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Letter from the Editor–in–Chief

I would like to welcome you to the Iranian Journal of Numerical Analysis
and Optimization (IJNAO). This journal has been published two issues per
year and supported by the Faculty of Mathematical Sciences at the Ferdowsi
University of Mashhad. The faculty of Mathematical Sciences with the cen-
ters of excellence and the research centers is well-known in mathematical
communities in Iran.
The main aim of the journal is to facilitate discussions and collaborations
between specialists in applied mathematics, especially in the fields of numer-
ical analysis and optimization, in the region and worldwide. Our vision is
that scholars from different applied mathematical research disciplines pool
their insight, knowledge, and efforts by communicating via this international
journal. In order to assure the high quality of the journal, each article is
reviewed by subject-qualified referees. Our expectations for IJNAO are as
high as any well-known applied mathematical journal in the world. We trust
that by publishing quality research and creative work, the possibility of more
collaborations between researchers would be provided. We invite all applied
mathematicians especially in the fields of numerical analysis and optimiza-
tion to join us by submitting their original work to the Iranian Journal of
Numerical Analysis and Optimization.
We would like to inform all readers that the Iranian Journal of Numerical
Analysis and Optimization (IJNAO), has changed its publishing frequency
from ”Semiannual” to a ”Quarterly” journal since January 2023. The four
journal issues per year will be published in the months of March, June,
September, and December. One of our goals is to continue to improve the
speed of both the review and publication processes, while try continuing to
publish the best available international research in numerical analysis and op-
timization, with the high scientific and publication standards that the journal
is known for.

Ali R. Soheili

Editor-in-Chief
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1311 A study on efficient chaotic modeling via fixed-memory length fractional ...

This paper investigates the dynamic behavior of the fractional Gauss
map with fixed memory length, highlighting its potential for efficient
chaotic modeling. Unlike classical fractional systems that require the full
history of states, the proposed approach introduces a memory-limited ver-
sion, significantly reducing computational cost while preserving complex
dynamical features. Through bifurcation analysis, Lyapunov exponents,
and the 0 − 1 test for chaos, the study demonstrates that the system ex-
hibits a rich variety of behaviors, including periodic, quasi-periodic, and
chaotic regimes, depending on the fractional order and memory size. A
comparative evaluation with the classical Gauss map reveals that the fixed-
memory model retains similar chaotic characteristics, but with improved
computational efficiency. These findings suggest that fixed-memory frac-
tional maps offer a practical alternative for simulating chaotic systems in
real-time applications.

AMS subject classifications (2020): Primary 39A33; Secondary 37D45, 37N30.

Keywords: Chaos; Fractional difference equations; Gauss map; Fixed mem-
ory length; Bifurcation; Lyapunov exponent.

1 Introduction

Chaotic systems play a fundamental role in the modeling and analysis of non-
linear dynamics across various disciplines, including mathematics, physics,
biology, engineering and optimization [3, 4, 5, 7, 6, 8, 11, 10, 12, 13, 14, 15,
24, 26, 27, 25]. During this period, several chaotic discrete systems have been
proposed, such as the Logistic map, Tent map, Gauss map, Hénon map, and
Lozi map [21, 23, 28, 35, 37, 39].

The Gauss map, in particular, has been widely studied due to its rich
and sensitive dependence on initial conditions, making it a valuable tool for
exploring chaotic behavior in discrete systems [39]. In parallel, the theory
of fractional-order systems has gained increasing attention over the past two
decades as an effective framework for modeling systems with memory and
hereditary properties [17, 16, 31, 32, 41]. Fractional difference equations pro-
vide a generalization of traditional difference equations, allowing the present
state to depend on all past states with power-law weighting.

Iran. J. Numer. Anal. Optim., Vol. 15, No. 4, 2025, pp 1310–1331



Bellout, Bououden, Bouzeraa and Berkal 1312

However, a significant limitation of classical fractional models lies in their
requirement to store and process the entire history of the system, which can
lead to high computational and memory costs. This challenge becomes espe-
cially critical in real-time simulations or large-scale systems [16, 30, 33, 41].
To overcome this issue, researchers have introduced fractional systems with
fixed memory length, where only a finite number of past states contribute
to the current state. This approach reduces computational complexity while
preserving key dynamic features of the system [2, 18, 19]. Despite its po-
tential, there is still a lack of comprehensive studies exploring how memory
truncation affects the long-term behavior of chaotic fractional maps, par-
ticularly in comparison with both classical (nonfractional) and full-memory
fractional systems.

To address these limitations, this study employs a fixed memory length
approach, which restricts the influence of past states to a finite window.
This strategy not only reduces computational complexity but also reflects
practical constraints encountered in real-world systems. In many applica-
tions, such as real-time control systems, embedded cryptographic protocols,
and biological modeling, memory and computational resources are severely
limited [9, 22, 36]. For instance, control algorithms deployed on microcon-
trollers must operate under strict timing and memory constraints, while cryp-
tographic systems benefit from low-latency and lightweight implementations.
Similarly, in biological modeling, such as simulating cardiac activity, it is
often reasonable to assume that only a limited history influences the current
state due to physiological time scales. Fixed-memory fractional models thus
provide a realistic and efficient alternative, balancing dynamical richness with
feasibility.

This paper addresses this gap by investigating the dynamic behavior of the
fractional Gauss map with fixed memory length. We employ several tools-
such as bifurcation diagrams, Lyapunov exponents, and the 0 − 1 test to
analyze the system’s response under various parameter values. Additionally,
we perform a comparative analysis with the classical Gauss map to evaluate
the impact of fixed memory on both chaos and computational performance.
The results demonstrate that the proposed model maintains the richness of
chaotic dynamics while achieving improved computational efficiency, making

Iran. J. Numer. Anal. Optim., Vol. 15, No. 4, 2025, pp 1310–1331



1313 A study on efficient chaotic modeling via fixed-memory length fractional ...

it a promising approach for practical applications where memory and speed
are critical factors.

2 Fractional discrete-time calculus

Fractional discrete-time calculus extends classical difference equations by al-
lowing the order of differencing to be noninteger (fractional), which makes it
suitable for modeling systems with memory and hereditary properties. This
is particularly useful in fields where past states influence current behavior in a
gradual and persistent manner. One of the key operators used in this context
is the Caputo-like delta fractional difference, introduced in [1, Definition 13].
This operator is a discrete analog of the Caputo derivative from continuous
fractional calculus, and it is defined in a way that aligns naturally with initial
conditions, making it more convenient for modeling real-world systems.

Let q ∈ R be fixed and let Nq = {q, q + 1, q + 2, . . .} denote the isolated
time scale. For the function u(n), the delta difference operator ∆ is defined
as follows:

∆u(n) = u(n+ 1)− u(n). (1)

Definition 1. [38]
Let u : Nq −→ R and v > 0. Then the fractional sum of order v is defined by

∆−v
q u(t) =

1

Γ(v)

t−v∑
s=q

(t− σ(s))(v−1)
u(s), t ∈ Nq+v, (2)

where q is the starting point, σ(s) = s+1 and tv is the falling function defined
in terms of the Gamma function as

t(v) =
Γ(t+ 1)

Γ(t+ 1− v)
. (3)

Definition 2. [1]
For v > 0, v /∈ N and u(t) defined on Nq, the Caputo-like delta difference is
defined by

c∆v
qu(t) = ∆−(m−v)

q ∆mu(t), (4)

Iran. J. Numer. Anal. Optim., Vol. 15, No. 4, 2025, pp 1310–1331



Bellout, Bououden, Bouzeraa and Berkal 1314

=
1

Γ(m− v)

t−(m−v)∑
s=q

(t− σ(s))(m−v−1),∆m
s u(s), (5)

where t ∈ Nq+m−v and m = [v] + 1.

Here, σ(s) = s + 1 is the forward jump operator commonly used on
discrete time scales. It defines the next point in the discrete domain and
ensures that the summation aligns with the forward-shifted indices. This
choice is standard in delta-type fractional calculus and reflects the progression
of discrete time by one step. The term (t−σ(s))(m−v−1) represents the falling
factorial kernel, which weights recent values more heavily than older ones,
capturing the memory effect inherent in fractional systems.

Theorem 1 ( [20]). For the delta fractional difference equation [c]cc∆v
qu(t) = f(t+ v − 1, u(t+ v − 1)),

∆ku(q) = uk,m = [v] + 1, k = 0, . . . ,m− 1,

the equivalent discrete integral equation can be obtained as

u(t) = u0(t)+
1

Γ(v)

t−v∑
s=q+m−v

(t−σ(s))(v−1)×f(s+v−1, u(s+v−1), t ∈ Nq+m,

(6)
where

u0(t) =

m−1∑
k=0

(t− q)(q)

k!
∆ku(q). (7)

This operator calculates a fractional change in u(t), but instead of only us-
ing current and previous values (as in classical differences), it uses a weighted
sum of past changes, giving more weight to recent values and less to older
ones. This model is systems where recent history has a stronger effect, but
the influence of earlier states still persists.

The Caputo-like delta fractional difference is chosen in this work due
to several theoretical and practical advantages over other discrete fractional
operators, such as the Riemann–Liouville type or Grünwald–Letnikov formu-
lations.

Iran. J. Numer. Anal. Optim., Vol. 15, No. 4, 2025, pp 1310–1331



1315 A study on efficient chaotic modeling via fixed-memory length fractional ...

First, the Caputo-like formulation allows for the use of initial conditions
in the same form as those used in classical integer-order systems. This makes
it more suitable for physical and biological modeling, where initial values
often have direct physiological interpretations.

Second, the Caputo-like operator naturally accommodates memory effects
by incorporating a weighted history of the system states, while still preserving
computational tractability due to its structured definition.

Importantly, in the context of biological systems such as cardiac mod-
els, memory plays a crucial role in capturing physiological phenomena. The
electrical activity of the heart, for example, is influenced not only by the
current stimulus but also by a history of past activations and recovery pro-
cesses. Fractional models have been shown to better replicate such long-
range dependence in excitable tissues compared to their integer-order coun-
terparts [36, 40].

The Caputo-like operator is particularly advantageous here because it
reflects this hereditary behavior while maintaining a clear relationship with
classical dynamics. This balance between interpretability, memory fidelity,
and numerical implementation makes the Caputo-like fractional difference
a compelling choice for modeling complex, memory-dependent systems like
cardiac cells.

3 Fractional Gauss map with fixed memory length

In mathematics, the Gauss map, also referred to as the Gaussian map [29], is
a nonlinear iterated mapping that transforms real numbers into a real interval
using the Gaussian function defined as follows:

xn+1 = exp(−ax2n) + b, (8)

where a and b are bifurcation parameters.

This map can exhibit chaotic behavior, for example, when a = 7.5 and
b = −0.6 . This map is also known as the mouse map due to its bifurcation
diagram when a = 7.5 and b in the range −1 to 1 resembling a mouse as in

Iran. J. Numer. Anal. Optim., Vol. 15, No. 4, 2025, pp 1310–1331
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Figure 1.

(a) (b)

Figure 1: Bifurcation diagram of map (8) with x0 = 0 and b in the range −1 to 1, (a)
a = 4.9 and (b) a = 7.5

Figure 1 shows the bifurcation diagram of the fractional Gauss map (8)
for two different sets of parameters: The first set is a = 4.9 and b in the range
−1 to 1; the second set is a = 7.5 and b in the range −1 to 1.

The first-order difference of Gauss map can be easily expressed as

4xn = exp(−ax2n) + b− xn. (9)

In discrete fractional calculus, the fractional Gauss map can be defined as

c4v
qxn = exp(−ax(t− 1 + v)2) + b− x(t− 1 + v), (10)

where c4v
q is the fractional difference of Caputo and 0 < v ≤ 1 is the differ-

ence order. For the Gauss map (10), an explicit numerical solution can be
given by

xn = x0 +
1

Γ(v)

n∑
j=1

Γ(n− j + v)

Γ(n− j + 1)
(exp(−ax(j − 1)2) + b− x(j − 1)), (11)

where x0 is initial condition.
For v = 1, the discrete fractional map (11) simplifies to the classical

map (8). Unlike the integer order map (8), the fractional map (11) includes

Iran. J. Numer. Anal. Optim., Vol. 15, No. 4, 2025, pp 1310–1331



1317 A study on efficient chaotic modeling via fixed-memory length fractional ...

a discrete kernel function that relies on past information x0, x1, . . . , xn−1.
Consequently, the memory effects in these discrete maps imply that their
current state of evolution depends on all previous states. Figure 2 shows

(a)
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(c)
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L
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v=0.4,  a=7.5

(d)

Figure 2: (a) Bifurcation diagram of fractional Gauss map (11) for v = 0.9, x0 = 0, b in
the range −1 to 1 and a = 4.9, (b) the greatest Lyapunov exponent of fractional Gauss
map for v = 0.9, x0 = 0, b in the range −1 to 1 and a = 4.9, (c) Bifurcation diagram of
fractional Gauss map (11) for v = 0.4, x0 = 0, b in the range −1 to 1 and a = 7.5, (d)
the greatest Lyapunov exponent of fractional Gauss map for v = 0.4, x0 = 0, b in the
range −1 to 1 and a = 7.5.

the bifurcation diagram and Lyapunov exponent of the fractional Gauss map
(11) for two different sets of parameters: The first set is a = 4.9, v = 0.9,
and b in the range −1 to 1; the second set is a = 7.5, v = 0.4, and b in the
range −1 to 1.

For example, for v = 0.4 and a = 7.5, we note that the map (11) converges
to period − 1 orbit for −1 ≤ b < −0.97. The first bifurcation occurs when
b = −0.97, transitioning from a fixed point to a period− 2 orbit via period-
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doubling bifurcation. Figure 2(d) confirms this information because the Lya-
punov exponent is negative over the interval −1 ≤ b < −0.97 and becomes
zero when b = −0.97. The map maintains the same behavior until b = −0.89,
where the second bifurcation occurs, transitioning from a period− 2 orbit to
a period − 4 orbit via period-doubling bifurcation. When b > −0.87, the
Lyapunov exponent becomes positive, indicating that the map has become
chaotic over the interval −0.87 ≤ b < −0.7; this is confirmed by Figures 2(d)
and 2(c). When −0.7 ≤ b < −0.67, the map converges to a period− 3 orbit,
which further confirms that the map is chaotic for certain values of b [34].
Another bifurcation occurs when b = −0.67, transitioning from a period− 3

orbit to a period−6 orbit via period-doubling bifurcation. Another return to
chaotic behavior of the map (11) from point b = −0.66 to point b = −0.59 as
shown in Figure 2(c). Then, as −0.59 ≤ b < −0.56, the map (11) converges
to period − 6 orbit for the second time. After that, the map (11) converges
again to period − 3 orbit in the interval −0.56 ≤ b < −0.43. Again, in the
interval −0.43 ≤ b < −0.27, map (11) has chaotic behavior. On the interval
−0.27 ≤ b < 0, map (11) converges to period − 4 orbit again. Finally, as
0 ≤ b ≤ 1, map (11) converges to period− 2 orbit for the second time.

It should be noted that the figure presenting the Lyapunov exponent of
the map (11) confirms all previously mentioned results, where the Lyapunov
exponent is negative when the orbit of map (11) converges towards a peri-
odic orbit, is zero at the bifurcation point, and positive when the trajectory
converges to chaotic behavior.

In classical fractional-order models, the system exhibits infinite memory,
where all past states influence the present dynamics with a decaying weight.
While this feature captures hereditary effects accurately, it leads to high
computational cost and memory storage requirements, especially in long-
term simulations.

To address these limitations, this study employs a fixed memory length
approach, which restricts the influence of the past to a finite window of pre-
vious steps. This simplification not only reduces computational complexity
but also reflects a more realistic assumption in many physical and biological
systems where distant past events have negligible influence.
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Moreover, the use of fixed memory enhances numerical stability and im-
plementation efficiency, making it more suitable for real-time applications
or hardware-constrained systems. In contrast, infinite memory schemes may
suffer from accumulating numerical errors and impractical memory demands
over long simulation horizons.

Therefore, the adoption of a fixed-memory fractional Gauss map strikes a
balance between capturing essential memory effects and maintaining tractable,
efficient simulations. This feature is particularly advantageous in chaotic
modeling, where fast computation and sensitivity to initial conditions are
critical. The following equation defines the fractional Gauss map with fixed
memory length:
xn = x0 +

1
Γ(v)

n∑
j=1

Γ(n−j+v)
Γ(n−j+1) (exp(−ax(j − 1)2) + b− x(j − 1)) if n ≤ L,

xn = 1
Γ(v)

n∑
j=n−L

Γ(n−j+v)
Γ(n−j+1) (exp(−ax(j − 1)2) + b− x(j − 1)) else,

(12)
where L is the length of the memory.
In classical fractional systems, the entire past state history contributes to

(a)

-1 -0.5 0 0.5 1

b

-0.02

-0.01

0

0.01

0.02

0.03

0.04

0.05

0.06

L
E

v=0.9, a=4.9, L=200

(b)

Figure 3: (a) Bifurcation diagram of the fractional Gauss map with fixed memory length
for L = 200, v = 0.9, x0 = 0, a = 4.9 and b in the range−1 to 1, (b) The greatest Lyapunov
exponent for L = 200, v = 0.9, x0 = 0, a = 4.9 and b in the range −1 to 1.

the current state, with memory effects governed by a power-law kernel. This
long-term memory is central to capturing hereditary and complex dynamics.
However, it comes at the cost of high computational demands and sensitivity
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Figure 4: (a) Bifurcation diagram of the fractional Gauss map with fixed memory length
for L = 50, v = 0.4, x0 = 0, a = 7.5 and b in the range −1 to 1, (b) The greatest Lyapunov
exponent for L = 50, v = 0.4, x0 = 0, a = 7.5 and b in the range −1 to 1 .

to numerical errors over long simulations. The introduction of fixed memory
length, denoted by L, truncates the influence of past states to only the most
recent L iterations. This simplification raises fundamental questions about
how such truncation affects the nature of chaos.

Qualitatively, memory truncation can dampen long-range correla-
tions, potentially reducing the depth of chaotic complexity or altering the
sequence of bifurcations. However, as demonstrated in Figures 3 and 4, the
fixed-memory fractional Gauss map continues to exhibit hallmark features
of chaotic systems (including period-doubling routes to chaos, windows of
periodicity, and regions of positive Lyapunov exponents) despite having a
finite memory. The preservation of these structures suggests that essential
nonlinear behavior remains intact even when older history is ignored.

Quantitatively, our simulations show that when comparing the full-
memory fractional map (11) with the fixed-memory version (12), the critical
bifurcation points and ranges of chaotic behavior shift only slightly,
and the values of the largest Lyapunov exponents remain within comparable
ranges.

Moreover, the numerical gain is substantial. Table 1 illustrates that com-
putation time is reduced by up to 99% when memory is fixed, without sac-
rificing the model’s ability to simulate chaos. This trade-off between com-
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putational efficiency and memory fidelity is favorable in real-time or
embedded systems, where resource constraints are strict.

Table 1: The time required to obtain the path of the fractional Gauss map (FGM) and
the fractional gauss map with fixed memory length (FGMFML) when L = 50.

Number of iteration FGM FGMFML
1000 0.920305 0.205349

5000 91.580199 0.264022
10000 732.813417 0.267275

20000 13121.494701 0.304672

Figures 3 and 4 show the bifurcation diagram and Lyapunov exponent of
a fractional Gauss map with fixed memory length and the greatest Lyapunov
exponent for two different sets of parameters: The first set is a = 4.9, v = 0.9,
L = 200 and b in the range −1 to 1; the second set is a = 7.5, v = 0.4, L = 50

and b in the range −1 to 1.
When comparing Figure 2, which represents the bifurcation diagram of

the fractional Gauss map, with Figure 4, which represents the bifurcation
diagram of the fractional Gauss map with a fixed memory length, we obtain
the following observations and results:
Every feature included in the fractional order bifurcation diagram can ad-
ditionally be seen in fractional order with fixed memory length bifurcation
diagrams.
We can see an increase in the period of the bifurcations, which results in
chaos in all bifurcation diagrams.
From the bifurcation diagram shown in Figure 4 for the fractional Gauss
map with a fixed memory length L = 50 we observe if −1 ≤ b < −0.97
the map (12) converges to period − 1 orbit. The first bifurcation occurs
when b = −0.97, transitioning from a fixed point to a period − 2 orbit via
period-doubling bifurcation. Figure 4(b) confirms this information because
the Lyapunov exponent is negative over the interval −1 ≤ b < −0.97 and
becomes zero when b = −0.97. The map maintains the same behavior un-
til b = −0.88, where the second bifurcation occurs, transitioning from a
period− 2 orbit to a period− 4 orbit via period-doubling bifurcation. When
−0.88 < b < −0.58, the Lyapunov exponent becomes positive, indicating
that the map has become chaotic over the interval −0.88 < b < −0.58; this is
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confirmed by Figures 4(b) and 4(a). When−0.58 ≤ b < −0.55, the map con-
verges to a period − 6 orbit, which further confirms that the map is chaotic
for certain values of b. Another bifurcation occurs when b = −0.55, tran-
sitioning from a period − 6 orbit to a period − 3 orbit. Another return to
chaotic behavior of the map (12) from point b = −0.42 to point b = −0.21 as
shown in Figure 4(a). Then, as −0.21 ≤ b < −0.06 the map (12) converges
to period − 4 orbit for the second time. After that, the map (12) converges
again to period− 2 orbit in the interval 0.06 ≤ b < 1.

The figure displaying the Lyapunov exponent for map (12) validates all
prior conclusions. It demonstrates that the Lyapunov exponent is negative
when the orbit of map (12) approaches a periodic state, zero at the bifurcation
point, and positive when the trajectory transitions into chaotic behavior.

The parameter values used in our simulations, such as a = 4.9, a = 7.5,
and b ∈ [−1, 1], are selected based on their well-known ability to produce
rich dynamical behaviors in the classical Gauss map. The fractional orders
v = 0.4 and v = 0.9 were chosen to compare strong memory effects versus
near-integer behavior. The memory lengths L = 50 and L = 200 were used
to evaluate the impact of truncation while maintaining low computational
cost.

By comparing the bifurcation diagrams of the fractional Gauss map and
the fractional Gauss map with fixed memory length, we can conclude that
the length of the memory has a big effect on the dynamics of the map.

We mentioned in the first section that the numerical calculation of the
discrete fraction system is very time-consuming compared to the numerical
calculation of the discrete fraction system with a fixed memory length, and
this is what we will prove in this part through the table that summarizes
the results of the time taken to obtain the path of the fractional Gauss map
and the fractional Gauss map with a fixed memory length, and we used the
MATLAB program and ran it on an i5 processor, 2.40GHz with 16G of RAM
(random access memory).
Table 1 compares the computation time required by the fractional Gauss map
with two memory strategies: Infinite memory and fixed memory length. The
results clearly indicate that the fixed-memory approach significantly reduces
the computational burden.
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This improvement becomes more pronounced as the simulation horizon
increases, highlighting the scalability of the proposed method. By limiting
the number of past states involved in each iteration, the fixed-memory model
avoids redundant calculations while still capturing the essential memory dy-
namics of the system.

Such a reduction in execution time is crucial for real-time applications
and long-term simulations, especially in hardware-constrained environments
or large-scale systems. Therefore, the use of fixed memory not only enhances
numerical efficiency but also makes the fractional modeling of chaotic systems
more practical and accessible.

(a) (b)

(c)

Figure 5: Bifurcation diagram of fractional gauss map with initial condition as x0 = 0.9

and b in the range −1 to 1 where, (a)for v = 1, (b) for v = 0.4 and (c) for v = 0.4 and
fixed memory length L = 50.

Form Figure 5, we noted that when the initial state was changed, there
was a rapid interruption in the bifurcation diagrams for of integer order and
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fractional order. This is also what was observed in bifurcation diagram of
fractional map with fixed memory length (Figure 5) when changing the initial
value from x0 = 0 to x0 = 0.9.

4 Regular and chaotic behavior of a fractional Gauss
map with fixed memory length

In 2003, Gatwald and Melbourne introduced the 0 − 1 test to prove the
existence of chaotic behavior in nonlinear deterministic systems. The 0 − 1

test is applied to a direct time series and provides a binary-like outcome:
A value of K ≈ 0 indicates regular (nonchaotic) dynamics, while a value of
K ≈ 1 is a strong indicator of chaos. This allows for a clear quantitative
distinction between regular and chaotic behavior. The 0 − 1 test is applied
to a direct time series. The 1− 0 test can determine the behavior of a given
sequence from the dynamics of trajectories pc and qc, where a dynamical
system is chaotic if the behavior of the trajectories is Brownian motion (k
approaches 1), while a dynamical system is regular if the motion is finite (k
approaches from 0). For c ∈ [0, π], We have qc and pc determined as follows:

pc(n) =

n∑
j=1

x(j) cos(jc), (13)

qc(n) =

n∑
j=1

x(j) sin(jc). (14)

The average square displacement Mc(n) of both variables pc(n) and qc(n) is
calculated from the following relationship:

Mc(n) =
1

N

N∑
j=1

(pc(j + n)− pc(j))2 + (qc(j + n)− qc(j))2. (15)

Finally, we calculate the asymptotic growth rate K using the correlation
method, where

K = median(kc). (16)

Also, we have kc defined by the following relation:
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kc =
cov(ξ,∆)√
var(ξ)var(∆)

∈ [−1, 1], (17)

where ξ = (1, 2, . . . , ncut),∆ = (Mn(1),Mn(2), . . . ,Mn(cut)) and ncut =

round(N/10)). Moreover, Dc(n) is the adjusted average square displacement.
It has been defined as follows:

Dc(n) =Mc(n)− (E(Φ(xj)))
2 1− cos(nc)
1− cos(c) , (18)

where the average E(Φ) is given by

E(Φ(xj)) = lim
N→+∝

1

N

N∑
j=1

Φ(xj). (19)

Figure 6 represents the result of the 0− 1 test for the fractional Gauss map
where v = 0.4, L = 50 with x0 = 0.

We conducted a 0 − 1 test at two different values of b. When b = 0 the
trajectories of pc and qc in the (pc − qc) plane present bounded (see Figure
6(a)) We also note that the value of k is very close to 0 (see Figure 6(b)),
and this translates into a fractional Gauss map with a fixed memory length
that non chaotic behavior. When b = −0.7 we note the trajectories of pc
and qc in the (pc − qc) plane, similar to Brownian motion (Figure 6 (c)). We
also note that the value of k is very close to 1 (see Figure 6(d)), and this
translates into a fractional Gauss map with a fixed memory length that has
chaotic behavior.

5 Conclusion

In this study, we proposed a fractional Gauss map with fixed memory length
to efficiently model chaotic dynamics. The results demonstrate that the fixed-
memory approach can significantly reduce computation time while maintain-
ing the essential features of chaotic behavior.
Unlike traditional infinite-memory fractional systems, the proposed model
achieves a balance between memory representation and numerical efficiency,
making it more suitable for real-time or large-scale applications.
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Figure 6: The 0− 1 test of fractional Gauss map with fixed memory length L = 50, v =

0.4, x0 = 0, (a) (b) for b = 0 and (c),(d) for b = −0.7.

However, the current study is limited to specific types of chaotic maps
and a fixed memory structure. The influence of varying memory lengths, the
stability of long-term dynamics, and the accuracy trade-offs require further
investigation.

Future work will focus on extending this framework to other fractional
maps, exploring adaptive memory strategies, and applying the model to real-
world systems such as biological or economic time series. Additionally, more
rigorous theoretical analysis of the stability and convergence properties of the
fixed-memory fractional model would enhance its mathematical foundation
and applicability.
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method for solving integro-differential equations. Integro-differential equa-
tions arise in various fields such as physics, engineering, and biology, often
modeling complex phenomena. The Ramadan group transform, known
for its transformation properties and its ability to simplify computational
complexities, is coupled with the accelerated Adomian polynomial method,
which is an effective series expansion technique. This combination enhances
the convergence and efficiency of solving nonlinear integro-differential equa-
tions that are difficult to handle using traditional methods. The paper
demonstrates the utility of this hybrid approach through several test cases,
comparing it with existing methods in terms of accuracy, computational
efficiency, and convergence rate.

AMS subject classifications (2020): Primary 45J05; Secondary 65R20, 65H10,

65L09, 44A10.

Keywords: Ramadan group transform (RGT); Adomian polynomials; ac-
celerated Adomian; Integro-differential equations; Accuracy.

1 Introduction

An equation with the unknown function under the sign of integration and in-
cluding the unknown function’s derivatives is known as an integro-differential
equation (IDE). It falls into one of two categories: Volterra equations or Fred-
holm equations. IDEs are one of the most important tools in mathematics
[33].

Many researchers and scientists investigated IDEs while working on scien-
tific applications such as heat transformers, neutron diffusion, and biological
species coexisting with growing and decreasing rates of production and dif-
fusion processes. Applications in physics, biology, and engineering, as well
as models addressing complex integral equations like [14, 16], also use these
kinds of equations. An IDE system can be solved using a variety of methods,
such as the variational iteration method (VIM) [29], the rationalized Haar
functions method [18], the Adomian decomposition method (ADM) [8, 26],
and work by Younis and Al-Hayani [31, 3], the Galerkin method [19], and
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He’s homotopy perturbation method (HPM) [9, 32] and the work by Younis
and Al-Hayani [30].

The analytical method known as ADM uses Adomian polynomials to eval-
uate the answer. Both linear and nonlinear issues can be solved using this
method, which neither simplifies nor discretizes the provided problem. The
Galerkin and rationalized Haar function methods are numerical techniques
that can be used to solve IDEs in a variety of ways. The HPM, introduced by
He in 1997 and further detailed in 2000, combines traditional perturbation
techniques with the concept of Homotopy from topology [15]. He developed
and extended this innovative method, which has since been applied to a wide
range of linear and nonlinear problems.

Also, the use of the Laplace transform HPM by Al-Hayani [2]. Another
analytical method, the VIM, is also capable of addressing various linear and
nonlinear challenges. Additionally, Avudainayagam and Vani [5] explored the
use of wavelet bases for solving IDEs. They proposed a method for computing
a novel four-dimensional connection coefficient and validated their approach
by solving two basic educational nonlinear IDEs [6].

Interest in linear and nonlinear Volterra integro-differential equations
(VIDEs), which blend differential and integral components, has significantly
increased in recent years [28]. Nonlinear VITEs are fundamental in various
areas of nonlinear functional analysis and find widespread applications in
engineering, mechanics, physics, electrostatics, biology, chemistry, and eco-
nomics [7].

Recently, Ramadan et al. [21, 23, 22] have proposed the Ramadan group
transform (RGT) and the accelerated Adomian method to address solutions
for quadratic Riccati differential equations, the nonlinear Sharma–Tasso–
Olver equation, and other forms of nonlinear partial differential equations.

In this paper, we present the RGT and accelerated Adomian method for
solving the nonlinear VIDEs of the type:

y(i) (x) = f(x) + γ

∫ x

0

K(x, t)G(y(x))dt ,

with the initial conditions
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y(r) (a) = br, r = 0, 1, 2, . . . , (i− 1) ,

where y(i) (x) is the ith derivative of the unknown function y(x) that will be
determined, K(x, t) is the kernel of the equation, f(x) is an analytic function,
G is a nonlinear function of y, and a, b, γ and br are real finite constants.
The main objective of this contribution is to present a comparative study of
solving IDEs using the RGT method coupled with an accelerated Adomian
method and solving them using other methods.

This paper is organized as follows:
Mathematical preliminaries and notions are stated in Section 2.
In Section 3, the analysis of the hybrid RGT accelerated Adomian method is
explained thoroughly.
In Section 4, the proof of convergence of the hybrid RGT accelerated Adomian
method when applied to a class of nonlinear Volterra-type IDEs, including the
sufficient conditions guaranteeing existence and uniqueness are introduced.
To demonstrate the correctness and effectiveness of the suggested approach
in comparison to the current one’s numerical examples are solved in Section
5.
Concluding remarks are given in the last section.

2 Mathematical preliminaries and notions

We give the reader basic definitions and theorems in this section so they may
comprehend RGT and its fundamental characteristics.

2.1 The Adomian polynomials [1]

A wide range of linear and nonlinear functional equations can be analytically
approximated using the ADM.

The solution is defined by the infinite series in the standard ADM,

y =

∞∑
n=0

yn ,
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after which the nonlinear term Ny is broken down into an infinite series.
Moreover,

Ny =

∞∑
n=0

An ,

where the regular Adomian polynomials are denoted by the An and are de-
rived using the definitional formula for the nonlinearity Ny = f(y). Also,

An =
1

n!
(
dn

dλn
[N(

n∑
i=0

λiyi)])

λ=0

, n = 0, 1, 2, . . . .

If N (y) = y2 (x) , then Adomian polynomials [1, 10] are

A0 = y0
2 ,

A1 = 2y0y1,

A2 = y1
2 + 2y0y2 .

Ordinary and partial differential equations are solved by approximating
the nonlinear term functions using the Adomian polynomials {An}.

2.2 Accelerated Adomian polynomials (El-Kalla
Adomian polynomials) [27, 12, 13, 11]

The accelerated Adomian polynomials are given in the following form:

An = N (sn)−
n−1∑
i=0

Ai,

where An, are accelerated Adomian polynomials, A0, A1, A2,… and N (sn).
Use the nonlinearity (n-times) to substitute the total of the responses.

If N (y) = y2 (x) , then accelerated Adomian polynomials are

A0 = y0
2 ,

A1 = 2y0y1 + y1
2 ,

A2 = 2y0y2 + 2y1y2 + y2
2 ,
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and if N (y) = y3 (x), then accelerated Adomian polynomials are

A0 = y0
3 ,

A1 = 3y0
2y1 + 3y0y1

2 + y1
3,

A2 = 3y0
2y2 + 6y0y1y2 + 3y1

2y2 + 3y0y2
2 + 3y1y2

2 + y2
3.

2.3 Ramadan group integral transform [24]

For exponentially ordered functions, a novel integral RGT was introduced.
Functions in set A are examined, as defined by

A = {f (t) : ∃M, t1, t2 > 0 s.t. |f (t)| < Me

|t|
tn , if t ∈ (−1)n × [0,∞)}.

The RGT is defined by

K (s, u) = RG [f (t) ; (s, u)]

=


∫ ∞

0

e−stf (ut) dt, −t1 < u ≤ 0,∫ ∞

0

e−stf (ut) dt, 0 ≤ u < t2.

2.4 Ramadan group transform (RGT) convolution
theorem

Definition 1 (Convolution of two functions [20]). The convolution of piece-
wise continuous functions f (x) , g (x) : R→ R is the function f ∗ g : R→ R

and is determined by the integral

f ∗ g =

∫ x

0

f(t)g(x− t)dt.

Theorem 1 (Convolution theorem of RGT). [20]
Let f (x) and g (x) be two functions with RGTs K1(s, u) and K2(s, u),

respectively. Then
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RG [(f ∗ g) (s, u)] = uK1 (s, u)K2 (s, u) ,

and
RG−1 [uK1 (s, u)K2 (s, u)] = f ∗ g.

Proof. See [21] for theorem’s proof.

Table 1: Ramadan group transform (RGT) of some functions

f(t) RG[f(t)] = K(s, u))
1 1

s
t u

s2

tn−1

(n−1)!
un−1

sn
1√
πt

1√
su

eat 1
s−au

teat u
(s−au)2

sinWt
W

u
s2+u2w2

cosWt s
s2+u2w2

sinat
a

u
s2+u2a2

3 Analysis of the Hybrid RGT accelerated Adomian
method

This section outlines the steps of the suggested method for solving nonlinear
IDEs where the accelerated Adomian polynomial appears in the estimated
solution.

y(n) (x) = f(x) +

∫ x

0

K(x− t)G(y(x))dt . (1)

Applying the RGT for both sides, we get

sn

un
RG [y (x)]− sn−1

un
y (0)− sn−2

un−1
y′ (0)− · · · − 1

u
y(n−1) (0)

= RG [f (x)] +RG
[
K (x)

⊗
G (y (x))

]
.

(2)

The RGT of convolution term K (x)
⊗
G (y (x)) can be written as a prod-

uct of terms, so,
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sn

un
RG [y (x)]− sn−1

un
y (0)− sn−2

un−1
y′ (0)− · · · − 1

u
y(n−1) (0)

= RG [f (x)] + uRG [K (x)]RG [G (y (x)) ] .

(3)

This can be reduced to

sn

un
RG [y (x)] =

sn−1

un
y (0) +

sn−2

un−1
y′ (0) + · · ·+ 1

u
y(n−1) (0)

+RG [f (x)] + uRG [K(x)]RG[G (y (x)) ],

(4)

RG [y (x)] =
un

sn

[
sn−1

un
y (0) +

sn−2

un−1
y′ (0) + · · ·+ 1

u
y(n−1) (0)

]
+
un

sn
RG [f (x)] +

un+1

sn
RG [K(x)]RG[G (y (x)) ].

(5)

Applying the inverse RGT for both sides, we get

y(x) =RG−1

[
un

sn

[
sn−1

un
y (0) +

sn−2

un−1
y′ (0) + · · ·+

1

u
y(n−1) (0)

]]
+RG−1

[
un

sn
RG [f (x)]

]
+RG−1

[
un+1

sn
RG [K (x)]RG [G (y (x)) ]

]
. (6)

We represent the linear term y(x) at the left side by an infinite series of
components given by

y (x) =

∞∑
n=0

yn (x). (7)

The nonlinear term G (y (x)) at the right side of (6) will be represented
by an infinite series of the accelerated Adomian polynomials An

G (y (x)) =

∞∑
n=0

An (x) . (8)

3.1 Accelerated Adomian polynomials An formula

If the nonlinear function is G (y (x)) = y2 (x), then the accelerated Adomian
polynomials An are
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A0 = y0
2 ,

A1 = 2y0y1 + y1
2 ,

A2 = 2y0y2 + 2y1y2 + y2
2 ,

and G (y (x)) = y3 (x), the accelerated Adomian polynomials An are

A0 = y0
3 ,

A1 = 3y0
2y1 + 3y0y1

2 + y1
3,

A2 = 3y0
2y2 + 6y0y1y2 + 3y1

2y2 + 3y0y2
2 + 3y1y2

2 + y2
3,

where An, n ≥ 0 can be obtained for all forms of nonlinearity. Substituting
(7) and (8) into (5) leads to

∞∑
n=0

yn (x) =RG
−1

[
un

sn

[
sn−1

un
y (0) +

sn−2

un−1
y′ (0) + · · ·+ 1

u
y(n−1) (0)

]]
+RG−1

[
un

sn
RG [f (x)]

]
+ RG−1

[
un+1

sn
RG [K (x)]RG

[ ∞∑
n=0

An (x)

]]
,

where

y0 (x) =RG
−1

[
un

sn

[
sn−1

un
y (0) +

sn−2

un−1
y′ (0) + · · ·+ 1

u
y(n−1) (0)

]]
+RG−1

[
un

sn
RG [f (x)]

]
,

yn+1 (x) = RG−1

[
un+1

sn
RG [K (x)]RG

[ ∞∑
n=0

An (x)

]]
, n ≥ 0.

4 Convergence of the proposed method

In this section, we present and prove a convergence theorem for the ap-
plication of the hybrid RGT in combination with the accelerated Adomian
polynomials.
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Theorem 2. The solution of the nonlinear Volterra-type integro-differential
equation

y(i) (x) = f(x) +

∫ x

x0

K(x, t)G(y(x))dt ,

using RGT converges if G(y(x)) satisfy Lipschitz condition in the interval of
interest J = [0, b] and this solution, is unique provided that

0 < MM1
(x− x0)i+1

(i+ 1)!
< 1, for all x ∈ J, where M is the Lipschitz in-

equality constant.

Proof. Define a complete metric space (C[0, b] d), the space of all continuous
functions on J with the distance function

d (f1 (x) , f2 (x)) = max
∀x∈J

|f1 (x)− f2 (x)| .

Define the sequence {Sn} such that Sn =
n∑

i=0

yi (x) = y0 + y1 + · · ·+ yn

is a sequence of partial sums of the series solution
∞∑
i=0

yi (x), since

f

( ∞∑
i=0

yi (x)

)
=

∞∑
i=0

Ai (y0, y1, . . . , yi),

f (Sn) =

∞∑
i=0

Ai (y0, y1, . . . , yi).

Let, Sn and Sm be arbitrary partial sums with n ≥ m. We prove that
{Sn} is a Cauchy sequence in this complete metric space:

d (Sn , Sm) = max
∀x∈J

||Sn − Sm||

= max
∀x∈J

∣∣∣∣∣
n∑

i=m+1

yi (x)

∣∣∣∣∣
= max

∀x∈J

∣∣∣∣∣
n∑

i=m+1

RG−1[

∫ x

x0

K (x, t)Ai−1dt]

∣∣∣∣∣
= max

∀x∈J

∣∣∣∣∣
n∑

i=m+1

RG−1[

∫ x

x0

K(x, t)Ai−1dt]

∣∣∣∣∣
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= max
∀x∈J

∣∣∣∣∣RG−1[

∫ x

x0

K(x, t)

n−1∑
i=m

Aidt]

∣∣∣∣∣
= max

∀x∈J

∣∣∣∣RG−1[

∫ x

x0

K (x, t)[f (Sn−1)− f(Sm−1)]dt]

∣∣∣∣
≤ max

∀x∈J
RG−1

[∫ x

x0

|K (x, t)| |f (Sn−1)− f (Sm−1)| dt
]

≤ M1 max
∀x∈J

|f (Sn−1)− f (Sm−1)| RG−1

∫ x

x0

dt.

Since f(x) satisfy Lipschitz condition,

|f (Sn−1)− f (Sm−1)| ≤M |Sn−1 − Sm−1|,

so,

d (Sm , Sn) ≤MM1 max
∀x∈J

|Sn−1 − Sm−1|
∫ x

x0

. . . (i+ 1)− fold . .
∫ x

x0

dt . . . dt ,

≤ MM1
(x− x0)i+1

(i+ 1)!
d (Sm−1 , Sn−1) ,

≤ αd (Sm−1 , Sn−1) , α =MM1
(x− x0)i+1

(i+ 1)!
.

Now, for n = m+ 1,

d (Sm+1 , Sm) ≤ αd (Sm , Sm−1) ≤ α2d (Sm−1 , Sm−2) ≤ · · · ≤ αmd (S1 , S0) .

From the triangle inequality, we have

d (Sm , Sn) ≤ α [d (Sm−1 , Sm) + d (Sm , Sm+1) + · · ·+ d (Sn−2 , Sn−1)] ,

≤ α
[
αm−1 + αm + · · ·+ αn−2

]
d (S1 , S0) ,

≤ αm 1− αn−m

1− α
d (S1 − S0) ,

≤ αm

1− α
d (S1 , S0) .

Indeed, d (S1 , S0) = max∀x∈J |S1 − S0|=max∀x∈J |y1| , which is
bounded. As m → ∞, d(Sm , Sn) → 0 we conclude that {Sn} is a
Cauchy sequence in this complete metric space, so the series

∞∑
n=0

yn (x) con-
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verges. For the uniqueness of the solution, assume that y and y∗ are two
different solutions. Then from (6), we have

d (y , y∗) = max
∀x∈J

∣∣∣∣RG−1[

∫ x

x0

K (x, t)[f (y)− f(y∗)]dt]
∣∣∣∣ ,

≤ max
∀x∈J

RG−1

[∫ x

x0

|K (x, t)| |f (y)− f (y∗)| dt
]
,

≤ M1 max
∀x∈J

|f (y)− f (y∗)| RG−1

∫ x

x0

dt,

≤ αd (y , y∗) .

So, (1 − α)d (y , y∗) ≤ 0 and 0 < α <= 1; then d (y , y∗) = 0, which
implies y = y∗.

5 Numerical examples

In this numerical section, we apply the hybrid RGT and accelerated Adomian
polynomials to solve several nonlinear IDEs. The results are compared with
traditional methods, highlighting improvements in accuracy and computa-
tional efficiency, demonstrating the effectiveness of the proposed approach.

Example 1. Consider the nonlinear VIDE [25]

y′ (x) = −1 +
∫ x

0

y2(t)dt , y (0) = 0 ,

whose exact solution takes the form

y (x) =
−x+

x4

28

1 +
x3

21

.

This example is solved by Rani and Mishra [25] where they used Laplace
and a modification of ADM by computing the Adomian polynomials for the
nonlinear term using the Newton-Raphson formula. We applied our hybrid
method for combining RGT and the accelerated version of ADM. Four itera-
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tions are carried out and the approximate series solution is evaluated at the
corresponding points as in [25].

Applying the RGT for both sides, we get

RG [ỳ (x)] = RG [−1] +RG

[∫ x

0

y2(t)dt

]
,

s

u
RG [y(x)]− 1

u
y(0) = RG [−1] +RG

[∫ x

0

y2(t)dt

]
,

s

u
RG [y(x)] =

−1
s

+RG

[∫ x

0

y2(t)dt

]
,

RG [y(x)] =
−u
s2

+
u

s
RG

[∫ x

0

y2(t)dt

]
.

Applying the inverse RGT for both sides, we get

y (x) = RG−1

[
−u
s2

]
+RG−1

[
u

s
RG

[∫ x

0

y (t)
2
dt

]]
,

y (x) = −x+RG−1

[
u

s
RG

[∫ x

0

y2(t)dt

]]
.

Let y2(t) =
∞∑

n=0
An ,

∞∑
n=0

yn(x) = −x+RG−1

[
u

s
RG

[∫ x

0

∞∑
n=0

An dx

]]
.

By comparing both sides, we get

y0 (x) = −x ,

yn+1 (x) = RG−1

[
u

s
RG

[∫ x

0

∞∑
n=0

An dx

]]
.

Using accelerated Adomian polynomials, we have

A0 = y0
2, A1 = 2y0y1 + y1

2, A2 = 2y0y2 + 2y1y2 + y2
2, . . . .

Then
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y0 (x) = −x , y1 (x) =
x4

12
, y2 (x) = −

x7

252
+

x10

12960
,

y3 (x)

=
11831339520x10 − 701537760x13 + 15992262x16 − 240240x19 + 1729x22

134167390156800

y4 (x) =−
x13

884520
+

89x16

849139200
− 10757x19

2032839244800
+

350993x22

1878343462195200

− 4507x25

901604861853696
+

24354871x28

221524314557453107200

− 1312457x31

628869391142952960000
+

253524431x34

7647700951798842654720000

− 1709x37

4053164656463290368000
+

241247x40

59943018919370607820800000

− x43

39132841298576965632000
+

x46

12464483949901696204800000
.

y (x) (approximate) = y0 + y1 + y2 + y3 + y4

= −x+
x4

12
− x7

252
+

x10

6048
− x13

157248
+

2663x16

11887948800
+ · · · .

Table 2: Comparison of the approximate solutions and absolute error against the method
of Laplace Adomian using Newton–Raphson formula [25]

x Exact solution Approximate solution
(presented method, 4
iterations)

Absolute error Approximate
solution [25] (4
iterations)

Absolute error

0. 0. 0. 0. 0. 0.
0.0625 -0.0624987284490275 -0.0624987284490275 2.082×10−17 -0.062499682 3.1789×10−7

0.125 -0.124979656839952 -0.124979656839974 2.2×10−14 -0.124994914 1.4914×10−5

0.1875 -0.187397035493881 -0.187397035495149 1.268×10−12 -0.187474253 7.4253×10−5

0.25 -0.249674721189591 -0.249674721212078 2.249×10−11 -0.249918635 2.4863×10−4

0.3125 -0.311706424640996 -0.311706424850075 2.091×10−10 -0.31230139 5.9139×10−3

0.375 -0.373356178680768 -0.373356179972127 1.291×10−9 -0.374588271 1.2283×10−3

0.4375 -0.434459096619924 -0.434459102631869 6.012×10−9 -0.436737503 2.2775×10−3

0.5 -0.494822485207101 -0.494822507955013 2.275×10−8 -0.498699852 3.8799×10−3

Table 2 and Figure 1 show that the proposed method achieves higher ac-
curacy and improved computational efficiency, primarily because the accel-
erated Adomian polynomials eliminate the requirement to compute deriva-
tives of the nonlinear functions. Another notable advantage of using the
accelerated polynomial is its superior rate of convergence compared to the
traditional polynomials.

Example 2. Consider the nonlinear VIDE [17]
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Figure 1: Comparison the absolute errors of the two approaches at four iterations.

y′′ (x) = 2+2x+x2−x2ex−e2x+
∫ x

0

ex−ty2 (t) dt, y (0) = 1, y′ (0) = 2 ,

whose exact solution takes the form y (x) = x+ ex.

Khanlari and Paripour [17] solved this example using a combination of
Laplace and the homotopy analysis method (HAM) by computing the Ado-
mian polynomials for the nonlinear term. We applied our hybrid method
for combining the RGT and the accelerated version of ADM. Three itera-
tions were carried out, and the approximate solution and absolute error were
evaluated at the corresponding points as in [4].

We note that the integral term uses the RGT convolution theorem of the
two functions ex and y2 (x) [13].

Applying the RGT for both sides, we get

RG [y′′ (x)] = RG
[
2 + 2x+ x2 − x2ex − e2x

]
+RG

[
ex
⊗

y2 (x)
]
,

RG [y′′ (x)] = RG
[
2 + 2x+ x2 − x2ex − e2x

]
+ uRG [ex]RG

[
y2 (x)

]
,

s2

u2
RG [y (x)]− s

u2
y (0)− 1

u
y′ (0) =

2

s
+

2u

s2
+

2u2

s3
− 2u2

(s− u)3

− 1

−2u+ s
+

u

s− u
RG

[
y2 (x)

]
,
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s2

u2
RG [y (x)] =

s

u2
+

2

u
+

2

s
+

2u

s2
+

2u2

s3
− 2u2

(s− u)3
− 1

−2u+ s

+
u

s− u
RG

[
y2 (x)

]
,

RG [y (x)] =
1

s
+

2u

s2
+

2u2

s3
+

2u3

s4
+

2u4

s5
− 2u4

s2 (s− u)3
− u2

s2(−2u+ s)

+
u3

s2(s− u)
RG

[
y2 (x)

]
.

Applying the inverse RGT for both sides, we get

y (x) =RG−1

[
1

s
+

2u

s2
+

2u2

s3
+

2u3

s4
+

2u4

s5
− 2u4

s2 (s− u)3
− u2

s2 (−2u+ s)

]

+RG−1

[
u3

s2 (s− u)
RG

[
y2 (x)

]]
,

∞∑
n=0

yn(x) =RG
−1

[
1

s
+

2u

s2
+

2u2

s3
+

2u3

s4
+

2u4

s5
− 2u4

s2 (s− u)3
− u2

s2 (−2u+ s)

]

+RG−1

[
u3

s2 (s− u)
RG

[ ∞∑
n=0

An

]]
.

By comparing both sides and using the Taylor series from 0 to 4, we get

y0 (x) = 1 + 2x+
x2

2
− x4

6
+ . . . ,

yn+1 (x) = RG−1

[
u3

s2 (s− u)
RG

[ ∞∑
n=0

An

]]
.

Using accelerated Adomian polynomials, we have

A0 = y0
2,

A1 = 2y0y1 + y1
2,

A2 = 2y0y2 + 2y1y2 + y2
2,

...

Then
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y0 (x) = 1 + 2x+
x2

2
− x4

6
+ . . . ,

y1 (x) =
x3

6
+

5x4

24
+
x5

8
+

3x6

80
+ . . . ,

y2 (x) =
x6

360
+

x7

180
+

89x8

20160
+ . . . ,

y3 (x) =
x9

90720
+

29x10

907200
+ . . . ,

y (x) (approximate) = y0+y1+y2+y3 = 1+2x+
x2

2
+
x3

6
+
x4

24
+
x5

120
+
x6

720
+· · · .

Table 3: Comparison of the approximate solutions and absolute error against the com-
bination of the HAM and Laplace transform-Adomian method [4]

x Exact solution Approximate
solution (pre-
sented method,
3 iterations)

Absolute error Approximate
solution [4]
(4 iterations)

Absolute error

0.00 1.0000000000000 1.0000000000000 0.0000 1.00000 0.00000
0.02 1.0402013400268 1.0402013400268 7.105×10−15 1.04042 2.16577×10−4

0.04 1.0808107741924 1.0808107741933 9.064×10−13 1.08175 9.37538×10−4

0.06 1.1218365465454 1.1218365465611 1.573×10−11 1.12412 2.28194×10−3

0.08 1.1632870676750 1.1632870677947 1.197×10−10 1.16767 4.38752×10−3

0.10 1.2051709180756 1.2051709186553 5.796×10−10 1.21259 7.41437×10−3

0.12 1.2474968515794 1.2474968536878 2.108×10−9 1.25905 1.15497×10−3

0.14 1.2902737988572 1.2902738051525 6.295×10−9 1.30729 1.70138×10−2

0.16 1.3335108709918 1.3335108872586 1.627×10−8 1.35758 2.40683×10−2

0.18 1.3772173631218 1.3772174007597 3.764×10−8 1.41024 3.30265×10−2

0.20 1.4214027581602 1.4214028379772 7.982×10−8 1.46567 4.42678×10−2

Figure 2: Comparison the approximate solutions of the two approaches.
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Figure 3: Comparison the absolute errors of the two approaches.

Based on Table 3 and Figures 2 and 3, the RGT combined with the
accelerated Adomian method yields higher accuracy compared to the hybrid
approach of the HAM and the Laplace transform-Adomian method. Notably,
this improved performance is achieved using only three iterations, whereas
HAM requires four.

Example 3. Consider the nonlinear VIDE [4]

y′′′ (x) =
−2
3
− 5

3
cos (x) +

4

3
cos2 (x) +

∫ x

0

cos (x− t) y2 (t) dt,

y (0) = y′ (0) = 1, y′′ (0) = −1,

whose exact solution takes the form

y (x) = sin(x) + cos(x) .

Almousa et al. [4] approached this example by employing a combination
of Laplace transform and HAM. They calculated the Adomian polynomials
for the nonlinear term. In our study, we utilized a hybrid method that
combines the RGT with an accelerated Adomian polynomial. We conducted
two iterations and evaluated both the approximate solutions and absolute
error at the corresponding points, as described in [20].

We note that the integral term uses the RGT convolution theorem of two
functions cos(x) and y2 (x) [10].
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Applying the RGT for both sides, we get

RG [y′′′ (x)] = RG

[
−2
3
− 5

3
cos (x) +

4

3
cos2 (x)

]
+RG

[
cos (x)

⊗
y2 (x)

]
,

RG [y′′′ (x)] = RG

[
−2
3
− 5

3
cos (x) +

4

3
cos2 (x)

]
+uRG

[
cos (x) ] RG[y2 (x)

]
,

s3

u3
RG [y (x)]− s2

u3
y(0)− s

u2
y′(0)− 1

u
y′′(0)

= − s3 + 6su2

s4 + 5s2u2 + 4u4
+

us

s2 + u2
RG[y2 (x)],

s3

u3
RG [y (x)] =

s2

u3
+

s

u2
− 1

u
− s3 + 6su2

s4 + 5s2u2 + 4u4
+

us

s2 + u2
RG[y2 (x)],

RG [y (x)] =
1

s
+
u

s2
− u2

s3
− u3(s3 + 6su2)

s3(s4 + 5s2u2 + 4u4)
+

u4

s2(s2 + u2)
RG[y2 (x)].

Applying the inverse RGT for both sides, we get

y (x) =RG−1

[
1

s
+
u

s2
− u2

s3
−

u3
(
s3 + 6su2

)
s3 (s4 + 5s2u2 + 4u4)

]

+RG−1

[
u4

s2 (s2 + u2)
RG

[
y2 (x)

]]
,

∞∑
n=0

yn(x) =RG
−1

[
1

s
+
u

s2
− u2

s3
−

u3
(
s3 + 6su2

)
s3 (s4 + 5s2u2 + 4u4)

]

+RG−1

[
u4

s2 (s2 + u2)
RG

[ ∞∑
n=0

An

]]
.

By comparing both sides and using the Taylor series from 0 to 9, we get

y0 (x) = 1 + x− x2

2
− x3

6
− x5

120
+

x7

560
− 41x9

362880
+ . . . ,

yn+1 (x) = RG−1

[
u4

s2 (s2 + u2)
RG

[ ∞∑
n=0

An

]]
.

Using accelerated Adomian polynomials

A0 = y0
2, A1 = 2y0y1 + y1

2, A2 = 2y0y2 + 2y1y2 + y2
2,
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...

Then
y0 (x) = 1 + x− x2

2
− x3

6
− x5

120
+

x7

560
− . . . ,

y1 (x) =
x4

24
+
x5

60
− x6

720
− x7

504
− x8

40320
+ . . . ,

y2 (x) =
x8

20160
+ . . . ,

y (x) (approximate) = y0 + y1 + y2.

Table 4: Comparison of the approximate solutions and absolute error against the method
of (HAM) [4]

x Exact solution Approximate solution
(presented method, 2
iterations)

Absolute error Approximate
solution [4]
(4 iterations)

Absolute error

0.00 1.0000000000000 1.0000000000000 0 1.00000 0
0.02 1.019798673359911 1.019798673359911 0 1.01980 1.37991×10−6

0.04 1.0391894408476121 1.0391894408476123 2.22×10−16 1.03920 1.14101×10−5

0.06 1.0581645464146487 1.0581645464146487 0 1.05820 3.97525×10−5

0.08 1.0767164002717922 1.0767164002717917 4.441×10−16 1.07681 9.71538×10−5

0.10 1.094837581924854 1.0948375819248513 2.665×10−15 1.09503 1.95418×10−4

0.12 1.1125208431427855 1.1125208431427716 1.399×10−14 1.11287 3.47374×10−4

0.14 1.1297591108568736 1.1297591108568175 5.618×10−14 1.13033 5.66843×10−4

0.16 1.1465454899898728 1.1465454899896865 1.863×10−13 1.14741 8.68596×10−4

0.18 1.1628732662139456 1.1628732662134090 5.367×10−13 1.16414 1.26832×10−3

0.20 1.1787359086363027 1.1787359086349205 1.382×10−12 1.18052 1.78257×10−3

From Table 4, RGT with accelerated Adomian gives better accuracy com-
pared with the HAM and Laplace transform-Adomian method. Although,
RGT with accelerated Adomian polynomials uses less iterations than HAM.

Example 4. Consider the following nonlinear VIDE [4]:

y′ (x) =
3

2
ex − 1

2
e3x +

∫ x

0

ex−t y3 (t) dt, y (0) = 1 ,

whose exact solution takes the form y (x) = ex.

This example is solved by Almousa et al. [4], and they used a hybrid
ADM with Modified Bernstein Polynomials by using the ADM for the non-
linear term. We applied our hybrid method for combining the RGT and the
accelerated Adomian polynomial. Four iterations are carried out, and the
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approximate series solution and absolute error are evaluated at the corre-
sponding points as in [4].

We note that the integral term uses the RGT convolution theorem of two
functions ex and y3 (x) [12].

Applying RGT for both sides, we get

RG [ y′ (x) ] = RG

[
3

2
ex
]
−RG

[
1

2
e3x

]
+RG

[
ex
⊗

y3 (x)
]
,

RG [ y′ (x) ] = RG

[
3

2
ex
]
−RG

[
1

2
e3x

]
+ uRG [ ex ]RG

[
y3 (x)

]
,

s

u
RG [y (x)]− 1

u
y (0) =

3

2s− 2u
− 1

2s− 6u
+

u

s− u
RG

[
y3 (x)

]
,

s

u
RG [y (x)] =

1

u
+

3

2s− 2u
− 1

2s− 6u
+

u

s− u
RG

[
y3 (x)

]
,

RG [y (x)] =
1

s
+

3u

2s(s− u)
− u

2s(s− 3u)
+

u2

s(s− u)
RG

[
y3 (x)

]
.

Applying the inverse RGT for both sides, we get

y (x) =
1

6

(
−2 + 9ex − e3x

)
+RG−1

[
u2

s (s− u)
RG

[
y3 (x)

]]
,

Let y (x) =
∞∑

n=0
yn(x), y3(x) =

∞∑
n=0

An(x) ,

∞∑
n=0

yn(x) =
1

6

(
−2 + 9ex − e3x

)
+RG−1

[
u2

s (s− u)
RG

[ ∞∑
n=0

An(x)

]]
.

By comparing both sides and using the Taylor series from 0 to 6, we get

y0 (x) = 1 + x− x3

2
− x4

2
− 13x5

40
− x6

6
+ . . . ,

yn+1 (x) = RG−1

[
u2

s (s− u)
RG

[ ∞∑
n=0

An(x)

]]
.

Using accelerated Adomian polynomials, we have
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A0 =y0
3 ,

A1 =3y0
2y1 + 3y0y1

2 + y1
3,

A2 =3y0
2y2 + 6y0y1y2 + 3y1

2y2 + 3y0y2
2 + 3y1y2

2 + y2
3,

A3 =3y0
2y3 + 6y0y1y3 + 3y1

2y3 + 6y0y2y3 + 6y1y2y3 + 3y2
2y3

+ 3y0y3
2 + 3y1y3

2 + 3y2y3
2 + y3

3,

...

Then
y0 (x) = 1 + x− x3

2
− x4

2
− 13x5

40
− x6

6
+ . . . ,

y1 (x) =
x2

2
+

2x3

3
+

5x4

12
+

7x5

120
− 101x6

720
+ . . . ,

y2 (x) =
x4

8
+

11x5

40
+

71x6

240
+ . . . ,

y3 (x) =
x6

80
+ . . . ,

y4 (x) =
3x8

4480
+

x9

896
+ . . . ,

y (x) (approximate) = y0 + y1 + y2 + y3 + y4.

Table 5: Comparison of the approximate solutions and absolute error against Hybrid
ADM with modified Bernstein polynomials [4]

x Exact solution Approximate solution
(presented method, 4
iterations)

Absolute error Approximate
solution [4]
(4 iterations)

Absolute er-
ror

0.0 1.000000000000000 1.000000000000000 0 1.000000 0
0.1 1.105170918075648 1.105170918063368 1.228×10−11 1.105170917 1.333×10−9

0.2 1.221402758160170 1.221402757841270 3.189×10−10 1.221402667 9.133×10−8

0.3 1.349858807576003 1.349858828402902 2.083×10−8 1.349857750 1.058×10−6

0.4 1.491824697641270 1.491825086984127 3.893×10−7 1.491818667 6.031×10−6

0.5 1.648721270700128 1.648724413674975 3.143×10−6 1.648697917 2.335×10−5

0.6 1.822118800390509 1.822135294857143 1.649×10−5 1.822048000 7.080×10−5

0.7 2.013752707470477 2.013818459141493 6.575×10−5 2.013571417 1.813×10−4

0.8 2.225540928492468 2.225756899555555 2.16×10−4 2.225130667 4.103×10−4

0.9 2.459603111156950 2.460217010731026 6.139×10−4 2.458758250 8.449×10−4

1.0 2.718281828459045 2.719841269841270 1.559×10−3 2.716666667 1.615×10−3

According to Table 5, the proposed method is both more accurate and
computationally simpler than the Adomian hybrid decomposition method
with modified Bernstein polynomials, which involves extensive calculations
when the same number of iterations is used.
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Example 5. Consider the nonlinear VIDE [28]

y(4) (x) = e−3x + e−x − 1 + 3

∫ x

0

y3 (t) dt ,

with the conditions

y (0) = y′′ (0) = 1, y′ (0) = y′′′ (0) = −1 ,

whose exact solution takes the form y (x) = e−x.

This example is solved by Sharif, Hamoud, and Ghadle [28] using a
Laplace and modified homotopy perturbation method (MHPM) by using the
ADM for the nonlinear term. We applied our hybrid method for combining
the RGT and the accelerated Adomian polynomial. Three iterations are car-
ried out, and the approximate series solution and absolute error are evaluated
at the corresponding points as in [28].

Applying RGT for both sides, we get

RG[y
(4)

(x)] = RG[e−3x] +RG[e−x]−RG[1] + 3RG[

∫ x

0

y3 (t) dt ],

s4

u4
RG [y (x)]− s3

u4
y (0)− s2

u3
y′ (0)− s

u2
y′′ (0)− 1

u
y′′′ (0)

=
1

(s+ 3u)
+

1
(s+ u)

− 1

s
+ 3RG[

∫ x

0

y3 (t) dt ],

s4

u4
RG [y (x)] =

s3

u4
− s

2

u3
+
s

u2
− 1

u
−1

s
+

1
(s+ 3u)

+
1

(s+ u)
+3RG[

∫ x

0

y3 (t) dt ],

RG [y (x)] =
1

s
− u

s2
+
u2

s3
− u3

s4
− u4

s5
+

u4

s4(s+ 3u)
+

u4

s4(s+ u)

+
3u4

s4
RG[

∫ x

0

y3 (t) dt ],

Applying the inverse RGT for both sides, we get

y (x) = − 1

81
+
e−3x

81
+e−x+

x

27
−x

2

18
+
x3

18
−x

4

24
+RG−1[

3u4

s4
RG[

∫ x

0

y3 (t) dt ] ] ,

y3(t) =

∞∑
n=0

An ,
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∞∑

n=0

yn(x) =−
1

81
+
e−3x

81
+ e−x +

x

27
− x2

18
+
x3

18
− x4

24

+RG−1[
3u4

s4
RG[

∫ x

0

∞∑
n=0

An dx ] ] ,

By comparing both sides and using the Taylor series from 0 to 5, we get

y0 (x) = 1− x+
x2

2
− x3

6
+
x4

24
− x5

30
+ . . . ,

yn+1 (x) = RG−1[
3u4

s4
RG[

∫ x

0

An dx ] ].

Using accelerated Adomian polynomials, we have

A0 = y0
3 , A1 = 3y0

2y1 + 3y0y1
2 + y1

3,

A2 = 3y0
2y2 + 6y0y1y2 + 3y1

2y2 + 3y0y2
2 + 3y1y2

2 + y2
3,

...

Then
y0 (x) = 1− x+

x2

2
− x3

6
+
x4

24
− x5

30
+ . . . ,

y1 (x) =
x5

40
− x6

80
+

3x7

560
− 9x8

4480
+ . . . ,

y2 (x) =
x10

134400
− x11

98560
+

3x12

394240
+ . . . ,

y3 (x) =
x15

5381376000
+ . . . ,

y (x) (approximate) = y0 + y1 + y2 + y3.

Based on Table 6, the proposed method outperforms the others at both
two and three iterations specifically when two iterations are used in the
MHPM and three iterations in the LADM [15].
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Table 6: Comparison of the approximate solution against LADM [17] and MHPM [7]

x Exact solu-
tion

Approximate
solution for
presented
method us-
ing three
iterations

Absolute Error
for presented
method using
three itera-
tions

LADM [17] Absolute
Error for
LADM [17]

MHPM [7] Absolute
Error for
MHPM [7]

0.00 1.0000000000 1.0000000000 0.0000× 100 1.0000000000 0.0000× 100 1.0000000000 0.0000× 100

0.04 0.9607894392 0.9607894391 5.5992× 10−11 0.9607895450 1.0580×10−7 0.9608106692 2.1230×10−5

0.08 0.9231163464 0.9231163429 3.5278× 10−9 0.9231180530 1.7066×10−6 0.9232854120 1.6906×10−4

0.12 0.8869204367 0.8869203971 3.9569× 10−8 0.8869290770 8.6403×10−6 0.8874885866 5.6815×10−4

0.16 0.8521437890 0.8521435700 2.1898× 10−7 0.8521710940 2.7305×10−5 0.8534850921 1.3413×10−3

0.20 0.8187307531 0.8187299301 8.2298× 10−7 0.8187974190 6.6670×10−5 0.8213405980 2.6098×10−3

0.24 0.7866278611 0.7866254393 2.4218× 10−6 0.7867661000 1.3824×10−4 0.7911217470 4.4938×10−3

0.28 0.7557837415 0.7557777214 6.0201× 10−6 0.7560398470 2.5611×10−4 0.7628963355 7.1125×10−3

0.32 0.7261490371 0.7261358094 1.3228× 10−5 0.7265859450 4.3691×10−4 0.7367334755 1.0584×10−2

0.36 0.6976763261 0.6976498733 2.6453× 10−5 0.6983761680 6.9984×10−4 0.7127037390 1.5027×10−2

6 Conclusions

In this study, a hybrid approach combining the RGT with the accelerated
Adomian polynomial is introduced to solve IDEs numerically. The resulting
method is straightforward and efficient, as demonstrated by the numerical
results presented in the tables.

These results highlighted the improved accuracy achieved through this
combination, outperforming other existing methods. An important advan-
tage and as a key contribution of the proposed convergence analysis is the
use of the classical fixed-point theorem in conjunction with accelerated poly-
nomials, rather than traditional polynomials.

This approach enhanced the robustness and efficiency of analysis. All
computations were carried out using MATHEMATICA 12.

Acknowledgements

Authors are grateful to there anonymous referees and editor for their con-
structive comments.

References

[1] Adomian, G. Nonlinear stochastic systems theory and applications to
physics, Kluwer Academic Publishers, Dordrecht, 1989.

Iran. J. Numer. Anal. Optim., Vol. 15, No. 4, 2025, pp 1332–1360



1357 Utilizing the Hybrid approach of the Ramadan group transform ...

[2] Al-Hayani, W. Combined Laplace transform-homotopy perturbation
method for Sine-Gordon equation, Appl. Math. Inf. Sci. 10(5) (2016),
1–6.

[3] Al-Hayani, W. and Younis, M.T. The homotopy perturbation method
for solving nonlocal initial-boundary value problems for parabolic and
hyperbolic partial differential equations, Eur. J. Pure Appl. Math. 16(3)
(2023), 155–156.

[4] Almousa, M., Saidat, S., Al-Hammouri, A., Alsaadi, S. and Banihani,
G. Solutions of nonlinear integro-differential equations using a hybrid
Adomian decomposition method with modified Bernstein polynomials,
Int. J. Fuzzy Log. Intell. Syst. 24(3) (2024) 271–279.

[5] Avudainayagam, A. and Vani, C. Wavelet–Galerkin method for integro-
differential equations, Appl. Math. Comput. 32 (2000), 247–254.

[6] Bahuguna, D., Ujlayan, A. and Pandey, D.N. A comparative study of
numerical methods for solving an integro-differential equation, Comput.
Math. Appl. 57 (2009), 1485–1493.

[7] Behzadi, S., Abbasbandy, S., Allahviranloo, T. and Yildirim, A. Ap-
plication of homotopy analysis method for solving a class of nonlinear
Volterra-Fredholm integro-differential equations, J. Appl. Anal. Comput.
2(2) (2012), 127–136.

[8] Biazar, J., Babolian, E. and Islam, R. Solution of a system of Volterra
integral equations of the first kind by Adomian method, Appl. Math.
Comput. 139 (2003), 249–258.

[9] Biazar, J., Ghazvini, H. and Eslami, M. He’s homotopy perturbation
method for systems of integro-differential equations, Chaos Solitons Frac-
tals 39 (2007), 1253–1258.

[10] Duan, J., Rach, R., Baleanu, D. and Wazwaz, A. A review of the Ado-
mian decomposition method and its applications to fractional differential
equations, Commun. Frac. Calc. 3(2) (2012), 73–99.

Iran. J. Numer. Anal. Optim., Vol. 15, No. 4, 2025, pp 1332–1360



Ramadan, Mansour and Osheba 1358

[11] El-Kalla, I.L. Error analysis of Adomian series solution to a class of
nonlinear differential equations, Appl. Math. E-Notes 7 (2007), 214–221.

[12] El-Kalla, I.L. New results on the analytic summation of Adomian se-
ries for some classes of differential and integral equations, Appl. Math.
Comput. 217 (2010), 3756–3763.

[13] El-Kalla, I.L. Piece-wise continuous solution to a class of nonlinear
boundary value problem, Ain Shams Eng. J. 4 (2013), 325–331.

[14] Golberg, A.M. Solution methods for Integral Equations: Theory and
Applications, Plenum Publishing Corporation, New York, 1979.

[15] He, J.H. A coupling method of a homotopy technique and a perturbation
technique for nonlinear problems, Int. J. Non-Linear Mech. 35(1) (2000),
37–43.

[16] Jerri, A.J. Introduction to integral equations with applications, Marcel
Dekker, New York, 1999.

[17] Khanlari, N. and Paripour, M. Solving nonlinear integro-differential
equations using the combined homotopy analysis transform method with
Adomian polynomials, RGN Publ. 9(4) (2018), 637–650.

[18] Maleknejad, K., Mirzaee, F. and Abbasbandy, S. Solving linear integro-
differential equations system by using rationalized Haar functions
method, Appl. Math. Comput. 155 (2004), 317–328.

[19] Maleknejad, K. and Tavassoli Kajani, M. Solving linear integro-
differential equation system by Galerkin methods with hybrid functions,
Appl. Math. Comput. 159 (2004), 603–612.

[20] Ramadan, M.A. The convolution for Ramadan group integral transform:
Theory and applications, J. Adv. Trends Basic Appl. Sci. (2017), 191–
197.

[21] Ramadan, M.A., Mansour, M.M.A., El-Shazly, N.M. and Osheba, H.S.
A blended numerical procedure for quadratic Riccati differential equa-
tions utilizing Ramadan group transform and variations of Adomian
decomposition, Eng. Appl. Sci. Lett. 7(3) (2024), 11–25.

Iran. J. Numer. Anal. Optim., Vol. 15, No. 4, 2025, pp 1332–1360



1359 Utilizing the Hybrid approach of the Ramadan group transform ...

[22] Ramadan, M.A., Mansour, M.M.A., El-Shazly, N.M. and Osheba, H.S.
The double Ramadan group accelerated Adomian decomposition method
for solving nonlinear partial differential equations, Comput. Methods
Differ. Equ. (2025).

[23] Ramadan, M.A., Mansour, M.M.A. and El-Shazly, N.M. Semi‑analytic
solution of the nonlinear Sharma‑Tasso‑Olver equation via Ramadan
group integral transform and accelerated Adomian decomposition, J.
Umm Al-Qura Univ. Appl. Sci. (2025) 1–14.

[24] Ramadan, M.A. and Mesrega, A.K. Solution of partial and integro-
differential equations using the convolution of Ramadan group transform,
Asian Res. J. Math. 11(3) (2018), 1–15.

[25] Rani, D. and Mishra, V. Modification of Laplace Adomian decomposition
method for solving nonlinear Volterra integral and integro-differential
equations based on Newton Raphson Formula, Eur. J. Pure Appl. Math.
11(1) (2018), 202–214.

[26] Sadeghi Goghary, H., Javadi, Sh. and Babolian, E. Restarted Adomian
method for system of nonlinear Volterra integral equations, Appl. Math.
Comput. 161 (2005), 745–751.

[27] Sayed, A.Y., Sayed, E.A., Rashwan, M.H. and El-Kalla, I.L. Using an
accelerated technique of the Laplace Adomian decomposition method in
solving a class of nonlinear integro-differential equations, Eng. Res. J.
175 (2022), 371–385.

[28] Sharif, A.A., Hamoud, A.A. and Ghadle, K.P. Solving nonlinear integro-
differential equations by using numerical technique, Acta Univ. Apulensis
61 (2019), 45–53.

[29] Wang, S.Q. and He, J.H. Variational iteration method for solving integro-
differential equations, Phys. Lett. A 367 (2007), 188–191.

[30] Younis, M.T. and Al-Hayani, W. Solving fuzzy system of Volterra integro-
differential equations by using Adomian decomposition method, Eur. J.
Pure Appl. Math. 15(1) (2022), 290–313.

Iran. J. Numer. Anal. Optim., Vol. 15, No. 4, 2025, pp 1332–1360



Ramadan, Mansour and Osheba 1360

[31] Younis, M.T. and Al-Hayani, W. A numerical study for solving the sys-
tems of fuzzy Fredholm integral equations of the second kind using the
Adomian decomposition method, Iraqi J. Sci. 64(7) (2023), 4407–4430.

[32] Yusufoglu, E. (Agadjanov) An efficient algorithm for solving integro-
differential equations system, Appl. Math. Comput. 192 (2007), 51–55.

[33] Zhao, J. and Corless, R.M. Compact finite difference method for integro-
differential equations, Appl. Math. Comput. 1(6) (2006), 271–288.

Iran. J. Numer. Anal. Optim., Vol. 15, No. 4, 2025, pp 1332–1360



Iranian Journal of Numerical Analysis and Optimization
Vol. 15, No. 4, 2025, pp 1361–1391
https://doi.org/10.22067/ijnao.2025.93523.1646
https://ijnao.um.ac.ir/

Research Article

Efficient numerical schemes on modified
graded mesh for singularly perturbed

parabolic convection-diffusion problems

K.K. Sah*,

Abstract

In this study, numerical approaches to the singularly perturbed problems
of convection diffusion type are presented. The backward Euler method
is applied to a uniform mesh in the temporal domain, while in the spatial
domain, we utilize both the hybrid midpoint finite difference scheme and
the high order via differential identity expansion scheme on a modified
graded mesh. The solution to the problem introduces a boundary layer on
the right side of the domain. Both of the above methods are proven to have
identical convergence with respect to the perturbation parameter. We also
provide numerical results in order to verify the theoretical conclusions. We
demonstrate that the applied approaches provide uniform convergence of
first-order in the temporal variable and second-order up to a logarithmic
factor with respect to the spatial variable.

