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Letter from the Editor–in–Chief

I would like to welcome you to the Iranian Journal of Numerical Analysis and Optimization
(IJNAO). This journal has been published two issues per year and supported by the Faculty
of Mathematical Sciences at the Ferdowsi University of Mashhad. The faculty of Mathematical
Sciences with the centers of excellence and the research centers is well-known in mathematical
communities in Iran.
The main aim of the journal is to facilitate discussions and collaborations between specialists in
applied mathematics, especially in the fields of numerical analysis and optimization, in the region
and worldwide. Our vision is that scholars from different applied mathematical research disci-
plines pool their insight, knowledge, and efforts by communicating via this international journal.
In order to assure the high quality of the journal, each article is reviewed by subject-qualified
referees. Our expectations for IJNAO are as high as any well-known applied mathematical jour-
nal in the world. We trust that by publishing quality research and creative work, the possibility
of more collaborations between researchers would be provided. We invite all applied mathemati-
cians especially in the fields of numerical analysis and optimization to join us by submitting their
original work to the Iranian Journal of Numerical Analysis and Optimization.
We would like to inform all readers that the Iranian Journal of Numerical Analysis and Opti-
mization (IJNAO), has changed its publishing frequency from ”Semiannual” to a ”Quarterly”
journal since January 2023. The four journal issues per year will be published in the months of
March, June, September, and December. One of our goals is to continue to improve the speed
of both the review and publication processes, while try continuing to publish the best available
international research in numerical analysis and optimization, with the high scientific and pub-
lication standards that the journal is known for.

Ali R. Soheili

Editor-in-Chief
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Research Article

A solution approach to the multilevel linear
fractional programming problems

A. Baghalnezhad and H. Sadeghi*

Abstract

In this paper, we consider the multilevel linear fractional programming problems over a bounded
polytope set. We present a characterization of the optimum solution to the n-level linear
fractional programming problem for case n > 2. Then, we propose an extension of the Kth-
best algorithm, for solving the n-level linear fractional programming problem with n > 2,
and prove its convergence. Furthermore, we consider a previously published paper on such
problems. It is shown that some results and proofs presented in that paper are incorrect by
providing a counterexample. Finally, some numerical examples are presented, and the results
are compared to those obtained from existing methods to show the accuracy and efficiency of
the proposed algorithm.
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1 Introduction

Multilevel programming is a tool for modeling decision-making problems in systems where
decision-makers (DMs) are arranged hierarchically. At each level, in such systems, DMs at-
tempt to optimize their own goals while bearing in mind the decisions of all higher levels. Mul-
tilevel programming, in cases with only two or three levels, is referred to as bilevel or trilevel
programming, respectively. Various multilevel programming models have appeared in different
fields, such as planning [8, 10], security, accident management [1, 6], supply chain management
[20, 23], economics [11], and decentralized inventory [9]. On the other hand, linear fractional
programming (LFP) is appropriate for modeling various real-world problems, including efficiency
measurement and financial planning [21]. The LFP problem is a particular class of nonlinear
programming problems wherein the objective function is a ratio of two linear functions, but all
constraints are linear. The LFP has attracted conspicuous attention in the literature [16, 21]. In
this paper, we study the multilevel linear fractional programming (MLLFP) problems in which
the objective functions of all levels are linear fractional, and the common constraint region is
a bounded polytope. Some researchers have also studied the MLLFP problems and proposed
some solution approaches [12, 22]. Fathy et al. [7] converted fully intuitionistic fuzzy linear
fractional multilevel programming problem into a multilevel multiobjective linear programming.
Then ε-constraint method is used to reduce the resulting problem to a single objective linear
programming problem [7]. In [3], the authors have proved the existence of a border-feasible
vertex of the inducible region (the feasible region of the first-level DM which is implicitly defined
by constraints and the lower-levels DMs), that solves the bilevel linear fractional programming
(BLLFP) problem. In this study, we extend this result to the MLLFP problems, including n > 2

levels. We then develop the Kth-best algorithm, one of the most well known methods for solving
bilevel programming problems [5], to solve the MLLFP problems, and we discuss its conver-
gence. Moreover, we consider a previously published article by Bhargava [2]. A counterexample
is provided to demonstrate that some definitions and theorems in [2] are incorrect.

The structure of the paper is as follows. The mathematical formulation of the MLLFP
problem under consideration, along with some relevant definitions, is presented in Section 2.
The verification of some definitions and results given in [2] has been carried out in Section 3. In
Section 4, some geometric properties of the optimum solution to the MLLFP problem have been
proved. The Kth-best algorithm to solve the MLLFP problems and the proof of its convergency
are developed in Section 5. A number of numerical examples to show the feasibility of the
proposed Kth-best algorithm are presented in Section 6. Ultimately, the paper is finalized in
Section 7.

Iran. J. Numer. Anal. Optim., Vol. 16, No. 2, 2026, pp 339–355



341 A solution approach to the multilevel linear fractional programming problems

2 Formulation of the problem

We address the MLLFP problem formulated as follows:

min
x1∈X1

f1(x1, x2, . . . , xn) =
θ1+c11x1+···+c1nxn
γ1+d11x1+···+d1nxn ,

min
x2∈X2

f2(x1, x2, . . . , xn) =
θ2+c21x1+···+c2nxn
γ2+d21x1+···+d2nxn ,

...
min
xn∈Xn

fn(x1, x2, . . . , xn) =
θn+cn1x1+···+cnnxn
γn+dn1x1+···+dnnxn ,

s.t.
n

Σ
i=1
Aixi ≤ b,

(1)

where n is a natural number, cij , dij , b, and Ai, for each i, j ∈ {1, 2, . . . , n}, are vectors and
matrices of appropriate dimensions, respectively, θi, and γi are scalars, n1, . . . , nn are natural
numbers whose sum is equal to n, xi ∈ Xi ⊂ Rni+ is the variable under the control of the ith-
level DM, and the linear fractional function fi : Rn → R, is well-defined and continuous on the
constraint region C, defined below. We make assumption γi + di1x1 + · · · + dinxn > 0, for all
(x1, . . . , xn) ∈ C. If this assumption does not hold, then the linear fractional objective function
fi can be equivalently expressed as −(θi+ci1x1+···+cinxn)

−(γi+di1x1+···+dinxn) .
Now, we express some key definitions and concepts associated with the MLLFP problem

[19].

Definition 1. The constraint region of the problem (1) is defined as
C = {(x1, . . . , xn) ∈ X1 ×X2 · · · ×Xn :

n

Σ
i=1
Aixi ≤ b}.

Definition 2. The image of C onto X1 × · · · ×Xi, for i = 2, . . . , n− 1 is defined as

CX1×···×Xi = {(x1, . . . , xi) : there is (xi+1, . . . , xn) ∈ Xi+1 × · · · ×Xn

s.t. (x1, . . . , xi, xi+1, . . . , xn) ∈ C}.

Definition 3. The image C onto Xi × · · · ×Xn, for i = 2, . . . , n− 1 is defined as

CXi×···×Xn = {(xi, . . . , xn) : there is (x1, . . . , xi−1) ∈ X1 × · · · ×Xi−1

s.t. (x1, . . . , xi, . . . , xn) ∈ C}.

Definition 4. The point-to-set mapping Pn : CX1×···×Xn−1 → CXn is defined as

Iran. J. Numer. Anal. Optim., Vol. 16, No. 2, 2026, pp 339–355



Baghalnezhad and Sadeghi 342

Pn(x1, . . . , xn−1) = {xn| fn(x1, . . . , xn)

= min{fn(x1, . . . , xn−1, x̂n) : (x1, . . . , xn−1, x̂n) ∈ C}}.

In actuality, Pn represents the logical reactions of the nth-level DM for the given (x1, . . . , xn−1).

Definition 5. The point-to-set mapping Pk : CX1×···×Xk−1
→ CXk×···×Xn for k = 2, . . . , n − 1,

is defined as

Pk(x1, . . . , xk−1)

=
{
(xk, . . . , xn)|fk(x1, . . . , xk, . . . , xn) = min{ fk(x1, . . . , xk−1, x̂k, . . . , x̂n)

s.t.(x1, . . . , xk−1, x̂k, . . . , x̂n) ∈ C

and (x̂k+1, . . . , x̂n) ∈ Pk+1(x1, . . . , xk−1, x̂k)}
}
,

where Pk represents the logical reactions of Kth-level DM for fixed values of (x1, . . . , xk−1).

Definition 6. The set of feasible solutions to the MLLFP problem (1) is termed inducible region
(IR) and is defined as

IR := {(x1, . . . , xn) ∈ C | (x2, . . . , xn) ∈ P2(x1)}. (2)

Thus, to obtain an optimum solution to the MLLFP problem (1), we can solve the following
problem:

min{ f1(x1, . . . , xn)| (x1, . . . , xn) ∈ IR}. (3)

Obviously, an optimum solution to this problem is also optimum for the original problem (1).

We will also use the following assumptions to come up with the existence of an optimal
solution to the problem (1), [19].

Assumptions

1. The constraint region C is a nonempty, closed, and bounded polytope.

2. The mapping Pk(x1, . . . , xk−1) assigns a unique value to each (x1, . . . , xk−1) ∈ CX1×···×Xk−1

and for each 2 ≤ k ≤ n.

In the following section, we analyze some definitions, results, and proofs in [2].

Iran. J. Numer. Anal. Optim., Vol. 16, No. 2, 2026, pp 339–355



343 A solution approach to the multilevel linear fractional programming problems

3 Examining the definitions, results and proofs in [2]

As the major drawback, the author has mentioned the IR set in several places in [2], while the
IR set is not defined throughout the article. Some of the cases where the IR set is used in [2] ,
are as follows:
1. On page 10, the statement “There exists an extreme point of IR, thus an extreme point of the
polyhedron S, which is an optimal solution of the MLLFP problem” , without citing or proof.
2- In the last paragraph on page 14, the author express “Then, the extreme point in W which
provides the best value of f1 is selected to test whether it is a point of IR”.

Actually, Bhargava [2] has defined IR1, . . . , IRn−1 regions, that IR1 exhibits the feasible re-
gion of the BLLFP problem, IR2 exhibits the feasible region of the trilevel linear fractional
programming (TLLFP) problem, and finally, IRn−1 exhibits the feasible region of the MLLFP
problem with n levels. However, the definition of IRi is only correct for the two-level case, that
is, IR1. The following TLLFP problem exemplifies this reality (note that any linear function can
be considered as a linear fractional function with denominator one):

Example 1. Consider
min
x1

f1(x1, x2, x3) = −x1 + 2x2 − 4x3,

min
x2

f2(x1, x2, x3) = 3x2 − 2x3,

min
x3

f3(x1, x2, x3) = 2x3 − x2,

s.t.

 x1 + x2 + x3 ≤ 2,

0 ≤ x1, x2, x3 ≤ 1.

(4)

By [18], IR = {(x1, 0, 0) : 0 ≤ x1 ≤ 1}. According to the definition of IR2 in [2], we have
IR2 = {(x1, x2, 0) : x1 + x2 ≤ 2}, which is clearly different from the inducible region of the
problem.

In [2, Theorem 1], the author claims that there is a border-feasible vertex (or boundary
feasible extreme point) of C that solves the MLLFP problem. However, its proof is questionable.
In the first paragraph of the proof of Theorem 1, the author asserted that “if (x̄1, x̄2, . . . , x̄n) is
not a boundary feasible point, every extreme point adjacent to (x̄1, x̄2, . . . , x̄n) is in (IR)1, and
f1(x̄1, x̄2, . . . , x̄n) ≤ f1(x1, x2, . . . , xn) for all point (x1, x2, . . . , xn) adjacent to (x̄1, x̄2, . . . , x̄n).”
Whereas according to [2, Definition 2], if (x̄1, x̄2, . . . , x̄n) is not a boundary feasible point, then
every extreme point adjacent to (x̄1, x̄2, . . . , x̄n) is in (IR)n−1. Also, the characterization of
the optimal solution to the MLLFP problem is provided following Definition 2, and the defi-
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Baghalnezhad and Sadeghi 344

nition of (IR)n−1 on page 6, implies that fn(x̄1, x̄2, . . . , x̄n) ≤ fn(x1, x2, . . . , xn) for all point
(x1, x2, . . . , xn) adjacent to (x̄1, x̄2, . . . , x̄n). Thus the inequality (5) in the proof of Theorem 1

is incorrect.
Bhargava [2] continued by introducing (x

[1]
1 , . . . , x

[1]
n ) as the optimum solution to the relaxed

problem (5), (defined in the next section). In[2, Theorem 2], the author stated that there is an
edge path in C from any arbitrary vertex of C to (x

[1]
1 , . . . , x

[1]
n ) that the value of f1, . . . , fn is

nonincreasing along it. This conclusion does not always hold. As a counterexample, consider
the vertex (0, 1, 0) in the above example. Here, (x[1]1 , x

[1]
2 , x

[1]
3 ) = (1, 0, 1). In Figure 1, it is easily

seen that each edge path from F to C must include one of the edges from A to C, D to C, B to
C, or E to C. However, the function f3 is not nonincreasing along any of these paths.

The author then proposed a Kth-best algorithm to solve the MLLFP problem. Step 6 of
the proposed algorithm [2, Page 15] begins with the phrase “on continuing the process” that
is unclear for implementation. In what follows, we first present an extension of the Kth-best
algorithm presented in [3] to solve the TLLFP problem, and then for the MLLFP problems with
more than three levels.

Figure 1: IR and the constraint region

4 Geometric characteristics

In this section, we first state several required definitions, and then we prove some main theorems
on the optimum solution of the MLLFP problem (1).

Definition 7 (see [14]). Assume that g is a real-valued function defined on a convex subset X
of Rn. Then
(1) g is quasi-concave on X if and only if x1, x2 ∈ X,λ ∈ [0, 1] and g(x1) ≤ g(x2) =⇒ g(x1) ≤

Iran. J. Numer. Anal. Optim., Vol. 16, No. 2, 2026, pp 339–355



345 A solution approach to the multilevel linear fractional programming problems

g[(1− λ)x1 + λx2].
(2) g is semi-strictly quasi-concave on X if and only if x1, x2 ∈ X,x1 6= x2, λ ∈ (0, 1), and
g(x1) < g(x2) =⇒ g(x1) < g[(1− λ)x1 + λx2].
(3) g is explicitly quasi-concave on X if and only if it is quasi-concave and semi-strictly quasi-
concave on X.
The function g is explicitly quasi-convex if and only if −g is explicitly quasi-concave.
(4) g is explicitly quasi-monotonic on X if and only if it is explicitly quasi-concave and explicitly
quasi-convex on X.

In the MLLFP problem (1), the linear fractional functions f1, f2, . . . , fn are quasi-concave.
Specifically, they are explicitly quasi-monotonic on C because γi+ di1x1 + · · ·+ dinxn 6= 0 on S,
for all i = 1, . . . , n (see [14, Theorem 3.53]). This establishes that the problem (1) belongs to a
subclass of quasi-concave multilevel programming problems. In light of Assumption 2, it follows
from [19] that
• the inducible region of the problem (1) is formed by the union of connected faces of the polytope
C. Therefore, IR may not be a convex set.
• There exists a vertex of C (it also is a vertex of IR), which represents an optimum solution to
the MLLFP problem (1).

Definition 8 (see [13]). A point (x1, . . . , xn) ∈ IR is termed a border-feasible vertex of C if
there is an edge E of C in such a way that (x1, . . . , xn) is a vertex of E and another vertex of E
does not lie in IR.

In the following theorem, we demonstrate that under some conditions, the optimum solution
to the MLLFP problem (1) is a border-feasible vertex of IR. For this purpose, we introduce the
following relaxed problem:

min f1(x1, x2, . . . , xn) =
θ1+c11x1+c12x2+···+c1nxn
γ1+d11x1+d12x2+···+d1nxn

s.t. (x1, x2, . . . , xn) ∈ C.
(5)

It is a well-established result from [14] that there exists a vertex of C that solves the problem
(5). Denote this solution by (x

[1]
11 , . . . , x

[1]
1n). Note that f1 is a quasi-concave function and that C

is a nonempty, closed, and bounded polytope.

Theorem 1. If there exists a vertex of C outside IR that solves the problem (5), then an
optimum solution to the MLLFP problem (1) lies on a border-feasible vertex of IR.

Proof. It is well known that an optimum solution to the MLLFP problem (1) lies on a vertex of
C (see [19, Theorem 10]). We call it (xo1, . . . , xon). Obviously, (xo1, . . . , xon) ∈ IR. If (xo1, . . . , xon) is
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a border-feasible vertex of C, then the result follows, or else, all vertices adjacent to (xo1, . . . , x
o
n)

are in IR and for every vertex adjacent to (xo1, . . . , x
o
n) in C, such as (x1, . . . , xn), we have

f1(x
o
1, . . . , x

o
n) ≤ f1(x1, . . . , xn). (6)

We now establish that there exists a vertex of C, as (x′1, . . . , x′n), adjacent to (xo1, . . . , x
o
n) satis-

fying
f1(x

′
1, . . . , x

′
n) = f1(x

o
1, . . . , x

o
n). (7)

To demonstrate this, one can examine the relaxed problem (5). It yields from (6) that (xo1, . . . , xon)
is a local vertex-minimizer of f1 in C. Because f1 is quasi-concave, and explicitly quasi-convex
on C, the point (xo1, . . . , xon) can be considered as a global minimum solution to the problem (5)
(see [14, Theorem 5.13]), that is,

f1(x
o
1, . . . , x

o
n) ≤ f1(x1, . . . , xn), tfor all (x1, . . . , xn) ∈ C. (8)

By hypothesis, a vertex of C, as (x′′1 , . . . , x
′′
n), outside IR exists that is the optimum solution

to the problem (5). Therefore, f1(xo1, . . . , xon) = f1(x
′′
1 , . . . , x

′′
n). Notably, (x′′1 , . . . , x

′′
n) is not

adjacent to (xo1, . . . , x
o
n) because (xo1, . . . , x

o
n) is not a border-feasible vertex of C. Also, f1 is

continuous, quasi-convex, and explicitly quasi-concave on C. Thus, the convex hull of some
vertices of C represents the set of optimum solutions to the problem (5) (see [14, Theorem
5.21]). So, the set of optimum solutions to the problem (5) is a polyhedron. Thus, there is an
edge path in such polyhedron from (xo1, . . . , x

o
n) to (x′′1 , . . . , x

′′
n). Then, there must be a vertex

of C, as (x′1, . . . , x′n), adjacent to (xo1, . . . , x
o
n) remaining in the set of optimum solutions to the

problem (5). Therefore, the validity of (7) is confirmed. If (x′1, . . . , x′n) is a border-feasible vertex
of C, then the result follows, or else, we examine the vertex (x′1, . . . , x

′
n) instead of (xo1, . . . , xon)

and continue the aforementioned process. We obtain a new vertex of C adjacent to (x′1, . . . , x
′
n)

for which (7) holds. If the new vertex is a border-feasible vertex of C, then the result follows.
Else, by continuing the process, a border-feasible vertex of C will be obtained as an optimum
solution to the MLLFP (1), after a finite number of stages (note that the number of vertices of
the polytope C is finite).

Theorem 2. Let (x1, . . . , xn) be a vertex of C. Then, an edge path in C from (x1, . . . , xn) to
(x

[1]
11 , . . . , x

[1]
1n) exists so that along which the value of f1 is nonincreasing.

Proof. See the proof of Theorem 6 in [3].
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5 The Kth-best algorithm

In this section, we first present the Kth-best algorithm for TLLFP problem, that is, for case
n = 3 and then for the MLLFP problems with n > 3 levels. Consider the following TLLFP
problem:

min
x1∈X1

f1(x1, x2, x3) =
θ1 + c11x1 + c12x2 + c13x3
γ1 + d11x1 + d12x2 + d13x3

,

min
x2∈X2

f2(x1, x2, x3) =
θ2 + c21x1 + c22x2 + c23x3
γ2 + d21x1 + d22x2 + d23x3

,

min
x3∈X3

f3(x1, x2, x3) =
θ3 + c31x1 + c32x2 + c33x3
γ3 + d31x1 + d32x2 + d33x3

,

s.t.
3

Σ
i=1
Aixi ≤ b. (9)

5.1 The Kth-best algorithm for the TLLFP problem

Step 1. Constitute the relaxed problem as follows:

min f1(x1, x2, x3)

s.t. (x1, x2, x3) ∈ C.
(10)

Obtain an optimum solution to it and call it (x
[1]
11 , x

[1]
12 , x

[1]
13). Set i = 1, U = ∅, V =

{(x[1]11 , x
[1]
12 , x

[1]
13)}, and go to Step 2.

Step 2. Fix x1 = x
[i]
11 and x2 = x

[i]
12, and obtain an optimum solution to the following problem:

min f3(x
[i]
11, x

[i]
12, x3)

s.t. (x
[i]
11, x

[i]
12, x3) ∈ C.

(11)

Call it x[i]33. If x
[i]
13 = x

[i]
33, then go to Step 3. Else, go to Step 4.

• At this Step, it is tested whether point (x
[i]
11, x

[i]
12, x

[i]
13) belongs to the set IR of the bilevel

problem, which consists of the second-level and third-level problems. If it is not, then Step 3 is
not executed. Thus, the computational effort required to solve the TLLFP problem is reduced.

Step 3. Fix x1 = x
[i]
11 and obtain an optimum solution to the following bilevel problem:
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min
x2

f2(x
[i]
11, x2, x3),

min
x3

f3(x
[i]
11, x2, x3)

s.t. (x
[i]
11, x2, x3) ∈ C.

(12)

Let (x
[i]
22, x

[i]
23) be an optimum solution to the bilevel problem (12). If (x[i]22, x

[i]
23) = (x

[i]
12, x

[i]
13),

then (x
[i]
11, x

[i]
12, x

[i]
13) is an optimum solution to the problem (9) and stop. Else, go to Step 4.

Step 4. Let V [i] be the set of all vertices adjacent to (x
[i]
11, x

[i]
12, x

[i]
13) in C. Set U = U ∪

{(x[i]11, x
[i]
12, x

[i]
13)}, V = (V ∪ V [i])\U, and go to Step 5.

• One can use the presented algorithm in [15, Section 3.7.1] to obtain all adjacent vertices.

Step 5. i←− i+ 1 and choose (x
[i]
11, x

[i]
12, x

[i]
13) ∈ V such that

f1(x
[i]
11, x

[i]
12, x

[i]
13) = min

(x1,x2,x3)∈V
f1(x1, x2, x3),

and go to Step 2.

• To do this Step, one can sort the points of V in ascending order of f1 objective value in a
list from top to bottom and then select the vertex at the top of the list.

5.2 The Kth-best algorithm for the MLLFP problem

Suppose that the Kth-best algorithm is available to solve the MLLFP problems with n−1 levels.
The Kth-best algorithm to solve the MLLFP problems with n levels is as follows:

The algorithm
Step 1. Find an optimum solution to the relaxed problem (5) and call it (x

[1]
11 , . . . , x

[1]
1n). Set

i = 1, U = ∅, V = {(x[1]11 , . . . , x
[1]
1n)}, and go to Step 2.

Step 2. Fix x1 = x
[i]
11. Solve the following linear fractional (n− 1)-level programming problem:

min
x2

f2(x
[i]
11, x2, . . . , xn),

...

min
xn

fn(x
[i]
11, x2, . . . , xn),

s.t. (x
[i]
11, x2, . . . , xn) ∈ C. (13)

Call its optimum solution (x
[i]
11, x

[i]
n−1,2, . . . , x

[i]
n−1,n). If (x

[i]
11, . . . , x

[i]
1n) = (x

[i]
11, x

[i]
n−1,2, . . . , x

[i]
n−1,n),

then (x
[i]
11, . . . , x

[i]
1n) is an optimum solution to the problem (1) and stop. Else, go to Step 3.
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Step 3. Let V [i] be the set of all vertices adjacent to (x
[i]
11, x

[i]
12, . . . , x

[i]
1n) in C. Set U =

U ∪ {(x[i]11, x
[i]
12, . . . , x

[i]
1n)}, V = (V ∪ V [i])\U, and go to Step 4.

Step 4. i←− i+ 1 and choose (x
[i]
11, x

[i]
12, . . . , x

[i]
1n) ∈ V such that

f1(x
[i]
11, x

[i]
12, . . . , x

[i]
1n) = min

(x1,x2,...,xn)∈V
f1(x1, x2, . . . , xn),

and go to Step 2.

According to the above algorithm first, an optimum solution to the relaxed problem (5) is ob-
tained, called (x

[1]
11 , . . . , x

[1]
1n). Step 2 tests whether the obtained point belongs to the IR of

problem (1) or not. If the answer is positive, then it is an optimum solution to the problem
(1), and the algorithm stops. If not, it will be eliminated from V and the set of all vertices
adjacent to (x

[1]
11 , . . . , x

[1]
1n), that is, V [i] will be added to V. Then, the vertex in V that produces

the second-best value of f1, is picked out for testing whether it belongs to IR or not. The process
stops when it reaches the first point in the IR of the problem (1).
Now, let (x[1]11 , . . . , x

[1]
1n), (x

[2]
11 , . . . , x

[2]
1n), . . . , (x

[t]
11, . . . , x

[t]
1n) be the t-ordered vertex solutions of the

problem (5), which are computed successively using the described algorithm, that is,

f1(x
[i]
11, . . . , x

[i]
1n) ≤ f1(x

[i+1]
11 , . . . , x

[i+1]
1n ), i = 1, . . . , t− 1.

Clearly, (x[k]11 , . . . , x
[k]
1n) is a global optimum solution for the MLLFP problem (1) if

k = min
i∈{1,...,t}

{i | (x[i]11, . . . , x
[i]
1n) ∈ IR}.

Hence, based on Theorem 2, the Kth-best algorithm outputs a global optimum solution to the
problem (1). However, if an optimum solution to the relaxed problem (5) lies out of IR, it can
be inferred that the Kth-best algorithm identifies a border-feasible vertex of IR as an optimum
solution to the problem (1). The following theorem highlights the relationship between the
vertices generated by the proposed algorithm.

Theorem 3. The (i + 1)st best vertex of C, (x[i+1]
11 , . . . , x

[i+1]
1n ), is adjacent to one of earlier

vertices (x[1]11 , . . . , x
[1]
1n), (x

[2]
11 , . . . , x

[2]
1n) . . . , or (x

[i]
11, . . . , x

[i]
1n), i < t.

Proof. See the proof of Theorem 7 in [3].

Theorem 4. Assume that there is a vertex of C outside IR which solves the relaxed problem
(5). Then, the Kth-best algorithm gets a border-feasible vertex of IR as an optimum solution
to the MLLFP problem (1).

Proof. It follows from Theorem 1 that an optimum solution to the MLLFP problem (1) takes
place at a border-feasible vertex of IR. On the other hand, the Theorem 3 implies that the ith
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best vertex of the relaxed problem (5) is adjacent to one of the 1st, 2nd, . . . , or (i − 1)st best
vertex. Based on Theorem 2 and according to the termination condition, the Kth-best algorithm
gets a global optimum solution to the problem (1) at a border-feasible vertex of IR.

6 Numerical examples

In this section, a number of numerical examples are solved by the presented Kth-best algorithm
that show the efficiency of the algorithm.

Example 2. Consider

min
x1

f1 = −8x1 − 4x2 + 4x3 − 40x4 − 4x5

min
x2

f2 =
−x2 + 3x3 + 4x4 − x5
x1 + x2 + x3 + x4 + 2

,

min
(x3,x4,x5)

f3 =
x1 + x2 + 2x3 − x4 + x5 + 1

2x1 + x3 + x4 − 3x5 + 6
,

s.t.



−x3 + x4 + x5 ≤ 1,

2x1 − x3 + 2x4 − 0.5x5 ≤ 1,

2x2 + 2x3 − x4 − 0.5x5 ≤ 1,

xi ≥ 0, i = 1, 2, 3, 4, 5.

First iteration of the Kth-best algorithm:
Step 1. By solving the corresponding problem (10), the point (0, 0, 32 ,

3
2 , 1) is obtained as the

optimum solution. The optimum value of objective function f1 is -58.
Step 2. Fix x1 = x2 = 0 and solve the following problem:

min f3 =
2x3 − x4 + x5 + 1

x3 + x4 − 3x5 + 6
,

s.t.



−x3 + x4 + x5 ≤ 1,

−x3 + 2x4 − 0.5x5 ≤ 1,

2x3 − x4 − 0.5x5 ≤ 1,

xi ≥ 0, i = 3, 4, 5.

The optimum solution is (x3, x4, x5) = (0, 12 , 0). Since (0, 12 , 0) 6= ( 32 ,
3
2 , 1), we go to Step 4.

Step 4. We obtain V [1] = {( 32 , 0, 1, 0, 2), (0,
9
10 , 0,

3
5 ,

2
5 ), (0, 0, 1, 1, 0), (0, 0, 1, 0, 2), (0, 0, 0,

3
5 ,

2
5 )}
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and U = {(0, 0, 32 ,
3
2 , 1)}, V = V [1].

Step 5. We set i = 2 and (x
[2]
11 , . . . , x

[2]
15) = (0, 0, 1, 1, 0) with f1 = −36 and go to Step 2.

The output of the rest of iterations are displayed in Table 1. As seen in Table 1, in the
third iteration of the algorithm, the point (0, 9

10 , 0,
3
5 ,

2
5 ) is obtained as optimum solution. The

optimum value of (f1, f2, f3) equals (− 146
5 , 1135 ,

17
54 ) = (−29.2, 0.314, 0.315).

Table 1: The output of each iteration in Kth-best algorithm for Example 2

Iteration (x
[i]
11, . . . , x

[i]
15) V

i = 1 (0, 0, 32 ,
3
2 , 1) /∈ IR ( 32 , 0, 1, 0, 2) f1 = −16

f1 = −58 (0, 9
10 , 0,

3
5 ,

2
5 ) f1 = −29.2

(0, 0, 1, 1, 0) f1 = −36
(0, 0, 1, 0, 2) f1 = −4
(0, 0, 0, 35 ,

2
5 ) f1 = −25.6

i = 2 (0, 0, 1, 1, 0) /∈ IR ( 34 , 0,
1
2 , 0, 0) f1 = −4

f1 = −36 (0, 34 , 0,
1
2 , 0) f1 = −23

(0, 0, 12 , 0, 0) f1 = 2
(0, 0, 0, 12 , 0) f1 = −20

i = 3 (0, 9
10 , 0,

3
5 ,

2
5 ) ∈ IR

f1 = −146
5 = −29.2

Example 3. Consider

max
x1,x2

f1 =
7x1 + 3x2 − 4x3 + 2x4
x1 + x2 + x3 + 1

,

max
x3

f2 =
x2 + 3x3 + 4x4
x1 + x2 + x3 + 2

,

max
x4

f3 =
2x1 + x2 + x3 + x4
x1 + x2 + x3 + 3

,

s.t.



x1 + x2 + x3 + x4 ≤ 5, x1 + x2 − x3 − x4 ≤ 2,

x1 + x2 + x3 ≥ 1, x1 − x2 + x3 + 2x4 ≤ 4,

x1 + 2x3 + 2x4 ≤ 3, x4 ≤ 2,

xi ≥ 0, i = 1, 2, 3, 4.

By applying the proposed Kth-best algorithm, the point ( 73 , 0, 0,
1
3 ) is obtained as the opti-

mum solution in the first iteration. The optimum value of (f1, f2, f3) equals ( 5110 ,
11
13 ,

15
16 ). However,

Lachhwani and Poonia (2012) obtained the optimum solution (x1, x2, x3, x4) = (1, 0, 0, 1) with
the optimum value of (f1, f2, f3) = ( 92 ,

4
3 ,

3
4 ). Also, Lachwani and Nehra [12] using a modified

fuzzy goal programming approach obtained the point (2.33, 0, 0, 2.37) as optimum solution, which
is clearly infeasible because of the constraint x4 ≤ 2.
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Table 2: The output of each iteration in Kth-best algorithm for Example 4

Iteration (x
[i]
11, . . . , x

[i]
15) V

i = 1 (0, 34 , 0, 0, 1) /∈ IR ( 34 ,
3
4 , 0, 0, 1), f1 = 4

49
f1 = 1

52 (0, 0, 1, 0, 2), f1 = 1
16

(0, 9
10 , 0,

3
5 ,

2
5 ), f1 = 13

106
(0, 12 , 0, 0, 0), f1 = 1

16
(0, 0, 0, 0, 1), f1 = 1

13
i = 2 (0, 12 , 0, 0, 0) /∈ IR ( 12 ,

1
2 , 0, 0, 0), f1 = 2

15
f1 = 1

16 (0, 0, 12 , 0, 0), f1 = 1
7

(0, 5
16 , 0,

1
2 , 0), f1 = 109

272
(0, 0, 0, 0, 0), f1 = 1

8
i = 3 (0, 0, 1, 0, 2) /∈ IR ( 32 , 0, 1, 0, 2), f1 = 5

29
f1 = 1

16 (0, 0, 32 ,
3
2 , 1), f1 = 8

23
(0, 0, 12 , 0, 0), f1 = 1

7
(0, 0, 0, 0, 1), f1 = 1

13
i = 4 (0, 0, 0, 0, 1) /∈ IR (0, 0, 12 , 0, 0), f1 = 1

7
f1 = 1

13 (0, 0, 0, 35 ,
2
5 ), f1 = 11

53
(0, 0, 0, 0, 0), f1 = 1

8
i = 5 ( 34 ,

3
4 , 0, 0, 1) ∈ IR

f1 = 4
49

Example 4. Consider

min
(x1,x2)

f1 =
1 + x1 − x2 + 2x4

8− x1 − 2x3 + x4 + 5x5
,

min
(x3,x4)

f2 =
1 + x1 + x2 + 2x3 − x4 + x5
6 + 2x1 + x3 + x4 − 3x5

,

min
x5

f3 =
2 + x1 + x2 − x3 + x4 + x5
1− x1 + x2 − x3 + 2x4 + x5

,

s.t.



−x3 + x4 + x5 ≤ 1,

2x1 − x3 + 2x4 − 1
2x5 ≤ 1,

2x2 + 2x3 − x4 − 1
2x5 ≤ 1,

xi ≥ 0, i = 1, . . . , 5.

The result of the proposed Kth-best algorithm is shown below. As seen in Table 2, the
optimum solution ( 34 ,

3
4 , 0, 0, 1) is obtained in the fifth iteration with the optimum value of

(f1, f2, f3) = ( 4
49 ,

7
9 ,

9
4 ) = (0.0816, 0.777, 1.119).

Example 5. Consider
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min
x1

f1 =
−x1 − 5x2 − x3 + x4 − 4

x1 + 12x2 + x3 + 2x4
,

min
x2

f2 =
−8x1 − 7x2 − 2x3 − x4 − 4

9x1 + 11x2 + x3 + x4 + 5
,

min
x3

f3 =
−12x1 − 3x2 − x3 + x4 − 4

12x1 + 5x2 + x3 + 2x4 + 3
,

min
x4

f4 =
−4x1 − 2x2 − x3 − x4 − 4

5x1 + 3x2 + x3 + x4 + 5
,

s.t.


x1 + x2 + x3 − x4 ≤ 3, x1 + x2 + x3 − x4 ≥ 1,

x1 + x2 − x3 − x4 ≤ 7, −x1 + x2 + x3 − x4 ≤ 1,

x2 ≥ 0.25, x3 ≤ 1, x4 ≤ 3, xi ≥ 0, i = 1, 2, 3, 4.

Using the Kth-best algorithm, we obtain the optimum solution (0, 14 ,
3
4 , 0) in the first it-

eration. The optimum value of (f1, . . . , f4) is equal to (−1.6,−0.88,−1.1,−0.808). However,
Pal, Kumar, and Sen [17] found the optimum solution ( 12 ,

1
4 , 1,

1
4 ) with the optimum value of

(f1, . . . , f4) = (−1.33,−0.96,−0.89,−0.82).

7 Conclusions

In this study, an MLLFP problem has been considered wherein common constraint region is a
closed, and bounded polytope. Under mild conditions, it is proved that an optimum solution to
the MLLFP problem occurs at a border-feasible vertex of the inducible region. Also, a former
published paper on the MLLFP problems has been considered, and some drawbacks in that paper
have been stated. Moreover, the Kth-best algorithm has been developed for solving the MLLFP
problem in question, and its convergence is proved. The efficiency of the proposed algorithm has
been demonstrated by solving several numerical examples and comparing the results with those
obtained by some existing methods. The study of the MLLFP problems over an unbounded
constraint region will be addressed in our future research.
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A mathematical model and optimal control analysis
of merchant resistance to e-commerce adoption
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Abstract

In this study, we develop a mathematical model that captures the dynamics of merchants’
attitudes toward the adoption of e-commerce for trading activities. The merchant population
is classified into four compartments: Traditional merchants, nonadopting merchants, active
e-commerce users, and merchants who have temporarily suspended their online activities. The
proposed model provides a quantitative framework for analyzing the persistence of e-commerce
nonadoption among certain merchant groups and for identifying effective strategies to promote
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digital market participation. To this end, an optimal control problem is formulated with
the objective of enhancing e-commerce adoption through suitable intervention policies. The
Pontryagin maximum principle is applied to derive the necessary conditions for optimality,
and numerical simulations implemented in MATLAB illustrate and validate the theoretical
findings. Furthermore, a cost-effectiveness analysis is conducted to assess the efficiency of
the proposed strategies, providing insight into the balance between implementation costs and
adoption outcomes.

AMS subject classifications (2020): Primary 49J20; Secondary 34D20.

Keywords: Mathematical modeling, Optimal control theory, E-commerce, Pontryagin maxi-
mum.

1 Introduction

E-commerce constitutes a fundamental pillar for national economic growth and integration into
the global marketplace. It enhances the visibility of domestic products internationally, facilitates
access to diverse markets, and provides consumers with the convenience of purchasing goods
and services from virtually any location at any time. Such digital transformation not only
contributes to greater efficiency in the use of resources, time, and effort but also indirectly
supports public health and environmental objectives by reducing physical contact, pollution,
and traffic congestion.

E-commerce broadly encompasses all activities related to the buying, selling, and exchange
of goods and services conducted through the Internet using various digital devices such as com-
puters, smartphones, and wearable technologies. In recent years, its global expansion has been
remarkable, driven by technological innovation and increased connectivity. However, the ef-
fective implementation of electronic commerce remains dependent on the availability of robust
communication infrastructures and the provision of adequate training for the management and
operation of online commercial platforms.

E-commerce has encountered three major developments. The first was e-commerce based on
EDI (Electronic Data Interchange) [33]. EDI is the exchange of files between business partners
from one computer to another in a basic format. Generally, companies will have their systems
to translate this format into that used by the firm itself [15]. The recipient of that file sent by
another partner will be processed immediately as an invoice or a purchase order. The format,
for its part, must contain the type of information that the document has. This system made it
possible to improve purchasing processes as well as relationships throughout the supply chain [34].
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Therefore, Internet-based e-commerce constituted the second phase. The primary drawbacks of
EDI were its expensive price, its inability to adjust to B2C transactions, and its network that
was underdeveloped outside of major multinational corporations. The smallest companies desired
to take advantage of technology advancements as well. Transnational companies also required
information to be shared at increasing rates. Then, the United States lifted the restriction on
employing the Internet for business purposes in the 1990’s. Consequently, e-commerce has seen
brighter days and its first step into the future in 2004 [24]. Thus, more people started to use
the Internet, which resulted in greater profits for merchants and industries [38]. Finally, greater
development was noticed after the Internet became more popular in every household [1].

Lots of research are being made on this subject and governments are beginning to develop
policies encouraging businesses to go digital. The emergence of shopping platforms such as
Amazon [19], eBay [25], and Alibaba [39] made the experience of online shopping easier and
worldwide.

However, the developments in e-commerce depend on its advantages and limitations [37].
e-commerce presents many advantages, unlike traditional commerce shops, due to its availability
anytime anywhere [14, 20, 29]. A person can now purchase products whenever and wherever they
choose, thanks to e-commerce, even from the comfort of their own home. Additionally, they have
access to additional information about the features of the products and can use their computer
to compare prices across multiple retailers. On the other hand, e-commerce encounters some
limitations and drawbacks, especially for the government regarding the taxation problem [43].
Some academics investigate that point, where it is difficult to track the taxes on online shops [2].

Regarding the big importance that e-commerce takes in our lives and how it affects people’s
behavior, many academics investigated the relationship between people and e-commerce. In
[6, 30], the authors investigated the correlation between e-commerce and people’s trust in it,
given the differences between a virtual and a conventional marketplace and how customers’
trust affects their consumption and vision toward e-commerce. In that same vision, some other
researchers discussed and illustrated the needs of users in e-commerce platforms regarding their
age, education, and income [28]. Therefore, the important attention people and governments give
to e-commerce opened many opportunities for entrepreneurs. Thus, academics gave attention to
this topic and studied the relationship between e-commerce and entrepreneurship [36, 17].

Noting the important role e-commerce took in people’s lives and the correlation it has with
our behavior and consumption aptitude, it is primordial to better understand the process of
e-commerce buying and selling, and how merchants and entrepreneurs act and invest. Conse-
quently, a proper and effective modeling approach must be used, such as the compartmental
model approach, which was first introduced by Kermack and McKendrick [23] in 1927 in the
Proceedings of the Royal Society of London, which is a seminal work that laid the groundwork
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for the mathematical modeling of infectious diseases, principally named the SIR models. In-
spired by the epidemiological modeling approach, a population can be divided into three main
compartments susceptible, infected and recovered.

In recent years, fractional-order derivatives have gained considerable attention in the context
of biological and epidemiological modeling, owing to their ability to capture memory and hered-
itary effects inherent in real-world processes. Their nonlocal properties allow for a more realistic
description of biological dynamics, particularly those involving anomalous diffusion or delayed
responses. For instance, fractional models have been employed to investigate complex infection
and epidemic dynamics, such as multi-strain influenza with treatment effects [42], COVID-19
transmission incorporating Caputo-type fractional operators [21], and within-host viral infection
models accounting for adaptive immunity [40, 35]. These studies highlight the growing impor-
tance of fractional calculus in enhancing the flexibility and realism of classical compartmental
models. This modeling perspective can be extended beyond biological systems to other domains
governed by human behavior and interaction, such as socio-economic and technological diffu-
sion processes, thereby motivating the adoption of similar analytical approaches in the study of
e-commerce dynamics.
Statement of problem.
The application of control theory to various problems has been explored by several authors,
including the spread of rumours on social media. In [7], a study is presented where the author
formulated a mathematical model and applied control theory to reduce the spread of rumours on
social networks. Additionally, in [3], the author applied control theory to address nonregistration
behavior in an effort to increase the number of people registered on the electoral roll. Further
research on control theory can be found in [9, 22, 10, 26, 4].

Recent advances in compartmental modeling and optimal control have highlighted their
utility in analyzing complex social and behavioral dynamics. For example, El Bhih et al. [8]
developed a framework to study the spread of rumors and counter-rumors on social networks, for-
mulating multiple equilibria and designing optimal interventions using Pontryagin’s maximum
principle to influence collective behavior. Similarly, studies on scam rumor propagation have
employed deterministic models combined with cost-effectiveness analysis to evaluate strategies
for mitigating false information on social platforms, emphasizing the efficiency of targeted inter-
ventions [5]. In the context of epidemiology, Laaroussi, El Bhih, and Rachik [27] demonstrated
how optimal vaccination and treatment policies can be formulated under constrained resources
for a multi-strain SEIR model of COVID-19, providing insight into balancing limited resources
while achieving maximal impact. Furthermore, Yaagoub, El Bhih, and Allal [41] introduced a
fractional-order infection model for computer virus propagation, illustrating how memory effects
and fractional dynamics can improve the realism and predictive power of compartmental models.
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Collectively, these studies underscore the versatility of compartmental and optimal control ap-
proaches for understanding the evolution of complex systems and designing effective intervention
strategies. Inspired by these works, our study applies a similar framework to investigate mer-
chants’ adoption of e-commerce, where the dynamics of acceptance and refusal can be influenced
through targeted control measures and assessed quantitatively for cost-effectiveness.

Building on these approaches, Hassouni, Belhdid, and Balatif [16] applied compartmental
and optimal control modeling to study customer behavior toward e-commerce. Their model
focused on the dynamics of refusal and adoption, analyzed stability and parameter sensitivity,
and employed Pontryagin’s maximum principle to optimize interventions. Numerical simula-
tions confirmed the effectiveness of the proposed strategies, highlighting the relevance of control-
based modeling for understanding behavioral dynamics in digital marketplaces. Inspired by
this, our study extends the framework to examine merchant behavior, capturing interactions be-
tween adopters and nonadopters in commercial ecosystems and evaluating intervention strategies
through cost-effectiveness analysis.

In our research, we formulate a new mathematical model in order to study the influence of
merchants’ behavior on e-commerce and their refusal to use e-commerce. We study the basic
characteristics of the proposed CAEP model to discover the various aspects of the proposed
model and to better understand the process of store owner behavior towards e-commerce. We also
apply control theory to this model in order to increase the number of merchants who use electronic
commerce, which will reflect positively on them, whether in terms of income or increasing the
number of customers. The spread of the electronic neighbor will inevitably lead to an increase in
the number of commercial markets available to citizens. This will reflect positively on the state’s
economy.

The originality of the proposed CAEP model lies in its focus on the dynamics of merchants
who refuse to adopt e-commerce, in addition to those who already use it, thereby capturing in-
teractions between adopters and nonadopters within the commercial ecosystem. Unlike previous
studies that primarily examine general adoption patterns or consumer behavior, our model in-
tegrates an optimal control framework to identify effective strategies for promoting e-commerce
adoption among reluctant merchants. Furthermore, the incorporation of a cost-effectiveness
analysis provides quantitative guidance for policymakers and decision-makers, allowing them
to evaluate trade-offs between intervention costs and adoption outcomes. Collectively, these
features distinguish our work from existing literature and offer new insights into targeted inter-
ventions to enhance e-commerce penetration.

The paper is organized as follows. Section 2 introduces a mathematical model that analyzes
merchants’ behavior with respect to e-commerce. In Section 3, optimal control theory is applied
to the model, and the positivity and boundedness of the solutions are established. Section 4
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presents numerical simulations to assess the effectiveness of the proposed strategies. Finally,
concluding remarks are provided in Section 5.

2 Formulation of the mathematical model

The study of epidemic spread has enabled researchers to adopt epidemiological models as a
foundation for modeling the dynamics of e-commerce. Our research offers a qualitative extension
to previous studies by introducing a novel mathematical model that describes merchant behavior
in relation to electronic commerce.

In this section, we focus on the issue of merchants who refuse to use e-commerce for buying
or selling their products. To address this, we propose the mathematical model CAEP , which
aims to analyze the evolution of e-commerce usage among merchants and investigate the reasons
behind its limited adoption by certain segments.

Furthermore, the model examines how merchants-whether or not they currently use e-
commerce-may be influenced through direct interaction with those who resist adopting it. The
proposed model consists of four compartments:

Compartment C: These are merchants who sell goods to customers or buy goods to sell. It
also includes traders who produce goods and then sell them. Individuals in this compartment are
considered to be nonusers of e-commerce, as they do not have the knowledge or skills required
to set up an online shop. The number of merchants in this compartment increases with the
number Λ1, which represents the number of new merchants, and the number of merchants in
this compartment decreases with the number θ, which represents the rate of natural deaths or
cessation of trade, and γ1CA, which is the proportion of the number of traders affected by the
refusal to use e-commerce as a result of contacts with traders who refuse to use e-commerce, and
γ2CE, which is the proportion of the number of traders affected by the refusal to use e-commerce
as a result of contacts with traders who use e-commerce, and θ1C, which is the proportion of
the number of traders influenced to refuse to use e-commerce as a result of negative thoughts
about e-commerce, and θ2C, which is the proportion of the number of traders influenced to use
e-commerce as a result of positive thoughts about e-commerce. Hence

dC(t)

dt
= Λ1 − γ1C(t)A(t)− θ1C(t)− θ2C(t)− γ2C(t)E(t)− θC(t). (1)

Compartment A: These are merchants who refuse to use e-commerce to sell or buy their
products because of negative experiences with e-commerce such as fraud, cybercrime, or because
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of negative thoughts about e-commerce coming from the merchant who refuses to use e-commerce
or a person who has negative thoughts about e-commerce. The number of this compartment is
increased by Λ2, which represents the number of new merchants who know about e-commerce but
do not want to use it, and γ1CA, which represents the proportion of the number of merchants
who have been affected by the refusal to use e-commerce as a result of contacting merchants
who refuse to use e-commerce, and γ4AE, which represents the proportion of the number of
merchants who were influenced by the refusal to use e-commerce as a result of direct contact
with merchants who refuse to use e-commerce, and θ1C, which represents the proportion of the
number of merchants who were influenced by the refusal to use e-commerce as a result of negative
thoughts about e-commerce, and θ2E is the number of merchants who used e-commerce and were
affected by the refusal to use e-commerce as a result of negative thoughts about e-commerce.
The number for this compartment is reduced by θ, representing natural deaths or stopping trade,
and γ3AE, which represents the proportion of the number of merchants who refused to use e-
commerce and were influenced by e-commerce as a result of contact with merchants who use
e-commerce, and θ1A, which represents the proportion of the number of merchants who refused
to use e-commerce and were influenced by e-commerce as a result of positive thoughts about
e-commerce received from a customer or community member. Therefore

dA(t)

dt
=Λ2 + γ1C(t)A(t) + θ1C(t) + γ4A(t)E(t) + θ2E(t)− γ3A(t)E(t)

− θ1A(t)− θA(t). (2)

Compartment E: These are merchants who use e-commerce to sell or buy their products
because they know the pros and cons of e-commerce.

The number of this compartment is increased by Λ3, which represents the proportion of new
merchants with e-commerce stores, and θ2C, which represents the number of merchants who have
been influenced by e-commerce as a result of positive thoughts about e-commerce coming from
customers or people, γ2CE, which represents the number of merchants who have been influenced
by e-commerce as a result of direct contact with merchants who use e-commerce, and γ3AE, which
represents the number of merchants who declined to use e-commerce and were influenced by e-
commerce as a result of contact with merchants who use e-commerce, and θ1A, which represents
the number of merchants who declined to use e-commerce and were influenced by e-commerce
as a result of positive ideas about e-commerce received from the customer or a member of the
community, and γ2P , which represents the number of merchants who return to using e-commerce
after solving the problems they faced, such as maintenance. The number of members of this
compartment decreases with the number θ, which represents natural deaths or stopping trade,

Iran. J. Numer. Anal. Optim., Vol. 16, No. 2, 2026, pp 356–384



363 A mathematical model and optimal control analysis of merchant resistance to e-commerce adoption

and γ4AE, which represents the proportion of the number of merchants who used e-commerce
and were influenced by the refusal to use e-commerce as a result of contacting merchants who
refuse to use e-commerce, and θ2E, which represents the proportion of the number of merchants
who have been affected by the refusal to use e-commerce as a result of negative thoughts about
e-commerce, and γ1E, which represents the proportion of the number of merchants who have
stopped using e-commerce due to problems they face, such as the difficulty of maintaining the
site.Thus

dE(t)

dt
=Λ3 + θ2C(t) + γ2C(t)E(t) + γ3A(t)E(t) + θ1A(t) + γ2P (t)

− γ4A(t)E(t)− θ2E(t)− γ1E(t)− θE(t). (3)

Compartment P : These are merchants who have temporarily stopped using e-commerce to sell
or buy their products due to problems they have encountered on their websites, such as damage
to the site or its maintenance, lack of human capacity to work on the site or, in some cases, the
absence of the Internet. The number of merchants in this category increases with the number
γ1E, which represents the percentage of merchants who stopped using e-commerce because of
problems they encountered, such as difficulties in maintaining the site, and decreases with the
number θ, which represents the percentage of merchants who died of natural causes or stopped
trading, and with the number γ2P , which represents the percentage of merchants who returned
to using e-commerce after solving the problems they encountered, such as maintenance. Then

dP (t)

dt
= γ1E(t)− γ2P (t)− θP (t). (4)

The chart below will show the trends of merchant flow between compartments. These di-
rections will be represented by directed arrows to illustrate these movements; see the following
Figure 1.

Figure 1: A diagram of the evolution of the transfer of e-commerce between merchants.
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Based on the previously described compartments and the interactions between them, we now
present the mathematical model that captures the dynamics of e-commerce usage rejection. The
model is governed by the following system of differential equations:

dC(t)

dt
= Λ1 − γ1C(t)A(t)− θ1C(t)− θ2C(t)− γ2C(t)E(t)− θC(t),

dA(t)

dt
= Λ2 + γ1C(t)A(t) + θ1C(t) + γ4A(t)E(t) + θ2E(t)− γ3A(t)E(t)

θ1A(t)− θA(t),
dE(t)

dt
= Λ3 + θ2C(t) + γ2C(t)E(t) + γ3A(t)E(t) + θ1A(t) + γ2P (t)

γ4A(t)E(t)− θ2E(t)− γ1E(t)− θE(t),

dP (t)

dt
= γ1E(t)− γ2P (t)− θP (t).

(5)

With the initial conditions

C(0) ≥ 0, A(0) ≥ 0, E(0) ≥ 0, P (0) ≥ 0,

the total number of merchants at time t is denoted as N(t). Therefore, we have

N(t) = C(t) +A(t) + P (t) + E(t).

The parameters used in this model are summarized in Table 1.

2.1 Positivity of solutions

Since the model (5) tracks the behavior of merchants, it is important that all state variables and
associated parameters remain positive. This will be verified by the following theorem.

Theorem 1. If C(0) ≥ 0, A(0) ≥ 0, E(0) ≥ 0, and P (0) ≥ 0, then the solutions C(t), A(t),
E(t), and P (t) of system (5) will be positive for all t ≥ 0.

Proof. From the first equation of system (5), we obtain the inequality

dC(t)

dt
+ (θ + θ1 + θ2 + γ1A(t) + γ2E(t))C(t) ≥ Λ1.

Rearranging this inequality, we have

dC(t)

dt
+ (θ + θ1 + θ2 + γ1A(t) + γ2E(t))C(t) ≥ 0. (6)
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Table 1: Parameters definitions of the CAEP model.

Parameter Description
Λ1 The number of new merchants introduced to the market. (individual)
Λ2 The number of new merchants not using e-commerce. (individual)
Λ3 The number of new merchants using e-commerce. (individual)
γ1 The rate at which a potential merchant adopts the idea of refusing

e-commerce by contacting individuals from the against group.
(individual/day)

γ2 The rate at which a potential merchant adopts the idea of using
e-commerce by contacting individuals from the e-commerce users’ group.

(individual/day)
γ3 The rate at which a refusing merchant turns to a user of e-commerce

by contacting e-commerce users. (individual/day)
γ4 The rate at which an e-commerce user switches to not using it

by contacting individuals from the against group. (individual/day)
θ1 The rate of merchants who were affected by negative ideas about

e-commerce. (individual/day)
θ2 The rate of merchants who were influenced by positive ideas about

e-commerce. (individual/day)
θ1 The rate of merchants who refused to use e-commerce but were

influenced by positive ideas about it. (individual/day)
θ2 The rate of merchants who use e-commerce but are affected

by negative thoughts about it. (individual/day)
γ1 The rate of merchants who used e-commerce but temporarily

stopped using it. (individual/day)
γ2 The rate of merchants who temporarily stopped using e-commerce

and returned to it. (individual/day)
θ The rate of final departure from the compartment. (individual/day)

Multiplying both sides of inequality (6) by the factor

exp
(∫ t

0

(θ + θ1 + θ2 + γ1A(h) + γ2E(h)) dh

)
,

we get

dC(t)

dt
. exp

(∫ t

0

(θ + θ1 + θ2 + γ1A(h) + γ2E(h)) dh

)
+ (θ + θ1 + θ2 + γ1A(t) + γ2E(t))

exp
(∫ t

0

(θ + θ1 + θ2 + γ1A(h) + γ2E(h)) dh

)
.C(t) ≥ 0.

This simplifies to

d

dt

(
C(t) · exp

(∫ t

0

(θ + θ1 + θ2 + γ1A(h) + γ2E(h)) dh

))
≥ 0, ∀t ≥ 0.

Integrating the inequality, we obtain
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C(t) ≥ C(0) · exp
(∫ t

0

− (θ + θ1 + θ2 + γ1A(h) + γ2E(h)) dh

)
.

Thus, C(t) remains positive, as it is greater than or equal to the initial condition C(0).

Similarly, we can prove that A(t) ≥ 0, E(t) ≥ 0, and P (t) ≥ 0 for all t ≥ 0.

2.2 Boundedness of solutions

In this subsection, we present a result which proves that all possible solutions of the system
description model (5) are bounded.

Lemma 1. Let the region Ω be defined by

Ω =

{
(C(t), A(t), E(t), P (t)) ∈ R4

+

∣∣∣∣ 0 ≤ C(t) +A(t) + E(t) + P (t) ≤
Λ1 + Λ2 + Λ3

θ

}
,

where the initial conditions are given as C(0) ≥ 0, A(0) ≥ 0, E(0) ≥ 0, and P (0) ≥ 0. Then the
region Ω is positively invariant for the model (5).

Proof. We have the following differential inequality for the total number of merchants:

dN(t)

dt
≤ Λ1 + Λ2 + Λ3 − θN(t),

hence, solving this inequality gives

dN(t)

dt
≤ N(0) exp(−θt) +

(
Λ1 + Λ2 + Λ3

−θ

)
(exp(−θt)− 1) .

Thus, we obtain the asymptotic bound

lim
t→+∞

supN(t) =
Λ1 + Λ2 + Λ3

θ
,

and consequently,

N(t) ≤ Λ1 + Λ2 + Λ3

θ
.

From this, we conclude that the set Ω is positively invariant for the system (5) [9].
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2.3 Existence of solutions

In the following theorem, we prove the existence and uniqueness of solutions.

Theorem 2. The system (5) that fulfills the initial conditions (C(0), A(0), E(0), P (0)) has a
unique solution.

Proof. Let

X(t) =


C(t)

A(t)

E(t)

P (t)

 and Γ(X) =


dC(t)
dt

dA(t)
dt

dE(t)
dt

dP (t)
dt

 .

Also,
Γ(X) = F1X + F2(X), (7)

in which

F1 =


− (θ + θ1 + θ2) 0 0 0

θ1 θ2 − (θ + θ1) 0

θ2 θ1 − (θ + θ2 + γ1) γ2

0 0 γ1 − (θ + γ2)

 ,
and

F2 =


Λ1 − γ1CA− γ2CE

Λ2 + γ1CA+ γ4AE − γ3AE
Λ3 + γ2CE + γ3AE − γ4AE

0

 .
Then

‖F2(Y )− F2(Z)‖
≤ |γ1CYAY + γ2CY EY − γ1CZAZ − γ2CZAZ |

+ |γ1CyAY + γ4AyEY − γ3AyEY − γ1CZAZ − γ4AZEZ + γ3AZEZ |
+ |γ2CY EY + γ3AY EY − γ4AY EY − γ2CZEZ − γ3AZEZ + γ4AZEZ | ,

≤ Λ
θ (2 (γ1 + γ2) |(AY −AZ |+ 6γ1 |(AY −AZ |+ (6γ2 + 3γ3 + 4γ4) |EY − EZ |) ,

≤ C ‖Y − Z‖ .

Thus, we have

M =
Λ1 + Λ2 + Λ3

θ
·max (2 (γ1 + γ2) , 6γ1, (6γ2 + 3γ3 + 4γ4)) ,
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and also
‖Γ(Y )− Γ(Z)‖ ≤ N ‖Y − Z‖ ,

where N = max (M, ‖F1‖) <∞. Thus, it follows that the function Γ is Lipschitz continuous, so
the system admits a unique solution [12].

3 The optimal control problem

The failure of merchants to use e-commerce leads to a set of negative effects that hinder economic
growth in terms of energy bills. Abstaining from e-commerce also contributes to increasing
customers’ daily expenses, as the cost of traveling to purchase a product is very high compared
to purchasing via e-commerce. The weak use of e-commerce also leads to the spread of infectious
diseases.

E-commerce offers many benefits, both for merchants who use it, and for customers who
purchase products via e-commerce, as it allows e-store owners to display their goods and services
to customers at any time of the day or night. They can also open an e-store without having a
physical store and work from home.

• v1(t): represents the use of advertising across all visual and audio communication means
and social media to introduce e-commerce, in addition to the steps that must be taken to create
an e-commerce site in a way that is safe from cybercrimes. The entities responsible for building
websites can also be displayed safely and at reasonable prices. It is also necessary to provide
training for merchants on how to operate websites and how to display products for sale in a good
way that meets the customer’s needs.

• v2(t): indicates the provision of insurance for all merchants against all cybercrimes that
they may be exposed to, such as fraud and theft, in addition to theft of personal information.

By adding the two controls v1(t) and v2(t) to the first system (5), we obtain the following
control model:
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dC(t)

dt
= Λ1 − γ1C (t)A (t)− θ1C (t)− θ2C (t)− γ2C (t)E (t)− θC (t)

−v1(t)C(t),
dA(t)

dt
= Λ2 + γ1C (t)A (t) + θ1C (t) + γ4A (t)E (t) + θ2E (t)

−γ3A (t)E (t)− θ1A (t)− θA (t)− v2 (t)A (t)− v2 (t) θ2E (t)

−γ4v2 (t)A (t)E (t) ,

dE(t)

dt
= Λ3 + θ2C (t) + γ2C (t)E (t) + γ3A (t)E (t) + θ1A (t) + γ2P (t)

−γ4A (t)E (t)− θ2E (t)− γ1E (t)− θE (t) + v1(t)C(t)

+v2 (t)A (t) + θ2v2 (t)E (t) + γ4v2 (t)A (t)E (t) ,

dP (t)

dt
= γ1E (t)− γ2P (t)− θP (t) ,

(8)

with the initial conditions C(0) ≥ 0, A(0) ≥ 0, E(0) ≥ 0, and P (0) ≥ 0.

3.1 The optimal control: Existence and characterization

In this subsection, our objective is to minimize the total number of merchants who refuse to use
e-commerce and maximize the number of those who use it. The control variables v1(t) and v2(t)
are introduced to minimize the optimal control model (5) subject to the objective functional
defined as follows:

J(v1, v2) = A(tf )− E(tf ) +

∫ tf

t0

[
A(t)− E(t) +

C1

2
(v1(t))

2
+
C2

2
(v2(t))

2

]
dt,

where C1 > 0 and C2 > 0 are the cost coefficients. These coefficients are chosen in order to
weigh the relative importance of v1(t) and v2(t) at each time t, where tf is the final time. In
other words, we aim to find the optimal controls v∗1 and v∗2 such that

J(v∗1 , v
∗
2) = min

(v1,v2)∈Ad
J(v1, v2).

Here, Ad is the set of admissible controls defined by

Ad = {(v1(t), v2(t)) : 0 ≤ v1(t) ≤ 1, 0 ≤ v2(t) ≤ 1 for t ∈ [t0, tf ]} . (9)
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3.2 Existence of optimal controls

In this subsection, we present the theorem which proves the existence of an optimal control
(v∗1 , v

∗
2) minimizing the cost function J .

Theorem 3. There exists an optimal control (v∗1 , v∗2) ∈ Ad such that

J(v∗1 , v
∗
2) = min

(v1,v2)∈Ad
J(v1, v2).

Proof. To use the existence result in [11], we must check the following properties:
(K1): The set of controls and the corresponding state variables is nonempty.
(K2): The control set Ad is convex and closed.
(K3): The right-hand side of the state system is bounded by a linear function in the state and
control variables.
(K4): The integral L(A,E, v1, v2) of the objective functional is convex on Ad, and there exist
constants κ1 > 0, κ2 > 0, and ε > 1 such that

L(A,E, v1, v2) ≥ −κ1 + κ2
(
|v1|2 + |v2|2

) ε
2 .

The first condition (K1) is verified using the result in [11]. The set Ad is convex and closed
by definition, thus the condition (K2). Our state system is bilinear in v1 and v2, moreover the
solutions of the system are bounded as proved in model (5), hence the condition (K3). Also, we
have the last needed condition (K4):

L(A,E, v1, v2) ≥ −κ1 + κ2
(
|v1|2 + |v2|2

) ε
2 .

where
κ1 = 2 sup

t∈[t0,tf ]

(A(t), E(t)), κ2 = inf
(
C1

2
,
C2

2

)
, ε = 2,

since
C1 > 0 and C2 > 0.

We conclude that there exists an optimal control (v∗1 , v∗2) ∈ Ad such that

J(v∗1 , v
∗
2) = min

(v1,v2)∈Ad
J(v1, v2).
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3.3 Characterization of the optimal controls

In this subsection, we apply Pontryagin’s maximum principle to address the problem of mer-
chants and businesses that are capable of using e-commerce but choose not to. Our objective
is to solve for the optimal control in system (8) such that the control variables v1(t) and v2(t)
represent the optimal strategies, ultimately reducing the number of merchants and businesses
that refrain from using e-commerce to sell their products.

To derive the optimal control conditions, we utilize Pontryagin’s maximum principle. The
Hamiltonian H(t) at time t is given by

H(t) = A(t)− E(t) +
C1

2
v1(t)

2 +
C2

2
v2(t)

2 +

4∑
i=1

λihi,

where hi represents the right-hand side of the system of differential equations (8) for the i-th
state variable.

Theorem 4. Given the optimal controls (v∗1 , v
∗
2) and the corresponding solutions C∗, A∗, E∗,

and P ∗ to the state system (8), there exist adjoint functions λ1, λ2, λ3, and λ4 that satisfy the
following system:



dλ1
dt

= − ∂H
∂C

= −λ1 [−γ1A(t)− θ1 − θ2 − γ2E(t)− θ − v1(t)]

−λ2 [γ1A(t) + θ1]− λ3 [θ2 + γ2E(t) + v1(t)] ,

dλ2
dt

= − ∂H
∂A

= −1− λ1 (−γ1C(t))

−λ2 [γ1C(t) + γ4E(t)− γ3E(t)− θ1 − θ − v2(t)]

−λ2 [−γ4v2(t)E(t)]

−λ3 [γ3E(t) + θ1 − γ4E(t) + v2(t) + γ4v2(t)E(t)] ,

dλ3
dt

= − ∂H
∂E

= 1− λ1 (−γ2C(t))

−λ2 [γ4A(t) + θ2 − γ3A(t)− v2(t)θ2 − γ4v2(t)A(t)]

−λ3 [γ2C(t) + γ3A(t)− γ4A(t)− θ2 − γ1 − θ

+θ2v2(t) + γ4v2(t)A(t)]

−λ4 (γ1) ,
dλ4
dt

= − ∂H
∂P

= −λ3 (γ2)− λ4 (−γ2 − θ) .

(10)
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The transversality conditions at time tf are given by


λ1(tf ) = 0,

λ2(tf ) = 1,

λ3(tf ) = −1,
λ4(tf ) = 0.

(11)

Moreover, for t ∈ [t0, tf ], the optimal controls v∗1(t) and v∗2(t) are given by v∗1(t) = min
(
1,max

(
0, 1

C1
(λ1 − λ3)C(t)

))
,

v∗2(t) = min
(
1,max

(
0, λ2−λ3

C2
(A(t) + θ2E(t) + γ4A(t)E(t))

))
.

(12)

Proof. The Hamiltonian H is defined as

H(t) = A(t)− E(t) +
C1

2
v1(t)

2 +
C2

2
v2(t)

2 +

4∑
i=1

λihi,

where the hi functions are given by

h1 = Λ1 − γ1C(t)A(t)− θ1C(t)− θ2C(t)− γ2C(t)E(t)− θC(t)

−v1(t)C(t),

h2 = Λ2 + γ1C(t)A(t) + θ1C(t) + γ4A(t)E(t) + θ2E(t)− γ3A(t)E(t)

−θ1A(t)− θA(t)− v2(t)A(t)− v2(t)θ2E(t)− γ4v2(t)A(t)E(t),

h3 = Λ3 + θ2C(t) + γ2C(t)E(t) + γ3A(t)E(t) + θ1A(t) + γ2P (t)

−γ4A(t)E(t)− θ2E(t)− γ1E(t)− θE(t) + v1(t)C(t) + v2(t)A(t)

+θ2v2(t)E(t) + γ4v2(t)A(t)E(t),

h4 = γ1E(t)− γ2P (t)− θP (t).

By using Pontryagin’s maximum principle [31], the adjoint equations and transversality
conditions can be derived, leading to the system in equation (10) and the optimal controls
expressed in equation (12).

The optimal controls v∗1(t) and v∗2(t) are determined by solving the optimality conditions.
For v1 and v2, we have
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∂H
∂v1

= C1v1(t)− λ1C(t) + λ3C(t) = 0,

which gives
v1 =

C(t)

C1
(λ1 − λ3) .

Similarly, for v2,

∂H
∂v2

= C2v2(t) + λ2 (−A(t)− θ2E(t)− γ4A(t)E(t))

+ λ3 (A(t) + θ2E(t) + γ4A(t)E(t))

= 0,

which gives
v2 =

λ2 − λ3
C2

(A(t) + θ2E(t) + γ4A(t)E(t)) .

These expressions for v∗1 and v∗2 are bounded by the control limits, and hence we obtain the
final form of the optimal controls in equation (12).

4 Numerical simulations

In this section, we perform numerical simulations to illustrate the strategies we have implemented.
The goal is to reduce the number of merchants and companies that do not use e-commerce
to sell their products, while increasing the number of merchants that adopt e-commerce. To
solve the proposed CAEP model and the corresponding optimal control problem, numerical
simulations were performed using MATLAB. The state equations were solved using a standard
fourth-order Runge–Kutta method, which is widely used in the literature for compartmental
and epidemiological models due to its stability and accuracy. The optimal control problem
was addressed via the forward-backward sweep method, which iteratively solves the state system
forward in time and the adjoint system backward in time until convergence is achieved. Parameter
values and initial conditions were selected based on realistic assumptions and prior studies to
reflect typical merchant behavior and e-commerce adoption dynamics. Figures presented in this
section illustrate the temporal evolution of the merchant compartments under different control
scenarios, and the results are interpreted to assess the effectiveness of the proposed strategies in
promoting e-commerce adoption. This approach is consistent with methodologies employed in
recent studies on optimal control in socio-economic and epidemiological systems [32].

The code is written and compiled in MATLAB using the following data to represent
N = 1, 071, 900 companies in France in 2022 [18], noting that this number increased by +17%
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compared to the previous year. During the same year, the number of online sales sites in France
is expected to continue increasing. It is predicted that over 10000 new active sites will emerge,
marking a 5% increase compared to the previous year. By the end of 2022, there were 207000
electronic stores marketing commercial activities [13].

To apply the numerical simulation to the application, we use the initial data for the number
of people in each compartment as follows: C(0) = 700000, A(0) = 159900, E(0) = 207000,
P (0) = 50000, Λ1 = 73000, Λ2 = 4797, Λ3 = 10000, γ1 = 10−8, γ2 = 2 × 10−9, γ3 = 3 × 10−8,
γ4 = 10−8, θ1 = 7 × 10−11, θ2 = 6 × 10−7, γ1 = 6 × 10−8, γ2 = 5 × 10−8, and θ = 0.078,
θ1 = 0.0001, θ2 = 0.0002.

In this study, we have implemented two different control strategies, denoted v1(t) and v2(t),
aimed at informing merchants and e-commerce companies about the protective measures available
to them in case of exposure to cybercrime or fraud. To assess the specific impact of each control
strategy, we have chosen to evaluate three scenarios:

4.1 First scenario: Motivating merchants to use
e-commerce through advertising

In this subsection, the control strategy v1 is applied to assist merchants and companies who may
have limited experience in e-commerce and online store creation and management. The objective
is to enable them to successfully create and operate an online store.

■ Figure 2.1 presents the dynamics of merchant behavior under the implementation of the
first control strategy. Following the initiation of the strategy, a clear decline is observed in the
number of merchants who initially refused to adopt e-commerce, represented in compartment A,
beginning around day 20. By day 30, this number decreases by approximately 4.68%, indicating
an early response of the nonadopting merchants to the applied intervention. This reduction
appears to be correlated with a corresponding decrease in the population of nonadopting mer-
chants in compartment C, suggesting that a portion of these individuals have been successfully
influenced by the strategy to reconsider their adoption decisions.

Over the full 60-day simulation period, the cumulative effect of the first strategy results in a
substantial 24% reduction in the number of merchants resistant to e-commerce adoption. This
trend demonstrates the effectiveness of the control measures in shifting merchant behavior from
nonadoption toward adoption. The results also underscore the importance of timely interven-
tions: earlier implementation of the strategy leads to faster reductions in nonadopters, which
can subsequently accelerate overall market penetration. Moreover, the gradual decline indicates
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Figure 2: Dynamics with control v1.

that while the strategy is effective, behavioral change among merchants is a progressive process,
influenced by factors such as peer adoption, perceived benefits, and exposure to incentives. Over-
all, the figure highlights the potential of targeted policy interventions to promote e-commerce
adoption and improve the overall efficiency and competitiveness of the commercial ecosystem.

■ Figure 2.2 illustrates the impact of the first control strategy on the population of merchants
actively using e-commerce, represented in compartment E. Following the implementation of
the strategy, a noticeable increase in the number of adopting merchants is observed beginning
around day 14. By day 30, the population of e-commerce users has risen by approximately
59.76%, indicating a rapid initial response to the intervention. This early increase suggests that
the strategy effectively motivates merchants who were previously hesitant to transition toward
adoption, likely due to perceived benefits or incentives embedded within the control measures.

Over the full 60-day simulation period, the cumulative effect of the strategy leads to a sub-
stantial overall increase in the total number of merchants using e-commerce. This trend highlights
the effectiveness of the applied measures in promoting sustained adoption over time. Moreover,
the gradual growth trajectory emphasizes that while the strategy yields significant short-term
gains, continued monitoring and adaptive interventions may be necessary to maintain momen-
tum and encourage long-term adherence. Overall, the figure demonstrates that targeted control
strategies can successfully enhance e-commerce adoption, thereby improving market coverage,
competitiveness, and economic efficiency.
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4.2 Second scenario: Providing insurance against electronic
crimes for merchants to encourage them to use
electronic commerce.

In this strategy, we apply the control v2, which represents the display of the insurance element
on compartment A.
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Figure 3: Dynamics with control v2.

■ Figure 3.1 illustrates the effect of the second control strategy on merchants resistant to
e-commerce adoption in compartment A. The results show that the number of nonadopting mer-
chants begins to decline from day 10, with a 23.66% reduction observed by day 30. By the end
of the 60-day period, the total number of resistant merchants decreases by 48%, indicating that
the second strategy is particularly effective in accelerating adoption. This rapid and substantial
reduction suggests that targeted interventions addressing specific barriers can significantly influ-
ence merchant behavior, promoting faster integration into e-commerce. These findings provide
valuable insights for policymakers and business stakeholders, highlighting the potential of well-
designed strategies to reduce resistance, enhance market participation, and strengthen overall
competitiveness in the commercial system.

■ Figure 3.2 shows the response of merchants adopting e-commerce in compartment E fol-
lowing the implementation of the second control strategy. The simulation indicates that adop-
tion begins to rise noticeably from day 15, reaching a 15.85% increase by day 30. By the end
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of the 60-day period, the total number of merchants using e-commerce has grown by 61.63%,
demonstrating the strong effectiveness of this strategy. The progressive increase highlights how
well-targeted interventions can gradually shift merchant behavior, encouraging hesitant indi-
viduals to embrace digital commerce. These results also emphasize the importance of timing
and sustained application of control measures, as consistent efforts over the simulation period
produce substantial adoption gains, thereby contributing to a more competitive and digitally
integration.

4.3 Third scenario: Using advertising and insurance to
encourage merchants to use electronic commerce.

In this strategy, we implement the controls v1 and v2 so that we can show merchants and
companies who do not know how to use e-commerce to sell their products. How can they create
online stores or how can they sell their products on some websites dedicated to e-commerce. We
also provide insurance to merchants against electronic crimes and fraud.
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Figure 4: Dynamics with controls v1 and v2.

Figures 4.1 and 4.2 illustrate the impact of the third control strategy on merchant behavior
regarding e-commerce adoption. Following the implementation of this strategy, the number of
merchants initially refusing to adopt e-commerce in compartment A begins to decline as early
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as day 7, with a reduction of approximately 27.20% observed by day 30. Concurrently, the
population of merchants actively using e-commerce in compartment E starts to increase from
day 15, reaching a 74.63% rise by day 30. Over the full 60-day simulation period, the strategy
produces a substantial overall decrease in nonadopting merchants alongside a significant increase
in e-commerce adopters. This pattern demonstrates the effectiveness of the third strategy in both
reducing resistance and promoting adoption, highlighting its capacity to accelerate behavioral
shifts among merchants. The results also suggest that early interventions, coupled with sustained
application, can produce rapid and lasting changes in merchant behavior. Overall, the third
strategy appears to be the most effective among the three considered, significantly enhancing
e-commerce uptake and contributing to greater market integration and competitiveness within
the commercial ecosystem.

Finally, the results indicate that the combined application of the two optimal controls, v1 and
v2, substantially enhances the effectiveness of the proposed strategy. By simultaneously promot-
ing e-commerce adoption and addressing resistance among hesitant merchants, the integration
of these controls provides a more balanced and comprehensive intervention. This dual-control
approach not only accelerates the transition of nonadopting merchants into active e-commerce
users but also ensures a more efficient allocation of resources to influence behavioral change. The
holistic nature of this strategy increases the likelihood of achieving sustained adoption, thereby
generating broader economic benefits, improving market competitiveness, and strengthening the
resilience of the commercial ecosystem. These findings underscore the potential of multi-faceted
control policies in designing effective interventions for complex socio-economic systems.

4.4 Cost-effectiveness analysis (CEA)

In the context of e-commerce, implementing strategies such as promotion via advertising v1(t)
and protection through cybercrime insurance v2(t) requires financial resources. Cost-effectiveness
analysis (CEA) provides a quantitative framework to evaluate which strategies offer the best
impact in terms of e-commerce adoption for the lowest cost.

A classic indicator in CEA is the average cost-effectiveness ratio (ACER), defined as

ACER =
Tc
Ta
,

where Tc is the total cost of interventions and Ta is the total number of merchants converted to
e-commerce thanks to the control strategies.
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More precisely, the commercial impact measure Ta can be expressed as:

Ta =

∫ T

0

Ewithout control(t) dt−
∫ T

0

Ewith control(t) dt,

which measures the reduction in the number of merchants refusing e-commerce due to the ap-
plication of controls v1(t) and v2(t).

The total cost Tc associated with these strategies is given by

Tc =

∫ T

0

(c1v1(t)C(t) + c2v2(t)A(t)) dt,

where c1 and c2 are unit costs associated respectively with advertising/training and cybercrime
insurance.

For example, c1 = 8 could represent the average promotion cost per merchant in category
C, while c2 = 10 would represent the average insurance cost per merchant in category A.

Table 2 shows the numerical simulation results, sorted by increasing ACER.

Table 2: ACER sorted by increasing efficiency

Scenario Ta (merchants converted) Tc (total cost in $)
Scenario 2 8.2979× 107 5.8188× 107

Scenario 1 8.7509× 107 6.3199× 107

Scenario 3 8.7580× 107 6.3271× 107

The corresponding ACER values are calculated as follows:

• Scenario 2:
ACER =

5.8188× 107

8.2979× 107
≈ 0.701237.

• Scenario 1:
ACER =

6.3199× 107

8.7509× 107
≈ 0.722205.

• Scenario 3:
ACER =

6.3271× 107

8.7580× 107
≈ 0.722441.

Although Scenario 2 presents the lowest ACER, it also offers the most moderate impact in
terms of e-commerce adoption. Scenario 3, which combines promotion and insurance, achieves
the highest total conversion despite a slightly higher ACER, making it the most robust overall
strategy.
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Therefore, it is recommended that economic decision-makers and platform managers adopt
an integrated approach combining advertising and insurance to maximize the transition to e-
commerce while controlling costs.

5 Conclusion

In this study, we developed a nonlinear mathematical model, CAEP , to describe the dynamics
of merchants and companies that refrain from adopting e-commerce and to analyze its impact on
both adopters and nonadopters. The findings highlight the significant role of e-commerce in en-
hancing economic efficiency, increasing merchants’ revenues, and improving product visibility for
consumers. The CAEP model was extended to an optimal control framework with two control
variables aimed at promoting adoption and reducing resistance among merchants. The Pontrya-
gin maximum principle was used to derive optimality conditions, and numerical simulations in
MATLAB confirmed the effectiveness of the proposed strategies. An ACER provided insights
into the trade-offs between implementation costs and adoption rates, identifying the most effi-
cient strategies for decision-makers. Overall, the integration of mathematical modeling, optimal
control, and economic evaluation offers a comprehensive understanding of e-commerce adoption
dynamics. The results suggest that e-commerce has strong potential for future economic growth
and job creation, particularly for merchants with limited access to physical retail spaces. Future
research could extend this work by incorporating network effects and social influence on mer-
chants’ adoption decisions, introducing stochastic dynamics to account for market uncertainty
and random fluctuations, and integrating merchant adoption models with consumer behavior
models to capture feedback between supply and demand. These extensions would provide a
more realistic and robust framework for designing effective strategies to promote e-commerce
adoption.
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HIV/AIDS remains a global health crisis, with over 39 million people living with HIV in 2023,
mainly in sub-Saharan Africa. This study presents a novel fractal-fractional order model
to capture memory effects and heterogeneous transmission patterns in HIV dynamics. Unlike
classical integer-order models, it integrates fractional derivatives (for long-term dependencies)
and fractal dimensions (for self-similar contact networks). We prove solution positivity, bound-
edness, and compute the basic reproduction number R0H , with global asymptotic stability at
the endemic equilibrium when R0H > 1. Sensitivity analysis identifies mortality, AIDS pro-
gression, contact rate, and treatment uptake as key R0H drivers. Fitted to South African data
(2010–2023), the model estimates R0H ≈ 0.95 and projects a 28% decline in new infections
by 2033 under current trends. Numerical simulations using a second-order Adams–Bashforth
scheme show lower fractional orders induce realistic oscillations, outperforming integer-order
models in data fit and forecasting. Results underscore that synergistic scale-up of con-
doms, PrEP, and ART is critical to achieving HIV elimination.

AMS subject classifications (2020): 92D30, 34A08, 26A33, 35R11, 37N25, 92C60, 65L05, 35B35

Keywords: Fractal-fractional model; HIV/AIDS transmission dynamics; Basic reproduction
number; Sensitivity analysis; Adams–Bashforth scheme.

1 Introduction

Human immunodeficiency virus (HIV) and acquired immunodeficiency syndrome (AIDS) remain
among the most significant global public health challenges of the modern era. HIV is a lentivirus
that attacks the human immune system, specifically targeting CD4+ T helper cells, which are
crucial components of the adaptive immune response [43]. When left untreated, HIV progres-
sively weakens the immune system, leading to AIDS, a condition characterized by opportunistic
infections and malignancies that ultimately prove fatal [23]. According to recent epidemiolog-
ical data, approximately 38 million people worldwide are living with HIV, with sub-Saharan
Africa bearing the heaviest burden of the epidemic [45]. The transmission of HIV occurs pri-
marily through unprotected sexual contact, sharing of contaminated needles, mother-to-child
transmission during pregnancy, childbirth, or breastfeeding, and transfusion of infected blood
products [20]. Understanding these transmission pathways has been fundamental in develop-
ing comprehensive prevention strategies that form the cornerstone of global HIV control efforts.
Implementing evidence-based prevention interventions has demonstrated remarkable success in
reducing HIV incidence rates in various populations and geographical regions [14]. Condom
use represents one of the most effective and widely accessible prevention methods for reducing
sexual transmission of HIV. When used consistently and correctly, male latex condoms provide
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approximately 80–95% protection against HIV transmission during heterosexual intercourse [48].
Female condoms have similarly demonstrated high efficacy rates, offering an additional option
for individuals seeking barrier protection methods [25]. The promotion of condom use through
comprehensive sexual education programs and widespread distribution campaigns has been as-
sociated with significant reductions in HIV incidence across diverse populations [39].

Pre-exposure prophylaxis (PrEP) has emerged as a revolutionary biomedical intervention
for HIV prevention among high-risk populations. PrEP involves the daily administration of
antiretroviral medications, typically a combination of tenofovir disoproxil fumarate and emtric-
itabine, to HIV-negative individuals who are at substantial risk of infection [27]. Clinical trials
have demonstrated that consistent PrEP use can reduce HIV acquisition risk by up to 99% in
sexually active adults [5]. The World Health Organization now recommends PrEP as part of
comprehensive HIV prevention programs for individuals at high risk of HIV infection [49]. Post-
exposure prophylaxis (PEP) serves as a critical emergency intervention following potential HIV
exposure incidents. PEP involves the administration of a 28-day course of antiretroviral therapy
(ART) initiated within 72 hours of exposure, with optimal effectiveness achieved when treatment
begins within 2 hours [19]. Studies have shown that timely PEP administration can reduce HIV
transmission risk by approximately 80%, making it an essential component of comprehensive
HIV prevention strategies [18]. PEP protocols are particularly important for healthcare workers
experiencing occupational exposures, individuals reporting sexual assault, and those experiencing
high-risk sexual or injection drug use exposures [30]. ART has transformed HIV from a uniformly
fatal diagnosis to a manageable chronic condition. Modern ART regimens effectively suppress
viral replication, restore immune function, and dramatically improve quality of life and survival
outcomes for people living with HIV [37]. Furthermore, the concept of treatment as prevention
has gained significant recognition, with studies demonstrating that individuals achieving unde-
tectable viral loads through consistent ART adherence cannot transmit HIV sexually, a principle
known as “Undetectable = Untransmittable” (U=U) [40]. This breakthrough understanding
has profound implications for individual health outcomes and population-level HIV prevention
strategies [21].

Mathematical modeling has become increasingly important in understanding infectious dis-
ease dynamics and evaluating intervention strategies [12, 34, 33, 17, 1]. Multigroup formulations
with stability analysis and optimal control have recently proven effective for regional COVID-
19 management [22], motivating our fractal-fractional extension to capture memory-driven HIV
persistence in sub-Saharan Africa. Traditional integer-order differential equation models have
provided valuable insights into disease transmission patterns and control measures [6]. However,
these conventional approaches often fail to capture the complex memory effects and heredi-
tary properties inherent in biological systems, particularly in the context of chronic infections
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like HIV [6]. The human immune system exhibits nonlocal temporal correlations and memory-
dependent responses that are more accurately described by fractional calculus formulations [38].
Fractional-order differential equations incorporate noninteger derivatives that provide more flexi-
ble and realistic representations of biological phenomena characterized by memory and hereditary
effects [29]. In HIV dynamics, fractional-order models can better capture the gradual immune
system deterioration, the long-term effects of viral persistence, and the complex pharmacokinetic
properties of antiretroviral medications [7]. These models have demonstrated superior fitting ca-
pabilities compared to classical integer-order models when applied to real-world HIV progression
data [24]. Recent advances in fractional calculus have led to the development of fractal-fractional
operators, which combine the benefits of fractal geometry and fractional calculus to model com-
plex systems with both memory effects and fractal properties [9]. The fractal-fractional approach
is particularly well-suited for modeling biological systems that exhibit self-similar patterns across
multiple scales, such as the hierarchical structure of immune system responses and viral pop-
ulation dynamics [10]. These operators provide enhanced flexibility in capturing the intricate
dynamics of host-pathogen interactions while maintaining mathematical rigor and computational
feasibility [11].

The application of fractal-fractional methods to infectious disease modeling has gained con-
siderable attention in recent literature. Studies have successfully employed these techniques to
model various infectious diseases, including tuberculosis, malaria, and COVID-19, demonstrating
improved accuracy in predicting disease trajectories and evaluating control strategies [41, 28, 4].
The fractal-fractional framework allows researchers to simultaneously incorporate multiple scales
of biological organization, from molecular-level viral dynamics to population-level transmission
patterns, providing a more comprehensive understanding of disease progression and intervention
effectiveness [31].

In the specific context of HIV/AIDS modeling, integrating fractal-fractional operators of-
fers unique advantages for capturing the multi-scale nature of infection dynamics. The fractal
component can account for the spatial heterogeneity in viral distribution within tissues and the
scale-invariant properties of immune cell networks, while the fractional component addresses
the memory effects associated with immune system priming and antiretroviral drug accumula-
tion [13]. This dual approach enables a more accurate representation of the complex feedback
mechanisms governing HIV pathogenesis and treatment responses [35]. Developing robust nu-
merical methods for solving fractal-fractional differential equations has facilitated their practical
application in epidemiological modeling. Advanced computational techniques, including spec-
tral methods, finite difference schemes, and machine learning-enhanced algorithms, have been
developed to handle the increased mathematical complexity while maintaining computational
efficiency [44]. These methodological advances have made fractal-fractional modeling accessible
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to researchers investigating complex biological systems, opening new avenues for understanding
disease dynamics and optimizing intervention strategies.

Based on the reviewed literature, there exists a significant gap in the mathematical modeling
of HIV/AIDS transmission dynamics, particularly in exploring the combined impact of prophy-
laxis and antiretroviral therapy on reducing disease burden in human populations. This research
addresses this gap by employing a novel fractal-fractional order modeling approach, offering
a more nuanced analysis of the transmission dynamics compared to traditional integer-order
methods.

The remaining part of this manuscript is outlined as follows: In Section 2, the HIV/AIDS
integer-order model is presented; Section 3 presents the HIV/AIDS model in fractal-fractional
order form. The major analysis of the model is carried out in Section 3. In Section 4,qualitative
analysis of the fractal-fractional HIV/AIDS model are presented, and Section 5 contains the
concluding remarks of the work.

2 Model formulation

2.1 Key assumptions in model formulation

1. The model presumes a uniformly mixed population where each individual has an equal
likelihood of encountering an infected person, as described by the force of infection term
λH [15].

2. It is assumed that PrEP, PEP, and ART exhibit partial effectiveness, quantified by the
efficacy parameters ε1, ε2, and η, respectively [26].

3. The model posits that ART lowers the viral load, potentially allowing individuals to revert
to a less infectious state (governed by parameter χ), while also reducing the likelihood of
transmission (modified by parameter η) [20].

2.2 Model description

The human population (N) is divided into seven mutually exclusive groups (see Figure 1 for a
visual overview and Table 1 for parameter definitions): Susceptible individuals (SH), susceptible
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Figure 1: A diagram outlining the epidemiological compartments for HIV/AIDS transmission, depicting groups
including susceptible individuals, those on PrEP, exposed individuals, those on PEP, people infected with HIV,
those with HIV/AIDS, and various treatment stages [2]

.

individuals on PrEP (SPrEP ), exposed individuals (EH), exposed individuals on PEP (EPEP ),
individuals infected with HIV only (IH), individuals with HIV/AIDS (A), and individuals with
HIV/AIDS on ART (TH).

As illustrated in the top-left of Figure 1, new individuals enter the susceptible population
at a rate Λ. From SH , individuals may transition to SPrEP at rate ωH (top branch) or become
exposed (EH) via the force of infection λH (central infection arrow). The force of infection
depends on the transmission probability per contact with infectious individuals (IH , A, or TH),
modulated by contact rate γH , condom adherence ς and efficacy Ψ, and number of sexual partners
γ > 1. A natural mortality rate θH applies to all compartments (shown as downward arrows in
Figure 1).

The parameter η (0 < η < 1) reduces transmission from the treated group (TH) compared
to IH or A (indicated by a lighter infection arrow from TH in Figure 1). The middle section of
Figure 1 shows exposed individuals (EH) progressing at rate σ1 either to PEP (EPEP , proportion
θ) or directly to IH (proportion 1 − θ). PrEP reduces infection risk by factor ε1, with failure
leading to exposure at (1 − ε1)λH . Similarly, PEP has efficacy ε2, with failure transitioning
individuals to IH at rate σ2.

The lower part of Figure 1 depicts disease progression and treatment pathways: HIV-infected
individuals (IH) either initiate ART at rate θ1 or progress to AIDS (A) at rate ρ1. Individuals
in A enter treatment at rate θ2. Treated individuals (TH) experience reduced disease-induced
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mortality (ΘδT ) and may revert to IH at rate χ due to treatment interruption or virological
failure. Disease-induced mortality rates are δI for IH , δA for A, and δT for TH .

A key feature of the model is the reversible treatment pathway: Individuals in the ART
group (TH) transition back to the untreated HIV-infected group (IH) at rate χ > 0, representing
treatment dropout, poor adherence, or virological rebound (see reversible arrow between IH and
TH in Figure 1). This mechanism ensures the model reflects real-world challenges in sustaining
viral suppression and prevents unrealistic assumptions of permanent treatment efficacy.

Table 1: Table of variables and parameters for the HIV/AIDS transmission model.

Variable (Parameter) Description
SH Susceptible individuals
SPrEP Susceptible individuals on PrEP
EH Exposed individuals
EPEP Exposed individuals on PEP
IH Individuals infected with HIV only
A Individuals with HIV/AIDS
TH Individuals with HIV/AIDS on ART
Λ Rate of entry into the susceptible population
λH Force of infection for HIV/AIDS
γH Contact rate between susceptible and infectious individuals
ς Condom use adherence rate (0 < ς < 1)
Ψ Condom efficacy (0 < Ψ < 1)
γ Number of sexual partners per individual (γ > 1)
θH Natural mortality rate across all groups
η Parameter for reduced transmission in the treatment group (0 <

η < 1)
ωH Rate of transition to the PrEP group
ε1 Effectiveness of PrEP (0 < ε1 < 1)
(1− ε1)λH Failure rate of PrEP leading to exposure
σ1 Progression rate of exposed individuals
θ Proportion of exposed individuals using PEP
σ2 Failure rate of PEP leading to infection
ε2 Effectiveness of PEP (0 < ε2 < 1)
θ1 Rate of transition of HIV-infected individuals to ART
ρ1 Rate of progression of HIV-infected individuals to the HIV/AIDS

group
θ2 Rate of transition of HIV/AIDS individuals to ART
δI Disease-induced mortality rate for HIV-infected individuals
δA Disease-induced mortality rate for HIV/AIDS individuals
δT Disease-induced mortality rate for individuals in the treatment

group
χ Rate of reversion to the HIV-only group due to reduced viral load
Θ Parameter for reduced disease-induced mortality in the treatment

group
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2.3 Model equations

Based on the model description, the system of differential equations governing the HIV/AIDS
transmission dynamics in the human population is expressed as

dSH
dt

= Λ− (λH + ωH + θH)SH ,

dSPrEP
dt

= ωHSH − ((1− ε1)λH + θH)SPrEP ,

dEH
dt

= λHSH + (1− ε1)λHSPrEP − (σ1 + θH)EH ,

dEPEP
dt

= θσ1EH − ((1− ε2)σ2 + θH)EPEP ,

dIH
dt

= (1− θ)σ1EH + (1− ε2)σ2EPEP − (θ1 + ρ1 + δI + θH) IH + χTH ,

dA

dt
= ρ1IH − (θ2 + δA + θH)A,

dTH
dt

= θ1IH + θ2A− (χ+ΘδT + θH)TH , (1)

where the total population is N(t) = SH + SPrEP + EH + EPEP + IH +A+ TH , and the force
of infection is defined as λH = (1−ςΨ)γγH(IH+A+ηTH)

N for the HIV/AIDS model in (1).

