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Letter from the Editor–in–Chief

I would like to welcome you to the Iranian Journal of Numerical Analysis
and Optimization (IJNAO). This journal has been published two issues per
year and supported by the Faculty of Mathematical Sciences at the Ferdowsi
University of Mashhad. The faculty of Mathematical Sciences with the cen-
ters of excellence and the research centers is well-known in mathematical
communities in Iran.
The main aim of the journal is to facilitate discussions and collaborations
between specialists in applied mathematics, especially in the fields of numer-
ical analysis and optimization, in the region and worldwide. Our vision is
that scholars from different applied mathematical research disciplines pool
their insight, knowledge, and efforts by communicating via this international
journal. In order to assure the high quality of the journal, each article is
reviewed by subject-qualified referees. Our expectations for IJNAO are as
high as any well-known applied mathematical journal in the world. We trust
that by publishing quality research and creative work, the possibility of more
collaborations between researchers would be provided. We invite all applied
mathematicians especially in the fields of numerical analysis and optimiza-
tion to join us by submitting their original work to the Iranian Journal of
Numerical Analysis and Optimization.
We would like to inform all readers that the Iranian Journal of Numerical
Analysis and Optimization (IJNAO), has changed its publishing frequency
from ”Semiannual” to a ”Quarterly” journal since January 2023. The four
journal issues per year will be published in the months of March, June,
September, and December. One of our goals is to continue to improve the
speed of both the review and publication processes, while try continuing to
publish the best available international research in numerical analysis and op-
timization, with the high scientific and publication standards that the journal
is known for.

Ali R. Soheili

Editor-in-Chief
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853 The analysis of the mathematical stability of a cholera disease model

Abstract

In this study, we develop a deterministic model for cholera transmis-
sion dynamics, incorporating vaccination campaigns, treatment of infected
individuals, and water sanitation initiatives. A novel feature of our model
is the inclusion of healthcare centers, which enhances the simulation of
treatment dynamics, offering new insights into cholera management. The
model’s central metric is the basic reproduction number R0, derived from
the disease-free equilibrium (DFE) condition. Stability analysis shows that
when R0 ≤ 1, the DFE is asymptotically stable, ensuring cholera eradica-
tion, while R0 > 1 leads to an endemic equilibrium. Sensitivity analysis
highlights that vaccination, treatment, sanitation, and public awareness
campaigns are critical for reducing R0. The inclusion of healthcare centers
further improves the model’s effectiveness by ensuring timely treatment.
Numerical simulations, validated using MATLAB, confirm that compre-
hensive public health strategies, including expanded vaccination campaigns
and healthcare infrastructure, are essential for combating cholera out-
breaks. This model underscores the importance of timely medical inter-
vention in reducing infection rates and fatalities.

AMS subject classifications (2020): 49J15, 93C10, 92B05, 93A30.

Keywords: stability; sensitivity; optimal control; Disease cholera.

1 Introduction

Cholera remains a significant global public health threat, responsible for tens
of thousands of deaths each year [22]. This highly contagious disease, caused

rocco. e-mail: khajjibouchaib@gmail.com

Mohamed Belam
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by the bacterium Vibrio cholerae, spreads rapidly in communities through
contaminated water and food sources. The transmission dynamics of cholera
within a community are influenced by a complex interaction of social, envi-
ronmental, and behavioral factors. In certain regions, the periodic recurrence
of cholera outbreaks can be attributed in part to seasonal variations in con-
tact rates, water quality, and sanitation levels [6, 15]. Understanding and
accurately estimating the prevalence of Vibrio cholerae infections in endemic
populations, as well as the correlation between the concentration of the bac-
teria and its virulence, is crucial to controlling the spread of the disease and
mitigating its impact [3]. These seasonal fluctuations are particularly impor-
tant in explaining the cyclical nature of cholera outbreaks [8].

Mathematical models have played a crucial role in capturing these dy-
namics. In 2001, scientists enhanced Capasso’s model by incorporating the
environmental component, specifically the concentration of Vibrio cholerae in
the water supply, into a basic SIR (Susceptible-Infected-Recovered) model.
This modification allowed for a better understanding of how the presence
of the bacteria in water sources contributes to the incidence of cholera. The
saturation effect of bacterial concentration was modeled using a logistic func-
tion, reflecting the nonlinear relationship between bacterial load and infection
risk.

Further advancements in modeling cholera transmission were made by
Hartley [10], who introduced a hyper-infectious stage for Vibrio cholerae.
This addition, based on observations from laboratory settings, captured the
highly transmissible nature of recently shed Vibrio cholerae, which is par-
ticularly potent immediately after being excreted by infected individuals [8].
This feature significantly enhances the pathogen’s ability to spread during
an outbreak, emphasizing the need for rapid and targeted interventions to
control the transmission of this highly contagious form. Hartley’s work un-
derscored the importance of considering pathogen dynamics when designing
intervention strategies. It is imperative to explore whether other common
infectious diseases also exhibit such hyper-transmissible stages and, if so, to
incorporate these stages into their respective prevention models to ensure a
more comprehensive and effective response.

Iran. J. Numer. Anal. Optim., Vol. 15, No. 3, 2025, pp 852–876



855 The analysis of the mathematical stability of a cholera disease model

Nelson et al. [17] further refined these models by incorporating a more
accurate representation of the pathogen’s infectious dose, recognizing that
the minimal dose required to cause an infection plays a critical role in de-
termining how quickly an outbreak can spread. Interventions that focus on
reducing exposure to the hyper-infectious form of Vibrio cholerae, such as im-
proved sanitation and clean water distribution, are essential for preventing
large-scale outbreaks. Moreover, evaluating other diseases for similar hyper-
infectious conditions and integrating such findings into disease prevention
models will allow for more targeted and efficient public health interventions
[19].

