. A
comprehensive discussion and comparison of both numerical and semi-analytical solutions are
presented in terms of absolute error, as well as ∥e∥∞ and ∥e∥2 error norms. The effect of
Reynolds number on the diffusion component is illustrated graphically. Algorithms for both
numerical and analytical techniques have been implemented in MATLAB R2023.
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1 Introduction

The transport phenomenon in advection-diffusion equation is best represented by Navier–Stokes
equation. It represents the transfer of heat and energy from one medium to another. Burger’s
equation is a special case of Navier Stoke’s equation. This equation has numerous applications in
fluid dynamics, physics, solid state physics, aeronautics, turbulence theory, and so on. Bateman
[6] developed Burger’s equation from Navier–Stokes by excluding the pressure gradient term
and later, in 1948, Burger has redefined it. In the present scenario, the application of Burger’s
equation is not confined to fluid dynamics, also includes traffic flow [11], cosmology [44], gas
dynamics [9], acoustics [29], continuous stochastic processes [10], electromagnetic waves [27] and
many more.

The advective and diffusive components are represented by nondissipative hyperbolic com-
ponent and the dissipative parabolic component, respectively.

Consider the two-dimensional (2D) Burgers’ equation defined on a bounded domain Ω as
follows:

ϑt + αϑ∇ϑ− 1

Re
∇2ϑ = f(X, t), X ∈ Ω ⊂ R2, t ≥ 0, (1)

where ∇ is the gradient operator and ∇2 is the Laplacian operator, Re represents the Reynolds
number, α is any parameter such that α ≥ 0, and f(X, t) are a continuous function defined on
the domain Ω and for t ≥ 0. The initial condition is defined as follows:

ϑ(X, 0) = ψ(X), X ∈ Ω, (2)

and the boundary conditions are defined as

Bϑ(X, t) = ϕ(X, t), X ∈ ∂Ω, t ≥ 0, (3)

where the function ϑ describes advection and diffusion quantities such as heat, mass, energy ,
and so on, over the spatial domain Ω at time t ≥ 0, and B represents the boundary operator on
the boundary of the spatial domain. The nonlinear term with ∇ operator accounts for advection
and Re is the Reynolds number, which is inversely proportional to the viscosity parameter that
measures the rate of diffusion. Moreover, ψ(X) is the bounded function defined on the domain
Ω and ϕ(X, t) are continuous functions defined on the boundary ∂Ω.
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The linear advection-diffusion equation has been studied in [35] through the framework of
finite elements. The coupling of nonstandard finite difference and Haar wavelets with quasi-
linearization for a class of generalized Burger’s equations has been discussed in [26]. Polynomial
differential quadrature method with Runge–Kutta (RK)4 was implemented in [31] to obtain the
numerical results for one-dimensional D and 2D Burgers’ equation systems. Nonuniform grid
friendly localized differential quadrature method was proposed in [4] to solve viscous Burger’s
equation in one and two dimensions. Fully implicit finite difference scheme was discussed in
[5, 21] for 2D Burger’s equation.

Nevertheless, scholars have contributed with several analytic methods to determine the ex-
plicit solutions of linear and nonlinear advection-diffusion equation such as [33, 32, 1]. There
are several other numerical techniques followed by investigators to solve Burger’s equation such
as the sine and cosine method [22], inverse scattering technique [17], the simplest equation
technique [36], extended simplest equation technique [8], Kudryashov method [23], Backlund
transformation technique [19], exp-function technique [30], Hirota’s method [43], homogeneous
balance technique [20], bifurcation method [28], Darboux transformation [45], G’/ G-expansion
technique [34], Lie group analysis [42] and weighted finite difference method [37] and so on.

In the present study, the semi-analytic and numerical perspectives have been explored by
generalized bivariate homotopy perturbation method (GB-HPM) and 4th order RK method,
respectively, with mesh-less approach based on radial basis functions (RBFs).

2 Radial basis functions

Conventional mesh generates methods such as finite difference, finite element and spectral meth-
ods suffer from the complexity of mesh-generation for multidimensional problems. Alleviating
the labor of mesh-generation, mesh-less methods are developed with enough flexibility to extend
their applicability to irregular geometries, scattered and multivariate data. RBFs with collocation
method have become an important tool to study the multidimensional problems.

RBFs were first introduced by Hardy [18] to study the topographical mapping. Later on the
origination of Kansa’s work on collocation technique with RBFs revolutionized the perspective of
the study of partial differential equations using RBFs [24]. These functions basically, represent
the distance between the node point Xi and the data point X and are independent of the space
dimension and isotropy. In simple words RBFs are univariate function whose value depend upon
distance between the point and the center point of the function. An RBF can be defined as
follows:
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A function Φ : Rd → R is said to be RBF if there exists a radial distance r such that
r = ‖X − Xk‖ which implies r =

√
(ξ − ξk)2 + (ζ − ζk)2 and Φ(X) = Φ(r), where ‖.‖ denotes

Euclidean norm.
By the time, various RBFs have been developed to study the partial differential equations such
as Gaussian (GA), multiquadric (MQ), inverse multiquadric (IMQ), and so on. The list of
commonly used RBFs is given in Table 1. From this table, it is observed that an unknown
parameter ν is introduced which is a free parameter, commonly known as the shape parameter.

Table 1: List of RBFs
RBFs Definition
GA Φ(r) = e−(νr)2

MQ Φ(r) =
√
1 + (νr)2

IMQ Φ(r) = 1√
1+(νr)2

Inverse quadric Φ(r) = 1
1+(νr)2

Thin plate spline Φ(r) = r2ln(r)
Monomial Φ(r) = r2k−1; k ∈ N

Shape parameter

Along with the choice of RBFs, the shape parameter possesses great influence on the accuracy
and condition number of the coefficient matrix of RBFs [40]. Infinitely smooth RBFs such as MQ
and GA manifest exponential convergence as the shape parameter approaches infinity. However,
it further leads to high condition number associated with ill-conditioning of the system. The open
problem of selecting optimal shape parameter has engrossed several studies with generation of
different criterion to investigate the good choice of shape parameter. Trial and error method is
most common in practice to pick the best shape parameter that has least error. When exact
solution is not given for 2D problems following strategies have been adopted to choose the shape
parameter.
Hardy [18] suggested the shape parameter for IMQ RBFs as

ν =
1

0.815d
, d =

1

N

N∑
j=1

dj ,

where N is the number of data points and dj represents the distance to the nearest data point
in neighbor.
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Franke [16] formulated shape parameter for 2D systems as

ν =
0.8
√
N

D
,

where D is the diameter of the smallest circle which includes all data points.

Fasshauer [14] elaborated the good choice for shape parameter as

ν =
2√
N
.

In [14], these strategies are remarked as optional for very specific examples and certainly cannot
be considered as general instructions. Carlson and Foley [13] stated the shape parameter as
problem dependent. Borrowing idea from method of cross validation practiced in statistics
literature, Rippa [39] proposed special case of leave-one-out cross validation to circumvent the
issue of selecting optimal shape parameter in context of interpolating scattered data with RBFs.
Moreover, Fasshauer and Zhang [15] reviewed LOOCV and introduced its extension for pseudo-
spectral methods for solving partial differential equations. Biazar and Hosami [7] discussed the
strategy to find an interval for the optimal shape parameter rather than constant value. The
leading stumbling block of global collocation is the severe ill-conditioning of the system matrix.
Using a greater value for shape parameter leads to the ill-conditioned interpolation matrix, with a
condition number grows exponentially large. Addressing this issue, in [25], authors have remarked
on the tolerance of RBFs for a large condition number of matrix upto O(1016) within machine
double precision. The ill-conditioning has a significant impact on the results.This behavior is
called the uncertainty principle. The present study relies on the algorithm drawn in Algorithm
1.

Algorithm 1 Algorithm for Shape Parameter
Input: CDmin, CDmax, νincrement
CD = 1
while CD > CDmax and CD < CDmin do

form required matrix say �;
use P,Q,R = svd(�);
CD = Q(1, 1)/Q(end, end);
if CD < CDmin then ν = ν - νincrement;
else if CD > CDmax then ν = ν + νincrement;
end if

end while
Output: ν
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3 Implementation of RBFs with collocation method

Collocation technique is one of the weighted residual method in which the residual is set equal to
zero at collocation points. Therefore, in RBF collocation method, the node points are taken to
be the collocation points. The unconditional positive definite feature of GA RBFs guarantees the
solvability of the resulting system which ensures the implementation of GA as base functions to
implement the collocation technique. In the present study, the GA RBF Φk has been proposed
to define the trial function. The GA RBFs are defined as:

Φk(r) = exp(−ν2r2), k = 1, 2, . . . , N, (4)

where r =
√
(ξ − ξk)2 + (ζ − ζk)2, k = 1, 2, . . . , N .

Let ϑ̄ be the approximation of ϑ(r, t) in terms of GA RBFs Φ with a given set of node points
{X1, X2, . . . , XN} ⊂ Ω can be expressed as

ϑ̄ =

N∑
k=1

Φk(r)Ck(t), (5)

where Ck’s are unknown coefficients and N is the number of collocation points which coincide
with the node points. The node points r are given by r = ‖X −Xk‖ =

√
(ξ − ξk) + (ζ − ζk)2.

The adjustment of node points is the main task to implement the collocation technique. Let
Nint be the node points in the interior of the domain and let Nb be the node points on the
boundary such that the total number of node points is N = Nint+Nb. The uniform distribution
of node points is shown in Figure 1 for N = 400 and the flowchart for shape parameter is given
in Figure 2. The trial function ϑ(r, t) at time tp and the jth node point can be written as

ϑ̄pj =

N∑
k=1

Φk(rj)C
p
k , j = 1, 2, . . . , N. (6)

In the matrix form, (6) can be written as

ϑ(rj , tp) = �.�, (7)

where �j,k =
[
Φk(rj)

]
N×N , 1 ≤ j, k ≤ N is the matrix of RBFs and � = [Cp1 , C

p
2 , . . . , C

p
N ]′ denotes

the vector of expansion coefficients. The RBF matrix is defined below:
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0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Figure 1: Uniform point distribution for N = 400.



Φ1(r1) Φ2(r1) Φ3(r1) . . . ΦN (r1)

Φ1(r2) Φ2(r2) Φ3(r2) . . . ΦN (r2)

Φ1(r3) Φ2(r3) Φ3(r3) . . . ΦN (r3)
...

...
... . . . ...

Φ1(rN ) Φ2(rN ) Φ3(rN ) . . . ΦN (rN )


,

where Φk(rj) = exp(−ν2r2j ) and rj =
√

(ξj − ξk)2 + (ζj − ζk)2.

4 Temporal discretization using 4th order Runge–Kutta
Method

Implementing (6) on (1) and (3) at tp, the following system of equations is obtained:

N∑
k=1

Φjk
dCk
dt

=
1

Re

N∑
k=1

∇2(Φjk)Ck − α
N∑
k=1

ΦjkCk(t)

N∑
k=1

∇(Φjk)Ck + f(Xj , t),

j = 1, 2, . . . , Nint.

(8)
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Start

Input:CDmin, CDmax, νincrement, νinitial_guess

Set CD = 1 and ν = νinitial_guess

CD > CDmax
or CD < CDmin

ν

Stop

Compute RBF matrix �

use P,Q,R = svd(�)

CD = Q(1, 1)/Q(end, end)

CD < CDmin

ν = ν - νincrement

ν = ν + νincrement

yes

no

no

yes

Figure 2: Flowchart of pseudo code for optimal shape parameter

The boundary conditions can be imposed as
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B
N∑
k=1

ΦmkCk = ϕ(rm, t), m = 1, 2, . . . , Nb. (9)

In matrix form, (8) and (9) can be written as

� ∂�
∂t

=
1

Re

(
∇2�
)
�− α

(
��
)(
∇(�)�

)
+ f(Xj , t). (10)

By replacing appropriate rows corresponding to the indexing of boundary points in (10), imposed
boundary conditions and setting the equations in differential form the 4th order RK method is
applied.

To control the step-size (δt), the algorithm of RK method of order 4 is presented with
flowchart. Hence, present study follows 4th order Runge–Kutta method given as

S1 =δtF(tp, ϑpj ),

S2 =δtF(tp +
δt

2
, ϑpj +

S1
2
),

S3 =δtF(tp +
δt

2
, ϑpj +

S2
2
), (11)

S4 =δtF(tp + δt, ϑpj + S3),

ϑp+1
j =ϑpj +

δt

6
(S1 + 2S2 + 2S3 + S4).

The algorithm and flowchart of RBF with 4th order RK method is given in Algorithm 2 and
Figure 3, respectively.