2.4 Background materials

The manuscript relies on fractal-fractional operator definitions, which we outline first. Let τ
represents the fractional order, and let ψ denotes the fractal dimension. One assumes a function
y(t) is continuous and possesses fractal differentiability on the interval (a, b) with respect to ψ.
These definitions are detailed in references [8, 36].

Definition 1. [8] The Caputo fractional differential operator employs the Mittag-Leffler kernel
to define the fractal-fractional derivative of a function y(t) at order τ and fractal dimension ψ
as follows:

FFHτ,ψ
0,t y(t) =

AB(τ)

1− τ

∫ t

a

Eτ

[
−τ
1− τ

(t− s)τ
]
dy(s)

dsψ
ds, t ≥ a ≥ 0, (2)
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where τ, ψ ∈ (0, 1], and AB(τ) = 1 − τ + τ
Γ(τ) is the normalization function satisfying

AB(0) = AB(1) = 1. The fractal derivative is defined as

dx(t)
dtψ

= lims→t
x(s)−x(t)
sψ−tψ .

The Mittag-Leffler function is given by

Eτ (z) =
∑∞
k=0

zk

Γ(τk+1) , z, τ ∈ C, τ > 0,

where C is the set of complex numbers.

Definition 2. [8, 36] The fractal-fractional integral with the Mittag-Leffler kernel in the Caputo
sense, of order τ and dimension ψ, is defined as

FFHτ,ψ
0,t y(t) =

ψ(1− τ)tψ−1y(t)

AB(τ)

+
τψ

AB(τ) Γ(τ)

∫ t

a

(t− s)τ−1sψ−1y(s) ds, t ≥ a ≥ 0. (3)

Definition 3. [8] For x ∈ C((a, b),R), the fractal Laplace transform of order ψ is given by

FLψp x(t) =

∫ ∞

0

x(t) exp(−pt)tψ−1 dt. (4)

Lemma 1. [36] Consider the fractal-fractional initial value problem:

FFHτ,ψ
0,t x(t) = G(t, x(t)), t ∈ [0, T ], τ, ψ ∈ (0, 1], x(0) = x0. (5)

This can be equivalently expressed as

FFHτ,ψ
0,t x(t) = ψtψ−1G(t, x(t)), t ∈ [0, T ], τ, ψ ∈ (0, 1], x(0) = x0. (6)

The corresponding integral equation for the solution is

x(t) =x(0) +
ψtτ−1(1− τ)G(t, x(t))

AB(τ)

+
ψτ

AB(τ)Γ(τ)

∫ t

0

sψ−1(t− s)τ−1G(s, x(s)) ds. (7)

Lemma 2 (Banach fixed point theorem [3]). In a Banach space X, let D ⊂ X,D 6= ∅ be
a closed subset. An operator P : D → D has a unique fixed point in D if it satisfies the
contraction condition.
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Lemma 3 (Krasnoselskii’s fixed point theorem ). [42] Let D ⊂ Y be a nonempty, closed, and
convex subset of a Banach space Y . For operators P and Q such that

1. Pu+Qv ∈ D whenever u, v ∈ D,

2. Q is compact and continuous,

3. P is a contraction mapping,

there exists k ∈ D such that k = Pk +Qk.

3 Analysis of HIV/AIDS model

The fractal-fractional derivative operator is applied to advance the HIV/AIDS model within the
Mittag-Leffler kernel framework, with τ ∈ (0, 1] and ψ ∈ [0, 1], as follows:

FFHτ,ψ
0,t SH(t) = G1 (t, SH(t), SPREP (t), EH(t), EPEP (t), IH(t), A(t), TH(t)) ,

FFHτ,ψ
0,t SPREP (t) = G2 (t, SH(t), SPREP (t), EH(t), EPEP (t), IH(t), A(t), TH(t)) ,

FFHτ,ψ
0,t EH(t) = G3 (t, SH(t), SPREP (t), EH(t), EPEP (t), IH(t), A(t), TH(t)) ,

FFHτ,ψ
0,t EPEP (t) = G4 (t, SH(t), SPREP (t), EH(t), EPEP (t), IH(t), A(t), TH(t)) ,

FFHτ,ψ
0,t IH(t) = G5 (t, SH(t), SPREP (t), EH(t), EPEP (t), IH(t), A(t), TH(t)) ,

FFHτ,ψ
0,t A(t) = G6 (t, SH(t), SPREP (t), EH(t), EPEP (t), IH(t), A(t), TH(t)) ,

FFHτ,ψ
0,t TH(t) = G7 (t, SH(t), SPREP (t), EH(t), EPEP (t), IH(t), A(t), TH(t)) , (8)

where
Gi = Gi (t, SH(t), SPREP (t), EH(t), EPEP (t), IH(t), A(t), TH(t)) .

The functions Gi for i = 1, 2, . . . , 7 are defined as follows:

G1 = Λ− (λH + ωH + θH)SH ,

G2 = ωHSH − ((1− ε1)λH + θH)SPREP ,

G3 = λHSH + (1− ε1)λHSPREP − (σ1 + θH)EH ,

G4 = θσ1EH − ((1− ε2)σ2 + θH)EPEP ,

G5 = (1− θ)σ1EH + (1− ε2)σ2EPEP − (θ1 + ρ1 + δI + θH) IH + χTH ,

G6 = ρ1IH − (θ2 + δA + θH)A,

G7 = θ1IH + θ2A− (χ+ΘδT + θH)TH . (9)
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with initial conditions
SH0 ≥ 0, SPREP0 ≥ 0, EH0 ≥ 0, EPEP0 ≥ 0, IH0 ≥ 0, A0 ≥ 0, TH0 ≥ 0.

The fractal-fractional FF-HIV/AIDS model is labeled as (8). If τ = 1, then the model
reduces to an integer-order system as in (1). If ψ = 1, then it simplifies to a fractional-order
HIV/AIDS model.

3.1 Positivity of the model solution

Define the nonnegative region
R7

+ =
{
G ∈ R7

+ : G ≥ 0 and (SH , SPREP , EH , EPEP , IH , A, TH)
T
}
,

where (·)T denotes the vector transpose.

Theorem 1. G satisfies boundedness in R7
+ in addition to being nonnegative for the solution of

the FF-HIV/AIDS model described by (8).

Proof. For t ∈ (0,∞), the existence and uniqueness of the FF-HIV/AIDS model (8) is obtained.
This result follows from the Lipschitz continuity of the right-hand side functions G(t,X) in the

bounded region ΩH , which ensures that the associated integral operator is a contraction mapping
on a suitable Banach space of continuous functions. The Lipschitz condition holds because all
transition rates (infection, progression, treatment, mortality) are either linear or bilinear in the
state variables and are uniformly bounded due to population saturation and density-dependent
transmission. Under these conditions, the Banach fixed point theorem guarantees a unique
solution on any finite time interval, which can be extended globally by continuation.

Consequently, The nonnegative region R7
+ represents a positive invariant region according

to the presented content. Our research used the FF-HIV/AIDS model described in (8) as the
basis for our analysis:

FFHτ,ψ
0,t SH(t) = Λ ≥ 0,

FFHτ,ψ
0,t SPREP (t) = ωHSH ≥ 0,

FFHτ,ψ
0,t EH(t) = λHSH + (1− ε1)λHSPREP ≥ 0,

FFHτ,ψ
0,t EPEP (t) = θσ1EH ≥ 0,

FFHτ,ψ
0,t IH(t) = (1− θ)σ1EH + (1− ε2)σ2EPEP + χTH ≥ 0,

FFHτ,ψ
0,t A(t) = ρ1IH ≥ 0,
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FFHτ,ψ
0,t TH(t) = θ1IH + θ2A ≥ 0. (10)

If (SH , SPREP , EH , EPEP , IH , A, TH) ∈ R7
+, then from the time interval from (10) solution G

remains prevented from escaping through the hyper planes.
Consequently, R7

+ is a positively invariant and N = SH+SPREP+EH+EPEP+IH+A+TH .

So from the FF-HIV/AIDS model (8), we obtain{
FFHτ,ψ

0,t N (t) (t) = Λ− θHN − δIIH − δAA−ΘδTTH

}
. (11)

Using the fractal Laplace transform in (3), we conclude that N(t) ≤ Λ
θH

as t→∞.
So we now have the biological range of values of the FF-HIV/AIDS model (8) as follows: (SH , SPREP , EH , EPEP , IH , A, TH) ∈ R7

: SH , SPREP , EH , EPEP , IH , A, TH ≥ 0


and N(t) ≤ Λ

θH
.

This shows that the above model is biologically feasible.
The biological implication of these fractal-fractional theorems is that they ensure the model

behaves realistically over time: No population compartment can become negative, and the total
population remains bounded by a natural ceiling determined by birth rate (Λ) and natural death
rate (θH). This reflects real-world demographics where populations grow but are limited by
resources and mortality. The positive invariance property means that once individuals enter
a disease state (e.g., exposed, infected, or under treatment), the model correctly tracks their
progression without artificial loss or gain. Furthermore, the boundedness result implies long-
term stability of the population size, which is crucial for sustainable public health planning
and intervention forecasting—especially in high-burden regions like sub-Saharan Africa, where
uncontrolled population growth in models could lead to misleading predictions of disease spread
or intervention impact.

3.2 Basic reproduction number of the HIV/AIDS model

The basic reproduction number, R0H , is computed using the next-generation matrix method
[47], a standard approach for compartmental epidemic models as developed by Van Den Driessche
and Watmough. This method involves separating the population into infected compartments and
constructing the Jacobian matrices of new infections (F) and transitions between infected states
(V) at the disease-free equilibrium. The spectral radius of the next-generation matrix FV−1

Iran. J. Numer. Anal. Optim., Vol. 16, No. 2, 2026, pp 385–446



397 Fractal-fractional dynamics of HIV/AIDS: Unveiling the synergistic impact of condoms, prophylaxis, ...

yields R0H , representing the expected number of secondary HIV infections produced by a single
infected individual in a fully susceptible population over their infectious period.

Therefore, R0H = ρ
(
FV −1

)
, where F is defined as the matrix of infection and V is defined

as the matrix of the transient terms.

F =



0 0 (1−ςΨ)γγHZ2

Z1

(1−ςΨ)γγHZ2

Z1

η(1−ςΨ)γγHZ2

Z1

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0


,

V =



P1 0 0 0 0

−v21 P2 0 0 0

−v31 −v32 P3 0 −χ
0 0 −ρ1 P4 0

0 0 −θ1 −θ2 P5


,

FV −1 =



F̂1 F̂2 F̂3 F̂4 F̂5

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0


,

where

v21 = θσ1, v31 = (1− θ)σ1, v32 = (1− ε2)σ2,

P1 = (σ1 + θH), P2 = ((1− ε2)σ2 + θH), P3 = (θ1 + ρ1 + δI + θH),

P4 = (θ2 + δA + θH), P5 = (χ+ΘδT + θH), Z1 = (ωH + θH), Z2 = ((1− ε1)ωH + θH).
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F̂1 =
γH (ψ ς − 1) (P2 v31 + v21 v32)Z2 ((η θ1 + P5)P4 + ρI (η θ2 + P5)) γ

P1 ((−P3 P5 + χ θ1)P4 + χ θ2 ρI)P2 Z1
,

F̂2 =
γ γH ((η θ1 + P5)P4 + ρI (η θ2 + P5)) v32 (ψ ς − 1)Z2

P2 ((−P3 P5 + χ θ1)P4 + χ θ2 ρI)Z1
,

F̂3 =
γ (ψ ς − 1) ((η θ1 + P5)P4 + ρI (η θ2 + P5))Z2 γH

Z1 ((−P3 P5 + χ θ1)P4 + χ θ2 ρI)
,

F̂4 =− γ (ψ ς − 1) ((θ1 − θ2)χ− P3 (η θ2 + P5))Z2 γH
Z1 ((P4 θ1 + θ2 ρI)χ− P3 P4 P5)

,

F̂5 =
((P3 η + χ)P4 + ρI χ) γ (ψ ς − 1)Z2 γH

Z1 ((−P3 P5 + χ θ1)P4 + χ θ2 ρI)
.

The dominant eigenvalue of FV −1 which is the basic reproduction number of the HIV/AIDS
model is given as

R0H =
(1− ςψ ) γH γ ((η θ1 + P5)P4 + ρI (η θ2 + P5)) (P2 v31 + v21 v32)Z2

Z1P1 P2 (P4 (P3 P5 − χ θ1)− θ2 ρI χ)
. (12)

4 Qualitative analysis of the fractal-fractional HIV/AIDS
model

To demonstrate the qualitative results of the HIV/AIDS model (8), we need the specified Banach
space. Let τ = [0, T ] represent the time interval of all continuous real-valued functions denoted
as Y = C

(
τ × R7,R

)
equipped with the norm

‖x‖ = ‖(SH , SPREP , EH , EPEP , IH , A, TH)‖

= ‖SH‖+ ‖SPREP ‖+ ‖EH‖+ ‖EPEP ‖+ ‖IH‖+ ‖A‖+ ‖TH‖,

‖SH‖ = sup
t∈τ
|SH(t)| = Ah1,

‖SPREP ‖ = sup
t∈τ
|SPREP (t)| = Ah2,

‖EH‖ = sup
t∈τ
|EH(t)| = Ah3,

‖EPEP ‖ = sup
t∈τ
|EPEP (t)| = Ah4,

‖IH‖ = sup
t∈τ
|IH(t)| = Ah5,

‖A‖ = sup
t∈τ
|A(t)| = Ah6,

‖TH‖ = sup
t∈τ
|TH(t)| = Ah7. (13)
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Here (SH , SPREP , EH , EPEP , IH , A, TH) ∈ X. Let G ∈ X and x ∈ C(τ,R).
Then, the HIV/AIDS model (1) can be expressed as FFHτ,ψ

0,t x(t) = G(t, x(t)), t ∈ [0, T ], τ, ψ ∈ (0, 1],

x(0) = x0,

where

x(t) =



SH(t)

SPREP (t)

EH(t)

EPEP (t)

IH(t)

A(t)

TH(t)


, x(0) =



SH(0)

SPREP (0)

EH(0)

EPEP (0)

IH(0)

A(0)

TH(0)


, G(t, x(t)) =



G1(t, SH(t))

G2(t, SPREP (t))

G3(t, EH(t))

G4(t, EPEP (t))

G5(t, IH(t))

G6(t, A(t))

G7(t, TH(t))


. (14)

The solution of problem (13) corresponds to this integral equation when Gi, i = 1, 2, . . . , 7, are
defined as in (8):
x(t) = x(0) + ψtτ−1(1−τ)G(t,x(t))

AB(τ) + ψτ
AB(τ)Γ(τ)

∫ t
0
sψ−1(t− s)τ−1G(s, x(s)) ds,

We simplify the calculations by introducing the following symbols in this work:

G1(t, SH(t)) = G1 (t, SH(t), SPREP (t), EH(t), EPEP (t), IH(t), A(t), TH(t)) ,

G2(t, SPREP (t)) = G2 (t, SH(t), SPREP (t), EH(t), EPEP (t), IH(t), A(t), TH(t)) ,

G3(t, EH(t)) = G3 (t, SH(t), SPREP (t), EH(t), EPEP (t), IH(t), A(t), TH(t)) ,

G4(t, EPEP (t)) = G4 (t, SH(t), SPREP (t), EH(t), EPEP (t), IH(t), A(t), TH(t)) ,

G5(t, IH(t)) = G5 (t, SH(t), SPREP (t), EH(t), EPEP (t), IH(t), A(t), TH(t)) ,

G6(t, A(t)) = G6 (t, SH(t), SPREP (t), EH(t), EPEP (t), IH(t), A(t), TH(t)) ,

G7(t, TH(t)) = G7 (t, SH(t), SPREP (t), EH(t), EPEP (t), IH(t), A(t), TH(t)) . (15)

The FF-HIV/AIDS model (8) represents the following set of Volterra integral equations accord-
ing to Lemma 2:

SH(t) = SH(0) +
ψtτ−1(1− τ)G1(t, SH(t))

AB(τ)

+
ψτ

AB(τ)Γ(τ)

∫ t

0

sψ−1(t− s)τ−1G1(s, SH(s)) ds,
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SPREP (t) = SPREP (0) +
ψtτ−1(1− τ)G2(t, SPREP (t))

AB(τ)

+
ψτ

AB(τ)Γ(τ)

∫ t

0

sψ−1(t− s)τ−1G2(s, SPREP (s)) ds,

EH(t) = EH(0) +
ψtτ−1(1− τ)G3(t, EH(t))

AB(τ)

+
ψτ

AB(τ)Γ(τ)

∫ t

0

sψ−1(t− s)τ−1G3(s,EH(s)) ds,

EPEP (t) = EPEP (0) +
ψtτ−1(1− τ)G4(t, EPEP (t))

AB(τ)

+
ψτ

AB(τ)Γ(τ)

∫ t

0

sψ−1(t− s)τ−1G4(s,EPEP (s)) ds,

IH(t) = IH(0) +
ψtτ−1(1− τ)G5(t, IH(t))

AB(τ)

+
ψτ

AB(τ)Γ(τ)

∫ t

0

sψ−1(t− s)τ−1G5(s, IH(s)) ds,

A(t) = A(0) +
ψtτ−1(1− τ)G6(t, A(t))

AB(τ)

+
ψτ

AB(τ)Γ(τ)

∫ t

0

sψ−1(t− s)τ−1G6(s,A(s)) ds,

TH(t) = TH(0) +
ψtτ−1(1− τ)G7(t, TH(t))

AB(τ)

+
ψτ

AB(τ)Γ(τ)

∫ t

0

sψ−1(t− s)τ−1G7(s, TH(s)) ds. (16)

In view of (16), we define an operator,ι : X → X, where

ι = (ι1, ι2, ι3, ι4, ι5, ι6, ι7),

(ι1, SH)(t) = SH(0) +
ψtτ−1(1− τ)G1(t, SH(t))

AB(τ)

+
ψτ

AB(τ)Γ(τ)

∫ t

0

sψ−1(t− s)τ−1G1(s, SH(s)) ds,

(ι2, SPREP )(t) = SPREP (0) +
ψtτ−1(1− τ)G2(t, SPREP (t))

AB(τ)

+
ψτ

AB(τ)Γ(τ)

∫ t

0

sψ−1(t− s)τ−1G2(s, SPREP (s)) ds,

(ι3, EH)(t) = EH(0) +
ψtτ−1(1− τ)G3(t, EH(t))

AB(τ)

+
ψτ

AB(τ)Γ(τ)

∫ t

0

sψ−1(t− s)τ−1G3(s,EH(s)) ds,
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(ι4, EPEP )(t) = EPEP (0) +
ψtτ−1(1− τ)G4(t, EPEP (t))

AB(τ)

+
ψτ

AB(τ)Γ(τ)

∫ t

0

sψ−1(t− s)τ−1G4(s,EPEP (s)) ds,

(ι5, IH)(t) = IH(0) +
ψtτ−1(1− τ)G5(t, IH(t))

AB(τ)

+
ψτ

AB(τ)Γ(τ)

∫ t

0

sψ−1(t− s)τ−1G5(s, IH(s)) ds,

(ι6, A)(t) = A(0) +
ψtτ−1(1− τ)G6(t, A(t))

AB(τ)

+
ψτ

AB(τ)Γ(τ)

∫ t

0

sψ−1(t− s)τ−1G6(s,A(s)) ds,

(ι7, TH)(t) = TH(0) +
ψtτ−1(1− τ)G7(t, TH(t))

AB(τ)

+
ψτ

AB(τ)Γ(τ)

∫ t

0

sψ−1(t− s)τ−1G7(s, TH(s)) ds. (17)

We transform the examined model into a fixed point problem for fixed point theory investigation:
x = ιx. This will apply to create a fixed point theory. Our next section demonstrates the FF-
HIV/AIDS model (8) achieves a single solution.

Theorem 2. Let G ∈ Y satisfy the assumption B1. There exists a constant Lmax =

max{L1, L2, L3, L4, L5, L6, L7}, such that∣∣∣∣∣∣G (t, SH(t), SPREP (t), EH(t), EPEP (t), IH(t), A(t), TH(t))

−G (t, S∗
H(t), S∗

PREP (t), E
∗
H(t), E∗

PEP (t), I
∗
H(t), A∗(t), T ∗

H(t))

∣∣∣∣∣∣
≤ Lmax

 |SH − S∗
H |+ |SPREP − S∗

PREP |+ |EH − E∗
H |

+ |EPEP − E∗
PEP |+ |IH − I∗H |+ |A−A∗|+ |TH − T ∗

H |

 .

For any
SH(t), SPREP (t), EH(t), EPEP (t), IH(t), A(t), TH(t) ∈ X and t ∈ τ, and(
ψ(1− τ)T τ−1

min + τT τ+ψ−1Γ(ψ+1)
Γ(τ+ψ)

)
Lmax
AB(τ) < 1, then the FF-HIV/AIDS model (8) has a unique

solution.

Proof. Let DZ1 be a bounded, closed, and convex subset defined as

DZ1 =

 (SH(t), SPREP (t), EH(t), EPEP (t), IH(t), A(t), TH(t)) ∈ X :

‖(SH , SPREP , EH , EPEP , IH , A, TH)‖ ≤ Z1

 , with radius

σmax+

(
ψ(1−τ)Tψ−1

min +
τTτ+ψ−1Γ(ψ+1)

Γ(τ+ψ)

)
Gmax∗
AB(τ)

1−
(
ψ(1−τ)Tψ−1

min +
τTτ+ψ−1Γ(ψ+1)

Γ(τ+ψ)

)
Lmax∗
AB(τ)

, where

Iran. J. Numer. Anal. Optim., Vol. 16, No. 2, 2026, pp 385–446



Acheneje, Amos, Abah, Atokolo, Agbata, Shyamsunder, Awasthi and Bolaji 402

σmax = max {SH0(t), SPREP0(t), EH0(t), EPEP0(t), IH0(t), A0(t), TH0(t)} , and let
supt∈τ |Gi(s, 0)| = G∗

i < +∞, i = 1, 2, 3, 4, 5, 6, 7.

First, we show that ιDZ1 ⊂ DZ1. For any
(SH(t), SPREP (t), EH(t), EPEP (t), IH(t), A(t), TH(t)) ∈ DZ1, t ∈ τ, we obtain

|(ι1SH)(t)| ≤ |SH(0)|+ ψtτ−1(1− τ)
AB(τ)

|G1(t, SH(t))|

+
τψ

AB(τ)Γ(τ)

∫ t

0

sψ−1(t− s)τ−1 |G1(s, SH(s))| ds

≤ |SH(0)|+ ψtτ−1(1− τ)
AB(τ)

[L1 (|SH(t)|+ |SPREP (t)|+ |EH(t)|

+ |EPEP (t)|+ |IH(t)|+ |A(t)|+ |TH(t)|) +G∗
1] (18)

+
τψ

AB(τ)Γ(τ)

∫ t

0

sψ−1(t− s)τ−1 [L1 (|SH(s)|+ |SPREP (s)|

+ |EH(s)|+ |EPEP (s)|+ |IH(s)|+ |A(s)|+ |TH(s)|) +G∗
1] ds

≤ SH0 +

(
ψ(1− τ)T τ−1

AB(τ)
+
τT τ+ψ−1Γ(ψ + 1)

AB(τ)Γ(τ + ψ)

)
× [L1 (‖SH‖+ ‖SPREP ‖+ ‖EH‖+ ‖EPEP ‖+ ‖IH‖+ ‖A‖ (19)

+ ‖TH‖) +G∗
1] . (20)

Thus, ‖ι1SH‖ ≤ SH0 +
(
ψ(1−τ)Tψ−1

min
AB(τ) + τT τ+ψ−1Γ(ψ+1)

AB(τ)Γ(τ+ψ)

)
[L1Z1 +G∗

1] .

Similarly, for i = 2, 3, . . . , 7, we have

‖ι2SPREP ‖ ≤ SPREP0 +

(
ψ(1− τ)Tψ−1

min
AB(τ)

+
τT τ+ψ−1Γ(ψ + 1)

AB(τ)Γ(τ + ψ)

)
[L2Z2 +G∗

2] ,

‖ι3EH‖ ≤ EH0 +

(
ψ(1− τ)Tψ−1

min
AB(τ)

+
τT τ+ψ−1Γ(ψ + 1)

AB(τ)Γ(τ + ψ)

)
[L3Z3 +G∗

3] ,

‖ι4EPEP ‖ ≤ EPEP0 +

(
ψ(1− τ)Tψ−1

min
AB(τ)

+
τT τ+ψ−1Γ(ψ + 1)

AB(τ)Γ(τ + ψ)

)
[L4Z4 +G∗

4] ,

‖ι5IH‖ ≤ IH0 +

(
ψ(1− τ)Tψ−1

min
AB(τ)

+
τT τ+ψ−1Γ(ψ + 1)

AB(τ)Γ(τ + ψ)

)
[L5Z5 +G∗

5] ,

‖ι6A‖ ≤ A0 +

(
ψ(1− τ)Tψ−1

min
AB(τ)

+
τT τ+ψ−1Γ(ψ + 1)

AB(τ)Γ(τ + ψ)

)
[L6Z6 +G∗

6] ,

‖ι7TH‖ ≤ TH0 +

(
ψ(1− τ)Tψ−1

min
AB(τ)

+
τT τ+ψ−1Γ(ψ + 1)

AB(τ)Γ(τ + ψ)

)
[L7Z7 +G∗

7] . (21)
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This implies ιDZ1 ⊂ DZ1.

Secondly, we show that ι is a contraction. Assume
(SH(t), SPREP (t), EH(t), EPEP (t), IH(t), A(t), TH(t)) ∈ DZ1,

and
(S∗
H(t), S∗

PREP (t), E
∗
H(t), E∗

PEP (t), I
∗
H(t), A∗(t), T ∗

H(t)) ∈ DZ1.

We have

|(ι1SH)(t)− (ι1S
∗
H)(t)|

≤ ψtψ−1(1− τ)
AB(τ)

|G1(t, SH(t))−G1(t, S
∗
H(t))|

+
ψτ

AB(τ)Γ(τ)

∫ t

0

sψ−1(t− s)τ−1 |G1(s, SH(s))−G1(s, S
∗
H(s))| ds,

≤ ψtψ−1(1− τ)
AB(τ)

L1∆(t) +
ψτ

AB(τ)Γ(τ)

∫ t

0

sψ−1(t− s)τ−1L1∆(s) ds,

≤

(
ψ(1− τ)Tψ−1

min
AB(τ)

+
τT τ+ψ−1Γ(ψ + 1)

Γ(ψ + τ)

)
L1

AB(τ)
‖∆‖ . (22)

Similarly, for i = 2, 3, . . . , 7, we obtain

|(ι2SPREP )(t)− (ι2S
∗
PREP )(t)|

≤

(
ψ(1− τ)Tψ−1

min
AB(τ)

+
τT τ+ψ−1Γ(ψ + 1)

Γ(ψ + τ)

)
L2

AB(τ)

∑
j

∥∥Xj −X∗
j

∥∥ ,
|(ι3EH)(t)− (ι3E

∗
H)(t)|

≤

(
ψ(1− τ)Tψ−1

min
AB(τ)

+
τT τ+ψ−1Γ(ψ + 1)

Γ(ψ + τ)

)
L3

AB(τ)

∑
j

∥∥Xj −X∗
j

∥∥ ,
|(ι4EPEP )(t)− (ι4E

∗
PEP )(t)|

≤

(
ψ(1− τ)Tψ−1

min
AB(τ)

+
τT τ+ψ−1Γ(ψ + 1)

Γ(ψ + τ)

)
L4

AB(τ)

∑
j

∥∥Xj −X∗
j

∥∥ ,
|(ι5IH)(t)− (ι5I

∗
H)(t)|

≤

(
ψ(1− τ)Tψ−1

min
AB(τ)

+
τT τ+ψ−1Γ(ψ + 1)

Γ(ψ + τ)

)
L5

AB(τ)

∑
j

∥∥Xj −X∗
j

∥∥ ,
|(ι6A)(t)− (ι6A

∗)(t)|

≤

(
ψ(1− τ)Tψ−1

min
AB(τ)

+
τT τ+ψ−1Γ(ψ + 1)

Γ(ψ + τ)

)
L6

AB(τ)

∑
j

∥∥Xj −X∗
j

∥∥ ,
Iran. J. Numer. Anal. Optim., Vol. 16, No. 2, 2026, pp 385–446



Acheneje, Amos, Abah, Atokolo, Agbata, Shyamsunder, Awasthi and Bolaji 404

|(ι7TH)(t)− (ι7T
∗
H)(t)|

≤

(
ψ(1− τ)Tψ−1

min
AB(τ)

+
τT τ+ψ−1Γ(ψ + 1)

Γ(ψ + τ)

)
L7

AB(τ)

∑
j

∥∥Xj −X∗
j

∥∥ , (23)

where

∑
j

∥∥Xj −X∗
j

∥∥ = ‖SH − S∗
H‖+ ‖SPREP − S∗

PREP ‖

+ ‖EH − E∗
H‖+ ‖EPEP − E∗

PEP ‖

+ ‖IH − I∗H‖+ ‖A−A∗‖+ ‖TH − T ∗
H‖ .

Since ι = (ι1, ι2, ι3, ι4, ι5, ι6, ι7) and Lmax > 0, we have

‖ι (t, SH , SPREP , EH , EPEP , IH , A, TH)

−ι (t, S∗
H , S

∗
PREP , E

∗
H , E

∗
PEP , I

∗
H , A

∗, T ∗
H)‖

≤

(
ψ(1− τ)Tψ−1

min
AB(τ)

+
τT τ+ψ−1Γ(ψ + 1)

Γ(ψ + τ)

)

· Lmax
AB(τ)

[
‖SH − S∗

H‖+ ‖SPREP − S∗
PREP ‖+ ‖EH − E∗

H‖
+ ‖EPEP − E∗

PEP ‖+ ‖IH − I∗H‖+ ‖A−A∗‖+ ‖TH − T ∗
H‖

]
.

By the condition, ι is a contraction. By Lemma 2, the FF-HIV/AIDS model (8) has a unique
solution.

The biological implication of this fractal-fractional fixed point theorem is that it guarantees a
unique long-term trajectory for the HIV/AIDS epidemic under given initial conditions and inter-
vention strategies. In real-world terms, this means that the future course of the epidemic—how
many people will be susceptible, exposed, infected, or under treatment—is determined unam-
biguously by current population states and control measures (e.g., PrEP uptake, ART coverage,
condom use). This uniqueness is critical for public health decision-making: Policymakers can
trust that model predictions (such as the expected decline in new infections by 28% by 2033) are
not ambiguous or dependent on arbitrary mathematical artifacts. It ensures that intervention
planning—whether scaling up prophylaxis, improving treatment access, or enhancing behavioral
prevention—will have a consistent, predictable impact on disease dynamics, thereby supporting
reliable resource allocation and epidemic control in high-prevalence settings like South Africa.

Theorem 3. Let G ∈ X satisfy the assumptions (B1) in Theorem 2 and (B1). There exist
constants gi,j > 0, i = 0, 1, . . . , 6, j = 0, 1, . . . , 6, such that
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|G (SH(t), SPREP (t), EH(t), EPEP (t), IH(t), A(t), TH(t))|

≤ g0j + g1j |SH(t)|+ g2j |SPREP (t)|+ g3j |EH(t)|

+ g4j |EPEP (t)|+ g5j |IH(t)|+ g6j |A(t)|+ g7j |TH(t)| .

If ψ(1− τ)Tψ−1
min LmaxAB(τ) < 1, then the HIV/AIDS model (1) has at least one solution.

Proof. We define a set

DZ2 =

 (SH(t), SPREP (t), EH(t), EPEP (t), IH(t), A(t), TH(t)) ∈ X :

‖(SH , SPREP , EH , EPEP , IH , A, TH)‖ ≤ Z2

 .

Applying the model equations, we define two operators (Q,P ) : DZ2 → X, where P =

(P1, P2, P3, P4, P5, P6, P7).

The operator Q is defined by

(Q1, SH)(t) = SH(0) +
ψtψ−1(1− τ)G1(t, SH(t))

AB(τ)
,

(Q2, SPREP )(t) = SPREP (0) +
ψtψ−1(1− τ)G2(t, SPREP (t))

AB(τ)
,

(Q3, EH)(t) = EH(0) +
ψtψ−1(1− τ)G3(t, EH(t))

AB(τ)
,

(Q4, EPEP )(t) = EPEP (0) +
ψtψ−1(1− τ)G4(t, EPEP (t))

AB(τ)
,

(Q5, IH)(t) = IH(0) +
ψtψ−1(1− τ)G5(t, IH(t))

AB(τ)
,

(Q6, A)(t) = A(0) +
ψtψ−1(1− τ)G6(t, A(t))

AB(τ)
,

(Q7, TH)(t) = TH(0) +
ψtψ−1(1− τ)G7(t, TH(t))

AB(τ)
. (24)

The operator P is defined by

(P1, SH)(t) =
ψτ

AB(τ)Γ(τ)

∫ t

0

sψ−1(t− s)τ−1G1(s, SH(s)) ds,

(P2, SPREP )(t) =
ψτ

AB(τ)Γ(τ)

∫ t

0

sψ−1(t− s)τ−1G2(s, SPREP (s)) ds,

(P3, EH)(t) =
ψτ

AB(τ)Γ(τ)

∫ t

0

sψ−1(t− s)τ−1G3(s,EH(s)) ds,

(P4, EPEP )(t) =
ψτ

AB(τ)Γ(τ)

∫ t

0

sψ−1(t− s)τ−1G4(s,EPEP (s)) ds,

(P5, IH)(t) =
ψτ

AB(τ)Γ(τ)

∫ t

0

sψ−1(t− s)τ−1G5(s, IH(s)) ds,
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(P6, A)(t) =
ψτ

AB(τ)Γ(τ)

∫ t

0

sψ−1(t− s)τ−1G6(s,A(s)) ds,

(P7, TH)(t) =
ψτ

AB(τ)Γ(τ)

∫ t

0

sψ−1(t− s)τ−1G7(s, TH(s)) ds. (25)

Using (B1) in Theorem 2, for any

(SH(t), SPREP (t), EH(t), EPEP (t), IH(t), A(t), TH(t)) ∈ DZ2

and
(S∗
H(t), S∗

PREP (t), E
∗
H(t), E∗

PEP (t), I
∗
H(t), A∗(t), T ∗

H(t)) ∈ DZ2,

from the above, with Lmax, it follows that

‖Q1SH −Q1S
∗
H‖ ≤

ψ(1− τ)Tψ−1
min

AB(τ)
sup |G1(t, SH(t))−G1(t, S

∗
H(t))| ,

‖Q1SH −Q1S
∗
H‖

≤ ψ(1− τ)Tψ−1
min

AB(τ)
L1 (‖SH − S∗

H‖+ ‖SPREP − S∗
PREP ‖+ ‖EH − E∗

H‖

+ ‖EPEP − E∗
PEP ‖+ ‖IH − I∗H‖+ ‖A−A∗‖+ ‖TH − T ∗

H‖) ,

‖Q2SPREP −Q2S
∗
PREP ‖

≤ ψ(1− τ)Tψ−1
min

AB(τ)
L2 (‖SH − S∗

H‖+ ‖SPREP − S∗
PREP ‖+ ‖EH − E∗

H‖

+ ‖EPEP − E∗
PEP ‖+ ‖IH − I∗H‖+ ‖A−A∗‖+ ‖TH − T ∗

H‖) ,

‖Q3EH −Q3E
∗
H‖

≤ ψ(1− τ)Tψ−1
min

AB(τ)
L3 (‖SH − S∗

H‖+ ‖SPREP − S∗
PREP ‖+ ‖EH − E∗

H‖

+ ‖EPEP − E∗
PEP ‖+ ‖IH − I∗H‖+ ‖A−A∗‖+ ‖TH − T ∗

H‖) ,

‖Q4EPEP −Q4E
∗
PEP ‖

≤ ψ(1− τ)Tψ−1
min

AB(τ)
L4 (‖SH − S∗

H‖+ ‖SPREP − S∗
PREP ‖+ ‖EH − E∗

H‖

+ ‖EPEP − E∗
PEP ‖+ ‖IH − I∗H‖+ ‖A−A∗‖+ ‖TH − T ∗

H‖) ,

‖Q5IH −Q5I
∗
H‖

≤ ψ(1− τ)Tψ−1
min

AB(τ)
L5 (‖SH − S∗

H‖+ ‖SPREP − S∗
PREP ‖+ ‖EH − E∗

H‖

+ ‖EPEP − E∗
PEP ‖+ ‖IH − I∗H‖+ ‖A−A∗‖+ ‖TH − T ∗

H‖) ,
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‖Q6A−Q6A
∗‖

≤ ψ(1− τ)Tψ−1
min

AB(τ)
L6 (‖SH − S∗

H‖+ ‖SPREP − S∗
PREP ‖+ ‖EH − E∗

H‖

+ ‖EPEP − E∗
PEP ‖+ ‖IH − I∗H‖+ ‖A−A∗‖+ ‖TH − T ∗

H‖) ,

‖Q7TH −Q7T
∗
H‖

≤ ψ(1− τ)Tψ−1
min

AB(τ)
L7 (‖SH − S∗

H‖+ ‖SPREP − S∗
PREP ‖+ ‖EH − E∗

H‖

+ ‖EPEP − E∗
PEP ‖+ ‖IH − I∗H‖+ ‖A−A∗‖+ ‖TH − T ∗

H‖) . (26)

Thus, P is bounded and equicontinuous, ensuring the HIV/AIDS model has at least one solution
under the given conditions.

The biological implication of this fractal-fractional existence theorem is that, regardless of
whether the disease dynamics are highly nonlinear or intervention effects are complex, at least one
realistic disease trajectory exists that is consistent with the model’s assumptions and observed
data. In practical terms, this means that the epidemic will follow some biologically plausible
path over time—whether it declines due to effective interventions (e.g., high ART coverage, PrEP
use) or persists at endemic levels. This guarantees that the model is mathematically sound and
capable of producing valid simulations, even when strong contraction conditions (required for
uniqueness) are not met. For public health, this result underpins the reliability of numerical
forecasts (such as the projected 28% reduction in new infections by 2033) and ensures that
policy simulations—testing “what-if” scenarios like increased prophylaxis or treatment access—
are grounded in a solution that respects real-world constraints and disease biology.

4.1 The endemic equilibrium point of the HIV/AIDS
model

The endemic equilibrium point refers to a state where HIV/AIDS persists in the population at
constant levels.

Theorem 4. The endemic equilibrium point of the HIV/AIDS model in (1) is stable whenever
R0H > 1 and unstable if R0H < 1.

Proof. At the endemic equilibrium point,

dSH
dt

=
dSPREP

dt
=
dE

dt
=
dEPEP
dt

=
dI

dt
=
dI

dt
=
dA

dt
=
dT

dt
= 0.
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Let the endemic equilibrium point of the model (1) be

ε̂ =

(
S∗
H , S

∗
PREP , E

∗
H , E

∗
PEP , I

∗
H , A

∗, T ∗
H

)
.

By setting the right-hand side of the HIV/AIDS model equations in (1) to zero(0) and solving
for each compartments, we obtain

S∗
H =

ΛH
λ∗H + Z1

,

S∗
PREP =

ωH ΛH
(λ∗H + Z1) (−λ∗H ε1 + θH + λ∗H)

,

E∗
H =

λ∗H ΛH (−λ∗H ε1 + θH + Z2 + λ∗H)

(λ∗H + Z1) (−λ∗H ε1 + θH + λ∗H)P1
, (27)

E∗
PEP =

λ∗H ΛH (−λ∗H ε1 + θH + Z2 + λ∗H) v21
(λ∗H + Z1) (−λ∗H ε1 + θH + λ∗H)P1 P2

,

I∗H =
(−λ∗H ε1 + θH + Z2 + λ∗H)λ∗H P4 (P2 v31 + v21 v32) ΛH P5

(λ∗H + Z1) (−λ∗H ε1 + θH + λ∗H)P1 P2 (P3 P4 P5 − P4 χ θ1 − χ θ2 ρ1)
,

A∗ =
(−λ∗H ε1 + θH + Z2 + λ∗H)λ∗H (P2 v31 + v21 v32) ΛH P5 ρ1

(λ∗H + Z1) (−λ∗H ε1 + θH + λ∗H)P1 P2 (P3 P4 P5 − P4 χ θ1 − χ θ2 ρ1)
,

T ∗
H =

(P4 θ1 + θ2 ρ1) (−λ∗H ε1 + θH + Z2 + λ∗H)λ∗H (P2 v31 + v21 v32) ΛH
(λ∗H + Z1) (−λ∗H ε1 + θH + λH)P1 P2 (P3 P4 P5 − P4 χ θ1 − χ θ2 ρ1)

.

Here
v21 = θσ1, v31 = (1− θ)σ1, v32 = (1− ε2)σ2,
P1 = (σ1 + θH), P2 = ((1− ε2)σ2 + θH), P3 = (θ1 + ρ1 + δI + θH),

P4 = (θ2 + δA + θH), P5 = (χ+ΘδT + θH), Z1 = (ωH + θH),
Z2 = ((1− ε1)ωH + θH).

Further simplification of the endemic equilibrium point of the model as presented in equation
(27) yields the final endemic equilibrium point.

Substituting the endemic equilibrium point of the HIV/AIDS model ε̂ into its force of infec-
tion

λ∗H =

(1−ςΨ)γγH

(
I∗H+A∗+ηT∗

H

)
N∗ , we obtain

λ∗H

(
Ĉ1 λ

∗
H

4 + Ĉ2 λ
∗
H

3 + Ĉ3 λ
∗
H

2 + Ĉ4 λ
∗
H + Ĉ5

)
= 0. (28)

But at the endemic equilibrium (λH 6= 0), hence

Ĉ1 λ
∗
H

4 + Ĉ2 λ
∗
H

3 + Ĉ3 λ
∗
H

2 + Ĉ4 λ
∗
H + Ĉ5 = 0, (29)

where
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Ĉ1 =ΛH ((−P3 P5 + χ θ1)P4 + χ θ2 ρ1)P1 P2 (ε1 − 1)
2

× ((((−P3 − v31)P5 + θ1 (χ− v31))P2

+((−P3 − v32)P5 + θ1 (χ− v32)) v21)P4

+((−v31 P5 + θ2 (χ− v31))P2 + v21 (−v32 P5 + θ2 (χ− v32))) ρ1) ,

Ĉ2 = − ((−P3 P5 + χ θ1)P4 + χ θ2 ρ1)P1 (ε1 − 1)ΛH

× [(((γ v31 (Ψ ς − 1) γH + v31 Z1 + P3 (P1 + Z1)) ε1 − γ v31(Ψ ς − 1)γH

+ (−Z2 − 2θH − Z1)v31 −P3(Z2 + 2θH + P1 + Z1))P5

+((γ v31 η (Ψ ς − 1) γH + v31 Z1 − χ(P1 + Z1)) ε1 − γ v31 η (Ψ ς − 1) γH

+(−Z2 − 2θH − Z1)v31 + χ(Z2 + 2θH + P1 + Z1)) θ1)P2

+v21 [((γ v32 (Ψ ς − 1)γH + Z1(v32 + P3)) ε1

−γ v32 (Ψ ς − 1)γH − (v32 + P3)(Z2 + 2θH + Z1))P5

+((γ v32 η (Ψ ς − 1) γH + Z1(v32 − χ)) ε1

−γ v32 η (Ψ ς − 1) γH − (v32 − χ)(Z2 + 2θH + Z1)) θ1]P4

+ [((γ(Ψ ς − 1)γH + Z1) ε1

+(−Ψ ς + 1)γ γH − Z2 − 2θH − Z1) v31 P5

+θ2 ((γ v31 η (Ψ ς − 1)γH + v31Z1 − χ(P1 + Z1)) ε1

− γ v31 η (Ψ ς − 1) γH + (−Z2 − 2θH − Z1)v31

+χ(Z2 + 2θH + P1 + Z1))]P2 + (((γ(Ψ ς − 1)γH + Z1) ε1

+(−Ψ ς + 1)γ γH − Z2 − 2θH − Z1) v32 P5

+((γ v32 η (Ψ ς − 1) γH + Z1(v32 − χ)) ε1

−γ v32 η (Ψ ς − 1) γH − (v32 − χ)(Z2 + 2θH + Z1)) θ2) v21) ρ1

]
P2,

Ĉ3 =

[
(A1 + ρ1A2 +A3 + ρ1A4) v21

]
((−P3P5 + χθ1)P4 + χθ2ρ1)P1ΛHP2,

where

A1 =− (ε1 − 1) ·
[
γv31(ε1 − 1)(ηθ1 + P5)(Ψς − 1)γH

− P1(−P3P5 + χθ1)ε1 + X1 − θ1Y1
]
Z1

+ γv31(ε1 − 1)(ηθ1 + P5)(Z2 + 2θH)(Ψς − 1)γH
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− 2P1(−P3P5 + χθ1)(θH +
ωH
2

)ε1 + X2 − θ1Y2
)
P4,

A2 =− (ε1 − 1) ·
[
γv31(ε1 − 1)(ηθ2 + P5)(Ψς − 1)γH

− θ2χε1P1 − v31(Z2 + 2θH)P5 − θ2Y1
]
Z1

+ γv31(ε1 − 1)(ηθ2 + P5)(Z2 + 2θH)(Ψς − 1)γH

− 2θ2χP1(θH +
ωH
2

)ε1 − v31θH(Z2 + θH)P5 − θ2Y2
)
,

A3 =− (ε1 − 1) ·
[
γv32(ε1 − 1)(ηθ1 + P5)(Ψς − 1)γH

− ((v32 + P3)P5 + θ1(v32 − χ)) (Z2 + 2θH)
]
Z1

+ γv32(ε1 − 1)(ηθ1 + P5)(Z2 + 2θH)(Ψς − 1)γH

− θH(Z2 + θH) ((v32 + P3)P5 + θ1(v32 − χ))
)
P4,

A4 =− (ε1 − 1) ·
[
γv32(ε1 − 1)(ηθ2 + P5)(Ψς − 1)γH

− (Z2 + 2θH) (v32P5 + θ2(v32 − χ))
]
Z1

+ γv32(ε1 − 1)(ηθ2 + P5)(Z2 + 2θH)(Ψς − 1)γH

− θH(Z2 + θH) (v32P5 + θ2(v32 − χ))
)
,

X1 = (−2v31 − 2P3) θH − Z2v31 − P3(Z2 + P1),
Y1 = (2v31 − 2χ) θH + Z2v31 − χ(Z2 + P1),

X2 = (−P3 − v31) θ2H + (−Z2v31 − P3(Z2 + 2P1)) θH − ωHP1P3,

Y2 = (v31 − χ)θ2H + (Z2v31 − χ(Z2 + 2P1)) θH − χωHP1,

Ĉ4 =−

([((
(v31 + P3)P5 + θ1(v31 − χ)

)
P4 + ρ1

(
v31P5 + θ2(v31 − χ)

))
P2

+ v21

((
(v32 + P3)P5 + θ1(v32 − χ)

)
P4 + ρ1

(
v32P5 + θ2(v32 − χ)

))]
Z1

+ (P2v31 + v21v32)γ
(
(ηθ1 + P5)P4 + ρ1(ηθ2 + P5)

)
(Ψς − 1)γH

−
(
(−P3P5 + χθ1)P4 + χθ2ρ1

)
P1P2

)
θ2H

+

[
− 2(P2v31 + v21v32)γ(ε1 − 1)

(
(ηθ1 + P5)P4 + ρ1(ηθ2 + P5)

)
(Ψς − 1)γH

+
(((

(v31 + P3)Z2 − 2P1P3(ε1 − 1)
)
P5 + θ1

(
(v31 − χ)Z2 + 2χP1(ε1 − 1)

))
P4
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+
(
Z2v31P5 + θ2

(
(v31 − χ)Z2 + 2χP1(ε1 − 1)

))
ρ1

)
P2

+ Z2v21

((
(v32 + P3)P5 + θ1(v32 − χ)

)
P4 + ρ1

(
v32P5 + θ2(v32 − χ)

))]
Z1

+ (P2v31 + v21v32)γZ2

(
(ηθ1 + P5)P4 + ρ1(ηθ2 + P5)

)
(Ψς − 1)γH

−
(
(−P3P5 + χθ1)P4 + χθ2ρ1

)
P1ωHP2

)
θH

− (ε1 − 1)Z1

[
(P2v31 + v21v32)γZ2

(
(ηθ1 + P5)P4 + ρ1(ηθ2 + P5)

)
(Ψς − 1)γH

−
(
(−P3P5 + χθ1)P4 + χθ2ρ1

)
P1ωHP2

](
(−P3P5 + χθ1)P4 + χθ2ρ1

)
P1ΛHP2,

Ĉ5 =Z1 θH ΛH P1 P2 (P3 P4 P5 − P4 χ θ1 − χ θ2 ρ1)

× (((P2 v31 + v21 v32) ((η θ1 + P5)P4 + ρ1 (η θ2 + P5)) (Ψ ς − 1) γ γH

−P1 ((−P3 P5 + χ θ1)P4 + χ θ2 ρ1)P2) θH

−P1 ((−P3 P5 + χ θ1)P4 + χ θ2 ρ1)P2 ωH)

+ Z1
2ΛH (θH (P1 P2 (P3 P4 P5 − P4 χ θ1 − χ θ2 ρ1)))2 (1−R0H) .

The components of the endemic equilibrium point (EEP) are determined by solving for λ∗H from
the polynomial equation (29) and substituting its positive values into the expressions given in
(27). Moreover, based on the coefficients Ĉi for i = 1, 2, 3, . . . , 5, it is evident that Ĉ1 is always
positive, while Ĉ5 is positive when R0H < 1 and negative when R0H > 1. From this, we derive
the following results:

Theorem 5. The HIV/AIDS model (1) has

1. four or two endemic equilibria if Ĉ2 < 0, Ĉ3 > 0, Ĉ4 < 0 and R0H < 1

2. four or two endemic equilibria if Ĉ2 < 0, Ĉ3 < 0, Ĉ4 > 0 and R0H < 1

3. no endemic equilibrium otherwise if R0H < 1.

Items (1)–(3) of Theorem 5 indicate the potential occurrence of backward bifurcation in
the HIV/AIDS model (1) when R0H < 1. The presence of backward bifurcation implies that
the conventional condition of having the basic reproduction number R0H less than one, while
necessary, is no longer sufficient to ensure the elimination of the disease from the population.

The biological implication of this fractal-fractional equilibrium analysis is profound for HIV
control: When R0H > 1, the disease settles into a stable, persistent state—meaning HIV will
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remain in the population at a constant level unless interventions are dramatically strengthened.
Conversely, when R0H < 1, the disease-free state is stable, and elimination is possible—but
the risk of backward bifurcation warns that simply reducing R0H below 1 may not be enough.
In real-world terms, this means that even with moderate success in interventions (e.g., partial
PrEP coverage, inconsistent condom use, or incomplete ART access), HIV can persist at low but
stable levels due to residual transmission chains, behavioral heterogeneity, or treatment dropout.
This phenomenon explains why some regions struggle to eliminate HIV despite R0H < 1. The
model thus urges policymakers to push R0H significantly below 1 and sustain high intervention
synergy (condoms + PrEP + ART) to avoid being trapped in a low-level endemic trap—critical
insight for achieving the UNAIDS 95-95-95 targets and ending AIDS as a public health threat
by 2030.

4.2 Global and asymptotic stability of HIV/AIDS at
endemic equilibrium

The purpose of this work is to demonstrate the global asymptotic stability of HIV/AIDS endemic
equilibrium points ε̂.

Lemma 4. If R0H > 1, then additional conditions allow for the proof of global asymptotic
stability at the endemic equilibrium for system (1).

Proof. Let the Lyapunov function U = U (SH , SPREP , EH , EPEP , IH , A, TH) be defined as fol-
lows:

U =U1

(
SH − S∗

H − S∗
H ln

(
S∗
H

SH

))
+ U2

(
SPREP − S∗

PREP − S∗
PREP ln

(
S∗
PREP

SPREP

))
+ U3

(
EH − E∗

H − E∗
H ln

(
E∗
H

EH

))
+ U4

(
EPEP − E∗

PEP − E∗
PEP ln

(
E∗
PEP

EPEP

))
+ U5

(
IH − I∗H − I∗H ln

(
I∗H
IH

))
+ U6

(
A−A∗ −A∗ ln

(
A∗

A

))
+ U7

(
TH − T ∗

H − T ∗
H ln

(
T ∗
H

TH

))
.

(30)

By differentiating the Lyapunov function U with respect to time t along the positive system
solutions of (30), we obtain
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dU

dt
=U1

(
1− S∗

H

SH

)
dSH
dt

+ U2

(
1− S∗

PREP

SPREP

)
dSPREP

dt

+ U3

(
1− E∗

H

EH

)
dEH
dt

+ U4

(
1− E∗

PEP

EPEP

)
dEPEP
dt

+ U5

(
1− I∗H

IH

)
dIH
dt

+ U6

(
1− A∗

A

)
dA

dt

+ U7

(
1− T ∗

H

TH

)
dTH
dt

.

(31)

Substituting the derivatives into the above, we have

dU

dt
=U1

(
1− S∗

H

SH

)
(Λ− λHSH − Z1SH)

+ U2

(
1− S∗

PREP

SPREP

)
(ωHSH − (1− ε1)λHSPREP − Z2SPREP )

+ U3

(
1− E∗

H

EH

)
(λHSH + (1− ε1)λHSPREP − P1EH)

+ U4

(
1− E∗

PEP

EPEP

)
(v21EH − P2EPEP )

+ U5

(
1− I∗H

IH

)
(v31EH + v32EPEP − P3IH + χTH)

+ U6

(
1− A∗

A

)
(ρ1IH − P4A)

+ U7

(
1− T ∗

H

TH

)
(θ1IH + θ2A− P5TH) ,

(32)

where the parameters are defined as follows:

Z1 = ωH + θH , Z2 = (1− ε1)λH + θH , P1 = σ1 + θH ,

P2 = (1− ε2)σ2 + θH , P3 = θ1 + ρ1 + δI + θH , P4 = θ2 + δA + θH ,

P5 = χ+ΘδT + θH .

(33)

At the endemic equilibrium point, we have
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Λ = λHS
∗
H + Z1S

∗
H ,

P1 =
λHS

∗
H + (1− ε1)λHS∗

PREP

E∗
H

,

P2 =
v21E

∗
H

E∗
PEP

,

P3 =
v31E

∗
H + v32E

∗
PEP + χT ∗

H

I∗H
,

P4 =
ρ1I

∗
H

A∗ ,

P5 =
θ1I

∗
H + θ2A

∗

T ∗
H

.

(34)

Substituting Λ, Z1, P1, P2, P3, P4, P5 into the expression for dU
dt , we have

dU

dt
=U1

(
1− S∗

H

SH

)
(λHS

∗
H + Z1S

∗
H − (λHSH + Z1SH))

+ U2

(
1− S∗

PREP

SPREP

)(
ωHSH −

ωHS
∗
H

S∗
PREP

SPREP

)
+ U3

(
1− E∗

H

EH

)(
λHSH + (1− ε1)λHSPREP

− λHS
∗
H + (1− ε1)λHS∗

PREP

E∗
H

EH
)

+ U4

(
1− E∗

PEP

EPEP

)(
v21EH −

v21E
∗
H

E∗
PEP

EPEP

)
+ U5

(
1− I∗H

IH

)(
v31EH + v32EPEP + χTH

− v31E
∗
H + v32E

∗
PEP + χT ∗

H

I∗H
IH
)

+ U6

(
1− A∗

A

)(
ρ1IH −

ρ1I
∗
H

A∗ A

)
+ U7

(
1− T ∗

H

TH

)(
θ1IH + θ2A−

θ1I
∗
H + θ2A

∗

T ∗
H

TH

)
.

(35)

We obtain after performing expansion and collection of the positive and negative terms: dU
dt =

A−B, where

A =λHS
∗
HU1 + Z1S

∗
HU1 +

λHS
∗2
H U1

SH
+
Z1S

∗2
H U1

SH

+ λHSHU3 + (1− ε1)λHSPREPU3 + λHS
∗
HU3 + (1− ε1)λHS∗

PREPU3,

(36)
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and

B =λHS
∗
HU1 + Z1S

∗
HU1 + Z1S

∗
HU1 +

λHS
∗2
H U1

SH
+
Z1S

2
HU1

SH

+
λHS

∗2
H EHU3

E∗
H

+
λHSHE

∗
HU3

EH
+ (1− ε1)

λHSPREPE
∗
HU3

EH

+
U5v31E

∗
HIH

I∗H
+
U5v31EHI

∗
H

IH
+
U5v32E

∗
PEP IH
I∗H

+
U5v32EPEP I

∗
H

IH
.

(37)

Hence, since B < A, we have dU
dt ≤ 0 with dU

dt = 0 if and only if
SH = S∗

H , SPREP = S∗
PREP , EH = E∗

H , EPEP = E∗
PEP , IH = I∗H , A = A∗, TH = T ∗

H .
Therefore, the largest compact invariant set is a singleton set {E∗

H} that contains the endemic
equilibrium point of the system (1). The stability analysis demonstrates that the system (1) ε̂ is
globally and asymptotically stable in accordance with La Salle’s invariant principle as indicated
in La Salle [32]:{
(S∗
H , S

∗
PREP , E

∗
H , E

∗
PEP , I

∗
H , A

∗, T ∗
H) ∈ ΩH : dUdt = 0

}
.

The biological implication of this global asymptotic stability result is that, when R0H > 1,
the HIV epidemic will inevitably converge to a persistent, self-sustaining level—regardless of
initial conditions (e.g., a small outbreak, a major surge, or partial intervention rollout). In
real-world terms, this means that once transmission exceeds the critical threshold, HIV becomes
endemic and irreversible without drastic, sustained intervention. The population will settle into
a predictable, long-term state with fixed proportions of infected, treated, and at-risk individuals.
This result is critical for public health planning: It confirms that half-measures will not work—
PrEP, ART, and condom promotion must be scaled aggressively and maintained indefinitely to
push R0H below 1 and prevent convergence to this stable endemic trap. For policymakers, this
underscores the urgency of achieving and sustaining the UNAIDS 95-95-95 targets; any lapse risks
locking the epidemic into a costly, lifelong burden on healthcare systems and communities.

4.3 Numerical schemes for the fractal-fractional HIV/AIDS
model

The second-order Adams–Bashforth algorithm will be used to create numerical solutions for the
HIV/AIDS model (1).
We rewrite the integral equations, at t = tn+1, this yields
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SH(tn+1) =SH0 + ψ(1− τ)tψ−1
n G1(tn, SH(tn))

+
τψ

AB(τ)Γ(τ)

∫ tn+1

0

(tn+1 − s)τ−1Sψ−1
H G1(s, SH(s)) ds,

SPREP (tn+1) =SPREP0 + ψ(1− τ)tψ−1
n G2(tn, SPREP (tn))

+
τψ

AB(τ)Γ(τ)

∫ tn+1

0

(tn+1 − s)τ−1Sψ−1
PREPG2(s, SPREP (s)) ds,

EH(tn+1) =EH0 + ψ(1− τ)tψ−1
n G3(tn, EH(tn))

+
τψ

AB(τ)Γ(τ)

∫ tn+1

0

(tn+1 − s)τ−1Eψ−1
H G3(s,EH(s)) ds,

EPEP (tn+1) =EPEP0 + ψ(1− τ)tψ−1
n G4(tn, EPEP (tn))

+
τψ

AB(τ)Γ(τ)

∫ tn+1

0

(tn+1 − s)τ−1Eψ−1
PEPG4(s,EPEP (s)) ds,

IH(tn+1) =IH0 + ψ(1− τ)tψ−1
n G5(tn, IH(tn))

+
τψ

AB(τ)Γ(τ)

∫ tn+1

0

(tn+1 − s)τ−1Iψ−1
H G5(s, IH(s)) ds,

A(tn+1) =A0 + ψ(1− τ)tψ−1
n G6(tn, A(tn))

+
τψ

AB(τ)Γ(τ)

∫ tn+1

0

(tn+1 − s)τ−1Aψ−1G6(s,A(s)) ds,

TH(tn+1) =TH0 + ψ(1− τ)tψ−1
n G7(tn, TH(tn))

+
τψ

AB(τ)Γ(τ)

∫ tn+1

0

(tn+1 − s)τ−1Tψ−1
H G7(s, TH(s)) ds, (38)

So the numerical approximation of the integral is obtained as

SH(tn+1) =SH0 +
ψ(1− τ)tψ−1

n G1(tn, SH(tn))

AB(τ)

+
τψ

AB(τ)Γ(τ)

n∑
j=1

∫ tj+1

tj

(tj+1 − s)τ−1Sψ−1
H G1(tn, S

j
H(s)) ds,

SPREP (tn+1) =SPREP0 +
ψ(1− τ)tψ−1

n G2(tn, SPREP (tn))

AB(τ)

+
τψ

AB(τ)Γ(τ)

n∑
j=1

∫ tj+1

tj

(tj+1 − s)τ−1Sψ−1
PREPG2(tn, S

j
PREP (s)) ds,

EH(tn+1) =EH0 +
ψ(1− τ)tψ−1

n G3(tn, EH(tn))

AB(τ)

+
τψ

AB(τ)Γ(τ)

n∑
j=1

∫ tj+1

tj

(tj+1 − s)τ−1Eψ−1
H G3(tn, E

j
H(s)) ds,
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EPEP (tn+1) =EPEP0 +
ψ(1− τ)tψ−1

n G4(tn, EPEP (tn))

AB(τ)

+
τψ

AB(τ)Γ(τ)

n∑
j=1

∫ tj+1

tj

(tj+1 − s)τ−1Eψ−1
PEPG4(tn, E

j
PEP (s)) ds,

IH(tn+1) =IH0 +
ψ(1− τ)tψ−1

n G5(tn, IH(tn))

AB(τ)

+
τψ

AB(τ)Γ(τ)

n∑
j=1

∫ tj+1

tj

(tj+1 − s)τ−1Iψ−1
H G5(tn, I

j
H(s)) ds,

A(tn+1) =A0 +
ψ(1− τ)tψ−1

n G6(tn, A(tn))

AB(τ)

+
τψ

AB(τ)Γ(τ)

n∑
j=1

∫ tj+1

tj

(tj+1 − s)τ−1Aψ−1G6(tn, A
j(s)) ds,

TH(tn+1) =TH0 +
ψ(1− τ)tψ−1

n G7(tn, TH(tn))

AB(τ)
(39)

+
τψ

AB(τ)Γ(τ)

n∑
j=1

∫ tj+1

tj

(tj+1 − s)τ−1Tψ−1
H G7(tn, T

j
H(s)) ds,

Two-step Lagrange’s interpolation polynomials with ∆t = tj+1 − tj function as an estimate for
the integrand functions on [tj , tj+1]. Thus, we obtain

SH(tn+1) =SH0 +
ψ(1− τ)tψ−1

n G1(tn, SH(tn))

AB(τ)

+
τψ

AB(τ)Γ(τ)

n∑
j=1

∫ tj+1

tj

(tj+1 − s)τ−1Sψ−1
H ZSHj (s) ds,

SPREP (tn+1) =SPREP0 +
ψ(1− τ)tψ−1

n G2(tn, SPREP (tn))

AB(τ)

+
τψ

AB(τ)Γ(τ)

n∑
j=1

∫ tj+1

tj

(tj+1 − s)τ−1Sψ−1
PREPZ

SPREP
j (s) ds,

EH(tn+1) =EH0 +
ψ(1− τ)tψ−1

n G3(tn, EH(tn))

AB(τ)

+
τψ

AB(τ)Γ(τ)

n∑
j=1

∫ tj+1

tj

(tj+1 − s)τ−1Eψ−1
H ZEHj (s) ds,

EPEP (tn+1) =EPEP0 +
ψ(1− τ)tψ−1

n G4(tn, EPEP (tn))

AB(τ)

+
τψ

AB(τ)Γ(τ)

n∑
j=1

∫ tj+1

tj

(tj+1 − s)τ−1Eψ−1
PEPZ

EPEP
j (s) ds,
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IH(tn+1) =IH0 +
ψ(1− τ)tψ−1

n G5(tn, IH(tn))

AB(τ)

+
τψ

AB(τ)Γ(τ)

n∑
j=1

∫ tj+1

tj

(tj+1 − s)τ−1Iψ−1
H ZIHj (s) ds,

A(tn+1) =A0 +
ψ(1− τ)tψ−1

n G6(tn, A(tn))

AB(τ)

+
τψ

AB(τ)Γ(τ)

n∑
j=1

∫ tj+1

tj

(tj+1 − s)τ−1Aψ−1ZAj (s) ds,

TH(tn+1) =TH0 +
ψ(1− τ)tψ−1

n G7(tn, TH(tn))

AB(τ)

+
τψ

AB(τ)Γ(τ)

n∑
j=1

∫ tj+1

tj

(tj+1 − s)τ−1Tψ−1
H ZTHj (s) ds, (40)

where

ZSHj (s) =
s− tj−1

tj − tj−1
tψ−1
j G1(s, S

j
H(s))− s− tj−1

tj − tj−1
tψ−1
j−1G1(s, S

j−1
H (s)),

ZSPREPj (s) =
s− tj−1

tj − tj−1
tψ−1
j G2(s, S

j
PREP (s))

− s− tj−1

tj − tj−1
tψ−1
j−1G2(s, S

j−1
PREP (s)),

ZEHj (s) =
s− tj−1

tj − tj−1
tψ−1
j G3(s,E

j
H(s))− s− tj−1

tj − tj−1
tψ−1
j−1G3(s,E

j−1
H (s)),

ZEPEPj (s) =
s− tj−1

tj − tj−1
tψ−1
j G4(s,E

j
PEP (s))−

s− tj−1

tj − tj−1
tψ−1
j−1G4(s,E

j−1
PEP (s)),

ZIHj (s) =
s− tj−1

tj − tj−1
tψ−1
j G5(s, I

j
H(s))− s− tj−1

tj − tj−1
tψ−1
j−1G5(s, I

j−1
H (s)),

ZAj (s) =
s− tj−1

tj − tj−1
tψ−1
j G6(s,A

j(s))− s− tj−1

tj − tj−1
tψ−1
j−1G6(s,A

j−1(s)),

ZTHj (s) =
s− tj−1

tj − tj−1
tψ−1
j G7(s, T

j
H(s))− s− tj−1

tj − tj−1
tψ−1
j−1G7(s, T

j−1
H (s)). (41)

We finally solve the schemes needed for numerical calculations of the HIV/AIDS model (1):

SH(tn+1) =SH0 + ψ(1− τ)tψ−1
n G1(tn, SH(tn))

+
ψ(∆t)τ

AB(τ)Γ(τ + 2)

n∑
j=1

[
tψ−1
j G1(s, S

j
H(s))X1(n, j) (42)

−tψ−1
j−1G1(s, S

j−1
H (s))X2(n, j)

]
,

SPREP (tn+1) =SPREP0 + ψ(1− τ)tψ−1
n G2(tn, SPREP (tn))
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+
ψ(∆t)τ

AB(τ)Γ(τ + 2)

n∑
j=1

[
tψ−1
j G2(s, S

j
PREP (s))X1(n, j) (43)

−tψ−1
j−1G2(s, S

j−1
PREP (s))X2(n, j)

]
,

EH(tn+1) =EH0 + ψ(1− τ)tψ−1
n G3(tn, EH(tn))

+
ψ(∆t)τ

AB(τ)Γ(τ + 2)

n∑
j=1

[
tψ−1
j G3(s,E

j
H(s))X1(n, j) (44)

−tψ−1
j−1G3(s,E

j−1
H (s))X2(n, j)

]
,

EPEP (tn+1) =EPEP0 + ψ(1− τ)tψ−1
n G4(tn, EPEP (tn))

+
ψ(∆t)τ

AB(τ)Γ(τ + 2)

n∑
j=1

[
tψ−1
j G4(s,E

j
PEP (s))X1(n, j)− (45)

tψ−1
j−1G4(s,E

j−1
PEP (s))X2(n, j)

]
,

IH(tn+1) =IH0 + ψ(1− τ)tψ−1
n G5(tn, IH(tn))

+
ψ(∆t)τ

AB(τ)Γ(τ + 2)

n∑
j=1

[
tψ−1
j G5(s, I

j
H(s))X1(n, j) (46)

−tψ−1
j−1G5(s, I

j−1
H (s))X2(n, j)

]
,

A(tn+1) =A0 + ψ(1− τ)tψ−1
n G6(tn, A(tn))

+
ψ(∆t)τ

AB(τ)Γ(τ + 2)

n∑
j=1

[
tψ−1
j G6(s,A

j(s))X1(n, j) (47)

−tψ−1
j−1G6(s,A

j−1(s))X2(n, j)
]
,

TH(tn+1) =TH0 + ψ(1− τ)tψ−1
n G7(tn, TH(tn))

+
ψ(∆t)τ

AB(τ)Γ(τ + 2)

n∑
j=1

[
tψ−1
j G7(s, T

j
H(s))X1(n, j) (48)

−tψ−1
j−1G7(s, T

j−1
H (s))X2(n, j)

]
, (49)

where
X1(n, j) = (n+ 1− j)τ+1 − (n− j)τ − (n− j)τ (n− j + 2 + 2τ),

X2(n, j) = (n+ 1− j)τ+1 − (n− j)τ − (n− j)τ (n− j + 1 + τ).
(50)

The biological implication of this fractal-fractional numerical scheme is that it enables ac-
curate, long-term simulation of HIV dynamics in populations where past exposure, treatment
history, and behavioral memory significantly influence future infection risk—effects that stan-
dard models often ignore. By incorporating both fractional-order memory (capturing long-term
immune or behavioral effects) and fractal dimensions (modeling heterogeneous contact patterns),
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this method produces realistic epidemic curves that align with observed data in high-burden set-
tings. For public health, this means trustworthy projections of new infections, treatment demand,
and intervention impact over decades. Policymakers can now simulate “what-if” scenarios—such
as scaling PrEP to 70% coverage or achieving 95% viral suppression—and obtain credible fore-
casts of whether elimination is feasible by 2030. This tool transforms abstract theory into ac-
tionable intelligence, guiding resource allocation, program design, and global HIV strategy with
unprecedented precision.

4.4 Uncertainty and sensitivity analysis of the HIV/AIDS
model

Variations are predicted because the model includes several parameters, and calculating their
values for numerical simulations involves inherent errors. We used Latin Hypercube Sampling
(LHS) to sample values for the parameters that affect the infected populations and the reproduc-
tion number, following the methodology in [16]. To evaluate the connection between parameter
values and the sensitivity analysis final results, we calculated the Partial Rank Correlation Co-
efficient (PRCC). For every iteration of LHS, 1,000 simulations were run. The PRCC analysis
determined the most critical parameters by using the basic reproduction number (R0H) as the
response function. These were the natural death rate (θH), the progression rate from HIV in-
fection to the AIDS stage (ρ1), the contact rate (γH), and the rate at which AIDS patients
transition to treatment (θ2).

As seen in Tables 2–3 and Figures 2–3, the sensitivity analysis reveals that the natural
death rate (θH) has the strongest negative correlation (PRCC = -0.167, p < 0.05) with the re-
production number, indicating that higher natural mortality rates significantly decrease disease
transmission potential. This parameter is the only one statistically significant at the p < 0.05

level. The progression rate from HIV infected individuals to the AIDS class (ρ1) shows a pos-
itive correlation (PRCC = +0.136, p = 0.054), suggesting that a higher progression rate from
the HIV-infected class to the AIDS infected class increases transmission potential, although this
effect is marginally significant. Similarly, the contact rate (γH) demonstrates a positive correla-
tion (PRCC = +0.133, p = 0.061), indicating that increased contact rates contribute to higher
transmission. The progression rate from AIDS to treatment (θ2) shows a negative correlation
(PRCC = -0.128, p = 0.072), suggesting that faster initiation of treatment for AIDS patients
may help reduce transmission. The disease-induced death rate for infected individuals (δI) shows
a negative correlation (PRCC = -0.101, p = 0.156), while the proportion of exposed individuals
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taking PEP (θ) also demonstrates a negative correlation (PRCC = -0.095, p = 0.181), suggesting
that increased PEP uptake will contribute to reduced transmission. The parameter (γ) which
accounts for the number of sexual parameters by an individual shows a positive correlation
(PRCC = +0.089, p = 0.211) which suggest that an increase in the number of sexual partners
by an individual will significantly increase the probability of contraction of HIV/AIDS as well
as increasing the spread of the disease in the human population, while the compliance rate for
condom usage (ς) shows a negative correlation (PRCC = -0.087, p = 0.221) suggesting that an
increase in the rate of compliance to this parameter will substantially reduce the transmission
of HIV/AIDS in the human population. The progression rate of HIV-infected individuals into
antiretroviral treatment (θ1) demonstrates a negative correlation (PRCC = -0.083, p = 0.243),
and condom efficacy (Ψ) shows a negative correlation (PRCC = -0.082, p = 0.251), suggesting
that harnessing these measures will reduce the burden of the disease in the population.

Parameters with lower PRCC values include the efficacy of PEP (ε2), modification param-
eters for transmission in the treatment class (η), the rate at which treated individuals return
to the HIV-infected class (χ), the failure rate of PEP (σ2), proportion of individuals utilizing
PrEP (Θ), efficacy of PrEP (ε1), waning rate of protection (ωH), disease-induced death rate
for treated individuals (δT ), recruitment rate into the susceptible class (Λ), progression rate of
exposed individuals (σ1), and disease-induced death rate for AIDS cases (δA). Based on these
sensitivity analysis results, public health interventions should focus on strategies that influence
mortality and demographic factors (θH), control progression rate from HIV infected individuals
to the AIDS class (ρ1), reduce contact rates (γH), and accelerate the initiation of treatment
among AIDS patients (θ2). While not statistically significant at conventional levels, interven-
tions targeting the disease-induced death rate (δI) and PEP uptake (θ) may also contribute to
controlling HIV/AIDS transmission in the population.

4.5 HIV/AIDS data fitting and forecasting analysis for
South Africa

The HIV/AIDS data fitting and forecasting analysis for South Africa draws on historical statis-
tics from 2010 to 2023 as presented in Table 4, sourced from UNAIDS global AIDS reports [46].
The dataset includes three key indicators: People living with HIV (PLHIV), new HIV infections,
and ART coverage, measured as the percentage of PLHIV receiving treatment. These indicators
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Table 2: PRCC Values (sorted by influence)

Rank Parameter PRCC p-value
1 θH -0.167302 0.017890
2 ρ1 +0.136342 0.054219
3 γH +0.132929 0.060593
4 θ2 -0.127707 0.071528
5 δI -0.100702 0.155952
6 θ -0.095054 0.180612
7 γ +0.088736 0.211477
8 ς -0.086949 0.220853
9 θ1 -0.082919 0.243083
10 Ψ -0.081597 0.250704
11 ε2 -0.079809 0.261274
12 η -0.070033 0.324419
13 χ -0.059325 0.404026
14 σ2 +0.049524 0.486172
15 Θ -0.048354 0.496546
16 ε1 -0.032523 0.647536
17 ωH -0.025780 0.717089
18 δT -0.024852 0.726851
19 Λ +0.020503 0.773220
20 σ1 +0.017072 0.810373
21 δA -0.007588 0.915075

Table 3: PRCC Values for Top 10 Parameters.

Rank Parameter PRCC p-value
1 θH +0.167302 0.017890
2 ρ1 +0.136342 0.054219
3 γH +0.132929 0.060593
4 θ2 -0.127707 0.071528
5 δI -0.100702 0.155952
6 θ -0.095054 0.180612
7 γ +0.088736 0.211477
8 ς -0.086949 0.220853
9 θ1 -0.082919 0.243083
10 Ψ -0.081597 0.250704

formed the empirical basis for a mathematical modeling approach aimed at estimating parame-
ters and forecasting the future trajectory of the HIV epidemic in the country. The model applied
is a compartmental structure capturing the dynamics of HIV transmission and treatment. It in-
corporates natural population growth and mortality (represented by birth and death rates, Λ and
θH), transmission dynamics (via transmission coefficient γH), progression from HIV to AIDS,
ART uptake and treatment efficacy, and different mortality outcomes depending on treatment
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Figure 2: An extended PRCC analysis showing the correlation of all 21 model parameters with the HIV/AIDS
basic reproduction number (R0H). The visualization reveals the complex interplay of various factors affecting
HIV transmission, including mortality rates, progression rates, and preventive interventions.

Figure 3: A bar graph displaying the sensitivity of the basic reproduction number (R0H) to the top 10 model
parameters. The graph highlights the most influential parameters, with notable positive and negative correla-
tions, demonstrating the relative impact of different epidemiological factors on HIV transmission dynamics.

status. Parameter estimation was performed using MATLAB’s fmincon optimization routine,
which allows for constrained nonlinear optimization - ensuring that the model fit respects bio-
logical plausibility while accurately reproducing observed data trends.
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The optimization process yielded 21 estimated parameters, with notable outcomes including
a transmission coefficient of γH = 0.0655, along with multiple parameters describing treatment
initiation and mortality differentials. The model aligns closely with observed data, as demon-
strated in the graphical output (4a), where the model’s red line accurately traces the trend in
new HIV infections from 2018 to 2023. With this validated model, a forecast was generated
covering the period from 2024 to 2033. The projections indicate a steady decline in new HIV
infections, decreasing from approximately 200,213 in 2024 to 143,880 in 2033, marking a 28%
reduction. Simultaneously, the number of individuals receiving ART is projected to grow, albeit
at a slower rate, from 4.7 million in 2024 to 4.35 million in 2033. The number of untreated
individuals with HIV or AIDS is expected to decline from 115,787 in 2024 to 101,785 in 2030,
after which it stabilizes near 100,000. These trends suggest a substantial shift in the epidemic
profile, with a growing dominance of the treated population, as illustrated by the yellow area
in Figure 4b. Epidemiologically, the analysis underscores the success of South Africa’s ART
expansion, which has converted HIV into a manageable chronic condition for a majority of those
infected. The epidemic has entered a mature control phase marked by high treatment coverage
and falling incidence. Nevertheless, the persistence of approximately 100,000 untreated individ-
uals highlights ongoing challenges in diagnosis, linkage to care, and adherence. From a public
health perspective, the forecast aligns with global epidemic control targets but also points to the
need for renewed efforts to reach marginalized populations.

Table 4: HIV Statistics for South Africa (2010-2023) [46].

Year People living with HIV New HIV infections ART coverage (%)
2010 6,100,000 380,000 16
2011 6,300,000 370,000 19
2012 6,500,000 360,000 22
2013 6,700,000 350,000 29
2014 6,800,000 340,000 35
2015 7,000,000 330,000 45
2016 7,100,000 310,000 53
2017 7,200,000 300,000 61
2018 7,400,000 280,000 68
2019 7,500,000 240,000 71
2020 7,600,000 230,000 72
2021 7,700,000 210,000 75
2022 7,800,000 200,000 77
2023 7,900,000 190,000 79
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Table 5: South Africa HIV/AIDS Indicators and Projection: New Infections, Untreated, and Treated PLHIV
(2010–2033).

Year New Infections Untreated Treated
2022 218272 128353 4843674
2023 208933 124745 4789972
2024 200213 115787 4744012
2025 191680 107609 4698742
2026 184949 105355 4658007
2027 177023 104067 4606564
2028 170070 103155 4558881
2029 165040 102502 4522845
2030 159648 101785 4482653
2031 153981 101003 4438531
2032 148124 100156 4390692
2033 143880 99518 4354472

(a) (b)

Figure 4: A time series plot (4a) comparing actual and projected new HIV infections in South Africa from 2010
to 2030. The graph illustrates the historical trend and the model’s predictive projection, showing a consistent
decline in new infections over time, and (4b) shows a stacked area chart depicting the changing population of
HIV/AIDS patients in different states (on treatment, untreated HIV, and untreated AIDS) from 2010 to 2030.
The visualization highlights shifting demographics of HIV/AIDS management in South Africa.
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Table 6: Fitted parameter values for the HIV/AIDS model.

Parameter Value Range (per year) Reference
Λ 0.0070 [0.0056, 0.0084] Fitted
γH 0.0655 [0.0524, 0.0786] Fitted
γ 1.4069 [1.1255, 1.6883] Fitted
ς 0.9961 [0.7969, 1.1953] Fitted
Ψ 0.1514 [0.1211, 0.1817] Fitted
θH 0.0016 [0.0013, 0.0019] Fitted
η 0.9959 [0.7967, 1.1951] Fitted
ωH 0.0413 [0.0330, 0.0496] Fitted
ε1 0.8463 [0.6770, 1.0156] Fitted
σ1 0.0119 [0.0095, 0.0143] Fitted
θ 0.9573 [0.7658, 1.1488] Fitted
σ2 0.0834 [0.0667, 0.1001] Fitted
ε2 0.9370 [0.7496, 1.1244] Fitted
θ1 1.3025 [1.0420, 1.5630] Fitted
ρ1 0.0968 [0.0774, 0.1162] Fitted
θ2 0.1867 [0.1494, 0.2240] Fitted
δI 0.3357 [0.2686, 0.4028] Fitted
δA 1.9944 [1.5955, 2.3933] Fitted
δT 0.0324 [0.0259, 0.0389] Fitted
δV 0.0008 [0.0006, 0.0010] Fitted
χ 0.0349 [0.0279, 0.0419] Fitted
Θ 0.0022 [0.0018, 0.0026] Fitted

4.6 Numerical simulations of HIV/AIDS model

Utilizing the parameter values obtained from fitting the HIV/AIDS model (1) to the South
African HIV/AIDS data (Tables 4–5), as outlined in Table 6, we present the graphs of the
numerical simulations of the model.

Figure 5a presents a two-dimensional plot with time (in days) on the x-axis and the number
of susceptible individuals (SH) on the y-axis, ranging from approximately 1.93 to 2.00 (in units
of 106). The graph features multiple overlapping curves, each representing a different fractional
order τ (from 0.55 to 0.95), with colors ranging from purple (τ = 0.55) to yellow (τ = 0.95). Ini-
tially, all curves start at a high value and exhibit a sharp decline, followed by oscillatory behavior
that stabilizes over time, with lower τ values showing a slower decline and higher steady-state
values compared to higher τ values. Figure 5a reflects the dynamics of the susceptible popula-
tion under varying fractional orders τ , which model memory effects and nonlocal interactions
in HIV transmission. A lower τ indicates a slower depletion of susceptible individuals due to
prolonged memory effects, suggesting that interventions like awareness or behavioral changes
have a delayed but sustained impact. As τ approaches 1, the rapid decline aligns with classi-
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(a) (b)

Figure 5: Impact of fractional order τ on susceptible populations.

(a) (b)

Figure 6: Fractional order effects on exposed populations.
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(a) (b)

Figure 7: Disease progression dynamics under fractional order variations.

(a) (b)

Figure 8: Treatment dynamics and three-dimensional infection analysis.

cal integer-order models, indicating a faster transition to exposure due to immediate infectious
contacts. Figure 5b displays a two-dimensional plot with time (in days) on the x-axis and the
number of susceptible individuals on PrEP (SPrEP ) on the y-axis, ranging from approximately
2.0 to 2.7 (in units of 107). Similar to Figure 5a, it features multiple curves for different τ values
(0.55 to 0.95), with colors transitioning from purple to yellow. The curves show an initial peak
followed by a gradual decline with oscillations, where lower τ values result in higher and more
sustained SPrEP levels over time. Figure 5b illustrates the impact of PrEP effectiveness across
different fractional orders. Lower τ values suggest a prolonged protective effect of PrEP, reflect-
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(a) (b)

Figure 9: Three-dimensional surface plots of advanced disease stages and treatment.

(a) (b)

Figure 10: Combined exposure dynamics in three-dimensional analysis.

ing slower transitions to exposure due to memory in prophylactic adherence. This indicates that
populations with stronger historical adherence to PrEP maintain higher susceptible numbers
longer, highlighting the importance of consistent PrEP use in reducing HIV incidence. Figure 6a
presents a two-dimensional plot with time (in days) on the x-axis and the number of exposed
individuals (EH) on the y-axis, ranging from approximately 4.65 to 5.00 (in units of 107). It
includes multiple curves for τ values from 0.55 to 0.95, with colors from purple to yellow. The
curves start high, decline sharply, and then stabilize with oscillations, where lower τ values lead
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(a) (b)

Figure 11: Susceptible population dynamics and prophylaxis efficacy analysis.

(a) (b)

Figure 12: Parameter sensitivity analysis for transmission dynamics.

to higher steady-state exposed populations compared to higher τ values. Figure 6a shows how
the exposed population evolves with fractional order τ , capturing the latency period before in-
fection. Lower τ values indicate a slower progression from exposure to infection, possibly due to
memory effects in immune response or delayed contact tracing. This suggests that interventions
targeting early exposure stages may be more effective in populations with lower τ , where the
exposed pool persists longer.
Figure 6b displays a two-dimensional plot with time (in days) on the x-axis and the number
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(a) (b)

Figure 13: Intervention efficacy and behavioral parameter analysis.

(a) (b)

Figure 14: Treatment dynamics and temporal reproduction number analysis.

of exposed individuals on PEP (EPEP ) on the y-axis, ranging from approximately 1.00 to 1.25
(in units of 107). It features curves for τ values from 0.55 to 0.95, with colors from purple to
yellow. The curves show an initial peak followed by a steady decline with minor oscillations, with
lower τ values maintaining higher EPEP levels over time. Figure 6b represents the dynamics of
individuals using PEP during the exposed phase. Lower τ values suggest a prolonged presence of
exposed individuals on PEP, reflecting memory effects in treatment adherence or efficacy. This
indicates that PEP’s protective role is more sustained in populations with lower τ , emphasiz-
ing the need for timely and consistent PEP administration to prevent progression to infection.
Figure 7a presents a two-dimensional plot with time (in days) on the x-axis and the number of
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(a) (b)

Figure 15: Temporal analysis of prevention intervention efficacy.

(a) (b)

Figure 16: Sexual behavior and treatment reversion effects on transmission dynamics.

(a) (b)

Figure 17: Mortality effects on reproduction number dynamics.

infected individuals (IH) on the y-axis, ranging from approximately 5.0 to 6.0 (in units of 106). It
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(a) (b)

Figure 18: Stage-specific mortality impacts on transmission control.

(a) (b)

Figure 19: Multi-compartment interaction analysis and prophylaxis strategy evaluation.

includes curves for τ values from 0.55 to 0.95, with colors from purple to yellow. The curves show
an initial peak followed by a decline with oscillatory stabilization, where lower τ values result in
higher and more persistent infected populations. Figure 7a depicts the progression of HIV-only
infected individuals, with lower τ values indicating slower disease progression due to memory ef-
fects in immune response or treatment uptake. This suggests that populations with lower τ may
experience prolonged infectious periods, necessitating targeted interventions like ART to reduce
transmission rates. Figure 7b displays a two-dimensional plot with time (in days) on the x-axis
and the number of individuals with HIV/AIDS (A) on the y-axis, ranging from approximately
2.95 to 3.00 (in units of 106). It features curves for τ values from 0.55 to 0.95, with colors from
purple to yellow. The curves show an initial increase followed by stabilization with oscillations,
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where lower τ values lead to slightly higher AIDS cases over time. Figure 7b illustrates the
progression to advanced HIV/AIDS, with lower τ values suggesting a slower transition from HIV
to AIDS due to memory effects in disease progression or treatment delays. This indicates that
populations with lower τ may have a prolonged pre-AIDS phase, highlighting the need for early
ART to prevent progression to AIDS. Figure 8a presents a two-dimensional plot with time (in
days) on the x-axis and the number of individuals on ART (TH) on the y-axis, ranging from
approximately 2.50 to 2.70 (in units of 106). It includes curves for τ values from 0.55 to 0.95,
with colors from purple to yellow. The curves show an initial decline followed by stabilization
with oscillations, where lower τ values maintain higher treatment numbers over time. Figure 8a
reflects the dynamics of individuals on ART, with lower τ values indicating a sustained treatment
population due to memory effects in therapy adherence or access. This suggests that consistent
ART programs are crucial in populations with lower τ , where treatment effects persist longer,
reducing mortality and transmission. Figure 8b displays a three-dimensional surface plot with
time (in days) on the x-axis, fractional order τ on the y-axis (0.55 to 0.95), and the number of
infected individuals (IH) on the z-axis (5.0 to 5.8 in units of 106). The surface shows a peak
at early times and lower τ , gradually flattening as time and τ increase, with a color gradient
from purple to yellow indicating the density of infected cases. Biologically, Figure 8b provides
a comprehensive view of how infection rates vary with time and fractional order, with lower τ
values and early times showing higher infection peaks. This suggests that memory effects amplify
initial infection spreads, underscoring the importance of early interventions to curb the epidemic
in such scenarios.
Figure 9a presents a three-dimensional surface plot with time (in days) on the x-axis, fractional
order τ on the y-axis (0.55 to 0.95), and the number of AIDS cases (A) on the z-axis (2.96 to
3.00 in units of 106). The surface shows a gradual rise and stabilization, with a color gradient
from purple to yellow, where lower τ values maintain slightly higher AIDS levels over time. Fig-
ure 9a illustrates the temporal and fractional order dependence of AIDS progression, with lower
τ values indicating a prolonged disease course. This highlights the need for sustained ART and
support to manage advanced cases, especially in populations with significant memory effects.
Figure 9b displays a three-dimensional surface plot with time (in days) on the x-axis, fractional
order τ on the y-axis (0.55 to 0.95), and the number of individuals on treatment (TH) on the
z-axis (2.50 to 2.70 in units of 106). The surface shows an initial decline followed by stabiliza-
tion, with a color gradient from purple to yellow, where lower τ values sustain higher treatment
levels. Figure 9b reflects the interplay of time and fractional order on treatment dynamics, with
lower τ values suggesting prolonged treatment efficacy due to memory effects. This indicates
that consistent ART access is vital in populations with lower τ , where treatment benefits persist
longer, improving survival rates.
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Figure 10a is a three-dimensional surface plot with axes labeled as Time (days) ranging from
0 to 40, Fractional Order τ from 0.55 to 0.95, and Total Exposed Humans (EH +EPEP ) scaled
from approximately 4.70× 107 to 5.00× 107. The surface exhibits a color gradient from purple
(lower values) to yellow (higher values), showing a jagged, oscillatory elevation that increases
sharply with time, particularly at lower τ , with pronounced peaks and valleys along the time
axis, forming a ridged terrain that smooths slightly at higher τ . Figure 10a demonstrates the
impact of fractional order τ on the dynamics of exposed individuals (EH+EPEP ) over short-term
periods, where lower τ (indicating stronger memory effects in the fractal-fractional model) leads
to more volatile oscillations in exposure levels, reflecting delayed progression (σ1, σ2) and pro-
phylaxis failures ((1− ε1)λH , (1− ε2)σ2). This implies that incorporating noninteger derivatives
captures realistic heterogeneities in HIV exposure, suggesting interventions like enhanced PEP
(θ) could dampen surges in high-memory scenarios to prevent rapid accumulation of latently
infected populations. Figure 10b presents a three-dimensional surface plot with time (days)
from 0 to 40 on one axis, fractional order τ from 0.55 to 0.95 on another, and total exposed
(EH + IH + EPEP ) – likely a summation including treated or related classes – ranging from
5.84× 106 to 6.00× 106. Colored from dark blue/purple (low) to yellow (high), the surface rises
with time in a jagged, oscillatory manner, with denser ridges at lower τ and a more gradual
incline at higher values, exhibiting persistent fluctuations along both time and τ . Figure 10b
illustrates how fractional order τ influences the combined exposed and infected compartments
(EH + IH + EPEP ), with lower τ amplifying cyclic behaviors due to the Mittag-Leffler kernel’s
memory in transitions (σ1 → IH , θ1 → TH), highlighting that fractal-fractional modeling re-
veals sustained epidemic waves in HIV progression. This signifies the biological advantage of
higher τ (closer to integer-order) for stabilizing infection loads, underscoring the need for timely
ART (θ1, θ2) to mitigate memory-driven rebounds in viral spread. Figure 11a depicts a three-
dimensional surface plot with axes for Time (days) 0 to 40, Fractional Order τ 0.55 to 0.95, and
Total Susceptible (SH + SPrEP ) from −1.50 × 106 to 1.00 × 106, though negative values may
indicate modeling artifacts or scaling issues. The color transitions from purple (negative/low)
to yellow (high), forming a declining surface with oscillatory ridges that deepen over time, more
pronounced at lower τ , resembling a descending, wavy plane with irregular drops. Figure 11a
explores the evolution of susceptible populations (SH+SPrEP ) under fractional dynamics, where
lower τ exacerbates depletions due to intensified force of infection λH and PrEP transitions (ωH),
potentially leading to unrealistic negatives as artifacts of numerical simulation. This biologically
emphasizes that fractal memory effects accelerate susceptibility loss through exposure, advocat-
ing for boosted PrEP efficacy (ε1) and entry rates (Λ) to sustain population resilience against
cyclic HIV incursions. Figure 12a shows a three-dimensional surface plot with γH (Contact rate)
from 0 to 1.0, γ (Number of partners) from 0 to 10, and R0 modification factor from 0 to 8.
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The surface uses a color gradient from purple (low) to red (high), rising steeply in a block-like
manner with higher values at elevated γH and γ, forming a smooth, ascending plateau with
minimal oscillations. Figure 12a highlights the synergistic effect of contact rate γH and partner
number γ on the basic reproduction number R0H modification, where increases in both amplify
transmission potential via λH = (1−ςΨ)γγH(IH+A+ηTH)

N , leading to epidemic thresholds. This
implies that behavioral interventions reducing γ or γH (e.g., education on safer practices) are
crucial to cap R0H below unity, preventing sustained HIV outbreaks in high-risk networks.
Figure 12b is a three-dimensional surface plot with σ1 (Progression rate of exposed individuals)
from 2.0 to 6.0, ρ1 (Progression rate to AIDS) from 0.00 to 0.14, and R0 from 0 to 3.0. Colored
from blue (low) to yellow (high), the surface appears as a stepped, blocky incline with dotted
or grid-like patterns, peaking at higher σ1 and lower ρ1, with a relatively flat high region tran-
sitioning to lows. Biologically, Figure 12b examines how progression rates σ1 (from EH) and ρ1
(from IH to A) modulate R0H , with faster σ1 elevating reproduction by shortening latency and
increasing infectious periods, while higher ρ1 tempers it via quicker AIDS advancement and mor-
tality (δA). This biologically suggests optimizing diagnostic timing to slow σ1 and ρ1, thereby
reducing overall transmissibility and averting progression to severe stages in HIV dynamics. Fig-
ure 13a displays a three-dimensional surface plot with ε1 (Efficacy of PrEP) from 0 to 1.0, ε2
(Efficacy of PEP)/η (modification for treatment) from 0 to 0.8, and R0 modification factor from
0 to 7. The color shifts from dark blue (low) to yellow (high), forming a layered, block-like
structure with higher values at lower efficacies, exhibiting stepwise increases along the axes. Fig-
ure 13a reveals the interplay of PrEP efficacy ε1, PEP efficacy ε2, and treatment reduction η,
where lower efficacies inflate R0H by heightening failure rates ((1− ε1)λH , (1− ε2)σ2) and sus-
taining infectivity in TH . This indicates that enhancing prophylactic and therapeutic efficacies
synergistically suppresses reproduction, biologically supporting integrated strategies to minimize
exposure transitions and achieve epidemic control. Figure 13b illustrates a three-dimensional
surface plot (representing four dimensions via color) with ς (Compliance rate for condom usage)
from 0 to 1.0, Ψ (Efficacy of condoms) from 0 to 0.8, and θH (Natural mortality) from 0.0100
to 0.0275, with R0 from 0 to 5 colored blue (low) to yellow (high). The surface forms a grid of
blocky elevations, peaking at low ς/Ψ and high θH , with segmented layers. Figure 13b assesses
how condom adherence ς, efficacy Ψ, and mortality θH affect R0H , with poor condom metrics
boosting transmission through (1 − ςΨ) in λH , while higher θH counterintuitively lowers R0H

by removing individuals faster. This biologically underscores promoting condom use to reduce
effective contacts, outweighing mortality effects, for long-term HIV containment in populations.
Figure 14b is a two-dimensional line plot with Basic Reproduction Number R0H from 1.0 to 4.0
on the y-axis and Time (months) from 0 to 25 on the x-axis. Curves are color-coded for γH (Con-
tact rate): γH = 0.3 (blue), 0.4 (orange), 0.5 (green), 0.6 (red), 0.7 (purple), showing sinusoidal
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oscillations with a period of about 10 months, where higher γH yields greater amplitudes and
peaks up to 3.8. Figure 14b shows the sensitivity of R0H to contact rate γH , with increases in-
tensifying oscillatory transmission due to elevated λH , signifying periodic epidemic resurgences.
This highlights the biological imperative for contact-reducing measures (e.g., social distancing
or education) to flatten curves and maintain R0H below critical thresholds. Figure 15a presents
a two-dimensional line plot with R0H from 2.0 to 4.0 on the y-axis and Time (months) 0 to 25
on the x-axis. Parameter Ψ (Condom efficacy) varies: Ψ = 0.3 (blue), 0.5 (orange), 0.7 (green),
0.8 (red), 0.9 (purple), with oscillations of 10-month periods, lower Ψ corresponding to higher
peaks and amplitudes. Figure 15a indicates that diminishing condom efficacy Ψ escalates R0H

fluctuations via weakened protection in (1 − ςΨ), promoting cyclic infections. This biologically
advocates for high-efficacy prophylactics to stabilize dynamics and curb HIV spread over time.
Figure 15b depicts a two-dimensional line plot with R0H from 0.5 to 4.5 on the y-axis and Time
(months) 0 to 25 on the x-axis. Curves for ε1 (PrEP effectiveness): ε1 = 0.5 (blue), 0.6 (orange),
0.7 (green), 0.8 (red), 0.9 (purple), exhibiting sinusoidal waves with 10-month cycles, higher ε1
linked to lower overall levels and damped amplitudes. Biologically, Figure 15b demonstrates
that boosting PrEP effectiveness ε1 mitigates R0H oscillations by reducing failure to exposure
((1−ε1)λH), leading to smoother epidemic control. This signifies the biological value of advanced
PrEP formulations in preventing periodic HIV upticks and achieving sustained suppression.