Raising public awareness through campaigns and educational initiatives
has proven to be an effective strategy for controlling the spread of infectious
diseases. By reducing the likelihood of contact transmission among vulner-
able populations, awareness campaigns play a pivotal role in managing epi-
demics. In the digital age, the rapid dissemination of information through
social media, coupled with increased global travel, has made awareness even
more critical. These campaigns can significantly decrease the probability of
transmission by educating the public on hygiene practices and the importance
of early detection and treatment, ultimately improving the overall dynamics
of epidemics [1, 16, 25].

The relationship between the spread of infectious diseases and human
social behavior has been extensively studied in both theoretical and empirical
research. Numerous mathematical models have been developed to explore
these interactions, particularly in the context of cholera [4, 5, 9, 11, 13, 16, 20].
These models have helped public health officials design strategies to reduce
the number of cholera cases and improve overall health outcomes in affected
communities [18].

In this study, we delve deeply into the foundational mathematical compo-
nents of cholera models, focusing on critical aspects such as the determination
of equilibrium points and the calculation of the epidemic threshold, commonly
referred to as the basic reproductive number R0. The stability of these equi-
librium points is rigorously analyzed, revealing the conditions under which
the disease-free equilibrium (DFE) is globally asymptotically stable (GAS).
Descartes’ rule of signs is applied to derive global stability conditions, and

Iran. J. Numer. Anal. Optim., Vol. 15, No. 3, 2025, pp 852–876
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the local stability of the endemic equilibrium is evaluated using the center
manifold theory [15]. These analyses provide valuable insights into the un-
derlying dynamics of cholera transmission and the potential for controlling
outbreaks through targeted interventions.

One critical aspect that has not been fully explored in many models is the
role of healthcare infrastructure in managing cholera outbreaks. Integrating
healthcare centers into the model is essential for accurately capturing the
real-world dynamics of disease transmission and control. Healthcare centers
are often the first line of defense during an outbreak, providing immediate
treatment to those infected and acting as central points for public health in-
terventions such as vaccination, water sanitation programs, and public aware-
ness campaigns. By incorporating healthcare facilities into the model, we can
simulate more realistic outbreak scenarios and assess the impact of different
intervention strategies in a variety of contexts.

The inclusion of healthcare centers also allows for the optimization of
resource allocation during an outbreak. For instance, the model can help
determine the most efficient distribution of medical supplies and personnel
across different regions, ensuring that healthcare resources are concentrated
in areas where they will have the greatest impact. This addition not only en-
hances the accuracy and realism of the model but also provides public health
officials with a powerful tool for decision-making in the midst of an outbreak.
The importance of this integration cannot be overstated, as it bridges the gap
between theoretical models and practical applications in public health policy.

In conclusion, this study builds upon existing cholera models by not only
refining the mathematical understanding of cholera dynamics but also by
emphasizing the critical role of healthcare infrastructure in controlling out-
breaks. By combining rigorous mathematical analysis with practical consid-
erations of public health intervention, this model provides a more compre-
hensive and applicable tool for managing cholera outbreaks and potentially
other infectious diseases as well.

The paper is organized as follows: A mathematical model and its basic
properties are presented in Section 2. The features of the model’s local and
global asymptotic stability are examined in Section 3. The sensitivity of the
basic reproduction number concerning the model parameters is investigated

Iran. J. Numer. Anal. Optim., Vol. 15, No. 3, 2025, pp 852–876



857 The analysis of the mathematical stability of a cholera disease model

in Section 4. Numerical simulations and discussions are provided in Section
5. The paper is finally concluded in Section 6.

2 Fundamental properties and the mathematical model

2.1 A mathematical model

In the context of cholera, we introduce a continuous dynamics model of the
SICR-B (Susceptible-Infectious-Centers-Recovered-Bacterial) type, which in-
cludes a category for bacterial concentration. The total population, N(t), is
divided into four classes: susceptible individuals S(t), infected individuals
I(t) exhibiting symptoms, individuals undergoing treatment in centers C(t),
and recovered individuals R(t). The total population at time t is given by
N(t) = S(t)+ I(t)+C(t)+R(t). The graphical representation of this model
is shown in Figure 1.

Figure 1: The dynamics among the five compartments SICR-B of cholera disease.

We study five nonlinear differential equations:

Iran. J. Numer. Anal. Optim., Vol. 15, No. 3, 2025, pp 852–876
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dS(t)

dt
= A− µS − β1

SI

N
− β2

SB

κ+B
,

dI(t)

dt
= β1

SI

N
− I(µ+ δ1 + α1 + α2) + β2

SB

κ+B
,

dC(t)

dt
= α1I − (σ + µ)C,

dR(t)

dt
= α2I + σC − µR,

dB(t)

dt
= ℘I − δ2B.

(1)

The initial states are given as S(0) ≥ 0, I(0) ≥ 0, C(0) ≥ 0, R(0) ≥ 0,
and B(0) ≥ 0. The total population N(t) at time t > 0 is categorized into
four classes: Susceptible individuals S(t), infectious individuals I(t) showing
symptoms, individuals undergoing treatment in centers C(t), and recovered
individuals R(t).

Additionally, we introduce a class B(t) representing bacterial concentra-
tion at time t. We assume a positive recruitment rate A into the susceptible
class S(t) and a positive natural death rate µ for all time t. Susceptible indi-
viduals can contract cholera at a rate β2 B(t)

κ+B(t) , where β2 > 0 is the ingestion
rate of bacteria from contaminated sources, κ is the half-saturation constant
of the bacteria population, and B(t)

κ+B(t) represents the probability of infection
given exposure.