AMS subject classifications (2020): 65M06, 65M12, 65M15.

*Corresponding author

Received 14 May 2025; revised 3 August 2025; accepted 14 August 2025

Kishun Kumar Sah
Department of Mathematics, National Institute of Technology Patna, India.
e-mail: kishuns.phd20.ma@nitp.ac.in

How to cite this article
Sah, K.K., Efficient numerical schemes on modified graded mesh for singularly perturbed
parabolic convection-diffusion problems. Iran. J. Numer. Anal. Optim., 2025; 15(4):
1361-1391. https://doi.org/10.22067/ijnao.2025.93523.1646

1361

https://doi.org/10.22067/ijnao.2025.93523.1646
https://ijnao.um.ac.ir/
https://orcid.org/0009-0005-2887-664X
https://doi.org/10.22067/ijnao.2025.93523.1646


Sah 1362

Keywords: Perturbation problems; Uniform convergence; Modified graded
mesh, Boundary layers; Hybrid midpoint finite difference scheme; HODIE
finite difference scheme

1 Introduction and summary

A singular perturbation problem in the context of parabolic partial differen-
tial equations involves a small parameter (usually denoted by ε) multiplying
the highest-order time derivative term in the equation. One example of a
singular perturbation problem is the parabolic convection-diffusion equation,
which models the transport of a scalar quantity, such as heat or chemical
concentration, in a fluid medium that is subject to both diffusion and con-
vection. The equation takes the form: εut = Duxx − vux, where u(x, t)

is the scalar quantity being transported and ε is the small parameter that
measures the relative strength of diffusion to convection. This equation is
called the parabolic convection-diffusion equation because it is a parabolic
partial differential equation that combines convection and diffusion terms.
The convection term vux represents the transport of the scalar quantity by
the fluid flow, while the diffusion term Duxx represents the spreading of
the scalar quantity due to molecular diffusion. The singular perturbation
aspect of this problem arises because the εut term introduces a time scale
that is much faster than the time scale of the diffusion and convection terms.
As a result, the solution to this equation exhibits behavior that is very dif-
ferent depending on whether ε is small or not. These problems frequently
occur in a variety of applied mathematics fields, including fluid dynamics,
elasticity, and many others. The study of singular perturbation problems
like the parabolic convection-diffusion equation is important in many fields,
including fluid dynamics, chemical engineering, and mathematical biology.
Techniques for analyzing these problems include matched asymptotic expan-
sions, boundary layer theory, and numerical methods that accurately depict
the solution’s behavior as the parameter ε tends towards zero. When the
value of ε is small, the problem exhibits heightened sensitivity to alterations
in initial or boundary conditions, rendering conventional numerical methods
for solving parabolic equations seemingly insufficient and imprecise.
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1363 Efficient numerical schemes on modified graded mesh ...

Addressing singular perturbation problems necessitates the application
of specialized techniques like asymptotic analysis, matched asymptotic ex-
pansions, or numerical methods explicitly tailored for these specific types of
problems. The goal is to accurately capture the behavior of the solution in
the boundary layer regions while avoiding excessive computational cost or
numerical instability. Approximate solutions are required in these situations
since it is often impossible or very difficult to find the precise answer to these
mathematical issues. By using perturbation techniques, it is possible to find
a rough answer. These approaches fundamental premise is to start by find-
ing a solution to a reduced problem and thereafter get consistently excellent
estimates. The solution of the singular perturbation in the parabolic partial
differential equations relies on both the resolution at the previous stage and
the resolution at the present stage; it is more analogous to events that oc-
cur in the actual world. Many publications addressing singularly perturbed
parabolic problems are accessible in the literature.

For instance, Claver, Gracia, and Jorge [3] developed high-order numerical
methods for one-dimensional parabolic singularly perturbed problems, pro-
viding valuable insights into handling regular and singular layers. Clavero,
Gracia, and Lisbona [5] extended these methods by implementing higher-
order schemes on Shishkin meshes for convection-diffusion problems, ensuring
uniform convergence. Izadi and Yuzbasi [8] proposed a hybrid approximation
scheme that effectively tackled convection-diffusion problems with singular
perturbations. Mukherjee and Natesan [17] introduced parameter-uniform
hybrid schemes for convection-dominated initial-boundary-value problems,
while their subsequent work [18] employed Richardson extrapolation tech-
niques to enhance solution accuracy and robustness. Furthermore, Tia, Liu,
and An [22] devised a higher-order finite difference scheme for singularly per-
turbed parabolic problems, emphasizing improved computational efficiency.

Despite these advancements, analytical solutions to singularly perturbed
differential equations remain challenging due to the inherent complexity of
boundary and interior layers.

Furthermore, the problem of the solution displays border and interior lay-
ers with a modest perturbation parameter of ε. Also, on a uniform mesh, the
classical numerical technique suddenly needs a lot of mesh points to correctly
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represent the layer in the solution, which is not feasible. In this sense, the
aforementioned approach is unsuccessful. So, a uniform convergent approach
has been developed as a result of the specific consideration needed for the
numerical solution of singularly perturbed partial differential equations.

There are numerous studies focused on the analytical and numerical treat-
ment of singularly perturbed parabolic problems, particularly utilizing finite
difference and finite element methods. For instance, Cai and Liu [1] pro-
posed a Reynolds-uniform scheme for addressing such problems, emphasiz-
ing uniform convergence. Chi-kuang [2] applied finite element methods to
tackle singular perturbation problems, showcasing their versatility in han-
dling boundary layers. Moreover, Clavero, Jorge, and Lisbona [4] devel-
oped uniformly convergent schemes that integrated alternating directions
and exponential fitting techniques, enhancing solution accuracy. Kadalbajoo
and Yadaw [9] investigated parameter-uniform finite element methods for
two-parameter problems, extending their applicability to reaction-diffusion
systems. Additionally, Kumar and Vigo-Aguiar [15] devised a parameter-
uniform grid equidistribution method, offering improved robustness in de-
generate parabolic problems. Sun and stynes [21] employed finite element
methods for high-order elliptic singularly perturbed problems. However, an-
alytical solutions and numerical approaches for singular perturbation convec-
tion diffusion problems are only briefly explored in a few papers. Mukherjee
and Natesan [17] proposed hybrid numerical schemes that maintain uniform
convergence in convection-diffusion settings. Vulanović and Nhan [24] ad-
vanced this by developing robust higher-order hybrid schemes, which effec-
tively handle steep gradients. Similarly, the higher-order monotone schemes
designed by Vulanović [23] demonstrate significant accuracy in nonlinear sin-
gular perturbation problems. In terms of the diffusion parameter, the numer-
ical technique is uniformly convergent, with an order close to two in space,
but in all these works, the authors have described a singularly perturbed
parabolic problem on a Shishkin mesh only.

There are currently no known papers relating to the convergence of dif-
ference schemes on modified graded meshes. As a result, we are now in a
position to develop a different scheme for a modified graded mesh. Moti-
vated by the work of Claver, Gracia, and Jorge [3], who developed high-
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order numerical methods for singularly perturbed problems on layer-adapted
meshes, Kaushik et al. [10], who introduced a modified graded mesh for
singularly perturbed reaction-diffusion problems, achieving enhanced accu-
racy, Mukherjee and Natesan [18], who demonstrated robust convergence for
convection-diffusion problems by using the Richardson extrapolation tech-
nique, Clavero, Gracia, and Stynes [6], who provided a simplified analysis of
hybrid numerical methods, and Kaushik et al. [11], who applied higher-order
methods to two-parameter singular perturbation problems, we aim to extend
this research direction.

In this article, we propose two finite difference schemes: the hybrid mid-
point finite difference scheme and the high order via differential identity ex-
pansion (HODIE) finite difference scheme on a modified graded mesh for the
convection-diffusion parabolic problem. Consider the singularly perturbed
initial-boundary value problem:

∂y(r, θ)

∂θ
+ Lεy = f(r, θ) on Λ := Λr × Λθ,

where Λr = (0, 1) and Λθ = (0,T ],

y(r, 0) = y0(r) for 0 ≤ r ≤ 1,

y(0, θ) = 0 for 0 < θ ≤ T ,

y(1, θ) = 0 for 0 < θ ≤ T ,

(1)

where

Lεy(r, θ) ≡ −ε
∂2y(r, θ)

∂r2
+ κ1(r)

∂y(r, θ)

∂r
+ κ2(r, θ)y(r, θ), (2)

with κ1(r) > λ > 0 and κ2 = κ2(r, θ) ≥ 0 on Λ, where ε is a small pertur-
bation. In section 2, there will be more presumptions made regarding the
problem of the data. From (8), it can be found that the solution y of (1)
contains an exponential boundary layer at the side r = 1 of Λ. Throughout
this paper, we concentrate on two finite difference techniques (hybrid dif-
ference scheme and second-order HODIE) for (1) that were introduced and
examined in [3, 17]. These studies verify convergence for these approaches,
uniformly in ε, with the caveat that κ2 = κ2(r), but the mesh is the same in
both papers.
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Our main goal in this study is to suggest and examine a higher-order
hybrid finite difference strategy for the problem (1) on the modified graded
mesh, which shall be discussed in the forthcoming section. In Section 3, we
define the meshes for temporal and spatial discretization and introduce some
special difference operators and the finite difference scheme. Also, we will
prove that the methods finite difference techniques (hybrid difference scheme
and second-order HODIE) of [3, 17] are essentially the same. In Section 4,
we show the convergence of these numerical techniques, uniformly in ε when
applied to (1). In Section 5, we present the numerical results for two linear
test problems to validate the theoretical results. Finally, in Section 6, we
summarize the main conclusions.

The functions based on the mesh assumption (16), which proves to be
considerably less limiting compared to the mesh constraint N −k ≤ C∆θ

imposed in [3, 17], where k ∈ (0, 1). When ε ≤ N −1, our convergence result
Theorem 1 becomes

max
i,j

∣∣y(ri, θj)− Y j
i

∣∣ ≤ C [∆θ + (N −1 ln(1/ε))2]. (3)

This sharpens the weaker result

max
i,j

∣∣y(ri, θj)− Y j
i

∣∣ ≤ C [∆θ + N −2+k(ln 1/ε)2].

It was obtained from [3, 17]. The numerical findings shown in these papers
demonstrate that the factor N k in this instance is an antiquity of the analy-
sis; that is, that our bound (3) is sharp. In section 5, we provide yet another
numerical example to demonstrate the accuracy of our convergence results.
In section 6, some final conclusions are given.

Notation: Throughout the paper, the symbol C represents a general
positive constant that remains unaffected by both ε and the mesh size.

2 Assumptions on the data

Before we analyze the problem, some of the compatibility conditions are
necessary. Therefore, the following compatibility conditions at the corners

Iran. J. Numer. Anal. Optim., Vol. 15, No. 4, 2025, pp 1361–1391



1367 Efficient numerical schemes on modified graded mesh ...

for functions and their zero-order and first-order derivatives are assumed to
satisfy: 

y0(0) = y0(1) = 0,

−εy′′

0 (0) + κ1(0)y
′

0(0) = f(0, 0),

−εy′′

0 (1) + κ1(1)y
′

0(1) = f(1, 0).

(4)

Then (1) has a unique solution in the Holder space C 2+λ,1+λ/2(Λ) see in
[19, 7]. We also make the assumption that the corner compatibility condi-
tions of second order are met, ensuring the validity of C 4+λ,2+λ/2(Λ). These
conditions can be explicitly stated within the terms of the problem of data
in the following manner. Differentiating (1) with respect to θ we get

fθ = yθθ + Lεyθ + κ2θy = yθθ + Lε(f −Lεy) + κ2θy.

Therefore, by invoking (1) and (4), we can express the second-order corner
compatibility conditions as

Lε(Lεy0) = Lεf − fθ (5)

at the corners (0, 0) and (1, 0). Given these assumptions, the solution y to
(1) exhibits an exponential layer along the boundary r = 1 of Λ and adheres
to the specified bound∣∣∣∣∂s+ly(r, θ)

∂rs∂θl

∣∣∣∣ ≤ C (1 + ε−se−λ(1−r)/ε) for (r, θ) ∈ Λ and s+ 2l ≤ 4. (6)

This result was proved in [25] for 0 ≤ s+l ≤ 2. Under necessary compatibility
conditions and sufficient smoothness on the data, the proof of the estimate (6)
for higher values of s, l follows similarly from [3, Lemma 2.1]. The approaches
given in [19] may be used to prove the aforementioned bound. The inequality
(6) a priori is sufficient for the majority of our analysis. It becomes necessary
for us to additionally assume that the data of the problem (1) adhere to the
third-order compatibility condition

fθθ = Lε(fθ −Lε(f −Lεy0)− κ2θy0) at the corners (0, 0) and (1, 0). (7)
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Then, similarly to (6), the bounds on the derivatives can be shown as∣∣∣∣∂s+ly(r, θ)

∂rs∂θl

∣∣∣∣ ≤ C (1 + ε−se−λ(1−r)/ε) for (r, θ) ∈ Λ and s+ 2l ≤ 6. (8)

In [3, 17], authors assumed that (8) is valid for s+ l ≤ 4, l ≤ 2.

Remark 1. The order of convergence of the our numerical technique on a
modified graded mesh, applied the finite difference scheme(midpoint tech-
nique), and the HODIE finite difference scheme is unaffected when (7) is
broken, according to the findings of our calculations. For an illustration, see
section 5.

Remark 2. As the variable ε can assume a range of values, the compatibility
condition (4) indicates that



y0(0) = y0(1) = 0,

κ1(0)y
′

0(0) = f(0, 0),

κ1(1)y
′

0(1) = f(1, 0),

y
′′

0 (0) = y
′′

0 (1) = 0.

(9)

Likewise, by utilizing (9), it becomes apparent that the equivalence of (5) is
contingent upon the condition of requiring.

(κ
′

1 + κ2)f = κ1fr − fθ,

(κ
′′

1 + 2κ2r)y
′

0 = frr,

y40 = 0

at the corners (0, 0) and (1, 0).

Further requirements are imposed on the data by assumption (7), al-
though as Remark 1 shows, they may not be necessary in reality. Despite
the fact that these requirements place limits on the types of data that are
allowed, it is nonetheless evident that some types of data meet these require-
ments. For instance, if enough derivatives of the y0 and f disappear at the
corners (0, 0) and (1, 0).
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3 Numerical discretization

Grids for spatial and temporal direction and bounds on them are defined in
this section. We apply two finite difference schemes (the hybrid difference
scheme and second-order HODIE) for the spatial derivative and the Euler-
backward difference for the temporal derivative to discretize the problem (1).

3.1 The uniform mesh

In the time domain interval [0,T ], we employ a uniform mesh with a time
step ∆θ, ensuring that

ΛM
θ = {θk = k∆θ, k = 0, 1, . . . , M , ∆θ =

T

M
},

Here, M represents the number of mesh points in the θ-direction within the
interval [0,T ].

3.2 Spatial discretization

We generate a modified graded mesh, ΛN
r in the interval [0, 1] and order to

resolve the boundary layer at r = 1, which is plotted in Figure 1 as follows:

σi = 1− χN −1 for i = 1, . . . ,N ,

where χ is defined as follows:

χ0 = 0,

χi = 2ε i
N , 1 ≤ i ≤ N

2 ,

χi+1 = χi(1 + ρh), N
2 ≤ i ≤ N − 2,

χN = 1,

(10)
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where the parameter h satisfies the following nonlinear equation:

ln(1/ε) = (N /2) ln(1 + ρh). (11)

The above section of the parameter h ensures that there are N /2 grid points
in the interval [0, 1−ε], which are distributed gradedly in the interval [0, 1−ε].
Numerical verification stimulate us that the interval (χN −1, 1) is not too
small in comparison with the previous one (χN −2, χN −1). In the subinterval
[1 − ε, 1] we distribute N /2 points with uniform step length 2ε/N , while
in the subinterval [0, 1 − ε] we first find h for some fix N by means of the
nonlinear equation (11), and corresponding to that h we distribute N /2

points in the interval [0, 1−ε]. The mesh length is denoted by hi = χi−χi−1,
for i = 1, 2, . . . , N .

Remark 3. The mesh size in piecewise uniform and the modified graded
region is given by

hi =

 2ε/N for i = 1, 2, . . . , N /2,

ρhχi−1 for i = N /2 + 1, N /2 + 2, . . . , N .

Lemma 1. The mesh defined in (10) satisfies the following estimates:

|hi+1 − hi| ≤

 0 for i = 1, 2, . . . , N /2,

Ch for i = N /2 + 1, N /2 + 2, . . . , N .

Proof. Initially, we consider i = 1, 2, . . . , N /2. As the mesh is uniform in
this portion, so nothing to prove.
For i = N /2 + 1, N /2 + 2, . . . , N . We have

|hi+1 − hi| = |ρhχi − ρhχi−1|

= ρh|χi − χi−1|

= ρ2h2χi−1

≤ Ch.

Here, we have taken 0 < ρ, h < 1.
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Lemma 2. For the modified graded mesh defined in (10), the parameter h
satisfies the following bound:

h ≤ C N −1 ln(1/ε).

Proof. Let K1 be the number of points χi in the partition (10) such that
χi ≤ ε, for i = 1, 2, . . . , N /2. Clearly K1 ≤ C /h and K2 be the number
of points in the partition (10) such that χi > ε. Let χN /2+1 be the smallest
point such that χi > ε. We have to estimate the bound for K2. Assuming
ρh ≤ 1, we have

K2 =

N∑
N /2+1

1 =

N∑
N /2+1

(χi+1 − χi)
−1

∫ χi+1

χi

dχ

=

N∑
N /2+1

(hi+1)
−1

∫ χi+1

χi

dχ

=

N∑
N /2+1

(ρhχi)
−1

∫ χi+1

χi

dχ

≤
N∑

N /2+1

(2/ρhχi+1)
−1

∫ χi+1

χi

dχ,

because χi+1 < 2χi. For any χ ∈ [χi, χ+1], we have

K2 ≤
N∑

N /2+1

2(ρh)−1

∫ χi+1

χi

1

χ
dχ

≤ 2(ρh)−1

∫ 1

ε

1

χ
dχ

≤ 2(ρh)−1 ln(1/ε).

Recalling N = K1 + K2, we have

N ≤ C /ρh+ 2(ρh)−1 ln(1/ε),

N ≤ 1/h(C ρ+ 2(ρ)−1 ln(1/ε)),

N ≤ 1/h(C ln(1/ε)),
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Finally, we get

h ≤ C N −1 ln(1/ε),

where N is the number of grid points in the r-direction.

0 1

(a) N = 32, ε= 10−1
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0.7

0.8

0.9

1

(b) N = 128, ε= 10−2

Figure 1: Distribution of modified graded mesh points for the problems with the layer
on the right side of the boundary, that is, r = 1, which is plot in Figure 1.

Figure 1a shows the distribution of the domain [0, 1], while Figure 1b
illustrates the layer within the domain [0, 1].

3.3 The finite difference scheme

In this section, we used the backward-Euler difference in the time direc-
tion and two finite difference schemes (the hybrid midpoint method and the
HODIE method) for the spatial direction on the modified graded mesh. Now,
a free parameter p1i that is defined by the following, is utilized to character-
ize the second-order HODIE finite difference scheme of [3], which is used to
discretize the spatial derivative of (1):

p1i =


di

di−1+di
for i = 1, 2, 3, . . . ,N /2,

0, for i = N /2 + 1, . . . ,N − 1.
(12)

Here, we suppose that H ||d||∞ ≥ 2ε (see [3]). Let us denote the step sizes
in space by hi := ri−ri−1 and ĥi := (hi+hi+1)/2 for all i, and ∆θ = θj−θj−1
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for all j. Then, Y j
i is the analytical solution at the grid point (ri, θi), and

also we define the HODIE and midpoint difference scheme of [3] is

p1i
Y j
i−1 − Y

j−1
i−1

∆θ
+ (1− p1i )

Y j
i − Y

j−1
i

∆θ
+ [L N ,M

ε Y ]ji = p1jf
j
i−1 + (1− p1i )f

j
i

(13a)
for i = 1, 2, 3, . . . ,N /2, and

Y j
i − Y

j−1
i

∆θ
+ [L N ,M

ε Y ]ji = f ji , for i = N /2 + 1, . . . ,N − 1, (13b)

where
L N ,M

ε Y ]ji = q−ijY
j
i−1 + qcijY

j
i + q+ijY

j
i+1 (13c)

with 
q−ij = −

ε

hiĥi
− 2p1i di−1

hi
+ p1iκ2

j
i−1,

q+ij = −
ε

hi+1ĥi
,

qcij = −q
−
ij − q

+
ij + p1iκ2

j
i−1 + (1− p1i )κ2

j
i

(13d)

for i = 1, 2, 3, . . . ,N /2, and
q−ij = −

ε

hiĥi
− di

2ĥi
,

q+ij = −
ε

hi+1ĥi
+

di

2ĥi
,

qcij = −q
−
ij − q

+
ij + κ2

j
i

(13e)

for i = N /2 + 1, . . . ,N − 1.

When i = 1, 2, 3, . . . ,N /2, it is easy to see that

p1i =
1

2
+O(hi), and 2p1i di−1 = di−1/2 +O(h2i ), (14)

where di−1/2 := (di−1+di)/2. thus, replacing 2p1i di−1 by di−1/2 in (13d) and
p1i by 1/2 elsewhere, the scheme (13) becomes

1

2

(
Y j
i−1 − Y

j−1
i−1

∆θ

)
+

1

2

(
Y j
i − Y

j−1
i

∆θ

)
+ [L N ,M

ε Y ]ji =
1

2

(
f ji−1 + f ji

)
, (15a)

for i = 1, 2, 3, . . . ,N /2, and
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Y j
i − Y

j−1
i

∆θ
+ [L N ,M

ε Y ]ji = f ji , for i = N /2 + 1, . . . ,N − 1, (15b)

where
[L N ,M

ε Y ]ji = q−ijY
j
i−1 + qcijY

j
i + q+ijY

j
i+1, (15c)

with 
q−ij = −

ε

hiĥi
−
di−1/2

hi
+

1

2
κ2

j
i−1,

q+ij = −
ε

hi+1ĥi
,

qcij = −q
−
ij − q

+
ij +

1

2
κ2

j
i−1 +

1

2
κ2

j
i

(15d)

for i = 1, 2, 3, . . . ,N /2, and
q−ij = −

ε

hiĥi
− di

2ĥi
,

q+ij = −
ε

hi+1ĥi
+

di

2ĥi
,

qcij = −q
−
ij − q

+
ij + κ2

j
i

(15e)

for i = N /2 + 1, . . . ,N − 1,

According to the description above, the numerical solution of the problems
(1) in section 5 will demonstrate that the schemes (13) and (15) provide
outcomes that are almost equal.

4 Analysis of the uniform convergence

In this section, we aim to establish uniform convergence using a new concept
involving modified graded meshes. Our examination will focus on the hybrid
midpoint finite difference method (15). This choice is made due to the rela-
tively simpler coefficients in the midpoint finite difference scheme compared
to the HODIE finite difference scheme (13). It is important to note that
the analysis presented here for the hybrid midpoint finite difference method
can be readily extended to apply to the HODIE finite difference scheme (13).
The analysis of the schemes (15) and (13) will be second order of convergence
with respect to the perturbation parameter �, and also show that the schemes
(15) and (13) are identical.
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Lemma 3. Assume that

η||d||∞ <
N

ln(1/ε) and λN ≥ (||κ2||∞ + (∆θ)−1). (16)

Then, the coefficient of (15) satisfies the following for every j:
(a) q+ij ≤ 0, (b) q−ij + (2∆θ)−1 ≤ 0 and (c) qcij + (2∆θ)−1 ≥ 0,

for i = 1, 2, 3, . . . ,N /2,

(d) q−ij ≤ 0, (e) qcij + (∆θ)−1 ≥ 0, and (f) q+ij ≤ 0 for i =

N /2 + 1, . . . ,N − 1.

Moreover, the tridiagonal matrix associated with computing the discrete
solution at each time level θj is an M-matrix.

Proof. In the case of 1 ≤ i ≤ N /2, the proofs are provided as follows. Since
q+ij = −

ε

hi+1ĥi
, which is less than zero for all i, j. Therefore we have q+ij ≤ 0,

hence the result (a). In order to prove the result (b), we observe that the
term q−ij + (2∆θ)−1 satisfies

q−ij + (2∆θ)−1 = − ε

hiĥi
−
di−1/2

hi
+

1

2
κ2

j
i−1 +

1

2∆θ

≤ − ε

hiĥi
−
di−1/2

hi
+

1

2
κ2

j
i−1 +

1

2
(||κ2||+ (∆θ)−1)

≤ − ε

hiĥi
−
di−1/2

hi
+

1

2
κ2

j
i−1 + λN ,

using λN ≥ ||κ2||+ (∆θ)−1 and (16).

The inequality κ1(r) > λ > 0 implies that λ < di as well as λ < di−1.
Therefore we have, 2λ < κ1i + κ1i−1, that is λ <

κ1i + κ1i−1

2
. Moreover,

κ1i−1/2

λ

hi
<

κ1i−1/2

hi
results λN <

λ

hi
<

κ1i−1/2

hi
, which leads to the in-

equality λN <
κ1i−1/2

hi
< 0, thus we have q−ij + (2∆θ)−1 ≤ 0, which proves

the result in the case of 1 ≤ i ≤ N /2.

From (15d), we get

qcij + (2∆θ)−1 = −q−ij − q
+
ij +

1

2
κ2

j
i−1 +

1

2
κ2

j
i

=
ε

hiĥi
+
ai−1/2

hi
− 1

2
κ2

j
i−1 +

ε

ĥihi+1

+
1

2
κ2

j
i−1 +

1

2
κ2

j
i
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=
ε

ĥi
(
hi+1 + hi
hi+1hi

) +
κ1i−1/2

hi
+

1

2
κ2

j
i ⩾ 0.

Hence, q−ij + (2∆θ)−1 ≥ 0. Thus we have the result (c).

In the case of i = N /2+1, . . . ,N −1, the results are provided as follows.
From (15e), it follows that q−ij ≤ 0 since q−ij = − ε

hiĥi
− di

2ĥi
, Hence we have

established the result (d), that is, q−ij ≤ 0.
Observing from (15e), we have

−q−ij − q
+
ij + κ2

j
i + (∆θ)−1 =

ε

hiĥi
+

d

2ĥi
+

ε

hi+1ĥi
− d

2ĥi
+ κ2

j
i +

1

∆θ
≥ 0.

Therefore, qcij + (∆θ)−1 ≥ 0. Hence we have established the result (e).
In order to prove the result (f), we note that

q+ij = − ε

hi+1ĥi
+

di

2ĥi
≤ ε

hi+1ĥi
+
||di||
2ĥi

≤ ε

hi+1ĥi
+

N

ln(1/ε)
1

2ĥi
=

ε

hi+1ĥi
+

N ε

(1− ε)
1

2ĥi

=
−ε
ĥi

(
1

hi+1
− N

2(1− ε)

)
.

From the inequality 1

N
> hi+1 it is straight forward to observe that

N

2(1− ε)
<

1

hi+1
. Substituting this in the previous inequality we obtain

q+ij ≤ 0, which proves the result for the case (f). This completes the proof.

Assuming the validity of (16), we proceed to establish that Lemma 3
implies the existence of a unique solution for the scheme (15) at each time
level. Furthermore, the solution adheres to a discrete maximum principle.
By incorporating the maximum principle with a barrier function expressed
as C (1 + r), a priori bound ||Y ||∞,d ≤ C ||f ||∞ with a constant C is derived.
Here, the discrete maximum norm is defined as ||z||∞,d := max

i,j
|zji | for each

mesh function z.
Now, we will presented our main result. To obtain the estimation we will

follow the Koptewa’s methodology [13, 14] and also the result presented in
[16].
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Theorem 1. Assume (16) is valid. Then there exists a constant C such that

max
i,j
|y(ri, θj)− Y j

i | ≤ C [∆θ + εN −1 + (N −1 ln(1/ε))2]. (17)

Proof. Suppose that ζji = yji − Y j
i is the error of discrete solution of the

problem (1) on the modified graded mesh applied the scheme (15) at each
grid point (ri, θj). We can write the scheme of midpoint, which is given in
(15) as

[γ̃θY ]ji+[L N ,M
ε Y ]ji = f̂ ji for i = 1, 2, 3, . . . ,N −1, and j = 1, . . . ,M , (18)

where

f̂ ji =


1

2
[f(ri−1, θj) + f(ri, tj)] if i ≤ N

2 , j ≤
M
2 ,

f(ri, θj) if i > N
2 , j >

M
2 ,

(19)

and the backward difference operator γ̃θ can be defined analogously. There-
fore, at each point (ri, θj) ∈ Λ, the truncation error of the scheme is

[γ̃θζ + L N ,M
ε ζ]ji = ϑj1;i + ϑj2;i, (20)

where
ϑj1;i := [L N ,M

ε y]ji − (L εy)
j
i and ϑj2;i := γ̃θy

j
i − (ỹθ)

j
i (21)

with (ỹθ)
j
i define similarly to (19), and

(L εy)
j
i =


1

2
[(Lεy)(ri−1, θj) + (Lεy)(ri, θj)], if i ≤ N /2,

(Lεy)(ri, θi), if i > N /2.

Decompose ζ as ζ = µ+ν. the functions {µj
i}, j = 0, . . . ,M are the solutions

to the discrete boundary value problem with two-point,

[L N ,M
ε µ]ji = ϑj1,i for i = 1, . . . ,N − 1, µj

0 = µj
N = 0, (22)

while {νji } are the solution of a discrete parabolic problem defined by
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[γ̃θν + L N ,M
ε ν]ji = ϑj2;i − γ̃θµ

j
i for i = 1, . . . ,N − 1, (23a)

with the boundary conditions

νj0 = νjN = 0 for j = 1, . . . ,M , (23b)

and the initial condition

ν0i = −ν0i for i = 0, . . . ,N . (23c)

Equation (22) precisely represents the identity obtained when examining the
error µ in a two-point boundary value problem that has undergone discretiza-
tion using Lε, with ϑj1;i serving as the truncation error. Utilized the bound
(6) with the value of l = 0, we obtained the same bound on the ϑj1;i as for
a convection-diffusion two point boundary value problems. As a result, it is
possible to use the error bound determined in [20],

|µj
i | ≤ C [εN −1 + (N −1 ln(1/ε))2] for all i, j. (24)

Again, we include the one-more error component ν. Lemma 1 implies that
the problem (23) satisfies a discrete maximum principle just as (15) does, so

||ν||∞,d ≤ C

(
max

i
|µ0

i |+ ‖ϑ2 − γ̃θµ‖∞,d

)
≤ C [∆θ + εN −1 + (N −1 ln(1/ε))2 + ‖γ̃θµ‖∞,d], (25)

where we used (24) with j = 0 and also

|ϑj2;i| ≤ C∆θ for i = 1, . . . ,N − 1, and j = 1, . . . ,M , (26)

The verification has been completed using Taylor’s series expansion and (6).
It remains to estimate γ̃θµ appears in (23). Utilizing the assumption that
κ1 = κ1(r) is independent of θ, a straightforward calculation reveals that, for
each fixed j, the definition (22) implies satisfaction for γ̃θµ

[L N ,M
ε (γ̃θµ)]

j
i = γ̃θϑ

j
1;i − ((γ̃θκ2)µ

j−1)i for i = 1, . . . ,N − 1, (27a)
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(γ̃θµ)
j
0 = (γ̃θµ)

j
N = 0, (27b)

The notation (̃)i employed here carries the same meaning as in (18).

Based on the decomposition γθµ = Φ + Ψ, wherein, for each fixed j ∈
1, 2, . . . ,M , the following relationship holds:

[L N ,M
ε Φ]ji = γ̃θϑ

j
1;i for i = 1, . . . ,N − 1 with Φj

0 = Φj
N = 0, (28a)

[L N ,M
ε Ψ]ji = −((γ̃θκ2)µ

j−1)i for i = 1, . . . ,N − 1 with Ψj
0 = Ψj

N = 0.

(28b)
To examine the discrete two-point boundary value problem (28a), an analysis
will be conducted and observe that for i ≤ N /2 the right-hand side of (28a)
is

γ̃θϑ
j
1;i =

1

2∆θ
(ϑj1;i−1 − ϑ

j−1
1;i−1) +

1

2∆θ
(ϑj1;i − ϑ

j−1
1;i )

=
1

2∆θ
[([L N ,M

ε y]ji−1 − [L N ,M
ε y]j−1

i−1 )− ([Lεy]
j
i−1 − [Lεy]

j−1
i−1 )]

+
1

2∆θ
[([L N ,M

ε y]ji − [L N ,M
ε y]j−1

i )− ([Lεy]
j
i − [Lεy]

j−1
i )].

Set Lεy = −εyrr + κ1yr. Let [L
N ,M
ε Y ]ji be defined by setting κ2 ≡ 0 in

[L N ,M
ε y]ji for all i, j; that is, L

N ,M
ε is the discretization of L ε. Then for

i ≤ N /2, we can expressed the above formula in the form

γ̃θϑ
j
1;i =

1

2∆θ

∫ θj

θj−1

[(L
N ,M
ε yθ(ri−1, θ) + L

N ,M
ε yθ(ri, θ))

− (L εyθ(ri−1, θ) + L εyθ(ri, θ))]dθ.

It is important to note that here we employed the assumption that κ1 = κ2(r)

is not dependent on θ, since this yields L εyθ = (L εy)θ. Hence, we employed
the Peano kernel theorem that is also used in the article [12], and we get

|γ̃θϑj1;i| =C ε

∫ ri+1

ri−1

max
θ∈[θj−1,θj ]

|yrrrθ(r, θ)|dθ

+ Chi

∫ ri

ri−1

max
θ∈[θj−1,θj ]

(|yrθ|+ |yrrθ|+ |yrrrθ|)(r, θ)dθ.
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The bounds of (8) are unaffected by the addition of the θ–derivative, resulting
in an estimate that is equivalent to the corresponding truncation error limits
appearing in [20] for a typical two-point boundary value problem. When
i ≥ N /2, then the bound from the last inequality in the proof of a bound
that is identical to the equivalent truncation error bound derivative [20].
These results show that analysis of (28a) may be performed in a similar
manner to that of (22), with the exception that one utilizes the bound (8)
with l = 1. We therefore obtain

|Φj
i | ≤ C [εN −1 + (N −1 ln(1/ε))2] for all i and j. (29)

To handle (27b), note that Lε is an M -matrix and therefore fulfills the dis-
crete maximum principle. The easy conclusion that one has to satisfy for
every j

max
i
|Ψj

i | ≤Cmax
i
|((γ̃θb)µj−1)i|

≤ C max
i
|µj−1

i | ≤ C [εN −1 + (N −1 ln(1/ε))2], (30)

where we used |γ̃θκ2| ≤ C and (24).

Combining (24), (25), (29), and (30), we get (17)

max
i,j
|y(ri, θj)− Y j

i | ≤ C [∆θ + εN −1 + (N −1 ln(1/ε))2].

and Theorem 1 also holds true for the scheme (13). This completes the
proof.

5 Examples and their numerical results

In this section, we shall present the numerical results obtained by the two
finite difference schemes, the hybrid midpoint method (15) and the HODIE
method (13) of the problem (1) on the modified graded mesh and also calcu-
late the maximum point-wise error and order of convergence with the different
values of ε and N ,M . We tackled two Examples to showcase the effective-
ness and efficiency of the proposed schemes. It’s important to note that this
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article does not provide an exact solution for Examples 1 and 2. Instead,
we employ the double mesh approach outlined below to assess the maximum
point-wise errors and determine the order of convergence. We demonstrate
the efficiency of the proposed numerical scheme by two examples to show
that the schemes (13) and (15) yield very similar results and confirm the
convergence estimate of Theorem 1.

Example 1. Consider the following parabolic initial-boundary value prob-
lem:

yθ − εyrr +
(
1 + r2 +

sin(πr)
2

)
yr + (1 + r2 + sin(πθ))y = f(r, θ),

f(r, θ) = r3(1− r)3 + θ(1− θ) sin(πθ), for (r, θ) ∈ (0, 1)× (0, 1),

y(0, θ) = y(1, θ) = y(r, 0) = 0 for (r, θ) ∈ [0, 1],

(31)

The exact solution of the y(r, θ) of (31) is not provided and also the
results of this problem satisfy only the first-order and second-order corner
compatibility conditions (4) and (5). The point-wise errors |y(ri, θi) − Y j

i |
are obtained on the our mesh ΛM ,N . The double mesh technique can also
be found in the reference [3, 17]. That is a new approximate solution {Ŷ j

i } is
computed using the same scheme but on the mesh the comprises the points
of the original mesh and their midpoints ((ri−1+ri)/2, θi), ((ri, (θi−1+θi)/2)

and ((ri−1+ri)/2, (θi−1+θi)/2). Thus, the values Y j
i and Ŷ 2j

2i are computed
at the same physical point (ri, θi) of ΛM ,N . Then at the mesh points of
the original mesh ΛM ,N one calculates the maximum and uniform two mesh
differences defined by

dN ,M
ε = max

0≤j≤M
max

0≤i≤N
|Y j

i − Ŷ
2j
2i |, dN ,M = max

ε∈S
dN ,M
ε , (32)

where S := {2−3, 2−6, 2−9, 2−12, 2−15, . . . , 2−30}. From these values one com-
putes the order of convergence and the uniform orders of convergence in the
standard way:

pN ,M
ε :=

log(dN ,M
ε / log(d2N ,2M

ε )

log 2 , pN ,M
uni :=

log(dN ,M/ log(d2N ,2M )

log 2 .

We employ the proposed schemes (15) and (13), the hybrid midpoint finite
difference scheme and the HODIE finite difference scheme on the modified
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graded mesh to solve the Examples 1 and 2 for different values of perturba-
tion parameter ε with the spatial mesh grid size N and time grid size M . We
have also calculated the maximum point-wise errors and their corresponding
order of convergent. From Tables 1 to 4, we can analyze that the proposed
schemes (15) and (13) with the modified graded mesh are ε−uniformly con-
vergent for distinct values of ε and N ,M . Because of this as a result of
this observation, we can assert that the computationally achieved order of
convergence surpasses the one predicted in the preceding section. It has
been demonstrated that the theoretical rate of convergence for the developed
method is second order in the spatial direction and first order in the time
direction. Besides, the comparison of numerical results obtained by the pro-
posed scheme and results in [3] and [17] are tabulated in Tables 5 and 6 for
Example 1. From these tables, one can conclude that the proposed scheme
gives better results than the scheme considered in [3] and [17].

Figure 2 shows the numerical solution profile for Example 1 for various val-
ues of ε and step sizes N and M for schemes (13) and (15), respectively. The
calculated maximum point-wise errors dN ,M and the corresponding order of
convergence pN ,M

uni for Example 1 with schemes (13) and (15) on modified
graded mesh are shown in Tables 1 and 2, respectively. From these results
one can observe the ε-uniform second-order convergence of the numerical
solution.

Example 2. Consider the following parabolic initial-boundary value prob-
lem:
yθ − εyrr +

(
1 + r2 +

sin(πr)
2

)
yr + (1 + r2 +

1

2
sin(πθ/2))y = f(r, θ)

f(r, θ) = r3(1− r)3θ(1− θ) sin(πθ), for (r, θ) ∈ (0, 1)× (0, 1)

y(0, θ) = y(1, θ) = y(r, 0) = 0, for (r, θ) ∈ [0, 1],

(33)

for which the exact solution is again unknown. Similarly, numerical so-
lution profiles for Example 2 for various values of ε and step sizes N and
M are provided in Figure 3 for the schemes (13) and (15). The results re-
veal the presence of a boundary layer on the right side of the domain. The
calculated maximum point-wise errors dN ,M and the corresponding order of
convergence pN ,M

uni for Example 2 with schemes (13) and (15) on modified
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graded mesh are shown in Tables 3 and 4, respectively. From these results
one can observe the ε-uniform second-order convergence of the numerical so-
lution. The maximum point-wise errors are plotted in log-log scale in Figure
4, for the solution. From these figures,one can easily observe the second-order
ε-uniform convergence.
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Figure 2: Solution profile for Example 1 using schemes (13) and (15) on modified graded
mesh
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Figure 3: Solution profile for Example 2 using schemes (13) and (15) on modified graded
mesh.
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Table 1: Maximum point-wise errors and the corresponding order of convergence for
Example 1 on a modified graded mesh using scheme (13)

Number of Intervals N ,M
N = 84 N = 168 N = 336 N = 672 N = 1344

ε M = 5 M = 20 M = 80 M = 320 M = 1280
2−3 9.4000e− 03 2.7000e− 03 6.9703e− 04 1.7986e− 04 4.7299e− 05

1.8260 1.9338 1.9544 1.9270
2−6 1.1000e− 03 3.6000e− 03 1.0000e− 03 2.8406e− 04 8.2442e− 05

1.6292 1.8075 1.8428 1.7847
2−9 1.1100e− 03 3.8000e− 03 1.2000e− 03 3.6372e− 04 1.1823e− 04

1.5443 1.6842 1.7058 1.6212
2−12 1.0700e− 03 3.7000e− 03 1.2000e− 03 3.9593e− 04 1.3800e− 04

1.5221 1.6259 1.6130 1.5205
2−15 1.0400e− 03 3.6000e− 03 1.3000e− 03 4.7031e− 04 1.5294e− 04

1.5315 1.4188 1.5127 1.6206
2−18 1.0500e− 03 3.8000e− 03 1.7000e− 03 6.3183e− 04 1.9519e− 04

1.4580 1.1733 1.4249 1.6947
2−21 1.2500e− 03 4.7000e− 03 2.0000e− 03 8.0241e− 04 2.5652e− 04

1.3934 1.2186 1.3449 1.6453
2−24 1.4600e− 03 5.6000e− 03 2.4000e− 03 9.7847e− 04 3.2349e− 04

1.3731 1.2492 1.2745 1.5968
2−27 1.6600e− 03 6.4000e− 03 2.7000e− 03 1.2000e− 03 3.9531e− 04

1.3648 1.2618 1.2152 1.5495
2−30 1.8400e− 03 7.2000e− 03 3.0000e− 03 1.3000e− 03 4.7123e− 04

1.3617 1.2538 1.1680 1.5035
dN ,M 1.8400e− 03 7.2000e− 03 3.0000e− 03 1.3000e− 03 4.7123e− 04

pN ,M
uni 1.3617 1.2538 1.1680 1.5035

Table 2: Maximum point-wise errors and the corresponding order of convergence for
Example 1 on a modified graded mesh using scheme (15)

Number of Intervals N ,M
N = 84 N = 168 N = 336 N = 672 N = 1344

ε M = 5 M = 20 M = 80 M = 320 M = 1280
2−3 9.4000e− 03 2.7000e− 03 7.0292e− 04 1.8291e− 04 4.9051e− 05

1.8112 1.9293 1.9422 1.8988
2−6 1.1100e− 03 3.5000e− 03 9.9420e− 04 2.7750e− 04 8.2428e− 05

1.6599 1.8145 1.8411 1.7513
2−9 1.1300e− 03 3.7000e− 03 1.1000e− 03 3.2987e− 04 1.0683e− 04

1.6180 1.7392 1.7442 1.6266
2−12 1.1300e− 03 3.7000e− 03 1.1000e− 03 3.5990e− 04 1.2389e− 04

1.6181 1.6834 1.6735 1.5385
2−15 1.1300e− 03 4.3000e− 03 1.6000e− 03 4.7883e− 04 1.3894e− 04

1.6119 1.4536 1.6975 1.7850
2−18 1.1900e− 03 5.2000e− 03 2.1000e− 03 6.6140e− 04 1.8765e− 04

1.7785 1.6518 1.6354 1.8175
2−21 1.3100e− 03 6.1000e− 03 2.6000e− 03 8.6310e− 04 2.5027e− 04

1.8940 1.6578 1.5750 1.7861
2−24 1.4200e− 03 7.0000e− 03 3.1000e− 03 1.1000e− 03 3.2024e− 04

1.6196 1.7805 1.5176 1.7547
2−27 1.5200e− 03 7.8000e− 03 3.6000e− 03 1.3000e− 03 3.9701e− 04

1.9542 1.6154 1.7623 1.7233
2−30 1.6000e− 03 8.6000e− 03 4.1000e− 03 1.6000e− 03 4.8006e− 04

1.9022 1.5571 1.6089 1.6922
dN ,M 1.6000e− 03 8.6000e− 03 4.1000e− 03 1.6000e− 03 4.8006e− 04

pN ,M
uni 1.9022 1.5571 1.6089 1.6922
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Table 3: Maximum point-wise errors and the corresponding order of convergence for
Example 2 on a modified graded mesh using scheme (13)

Number of Intervals N ,M
N = 84 N = 168 N = 336 N = 672 N = 1344

ε M = 5 M = 20 M = 80 M = 320 M = 1280
2−3 1.0565e− 04 3.0122e− 05 8.3177e− 06 2.3937e− 06 7.6229e− 07

1.8104 1.8565 1.7970 1.6508
2−6 1.5408e− 04 5.3824e− 05 1.6708e− 05 5.2492e− 06 1.8022e− 06

1.5173 1.6877 1.6704 1.5424
2−9 1.6659e− 04 6.3801e− 05 2.1436e− 05 7.2210e− 06 2.6525e− 06

1.3846 1.5735 1.5698 1.4448
2−12 1.6920e− 04 6.6955e− 05 2.3753e− 05 8.4545e− 06 3.2711e− 06

1.3375 1.4951 1.4903 1.3699
2−15 1.7144e− 04 6.8827e− 05 2.5610e− 05 9.5467e− 06 3.8417e− 06

1.3166 1.4263 1.4236 1.3133
2−18 1.8052e− 04 7.0612e− 05 2.7351e− 05 1.0617e− 05 4.4059e− 06

1.3542 1.3683 1.3651 1.2689
2−21 2.0035e− 04 7.5085e− 05 2.9004e− 05 1.1683e− 05 4.9695e− 06

1.4160 1.3723 1.3118 1.2332
2−24 2.3038e− 04 9.8989e− 05 3.0620e− 05 1.2744e− 05 5.5335e− 06

1.2187 1.6928 1.2646 1.2036
2−27 2.7570e− 04 1.2149e− 04 3.2179e− 05 1.3797e− 05 6.0980e− 06

1.1822 1.9167 1.2217 1.1780
2−30 3.1311e− 04 1.4101e− 04 3.7471e− 05 1.4841e− 05 6.6619e− 06

1.1509 1.9119 1.3362 1.1556
dN ,M 3.1311e− 04 1.4101e− 04 3.7471e− 05 1.4841e− 05 6.6619e− 06

pN ,M
uni 1.1509 1.9119 1.3362 1.1556

Table 4: Maximum point-wise errors and the corresponding order of convergence for
Example 2 on a modified graded mesh using scheme (15)

Number of Intervals N ,M
N = 84 N = 168 N = 336 N = 672 N = 1344

ε M = 5 M = 20 M = 80 M = 320 M = 1280
2−3 1.0178e− 04 2.9341e− 05 8.0678e− 06 2.2905e− 06 7.0284e− 07

1.7945 1.8626 1.8165 1.7044
2−6 1.2021e− 04 3.9857e− 05 1.1346e− 05 3.1890e− 06 9.6295e− 07

1.5926 1.8127 1.8310 1.7276
2−9 1.1696e− 04 4.1225e− 05 1.2193e− 05 3.5503e− 06 1.1220e− 06

1.5044 1.7575 1.7801 1.6619
2−12 1.1120e− 04 4.0477e− 05 1.2584e− 05 3.8367e− 06 1.2732e− 06

1.4580 1.6856 1.7136 1.5913
2−15 1.1026e− 04 3.9240e− 05 1.2814e− 05 4.1096e− 06 1.4249e− 06

1.4906 1.6146 1.6407 1.5281
2−18 1.1865e− 04 5.6710e− 05 1.2882e− 05 4.3681e− 06 1.5760e− 06

1.7650 2.1382 1.5603 1.7708
2−21 1.4002e− 04 7.2639e− 05 1.7165e− 05 4.6091e− 06 1.7255e− 06

1.9468 2.0813 1.8969 1.4175
2−24 1.7524e− 04 8.5364e− 05 2.4497e− 05 4.8268e− 06 1.8733e− 06

1.8376 1.8010 2.3435 1.3655
2−27 2.2202e− 04 9.6868e− 05 3.2831e− 05 5.5598e− 06 2.0192e− 06

1.6966 1.5610 2.0620 1.7612
2−30 2.7531e− 04 1.0342e− 04 4.1820e− 05 7.3340e− 06 2.1624e− 06

1.8125 1.9063 2.0115 1.7619
dN ,M 2.7531e− 04 1.0342e− 04 4.1820e− 05 7.3340e− 06 2.1624e− 06

pN ,M
uni 1.8125 1.9063 2.0115 1.7619
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Table 5: Comparison of maximum point-wise errors and the corresponding order of
convergence for Example 1 on a modified graded mesh using scheme (13)

HODIE scheme on modified graded mesh
N = 32 N = 64 N = 128 N = 256 N = 512

ε ∆t = 0.025 ∆t = 0.025/4 ∆t = 0.025/42 ∆t = 0.025/43 ∆t = 0.025/44

2−6 8.999e− 3 3.8000e− 03 1.2000e− 03 3.6372e− 04 1.1823e− 04

1.6443 1.6842 1.7058 1.6212
2−8 9.322e− 3 3.7000e− 03 1.2000e− 03 3.9593e− 04 1.3800e− 04

1.6221 1.6259 1.6130 1.5205
2−10 1.0400e− 03 3.6000e− 03 1.3000e− 03 4.7031e− 04 1.5294e− 04

1.5315 1.4188 1.5127 1.6206
Result in [3] On the Shishkin mesh

2−6 8.998e− 3 2.906e− 3 1.033e− 3 3.298e− 4 1.032e− 4

1.630 1.492 1.647 1.677
2−8 9.322e− 3 3.009e− 3 9.817e− 4 3.128e− 4 1.059e− 4

1.631 1.616 1.650 1.563
2−10 9.411e− 3 3.038e− 3 9.961e− 4 3.201e− 4 1.007e− 4

1.631 1.609 1.638 1.669

Table 6: Comparison of maximum point-wise errors and the corresponding order of
convergence for Example 1 on a modified graded mesh using scheme (15)

Midpoint Scheme on Modified graded mesh
N = 32 N = 64 N = 128 N = 256 N = 512

ε ∆t = 0.025 ∆t = 0.025/4 ∆t = 0.025/42 ∆t = 0.025/43 ∆t = 0.025/44

10−1 9.4000e− 03 2.7000e− 03 7.0292e− 04 1.8291e− 04 4.9051e− 05

1.8112 1.9293 1.9422 1.8988
10−2 1.1100e− 03 3.5000e− 03 9.9420e− 04 2.7750e− 04 8.2428e− 05

1.6599 1.8145 1.8411 1.7513
10−3 1.1300e− 03 3.7000e− 03 1.1000e− 03 3.2987e− 04 1.0683e− 04

Result in [17] On the Shishkin mesh
10−1 2.3969e− 3 8.6402e− 4 3.5400e− 4 1.5854e− 47 7.4832e− 5

1.4720 1.2873 1.1589 1.0831
10−2 1.2246e− 2 4.4419e− 3 1.6249e− 3 6.0951e− 4 2.3759e− 4

1.4631 1.4509 1.4146 1.3592
10−3 1.1994e− 2 4.3716e− 3 1.6070e− 3 6.0543e− 4 2.3789e− 4

1.4561 1.4438 1.4084 1.3477
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(b) Log-log plot of Example 1 using scheme (15)

102 103

10-6

10-5

10-4

10-3

10-2

M
ax

 E
rr

or

(c) Log-log plot of Example 2 using scheme (13)
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(d) Log-log plot of Example 2 using scheme (15)

Figure 4: Log-log plot of Examples 1 and 2

6 Discussion and conclusions

In this article, for the first time, we propose a modified graded mesh for
convection-diffusion problems that provides second-order uniform conver-
gence with respect to the perturbation parameter. We have presented ef-
fective numerical approaches in this work that are based on a modified
graded mesh. In this two schemes are discussed namely hybrid finite differ-
ence schemes (15) and HODIE finite difference schemes (13), on a modified
graded mesh. Both the above schemes show identical convergence, which can
be viewed from the theoretical and numerical results established in this work.

In order to verify the theoretical estimation established, we conduct nu-
merical experiments for two test problems for various values of ε and step
sizes N and M . In order to find maximum point-wise error and correspond-
ing order of convergence, we double the number of mesh points in the spatial
direction and quadruple the number of mesh points in the time direction and
apply the schemes (15) and (13) on the modified graded mesh. Through this
procedure, we get the second-order convergence. These can be observed from
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the results presented in Tables 1–2 for Example 1 and Tables 3–4 for Exam-
ple 2. From the above tables, it can be confirmed that overall second-order
uniform convergence. Corresponding log-log plots are provided for Examples
1 and 2. Figure 4 shows the overall second-order of convergence for various
values of ε for Examples 1) and 2 with the schemes (15) and (13) on modified
graded mesh.

It has been shown theoretically that the proposed methods, namely the
hybrid finite difference scheme and the HODIE finite difference scheme, are
uniformly convergent with first-order accuracy in time and almost second-
order accuracy in space. We have also provided numerical results in order to
verify the theoretical conclusions. The uniform convergence of the proposed
methods is shown by the numerical results obtained for two test problems.
Though the proposed method provides second-order convergence in space, the
overall convergence rate of the method is not improved due to the backward-
Euler approach used for the temporal direction. The ability to build higher-
order, more time-accurate numerical schemes using the current setting is
a feasible extension that may be used to improve accuracy while reducing
computing costs.
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the authors
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Abstract

In many practical applications, some problems are being modeled as
bi-level programming problems where the upper and lower level objectives
are linear fractional functions with polyhedral constraints. If the rational
reaction set of (or the set of optimal solutions to) the lower level is not
a singleton, then it is known that an optimal solution to the linear frac-
tional bi-level programming problem may not occur at a boundary feasible
extreme point. Hence, existing methods cannot solve such problems in
general. In this article, a novel method is introduced to find the set of all
feasible leader’s variables that can induce multi-valued reaction map from

*Corresponding author

Received 19 May 2025; revised 7 August 2025; accepted 14 August 2025

Flagot Yohannes Feleke
Department of Mathematics, Addis Ababa University, P.O.Box 1176, Addis Ababa,
Ethiopia. e-mail: yzzdfe@gmail.com

Semu Mitiku Kassa
Department of Mathematics and Statistical Sciences, Botswana International Univer-
sity of Science and Technology (BIUST), P/Bag 016, Palapye, Botswana. e-mail: kas-
sas@biust.ac.bw.

How to cite this article
Feleke, F.Y. and Kassa, S.M., A new exact solution method for bi-level linear fractional
problems with multi-valued optimal reaction maps. Iran. J. Numer. Anal. Optim.,
2025; 15(4): 1392-1419. https://doi.org/10.22067/ijnao.2025.93619.1651

1392

https://doi.org/10.22067/ijnao.2025.93619.1651
https://ijnao.um.ac.ir/
https://orcid.org/0000-0001-5494-040X
https://doi.org/10.22067/ijnao.2025.93619.1651


1393 A new exact solution method for bi-level linear fractional problems ...

the follower. The proposed algorithm combines the kth best procedure with
a branch-and-bound method to find an exact global optimal solution for
continuous optimistic bi-level linear fractional problems without assuming
the lower level rational reaction map is single valued. The branching con-
straint is constructed depending on the coefficients of the objective function
of the lower-level problem. The algorithm is shown to converge to the exact
solution of the bi-level problem. The effectiveness of the algorithm is also
demonstrated using some numerical examples.

AMS subject classifications (2020): Primary 90C32, 91A65; Secondary 90C26,

90C57, 65K10.

Keywords: Bi-level programming problem; Bi-level linear fractional pro-
gramming problem; Multi-valued rational reaction map; kth best method;
Branch-and-bound scheme.

1 Introduction

A bi-level problem is a constrained optimization problem where two opti-
mization levels are involved, and one is considered as a constraint for the
other. It models decentralized planning problems with two decision agents
in two levels of hierarchy. Each decision maker is assumed to control a dif-
ferent set of variables, and the decisions are made sequentially according to
a predefined order. The decision makers at the upper and lower levels are
called, respectively, leader and follower. The leader and the follower each try
to optimize their own objective functions, but the decision at one level affects
the objective values and/or the choice of strategies of the other level.

Generally, a bi-level programming problem can be formulated as

max
x

F (x, y),

max
y

f(x, y),

s.t. (x, y) ∈ Ω,

(1)
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where x ∈ Rm is the variable vector controlled by the upper level decision
maker, y ∈ Rn is the variable vector controlled by the lower level decision
maker, F, f : Rm × Rn −→ R are the objective functions of the leader and
follower, respectively, and Ω ⊆ Rm × Rn defines the common constraint
region.

Let Ω1 = {x ∈ Rm : ∃ y such that (x, y) ∈ Ω} be a projection of Ω onto
the Leader’s decision space. For a fixed choice x ∈ Ω1 of the leader, the
follower is expected to react rationally by solving

max
y

f(x, y),

s.t. y ∈ Ω(x),

(2)

where Ω(x) = {y ∈ Rn : (x, y) ∈ Ω} is the follower’s feasible set for a given x,
assuming that this problem has a solution. The set of optimal solution of (2)
denoted by R(x) is usually termed as the rational reaction set for the bi-level
problem (1). For any decision (choice x) taken by the leader, we assume that
the follower has some room to respond, that is, R(x) 6= ∅. The inducible
region, which represents the set over which the leader may optimize his/her
objective or the feasible region of the upper level decision maker, is given by
IR = {(x, y) ∈ Ω : y ∈ R(x)}.

Thus, in terms of the inducible region, the bi-level problem can be equiv-
alently [8] written as

max
x,y

F (x, y)

s.t. (x, y) ∈ IR.

To assure the existence of the solution of bi-level problem, we may assume
that the constraint set Ω is compact, and the inducible region IR is nonempty.
When the rational reaction map R(x) is not single-valued, difficulties may
arise in finding a meaningful solution to the bi-level problem, and hence
the problem become not well-posed. Various approaches have been proposed
in literature to avoid this difficulty and to insure the well-posedness of the
bi-level problem (see [8] and the references therein). Among the possible
assumptions, the optimistic approach, where the leader assumes that the
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follower chooses a value that suits the choice of the leader, is more popular
in application.

A linear fractional bi-level programming problem, which is a subclass of
bi-level nonlinear problems, where the objective functions in both levels are
linear fractional and the common constraint region is a polyhedron, can be
given by the form:

max
x

F (x, y) =
cT11x+ cT12y + α11

cT21x+ cT22y + α12
,

max
y

f(x, y) =
dT11x+ dT12y + α21

dT21x+ dT22y + α22
,

s.t. A1x+A2y ≤ b,

x, y ≥ 0,

(3)

where for i, j ∈ {1, 2}, αij are scalars, cij , dij , b are vectors, Ai’s are matrices
with appropriate dimensions, and with a common constraint region given by

Ω = {(x, y) : A1x+A2y ≤ b, x, y ≥ 0} .

Linear fractional bi-level programming problems appear in various areas
of application, for instance in problems that optimize some efficiency measure
of a system [5].

Given a feasible choice x ∈ Ω1 of the leader, the solution of the lower level
problem:

max
y

f(x, y) =
dT11x+ dT12y + α21

dT21x+ dT22y + α22
,

s.t. y ∈ Ω(x),

(4)

where Ω(x) = {y : A2y ≤ b−A1x, y ≥ 0}, is the rational reaction set R(x).

Since linear fractional problems are quasi-monotonic [5], their solutions
are known to appear on a vertex of the inducible region. In terms of the
inducible region, problem (3) can be equivalently written as

max
x,y

F (x, y) =
cT11x+ cT12y + α11

cT21x+ cT22y + α12
,

s.t. (x, y) ∈ IR,

Iran. J. Numer. Anal. Optim., Vol. 15, No. 4, 2025, pp 1392–1419



Feleke and Kassa 1396

and the relaxation for the upper level problem can be given by

max
x,y

F (x, y) =
cT11x+ cT12y + α11

cT21x+ cT22y + α12
,

s.t. (x, y) ∈ Ω.

(5)

Related Works – A theoretical framework for solving problem (3) was
developed in [5] and is used to justify the use of the kth best algorithm to
solve linear fractional bi-level problems when R(x) is single-valued for each
feasible x. This algorithm produces exact solution for a linear fractional bi-
level programming problem. An enumerative method is further tuned in [7]
by applying an upper bound filter scheme. Earlier studies [4] used parametric
approach (which was introduced by [12]) to solve bi-level linear fractional
programming problems.

A weighting method together with the analytic hierarchy process is used
to convert the bi-level problem into a single level problem in [11] to solve a
bi-level linear fractional programming problem, while Toksari [15] proposed
the Taylor series approach to transform the bi-level linear fractional pro-
gramming problem into equivalent linear objective functions by using first
order approximation. A duality gap approach is used in [16] to transform the
bi-level problem into an equivalent single-level one and used an enumerative
scheme to search vertices that produce the best duality gap.

Vertex search methods, like the kth best solution approach in [5], upper
bound filter scheme in [7], and the enumerative scheme used in [16], search
over the vertex of the constraint region Ω, with the assumption that the set
R(x) is single-valued for any feasible x. In the case when R(x) is a single-
valued map, the set of vertices of the inducible region of the problem is shown
in [5] to be the subset of the vertex set of the constraint region. However,
when R(x) is not single-valued the set of vertices of the inducible region is not
necessarily a subset of the vertices of the polyhedral constraint region Ω, and
the optimal solution for bi-level linear fractional problem does not necessarily
occur at the vertices of Ω (for further discussion on this, interested readers
may refer to [8].) That means, even if the optimistic approach is used, then
vertex search methods cannot be applied in their usual sense unless all the
vertices of the inducible region are known in advance.
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Linear fractional optimization problems can also be equivalently con-
verted to linear optimization problems by using either variable transforma-
tion approach [2, 14] or through the first order Taylor series approximation
[1, 9, 13]. However, the resulting bi-level linear programming problem only
locates its solutions if they are at the extreme points of the constraint region
[3, 18, 17], which still fails to identify solutions that lie on the boundaries
but not on the extreme points of the constraint region.

To the best knowledge of the authors, there is no exact method so far that
can solve the general form of problem (3) if R(x) is multi-valued for some
feasible x. This is due to the fact that if R(x) is multiple-valued for some
feasible x, then the inducible region is not necessarily formed by the union
of the faces of the polyhedral constraint region Ω as indicated in [10]. This
implies that some vertices of the inducible region do not coincide with the
vertices of the polyhedral region. Therefore, the methods that are reviewed
above, including those described in [5, 7] cannot solve problem (3) when R(x)
is multi-valued for some feasible x as they miss some vertices of the inducible
region that do not belong to the vertex set of the constraint region.

Contributions – The purpose of this article is to propose a procedure
that can solve linear fractional bi-level problems by using the kth best solution
technique together with the branch-and-bound method. A novel method
is proposed in this article that helps to find the set of all feasible leader’s
variables that can induce multi-valued reaction map from the follower. Then,
the coefficients of the objective function of the lower level problem are used
to define the branching constraints, which contributes to formulation of an
easily implementable solution algorithm for a general linear fractional bi-level
programming problem. The proposed algorithm can also solve problems with
single-valued reaction maps.

Outline – The paper is organized as follows: Section 2 provides re-
view of some definitions and background concepts for the proposed method.
Furthermore, the dependence of the actual relation between extreme points
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of the inducible region and extreme points of the constraint region, on the
structure of the optimal solution set of the lower level are shown using ex-
amples. The proposed algorithm is presented in Section 3. Section 4 shows
the effectiveness of the algorithm by giving illustrative examples. Finally,
some limitations of the proposed method and their possible extensions are
highlighted in the conclusion part, Section 5.

2 Background of the proposed method

Before we start the solution procedure for a bi-level linear fractional problem,
let us consider the maximization form of a linear fractional problem:

max
x

h(x) =
cT1 x+ α1

cT2 x+ α2
,

s.t. x ∈ S = {Ax ≤ b, x ≥ 0}.
(6)

To assure existence of a solution, assume that the constraint set S is
nonempty, closed, and bounded. Since the solution of a quasi-monotonic
problem occurs at the extreme points of the feasible region and every linear
fractional function is explicitly quasi-monotonic in its domain, the optimal
solution of a linear fractional problem lies at some of the extreme points of
the polyhedral constraint region [5, 6, 16]. Therefore, we search the optimal
solution over extreme points of the constraint region. To do that, we start
from one vertex of the constraint region, then move along a side adjacent to
it such that the functional value increases. The process continues until an
extreme point is obtained, where one cannot find a point at which the value
of the function increases any more. The solution procedure is similar to the
simplex method except for the formulation of the objective row. Since the
objective function is linear fractional, it is a ratio of two linear functions.
Then we can use a simplex-like method to solve the linear fractional problem
by applying a few modifications as described in [2].

To formulate the appropriate modification, we consider the gradient of
the objective function, which becomes
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5h =
c1(c

T
2 x+ α2)− c2(cT1 x+ α1)

(c2x+ α2)2
.

After rearranging, we get

5h =
1

(c2x+ α2)2
(α2c1 − α1c2) .

Since 1

(c2x+ α2)2
is always positive for nonzero α2, the sign of 5h depends

on the sign of α2c1 − α1c2, and hence it is usually called the reduced cost.
At each iteration of the simplex method, the value of α2c1−α1c2 determines
the direction of increase or decrease of h. Therefore, depending on the value
of the coefficient α2c1 − α1c2 corresponding to the nonbasic variables, we
have three possibilities for the next move in solving problem (6). The first
possibility is when α2c1−α1c2 > 0 corresponding to some nonbasic variables.
In this case, the current extreme point is not an optimal solution for problem
(6). The second possibility is when α2c1 − α1c2 < 0 corresponding to all
nonbasic variables. In this case, we cannot make any improvement on the
value of h, which means the current extreme point is an optimal solution for
problem (6). However, when α2c1 − α1c2 = 0 for some nonbasic variables
while α2c1 − α1c2 < 0 for all other nonbasic variables, the current extreme
point is an optimal solution for problem (6) and there is a possibility for
another alternative optimal solution.

At a basic feasible solution x, let z1 = −(cT1 x + α1) and z2 = −(cT2 x +

α2) be the numerator and the denominator functions, respectively, of the
objective function h. Then the corresponding simplex tableau becomes like
in Table 1.

Now, by using the above concept, we have the following properties.

Theorem 1. For any linear fractional problem (6), with objective function

h(x) =
cT1 x+ α1

cT2 x+ α2
, the problem has multiple optimal solutions if and only if

(c1α2 − c2α1)i = 0 for some i, and (c1α2 − c2α1)j < 0 for all j 6= i, where i
and j are indices for the nonbasic variables which make the reduced cost to
be zero and negative, respectively.

Proof. Let the problem have multiple optimal solutions, say x1 and x2, which
are distinct. Then
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Table 1: Simplex tableau for linear fractional problem given in (6)

h α2c1 − α1c2
cT1 x+ α1

cT2 x+ α2

z1 cT1 −(cT1 x+ α1)

z2 cT2 −(cT2 x+ α2)

BV xT RHS

xB A b

1. the reduced costs for x1 and x2 satisfy 5h(x1) ≤ 0 and 5h(x2) ≤ 0,
that is, (c1α2 − c2α1)k ≤ 0, ∀k, where k is the index for the nonbasic
variables at the given iteration.

2. h(x1) = h(x2),
or equivalently,

(cT1 x1 + α1)(c
T
2 x2 + α2) = (cT1 x2 + α1)(c

T
2 x1 + α2).

After rearranging the values in the equality, we get

(α1c2 − α2c1)
T (x1 − x2) = 0.

Indeed since x1 and x2 are assumed to be distinct optimal solutions of
the problem, (x1 − x2)i 6= 0 for some i. Then we must have

(c1α2 − c2α1)i = 0 for some i,

and
(c1α2 − c2α1)j < 0 for all other indices j.

Conversely, let x1 and x2 be distinct feasible points that have different
values corresponding to their ith components and the same values for each
of their other components and both satisfy (c1α2− c2α1)i = 0 for some i and
(c1α2 − c2α1)j < 0 for all other indices j. Then since the components of
the reduced cost of the problem (6) at both x1 and x2 are zero or negative,
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depending on their corresponding functional values, either x1 or x2 or both
are optimal solutions.

Let us check which condition is satisfied. From the given conditions, we
have

(α1c2 − α2c1)
T (x1 − x2) = 0.

Equivalently we can write it as

(cT1 x1 + α1)(c
T
2 x2 + α2) = (cT1 x2 + α1)(c

T
2 x1 + α2).

Rearranging this equations gives

cT1 x1 + α1

cT2 x1 + α2
=
cT1 x2 + α1

cT2 x2 + α2
.

Hence h(x1) = h(x2), which means both x1 and x2 are optimal solutions that
the problem has at least two optimal solutions.

When we return to the bi-level form of the problem, one searches the
optimal solution over extreme points of the inducible region IR. If R(x) is
single-valued, then the solution of (3) occurs at the extreme points of the
constraint region Ω, because extreme points of the inducible region IR are
also extreme points of Ω [5], but this may not be the case when R(x) is a
nonsingleton map for some x [10].

To see what IR, may look like for a bi-level linear fractional problem, one
may refer to Examples 1 and 2.

Example 1. Consider
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max
x

3x+ 2y

4x+ y + 6
,

max
y

−5x− 3y − 9

x+ 2y + 3
,

s.t.

x+ y ≤ 5,

x+ 3y ≤ 10,

y ≤ 3,

x, y ≥ 0,

Figure 1: Constraint and inducible regions of Example 1

The common constraint region, Ω, and the inducible region IR of these
examples are shown in Figure 1 and Figure 2, respectively. The hatched lines
in these figures denote IR. The lower-level problem of Example 1 has multiple
optimal solutions corresponding to the point x = −1.2857, which is not part
of the feasible region Ω1. This means R(x) of Example 1 is single-valued for
all x in Ω1; hence, IR is the union of faces of the polyhedron Ω as shown
in Figure 1. That means, the set of extreme points of IR of Example 1 is
{(5, 0), (0, 3), (1, 3), (2.5, 2.5)}, which is a subset of the set of extreme points
of Ω, {(0, 0), (5, 0), (0, 3), (1, 3), (2.5, 2.5)}. In this case, the optimal solution
is (1, 3) found by using kth best or graphical method.
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Example 2. Consider

max
x

3x+ 2y

4x+ y + 6
,

max
y

4x+ 3y

4x+ 6y + 3
,

s.t.

x+ y ≤ 5,

x+ 3y ≤ 10,

y ≤ 3,

x, y ≥ 0,

Figure 2: Constraint and inducible regions of Example 2

However, in Example 2, the lower level problem has multiple optimal
solutions at x = 0.75 ∈ Ω1, which means R(x) of Example 2 is not single-
valued for at least one x in Ω1. In this case, it can be observed that some
elements of IR are in the interior of Ω, and IR is not the union of faces of
the polyhedron Ω as shown in Figure 2. The set of extreme points of Ω of
Example 2 is {(0, 0), (5, 0), (0, 3), (1, 3), (2.5, 2.5)} whereas the set of extreme
points of IR of Example 2 is {(5, 0), (0, 3), (0.75, 0), (0.75, 3)}, which is not
a subset of the set of extreme points of Ω. Using kth best method one can
obtain (0, 3) as the maximum point. However, this point is not the optimal
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solution of the problem. The optimal solution is (0.75, 3) found by inspection,
and it is not part of the set of extreme points of Ω, rather, it is a boundary
point of Ω.

Our main focus in this article is the case where R(x) is a nonsingleton set
for some x. To design a solution approach for such cases in general, we need
to establish the following preliminary results.

Theorem 2. The optimal solution of the bi-level linear fractional problem
(3) occurs generally at the boundary points of its constraint region.

Proof. For a fixed point x, we have IR = {(x, y) ∈ Ω : y ∈ R(x)} ⊆ {(x, y) :
y ∈ Ω(x)} ⊆ Ω.

The intersections of the plane that contains x and the constraint set Ω is
the set {(x, y) : y ∈ Ω(x)}. The extreme points of the set {(x, y) : y ∈ Ω(x)}
lie on the boundaries of Ω.

Since the objective functions are linear fractional, R(x) is either an ex-
treme point of Ω(x) (if it is single-valued), or it is a convex combination of
some extreme points of Ω(x) (if it is multi-valued). In both cases, the set
of extreme points of R(x) is the subset of extreme points of Ω(x). Extreme
points of IR are extreme points of the set {(x, y) ∈ Ω : y ∈ R(x)} and hence
the subset of extreme points of {(x, y) ∈ Ω : y ∈ Ω(x)}. From these argu-
ments, one can conclude that extreme points of IR lie on the boundaries of
Ω.

When R(x) is nonsingleton, the difficulty in the use of the kth best al-
gorithm (or any of the so far known methods, for that matter), is obtaining
the extreme points of IR, which are not part of the extreme points of Ω, but
those are boundary points of Ω.

To address this difficulty, we first need to find all feasible variables of the
leader that make the optimal reaction set of the follower multi-valued. The
following theorem helps us to obtain those points.

Theorem 3. For a fixed x̄ in problem (3), if

1. (Dx̄+ β)i = 0 for some i and (Dx̄+ β)j ≤ 0 for all i 6= j, where

D =
(
d12 d22

)( dT21

−dT11

)
and β =

(
d12 d22

)( α22

−α21

)
,
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2. ᾱ22 = α22 + dT21x̄ 6= 0,

then the lower level problem has multiple optimal solutions.

Proof. The lower level problem (4) of (3) at a fixed point x̄, can be rewritten
as

maxy f(x̄, y) =
dT11x̄+ dT12y + α21

dT21x̄+ dT22y + α22
=
dT12y + ᾱ21

dT22y + ᾱ22

s.t. y ∈ Ω(x̄),

where
ᾱ21 = α21 + dT11x̄ and ᾱ22 = α22 + dT21x̄,

and the problem is well defined for ᾱ22 6= 0.
Let (Dx̄+ β)i = 0 for some i and (Dx̄+ β)j ≤ 0 for all j 6= i.
Then

Dx̄+ β =
(
d12 d22

)( dT21

−dT11

)
x̄+

(
d12 d22

)( α22

−α21

)
=
(
d12d

T
21 − d22dT11

)
x̄+ d12α22 − d22α21

=d12
(
dT21x̄+ α22

)
− d22

(
dT11x̄+ α21

)
=d12ᾱ22 − d22ᾱ21.

Since (Dx̄+β)i = 0, so (d12ᾱ22−d22ᾱ21)i = 0 for some i. Then by Theorem
1 the lower level problem (4) has multiple optimal solutions.

In the following section, we shall formulate a solution procedure for bi-
level linear fractional problems with possible multiple optimal reaction values
from the lower level, based on the above preliminary results.

3 The proposed solution algorithm

It has been indicated in [5, 7] that bi-level linear fractional problems of type
(3) can be solved by using the kth best (or vertex-searching) approach when
the reaction set is a singleton for each feasible decision of the upper level.
Since optimal solutions of problem (3) occur at the extreme points of the
inducible region, the kth best solution approach cannot solve problem (3)
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when the rational reaction map is multi-valued for some feasible decision of
the upper level. This is due to the fact that if the rational reaction map is
multi-valued for some feasible points, then there are some extreme points of
the inducible region, which are not part of extreme points of the constraint
region, and they cannot be visited by the kth best solution approach. How-
ever, if we branch the problem at those feasible points, where the reaction
map is multiple-valued, then we can make the kth best method to visit all
extreme points of the inducible region. The branching constraints are formu-
lated by using Theorem 3 and then incorporated into the relaxed problem
(5).

To this end, let D have n rows. Then by Theorem 3, problem (4) has
multiple solutions if Dix = −βi and Djx ≤ −βj for all j 6= i. To get the
branching constraint, we consider Dix ≤ −βi and Dix ≥ −βi in place of
Dix = −βi. Therefore, for each i ≤ n, we get two problems:

max
x,y

F (x, y) =
cT11x+ cT12y + α11

cT21x+ cT22y + α12
,

s.t.

A1x+A2y ≤ b,

Dix ≤ −βi,

Djx ≤ −βj ,

x, y ≥ 0,

i 6= j;

(7)

and
max
x,y

F (x, y) =
cT11x+ cT12y + α11

cT21x+ cT22y + α12
,

s.t.

A1x+A2y ≤ b,

Dix ≥ −βi,

Djx ≤ −βj ,

x, y ≥ 0,

i 6= j.