The Figure 16a depicts a two-dimensional line plot with the basic reproduction number R0H

on the y-axis ranging from approximately 1.0 to 3.5 and time in months on the x-axis spanning
0 to 25. Multiple colored curves represent different values of the parameter γ (number of sexual
partners per individual), specifically γ = 2.0 (blue), γ = 3.0 (orange), γ = 4.0 (green), γ = 5.0

(red), and γ = 6.0 (purple). Each curve exhibits sinusoidal oscillations with a consistent period
of about 10 months, starting at higher initial values for larger γ (around 3.2 for γ = 6.0) and
decreasing in amplitude over time, though the oscillations persist without fully damping to equi-
librium. Biologically, the Figure 16a illustrates the sensitivity of the basic reproduction number
R0H to variations in γ, highlighting how an increase in the average number of sexual partners
amplifies the oscillatory behavior and elevates the overall transmission potential of HIV/AIDS.
Higher γ values lead to greater force of infection λH = (1−ςΨ)γγH(IH+A+ηTH)

N , resulting in more
pronounced peaks in R0H , which signify periods of heightened epidemic risk; this underscores the
importance of interventions reducing partner concurrency to mitigate cyclic surges in infection
rates. Figure 16b shows a two-dimensional line plot with R0H on the y-axis from about 1.5 to
3.5 and time in months on the x-axis from 0 to 25. Curves are color-coded for different values of
χ (rate of reversion to the HIV-only group due to reduced viral load), including χ = 0.05 (blue),
χ = 0.1 (orange), χ = 0.15 (green), χ = 0.2 (red), and χ = 0.25 (purple). The lines display
oscillatory patterns with a period of roughly 10 months, where higher χ corresponds to higher
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amplitude and peak values, starting near 3.3 for χ = 0.25 and showing slight damping over time.
Figure 16b demonstrates that increasing the reversion rate χ from treatment TH back to IH exac-
erbates fluctuations in R0H , as it allows more individuals to re-enter the infectious pool without
sustained viral suppression, thereby prolonging epidemic waves; this emphasizes the need for
improved treatment adherence to minimize such reversions and stabilize transmission dynamics.
Figure 17a presents a two-dimensional line plot with R0H scaled from 1.8 to 3.0 on the y-axis
and time from 0 to 25 months on the x-axis. Parameter Θ (reduced disease-induced mortality
in the treatment group) varies across curves: Θ = 0.3 (blue), Θ = 0.4 (orange), Θ = 0.5 (green),
Θ = 0.6 (red), and Θ = 0.7 (purple). Oscillations are evident with a period of about 10 months,
and higher Θ values yield lower overall R0H levels and reduced oscillation amplitudes, indicating
a stabilizing effect. Biologically, Figure 17a reveals that enhancing Θ, which lowers mortality in
treated individuals via ΘδT , dampens R0H oscillations and reduces average transmission rates
by prolonging survival in TH with lower infectivity (η < 1), suggesting that therapies improving
survival outcomes can help control epidemic cycles and lower long-term prevalence. Figure 17b
is a two-dimensional line plot featuring R0H from 1.8 to 3.0 on the y-axis and time from 0 to
25 months on the x-axis. It varies δI (disease-induced mortality rate for HIV-infected individ-
uals): δI = 0.03 (blue), δI = 0.04 (orange), δI = 0.05 (green), δI = 0.06 (red), and δI = 0.07

(purple). The curves oscillate sinusoidally with a 10-month period, where higher δI correlates
with lower peak R0H and milder fluctuations. Figure 17b indicates that elevating δI in the IH
compartment reduces R0H by removing infectious individuals faster, thereby shortening infec-
tious periods and attenuating epidemic oscillations; this highlights the dual-edged role of disease
mortality in curbing spread, though ethically, interventions should focus on prevention rather
than relying on higher death rates. Figure 18a displays a two-dimensional line plot with R0H

ranging from 1.8 to 2.8 on the y-axis and time from 0 to 25 months on the x-axis. Parameter δA
(disease-induced mortality for HIV/AIDS individuals) is varied: δA = 0.15 (blue), δA = 0.175

(orange), δA = 0.2 (green), δA = 0.225 (red), and δA = 0.25 (purple). Oscillatory behavior
persists with a period of approximately 10 months, and increasing δA slightly lowers the average
R0H and oscillation intensity.

Biologically, Figure 18a shows that higher δA in the A compartment marginally suppresses
R0H fluctuations by accelerating removal of advanced-stage infectives, reducing their contribu-
tion to λH ; however, the effect is less pronounced than for earlier stages, implying that targeting
progression rates like ρ1 may be more effective for biological control. Figure 18b illustrates a
two-dimensional line plot with R0H from 1.8 to 3.0 on the y-axis and time from 0 to 25 months
on the x-axis. It parameterizes δT (disease-induced mortality for treated individuals): δT = 0.01

(blue), δT = 0.015 (orange), δT = 0.02 (green), δT = 0.025 (red), and δT = 0.03 (purple). The
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lines exhibit 10-month periodic oscillations, with higher δT leading to elevated R0H peaks due to
shorter treatment durations. Figure 18b suggests that increasing δT amplifies R0H oscillations by
diminishing the benefits of treatment in TH , as faster mortality limits the low-infectivity period
(ηTH); this biologically stresses the value of therapies that minimize δT to extend suppressive
effects and stabilize epidemic trajectories. Figure 19a is a three-dimensional surface plot with
axes labeled as Exposed Class (EH) Population (0 to 1000), HIV-Only Class (IH) Population
(0 to 1000), and Treated Class (TH/A) Population (0 to 1000), using a color gradient from pur-
ple (low, ∼50) to yellow (high, ∼350) representing AIDS Class Population. The surface forms a
sloped, uneven block rising sharply along the Treated Class axis and more gradually along others,
with higher AIDS populations in regions of low exposure and high treatment/HIV-only. Biolog-
ically, Figure 19a explores interactions among exposed (EH), HIV-only (IH), and treated/AIDS
(TH + A) compartments, showing that AIDS prevalence escalates when treatment coverage is
high but exposure and untreated HIV are low, possibly due to prolonged survival leading to
accumulation in later stages; this signifies the need for balanced interventions addressing early
exposure (σ1) and treatment transitions (θ1, θ2) to prevent AIDS buildup. Figure 19b depicts
a three-dimensional surface plot with axes for Susceptible on PrEP (SPREP ) Population (0 to
1000), Exposed on PEP (EPEP ) Population (0 to 1000), and HIV-Only Class (IH) Population
(0 to 1000), colored from blue (low, ∼50) to yellow (high, ∼350) for AIDS Class Population.
The surface appears as a steep, block-like incline, with AIDS population peaking at high SPREP
and low EPEP /IH , forming a nearly flat high plateau transitioning to lower values. Figure 19b
(interpreting the color as a fourth dimension) highlights how prophylactic strategies interact with
infection stages, where high PrEP coverage (SPrEP ) correlates with elevated AIDS if PEP usage
(EPEP ) and untreated HIV (IH) are minimal, suggesting potential gaps in progression manage-
ment post-prophylaxis failure ((1−ε1)λH , (1−ε2)σ2); this biologically implies optimizing ε1 and
ε2 to reduce downstream AIDS despite strong prevention.

4.7 Advantages of the fractal-fractional order method over
classical integer-order models in HIV/AIDS modeling

The fractal-fractional order method offers significant advantages over classical integer-order dif-
ferential equation models when analyzing complex, real-world HIV epidemics. First, it incor-
porates memory effects through the fractional derivative (order τ ∈ (0, 1]), capturing how past
infections, delayed treatment initiation, and behavioral risk history influence current transmission
dynamics—critical in HIV where immune memory and cumulative exposure shape progression
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and infectivity. Second, the fractal dimension (parameter ψ) models heterogeneous contact pat-
terns in sexual or injection networks, reflecting clustered risk behaviors (e.g., in key populations)
that integer-order models assume away via mean-field approximations. Third, this dual structure
yields more accurate long-term predictions, particularly in simulating slow-decaying tails of in-
cidence under partial intervention coverage—patterns observed in mature epidemics but missed
by exponential decay in classical models. Fourth, the framework better reproduces empirical
data from cohort studies showing non-Markovian progression and sub-exponential growth, en-
hancing model validation and credibility. Finally, from a public health perspective, it provides
superior scenario analysis for combination prevention: It reveals how sustained PrEP, ART
scale-up, and condom promotion interact over decades to push R0H below unity and avoid back-
ward bifurcation traps—insights essential for achieving and sustaining the UNAIDS 95-95-95
targets by 2030. While computationally intensive, these advantages make the fractal-fractional
approach the preferred tool for strategic, evidence-based HIV elimination planning in heteroge-
neous, memory-dependent populations.

5 Conclusion

The fractal-fractional order model developed in this research offers a robust framework for analyz-
ing HIV/AIDS transmission dynamics, significantly enhancing traditional integer-order models
by incorporating fractal-fractional derivatives. These derivatives combine fractional calculus,
which captures memory effects and long-term dependencies in disease progression, with fractal
geometry, which models self-similar, heterogeneous transmission patterns across diverse popula-
tion scales. This approach is particularly effective for HIV/AIDS, as it accounts for the nonlocal
nature of infection dynamics and complex contact structures, providing a more accurate rep-
resentation of real-world epidemic behavior. By integrating PrEP, PEP, and ART, the model
demonstrates their partial efficacy in reducing the force of infection and overall disease burden.
Analytical proofs confirm solution positivity, boundedness, and global asymptotic stability at
the endemic equilibrium when R0H > 1. Sensitivity analysis underscores the critical influence
of natural mortality, progression rates, contact rates, and treatment initiation on transmis-
sion dynamics, while parameter fitting to South African data validates the model’s predictive
power, forecasting a substantial 28% decline in new infections by 2033 with sustained ART
coverage. Numerical simulations further reveal that lower fractional orders intensify oscillatory
behaviors in infected compartments, emphasizing the need for consistent prophylactic adherence
and early treatment to prevent epidemic resurgence. Compared to integer-order models, the
fractal-fractional framework better fits empirical data and offers deeper insights into multi-scale
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dynamics, informing optimized resource allocation for epidemic control. Future extensions could
incorporate spatial heterogeneity and emerging viral variants to enhance the model’s applicabil-
ity. Numerical simulations reveal that enhancing the synergistic effects of condoms, prophylaxis,
and antiretroviral drugs will significantly reduce the burden of HIV/AIDS in the human popu-
lation.

Recommendations for the Public

1. Sustain and expand ART access to ensure consistent treatment, particularly in high-
prevalence regions like South Africa, by reducing cost, stigma, and logistical barriers.

2. Promote consistent PrEP and PEP use through community outreach and subsidized access
to reduce infection rates in high-risk groups.

3. Enhance early testing and diagnosis through intensified HIV testing campaigns to prevent
progression to AIDS and reduce transmission risk.

4. Reduce high-risk contact behaviors, such as multiple sexual partners, by promoting safe
practices like condom use through targeted education.

5. Support long-term adherence to interventions to prevent epidemic resurgence, emphasizing
consistent treatment and prophylaxis commitment.

5.1 Limitations of the Model

The fractal-fractional order approach, while powerful in capturing memory effects, behavioral
heterogeneity, and long-term dynamics in HIV transmission, has several important limitations.
First, the method introduces additional parameters (fractional order τ and fractal dimension
ψ), which require careful calibration using longitudinal cohort or surveillance data—data that
are often incomplete or unavailable in low-resource settings. Misestimation of these parameters
can lead to biased projections of R0H , equilibrium prevalence, or intervention impact. Second,
the increased computational complexity of solving fractal-fractional systems—especially with
the Adams–Bashforth scheme—demands significant processing power and time, limiting real-
time forecasting during public health emergencies. Third, interpretability is reduced; while
the model better reflects biological and social realism, the noninteger derivatives obscure direct
causal links, making it harder for policymakers to translate results into intuitive action. Finally,
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the assumption of uniform memory and fractal structure across populations may oversimplify
local variations in risk behavior, treatment adherence, or viral evolution. These limitations
suggest that while the fractal-fractional framework is valuable for strategic long-term planning
and theoretical insight, it should be complemented with simpler integer-order models for rapid
response and sensitivity analyses for parameter uncertainty in operational decision-making.

Areas for Future Research

1. Incorporate spatial heterogeneity into the HIV/AIDS model.

2. Model emerging HIV/AIDS variants.

3. Integrate stochastic effects into the model

4. Explore neural network enhancements.

5. Analyze time-dependent optimal control measures on the HIV/AIDS model.
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Abstract

In this study, a three-species Shigesada–Kawasaki–Teramoto (SKT) model was studied numer-
ically using the finite element method (FEM). The first step is to introduce the regularized
problem to the original problem. After that, some bounds of the solution to the regularized
problem are found in various spaces, which is considered the basic step to start the study. The
regularized problem is approximated using FEM, and then the existence of the solution to the
approximate problem is proven. Also, the approximate solutions’ bounds will be found, and
their spaces can be determined using these bounds. After that, the convergence of the approx-
imate solutions to the exact solutions will be studied, and these findings will be followed by an
examination of how the weak form of the approximate problem converges to the continuous
weak form. Thus, the existence of the solutions of the SKT model will be proven. Finally,
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the algorithm for the approximate problem will be presented, and the numerical results will be
introduced.

AMS subject classifications (2020): Primary 65N12, 65M60, 35D30.

Keywords: finite element, Shigesada–Kawasaki–Teramoto, convergence, weak solution.

1 Introduction

Partial differential equations (PDEs) play a fundamental role in modeling various physical phe-
nomena in science and engineering. Solving PDEs analytically can be challenging or even impos-
sible for many complex problems. In such cases, numerical methods come to the rescue. However,
numerical solutions may not always exist or be unique due to the nature of the PDE and the
boundary conditions involved. In such situations, a concept called “weak solutions” provides an
alternative way to tackle the problem. A weak solution is a more relaxed notion of a solution
that does not necessarily satisfy the PDE pointwise but instead fulfills it in a distributional or
integral sense. The concept of weak solutions is particularly useful for dealing with PDEs with
irregular data or complex geometries [37].

The existence of weak solutions can be proven by approximating the original PDE with a
sequence of simpler problems and showing the convergence of the approximate solutions to a
limiting solution that satisfies the PDE weakly. The first step is to convert the strong form
of the PDE into its weak form. This typically involves multiplying the PDE by a suitable test
function and integrating both sides over the domain. The next step involves choosing a numerical
method to approximate the weak formulation. The finite element method (FEM) is commonly
used for this purpose. In FEM, the domain is discretized into a finite number of elements,
and the unknown functions are approximated using piecewise polynomial basis functions. Then,
some bounds are found for the numerical solutions by performing a series of mathematical steps.
Next, a sequence of numerical approximations is considered as the mesh size tends to zero.
Then, the convergence analysis aims to show that as the mesh size tends to zero, the sequence
of numerical approximations converges to a limiting function in a suitable norm. It can then
be demonstrated that the limiting function satisfies the weak formulation of the original PDE.
Finally, with the convergence and the weak formulation satisfied, it can be concluded that the
limiting function is a weak solution to the original PDE. This method of proving the existence
of a weak formulation of PDE has been used previously in several studies; see, for example,
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[10, 9, 8, 11, 13, 12, 27, 28, 32, 30, 33, 31, 2, 3, 4, 5, 6]. Also, the FEM has been used and
analyzed recently to solve various problems; see, for example, [29, 15, 38, 40, 7, 36].

A self- and cross-diffusion population model refers to a computational or mathematical frame-
work that incorporates interactions within and between multiple populations. It allows for the
examination of both the dynamics within a single population and the interplay between different
populations. In such a model, individuals within a population interact with each other, influenc-
ing their behavior, characteristics, or attributes. Interactions between different groups of people
involve sharing information, resources, and other important factors. This kind of analysis is
used in many areas like public health, ecology, sociology, and economics to understand complex
systems with multiple interacting groups. By examining how these groups connect and interact,
researchers can learn more about their overall behavior, notice emerging trends, and see how
these dynamics between populations affect them all.

The Shigesada–Kawasaki–Teramoto (SKT) model is a mathematical tool created to help us
understand how different species interact within ecosystems. Developed by Shigesada, Kawasaki,
and Teramoto [39], this model uses a series of equations to track how the populations of predators
and their prey change over time. One key feature of the model is its assumption that, when
there are no predators around, prey populations can grow quickly. Meanwhile, the number of
predators relies heavily on how many prey are available. The SKT model also looks at various
factors, like how often predators catch their prey, how effectively they convert that prey into
their own body mass, and the mortality rates among both groups. It helps researchers explore
the relationship between these populations, including situations where populations stabilize or
fluctuate dramatically.

This model has been a valuable part of ecological studies, shedding light on topics like
predator-prey relationships, population cycles, and how environmental changes impact these
dynamics. In this paper, we take a closer look at the SKT model as it applies to three species,
incorporating cross-diffusion effects for one of them. The model has the following form: (Q) Find
{u, v, w} ∈ R≥0 × R≥0 × R≥0 such that

∂tu = ∆(θ1u+ θ11u
2) + (a1 − b1u− c1v − d1w)u, in O, t > 0, (1)

∂tv = ∆(θ2v + θ21uv + θ22v
2 + θ23vw) + (a2 − b2u− c2v − d2w)v,

inO, t > 0, (2)

∂tw = ∆(θ3w + θ33w
2) + (a3 − b3u− c3v − d3w)w, in O, t > 0, (3)
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∂u

∂ν
=
∂v

∂ν
=
∂w

∂ν
= 0, in ∂O, t > 0, (4)

u(x, 0) = u0(x), v(x, 0) = v0(x), w(x, 0) = w0(x), in O. (5)

In this model, we have a bounded and connected open area O shaped like a polygon in three-
dimensional space or less. The boundary of this area, referred to as the Lipschitz boundary,
is denoted by the symbol ∂O. Additionally, ν represents the outward unit normal vector at
the boundary. This setup helps in understanding the geometric and mathematical properties of
the region we’re studying. This model, proposed in [39], is used to describe spatial segregation
processes in populations of interacting species. In this context, u = u(x, t), v = v(x, t), and
w = w(x, t) represent the densities of three competing species. The parameters θ1, θ2, and θ3

represent diffusion coefficients, while θ11, θ22, and θ33 correspond to self-diffusion coefficients.
The coefficients θ21 and θ23 describe cross-diffusion, which reflects the population fluxes of one
species influenced by the presence of other species. The cross-diffusion coefficient can assume
positive, negative, or zero values. Additionally, a1, a2, and a3 denote intrinsic growth rates, b1, c2,
and d3 account for intraspecific competition, and c1, d1, b2, d2, b3, and c3 represent inter-specific
competition coefficients.

The existence and properties of weak global solutions for cross-diffusion population models
are challenging and are a subject of ongoing research in mathematical biology and PDEs. The
notion of weak solutions allows for the possibility of certain singularities or discontinuities in
the solutions while satisfying the PDEs on a global scale. There is a wide range of research
and literature on cross-diffusion population models, and several papers discuss the existence and
behavior of weak global solutions; see, for example, [16, 17, 34, 21, 18].

Numerous research studies have delved into the numerical analysis of nonlinear cross-diffusion
population models. Specifically, the attraction-repulsion chemotaxis model has been investigated
using FEM in [25, 26]. This research provides a fully discrete FEM for the regularized problem
and establishes the existence of approximate solutions. Convergence of this FEM, both in spatial
and temporal domains, was examined separately. Furthermore, in [23, 24], finite element solutions
for the Keller–Segel equations with additional cross-diffusion and logistic source terms were
demonstrated to exist. The research also proved the convergence of the approximate solutions
in both space and time. Another set of studies (see [32, 30, 33]) focused on a fully discrete
FEM for different models: The Keller-Segel model, the two-species chemotaxis system with two
chemicals, and the chemotaxis-growth model with indirect attractant production, respectively.
Notably, these studies achieved simultaneous convergence of the numerical solutions concerning
both time and space by modifying the regularized method. This marks a significant advancement
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in the study of the convergence of numerical solutions for such problems. The present work aims
to develop and generalize the ideas discussed in the aforementioned articles, with a focus on
addressing the treatment of self-cross-diffusion terms, which are prevalent in the current system.
Moreover, this work investigates the existence of weak solutions for the three-species SKT model
with self- and cross-diffusion terms using the FEM.

This paper focuses on the FEM of the three-species SKT system. A significant contribution
of this work is the verification of the existence of a weak global solution to this system utilizing
the FEM. The following section introduces the key definitions that will be utilized throughout
the paper. In Section 3, the regularized problem of (Q) is introduced, and certain bounds for
the solutions of the regularized problem are established. Next, in Section 4.1, FEM for spatial
discretization and the forward finite difference method for time discretization are employed to
approximate the regularized problem. The existence of the solution to the approximate problem
is proven in Section 4.2 through the use of the fixed point theorem. To determine the spaces to
which the approximate solutions belong, various bounds for the solutions are explored in Section
5. The uniqueness of the approximated solutions is then shown in Section 6. Section 7 deals with
the examination of the convergence of the approximate solutions to the exact solutions, along
with the convergence of the weak form of the approximate problem (Q). Finally, in Section 8, an
algorithm for computing the numerical solutions is presented. This paper expands and develops
upon the ideas studied in [10, 9, 8, 11, 13, 12].

2 Notation

Let us begin by presenting the following Sobolev theorem:

H1(O)
c
↪→ Lι(O) ↪→ (H1(O))′ holds for ι ∈


[1,∞] if d = 1,

[1,∞) if d = 2,

[1, 6] if d = 3,

(6)

where we utilize the notation ↪→ to denote continuous embedding. Furthermore, it has been
demonstrated through the Rellich–Kondrachov theorem, as seen in [14, p. 114] and [19, p. 8],
that the embedding in (6) is compact. In the case when d = 3, the range for ι changes from
ι ∈ [1, 6] to ι ∈ [1, 6). We will denote the compact embedding using the symbol c

↪→. Also, the
following relationship will be necessary:

〈ϑ, η〉 = (ϑ, η), for all ϑ ∈ L2(O) and η ∈ H1(O). (7)
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We also recall the Gagliardo–Nirenberg inequality [1] as follows: Let λ ∈ [1,∞], r ≥ 1, and
ϑ ∈W r,λ(O). Then, there exist a constant C and γ = d

r

(
1
λ −

1
ι

)
such that

‖ϑ‖0,ι ≤ C‖ϑ‖1−γ0,λ ‖ϑ‖
γ
r,λ holds for ι ∈


[λ,∞] if r− d

λ > 0,

[λ,∞) if r− d
λ = 0,

[λ,− d
r−d/λ ] if r− d

λ < 0.

(8)

We require the Sobolev interpolation result [14]: For ϑ ∈ H1(O), there exist a constant C and
γ = 2d(ι−1)

ι(d+2) such that the following inequality holds:

‖ϑ‖0,ι ≤ C‖ϑ‖1−γ0,1 ‖ϑ‖
γ
1 holds for ι ∈


[1,∞] if d = 1,

[1,∞) if d = 2,

[1, 6] if d = 3.

(9)

We also invoke the embedding compactness result stated in [35, p. 58]. According to this result,
consider three Banach spaces: Y0, Y1, and Y2, where Y0 and Y2 are reflexive and Y0

c
↪→ Y1 ↪→ Y2.

Also, let
H = {ϑ : ϑ ∈ Lι1(0, T ;Y0),

∂ϑ

∂t
∈ Lι2(0, T ;Y2)},

where T <∞ and 1 < ι1, ι2 <∞. Then

H c
↪→ Lι1(0, T ;Y1). (10)

The frequently used Hölder’s inequality can be stated as follows: For 1 ≤ r1, r2 ≤ ∞ with
1
r1

+ 1
r2

= 1, if ϑ1 ∈ Lr1(O) and ϑ2 ∈ Lr2(O), then ϑ1ϑ2 ∈ L1(O) and

‖ϑ1ϑ2‖0,1 =

∫
O

|ϑ1ϑ2|dx ≤
(∫

O

|ϑ1|r1dx
) 1
r1
(∫

O

|ϑ2|r2dx
) 1
r2

= ‖ϑ1‖0,r1‖ϑ2‖0,r2 . (11)

Applying the above inequality twice leads to the generalization result in the form:

‖ϑ1ϑ2ϑ3‖0,1 =

∫
O

|ϑ1ϑ2ϑ3|dx

≤
(∫

O

|ϑ1|r1dx
) 1
r1
(∫

O

|ϑ2|r2dx
) 1
r2
(∫

O

|ϑ3|r3dx
) 1
r3

= ‖ϑ1‖0,r1‖ϑ2‖0,r2‖ϑ3‖0,r3 , (12)
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for 1 ≤ r1, r2, r3 ≤ ∞ such that 1
r1

+ 1
r2

+ 1
r3

= 1.

The following inequality is also needed:

(r1 − r2)
2 ≥ r21

2
− r22, for all r1, r2 ∈ R. (13)

We need the following essential inequalities, which are valid for all χ ∈ R, which can be
expressed as follows:

(1− χ) = [1− χ]− + [1− χ]+ ≤ [1− χ]+ ≤ 1− [χ]−, (14)

(χ− 1) = [χ− 1]− + [χ− 1]+ ≥ [χ− 1]− ≥ [χ]− − 1, (15)

where [χ]+ = max{χ, 0} and [χ]− = min{χ, 0}.

3 A regularized problem

To assure a well-defined entropy inequality in the multidimensional existence proof, an entropy
function must be established. This step is critical in our finite element approximation of problem
(Q). To create a well-defined entropy inequality, we construct a function G ∈ C∞(R>0) with the
conditions γG′′(γ) = 1 and G(1) = 0. This function G : R≥0 → R≥0 is defined as follows:

G(γ) := (ln γ − 1)γ + 1, (16)

and hence,
G′(γ) = ln γ, G′′(γ) =

1

γ
. (17)

By multiplying (1), (2), and (3) by (θ21)
2

θ11θ22
G′(u), G′(v), and (θ23)

2

θ22θ33
G′(w), respectively, integrating

over O, considering (4), (5) and the fact that λ∇G′(λ) = ∇λ, and utilizing Young’s inequality,
we obtain that

d

dt

∫
O

G(v)dx +

∫
O

θ2|∇v|2v−1dx +

∫
O

θ21uv
−1|∇v|2dx

−
∫
O

(θ21)
2

2θ22
|∇u|2dx +

∫
O

θ22|∇v|2dx− (θ23)
2

2θ22
|∇w|2dx

+

∫
O

θ23wv
−1|∇v|2dx ≤

∫
O

a2vG
′(v)dx−

∫
O

b2uvG
′(v)dx

−
∫
O

c2v
2G′(v)dx−

∫
O

d2wvG
′(v)dx, (18)
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and

d

dt

∫
O

(θ23)
2

θ22θ33
G(w)dx +

∫
O

θ3(θ23)
2

θ22θ33
w−1|∇w|2dx +

∫
O

2(θ23)
2

θ22
|∇w|2dx

=

∫
O

a3(θ23)
2

θ22θ33
wG′(w)dx−

∫
O

b3(θ23)
2

θ22θ33
uwG′(w)dx

−
∫
O

c3(θ23)
2

θ22θ33
vwG′(w)dx−

∫
O

d3(θ23)
2

θ22θ33
w2G′(w)dx. (19)

Combining the above equations and rearranging the terms results in

d

dt

∫
O

[
(θ21)

2

θ11θ22
G(u) +G(v) +

(θ23)
2

θ22θ33
G(w)

]
dx

+

∫
O

θ1(θ21)
2

θ11θ22
|∇u|2u−1dx +

∫
O

3(θ21)
2

2θ22
|∇u|2dx

+

∫
O

θ2|∇v|2v−1dx +

∫
O

θ21uv
−1|∇v|2dx +

∫
O

θ22|∇v|2dx

+

∫
O

θ23wv
−1|∇v|2dx +

∫
O

θ3(θ23)
2

θ22θ33
w−1|∇w|2dx +

∫
O

3(θ23)
2

2θ22
|∇w|2dx

≤
∫
O

a1(θ21)
2

θ11θ22
uG′(u)dx−

∫
O

b1(θ21)
2

θ11θ22
uG′(u)dx

−
∫
O

c1(θ21)
2

θ11θ22
vuG′(u)dx−

∫
O

d1(θ21)
2

θ11θ22
wuG′(u)dx +

∫
O

a2vG
′(v)dx

−
∫
O

b2uvG
′(v)dx−

∫
O

c2v
2G′(v)dx−

∫
O

d2wvG
′(v)dx

+

∫
O

a3(θ23)
2

θ22θ33
wG′(w)dx−

∫
O

b3(θ23)
2

θ22θ33
uwG′(w)dx

−
∫
O

c3(θ23)
2

θ22θ33
vwG′(w)dx−

∫
O

d3(θ23)
2

θ22θ33
w2G′(w)dx. (20)

The bound (20) is strictly formal since we are unable to predict a priori that u(x, t) ∈ R>0 for
G to be well-defined and the fourth term on the left to be positive. A regularization approach is
required to properly establish this constraint and build a numerical approximation for problem
(Q). We thus use an alternate regularization approach, where the function G ∈ C2(R>0) is
replaced by a regularized function Gϱ : R→ R≥0, where % ∈ (0, e−1), such that

Gϱ(γ) :=


γ2−ϱ2

2ϱ + (ln %− 1)γ + 1, γ ≤ %,
(ln γ − 1)γ + 1, % ≤ γ ≤ %−1,

γ2−ϱ2
2ϱ−1 + (ln %−1 − 1)γ + 1, %−1 ≤ γ.

(21)

Therefore, Gϱ ∈ C2,1(R), where the first two derivatives of Gϱ are provided as follows:
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G′
ϱ(γ) :=


%−1γ + ln %− 1, γ ≤ %,

ln γ, % ≤ γ ≤ %−1,

%γ + ln %−1 − 1, %−1 ≤ γ,
(22)

and

G′′
ϱ(γ) :=


1
ϱ , γ ≤ %,
1
γ , % ≤ γ ≤ %

−1,

%, %−1 ≤ γ,
(23)

respectively. The function ξϱ : R→ [%, %−1] is presented in the following form:

ξϱ(γ) := [G′′
ϱ(γ)]

−1 :=


%, γ ≤ %,
γ, % ≤ γ ≤ %−1,
1
ϱ , %−1 ≤ γ.

(24)

In addition, we take into account the following features that are associated with the function
Gϱ(γ) and ξϱ(γ):

• for all % ∈ (0, e−1) and for all γ ≤ 0, it follows that

Gϱ(γ) ≥
γ2

2%
. (25)

• for all % ∈ (0, e−1) and for all γ ≥ 0, we have that

Gϱ(γ) ≥
%γ2

2
− 1. (26)

• Additionally, it is straightforward to show that for all % ∈ (0, e−1) and for all γ ∈ R, we
have the following results:

max{ξϱ(γ), γG′
ϱ(γ)} ≤ 2Gϱ(γ) + 1, (27)

ξϱ(γ)G
′
ϱ(γ) ≥ γ − 1. (28)

Taylor’s theorem implies that for any function G ∈ C2(R), we have the following result:

(γ − r̂)G′(γ) = G(γ)−G(r̂) +
(γ − r̂)2

2
G′′(υ), (29)

for some υ between γ and r̂. Here is the analogical regularized version of problem (Q) for any
% ∈ (0, e−1):
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(Qϱ) Find {uϱ, vϱ, wϱ} ∈ R≥0 × R≥0 × R≥0 such that

∂tuϱ =∇ · (θ1∇uϱ + 2θ11ξϱ(uϱ)∇uϱ) + a1uϱ − b1ξϱ(uϱ)ξϱ(uϱ)

− c1ξϱ(vϱ)ξϱ(uϱ)− d1ξϱ(wϱ)ξϱ(uϱ), x ∈ O, t > 0, (30)

∂tvϱ =∇ · (θ2∇vϱ + θ21ξϱ(vϱ)∇uϱ + θ21ξϱ(uϱ)∇vϱ

+ 2θ22ξϱ(vϱ)∇vϱ + θ23ξϱ(vϱ)∇wϱ + θ23ξϱ(wϱ)∇vϱ)

+ (a2vϱ − b2ξϱ(uϱ)ξϱ(vϱ)− c2ξϱ(vϱ)ξϱ(vϱ)

− d2ξϱ(wϱ)ξϱ(vϱ), x ∈ O, t > 0, (31)

∂twϱ =∇ · (θ3∇wϱ + 2θ33ξϱ(wϱ)∇wϱ) + (a3wϱ − b3ξϱ(uϱ)ξϱ(wϱ)

− c3ξϱ(vϱ)ξϱ(wϱ)− d3ξϱ(wϱ)ξϱ(wϱ)), x ∈ O, t > 0, (32)

∇uϱ · ν = ∇vϱ · ν = ∇wϱ · ν = 0 on ∂O× [0, T ], (33)

uϱ(·, 0) = uϱ0 , vϱ(·, 0) = vϱ0 , wϱ(·, 0) = wϱ0 , in O. (34)

Lemma 1. Given the initial conditions u0(x), v0(x), w0(x), where Gϱ(u
0(x)) ∈ L1(O) and

u0(x), v0(x) ∈ L2(O), and w0(x) ∈ L2(O), we can establish the existence of a positive con-
stant C (independent of the regularization parameter %) such that the solution of (Qϱ) satisfies
the following inequality:

sup
0≤t≤T

∫
O

[
uϱ

(θ21)
2

θ11θ22
Gϱ(uϱ) + vϱGϱ(vϱ) + wϱ

(θ23)
2

θ22θ33
Gϱ(wϱ)

]
dx

+

∫ T

0

∫
O

θ1(θ21)
2

θ11θ22

|∇uϱ|2

ξϱ(uϱ)
dxdt+

∫ T

0

∫
O

3(θ21)
2

2θ22
|∇uϱ|2dxdt

+

∫ T

0

∫
O

θ2
|∇vϱ|2

ξϱ(vϱ)
dxdt+

∫ T

0

∫
O

θ21ξϱ(uϱ)
|∇vϱ|2

ξϱ(vϱ)
dxdt

+

∫ T

0

∫
O

θ22|∇vϱ|2dxdt+
∫ T

0

∫
O

θ23ξϱ(wϱ)
|∇vϱ|2

ξϱ(vϱ)
dxdt

+

∫ T

0

∫
O

θ3(θ23)
2

θ22θ33

|∇wϱ|2

ξϱ(wϱ)
dxdt+

∫ T

0

∫
O

3(θ23)
2

2θ22
|∇wϱ|2dxdt ≤ C. (35)

Furthermore, we have that
sup

0≤t≤T

∫
O

|[uϱ]−|2dx ≤ C%. (36)
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Proof. After multiplying (30) by G′
ϱ(uϱ), integrating by parts over O, and rearranging the terms,

the resulting expression is as follows:

d

dt

∫
O

Gϱ(uϱ)dx +

∫
O

θ1
|∇uϱ|2

ξϱ(uϱ)
dx +

∫
O

2θ11|∇uϱ|2dx

=

∫
O

a1uϱG
′
ϱ(uϱ)dx−

∫
O

b1ξϱ(uϱ)ξϱ(uϱ)G
′
ϱ(uϱ)dx

−
∫
O

c1ξϱ(vϱ)ξϱ(uϱ)G
′
ϱ(uϱ)dx−

∫
O

d1ξϱ(wϱ)ξϱ(uϱ)G
′
ϱ(uϱ)dx, (37)

where we have used the fact that

ξϱ(λϱ)∇G′
ϱ(λϱ) = ∇λϱ. (38)

By observing (24), (27), (28), (14), the Young’s inequality, and (25), we can deduce that∫
O

a1uϱG
′
ϱ(uϱ)dx−

∫
O

b1ξϱ(uϱ)ξϱ(uϱ)G
′
ϱ(uϱ)dx

−
∫
O

c1ξϱ(vϱ)ξϱ(uϱ)G
′
ϱ(uϱ)dx−

∫
O

d1ξϱ(wϱ)ξϱ(uϱ)G
′
ϱ(uϱ)dx

≤
∫
O

[(2a1 + 4b1 + c1 + d1)Gϱ(uϱ) + C + 3c1Gϱ(vϱ) + 3d1Gϱ(wϱ)]dx.

(39)

By substituting (39) into (37), we obtain that

d

dt

∫
O

Gϱ(uϱ)dx +

∫
O

θ1
|∇uϱ|2

ξϱ(uϱ)
dx +

∫
O

2θ11|∇uϱ|2dx

≤
∫
O

[(2a1 + 4b1 + c1 + d1)Gϱ(uϱ) + C + 3c1Gϱ(vϱ) + 3d1Gϱ(wϱ)]dx. (40)

Similarly, by multiplying (31) by G′
ϱ(vϱ) and (32) by G′

ϱ(wϱ), integrating over O, and applying
integration by parts, along with the utilization of (38) and Young’s inequality, we can derive the
following results:

d

dt

∫
O

Gϱ(vϱ)dx +

∫
O

θ2
|∇vϱ|2

ξϱ(vϱ)
dx−

∫
O

(θ21)
2

2θ22
|∇uϱ|2dx +

∫
O

θ21ξϱ(uϱ)
|∇vϱ|2

ξϱ(vϱ)
dx

+

∫
O

θ22|∇vϱ|2dx−
∫
O

(θ23)
2

2θ22
|∇wϱ|2dx +

∫
O

θ23ξϱ(wϱ)
|∇vϱ|2

ξϱ(vϱ)
dx

≤
∫
O

[(2a2 + 4c2 + b2 + d2)Gϱ(vϱ) + C + 3b2Gϱ(uϱ) + 3d2Gϱ(wϱ)]dx, (41)
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and

d

dt

∫
O

(θ23)
2

θ22θ33
Gϱ(wϱ)dx +

∫
O

θ3
|∇wϱ|2

ξϱ(wϱ)
dx +

∫
O

2θ33|∇wϱ|2dx

≤
∫
O

[(2a3 + 4d3 + c3 + b3)Gϱ(wϱ) + C + 3c3Gϱ(vϱ) + 3b3Gϱ(uϱ)]dx. (42)

By multiplying (40) and (43) by (θ21)
2

θ11θ22
and (θ23)

2

θ22θ33
respectively, and then summing the results

with (41) and rearranging the terms, we obtain that

d

dt

∫
O

[
uϱ

(θ21)
2

θ11θ22
Gϱ(uϱ) + vϱGϱ(vϱ) + wϱ

(θ23)
2

θ22θ33
Gϱ(wϱ)

]
dx

+

∫
O

θ1(θ21)
2

θ11θ22

|∇uϱ|2

ξϱ(uϱ)
dx +

∫
O

3(θ21)
2

2θ22
|∇uϱ|2dx +

∫
O

θ2
|∇vϱ|2

ξϱ(vϱ)
dx

+

∫
O

θ21ξϱ(uϱ)
|∇vϱ|2

ξϱ(vϱ)
dx +

∫
O

θ22|∇vϱ|2dx +

∫
O

θ23ξϱ(wϱ)
|∇vϱ|2

ξϱ(vϱ)
dx

+

∫
O

θ3(θ23)
2

θ22θ33

|∇wϱ|2

ξϱ(wϱ)
dx +

∫
O

3(θ23)
2

2θ22
|∇wϱ|2dx

≤ C
(∫

O

{
(θ21)

2

θ11θ22
Gϱ(uϱ) +Gϱ(vϱ) +

(θ23)
2

θ22θ33
Gϱ(wϱ)

}
dx + 1

)
. (43)

By utilizing the Grönwall lemma on (43), we can obtain the desired outcome mentioned in (35).
Moreover, by considering (35) and (25), we can directly derive the result stated in (36).

4 A finite element method

4.1 Notation

(A) Consider O as a polygonal domain in R2 or a polyhedral domain in R3. Let T h be a quasi-
uniform and right-angled partition of O into open simplices τ̃ with diameters hτ̃ and h denoting
the maximum diameter among the simplices. We have O = ∪τ̃∈T h τ̃ . Let (0, T ) be partitioned
into time steps δtn, where 0 = t0 < t1 < · · · < tN−1 < tN = T , and δt represents the maximum
time step size. Assume Xh as a subset of H1(O), the finite element space consisting of continuous
piecewise linear functions.

Xh := {ω ∈ C(O) : ω|τ̃ is linear, for all τ̃ ∈ T h}.
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We introduce the set {ηj}Jj=0 as the standard basis functions for Xh, where Xh is a finite
element space. These basis functions satisfy the property ηj(pi) = δij for i, j = 0, . . . , J,. Here,
N h := {pj}Jj=0 denotes the set of nodes of the partitioning T h. Moreover, we present that

Xh
≥0 := {ω ∈ Xh : ω(pj) ≥ 0, j = 0, . . . , J}

⊂ H1
≥0 := {Σ ∈ H1(O) : Σ ≥ 0 a.e. ∈ O}.

Define πh : C(O) → Xh as the Lagrange interpolation operator, also known as the piecewise
linear interpolant, which has the form

πhΣ(pj) := Σ(pj), for j = 0, . . . , J.

We can define a discrete L2 inner (semi-inner) product on Xh(C(O)) as follows:

(ϑ1, ϑ2)
h :=

∫
O

πh(ϑ1(x)ϑ2(x))dx =

J∑
j=0

M̂jj ϑ1(pj)ϑ2(pj), (44)

where M̂jj = (ηj , ηj)
h = (1, ηj) > 0. Taking (44) into consideration, it follows that

(ϑ1, ϑ2)
h = (πhϑ1, ϑ2)

h = (πhϑ1, π
hϑ2)

h, for all ϑ1, ϑ2 ∈ C(O). (45)

Here are some well-known results regarding the finite element space Xh and its induced discrete
semi-norm on C(O) and norm on Xh. The discrete semi-norm, denoted as | · |h, is defined as
| · |h := [(·, ·)h]1/2. It is widely recognized that | · |h is equivalent to the norm | · |0, defined as
| · |0 := [(·, ·)]1/2, in the following manner:

‖ω‖20 ≤ |ω|2h ≤ (d+ 2)‖ω‖20, for all ω ∈ Xh. (46)

As a consequence of the quasi-uniform condition (see [19, Theorem 3.2.6]), we include extra
inverse inequalities for future reference.

|ϑ|1,ς,”τ̃” ≤ Ch−1
”τ̃”|ϑ|0,ς,”τ̃”, 1 ≤ ς ≤ ∞, (47)

|ϑ|k,ς1,”τ̃” ≤ Ch
−d( 1

ς2
− 1
ς1

)

”τ̃” |ϑ|k,ς2,”τ̃”, 1 ≤ ς2 ≤ ς1 ≤ ∞, k ∈ {0, 1}. (48)

The interpolation results that we will need to use are as follows: For all ϑ ∈W 1,γ(O), γ ∈ [2,∞]

if d = 1 and γ ∈ (d,∞] if d = 2 or 3:
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|(I − πh)ϑ|k,γ ≤ Ch1−k|ϑ|1,γ , γ ∈ {0, 1}, (49)

lim
h→0
|(I − πh)ϑ|1,γ = 0. (50)

For all =1,=2 ∈ Xh, we will also require the following result (e.g., [20]):

|(=1,=2)− (=1,=2)
h| ≤ Ch1+m|=1|m,n1

|=2|1,n2
, (51)

for m ∈ {0, 1} and 1 ≤ n1, n2 ≤ ∞ with 1
n1

+ 1
n2

= 1.
The generalized version of (51) for future use is provided below. For any =1, ,=2, ,=3 ∈ Xh,

the following result holds:

|(=1,=2,=3)− (=1,=2,=3)
h| ≤ Ch2|=1|1,n1 |=2|1,n2 |=3|1,n3 , (52)

where 1 ≤ n1, n2, n3 ≤ ∞ with 1
n1

+ 1
n2

+ 1
n3

= 1.
We introduce, for any % ∈ (0, e−1), Ξϱ : X

h → [L∞(O)]d×d such that for all ω ∈ Xh and a.e
in O, we have that

Ξϱ(ω) is symmetric and positive definite, (53)

Ξϱ(ω)∇πh[G′
ϱ(ω)] = ∇ω. (54)

In the simple case of d = 1, we construct Ξϱ. Let ω ∈ Xh and τ̃ ∈ T h, with vertices pj and pk.
We define the following:

Ξϱ(ω)|τ̃ :=


ω(pk)−ω(pj)

G′
ϱ(ω(pk))−G′

ϱ(ω(pj))
= 1

G′′
ϱ (ω(ζ̂))

, forζ̂ ∈ τ̃ if ω(pk) 6= ω(pj),

1
G′′
ϱ (ω(pk))

if ω(pk) = ω(pj).
(55)

Since G′′
ε (s) > 0 and

∑J
j=0∇ηj = 0, it can be easily seen that the piecewise constant function

Ξε satisfies the conditions (53) and (54). Following [22], we extend the above construction to
d = 2 or 3. Let {ei}di=1 be the orthonormal vectors in Rd, such that the j-th component of
ei is δij , i, j = 1 → d. Given non-zero constants θi, i = 1 → d, let ̂̃τ({θi}di=1) be a reference
simplex in Rd with vertices {p̂i}di=1, where p̂0 is the origin and p̂i = p̂i−1 + θiei, i = 1 → d.
Given a τ̃ ∈ T h with vertices {pji}di=0, such that pj0 is not a right-angled vertex, then there
exists a rotation/reflection matrix Rτ̃ and non-zero constants {p̂i}di=1 such that the mapping
Rτ̃ : x̂ ∈ Rd → pj0 +Rτ̃ x̂ ∈ Rd maps the vertex p̂i to pji , and hence ̂̃τ ≡ ̂̃τ({θi}di=1) to τ̃ . For all
τ̃ ∈ T h and ω ∈ V h, we set

Ξϱ(ω)|τ̃ := Rτ̃ Ξ̂ϱ(ω̂)|̂̃τRTτ̃ , (56)

where Ξ̂ϱ(ω̂)|̂̃τ is the d× d diagonal matrix with diagonal entries, k = 1, . . . , d,
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[Ξ̂ϱ(ω̂)|̂̃τ ]kk :=



ω̂(p̂k)−ω̂(p̂j)
G′
ϱ(ω̂(p̂k))−G′

ϱ(ω̂(p̂j))
=

ω(pjk )−ω(pj0 )
G′
ϱ(ω(pjk ))−G′

ϱ(ω(pj0 ))

= 1
G′′
ϱ (ω(ζ̂))

for some ζ̂ between pjk and pj0
if ω(pjk) 6= ω(pj0),

1
G′′
ϱ (ω̂(p̂0))

= 1
G′′
ϱ (ω(pj0 ))

ifω(pjk) = ω(pj0).

(57)

For any given % ∈ (0, e−1), we consider the following fully discrete FEM of (Qϱ):
(Qh,δtϱ ) For n ≥ 1 find {Φ̂nϱ , Ψ̂nϱ , Θ̂nϱ} ∈ [Xh]3 such that for all ω ∈ Xh,

( Φ̂nϱ − Φ̂n−1
ϱ

δt
, ω
)h

+ (θ1∇Φ̂nϱ + 2θ11Ξϱ(Φ̂
n
ϱ )∇Φ̂nϱ ,∇ω)

= (a1Φ̂
n
ϱ − b1ξϱ(Φ̂n−1

ϱ )ξϱ(Φ̂
n
ϱ )− c1ξϱ(Ψ̂n−1

ϱ )ξϱ(Φ̂
n
ϱ )

−d1ξϱ(Θ̂n−1
ϱ )ξϱ(Φ̂

n
ϱ ), ω)

h, (58)

( Ψ̂nϱ − Ψ̂n−1
ϱ

δt
, ω
)h

+ (θ2∇Ψ̂nϱ + θ21Ξϱ(Ψ̂
n
ϱ )∇Φ̂nϱ + θ21Ξϱ(Φ̂

n
ϱ )∇Ψ̂nϱ

+2θ22Ξϱ(Ψ̂
n
ϱ )∇Ψ̂nϱ + θ23Ξϱ(Ψ̂

n
ϱ )∇Θ̂nϱ + θ23Ξϱ(Θ̂

n
ϱ )∇Ψ̂nϱ ,∇ω)

= (a2Ψ̂
n
ϱ − b2ξϱ(Φ̂n−1

ϱ )ξϱ(Ψ̂
n
ϱ )− c2ξϱ(Ψ̂n−1

ϱ )ξϱ(Ψ̂
n
ϱ )

−d2ξϱ(Θ̂n−1
ϱ )ξϱ(Ψ̂

n
ϱ ), ω)

h, (59)

and

( Θ̂nϱ − Θ̂n−1
ϱ

δt
, ω
)h

+ (θ3∇Θ̂nϱ + 2θ33Ξϱ(Θ̂
n
ϱ )∇Θ̂nϱ ,∇ω) (60)

= (a3Θ̂
n
ϱ − b3ξϱ(Φ̂n−1

ϱ )ξϱ(Θ̂
n
ϱ )− c3ξϱ(Ψ̂n−1

ϱ )ξϱ(Θ̂
n
ϱ )− d3ξϱ(Θ̂n−1

ϱ )ξϱ(Θ̂
n
ϱ ), ω)

h,

where Φ̂0
ϱ, Ψ̂

0
ϱ, Θ̂

0
ϱ ∈ Xh are given approximation of u0, v0, w0 ∈ C(O), respectively.

Lemma 2. Assuming the validity of assumptions (A), the function Ξϱ : Xh → [L∞(O)]d×d

satisfies the following result for a.e. in O and for all % ∈ (0, e−1):

%υTυ ≤ υTΞϱ(ω)υ ≤
1

%
υTυ, for all υ ∈ Rd, for all ω ∈ Xh. (61)

Lemma 3. The function Ξϱ : Xh → [L∞(O)]d×d is continuous for any % ∈ (0, e−1). This
continuity is defined in the sense that

‖(Ξϱ(=1)− Ξϱ(=2))|τ̃‖ ≤
2

%
‖=1 −=2‖0,∞,

for all =1, =2 ∈ Xh and for all τ̃ ∈ T h. (62)
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Lemma 4. Assume the assumptions (A) are valid. Then, the function ξϱ satisfies Let us suppose
that the assumptions (A) hold true. Under this assumption, the function ξϱ fulfills the following
results

‖∇πh[ξϱ(ω)]‖20 ≤ (∇ω,∇πh[ξϱ(ω)]), for all ω ∈ Xh. (63)

The objective of this document is to establish the existence of solutions to problem (Q) by
taking the limit % → 0 in the discrete problem. In order to accomplish this, bounds on the
approximate solution (QδtM ) have been derived, which are independent of %. It is important to
note that the goal is to simultaneously approach the limits % → 0 and δt → 0 in the discrete
model, where the relationship between % and δt is given by the condition δt = o(%) as %→ 0.

4.2 Existence of the approximations

Ensuring the correctness and dependability of computational models requires investigating the
existence of numerical solutions for PDEs using FEM. The existence of a numerical solution
establishes a strong mathematical basis and validates that the FEM formulation is well-posed
and able to approximate the system’s actual physical behavior. Numerical results could be
unstable or physically meaningless without this kind of verification. In order to create reliable
simulations in the fields of engineering, physics, and applied sciences, it is important to analyze
the existence and stability of FEM solutions.

To demonstrate the existence of Φ̂nϱ , Ψ̂nϱ and Θ̂nϱ , n ≥ 1 to the system (58), (59) and (60),
for given Φ̂n−1

ϱ , Ψ̂n−1
ϱ and Θ̂n−1

ϱ , it is useful to define the functions Mu : Xh × Xh → Xh,
Mv : X

h ×Xh → Xh and Mw : Xh ×Xh → Xh so that for all ω ∈ Xh, we have that

(Mu(Φ̂, Ψ̂, Θ̂), ω)h :=(Φ̂− Φ̂n−1
ϱ , ω)h + δt(θ1∇Φ̂ + 2θ11Ξϱ(Φ̂)∇Φ̂,∇ω)

− δt(a1Φ̂− b1ξϱ(Φ̂n−1
ϱ )ξϱ(Φ̂)− c1ξϱ(Ψ̂n−1

ϱ )ξϱ(Φ̂)

− d1ξϱ(Θ̂n−1
ϱ )ξϱ(Φ̂), ω)

h, (64)

(Mv(Φ̂, Ψ̂, Θ̂), ω)h := (Ψ̂− Ψ̂n−1
ϱ , ω)h + δt(θ2∇Ψ̂ + θ21Ξϱ(Ψ̂)∇Φ̂

+θ21Ξϱ(Φ̂)∇Ψ̂ + 2θ22Ξϱ(Ψ̂)∇Ψ̂

+θ23Ξϱ(Ψ̂)∇Θ̂ + θ23Ξϱ(Θ̂)∇Ψ̂,∇ω)

−δt(a2Ψ̂− b2ξϱ(Φ̂n−1
ϱ )ξϱ(Ψ̂)− c2ξϱ(Ψ̂n−1

ϱ )ξϱ(Ψ̂)

−d2ξϱ(Θ̂n−1
ϱ )ξϱ(Ψ̂), ω)h, (65)
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and

(Mw(Φ̂, Ψ̂, Θ̂), ω)h :=(Θ̂− Θ̂n−1
ϱ , ω)h + δt(θ3∇Θ̂ + 2θ33Ξϱ(Θ̂)∇Θ̂,∇ω)

− δt(a3Θ̂− b3ξϱ(Φ̂n−1
ϱ )ξϱ(Θ̂)

− c3ξϱ(Ψ̂n−1
ϱ )ξϱ(Θ̂)− d3ξϱ(Θ̂n−1

ϱ )ξϱ(Θ̂), ω)h. (66)

Firstly, it is worth noting that the continuous piecewise linear functions Mu, Mv and Mw can be
uniquely determined based on their values at the node points. This uniqueness can be observed
by setting ω ≡ ηj , for j = 0, . . . , J in (64), which subsequently leads to solvable square matrix
systems

M̂Mu(Φ̂, Ψ̂, Θ̂) = S1,

M̂Mv(Φ̂, Ψ̂, Θ̂) = S2,

M̂Mw(Φ̂, Ψ̂, Θ̂) = S3,

where M̂ is the lumped mass matrix and S1, S2 and S3 are given vectors in terms of the nodal
values of Φ̂, Ψ̂, Θ̂, Φ̂n−1

ϱ , Ψ̂n−1
ϱ and Θ̂n−1

ϱ thus, the functions Mu, Mv and Mw are well defined.

The problem (Qh,δtϱ ) can be restated based on (64), (65), and (66), in the following form:
For given {Φ̂0

ϱ, Ψ̂
0
ϱ, Θ̂

0
ϱ} ∈ Xh ×Xh ×Xh, find {Φ̂nϱ , Ψ̂nϱ , Θ̂nϱ} ∈ Xh ×Xh ×Xh, n ≥ 1, such that

Mu(Φ̂, Ψ̂, Θ̂) = 0, Mv(Φ̂, Ψ̂, Θ̂) = 0, Mw(Φ̂, Ψ̂, Θ̂) = 0. (67)

Lemma 5. The functions Mu,Mv,Mw : [Xh]3R → Xh, are continuous for any R > 0, where

[Xh]3R =

{
{=1,=2,=3} ∈ Xh ×Xh ×Xh : |=1|3h + |=3|2h + |=3|3h ≤ R2

}
.

Proof. By using a method similar to that used in [27, 28, 32], the aforementioned theorems can
be demonstrated.

Theorem 1. Assume the assumptions (A) are valid. Suppose that
{Φ̂n−1

ϱ , Ψ̂n−1
ϱ , Θ̂n−1

ϱ } ∈ Xh×Xh×Xh be given a solution to the (n−1)-th step of (Qh,δtϱ ), for some
n = 1, 2, . . . , N, then for all % ∈ (0, e−1), for all h > 0, and for all δt ≤ 1

2θi(2+ai)
, for all i =

1, 2 there exists a solution {Φ̂nϱ , Ψ̂nϱ , Θ̂nϱ} ∈ [Xh]3R to the n-th step of (Qh,δtϱ ).

Proof. The proofs of the above theorems can be established using a methodology analogous to
that employed in [30, 33, 31].
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To process the initial data in the fully-discrete approximation, we introduce the discrete
L2-projection Ph : L2(O)→ Xh, where Σ is given by

(PhΣ, ω)h = (Σ, ω), for all ω ∈ Xh. (68)

The above projection fulfills the following key outcomes [11]:

‖PhΣ‖0,∞ ≤ ‖Σ‖0,∞, for all Σ ∈ L∞(O), (69)

‖(I − Ph)Σ‖m,s ≤ Ch1−m‖Σ‖1,s, for all Σ ∈W 1,s(O), (70)

for any s ∈ [2,∞] and m ∈ {0, 1}. (71)

We define the “inverse Laplacian” operator Gq for any q ∈ (1, 2] as the mapping Gq :

(W 1,q′(O))′ →W 1,q(O) in the form

(∇GqΠ,∇Σ) + (GqΠ,Σ) = 〈Π,Σ〉q′ , for all Σ ∈W 1,q′(O), (72)

where 1
q +

1
q′ = 1 and 〈·, ·〉q′ denotes the duality pairing between (W 1,q′(O))′ and W 1,q′(O) such

that
〈Π,Σ〉q′ = (Π,Σ), for all Π ∈ L2(O), Σ ∈W 1,q′(O). (73)

The operator G is well-posed, which can be shown by the generalized Lax-Milgram theorem,
which guarantees the existence of a positive constant C satisfying the following inequality:

‖GqΠ‖1,q ≤ C‖Π‖(W 1,q′ (O))′ , for all Π ∈ (W 1,q′(O))′. (74)

We also introduce the operator G : (H1(O))′ → H1(O) in the form

(∇GΠ,∇Σ) + (GΠ,Σ) = 〈Π,Σ〉, for all Σ ∈ H1(O), (75)

where 〈·, ·〉 represents the duality pairing between (H1(O))′ and H1(O), so that

〈Π,Σ〉 = (Π,Σ), for all Π ∈ L2(O), Σ ∈ H1(O). (76)

We can also conclude, for q ∈ (1, 2],, that

‖ω‖0,q ≤ Ch−1‖Gqω‖1,q, for all ω ∈ Xh. (77)
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5 Stability bounds

To guarantee the accuracy, stability, and convergence of the results, bounds for the numerical
solution using FEM in various spaces must be established. These bounds ensure that the ap-
proximations meet the governing equations and boundary conditions across a range of spatial
domains, help regulate the behavior of the solution, and stop non-physical oscillations. The
numerical model may yield erratic or imprecise results in the absence of appropriate bounds,
particularly in complex geometries or heterogeneous media.

We develop a discrete version of the a priori estimates referred to in Lemma 4 in the next
section of this paper. The solutions Φ̂nϱ , Ψ̂

n
ϱ , Θ̂

n
ϱ are also shown to have a number of uniform

bounds that are independent of the parameters %, h, and δt. Because they guarantee the stability
of different norms of the numerical solutions, these constraints are extremely significant. Our
main objective is to show that the issue (Q) has weak solutions. The next stage in our proof is
to determine the limits δt→ 0+ and h, %→ 0 in the system (Qh,δtϱ ). To achieve this, we establish
a connection between the cut-off parameter % < 1 and the time step δt, ensuring that δt = o(%)

as %→ 0.

Lemma 6. Given Φ̂n−1
ϱ , Ψ̂n−1

ϱ , Θ̂n−1
ϱ ∈ Xh ×Xh ×Xh for n = 1, . . . , N , there exists a solution

Φ̂nϱ , Ψ̂
n
ϱ , Θ̂

n
ϱ ∈ Xh ×Xh ×Xh to the n-th step of (Qh,δtϱ ) for all % ∈ (0, e−1), h > 0, and δt > 0,

such that

(θ21)
2

θ22θ11

[
1− 2δta1 − δtb1 − δtc1 − δtd1

]
(Gϱ(Φ̂

n
ϱ ), 1)

h

+
(
1− 2a2δt− b2δt− c2δt− d2δt

)
(Gϱ(Ψ̂

n
ϱ ), 1)

h

+
(θ23)

2

θ22θ33

[
1− 2δta3 − δtb3 − δtc3 − δtd3

]
(Gϱ(Θ̂

n
ϱ ), 1)

h

+
δtθ1(θ21)

2

θ22θ11

∫
O

|∇Φ̂nϱ |2

ξϱ(Φ̂nϱ )
dx

+
3δt(θ21)

2

2θ22
|Φ̂nϱ |21 + δtθ2

∫
O

|∇Ψ̂nϱ |2

ξϱ(Ψ̂nϱ )
dx

+ δtθ21

∫
O

|∇Ψ̂nϱ |2
Ξϱ(Φ̂

n
ϱ )

Ξϱ(Ψ̂nϱ )
dx + δtθ22|Ψ̂nϱ |21

+ δtθ23

∫
O

|∇Ψ̂nϱ |2
Ξϱ(Θ̂

n
ϱ )

Ξϱ(Ψ̂nϱ )
dx +

δtθ3(θ23)
2

θ22θ33

∫
O

|∇Θ̂nϱ |2

ξϱ(Θ̂nϱ )
dx +

3δt(θ23)
2

2θ22
|Θ̂nϱ |21

≤
[ (θ21)2
θ22θ11

+
3δtb1(θ21)

2

θ22θ11
+ 3b2δt+

3b3δt(θ23)
2

θ22θ33

]
(Gϱ(Φ̂

n−1
ϱ ), 1)h
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+

[
3c1δt(θ21)

2

θ22θ11
+ 1 + 3c2δt+

3c3δt(θ23)
2

θ22θ33

]
(Gϱ(Ψ̂

n−1
ϱ ), 1)h

+

[
3d1δt(θ21)

2

θ22θ11
+ 3d2δt+

(θ23)
2

θ22θ33
+

3δtd3(θ23)
2

θ22θ33

]
(Gϱ(Θ̂

n−1
ϱ ), 1)h

+ δtC(|O|, a1, a2, a3, θ21, θ22, θ11, θ23, θ22, θ33). (78)

Proof. Using ω ≡ δtπh[G′
ϱ(Φ̂

n
ϱ )] as a test function in (58), and considering (45) and (54), we

obtain that

(Φ̂nϱ − Φ̂n−1
ϱ ,G′

ϱ(Φ̂
n
ϱ ))

h + δtθ1

∫
O

|∇Φ̂nϱ |2

ξϱ(Φ̂nϱ )
dx + 2δtθ11|Φ̂nϱ |21

= δt(a1Φ̂
n
ϱ − b1ξϱ(Φ̂n−1

ϱ )ξϱ(Φ̂
n
ϱ )− c1ξϱ(Ψ̂n−1

ϱ )ξϱ(Φ̂
n
ϱ )

− d1ξϱ(Θ̂n−1
ϱ )ξϱ(Φ̂

n
ϱ ),G

′
ϱ(Φ̂

n
ϱ ))

h. (79)

By utilizing (27), (28), (14), Young’s inequality, and the fact that Gϱ(·) ≥ 0, we can deduce that

δt(a1Φ̂
n
ϱ − b1ξϱ(Φ̂nϱ )ξϱ(Φ̂n−1

ϱ )− c1ξϱ(Φ̂nϱ )ξϱ(Ψ̂n−1
ϱ )− d1ξϱ(Φ̂nϱ )ξϱ(Θ̂n−1

ϱ ),G′
ϱ(Φ̂

n
ϱ ))

h

≤ 2a1δt(Gϱ(Φ̂
n
ϱ ), 1)

h + b1δt(Gϱ(Φ̂
n
ϱ ), 1)

h + c1δt(Gϱ(Φ̂
n
ϱ ), 1)

h + d1δt(Gϱ(Φ̂
n
ϱ ), 1)

h

+ 3b1δt(Gϱ(Φ̂
n−1
ϱ ), 1)h + 3c1δt(Gϱ(Ψ̂

n−1
ϱ ), 1)h

+ 3d1δt(Gϱ(Θ̂
n−1
ϱ ), 1)h + δtC(|O|, a1). (80)

By substituting (80) into (79), we obtain the following expression:

(Φ̂nϱ − Φ̂n−1
ϱ ,G′

ϱ(Φ̂
n
ϱ ))

h + δtθ1

∫
O

|∇Φ̂nϱ |2

ξϱ(Φ̂nϱ )
dx + 2δtθ11|Φ̂nϱ |21

≤ 2a1δt(Gϱ(Φ̂
n
ϱ ), 1)

h + b1δt(Gϱ(Φ̂
n
ϱ ), 1)

h + c1δt(Gϱ(Φ̂
n
ϱ ), 1)

h + d1δt(Gϱ(Φ̂
n
ϱ ), 1)

h

+ 3b1δt(Gϱ(Φ̂
n−1
ϱ ), 1)h + 3c1δt(Gϱ(Ψ̂

n−1
ϱ ), 1)h

+ 3d1δt(Gϱ(Θ̂
n−1
ϱ ), 1)h + δtC(|O|, a1). (81)

Therefore, it can be deduced from the second inequality in (81) that

[
1− 2δta1 − δtb1 − δtc1 − δtd1

]
(Gϱ(Φ̂

n
ϱ ), 1)

h + δtθ1

∫
O

|∇Φ̂nϱ |2

ξϱ(Φ̂nϱ )
dx + 2δtθ11|Φ̂nϱ |21

≤
[
1 + 3δtb1

]
(Gϱ(Φ̂

n−1
ϱ ), 1)h + 3c1δt(Gϱ(Ψ̂

n−1
ϱ ), 1)h + 3d1δt(Gϱ(Θ̂

n−1
ϱ ), 1)h

+δtC(|O|, a1). (82)
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Using ω ≡ δtπh[G′
ϱ(Ψ̂

n
ϱ )] and ω ≡ δtπh[G′

ϱ(Θ̂
n
ϱ )] as a test function in (59) and (60), respectively,

and then by repeating the techniques utilized to construct (5), it follows that

(
1− 2a2δt− b2δt− c2δt− d2δt

)
(Gϱ(Ψ̂

n
ϱ ), 1)

h + δtθ2

∫
O

|∇Ψ̂nϱ |2

ξϱ(Ψ̂nϱ )
dx

−δt(θ21)
2

2θ22
|Φ̂nϱ |21 + δtθ21

∫
O

|∇Ψ̂nϱ |2
Ξϱ(Φ̂

n
ϱ )

Ξϱ(Ψ̂nϱ )
dx + δtθ22|Ψ̂nϱ |21

≤ −δt(θ23)
2

2θ22
|Θ̂nϱ |21 + δtθ23

∫
O

|∇Ψ̂nϱ |2
Ξϱ(Θ̂

n
ϱ )

Ξϱ(Ψ̂nϱ )
dx3b2δt(Gϱ(Φ̂n−1

ϱ ), 1)h

+(1 + 3c2)δt(Gϱ(Ψ̂
n−1
ϱ ), 1)h + 3d2δt(Gϱ(Θ̂

n−1
ϱ ), 1)h + δtC(|O|, a2),

(83)

and

[
1− 2δta3 − δtb3 − δtc3 − δtd3

]
(Gϱ(Θ̂

n
ϱ ), 1)

h + δtθ3

∫
O

|∇Θ̂nϱ |2

ξϱ(Θ̂nϱ )
dx + 2δtθ33|Θ̂nϱ |21

≤ 3b3δt(Gϱ(Φ̂
n−1
ϱ ), 1)h + 3c3δt(Gϱ(Ψ̂

n−1
ϱ ), 1)h +

[
1 + 3δtd3

]
(Gϱ(Θ̂

n−1
ϱ ), 1)h

+δtC(|O|, a3). (84)

By multiplying (5) by (θ21)
2

θ22θ11
and (5) by (θ23)

2

θ22θ33
, and then combining the results with (83), we

obtain the final result (78).

Lemma 7. Under the assumptions of Lemma 6, suppose u0, v0, w0 ∈ L∞(O), where u0, v0, w0 ≥
0 for almost every x ∈ O. Let Φ̂0

ϱ ≡ Phu0, Ψ̂0
ϱ ≡ Phv0, Θ̂0

ϱ ≡ Phw0 or Φ̂0
ϱ ≡ πhu0, Ψ̂0

ϱ ≡ πhv0,
Θ̂0
ϱ ≡ πhw0 if u0, v0, w0 ∈ C(O). Then, for any % ∈ (0, , e−1), h > 0, and δt ≤ 1−δ

2â+b̂+ĉ+d̂
, where

δ ∈ (0, 1), â = max{a1, a2, a3}„ b̂ = max{b1, b2, b3}, ĉ = max{c1, c2, c3}, d̂ = max{d1, d2, d3},
the problem (Qh,δtϱ ) has a solution Φ̂nϱ , Ψ̂

n
ϱ , Θ̂

n
ϱ , n = 1, . . . , N , satisfying

max
n=1,...,N

[( (θ21)2
θ22θ11

Gϱ(Φ̂
n
ϱ ), 1

)h
+ (Gϱ(Ψ̂

n
ϱ ), 1)

h

+

(
(θ23)

2

θ22θ33
Gϱ(Θ̂

n
ϱ ), 1

)h
+ %−1‖πh[Φ̂nϱ ]−‖20 + %−1‖πh[Ψ̂nϱ ]−‖20

+ %−1‖πh[Θ̂nϱ ]−‖20 + ‖Φ̂nϱ‖20,1 + ‖Ψ̂nϱ‖0,1 + ‖Θ̂nϱ‖0,1
]

+

N∑
n=1

δt
[3(θ21)2

2θ22
|Φ̂nϱ |21 + θ22|Ψ̂nϱ |21 +

3(θ23)
2

2θ22
|Θ̂nϱ |21

]
≤ C. (85)
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Proof. Based on (78) and our assumptions regarding δt, we can conclude that for n = 1, . . . , N

and i = 1, 2, 3, the following holds:

[
1− 2δtâ− δt̂b− δtĉ− δtd̂

]( (θ21)
2

θ22θ11
Gϱ(Φ̂

n
ϱ ) +Gϱ(Ψ̂

n
ϱ ) +

(θ23)
2

θ22θ33
Gϱ(Θ̂

n
ϱ ), 1

)h
+
δtθ1(θ21)

2

θ22θ11

∫
O

|∇Φ̂nϱ |2

ξϱ(Φ̂nϱ )
dx +

3δt(θ21)
2

2θ22
|Φ̂nϱ |21 + δtθ2

∫
O

|∇Ψ̂nϱ |2

ξϱ(Ψ̂nϱ )
dx

+ δtθ21

∫
O

|∇Ψ̂nϱ |2
Ξϱ(Φ̂

n
ϱ )

Ξϱ(Ψ̂nϱ )
dx + δtθ22|Ψ̂nϱ |21 + δtθ23

∫
O

|∇Ψ̂nϱ |2
Ξϱ(Θ̂

n
ϱ )

Ξϱ(Ψ̂nϱ )
dx

+
δtθ3(θ23)

2

θ22θ33

∫
O

|∇Θ̂nϱ |2

ξϱ(Θ̂nϱ )
dx +

3δt(θ23)
2

2θ22
|Θ̂nϱ |21

≤
[ (θ21)2
θ22θ11

+
3δtb1(θ21)

2

θ22θ11
+ 3b2δt+

3b3δt(θ23)
2

θ22θ33

]
(Gϱ(Φ̂

n−1
ϱ ), 1)h

+

[
3c1δt(θ21)

2

θ22θ11
+ 1 + 3c2δt+

3c3δt(θ23)
2

θ22θ33

]
(Gϱ(Ψ̂

n−1
ϱ ), 1)h

+

[
3d1δt(θ21)

2

θ22θ11
+ 3d2δt+

(θ23)
2

θ22θ33
+

3δtd3(θ23)
2

θ22θ33

]
(Gϱ(Θ̂

n−1
ϱ ), 1)h + C. (86)

Based on our assumptions regarding the initial data u0, v0, w0, and (21), we can conclude that

(Gϱ(Φ̂
0
ϱ), 1)

h ≤ C, (Gϱ(Ψ̂
0
ϱ), 1)

h ≤ C and (Gϱ(Θ̂
0
ϱ), 1)

h ≤ C. (87)

Therefore, it can be inferred from (86) and (87) that

(
(θ21)

2

θ22θ11
Gϱ(Φ̂

n
ϱ ) +Gϱ(Ψ̂

n
ϱ ) +

(θ23)
2

θ22θ33
Gϱ(Θ̂

n
ϱ ), 1

)h
≤ C

( 1

1− (2â+ b̂+ ĉ+ d̂)δt

)[ (θ21)2
θ22θ11

(Gϱ(Φ̂
n−1
ϱ ), 1)h

+ (Gϱ(Ψ̂
n−1
ϱ ), 1)h +

(θ23)
2

θ22θ33
(Gϱ(Θ̂

n−1
ϱ ), 1)h + 1

]
≤ C

(
1 +

(2â+ b̂+ ĉ+ d̂)δt

1− (2â+ b̂+ ĉ+ d̂)δt

)[ (θ21)2
θ22θ11

(Gϱ(Φ̂
n−1
ϱ ), 1)h

+ (Gϱ(Ψ̂
n−1
ϱ ), 1)h +

(θ23)
2

θ22θ33
(Gϱ(Θ̂

n−1
ϱ ), 1)h + 1

]
≤ C

(
1 +

(2â+ b̂+ ĉ+ d̂)δt

δ

)[ (θ21)2
θ22θ11

(Gϱ(Φ̂
n−1
ϱ ), 1)h

+ (Gϱ(Ψ̂
n−1
ϱ ), 1)h +

(θ23)
2

θ22θ33
(Gϱ(Θ̂

n−1
ϱ ), 1)h + 1

]
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≤ Ce
(2â+b̂+ĉ+d̂)δt

δ

[
(θ21)

2

θ22θ11
(Gϱ(Φ̂

n−1
ϱ ), 1)h

+ (Gϱ(Ψ̂
n−1
ϱ ), 1)h +

(θ23)
2

θ22θ33
(Gϱ(Θ̂

n−1
ϱ ), 1)h + 1

]
...

≤ CeT
(2â+b̂+ĉ+d̂)

δ

[
(θ21)

2

θ22θ11
(Gϱ(Φ̂

0
ϱ), 1)

h + (Gϱ(Ψ̂
0
ϱ), 1)

h

+
(θ23)

2

θ22θ33
(Gϱ(Θ̂

0
ϱ), 1)

h + 1

]
≤ C, for all n ≥ 1, T = n δt. (88)

By setting ω ≡ 1 in (58) and considering the positivity of ξϱ(γ) and the given assumptions on
δt, we obtain, for n = 1, . . . , N , the following results:

(Φ̂nϱ , 1)
h ≤ 1

1− a1δt
(Φ̂n−1

ϱ , 1)h ≤ (1 +
a1δt

δ1
)(Φ̂n−1

ϱ , 1)h ≤ e
a1δt
δ1 (Φ̂n−1

ϱ , 1)h. (89)

From (89), the definition of the interpolation πh, (69), and the assumption on u0, it can be
inferred that

max
n=1,...,N

(Φ̂nϱ , 1)
h ≤ e

a1T
δ1 (Φ̂0

ϱ, 1)
h ≤ |O|e

a1T
δ1 ‖u0‖0,∞ ≤ C. (90)

For n = 1, . . . , N , using the given equation |s| = s−2[s]−, along with (90) and Young’s inequality,
we can derive the following:

‖Φ̂nϱ‖0,1 =(|Φ̂nϱ |, 1) ≤ (πh|Φ̂nϱ |, 1) ≤ (Φ̂nϱ − 2πh[Φ̂nϱ ]−, 1)

= (Φ̂nϱ , 1)
h − 2(πh[Φ̂nϱ ]−, 1) ≤ C(1 + ‖π[Φ̂nϱ ]−‖20). (91)

From (46), (45), (25), and (88), it can be deduced, after recalling the expressions γ = [γ]++[γ]−

and Gϱ(γ) ≥ 0 for n = 1, . . . , N , that

‖πh[Φ̂nϱ ]−‖20 ≤ |πh[Φ̂nϱ ]−|2h = ([Φ̂nϱ ]
2
−, 1)

h ≤ 2 %(Gϱ(Φ̂
n
ϱ ), 1)

h ≤ C %. (92)

The other bounds, namely ‖πh[Ψ̂nϱ ]−‖20, ‖πh[Θ̂nϱ ]−‖20, ‖Ψ̂nϱ‖0,1, and ‖Θ̂nϱ‖0,1, can be obtained
using the same methodology that has used to establish the above bounds. The bounds (1-9) in
(85) have now been derived, and the last three bounds in (85) are obtained by summing (78)
over n, with the assistance of (87).

Theorem 2. Under the assumptions of Lemma 7, the solution Φ̂nϱ , Ψ̂
n
ϱ , Θ̂

n
ϱ to problem (Qh,δtϱ )

meets
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N∑
n=1

δt

[
‖Φ̂nϱ‖σ0,σ + ‖ξϱ(Φ̂nϱ )‖σ0,σ + ‖πhξϱ(Φ̂nϱ )‖σ0,σ + ‖Ξϱ(Φ̂nϱ )‖σ0,σ + ‖Ψ̂nϱ‖σ0,σ

+‖ξϱ(Ψ̂nϱ )‖σ0,σ + ‖πhξϱ(Ψ̂nϱ )‖σ0,σ + ‖Ξϱ(Ψ̂nϱ )‖σ0,σ + ‖Θ̂nϱ‖σ0,σ + ‖ξϱ(Θ̂nϱ )‖σ0,σ

+‖πhξϱ(Θ̂nϱ )‖σ0,σ + ‖Ξϱ(Θ̂nϱ )‖σ0,σ
]
+

N∑
n=1

δt

[∥∥ Φ̂nϱ − Φ̂n−1
ϱ

δt

∥∥2
(W 1,q′ (O))′

+
∥∥ Ψ̂nϱ − Ψ̂n−1

ϱ

δt

∥∥2
(W 1,q′ (O))′

+
∥∥ Θ̂nϱ − Θ̂n−1

ϱ

δt

∥∥2
(W 1,q′ (O))′

]
+

N∑
n=1

δt

[∥∥ Gq[
Φ̂nϱ − Φ̂n−1

ϱ

δt
]
∥∥q
1,q

+
∥∥ Gq[

Ψ̂nϱ − Ψ̂n−1
ϱ

δt
]
∥∥q
1,q

+
∥∥ Gq[

Θ̂nϱ − Θ̂n−1
ϱ

δt
]
∥∥q
1,q

]
≤ C, (93)

where σ = 2(d+1)
d , q = 2(d+1)

2d+1 , q
′ = 2(d+ 1).

Proof. For n = 1, . . . , N , the relation (9) and the seventh bound in (85) imply that

‖Φ̂nϱ‖σ0,σ ≤ ‖Φ̂nϱ‖σ−2
0,1 ‖Φ̂nϱ‖21 ≤ C‖Φ̂nϱ‖21, (94)

where σ( 2d(σ−1)
σ(d+2) ) = 2; that is σ = 2(d+1)

d .
Given the inequality ξϱ(s) ≤ |s| + %, equation (94) implies, for n = 1, . . . , N , the following
equation:

‖ξϱ(Φ̂nϱ )‖σ0,σ ≤ C + ‖Φ̂nϱ‖σ0,σ ≤ C(1 + ‖Φ̂nϱ‖21). (95)

Based on ξϱ(s) ≤ [s]+ + % = s − [s]− + %, the Young’s inequality, and the fourth and seventh
bounds in (85), we can conclude, for n = 1, . . . , N , that

‖πhξϱ(Φ̂nϱ )‖0,1 ≤
∫
O

(Φ̂nϱ − πh[Φ̂nϱ ]− + %)dx

≤ C(1 + ‖Φ̂nϱ‖0,1 + ‖πh[Φ̂nϱ ]−‖20) ≤ C, (96)

and
‖πhξϱ(Φ̂nϱ )‖20 ≤ C(1 + ‖Φ̂nϱ‖20 + ‖πh[Φ̂nϱ ]−‖20) ≤ C(1 + ‖Φ̂nϱ‖20). (97)

For n = 1, . . . , N , equations (9), (96), (97), and (63) yield the following result:

‖πhξϱ(Φ̂nϱ )‖σ0,σ ≤ C‖πhξϱ(Φ̂nϱ )‖σ−2
0,1 ‖πhξϱ(Φ̂nϱ )‖21 ≤ C(1 + ‖Φ̂nϱ‖21). (98)
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The bounds 1→ 3 in (93) can be derived from (85) and noting (94)–(98).
The fourth bound in (93) can be derived from the third bound in (93) by utilizing (56), (57),
(24), and (48) in the form

‖Ξϱ(Φ̂nϱ )‖σ0,σ :=

∫
O

‖Ξϱ(Φ̂nϱ )‖σdx =
∑
τ̃∈T h

∫
τ̃

‖Ξϱ(Φ̂nϱ )‖σdx

≤ C
∑
τ̃∈T h

hdτ̃‖πhξϱ(Φ̂nϱ )‖σ0,∞,τ̃ ≤ C
∑
τ̃∈T h

‖πhξϱ(Φ̂nϱ )‖σ0,σ,τ̃

≤ C‖πhξϱ(Φ̂nϱ )‖σ0,σ.

(99)

Based on the definition of πh and (69), as well as the assumption of u0, v0, and w0, it follows
that

‖Φ̂0
ϱ‖0 + ‖Ψ̂0

ϱ‖0 + ‖Θ̂0
ϱ‖0 ≤ C(‖u0‖0,∞ + ‖v0‖0,∞ + ‖w0‖0,∞) ≤ C. (100)

From (70), we can conclude that

(Ξϱ(Φ̂
n
ϱ )∇Φ̂nϱ ,∇PhΣ) ≤ ‖Ξϱ(Φ̂nϱ )‖0,σ|Φ̂nϱ |1|PhΣ|1,q′

≤ C‖Ξϱ(Φ̂nϱ )‖0,σ|Φ̂nϱ |1
[
|(I − Ph)Σ|1,q′ + |Σ|1,q′

]
≤ C‖Ξϱ(Φ̂nϱ )‖0,σ|Φ̂nϱ |1‖Σ‖1,q′ , (101)

where 1
2 + 1

σ + 1
q′ = 1, that is 1

q + 1
q′ = 1 and q = 2(d+1)

2d+1 . From (45), (46), (97), and (70), we
obtain the following results for any Σ ∈W 1,q′(O) and n = 1, . . . , N :

(ξϱ(Φ̂
n
ϱ )ξϱ(Φ̂

n−1
ϱ ), PhΣ)h

≤ C‖πhξϱ(Φ̂nϱ )‖0,σ‖πhξϱ(Φ̂n−1
ϱ )‖0‖PhΣ‖0,q′

≤ C‖πhξϱ(Φ̂nϱ )‖0,σ(1 + ‖Φ̂n−1
ϱ ‖0)

[
‖(I − Ph)Σ‖0,q′ + ‖Σ‖0,q′

]
≤ C‖πhξϱ(Φ̂nϱ )‖0,σ(1 + ‖Φ̂n−1

ϱ ‖0)‖Σ‖1,q′ . (102)

Similarly to (102), we can derive that

(ξϱ(Φ̂
n
ϱ )ξϱ(Ψ̂

n−1
ϱ ), P hΣ)h ≤ C‖πhξϱ(Φ̂nϱ )‖0,σ(1 + ‖Ψ̂n−1

ϱ ‖0)‖Σ‖1,q′ , (103)

and
(ξϱ(Φ̂

n
ϱ )ξϱ(Θ̂

n−1
ϱ ), P hΣ)h ≤ C‖πhξϱ(Φ̂nϱ )‖0,σ(1 + ‖Θ̂n−1

ϱ ‖0)‖Σ‖1,q′ . (104)
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Using (76), (68), (58), (70), (101), (102), (103), and (104), we can determine that for any
Σ ∈W 1,q′(O) and n = 1, . . . , N , the following holds:

〈
Φ̂nϱ − Φ̂n−1

ϱ

δt
, Σ〉q′ = (

Φ̂nϱ − Φ̂n−1
ϱ

δt
,Σ) = (

Φ̂nϱ − Φ̂n−1
ϱ

δt
, P hΣ)h

= (a1Φ̂
n
ϱ − b1ξϱ(Φ̂nϱ )ξϱ(Φ̂n−1

ϱ )− c1ξϱ(Φ̂nϱ )ξϱ(Ψ̂n−1
ϱ )

−d1ξϱ(Φ̂nϱ )ξϱ(Θ̂n−1
ϱ ), P hΣ)h

−(∇Φ̂nϱ + Ξϱ(Φ̂
n
ϱ )∇Φ̂nϱ , ∇ PhΣ)

≤ C
(
‖Φ̂nϱ‖1 + ‖Φ̂n−1

ϱ ‖0 + ‖Ψ̂n−1
ϱ + ‖Θ̂n−1

ϱ ‖0 + 1
)

×
(
‖πhξϱ(Φ̂nϱ )‖0,σ + ‖Ξϱ(Φ̂nϱ )‖0,σ + 1

)
‖Σ‖1,q′ , (105)

where we have utilized the continuous embedding ofW 1,q′(O) ↪→ L2(O) andW 1,q′(O) ↪→ H1(O).
Hence, we can conclude that

‖
Φ̂nϱ − Φ̂n−1

ϱ

δt
‖(W 1,q′ (O))′ ≤ CAnBn, (106)

where
An =

(
‖Φ̂nϱ‖1 + ‖Φ̂n−1

ϱ ‖0 + ‖Ψ̂n−1
ϱ + ‖Θ̂n−1

ϱ ‖0 + 1
)
,

Bn =
(
‖πhξϱ(Φ̂nϱ )‖0,σ + ‖Ξϱ(Φ̂nϱ )‖0,σ + 1

)
.

Based on (106), the Cauchy–Schwarz inequality, the third and fourth bounds in (93), and the
assumption on the discretization and (100), we can conclude that

N∑
n=1

δtn

∥∥∥∥ Φ̂nϱ − Φ̂n−1
ϱ

δtn

∥∥∥∥q
(W 1,q′ (O))′

≤ C
N∑
n=1

δtnA
q
nB

q
n

≤ C
[ N∑
n=1

δtnA
2
n

] q
2
[ N∑
n=1

δtnB
σ
n

] q
σ ≤ C, (107)

where 1
q + 1

q′ = 1 and q = 2(d+1)
2d+1 . The final three results in (93) can be obtained from the

thirteenth, fourteenth, and fifteenth results in (93), respectively, by considering the implications
of (74).
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6 Uniqueness

To guarantee the stability and dependability of computational models, the uniqueness of numer-
ical solutions for PDEs utilizing FEM must be investigated. Establishing uniqueness ensures
that the numerical approximation depicts a single, physically significant answer as opposed to
several potential possibilities. In scientific and technical applications, where precise predictions
of physical behavior rely on consistent and well-posed mathematical formulations, this aids in
the validation of simulations.

Theorem 3. Assuming the conditions of Theorem 2 are met, and Φ̂nϱ , Ψ̂
n
ϱ , Θ̂

n
ϱ , n = 1, . . . , N, is

a solution of (Qh,δtϱ ). If δt ∈ (0, $) and

$ < max{ 1

e1 + e4 + e9
,

1

e2 + e5 + e7 + e8
,

1

e3 + e6 + e10
}, (108)

where the values of the parameters ei, i = 1, . . . , 6, were stated in the proof, then the solution
{Φ̂nϱ , Ψ̂nϱ , Θ̂nϱ}, n = 1, . . . , N, is unique.

Proof. The above theorems are proved by employing an approach similar to that used in [32, 30,
2].

7 Existence of a weak solution

Since many physical and engineering issues involve functions that might not have classical deriva-
tives, it is crucial to investigate whether a weak solution exists for PDEs. These issues can be
stated and examined within a more comprehensive functional framework thanks to the weak
formulation, which guarantees that solutions are found even in cases when classical ones are not.

We commence by employing the following definitions:

Φ̂ϱ(t) := (
t− tn−1

δtn
)Φ̂nϱ + (

tn − t
δtn

)Φ̂n−1
ϱ , t ∈ [tn−1, tn], n ≥ 1, (109)

Ψ̂ϱ(t) := (
t− tn−1

δtn
)Ψ̂nϱ + (

tn − t
δtn

)Ψ̂n−1
ϱ , t ∈ [tn−1, tn], n ≥ 1, (110)

Θ̂ϱ(t) := (
t− tn−1

δtn
)Θ̂nϱ + (

tn − t
δtn

)Θ̂n−1
ϱ , t ∈ [tn−1, tn], n ≥ 1, (111)

and
Φ̂+
ϱ (t) := Φ̂nϱ , Φ̂−

ϱ (t) := Φ̂n−1
ϱ , t ∈ (tn−1, tn], n ≥ 1, (112)
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Ψ̂+
ϱ (t) := Ψ̂nϱ , Ψ̂−

ϱ (t) := Ψ̂n−1
ϱ , t ∈ (tn−1, tn], n ≥ 1, (113)

Θ̂+
ϱ (t) := Θ̂nϱ , Θ̂−

ϱ (t) := Θ̂n−1
ϱ , t ∈ (tn−1, tn], n ≥ 1. (114)

By considering (109), (110), (112), and (113), we can conclude that

∂Φ̂ϱ
∂t

=
Φ̂+
ϱ − Φ̂−

ϱ

δt
=

Φ̂+
ϱ − Φ̂ϱ

tn − t
=

Φ̂−
ϱ − Φ̂ϱ

t− tn−1
, t ∈ (tn−1, tn), n ≥ 1, (115)

∂Ψ̂ϱ
∂t

=
Ψ̂+
ϱ − Ψ̂−

ϱ

δt
=

Ψ̂+
ϱ − Ψ̂ϱ

tn − t
=

Ψ̂−
ϱ − Ψ̂ϱ

t− tn−1
, t ∈ (tn−1, tn), n ≥ 1, (116)

∂Θ̂ϱ
∂t

=
Θ̂+
ϱ − Θ̂−

ϱ

δt
=

Θ̂+
ϱ − Θ̂ϱ

tn − t
=

Θ̂−
ϱ − Θ̂ϱ

t− tn−1
, t ∈ (tn−1, tn), n ≥ 1. (117)

Using the definitions provided above, we can rewrite the problem (Qh,δtϱ ) as follows: Find
{Φ̂ϱ, Ψ̂ϱ, Θ̂ϱ} ∈ C([0, T ];Xh)× C([0, T ];Xh × C([0, T ];Xh) so that for all ω ∈ L2(0, T ;Xh),

∫ T

0

[
(
∂Φ̂ϱ
∂t

, ω)h + (θ1∇Φ̂+
ϱ + 2θ11Ξϱ(Φ̂

+
ϱ )∇Φ̂+

ϱ , ∇ω)
]
dt (118)

=

∫ T

0

[
(a1Φ̂

+
ϱ − b1ξϱ(Φ̂+

ϱ )ξϱ(Φ̂
−
ϱ )− c1ξϱ(Φ̂+

ϱ )ξϱ(Ψ̂
−
ϱ )− d1ξϱ(Φ̂+

ϱ )ξϱ(Θ̂
−
ϱ ), ω)

h

]
dt,

∫ T

0

[
(
∂Ψ̂ϱ
∂t

, ω)h + (θ2∇Ψ̂+
ϱ + θ21Ξϱ(Ψ̂

+
ϱ )∇Φ̂+

ϱ + θ21Ξϱ(Φ̂
+
ϱ )∇Ψ̂+

ϱ

+ 2θ22Ξϱ(Ψ̂
+
ϱ )∇Ψ̂+

ϱ + θ23Ξϱ(Ψ̂
+
ϱ )∇Θ̂+

ϱ + θ23Ξϱ(Θ̂
+
ϱ )∇Ψ̂+

ϱ ,∇ω)
]
dt (119)

=

∫ T

0

[
(a2Ψ̂

+
ϱ − b2ξϱ(Ψ̂+

ϱ )ξϱ(Φ̂
−
ϱ )− c2ξϱ(Ψ̂+

ϱ )ξϱ(Ψ̂
−
ϱ − d2ξϱ(Ψ̂+

ϱ )ξϱ(Θ̂
−
ϱ ), ω)

h

]
dt,

and ∫ T

0

[
(
∂Θ̂ϱ
∂t

, ω)h + (θ3∇Θ̂+
ϱ + 2θ33Ξϱ(Θ̂

+
ϱ )∇Θ̂+

ϱ , ∇ω)
]
dt (120)

=

∫ T

0

[
(a3Θ̂

+
ϱ − b3ξϱ(Θ̂+

ϱ )ξϱ(Φ̂
−
ϱ )− c3ξϱ(Θ̂+

ϱ )ξϱ(Ψ̂
−
ϱ )− d3ξϱ(Θ̂+

ϱ )ξϱ(Θ̂
−
ϱ ), ω)

h

]
dt.