Infected individuals can opt for treatment in centers for a period, where
they are isolated and receive appropriate medication at rates α1 and α2.
Recovery from treatment occurs at rate σ. Disease-related death rates for
infected individuals undergoing treatment and those not in treatment are δ1
and µ, respectively.

Each infected individual contributes to an increase in bacterial concentra-
tion at rate ℘, while the bacterial concentration decreases due to mortality
at rate δ2.

Iran. J. Numer. Anal. Optim., Vol. 15, No. 3, 2025, pp 852–876



859 The analysis of the mathematical stability of a cholera disease model

2.2 Fundamental characteristics of the model

2.2.1 Region of invariance

It is necessary to demonstrate that all solutions of system (1) starting from
positive initial values will remain positive for all t > 0. This will be estab-
lished through the following lemma.

Lemma 1. All admissible solutions S(t), I(t), C(t), R(t), and B(t) of system
(1) are bounded within the region Ω = ΩN ∗ ΩB , whereΩN =

{
(S, I, C,R) ∈ R4

+ : S + I + C +R ≤ A
µ

}
,

ΩB =
{
B ∈ R+ : B ≤ ℘

δ2

}
.

(2)

Proof. From the equation of system (1)

dN(t)

dt
= A− µN(t)− Iδ1, (3)

implies the following equation:

dN(t)

dt
≤ A− µN(t). (4)

Therefore, it is clear that

N(t) ≤ A
µ
(1− e−µt) +N(0)e−µt. (5)

Since N(0) is the initial value of the total number of people,

lim
t→+∞

SupN(t) ≤ A
µ
. (6)

Then
S(t) + I(t) + C(t) +R(t) ≤ A

µ
. (7)

Similarly,
dB(t)

dt
= ℘I − δ2B(t) ≤ ℘− δ2B(t), (8)

B(t) ≤ ℘

δ2
+B(0)e−δ2t, (9)

lim
t→+∞

SupB(t) ≤ ℘

δ2
, (10)

Iran. J. Numer. Anal. Optim., Vol. 15, No. 3, 2025, pp 852–876
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[B(t) ≤ ℘

δ2
. (11)

For the analysis of model (1), we get the regions, which is given by the set
Ω = ΩN ∗ ΩB , whereΩN =

{
(S, I, C,R) ∈ R4

+ : S + I + C +R ≤ A
µ

}
,

ΩB =
{
B ∈ R+ : B ≤ ℘

δ2

}
,

(12)

which is a positively invariant set for (1). Therefore, it is only necessary to
consider the dynamics of the system (1) in relation to the set of nonnegative
solutions Ω.

2.2.2 Positivity of the model’s solutions.

Theorem 1. If S(0) ≥ 0, I(0) ≥ 0, C(0) ≥ 0, R(0) ≥ 0, and B(0) ≥ 0,
then the solutions of system equation (1), S(t), I(t), C(t), R(t), and B(t) are
positive for all t > 0.

Proof. Starting from the first equation of system (1), we obtain

dS(t)

dt
= A−M(t)S(t). (13)

Given that
M(t) = µ+ β1

I(t)

N
+ β2

B(t)

κ+B(t)
, (14)

We multiply (13) by exp
(∫ t

0
M(s) ds

)
; then we obtain

dS(t)

dt
∗ exp(

∫ t

0

M(s)ds) = [A−M(t) ∗ S(t)] ∗ exp(
t∫

0

M(s)ds), (15)

dS(t)

dt
∗exp(

∫ t

0

M(s)ds)+M(t)∗S(t)∗exp(
t∫

0

M(s)ds) = A∗exp(
t∫

0

M(s)ds).

(16)
Therefore

d

dt
[S(t) ∗ exp(

t∫
0

M(s)ds] = A ∗ exp(
∫ t

0

M(s)ds). (17)
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When we take the integral with respect to s from 0 to t, we obtain

S(t) ∗ exp(
t∫

0

M(s)ds)− S(0) = A ∗
∫ t

0

(exp(
∫ w

0

M(s)ds))dw. (18)

Multiplying (18) by exp
(
−
∫ t

0
M(s) ds

)
, we obtain

S(t)− S(0) ∗ exp(−
∫ t

0

M(s)ds)

= A ∗ exp(−
∫ t

0

M(s)ds) ∗
∫ t

0

(exp(
∫ w

0

M(s)ds))dw. (19)

Then

S(t) =S(0) ∗ exp(−
∫ t

0

M(s)ds)

+ A ∗ exp(−
∫ t

0

M(s)ds) ∗
∫ t

0

(exp(
∫ w

0

M(s)ds))dw ≥ 0.

Thus, S(t) is a positive solution. Similarly, based on the other equations in
system (1), we obtain

I(t) ≥ I(0) ∗ exp(−
∫

(µ+ δ1 + α1 + α2 − β1
S(s)

N
)ds ≥ 0, (20)


C(t) ≥ C(0). exp(−(σ + µ)t) ≥ 0,

R(t) ≥ R(0). exp(−(α2 + µ)t) ≥ 0,

B(t) ≥ B(0). exp(−δ2t) ≥ 0.

(21)

As a result, the proof is finished since we can see that for all t ≥ 0, the
solutions S(t), I(t), C(t), R(t), and B(t) to the system (1) are positive.
Since the variables C and R do not affect the first three equations in system
(1), the dynamics of equation system (1) is equal to the dynamics of equation
system: 

dS(t)

dt
= A− µS − β1 SI

N − β2
SB
κ+B ,

dI(t)

dt
= β1

SI

N
− I(µ+ δ1 + α1 + α2) + β2

SB

κ+B
,

dB(t)

dt
℘I − δ2B.