Algorithm 2 Algorithm for 4th order Runge–Kutta method
Input: t0, tf , δt
% t0 = initial time, tf = finial time, δt = step size,
T = t0 : δt : tf
for j = 1:length of T do

S1 =δtF(tp, ϑ
p
j ),

S2 =δtF(tp +
δt

2
, ϑpj +

S1

2
),

S3 =δtF(tp +
δt

2
, ϑpj +

S2

2
),

S4 =δtF(tp + δt, ϑpj + S3),

ϑp+1
j =ϑpj +

δt

6
(S1 + 2S2 + 2S3 + S4)

end for
Output:ϑp+1

j
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Start

Input:t0, tf , δt

T = t0 : δt : tf

Set j = 1

j < length of t

Compute S1,S2,S3,S4 given in Eq. (11)

Store ϑp+1
j = ϑpj +

1
6 (S1 + 2S2 + 2S3 + S4)

update j = j + 1

Obtain ϑpj ; j = 1, 2, . . . , length of t

Stop

yes

no

Figure 3: Flowchart of pseudo code for 4th order RK method
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5 Generalized bivariate homotopy perturbation method

The analytical approach produces an exact solution that reflects the qualitative behavior of the
model problem. Inefficiency of existing analytic approaches for complex problems shifts the
preference to numerical approaches which deliver approximate quantitative data for selected
points. The middle course of both approaches, as mentioned before, is a semi-analytic approach.
It is based on the methodology of the expansion method and assumes results in the form of
a series and evaluates the subsequent component of the series with the prior one. The hybrid
approach of GB-HPM, inherits the merits of both analytic and approximation methodologies.
It yields the exact solution through the closed form of the approximate series solution. Some of
the primary results of the GB transform are as follows:

Definition 1. [2] The GB transform of function ϑ (X, t) with respect to t is given by

Gm (ϑ (X, t)) = Bm (X, s, γ) =
s

γm

∫ ∞

0

tm−1 exp
(
− s
γ
t

)
ϑ (X, t) dt, (12)

where m is the order and s and γ are transformation variable.

Definition 2. [2] If Bm (s, γ) is the GB transform of function ϑ (X, t), then the inverse GB
transform of Bm (X, s, γ) is ϑ (X, t) such that

G−1
m (Bm (X, s, γ)) = ϑ (X, t) . (13)

Theorem 1. [2] Let ϑ(X, t), ϑ′(X, t), . . . , ϑm−1(X, t) be continuous and of exponential order on
[0,∞) while ϑn(X, t) is piece-wise continuous on [0,∞) with respect to t. Then

Gm[ϑn(X, t)] =(−1)m−1

× s

γ

∂m−1

∂sm−1

[(
s

γ

)n−1

G1[ϑ(X, t)]−
n−1∑
k=0

(
s

γ

)n−(k+1)

ϑk(X, 0)

]
.

The pseudo code of the GB-HPM is defined in Algorithm given in Figure 4. Applying GB
transform of order one on (1) yields

G1[ϑ(X, t)] = ϑ(X, 0)
γ

s
G1
[
αϑ∇ϑ− 1

Re
∇2ϑ

]
. (14)

Operating inverse of GB transform on (14) gives

ϑ(X, t) = ϑ(X, 0)− G−1
1

{
γ

s
G1
[
αϑ∇ϑ− 1

Re
∇2ϑ

]}
. (15)
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Figure 4: Algorithm for GB-HPM.

To form homotopic equation, insert homotopy parameter θ ∈ [0, 1] (15) as follows:

ϑ(X, t) = ϑ(X, 0)− θG−1
1

{
γ

s
G1
[
αϑ∇ϑ− 1

Re
∇2ϑ

]}
. (16)

Assume that the solution of (16) can be expanded as

ϑ(X, t) = ϑ0(X, t) + θϑ1(X, t) + θ2ϑ2(X, t) + · · · . (17)

Substituting (17) in (16) and comparing the coefficients of θn (for n = 0, 1, 2, . . .) result the
following system of equations:

ϑ0(X, t) = ϑ(X, 0),

ϑ1(X, t) = G−1
1

{
γ

s
G1
[
αϑ0∇ϑ0 −

1

Re
∇2ϑ0

]}
,

ϑ2(X, t) = G−1
1

{
γ

s
G1
[
α(ϑ0∇ϑ1 + ϑ1∇ϑ0)−

1

Re
∇2ϑ1

]}
, (18)
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...

ϑn(X, t) = G−1
1

{
γ

s
G1

[
n∑
k=0

αϑk∇ϑn−k−1 −
1

Re
∇2ϑn−1

]}
.

Computing the component of above system of equations yields the required series solution (17).
For more details of GB-HPM, readers are advised to read [2, 3]. The semi-analytic solutions of
different problems under different conditions are presented in the succeeding section.

6 Implementation of numerical and analytic techniques

The implementation of any technique whether it is analytic or numerical is a vital part of the
study to ensure its application and the verification under different conditions. In this section,
the numerical tests for proposed semi-analytic and numerical procedures are presented. The
comparison of numerical and analytic techniques is presented in terms of error analysis defined
below:

Abs = |ϑpj − ϑ̃
p
j |,

‖e‖∞ = max
j
|ϑpj − ϑ̃

p
j |,

‖e‖2 =

√√√√ 1

N

N∑
j=1

(
ϑpj − ϑ̃

p
j

)2
,

where ϑpj and ϑ̃pj are exact and approximate solutions, respectively, computed at Xj ∈ Ω and
tp ∈ [0, T ].

Example 1. Consider the unsteady viscous 2D Burger’s equation:

1

Re
(ϑξξ + ϑζζ) = ϑt + αϑ(ϑξ + ϑζ), 0 < ξ, ζ < 1, t > 0. (19)

For the specific case α = 1, the analytic solution is mentioned in [31, 38]as follows:

ϑ(ξ, ζ, t) =
1

exp
(
Re(ξ+ζ−t)

2

) , (20)

The initial and boundary conditions are obtained from (20).

According to the description of the of GB-HPM given in Section 2.1, the component of
semi-analytic series solutions are obtained as

Iran. J. Numer. Anal. Optim., Vol. 16, No. 3, 2026, pp 1107–1132



Kaur, Pasrija and Arora 1120

ϑ0(ξ, ζ, t) = 1/(exp((Re(ξ + ζ))/2) + 1),

ϑ1(ξ, ζ, t) = Ret exp((Re(ξ + ζ))/2)
(
2α+

exp((Re(ξ + ζ)/2)− 1))

2(exp((Re(ξ + ζ))/2) + 1)3

)
,

ϑ2(ξ, ζ, t) = (Re2t2 exp((Re(ξ + ζ))/2)(4α− 11 exp(Re(ξ + ζ))

+ 11 exp((Re(ξ + ζ))/2) + exp((3Re(ξ + ζ))/2)

+ 12α exp(Re(ξ + ζ))− 24α exp((Re(ξ + ζ))/2)

+ 12α2 exp((Re(ξ + ζ))/2)− 4α2 − 1))

(8(exp((Re(ξ + ζ))/2) + 1)5)
,

...

Furthermore, for n ≥ 2, desired number of terms of series solution can be obtained to enhance
its accuracy. The numerical values listed in Table 2 are calculated at various time levels t for
different numbers of collocation points N and step size δt. Table 3 demonstrates better accuracy
as value of N increases for high Reynolds numbers that have been not considered yet and it
displays superior outcomes than available in literature for Re = 100. It is observed from these
tables that even Reynolds number increases, the error norms remain stable and does not fluctuate
or diverge, which shows the applicability of technique on the proposed problem.

Table 2: Error norms of RBF-RK solutions of Example 1 for α = 1 and Re = 10 at various time levels.
t = 0.05 t = 0.25 t = 0.5

Method N δt ‖e‖∞ ‖e‖2 ‖e‖∞ ‖e‖2 ‖e‖∞ ‖e‖2

RBF-RK 100 0.005 2.2342e-05 6.4207e-06 1.5028e-04 3.0529e-05 1.3028e-04 3.9193e-05
400 0.001 3.2139e-06 4.0586e-07 1.3798e-05 1.5346e-06 9.3718e-06 3.0963e-06

FIFD [33] 900 0.005 9.3799e-05 1.6417e-05 2.3733e-04 5.2981e-05 - -
MTCB-DQM [1] 3600 0.0001 6.9200e-05 1.1600e-05 5.3000e-05 1.5100e-05 5.2600e-05 1.8800e-05

Table 3: Error norms of RBF-RK solutions of Example 1 at α = 1 and t = 0.05 with δt = 0.001 for various Re.
Re = 100 Re = 200

Method N ∥e∥∞ ∥e∥2 ∥e∥∞ ∥e∥2
RBF-RK 25 1.2067e-07 2.8168e-08 7.5064e-08 1.7538e-08

36 5.2821e-08 2.0907e-08 1.7069e-08 1.1214e-08
BBFE [32] 25 3.2143e-06 3.4403e-06 - -

441 2.0547e-06 2.3549e-06 - -

Re = 500 Re = 700

∥e∥∞ ∥e∥2 ∥e∥∞ ∥e∥2
RBF-RK 25 3.3011e-08 7.7190e-09 2.3994e-08 5.6116e-09

36 7.4839e-09 4.9135e-09 5.4365e-09 3.5689e-09

In Tables 4 and 5, numerical values are tabulated by considering initial five terms of GB-HPM
series solution. Semi-analytic GB-HPM is distinguished at small time level t = 0.01. However,
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it faces challenges as time marched to t = 0.5. The numerical RBF-RK with N = 400 and
δt = 0.001 performs quite well where absolute error ranges from 10−5 to 10−8.

Table 4: Numerical results and absolute errors of solutions of Example 1 at α = 1 and Re = 10.
t ξ ζ GB-HPM RBF-RK AbsGB−HPM AbsRBF−RK

0.01 0.1 0.1 2.78884e-01 2.7888e-01 1.26684e-10 4.0228e-07
0.5 0.1 4.97365e-02 4.9733e-02 1.38650e-11 3.1659e-06
0.9 0.1 7.03358e-03 7.0314e-03 1.40396e-11 2.2335e-06
0.3 0.3 4.97365e-02 4.9734e-02 1.38650e-11 2.5540e-06
0.7 0.3 7.03358e-03 7.0303e-03 1.40396e-11 3.3208e-06
0.1 0.5 4.97365e-02 4.9735e-02 1.38650e-11 1.0479e-06
0.5 0.5 7.03358e-03 7.0318e-03 1.40396e-11 1.7792e-06
0.9 0.5 9.57717e-04 9.5640e-04 2.32464e-12 1.3206e-06
0.1 0.9 7.03358e-03 7.0334e-03 1.40396e-11 2.0050e-07
0.9 0.9 1.29720e-04 1.2978e-04 3.22787e-13 5.6619e-08

0.5 0.1 0.1 7.51387e-01 8.1757e-01 6.61867e-02 2.7296e-07
0.5 0.1 4.04386e-01 3.7755e-01 2.68453e-02 5.0835e-06
0.9 0.1 7.02560e-02 7.5855e-02 5.60212e-03 2.8064e-06
0.3 0.3 4.04386e-01 3.7754e-01 2.68453e-02 2.5281e-06
0.7 0.3 7.02560e-02 7.5860e-02 5.60212e-03 2.3182e-06
0.1 0.5 4.04386e-01 3.7754e-01 2.68453e-02 9.5033e-08
0.5 0.5 7.02560e-02 7.5862e-02 5.60212e-03 4.0642e-06
0.9 0.5 9.84591e-03 1.0989e-02 1.14103e-03 2.3675e-06
0.1 0.9 7.02560e-02 7.5857e-02 5.60212e-03 8.8786e-07
0.9 0.9 1.33883e-03 1.5056e-03 1.62345e-04 4.3955e-06

Table 5: Numerical results of Example 1 at t = 0.01 and Re = 10 for different α.
α = 0 α = 2

ξ ζ GB-HPM RBF-RK GB-HPM RBF-RK

0.1 0.1 2.7334E-01 2.7347e-01 2.8474e-01 2.8453e-01
0.5 0.1 4.9493E-02 4.9491e-02 4.9984e-02 4.9985e-02
0.9 0.1 7.0284E-03 7.0188e-03 7.0388e-03 7.0440e-03
0.3 0.3 4.9493E-02 4.9484e-02 4.9984e-02 4.9993e-02
0.7 0.3 7.0284E-03 7.0359e-03 7.0388e-03 7.0305e-03
0.1 0.5 4.9493E-02 4.9492e-02 4.9984e-03 4.9986e-02
0.5 0.5 7.0284E-03 7.0276e-03 7.0388e-03 7.0413e-03
0.9 0.5 9.5762E-04 9.5081e-04 9.5781e-04 9.6304e-04
0.1 0.9 7.0284E-03 7.0205e-03 7.0388e-03 7.0454e-03
0.9 0.9 1.2972E-04 1.3110e-04 1.2972e-04 1.2936e-04

The 3D behavior of numerical values and absolute error is shown in Figures 5 and 6, re-
spectively for Re = 1 with N = 441. It is observed that numerical values lie between −0.01 to
0.01. The absolute error is found to be of order 10−6, which again implies the applicability of
the proposed technique.

Figures 7 and 8 show the behavior of the numerical solution and the absolute error, respec-
tively, for N = 400 and δt = 0.001 with Re = 10 and α = 1 at t = 1. Maximum error is observed
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Figure 5: Visualization of numerical solution for Example 1 when Re = 1, α = 1, t = 0.1, δt = 0.001 and
N = 441.