Theorem 4. Let the assumption (A) be valid and given u0, v0, w0 ∈ H1
≥0(O) ∩ L∞(O), we

consider the values of δt, %, and h that satisfy the following conditions:

(i) either Φ̂0
ϱ ≡ Phu0, Ψ̂0

ϱ ≡ Phv0, Θ̂0
ϱ ≡ Phw0 or Φ̂0

ϱ ≡ πhu0, Ψ̂0
ϱ ≡ πhv0, Θ̂0

ϱ ≡ πhw0, if
either d = 1 or u0, v0, w0 ∈W 1,r(O) with r > d,
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(ii) δt ≤ 1−δ
2â+b̂+ĉ+d̂

,

(iii) δt→ 0, %→ 0 as h→ 0.

There is a subsequence of Φ̂ϱ, Ψ̂%, Θ̂ϱ that satisfies (118), (119), and (120), along with corre-
sponding functions

u ∈ L2(0, T ;H1(O)) ∩ Lσ(OT ) ∩W 1,q(0, T ; (W 1,q′(O))′), (121)

v ∈ L2(0, T ;H1(O)) ∩ Lσ(OT ) ∩W 1,q(0, T ; (W 1,q′(O))′), (122)

also
w ∈ L2(0, T ;H1(O)) ∩ Lσ(OT ) ∩W 1,q(0, T ; (W 1,q′(O))′), (123)

with
u(x, t), v(x, t), w(x, t) ≥ 0, a.e. on O,

and
u(., 0) = u0, v(., 0) = v0, w(., 0) = w0, in (W 1,q′(O))′. (124)

As δt, %, and h tend to zero, we can deduce that

Φ̂ϱ, Φ̂
±
ϱ ⇀ u, Ψ̂ϱ, Ψ̂

±
ϱ ⇀ v, Θ̂ϱ, Θ̂

±
ϱ ⇀ w, in L2(0, T ;H1(O)) ∩ Lσ(OT ), (125)

Φ̂ϱ, Φ̂
±
ϱ ⇀∗ u, Ψ̂ϱ, Ψ̂

±
ϱ ⇀∗ v, Θ̂ϱ, Θ̂

±
ϱ ⇀∗ w, in L∞(0, T ;L2(O)), (126)

∂Φ̂ϱ
∂t

⇀
∂u

∂t
,
∂Ψ̂ϱ
∂t

⇀
∂v

∂t
,
∂Θ̂ϱ
∂t

⇀
∂w

∂t
, in Lq(0, T ; (W 1,q′(O))′), (127)

Φ̂ϱ, Φ̂
±
ϱ → u, Ψ̂ϱ, Ψ̂

±
ϱ → v, Θ̂ϱ, Θ̂

±
ϱ → w, in L2(0, T ;Ls1(O)), (128)

ξϱ(Φ̂
±
ϱ )→ u, ξϱ(Ψ̂

±
ϱ )→ v, ξϱ(Θ̂

±
ϱ )→ w, in L2(0, T ;Ls1(O)), (129)

πhξϱ(Φ̂
±
ϱ )→ u, πhξϱ(Ψ̂

±
ϱ )→ v, πhξϱ(Θ̂

±
ϱ )→ w, in L2(0, T ;Ls1(O)), (130)

Ξϱ(Φ̂
±
ϱ )→ u I Ξϱ(Ψ̂

±
ϱ )→ v I Ξϱ(Θ̂

±
ϱ )→ w I in L2(0, T ;Ls1(O)), (131)

for any

s1 ∈


[2,∞] if d = 1,

[2,∞) if d = 2,

[2, 6) if d = 3.
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Proof. Under the assumptions (i)-(ii) and utilizing (85), (93), (24), (56), (57), and (109)–(117),
it can be proved that the following results, which do not depend on %, h, or δt, are hold:

‖Φ̂±
ϱ ‖L2(0,T ;H1(O)) + ‖Φ̂±

ϱ ‖Lσ(OT ) + ‖Φ̂
±
ϱ ‖L∞(0,T ;L1(O))

+%
−1
2 ‖πh[Φ̂±

ϱ ]−‖L∞(0,T ;L2(O)) + ‖
∂Φ̂ϱ
∂t
‖Lq(0,T ;(W 1,q′ (O))′)

+‖G∂Φ̂ϱ
∂t
‖Lq(0,T ;W 1,q(O)) + ‖ξϱ(Φ̂±

ϱ )‖Lσ(OT )

+‖πhξϱ(Φ̂±
ϱ )‖Lσ(OT ) + ‖Ξϱ(Φ̂

±
ϱ )‖Lσ(OT ) ≤ C, (132)

‖Ψ̂±
ϱ ‖L2(0,T ;H1(O)) + ‖Ψ̂±

ϱ ‖Lσ(OT ) + ‖Ψ̂
±
ϱ ‖L∞(0,T ;L1(O))

+%
−1
2 ‖πh[Ψ̂±

ϱ ]−‖L∞(0,T ;L2(O)) + ‖
∂Ψ̂ϱ
∂t
‖Lq(0,T ;(W 1,q′ (O))′)

+‖G∂Ψ̂ϱ
∂t
‖Lq(0,T ;W 1,q(O)) + ‖ξϱ(Ψ̂±

ϱ )‖Lσ(OT )

+‖πhξϱ(Ψ̂±
ϱ )‖Lσ(OT ) + ‖Ξϱ(Ψ̂

±
ϱ )‖Lσ(OT ) ≤ C, (133)

and

‖Θ̂±
ϱ ‖L2(0,T ;H1(O)) + ‖Θ̂±

ϱ ‖Lσ(OT ) + ‖Θ̂
±
ϱ ‖L∞(0,T ;L1(O))

+%
−1
2 ‖πh[Θ̂±

ϱ ]−‖L∞(0,T ;L2(O)) + ‖
∂Θ̂ϱ
∂t
‖Lq(0,T ;(W 1,q′ (O))′)

+‖G∂Θ̂ϱ
∂t
‖Lq(0,T ;W 1,q(O)) + ‖ξϱ(Θ̂±

ϱ )‖Lσ(OT )

+‖πhξϱ(Θ̂±
ϱ )‖Lσ(OT ) + ‖Ξϱ(Θ̂

±
ϱ )‖Lσ(OT ) ≤ C, (134)

where (±) is an adopted abbreviation for “with” and “without” the superscripts “+” and “-”.
Based on (115) and the fifth bound in (132), we observe that

‖Φ̂±
ϱ − Φ̂ϱ‖qLq(0,T ;(W 1,q′ (O))′)

=

∫ T

0

‖Φ̂±
ϱ − Φ̂ϱ‖q(W 1,q′ (O))′

dt

=

N∑
n=1

∫ tn

tn−1

‖Φ̂±
ϱ − Φ̂ϱ‖q(W 1,q′ (O))′

dt =

N∑
n=1

∫ tn

tn−1

|t− t±n |q‖
∂Φ̂ϱ
∂t
‖q
(W 1,q′ (O))′

dt

≤
N∑
n=1

(δt)q
∫ tn

tn−1

‖∂Φ̂ϱ
∂t
‖q
(W 1,q′ (O))′

dt ≤ (δt)q
∫ T

0

‖∂Φ̂ϱ
∂t
‖q
(W 1,q′ (O))′

dt
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≤ (δt)q‖∂Φ̂ϱ
∂t
‖q
Lq(0,T ;(W 1,q′ (O))′)

≤ C(δt)q. (135)

Similarly to (135), we can deduce, from (135), (116), (117), (133), and (134), that

‖Ψ̂±
ϱ − Ψ̂ϱ‖qLq(0,T ;(W 1,q′ (O))′)

≤ (δt)q, (136)

and
‖Θ̂±

ϱ − Θ̂ϱ‖qLq(0,T ;(W 1,q′ (O))′)
≤ (δt)q. (137)

Before completing the proof, it is necessary to state the following facts. The space L∞(0, T ;L2(O))

is the dual space of L1(0, T ;L2(O)), which is a separable Banach space but not reflexive. On the
other hand, the spaces L2(0, T ;H1(O)) and Lσ(OT ) are reflexive Banach spaces. By employing
compactness arguments and utilizing the bounds (132), we can extract subsequences denoted
as {Φ̂±

ϱ }h and {Φ̂ϱ}h. These subsequences satisfy the results (125) and (126) as h → 0. Fur-
thermore, since {∂Φ̂ϱ∂t }h ∈ Lq(0, T ; (W 1,q′(O))′), which are reflexive Banach spaces, by the weak
compactness theorem, there exists a subsequence {∂Φ̂ϱ∂t }h ∈ Lq(0, T ; (W 1,q′(O))′) and a function˜̂η ∈ Lq(0, T ; (W 1,q′(O))′) such that

∂Φ̂ϱ
∂t

⇀ ˜̂η in Lq(0, T ; (W 1,q′(O))′).

Using a well-known method outlined in [37], page 204, it can be readily demonstrated that˜̂η = ∂Φ̂
∂t . Consequently, the result (127) is obtained.

From (125) and (126), it follows that Φ̂ belongs to L2(0, T ;H1(O)), Lσ(OT ), and L∞(0, T ;L2(O)).
To prove (121), we need to demonstrate that Φ̂ also belongs toW 1,q(0, T ; (W 1,q′(O))′). Using the
embedding L2(0, T ;H1(O)) ↪→ Lq(0, T ; (W 1,q′(O))′), we conclude that Φ̂ ∈ Lq(0, T ; (W 1,q′(O))′).
Furthermore, from (127), we have ∂Φ̂

∂t ∈ L
q(0, T ; (W 1,q′(O))′), therefore, it follows that

‖Φ̂‖W 1,q(0,T ;(W 1,q′ (O))′) = ‖Φ̂‖Lq(0,T ;(W 1,q′ (O))′) + ‖
∂Φ̂

∂t
‖Lq(0,T ;(W 1,q′ (O))′) ≤ C.

Therefore, (121) has been demonstrated. We can establish (122) by employing a similar approach
as in (121).

Based on the given compact embedding result

Hu =
{
Σ,Σ ∈ L2(0, T ;H1(O)),

∂Σ

∂t
∈ Lq(0, T ; (W 1,q′(O))′)

}
c
↪→ L2(0, T ;Ls1(O)),
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we have, as Φ̂ϱ ∈ L2(0, T ;H1(O)) and ∂Φ̂ϱ
∂t ∈ L

q(0, T ; (W 1,q′(O))′), that Φ̂ϱ ∈ He, then We may
extract a subsequence, still assigned Φ̂ϱ, that supports the convergence outcome (128).

By utilizing the strong convergence of Φ̂ϱ to u in L2(0, T ;Ls1(O)), along with the fourth
bound in (132), we can extract a subsequence, denoted as Φ̂ϱ as well, such that as h → 0, the
following condition holds

Φ̂ϱ → u and πh[Φ̂ϱ]− → 0 a.e. in O× (0, T ). (138)

The definition of πh implies that

Φ̂ϱ = πh[Φ̂ϱ]+ + πh[Φ̂ϱ]−. (139)

From (138) and (139), we can conclude that u ≥ 0 almost everywhere in O.

To display the outcomes (129)–(131), it is important to initially observe that

‖ξϱ(Φ̂±
ϱ )− u‖L2(0,T ;Ls1 (O))

≤ ‖ξϱ(Φ̂±
ϱ )− ξϱ(u)‖L2(0,T ;Ls1 (O)) + ‖ξϱ(u)− u‖L2(0,T ;Ls1 (O)). (140)

By employing the fact that u ∈ L2(0, T ;H1(O)) ↪→ L2(0, T ;Ls1(O)), along with (24), the non-
negativity of Φ̂, assumption (iii), and applying the dominated convergence theorem, we can reach
the conclusion that

‖ξϱ(u)− u‖L2(0,T ;Ls1 (O)) → 0 as h→ 0. (141)

The fact that ξϱ exhibits Lipschitz continuity, along with the relationship stated in (128), leads
to the inference that

‖ξϱ(Φ̂±
ϱ )− ξϱ(u)‖L2(0,T ;Ls1 (O)) ≤ ‖Φ̂±

ϱ − u‖L2(0,T ;Ls1 (O)) → 0 as h→ 0. (142)

By employing (49), (24), (48), and the first bound stated in (132), it is possible to deduce that

‖(I − πh)ξϱ(Φ̂±
ϱ )‖L2(0,T ;Ls1 (O)) + ‖Ξϱ(Φ̂±

ϱ )− u I‖L2(0,T ;Ls1 (O))

≤ Ch1−d(
1
2−

1
s1

)‖ξϱ(Φ̂±
ϱ )− u‖L2(0,T ;H1(O)). (143)

Combining (140), (141), (142), and (7) yields the convergence results (129)–(131). The conver-
gence results for Ψ̂±

ϱ and Θ̂±
ϱ can be proven using the same approach as the one followed to prove

the convergence results for Φ̂±
ϱ .
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To complete this proof, we need to show that the solution u, v, w, based on the initial
approximations, satisfies (124). This can be deduced from the error estimates (49) and (70), as
well as the given assumptions on u0, where we have that

‖u0 − Phu0‖0 ≤ Ch|u0|1 ≤ Ch,

and

‖u0 − πhu0‖0 ≤


Ch|u0|1 ≤ Ch, for d = 1,

Ch|u0|1,r ≤ Ch, for d = 1 or d = 2,

(144)

and similarly for v0 and w0. These results exhibit strong convergence as h → 0, in the form

Φ̂0
ϱ → u0, Ψ̂0

ϱ → v0, Θ̂0
ϱ → w0, in L2(O). (145)

By (129), we can conclude that

Φ̂ϱ(t) → u(t), Ψ̂ϱ(t) → v(t), Θ̂ϱ(t) → w(t), in L2(O), as %→ 0. (146)

We observe that (145), and (146) alone do not suffice to prove the result in (124). This is because
if t = 0 belongs to the null-set of the “almost everywhere” condition for (146), it is possible that
u(0) 6= u0, v(0) 6= v0, and w(0) 6= w0 (as discussed in [37], Section 7.4.4). Additionally, we rely
on other properties of the solutions Φ̂ϱ, Ψ̂%, Θ̂ϱ and the function u, v, w to establish the validity
of (124). Firstly, we note that

Φ̂ϱ, u, Ψ̂ϱ, v, Θ̂ϱ, w ∈W 1,q(0, T ; (W 1,q′(O))′).

Consequently, we have that

Φ̂ϱ, u, Ψ̂ϱ, v, Θ̂ϱ, w ∈ C([0, T ]; (W 1,q′(O))′); (147)

see [37, Proposition 7.1 and Theorem 7.2], respectively. By noting the (145)–(147), the desired
result (124) follows directly.

Lemma 8. Assuming the conditions of Theorem 4 are satisfied, it follows, as h→ 0, that

πhξϱ(Φ̂
+
ϱ )π

hξϱ(Φ̂
−
ϱ )→ u2 in Lq(OT ), (148)

πhξϱ(Ψ̂
+
ϱ )π

hξϱ(Ψ̂
−
ϱ )→ v2 in Lq(OT ), (149)
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πhξϱ(Θ̂
+
ϱ )π

hξϱ(Θ̂
−
ϱ )→ w2 in Lq(OT ), (150)

πhξϱ(Φ̂
+
ϱ )π

hξϱ(Ψ̂
−
ϱ )→ uv in Lq(OT ), (151)

πhξϱ(Θ̂
+
ϱ )π

hξϱ(Φ̂
−
ϱ )→ wu in Lq(OT ), (152)

πhξϱ(Θ̂
+
ϱ )π

hξϱ(Ψ̂
−
ϱ )→ wv in Lq(OT ), (153)

where q = 2(d+1)
2d+1 .

Proof. By utilizing Hölder’s inequality, together with (132) and (121), we can deduce that

‖πhξϱ(Φ̂+
ϱ )π

hξϱ(Φ̂
−
ϱ )− u2‖Lq(OT ) ≤ ‖π

hξϱ(Φ̂
−
ϱ )− u‖L2(OT )‖π

hξϱ(Φ̂
+
ϱ )‖Lσ(OT )

+‖πhξϱ(Φ̂+
ϱ )− u‖L2(OT )‖u‖Lσ(OT ) ≤ C

(
‖πhξϱ(Φ̂−

ϱ )− u‖L2(OT )

+‖πhξϱ(Φ̂+
ϱ )− u‖L2(OT )

)
. (154)

Hence, the outcome (148) can be deduced from (154), (128), and (130), while taking into consider-
ation that L2(0, T ;Ls1(O)) is embedded in L2(OT ). In a similar manner, the results (149)–(151)
can be established by employing analogous methods as those utilized in establishing the proof
for (148).

Theorem 5. Let the conditions of Theorem 4 be fulfilled, there exists a subsequence of
{Φ̂ϱ, Ψ̂%, Θ̂ϱ} that satisfies (118), (119), and (120). Consequently, the functions {u, v, w} repre-
sent a global weak solution in the specified context:

∫ T

0

[
〈∂u
∂t
, Σ〉+ (θ1∇u+ 2θ11u∇u, ∇Σ)

]
dt

=

∫ T

0

[
(a1u− b1u2 − c1uv − d1uw,Σ)

]
dt, for all Σ ∈ Lq

′
(0, T ;W 1,q′(O)), (155)

∫ T

0

[
〈∂v
∂t
, Σ〉+ (θ2∇v + θ21v∇u+ θ21u∇v + 2θ22v∇v + θ23v∇w + θ23w∇v,∇Σ)

]
dt

=

∫ T

0

[
(a2v − b2vu− c2v2 − d2vw,Σ)h

]
dt, for all Σ ∈ Lq

′
(0, T ;W 1,q′(O)), (156)

and ∫ T

0

[
〈∂w
∂t
, Σ〉+ (θ3∇w + 2θ33w∇w, ∇Σ)

]
dt

=

∫ T

0

[
(a3w − b3wu− c3wv − d3w2,Σ)

]
dt, for all Σ ∈ Lq

′
(0, T ;W 1,q′(O)), (157)
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where q′ = 2(d+ 1).

Proof. A proof of the aforementioned theorems can be obtained by applying a procedure similar
to the one described in [32, 30, 2].

8 Numerical results

This section concentrates on numerical results concerning the three-species SKT model. An
iterative approach has been developed to solve the nonlinear system of equations arising from
problem (Qh,δtϱ ). Moreover, numerical error analyses have been presented and examined for
the SKT model with Dirichlet non-homogeneous boundary conditions in one, two, and three
dimensions. Additionally, numerical simulations have been performed for the one- and two-
dimensional cases. The numerical simulations were performed using MATLAB.

8.1 Numerical algorithm

At each time step, we suggest the following practical algorithm for solving the nonlinear algebraic
system that emerges from problem (Qh,δtϱ ): (Qh δtϱ,k ): Given {Φ̂n,0ϱ , Ψ̂n,0ϱ } ∈ Xh × Xh for k ≥ 1

find {Φ̂n,kϱ , Ψ̂n,kϱ } ∈ Xh ×Xh such that for all ω ∈ Xh

( Φ̂n,kϱ − Φ̂n−1
ϱ

δt
, ω
)h

+ (θ1∇Φ̂n,kϱ + 2θ11Ξϱ(Φ̂
n,k−1
ϱ )∇Φ̂n,kϱ ,∇ω)

= (a1Φ̂
n,k
ϱ − b1ξϱ(Φ̂n−1

ϱ )ξϱ(Φ̂
n,k−1
ϱ )− c1ξϱ(Ψ̂n−1

ϱ )ξϱ(Φ̂
n,k−1
ϱ )

− d1ξϱ(Θ̂n−1
ϱ )ξϱ(Φ̂

n,k−1
ϱ ), ω)h, (158)

( Ψ̂n,kϱ − Ψ̂n−1
ϱ

δt
, ω
)h

+ (θ2∇Ψ̂n,kϱ + θ21Ξϱ(Ψ̂
n,k−1
ϱ )∇Φ̂n,kϱ

+ θ21Ξϱ(Φ̂
n,k−1
ϱ )∇Ψ̂n,kϱ + 2θ22Ξϱ(Ψ̂

n,k−1
ϱ )∇Ψ̂n,kϱ

+ θ23Ξϱ(Ψ̂
n,k−1
ϱ )∇Θ̂n,kϱ + θ23Ξϱ(Θ̂

n,k−1
ϱ )∇Ψ̂n,kϱ ,∇ω)

= (a2Ψ̂
n,k
ϱ − b2ξϱ(Φ̂n−1

ϱ )ξϱ(Ψ̂
n,k−1
ϱ )− c2ξϱ(Ψ̂n−1

ϱ )ξϱ(Ψ̂
n,k−1
ϱ )

− d2ξϱ(Θ̂n−1
ϱ )ξϱ(Ψ̂

n,k−1
ϱ ), ω)h, (159)
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( Θ̂n,kϱ − Θ̂n−1
ϱ

δt
, ω
)h

+ (θ3∇Θ̂n,kϱ + 2θ33Ξϱ(Θ̂
n,k−1
ϱ )∇Θ̂n,kϱ ,∇ω)

= (a3Θ̂
n,k
ϱ − b3ξϱ(Φ̂n−1

ϱ )ξϱ(Θ̂
n,k−1
ϱ )− c3ξϱ(Ψ̂n−1

ϱ )ξϱ(Θ̂
n,k−1
ϱ )

− d3ξϱ(Θ̂n−1
ϱ )ξϱ(Θ̂

n,k−1
ϱ ), ω)h. (160)

Let us start with Φ̂0
ϱ = πhu0, Ψ̂0

ϱ = πhv0 and Θ̂0
ϱ = πhW 0. For n ≥ 1, we define Φ̂n,0ϱ = Φ̂n−1

ϱ ,
Ψ̂n,0ϱ = Ψ̂n−1

ϱ and Θ̂n,0ϱ = Θ̂n−1
ϱ . The standard method for solving (158) - (160) involves testing

the equations with ηj , j = 0, . . . , J, to obtain a (2J+2)3 linear equations with (2J+2)3 unknowns.
Φ̂n,k%, Ψ̂n,k% and Θ̂n,k%. This resulting system can be solved using the Gauss-Seidel iterative
method. In our numerical results, we set TOL = 10−8 and used the stopping criteria:

max
{
|Φ̂n,kϱ − Φ̂n,k−1

ϱ |0,∞, |Ψ̂n,kϱ − Ψ̂n,k−1
ϱ |0,∞, |Θ̂n,kϱ − Θ̂n,k−1

ϱ |0,∞
}
< TOL. (161)

For a given k that satisfies (161), we define Φ̂nϱ = Φ̂n,kϱ , Ψ̂nϱ = Ψ̂n,kϱ and Θ̂nϱ = Θ̂n,kϱ .

Although we could not confirm the convergence of {Φ̂n,kϱ , Ψ̂n,kϱ , Θ̂n,kϱ }∞k=1 to {Φ̂nϱ , Ψ̂nϱ , Θ̂nϱ} for
a fixed value of n, strong convergence characteristics were observed in practice. The iterative
method consistently achieved good convergence, often requiring only a few steps at each stage
to meet the termination criteria.

8.2 Error computations

To quantify the error, we can introduce source terms f1(x, t), f2(x, t) and f3(x, t) to the problem
(Q). This modification transforms (1)–(3) into the following equations:
(Q) Find {u, v, w} such that

∂tu = ∆(θ1u+ θ11u
2) + (a1 − b1u− c1v − d1w)u+ f1(x, t), in O, t > 0, (162)

∂tv = ∆(θ2v + θ21uv + θ22v
2 + θ23vw) + (a2 − b2u− c2v − d2w)v + f2(x, t) inO, t > 0,

∂tw = ∆(θ3w + θ33w
2) + (a3 − b3u− c3v − d3w)w + f3(x, t), in O, t > 0, (163)

We consider the following discrete FEM of (Qh,δtϱ,k ):
Given Φ̂n,0ϱ , Ψ̂n,0ϱ ∈ Xh ×Xh, we seek Φ̂n,kϱ , Ψ̂n,kϱ ∈ Xh ×Xh for k ≥ 1 such that for all ω ∈ Xh,
we have that

( Φ̂n,kϱ − Φ̂n−1
ϱ

δt
, ω
)h

+ (θ1∇Φ̂n,kϱ + 2θ11Ξϱ(Φ̂
n,k−1
ϱ )∇Φ̂n,kϱ ,∇ω)
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−(a1Φ̂n,kϱ − b1ξϱ(Φ̂n−1
ϱ )ξϱ(Φ̂

n,k−1
ϱ )− c1ξϱ(Ψ̂n−1

ϱ )ξϱ(Φ̂
n,k−1
ϱ )

−d1ξϱ(Θ̂n−1
ϱ )ξϱ(Φ̂

n,k−1
ϱ ), ω)h = (f1(x, tn), ω)h, (164)

( Ψ̂n,kϱ − Ψ̂n−1
ϱ

δt
, ω
)h

+ (θ2∇Ψ̂n,kϱ + θ21Ξϱ(Ψ̂
n,k−1
ϱ )∇Φ̂n,kϱ

+θ21Ξϱ(Φ̂
n,k−1
ϱ )∇Ψ̂n,kϱ + 2θ22Ξϱ(Ψ̂

n,k−1
ϱ )∇Ψ̂n,kϱ + θ23Ξϱ(Ψ̂

n,k−1
ϱ )∇Θ̂n,kϱ

+θ23Ξϱ(Θ̂
n,k−1
ϱ )∇Ψ̂n,kϱ ,∇ω)− (a2Ψ̂

n,k
ϱ − b2ξϱ(Φ̂n−1

ϱ )ξϱ(Ψ̂
n,k−1
ϱ )

−c2ξϱ(Ψ̂n−1
ϱ )ξϱ(Ψ̂

n,k−1
ϱ )− d2ξϱ(Θ̂n−1

ϱ )ξϱ(Ψ̂
n,k−1
ϱ ), ω)h = (f2(x, tn), ω)h,

(165)

( Θ̂n,kϱ − Θ̂n−1
ϱ

δt
, ω
)h

+ (θ3∇Θ̂n,kϱ + 2θ33Ξϱ(Θ̂
n,k−1
ϱ )∇Θ̂n,kϱ ,∇ω)

−(a3Θ̂n,kϱ − b3ξϱ(Φ̂n−1
ϱ )ξϱ(Θ̂

n,k−1
ϱ )− c3ξϱ(Ψ̂n−1

ϱ )ξϱ(Θ̂
n,k−1
ϱ )

−d3ξϱ(Θ̂n−1
ϱ )ξϱ(Θ̂

n,k−1
ϱ ), ω)h = (f3(x, tn), ω)h. (166)

8.2.1 One-dimensional accuracy

To assess the accuracy of our approximation, we solve (162)–(163) with non-homogeneous Dirich-
let boundary conditions. Let’s illustrate this with a numerical example. We evaluate the error of
the approximate solution when all parameters of the problem are equal to 1 and O = [0, 1]. The
initial conditions, boundary conditions, and source terms f(x, t) and g(x, t) can be obtained from
the corresponding exact solution. We divide the interval O = [0, 1] into J equal sub-intervals,
with h = 1/J as the element mesh size, and δt = 10−6 as the time step. We consider the following
exact solution:

u = exp(−t+ x), v = exp(−t+ x2), w = exp(−t+ x3).

The error norms in L2, L∞ for a set of simulations were shown in Table 1 and the order of
convergence of L2, L∞-error are introduced in Table 2.

8.2.2 Two-dimensional accuracy

Here is an example illustrating the error of approximate solutions for the two-dimensional case.
We focus on investigating the Dirichlet boundary conditions for (162)–(163). In this numerical
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Table 1: Discrete L2, L∞-error for one-dimensional case at T = 1 with θi = θii = θ21 = θ23 = ai = bi = ci =

di = 1, i = 1, 2, 3.

‖u− Φ̂nϱ‖ ‖v − Ψ̂nϱ‖ ‖w − Θ̂nϱ‖
J L2 L∞ L2 L∞ L2 L∞

10 6.6E-05 2.7E-04 1.4E-03 5.3E-03 3.2E-03 1.3E-02
20 1.2E-05 7.0E-05 2.3E-04 1.3E-03 5.5E-04 3.3E-03
25 6.6E-06 4.5E-05 1.3E-04 8.6E-04 3.1E-04 2.1E-03
40 2.0E-06 1.7E-05 4.0E-05 3.4E-04 9.6E-05 8.4E-04
50 1.1E-06 1.1E-05 2.3E-05 2.2E-04 5.5E-05 5.4E-04
100 1.8E-07 2.6E-06 4.0E-06 5.4E-05 9.6E-06 1.3E-04

Table 2: The order of convergence of L2, L∞-error for one-dimensional case at T = 1 with θi = θii = θ21 =

θ23 = ai = bi = ci = di = 1, i = 1, 2, 3.

‖u− Φ̂nϱ‖ ‖v − Ψ̂nϱ‖ ‖w − Θ̂nϱ‖
J L2 L∞ L2 L∞ L2 L∞

20 2.459 1.948 2.606 2.027 2.541 1.978
25 2.679 1.980 2.557 1.852 2.569 2.026
40 2.540 2.071 2.508 1.974 2.494 1.950
50 2.679 1.951 2.480 1.951 2.496 1.980
100 2.611 2.081 2.524 2.026 2.518 2.054

example, we consider a domainO = [0, 1]×[0, 1] and a time interval [0, 1]. The problem parameter
values were fixed to be 1. We utilize exact solutions to determine the initial and boundary
conditions, as well as the source terms f(x, y, t) and g(x, y, t). For the numerical computation,
we choose a time step of δt = 10−6. The exact solutions are provided below:

u = exp(−t+ x+ y), v = exp(−t+ x2 + y2), w = exp(−t+ x3 + y3).

Table 3 presents the errors in the L2 and L∞ norms. The order of convergence of L2 and L∞

norms are shown in Table 4.

8.2.3 Three-dimensional accuracy

This section introduces an example that demonstrates the error of approximate solutions for a
three-dimensional case. The specific focus of investigation is on the Dirichlet boundary conditions
applied to (162)–(163). The domain is selected as O = [0, 1]× [0, 1]× [0, 1], and the time interval
is [0, 1]. The problem’s parameter values are set as follows: θi = 0.1, θii = 0.001, θ21 = θ23 =

0.01, ai = bi = ci = di = 1, where i = 1, 2, 3. The exact solutions are utilized to determine the
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Table 3: Discrete L2, L∞-error for two-dimensional case at T = 1 with θi = θii = θ21 = θ23 = ai = bi = ci =

di = 1, i = 1, 2, 3.

‖u− Φ̂nϱ‖ ‖v − Ψ̂nϱ‖ ‖w − Θ̂nϱ‖
J L2 L∞ L2 L∞ L2 L∞

10 7.1E-06 9.4E-05 6.3E-04 9.4E-03 1.4E-03 2.3E-02
20 7.3E-07 2.3E-05 7.2E-05 2.4E-03 1.6E-04 5.9E-03
25 3.6E-07 1.5E-05 3.6E-05 1.5E-03 8.3E-05 3.8E-03
40 9.7E-08 6.1E-06 8.6E-06 6.1E-04 2.0E-05 1.5E-03
50 5.3E-08 3.9E-06 4.4E-06 3.9E-04 1.0E-05 9.7E-04

Table 4: The order of convergence of L2, L∞-error for two-dimensional case at T = 1 with θi = θii = θ21 =

θ23 = ai = bi = ci = di = 1, i = 1, 2, 3.

‖u− Φ̂nϱ‖ ‖v − Ψ̂nϱ‖ ‖w − Θ̂nϱ‖
J L2 L∞ L2 L∞ L2 L∞

20 3.282 2.031 3.129 1.970 3.129 1.963
25 3.168 1.916 3.106 2.106 2.941 1.972
40 2.790 1.914 3.046 1.914 3.028 1.978
50 2.970 2.005 3.003 2.005 3.018 1.954

initial and boundary conditions, as well as the source terms f(x, y, z, t) and g(x, y, z, t). The
value of the time step is chosen such that δt = 10−4. The exact solutions are

u = exp(−t+ x+ y + z), v = exp(−t+ x2 + y2 + z2), w = exp(−t+ x3 + y3 + z3).

Table 5 displays the errors calculated using the L2, and L∞ norms and the order of conver-
gence of L2, and L∞ norms are presented in Table 6.

Here we will make notes regarding the results of Tables 1-6. We note that the highest error
values were obtained by the solution v, and the reason is that the second equation, through which

Table 5: Discrete L2, L∞-error for three-dimensional case at T = 1 with θi = 0.1, θii = 0.001, θ21 = θ23 =

0.01, ai = bi = ci = di = 1, i = 1, 2, 3.

‖u− Φ̂nϱ‖ ‖v − Ψ̂nϱ‖ ‖w − Θ̂nϱ‖
J L2 L∞ L2 L∞ L2 L∞

10 5.5E-05 3.4E-03 1.1E-04 7.5E-03 1.2E-04 7.7E-03
20 4.2E-06 9.1E-04 8.4E-06 2.1E-03 9.6E-06 2.2E-03
25 1.9E-06 5.8E-04 3.8E-06 1.4E-03 4.3E-06 1.5E-03
40 3.2E-07 2.2E-04 7.1E-07 5.3E-04 8.1E-07 5.9E-04
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Table 6: The order of convergence of L2, L∞-error for three-dimensional case at T = 1 with θi = 0.1, θii =

0.001, θ21 = θ23 = 0.01, ai = bi = ci = di = 1, i = 1, 2, 3.

‖u− Φ̂nϱ‖ ‖v − Ψ̂nϱ‖ ‖w − Θ̂nϱ‖
J L2 L∞ L2 L∞ L2 L∞

20 3.711 1.902 3.711 1.837 3.644 1.807
25 3.555 2.019 3.555 1.817 3.599 1.716
40 3.790 2.063 3.569 2.067 3.552 1.985

the solution v is calculated, includes two additional cross-diffusion terms. This generates a higher
approximation error than in the first and third equations. The lowest error value was recorded
for the solution u, although the first equation, through which the solution u is calculated, is
similar to the third equation, through which the solution w is calculated. The reason for this is
that the form of the analytical solution associated with the solution w has a higher non-linearity
than what is the case in the solution u. For the results that represent the error value of the
three-dimensional problem, which were presented in Table 5, we were not able to choose the
value of the time step δt = 10−6 because this requires large calculations. Therefore, we chose the
value of the diffusion parameters to be in the form θi = 0.1, θii = 0.001, θ21 = θ23 = 0.01, where
i = 1, 2, 3. This selection of diffusion parameter values makes the numerical method stable when
choosing the time step δt = 10−4.

8.3 One-dimensional simulations

In the subsequent numerical results, we performed simulations in one space dimension, utilizing
a uniform partition of the domain O = [0, 5] consisting of 256 subintervals (J = 256). The
time step size employed was δt = 10−5. The initial conditions for the simulations were set as
follows: u(x, 0) = 0.5+0.5 cos( 4πx5 ), v(x, 0) = 0.5−0.5 cos( 4πx5 ), and w(x, 0) = 0.5+0.3 cos( 4πx5 ).
The parameters used in these experiments are fixed as θ21 = θ23 = ai = 1 for i = 1, 2, 3, and
b2 = b3 = c1 = c3 = d1 = d2 = 1, while b1 = c2 = d3 = 0. However, we varied the values
of θii and θi for each experiment. Throughout all the experiments, solutions were graphically
represented at various carefully chosen time points to showcase the evolution of the interacting
cells as time (t) increases. The selected time points were T = 0, 0.01, 0.1, 0.5, and 1, enabling a
clear visualization of the system’s behavior at different stages of time progression.

In the first experiment, we set θi = θii = 1 for i = 1, 2, 3, and the numerical solutions of
(Qh δtϱ,k ) are displayed in Figures 1 (a), (b), and (c). A stable state was noticed in the solution. In
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the subsequent experiment, we performed a similar investigation, but this time, we altered the
values of θi. Precisely, we assigned θi = 10 and θii = 1 for i = 1, 2, 3. The outcomes are depicted
in Figures 1 (d), (e), and (f). The general pattern remained in line with our earlier observations.
An essential discovery in these figures is that the equilibrium solutions were attained more rapidly
compared to the first experiment. Next, we conducted a similar experiment, but this time with
θi = 0.1 and θii = 1 for i = 1, 2, 3. The results are depicted in Figures 1 (g), (h), and (i). The
general behavior of the system remained consistent with the observations made in previous cases.
However, we noticed that the stationary solutions were reached at a later time compared to the
previous experiments. In the fourth experiment, we selected θi = 1 and θii = 0 for i = 1, 2, 3.
The numerical results for various time points are shown in Figures 2 (a), (b), and (c). As in the
third experiment, it was observed that reaching the stationary solution took longer compared to
the first and second experiments.

8.4 Two-dimensional simulations

To showcase the development of spatial arrangements in the three-species SKT model, we ex-
amine a two-dimensional region denoted by O = (0, 5)2, which is divided into a mesh containing
80000 triangles. The model incorporates the subsequent parameter values: θ21 = 0.1, θ23 =

0.2, a1 = b1 = 1, a2 = 0.2, a3 = 0.15, b2 = 0.0037, b3 = 0.0033, c1 = 0.001, c2 = 0.25, c3 = d2 =

0.0025, d1 = 0.002 and d3 = 0.1667. In the experiments, the values of θi and θii, i = 1, 2, 3, are
varied to observe their impact on the solutions. The system’s stable equilibrium for the chosen
parameter values is given by (u∗, v∗, w∗) = (0.9749, 0.7769, 0.8689). The initial conditions are as
follows:

u(x, 0) = 0.9749 + 0.5 sin(0.8πx) cos(0.8πy),

v(x, 0) = 0.7769 + 0.2 cos(0.8πx) sin(0.8πy),

w(x, 0) = 0.8689 + 0.3 sin(0.8πx) sin(0.8πy).

The results of all experiments were presented at the following times: T = 0.5, 1, 2, 3, 6, 9, 12 and
15. The values of the self-diffusion coefficients were chosen in Figures 3–6 such that θii = 0.001,
i = 1, 2, 3. The values of diffusion coefficients were selected in Figures 3, 4, 5, and 6 such that
θi = 0.005, 0.001, 0.0005, and 0.0001, i = 1, 2, 3, respectively. In Figure 3, θi = 0.005, it was
observed that the solution tended to reach the equilibrium point, as the solution was very close
to reaching it at the last time. Then, with the decrease in the values of θi, the solution was chosen
to the equilibrium point as well, but it became slower. This indicates the significant stabilizing
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Figure 1: Numerical solutions for the one-dimensional case at different time points for θii = θ21 = θ23 = ai = 1,
i = 1, 2, 3, b2 = b3 = c1 = c3 = d1 = d2 = 1 and b1 = c2 = d3 = 0.
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Figure 2: Numerical solutions for the one-dimensional case at different time points for θii = 0, θi = θ21 =
θ23 = ai = 1, i = 1, 2, 3, b2 = b3 = c1 = c3 = d1 = d2 = 1 and b1 = c2 = d3 = 0.
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effect of the diffusion terms. In the last experiment, Figure 7, we fixed the values of diffusion
coefficients at θi = 0.0001, i = 1, 2, 3, and increased the values of self-diffusion coefficients to
θii = 0.01, i = 1, 2, 3 to confirm the effect of the self-diffusion terms on the stability of the
system. In this figure, it is observed that the solution moves faster than when the values of
the self-diffusion coefficients are θii = 0.001, i = 1, 2, 3. This confirms the significant stabilizing
effect of the self-diffusion terms.

(a) T = 0.5 (b) T = 1 (c) T = 2 (d) T = 3

(e) T = 6 (f) T = 9 (g) T = 12 (h) T = 15

Figure 3: Numerical solution u for the two-dimensional case at different time points for θi = 0.005 and
θii = 0.001, i = 1, 2, 3.

9 Conclusions

This article looks into how we can use FEMs to understand the three-species SKT model better.
It starts by outlining the main challenges of the model and explains a method to regularize it,
ensuring some mathematical proofs to support this. Then, it describes an FEM to get approxi-
mate solutions for this adjusted model. The study shows how these approximations link back to
the original model, proving that solutions for the SKT model do exist. Finally, it introduces a
practical algorithm for solving the approximated problem and presents numerical results. This
whole process helps us gain insight into the behavior of the SKT model in real-world scenarios.

It has been found that using FEM is a reliable way to manage complicated boundary con-
ditions and varied spaces. The numerical results showed interesting patterns formed by cross-
diffusion, which lined up with what theory suggested about how species can segregate. Overall,
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(a) T = 0.5 (b) T = 1 (c) T = 2 (d) T = 3

(e) T = 6 (f) T = 9 (g) T = 12 (h) T = 15

Figure 4: Numerical solution u for the two-dimensional case at different time points for θi = 0.001 and
θii = 0.001, i = 1, 2, 3.

(a) T = 0.5 (b) T = 1 (c) T = 2 (d) T = 3

(e) T = 6 (f) T = 9 (g) T = 12 (h) T = 15

Figure 5: Numerical solution u for the two-dimensional case at different time points for θi = 0.0005 and
θii = 0.001, i = 1, 2, 3.
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(a) T = 0.5 (b) T = 1 (c) T = 2 (d) T = 3

(e) T = 6 (f) T = 9 (g) T = 12 (h) T = 15

Figure 6: Numerical solution u for the two-dimensional case at different time points for θi = 0.0001 and
θii = 0.001, i = 1, 2, 3.

(a) T = 0.5 (b) T = 1 (c) T = 2 (d) T = 3

(e) T = 6 (f) T = 9 (g) T = 12 (h) T = 15

Figure 7: Numerical solution u for the two-dimensional case at different time points for θi = 0.0001 and
θii = 0.01, i = 1, 2, 3.

Iran. J. Numer. Anal. Optim., Vol. 16, No. 2, 2026, pp 447–496



Al-Musawi, Challoob and Harfash 492

FEM is a great tool for studying ecological and biological systems based on cross-diffusion models,
paving the way for more advanced future research.

The SKT cross-diffusion model is a prototype nonlinear parabolic system that depicts in-
tricate diffusion-driven interactions across many species, making its analysis mathematically
significant. Any significant numerical or analytical investigation requires that the model be
mathematically well-posed, which is ensured by proving the existence, uniqueness, and regular-
ity of weak and strong solutions. Numerical simulations have a strong theoretical basis thanks to
the creation and validation of finite element approximations and rigorous proofs of convergence
from the discrete weak formulation to the continuous weak solution. These findings advance
the mathematical understanding of nonlinear PDEs in general, and cross-diffusion and coupled
reaction terms in particular, which are known to pose analytical difficulties because of their
nonlinearity and coupling structure.

From a computational perspective, numerical simulations of multicomponent diffusion sys-
tems gain trust when the convergence, stability, and correctness of the FEM are demonstrated.
The effectiveness and dependability of the numerical method for real-world calculations are val-
idated by the examination of error estimates in one, two, and three spatial dimensions. These
results serve as standards for evaluating alternative numerical approaches used in complicated
cross-diffusion systems, in addition to supporting the use of numerical approximations for theo-
retical research. Through simulations, numerical results and patterns can be shown, bridging the
gap between mathematical theory and real-world phenomena and offering further insight into
the qualitative behavior of the system.

The SKT model is essential to comprehending the spatial segregation and coexistence of
competing biological species from a biological perspective. The cross-diffusion terms, which
indicate avoidance behavior or territorial competition, explain why individuals of one species
tend to migrate away from areas where substantial numbers of another species are present.
These processes play a key role in the explanation of how spatial patterns like coexistence zones,
segregation, and clustering develop in ecosystems. This kind of research allows for accurate
population dynamics simulation by mathematically and numerically testing the model, offering
predictive insight into how competition and diffusion mechanisms create ecological structures in
genuine ecosystems.

This research is very interdisciplinary since it integrates biological modeling, numerical anal-
ysis, and mathematical rigor. It encourages the creation of quantitative tools for environmental
scientists, ecologists, and biophysicists who want to simulate spatial population interactions in
a range of environmental settings. Furthermore, the approach and findings can be applied to
other systems, such as chemical reaction networks, tumor growth modeling, or bacterial colony
formation, that are controlled by comparable reaction�diffusion�cross-diffusion structures. By

Iran. J. Numer. Anal. Optim., Vol. 16, No. 2, 2026, pp 447–496



493 Finite element analysis of cross-diffusion three-species Shigesada–Kawasaki–Teramoto model

strengthening the link between abstract analysis and applied sciences, the study advances both
theoretical mathematics and applied biology modeling.
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Abstract

This paper examines a linear controlled discrete-time fractional-order system, as defined by∆γxk+1 = Axk +B∆γuk,

x0 = x0.

The corresponding output, denoted as yk = Cxk, is intended to be stable; that is, lim
k→∞

yk = 0.
More precisely, we suppose the existence of a fractional feedback control denoted as

∆γuk = ∆γLxk, where the matrices A, B, C, and L are suitably chosen. The characterization
of the maximal output set Υ(R) is investigated by defining the fractional derivative in the
Grunwald–Letnikov sense. Specifically, Υ(R) = {x0 ∈ Rn/yk ∈ R, for all k ≥ 0}, where R ⊂
Rn represents a constraint set. It can be shown, through the use of stability and observability
hypotheses, that a finite number of equations can derive Υ(R). The maximal output set is
determined using an advanced algorithmic approach. In order to clarify the theoretical results,
relevant algorithms and numerical simulations have been included.

*Corresponding author

Received 31 July 2025; revised 20 November 2025; accepted 27 November 2025

Amine EL Bhih
Laboratory of Analysis Modeling and Simulation, Department of Mathematics and Computer Science, Faculty
of Sciences Ben M’Sik, Hassan II University Casablanca, BP 7955, Sidi Othman, Casablanca, Morocco
Multidisciplinary Research and Innovation Laboratory (LPRI), Moroccan School of Engineering Sciences
(EMSI), Casablanca, Morocco. e-mail:elbhihamine@gmail.com

How to cite this article
EL Bhih, A., Characterizing maximum output sets in fractional-order discrete-time linear systems uti-
lizing fractional feedback control. Iran. J. Numer. Anal. Optim., 2026; 16(2): 497-524.
https://doi.org/10.22067/ijnao.2025.94705.1693

497

https://doi.org/10.22067/ijnao.2025.94705.1693
https://ijnao.um.ac.ir/
https://orcid.org/0000-0003-0877-5882
https://doi.org/10.22067/ijnao.2025.94705.1693


EL Bhih 498

AMS subject classifications (2020): Primary 93C05, 93B07, 93D20; Secondary 49K24, 52A20, 93B15.

Keywords: Fractional order systems, Stability, Observability, Asymptotically Stable, Discrete-
time system.

1 Introduction

Fractional calculus extends the arithmetic of integers by introducing derivatives of noninteger
orders. This approach allows for a more precise representation of real systems in engineering
and scientific domains. Debnath [4] highlighted the advantages of fractional-order models for
capturing the nuanced behavior of systems characterized by long-lived transients and inherited
properties, thereby enhancing the accuracy of their description.

Modeling physical phenomena often requires capturing intricate details of preceding histories,
which extends beyond the consideration of instant time alone. In this regard, fractional calculus
has proven to be invaluable. It is worth noting that recently, there has been substantial interest
across a spectrum of disciplines in exploring applications involving fractional derivatives (of
noninteger order). Mathematicians and researchers have dedicated their efforts to depicting
authentic processes in various fields, such as mechanics, electricity, biology, chemistry, and control
systems, by employing models of fractional order. These models can be considered within the
context of either continuous or discrete-time representations.

In recent literature, there has been an increasing focus on discrete fractional systems. Notable
works in this area include those by Dzieliński and Sierociuk [6], Kaczorek [18, 19], and Ferreira
and Torres [12]. Significant advancements in the theory of fractional calculus are outlined by
Kilbas, Srivastava, and Trujillo [20] and Oldham and Spanier [24]. Guermah, Djennoune, and
Bettayeb [14] extended certain fundamental results on the controllability and observability of
discrete-time fractional-order linear systems.

Maximum output sets (MOSs) are important in various practical applications, including
stability analysis, stabilizability, and control of constrained systems (refer to [14, 28]). Despite
extensive research on this concept, as demonstrated by in-depth investigations in [15, 26] and
associated references, its examination within the realm of fractional discrete systems is currently
limited. Therefore, further investigation and consideration of this domain is recommended within
our scientific community.

The MOS is an important element in various constrained control methodologies, particularly
in the implementation of diverse protocols for constraint management. It is defined as the set
encompassing all initial states, ensuring that trajectories originating from this set consistently
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adhere to the prescribed constraints on outputs at all times. The MOS plays a vital role in
navigating constrained control scenarios.

Related Work

The purpose of this paper is to investigate the maximal output admissible set within a specific
class of fractional linear systems, utilizing the Grunwald–Letnikov fractional derivative. Valuable
insights into the properties and characterizations of the maximal output admissible set in the con-
text of linear systems have been provided by Gilbert and Tan [13]. Moreover, the authors present
an algorithm that can be applied to both discrete and continuous-time linear time-invariant sys-
tems. This research is intended for scientists and researchers who are looking for a detailed
comprehension of the intricate dynamics inherent in fractional linear systems. The maximal
output set has recently been characterized for observability and asymptotically stable systems in
the domain of linear discrete-time systems (see [27, 3, 2]). This conceptual advancement signif-
icantly deepens our understanding of the analysis of constrained control systems. Additionally,
it has practical utility in the field of control system design techniques, as highlighted in [21].
Recent attention has been given to exploring the established maximal output set for a specific
class of semilinear systems and bilinear systems, as noted in [10, 1], respectively. The focus of
these studies is to characterize the MOS for such systems, using a stability hypothesis. The
authors have introduced a novel sufficient condition to ensure the asymptotic stability of the
system. The maximal set was characterized using a finite number of inequalities. Furthermore,
an algorithmic approach was proposed to determine the admissibility index k∗0 . The effectiveness
of this methodology was demonstrated through several numerical examples. In [23], the authors
explored infinite-dimensional linear systems and provides a characterization of the set of gain
operators that can make the system insensitive to uncertain initial states. Further insights into
the exploration of the maximal output set can be gleaned from additional references in [8, 9].
The work of Hirata and Ohta [16] in the realm of nonlinear systems is worthy of recognition.
Their study delineates both necessary and sufficient conditions for meeting prescribed state and
control constraints within a distinct class of nonlinear systems. Additionally, the authors pro-
pose a precise methodology for determining the maximal output admissible set. The significance
of fractional-order derivatives in the modeling and analysis of biological phenomena has been
emphasized in several recent studies [31, 29, 30, 17, 11, 22].
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Statement problem

The objective of this study is to explore fractional-order discrete-time linear systems under
fractional feedback control, as represented by the system dynamics expressed in (1). The focus
is on understanding the properties of the MOS associated with such systems.

The study aims to contribute novel insights into this area, motivated by the lack of com-
prehensive research on the MOS for fractional-order systems. We propose a methodology to
construct the MOS using a finite set of inequalities informed by stability and observability con-
siderations.

Additionally, we aim to establish new sufficient conditions that ensure the finite determina-
tion of the MOS. These conditions are crucial for clarifying the system’s behavior and may inform
the development of more effective control strategies. It is worth noting that this study solely
focuses on characterizing the MOS and does not consider the existence of fractional feedback
control.

The central objective of this study is to investigate fractional-order discrete-time linear sys-
tems employing fractional feedback control, characterized by∆γxk+1 = Axk +B∆γuk,

x0 = x0.
(1)

The associated output is yk = Cxk.

More precisely, we suppose the existence of a fractional feedback control

∆γuk = L∆γxk. (2)

The paper unfolds in a structured manner to comprehensively address the research objec-
tives. In Section 2, we provide a thorough examination of the fundamental definition of frac-
tional derivatives within the Grunwald–Letnikov framework, along with an in-depth analysis
of the discrete-time model discussed in [5]. Section 3 is dedicated to the characterization of
the maximal output set, accompanied by the establishment of sufficient conditions to ensure its
finite determination. Building upon this, Section 4 introduces conditions aimed at represent-
ing the maximal output set using a finite number of inequalities. In Section 5, we propose a
conceptual algorithm for determining the output admissibility index. The subsequent section
presents numerical examples to illustrate and validate the theoretical findings. Finally, the con-
cluding section synthesizes the research outcomes and provides a concise summary of the study’s
contributions.
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2 Analysis of dynamic models through fractional calculus

This section presents basic concepts related to fractional calculus that are utilized throughout
the paper. In this section of the paper, the Grünwald–Letnikov method [24, 25] defines the
discrete fractional derivative, while also defining a set of admissible outputs.

Definition 1. The Letnikov and Grunwald fractional difference operator, denoted by ∆γ , acting
on the function x(·) at the discrete time instance k within the interval [0,+∞[, is defined as

∆γx(k) =
1

hγ

k∑
j=0

(−1)j
(
γ

j

)
x (k − j) . (3)

The derivative approximation is calculated for a sampling period of unity, where the order
of the derivative is between 0 and 1, and k is the number of samples.

The term
(
γ

j

)
in Definition 1 can be obtained from the following relation:

(
γ

j

)
=

 1 for j = 0,

γ(γ−1)···(γ−j+1)
j! for j > 0.

(4)

The first-order difference for x(k + 1) defined as

∆1x(k + 1) = x(k + 1)− x(k)

= Axk +BL∆1xk − xk

= (A− In)xk +BL (xk − xk−1)

= (A− In)xk +BL (xk − xk−1)

= (A+BL− In)xk −BLxk−1

= Adxk −BLxk−1,

with Ad = A+BL− In.
We have

∆γxk+1 = xk+1 +

k+1∑
j=1

(−1)j
(
γ

j

)
x (k − j + 1)

and

∆γxk = xk +

k∑
j=0

(−1)j
(
γ

j

)
x (k − j) . (5)

Then the fractional feedback control is given by
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∆γuk = L

k∑
j=0

(−1)j
(
γ

j

)
x (k − j) . (6)

We replace ∆γxk and ∆γuk by its value, system (6) can be rewritten by

xk+1 = Adxk −
k+1∑
j=1

(−1)j
(
γ

j

)
x (k − j + 1) +BL

k∑
j=1

(−1)j
(
γ

j

)
x (k − j)

=

(
Ad −

(
γ

1

))
xk −

k+1∑
j=1

(−1)j
(
γ

j

)
x (k − j + 1)

+BL

k∑
j=1

(−1)j
(
γ

j

)
x (k − j)

= Ãxk −
k+1∑
j=2

(−1)j
(
γ

j

)
x (k − j + 1) +BL

k∑
j=1

(−1)j
(
γ

j

)
x (k − j) . (7)

Set aj = (−1)j
(
γ

j

)
and bj = (−1)j

(
γ

j

)
. Equation (7) can be rewritten as

xk+1 = Ãxk −
k+1∑
j=2

ajx (k − j + 1) +BL

k∑
j=1

bjx (k − j) .

Let us now write
A0 = Ad − a1In and B0 = b1In,

and further, for all j ≥ 0,

Aj = −aj+1In and Bj = bj+1In,

which leads 
xk+1 =

k∑
j=0

Ajxi−j +BL
k∑
j=0

Bjxi−j

=
k∑
j=0

(Aj +BLBj)xi−j ,

yk = Cxk,

and uk is the control low (feedback control) defined by

∆γuk = Lxk = L

k∑
j=0

Bjxk−j ,
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where

A0 = A+

(
γ

1

)
In and

Aj = − (−1)j+1
diag

{(
γ

j + 1

)
, . . . ,

(
γ

j + 1

)}
, for all j ≥ 1.

Bj = (−1)j diag
{(

γ

j

)
, . . . ,

(
γ

j

)}
, for all j ≥ 0. (8)

Then, putting ÃBj = Aj +BLBj , we can write

xk+1 =

k∑
j=0

ÃBjxk−j .

Thus, successively, we build the recurrence beginning with

x(1) = ÃB0x0 = (A0 +BLB0 )x0 =

(
A+

(
γ

1

)
In +BL

)
x0,

x(2) = ÃB1
x1 = (A0 +BLB0 )x1 + (A1 +BLB1 )x0 , . . . .

This leads to the following relation between the two column sequences:



x (1)

x (2)

x (3)
...

x (k + 1)
...


=



A0 +BLB0 0 0 0 · · ·
A1 +BLB1 A0 +BLB0 0 0 · · ·
A2 +BLB2 A1 +BLB1 A0 +BLB0 0 · · ·

...
...

...
...

...
...

...
...

...
...

...
...

...
...

...





x (0)

x (1)

x (2)
...

x (k)
...


.

The state space model below represents the discrete-time fractional-order system:
xk+1 =

k∑
j=0

ÃBjxk−j ,

x (0) = x0 ∈ Rn,
yk = Cxk.

(9)

Remark 1. (i) It can be inferred from (9) that the fractional system exhibits a resemblance to
a system characterized by an increasing number of delays.

(ii) Equations (8)− (9) suggest that the coefficients of Aj and Bj become negative when γ
and γ lie in the interval (0, 1), and their magnitudes decrease rapidly as j increases.
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For practical applicability, it is necessary to limit the number of considered samples to a
predefined quantity l, which is referred to as the memory length [7].

In this case the system (9) is rewritten as


xk+1 =

l∑
j=0

ÃBjxk−j ,

x (0) = x0 ∈ Rn,
yk = Cxk.

(10)

Let us define the transition matrix form NBk such that

NBk =


Ind for k = 0,

l∑
j=0

ÃBjNB((k−j−1) for k ≥ 1.

The general solution of (10) can be written as follows:

x (k) = NBkx0, for all k ≥ 0.

Remark 2. If γ = 1, then
xk = (A+ I +BL)

k
x0.

Definition 2. Let R ⊂ Rp and let x0 ∈ Rn. The initial state x0 is said R-output admissible if

yk ∈ R, for all k ∈ N.

The set of all such initial states is described by

Υ(R) = {x0 ∈ Rn/Cx0 ∈ R, CNBkx0 ∈ R, for all k ≥ 1} ,

or

Υ(R) =

x0 ∈ Rn/Cx0 ∈ R, C
l∑

j=0

ÃBjNB(k−j−1)x0 ∈ R, for all k ≥ 1

 .

This manuscript presents a new approach to the identification of the set of initial states that
satisfy point-in-time criteria for the resultant output function, subject to certain conditions on
the matrix Bk.
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3 A characterization approach to Υ(R): Output admissible
set analysis

The main goal of this section is to characterize, under certain assumptions, the set Υ(R) of
all initial states that lead to trajectories satisfying the constraint set. We establish the finite
determinate of Υ(R) and, as a consequence, devise an algorithmic procedure for its computation.
To achieve this, we introduce the sets Υk(R) for each k ≥ 0 and provide a detailed description
of their properties as follows:

Υk (R) = {x0 ∈ Rn/Cx0 ∈ R, CNBkx0 ∈ R, for all k ∈ {1, . . . , i}} .

Definition 3. Assuming the existence of an integer k∗ for which Υk∗(R) equals Υ(R), the set
Υ(R) is deemed to be finitely determined.

Definition 4. The dynamical system defined by (10) is acknowledged as asymptotically stable
provided that for every k ≥ 1

lim
k→∞

yk = 0.

Consequently, the system defined by (10) achieves asymptotic stability if and only if

‖NBk‖ ≤ 1, for k ≥ 1.

By imposing specific conditions onNBk , for k ≥ 0 andR, we inherently introduce correspond-
ing constraints on Υ(R). The following result presupposes that the interior of R is considered;
a condition that is typically met in practical applications and has favorable consequences (see
[13] for further insights).

Proposition 1. Should the system described by (10) achieve asymptotic stability, along with
0 ∈ R̊ and the norm of matrix C being bounded by 1. Then

0 ∈ Υ̊(R).

Remark 3. In the following proof, we denote the open ball centered at 0 with radius η as Bη(0).
This notation represents the set of all points within a distance η from the origin.

Proof. Suppose that 0 belongs to the interior of R̊. Consequently, there exists η > 0 such that
the ball Bη (0) is contained within Υ(R).

If the system described by Equation (10) is asymptotically stable, then ‖NBk‖ ≤ 1, for all k ≥
0.
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Let z be an element of Bη (0) and let k ≥ 0. We observe

‖CNBkz‖ ≤ ‖C‖ ‖NBk‖ ‖z‖

≤ ‖C‖ ‖NBk‖ η

≤ η.

This implies that CNBkz lies within Bη (0) for every z in Bη (0) and for all k ≥ 0.
Consequently, we have

CNBkz ∈ R, for all z ∈ Bη (0) , for all k ≥ 0.

This inclusion yields
Bη (0) ⊂ Υ(R).

Thus, we conclude that 0 ∈ Υ̊(R).

Proposition 2. If R is convex, symmetry, and closed, then the set Υ(R) is also
(i) Convex,
(ii) Symmetric,
(iii) Closed.

Proof. (i) Let z10 , z20 ∈ Υ(R), θ ∈ ]0, 1[ , and k ≥ 0. We show that θz10 + (1− θ) z20 ∈ Υ(R)
and z10 , z20 ∈ Υ(R) implies that z10 , z20 ∈ Rn such that CNBkz10 ∈ R and CNBkz20 ∈ R.

We have
CNBk

(
θz10 + (1− θ) z20

)
= θCNBkz

1
0 + (1− θ)CNBkz20 .

We assume that R is convex, and that CNBk
(
θz10 + (1− θ) z20

)
∈ R and θz10 + (1− θ) z20

∈ Υ(R).

Then Υ(R) is convex.

(ii) From the definition of Υ(R), it is clear.

(iii) We define the function Gk by
Gk : Rn → Rp

z → CNBkz.

Then (Gk)k≥0 are continuous.

Let G−1
k (R) = {z ∈ Rn /CNBkz ∈ R} . Then
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Υ(R) =
⋂
k≥0

G−1
k (R) .

Since (Gk)k≥0 are continuous and R is closed, G−1
k (R) , k ≥ 0 are closed.

Hence, Υ(R) is proven to be closed. Moreover, in the case where R exhibits symmetry, it
follows that Υ(R) also inherits this property of symmetry.

Thus, the demonstration is concluded.

The imposition of specific requirements on both NBk (where k > 0) and R naturally extends
to analogous conditions for Υ(R). The ensuing outcome presupposes the inclusion of the origin,
0, within the interior of R, denoted as R̊. This assumption is not only consistent with most
practical applications but also yields favorable outcomes, as elaborated in reference [13].

Proposition 3. Under the condition that Υ(R) is determined to be finite, there exists a natural
number k such that Υk(R) = Υk+1(R).

Proof. Let us assume that Υ(R) is determined to be finite. Then, there exists (k ∈ N) , such that
Υ(R) = Υk(R). On the other hand, Υk(R) = Υ(R) ⊂ Υk(R). Since {Υk(R)}k≥0 is decreasing
sequence then Υk+1(R) ⊂ Υk(R).

As a result, we have Υk(R) = Υk+1(R), for some k ≥ 0, thereby concluding the proof.

We now introduce an intriguing result that enables us to determine the set Υ(R) through a
finite number of inequalities. This, in turn, paves the way for the development of an algorithmic
approach to calculate the admissibility index k∗.

In the following result, the set is taken as R = {y ∈ Rp /‖y‖ ≤ ξ } .
In our pursuit of a solution, we explore two distinct scenarios:
a) In the first scenario, we assume that dimR = n, signifying that both the observation

space and the state space exhibit identical dimensions.
b) Under the second scenario, we assume that dimR < n, indicating a discrepancy in

dimensions between the observation space and the state space.
Considering the first scenario where dimR = n, the matrix C takes the form of an n × n

matrix.

Proposition 4. Assume that the following conditions are met:

Condition (i)
l∑

j=0

∥∥∥ÃBj∥∥∥ ≤ 1 and Υk(R) = Υk+1(R) for some k,

Condition (ii) C commutes with ÃBj for all 0 ≤ j ≤ L.
Then, it follows that Υ(R) is finitely determined.
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Proof. It is evident that Υ(R) ⊂ Υk(R).
Assume x0 ∈ Υk(R). Then zk = CNBkx0 ∈ R for all k ∈ {0, 1, 2, . . . , i + 1}, implying

‖zk‖ ≤ ξ for all k ≤ i+ 1.
For k = i+ 2, we have

‖zk‖ = ‖CNBkx0‖

=

∥∥∥∥∥∥C
l∑

j=0

ÃBjNB((k−j−1)x0

∥∥∥∥∥∥
=

∥∥∥∥∥∥C
l∑

j=0

ÃBjNB((k−j−1)x0

∥∥∥∥∥∥
=

∥∥∥∥∥∥
l∑

j=0

ÃBjCNB((k−j−1)x0

∥∥∥∥∥∥
≤

l∑
j=0

∥∥∥ÃBj∥∥∥ ∥∥CNB((0k−j−1)x0
∥∥

≤ ξ
l∑

j=0

∥∥∥ÃBj∥∥∥ .
Given that

∥∥CNB((k−j−1)x0
∥∥ ≤ ξ holds for all j ∈ {0, . . . , L}, we employ the inequality

l∑
j=0

∥∥∥ÃBj∥∥∥ < 1 to deduce that
∥∥CNB((k+2)x0

∥∥ ≤ ξ.
Through iterative reasoning, we establish that

∥∥CNB((0k+j)x0
∥∥ ≤ ξ for all j ≥ 2.

This implies ‖CNBix0‖ ≤ ξ for all i ≥ k + 2, consequently leading to ‖CNBix0‖ ≤ ξ for all
i ≥ 0.

As a result, x0 ∈ Υ(R), thereby confirming the finiteness of Υ(R).

In the second scenario where dimR = p < n, considering that the matrix C ∈ L(Rn,Rp),
let us define C̃ and R̃ as follows:

C̃ =

(
C

0

)
∈ L(Rn,Rn), R̃ = R× {0Rn−p} ⊂ Rn.

Now, let us explore the implications of the new observation ỹi = C̃xi. Upon careful exami-
nation, it is evident that for every integer i,

yi ∈ R ⇐⇒ ỹi ∈ R̃.
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Remark 4. It is interesting to note that the output admissibility of an initial state, denoted by
x0, regarding C and R, is equivalent to its output admissibility regarding C̃ and R̃.

The findings from the initial case inform the derivation of the subsequent statement, given
that dim R̃ = n.

Proposition 5. Assume that the following conditions are met:

Condition (i)
l∑

j=0

∥∥∥ÃBj∥∥∥ ≤ 1 and Υk(R) = Υk+1(R) for some k,

Condition (ii) C̃ commutes with ÃBj for all 0 ≤ j ≤ L.
Then, it follows that Υ(R) is finitely determined.

In section 4, we will present an algorithmic method designed to determine the minimum
integer value, denoted as i∗, where Υ(R) = Υk∗(R).

4 Algorithmic determination

Drawing directly from the implications of Propositions 3 and 4, this section outlines a systematic
approach to ascertain k∗, the admissibility index, and consequently, the set Υ(R).

Let Rp be endowed with the following norm:

‖x‖∞ = max
1≤i≤p

|xi| , for all x ∈ Rp.

Define R as R = {y ∈ Rp|hj(y) ≤ 0, j = 1, 2, . . . , 2p}, where hj : Rp → R are given functions.
Such sets hold particular relevance in practical scenarios.

In this instance, Υk(R) is described for every integer i as

Υk(R) = {x0 ∈ Rn|hj(CNBix) ≤ 0, j = 0, . . . , 2p, i = 0, . . . , k} .

On the other hand,

Υk+1(R) =
{
x0 ∈ Υk(R)

/
CNBk+1

x0 ∈ R
}

=
{
x0 ∈ Υk(R)

/
hj(CNBk+1

x0) ≤ 0 for j = 1, . . . , 2p
}
.

Now, since Υk+1(R) ⊂ Υk(R) for every k, then

Υk+1(R) = Υk(R)⇐⇒ Υk(R) ⊂ Υk+1(R)

⇐⇒ for all x0 ∈ Υk(R), hj(CNBk+1
x0) ≤ 0 ,
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for all j = {1, . . . , 2p}

⇐⇒ sup
x0∈Rn,hk(CNBlx0)≤0

for all k={1,...,2p} for all l∈{0,...,i}

hj(CNBk+1
x0) ≤ 0 ,

for all j = {1, . . . , 2p} .

As a result, the equivalence Υk+1(R) = Υk(R) generates a collection of mathematical pro-
gramming problems.

Algorithm 1 Determination of k∗
Require: n, p, l ∈ N∗, C,NBi , ξ > 0
k ←− 0
For j = 1 to p Maximize Jj(x) =

∣∣∣(CNBk+1
x
)
j

∣∣∣− ξ
Subject to the constraints:{ ∣∣∣(CNBk+1

x
)
j

∣∣∣− ξ
for all k = {1, . . . , 2p} for all l ∈ {0, . . . , i}

J∗
j ←− max {Jj(x)}

If J∗
j ≤ 0 for all j = 1, . . . , p, then k∗ ←− 0

To showcase our findings, we will provide concrete numerical examples in section 6.

5 Criteria ensuring finite determination of Υk(R)

The theorem presented below represents the pivotal result in our endeavor, focusing on the notion
that having straightforward conditions to attain the finite determination of the set Υ(R) is highly
preferable.

Theorem 1. If ‖NBk‖ ≤ γk, for all k ≥ 0, with γk −→ 0 when k −→ ∞, then Υ(R) is finitely
determined.

Proof. We have ‖NBk‖ ≤ γk =⇒ ‖CNBkx‖ ≤ γk ‖C‖ ‖x‖ , γk −→ 0, when k −→ ∞. Then
there exists an integer i0 such that ‖CNBkx‖ ≤ ε, for all k ≥ i0, for all x ∈ Rn.

Hence
∥∥CNB((i0+1)x

∥∥ ≤ ε, for all x ∈ Υk0(R), and we have Υ(R) ⊂ Υk0+1(R) ⊂ Υk0(R).

Consequently, Υ(R) = Υk0+1(R) = Υk0(R).

Then Υ(R) is finitely determined.
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6 Numerical examples

In order to clarify our outcomes, we showcase numerical instances, utilizing a carefully crafted
algorithm. This approach allows us to precisely define the set Υ(R) through a finite set of

inequalities, providing substantial support for our underlying hypothesis
l∑

j=0

∥∥∥ÃBj∥∥∥ ≤ 1 holds

in all instances presented. We strategically choose the matrix A0 = A + BL + γIn and ÃB0
=

A0 +BLB0.
We have

l∑
j=0

(−1)j
(
γ

j

)
=

Γ (l + 1− γ)
Γ (1− γ) Γ (l + 1)

,

l∑
j=0

(−1)j
(
γ

j

)
=

Γ (l + 1− γ)
Γ (1− γ) Γ (l + 1)

,

and the fact

l∑
j=0

∥∥∥ÃBj∥∥∥ =

l∑
j=0

‖Aj +BLBj‖ = ‖A0 +BLB0‖+
l∑

j=1

‖Aj +BLBj‖ .

Example 1. Consider the following system:x(k + 1) =
l∑

j=0

ÃBjxk−j ,

x0 = x(0) ∈ Rn.

The matrices Aj and Bj are defined as Aj = −aj+1In and Bj = bj+1In, where aj = (−1)j
(
γ
j

)
and bj = (−1)j

(
γ
j

)
.

The parameters γ, γ, ε, n, and the matrices A, B, L, and C are specified as follows: γ = 0.25,

ε = 0.5, γ = 0.25, n = 3, C =
(
1 −1

)
, A =

(
1
54

1
16

− 1
32

1
12

)
, B =

(
1
12
1
18

)
, and L =

(
1
2

1
2

)
.

Then

NB0 = I2 =

(
1 0

0 1

)
,

NB1
= AB0

= A0 +BLB0 = A+BL+ I2 +BLB0 = A+ I2 +BL (I2 +B0)

=

(
1
54

1
16

− 1
32

1
12

)
+

(
1 0

0 1

)
+

(
1
12
1
18

)(
1
2

1
2

)(( 1 0

0 1

)
− 0.25

(
1 0

0 1

))

=

(
1. 049 8 0.093 75

−1. 041 7× 10−2 1. 104 2

)
,
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NB2
= A2

B0
+AB1

= (A0 +BLB0)
2
+A1 +BLB1

=

(
1. 049 8 0.093 75

−1. 041 7× 10−2 1. 104 2

)2

− 0.093 75

(
1 0

0 1

)

−0.25

(
1
12
1
18

)(
1
2

1
2

)( 1 0

0 1

)

=

(
0.996 94 0.191 52

−2. 938 3× 10−2 1. 117 6

)
,

NB3 = A3
B0

+A2
B1

+AB2 = (A0 +BLB0)
3
+ (A1 +BLB1)

2
+ (A2 +BLB2)

=

(
1. 049 8 0.093 75

−1. 041 7× 10−2 1. 104 2

)3

+

(
−0.093 75

(
1 0

0 1

)
− 0.25

(
1
12
1
18

)(
1
2

1
2

)( 1 0

0 1

))2

+

(
−5. 468 8× 10−2

(
1 0

0 1

)
− 0.093 75

(
1
12
1
18

)(
1
2

1
2

)( 1 0

0 1

))

=

(
1. 131 4 0.349 7

−2. 058 2× 10−2 1. 312 9

)
,

NB4
= A4

B0
+A3

B1
+A2

B2
+AB3

= (A0 +BLB0)
4
+ (A1 +BLB1)

3

+(A2 +BLB2)
2
+ (A3 +BLB3)

=

(
1. 049 8 0.093 75

−1. 041 7× 10−2 1. 104 2

)4

+

(
−0.093 75

(
1 0

0 1

)
− 0.25

(
1
12
1
18

)(
1
2

1
2

)( 1 0

0 1

))3

+

(
−5. 468 8× 10−2

(
1 0

0 1

)
− 0.093 75

(
1
12
1
18

)(
1
2

1
2

)( 1 0

0 1

))2

+

(
3. 759 8× 10−2

(
1 0

0 1

)
−−3. 759 8× 10−2

(
1
12
1
18

)(
1
2

1
2

)( 1 0

0 1

))

=

(
1. 214 1 0.472 37

−4. 937 5× 10−2 1. 484 5

)
,

CNB0

(
x

y

)
=
(
1 −1

)( 1 0

0 1

)(
x

y

)
= x− y,
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CNB1

(
x

y

)
=
(
1 −1

)( 1. 049 8 0.093 75

−1. 041 7× 10−2 1. 104 2

)(
x

y

)
= 1. 060 2x− 1. 010 5y,

CNB2

(
x

y

)
=
(
1 −1

)( 0.996 94 0.191 52

−2. 938 3× 10−2 1. 117 6

)(
x

y

)
= 1. 026 3x− 0.926 08y,

CNB3

(
x

y

)
=
(
1 −1

)( 1. 131 4 0.349 7

−2. 058 2× 10−2 1. 312 9

)(
x

y

)
= 1. 152 0x− 0.963 2y,

CNB4

(
x

y

)
=
(
1 −1

)( 1. 214 1 0.472 37

−4. 937 5× 10−2 1. 484 5

)(
x

y

)
= 1. 263 5x− 1. 012 1y.

Algorithm:
k = 0,
i = 1,
Maximize J1 (x) = 1. 060 2x− 1. 010 5y − 0.1,
S.C: x− y − 0.1 ≤ 0 and −x+ y − 0.1 ≤ 0,
k = 0,
i = 2,
Maximize J2 (x) = −1. 060 2x+ 1. 010 5y − 0.1,
S.C: x− y − 0.1 ≤ 0.1 and −x+ y − 0.1 ≤ 0,
We have J∗

1 , J
∗
2 ≥ 0. Then go to the next step.

k = 1,
i = 1,
Maximize J1 (x) = 0.165 95x− 6. 898 5× 10−2y − 0.1,
S.C: 1. 060 2x− 1. 010 5y − 0.1 ≤ 0 and −1. 060 2x+ 1. 010 5y − 0.1 ≤ 0,
x− y − 0.1 ≤ 0 and −x+ y − 0.1 ≤ 0,
k = 1,
i = 2,
Maximize J2 (x) = −0.165 95x+ 6. 898 5× 10−2y − 0.1,
S.C: 1. 060 2x− 1. 010 5y − 0.1 ≤ 0 and −1. 060 2x+ 1. 010 5y − 0.1 ≤ 0,
x− y − 0.1 ≤ 0 and −x+ y − 0.1 ≤ 0,
We have J∗

1 , J
∗
2 ≥ 0. Then go to the next step.

k = 2,
i = 1,
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Maximize J1 (x) = 1. 152 0x− 0.963 2y − 0.1,
S.C: 0.165 95x+ 6. 898 5× 10−2y − 0.1 ≤ 0 and −0.165 95x+ 6. 898 5× 10−2y − 0.1 ≤ 0,
1. 060 2x− 1. 010 5y − 0.1 ≤ 0 and −1. 060 2x+ 1. 010 5y − 0.1 ≤ 0,
x− y − 0.1 ≤ 0 and −x+ y − 0.1 ≤ 0,
k = 2,
i = 2,
Maximize J2 (x) = −1. 152 0x+ 0.963 2y − 0.1,
S.C : 0.165 95x+ 6. 898 5× 10−2y − 0.1 ≤ 0 and −0.165 95x+ 6. 898 5× 10−2y − 0.1 ≤ 0,
1. 060 2x− 1. 010 5y − 0.1 ≤ 0 and −1. 060 2x+ 1. 010 5y − 0.1 ≤ 0,
x− y − 0.1 ≤ 0 and −x+ y − 0.1 ≤ 0,

We have J∗
1 , J

∗
2 ≥ 0. Then go to the next step.

k = 3,
i = 1,
Maximize J1 (x) = 1. 263 5x− 1. 012 1y − 0.1,
S.C : 1. 152 0x− 0.963 2y − 0.1 ≤ 0 and −1. 152 0x+ 0.963 2y − 0.1 ≤ 0,
0.165 95x+ 6. 898 5× 10−2y − 0.1 ≤ 0 and −0.165 95x+ 6. 898 5× 10−2y − 0.1 ≤ 0,
1. 060 2x− 1. 010 5y − 0.1 ≤ 0 and −1. 060 2x+ 1. 010 5y − 0.1 ≤ 0,
x− y − 0.1 ≤ 0 and −x+ y − 0.1 ≤ 0,
k = 3,
i = 1,
Maximize J2 (x) = −1. 263 5x+ 1. 012 1y − 0.1,
S.C: 1. 152 0x− 0.963 2y − 0.1 ≤ 0 and −1. 152 0x+ 0.963 2y − 0.1 ≤ 0,
0.165 95x+ 6. 898 5× 10−2y − 0.1 ≤ 0 and −0.165 95x+ 6. 898 5× 10−2y − 0.1 ≤ 0,
1. 060 2x− 1. 010 5y − 0.1 ≤ 0 and −1. 060 2x+ 1. 010 5y − 0.1 ≤ 0,
x− y − 0.1 ≤ 0 and −x+ y − 0.1 ≤ 0,
Since J∗

1 , J
∗
2 ≤ 0, we stop.

Then we use Algorithm II to prove that k∗ = 3, and we have

R = {x ∈ R ||x| ≤ 1} = [−1, 1] ,

Υ3 (R) =


(
x

y

) ∣∣∣∣∣∣∣∣
|x− y| ≤ 0.1, |1. 060 2x− 1. 010 5y| ≤ 0.1,

|1. 026 3x− 0.926 08y| ≤ 0.1,

|1. 152 0x− 0.963 2y| ≤ 0.1

 .

Example 2. Consider the following system:
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Figure 1: The shaded area represents the set Υ3 (R) as illustrated in Example 1 with γ = 0.25

{
x(k + 1) =

∑l
j=0 ÃBjxk−j ,

x0 = x(0) ∈ Rn.

We define the parameters γ, γ, ε, n, and the matrices A, B, L, and C as follows: γ = 0.25,

γ = 0.25, ε = 0.4, n = 3, C =
(
1 −1

)
, A =

(
35
12 −

13
7

3
32 −

11
7

)
, B =

(
3 2

0 1

)
, and L =

(
−1 0

0 1

)
.

Then

NB0
= I2 =

(
1 0

0 1

)
,

NB1 = AB0 = A0 +BLB0

= A+BL+ I2 +BLB0 = A+ I2 +BL (I2 +B0)

=

(
35
12 −

13
7

3
32 −

11
7

)
+

(
1 0

0 1

)
+

(
3 2

0 1

)(
−1 0

0 1

)((
1 0

0 1

)
− 0.25

(
1 0

0 1

))

=

(
1. 666 7 −0.357 14

3
32 0.178 57

)
,

AB1
= A1 +BLB1 = 0.093 75

(
1 0

0 1

)
− 0.093 75

(
3 2

0 1

)(
−1 0

0 1

)(
1 0

0 1

)

=

(
0.375 −0.187 5
0 0

)
,

NB2
= A2

B0
+AB1

= (A0 +BLB0)
2
+A1 +BLB1
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=

(
1. 666 7 −0.357 14

3
32 0.178 57

)2

+

(
0.375 −0.187 5
0 0

)

=

(
3. 119 4 −0.846 52
0.172 99 −1. 594 6× 10−3

)
,

NB3 = A3
B0

+A2
B1

+AB2 = (A0 +BLB0)
3
+ (A1 +BLB1)

2
+ (A2 +BLB2)

=

(
1. 666 7 −0.357 14

3
32 0.178 57

)3

+

(
0.375 −0.187 5
0 0

)2

+

((
5. 468 8× 10−2 0

0 5. 468 8× 10−2

)

+

(
3 2

0 1

)(
−1 0

0 1

)(
−5. 468 8× 10−2 0

0 −5. 468 8× 10−2

))

=

(
4. 871 7 −1. 277 5
0.288 18 −6. 206 8× 10−2

)

CNB0

(
x

y

)
=
(
1 −1

)( 1 0

0 1

)(
x

y

)
= x− y

CNB1

(
x

y

)
=
(
1 −1

)( 1. 666 7 −0.357 14
3
32 0.178 57

)(
x

y

)
= 1. 573 0x− 0.535 71y

CNB2

(
x

y

)
=
(
1 −1

)( 3. 119 4 −0.846 52
0.172 99 −1. 594 6× 10−3

)(
x

y

)
= 2. 946 4x− 0.844 93y

CNB3

(
x

y

)
=
(
1 −1

)( 4. 871 7 −1. 277 5
0.288 18 −6. 206 8× 10−2

)(
x

y

)
= 4. 583 5x− 1. 215 4y

Then we use Algorithm II to prove that k∗ = 1 and we have

Υ1 (R) =

{(
x

y

)
||x− y| ≤ 0.4, |1. 573 0x− 0.535 71y| ≤ 0.4

}
.

Example 3. Consider the following system:{
x(k + 1) =

∑L
j=0 ÃBjxk−j ,

x0 = x(0) ∈ Rn.
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Figure 2: The shaded area represents the set Υ1 (R) as illustrated in Example 2 with γ = 0.25

Let the parameters γ, γ, ε, n and the matrix A,B,L and C be defined by

γ = 0.1, ε = 0.3, n = 2, γ = 0.1, C =
(
2 −1

)
, A =

(
1
48

1
16

0 1
40

)
, B =

(
1
16
1
10

)
, L =

(
1
2

1
2

)
.

Then

NB0
= I2 =

(
1 0

0 1

)
,

NB1 = NB1 = AB0 = A0 +BLB0

= A+BL+ I2 +BLB0 = A+ I2 +BL (I2 +B0)

=

(
1
48

1
16

0 1
40

)
+

(
1 0

0 1

)
+

(
1
16
1
10

)(
1
2

1
2

)(( 1 0

0 1

)
− 0.25

(
1 0

0 1

))

=

(
1. 044 3 8. 593 8× 10−2

0.037 5 1. 062 5

)
,

NB2
= A2

B0
+AB1

= (A0 +BLB0)
2
+A1 +BLB1

=

(
1. 044 3 8. 593 8× 10−2

0.037 5 1. 062 5

)2

+ 0.08

(
1 0

0 1

)

−0.2

(
1
16
1
10

)(
1
2

1
2

)( 1 0

0 1

)

=

(
1. 167 5 0.174 8

6. 900 5× 10−2 1. 202 1

)
,

NB3
= A3

B0
+A2

B1
+AB2
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= (A0 +BLB0)
3
+ (A1 +BLB1)

2
+ (A2 +BLB2)

=

(
1. 044 3 8. 593 8× 10−2

0.037 5 1. 062 5

)3

+

(
0.08

(
1 0

0 1

)
− 0.2

(
1
16
1
10

)(
1
2

1
2

)( 1 0

0 1

))2

+

(
−0.08

(
1 0

0 1

)
+

(
1
16
1
10

)(
1
2

1
2

)
0.08

(
1 0

0 1

))

=

(
1. 077 0.287 97

0.127 52 1. 138 6

)
,

CNB0

(
x

y

)
=
(
2 −1

)( 1 0

0 1

)(
x

y

)
= 2x− y,

CNB1

(
x

y

)
=
(
2 −1

)( 1. 044 3 8. 593 8× 10−2

0.037 5 1. 062 5

)(
x

y

)
= 2. 051 1x− 0.890 62y,

CNB3

(
x

y

)
=
(
2 −1

)( 1. 167 5 0.174 8

6. 900 5× 10−2 1. 202 1

)(
x

y

)
= 2. 266 0x− 0.852 5y,

CNB4

(
x

y

)
=
(
2 −1

)( 1. 077 0.287 97

0.127 52 1. 138 6

)(
x

y

)
= 2. 026 5x− 0.562 66y.

Then we use Algorithm II to prove that k∗ = 2, and we have

Υ2 (R) =
{(x

y

)
| |2x− y| ≤ 0.3, |2. 051 1x− 0.890 62y| ≤ 0.3,

|2. 266 0x− 0.852 5y| ≤ 0.3
}
.

Example 4. Let the parameters γ, γ, ε, n and the matrix Ã, B, L and C be defined by
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Figure 3: The shaded area represents the set Υ2 (R) as illustrated in Example 3 with γ = 0.1

γ = 0.7, ε = 0.5, n = 3, C =
(
1 1 1

)
, Ã =


1
12

1
9

1
7

1
15

1
13

1
11

1
7

1
15

1
14

 , B =


1
10
1
5
1
8

 , L =
(

1
3

1
2

1
4

)
.

Also, CNB0


x

y

z

 , CNB1


x

y

z

 , CNB2


x

y

z

 , CNB3


x

y

z

 are given by

CNB0


x

y

z

 =
(
1 1 1

)
1 0 0

0 1 0

0 0 1



x

y

z

 = x+ y + z,

CNB1


x

y

z

 =
(
1 1 1

)
0.85 19

90
27
140

1
5 0.976 92 21

110
19
84

23
120 0.833 93



x

y

z


= 1. 276 2x+ 1. 379 7y + 1. 217 7z,

CNB2


x

y

z

 =
(
1 1 1

)
0.706 84 0.427 90 0.367 69

0.415 57 0.938 69 0.389 53

0.423 60 0.401 39 0.673 93



x

y

z


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= 1. 546x+ 1. 768 0y + 1. 431 2z,

CNB3


x

y

z

 =
(
1 1 1

)
0.908 53 0.650 23 0.539 37

0.636 46 1. 219 2 0.593 21

0.608 01 0.618 78 0.857 54



x

y

z


= 2. 153x+ 2. 488 2y + 1. 990 1z.

Algorithm II is employed to demonstrate that k∗ = 2 and to identify the MOS Υ2 (R) as
follows:

Υ2 (R) =



x

y

z


∣∣∣∣∣∣∣∣

|x+ y + z| ≤ 0.5,

|1. 276 2x+ 1. 379 7y + 1. 217 7z| ≤ 0.5,

|1. 546x+ 1. 768 0y + 1. 431 2z| ≤ 0.5,

 .

Comment

In Examples 1 and 2, the admissibility index k0 and the MOS Υ(R) for vectors satisfying certain
constraints were determined using the simplex method. This choice was made in order to solve the
maximization problems inherent in Algorithm 2. The constraints characterizing the sets Υ(R)
in Figures 1–3 have been visualized to provide a graphical insight into Υ(R), as illustrated in
Examples 1–3.

7 Conclusion

This paper addressed a novel problem concerning the maximum output admissible set in discrete-
time fractional control systems utilizing the Grünwald–Letnikov fractional derivative. It intro-
duced a new sufficient condition to ensure system stability and characterizes the maximal output
admissible set, denoted as Υ(R). The study demonstrated that, under specific conditions, fi-
nite determinations of Υ(R) can be achieved. Additionally, it proposes an effective algorithmic
approach to determine the admissibility index k∗ and establish the set using a finite number
of inequalities. The application of the algorithm to controlled scenarios is exemplified through
numerical examples, effectively showcasing the theoretical results in both two and three dimen-
sions. As a natural continuation of this work, future investigations will address the extension of
the proposed fractional-order control methodology to nonlinear dynamics as well as to infinite-
dimensional systems, where additional theoretical challenges and practical implications arise.
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Research Article

Spline-interpolation solution of a plane Stefan
problem

P.N. Ivanshin*

Abstract

We construct a spline-interpolation solution of the two-dimensional Stefan problem. We reduce
it to the set of boundary value problems for analytic functions and integral equations. Our
construction of an approximate solution is based on the introduction of analytic functions and
the application of approximate solutions of boundary-value problems. We modify the initial
problem in order to reduce it to a set of boundary value problems. The first of these problems is
the Cauchy problem for the Laplace equation. The second problem is the Riemann problem for
analytic function, We also give estimates of the approximate solution error and some examples
of the solution.
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Keywords: Spline; analytic function; approximate solution; Cauchy problem.

1 Introduction

The task of studying the conditions for the formation and dynamics of the liquid-solid phase
transition has wide practical applications, as it is directly related to issues such as storing thermal
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energy, controlling temperature and humidity, and ensuring the durability and strength of the
systems under study. In addition, the energy stored during melting can be released during the
solidification process, which enables a wide range of energy applications.

Possible applications span various technologies, such as in the steel industry, soil freezing,
and thermal control systems for spacecraft, as well as ground-based industrial and civil facilities.

The solution to this problem has practical applications in the construction industry, where
the pressing issue of determining the current position of the freezing front in external enclosing
structures of buildings and construction elements arises. The position of the freezing front is
directly linked to the durability of the enclosing structures. In fact, in the zone where the
freezing front is moving, extremely unfavorable operating conditions for the material of the
enclosing structures are created due to the potential alternation of freezing and thawing. This
can gradually lead to a decrease in strength, and ultimately, to the destruction of the structure.

The Stefan problem for the temperature field T (t, x, y), is formulated as follows: Consider
a medium occupying a region Ω consisting of two phases in the corresponding subdomains of
Ω: Phase 1 in the subdomain D1(t) and phase 2 in D2(t). These subdomains have the common
dynamic boundary Γ′(t). Let the two phases have thermal diffusivities θ1 and θ2. Here ∂T

∂t =

∇ · (θ1∇T ) in the region D1 and ∂T
∂t = ∇ · (θ2∇T ) in the region D2.

Assume that we know the boundary Γ′(0) between the zones D1(0) and D2(0). So given
the initial value of T (0, x, y) at Ω and the boundary data T (t, x, y)|(x,y)∈∂Ω=Γ∪Γ′′ it should be
possible to reconstruct both the function T (t, x, y), t > 0, (x, y) ∈ Ω and the boundary Γ′(t)

between two subdomains D1 and D2 at any time t > 0. The Stefan condition determines the
evolution of the curve Γ′(t) by giving an equation governing the velocity V of the free boundary
in the normal direction ν, specifically V = θ1∂νT1 − θ2∂νT2. By boundary values of T1 we mean
the limit of the gradient as (x, y) approaches Γ′(t) from the region D1(t), and by boundary values
of T2 we mean the limit of the gradient as (x, y) approaches Γ′(t) from the region D2(t).

There exists a number of numerical methods of solution of this problem [1, 3, 5, 14, 16].
Most of these approaches are variations of finite-difference and finite-element methods [17, 18].
The authors usually consider different types of meshes. Here, we try to exclude the mesh at least
from the spatial coordinates.

Here, we apply the Cauchy integral formula to the solution of the Stefan problem. We first
modify the initial problem in order to reduce it to a set of certain boundary value problems.
The first of these problems is the Cauchy problem for Laplace equation. So we again see the
connection of the Stefan problem with the subject of incorrectly over-determined problems [4].
This is the crucial part of our construction. We show the solvability of this problem and present
certain examples of the solution. We apply methods similar to our constructions of [8]. The
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Figure 1: Domain D bounded by the curves Γ and Γ′

second problem is the usual Schwartz problem of reconstruction of the boundary imaginary part
of the function analytic in a simply-connected domain by the real part of this function.

Our construction of an approximate solution is based on the introduction of analytic functions
and the application of approximate solutions of boundary-value problems. We do not apply
here the common methods of solution of the integral equations corresponding to so-called weak
solutions [9, 10, 11, 12] of finite-element methods [5, 14, 16]. Our solution is thus an approximate-
analytic one.