(22)
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2.3 An examination of the model’s sensitivity and
stability.

2.3.1 Points of equilibrium:

There are two equilibrium points in this model: The DFE point, which occurs
when cholera is absent, and the epidemic equilibrium point, which occurs
when cholera is present. By setting the derivatives of the rate of change
expressions in the (22) system to zero, these points can be determined.

In the absence of a virus (I = B = 0), the Cholera DFE E0
eq = (Aµ , 0, 0) is

reached. When the disease exists (I 6= 0 and B 6= 0), the present equilibrium
of the Cholera disease is reached, denoted by E∗

eq = (S∗;E∗; I∗). To calculate
the fundamental reproduction number R0, we will apply the next-generation
operator method.

R0 is the basic reproduction number.
Diekmann et al. [2] defined the basic reproduction number (R0), which is
an important indicator of the transmissibility of an infectious disease in epi-
demiology. In a population that is fully susceptible, it denotes the average
number of secondary infections caused by one infected person. The mathe-
matical method R0 is computed using the next-generation matrix approach
[21].

The spectral radius of the product matrix FV −1 is denoted by the basic
reproduction number R0. In other words, R0 = ρ(FV −1), where the spectral
radius is indicated by ρ.

We define F as a nonnegative matrix accounting for the new infective
terms within the next-generation matrix approach framework. Comparably,
both of the remaining transfer terms are represented by V , which is a non-
singular M -matrix evaluated at the DFE. Then

F =

β1
A
µN

β2
A
κµ

0 0

 , (23)

V =

(
(µ+ δ1) + (α1 + α2) 0

−℘ δ2

)
, (24)
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V −1 =


1

(µ+ δ1) + (α1 + α2)
0

℘

δ2[(µ+ δ1) + (α1 + α2)]

1

δ2

 , (25)

F.V −1 (26)

=


β1

A
µN [(µ+ δ1) + (α1 + α2)]

+ β2
A℘

δ2κµ[(µ+ δ1) + (α1 + α2)]
β2

A
κµδ2

0 0

 .

This suggests that R0, the basic reproduction number, can be found by using
the following relationships (where ρ is the spectral radius):

R0 = ρ(F.V −1), (27)

R0 = β1
A

µN(µ+ δ1 + α1 + α2)
+ β2

A℘
δ2κµ(µ+ δ1 + α1 + α2)

, (28)

R0 =
A

µ(µ+ δ1 + α1 + α2)
[
β1
N

+
β2℘

δ2κ
]. (29)

The basic reproduction number, or R0, measures the average number of newly
infected people that are created in a population of susceptible people by a
single infected person. Its value indicates the probability that an epidemic
will occur [3, 21].

2.3.2 Analysis of local stability.

We are now going to look at equilibrium behavior and stability, E0
eq and E∗

eq.

The state of DFE

This section looks at the Cholera DFE’s local stability.

Theorem 2. The equilibrium E0
eq = (

A

µ
, 0, 0) for the system (22) that is free

of the Cholera disease is asymptotically stable when R0 ≺ 1 and unstable
when R0 � 1.
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Proof. At Eeq, the Jacobian matrix is provided by

J(Eeq) (30)

=


−µ− β1 I

N − β2
B

κ+B
−β1

S

N
−β2

S(κ+B)− SB
(κ+B)

2

β1
I

N
+ β2

B

κ+B
β1
S

N
− (µ+ δ1)− (α1 + α2) β2

S(κ+B)− SB
(κ+B)

2

0 ℘ −δ2

 .

For the DFE, the Jacobian matrix is provided by

J(E0
eq) =


−µ −β1

A
µN

−β2
A
κµ

0 β1
A
µN
− (µ+ δ1)− (α1 + α2) β2

A
κµ

0 ℘ −δ2

 . (31)

This matrix’s characteristic equation is det(J(E0
eq) − λI3) = 0, where I3 is

an order three square identity matrix.
Consequently, we can observe that J(E0

eq) has the following characteristic
equations ϕ(λ):

ϕ(λ) = (−µ−λ)[(β1
A
µN
− (µ+ δ1 +α1 +α2)−λ)(−δ2−λ)−℘β2

A
κµ

]. (32)

The characteristic equation of J(E0
eq) has the following eigenvalues:

λ1 = −µ,

and

λ2−λ[−δ2+β1
A
µN
−(µ+δ1+α1+α2)]−δ2(β1

A
µN
−(µ+δ1+α1+α2))−℘β2

A
κµ

= 0.

(33)
One eigenvalue is obviously negative. The characteristic equation of the
following submatrix J1 is now (33):

J1 =

(
β1

A
µN − (µ+ δ1 + α1 + α2) β2

A
κµ

℘ −δ2

)
. (34)

If the trace of J1 ≺ 0 and the det(J1) � 0, then the eigenvalues are negative.
The trace is
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tr(J1) = β1
A
µN
− (µ+ δ1 + α1 + α2)− δ2

= (µ+ δ1 + α1 + α2)[−β1
A

µN(µ+ δ1 + α1 + α2)
+ 1]− δ2

= (µ+ δ1 + α1 + α2)[−1 + (R0 − β2
A℘

δ2κµ(µ+ δ1 + α1 + α2)
)]− δ2.