(8)
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This branching procedure will result in 2 × n problems in total. However,
the first part (problem (7)) of the branching appears in all the cases. That
means, the same problem is to be repeatedly solved in each case (n times).
To avoid this repetition, we first consider

max
x,y

F (x, y) =
cT11x+ cT12y + α11

cT21x+ cT22y + α12
,

s.t.

A1x+A2y ≤ b,

Dx ≤ −β,

x, y ≥ 0,

(9)

once, and then we solve the next branch for each i. Finally, we only have
n + 1 problems to be solved all together. In proposing the algorithm, we
assume that the inducible region IR is nonempty and an optimistic version
of the problem is considered.

At each iterations, first, we solve either problem (9) (in the first iteration)
or (8) by using the simplex procedure. There may be a solution to each of
the branched bi-level problems or not. If we have a solution, then the next
step is to find a bi-level solution by using the kth best approach. Indeed the
obtained solution could be infeasible, or it may have appeared in one of the
previous iterations, or the objective value at this iteration may not be better
than those in the other branches.

Now, let us define some sets, which are to be used in Algorithm 1. Let
N denote the set of bi-level infeasible points from among the extreme points
of the feasible region, let S be the set of bi-level feasible points, let Ei be
the set of extreme points, which are candidates of optimal solution at the
ith iteration, and let Ai be the set of adjacent extreme points of (xi, yi) at
the ith iteration. By making each of the nonbasic variables as an entering
variable in the tableau corresponding to (xi, yi), we obtain elements of Ei

and the set Ai at each iteration i. Let LB be a lower bound of problem (3),
and its value can be updated if a bi-level feasible point with a better upper
level objective value is obtained.
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Algorithm 1 Algorithm for bi-level linear fractional problem with possible
multiple optimal responses

Step 0. i = 0, N = ∅, S = ∅, LB = −∞, and n is equal to the number of rows of D.
Step 1. Solve problem (9) by using the simplex method.

• If it has no solution, then go to Step 3.
• If it has a solution (xi, yi), then set Ei = {(xi, yi)} and go to Step 2.

Step 2. Solve the lower-level problem (4) by fixing xi, using the simplex procedure to get
ŷ.

• If ŷ = yi, then set LB = F (xi, yi), (x∗, y∗) = (xi, yi), S = S ∪{(xi, yi)}, and
go to Step 3.

• If not, then
– find the set of adjacent extreme points, Ai, of (xi, yi) and N = N ∪

{(xi, yi)}, Ei = (Ei ∪Ai)\N .
– solve max

{
F (x, y) : (x, y) ∈ Ei

}
to obtain (x̄i, ȳi) and set (xi, yi) =

(x̄i, ȳi).
∗ If (xi, yi) ∈ S, then go to Step 3.
∗ Otherwise, repeat Step 2 with the updated values of xi and yi.

Step 3. Set i = i+ 1

• If i ≤ n, then go to Step 4.
• If i > n (all the branching options are already explored), then stop, and set

the optimal solution to be (x∗, y∗).
Step 4. Solve problem (8) by using the simplex procedure.

• If it has no solution, then go to Step 3.
• If the problem has a feasible solution, then let (xi, yi) be the solution and

– if F (xi, yi) < LB or (xi, yi) ∈ S or (xi, yi) ∈ N , then go to Step 3,
– otherwise let Ei = {(xi, yi)}, and go to Step 2.
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Theorem 4. The solution procedure described in Algorithm 1 terminates
to the solution of problem (3) after finite iterations.

Proof. In Algorithm 1, there are at most n + 1 iterations, where n is the
dimension of the lower level decision variable vector, and at each iteration
the kth best algorithm was used to solve the problem. The convergence of kth
best algorithm is proved in [5]. At each iteration if the problem has a solution,
then we must check whether we need to further use kth best algorithm or not
by using three conditions. The first one is comparing the value of the optimal
solution with LB and if it has worst value, then we do not consider it any
further. The second condition is existence of the solution in the nonfeasible
set N . Again if the solution is in N , then we do not consider it further.
The final condition is about the occurrence of the solution in the set S. If
the solution is in S, then we do not consider it further as it was already
considered in the previous steps and its value was compared with LB. These
three conditions remove the unwanted repetition in the algorithm. After
completing the n+ 1 iterations, the point corresponding to the LB becomes
the solution of (3).

Since the branching constraints make the boundary points of Ω that co-
incide with extreme points of IR to be vertices of the branched region, all the
feasible extreme points of the inducible region IR are visited by Algorithm
1. Hence the final solution is the global optimal solution of problem (3).

4 Illustrative examples

In order to test our proposed Algorithm, we consider some numerical exam-
ples below, some taken from literature to check the validity of the output of
the algorithm, and others are newly constructed to test for the additional
conditions.

Here below, we present the solution of two examples by showing all the
detailed procedures to demonstrate how the steps in the proposed algorithm
work.

Example 3.
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max
x

3x+ 2y

4x+ y + 6
,

max
y

4x+ 3y

4x+ 6y + 3
,

s.t.

x+ y ≤ 5,

x+ 3y ≤ 10,

y ≤ 3,

x, y ≥ 0.

This is the problem presented in Example 2 above and the procedures of
the solution are presented in the following detailed steps. Note that, existing
methods cannot automatically address such a problem as it has a nonsingle-
ton reaction map.

To check existence of multi-valued reaction, we first formulate

D =
(
3 6
)( 4

−4

)
= −12, and β =

(
3 6
)(3

0

)
= 9.

Then we follow the steps below.

Step 0. i = 0, N = ∅, S = ∅, LB = −∞ and n = 1 (as D has only 1 raw).

Step 1. Solve
max

x

3x+ 2y

4x+ y + 6
,

s.t. x+ y ≤ 5,

x+ 3y ≤ 10,

y ≤ 3,

− 12x ≤ −9,

x, y ≥ 0.

• When we solve this linear fractional problem using the simplex
like method, we obtain a solution (1, 3) with x0 = 1, y0 = 3. Then
we set E0 = {(1, 3)} and go to Step 2.

Step 2. Solve the lower level problem (4) of Example 3 by fixing x0 = 1, to get
ŷ = 0. Then

Iran. J. Numer. Anal. Optim., Vol. 15, No. 4, 2025, pp 1392–1419
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• ŷ 6= y0. Hence we obtain adjacent extreme points of (x0, y0):

• A0 = {(0.75, 3), (2.5, 2.5)},
N = N

⋃
{(x0, y0)} = {(1, 3)}, E0 = (E0

⋃
A0)\N = A0.

• Solve max
{
F (x, y) : (x, y) ∈ E0

}
, to get (0.75, 3) /∈ S. Then up-

date x0 = 0.75, y0 = 3 and repeat Step 2.

Solve the lower level problem (4) of Example 3 by fixing x0 = 0.75, to
obtain ŷ = 3.

• Since ŷ = y0, set LB = F (0.75, 3) = 0.6875, S = S
⋃
{(0.75, 3)} =

{(0.75, 3)}, (x∗, y∗) = (0.75, 3) and go to Step 3.

Step 3. i = 0 + 1 = 1

• Since i satisfies i ≤ n, go to Step 4.

Step 4. Solve
max

x

3x+ 2y

4x+ y + 6
,

s.t. x+ y ≤ 5,

x+ 3y ≤ 10,

y ≤ 3,

− 12x ≥ −9,

x, y ≥ 0.

• Then we get a solution: (0.75, 3), with x1 = 0.75, y1 = 3.

– Since (0.75, 3) ∈ S, go to Step 3.

Step 3. i = 1 + 1 = 2

• Since i does not satisfy i ≤ n, Stop.

Hence the optimal solution is (x, y) = (0.75, 3) with the upper level optimal
value F = 0.6875 and the lower level optimal value f = 0.5.

Example 4. A newly constructed problem with nonunique reaction set.
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max
x

−x1 + x2 + 2y1 − 2y2 − y3 − 1

−x1 − 2y1 + y2 + 5y3 + 8
,

max
y

x1 + x2 − 2y1 + y2 − y3 − 2

2x1 + y1 + y2 + 3y3 + 1
,

s.t.

−y1 + y2 + y3 ≤ 1,

2x1 − y1 + 2y2 + 0.5y3 ≤ 3,

2x2 + 2y1 − y2 + 0.5y3 ≤ 9,

x1, x2, y1, y2, y3 ≥ 0,

with x = (x1, x2), y = (y1, y2, y3).

Solution of Example 4: In this case we have

D =


−2 1

1 1

−1 3,


(

2 0

−1 −1

)
=


−5 −1
1 −1
−5 −3

, and β =


−2 1

1 1

−1 3


(
1

2

)
=


0

3

5

.

Step 0. i = 0, N = ∅, S = ∅, LB = −∞, and n = 3 (number of rows of D).

Step 1. Solve
max
x,y

−x1 + x2 + 2y1 − 2y2 − y3 − 1

−x1 − 2y1 + y2 + 5y3 + 8
,

s.t.

−y1 + y2 + y3 ≤ 1,

2x1 − y1 + 2y2 + 0.5y3 ≤ 3,

2x2 + 2y1 − y2 + 0.5y3 ≤ 9,

−5x1 − x2 ≤ 0,

x1 − x2 ≤ −3,

−5x1 − 3x2 ≤ −5,

x1, x2, y1, y2, y3 ≥ 0.

• After solving, we obtain a solution: (0, 3, 1.5, 0, 0) with x0 =

(0, 3), y0 = (1.5, 0, 0). Then set E0 = {(0, 3, 1.5, 0, 0)} and go
to Step 2.

Step 2. Solve the lower level problem (4) of Example 4 by fixing x0 = (0, 3), to
get ŷ = (1.5, 0, 0).
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• Since ŷ = y0, set LB = F (0, 3, 1.5, 0, 0) = 1, S = S
⋃
{(0, 3, 1.5, 0, 0)} =

{(0, 3, 1.5, 0, 0)}, (x∗, y∗) = (0, 3, 1.5, 0, 0) and go to Step 3.

Step 3. i = 1

• Since i satisfies i ≤ n, go to Step 4.

Step 4. Solve the branched problem (complementing the condition: −5x1−x2 ≤
0):

max
x,y

−x1 + x2 + 2y1 − 2y2 − y3 − 1

−x1 − 2y1 + y2 + 5y3 + 8
,

s.t.

−y1 + y2 + y3 ≤ 1,

2x1 − y1 + 2y2 + 0.5y3 ≤ 3,

2x2 + 2y1 − y2 + 0.5y3 ≤ 9,

−5x1 − x2 ≥ 0,

x1 − x2 ≤ −3,

−5x1 − 3x2 ≤ −5,

x1, x2, y1, y2, y3 ≥ 0.

• Since we have no solution for this problem, go to Step 3.

Step 3. i = 2

• Since i satisfies i ≤ n, go to Step 4.

Step 4. Solve the branched problem (complementing the condition that x1 −
x2 ≤ −3):
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max
x,y

−x1 + x2 + 2y1 − 2y2 − y3 − 1

−x1 − 2y1 + y2 + 5y3 + 8
,

s.t.

−y1 + y2 + y3 ≤ 1

2x1 − y1 + 2y2 + 0.5y3 ≤ 3,

2x2 + 2y1 − y2 + 0.5y3 ≤ 9,

−5x1 − x2 ≤ 0,

x1 − x2 ≥ −3,

−5x1 − 3x2 ≤ −5,

x1, x2, y1, y2, y3 ≥ 0.

• Then we obtain a solution, (3.75, 0, 4.5, 0, 0) with x2 = (3.75, 0), y2 =

(4.5, 0, 0).

• Since F (3.75, 0, 4.5, 0, 0) = −0.89 ≤ LB, go to Step 3.

Step 3. i = 3

• Since i satisfies i ≤ n, go to Step 4.

Step 4. Solve the branched problem (complementing the condition that −5x1−
3x2 ≤ −5):

max
x,y

−x1 + x2 + 2y1 − 2y2 − y3 − 1

−x1 − 2y1 + y2 + 5y3 + 8
,

s.t.

−y1 + y2 + y3 ≤ 1,

2x1 − y1 + 2y2 + 0.5y3 ≤ 3,

2x2 + 2y1 − y2 + 0.5y3 ≤ 9,

−5x1 − x2 ≤ 0,

x1 − x2 ≤ −3,

−5x1 − 3x2 ≥ −5,

x1, x2, y1, y2, y3 ≥ 0.

• Since this problem has no solution, go to Step 3.
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Step 3. i = 4

• Since i dose not satisfy i ≤ n, Stop.

Therefore, the optimal solution is (x∗1, x
∗
2, y

∗
1 , y

∗
2 , y

∗
3) = (0, 3, 1.5, 0, 0) with

F = 1 is the upper level optimal value and f = −0.8 is the lower level
optimal value.

The same algorithmic procedure can be used to solve linear fractional bi-
level optimization problems with unique optimal response from the follower
for each of the choices of variables of the leader. The examples below are
taken from literature whose exact solutions were calculated; and we obtain
the same result (shown in Table 2) for each one of them as in the references
indicated.

Note that the purpose of the examples here below is not to compare the
efficiency of the algorithm rather to show that the same exact solution can
be obtained using the proposed algorithm as well, while it solve problems with
multiple optimal response from the lower level. It is known that the methods
given in each of the references for these problems fail to solve if the optimal
response from the lower level is nonunique.

Example 5. Consider a bi-level problem from [5]

max
x

−x− 3y − 3

x+ y + 5
,

max
y

x− 2y − 7

x+ y + 2
,

s.t. x+ 2y ≤ 20,

x+ y ≤ 12,

2x+ y ≤ 20,

3x− 4y ≤ 19,

x− 4y ≤ 5,

x, y ≥ 0,

Example 6. Consider a bi-level problem from [10]
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max
x

−y + 2

x+ y + 1
,

max
y

−5x− 4y − 5

5x+ 5y + 10
,

s.t. 3x− 2y ≥ −5,

2x+ 9y ≤ 69,

3x− 2y ≤ 26,

x− 6y ≤ −2,

x+ y ≥ 5,

x, y ≥ 0.

Example 7. Consider a bi-level problem from [6]

max
x

−2x− 3y1 − y2 − 2

x+ 6y2 + 5
,

max
y

−3x− 2y1 − y2
x+ y1 + 2y2 + 1

,

s.t. x+ y2 ≤ 1,

y1 + y2 ≤ 1,

x, y1, y2 ≥ 0,

y = (y1, y2).

Example 8. Consider a bi-level problem from [5]

max
x

−x1 + x2 − 2y2 − 1

−x1 − 2y1 + y2 + 5y3 + 8
,

max
y

−x1 − x2 − 2y1 + y2 − y3 − 1

2x1 + y1 + y2 − 3y3 + 6
,

s.t. − y1 + y2 + y3 ≤ 1,

2x1 − y1 + 2y2 − 0.5y3 ≤ 1,

2x2 + 2y1 − y2 − 0.5y3 ≤ 1,

x1, x2, y1, y2, y3 ≥ 0,

x = (x1, x2), y = (y1, y2, y3).
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Table 2: Summery of solutions for the problems in the examples.

Examples optimal solution using the proposed algorithm
5 (1, 0)

6 (3, 2)

7 (0.2, 0, 0.8)

8 (0.75, 0.75, 0, 0, 1)

5 Conclusion

In this paper, we presented a vertex search method to find an exact global
optimal solution to the continuous bi-level linear fractional programming
problem. Our algorithm is a combination of the kth best method and a
branch-and-bound procedure. The existing kth best method is known to find
a global optimal solution for bi-level linear fractional problems with single
valued reaction set for all upper level decisions. To overcome the limita-
tions of the kth best method when there are nonsingleton optimal reaction
sets for some upper level decisions, a new algorithm that combines the kth
best method together with a branch-and-bound mechanism is proposed. In
this algorithm, iterative solution procedure is applied, where the branch-and-
bound method is used to branch the problem into two problems of the same
type in each branching step. We implemented the algorithm using the MAT-
LAB software and it can solve the optimistic version of any bi-level linear
fractional problem. The algorithm can also be applied for solving bi-level
problems when the objective functions are generally quasi-convex and the
constraints are polyhedral.

The algorithm performs well in solving linear fractional bi-level program-
ming problems of any kind. However, if the optimal response map of the
lower-level is single valued for all feasible upper level variables, then some
steps of the algorithm will still run to check if there are possible feasible
solutions outside of the vertices of the constraint region. This might cre-
ate unnecessary delay in the solution process. In the future one may try to
develop a mechanism to avoid the process of execution of the unnecessary
iterations within the framework of the proposed algorithm.
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development of criteria and schemes that determine the appropriate Gauss
order while maintaining a balance between accuracy and performance is of
great importance.

In the present work, an adaptive integration criterion tailored for two-
dimensional elasticity problems is introduced and verified. This criterion
is formulated as an empirical formula, incorporating a parameter ranging
from zero to unity. This parameter enables control over computational
effort, making the criterion very efficient across a wide range of applications,
from thick structures to extremely thin ones where near-singularities are
pronounced.

The proposed integration criterion is tested on a very thin structure,
where it showed a high degree of accuracy and effectiveness in solving
problems with a very pronounced boundary layer effect. Additionally, the
criterion demonstrated its advantage by reducing and moderating compu-
tational overhead in the case of pre-treatment of near-singularities by a
semi-analytical technique or a variable transformation technique.

AMS subject classifications (2020): 74S15, 65R20, 65D30.

Keywords: Boundary integrals, Near-singularity, Gauss quadrature, Inte-
gration criterion, Thin structures.

1 Introduction

The accurate evaluation of boundary element integrals is of crucial impor-
tance in any boundary element method (BEM) analysis. The boundary in-
tegrals appearing in the BEM method involve kernel functions with terms of
the form 1

rp or log
(
1
r

)
with r the shortest distance between the source point

and the boundary element. This nature causes a singular behavior when
source points approach the boundary (r tends to zero). Thus, depending on
the ratio λ = r

L (with L the element length) integrals are classified into three
major categories (Regular, Singular and Near-Singular), as schematized in
Figure 1.
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Figure 1: Boundary integral types

When the source point is sufficiently distant from the boundary element,
the integral becomes regular. In this case, its numerical evaluation using
Gauss quadrature with a relatively small order is sufficient. By contrast,
when the source point coincides with the boundary element (λ = 0), the
integral becomes singular. Several techniques have been proposed in the
BEM literature to evaluate singular integrals, including analytical integra-
tion [32, 43, 44, 31, 47, 33], indirect methods [15, 17, 6, 7, 35], semi-analytical
methods [16, 14, 37, 2], coordinate transformation [40, 20], and the use
of singularity-reduced kernels [26]. Other methods directly formulate fun-
damental solutions, as in the novel scaled coordinate transformation BEM
(SCTBEM [42, 19]), which converts the domain integral into a boundary
integral, leading to the elimination of the low-order singularity.

The third type (near-singular integrals) arises when the source point is
very close but not coinciding with the boundary element (λ ≈ 0). While they
are regular in nature and do not exhibit mathematical singularities, their
evaluation is challenging due to steep variations of the integrand around the
projection of the source point. This phenomenon is commonly known as the
boundary layer effect, which arises in several applications of the BEM, such
as thin-walled structures and thin coatings [3, 47, 37, 12, 46], crack-related
problems [37, 5, 26, 30, 2, 33, 34], contact problems [8, 18], and near-boundary
field calculations [6, 32, 13]. To deal with the boundary layer effect and near-
singular integrations causing it, several techniques have been developed:
Element subdivision: A numerical technique proposed by Lachat and Wat-
son [25], based on subdividing the original element into smaller subelements,
thereby concentrating Gauss points around the projection of the source point.
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Semi-analytical techniques: Methods such as singularity subtraction, pro-
posed by Cruse and Aithal [9] and Mi and Aliabadi [28], are employed.
Variable transformation: This approach involves applying a nonlinear
variable transformation that weakens the near-singular behavior and smooths
the sharp peak of the integrand. Several transformations have been proposed,
including the polynomial transformation of Telles [40], the optimal transfor-
mations of Sladek and Sladek [38], the distance transformation of Ma and
Kamiya [27], and the sinh transformation of Johnston and Elliott [21], which
was further extended by Gu et al. [12, 13] and Zhang, Gong, and Gao [45].

The use of Gauss quadrature is essential for most of the techniques cited
above, either for evaluating the entire integral in numerical techniques or for
evaluating the regular part and the transformed integral in semi-analytical
techniques and variable transformations, respectively. Thus, determining the
number of Gauss points for a given integral is of great importance. The
set of rules and guidelines that determines the smallest order of quadrature
guaranteeing a specified precision is called an integration criterion. The need
to derive effective and precise criteria has led to several publications on this
subject, where different integration criteria and upper-bound error formulas
have been proposed.

The first work prior to any publications on this subject was the contribu-
tion of Stroud and Secrest [39], who proposed a formula for calculating the
upper-bound error of Gaussian numerical integration. Based on this formula,
Lachat and Watson [25] proposed the first integration criterion for functions
of the form 1

r2 , applicable to three-dimensional (3D) structures, which was
further simplified by Mustoe [29] and Gao and Davies [11], who provided
simpler approximate formulas for the upper-bound error estimate. Jun and
Beer, [22] again used the upper-bound error formula of Stroud and Secrest
[39] and proposed a new criterion for functions of the form ( 1

rp , p = 1, 2, 3),
applicable in both (two-dimensional) 2D and 3D structures, presented in tab-
ular format.

After performing an extensive numerical study on the error distribution
around a flat rectangular 3D element, Bu and Davies [4] developed a new
integration criterion for 3D problems. This criterion is presented both in
tables and as empirical formulas and was further improved by Gao and Davies
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[11], who proposed a unified approximation formula based on Bu and Davies’
[4] numerical experiments.

Eberwien, Duencer, and Moser [10] followed a similar numerical strategy
as Bu and Davies [4] and applied it in the 2D case by considering two reference
elements, one flat and the other slightly curved. Unlike the research works
cited above, the influence of the shape functions and the Jacobian was taken
into consideration. Thus, the considered integrands are of the from

f(ξ) = (r(ξ))p ×Ψm(ξ)× J(ξ), p = 1, 2.

The numerical study performed in [10] showed that the errors predicted by
the previous publications [25, 39, 22, 4, 29, 11] were underestimated. This is
due to the nonconsideration of the shape functions and the Jacobian. The
criterion proposed by Eberwien, Duencer, and Moser was tested on a bench-
mark problem and showed a clear improvement in the results compared to
its predecessors.

In 2020, Junhao, Zhipeng, and Yongqiang [23] accomplished an extensive
numerical study on integrands of the form ( 1

rp , p = 1, 2, 3), and proposed a
new upper-bound error estimate formula, which showed a certain gain in effi-
ciency and precision compared to previous formulas. The gain in performance
is especially visible at very small λ ratios.

In 2023, Zhou, Yang, and Chen [48] introduced a new adaptive scheme
leveraging deep machine learning and AI technologies. Their approach cate-
gorizes the ratio λ into three distinct intervals, incorporates the sinh variable
transformation for small values of λ, and predicts the required number of
Gauss points using a trained neural network or its recorded data. This tech-
nique achieves a good level of precision, with significantly fewer Gauss points
and reduced CPU time.

In the current study, a new integration criterion is introduced. It is for-
mulated through empirical formulas, which determine the required number
of Gauss points to attain one of three precision levels (ε = 10−2, 10−3, 10−4),
depending on the λ ratio and the nature of the kernel. Specifically designed
for 2D linear elasticity problems, this criterion was derived following an ex-
tensive numerical testing. Two bounding empirical formulas were established:
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The lower-bound formulas is deduced by considering integrands of the form

f(ξ) =
1

r(ξ)p
, p = 1, 2,

while the upper-bound one by considering the complete form of the integrands
as encountered in 2D-elasticity BEM

f(ξ) = F (P (ξ), P0)×Ψm(ξ)× J(ξ),

where F (P (ξ), P0) represents one of the kernel functions of 2D-elasticity
BEM, P (ξ) and P0 denote the field and source points, respectively, and
Ψm(ξ) and J(ξ) denote the shape function and the Jacobian. Finally, a
third formula is defined by the combination of the two bounding ones, using
a real parameter α ∈ [0, 1], which allows control over the computational effort
and facilitates its adjustment depending on application requirements.

Tested on an extremely thin structure, the new criterion demonstrated
better and more stable precision compared to existing methods, even in re-
gions of extreme thinness where the achieved relative error is lower than
the target upper bound. The results highlight an underestimation of errors
by existing criteria and error-bound formulas, due to the nonconsideration
of the complete form of the kernels. Another advantage observed is a per-
formance enhancement for moderate values of the λ ratio compared to the
formulas outlined in [23]. These moderate values of λ commonly arise when
employing the element subdivision technique, which is preferred in BEM ap-
plications over the use of high-order quadratures, since very high quadrature
orders lead to floating-point round-off errors. Additionally, Gauss–Legendre
abscissas and weights are not computed dynamically at runtime; instead,
a limited set of predefined abscissas and corresponding weights is typically
available and prescribed in the program.

Finally, the proposed criterion incorporates a parameter that can effec-
tively reduce computational effort, especially in cases where integrands are
treated using coordinate transformation or other semi-analytical techniques
that mitigate or eliminate the near-singular behavior.
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2 A brief review of the BEM for elasticity problems

Solving elasticity problems using the BEM is achieved by interpreting the
partial differential equations that govern the problem in the form of integral
equations.

Figure 2: BEM Modeling of an elastic domain - (a) Source point inside the domain (b)
source point on the boundary

Let us consider a linear elastic domain Ω with boundary Γ = ∂Ω (Figure
2). There are generally six integral equations that arise in any boundary
element analysis. By neglecting the body forces, these equations are defined
as [1, 6, 14]:

ui(Q0) =

∫
Γ

Uij(Q0, P )tj(P )dΓ−
∫
Γ

Tij(Q0, P )uj(P )dΓ, (1)

σij(Q0) =

∫
Γ

Dijk(Q0, P )tk(P )dΓ−
∫
Γ

Sijk(Q0, P )uk(P )dΓ, (2)

ui,k(Q0) =

∫
Γ

Wijk(Q0, P )tj(P )dΓ−
∫
Γ

Vijk(Q0, P )uj(P )dΓ, (3)

Cij(P0)uj(P0) =

∫
Γ

Uij(P0, P )tj(P )dΓ−
∫
Γ

Tij(P0, P )uj(P )dΓ, (4)

1

2
σij(P0) =

∫
Γ

Dijk(P0, P )tk(P )dΓ−
∫
Γ

Sijk(P0, P )uk(P )dΓ, (5)

Cikjluj,l(P0) =

∫
Γ

Wijk(P0, P )tj(P )dΓ−
∫
Γ

Vijk(P0, P )uj(P )dΓ, (6)
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where

• Q0 and P0: the source points inside the domain and at the boundary,
respectively (Q0 ∈ Ω, P0 ∈ Γ);

• P : a field point located at the boundary (P ∈ Γ);

• uj(P ), tj(P ), σij(P ) and ui,k(P ): represent, respectively, the displace-
ment, traction, stress tensor, and displacement derivative components
at a point P ;

• Uij(P0, P ), Tij(P0, P ), Dijk(P0, P ), Sijk(P0, P ),Wijk(P0, P ), Vijk(P0, P ):
the fundamental solutions or the kernels;

• Cij and Cikjl: Free terms that depend on the nature of the boundary.
For a smooth boundary they are given by

Cij =

1/2 i = j,

0 i 6= j,
and Cijkl =

1/2 ik = jl,

0 ik 6= jl.

Equations (1), (2), (3) give the displacement, the stress and the displace-
ment derivative at an internal source point Q0 ∈ Ω, respectively. They are
expressed in terms of the boundary variables uj(P ) and tj(P ) at a field point
P ∈ Γ.

Equations (4), (5) and (6) are called boundary integral equations (BIEs).
For a source point located at the boundary P0 ∈ Γ, they give the same
quantities as (1), (2), (3), respectively. To solve (1)–(6), the boundary Γ is
discretized into a finite number N of iso-parametric elements. Each element
Γn is composed of M nodes. Equations (1)–(6) can then be written in their
discrete forms as

ui(Q0) =

N∑
n=1

M∑
m=1

∫ 1

−1

[Uij(Q0, P (ξ) )ψm(ξ) |Jn(ξ)|] dξ tnmj

−
N∑

n=1

M∑
m=1

∫ 1

−1

[Tij(Q0, P (ξ) )ψm(ξ) |Jn(ξ)|] dξ unmj ,

(7)
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σij(Q0) =

N∑
n=1

M∑
m=1

∫ 1

−1

[Dijk(Q0, P (ξ) )ψm(ξ) |Jn(ξ)|] dξ tnmk

−
N∑

n=1

M∑
m=1

∫ 1

−1

[Sijk(Q0, P (ξ) )ψm(ξ) |Jn(ξ)|] dξ unmk ,

(8)

ui,k(Q0) =

N∑
n=1

M∑
m=1

∫ 1

−1

[Wijk(Q0, P (ξ) )ψm(ξ) |Jn(ξ)|] dξ tnmj

−
N∑

n=1

M∑
m=1

∫ 1

−1

[Vijk(Q0, P (ξ) )ψm(ξ) |Jn(ξ)|] dξ unmj ,

(9)

Cij(P0)uj(P0) +

N∑
n=1

M∑
m=1

∫ 1

−1

[Tij(P0, P (ξ) )ψm(ξ) |Jn(ξ)|] dξ unmj

=

N∑
n=1

M∑
m=1

∫ 1

−1

[Uij(P0, P (ξ) )ψm(ξ) |Jn(ξ)|] dξ tnmj ,

(10)

1

2
σij(P0) =

N∑
n=1

M∑
m=1

∫ 1

−1

[Dijk(P0, P (ξ) )ψm(ξ) |Jn(ξ)|] dξ tnmk

−
N∑

n=1

M∑
m=1

∫ 1

−1

[Sijk(P0, P (ξ) )ψm(ξ) |Jn(ξ)|] dξ unmk ,

(11)

Cikjluj,l(P0) =

N∑
n=1

M∑
m=1

∫ 1

−1

[Wijk(P0, P (ξ) )ψm(ξ) |Jn(ξ)|] dξ tnmj

−
N∑

n=1

M∑
m=1

∫ 1

−1

[Vijk(P0, P (ξ) )ψm(ξ) |Jn(ξ)|] dξ unmj .

(12)

From (7)–(12), we deduce that the boundary integrals involved in a BEM
analysis have the general form:

I =

∫ 1

−1

[F (P0, P (ξ))ψm (ξ) |Jn (ξ)|] dξ, (13)

where

• F (P0, P (ξ)): One of the fundamental solutions (kernels)
{Uij , Tij , Dijk, Sijk,Wijk, Vijk};
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• ψm(ξ): The linear shape function corresponding to the node of index
m;

• |Jn(ξ)|: The Jacobian of the coordinate transformation from dΓ to dξ,
corresponding to the element of index n.

3 The proposed integration criterion

Most of the existing integration criteria are developed under the assumption
of simplified forms of integrands, such as

{
f(ξ) = 1

r(ξ)p p = 1, 2, 3
}

and{
f(ξ) = log

(
1

r(ξ)

)}
. Some criteria also incorporate shape functions and the

Jacobian with{
f(ξ) = 1

r(ξ)p .ψm(ξ).Jn(ξ) p = 1, 2
}

, as done by Eberwien, Duencer, and
Moser [10]. These simplified assumptions yield satisfactory results in struc-
tures that are not extremely thin, especially in scalar problems like electro-
statics, where kernel functions are typically simple. However, elasticity prob-
lems are vectorial in nature, involving heavy kernel functions that include
directional and normal derivatives of the distance r. These complexities can
exacerbate singularities and amplify the boundary layer effect in extremely
thin structures. As a result, we are motivated to investigate the actual distri-
bution of integration errors by considering the complete form of integrands
encountered in planar elastic boundary element analysis and comparing them
with simplified integrands. Subsequently, we propose a numerical scheme
with a new criterion aimed at meeting high precision requirements, even
in extremely thin structures, while optimizing computational resources and
CPU time.

3.1 The numerical testing

Due to the absence of mathematical tools and techniques to define ana-
lytically error bounds for integrands in their complete form as specified in
(13), numerical experimentation remains the primary recourse. The numer-
ical testing methodology followed by Eberwien, Duencer, and Moser [10] is
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adopted. It involves the utilization of a rectangular region encompassing
a reference quadratic iso-parametric element. Within this region, a highly
dense grid of points is established, creating the illusion of a continuous area.
Two iso-parametric elements are considered, one flat and the other slightly
curved (Figure 3). The relative error under consideration is determined as
the maximum value obtained from these two reference elements.

Figure 3: The two reference boundary elements

The numerical experimentation strategy involves evaluating the boundary
integrals at each point of the dense grid twice. Initially, the first integral, IN ,
is computed using a prescribed Gauss order N . Subsequently, a reference
integral, I100, is calculated with a fixed 100 Gauss points. Next, for each
point P , the relative error is determined as ε(P ) ≈

∣∣∣ IN (P )−I100(P )
I100(P )

∣∣∣. Once
the distribution of the relative errors is established, an iso-error curve, or
an error contour curve (as named in [4]), is plotted for a target maximum
relative error, ε0. From this curve, the minimum allowable ratio λ0 = r0

L is
derived, ensuring a relative error ε < ε0 for λ = r

L > λ0.
By repeating the steps described above for various Gauss orders, a curve

N = f(λ) is constructed. By utilizing curve fitting techniques, an empirical
formula is derived to express the number of Gauss points N as a function
of the λ ratio. This process is conducted for various orders of singularity,
including

{
log( 1r ),

1
r ,

1
r2

}
, and for three target maximal relative errors

ε0 = 10−2, 10−3, 10−4.
Numerical tests are conducted on two cases. The first case represents

the lower limit, where errors are underestimated by assuming simplified in-
tegrands that only include terms responsible for the singularity. In contrast,
the second case provides a realistic estimation of the error by considering the
complete expressions of the kernels, shape functions, and the Jacobian, as
outlined in (13).
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3.1.1 Case one: Simplified integrands

The following integrals are considered:

I1 =

∫ 1

−1

log
(

1

r(ξ)

)
dξ ⇒ O

(
log
(
1

r

))
,

I2 =

∫ 1

−1

1

r(ξ)
dξ ⇒ O

(
1

r

)
,

I3 =

∫ 1

−1

1

r(ξ)2
dξ ⇒ O

(
1

r2

)
.

For each integral, the procedure detailed in section 3.1 is executed.

The resulting iso-error curves exhibit a closed form characterized by mul-
tiple lobes, akin to those observed in the work [10]. These distinctive curves,
commonly referred to as butterfly curves, are depicted in Figures 4 and 5.
The dataset in Table 1 defines, for the lower limit case, the minimum al-
lowable ratios λ0 for quadrature orders ranging from 2 to 35. These re-
sults are computed for singularity orders of

{
log( 1r ),

1
r ,

1
r2

}
, and precisions

ε0 = 10−2, 10−3, 10−4.

Table 1 shows that the minimum allowable ratio λ0 decreases with in-
creasing Gauss order N , as fewer Gauss points lead to higher errors, requir-
ing greater distances from the boundary to stay below the error threshold.
This effect intensifies with stronger singularities, especially for O

(
1
r2

)
, and

as the error threshold ε0 becomes stricter, with the highest λ0 observed at
ε0 = 10−4.

3.1.2 Case two: Full form integrands

In this case the full form of integrals given in (13) is considered:

I =

∫ 1

−1

F (P0, P (ξ)) · ψm(ξ) · J(ξ)dξ,

where F (P0, P (ξ)) is one of the fundamental solutions (kernels)
{Uij , Tij , Dijk, Sijk,Wijk, Vijk}
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Figure 4: Relative error distribution around the curved reference element, for integral
I2 with 4 Gauss points

Figure 5: Iso-error curve and envelope, corresponding to integral I2 with 4 Gauss points
and a relative error 10−3



F (P0, P (ξ)) = Uij ⇒ O

(
log
(
1

r

))
,

F (P0, P (ξ)) = Tij , Dijk,Wijk ⇒ O

(
1

r

)
,

F (P0, P (ξ)) = Sijk, Vijk ⇒ O

(
1

r2

)
.

The relative error is computed for each function by varying the indices
i = 1, 2; j = 1, 2; k = 1, 2;m = 1, 2, 3 to encompass all possible combinations,
from which the maximum error is identified. Subsequently, the maximum
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Table 1: The numerical results obtained for the lower limit case

Precision ε0 = 10−2 ε0 = 10−3 ε0 = 10−4

N O
(
log
(
1
r

))
O
(
1
r

)
O
(

1
r2

)
O
(
log
(
1
r

))
O
(
1
r

)
O
(

1
r2

)
O
(
log
(
1
r

))
O
(
1
r

)
O
(

1
r2

)
2 1.125718 0.732523 1.053462 1.722896 1.69977 2.476304 3.119036 4.06014 6.231677
3 0.378903 0.39962 0.554979 1.047436 0.749395 1.00197 1.396343 1.318512 1.759226
4 0.223531 0.274538 0.378153 0.472037 0.483714 0.628713 1.010303 0.76963 0.981932
5 0.154594 0.21098 0.290135 0.310726 0.357336 0.460149 0.535374 0.540789 0.676164
6 0.11511 0.169262 0.235735 0.234901 0.28358 0.364319 0.381201 0.419096 0.517973
7 0.093778 0.142997 0.19878 0.188934 0.235656 0.301954 0.300095 0.342807 0.422116
8 0.076123 0.122481 0.171704 0.156941 0.201674 0.258723 0.248345 0.290531 0.356786
9 0.065062 0.107721 0.151201 0.133973 0.175814 0.225891 0.211074 0.251334 0.307793
10 0.055238 0.09541 0.134793 0.115931 0.156121 0.200444 0.183201 0.221721 0.272248
11 0.048691 0.086535 0.121919 0.103183 0.140165 0.180581 0.161941 0.198604 0.24436
12 0.042454 0.077927 0.111508 0.091398 0.126997 0.164631 0.145019 0.179886 0.220847
13 0.038029 0.071969 0.102493 0.083067 0.116594 0.15077 0.131184 0.164631 0.201681
14 0.033912 0.065875 0.094861 0.074748 0.107349 0.138989 0.119406 0.15146 0.186122
15 0.03105 0.061564 0.088616 0.068554 0.099716 0.129108 0.11012 0.140369 0.172947
16 0.027884 0.057352 0.082592 0.063127 0.092762 0.12079 0.101328 0.130294 0.161163
17 0.025693 0.054003 0.077653 0.058508 0.086813 0.11317 0.09407 0.122375 0.150767
18 0.023196 0.050654 0.07316 0.05407 0.081657 0.10693 0.087638 0.114613 0.141575
19 0.021674 0.047976 0.069224 0.050654 0.077048 0.100757 0.082193 0.107954 0.133874
20 0.019848 0.045297 0.065766 0.047306 0.073029 0.095438 0.076952 0.101978 0.126629
21 0.018508 0.043105 0.062709 0.044644 0.069224 0.090771 0.07297 0.096695 0.120459
22 0.017054 0.040698 0.05969 0.042248 0.065891 0.08681 0.068605 0.092073 0.114522
23 0.015891 0.039147 0.056977 0.039922 0.062791 0.082871 0.065434 0.08811 0.109204
24 0.015116 0.037209 0.054651 0.037597 0.060078 0.079265 0.061669 0.08415 0.104181
25 0.013953 0.035659 0.052713 0.036047 0.057364 0.076128 0.059154 0.080194 0.099794
26 0.013178 0.034109 0.050388 0.034109 0.055201 0.072991 0.05637 0.076993 0.096029
27 0.012403 0.032946 0.048837 0.032558 0.053101 0.070205 0.053876 0.074054 0.092266
28 0.011598 0.031701 0.046796 0.030928 0.051179 0.067698 0.051619 0.071368 0.089129
29 0.011082 0.03067 0.045249 0.029639 0.049374 0.065206 0.049548 0.068712 0.085678
30 0.010567 0.029381 0.043702 0.028351 0.047569 0.062952 0.047484 0.066279 0.082934
31 0.010052 0.028608 0.042413 0.02732 0.046022 0.060976 0.045935 0.064 0.080128
32 0.009278 0.027577 0.041123 0.026031 0.044475 0.059171 0.044072 0.061952 0.077605
33 0.009021 0.026546 0.039834 0.025258 0.043186 0.057366 0.042526 0.060129 0.075173
34 0.008505 0.025773 0.038545 0.024227 0.041639 0.055562 0.040979 0.058065 0.072906
35 0.008247 0.025 0.037514 0.023196 0.040608 0.054015 0.039691 0.056516 0.070641

error value is selected among functions sharing the same singularity order, as
follows:

εmax

(
O

(
log
(
1

r

)))
= εmax (Uij) ,

εmax

(
O

(
1

r

))
= max (εmax (Tij) , εmax (Dijk) , εmax (Wijk)) ,

εmax

(
O

(
1

r2

))
= max (εmax (Sijk) , εmax (Vijk)) ,

In this case, the iso-error curves obtained do not exhibit closed contours
akin to those described in section 3.1.1. Rather, they feature sharp fila-
ments that become thinner as they extend further from the element (Figures
6–7). This characteristic is particularly noticeable when lower Gaussian or-
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ders are employed. Generating envelopes for the iso-error curves is not as
straightforward as in the previous case. Therefore, the adopted solution is
to solely consider the points located within denser regions of the iso-error
curve. Specifically, a point is considered valid only if it has at least three
adjacent points that have an error greater than or equal to the target error.
This automated approach yields satisfactory results, as depicted in Figures
6 and 7. Another notable observation is that numerical testing with fewer
than 4 Gauss points results in significantly large errors and exceedingly high
λ0 ratios. Consequently, quadrature orders of 2 and 3 cannot be considered
in this case.

The dataset in Table 2 defines, for the upper limit case, the minimum
allowable ratios λ0 for quadrature orders ranging from 4 to 35. These results
are computed for singularity orders of

{
log( 1r ),

1
r ,

1
r2

}
, and precisions ε0 =

10−2, 10−3, 10−4.

The same patterns observed in Table 1 regarding the variation of λ0 with
respect to Gauss order N , singularity order, and the imposed error threshold
are also evident in Table 2. Notably, the λ0 values in Table 2 are significantly
higher than their counterparts in Table 1, which can be attributed to the
consideration of the full form of the integrals.

Figure 6: Relative error distribution around the reference curved element, for integral
with Tij kernel with 5 Gauss points
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Table 2: The numerical results obtained for the upper limit case

Precision ε0 = 10−2 ε0 = 10−3 ε0 = 10−4

N O
(
log
(
1
r

))
O
(
1
r

)
O
(

1
r2

)
O
(
log
(
1
r

))
O
(
1
r

)
O
(

1
r2

)
O
(
log
(
1
r

))
O
(
1
r

)
O
(

1
r2

)
4 1.731452 3.466213 4.605432 2.26537 5.621703 9.956321 / / /
5 0.990553 1.789411 2.234695 1.549063 2.258132 2.916322 1.916653 4.349683 5.034239
6 0.641329 1.210843 1.446829 0.847523 1.485321 1.71883 1.291281 2.211769 2.869445
7 0.506101 0.869918 0.948868 0.644162 1.147801 1.28719 0.938622 1.470089 1.717305
8 0.40158 0.594745 0.703197 0.483972 0.798056 0.936451 0.659695 1.09948 1.179583
9 0.339498 0.509217 0.621206 0.418563 0.610964 0.764019 0.567532 0.786614 0.98676
10 0.287768 0.441216 0.576349 0.346524 0.529581 0.670176 0.463009 0.662586 0.795725
11 0.24508 0.392913 0.524175 0.307237 0.458307 0.577628 0.411636 0.551755 0.6866
12 0.217618 0.361741 0.44923 0.265209 0.419566 0.533782 0.363731 0.494877 0.613864
13 0.184143 0.329125 0.404135 0.232998 0.384247 0.462339 0.316576 0.437666 0.561505
14 0.172671 0.302964 0.371398 0.219531 0.360468 0.438523 0.288139 0.40124 0.527596
15 0.153868 0.296416 0.349031 0.201693 0.337231 0.401847 0.255058 0.36921 0.451162
16 0.14172 0.258965 0.319079 0.183379 0.308434 0.361102 0.228336 0.342827 0.40318
17 0.13214 0.22594 0.309555 0.168858 0.295729 0.343361 0.211628 0.31895 0.365151
18 0.127365 0.209414 0.276741 0.163691 0.261573 0.323737 0.198633 0.307648 0.346978
19 0.119226 0.197478 0.261351 0.15 0.244915 0.315091 0.187495 0.300695 0.334115
20 0.111972 0.188242 0.232066 0.142254 0.230969 0.30471 0.178216 0.272005 0.323738
21 0.108583 0.178362 0.211824 0.136444 0.216996 0.273097 0.168004 0.243959 0.315953
22 0.102817 0.169428 0.202378 0.130282 0.199078 0.262495 0.160862 0.237681 0.31163
23 0.098592 0.166204 0.198193 0.125306 0.189353 0.226737 0.155008 0.225242 0.271844
24 0.09507 0.165334 0.186731 0.119718 0.185464 0.216276 0.147583 0.222462 0.245897
25 0.091549 0.164062 0.175876 0.115096 0.170425 0.208829 0.142943 0.20568 0.233789
26 0.088028 0.163364 0.172232 0.111383 0.162875 0.191682 0.136445 0.185374 0.221683
27 0.085211 0.145735 0.165063 0.107042 0.158314 0.186731 0.130875 0.184582 0.213032
28 0.082394 0.136129 0.158037 0.103957 0.154121 0.181879 0.128091 0.172242 0.202653
29 0.079577 0.134008 0.155645 0.100245 0.14795 0.177025 0.123084 0.167684 0.194871
30 0.077465 0.132594 0.151986 0.097183 0.144613 0.167816 0.117881 0.163207 0.188816
31 0.075184 0.130938 0.144066 0.093747 0.14207 0.166256 0.115096 0.158548 0.180169
32 0.072535 0.129645 0.14263 0.091549 0.138743 0.16298 0.111384 0.154713 0.174119
33 0.070423 0.128353 0.134518 0.089106 0.136108 0.161409 0.107671 0.15079 0.16897
34 0.069014 0.127706 0.131838 0.086322 0.134169 0.151348 0.103958 0.146912 0.164346
35 0.066901 0.124931 0.128298 0.083803 0.13223 0.149121 0.101984 0.145145 0.159715

Figure 7: Iso-error curve and envelope, corresponding to integral with Tij kernel with 5

Gauss points and a target relative error 10−3
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3.2 Determination of the empirical formulas for the two
limit cases

Tables 1 and 2 present the numerically obtained results for the lower and
upper limit cases, respectively. These data are then translated into two em-
pirical formulas aimed at determining the Gauss order N necessary to attain
a desired precision

(
10−2, 10−3 and 10−4

)
for a given λ ratio. The empirical

formulas are deduced using curve–fitting techniques, assuming an exponen-
tial decay profile that closely mirrors the relationship between N and the λ
ratio.

3.2.1 The lower limit curve

Based on the numerical results in Table 1, Figure 8 presents the variation
curves of the required Gauss order N versus the minimum allowable ratio λ0
for three singularity orders: (O

(
log
(
1
r

))
, O
(
1
r

)
and O

(
1
r2

)
), with a target

error of ε0 = 10−3.

A closer examination of the three graphs shown in Figure 8 reveals a clear
exponential decay pattern in the relationship between the Gauss order N and
the ratio λ0. Specifically, the curves decrease from infinity and approach a
horizontal asymptote at N = 2. This behavior is consistently observed for
the other error thresholds as well, namely ε0 = 10−2 and ε0 = 10−4.
Consequently, we propose the following formula:

Nl(λ) = 2 + Al × λBl , (14)

where Al and Bl are constants, with Al > 0, Bl < 0 and λ = r
L .

N.B. The subscript “l” stands for Lower limit curve.
lim
λ→0

Nl(λ) = +∞,

lim
λ→+∞

Nl(λ) = 2.
(15)

The coefficients Al and Bl are derived through exponential curve fitting. The
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results are outlined in Table 3. Figure 9 displays the variation curves of the
required Gauss order N needed to achieve a target precision of ε0 = 10−3 for
a singularity of order O

(
1
r

)
, based on both the empirical formula in (14) and

the numerical results from Table 1.
A closer examination of the two graphs in Figure 9 reveals strong agreement
between the numerical data and its empirical representation by 14. This
consistency also holds for the other singularity orders

{
O
(
log
(
1
r

))
, O
(

1
r2

)}
and error thresholds

{
10−2, 10−4

}
.

Table 3: Al and Bl coefficients for the lower limit curve

ε0 = 10−2 ε0 = 10−3 ε0 = 10−4

Al Bl Al Bl Al Bl

O
(
log
(
1
r

))
0.9923 −0.7332 1.226 −0.8785 1.693 −0.9214

O
(
1
r

)
0.6712 −1.059 1.133 −1.054 1.695 −1.034

O
(

1
r2

)
0.8708 −1.11 1.419 −1.08 2.052 −1.049

Figure 8: Numerical results of variation of N as function of λ ratio for lower limit case
with a precision 10−3

3.2.2 The upper limit curve

Similar to Figure 8, Figure 10 illustrates the variation ofN with respect to the
minimum allowable ratio λ0, based on the numerical results of the full-form
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Figure 9: Comparison between empirical formula of (14) and numerical results of the
lower limit case with singularity O

(
1
r

)
and precision 10−3

integrands, as recorded in Table 2, for a target error bound of ε0 = 10−3.
An analysis of the curves in Figure 10 reveals a similar exponential decay
pattern; however, in this case, the horizontal asymptote is located at N = 4

instead of N = 2.
Accordingly, we propose another empirical formula analogous to that previ-
ously introduced in (14).

Nu(λ) = 4 + Au × λBu , (16)

where Au and Bu are constants, with Au > 0, Bu < 0 and λ = r
L .

N.B. The subscript “u” stands for Upper limit curve.
lim
λ→0

Nu(λ) = +∞,

lim
λ→+∞

Nu(λ) = 4.
(17)

Similar to section 3.2.1, the coefficients Au and Bu are derived through ex-
ponential curve fitting techniques. The results are outlined in Table 4 To
validate the consistency of the empirical formula in (16) with the numerical
results in Table 2, Figure 11 illustrates the variation of the Gauss order N as
a function of λ, required to achieve a target accuracy of ε0 = 10−3 for a sin-
gularity of order O

(
1
r

)
. The figure compares the predictions of the empirical
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model with the corresponding numerical data.
A detailed comparison of the two curves in Figure 11 reveals excellent agree-
ment between the empirical and numerical results. This consistency also ex-
tends to rest cases involving different singularity orders

{
O
(
log
(
1
r

))
, O
(

1
r2

)}
and alternative error thresholds, including

{
10−2, 10−4

}
.

Figure 10: Experimental upper limit curves of variation of N as function of λ ratio in
case of precision 10−3

Figure 11: Comparison between empirical formula and experimental results for the case
of the upper limit curve O

(
1
r

)
and precision 10−3
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Table 4: Au and Bu coefficients for the upper limit curve

ε0 = 10−2 ε0 = 10−3 ε0 = 10−4

Au Bu Au Bu Au Bu

O
(
log
(
1
r

))
1.169 −1.21 1.596 −1.195 2.376 −1.12

O
(
1
r

)
2.002 −1.283 3.065 −1.116 3.953 −1.048

O
(

1
r2

)
3.323 −1.082 4.2 −1.038 5.16 −0.9721

3.3 Determination of the generalized empirical formula
of the proposed integration criterion

While the lower limit formula of (14) offers improved performance by reduc-
ing computational time, it tends to yield less accurate results. Conversely,
the upper limit formula of (16) achieves high accuracy but at the expense
of significantly slower performance. Therefore, an optimal approach requires
striking a balance between performance and accuracy. This is accomplished
by introducing a formula that describes a curve positioned between the two
defined extremes, leaning toward one limit or the other depending on the
structure type or the method employed for near-singular treatment. This
approach can be particularly useful in the case of variable transformation
techniques and semi-analytical algorithms that reduce or cancel the bound-
ary layer effect, where unnecessary computational overhead can be avoided
to take full advantage of these techniques.
For instance, in the case of a thin structure analyzed solely through the ele-
ment subdivision method with a straightforward application of the Gaussian
integration technique, a curve closer to the upper limit is preferable. How-
ever, when employing a nonlinear transformation technique to address the
same problem, the curve can be shifted toward the lower limit, thereby con-
serving computational resources. A parameter α ∈ [0, 1] is introduced to
control the curve position, such that α = 0 corresponds to the lower curve
and α = 1 to the upper curve. Any value of α between 0 and 1 produces an
intermediate curve.

Equations (14) and (16), are written in the new following form:
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Nu(λ) = N0u +Au × λBu ,
(18)

where N0l = 2, N0u = 4, (Al, Bl) are given in Table 3 and (Au, Bu) is given
in Table 4.

To maintain the same exponential profile observed in the lower and upper
limit curves, we propose a formula similar to (14) and (16).

N(λ, α) = N0(α) +A(α)× λB(α), (19)

where N0(α), A(α) and B(α) are given as functions of the parameter α de-
duced by linear combinations of (N0l , N0u), (Al, Au) and (Bl, Bu), respec-
tively.
Let {∆N0 = N0u −N0l = 2}, {∆A = Au −Al} and {∆B = Bu −Bl}.
The linear combinations will have the following form:

N0(α) = N0l + α×∆N0 = 2.(α+ 1),

A(α) = Al + α×∆A,

B(α) = Bl + α×∆B.

(20)

Thus, (19) becomes

N(λ, α) = 2.(α+ 1) + A(α)× λB(α) (21)

with the functions A(α) and B(α) given in Table 5.

Table 5: A(α) and B(α) functions for our final empirical formula

ε0 = 10−2 ε0 = 10−3 ε0 = 10−4

A(α) B(α) A(α) B(α) A(α) B(α)
O
(
log
(
1
r

))
0.9923 + 0.1767α −0.7332− 0.4768α 1.226 + 0.37α −0.8785− 0.3165α 1.693 + 0.683α −0.9214− 0.1986α

O
(
1
r

)
0.6712 + 1.3308α −1.059− 0.224α 1.133 + 1.932α −1.054− 0.062α 1.695 + 2.258α −1.034− 0.014α

O
(

1
r2

)
0.8708 + 2.4522α −1.11 + 0.028α 1.419 + 2.781α −1.08 + 0.042α 2.052 + 3.108α −1.049 + 0.0769α

We propose a new integration criterion for the 2D elasticity BEM, defined
by the empirical formula in (21). The corresponding linear functions A(α)
and B(α) are listed in Table 5. The parameter α is application-dependent
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and may vary according to factors such as the thinness of the structure or
the use of near-singular treatment techniques. Figure 12 presents a series
of curves generated with the proposed empirical formula for a singularity of
order O

(
1
r

)
, with a target accuracy of 10−3. These curves lie consistently

between the two limiting curves and display a uniform exponential behavior.
The proposed empirical formula of (21), like existing ones, follows an expo-
nential form that naturally leads to very high Gauss quadrature orders for
small λ ratios. This behavior is consistent with the formulations in (15) and
(17). However, excessively high quadrature orders may introduce floating-
point round-off errors. Moreover, computing or retrieving the corresponding
Gauss–Legendre nodes and weights at runtime can create significant perfor-
mance bottlenecks.
To overcome this issue, most BEM software relies on precomputed tables of
Gauss–Legendre nodes and weights. Consequently, when (21) prescribes a
Gauss order exceeding the available predefined values, the element must be
subdivided. To address this, we provide an additional formula to determine
the required number of subelements:

M =
1

λ
×
(
Navl − 2(1 + α)

A(α)

) 1
B(α)

+ 1, (22)

where M is the number of subelements and Navl is the maximum Gauss order
available in the program.

3.4 Guidelines on the choice of the α parameter

An optimal selection of the parameter α would require a comprehensive opti-
mization study that considers multiple factors, including the geometry of the
structure, the value of the ratio λ, and the type of variable transformation
technique if any is employed. Such an in-depth investigation is not addressed
in the current manuscript.
Nevertheless, preliminary guidance for choosing α can be provided based on
practical experience and supported by the results from the validation example
presented in Section 4. Table 6 summarizes these guidelines with respect to
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Figure 12: Limit and intermediate curves of the new criterion, singularity order O
(
1
r

)
)

and precision 10−3

structural thinness and the presence or absence of near-singularity treatment
techniques.

Table 6: Guidelines on the choice of the α parameter

Nonthin
structures

Moderately thin
structures

Extremely thin
structures

Without
semi-analytical

treatment
α = 0 to 0.3 α = 0.3 to 0.7 α = 0.7 to 1

With
semi-analytical

treatment
N.A α = 0 to 0.3 α = 0.3 to 0.6

3.5 Numerical implementation

One of the main advantages of the empirical formula approach is its sim-
plicity and ease of numerical implementation. The proposed expressions can
be directly coded as a function that receives the relevant input arguments
and returns the required Gauss order. This function is then invoked within
the subroutine that performs the numerical integration. If needed, the sub-
routine can subdivide the boundary element into smaller subelements and
re-evaluate the corresponding Gauss order for each by calling the same func-
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tion.
The implementation details of the algorithm used to perform the BEM nu-
merical integrations, corresponding to the general form of (13), are summa-
rized as follows: Step 0: To evaluate the integral I over the boundary
element E with

I =

∫ 1

−1

f(ξ)dξ

such that
f(ξ) = F (P ∗, P (ξ))ψ(ξ)J(ξ).

Gather all the necessary input data: {Source point P ∗, boundary element
E (of length L), the singularity order of the integration kernel F (P ∗, P (ξ)),
the selected value of α, the required precision (10−2, 10−3 or 10−4) }.
Step 1: Evaluate r: the shortest distance between the source point P ∗ and
the boundary element E.
Step 2: Calculate the λ ratio with λ = r

L .

Step 3: Calculate N : the number of Gauss points necessary to obtain the
target precision by using (21), which returns a real number that is rounded
to the nearest integer.
Step 4: Verify if the obtained Gauss order N is less than or equal Navl, the
maximum available order in the program (N ≤ Navl).
Step 5: IF TRUE, evaluate the integral using N Gauss points, with

I =

∫ 1

−1

f(ξ)dξ ≈
N∑
i=1

f(ξi)wi. (23)

Return I and terminate the algorithm.
Step 6: ELSE, the element E has to be subdivided into M subelements,
with M determined through (22).
Step 7: For each subelement Ek, {k = 1, 2, . . . ,M} calculate the necessary
number of Gauss points by repeating the steps from Step 0 to Step 3, then
calculate the integral Ik by using the following formula [1]:

Ik =

∫ 1

−1

f(η)dη ≈
N∑
i=1

f(η̄i)wi (24)

with η̄i = 1
M (M − 2k + 1 + ηi).

Step 8: Calculate the global integral over the boundary element E with

I ≈ 1

M

M∑
k=1

Ik. (25)

Return I and terminate the algorithm.
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3.6 Comparison between the proposed criterion and the
existing ones

In order to compare the existing criteria with the proposed one, the corre-
sponding functions N(λ) are plotted on a log-log graph (Figure 13). A closer
examination of the curves in Figure 13 reveals the following observations:

The formula of Lachat and Watson suggests relatively low Gauss orders for
large values of the λ ratio. However, the required order increases drastically
for small λ values, tending to infinity as λ approaches 1

4 . This behavior is
confirmed by the approximation formula proposed by Gao and Davies [11],
which appears in (26)–(27)

N(λ, ε0) =
p′ log

(
ϵ0
2

)
2 log

(
1
4λ

) , (26)

lim
λ→ 1

4

N(λ, ε0) = lim
λ→ 1

4

p′ log
(
ϵ0
2

)
2 log

(
1
4λ

) = +∞. (27)

This divergence of the Gauss order at λ ≈ 1
4 makes the Lachat and Watson

criterion very resource-consuming, introducing unnecessary computational
overhead, especially in the case of thin structures. A closer look at the other
curves shows that the Gao and Davies formula suggests the lowest N , making
it less resource-consuming but at the expense of reduced accuracy, which will
be demonstrated further in the validation example of Section 4. The newly
proposed criterion, with its different values of the parameter α, appears in the
log-log graph as a band of nearly parallel lines, particularly for λ < 0.5. The
upper-limit curve (α = 1) intersects with the Junhao curve at λ = 0.002843

and λ = 1.5323. Within the interval λ ∈ [0.002843, 1.5323], the proposed
criterion with α = 1 suggests fewer Gauss points than the formula of [23].
For values of α < 1, this interval becomes wider. From these observations,
we note that the proposed formula produces fewer Gauss points at moderate
λ values, which are predominant when element subdivision is applied, as in
most BEM applications where only a limited number of Gaussian weights and
abscissas are available in the program. Furthermore, it is worth noting that
the numerical implementation of empirical criteria is simpler compared to

Iran. J. Numer. Anal. Optim., Vol. 15, No. 4, 2025, pp 1420–1463



Si Hadj Mohand, Belkacemi and Rechak 1446

tabular criteria. In the tabular case, the programmer must check the value of
the λ ratio and extract the corresponding Gauss order based on the interval
in which it falls. In contrast, with the empirical approach, one only needs to
pass the value of λ as an argument to the formula’s function, which directly
returns the appropriate Gauss order as an integer. Finally, Table 7 presents a
comparative summary that situates the proposed criterion within the broader
framework of existing methods while emphasizing their key distinctions.

Table 7: Recapitulative table for the comparison between the different criteria

Criterion Form Mathematical
error estima-
tion

Numerical
testing

Intended
for

Further im-
provements

Disadvantages

Lachat
and Wat-
son [25]

Empirical
formulas

YES:
Based on
Stroud and
Secrest [39] for
( 1
r2 )

NO 3D struc-
tures, but
usable in 2D

- Simplified
by Mustoe
[29]
- Simplified
by Gao and
Davies [11]

- Less accurate in thin structures;
- Diverges at λ = 1

4 , gives very
high Gauss orders for small λ.

Jun and
Beer [22]

Table for-
mat

YES:
Based on
Stroud and
Secrest [39] for
( 1r ,

1
r2 ,

1
r3 )

NO Both 3D and
2D

- Less accurate in thin structures;
- Table format only.

Bu and
Davies
[4]

Empirical
+ Table

NO YES:
Testing on
( 1r ,

1
r2 ,

1
r3 )

3D struc-
tures, usable
in 2D

Simplified
by Gao and
Davies [11]

Less accurate in thin structures.

Eberwien,
Duencer,
and
Moser
[10]

Table for-
mat

NO YES:
Testing on
f(ξ) =
1
rpΨ(ξ)J(ξ), p =
{1, 2}

2D struc-
tures

Table format only.

Junhao,
Zhipeng,
and
Yongqiang
[23]

Empirical
formulas

NO YES:
Testing on
(ln( 1r ),

1
r ,

1
r2 )

2D struc-
tures

Computational gain only for very
small λ (rare in element subdivi-
sion).

Zhou,
Yang,
and
Chen
[48]

Neural
network
(AI)

NO YES:
NN trained
to propose
Gauss order
(depends on
source point,
geometry,
kernel, …)

2D struc-
tures

Needs a trained neural network.

Proposed
criterion

Empirical
formulas

NO YES:
Testing on
full kernel
functions of
2D elasticity
BEM

Tailored for
2D elasticity
(extendable
to other 2D
apps)

Requires choice of control param-
eter α.
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Figure 13: Variation of N versus λ for the new criterion and existing ones

4 Validation example

Let us consider a long and very thin fin, characterized by a length L = 10 cm
and a maximum height H = 5 mm at its left end. The fin is uniformly
subjected to a normal load P = −2 bar on its upper surface and is fully
constrained at its left end, as illustrated in Figure 14.

The fin is made of steel with E = 200 GPa and ν = 0.3, and follows a
plane stress state.
The classical problem of an infinite elastic wedge, solved by Timoshenko
[41, 24], serves as the benchmark solution. This problem is modeled in a
polar coordinate system (r, θ), where r = 0 is located at the apex of the
wedge. The angle θ ranges from 0 to β, with β = 0.05 rad being the wedge
angle. The upper surface of the wedge is loaded at θ = 0, as illustrated in
Figure 15.

Figure 14: Very thin fin subjected to a bending effort
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Figure 15: Model of an infinite elastic wedge subjected to a uniform pressure on its
upper surface

According to [41, 24], the stress components depend only on θ and are
given by

σrr(θ) =
q

k

(
−k + 1

2
tanβ − θ + 1

2
tanβ cos 2θ − 1

2
sin 2θ

)
,

σθθ(θ) =
q

k

(
−k + 1

2
tanβ − θ − 1

2
tanβ cos 2θ + 1

2
sin 2θ

)
,

σrθ(θ) =
q

2k
(1− tanβ sin 2θ − cos 2θ) ,

(28)

where k = tanβ − β. The displacement field is obtained by integrating the
strains, which are derived from the linear-elastic constitutive law (Hooke’s
law), while satisfying the compatibility equations. The resulting integration
constants are determined by imposing displacement boundary conditions at
r = L (L being the length of the fin), as follows:


ur(L, 0) = ur

(
L,
β

2

)
= 0,

uθ

(
L,
β

2

)
= 0.

(29)

The resulting displacement field is

ur(r, θ) =
q

Ek

[
(1− ν)

(
1

2
tanβ − (k + θ)

)
+ (1 + ν)

sin(β − 2θ)

2 cosβ

]
r

+ C1 cos θ + C2 sin θ,

uθ(r, θ) =
q

Ek

[
2 log r

L
+

1 + ν

2 cosβ (1− cos(β − 2θ))

]
r

+ C1

(
sin
(
β

2

)
r

L
− sin θ

)
+ C2

(
cos θ − cos

(
β

2

)
r

L

)
,

(30)
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with the constants C1 and C2 given by
C1 =

qL

Ek
((1− ν)k − tanβ) ,

C2 =
qL

Ek

(
tanβ
tan β

2

+ (1− ν)k
1− 2 cos β

2

2 sin β
2

)
.

(31)

To perform the computational tasks, a BEM code was developed, using the
C++ programming language. The problem is then solved using this code,
employing both existing integration criteria and the newly proposed criterion.

The analytically obtained results for the infinite wedge should align with
the numerical results except at locations near the fixed base, where the re-
sulting errors are not accounted for in the evaluation of the different criteria.
More specifically, the obtained results confirmed that the analytical solution
aligns well with the numerical results at x > 3cm.

The relative errors are evaluated by

ε =

∣∣∣∣Resanalytical −ResBEM

Resanalytical

∣∣∣∣ . (32)

The effectiveness of the proposed criterion is assessed across various values
of α aiming for a target precision of 10−3.

4.1 The displacement solution

To analyze the displacement solution, a series of 40 probe points are placed
along the horizontal direction of the fin at θ = β

2 . The displacement magni-
tude U =

√
U2
1 + U2

2 is evaluated at each point within this set.

The curves presented in Figure 16 illustrate the variation of the displace-
ment magnitude along the length of the fin. Whereas, Figure 17 illustrates
the variation of the relative error versus the horizontal location. Upon anal-
ysis of the results depicted in Figure 16, a notable correspondence between
the displacement magnitudes obtained from the analytical solution and the
numerical (BEM) solutions when employing the criterion of Junhao and the
new criterion with α values of 0.8 and 1 is observed. However, utilizing
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the remaining existing criteria (Lachat and Watson, Jun and Beer, Gao and
Davies and Eberwien) or the new criterion with low α values leads to fluctu-
ating results, particularly near the fin tip, resulting in higher errors.

Additionally, Figure 17 illustrates how the relative error tends to escalate
in thinner regions when employing either existing criteria or the new criterion
with lower α values. However, when using the new integration criterion with
α values close to 1, the error begins to decrease and remains relatively stable,
even in extremely thin regions. Specifically, for α = 1, the error decreased
slightly below the target error upper bound of 10−3. Moreover, although the
Junhao criterion produced acceptable and good quality results, the resulting
relative error remained above the required upper bound. In contrast, the new
criterion yielded better results even with α = 0.8, with a net gain in efficiency
as stated previously in section 3.6 and illustrated in Figure 13, where the new
criterion’s curves are situated below Junhao’s curve in the case of moderate
values of the λ ratio. Furthermore, this favored interval grows wider as α
is decreased. As, for α = 0.8, this interval becomes [0.000381564, 2.09121].
Based on the preceding analysis, the new criterion demonstrated a high level
of accuracy in displacement results, offering improved and more consistent
precision, even in regions of extreme thinness. In contrast, the existing crite-
ria were unable to satisfy the required upper error bound, largely due to the
strong influence of boundary layer effect, especially in the thinner sections of
the fin.

4.2 The stress solution

4.2.1 Stress assessment in the horizontal direction

In contrast to the displacements, which exhibit significant variations along
the horizontal direction, the major stress variations occur along the verti-
cal direction of the fin, as it is confirmed by the stress analytical solution
of the infinite wedge problem, which varies only in terms of θ (see (28)).
Consequently, the previously utilized probe points are not used for stress
assessment. Given that stress reaches its maximum values at the boundary
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Figure 16: Variation of the displacement magnitude along the horizontal direction of
the fin

Figure 17: The variation of the relative error for displacement magnitude along the
horizontal direction of the fin

of the fin, the initial analysis of the stress solution involves probing 40 points
positioned on the top side of the fin.
The curves in Figure 18 illustrate the variation of von Mises equivalent stress
along the upper surface of the fin. Whereas, Figure 19 depicts the variation
of the corresponding relative error with respect to the horizontal location.
A detailed examination of the curves in Figure 18 reveals significant fluctua-
tions and the presence of very important errors in stress solution, particularly

Iran. J. Numer. Anal. Optim., Vol. 15, No. 4, 2025, pp 1420–1463



Si Hadj Mohand, Belkacemi and Rechak 1452

when utilizing existing criteria or the new criterion with relatively low values
for the α coefficient. These fluctuations and errors increase drastically as the
fin tip is approached. Notably, these errors are more pronounced compared to
the displacement solution, attributable to the higher singularity order O

(
1
r2

)
of the kernels employed in the stress solution.
However, with the adoption of the Junhao criterion and the new integration
criterion using α values of 0.8 and 1, satisfactory results are obtained, even
in extremely thin sections very close to the fin tip, without necessitating any
analytical or semi-analytical treatment.
Figure 19 depicts, akin to Figure 17, the significant increase of errors in thin-
ner regions, with values reaching approximately a twenty (20) times higher
than displacement errors in some cases. Nonetheless, the proposed criterion
with α = 1 yields acceptable errors, below the target upper bound of 10−3.
Moreover, although the Junhao criterion produced acceptable and good qual-
ity results, the resulting relative error remained above the required up-
per bound. While, the proposed criterion yielded better results even with
α = 0.8. and remain stable even in thinner sections, with a gain in efficiency,
as seen in section 4.1.
From the results above, it is evident that the new criterion was capable of
producing very accurate results in stress response, with improved and more
stable precision in regions of extreme thinness, despite the augmented order
of the near-singularities appearing in stress kernel functions. In contrast, the
existing criteria resulted in excessively high errors, exceeding those reported
in section 4.1 by approximately a factor of twenty.

4.2.2 Stress assessment in the vertical direction

To further assess the stress solution, especially the variation in terms of θ,
three cross sections are considered, having these respective distances from the
apex {r = 50 mm, 20 mm, 5 mm} corresponding to {x = 5 cm, 8 cm, 9.5 cm},
respectively.
The three graphs in Figures 20, 21, and 22 illustrate the variation of the
relative errors for the Von-Mises stress along these 3 delineated sections.
Upon comparing the results presented in Figures 20–22, it is evident that the
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von Mises stress computed using the various existing criteria (Lachat and
Watson, Jun and Beer, Bu and Davies, and Eberwien) exhibits significantly
high errors, all exceeding the required upper bound. These errors become
more pronounced near the boundaries, specifically at θ ≈ 0 and θ ≈ β = 0.05

rad, as clearly illustrated in Figures 20–22 when approaching the left and
right ends.

Furthermore, these errors increase drastically as the cross-section ap-
proaches the apex. Thus, errors illustrated in Figure 22 at r = 5 mm are the
most pronounced.

Nevertheless, by using our new integration criterion with α = 1, we
obtained a highly stable precision that meets the target upper bound of
ε = 10−3, even in the extremely thin cross section at r = 5 mm and at points
very close to the boundary (θ ≈ 0 and θ ≈ β = 0.05 rad).

Once again, the proposed criterion demonstrated its ability to accurately
represent the stress field distribution, even in extremely thin cross-sections
and at points very close to the boundary, while maintaining a highly stable
relative error with respect to the imposed error threshold.

Figure 18: Variation of the von Mises equivalent stress along the fin
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Figure 19: The variation of the relative error of von Mises stress along the horizontal
direction of the fin

Figure 20: Relative error for the von Mises stress in terms of θ across the the section at
(r=50 mm)

4.3 Further computational improvement

As stated in the introduction, analytical and semi-analytical techniques,
particularly nonlinear variable transformations, are employed to treat near-
singularities. Most of these methods aim to mitigate or eliminate the effects
of near singularities, resulting in a less pronounced singular behavior. How-
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Figure 21: Relative error for the von Mises stress in terms of θ across the the section at
(r=20 mm)

Figure 22: Relative error for the von Mises stress in terms of θ across the the section at
(r=5 mm)

ever, in the case of very thin bodies, despite reducing the boundary layer
effect, its influence remains significant.
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This will be demonstrated in the current section using the sinh variable
transformation technique in combination with different integration criteria
to solve the previously discussed example. One of the major advantages of
the proposed criterion will also be illustrated, namely, its ability to reduce
computational effort by lowering the parameter α, taking advantage of the
dampened singularity.
The same 40 probe points used in sections 4.1 and 4.2.1 are employed here
to evaluate the displacement magnitude and Von Mises stress, respectively.
The results are presented in Figures 23 and 24, showing the relative error of
both quantities.
Figures 23 and 24 reveal that, despite applying the sinh transformation, the
existing criteria (Lachat and Watson, Jun and Beer, Gao and Davies, and
Eberwien) still yield poor accuracy, with relative errors exceeding the desired
error threshold.
In contrast, the proposed criterion combined with the sinh transformation
and a reduced value of α = 0.6 delivers excellent results, comparable to those
obtained with α = 1 without variable transformation.
The combination of the Junhao criterion and the sinh transformation also
produced acceptable accuracy, though not as high as that achieved by the
proposed criterion.
Furthermore, as discussed in section 3.6 and shown in the log-log plot of
Figure 13, the Junhao criterion’s error upper-bound formula leads to more
Gauss points for moderate values of λ. In this case, with α = 0.6, the interval
over which the proposed criterion outperforms the Junhao criterion is wider
than when α = 1, becoming λ ∈ [2.36258× 10−5, 3.19886].
In conclusion, the application of the sinh variable transformation allowed fur-
ther computational improvement with accurate results that satisfy the pre-
scribed precision requirements while reducing computational cost through
lower values of α. Additionally, in the case of extremely thin structures,
although the combination of existing criteria with the sinh transformation
showed some improvement, the results remained unsatisfactory, with relative
errors still exceeding the required precision threshold.
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Figure 23: Relative error for the displacement magnitude when utilizing the sinh variable
transformation

Figure 24: Relative error for the von Mises stress when utilizing the sinh variable trans-
formation

5 Conclusion

The utilization of Gaussian quadrature for numerical integration within the
BEM is practically indispensable. Consequently, the choice of quadrature or-
der significantly impacts the accuracy and efficiency of computational codes
and programs based on this method. Various criteria and error bound for-
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mulas existing in BEM literature, were used for the purpose of an optimal
selection of the Gauss order. The majority of these criteria and upper bound
error formulas were developed under the assumption of a simplified form for
the integration kernels.

In order to develop a criterion that meets high precision requirements in
extremely thin bodies, a numerical testing procedure was performed to esti-
mate the errors due to numerical integration using Gauss-Legendre quadra-
ture, but in contrast to previous research works the complete form of the
integrands is considered. From the numerically obtained results, a new inte-
gration criterion is proposed, formulated as empirical formulas with a unified
structure incorporating a parameter named α. This parameter facilitates
the adjustment of computational efforts, by enabling its reduction in case
of nonthin bodies or after the use of semi-analytical algorithms and variable
transformation techniques. Simulations are conducted on an extremely thin
structure (a thin wedge), and the results are compared to the analytical solu-
tion for an infinite wedge. The comparison showed that results align well at
locations relatively far from the fixed base and demonstrated the criterion’s
ability to achieve highly accurate results. For the optimal parameter value
α = 1, the proposed criterion outperformed existing criteria, delivering re-
sults with stable precision that satisfied the upper bound error requirement of
ε = 10−3, even in regions close to the wedge apex. Furthermore, the proposed
criterion showed its advantage in controlling computational efforts, which is
demonstrated through the application of the sinh transformation technique,
where additional computational time is reduced by lowering the value of α
to 0.6.

Acknowledgements

The support from Directorate-General for Scientific Research and Technolog-
ical Development (DG-RSDT) of Algerian government in the form of research
grant is gratefully acknowledged. The Laboratory of Green and Mechanical
Development (LGMD) of National Polytechnic School (ENP) is also grate-
fully acknowledged for the resources and support.