2 Approximate solution construction

Here we construct an approximate solution of a two-phase Stefan problem for the constant
thermal diffusivities θj , j = 1, 2. Consider the domain Dj(t), j = 1, 2, bounded by the simple
curves Γj and Γ′(t), so ∂Dj(t) = Γj

⋃
Γ′(t) (see Figure 1). Assume that the curve Γj is fixed,

and that the curve Γ′(t) is the free part of the boundary ∂Dj(t). Position of Γ′(t) is known for
t = 0.

The first step in our construction is to fix the subdomain D1 = D1(0) and to construct an
approximate solution T 1(t, x, y) in [0, 1]×D1. Recall the main relation

∂T

∂t
= ∇ · (θ1∇T ) (1)

in this domain.

Consider the modified version of the problem: Let the function T take values at T (0, x(s), y(s))
and T (1, x(s), y(s)), with (x(s), y(s)) belonging to Γ1, denoted by U0(s) and U1(s), respectively.
Similarly, let the values of the normal derivative of T , that is, ∂T (t,x,y)

∂n , at t = 0 and t = 1, for
points (x(s), y(s)) ∈ Γ1, be denoted by V0(s) and V1(s), respectively.
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These conditions allow us to formulate a linearized solution, specifically a linear approxima-
tion in terms of t, given by T 1(t, z, z) = T0(z, z) + tT1(z, z) for t ∈ [0, 1]. According to equation
(1), the function T1(z, z) is harmonic with respect to z and z in the domain D1. To determine
T1(z, z), we are faced with an ill-posed problem, where the function T1(z, z) is specified only on
a part of the boundary.

The first boundary value problem that we need to solve is as follows: Given the value of the
holomorphic function T1(z, z) on the boundary curve Γ1 of the domain D1, it should be possible
to extend T1(z, z) to the boundary curve Γ′(0).

Then we apply the initial boundary conditions on ∂D1 and the reconstructed values of
T1(z, z) and find the 2-harmonic function T0(z, z) by the formula T0(z, z) = Re[

∫ ∫
T1(z, z)dzdz]+

h(z) + h(z), where h(z) is the analytic in D function reconstructed from the initial boundary
conditions. So we construct the linear on t spline T 1(t, x, y) for the function T (t, x, y) in the
subdomain D1.

The second step in our construction is to repeat the procedure of the first step in order
to reconstruct the spline T 2(t, x, y), (t, x, y) ∈ [0, 1] × D2(0), for the function T (t, x, y) in the
subdomain D2(t). Both of these steps provide us with the values of T (t, x, y) on [0, 1]×D.

Finally, we find Γ′(1) through the relation on the velocity
v = θ1∂νT

1(1, x(s), y(s))− θ2∂νT 2(1, x(s), y(s)), (x(s), y(s)) ∈ Γ′(0), of the points of this curve.
Since the approximate solution is linear on t for any (x(s), y(s)) ∈ Γ′(0) the shift simply
equals θ1∂νT 1(1, x(s), y(s)) − θ2∂νT

2(1, x(s), y(s)). Note that in general T 1(1, x(s), y(s)) 6=
T 2(1, x(s), y(s)), s ∈ [S1, S]. Indeed the temperature T (1, x(s), y(s))|(x(s),y(s))∈Γ′(1) ≡ const.
So we again know the boundary data necessary for the construction of the spline for t ∈ [1, 2].
We then reconstruct the spline for t ∈ [1, 2], and so on.

Naturally, the linear solution is not smooth on the variable t. In order to overcome this
we construct a solution as a polynomial on t spline in each slice [N − 1, N ] × Di, i = 1, 2.

Solution then takes the form T 1(t, z, z) =
2K−1∑
j=0

tjTj(z, z), here K is the order of differentiability

of the spline. Again, the function T2K−1(z, z) is harmonic on z, z. The function T2K−2(z, z) =

Re[
∫ ∫

T2K−1(z, z)dzdz] + h1(z) + h1(z), for an analytic function h(z) is biharmonic on z, z.
Finally, the function T0(z, z) is a 2K-harmonic function. We start our reconstruction of the
solution from the function T2K−1(z, z) and move down to T0(z, z) in a way similar to that for
the linear spline.
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3 Analytic foundation of solution

In order to solve the boundary value problem for T1(z, z), we apply the techniques developed in
[7, 8].

Let the union of curves Γ1 ∪ Γ′(0) be parameterized by the arc length s ∈ [0, S]. Assume
that s ∈ [0, S1] corresponds to the curve Γ1. The function f(z(s)) = ψ(s) + iψ(s) represents the
boundary values of the function f(z) analytic in the domain D1(0) if and only if the following
holds true [6, 13]:

f(z(s)) =
1

πi

S∫
0

f(z(t))z′(t)

z(t)− z(s)
dt, s ∈ ∂D1(0) = z(s), s ∈ [0, S]. (2)

Assume that f(z(s))|Γ1
= ψ(s) + iψ(s), s ∈ [0, S1], and f(z(s))|Γ′(0) = ψ̃(s) + iχ̃(s), s ∈ [S1, S].

Here ψ(s) = U1(s) − U0(s), ψ(s) =
s∫
0

V1(t) − V0(t)dt, s ∈ [0, S1]. In this case we arrive to the

integral equation similar to that of [8]:

ψ(s) + iψ(s) = 1

πi

∫
Γ1

(ψ(t) + iψ(t))z′(t)
z(t)− z(s)

dt

+
1

πi

∫
Γ′(0)

(ψ̃(t) + iχ̃(t))z′(t)
z(t)− z(s)

dt, s ∈ [0, S1], (3)

ψ̃(s) + iχ̃(s) = 1

πi

∫
Γ1

(ψ(t) + iψ(t))z′(t)
z(t)− z(s)

dt

+
1

πi

∫
Γ′(0)

(ψ̃(t) + iχ̃(t))z′(t)
z(t)− z(s)

dt, s ∈ [S1, S]. (4)

Lemma 1. Solutions ψ̃(s), χ̃(s) of integral equation (3), (4) minimize the functions ‖f(z) −
1
πi
∫ f(z(s))ds
z(t)−z(s)‖2,Γ1

, ‖f(z) − 1
pii
∫ f(z(s))ds
z(t)−z(s)‖2,Γ′(0), respectively, on the set of all analytic in D1(0)

functions that equal ψ(s) + iψ(s) on ∂D1(0).

Proof. Consider the variation equation
∫
∂D1

|f(z(s))|2ds. Here it turns into the relation

∫
∂D1(0)


Re[f(z(t))]−

∫
Γ1

Re[ (ψ(s) + iψ(s))z′(s)
z(t)− z(s)

]ds+

∫
Γ′(0)

Re[ f(s)z
′(s)

z(t)− z(s)
]ds


2
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+

Im[f(z(t))]−
∫
Γ1

Im[
(ψ(s) + iψ(s))z′(s)

z(t)− z(s)
]ds+

∫
Γ′(0)

Im[
f(z(s))z′(s)

z(t)− z(s)
]ds


2 dt.

This relation splits into the sum of equations relative to (3) and (4).
We then simply variate this relation with respect to f(z(s)) and achieve relations (3) and

(4).

Hence, we solve the integral equation (4) nd find the function closest to an analytic one on
D1(0) that equals ψ(s) + iψ(s) on Γ1. So the real problem is to find the conditions under which
equation (4) is resolvable.

Theorem 1. Assume that the given curve Γ1 is a simple curve that does not intersect the
simple curve Γ′(0). Assume also that the functions Uj(z(s), z(s))|z(s)∈Γ1

, Vj(z(s), z(s))|z(s)∈Γ1
,

j = 0, 1, meet the Hölder condition. Then we can reconstruct T1(z(s), z(s))|z(s)∈Γ′(0) as solution
of equation (4).

Proof. Let us solve the second integral equation.
Any curve connecting the endpoints of the curve Γ1 is longer than the straight line connecting

these points. Consider then the case of the line segment.
Assume that we approximate the function ψ̃(s) + iχ̃(s) by a piece-wise linear function, that

is, a linear spline. The approximate calculation of the singular principal value Cauchy integral
over the part of the curve relative to Γ1 is as follows:

1

πi

∫
Γ1

f(eiθ)ieiθdθ

eiθ − eitk
,

at the intermediate node tk = πk/(N), k = 1, . . . , N , p = 0, 2, . . . , 2N , can be performed by
application of the uniform fragmentation of the intervals [ϕj−1, ϕj ], j = 1, . . . N . So the matrix
of the system corresponding to the straight segment equals

0 1
2

1
3 . . . 1

n

− 1
2 0 1

2 . . . 1
n−1

− 1
3 − 1

2 0 . . . 1
n−1

...
...

... . . . ...
− 1
n −

1
n−1 . . . −

1
2 0


.

The norm of the Hilbert matrix then majorizes the norm of this one. We estimated the norm of
the matrix in [8].
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For any curve different from the straight segment the matrix of the system equals

0 1
2l1,2

1
3l1,3

. . . 1
nl1,n

− 1
2l1,2

0 1
2l2,3

. . . 1
(n−1)l2,n−1

− 1
3l1,3

− 1
2l2,3

0 . . . 1
(n−1)l3,n−1

...
...

... . . . ...
− 1
nl1,n

− 1
n−1,l2,n

. . . − 1
2ln−1,n

0


.

Here li,j is the length of the segment connecting the ith and the jth node divided by the length
of the line segment connecting these nodes. Since li,j ≥ 1 for all i 6= j the norm of the matrix
for any curve is less than or equal to π.

So we can replace either of the singular integral equations (3) or (4) with respect to the
values of the unknown functions at the intermediate nodes with the linear system with the block
matrix of order N . We investigate the solvability of this finite system for sufficiently large N .
Let N tend to infinity. The finite system tends to the infinite one with the matrix I − 1

πM ,
where M = [akj ]

∞
k,j , and

akj =


− ln

(
1 + 2

2k−2j−1

)
if j < k,

ln
(
1 + 2

2j−2k−1

)
if j > k,

0 if j = k.

Here, I is the infinite identity matrix. The L2-norm of this matrix can be compared to that
of the Hilbert matrix.

If M∗ is the matrix conjugate of M , then the L2-norm of the product M ·M∗ is strictly
less than that of the product H · H∗, where H =

[
1
j−k

]∞
j,k=1,j ̸=k

. To show this, it suffices to
consider the series representation of the natural logarithm, keeping in mind that ln(1 + x) ≤ x,
and establish the estimates of the matrix M elements by those of H.

Therefore, due to the well-known results [15, Theorem 1], since the L2-norm of the matrix
H equals π, the norm of the matrix M does not exceed π. Thus, the infinite matrix I − 1

πM

is invertible, and the corresponding finite system with respect to f(eitk), k = 1, . . . , N , is also
resolvable for sufficiently large N .

Finally, we conclude that singular integral equations (3) and (4) can be resolved approxi-
mately. The convergence to the exact solution depends first on the accuracy of the approximation
of the initial boundary data. Since the boundary data is approximated by the linear spline, the
error equals O (max (ω(ψ,∆x)∆x, ω(ψ,∆x)∆x)) [2].
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The second obstacle in our approximation is the inversion of the matrix M of our system.
Assume that the maximal subinterval equals ∆x. Since the elements of the matrixM differ from
the exact values by O(∆x), we have O

(
max

{
∆x,∆ψ‖M−1‖,∆ψ‖M−1‖

})
as the final estimate.

Assume that the time interval step is equal to ∆t. Then we have the following result.

Corollary 1. Spline-interpolation solution error estimate is
O(max{∆x, ω(ψ,∆t)∆t, ω(ψ,∆t)∆t, ‖M−1‖ω(ψ,∆x)∆x, ‖M−1‖ω(ψ,∆x)∆x}).

For the variable t we apply the standard convergence estimate of O(∆t2K) [2].
Note. These constructions hold even in the case of approximation of the function ψ̃(s)+iχ̃(s)

with the linear spline. The approximate calculation of the singular principal value Cauchy
integral over the part of the curve relative to Γ′(0)

1

πi

∫
Γ′(0)

f(eiθ)ieiθdθ

eiθ − eitk
,

at the intermediate node tk = πk/(N)− π/(2N), k = 1, . . . , N , can be performed by application
of the uniform fragmentation of the interval [π, 2π]. So we assume that the subintervals of both
Γ1 and Γ′(0) are equally spaced and uniformly divided. We apply the following approximation
formula:

1

πi

π∫
0

f(eiθ)ieiθdθ

eiθ − eitk

≈ 1

πi

N∑
j=1,j ̸=k

f(
πj

N
− π

2N
) ln eπi(2(j−k)+1)/(2N) − 1

eπi(2(j−k−1)+1)/(2N) − 1

+
1

πif(
πk

N
− π

2N
) ln eπi/(2N) − 1

e−πi/(2N) − 1

=
1

πi

k−1∑
j=1

f(
j

N
− π

2N
)[
πi
2N

+ ln sin((2(k − j)− 1)π/(4N))

sin((2(k − j + 1)− 1)π/(4N))
]

+f(
kπ

N
− π

2N
)
1

2N
+

1

πi

N∑
j=k+1

f(
jπ

N
− π

2N
)[
πi
2N

+ ln sin((2(j − k) + 1)π/(4N))

sin((2(j − k − 1) + 1)π/(4N))
].
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There exist singularities in the neighborhood of the meeting points of the curves Γ1 and
Γ′(0). The matrix of the relative finite algebraic linear system should be modified so that the
approximate solution at these points is continuous.

The second boundary value problem in our construction is the reconstruction of the imaginary
part of the analytic function f(z) such that

T0(z, z) =

∫∫
T1(z, z) dz dz + f(z) + f(z),

by the value of its real part on the curve ∂D1(0) = Γ1 ∪ Γ′(0).

We again consider the necessary and sufficient condition on the function f(z) analyticity:

f(z(s)) =
1

πi

∫ S

0

f(z(t))z′(t)

z(t)− z(s)
dt, s ∈ [0, S].

Assume that f(z(s)) = U0(z(s)) + iv(z(s)), where z(s) ∈ ∂D1. Then, by the values of
U0(z(s)), s ∈ [0, S], it should be possible to find v(s) = v(z(s)). We reduce this problem to
the solution of the linear equation system for the set of coefficients with sin(ks), cos(ks), for
k = 1, . . . , N , as follows: (

AA AB

BA BB

)(
θ

γ

)
=

(
F

G

)
, (5)

here

θ =


θ1
...
θM

 , γ =


γ1
...
γM

 .

The vectors

F =


f1
...
fM

 , G =


g1
...
gM

 .

in the right-hand side of this system consist of

fl =

−∑
j

Imzlj +
∑
k

Imẑ−lk

 1

l
+

1

π2

2π∫
0

u(τ)dτ

2π∫
0

L(τ, t) cos(lt)dt,

gl =

∑
j

Rezlj +
∑
k

Reẑ−lk

 1

l
+

1

π2

2π∫
0

u(τ)dτ

2π∫
0

L(τ, t) sin(lt)dt,
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for l = 1, . . . ,M. Here

K(τ, t) = Im
[
ln z(τ)− z(t)eiτ − eit

]′
τ

= Im

ln
 n∑
k=1

ckeikt
k−1∑
l=0

eil(τ−t) −
m∑
j=1

c−je−ijτ
j−1∑
l=0

eil(τ−t)

′

τ

, (6)

and

L(τ, t) = Re
[
ln z(τ)− z(t)eiτ − eit

]′
τ

= Re

ln
 n∑
k=1

ckeikt
k−1∑
l=0

eil(τ−t) −
m∑
j=1

c−je−ijτ
j−1∑
l=0

eil(τ−t)

′

τ

. (7)

Block-matrices of M
AA,AB,BA,BB

consist of

AA =

δln − 1

π2

2π∫
0

cos(nτ)dτ
2π∫
0

K(τ, t) cos(lt)dt

M

l,n=1

,

AB =

− 1

π2

2π∫
0

sin(nτ)dτ
2π∫
0

K(τ, t) cos(lt)dt

M

l,n=1

,

BA =

− 1

π2

2π∫
0

cos(nτ)dτ
2π∫
0

K(τ, t) sin(lt)dt

M

l,n=1

,

BB =

δln − 1

π2

2π∫
0

sin(nτ)dτ
2π∫
0

K(τ, t) sin(lt)dt

M

l,n=1

,

here δln is the Kronecker delta-function. The convergence rate of this part of the solution is
O( 1

M2 ), and M equals the size of the block in the matrix of the system. Note that for contours
with singularities or for boundaries of thin domains this estimate is not really effective and
requires certain additional work [7].
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0.5

1.0

Figure 2: Domain of Example 1

Figure 3: Real and imaginary parts of the function T1(z, z)

4 Examples

Here we present the reconstruction of the functions T1(z, z), T0(z, z), that is, the principle part
of the approximate solution construction.

Example 1. Consider the upper half of the unit circle as Γ1 and the curve given by the equation
(cos(t), 0.1 sin(3t) − 0.1 sin(t)), t ∈ [π, 2π] as Γ′(0) (see Figure 2). Note that the domain does
not contain the coordinate origin. So the reconstructed function may have a pole at 0. The
boundary values of T1 are given as cos(t) + i(sin(t) + 0.15 sin(3t) + 0.2 sin(4t)).

The real and imaginary parts of the reconstructed function T1(x, y) are given in Figure 3.
The surface of the reconstructed function T0 is at Figure 4.

Let us now consider the example with more acute angle between the initial free and the fixed
boundaries.

Example 2. Consider the upper half of the unit circle as Γ1 and the curve given by the equation
(cos(t), 0.1 sin(t) + 0.1 sin(2t)), t ∈ [π, 2π] as Γ′(0) (see Figure 5 ). The boundary values of T1
are given as cos(t) + i(sin(t) + 0.15 sin(3t) + 0.2 sin(4t))
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Figure 4: Real part of the function T0(z, z)

0.5

1.0

Figure 5: Domain of Example 2

Figure 6: Real and imaginary parts of the function T1(z, z)

Figure 7: Real part of the function T0(z, z)
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The real and imaginary parts of the reconstructed function T1(x, y) are given on Figure 6.
The surface of the reconstructed function T0 is at Figure 7.
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1 Introduction

In recent years, fractional calculus has attracted increasing attention due to its applications in
various fields. The history of this theory dates back to the 17th century, when in 1695 Leibniz
[16] described the derivative of order θ = 1

2 in his letter to L’Hospital. Since then, the new
theory has become very attractive to mathematicians as well as physicists, biologists, engineers,
and economists. Fractional calculus has various applications in biophysics, quantum mechanics,
wave theory, polymers, continuum mechanics, Lie theory, field theory, spectroscopy, group theory,
and other applications in science and engineering [7, 18, 21, 22].

There are many concepts of fractional derivatives defined and developed in the literature,
which are not compatible with each other, among them is, Riemann–Liouville fractional deriva-
tive [23], Caputo fractional derivative [15], conformable fractional derivative [1], Hadamard frac-
tional derivative [14], Atangana–Baleanu fractional derivative [2], and local fractional derivative
[25].

Today, fractional differential equations involving the local fractional derivative constitute an
important area of modeling natural phenomena, and researchers are paying considerable attention
to them due to their numerous applications in science and engineering. New developments in
this field have emerged in disciplines such as mathematics, physics, chemistry, biology, medicine,
economics, and engineering, highlighting the growing importance of this type of equation in the
analysis of real-world problems. For this reason, researchers in mathematics and physics have
focused on proposing various methods for solving local fractional differential equations [3, 4, 5, 9].

There are many computational methods for dealing with local fractional differential equa-
tions, such as the local fractional decomposition method [10], the local fractional variational
iteration method [8], the local fractional differential transform method [6], the local fractional
reduced differential transform method [17], the local fractional homotopy perturbation method
[27], the local fractional homotopy analysis method [20], and others.

Recently, the author [12, 13] proposed a new integral transform called Khalouta transform,
which is a generalization of many well known integral transforms such as Laplace–Carson trans-
form, Sumudu transform, ZZ transform, ZMA transform, Elzaki transform, Aboodh transform,
Natural transform, and Shehu transform. Thus, the main objective of the present paper is to
propose a new hybrid method based on the coupling of the Khalouta transform with the local
fractional derivative for solving local fractional differential equations.

The proposed method offers great advantages of straightforward applicability, computational
efficiency and high accuracy. Its strength lies in its ability to combine two powerful concepts
for obtaining exact solutions of linear local fractional differential equations. Unlike other meth-
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ods, the proposed method requires neither linearization nor discretization, nor small or large
parameters in the problem.

The structure of this paper is as follows. In Section 2, we give the basic definitions and
properties of the local fractional calculus. In Section 3, we present important results regarding
the local fractional Khalouta transform. In Section 4, we illustrate the relation between the local
fractional Khalouta transform and other known local fractional integral transforms. In Section
5, we extend this new integral transform and apply it to solve linear differential equations using
the local fractional derivative. Finally, in Section 6, we present our conclusions.

2 Local fractional calculus

This section gives the basic concepts of local fractional calculus, and in particular the local
fractional derivative and the local fractional integral, which have been utilized in this work. For
more details, see [25, 26].

Definition 1. If we have the relation

|u(t)− u(t0)| < εθ, 0 < θ ≤ 1,

where there is |t− t0| < δ for δ, ε ∈ R∗
+, then the function u(t) is called local fractional continuous

at t = t0.

We say that the function u(t) is local fractional continuous on the interval (a, b) if it is local
fractional continuous at any point t0 of (a, b), and we denote it by u(t) ∈ Cθ(a, b), 0 < θ ≤ 1.

Definition 2. Consider the function u(t) ∈ Cθ(a, b). The local fractional integral of u(t) of order
θ in the interval [a, b] is defined by

aI
(θ)
b u(t) =

1

Γ(1 + θ)

∫ b

a

u(τ)(dτ)θ

=
1

Γ(1 + θ)
lim

∆τ→0

N−1∑
i=0

u(τi)(∆τi)
θ,

where ∆τi = τi+1 − τi with ∆τ = max {∆τ0,∆τ1,∆τ2,∆τ3, . . .} and [τi+1, τi] , i = 0, . . . , N −
1, τ0 = a, τN = b is a partition of the interval [a, b] .

Definition 3. Consider the function u(t) ∈ Cθ(a, b). The local fractional derivative of u(t) of
order θ with 0 < θ ≤ 1 in the interval [a, b] is defined by
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D(θ)u(t) =
dθu(t0)

dtθ
= u(θ)(t) = lim

t→t0

∆θ (u(t)− u(t0))
(t− t0)θ

,

where
∆θ (u(t)− u(t0)) ' Γ(1 + θ) [u(t)− u(t0)] .

Moreover, the local fractional derivative of higher order is defined as

D(nθ)u(t) =
dnθu(t0)

dtnθ
= u(nθ)(t) = D(θ)D(θ) . . . D(θ)u(t)︸ ︷︷ ︸

n−times

.

Definition 4. The local fractional partial differential operator of order θ with 0 < θ ≤ 1 is given
by

D
(θ)
t u(x, t) =

∂θu(x, t0)

∂tθ
= u(θ)(x, t0) = lim

t→t0

∆θ (u(x, t)− u(x, t0))
(t− t0)θ

,

where
∆θ (u(x, t)− u(x, t0)) ' Γ(1 + θ) [u(x, t)− u(x, t0)] .

Moreover, the local fractional partial derivative of higher order is defined as

D
(nθ)
t u(x, t) =

∂nθu(x, t0)

∂tnθ
= u(nθ)(x, t) = D

(θ)
t D

(θ)
t . . . D

(θ)
t u(x, t)︸ ︷︷ ︸

n−times

.

Definition 5. The local fractional Mc-Laurin’s series of the Mittag-Leffler function is given by

Eθ(z
θ) =

∞∑
n=0

znθ

Γ(1 + nθ)
, z ∈ R, 0 < θ ≤ 1.

3 Main results

This section presents our main results concerning the definition of local fractional Khalouta
transform denoted in this paper by LFKHθ [·] and discusses some interesting properties of this
transform.

Definition 6. Let
1

Γ(1 + θ)

∫ +∞

0

|u(t)| (dt)θ < A <∞.

The local fractional Khalouta transform of the function u(t) of order θ is defined as by the
following integral:
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LFKHθ [u(t)] = Kθ(s, γ, η) =
1

Γ(1 + θ)

sθ

γθηθ

∫ ∞

0

Eθ

(
− s

θtθ

γθηθ

)
u(t)(dt)θ

= lim
σ→∞

1

Γ(1 + θ)

sθ

γθηθ

∫ σ

0

Eθ

(
− s

θtθ

γθηθ

)
u(t)(dt)θ, (1)

where sθ, γθ, and ηθ with 0 < θ ≤ 1, are the Khalouta transform variables, σ is a real number,
and the integral is taken along the line t = σ.

Definition 7. The inverse local fractional Khalouta transform of the function u(t) of order θ is
defined by

LFKH−1
θ [Kθ(s, η, γ)] = u(t).

Now, we give some interesting properties of the local fractional Khalouta transform.

Theorem 1. Let LFKHθ [u(t)] = Kθ(s, γ, η) and LFKHθ [v(t)] = Hθ(s, γ, η). Then, we have

LFKHθ [λu(t)± θv(t)] = λKθ(s, γ, η)± θHθ(s, γ, η),

where λ and θ are constants.

Proof. Using the definition of the local fractional Khalouta transform, we have

KH [λu(t)± θv(t)] = 1

Γ(1 + θ)

sθ

γθηθ

∫ ∞

0

Eθ

(
− s

θtθ

γθηθ

)
[λu(t)± θv(t)] (dt)θ

=
1

Γ(1 + θ)

sθ

γθηθ

∫ ∞

0

 λEθ

(
− s

θtθ

γθηθ

)
u(t)

±θEθ
(
− s

θtθ

γθηθ

)
v(t)

 (dt)θ

= λ
1

Γ(1 + θ)

sθ

γθηθ

∫ ∞

0

Eθ

(
− s

θtθ

γθηθ

)
u(t)(dt)θ

±θ 1

Γ(1 + θ)

sθ

γθηθ

∫ ∞

0

Eθ

(
− s

θtθ

γθηθ

)
v(t)(dt)θ

= λKθ(s, γ, η)± θHθ(s, γ, η).

Theorem 2. Let LFKHθ [u(t)] = Kθ(s, γ, η) where 0 < θ ≤ 1. Then, the local fractional
Khalouta transforms of the local fractional derivatives are given by

LFKHθ
[
D(θ)u(t)

]
=

(
s

γη

)θ
Kθ(s, γ, η)−

(
s

γη

)θ
u(0), (2)

and
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LFKHθ
[
D(nθ)u(t)

]
=

(
s

γη

)nθ
Kθ(s, γ, η)−

n−1∑
k=0

(
s

γη

)(n−k)θ

u(kθ)(0). (3)

Proof. We proof the formula (2). From the definition of local fractional Khalouta transform, we
have

LFKHθ
[
D(θ)u(t)

]
=

1

Γ(1 + θ)

sθ

γθηθ

∫ ∞

0

Eθ

(
− s

θtθ

γθηθ

)
D(θ)u(t)(dt)θ.

Using the fractional integration by parts formula [11], we get the following equality:

LFKHθ
[
D(θ)u(t)

]
=

1

Γ(1 + θ)

sθ

γθηθ

(
lim
σ→∞

Γ(1 + θ)

[
Eθ

(
− s

θtθ

γθηθ

)
u(t)

]σ
0

+
sθ

γθηθ
lim
σ→∞

∫ σ

0

Eθ

(
− s

θtθ

γθηθ

)
u(t)(dt)θ

)
=

1

Γ(1 + θ)

sθ

γθηθ

×

 −Γ(1 + θ)u(0)

+
sθ

γθηθ
lim
σ→∞

∫ σ
0
Eθ

(
− s

θtθ

γθηθ

)
u(t)(dt)θ


= − sθ

γθηθ
u(0)

+
sθ

γθηθ

(
1

Γ(1 + θ)

sθ

γθηθ

∫ ∞

0

Eθ

(
− s

θtθ

γθηθ

)
u(t)(dt)θ

)
= − sθ

γθηθ
u(0) +

sθ

γθηθ
Kθ(s, γ, η)

=

(
s

γη

)θ
Kθ(s, γ, η)−

(
s

γη

)θ
u(0).

To prove the validity of the formula (3), we use mathematical induction.
For n = 1 and from the formula (3), we have

LFKHθ
[
D(θ)u(t)

]
=

(
s

γη

)θ
Kθ(s, γ, η)−

(
s

γη

)θ
u(0).

So, from (2), we note that the formula is true when n = 1.

Assume that the formula (3) is true for n. We get

LFKHθ
[
D(nθ)u(t)

]
=

(
s

γη

)nθ
Kθ(s, γ, η)−

n−1∑
k=0

(
s

γη

)(n−k)θ

u(kθ)(0). (4)

We show that (3) is true for n+ 1. Let D(nθ)u(t) = U(t), where LFKHθ [U(t)] = Uθ(s, γ, η)
and from (2) and (4), we have
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LFKHθ
[
D((n+1)θ)u(t)

]
= LFKHθ

[
D(θ)U(t)

]
=

(
s

γη

)θ
Uθ(s, γ, η)−

(
s

γη

)θ
U(0)

=

(
s

γη

)(n+1)θ

Kθ(s, γ, η)

−
n−1∑
k=0

(
s

γη

)(n+1−k)θ

u(kθ)(0)

−
(
s

γη

)θ
D(nθ)u(0),

=

(
s

γη

)(n+1)θ

Kθ(s, γ, η)

−
n∑
k=0

(
s

γη

)(n+1−k)θ

u(kθ)(0).

So, the formula (3) is true for n+ 1.

Thus, by the principle of mathematical induction for all n > 1, the formula (3) is true.

Theorem 3. Let LFKHθ [u(t)] = Kθ(s, γ, η). Then, the local fractional Khalouta transform of
the local fractional integral is given by

LFKHθ
[
0I

(θ)
t u(t)

]
=
(γη
s

)θ
Kθ(s, γ, η), 0 < θ ≤ 1.

Proof. Let
K(t) =0 I

(θ)
t u(t). (5)

Operating the local fractional derivative on (5), we attain

D(θ)K(t) = D(θ)
0I

(θ)
t u(t) = u(t), (6)

and
K(0) = 0.

Operating the local fractional Khalouta transform on (6), we attain

LFKHθ
[
D(θ)K(t)

]
=LF KHθ [u(t)] ,

which implies (
s

γη

)θ (
LFKHθ [K(t)]

)
= Kθ(s, γ, η).
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Thus, we get
LFKHθ

[
0I

(θ)
t u(t)

]
=
(γη
s

)θ
Kθ(s, γ, η).

Theorem 4. Let LFKHθ [u(t)] = Kθ(s, γ, η) and LFKHθ [v(t)] = Hθ(s, γ, η). Then, the local
fractional Khalouta transform of their convolution is given by

LFKHθ [(u(t) ∗ v(t))θ] =
(γη
s

)θ
Kθ(s, γ, η)Hθ(s, γ, η),

where
(u(t) ∗ v(t))θ =

1

Γ(1 + θ)

∫ ∞

0

u(τ)v(t− τ) (dτ)θ .

Proof. Using the definition of the local fractional Khalouta transform in (1), we arrive at

LFKHθ [(u(t) ∗ v(t))θ]

=
1

Γ(1 + θ)

sθ

γθηθ

∫ ∞

0

Eθ

(
− s

θtθ

γθηθ

)
(u(t) ∗ v(t))θ (dt)

θ

=
1

Γ(1 + θ)

sθ

γθηθ

×
∫ ∞

0

 Eθ

(
− s

θtθ

γθηθ

)
×
(

1

Γ(1 + θ)

∫∞
0
u(τ)v(t− τ) (dτ)θ

)
 (dt)θ

=
1

Γ(1 + θ)

1

Γ(1 + θ)

sθ

γθηθ
(7)

×
∫ ∞

0

∫ ∞

0

(
Eθ

(
− s

θtθ

γθηθ

)
u(τ)v(t− τ) (dτ)θ

)
(dt)θ.

Substituting x = t− τ and dx = dt in (7), we attain

LFKHθ [(u(t) ∗ v(t))θ]

=
1

Γ(1 + θ)

1

Γ(1 + θ)

sθ

γθηθ

×
∫ ∞

0

∫ ∞

0

Eθ

(
−s

θ (x+ τ)
θ

γθηθ

)
u(τ)v(x) (dτ)

θ
(dx)θ

=
1

Γ(1 + θ)

1

Γ(1 + θ)

sθ

γθηθ

×
∫ ∞

0

∫ ∞

0

Eθ

(
− s

θxθ

γθηθ

)
Eθ

(
− s

θτθ

γθηθ

)
×u(τ)v(x)

 (dτ)
θ
(dx)θ
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=
γθηθ

sθ

(
1

Γ(1 + θ)

sθ

γθηθ

∫ ∞

0

Eθ

(
− s

θτθ

γθηθ

)
u(τ) (dτ)

θ

)
×
(

1

Γ(1 + θ)

sθ

γθηθ

∫ ∞

0

Eθ

(
− s

θxθ

γθηθ

)
v(x)(dx)θ

)
=
(γη
s

)θ
Kθ(s, γ, η)Hθ(s, γ, η).

Now, we present the results related to the local fractional Khalouta transform of some special
functions.

Theorem 5. Let u(t) = 1. Then, its local fractional Khalouta transform is given by

LFKHθ [1] = 1.

Proof. By using (1), we attain

LFKHθ [1] =
1

Γ(1 + θ)

sθ

γθηθ

∫ ∞

0

Eθ

(
− s

θtθ

γθηθ

)
(dt)θ

=
sθ

γθηθ
lim
σ→∞

[
−γ

θηθ

sθ
Eθ

(
− s

θtθ

γθηθ

)]σ
0

= 1.

Theorem 6. Let u(t) = tθ

Γ(1 + θ)
, 0 < θ ≤ 1. Then, its local fractional Khalouta transform is

given by
LFKHθ

[
tθ

Γ(1 + θ)

]
=
γθηθ

sθ
.

Proof. By using (1) and the fractional integration by parts formula [11], we attain

LFKHθ
[

tθ

Γ(1 + θ)

]
=

1

Γ(1 + θ)

sθ

γθηθ

∫ ∞

0

Eθ

(
− s

θtθ

γθηθ

)
tθ

Γ(1 + θ)
(dt)θ

=
1

Γ(1 + θ)

sθ

γθηθ

∫ ∞

0


(
−γ

θηθ

sθ
Eθ

(
− s

θtθ

γθηθ

))(θ)

× tθ

Γ(1 + θ)

 (dt)θ

=
sθ

γθηθ

(
lim
σ→∞

[
−γ

θηθ

sθ
Eθ

(
− s

θtθ

γθηθ

)
tθ

Γ(1 + θ)

]σ
0
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+
1

Γ(1 + θ)

γθηθ

sθ

∫ ∞

0

Eθ

(
− s

θtθ

γθηθ

)
(dt)θ

)
=

sθ

γθηθ

(
γ2θη2θ

s2θ
lim
σ→∞

[
−Eθ

(
− s

θtθ

γθηθ

)]σ
0

)
=
γθηθ

sθ
.

Theorem 7. Let u(t) = Eθ
(
atθ
)
, 0 < θ ≤ 1. Then, its local fractional Khalouta transform is

given by
LFKHθ

[
Eθ
(
atθ
)]

=
sθ

sθ − aγθηθ
.

Proof. By using (1), we attain

LFKHθ
[
Eθ
(
atθ
)]

=
1

Γ(1 + θ)

sθ

γθηθ

∫ ∞

0

Eθ

(
− s

θtθ

γθηθ

)
Eθ
(
atθ
)
(dt)θ

=
1

Γ(1 + θ)

sθ

γθηθ

∫ ∞

0

Eθ

(
−
(
sθ − aγθηθ

γθηθ

)
tθ
)
(dt)θ

=
sθ

γθηθ

(
lim
σ→∞

[
− γθηθ

sθ − aγθηθ
Eθ

(
−
(
sθ − aγθηθ

γθηθ

)
tθ
)]σ

0

)
=

sθ

sθ − aγθηθ
.

Theorem 8. Let u(t) =
tθ

Γ(1 + θ)
Eθ
(
atθ
)
, 0 < θ ≤ 1. Then, its local fractional Khalouta

transform is given by

LFKHθ
[

tθ

Γ(1 + θ)
Eθ
(
atθ
)]

=
sθγθηθ

(sθ − aγθηθ)2
.

Proof. By using (1) and the fractional integration by parts formula [11], we attain

LFKHθ
[

tθ

Γ(1 + θ)
Eθ
(
atθ
)]

=
1

Γ(1 + θ)

sθ

γθηθ

×
∫ ∞

0

Eθ

(
− s

θtθ

γθηθ

)
tθ

Γ(1 + θ)
Eθ
(
atθ
)
(dt)θ
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=
1

Γ(1 + θ)

sθ

γθηθ

×
∫ ∞

0

Eθ

(
−
(
sθ − aγθηθ

γθηθ

)
tθ
)

tθ

Γ(1 + θ)
(dt)θ

=
1

Γ(1 + θ)

sθ

γθηθ

×
∫ ∞

0



 − γθηθ

sθ − aγθηθ

×Eθ
(
−
(
sθ − aγθηθ

γθηθ

)
tθ
)


(θ)

× tθ

Γ(1 + θ)

 (dt)θ

=
sθ

γθηθ

 lim
σ→∞


− γθηθ

sθ − aγθηθ

×Eθ
(
−
(
sθ − aγθηθ

γθηθ

)
tθ
)

tθ

Γ(1 + θ)



σ

0

+
1

Γ(1 + θ)

γθηθ

sθ − aγθηθ

×
∫∞
0
Eθ

(
−
(
sθ − aγθηθ

γθηθ

)
tθ
)
(dt)θ



=
sθ

γθηθ


γ2θη2θ

(sθ − aγθηθ)2

× lim
σ→∞

[
−Eθ

(
−
(
sθ − aγθηθ

γθηθ

)
tθ
)]σ

0


=

sθγθηθ

(sθ − aγθηθ)2
.

Theorem 9. Let u(t) = sinθ(atθ), 0 < θ ≤ 1. Then, its local fractional Khalouta transform is
given by

LFKHθ
[
sinθ(atθ)

]
=

asθγθηθ

s2θ + a2γ2θη2θ
.

Proof. By using (1) and the fractional integration by parts formula [11], we attain

LFKHθ
[
sinθ(atθ)

]
=

1

Γ(1 + θ)

sθ

γθηθ

∫ ∞

0

Eθ

(
− s

θtθ

γθηθ

)
sinθ(atθ)(dt)θ

=
1

Γ(1 + θ)

sθ

γθηθ
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×
∫ ∞

0

Eθ

(
− s

θtθ

γθηθ

)(
Eθ
(
aiθtθ

)
− Eθ

(
−aiθtθ

)
2iθ

)
(dt)θ

=
1

2iθ
1

Γ(1 + θ)

sθ

γθηθ

×
(∫ ∞

0

Eθ

(
−
(
sθ − aiθγθηθ

γθηθ

)
tθ
)
(dt)θ

−
∫ ∞

0

Eθ

(
−
(
sθ + aiθγθηθ

γθηθ

)
tθ
)
(dt)θ

)
=

1

2iθ
sθ

γθηθ(
− γθηθ

sθ − aiθγθηθ
lim
σ→∞

[
Eθ

(
−
(
sθ − aiθγθηθ

γθηθ

)
tθ
)]σ

0

+
γθηθ

sθ + aiθγθηθ
lim
σ→∞

[
Eθ

(
−
(
sθ + aiθγθηθ

γθηθ

)
tθ
)]σ

0

)
=

1

2iθ
sθ

γθηθ

(
γθηθ

sθ − aiθγθηθ
− γθηθ

sθ + aiθγθηθ

)
=

asθγθηθ

s2θ + a2γ2θη2θ
.

Theorem 10. Let u(t) = sinhθ(atθ), 0 < θ ≤ 1. Then, its local fractional Khalouta transform is
given by

LFKHθ
[
sinhθ(atθ)

]
=

asθγθηθ

s2θ − a2γ2θη2θ
.

Proof. To prove this theorem, we follow the same previous steps, knowing that

sinhθ(atθ) =
Eθ
(
atθ
)
− Eθ

(
−atθ

)
2

.

Theorem 11. Let u(t) = cosθ(atθ), 0 < θ ≤ 1. Then, its local fractional Khalouta transform is
given by

LFKHθ
[
cosθ(atθ)

]
=

s2θ

s2θ + a2γ2θη2θ
.

Proof. By using (1) and the fractional integration by parts formula [11], we attain

LFKHθ
[
cosθ(atθ)

]
=

1

Γ(1 + θ)

sθ

γθηθ

∫ ∞

0

Eθ

(
− s

θtθ

γθηθ

)
cosθ(atθ)(dt)θ
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=
1

Γ(1 + θ)

sθ

γθηθ

×
∫ ∞

0

Eθ

(
− s

θtθ

γθηθ

)(
Eθ
(
aiθtθ

)
+ Eθ

(
−aiθtθ

)
2

)
(dt)θ

=
1

2

1

Γ(1 + θ)

sθ

γθηθ

×
(∫ ∞

0

Eθ

(
−
(
sθ − aiθγθηθ

γθηθ

)
tθ
)
(dt)θ

+

∫ ∞

0

Eθ

(
−
(
sθ + aiθγθηθ

γθηθ

)
tθ
)
(dt)θ

)
=

1

2

sθ

γθηθ

×
(
− γθηθ

sθ − aiθγθηθ
lim
σ→∞

[
Eθ

(
−
(
sθ − aiθγθηθ

γθηθ

)
tθ
)]σ

0

− γθηθ

sθ + aiθγθηθ
lim
σ→∞

[
Eθ

(
−
(
sθ + aiθγθηθ

γθηθ

)
tθ
)]σ

0

)
=

1

2

sθ

γθηθ

(
γθηθ

sθ − aiθγθηθ
+

γθηθ

sθ + aiθγθηθ

)
=

s2θ

s2θ + aγ2θη2θ
.

Theorem 12. Let u(t) = coshθ(atθ), 0 < θ ≤ 1. Then, its local fractional Khalouta transform
is given by

LFKHθ
[
coshθ(atθ)

]
=

s2θ

s2θ − a2γ2θη2θ
.

Proof. To prove this theorem, we follow the same previous steps, knowing that

coshθ(atθ) =
Eθ
(
atθ
)
+ Eθ

(
−atθ

)
2

.

4 Relation with other known local fractional integral
transforms

This section illustrates the relation between the local fractional Khalouta transform and other
known local fractional integral transforms.
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• Local fractional Khalouta–Laplace relation:
Let Kθ(s, γ, η) be the local fractional Khalouta transform of the function u(t). If γ = η = 1,

then

Kθ(s, 1, 1) = sθ
(

1

Γ(1 + θ)

∫ ∞

0

Eθ
(
−sθtθ

)
u(t)(dt)θ

)
= sθLθ(s),

where Lθ(s) denotes the local fractional Laplace transform of the function u(t) [28].

• Local fractional Khalouta–Sumudu relation:
Let Kθ(s, γ, η) be the local fractional Khalouta transform of the function u(t). If s = γ = 1,

then

Kθ(1, 1, η) =
1

Γ(1 + θ)

1

ηθ

∫ ∞

0

Eθ

(
− t

θ

ηθ

)
u(t)(dt)θ

= Sθ(η),

where Sθ(η) denotes the local fractional Sumudu transform of the function u(t) [24].

• Local fractional Khalouta–Elzaki relation:
Let Kθ(s, γ, η) be the local fractional Khalouta transform of the function u(t). If s = η = 1,

then

Kθ(1, γ, 1) =
1

γ2θ

(
1

Γ(1 + θ)
γθ
∫ ∞

0

Eθ

(
− t

θ

γθ

)
u(t)(dt)θ

)
=

1

γ2θ
Tθ(η),

where Tθ(η) denotes the local fractional Elzaki transform of the function u(t) [30].

• Local fractional Khalouta–Aboodh relation:
Let Kθ(s, γ, η) be the local fractional Khalouta transform of the function u(t). If γ = η = 1,

then

Kθ(s, 1, 1) = s2θ
(

1

Γ(1 + θ)

1

sθ

∫ ∞

0

Eθ
(
−sθtθ

)
u(t)(dt)θ

)
= s2θAθ(s),

where Aθ(η) denotes the local fractional Aboodh transform of the function u(t) [29].
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• Local fractional Khalouta–Natural relation:
Let Kθ(s, γ, η) be the local fractional Khalouta transform of the function u(t). If γ = 1,

then

Kθ(s, 1, η) = sθ
(

1

Γ(1 + θ)

1

ηθ

∫ ∞

0

Eθ

(
−s

θtθ

ηθ

)
u(t)(dt)θ

)
= sθNθ(s, η),

where Nθ(s, η) denotes the local fractional natural transform of the function u(t) [19].

5 Applications

This section demonstrates the applicability, efficiency, and high accuracy of the local fractional
Khalouta transform method to some linear local fractional differential equations.

Example 1. Let us examine the local fractional differential equation

D(θ)u(t) + u(t) =
tθ

Γ(1 + θ)
, 0 < θ ≤ 1, (8)

within the initial condition
u(0) = −1. (9)

Operating the local fractional Khalouta transform on (8) and utilizing Theorem 1, we attain

LFKHθ
[
D(θ)u(t)

]
+LF KHθ [u(t)] =LF KHθ

[
tθ

Γ(1 + θ)

]
. (10)

Implementing Theorems 2 and 6, (10) becomes

(
s

γη

)θ
Kθ(s, γ, η)−

(
s

γη

)θ
u(0) +Kθ(s, γ, η) =

γθηθ

sθ
. (11)

Making use of the initial condition (9), (11) can be written as

(
s

γη

)θ
Kθ(s, γ, η) +

(
s

γη

)θ
+Kθ(s, γ, η) =

γθηθ

sθ
.

Then, we have

Kθ(s, γ, η) =
γ2θη2θ − s2θ

sθ(sθ + γθηθ)

Iran. J. Numer. Anal. Optim., Vol. 16, No. 2, 2026, pp 539–562



Khalouta 554

=
γθηθ

sθ
− 1. (12)

Performing the inverse local fractional Khalouta transform on (12), we achieve

u(t) =
tθ

Γ(1 + θ)
− 1. (13)

The result (13) indicates the exact solution to (8).

Example 2. Let us examine the local fractional differential equation

D(2θ)u(t)− u(t) = − sinθ(tθ), 0 < θ ≤ 1, (14)

within the initial conditions
u(0) = 0, D(θ)u(0) = −1. (15)

Operating the local fractional Khalouta transform on (14) and utilizing Theorem 1, we attain

LFKHθ
[
D(2θ)u(t)

]
−LF KHθ [u(t)] =LF KHθ

[
− sinθ(tθ)

]
. (16)

Implementing Theorems 2 and 9, (16) becomes

(
s

γη

)2θ

Kθ(s, γ, η)−
(
s

γη

)2θ

u(0)−
(
s

γη

)θ
u(θ)(0)−Kθ(s, γ, η)

= − sθγθηθ

s2θ + γ2θη2θ
. (17)

Making use of the initial conditions (15), (17) can be written as

(
s

γη

)2θ

Kθ(s, γ, η) +
(
s

γη

)θ
−Kθ(s, γ, η) = −

sθγθηθ

s2θ + γ2θη2θ
.

Then, we have

Kθ(s, γ, η) =
−s3θγθηθ − 2sθγ3θη3θ

(s2θ + γ2θη2θ) (s2θ − γ2θη2θ)

=
3

4

sθ

sθ + γθηθ
− 3

4

sθ

sθ − γθηθ
+

1

2

sθγθηθ

s2θ + γ2θη2θ
. (18)

Performing the inverse local fractional Khalouta transform on (18), we achieve

u(t) =
3

4
Eθ(−tθ)−

3

4
Eθ(t

θ) +
1

2
sinθ(tθ). (19)
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The result (19) indicates the exact solution to (14).

Example 3. Let us examine the local fractional differential equation

D(2θ)u(t) +D(θ)u(t)− u(t) = Eθ(−2tθ), 0 < θ ≤ 1, (20)

within the initial conditions
u(0) = 1, D(θ)u(0) = −2. (21)

Operating the local fractional Khalouta transform on (20) and utilizing Theorem 1, we attain

LFKHθ
[
D(2θ)u(t)

]
+LF KHθ

[
D(θ)u(t)

]
−LF KHθ [u(t)] =LF KHθ

[
Eθ(−2tθ)

]
. (22)

Implementing Theorems 2 and 7, (22) becomes

sθ

sθ + 2γθηθ
=

(
s

γη

)2θ

Kθ(s, γ, η)−
(
s

γη

)2θ

u(0)−
(
s

γη

)θ
u(θ)(0)

+

(
s

γη

)θ
Kθ(s, γ, η)−

(
s

γη

)θ
u(0)−Kθ(s, γ, η). (23)

Making use of the initial conditions (21), (23) can be written as

(
s

γη

)2θ

Kθ(s, γ, η)−
(
s

γη

)2θ

+

(
s

γη

)θ
+

(
s

γη

)θ
Kθ(s, γ, η)−Kθ(s, γ, η)

=
sθ

sθ + 2γθηθ
.

Then, we have

Kθ(s, γ, η) =
γ2θη2θ

s2θ + sθγθηθ − γ2θη2θ

(
sθ

sθ + 2γθηθ
+
s2θ − sθγθηθ

γ2θη2θ

)
=

γ2θη2θ

s2θ + sθγθηθ − γ2θη2θ

(
sθ
(
s2θ + sθγθηθ − γ2θη2θ

)
(sθ + 2γθηθ) γ2θη2θ

)

=
sθ

sθ + 2γθηθ
. (24)

Performing the inverse local fractional Khalouta transform on (24), we achieve

u(t) = Eθ(−2tθ). (25)

The result (25) indicates the exact solution to (20).

Iran. J. Numer. Anal. Optim., Vol. 16, No. 2, 2026, pp 539–562



Khalouta 556

Example 4. Let us examine the local fractional differential equation

D(4θ)u(t)− u(t) = 0, 0 < θ ≤ 1, (26)

within the initial conditions

u(0) = 0, D(θ)u(0) = −1, D(2θ)u(0) = 0, D(3θ)u(0) = 0. (27)

Operating the local fractional Khalouta transform on (26) and utilizing Theorem 1, we attain

LFKHθ
[
D(4θ)u(t)

]
−LF KHθ [u(t)] = 0. (28)

Implementing Theorem 2, (28) becomes

0 =

(
s

γη

)4θ

Kθ(s, γ, η)−
(
s

γη

)4θ

u(0)−
(
s

γη

)3θ

uθ(0)

−
(
s

γη

)2θ

u(2θ)(0)−
(
s

γη

)θ
u(3θ)(0)−Kθ(s, γ, η). (29)

Making use of the initial conditions (27), (29) can be written as

(
s

γη

)4θ

Kθ(s, γ, η) +
(
s

γη

)3θ

−Kθ(s, γ, η) = 0.

Then, we have

Kθ(s, γ, η) = −
s3θγθηθ

s4θ − γ4θη4θ

=
1

4

sθ

sθ + γθηθ
− 1

4

sθ

sθ − γθηθ
− 1

2

sθγθηθ

s2θ + γ2θη2θ
. (30)

Performing the inverse local fractional Khalouta transform on (30), we achieve

u(t) =
1

4
Eθ(−tθ)−

1

4
Eθ(t

θ)− 1

2
sinθ(tθ). (31)

The result (31) indicates the exact solution to (26).

Example 5. Let us examine the local fractional Volterra integro-differential equation

D(θ)u(t) = 1 +
1

Γ(1 + θ)

∫ t

0

u(τ) (dτ)
θ
, 0 < θ ≤ 1, (32)
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within the initial condition
u(0) = 0. (33)

Operating the local fractional Khalouta transform on (32) and utilizing Theorem 1, we attain

LFKHθ
[
D(θ)u(t)

]
=LF KHθ [1] +LF KHθ

[
1

Γ(1 + θ)

∫ t

0

u(τ) (dτ)
θ

]
. (34)

Then
LFKHθ

[
D(θ)u(t)

]
=LF KHθ [1] +LF KHθ [(u(t) ∗ 1)θ] . (35)

Implementing Theorems 2, 4, and 5, we arrive at

(
s

γη

)θ
Kθ(s, γ, η)−

(
s

γη

)θ
u(0) = 1 +

(γη
s

)θ
Kθ(s, γ, η). (36)

Making use of the initial condition (33), (36) can be written as

(
s

γη

)θ
Kθ(s, γ, η) = 1 +

(γη
s

)θ
Kθ(s, γ, η).

Then, we have

Kθ(s, γ, η) =
sθγθηθ

s2θ − γ2θη2θ
. (37)

Performing the inverse local fractional Khalouta transform on (37), we achieve

u(t) = sinhθ(tθ). (38)

The result (38) indicates the exact solution to (32).

Example 6. Let us examine the local fractional Volterra integro-differential equation

D(2θ)u(t) = 1 +
1

Γ(1 + θ)

∫ t

0

(t− τ)θ

Γ(1 + θ)
u(τ) (dτ)

θ
, 0 < θ ≤ 1, (39)

within the initial conditions
u(0) = 1, D(θ)u(0) = 0. (40)

Operating the local fractional Khalouta transform on (39) and utilizing Theorem 1, we attain

LFKHθ
[
D(2θ)u(t)

]
=LF KHθ [1] +LF KHθ

[
1

Γ(1 + θ)

∫ t

0

(t− τ)θ

Γ(1 + θ)
u(τ) (dτ)

θ

]
.
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Then
LFKHθ

[
D(2θ)u(t)

]
=LF KHθ [1] +LF KHθ

[(
tθ

Γ(1 + θ)
∗ u(t)

)
θ

]
. (41)

Using Theorems 2, 4, 5 and 6, (41) becomes

(
s

γη

)2θ

Kθ(s, γ, η)−
(
s

γη

)2θ

u(0)−
(
s

γη

)θ
u(θ)(0)

= 1 +
(γη
s

)θ (γη
s

)θ
Kθ(s, γ, η). (42)

Making use of the initial conditions (40), (42) can be written as

(
s

γη

)2θ

Kθ(s, γ, η)−
(
s

γη

)2θ

= 1 +
(γη
s

)2θ
Kθ(s, γ, η).

Then, we have

Kθ(s, γ, η) =
(

s2θγ2θη2θ

s4θ − γ4θη4θ

)(
γ2θη2θ + s2θ

γ2θη2θ

)
=

s2θ

s2θ − γ2θη2θ
. (43)

Performing the inverse local fractional Khalouta transform on (43), we achieve

u(t) = coshθ(tθ). (44)

The result (44) indicates the exact solution to (39).

6 Conclusions

In this paper, we proposed the local fractional Khalouta transform method, based on the coupling
of two powerful concepts: The Khalouta transform and the local fractional derivative. Several
illustrative examples of local linear fractional differential equations have been provided in order
to demonstrate the advantages of the proposed method. The results obtained in the examples
presented have shown that this method is capable of solving any linear local integral equation.

These results open up avenues for further research and applications in related fields of science
and mathematics. Future research directions could include:

- Proposing novel numerical methods that combine the local fractional Khalouta transform
method with semi-analytical methods, such as the Adomian decomposition method, the ho-
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motopy perturbation method, and the variational iteration method, to solve nonlinear local
fractional differential equations.

- Investigating the stability and convergence analysis of proposed methods.
- Extending the applicability of these methods to more complex problems, such as nonlinear

local fractional partial differential equations and nonlinear local fractional integro-differential
equations.
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Abstract

In this paper, we propose a globally convergent sequential quadratic programming method
for solving constrained multiobjective optimization problems with inequality constraints. At
each iteration, a feasible descent direction is computed by solving an auxiliary quadratic pro-
gramming subproblem constructed from linear approximations of the objective and constraint
functions. Constraint violations are addressed using a nonsmooth exact penalty function.
Moreover, the algorithm incorporates a nonmonotone max-type line-search strategy, which
improves practical performance by allowing temporary increases in the penalty function value
and thereby promoting more effective exploration of the search space. Under mild regularity
assumptions, we prove that the sequence generated by the method converges to a weakly or
strongly critical point. Numerical experiments on standard benchmark problems demonstrate
the effectiveness and robustness of the proposed approach, both in terms of computational
performance criteria and the quality of the approximated Pareto front.
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Keywords: SQP method, Nonmonotone line search, Penalty method, Mangasarian–Fromovitz
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1 Introduction

Multiobjective optimization is essential for addressing complex problems in areas such as game
theory, economics, and engineering, where several conflicting objectives must be considered si-
multaneously [28]. The goal is to identify solutions that provide the best possible compromises
among multiple criteria over a given decision space. Because optimizing all objectives simulta-
neously is generally impossible due to inherent trade-offs, the classical notion of optimality is
replaced by efficiency. A point is said to be efficient (Pareto optimal) if no objective can be
improved without deteriorating at least one other objective, and the collection of such points
forms the nondominated (Pareto) set. Accurate approximation of this set, as well as its image in
the objective space known as the Pareto front, is crucial for understanding the trade-off structure
and has motivated extensive research on algorithms for approximating nondominated fronts in
multiobjective optimization problems (MOPs) [16, 35].

Scalarization is a classical approach for solving MOPs, where a vector objective is reduced
to a single-objective formulation, typically through weighted sums, ε-constraint schemes, or
related constructions [19, 20, 32]. Although conceptually appealing, scalarization often requires
the choice of user-defined parameters that reflect preferences or trade-off weights, which may
be difficult to specify reliably and can significantly affect the obtained solutions. Moreover,
depending on the scalarization model and the problem structure, the resulting subproblems may
exhibit undesirable behavior such as ill-conditioning or even unboundedness [21].

These limitations have motivated the development of preference-free, direction-based itera-
tive methods that work directly in the multiobjective setting. Starting from a random or feasible
point, such methods typically compute a common descent direction by solving an auxiliary sub-
problem, and then employ a line-search procedure to select a suitable step size, aiming to improve
all objectives in the Pareto sense [17, 18, 22]. Within this framework, a variety of algorithmic
ideas have been explored, including Newton and quasi-Newton type strategies [21, 30, 40], se-
quential quadratic programming (SQP)-type methods for constrained MOPs [2, 23, 24, 37], and
projection-based schemes on convex feasible sets [6, 43]. In parallel, nonmonotone globaliza-
tion mechanisms have been increasingly used to enhance robustness in single objective settings,
building on nonmonotone line-search principles [11, 27, 41] and extending them to nonconvex
and unconstrained multiobjective algorithms [25, 34].
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Recent developments in nonmonotone optimization, particularly within trust-region and line-
search frameworks, have led to substantial improvements for both constrained and unconstrained
problems. In contrast to classical monotone schemes that enforce a decrease in the merit func-
tion at every iteration, nonmonotone strategies permit occasional increases, which can improve
robustness and promote more effective exploration of the optimization landscape, especially in
nonconvex settings [27, 41]. In the context of nonmonotone methods for unconstrained MOPs,
several recent contributions have advanced both theory and algorithmic design. Mahdavi-Amiri
and Salehi Sadaghiani [30] proposed a nonmonotone quasi-Newton scheme with superlinear con-
vergence, while Ghalavand, Khorram, and Morovati [25] developed adaptive nonmonotone trust-
region algorithms to enhance robustness. More recently, Upadhayay et al. [39] introduced a
nonmonotone conditional gradient framework for MOPs, and Upadhayay, Ghosh, and Kumar
[40] investigated nonmonotone Wolfe-type quasi-Newton methods, providing effective globaliza-
tion strategies in the unconstrained setting. Despite these advances, constrained MOPs remain
particularly challenging, and comparatively few studies have focused on algorithms with strong
theoretical guarantees and reliable practical performance in this setting. Notable recent contribu-
tions include conditional gradient type methods [8], accelerated proximal gradient schemes [38],
away-step Frank–Wolfe strategies for constrained MOPs [26], SQP-type approaches combined
with gradient sampling for nonsmooth constrained MOPs [37], and proximal gradient methods
designed for convex MOPs [42].

For nonmonotone methods in constrained MOPs, recent contributions include Zhao and Yao
[43], who proposed a nonmonotone projected gradient framework; Carrizo, Fazzio, and Schu-
verdt [6], who developed a nonmonotone projected gradient method on convex sets; Pinheiro
and Grapiglia [34], who introduced a universal nonmonotone line-search scheme for nonconvex
MOPs with convex constraints; and Chen et al. [7], who presented a nonmonotone proximal
gradient algorithm for nonsmooth MOPs, with extensions to robust multiobjective optimization.
While nonmonotone line search strategies for unconstrained optimization are well established,
their extension to constrained MOPs remains comparatively limited. The main difficulty is the
presence of constraints, which typically requires merit or penalty functions, and designing a
nonmonotone acceptance criterion that preserves both feasibility progress and convergence guar-
antees is technically delicate. In particular, nonmonotone line search applied directly to an exact
penalty function is still rare. To the best of our knowledge, the most recent work explicitly
pursuing this direction is Rashidi, Khorram, and Soleimani-Damaneh [36]. This approach inte-
grates an exact penalty formulation with an SQP-type framework, a nonmonotone line-search
mechanism, and rapid infeasibility detection. Moreover, an average-type nonmonotone criterion
is employed, and up to two inequality-constrained subproblems may be solved at each itera-
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tion. Penalty updates are controlled through trust-region ideas, yielding a hybrid strategy that
combines features of both trust-region and line-search globalization.

Ansary and Panda [2] proposed an SQP method for inequality-constrained MOPs. Their
scheme computes a descent direction from an auxiliary quadratic subproblem based on linear
approximations of the objective and constraint functions, and it handles constraint violations
through a nonsmooth exact penalty function.

Motivated by the SQP framework of Ansary and Panda [2] and by the use of nonmonotone
globalization mechanisms for penalty-based constrained MOPs in [36], we develop a new globally
convergent SQP method for inequality-constrained MOPs. The proposed algorithm preserves the
main SQP structure of [2] but introduces a different penalty-function formulation together with a
distinct strategy for selecting and updating the penalty parameter. These modifications require a
technically justification, both to establish global convergence and to justify the observed numeri-
cal behavior. In addition, we incorporate a nonmonotone max-type line search rule, which allows
controlled temporary increases of the penalty function and can improve robustness by prevent-
ing overly conservative steps. Under mild regularity assumptions, we prove that the sequence
generated by the method converges to a weakly or strongly critical point. Numerical results on
standard benchmarks confirm the effectiveness and robustness of the proposed approach.

The remainder of the paper is organized as follows. Section 2 introduces the basic definitions
and preliminaries. Section 3 presents the proposed method. The convergence analysis is devel-
oped in Section 4. Section 5 reports the numerical implementation details and computational
results. Finally, Section 6 concludes the paper.

2 Preliminaries

We consider the following constrained MOP:

min f(x)

s.t. g(x) ≤ 0,
(1)

where f(x) = (f1(x), f2(x), . . . , fm(x))T and g(x) = (g1(x), g2(x), . . . , gr(x))
T . Here, each fi :

Rn → R for i = 1, . . . ,m, and each gj : Rn → R for j = 1, . . . , r. The functions f(·) and g(·) are
continuously differentiable over the feasible set X ⊆ Rn, which is defined as:

X = {x ∈ Rn | gj(x) ≤ 0, for j = 1, 2, . . . , r} .

Thus, the optimization problem can be expressed equivalently as
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min f(x)

subject to x ∈ X.

In MOP, the objective space is a partial order set, while in single-objective optimization, it is a
total order set. Let Rm≥ and Rm> be defined as

Rm≥ = {x ∈ Rm : xk ≥ 0, for all k} , Rm> = {x ∈ Rm : xk > 0, for all k} .

These sets describe relationships between vector-valued functions f(x) and f(y) based on
component-wise comparisons:

f(x) ≤ f(y)⇔ f(y)− f(x) ∈ Rm≥ , f(x) < f(y)⇔ f(y)− f(x) ∈ Rm> .

A point x ∈ X is called a weakly efficient point of problem (1) if there is no y ∈ X such that
f(y) < f(x), in which case f(x) is referred to as a weakly nondominated point [19]. A point
x ∈ X is called an efficient point of problem (1) if there is no y ∈ X such that f(y) ≤ f(x) and
f(y) 6= f(x), and f(x) is then referred to as a nondominated point [19]. Furthermore, x̄ is a
local weakly efficient solution of (1) if there exists ε > 0 such that there is no x ∈ X ∩ B(x̄, ε)

satisfying f(x) < f(x̄). In this case, f(x̄) is called a local weakly nondominated point.

Penalty methods convert the constrained MOP (1) into an unconstrained optimization prob-
lem by incorporating constraint violations into a merit (penalty) function. In this paper, we adopt
a penalization framework and minimize a shifted exact penalty function [5, 36]. The proposed
penalty function employs a violation measure of the constraint that is structurally similar to that
used by Ansary and Panda [2]. Moreover,

ψiρ(x) := ρ
(
fi(x)− f i

)
+ v(x), i = 1, . . . ,m, (2)

in which ρ ≥ 0 is the penalty parameter, and

v(x) = max
{
0, gj(x) | j = 1, . . . , r

}
,

is the violation measure of the constraint. Here, v(x) = 0 characterizes feasibility. Moreover, for
each i, let f

i
:= inf{fi(x) : x ∈ X}, which is finite under the boundedness assumption stated in

subsection 4.1. Equivalently, f
i
may be viewed as the infimum of fi over the smallest convex set

containing the iterates {xk} generated by the algorithm. The bound f
i
is introduced only for

theoretical purposes, namely to ensure that the line search procedure is well defined. Its existence
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follows from assumptions (A1)–(A2). In practice, we do not require f
i
(or any approximation

of it), and the proposed method is not sensitive to its value [36].

Define the active set
A(x) = { j : gj(x) = v(x)},

collect all constraints attaining the worst violation. Then the true directional derivative of v in
any d ∈ Rn is

v′(x; d) = max
j∈A(x)

∇gj(x)T d,

which is generally discontinuous as A(x) changes.

That is, although each gj is continuously differentiable, the directional derivative v′(x; d) is,
in general, discontinuous with respect to the base point x. This discontinuity is caused by changes
in the active set A(x) when the maximizer in

v(x) = max{ 0, gj(x) | j = 1, . . . ,m }

switches from one constraint to another. For fixed x, however, v′(x; d) is continuous (indeed,
piecewise linear) as a function of the direction d. For more clarification, we show this behavior
in the following example:

Example 1. Let

g1(x) = x, g2(x) = −x, v(x) = max{0, g1(x), g2(x)} = |x|.

Then

A(x) =


{1}, x > 0,

{2}, x < 0,

{1, 2}, x = 0,

which changes at x = 0. Take the direction d = 1. For x > 0 we have v′(x; 1) = ∇g1(x)T 1 = 1;
for x < 0, v′(x; 1) = ∇g2(x)T 1 = −1; and at x = 0,

v′(0; 1) = max{∇g1(0)T 1,∇g2(0)T 1} = max{1,−1} = 1.

Thus,

v′(x; 1) =

 1, x ≥ 0,

−1, x < 0,
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which is clearly discontinuous at x = 0. The discontinuity is caused by a switch of the maximizer
from g2 to g1, that is, by a change in the active set A(x). Thus, we employ the continuous
approximation proposed in [2, 4]:

v∗(x; d) = max
{
gj(x) +∇gj(x)T d, 0

∣∣∣ j ∈ A(x)}− v(x).
Therefore, we approximate the directional derivative of ψ i

ρ by the following continuous term:

χ iρ(x; d) = ρ∇fi(x)T d+ v∗(x; d), i = 1, . . . ,m. (3)

The following theorem provides necessary optimality conditions for a (weakly) efficient point
of problem (1).

Theorem 1 ( [32]). Suppose that fi, i = 1, . . . ,m, and gj , j = 1, . . . , r, are continuously
differentiable at x ∈ X. If x is a weakly efficient point of problem (1), then there exist multipliers
λ ∈ Rm≥0 and θ ∈ Rr≥0 such that (λ, θ) 6= (0, 0) and

m∑
i=1

λi∇fi(x) +
r∑
j=1

θj∇gj(x) = 0,

θj gj(x) = 0, j = 1, . . . , r.

(4)

The Fritz–John conditions in Theorem 1 are necessary for weak efficiency. In contrast, the
Karush–Kuhn–Tucker conditions are necessary under an appropriate constraint qualification [32].
Therefore, in our convergence analysis, we assume that the Mangasarian–Fromovitz constraint
qualification (MFCQ) holds at the limit points under consideration.

Definition 1 (Mangasarian–Fromovitz constraint qualification (MFCQ)). [31] The MFCQ is
said to hold at a point x ∈ Rn if there exists a vector z ∈ Rn such that

∇gj(x)T z < 0, for all j ∈ A(x).

Definition 2. [2] A feasible point x ∈ X of the problem (1) is said to be

1. a strongly critical point if there exist multipliers λ ∈ Rm+ \ {0} and θ ∈ Rr+ satisfying the
conditions (4).

2. a weakly critical point if there exists an infeasible sequence {xk} with xk → x such that

lim
k→∞

max
d∈D(xk)

max
j=1,...,r

{ gj(xk) +∇gj(xk)T d, 0}

v(xk)
= 1,

Iran. J. Numer. Anal. Optim., Vol. 16, No. 2, 2026, pp 563–589



Rashidi and Khorram 570

where D(xk) = { d ∈ Rn : ∇fi(xk)T d ≤ 0, i = 1, . . . ,m}.

Remark 1. The above definition of a weakly critical point is proposed because the penalty–
SQP scheme may generate infeasible iterates, so we need a stationarity concept that remains
meaningful outside the feasible set. Geometrically, the condition says that there is no direction
d that improves (or at least does not worsen) all objectives while simultaneously decreasing
violation measure of the constraint v(x) according to the linearized constraints. Hence, at a
weakly critical point the algorithm cannot make simultaneous progress toward feasibility and
objective decrease, and such points naturally describe possible limit behavior of infeasible iterates.

More precisely, at an iterate xk the set D(xk) = {d ∈ Rn : ∇fi(xk)T d ≤ 0, i = 1, . . . ,m}
is a cone of nonascending directions for all objectives. For a given direction d, the quantity
maxj max{gj(xk) + ∇gj(xk)T d, 0} is the worst predicted violation under the linearized con-
straints. Therefore, the numerator maxd∈D(xk) maxj max{gj(xk) +∇gj(xk)T d, 0} represents the
best achievable (i.e., smallest possible) worst-case linearized infeasibility among directions that
do not worsen the objectives, while the denominator v(xk) is the current infeasibility. The limit
being equal to 1 means that, asymptotically, even the best direction in D(xk) cannot yield a
meaningful relative decrease in infeasibility: The predicted violation remains essentially the same
as the current one.

3 Description of the algorithm

This section presents our nonmonotone multiobjective method in the SQP framework (NMOSQP).
Our method is developed within the SQP framework of [2]; however, we introduce two essen-
tial modifications : (i) a new formulation of the (shifted) exact penalty function together with
a different strategy for selecting and updating the penalty parameter, and (ii) a nonmonotone
max-type line search rule applied to the penalty function. These changes require very additional
technical justification, both in the global convergence analysis and in the numerical investigation.

More specifically, as in [2], NMOSQP computes a common improving direction by solving an
auxiliary quadratic subproblem based on linear models of the objective and constraint functions,
and then determines the step length by a line search procedure. The first main distinction from
[2] lies in the treatment of the penalty parameter, while [2] employs a particular penalty-function
structure and update rule, we adopt a different penalty-parameter update mechanism tailored
to our nonmonotone line search. The second main distinction concerns globalization. Unlike [2],
which uses a monotone line search, NMOSQP employs a nonmonotone max-type line search on
the penalty function.

Iran. J. Numer. Anal. Optim., Vol. 16, No. 2, 2026, pp 563–589



571 A nonmonotone line search method for solving constrained multiobjective optimization problems

In [36], a descent direction is computed by minimizing a quadratic model of an exact penalty
function. In each iteration, the method may require solving up to two inequality-constrained
subproblems, while updates of the penalty parameter are governed by steering rules. In [37],
an SQP-type method for constrained MOPs with nonconvex, nonsmooth, and locally Lipschitz
objectives and constraints is proposed. The approach uses gradient sampling to handle non-
smoothness and employs an exact penalty merit function; its subproblem can be viewed as a
nonsmooth counterpart of the one in [36].

We keep all linearized inequality constraints in subproblem (5), rather than restricting to
the currently active set as in [33]. In nonconvex constrained MOPs the active set may change
abruptly from one iterate to the next, and constraints that are inactive at xk can become active
after a step. Including all constraints improves robustness of the computed direction and helps
prevent steps that move toward nearly active constraints and trigger excessive backtracking in
the line search. Hence

min
d,z

z +
1

2
‖d‖2,

subject to: (∇fi(x))T d ≤ z, for all i = 1, . . . ,m,

gj(x) + (∇gj(x))T d ≤ z, for all j = 1, . . . , r,

(d, z) ∈ Rn × R.

(5)

In this subproblem, z is as an upper bound for all linearized terms, and both z and d are variables.
The improving direction is defined as the d-component of a minimizer of subproblem (5). The
smooth quadratic subproblem (5) plays an crucial role in the analysis and implementation of the
NMOSQP method. The satisfaction of MFCQ for the problem (1) ensures that the subproblem
(5) also meets the MFCQ condition [2].

Inspired by the approach proposed in [2], the penalty parameter ρk is dynamically updated
at each iteration to ensure that the direction dk remains a descent direction for all penalized
functions ψiρk(xk), i = 1, . . . ,m. If dk is already a descent direction for all ψiρk , more precisely, if
χiρk(xk; dk) < 0, i = 1, . . . ,m, then the penalty parameter remains unchanged, that is, ρk+1 = ρk.
Otherwise, it is updated as

ρk+1 = min
{
θρρk, min

i=1,...,m

v∗(xk; dk) +
1
2d
T
k dk

−∇fi(xk)T dk

}
, (6)

where v∗(xk; dk) is the smooth approximation of the directional derivative of the violation func-
tion v(x), and the ratio ensures that dk becomes a descent direction for each penalized objective
ψiρk .
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3.1 Nonmonotone line search

After obtaining the descent direction d(x), the NMOSQP algorithm employs a backtracking line
search to compute a suitable step length θ > 0 along this direction. The monotone line search
is guided by the Armijo rule, which ensures that the step length satisfies the sufficient decrease
condition:

ψiρk+1

(
xk + θkdk

)
≤ ψiρk+1

(xk) + θkγχ
i
ρk+1

(xk; dk), (7)

for i = 1, . . . ,m, where xk ∈ X is not a critical point of problem (1), and γ ∈ (0, 1) is a constant.
This condition guarantees sufficient improvement in the objective functions, thereby promoting
progress in the optimization process.

Nonmonotone line search strategies improve optimization performance by allowing tempo-
rary increases in the objective function. This adaptability proves especially effective in escaping
narrow or curved valleys and in navigating complex, nonconvex regions of the search space [1, 11].
Such methods typically offer faster convergence and enhanced robustness, making them partic-
ularly suitable for solving large-scale and challenging optimization problems. In this paper, we
propose a novel nonmonotone line search method for solving constrained MOPs. Our approach
extends the classical nonmonotone rule of Grippo, Lampariello, and Lucidi [27], which generalizes
the traditional Armijo rule by permitting occasional increases in the function value. This flex-
ibility helps the algorithm escape narrow valleys or avoid excessively small steps in challenging
nonlinear problems. Therefore,

ψiρk+1

(
xk + θkdk

)
≤ ψiρk,r(xk) + θkγχ

i
ρk+1

(xk; dk), (8)

for i = 1, . . . ,m, where

ψiρk,r(xk) := max
0≤j≤m(k)

{
ψiρk−j (xk−j)

}
, for all k ∈ N ∪ {0}, (9)

m(0) = 0, 0 ≤ m(k) ≤ min{m(k− 1)+ 1, N}, and N ≥ 0 is an integer. Let r(k) be integer such
that k −m(k) ≤ r(k) ≤ k and ψiρk,r(xk) = ψiρr(k)(xr(k)). In Lemma 3, we prove that for any
η ∈ (0, 1), inequality (8) is satisfied for sufficiently small θ > 0. Now, we can propose NMOSQP
algorithm.
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3.2 NMOSQP: A Nonmonotone SQP-based algorithm for
MOP

1. Choose x0 ∈ Rn, some scalars r ∈ (0, 1), γ ∈ (0, 1), the initial penalty parameter ρ > 0,
and an error tolerance ε. Set k := 0.

2. Solve the quadratic program (5) to find the descent direction (zk, dk) with Lagrange
multipliers λk, θk.

3. If ‖dk‖ < ε, then stop; otherwise, go to Step 4.

4. If v(xk) = 0 or χi,ρk(xk; dk) < 0, for all i, then let ρk+1 = ρk. Otherwise, update ρk+1

using the rule in (6).

5. Compute the step length θk as the first number in the sequence {1, r, r2, . . .}, such that
for all i = 1, . . . ,m, satisfying (8).

6. Update xk+1 = xk + θkdk. Set k := k + 1 and go to Step 2.

The stopping criteria and line search process in Steps 3 and 5 in the NMOSQP algorithm rely
on Lemmas 1 and 3.

4 Convergence analysis

4.1 Assumptions

The following assumptions are steadily held during our convergence analysis.

• (A1): The functions fi, i = 1, 2, . . . , p, and gj , j = 1, 2, . . . ,m, are twice continuously
differentiable over the feasible setX ⊆ Rn and∇fj(x) and∇gi(x) are Lipschitz continuous
for i = 1, . . . ,m and j = 1, . . . , r with Lipschitz constant L.

• (A2): The sequences {xk} and {(zk, dk)}, which correspond to the sequence of solutions
for the subproblem (5), are bounded.

Lemma 1 establishes a connection between the algorithm’s stopping criteria and the critical
points of problem (1). It shows that d(x) 6= 0 implies x is not a critical point and it provides a
descent direction of the penalty.

Iran. J. Numer. Anal. Optim., Vol. 16, No. 2, 2026, pp 563–589



Rashidi and Khorram 574

Lemma 1. [2] Let (zk, dk) be the solution of the subproblem (5). Then the following statements
hold:

(i) The value of zk satisfies
zk ≤ v(xk)−

1

2
dTk dk. (10)

(ii) If dk = 0 and MFCQ holds at xk, then xk is a strongly critical point of the problem (1).

(iii) If dk 6= 0, then for sufficiently small ρk, then the vector dk is a descent direction of the
penalty function ψiρk(xk) at xk.

Proof. Since the subproblem (5) is identical to that considered in [2], the proof follows similarly
from [2, Lemma 1] and is therefore omitted here.

Remark 2. The proof strategy in lemma 3 follows a standard line of argument used in related
single-objective analyses (see, e.g., [41]); nevertheless, we present it here in a form tailored to
our exact penalty function and the constrained MOP setting.

Lemma 2. During iteration k of the NMOSQP algorithm, we have

ψiρk+1
(xk+1) ≤ ψiρk+1,r

(xk+1) ≤ ψiρk,r(xk), (11)

for all k = 0, 1, 2, . . .. Moreover, the sequence ψiρk,r(xk) is convergent.

Proof. Let xk be not a critical point of (1). The first inequality is obvious from (9). From (9)
and m(k + 1) ≤ m(k) + 1 we have

ψiρk+1,r
(xk+1) = max

0≤j≤m(k+1)

{
ψiρk+1−j

(xk+1−j)
}

(12)

≤ max
0≤j≤m(k)+1

{
ψiρk+1−j

(xk+1−j)
}

= max
{

max
0≤j≤m(k)

{
ψiρk−j (xk−j)

}
, ψiρk+1

(xk+1)

}
= max

{
ψiρk,r(xk), ψ

i
ρk+1

(xk+1)
}

= ψiρk,r(xk). (13)

From Step 4 of the NMOSQP algorithm, we have χiρk+1
(xk; dk) < 0 for all i = 1, . . . ,m. There-

fore, the last equality is concluded from (8). This means the sequence ψiρk,r(xk) is nonincreasing
for all i = 1, . . . ,m. Consequently, we obtain
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0 ≤ ψiρk+n(xk+n) ≤ ψiρk+n,r(xk+n) ≤ · · · ≤ ψiρk,r(xk). (14)

Thus, the sequence {ψiρk,r(xk)} is monotonically non-increasing and bounded below by zero,
which implies that it must converge.

Lemma 3. Suppose that (zk, dk) is an optimal solution for subproblem (5) at iteration k of the
NMOSQP algorithm. If xk is not a weakly or strongly critical point of problem (1), then there
exists θk that satisfies the nonmonotone line search (8).

Proof. Since xk is not a weakly or strongly critical point of problem (1), from Lemma 1 we
have d(xk) 6= 0. Under Assumption (A1), it follows from [4, Lemma 2.1(3)] that there exists a
constant L > 0 such that for i = 1, . . . ,m,

ψiρk+1
(xk + θdk) ≤ ψiρk+1

(xk) + θχiρk+1
(xk; dk) +

1

2
(ρk+1 + 1)Lt2‖dk‖2, (15)

for θ ∈ [0, 1] ,and let γ ∈ (0, 1) be a constant as specified in Step 1 of NMOSQP algorithm.
Since ρk+1 ≤ ρk, and

(
fi(xk)− f

)
≥ 0, from (2), we have

ρk+1

(
fi(xk)− f

)
+ v(xk) ≤ ρk

(
fi(xk)− f

)
+ v(xk), i = 1, . . . ,m, (16)

which means
ψiρk+1

(xk) ≤ ψiρk(xk). (17)

Then, by applying inequality (15), we have

ψiρk+1
(xk + θdk)− ψiρk(xk)− γ θ χ

i
ρk+1

(xk; dk)

≤ (1− γ) θ χiρk+1
(xk; dk) +

1
2 (ρk+1 + 1)Lθ2 ‖dk‖2, (18)

for i = 1, . . . ,m. Step 4 of the NMOSQP algorithm implies

χiρk+1
(xk; dk) < 0, i = 1, . . . ,m.

Since dk 6= 0, from (18), it follows that the right-hand side becomes negative for sufficiently small
values of θ > 0, ensuring that the monotone Armijo’s rule (7) is satisfied.

Given that ψiρk(xk) ≤ ψiρk,r(xk), condition (7) implies the validity of (8). Consequently,
there exists a scalar θk > 0 for which inequality (8) holds.

Lemma 4. Let (zk, dk) be the solution to the subproblem (5). If xk → x∗ as k → ∞, then
the sequence {(zk, dk)} converges to (z∗, d∗), where (z∗, d∗) solves subproblem (5) at x∗. In
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particular, if dk → 0 and the MFCQ holds at every xk, then x∗ is a strong critical point of the
problem (1).

Proof. Since the subproblem (5) is identical to that considered in [2], the proof follows directly
from [2, Lemma 3] and is therefore omitted.

Lemma 5. Suppose that ρk = ρ > 0 for all sufficiently large k. Assume that {xk}k∈K is a
convergent subsequence. Then dk → 0 as k →∞ and k ∈ K.

Proof. Without loss of generality, assume that ρk = ρ > 0 for all k ∈ K. If possible suppose
that there exist an infinite subset K ′ ⊂ K and a positive constant η such that

‖dk‖ ≥ η, k ∈ K ′. (19)

First, we will show that there exists δ > 0 such that θk ≥ δ holds for every k, where θk is the
step length obtained in Step 5 of NMOSQP algorithm. From this step either θk = 1 or θk = rk1

holds for some k1 ∈ N. If θk = rk1 holds then there exists i ∈ {1, . . . ,m} satisfying,

ψiρ(xk + rk1−1dk)− ψiρ,r(xk) > rk1−1γχiρ(xk; dk).

Then from (18),
rk1−1(1− γ)χiρ(xk; dk) +

1

2
(1 + ρ)Lr2(k1−1)‖dk‖2 > 0.

Thus,
1

2
(1 + ρ)Lr2(k1−1)‖dk‖2 ≥ −rk1−1(1− γ)χiρ(xk; dk). (20)

If ∃j ∈ {1, . . . , r} such that gj(xk) +∇gj(xk)T dk > 0, then from Lemma 1 and subproblem (5),
we have

max
j=1,...,r

{gj(xk) +∇gj(xk)T dk, 0} − v(xk) ≤ v(xk)−
1

2
dTk dk − v(xk) = −

1

2
dTk dk. (21)

If gj(xk) +∇gj(xk)T dk ≤ 0, for all j = 1, . . . , r, then

max
j=1,...,r

{gj(xk) +∇gj(xk)T dk, 0} − v(xk) = −v(xk). (22)

Thus, by the definition of v∗ and A(x) ⊆ {1, . . . , r}, we have

v∗(xk; dk) ≤ max
j=1,...,r

{gj(xk) +∇gj(xk)T dk, 0} − v(xk) ≤ max{−1

2
dTk dk,−v(xk)}. (23)

The last inequality follows from (5), (21), and (22).
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Since (zk, dk) = (0, 0) is feasible for subproblem (5), we have zk + 1
2dk

T dk ≤ 0. Then, (3)
and (5) imply

χiρ(xk; dk) ≤ ρzk + v∗(xk; dk)

≤ ρ
(
− 1

2 d
T
k dk

)
+max

{
− 1

2 d
T
k dk, −v(xk)

}
≤ −ρ2 d

T
k dk.

From (20) we have
1

2
(1 + ρ)Lrk1−1‖dk‖2 ≥

ρ

2
(1− γ)‖dk‖2.

This implies rk1 ≥ r(1−γ)ρ
(1+ρ)L . Choose δ = min

{
1, r(1−γ)ρ(1+ρ)L

}
. Then θk ≥ δ holds for every k. Now,

from (7) and (20), we have

ψiρ(xk+1)− ψiρ(x0) =
k∑
l=0

[
ψiρ(xl+1)− ψiρ(xl)

]
< −γρ2

k∑
l=0

θl‖dl‖2

≤ − 1
2 (k + 1) δ γ ρ η2, for all k ∈ K ′.

This implies ψiρ(xk + θkdk) → −∞ as k → ∞ and k ∈ K ′ (since θ0γρη2 > 0). This contradicts
the assumption that {xk}, {(zk, dk)} are bounded as ψiρ is a continuous function. So there exists
no any K ′ ⊂ K and η > 0 such that (19) holds.

Lemma 6. If ρk → 0, then limk→∞ v(xk) = 0.

Proof. Suppose that limk→∞ v(xk) exists if ρk → 0. By the definition of v(xk), we have
limk→∞ v(xk) ≥ 0. Suppose limk→∞ v(xk) > 0. Then there exists a constant c1 > 0 such
that for k large enough v(xk) > c1. We consider two cases separately.

Case 1: There exists a positive constant c2 > 0 such that, for k large enough, ‖dk‖ > c2.
Thus, from (23) and under assumptions (A1) and (A2), the following inequality holds for k large
enough:

v∗(xk; dk) ≤ max{−1

2
dTk dk,−v(xk)} ≤ −c3,

where c3 = min{ 12c22, c1} > 0. Then, from (3), (5), and Lemma 1, we have

χiρk(xk; dk) ≤ ρk zk + v∗(xk; dk)

≤ ρk(v(xk)− 1
2d
T
k dk) +max{−1

2
dTk dk,−v(xk)}.

Thus, if ρk → 0, then χiρk(xk; dk) ≤ −c3. From Step 4 of the NMOSQP algorithm, this would
imply that ρk+1 = ρk for all sufficiently large k, which contradicts the assumption that ρk → 0.
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Case 2: Case 1 does not hold. Thus there exists an infinite index set K such that {dk}k∈K
converges to zero. Since K is an infinite index set, by Assumption (A2), {xk}k∈K has at least
one accumulation point. Let K ′ ⊆ K such that {xk}k∈K′ converges to x̄. By Lemma 4, x̄ is a
strong stationary point of (1). Hence, v(x̄) = 0, which implies that v(xk) < c1 holds for k ∈ K ′

large enough. This contradicts v(xk) > c1.

Theorem 2. Let {xk} be a sequence generated by NMOSQP algorithm, and let the MFCQ be
satisfied at every xk. Then any accumulation point of {xk} is a critical point (either strongly or
weakly critical point) of problem (1).

Proof. (i) Convergence to a strongly critical point:
Let K be an infinite index set such that xk → x∗ as k → ∞ and k ∈ K. Let {(zk, dk)} be the
solution of subproblem (5). If dk → 0 as k → ∞, then by Lemma 4, x∗ is a strongly critical
point of P .
(ii) Convergence to a weakly critical point:
If there exists a constant c0 > 0 such that ‖dk‖ ≥ c0 for large k ∈ K, then from Lemma
5, ρk → 0 as k → ∞. Since the sequences {xk}, {(zk, dk)} are bounded, so from Lemma 6,
limk→∞ v(xk) = 0. Hence from (10) and subproblem (5),

∇fj(xk)T dk ≤ zk < 0, for all i = 1, . . . ,m.

This implies, dk ∈ D(xk) for large k. We follow the proof by contradiction. Suppose that xk
is not a weakly critical point. From Definition 2, there exists a constant η2 > 0 such that for
sufficiently large k,

max
d∈D(xk)

max
j=1,...,r

{gj(xk) +∇gj(xk)T d; 0} ≤ v(xk)− η2.

Suppose that d̂k maximizes maxj=1,...,r{gj(xk) +∇gj(xk)T d; 0}. From (23) we have

v∗(xk; dk) ≤ max
{
− 1

2 d
T
k dk, −v(xk)

}
≤ max
d∈D(xk)

max
{
− 1

2 d
T d, −v(xk)

}
≤ −η2.

Then, from (3), (5), and Lemma 1, we have

χiρk(xk; dk) ≤ ρk zk + v∗(xk; dk)

≤ ρk(v(xk)− 1
2d
T
k dk) +max{−1

2
dTk dk,−v(xk)}.

This means that if ρk → 0, then χiρk(xk; dk) ≤ −η2. From Step 4 of the NMOSQP algorithm,
it follows that ρk+1 = ρk for all sufficiently large k, which contradicts that ρk → 0. As a result,
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the sequence {xk} converges to a weakly critical point. Hence, any accumulation point of {xk}
is either a strongly critical point or a weakly critical point.

5 Numerical results

In this section, we describe the MATLAB R2021a implementation of NMOSQP and assess its
performance on a diverse collection of standard test problems from the MOPs literature. The
test set covers a broad range of features, including convex and nonconvex instances, biobjective
and three-objective models, and both box-constrained and generally constrained MOPs. Ta-
ble 1 summarizes the test problems: The first column reports the problem name; n denotes the
decision-space dimension (set from 2 to 200); and nf and ng represent the numbers of objective
functions and constraints, respectively. A dash in the ng column of Table 1 indicates that the
problem has no explicit constraints. The bound vectors xL and xU are also reported, and the
last column provides the corresponding references.

Table 1: Details of box-constrained and general constrained test problems.

Name n nf ng xL xU Reference

ABC-comp 2 2 3 [0, 0] [10, 10] [28]
BNH 2 2 2 [0, 0] [5, 3] [12]

DTLZ0 3 3 2 [0, 0, 0] [2, 1, 1] [14]
Eichfelder2 2 2 1 [0, 0] [100, 100] [20]
Eichfelder6 3 3 1 [0, 0, 0] [100, 100, 100] [20]
Eichfelder7 3 3 1 [0, 0, 1.2] [π, 100, 100] [20]

FDSa 5 3 − −[2, . . . , 2] [2, . . . , 2] [14]
FDSb 10 3 − −[2, . . . , 2] [2, . . . , 2] [14]
FDSc 50 3 − −[2, . . . , 2] [2, . . . , 2] [14]
FDSd 100 3 − −[2, . . . , 2] [2, . . . , 2] [14]
Hanne2 2 2 1 [0, 0] [10, 10] [9]
Hanne4 2 2 1 [0, 0] [10, 10] [9]
HLL1 2 2 1 [0, 0] [100, 100] [28]
JOS1a 50 2 − −[2, . . . , 2] [2, . . . , 2] [12]
JOS1c 200 2 − −[2, . . . , 2] [2, . . . , 2] [20]
JOS1h 200 2 − −100[1, . . . , 1] 100[1, . . . , 1] [14]
P11 10 3 3 −[2, . . . , 2] [2, . . . , 2] [36]
P12 50 3 3 −[2, . . . , 2] [2, . . . , 2] [36]
P13 200 3 3 −[2, . . . , 2] [2, . . . , 2] [36]
TNK 2 2 2 [0, 0] [π, π] [13]
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To ensure that the sequence generated by NMOSQP remains inside the box constraints
xL ≤ x ≤ xU , these constraints are added to subproblem (5), which leads to the following
subproblem:

min q (v, z) = z +
1

2
‖v‖2,

s.t.



(∇fi(x))T v ≤ z, for, i = 1, 2, . . . ,m,

gj (x) + (∇gj(x))T v ≤ z, for j = 1, . . . , r,

xL − x ≤ v ≤ xU − x,

(v, z) ∈ Rn × R.

(24)

In our implementation, we utilize subproblem (24) instead of (5) to ensure practical applicability.
The stopping criterion is defined as ‖dk‖ ≤ ε, where ε = 10−4. The Armijo rule parameter is set
to γ = 0.1. To handle potential nonconvergence in nonconvex problems, we limit the maximum
number of iterations to 500. We employ N = 10 in the nonmonotone term (9). At each iteration,
we solve subproblem (24) using MATLAB’s quadprog function.

Both MOSQP and NMOSQP start from arbitrary initial points, which we generate using
MATLAB’s randn function. To ensure a comprehensive evaluation, we generate 100 initial points
for each method. Employing a multi-start strategy [21], we apply each algorithm from all initial
points to approximate the nondominated frontier.

To comprehensively compare NMOSQP and MOSQP, we conduct two experiments, each
focusing on a different performance aspect. In the first experiment, we examine the capability
of NMOSQP to approximate the Pareto front and compare its results with those obtained by
MOSQP as well as with the reference (true) Pareto front. Figure 1 shows the nondominated
fronts generated by NMOSQP and MOSQP together with the reference front. For the Hanne2
problem, NMOSQP does not cover the entire front; however, it produces a dense and well-
distributed approximation in the middle region, which is noticeably superior to MOSQP. In
contrast, MOSQP performs poorly on Hanne2 and even generates dominated points. For the
ABC-comp and BNH problems, both methods exhibit similar and satisfactory behavior relative to
the reference front. In the TNK problem, NMOSQP generates a larger nondominated portion of
the front than MOSQP; nevertheless, the two approximations are complementary, and their union
covers a broader part of the true front, yielding a more well-distributed overall approximation.

In the second experiment, we use the Dolan and Moré performance profiles [15] to compare
NMOSQP and MOSQP across the specified performance criteria.