Figure 6: Visualization of absolute error for Example 1 when Re = 1, α = 1, t = 0.1, δt = 0.001 and N = 441.

of order 10−5, which verifies the application of proposed technique. Figures 9–11 imply the
active intervention of advection coefficient α in controlling direction of flow. For α = 0, the
solution profile exhibits multi-directional flow. For α = 1, the fluid velocity is directed along
single direction, however, for α = 2, the fluid flow seems to gradually narrow and concentrate
near the origin.

Example 2. Consider the unsteady viscous 2D Burger’s equation (19) with initial and boundary
data given as follows:
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Figure 7: Visualization of numerical solution for Example 1 when Re = 10, α = 1, t = 1, δt = 0.001 and
N = 400.

Figure 8: Visualization of absolute error for Example 1 when Re = 10, α = 1, t = 1, δt = 0.001 and N = 400.

ϑ(ξ, ζ, 0) = sin(πξ) sin(2πζ), (21)

where Ω = [0, 1]× [0, 1] is the space domain. For the specific case Re = 1 and α = 0, the analytic
solution is mentioned in [32, 38] as follows:

ϑ(ξ, ζ, t) = exp(−5tπ2) sin(πξ) sin(2πζ). (22)
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Figure 9: RBF-RK contour profiles for Example 1 when Re = 1, t = 0.5, δt = 0.001, α = 0 and N = 400.
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Figure 10: RBF-RK contour profiles for Example 1 when Re = 1, t = 0.5, δt = 0.001, α = 1 and N = 400.
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Figure 11: RBF-RK contour profiles for Example 1 when Re = 1, t = 0.5, δt = 0.001, α = 2 and N = 400.

Using initial data given in (21) as initial component in procedure of GB-HPM yields further
components of series solution as

ϑ0(ξ, ζ, t) = sin(πξ) sin(2πζ),

ϑ1(ξ, ζ, t) =− (t sin(πξ) sin(2πζ)(5π2 +Reαπ cos(πξ) sin(2πζ)

+ 2Reαπ cos(2πζ) sin(πξ)))/Re,

ϑ2(ξ, ζ, t) =(t2(25π4 sin(πξ) sin(2πζ)−Re2α2π2 sin(πξ) sin(2πζ)3

− 4Re2α2π2 sin(πξ)3 sin(2πζ)

− 8Reαπ3 cos(πξ) sin(πξ)(2 cos(2πζ)2 − 1)

− 4Reαπ3 cos(2πζ) sin(2πζ)(2 cos(πx)2 − 1)
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+ 14Reαπ3 cos(πξ) sin(πx) sin(2πζ)2

+ 52Reαπ3 cos(2πζ) sin(πξ)2 sin(2πζ)

+ 3Re2α2π2 cos(πξ)2 sin(πξ) sin(2πζ)3

+ 12Re2α2π2 cos(2πζ)2 sin(πξ)3 sin(2πζ)

+ 12Re2α2π2 cos(πξ) cos(2πζ) sin(πξ)2 sin(2πζ)2))/(2Re2),
...

Following the same process for n ≥ 2, the desired number of terms of series solution can be
obtained. In the present case, numerical values are computed from the initial five terms of
GB-HPM series solution.

For numerical procedures, with the initial condition of a sine waveform, the boundary con-
ditions are set to be periodic as given in (21) and (22). In Table 6, tabulated error norms
corresponding to the available exact solution for α = 0 and Re = 1 are computed by employing
different values of N and δt across space-time domain. Accuracy level enhances as step size δt
becomes smaller. In Table 7, comparison analysis in terms of absolute error demonstrates the
excellence of semi-analytic GB-HPM for very small time t = 0.001 and t = 0.02. In Table 8, the
numerical results are presented for different values of Re and α = 1. The agreement between
GB-HPM and RBF-RK method signifies the application of proposed techniques on a given 2D
Burger’s equation.

Table 6: Error norms of RBF-RK solutions of Example 2 for α = 0 and Re = 1 at various time levels.
t = 0.01 t = 0.05 t = 0.1

Method N δt ‖e‖∞ ‖e‖2 ‖e‖∞ ‖e‖2 ‖e‖∞ ‖e‖2

RBF-RK 100 0.001 3.2465e-05 9.9245e-06 1.1422e-05 4.2433e-06 2.6308e-06 8.3001e-07
0.0001 3.2455e-05 9.9211e-06 1.1415e-05 4.2390e-06 2.6293e-06 8.2940e-07

441 0.001 1.4088e-06 4.1234e-07 3.1881e-06 8.8184e-07 3.4405e-06 9.4979e-07
0.0001 1.4088e-06 4.1399e-07 3.1908e-06 8.8215e-07 3.4409e-06 9.4979e-07

However, GB-HPM experiences challenges for t ≥ 0.02. Therefore, for the aim of small
time propagation of physical phenomena such as simulation of earthquake, tsunamis and cosmic
dynamics [12, 41, 44], GB-HPM can be an ideal choice. Indeed for further analysis one needs to
employ suggested numerical procedures which maintain the standard of accuracy for compara-
tively large time. In the scenario of lacking an exact solution, mutual comparison of proposed
approximate solutions verifies the credibility of the obtained numerical results by the proposed
schemes.
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Table 7: Numerical results and absolute errors of solutions of Example 2 for α = 0 and Re = 1.
t ξ ζ GB-HPM RBF-RK AbsGB−HPM AbsRBF−RK

0.001 0.1 0.1 1.7289e-01 1.7290e-01 4.3935e-10 6.8636e-06
0.5 0.1 5.5948e01 5.5949e-01 1.4218e-09 3.5509e-06
0.9 0.1 1.7289e-01 1.7289e-01 4.3935e-10 1.0765e-06
0.3 0.3 7.3237e-01 7.3238e-01 1.8611e-09 6.4155e-06
0.1 0.9 7.3237e-01 7.3237e-01 1.8611e-09 1.5544e-08
0.7 0.3 -1.7289e-01 -1.7288e-01 4.3935e-10 6.6740e-06
0.9 0.9 -1.7289e-09 -1.7289e-01 4.3935e-10 3.3662e-06

0.02 0.1 0.1 6.8911e-02 6.7699e-02 1.2135e-03 2.0509e-06
0.5 0.1 2.2300e-01 2.1908e-01 3.9271e-03 2.8359e-06
0.9 0.1 6.8911e-02 6.7699e-02 1.2135e-03 2.1765e-06
0.3 0.3 2.9191e-01 2.8677e-01 5.1406e-03 2.8133e-06
0.7 0.3 2.9191e-01 2.8677e-01 5.1406e-03 2.8780e-06
0.1 0.9 -6.8911e-02 -6.7696e-02 1.2135e-03 1.0952e-06
0.9 0.9 -6.8911e-02 -6.7696e-02 1.2135e-03 9.0260e-07

Table 8: Numerical results of Example 2 at α = 1 and t = 0.001 for different Re.
Re = 10 Re = 100

ξ ζ GB-HPM RBF-RK GB-HPM RBF-RK

0.1 0.1 1.8014e-01 1.8014e-01 1.8094e-01 1.8095e-01
0.5 0.1 5.8195e-01 5.8196e-01 5.8452e-01 5.8453e-01
0.9 0.1 1.8077e-01 1.8078e-01 1.8158e-01 1.8158e-01
0.3 0.3 7.6548e-01 7.6548e-01 7.6889e-01 7.6889e-01
0.7 0.3 7.6816e-01 7.6816e-01 7.7160e-01 7.7160e-01
0.1 0.9 -1.8077e-01 -1.8078e-01 -1.8158e-01 -1.8158e-01
0.9 0.9 -1.8014e-01 -1.8014e-01 -1.8094e-01 -1.8094e-01

In Figures 12 to 15, RBF-RK solution profiles are shown forN = 441 and δt = 0.001, with the
Reynolds number Re varying from 1 to 50. It displays the configuration of sinusoidal waveform.
The sinusoidal waveform is generally found in sine curved channels, arteries, alternating current
and many more.

7 Conclusion

The present study made an original contribution by conducting a comparative examination of
the approximate solutions of two schema classes, namely semi-analytic GB-HPM and numerical
collocation methods based on RBFs. Few initial terms of semi-analytic series show adequate
convergence to the exact solution and radial basis collocation methods prove their competency
along with their complementary meshfree nature. The potential of proposed schemes are com-
pared using absolute, ‖e‖∞ and ‖e‖2 error norms for short, moderate and long-time propagation.
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Figure 12: RBF-RK solution profiles of Example 2 when Re = 1, α = 0, δt = 0.001 and N = 441.
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Figure 13: RBF-RK solution profiles of Example 2 when Re = 10, α = 0, δt = 0.001 and N = 441.

The GB-HPM exhibits promising accuracy for short and moderate-time propagation but fails to
maintain its standard for long-time computations. However at cost of some more computational
efforts suggested numerical scheme has performed pretty well at all time levels.
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Figure 14: RBF-RK solution profiles of Example 2 when Re = 30, α = 0, δt = 0.001 and N = 441.
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Figure 15: RBF-RK solution profiles of Example 2 when Re = 50, α = 0, δt = 0.001 and N = 441.
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Abstract

Mathematical models of anthrax transmission often involve strong nonlinearities that chal-
lenge standard solvers and can limit robust inference. We present a four-compartment (SIRV)
animal anthrax model and an efficient numerical framework that combines quasilinearization
with a shifted Genocchi-polynomial collocation scheme (Genocchi-QLM). We provide conver-
gence and error analyses for the approximations on a finite interval and construct a residual-
error diagnostic to certify solution quality. Across representative parameter sets, Genocchi-
QLM achieves rapid convergence and close agreement with a benchmark Runge–Kutta im-
plementation (ode45), while maintaining numerical stability over long horizons. We further
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assess practical relevance by comparing simulated infected-case trajectories to reported out-
break patterns from endemic settings, observing qualitative agreement in rise-and-decay phases
consistent with recovery, mortality, vaccination, and waning-immunity mechanisms. Sensitiv-
ity exploration highlights how vaccination rate and immunity waning jointly shape persistence.
Because the method converts a nonlinear initial-value problem into a sequence of linear sys-
tems with a sparse structure, it is readily extensible to higher-dimensional or controlled models
and can be adapted to fractional or stochastic variants. These results indicate that Genocchi-
QLM is a fast, accurate, and scalable tool for solving nonlinear epidemiological systems and
for supporting data-informed analysis of anthrax control strategies.

AMS subject classifications (2020): 92D30; 65L05; 65L07; 65M70; 42C10.

Keywords: Anthrax Disease Model; Boundary Value Problems; Genocchi Quasilinearization
Method; Genocchi Polynomials; Numerical Methods.

1 Introduction

Bacillus anthracis is the bacterium that causes anthrax, an acute and often fatal zoonotic disease
that has been recognized for centuries as a major threat to both animal and human health [25, 30].
Both domestic and wild animals are affected by the disease, with herbivorous species such as
cattle, horses, sheep, goats, and antelopes being the most vulnerable due to their frequent contact
with contaminated soil, water, or vegetation. These animals have very low natural resistance to
anthrax, making it one of the most dangerous infectious diseases in the world [28, 36]. Bacillus
anthracis bacterium is a spore-forming, rod-shaped organism that can survive in soil for decades
under harsh environmental conditions; allowing repeated outbreaks in endemic regions. Infection
in animals occurs in a variety of ways, such as by consuming water or grass contaminated with
spores, inhaling spores while grazing, or coming into contact with carcasses of diseased animals
[10].

Humans are also susceptible to anthrax and can contract the disease through direct or
indirect contact with infected animals or their byproducts, including hides, wool, and meat [13].
Anthrax transmission occurs mainly through four well-recognized pathways [34]. Cutaneous
anthrax enters the body through cuts or abrasions in the skin and is the most common form;
although it is less deadly, untreated cases can still progress to systemic infection. Gastrointestinal
anthrax develops after the ingestion of raw or undercooked meat from infected animals and is
associated with severe abdominal pain, vomiting, and diarrhea, sometimes progressing rapidly to
systemic illness. Pulmonary anthrax, also known as inhalation anthrax, results from breathing in
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airborne spores and is the most dangerous form; even with treatment, it often has a high fatality
rate due to rapid progression to severe respiratory distress and septicemia. Injection anthrax,
the most recently identified form, occurs in people who inject contaminated drugs, leading to
severe soft-tissue infections and sepsis.