Iran. J. Numer. Anal. Optim., Vol. 15, No. 4, 2025, pp 1420–1463



1459 An adaptive scheme for the efficient evaluation of integrals in ...

References

[1] Aliabadi, M.H., The boundary element method – applications in solids
and structures, Wiley, Volume 2. UK, Chichester, 2002.

[2] Aliabadi, M.H., Hall, W.S., and Phemister, T.G., Taylor expansions for
singular kernels in the boundary element method, Int. J. Numer. Methods
Eng. 21 (1985), 2221–2236.

[3] Araújo, F.C., and Gray, L.J., Analysis of thin-walled structural elements
via 3D standard BEM with generic substructuring, Comput. Mech. 41
(2008), 633–645.

[4] Bu, S., and Davies, T.G., Effective evaluation of non-singular integrals
in 3D BEM, Adv. Eng. Softw. 23 (2) (1995), 121–128.

[5] Chang, C., and Mear, M.E., A boundary element method for two-
dimensional linear elastic fracture analysis, Int. J. Fract. 74 (1995),
219–25.

[6] Chen, H.B., Lu, P., Huang, M.G., and Williams, F.W., An effective
method for finding values on and near boundaries in the elastic BEM,
Comput. Struct. 69 (1998), 421–431.

[7] Chen, H.B., Lu, P., and Schnack, E., Regularized algorithms for the
calculation of values on and near boundaries in 2D elastic BEM, Eng.
Anal. Bound. Elem. 25 (10) (2001), 851–876.

[8] Chernov, A., and Stephan, E.P., Adaptive BEM for Contact Problems
with Friction, Peter Wriggers and Udo Nackenhorst (eds.),In IUTAM
Symposium on Computational Methods in Contact Mechanics: Proceed-
ings of the IUTAM Symposium held in Hannover, Germany, November
5–8, 2006, pp. 113-122. Dordrecht: Springer Netherlands, 2007.

[9] Cruse, T.A., and Aithal, R., Non-singular boundary integral equation
implementation, Int. J. Numer. Method. Eng. 36 (1993), 237–254.

[10] Eberwien, U., Duencer, C., and Moser, W., Efficient calculation of in-
ternal results in 2D BEM, Eng. Anal. Bound. Elem. 29 (2005), 447–453.

Iran. J. Numer. Anal. Optim., Vol. 15, No. 4, 2025, pp 1420–1463



Si Hadj Mohand, Belkacemi and Rechak 1460

[11] Gao, X.W., and Davies, T.G., Adaptive integration in elasto-plastic
boundary element analysis, J. Chin. Inst. Eng. 23 (3) (2000), 349–356.

[12] Gu, Y., Chen, W., and Zhang, C., Stress analysis for thin multilayered
coating systems using a sinh transformed boundary element method, Int.
J. Solids Struct. 50 (20-21) (2013), 3460–3471.

[13] Gu, Y., Zhang, C., Qu, W., and Ding, J., Investigation on near-boundary
solutions for three-dimensional elasticity problems by an advanced BEM,
Int. J. Mech. Sci. 142–143 (2018), 269–275.

[14] Guiggiani, M., Hypersingular formulation for boundary stress evaluation,
Eng. Anal. Bound. Elem. 13 (1994), 169–179.

[15] Guiggiani, M., The evaluation of Cauchy principal value integrals in the
boundary element method – A review, Math. Comput. Model. 15(3-5)
(1991), 175–184.

[16] Guiggiani, M., and Casalini, P., Direct computation of Cauchy principal
value integrals in advanced boundary elements, Int. J. Numer. Methods
Eng. 24 (1987), 1711–1720.

[17] Guiggiani, M., and Casalini, P., Rigid body translation with curved
boundary elements, Appl. Math. Model. 13(6) (1989), 365–368.

[18] Gwinner, J. and Stephan, E.P., A boundary element procedure for contact
problems in plane linear elastostatics, ESAIM: Math. Model. Numer.
Anal. 27 (4) (1994), 457–480.

[19] Jing, R., Yu, B., Ren, S., and Yao, W., A novel SCTBEM with inversion-
free Padé series expansion for 3D transient heat transfer analysis in
FGMs, Comput. Method. Appl. Mech. Eng. 433 (2025), 117546.

[20] Johnston, P.R., and Elliott, D., Transformations for evaluating singular
boundary element integrals, J. Comput. Appl. Math. 146 (2) (2002),
231–251.

[21] Johnston, P.R., and Elliott, D., A sinh transformation for evaluating
nearly singular boundary element integrals, Int. J. Numer. Method. Eng.
62 (2005), 564–578.

Iran. J. Numer. Anal. Optim., Vol. 15, No. 4, 2025, pp 1420–1463



1461 An adaptive scheme for the efficient evaluation of integrals in ...

[22] Jun, L., Beer, G., and Meek, J.L., Efficient evaluation of integrals of
order 1/r 1/r2, 1/r3 using Gauss quadrature, Eng. Anal. 2 (3) (1985),
118–123.

[23] Junhao, H., Zhipeng, W., and Yongqiang, C., A new error upper bound
formula for Gaussian integration in boundary integral equations, Eng.
Anal. Bound. Elem. 112 (2020), 39–45.

[24] Kachanov, M., Shafiro, B., and Tsukrov, I., Handbook of elasticity solu-
tions, Springer Science+Business Media Dordrecht, B.V, 2003.

[25] Lachat, J.C., and Watson, J.O., Effective numerical treatment of bound-
ary integral equations: A formulation for three dimensional elastostatics,
Int. J. Numer. Method. Eng. 10 (1976), 991–1005.

[26] Li, S., and Mear, M.E., Singularity-reduced integral equations for dis-
placement discontinuities in three-dimensional linear elastic media, Int.
J. Fract. 93 (1998), 87–114.

[27] Ma, H., and Kamiya, N., Distance transformation for the numerical
evaluation of near singular boundary integrals with various kernels in
boundary element method, Eng. Anal. Bound. Elem. 26 (2002), 329–339.

[28] Mi, Y., and Aliabadi, M.H., A Taylor expansion algorithm for integration
of 3D near-singular integrals, Commun. Appl. Numer. Method. Eng. 12
(1996), 51–62.

[29] Mustoe, G.G.W., Advanced integration schemes over boundary elements
and volume cells for two-and three-dimensional non-linear analysis, De-
velop. Bound. Elem. Method. 3 (1984), 213–270.

[30] Newman-Jr, J.C., Mear, J.M., and Raju, I.S., Computer simulation of
elastic stress analyses of two-dimensional multiple-cracked bodies, 37th
Structure, Structural Dynamics and Materials Conference, AIAA Meet-
ing Papers on Disc 1996, 869–876.

[31] Padhi, G.S., Shenoi, R.A., Moy, S.S.J., and McCarthy, M.A., Analytic
integration of kernel shape function product integrals in the boundary
element method, Comput. Struct. 79 (14) (2001), 1325–1333.

Iran. J. Numer. Anal. Optim., Vol. 15, No. 4, 2025, pp 1420–1463



Si Hadj Mohand, Belkacemi and Rechak 1462

[32] Paulsen, K.D., and Lynch, D.R., Calculation of interior values by the
boundary element method, Commun. Appl. Numer. Method. 5 (1989),
7–14.

[33] Portella, A., Aliabadi, M.H., and Rooke, D.P., The dual boundary ele-
ment method: effective implementation for crack problems, Int. J. Nu-
mer. Method. Eng. 33 (1992), 1269–1287.

[34] Portella, A., Aliabadi, M.H., and Rooke, D.P., Dual boundary element
incremental analysis of crack propagation, Comput. Struct. 46 (02)
(1993), 237–247.

[35] Rudolphi, T.J., The use of simple solutions in the regularization of hy-
persingular boundary integral equations, Math. Comput. Model. 15 (3–5)
(1991), 269–278.

[36] Salvadori, A., Analytical integrations in 2D BEM elasticity, Int. J. Nu-
mer. Method. Eng. 53 (2002), 1695–1719.

[37] Sladek, V., Sladek, J., and Tanaka, M., Nonsingular BEM formulations
for thin-walled structures and elastostatic crack problems, Acta Mech.
99 (1993), 173–190.

[38] Sladek, V., Sladek, J., and Tanaka, M., Optimal transformations of the
integration variables in computation of singular integrals in BEM, Int.
J. Numer. Method. Eng. 47 (2000), 1263–1283.

[39] Stroud, A.H., and Secrest, D., Gaussian quadrature formulas, Prentice-
Hall Inc, Englewood Cliffs, N.J. 1966.

[40] Telles, J.C.F., A self-adaptive coordinate transformation for efficient nu-
merical evaluation of general boundary element integrals, Int. J. Numer.
Method. Eng. 24 (1987), 959–973.

[41] Timoshenko, S., and Goodier, J.N., Theory of elasticity, McGraw-Hill
book company, New York, 1951.

[42] Yu, B., and Jing, R., SCTBEM: A scaled coordinate transformation
boundary element method with 99-line MATLAB code for solving Pois-
son’s equation, Comput. Phys. Commun. 300 (2024), 109185.

Iran. J. Numer. Anal. Optim., Vol. 15, No. 4, 2025, pp 1420–1463



1463 An adaptive scheme for the efficient evaluation of integrals in ...

[43] Zhang, X. and Zhang, X. Exact integration in the boundary element
method for two-dimensional elastostatic problems, Eng. Anal. Bound.
Elem. 27 (2003), 987–997.

[44] Zhang, X. and Zhang, X. Exact integration for stress evaluation in the
boundary element analysis of two-dimensional elastostatics, Eng. Anal.
Bound. Elem. 28 (2004), 997–1004.

[45] Zhang, Y., Gong, Y., and Gao, X., Calculation of 2D nearly singular in-
tegrals over high-order geometry elements using the sinh transformation,
Eng. Anal. Bound. Elem. 60 (2015), 144–153.

[46] Zhang, Y., and Gu, Y., An effective method in BEM for potential prob-
lems of thin bodies, J. Mar. Sci. Technol. 18 (2010), 137–144.

[47] Zhang, Y., Gu, Y., and Chen, J.T., Analysis of 2D thin-walled struc-
tures in BEM with high-order geometry elements using exact integration,
Comput. Model. Eng. Sci. 50 (2009), 1–20.

[48] Zhou, W., Yang, X., and Chen, Y., Adaptive sinh transformation Gaus-
sian quadrature for 2D potential problems using deep learning, Eng. Anal.
Bound. Elem. 155 (2023), 197–211.

Iran. J. Numer. Anal. Optim., Vol. 15, No. 4, 2025, pp 1420–1463



Iranian Journal of Numerical Analysis and Optimization
Vol. 15, No. 4, 2025, pp 1464–1481
https://doi.org/10.22067/ijnao.2025.94329.1677
https://ijnao.um.ac.ir/

Research Article

Numerical solution of nonlinear
diffusion-reaction in porous catalysts

using quantum spectral successive
linearization method

S. Abbasbandy

Abstract

Significant advances in quantum computing science have been achieved
through the development of general-purpose quantum solvers for linear
differential equations in several studies. This study employs a hybrid
quantum-spectral approach to analyze nonlinear reaction-diffusion dynam-
ics in porous catalysts. Two distinct forms of nonlinearity in the model are
examined. The successive linearization method is applied to linearize the
governing equations. Within an iterative framework, the final quantum
state is constructed by progressively integrating the quantum state from
each iteration, enabled by an efficient quantum algorithm. Numerical sim-
ulations validate the method’s efficacy, showing favorable agreement with
existing literature. Moreover, the approach delivers accurate solutions even
for large Thiele modulus values.
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1 Introduction

Nonlinear phenomena are essential, and many aspects of diffusion and re-
action in porous catalysts have been thoroughly investigated. As we know,
finding the closed form solution to a problem is very difficult; in many cases,
it is impossible to find the solution. In this case, finding semi-analytical or nu-
merical solutions is significant, for example, perturbation methods [34, 38],
nonperturbation methods [30], Adomian decomposition method [3, 32], δ-
expansion method [23], and homotopy analysis method (HAM) [1, 9, 18, 28].

In recent years, artificial intelligence and deep learning methods have been
increasingly applied to compute approximate analytical and semi-analytical
solutions for differential equations. Deep learning is a subset of machine
learning that utilizes multi-layered artificial neural networks to model com-
plex patterns in data. By automatically extracting hierarchical features—
from low-level details to high-level abstractions—deep learning has revolu-
tionized fields such as computer vision, natural language processing, and
scientific research. Architectures like convolutional neural networks, recur-
rent neural networks, and transformers power applications ranging from im-
age recognition and autonomous driving to language translation and drug
discovery. While its success relies on large datasets and significant computa-
tional resources, advancements in efficiency (e.g., lightweight models, feder-
ated learning) and interpretability continue to expand its potential. Despite
challenges like overfitting and ethical concerns, deep learning remains at the
forefront of artificial intelligence, driving innovations that reshape industries
and everyday life, [16, 17, 15].

The study of coupled diffusion and reaction in porous catalysts is an
important topic in chemical engineering, as it involves a nonlinear problem.
Thiele [39] derived an analytical solution for first-order reactions; for higher-
order reactions and further details, see [5, 33, 35]. The HAM was employed
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by Abbasbandy [1] to investigate the nonlinear coupled diffusion-reaction
dynamics in porous catalysts. The steady-state reactive transport model
(RTM) was recently studied by Ganie et al. [19], generalizing nonlinear
reaction-diffusion dynamics in porous catalysts for micro-vessel applications.
We study their examples in this article. While many numerical methods
address nonlinear problems in heat transfer, fluid dynamics, and chemical
reactors, their accuracy often hinges on reaction rates and initial conditions,
precluding the derivation of series solutions.

Several studies have designed general-purpose quantum solvers for linear
differential equations, achieving notable advances in quantum oracle com-
plexity. For global numerical differentiation methods, in [2, 11], it was intro-
duced a spectral-based solver by using the Chebyshev polynomials of the first
kind. As established by the Remez algorithm [161,162], Chebyshev polyno-
mials provide an optimal basis for L∞-norm approximation [26].

We present a quantum algorithm for solving linear ordinary differential
equations (ODEs) using spectral methods—a global approximation technique
that contrasts with finite difference approaches. Our method efficiently han-
dles time-dependent initial and boundary value problems with favorable com-
putational complexity. Quantum computing has seen growing interest in
solving differential equations. For instance, Leyton and Osborne [27] intro-
duced a quantum Euler method for nonlinear ODEs with polynomial nonlin-
earities, achieving logarithmic complexity in system dimension but exhibit-
ing exponential scaling in evolution time (a fundamental limitation for gen-
eral nonlinear ODEs). Other advances focus on partial differential equations
(PDEs). Clader, Jacobs, and Sprouse [12] employed the quantum linear sys-
tems algorithm (QLSA) in a finite element method for Maxwell’s equations,
while Costa, Jordan, and Ostrander [13] leveraged Hamiltonian simulation
for finite difference approximations of the wave equation. More recently,
Arrazola et al. [6] proposed a continuous-variable quantum algorithm for
nonhomogeneous linear PDEs in initial value problems (IVPs).

This article presents a quantum pseudo-spectral method (QPSM) for solv-
ing the nonlinear diffusion-reaction model in porous catalysts [1, 19]. The
governing equations consist of nonlinear second-order differential equations
subject to boundary value problems (BVPs). The application of QPSM to
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linear IVPs via the QLSA was first presented in [11]. Subsequent work
in [2] has demonstrated its effectiveness for Lane–Emden type equations.
The QLSA for a linear sparse system of d equations produces a quantum
state proportional to the solution system in time poly(log d), and it is im-
proved in [10]. Berry [7] developed a quantum algorithm employing finite
difference schemes to solve general linear ODEs, demonstrating poly(1/ε)
complexity relative to solution accuracy ε. Later, the complexity is im-
proved to poly(log(1/ε)) in [8]. The quantum algorithm in [11] is based on
a pseudo-spectral method for time-dependent IVP and BVP with the com-
plexity poly(log d, log(1/ε)). Newly, by using Carleman linearization, the
nonlinear quadratic ODEs are considered by a quantum algorithm with com-
plexity E2q poly(log E; log d; log 1/ε)/ε, where E is the evolution time and
q measures decay of the solution, [14, 25, 29].

Our analysis focuses on solving the governing equation for a one-dimensional
steady-state reactive model:

d2u

dx2 − ϕ
2uN = 0, x ∈ [0, 1], (1)

and the boundary conditions

du
dx

∣∣∣
x=0

= 0, u(1) = 1, (2)

where ϕ is Thiele modulus [31, 39] andN is the order reaction. The successive
linearization method (SLM) is first employed, as QPSM demonstrates partic-
ular efficiency for linear systems. Hence we have a hybrid quantum spectral
successive linearization method (QSSLM). We consider an expansion of the
unknown function u(·) in the form:

u(τ) = Ui(τ) +

i−1∑
k=0

uk(τ), i = 1, 2, 3, . . . . (3)

Let Ui(·) denote the unknown functions and let uk(·) be their successive ap-
proximations. The latter are obtained via QPSM, which solves the linearized
version of the original equation—obtained by inserting (3) into (1)—in a re-
cursive manner. Applying (3) in (1) by considering the Binomial theorem,
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we have

U ′′
i − ϕ2

N∑
l=0

(
N

l

)
UN−l
i

( i−1∑
j=0

uj
)l

= −
i−1∑
j=0

u′′j . (4)

We choose the constant function u0(·) = 1 as our initial approximation,
which satisfies the boundary conditions specified in (2). Also, we assume
that limi→∞ Ui = 0. For i ≥ 1, each ui(·) is determined by solving the linear
IVP resulting from the linearization of (4) for i ∈ [M ] = {1, 2, 3, . . . ,M}:

u′′i − ϕ2NbN−1
i−1 ui = µi−1, (5)

where

bi−1(·) =
i−1∑
j=0

uj(·),

µi−1(·) = −b′′i−1(·) + ϕ2bNi−1(·).

The solutions ui≥1(·) satisfy the initial conditions ui(0) = 0 and u′i(0) = 0,
where M denotes the number of iterations. Prior to applying the quantum
spectral method, we first transform the IVP (5) into an equivalent system of
first-order ODEs:

y′i,0(x) = yi,1(x), (6)

y′i,1(x) = µi−1(x) + ϕ2NbN−1
i−1 (x)yi,0(x)..

This system satisfies yi,0(0) = yi,1(0) = 0, where yi,0 = ui and yi,1 = u′i.
Following (6), consider the coefficient matrix as follows:

Ai(·) =

[
0 1

ϕ2NbN−1
i−1 (·) 0

]
.

The spectral approach represents solutions as linear combinations of orthog-
onal polynomials (typically Chebyshev), with differential equations trans-
formed to algebraic equations through pseudo-spectral discretization at the
Gauss–Lobatto nodes [37]. Applying this framework, we employ a truncated
Chebyshev expansion within the Chebyshev pseudo-spectral method [22] to
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(5), yielding:

ui(·) =
n∑

j=0

ci,jTj(·), (7)

for any n ∈ Z+ and Chebyshev polynomials, Tj(·). Consistent with Cheby-
shev polynomial theory, we work on [−1, 1] in (7) and accordingly rescale (1).
The numerical solution utilizes Chebyshev–Gauss–Lobatto collocation points
ξl = cos( lπn ) for l ∈ [n + 1]0 = {0, 1, . . . , n} to discretize the linear system
obtained from (5). For computing ci,k, we have

dui(ξ)
dξ =

n∑
k=0

n∑
j=0

[Dn]k,jci,jTk(ξ),

where the matrix Dn is defined in [40]. Using (6) and (7), for i ∈ [M ] and
l ∈ [n+ 1]0, we have

n∑
j=0

Tj(ξl)c
′
i,0,j =

n∑
j=0

Tj(ξl)ci,1,j , (8)

n∑
j=0

Tj(ξl)c
′
i,1,j = µi−1 + ϕ2NbN−1

i−1 (ξl)

n∑
j=0

ci,0,jTj(ξl),

where ci,l,. and c′i,l,. are Chebyshev coefficients related to functions yi,l(·)
and y′i,l(·) for l = 0, 1, respectively. The linear system (8) is solved by the
QLSA [10], which achieves a complexity of poly(log 2). The convergence
properties of this approach are supported by theoretical results from [11, 20].
Specifically, we have the following properties:

• If u ∈ Cr+1(−1, 1), then the error norm scales as O(n2−r).

• For u ∈ C∞(−1, 1), then the error norm exhibits spectral convergence,
scaling as

√
2
π (

e
2n )

n.

In the latter case, selecting n = poly(log(1/ε)) ensures an ε-approximation
of the solution. In solving IVPs, to improve the accuracy, we usually divide
the region including the independent variable into some subintervals. Indeed
here, we want to solve a BVP, and hence, we cannot do this. Hence, by
increasing the values of n and M , we improve the accuracy. For using the
Chebyshev polynomials, we should convert [0, 1] in (1) to [−1, 1]. After this,
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x ∈ [0, 1] converts to ξ ∈ [−1, 1] by ξ = K(x) = 1 − 2x, and conversely,
x = IK(ξ) = (1−ξ)

2 . Hence, (6) converts to

z′i,0(ξ) = zi,1(ξ), (9)

z′i,1(ξ) = ηi−1(ξ) + ϕ2 N

D2
bN−1
i−1 (ξ)zi,0(ξ),

where

bi−1(·) =
i−1∑
j=0

zj,0(·),

ηi−1(·) = −
(
b′′i−1(·)− ϕ2 1

D2
bNi−1(·)

)
,

and D = dξ
dx and zi,v(ξ) = yi,v(ξ) = yi,v(IKh(ξ)) for ξ ∈ [0, 1], i ∈ [M ]

and v ∈ {0, 1}. For convenience, we set z0,0 = 1 and consequently z0,1 = 0.
Following (9), we have

Ai(ξ) =

[
0 1

Nφ2

D2 b
N−1
i−1 (ξ) 0

]
.

2 Quantum implementation

For a better understanding of quantum computing symbols, see [41]. Here,
we analyze the linear system

Li|Xi〉 = |Bi〉, (10)

derived from the previous section. Using quantum computations applied to
(9), we solve this system to obtain approximate solutions at the terminal
point x = 1 for each iteration i ∈ [M ]. The vector |Xi〉 ∈ Cp+2 ⊗ C2 ⊗ Cn+1

describes the solution by

|Xi〉 =
1∑

υ=0

n∑
j=0

ci,υ,j |0υj〉+
p+1∑
h=1

1∑
υ=0

n∑
j=0

xiυ|hυj〉. (11)
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The coefficient ci,υ,l expands zi,υ(K(1)) in Chebyshev series, while xiυ =

zi,υ(K(0)) gives the final state. The padding parameter p [21, 8] amplifies
the solution for reliable quantum measurement. Thus, the solution at x = 1

(the final state) is given by 1 +
∑M

i=1 xi1, where the constant term accounts
for the initial approximation u0(·) = 1.

In (1),

|Bi〉 =
1∑

υ=0

0|υ0〉+
n∑

j=1

0|0j〉+
n∑

j=1

ηi−1(ξj)|1j〉,

and

Li = |0〉〈0| ⊗ (L1 + L2(Ai)) + |1〉〈0| ⊗ L3

+

p+1∑
h=1

|h〉〈h| ⊗ L4 +
p+1∑
h=1

|h〉〈h− 1| ⊗ L5.

The matrix L1 is a discrete representation for derivative process; that is,

|0〉〈0| ⊗ L1|Xi〉 =
1∑

υ=0

n∑
k=0

Tk(ξ0)ci,υ,k|0υ0〉+
1∑

υ=0

n∑
j=1,k,r=0

Tk(ξj)[Dn]k,rci,υ,r|0υj〉,

and hence

L1 =

1∑
υ=0

n∑
k=0

Tk(ξ0)|υ0〉〈υk|+
1∑

υ=0

n∑
j=1,k,r=0

cos kjπ
n

[Dn]k,r|υj〉〈υr|

= I2 ⊗
(
|0〉〈0|Pn +

n∑
j=1

|j〉〈j|PnDn

)
,

where

Pn =

n∑
j,k=0

cos kjπ
n
|j〉〈k|.

The matrix L2(Ai) discretizes Ai(ξ) as follows:

|1〉〈1| ⊗ L2(Ai)|Xi〉 = −
1∑

v,ϱ=0

n∑
j=1,k=0

Ai(ξj)v,ϱTk(ξj)ci,ϱ,k|1vj〉,

and then
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L2(Ai) = −
1∑

v,ϱ=0

n∑
j=1,k=0

Ai(ξj)v,ϱ cos kjπ
n
|vj〉〈%k| = −

n∑
j=1

Ai(ξj)⊗ |j〉〈j|Pn.

In practice, the Chebyshev coefficients in L3 are chosen to ensure patchwise
continuity; that is, the endpoint of one subinterval zi,h(−1) aligns with the
start of the next zi,h+1(1),

L3 = −
n∑

k=0

(−1)k|0〉〈k|.

The matrices L3 and L4 optimize the success probability of the final
quantum measurement. Specifically, L4 processes the output of L3 (for l = 0)
to construct xiυ, iterating this operation n times across all l ∈ [n]. Hence
L3 and L4 repeat xiυ, (n + 1)p times for l ∈ [n], and then for an artificial
parameter h, we have

L3 = −
n∑

k=0

(−1)k|0〉〈k|,

L4 = −
1∑

υ=0

n∑
j=1

|υj〉〈υ(j − 1)|+
1∑

υ=0

n∑
j=0

|υj〉〈υj|,

and

L5 = −
1∑

υ=0

|υ0〉〈υn|.

Remark 2.1. Because of the boundary condition u(1) = 1 in (2), we have
ξ0 ↔ ξn in constructing L1.

3 Numerical results

Here, we examine several examples with varying values of ϕ and N in (1) to
demonstrate the method’s accuracy and compare it with other approaches.
All computations are performed using Python 3.12.4 on a DESKTOP with
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Figure 1: Comparison for N = 2, φ = 1(Left), φ = 10(Right): (n = 20,M = 10).

Intel(R) Core(TM) i7-7700 CPU with 8.00 GB RAM, and for simplicity, we
set p = 1 in every case. We consider only the nonlinear case in the following
examples in [1] and illustrate the results for N = 0.5, 2, 4 for various ϕ.
For comparison, we consider the numerical method based on residual control
(RC) [24] and HAM [1] and the finite difference method (FDM) based on the
three-stage Lobatto formula with fourth-order accuracy for C1-continuous
solution [36]. Figures 1, 2, and 3 show u(·) and u′(·) for QPSM (present
method) and others. Figure 4 shows the residual errors in (1), which show
the efficiency of QPSM. Only in Figure 3, the obtained results by RC are not
fine, and for this reason, we compare QPSM with the HAM solution. Table 1
shows a comparison between QPSM with n = 20 and M = 10 (for ϕ ≥ 10,
we put n = 30) and other methods. In this table, the results for ϕ = 0.5

in RC are not fine. The last column of Table 1 presents the CPU time in
seconds, which is remarkably small and noteworthy.

4 The reactive transport model

We will consider the RTM (reactive transport model ) dynamics with the
variance in the half-saturation concentration, α, and the characteristic reac-
tion rate, β, as follows [4, 19]:

d2u

dx2 −
βu(x)

α+ u(x)
= 0, x ∈ [0, 1], (12)
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Figure 2: Comparison for N = 4, φ = 1(Left), φ = 10(Right): (n = 20,M = 10).
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Figure 3: The Comparison for N = 0.5, φ = 0.5(Left), φ = 1.5(Right): (n = 20,M =
10).
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Figure 4: Residual error for N = 2, (Left), N = 4(Right): (φ = 10, n = 20,M = 10).
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Table 1: Results for u(0) at various values of N and φ.

N φ QPSM HAM FDM RC CPU Time (QPSM)
0.5 0.5 0.88135825 0.881358 0.881359 – 0.43
0.5 1 0.59444614 0.594446 0.594447 – 0.43
0.5 1.5 0.29428991 0.294290 0.294290 – 0.43
2 1 0.71225634 0.712256 0.712257 0.712256 0.30
2 2 0.44372272 0.443723 0.443723 0.443723 0.29
2 4 0.21259027 0.212590 0.212591 0.212590 0.29
2 10 0.057084208 0.0570842 0.0570843 0.0570842 0.42
2 20 0.017555306 0.0175553 0.0175615 0.0175553 0.29
4 1 0.779145162 0.779145 0.779148 0.779146 0.75
4 10 0.257002936 0.257003 0.257005 0.257002 0.75

and the boundary conditions (2); that is, u′(0) = 0, u(1) = 1.

In this case after linearization, (9) converts to

z′i,0(ξ) = zi,1(ξ), (13)

z′i,1(ξ) = ηi−1(ξ) +
1

D2

βα

(α+ bi−1(ξ))2
zi,0(ξ),

where

bi−1(·) =
i−1∑
j=0

zj,0(·),

ηi−1(·) = −
(
b′′i−1(·)−

1

D2

βbi−1(·)
α+ bi−1(·)

)
,

and hence the matrix of coefficients is

Ai(ξ) =

[
0 1

1
D2

βα
(α+bi−1(ξ))2

0

]
.

Figure 5 shows a comparison between QPSM and RC for n = 20 and
M = 5 for different values of α and β. These values for α and β are chosen
from [19] for better comparison, the system of (13) is independent of the
values of α and β. In Table 2, QPSM is compared with the Runge–Kutta
method (RK4), particle swarm optimization (PSO), and a hybrid of PSO-
sequential quadratic programming (PSO-SQP) [19]. In this table, we report
only the values of u(0) because it is a missed value and important.
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Figure 5: Comparison for α = −0.2, β = 0.3(Left), α = 1, β = 6(Right): (n = 20,M =
5).

Table 2: Results for u(0) at various values of α and β.

α β QPSM RK4 PSO PSO-SQP
0.2 0.5 0.7985197734 0.798520 0.798521 0.798520
-0.2 0.3 0.8026489484 0.802648942 0.802647404 0.802648945

1 6 0.2412718196 0.241272 0.241277 0.241272

5 Conclusions

This paper introduced a new method for solving the nonlinear diffusion-
reaction model in porous catalysts, with potential applications in soft tissues
and microvessels, using a QPSM. These highly nonlinear models were treated
using the SLM to convert the governing equations into a linearized form.
Comparative studies with numerical and semi-analytical methods demon-
strated the efficiency of the proposed approach. By selecting appropriate
parameter values, the method yields highly accurate results. Results showed
consistent advantages in speed and accuracy over prior work. Although the
initial guess represents a critical step in the linearization method for solving
nonlinear problems. Future research will explore extensions to high-order
fractional differential equations and alternative QPSM collocation schemes.
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Keywords: Successive differentiation method; Bratu equation; Computa-
tional analysis.

1 Introduction

Wazwaz [16] introduced the successive differentiation method (SDM) for solv-
ing various types of ordinary differential equations (ODEs). To obtain the
series solution of an initial value problem by using the SDM, one differen-
tiates the associated ODE and evaluates the obtained derivatives by using
the initial values. In the case of boundary value problems, one further uses
the boundary values to determine a series solution for the problem. In [16],
SDM was used to obtain series solutions for the Bratu equation; see [3], and
a variety of Bratu-type equations; see [16, 14].

The Bratu boundary value problem, which is a one-dimensional version
of the classical Bratu problem, see [3, 12, 10], is given by

u′′ + λeu = 0 , 0 < x < 1,

u(0) = u(1) = 0,
(1)

where λ is a parameter. The Bratu problem appears in the mathematical
models of certain engineering problems including the fuel ignition model of
thermal combustion, and radiative heat transfer; see [9, 12, 10, 13] and the
references therein.

Following [16], we are further interested in Bratu type-I, type-II, and
type-III equations. These boundary value problems can be expressed as

u′′ − π2eu = 0 , 0 < x < 1,

u(0) = u(1) = 0,
(2)

u′′ + π2e−u = 0 , 0 < x < 1,

u(0) = u(1) = 0,
(3)

and
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u′′ − eu = 0 , 0 < x < 1,

u(0) = u(1) = 0,
(4)

respectively. We refer the reader to [16] for detailed discussions of these
equations.

A method for finding series solutions to differential equations was used
by Zhou [18] in 1986 to solve linear and non-linear initial value problems in
electric circuits. In 1996, Chen and Ho [5, 6] solved eigenvalue problems for
the free and transverse vibration problems of a rotating twisted Timeshenko
beam under axial loading. Many researchers have used series expansions to
investigate various problems.

Several techniques have been used to solve the Bratu problem. In [15],
an Adomain decomposition method (ADM) was introduced in a framework
to determine the exact solutions of Bratu-type equations. In [4], the series
expansions were used to solve a particular case of a Bratu-type equation.
In [10], similar methods were used for the Bratu boundary value problem.
The method of weighted residual was used by Aregbesola to show the ex-
istence and multiplicity of solutions to the Bratu problem [1]. A method
combining the Adomain decomposition method and the Laplace transforms
was used by Syam and Hamdan to solve the Bratu equation [13]. In [9],
high-order compact finite difference methods were used to numerically solve
one-dimensional Bratu-type equations, and the analysis of convergence and
their numerical rate of convergence were given. For the results related to
other methods, see [2, 11, 12, 13].

Some of these methods can be further used to obtain series solutions
of certain types of differential-algebraic systems whose solution is a vector-
valued function admitting an analytical expansion with respect to a real
variable. In this direction, we refer the reader to [8].

The structure of the present paper is similar to that of [16] and [4].
However, we use the notations of [17]. In Section 2, we present a lemma that
allows us to compute transformations of nonlinear terms using Bell polynomi-
als. The main tool, Lemma 1, utilizes Bell polynomials for this computational
purpose. The use of Faà di Bruno’s formula and Bell polynomials provides
a method for the series expansion of composite nonlinear functions, as seen
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in [7], and will be applied throughout the subsequent sections. In Subsec-
tions 2.1 and 2.2, we focus on obtaining transformations for general first-order
and second-order ODEs. In section 3, we address the Bratu boundary value
problem, where a computational comparison with the SDM is provided to an-
alyze the efficiency of the proposed method. Finally, in sections 4, 5, and 6,
we respectively study the Bratu type-I, type-II, and type-III equations.

2 Series expansion using bell polynomials

In this section, we follow the conventions given in [17]. A general theory
that is very close to the present discussion can be found in [4].

Let u(x) be an analytic function in a domain D containing zero. The
analytic expansion of the function u(x) about an ordinary point xi is of the
form

u(x) =

∞∑
s=0

(x− xi)s

s!

(
dsu(x)

dxs

)
x=xi

(5)

for x belonging to the domain D. Following [18, 17, 4], we put

U(s) =
Hs

s!

(
dsu(x)

dxs

)
x=0

(6)

for s ≥ 0, where H 6= 0 is a constant. To simplify equations, we also write
subscripted Us for U(s).

As an operator, the transformation mapping an analytic function u(x)

to U(s) is linear, but certainly not invertible on the space of real sequences.
An inversion formula transforming such U(s) to an analytic function u(x) is
given by

u(x) =

∞∑
s=0

( x
H

)s
U(s), (7)

which allows the reconstruction of the original function u(x) from U(s) for
x ∈ D.
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In the following lemma, instead of exp (u(x)) , we write eu(x). It describes
the transformation of the exponential eu(x) of an analytic function u(x) on
D, in terms of the transformation of the function u(x) itself, using Bell poly-
nomials.

Bell polynomials, denoted as Bs,k(x1, x2, . . . , xs−k+1), are a family of
polynomials that appear in various combinatorial problems. These poly-
nomials provide a way to express the derivative of a composite function in
terms of the derivatives of the individual functions; see [7] .

Lemma 1. The transformation of eu(x) is given by

N(s) =
HseU0

s!

s∑
k=1

Bs,k

(
U1

H
,
2U2

H2
,
6U3

H3
, . . . ,

(s− k + 1)!Us−k+1

Hs−k+1

)
(8)

for s ≥ 0, where Bs,k(x1, x2, . . . , xs−k+1) denotes the Bell polynomials.

The proof of Lemma (1) follows from Faà di Bruno’s formula, which gives a
formula for the n-th derivative of the composition of two functions. Given the
fact that there are well-developed computer routines available for the compu-
tation of Bell polynomials, Lemma (1) is very useful when solving nonlinear
differential equations, particularly those involving exponential terms, such as
the Bratu equation and Bratu-type equations. We remark that when s = 0

the equality (8) appearing in Lemma 1 should be understood as N(0) = eU0 .

In the view of Lemma 1, the first few terms of the transformation of eu(x)
can be written in terms of Us as

N(0) = eU0 ,

N(1) = eU0U1,

N(2) =
eU0

2!
(U2

1 + 2U2),

N(3) =
eU0

3!
(U3

1 + 6U1U2 + 6U3),

N(4) =
eU0

4!
(U4

1 + 12U2
1U2 + 24U1U3 + 12U2

2 + 24U4),

N(5) =
eU0

5!
(U5

1 + 20U3
1U2 + 60U2

1U3 + 60U1U
2
2 + 120U1U4 + 120U2U3 + 120U5),

which demonstrates the nonlinear dependence ofN(s) on U0, U1, . . . , Us. Fur-
thermore, the equations forN(s) show a recursive pattern; also, see [4, Eq.11].
Each subsequent term N(s) in the sequence depends on U0, U1, . . . , Un.
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2.1 The first-order ODEs

Following [16], we start by investigating the first order ODE

u′(x)− f(x)u(x) = g(x), u(0) = α0, (9)

where the functions f(x) and g(x) are analytic on a domain containing
zero. Equation (9) represents a general first-order linear ODE. We denote
by U(s), F (s) and G(s) the transformations of the functions u(x), f(x) and
g(x), respectively. The transformation of (9) can be written as

s+ 1

H
U(s+ 1)− 1

Hs

s∑
k=0

F (s)U(s− k) = G(s) (10)

for s ≥ 0 with U(0) = α0. This transformation converts the differential
equation into an algebraic equation. Rewriting (10) in the form

U(s+ 1) =
H

s+ 1

[
G(s) +

1

Hs

s∑
k=0

F (k)U(s− k)

]
, (11)

we obtain a recursive formula for U(s + 1). All values of U(s + 1) for s ≥ 0

are completely determined by U(0) = α0. For instance, U(1) = HG(0) +
HF (0)α0.

When we compare the SDM, see [16, Sec. 2.1], with the above result we
see that the required number of differentiations and derivative evaluations
are asymptotically equal to each other in both methods. The SDM involves
differentiating the ODE and evaluating the derivatives at x = 0 to obtain a
series solution. In the above, we use a transformation to convert the ODE
into an algebraic equation which can then be solved recursively. We note
that formula (11) is expressed in a concise mathematical form. The com-
pactness of formula (11) simplifies the implementation of the method for
computational purposes, as the number of steps needed to arrive at a solu-
tion is reduced. Therefore, the compact formula (11) can be further utilized
for computational purposes. In addition, it is effective in handling nonlin-
earity, especially those arising from exponential terms, and the complexity
of computations involving exponentials is handled by readily available com-
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puter routines for Bell polynomials. On the other hand, the SDM needs to
handle these complexities with each differentiation.

2.2 The second order ODEs

We investigate the second-order ODE

u′′(x)− f(x)u′(x)− h(x)u(x) = g(x), u(0) = α0, u
′(0) = α1, (12)

where the function h(x) is analytic on a domain containing zero. We denote
by H(s) the transformation of the function h(x). Similar to the previous
analysis, the transformation of (12) is the algebraic equation

(s+ 1)(s+ 2)

H2
U(s+ 2)− 1

Hs+1

s∑
k=0

(s− k + 1)F (k)U(s− k + 1)

− 1

Hs

s∑
k=0

H(k)U(s− k) = G(s)

(13)

for s > 0 with U(0) = α0 and U(1) = Hα1. Equation (13) can be rearranged
to find a recursive formula for Us+2 as

Us+2 =
H2

(s+ 1)(s+ 2)

[
Gs +

1

Hs

s∑
k=0

HkUs−k +
1

Hs+1

s∑
k=0

(s− k + 1)FkUs−k+1

]
(14)

for s ≥ 0. When s = 0, this equality reduces to

U(2) =
H2

2
G(0) +

H
2
H(0)2U(0)2,

and hence, U(0) and U(1) determine U(s+2) for s ≥ 0 in the sense that (14)
allows the computation of all U(s) values for s ≥ 0 using the initial values.

A series approximation to the solution of (12) can be obtained from the
inversion formula (7) after evaluating U(s + 2) from (14). When we com-
pare [16, Eq. 17] with (14) we see that the required number of derivatives
and derivative evaluations are asymptotically equal to each other in both
methods. However, the above method uses a recursive formula and avoids
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repeated differentiation of the original equation, which can be an advantage.
Equation (14) is compact and avoids repeated differentiation of the original
equation. In addition, the complexity of computations involving exponentials
is handled by readily available computer routines for Bell polynomials.

3 The Bratu boundary value problem

The Bratu boundary value problem is given as

u′′ + λeu = 0 , 0 < x < 1,

u(0) = u(1) = 0
(15)

where the parameter λ is a constant. It follows from (15) and Lemma 1 that

Us+2 =
−λHs+2eU0

(s+ 2)!

s∑
k=1

Bs,k

(
U1

H
,
2U2

H2
,
6U3

H3
, . . . ,

(s− k + 1)!Us−k+1

Hs−k+1

)
(16)

for s ≥ 0 together with U(0) = 0. Hence, the transformation yields a recursive
formula for Us+2 that involves the parameter λ, the constant H, and the Bell
polynomials. We note that Bell polynomials help in handling the nonlinearity
introduced by the exponential term eu.

Now, let us compute the first few terms of U(s). For s = 0, we have

U(2) =
−λH2eU0

2!
=
−λH2

2!
.

From the previous analysis we know that the values of U(s) for s ≥ 1 depend
further on U(1). Hence we have

U3 = −1

6
H2λeU0U1 = −1

6
H2λU1,

U4 = − 1

24
H4λeU0

(
U2
1

H2
+

2U2

H2

)
=

1

24
H2λ

(
H2λ− U2

1

)
,

U5 = − 1

120
H5λeU0

(
U3
1

H3
+

6U2U1

H3
+

6U3

H3

)
=

1

120
H2λ

(
4H2λU1 − U3

1

)
.
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The inversion formula (7) can be used to approximate the solution u(x) of
(15). To see this, we first obtain

u(s)(0) =
s!U(s)

Hs

from formula (7). Let H = 1 and u′(0) = α; see [16, Sec. 3]. Hence, we
obtain

u(0) = 0,

u′(0) =
U(1)

H
= α,

u′′(0) =
−λH2

2!
=
−λ
2!
,

u′′′(0) =
3!U(3)

H3
= −αλ,

u(4)(0) =
4!U(4)

H4
= λ2 − λα2,

u(5)(0) =
4!U(4)

H4
= 4λ2α− λα3,

for the values of derivatives of u(x) at x = 0. The resulting series approxi-
mation to u(x) is

u(x) = αx− λ

2!
x2 − αλ

3!
x3 − α2λ− λ2

4!
x4 − α3λ− 4λ2α

5!
x5 + · · · ,

which is equal to the series approximation given in [16, Eq. 21]. The above
series approximation matches the one obtained by SDM. Therefore the ob-
tained result is consistent with approximate solutions of the Bratu boundary
value problem.

The computation of α can be found in [16]. We note that neither the
SDM nor the above method obtains the value of α from the boundary con-
dition u(1) = 0 in a direct manner. Furthermore, neither of these methods
distinguishes the critical value of λ for which the Bratu problem has no solu-
tion. Both methods generate a series solution, but the solution may be valid
for a limited range of λ, or may not converge if λ is too large.
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4 The Bratu-type equation I

The Bratu-type I equation is

u′′ − π2eu = 0 , 0 < x < 1,

u(0) = u(1) = 0.
(17)

This equation is a variation of the standard Bratu problem, and it is one of
three Bratu-type equations that have been examined in the literature.

In this case, U(0) = 0. For s ≥ 3, U(s) can be expressed in terms of U(1),

for instance,

U0 = 0,

U1 = αH,

U2 =
π2H2

2!
,

U3 =
π2H2

3!
U1 =

π2H3

3!
α,

U4 =
π2H2

4!

(
U2
1 + 2U2

)
=
π2H4

4!
(π2 + α2),

U5 =
π2H2

5!

(
U3
1 + 6U1U2 + 6U3

)
=
π2H5

5!
(4π2 + α2)α.

(18)

All the remaining terms can be obtained from the formula (16). Higher-
order terms U(s) for s ≥ 3 are expressed in terms of previous terms, most
importantly in terms of U(1). Now, let us compute the values of the derivative
of u(x) at zero. We have

u′(0) =
U1

H
= α,

u′′(0) =
2!U2

H2
= π2,

u′′′(0) =
3!U3

H3
= π2α,

u(4)(0) =
4!U4

H4
= π2(π2 + α2),

u(5)(0) =
5!U5

H5
= π2(4π2 + α2)α,
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all of which follow from (18). These derivatives are consistent with those
derived using the SDM. Hence, the series approximation of u(x) is given by

u(x) = αx+
π2

2!
x2 +

π2α

3!
x3 +

π2(π2 + α)

4!
x4 +

π2(4απ2 + α3)

5!
x5 + · · · ,

which is equal to the series approximation obtained in [16, Eq. 27]. We note
that the computation of α can be found in [16]. The value of α which is equal
to u′(0), is not directly computed by either of the methods but can be found
by applying the boundary condition u(1) = 0 to the series approximation.

5 The Bratu-type equation II

The Bratu-type II equation is given by

u′′ + π2e−u = 0 , 0 < x < 1,

u(0) = u(1) = 0.
(19)

Observe that −u(x) appears as an exponent. We can still use Lemma 1 to
find the transformation of e−u(x). Indeed, let w(x) = e−u(x) and denote by
W (s) the transformation of w(x). It follows that

W (s) =
Hse−U0

s!

s∑
k=1

Bs,k

(
−U1

H
,−2U2

H2
,−6U3

H3
, . . . ,− (s− k + 1)!Us−k+1

Hs−k+1

)
,

(20)

which is expressed in terms of the values of Us. In other words, we can obtain
the transformation of e−u(x) from the formula given in Lemma 1 by replacing
every occurrence of Us with its negative. It follows that for (19) we have

Us+2 =
−π2Hs+2e−U0

(s+ 2)!

s∑
k=1

Bs,k

(
−
U1

H
,−

2U2

H2
,−

6U3

H3
, . . . ,−

(s− k + 1)!Us−k+1

Hs−k+1

)
(21)

for s ≥ 0.

At this point, an informal remark regarding the sensitivity to changes in
the ODE is being addressed. When we compare with the SDM of [16], we may
conclude that the above method has the disadvantage that the transformation
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of an ODE may change drastically under slight changes of the ODE whereas
SDM of [16] provides a uniform scheme in such situations. By the uniform
scheme, we mean that SDM’s approach to solving ODEs is more consistent
and less prone to drastic changes in the solution process when the ODE is
altered. However, if s is large enough, the computer routines related to Bell
polynomials may balance the computation.

It follows from (21) that

U0 = 0,

U1 = αH,

U2 =
−π2H2

2!
,

U3 =
π2H2

3!
U1 =

π2H3

3!
α,

U4 = −π
2H2

4!

(
U2
1 − 2U2

)
= −π

2H4

4!
(π2 + α2),

U5 =
π2H2

5!

(
U3
1 − 6U1U2 + 6U3

)
=
π2H5

5!
(4π2 + α2)α.

By using these, we obtain the values of the derivative of u(x) at zero. In
detail, we have

u′(0) =
U1

H
= α,

u′′(0) =
2!U2

H2
= −π2,

u′′′(0) =
3!U3

H3
= π2α,

u(4)(0) =
4!U4

H4
= −π2(π2 + α2),

u(5)(0) =
5!U5

H5
= π2(4π2 + α2)α.

Hence, the series approximation of u(x) is given by

u(x) = αx− π2

2!
x2 +

π2α

3!
x3 − π2(π2 + α)

4!
x4 +

π2(4απ2 + α3)

5!
x5 + · · · ,

which is identical to the series approximation obtained using the series ap-
proximation obtained in [16, Eq. 34]. When we compare the SDM with the
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above result we see that the required number of derivatives and derivative
evaluations are asymptotically equal to each other in both methods.

6 The Bratu-type equation III

The Bratu-type III equation is given by

u′′ − eu = 0 , 0 < x < 1,

u(0) = u(1) = 0.
(22)

Since (16) depends linearly on λ, the computation of U(s) for (22) is similar
to that of the Bratu type-I equation. In detail, values of U(s) for the Bratu
type-III equation can be obtained from (18) by multiplying both sides by
1/π2. Hence, in the present case, we have

U0 = 0,

U1 = αH,

U2 =
H2

2!
,

U3 =
H2

3!
U1 =

H3

3!
α,

U4 =
H2

4!

(
U2
1 + 2U2

)
=
H4

4!
(1 + α2),

U5 =
H2

5!

(
U3
1 + 6U1U2 + 6U3

)
=
H5

5!
(4 + α2)α.

All the remaining terms can be obtained from the formula (16) similarly. Let
us compute the values of the derivative of u(x) at zero. We have

u′(0) =
U1

H
= α,

u′′(0) =
2!U2

H2
= 1,

u′′′(0) =
3!U3

H3
= α,

u(4)(0) =
4!U4

H4
= (1 + α2),

u(5)(0) =
5!U5

H5
= (4 + α2)α.
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Hence, the series approximation of u(x) is given by

u(x) = αx+
1

2!
x2 +

α

3!
x3 +

(1 + α2)

4!
x4 +

α(4 + α2)

5!
x5 + · · · ,

which is identical to the series approximation obtained using the series ap-
proximation obtained in [16, Eq. 38].

7 Conclusion

We used transformations and recursive algebraic equations to obtain the se-
ries of solutions to the Bratu problem and Bratu-type equations. In all cases,
the obtained series solutions agree with the series solutions given in [16].
Because there are well-developed computer routines for the computation of
Bell polynomials, it can be compared with the alternative method of succes-
sive differentiation method. We use Bell polynomials to handle the nonlinear
terms and, with readily available computer routines for computing these poly-
nomials. Neither methods do not directly compute the value of u′(0) using
the boundary condition u(1) = 0, but instead uses it to solve for the unknown
value, α. The methods also do not distinguish a critical value of λ for which
the Bratu problem has no solution.
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different classes of LSMaOPs. In this study, we conduct a comparative in-
vestigation of three established LSMaOAs namely, LMEA, LMOCSO and
S3CMAES over rigorous benchmarking on DTLZ, LSMOP, UF9-10, WFG
test suites, encompassing problem sets with three to ten objectives and
varying numbers of variables between 100 and 500. Additionally, we assess
the algorithm’s efficacy on a test suite specifically designed for large-scale
multi/many-objective problems (100-1000 decision variables). In addition,
we propose Hybrid-LMEA, a light hybrid that integrates decision-variable
clustering with competitive learning to improve both convergence and di-
versity. The hybrid works especially well on high-dimensional large-scale
many-objective optimization problems with better performance in 8 and
12 out of 27 test cases for IGD and GD, respectively. The outcomes of the
experiments indicate the relative efficacy and effectiveness of the different
algorithms in addressing large-scale many-objective problems. Researchers
can leverage this comparative data to make informed decisions about which
algorithms to employ for particular optimization problem domains.

AMS subject classifications (2020): Primary 68T05, 68W50; Secondary 90C59,

90C90, 65Y20.

Keywords: Optimization problems; Large-scale multi-objective optimiza-
tion; Large-scale many-objective optimization

1 Introduction

A large-scale many-objective problem (LSMaOP) refers to an optimization
problem involving a significant number of decision variables (D > 100)and
a considerable number of objectives (M > 3) [47, 35]. Such optimization
problems frequently arise in real-world scenarios such as software package re-
design [39], software module clustering [20], hybrid car controller design [13],
and pickup and delivery logistics [52]. While several multi/many-objective
optimization algorithms (MOA/MaOA) [18] have proven effective for ad-
dressing multi/many-objective optimization problems (MOPs/MaOPs) [40]
with two or three objectives, they often struggle to strike a balance between
convergence and diversity when faced with the extensive numbers of decision
variables and objectives in LSMaOPs. The decision space, along with the
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objective search space, grows exponentially, resulting in the curse of dimen-
sionality [9].

Numerous researchers and practitioners have proposed various approaches
in the literature to overcome scalability challenges imposed by LSMaOPs.
These approaches include grouping decision variables [27], reducing the deci-
sion space [16], and introducing novel search techniques [43], all specifically
developed to address the complexities inherent in LSMaOPs, such as con-
flicting objectives and complex interactions between decision variables [26].
Due to the poor scalability of conventional MOAs/MaOAs [24] on LSMaOPs,
the first approach involves splitting decision variables into groups, possibly
at random or using heuristic approaches, followed by optimizing each group
individually. For instance, Ma et al. [30] proposed MOA/DVA, which divides
decision variables into distance, position, and mixed variables based on con-
vergence and diversity control properties, while Zhang et al. [50] suggested a
large-scale many-objective evolutionary algorithm (LMEA), which partitions
decision variables into groups based on convergence and diversity.

The second approach aims to address the high-dimensional decision space
of LSMaOPs by reducing its volume. This can be achieved through dimen-
sionality reduction [5] and problem transformation [53] strategies, as demon-
strated by Zille et al. [54] with the weighted optimization framework (WOF),
which focuses on grouping decision variables into subgroups and assigning
weights to each subgroup. The third approach involves developing novel
search techniques tailored to LSMaOPs, creating offspring within the ac-
tual decision space without reducing its dimensionality. These techniques
may include probability models [43]and reproduction operators [43] designed
to efficiently handle LSMaOPs and produce optimal results. For example,
Chen et al. [10] proposed S3CMAES, a scalable small subpopulations-based
covariance matrix adaptation evolution strategy utilizing probability-based
methods. In addition to these approaches, other strategies [43] have been
adopted in the literature to solve LSMaOPs. For instance, Zhang , Shen, and
Yen [48] introduced LSMaODE, a multi-population-based large-scale many-
objective differential algorithm, while Ma et al. [29] presented LSMOEA/D,
incorporating an adaptive localized decision variable strategy within a decom-
position framework [32]. Xu et al. [46] have proposed multi-population based
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MOEA, that is,DVCOEA, which involves analyzing the decision variable con-
tribution to objectives, here decision variables are categorized depending on
their contribution objectives. Using these approaches, LSMaOPs may be
solved by tweaking/using traditional evolutionary algorithms [4], reducing
the difficulties of the high-dimensional search space [42].

Despite these advancements, there remains a gap in the literature concern-
ing the performance of large-scale many-objective optimization algorithms
(LSMaOAs) on LSMaOPs with a significant number of decision variables.
Previous studies by Deb et al. [17] and Cheng et al. [12] have focused on
LSMaOP benchmarks with a limited number of objectives and decision vari-
ables. Apart from these, various other LSMaOAs have been proposed to
address complex LSMaOPs. These LSMaOAs have shown remarkable per-
formance in addressing a variety of LSMaOPs. However, there is a pressing
need to further research on the investigation of their performance in compar-
ison to each other over different classes of LSMaOPs. Thus, our study aims
to fill this gap by providing insights into the comparative performance of LS-
MaOAs on LSMaOPs with more than three objectives and varying decision
variables between 100-2000.

In this paper, we conduct a detailed comparative analysis of three dif-
ferent algorithms based on strategies from current literature: LMEA [50],
large-scale multi-objective optimization based on competitive swarm opti-
mizer (LMOCSO) [17], and S3CMAES [10]. We evaluate the efficacy of these
algorithms using benchmark test suites (DLTZ) [41] and LSMaOP test suites
[31], employing the inverted generational distance (IGD) as our performance
metric [55, 44]. In addition to this comparative evaluation, we introduce
a new variant referred to as LMEA-hybrid, blending the decision variable
grouping of LMEA with the competitive learning strategy of LMOCSO. The
hybridization is designed to improve the balance of convergence and diversity
in high-dimensional search spaces. The algorithm is empirically compared
with LMEA, LMOCSO, and S3CMAES on benchmark sets DTLZ, LSMOP,
UF, and WFG. The outcomes show that Hybrid-LMEA improves perfor-
mance in respect to IGD, generation distance (GD), and HV significantly
in all but a few test instances, particularly in problems involving over 500
decision variables.
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The motivation behind the selection of algorithms for comparative anal-
ysis is guided by their different strategies to cope with large-scale many-
objective optimization scenarios. LMEA is a population decomposition-based
algorithm that divides decision variables into groups with similar conver-
gence and diversity characteristics, a feature that greatly improves its per-
formance against the curse of dimensionality. Conversely, LMOCSO em-
ploys swarm intelligence and competitive learning mechanisms to maintain a
middle ground between convergence and diversity in high-dimensional space.
Finally, S3CMAES uses a covariance matrix adaptation strategy with small
subpopulations that allows it to explore complex search spaces effectively
while remaining computationally inexpensive.

The three chosen algorithms are representative of different methodologies—
an approach based on decomposition, one based on swarm intelligence, and
an evolutionary strategy; thus, a diverse comparative analysis will be possi-
ble. Additionally, their adequate performance during previous studies makes
them well-suited for evaluating LSMaOAs. To facilitate a relative compar-
ison of the performance of various MOEAs, and understand their relative
strengths and weaknesses, this study is centered around a set of such bench-
mark problems, intending to provide insights into which algorithm might be
selected for many-objective optimization in large-scale dimensions.

The paper is further segmented into four different sections. In Sec-
tion 2, the basic concepts of large-scale multi/many objective optimization
(LSMOO) and Large-scale many-objective optimization (LSMaO) are dis-
cussed. Section 3 presents our experimental design. Section 4 demonstrates
the results of experiments. Lastly in Section 5, the findings and recommen-
dations for future research directions are laid out.

2 Related work

To tackle LSMaOPs, several optimization approaches have been proposed by
customizing existing multi-objective optimization techniques. In the follow-
ing subsection, we outline the major approaches based on the strategies of
large-scale multi-objective optimization and large-scale many-objective opti-
mization.
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2.1 Large-scale multi-objective optimization

Over the last 20 years, MOEAs have shown their efficacy in dealing with
MOPs. They are a useful method for handling MOPs since they are good
at producing a large number of solutions in just one run. For this reason,
numerous MOEAs have been proposed, namely SPEA2 [56], MOEA/D [49]
and NSGA-II [15]. The majority of these algorithms are based on Pareto-
based techniques, which select solutions that have greater Pareto ranks by
using the concept of Pareto dominance. Moreover, diversity-related crite-
ria are utilized to encourage a broad range of solutions dispersed through-
out the Pareto front (PF). While Pareto-based strategies including SPEA2
and NSGA-II have shown potential in addressing MOPs that have two or
three objectives however are ineffective when confronted with MaOPs. The
primary objective of evolutionary multi-objective algorithms is to strike an
equilibrium between two opposing objectives: significant diversity and ef-
fective convergence. The substantial diversity involves dispersing solutions
extensively along the PF whereas effective convergence refers to a narrowing
of gaps between solutions and the PF.

Large-scale MOPs/MaOPs present a substantial problem in optimization
due to the presence of over one hundred decision variables. Maintaining a
careful balance between diversity and convergence within an evolutionary
algorithm’s search process gets increasingly difficult as the quantity of non-
dominated solutions rises significantly as the search space expands. Over the
past few years, several evolutionary algorithms focusing on decision variable
analysis have been presented [21] to solve these challenges. MOEA/DVA, a
unique approach focusing on analyzing decision variables, was developed by
Ma et al. [30]. This is a revolutionary MOEA that was created explicitly
to address the challenges given by large-scale MOPs. This method groups
decision variables into three categories based on their dominance relation-
ships such as diversity-related, convergence-related, and both convergence
and diversity. Similarly, Antonio and Coello [2] have proposed a coopera-
tive co-evolutionary framework where decision variables are partitioned into
numerous co-evolved sub-components to address the complexities of large-
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scale/High-Dimensional MOPs. This framework has proven to be successful
in handling significant number of decision variables (up to 5000).

Zille et al. [54] introduced a WOF. This method employs decision variable
grouping and weighing to enhance the effectiveness of population-based al-
gorithms for LSMOPs. This framework has been evaluated on NSGA-II and
SMPSO algorithms with benchmark problems (WFG) having two and three
objectives and with 1000 decision variables. He et al. [22] presented another
generalized framework for LSMOO, that is, LSMOF. The primary objective
of framework was to increase the multi-objective algorithm’s computational
efficiency on LSMOPs. The introduced framework LSMOF employs a two-
stage approach. The first stage of this approach involves problem reformu-
lation which is responsible for generating an array of optimal solutions close
to the PS and the second stage involves spreading a uniformly distributed
approximate Pareto set, the LSMOF employed candidate solution spread-
ing techniques and problem reformulation. Without employing any decision
variable analysis method or grouping technique, LSMOF demonstrates effec-
tive performance and computational efficiency as compared to the current
strategies in the literature. Deb et al. [17] put forwarded a competitive
swarm optimizer (CSO) called LMOCSO for efficient search in LSMOPs. It
involves particle updating strategy and competitive mechanism to enhance
search efficiency. Hong et al. [23] proposed a model based on probabilistic
prediction called LMOPPM. This model uses sampling and trend prediction
models for effectively solving LSMOPs. Liu et al. [28] suggested an evolution-
ary algorithm based on dimensionality reduction and clustering for LSMOPs
(dimensions up to 5000). The interdependence analysis has been employed
to partition convergence variables into subgroups.

2.2 Large-scale many-objective optimization

Zhang et al. [50] presented LMEA, a decision variable-based strategy for
LSMaOPs. Using the convergence and diversity properties as a basis, this
method groups decision variables. The statistical findings demonstrate how
well LMEA handles large-scale MaOPs involving as many as 5000 decision
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variables. Xu et al. [46]. presented a novel technique for LSMOO/LS-
MaO termed DVCOEA. The primary goal of this is to increase convergence
and diversity by classifying decision variables according to their objectives
of contribution. The suggested methodology may find application in vari-
ous machine learning techniques and evolutionary algorithms for estimating
fitness.

Cao et al. [8] proposed distributed parallel PSO algorithms. This pa-
per emphasizes that new PSO algorithms are required to handle LSMaOPs.
This also highlights how crucial distributed parallel computing is to cutting
down on operation time. Gu and Wang [19] introduced IFM-NSGA-III al-
gorithms, which improve NSGAIII by using information feedback models for
LSMOPs and LSMaOPs. The study highlights how important information
feedback models are for MOEA optimization. Zhang et al. [51]proposed
MOEA/D-IFM which includes information feedback models to enhance per-
formance. The paper emphasizes using population information in optimizing
algorithms. Wang et al. [45] proposed 1EA-IFM framework for LSMOPs.
This framework balances diversity and convergence by retaining historical
information and using fitness function values. Cao et al. [7] presented LS-
MaOEA to overcome the drawback of RVEA [11] in handling problems which
are large-scale evolutionary algorithm.

Table 1 showcases a range of many-objective and large-scale many-
objective optimization approaches, highlighting how various methods have
been developed by customizing existing optimization algorithms. Meanwhile,
Table 2 provides brief descriptions of various comparative studies conducted
by previous researchers.

3 Experiment design

We empirically assess the efficacy of three algorithms, that is, LMEA [50],
LMOCSO [12] and S3CMAES [10] by conducting experiments on a well-
established set of benchmark problems, namely, the DTLZ test suites [41] and
LSMOP test suite [31]. All the simulations were conducted using MATLAB
R2023a environment on a Macbook Air powered by macOS, equipped with
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an M1 Apple chip, 8 GB memory, 7 core Graphics processing unit, 8 core
Central processing unit and 256 GB Solid state drive.

3.1 Test problems

Previous researchers and practitioners have developed various test suites to
assess the performance of optimization problems. These test suites encom-
pass a range of complexities and difficulties. In this work, to compare the
optimization approaches, we use the following two test suites: 1) DTLZ
-Riquelme, von Lücken, and Baran [41] introduced test suite (DTLZ). The
problems of this suite are flexible to meet wide range of objectives. The PF is
represented by the initial M-1 decision variables, whereas the remaining vari-
ables are related to the convergence characteristic. In particular, the DTLZ
suite has several distinguishing features. DTLZ1 and DTLZ3 include many
local PFs. In DTLZ4, Pareto optimum solutions are not evenly distributed,
and in DTLZ5 and DTLZ6, PF curves are degenerated. In DTLZ7, PF is
broken, whereas DTLZ8 and DTLZ9 consist of constrained test problems.
The DTLZ test suite makes a significant contribution by proposing a general
design paradigm for creating test problems that are extended to accommo-
date a broad range of objectives and decision variables. 2) LSMOP- The
test suite comprises nine problems tailored for LSMOO and LSMaO. Across
these problems, the Pareto Front (PF) characteristics vary: LSMOP1-4 fea-
tures linear PFs, LSMOP5-8 exhibits nonlinear PFs, and LSMOP9 presents a
disconnected PF. 3) WFG [12]- Huband et al. proposed the WFG test suite
in 2006. This test suite contains several many-objective test cases, which
are characterised by their specific features. The PF of WFG test suite test
cases have a different type of shapes. Therefore, the WFG test suite would
accurately reflect the performance of convergence and diversity algorithms.
4) UF [12]- This test suite contains ten unconstrained test problems UF1-
10. In our study, we have considered only two problems UF9 and UF10 for
comparative analysis.
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3.2 Algorithms in comparison

The selection of the LMEA, LMOCSO, and S3CMAES algorithms for con-
ducting the comparative study was based on several factors: 1) relevance to
the problem domain,2) diversity in approaches, and 3) scalability and perfor-
mance. By selecting LMEA, LMOCSO, and S3CMAES for our comparative
study, we aim to provide valuable insights into their relative strengths and
weaknesses in addressing the challenges posed by large-scale many-objective
optimization problems.

• LMEA- A novel method that addresses the challenges of LSMaOPs
is the clustering of a decision variable based evolutionary algorithm
(LMEA). This method provides a decision variable clustering technique
that classifies variables based on their properties of convergence and
diversity. This method makes use of a fast nondominated sorting tech-
nique called T-ENS to enhance computation performance. According
to empirical research, LMEA is quite useful for handling large-scale
MaOPs, particularly those with up to 5000 decision variables.

• LMOCSO- An enhanced version of CSO, that is, large-scale Multi-
Objective Competitive Swarm Optimizer (LMOCSO) is developed for
LSMOPs. It incorporates a competitive mechanism and a unique par-
ticle updating approach to enhance search efficiency. This approach is
adopted to overcome the limitations of traditional MOEAs when deal-
ing with large-scale MOPs. Through experimental evaluations, this
method has demonstrated its superiority over existing MOEAs. Its
potential to handle the complexity of optimization problems would be-
come more apparent with more improvements.

• S3CMAES-The S3CMAES is designed primarily to address MOPs
having large-scale decision variables. Its primary purpose consists of
approximate a collection of solutions that are Pareto-optimal, using a
novel technique employing tiny subpopulations rather than a standard
whole-population strategy. In this novel approach, each subpopulation
is dedicated to exploring and improving a specific solution, leveraging a
small population for this purpose. An important feature of S3CMAES
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is the inclusion of a diversity enhancement approach. This approach
is used to choose new solutions from those generated by convergent
subpopulations.

• LMEA-hybrid- To tackle the scalability issues inherent in MaOPs,
we introduce a hybrid Learning-based multi-objective evolutionary al-
gorithm (LMEA-hybrid). The proposed approach combines the virtues
of decision space decomposition and sophisticated selection mechanisms
to improve both convergence and diversity when solving large-scale
MaOPs.The algorithm starts with the initialization of a random pop-
ulation and partitioning the decision variables into the groups related
to convergence and diversity. It is done through the LMEA’s variable
clustering strategy to maintain the problem structure and better direct
the process of creating offspring. Once clustering is done, the popu-
lation is assessed and the Tchebycheff-based environmental selection
(T-ENS) is utilized to assign the fitness values. T-ENS balances con-
vergence and diversity and acts as a sorting mechanism for the whole
optimization process. In each iteration, two parents are chosen ran-
domly, and a fitness-based tournament selection is employed to de-
cide upon a winner and a loser. The offspring is produced by taking
advantage of decision variable group knowledge: convergence-related
variables are copied from the winner to preserve convergence pressure,
and diversity-related variables are perturbed to search the space more
widely. The offspring is assessed and re-placed back into the population
via an environmental selection procedure that hybridizes T-ENS with
angle-penalized distance (APD). This hybrid selection method guaran-
tees that only individuals of good quality and well-distributed are main-
tained across generations. The algorithm proceeds until the number of
function evaluations reaches the maximum. The last nondominated so-
lutions in the population are retrieved to estimate the PF. In general,
Hybrid-LMEA efficiently optimizes convergence and diversity by lever-
aging both structural properties in the decision space and advanced
objective-space selection methods, making it applicable to large-scale
many-objective cases. The Pseudocode of LMEA-hybrid is provided in
Algorithm 1.
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Algorithm 1 Hybrid-LMEA
1: P ← InitializePopulation(N)
2: [Cgroup, Dgroup]← ClusterDecisionVariables(P ) . LMEA clustering
3: EvaluatePopulation(P )
4: Fitness← TENS(P ) . T-ENS sorting
5: evalCount← N
6: while evalCount < MaxEval do
7: [parent1, parent2]← SelectRandomPair(P )
8: if Fitness(parent1) < Fitness(parent2) then
9: Winner ← parent1

10: Loser ← parent2
11: else
12: Winner ← parent2
13: Loser ← parent1
14: end if
15: Offspring ← GenerateOffspring(Winner, Loser, Cgroup, Dgroup)
16: Evaluate(Offspring)
17: P ← EnvironmentalSelection(P ∪ {Offspring}, TENS, APD)
18: evalCount← evalCount+ 1
19: end while
20: return PF ← ExtractNonDominatedSolutions(P )

3.3 Parameter setting

To attain the best performance, the suggested parameter values have been
used. The experimental parameter settings are described below.

• Size of population: To guarantee the experiment’s fairness, some of
the experiment’s settings were set consistently. The population size of
every algorithm is fixed at 100.

• Runs and stopping criteria: The stopping criteria for all algorithm in-
volves reaching permitted no. of evaluations. The optimum no. of eval-
uations for every test instance having 100, 300, or 500 decision variables
is fixed to 10,000. To acquire statistical findings, each algorithm was
subjected to twenty independent runs.

• Mutation and crossover: For DTLZ test suite problems all three algo-
rithms being compared utilizes simulated binary crossover (SBX) [14]
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approach to produce offspring. In addition, in all algorithms, a poly-
nomial mutation is employed to every test problem. The parameters
for the both crossover (nc) and mutation (nm) distribution indices are
equal to twenty. The crossover probability (pc) is equal to 1.0 and mu-
tation probability (pm) is equal to 1/K, where K represents the amount
of decision variables. As recommended in [25], the control parameters
F is equal to 0.5 and CR is equal to 1.0 in the differential evolution
(DE) [3] technique.

• Other parameters: In the reference to LMEA, we establish the following
parameters: In decision variable clustering, nSel (number of solutions)
is equal to 2, nPer (no. of perturbations for solution) is equal to 4.
Furthermore, nCor is set to six, which signifies the number of solu-
tions used in the analysis of decision variable interaction. The penalty
parameter (α) of APD in the case of LMOCSO is fixed to 2.

• Metric used for evaluating performance: IGD [41], GD, and HV ana-
lyzes the effectiveness of all three algorithms that are being compared.
IGD considers convergence as well as diversity. A lower IGD value, Low
GD value and higher HV value suggests that the solution set obtained
is of higher quality.

• Significance Test: The Wilcoxon signed-rank test is used to determine
the statistical significance of differences at a 5 % level. This test is
used to compare the results of three competing algorithms. With a
significance level of 0.05, it uses a two-tailed test to assess if S3CMAES
performs better (“+”), similarly (“=”), or worse (“-”) than the com-
parison algorithms on each test problem.

4 Results and discussions

In this section, we present the performance results and their implications of
LMEA, LMOCSO, and S3CMAES on benchmark MaOPs and LSMOPs.
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4.1 Performance comparison of LMEA, LMOCSO, and
S3CMAES on benchmark MaOPs

Tables 3, 4, and 5 display the IGD values (mean and standard deviation) of
the three compared algorithms on the seven DLTZ problems having decision
variables (100,300,500), as well as number of objectives (3,5,10) acquired via
20 independent runs. The superior result on every test instance is highlighted
in bold. The Wilcoxon rank sum test has been employed at a significance
level of 0.05. The symbols “+”, “−”, and “≈” signify that the result is sta-
tistically better, significantly worse and significantly similar to that obtained
by S3CMAES, respectively. We can infer the following observations from the
Tables 3–5. This can be observed that IGD values generated by LMOCSO,
LMEA on every test problem are consistently improve as the amount of de-
cision variables grows from 100 to 500, that indicates a potential scalability
of LMOCSO and LMEA. LMOSCO surpasses the other two algorithms in
solving DLTZ1-7 whereas LMEA coming second. LMOCSO is the best in
all instances while S3CMAES have inferior performance. LMEA performs
fairly better in DLTZ2, DLTZ4 and DLTZ5. Low IGD values indicate higher
algorithm performance.

The performance of the three algorithms is visually compare with respect
to diversity and convergence, the coordinates of output solution acquired by
these three algorithms on ten objective DLTZ6 are presented in Figure 1.
From Figure 1b, we can deduce that the output solution of the LMOCSO
algorithm outperforms the other two compared algorithms with respect to
diversity and convergence. In LMEA, solutions at objective ten fails to con-
verge.

4.2 Performance comparison of LMEA, LMOCSO and
S3CMAES on LSMOP test suite

To assess the effectiveness of LMEA, LMOCSO, and S3CMAES on difficult
Large-scale MaOPs, experiments are conducted on the LSMOP suite. The
IGD values of three algorithms are presented in Table 6 having six objectives
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(a) (b)

(c)

Figure 1: Solutions acquired by three compared algorithms on ten-objective DTLZ six
problems with 300 decision variables (a) LMEA on DTLZ6. (b) LMOCSO on DTLZ6.
(c) S3CMAES on DTLZ6.

and (100, 300, and 500) decision variables acquired via twenty independent
runs. From Table 6, the subsequent observations can be drawn. LMEA
having 500 decision variables is performing better than two algorithms on
LSMOP2, LSMOP3, and LSMOP7-8. LMOCSO completely outperforms
the other two algorithms on LSMOP1, LSMOP4, LSMOP5-6, and LSMOP9.
In the case of LSMaOPs, LMOCSO outperforms the other two algorithms on
23 out of 27 test instances.

Table 7 presents the GD values of all three compared algorithms. LMEA
performs better on 14 out of 27 test instances, while LMOCSO performs
better on 9 out of 27 test instances. S3CMAES performs better on 4 out
of 27 test instances. Therefore, LMEA performs superior to the other two
algorithms in terms of GD values, while LMOCSO performs second best.
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LMEA outperforms LSMOP1-2 with 500 decision variables and LSMOP4,7,8
with 300 and 500 decision variables. LMEA significantly performs better on
LSMOP5,8. LMOCSO performs better than other algorithms on LSMOP1-
2 with 300 decision variables. LMOCSO performs significantly better on
LSMOP3,6 with 100, 300, and 500 decision variables and on LSMOP 9 with
100 decision variables.

Table 8 shows the HV values of three algorithms. Out of 27 LSMOP test
instances, LMEA performs better in 19 instances. In comparison, LMOCSO
performs better in 8 out of 27 instances. LMOCSO outperforms the other
two algorithms on LSMOP1-2 having 100 and 300 decision variables, also
LSMOP4 with 100, 300 and 500 decision variables and LSMOP5 with 100 de-
cision variables. With regards to HV performance on the majority of LSMOP
issues, it can be concluded that LMEA and LMOCSO are the best algorithms.

To confirm the computational efficiency of LMEA, LMOCSO and S3CMAES,
Table 9 presents the average runtime(s) of the three compared algorithms on
all runs for the test instances with 100, 300, and 500 decision variables, respec-
tively. It can be noted that LMOCSO is computationally more efficient than
the LMEA and S3CMAES on mostly all the test instances except LSMOP9
with 100 decision variables, where S3CMAES outperforms the other two al-
gorithms.

The performance of the LMEA, LMOCSO, and S3CMAES is compared
visually in terms of both convergence and diversity, and the output solution
acquired by the three algorithms on 10-objective LSMOP6 is presented in
Figure 2. From Figure 2a, we can deduce that the output solution set of the
LMEA algorithm is much better than the other two compared algorithms
with regard to both convergence and diversity. S3CMAES is performing
worst in terms of convergence. The output solution of three algorithms on
10-objective LSMOP7 is presented in Figure 3. From Figure 3c, we can
observe that S3CMAES is performing drastically worse than the other two
algorithms with regard to convergence. From Figure 3a we can conclude that
LMEA is performing more effectively.

The output solution of three algorithms on 10-objective LSMOP8 is pre-
sented in Figure 4. From Figure 4a, solutions of LMEA fail to converge at
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objective 10. From Figure 4b, the solution set in the case of LMOCSO is not
diverse.