(35)
Trace of J1 ≺ 0 if R0 ≺ 1, and

det(J1) = −δ2β1
A
µN

+ δ2(µ+ δ1 + α1 + α2)− ℘β2
A
κµ
� 0. (36)

That is,

δ2(µ+ δ1 + α1 + α2)[1− β1
A

µN [(µ+ δ1) + (α1 + α2)]

− β2
A℘

δ2κµ[(µ+ δ1) + (α1 + α2)]
] � 0, (37)

δ2(µ+ δ1 + α1 + α2)[1−
A

µ(µ+ δ1 + α1 + α2)
(
β1
N

+
β2℘

δ2κ
)] � 0), (38)

δ2(µ+ δ1 + α1 + α2)[1−R0] � 0, (39)

1−R0 � 0, (40)

if
1 � R0. (41)

Consequently, given that each of the characteristic equation’s eigenvalues
(33) possess a negative real part, it is demonstrated that E0

eq has a locally
asymptotically stable value.

3 Global stability

3.1 The global stability of a cholera DFE

It is essential to show that the DFE of the model (22), as defined, is GAS
in order to ensure that the eradication of cholera infection is unaffected by
population sizes. We will use a concept presented in [18] to demonstrate this.

Lemma 2. [12] Let us express system (22) in the following form:
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dX

dt
= N(X,Z),

dZ

dt
=M(X,Z),M(X, 0) = 0.

(42)

In this case, the components associated with the number of uninfected
people are represented by X ∈ Rm, and the components associated with
the number of infected people, including latent, infectious, and so on, are
represented by Z ∈ Rn.
The DFE state of system (22) is denoted by E0

eq = (X∗, 0), X∗ = (
A
µ
).

Furthermore, let us assume the following conditions, H1 and H2:
(H1) :

dX

dt
= N(X, 0). Hence X∗ is GAS.

(H2) : M(X,Z) = AZ − M̂(X,Z), M̂(X,Z) � 0 for (X,Z) ∈ Ω.
Where Ω denotes the region where the model is biologically meaningful, the
Jacobian A =

∂M

∂Z
(X∗, 0) is an M-matrix, and the off-diagonal elements of

A are nonnegative.
If R0 ≺ 1, then the DFE state, E0

eq = (X∗, 0), is globally stable.

Theorem 3. If R0 ≺ 1, then the DFE state of the model (22) is GAS.

Proof. All we have to do is demonstrate that when R0 ≺ 1, conditions (H1)

and (H2) hold.
Given that X = (S), M = (I,B), and X∗ = (A

µ ) in our system (1), then

M(X,Z) =

β1SIN − I(µ+ δ1 + α1 + α2) + β2
SB

κ+B
℘I − δ2B

 , (43)

and

A =

β1
A
µN
− (µ+ δ1 + α1 + α2) β1

A
κµ

℘ −δ2

 . (44)

Undoubtedly, this is an M-matrix. Meanwhile,

M̂(X,Z) =

β2
B2

κ(κ+B)
S

0

 . (45)

It is clear that for M̂(X,Z) ≥ 0 , the conditions (H1) and (H2) have been
satisfied, and as a result, E0

eq is GAS since 0 ≤ S ≤ A
µ

.

Iran. J. Numer. Anal. Optim., Vol. 15, No. 3, 2025, pp 852–876



867 The analysis of the mathematical stability of a cholera disease model

3.2 The equilibrium of the cholera disease is examined
for global stability.

The following is the ultimate outcome of the global stability of E∗
eq =

(S∗, I∗, B∗) in this section.

Theorem 4. The current equilibrium point of the cholera epidemic, E∗
eq, is

GAS if R0 > 1.

Proof. When the model (22) is solved steadily, the result is

B∗ =
℘

δ2
I∗, (46)

S∗ =
N(δ2κ+ ℘I∗)(µ+ δ1 + α1 + α2)

β1(δ2κ+ ℘I∗) + β2N℘
. (47)

The following results from substituting (35) and (36) into system (22)’s first
equation:

a1I
∗2 + a2I

∗ + a3 = 0, (48)

where 
a1 = −(µ+ δ2 + α1 + α2)β1℘,

a2 = Aβ2℘−N(µ+ δ2 + α1 + α2)(µ℘+ δ2κ
β1

N + β2℘),

a3 = (µ+ δ2 + α1 + α2)µNδ2κ[R0 − 1].

(49)

If (48) has real, positive roots, then the system (22) is in endemic equilibrium.
We apply Descartes’ rule of signs to ascertain whether positive roots exist
[15]. It follows that the model has a unique endemic equilibrium whenever
R0 � 1 since the sign of a1 is negative and the sign of a2 is positive.

4 Sensitivity analysis of R0

Sensitivity analysis is an effective method for assessing how modifications to
parameter values impact the robustness of a model. It assists in determining
the important parameters affecting the reproduction number R0, particularly
when taking into account assumptions about parameter values and data col-
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lection uncertainties. Using the methodology described in Chitnis et al. [5],
we calculate the R0 normalized forward sensitivity indices.
Let

TR0
u =

∂R0

∂u
∗ u

R0
. (50)

Table 1 provides the sensitivity index of R0 with respect to the parameter u.
Table 1 demonstrates that the threshold R0 is correspondingly sensitive to

Table 1: Sensitivity indices of R0

Parameter Description Sensitivity indices
A New populations are added to the model at a constant rate. 1.0000
µ The natural death rate 1.0000
β1 Transmission rate from human to human 1.0000
β2 Transmission rate from environment to human 1.0000

α1 ; α2 Recovery rate from cholera -1.5504
κ Concentration of Vibrio cholera -1.0000
δ1 The death rate induced by the cholera -0.1008
δ2 Bacteria death rate -0.9706
℘ Shedding rate of bacteria by infectious population 1.0000

variations in the parameter values A, β1, β2, and ℘. This suggests that the
models will have an increase or decrease in R0 when the values of each of the
parameters in this instance increase or decrease. Conversely, the threshold
R0 is inversely proportional to the variation in µ, α1, α2, δ1, and κ. In this
case, a rise or fall in the values of each parameter results in an equivalent rise
or fall in R0.