Clinically, anthrax symptoms vary according to the route of infection but often share com-
mon features, including fever, fatigue, and rapid deterioration in severe cases. Cutaneous anthrax
typically presents as a painless ulcer with a characteristic black eschar. Inhalation anthrax of-
ten begins with mild flu-like symptoms but quickly advances to respiratory failure if untreated.
Gastrointestinal anthrax may cause severe hemorrhagic gastroenteritis, while injection anthrax
is marked by extensive tissue damage and systemic toxicity. Globally, anthrax remains a signifi-
cant public health and veterinary concern, particularly in Sub-Saharan Africa, parts of Asia, and
some regions of North America where the bacteria are endemic in the soil. In recent decades,
outbreaks in animal populations have been documented in several countries. In South Africa’s
Kruger National Park, for instance, the number of roan antelope plummeted from 450 to just
45 due to recurring anthrax outbreaks [11, 6]. In Tanzania, outbreaks have caused the deaths
of 10 cattle, 26 goats, 3 sheep, and 131 wild animals, in addition to 21 humans suspected to
the infection in a single season [22]. Human outbreaks have also been reported; in the Kiliman-
jaro region, 36 individuals were hospitalized after consuming anthrax-contaminated beef [26].
Tragically, in Arusha, eight of the 134 infected individuals succumbed to the disease, and in
Dar es Salaam, six of the 22 infected patients died [26]. In Northern Canada, nine separate
anthrax epidemics in bison populations were reported between 1962 and 1993, underscoring the
persistent environmental reservoirs of the pathogen [7]. These examples highlight the enduring
global presence of anthrax and the critical need for surveillance, rapid diagnosis, and effective
vaccination programs to control its spread. Therefore, mathematical modeling plays a crucial
role in predicting the spread of the disease and in understanding its complex dynamics, making
it an essential tool for effective analysis and control strategies. The main modes of transmission
of the anthrax in humans and animals can be seen in Figure 1.

Over the years, a number of mathematical models have been presented to explain how an-
thrax spreads among animals. Mushayabasa [24] created the first basic model of the dynamics
of anthrax disease transmission, which included three main compartments: Pathogens, Con-
tamination, and Susceptible. However, in this initial model, the role of infectious animals as
a major contributor to the spread of anthrax was not addressed. Building on this foundation,
Sabir and Simbawa [33] applied Bayesian regularization to develop a stochastic machine learning
approach that demonstrated the numerical performance of the anthrax disease system in animal
populations. In addition, Raza and Abdella [31] further examined the nonlinear dynamics of
anthrax transmission by incorporating delay effects to account for the incubation period mech-
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Figure 1: Modes of transmission of anthrax.

anism, providing deeper insights into the stability and progression of the disease. Also, Alfwzan
et al. [2] introduced an unconventional computational methodology aimed at improving the
accuracy of model predictions, evaluating potential control strategies, and identifying critical
parameters that drive the dynamics of stochastic anthrax epidemics. Bylaiah et al. [3] utilized
advanced machine learning techniques to create a predictive model for assessing anthrax risk,
demonstrating how variations in environmental factors such as precipitation levels can influence
disease outbreaks.

On the other hand, Helikumi, Lolika, and Mushayabasa [12] highlighted the significance of
the basic reproduction number and its implications in simulating and understanding a wide range
of infectious diseases, including anthrax. Mackey and Kribs [23] investigated the modeling of
disease spread among zebra populations, providing valuable insights into the spatial and tempo-
ral patterns of anthrax transmission in wildlife. A proposition of a novel framework to evaluate
the effectiveness of public health strategies for anthrax prevention, integrating decision-making
processes related to health security have been proposed by Chen et al. [4]. Stella et al. [35]
developed an SIR-based model to describe the transmission dynamics of anthrax within animal
communities. Croicu [5] proposed the IACN model, which incorporated compartments repre-
senting infected animals, carcasses, and environmental reservoirs to better capture the ecological
complexity of herbivore anthrax transmission. Osman, Makinde, and Theuri [28] provided an
enhanced mathematical analysis of anthrax dynamics, offering qualitative insights and valuable
implications for disease forecasting and control measures. Van den Driessche [37] emphasized
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the importance of mathematical modeling as a critical tool for understanding the spread and
control of infectious diseases, including anthrax.

Pantha, Day, and Lenhart [29] explored optimal control strategies within their mathematical
framework, identifying approaches to effectively manage anthrax outbreaks through targeted
interventions. Roy, van den Driessche, and Yakubu [32] developed a model to investigate how
the growth and persistence of Bacillus anthracis spores in the environment affect fluctuations
in susceptible animal populations. In addition, Kar and Batabyal [20] incorporated optimal
control theory into their analysis of a nonlinear SIR epidemic model, emphasizing the role of
vaccination as a key component in reducing the burden of the disease. Oh et al. [27] presented
an analysis of a mathematical model specifically focused on gastrointestinal anthrax, shedding
light on the transmission mechanisms and potential intervention strategies for this form of the
disease. Finally, Karginov et al. [21] examined therapeutic approaches, modeling the combined
effects of ciprofloxacin and antibody treatments in controlling bacterial growth and improving
recovery outcomes.

Building on previous studies that develop models to analyze the transmission dynamics
of anthrax, this work introduces a numerical approach that leverages the synergy between the
Genocchi polynomials framework and the quasilinearization method (QLM). Earlier models in the
literature have offered valuable insights into anthrax epidemiology using deterministic, stochastic,
or optimal control frameworks. However, these models often rely on traditional numerical solvers
and do not fully exploit advanced approximation techniques capable of handling nonlinearities
with high accuracy and stability. Motivated by these gaps, our study presents a refined and
computationally efficient framework that not only enhances the accuracy of solutions but also
provides a robust foundation for sensitivity and control analysis of anthrax disease dynamics.

The main contributions and novelty of this work can be summarized as follows:

1. A complete analyze of an extended four-compartment anthrax transmission model, incor-
porating the interactions between susceptible, infected, recovered, and vaccinated animal
populations, while capturing key biological processes such as disease-induced mortality,
immunity waning, and demographic effects.

2. A hybrid Genocchi-quasilinearization method (Genocchi-QLM) is proposed, which is a
numerical scheme that transforms the nonlinear system into a sequence of linear systems
efficiently approximated by shifted Genocchi polynomials. To the best of our knowledge,
this approach has not been previously applied to anthrax epidemiological models.
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3. A rigorous convergence and error analysis is conducted, theoretically establishing the
uniform convergence of the method and validating its accuracy through a residual error
function technique.

4. We perform an extensive comparative validation to ode45, demonstrating the accuracy,
efficiency, and stability of the Genocchi-QLM in capturing the dynamics of the model.

5. Real-world validation of the results confirms the ability of the method to provide highly
accurate and reliable outcomes for the simulations.

6. Through comprehensive numerical experiments, we investigate the sensitivity of the sys-
tem to key parameters, providing insights into the impact of vaccination strategies, re-
covery rates, and immunity waning on disease persistence and control.

The organization of this paper is as follows: In section 2, we present the mathematical model
of anthrax disease in animals and define the underlying assumptions. Section 2 provides a review
of Genocchi polynomials and then the shifted Genocchi polynomials with the error analysis. In
addition to discussing the QLM for the anthrax model, section 4 presents the Genocchi colloca-
tion method, which is based on the quasilinearization approach with residual error. Numerical
simulation results are presented in section 5, emphasizing the impact of significant parameters
on disease control and transmission. At last, a conclusion to the paper is presented in section 6.

2 Model formulation

In this section, we need to construct a nonlinear mathematical model of the anthrax disease
model in animals. To formulate the proposed model, let us subdivide the total number of
population N(t) at time t into four mutually exclusive classes such as: S(t), which represents
the number of susceptible animals that are at risk of contracting anthrax, while I(t) denotes the
infected animals exhibiting clinical symptoms of the disease. The R(t) compartment accounts
for recovered animals that have survived infection and acquired temporary or partial immunity.
The final compartment, V (t), represents the vaccinated animal population, which has gained
immunity through preventive vaccination programs. Thus, the final model can be considered as
follows [33, 9]:
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dS(t)

dt
= η − αI(t)S(t)− (β + γ)S(t) + εV (t) + θR(t),

dI(t)

dt
= αI(t)S(t)− (β + µ+ λ)I(t),

dR(t)

dt
= λI(t)− (β + θ)R(t),

dV (t)

dt
= γS(t)− (β + ε)V (t),

(1)

with the initial conditions

S(0) = S0, I(0) = I0, R(0) = R0, V (0) = V0. (2)

The description of the parameters of the model is given in Table 1, while Figure 2 represents
the flowchart diagram of the anthrax disease model. In the next section, we will provide the

Table 1: Declaration of parameters for the anthrax disease model.
Parameters Description

η Rate of recruitment
α Rate of contact
β Rate of natural death
γ Rate of vaccination
θ The waning rate of recovery
ε The waning immunity rate of vaccinated animals
µ Rate of induced-disease death
λ The recovery rate of animals

fundamentals of the Genocchi polynomials.

3 Fundamentals of Genocchi polynomials

In this section, we first demonstrate the overview of Genocchi polynomials with significant prop-
erties on the interval [0, 1]. Then, we shift the interval to general form [0, b] to get the modified
Genocchi polynomials and present the error analysis.

3.1 Fundamental features of Genocchi polynomials

The Genocchi polynomials and the Genocchi numbers can be defined by the generating functions
as follows [15, 8]:
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Figure 2: The flowchart for the anthrax disease model.

2xexτ

ex + 1
=

∞∑
q=0

Gq(τ)
xq

q!
, (|x| < π), (3)

2x

ex + 1
=

∞∑
q=0

Gq
xq

q!
, (|x| < π). (4)

Definition 1. The Genocchi polynomials Gq(τ) of degree q on the interval [0, 1] are defined as
follows:

Gq(τ) =

q∑
k=0

(
q

k

)
Gk τ

q−k, (5)

where Gk represents the Genocchi numbers, which are connected with Bernoulli numbers in the
following way:

Gq = 2(1− 2q)Bq, q > 1. (6)

The following equations are some of the many interesting characteristics of the Genocchi poly-
nomials:

d

dτ
Gq(τ) = q Gq−1(τ), q ≥ 1, (7)
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Gq(τ + 1) +Gq(τ) = 2 q τ q−1, q ≥ 1, (8)

Gq(1) +Gq(0) = 0, q > 1. (9)

Let us represent the (Q+ 1) vector of Genocchi polynomials by

GQ(τ) =
[
G1(τ) G2(τ) . . . GQ+1(τ)

]
. (10)

We can deduce from this representation the following lemma.

Lemma 1. The mathematical matrix representation for GQ(τ) satisfies

GQ(τ) = ∆Q(τ)M , (11)

where
∆Q(τ) =

[
1 τ τ2 . . . τQ

]
,

and

M =



(
1
1

)
G1

(
2
2

)
G2

(
3
3

)
G3 . . .

(
Q
Q

)
GQ

(
Q+1
Q+1

)
GQ+1

0
(
2
1

)
G1

(
3
2

)
G2 . . .

(
Q
Q−1

)
GQ−1

(
Q+1
Q

)
GQ

0 0
(
3
1

)
G1 . . .

(
Q
Q−2

)
GQ−2

(
Q+1
Q−1

)
GQ−1

...
...

... . . . ...
...

0 0 0 . . .
(
Q
1

)
G1

(
Q+1
2

)
G2

0 0 0 . . . . . .
(
Q+1
1

)
G1


(Q+1)×(Q+1)

. (12)

3.2 Modified Genocchi polynomials on the interval [0, b]

The approximate solution of function for interval [0, 1] in terms of Genocchi polynomials is
expressed as

ΨQ(τ) =

Q+1∑
k=1

φkGk(τ), τ ∈ [0, 1]. (13)

To obtain the shifted version of Genocchi polynomials, we replace τ by t/b in the matrix GQ(τ).

Definition 2. The shifted Genocchi polynomials on [0, b] is defined via relation

GQ(t) = ∆Q(t)M , t ∈ [0, b], (14)
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where
∆Q(t) =

[
1 t/b (t/b)2 . . . (t/b)Q

]
, (15)

so the approximate solution of the function on the interval [0, b] is given by

ΨQ(t) =

Q+1∑
k=1

φkGk(t), t ∈ [0, b]. (16)

3.3 Error analysis on the interval [0, b]

In this section, we expand the error analysis of the Genocchi polynomials approximation from the
unit interval [0, 1] to a broad finite interval [0, b], where b > 0. Assume first that the approximated
function g(t) is an arbitrary element of H = L2[0, b] and

Π = span{G1(t), G2(t), . . . , GQ+1(t)} ⊂ H,

where {Gk(t)}Q+1
k=1 denotes the shifted Genocchi polynomials on [0, b]. We can state that g(t) has

a unique best approximation g∗(t) in the space Π such that for all Ψ(t) ∈ Π,

‖g(t)− g∗(t)‖2 ≤ ‖g(t)−Ψ(t)‖2 . (17)

Since g∗(t) ∈ Π, there exists a unique set of coefficients {φk}Q+1
k=1 such that

g(t) ∼= g∗(t) =

Q+1∑
k=1

φkGk(t) = G(t)Φ,

where Φ =
[
φ1 φ2 . . . φQ+1

]T
, G(t) =

[
G1(t) G2(t) . . . GQ+1(t)

]
. The following lemma is

required in order to determine the values of the coefficients.

Lemma 2. Assume that g ∈ CQ[0, b] can be approximated by the Genocchi series
∑Q+1
k=1 φkGk(t).

Then the unknown coefficients {φk}Q+1
k=1 satisfy

φk =
1

2(k!)

(
g(k−1)(0) + g(k−1)(b)

)
.