(a) (b)

(c)

Figure 2: Solutions acquired by three compared algorithms on 10-objective LSMOP6
problems with 1000 decision variables (a) LMEA on LSMOP6. (b) LMOCSO on
LSMOP6. (c) S3CMAES on LSMOP6.

4.3 Performance comparison of LMEA, LMOCSO and
S3CMAES on UF and WFG test suites

In this section, we have compared the performance analysis of LMEA,
LMOCSO and S3CMAES on UF and WFG test suites. The two problems
UF9, UF10 and five problems WFG1-WFG5 have been considered from UF
and WFG test suites respectively. Table 10 displays the statistical results
of the IGD values of three algorithms with three objectives and 100, 300,
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(a) (b)

(c)

Figure 3: Solutions acquired by three compared algorithms on 10-objective LSMOP7
problems with 1000 decision variables (a) LMEA on LSMOP7. (b) LMOCSO on
LSMOP7. (c) S3CMAES on LSMOP7.

and 500 decision variables obtained during 20 separate runs. From Table
10, it can be observed that LMOCSO performs significantly better than the
other two algorithms. Whereas LMEA performs significantly better than
S3CMAES on 15 test instances.

4.4 Performance comparison of LMEA, LMOCSO and
S3CMAES with decision variables 1000

In this section, the performance of LMEA, LMOCSO, S3CMAES has been
compared by challenging them with 1000 decision variables. Table 11 presents
IGD values obtained by the three algorithms on LSMOP1-LSMOP9 with
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(a) (b)

(c)

Figure 4: Solutions acquired by three compared algorithms on 10-objective LSMOP8
problems with 1000 decision variables (a) LMEA on LSMOP8. (b) LMOCSO on
LSMOP8. (c) S3CMAES on LSMOP8.

six objectives and 1000 decision variables, via 20 runs. It can be seen that
LMOSCO still performs the best on LSMOPs, which confirms its effectiveness
in solving LSMaOPs.

4.5 Performance comparison of LMEA, LMOCSO,
S3CMAES and LMEA-hybrid with decision vriables
varying between 100-500

In this section, we have compared the performance of LMEA, LMOCSO,
S3CMAES with the proposed algorithm LMEA-hybrid. Table 12 shows IGD
values obtained by four algorithm on LSMOP1-9 with six objectives. It
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can been observed that LMOCSO performs best on 100 and 300 decision
variables (LSMOP1,3,4,5,6,7,9), while LMEA-hybrid performs better in case
of 500 decision variables (LSMOP1,2,3,4,6,7,8). Table 13 shows GD values of
four algorithms on LSMOP1-9. It can be observed that LMOCSO performs
better on LSMOP(3,6), whereas LMEA-hybrid is performing best on 12 test
instances out of 27.

5 Conclusion

With an increase in the number of objectives, Pareto dominance becomes
less efficient, such that most solutions end up being nondominated. This
calls for algorithms that can efficiently solve LSMaOPs with a large number
of decision variables and objectives.

To overcome this difficulty, we performed a thorough comparative study
of three cutting-edge LSMaOEAs—LMEA, LMOCSO, and S3CMAES—over
decision variable ranges of 100 to 1000, with uniform objective counts. Their
performance was measured by four important metrics: IGD, GD, HV, and
runtime. The results showed that LMOCSO performs consistently well for
the majority of test cases, showing scalability and robustness on benchmark
suites like DTLZ, LSMOP, WFG, and UF.

As part of this study, we also made a new variant—Hybrid-LMEA—that
combines decision variable clustering with competitive learning dynamics.
The hybrid model maintains a balance of the convergence-diversity tradeoff
by retaining structure during exploitation and encouraging exploration by
diversity-aware selection. It clearly demonstrated performance benefits on
LSMOPs with more than 500 decision variables, where it improves both IGD
and GD metrics consistently.

In future research, we intend to compare the performance of Hybrid-
LMEA on actual optimization problems, for example, software module clus-
tering, in order to further investigate its potential utility.
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Abstract

Solving intricate constrained optimization problems with nonlinear con-
straints is usually difficult. To optimize the constraint and structure engi-
neering design challenges, this work presents a novel hybrid method called
SDDS-SABC, which is based on the split-detect-discard-shrink technique
and the Sophisticated ABC algorithm inspired by the integration of branch-
and-bound-like concepts of interval analysis with heuristics, and it differs
from other methods in the literature. The advantage of the SDDS process
is that it shrinks the entire search region through recursive breakdown and
improves computational effort to focus on subregions covering potential so-
lutions for further decomposition. In order to identify the most promising
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subregion, SABC’s values are crucial in assisting in the extraction of the
best solutions from the subregions. Until the region shrinks to a nominal
width that represents the global or nearly global solution(s) to the opti-
mization problem, both SDDS and SABC are successively repeated. The
selection and rating criteria are used to support positive decision-making,
with the mindset of removing the subregion containing the unpromising
solution(s). Simultaneously, the subregion exhibiting a viable solution
is acknowledged as the present shrink region in anticipation of a subse-
quent split. We present a new initialization technique for food sources in
the SABC algorithm, called the quasi-random sequence-based Halton set,
which outperforms the current initialization procedure. Create a composite
strategy that uses the employed bee phase to investigate their neighborhood
while preserving their cooperative nature. In order to increase the optimiza-
tion efficiency, we also present a new dynamic penalty approach that does
not rely on any additional characteristics or factors like the majority of ex-
isting penalty methods. We test the statistical validity of SDDS-SABC by
applying it to engineering design problems and benchmark functions (CEC
2006). The results demonstrate that SDDS-SABC performs better than
its most studied competitors and proves its viability in resolving difficult
real-life problems. Additionally, the SDDS-SABC approach is appropriate
and numerically stable for the optimization problems. The main innova-
tion of the approach being described is its capacity to perform a static and
better optimal solution in the majority of runs, even when the problem is
excessively complex.

AMS subject classifications (2020): 65K10, 90C26, 90C31, 90C59

Keywords: Constrained optimization, ABC algorithm, Dynamic penalty
function, Engineering design problem

1 Introduction

Optimization is a numerical approach to solving practical problems in a va-
riety of domains and is a difficult decision-making process that keeps getting
difficult. The goal of decision-making is to, given the situation, determine the
best set of variables to combine in order to maximize or decrease the objec-
tive function within the specified bounds. Sustainable restrictions mean that
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it is usually more difficult to solve scientific and engineering problems when
the search space structure is limited to regions that are both feasible and
nonfeasible. This makes it challenging to extract the best feasible solution
from a subset of the feasible space. Constrained optimization problems are
what these problems are known as (COPs). In general, typical mathematical
programming techniques found in literature cannot address nonconvex or dis-
crete problems since they require gradient information in order to find optimal
solutions. They are also vulnerable to starting points. When the optimiza-
tion problems feature several or impulsive peaks, selecting the initial points
incorrectly makes the search for the global optimum difficult and unstable.
Furthermore, as the dimension of the choice variable increases and optimiza-
tion problems become extremely nonlinear, conventional methods break down
if the problem’s complexity rises any further. Using sophisticated, effective
algorithms that possess derivation-free formulations, simplicity, and flexibil-
ity is the best option. These algorithms can offer excellent results in vari-
ous real-world optimization scenarios. Numerous nature-inspired intelligent
optimization strategies and constraint-handling methodologies have been de-
veloped to address these kinds of problems [2]. Particle swarm optimization
(PSO) [27], ant colony optimization (ACO) [13], artificial bee colony (ABC)
[26], grey wolf optimizer (GWO) [41], and other swarm-based algorithms
are popular. The Darwinian evolution theory underpins evolutionary algo-
rithms such as genetic algorithm (GA) [42], differential evolution (DE) [48],
and Memetic algorithm [15], among others. The simulated annealing (SA)
[4], gravitational search algorithm (GSA) [50], big-bang big-crunch algorithm
(BBBC) [52], and other chemistry- or physics-based methods are inspired by
chemical or physical phenomena. The last type of algorithms is social or
human-based ones, such as the arithmetic optimization algorithm (AOA) [1],
teaching learning-based optimization (TLBO) [54], and brain storm optimiza-
tion (BSO) [57]. These algorithms are inspired by human or social behaviors.
These algorithms’ drawbacks include their propensity for local convergence,
need for parameter tweaking, and so on. They perform so poorly in the
majority of optimization problems. Furthermore, the majority of these tech-
niques is designed to address unconstrained optimization problems. Several
techniques for handling constraints are integrated into these algorithms to
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handle restricted optimization problems. During the algorithm’s iterative
process, these techniques direct the population of solutions towards the more
feasible region. Furthermore, the aforementioned significant shortcomings
of the heuristic algorithms prompted the necessity of creating a more so-
phisticated version of the algorithms in terms of computing efficiency and
solution quality. Therefore, obtaining more robust algorithms, fusing local
search methods combined with additional heuristic approaches, or combining
multiple heuristic methods captured the researcher’s interest to form hybrid
algorithms (see [14, 2, 58, 20, 21]). Hybridization of PSO with GWO [55], GA
with GSA [16], Cuckoo Search (CS) with DE [67], hybrid firefly algorithm
with grouping attraction (HFA-GA) [8], an improved firefly algorithm (UFA)
[6], an enhanced leadership-based GWO (GLF-GWO) [19], GGA with the
gradient-descent (GD) [10], PSO with DE [32], and many more have been
recently proposed hybrid algorithms. Additionally, other approaches to man-
aging constraints have been proposed, such as (1) penalty function meth-
ods [64, 60] (2) handling the goal function and constraints independently
[38, 45, 12, 53, 59] (3) Hybrid approaches [45, 38] and (4) multiobjective-
optimization methods [62, 23]. Using penalty functions, such as the death
penalty, static penalties, dynamic penalties, annealing penalties, adaptive
penalties, and co-evolutionary penalties, is a common and simple method of
handling constraints. These functions convert restricted problems into un-
constrained ones. The majority of these constraint handling strategies have
significant disadvantages. Certain methods may yield an unfeasible solution
or necessitate numerous more factors with uncertain values; still others are
situation-specific, meaning that a special approach must be developed for a
given problem. By lowering their fitness values in proportion to the degrees
of constraint violation, these techniques penalize impractical solutions. Fur-
thermore, the majority of these penalty systems have parameters that need
to be carefully experimented with in order to determine the proper values in
order to produce workable solutions. Certain problems may respond well to
the specified parameter values, while other problems may not respond well to
them. In order to address this reliance of algorithm performance on penalty
parameters, scholars have developed advanced penalty function methodolo-
gies.
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It is worth questioning what the better sampling methods are that could
be employed for generating initial solutions in evolutionary algorithms and
what the appropriate penalty function value is to improve the advancement
of solutions towards feasibility. It is usually more difficult to solve scientific
and engineering problems when the search space structure is limited to re-
gions that are both feasible and nonfeasible. This makes it challenging to
extract the best feasible solution from a subset of the feasible space. The
objective of this study is to present a hybrid optimization approach combin-
ing an interval approach with the ABC algorithm to solve the benchmark
constrained optimization and engineering design problems. The aims of this
work are to implement a new initialization method in the ABC algorithm and
formulate a new dynamic penalty function formula to handle the constraints
of the benchmark optimization problems.

The No Free Lunch idea is supported by the fact that, despite the fact that
numerous heuristic algorithms have been created; they are all plagued by the
inability to effectively address every optimization problem that is presented
to us. Furthermore, research demonstrated that certain algorithms yield
more optimal outcomes than others. Thus, creating an enhanced heuristic
method for various optimization issues remains an unresolved matter and
is greatly appreciated by scholars, provided that they provide a noteworthy
contribution to the domain. This encourages us to present a novel, efficient
heuristic algorithm for solving COPs that differs from the one seen in the
literature.

We present a novel hybrid optimization technique in this work, termed
“(SDDS-SABC)”, that combines two phases: Phase 1 involves the split-
detect-discard-shrink (SDDS) strategy, and Phase 2 involves the sophisti-
cated artificial bee colony (SABC) algorithm being executed. The funda-
mental principle of the SDDS is to divide the whole of n-dimensional Eu-
clidean space into two subregions of a specific form by first splitting near
the first variable’s midpoint on its axis. Every subregion has undergone the
SABC phase in order to identify and eliminate any subregions that cover
unpromising solutions. By analyzing the two solutions that SABC created in
each subregion and selecting the subregion with the most promising solution,
the interval arithmetic rule has been utilized to identify the subregions that
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can be rejected. The hybrid algorithm’s first cycle is now finished. Through
repetitive switching of the SDDS and SABC phases, the approach explores
the search for the region of promise. The ith variable’s axis is split about the
chosen subregion’s midpoint in n-dimensional Euclidean space during the ith
cycle SDDS phase. During each splitting, the selected subregion is split into
two subregions, and ABC is implemented for every subregion. The proce-
dure for splitting, detecting, discarding, and shrinking the chosen subregion
is repeated several times using SDDS and SABC, concentrating computing
effort on the promising subregion each time. When the reduced zone ap-
proaches negligible width, the cycle count comes to an end. This condition
means that the global optimum, or something close to it, has been identified.
This improves the search space’s exploitation potential while enhancing the
ability to explore high-quality solutions and combine algorithmic strength.
A variety of numerical test issues and engineering design difficulties have
been resolved in order to assess the effectiveness of the suggested methodol-
ogy. The Friedman and Wilcoxon test was used to compare the suggested
SDDS-SABC algorithm to other cutting-edge algorithms.

Our results demonstrate that for most benchmark functions in the domain
of wide and restricted search spaces. We find that our hybrid methodology
outperforms the majority of recently developed techniques.

2 Novelty and contributions of our proposed method

We propose a novel hybrid algorithm called SDDS-SABC to address the lim-
itations of the existing heuristic algorithms and the penalty function. In the
following paragraphs, we highlight our paper’s novelty and contributions.
a. In this paper, we provide a novel hybrid algorithm that combines the ideas
of interval analysis and heuristics to solve intricate restricted optimization
problems. The goal of this integration is to increase algorithms’ robustness,
convergence rate, and solution quality while guiding them toward an efficient,
effective, and robust search.
b. We present a quasi-random formulation for initialization after recognizing
the drawbacks of random, chaotic, or logistic initialization of the food source.
In this case, we create an initial population that is more uniformly dispersed
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over the search area, which may lead to more reliable results.
c. To increase the algorithm’s adaptability, the composite strategy is em-
ployed the bee stage to introduce a two-way search space exploration.
d. We present a new dynamic penalty approach that is straightforward in
form and does not require any additional parameters or penalty factors in
order to address the drawbacks of the current penalty factors. In order to
increase the optimization efficiency, the burden of fine-tuning the penalty
factors and parameters has been eliminated. It has not yet been documented
in the literature that these three key features were used in the heuristic al-
gorithm’s creation.
e. Analyze our proposed hybrid algorithm’s effectiveness through compre-
hensive numerical testing on benchmark CEC 2006 and some engineering
design problems in MATLAB.
f. Compare our SDDS-SABC hybrid algorithm with other state-of-the-art
algorithms using the Friedman and Wilcoxon test and demonstrate its sta-
tistical performance.
g. Our results demonstrate that our method works well for the majority of
benchmark optimization problems in the domain of wide and narrow search
spaces. The proposed approach performs more accurately than the most
recent methods.

3 An overview of the hybrid ABC algorithm

Karaboga introduced the ABC algorithm, a nature-inspired stochastic opti-
mization technique based on swarm intelligence, in 2005 (see[24]). The clever
way that honey bees look for food and communicate that knowledge to other
bees in their hive has served as inspiration for the algorithm. The tech-
nique was originally designed to solve unconstrained optimization problems.
On the one hand, its capacity to resolve a wide range of multidimensional
and multimodal real-world optimization problems has drawn a lot of interest
since its inception. However, it also had some significant drawbacks, includ-
ing a slow rate of convergence, inept exploration, limited exploitation, and a
propensity to become trapped in local optima. The algorithm has been found
to be better than other algorithms despite its drawbacks due of its adaptabil-
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ity, simplicity, resilience, and requirement for a smaller number of training
parameters. Therefore, it is easier to combine it with multiple algorithms.
Considering its benefits and shortcomings, academics have been inspired to
expand, alter, or combine ABC with different population-based algorithms or
traditional techniques in order to improve its efficiency. The study expanded
the scope of hybrid ABC algorithm development beyond numerical COPs to
include a broad spectrum of application-based problem optimization.

For example, in order to deal with restrictions, Karaboga and Akay [25]
devised an updated ABC to solve COPs, applying Deb’s feasibility-based
tournament selection operator criteria [25]. Changes have been made to
ABC’s scout bee operator and selection mechanism by Mezura-Montes and
Cetina-Domı́nguez [40]. They dealt with using the search area confined by
the equality and inequality criteria by using the dynamic tolerance prop-
erty and tournament selection. In order to improve exploitation, Brajevic [5]
suggested updating the ABC algorithm and changing the phases of the em-
ployed and scout bees. Deb’s feasibility-based principles helped them keep
the limitations under control. Once more, Li and Yin [28] have presented
a self-adaptive constrained ABC algorithm (SACABC) based on the feasible
rule approach and multiobjective optimization technique. The employed bees
produced better results in their method by using the new search scheme that
adheres to the feasible rule. To further investigate the new search area, the
observer bees employed an improved search approach based on the multiob-
jective optimization problem technique. Brajevic and Tuba [7] proposed an
upgraded ABC algorithm and modified employed and scout bee’s phases for
better exploitation. They used Deb’s feasibility-based rules to manage the
constraints. Furthermore, Brajevic [5] has presented a new version of the
crossover-based ABC method, called CBABC, to solve constrained optimiza-
tion issues.

Two distinct formulas for inequality and equality constraints were estab-
lished in order to address border restrictions and dynamic tolerance. Con-
versely, Deb’s feasibility-based rules have been loosened in the improved
ABC (IABC) algorithm suggested [30] by approximating feasible solutions
to a better objective function value with a slight violation. Inspired by the
gbest-guided ABC (GABC) method, they have also developed a new search
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technique to improve exploitation, utilizing the most optimal solution’s data.
It has been pointed out by Liu et al. [33] that Deb’s feasibility-based rules
may result in premature convergence, especially for the problems with an
equality constraint. In order to address limitations, Long et al. [37] have
developed a unique constrained optimization technique called IABC-MAL.
This method combines the advantages of the modified augmented Lagrangian
(MAL) method with IABC algorithm capability for achieving the global opti-
mum. The first attempt to combine the augmented Lagrangian approach and
the ABC algorithm is presented in this publication. For restricted optimiza-
tion problems, Bansal, Joshi, and Sharma [3] suggested modifying GABC
(MGABC). In their work, GABC [68] is adjusted by introducing the idea
of fitness probability-based individual mobility in both the employed and
onlooker bee phases. This inspired them to suggest a brand-new dynamic
penalty function and an ABC-based Levy flight algorithm (DPLABC) for
resolving the COPs.

To expedite the local search, they have used a dynamic logistic map in con-
junction with the Levy flying technique with the used bee phase. Wang and
Kong [63] have discussed the enhanced artificial bee colony (EABC) algorithm
and its application in solving optimization problems. The algorithm is com-
pared to other variants of the ABC algorithm on various test functions and
engineering optimization problems. Phoemphon [46] has introduced grouping
and reflection of the artificial bee colony, a distinctive adaptation of the tra-
ditional ABC algorithm meticulously tailored to meet the specific demands of
high-dimensional numerical optimization problems by balancing exploration
and exploitation processes. Patra et al. [44] have presented an efficient multi-
objective optimization approach utilizing the ABC algorithm for minimizing
generation fuel cost and transmission loss through the optimal placement
and sizing of flexible AC transmission system (FACTS) controllers. Liu et
al. [36] have developed a learning-based ABC algorithm by integrating deep
reinforcement learning for operation optimization in gas pipelines. In addi-
tion to the aforementioned algorithms, some hybrid ABC algorithms were
specially created by researchers to address real-world application problems
in the fields of economics (ABC with CMA-ES [66]), industrial engineering,
electrical engineering [39], and mechanical engineering (ABC with LS-SVM
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[18]); inventory model (ABC with GA [47]; DE with ABC, [9]; sheduling
(HABC [17]); cluster analysis (PSO-ABC [49]); routing problem [51, 22]; and
wireless network [61, 65, 43].

4 Sophisticated artificial bee colony (SABC) algorithm

Based on the fundamentals of Karaboga’s ABC algorithm, we provide a
SABC algorithm that includes changes to the initialization procedure, used,
and scout bees search approach, all of which we will cover in the upcoming
subsections. According to the idea, one potential solution to the optimiza-
tion problem is to locate the food sources. The associated solution’s fitness
and the objective function are represented by the amount of nectar present
in the food supply. Finding the food source with the most nectar is the goal
(optimal solution). The employed bee, spectator bee, and scout bee are the
three groups into which the SABC algorithm divides the bees in order to do
this. There are an equal number of food sources, working bees, and bystander
bees. Each bee group’s participation is crucial for producing higher-quality
honey. In order to reach the optimum, the mathematical formula used by the
bees in a new food location update must be sufficiently competitive. In order
to draw in other interested bees, employed bees search for food sources and
disseminate information about them. Assuming a probability related to the
quality of the food sources, observer bees follow and utilize the food sources
found by all working bees. The hired bees, known as scouts, abandon a food
source and look for other sources if a solution matching that food supply
is not improved by a particular number of limits. Each step of the SABC
process is explained in depth in the algorithm below:

Algorithm-1:
begin
Define it, MaxIt and MNC as current iteration numbers, maximum
iteration number and maximum number of cycle, respectively.
Compute initial population of probable solutions xi,j of popsize SN
(i = 1, 2, . . . , SN, j = 1, 2, . . . , n) using our proposed quasi-random method
(see Sec 4.2) and calculate their fitness value.
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repeat

begin Employed bee’s stage:
The Employed bee’s, produce new solutions vi,j using our proposed

strategy search techniques. (see Sec. 4.3).
Apply greedy selection
Memorise the best solution achieved so far

end

begin Onlooker bee’s stage:
Compute the probability value for the new found ith solution using the
formula:

pi =
fiti(xi)∑SN
i=1 fiti(xi)

,

where

fiti(xi) =

{
1 + |f(xi)| if f(xi) ≤ 0,

1
1+f(xi)

if f(xi) ≥ 0.

is the fitness value of the ith solution and f(xi) is the objective function
value of the solution xi.
Using Roulette wheel selection to produce a new solution:

vi,j = xi,j + sin(i− it

MaxIt
) ∗ (xi,j − xk,j) (i 6= j)

Compute the fitness value and apply greedy selection
end

begin Scout bee’s stage:
if xi,j remains same till max limit is reached abandon xi,j using our
proposed scout bees formula (see sec. 4.4)
end

Compute the fitness of new found solutions

Memorize the best found solution achieved so far
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end

Update the best found solution.

Until
predefined MNC is reached.

4.1 ABC parameters and the effect of the algorithm’s
initial solutions

We are well aware that ABC conducts excellent exploration but subpar ex-
ploitation. Furthermore, for certain complicated functions, it can become
caught in local optima and has a rapid convergence rate. The ABC Algo-
rithm’s convergence depends heavily on the parameters needed to run it;
hence, they must be carefully chosen. These include the population size or
popsize (SN), the maximum number of cycles (MNC), the limit value (L)
for giving up the food source, and the first potential solution (s) or loca-
tion of food sources (n). Selecting these parameters incorrectly can lead
to pre-convergence or the convergence to an optimal solution at a higher
computational cost. ABC is also a black-box optimizer. As a result, when
optimizing complex functions, it is impossible to pinpoint the ideal solution’s
location within the problem’s search space. Consequently, these solutions
will be improved iteratively by the ABC optimization process’s steps until a
stopping condition is satisfied, regardless of how well the initial population
guess turned out. Generally speaking, accurate first guesses can facilitate
the algorithm’s search for the optima. Conversely, if poor predictions are
made at the beginning, then the algorithm might not be able to discover
the global optima. In these circumstances, scientists can decide to employ
a sophisticated initialization procedure to produce a diversified initial pop-
ulation that spreads widely and covers interesting areas of the search space
that may include good local optima or potential global optima. Furthermore,
by improving the methods used by employed bees, observer bees, and scout
bees to produce new food sources, one can overcome the negative effects of
parameters and initial solutions. In each iteration, the structured approach
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needs to provide sufficient force to move those suboptimal solutions towards
the optimal region.

As a result, the ABC study has made avoiding local optima and quickening
the rate of convergence attractive objectives. We change the search equation
of the fundamental ABC algorithm and provide a new initialization technique
to address these. This improved ABC algorithm is known as the SABC
algorithm.

4.2 Quasi-random sequence based food sources
initialization

To enhance the quality of the current initialization procedure, we are driven
to implement a new initialization method in the ABC algorithm. One of
the common techniques employed by researchers is random initialization, in
which food sources and/or beginning solutions are randomly chosen from
a uniform distribution between the lower and upper bounds of the decision
variables. On the other hand, there is little likelihood that a randomly gener-
ated population will encompass interesting areas of the search space for tiny
populations. Consequently, it reduces the likelihood of discovering global
optima. Conversely, if the population size is extended to encompass the
whole search space region, the computing cost goes up. Another possibility
is that the population becomes concentrated in a certain location as a result
of repeated generation and overlap of identical solutions. In order to obtain
a decent distribution of initial solutions regardless of population size, some
writers focused on substituting the chaotic initialization approach based on
a chaotic or logistic map for the random initialization. With less calculation
time, this mapping strategy explores a superior solution and performs consid-
erably better than the random one. However, their disadvantage is that the
mapping that is employed is dependent on a chaotic/bifurcation parameter,
the values of which must be carefully chosen by the user and vary depending
on the situation.

Using a stratified-random approach called quasi-random sequence, we cre-
ate a parameter-free and more equally distributed beginning population in
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our algorithms, which could yield more accurate results than the methods
mentioned previously. To determine if using quasi-random sequences with
the Halton set in the beginning population would result in a better value for
the objective function at the end is our goal. A GA’s starting population
is typically referred to as random. However, it is a well-known fact that
algorithms cannot produce random numbers. Commonly used algorithmi-
cally produced numbers simply attempt to mimic random numbers. More
precisely, they are known as pseudorandom numbers. We refer to numbers
that are genuinely independent as “genuine random numbers” in order to
distinguish them from pseudorandom numbers. Quasi-random sequences are
another type. A quasi-random sequence’s points are arranged to keep as far
away from one another as possible. Stated differently, the points produced
by quasi-random sequences attempt to mimic points with a “perfect uniform
distribution,” whereas the points produced by pseudorandom numbers at-
tempt to mimic actual random points. The former is unachievable, whereas
the latter is highly challenging if not impossible. Large partitions that are
not needed, however, will raise the cost of computing.

The Halton set initialization method based on quasi-random sequences is
computed and discussed in Algorithm-2 below.

Algorithm-2:
begin

define the n-dimensional decision variable xi ∈ [xmin, xmax] (i = 1, 2, . . . , n)

& xmin < xmax, xmin and xmax may or may not be the same for each xi

Set i = 1

Set SN = The number of food sources that will be accessible to bees

repeat

(i) define halton set object Q that contains n-dimensional decision variable
xi points

(ii) each P (i, :) is a point in a Halton sequence, the jth coordinate of the
point,

P (i, j) is equal to
∑∞

k=1 aij(k)b
−k−1
j , where bj is the jth prime number
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(iii) aij(k) coefficients are nonnegative integers less than bj such that

i− 1 =
∑∞

k=0 aij(k)b
k
j

i.e. the aij(k) values are the base bj digits of the integer i− 1.

(iv) generate random variable Halri r = 1, 2, . . . , SN using the formula
Halri = xmin +Q.(xmax − xmin), where Q is Halton point set in (0, 1)

(v) set i = i+ 1

until (i = n)

represent Hal1i ,Hal2i ,Hal3i , . . . , HalSN
i as the first, second, third,. . ., SN th

randomly selected food source (i = 1, 2, . . . , n)

end

Using quasi-random initialization, we display the widely dispersed locations
of sources of food in two dimensions in Figure 1 and the deviation from the
uniform random distribution in Figure 2.
From Figures 1 and 2, we can see that the quasi-random method covers the
space better than all the other methods. Additionally, the quasi-random set
initialization method increases the distance between the generated points,
and this is also a good indicator for covering a large area in the space. On
the other hand, with the uniform random method, which is the most
commonly used sampling method, the generated points do not cover the
whole space, and there are many gaps.

4.3 Composite-strategy for employed bees stage

Upon initializing the food sources or solutions xi,j
(i = 1, . . . , SN, j = 1, 2, . . . , n) of size popsize, the ABC algorithm directs
the employed bees to the search zone that corresponds to the food source’s
position. Every bee travels to a single food source xi,j and learns where it is
by heart. Then, in search of new food sources, hired bees start to search the
area around the food sources they have committed to memory. Of course,
not every bee behaves the same way when it comes to foraging, and
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Figure 1: Quasi random sampling

Figure 2: Uniform random sampling

individual bee behavior may vary throughout. Occasionally, their distinctly
distinct behaviors serve as the foundation for developing new strategy
equations for the neighborhood search process in (1). This allows them to
explore their neighborhood and generate a new solution vi,j while
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preserving their cooperative contribution.

vi,j =
xi,j + xi,k

2
+ sin(exp(i− it

MaxIt
)) ∗ (xi,j − xi,k), for 1 ≤ i ≤ SN.

(1)

where j, k ∈ {1, 2, . . . , n} are selected at random, and k and j are distinct
from one another.

The bees in (1) swap out their previously learned food places, xij , for
a randomly selected food position, xi,k( 6= xi,j). They then explore locally,
rotating 360 degrees to create a new position, vi,j , by moving left to right
or above to downward. When deciding whether to keep the old location xi,j
or consider the new one vi,j , a greedy selection method is used to assess the
fitness value at each step.

4.4 Scout bee’s phase

We have put out a new formula for scout bees that will enhance the perfor-
mance of the SABC algorithm. Here, using our suggested formula, the bees
haphazardly create a new food source or solution to replace the abandoned
one.

xi,j = xmin
j + P.(xmax

j − xmin
j ), (2)

where P = φi,j ∗ ( 1

1+e(
j

maxIt
)
), φi,j ∈ rand(0, 1), i = 1, 2, . . . , SN , j =

1, 2, . . . , n and MaxIt is the maximum number of iteration.

It is important to note that this formula aids in exploring the whole solu-
tion space, gradually shifting to the upper bound as the number of iterations
increases from the lower bound.

5 Problem definition

We take a look at the COP, which is defined as follows:

Optimize f(x) = f(x1, x2, . . . , xn),
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subject to S = {Gl(x) ≤ 0,Hk(x) = 0; l = 1, 2, . . . , p; k = 1, 2, . . . , q}, (3)

for all x ∈ Rn.

The feasible region specified by a set of p+q constraints is denoted by S ⊆ D,
and the objective function f(x) is defined on the search space D ⊆ Rn.
The domain of the decision variables of the problem are defined by the n-
dimensional interval vector in Euclidean spaceRn = xj ≤ xj ≤ xj ; j = 1, 2, . . . , n,
where xj is the jth variable whose upper and lower bounds are xj and xj ,
respectively. The function f(x) is not necessarily differentiable, but it might
be linear, nonlinear, convex, nonconvex, and differentiable. The p equal-
ity and q inequality constraints are Gl(x), Hk(x), and they might be lin-
ear, nonlinear, convex, or nonconvex. In practice, inequality constraints
Gk(x) = |Hk(x)| − ε ≤ 0, (k = 1, 2, . . . , q) are used in place of equality con-
straints Hk(x) = 0, (k = 1, 2, . . . , q). Here, ε is a very tiny positive value. As
a result, (m+p) inequality restrictions replace all of the previously mentioned
constraints.

In order to solve the inequality COPs using our proposed SDDS-SABC
approach, we now employ the penalty function method, which is a widely used
constraint handling technique appropriate for population-based optimization.
The process of converting into an unconstrained one from a constrained op-
timization problem is the main characteristic of this approach.

When their related solutions defy the constraints, penalize the objective
function by a certain amount. This allows for the preservation of work-
able solutions while rejecting unworkable ones. However, as neither over-nor
under-penalization is desirable, determining a suitable penalty amount is a
matter of interest. Many penalty methods have been proposed in the litera-
ture; each has its advantages and disadvantages. The functions for the death
penalty, static penalty, and dynamic penalty approach (Joines and Houck
1994a), adaptive penalty (Yen 2009), exact penalty (Yu et al. 2010), and
so on are a few examples of these techniques. The most sophisticated and
widely used approach is the technique of the dynamic penalty function, which
we will talk about in Section 5.1. This section introduces many variants of
dynamic penalty function techniques that Liu et al. have recently developed
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in the following years. In Section 5.2, we also present a novel approach using
the dynamic penalty function.

5.1 Existing methods for dynamic penalty function

While there are other approaches to penalize the nonfeasible function, such
as dynamic, adaptive, static, and so on, a dynamic penalty works better.
Here, nonstationary values are applied at various iterations as a penalty to
the unfeasible individuals. As near the feasible area inside the search space,
the penalty parameter progressively increases with the number of iterations.
They frequently rely on other, difficult-to-determine characteristics. We will
now talk about the recently suggested dynamic penalty systems, pointing out
their shortcomings and suggesting a new one to get around them.

(a) The dynamic penalty function was developed by Liu et al. [35] in
2015. It involves changing the values of the penalty parameters based on the
generation number (gen). According to definitions, the penalized function is

F (x) = f(x) +H(β, x), (4)

= f(x) +

q∑
j=1

pjP
β
j (x) +

m∑
j=q+1

pjPj(x),

where

Pj(x) =

{
0 if gj(x) ≤ 0,

|gj(x)| otherwise.

and

Pj(x) =

{
0 if − ε ≤ gj(x) ≤ ε,
|gj(x)| else.

Here, pj changes with generation number in the following way, and β is a
constant that is selected as either β = 1 or β = 2:

pj(gen) =

 10θ1 .(1 + e(
θ2(

Gmax
2

−gen)

Gmax ), if vj > ε,

0, otherwise,
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where the tolerance for the constraint violation is ε, the maximum iteration
number is Gmax, and the jth constraint violation is vj . They made the as-
sumptions that gen = 500, θ1 = 3, and θ2 = 2, 4, and 6, respectively, in
their study. They demonstrated that the value of pj rose exponentially with
generation and that it could be used for optimization purposes, both for
exploration and exploitation.

(b) Subsequently, in 2016, Liu et al. [34] changed their suggested dynamic
penalty function (a) and reformulated the penalized function as follows:

F (x) = f(x) +H(β, x), (5)

where

p(gen) = 10

θ2−θ1

1+e

20(−gen+G
4

)

G

+θ1

.

Depending on the generation number, the dynamic penalty factor (S-type
function) changes. The restricted range for this component is [10θ1 , 10θ2 ],
where the penalty parameter’s scope is indirectly defined by θ1 and θ2. A
smaller p will diverge in the search space early in the algorithm generation,
increasing the variety of the population. With rise in generation, a more
substantial p will boost the algorithm’s convergence to the global optimum.
They made the assumptions θ1 = 2 and θ1 = 6 in their work.

(c) Liu et al. [31] have further revised the penalty approach specified in
(b). The penalized functions were expressed as follows:

F (x) = f(x) + P (x), (6)

where
P (x) =

∑q
j=1 µjHj(gj(x)).gj(x) +

∑m
j=q+1 γjHj(hj(x))|hj(x)|

Hj(gj(x)) and Hj(hj(x)) are denoted as

Hj(gj(x)) =

{
1, if gj(x) > 0,

0 otherwise,

Hj(hj(x)) =

{
1, if |hj(x)| > 0,

0 otherwise.
Liu et al. also modified the dynamic penalty factor (S-type function) as

µ(g) = 10

θ2−θ1

1+e

20(−g+MCN
4

)

MCN

+θ1

,
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where g is the iteration number and µ is constrained to lie in [10θ1 , 10θ2 ] by
penalty parameters θ1 and θ2. Similar to the penalty technique mentioned
above, the search space will diverge at the beginning of algorithm develop-
ment for a smaller µ, increasing population diversity. A larger µ will improve
the algorithm’s convergence to the global optimum as generation increases.
They have assumed θ1 = 4 and θ2 = 6 in this function.

5.2 Proposed dynamic penalty method

(d) It is generally known that the control parameters β, θ1, and θ2 have been
the primary basis for the construction of all the aforementioned penalty tech-
niques. The penalized objective function is greatly impacted by the values of
these parameters, which must be adjusted suitably based on the algorithm’s
initial testing. It shows trouble biasing the search towards the viable region
if these parameter values are not adequate. Unlike the previously stated
penalty function approach, we present a novel dynamic penalty method in
this work that has a straightforward form and does not require any addi-
tional parameters or punishment factors. Therefore, in order to increase the
optimization efficiency, the burden of fine-tuning the penalty factors/param-
eters has been avoided here. In order to penalize the infeasible solutions
and favor feasible solutions, we include in our penalty formula the maximum
iteration (MaxIt), the current generation number (it), and the number of
constrained violations (nconv(it, i)). This allows us to quickly and easily
guide the population to the feasible region. The information of the objective
function and restrictions violation that is clubbed by the penalized function
has been specified as follows:

F (x) = f(x) + P̂

p+q∑
l=1

Gl(x), (7)
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where

P̂ =

 0, if Gl(x) ≤ 0,

10{e
2∗(ncov(it,i)∗

(MaxIt
4

−it)

(MaxIt)4
)
}, if Gl(x) > 0.

Our suggested dynamic penalty differs significantly in another way: It
gradually reduces as solutions go towards the feasible solution area, and it
increases for nonfeasible solutions the further they are from the viable zone.
At each algorithm iteration, we illustrate in Figure 3 the fluctuation in the
arbitrary nonfeasible solution’s penalty coefficient (P̂ ) when the population
approaches the feasible solution space.

Figure 3: Variation in P̂ of arbitrary nonfeasible solution in terms of iteration number

6 Proposed hybrid SDDS-SABC algorithm

In order to create an improved algorithm that could effectively solve the
COP with higher reliability, two techniques SDDS and SABC have been
combined to create a novel hybrid optimization algorithm (SDDS-SABC).
Through recursive decomposition, the SDDS approach reduces the size of
the entire search region and concentrates computing effort on the subregion
that has viable answers for additional decomposition. Comparatively, SABC
is essential in identifying the most promising subregion by removing the best
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solution to date from the subregion it is being implemented over. These
procedures are carried out one after the other until the region shrinks to
a nominal width. Below is a detailed discussion of these approaches’ most
notable feature.

6.1 Method of split-detect-discard-shrink (SDDS)

The basic motivation behind the SDDS is to initially split at the midpoint
of the axis of the first variable of n-dimensional Euclidean space to partition
the entire Euclidean space into two subregions of a particular shape. In the
proposed SDDS approach, a series of stages involving SDDS is systemati-
cally undertaken to sequentially partition the Euclidean space where COP is
defined into smaller and smaller subregions then solved recursively until no
further division is conceivable. The following is how these steps are handled:
(1) Using recursive splitting, we divided the search space D into two discrete
subspaces, D1 and D2, along the xj , (j = 1, 2, . . . , n) axis, one variable at
a time. (2) Determine which subspaces correspond to a better solution that
represents a promising area in the search space by evaluating the function
value at every feasible point in the two subspaces, D1 and D2. (3) Discard
any subspace without a promising solution, based on the matching solutions
of D1 and D2. (4) Reduce the initial search space D to the appropriate
subspace of D1 or D2, depending on which one contains the most promising
solutions. Now either D1 or D2 becomes D. Until the search space D is
limited to an area of nominal width containing the global optimal solution,
all of these steps are repeatedly performed.

We perform the recursive splitting of D into D1 and D2 in the following
manner. The first variable’s range, x1 ∈ [x1, x1], should first be divided into
two equal and disjoint sub-intervals: [x1,m1] and [m1, x1]. Selected along the
x1-axis, the point m1 =

(x1+x1)
2 represents the first variable of n-dimensional

Euclidean space. The promising region among D1 and D2 is replaced by D.
Then, separating D into D1 and D2 is done by dividing the range of the
second variable x2 ∈ [x2, x2] into two equal and disjoint subintervals [x2,m2]

and [m2, x2] with a point m2 = (x2 + x2)/2. This point is located along the

Iran. J. Numer. Anal. Optim., Vol. 15, No. 4, 2025, pp 1538–1588



1561 Combining an interval approach with a heuristic to solve constrained ...

x2-axis at the center of the n-dimensional Euclidean space’s second variable.
Thus, dividing the whole Euclidean space into the two subregions, D1 and
D2, continues in this manner until the nth variable is reached. Actually,
to continue the splitting process, each axis of variable xj is taken in turn,
starting with j = 1, going up to j = n. The expression for splitting D into
two subregions of a certain form is as follows:

D1 = {x ∈ Rn : xi ≤ xi ≤ mi = (
xi+xi

2 ), xj ≤ xj ≤ xj , j = 1, 2, . . . , i− 1, i+

1, . . . , n},

D2 = {x ∈ Rn : mi = (
xi+xi

2 ) ≤ xi ≤ xi, xj ≤ xj ≤ xj , j = 1, 2, . . . , i− 1, i+

1, . . . , n}.

If D is not reduced to a region of nominal width after all the n-axis have been
progressively separated, then we repeat the full sequential partition process.

The stages involved in SDDS have been demonstrated in Figure 4 below
[56].

Figure 4: Displaying the SDDS strategy’s steps
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6.2 Using SABC to identify the promising subregion

View of both drawbacks and merits, we have been motivated to extend,
modify, or hybridize ABC with variants of population-based algorithms or
classical methods to boost its performance. The research did not just restrict
the development of hybrid ABC algorithms to numerical COPs but also op-
timized a wide range of application-based problems. SABC phase has been
applied to each subregion to detect and discard the subregion covering non-
promising solution. The interval arithmetic rule has been used to indicate the
subregions which can be discarded by comparing the two solutions, SABC
produced in the subregions, and choosing the subregion holding a promising
solution. This completes the first cycle of the hybrid algorithm. The method
proceeds to explore the search for the promising region by repeatedly alter-
nating the SDDS and SABC phases. Understanding if one subregion, repre-
sented by D1, covers a more promising solution(s) than the other subregion,
D2, and vice versa, and then choosing the most promising subregion based
on that understanding is a critical challenge in this black box optimization
process. In order to accomplish this, we have included the SABC algorithm
into the SDDS technique, which may be applied to optimization issues that
are specified in both D1 and D2. The subregion covering the nonpromising
solution(s) was then discarded using a ranking and selection rule, and the
subregion with the promising solution could be named the current shrink
region D for further splitting. This process was done from the perspective of
optimistic decision makers, who compared the best solutions obtained from
both regions. The ranking and selection rule utilized for the minimization
problem has been detailed below:

Let F1, Con1 ∈ D1 and F2, Con2 ∈ D2 be such that

F1 = f(x∗1), Con1 =
∑p+q

1 Gl(x
∗
1); x∗1=best solution obtained by SABC in

D1 and

F2 = f(x∗2), Con2 =
∑p+q

1 Gl(x
∗
2); x∗2=best solution obtained by SABC in

D2.

1. If Con1 = Con2 = 0 & F1 < F2, then choose D1 and discard D2
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2. If Con1 = Con2 = 0 & F2 < F1, then choose D2 and discard D1

3. If Con1 < Con2 & whether F1 < F2 or F1 > F2, then choose D1 and
discard D2

4. If Con2 < Con1 & whether F1 < F2 or F1 > F2, then choose D2 and
discard D1

5. If Con1 = 0, Con2 = γ( 6= 0) & whether F1 < F2 or F1 > F2, then
choose D1 and discard D2

6. If Con1 = γ ( 6= 0), Con2 = 0, & whether F1 < F2 or F1 > F2, then
choose D2 and discard D1

6.3 Computational Complexity

Using the fundamental ABC method, we can evaluate the computational
complexity of our proposed method. It should be noted that as it varies
depending on the problem, we disregard the time required to compute the
objective function here. We assume that TMaxIt is the maximum number
of iterations. For ABC, its computational complexity is O(TMaxIt × SN).
As for the proposed SDDS-SABC, the solutions need to be sorted at each
iteration, so the computational complexity of SDDS-SABC is O(TMaxIt ×
SN × log (SN)). Although, the computational complexity of SDDS-SABC
is higher than the basic ABC at the same maximum iteration, SDDS-SABC
can achieve much better results than ABC. In addition, the time complex-
ity of SDDS-SABC is similar to that of other ABC variants based on elite
populations, but SDDS-SABC performs better than them.

7 Numerical results and discussion

Here, we demonstrate the validity of our proposed SDDS-SABC method
through tests on well-known typical benchmark functions CEC 2006 [29]
and some engineering design problems (EDPs) (see [19]). These test func-
tions include diverse features like linear/nonlinear, low dimension/high di-
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mension, continuous/discrete, separable/nonseparable, convex/nonconvex,
unimodal/multi-modal varying feasible region (see Table 1). In this table,

Table 1: Test functions

Benchmark functions

Problem n Type of function ρ LI NI LE NE a
g01 13 quadratic 0.0111% 9 0 0 0 6
g02 20 nonlinear 99.99971% 0 2 0 0 1
g03 10 polynomial 0.0000% 0 0 0 1 1
g04 5 quadratic 52.1230% 0 6 0 0 2
g05 4 cubic 0.0000 % 2 0 0 3 3
g06 2 cubic 0.0066% 0 2 0 0 2
g07 10 quadratic 0.0003% 3 5 0 0 6
g08 2 nonlinear 0.8560 % 0 2 0 0 0
g09 7 polynomial 0.5121% 0 4 0 0 2
g10 8 linear 0.0010% 3 3 0 0 6
g11 2 quadratic 0.0000% 0 0 0 1 1
g12 3 quadratic 4.7713% 0 1 0 0 0
g13 5 nonlinear 0.0000% 0 0 0 3 3
g14 10 nonlinear 0.0000% 0 0 3 0 3
g15 3 quadratic 0.0000% 0 0 1 1 2
g16 5 nonlinear 0.0204% 4 34 0 0 4
g17 6 nonlinear 0.0000% 0 0 0 4 4
g18 9 quadratic 0.0000% 0 13 0 0 6
g19 15 nonlinear 33.4761% 0 5 0 0 0
g20 24 linear 0.0000% 0 6 2 12 16
g21 7 linear 0.0000% 0 1 0 5 6
g22 22 linear 0.0000% 0 1 8 11 19
g23 9 linear 0.0000% 0 2 3 1 6
g24 2 linear 79.6556 % 0 2 0 0 2

“n” is the dimension of the problem, ρ = |F |/|S| represents the proportion
between the feasible region and the search space. Also, LI, NI, LE, NE and
“a” represent the numbers of linear inequality constraints, nonlinear inequal-
ity constraints, linear equality constraints, nonlinear equality constraints,
and active constraints, respectively. We study the robustness of our pro-
posed dynamic penalty-based constraint handling techniques integrated into
the SDDS-SABC method on selected problems of CEC 2006 (see Table 2).
Furthermore, we compare these results with the present dynamic penalty
methods. The overall best-found results have been displayed in Table 2.
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Table 2: Comparative analysis between the proposed dynamic penalty and existing
penalty methods

Problems (a) (b) (c) (d)
g01 -15.9472628 -15.8610643 -15.6103179 -15.4618784
g05 5126.8837241 5125.046215 5124.1968423 5124.0049727
g15 952.8593772 951.9805434 951.6104782 951.5300084
g24 -6.239074165 -6.403721373 -6.53271104 -6.632598318

(a) [35]; (b): [34]; (c): [33] ; (d): Proposed

The results show that our proposed penalty method explores feasible solu-
tion space efficiently to provide promising results. We have coded the said
optimization method in MATLAB and executed it in an HP Pavilion Laptop
with Intel (R) 11th Gen Core i5-512GB SSD @ 2.40 GHz. The basic param-
eters used in the SDDS-SABC method include; colony size SN = 100 (equal
to the number of employed and onlooker bees), the Scout bee’s food source
abandonment parameter = round(SN×n×pval), where pval is a small prob-
ability value in the range (0.05 - 0.08). The maximum cycle number (MCN)
is 50, which serves as the termination criterion. The values of the control
parameters of the SABC algorithm used in our simulation studies and the
values assumed by the authors in their respective state-of-the-art algorithms,
which we have used for comparison purposes, have been displayed in Table 3.
Firstly, we study the robustness of SDDS-SABC method implemented over
our proposed dynamic penalty-based constraint handling techniques through
24 benchmark functions, and secondly, on the engineering design problems
comparing results obtained using different penalty methods. Using the fol-
lowing indices—exactness, consistency, efficacy, and statistical analysis—we
assess resilience in several ways. The following definitions apply to these: a)
Accuracy: the degree of the best-found solution’s quality and its separation
from the global solution. In a similar vein, the degree to which the worst-
found solution deviates from the global answer and its quality, tested on 25
independent runs of the best and worst identified solutions.
(b) Consistency: comprehend the resilience and stability of the optimization
technique on the problem that leads to the best possible solution. Test the
following: the average and standard deviation of the solutions from the 25
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Table 3: Control parameter values of different algorithms

(a) Based on ABC

Algorithms Popsize MaxIt Limit
I-ABC 20 6000 SN×n

CB-ABC 90 500 SN×n
IABC-MAL 30 500 0.5×SN×n
MG-ABC 50 1000 SN×n

SDDS-SABC 100 50 round(pval× n× SN)
(b) Based on nonABC

Algorithms Popsize MaxIt Limit
UFA 50 40 30

GLF-GWO 3×n 3000 104×n
GGA 50 50 25
JaQA 50 50 25

SDDS-SABC 100 50 round(pval×n×SN)

runs.
c) Statistical analysis: compare the significant difference in the performance
of our proposed SDDS-SABC method with other existing algorithms. Test
on algorithms through the Friedman test and Wilcoxon signed ranks test,
which are standard nonparametric statistical tests.

7.1 Sensitivity analysis of some key parameters in SABC
algorithm

In addition to improving algorithmic efficiency, appropriate input values for
the algorithm’s parameters are crucial for its robustness, stability, and best-
found objective value. Sensitivity analysis has therefore been performed to
examine the impact of the input values of the important SABC parameters,
such as MaxIt and SN, on the performance of our algorithm SDDS-SABC
towards achieving the optimal solution and its stability in each algorithm run.
We have set MaxIt to 50 and the algorithm’s iteration numbers range from 1
to MaxIt. Also, we have taken the population size SN is 100. We display this
study graphically on a specific benchmark test function, g07. The evolution
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of the best-found solutions at various iterations when MaxIt=50 is shown in
Figure 5(i). Additionally, it demonstrates that when SN=100, the algorithm
converges to the best-found value of 24.34849. The algorithm converges to
the best-found value of 24.34849 at MaxIt=50 for SN=100, as seen in Figure
5(ii). Once more, the stable solution 24.34849 is reached with values higher
than 50. For other test functions, we see a comparable effect. We cannot
obtain the best or nearly best solution to the problems if we set the value of
MaxIt and SN to be less than 50 and 100, respectively.

Figure 5: Evolution of best-found value with respect to iteration number and colony
size

7.2 Study on algorithm performance based on exactness,
consistency and effectiveness

We present in Table 4, the best-found, worst-found, mean and standard devia-
tion (std) of the result obtained from each benchmark function in 25 indepen-
dent runs of the SABC-SDDS algorithm. The results found are encouraging.
We also compare our results with other state-of-the-art hybrid algorithms

viz., I-ABC, CB-ABC, IABC-MAL and MG-ABC (see Table 5) in terms of
best-found, worst-found and mean values. These said hybrid algorithms had
been developed by combining other heuristics or traditional methods with
ABC. Table 5 shows that our SDDS-SABC algorithm outperforms other algo-
rithms in some problems and works equally well for other problems. However,
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Table 4: Statistical results of SDDS-SABC on benchmark functions, averaged over 25
independent runs

Functions optimal value best-found worst-found mean std
g01 -15.0000000000 -15.4618784341837 -14.7361050072335 -15.071895226323 5.99789658392
g02 -0.8036191042 -0.875454224809 -0.77323254632 -0.741139419121 0.31517588432024
g03 -1.0005001000 -1.098598548944 -0.964899232223 -1.01285024552 0.041820449166
g04 -30665.5386717834 -30665.8337336955 -30698.7685959581 -30653.100331767 0.2687651065913
g05 5126.4967140071 5124.0049727086 5176.27733899147 5134.7200444372 0.4966102760171
g06 -6961.8138755802 -6983.37054536156 -6698.63125675940 -6946.0112672204 0.59174789701531
g07 24.302090681 24.348490589297 27.8909837113848 25.70325545062 1.051962320689
g08 -0.0958250415 -0.095722476579 -0.0813461879519 -0.0907741721133 0.0038036427493
g09 680.6300573745 684.560836511063 695.96431708531 689.024312257864 2.0631346433681
g10 7049.2480205286 7047.3431791133 7124.63089605634 7066.0444725057 19.190512293263
g11 0.749900000 0.7505189211405 0.76423525277597 0.7562800118598 0.00344183933935
g12 -1.00000000 -0.999954717347 -0.9398378640313 -0.990291881794 0.01317550762524
g13 0.0539415140 0.0505131549885 0.0560012746738 0.0549429543562 0.00109084362246
g14 -47.7648884595 - - - -
g15 961.7150222899 951.530008446544 960.601193735686 955.3401698407 2.3820716382008
g16 -1.9051552586 - - - -
g17 8853.5396748064 - - - -
g18 -0.8660254038 -0.942906584997 -0.87048513538499 -0.90112279347847 0.0179637098296
g19 32.6555929502 -22410.82795313840 6013.94217031911 -14859.743320706 4321.0628338304
g20 0.2049794002 - - - -
g21 193.7245100700 193.508264477410 194.783450798573 193.62084757633 0.0148378378312
g22 236.4309755040 - - - -
g23 -400.0551000000 -4156.949391713 -4087.08875546532 -4109.4664146789 11.035324578671
g24 -5.5080132716 -6.6325983187262 -5.34276622737366 -5.921377563442 0.38492496179489

one difficulty noted in our algorithm is that it could not reach a reasonably
good solution for problems g14, g16, g17, g20 and g22. Likewise, I-ABC,
CB-ABC, IABC-MAL too were unable to locate the optimal solution for the
problems g20 and g22. Also, MG-ABC could not solve problems g21, g22, g23
and g24, where our SDDS-SABC algorithm worked well except for g22. For
g21, SDDS-SABC produced a better best-found value than the I-ABC and
CB-ABC and equally well for IABC-MAL. In terms of mean, SDDS-SABC
provides a much better result than the I-ABC. We also noted that no hybrid
algorithms with ABC could find the reasonably good optimal/near to optimal
solution for the problems g14, g17, g20, and g22 because the ratio between
their feasible region and search space are minimal (ρ=0.0000%),. A similar
situation arises for problem g16 occupying ρ=0.0204%, which is very small
in percentage value (see Table 1). So, finding the global or near-to-global
solution for those problems is challenging. In addition, problems g14, g16,
and g17 have highly nonlinear type of functions. Although g20 and g22 are
linear, due to their high dimension, that is, n = 24 and n = 22, respectively,
their solutions could not be traced due to their small feasible space. Our
SDDS-SABC algorithm could find better results for the nonlinear type of
function (g02, g08 and g19) when the proportion between the feasible region
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and search space is either large, small or midway (99.99971%, 0.8560% and
33.4761%) even for high dimensions problems (n=20, n=2 and n=15). An
exciting observation noted through problem g13 is that for the low dimension
problem (n = 5), even though it is highly nonlinear, we could find a better
result from a tiny space of 0.0000% originating between the feasible region
and search space. So, performance of SDDS-SABC depends on the nature
of the function, the problem’s dimension, and the percentage between the
feasible region and search space.
We have also compared our SDDS-SABC results with the other popular non-
ABC based hybrid algorithms like; UFA, GLF-GWO, GGA, and JaQa [11].
We can see from Table 6 that our proposed SDDS-SABC performs better
than UFA, GLF-GWO, GGA, and JaQa algorithms in terms of best-found
value for problem g03. SDDS-SABC performs better than GGA in terms of
best-found value for problem g04. However, GLF-GWO could not find any
feasible solution for g05, whereas our SDDS-SABC could provide a better
result. For the problem g06, our proposed SDDS-SABC algorithm gives bet-
ter solution than UFA, GLF-GWO, GGA, and JaQa algorithms in terms of
best-found value. Similarly, for problem g15, SDDS-SABC works better than
UFA, GLF-GWO, GGA, and JaQA in terms of best-found, worst-found, and
mean values. In g21, SDDS-SABC outperforms UFA for best-found value and
gives better value than GGA and JaQa in term of mean value. Also, GLF-
GWO could not provide any feasible solution for the problem g21. In g24, we
can see that our SDDS-SABC and GGA give approximately equal best-found
values. Moreover, UFA and GLF-GWO could not find optimal solutions to
problems g20 and g22. Compared with the rest of the algorithms, only GGA
could solve problem g20 and find a better result. On the other hand, GGA
could not work much well for problems g14 and g22. Finally, except for test
problems g14, g16, g17, g20, and g22, our SDDS-SABC algorithm provides
significantly better results than other algorithms.
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Table 5: The comparison of best-found, worst-found and mean results with ABC based
algorithms

Functions I-ABC
(2015)

CB-ABC
(2015)

IABC-MAL
(2017)

MG-ABC
(2018) SDDS-SABC

g01 best-found -15.000 -15.000 -15.000000 -15.000000 -15.4618784341837
worst-found -15.000 -15.000 -15.000000 -9.000000 -14.7361050072335

mean -15.000 -15.000 -15.000000 -13.553540 -15.071895226323
g02 best-found -0.803619 -0.803619 -0.803619 -0.8036108 -0.875454224809

worst-found -0.778278 -0.777844 -0.785568 -0.7604863 -0.77323254632
mean -0.800094 -0.794522 -0.799460 -0.7890629 -0.741139419121

g03 best-found -1.000 -1.0005 -1.000500 -1.000400 -1.098598548944
worst-found -0.999 -1.0005 -1.000500 -1.000258 -0.964899232223

mean -1.0004 -1.0005 -1.000500 -1000383 -1.01285024552
g04 best-found -30665.539 -30665.539 -30665.539 -30665.540 -30665.8337336955

worst-found -30665.539 -30665.539 -30665.539 -30665.540 -30698.7685959581
mean -30665.539 -30665.539 -30665.539 -30665.540 -30653.100331767

g05 best-found 5126.498 5126.197 5126.498 5126.4970 5124.0049727086
worst-found 5126.944 5126.497 5126.498 6112.169 5176.27733899147

mean 5131.861 5126.497 5126.498 5467.7560 5134.7200444372
g06 best-found -6961.814 -6961.814 -6961.814 -6961.8030 -6983.37054536156

worst-found -6961.814 -6961.814 -6961.814 -6957.1230 -6698.63125675940
mean -6961.814 -6961.814 -6961.814 -6959.4890 -6946.0112672204

g07 best-found 24.311 24.3062 24.3064 24.326530 24.348490589297
worst-found 24.677 24.3062 24.3062 25.099270 27.8909837113848

mean 24.366 24.3062 24.3062 24.780640 25.70325545062
g08 best-found -0.095825 -0.095825 -0.095825 -0.095825 -0.095722476579

worst-found -0.095825 -0.095825 -0.095825 -0.095825 -0.0813461879519
mean -0.095825 -0.095825 -0.095825 -0.095825 -0.0907741721133

g09 best-found 680.631 680.630 680.630 680.6302 684.560836511063
worst-found 680.637 680.630 680.630 680.6322 695.96431708531

mean 680.633 680.630 680.630 680.6309 689.024312257864
g10 best-found 7049.321 7049.248 7049.248 7104.006 7047.3431791133

worst-found 7049.343 7049.248 7049.248 7504.944 7124.63089605634
mean 7124.042 7049.248 7049.248 7357.461 7066.0444725057

g11 best-found 0.7499 0.7499 0.749900 0.749995 0.7505189211405
worst-found 0.7499 0.7499 0.749900 0.750127 0.76423525277597

mean 0.7499 0.7499 0.749900 0.750025 0.7562800118598
g12 best-found -1.000 -1.000 -1.000000 -1.000000 -0.999954717347

worst-found -1.000 -1.000 -1.000000 -1.000000 -0.9398378640313
mean -1.000 -1.000 -1.000000 -1.000000 -0.990291881794

g13 best-found 0.053958 0.053942 0.0539498 0.05394861 0.0505131549885
worst-found 0.055130 0.43880 0.0539498 0.4377867 0.0560012746738

mean 0.054144 0.066770 0.0539498 0.171074 0.0549429543562
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Table 5: (continued)

g14 best-found -47.665 -47.765 -47.765 -47.675860 -
worst-found -47.830 -47.765 -47.765 -46.465260 -

mean -47.201 -47.765 -47.765 -47.246220 -
g15 best-found 961.715 961.715 961.715 961.715100 951.530008446544

worst-found 961.720 961.715 961.715 965.208600 960.601193735686
mean 961.716 961.715 961.715 962.173700 955.34016984070

g16 best-found -1.905 -1.905 -1.905 -1.905155 -
worst-found -1.905 -1.905 -1.905 -1.905155 -

mean -1.905 -1.905 -1.905 -1.905155 -
g17 best-found 8860.864 8853.533875 8853.533875 8853.53 -

worst-found 8983.359 8941.940741 8927.597785 9241.820 -
mean 8909.994 8902.869928 8883.163028 8915.998 -

g18 best-found -0.866025 -0.672216 -0.866025 -0.8660253 -0.94290658499
worst-found -0.856622 -0.866025 -0.866025 -0.8648695 -0.87048513538499

mean -0.865310 -0.866025 -0.866025 -0.8657735 -0.90112279347847
g19 best-found 32.784 35.746 32.6556 -5.508013 -22410.82795313840

worst-found 34.856 32.6557 32.6556 -5.508013 6013.94217031911
mean 33.344 32.6556 32.6556 -5.508013 -14859.743320706

g20 best-found - - - 1.393571 -
worst-found - - - 1.399163 -

mean - - - 1.394359 -
g21 best-found 193.725 257.156 193.725 - 193.725

worst-found 964.030 193.725 193.725 - 194.783450798573
mean 622.678 193.725 193.725 - 193.62084757633

g22 best-found - - - - -
worst-found - - - - -

mean - - - - -
g23 best-found -358.183 -400.055 -400.055 - -4156.94939171

worst-found 899.881 -400.055 -400.055 - -4087.08875546532
mean 169.021 -400.055 -400.055 - -4109.4664146789

g24 best-found -5.508 -5.508 -5.508 - -6.6325983187262
worst-found -5.508 -5.508 -5.508 - -5.34276622737366

mean -5.508 -5.508 -5.508 - -5.921377563442
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Table 6: The comparison of best-found, worst-found and mean results with different
nonABC algorithms

Functions UFA
(2019)

GLF-GWO
(2020)

GGA
(2021)

JaQA
(2022) SDDS-SABC

g01 best-found -15.000000 15.00000 -15.0000000000 -15.00000 -15.4618784341837
worst-found -15.000000 -14.9999 -15.0000000000 -15.00000 -14.7361050072335

mean -15.000000 -15.000000 -15.0000000000 -15.00000 -15.071895226323
g02 best-found -0.8033 -0.803619 -0.8030191042 -0.803605 -0.875454224809

worst-found -0.5205742 -0.6275 -0.8010191042 -0.800272 -0.77323254632
mean -0.7458475 -0.7249 -0.8020191042 -0.80111 -0.741139419121

g03 best-found -1.0005 -1.0005 -1.0004181146 -1.0005 -1.098598548944
worst-found -1.0005 -0.0006 -0.9993067321 -0.9987 -0.964899232223

mean -1.0005 -0.7386 -1.0000114315 -1.00031 -1.01285024552
g04 best-found -30665.5203 -30665.539 -30678.4386717834 -30665.5387 -30665.8337336955

worst-found -30665.539 -30665.0825 -30667.0386717834 -30665.5387 -30698.7685959581
mean -30665.539 -30665.3389 -30667.6386717834 -30665.5387 -30653.100331767

g05 best-found 5126.49671 - 5126.4967135571 5126.484 5124.0049727086
worst-found 5126.49671 - 5126.4967135601 5126.611 5176.27733899147

mean 5126.49671 - 5126.4967135581 5126.504 5134.7200444372
g06 best-found -6961.83884 -6961.4784 -6961.8130705802 -6961.814 -6983.37054536156

worst-found -6961.81388 -6961.4886 -6961.8130665802 -6961.814 -6698.63125675940
mean -6961.81388 -6961.7341 -6961.8130685802 -6961.814 -6946.0112672204

g07 best-found 24.306209 24.3851 24.3934806327 24.0012 24.348490589297
worst-found 24.306209 25.6385 27.7034023081 24.6781 27.8909837113848

mean 24.306209 24.7221 26.5452127381 24.2121 25.70325545062
g08 best-found -0.09582504 -0.0958 -0.0958233590 -0.095825 -0.095722476579

worst-found -0.09582504 -0.0958 -0.0951989658 -0.095825 -0.0813461879519
mean -0.09582504 -0.0958 -0.0955852752 -0.095825 -0.0907741721133

g09 best-found 680.630057 680.6538 680.6301199745 680.631 684.560836511063
worst-found 680.630057 680.3862 680.6313973745 680.631 695.96431708531

mean 680.630057 681.0990 680.6306403745 680.631 689.024312257864
g10 best-found 7049.24802 7729.9603 7049.2479999286 7006.52 7047.3431791133

worst-found 7049.24802 8554.3989 7049.2480002286 7121.83 7124.63089605634
mean 7049.24802 8276.2365 7049.2480000286 7086.136 7066.0444725057

g11 best-found 0.7499 0.7499 0.7493788256 0.7499 0.7505189211405
worst-found 0.7499 0.9998 0.7498827597 0.7499 0.76423525277597

mean 0.7499 0.7669 0.7496174447 0.7499 0.7562800118598
g12 best-found -1.000000 -1.000 -1.000000000 -1.00 -0.999954717347

worst-found -1.000000 -1.000 -1.000000000 -1.00 -0.9398378640313
mean -1.000000 -1.000 -1.000000000 -1.00 -0.990291881794

g13 best-found 0.0539415 0.9527 0.0539181140 0.00174 0.0505131549885
worst-found 0.0539415 2.3466 0.0539417680 0.00174 0.0560012746738

mean 0.0539415 1.1903 0.0539299140 0.00174 0.0549429543562
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Table 6: (continued)

g14 best-found -47.764879 -46.7926 1172.2351115405 -48.0111 -
worst-found -47.764879 -38.1941 1312.2351115405 -46.1022 -

mean -47.764879 -41.8264 1252.2351115405 -46.8843 -
g15 best-found 961.7150223 961.7157 952.4957146499 961.6758 951.530008446544

worst-found 961.7150223 971.8903 960.1071304699 961.6758 960.601193735686
mean 961.7150223 965.7727 955.0510816799 961.6758 955.34016984070

g16 best-found -1.90515526 -1.9045 -1.9051549586 -1.9052 -
worst-found -1.90515526 -1.6776 -1.9051543336 -1.9052 -

mean -1.90515526 -1.8346 -1.9051546316 -1.9052 -
g17 best-found 8853.533875 - 8892.5396953064 8853.5396 -

worst-found 8853.533875 - 8962.5396748064 8902.223 -
mean 8853.533875 - 8918.3396748064 8872.5142 -

g18 best-found -0.8660254 -0.8660 -0.8619563027 -0.86603 -0.94290658499
worst-found -0.8660254 -0.6569 -0.8461369131 -0.86601 -0.87048513538499

mean -0.8660254 -0.8233 -0.8541324790 -0.86602 -0.90112279347847
g19 best-found 32.655593 32.2874 -66409.2048070498 - 32.6699 -22410.82795313840

worst-found 32.655593 82.7696 -364.8315650498 - 32.7872 6013.94217031911
mean 32.655593 43.0767 30.3617957802 - 32.6551 -14859.743320706

g20 best-found - - 0.3929794002 0.24072 -
worst-found - - 0.5209794002 0.24794 -

mean - - 0.4389794002 0.24381 -
g21 best-found 193.724520 - 193.7245100700 193.4011 193.7245100700

worst-found 520.165650 - 193.7245100700 203.9120 194.783450798573
mean 255.559033 - 193.7245100700 193.7302 193.62084757633

g22 best-found - - - 5.08E+02 -
worst-found - - - 3.03E+07 -

mean - - - 2.14E+03 -
g23 best-found -400.0551 -0.0651 -397.7451000000 -412.520 -4156.94939171

worst-found -400.0551 809.3461 -392.4451000000 -388.2426 -4087.08875546532
mean -400.0551 269.7458 -395.8651000000 -399.3486 -4109.4664146789

g24 best-found -5.50801327 -5.5080 -6.7054079016 -5.5094 -6.6325983187262
worst-found -5.50801327 -3.0000 -6.0978333186 -5.5094 -5.34276622737366

mean -5.50801327 -5.2834 -6.3582253626 -5.5094 -5.921377563442

7.3 Study on algorithm performance using statistical
analysis

On benchmark functions, nonparametric statistical tests on the best-found
values have been carried out in order to rank the performance of the suggested
and current algorithms. To determine whether there is a difference between
the estimated outcomes produced by different algorithms, the nonparamet-
ric Friedmans test is employed. Furthermore, at a significance level of 5%,
Wilcoxon’s signed rank test has been applied independently to two groups
of algorithms as a nonparametric test. It is expected that all algorithms
function similarly under the null hypothesis. Reject the null hypothesis if
the provided p-value is less than 0.05. The null hypothesis is rejected, in-
dicating that all of the algorithms under investigation perform significantly
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differently. From Table 7 of the Friedmans mean rank test, we see that the
mean rank of SDDS-SABC attains the lowest value 2.26 and hence ranked 1.
It means that our SDDS-SABC is better than the other hybrid ABC-based
algorithms CBABC with rank 2, IABC-MAL with rank 3, SACABC with
rank 4 and the last rank is 5 of IABC.

In Wilcoxon signed rank test results (see Table 8) comparing pairwise
SDDS-SABC with IABC, CB-ABC, IABC-MAL and MG-ABC respectively,
the results show that in every pairwise comparison, the sum of SDDS-SABC’s
positive ranks is significantly greater than the sum of its negative ranks.
Furthermore, their p-value is less than 0.05, as can be shown. This suggests
that SDDS-SABC performs better than other available methods.

Table 7: On ABC based hybrid algorithms, the mean ranking attained by Friedman’s
mean rank test at a significance level of 5%.

Algorithms Mean rank Rank
IABC(Liang et al., 2015) 3.66 5
CBABC (Brajevic, 2015) 2.75 2

IABC-MAL (Long et al., 2017) 3.00 3
MGABC (Bansal, 2018) 3.34 4

SDDS-SABC 2.25 1

Table 8: Results of the Wilcoxon signed rank test on hybrid algorithms that are ABC
based, with a significance threshold of 5%.

Comparison Observations No. of test
functions

Sum of
positive rank

Sum of
negative rank p-value

SDDS-SABC with I-ABC SDDS-SABC<I-ABC 14 165.00 25.00 0.005
SDDS-SABC>I-ABC 5

SDDS-SABC with CB-ABC SDDS-SABC<CB-ABC 14 164.00 26.00 0.005
SDDS-SABC>CB-ABC 5

SDDS-SABC with IABC-MAL SDDS-SABC<IAB-CMAL 14 164.00 26.00 0.005
SDDS-SABC>IABC-MAL 5

SDDS-SABC with MG-ABC SDDS-SABC<MG-ABC 11 113.00 23.00 0.020
SDDS-SABC>MG-ABC 5

Again, comparing the result of SDDS-SABC with the different types of
nonABC hybrid algorithms (see Table 9) using Friedman’s mean rank test,
we can see that the mean rank of SDDS-SABC is lowest with a value of 1.88
and therefore ranked as 1. The other lowest values are 2.37, 2.41, 2.53, and
3.18 for JaQA, GGA, UFA, and GLF-GFO, respectively, giving ranks 2, 3,
4, and 5 per their performance. The first rank of SDDS-SABC indicates
that this works better than the other algorithms. For the same hybrid algo-
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rithms, the Wilcoxon signed rank test results have been displayed in Table
10. The pairwise comparison of SDDS-SABC with UFA, GLF-GWO, GGA,
and JaQa, respectively, demonstrates that for every pairwise comparison,
the total of the positive rank of SDDS-SABC is significantly larger than the
negative rank. Furthermore, the p-values of SDDS-SABC are less than 0.05,
indicating that it performs better than the other algorithms in the compar-
ison. IBM SPSS statistics has been used to conduct these Friedman and
Wilcoxon tests.

Table 9: On nonABC based hybrid algorithms, the mean ranking attained by Friedman’s
mean rank test at a significance level of 5%.

Algorithms Mean rank Rank
UFA (Brajevic et al., 2019) 2.53 4

GLF-GFO (Gupta et al., 2020) 3.18 5
GGA (D’Angelo et al., 2021) 2.41 3

JaQA (Das et al., 2022) 2.37 2
SDDS-SABC 1.88 1

Table 10: Results of the Wilcoxon signed rank test on hybrid algorithms that are non-
ABC based, with a significance threshold of 5%.

Comparison Observations No. of test
functions

Sum of
positive rank

Sum of
negative rank p-value

SDDS-SABC with UFA SDDS-SABC<UFA 14 165.00 25.00 0.005
SDDS-SABC>UFA 5

SDDS-SABC with GLF-GWO SDDS-SABC<GLF-GWO 13 136.00 17.00 0.005
SDDS-SABC>GLF-GWO 4

SDDS-SABC with GGA SDDS-SABC<GGA 13 144.00 46.00 0.049
SDDSSABC>GGA 6

SDDS-SABC with JaQA SDDS-SABC<JaQA 13 146.00 47.00 0.051
SDDSSABC>JaQA 6

8 Applications of algorithm on real-life engineering
design problems:

In this section, we present the challenging five real-life engineering design
problems; see Table 11. These problems have been solved by our proposed
SDDS-SABC algorithm and further compared with state-of-art hybrid algo-
rithms (see Table 12).
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Table 11: Engineering design problems

Sr. no. Problem n LI NI LE NE
EDP1 Three-bar truss design 2 0 3 0 0
EDP2 Compression spring design 3 0 4 0 0
EDP3 Cantilever beam design 5 0 1 0 0
EDP4 Pressure vessel design 4 2 2 0 0
EDP5 Heat exchanger design 8 3 3 0 0

8.1 Three-bar truss design problem

A three-bar planar truss structure (see [19]) has been taken into account
in this case study. Initially, Nowacki developed this problem to reduce the
volume of a statically loaded three-bar truss. Each truss element’s stress
is subject to limitations. The problem has been defined mathematically as
follows:

Min f1(x1, x2) = L ∗ (2
√

(2x1) + x2),

s.t. g1(x1, x2) =

√
(2x1) + x2√

(2x21) + 2x1x2
R ≤ σ,

g2(x1, x2) =
x2√

(2x21) + 2x1x2
R ≤ σ,

g3(x1, x2) =
1

x1 +
√
(2)x2

R ≤ σ,

0 ≤ x1, x2 ≤ 1,

where L = 100 c.m., R = 2 KN/cm2 and σ = 2KN/cm2.

Numerous studies have been published in the literature in an effort to solve
this real-life problem. The results of this problem using SDDS-SABC have
been compared with other algorithms including SC-GWO, PSO, wPSO, CS,
Ray & Saini, Tsai, mGWO, wGWO, m-SCA, OBSCA, SSA, MFO, WOA,
ISCA, Chaotic SSA and shown in Table 12.
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8.2 Compression spring design problem

To get a minimum weight for a compression spring (see [19]), one needs to
find the best values for the variables representing wire diameter (d), mean
coil diameter (D), and the number of active coils (N). The following is the
mathematical formulation of the problem where the limitations imposed on
the objective function are stress, spike frequency, and defection.

Min f2(x) = (x3 + 2)x2x
2
1,

s.t. g1(x) = 1− x32x3
71785x41

≤ 0,

g2(x) =
4x22 − x1x2

12566(x2x31 − x41)
+

1

5108x21
− 1 ≤ 0,

g3(x) = 1− 140.45x1
x22x3

≤ 0,

g4(x) =
x1 + x2
1.5

− 1 ≤ 0,

0.05 ≤ x1 ≤ 2, 0.25 ≤ x2 ≤ 1.30, 2 ≤ x3 ≤ 15.

This problem has been solved by several authors using their proposed algo-
rithms such as; SC-GWO, GWO, PSO, PSO (He & Wang), GSA, SCA, GA,
mGWO, wGWO, mSCA, OBSCA, MFO, WOA, SSA, ISCA, and Chaotic
SSA. We compare their results with ones obtained by our SDDS-SABC al-
gorithm in Table 12. The results are self-explanatory.