5 Numerical simulations

We provide numerical solutions to model (Figure 1) for a variety of parameter
values in this section. In order to solve system (1), Gumel, Shivakumar, and
Sahai [9] created the Gauss-Sade-like implicit finite-difference method (GSS1
method), which is described in [12].
The fundamental data values:

The model’s parameters are displayed in Table 2. The sources are also
cited. First, we graphically depict the cholera DFE E0

eq. Our initial values
and parameters are the same as those in Table 2 R0 < 1.
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Using the different values of the initial variables S(0), I(0), C(0), and
R(0), the following observations were obtained from these Figures 2–9. The
number of possible individuals increases and gets closer to S(0) = 250.

Figure 2: Susceptible individuals.

Figure 3: Individuals within treatment center.

The number of carriers and symptomatic infected individuals rises ini-
tially, then falls until it almost reaches zero.

The quantity of recovered cases declines until it almost reaches zero.
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Figure 4: People Infected with symptoms.

Figure 5: The Removed cases.

We possess an equilibrium for cholera disease with R0 > 1. As per The-
orem 3, the cholera disease equilibrium E∗

eq of the system (1) is GAS. Fur-
thermore, we begin with a graphic representation of the current equilibrium
of the cholera disease E∗

e q and apply the same parameters and initial values
in Table 2, R0 > 1.

The total number of possible individuals rises initially, then somewhat
declines and gets close to S∗ = 42. The percentage of infected cases that
show no symptoms or only minor symptoms initially declines quickly before
slightly increasing.

The patient population at the treatment center is advancing towards the
threshold of (22).

The number of carriers of the bacteria and symptomatic infected individ-
uals converge at I∗ = 24.
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Figure 6: Patients with asymptomatic infection or mild symptoms.

Figure 7: Individuals within treatment center.

Table 2: Baseline parameter values for system (22)

Parameter Baseline value Reference
A 10 Assumed
µ 0.025 [7]
β1 0.02 [10]
β2 0.02 [10]

α1 ; α2 0.214 [7]
κ 104cell/day Assumed
δ1 0.013 [23]
δ2 0.33 [14]
℘ 10 cell/day [23]

Discussion of result:
A further qualitative examination of the model indicates that its solutions

are both positively invariant and bound. For the study of cholera infection,
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Figure 8: People Infected With Symptoms.

Figure 9: People Removed cases.

the basic reproduction number is required, as follows:

R0 = β1
A

µN(µ+ δ1 + α1 + α2)
+ β2

A℘
δ2κµ(µ+ δ1 + α1 + α2)

. (51)

The calculation was performed utilizing the next-generation methodology,
serving as a benchmark to anticipate outbreaks and evaluate control mea-
sures. The stability analysis of the DFE was also conducted employing the
linearization method, with R0 as the pivotal parameter. When the basic
reproduction number is less than one, Theorem 2 and Lemma 2 indicate
that the DFE is asymptotically stable both locally and globally. This means
that cholera can be eliminated from the population if the initial population
sizes are within the DFE’s basin of attraction, E0. Furthermore, Lemma 2
demonstrates that the DFE is GAS, implying that cholera can be eliminated
regardless of the initial population size.
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6 Conclusion

In this work, we formulated and presented a continuous SICR-B mathemat-
ical model of cholera disease that describes the dynamics of individuals in-
fected with this disease. We found that

R0 = β1
A

µN(µ+ δ1 + α1 + α2)
+ β2

A℘
δ2κµ(µ+ δ1 + α1 + α2)

is the basic reproduction number of the system, which is a crucial indicator
in understanding the system’s dynamics and the progression of the disease.
These results help us identify the key factors influencing disease spread and
control. We also performed a sensitivity analysis of the model parameters to
determine which parameters have the most significant impact on the repro-
duction number R0. This study highlights the importance of identifying the
factors that contribute the most to the spread of the disease, thereby guiding
policymakers in optimizing prevention and treatment strategies.

We applied the stability analysis theory for nonlinear systems to analyze
the mathematical model of cholera and to study the local and global stability
of the disease. The results show that the local asymptotic stability of the
DFE E0

eq can be achieved if R0 ≤ 1, meaning the disease will eventually
die out over time. On the other hand, if R0 > 1, then cholera reaches an
equilibrium state E∗

eq and remains locally stable, indicating the persistence
of the disease.

These results significantly contribute to achieving the overall objectives of
the study by improving the understanding of cholera transmission dynamics
and providing deeper insights into how to control the disease. Highlighting
the most influential factors affecting the basic reproduction number allows
for the development of more effective preventive strategies to reduce cholera
spread.

Looking ahead, we aim to explore the use of fractional derivatives within
a spatiotemporal framework to deepen our understanding of cholera trans-
mission dynamics. This approach is expected to capture complex spatial and
temporal patterns, thereby enhancing the accuracy of disease forecasts and
control strategies.
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norm of the given operator, a task that can often be challenging in practi-
cal situations. We also explore specific cases to demonstrate the versatility
of the method. Finally, we present an application of the split minimum
norm problem in production and consumption systems and provide sev-
eral numerical experiments to validate the practical implementability of
the proposed algorithms.

AMS subject classifications (2020): Primary 49M37; Secondary 90C26, 90C33.