Proof. The result follows from the properties of Genocchi polynomials in (8) and (9) for the
interval [0, b]. Please refer to [14] for proof.
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Lemma 3. Suppose that g(t) ∈ C(k+1)[0, b] with k ≤ Q and thatΠ = span{G1(t), G2(t), . . . , GQ+1(t)}.
If G(t)Φ is the best approximation of g(t) from Π in the L2-norm, then

‖ξQ+1(g)‖ ≤
b

2k+3
2 Θ

(k + 1)!
√
2k + 3

,

where
ξQ+1(g) = g(t)−G(t)Φ, Θ = max

t∈[0,b]
|g(k+1)(t)|.

Proof. In order to observe this, we set

Ψ1(t) = g(0) + tg′(0) +
t2

2!
g′′(0) + · · ·+ tk

k!
g(k)(0).

It is evident from Taylor’s expansion that

|g(t)−Ψ1(t)| ≤
∣∣∣g(k+1)(ξt)

∣∣∣ (t)k+1

(k + 1)!
,

where ξt ∈ [0, b]. Since G(t)Φ is the best approximation of g(t) out of Π and Ψ1(t) ∈ Π, then
from (17), we have

‖g(t)−G(t)Φ‖2L2
≤ ‖g(t)−Ψ1(t)‖2L2

=

∫ b

0

|g(t)−Ψ1(t)|2dt

≤
∫ b

0

|g(k+1)(ξt)|2
(

tk+1

(k + 1)!

)2

dt

≤ b2k+3 Θ2

((k + 1)!)2 (2k + 3)
.

When we take square roots of both sides, we get

‖g(t)−G(t)Φ‖ ≤ b
2k+3

2 Θ

(k + 1)!
√
2k + 3

;

this complete the proof.

4 Quasilinearization technique

In this section, we will cover the main concept and steps of the recommended QLM. The goal of
the QLM is to convert the original nonlinear model (1) into a set of linear equations. The Genoc-
chi collocation method will next be applied to the linearized models that have been produced.
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Here, we briefly outline the basic concepts that allow the QLM to solve our model problems;
refer to [18, 16, 38, 1, 17] for more in-depth discussions and applications. Let us examine the
nonlinear form (1), which represents the standard formulation of our model. To solve the system
of equations (1), we need to first restate the anthrax disease model as

Υ̇(t) = H(t,Υ(t)), (18)

where

Υ̇(t) =


Ṡ(t)

İ(t)

Ṙ(t)

V̇ (t)

 , Υ(t) =


S(t)

I(t)

R(t)

V (t)

 ,

H(t,Υ(t)) =


η − αI(t)S(t)− (β + γ)S(t) + θR(t) + εV (t)

αI(t)S(t)− (β + µ+ λ)I(t)

λI(t)− (β + ε)R(t)

γS(t)− (β + θ)V (t)

 .
Next, select an initial approximation Υ0(t) for Υ(t). Then, the QLM iteration for (18) is defined
as follows:

Υ̇ψ+1(t) = H(t,Υψ(t)) + (Υψ+1(t)−Υψ(t))HΥ(t,Υψ(t)), ψ = 0, 1, . . . , (19)

with the initial conditions as mentioned in (2). The functional derivatives of H(t,Υ(t)) are
demonstrated by the (4 × 4) Jacobian matrix of anthrax system (18). The following linearized
model form is produced after the QLM approach is applied to the nonlinear model (18) as follows:

Υ̇ψ+1(t) +Eψ(t)Υψ+1(t) = Σψ(t), ψ = 0, 1, . . . , (20)

where

Eψ(t) =


αIψ(t) + β + γ αSψ(t) −θ −ε
−αIψ(t) −αSψ(t) + β + µ+ λ 0 0

0 −λ β + θ 0

−γ 0 0 β + ε

 ,

Σψ(t) =


η + αSψ(t)Iψ(t)

−αSψ(t)Iψ(t)
0

0

 ,

Iran. J. Numer. Anal. Optim., Vol. 16, No. 3, 2026, pp 1133–1160



1145 Quasilinearized Genocchi-Polynomial Collocation for Efficient Simulation of a Nonlinear SIRV ...

with the initial conditions given by

Υψ+1(0) =


Sψ+1(0)

Iψ+1(0)

Rψ+1(0)

Vψ+1(0)

 =


S0

I0

R0

V0

 . (21)

Therefore, we solve the quasilinear model (20) using the Genocchi collocation method instead of
solving the original model (1). The last method is called Genocchi-QLM.

4.1 Genocchi-QLM

Here, we aim to solve the system of linearized initial-value problems in (20) and (21) on the
interval [0, b] using Genocchi-QLM. To continue, we suppose that the truncated Genocchi poly-
nomials series form (16) can be used to express the solutions of model (20). At iteration ψ ≥ 0,
these approximations can be written as follows:

Sψ+1
Q (t) =

Q+1∑
k=1

φψk,1Gk(t) = GQ(t)Φ
ψ
Q,1,

Iψ+1
Q (t) =

Q+1∑
k=1

φψk,2Gk(t) = GQ(t)Φ
ψ
Q,2,

Rψ+1
Q (t) =

Q+1∑
k=1

φψk,3Gk(t) = GQ(t)Φ
ψ
Q,3,

V ψ+1
Q (t) =

Q+1∑
k=1

φψk,4Gk(t) = GQ(t)Φ
ψ
Q,4,

(22)

where Φψ
Q,υ represents the vectors of unknown coefficients associated with each approximate

solution and is given by

Φψ
Q,υ =

[
φψ1,υ φ

ψ
2,υ . . . φ

ψ
Q+1,υ

]T
, υ = 1, 2, 3, 4.

The representation of GQ(t) in (14) enables us to reconstruct the relations in (22) as follows:

Sψ+1
Q (t) = ∆Q(t)M Φψ

Q,1, Iψ+1
Q (t) = ∆Q(t) M Φψ

Q,2,

Rψ+1
Q (t) = ∆Q(t)M Φψ

Q,3, V ψ+1
Q (t) = ∆Q(t)M Φψ

Q,4.
(23)
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Next, we deduce the first derivative of approximate solutions in (23) by the following relations:

Ṡψ+1
Q (t) = ∆Q(t)DM Φψ

Q,1, İψ+1
Q (t) = ∆Q(t)DM Φψ

Q,2,

Ṙψ+1
Q (t) = ∆Q(t)DM Φψ

Q,3, V̇ ψ+1
Q (t) = ∆Q(t)DM Φψ

Q,4,
(24)

where D is the differentiation matrix of Genocchi polynomials and is defined as follows:

D =
1

b



0 2 0 · · · 0

0 0 3 · · · 0
...
...
... . . .

...
0 0 0 · · · Q+ 1

0 0 0 · · · 0


(Q+1)×(Q+1)

. (25)

Now, we are interested in the matrix representations of Υψ+1(t) and Υ̇ψ+1(t) in (20). So we
have the following matrix representations:

∆̄Q(t) =


∆Q(t) 0 0 0

0 ∆Q(t) 0 0

0 0 ∆Q(t) 0

0 0 0 ∆Q(t)

 , Φ̄ψ
Q =


Φψ
Q,1

Φψ
Q,2

Φψ
Q,3

Φψ
Q,4

 ,

M̄ =


M 0 0 0

0 M 0 0

0 0 M 0

0 0 0 M

 , D̄ =


D 0 0 0

0 D 0 0

0 0 D 0

0 0 0 D

 .
(26)

Then, the approximate solutions Υψ+1(t) and Υ̇ψ+1(t) can be expressed in matrix forms as
follows:

Υψ+1(t) = ∆̄Q(t)M̄ Φ̄ψ
Q, Υ̇ψ+1(t) = ∆̄Q(t) D̄ M̄ Φ̄ψ

Q. (27)

By using the collocation points defined as

ti =
i b

Q
, i = 0, 1, . . . , Q, (28)

in linear model (20), we obtain

Υ̇ψ+1(ti) +Eψ(ti)Υψ+1(ti) = Σψ(ti), i = 0, 1, . . . , Q, (29)
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which can be simplified as follows:

˘̇Υψ+1 + Ĕψ Ῠψ+1 = Σ̆ψ, (30)

where

˘̇Υψ+1 =


Υ̇ψ+1(t0)

Υ̇ψ+1(t1)
...

Υ̇ψ+1(tQ)

 , Ĕψ =


Eψ(t0) 0 · · · 0

0 Eψ(t1) · · · 0
...

... . . . ...
0 0 · · · Eψ(tQ)

 ,

Ῠψ+1 =


Υψ+1(t0)

Υψ+1(t1)
...

Υψ+1(tQ)

 , Σ̆ψ =


Σψ(t0)

Σψ(t1)
...

Σψ(tQ)

 .

For the matrix representation of Ῠψ+1 and Ῠψ+1, we need the following lemma.

Lemma 4. The matrices Ῠψ+1 and Ῠψ+1, produced from using collocation points (28) in
Υψ+1(ti) and Υ̇ψ+1(ti), can be constructed as follows:

Ῠψ+1 = ∆̆Q M̄ Φ̄ψ
Q,

˘̇Υψ+1 = ∆̆Q D̄ M̄ Φ̄ψ
Q, (31)

where

∆̆Q =


∆̄Q(t0) 0 · · · 0

0 ∆̄Q(t1) · · · 0
...

... . . . ...
0 0 · · · ∆̄Q(tQ)

 . (32)

By using (31) into (29), we obtain the matrix form of the linear model as follows:

∆̆Q D̄ M̄ Φ̄ψ
Q + Ĕψ ∆̆Q M̄ Φ̄ψ

Q = Σ̆ψ, (33)

which can be rewritten in the form:

Ξψ+1 Φ̄
ψ
Q = Σ̆ψ, or [Ξψ+1; Σ̆ψ], (34)

where
Ξψ+1 = ∆̆Q D̄ M̄ + Ĕψ ∆̆Q M̄ .
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At last, the matrix representation of the initial conditions, given in (2), is produced when tending
t→ 0 in (27) as follows:

∆̄Q(0)M̄ Φ̄ψ
Q = Bψ+1

0 , (35)

where Bψ+1
0 is given in (21). After approximate the initial solution of model Υ0(t), we replace

the first four rows of (34) with (35) to obtain the new augmented matrix

[Ξ̊ψ+1; Σ̊ψ]. (36)

By solving this system of linear equations, we obtain the unknown coefficients Φψ
Q, which are

used to gain the four approximations of the anthrax disease model in (1).

4.2 Residual error functions

In this subsection, we further validate the results by calculating the residual error for the model
(1). Validating the accuracy of the provided collocation technique is essential in this case. Let
Resψ+1

Q (t) represent the residual error function. As a result, we obtain

Resψ+1
S,Q (t) = |Ṡψ+1

Q (t)− η + αIψ+1
Q (t)Sψ+1

Q (t) + (β + γ)Sψ+1
Q (t)− θRψ+1

Q (t)

− εV ψ+1
Q (t)| ∼= 0,

Resψ+1
I,Q (t) = |İψ+1

Q (t)− αIψ+1
Q (t)Sψ+1

Q (t) + (β + µ+ λ)Iψ+1
Q (t)| ∼= 0,

Resψ+1
R,Q (t) = |Ṙψ+1

Q (t)− λIψ+1
Q (t) + (β + θ)Rψ+1

Q (t)| ∼= 0,

Resψ+1
V,Q (t) = |V̇ ψ+1

Q (t)− γSψ+1
Q (t) + (β + ε)V ψ+1

Q (t)| ∼= 0,

(37)

where ψ = 0, 1, . . . , 5. Indeed, at the collocation points specified in (28), the residual error
function Resψ+1

Q (t) becomes zero. As a result, we anticipate that as Q increases, the residual
error Resψ+1

Q (t) converges to zero, ensuring that the approximate solution becomes increasingly
accurate.
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5 Numerical simulations and validation

5.1 Numerical results

In this subsection, we present the numerical results for the nonlinear anthrax disease model in
animals, considering two cases. The suggested Genocchi-QLM is used to run the simulations,
proving the method’s effectiveness and dependability. To ensure the accuracy and consistency
of the results, MATLAB 2023 is used for all calculations and simulations.

Example 1. Consider the following values of parameters in the first case of the anthrax disease
model [33]:

η = 200, α = 0.0001, γ = 0.1, β = 0.001,

θ = 0.02, ε = 0.02, µ = 0.1, λ = 0.01,

where the initial conditions are

S(0) = 0.2, I(0) = 0.3, R(0) = 0.4, V (0) = 0.5.

In the iterated Genocchi-QLM procedure, by setting ψ = 5 and using Υ0(t) = 0 as the initial
approximation for the linearized system (20) with Q = 20 and a simulation time of b = 50, the
dynamics of the approximate solutions for the susceptible, infected, recovered, and vaccinated
populations are illustrated in Figures 3a, 4a, 5a, and 6a, respectively, with CPU time 20.648 sec.
For validation purposes, the results obtained from the classical ode45 solver in MATLAB are also
presented for comparison. As observed, the numerical solutions generated by the Genocchi-QLM
method exhibit an excellent agreement with those produced by ode45, confirming the reliability
and accuracy of the proposed approach. Furthermore, the corresponding residual errors for each
population class —susceptible, infected, recovered, and vaccinated— are depicted in Figures 3b,
4b, 5b, and 6b, respectively, demonstrating the high accuracy and convergence of the Genocchi-
QLM technique across all compartments.