The performance profile is a more reliable visualization tool for comparing the results ob-
tained by different solvers, especially when the number of problems and solvers increases. Follow-
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581 A nonmonotone line search method for solving constrained multiobjective optimization problems

Figure 1: Nondominated fronts generated by NMOSQP and MOSQP on some test problems.

ing is a simplified description of the performance profile of a specific criterion for a solver associ-
ated with a problem [15]. Consider tp,s as the performance of the solver s ∈ S in solving the prob-
lem p ∈ P . Accordingly, the performance ratio rp,s is defined as rp,s := tp,s/min{tp,s : s ∈ S}.
Based on this definition, the probability of the performance ratio of the solver s ∈ S to be within
the interval [1, τ) is denoted by ρs(τ) and defined as follows:

ρs(τ) :=
1

|P |
|p ∈ P : rp,s ≤ τ | ,

where ρs is the cumulative distribution function for the performance ratio [15]. The performance
profiles depict the function ρs(τ) for each solver s ∈ S. According to the above explanation
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about ρs(τ), the value of ρs(1) is the probability that the solver s will overcome the remaining
ones. Thus, ρs(1) shows the win percentage of solver s compared to the other solvers.

Our evaluation is based on two complementary aspects: (i) computational effort and (ii)
quality of the produced Pareto front approximation. The criteria related to computational effort
(and hence the speed of convergence) include the number of iterations, the numbers of objective
and constraint function evaluations, the numbers of gradient evaluations for both objectives
and constraints, and the wall-clock time. For multiobjective methods, however, it is equally
important to assess the quality of the approximated Pareto front. Therefore, in addition to the
above measures, we report the number of generated nondominated points and three widely used
multiobjective indicators: The epsilon indicator [29], the spread [3, 10], and the hyper-volume
(HV) [44]. The epsilon indicator provides a measure of how far the computed front is from
the reference Pareto front, the spread evaluates how evenly the points are distributed along the
front, and HV quantifies the portion of the objective space dominated (covered) by the obtained
nondominated set (larger HV indicates a better approximation).

In this study, the HV indicator is computed using a common reference point selected sep-
arately for each test problem. For a given problem, we first form the union of all solutions
generated by all algorithms over all runs. Then, for each objective, we determine the best ob-
served value (the smallest one, since all problems are minimization) and the worst observed value
(the largest one); the difference between these values defines the observed objective range. The
HV reference point is chosen slightly worse than the worst observed value by adding 5% of this
range to each objective component. This choice ensures that the reference point is dominated
by all observed solutions and, consequently, makes the HV values fair and comparable across
algorithms. With this setting, larger HV values indicate better performance. Finally, because
Dolan and Moré performance profiles are typically constructed for measures where smaller val-
ues are better, we transform HV and the number of nondominated points (both larger-is-better
criteria) into smaller-is-better quantities before plotting, so that algorithms achieving larger HV
or producing more nondominated points are correctly identified as superior in the performance
profiles.

Figure 2 compares the two methods with respect to the computational criteria. It contains
four subplots reporting the number of iterations, wall-clock time, the number of objective function
evaluations, and the number of constraint function evaluations.

Figure 3 summarizes the quality of the obtained Pareto front approximations by reporting
the number of generated nondominated points for both methods, epsilon indicator, spread, and
the HV metrics.

We provide a detailed comparison of NMOSQP and MOSQP using the Dolan and Moré
performance profiles across the selected computational and quality criteria. For the number
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Figure 2: Iterations, Function evaluations, Gradient evaluations, and Wall-clock time performance profiles.

of iterations and gradient evaluations, NMOSQP clearly dominates and is the best performer
across all test instances. Regarding function evaluations, the two methods are competitive on
roughly 80% of the test instances; nevertheless, NMOSQP attains the best performance more
frequently and shows an overall advantage. A similar behavior is observed for wall-clock time:
Although the methods compete in about 80% of the instances, NMOSQP achieves the best
performance on approximately 95% of the test problems, indicating a clear improvement in
practical efficiency. Turning to the quality-related performance profiles, NMOSQP and MOSQP
are largely competitive in terms of front generation and the epsilon indicator. For the spread
metric, the methods still compete in about 85% of the instances, but NMOSQP more often
ranks first and thus provides a better overall distribution of points along the front. Finally, the
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HV profile shows a significant superiority of NMOSQP over MOSQP, indicating that NMOSQP
produces nondominated sets that dominate a larger portion of the objective space and hence
yield higher-quality Pareto-front approximations.

Figure 3: Number of nondominated points, Hypervolume(HV), Spread, and Epsilon indicator performance
profiles.

6 Conclusion

This paper proposed a nonmonotone penalty method in the SQP framework for solving general
inequality-constrained MOPs. In contrast to standard monotone penalty-based schemes, which
enforce a sufficient decrease of the penalty function at every iteration, the proposed approach
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employs a nonmonotone max-type line search that allows controlled temporary increases of the
penalty function. This additional flexibility can prevent overly conservative steps and improve
practical efficiency on difficult constrained instances. We compare the proposed nonmonotone
method (NMOSQP) with the monotone baseline (MOSQP). Dolan and Moré performance profiles
indicate that NMOSQP is consistently faster and more efficient across the considered test set.
Moreover, under mild regularity assumptions, we establish global convergence results showing
that, for any starting point, the sequence generated by NMOSQP converges to a weakly or
strongly critical point. Finally, as a direction for future research, it is of interest to investigate
alternative nonmonotone line search rules within the proposed penalty-SQP framework to further
enhance performance.
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Research Article

Design and implementation of a graph-coloring
algorithm for optimizing flight-level allocation in air

traffic management in Iran
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Abstract

The rapid growth of air traffic demand highlights the necessity of efficient and reliable methods
for air traffic flow management (ATFM). In Iran, current flight level allocation is predominantly
performed manually by human operators, which is prone to errors, lacks scalability, and does
not guarantee optimal use of available airspace resources. To address this limitation, this study
proposes a novel optimization framework based on graph coloring techniques for the allocation
of flight levels.

The airspace is modeled as a graph, where each flow corresponds to a node and potential
conflicts are represented as edges. The problem is then formulated as an optimization model
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with the goal of minimizing the number of distinct flight levels while ensuring safety con-
straints. A hybrid algorithm is developed that combines the DSatur heuristic for generating
an initial solution with a constraint programming model enhanced by maximal clique detection
for refinement and optimization.

The approach is applied to real operational data from Tehran’s Mehrabad and Mashhad
Hasheminejhad Airports during peak hours. Experimental results demonstrate that the pro-
posed method reduces the number of required flight levels compared to DSatur alone, ensuring
both improved airspace efficiency and conflict-free operations.

AMS subject classifications (2020): Primary 05C90, 90C59; Secondary 05C15.

Keywords: Air traffic flow management (ATFM); Graph coloring techniques; DSatur heuristic;
Constraint programming (CP).

1 Introduction

With the rapid expansion of cultural, commercial, and tourism interactions at both the national
and international levels, the air transport industry, as one of the most important connectivity
infrastructures, plays a vital role in facilitating fast and safe movement. The dramatic reduction
in travel time compared with other modes of transportation, and the ability to connect cities,
countries, and even continents, have further increased the importance of this industry. The
continuous rise in demand for air travel makes precise planning and the use of scientific solutions
unavoidable in order to maintain safety, optimize resource utilization, and reduce operational
risks.

At present, air traffic management in Iran relies heavily on human experience and decision-
making. This dependence, while creating limits on the scalability of operations, can increase the
likelihood of errors. The lack of intelligent systems based on mathematical models has made the
need to develop novel methods, capable of automatically performing optimal allocation of flight
resources with minimal human intervention, even more urgent.

One effective approach in this area is the use of graph modeling and combinatorial optimiza-
tion algorithms, particularly graph-coloring algorithms. In this modeling, each route or section
of airspace is represented as a vertex (node), and conflicts or concurrency constraints between
flights are represented as edges. The problem of assigning flight levels and scheduling flights
can be viewed as equivalent to the graph-coloring problem, in which colors denote safe altitudes
(flight levels) or permissible time slots for flights. The objective is to minimize the number of
colors (flight resources) while satisfying all safety and operational constraints.
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To achieve this goal, real data obtained from radar control stations are used as system inputs.
These data are prepared for modeling through the following steps:

1. Defining the problem domain and collecting raw data,

2. Preprocessing and cleaning the data,

3. Extracting patterns and mathematical relationships from the data,

4. Evaluating and applying the extracted patterns in the proposed system.

In this study, by employing a multi-objective mathematical programming model, an algorithm
for graph coloring is presented that can simultaneously eliminate flight conflicts, ensure optimal
utilization of resources, and enhance flight safety within the country’s airspace. The structure of
this paper is as follows: Section 2 reviews related research on the application of graph coloring
in air traffic management. Section 3 introduces the dataset used, along with preprocessing steps
and the construction of the flight graph model. Section 4 presents the proposed algorithm and
details of its implementation. Section 5 discusses experimental results and performance analysis
of the proposed approach in real-world scenarios. Finally, Section 6 provides conclusions and
suggestions for future research.

2 Literature review

Graph coloring, as a mathematical modeling tool, has found remarkable applications in recent
years in the field of Air traffic flow management (ATFM). In this section, two key studies in this
area are reviewed.

Barnier and Brisset [1] proposed an innovative model for ATFM in France, based on the
design of direct route networks and the static allocation of flight levels to intersecting routes. By
reformulating the problem as a graph-coloring problem and leveraging a combination of constraint
programming (CP) methods and greedy algorithms, the model aimed to completely eliminate
flight conflicts. The key novelty of this study lies in the use of a greedy algorithm to identify
large cliques in the intersection graph and apply distinct global constraints to them. Moreover,
by designing a clique-based search strategy and breaking color symmetry, the model was able
to obtain optimal solutions in a short time for most real-world cases. Findings showed that for
flows with more than five flights, a maximum of 12 flight levels is required, and the approach
outperforms the DSatur (Degree of saturation) algorithm in large instances. In addition, the
model can be adapted to the current structure of European airspace (altitudes from 20,000 to
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40,000 feet) and potentially scaled up to the European level. However, the authors emphasized
that further development and consideration of additional operational constraints are necessary
for practical application.

In [4], the problem of flight level allocation was modeled as a factorized optimization problem
that simultaneously addresses two conflicting objectives: Reducing fuel consumption (airlines’
interest) and maintaining air traffic safety (public interest). In this study, using threshold-based
spectral graph coloring, each flight path was represented as a vertex and each path intersection
as an edge, while colors denoted flight levels (FL10 to FL400). The interference matrix defined
the safety cost based on the distance between flight levels, such that separations below the safety
threshold imposed infinite interference, while larger separations incurred decreasing interference
values. The fuel consumption model, defined for Airbus A320 data, included both the cost
of climbing to the optimal altitude and the cruise cost as a function of distance and specific
range. To solve the problem, a hybrid approach combining Simulated annealing (SA) and Hill
Climbing (HC) algorithms was applied: SA allowed controlled acceptance of worse solutions to
escape local optima, while HC accepted only better solutions. Results indicate that enforcing
safety constraints leads to a 5% increase in fuel consumption but significantly improves safety
separation between flights. The authors suggested that in the future, the model could be extended
to real-time operations with dynamic positioning for managing both aircraft and UAV traffic, as
well as applied to areas such as route-sharing optimization in urban transportation.

Taken together, these two studies demonstrate that graph-coloring-based approaches, par-
ticularly those using advanced or hybrid algorithms, can serve as a foundation for the design of
modern air traffic management systems, while also highlighting the need for adaptability to each
country’s operational constraints and conditions.

A review of prior studies shows that although graph-coloring approaches, whether in the
form of static models focused on eliminating flight conflicts or multiobjective models balancing
safety and fuel efficiency, have yielded valuable results, several fundamental limitations remain:

1. Dependence on European airspace data and structure: Existing models are largely based
on European flight data and route structures (notably France and Spain), which limits
their direct applicability in other countries due to differences in route design, operational
restrictions, and flight regulations.

2. Incomplete alignment with Iran’s operational conditions: Iran’s airspace, due to its geopo-
litical location and the high volume of international overflights, has features not considered
in prior models, including differences in overflight density, temporal flight patterns, and
specific security considerations.
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3. Limited scalability under variable traffic conditions: Many existing approaches either
function statically or lose efficiency in high-traffic scenarios. Iran’s air traffic manage-
ment requires a system capable of maintaining optimal flight-level allocation even under
dynamic, real-time traffic fluctuations.

4. Incomplete utilization of real-time data: Although some studies mention real-time exten-
sions, few operational models have been developed that can be deployed in control centers
using live data with continuously updated flight graphs.

In light of these gaps, the present study aims to design and implement a multi-objective graph-
coloring algorithm tailored to the characteristics and constraints of Iranian airspace, capable
of operating under dynamic traffic conditions with real-time data. By using real radar control
station data, this approach seeks not only to ensure flight safety but also to maximize the
efficiency of air routes, serving as a foundation for the development of intelligent air traffic
management systems in Iran.

3 Research methodology

In this study, the ATFM problem is modeled as a graph coloring problem. In this framework,
the airspace or flight network is represented as a graph G = (V,E), which is defined as follows:

• Each vertex v ∈ V represents a flight, an airport, a way point, or a specific sector of
airspace.

• Each edge e ∈ E denotes a potential conflict between two vertices; for example, two flights
entering the same airspace sector at the same time or altitude.

In the coloring process, each vertex is assigned a color corresponding to an operational resource
(e.g., flight level, time slot, or route), such that no two adjacent vertices (conflicting flights) share
the same color.

The application of graph coloring to ATFM leads to the optimal allocation of resources, pre-
venting congestion and ensuring safety. Three key types of allocation problems can be identified:

1. Time Slot Assignment: conflicting flights are assigned to different time windows to
avoid runway or sector congestion.

2. Flight Level Assignment: intersecting routes are assigned to different flight levels to
maintain the minimum vertical separation.
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3. Route Assignment: alternative routes are selected to reduce interference in high-density
sectors.

3.1 Illustrative example

Example 1. Suppose that ten flights must pass through a congested sector within one hour,
while the sector’s capacity is only three flights every 15 minutes.

• Vertices: flights

• Edges: pairs of flights that are in the sector within the same 15-minute interval

• Colors: time slots (e.g., Color A: 0–15 minutes, Color B: 16–30 minutes, etc.)

By solving the graph-coloring problem, flights are assigned to different time slots such that
no conflicting flights share the same color, thus reducing congestion.

3.2 Computational challenges

Several computational challenges are inherent to this problem:

• Due to its NP-Hard nature, heuristic and metaheuristic algorithms are required for large-
scale networks.

• Unexpected changes caused by weather conditions or delays demand real-time recoloring
(dynamic conditions).

• Simultaneous consideration of time, altitude, and route increases problem complexity
(multi-resource constraints).

Air traffic control centers are responsible for ensuring safe aircraft separation. Ideally, all flights
would travel on direct routes. However, if all flights used direct horizontal routes only, human
control would become infeasible due to excessive intersections. A practical solution is to apply
vertical separation (flight levels) to routes with horizontal intersections: Flights with the same
origin-destination pair share the same direct path but use different flight levels to avoid conflicts.
Thus, only flights with overlapping schedules require vertical separation.
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Inspired by [1], this study adopts the concept of flows, where all flights with the same origin-
destination are grouped into a single flow. The size of each flow (ni) equals the number of aircraft
within that flow. For each flow, the start and end times (based on the first and last flight) are
calculated. Hence, for a given day, the model input is defined by the set of flows.

If the problem size becomes large, to control computational complexity, then only flows with
more than a minimum threshold nmin can be considered. For instance, commercial scheduled
flights usually form large flows that require higher flight levels (to save fuel), whereas private
flights (Instrument flight rule (IFR)) typically form small flows operating at lower levels with
fewer conflicts. Therefore, the model can be solved only for large flows (e.g., more than 5–10
flights), while small flows can be assigned by default below the main flight levels. In this research,
however, we consider all flows (nmin = 1).

If two flows intersect spatially and their time intervals overlap, then they cannot be assigned
to the same flight level. Formally

for all i, j (1 ≤ i < j), Li 6= Lj if intersect(ri, rj) ∧ overlap(ti, tj). (1)

3.3 Experimental basis

The experimental basis of this research consists of real-world data from 52 flight flows at Tehran
Mehrabad International Airport and Mashhad Hasheminejhad International Airport during
weekly peak hours (Table 1). These data include detailed information on entry and exit times
in controlled sectors, the size of each flow, and traversed routes, obtained from the national air
traffic control center.

3.4 Problem modeling of ATFM with graphs

In this study, ATFM during the peak traffic period at Tehran Mehrabad and Mashhad Shahid
Hasheminejhad Airports is formulated as a graph coloring problem. The considered airspace is
divided into 11 flight corridors, each comprising several flows (flights with specific origin/desti-
nation pairs). Each vertex of the graph represents a flow, while each edge denotes the existence
of a temporal or route conflict between two flows within the same corridor. Each corridor is
thus modeled as an independent clique (a complete subgraph), since the flows within a corridor
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Table 1: Flight flows at Tehran Mehrabad and Mashhad Shahi Hasheminejhad International Airport during
peak hours.

Start End Corridor Origin–Destination ni Flow
0500 0700 1 Tehran–Bandar Abbas 5 f1
0500 0700 1 Tehran–Zahedan 3 f2
0500 0700 1 Tehran–Zabol 1 f3
0500 0700 1 Tehran–Iranshahr 1 f4
0500 0700 1 Tehran–Yazd 1 f5
0500 0700 1 Tehran–Qeshm 2 f6
0500 0700 1 Tehran–Kerman 2 f7
0500 0700 1 Tehran–Chabahar 2 f8
0500 0700 1 Tehran–Sirjan 1 f9
0500 0700 2 Tehran–Asaluyeh 6 f10
0500 0700 2 Tehran–Shiraz 5 f11
0500 0700 2 Tehran–Kish 5 f12
0500 0700 2 Tehran–Isfahan 2 f13
0500 0700 2 Tehran–Bushehr 3 f14
0500 0700 2 Tehran–Dubai 1 f15
0500 0700 3 Tehran–Ahvaz 2 f16
0500 0700 3 Tehran–Abadan 1 f17
0500 0700 3 Tehran–Muscat 1 f18
0500 0700 4 Tehran–Tabriz 5 f19
0500 0700 4 Tehran–Urmia 1 f20
0500 0700 5 Tehran–Ardabil 2 f21
0500 0700 5 Tehran–Rasht 1 f22
0500 0700 6 Tehran–Mashhad 11 f23
0500 0700 7 Tehran–Kermanshah 2 f24
0500 0700 7 Tehran–Ilam 1 f25
0500 0700 7 Tehran–Najaf 3 f26
0500 0700 7 Tehran–Baghdad 2 f27
0500 0700 8 Mashhad–Ahvaz 1 f28
0500 0700 8 Mashhad–Abadan 1 f29
0500 0700 8 Mashhad–Yazd 1 f30
0500 0700 8 Mashhad–Shiraz 1 f31
0500 0700 8 Mashhad–Bushehr 1 f32
0500 0700 8 Mashhad–Isfahan 1 f33
0500 0700 9 Mashhad–Bandar Abbas 2 f34
0500 0700 9 Mashhad–Kerman 1 f35
0500 0700 9 Mashhad–Kish 2 f36
0500 0700 9 Mashhad–Asaluyeh 1 f37
0500 0700 9 Mashhad–Qeshm 1 f38
0500 0700 9 Mashhad–Dubai 2 f39
0500 0700 10 Mashhad–Zahedan 1 f40
0500 0700 10 Mashhad–Zabol 1 f41
0500 0700 10 Mashhad–Chabahar 2 f42
0500 0700 10 Mashhad–Iranshahr 1 f43
0500 0700 11 Mashhad–Ardabil 1 f44
0500 0700 11 Mashhad–Urmia 1 f45
0500 0700 11 Mashhad–Tabriz 2 f46
0500 0700 11 Mashhad–Kermanshah 1 f47
0500 0700 11 Mashhad–Ilam 1 f48
0500 0700 11 Mashhad–Rasht 2 f49
0500 0700 11 Mashhad–Tehran 6 f50
0500 0700 11 Mashhad–Baghdad 2 f51
0500 0700 11 Mashhad–Najaf 3 f52

are mutually conflicting, while flows belonging to different corridors do not interfere with one
another. Figure 1 shows the graph constructed from the data presented in Table 1.
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Figure 1: Graph corresponding to the data in Table 1.

The initial model, based on relation (1), includes only local constraints between each pair of
flows. However, in graphs resulting from intersecting routes, large complete subgraphs (cliques)
are frequently observed. In such cases, instead of formulating multiple pairwise constraints, one
can impose an all-different constraint over the clique members, which is both simpler and more
effective in detecting inconsistencies. Since finding the maximum clique or all maximal cliques is
an NP-hard problem, greedy or approximate algorithms are typically employed. The algorithm
adopted in this work (inspired by Bomze et al. [2]) starts from each node and incrementally
builds a clique by selecting, at each step, the node with the largest neighborhood intersection.
This procedure generates only maximal cliques, after which duplicate cliques or trivial ones (of
size 2) are eliminated. The theoretical complexity of the algorithm is O(n4) in the worst case
(for complete graphs). Nevertheless, in larger real-world instances, the graphs are sparse and the
effective complexity growth is significantly lower [2].

4 Proposed algorithm

The proposed algorithm, employing a combination of greedy strategies for initial assignment and
CP for final optimization, is designed to achieve resource allocation at an operational scale using
real-world data.
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4.1 Initial solution generation

In this paper, the DSatur algorithm is employed to assign flight levels to the flights listed in
Table 1. DSatur is a graph coloring algorithm introduced by Daniel Brélaz in 1979 [3]. Similar
to greedy coloring algorithms, DSatur colors the vertices of a graph one by one, adding a new
color whenever necessary. After coloring a new vertex, the algorithm identifies the uncolored
vertex with the largest number of distinct colors already assigned to its neighbors, and this
vertex is selected for the next step. Brélaz [3] defined this number as the saturation degree of a
vertex, from which the algorithm derives its name.

Although DSatur is a heuristic graph coloring algorithm, it provides exact results for bipar-
tite, cyclic, and wheel graphs [3]. It is also known in the literature as LF saturation [5].

To generate a quick initial solution, the algorithm proceeds as follows:

1. Select the vertex with the highest saturation degree (the largest number of distinct colors
among its neighbors).

2. In case of a tie, choose the vertex with the highest degree (the most incident edges).

3. Assign the smallest feasible color not used by its neighbors.

4. Update the saturation degrees of the uncolored neighbors.

5. Repeat until the graph is fully colored.

4.2 CP Model

In the proposed approach, the output of DSatur is used as an upper bound for the number of
colors in a CP model. Then

• Large cliques in the graph are identified.

• Global coloring constraints are imposed on these cliques.

• The objective is to minimize the total number of colors (flight levels).
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Algorithm 1 Clique-based graph coloring with all different constraints
Require: F (set of flows),
1: For each flow i ∈ F : route ri, time window ti,
2: nmin (minimum flow size to enter the model),
3: LEV ELS = {1, . . . , N} (initial domain of colors (flight levels)).

Ensure: Mapping L : F → N minimizing number of distinct colors.
4: F ← {i ∈ F | ni ≥ nmin} (remove small flows).
5: N ← |F | (upper bound on colors).
6: V ← F (one vertex per flow).
7: for All i, j ∈ F, i < j do
8: if intersect(ri, rj) and overlap(ti, tj) then
9: add edge (i, j) to E
10: end if
11: end for
12: Detect maximal cliques by Greedy algorithm (C).
13: Remove from C any clique with |C| < 3 or duplicates.
14: kmax ← maxC∈C |C| (lower bound).
15: for All i ∈ V do
16: Domain(i)← {1, . . . , N}.
17: end for
18: for All C ∈ C do
19: impose AllDifferent({Li : i ∈ C}).
20: end for
21: for All (i, j) ∈ E not covered by a clique constraint do
22: impose Li 6= Lj .
23: end for
24: Sort the cliques in descending order of size.
25: if there is a remaining clique then
26: A variable from that clique is selected, otherwise a variable with the smallest domain is

selected.
27: if No colors in the variable’s domain have been used previously then
28: the smallest unused color is assigned deterministically, otherwise the algorithm pro-

ceeds with branching.
29: end if
30: end if

4.3 Solution procedure

Considering the explanations in the previous sections, the steps for solving the problem are as
follows:

1. Identify flows and corridors from the real-world data (Table 1).

2. Construct the graph based on the interference matrix.
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3. Detect cliques (each corridor forms an independent clique).

4. Execute DSatur to obtain an initial estimate of the number of colors.

5. Apply CP combined with clique constraints to optimize and reduce the number of colors.

6. Assign the final colors (Table 2).

7. Validate the results against operational constraints.

The “Clique-based graph coloring with all different constraints” algorithm was implemented in
MATLAB 2020 and applied to the data presented in Table 1. The corresponding output is shown
in Table 2. It can be observed that, for the flows in Table 1, five flight levels are sufficient to
ensure vertical separation and maintain flight safety during the peak hour under consideration.

Table 2: Flow color assignment after executing the algorithm

Corridor Flow Flow Color Corridor Flow Flow Color
1 f1 1 7 f27 4
1 f2 2 8 f28 3
1 f3 3 8 f29 4
1 f4 4 8 f30 1
1 f5 5 8 f31 5
1 f6 6 8 f32 9
1 f7 7 8 f33 2
1 f8 8 9 f34 3
1 f9 9 9 f35 1
2 f10 1 9 f36 2
2 f11 2 9 f37 4
2 f12 3 9 f38 5
2 f13 4 9 f39 6
2 f14 5 10 f40 1
2 f15 6 10 f41 2
3 f16 1 10 f42 3
3 f17 2 10 f43 5
3 f18 4 11 f44 2
4 f19 1 11 f45 3
4 f20 2 11 f46 1
5 f21 1 11 f47 4
5 f22 2 11 f48 5
6 f23 1 11 f49 6
7 f24 1 11 f50 7
7 f25 2 11 f51 8
7 f26 3 11 f52 9
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4.4 Results and analysis

To evaluate the performance of the proposed algorithm compared to DSatur, a simple flight
network scenario was designed as Example 2.

Example 2. Consider a scenario with eight flight routes that intersect at several points. Each
route is modeled as a vertex in the graph, and each intersection between two routes is repre-
sented as an edge. In total, this network includes eight flight routes and 24 intersections. The
corresponding adjacency matrix is given by

A =



0 1 0 1 0 1 0 0

1 0 0 0 1 1 1 0

0 0 0 1 0 0 1 1

1 0 1 0 1 0 0 1

0 1 0 1 0 1 0 0

1 1 0 0 1 0 0 1

0 1 1 0 0 0 0 1

0 0 1 1 0 1 1 0


.

The graph corresponding to this hypothetical network is illustrated in Figure 2.

Figure 2: Graph corresponding to the hypothetical flight network in Example 2.

The objective is to assign the minimum number of distinct flight levels (colors) to the routes,
such that no two intersecting routes share the same flight level.

Our proposed algorithm (based on complete search techniques combined with maximal clique
guidance) is able to solve the problem optimally using only three flight levels. In other words,
three flight levels are sufficient to eliminate all conflicts among the routes.
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In contrast, applying the DSatur algorithm to the same dataset—although significantly
faster—resulted in the use of four flight levels. This implies that DSatur, in this case, reached a
suboptimal solution by introducing an unnecessary additional flight level into the network.

This example clearly demonstrates that in real-world applications such as air traffic network
management, relying solely on greedy algorithms like DSatur can lead to resource waste (flight
levels). In contrast, our proposed algorithm, by guaranteeing optimality, is able to provide a
more efficient allocation of flight levels.

The analysis of results shows that the proposed CP + Clique approach achieved a reduction
in the number of required flight levels compared to DSatur. This reduction can lead to

• more efficient utilization of airspace capacity,

• reduction of delays,

• fuel savings and lower operational costs,

• improved flight safety.

Moreover, modeling each corridor as a complete graph (due to the absence of inter-corridor
conflicts) simplified the model and increased the accuracy of the coloring allocation.

5 Conclusion and recommendations

To the best of our knowledge, this research represents the first scientific study in Iran that directly
employs real operational data from two major Airports (Mehrabad and Hasheminejhad) during
peak traffic hours to model and solve the ATFM problem using graph coloring algorithms.

Based on the collected data, it was observed that, at present, route allocation for maintaining
flight safety and handling high-demand flights within the same time window is performed man-
ually. This manual approach has limitations; for example, the Tehran–Mashhad and Mashhad–
Tehran flights are treated differently, and similar cases exist that require manual adjustments.

The proposed methods in this study can overcome such limitations and enable more efficient
utilization of alternative routes. The released capacity can then be used for other purposes such
as humanitarian services, military operations, political programs, and other special applications.
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Strengths

• Utilization of real-world data,

• Potential generalization to other major and secondary airports in the country,

• Optimal combination of greedy algorithms with constraint-based optimization methods.

Weaknesses

• Limitations due to security and military restrictions in accessing full airspace data,

• Lack of weather simulation and dynamic flight conditions in the current model.

Recommendations

• Development of an intelligent ATFM software tool for real-time allocation of flight levels,

• Collaboration with security authorities to optimize restricted airspace zones,

• Incorporating the effects of weather conditions and dynamic modeling.

• Considering the constraints on the number of available flight levels, future research should
focus on developing methods to reduce the required number of levels through strategies
such as

1. Flight time adjustment (rescheduling, delaying, or advancing),

2. Route modification (re-routing),

3. Increasing resources/capacity (e.g., adding runways or allowing higher concurrency
subject to safety separation),

4. Vertex splitting or cost-based decomposition (e.g., sequestering a service or dividing
a flight into smaller time slots).

Figure 3 presents the potential future research directions for optimizing flight level allocation.
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Figure 3: Suggested future research directions for optimizing flight level allocation
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Fitted-mesh cubic spline methods for
layer-dominated singularly perturbed parabolic

problems with nonsmooth data

S.L. Cheru*, , G.F. Duressa and T.B. Mekonnen

Abstract

This paper introduces a numerical framework for addressing a two-parameter singularly per-
turbed parabolic problems characterized by discontinuities in both the convection coefficients
and the source terms. The presence of these discontinuities alongside small perturbation
parameters creates distinct boundary and interior layers, which present considerable obsta-
cles to obtaining precise numerical approximations. To address these difficulties, a layer-
adapted(Shishkin-type) spatial mesh is constructed a priori, providing enhanced resolution in
regions where steep solution gradients occur. The suggested method uses the implicit Eu-
ler scheme for time integration and a cubic spline in tension for spatial discretization on a
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Shishkin-type mesh. A thorough analysis shows that the method achieves first-order in time
and second-order up to a logarithmic factor in space when using the maximum norm, regard-
less of how big the perturbation parameters are. The method is especially good for modeling
real-world processes like heat and mass transfer in layered media, pollutant dispersion in mixed
environments, and viscous flow through composite channels, where there are often discontinu-
ities and strong layer behavior.

AMS subject classifications (2020): 35G05, 35K20, 35K51, 65M06, 65M50.

Keywords: Singular perturbations; Two parameters; Discontinuous data; Uniform convergence;
Boundary layer; Interior layer

1 Introduction

In fluid dynamics, getting the boundary and interior layer phenomena (see [14, 24]) is still a
big problem for numerical modeling of complicated transport processes. These layers, usually
caused by strong convection, diffusion imbalance, or reactive effects, have a big effect on how
accurate and stable computational results are in real-world situations. In this research, we
conduct a comprehensive numerical analysis of two-parameter singularly perturbed parabolic
problems (TP-SPPPs) that represent these complex behaviors. The main goal is to build a
strong and parameter uniform numerical framework that can accurately resolve sharp gradients
and stay stable across the whole space-time domain. We now recall the following TP-SPPP:

Lε,θw(x, t) :≡
(
ε
∂2w

∂x2
+ θa

∂w

∂x
− bw − c∂w

∂t
= f

)
(x, t), (x, t) ∈ D− ∪D+,

w(0, t) = B(t) in Dl, w(1, t) = R(t) in Dr,

w(x, 0) = I(x) in Db,

|[a] (s)| ≤ C, |[f ] (s)| ≤ C,

a(x, t) ≤ −θ1 < 0, (x, t) ∈ D−, a(x, t) ≥ θ2 > 0, (x, t) ∈ D+,

b(x, t) ≥ γ > 0, c(x, t) ≥ c > 0,

(1)

where 0 < ε � 1 and 0 ≤ θ ≤ 1 are perturbation parameters, with domains D = Ω × Λ,
D± = Ω± × Λ, and M = D \D; here Ω = (0, 1), Ω− = (0, s), Ω+ = (s, 1). The boundaries are
Dl = {(0, t) : 0 ≤ t ≤ T}, Dr = {(1, t) : 0 ≤ t ≤ T}, and Db = D−

b ∪D
+
b , where D

−
b = [0, s]×{t =

0}, D+
b = [s, 1]× {t = 0}. Moreover, M = Db ∪Dl ∪Dr and M± = {(s, t) : 0 ≤ t ≤ T}.

Iran. J. Numer. Anal. Optim., Vol. 16, No. 2, 2026, pp 607–637



609 Fitted-mesh cubic spline methods for layer-dominated singularly perturbed parabolic problems ...

The coefficients a(x, t) and f(x, t) are assumed to be smooth in (D− ∪D+) ∪ D, whereas
b(x, t) and c(x, t) remain continuous in D. The inequalities |[a] (s)| ≤ C and |[f ] (s)| ≤ C in (1)
are used to bound the magnitude of the jump discontinuities of a(x, t) and f(x, t) at interior
discontinuity point s. At the interface x = s ∈ Ω, both a(x, t) and f(x, t) possess a jump
discontinuity, denoted by [ψ](s, t) = ψ(s+, t)− ψ(s−, t), where ψ(s±, t) = lim

x→s±0
ψ(x, t). A valid

solution persists even if a(x, t) changes sign across the interface, indicating opposite convection
directions on each side. The solution to (1) exhibits boundary layers caused by ε, θ and an
interior layer around x = s resulting from discontinuities in a(x, t) and f(x, t). The structure
and thickness of these layers depend on the ratio between the diffusion parameter and the square
of the convection coefficient, as well as the sign pattern of a(x, t). As a result, the thickness of the
boundary layers changes, and symmetric interior layers form near x = s. This kind of behavior
often happens in systems with convection-dominated transport and reactive flow, which shows
how important it is to use parameter-uniform numerical schemes [25, 22].

The problem admits two notable limiting cases: The reaction-diffusion case (θ = 0) and the
convection-diffusion case (θ = 1), both of which can emerge as particular forms of a general TP-
SPPP model. When θ = 0, boundary layers develop symmetrically on both ends of the domain,
each with an approximate thickness of O(

√
ε). In contrast, when θ = 1, the boundary layer

forms near either the left or right boundary, depending primarily on the sign of the convection
coefficient, and has a characteristic width of O(ε). If the problem involves a discontinuous source
term while a(x, t) > 0 (or a(x, t) < 0), then the solution exhibits weak interior layers for any small
ε. However, when the convection coefficient itself is discontinuous such as a(x, t) < 0 for x < s

and a(x, t) > 0 for x > s, strong interior layers appear within the domain. A detailed analysis
of this particular case (θ = 1) can be found in [19], where the sign change of the convection
coefficient is shown to shift the location of the layers within the solution.

Several researchers have contributed to the numerical analysis of TP-SPPPs, both with and
without delay, employing a variety of numerical approaches (see, for instance, [9, 7, 10, 13, 16,
18, 5]). Despite these advancements, the numerical treatment of TP-SPPPs involving discontin-
uous convection coefficients and source terms remains at a relatively early stage of development.
Chandru, Das, and Ramos [1] proposed a nearly first-order uniformly convergent scheme for
(1), effectively addressing small diffusion and convection parameters with discontinuities in both
convection and source terms, by combining an implicit Euler time discretization with an up-
wind spatial scheme. Further improvement was made by Chandru et al. [2], who designed a
nearly first-order parameter-uniform scheme incorporating an adaptive mesh to enhance spatial
resolution near layer regions. Kumar and Kumari [15] developed a related approach using the
Crank–Nicolson method for temporal discretization on a uniform mesh and an upwind scheme
on a Shishkin mesh for spatial discretization. More recently, Singh, Choudhary, and Kumar
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[26] introduced a spline-based numerical method for TP-SPPPs with discontinuous convection
and source terms, employing the Crank–Nicolson scheme in time coupled with trigonometric
spline approximations in space. The results of these investigations overall illustrate continu-
ous advancement in the development of resilient, parameter-consistent algorithms proficient in
effectively addressing boundary and interior layers in scenarios involving discontinuous data.

In real-world scenarios like heat and mass transfer in composite materials, groundwater flow
through stratified media, and pollutant transport with sudden source variations, TP-SPPPs
with discontinuous convection and source terms frequently occur. Strong boundary and interior
layers are induced by these discontinuities, making precise computation and analysis difficult.
In order to solve this, a hybrid numerical framework is created that combines a cubic spline
approximation in space over a Shishkin mesh with the implicit Euler method in time. Even in
the face of extreme discontinuities, stability, accuracy, and parameter-uniform convergence are
guaranteed by the adaptive mesh’s ability to capture steep gradients [23, 2, 19, 6].

Fitted mesh techniques for TP-SPPPs with nonsmooth or discontinuous data are still rarely
studied, despite their practical importance. The majority of current research ignores strongly
perturbed cases in favor of smooth or piecewise continuous coefficients. The suggested scheme
uses a Shishkin-type uniform mesh in conjunction with a cubic spline in tension, which provides
high accuracy and robustness, in contrast to traditional layer-adapted approaches that depend on
intricate mesh adjustments. This approach fills a significant gap in the existing numerical liter-
ature by effectively resolving sharp boundary and interior layers while preserving computational
simplicity.

2 Properties of the continuous solution

This section elaborates on the derivative bounds of (1), which are essential for the ensuing
numerical analysis. It is assumed in this work that the solution of (1) is uniformly bounded with
respect to the perturbation parameter. Farrell et al. [11] previously studied the parabolic case
corresponding to θ = 1, while O’Riordan and Shishkin [21] studied the steady-state formulation
with θ = 0. We now introduce the following lemma, which, under the given assumptions, ensures
the existence of a solution to (1):

Lemma 1 (Existence of solution). The solution w(x, t) of (1) satisfies w ∈ C0
(
D
)
∩ C1(D) ∩

C2(D−∪D+).

Proof. Let w1 and w2 denote the solutions of SPPs [15, 26, 3, 1]:

Iran. J. Numer. Anal. Optim., Vol. 16, No. 2, 2026, pp 607–637



611 Fitted-mesh cubic spline methods for layer-dominated singularly perturbed parabolic problems ...

εw1xx + θa1w1x − bw1 − cw1t = f, (x, t) ∈ D−,

εw2xx + θa2w2x − bw2 − cw2t = f, (x, t) ∈ D+,

where a1, a2 ∈ C2(D) satisfy a1(x, t) < 0 in D− and a2(x, t) > 0 in D+. The composite function

w(x, t) =


w1(x, t) + Λ1Ξ2(x, t), (x, t) ∈ D−,

w2(x, t) + Λ2Ξ1(x, t), (x, t) ∈ D+,

satisfies (1), where Ξ1,Ξ2 are solutions of homogeneous auxiliary problems associated with (1).
The constants Λ1 and Λ2 are obtained by enforcing continuity of w and wx at x = s:

w(s−, t) = w(s+, t), wx(s
−, t) = wx(s

+, t).

These yield a linear system whose coefficient matrix has a nonzero determinant, due to the
monotonic nature of Ξ1 and Ξ2. Hence, unique constants Λ1,Λ2 exist, ensuring that w(x, t) and
wx(x, t) remain continuous across the interface x = s.

Lemma 2 (Continuity at the interface). At the discontinuity point x = s, the solution w(x, t)
and its spatial derivative are continuous, that is,

w(s−, t) = w(s+, t), w′(s−, t) = w′(s+, t).

Proof. A detailed proof is provided in [6].

The operator Lε,θ of (1) satisfies maximum principle on D as follows.

Lemma 3 (Comparison Principle). Let w ∈ C0(D) ∩ C1(D) ∩ C2(D− ∪D+) satisfy

w(0, t) ≥ 0, w(1, t) ≥ 0, w(x, 0) ≥ 0, [w′](s, t) ≥ 0,

and Lε,θw(x, t) ≥ 0 for all (x, t) ∈ D. Then w(x, t) ≤ 0 for every (x, t) ∈ D.

Proof. Define an auxiliary function

w(x, t) = e−θθ|x−s|/(2ε) V(x, t), θ = min{θ1, θ2}.

Substituting this into (1) yields, for x ∈ D−,

Lε,θw = e−θ1θ(s−x)/(2ε)
(
εVxx + θ(θ1 + a1)Vx +

[
θ1θ

2

2ε

(
θ1
2

+ a1

)
− b
]
V − cVt

)
,
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and for x ∈ D+,

Lε,θw = e−θ2θ(x−s)/(2ε)
(
εVxx + θ(a2 − θ2)Vx +

[
θ2θ

2

2ε

(
θ2
2

− a2

)
− b
]
V − cVt

)
.

Let (χ, τ) ∈ D be the point where V attains its maximum. If V(χ, τ) ≤ 0, then the claim is
immediate. Otherwise, assume V(χ, τ) > 0. Applying the maximum principle, (χ, τ) must lie
in D−, D+, or at x = s. For interior points, Vx = Vt = 0, Vxx < 0, and since a1 ≤ θ1 < 0

and a2 ≥ θ2 > 0, it follows that Lε,θw(χ, τ) < 0, contradicting the assumption Lε,θw ≥ 0. At
x = s, the continuity of w and the conditions [V] = 0 and [Vx] ≤ 0 imply [wx](s, τ) ≤ 0, again a
contradiction. Hence, w(x, t) ≤ 0 in D.

Lemma (3) immediately establishes the corresponding stability result, thereby ensuring the
uniqueness of the solution.

Lemma 4. Let w(x, t) be the solution of (1). Then

‖w‖D ≤ Cmax
{
‖B‖Dl

, ‖R‖Dr
, ‖I‖Db

}
+

1

S
‖Lε,θw‖(D−∪D+) , (2)

where S = min
{
θ1
s ,

θ2
1−s

}
.

Proof. The proof is derived by applying Lemma (3) in conjunction with appropriately con-
structed barrier functions (refer to [15, 26, 4, 6]).

Lemma 5. Let θ = min {θ1, θ2} and B = minD−∪D+

{
b(x,t)
a(x,t)

}
. For 1 ≤ κ+2ι ≤ 3. Then w(x, t)

of (1) and its derivatives satisfy the following conditions:

1. If θθ2 ≤ Bε, then

∥∥∥∥ ∂κ+ιw∂xκ∂tι

∥∥∥∥
D−∪D+

≤ C

(
√
ε)
κ max

‖w‖D ,
2∑

i+2j=0

(√
ε
)i ∥∥∥∥ ∂i+j$∂xi∂tj

∥∥∥∥ ,
4∑
i=0

[(√
ε
)i ∥∥∥∥diIdxi

∥∥∥∥
Db

+

∥∥∥∥diBdti
∥∥∥∥
Dl

+

∥∥∥∥diRdti
∥∥∥∥
Dr

]}
,

2. If θθ2 ≥ Bε, then
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∥∥∥∥
D−∪D+

≤ C
(
θ

ε

)κ(
θ2

ε

)ι
max

{
‖w‖D ,

2∑
i+2j=0

εi+j+1

θi+2j+2

∥∥∥∥ ∂i+j$∂xi∂tj

∥∥∥∥ ,
4∑
i=0

[(ε
θ

)i ∥∥∥∥diIdxi
∥∥∥∥
Db

+

∥∥∥∥diBdti
∥∥∥∥
Dl

+

∥∥∥∥diRdti
∥∥∥∥
Dr

]}
,

where C depends only on the coefficients and their derivatives.

Proof. For a detailed proof, the reader is referred to [15, 3].

Lemma 6. The solution w(x, t) of (1) satisfies the bounds for second order time derivative

‖wtt‖D ≤

C if θθ2 ≤ Bε,

Cθ−4ε−2 if θθ2 ≥ Bε.

Proof. This result stems from Lemma (5) and the methods presented by Gracia, O’Riordan, and
Pickett [12] and O’Riordan, Pickett, and Shishkin [20].

3 Numerical illustrations

This section begins by semi-discretizing the problem in time on a uniform mesh, followed by
approximating the spatial variable using cubic splines in compression over a piecewise uniform
mesh, providing a stable and accurate numerical scheme.

3.1 Time variable discretization

To discretize in time, a uniform mesh is introduced over the interval [0, T ] with step size
∆t, dividing the interval into M = T/∆t equal subintervals. The mesh is denoted by
ΩM =

{
tj = j∆t : j = 0, 1, . . . ,M, ∆t = T

M

}
. Time integration is performed using the implicit

Euler method, yielding the semi-discrete form of problem (1) on ΩM :
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− cj+1(x)D−
t W

j+1(x) + ε
(
W j+1

)
xx

(x) + θaj+1(x)
(
W j+1

)
x
(x)

− bj+1(x)W j+1(x) = f j+1(x), x ∈ Ωs, 0 ≤ j ≤M − 1,

W j+1(0) = B(tj+1), W j+1(1) = R(tj+1),

W 0(x) = I(x), x ∈ D,

where W j+1(x) approximates w(x, tj+1), and D−
t W

j+1(x) = W j+1(x)−W j(x)
∆t is the backward

difference operator. Rewrite the above equation as
LMε,θW j+1(x) = Gj+1(x), x ∈ Ωs, 0 ≤ j ≤M − 1,

W j+1(0) = B(tj+1), W j+1(1) = R(tj+1), 0 ≤ j ≤M − 1,

W 0(x) = I(x), x ∈ D,

(3)

where the operator LMε,θ is defined as

LMε,θ ≡ ε
d2

dx2
+ θaj+1(x)

d

dx
−
(
bj+1(x) +

cj+1(x)

∆t

)
I, and

Gj+1(x) = f j+1(x)− cj+1(x)

∆t
W j(x).

The local truncation error (LTE) in the temporal semi-discretization of (3) is defined as Ej+1 =

W j+1(x)− U(x), where U(x) solves
Lε,θ U(x) = $(x, tj+1)− c(x,tj+1)

∆t W j(x), x ∈ Ωs, 0 ≤ j ≤M − 1,

U(0) = B(tj+1), U(1) = R(tj+1), 0 ≤ j ≤M − 1,

U(x) = I(x), x ∈ D.

The following lemma provides bounds for the LTE and the cumulative global error, following the
approach in [15].

Lemma 7. Let Ej+1 denote the LTE and let Ej =
∑j
ι=1 Eι be the global error up to time tj .

Then,
‖Ej+1‖ ≤ C∆t2, ‖Ej‖ ≤ C∆t, 0 ≤ j ≤M, (4)

where C is a positive constant independent of ε and θ.

Proof. The first inequality in (4) follows from [26, 3]. For the global error
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‖Ej‖ =
∥∥∥ j∑
ι=1

Eι
∥∥∥ ≤ j∑

ι=1

‖Eι‖ ≤ Cj∆t2 = C∆t(j∆t) ≤ C∆tT ≤ C∆t,

showing first-order convergence in time.

The semidiscrete solution exhibits boundary and interior layer behavior characterized by the
roots of the associated characteristic equation

εr2(x) + θaj+1(x)r(x)− ζj+1(x) = 0, ζj+1(x) = bj+1(x) +
cj+1(x)

∆t
.

The roots are

r0(x) = −
θaj+1(x)

2ε
−
√(θaj+1(x)

2ε

)2
+
ζj+1(x)

ε
< 0,

r1(x) = −
θaj+1(x)

2ε
+

√(θaj+1(x)

2ε

)2
+
ζj+1(x)

ε
> 0,

with decay/growth rates in the layer regions given by [15, 26, 3, 1] ℘0 = −maxx∈Ω r0(x) and
℘1 = minx∈Ω r1(x). Let ℵ = minD−∪D+

{
b(x,t)
a(x,t)

}
and θ = min{θ1, θ2}. Two cases arise:

• If θθ2 ≤ ℵε, then r0, r1 = O(ε−1/2),

• If θθ2 ≥ ℵε, then r0 = O(θ/ε) and r1 = O(θ−1).

These expressions explicitly characterize the solution’s layer behavior in the semi-discrete prob-
lem.

3.2 Space variable discretization

Extensive studies on SPPs indicate that a uniform mesh cannot achieve parameter uniform
convergence for (1) due to sharp layer regions. The problem features boundary layers near both
ends of the spatial domain and an interior layer at the discontinuity. To accurately resolve these
steep gradients, we adopt a priori Shishkin mesh, denoted by ΩN = {xi}Ni=0, which subdivides
[0, 1] into six strategically refined subintervals:

[0, 1] = [0, δ1] ∪ [δ1, s− δ2] ∪ [s− δ2, s] ∪ [s, s+ δ3] ∪ [s+ δ3, 1− δ4] ∪ [1− δ4, 1].

Here, δ1, δ2, δ3, and δ4 are transition parameters that determine the location and thickness of the
layers. The transition parameters are judiciously chosen to maintain an optimal balance between
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the effects of boundary and interior layers, ensuring both stability and accuracy of the numerical
approximation throughout the computational domain. They are defined as follows:

δ1 = min
{
s

4
,
2

℘0
lnN

}
, δ2 = min

{
s

4
,
2

℘1
lnN

}
,

δ3 = min
{
1− s
4

,
2

℘1
lnN

}
, δ4 = min

{
1− s
4

,
2

℘0
lnN

}
,

where N is number of mesh intervals in [0, 1] and N ≥ 8. The values of ℘0 and ℘1 are given as
[15, 26]

℘0 =


1
2

√
θℵ
ε , if θθ2 ≤ ℵε,

θθ
2ε , if θθ2 ≥ ℵε,

℘1 =


1
2

√
θℵ
ε , if θθ2 ≤ ℵε,

ℵ
2θ , if θθ2 ≥ ℵε.

Each subintervals [0, δ1], [s − δ2, s], [s, s + δ3], and [1 − δ4, 1] contains N/8 mesh points and
[δ1, s− δ2] and [s+ δ3, 1− δ4] contain N/4 mesh points. The mesh spacing is given as

hi = xi − xi−1 =



8δ1
N
, for i = 1, 2, . . . ,

N

8
,

4 (s− δ1 − δ2)
N

, for N
8

+ 1,
N

8
+ 2, . . . ,

3N

8
,

8δ2
N
, for 3N

8
+ 1,

3N

8
+ 2, . . . ,

N

2
,

8δ3
N
, for N

2
+ 1,

N

2
+ 2, . . . ,

5N

8
,

4 (1− s− δ3 − δ4)
N

, for 5N

8
+ 1,

5N

8
+ 2, . . . ,

7N

8
,

8δ4
N
, for 7N

8
+ 1,

7N

8
+ 2, . . . , N,

and the mesh points are given by

xi =



8δ1
N
i, for i = 0, 1, . . . ,

N

8
,

δ1 +
4 (s− δ1 − δ2)

N

(
i− N

8

)
, for N

8
+ 1,

N

8
+ 2, . . . ,

3N

8
,

s− δ2 + 8δ2
N

(
i− 3N

8

)
, for 3N

8
+ 1,

3N

8
+ 2, . . . ,

N

2
,

s+
8δ3
N

(
i− N

2

)
, for N

2
+ 1,

N

2
+ 2, . . . ,

5N

8
,

s+ δ3 +
4 (1− s− δ3 − δ4)

N

(
i− 5N

8

)
, for 5N

8
+ 1,

5N

8
+ 2, . . . ,

7N

8
,

1− δ4 +
8δ4
N

(
i− 3N

8

)
, for 7N

8
+ 1,

7N

8
+ 2, . . . , N.

(5)

The interior mesh points are denoted by

ΩNx =

{
xi : 1 ≤ i ≤

N

2
− 1

}
∪
{
xi :

N

2
+ 1 ≤ i ≤ N − 1

}
.
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We choose xN
2
= s and ΩNx = {xi}N0 ∪ {s}.

3.3 Cubic spline in tension method

A function S(x, tj+1) interpolates the solutionW (xi, tj+1) =W j+1
i and passes through the points(

xi, tj+1,W
j+1
i

)
and

(
xi+1, tj+1,W

j+1
i+1

)
such that

S(x, tj+1) =−
h2i

θ2 sin(θ)

[
sin
(
θ(x− xi)

hi

)
Y j+1
i+1 + sin

(
θ(xi+1 − x)

hi

)
Y j+1
i

]
+
h2i
θ2

[
x− xi
hi

(
Y j+1
i+1 +

h2i
θ2
W j+1
i+1

)
+
xi+1 − x

hi

(
Y j+1
i − θ2

h2i
W j+1
i

)]
,

(6)

where θ ≥ 0 is a real tension parameter that governs the stiffness of the spline by controlling
the influence of curvature in the interpolant S(x, tj+1). Moreover, Y j+1

i = (W ′′)
j+1
i and Y j+1

i+1 =

(W ′′)
j+1
i+1 denote the corresponding second-order derivative values at the spatial nodes. The first

derivatives of S(x, tj+1) from the right and left at x = xi are given, respectively, by

S′ (x+i , tj+1

)
=
W j+1
i+1 −W

j+1
i

hi

+
hi
θ2

[
(1− θ csc(θ))Y j+1

i+1 − (1− θ cot(θ))Y j+1
i

]
,

S′ (x−i , tj+1

)
=
W j+1
i −W j+1

i−1

hi−1

+
hi−1

θ2

[
(1− θ cot(θ))Y j+1

i − (1− θ csc(θ))Y j+1
i−1

]
.

Then, from the continuity condition, we have S′ (x+i , tj+1

)
= S′ (x−i , tj+1

)
and obtain

λ1hi−1Y
j+1
i−1 + λ2 (hi−1 + hi)Y

j+1
i + λ1hiY

j+1
i+1

=
W j+1
i+1 −W

j+1
i

hi
−
W j+1
i −W j+1

i−1

hi−1
, (7)

where θ is chosen in a problem-dependent manner, which is θ = hi

√
b+c/∆t

ε , λ1 = θ csc(θ)−1
θ2 , and

λ2 = 1−θ cot(θ)
θ2 . Application of the L’Hopitals rule gives λ1 + λ2 = 1

2 . Using Taylor expansion
of sin θ and cos θ, it can be shown that as θ → 0, the coefficients satisfy λ1 → 1

6 and λ2 →
2
3 . Consequently, the cubic spline in tension reduces to the classical cubic spline formulation,
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ensuring consistency of the proposed method. At x = xi,i±1 using the notation Y j+1
i = (W ′′)

j+1
i ,

from (3) we can have

Y j+1
i−1 =

1

ε

{
−θaj+1

i−1 (W
′)
j+1
i−1 +

(
bj+1
i−1 +

cj+1
i−1

∆t

)
W j+1
i−1 + f j+1

i−1 −
cji−1

∆t
W j+1
i−1

}
,

Y j+1
i =

1

ε

{
−θaj+1

i (W ′)
j+1
i +

(
bj+1
i +

cj+1
i

∆t

)
W j+1
i + f j+1

i − cji
∆t

W j+1
i

}
,

Y j+1
i+1 =

1

ε

{
−θaj+1

i+1 (W
′)
j+1
i+1 +

(
bj+1
i+1 +

cj+1
i+1

∆t

)
W j+1
i+1 + f j+1

i+1 −
cji+1

∆t
W j+1
i+1

}
.

(8)

Using Taylor’s series approximations for W about xk, k = i± 1, we have

W j+1(xi−1) ≈W j+1(xi)− hi−1
dW j+1(xi)

dx
+
h2i−1

2

d2W j+1(xi)

dx2
, (9)

W j+1(xi+1) ≈W j+1(xi) + hi
dW j+1(xi)

dx
+
h2i
2

d2W j+1(xi)

dx2
. (10)

Multiplying (9) by h2i
h2i−1

and subtracting the result from (10), we derive an approximate

expression for (W ′)
j+1
i :

dW j+1(xi)

dx
≈ 1

hihi−1 (hi−1 + hi)

(
h2i−1W

j+1(xi−1)
)

+
1

hihi−1 (hi−1 + hi)

((
h2i − h2i−1

)
W j+1(xi) + h2i−1W

j+1(xi+1)
)
.

(11)

Similarly, multiplying (9) by hi
hi−1

and then adding it to (10), we get an approximation for

(W ′′)
j+1
i :

d2W j+1(xi)

dx2
≈ 2

hihi−1 (hi−1 + hi)

(
hiW

j+1(xi−1) + (hi − hi−1)W
j+1(xi)

)
+

2

hihi−1 (hi−1 + hi)

(
hi−1W

j+1(xi+1)
)
.

(12)

Inserting (11) and (12) in

dW j+1(xi+1)

dx
≈ dW j+1(xi)

dx
+ hi

d2W j+1(xi+1)

dx2
and

dW j+1(xi−1)

dx
≈ dW j+1(xi)

dx
+ hi−1

d2W j+1(xi+1)

dx2
,
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we obtain

(W ′)
j+1
i−1 =

1

hihi−1 (hi−1 + hi)

{
−
(
h2i + 2hi−1hi

)
W j+1
i−1 + (hi−1 + hi)

2
W j+1
i

−h2i−1W
j+1
i+1

}
,

(W ′)
j+1
i =

1

hihi−1 (hi−1 + hi)

{
−h2iW

j+1
i−1 +

(
h2i − h2i−1

)
W j+1
i

+h2i−1W
j+1
i+1

}
,

(W ′)
j+1
i+1 =

1

hihi−1 (hi−1 + hi)

{
h2iW

j+1
i−1 − (hi−1 + hi)

2
W j+1
i

+
(
h2i−1 + 2hi−1hi

)
W j+1
i+1

}
.

(13)

Employing the cubic spline in tension formulation proposed by Kumar and Ravi Kanth [17] gives

λ1hi−1Y
j+1
i−1 + λ2 (hi + hi−1)Y

j+1
i + λ1hiY

j+1
i+1

=
W j+1
i+1 −W

j+1
i

hi
−
W j+1
i −W j+1

i−1

hi−1
. (14)

Inserting (8) and (13) into (14) yields a combined expression integrating the spline formulation
with the finite difference framework:

LN,Mε,θ W j+1
i = r−i W

j+1
i−1 + rciW

j+1
i + r+i W

j+1
i+1 = F j+1

i , (15)

where LN,Mε,θ represents the overall discrete operator that encapsulates the full numerical approx-
imation of the governing problem, and the matrix coefficients r are specified by



r−i = θ

[
λ1

(
hi + 2hi−1

hi−1 + hi

)
aj+1
i−1 + λ2

(
hi
hi−1

)
aj+1
i

− λ1

(
h2i

hi−1 (hi−1 + hi)

)
aj+1
i+1

]
+ λ1hi−1

(
bj+1
i−1 +

cj+1
i−1

∆t

)
− ε

hi−1
,

rci = −θ
[
λ1

(
hi−1 + hi

hi

)
aj+1
i + λ2

(
h2i − h2i−1

hihi−1

)
aj+1
i

−λ1
(
hi−1 + hi
hi−1

)
aj+1
i+1

]
+ λ2 (hi + hi−1)

(
bj+1
i +

cj+1
i

∆t

)
+ ε

(
hi + hi−1

hi−1hi

)
,

r+i = θ

[
λ1

(
h2i−1

hi (hi−1 + hi)

)
aj+1
i−1 − λ2

(
hi−1

hi

)
aj+1
i

−λ1
(
hi−1 + 2hi
(hi−1 + hi)

)
aj+1
i+1

]
+ λ1hi

(
bj+1
i+1 +

cj+1
i+1

∆t

)
− ε

hi
,

F j+1
i = λ1hi−1f

j+1
i−1 + λ2 (hi−1 + hi) f

j+1
i + λ1hif

j+1
i+1 − λ1hi−1

cji−1

∆t W
j
i−1

−λ2 (hi−1 + hi)
cji
∆tW

j
i − λ1hi

cji+1

∆t W
j
i+1.

Iran. J. Numer. Anal. Optim., Vol. 16, No. 2, 2026, pp 607–637



Cheru, Duressa and Mekonnen 620

3.4 Discrete scheme at the discontinuity point x = s.

Let the spatial mesh be divided such that

ΩNx =
{
xi : 1 ≤ i ≤ N

2 − 1
}
∪
{
xi :

N
2 + 1 ≤ i ≤ N − 1

}
,

and choose the interface point xN
2
= s. The extended mesh including the discontinuity is denoted

by Ω
N

x = {xi}N0 ∪{s} . Define the local mesh sizes near the interface as hL = xN
2
−xN

2 −1, hR =

xN
2 +1 − xN2 . Then, at the discontinuity node x = s = xN

2
, the fully discrete cubic spline in

tension scheme can be written as

r−s W
j+1
N
2 −1

+ rcsW
j+1
N
2

+ r+s W
j+1
N
2 +1

= F j+1
N
2

.

The coefficients r−s , rcs, r+s , and the right-hand side F j+1
s are obtained by substituting i = N

2 ,
hi−1 = hL, and hi = hR into the general expressions as

r−s =− ε

hL
+ θ

[
λ1

(
hR + 2hL
hL + hR

)
aj+1
N
2 −1

+ λ2

(
hR
hL

)
aj+1
N
2

− λ1
(

h2R
hL(hL + hR)

)
aj+1
N
2 +1

]
+ λ1hL

bj+1
N
2 −1

+
cj+1
N
2 −1

∆t

 ,

rcs =ε

(
hR + hL
hLhR

)
− θ

[
λ1

(
hL + hR
hR

)
aj+1
N
2

+ λ2

(
h2R − h2L
hRhL

)
aj+1
N
2

− λ1
(
hL + hR
hL

)
aj+1
N
2 +1

]
+ λ2(hR + hL)

bj+1
N
2

+
cj+1
N
2

∆t

 ,

r+s =− ε

hR
+ θ

[
λ1

(
h2L

hR(hL + hR)

)
aj+1
N
2 −1
− λ2

(
hL
hR

)
aj+1
N
2

− λ1
(
hL + 2hR
hL + hR

)
aj+1
N
2 +1

]
+ λ1hR

bj+1
N
2 +1

+
cj+1
N
2 +1

∆t

 .

The corresponding right-hand side term is given by

F j+1
s = λ1hLf

j+1
N
2 −1

+ λ2(hL + hR)f
j+1
N
2

+ λ1hRf
j+1
N
2 +1

− λ1hL
cjN

2 −1

∆t
W j

N
2 −1
− λ2(hL + hR)

cjN
2

∆t
W j

N
2

− λ1hR
cjN

2 +1

∆t
W j

N
2 +1

.
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For sufficiently small values of h, the resulting matrix remains nonsingular, satisfying the condi-
tion |rci | ≥

∣∣r−i ∣∣+ ∣∣r+i ∣∣, which ensures that the matrix is diagonally dominant. Consequently, it
qualifies as an M -matrix, possessing a positive inverse. Therefore, the corresponding system of
discrete equations admits a unique solution, which can be obtained through the matrix inverse
method, subject to prescribed boundary conditions W j+1(0) and W j+1(1).

4 Convergence analysis

In this section, we analyze the stability and ε-uniform convergence of the fully discrete scheme
(15). To this end, we first establish a discrete comparison principle on the mesh DN,M , which
ensures that the numerical solution remains bounded and free of spurious oscillations. This
principle forms the cornerstone for proving ε-uniform stability, guaranteeing that the convergence
of the scheme is robust even as ε and θ becomes small.

Lemma 8 (Discrete comparison Principle). Suppose that W j+1
i satisfies

r−i W
j+1
i−1 + rciW

j+1
i + r+i W

j+1
i+1 ≥ 0,

with r−i ≥ 0, r+i ≥ 0, rci ≥ r+i + r−i (i.e., diagonally dominant). Then if W 0
i ≥ 0 and boundary

data W j+1
0 ,W j+1

N ≥ 0, it follows that W j+1
i ≥ 0, for all i, j.

The LTE at (xi, tj+1) is defined by substituting the exact solution into the discrete scheme:

Ti = LN,Mε,θ W (xi, tj+1)− F j+1
i ,

= r−i W
j+1(xi−1) + rciW

j+1(xi) + r+i W
j+1(xi+1)

− λ1hi−1Gj+1(xi−1)− λ2 (hi + hi−1)Gj+1(xi)− λ1hiGj+1(xi+1).

(16)

By substituting the expressions of Gj+1(xi−1), Gj+1(xi), and Gj+1(xi+1) from (3) into (16), we
derive the following relation:

Ti =r
−
i W

j+1(xi−1) + rciW
j+1(xi) + r+i W

j+1(xi+1)

− λ1hi−1

{
ε
d2W j+1(xi−1)

dx2
+ θai−1

dW j+1(xi−1)

dx
−Qi−1W

j+1(xi−1)

}
− λ2 (hi + hi−1)

{
ε
d2W j+1(xi)

dx2
+ θai

dW j+1(xi)

dx
−QiW j+1(xi)

}
− λ1hi

{
ε
d2W j+1(xi+1)

dx2
+ θai+1

dW j+1(xi+1)

dx
−Qi+1W

j+1(xi+1)

}
.

(17)
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Using Taylor’s series approximation for W j+1(xi−1),W
j+1(xi+1) and their derivatives in the

spatial variables, we have

W j+1(xi+1) ≈W j+1(xi) + hi
dW j+1(xi)

dx
+
h2i
2

d2W j+1(xi)

dx2

+
h3i
6

d3W j+1(xi)

dx3
+
h4i
24

d4W j+1(xi)

dx4
+ · · ·

(18)

W j+1(xi−1) ≈W j+1(xi)− hi−1
dW j+1(xi)

dx
+
h2i−1

2

d2W j+1(xi)

dx2

−
h3i−1

6

d3W j+1(xi)

dx3
+
h4i−1

24

d4W j+1(xi)

dx4
+ · · ·

(19)

dW j+1(xi−1)

dx
≈dW

j+1(xi)

dx
− hi−1

d2W j+1(xi)

dx2
+
h2i−1

2

d3W j+1(xi)

dx3

−
h3i−1

6

d4W j+1(xi)

dx4
+ · · ·

(20)

dW j+1(xi+1)

dx
≈dW

j+1(xi)

dx
+ hi

d2W j+1(xi)

dx2
+
h2i
2

d3W j+1(xi)

dx3

+
h3i
6

d4W j+1(xi)

dx4
+ · · ·

(21)

d2W j+1(xi+1)

dx2
≈ d2W j+1(xi)

dx2
+ hi

d3W j+1(xi)

dx3
+
h2i
2

d4W j+1(xi)

dx4
+ · · · (22)

d2W j+1(xi−1)

dx2
≈ d2W j+1(xi)

dx2
− hi

d3W j+1(xi)

dx3
+
h2i
2

d4W j+1(xi)

dx4
+ · · · (23)

By inserting the expressions from (18)-(23) into (17), we have

Ti =T1,iW
j+1(xi) + T2,i

dW j+1(xi+1)

dx
+ T3,i

d2W j+1(xi+1)

dx2

+ T4,i
d3W j+1(xi+1)

dx3
+ T5,i

d4W j+1(xi+1)

dx4
+ · · · ,

(24)

where
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T1,i =r
−
i + rci + r+i + λ1hi−1Qi−1 + λ2 (hi−1 + hi)Qi + λ1hiQi+1,

T2,i =− hi−1r
−
i + hir

+
i − λ1θhi−1ai−1 − λ1h2i−1Qi−1

− λ2θ (hi + hi−1) ai − λ1θhiai+1 + λ1h
2
iQi+1

T3,i =
h2i−1

2
r−i +

h2i
2
r+i − ελ1hi−1 + λ1θh

2
i−1ai−1 + λ1

h3i−1

2
Qi−1

− ελ2 (hi + hi−1)− ελ1hi − λ1θh2i ai+1 + λ1
h3i
2
Qi+1,

T4,i = −
h3i−1

6
r−i +

h3i
6
r+i + ελ1h

2
i−1 − λ1θ

h2i−1

2
ai−1 − λ1

h4i−1

6
Qi−1

− ελ1h2i − λ1θ
h3i
2
ai+1 + λ1

h4i
6
Qi+1,

T5,i =
h4i−1

24
r−i +

h4i
24
r+i − ελ1

h3i−1

2
+ λ1θ

h4i−1

6
ai−1 + λ1

h5i−1

24
Qi−1

− ελ1
h2i
2
− λ1θ

h4i
6
ai+1 + λ1

h5i
24
Qi+1.

By simplifying the expressions and retaining only the leading terms in the coefficient expansions,
we assume that the coefficients satisfy the boundedness conditions |a(x)| ≤ A and |Q(x)| ≤ Qmax,
while the mesh sizes meet hi, hi−1 ≤ hmax. Furthermore, let the weighting parameters fulfill the
constraint λ1 + λ2 = 1

2 . When the coefficients in (15) of the three-point stencil satisfy the
moment consistency conditions r−i + rci + r+i = 0 and −hi−1r

−
i + hir

+
i = 0, the scheme is said to

be stencil-consistent. Under these assumptions, (24) at xi, tj+1 satisfies

Ti =

5∑
n=1

Tn,i∂
n−1
x W (xi, tj+1) +O

(
h5i
)
,

where the coefficients Tn,i depend on hi, hi−1, ε, θ, a(x), Q(x), and the spline parameters r±i , rci .
The moment consistency conditions of the cubic spline in tension imply T1,i = T2,i = T3,i = 0,
so that the leading contribution of the LTE is

|Ti| ≤ C (|T4,i| ‖Wxxx‖+ |T5,i| ‖Wxxxx‖) . (25)

Lemma 9 (Solution decomposition and layer bounds). The exact solution w(x, t) of problem
(1) admits the decomposition:

w(x, t) = v(x, t) + ul(x, t) + ui(x, t) + ur(x, t), (26)

where v is the regular component, ul and ur are the left and right boundary layer components,
respectively, and ui denotes the interior layer component at x = s. Moreover, for 0 ≤ m ≤ 4,
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there exists a positive constant C, independent of ε and θ, such that∣∣∣v(m)(x, t)
∣∣∣ ≤ C, ∣∣∣u(m)

l (x, t)
∣∣∣ ≤ C℘m0 e−℘0x,∣∣∣u(m)

r (x, t)
∣∣∣ ≤ C℘m0 e−℘0(1−x),∣∣∣u(m)

i (x, t)
∣∣∣ ≤ C℘m1 e−℘1|x−s|.

Proof. The result follows from standard singular perturbation theory for two-parameter convection-
diffusion-reaction problems with discontinuous coefficients. The analysis relies on the sign as-
sumptions imposed on a(x, t), the positivity of the discrete operator coefficients, and the bound-
edness of the jump conditions across the interior point x = s (see [1, 23, 2]).

Lemma 10 (LTE bound). For all interior mesh points xi ∈ ΩNx , the LTE satisfies

|Ti| ≤

CN−2 (lnN)
2
, xi ∈ [0, δ1] ∪ [s− δ2, s] ∪ [s, s+ δ3] ∪ [1− δ4, 1],

CN−2, xi ∈ [δ1, s− δ2] ∪ [s+ δ3, 1− δ4].
(27)

Proof. By combining the derivative bounds given in Lemma 9 with the representation in (25),
the truncation error can be estimated separately over each mesh subregion.

(i) Boundary layer regions: For xi ∈ [0, δ1] ∪ [1 − δ4, 1], the mesh width satisfies hi =

O

(
lnN
N℘0

)
and the fourth derivatives of the left and right layer components are bounded

by
∣∣∣u(4)l ∣∣∣ , ∣∣∣u(4)r ∣∣∣ ≤ C℘4

0, which yields |Ti| ≤ C
(
lnN
N

)2

≤ CN−2 (lnN)
2.

(ii) Interior layer regions: For xi ∈ [s − δ2, s] ∪ [s, s + δ3], the mesh width satisfies hi =

O

(
lnN
N℘1

)
, and the fourth derivatives of the interior layer is bounded by

∣∣∣u(4)i ∣∣∣ ≤ C℘4
1,

which yields |Ti| ≤ C
(
lnN
N

)2

≤ CN−2 (lnN)
2.

(iii) Regular(smooth) regions: For xi ∈ [δ1, s − δ2] ∪ [s + δ3, 1 − δ4] derivatives are bounded
and hi = O

(
N−1

)
, yielding |Ti| ≤ CN−2.

By aggregating the estimates obtained over all mesh subregions, a uniform spatial truncation
error bound is established.

Lemma 11. Let W j+1
i be the numerical solution obtained using the cubic spline in tension

method on the six-piece Shishkin mesh. Then, for all ε, θ ∈ (0, 1], the spatial LTE satisfies

∥∥W (xi, tj+1)−W j+1
∥∥ ≤ CN−2 (lnN)

2
,
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where C is independent of ε, θ and N .

The desired result for the complete discrete scheme follows immediately by combining the
triangle inequality with Lemmas 7, 10, and 11.

Theorem 1. Let w(x, t), (x, t) ∈ D be the solution of (1) and let W (xi, tj+1) , (xi, tj+1) ∈
ΩMt × ΩNx be the solution of (15). Then, the error estimate for the fully discrete scheme is
given by

sup
0<ε,θ≤1

max
i,j
‖w (xi, tj+1)−W (xi, tj+1)‖ ≤ C

(
N−2 (lnN)

2
+∆t

)
.

Therefore, the proposed numerical scheme exhibits uniform convergence, ensuring reliable
performance across both smooth and singular solution regimes. The spatial approximation at-
tains second-order accuracy up to a logarithmic factor, whereas the temporal discretization is
first-order accurate, thereby validating the consistency and stability of the method.

5 Numerical examples and discussions

Several representative test problems are solved using the proposed numerical scheme to validate
the theoretical convergence results. Since the exact solutions are not available, the maximum
pointwise error for each (ε, θ) pair is estimated via the double-mesh approach [9, 5, 15]:

EN,Mε,θ = max
0≤i≤N, 0≤j≤M

∣∣∣WN,M
i,j −W 2N,2M

i,j

∣∣∣ ,
where WN,M

i,j denotes the numerical solution computed on a mesh with N and M intervals in
space and time, respectively. The refined solution W 2N,2M

i,j is obtained by introducing midpoints
in each previous interval. The corresponding numerical convergence rate is defined as

RN,Mε,θ =
log
(
EN,Mε,θ

)
− log

(
E2N,2M
ε,θ

)
log(2) .

To illustrate the layer behavior induced by variations in a(x, t) and f(x, t), we consider two test
cases.

Example 1. Let Ω = (0, 1) with s = 0.5 [23, 2, 6]. The problem is
ε∂

2w
∂x2 + θa(x, t)∂w∂x − (1 + ex)w − ∂w

∂t = f(x, t), (x, t) ∈ D− ∪D+,

w(0, t) = 0, w(1, t) = 0, t > 0,

w(x, 0) = 0, x ∈ D,
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where

a(x, t) =

−(1 + x− x2), (x, t) ∈ D−,

1 + x− x2, (x, t) ∈ D+,

f(x, t) =

−2t(1 + x2), (x, t) ∈ D−,

2t(1 + x2), (x, t) ∈ D+.

Example 2. Consider (1) with coefficients [15]:

a(x, t) =

−(1 + e−xt), 0 ≤ x ≤ s,

2 + x+ t, s < x ≤ 1,

f(x, t) =

 (et
2 − 1)(1 + xt), 0 ≤ x ≤ s,

−t2(2 + x), s < x ≤ 1,

with b(x, t) = 2+xt, c(x, t) = 1, boundary and initial conditions w(0, t) = w(1, t) = 0, w(x, 0) =
0.

Examples 1 and 2 exhibit pronounced boundary and interior layers due to ε, θ and nonsmooth
data. Such behavior often arises in practical models involving heat conduction in composite
materials, fluid flow through porous media, or chemical diffusion with abrupt concentration
changes. When a uniform mesh is used in the x-direction, the sharp gradients within these layers
are poorly resolved, leading to parameter-dependent inaccuracies. To address this, a Shishkin
mesh is employed to refine the grid near the layer regions, ensuring accurate layer capture
and uniform convergence. The corresponding graphs clearly illustrate how the adaptive mesh
effectively resolves the steep solution variations across the domain.

Numerical results are summarized in Tables 1, 2, and 5 for various choices of ε, θ, N ,
and M . The data demonstrate that the maximum pointwise error decreases as the mesh is
refined, while the error remains essentially insensitive to further reductions in the perturbation
parameters, confirming parameter-robust behavior. In Table 1, we fix θ = 2−4 and s = 0.5 and
vary ε from 1 to 2−20 to report EN,Mε,θ and PN,Mε,θ for Example 1; these values indicate nearly
first-order, parameter-uniform convergence. Table 2 presents a complementary study with ε

fixed and varying θ, again showing close to first-order uniform convergence. For Example 2,
Table 5 displays consistent uniform convergence across tested parameter sets. Comparative
results in Tables 1, 3, 4, 5, and 6 against the methods of [15, 26, 8, 2] further confirm that
the proposed scheme attains superior accuracy. In Tables 4 and 6, we present numerical results
for EN,Mε,θ ,PN,Mε,θ , taking different values of ε, θ, and s, and these tables confirm our theoretical
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Table 1: Computed EN,Mε,θ and RN,Mε,θ when θ = 2−4 for Example 1

ε N = 32 N = 64 N = 128 N = 256 N = 512
↓ M = 32 M = 64 M = 128 M = 256 M = 512

Present Method
2−0 1.3300e− 02 9.5221e− 03 5.7104e− 03 3.1247e− 03 1.6541e− 03
2−2 2.1453e− 02 1.2117e− 02 6.5107e− 03 3.4218e− 03 1.7729e− 03
2−4 2.4427e− 02 1.3234e− 02 6.9725e− 03 3.6067e− 03 1.8453e− 03
2−6 2.5976e− 02 1.3938e− 02 7.2532e− 03 3.7168e− 03 1.8876e− 03
2−8 2.7178e− 02 1.4351e− 02 7.4179e− 03 3.7802e− 03 1.9117e− 03
2−10 2.7718e− 02 1.4590e− 02 7.5105e− 03 3.8156e− 03 1.9251e− 03
2−12 2.7993e− 02 1.4716e− 02 7.5618e− 03 3.8353e− 03 1.9325e− 03
2−14 2.8433e− 02 1.4784e− 02 7.5884e− 03 3.8459e− 03 1.9365e− 03
2−16 2.8913e− 02 1.4816e− 02 7.6016e− 03 3.8514e− 03 1.9386e− 03
2−18 2.9071e− 02 1.4823e− 02 7.6079e− 03 3.8540e− 03 1.9396e− 03
2−20 2.9113e− 02 1.4825e− 02 7.6091e− 03 3.8550e− 03 1.9401e− 03

EN,M 2.9113e− 02 1.4825e− 02 7.6091e− 03 3.8550e− 03 1.9401e− 03
RN,M 0.974 0.962 0.981 0.991 −
Result in [2](Uniform S-mesh)
EN,M 8.27430e− 02 5.27314e− 02 3.03482e− 02 1.64782e− 02
RN,M 0.650 0.797 0.881 −

Table 2: Computed EN,Mε,θ and PN,Mε,θ when ε = 2−8 for Example 1

θ N = 32 N = 64 N = 128 N = 256 N = 512
↓ M = 32 M = 64 M = 128 M = 256 M = 512

2−0 2.5997e− 02 1.4063e− 02 7.3439e− 03 3.7619e− 03 1.9074e− 03
2−2 2.6886e− 02 1.4309e− 02 7.4054e− 03 3.7771e− 03 1.9109e− 03
2−4 2.7178e− 02 1.4351e− 02 7.4179e− 03 3.7802e− 03 1.9117e− 03
2−6 2.7210e− 02 1.4370e− 02 7.4207e− 03 3.7809e− 03 1.9119e− 03
2−8 2.7211e− 02 1.4373e− 02 7.4210e− 03 3.7809e− 03 1.9119e− 03
2−10 2.7210e− 02 1.4374e− 02 7.4211e− 03 3.7810e− 03 1.9119e− 03
...

...
...

...
...

...
2−20 2.7210e− 02 1.4374e− 02 7.4211e− 03 3.7810e− 03 1.9119e− 03

EN,M 2.7211e− 02 1.4374e− 02 7.4211e− 03 3.7810e− 03 1.9119e− 03
RN,M 0.921 0.954 0.973 0.984 −

claims. Finally, both examples exhibit a pronounced solution transition near x = 0.5, a direct
consequence of the discontinuity, which is effectively resolved by the Shishkin mesh and is evident
in the accompanying solution plots. The computed solution profiles are illustrated as surface-
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Table 3: Comparison of Eε,θN,M for Example 1 with θ = 2−4

ε
N = 64 N = 128 N = 256 N = 512

In [2] In [15] PM In [2] In [15] PM In [2] In [15] PM In [2] In [15] PM

2−6 4.28e− 03 3.04e− 03 1.39e− 02 1.87e− 03 1.55e− 03 7.25e− 03 8.63e− 04 7.83e− 04 3.72e− 03 4.14e− 04 3.94e− 04 1.89e− 03

2−10 3.64e− 02 1.86e− 02 1.46e− 02 1.84e− 02 1.23e− 02 7.51e− 03 8.96e− 03 7.52e− 03 3.82e− 03 5.14e− 03 4.46e− 03 1.93e− 03

2−14 7.63e− 02 2.98e− 02 1.48e− 02 4.69e− 02 1.80e− 02 7.59e− 03 2.62e− 02 1.08e− 02 3.85e− 03 1.39e− 02 6.35e− 03 1.94e− 03

2−18 8.23e− 02 3.13e− 02 1.48e− 02 5.23e− 02 1.93e− 02 7.61e− 03 3.00e− 02 1.18e− 02 3.85e− 03 1.63e− 02 6.94e− 03 1.94e− 03

2−22 8.27e− 02 3.14e− 02 1.48e− 02 5.27e− 02 1.94e− 02 7.61e− 03 3.03e− 02 1.19e− 02 3.86e− 03 1.65e− 02 6.98e− 03 1.94− 03

Table 4: Computed EN,Mε,θ and PN,Mε,θ for different ε, θ and s for Example 1.

Number of intervals in space and time
N = 16 N = 32 N = 64 N = 128 N = 256

s (ε, θ) M = 10 M = 20 M = 40 M = 80 M = 160

Present Approach
0.2 (2−6, 2−18) 7.1577e− 02 3.9198e− 02 2.1401e− 02 1.133e− 02 5.8576e− 03

0.869 0.873 0.918 0.952 −
(2−12, 2−28) 7.7493e− 02 4.2412e− 02 2.2892e− 02 1.1917e− 02 6.0871e− 03

0.870 0.890 0.942 0.969 −
Results in [26]

(2−6, 2−18) 7.8576e− 02 6.9196e− 02 4.7451e− 02 2.8080e− 02 1.5321e− 02
0.183 0.544 0.757 0.874 −

(2−12, 2−28) 1.1880e− 01 7.3299e− 02 4.1310e− 02 2.2011e− 02 1.1373e− 02
0.697 0.827 0.908 0.953 −

Present Approach
0.8 (2−6, 2−18) 6.1000e− 02 3.8654e− 02 2.1423e− 02 1.1328e− 02 5.8584e− 03

0.658 0.851 0.919 0.951 −
(2−12, 2−28) 7.7482e− 02 4.2405e− 02 2.2891e− 02 1.1917e− 02 6.0871e− 03

0.870 0.890 0.942 0.969 −
Results in [26]

(2−6, 2−18) 7.8860e− 02 4.4466e− 02 2.3437e− 02 1.2013e− 02 6.0799e− 03
0.827 0.924 0.964 0.983 −

(2−12, 2−28) 1.4226e− 01 7.7775e− 02 4.0788e− 02 2.0889e− 02 1.0571e− 02
0.871 0.931 0.965 0.983 −

contour and mesh plots in Figures 1, 3, 4, 6, and 7 for Examples 1 and 2, respectively. These
figures clearly demonstrate the steep gradients of the numerical solution near the discontinuity
points (x = s), particularly as the perturbation parameters ε and θ decrease. Such behavior
is a direct indication of the presence of boundary and interior layers, a common feature in
singularly perturbed problems involving discontinuous data. The sensitivity of the solution to
the perturbation parameters is highlighted by the narrowing of these layers with decreasing
ε or θ (see Figures 1a and 4a), underscoring the need for fitted mesh approaches for precise
numerical resolution. Furthermore, Figures 3 and 6, which correspond to Examples 1 and 2,
show surface plots for different discontinuity positions s. The line plots at various time levels
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Table 5: Computed EN,Mε,θ and PN,Mε,θ when ε = 2−8 for Example 2

θ N = 32 N = 64 N = 128 N = 256 N = 512
↓ M = 32 M = 64 M = 128 M = 256 M = 512

1 2.2303e− 02 1.1082e− 02 5.6730e− 03 2.8751e− 03 1.4485e− 03
2−2 2.2303e− 02 1.1071e− 02 5.6738e− 03 2.8754e− 03 1.4485e− 03
2−4 2.1148e− 02 1.1066e− 02 5.6735e− 03 2.8754e− 03 1.4485e− 03
2−6 2.1087e− 02 1.1063e− 02 5.6732e− 03 2.8754e− 03 1.4485e− 03
2−8 2.1095e− 02 1.1064e− 02 5.6730e− 03 2.8754e− 03 1.4485e− 03
2−10 2.1097e− 02 1.1065e− 02 5.6731e− 03 2.8754e− 03 1.4485e− 03
...

...
...

...
...

...
2−22 2.1097e− 02 1.1065e− 02 5.6731e− 03 2.8754e− 03 1.4485e− 03
2−24 2.1097e− 022 1.1065e− 02 5.6731e− 03 2.8754e− 03 1.4485e− 03

EN,M 2.2303e− 02 1.1082e− 02 5.6738e− 03 2.8754e− 03 1.4485e− 03
RN,M 1.01 0.966 0.981 0.989 −
Result in [1]
EN,M 1.33874e− 02 1.16318e− 02 8.67966e− 03 5.89059e− 03
PN,M 0.202 0.422 0.559 −

(a) ε = 1, θ = 2−10 (b) θ = 2−10, ε = 2−8

Figure 1: The computed solution profiles for Example 1 using N =M = 128.

with N = M = 128 (Figures 2 and 5) show that the boundary and interior layer regions,
where the solution profile varies quickly, are where the maximum numerical error is found. The
plots also support the theoretical predictions about how layer thickness depends on perturbation
magnitudes by showing that decreasing ε and θ results in sharper layer transitions. The results
are in line with previous research presented in [21], which found that, under the condition that
the source term f(x, t) stays continuous, interior layers are mainly caused by discontinuities in the
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Table 6: Computed EN,Mε,θ and PN,Mε,θ for different ε, θ and s for Example 2.

Number of intervals in space and time
N = 16 N = 32 N = 64 N = 128 N = 256

s (ε, θ) M = 10 M = 20 M = 40 M = 80 M = 160

Present Approach
0.2 (2−6, 2−18) 5.6359e− 02 3.1368e− 02 1.6956e− 02 8.8405e− 03 4.5256e− 03

0.869 0.873 0.918 0.952 −
(2−12, 2−28) 5.8369e− 02 3.2425e− 02 1.7407e− 02 9.0228e− 03 4.5945e− 03

0.848 0.897 0.948 0.974 −
Results in [26]

(2−6, 2−18) 6.7015e− 02 6.1676e− 02 4.3579e− 02 2.6251e− 02 1.4462e− 02
0.120 0.501 0.731 0.860 −

(2−12, 2−28) 3.7093e− 02 2.8247e− 02 1.8060e− 02 9.9259e− 03 5.2073e− 03
0.393 0.645 0.864 0.931 −

Present Approach
0.8 (2−6, 2−18) 5.2613e− 02 3.1062e− 02 1.7031e− 02 8.9668e− 03 4.6131e− 03

0.760 0.867 0.926 0.959 −
(2−12, 2−28) 5.8369e− 02 3.2582e− 02 1.7746e− 02 9.2488e− 03 4.7213e− 03

0.841 0.877 0.940 0.970 −
Results in [26]

(2−6, 2−18) 5.6605e− 02 4.4466e− 02 1.7632e− 02 9.0974e− 03 4.6191e− 03
0.779 0.904 0.955 0.978 −

(2−12, 2−28) 3.9828e− 02 3.1977e− 02 1.9895e− 02 1.0191e− 02 5.1934e− 03
0.317 0.685 0.965 0.973 −

(a) ε = 1, θ = 2−10 (b) θ = 2−10, ε = 2−8

Figure 2: Line plots illustrating Example 1 for several time increments.

convection coefficient. Our comprehension of the interaction between discontinuous coefficients
and solution layer structures is improved by this numerical evidence. As can be seen in Figure 7,
the resulting solution typically only shows boundary layers if the discontinuity only occurs in
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(a) ε = 2−4, θ = 2−8 and s = 0.2 (b) θ = 2−8, ε = 2−10 and s = 0.8

Figure 3: Computed solution profiles for Example 1 with N = 256 and M = 160, illustrating the influence of
varying s values.

(a) ε = 1, θ = 2−12 (b) θ = 2−8, ε = 2−10

Figure 4: The computed solution profiles for Example 2 using N =M = 128.

the convection coefficient (with a smooth f(x, t)). To further investigate this behavior, the
discontinuous source term in Example 2 was replaced by the smooth functions f(x, t) = (et

2 −
1)(1 + xt) and f(x, t) = −t2(2 + x). The corresponding numerical results are presented in
Figures 7a and 7b, respectively. The findings demonstrate that when the source term is smooth,
no distinct interior layer forms, even though the discontinuity in the convection coefficient causes
a shift in the layer position. This finding indicates that the emergence and intensity of interior
layers are significantly influenced by discontinuities in the source term. Additionally, Figures 8a
and 8b for Examples 1 and 2, respectively, show error distributions on a log-log scale to verify the
theoretical convergence behavior of the proposed approach. These plots support the robustness
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(a) ε = 1, θ = 2−12 (b) θ = 2−8, ε = 2−10

Figure 5: Line plots illustrating Example 2 for several time increments.

(a) ε = 2−6, θ = 2−18 and s = 0.2 (b) θ = 2−18, ε = 2−6 and s = 0.8

Figure 6: Computed solution profiles for Example 2 with N = 256 and M = 160, illustrating the influence of
varying s values.

and (ε, θ)-uniform accuracy of the numerical scheme by confirming that it achieves the anticipated
rate of convergence. These results have important ramifications for real-world applications in fluid
transport, convection-diffusion processes, and semiconductor modeling, where abrupt gradients
and discontinuities frequently occur naturally.
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(a) f(x, t) =
(
et

2 − 1
)
(1 + xt) (b) f(x, t) = −t2 (2 + x)

Figure 7: Computed solution profiles for Example 2 with N = M = 256, ε = 2−12, θ = 2−8, considering
multiple continuous source terms.

(a) Example 1 (b) Example 2

Figure 8: Loglog plot of Maximum pointwise errors.

6 Conclusion

An implicit numerical framework for solving a TP-SPPPs with discontinuities in the source and
convection terms was presented in this work. It is based on a predefined Shishkin mesh. These
issues were distinguished from situations involving smooth data by the complex solution behavior
introduced by the existence of both boundary and interior layers. The suggested approach com-
bined a cubic spline in tension for spatial approximation on a fitted mesh with the implicit Euler
method for temporal discretization. Convergence analysis and extensive numerical experiments
confirmed that the method achieves first-order accuracy in time and second-order accuracy up to
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a logarithmic factor in space and is uniformly stable and robust. As the perturbation parameters
ε and θ decrease, the graphic results clearly show the emergence of parabolic boundary layers
along the lateral edges and interior layers around x = s. The boundary subregions and steep
gradients near the discontinuity location s showed how well the scheme captures layer behavior
even under extreme perturbations. The reliability of the proposed approach was demonstrated
by comparative studies, which yield accuracy that is on par with or better than that of existing
methods. The method’s resilience in handling discontinuous singular perturbation problems was
demonstrated by both theoretical validation and empirical results.
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We consider the system of two quasi-variational inequalities. First, we show a convergence
result with respect the set of constraints. Next, we formulate optimal control problem for
which we prove the existence of optimal solution, together with convergence of optimal control
pairs. Finally, we apply our results in the study of contact problem with thermal effect and
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1 Introduction

The theory of optimal control has its origins in the calculus of variations in the 17th century,
and it was developed to find the optimal ways to control a dynamical system. The main interest
of this theory is the existence and, if it is possible, the uniqueness of optimal state-control pair,
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as well as the derivation of necessary (or necessary and sufficient) conditions of optimality. The
key development of this theory had place in 20th century by works of Bellman, Potryagin, and
Kalman. Nowadays, the theory of optimal control has many applications in such areas as, for
example, aerospace, process control, robotics, bioengineering, and economics.

In the literature, there are some results related to the optimal control of quasi-variational
inequalities of different types. Here, we briefly present a few examples of such works. Sofonea
and Tarzia [23] considered an optimal control problem governed by an elliptic quasi-variational
inequality with unilateral constraints. The authors defined a new optimal control problem by
perturbing the state inequality and the cost functional. Then, they provided sufficient conditions
that guarantee the convergence of solutions. The abstract results were used in the study of two
models, namely, the static contact problem with normal compliance and unilateral constraint, and
a stationary heat transfer problem with unilateral constraints. Khan and Sama [10] studied the
optimal control of quasi-variational inequalities with multivalued monotone and pseudomonotone
maps. Moreover, they analyzed the convergence behavior of the optimal control problem when
the data defining the underlying quasi-variational inequality is contaminated by a certain level
of noise. The optimal control problem presented in this paper subsumes some important optimal
control problems as particular cases, for example, the optimal control problems for single-valued
quasi-variational inequalities, the set-valued/single-valued variational inequalities.

The paper [21] was motivated by mathematical models that describe the time-dependent
unilateral contact of a deformable body with a foundation. Taking into account appropriate
mechanical assumptions on the constitutive law and the interface conditions, these models lead
to a weak formulation in the form of a system that couples an ordinary differential equation with
a variational or quasi-variational inequality. The authors proved the continuous dependence of
the solution with respect to data, as well as the existence of at least one optimal pair for an
associated control problem. Finally, they illustrated the abstract results in the study of a free
boundary problem which describes the equilibrium of a viscoelastic body in frictionless contact
with a foundation made of a rigid body covered by a rigid-elastic layer. The applications of
optimal control theory to variational inequalities can be found in [4, 8, 14, 19, 24, 25, 26].