Keywords: Bilevel split variational inequality problem; Bilevel variational
inequality problem; Split feasibility problem; Tseng’s extragradient method.

1 Introduction

Let C and Q be nonempty closed convex subsets of the real Hilbert spaces
H1 and H2, respectively. Let A : H1 −→ H2 be a bounded linear operator.
Define the mappings F1 : H1 −→ H1 and F2 : H2 −→ H2 on H1 and
H2, respectively. The split variational inequality problem (SVIP), initially
proposed by Censor, Gibali, and Reich [15], can be expressed as follows:

Find x∗ ∈ C : 〈F1(x
∗), x− x∗〉 ≥ 0, for all x ∈ C (1)

such that

y∗ = Ax∗ ∈ Q : 〈F2(y
∗), y − y∗〉 ≥ 0, for all y ∈ Q. (2)

When F1 = 0 and F2 = 0, the SVIP reduces to a special case known as the
split feasibility problem (SFP), which is formulated as

Find x∗ ∈ C such that Ax∗ ∈ Q. (3)

This problem was first introduced by Censor and Elfving [13] as a model
for inverse problems in finite-dimensional Hilbert spaces. Recently, its ap-
plicability has been extended to fields such as intensity-modulated radiation
therapy [12, 16, 14] and other practical scenarios. For additional details on
the SFP, refer to [1, 3, 5, 14, 7, 8, 11, 10, 9, 23, 24, 34, 36, 43] and the sources
cited within those references.
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In this paper, our primary objective is to solve a variational inequality
problem (VIP) defined over the solution set of the SVIP. Specifically, we aim
to address the following problem:

Find x∗ ∈ ΩSVIP such that 〈F (x∗), x− x∗〉 ≥ 0, for all x ∈ ΩSVIP, (4)

where F : H1 −→ H1 is η-strongly monotone and L-Lipschitz continuous
on H1, and ΩSVIP represents the solution set of the SVIP defined by equa-
tions (1) and (2). Problem (4) is referred to as the bilevel split variational
inequality problem (BSVIP) in [1]. Suppose that H1 = H, F : H −→ H is
strongly monotone and Lipschitz continuous on H, that F1 = G : H −→ H
is a mapping on H, that F2 = 0, and that Q = H2. Then the BSVIP (4)
simplifies to the following bilevel VIP:

Find x∗ ∈ Sol(C,G) such that ⟨F (x∗), y − x∗⟩ ≥ 0, for all y ∈ Sol(C,G), (5)

where Sol(C,G) represents the set of all solutions to the VIP given by

Find y∗ ∈ C such that 〈G(y∗), z − y∗〉 ≥ 0, for all z ∈ C. (6)

Bilevel VIPs (5)–(6) encompass various types of bilevel optimization problems
[20, 37, 6], minimum norm problems related to the solution set of variational
inequalities [42, 44], and other variational inequalities [28, 29, 21, 19, 22]. In
recent years, numerous approaches have been developed to solve the BVIP
(5)-(6) in both finite and infinite-dimensional spaces. For a comprehensive
overview, see [2, 4, 38] and the references therein.

One of the most famous methods for solving VIPs is the extragradient
method, first proposed by Korpelevich [30] for saddle problems. However,
the extragradient method may be costly, since it requires two projections
at each step. To improve this, Tseng [39] introduced an alternative extra-
gradient method that reduces the number of projections required. Instead
of performing two projections, Tseng’s method requires only one projection
onto C per iteration. Tseng’s extragradient method is described as follows:

x0 ∈ H,
yn = PC(x

n − λF1(x
n)),

xn+1 = yn − λ(F1(y
n)− F1(x

n)),

(7)
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where F1 is L1-Lipschitz continuous and λ ∈
(
0,

1

L1

)
.

Inspired the Tseng’s extragradient method for solving VIPs, Huy et al.
[25] introduced the modified Tseng’s extragradient method for solving the
BSVIP (4), where F : H1 −→ H1 is η-strongly monotone and L-Lipschitz
continuous on H1, F1 : H1 −→ H1 and F2 : H2 −→ H2 are pseudomonotone
and Lipschitz continuous mappings. Specifically, they proposed the following
algorithm

x0 ∈ H1,

un = A(xn),

vn = PQ(u
n − µnF2(u

n)),

wn = vn − µn(F2(v
n)− F2(u

n)),

µn+1 =


min

{
µ‖un − vn‖

‖F2(un)− F2(vn)‖
, µn

}
if F2(u

n) 6= F2(v
n),

µn if F2(u
n) = F2(v

n),

yn = xn + δnA
∗(wn − un),

δn =


‖wn − un‖2

2‖A∗(wn − un)‖2
if A∗(wn − un) 6= 0,

0 if A∗(wn − un) = 0.

zn = PC(y
n − λnF1(y

n)),

tn = zn − λn(F1(z
n)− F1(y

n)),

λn+1 =


min

{
λ‖yn − zn‖

‖F1(yn)− F1(zn)‖
, λn

}
if F1(y

n) 6= F1(z
n),

λn if F1(y
n) = F1(z

n),

xn+1 = tn − εnF (tn),

(8)

where µ0 > 0, λ0 > 0, µ ∈ (0, 1), λ ∈ (0, 1), {εn} ⊂ (0, 1), lim
n→∞

εn = 0, and
∞∑

n=0

εn =∞. The author demonstrated that the sequence {xn} produced by

the algorithm (8) converges strongly to the unique solution of the BSVIP (4),
provided that the solution set of the SVIP (1)–(2) is nonempty.