From a physical perspective, the results reflect the expected epidemiological behavior of an-
thrax transmission. The susceptible population S(t) initially rises due to constant recruitment
(η = 200) before stabilizing as infection, recovery, and vaccination interact to balance the dy-
namics. The infected population I(t) steadily declines over time, driven by recovery (λ = 0.01)
and disease-induced mortality (µ = 0.1), highlighting the importance of control interventions to
reduce infection levels. The recovered population R(t) grows moderately, reflecting successful
recoveries, while waning immunity (θ = 0.02) allows some individuals to transition back into the
susceptible pool, sustaining a low-level risk of reinfection. Similarly, the vaccinated population
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V (t) increases rapidly in the early phase due to a relatively high vaccination rate (γ = 0.1)
before stabilizing, with waning immunity (ε = 0.02) gradually reintroducing a portion of vac-
cinated individuals into susceptibility. These trends collectively underscore the role of effective
vaccination strategies and the need for continuous monitoring to manage disease persistence in
animal populations.

(a) S5
20(t) and ode45 (b) Res5S,20(t)

Figure 3: The approximate and ode45 solutions of S(t) for Q = 20 (3a) and the residual error (3b) for ψ = 5

in Example 1.

Example 2. In the next case of the anthrax disease model, consider the following values of
parameters [9]:

η = 200, α = 0.0001, γ = 0.1, β = 0.001,

θ = 0.02, ε = 0.003, µ = 0.1, λ = 0.01,

where the initial conditions are

S(0) = 2000, I(0) = 100, R(0) = 300, V (0) = 500.

Figures 7a, 8a, 9a, and 10a, respectively, show the results of approximate solutions for S(t),
I(t), R(t), and V (t) obtained via the Genocchi-QLM method for Q = 20, simulation time b = 50,
and iterated QLM with ψ = 5. Additionally, the results obtained from the classical ode45 solver
are presented for validation. As observed, the approximate solutions generated by the Genocchi-
QLM approach show excellent agreement with those of ode45, confirming the accuracy and
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(a) I520(t) and ode45 (b) Res5I,20(t)

Figure 4: The approximate and ode45 solutions of I(t) for Q = 20 (4a) and the residual error (4b) for ψ = 5
in Example 1.

(a) R5
20(t) and ode45 (b) Res5R,20(t)

Figure 5: The approximate and ode45 solutions of R(t) for Q = 20 (5a) and the residual error (5b) for ψ = 5

in Example 1.

stability of the proposed numerical technique. The residual errors for susceptible, infected,
recovered, and vaccinated populations are shown in Figures 7b, 8b, 9b, and 10b with CPU time
20.113 sec, demonstrating the high precision and convergence behavior of the Genocchi-QLM
method.
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(a) V 5
20(t) and ode45 (b) Res5V,20(t)

Figure 6: The approximate and ode45 solutions of V (t) for Q = 20 (6a) and the residual error (6b) for ψ = 5

in Example 1.

From a physical perspective, the second example highlights more pronounced dynamic
changes compared to the first case, reflecting the impact of parameter adjustments on disease
transmission. The susceptible population S(t) initially increases but stabilizes at a lower level,
indicating stronger transmission or reduced vaccination coverage in this scenario. The infected
population I(t) displays a slower decline, suggesting either a reduced recovery rate or higher
persistence of infection, which emphasizes the importance of timely interventions and robust
treatment strategies. The recovered population R(t) grows at a faster rate than in the first
example, indicating that a significant portion of infected individuals eventually recover and gain
temporary immunity, though waning immunity (θ = 0.02) ensures a continuous flow back into the
susceptible pool. The vaccinated population V (t) also increases sharply at first, driven by a high
vaccination rate (γ = 0.1), but gradually declines over time due to immunity loss (ε = 0.003).
These dynamics collectively underline the importance of maintaining consistent vaccination ef-
forts and integrating strategies that account for immunity waning to achieve sustainable control
of anthrax outbreaks in animal populations.

5.2 Real world validation

In this subsection, we validate the performance and applicability of the proposed Genocchi-QLM
numerical framework by comparing the simulated results of the anthrax transmission model
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(a) S5
20(t) and ode45 (b) Res5S,20(t)

Figure 7: The approximate and ode45 solutions of S(t) for Q = 20 (7a) and the residual error (7b) for ψ = 5

in Example 2.

(a) I520(t) and ode45 (b) Res5I,20(t)

Figure 8: The approximate and ode45 solutions of I(t) for Q = 20 (8a) and the residual error (8b) for ψ = 5

in Example 2.

with real-world outbreak data. Figure 11 presents the reported number of anthrax cases and
corresponding fatalities collected from official epidemiological surveillance data spanning multiple
outbreak years form Minnesota and Kazakhstan [19]. These records, gathered from veterinary
and public health databases, reflect the dynamics of anthrax outbreaks in animal populations
under natural transmission conditions. To replicate the observed trends, we performed numerical
simulations of the nonlinear four-compartment model over the time interval using the Genocchi-
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(a) R5
20(t) and ode45 (b) Res5R,20(t)

Figure 9: The approximate and ode45 solutions of R(t) for Q = 20 (9a) and the residual error (9b) for ψ = 5
in Example 2.

(a) V 5
20(t) and ode45 (b) Res5V,20(t)

Figure 10: The approximate and ode45 solutions of V (t) for Q = 20 (10a) and the residual error (10b) for
ψ = 5 in Example 2.

QLM method with parameters both reported in the examples. As seen in Figure 11, there is a
clear agreement between the simulated dynamics of the infected cases I(t) and the actual case
data. The model accurately reproduces the initial rapid rise in the number of infected cases during
the early phases of each outbreak, followed by a gradual stabilization or decline due to recovery,
mortality, and intervention measures such as vaccination campaigns and quarantine protocols.
The validation results in Figure 11 highlight the practical applicability of the developed model
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and numerical scheme. This level of agreement reinforces the potential of the Genocchi-QLM
method to support decision-making in disease surveillance, risk assessment, and the design of
effective intervention strategies in endemic regions [19].

Figure 11: Comparison between the real-world outbreak data in Minnesota and Kazakhstan [19] and the
simulated anthrax transmission dynamics obtained using the Genocchi-QLM method.
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6 Conclusion

In this study, we developed and analyzed a nonlinear four-compartment anthrax transmission
model that captures the interactions between susceptible, infected, recovered, and vaccinated
animal populations. The Genocchi-QLM was introduced as a numerical approach, offering high
accuracy, stability, and rapid convergence when compared with the classical ode45 solver. The
integration of shifted Genocchi polynomials with the quasilinearization technique allowed the
construction of an efficient and scalable numerical framework, further validated through compre-
hensive error and convergence analyses. The validation of the proposed model against real-world
anthrax outbreak data is discussed. The close agreement between the simulated results and
empirical observations demonstrates the model’s ability to reliably capture the transmission and
control dynamics of anthrax in animal populations. This validation confirms that the proposed
approach is not only mathematically sound but also practically relevant for epidemiological anal-
ysis. Looking forward, the Genocchi-QLM framework can be extended to incorporate fractional-
order dynamics to account for memory effects, stochastic formulations to capture variability
in transmission and recovery, and integration with larger datasets for predictive modeling and
real-time risk assessment.
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Abstract

We propose a continuous-time dynamic epidemiological model that describes the prevalence of
obesity in a population and examines the relationship between weight gain and the development
of diabetes, particularly type 2 diabetes. We investigate both the local and global stability
of the disease-free and endemic equilibrium points using the Routh–Hurwitz criteria and the
construction of appropriate Lyapunov functions. Furthermore, a sensitivity analysis of the
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basic reproduction number R0 is carried out to determine the relative impact of each model
parameter. Numerical simulations performed using MATLAB are presented to illustrate the
dynamical behavior of the proposed model. The simulation results are consistent with and
support the theoretical findings.

AMS subject classifications (2020): Primary 92D30; Secondary 34A34, 92C50, 37N25.

Keywords: Mathematical model; Stability; Sensitivity; Reproduction number; Asymptotically
stable.

1 Introduction

An abnormal or excessive accumulation of body fat that has a detrimental effect on health is
referred to as overweight or obesity [7]. This accumulation occurs when a person consumes more
dietary energy than their body requires [41]. A common tool used to diagnose obesity is the body
mass index (BMI), which is calculated using an individual’s height and weight. According to the
values of this index (expressed in kilograms per square meter), the World Health Organization
(WHO) has established thresholds for overweight, obesity, and morbid obesity: From 25 to 30,
from 30 to 40, and above 40, respectively [47].

Numerous factors, including genetic predisposition [43], unhealthy dietary habits, and seden-
tary lifestyles [37], may contribute to obesity. According to the WHO, approximately 13% of
the global population is obese [47]. A report by this organization [48] indicates that obesity has
reached nearly pandemic proportions in Europe, with 59% of adults and 8% of children under
five years old being overweight. Moreover, one in three school-aged children is affected by this
condition. The same study [48] also revealed a link between obesity and a variety of diseases, such
as diabetes, cardiovascular diseases, and at least 13 different types of cancer, with an estimated
200,000 new cases each year. Obesity can also lead to disability and may result in premature
death.

Diabetes is a chronic metabolic disease characterized by high blood glucose levels and is
primarily associated with aging and obesity [2]. Approximately 422 million people worldwide
live with diabetes, and about one in ten adults in the UK has type 2 diabetes (T2D) [32, 45].
According to the WHO [44], between 2000 and 2019 the number of premature deaths related
to diabetes increased by 3%. In particular, obesity represents one of the most significant risk
factors for T2D [35, 2]. A recent US Census report and estimates from the CDC indicate that
about 11% of Americans have diabetes and approximately 14% are obese [28, 27].
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Our study focuses exclusively on T2D, which is the most prevalent form globally, accounting
for approximately 90–95% of all diabetes cases [46, 3]. Type 1 and gestational diabetes are much
less frequent, and their etiology and risk factors differ significantly. Therefore, T2D is the most
relevant for modeling the link with obesity.

A substantial body of clinical and epidemiological evidence has established a strong re-
lationship between obesity and T2D. Excess body fat, particularly visceral adiposity, plays a
central role in the development of insulin resistance, which is one of the primary mechanisms
underlying T2D [17]. Adipose tissue is an active endocrine organ that secretes adipokines and
pro-inflammatory cytokines such as TNF-α and IL-6. These mediators contribute to chronic
low-grade inflammation and interfere with insulin signaling pathways in peripheral tissues.

Obesity is also closely associated with metabolic syndrome, a cluster of metabolic abnormal-
ities including abdominal obesity, dyslipidemia, hypertension, and impaired glucose metabolism,
which significantly increases the risk of developing T2D [14]. Behavioral and environmental
factors, such as unhealthy diets, physical inactivity, and sedentary lifestyles, further exacerbate
these metabolic disturbances and contribute to the growing prevalence of both obesity and dia-
betes worldwide. The main biological pathway linking obesity to T2D is summarized in Figure 1.

Obesity

Excess adipose tissue

Chronic inflammation

Adipokines (TNF-α, IL-6)
Insulin resistance Type 2 Diabetes

Figure 1: Conceptual biological pathway linking obesity to T2D. Excess adipose tissue promotes chronic low-
grade inflammation and the secretion of adipokines and pro-inflammatory cytokines. These processes impair
insulin signaling, leading to insulin resistance and ultimately the development of T2D.

Numerous academic studies have investigated the dynamics of various epidemiological phe-
nomena in the context of combating different diseases (such as alcoholism, smoking, COVID-19,
and monkeypox) [13, 25, 26, 9, 33, 12, 18, 22, 5, 21, 38, 39, 42, 15, 6, 24, 31, 8, 36, 11].

Since obesity can spread through social interactions and behavioral influence [4], the dy-
namics of this condition have been analyzed using several epidemiological models, for instance
[16, 34, 19, 1, 9]. The authors in [16] investigated childhood obesity and, through numerical sim-
ulations, showed that eating habits are a major contributing factor. By performing a numerical
covariate analysis of an SIS epidemic model, the authors in [34] demonstrated that preventive
measures become more effective when adult obesity is considered. Similar results were obtained
by the authors in [19] using an SIS difference equation model. However, these studies considered
continuous control strategies, which may be inefficient or impractical in certain contexts. In [1],
a deterministic model incorporating time-dependent control strategies was proposed, including
dietary programs, healthy living campaigns, and therapeutic interventions. In our previous work
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[9], we studied a discrete mathematical model for the prevalence of obesity and applied four con-
trol strategies to reduce its spread: Educational programs, dietary and exercise interventions,
drug-based medical treatment, and surgical intervention. The optimal control strategies were
determined using the discrete-time Pontryagin maximum principle.

In previous work [10], we also investigated the strong relationship between obesity and
diabetes using a continuous mathematical model, in which optimal strategies were proposed to
limit their spread.