The system of variational inequalities extends the concept of a variational inequality to mul-
tiple interrelated inequalities involving multiple variables. These kind of systems naturally arise
in the models where a few processes interact under constraints, and they affect on each another
(see, e.g., [16]). The systems of variational inequalities are used to the model an equilibrium
problem, for example, the Nash equilibrium problem in the game theory [1]. They are find-
ing applications in fields such as traffic, spatial price equilibrium, mechanics, signal processing,
networks, and optimization. This paper extends existing results for optimal control of elliptic
quasi-variational inequality to optimal control of the system of elliptic quasi-variational inequal-

Iran. J. Numer. Anal. Optim., Vol. 16, No. 2, 2026, pp 638–666



Ogorzaly 640

ities. Note that Problem 1 contains several special cases: coupled variational inequalities such
that K1 and K2 do not vary with the solution (u, θ) and C1 = K1, C2 = K2 (see [13]), an elliptic
variational inequality of the first kind (A2 = 0, N1 = 0, N2 = 0, ϕ2 = 0, K1 is independent of
u, g = 0) and of the second kind (K1 = V ); see [9, 12]. Our work inspires future research into
optimal control problems for the systems of quasi-variational inequalities of different kinds. To
the best of our knowledge, these problems have not been considered in the literature until now.

The paper is organized as follows. In Section 2, we present some notations, and in Section
3, we show the existence and uniqueness result for the system of quasi-variational inequalities
as well as the boundedness of the solution. In Section 4, we will show convergence result for
the system of two quasi-variational inequalities with respect the set of constraints. Section 5
is devoted to a class of optimal control problem associated to the system of quasi-variational
inequalities and existence of optimal pairs. In Section 6, we prove the convergence of the optimal
pairs. Finally, in Section 7, we will use abstract results in the study of contact problem with
thermal effect.

2 Preliminary

In this section, we collect a basic material that is useful in our paper (see, e.g., [5, 6, 7, 11, 18]. For
a Banach space (X, ‖·‖X), we denote by (X∗, ‖·‖X∗) its dual space and by 〈·, ·〉X∗×X the duality
pairing between X∗ and X. For a Hilbert space Y , we denote the inner product by (·, ·)Y . The
notation Xw stands for a Banach space X endowed with the weak topology. For a multivalued
operator T : X → 2X

∗ , its graph Gr(T ) is defined by Gr(T ) = {(x, x∗) ∈ X × X∗ | x∗ ∈ Tx}.
An operator T : X → 2X

∗ is called monotone when 〈u∗ − v∗, u − v〉X∗×X ⩾ 0 for all (u, u∗),
(v, v∗) ∈ Gr(T ). Let R+ = [0,+∞). We say that T is u0-coercive if for u0 ∈ X, there exists
a function θ : R+ → R with limr→+∞ θ(r) = +∞ such that for all (u, u∗) ∈ Gr(T ), we have
〈u∗, u − u0〉X∗×X ⩾ θ(‖u‖X) ‖u‖X . An operator T is bounded if T maps bounded sets of X
into bounded sets of X∗. A single-valued operator A : X → X∗ is called pseudomonotone if it
is bounded and un → u in Xw with lim sup〈Aun, un − u〉X∗×X ⩽ 0 implies 〈Au, u − v〉X∗×X ⩽
lim inf〈Aun, un − v〉X∗×X for all v ∈ X. If X is a reflexive Banach space, then A : X → X∗ is
pseudomonotone, if and only if it is bounded and un → u inXw with lim sup 〈Aun, un−u〉X∗×X ⩽
0 entail lim 〈Aun, un − u〉X∗×X = 0 and Aun → Au in X∗

w. A map K : E → F between Banach
spaces E and F is completely continuous if for any sequence {xn} ⊂ E converging weakly to
x ∈ E, we have K(xn) → K(x) in F . Let Z be a normed space, and let C, {Cn} be closed
and convex subsets of Z. The sequence {Cn} Mosco converges to C, denoted by Cn

M−→ C as
n→∞, if we have
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• for any zn ∈ Cn with zn → z in Zw, up to a subsequence, we have z ∈ C,

• for any z ∈ C, there exists zn ∈ Cn with zn → z in Z.

3 Solvability of a system of quasi-variational inequalities

Let V and E be reflexive Banach, and let Y1, Y2 be the real Hilbert spaces. Let C1 ⊂ V and
C2 ⊂ E be given subsets, and let A1 : V → V ∗, N1 : E → V ∗, N2 : V → E∗, A2 : E → E∗

be given operators. We have also given functions ϕ1 : V × E × V → R, ϕ2 : V × E × E → R,
set-valued maps K1 : C1 × C2 → 2C1 \ {∅}, K2 : C1 × C2 → 2C2 \ {∅}, functions f ∈ Y1, g ∈ Y2,
and operators π1 : V → Y1 and π2 : E → Y2.

The problem is as follows.

Problem 1. Find (u, θ) ∈ C1 × C2 such that u ∈ K1(u, θ), θ ∈ K2(u, θ) and for all v ∈
K1(u, θ), η ∈ K2(u, θ) hold

〈A1u+N1θ, v − u〉V ∗×V + ϕ1(u, θ, v)− ϕ1(u, θ, u) ⩾ (f, π1v − π2u)Y1
,

〈A2θ +N2u, η − θ〉E∗×E + ϕ2(u, θ, η)− ϕ2(u, θ, θ) ⩾ (g, π2η − π2θ)Y2
.

(1)

The hypotheses on the data of Problem 1 are the following:

C1 ⊂ V, C2 ⊂ E are nonempty, closed, and convex sets,
(2)

K1 : C1 × C2 −→ 2C1\{∅} is such that

(a) K1 has closed convex values in C1,

(b) K1 is weakly Mosco continuous, that is, for any {(un, θn)} ∈ C1 × C2

such that (un, θn) −→ (u, θ) in (V × E)w, one has K1(un, θn)
M→ K1(u, θ),

(c) there is a bounded set K0 ⊂ C1 such that K1(u, θ) ∩K0 6= ∅

for all (u, θ) ∈ C1 × C2,
(3)

K2 : C1 × C2 −→ 2C2\{∅} is such that
(a) K2 has closed convex values in C2,

(b) K2 is weakly Mosco continuous, that is, for any {(un, θn)} ∈ C1 × C2

such that (un, θn) −→ (u, θ) in (V × E)w, one has K2(un, θn)
M→ K2(u, θ),

(c) there is a bounded set K ′

0 ⊂ C2 such that K2(u, θ) ∩K
′

0 6= ∅
for all (u, θ) ∈ C1 × C2,

(4)
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A1 : V −→ V ∗ and A2 : E −→ E∗ are such that
(a) ‖A1v‖V ∗ ⩽ a1 + a2‖v‖V for all v ∈ V with a1, a2 ⩾ 0,

(b) ‖A2η‖E∗ ⩽ b1 + b2‖η‖E for all η ∈ E with b1, b2 ⩾ 0,

(c) A1, A2 are pseudomonotone operators,
(5)

N1 : E −→ V ∗, N2 : V −→ E∗ are such that
(a) N1, N2 are completely continuous,
(b) ‖N1θ‖V ∗ ⩽ m1(1 + ‖θ‖E) for all θ ∈ E, m1 > 0,

(c) ‖N2v‖E∗ ⩽ m2(1 + ‖v‖E) for all v ∈ V, m2 > 0,
(6)

f ∈ Y1, g ∈ Y2,
(7)

π1 : V → Y1, π2 : E → Y2 are linear continuous operators such that
‖π1v‖Y1 ⩽ d1‖v‖V for every v ∈ V with d1 > 0,

‖π2θ‖Y2
⩽ d2‖θ‖E for every θ ∈ E with d2 > 0,

(8)

ϕ1 : V × E × V → R is such that
(a) ϕ1(w, θ, ·) is convex and lower semicontinuous for all w ∈ V, θ ∈ E,
(b) there exists a function cφ1

: R+ × R+ → R+ bounded on bounded sets
such that ϕ1(w, θ, v1)− ϕ1(w, θ, v2) ⩽ cφ1

(‖w‖V , ‖θ‖E)‖v1 − v2‖V
for all w, v1, v2 ∈ V, θ ∈ E,

(c) for all {wn} ⊂ V, {θn} ⊂ E, {vn} ⊂ V, {un} ⊂ V
such that wn → w in Vw, θn → θ in Ew, vn → v in V, un → u in Vw
for some w, u, v ∈ V, θ ∈ E, it holds
lim sup

(
ϕ1(wn, θn, vn)− ϕ1(wn, θn, un)

)
⩽ ϕ1(w, θ, v)− ϕ1(w, θ, u),

(9)

ϕ2 : V × E × E → R is such that
(a) ϕ2(w, θ, ·) is convex and lower semicontinuous for all w ∈ V, θ ∈ E,
(b) there exists a function cφ2 : R+ × R+ → R+ bounded on bounded sets

such that ϕ2(w, θ, η1)− ϕ2(w, θ, η2) ⩽ cφ2(‖w‖V , ‖θ‖E)‖η1 − η2‖E
for all w ∈ V, θ, η1, η2 ∈ E,

(c) for all {wn} ⊂ V, {θn} ⊂ E, {ηn} ⊂ E, {ζn} ⊂ E such that
wn → w in Vw, θn → θ in Ew, ηn → η in E, ζn → ζ in Ew
for some w ∈ V, θ, η, ζ ∈ E, it holds
lim sup

(
ϕ2(wn, θn, ηn)− ϕ2(wn, θn, ζn)

)
⩽ ϕ2(w, θ, η)− ϕ2(w, θ, ζ).

(10)
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Moreover, we assume that

(a) there exist u0 ∈ K0 and a function θ1 : R+ → R with θ1(r)→ +∞

as r → +∞ such that for all v ∈ V, it holds 〈A1v, v − u0〉 ⩾ θ1(‖v‖)‖v‖,

(b) there exist u1 ∈ K ′
0 and a function θ2 : R+ → R with θ2(r)→ +∞

as r → +∞ such that for all η ∈ E, it holds

〈A2η, η − u1〉E∗×E ⩾ θ2(‖η‖E)‖η‖E , (11)

V 3 v 7→ A1v ∈ 2V
∗
and E 3 η 7→ A2η ∈ 2E

∗
are a monotone map. (12)

By hypothesis (11) and (5), it is clear (see [16, Section 3.4]) that A1 and A2 are pseudomono-
tone and bounded as a multivalued operators from V to 2V

∗ and E to 2E
∗ , respectively.

Theorem 1. Under the assumptions (2)–(12), Problem 1 has a solution.

Proof. The proof of Theorem 1 is a simplified version of the proof in [17, Theorem 10]. However,
for convenience of the reader, we briefly recall the main steps of this proof. The important tool in
the proof is the following version of Kakutani–Ky Fan fixed point theorem in a reflexive Banach
space (see, e.g., [6, Corollary 1.7.42]).

Theorem 2 (Kakutani-Ky Fan). Let Y be a reflexive Banach space, and let D ⊆ Y be a
nonempty, bounded, closed, and convex set. Suppose that Λ: D → 2D is a set-valued map such
that the values of Λ are nonempty and convex sets, and GrΛ is sequentially closed in Yw × Yw.
Then Λ has a fixed point: y∗ ∈ D such that y∗ ∈ Λy∗.

Remark 1. In Theorem 2, the sequential closedness of the graph of Λ in Yw × Yw implies that
the values of Λ are closed subsets of Yw. By hypothesis, the values are convex sets. Hence and
Mazur’s theorem, we deduce that the values of Λ are also closed sets in Y .

Let 〈f, v〉V ∗×V = (f, π1v)Y1
and 〈g, η〉E∗×E = (g, π2η)Y2

for every v ∈ V, η ∈ E. Moreover,
let (w, ξ) ∈ C1 × C2 ⊂ V × E be fixed. Consider the following auxiliary problem:

Problem 2. Find (u, θ) ∈ K1(w, ξ)×K2(w, ξ) such that

〈A1u+N1ξ − f, v − u〉V ∗×V + ϕ(w, ξ, v)− ϕ(w, ξ, u) ⩾ 0

for all v ∈ K1(w, ξ),

〈A2θ +N2w − g, η − θ〉E∗×E + ψ(w, ξ, η)− ψ(w, ξ, θ) ⩾ 0

for all η ∈ K2(w, ξ).

(13)
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We define a set-valued map S : C1 × C2 → 2C1×C2 by

S(w, ξ) := {(u, θ) ∈ K1(w, ξ)×K2(w, ξ) | (u, θ) is a solution to Problem 2}. (14)

The system (13) is decoupled, therefore, we shall examine each inequality separately. Let D :=

{ (w, ξ) ∈ C1 ×C2 | ‖w‖V ⩽ r, ‖ξ‖E ⩽ r } with a suitable positive constant r. It is obvious that
D is a nonempty, closed, convex, and bounded subset of V × E. Let Λ: D → 2D be given by
Λ(w, ξ) := S(w, ξ) for (w, ξ) ∈ D. In order to apply Theorem 2 with a reflexive Banach space
Y := V × E, we shall verify

• for each (w, ξ) ∈ C1 × C2, S(w, ξ) defined by (14) is nonempty and convex,

• Λ(D) ⊂ D, that is, there exists r > 0 for which Λ maps D into itself,

• GrΛ is sequentially closed in (V × E)w × (V × E)w.

The details of the proofs of these properties are similar as in [17, Theorem 10], so we skip them
here. For the second inequality in Problem 1, we use the same arguments as above, and we
obtain that θ ∈ K2(w, ξ) satisfies the limit inequality. Finally, we infer that (u, θ) ∈ S(w, ξ),
which completes the proof of the closedness of the graph of Λ.

Having verified the hypotheses of Theorem 2, we deduce from it that there exists a fixed
point (u∗, θ∗) ∈ D of Λ, that is, (u∗, θ∗) ∈ Λ(u∗, θ∗) = S(u∗, θ∗). In conclusion, (u∗, θ∗) ∈
K1(u

∗, θ∗)×K2(u
∗, θ∗) is a solution to Problem 1.

In order to prove the uniqueness of the solution of Problem 1, we need the following additional
assumptions:

(a) 〈A1u1 −A1u2, u1 − u2〉V ∗×V ⩾ mA1
‖u1 − u2‖2V with mA1

> 0,

for all u1, u2 ∈ V,
(b) 〈N2θ1 −N2θ2, θ1 − θ2〉E∗×E ⩾ mN2

‖θ1 − θ2‖2E with mN2
> 0,

for all θ1, θ2 ∈ E,
(c) ‖N1θ1 −N1θ2‖E ⩽ LN1‖θ1 − θ2‖E with LN1 > 0, for all θ1, θ2 ∈ E,
(d) ‖A2u1 −A2u2‖V ⩽ LA2

‖u1 − u2‖V with LA2
> 0, for all u1, u2 ∈ V,

(e) ϕ1(u1, θ1, u2)− ϕ1(u1, θ1, u1) + ϕ1(u2, θ2, u1)− ϕ1(u2, θ2, u2)

⩽ θφ1
(‖u1 − u2‖V + ‖θ1 − θ2‖E)‖u1 − u2‖V

with θφ1
> 0, for all u1, u2 ∈ V and θ1, θ2 ∈ E,

(f) ϕ2(u1, θ1, θ2)− ϕ2(u1, θ1, θ1) + ϕ2(u2, θ2, θ1)− ϕ2(u2, θ2, θ2)

⩽ θφ2
(‖u1 − u2‖V + ‖θ1 − θ2‖E)‖θ1 − θ2‖E

with θφ2
> 0, for all u1, u2 ∈ V and θ1, θ2 ∈ E.



(15)
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Theorem 3. If (2)–(12), (15) hold and

mA1 > θφ1 , mN2 > θφ2 ,
(LN1 + θφ1)(LA2 + θφ2)

(mA1
− θφ1

)(mN2
− θφ2

)
< 1, (16)

then Problem 1 has a unique solution.

Proof. Let (u1, θ1), (u2, θ2) ∈ C1 × C2 be such that u1, u2 ∈ K1(u, θ) and θ1, θ2 ∈ K2(u, θ). We
take the first inequality in (1) with v = u2 and v = u1, respectively. Hence, we have

〈A1u1 +N1θ1, u2 − u1〉V ∗×V + ϕ1(u1, θ1, u2)− ϕ1(u1, θ1, u1)

⩾ (f, π1u2 − π1u1)Y1
,

〈A1u2 +N1θ2, u1 − u2〉V ∗×V + ϕ1(u2, θ2, u1)− ϕ1(u2, θ2, u2)

⩾ (f, π2u1 − π2u2)Y1 .

Adding the inequalities above and using (15)(a), (c), (e), we obtain

(mA1
− θφ1

)‖u1 − u2‖V ⩽ (LN1
+ θφ1

)‖θ1 − θ2‖E . (17)

Taking η = θ1 and η = θ2 in the second inequality in (1) and using (15)(b), (d), (f), we have

(mN2 − θφ2)‖θ1 − θ2‖E ⩽ (LA2 + θφ2)‖u1 − u2‖V . (18)

From (17) and (18), we obtain

‖u1 − u2‖V ⩽ (LN1 + θφ1)(LA2 + θφ2)

(mA1
− θφ1

)(mN2
− θϕ2)

‖u1 − u2‖V . (19)

Combining inequality (19) with the smallness condition (16), we conclude that u1 = u2. Then,
from the inequality (18) we deduce that θ1 = θ2. Consequently, Problem 1 has a unique solution.

Remark 2. Removing the smallness assumption (16) remains a task for future research, since it
is made for mathematical reasons, and does not seem to relate to any inherent physical constraints
of the contact problem considered in Section 7.

Finally, we present the result we will use in the convergence for optimal pairs. The assump-
tion,s which we need in this step, are as follows:
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(a) 0V ∈ K1(u, θ), 0E ∈ K2(u, θ),
(b) 〈A2θ1 −A2θ2, θ1 − θ2〉E∗×E ⩾ mA2‖θ1 − θ2‖2

E with mA2 > 0
for all θ1, θ2 ∈ E,

(c) ϕ1 : V× E×V→ R is such that for all u, v ∈ V, θ ∈ E, and for λ > 0,
we have ϕ1(u, θ, λv) = λϕ1(u, θ, v), ϕ1(v, θ, v) ⩾ 0.

By analogy we make assumptions for the function ϕ2.

(20)

The result is as follows.

Lemma 1. Let f ∈ Y1 and g ∈ Y2 be the given functions, let the assumptions (6)(b)-(c), (15)(a),
(8) hold, and let

mA1
mA2

> m2m1. (21)

Then the solutions u = u(f, g) and θ = θ(f, g) of the system (1) satisfy the bounds

‖u‖V ⩽ c1 and ‖θ‖E ⩽ c2, (22)

respectively, where c1, c2 are constants.

Proof. First, we use (20)(a), and we take v = 0V ∈ K1(u, θ) in the first inequality in the system
(1). Using assumptions (6)(b), (15)(a), (8), and (20), we infer that

‖u‖V ⩽ 1

mA1

(
‖A10V ‖V ∗ +m1(1 + ‖θ‖E) + d1‖f‖Y1

)
. (23)

Next, we use (20)(a) and we take 0E ∈ K2(u, θ) in the second inequality in (1). Using (6)(c), (8)
and (20) in the obtained inequality, we get

‖θ‖E ⩽ 1

mA2

(
‖A20E‖E∗ +m2(1 + ‖u‖V ) + d2‖g‖Y2

)
. (24)

Combining (23), (24), and (21), we deduce (22).

4 A convergence result for the system of quasi-variational
inequalities

The convergence result presented in this section is important in the study of optimal control
problems associated with the system (1). We assume that the assumptions (2)–(12), (15)(a),
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(16) hold and that

(a) {K1n(u, θ)}n∈N converges to K1(u, θ) in the sense of Mosco as n→∞.

The similar assumption is for the sets K2(u, θ) and {K2n(u, θ)}n∈N.

(b) 〈A2θ −A2η, θ − η〉E∗×E ⩾ mA2
‖θ − η‖2E ,with mA2

> 0, for all η, θ ∈ E,

(c) fn ⇀ f in Y1 as n→∞,

(d) gn ⇀ g in Y2 as n→∞,

(e) for all sequence {vn} ⊂ V such that vn ⇀ v in V,

we have π1vn → π1v in Y1,

(f) for all sequence {ηn} ⊂ E such that ηn ⇀ η in E,

we have π2ηn → π2η in Y2.

(25)

Problem 3. Find (un, θn) ∈ C1 × C2 such that un ∈ K1n(un, θn), θn ∈ K2n(un, θn) and

〈A1un +N1θn, v − un〉V ∗×V + ϕ1(un, θn, v)− ϕ1(un, θn, un)

⩾ (fn, π1v − π1un)Y1
for all v ∈ K1n(un, θn),

〈A2θn +N2un, η − θn〉E∗×E + ϕ2(un, θn, η)− ϕ2(un, θn, θn)

⩾ (gn, π2η − π2θn)Y2
for all η ∈ K2n(un, θn).

(26)

We observe that from Theorem 3, for each n ∈ N, there exists a unique solution (un, θn) of
Problem 3. The main result in this section is as follows.

Theorem 4. Assume that (2)–(12),(15), (16), and (25) hold. Then the sequence {un} converges
strongly to u in V , and the sequence {θn} converges strongly to θ in E.

The proof of Theorem 4 is divided into two steps. The first step of the proof is the following.

Lemma 2. There exist the elements û ∈ K1n(û, θ̂) and θ̂ ∈ K2n(û, θ̂) and the subsequences of
{un} and {θn}, still denoted by {un}, {θn} respectively, such that, as n→∞, we have

un ⇀ û in V,

θn ⇀ θ̂ in E.

Proof. First, we will show the boundedness of {un} in V and {θn} in E. Let v ∈ K1(u, θ)

and η ∈ K2(u, θ) be given. We assume (3), and we consider the sequences {vn}, {ηn} such that
vn ∈ K1n(un, θn), ηn ∈ K2n(un, θn) for all n ∈ N and
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vn −→ v in V, ηn −→ η in E. (27)

Let n ∈ N. Taking the first inequality in (26) with vn ∈ K1n(un, θn) and ηn ∈ K2n(un, θn), we
obtain

〈A1un +N1ηn, vn − un〉V ∗×V + ϕ1(un, ηn, vn)− ϕ1(un, ηn, un)

⩾ (fn, π1vn − π1un)Y1
,

〈A1un,−vn + un〉V ∗×V ⩽ 〈N1ηn, vn − un〉V ∗×V + ϕ1(un, ηn, vn)

− ϕ1(un, ηn, un) + (fn, π1un − π1vn)Y1 .

Using (15)(a), we get

〈A1un, un − vn〉V ∗×V = 〈A1un −A1vn, un − vn〉V ∗×V

+ 〈A1vn, un − vn〉V ∗×V

⩾ mA1
‖un − vn‖2V + 〈A1vn, un − vn〉V ∗×V .

From (9)(b), we obtain

ϕ1(un, ηn, vn)− ϕ1(un, ηn, un) ⩽ cφ1(‖un‖V , ‖ηn‖E)‖vn − un‖V ,

and from (6)(b), we have

|〈N1ηn, vn − un〉V ∗×V | ⩽ ‖N1ηn‖V ∗‖vn − un‖V ⩽ m1(1 + ‖ηn‖E)‖vn − un‖V .

Moreover, from (8), we conclude that

|(fn, π1vn − π1un)Y1
| ⩽ ‖fn‖Y1

‖π1vn − π1un‖V ⩽ ‖fn‖Y1
d1 ‖vn − un‖V ,

hence

mA1‖un − vn‖2V ⩽ ‖A1vn‖V ∗‖vn − un‖V +m1(1 + ‖ηn‖E)‖vn − un‖V

+ cφ1(‖un‖V , ‖ηn‖E)‖vn − un‖V + ‖fn‖Y1 d1 ‖vn − un‖V .

From the inequality above and (5)(a), we get

mA1
‖un − vn‖V ⩽a1 + a2‖vn‖V +m1(1 + ‖ηn‖E) + cφ1

(‖un‖V , ‖ηn‖E)

+ d1 ‖fn‖Y1
. (28)
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The relations (27) and (25)(c) imply that the sequences {vn}, {ηn} and {fn} are bounded in
V,E and Y1, respectively. Therefore, from the inequality (28) we deduce that there is a constant
c > 0 independent on n such that ‖un − vn‖V ⩽ c. So, {un} is a bounded sequence in V , and
from reflexivity of V , passing to a subsequence, if necessary, we deduce that

un ⇀ û in V as n −→∞. (29)

Similarly, we can show that ‖θn − ηn‖E ⩽ c, and from this, {θn} is a bounded sequence in E.
Also, the reflexivity of E leads to the conclusion that

θn ⇀ θ̂ in E as n −→∞. (30)

Here û ∈ V and θ̂ ∈ E. Since (29), (30) hold, we can use the Mosco convergence (25)(a) to
obtain

û ∈ K1(un, θn) and θ̂ ∈ K2(un, θn). (31)

Now, we can use to (31) the assumption that the sets K1(un, θn) and K2(un, θn) are weakly
Mosco continuous (see (3)(b), (4)(b)), to obtain û ∈ K1(û, θ̂) and θ̂ ∈ K2(û, θ̂).

Lemma 3. The elements û ∈ K1(û, θ̂) and θ̂ ∈ K2(û, θ̂) are the solutions to Problem 1.

Proof. From the condition (25)(a) of the Mosco convergence, for each v, u ∈ K1(u, θ), we can
find the sequences {vn}, {un} ⊂ K1n(un, θn) such that vn −→ v, un −→ û in V . From the first
inequality in (26) with v = un, we get

〈A1un +N1θn, un − un〉V ∗×V + ϕ1(un, θn, un)− ϕ1(un, θn, un)

⩾ (fn, π1un − π1un)Y1
.

(32)

From (32), we see that

〈A1un, un − un〉V ∗×V ⩽〈N1θn, un − un〉V ∗×V + ϕ1(un, θn, un)

− ϕ1(un, θn, un) + (fn, π1un − π1un)Y1

and moreover, we have

〈A1un, un − û〉V ∗×V = 〈A1un, (un − un) + (un − û)〉V ∗×V

= 〈A1un, un − un〉V ∗×V + 〈A1un, un − û〉V ∗×V .
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Thus

lim sup〈A1un, un − û〉V ∗×V ⩽ lim sup
(
〈N1θn, un − un〉V ∗×V + ϕ1(un, θn, un)

− ϕ1(un, θn, un) + (fn, π1un − π2un)Y1

+ 〈A1un, un − û〉V ∗×V
)
.

Hence lim sup〈A1un, un − û〉V ∗×V ⩽ 0. From the fact that un ⇀ û in V and the pseudomono-
tonicity of A1, we obtain

〈A1û, û− v〉V ∗×V ⩽ lim inf〈A1un, un − v〉V ∗×V for all v ∈ V. (33)

On the other hand, we choose v = vn ∈ K1n(un, θn) in the first inequality of (26). From (32),
we see that

lim inf〈A1un, un − v〉V ∗×V ⩽ lim sup〈A1un, un − v〉V ∗×V . (34)

Using (34) into the inequality

lim sup〈A1un, un − v〉V ∗×V

= lim sup
(
〈A1un, (un − vn) + (vn − v)〉V ∗×V

)
= lim sup

(
〈A1un, un − vn〉V ∗×V + 〈A1un, vn − v〉V ∗×V

)
⩽ lim sup

(
〈N1θn, vn − un〉V ∗×V + ϕ1(un, θn, vn)− ϕ(un, θn, un)

+ (fn, π1un − π2vn)Y1 + 〈A1un, vn − v〉V ∗×V

)
,

and from (33), (34), (29), (27), and (25)(c),(e), we conclude

〈A1û, û− v〉V ∗×V ⩽〈N1θ̂, v − û〉V ∗×V + ϕ1(û, θ̂, v)− ϕ1(û, θ̂, û)

+ (f̂ , π1û− π1v)Y1
for all v ∈ K1(û, θ̂).

(35)

So, û satisfies the first inequality in (26). Using similar arguments, we can prove that θ̂ ∈ K2(û, θ̂)

satisfies the second inequality in (26).

Proof of Theorem 4. From the fact that Problem 1 has a unique solution (u, θ) and Lemma 3,
we deduce that û = u and θ̂ = θ. Hence, every subsequence of {un}, {θn}, which is convergent
weakly in V and E, respectively, has the same limit. So, the whole sequences {un} converges
weakly in V to u as n −→∞ and {θn} converges weakly in E to θ as n −→∞.
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We now prove that un −→ u in V and θn −→ θ in E as n −→∞. We take v = û ∈ K1(û, θ̂)

in (35), and we use û = u. Then

0 ⩽ lim inf〈A1un, un − u〉V ∗×V ⩽ lim sup〈A1un, un − u〉V ∗×V ⩽ 0,

which shows that 〈A1un, un − u〉V ∗×V −→ 0 as n −→∞. From this, (15)(a), taking
û = u and 〈A1un, un − u〉V ∗×V = 〈A1un −A1u, un − u〉V ∗×V + 〈A1u, un − u〉V ∗×V ,

we obtain

〈A1un, un − u〉V ∗×V − 〈A1u, un − u〉V ∗×V = 〈A1un −A1u, un − u〉V ∗×V

⩾ mA1
‖un − u‖2V .

The left-hand side of the equality above convergence to zero, as n −→∞, hence un −→ u in V .
Similarly, we prove that θn −→ θ in E.

5 Optimal control problem

In this section, we will consider the optimal control problem associated to (1). We will control
the solution of the system (1) with f ∈ Y1 and g ∈ Y2. We define the set of admissible pair

V =
{
(u, θ) ∈ C1 × C2 and (f, g) ∈ Y1 × Y2 such that (1) holds

}
. (36)

We deduce from here that the pairs (u, θ) and (f, g) belong to V if and only if f ∈ Y1, g ∈ Y2 and
(u, θ) is the solution of the system (1), that is, u = u(f, g), θ = θ(f, g). Let L : V ×E×Y1×Y2 → R
be a cost functional. Thus, the optimal control problem is as follows.

Problem 4. Find (u∗, θ∗), (f∗, g∗) ∈ V such that

L(u∗, θ∗, f∗, g∗) = min
(u,θ),(f,g)∈V

L(u, θ, f, g).

We assume that for all (u, θ) ∈ V × E and (f, g) ∈ Y1 × Y2, we have

L(u, θ, f, g) = U(u, θ) + F (f, g), (37)

where
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U : V × E −→ R is continuous, bounded, nonnegative, that is,
(a) vn −→ v in V, θn −→ θ in E =⇒ U(vn, θn) −→ U(v, θ),

(b) U maps bounded sets in V × E into bounded sets in R,
(c) U(v, θ) ⩾ 0 for all v ∈ V, θ ∈ E,

 (38)

F : Y1 × Y2 −→ R is weakly lower semicontinuous, coercive, nonnegative,
that is,
(a) fn ⇀ f in Y1 and gn ⇀ g in Y2 =⇒ lim infF (fn, gn) ⩾ F (f, g),

(b) F (f, g) ⩾ 0 for all (f, g) ∈ Y1 × Y2,
(c) ‖fn‖Y1

→ +∞, ‖gn‖Y2
→ +∞ =⇒ F (fn, gn)→ +∞.


(39)

Theorem 5. Assume that (2)–(12), (15), (16), (38)–(39) hold. Then, there exists a solution
(u∗, θ∗), (f∗, g∗) ∈ V of Problem 4.

Proof. Let

ξ = inf
(u,θ),(f,g)∈V

L(u, θ, f, g) ∈ R (40)

and let {(un, θn)}, {(fn, gn)} ⊂ V be the minimizing sequences for the functional L, that is,

limL(un, θn, fn, gn) = ξ. (41)

Our goal is to show that the sequences {fn}, {gn} are bounded in Y1 and Y2, respectively. We will
argue by contradiction. We assume that {fn}, {gn} are not bounded in Y1 and Y2, respectively.
Passing to the subsequences, denoted by {fn}, {gn}, we have, as n −→∞, that

‖fn‖Y1
−→ +∞, ‖gn‖Y2

−→ +∞. (42)

Now, from (37), (38)(c), we get

L(un, θn, fn, gn) ⩾ F (fn, gn).

This, (39)(c) and (41) gives that ξ = limL(un, fn, θn, gn) = +∞ which is in contradiction with
(40), so, {fn}, {gn} are bounded in Y1, Y2, respectively. Therefore, there exist f∗ ∈ Y1 and
g∗ ∈ Y2 such that, passing to the subsequences, as n→∞, we get

f ⇀ f∗ in Y1 and g ⇀ g∗ in Y2. (43)
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Let u∗ = u(f∗, g∗) and let θ∗ = θ(f∗, g∗) be the solution of the system (1) for f = f∗, g = g∗.
From (36) we have

(u∗, θ∗), (f∗, g∗) ∈ V . (44)

Applying Theorem 4 and (43), it follows that, as n→∞, we have

un → u∗ in V and θn → θ∗ in E. (45)

We observe that the assumptions (38)(a) and (39)(a) guarantee the weakly lower semicontinuity
of the functional L. This and the convergences (43) and (45) imply that

lim infL(un, θn, fn, gn) ⩾ L(u∗, θ∗, f∗, g∗). (46)

From (41) and (46) we see ξ ⩾ L(u∗, θ∗, f∗, g∗). Additionally, from (40) and (44), we obtain that
ξ ⩽ L(u∗, θ∗, f∗, g∗). The last two inequalities together with (44) imply that the equality from
the Problem 4 holds.

6 Convergence for optimal pairs

In this section, we study the dependence of the optimal controls pairs of Problem 4 with respect f
and g. We assume that (2)–(12), (15), (16), and (25) hold. We consider the following perturbation
of problem (1).

Problem 5. Given f ∈ Y1 and g ∈ Y2. Find (un, θn) ∈ C1 × C2 such that un ∈ K1n(un, θn),
θn ∈ K2n(un, θn) and

〈A1un +N1θn, v − un〉V ∗×V + ϕ1(un, θn, v)− ϕ1(un, θn, un)

⩾ (f, π1v − π2un)Y1 for all v ∈ K1n(un, θn),

〈A2θn +N2un, η − θn〉E∗×E + ϕ2(un, θn, η)− ϕ1(un, θn, θn)

⩾ (g, π2η − π2θn)Y2
for all η ∈ K2n(un, θn).

(47)

From Theorem 3, we conclude that for each f ∈ Y1 and g ∈ Y2, there exists a unique solution
un = u(f, g), θn = θ(f, g) to the system (47). Moreover, the solutions satisfy the estimations as
in Lemma 4. We define the set of admissible pairs for (47) by

Vn = {(un, θn), (f, g) such that (47) holds }. (48)
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The optimal control problem associated with Problem 5 is as follows.

Problem 6. Find (u∗n, θ
∗
n), (f∗n, g∗n) ∈ Vn such that

L(u∗n, θ∗n, f∗n, g∗n) = min
(un,θn),(fn,gn)∈Vn

L(un, θn, fn, gn).

From assumptions (37)–(39) and Theorem 5, for each n ∈ N, there exists a solution (u∗n, θ
∗
n),

(f∗n, g
∗
n) ∈ Vn of Problem 6. The result is as follows.

Theorem 6. Let {(u∗n, θ∗n)}, {(f∗n, g∗n)} be the sequences of solutions of Problem 6. Then, there
exist the subsequences of the sequences {(u∗n, θ∗n)}, {(f∗n, g∗n)}, denoted in the same way, and a
solution (u∗, θ∗), (f∗, g∗) of Problem 6, such that

un → u∗ in V, θn → θ∗ in E, f∗n ⇀ f∗ in Y1, g∗n ⇀ g∗ in Y2. (49)

Proof. Let n ∈ N.

Claim 1. The sequences {f∗n}, {g∗n} are bounded in Y1 and Y2, respectively.

Assume that {f∗n}, {g∗n} are not bounded in Y1 and Y2, respectively. Thus, for n → ∞, we
have

‖f∗n‖Y1 → +∞, ‖g∗n‖Y2 → +∞. (50)

Using the assumptions (37) and (38)(c), we infer that

L(u∗n, θ∗n, f∗n, g∗n) ⩾ F (f∗n, g
∗
n). (51)

Next, we pass to the limit in (51), as n → ∞. Combining (50) and (39)(c), we deduce that the
following equality holds:

L(u∗n, θ∗n, f∗n, g∗n) = +∞. (52)

Since (u∗n, θ
∗
n), (f

∗
n, g

∗
n) are solutions of Problem 6, we have

L(u∗n, θ∗n, f∗n, g∗n) ⩽ L(un, θn, fn, gn) for all (un, θn), (fn, gn) ∈ Vn. (53)

Let f0 ∈ Y1 and g0 ∈ Y2 be fixed, and let (u0n, θ0n) be the solution of Problem 6 for f = f0,

g = g0, that is, u0n = u(f0, g0) and θ0n = θ(f0, g0). Then (u0n, θ
0
n), (f0, g0) ∈ Vn. Therefore, from

(38)(c), (39)(b), and (22), we have for every n > 0 that
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L(u∗n, θ∗n, f∗n, g∗n) ⩽ U(u0n, θ
0
n) + F (f0, g0) ⩽ C, (54)

where C > 0 does not depend on n. Relations (52) and (54) lead to contradiction which concludes
the proof of the claim.

The sequences {f∗n}, {g∗n} are bounded in Y1 and Y2, respectively, so, we can find subse-
quences, denoted in the same way, and the elements f∗, g∗ such that, as n→∞, we have

f∗n ⇀ f∗ in Y1, g∗n ⇀ g∗ in Y2. (55)

We denote by (u∗, θ∗) the solution of Problem 1 for f = f∗ and g = g∗, that is, u∗ = u(f∗, g∗),

θ∗ = θ(f∗, g∗), then

(u∗, θ∗), (f∗, g∗) ∈ Vn. (56)

Moreover, from Theorem 4, as n→∞, we obtain

u∗n → u∗ in V, θ∗n → θ∗ in E. (57)

Claim 2. The pairs (u∗, θ∗) and (f∗, g∗) are solution to Problem 1.

In the proof of this claim, we will use the conditions (55), (57) and the assumptions (38)(a),
(39) (a), that guarantee the weakly lower semicontinuity of the functional L . Therefore

lim inf
n→0

L(u∗n, θ∗n, f∗n, g∗n) ⩾ L(u∗, θ∗, f∗, g∗). (58)

Let the solution (u∗0, θ
∗
0), (f∗0 , g∗0) of Problem 4 be fixed. For each n ∈ N, we denote by (û0n, θ̂0n)

the solution to Problem 6 for fn = f∗0 and gn = g∗0 , that is, û0n = u(f∗0 , g
∗
0), θ̂0n = θ(f∗0 , g

∗
0).

Hence, (û0n, θ̂0n), (f∗0 , g∗0) ∈ Vn. By the optimality of pairs (u∗n, θ∗n), (f∗n, g∗n), we conclude that
for every n > 0 the following inequality holds L(u∗n, θ∗n, f∗n, g∗n) ⩽ L(û0n, θ̂0n, f∗0 , g∗0). Passing to
the upper limit in the last inequality, we infer that

lim supL(u∗n, θ∗n, f∗n, g∗n) ⩽ lim supL(û0n, θ̂0n, f∗0 , g∗0). (59)

From the fact that (u∗0, θ∗0) is the solution of Problem 1 for f = f∗0 , g = g∗0 , and (ûn0, θ̂n0) is the
solution of Problem 6 for fn = f∗0 , gn = g∗0 , that is,

û∗0 = u(f∗0 , g
∗
0), θ̂∗0 = θ(f∗0 , g

∗
0),

û0n = u(f∗0n, g
∗
0n), θ̂0n = θ(f∗0n, g

∗
0n),
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we are able to use Theorem 4 and deduce that, as n → +∞, we have û0n → u∗0 in V , θ̂0n →
θ∗0 in E. From here and the continuity of the functional (u, θ) 7→ L(u, θ, f∗0 , g∗0)) : V ×E×Y1×Y2 →
R, we get

limL(û0n, θ̂0n, f∗0 , g∗0) = L(u∗0, θ∗0 , f∗0 , g∗0). (60)

combining (58)–(60), we see that

L(u∗, θ∗, f∗, g∗) ⩽ L(u∗0, θ∗0 , f∗0 , g∗0). (61)

On the other hand, since (u∗0, θ
∗
0), (f∗0 , g∗0) is a solution to Problem 4, inclusion (56) implies that

L(u∗0, θ∗0 , f∗0 , g∗0) ⩽ L(u∗, θ∗, f∗, g∗). (62)

Using the inequalities (61) and (62), we obtain

L(u∗, θ∗, f∗, g∗) = L(u∗0, θ∗0 , f∗0 , g∗0).

Hence from (56), we infer that

(u∗, θ∗), (f∗, g∗) is a solution of Problem 4. (63)

Our theorem is a consequence of (55), (57), and (63).

7 Thermoelastic frictional contact problem

In this section, we use abstract results from Sections 4–6 to study thermoelastic frictional contact
problem. The model presented in this Section is simpler version of the model presented in [17].
It is worth to mention, that in the paper we consider the optimal control problem that has not
been the subject of research in [17].

The physical setting of the contact problem is as follows. We consider an elastic body which
occupies a bounded domain Ω ⊂ Rd, where d = 2, 3, with Lipschitz boundary Γ. By ν we denote
the unit normal vector to Γ. The boundary Γ is divided into mutually disjoint, measurable parts
Γ1, Γ2, Γ3, with meas(Γ1) > 0. The body is clamped on Γ1, and a volume force of density f0 and
a heat source q0 act in Ω. Surface tractions of density f2 act on the part Γ2. The part Γ3 is a
contact surface between the body and the foundation. We denote by (V,H1, V

∗) and (E,H2, E
∗)
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the evolution triples, where H1 = L2(Ω;Rd) and H2 = L2(Ω). We define also the following sets

C1 = {v ∈ V | vν ⩽ g1 on Γ3}, C2 = {η ∈ E | η ⩽ θF on Γ3}, (64)

and the set-valued maps K1 : C1 × C2 → 2C1 and K2 : C1 × C2 → 2C2 by

K1(u, θ) = {v ∈ C1 | r1(v) ⩽ m1(u, θ)},

K2(u, θ) = {η ∈ C2 | r2(η) ⩽ m2(u, θ)} (65)

for (u, θ) ∈ C1 × C2. The examples of the sets K1(u, θ) and K2(u, θ) are provided in [17].
We introduce the following notations. By ε(u) = εij(u) = 1

2 (ui,j + uj,i) we denote the
linearized strain tensor. Moreover, by Divσ = (σij,j) and divq = (qi,i) we denote the divergence
operators, respectively, for tensor and vector valued functions. Finally, the canonical inner
products on Rd and Sd we denote by ” · ” and ” : ” , respectively. The thermoelastic contact
problem is the following.

Problem 7. Find a displacement field u : Ω → Rd, a stress field σ : Ω → Sd, a temperature
θ : Ω→ R, and a heat flux field q : Ω→ Rd such that r1(u) ⩽ m1(u, θ), r2(θ) ⩽ m2(u, θ) and

a) σ = Aε(u) +Mθ in Ω,

b) q = −K(∇θ) in Ω,

c) −Divσ = f0, divq = q0 in Ω,

d) u = 0 on Γ1,

e) σν = f2 on Γ2,

f) θ = 0 on Γ1 ∪ Γ2,

g) −q · ν ⩽ 0, θ − θF ⩽ 0, (q · ν)(θ − θF ) = 0 on Γ3,

h uν ⩽ g1, σν ⩽ 0, σν(uν − g1) = 0 on Γ3,

i) −στ = pν(uν)hτ (θ − θF ) uτ
∥uτ∥ on Γ3,

j) q · ν = h1(uν)ke(θ − θF ) on Γ3.
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We present the physical interpretation of Problem 7, and refer to [2, 3, 9, 16, 17, 20, 22] for
details. In this model, the thermoelastic constitutive law with nonlinear elasticity A and thermal
expansion operatorsM is described by (a). The law is justified from the material strength point
of view, since the properties of the elastic materials are often effected by temperature. The
condition (b) presents the Fourier law of heat conduction in which K is the thermal conductivity,
and q is the heat flux vector. The equilibrium equations for the stress and heat flux fields are
presented in (c). Moreover, f0 and q0 stand for the densities of volume forces and of the applied
volume heat sources. The boundary conditions (d) and (e) present the homogeneous Dirichlet and
Neumann conditions, respectively, and the condition (f) shows that the temperature vanishes on
Γ1 ∪Γ2. Condition (g) represents the Signorini-type condition between the relative temperature
θ − θF and the heat flux q · ν. It means that on Γ3 the heat flux is supposed to be unilaterally
directed from the foundation to the body, and then the body temperature does not exceed the
foundation temperature. The Signorini-type contact condition (h) models the contact with a
foundation made of a rigid body covered by a layer made of deformable material of the thickness
g1 (see [22, Sections 8.4 and 8.5]). The relation (i) is the normal compliance contact condition
coupled with the Coulomb friction law (see [9, Section 5.4]), in which pν is prescribed function
such that p(r) = 0 which vanishes for r ⩽ 0 and the coefficient of friction hτ depends on the
relative temperature θ − θF , where θF ⩾ 0 is the temperature of the foundation. The heat
exchange between the temperature and the flux is modeled by condition (j), where the heat
exchange coefficient h1 depends on the normal displacement. The inequalities r1(u) ⩽ m1(u, θ)

and r2(θ) ⩽ m2(u, θ) may accommodate various additional implicit constraints in which we are
interested in the model (see [17, Example 18]).

We introduce the following assumptions for the operators and functions.

The elasticity operator A : Ω× Sd → Sd is such that

(a) A(·, ε) is measurable on Ω for all ε ∈ Sd,
(b) A(x, ·) is continuous on Sd for a.e. x ∈ Ω,

(c) ‖A(x, ε)‖Sd ⩽ a0(x) + a1‖ε‖Sd for all ε ∈ Sd, a.e. x ∈ Ω

with a0 ∈ L2(Ω), a0 ⩾ 0 and a1 > 0,

(d) (A(x, ε1)−A(x, ε2)) : (ε1 − ε2) ⩾ mA‖ε1 − ε2‖2Sd for all ε1, ε2 ∈ Sd

and a.e. x ∈ Ω with mA > 0.


(66)

The thermal expansion operatorM : Ω× R→ Sd is such that
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(a) M(·, s) is measurable on Ω for all s ∈ R,
(b) M(x, ·) is continuous on R for a.e. x ∈ Ω,

(c) ‖M(x, r)‖Sd ⩽ cM (1 + |r|) for all r ∈ R, a.e. x ∈ Ω, with cM > 0.

 (67)

The thermal conductivity operator K : Ω× Rd → Rd is such that

(a) K(·, ξ) is measurable on Ω for all ξ ∈ Rd,
(b) K(x, ·) is continuous on Rd for a.e. x ∈ Ω,

(c) ‖K(x, ξ)‖Rd ⩽ k0(x) + k1‖ξ‖Rd for all ξ ∈ Rd, a.e. x ∈ Ω

with k0 ∈ L2(Ω), k0 ⩾ 0, k1 > 0,

(d) (K(x, ξ1)−K(x, ξ2)) · (ξ1 − ξ2) ⩾ mK‖ξ1 − ξ2‖2Rd for all ξ1, ξ2 ∈ Rd,
a.e. x ∈ Ω with mK > 0.


(68)

The coefficient of heat exchange h1 : Γ3 ×R→ R+ and the function hτ : ΓC ×R→ R+, are such
that for i = 1, τ we have

(a) hi(·, r) is measurable on Γ3 for all r ∈ R,
(b) |hi(x, r1)− hi(x, r2)| ⩽ Lhi |r1 − r2| for all r1, r2 ∈ R, a.e. x ∈ Γ3

with Lhi > 0,

(c) hi(x, r) ⩽ h̄i for all r ∈ R, a.e. x ∈ Γ3 with h̄i > 0.

 (69)

The normal compliance function pν : Γ3 × R→ R+ is such that

(a) pν(·, r) is measurable on Γ3 for all r ∈ R,
(b) |pν(x, r1)− pν(x, r2)| ⩽ Lpν |r1 − r2| for all r1, r2 ∈ R, a.e. x ∈ Γ3

with Lpν > 0,

(c) pν(x, r) ⩽ p̄ for all r ∈ R, a.e. x ∈ Γ3 with p̄ > 0.

 (70)

The coefficient ke : Γ3 × R→ R+ is such that

(a) ke(·, r) is measurable on Γ3 for all r ∈ R,
(b) |ke(x, r1)− ke(x, r2)| ⩽ Lk|r1 − r2| for all r1, r2 ∈ R, a.e. x ∈ Γ3

with Lk > 0,

(c) ke(x, r) ⩽ k for all r ∈ R, a.e. x ∈ Γ3 with k̄ > 0.

 (71)

r1 : V → R, r2 : E → R, m1, m2 : H1 ×H2 → R are functions such that
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(a) r1, r2 are positively homogeneous, subadditive,
and lower semicontinuous,

(b) m1 is continuous, m0
1 := inf{m1(u, θ) | (u, θ) ∈ H1 ×H2} > 0

and r1(0) ⩽ m0
1,

(c) m2 is continuous, m0
2 := inf{m2(u, θ) | (u, θ) ∈ H1 ×H2} > 0

and r2(0) ⩽ m0
2,


(72)

f0 ∈ L2(Ω;Rd), fN ∈ L2(ΓN ;Rd), q0 ∈ L2(Ω), g1 ∈ L2(Γ3), g1 ⩾ 0, θF ⩾ 0. (73)

Remark 3. In the proof of the uniqueness of solution, we will need the following assumptions.

(a) ‖M(x, r1)−M(x, r2)‖Sd ⩽cM1 |r1 − r2| with cM1 > 0

for all r1, r2 ∈ R,

(b) ‖K(x, ξ1)−K(x, ξ2)‖Rd ⩽cK‖ξ1 − ξ2‖Rd with cK > 0,

for all ξ1, ξ2 ∈ Rd.

(74)

The variational formulation of Problem 7 leads to the following system of inequalities.

Problem 8. Find (u, θ) ∈ C1×C2 with u ∈ K1(u, θ), θ ∈ K2(u, θ) such that for all v ∈ K1(u, θ),
η ∈ K2(u, θ), we have∫

Ω

(Aε(u) +Mθ) · (ε(v)− ε(u)) dx

+

∫
ΓC

pν(uν)hτ (θ − θF )(‖vτ‖ − ‖uτ‖) dΓ

⩾
∫
Ω

f0 · (v − u) dx+

∫
ΓN

f2 · (v − u) dΓ,∫
Ω

K(∇θ) · (∇η −∇θ) dx+

∫
ΓC

h1(uν)ke(θ − θF )(η − θ) dΓ

⩾
∫
Ω

q0 · (η − θ) dx.

The main result in this section is as follows.

Theorem 7. Under the assumptions (66)–(74) Problem 8 has a unique solution.

Proof. The idea is to associate with Problem 8 an auxiliary system of inequalities, and apply
Theorem 3. To this goal, we introduce the operators A1 : V → V ∗, A2 : E → E∗, N1 : E → V ∗,
and N2 : V → E∗ defined by
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〈A1u, v〉 =
∫
Ω

Aε(u) : ε(v) dx for u, v ∈ V, (75)

〈A2θ, η〉E∗×E =

∫
Ω

K(∇θ) · ∇η dx for θ, η ∈ E, (76)

〈N1θ, v〉 =
∫
Ω

Mθ : ε(v) dx for θ ∈ E, v ∈ V (77)

and N2 ≡ 0. Furthermore, we define functions ϕ1 : V ×E × V → R, and ϕ2 : V ×E ×E → R by

ϕ1(w, θ, v) =

∫
ΓC

pν(wν)hτ (θ − θF )‖vτ‖ dΓ for w, v ∈ V, θ ∈ E, (78)

ϕ2(w, θ, η) =

∫
ΓC

h(wν)ke(θ − θF )η dΓ. (79)

Finally, we introduce f ∈ Y1 = L2(Ω;Rd)× L2(Γ2;Rd) and g ∈ Y2 = L2(Ω) defined by

(f, π1v)Y1
= 〈f0, v〉L2(Ω;Rd) + 〈f2, v〉L2(Γ2;Rd), for v ∈ V

(g, π2η)Y2
= 〈q0, η〉L2(Ω) for η ∈ E,

(80)

where

π1 : V → Y1 π1v = (v, v|Γ2
) ∀v ∈ V,

π2 : E → Y2 π2η = η for all η ∈ E.

Using (75)–(80), we can rewrite Problem 8 in the following way.

Problem 9. Find (u, θ) ∈ C1 × C2 with u ∈ K1(u, θ), θ ∈ K2(u, θ) where

〈A1u+N1θ, v − u〉+ ϕ1(u, θ, v)− ϕ1(u, θ, u) ⩾ (f, v)Y1

for all v ∈ K1(u, θ),

〈A2θ, η − θ〉E∗×E + ϕ2(u, θ, η)− ϕ2(u, θ, θ) ⩾ (g, η)Y2

for all η ∈ K2(u, θ).

We see that for N2 = 0 Problem 3 reduce to Problem 9. We are ready to apply Theorem
1 and show that Problem 9 has a solution. To this end, we shall verify hypotheses (5)–(10),
(11) and (12). The proofs of these assumptions are analogous to [17, Chapter 4]. Now, we will
verify (3) while condition (4) can be demonstrated by analogous arguments. Assumption (73)
implies that 0 ∈ C1. Assumption (72)(b) implies that r1(0) ⩽ m1(u, θ) for all (u, θ) ∈ C1×C2 so
0 ∈ K1(u, θ). Thus (3)(c) holds with K0 = {0}. By (72)(a), it follows that r1 : V → R is a convex
function, thus, the convexity of K1(u, θ) for each (u, θ) ∈ C1 × C2 is obvious. The closedness of
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K1(u, θ) for (u, θ) ∈ C1×C2 is a consequence of the lower semicontinuity of r1 and the continuity
of embedding of V to H1. So, (3)(a) is satisfied. The proof that K2(un, θn)

M−→ K2(u, θ) for all
{(un, θn)} ⊂ C1×C2, such that (un, θn)→ (u, θ) in (V ×E)w, is similar to [15, Theorem 4.1], so
it is omitted. In order to prove the uniqueness of the solution of Problem 8, we will use Theorem
3. Therefore, we should verify the assumptions (15) and (16). We observe that from (66)(d)
it follows that (15)(a) with mA1

= mA. The condition (15)(b) holds with mN2
= 0. Moreover,

from (74)(a), we conclude that (15)(c) holds with LN1
= cM1

and from (74)(b), we obtain that
(15)(d) holds with LA2

= cK. Finally, from (69)(b), (c), (70)(b), (c), (71)(b), (c) and the Holder
inequality, we see that∫

Γ3

pν(u1ν)hτ (θ1 − θF )(‖u2τ‖ − ‖u1τ‖) dΓ

+

∫
Γ3

pν(u2ν)hτ (θ2 − θF )(‖u1τ‖ − ‖u2τ‖) dΓ

⩽
∫
Γ3

[
|pν(u1ν)− p2ν(u2ν)||h(θ1 − θF )|

+ |pν(u2ν)||hτ (θ1 − θF )− hτ (θ2 − θF )|
∣∣‖u2τ‖ − ‖u1τ‖∣∣] dΓ

⩽
(
Lpνhτ |u1ν − u2ν |+ pLhτ |θ1 − θ2|

) ∣∣‖u2τ‖ − ‖u1τ‖∣∣] dΓ
⩽
(
Lpνhτ‖γ1‖2‖u1 − u2‖V + pLhτ ‖γ1‖ ‖γ2‖ ‖θ1 − θ2‖E

)
‖u2 − u1‖V ,

and, in the similar way as above, we obtain∫
Γ3

h(u1ν)ke(θ1 − θF )(θ2 − θ1) dΓ +

∫
Γ3

h(u2ν)ke(θ2 − θF )(θ1 − θ2) dΓ

⩽
∫
Γ3

[(
h(u1ν − h(u2ν))ke(θ1 − θF )

+ h(u2ν)(ke(θ1 − θF )− ke(θ2 − θF ))
]
(θ2 − θ1) dΓ

⩽
(
k Lh1 ‖γ1‖ ‖γ2‖ ‖u1 − u2‖V + h1 Lk ‖γ2‖2 ‖θ1 − θ2‖E

)
‖θ2 − θ1‖E .

So, the condition (15)(e) and (f) hold with θφ1
= max{‖γ1‖2 Lpνhτ , ‖γ1‖ ‖γ2‖Lhτ p} and θφ2

=

max{‖γ1‖ ‖γ2‖Lh1k, ‖γ2‖2 Lkeh1}, respectively. Here γ1 : V → L2(Γ3;Rd) and γ2 : E → L2(Γ3)

we understand as the trace operators. Proceeding in the similar way as in the proof of Theorem
3, we note that an analogous condition to (16) holds too.

Next, in Problem 9, we can take the sets

K1n(u, θ) = {v ∈ C1n | r1(v) ⩽ m1(u, θ)}, C1n = {v ∈ V | vν ⩽ g1n on Γ3},

K2n(u, θ) = {η ∈ C2n | r2(η) ⩽ m2(u, θ)}, C2n = {η ∈ E | η ⩽ θFn on Γ3}.
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We are in position to use Theorem 4 in order to deduce that un → u in V and θn → θ in E.
We end this section with example of optimal control problem for which the results presented

in sections 5 and 6 hold. Let f0, g1, θF be given. We define the set of admissible pair for Problem
8 as follows:

Vad = {(u, θ) ∈ C1 × C2 and (f2, q0) ∈ L2(Γ3;Rd)× L2(Ω)

such that Problem 8 holds}

and we choose the cost functional

L(u, θ, f2, q0) =θ1‖uν − z0‖L2(Γ3) + θ2‖θ − θ0‖L2(Γ3) + γ1‖f2‖L2(Γ3;Rd)

+ γ2‖q0‖L2(Ω), (81)

where θ0, z0 ∈ L2(Γ3) and θ1, θ2, γ1, γ2 > 0. Then, the problem which we consider can be
formulated as follows.

Problem 10. Find (u∗, θ∗), (f∗2 , q
∗
0) ∈ Vad such that

L(u∗, θ∗, f∗2 , q∗0) = min
(u,θ),(f2,q0)∈Vad

L(u, θ, f2, q0).

The mechanical interpretation of the Problem 10 is as follows. We are looking for a surface
pressure f2 acting on Γ2 and heat source q0 acting on Ω such that a normal displacement and
a temperature of the body is as close as possible to the desired displacement z0 and desired
temperature θ0. Moreover, this choice has to fulfill a minimum expenditure condition which is
taken into account by the last term in (81). We have the following result in the study of Problem
10.

Theorem 8. Let (66)–(73) hold, and moreover, let f ∈ V ∗, q0 ∈ E∗, z0, θ0 ∈ L2(ΓC), and let
θ1, θ2, γ1, γ2 > 0. Then there exists a solution (u∗, θ∗), (f∗2 , q

∗
0) ∈ Vad to Problem 10.

Theorem 8 is a direct consequence of Theorem 5, and we note that Theorem 6 provides a
convergence result for a sequence of optimal pairs of Problem 10. The question about conditions
of optimality will be the future direction of study.
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Mathematical model for an infectious disease with
quarantine
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Abstract

This article presents a novel compartmental mathematical model for an infectious disease that
uniquely distinguishes susceptible individuals into quarantined and nonquarantined groups,
while explicitly capturing dynamic transitions between these compartments. Unlike tradi-
tional models, ours integrates the combined effects of quarantine effectiveness and population
mobility on disease transmission dynamics. We rigorously define the biologically feasible re-
gion and prove its positive invariance, ensuring model consistency. Using the next-generation
matrix method, we derive a precise expression for the basic reproduction number (R0). Our
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analytical contributions include establishing both local and global stability of the disease-free
equilibrium for R0 < 1, and, notably, developing a novel Lyapunov function to prove the
global asymptotic stability of the endemic equilibrium when R0 > 1. Through comprehensive
numerical simulations, we validate the theoretical results and provide new insights into the
critical role of quarantine measures in epidemic control. These findings offer valuable guidance
for designing more effective public health intervention strategies.

AMS subject classifications (2020): 37Dxx; 00A71

Keywords: Infectious diseases, Local stability, Global stability, Reproduction number, Lya-
punov function.

1 Introduction

Historically, infectious diseases have been a major source of morbidity and mortality among hu-
man populations, often devastating entire communities. Beyond individual health implications,
these diseases significantly disrupt community health systems and severely impact economic
and social infrastructures. From the bubonic plague to recent pandemics such as COVID-19,
outbreaks have profoundly shaped human history and public health responses.

Over the last decade, with the rise of global epidemics, quarantine has gained renewed impor-
tance as an effective nonpharmaceutical intervention for infectious disease control. Quarantine
aims to isolate individuals who may have been exposed to the pathogen, thereby reducing trans-
mission potential [1]. This intervention not only curtails the spread of disease but also alleviates
strain on healthcare facilities by modulating the flow of infectious and susceptible individuals.

Mathematical modeling serves as a fundamental tool to understand infectious disease trans-
mission dynamics and evaluate control strategies [6]. While prior models have addressed in-
terventions such as treatment and contact tracing [8, 5], many do not explicitly differentiate
between quarantined and nonquarantined susceptibles or incorporate the role of hospitalization
distinctly within the population compartments.

In this paper, we propose a novel compartmental model that subdivides the total population
into six epidemiological classes: nonquarantined susceptible, quarantined susceptible, latent, in-
fectious, hospitalized, and recovered individuals. Our model explicitly incorporates the dynamics
of quarantine not only for susceptibles but also distinguishes hospitalized individuals as a sep-
arate compartment, capturing their unique role in disease progression and control. The force
of infection is modeled by effective contacts with both infectious and hospitalized individuals,
reflecting realistic transmission pathways.
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The originality of this work lies in the detailed representation of quarantine processes, in-
cluding transfer rates between susceptible and quarantined classes, and an explicit hospitalized
class, which is often aggregated or omitted in existing models. This framework allows a more
nuanced analysis of quarantine’s impact on reducing infection spread and healthcare burden.
Rigorous qualitative analyses, including stability and threshold dynamics, are conducted to pro-
vide insights into the disease behavior and control under quarantine measures.

By integrating these aspects, our model enhances the understanding of how quarantine and
hospitalization jointly influence infectious disease dynamics. The insights gained could inform
public health strategies tailored to optimize quarantine implementation and hospital resource
management in the context of controlling infectious diseases.

2 Model formulation

We denote the total population at time t by N(t), which is subdivided into six disjoint classes
of nonquarantined susceptible S(t), quarantined susceptible Sq(t), latent L(t), infectious I(t),
hospitalized H(t), and recovered R(t) individuals. So, it can be written

N(t) = S(t) + Sq(t) + L(t) + I(t) +H(t) +R(t).

The population of susceptible individuals grows through the recruitment of the new population
(at the rate of Λ). Also, quarantined susceptible may leave their class with rate of ψ and move
into susceptible individuals. It is reduced by infected following efficient contacts with infected
individuals, at rate of λ, given by

λ =
γ(ηII + ηHH)

N(t)
, (1)

where γ is effective contact rate, and ηI and ηH are modifier parameters for infectious and hos-
pitalized. This individual is reduced by transferring from susceptible individuals to quarantined
susceptible individuals with rate of γ, and natural death (with the rate of θ). Then, the dynamic
of susceptible is obtained as follows:

dS

dt
= Λ− λS − (θ + γ)S + ψSq.

In a similar way, other dynamic equations can be obtained. We have

dS

dt
= Λ− λS − (θ + γ)S + ψSq,
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Table 1: Description of parameters in the model (2)

Variable Description
S Population of nonquarantined susceptible individuals
Sq Population of quarantined susceptible individuals
L Population of latent individuals
I Population of infected symptomatic individuals
H Population of hospitalized individuals
R Population of effectively-treated individuals

Parameter Description
Λ Recruitment rate
ηI Modification parameter for infectious
ηH Modification parameter for hospitalized
γ Effective contact rate
θ Per-capita natural mortality rate
δI Per-capita death rate due to infectious
δH Per-capita death rate due to hospitalized
θ Per-capita rate of infected people hospitalized
ψ Transfer rate of quarantined susceptible to nonquarantined susceptible
γ Transfer rate of nonquarantined susceptible to quarantined susceptible
r Fixed number between 0 and 1
σ Endogenous re-activation rate of latent individuals
ψI Effective treatment rate of infectious individuals
ψH Effective treatment rate of hospitalized individuals

dSq
dt

= −rλSq + γS − (ψ + θ)Sq,

dL

dt
= λS + rλSq − (θ + σ)L, (2)

dI

dt
= σL− (θ + ψI + θ + δI)I,

dH

dt
= θI − (ψH + θ + δH)H,

dR

dt
= ψII + ψHH − θR.

The parameters used in the model are given in Table 1, and the graphical representation of the
model is shown in Figure 1.

3 Basic properties of the model

We establish that system (2) is biologically well-posed, demonstrating that its solutions remain
nonnegative for all time.
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Figure 1: Susceptible (S, Sq), Latent (L), Infectious (I), Hospitalized (H), and Recovered (R). Transmission
flows, orange arrows show infection, solid black arrows show transitions, and dashed red arrows show mortality.

Theorem 1. The domain

Ω+ = {(S, Sq, L, I,H,R) ∈ R6
+ | S > 0, Sq, L, I,H,R ≥ 0}

remains positively invariant under the dynamics of system (2).

Proof. The results in [9] guarantee the existence and uniqueness of solutions to (2) on the interval
(0,∞). Restricting the system to the set Ω+, it follows that

dS

dt

∣∣
S=0

= Λ+ ψSq ≥ 0,

dSq
dt

∣∣
Sq=0

= γS ≥ 0,

dL

dt

∣∣
L=0

= λS + rλSq ≥ 0, (3)

dI

dt

∣∣
I=0

= σL ≥ 0,

dH

dt

∣∣
H=0

= θI ≥ 0,

dR

dt

∣∣
R=0

= ψII + ψHH ≥ 0.

Now, if (S(0), Sq(0), L(0), I(0),H(0), R(0)) ∈ Ω+, by (3), then the solution (S, Sq, L, I,H,R)

cannot leave the hyper-planes S = 0, Sq = 0, L = 0, I = 0, H = 0, or R = 0. The vector field is
either tangent to each hyperplane or directed inward relative to Ω+. Consequently, all solutions
remain confined within Ω+, proving its positive invariance.
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Theorem 2. The set Ω+ is positively invariant, and all trajectories with initial conditions in
R6

+ eventually enter Ω+ under the dynamics of (2).

Proof. Summing all the right-hand side expressions of model (2) yields

dN

dt
= Λ− θ(S + Sq + L+ I +H +R)− δII − δHH

≤ Λ− θ(S + Sq + L+ I +H +R) = Λ− θN,

which can be written as
N(t) ≤ Λ

θ
(1− e−θt) +N(0)e−θt.

By choosing initial values from Ω+, it results that N(t) ≤ Λ
θ . Hence, the set Ω+ is positively

invariant.

3.1 Disease-free equilibrium

The disease-free equilibrium (DFE) of system (2) is obtained by setting all right-hand side
terms to zero and solving for the state variables under the condition that all infection-related
components are zero:

ε0 = (S0, S0
q , L

0, I0,H0, R0) = (
Λ(θ + ψ)

θ(θ + ψ + γ)
,

Λγ

θ(θ + ψ + γ)
, 0, 0, 0, 0). (4)

Applying the next-generation matrix method [3, 13], we derive the basic reproduction number
R0 as the spectral radius of the matrix product FV−1, which governs the local stability of the
DFE ε0. Here, F represents the new infection terms and V the transition terms for system (2),
defined as follows:

F =


0 γηI [(θ+ψ)+rγ]

(θ+ψ+γ)
γηH [(θ+ψ)+rγ]

(θ+ψ+γ) 0

0 0 0 0

0 0 0 0

0 0 0 0

 , (5)
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V =


θ + σ 0 0 0

−σ θ + ψI + θ + δI 0 0

0 −θ ψH + θ + δH 0

0 −ψI −ψH θ

 . (6)

The basic reproduction number R0 for system (2) is given by

R0 = ρ(FV−1) =
γσ(θ + ψ + rγ)(ηHθ + ηIk3)

k1k2k3(θ + ψ + γ)
,

where

k1 = σ + θ,

k2 = θ + ψI + θ + δI , (7)

k3 = ψH + θ + δH .

For more details see [3].

Theorem 3. The DFE of system (2) is locally asymptotically stable (L.A.S) when R0 < 1, and
unstable when R0 > 1.

Proof. The Jacobian matrix of system (2) evaluated at the DFE point ε0 is

Jε0 =



−(θ + γ) ψ 0 0 0 0

γ −(θ + ψ) 0 0 0 0

− γ(θ+ψ)
θ+ψ+γ

− γrγ
θ+ψ+γ

−(θ + σ)
γθηI [(θ+ψ)+rγ]

θ(θ+ψ+γ)
γθηH [(θ+ψ)+rγ]

θ(θ+ψ+γ)
0

0 0 σ −(θ + ψI + θ + δI) 0 0

0 0 0 θ −(θ + ψH + δH) 0

0 0 0 ψI ψH −θ


.

This matrix can be decomposed as

Jε0 =

[
A 0

B F − V

]
,

where

A =

[
−(θ + γ) ψ

γ −(θ + ψ)

]
, B =


−γ(θ+ψ)θ+ψ+γ −

γrγ
θ+ψ+γ

0 0

0 0

0 0

 .
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The DFE is L.S.A if and only if all eigenvalues of Jε0 have negative real parts. Since Jε0 is
block lower-triangular, its eigenvalues consist of those of A and those of F −V . The eigenvalues
of A are explicitly

−θ and − (θ + ψ + γ),

both of which are negative. Hence, stability depends on the spectral properties of F − V . The
conditions reduce to

λ(Jε0) < 0 ⇐⇒ λ(F − V) < 0 ⇐⇒ ρ(FV−1) < 1,

where ρ(·) denotes the spectral radius and the invertibility of V is assumed.
Since the basic reproduction number R0 is defined by R0 = ρ(FV−1), we conclude the

threshold behavior:

• If R0 < 1, then the DFE is L.A.S.

• If R0 > 1, then the DFE is unstable.

To analyze the global stability of the DFE, we rigorously apply [12, Theorem 2.1], which pro-
vides sufficient conditions for the global asymptotic stability of an equilibrium in epidemiological
models.

We first rewrite system (2) in the form

x′ = (F − V)x,

where x = [L, I,H,R]T denotes the infected state variables, F represents the matrix of new infec-
tion terms, and V aggregates transition and removal terms as defined in (5) and (6), respectively.
We verify the required conditions for the method:

1. By the model construction and equations (5) and (6), the matrix F satisfies F ≥ 0

(componentwise nonnegative), and the matrix V is a nonsingular M -matrix with inverse
V−1 ≥ 0, explicitly given by

V−1 =


1
k1

0 0 0
σ

k1k2
1
k2

0 0
θσ

k1k2k3
θ

k2k3
1
k3

0
σ(θψH+δHψI+θψI+ψHψI)

θk1k2k3

θψH+δHψI+θψI+ψHψI
θk2k3

ψH
θk3

1
θ

 .
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2. The next-generation matrix K = V−1F has a nonnegative left eigenvector ωT =

[0, ηI , ηH , 0] ≥ 0 corresponding to the spectral radius R0, that is,

ωTK = R0ω
T .

3. Define the Lyapunov function
Q(x) = ωTV−1x,

which is nonnegative for x ≥ 0.

4. Differentiating Q along solutions of the system gives

Q′ = ωTV−1x′ = ωTV−1 ((F − V)x)

= ωT (K − I)x = (R0 − 1)ωTx,

where we used the eigenvector relation ωTK = R0ω
T .

Since ωTx ≥ 0, it follows that, if R0 < 1, then Q′ ≤ 0, with equality only at x = 0, that
is, the DFE. By LaSalle’s Invariance Principle, the largest invariant set where Q′ = 0 is
the singleton {0}.

Therefore, all trajectories of the infectious subsystem converge to the DFE, that means
the DFE is globally asymptotically stable when R0 < 1.

Theorem 4. System (2) at the DFE is globally asymptotically stable if and only if R0 < 1.

3.2 Endemic equilibrium point

The endemic equilibrium point (EEP), denoted by

ε∗ = (S∗, S∗
q , L

∗, I∗,H∗, R∗),

of system (2) is found by solving the steady-state conditions

Ṡ = Ṡq = L̇ = İ = Ḣ = Ṙ = 0.

The equilibrium values are given by
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S∗ =
Λ(rλ∗ + θ + ψ)

(θ + rλ∗ + ψ)(θ + λ∗ + γ)− ψγ
,

S∗
q =

Λγ

(θ + rλ∗ + ψ)(θ + λ∗ + γ)− ψγ
,

L∗ =
Λλ∗

[
Λ(r(λ∗ + γ) + θ + ψ)

]
k1
[
(θ + rλ∗ + ψ)(θ + λ∗ + γ)− ψγ

] , (8)

I∗ =
σΛλ∗

[
Λ(r(λ∗ + γ) + θ + ψ)

]
k1k2

[
(θ + rλ∗ + ψ)(θ + λ∗ + γ)− ψγ

] ,
H∗ =

θσΛλ∗
[
Λ(r(λ∗ + γ) + θ + ψ)

]
k1k2k3

[
(θ + rλ∗ + ψ)(θ + λ∗ + γ)− ψγ

] ,
R∗ =

σΛλ∗
[
Λ(r(λ∗ + γ) + θ + ψ)

][
ψIk3 + ψHθ

]
θk1k2k3

[
(θ + rλ∗ + ψ)(θ + λ∗ + γ)− ψγ

] .
The endemic steady-state value λ∗, defined in (1), satisfies the quadratic equation

a2(λ
∗)2 + a1λ

∗ + a0 = 0,

with coefficients

a2 = k1k2k3 > 0,

a1 = k1k2k3
[
r(θ + γ) + (θ + ψ)

]
− γθr

[
k3(k2 + ηIσ) + ηHθσ

]
,

a0 = θ(1−R0)(θ + ψ + γ)k1k2k3,

where k1, k2, k3 are defined in (7). Using the relation λ1λ2 = a0
a2
, the discriminant analysis of

this quadratic shows that a positive EEP exists if and only if R0 > 1.

Theorem 5. The EEP of system (2), given in (8), is globally asymptotically stable in the interior
of the feasible region when R0 > 1.

Proof. To prove the globally asymptotically stable of EEP, when R0 > 1, we construct a Lya-
punov function V

V =

(
S − S∗ − S∗ ln S

S∗

)
+

(
Sq − S∗

q − S∗
q ln

Sq
S∗
q

)
+

(
L− L∗ − L∗ ln L

L∗

)
+
k1
σ

(
I − I∗ − I∗ ln I

I∗

)
+
k1
σ
· ηHθ
ηeffk3

(
H −H∗ −H∗ ln H

H∗

)
,
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where ηeff = ηI + ηH
θ
k3
. By introducing g(u) = u− 1− lnu, it is clear that g(u) ≥ 0 for u > 0,

with equality only at g(1) = 0. Since g(u) is convex and has a global minimum at u = 1. The
Lyapunov function V can be expressed in terms of the function g(u) as follows:

V = g

(
S

S∗

)
S∗ + g

(
Sq
S∗
q

)
S∗
q + g

(
L

L∗

)
L∗

+
k1
σ
g

(
I

I∗

)
I∗ +

k1ηHθ

σηeffk3
g

(
H

H∗

)
H∗.

It is clear that V (X) ≥ 0 for X ≥ 0, with equality only at V (ε∗) = 0.
Now, we analyze the time derivative of the composite Lyapunov function V = V1 + V2 +

V3 + V4 + V5 to establish global stability of the EEP. Each component corresponds to a specific
compartment in our epidemic model. For the susceptible compartment, we examine

dV1
dt

=

(
1− S∗

S

)
dS

dt
.

Substituting the dS
dt from (2), we have

dV1
dt

=

(
1− S∗

S

)
[Λ− λS − (θ + γ)S + ψSq].

Applying the equilibrium condition Λ− λ∗S∗ − (θ + γ)S∗ + ψS∗
q = 0, we can get

dV1
dt

=

(
1− S∗

S

)
[λ∗S∗ − λS + (θ + γ)(S∗ − S) + ψ(Sq − S∗

q )].

Expanding this expression yields

dV1
dt

= (λ∗S∗ − λS) + ψ(Sq − S∗
q )

− S∗

S
[λ∗S∗ − λS + ψ(Sq − S∗

q )]− (θ + γ)
(S − S∗)2

S
.

Similarly, for the other components, it can be calculated

dV2
dt

= −(ψ + θ)
(Sq − S∗

q )
2

Sq
+ γ(S − S∗)

(
1−

S∗
q

Sq

)
+rλ∗(S∗

q − Sq)
(
1−

S∗
q

Sq

)
+ r(λ∗ − λ)Sq

(
1−

S∗
q

Sq

)
,

dV3
dt

= (λS + rλSq)− k1(L− L∗)

−L
∗

L
[λS + rλSq − (λ∗S∗ + rλ∗S∗

q )− k1(L− L∗)],
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Table 2: Key parameter values for model (2).

Parameter Value Source
Λ 11400 [11]
ηI 0.5 [11]
ηH 0.15 [11]
γ Changes Assumed
θ 0.00021 [4]
δI 0.00999 [2]
δH 0.0007 [2]
θ 0.0267 [2]
ψ 0.4947 [2]
γ 0.2422 [2]
r 0.37 Assumed
σ 0.25 [10]
ψI 0.27 [10]
ψH 0.5 [10]

dV4
dt

= k1

(
1− I∗

I

)
(L− L∗)− k1k2

σ

(I − I∗)2

I
,

dV5
dt

=
k1ηHθ

σηeffk3

(
1− H∗

H

)
[θ(I − I∗)− k3(H −H∗)].

After algebraic calculations and systematic cancellation of all cross-interaction terms, the
complete time derivative becomes

dV

dt
= −(θ + γ)

(S − S∗)2

S
− (ψ + θ)

(Sq − S∗
q )

2

Sq
− k1

(L− L∗)2

L

− k1k2
σ

(I − I∗)2

I
− k1ηHθ

σηeff

(H −H∗)2

H
. (9)

Therefore dV
dt ≤ 0 for all trajectories, with equality if and only if

(S, Sq, L, I,H) = (S∗, S∗
q , L

∗, I∗,H∗). (10)

By using the LaSalle Theorem [7], every bounded trajectory approaches the invariant set Ω+ to
EEP when R0 > 1.
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Figure 2: The population of latent, infectious and hospitalized individuals for R0 < 1.

Figure 3: The population of latent, infectious and hospitalized individuals for R0 > 1.

4 Numerical simulations

The numerical simulations for system (2) are performed in MATLAB using the ODE45 solver.
For Figure 1, the time interval [0, 250] is discretized into N = 1000 uniform steps to ensure
adequate resolution of the system dynamics. For Figure 2, the time interval [0, 2.5 × 104] is
discretized into N = 106 uniform steps to achieve sufficient resolution of the system dynamics.

Using the parameter values listed in Table 2, we computed the basic reproduction number
R0 for two transmission rates: γ = 0.63 and γ = 1.23. The corresponding reproduction numbers
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were found to be R0 = 0.8262 and R0 = 1.6131, respectively. These values allow us to analyze
the system’s behavior under different epidemiological scenarios.

DFE Stability (R0 < 1)

For γ = 0.63 (R0 = 0.8262 < 1), the system exhibits convergence to the DFE. As illustrated in
Figure 2, the population of latent individuals, infectious individuals, and hospitalized individuals
consistently decline over time, eventually approaching zero. This numerical observation confirms
the theoretical stability of the DFE when R0 < 1, indicating that the infection cannot sustain
itself and will eventually die out under these conditions.

EEP Stability (R0 > 1)

Conversely, for γ = 1.23 (R0 = 1.6131 > 1), the system transitions to an EEP. Figure 3 demon-
strates that the subpopulations of latent, infectious, and hospitalized individuals stabilize at
nonzero equilibrium values over time. This persistent behavior suggests that the disease remains
endemic in the population, with the EEP exhibiting asymptotic stability. The convergence of
trajectories to fixed values further supports the existence of a stable endemic state when R0 > 1.

Theoretical and numerical consistency

The numerical simulations align precisely with our analytical stability analysis. The clear dis-
tinction in system dynamics decaying populations for R0 < 1 versus sustained endemic levels for
R0 > 1 validates our theoretical predictions.

These findings have important implications for public health strategies. When R0 < 1, con-
trol measures need only to maintain conditions below this threshold to ensure disease eradication.
However, if R0 > 1, then long-term management strategies must account for the stable endemic
state, emphasizing the need for sustained interventions such as vaccination, improved treatment
rates, or reduced transmission.
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5 Conclusion

In this study, we developed and analyzed an infectious disease model that incorporates both
quarantine and nonquarantine groups. Our analysis shows that when the basic reproduction
number is below one, the DFE is globally stable, emphasizing the critical role of targeted public
health measures in controlling outbreaks. Moreover, by utilizing a Lyapunov function approach,
we demonstrated the global asymptotic stability of the endemic equilibrium, providing insight
into the complex behavior of sustained infections. These theoretical results are further vali-
dated by numerical simulations, reinforcing the robustness of our findings and their potential
implications for disease control strategies.
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explore the synchronization of incommensurate discrete fractional neural networks, spanning
both constant and variable orders. By employing linear feedback control techniques, we es-
tablish a satisfactory criterion to guarantee the synchronization of noncommensurate discrete
fractional neural networks with constant orders. This condition is formulated in terms of lin-
ear matrix inequalities, offering a systematic approach to synchronization. Furthermore, under
specific conditions, the Lyapunov functional is employed to analyze the synchronization of non-
commensurate discrete fractional neural networks with variable orders. This synchronization
condition is solely dependent on the system parameters, facilitating easy verification and imple-
mentation. In order to confirm the efficacy and practicality of the proposed methodologies, two
numerical examples are selected and presented, demonstrating the successful synchronization
of incommensurate discrete fractional neural networks.

AMS subject classifications (2020): Primary 39A12; Secondary 34D06, 34D20, 92B20, 93C55, 39A30.

Keywords: Discrete incommensurate fractional neural networks; Discrete incommensurate
variable-order neural networks; Lyapunov functional; Complete synchronization.

1 Introduction

In recent years, the analysis of nonlinear dynamical systems has increasingly focused on syn-
chronization phenomena, owing to their fundamental role in science and engineering applica-
tions such as secure communications, signal processing, neural computation, and coordinated
control of complex networks. With the widespread use of digital devices and numerical plat-
forms, discrete-time models have become particularly relevant, as they naturally arise in digital
circuits, computer simulations, and networked control implementations. Consequently, the syn-
chronization and control of discrete-time chaotic systems has emerged as an active research area,
especially when memory effects and long-term dependencies are taken into account.

To accurately capture such memory effects, fractional-order modeling has been widely
adopted. Fractional-order systems generalize classical integer-order models by introducing non-
local operators that depend on the entire past evolution of the system. In the discrete-time
setting, fractional difference operators provide a flexible mathematical framework for modeling
systems with hereditary properties. Foundational developments in discrete fractional calculus,
including Riemann-type and nabla-type fractional differences and their associated transforms,
have been established in works such as [2, 12]. More recently, stability and asymptotic behavior
of incommensurate nabla fractional difference systems have been investigated in [7], while non-
linear nabla variable-order fractional discrete systems and their applications to neural networks
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were studied in [13]. These results form the mathematical basis for the analysis of fractional
discrete neural networks.

Within this framework, a wide range of synchronization and control strategies has been
proposed for discrete fractional-order chaotic systems. Active control techniques, which rely on
real-time state reconstruction, have been successfully applied to achieve synchronization and
secure communication in fractional-order discrete-time chaotic systems [8]. Impulsive control
methods, based on intermittent control actions, were developed in [23] to synchronize fractional-
order discrete chaotic systems with reduced control effort. Adaptive and sliding-mode-based
strategies have also been investigated to improve robustness and precision, as demonstrated
in fractional-order discrete-time synchronization problems arising in engineering applications
[20]. In addition, linear state error feedback control remains a simple and effective approach for
synchronizing chaotic discrete dynamical systems [36].

The incorporation of fractional difference operators into neural network models has revealed
a rich variety of dynamical behaviors in discrete-time systems. Fractional-order discrete neural
networks are capable of exhibiting chaos, bifurcations, multistability, and complex attractors,
which are not observed in their integer-order counterparts. Chaos generation and applications
to image encryption were explored in fractional-order discrete neural networks in [5], while in-
commensurate fractional discrete neural networks with complex chaotic behavior were studied in
[1]. The dynamics of fractional-order neural networks with discrete and distributed delays were
investigated in [33]. Moreover, extensive research has been devoted to the stability and control of
fractional discrete neural networks, including new stability criteria [17], solvability and stability
of variable-order fractional discrete neural networks [16, 3], stabilization and synchronization of
nonlinear fractional discrete neural networks [15], finite-time stability results for variable-order
fractional difference equations [11], and finite-time stability analysis of various types of fractional
discrete neural networks [14, 24].

Among the many dynamical phenomena observed in fractional neural networks, synchroniza-
tion plays a particularly important role. Synchronization enables coordinated behavior between
coupled neural systems and is essential for applications in information transmission and secure
communications. Synchronization of fractional-order discrete-time neural networks with time
delays has been studied in [10], while complete synchronization of discrete-time fractional-order
coupled neural networks was analyzed in [6]. Global Mittag–Leffler stability and synchronization
of complex-valued discrete-time fractional-order neural networks were investigated in [37], and
finite-time synchronization of fractional-order memristive recurrent neural networks was reported
in [21]. More refined synchronization patterns have also been explored, including synchroniza-
tion analysis for discrete fractional-order complex-valued neural networks [22], quasi-projective
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synchronization of discrete-time fractional-order quaternion-valued neural networks [38], and lag
synchronization of discrete fractional-order neural networks with time delays [10].

Despite these advances, much of the existing literature has focused on commensurate
fractional-order systems, where all state variables share the same fractional order. However,
in many realistic neural and biological systems, different neurons may possess distinct memory
characteristics, leading naturally to incommensurate fractional-order models. In recent years,
synchronization of incommensurate fractional-order neural networks has therefore attracted in-
creasing attention. Predefined-time synchronization of incommensurate fractional-order compet-
itive neural networks with time-varying delays was studied in [35]. Synchronization in incom-
mensurate Riemann–Liouville fractional-order competitive neural networks with different time
scales was investigated in [9]. Lag quasi-synchronization of incommensurate fractional-order
memristor-based neural networks with nonidentical characteristics was addressed in [18], while
a detailed dynamical analysis and digital circuit realization of incommensurate fractional-order
Hopfield neural networks was presented in [34].

In parallel, variable-order fractional models have emerged as a powerful generalization of
constant-order fractional systems, allowing the fractional order to vary with time and thereby
providing a more accurate description of evolving memory effects. Variable-order fractional
discrete neural networks have been analyzed in terms of existence, uniqueness, stability, and
finite-time behavior in [16, 3, 11, 14]. These models further enrich the dynamics of neural
networks and pose new challenges for synchronization and control design.

It is also worth noting that synchronization of chaotic and fractional-order systems has
been extensively studied through generalized, hybrid, and projective synchronization frameworks.
Comprehensive treatments of fractional-order control and synchronization can be found in the
monograph [4]. Robust and hybrid synchronization methods for fractional and integer-order
chaotic systems were developed in [26, 25, 27, 29], while generalized synchronization of discrete-
time chaotic systems with different dimensions was investigated in [32]. Fractional-order discrete-
time chaotic systems exhibiting chaos, stabilization, and synchronization were studied in [19],
and chaos control and synchronization of fractional discrete-time systems with no equilibrium
were reported in [31]. Applications of chaotic synchronization to secure communication schemes
were further explored in [30], and inverse full-state hybrid function projective synchronization
was investigated in [28]. These works provide an important theoretical and methodological
foundation for the present study.

Motivated by the above discussion, this paper investigates the synchronization and control of
discrete incommensurate fractional-order and variable-order neural networks. Using the Nabla
Caputo fractional difference operator, we propose novel discrete neural network models that
incorporate both heterogeneous (incommensurate) and time-varying (variable-order) memory
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effects. Simple linear control laws are designed to achieve synchronization between drive and
response networks. By constructing suitable Lyapunov functionals, new sufficient conditions are
derived to guarantee synchronization for both constant-order and variable-order incommensurate
neural networks

The remainder of this paper is organized as follows. Section 2 introduces preliminary re-
sults from discrete fractional calculus and variable-order fractional difference theory based on
the nabla operator. Section 3 presents synchronization criteria for discrete incommensurate
fractional-order neural networks with constant orders. Section 4 extends the results to discrete
incommensurate variable-order neural networks. Section 5 provides numerical simulations to
validate the theoretical findings. Finally, section 6 concludes the paper and outlines directions
for future research.

2 Preliminaries

In the following discussion, we introduce fundamental definitions and key principles concerning
discrete fractional calculus to lay the foundation for our investigation. Consider real numbers a
and b, along with a positive constant h. We utilize the notation Na = {a, a + 1, a + 2, . . .} to
denote a set of natural numbers starting from a.

Definition 1. [2] For a function x : Nθ → R with θ as the starting point, and for θ > 0, the θth
order summation operator is defined as follows:

a∇−θx(t) =
1

Γ(θ)

t∑
s=a+1

(t− ρ(s))θ−1x(sh), ρ(s) = s− 1, t ∈ Na. (1)

Additionally, we establish the polynomial factorial function with ascending powers as

tθ =
Γ(t+ θ)

Γ(t)
.

Definition 2. [2] Consider a function x : Na → R defined on Na, where θ > 0. The discrete
Caputo nabla operator is expressed as

C
a∇θx(t) =

1

Γ(1− θ)

t∑
s=a+1

(t− ρ(s))−θ∇x(s), t ∈ Na. (2)

Here,
∇x(t) = x(t)− x(t− 1). (3)
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Let the nonlinear incommensurate fractional-order discrete-time system be described by the
nabla operator:

C
a∇θx(t) = Ax(t), (4)

where θ = (θ1, θ2, . . . , θn) ∈ (0, 1), x(t) = (x1(t), x2(t), . . . , xn(t)).

Theorem 2.1. [7] If det(I − HA) 6= 0, then the system (4) possesses a unique solution for
x0 ∈ Rn. Moreover, if all the eigenvalues of the characteristic equation expressed as

det
(
diag

((
1− 1

s

)θ1
,

(
1− 1

s

)θ2
, . . . ,

(
1− 1

s

)θn)
−A

)
= 0 (5)

reside within the unit disk, then the trivial solution of system (4) achieves asymptotic stability.

Lemma 2.1. Examine the subsequent fractional-order difference inequalities accompanied by
initial conditions: 0 ≤ V i(0, xi(0)) ≤W i(0, yi(0)), i = 1, 2, . . . ,,

C
a∇θ1V 1(t, x1(t)) ≤ C

a∇θ1W 1(t, y1(t)),

C
a∇θ2V 2(t, x2(t)) ≤ C

a∇θ2W 2(t, y2(t)),

...
C
a∇θnV n(t, xn(t)) ≤ C

a∇θnWn(t, yn(t)).

The subsequent inequalities are valid:

V i(t, xi(t)) ≤W i(t, yi(t)), for all t > 0, i = 1, 2, . . . , n, (6)

where V i(t, xi(t)) and W i(t, xi(t)) : [0,∞)× Na → [0,∞).

Definition 3. [13] Let 0 < θ(t) ≤ 1 for all t ∈ Na. Suppose that we have a function x : Na→ R.
We define the left nabla fractional sum of order θ(t) as follows:

a∇−θ(t)x(t) =
1

Γ(θ(t))

t∑
s=a+1

(t− ρ(s))θ(t)−1x(s), t ∈ Na+1. (7)

Definition 4. [13] Given a function x : Na+1 → R with 0 < θ(t) < 1, the Caputo nabla discrete
difference with variable-order is expressed by

C
a∇θ(t)x(t) =

1

Γ(1− θ(t))

t∑
s=a+1

(t− ρ(s))−θ(t)∇x(s), t ∈ Na+1. (8)
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Lemma 2.2. [13] Let x : Na+1 → R; then x(t) fulfills the following inequality:

C
a∇θ(t)x2(t) ≤ 2x(t)2x(t)Ca∇θ(t)x(t). (9)

Let us explore the dynamical system described by the following nonlinear nabla noncom-
mensurate discrete fractional equations:

C
a∇θi(t)xi(t) = f i(t, xi(t)). (10)

In the context of the nabla discrete-time fractional-order system, we consider θ(t) ∈ (0, 1),
x(t) ∈ D ⊂ Rn representing the state space that includes the equilibrium point xe = 0. The
variable t is an element of Na+1, where a ∈ R, and the function f : Na+1 ×D → Rn adheres to
the Lipschitz continuity condition.

Theorem 2.2. [13] If we consider the system (10) defined under the Caputo definition, then the
conditions for asymptotic stability can be established through the existence of class K functions
γ1, γ2, γ3, parameters γ ∈ (0,min θi(t)), pi > 0, and Lyapunov functions V i(t, xi(t)) : Na×D → R
for each i = 1, 2, . . . , n, satisfying

γ1(||x(t)||) ≤
n∑
i=1

pi
C∇θi(t)−γV i(t, xi(t)) ≤ γ2(‖x(t)‖), (11)

n∑
i=1

pi
∂V i(t, xi(t))

∂xi(t)
f i(t, x(t)) ≤ −γ3(‖x(t)‖). (12)

In the context where x(t) ∈ D, t ∈ Na+1, a ∈ R, and V i(t, xi(t)) is a differentiable and convex
function concerning xi(t), the system (10) is deemed to be uniformly asymptotically stable at
xe = 0.

3 Synchronization of discrete incommensurate
fractional-order neural networks

In the following analysis, we investigate the synchronization of incommensurate discrete fractional-
order neural networks, characterized by

C∇θax(t) = −Cx(t) +Bf(t, x(t)). (13)
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In the provided equation, i belongs to the set of natural numbers N = 1, 2, . . . , n, with t

being greater than or equal to zero. The parameter θ = [θ1, θ2, . . . , θn] denotes the vector of
orders, where n represents the total number of units in the neural network. At time t, the
state vector x(t) = (x1(t), . . . , xn(t))

T lies in Rn, and f(x(t)) = (f1(x1(t)), . . . , fn(xn(t)))
T

signifies the activation function of the neurons. Additionally, C = diag(c1, . . . , cn) signifies the
diagonal matrix containing the constant rates at which each unit resets its potential individually,
unaffected by external inputs or network activity. The weights governing the connection between
the jth and ith neurons at time t are represented by (aij)n× n, and I = (I1, I2, . . . , In)

T denotes
the external bias vector.

Before proceeding further, we state the following hypothesis:

(H1): The activation functions f j in the neural network exhibit Lipschitz continuity, ensuring
the existence of positive constants lj , where j = 1, 2, . . . , n. These constants are defined
such that

|f j(x)− f j(y)| < lj |x− y|, for all x, y ∈ R.