8.3 Cantilever beam design problem

This problem aims to reduce the cantilever beam’s overall weight by opti-
mizing the five hollow square cross-section specifications. The thickness of
all the cross-sections is the same but has a different length. The problem
includes five estimated parameters. One side of the liver is connected to a
rigid body, and a load is attached to the other end. The formulation of this
has been mathematically expressed as follows:
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Min f3(x) = 0.6224(x1 + x2 + x3 + x4 + x5),

s.t. g(x) =
60

x31
+

27

x32
+

19

x33
+

7

x34
+

1

x35
− 1 ≤ 0,

0.01 ≤ x1, x2, x3, x4, x5 ≤ 100.

The solution to this problem using our proposed SDDS-SABC algorithm has
been displayed in Table 12. The results obtained by other algorithms such as
BASZNN, BAS, BAS-WPT, BSAS, ZNN, ALO, GCA I, GCA II, CS, SOS,
and EPO ,have been shown in the same table for better comparison.

8.4 Pressure vessel design problem

The objective of this problem is to minimize the overall cost of the cylindrical
pressure vessel in terms of material, forming, and welding under the nonlinear
constraints of stresses and yield criteria. The decision parameters involve the
thickness of the shell (TSH), the thickness of the head (THD), inner radius
(R), and the length of the cylindrical shell (L). Mathematically the problem
has been expressed as follows: (see [19])

Min f4(x) = 0.6224x1x3x4 + 1.7781x2x
2
3 + 19.84x21x3 + 3.1661x21x4,

x = (x1, x2, x3, x4) = (TSH , THD, R, L),

s.t. g1(x) = 0.0193x3 − x1 ≤ 0,

g2(x) = 0.00954x3 − x1 ≤ 0,

g3(x) = 1296000− 4

3
πx33 − πx23x4 ≤ 0,

g4(x) = x4 − 240 ≤ 0,

1× 0.0625 ≤ x1, x2 ≤ 99× 0.0625,

10 ≤ x3, x4 ≤ 200.

The solution to this problem by our proposed SDDS-SABC algorithm has
been shown in Table 12. We compare our results with state-of-the-art algo-
rithms such as SC-GWO, GWO, PSO, SCA, GASA, GA, DE, Branch and
Bound, Lagrangian Multiplier, ACO, ES, mGWO, wGWO, mSCA, OBSCA,
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MFO, WOA, SSA, ISCA and Chaotic SSA (see Table 12). It has been ob-
served that the proposed SDDS-SABC algorithm outperforms others.

8.5 Heat exchanger design problem

This is a challenging benchmark minimization problem because all the con-
straints are strictly enforced (Xin-She Yang and Amir H. Gandomi, 2012).
It has eight design variables and six inequality restrictions, three linear and
three nonlinear. The problem has been stated as follows:

Min f5(x) = x1 + x2 + x3,

s.t. g1(x) = 0.0025(x1 + x6)− 1 ≤ 0,

g2(x) = 0.0025(x5 + x7 − x4)− 1 ≤ 0,

g3(x) = 0.01(x8 − x5)− 1 ≤ 0,

g4(x) = 833.33252x4 + 100x1 − x1x6 − 8333.333 ≤ 0,

g5(x) = 1250x5 + x2x4 − x2x7 − 125x4 ≤ 0,

g6(x) = x3x5 − 2500x5 − x3x8 + 125× 104 ≤ 0.

As this is a challenging problem, several authors have not considered it under
test except for the BAT algorithm. However, our proposed SDDS-SABC al-
gorithm could solve this tough problem. The results of this problem obtained
by both BAT and SDDS-SABC have been presented in Table 12.
Therefore, the results show that SDDS-SABC algorithm is efficient enough
to extract the optimal values.
We study the robustness of our proposed dynamic penalty-based constraint
handling techniques integrated into the SDDS-SABC method on EDPs (see
Table 13).

9 Conclusion

A new and effective hybrid SDDS-SABC method for handling challenging
restricted optimization issues was presented in this paper. As far as we are
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Table 13: Result’s comparison on performance of different penalty methods

Problems (a) (b) (c) (d)
EDP1 263.6083840317 263.7490760091 263.6152947853 263.6053225360152
EDP2 Infeasible Infeasible Infeasible 0.018326244566
EDP3 5.906791130523017 3.46209183752 2.880236483910 1.138339974684857
EDP4 6095.623409850 6113.738986468 6032.2416268761 6031.843954691072
EDP5 7913.60005519897 8613.847481208 8527.930681880 6948.26443981868

(a) [35]; (b): [34]; (c): [33] ; (d): Proposed

aware, the ABC algorithm performed better at exploration than exploitation
due to an imbalance between its exploration and exploitation capabilities.
We have modified the ABC algorithm’s startup step to maximize exploita-
tion by producing the initial solution using a quasi-random sequence based
on the Halton set. Additionally, we have enhanced the scout bee’s phase
using the sigmoid function and implemented a new search strategy scheme
for the bees in use. To meet the constraints, we have designed a new penalty
function that is something akin to dynamic penalty logic. The performance
of our suggested SDDS-SABC approach is confirmed by the numerical results
shown here. Our technique can be applied to other real-life restricted opti-
mization problems in engineering and management, as demonstrated by the
exciting experimental findings of real-life engineering design problems.
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1 Introduction

This paper is concerned with the numerical solution of the classical Volterra
integral equations (VIEs) of the first kind∫ t

t0

k(t, s, y(s)) ds = g(t), t ∈ I = [t0, T ], (1)

where y : I → R is an unknown function, and k : S × R → R with S =

{(t, s) : t0 ≤ s ≤ t ≤ T}, represents the kernel of the equation. In practice,
the functions g and k (except for its third variable) are typically used only at
equispaced values of the variables. In what follows, we assume that g(t0) = 0,
and the functions g and k are smooth enough such that VIE (1) has a unique
solution [21].

Volterra-type equations play a crucial role in modeling various dynamic
systems where the current state of the system depends not only on its current
conditions, but also on the accumulated effects of past interactions. In these
equations, the related quantity varies in time and simultaneously depends
on its past values. VIEs appear in various scientific and engineering disci-
plines, including physics, biology, engineering, and finance. For example, in
viscoelasticity, they can describe how materials respond to stress over time,
considering past deformations. In population dynamics, they help model
species interactions by incorporating the influence of previous population
levels. One of the notable applications of the first kind VIEs is in the field
of epidemiology, particularly in the modeling of population dynamics during
the spread of infectious diseases. Using VIEs in this context helps capture
more realistically the interaction between susceptible, infected, and recovered
individuals over time, incorporating the history of infection events and their
cumulative effect on the population.

Most real-world problems are so complicated that there is no hope of
finding an analytical solution. As a result, numerical methods are often
needed to obtain solutions. Specifically, Volterra-type equations also neces-
sitate numerical methods that yield approximations to the exact solutions.
The development of a numerical solver for VIEs is a wide and mature area
of research; see for instance [9, 10, 21] and the references therein.
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A broad range of numerical methods across various classes has been de-
veloped for VIEs of the first kind (see, e.g., [13, 15, 26]). For smooth kernels,
first-kind VIEs can be transformed into equivalent second-kind equations.
Where the kernels are explicitly defined and differentiable, suitable numeri-
cal techniques tailored for second-kind VIEs can be applied, ensuring more
efficient and accurate solutions.

Direct quadrature methods are among the simplest and most traditional
schemes for solving VIEs. These methods commonly employ composite
Newton–Cotes formulas, Gregory’s rules, and hybrid schemes, providing a
clear and efficient strategy for the numerical solution of VIEs. Nevertheless,
their effectiveness diminishes when higher accuracy is required. They also
often exhibit instability and loss of precision, particularly when applied to
problems with smooth kernels over long intervals or under conditions of in-
creasing mesh density. Moreover, it is important to note that, as the degree
of the method increases, these schemes can suffer from Runge’s phenomenon,
wherein oscillations lead to significant numerical errors, and making them
impractical [12].

A more robust alternative is to replace polynomial interpolation, which
forms the foundation of many traditional numerical methods, with lin-
ear barycentric rational interpolation, which is characterized by barycen-
tric weights, one for every node. The weights are chosen in such a way
that bad properties of the polynomial such as ill-conditioning and Runge’s
phenomenon are avoided, and convergence, well-conditioning and absence
of poles are guaranteed. Berrut [5] presented a very simple choice of the
barycentric weights that successfully avoids poles in the interpolation in-
terval. However, despite the excellent conditioning of the resulting linear
barycentric rational interpolants (LBRIs), their convergence rate remains
slow for general node distributions. The situation changed significantly with
the introduction of a new family of LBRIs by Floater and Hormann in [11],
a family of barycentric rational interpolants based on a blend of the local
polynomial interpolants, which depends on a parameter d, and including
the previously introduced interpolants. This family of LBRIs presents a
favorable comparison to more classical polynomial interpolants, for inter-
polation of univariate data, especially in the equispaced setting. Indeed,
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the Lebesgue constant associated with these interpolants exhibits logarith-
mic growth in this situation, a stark contrast to the exponential growth
experienced by polynomials. This logarithmic growth implies that the er-
ror increases at a much slower rate, and making them more advantageous
for accurate interpolation in such settings compared to classical polynomial
interpolants [7, 8]. Moreover, the flexibility, robustness, and favorable con-
vergence rate, make these tools a state-of-the-art method for interpolation at
equispaced nodes. Due to these attractive features, this family of LBRIs has
recently gained popularity and has been used in the construction of various
numerical methods for solving different classes of time-dependent problems
[1, 2, 3, 4, 6, 18, 19, 20, 22, 23]. The spirit of this paper is that of deriving a
highly accurate and stable scheme based on the composite barycentric ratio-
nal quadrature (CBRQ) introduced in [6] for the numerical solution of VIEs
of the first kind (1).

After briefly reviewing the LBRIs in Section 2, a method for solving VIEs
(1) based on the CBRQ rule will be introduced in Section 3. This section
further provides a rigorous convergence analysis of the method and its order
of accuracy. The robustness and efficiency of the method and the theoretical
results on its order of convergence are illustrated by some numerical experi-
ments in Section 4.

2 Linear barycentric rational quadrature

Quadrature formulas constitute a fundamental component of simulation, data
analysis, and numerical modeling, playing a vital role in addressing practical
problems across many fields of computational sciences and engineering. A
natural and widely adopted approach for approximating the definite inte-
gral of a function over a bounded interval is to replace the integrand with
a suitable interpolant and apply the integration operator to the resulting
approximation. In particular, linear interpolation schemes trivially lead to
quadrature rules through this process. Prior to reviewing the idea underlying
the CBRQ rule, we first give a short introduction to the Floater–Hormann
family of LBRIs.
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Let f be a real-valued and continuously differentiable function over the
interval [a, b], and consider the n+ 1 distinct interpolation nodes

a = t0 < t1 < · · · < tn = b.

The Floater–Hormann family of the LBRIs to interpolate the given n+1 pairs
(tj , f(tj)), with distinct nodes tj , j = 0, 1, . . . , n, for every fixed nonnegative
integer d ≤ n, takes the barycentric form [11]

rn,d[f ](t) =

n∑
k=0

b
(n,d)
k (t)f(tk), b

(n,d)
k (t) =

β
(n,d)
k

t− tk/
n∑

j=0

β
(n,d)
j

t− tj
, (2)

with the barycentric weights

β
(n,d)
k =

min(k,n−d)∑
i=max(0,k−d)

(−1)i
i+d∏

j=i, j ̸=k

1

tk − tj
, (3)

where 0 ≤ d ≤ n. We denote the function to be interpolated by f , to avoid
confusion with the functions y and g in VIE (1). The following theorem from
[11] gives the rate of convergence of this family of the LBRIs via a bound on
the interpolation error in the maximum norm.

Theorem 1. For any f ∈ Cd+2[a, b], we have

‖rn,d[f ]− f‖ ≤ Chd+1,

where h = max0≤k≤n−1(tk+1 − tk) is the global mesh size and the constant
C depends only on d, the derivatives of f , the interval length b−a, and, only
in the case d = 0, on the maximal local mesh ratio

ρ = max
1≤k≤n−2

min
{
tk+1 − tk
tk − tk−1

,
tk+1 − tk
tk+2 − tk+1

}
.

Moreover, according to [11, Theorem 2], in the case of odd n−d, the bound
on the interpolation error involves an additional factor, nh, so the order of
convergence is one unit larger than the stated above, that is, d+1+ δ, where
δ = 1 for odd n− d and δ = 0 for even n− d.
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Throughout this work, we are mainly interested in the case of uniformly
spaced nodes, when the weights in (3) can be replaced by

β̄
(n,d)
k = (−1)dd!hdβ(n,d)

k = (−1)k
n∑

i=d

(
d

i− k

)
, k = 0, 1, . . . , n. (4)

The linearity of barycentric rational interpolation in data renders it well-
suited for applications. Klein and Berrut [17] introduced a global quadrature
formula based on integrating the LBRI (2) corresponding to the real inte-
grable function f over the integration interval [a, b] of the form

∫ b

a

f(t) dt ≈
∫ b

a

rn,d[f ](t) dt

= h

n∑
k=0

wn,kfk = QG
n , (5)

with quadrature weights

wn,k = h−1

∫ b

a

b
(n,d)
k (t) dt =

∫ n

0

φ
(n,d)
k (x) dx, (6)

where

φ
(n,d)
k (x) =

β̄
(n,d)
k

x− k

/ n∑
j=0

β̄
(n,d)
j

x− j
,

with β̄(n,d)
k as in (4).

The integrands in (6) are rational functions that, in general, cannot be
integrated analytically without additional knowledge of their properties, such
as the locations of their poles. Furthermore, algebraic methods typically re-
quire the polynomials in the numerator and denominator of the integrand to
be in canonical form, a representation often impaired by stability issues. As
a result, these integrals must be computed numerically up to machine pre-
cision, using, for instance, the routines available in the Chebfun system [24]
or, alternatively, with Gauss–Legendre or Clenshaw–Curtis quadrature rules
[14, 25]. Notably, the barycentric form exhibits greater flexibility compared
to Gauss–Legendre quadrature, as it allows for arbitrary node distributions
rather than restricting nodes to the roots of Legendre polynomials. Moreover,
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barycentric rational quadrature is particularly effective at handling endpoint
singularities and functions with steep gradients, owing to its basis in rational
approximation.

The convergence and stability of the resulting quadrature rule directly
inherit the corresponding properties of the underlying interpolant. It was
proved in [17] that for nonnegative integers n and d, d ≤ n/2 − 1, and f ∈
Cd+3[a, b], the quadrature formula (5) with quadrature weights (6) converges
at the rate O(hd+2) as the global mesh size h tends to zero if the quadrature
weights given by (6) are approximated by a quadrature rule converging at
least at the rate O(hd+2).

Direct application of the quadrature formula in discretization schemes
for time-dependent problems, specifically VIEs, implies significant computa-
tional cost due to the necessity of computing quadrature weights at each time
step as the partition size grows. However, since the barycentric weights (6)
do not depend on the nodes and are translation invariant, it is possible to
develop a composite version of the quadrature rule that addresses this issue
efficiently.

Consider the interval [a, b] partitioned uniformly by points a = t0 < t1 <

· · · < tN = b with step size h = b−a
N , so that tk = a+ kh for k = 0, 1, . . . , N .

Let d and n satisfy 0 ≤ d ≤ n ≤ N/2, and define p =
⌊
N
n

⌋
− 1. Under these

conditions, the CBRQ rule can be formulated as

∫ tN

t0

f(t) dt =
p−1∑
j=0

∫ t(j+1)n

tjn

f(t) dt+
∫ tN

tpn

f(t) dt

≈ h
p−1∑
j=0

n∑
k=0

wn,k fjn+k + h

N−pn∑
k=0

wN−pn,k fpn+k = QC
N , (7)

where
wi,k = h−1

∫ ti

t0

b
(i,d)
k (t) dt =

∫ i

0

φ
(i,d)
k (x) dx, (8)

for i = n, n + 1, . . . , 2n − 1 and k = 0, . . . , i. Note that for n ≤ N ≤ 2n,
the only contributing term in (7) is the last one, which is precisely the global
quadrature formula given in (5).

Based on this construction, and noting that each local quadrature formula
converges at the rate of O(hd+2), and that n is fixed and there are p + 1 =
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O(n) = O(1/h) integrals to be computed, the order of the CBRQ rule (7)
behaves as follows.

Theorem 2. Suppose that N and n are positive integers with n ≤ N , that
d is a nonnegative integer with d ≤ n ≤ N/2, and that f ∈ Cd+2[a, b].
Then the absolute error in the approximation of the integral of f with the
composite quadrature rule (7) goes to zero as O(hd+1+δ), where δ = 0 if n−d
is even and δ = 1 if n− d is odd.

3 Description of the method for VIEs of the first kind

In this section, we utilize the favorable properties of the introduced CBRQ
rule, including smoothness, high accuracy, and an arbitrarily high rate of
convergence, to construct a direct quadrature-based scheme for numerically
solving the classical VIEs of the form (1). Differentiating (1) yields VIEs of
the second kind

k(t, t, y(t)) +

∫ t

t0

kt(t, s, y(s)) ds = g′(t), t ∈ I, (9)

where kt is the partial derivative of the kernel k with respect to t.

Let TN = {t0, t1, . . . , tN = T} be a uniform partition of the given interval
I with the fixed stepsize h = ti+1 − ti = (T − t0)/N , i = 0, 1, . . . , N − 1 and
assume that d and n are as introduced in section 2, and that p = bm/nc− 1.
Applying the CBRQ rule (7) to the integral part of (9) at the mesh point tm
yields

k(tm, tm, ym) + h

p−1∑
j=0

n∑
k=0

wn,k kt(tm, tjn+k, yjn+k)

+ h

m−pn∑
k=0

wm−pn,k kt(tm, tpn+k, ypn+k) = g′(tm), (10)

for m = n + 1, . . . , N . The quadrature weights wi,k are given by (8) for
i = n, n+1, . . . , 2n− 1 and k = 0, . . . , i. Here ym denotes the approximation
to the exact solution y of (1) at t = tm. This approach will be referred to as
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the CBRQM, which stands for “composite barycentric rational quadrature
method”.

It is clear that a set of starting values ym, m = 1, 2, . . . , n, is necessary
to prevent deterioration in the order of convergence of the method, as any
loss of precision will be carried over through the whole interval of integration.
To supply them, we employ the quadrature formula (5) to approximate the
integral part of (9) over the interval [t0, tm], m = 1, 2, . . . , n, which gives

k(tm, tm, ym) + h

n∑
k=0

wm,k kt(tm, tk, yk) = g′(tm), (11)

where the quadrature weights required for the starting procedure are given
by

wm,k =

∫ m

0

β̄
(n,d)
k

x− k

/ n∑
j=0

β̄
(n,d)
j

x− j
dx, k = 0, 1, . . . , n,

wherein the barycentric weights β̄(n,d)
j depend on n, not on m. This starting

procedure is fully implicit and specifically designed to provide sufficiently ac-
curate starting values. It is essential to emphasize that the nonlinear system
of equations represented by (11) contains n equations in the n unknowns
ym, m = 1, 2, . . . , n. This system must be solved simultaneously to ob-
tain the starting values required for the subsequent implementation of the
method. The following theorem rigorously establishes the convergence rate
of the starting values derived from (11) in terms of the parameters of the
method.

Theorem 3. Assume that f ∈ Cd+2(I) and k ∈ Cd+2(S × R), let yn =

(y1, y2, . . . , yn)
T be the approximate values obtained by the starting proce-

dure (11) with d ≤ n, and let en = (e1, e2, . . . , en)
T , where ei = y(ti) − yi,

i = 1, 2, . . . , n, are the starting errors. Then, ‖en‖∞ goes to zero as
O(hd+2+δ), where δ = 0 for even values of n − d and δ = 1 for odd val-
ues of n− d.

Proof. Substituting the exact values for y in the starting procedure (11) and
incorporating their consistency error Rm(h) gives
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k(tm, tm, y(tm)) + h

n∑
k=0

wm,k kt(tm, tk, y(tk)) +Rm(h) = g′(tm). (12)

Subtracting equation (9), in which the variable t is replaced by tm, from (12)
for each m = 1, 2, . . . , n, yields

Rm(h) =

∫ tm

t0

kt(tm, s, y(s)) ds− h
n∑

k=0

wm,k kt(tm, tk, y(tk)).

Since m ≤ n, n is constant, and h shrinks, it readily follows from the con-
vergence rate of the global quadrature (5) that for each m = 1, 2, . . . , n,
Rm(h) = O(hd+2). Considering the arguments mentioned just after Theo-
rem 1, it can be deduced that when n − d is odd, the convergence order of
the starting values increases by one, yielding d + 2 + δ, where δ is the same
quantity as stated in Theorem 2.

Subtracting the starting values in (11) from (12) and using the mean value
theorem gives

ky(tm, tm, ξm)em + h

n∑
k=0

wm,k kty(tm, tk, ηk)ek = Rm(h), m = 1, 2, . . . , n,

where ky and kty denote the partial derivatives of k with respect to y and
t, y, respectively, and where ξm and ηk lie within the interior of the line
segments connecting the exact value of y and its approximations at the
corresponding functions. Introducing the matrix Dn as the diagonal ma-
trix with entries ky(tm, tm, ξm) for m = 1, 2, . . . , n, the matrix Wn with the
(m, k)th element given by wm,k kty(tm, tk, ηk), and the consistency error vec-
tor Rn(h) := [R1(h), R2(h), . . . , Rn(h)]

T , the last equation can be written in
matrix form as

(Dn + hWn)en = Rn(h).

Due to the differentiability assumption on the kernel k, the partial derivatives
involved in the matrices have a maximum absolute value, and since n is fixed
in the starting procedure (11) and only the stepsize h varies, the correspond-
ing starting quadrature weights remain bounded as well. Consequently, the
norm of the matrix Wn is bounded so that h ‖Wn‖∞ may be made as small
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as necessary by diminishing h. Therefore, with small enough stepsize h, there
exists a positive constant C such that

‖en‖∞ ≤
∥∥(Dn + hWn)

−1
∥∥
∞ ‖Rn(h)‖∞

≤ 1

‖Dn‖∞ − h ‖Wn‖∞
‖Rn(h)‖∞

≤ C ‖Rn(h)‖∞ ,

which implies ‖en‖∞ = O(hd+2+δ).

We are now in a position to state our main theorem about the order of
convergence of the method (10), which can easily be deduced with the same
ingredients as in [21, Theorem 7.2], and the help of Theorems 2 and 3.

Theorem 4. Let g ∈ Cd+2(I) and let k ∈ Cd+2(S × R), where the kernel
k satisfies a Lipschitz condition with respect to its third argument. Assume
further that n and d with d ≤ n are,respectively positive and nonnegative
integers, and let the nodes be equispaced. Then, the CBRQM (10) is con-
vergent of order d+ 1+ δ if the order of the utilized starting procedure is at
least d+ δ, where δ = 0 for even values of n− d, and δ = 1 for odd values of
n− d.

4 Numerical experiments

In this section, we apply the proposed method with various choices of n,
d, and ds (for the starting procedure), to several linear and nonlinear VIEs
of the first kind to illustrate the efficiency and accuracy of the method and
verify the theoretical convergence estimates established in section 3. To this
end, the approximation quality in each numerical experiment is measured by

eSh = max
1≤m≤n

‖y(tm)− ym‖∞,

the maximum norm of the starting errors, and

eh(T ) = ‖y(tN )− yN‖∞,
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the maximum norm of the error at the endpoint tN = T of the integration
interval. Additionally, to validate the theoretical convergence order, the ex-
perimental estimate of the order of accuracy for the starting procedure (11)
and the CBRQM (10) are computed by

OS = log2
(
eSh/e

S
h/2

)
,

and
OC = log2

(
eCh (T )/e

C
h/2(T )

)
.

As a first example, consider the linear convolution VIE of the first kind
[13] ∫ t

0

(c2 + 1) cos(t− s)y(s) ds = cect + sin t− c cos t, t ∈ [0, 4], (13)

where c = ±1, and the exact solution is given by y(t) = et. Tables 1 and 2 list
numerical results for the starting procedure and the CBRQM with various
choices of the parameters (n, d, ds) and different values of the stepsize h. For
both cases of the parameter c, the errors decrease with decreasing stepsize h.
As to be expected from Theorem 3, the error of the starting values decreases
at the rate of ds +2+ δ, with δ = 1 for odd n− ds and δ = 0 for even n− ds,
and the errors of the CBRQM (10) decrease at the rate of d + 1 + δ, with
δ = 1 for odd n− d and δ = 0 for even n− d, as established by Theorem 4.

Table 1: Numerical results of the CBRQM applied to the VIE in (13) with c = 1.

h 2−2 2−3 2−4 2−5 2−6 2−7 2−8

(n, d, ds) = (5, 2, 1)

Starting procedure eSh 5.90e−3 4.63e−4 4.76e−5 5.46e−6 6.54e−7 8.02e−8 9.92e−9
OS 3.67 3.28 3.12 3.06 3.03 3.02

CBRQM eCh (T ) 1.72e−2 1.26e−3 7.73e−5 4.69e−6 2.94e−7 1.84e−8 1.15e−9
OC 3.77 4.03 4.04 4.00 4.00 4.00

(n, d, ds) = (6, 3, 2)

Starting procedure eSh 8.28e−4 3.18e−5 1.48e−6 7.96e−8 4.60e−9 2.77e−10 1.70e−11
OS 4.70 4.43 4.22 4.11 4.05 4.03

CBRQM eCh (T ) 1.02e−3 2.39e−5 7.55e−7 2.78e−8 1.03e−9 3.52e−11 1.15e−12
OC 5.42 4.98 4.76 4.75 4.87 4.94

As the second test problem, consider the classical VIE of the form [16]
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Table 2: Numerical results of the CBRQM applied to the VIE in (13) with c = −1.

h 2−2 2−3 2−4 2−5 2−6 2−7 2−8

(n, d, ds) = (5, 2, 1)

Starting procedure eSh 1.50e−3 2.43e−4 3.48e−5 4.66e−6 6.05e−7 7.71e−8 9.73e−9
OS 2.63 2.80 2.90 2.95 2.97 2.99

CBRQM eCh (T ) 3.10e−3 2.91e−4 2.18e−5 1.49e−6 9.74e−8 6.22e−9 3.93e−10
OC 3.41 3.74 3.87 3.94 3.97 3.98

(n, d, ds) = (6, 3, 2)

Starting procedure eSh 1.75e−4 1.43e−5 1.00e−6 6.57e−8 4.19e−9 2.64e−10 1.66e−11
OS 3.61 3.84 3.93 3.97 3.99 3.99

CBRQM eCh (T ) 2.21e−4 1.91e−5 9.06e−7 3.39e−8 1.15e−9 3.75e−11 1.19e−12
OC 3.53 4.40 4.74 4.88 4.94 4.98

Figure 1: Log-log-plots of the approximation error of the starting procedure and the
CBRQM applied to the VIE in (14) with (n, ds) = (5, 1), (5, 2), (7, 4) (left) and (n, d) =

(5, 1), (5, 3), (7, 5) (right).

∫ t

0

e−tsy(s) ds = g(t), t ∈ [0, 1], (14)

where the function g is chosen such that the exact solution is y(t) = e−t cos t.
Figure 1 shows the logarithmic errors log10(eSh) and log10(eCh (T )) of the start-
ing procedure and the CBRQM (10) for this equation, plotted versus log10(h),
together with the slope lines corresponding to the expected convergence rates.
The numerical results confirm the expected orders of convergence for various
choices of (n, d, ds) as predicted by Theorems 3 and 4.

To demonstrate the efficiency and accuracy of the CBRQM (10), consider
the following nonlinear first-kind VIE∫ t

0

1

t+ s+ 9 + ey(s)
ds = 1

2
log
(3t+ 10

t+ 10

)
, t ∈ [0, 1], (15)
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with the exact solution y(t) = log(t + 1). The numerical results for this
equation are presented in Table 3 for the parameter (n, d, ds) = (3, 1, 1) and
(n, d, ds) = (8, 3, 2). These results clearly validate the theoretical convergence
order of the proposed method.

Table 3: Numerical results of the CBRQM applied to the VIE in (15).

h 2−3 2−4 2−5 2−6 2−7 2−8

(n, d, ds) = (3, 1, 1)

Starting procedure eSh 2.71e−5 3.97e−6 5.44e−7 7.13e−8 9.14e−9 1.16e−9
OS 2.77 2.87 2.93 2.96 2.98

CBRQM eCh (T ) 3.66e−5 9.51e−6 2.79e−6 7.02e−7 1.82e−7 4.55e−8
OC 1.94 1.77 1.99 1.95 2.00

(n, d, ds) = (8, 3, 2)

Starting procedure eSh 1.12e−6 8.42e−8 5.83e−9 3.85e−10 2.48e−11 1.57e−12
OS 3.73 3.85 3.92 3.96 3.98

CBRQM eCh (T ) 1.88e−7 4.57e−9 1.68e−10 5.74e−12 1.87e−13 5.33e−15
OC 5.36 4.77 4.87 4.94 5.13

Implementation of numerical methods becomes increasingly challenging
when dealing with VIEs over long integration intervals. To demonstrate the
efficiency of the CBRQM in such cases, consider the nonlinear VIE∫ t

0

sin(t− sy(s)) ds = 1− cos t, t ∈ [0, 100], (16)

where the exact solution is y(t) = 1. The numerical results for this equation
with parameters (n, d, ds) = (10, 3, 2) and (n, d, ds) = (12, 5, 4) are given in
Table 4 and confirm once more the theoretical results and the capability of
the method in solving VIEs over long intervals.

Finally, consider the highly oscillatory first-kind VIE∫ t

0

e−α(t−s) cos(ω(t− s))y(s) ds = g(t), t ∈ [0, 1], (17)

where the function g is chosen such that the exact solution is y(t) =

e−αt sin(ωt). For α > 0 and ω � 1, the VIE in (17) becomes highly oscilla-
tory due to the cosine term. Figure 2 shows the logarithmic errors log10(eSh)
and log10(eCh (T )), corresponding to the starting procedure and the CBRQM
(10), applied to the VIE in (17) for α = 1 and ω = 100, plotted versus
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Table 4: Numerical results of the CBRQM applied to the VIE in (16).

h 2−2 2−3 2−4 2−5 2−6 2−7

(n, d, ds) = (10, 3, 2)

Starting procedure eSh 2.20e−4 2.18e−5 1.51e−6 9.67e−8 6.08e−9 3.80e−10
OS 3.34 3.85 3.96 3.99 4.00

CBRQM eCh (T ) 7.36e−5 1.48e−5 9.03e−7 3.32e−8 1.08e−9 3.41e−11
OC 2.31 4.03 4.77 4.94 4.99

(n, d, ds) = (12, 5, 4)

Starting procedure eSh 8.01e−6 2.26e−7 4.01e−9 6.46e−11 1.02e−12 1.55e−14
OS 5.15 5.82 5.96 5.98 6.04

CBRQM eCh (T ) 4.89e−6 1.01e−7 2.34e−9 2.44e−11 2.12e−13 1.55e−15
OC 5.60 5.43 6.58 6.85 7.10

Figure 2: Log-log-plots of the approximation error of the starting procedure and the
CBRQM applied to the VIE in (17) with (n, ds) = (7, 3), (11, 6) (left) and (n, d) =
(7, 4), (11, 7) (right).

log10(h), together with the expected convergence rates. As expected, the
experimental orders of convergence for both the starting procedure and the
CBRQM (10) exhibit excellent agreement with the theoretical results.
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Abstract

This study develops a computational framework to optimize the auction-
eer’s revenue per unit of time in modified discrete Dutch auction by in-
corporating bidders’ risk preferences through the constant absolute risk
aversion utility function. Bidders are categorized into three distinct risk
profiles—risk-loving, risk-neutral, and risk-averse—allowing for a compre-
hensive analysis of how risk attitudes influence auction outcomes. A non-
linear programming methodology is utilized to ascertain the optimal rev-
enue per unit time while incorporating discrete bid levels. The findings
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demonstrate that, at the outset, an increase in the number of bidders sub-
stantially boosts the revenue per unit time; nevertheless, after reaching
a specific point, the incremental benefits decrease, resulting in a plateau.
Additionally, the analysis suggests that, in auctions featuring larger pools
of bidders, achieving maximum revenue per unit time necessitates fewer
bid levels, as surplus bid levels do not yield further revenue improvements.
Bidders exhibiting risk-averse tendencies tend to generate lower returns
due to their cautious bidding patterns, whereas risk-seeking participants
contribute to higher revenue per unit time by engaging in more assertive
bidding. Collectively, these results highlight the significant influence of
bidders’ risk preferences on auction design and establish a comprehensive
mathematical framework that can be readily adapted to various algorith-
mic auction mechanisms. Behavioral interpretation via the prospect theory
and alignment with published field evidence support the model’s external
validity.

AMS subject classifications (2020): Primary 90C30; Secondary 91B26.

Keywords: Auctions; Constant absolute risk aversion; Discrete Dutch auc-
tion; Nonlinear programming; Revenue per unit of time.

1 Introduction

An auction constitutes a competitive bidding mechanism wherein an item
of uncertain value is awarded to the participant prepared to offer the high-
est price. Auctions represent one of the three primary methods of trade,
alongside fixed-price sales and negotiation-based transactions [39]. They hold
significant importance in the contemporary global economy, enabling the ex-
change of assets ranging from real estate and agricultural commodities to
mineral rights and spectrum licenses [22, 56, 29, 12]. Among the diverse auc-
tion types, the Dutch auction (DA), also referred to as the descending-price
or clock auction, stands out for its swift transaction process and particular
suitability for the sale of perishable goods and time-sensitive assets [20, 48].

In a DA, the auctioneer initiates the process by setting an initially high
asking price, which is then systematically reduced following a specified sched-
ule until a participant agrees to the prevailing price [48]. Unlike ascending-
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price English auctions that favor unique items, such as antiques, DAs excel
in markets for goods with diminishing value over time, such as fresh produce,
concert tickets, and container space [1, 32]. Practical applications extend to
cash management [2], stock repurchases [6], and airline overbooking [23].

Traditional auction models often assume continuous bidding and risk-
neutral bidders, which may not align with real-world dynamics [43, 46, 40].
The introduction of discrete Dutch auction (DDA) has addressed practical
constraints by limiting bid levels to a discrete set of values. Early studies by
Li and Kuo [32, 33] explored revenue maximization of DDA through opti-
mal bid level design, demonstrating that revenue increases with the number
of bid levels and bidders. However, these models ignored the variability in
bidder risk preferences and emotional attachments. Li, Yue, and Kuo [34]
extended DDA models by incorporating time as a critical parameter, ex-
amining trade-offs between auction duration and revenue. Their findings
revealed that optimizing revenue per unit of time could significantly enhance
auctioneer profitability, particularly in high-frequency auction environments.
Despite these advancements, their models also remained limited to emotional
attachment of the bidders with the item to be sold and bidders’ risk prefer-
ences. Addressing some of these limitations, Shamim and Ali [48] integrated
bidders’ emotional attachments using the log-normal valuation distribution
along with the consideration of time in DDA frameworks. By accounting
for the emotional attachments, their research demonstrated the significant
impact of emotions on auction outcomes and bidding strategies. However,
they did not discuss the impact of bidders’ risk preferences on the auction
outcomes.

This study builds upon the aforementioned foundational works by exam-
ining the influence of bidders’ risk preferences through the constant absolute
risk aversion (CARA) utility function while incorporating the critical role of
time in auction profitability. Recognizing that an auctioneer seeks to max-
imize revenue not only per auction but also per unit of time, this research
integrates risk-sensitive bidder behavior with time-optimized revenue strate-
gies. By formulating a computational framework that captures the complex-
ities of real-world auctions, this study aims to enhance auction theory and
offer practical insights for designing more efficient DDAs.
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This study also extends the standard DDA model by explicitly addressing
bidder risk asymmetry, clarifying the behavioral interpretation of the CARA
parameter, and situating the framework alongside the prospect theory. While
this study relies on simulation-based analysis, it also demonstrates that our
results are consistent with published empirical studies of fish and flower mar-
kets, thereby reinforcing the practical relevance of its findings even in the
absence of new transaction-level data.

The rest of this paper is structured as follows. Section 2 provides a
comprehensive review of existing literature, highlighting the research gap ad-
dressed in this study. In Section 3, a mathematical revenue model for DDAs
is developed, incorporating bidders’ risk preferences and time considerations.
Section 4 presents and analyzes the key results obtained by solving the pro-
posed model using the R software. Finally, Section 5 concludes the study by
summarizing the findings, discussing its limitations, and suggesting potential
directions for future research.

2 Literature review

Auction theory has been a central theme in economic research, with con-
siderable emphasis placed on analyzing the dynamics of different auction
formats, such as English auctions, sealed-bid auctions, and DAs. Notably,
DAs, distinguished by their descending-price structure, have become partic-
ularly valued for their effectiveness in facilitating the sale of perishable and
time-sensitive goods [20, 48]. Nevertheless, much of the existing scholarship
presumes continuous bidding and risk-neutral behavior among participants,
assumptions that often do not align with the practical realities of auction
environments [43, 46, 41]. This section provides an overview of the current
literature on DAs, focusing specifically on discrete bidding and strategies for
maximizing auctioneer revenue per unit of time, while also drawing attention
to the insufficient consideration of bidders’ risk preferences within the field.

Traditional auction models often assume that bid prices are continuous
variables, allowing bidders to outbid each other by infinitesimally small incre-
ments [43, 46, 40, 14, 47]. While this assumption is suitable for unique items
such as antiques, it is less applicable to fast DAs, where perishable goods
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or services are sold rapidly. For instance, Royal Flora Holland auctions last
approximately four seconds per transaction [28], and fish markets in Italy
complete 15 transactions per minute using simultaneous clocks [17, 19]. The
inefficiency of continuous bidding in such contexts has led researchers to ex-
plore discrete bidding mechanisms, where bid levels are restricted to a finite
set of values.

Discrete bidding is not uncommon in English auctions [14, 47], sealed-
bid auctions [10, 37], and hybrid auctions [25]. However, its application in
DAs has received limited attention. Early work by Yu [54] demonstrated
the existence of a symmetric pure-strategy equilibrium in DAs with fixed bid
decrements but did not explore the optimization of bid levels or their im-
pact on closing prices. Yuen, Sung, and Wong [55] extended this research by
analyzing DAs conducted via wireless networks, introducing a communica-
tion cost factor. While their iterative numerical approach provided insights
into optimal bid decrements, their model was constrained by its focus on
communication costs and did not address revenue maximization directly.

The optimization of auctioneer revenue has been a central theme in auc-
tion theory. Cramton et al. [13] and Sujarittanonta [49] examined DAs with
discrete bid levels, focusing on efficiency maximization rather than revenue
optimization. In contrast, Li and Kuo [32, 33] explored revenue-maximizing
DAs with unequal bid decrements, demonstrating that revenue increases with
the number of bid levels and bidders. The assumption of a deterministic
number of bidders was challenged by McAfee and McMillan [38], who in-
troduced probabilistic models to account for uncertain bidder participation.
This line of research gained traction with the rise of e-commerce, as online
auctions necessitated models that could accommodate fluctuating bidder ar-
rivals. Studies by Bajari and Hortaçsu [5], Etzion, Pinker, and Seidmann
[15], and Caldentey and Vulcano [9] approximated bidder arrivals using Pois-
son processes, a modeling approach validated by empirical studies [50, 24].
Despite these advancements, the focus remained on English and sealed-bid
auctions, leaving only a limited number of studies in DAs [48, 33, 34].

A significant limitation of traditional auction models is their neglect of
time as a critical factor in auction profitability. While increasing the num-
ber of bid levels can enhance revenue per auction, it also prolongs auction
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duration, potentially reducing the total number of transactions conducted
within a given timeframe. Li, Yue, and Kuo [34] and Shamim and Ali [48]
tackled this challenge by integrating time considerations into DDA models,
illustrating that maximizing revenue per unit of time can substantially im-
prove the auctioneer’s profitability. Their research highlighted the critical
need to balance the number of bid levels with the overall auction duration,
especially within high-frequency auction settings.

Although previous studies have advanced the optimization of auction de-
sign, they have largely neglected the influence of bidders’ risk preferences and
emotional attachments. Conventional models typically assume bidders to be
risk-neutral for the sake of analytical tractability; however, this assumption
does not necessarily reflect the diversity of risk attitudes observed in actual
auction settings. Shamim and Ali [48] contributed to this area by incorpo-
rating bidders’ emotional attachments into DDA frameworks through the use
of lognormal valuation distributions. Their work demonstrated the consid-
erable effect of emotions on both auction outcomes and bidding behavior.
Nevertheless, their approach did not consider the risk preferences of bidders,
thereby leaving a significant gap in the existing body of literature.

This research extends the foundational contributions of Li and Kuo [32,
33], Li, Yue, and Kuo [34], and Shamim and Ali [48] by addressing two
significant gaps identified in the current literature. First, it incorporates
bidders’ risk preferences-encompassing risk-neutral, risk-seeking, and risk-
averse behaviors-within the DDA framework through the application of the
CARA utility function. Second, it treats time as a pivotal parameter, with
the objective of maximizing the auctioneer’s revenue both per auction and
per unit of time. Through the development of a computational framework
that reflects the intricacies of real-world auction environments, this study
aims to advance auction theory and offer actionable guidance for the design
of more effective DAs. This article reports simulation-based evidence; due to
the unavailability of public transaction-level DA data, empirical alignment is
provided through published field studies.

In conclusion, although substantial advancements have been achieved in
the study of DDAs and revenue optimization, the incorporation of bidders’
risk preferences and strategies for maximizing time-sensitive revenue has not
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been thoroughly investigated. This research seeks to address these deficien-
cies by presenting a comprehensive framework designed to improve both the
efficiency and profitability of auctions.

3 Model development

This research investigates the impact of bidders’ risk preferences on the rev-
enue per unit of time in a DA featuring discrete bidding increments, within
an independent private value (IPV) framework characterized by symmetric
information. Under this setting, each bidder possesses knowledge solely of
their own valuation for the auctioned item, which is independently drawn
from a uniform distribution, and this information remains private and un-
influenced by the valuations of other participants [40, 34, 30]. The study
considers scenarios in which bidders exhibit risk aversion, risk neutrality, or
risk-loving behavior. In each case, a bidder is expected to place a bid when
the asking price first drops to or below their valuation.

The discrete bid levels taken in this setting are b1 < b2 < · · · < bm, where
m ≥ 1. Initially, the auctioneer opens the bidding process at a very high bid
level bm+1 where nobody is willing to bid, and then the price decreases to
bm, bm−1, . . . , b2, b1 after each preset interval of time until a bidder bids to
buy the item at bid level bi for any i ∈ {1, 2, . . . ,m}. In the DA setting, the
item is sold at a price bi if and only if there exist q number of bidders having
their valuations in the interval [bi, bi+1) and nobody is willing to buy it for
the price higher than bi+1. Also, the remaining n− q bidders’ valuations lie
below bi, i = 1, 2, . . . ,m. If only one bidder has the valuation in the interval
[bi, bi+1), then the object is sold to him/her and if there are two or more such
bidders, the one who stops the clock first or calls out “mine” first will get the
item.

If n ≥ 2 participants take part in the auction, then the probability that
the item is sold at the price level bi, i = 1, 2, . . . ,m is P (bi), which is given
by [32, 34]:
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P (bi) =

n∑
q=1

(
n

q

)
F (bi)

n−q [F (bi+1)− F (bi)]q ,

= F (bi+1)
n − F (bi)n.

(1)

To account for the risk preferences of the bidders, whether they are risk-
loving, risk-neutral, or risk-averse, their utility of accepting a bid at the price
level bi is represented using the CARA utility function U (bi) = 1−e−αbi

α ,
where α is the constant of absolute risk aversion [30, 3, 42, 35, 8]. Therefore,
the expected revenue per unit of time by the auctioneer in a DDA considering
the risk preferences is given by

Z =

m∑
i=1

U (bi)P (bi)

D
, (2)

where D is the auction duration given as follows:

D = sE(m),

= s

[
m∑
i=1

(m+ 2− i)P (bi) + (m+ 1)

(
1−

m∑
i=1

P (bi)

)]
,

= s

[
m∑
i=1

(m+ 2− i) [F (bi+1)
n − F (bi)

n] + (m+ 1)

(
1−

m∑
i=1

[F (bi+1)
n − F (bi)

n]

)]
,

= s

[
(1 +m) (1 + F (b1)

n − F (bm+1)
n) +

m∑
i=1

(2− i+m) (F (bi+1)
n − F (bi)

n)

]
.

(3)

In light of (1) and (3), (2) becomes

Z =

m∑
i=1

1−e−αbi

α

[
F (bi+1)

n − F (bi)
n
]

s

[
(1 +m) (1 + F (b1)n − F (bm+1)n) +

∑m
i=1(2− i+m) (F (bi+1)n − F (bi)n)

] ,
(4)

where α is the coefficient of constant absolute risk aversion, determining
each bidder’s risk attitude.

Here, a symmetric IPV setting is assumed; that is, the valuation of
each bidder j is vj , j = 1, 2, . . . , n, which is drawn from a uniform distri-
bution defined on [0, v] with cumulative distribution function (c.d.f.) F (·)
and probability distribution function (p.d.f) f(·). In other words, all bid-
ders share the same valuation distribution and private information. We also
consider a DDA with a fixed number of price drop levels. The bid levels
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b1 < b2 < . . . < bm span from a minimum price b1 = 0 (no reserve price) to a
maximum bm+1 = v (starting price) partitioning the [0, v] valuation range. It
follows that F (b1) = 0, F (bm+1) = v and F (bi) = bi

v , i = 1, 2, . . . ,m without
any loss of generality. These modeling assumptions, consistent with prior
literature [33, 36, 44], provide a tractable framework for our analysis. Hence,
the seller’s expected revenue per unit of time Z can be expressed as follows:

Z =

m∑
i=1

1−e−αbi

α

[(
bi+1

v

)n
−
(

bi
v

)n]

s

[
(1 +m)

(
1 +

(
b1
v

)n
−
(

bm+1

v

)n)
+

m∑
i=1

(2− i+m)

((
bi+1

v

)n
−
(

bi
v

)n)] ,

=

m∑
i=1

(
1− e−αbi

)(
bni+1 − bni

)
αs

[
(1 +m)(vn + bn1 − bnm+1) +

m∑
i=1

(2− i+m)(bni+1 − bni )

] .
(5)

Therefore, the formulated model as a nonlinear program (NLP) in decision
variables b1, b2, . . . , bm and the parameters α, m, n, s, and v is given below:

Maximize

Z =

m∑
i=1

(
1− e−αbi

)(
bni+1 − bni

)
αs

[
(1 +m)(vn + bn1 − bnm+1) +

m∑
i=1

(2− i+m)(bni+1 − bni )

] ,

subject to:
bi+1 ≥ bi, i = 1, 2, . . . ,m,

b1 ≥ 0,

bm+1 = v.

(6)

In the above NLP (6), it is crucial to recognize that as α approaches 0, it
signifies the risk-neutral case. This is due to the fact that limα→0

1−e−αbi

α =

bi, which leads to the reduction of our NLP (6) to the model described by
Li and Kuo [32], which does not account for the risk preferences of the bid-
ders despite their claim, as that model lacks any parameters to define risk
behaviors. Moreover, positive α indicates risk-averse bidders and negative α
indicates risk-seeking behavior of the bidders [30, 3, 8].
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This paper focuses on solving the optimization model (6) to find the
revenue-maximizing set of bid levels and optimal revenue per unit of time
under the given constraints. In mathematical terms, we tackle an NLP
with m decision variables b1, b2, . . . , bm (the bid levels). The objective func-
tion Z (b1, . . . , bm) is continuously differentiable but nonlinear and generally
nonconvex, due to the combination of exponential utility terms and polyno-
mial probability terms in (6). However, the structure of the problem offers
some advantages: The feasible region is defined by simple linear inequali-
ties 0 ≤ b1 ≤ b2 ≤ . . . ≤ bm ≤ v, and we observed that increasing a bid
level beyond its optimal point yields diminishing returns (suggesting a sin-
gle prominent optimum in practice). This NLP is solved using a numerical
optimization approach. Specifically, a program in R (using the nloptr pack-
age) is implemented to maximize (6) subject to the constraints. This solver
employs an augmented Lagrangian method to handle the monotonicity con-
straints effectively, ensuring that the solution respects b1 ≤ . . . ≤ bm. Each
function evaluation of Z involves summing over m terms and computing
probabilities raised to the power n, which is an O(m) computation. Thus,
the computational complexity scales primarily with the number of bid levels
m. In our study, we considered m up to 7, for which the solver finds solutions
within a few hours on a standard PC. The number of bidders n influences the
shape of the objective (larger n makes the revenue curve steeper) but does
not increase the number of decision variables, so it has a minor impact on
computation time. We also note that our model reduces to the known risk-
neutral case when α → 0, for which analytical solution methods exist (see
Li and Kuo [32]); but for arbitrary α, an analytical solution is intractable,
validating our choice of a numerical solver. The use of a modern NLP solver
is sufficient and efficient for the problem sizes in this study.

Iran. J. Numer. Anal. Optim., Vol. 15, No. 4, 2025, pp 1607–1638



1617 Nonlinear optimization of revenue per unit of time in discrete Dutch ...

3.1 Risk preference asymmetry and utility curvature

We now formalize the distinction between risk-averse and risk-seeking bid-
ders in our model. In the CARA utility framework U(bi) =

1−e−αbi

α , the sign
of α governs the utility function’s curvature and thereby the bidder’s risk
attitude. If α > 0, then the second derivative U ′′(bi) < 0, meaning U(bi) is
concave, that is, the hallmark of risk aversion. The bidder derives diminish-
ing marginal utility from monetary gains, preferring certain outcomes over
gambles with the same expectation. Conversely, if α < 0, then U ′′(bi) > 0,
making the utility convex. This corresponds to risk-seeking (risk-loving) be-
havior, where the bidder is inclined to gamble for higher returns, as the
marginal utility of payoff increases with bi. The boundary case α→ 0 yields
U(bi) = bi (by L’Hopital’s rule), a linear utility indicating risk neutrality.
Thus, α → 0 is the cutoff point between two qualitatively different regimes
of bidder behavior. We emphasize that positive α and negative α are not
symmetric cases, rather they produce fundamentally different bidding incen-
tives. A risk-averse bidder (positive α) is primarily concerned with avoiding
high payments (losses), whereas a risk-loving bidder (negative α) focuses on
the potential for paying very low prices (gains), even at the risk of possibly
leaving empty-handed.

This asymmetry manifests in bidding strategies. A risk-averse bidder will
tend to bid (stop the clock) earlier, at a higher price, to secure the item
before the price falls too low and uncertainty increases. Their concave utility
implies a high disutility for the “loss” incurred if the auction is lost or if the
price drops further and someone else wins, hence they exit the auction sooner
to minimize regret. In contrast, a risk-loving bidder gains extra utility from
pushing their luck; the convex utility means the incremental utility of a lower
price is high. Such a bidder is more willing to wait until the price has dropped
significantly before bidding, even though waiting carries the risk of losing to
a competitor. They effectively treat the prospect of getting a very cheap
price as a gamble worth taking. Our model captures these tendencies via
the parameter α. For example, in our simulations, a moderately risk-averse
bidder (α = 0.2) might stop the auction at a price around 80% of their
private value, whereas a similarly strong risk-seeker (α = −0.2) might hold
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out until the price is 50−60% of their value, dramatically increasing variance
in outcomes. Indeed, our computational results confirm this: Holding other
parameters fixed, higher α leads to earlier bids and lower revenue, while
more negative α leads to prolonged bidding and can raise revenue (see Tables
2 and 3). Formally, for any given number of bidders n and bid levels m, we
find Zrl > Zrn > Zra, where Zrl, Zrn, and Zra represent the auctioneer’s
expected revenue per unit of time for risk-loving, risk-neutral, and risk-averse
bidders, respectively, underscoring how the auctioneer’s expected revenue per
unit time improves as bidders become more risk-seeking (refer to Tables 1–3).
This is intuitive from the model: cautious bidders “quit” early, yielding higher
prices but fewer active bidders at low price levels, whereas risk-seeking bidders
stay longer in the game, driving the price lower and intensifying competition,
which paradoxically can increase the auctioneer’s time-adjusted revenue by
shortening auction duration. The key point is that risk aversion versus risk
seeking are asymmetrical in effect, they do not simply cancel out or mirror
each other. The analysis and results of this study reflect the asymmetry
clearly.

4 Results and discussion

In this section, a series of problem instances is examined to analyze the
behavior of the proposed model under varying parameter configurations. The
number of bid levels is represented asm ∈ {2, 3, . . . , 7}, the number of bidders
as n ∈ {2, 5, 10, 15, 20, 25, 30, 40, 60, 80, 100}, and the risk parameter as α ∈
{−0.5,−0.4, . . . , 0.5} with v = 1 and s = 1 based on [34]. Using (6), NLPs are
formulated and solved for different combinations of m, n, and α for v = 1 and
s = 1 by implementing a program in RStudio. In the subsequent discussion,
Z ∗

m=γ is used to denote the auctioneer’s maximum expected revenue per unit
of time when the number of bid levels is γ.

To facilitate further discussion, Table 1 provides a summary of the auc-
tioneer’s expected revenues per unit of time for all values of m specified
above, under the assumption of risk-neutral bidders (α→ 0). When bidders
exhibit risk-neutral behavior (α→ 0), the proposed model (6) reduces to the
revenue model outlined by Li, Yue, and Kuo [34] for cases with zero salvage
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value. The results presented in Table 1 align with those reported by Li, Yue,
and Kuo [34] when identical parameter values are used.

Table 1: Auctioneer’s maximum expected revenue per unit of time for risk-neutral
bidders (i.e., α → 0) for v = 1, s = 1, n ∈ {2, 5, 10, 15, 20, 25, 30, 40, 60, 80, 100} and
m ∈ {2, 3, . . . , 7}.

n Z ∗
m=2 Z ∗

m=3 Z ∗
m=4 Z ∗

m=5 Z ∗
m=6 Z ∗

m=7

2 0.1671 0.1900 0.1932 0.1934 0.1934 0.1934
5 0.2717 0.2983 0.3016 0.3019 0.3019 0.3019
10 0.3445 0.3671 0.3691 0.3693 0.3693 0.3693
15 0.3798 0.3986 0.3999 0.4000 0.4000 0.4000
20 0.4011 0.4170 0.4180 0.4180 0.4180 0.4180
25 0.4155 0.4293 0.4301 0.4301 0.4301 0.4301
30 0.4259 0.4382 0.4387 0.4387 0.4387 0.4387
40 0.4402 0.4501 0.4505 0.4505 0.4505 0.4505
60 0.4562 0.4634 0.4636 0.4636 0.4636 0.4636
80 0.4651 0.4708 0.4709 0.4709 0.4709 0.4709
100 0.4708 0.4755 0.4756 0.4756 0.4756 0.4756

As shown in Table 1, the expected revenue per unit of time consistently
increases with the number of bidders n for each value of bid levels m ranging
from 2 to 7. Similarly, for any given n, the expected revenue per unit of time
rises with an increasing number of bid levels m. However, this growth halts
when m reaches 4 for n ≥ 20 or 5 for n < 20. The highest optimal values for
expected revenue per unit of time for each n are highlighted in bold in Table
1. This finding aligns with previously established results in the literature
[32, 33, 34, 55]. For instance, Figure 1 illustrates the case where n = 40,
showing that the optimum revenue per unit of time Z ∗ increases with m and
reaches a peak value of 0.4505 when m is 4. These results suggest that the
auctioneer can achieve maximum expected revenue per unit of time with no
more than 5 bid levels, regardless of the value of n, consistent with the trends
reported by Li, Yue, and Kuo [34].

It is important to note that this plateauing behavior occurs under our
model’s assumptions of symmetric bidders and uniform valuations. Intu-
itively, an auction’s revenue per unit time cannot increase indefinitely with
more competition, there is an upper limit. As n becomes very large, the
highest bidder’s valuation will likely be very close to the maximum value v.
(For instance, with valuations Uniform [0, v], the expected highest valuation
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among n bidders is n
n+1v, which approaches v as n→∞.) This means adding

more bidders beyond a certain point yields diminishing returns in expected
revenue, causing the revenue curve to flatten out. Similarly, increasing the
number of bid levels beyond about four or five yields negligible benefit be-
cause the auction outcome is then approaching that of a continuous DA.
Additional intermediate price drops (bid levels) past this threshold do not
significantly raise the winning price or reduce the selling time. Therefore, our
model indicates that under standard conditions (uniform i.i.d. values and no
reserve price) the optimal auction design need not exceed five price levels, a
result that aligns with economic intuition and prior findings in the literature.

Figure 1: The auctioneer’s maximum expected revenue per unit of time (Z ∗) versus
number of bid levels m for n = 40 and risk-neutral bidders, that is, (α → 0).

Table 2 outlines the auctioneer’s maximum expected revenue per unit of
time across various bid levels (m) and numbers of bidders (n) under the
condition of risk-averse bidders, characterized by α ∈ {0.1, 0.2, . . . , 0.5}. A
higher value of α indicates greater risk aversion [45, 11, 4]. The results
demonstrate that as α increases, reflecting heightened risk aversion, the ex-
pected revenue per unit of time declines for every combination of m and n.
This occurs because higher risk aversion leads bidders to adopt less aggres-
sive bidding strategies, opting to wait for lower prices to mitigate potential
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losses. Consequently, the auctioneer’s maximum expected revenue decreases
with increasing α.

When comparing the results from Table 1 (risk-neutral bidders) and Table
2 (risk-averse bidders), it is evident that optimal expected revenue is higher
under risk-neutral conditions. Risk-averse bidders, prioritizing loss minimiza-
tion over potential gains, tend to bid conservatively, which negatively impacts
the auctioneer’s revenue [45, 53]. This strategic shift underscores how risk
preferences influence auction dynamics, leading to lower bids and reduced
revenue for the auctioneer [52, 7].

Furthermore, Tables 2a–2e highlight that for larger bidder groups, fewer
bid levels are required to maximize the auctioneer’s expected revenue per
unit of time. Specifically, the optimal number of bid levels is typically fewer
than five, dropping to four or even three in certain cases when the number of
bidders is sufficiently high. For instance, in the scenario where n = 100 and
α = 0.1, four bid levels are sufficient to achieve maximum expected revenue.
However, for the same bidding population and α = 0.5, only three bid levels
are required.

Table 3 highlights the auctioneer’s maximum expected revenue per unit
of time across various bid levels (m) and numbers of bidders (n) under the
influence of risk-loving (or risk-seeking) bidders. Specifically, this analysis
considers α ∈ {−0.1,−0.2, . . . ,−0.5}, where more negative values of α in-
dicate stronger risk-seeking behavior [45, 11, 4]. The table reveals that as
α decreases (becomes more negative), reflecting heightened risk-seeking ten-
dencies, the expected revenue per unit of time for the auctioneer increases
consistently for all values of m and n. This behavior stems from the aggres-
sive bidding strategies of risk-loving participants, who avoid delaying their
bids for potential price drops, driven by their preference for higher risks. As a
result, the auctioneer’s maximum expected revenue increases as risk-seeking
behavior intensifies.

A comparison between Table 1 (risk-neutral bidders) and Table 3 (risk-
loving bidders) shows that the optimal revenue per unit of time generated
from risk-neutral bidders is lower than that from risk-loving bidders. The
propensity of risk-loving bidders to take bold risks results in more aggressive
bidding behavior, which translates to higher maximum expected revenue per
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Table 2: Auctioneer’s maximum expected revenue per unit of time for risk-averse bidders
(i.e., α ∈ {0.1, 0.2, . . . , 0.5}) for v = 1, s = 1, n ∈ {2, 5, 10, 15, 20, 25, 30, 40, 60, 80, 100}
and m ∈ {2, 3, . . . , 7}.

(a) For α = 0.1

n Z ∗
m=2 Z ∗

m=3 Z ∗
m=4 Z ∗

m=5 Z ∗
m=6 Z ∗

m=7

2 0.1628 0.1848 0.1879 0.1881 0.1881 0.1881
5 0.2629 0.2882 0.2912 0.2915 0.2916 0.2916
10 0.3318 0.3529 0.3548 0.3549 0.3549 0.3549
15 0.3648 0.3823 0.3835 0.3836 0.3836 0.3836
20 0.3846 0.3994 0.4003 0.4004 0.4004 0.4004
25 0.398 0.4108 0.4115 0.4115 0.4115 0.4115
30 0.4077 0.4190 0.4195 0.4195 0.4195 0.4195
40 0.4209 0.4300 0.4304 0.4304 0.4304 0.4304
60 0.4357 0.4423 0.4425 0.4425 0.4425 0.4425
80 0.4439 0.4491 0.4492 0.4492 0.4492 0.4492
100 0.4491 0.4534 0.4535 0.4535 0.4535 0.4535

(b) For α = 0.2

n Z ∗
m=2 Z ∗

m=3 Z ∗
m=4 Z ∗

m=5 Z ∗
m=6 Z ∗

m=7

2 0.1587 0.1799 0.1828 0.1830 0.1830 0.1830
5 0.2546 0.2786 0.2814 0.2817 0.2817 0.2817
10 0.3197 0.3395 0.3412 0.3413 0.3413 0.3413
15 0.3507 0.3669 0.3680 0.3681 0.3681 0.3681
20 0.3691 0.3829 0.3836 0.3837 0.3837 0.3837
25 0.3816 0.3934 0.3940 0.3940 0.3940 0.3940
30 0.3906 0.4010 0.4014 0.4014 0.4014 0.4014
40 0.4028 0.4112 0.4115 0.4115 0.4115 0.4115
60 0.4164 0.4225 0.4226 0.4226 0.4226 0.4226
80 0.4239 0.4287 0.4288 0.4288 0.4288 0.4288
100 0.4288 0.4327 0.4327 0.4327 0.4327 0.4327

(c) For α = 0.3

n Z ∗
m=2 Z ∗

m=3 Z ∗
m=4 Z ∗

m=5 Z ∗
m=6 Z ∗

m=7

2 0.1548 0.1752 0.1780 0.1782 0.1782 0.1782
5 0.2467 0.2694 0.2721 0.2724 0.2724 0.2724
10 0.3082 0.3268 0.3284 0.3285 0.3285 0.3285
15 0.3373 0.3524 0.3534 0.3535 0.3535 0.3535
20 0.3545 0.3672 0.3679 0.3680 0.3680 0.3680
25 0.3661 0.3770 0.3775 0.3775 0.3775 0.3775
30 0.3744 0.3840 0.3844 0.3844 0.3844 0.3844
40 0.3857 0.3934 0.3937 0.3937 0.3937 0.3937
60 0.3983 0.4038 0.4040 0.4040 0.4040 0.4040
80 0.4052 0.4096 0.4096 0.4096 0.4096 0.4096
100 0.4097 0.4132 0.4133 0.4133 0.4133 0.4133

(d) For α = 0.4

n Z ∗
m=2 Z ∗

m=3 Z ∗
m=4 Z ∗

m=5 Z ∗
m=6 Z ∗

m=7

2 0.1511 0.1706 0.1733 0.1735 0.1735 0.1735
5 0.2392 0.2607 0.2632 0.2635 0.2635 0.2635
10 0.2974 0.3147 0.3162 0.3163 0.3163 0.3163
15 0.3246 0.3387 0.3396 0.3396 0.3397 0.3397
20 0.3407 0.3525 0.3531 0.3531 0.3531 0.3531
25 0.3514 0.3615 0.3620 0.3620 0.3620 0.3620
30 0.3591 0.3680 0.3684 0.3684 0.3684 0.3684
40 0.3696 0.3767 0.3769 0.3769 0.3769 0.3769
60 0.3812 0.3863 0.3864 0.3864 0.3864 0.3864
80 0.3876 0.3916 0.3916 0.3916 0.3916 0.3916
100 0.3917 0.3949 0.3950 0.3950 0.3950 0.3950

(e) For α = 0.5

n Z ∗
m=2 Z ∗

m=3 Z ∗
m=4 Z ∗

m=5 Z ∗
m=6 Z ∗

m=7

2 0.1475 0.1663 0.1689 0.1691 0.1691 0.1691
5 0.232 0.2524 0.2548 0.2550 0.2550 0.2550
10 0.2871 0.3034 0.3047 0.3048 0.3048 0.3048
15 0.3126 0.3257 0.3265 0.3266 0.3266 0.3266
20 0.3276 0.3385 0.3391 0.3391 0.3391 0.3391
25 0.3376 0.3469 0.3474 0.3474 0.3474 0.3474
30 0.3448 0.3529 0.3533 0.3533 0.3533 0.3533
40 0.3544 0.3610 0.3612 0.3612 0.3612 0.3612
60 0.3652 0.3698 0.3699 0.3699 0.3699 0.3699
80 0.371 0.3747 0.3747 0.3747 0.3747 0.3747
100 0.3748 0.3778 0.3778 0.3778 0.3778 0.3778

unit of time for the auctioneer compared to their risk-neutral counterparts
[45, 53]. In essence, risk-loving bidders focus on maximizing potential gains
rather than minimizing losses. This leads to higher bids, directly enhancing
the auctioneer’s expected revenue per unit of time [52, 7].

Furthermore, Tables 3a–3e emphasize that as the number of bidders (n)
increases, the number of bid levels required to maximize the auctioneer’s
expected revenue per unit of time generally decreases. The maximum number
of bid levels required remains five or fewer in most cases, although it can reach
six bid levels when n is relatively small. For instance, when n = 100, only
four bid levels are sufficient to maximize expected revenue per unit of time,
irrespective of the value of α.

Iran. J. Numer. Anal. Optim., Vol. 15, No. 4, 2025, pp 1607–1638



1623 Nonlinear optimization of revenue per unit of time in discrete Dutch ...

Table 3: Auctioneer’s maximum expected revenue per unit of time for risk-
loving bidders (i.e., α ∈ {−0.1,−0.2, . . . ,−0.5}) for v = 1, s = 1, n ∈
{2, 5, 10, 15, 20, 25, 30, 40, 60, 80, 100} and m ∈ {2, 3, . . . , 7}.

(a) For α = 0.1

n Z ∗
m=2 Z ∗

m=3 Z ∗
m=4 Z ∗

m=5 Z ∗
m=6 Z ∗

m=7

2 0.1716 0.1954 0.1987 0.1990 0.1990 0.1990
5 0.2808 0.309 0.3124 0.3128 0.3128 0.3128
10 0.358 0.3820 0.3843 0.3844 0.3844 0.3844
15 0.3956 0.4158 0.4173 0.4174 0.4174 0.4174
20 0.4185 0.4357 0.4368 0.4368 0.4368 0.4368
25 0.434 0.4490 0.4498 0.4498 0.4498 0.4498
30 0.4452 0.4585 0.4591 0.4592 0.4592 0.4592
40 0.4606 0.4715 0.4719 0.4719 0.4719 0.4719
60 0.478 0.4859 0.4861 0.4861 0.4861 0.4861
80 0.4877 0.4939 0.4941 0.4941 0.4941 0.4941
100 0.4939 0.4991 0.4992 0.4992 0.4992 0.4992

(b) For α = 0.2

n Z ∗
m=2 Z ∗

m=3 Z ∗
m=4 Z ∗

m=5 Z ∗
m=6 Z ∗

m=7

2 0.1763 0.201 0.2045 0.2048 0.2048 0.2048
5 0.2905 0.3202 0.3239 0.3242 0.3243 0.3243
10 0.3722 0.3979 0.4003 0.4005 0.4005 0.4005
15 0.4124 0.4341 0.4357 0.4358 0.4359 0.4359
20 0.4369 0.4555 0.4567 0.4568 0.4568 0.4568
25 0.4536 0.4699 0.4707 0.4708 0.4708 0.4708
30 0.4658 0.4802 0.4809 0.4809 0.4809 0.4809
40 0.4824 0.4942 0.4947 0.4947 0.4947 0.4947
60 0.5013 0.5099 0.5102 0.5102 0.5102 0.5102
80 0.5118 0.5186 0.5188 0.5188 0.5188 0.5188
100 0.5186 0.5243 0.5244 0.5244 0.5244 0.5244

(c) For α = 0.3

n Z ∗
m=2 Z ∗

m=3 Z ∗
m=4 Z ∗

m=5 Z ∗
m=6 Z ∗

m=7

2 0.1812 0.2070 0.2106 0.2109 0.2109 0.2109
5 0.3007 0.3320 0.3359 0.3363 0.3364 0.3364
10 0.3872 0.4147 0.4173 0.4175 0.4175 0.4175
15 0.4302 0.4535 0.4553 0.4554 0.4554 0.4554
20 0.4565 0.4766 0.4779 0.4780 0.4780 0.4780
25 0.4745 0.4921 0.4930 0.4931 0.4931 0.4931
30 0.4876 0.5032 0.5040 0.5041 0.5041 0.5041
40 0.5056 0.5185 0.5190 0.5190 0.5190 0.5190
60 0.5261 0.5355 0.5358 0.5358 0.5358 0.5358
80 0.5375 0.5450 0.5452 0.5452 0.5452 0.5452
100 0.5449 0.5511 0.5512 0.5512 0.5512 0.5512

(d) For α = 0.4

n Z ∗
m=2 Z ∗

m=3 Z ∗
m=4 Z ∗

m=5 Z ∗
m=6 Z ∗

m=7

2 0.1864 0.2132 0.2170 0.2173 0.2173 0.2173
5 0.3113 0.3445 0.3487 0.3491 0.3491 0.3491
10 0.4031 0.4324 0.4353 0.4355 0.4355 0.4355
15 0.4491 0.4741 0.4761 0.4762 0.4762 0.4762
20 0.4773 0.499 0.5004 0.5005 0.5005 0.5005
25 0.4966 0.5157 0.5168 0.5168 0.5168 0.5168
30 0.5108 0.5278 0.5287 0.5287 0.5287 0.5287
40 0.5303 0.5443 0.5449 0.5449 0.5449 0.5449
60 0.5525 0.5628 0.5631 0.5631 0.5631 0.5631
80 0.565 0.5731 0.5733 0.5733 0.5733 0.5733
100 0.573 0.5798 0.5799 0.5799 0.5799 0.5799

(e) For α = 0.5

n Z ∗
m=2 Z ∗

m=3 Z ∗
m=4 Z ∗

m=5 Z ∗
m=6 Z ∗

m=7

2 0.1918 0.2197 0.2237 0.2240 0.2240 0.2240
5 0.3226 0.3576 0.3621 0.3625 0.3626 0.3626
10 0.4199 0.4513 0.4543 0.4546 0.4546 0.4546
15 0.4691 0.496 0.4981 0.4983 0.4983 0.4983
20 0.4994 0.5228 0.5244 0.5245 0.5245 0.5245
25 0.5202 0.5408 0.5421 0.5421 0.5421 0.5421
30 0.5355 0.5539 0.5549 0.5550 0.5550 0.5550
40 0.5566 0.5718 0.5725 0.5725 0.5725 0.5725
60 0.5807 0.5920 0.5923 0.5923 0.5923 0.5923
80 0.5942 0.6032 0.6034 0.6034 0.6034 0.6034
100 0.603 0.6105 0.6106 0.6106 0.6106 0.6106

From Tables 1–3, it is evident that the inequality Zrl > Zrn > Zra

consistently holds for all values ofm and n. Here, Zrl, Zrn, and Zra represent
the auctioneer’s expected revenue per unit of time for risk-loving, risk-neutral,
and risk-averse bidders, respectively. This relationship is further illustrated
for m = 5 in Figure 2, which shows that the expected revenue per unit of
time Z ∗

m=5 increases steadily as α decreases, thereby corroborating the stated
inequality.

Moreover, Figure 2 reveals that as the number of bidders n increases,
the revenue initially grows rapidly, but the rate of growth gradually slows
down beyond a certain point for higher values of n. A similar trend can
be observed for other values of m, indicating a consistent pattern across the
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auction’s various configurations. The findings indicate that an increase in the
number of bidders leads to a higher revenue per unit of time, as expected.
However, beyond a certain threshold, adding more bidders has a diminishing
impact on auction outcomes. This is due to the fact that while additional bid-
ders contribute to increased competition, the marginal revenue gains become
negligible. Moreover, excessively increasing the number of bidders results in
significantly higher operational costs, including administrative expenses and
auction management overhead, which may offset the benefits of increased
participation.

Figure 2: The auctioneer’s maximum expected revenue per unit of time (Z ∗
m=5) versus

number of bidders (n) where m = 5, s = 1, v = 1 and α ∈ {−0.5, 0.4, . . . , 0.5}.

Tables 4, 5, and 6 present the optimal bid levels for m = 6 with v = 1,
considering risk-neutral (α→ 0), risk-averse (α > 0), and risk-loving (α < 0)
bidders, respectively. In all cases, b1 = 0 implies that the lowest bid level
is zero, meaning that the item is given away for free if unsold by that point
(as in [32]), an assumption in our developed model. Additionally, bm+1 = 1

represents the highest asking price, with all intermediate bid levels optimized
using the NLP (6).

Figure 3 illustrates the relationship between the constant of absolute risk
aversion α and the optimal bid levels bi from Tables 4–6. Specifically, Figures
3a and 3b represent n = 10 and n = 30, showing that for a smaller number
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of bidders, the auctioneer must set distinct bid levels to maximize expected
revenue per unit of time for each value of α. Conversely, Figures 3c and 3d
demonstrate that as the number of bidders increases, the gap between the bid
level curves b∗i decreases, allowing the auctioneer to skip several intermediate
bid levels while still maximizing the expected revenue per unit of time. These
graphs confirm that fewer bid levels suffice to maximize expected revenue per
unit of time as the number of bidders grows significantly.

Although the optimal solutions of the NLP (6) for Li and Kuo’s param-
eters [32] are not explicitly presented here, replicating their conditions with
α → 0 validates our model against their findings. This validation under-
scores the robustness of our approach, which extends the existing literature
by incorporating the impact of bidders’ risk preferences on the auctioneer’s
expected revenue per unit of time in DDAs—a previously unexplored aspect.

Table 4: Risk-neutral (i.e., α → 0) optimal bid levels for m = 6, v = 1, s = 1 and
n ∈ {2, 5, 10, 15, 20, 25, 30, 40, 60, 80, 100}.

n b1 b2 b3 b4 b5 b6
2 0 0.00637 0.05086 0.16367 0.3564 0.63423
5 0 0.12656 0.22543 0.35649 0.52718 0.74089
10 0 0.29469 0.40417 0.52172 0.65895 0.81797
15 0 0.4047 0.50874 0.61167 0.72696 0.85617
20 0 0.43077 0.5754 0.66937 0.76961 0.87961
25 0 0.13506 0.61354 0.70967 0.79927 0.89571
30 0 0.03807 0.65014 0.74045 0.82134 0.90756
40 0 0.0032 0.4345 0.77603 0.85195 0.92399
60 0 0.00037 0.08696 0.82408 0.88799 0.94292
80 0 0.01177 0.0637 0.8562 0.90889 0.95373
100 0 0.02018 0.03763 0.87752 0.92267 0.96081

Beyond the numerical results, bidders’ risk attitudes are shaped by be-
havioral factors. To capture this dimension, we complement the quantitative
analysis with insights from the prospect theory (Section 4.1) and further
relate our findings to published field evidence (Section 4.2).
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Table 5: Risk-averse (i.e., α ∈ {0.1, 0.2, . . . , 0.5}) optimal bid levels for m = 6, v = 1,
s = 1, n ∈ {2, 5, 10, 15, 20, 25, 30, 40, 60, 80, 100}.