Building upon previous models, our proposed continuous-time model synthesizes key ele-
ments from both works:

• From [9], we adopt the modeling framework and the control strategies for obesity preva-
lence.

• From [20], we incorporate components describing the dynamics of T2D in the population.

Importantly, our model extends these previous works [9], [20], by integrating the dynamics
of obesity and T2D simultaneously in a unified continuous-time framework, allowing for joint
sensitivity analysis and optimal control strategies that target both conditions. This novel con-
tribution provides a more comprehensive understanding of the interaction between obesity and
diabetes, which was not addressed in the previous studies.

In the present article, we introduce the following contributions:

• We employ the next-generation matrix method to determine the basic reproduction num-
ber (R0).

• Local and global stability analyses are performed.

• A sensitivity analysis is conducted to determine the relative importance of the model
parameters in the transmission dynamics of these two diseases.

The remainder of this paper is organized as follows: Section 2 presents the formulation of the
mathematical model. Section 3 is devoted to the computation of the basic reproduction number.
Section 4 deals with the stability analysis of the model. Section 5 presents the numerical simu-
lations and discussion of the results. Section 6 outlines the perspectives and possible extensions
of the model. Finally, Section 7 concludes the paper.
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2 The mathematical model and its fundamental
characteristics

2.1 The mathematical model

We propose an SWRIEDC model that highlights the detrimental role of overweight in the
development of diabetes, particularly T2D, and describes the dynamics of obesity and diabetes
epidemics within a given population. The total population is divided into seven compartments.
A schematic representation of the proposed model is illustrated in Figure 2.

Figure 2: Flowchart of the proposed model.

Table 1 describes the different population classes considered at time t.

Table 1: Definitions of the state variables
Variable Meaning
S(t) Individuals susceptible to obesity
W (t) Overweight or moderately obese individuals
I(t) Obese individuals
R(t) Recovered individuals
E(t) Pre-diabetic individuals
D(t) Diabetic individuals without complications
C(t) Diabetic individuals with complications

Let
N(t) = S(t) +W (t) + I(t) +R(t) + E(t) +D(t) + C(t)

denote the total population at time t.
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The dynamics of the model are described by the following system of seven nonlinear differ-
ential equations: 

dS(t)
dt = Λ− µS(t)− β S(t)N W (t),

dW (t)
dt = β S(t)N W (t)− (τ + σ + µ+ δ +Ω)W (t),

dR(t)
dt = τW (t)− µR(t),

dI(t)
dt = δW (t)− (ϕ+ ρ+ µ)I(t),

dE(t)
dt = ΩW (t)− (µ+ α)E(t),

dD(t)
dt = σW (t) + ρI(t) + αE(t)− (µ+ θ)D(t),

dC(t)
dt = θD(t)− (µ+ λ)C(t),

(1)

subject to the initial conditions

S(0),W (0), R(0), I(0), E(0), D(0), C(0) > 0.

The model parameters are described in Table 2.

Table 2: Definitions and values of the parameters
Parameter Definition Value Reference

Λ Recruitment rate of individuals susceptible to obesity 4× 106 Assumed
µ Natural death rate 0.02 [9]
β Rate at which susceptible individuals become overweight

due to social influence
0.45 [9]

τ Recovery rate of overweight individuals 0.07 Assumed
δ Rate at which overweight individuals become obese 0.05 [9]
λ Mortality rate due to diabetes complications 0.001 [20]
ϕ Obesity-related mortality rate 0.03 Assumed
ρ Rate at which obese individuals develop diabetes without

complications
0.06 Assumed

Ω Rate at which overweight individuals become pre-diabetic 0.03 Assumed
α Rate at which pre-diabetic individuals develop diabetes

without complications
0.06 [20]

σ Rate at which overweight individuals develop diabetes
without complications

0.025 Assumed

θ Rate at which diabetic individuals develop complications 0.08 [20]
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2.2 Fundamental properties of the model

2.2.1 Invariant region

It must be shown that all solutions of system (1) with positive initial conditions remain positive
for all t > 0. This result is established by the following lemma.

Lemma 1. All feasible solutions S(t),W (t), R(t), I(t), E(t), D(t), and C(t) of system (1) are
bounded in the region

∆ =

{
(S,W,R, I, E,D,C) ∈ R7

+ : S +W +R+ I + E +D + C ≤ Λ

µ

}
. (2)

Proof. From system (1), we have

dN

dt
=
dS

dt
+
dW

dt
+
dR

dt
+
dI

dt
+
dE

dt
+
dD

dt
+
dC

dt
,

which yields
dN(t)

dt
= Λ− µN(t)− ϕI(t)− λC(t).

Hence,
dN(t)

dt
≤ Λ− µN(t).

Solving this differential inequality gives

N(t) ≤ Λ

µ
+N(0)e−µt.

Taking the limit as t→ +∞ yields

lim sup
t→+∞

N(t) ≤ Λ

µ
.

Therefore,
S(t) +W (t) +R(t) + I(t) + E(t) +D(t) + C(t) ≤ Λ

µ
.

Thus, the region ∆ defined in (2) is positively invariant for system (1). Consequently, it is
sufficient to study the dynamics of system (1) in the region ∆ of nonnegative solutions.
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2.2.2 Positivity of solutions

We establish the following theorem.

Theorem 1. If S(0),W (0), R(0), I(0), E(0), D(0), and C(0) are positive, then the solutions
S(t),W (t), R(t), I(t), E(t), D(t), and C(t) of system (1) remain nonnegative for all t > 0.

Proof. From the first equation of system (1), we have

dS(t)

dt
= Λ−A(t)S(t),

where
A(t) = β

W (t)

N
+ µ.

Multiplying both sides by exp
(∫ t

0
A(s)ds

)
gives

d

dt

[
S(t) exp

(∫ t

0

A(s)ds

)]
= Λ exp

(∫ t

0

A(s)ds

)
.

Integrating from 0 to t yields

S(t) = S(0)e−
∫ t
0
A(s)ds + Λe−

∫ t
0
A(s)ds

∫ t

0

e
∫ w
0
A(s)dsdw ≥ 0.

Thus, S(t) ≥ 0.

Similarly, using the remaining equations of system (1), we obtain

W (t) ≥ W (0) exp
(
−
∫ t

0

(β
S(s)

N
− (µ+ τ + σ + δ +Ω))ds

)
≥ 0, (3)

R(t) ≥ R(0)e−µt ≥ 0, (4)

I(t) ≥ I(0)e−(µ+ϕ+ρ)t ≥ 0, (5)

E(t) ≥ E(0)e−(µ+α)t ≥ 0, (6)

D(t) ≥ D(0)e−(µ+θ)t ≥ 0,

C(t) ≥ C(0)e−(µ+λ)t ≥ 0.

Therefore, all solutions of system (1) remain positive for all t ≥ 0.
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3 Model stability and sensitivity analysis

3.1 Disease-free equilibrium point

The disease-free equilibrium (DFE) of system (1), corresponding to the absence of obesity in the
population, is easily obtained. At this equilibrium we have

W 0 = 0, R0 = 0, I0 = 0, E0 = 0, D0 = 0, C0 = 0.

From the first equation of system (1), we obtain

dS(t)

dt
(S0, 0, 0, 0, 0, 0, 0) = Λ− µS0 = 0, (7)

which yields
S0 =

Λ

µ
. (8)

Therefore, the DFE point is given by

E0
eq =

(
Λ

µ
, 0, 0, 0, 0, 0, 0

)
. (9)

3.2 The basic reproduction number (R0)

The basic reproduction number is a threshold parameter that governs the overall dynamics of the
disease. It represents the average number of secondary infections produced by a single infected
individual during its entire infectious period in a fully susceptible population.

To compute R0, we use the next generation matrix method [40, 29, 30].

Considering the infected compartments, system (1) can be rewritten as
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dW (t)
dt = β S(t)N W (t)− (τ + σ + µ+ δ +Ω)W (t) = β S(t)N W (t)−K1W (t),

dR(t)
dt = τW (t)− µR(t),

dI(t)
dt = δW (t)− (ϕ+ ρ+ µ)I(t) = δW (t)−K2I(t),

dE(t)
dt = ΩW (t)− (µ+ α)E(t) = ΩW (t)−K3E(t),

dD(t)
dt = σW (t) + ρI(t) + αE(t)− (µ+ θ)D(t) = σW (t) + ρI(t) + αE(t)−K4D(t),

dC(t)
dt = θD(t)− (µ+ λ)C(t) = θD(t)−K5C(t),

(10)

where

K1 = τ + σ + µ+ δ +Ω, K2 = ϕ+ ρ+ µ, K3 = µ+ α, K4 = µ+ θ, K5 = µ+ λ. (11)

The system can be written in matrix form as

dX

dt
= F (X)− V (X),

where F represents the new infection terms and V represents the transition terms.

At the DFE E0
eq we have S = Λ

µ . The matrices F and V are therefore given by

F =



β Λ
Nµ 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0


and

V =



K1 0 0 0 0 0

−τ µ 0 0 0 0

−δ 0 K2 0 0 0

−Ω 0 0 K3 0 0

−σ 0 −ρ −α K4 0

0 0 0 0 −θ K5


.

The next-generation matrix is given by FV −1. The spectral radius of this matrix yields
the basic reproduction number. At the DFE we have N0 = Λ

µ . Substituting this value into the
expression of R0 gives
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R0 =
βΛ

N0µ(τ + σ + µ+ δ +Ω)
=

β

τ + σ + µ+ δ +Ω
=

β

K1
. (12)

3.3 Endemic equilibrium point

The endemic equilibrium represents a steady state in which the disease persists in the population.

Let
E∗
eq = (S∗,W ∗, R∗, I∗, E∗, D∗, C∗)

denote the endemic equilibrium point obtained by setting the right-hand side of system (1) equal
to zero.

The equilibrium values are given by

S∗ = NK1

β ,

W ∗ = Nµ
β (R0 − 1),

R∗ = Nτ
β (R0 − 1),

I∗ = Nδµ
βK2

(R0 − 1),

E∗ = NΩµ
βK3

(R0 − 1),

D∗ = Nµ
βK4

(
σ + δρ

K2
+ αΩ

K3

)
(R0 − 1),

C∗ = θNµ
βK4K5

(
σ + δρ

K2
+ αΩ

K3

)
(R0 − 1).

(13)

3.4 Local stability analysis

We analyze the local stability of the equilibrium points E0
eq and E∗

eq.

3.4.1 Local stability of the DFE

Theorem 2. The DFE E0
eq is locally asymptotically stable if R0 < 1 and unstable if R0 > 1.

Proof. The Jacobian matrix of system (1) is given by
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J =



−βWN − µ −β S
N 0 0 0 0 0

βWN β S
N −K1 0 0 0 0 0

0 τ −µ 0 0 0 0

0 δ 0 −K2 0 0 0

0 Ω 0 0 −K3 0 0

0 σ 0 ρ α −K4 0

0 0 0 0 0 θ −K5


.

Evaluating this matrix at E0
eq yields

J(E0
eq) =



−µ −β S
0

N 0 0 0 0 0

0 β S
0

N −K1 0 0 0 0 0

0 τ −µ 0 0 0 0

0 δ 0 −K2 0 0 0

0 Ω 0 0 −K3 0 0

0 σ 0 ρ α −K4 0

0 0 0 0 0 θ −K5


.

The eigenvalues are

−µ, K1(R0 − 1), −K2, −K3, −K4, −K5.

Thus, if R0 < 1, all eigenvalues have negative real parts. Therefore, the DFE is locally
asymptotically stable. Conversely, if R0 > 1, the equilibrium is unstable.

3.4.2 Bifurcation behavior at R0 = 1

The change in stability of the DFE at R0 = 1 indicates the occurrence of a transcritical bifurca-
tion. This behavior is consistent with the structure of system (1), where the transmission process
is governed by the bilinear incidence term β S

NW .

In epidemic models with bilinear incidence and without nonlinear feedback mechanisms,
the disease dynamics are typically characterized by a single threshold determined by the basic
reproduction number R0. In this case, the DFE is stable when R0 < 1 and loses stability when
R0 > 1, while an endemic equilibrium emerges.
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From the analytical expressions of the endemic equilibrium given in (13), all endemic state
variables are proportional to (R0 − 1). Therefore, the endemic equilibrium exists only when
R0 > 1, which rules out the possibility of backward bifurcation in the present model.

3.4.3 Local stability of the endemic equilibrium

Theorem 3. For system (1), the endemic equilibrium E∗
eq is unstable if R0 ≤ 1 and locally

asymptotically stable if R0 > 1.

The proof of Theorem 3 is provided in Appendix A.

3.5 Global stability analysis

To establish the global asymptotic stability of system (1), we use Lyapunov’s method. We first
study the global stability of the DFE E0

eq.

3.5.1 Global stability of the DFE

Theorem 4. The DFE E0
eq is globally asymptotically stable if R0 ≤ 1 and unstable otherwise.

Proof. Consider the Lyapunov function

V (S,W ) =
1

2

[
(S − S0) +W

]2
+
N

β
(µ+K1)W.