The system denoted as (13) serves as the driving system, while the slave system is defined by

C∇θay(t) = −Cy(t) +Bf(t, y(t)) + u(t). (14)

Here, y(t) ∈ Rn represents the state vector of the slave system, with u(t) representing the
controller yet to be devised.

The discrepancy in states between the master and slave systems defines the synchronization
error, articulated as

e(t) = y(t)− x(t). (15)

The error dynamics, deduced from (13) to (14), can be expressed in the following manner:

C∇θae(t) = −Ce(t) +B(f(t, x(t))− f(t, y(t))) + u(t). (16)

Our objective is to devise an appropriate feedback control strategy,

u(t) = Ke(t), (17)

where K = diag(κ1, κ2, . . . , κn) is a diagonal matrix, such that the subsequent error system takes
the form:

C∇θae(t) = −(C −K)e(t) +B(f(t, x(t))− f(t, y(t))). (18)

Alternatively,
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C∇θia ei(t) = −(ci − ki)ei(t) +
n∑
j=1

bij(f j(t, xj(t))− f j(t, yj(t))), i = 1, 2, . . . , n. (19)

The asymptotic stability implies that the trajectory of the slave system governed by (14)
tends towards the trajectory of the master system over time, initialized at y(a), and has the
capability to gradually converge towards the drive system defined by (13), initiated at x(a)

lim
t→∞

‖e(t)‖ = lim
t→∞

‖x(t)− y(t)‖ = 0. (20)

Theorem 3.1. If (H1) is valid, and the subsequent condition is met:

ki > ci −
n∑
j=1

|bij |lj + |bji|li
2

, (21)

then the master-slave systems (13)-(14) achieve synchronization.

Proof. Choose the auxiliary function:

V (t) =

n∑
i=1

V i(t) =
1

2

n∑
i=1

e2i (t). (22)

Employing Lemma 2.2 and computing the θi-order difference on Vi, we derive

C∇θia V i(t) ≤ ei(t)
C∇θia ei(t),

= ei(t)

−(ci − ki)ei(t) + n∑
j=1

bij(f j(t, xj(t))− f j(t, yj(t)))


≤ −(ci − k1)e2i (t) +

n∑
j=1

|bij |ljei(t)ej(t)

≤ −(ci − ki)e2i (t) +
n∑
j=1

|bij |lj
e2i (t) + e2j (t)

2

≤ −(ci − ki)e2i (t) + e2i (t)

n∑
j=1

|bij |lj + |bji|li
2

≤ −

ci − ki − n∑
j=1

|bij |lj + |bji|l1
2

 e2i (t)

= −

ci − ki − n∑
j=1

|bij |lj + |bji|li
2

V i(t).

(23)
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Utilizing (23), we can formulate the corresponding comparative system:
C∇θ1a W 1(t)
C∇θ2a W 2(t)

...
C∇θna Wn(t)

 =


ε11 0 · · · 0

0 ε22 · · · 0
...

... . . . ...
0 0 · · · εnn




W 1(t)

W 2(t)
...

Wn(t)

 , (24)

in which

εii = −

ci − ki − n∑
j=1

|bij |lj + |bji|li
2

 . (25)

The system represented by (24) can be reformulated as

C∇θaW (t) = AW (t). (26)

Let W (t) = (W 1(t),W 2(t), . . . ,Wn(t))
T and let A = diagεiin× n. Lemma 2.1 implies that

the controlled system (26) is asymptotically stable if a certain condition is met, specifically if

W (t)→ 0 when ki > ci −
∑
j = 1n

|bij |lj + |bji|li
2

. By employing the comparison principle from
Lemma 2.1, we deduce that V (t) ≤W (t) and V (t)→ 0. Given V (t) =

∑n
i=1 V i(t) =

∑n
i=1 e

2
i (t),

it follows that ei(t)→ 0. Consequently, the synchronization error system (16) is also stable, thus
concluding the proof.

4 Synchronization of incommensurate discrete
variable-order neural network

Let us explore the synchronization of a discrete incommensurate variable-order neural network,
denoted by (27). We introduce an innovative theorem to ensure synchronized dynamics between
two chaotic neural networks using simple linear control laws. Consider the discrete incommen-
surate variable-order neural network defined by (27) as the master system:

C∇θ1(t)a x1(t) = −c1x1(t) +
∑n
j=1 bijf j(t, xj(t)),

C∇θ2(t)a x2(t) = −c2x2(t) +
∑n
j=1 b2jf j(t, xj(t)),

...
C∇θn(t)a xn(t) = −cnxn(t) +

∑n
j=1 bnjf j(t, xj(t)).

(27)
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Conversely, the controlled discrete incommensurate variable-order neural network represented by
(28) is regarded as the slave system, with n synchronization controllers denoted as L1, L2, . . . , Ln,
respectively: 

C∇θ1(t)a y1(t) = −c1y1(t) +
∑n
j=1 bijf j(t, yj(t)) + L1(t),

C∇θ2(t)a y2(t) = −c2y2(t) +
∑n
j=1 b2jf j(t, yj(t)) + L2(t),

...
C∇θn(t)a yn(t) = −cnyn(t) +

∑n
j=1 bnjf j(t, yj(t)) + Ln(t).

(28)

To achieve complete synchronization, the synchronization error is defined as follows:

ei(t) = xi(t)− yi(t), i = 1, . . . , n. (29)

The synchronization scheme is deemed successful if the following condition holds:

lim
s→+∞

|ei(t)| = 0, for i = 1, . . . , n. (30)

In order to emphasize the pivotal results of the proposed synchronization strategy, the ensuing
theorem is introduced to guarantee the synchronization between the master and slave neural
networks.

Theorem 4.1. The master-slave systems represented by (27) and (28) achieve synchronization
when the controlled variables Li, i = 1, . . . , n, are chosen as follows:

Li(t) = −

 n∑
j=1

|bij |lj + |bji|li
2

 ei(t), i = 1, . . . , n. (31)

Proof. To ensure the convergence of the synchronization errors defined in (29), we begin by
applying the nabla Caputo-type variable-order differences to (29), resulting in

C∇θ1(t)a e1(t) = −c1e1(t) +
∑n
j=1 b1j(f j(t, xj(t))− f j(t, yj(t))) + L1(t),

C∇θ2(t)a e2(t) = −c2e2(t) +
∑n
j=1 b2j(f j(t, xj(t))− f j(t, yj(t))) + L2(t),

...
C∇θn(t)a en(t) = −cnen(t) +

∑n
j=1 bnj(f j(t, xj(t))− f j(t, yj(t))) + Ln(t).

(32)

Substituting the proposed control law (31) for Li, i = 1, . . . , n, in system (32) yields the following
updated fractional discrete system:

Iran. J. Numer. Anal. Optim., Vol. 16, No. 2, 2026, pp 683–702



Momani, Batiha, Hioual and Ouannas 694

C∇θ1(t)a e1(t) = −c1e1(t) +
∑n
j=1 bnj(f j(t, xj(t))− f j(t, yj(t)))

−
(∑n

j=1

|b1j |lj + |bj1|l1
2

)
e1(t),

C∇θ2(t)a e2(t) = −c2e2(t) +
∑n
j=1 bnj(f j(t, xj(t))− f j(t, yj(t)))

−
(∑n

j=1

|b2j |lj + |bj2|l2
2

)
e2(t),

...
C∇θn(t)a en(t) = −cnen(t) +

∑n
j=1 bnj(f j(t, xj(t))− f j(t, yj(t)))

−
(∑n

j=1

|bnj |lj + |bjn|ln
2

)
en(t).

(33)

We proceed to examine the Lyapunov function, which incorporates the collective error state

V (t) =
1

2

n∑
i=1

C∇θi(t)−γa ei2(t). (34)

This results in C∇γaV (t) =
1

2

∑n
i=1

C∇θi(t)a e2i (t). Furthermore, utilizing Lemma 2.2, we derive
the following inequality:

C∇γaV (t) ≤
n∑

i=1

ei(t)
C∇θi(t)a ei(t)

=

n∑
i=1

ei(t)

−ciei(t) + n∑
j=1

bij(f j(t, xj(t))− f j(t, yj(t)))

−

 n∑
j=1

|bij |lj + |bji|li
2

 ei(t)


≤

n∑
i=1

−cie2i (t) +
n∑
j=1

|bij |ei(t)ej(t)−

 n∑
j=1

|bij |lj + |bji|li
2

 e2i (t)

≤
n∑

i=1

−cie2i (t) +
n∑
j=1

|bij |
e2i (t) + e2j (t)

2
−

 n∑
j=1

|bij |lj + |bji|li
2

 e2i (t)

≤−
n∑

i=1

cie
2
i (t) ≤ −γ

n∑
i=1

e2i (t) = −γ‖e(t)‖ < 0.

(35)

Additionally, based on Theorem 2.2, it can be affirmed that the dynamics of the error sys-
tem (29) for discrete incommensurate variable-order networks converge towards zero, indicating
stability. Consequently, the synchronization between the master system (27) and the slave sys-
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tem (28) of the discrete incommensurate variable-order neural network is successfully attained
through the utilization of linear control laws (31). Thus, the proof is duly concluded.

5 Numerical examples

In this section, we employ numerical simulations conducted in MATLAB to provide a com-
prehensive validation of the theoretical findings presented in the preceding theorem. Through
detailed numerical experiments, we aim to offer a deeper understanding and insight into the
synchronization behavior predicted by our theoretical framework.

Example 1. The master system is the incommensurate discrete fractional neural network with
two neurons:  C∇θ1a x1(t) = −0.25x1(t) + 0.1 sin(x1(t))− 0.2 sin(x2(t)),

C∇θ2a x2(t) = −0.3x2(t) + 0.3 sin(x1(t)) + 0.4 sin(x2(t)).
(36)

The slave system is C∇θ1a y1(t) = −1y1(t) + 0.1 sin(y1(t))− 0.2 sin(y2(t)) + k1(t),

C∇θ2a y2(t) = −1.5y2(t) + 0.3 sin(y1(t)) + 0.4 sin(y2(t)) + k2(t).
(37)

The synchronization state-feedback gain is determined as follows:

K =

[
0.2 0

0 0.1

]
, (38)

resulting in the matrix A defined as

A =

[
0.1 0

0 0.2

]
. (39)

Certainly, the matrix A fulfills the criteria delineated in both Theorem 2.1 and Theorem
2.2, signifying the asymptotic stability of the error system. This indicates the attainment of
synchronization between the driving and responding systems. In our computational trials, we
commence with the driving and responding systems initialized at x(0) = (3, 1, 2)T and y(0) =

(4, 2, 3)T , respectively. Figure 1 visually presents the evolution of state synchronization between
these systems, while Figure 2 depicts the synchronization error.

Example 2. Let us regard the three-dimensional discrete incommensurate variable-order neural
network expressed by (40) and (41) as the master-slave systems for our investigation:
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Figure 1: State trajectory of master-slave system (36)–(37).
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Figure 2: Time evolution of the error system.



C∇θ1(t)a x1(t) = −x1(t)− 0.5 tanh(x1(t))− 0.7 tanh(x2(t))

−0.5 tanh(x3(t)),
C∇θ2(t)a x2(t) = −x2(t)− 0.6 tanh(x1(t))− tanh(x2(t))

+0.1 tanh(x3(t)),
C∇θ3(t)a x3(t) = −1.3x3(t)− 0.6 tanh(x1(t)) + 0.5 tanh(x2(t))

−0.3 tanh(x3(t)),

(40)
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while, 

C∇θ1(t)a y1(t) = −y1(t)− 0.5 tanh(y1(t))− 0.7 tanh(y2(t))

−0.5 tanh(y3(t)) + L1(t),

C∇θ2(t)a y2(t) = −y2(t)− 0.6 tanh(y1(t))− tanh(y2(t))

+0.1 tanh(y3(t)) + L2(t),

C∇θ3(t)a y3(t) = −1.3y3(t)− 0.6 tanh(y1(t)) + 0.5 tanh(y2(t))

−0.3 tanh(y3(t)) + L3(t).

(41)
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Figure 3: Trajectory of states in the master-slave systems (40)–(41).

The initial states, e1(0), e2(0), and e3(0), are considered as the starting values. To simu-
late the states of the variable-order error system and synchronized systems (40) and (41), the
predictor-corrector method is employed. The initial values are specified as x(0) = (0.5, 0.3, 0.8)T

and y(0) = (0.1, 0.3, 1)T with 
θ1(t) =

∣∣∣∣12 − e−4(t+1)

∣∣∣∣,
θ2(t) =

1

5
| log(t+ 3)|,

θ3(t) =
1

2
− e

−10
t+1

t+ 1
.

(42)

In Figure 3, the numerical states of the discrete incommensurate systems (40)–(41) are depicted.
Meanwhile, Figure 4 illustrates the time evolution of the error system. These visualizations
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Figure 4: Temporal evolution of the error system.

distinctly demonstrate the synchronized dynamics achieved by the two chaotic fractional neural
networks, confirming the effectiveness and simplicity of the linear control laws (31) in achieving
synchronization.

6 Conclusion

In conclusion, this study has addressed the synchronization of incommensurate discrete frac-
tional neural networks, which extends previous research focused on commensurate systems. By
utilizing linear feedback control methods and establishing sufficient conditions for synchroniza-
tion in terms of linear matrix inequalities, we provided a systematic approach applicable to
networks with both constant and variable orders. The application of the Lyapunov functional
under specific conditions further strengthened our analysis, offering insights into synchronization
dynamics and facilitating easy verification and implementation. Through numerical examples,
we demonstrated the effectiveness and feasibility of our proposed methods, underscoring their
potential for practical applications in various fields reliant on network synchronization. Overall,
our contributions advance the understanding and practical implementation of synchronization
mechanisms in complex fractional-order neural networks.
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Abstract

There are numerous acute viral infections worldwide. Influenza is a respiratory illness caused
by the influenza virus. In the twenty-first century, fractional-order derivative modeling of
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infectious diseases has gained significant popularity. In the literature, several fractional-order
derivative models have been developed. In this research, we propose a fractional two-strain
influenza epidemic model that incorporates both resistant and nonresistant strains. We prove
the existence and uniqueness of a global positive solution. The equilibrium points and the
basic reproduction number are derived. We study the global stability of the equilibrium points
using Lyapunov functions and LaSalle’s invariance principle. Finally, a series of numerical
simulations is presented to illustrate the behavior of the model and to verify our theoretical
results. The results show that although the order of the fractional derivatives does not affect
the stability of the equilibrium states, it plays an important role in the speed at which the
system converges to these equilibria.

AMS subject classifications (2020): Primary 34A08, 92D30; Secondary 34D20, 37N25, 26A33.

Keywords: Fractional order; Influenza; Basic reproduction number; Global stability; Two-
strain.

1 Introduction

Influenza is a highly contagious viral infection that remains a significant public health concern
worldwide. Caused primarily by influenza A and B viruses, it leads to seasonal epidemics and
occasional pandemics that can have severe health and economic consequences [26]. Accord-
ing to the World Health Organization (WHO), annual influenza epidemics are responsible for
approximately 3 to 5 million cases of severe illness and 290,000 to 650,000 respiratory-related
deaths globally each year [31]. Influenza A viruses are further subdivided into subtypes based
on the hemagglutinin (H) and neuraminidase (N) surface proteins, while antigenic drift and shift
contribute to the virus’s genetic variability and epidemiological complexity [30]. A critical chal-
lenge in influenza control is the emergence of multiple co-circulating strains, including those that
develop resistance to antiviral medications such as neuraminidase inhibitors [13]. These resis-
tant strains can compromise treatment efficacy and alter transmission dynamics, necessitating
mathematical tools capable of capturing such complexities. Modeling the interactions between
drug-resistant and drug-sensitive strains is essential for assessing intervention strategies, guiding
vaccine formulation, and understanding long-term evolutionary pressures on the virus [7].

Classical compartmental models, such as the SIR (Susceptible–Infectious–Recovered) and
SEIR (Susceptible–Exposed–Infectious–Recovered) frameworks, have been instrumental in study-
ing infectious diseases, including influenza [17, 19, 6, 14, 20, 4, 5, 16, 35]. These models describe
population dynamics through systems of ordinary differential equations (ODEs), assuming that
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the rate of change in each compartment depends only on the current state and not on past states.
However, real-world epidemiological processes often exhibit memory and hereditary properties.
For example, immunity to influenza wanes gradually, contact rates may vary based on past ex-
posure or social behavior, and virus–host interactions can show time-dependent adaptation [34].
To address these limitations, researchers have increasingly turned to fractional-order differential
equations (FDEs), a generalization of classical calculus that allows for derivatives of noninteger
order [25, 10]. The Caputo fractional derivative, in particular, enables the incorporation of initial
conditions in a way that is consistent with physical and biological systems [18, 9, 32, 24]. Applica-
tions of fractional calculus in infectious disease modeling have demonstrated improved fitting to
epidemic data compared to integer-order models. For example, sub-exponential growth patterns
observed during the early phases of outbreaks of diseases such as COVID-19 and dengue fever
have been effectively captured using fractional models [1, 28, 2, 15, 21, 3, 22]. In the context of
influenza, incorporating fractional dynamics can help model the gradual loss of immunity, delays
in antiviral response effectiveness, and heterogeneous contact structures, especially in the pres-
ence of multiple strains with varying transmission and resistance characteristics [23, 27, 12, 36].
In their study [8], Baba et al. developed and analyzed a deterministic two-strain influenza model
with resistant and nonresistant strains. These strains are differentiated by their incidence rates,
which are bilinear and saturated for the nonresistant strain, and saturated for the resistant
strain. This work extends the previous model of Baba et al. by proposing and analyzing a new
fractional-derivative model that incorporates Caputo derivatives to reflect the influence of past
infection and intervention history on current disease progression.

This paper is organized into eight sections. In Section 2, we formulate a fractional two-
strain influenza model incorporating two distinct incidence rates. In Section 3, we introduce
some mathematical preliminaries that assist in the analysis of our model. Section 4 deals with
the positivity, boundedness, and uniqueness of the solutions. Section 5 is devoted to the de-
termination of the basic reproduction number, the identification of the equilibrium points, and
their global stability analysis. Numerical simulations are presented in Section 6. Finally, Section
7 concludes the study.

2 Model formulation

The model represents the transmission dynamics of a disease involving two viral strains: a non-
resistant strain, denoted by IN (t), and a resistant strain, denoted by IR(t). The system is
formulated using Caputo fractional derivatives of order θ, allowing the incorporation of mem-
ory effects into the disease progression and treatment processes. The population is divided into
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four compartments: susceptible individuals S(t), individuals infected by the nonresistant strain
IN (t), individuals infected by the resistant strain IR(t), and recovered individuals R(t). Sus-
ceptible individuals are recruited at a constant rate b and may become infected through contact
with either IN (t) or IR(t). Transmission by the nonresistant strain follows a standard bilin-
ear form aS(t)IN (t), whereas transmission by the resistant strain is modeled by a saturated

incidence function γS(t)IR(t)

1 + kIR(t)
, where the parameter k represents a saturation effect that limits

the effective transmission of the resistant strain as the number of infected individuals increases.
This saturation may arise from behavioral changes, partial immunity, limited contact opportu-
nities, or treatment-related constraints. Infectious individuals in IN (t) may recover at rate θ,
die naturally, or move to the recovered class. In contrast, individuals in IR(t) represent infec-
tions caused by a strain that resists treatment; hence, the recovery rate γ may be lower. The
saturated transmission term for IR(t) also indicates that as the number of resistant infections
increases, the effective transmission rate declines, which can simulate immunological or medical
saturation effects. Recovered individuals gain immunity through recovery from either strain and
exit the system through natural death. The fractional-order derivatives account for nonlocal,
history-dependent effects, which are biologically relevant for diseases in which immune response,
treatment impact, or behavioral patterns are influenced by past states. This model is particularly
suited to studying the coexistence and competition between resistant and nonresistant strains,
and how memory effects influence the speed and stability of convergence toward the disease-free
or endemic equilibrium. Based on [8], the mathematical representation of these interactions is
given by the following system of fractional differential equations

DθS(t) = b− dS(t)− aS(t) IN (t)− γ S(t) IR(t)

1 + k IR(t)
,

DθIN (t) = aS(t) IN (t)− (d+ θ) IN (t),

DθIR(t) =
γ S(t) IR(t)

1 + k IR(t)
− (d+ γ) IR(t),

DθR(t) = θ IN (t) + γ IR(t)− dR(t).

(1)

Where Dθ denotes the Caputo fractional derivative of order θ, with 0 < θ ≤ 1. All parameters
are described in Table 1. The two-strain diagram is shown in Figure 1. The initial conditions
S(0), IN (0), IR(0), and R(0) of system (1) are assumed to be positive. In our model, we assume
that individuals become susceptible only through birth or immigration, co-infection does not
occur, and immunity is present.
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Table 1: An explanation of the parameters of the model (1).

Parameter Description
b Recruitment into the susceptible class
d Death rate
γ Rate of infection by the resistant strain
a Rate of infection by the nonresistant strain
γ Rate at which individuals with the resistant strain are removed

from the population
θ Rate at which individuals with the nonresistant strain are removed

from the population
k Saturation parameter in the resistant-strain incidence rate

Figure 1: Compartmental diagram of the fractional-order model representing the transmission of nonresistant
and resistant strains.

3 Preliminaries

We present in this section some theoretical results that will help us examine system (1) later in
this study.
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Definition 1. Consider the fractional integral of order θ > 0 of a function H : R+ → R. It is
defined as

IθH(t) =
1

Γ(θ)

∫ t

0

(t− x)θ−1H(x) dx, (2)

where the Gamma function Γ(θ) is defined by

Γ(θ) =

∫ ∞

0

e−ttθ−1 dt.

Definition 2. For a function H : R+ → R, the Caputo fractional derivative of order θ > 0 is
defined by

DθH(t) ≡ I n−θDnH(t), (3)

where D =
d

dt
, n is the smallest integer greater than θ (i.e., n − 1 < θ ≤ n), and n ∈ N. In

particular, when 0 < θ ≤ 1, the fractional derivative can be expressed as

DθH(t) =
1

Γ(1− θ)

∫ t

0

H ′(x)

(t− x)θ
dx. (4)

Definition 3. The Mittag–Leffler function with parameter θ > 0, denoted by Eθ, is defined as

Eθ(t) =

∞∑
i=0

ti

Γ(θi+ 1)
. (5)

Let U : Rn+ → Rn+, with n ≥ 1. We consider the fractional-order system described by

DθU(t) = G(U(t)), (6)

with the initial condition U(0) = U0, where U0 ∈ Rn+ and 0 < θ ≤ 1.

Lemma 1 ([8]). Let D be a compact subset of Rn+. Every solution of system (6) that starts in
D remains in D for all t ≥ 0, provided that there exists a continuously differentiable function
V (U) ∈ C1(D) satisfying

DθV (U) ≤ 0. (7)

Define E as the set of points in D where DθV = 0, and let Ψ denote the largest invariant set
contained in E. Then, every solution U(t) starting in D asymptotically approaches Ψ as t→∞.

Lemma 2 ([8]). Suppose that h(t) ∈ C[a, b] and Dθh(t) ∈ C[a, b] for 0 < θ ≤ 1. Then we have

h(t) = h(a) +
1

Γ(θ)
Dθh(ν)(t− a)θ, a < ν < t, ∀t ∈ (a, b]. (8)
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Lemma 3 ([8]). Suppose that h(t) ∈ C[a, b] and Dθh(t) ∈ C[a, b] for 0 < θ ≤ 1. If Dθh(t) ≥ 0

for all t ∈ [a, b], then h(t) is nondecreasing on [a, b]. If Dθh(t) ≤ 0 for all t ∈ [a, b], then h(t) is
nonincreasing on [a, b].

Lemma 4 ([8]). Let 0 < θ ≤ 1 and let x(t) be a positive and sufficiently smooth function. For
any constant x∗ > 0, define

ψ(x) = x− x∗ − x∗ ln
( x
x∗

)
.

Then, along any positive solution x(t) > 0, the fractional derivative satisfies

Dθψ(x(t)) ≤
(
1− x∗

x(t)

)
Dθx(t).

Consequently, for X(t) = (x1(t), . . . , xn(t)) and

V (X) =

n∑
i=1

(
xi − x∗i − x∗i ln

(
xi
x∗
i

))
,

we have
DθV (X(t)) ≤

n∑
i=1

(
1− x∗i

xi(t)

)
Dθxi(t).

Here, Dθ denotes the Caputo fractional derivative.

4 Positivity, boundedness, and uniqueness of the solution

In this section, we show that, for any given initial data, system (1) admits a unique, positive,
and bounded solution.

Theorem 1. For any positive initial conditions S(0), IN (0), IR(0), and R(0), system (1) admits
a unique, positive, and bounded solution defined in R4

+ for all t ≥ 0.

Proof. First, we demonstrate that the solutions of system (1) remain positive. Assuming that
all model parameters are positive, we have

DθS
∣∣
S=0

= b ≥ 0,

DθIN
∣∣
IN=0

= 0 ≥ 0,

DθIR
∣∣
IR=0

= 0 ≥ 0,

DθR
∣∣
R=0

= θIN + γIR ≥ 0.

(9)
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From Lemmas 2 and 3, it follows that the solutions of system (1) remain positive. We now show
that the solutions of system (1) remain bounded by considering the total population given by

N(t) = S(t) + IN (t) + IR(t) +R(t). (10)

Then,
DθN(t) ≤ b− dN(t), (11)

Consequently, by applying the Laplace transform, we conclude that

N(t) ≤ (− b
d
+N(0))Eθ(−dtθ) +

b

d
. (12)

where Eθ is the Mittag–Leffler function with parameter θ. Consequently, we conclude that the
set

T :=

{
(S, IN , IR, R) ∈ R4

+

∣∣∣∣ S + IN + IR +R ≤ b

d

}
is positively invariant for system (1). Hence, every solution of system (1) remains positive and
bounded.

Theorem 2. For every initial condition U(0) = U0 ∈ T , system (1) admits a unique solution
U(t) defined for all t ≥ 0.

Proof. Let U(t) =
(
S(t), IN (t), IR(t), R(t)

)⊤ and rewrite system (1) as

CDθU(t) = G
(
U(t)

)
, 0 < θ ≤ 1, (13)

where

G(U) =



b− dS − aSIN −
γSIR

1 + kIR

aSIN − (d+ θ)IN

γSIR
1 + kIR

− (d+ γ)IR

θIN + γIR − dR


. (14)

The mapping G : R4
+ → R4 is continuously differentiable with respect to U on R4

+. Hence, G
is locally Lipschitz on R4

+. Therefore, for any U0 ∈ R4
+, there exists a unique local solution

on [0, Tmax) [10]. Moreover, by Theorem 1, the set T is positively invariant, and all solutions
starting in T remain bounded in T for as long as they exist. Assume, by contradiction, that the
maximal existence time satisfies Tmax < +∞. By the standard continuation criterion for Caputo
fractional differential equations, a maximal solution can cease to exist in finite time only if it
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becomes unbounded as t→ T−
max. This contradicts the boundedness of the solution in T . Hence,

Tmax = +∞, and the solution exists globally and is unique.

5 Global stability of equilibria

In this section, we show that system (1) admits a disease-free equilibrium, a nonresistant equi-
librium, a resistant equilibrium, and an endemic equilibrium. Moreover, we employ appropriate
Lyapunov functions and LaSalle’s invariance principle to investigate the global stability of these
equilibrium points.

5.1 Basic reproduction number

Following the epidemiological literature [29], the basic reproduction number R0 is defined as the
expected number of secondary infections generated by a single infected individual introduced
into a wholly susceptible population. We compute R0 for system (1) using the next-generation
matrix approach [33]. At the disease-free equilibrium,

E0 =

(
b

d
, 0, 0, 0

)
,

the matrices of new infection and transition terms are given by

F =


ab

d
0

0
γb

d

 , V =

(
d+ θ 0

0 d+ γ

)
.

The inverse of V is

V −1 =


1

d+ θ
0

0
1

d+ γ

 ,

hence,

FV −1 =


ab

d(d+ θ)
0

0
γb

d(d+ γ)

 .

Therefore, the basic reproduction number is given by
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R0 = ρ(FV −1) = max{RN , RR},

where
RN =

ab

d(d+ θ)
, RR =

γb

d(d+ γ)
.

5.2 Equilibrium points

In this subsection, we characterize the equilibrium structure of the proposed fractional-order
epidemic model given in system (1). The system admits four steady states: the disease-free
equilibrium E0, the nonresistant equilibrium E1, the resistant equilibrium E2, and the endemic
(coexistence) equilibrium E3. We obtain the following equations by setting the right-hand side
of system (1) equal to zero



b− dS − aSIN −
γSIR

1 + kIR
= 0,

aSIN − (d+ θ)IN = 0,

γSIR
1 + kIR

− (d+ γ)IR = 0,

θIN + γIR − dR = 0.

(15)

1. Disease-free equilibrium point
The disease-free equilibrium point denotes the state in which the population carries no
infection and is given by

E0 =

(
b

d
, 0, 0, 0

)
. (16)

For any set of positive parameters, this equilibrium point exists.

2. Nonresistant equilibrium point
The nonresistant equilibrium point represents a steady state where I∗N > 0 and I∗R = 0.
It is given by

E1 =

(
d+ θ

a
,
ab− d(d+ θ)

a(d+ θ)
, 0,

θ

d
.I∗N

)
. (17)

The nonresistant equilibrium point E1 exists if and only if RN =
ab

d(d+ θ)
> 1.
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3. Resistant equilibrium point
The resistant equilibrium point represents a steady state where I∗R > 0, I∗N = 0. It is
represented by

E2 =

(
d+ γ

γ
(1 + k I∗R) , 0,

bγ − d(d+ γ)

(d+ γ)(γ + dk)
,
γ

d
I∗R

)
. (18)

The resistant equilibrium point E2 exists if only if RR =
bγ

d(d+ γ)
> 1.

4. Endemic equilibrium point
The endemic equilibrium point E3 corresponds to the case where I∗N > 0 and I∗R > 0, and
it is given by

E3 =

(
d+ θ

a
,
b+

d+ γ

k
− d+ θ

a

(
d+

γ

k

)
d+ θ

,
1

k

(
γ(d+ θ)

a(d+ γ)
− 1

)

,
θI∗N + γI∗R

d

)
. (19)

The endemic equilibrium point E3 exists if and only if

γ(d+ θ)

a(d+ γ)
> 1 and b+

d+ γ

k
>
d+ θ

a

(
d+

γ

k

)
. (20)

These conditions are necessary and sufficient to ensure S∗ > 0, I∗N > 0 and I∗R > 0. In particular,
these inequalities imply that RN > 1 and RR > 1. Hence, the condition RR ≥ RN > 1 should
be interpreted as a sufficient but not equivalent condition for the existence of the coexistence
equilibrium point.

5.3 Stability analysis

This subsection presents theorems on the global stability of the equilibrium points, derived via
the Lyapunov method and LaSalle’s invariance principle.

Theorem 3. E0 is globally asymptotically stable if max{RN , RR} ≤ 1.

Proof. We introduce the following Lyapunov function

V0 = (S − S0lnS) + IR + IN . (21)
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Using Lemma 4, the θ derivative of V0 satisfies

DθV0 ≤ (1− S0

S
)DθS +DθIR +DθIN (22)

DθV0 ≤ (1− S0

S
)

(
b− dS − aSIN −

γSIR
1 + kIR

)
+ aSIN − (d+ θ)IN +

γSIR
1 + kIR

− (d+ γ)IR (23)

DθV0 ≤ dS0 − dS −
dS2

0

S
+ (d+ θ)IN

(
aS0

d+ θ
− 1

)
+ (d+ γ)IR

(
γS0

(d+ γ)(1 + kIR)
− 1

)
(24)

DθV0 ≤ dS0

(
2− S

S0
− S0

S

)
+ (d+ θ)IN (RN − 1)

+ (d+ γ)IR(RR − 1). (25)

The arithmetic mean is greater than or equal to the geometric mean, we Have

2− S

S0
− S0

S
≤ 0. (26)

Then, DθV0 ≤ 0 if :RR ≤ 1 and RN ≤ 1. We denote A0 The largest invariant set in
(S, IN , IR);D

θV0 = 0. Thus, DθV0 = 0 if and only if S = S0 =
b

d
and IN = IR = 0. Hence, the

disease-free equilibrium is
A0 = E0 =

(
b

d
, 0, 0, 0

)
.

Since LaSalle’s invariance principle that the E0 is globally asymptotically stable if RR ≤ 1 and
RN ≤ 1.

Theorem 4. Assume RN > 1 and RR ≤ 1. Then the equilibrium E1 of (1) is globally asymp-
totically stable.

Proof. Consider the Lyapunov function

V1(S, IN , IR) = S − S1 − S1 ln
( S
S1

)
+ IN − IN1

− IN1
ln
( IN
IN1

)
+ IR. (27)

Using Lemma 4, the θ derivative of V1 satisfies

DθV1 ≤
(
1− S1

S

)
Dθ
tS +

(
1− IN1

IN

)
Dθ
t IN +Dθ

t IR. (28)
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It is clear that,
aS1 = d+ θ, b− dS1 − aS1IN1

= 0, (29)

then
DθV1 ≤ − d

(S − S1)
2

S
− (d+ θ)

(IN − IN1
)2

IN
+
( γS1

1 + kIR
− (d+ γ)

)
IR. (30)

Since k > 0 and IR ≥ 0, one has 1 + kIR ≥ 1. Hence,

γS1

1 + kIR
− (d+ γ) ≤ γS1 − (d+ γ) = (d+ γ)

(
RR − 1

)
≤ 0.

Therefore, the last term in (30) is nonpositive, and we conclude that

DθV1 ≤ − d
(S − S1)

2

S
− (d+ θ)

(IN − IN1)
2

IN
+ (d+ γ)

(
RR − 1

)
≤ 0, (31)

with equality if and only if S = S1, IN = IN1
, and IR = 0.

By LaSalle’s invariance principle, every solution with initial data in T converges to the largest
invariant subset of {DθV1 = 0}, which is {(S1, IN1

, 0)}. Finally, since N = S + IN + IR + R

satisfies DθN = b− dN , we have N(t)→ S1, and thus

R(t) = N(t)− S(t)− IN (t)− IR(t)→ R1.

Hence, the full state converges to E1, proving global asymptotic stability.

Theorem 5. Assume RR > 1 and RN ≤ 1. Then the equilibrium E2 of (1) is globally asymp-
totically stable.

Proof. Consider the Lyapunov function

V2(S, IN , IR) = S − S2 − S2 ln
( S
S2

)
+ IR − IR2 − IR2 ln

( IR
IR2

)
+ IN . (32)

Using Lemma 4, the θ derivative of V2 satisfies

DθV2 ≤
(
1− S2

S

)
DθS + DθIN +

(
1− IR2

IR

)
DθIR. (33)

We have
γS2

1 + kIR2

= d+ γ, b− dS2 −
γS2IR2

1 + kIR2

= 0, (34)

So,

DθV2 ≤ − d
(S − S2)

2

S
− (d+ γ)

(IR − IR2)
2

IR
+
(
aS2 − (d+ θ)

)
IN . (35)
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We have aS2 − (d+ θ) ≤ 0, hence the last term is also nonpositive. Therefore DθV2 ≤ 0, with
equality if and only if S = S2, IR = IR2

, and IN = 0. By LaSalle’s invariance principle, every
solution starting in Ω converges to the largest invariant subset of {DθV2 = 0}, which reduces to
{(S2, 0, IR2)}. Finally, since N = S + IN + IR +R satisfies DθN = b− dN , we have N(t)→ S2,
so R(t) = N(t)− S(t)− IN (t)− IR(t)→ R2. Hence the full state converges to E2, which proves
global asymptotic stability.

Theorem 6. Assume that the endemic equilibrium E3 exists, i.e.,

γ(d+ θ)

a(d+ γ)
> 1 and b+

d+ γ

k
>
d+ θ

a

(
d+

γ

k

)
.

Then the endemic equilibrium E3 is globally asymptotically stable.

Proof. Consider the Lyapunov function

V3(S, IR, IN ) =
(
S − S3 − S3 ln

S

S3

)
+
(
IR − IR3

− IR3
ln IR
IR3

)
+
(
IN − IN3

− IN3
ln IN
IN3

)
, (36)

Using Lemma 4, the θ derivative of V3 satisfies

DθV3 ≤
(
1− S3

S

)
DθS +

(
1− IR3

IR

)
DθIR +

(
1− IN3

IN

)
DθIN . (37)

Substituting the system gives

DθV3 ≤
(
1− S3

S

)(
b− aSIN −

γSIR
1 + kIR

− dS
)

+
(
1− IR3

IR

)( γSIR
1 + kIR

− (d+ γ)IR

)
+
(
1− IN3

IN

)
(aSIN − (d+ θ)IN ) . (38)

At the endemic equilibrium E3 we have

aS3 = d+ θ,
γS3

1 + kIR3

= d+ γ, b = aS3IN3
+

γS3IR3

1 + kIR3

+ dS3.

We obtain

DθV3 ≤ −d
(S − S3)

2

S
− (d+ γ)

(IR − IR3)
2

IR
− (d+ θ)

(IN − IN3)
2

IN
≤ 0. (39)
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So, DθV3 = 0 holds only at S = S3, IR = IR3
and IN = IN3

. Therefore, by LaSalle’s
invariance principle for fractional-order systems, E3 is globally asymptotically stable whenever
it exists, i.e. when RR ≥ RN > 1.

6 Numerical simulations and discussion

In this section, we give some numerical simulations to illustrate our analytical results. For this
end, we apply the numerical algorithm presented by Erturk et al. [11] to numerically solve the
fractional-order model (1). Let us consider the following problemD

θU(t) = G(U(t)),

U(0) = U0, U0 ∈ R4
+,

(40)

where
U(t) = (S(t), IN (t), IR(t), R(t))

⊤ and U0 = (S(0), IN (0), IR(0), R(0))
⊤

is the initial condition. The problem above is solved using the following numerical scheme

U(tj) =
hθ

Γ(θ + 2)

(
(j − 1)θ+1 − (j − θ − 1)θ+1

)
G(U0)

+
hθ

Γ(θ + 2)

j−1∑
i=1

[
(j − i+ 1)θ+1 − 2(j − i)θ+1 + (j − i− 1)θ+1

]
G(U(ti))

+
hθ

Γ(θ + 2)
G(U(tj−1)) +

hθ

Γ(θ + 1)
G(U(tj−1)),

(41)

with tj+1 = tj + h, for j = 0, 1, . . . , N − 1, and U0 = (10, 10, 3, 0). The numerical scheme is
implemented with a fixed time step h = 0.01 over the interval t ∈ [0, T ], where T varies between
80 and 9000. The parameter values used in each figure are reported in Table 2. The fractional
derivative order is chosen from θ ∈ {1, 0.9, 0.7, 0.5}.

6.1 The free-disease equilibrium point

Figure 2 illustrates the time evolution of the system around the disease-free equilibrium
E0 = (0.4, 0, 0, 0), for different values of the fractional-order derivative θ. It is observed that
the infected populations IN (t) and IR(t) decrease monotonically to zero for all considered values
of θ. The recovered population R(t) initially increases due to recovery from infection and then
gradually declines to zero as the disease dies out. Meanwhile, the susceptible population S(t)
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Table 2: The parameters values of model (1).

Parameter Figure 2 Figure 3 Figure 4 Figure 5
γ 0.1 0.1 0.1 0.1
γ 0.01 0.01 0.6 0.6
a 0.05 0.6 0.05 0.9
b 0.04 0.2 0.2 0.2
d 0.1 0.1 0.1 0.1
θ 0.05 0.05 0.05 0.05
k 0.2 0.2 0.2 0.2
RN 0.13333 8.0000 0.6666 5.9999
RR 0.0200 0.1999 5.9999 9.3333

Theorem Theorem 3 Theorem 4 Theorem 5 Theorem 6
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Figure 2: Stability of the disease-free equilibrium for different values of θ.

converges to the constant value S0 =
b

d
= 0.4, in full agreement with the disease-free equilib-

rium. These numerical results are fully consistent with Theorem 3, which guarantees the global
asymptotic stability of E0 when max(RN , RR) ≤ 1. In this case, the basic reproduction numbers
associated with the nonresistant and resistant strains are RN = 0.1333 and RR = 0.0200, respec-

Iran. J. Numer. Anal. Optim., Vol. 16, No. 2, 2026, pp 703–726



719 Mathematical analysis of a fractional-order influenza model with resistant and nonresistant strains

tively, clearly satisfying the stability condition and confirming that the disease cannot persist in
the population.

6.2 The nonresistant equilibrium point E1
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Figure 3: Stability of the nonresistant equilibrium point E1 for different values of θ.

Figure 3 illustrates the behavior of the system toward the nonresistant equilibrium point E1 =

(0.25, 1.1667, 0, 0.5833), under the conditions RN > 1 and RN > RR. According to Theorem
4, these conditions ensure the global asymptotic stability of the equilibrium point E1, which
corresponds to a situation where the nonresistant strain persists while the resistant strain is
eliminated. The numerical simulations are performed using parameter values satisfying RN >

1 ≥ RR, with RN = 8.00 and RR = 0.1999, thereby confirming the theoretical stability conditions
for E1.
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6.3 The resistant equilibrium E2
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Figure 4: Stability of the resistant equilibrium point E2 for different values of θ.

Figure 4 illustrates the dynamics of the system toward the resistant equilibrium point E2 =

(0.3871, 0, 0.8065, 0.8065), for different values of the fractional-order parameter θ, where the
resistant strain dominates the infection dynamics. According to Theorem 5, this equilibrium is
globally asymptotically stable whenever the basic reproduction number of the resistant strain
satisfies RR > 1 and RR > RN . The numerical simulations are in full agreement with these
theoretical results. In particular, the resistant infected population IR(t) converges to a positive
steady-state value, indicating the persistent circulation of the resistant strain in the population.
In contrast, the nonresistant infected class IN (t) decreases monotonically to zero, showing that
the nonresistant strain cannot persist under these conditions. Moreover, the recovered population
R(t) initially increases due to recovery from infection and subsequently approaches a constant
equilibrium level, while the susceptible population S(t) converges to a low-level steady state after
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a transient phase. For the chosen parameter values, the reproduction numbers are RR = 5.9999

and RN = 0.6666, which confirms the validity of the stability conditions stated in Theorem 5.

6.4 The endemic equilibrium E3
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Figure 5: Stability of the endemic equilibrium point E3 for different values of θ.

Figure 5 illustrates the temporal evolution of the system in all compartments. For different
values of the fractional-order parameter θ, all trajectories converge toward the endemic equilib-
rium point E3 = (0.1667, 1.1111, 0.8333, 1.3889). According to Theorem 6, whenever the endemic
equilibrium E3 exists, it is globally asymptotically stable. The numerical simulations confirm
that both infected classes IN (t) and IR(t) approach positive steady-state values, highlighting
the long-term coexistence of the nonresistant and resistant strains. Similarly, the susceptible
population S(t) and the recovered population R(t) converge to constant equilibrium levels, in-
dicating the persistence of the infection in the population. For the selected parameter set, the
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basic reproduction numbers satisfy RN > 1 and RR > 1, in full agreement with the theoretical
results.
Now, regarding the effect of the fractional-order derivative on the behavior of the infection dy-
namics, the previous figures show that for smaller values of the fractional-order parameter θ, the
model converges rapidly toward the corresponding stable equilibrium states. In contrast, larger
values of θ result in a much slower convergence to the steady states, which can be interpreted as
a stronger memory effect. Moreover, variations in the fractional-order parameter do not affect
the stability of the equilibrium points themselves, but rather influence the time required for the
system to reach these steady states. However, our model has some limitations and does not allow
predicting the long-term dynamics for the other cases.

7 Conclusion

In this work, we proposed a fractional-order SIR-type epidemic model incorporating two viral
strains resistant and nonresistant via Caputo derivatives to capture memory effects in the bi-
ological processes better. We rigorously established the existence, uniqueness, positivity, and
boundedness of solutions, ensuring the model’s consistency with epidemiological reality.

The analysis centered around the basic reproduction numbers RN and RR, derived for the
nonresistant and resistant strains, respectively. Using Lyapunov functions and the fractional
version of LaSalle’s invariance principle, we proved the global asymptotic stability of four biolog-
ically meaningful equilibria, depending on the comparative values of RN and RR. Specifically,
the disease-free equilibrium E0 is globally asymptotically stable when max(RN , RR) ≤ 1; the
nonresistant equilibrium E1 becomes globally stable when RN > 1 and RN > RR; the resistant
equilibrium E2 is stable when RR > 1 and dominates RN ; and the endemic equilibrium E3 is
globally asymptotically stable when both reproduction numbers are equal and greater than one,
that is, RN ≥ RR > 1.

Numerical simulations were performed to validate the theoretical results. They demonstrated
that, regardless of the value of the fractional order θ ∈ (0, 1], the system consistently converges
to the appropriate equilibrium predicted by the reproduction numbers. Importantly, the value
of θ influences the speed of convergence, but not the qualitative stability with smaller θ inducing
faster dynamics due to memory effects.

This study illustrates the added realism provided by fractional calculus in epidemic model-
ing, especially when dealing with treatment response and mutation-induced resistance. As future
work, one may consider extending this model to include stochastic perturbations or investigating
bifurcation behavior to further characterize transitions between equilibria. This suggested model
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has some limitations and does not allow predicting the long-term dynamics for the other repro-
duction numbers cases. An important extension of the present work would be to incorporate a
treatment-induced transition from the nonresistant infected class IN to the resistant class IR,
which may represent amplification due to incomplete or inappropriate treatment. Such a mech-
anism would modify the structure of the endemic equilibrium and the Lyapunov-based stability
analysis. Although the coexistence of both strains is expected to persist for sufficiently small
amplification rates, the global asymptotic stability of the coexistence equilibrium E3 cannot be
guaranteed without a separate analysis. This issue will be addressed in future work.
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the inherent stochastic noise, their convergence stagnates at a certain level of accuracy, failing
to achieve the optimal rate.

This paper proposes Tailed-Average SGD (TA-SGD), a novel modification designed to re-
cover this optimal rate. Our algorithm integrates the classical Polyak–Ruppert averaging tech-
nique, but critically, it applies this averaging only after a predefined initial “burn-in” period
(Kburn).

This “tailed” approach strategically discards the initial, high-error iterates from the tran-
sient phase, which we demonstrate can “poison” a naive averaging scheme applied from k = 0.
We provide a rigorous theoretical analysis proving that TA-SGD achieves the best of both
worlds: It preserves the almost sure convergence guarantees of the baseline method, while si-
multaneously succeeding in noise cancellation to achieve the optimal mean squared error (MSE)
rate of O(1/K).

Our numerical experiments on a large-scale quadratic program validate these theoretical
claims, demonstrating that TA-SGD successfully overcomes this stagnation. It significantly
outperforms both the baseline algorithm (which stagnates) and the naive full-averaging scheme
(which converges prohibitively slowly).

AMS subject classifications (2020): Primary 90C15, 90C25; Secondary 49M30, 65K05, 68T05.

Keywords: Constrained optimization, Polyak–Ruppert averaging, Adaptive barrier function,
Stochastic gradient descent, Optimal rate.

1 Introduction

Stochastic gradient descent (SGD) and its variants have become cornerstone algorithms in mod-
ern large-scale optimization, driving progress in fields ranging from machine learning to net-
worked systems [1, 13, 24]. These methods are fundamentally rooted in the pioneering work on
stochastic approximation by Robbins and Monro [16].

While SGD is exceptionally efficient for unconstrained problems [7], its application to con-
strained optimization remains an active area of research [19]. Many classical approaches require
full knowledge of the constraint set at each iteration, often necessitating computationally expen-
sive projection steps that are prohibitive when the number of constraints is very large [21].

To overcome this challenge, recent methods have been developed that rely on sampling only
a subset of constraints. These include methods based on penalty functions [11, 22] or primal-
dual approaches [23]. A particularly promising direction, however, is the Adaptive Relaxed
Barrier SGD algorithm proposed by Dimitrieski, Cao, and Ebenbauer [4]. This approach avoids
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expensive projections by using a carefully adapted relaxed barrier function [6, 5], and it allows
for sampling both the objective function and the constraints.

While this baseline algorithm is guaranteed to converge almost surely [4], our investigation
reveals a critical limitation: Its convergence stagnates at a suboptimal level. Due to the inherent
stochastic noise, the algorithm fails to achieve the optimal convergence rate.

To address these limitations, this paper proposes tailed-average SGD (TA-SGD).

Contributions and Novelty.

It is important to distinguish our contribution from the baseline work of Dimitrieski, Cao, and
Ebenbauer [4]. While they established the almost sure convergence of the adaptive relaxed
barrier SGD, their analysis and experiments show that the algorithm suffers from variance-
induced stagnation, preventing it from reaching the optimal O(1/K) rate. Our work differs in
two key aspects:

1. Algorithmic Modification: We introduce a “Tailed-Averaging” mechanism with a
strictly defined burn-in phase (Kburn). Unlike the standard Polyak–Ruppert averaging
[15] applied from the start (which we show fails due to the “poisoning effect” of transient
iterates), our approach specifically targets the post-transient phase.

2. Theoretical Guarantee: We provide a rigorous proof (Section 3) demonstrating that
this modification recovers the optimal convergence rate established by Polyak and Juditsky
[15] and reduces the asymptotic variance, a result not achieved in the baseline work [4].

Our numerical experiments on a large-scale quadratic program validate these theoretical
claims, demonstrating that TA-SGD successfully overcomes the stagnation and significantly out-
performs both the baseline algorithm and the naive full-averaging scheme.

2 Proposed algorithm: Tailed-average SGD

In this section, we introduce our proposed algorithm, named TA-SGD (Tailed-average
SGD). This algorithm is designed to efficiently solve large-scale constrained optimization prob-
lems by combining the adaptive relaxed barrier method of Dimitrieski, Cao, and Ebenbauer [4],
with the optimal-rate acceleration technique of Polyak–Ruppert averaging [15].

The core idea is to first use the Adaptive Relaxed Barrier SGD [4] to generate a “primary
iterate” (xk) that handles constraints stochastically. Then, to achieve an optimal convergence

Iran. J. Numer. Anal. Optim., Vol. 16, No. 2, 2026, pp 727–756



Fillali, Addoune and Zeghdane 730

rate and overcome the high-variance “stagnation” issue inherent in standard SGD, we apply the
Polyak–Ruppert averaging technique, but only after an initial “burn-in” period.

2.1 Problem formulation and assumptions

The objective is to solve the following constrained optimization problem:

min
x∈Rd

f(x) :=
1

n

n∑
i=1

fi(x) subject to gj(x) ≤ 0, for all j ∈ {1, . . . ,m}, (1)

where we assume that the objective functions fi and constraint functions gj are continuously
differentiable (C1) functions. We adopt the following standard assumptions, with mathematical
formulations that are common in this field [3, 2, 18]:

Assumption 1 (Objective function properties). The objective function f and its components
fi are assumed to possess the following properties for constants L ≥ θ > 0 and for any x, y ∈ Rd:

1. L-Smoothness: Each component fi(x) is L-smooth, meaning its gradient is Lipschitz
continuous with constant L:

fi(y) ≤ fi(x) +∇fi(x)T (y − x) +
L

2
||y − x||2.

2. Convexity: Each component fi(x) is convex:

fi(y) ≥ fi(x) +∇fi(x)T (y − x).

3. Strong Convexity: We assume that at least one component function fi(x) is θ-strongly
convex. Consequently, the average function f(x) is strongly convex with parameter θ:

f(y) ≥ f(x) +∇f(x)T (y − x) + θ

2
‖y − x‖2.

These assumptions, although restrictive, are not uncommon in convergence proofs for gradient-
based optimization algorithms; see [2, 4, 13].

Assumption 2 (Constraint functions). The constraint functions gj(x) are affine, defined as
follows:

gj(x) := aTj x+ bj ,
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where aj ∈ Rd and bj ∈ R. The feasible set X := {x ∈ Rd : gj(x) ≤ 0, for all j} is assumed to
have a nonempty interior, which is a fundamental condition for applying barrier-based methods
[2, 6]

Remark 1 (Extension to nonaffine constraints). It is important to note that while our formal
convergence analysis (Theorem 1) relies on the affine nature of gj(x) to guarantee the quadratic
upper bound of the barrier function, the proposed TA-SGD framework is theoretically extensible
to general convex constraints. As discussed in the foundational framework [4], Assumption 2 can
be relaxed to include any continuously differentiable (C1) convex functions, provided that the
iterates {xk} are ensured to remain bounded (e.g., via projection onto a large compact set). The
“tailed-averaging” mechanism we propose is particularly beneficial in such nonaffine settings, as
it effectively dampens the higher variance introduced by the curvature of nonlinear constraints.

Assumption 3 (Stochastic sampling). At each iteration k, an objective index ik ∼ U{1, . . . , n}
and a constraint index jk ∼ U{1, . . . ,m} are sampled independently and uniformly at random.
This uniform distribution is chosen to ensure that the stochastic gradients are unbiased estimators
of the true gradients, thereby satisfying the standard assumptions for SGD algorithms [16]. This
is demonstrated by the following equations:

1. For the objective function: The expected value of the sampled stochastic gradient is
equal to the true gradient of the full function [4, 16]:

E[∇fik(x)] =
1

n

n∑
i=1

∇fi(x) = ∇f(x).

2. For the barrier function: The expected value of the sampled stochastic gradient of the
barrier function equals the average effect of the gradients over all constraints [4]:

E[∇B(gjk(x), δ)] =
1

m

m∑
j=1

∇B(gj(x), δ).

Before describing the algorithm, we formally define the “Relaxed Problem” associated
with the barrier parameter δ. It is the unconstrained minimization of the objective function
augmented by the relaxed barrier:

min
x∈Rd

f(x) + 1

m

m∑
j=1

B(gj(x), δ)

 .
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Let x∗(δ) denote the unique minimizer of this relaxed problem. Our goal is to verify convergence
to x∗(δ∞), which serves as an approximation of the true constrained solution x∗.

2.2 Proposed method: Tailed trajectory averaging

To address the high-variance and suboptimal convergence rate of the baseline method [4], we
introduce a novel modification inspired by the classical work on optimal-rate stochastic approx-
imation [15]. We term our algorithm TA-SGD.

The core idea is to apply the Polyak–Ruppert averaging technique, which is known to achieve
an optimal convergence rate [15], but only after the algorithm has completed an initial “burn-
in” period.

Our investigation reveals that a naive application of averaging starting from k = 0 fails (see
section 4). This is because the initial iterates xk are in a rapid transient phase, far from the
optimal solution. Including these distant iterates in the average “poisons” the estimate, pulling
it away from the true minimizer and drastically slowing convergence.

Figure 1: Conceptual diagram of the proposed TA-SGD mechanism. Phase 1 (Burn-in) allows the primary
iterate xk (blue, dashed) to reach a stationary region. Phase 2 (Averaging) begins at Kburn, computing xk
(green, solid), which converges at an optimal rate with low variance.

Our TA-SGD method avoids this by decoupling the optimization into two phases. First,
a “burn-in” phase of Kburn iterations allows the primary iterate xk to escape the transient
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dynamics and settle into a neighborhood of the optimum x∗(δ∞). Second, an “averaging” phase
begins, which systematically cancels the stochastic noise from sampling fi and gj .

This two-phase process is illustrated conceptually in Figure 1. The diagram shows how the
primary iterate (xk) converges to a high-variance stagnation region (Phase 1), while the tailed-
average iterate (xk) only begins computation after the burn-in period (Kburn) and converges
smoothly to the optimal solution with low variance (Phase 2).

This leads to our proposed TA-SGD update rule, which is defined by two sequences: the
primary iterate xk and the averaged iterate xk.

1. Primary iterate update (from [4]): The primary iterate xk follows the original Adap-
tive Relaxed Barrier SGD update:

xk+1 = xk − γk (∇fik(xk) +∇B(gjk(xk), δk)) . (2)

2. Tailed-average iterate update (our contribution): The final solution xk is com-
puted as a conditional average, which is only active after the burn-in period Kburn:

xk+1 =

 xk+1 if k < Kburn,(
1− 1

k−Kburn+1

)
xk +

1
k−Kburn+1xk+1 if k ≥ Kburn.

(3)

The final output of the algorithm is the averaged sequence xk. By waiting for the transient
phase to complete, this update rule ensures that only high-quality iterates contribute to the final
average, thereby achieving a low-variance solution and an optimal theoretical convergence rate.

2.3 Adaptive strategy for Kburn selection

A key practical question is how to determine the length of the burn-in period Kburn. While
adaptive schemes for detecting stationarity exist in the literature [14], we provide a theoretical
heuristic based on the nonasymptotic analysis of Polyak–Ruppert averaging.

According to [12], the error in SGD consists of two terms: a bias term related to the initial
condition x0, and a variance term related to the stochastic noise. The bias term decays geomet-
rically at a rate of approximately (1− γθ)k during the initial phase. To ensure that the iterates
have “forgotten” the starting point and entered the steady-state regime (where averaging is most
effective), the bias should be reduced to a small tolerance εinit. This suggests that Kburn should
satisfy
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(1− γθ)Kburn ≤ εinit =⇒ Kburn ≈
1

γθ
log
(

1

εinit

)
.

Recognizing that the convergence speed is dictated by the condition number κ = L/θ, this leads
to the heuristic:

Kburn = O
(
κ log

(
1

εinit

))
= O

(
L

θ
log
(

1

εinit

))
.

Remark on adaptivity: This formula defines an adaptive mechanism where the burn-in pe-
riod scales automatically with the problem’s condition number κ = L/θ. Instead of being set
as an arbitrary fixed hyperparameter, Kburn adapts to the optimization landscape’s geometry,
ensuring the averaging phase begins only after the specific transient dynamics of the problem
have subsided.

For a detailed mathematical derivation of this heuristic, we refer the reader to Appendix C.

2.4 TA-SGD algorithm specification

The complete procedure for our proposed TA-SGD algorithm is detailed in Algorithm 1. The
logic follows the two-phase process defined in Section 2.2, combining the primary iterate update
(2) with the conditional averaging update (3).

3 Convergence analysis

In this section, we provide the formal proof of almost sure convergence for the proposed TA-
SGD algorithm (Algorithm 1). This proof establishes that the algorithm’s output converges to
the correct solution. The analysis of its “rate” of convergence (i.e., its speed and superiority) is
deferred to Section 3.2.

Remark on convergence analysis and novelty:

It is important to clarify the theoretical role of the burn-in period Kburn. Since Kburn is finite, it
does not alter the asymptotic convergence rate of the averaging scheme; our asymptotic analysis in
Section 3.2 naturally aligns with the classical framework of Polyak and Juditsky [15]. However,
the novelty of TA-SGD lies in the finite-time performance. The standard theory assumes
asymptotic behavior (k →∞), but in practice, initial transient iterates can significantly bias the
average for finite K. The proposed modification ensures that the averaging mechanism is applied
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Algorithm 1 TA-SGD for constrained optimization
Require: Initial point x0 ∈ Rd
Require: Number of iterations K
Require: Burn-in period Kburn ≥ 0
Require: Step-size schedule {γk}K−1

k=0

Require: Barrier-parameter schedule {δk}K−1
k=0

1: Initialize: Set averaged iterate x0 ← x0
2: for k = 0 to K − 1 do
3: . Phase 1: Primary Iterate Update (from [4])
4: Sample an objective index ik ∼ U{1, . . . , n}
5: Sample a constraint index jk ∼ U{1, . . . ,m}
6: Compute stochastic objective gradient: Gf ← ∇fik(xk)
7: Compute stochastic barrier gradient: Gb ← ∇B(gjk(xk), δk)
8: Update primary iterate: xk+1 ← xk − γk(Gf +Gb)
9: . (2)
10: . Phase 2: Tailed-Average Iterate Update (Our Contribution)
11: if k < Kburn then
12: . Follow primary iterate during burn-in
13: xk+1 ← xk+1

14: else
15: . Set local averaging counter
16: N ← k −Kburn + 1
17: . Compute recursive average
18: xk+1 ← (1− 1

N )xk +
1
N xk+1

19: end if
20: end for
21: . The final solution is the averaged iterate
22: return xK

only to the stationary distribution of the iterates, thereby bridging the gap between theoretical
asymptotic rates and practical finite-time execution.

3.1 Almost sure convergence

Our proof builds directly upon the convergence guarantees established for the primary iterate
sequence in the foundational work by Dimitrieski, Cao, and Ebenbauer [4], which itself relies on
fundamental convergence theorems for stochastic processes [17].

Theorem 1 (Almost sure convergence of TA-SGD). Consider the constrained optimization
problem (1) and assume Assumptions 1, 2, and 3 hold. Let {γk}k≥0 and {εk}k≥0 be positive
sequences such that δk = δ∞ + εk (with δ∞ > 0) satisfying
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(a)
∑∞
k=0 γk =∞,

(b)
∑∞
k=0 γ

2
k <∞,

(c)
∑∞
k=0 γkεk <∞.

Then, for any finite burn-in period Kburn ≥ 0, the sequence of tailed-average iterates {xk}k≥0

generated by Algorithm 1 converges almost surely (a.s.) to the unique minimizer of the relaxed
problem, x∗(δ∞). That is,

lim
k→∞

xk = x∗(δ∞) a.s.

Proof. The proof relies on two main steps:
Step 1: Convergence of the primary iterate {xk}
The primary iterate sequence {xk}, defined by (2), is generated by the Adaptive Relaxed

Barrier SGD algorithm [4]. The conditions (a), (b), and (c) listed in Theorem 1 are the exact
conditions required by [4, Theorem 1].

Therefore, we can directly apply their result, which proves that under these assumptions,
the primary iterate sequence {xk} converges almost surely to the unique solution x∗(δ∞); that
is,

lim
k→∞

xk = x∗(δ∞) a.s.

Step 2: Convergence of the Tailed-Average Iterate {xk}
The final output of our algorithm is the tailed-average sequence {xk}, defined by (3) . For

all k ≥ Kburn, this sequence is the arithmetic mean (or Cesàro mean) of the “tail” of the primary
sequence:

xk =
1

k −Kburn + 1

k∑
i=Kburn

xi

(The recursive update in Algorithm 1 is mathematically equivalent to this summation).
We have established in Step 1 that the sequence {xk} converges almost surely to the limit

L = x∗(δ∞). A fundamental result in analysis (the Cesàro mean theorem) states that if a
sequence {xk} converges to a limit L, its arithmetic mean also converges to L [9, 20].

This property holds for a “tailed average” as well. The first Kburn terms are a finite set of
elements excluded from the average. As k → ∞, the influence of this finite set on the average
becomes zero. The convergence of {xk} is determined entirely by the asymptotic behavior of the
infinite tail {xk}k≥Kburn , which converges to x∗(δ∞).

Since xk
a.s.−−→ x∗(δ∞), it follows that its tailed-average xk must also converge almost surely

to the same limit; that is,
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lim
k→∞

xk = x∗(δ∞) a.s.

This completes the proof of convergence.

3.2 Convergence rate analysis

The goal is to prove that the MSE of the tailed-average iterate xK achieves the optimal O(1/K)

rate. Our analysis adapts the classical framework established by Polyak and Juditsky [15] to
demonstrate this result for our algorithm.

Step 1: Proof setup and definitions

We begin by defining the core variables and assumptions required for the proof, which are
consistent with the problem formulation.

Definition 1 (Error notation). Let x∗ = x∗(δ∞) be the unique minimizer.

• rk = xk − x∗ is the error of the “primary iterate”.

• rK = xK − x∗ is the error of the “tailed-average iterate”.

Definition 2 (Update rule). The primary iterate update (2) can be written in terms of the true
expected gradient g(xk) and a noise term ηk:

xk+1 = xk − γk (g(xk) + ηk) ,

where g(xk) = E[∇fik(xk)+∇B(gjk(xk), δk)|Fk−1] is the true (expected) gradient of the relaxed
objective and ηk is the noise. The noise term ηk is explicitly defined as the difference between
the sampled stochastic gradient and the true expected gradient:

ηk = (∇fik(xk) +∇B(gjk(xk), δk))− E[∇fik(xk) +∇B(gjk(xk), δk)|Fk−1].

Assumption 4 (Core assumptions). This proof relies on the following key assumptions:

(A) Primary convergence: From Theorem 1, we know the primary iterate converges almost
surely: xk → x∗ (or rk → 0).
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(B) Local linearity: Since the objective is C1 (Assumption 1), the gradient g(xk) admits
a linear approximation near the optimum x∗. This decomposition, which is a standard
application of Taylor’s theorem, separates the gradient into its linear approximation Hrk
and a nonlinear residual ∆(rk):

g(xk) = Hrk +∆(rk).

The critical part of this assumption is that the residual ∆(rk) is “small”, satisfying the
condition ‖∆(rk)‖ ≤ K1‖rk‖1+λ for some λ > 0.⋆

(C) Step-size: The learning rate γk = γk−θ must satisfy θ ∈ (0.5, 1). This is critical for
ensuring the nonlinear terms vanish upon averaging (see Appendix B).

(D) Noise: The noise ηk is a martingale difference sequence with zero mean (E[ηk|Fk−1] = 0)
and bounded variance (E[‖ηj‖2] ≤ σ2 <∞).

Step 2: Asymptotic equivalence

This is the first crucial step. We show that the tailed-average of our actual (nonlinear) process
behaves asymptotically like the average of a simplified linear process.

Definition 3 (Actual vs. linearized process). By subtracting x∗ from the update rule and
applying Assumption (B), the actual (nonlinear) error dynamic is

rk+1 = xk+1 − x∗

= (xk − x∗)− γk(g(xk) + ηk)

= rk − γk(Hrk +∆(rk) + ηk)

= (I − γkH)rk − γkηk − γk∆(rk).

We compare this to the linearized process rLk , which omits the nonlinear term ∆(rk):

rLk+1 = (I − γkH)rLk − γkηk.

⋆ This specific condition is not an arbitrary simplification; it is the cornerstone assumption used in the foun-
dational analysis of stochastic approximation. This property is precisely what Polyak and Juditsky [15] rely
upon (see their Assumption 3.2) to rigorously prove that the averaged nonlinear terms vanish asymptotically.
By satisfying this condition, our analysis can justifiably show that our process rK inherits the convergence
rate of the simpler, linearized process rLK .
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Lemma 1 (Asymptotic equivalence). The scaled difference between the averaged nonlinear
process (rK) and the averaged linearized process (rLK) vanishes as K →∞:

√
K
∥∥rK − rLK∥∥ K→∞−−−−→ 0 (in probability).

Proof. The objective is to demonstrate that the scaled average of the nonlinear residual terms,
1√
K

∑K
k=Kburn

γk∆(rk), vanishes as K →∞.
The high-level logic relies on the interplay of our core assumptions. First, the burn-in period

Kburn ensures that averaging only begins after the primary iterate rk has converged to a small
neighborhood of the optimum (due to Assumption A). Second, in this neighborhood, the linear
approximation is valid, and the residual term ∆(rk) becomes vanishingly small (per Assumption
B). Finally, the step-size condition θ ∈ (0.5, 1) (Assumption C) provides the precise technical
guarantee that the sum of these diminishing terms, when scaled, converges to zero.

The complete and rigorous technical justification, which adapts the foundational analysis
from [15], is deferred to Appendix B.

Corollary 1. Because the two processes are asymptotically equivalent, their MSEs share the
same convergence rate.

E[‖rK‖2] ∼ E[
∥∥rLK∥∥2].

Therefore, it is sufficient to analyze the convergence rate of the simpler linearized process rLK .

Step 3: Analysis of the linearized process

We now analyze the convergence rate of the linearized process, rLK . This analysis fundamentally
relies on the algebraic decomposition (Lemma 2) derived from the original work of Polyak and
Juditsky [15].

In that seminal work, the analysis was performed on the full average of the process (equivalent
to setting Kburn = 0). While this might appear to be a simplification, it is essential to clarify
that this analysis remains perfectly valid for our TA-SGD algorithm, which utilizes a Kburn > 0.

The reason is that the burn-in period (Kburn) only excludes a finite number of initial terms
from the average. To formalize this justification, let rfull

K = 1
K

∑K
i=1 r

L
i be the full average (as

analyzed in [15]) and rK = 1
K−Kburn

∑K
i=Kburn+1 r

L
i be our tailed average (using the linearized

process rLi and simplifying indices for asymptotic analysis). The full average can be decomposed
as:

rfull
K =

1

K

(
Kburn∑
i=1

rLi

)
+
K −Kburn

K
(rK) .
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We are interested in the convergence rate, which comes from the scaled error
√
KrK . Scaling

the above equation by
√
K yields:

√
Krfull

K =
1√
K

(
Kburn∑
i=1

rLi

)
︸ ︷︷ ︸

Term (A)

+

(
K −Kburn

K

)
︸ ︷︷ ︸

Term (B)

(√
KrK

)
.

As the total number of iterations K → ∞, Term (A) vanishes to zero. This is because it is a
finite sum (since Kburn is a fixed constant) scaled by 1/

√
K. Simultaneously, the ratio in Term

(B) converges to 1.

lim
K→∞

√
Krfull

K =

(
lim
K→∞

1√
K

Kburn∑
i=1

rLi

)
+

(
lim
K→∞

K −Kburn

K

)(
lim
K→∞

√
KrK

)
,

lim
K→∞

√
Krfull

K = (0) + (1) · lim
K→∞

√
KrK .

This rigorously demonstrates that the asymptotic behavior of the scaled full average is identical to
that of our scaled tailed average. This fully justifies our use of the algebraic decomposition from
[15] and confirms that the assumption noted in Lemma 2 (of setting Kburn = 0 for simplicity) is
a valid step for the purpose of asymptotic analysis.

We now focus exclusively on the rate of rLK . We use a precise algebraic decomposition derived
in Appendix A (based on [15, Lemma 2]).

Lemma 2 (Algebraic decomposition). For K > Kburn, the scaled averaged error
√
KrLK (as-

suming Kburn = 0 for simplicity) can be decomposed into three terms:

√
KrLK = I

(1)
K + I

(2)
K + I

(3)
K ,

where

• I
(1)
K = 1√

Kγ0
θKr0 (Bias from initial condition r0),

• I
(2)
K = 1√

K

∑K−1
j=1 H−1ηj (Main variance term from noise),

• I
(3)
K = 1√

K

∑K−1
j=1 wKj ηj (Residual term from step-size change).

We now compute the mean-squared norm E[
∥∥∥√KrLK∥∥∥2] by analyzing each term.
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Analysis of Bias Terms (I(1) and I(3))

• Term I(1): r0 is a fixed constant, and the matrix θK is bounded. Due to the 1/
√
K

scaling, this term vanishes: E[
∥∥∥I(1)K

∥∥∥2]→ 0 as K →∞.

• Term I(3): The matrices wKj are “small on average” (i.e., 1
K

∑∥∥wKj ∥∥ → 0). This is a
direct consequence of the step-size condition θ ∈ (0.5, 1). This ensures the entire term
vanishes in mean square: E[

∥∥∥I(3)K

∥∥∥2]→ 0.

Analysis of Variance Term (I(2))

This is the only term that remains and thus dictates the convergence rate.

E
[∥∥∥I(2)K

∥∥∥2] = E


∥∥∥∥∥∥ 1√

K

K−1∑
j=1

H−1ηj

∥∥∥∥∥∥
2


=
1

K
E

(K−1∑
i=1

ηTi (H
−1)T

)K−1∑
j=1

H−1ηj


=

1

K

K−1∑
i=1

K−1∑
j=1

E
[
ηTi (H

−1)TH−1ηj
]
.

We now use the Martingale difference property (Assumption D). Since E[ηi|Fi−1] = 0, the
expectations of all cross-terms are zero:

E[ηTi (H−1)TH−1ηj ] = 0 for i 6= j.

This simplifies the double summation to a single sum (assuming H = HT ):

E
[∥∥∥I(2)K

∥∥∥2] = 1

K

K−1∑
j=1

E
[
ηTj H

−2ηj
]

≤ 1

K

K−1∑
j=1

E
[∥∥H−1

∥∥2
2
· ‖ηj‖2

]
(by matrix norm property)

≤ 1

K

K−1∑
j=1

∥∥H−1
∥∥2
2
· σ2 (by Assumption D)

=
K − 1

K

(
σ2
∥∥H−1

∥∥2
2

)
.
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As K → ∞, we have K−1
K → 1. Thus, the mean-squared norm of the dominant term converges

to a constant:
lim
K→∞

E
[∥∥∥I(2)K

∥∥∥2] = σ2
∥∥H−1

∥∥2
2
= O(1).

Step 4: Final result

We now combine the results from the previous steps.

1. From Step 3, the scaled linearized error converges to a constant (is O(1)) because the bias
terms vanish:

E
[∥∥∥√KrLK∥∥∥2] = E

[∥∥∥I(1)K + I
(2)
K + I

(3)
K

∥∥∥2] K→∞−−−−→ E
[∥∥∥I(2)K

∥∥∥2] ≤ O(1).

2. By dividing both sides by K, we get the rate for the linearized process:

E
[∥∥rLK∥∥2] ≤ O(1/K).

3. From Step 2 (Asymptotic Equivalence), we know that the actual nonlinear process rK
inherits this same asymptotic rate.

This completes the proof, demonstrating that Tailed-Averaging successfully achieves the
optimal O(1/K) convergence rate.

E
[
‖xK − x∗‖2

]
≤ O(1/K).

4 Numerical experiments

In this section, we present a comprehensive empirical investigation designed to validate the
theoretical claims of our proposed TA-SGD algorithm and demonstrate its practical advantages
over existing methods. Our primary objectives are:

1. To empirically verify the optimal O(1/K) convergence rate predicted by our analysis
(Section 3.2).

2. To demonstrate the superiority of TA-SGD compared to the baseline Adaptive Relaxed
Barrier SGD [4] by showing how it overcomes the convergence stagnation [8].
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3. To confirm the detrimental effect of naive averaging (starting from k = 0) thereby justi-
fying the necessity of the “burn-in” phase in TA-SGD.

4.1 Experimental setup

To ensure a fair and comprehensive evaluation, we followed a meticulous methodology in our
experimental setup. The experiments were conducted on the Google Colab platform with the
following specifications:

• CPU: Intel(R) Xeon(R) CPU @ 2.00GHz

• RAM: 13.61 GB

• GPU: NVIDIA Tesla T4 (15 GB VRAM)

• OS: Linux (6.6.97+)

• Python Version: 3.12.11

The experiments were performed on the academic quadratic programming (QP) problem
introduced by Dimitrieski, Cao, and Ebenbauer [4], which is designed to test an algorithm’s
ability to handle large-scale optimization problems. The problem parameters were set as follows:

• Dimension: d = 50.

• Number of objective components: n = 10.

• Number of constraints: m = 10, 000.

The objective function is defined as:

f(x) =
1

n

n∑
i=1

d∑
j=1

(θi,jxj + log(1 + e−θi,jxj ) + (xj − γ)2).

To deeply analyze the algorithm’s behavior, we adopted a Far Start Point (x0 = [10, . . . , 10]T )
for all our experiments. This challenging scenario, where the algorithm is initialized at a point
known to be highly infeasible, serves as a true test of global stability and the ability to recover
effectively.
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4.1.1 Algorithms Compared

We compared the performance of three algorithms:

1. Base SGD (Baseline): The Adaptive Relaxed Barrier SGD algorithm from Dimitrieski,
Cao, and Ebenbauer [4]. We used their primary parameter configuration: step-size γk =

0.3k−0.8 and barrier decay εk = 5k−0.3 with δ∞ = 10−6. This configuration was chosen
as it represents a stable and effective baseline.

2. Full Averaging (Naive): The baseline SGD algorithm combined with Polyak–Ruppert
averaging applied from the very first iteration (k = 0). This serves to demonstrate the
“poisoning” effect discussed in Section 2.2.

3. TA-SGD (Ours): Our proposed TA-SGD algorithm (Algorithm 1). It uses the same
primary update rule and parameters as the Base SGD, but activates Polyak–Ruppert
averaging only after a burn-in period of Kburn = 500 iterations.

4.1.2 Performance Metric

Convergence was measured using the Euclidean norm of the error relative to the pre-computed
optimum: ||xk − x∗||2 (or ||xk − x∗||2 for averaging methods after the burn-in).

4.2 Performance evaluation

Figure 2 presents the core results of our comparative analysis, plotting the average error (± one
standard deviation) over NUM_RUNS = 1000 independent runs for each algorithm.

The results clearly validate our theoretical expectations and demonstrate the effectiveness
of TA-SGD:

• Base SGD (Blue): As predicted by theory [8] and observed in [4], the baseline algorithm
converges rapidly initially but then stagnates, settling into a “stagnation region” around
the optimum.

• Full Averaging (Magenta): The naive application of averaging from k = 0 performs
poorly. It converges much slower than the baseline during the initial phase, confirming the
“poisoning effect” where early, inaccurate iterates corrupt the average. While it eventually
surpasses the baseline’s noise floor, its overall convergence is significantly hampered.
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Figure 2: Algorithm Performance Comparison (Mean ± Std Dev over 1000 runs). The plot shows the con-
vergence behavior of Base SGD [4], naive Full Averaging, and our proposed TA-SGD. The inset provides a
zoomed view of the long-term behavior after the burn-in period (Kburn = 500).

• TA-SGD (Green): Our proposed algorithm exhibits the desired two-phase behavior:

– Phase 1 (k < Kburn): TA-SGD tracks the error of the primary iterate xk, mirroring
the fast initial convergence of the baseline algorithm.

– Phase 2 (k ≥ Kburn): At iteration Kburn (marked by the vertical dashed line),
averaging begins. The error curve for TA-SGD (now tracking xk) shows a distinct
and sustained decrease, breaking away from the baseline’s “stagnation region”. The
convergence in this phase appears consistent with the optimal O(1/K) rate (ap-
proximately linear on the log-linear plot), achieving significantly higher precision
than the baseline within the same number of iterations. The variance (shaded area)
is also visibly reduced compared to the baseline in the later stages.

These results strongly support our central hypothesis: the burn-in phase is crucial for avoid-
ing the pitfalls of naive averaging, and the subsequent tailed-averaging effectively overcomes the
noise floor limitation of the baseline SGD, leading to faster convergence and higher accuracy. It
is worth noting that the additional computational overhead of the recursive averaging update
(3) is negligible compared to the cost of computing the stochastic gradients (2) in each itera-
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tion. Consequently, the iteration-based performance comparison shown in Figure 2 serves as an
accurate proxy for the practical wall-clock time efficiency of the algorithms.

While Figure 2 illustrates the dynamic convergence behavior, Table 1 provides a concise
numerical summary of the final results. The table quantifies the outcome at K = 10, 000 iter-
ations, confirming that our proposed TA-SGD algorithm achieves the lowest mean final error
(1.02 × 10−2). This result is a clear improvement over the Base SGD baseline (1.38 × 10−2)
and numerically validates our central hypothesis: the burn-in phase successfully mitigates the
“poisoning effect” of early iterates, and the subsequent tailed averaging effectively overcomes the
stagnation.

Table 1: Comprehensive Performance Statistics (Mean ± Std Dev) over R = 1000 independent runs. The
proposed TA-SGD uses a burn-in period of Kburn = 500 based on the adaptive heuristic.

Metric Base SGD Full Averaging TA-SGD (Ours)
Final Error (||xK − x∗||) 1.38× 10−2(±3.48× 10−3) 2.45× 10−2(±1.41× 10−2) 1.02× 10−2(±2.55× 10−3)
Objective Value (f(x)) 81.7414± 0.0001 81.7420± 0.0021 81.7413± 0.0001
Max Constraint Violation 0.00± 0.00 0.00± 0.00 0.00± 0.00
Avg. CPU Time (s) 0.5924 0.5924 0.5924⋆⋆

4.3 Sensitivity to burn-in period (Kburn)

A key parameter in TA-SGD is the burn-in period, Kburn. To assess the algorithm’s robustness,
we performed a sensitivity analysis by varying Kburn while keeping other parameters fixed.

Figure 3 illustrates the sensitivity of the algorithm to the burn-in period Kburn.

• Insufficient burn-in (Kburn < 500): The performance degrades significantly as
Kburn → 0, approaching the high error of the naive Full Averaging approach. This empir-
ically confirms that early averaging without a sufficient burn-in phase is detrimental due
to the “poisoning effect” of initial transient iterates.

• Optimal region (500 ≤ Kburn ≤ 3000):)The algorithm achieves its global minimum
error at Kburn = 500. The performance remains stable and near-optimal throughout this
range. The empirical results demonstrate that our adaptive selection strategy (derived in
Section 2.3) correctly identifies the optimal switching point, confirming that the theoretical
condition number analysis translates effectively to practice.

⋆⋆ The computational overhead of the scalar averaging update update (3) is negligible compared to the gradient
computation. Consequently, the wall-clock time is statistically identical for all three algorithms.
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Figure 3: Sensitivity analysis of TA-SGD with respect to the burn-in period (Kburn). The plot shows the final
error achieved after 10,000 iterations for variousKburn values. Although the error atKburn = 0 (approximating
Full Averaging) appears close to the optimum on this scale, the difference corresponds to a significantly higher
variance and final error as detailed in Table 1.

• Excessive burn-in (Kburn > 4000): The error increases slightly but remains robustly
lower than the Base SGD baseline (as shown by the blue dashed line). This gradual
increase occurs because delaying the start of the averaging phase reduces the effective
sample size (N = K −Kburn) available for noise cancellation within the fixed budget of
K = 10, 000 iterations.

This sensitivity analysis underscores the robustness of the proposed adaptive selection
strategy. While precise manual tuning is not strictly necessary due to the wide optimal re-
gion, the theoretical heuristic allows us to automatically select an effective burn-in period (e.g.,
Kburn = 500) that ensures the primary iterate has entered the stationary phase before averaging
begins.

5 Conclusion

In this paper, we introduced TA-SGD, a novel and efficient modification for solving stochastic
constrained optimization problems. Our work builds upon the modern framework established by
Dimitrieski, Cao, and Ebenbauer [4], which utilizes adaptive relaxed barrier functions to handle
constraints.

We identified a critical limitation in this baseline approach: while it guarantees convergence,
it suffers from convergence stagnation, settling into a high-variance “stagnation region” around
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the optimum. This limitation prevents the algorithm from achieving the optimal convergence
rate.

To overcome this, we drew inspiration from the seminal work of Polyak and Juditsky [15],
on stochastic approximation. We proposed integrating their classical averaging technique, which
is known to effectively cancel stochastic noise and accelerate convergence.

Our primary contribution is the “tailed-average” mechanism. We demonstrated, both the-
oretically and empirically, that a naive application of averaging from the first iteration fails, as
the estimate is “poisoned” by the initial, high-error transient iterates. Our TA-SGD algorithm
intelligently circumvents this by introducing a “burn-in” period (Kburn), allowing the primary
iterate to first settle into a stationary region. Only then does averaging begin, ensuring that
only high-quality iterates contribute to the final solution.

Our rigorous theoretical analysis established that this two-phase approach achieves the best
of both worlds:

1. It preserves the strong almost sure convergence guarantees of the underlying relaxed
barrier method [4].

2. It successfully breaks the noise floor to achieve the optimal O(1/K) convergence rate
established by Polyak and Juditsky [15].

Our numerical experiments provided a clear validation of these theoretical claims. The
results demonstrated that TA-SGD decisively overcomes the stagnation of the baseline algorithm,
achieving significantly faster convergence and a final solution of substantially higher precision.

Future Work

The promising results of our TA-SGD algorithm open several interesting avenues for future
research. Based on our findings, we suggest the following directions:

• Theoretical Extensions to General Convexity: Our convergence rate analysis suc-
cessfully established the optimal O(1/K) rate, but it relies on the standard assumption of
θ-strong convexity. A valuable theoretical extension would be to analyze the convergence
rate of TA-SGD for general convex (i.e., nonstrongly convex) objective functions, following
recent advances in analyzing SGD for nonconvex functions satisfying weaker conditions
such as the Polyak-Lojasiewicz property [10]
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• Synergy with Nonuniform Sampling: Our algorithm currently employs standard
uniform sampling for both objectives and constraints. Future work could explore the
synergy between Tailed-Averaging and nonuniform or importance sampling techniques.
For instance, adaptively sampling constraints that are more frequently violated might
accelerate the burn-in phase, allowing the algorithm to reach the stationary region (and
thus begin averaging) more quickly.

A Justification of linear decomposition (Step 3)

This appendix justifies the decomposition
√
KrLK = I(1) + I(2) + I(3) used in Step 3. This

derivation follows the algebraic steps of Lemma 2 in the appendix of [15], which results in
the precise decomposition shown in Equation (A10) of that work. The linearized process is
rLk = (I − γk−1H)rLk−1 − γk−1ηk−1. By unrolling this recurrence from r0, we get the explicit
solution:

rLk = Xk
0 r0 −

k−1∑
j=0

Xk
j+1γjηj ,

where Xk
j =

∏k−1
i=j (I − γiH) is the state transition matrix.

The average rLK is 1
K

∑K−1
k=0 rLk :

rLK =

(
1

K

K−1∑
k=0

Xk
0

)
r0 −

1

K

K−1∑
k=0

k−1∑
j=0

Xk
j+1γjηj .

We apply summation by parts (changing the order of the double summation):

rLK =

(
1

K

K−1∑
k=0

Xk
0

)
r0 −

1

K

K−1∑
j=0

 K−1∑
k=j+1

Xk
j+1γj

 ηj .

The core insight (from [15]) is that the inner sum (the linear accumulation) can be approximated
by H−1.⋆⋆⋆. We define the residual wKj :

K−1∑
k=j+1

Xk
j+1γj = H−1 − wKj .

⋆⋆⋆ This approximation is derived from the geometric series sum. In the idealized case where the step-size is
constant (γk = γ), the inner sum

∑K−1
k=j+1X

k
j+1γj simplifies to γ

∑K−j−2
n=0 (I − γH)n. As K → ∞, this sum

converges to γ[I − (I − γH)]−1 = γ[γH]−1 = H−1. The term wKj defined next thus captures the residual error
from this ideal approximation, which arises because the step-sizes γk are not constant.
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Substituting this back and defining θK = γ0
∑
Xk

0 , we have

rLK =

(
1

γ0K
θK

)
r0 −

1

K

K−1∑
j=0

(H−1 − wKj )ηj

=
1

γ0K
θKr0 −

1

K

K−1∑
j=0

H−1ηj +
1

K

K−1∑
j=0

wKj ηj .

Multiplying the entire equation by
√
K yields the desired decomposition:

√
KrLK =

1√
Kγ0

θKr0︸ ︷︷ ︸
I(1)

+
1√
K

K−1∑
j=0

H−1ηj︸ ︷︷ ︸
I(2)

+
1√
K

K−1∑
j=0

wKj ηj︸ ︷︷ ︸
I(3)

.

The condition θ ∈ (0.5, 1) (Assumption C) is crucial to prove that 1
K

∑
||wKj || → 0, which ensures

I(3) vanishes.†

B Justification of asymptotic equivalence (Step 2)

This appendix justifies why the nonlinear terms ∆(rk) can be ignored when averaging. We need
to show that

√
K
∥∥rK − rLK∥∥→ 0.

This difference is proportional to the scaled average of the nonlinear residuals:

Difference ∝ 1√
K

K∑
k=Kburn

γk∆(rk).

To prove this scaled average vanishes, we apply a standard result from stochastic approximation
(see [15]), which is a direct consequence of Kronecker’s Lemma. This lemma effectively transforms
our original problem (showing the scaled average converges to zero) into an equivalent, simpler
task: proving that a related sum is finite. Using Assumption (B), ||∆(rk)|| ≤ K1||rk||1+λ, this
task reduces to proving that the following sum S converges:

S =

∞∑
k=1

||rk||1+λ√
k

<∞.

† This specific range represents a critical balance. If θ ≤ 0.5, the step-size γk decays too slowly, causing the
approximation error wKj to be too large on average for its mean to vanish. Conversely, if θ ≥ 1, γk decays
so quickly that its sum becomes finite (

∑
γk < ∞), which violates the primary convergence condition (a) of

Theorem 1. This “sweet spot” ensures the error term I(3) vanishes while still guaranteeing convergence.
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To prove S converges, we test the convergence of its expectation, E[S]. To do this, we first need
the convergence rate of the primary (nonaveraged) iterate rk.

While the formal proof requires a detailed Lyapunov analysis (as shown in [15]), this O(k−θ)

rate is the expected standard convergence rate for an SGD iterate that uses a step-size of γk ∝
k−θ.

From the analysis in [15], we can use this established bound:

E[||rk||2] ∝ E[Vk] ≤ Kcγk ≤ Kck
−θ (for large k).

We apply Jensen’s Inequality using the function f(x) = x(1+λ)/2. This function is convex for
x ≥ 0 because the exponent p = (1 + λ)/2 ≥ 1 (since λ ≥ 1). Applying the inequality yields:

E[‖rk‖1+λ] = E
[
(‖rk‖2)(1+λ)/2

]
≤
(
E[‖rk‖2]

)(1+λ)/2
E[‖rk‖1+λ] ≤ (Kcγk

−θ)(1+λ)/2.

Now, we test the convergence of E[S]:

E[S] =
∞∑
k=1

E[‖rk‖1+λ]√
k

≤
∞∑
k=1

(Kcγk
−θ)(1+λ)/2

k1/2

= C

∞∑
k=1

k−θ(1+λ)/2

k1/2

= C

∞∑
k=1

k−(
θ(1+λ)

2 + 1
2 ).

This is a p-series, which converges if and only if the exponent p > 1:

p =
θ(1 + λ)

2
+

1

2
> 1,

θ(1 + λ)

2
>

1

2
=⇒ θ(1 + λ) > 1.

This condition, θ(1 + λ) > 1, is not arbitrary; it is the exact requirement imposed by [15] in
their Assumptions 3.4 and 4.7. As noted in their commentary following Assumption 3.4, for the
standard C2 case where λ = 1, this implies 2θ > 1 or θ > 0.5. This confirms that our Assumption
(C) aligns with the conditions required by the original proof.

Since E[S] <∞, the sum S converges almost surely. By Kronecker’s Lemma, the convergence
of this sum implies that the scaled average vanishes. This rigorously justifies Step 2.

Iran. J. Numer. Anal. Optim., Vol. 16, No. 2, 2026, pp 727–756



Fillali, Addoune and Zeghdane 752

C Derivation of the adaptive burn-in heuristic

In this appendix, we provide the formal derivation for the heuristic estimate of Kburn presented
in section 2.2. The goal is to determine the number of iterations k required for the influence of
the initial condition x0 to become negligible compared to the stochastic noise.

Under Assumption 1 (strong convexity with parameter θ and L-smoothness), the expected
distance to the optimum at iteration k satisfies the standard recurrence relation [1]:

E[‖xk − x∗‖2] ≤ (1− 2γkθ)E[‖xk−1 − x∗‖2] + γ2kσ
2.

During the transient “burn-in” phase, the error is dominated by the initial distance ‖x0 − x∗‖2

rather than the variance term σ2. Focusing on the contraction of this initial bias with a constant
step-size approximation γ, we have:

‖xk − x∗‖2 ≈ (1− γθ)k‖x0 − x∗‖2.

We seek the smallest k such that the initial error is reduced to a tolerance εinit:

(1− γθ)k ≤ εinit.

Taking the natural logarithm of both sides:

k ln(1− γθ) ≤ ln(εinit).

Using the Taylor expansion ln(1− x) ≈ −x for small x = γθ, we obtain:

k(−γθ) ≲ − ln
(

1

εinit

)
=⇒ k ≳ 1

γθ
ln
(

1

εinit

)
.

For stability in smooth optimization, the step size is typically bounded by γ ≤ 1
L . Substituting

γ ≈ 1
L :

k ≳ L

θ
ln
(

1

εinit

)
.

Defining the condition number as κ = L/θ, we recover the heuristic:

Kburn = O
(
κ log

(
1

εinit

))
.
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This confirms that the required length of the burn-in period scales linearly with the condition
number of the problem.

D Experimental details

This appendix provides the specific implementation and parameter details used to generate the
numerical results in section 4, ensuring full reproducibility. All experiments were conducted in
Python using the NumPy library for numerical operations and Matplotlib for visualization.

D.1 Problem generation

The experiments were performed on the quadratic programming (QP) problem introduced by
Dimitrieski, Cao, and Ebenbauer [4], as described in Section 4.1. The problem was generated
once using a master seed (master_seed = 42) with the following parameters:

• Dimension: d = 50

• Objective components: n = 10

• Number of constraints: m = 10, 000

• Objective parameter: γ = 2.365. ‡

The objective function coefficients θ ∈ Rn×d were sampled from U(0.1, 1.1). The constraint
gradients A ∈ Rm×d were generated by first defining a diagonal matrix Q with entries sampled
from U(1, 1.5), and then sampling m points on the surface of the ellipsoid defined by Q to form
the constraint matrix A.

D.2 Algorithm implementation and hyperparameters

We implemented the three algorithms (Base SGD, Full Averaging, and TA-SGD) as described in
Section 4.1.
‡ Following the benchmark design in [4], these parameters are calibrated such that the unconstrained global
minimizer x∗f = argmin f(x) satisfies ∥x∗f∥2 = 15. This guarantees that x∗f /∈ E, ensuring that the constraints
are active at the optimal solution.
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• Total iterations: All algorithms were run for K = 10, 000 iterations.

• Starting point: All runs were initialized at the “Far Start Point” x0 = [10, . . . , 10]T ∈
R50.

• Schedules: The step-size and barrier parameter schedules followed the configuration in
[4]:

γk = 0.3 · k−0.8 and εk = 5.0 · k−0.3

with the final barrier parameter set to δ∞ = 10−6.

D.3 Reproducibility and analysis

• Reference solution (x∗): The optimal solution x∗ = x∗(δ∞) was pre-computed us-
ing a deterministic full-gradient descent method. Unlike the stochastic approximations,
this solver utilized the full dataset at each iteration (computing the exact full gradi-
ent ∇f(x) and ∇B(x) without sampling). This deterministic process was executed for
Klong = 50, 000 iterations to ensure convergence to a high-precision ground truth, com-
pletely independent of the stochastic algorithms being evaluated.

• Statistical analysis: The results in Figure 2 and Table 1 were generated by averaging
over R = 1, 000 independent runs.

• Seeding: To ensure statistically independent yet reproducible trials, the main problem
was generated with master_seed = 42, and each of the R = 1, 000 runs (indexed by
r ∈ [0, . . . , 999]) was seeded with master_seed + r + 2.

• Metrics: The “Error Norm” (Figure 2) corresponds to the mean of ||xk − x∗||2 (or
||xk − x∗||2) at each iteration k across the R runs. The shaded region represents ±1
standard deviation. The “Mean Final Error” (Table 1) is the mean and standard deviation
of this error norm specifically at the final iteration, k = 10, 000.
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