(a) For α = 0.1

n b1 b2 b3 b4 b5 b6
2 0 0.006369 0.05019 0.160943 0.351108 0.628404
5 0 0.125464 0.223157 0.352824 0.522604 0.736984
10 0 0.292227 0.401038 0.518059 0.655308 0.815349
15 0 0.401718 0.505522 0.608329 0.723948 0.854164
20 0 0.217861 0.562987 0.665763 0.766988 0.87798
25 0 0.089728 0.609424 0.706885 0.79701 0.894332
30 0 0.031427 0.647208 0.737953 0.819334 0.906362
40 0 0.007614 0.457394 0.774618 0.850336 0.923038
60 0 0.041936 0.125849 0.822922 0.886796 0.942243
80 0 0.007262 0.062786 0.854846 0.90793 0.953198
100 0 0.006374 0.053867 0.87651 0.921869 0.960376

(b) For α = 0.2

n b1 b2 b3 b4 b5 b6
2 0 0.006361 0.049527 0.15829 0.34593 0.622612
5 0 0.124371 0.220902 0.349199 0.518056 0.733072
10 0 0.289806 0.397913 0.5144 0.651656 0.812708
15 0 0.398847 0.502304 0.604973 0.720908 0.852139
20 0 0.242129 0.560997 0.662805 0.764391 0.876328
25 0 0.110955 0.607069 0.704176 0.794732 0.892931
30 0 0.049844 0.644846 0.735459 0.817304 0.905144
40 0 0.008437 0.478437 0.773193 0.848701 0.92207
60 0 0.013095 0.100278 0.820966 0.88556 0.941551
80 0 0.000198 0.020311 0.853103 0.906942 0.952658
100 0 0.002268 0.037323 0.875249 0.921051 0.959933

(c) For α = 0.3

n b1 b2 b3 b4 b5 b6
2 0 0.006352 0.048875 0.155706 0.340861 0.61686
5 0 0.123276 0.218666 0.34561 0.513537 0.72915
10 0 0.287384 0.394792 0.510742 0.647993 0.810045
15 0 0.395954 0.499075 0.601603 0.717848 0.850091
20 0 0.249816 0.558328 0.659782 0.761765 0.874654
25 0 0.094469 0.603605 0.701375 0.792425 0.89151
30 0 0.054418 0.642144 0.732927 0.815248 0.903908
40 0 0.058763 0.5332 0.772527 0.847074 0.921089
60 0 0.009706 0.11239 0.819471 0.884319 0.940849
80 0 0.001578 0.03352 0.851851 0.90595 0.95211
100 0 0.023409 0.043642 0.874137 0.920222 0.959483

(d) For α = 0.4

n b1 b2 b3 b4 b5 b6
2 0 0.00634 0.048234 0.153189 0.335902 0.611153
5 0 0.122181 0.216451 0.342061 0.50905 0.725222
10 0 0.284961 0.391676 0.507087 0.644322 0.807361
15 0 0.39306 0.49584 0.598221 0.714767 0.848021
20 0 0.21983 0.554073 0.656643 0.759109 0.872959
25 0 0.074269 0.599807 0.698539 0.790095 0.890071
30 0 0.087762 0.64014 0.730399 0.81317 0.902654
40 0 0.032483 0.505141 0.769579 0.845334 0.920089
60 0 0.012192 0.134555 0.818088 0.883061 0.940135
80 0 0.006956 0.025687 0.850382 0.904939 0.951553
100 0 0.031534 0.037506 0.872913 0.91938 0.959026

(e) For α = 0.5

n b1 b2 b3 b4 b5 b6
2 0 0.006326 0.047604 0.150739 0.33105 0.605494
5 0 0.121087 0.214256 0.33855 0.504596 0.721288
10 0 0.282548 0.388568 0.503437 0.640644 0.804655
15 0 0.390155 0.492596 0.594826 0.711667 0.845929
20 0 0.235182 0.551674 0.653599 0.756438 0.871244
25 0 0.145968 0.599328 0.695842 0.787747 0.888613
30 0 0.033733 0.635972 0.727758 0.811065 0.901384
40 0 0.005836 0.490001 0.767377 0.843606 0.919077
60 0 0.003413 0.122017 0.816238 0.881776 0.939411
80 0 0.016607 0.03418 0.849054 0.903916 0.950987
100 0 0.0000002 0.000859 0.871422 0.918521 0.958561

4.1 Behavioral perspective: Prospect theory and risk
behavior

Growing research in behavioral economics shows that individuals’ risk pref-
erences are reference-dependent. In particular, Kahneman and Tversky’s
prospect theory posits that people evaluate outcomes relative to a reference
point (status quo) and exhibit risk aversion for gains and risk seeking for
losses, rather than a uniform risk attitude [27]. This behavior is captured
by an S-shaped value function (refer to Figure 4): Concave in the gains re-
gion (implying diminishing sensitivity and risk-averse behavior) but convex
in the losses region, reflecting risk-seeking tendencies to avoid sure losses.
In the context of auctions, this means a bidder’s inclination to take risks
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Table 6: Risk-loving (i.e., α ∈ {−0.1,−0.2, . . . ,−0.5}) optimal bid levels for m = 6,
v = 1, s = 1, n ∈ {2, 5, 10, 15, 20, 25, 30, 40, 60, 80, 100}.

(a) For α = 0.1

n b1 b2 b3 b4 b5 b6
2 0 0.006375 0.051546 0.166462 0.361795 0.640093
5 0 0.127647 0.227719 0.360184 0.531781 0.744772
10 0 0.29708 0.407293 0.525376 0.662573 0.820556
15 0 0.407425 0.511922 0.614991 0.729956 0.858142
20 0 0.482237 0.581117 0.672531 0.772176 0.881224
25 0 0.088777 0.615174 0.712301 0.801493 0.897075
30 0 0.063925 0.653424 0.742928 0.823323 0.908745
40 0 0.038886 0.554843 0.781179 0.853688 0.924935
60 0 0.012076 0.124245 0.826104 0.889195 0.943592
80 0 4.26E-05 0.026447 0.85719 0.909836 0.95425
100 0 0.030176 0.089937 0.878983 0.923466 0.96124

(b) For α = 0.2

n b1 b2 b3 b4 b5 b6
2 0 0.006373 0.052238 0.169329 0.367303 0.64598
5 0 0.128736 0.230026 0.363916 0.536405 0.748642
10 0 0.299522 0.410421 0.52903 0.666183 0.823122
15 0 0.410409 0.515113 0.618296 0.732924 0.860094
20 0 0.444641 0.581898 0.675348 0.77469 0.88281
25 0 0.105909 0.618475 0.714982 0.803695 0.898416
30 0 0.036579 0.655578 0.745332 0.825277 0.90991
40 0 0.000879 0.438112 0.77999 0.855147 0.925853
60 0 0.010616 0.098259 0.827382 0.890358 0.94425
80 0 0.00337 0.054132 0.85871 0.910774 0.954763
100 0 0.004399 0.005239 0.879533 0.924233 0.961661

(c) For α = 0.3

n b1 b2 b3 b4 b5 b6
2 0 0.006368 0.052938 0.172269 0.37292 0.651889
5 0 0.129817 0.232346 0.36768 0.541051 0.752494
10 0 0.301964 0.413547 0.532678 0.669776 0.82566
15 0 0.413297 0.518282 0.621579 0.735865 0.862021
20 0 0.437732 0.58437 0.678252 0.777185 0.884374
25 0 0.104765 0.621276 0.717632 0.80587 0.899737
30 0 0.082239 0.659187 0.747779 0.827208 0.911056
40 0 0.014346 0.477744 0.782869 0.856752 0.926763
60 0 0.013075 0.107012 0.829033 0.891514 0.944897
80 0 0.000748 0.034652 0.859841 0.911689 0.955267
100 0 0.001334 0.004129 0.880615 0.924997 0.962075

(d) For α = 0.4

n b1 b2 b3 b4 b5 b6
2 0 0.006358 0.053645 0.175284 0.378645 0.657814
5 0 0.130889 0.234679 0.371476 0.545715 0.756325
10 0 0.304386 0.416668 0.536319 0.673349 0.82817
15 0 0.416156 0.521432 0.624841 0.738779 0.863921
20 0 0.411012 0.585903 0.681063 0.779646 0.885914
25 0 0.094328 0.623848 0.720226 0.808014 0.901037
30 0 0.041685 0.66105 0.750112 0.829108 0.912183
40 0 0.001515 0.477023 0.784702 0.85829 0.927656
60 0 0.023113 0.116925 0.830673 0.892651 0.945533
80 0 0.018905 0.072682 0.861382 0.912598 0.955763
100 0 0.020446 0.04199 0.881898 0.925752 0.962482

(e) For α = 0.5

n b1 b2 b3 b4 b5 b6
2 0 0.006345 0.054358 0.178373 0.384477 0.66375
5 0 0.131952 0.237024 0.375302 0.550396 0.760132
10 0 0.306795 0.419782 0.539951 0.676902 0.830652
15 0 0.419002 0.524563 0.62808 0.741664 0.865796
20 0 0.421518 0.589118 0.683961 0.782086 0.887431
25 0 0.128293 0.627457 0.722856 0.810134 0.902317
30 0 0.048893 0.663809 0.75246 0.830983 0.913292
40 0 0.001763 0.495012 0.787023 0.859826 0.928535
60 0 0.000512 0.087395 0.831879 0.893756 0.946157
80 0 0.005219 0.029883 0.862319 0.913477 0.956249
100 0 0.011548 0.026896 0.882862 0.926487 0.962881

may increase if they perceive themselves as “in the losses”—for example, if
the current auction price exceeds their internal reference point (perhaps the
price they initially hoped to pay). Conversely, if a bidder stands to obtain a
item at a price well below their value (a perceived gain), then the prospect
theory predicts more risk-averse behavior, that is, locking in the win rather
than gambling further [31].

The Dutch auction format may interact with these behavioral tendencies.
Bidders often set a mental reference price; dropping below it turns the poten-
tial purchase into a “gain” scenario, where they might become cautious and
clinch the deal. If the price stays above that reference (a potential loss rela-
tive to their target), bidders might hold off (risk-seek) longer than standard
risk-neutral models predict, hoping the price drops further. Empirical evi-
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(a) For n = 10. (b) For n = 30.

(c) For n = 60. (d) For n = 100.

Figure 3: Constant of absolute risk aversion (α) versus optimal bid levels (b∗i ) when
m = 5.

Figure 4: Value function (as in [31]).

dence of such behavior is noted in auction experiments and field data [18, 27].
For instance, experienced bidders sometimes “ride the clock”” longer when
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they feel they are “behind” (a form of loss-chasing), a behavior consistent
with the prospect theory’s loss-domain risk seeking. This subsection bridges
our model with real-world behavior: While our optimization assumes consis-
tent risk preferences via CARA utilities, in practice a bidder’s risk posture
might dynamically shift from conservative to bold depending on whether the
current price is viewed as a gain or a loss. Incorporating such reference-
dependent preferences formally is an interesting avenue for future extensions
of our model.

4.2 Validation through published empirical evidence

Although this study is based on simulation results, it is important to con-
sider whether the findings are consistent with empirical evidence. Access
to detailed, transaction-level Dutch auction data remains highly restricted,
since most fish and flower auction houses do not make such records publicly
available. As a result, we validate our framework by drawing on published
studies that have analyzed real auction data.

Fluvià et al. [16], using approximately 179,000 transactions from the
Ancona fish market, reported the patterns that resonate strongly with our
model: Prices decline substantially over the course of an auction, and auc-
tioneer revenue per unit time reaches a plateau once bidder participation
exceeds a certain threshold. Both results mirror the dynamics predicted in
our simulations. Likewise, empirical evidence from the Dutch flower auctions
(Royal FloraHolland) shows that transactions are typically concluded within
seconds [51, 34], meaning that only a small number of bid decrements are
actually employed. This observation supports our result that, beyond an op-
timal number of bid levels, additional increments contribute little to revenue
performance. Taken together, these studies confirm that the main dynamics
captured by our simulations are also observed in practice: (i) revenue per
unit time increases with more bidders but eventually exhibits diminishing
returns, and (ii) auction efficiency is achieved with only a limited number of
bid decrements. While no new empirical dataset is introduced here, the con-
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sistency between the findings of the study and published evidence provides
external validation of this research.

Another central contribution of this work is the explicit integration of
bidders’ risk preferences, modeled with the CARA utility function, into a
framework for revenue per unit of time optimization. The simulations clearly
indicate that risk-seeking behavior enhances auctioneer revenue, whereas risk
aversion reduces it. This asymmetry follows from the curvature of the utility
function: concavity (risk aversion) leads to cautious bidding, while convexity
(risk seeking) encourages prolonged participation and more aggressive bids.
These insights are consistent with prior laboratory and field studies. Kagel
and Levin [26] demonstrated experimentally that risk-averse bidders shade
their bids, lowering seller revenue. Hu, Matthews, and Zou [21] showed
both analytically and experimentally that risk-averse participants produce
lower expected revenues in Dutch auctions, while risk-loving bidders gener-
ate more aggressive competition and higher revenues. Evidence from fish
auctions aligns with this as well: Fluvià et al. [16] found that cautious buyer
strategies depressed prices, whereas aggressive bidding accelerated sales at
higher prices, reflecting the same outcomes as our risk-seeking simulations.

By aligning these CARA-based results with established experimental and
field evidence, this study demonstrates that bidder risk attitudes are not only
theoretically significant but also observable in real markets. This strengthens
the external validity of the proposed framework, even in the absence of new
transaction-level data.

5 Conclusion

This study introduced a novel framework for modeling the DDA using a non-
linear programming approach to maximize the auctioneer’s expected revenue
per unit of time while explicitly accounting for bidders’ risk preferences. By
integrating the CARA utility function, the model extended existing research
by incorporating α as a measure of bidders’ risk attitudes. Results derived
from extensive numerical experiments revealed several significant insights
that enhance understanding of optimal auction design.
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The findings demonstrated that the auctioneer’s expected revenue per
unit of time increases as the number of bidders n grows. Initially, the rev-
enue per unit of time experiences a sharp rise with an increasing number of
participants; however, as the number of bidders becomes sufficiently large,
the rate of growth slows. This suggested diminishing returns in terms of
revenue gains with further increases in bidder population. For auctions with
smaller numbers of bidders, the auctioneer must set each bid level distinctly
to achieve maximum revenue per unit of time. However, as the number
of bidders increases, some bid levels can be omitted without affecting the
optimal outcome. This observation implied that the auction design can be
simplified for larger bidder populations without compromising efficiency of
revenue per unit of time.

Furthermore, this study emphasized the influence of the number of bid lev-
els (m) on the optimization of revenue per unit of time. The results indicated
that, although an increase in bid levels initially enhances the auctioneer’s
maximum expected revenue per unit of time, this improvement eventually
plateaus, suggesting that additional bid levels beyond a certain threshold do
not yield further benefits. These observations substantiated that employing
five or fewer bid levels is sufficient for optimizing revenue per unit of time,
regardless of the risk preferences of the bidders.

The implications of these findings are significant for auctioneers seeking
to forecast potential revenues per unit of time and enhance the efficiency of
their auction operations. By taking into account both the number of partic-
ipants and the optimal structuring of bid levels, auctioneers can effectively
balance operational complexity with the goal of maximizing revenue per unit
of time. This research not only corroborates previous studies but also deepens
the understanding of the role that risk preferences play in shaping auction
outcomes, thereby providing valuable, practical recommendations for the im-
plementation of auctions in real-world settings.

As the risk aversion coefficient (α) increases, there is a corresponding de-
crease in the auctioneer’s expected revenue per unit of time. This reduction is
primarily due to the conservative bidding behavior exhibited by risk-averse
participants, who prioritize minimizing potential losses over seeking addi-
tional gains. In contrast, when α assumes more negative values, reflecting
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stronger risk-loving tendencies, the auctioneer’s expected revenue per unit
of time rises. This outcome is attributable to the assertive bidding strate-
gies adopted by risk-loving bidders, who focus on maximizing potential gains
rather than limiting losses. Throughout this study, it is consistently ob-
served that Zrl > Zrn > Zra, where Zrl, Zrn, and Zra denote the auction-
eer’s expected revenue for risk-loving, risk-neutral, and risk-averse bidders,
respectively. These findings underscored the significant impact of bidders’
risk preferences on auction outcomes.

Although the model developed in this study advanced prior research by
explicitly integrating risk preferences, it also demonstrated the capacity to
reproduce earlier results when α → 0, thus affirming its validity and wider
applicability. This dual functionality highlighted the model’s robustness and
adaptability, establishing it as a noteworthy contribution to the literature on
DDA.

Beyond the numerical optimization results, this work underscored the
fundamental role of risk attitudes in shaping auctioneer revenue per unit
time. The consistent ordering of revenues across risk profiles, the behavioral
justification provided by the prospect theory, and the alignment with em-
pirical patterns reported in the literature together validated the robustness
of the proposed CARA-based approach. While direct access to proprietary
datasets remains limited, the convergence of our simulation outcomes with
documented field evidence ensured that the framework not only advances
theoretical auction design but also offers insights that are credible and trans-
ferable to real-world market settings.

The results of this study contributed to a deeper understanding of DDA
and provided valuable guidance for enhancing auction design. Neverthe-
less, several limitations should be recognized. This research does not utilize
real-world data for empirical validation, presumes a zero minimum selling
price, and relies exclusively on the CARA utility function in conjunction
with uniformly distributed bidder valuations. These simplifying assumptions
suggested avenues for future inquiry. Subsequent studies could address these
constraints by investigating the impact of nonzero minimum selling prices,
employing alternative probability distributions for bidder valuations, and ex-
ploring different utility functions to model risk preferences. Furthermore,
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empirical validation of the model, where feasible, would strengthen its prac-
tical significance and applicability.

In summary, this study enhances the comprehension of DDA by incorpo-
rating bidders’ risk preferences into a computational optimization framework.
Through the application of nonlinear programming methods to examine the
effects of these preferences, the research advanced auction theory and illus-
trated the utility of mathematical computing in the formulation of effective
auction mechanisms. The findings presented herein established a basis for the
development of more efficient and practical auction models, with relevance
extending across a variety of economic and computational contexts.
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Abstract

Dahlquist’s second barrier limits the order of A-stable linear multistep
methods to at most two, posing significant challenges for achieving higher
accuracy in the numerical solution of stiff ordinary differential equations.
Leveraging various successful techniques, many efforts have been made to
develop efficient methods that overcome this fundamental obstacle through
different approaches. In this paper, we survey these techniques and ana-
lyze their impact on enhancing the stability and accuracy of the resulting
methods. A comprehensive understanding of these advances can assist re-
searchers in designing more effective algorithms for stiff problems.
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1 Introduction

Stiff ordinary differential equations (ODEs) in the form

y′(x) = f(x, y(x)), x ∈ [x0, X],

y(x0) = y0,
(1)

arise frequently in scientific and engineering applications where the solution
exhibits components with widely varying time scales. Numerical solution of
such systems requires methods that remain stable even when large step sizes
are used for the rapidly decaying components. Explicit methods generally fail
in this regard due to severe stability restrictions, making implicit methods
the preferred choice for stiff problems. Among implicit methods, A-stable
methods play a crucial role. A numerical method is said to be A-stable if its
region of absolute stability contains the entire left half of the complex plane.
This means that when applied to the standard test problem of Dahlquist [9]

y′ = λy, λ ∈ C,

with Re(λ) < 0, the numerical solution decays to zero for any stepsize h > 0,
mirroring the behavior of the exact solution. This property ensures numer-
ical stability for stiff problems without requiring small step sizes. To relax
the stringent requirement of A-stability, the concept of A(α)-stability is in-
troduced. A method is A(α)-stable if its region of absolute stability contains
a sector of the left half-plane bounded by two rays forming an angle 2α with
the negative real axis. While not fully A-stable, such methods maintain
strong stability properties for many stiff problems and can achieve higher
order accuracy.
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1641 On overcoming Dahlquist’s second barrier for A-stable linear multistep methods

Implicit Runge–Kutta (IRK) methods can be constructed without theo-
retical limitations on order while preserving A-stability. For example, IRKs,
such as those based on Gauss, Radau, and Lobatto quadratures, can attain
arbitrarily high order while preserving A-stability [14, 20, 7]. However, these
methods require solving nonlinear systems of equations involving multiple
implicit stages at each time step which leads to significantly higher compu-
tational cost.

Linear multistep methods (LMMs) as a class of multivalue and one-stage
methods, by incorporating past solution values and their derivatives, con-
struct higher-order polynomial approximations that increase the order of
accuracy without requiring additional function evaluations at intermediate
stages within each step. A classical k-step LMM for solving (1) is given by

k∑
j=0

αjyn+j = h

k∑
j=0

βjfn+j ,

where αj and βj are parameters to be determined, yn+j ≈ y(xn+j), h is the
stepsize, and fn+j = f(xn+j , yn+j). LMMs despite generally having lower
computational cost than Runge–Kutta methods, suffer severe degradation of
stability as their order increases. In particular, the requirement of A-stability
puts a severe limitation on LMMs, which limits their applicability to stiff
problems when high order accuracy is required. This pessimistic restriction
is known as Dahlquist’s second barrier.

Theorem 1 (Dahlquist’s second barrier [9]). The maximal order of an A-
stable LMM is two, and the trapezoidal rule is the unique method achieving
this order with the minimal error constant.

Circumventing Dahlquist’s second barrier poses challenges for designing
efficient A- or A(α)-stable methods of high orders for stiff ODEs within the
multistep framework. Developing such methods has been carried out by
equipping traditional LMMs with various advanced techniques. A compre-
hensive understanding of the strategies involved in developing techniques to
circumvent Dahlquist’s second barrier is essential, as it enables researchers
to design more effective and stable numerical algorithms tailored for stiff dif-
ferential equations. Drawing on the authors’ experience with methods over-
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coming Dahlquist’s second barrier, this paper surveys the successful research
directions. This survey fills an existing gap in the literature by providing
a unified overview of methods that overcome Dahlquist’s second barrier. It
highlights and compares various advanced techniques and their combinations
that have been proposed to enhance the stability and accuracy of LMMs for
stiff ODEs. By doing so, it offers researchers a comprehensive understanding
of the strengths and limitations of each approach and fosters the generation
of novel ideas for further advancements.

The paper is organized along the following lines. Section 2 introduces
the advanced step-point strategy, reviewing several efficient methods based
on backward differentiation formulas (BDF) that utilize this technique. In
section 3, adaptive methods are discussed with a presentation of methods that
incorporate adaptivity to enhance stability and accuracy. Section 4 focuses
on second derivative methods as a successful strategy for improving both
accuracy and stability. It demonstrates how LMMs have been enhanced using
this approach and surveys several proposed methods that surpass Dahlquist’s
second barrier. Finally, section 5 concludes the paper with a summary of the
main findings and remarks on future research directions.

2 Advanced step-point strategy

BDF methods constitute a widely used family of implicit LMMs for the nu-
merical solution of ODEs, particularly effective for stiff problems. Initially
developed by Curtiss and Hirschfelder [8] and later formalized by Gear [13],
the k-step BDF method is given by

k∑
j=0

αjyn+j = hβkfn+k. (2)

Here, αk = 1 and the other coefficients are chosen so that the method has
order p = k. A k-step BDF is A-stable for k = p = 2 and A(α)-stable for
k = p = 3, 4, 5, 6; orders beyond six lose zero-stability and are generally not
used in practice. Due to their favorable balance of stability and accuracy,
BDF methods serve as the foundation for many robust stiff ODE solvers
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such as LSODE and VODE [24, 19]. However, as a subclass of LMMs, they
inherit the drawback that they cannot be A-stable for orders greater than
two. Using the advanced step-point technique is one of the efficient strategies
to overcome this drawback. In this way, some implicit advanced step-point
(IAS) methods based on BDF methods have been introduced.

2.1 EBDF methods

Cash [4] enhanced BDF methods by incorporating the advanced step-point
strategy, leading to the development of extended BDF (EBDF). The k-step
EBDF method takes the form [4]

yn+k +

k−1∑
j=0

αjyn+j = h
(
βkfn+k + βk+1fn+k+1

)
, (3)

where the coefficients are chosen to achieve order p = k + 1. Knowing the
solutions yn+j at the past nodes xn+j , for j = 0, 1, . . . , k − 1, the EBDF
algorithm proceeds as follows:

• The k-step BDF method predicts yn+k using yn+j , j = 0, 1, . . . , k − 1.

• The k-step BDF method predicts yn+k+1 using yn+j , j = 1, 2, . . . , k−1

and the predicted yn+k.

• Finally, the solution yn+k is corrected using yn+j , j = 0, 1, . . . , k − 1,
and the predicted yn+k+1 from (3) written in the form

yn+k − hβkfn+k = −
k−1∑
j=0

αjyn+j + hβk+1fn+k+1,

where fn+k+1 = f(xn+k+1, yn+k+1).

The diagram of overall procedure of the EBDF methods has been plotted
in Figure 1.

The EBDF methods are A-stable up to order four and A(α)-stable up to
order nine, significantly improving the stability properties while achieving a
higher order of convergence compared to classical BDF methods.
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Figure 1: Diagram illustrating the k-step EBDF methods.

2.2 MEBDF methods

To avoid the need for computing and factorizing the two iteration matrices
arising in the application of a modified Newton iteration at each stage—which
leads to higher computational costs—EBDF approach was modified by Cash
[6]. This modified method, known as the modified EBDF (MEBDF), replaces
the corrector formula (3) with

yn+k +

k−1∑
j=0

αjyn+j = hvkfn+k + h(βk − vk)fn+k + hβk+1fn+k+1.

Here, the order of MEBDF is independent of the choice of vk. Selecting
vk = βk−βk, ensures that the coefficient matrix used in the modified Newton
iteration scheme is the same for both the predictor and the corrector. This
choice not only improves computational efficiency by requiring only one LU
decomposition per step but also enlarges the A(α)-stability region compared
to the original EBDF methods. The coefficients of the methods can be found
in [4].

IAS methods have also been parallelized (so-called PIAS) aiming for sig-
nificant efficiency gains and speed-ups, as shown by Psihoyios [22].
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2.3 TIAS methods

The two implicit advanced step-point (TIAS) method, introduced by Psi-
hoyios [22], extends the BDF family by incorporating two future points to
improve accuracy and stability. The algorithm uses three predictor steps
based on BDF and a corrector defined by

yn+k +

k−1∑
j=0

α̂jyn+j = h
(
β̂kfn+k + β̂k+1fn+k+1 + β̂k+2fn+k+2

)
. (4)

Knowing the solutions yn+j at the past nodes xn+j , for j = 0, 1, . . . , k − 1,
the TIAS algorithm proceeds as follows:

• The k-step BDF method predicts yn+k using yn+j , j = 0, 1, . . . , k − 1.

• The k-step BDF method predicts yn+k+1 using yn+j , j = 1, 2, . . . , k−1

and the computed yn+k.

• The k-step BDF method predicts yn+k+2 using yn+j , j = 2, 3, . . . , k−1

and the computed yn+k and yn+k+1.

• Finally, the TIAS corrector (4) computes the corrected solution yn+k

using yn+j , j = 0, 1, . . . , k − 1, and the predicted solutions yn+k+1 and
yn+k+2 as

yn+k − hβ̂kfn+k = −
k−1∑
j=0

α̂jyn+j + hβ̂k+1fn+k+1 + hβ̂k+2fn+k+2.

The diagram of overall procedure of the TIAS methods has been plotted
in Figure 2.

Using this approach, A-stable methods have been developed up to order
six. However, this stability improvement was not achieved with the same
level of optimization as in the MEBDF methods.

Considering the stability results of the classical BDF method (without
advanced step-point) as well as those of methods with one and two advanced
step-points aligns with the conjecture that the maximal order p of A-stable
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Figure 2: Diagram illustrating the k-step TIAS methods.

methods increases with the number of advanced step-points, potentially fol-
lowing the relation:

p ≤ 2q + 2,

where q is the number of advanced step-points. Based on the complexity
involved in constructing A-stable methods of order six with q = 2, this con-
jecture has not yet been fully investigated [22].

A general formula was introduced in [23] that generates the stability func-
tions of the methods BDF, EBDF, MEBDF, IAS, TIAS, and PIAS. This for-
mula can substantially facilitate stability analysis and further computational
manipulation of these and analogous schemes.

The features of the advanced step-point strategy have led to its applica-
tion in the construction of other methods aimed at improving accuracy and
stability properties. For example, Fazeli, Hojjati, and Shahmorad [11] intro-
duced a class of multistep collocation methods for solving nonlinear Volterra
integral equations, in which collocation points in the future interval, as well
as in the current interval, are used. This technique results in high-order
methods with an extensive absolute stability region.
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3 Adaptive methods

Adaptive methods (also known as blended methods in some contexts) rep-
resent another effective technique for overcoming Dahlquist’s second barrier.
In this strategy, by incorporating adjustable parameters into the algorithms
and tuning these to optimal values, the stability properties of the numerical
methods can be significantly enhanced, enabling the construction of higher-
order methods with improved absolute stability regions. This flexibility, when
applied to LMMs, enables circumventing Dahlquist’s second barrier.

3.1 AMF-BDF method

This strategy was first introduced by Skeel and Kong [25] by blending the
k-step Adams–Moulton formula (AMFk) and the k-step BDF (BDFk) as

AMFk − t h J BDFk = 0,

in which J = ∂f
∂y is the Jacobian matrix of f with respect to y. This method

is of order p = k + 1 for all values of t. The optimum values of t are given
in [25]; see also [14], for which the method is A-stable up to order four and
A(α)-stable up to order twelve, with larger values of α compared to the BDF
method.

3.2 A-BDF method

The adaptive BDF (A-BDF), introduced by Fredebeul [12], generalizes the
classical BDF methods by incorporating a parameter that can be optimized
to improve stability properties. The k-step A-BDF method is a blended
method of implicit and explicit BDF that can be expressed as

A− BDFk(t) := BDF(i)
k − tBDF(e)

k = 0,
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in which BDF(i)
k is the classical implicit k-step BDF (2), and BDF(e)

k is an
explicit k-step BDF-type method defined by

k∑
j=0

α∗
jyn+j = hβ∗

k−1fn+k−1,

where α∗
k = 1 and the other coefficients are chosen so that BDF(e)

k has order
k. Therefore, a k-step A-BDF takes the form

k∑
j=0

(αj − tα∗
j )yn+j = hβkfn+k − tβ∗

k−1fn+k−1.

By finding the optimum values of the parameter t for each step number k,
the maximum values of the angle α in A(α)-stability of A-BDF methods are
achieved. The results reported in [12] show that the k-step A-BDF method
is A-stable up to order two and A(α)-stable up to order seven, with larger
values of α compared to the underlying classical k-step BDF.

3.3 A-EBDF method

The adaptive EBDF (A-EBDF), introduced by Hojjati, Rahimi Ardabili, and
Hosseini [16], extends the A-BDF method to improve the stability properties
of BDF, EBDF, and A-BDF. It combines two strategies—advanced step-
point and adaptive methods—applied to the BDF algorithm. Knowing the
solutions yn+j at the past nodes xn+j , j = 0, 1, . . . , k − 1, the A-EBDF
algorithm proceeds as follows:

• The k-step A-BDF method predicts yn+k using yn+j , j = 0, 1, . . . , k−1.

• The k-step A-BDF method predicts yn+k+1 using yn+j , j = 1, 2, . . . , k−
1 and the predicted yn+k.

• Finally, the k-step EBDF method (3) computes the solution yn+k using
yn+j , j = 0, 1, . . . , k − 1, and the predicted yn+k+1.

The diagram of overall procedure of the A-EBDF methods has been plot-
ted in Figure 3.
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Figure 3: Diagram illustrating the k-step A-EBDF methods.

It is proven that this scheme achieves order k + 1 for all values of the
parameters t ∈ R \ {1}. The optimum values of t resulting in the maximum
angle α of A(α)-stability in A-EBDF are given in [16]. Stability analysis
shows that the A-EBDF method is A-stable up to order four and A(α)-
stable up to order nine with a larger angle α compared to the BDF, EBDF,
and A-BDF methods. This improvement in stability properties results from
the combination of the two aforementioned strategies applied to the BDF
algorithm.

4 Second derivative methods

Incorporating the second derivative of the solution into numerical algorithms
is an effective strategy to enhance both the accuracy and stability of the
methods. Notably, in implicit methods, the use of the second derivative often
incurs no additional computational cost. Specifically, for an autonomous
problem of the form y′ = f(y), the second derivative can be expressed as
y′′ = g = ∂f

∂y f , where ∂f
∂y is the Jacobian matrix of f . Also, for the Jacobian

of g, a piecewise constant approximation of (∂f∂y )2 is typically used.

The LMMs have been extended using this technique in many particular
cases. A k-step second derivative linear multistep methods (SDMM) for the
solution of the initial value problem (1) takes the general form
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k∑
j=0

αjyn+j = h

k∑
j=0

βjfn+j + h2
k∑

j=0

γjgn+j ,

where g := y′′ = ∂f
∂x + ∂f

∂y f and gn+j = g(xn+j , yn+j). In this section,
we survey some efficient SDMMs and those combined with other techniques
mentioned in previous sections.

4.1 SDBDF methods

Second derivative BDF (SDBDF) methods extend the classical BDF methods
by incorporating the second derivative of the solution to improve accuracy
and stability, particularly for stiff problems [14]. A k-step SDBDF method
takes the form

k∑
j=0

αjyn+j = hβkfn+k + h2γkgn+k, (5)

where αk = 1 and the other coefficients are chosen so that the method has
order p = k + 1.

The inclusion of the second derivative term h2γkgn+k enhances the sta-
bility region of the method beyond that of classical BDF schemes. Notably,
SDBDF methods are A-stable up to order four and A(α)-stable up to or-
der eleven thereby surpassing Dahlquist’s second barrier. Beyond serving
as efficient solvers in their own right, SDBDF schemes play a foundational
role —analogous to classical BDF methods— in the development of advanced
numerical methods discussed later in this section.

4.2 Enright methods

These methods were introduced by Enright [10] by enhancing the Adams
methods through incorporating the second derivative of the solution into the
algorithm. The general form of a k-step Enright method is

Iran. J. Numer. Anal. Optim., Vol. 15, No. 4, 2025, pp 1639–1657



1651 On overcoming Dahlquist’s second barrier for A-stable linear multistep methods

yn+k − yn+k−1 = h

k∑
j=0

βjfn+j + h2γkgn+k, (6)

where the coefficients are chosen so that the method has order p = k + 2.

Inheriting from Adams’ methods, the zero-stability of these methods is
guaranteed for all values of the step number k. The methods are A-stable
up to order four (k = 2) and A(α)-stable up to order nine (k = 7), while for
k = 8 the stability region becomes disconnected. It is worth noting that the
underlying Adams–Moulton methods are A-stable only up to order two for
k = 0, 1, and for other k ≥ 2 the stability region is bounded.

4.3 E2BD methods

The second derivative extended backward differentiation formulas (E2BD)
were introduced by Cash [5] as an enhancement of Adams-type methods by
incorporating two key techniques: The use of an advanced step-point and
the inclusion of the second derivative of the solution. These methods are
typically implemented in a predictor-corrector mode and are classified into
two main classes:

E2BD methods – Class 1

Predictor: The Enright method (6).

Corrector: yn+k − yn+k−1 = h

k+1∑
j=0

βjfn+j + h2
(
γkgn+k + γk+1gn+k+1

)
.

(7)

In this class, the corrector extends the Enright method (6) by incorporating
the first and second derivatives of the solution at the future point xn+k+1.
The coefficients in (7) are chosen to achieve order p = k + 4. A k-step
E2BD method of Class 1, considering the predictor’s order, attains overall
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order p = k + 3. These methods exhibit superior stability properties, being
A-stable up to order eight.

E2BD methods – Class 2

Predictor: The Enright method (6).

Corrector: yn+k − yn+k−1 = h

k+1∑
j=0

βjfn+j + h2γkgn+k. (8)

In this class, only the second derivative of the solution at the future point
xn+k+1 is incorporated in the corrector. The coefficients in (8) are chosen so
that the method has order p = k+3. Considering the predictor’s order, a k-
step E2BD method of Class 2 also has order p = k+3. While these methods
are computationally more efficient than those of Class 1, they exhibit slightly
weaker stability properties, being A-stable up to order six.

Class 1 methods for k ≥ 6 and Class 2 methods for k ≥ 4, are A(α)-stable
with large stability angles α. For example, the 6-step E2BD method of Class
1 has α > 89◦. This makes these methods well-suited for integrating stiff
differential systems whose Jacobians have eigenvalues with large imaginary
components close to the imaginary axis.

4.4 ESDMMs

The extended SDMMs (ESDMMs) were introduced by Hojjati, Rahimi Ard-
abili, and Hossein [17] as an enhancement of the SDBDF methods by incor-
porating the second derivative of the solution at the future point into the
algorithm. These methods can be also considered as an extension of BDF
schemes employing two key strategies: The use of an advanced step-point
and the inclusion of the second derivative of the solution. A k-step ESDMM
has the general form
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k∑
j=0

α̂jyn+j = hβ̂kfn+k + h2(γ̂kgn+k − γ̂k+1gn+k+1), (9)

where α̂k = 1 and the remaining coefficients are chosen to ensure the method
attains order p = k + 2. Given the known solutions yn+j at previous nodes
xn+j for j = 0, 1, . . . , k − 1, the ESDMM algorithm proceeds as follows:

• The k-step SDBDF (5) predicts yn+k using yn+j , j = 0, 1, . . . , k − 1.

• The k-step SDBDF (5) predicts yn+k+1 using yn+j , j = 1, 2, . . . , k − 1

and the predicted yn+k.

• Finally, the k-step ESDMM (9) computes the solution yn+k using yn+j ,
j = 0, 1, . . . , k − 1, and the predicted yn+k+1 as

yn+k − hβ̂kfn+k − h2γ̂kgn+k = −
k−1∑
j=0

α̂jyn+j − h2γ̂k+1gn+k+1.

The diagram of overall procedure of the ESDMMs has been plotted in
Figure 4.

yn+j
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Figure 4: Diagram illustrating the k-step ESDMM methods.

ESDMMs exhibit A-stability up to order six and A(α)-stability up to
order fourteen, with larger stability angles α compared to those of BDF and
SDBDF methods.

In analogy with the motivation behind MEBDF methods, ESDMMs have
been further refined into modified ESDMMs (MESDMMs) by replacing the
corrector (9) with the following form [17]:
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k∑
j=0

α̂jyn+j = h(β̂k − βk)fn+k + hβkfn+k + h2(γ̂k − γk)gn+k

− h2γ̂k+1gn+k+1 + h2γkgn+k.

This modification not only reduces the computational cost associated with
ESDMMs but also increases the stability angle α in the A(α)-stability prop-
erty. MESDMMs have also been parallelized–referred to as PMESDMMs–to
enable their efficient implementation on parallel computers [15].

A general formula introduced in [18] generates the stability functions for
the SDBDF, ESDMMs, MESDMMs, and PMESDMMs. This formula helps
to understand how modifying the structure of a method can effectively en-
hance its stability properties.

5 Conclusion

LMMs, as an efficient and flexible class of numerical methods for solving
ODEs, face a significant challenge known as Dahlquist’s second barrier, which
limits their ability to solve stiff systems with high accuracy. This paper has
investigated three effective strategies that overcome this barrier: Advanced
step-point methods, adaptive methods and second derivative methods. These
strategies can be applied individually or in combination to enhance LMMs.
By analyzing their formulation and impact on stability, this study provides
valuable insights for future research aimed at designing new and more robust
algorithms. It is worth noting that other techniques, such as hybrid meth-
ods employing off-step points, also exist; however, the strategies discussed
here represent general frameworks that generate entire classes of methods.
Moreover, the first derivative methods, including LMMs, and second deriva-
tive methods, including SDMMs (and their modifications), are formulated
within the general linear methods (GLMs) [3, 21] and second derivative GLMs
(SGLMs) [1, 2] frameworks, respectively. Therefore, the strategies presented
in this paper can be naturally extended to these more general frameworks.
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1 Introduction

The multi-period mean-variance portfolio optimization problem generalizes
the static model introduced by Markowitz [16], where investors aim to mini-
mize terminal wealth variance (risk) while targeting a fixed expected terminal
wealth (reward). In this dynamic setting, investors sequentially rebalance
their portfolios at discrete time intervals over the investment horizon accord-
ing to an optimal strategy. While dynamic programming is the standard
approach for solving stochastic optimization problems, the nonlinearity of
the variance operator in the mean-variance framework renders direct appli-
cation infeasible. However, Li and Ng [13] circumvented this challenge by
embedding the original problem into an auxiliary problem solvable via dy-
namic programming, yielding explicit solutions. A critical limitation of their
approach, however, lies in the assumption of independent asset returns across
periods-a condition starkly contradicted by empirical financial market data,
where return dependencies are well-documented. To address this, recent
work by Cakmak and Ozekici [2] and others has extended the framework to
regime-switching markets, where asset returns depend on the market state,
modeled as a Markov chain. This formulation captures intertemporal re-
turn dependencies while preserving analytical tractability. Regime-switching
models have become widely adopted for portfolio selection, asset allocation,
and utility maximization in multi-period settings [3, 4, 6, 8, 9, 11, 21, 22, 25].
Hidden Markov chain approaches have been developed in

[1, 5, 27, 28, 29], offering alternative frameworks for modeling unobserv-
able market regimes.

The Markovian assumption for market state processes in prior literature
inherently ignores the historical path and evolution of market dynamics. This
simplification is economically unrealistic, as market history and memory in-
variably influence current market behavior and, consequently, investor deci-
sions. Although incorporating path-dependence significantly increases model
complexity and poses analytical challenges, some recent works have started
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to explore non-Markovian frameworks. In particular, several studies have
introduced models where asset returns depend on the historical trajectory of
the market rather than solely on the current state. Specifically, these models
generalize state-dependent coefficients by conditioning them on the filtration
generated by a Markov chain

[7, 12, 17, 18, 19, 20]. However, it should be noted that the majority
of these studies have focused exclusively on continuous-time settings, with
the exception of [12], which examines a discrete-time, multi-period frame-
work. A fundamental limitation persists that these models still assume the
underlying market state follows a Markov process (i.e., transition probabil-
ities remain path-independent). This contradicts empirical evidence where
market history exerts persistent effects-exemplified by momentum (trend per-
sistence) or regime shifts after prolonged bull/bear markets. Such phenomena
demonstrate that market states are inherently non-Markovian. In addition
to regime-switching models, several studies have proposed non-Markovian
approaches that do not rely on market states, but instead capture temporal
dependence by modeling serial correlation among asset returns directly

[10, 23, 24, 26]. While these approaches account for time dependence,
they do not explicitly model market states or regime transitions.

To the best of our knowledge, the mean-variance portfolio optimization
problem has not been studied in regime-switching markets where the state
process is non-Markovian. In this work, we examine this scenario where
asset returns depend on current market states while transition probabilities
exhibit path-dependence rather than following Markovian properties. Models
such as hidden Markov models and semi-Markov processes also incorporate
memory effects, typically by introducing latent variables or duration-based
transitions. In contrast, our model allows transition probabilities to depend
explicitly on the observed history of market states, thereby providing a more
direct form of path dependence. Unlike the embedding technique developed
by Li and Ng [13], we employ the alternative Lagrangian multipliers method
introduced by Li, Zhou, and Lim [14] to solve this problem. Our solution
methodology proceeds in two key stages: First, we construct and solve an
auxiliary optimization problem through the method of Lagrangian multi-
pliers; then, we recover the solution to the original problem by applying
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Lagrangian duality theorem. To incorporate path-dependence, we derive an
extended Bellman equation based on path-dependent value functions. The
computational complexity arising from path-dependent parameters requires
matrix calculus to derive explicit forms for both the optimal strategy and the
mean-variance efficient frontier. Importantly, our model generalizes classical
Markovian frameworks, which emerge as special cases when path-dependence
is eliminated.

This paper is organized as follows: Section 2 presents our non-Markovian
regime-switching market model including all assumptions, problem formu-
lation, and mathematical preliminaries. Section 3 introduces the auxiliary
problem and solves it using dynamic programming, ultimately solving the
original problem through Lagrangian duality. The special case of Markovian
regime-switching markets is examined in Section 4. A numerical illustration
comparing our proposed model with classical approaches appears in Section
5. Finally, Section 6 concludes with key findings and suggestions for future
research.

2 Model framework: Assumptions and formulation

We consider a discrete-time, multi-period investment horizon with T periods,
where the financial market consists of N +1 assets. Among these assets, one
is risk-free, and the remaining N are risky assets. Let {Θn}Tn=0 denote the
sequence of market states (or regimes) over the investment horizon, where
Θn ∈ {1, 2, . . . ,M} represents the regime of the market at time n. The mar-
ket exhibits regime-switching dynamics, but the transitions between states
are not governed by a Markov process. Instead, the transition probabilities
depend on the entire past trajectory of the market states, encapsulating a
path-dependent behavior. The return of the ith asset at time n, denoted by
Ri

n(Θn), depends on the market state Θn, where i = 0, 1, . . . , N , with i = 0

representing the risk-free asset. The transition probabilities between market
states depend not only on the current state Θn−1 but also on the past trajec-
tory of the market, represented by (Θ0,Θ1, . . . ,Θn−1) = (θ0, θ1, . . . , θn−1).
The probability of transitioning from state θn−1 at time n− 1 to state θn at
time n under the history of market states (θ0, θ1, . . . , θn−1) is defined as
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Qn(θ0, . . . , θn−1, θn) = P(Θn = θn | Θn−1 = θn−1, . . . ,Θ1 = θ1,Θ0 = θ0),

where P(·) is the probability measure and

M∑
θn=1

Qn(θ0, . . . , θn−1, θn) = 1.

This non-Markovian model allows for a richer and more realistic represen-
tation of market dynamics, accommodating situations where the probability
of state transitions is influenced by prior trends, volatility clusters, or other
historical features.

At each time n ∈ {0, 1, . . . , T − 1}, the investor allocates their wealth
among the N + 1 assets in the market. Let πn = (π1

n, π
2
n, . . . , π

N
n )′ ∈ RN

(where ′ denotes transpose) denote the portfolio assigned to the N risky
assets at time n, where πi

n represents the wealth allocated to the i-th risky
asset. The remaining wealth

Wn −
N∑
i=1

πi
n

is allocated to the risk-free asset, where Wn denote the total investor’s wealth
at time n. Here, π = {π0, π1, . . . , πT−1} denotes the overall investment strat-
egy over the entire investment horizon. The evolution of the investor’s wealth
is driven by the returns of the assets. Assuming that the returns are expressed
relative to the risk-free asset, the excess return of the i-th risky asset at time
n in regime Θn is given by

Re,i
n (Θn) = Ri

n(Θn)−R0
n(Θn).

The wealth dynamics over time can then be expressed as

Wn+1 = (Wn −
N∑
i=1

πi
n)R

0
n(Θn) +

N∑
i=1

πi
nR

i
n(Θn) =WnR

0
n(Θn) + π′

nR
e
n(Θn),

where Re
n(Θn) =

(
Re,1

n (Θn), . . . , R
e,N
n (Θn)

)′.
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We assume the following regarding the returns of the assets and market
states. Let Rn(Θn) =

(
R0

n(Θn), . . . , R
N
n (Θn)

)′ represent the vector of as-
set returns under the market state Θn. For different time points m 6= n,
given the market states Θn = θn and Θm = θm, the random vectors Rn(θn)

and Rm(θm) are independent. Additionally, the future market state Θn+1

is assumed to be independent of the given current wealth Wn = wn. Also,
we assume that the covariance matrix corresponding to the returns of the
assets for a given market state is positive definite. Finally, we assume fric-
tionless trading and exclude transaction costs from the model for analytical
tractability.

The objective of the investor in this framework is to construct a portfolio
strategy π∗ that minimizes the variance of the terminal wealth WT while
achieving a predefined level of expected terminal wealth, ET . The multi-
period Markowitz’s mean-variance optimization problem can be formulated
as

P (MV ) :


min
π

Var0 [WT ]

s.t. E0 [WT ] = ET ,

Wn+1 =WnR
0
n(Θn) + π′

nR
e
n(Θn),

where E0 and Var0 represent the expectation and variance operators under
the initial market condition Θ0 = θ0.

In this framework, the path-dependence of the market regimes Θn intro-
duces additional complexity. The optimal strategy π∗ is inherently influenced
by the entire history of market states (Θ0,Θ1, . . . ,Θn), reflecting the non-
Markovian nature of the regime-switching dynamics. To analyze and solve
this problem, we employ dynamic programming principles, incorporating the
path-dependent transition probabilities and the regime-dependent asset re-
turns into the optimization framework.

Before addressing the solution to the optimization problem, we introduce
some certain matrix notations that will play a fundamental role in simplifying
the subsequent computations.

For the given market state Θn = θn, we define

hn(θn) = R̄e
n(θn)

′Vn(θn)
−1R̄e

n(θn),
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gn(θn) = R0
n(θn) (1− hn(θn)) ,

fn(θn) = R0
n(θn)

2 (1− hn(θn)) ,

where

Vn(θn) = E [Re
n(θn)R

e
n(θn)

′] ,

R̄e
n(θn) = E [Re

n(θn)] .

Assuming the positive definiteness of the covariance matrices, we state the
following lemma. For the proof, please refer to [2, Lemmas 1 and 2]. Note
that the following lemma guarantees the invertibility of the matrix Vn(θn) in
the above notations.

Lemma 1. The matrix Vn(θn) is positive definite. Additionally, the scalars
fn(θn) and gn(θn) are strictly positive, and hn(θn) satisfies 0 < hn(θn) < 1.

Let Cn ∈ RM be a column vector, and let Bn be a tensor of order (n+1)

with shape M × M × · · · × M , where M is the number of market states.
We denote (Qn • Bn) as an M ×M × · · · ×M tensor of order (n + 1), and
(Qn •Bn) and (QCn

•Bn) as M ×M × · · ·×M tensors of order n defined as
follows:

(Qn •Bn)(θ0, . . . , θn) = Qn(θ0, . . . , θn)Bn(θ0, . . . , θn),

(Qn •Bn)(θ0, . . . , θn−1) =

M∑
θn=1

Qn(θ0, . . . , θn−1, θn)Bn(θ0, . . . , θn−1, θn),

(QCn
•Bn)(θ0, . . . , θn−1) =

M∑
θn=1

Qn(θ0, . . . , θn)Cn(θn)Bn(θ0, . . . , θn).

Using these notations, for 1 ≤ n < k (k ∈ N), we define

uuu• k−1

j=k−nQCj
• (Qk •Bk) = (QCk−n

• (. . . • (QCk−1
• (Qk •Bk)) . . .)), (1)

as an M ×M × · · · ×M tensor of order (k − n). For convenience, we set

uuu• ∅QCj • (Qk •Bk) = (Qk •Bk).
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Furthermore, we use the conventions

∑
∅

(·) = 0,
∏
∅

(·) = I,

where I denotes the identity matrix.
By applying mathematical induction, we can derive the following lemmas.

See also [12, Lemmas 2 and 3].

Lemma 2. For n ≥ 0,

uuu• k−1

j=k−nQCj • (Qk •Bk)(θ0, . . . , θk−n−1)

=

M∑
θk−n=1

. . .

M∑
θk−1=1

M∑
θk=1

Qk−n(θ0, . . . , θk−n)Ck−n(θk−n) . . . Qk−1(θ0, . . . , θk−1)

× Ck−1(θk−1)Qk(θ0, . . . , θk)Bk(θ0, . . . , θk).

Lemma 3. Let {Cn}T−1
n=0 be a sequence ofM -column vectors and let {Bn}Tn=0

be a sequence of M×M×· · ·×M tensors of order (n+1). Define the sequence
{An}Tn=0 of M ×M × · · · ×M tensors of order (n+1) recursively as follows:

An(θ0, . . . , θn) = Bn(θ0, . . . , θn) + Cn(θn)(Qn+1 •An+1)(θ0, . . . , θn),

AT (θ0, . . . , θT ) = BT (θ0, . . . , θT ).

Then,

An(θ0, . . . , θn) =Bn(θ0, . . . , θn)

+ Cn(θn)

T∑
k=n+1

uuu• k−1

j=n+1QCj
• (Qk •Bk)(θ0, . . . , θn).

3 Dynamic programming formulation

The dynamic programming method serves as a powerful tool for solving
stochastic optimization problems, particularly in multi-stage decision-making
scenarios. This approach facilitates breaking down complex problems into
smaller, more manageable subproblems. However, when applied to the mean-
variance portfolio selection problem, dynamic programming faces challenges
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due to the nonseparability of variance in the dynamic programming frame-
work. To address this issue, Li and Ng [13] introduced an embedding tech-
nique that redefines the problem, allowing the variance to be addressed in-
directly. By constructing an auxiliary problem, they derived solutions for
the classical mean-variance problem. While effective, their approach can be
computationally intricate and is not always intuitive. In subsequent work,
Li, Zhou, and Lim [14] proposed a more practical method by employing the
Lagrange duality technique to derive optimal solutions. This approach re-
duces computational complexity and simplifies the solution process. In this
study, we adopt a similar method to solve the problem P (MV ).

First, we reformulate P (MV ) using the variance definition, resulting in
the following formulation:

P (MV ) :


min
π

E0

[
(WT − ET )

2
]

s.t. E0 [WT − ET ] = 0,

Wn+1 =WnR
0
n(Θn) + π′

nR
e
n(Θn).

By introducing the Lagrange multiplier 2λ ∈ R, the constrained problem can
be transformed into the following unconstrained formulation:

P̃ (MV ) :

min
π

E0

[
(WT − ET )

2
]
+ 2λE0 [WT − ET ]

s.t. Wn+1 =WnR
0
n(Θn) + π′

nR
e
n(Θn).

Introducing the substitutions d1 = 2(λ−ET ) and d0 = E2
T −2λET , we obtain

P̃ (MV ) :

min
π

E0

[
W 2

T + d1WT + d0
]

s.t. Wn+1 =WnR
0
n(Θn) + π′

nR
e
n(Θn).

3.1 Solution to problem P̃ (MV )

To determine the optimal solution for problem P̃ (MV ), the approach involves
minimizing the expected cost function of the terminal wealth, that is,
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min
π

E0 [g(WT )] ,

using the dynamic programming approach, where the cost function is defined
as

g(WT ) =W 2
T + d1WT + d0.

Define Jn(θ0, . . . , θn;wn;πn) as the expected cost incurred when employing
the investment policy πn at time n, followed by optimal strategies from time
n+1 to T . This is conditional on the market path (θ0, . . . , θn) and the wealth
wn available at time n. Accordingly,

vn(θ0, . . . , θn;wn) = min
πn

Jn(θ0, . . . , θn;wn;πn),

represents the optimal expected cost under the given market path (θ0, . . . , θn)

and the available wealth wn at stage n. Using the dynamic programming
principle, the relationship between Jn and vn+1 is given by

Jn(θ0, . . . , θn;wn;πn)

= E [vn+1 (θ0, . . . , θn,Θn+1;Wn+1(πn)) | Θ0 = θ0, . . . ,Θn = θn,Wn = wn] ,

where Wn+1(πn) is the wealth at time n + 1 resulting from applying policy
πn. The dynamic programming equation (DPE) for this problem can thus
be expressed as

vn(θ0, . . . , θn;wn)

= min
πn

E [vn+1 (θ0, . . . , θn,Θn+1;Wn+1(πn)) | Θ0 = θ0, . . . ,Θn = θn,Wn = wn] .

Rewriting this, the DPE becomes

vn(θ0, . . . , θn;wn) =min
πn


M∑

θn+1=1

Qn+1(θ0, . . . , θn, θn+1)

×E
[
vn+1

(
θ0, . . . , θn+1;wnR

0
n(θn) + π′

nR
e
n(θn)

)]}
,

(2)

with the boundary condition

vT (θ0, . . . , θT ;wT ) = w2
T + d1wT + d0. (3)
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The DPE is solved recursively, starting from the terminal condition at T and
proceeding backward to n = 0, to determine the optimal strategy.

The following theorem provides the main result of our analysis, offering
an explicit solution to problem P̃ (MV ).

Theorem 1. For n = 0, 1, . . . , T − 1, vn(θ0, . . . , θn;wn) is given by

vn(θ0, . . . , θn;wn) = an(θ0, . . . , θn)w
2
n + bn(θ0, . . . , θn)wn + cn(θ0, . . . , θn),

(4)

under the optimal policy

π∗
n(θ0, . . . , θn;wn)

= −

wnR
0
n(θn) +
uuu• T−1

j=n+1Qgj • (QT • dT )(θ0, . . . , θn)

2uuu• T−1

j=n+1Qfj • (QT • 1T )(θ0, . . . , θn)

Vn(θn)−1R̄e
n(θn),

(5)
where

an(θ0, . . . , θn) = fn(θn)uuu• T−1

j=n+1Qfj • (QT • 1T )(θ0, . . . , θn),

bn(θ0, . . . , θn) = gn(θn)uuu• T−1

j=n+1Qgj • (QT • dT )(θ0, . . . , θn),

cn(θ0, . . . , θn) = en(θ0, . . . , θn) +

T∑
k=n+1

uuu• k−1

j=n+1Q1j • (Qk • ek)(θ0, . . . , θn),

en(θ0, . . . , θn) = −

[
uuu• T−1

j=n+1Qgj • (QT • dT )(θ0, . . . , θn)

]2

4uuu• T−1

j=n+1Qfj • (QT • 1T )(θ0, . . . , θn)
hn(θn),

eT (θ0, . . . , θT ) = d0, dT (θ0, . . . , θT ) = d1, 1T (θ0, . . . , θT ) = 1 and 1j(θj) = 1

(j = 1, 2, . . . , T − 1).

Remark 1. In the quadratic value function, the coefficient an captures the
impact of risk (variance), bn relates to expected return, and cn reflects the
accumulated path-dependent effect independent of current wealth.

Proof. By mathematical induction, we first establish (4) under the following
recursive relationships:
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an(θ0, . . . , θn) = fn(θn)(Qn+1 • an+1)(θ0, . . . , θn) > 0, aT (θ0, . . . , θT ) = 1,

bn(θ0, . . . , θn) = gn(θn)(Qn+1 • bn+1)(θ0, . . . , θn), bT (θ0, . . . , θT ) = d1,

cn(θ0, . . . , θn) = en(θ0, . . . , θn) + (Qn+1 • cn+1)(θ0, . . . , θn), cT (θ0, . . . , θT ) = d0,

where

en(θ0, . . . , θn) = −

[
(Qn+1 • bn+1)(θ0, . . . , θn)

]2
4(Qn+1 • an+1)(θ0, . . . , θn)

hn(θn).

For n = T , the boundary condition (3) provides the terminal values for
aT , bT , and cT . Now, let n = T − 1. Given an arbitrary market path
(θ0, . . . , θT−1) and the available wealth wT−1, (2) leads to

vT−1(θ0, . . . , θT−1;wT−1)

= min
πT−1

E

{
M∑

θT=1

QT (θ0, . . . , θT )

×vT
(
θ0, . . . , θT ;wT−1R

0
T−1(θT−1) + π′

T−1R
e
T−1(θT−1)

)}
= min

πT−1

E

{
M∑

θT=1

QT (θ0, . . . , θT )

× aT (θ0, . . . , θT )
[
wT−1R

0
T−1(θT−1) + π′

T−1R
e
T−1(θT−1)

]2
+

M∑
θT=1

QT (θ0, . . . , θT )

× bT (θ0, . . . , θT )
[
wT−1R

0
T−1(θT−1) + π′

T−1R
e
T−1(θT−1)

]
+

M∑
θT=1

QT (θ0, . . . , θT )cT (θ0, . . . , θT )

}
= min

πT−1

E
{
(QT • aT )(θ0, . . . , θT−1)

[
wT−1R

0
T−1(θT−1) + π′

T−1R
e
T−1(θT−1)

]2
+ (QT • bT )(θ0, . . . , θT−1)

[
wT−1R

0
T−1(θT−1) + π′

T−1R
e
T−1(θT−1)

]
+(QT • cT )(θ0, . . . , θT−1)

}
=(QT • aT )(θ0, . . . , θT−1)w

2
T−1R

0
T−1(θT−1)

2

+ (QT • bT )(θ0, . . . , θT−1)wT−1R
0
T−1(θT−1) + (QT • cT )(θ0, . . . , θT−1)
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+ min
πT−1

{
(QT • aT )(θ0, . . . , θT−1)π

′
T−1VT−1(θT−1)πT−1

+
[
2(QT • aT )(θ0, . . . , θT−1)wT−1R

0
T−1(θT−1) + (QT • bT )(θ0, . . . , θT−1)

]
×π′

T−1R̄
e
T−1(θT−1)

}
. (6)

Since Lemma 1 establishes that VT−1(θT−1) is positive definite and the posi-
tivity of aT ensures that (QT • aT )(θ0, . . . , θT−1) remains positive, it follows
that the Hessian matrix of the objective function in (6) is positive definite.
Thus, setting the gradient to zero provides the necessary and sufficient opti-
mality condition

(QT • aT )(θ0, . . . , θT−1)VT−1(θT−1)πT−1

+

[
(QT • aT )(θ0, . . . , θT−1)wT−1R

0
T−1(θT−1) +

1

2
(QT • bT )(θ0, . . . , θT−1)

]
× R̄e

T−1(θT−1) = 0,

which leads to the optimal policy

π∗
T−1(θ0, . . . , θT−1;wT−1) =

−

[
wT−1R

0
T−1(θT−1) +

(QT • bT )(θ0, . . . , θT−1)

2(QT • aT )(θ0, . . . , θT−1)

]
VT−1(θT−1)

−1R̄e
T−1(θT−1).

By substituting this optimal policy in (6), we derive

vT−1(θ0, . . . , θT−1;wT−1)

= aT−1(θ0, . . . , θT−1)w
2
T−1 + bT−1(θ0, . . . , θT−1)wT−1 + cT−1(θ0, . . . , θT−1),

where

aT−1(θ0, . . . , θT−1) =fT−1(θT−1)(QT • aT )(θ0, . . . , θT−1) > 0,

bT−1(θ0, . . . , θT−1) =gT−1(θT−1)(QT • bT )(θ0, . . . , θT−1),

cT−1(θ0, . . . , θT−1) =−

[
(QT • bT )(θ0, . . . , θT−1)

]2
4(QT • aT )(θ0, . . . , θT−1)

hT−1(θT−1)

+ (QT • cT )(θ0, . . . , θT−1).
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Observe that the positivity of aT−1 is a direct consequence of Lemma 1 and
the positivity of aT .

Now, suppose that (4) holds for n+1. We will establish its validity for n,
considering the market path (θ0, . . . , θn) and the corresponding wealth level
wn. Utilizing the induction hypothesis and equation (2), we derive

vn(θ0, . . . , θn;wn)

=min
πn

E


M∑

θn+1=1

Qn+1(θ0, . . . , θn+1)vn+1

(
θ0, . . . , θn+1;wnR

0
n(θn) + π′

nR
e
n(θn)

)
=min

πn

E


M∑

θn+1=1

Qn+1(θ0, . . . , θn+1)an+1(θ0, . . . , θn+1)
[
wnR

0
n(θn) + π′

nR
e
n(θn)

]2
+

M∑
θn+1=1

Qn+1(θ0, . . . , θn+1)bn+1(θ0, . . . , θn+1)
[
wnR

0
n(θn) + π′

nR
e
n(θn)

]

+

M∑
θn+1=1

Qn+1(θ0, . . . , θn+1)cn+1(θ0, . . . , θn+1)


=min

πn

E
{
(Qn+1 • an+1)(θ0, . . . , θn)

[
wnR

0
n(θn) + π′

nR
e
n(θn)

]2
+ (Qn+1 • bn+1)(θ0, . . . , θn)

[
wnR

0
n(θn) + π′

nR
e
n(θn)

]
+(Qn+1 • cn+1)(θ0, . . . , θn)

}
=(Qn+1 • an+1)(θ0, . . . , θn)w

2
nR

0
n(θn)

2 + (Qn+1 • bn+1)(θ0, . . . , θn)wnR
0
n(θn)

+ (Qn+1 • cn+1)(θ0, . . . , θn)

+ min
πn

{
(Qn+1 • an+1)(θ0, . . . , θn)π

′
nVn(θn)πn

+
[
2(Qn+1 • an+1)(θ0, . . . , θn)wnR

0
n(θn) + (Qn+1 • bn+1)(θ0, . . . , θn)

]
×π′

nR̄
e
n(θn)

}
.

(7)
The minimization problem in (7) shares the same structural form as that in
(6). Following a similar reasoning, the optimal policy is derived as

π∗
n(θ0, . . . , θn;wn)

= −

[
wnR

0
n(θn) +

(Qn+1 • bn+1)(θ0, . . . , θn)

2(Qn+1 • an+1)(θ0, . . . , θn)

]
Vn(θn)

−1R̄e
n(θn).
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By substituting this optimal policy, (7) simplifies to

vn(θ0, . . . , θn;wn) = an(θ0, . . . , θn)w
2
n + bn(θ0, . . . , θn)wn + cn(θ0, . . . , θn),

where

an(θ0, . . . , θn) =fn(θn)(Qn+1 • an+1)(θ0, . . . , θn),

bn(θ0, . . . , θn) =gn(θn)(Qn+1 • bn+1)(θ0, . . . , θn),

cn(θ0, . . . , θn) =−
((Qn+1 • bn+1)(θ0, . . . , θn))

2

4(Qn+1 • an+1)(θ0, . . . , θn)
hn(θn)

+ (Qn+1 • cn+1)(θ0, . . . , θn).

Once again, we confirm that an(θ0, . . . , θn) > 0.

The claims of the theorem now follow from Lemma 3, applied to the recur-
sive definitions of an, bn, and cn. To derive an, we define Bn(θ0, . . . , θn) = 0

and set the terminal condition as BT (θ0, . . . , θT ) = aT (θ0, . . . , θT ) = 1.
Similarly, for bn, we impose Bn(θ0, . . . , θn) = 0 with the final condition
BT (θ0, . . . , θT ) = bT (θ0, . . . , θT ) = d1. Using these results, we reformulate en
and the optimal strategy π∗

n. For cn, we assume Cn(θn) = 1.

3.2 Solution to problem P (MV )

To derive the solution for problem P (MV ) under the initial conditions Θ0 =

θ0 and W0 = w0, we reformulate the optimal value function of P̃ (MV ), given
by

v0(θ0;w0) = a0(θ0)w
2
0 + b0(θ0)w0 + c0(θ0)

in terms of the Lagrange multiplier λ. To achieve this, we apply Lemma
2 to re-express the coefficients derived in Theorem 1, incorporating their
dependence on λ. This yields

c0(θ0) = e0(θ0) +

T−1∑
k=1

uuu• k−1

j=1 Q1j • (Qk • ek)(θ0) +uuu• T−1

j=1 Q1j • (QT • eT )(θ0)

= −(d21/4)c∗0(θ0) + d0,
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where

c∗0(θ0) = e∗0(θ0) +
T−1∑
k=1

uuu• k−1

j=1 Q1j • (Qk • e∗k)(θ0),

e∗n(θ0, . . . , θn) =

[
uuu• T−1

j=n+1Qgj • (QT • 1T )(θ0, . . . , θn)
]2

uuu• T−1

j=n+1Qfj • (QT • 1T )(θ0, . . . , θn)
hn(θn).

Moreover, we obtain b0(θ0) = d1b
∗
0(θ0), where

b∗0(θ0) = g0(θ0)uuu• T−1

j=1 Qgj • (QT • 1T )(θ0).

Thus, the function simplifies to

v0(θ0;w0) =a0(θ0)w
2
0 + b0(θ0)w0 + c0(θ0)

=a0(θ0)w
2
0 + d1b

∗
0(θ0)w0 −

d21
4
c∗0(θ0) + d0

=a0(θ0)w
2
0 + 2(λ− ET )b

∗
0(θ0)w0 − (λ− ET )

2c∗0(θ0) + E2
T − 2λET .

(8)

Since v0(θ0;w0) depends on λ, we define

L(λ) := v0(θ0;w0).

By the Lagrange duality theorem (see [15]), maximizing (8) over λ ∈ R
provides the optimal value for problem P (MV ), denoted by Var∗0(ET ), that
is,

Var∗0(ET ) = max
λ∈R

L(λ).

Lemma 1 guarantees that c∗0(θ0) remains strictly positive. Consequently, the
function L(λ) attains its maximum at

λ∗ =
b∗0(θ0)w0 − ET

c∗0(θ0)
+ ET .

To derive the optimal portfolio strategy for P (MV ), we substitute
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d1 = 2(λ∗ − ET ) =
2 (b∗0(θ0)w0 − ET )

c∗0(θ0)

into (5). Additionally, replacing λ∗ in (8) yields the minimum variance as-
sociated with problem P (MV ). These results lead to the following theorem,
which provides the solution to the main problem P (MV ).

Theorem 2. The optimal variance (or risk) corresponding to problem
P (MV ) is given by

Var∗0(ET ) =
1− c∗0(θ0)
c∗0(θ0)

(
ET −

b∗0(θ0)w0

1− c∗0(θ0)

)2

+

(
a0(θ0)−

b∗0(θ0)
2

1− c∗0(θ0)

)
w2

0.

(9)
This follows from the optimal portfolio strategy given by

π∗
n(θ0, . . . , θn;wn)

= −

wnR
0
n(θn) + d∗

uuu• T−1

j=n+1Qgj • (QT • 1T )(θ0, . . . , θn)

uuu• T−1

j=n+1Qfj • (QT • 1T )(θ0, . . . , θn)

Vn(θn)−1R̄e
n(θn),

(10)
where

d∗ =
b∗0(θ0)w0 − ET

c∗0(θ0)
. (11)

Remark 2. The optimal policy presented in (10) clearly reflects the in-
fluence of regime dynamics on asset allocation. Specifically, the allocation
decision is shaped by three distinct components: Return parameters such as
R0

n(θn), Vn(θn), and R̄e
n(θn), which depend only on the current market state;

the scalar d∗, which encapsulates initial market conditions and investor tar-
gets; and a path-dependent term involving transition tensors, which captures
the effect of historical regime evolution. This structure highlights how the
policy simultaneously accounts for both the present market regime and the
trajectory of past regimes in determining optimal investment actions.

The primary objective in portfolio selection is to determine efficient port-
folio strategies. A portfolio strategy π∗ is deemed efficient if no alternative
strategy π exists that yields the same expected terminal wealth with lower
risk, or the same risk with a higher expected terminal wealth. An efficient
point refers to the ordered pair in the Mean-Variance plane associated with
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an efficient portfolio strategy. The efficient frontier is the collection of all
such efficient points. It is important to note that while an efficient point cor-
responds to the solution of a Mean-Variance problem, not the solution of a
Mean-Variance problem necessarily represents an efficient point. Specifically,
if an optimal portfolio strategy falls on the lower branch of the parabola (9),
meaning

ET <
b∗0(θ0)w0

1− c∗0(θ0)
,

then there exists another optimal strategy with the same variance but a
greater expected terminal wealth. Therefore, in the Mean-Variance plane,
the efficient frontier corresponds to the upper branch of the parabola (9),
where

ET ≥
b∗0(θ0)w0

1− c∗0(θ0)
.

This discussion leads to the following theorem, which concludes this section.

Corollary 1. The Mean-Variance efficient frontier is given by (9) for

ET ≥
b∗0(θ0)w0

1− c∗0(θ0)
.

The global minimum risk portfolio strategy corresponds to the ordered pair(
b∗0(θ0)w0

1− c∗0(θ0)
,

(
a0(θ0)−

b∗0(θ0)
2

1− c∗0(θ0)

)
w2

0

)
in the Mean-Variance plane and can be determined using (10) with

d∗ =
b∗0(θ0)w0

c∗0(θ0)− 1
.

Remark 3. While our model allows for path-dependent transition proba-
bilities, its computational complexity remains manageable in practice. In
real-world applications, these transition probabilities typically depend only
on a short and finite memory of recent market states–such as the last two or
three time periods–rather than the entire historical path. This finite-memory
assumption not only aligns with empirical observations in financial markets,
but also significantly reduces the number of relevant paths that need to be
considered. Furthermore, the use of tensor-based representations and recur-
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sive backward computation contributes to numerical tractability and enables
efficient implementation in multi-period settings. If higher-dimensional path
dependence is required in specific applications, then the model can also ac-
commodate various approximation methods, such as Monte Carlo simulation,
dimension reduction techniques, or path truncation strategies.

4 Markovian regime-switching markets

In this section, we examine the Mean-Variance portfolio selection problem
within a standard Markovian regime-switching market, where the transition
probability satisfies the Markov property:

P(Θn = θn | Θn−1 = θn−1, . . . ,Θ1 = θ1,Θ0 = θ0) = P(Θn = θn | Θn−1 = θn−1).

This assumption leads to the simplification

Qn(θ0, . . . , θn−1, θn) = Qn(θn−1, θn),

which implies that Qn can be considered as a standard M ×M matrix.
This classical framework has been previously analyzed by Cakmak and

Ozekici [2]. We demonstrate that the findings in [2] emerge as special cases
of our generalized results. A key distinction from their work is that we do not
impose the assumption of time-homogeneity on the Markov process, and we
allow asset returns to be influenced by both the market state and the specific
time period.

To simplify the calculations, we adopt a notation consistent with the
conventions introduced in Section 2. For an M ×M matrix A and the M -
column vector 1 = (1, . . . , 1)′ we define A = A1. Then, for any M×M matrix
B and an M -column vector C the following identities hold:

AB = AB1 = AB, AC = AC.

Below, we present our results under the assumption of Markovian transi-
tion probabilities. To achieve this, we express key parameters and coefficients
using Lemma 2 alongside the notations introduced earlier. For instance, we
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obtain

uuu• T−1

j=n+1Qgj • (QT • 1T )(θ0, . . . , θn)

=

M∑
θn+1=1

. . .

M∑
θT−1=1

M∑
θT=1

Qn+1(θ0, . . . , θn+1)gn+1(θn+1) . . . QT−1(θ0, . . . , θT−1)

× gT−1(θT−1)QT (θ0, . . . , θT )1T (θ0, . . . , θT )

=

M∑
θn+1=1

. . .

M∑
θT−1=1

M∑
θT=1

Qn+1(θn, θn+1)gn+1(θn+1) . . . QT−1(θT−2, θT−1)

× gT−1(θT−1)QT (θT−1, θT )

=

M∑
θn+1=1

. . .

M∑
θT−1=1

Qgn+1(θn, θn+1) . . . QgT−1
(θT−2, θT−1)

M∑
θT=1

QT (θT−1, θT )

=

M∑
θn+1=1

. . .

M∑
θT−1=1

Qgn+1
(θn, θn+1) . . . QgT−1

(θT−2, θT−1)1(θT−1)

=

(

T−1∏
j=n+1

Qgj )1

 (θn)

= (

T−1∏
j=n+1

Qgj )(θn).

(12)
Here, the notation

∏
represents standard matrix multiplication. Following a

similar procedure, we obtain

uuu• T−1

j=n+1Qfj • (QT • 1T )(θ0, . . . , θn) = (

T−1∏
j=n+1

Qfj )(θn).

It follows that these parameters depend solely on θn. Consequently, e∗n sim-
plifies to

e∗n(θn) =

[
(
∏T−1

j=n+1Qgj )(θn)
]2

(
∏T−1

j=n+1Qfj )(θn)
hn(θn).

Applying the same approach as in (12), we obtain
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uuu• k−1

j=n+1Q1j • (Qk • e∗k)(θ0, . . . , θn) =

(

k∏
j=n+1

Qj)e
∗
k

 (θn).

Finally, the key parameters are expressed as

a0(θ0) = f0(θ0)

(T−1∏
j=1

Qfj )(θ0)

 ,
b∗0(θ0) = g0(θ0)

(T−1∏
j=1

Qgj )(θ0)

 ,
c∗0(θ0) = e∗0(θ0) +

T−1∑
k=1

(

k∏
j=1

Qj)e
∗
k

 (θ0) =

T−1∑
k=0

(

k∏
j=1

Qj)e
∗
k

 (θ0).

By replacing these expressions in (10) and (11), the optimal portfolio strategy
simplifies to

π∗
n(θ0, . . . , θn;wn) = π∗

n(θn;wn) =

−

wnR
0
n(θn) + d∗

(
∏T−1

j=n+1Qgj )(θn)

(
∏T−1

j=n+1Qfj )(θn)

Vn(θn)−1R̄e
n(θn).

This confirms that the optimal portfolios depend only on θn.

In a more constrained setting, Cakmak and Ozekici [2] studied a mar-
ket with risky assets and a riskless asset, assuming that asset returns depend
only on the market state, not on the time period, within a time-homogeneous
Markov chain. In other words, their parameters are time-independent. A
straightforward manipulation shows that, under time-independent parame-
ters, the results presented in [2, Corollary 5] match our results in Theorem 2
and Corollary 1.

5 Numerical illustration

Consider a regime-switching market model with two states: A bull state
(State 1) and a bear state (State 2). The model includes two assets: A risky
asset, whose returns follow a log-normal distribution, and a risk-free asset,
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whose returns are deterministic and vary with the market state. Specifi-
cally, if R1 denotes the return of the risky asset, then lnR1 follows a normal
distribution with mean µ and variance σ2, where µ and σ2 depend solely
on the prevailing market state. In the bull state, the risky asset exhibits
positive rate of returns, reflecting favorable market conditions. In contrast,
during the bear state, the risky asset experiences negative rate of returns,
reflecting adverse market conditions and heightened volatility. The risk-free
asset provides stable but slightly reduced returns (denoted by R0) in the bear
state compared to the bull state. The parameters for both market states are
summarized in Table 1.

Table 1: Market parameters in bull and bear states

θn µ(θn) σ2(θn) E[R1
n(θn)] Var[R1

n(θn)] R0
n(θn)

1 0.020 0.015 1.0279 0.016 1.005
2 −0.030 0.045 0.9925 0.0453 1.003
θn E[R̄e

n(θn)] Vn(θn) hn(θn) gn(θn) fn(θn)
1 0.0229 0.0165 0.0317 0.9731 0.978
2 -0.0105 0.0454 0.0024 1.0006 1.0036

Let the investment horizon be T = 3. The transition matrices, as shown
in Table 2, are constructed for each time period, conditional on the histori-
cal path, ensuring that the model accurately reflects the dynamic nature of
market regimes, where

P0(θ0, θ1) = Q1(θ0, θ1),

P
(θ0)
1 (θ1, θ2) = Q2(θ0, θ1, θ2),

P
(θ0,θ1)
2 (θ2, θ3) = Q3(θ0, θ1, θ2, θ3).