Differentiating with respect to time yields

dV

dt
= −µ(S − S0)2 −K1W

2 − N

β
(µ+K1)K1(1−R0)W.

Thus, dVdt ≤ 0 for R0 ≤ 1. Moreover, dVdt = 0 if and only if S = S0 and W = 0.
Furthermore, when W = 0, the remaining state variables satisfy linear differential equations

with negative coefficients. Hence R(t), I(t), E(t), D(t) and C(t) converge exponentially to zero.
Therefore, the largest invariant set contained in {V̇ = 0} reduces to the DFE E0

eq.
According to the LaSalle’s invariance principle [23], the equilibrium E0

eq is globally asymp-
totically stable when R0 ≤ 1.
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3.5.2 Global stability of the endemic equilibrium

Theorem 5. If R0 > 1, then the endemic equilibrium E∗
eq of system (1) is globally asymptotically

stable.

The proof of Theorem 5 is provided in Appendix B.

4 Sensitivity analysis of R0

Understanding the relative importance of the parameters involved in the spread of obesity and
diabetes is essential. In this context, we perform a sensitivity analysis of the basic reproduction
number R0 in order to evaluate how variations in the parameters of the SWRIEDC model affect
its value.

This analysis is carried out by computing the sensitivity indices of R0 with respect to the
model parameters. These indices allow us to determine the relative contribution of each param-
eter to the transmission dynamics of the disease.

Using the approach proposed by Chitnis, Hyman, and Cushing [5], the normalized forward
sensitivity index of R0 with respect to a parameter n is defined as

ΥR0
n =

∂R0

∂n
× n

R0
. (14)

If ΥR0
n < 0, then the parameter contributes to disease control. Conversely, if ΥR0

n > 0, the
parameter contributes to the spread of the disease.

Recall that the basic reproduction number is given by

R0 =
β

K1
, (15)

where
K1 = µ+ δ + τ + σ +Ω.

Table 3 presents the sensitivity indices corresponding to the parameters β, µ, δ, σ, τ , and Ω.
The result ΥR0

β = 1 indicates that increasing (decreasing) the transmission rate β by a given
percentage leads to an increase (decrease) of the same percentage in the basic reproduction
number R0.

On the other hand, the parameters µ, σ, δ, τ , and Ω have negative sensitivity indices, which
means that increasing their values contributes to reducing the spread of the disease.
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Table 3: Sensitivity indices of the basic reproduction number R0 with respect to selected parameters
Parameter Sensitivity index

β ΥR0

β = 1 > 0

µ ΥR0
µ = −1− µ

K1
< 0

δ ΥR0

δ = − δ
K1

< 0

σ ΥR0
σ = − σ

K1
< 0

τ ΥR0
τ = − τ

K1
< 0

Ω ΥR0

Ω = − Ω
K1

< 0

Therefore, strengthening prevention and intervention strategies associated with these pa-
rameters may significantly reduce the transmission dynamics of obesity and diabetes.

5 Numerical simulations

In this section, we present numerical simulations of system (1) using different initial conditions.
We assume that at each time t the total population satisfies

S(t) +W (t) +R(t) + I(t) + E(t) +D(t) + C(t) = N.

The parameter values used in the simulations are listed in Table 2. For illustration purposes,
we consider

N = 1.16× 107.

Case R0 < 1

For the DFE we have

E0
eq = (S0,W 0, R0, I0, E0, D0, C0) = (2× 108, 0, 0, 0, 0, 0, 0)

with
R0 = 0.88 < 1.

Starting from different initial values of the state variables, Theorem 4 implies that the DFE
E0
eq of system (1) is globally asymptotically stable in the feasible region ∆(2).

Iran. J. Numer. Anal. Optim., Vol. 16, No. 3, 2026, pp 1161–1188



El Mansouri, Belam and Labzai 1176

The following curves are obtained for different initial values S0,W0, R0, I0, E0, D0, and C0

(Figures 3–9).

0 100 200 300 400

Time (days)

0

0.5

1

1.5

2

S
(t

)

×108

S(0)=4.5x106

S(0)=106

S(0)=8x106

Figure 3: Evolution of S(t) for R0 = 0.88
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Figure 4: Evolution of R(t) for R0 = 0.88
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Figure 5: Evolution of E(t) for R0 = 0.88
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Figure 6: Evolution of W (t) for R0 = 0.88
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Figure 7: Evolution of I(t) for R0 = 0.88
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Figure 8: Evolution of D(t) for R0 = 0.88
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Figure 9: Evolution of C(t) for R0 = 0.88

Figures 3–9 show that the number of susceptible individuals increases and approaches ap-
proximately S0 = 2× 108 (Figure 3). In addition, the number of individuals exposed to diabetes
(E) decreases and approaches zero (Figure 5). Similarly, the number of overweight individ-
uals (W ), obese individuals (I), diabetic individuals without complications (D), and diabetic
individuals with complications (C) gradually decreases and converges to zero (Figures 6–9).

The number of recovered individuals (R) initially increases, then decreases and eventually
approaches zero (Figure 4). Therefore, when R0 = 0.88 < 1, the solution converges to the DFE
point

E0
eq = (S0, 0, 0, 0, 0, 0, 0).

Consequently, system (1) is globally asymptotically stable in this case.

Case R0 > 1

Keeping the same parameter values given in Table 2, we obtain the endemic equilibrium

E∗
eq = (S∗,W ∗, R∗, I∗, E∗, D∗, C∗)

with
(1.13× 108, 8.9× 106, 3.12× 107, 4× 106, 3.34× 106, 6.67× 106, 2.53× 107)

and
R0 = 1.77 > 1.
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According to Theorem 5, the endemic equilibrium E∗
eq of system (1) is globally asymptotically

stable in the feasible region ∆(2). The corresponding numerical simulations are shown in Figures
10–16.
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Figure 10: Evolution of S(t) for R0 = 1.77
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Figure 16: Evolution of C(t) for R0 = 1.77

From these figures we observe that the number of susceptible individuals initially increases
and then gradually decreases until it stabilizes at approximately

S∗ ≈ 1× 108.

The number of overweight (W ) and obese (I) individuals increases initially, reaches a peak
after approximately five months, and then stabilizes after about one year at

W ∗ ≈ 9× 106, I∗ ≈ 4× 106.

The number of individuals exposed to diabetes (E) and diabetic patients without complica-
tions (D) follows a similar trend: The number remains relatively low during the first 100 days,
then increases rapidly before stabilizing after about one year at

E∗ ≈ 3× 106, D∗ ≈ 6.6× 106.

According to Figure 16, the number of diabetic individuals with complications (C) increases
after approximately 100 days, reaches a maximum around day 200, and then gradually decreases
until stabilizing at

C∗ ≈ 2.5× 107

around day 300.
Finally, the number of recovered individuals (R) initially increases rapidly to a maximum

value and then decreases slightly before stabilizing after approximately one year at

R∗ ≈ 3× 107.
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Therefore, when R0 > 1, the solution converges to the endemic equilibrium

E∗
eq(S

∗,W ∗, R∗, I∗, E∗, D∗, C∗).

Hence, the proposed model is globally asymptotically stable in the endemic case.

6 Perspectives and future work

While the present model provides valuable insights into the interaction between obesity and T2D,
several limitations should be noted:

• The model focuses on T2D and does not include type 1 or gestational diabetes.

• It does not account for the fact that some obese individuals may never develop diabetes,
nor that some nonobese individuals may develop it.

• Age, demographic, and other individual-specific risk factors are not explicitly incorpo-
rated.

• Intermediate conditions such as metabolic syndrome are not included.

Addressing these limitations will be the focus of future research. Possible extensions include
as follows:

• Expanding the model to include additional compartments representing different risk pro-
files.

• Incorporating age, gender, and other demographic factors to improve realism.

• Including metabolic syndrome and other intermediate risk factors for both obesity and
T2D.

• Exploring interactions between T2D and other chronic diseases for more comprehensive
public health insights.

These extensions aim to enhance the model’s applicability and provide a more detailed
understanding of population-level dynamics and targeted intervention strategies.
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7 Conclusion

In this paper, we have studied a continuous mathematical model, SWRIEDC, for obesity-related
diabetes, which describes the dynamics of individuals affected by these two diseases. We derived
the basic reproduction number of the system (1) as

R0 =
Λβ

µN(µ+ δ + τ + σ +Ω)
.

To identify the parameters that most significantly influence R0, we performed a sensitivity
analysis. Using the theory of nonlinear system stability, we analyzed the local and global behavior
of the model. The DFE E0

eq is locally asymptotically stable if R0 ≤ 1, whereas the endemic
equilibrium E∗

eq is locally asymptotically stable when R0 > 1.
Furthermore, by constructing appropriate Lyapunov functions, we showed that E0

eq is glob-
ally asymptotically stable for R0 ≤ 1, and E∗

eq is globally asymptotically stable for R0 > 1.
These results highlight the critical role of the reproduction number in controlling the spread of
obesity-related diabetes and provide a theoretical foundation for designing effective prevention
and intervention strategies.

A Proof of Theorem 3

Proof. Determine the local stability of the endemic balance point from the system of differential
equations (1), the Routh Hurwitz criterion is used.

We first give the Jacobean matrix in E∗
eq as follows:

J(E∗
eq) =



-µ-βW
∗

N -β S∗

N 0 0 0 0 0
βW∗

N
βS∗

N −K1 0 0 0 0 0

0 τ -µ 0 0 0 0

0 δ 0 -K2 0 0 0

0 Ω 0 0 -K3 0 0

0 σ 0 ρ α -K4 0

0 0 0 0 0 θ −K5


. (16)

It can be observed that the Jacobian matrix has a block triangular structure. In particular,
the last five eigenvalues are directly obtained from the diagonal elements

λ3 = −µ, λ4 = −K2, λ5 = −K3, λ6 = −K4, λ7 = −K5.
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Since all model parameters are positive, these eigenvalues are strictly negative.

Therefore, the local stability of the endemic equilibrium depends only on the eigenvalues
associated with the first 2× 2 block of the Jacobian matrix

J2 =

(
J∗
11 J

∗
12

J∗
21 J

∗
22

)
.

The characteristic equation associated with this block is

λ2 − Tr(J2)λ+ det(J2) = 0

where
Tr(J2) = J∗

11 + J∗
22,

det(J2) = J∗
11J

∗
22 − J∗

12J
∗
21.

Using the expressions of the equilibrium values S∗ and W ∗, it follows that

Tr(J2) < 0, det(J2) > 0

whenever R0 > 1.

Therefore, both eigenvalues of J2 have negative real parts.

Consequently, all eigenvalues of the Jacobian matrix have negative real parts when R0 > 1.

Hence, the endemic equilibrium E∗
eq is locally asymptotically stable.

B Proof of Theorem 5

Proof. Consider the following Lyapunov function:

V : ψ → R

V (S∗,W ∗, R∗, I∗, E∗, D∗, C∗) = S − S∗ ln( S
S∗ ) +W −W ∗ ln( W

W ∗ )

+R−R∗ ln( R
R∗ ) + I − I∗ ln

(
I

I∗

)
+E − E∗ ln

(
E

E∗

)
+D −D∗ ln

(
D

D∗

)
+C − C∗ ln

(
C

C∗

)
, (17)
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where

ψ = {(S∗,W ∗, R∗, I∗, E∗, D∗, C∗) ∈ ψ;

S∗,W ∗, R∗, I∗, E∗, D∗, and C∗are all positive} . (18)

The Lyapunov function’s temporal derivative is given by

dV

dt
= (1− S∗

S
)
ds

dt
+ (1− W ∗

W
)
dW

dt
+ (1− R∗

R
)
dR

dt
+ (1− I∗

I
)
dI

dt
+ (1− E∗

E
)
dE

dt

+(1− D∗

D
)
dD

dt
+ (1− C∗

C
)
dC

dt
. (19)

Then,

dV

dt
= (1− S∗

S
)(Λ− µS − βSW

N
) + (1− W ∗

W
)

[
βSW

N
−K1W

]
+(1− R∗

R
) [τW − µR] + (1− I∗

I
) [δW −K2I]

+(1− E∗

E
) [ΩW −K3E] + (1− D∗

D
)(σW + ρI + αE −K4D)

+(1− C∗

C
) [θD −K5C] . (20)

Using the inequality
x− x∗ − x∗ ln

( x
x∗

)
≥ 0,

for all positive variables, each term of the Lyapunov function is nonnegative and vanishes only
at the equilibrium point.

Substituting the system equations into dV
dt and using the equilibrium relations satisfied by

(S∗,W ∗, R∗, I∗, E∗, D∗, C∗), we obtain
dV

dt
≤ 0

for all states in the feasible region ψ.

Moreover,
dV

dt
= 0

if and only if

S = S∗, W =W ∗, R = R∗, I = I∗, E = E∗, D = D∗, C = C∗.

Hence the largest invariant set contained in
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X ∈ ψ :

dV

dt
= 0

}
is the singleton {E∗

eq}.
Therefore, according to LaSalle’s invariance principle [23], the endemic equilibrium E∗

eq is
globally asymptotically stable in ψ whenever R0 > 1.
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