For example, if at time n = 1, the market is currently in the bull state
(Θ 1 = 1) and has been in the bull state in the previous period (Θ0 = 1 ), then
the probability of remaining in the bull state is 80%, while the probability
of transitioning to the bear state is 20% (see P

(1)
1 (1, 1) and P

(1)
1 (1, 2) in

Table 2). However, if at time n = 2 the market is currently in the bull
state (Θ 2 = 1) and has been in the bull state for the previous two periods
(Θ0 = 1 ,Θ1 = 1), then the probability of remaining in the bull state is
90%, while the probability of transitioning to the bear state is 10% (see
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P
(1,1)
2 (1, 1) and P

(1,1)
2 (1, 2) in Table 2). Here, P (1,1)

2 (1, 1) > P
(1)
1 (1, 1) but

P
(1,1)
2 (1, 2) < P

(1)
1 (1, 2).

Table 2: Path-dependent transition matrices

Time Path Transition Matrix

n = 0 − P0 =

[
0.7 0.3
0.4 0.6

]
n = 1 Θ0 = 1 P

(1)
1 =

[
0.8 0.2
0.5 0.5

]
n = 1 Θ0 = 2 P

(2)
1 =

[
0.6 0.4
0.3 0.7

]
n = 2 Θ0 = 1,Θ1 = 1 P

(1,1)
2 =

[
0.9 0.1
0.6 0.4

]
n = 2 Θ0 = 1,Θ1 = 2 P

(1,2)
2 =

[
0.7 0.3
0.4 0.6

]
n = 2 Θ0 = 2,Θ1 = 1 P

(2,1)
2 =

[
0.8 0.2
0.5 0.5

]
n = 2 Θ0 = 2,Θ1 = 2 P

(2,2)
2 =

[
0.6 0.4
0.2 0.8

]

Let the initial wealth be 100, and assume that the market starts in state
1 (bull state). Values of

ĝn(θ0, . . . , θn) :=uuu• 2

j=n+1Qgj • (Q3 • 13)(θ0, . . . , θn),

f̂n(θ0, . . . , θn) :=uuu• 2

j=n+1Qfj • (Q3 • 13)(θ0, . . . , θn)

are given in Table 3. Moreover, we obtain the following initial parameters:

a0(1) = 0.95, b∗0(1) = 0.937, c∗0(1) = 0.076.

In the following, we compare the optimal investment strategies under a
path-dependent model and a Markovian model to achieve a fixed expected
terminal wealth of E3 = 105 for some different market paths. M-V efficient
frontiers are also compared under two different models. For the Markovian
model, we set P0 as the transition matrix.
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Table 3: Values of ĝn and f̂n.

Time Path ĝn(θ0, . . . , θn) f̂n(θ0, . . . , θn)
n = 0 Θ0 = 1 0.9628 0.9713
n = 1 Θ0 = 1,Θ1 = 1 0.9786 0.9831
n = 1 Θ0 = 1,Θ1 = 2 0.9868 0.9908
n = 2 Θ0 = 1,Θ1 = 1,Θ2 = 1 1 1
n = 2 Θ0 = 1,Θ1 = 1,Θ2 = 2 1 1
n = 2 Θ0 = 1,Θ1 = 2,Θ2 = 1 1 1
n = 2 Θ0 = 1,Θ1 = 2,Θ2 = 2 1 1

For the first market path (1, 1, 1) (see Figure 1) with corresponding
wealth levels (100, 101, 102), the optimal investment in the risky asset under
the path-dependent model is (65.5, 64.97, 64.52), while under the Markovian
model, it is (68.39, 67.87, 67.39). The higher investment in the risky asset
under the Markovian model stems from its lower expected return compared
to the path-dependent model. Specifically, the path-dependent model in-
corporates momentum effects, increasing the probability of remaining in the
bull state and thus raising the expected return. This allows for a more con-
servative investment strategy to achieve the fixed expected terminal wealth.
In contrast, the Markovian model, which ignores historical paths, yields a
lower expected return, necessitating a more aggressive (higher) investment
strategy to meet the same target.

For the second market path (1, 2, 2) (see Figure 1) with corresponding
wealth levels (100, 101, 99), the optimal investment in the risky asset under
the path-dependent model is (65.5,−10.85,−11.45), while under the Marko-
vian model, it is (68.39,−11.34,−11.93). The negative investments in the
risky asset under unfavorable market conditions (e.g., state 2, bear state)
reflect risk-averse behavior, where investors reduce exposure or take short
positions to mitigate potential losses. However, the magnitude of these short
positions differs between the two models due to their distinct assumptions. In
the path-dependent model, the expected decline in the value of the risky asset
is greater, as the model accounts for the persistence of unfavorable market
conditions, leading to a higher likelihood of continued losses. Consequently,
a smaller short position is required to achieve the fixed expected terminal
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wealth, as the model anticipates and adjusts for the larger expected decline.
In contrast, the Markovian model predicts a smaller expected decline in the
value of the risky asset, as it ignores historical paths. Thus, a larger short
position is necessary to achieve the same target, as the model underestimates
the persistence of unfavorable conditions and associated risks. This highlights
how the path-dependent model’s incorporation of historical market behavior
enables more precise adjustments in investment strategies.
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Figure 1: Optimal portfolio strategies for the market paths (1, 1, 1) (left) and (1, 2, 2)
(right).

We also compared and plotted the mean-variance efficient frontiers for
the path-dependent and Markovian models. The efficient frontier for the
path-dependent model lies below that of the Markovian model, indicating
that for a fixed level of expected terminal wealth, the optimal investment
risk (i.e., the variance of terminal wealth) is lower in the path-dependent
model compared to the Markovian model. This can be attributed to the
observed behavior in the above two market paths: The absolute value of
the investment in the risky asset is generally smaller in the path-dependent
model than in the Markovian model. This reduction in exposure to the risky
asset likely contributes to lower overall risk. As demonstrated in the optimal
strategies examples, the path-dependent model’s incorporation of historical
market behavior leads to more conservative investment strategies, which in
turn reduce risk. This comparison of the efficient frontiers is illustrated in
Figure 2. The end point (101.4, 0.0216) represents the global minimum risk
portfolio strategy.
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Figure 2: The M-V efficient frontier.

6 Conclusion

In this paper, we have investigated a multi-period mean-variance portfolio
optimization problem under a non-Markovian regime-switching model. The
asset returns in this market depend on market states that evolve stochasti-
cally over time among a finite set of possible states, with transition prob-
abilities that are path-dependent rather than Markovian. To solve this
optimization problem, we employed dynamic programming combined with
an auxiliary problem approach, necessitated by the non-separability intro-
duced by the variance operator in the dynamic programming framework.
The solution methodology combines dynamic programming with Lagrangian
multiplier method, utilizing an extended Bellman equation based on path-
dependent value functions. The optimal policy parameters are obtained im-
plicitly through a system of path-dependent backward recursive relations.
Explicit closed-form solutions are derived using matrix computations, and
the optimal strategy for the original problem is recovered via Lagrangian
duality theorem.

Our results demonstrated that the optimal investment strategy exhibits
path-dependence at each time point. Notably, we showeded that the tradi-
tional Markovian model emerges as a special case of our framework, where
the optimal strategy depends only on the current state. Furthermore, we
establish that the efficient frontier—characterizing the relationship between
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expected final wealth and optimal risk—is significantly influenced by our
modeling assumptions. In particular, the path-dependent model leads to
risk reduction compared to the Markovian benchmark, achieved through
more conservative allocations to risky assets. This reduction stems from
the model’s ability to incorporate historical market behavior, enabling finer
adjustments in investment strategies.

For future research, we suggest two promising directions: (1) Extending
the model to incorporate path-dependent asset returns, and (2) investigat-
ing time-consistent formulations under these path-dependent assumptions.
These extensions could provide even more realistic tools for portfolio man-
agement in regime-switching environments.
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the orthonormal Euler wavelet series is studied in the Hölder’s class. The
orthonormal Euler wavelet approximations of solution functions of the non-
linear Lane–Emden differential equation in Hölder’s class are determined
by partial sums of their orthonormal Euler wavelet series. In concisely,
two approximations E

(1)

2k−1,M
(f) and E

(2)

2k−1,M
(f) of solution functions of

classes Hα
2 [0, 1) and Hϕ

2 [0, 1) by (2k,M)th partial sums of their orthonor-
mal Euler wavelet expansions have been estimated. There are several ap-
plications of nonlinear differential equations, which include the nonlinear
Lane–Emden differential equations. The solution of the nonlinear Lane–
Emden differential equation obtained by the orthonormal Euler wavelets
method is compared to its solution obtained by the Euler method and the
ODE-45 method. It has been shown that the solutions produced by the
orthonormal Euler wavelets are more accurate than those produced by the
Euler method and the ODE-45 method. This is a result of the wavelet
analysis research article.

AMS subject classifications (2020): Primary 34A34; Secondary 42C40, 65T60,

65L05.

Keywords: Orthonormal Euler wavelet, Hα
2 [0, 1) and Hϕ

2 [0, 1) class, Ap-
proximation of function and nonlinear Lane–Emden differential equations.

1 Introduction

The wavelet theory has acquired a lot of applications in recent times.
Wavelets naturally adapt to irregular domains, simplifying computations and
improving stability. There are various wavelet methods proposed for the
approximation of functions and numerical solution of differential and inte-
gral equations, such as Legendre, Chebyshev, Gegenbauer, Genocchi, Vieta–
Lucas, Euler, and sine-cosine wavelets. With the help of the orthogonal basis
of those wavelets, it is possible to reduce the numerical problems of differen-
tial and integral equations to a system of linear and nonlinear algebraic equa-
tions. Many researchers like Chui [4], Debnath [5], Doha, Abd-Elhameed, and
Youssri [6], Lal and Kumar [10], Lal and Patel [11], Meyer [14], and so on,
are working in the direction of approximation of functions and solution of
differential or integral equations. The present work introduces orthonormal
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Euler wavelets (OEWs) as a novel basis for solving such equations. The key
contributions include the construction of OEWs by combining Euler poly-
nomials with wavelet theory, enabling efficient representation of solutions in
Hölder spaces (Polat and Dincel [17]). Since the OEWs are generated by or-
thonormal Euler polynomials, the orthonormal Euler polynomials have fewer
terms than other polynomials for generating their wavelets.

Various natural phenomena are studied and described using differential
and integral equations [2, 3, 7, 8, 9, 1]. The nonlinear Lane–Emden differen-
tial equation is a fundamental model in astrophysics, describing phenomena
such as stellar structure, isothermal gas spheres, and thermionic currents.
Traditional numerical methods (e.g., finite difference, Runge–Kutta) often
struggle with singularity at the origin and nonlinearity, leading to reduced
accuracy and stability. To the best of our knowledge, there is no work related
to the approximation of solution functions of the nonlinear Lane–Emden dif-
ferential equation belonging to Hölder’s class Hα

2 [0, 1) and Hϕ
2 [0, 1) by the

OEW expansion (Titchmarsh [16]). In Hölder’s class Hα
2 [0, 1) and Hϕ

2 [0, 1),
the convergence analysis of the solution function f of the nonlinear Lane–
Emden differential equation by the OEW series has been investigated. A
method of the collocation has been proposed to find the numerical solution of
the nonlinear Lane–Emden differential equations by the OEWs. Unlike other
numerical methods, the collocation method easily transforms the differential
equations into algebraic equations and can achieve high accuracy with rela-
tively few collocation points. Rigorous convergence analysis in Hölder’s class
ensures that the wavelet approximations of solution functions are better and
provide good results, demonstrating the method’s effectiveness in handling
singular and nonlinear terms.

The objective of this research paper are as follows:
(i) To define the Hölder’s class Hα

2 [0, 1) and Hϕ
2 [0, 1) in the interval [0, 1).

(ii) To define the orthonormal Euler polynomial and the OEW in the interval
[0, 1).
(iii) To derive the approximation of the solution function f of the nonlin-
ear Lane–Emden differential equations belonging to classes Hα

2 [0, 1) and
Hϕ

2 [0, 1).
(iv) To describe the procedure for calculating the numerical solution of the
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nonlinear Lane–Emden differential equations and to provide examples to
show the effectiveness of this procedure.
(v) To compare the exact solution of the nonlinear Lane–Emden differential
equation using OEWs, the Euler method (EM), and the ODE-45 method.

The remaining parts of this paper are categorized as follows: In Section 2,
some definitions and properties of the Hölder’s class, the orthonormal Euler
polynomial, and the OEW are mentioned. In Section 3, the convergence
analysis of the solution function f of the nonlinear Lane–Emden differential
equation by OEW series has been investigated. In Section 4, the definition
of the OEW approximation of the solution function f of the nonlinear Lane–
Emden differential equation and two estimators by OEW approximations and
their proofs in Hα

2 [0, 1) and Hϕ
2 [0, 1) class have been developed. In Section

5, the algorithm for the solution of the nonlinear Lane–Emden differential
equation has been developed in the interval [0, 1), which is used to obtain the
solution of the nonlinear Lane–Emden differential equation by the OEW. In
Section 6, the solutions of the nonlinear Lane–Emden differential equation
by OEWs, the EM, and the ODE45 method, and their absolute error have
been obtained. Section 7 is designated for the conclusions of this research
paper.

2 Definitions and preliminaries

2.1 Function of Hölder’s class Hα
2 [0, 1)

A function f belongs to Hα
2 [0, 1), α ∈ (0, 1], if f is continuous and satisfies

the following condition:

(∫ 1

0

(f(x+ t)− f(x))2 dx
) 1

2

= O(|t|α), for all x, t, x+ t ∈ [0, 1).
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2.2 Function of Hölder’s class Hϕ
2 [0, 1)

Let φ(t) be positive monotonic increasing function of t such that φ(|t|) → 0

as t→ 0. A function f belongs to Hϕ
2 [0, 1) if f is continuous and satisfies the

following condition:

(∫ 1

0

(f(x+ t)− f(x))2 dx
) 1

2

= O(φ(|t|)), for all x, t, x+ t ∈ [0, 1).

If φ(t) = tα, then Hϕ
2 [0, 1) coincides with classical Hölder’s class Hα

2 [0, 1).

2.3 Orthonormal Euler polynomial and OEW

The orthonormal Euler polynomials of order m is denoted by E
(O)
m (t) and

defined in the interval [0, 1) as

E(O)
m (t) =

√
2m+ 1

m∑
k=0

(−1)m−k

(
m

k

)(
m+ k

k

)
tk, m ∈ {0, 1, 2, 3, . . .}.

(1)
The orthonormality property for Euler polynomials is as follows:

〈E(O)
m , E(O)

n 〉 =

 1, if n = n′,m = m′;

0, otherwise.
(2)

By analyzing the integrals of these polynomials from 0 to t, we obtain∫ t

0

E
(O)
0 (x)dx =

1

2
E

(O)
0 (t) +

1

2
√
3
E

(O)
1 (t), (3)

and for m ≥ 1,

∫ t

0

E(O)
m (x)dx =

E
(O)
m+1(t)

2
√
(2m+ 1)(2m+ 3)

−
E

(O)
m−1(t)

2
√
(2m+ 1)(2m− 1)

. (4)

Therefore,
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2
√
2m+ 1E(O)

m (t) =
1√

2m+ 3
(E

(O)
m+1(t))

′ − 1√
2m− 1

(E
(O)
m−1(t))

′. (5)

The OEWs denoted by ψ(O)
n,m, are defined on [0, 1) by

ψ(O)
n,m(t) =

 2
k−1
2 E

(O)
m (2k+2t− 4n+ 2), if t ∈ [ n−1

2k−1 ,
n

2k−1 );

0, otherwise,
(6)

where n = 1, 2, 3, . . . , 2k−1, m = 0, 1, 2, . . . ,M − 1, m is the order of the
orthonormal Euler polynomials, and k = 1, 2, 3, . . . is the level of resolution.

3 Convergence analysis of the OEW series

In this section, the convergence analysis of the solution function f , of the non-
linear Lane–Emden differential equations, in L2[0, 1) by the OEW expansion
has been described.

Theorem 1. If f(t) is the exact solution of the nonlinear Lane–Emden dif-
ferential equation, then its OEW series

∑2k−1

n=1

∑∞
m=0 cn,mψ

(O)
n,m(t) converges

uniformly to f(t).

Proof.

Let f(t) =

2k−1∑
n=1

∞∑
m=0

cn,mψ
(O)
n,m(t).

Then 〈f, f〉 =
〈

2k−1∑
n=1

∞∑
m=0

cn,mψ
(O)
n,m(t),

2k−1∑
n′=1

∞∑
m′=0

cn′,m′ψ
(O)
n′,m′(t)

〉

=

2k−1∑
n=1

∞∑
m=0

2k−1∑
n′=1

∞∑
m′=0

cn,mcn′,m′〈ψ(O)
n,m, ψ

(O)
n′,m′〉

=

2k−1∑
n=1

∞∑
m=0

|cn,m|2||ψ(O)
n,m||22

=

2k−1∑
n=1

∞∑
m=0

|cn,m|2,

{ψ(O)
n,m} is an orthonormal basis of L2[0, 1).
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Thus,
2k−1∑
n=1

∞∑
m=0

|cn,m|2 = 〈f, f〉 =

∫ 1

0

|f(t)|2dt <∞, f ∈ L2[0, 1).

Therefore, the wavelet series
∑2k−1

n=1

∑∞
m=0 cn,mψ

(O)
n,m(t) is convergent and by

the Bessel’s inequality,
∑2k−1

n=1

∑M−1
m=0 |cn,m|2 ≤ ||f ||22 <∞, for all M > 2.

For N > M & k > p,

let (S2k−1,Mf)(t) =

2k−1∑
n=1

M−1∑
m=0

cn,mψ
(O)
n,m(t).

||(S2k−1,Nf)− (S2p−1,Mf)||22 =

∣∣∣∣∣∣
∣∣∣∣∣∣
2k−1∑
n=1

N−1∑
m=0

cn,mψ
(O)
n,m(t)−

2p−1∑
n=1

M−1∑
m=0

cn,mψ
(O)
n,m(t)

∣∣∣∣∣∣
∣∣∣∣∣∣
2

2

=

∣∣∣∣∣∣
∣∣∣∣∣∣

2k−1∑
n=2(p−1)+1

N−1∑
m=M

cn,mψ
(O)
n,m(t)

∣∣∣∣∣∣
∣∣∣∣∣∣
2

2

=

2k−1∑
n=2p−1+1

N−1∑
m=M

|cn,m|2 → 0 as M →∞, N →∞.

Therefore, ||(S2k−1,Nf) − (S2p−1,Mf)||22 → 0 as M → ∞, N → ∞. Hence,
(S2k−1,Nf)

∞
N=0 is a Cauchy sequence in L2[0, 1). Since, L2[0, 1) is a Banach

space, the Cauchy sequence (S2k−1,Nf)
∞
N=0 converges to a function b(t), (say).

Here, b(t) = lim
N→∞

(S2k−1,Nf) = lim
N→∞

∑2k

n=1

∑N−1
m=0 cn,mψ

(O)
n,m(t).

Now, we need to show that b(t) = f(t). For this, consider

〈b(t)− f(t), ψ(O)
n,m(t)〉 = 〈b(t), ψ(O)

n,m(t)〉 − 〈f(t), ψ(O)
n,m(t)〉

= lim
N→∞

〈(S2k−1,Nf), ψ
(O)
n,m(t)〉 − cn,m

= cn,m − cn,m = 0.

Therefore, b(t) = f(t) for all t ∈ [0, 1). Hence, the OEW series∑2k−1

n=1

∑N−1
m=0 cn,mψ

(O)
n,m(t) converges uniformly to f(t) as N →∞.
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4 Approximations and theorems

In this section, approximation and theorems based on the OEW have been
established.

4.1 OEW approximation

Since, {ψ(O)
n,m(t)} forms an orthonormal basis for L2[0, 1), a function f ∈

L2[0, 1) can be expressed into the OEW series as

f(t) =

∞∑
n=1

∞∑
m=0

cn,mψ
(O)
n,m(t), cn,m = 〈f, ψ(O)

n,m〉. (7)

The (2k−1,M)th partial sum (S2k−1,Mf)(t) of the OEW series (7) is given
by

(S2k−1,Mf)(t) =

2k−1∑
n=1

M−1∑
m=0

cn,mψ
(O)
n,m(t) = CTψ(O)(t), (8)

where C = [c1,0, c1,1, . . . , c1,M−1; c2,0, . . . , c2,M−1, . . . , c2k−1,0; . . . , c2k−1,M−1]
T

and
ψ(O)(t) = [ψ

(O)
1,0 (t), . . . , ψ

(O)
1,M−1(t);ψ

(O)
2,0 (t), . . . ;ψ

(O)

2k−1,0
(t), . . . , ψ

(O)

2k−1,M−1
(t)]T .

The OEW approximation E2k−1,M (f) of f by (2k−1,M)th partial sum
(S2k−1,Mf) of the OEW series (7), is defined by

E2k−1,M (f) = min
(S

2k−1,M
f)
||f − (S2k−1,Mf)||2. (9)

Here, E2k−1,M (f) is said to be the best approximation of f by (2k−1,M)th

partial sum (S2k−1,Mf), if E2k−1,M (f)→ 0, as k →∞, M →∞ (Zygmund
[18]).
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4.2 Theorems

In this paper, the following theorems based on the OEW in the Hölder’s class
have been developed.

Theorem 2. If f ′′ ∈ Hα
2 [0, 1) class, then the OEW expansion of the

solution function f of the nonlinear Lane–Emden differential equation is
f(t) =

∑∞
n=1

∑∞
m=0 cn,mψ

(O)
n,m(t) having (2k−1,M)th partial sums,

(S2k−1,Mf)(t) =

2k−1∑
n=1

M−1∑
m=0

cn,mψ
(O)
n,m(t);

then, the OEW approximation of f by (S2k−1,Mf), under || · ||2, for M > 2

is given by

E
(1)

2k−1,M
(f) = min||f −

2k−1∑
n=1

M−1∑
m=0

cn,mψ
(O)
n,m(t)||2 = O

(
1

2(k−1)(α+2)(2M − 3)
3
2

)
.

Proof. Consider

f(t) =

∞∑
n=1

∞∑
m=0

cn,mψ
(O)
n,m(t).

cn,m =
〈
f, ψ(O)

n,m

〉
=

∫ n

2k−1

n−1

2k−1

f(t)ψ(O)
n,m(t)dt

= 2
k−1
2

∫ n

2k−1

n−1

2k−1

f(t)E(O)
m (2k−1t− n+ 1)dt

= 2
k−1
2

∫ 1

0

f

(
u+ n− 1

2k−1

)
E(O)

m (u)
du

2k−1
, 2k−1t− n+ 1 = u

=
1

2
k+1
2

√
2m+ 1

∫ 1

0

f

(
u+ n− 1

2k−1

)
d

(
E

(O)
m+1(t)√
2m+ 3

−
E

(O)
m−1(t)√
2m− 1

)
(10)

(by (5))

Integrating (10) by parts, we have
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cn,m = − 1

2
3k−1

2

√
2m+ 1

∫ 1

0

f ′
(
u+ n− 1

2k−1

)(
E

(O)
m+1(t)√
2m+ 3

−
E

(O)
m−1(t)√
2m− 1

)
dt

= − 1

2
3k−1

2

√
2m+ 1

∫ 1

0

f ′
(
u+ n− 1

2k−1

)
d

(
E

(O)
m+2(t)

2(2m+ 3)
√
2m+ 5

−
√
2m+ 1E

(O)
m (t)

(2m+ 3)(2m− 1)
+

E
(O)
m−2(t)

2(2m− 1)
√
2m+ 1

)
, by (5) (11)

Integrating (11) by parts, we have

cn,m =
1

2
5k−3

2

√
2m+ 1

∫ 1

0

f ′′
(
u+ n− 1

2k−1

)
×

(
E

(O)
m+2(t)

(2m+ 3)
√
2m+ 5

−
√
2m+ 1E

(O)
m (t)

2(2m+ 3)(2m− 1)
+

E
(O)
m−2(t)

2(2m− 1)
√
2m+ 1

)
dt

=
1

2
5k−3

2

√
2m+ 1

∫ 1

0

(
f ′′
(
u+ n− 1

2k−1

)
− f ′′

(
n− 1

2k−1

))
×

(
E

(O)
m+2(t)

(2m+ 3)
√
2m+ 5

−
√
2m+ 1E

(O)
m (t)

2(2m+ 3)(2m− 1)
+

E
(O)
m−2(t)

2(2m− 1)
√
2m+ 1

)
dt

+
1

2
5k−3

2

√
2m+ 1

f ′′
(
n− 1

2k−1

)∫ 1

0

(
E

(O)
m+2(t)

(2m+ 3)
√
2m+ 5

−
√
2m+ 1E

(O)
m (t)

2(2m+ 3)(2m− 1)
+

E
(O)
m−2(t)

2(2m− 1)
√
2m+ 1

)
dt

≤ 1

2
5k−3

2

√
2m+ 1

(∫ 1

0

(
f ′′
(
u+ n− 1

2k−1

)
− f ′′

(
n− 1

2k−1

))2
) 1

2

×

(∫ 1

0

(
E

(O)
m+2(t)

(2m+ 3)
√
2m+ 5

−
√
2m+ 1E

(O)
m (t)

2(2m+ 3)(2m− 1)

+
E

(O)
m−2(t)

2(2m− 1)
√
2m+ 1

)2

dt

 1
2

≤ r

2
5k−3

2

√
2m+ 1

(
1

2k−1

)α(
1

(2m+ 3)2(2m+ 5)

− 2m+ 1

4(2m+ 3)2(2m− 1)2
+

1

4(2m− 1)2(2m+ 1)

) 1
2

(by (2) and f ′′ ∈ Hα
2 [0, 1), r be a positive constant)
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|cn,m| ≤
r

2(k−1)(α+ 5
2 )(2m− 3)2

. (12)

Then, (E(1)

2k−1,M
(f))2 = ||f(t)− (S2k−1,Mf)(t)||22 =

2k−1∑
n=1

∞∑
m=M

|cn,m|2

≤
2k−1∑
n=1

∞∑
m=M

(
r

2(k−1)(α+ 5
2 )(2m− 3)2

)2

=
r22k−1

2(k−1)(2α+5)

∞∑
m=M

1

(2m− 3)4

≤ r22k−1

2(k−1)(2α+5)

(
1

(2M − 3)4
+

∫ ∞

M

dm

(2m− 3)4

)
(by Cauchy’s integral test)

≤ r2

2(k−1)(2α+4)

(
7

6(2M − 3)3

)
.

E
(1)

2k−1,M
(f) ≤ r

√
7

2(k−1)(α+2)
√
6(2M − 3)

3
2

.

Therefore, E(1)

2k−1,M
(f) = O

(
1

2(k−1)(α+2)(2M − 3)
3
2

)
, M > 2.

Theorem 3. If f ′′ ∈ Hϕ
2 [0, 1) class, such that φ(|t|)→ 0 as t→ 0, then the

OEW approximation of f by (S2k−1,Mf) satisfies

E
(2)

2k−1,M
(f) = min||f −

2k−1∑
n=1

M−1∑
m=0

c′n,mψ
(O)
n,m(t)||2

= O

(
1

2(k−1)(2M − 3)
3
2

φ

(
1

2k−1

))
, M > 2.

Proof. Following the proof of Theorem 2 and for f ′′ ∈ Hϕ[0, 1) class, we have

c′n,m ≤
1

2
5k−3

2

√
2m+ 1

(∫ 1

0

(
f ′′
(
u+ n− 1

2k−1

)

− f ′′
(
n− 1

2k−1

))2
) 1

2
(∫ 1

0

(
E

(O)
m+2(t)

(2m+ 3)
√
2m+ 5
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−
√
2m+ 1E

(O)
m (t)

2(2m+ 3)(2m− 1)
+

E
(O)
m−2(t)

2(2m− 1)
√
2m+ 1

)2

dt

 1
2

≤ q

2
5k−5

2 (2m− 3)2
φ

(
1

2k−1

)
(13)

(by (2) and f ′′ ∈ Hϕ
2 [0, 1))

Then, (E(2)

2k−1,M
(f))2 =

2k−1∑
n=1

∞∑
m=M

|c′n,m|2

≤
2k−1∑
n=1

∞∑
m=M

(
q

2
5k−5

2 (2m− 3)2
φ

(
1

2k−1

))2

=
q22k−1

25(k−1)
φ2
(

1

2k−1

) ∞∑
m=M

1

(2m− 3)4

≤ q22k−1

25(k+1)
φ2
(

1

2k−1

)(
7

6(2M − 3)3

)
.

Therefore, E(2)

2k,M
(f) = O

(
1

2(k−1)(2M − 3)
3
2

φ

(
1

2k−1

))
, M > 2.

This completes the proof of the Theorem 3.

5 Algorithm for the nonlinear Lane–Emden differential
equation

This section contains the procedure for solving the nonlinear Lane–Emden
differential equations by the OEW. The five basis functions of the OEW for
k = 1 and M = 5 are as follows:

ψ
(O)
1,0 (t) = 1

ψ
(O)
1,1 (t) =

√
3(2t− 1)

ψ
(O)
1,2 (t) =

√
5(6t2 − 6t+ 1)

ψ
(O)
1,3 (t) =

√
7(20t3 − 30t2 + 12t− 1)

ψ
(O)
1,4 (t) =

√
9(70t4 − 140t3 + 90t2 − 20t+ 1


, t ∈ [0, 1) . (14)

Let y(t) be the solution of the nonlinear Lane–Emden differential equation:
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y′′+
2

t
y′+yγ = 0, γ ≥ 2, t ∈ [0, 1], y(0) = 1, y′(0) = 0 (Mukherjee et al.[15]).

(15)

Then, y(t) =
∞∑

n=1

∞∑
m=0

cn,mψ
(O)
n,m(t) (16)

and (2k−1,M)th partial sum of series (16) is

y(t) = (S2k−1,Mf)(t) =

2k−1∑
n=1

M−1∑
m=0

cn,mψ
(O)
n,m(t) = CTψ(O)(t). (17)

By initial conditions (15), (17) reduces to

y(0) =

2k−1∑
n=1

M−1∑
m=0

cn,mψ
(O)
n,m(0) = 1, y′(0) =

d

dt

2k−1∑
n=1

M−1∑
m=0

cn,mψ
(O)
n,m(t)


t=0

= 0.

In (17), CT contains 2k−1M unknown coefficients. Hence, excluding initial
conditions of (15), 2k−1M − 2 extra conditions are needed for the solution
of the nonlinear Lane–Emden differential equation (15). For determining the
values of 2k−1M unknown coefficients cn,m, collocation points ti = i−1

2k−1M
, i =

2, . . . , 2k−1M , are substituted in (17) to obtain 2k−1M−2 system of algebraic
equations. Hence, the values of unknown coefficients cn,m are obtained by
solving these 2k−1M system of algebraic equations. This algorithm is also
applicable to the solution of higher-order linear and nonlinear differential
equations (Lal and Yadav [12], Yogit, Scindia, and Kumar [13]).

6 Results and discussion

The applicability of the suggested approach for numerical solution of the
nonlinear Lane–Emden differential equation and its error analysis has been
covered in this section. The solutions obtained are also compared in the
suggested way, the EM, and the ODE-45 method with their exact solutions
for γ = 5.

Example 1. Consider the nonlinear Lane–Emden differential equation for
γ = 2

y′′ +
2

t
y′ + y2 = 0, y(0) = 1, y′(0) = 0. (18)
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By the algorithm of the OEW approach described in section 5, the non-
linear Lane–Emden differential equations have been solved. For the approx-
imate solution of (18), take M = 5 and k = 1. Then y(t) will be

y(t) =

4∑
m=0

c1,mψ
(O)
1,m(t) (19)

= c1,0 +
√
3(2t− 1)c1,1 +

√
5(6t2 − 6t+ 1)c1,2 +

√
7(20t3 − 30t2

+12t− 1)c1,3 +
√
9(70t4 − 140t3 + 90t2 − 20t+ 1)c1,4, t ∈ [0, 1) .

For calculating the unknown values c1,0, c1,1, c1,2, c1,3, and c1,4, we collocate
(18) and (19) at t = 0.25, 0.5, 0.75 and using the initial condition in (19),
system of five equations is obtained. Solving this system of equations, the
values of the unknowns are as follows:

c1,0 = 0.947558069231224, c1,1 = −0.044519188708113,

c1,2 = −0.010463291917928, c1,3 = 0.000547078923993,

c1,4 = 0.000058833597300. (20)

Putting the values of c1,0, c1,1, c1,2, c1,3, and c1,4 from (20) into (19), we
obtain

y(t) = 0.947558069231224− 0.044519188708113
√
3(2t− 1)

−0.010463291917928
√
5(6t2 − 6t+ 1) + 0.000547078923993

√
7(20t3

−30t2 + 12t− 1) + 0.0000588335973
√
9(70t4 − 140t3 + 90t2 − 20t+ 1).

The approximate solution of the nonlinear Lane–Emden differential equation
(18) is obtained by the OEW method for M = 5, 10, and 15 in the interval
[0, 1). Also, this solution has been compared with the ODE-45 method and
the EM is shown in Table 1.
The graph between the ODE-45, EM and OEW of solution of the nonlinear
Lane–Emden differential equation (18) is shown in Figure 1.

Example 2. Consider the nonlinear Lane–Emden differential equation for
γ = 4 as

y′′ +
2

t
y′ + y4 = 0, y(0) = 1, y′(0) = 0. (21)
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Table 1: Comparison between ODE-45, OEW and EM for Example 1

t ODE-45 OEW OEW OEW EM EM
(M = 5) (M = 10) (M = 15) (M = 10) (M = 15)

0.1 0.9983349952 0.9983262964 0.9983349986 0.9983349985 0.9985010028 0.9984456377
0.2 0.9933599136 0.9933369662 0.9933599072 0.9933599071 0.9936874525 0.9935781792
0.3 0.9851339505 0.9851019189 0.9851339470 0.9851339469 0.9856141179 0.9854538721
0.4 0.9737541183 0.9737207165 0.9737541164 0.9737541163 0.9743738441 0.9741669514
0.5 0.9593527169 0.9593225730 0.9593527158 0.9593527158 0.9600952381 0.9598472632
0.6 0.9420940363 0.9420663544 0.9420940358 0.9420940352 0.9429394773 0.9426570314
0.7 0.9221703488 0.9221405789 0.9221703486 0.9221703485 0.9230963905 0.9227869095
0.8 0.8997973703 0.8997634170 0.8997973703 0.8997973702 0.9007799757 0.9004514781
0.9 0.8752093703 0.8751826912 0.8752093704 0.8752093703 0.8762235317 0.8758843691

t
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

y(
t)

0.86
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OEW  M=5

OEW  M=10

OEW  M=15

EM  M=10

EM  M=15

Figure 1: The graphs between ODE-45, OEW and EM for Example 1

The approximate solution of the nonlinear Lane–Emden differential equa-
tion (21) obtained by OEW is given in Table 2, for M = 5, 10, and 15 in the
interval [0, 1). Also, a comparison among this solution, the ODE-45, and EM
is shown in Table 2.
The graph between ODE-45, EM and OEW solutions of the nonlinear Lane–
Emden differential equation (21) is shown in Figure 2.
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Table 2: Comparison between ODE-45, OEW and EM for Example 2

t ODE-45 OEW OEW OEW EM EM
(M = 5) (M = 10) (M = 15) (M = 10) (M = 15)

0.1 0.9983366618 0.9983025751 0.9983366543 0.9983366595 0.9985020041 0.9984468288
0.2 0.9933862156 0.9932972736 0.9933862071 0.9933862135 0.9937080741 0.9936006083
0.3 0.9852648948 0.9851421997 0.9852648879 0.9852648944 0.9857260484 0.9855719731
0.4 0.9741584084 0.9740323168 0.9741584026 0.9741584089 0.9747346018 0.9745419648
0.5 0.9603109012 0.9601994473 0.9603108961 0.9603109023 0.9609727347 0.9607513270
0.6 0.9440112896 0.9439122728 0.9440112841 0.9440112908 0.9447263563 0.9444869990
0.7 0.9255783519 0.9254763341 0.9255783457 0.9255783526 0.9263133809 0.9260672071
0.8 0.9053459236 0.9052340309 0.9053459167 0.9053459238 0.9060687187 0.9058265206
0.9 0.8836493241 0.8835646224 0.8836493175 0.8836493239 0.8843303463 0.8841020405

t
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

y(
t)

0.88

0.9

0.92

0.94

0.96

0.98

1

ODE-45

OEW  M=5

OEW  M=10

OEW  M=15

EM  M=10

EM  M=15

Figure 2: The graphs between ODE-45, OEW and EM for Example 2

Example 3. Consider the nonlinear Lane–Emden differential equation for
γ = 5 as

y′′ +
2

t
y′ + y5 = 0, y(0) = 1, y′(0) = 0. (22)

The exact solution of (22) is y(t) = 1√
1+ t2

3

.

Consider y′′(x+ t)− y′′(x) = β2|t|.
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By Lagrange’s mean value theorem, |y′′′(c1)| ≤ β1, c1 ∈ (0, 1).(∫ 1

0

|y′′(x+ t)− y′′(x)|2dx
) 1

2

≤ β1

(∫ 1

0

|t|2dx
) 1

2

= O(|t|α), α ∈ (0, 1].

Hence, y′′(t) ∈ Hα
2 [0, 1).

The approximate solution of the nonlinear Lane–Emden differential equation
(22) obtained by OEW for M = 10, and 15 in the interval [0, 1) is given in
Table 3. This solution has also been compared to the exact solution (ES),
the solution obtained by the ODE-45 and EM is shown in Table 3.

Table 3: Comparison between ES, ODE-45, OEW and EM for Example 3

t ES ODE-45 OEW OEW EM EM
(M = 10) (M = 15) (M = 10) (M = 15)

0.1 0.9983374884 0.9983374920 0.9983374705 0.9983374884 0.9985025042 0.9984474235
0.2 0.9933992677 0.9933992691 0.9933992459 0.9933992677 0.9937183239 0.9936117508
0.3 0.9853292781 0.9853292778 0.9853292561 0.9853292781 0.9857812146 0.9856301345
0.4 0.9743547036 0.9743547022 0.9743546823 0.9743547036 0.9749103063 0.9747244246
0.5 0.9607689228 0.9607689208 0.9607689022 0.9607689228 0.9613937542 0.9611845569
0.6 0.9449111825 0.9449111809 0.9449111607 0.9449111825 0.9455686216 0.9453483586
0.7 0.9271455408 0.9271455401 0.9271455187 0.9271455408 0.9277996158 0.9275803477
0.8 0.9078412990 0.9078412992 0.9078412772 0.9078412990 0.9084590067 0.9082518193
0.9 0.8873565094 0.8873565100 0.8873564897 0.8873565094 0.8879094562 0.8877239019

The graph between exact solution, ODE-45, EM and OEW solutions of the
nonlinear Lane–Emden differential equation (22) is shown in Figure 3.
By Table 3 and Figure 3, it is clear that the exact and the OEW solutions
of the nonlinear Lane–Emden equation (22) coincide almost everywhere for
M = 15.

6.1 Absolute error

The absolute error in the approximate solution of the nonlinear Lane–Emden
differential equation (22) by the ODE-45 OEW method and the EM is given
in Table 4. The absolute error is negligible in the solution obtained by the
OEW method for M = 15.
The graphs of the absolute error in the solution of the nonlinear Lane–Emden
differential equation (22) by the OEW method for M = 10, 15 and ODE-45
method are shown in Figure 4.
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t
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0.9
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Figure 3: The graphs between ES, ODE-45, OEW and EM for Example 3

Table 4: Absolute error between ES, ODE-45, OEW and EM of Example 3

t ODE-45 OEW M = 5 OEW M = 10 OEW M = 15 EM M = 10 EM M = 15

(×10−8) (×10−3) (×10−7) (×10−11) (×10−3) (×10−3)
0.1 0.3610796328 0.0495610203 0.1794897497 0.2246203223 0.1650157999 0.1099351000
0.2 0.1358930190 0.1286525500 0.2188676739 0.2629008122 0.3190562000 0.2124830999
0.3 0.0307614156 0.1764263294 0.2203716298 0.2814748434 0.4519364999 0.3008563999
0.4 0.0257128496 0.1800378634 0.2136527910 0.2774225293 0.5556026999 0.3697209999
0.5 0.1931504844 0.1575967430 0.2060257175 0.2659761300 0.6248313999 0.4156341000
0.6 0.1528948967 0.1378408315 0.2174169055 0.2488009798 0.6574391000 0.4371761000
0.7 0.0634760466 0.1390788755 0.2205584404 0.2272737553 0.6540750000 0.4348068999
0.8 0.0205243488 0.1496226164 0.2179250213 0.2095879025 0.6177077000 0.4105202999
0.9 0.0616085071 0.1112946509 0.1962926043 0.1538325022 0.5529467999 0.3673924999

6.2 Physical interpretation

The solution of the Lane–Emden equation represents the dimensionless den-
sity profile of a polytropic stellar model. These solutions predict the stability
conditions for polytropic stars, influencing theories of stellar evolution. The
Lane–Emden equation has a singularity at t = 0, but wavelets resolve this
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Figure 4: The graphs of the absolute error between ES, ODE-45, OEW and EM for
Example 3

singularity by adjusting local resolution, leading to more stable and physically
meaningful solutions as shown in the above examples.

7 Conclusion

1. The OEW approximation of solution functions of the nonlinear Lane–
Emden differential equation of Theorems 2 and 3 is given by
E

(1)

2k−1,M
(f) = O

(
1

2(k−1)(α+2)(2M−3)
3
2

)
, M > 2. (E

(1)

2k−1,M
(f))→ 0 as k →∞

and M →∞;
E

(2)

2k−1,M
(f) = O

(
1

2(k−1)(2M−3)
3
2
φ
(

1
2k−1

))
, M > 2. (E

(2)

2k−1,M
(f)) → 0 as

k →∞ and M →∞.
Therefore, the approximations E(1)

2k−1,M
(f) and E

(2)

2k−1,M
(f) of the solution

functions of the nonlinear Lane–Emden differential equation belonging to
the classes Hα

2 [0, 1) and Hϕ
2 [0, 1) are the best possible in wavelet analysis.
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2. By Tables 1, 2, and 3 and Figures 1, 2, and 3, it is shown that the OEW
solutions for M = 15 of the nonlinear Lane–Emden differential equation co-
incide almost everywhere in the interval [0, 1).
3. It is clear from Table 4 and Figure 4 that the OEW approach for M = 15

has significantly lower absolute error than the ODE-45 method and EM.
4. The examples provided illustrate the applicability and precision of the
algorithm in Section 6 for solving the nonlinear Lane–Emden differential
equation.
5. Future research directions using this approach can be generalized to
solve the higher-order nonlinear differential equations and extended to multi-
dimensional linear Partial differential equations.
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We formulate and analyze an optimal control problem for combined
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penalty based on a softplus construction. We establish local well-posedness
of the controlled dynamics on compact boxes and explain continuation to
the full horizon. Using Pontryagin’s maximum principle, we derive the
Hamiltonian system with an explicit pointwise characterization of the min-
imizing controls under dose bounds. For computation, we implement a
fourth-order Runge–Kutta integration of the states (forward) and adjoints
(backward), coupled with projected-gradient updates and relaxation. Nu-
merically, optimal schedules de-escalate as the system improves, rapidly
suppress vascular support, drive the tumor down monotonically, and keep
the healthy-tissue nadir above a prescribed threshold.

Keywords: Optimal control problem; Cancer treatment strategies; Tumor
growth model with healthy cell dynamics; Pontryagin’s Maximum Principle.

AMS subject classifications (2020): [2020]Primary 49K15, 92C50; Secondary
49M05, 65L06, 92C37, 37N25, 93C10.

1 Introduction

Cancer remains a major public health issue, and research is focused on im-
proving treatment efficacy while minimizing side effects [1, 2, 3, 5, 6, 7, 9,
10, 12, 13, 16]. Modern therapeutic strategies often combine chemotherapy,
which directly targets cancer cells, with anti-angiogenic therapy, which at-
tacks the vascular networks that nourish the tumor [14, 15, 22]. While this
dual approach holds promise for slowing tumor progression, it presents com-
plex challenges in optimizing drug dosages and administration schedules.

Mathematical modeling has emerged as an essential tool for addressing
these issues [11]. Foundational work on tumor growth models, such as that
by Hahnfeldt et al. [8], has been extended through the use of optimal con-
trol theory [4, 19] to design treatment protocols. Models, such as those from
Ledzewicz, Schättler, and Friedman [17], laid the groundwork for this ap-
proach by focusing on the dynamics of the tumor and its vascular support.
However, many existing models simplify the representation of treatment im-
pact on a patient’s overall health. They primarily focus on reducing tumor
volume without explicitly and in detail integrating the dynamics of healthy
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tissues, which is a crucial factor for a patient’s quality of life and treatment
tolerance.

The novelty of our paper lies in the development of an extended optimal
control model that rigorously integrates the dynamics of healthy cells. By
adding a dedicated equation for the healthy cell population, our work stands
out by proposing a therapeutic strategy that not only minimizes tumor size
and drug quantity but also explicitly and weightedly rewards the preservation
of non-cancerous tissue health. This approach allows for a more clinically rel-
evant optimization problem, as it seeks to find the best compromise between
treatment effectiveness and patient well-being.

The remainder of this paper is structured as follows. Section 2 presents
the extended mathematical model and defines the cost functional. Section 3
is dedicated to the theoretical analysis of the existence and uniqueness of the
problem’s solution, using Pontryagin’s maximum principle [20] to establish
the necessary optimality conditions. Section 4 describes the numerical res-
olution method, which combines a forward-backward sweep approach with
4th-order Runge–Kutta and gradient descent methods, to simulate and an-
alyze the optimal control profiles. A conclusion and future perspectives will
mark the end of this work.

2 Mathematical model and optimal-control formulation

This section introduces the mathematical framework used to model the dy-
namics of cancer and its response to combined therapy. We define the state
variables representing the tumor, its vascular support, and healthy tissue,
along with the control variables for the therapeutic agents. The section con-
cludes with the precise formulation of the optimal control problem and its
associated cost functional.
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1713 Mathematical modeling of an optimal control problem for combined ...

2.1 State variables and system dynamics

This subsection specifies the controlled state system used throughout the pa-
per and fixes the notation for the dynamics of the tumor, the endothelial vas-
cular support, and the healthy-tissue population over a finite horizon T > 0.

Tumor dynamics.

The tumor follows a Gompertz-type law modulated by vascular support and
directly impacted by both drugs [8, 23]:

ṗ(t) = −β p(t) ln
[p(t)
q(t)

]
− F p(t) v(t) − ε u(t) p(t), (1)

where

• p(t) is the tumor burden and q(t) the vascular support;

• u(t) is the anti-angiogenic (inhibitor) dose and v(t) the cytotoxic (chemother-
apy) dose (both measurable on [0, T ]);

• β > 0 is the Gompertz sensitivity (feedback ln(p/q));

• F ≥ 0 quantifies the direct cytotoxic efficacy on the tumor (term F p v);

• ε ≥ 0 measures the direct anti-angiogenic pressure on the tumor (term
ε u p).

Endothelial vasculature dynamics.

The vascular compartment responds to tumor signaling, has intrinsic loss, and
is depleted by both agents [8, 23]:

q̇(t) = b p(t) +
(
−µ+ d p(t)2/3

)
q(t) − Gu(t) q(t) − Λ v(t) q(t), (2)

where

• b ≥ 0 is the tumor-driven angiogenic stimulation;
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• µ ≥ 0 is the baseline vascular decay and d ≥ 0 scales the p2/3 coupling
in vascular kinetics;

• G ≥ 0 and Λ ≥ 0 quantify depletion of vasculature by the inhibitor and
the cytotoxic drug (terms Guq and Λ v q).

Healthy-tissue dynamics.

Healthy tissue obeys logistic homeostasis with drug-dependent depletion:

ṡ(t) =
(
r(1− s(t))− αu u(t)− αv v(t)

)
s(t)

= r s(t)− r s(t)2 −
(
αu u(t) + αv v(t)

)
s(t),

(3)

where

• r > 0 is the homeostatic (logistic) growth rate around the baseline;

• αu, αv ≥ 0 are toxicity coefficients on healthy tissue for the inhibitor
and the cytotoxic drug.

Bounds and initial data.

Pointwise safety constraints and baseline levels are

0 ≤ u(t) ≤ umax, 0 ≤ v(t) ≤ vmax for a.e. t ∈ [0, T ], (4)

where umax, vmax > 0 are the maximal admissible doses, and

p(0) = p0 > 0, q(0) = q0 > 0, s(0) = s0 ≥ 0,

where p0, q0, s0 are prescribed (scaled) baselines.
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2.2 Optimal-control problem and cost functional

This subsection formulates the optimal dosing problem. The aim is to bal-
ance antitumor effect, vascular modulation, dose sparing, and preservation of
healthy tissue over the full horizon [0, T ].

We minimize the following cost functional:

J(p, q, s, u, v) = α1 p(T ) + α2 q(T )− α3 s(T )

+
1

2

∫ T

0

(
β1 u(t)

2 + β2 v(t)
2
)
dt

− γs

∫ T

0

s(t) dt + γlow

∫ T

0

φ
(
s(t)

)2
dt,

(5)

where

• α1, α2, α3 ≥ 0 are terminal weights on p(T ), q(T ), and s(T );

• β1, β2 > 0 penalize large doses of u and v (quadratic regularization);

• γs ≥ 0 weights a trajectory reward promoting healthy tissue along the
horizon;

• γlow ≥ 0 weights a smooth penalty that discourages s falling below a
clinical threshold.

The below-threshold penalty uses a smooth softplus of the margin smin−s:

φ(s) =
1

κ
log
(
1 + eκ (smin−s)

)
, smin ∈ (0, 1], κ > 0, (6)

where

• smin is the clinically acceptable lower target for s (scaled units);

• κ controls the transition sharpness: large κ approaches a hinge while φ
remains C∞ [18].

Thus φ(s) ≈ 0 when s ≥ smin and φ(s) ≈ (smin − s)+ when s < smin, which
preserves differentiability for gradient-based schemes and avoids nonsmooth
state constraints.
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Admissible controls and problem statement.

Define admissible controls set as follows:

Uad =
{
(u, v) ∈ L2(0, T )2 : 0 ≤ u(t) ≤ umax, 0 ≤ v(t) ≤ vmax a.e. on [0, T ]

}
.

The optimal control problem is

(P) : min
(u,v)∈Uad

J(p, q, s, u, v) subject to (1)− (3), (4).

3 Analytical results and necessary optimality conditions

This section sets the analytic framework for the optimal control problem.
Our goals are twofold: (i) to establish well-posedness of the controlled state
system on a finite horizon, and (ii) to derive first-order necessary conditions
for optimality via Pontryagin’s maximum principle (PMP).

Functional setting.

Throughout, T > 0 denotes the fixed treatment horizon. The state triple
(p, q, s) is sought in the Sobolev product space

K = H1(0, T )×H1(0, T )×H1(0, T ),

where H1(0, T ) consists of (equivalence classes of) functions with square-
integrable first derivatives. In one space-time dimension, the Sobolev em-
bedding H1(0, T ) ↪→ C([0, T ]) holds; hence each state component admits a
continuous representative on [0, T ]. This regularity ensures that the differen-
tial equations are satisfied in the classical sense almost everywhere and that
pointwise sign constraints are meaningful.
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Admissible states set.

Because the tumor equation involves the logarithmic feedback ln
(
p/q
)
, we

must enforce strict positivity of p(t) and q(t) on [0, T ]. The healthy-tissue
surrogate s(t) is required to remain nonnegative. We therefore define the
admissible state set

Kad =
{
(p, q, s) ∈ K : p(t) > 0, q(t) > 0, s(t) ≥ 0 for all t ∈ [0, T ]

}
,

with the understanding that initial data satisfy p(0) = p0 > 0, q(0) = q0 >

0, and s(0) = s0 ≥ 0. This choice guarantees the well-definedness of the
dynamics and provides the continuity and regularity needed for the subsequent
analysis and the application of PMP.

3.1 Existence and uniqueness of the state system

Define the components of the vector field f = (fp, fq, fs) by

fp(p, q, s;u, v) := −β p ln
(p
q

)
− F p v − ε u p, (7)

fq(p, q, s;u, v) := b p+ (−µ+ d p2/3) q −Guq − Λ v q, (8)

fs(p, q, s;u, v) :=
(
r(1− s)− αuu− αvv

)
s. (9)

Let a compact box Ω = [δp,Mp]× [δq,Mq]× [δs,Ms] ⋐ (0,∞)×(0,∞)× [0,∞)

be fixed, with 0 < δp ≤ Mp, 0 < δq ≤ Mq, 0 ≤ δs ≤ Ms, and let (u, v) ∈ Uad

be essentially bounded by (umax, vmax).

To prove the existence and uniqueness of our system dynamics (1)–(3), we
formulate the following result.

Proposition 1. For every (p, q, s) ∈ Ω and (u, v) ∈ Uad, the partial deriva-
tives ∂fi/∂xj (i ∈ {p, q, s}, xj ∈ {p, q, s}) exist and are bounded on Ω. Con-
sequently, f is locally Lipschitz in (p, q, s) on Ω (uniformly in (u, v) ∈ Uad),
and the Cauchy problem associated with equations (1)–(3) admits a unique
solution on a (possibly short) time interval.
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Proof. Compute the partial derivatives explicitly.
From (7):

∂fp
∂p

= −β
(

ln
(p
q

)
+ 1

)
− F v − ε u, ∂fp

∂q
= β

p

q
,

∂fp
∂s

= 0.

On Ω we have p ∈ [δp,Mp], q ∈ [δq,Mq] with δp, δq > 0, hence∣∣∣∣∂fp∂p
∣∣∣∣ ≤ β(∣∣ln(Mp/δq)

∣∣+ 1
)
+ F vmax + ε umax,

∣∣∣∣∂fp∂q
∣∣∣∣ ≤ β Mp

δq
.

From (8),

∂fq
∂p

= b+ 2
3 d p

−1/3q,
∂fq
∂q

= −µ+ d p2/3 −Gu− Λ v,
∂fq
∂s

= 0.

Since p ≥ δp > 0 and q ≤Mq, we obtain∣∣∣∣∂fq∂p
∣∣∣∣ ≤ b+ 2

3d δ
−1/3
p Mq,

∣∣∣∣∂fq∂q
∣∣∣∣ ≤ µ+ dM2/3

p +Gumax + Λ vmax.

From (9),

∂fs
∂s

= r(1− 2s)− αuu− αvv,
∂fs
∂p

= 0,
∂fs
∂q

= 0,

whence ∣∣∣∣∂fs∂s
∣∣∣∣ ≤ r (1 + 2Ms) + αuumax + αvvmax.

All bounds are finite and depend only on (Ω, umax, vmax). Thus the Jaco-
bian ∂f/∂(p, q, s) is bounded on Ω, which implies local Lipschitz on Ω. The
Cauchy–Lipschitz theorem yields existence and uniqueness on a local inter-
val.

3.2 Existence and uniqueness of the optimal controls

Since the controlled state system (1)–(3) is well-posed, we now show that the
optimal control problem (P) admits a unique minimizer in Uad.
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The argument relies on the coercivity and strict convexity of the cost
functional J on Uad.

Coercivity:

Write the objective as

J(p, q, s, u, v) = 1
2

∫ T

0

(
β1u(t)

2 + β2v(t)
2
)
dt︸ ︷︷ ︸

quadratic in the controls

+R(p, q, s),

where

R(p, q, s) = α1p(T )+α2q(T )−α3s(T ) − γs

∫ T

0

s(t) dt + γlow

∫ T

0

φ(s(t))2 dt,

with α1, α2, α3, γs, γlow ≥ 0 and β1, β2 > 0.

Using (3)

ṡ(t) =
(
r(1− s(t))− αuu(t)− αvv(t)

)
s(t) ≤ r (1− s(t)) s(t),

the comparison principle yields the uniform bound

0 ≤ s(t) ≤ smax := max{1, s0} for all t ∈ [0, T ].

Hence

−α3s(T ) ≥ −α3smax, −γs
∫ T

0

s(t) dt ≥ −γsT smax,

while α1p(T ) ≥ 0, α2q(T ) ≥ 0 and γlow
∫ T

0
φ(s)2 dt ≥ 0.

Therefore,

R(p, q, s) ≥ C0 with C0 := −α3 smax − γs T smax , smax = max{1, s0}.

Discarding the nonnegative terms in R gives the coercivity bound
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J(p, q, s, u, v) ≥ β1
2
‖u‖2L2(0,T ) +

β2
2
‖v‖2L2(0,T ) + C0.

This implies that J is coercive on Uad.

Stricte convexity:

The running Lagrangian given by

L(u, v, s) = 1
2 (β1u

2 + β2v
2)− γss+ γlowφ(s)

2

is strictly convex in (u, v) for every fixed s a.e. on [0, T ]. Therefore (u, v) 7→∫ T

0
1
2 (β1u

2 +β2v
2) dt is strictly convex on U , and J is strictly convex in (u, v)

for fixed (p, q, s).

Remark 1. Because (p, q, s) depend nonlinearly on (u, v) through the equa-
tions (1)–(3), the reduced functional (u, v) 7→ J(p(u, v), q(u, v), s(u, v), u, v)

is generally not globally convex. Nevertheless, strict convexity in (u, v) at the
running level guarantees uniqueness of the PMP pointwise minimizers and
well-posedness of the projected forward–backward updates on the convex set
Uad.

For a fixed, positive treatment duration T > 0, a unique optimal control
exists under these conditions.

3.3 Characterization of the optimal controls

To characterize the optimal control, we derive first-order necessary conditions
via Pontryagin’s maximum principle [5, 14, 20]. Specifically, we construct the
Hamiltonian, obtain the adjoint (costate) differential equations, and state the
pointwise minimization conditions that define the optimal controls.

Let λp, λq, λs denote the adjoint variables. The Hamiltonian H associated
with our optimal control problem (P) is given by

H(p, q, s, u, v, λp, λq, λs) = 1
2 (β1u

2 + β2v
2) − γs s + γlow φ(s)

2
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+ λp

(
−β p ln(pq )− F p v − ε u p

)
+ λq

(
b p+ (−µ+ d p2/3) q −Guq − Λ v q

)
+ λs

(
(r(1− s)− αu u− αv v) s

)
. (10)

A direct computation gives the adjoint system (backward in time) as

λ̇p = −dH
dp

=
(
β(ln(pq ) + 1) + Fv + εu

)
λp −

(
b+ 2

3d p
−1/3q

)
λq, (11)

λ̇q = −dH
dq

= −β p
q λp −

(
−µ+ d p2/3 −Gu− Λv

)
λq, (12)

λ̇s = −
dH
ds

= −
(
r(1− 2s)− αuu− αvv

)
λs + γs

− 2 γlow φ(s)σ
(
κ(smin − s)

)
, (13)

λp(T ) = α1, λq(T ) = α2, λs(T ) = −α3, (14)

where σ(ξ) = 1/(1+e−ξ) is the logistic function and d
dsφ(s) = −σ

(
κ(smin−s)

)
.

The strict convexity of H in (u, v) yields the unique stationary controls

u♯ =
ε p λp +Gq λq + αu s λs

β1
, v♯ =

F pλp + Λ q λq + αv s λs
β2

,

which are then projected onto the admissible box:

u∗(t) = Π[0,umax]

(
u♯(t)

)
, v∗(t) = Π[0,vmax]

(
v♯(t)

)
for a.e. t ∈ [0, T ].

Here Π[a,b](z) = min{max{z, a}, b } denotes the Euclidean projection onto
the box; see also the gradient-projection method [21].

4 Numerical methods and analysis of optimal profiles

This section describes the computational approach used to solve the optimal
control problem and discusses the expected outcomes.
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4.1 Numerical algorithm

The PMP yields a two-point boundary value problem involving the state and
adjoint equations. Since the state equations are solved forward in time and
the adjoint equations are solved backward, we use an iterative method known
as the forward-backward sweep method (FBSM).

The algorithm proceeds as follows:

1. Initialization: Make an initial guess for the optimal controls, typically
u(0)(t) = 0 and v(0)(t) = 0.

2. Forward sweep: Using the current guess for the controls, solve the
state equations (1)–(3) forward in time from t = 0 to t = T with the
initial conditions p0, q0, s0. We use a 4th-order Runge–Kutta method
for this step.

3. Backward sweep: Using the state variables calculated in the forward
sweep, solve the adjoint equations backward in time from t = T to t = 0

using the transversality conditions. Again, a 4th-order Runge–Kutta
method is employed.

4. Control update: Update the controls u and v using a projected-
gradient step (with relaxation) that enforces the box constraints (4);
see the classical gradient–projection method [21].

5. Convergence check: Repeat the forward and backward sweeps until
a convergence criterion is met. This criterion is typically a small change
in the controls or states between successive iterations.

4.2 Simulation results

This subsection reports numerical experiments designed to illustrate the qual-
itative behavior of the optimized schedules and to assess their clinical plausi-
bility. Unless otherwise stated, simulations use the baseline parameter values
listed in Tables 1–3, a time horizon of T = 30 and T = 60 days, and a uniform
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time step ∆t = 0.1 day. The forward problem is integrated with a fourth-
order Runge–Kutta method, the adjoint system is solved backward with the
same scheme, and the controls are updated by projected gradients with relax-
ation (relaxation factor 0.6). Iterations stop when the relative change of the
objective falls below a preset tolerance or upon reaching the iteration cap.

Table 1: Dynamic parameters used in the simulations

Symbol Value
β 0.18
F 0.06
ε 0.045
b 0.02
µ 0.03
d 0.022
G 0.022
Λ 0.018
r 0.010
αu 0.004
αv 0.005

Table 2: Objective weights and penalty parameters

Symbol Value
α1 1.00
α2 0.15
α3 1.00
β1 0.06
β2 0.06
γs 0.005
γlow 0.15
smin 0.85
κ 25.0

Iran. J. Numer. Anal. Optim., Vol. 15, No. 4, 2025, pp 1710–1729



Mahaman Nouri and Bisso 1724

Table 3: Time grid, control bounds, and initial conditions

Symbol Value
T (days) 60.0
∆t (days) 0.1
umax 0.7
vmax 0.7
p0 1.0
q0 1.0
s0 1.0

Figure 1: Optimal dose profiles over 30 days.

Figure 2: State profiles under optimal controls (30-day horizon).
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Figure 3: Optimal dose profiles over 60 days.

Figure 4: State profiles under optimal controls (60-day horizon).

4.3 Interpretation of the results

Figures 1 and 3 depict the time courses of the optimal controls over the 30- and
60-day horizons, respectively. In both panels, the anti-angiogenic dose u(t) is
front-loaded: It rises early to prune vascular support and then tapers as the
system improves. The chemotherapy dose v(t) follows a de-escalating pattern
as well, with smoother modulation and no bang–bang switching. Both controls
remain within their admissible bounds throughout, a direct consequence of
quadratic regularization and projection of the pointwise PMP minimizers.
The net effect is an aggressive but time-limited push on vasculature and tumor
burden, followed by maintenance-level dosing that limits cumulative toxicity.
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Figures 2 and 4 show the corresponding state trajectories across 30- and
60-day horizons, respectively. The vasculature volume q(t) falls rapidly at
treatment onset, reflecting the early emphasis on u(t). The tumor volume
p(t) then declines in a near-monotone fashion across the horizon, consistent
with reduced vascular supply and the direct cytotoxic action of v(t). The
healthy-tissue surrogate s(t) exhibits a clinically plausible pattern: a moderate
early nadir followed by gradual recovery. Importantly, the recovery remains
above the prescribed threshold smin (dashed reference), which indicates that
the softplus penalty and the running reward on s effectively prevent deep or
prolonged suppression of healthy tissue. Overall, the pairing of early vascular
pruning with controlled chemotherapy explains the observed tumor regression
while the logistic healthy-tissue dynamics, shaped by the penalty terms, keep
toxicity within acceptable limits.

5 Conclusion

We presented an optimal-control framework for combined chemotherapy and
anti-angiogenic therapy that links a Gompertz tumor model to a vasculature
compartment and a logistic healthy-tissue surrogate with drug-dependent de-
pletion. The objective balances terminal targets, quadratic dose regulariza-
tion, and trajectory-level toxicity control via a running reward on healthy tis-
sue and a smooth softplus penalty below a clinical threshold. We proved well-
posedness on compact sets, derived PMP-based first-order conditions with ex-
plicit pointwise minimizers, and implemented a stable RK4 forward–backward
solver with projected-gradient updates.

Numerical results showed rapid vascular pruning, near-monotone tumor
decline, and a realistic healthy-tissue profile, an early nadir followed by slow
recovery that stays above the threshold, while the softplus term and quadratic
costs prevent overly aggressive dosing. These patterns persist under moderate
parameter perturbations, indicating robustness.

Iran. J. Numer. Anal. Optim., Vol. 15, No. 4, 2025, pp 1710–1729



1727 Mathematical modeling of an optimal control problem for combined ...

References

[1] Alimirzaei, I. Malek, A. and Owolabi, K.M. Optimal control of anti-
angiogenesis and radiation treatments for cancerous tumor: Hybrid in-
direct solver, J. Math. 2023 (2023), 5554420.

[2] Arnold, V.I. Ordinary differential equations, Springer-Verlag, 1992.

[3] Bodzioch, M., Belmonte–Beitia, J., and Foryś, U. Asymptotic dynamics
and optimal treatment for a model of tumour resistance to chemotherapy,
Appl. Math. Model. 135 (2024), 620–639.

[4] Clarke, F.H. Functional analysis, calculus of variations and optimal con-
trol, Springer, 2013.

[5] Cohen, A.D. and Shapiro, H. Optimal control of drug delivery in cancer
therapy: A review, Appl. Math. Comput. 392, (2021), 125697.

[6] Feng, Z. and Liu, W. Mathematical modeling and optimal control of
anti-angiogenic therapy in tumor treatment,J. Theor. Biol. 540, (2022),
110166.

[7] Ghosh, P. and Mukherjee, D. Combining chemotherapy and anti-
angiogenic therapy: A game-theoretic approach to cancer treatment
Game Theory Appl. 9(2) (2023), 45–62.

[8] Hahnfeldt, P., Panigrahy, D., Folkman, J. and Hlatky, L. Tumor develop-
ment under angiogenic signaling: A dynamical theory of tumor growth,
treatment response, and postvascular dormancy, Cancer Res. 59 (1999),
4770–4775.

[9] Hale, J.K. Ordinary differential equations, Krieger, 1980.

[10] Hanfeld, J., Carash, C. and Spanish, E. Modeling tumor dynamics under
combined therapy: Insights from a mathematical perspective, J. Theor.
Biol. 370 (2015), 203–215.

[11] Huang, Y. and Zhou, H. Optimal control strategies for a mathematical
model of cancer immunotherapy, Math. Biosci. 319 (2020), 108309.

Iran. J. Numer. Anal. Optim., Vol. 15, No. 4, 2025, pp 1710–1729



Mahaman Nouri and Bisso 1728

[12] Jarrett, A.M., Faghihi, D., Hormuth II, D.A., Lima, E.A.B.F., Virostko,
J., Biros, G., Patt, D., Yankeelov, T.E. Optimal Control Theory for
Personalized Therapeutic Regimens in Oncology: Background, History,
Challenges, and Opportunities, J. Clin. Med. 9(5) (2020), 1314.

[13] Joorsara, Z. Hosseini, S.M, Esmaili, S. Optimal control in reducing side
effects during and after chemotherapy of solid tumors, Math. Methods
Appl. Sci. 47(8) (2024), e10049.

[14] Katz, S.C. and Henson, M. Optimizing therapy for cancer: A mathemat-
ical model of chemotherapy and anti-angiogenesis, Cancer Res. 72(10)
(2012), 2541–2550.

[15] Krebs, R.M. and Lichtenstein, H. Dynamic optimization for controlling
tumor growth: A review of optimal control methods in cancer therapy,
Math. Med. Biol. 36(1) (2019), 1–27.

[16] Lecca, P. Control theory and cancer chemotherapy: how they interact.
Front. bioeng. biotechnol. 8 (2021), 621269.

[17] Ledzewicz, U., Schättler, H. and Friedman, A. Optimal control for com-
bination therapy in cancer, Proceedings of the 47th IEEE Conference on
Decision and Control, Cancun, Mexico, (2008), 3783–3788.

[18] Li, M., Grigas, P. and Atamtürk, A. On the softplus penalty for large-scale
convex optimization, Oper. Res. Lett. 51(6) (2023), 666–672.

[19] Liberzon, D. Calculus of Variations and Optimal Control Theory, Prince-
ton University Press, 2011.

[20] Pontryagin, L.S., Boltyanskii, V.G., Gamkrelidze, R.V. and Mishchenko,
E.F. The Mathematical Theory of Optimal Processes, Interscience Pub-
lishers, 1962.

[21] Rosen, J.B. The gradient projection method for nonlinear programming,
J. Soc. Ind. Appl. Math. 8(1) (1960), 181–217.

[22] Sharp, J.A., Burrage, K., Simpson, M.J. Implementation and acceleration
of optimal control for systems biology, J. R. Soc. Interface. 18(181) (2021),
20210241.

Iran. J. Numer. Anal. Optim., Vol. 15, No. 4, 2025, pp 1710–1729



1729 Mathematical modeling of an optimal control problem for combined ...

[23] Wang, L., Xu, Y. and Chen, J. A mathematical model for the interactions
between tumor and vascular networks in cancer therapy, J. Math. Biol.
77(3) (2018), 761–795.

Iran. J. Numer. Anal. Optim., Vol. 15, No. 4, 2025, pp 1710–1729



Aims and scope

Iranian Journal of Numerical Analysis and Optimization (IJNAO) is pub-
lished by the Department of Applied Mathematics, Faculty of Mathematical
Sciences, Ferdowsi University of Mashhad. Papers dealing with different as-
pects of numerical analysis and optimization, theories and their applications
in engineering and industry are considered for publication.

Journal Policy

All submissions to IJNAO are first evaluated by the journal’s Editor-in-Chief
or one of the journal’s Associate Editors for their appropriateness to the scope
and objectives of IJNAO. If deemed appropriate, the paper is sent out for re-
view using a single blind process. Manuscripts are reviewed simultaneously
by reviewers who are experts in their respective fields. The first review of
every manuscript is performed by at least two anonymous referees. Upon the
receipt of the referee’s reports, the paper is accepted, rejected, or sent back to
the author(s) for revision. Revised papers are assigned to an Associate Editor
who makes an evaluation of the acceptability of the revision. Based upon the
Associate Editor’s evaluation, the paper is accepted, rejected, or returned to
the author(s) for another revision. The second revision is then evaluated by
the Editor-in-Chief, possibly in consultation with the Associate Editor who
handled the original paper and the first revision, for a usually final resolution.

The authors can track their submissions and the process of peer review
via: http://ijnao.um.ac.ir

All manuscripts submitted to IJNAO are tracked by using ”iThenticate”
for possible plagiarism before acceptance.

Instruction for Authors

The Journal publishes all papers in the fields of numerical analysis and opti-
mization. Articles must be written in English.



All submitted papers will be refereed and the authors may be asked to revise
their manuscripts according to the referee’s reports. The Editorial Board of
the Journal keeps the right to accept or reject the papers for publication.
The papers with more than one authors, should determine the corresponding
author. The e-mail address of the corresponding author must appear at the
end of the manuscript or as a footnote of the first page.
It is strongly recommended to set up the manuscript by Latex or Tex, using
the template provided in the web site of the Journal. Manuscripts should be
typed double-spaced with wide margins to provide enough room for editorial
remarks.
References should be arranged in alphabetical order by the surname of the
first author as examples below:
[1] Brunner, H. A survey of recent advances in the numerical treatment of
Volterra integral and integro-differential equations, J. Comput. Appl. Math.
8 (1982), 213-229.
[2] Stoer, J. and Bulirsch, R. Introduction to Numerical Analysis, Springer-
verlag, New York, 2002.



Iranian Journal of Numerical Analysis and Optimization
CONTENTS Vol. 15, No. 4, pp 1310-1729

A study on efficient chaotic modeling via fixed-memory
length fractional Gauss maps . . . . . . . . . . . . . . . . . . . . . 1310
A. Bellout, R. Bououden, S.E.I. Bouzeraa and M. Berkal

Utilizing the Hybrid approach of the Ramadan group
transform and accelerated Adomian method for solving
nonlinear integro-differential equations . . . . . . . . . . . . . . 1332
M.A. Ramadan, M.M.A. Mansour and H.S. Osheba

Efficient numerical schemes on modified graded mesh for
singularly perturbed parabolic convection-diffusion problems 1361
K.K. Sah

A new exact solution method for bi-level linear fractional
problems with multi-valued optimal reaction maps . . . . . . . 1392
F.Y. Feleke and S.M. Kassa

An adaptive scheme for the efficient evaluation of integrals
in two-dimensional boundary element method . . . . . . . . . . 1420
R. Si Hadj Mohand, Y. Belkacemi and S. Rechak

Numerical solution of nonlinear diffusion-reaction in porous
catalysts using quantum spectral successive linearization
method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1464
S. Abbasbandy

Solving Bratu equations using Bell polynomials and
successive differentiation . . . . . . . . . . . . . . . . . . . . . . . . 1482
N.A. Gezer

Comparative evaluation of large-scale many objective
algorithms on complex optimization problems . . . . . . . . . . 1498
R. Chaudhary and A. Prajapati

Combining an interval approach with a heuristic to solve
constrained and engineering design problems . . . . . . . . . . 1538
D. Sharma and S.D. Jabeen

A quadrature method for Volterra integral equations of the
first kind . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1589
S.A. Hosseini

Nonlinear optimization of revenue per unit of time in discrete
Dutch auctions with risk-aware bidders . . . . . . . . . . . . . . 1607
R.A. Shamim and M.K. Majahar Ali

On overcoming Dahlquist’s second barrier for A-stable linear
multistep methods . . . . . . . . . . . . . . . . . . . . . . . . . . . 1639
G. Hojjati, S. Fazeli and A. Moradi



Portfolio optimization: A mean-variance approach for
non-Markovian regime-switching markets . . . . . . . . . . . . . 1658
R. Keykhaei

Approximation of functions in Hölder’s class and solution of
nonlinear Lane–Emden differential equation by orthonormal
Euler wavelets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1688
H.C. Yadav, A. Yadav and S. Lal

Mathematical modeling of an optimal control problem
for combined chemotherapy and anti-angiogenic cancer
treatment protocols . . . . . . . . . . . . . . . . . . . . . . . . . . . 1710
Y.A. Mahaman Nouri and S. Bisso
web site: https://ijnao.um.ac.ir
Email: ijnao@um.ac.ir
ISSN-Print: 2423-6977
ISSN-Online: 2423-6969

https://ijnao.um.ac.ir/
https://ijnao.um.ac.ir/mailto:ijnao@um.ac.ir
https://portal.issn.org/resource/ISSN/2423-6977
https://portal.issn.org/resource/ISSN/2423-6969

	A study on efficient chaotic modeling via fixed-memory length fractional Gauss maps
	A. Bellout, R. Bououden, S.E.I. Bouzeraa and M. Berkal
	Utilizing the Hybrid approach of the Ramadan group transform and accelerated Adomian method for solving nonlinear integro-differential equations
	M.A. Ramadan, M.M.A. Mansour and H.S. Osheba
	Efficient numerical schemes on modified graded mesh for singularly perturbed parabolic convection-diffusion problems
	K.K. Sah
	A new exact solution method for bi-level linear fractional problems with multi-valued optimal reaction maps
	F.Y. Feleke and S.M. Kassa
	An adaptive scheme for the efficient evaluation of integrals in two-dimensional boundary element method
	R. Si Hadj Mohand, Y. Belkacemi and S. Rechak
	Numerical solution of nonlinear diffusion-reaction in porous catalysts using quantum spectral successive linearization method
	S. Abbasbandy
	Solving Bratu equations using Bell polynomials and successive differentiation
	N.A. Gezer
	Comparative evaluation of large-scale many objective algorithms on complex optimization problems
	R. Chaudhary and A. Prajapati
	Combining an interval approach with a heuristic to solve constrained and engineering design problems
	D. Sharma and S.D. Jabeen
	A quadrature method for Volterra integral equations of the first kind
	S.A. Hosseini
	Nonlinear optimization of revenue per unit of time in discrete Dutch auctions with risk-aware bidders
	R.A. Shamim and M.K. Majahar Ali
	On overcoming Dahlquist's second barrier for A-stable linear multistep methods 
	G. Hojjati, S. Fazeli and A. Moradi
	Portfolio optimization: A mean-variance approach for non-Markovian regime-switching markets
	R. Keykhaei
	Approximation of functions in Holder's class and solution of nonlinear Lane–Emden differential equation by orthonormal Euler wavelets
	H.C. Yadav, A. Yadav and S. Lal
	Mathematical modeling of an optimal control problem for combined chemotherapy and anti-angiogenic cancer treatment protocols
	Y.A. Mahaman Nouri and S. Bisso