To enhance the convergence rate of algorithms, inertial acceleration is
commonly utilized. Originally introduced by Polyak [33] in 1964 for solving
smooth convex minimization problems, the inertial algorithm distinguishes
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itself by leveraging the previous two iterates to generate the next one. Nu-
merous researchers have explored and implemented the inertial scheme to ac-
celerate algorithmic convergence (see [32, 40] and references therein). These
studies primarily employ a single inertial parameter to achieve acceleration.
However, recent works by some authors [26, 27] have investigated multi-
step inertial algorithms, demonstrating that incorporating multi-step inertial
terms, such as the two-step inertial term, further enhances algorithmic speed.

In this paper, drawing inspiration from the aforementioned studies, we
introduce a novel iterative scheme that combines the two-step inertial tech-
nique with a modified Tseng’s extragradient method, as employed by Huy
et al. [25], to solve the BSVIP in (4). We demonstrate that the sequence
produced by our method converges strongly to the unique solution of (4),
with the stepsize determined at each iteration. Consequently, our approach
does not necessitate prior knowledge of the Lipschitz or strong monotonic-
ity constants for the mappings involved. Additionally, the implementation
of this method eliminates the need to compute or estimate the norm of the
bounded linear operator.

The structure of the paper is organized as follows. Section 2 presents
essential definitions and lemmas that will be utilized in section 3, where we
outline the algorithm and demonstrate its strong convergence. We conclude
this section by exploring various applications of our results to the bilevel
VIPs, the simple bilevel optimization problem and VIPs with the SF con-
straints. Lastly, we apply the split minimum norm problem (SMNP) to
production and consumption systems and conduct numerical experiments to
evaluate the effectiveness of the proposed algorithms.

2 Preliminaries

In the following discussion, we denote the strong convergence of a sequence
{xn} to x in a real Hilbert space H as xn → x and the weak convergence
as xn ⇀ x. Recall that for a nonempty closed convex subset C of H, the
metric projection PC is a mapping from H to C. For each x ∈ H, PC(x) is
defined as the unique point in C that minimizes the distance to x, satisfying
the condition:
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‖x− PC(x)‖ = min{‖x− y‖ : y ∈ C}.

Let us also recall some well-known definitions which will be used in this paper.

Definition 1. ( [35]) Consider two Hilbert spaces, denoted as H1 and H2.
Let A : H1 −→ H2 be a bounded linear operator. The adjoint of this op-
erator, represented as A∗ : H2 −→ H1, is characterized by the following
relationship:

〈A(x), y〉 = 〈x,A∗(y)〉, for all x ∈ H1, for all y ∈ H2.

The adjoint operator of a bounded linear operator A between Hilbert
spaces H1 and H2 is both well-defined and unique. Moreover, the adjoint
operator A∗ is also a bounded linear operator, satisfying the property that
‖A∗‖ = ‖A‖.

Definition 2. ( [17, 29])
A mapping F : H −→ H is said to be
(i) η-strongly monotone on H if there exists η > 0 such that

〈F (x)− F (y), x− y〉 ≥ η‖x− y‖2, for all x, y ∈ H;

(ii) L-Lipschitz continuous on H if there exists L > 0 such that

‖F (x)− F (y)‖ ≤ L‖x− y‖, for all x, y ∈ H;

(iii) monotone on H if

〈F (x)− F (y), x− y〉 ≥ 0, for all x, y ∈ H;

(iv) pseudomonotone on C if

〈F (y), x− y〉 ≥ 0⇒ 〈F (x), x− y〉 ≥ 0, for all x, y ∈ C.

To demonstrate the convergence of the proposed algorithm, we will require
the following lemmas.

Lemma 1. ( [25]) Let C be a nonempty closed convex subset of a real
Hilbert space H. Let F : H −→ H be pseudomonotone on C and L-Lipschitz
continuous on H such that the solution set Sol(C,F ) of the V IP (C,F ) is
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nonempty. Let let x ∈ H, and let µ ∈ (0, 1), λ > 0, and define

y = PC(x− λF (x)),

z = y − λ(F (y)− F (x)),

γ =


min

{
µ‖x− y‖

‖F (x)− F (y)‖
, λ

}
if F (x) 6= F (y),

λ if F (x) = F (y).

Then for all x∗ ∈ Sol(C,F )

‖z − x∗‖2 ≤ ‖x− x∗‖2 −
(
1− µ2λ

2

γ2

)
‖x− y‖2.

Lemma 2. ( [25]) Let C be a nonempty closed convex subset of a real Hilbert
space H. Let F : H −→ H be a mapping such that lim sup

n→∞
〈F (xn), z − yn〉 ≤

〈F (x), z−y〉 for every sequences {xn}, {yn} in H converging weakly to x and
y, respectively. Assume that λn ≥ a > 0 for all n, {xn} is a sequence in H
satisfying xn ⇀ x and lim

n→∞
‖xn − yn‖ = 0, where yn = PC(x

n − λnF (xn))
for all n. Then x ∈ Sol(C,F ).

Lemma 3. ([31, Remark 4.4]) Let {an} be a sequence of nonnegative real
numbers. Suppose that for any integer m, there exists an integer p such that
p ≥ m and ap ≤ ap+1. Let n0 be an integer such that an0 ≤ an0+1 and
define, for all integer n ≥ n0, by

τ(n) = max{k ∈ N : n0 ≤ k ≤ n, ak ≤ ak+1}.

Then {τ(n)}n≥n0
is a nondecreasing sequence satisfying lim

n→∞
τ(n) =∞ and

the following inequalities hold true:

aτ(n) ≤ aτ(n)+1, an ≤ aτ(n)+1, for all n ≥ n0.

Lemma 4. ( [41]) Let {an} be a sequence of nonnegative real numbers, let

{εn} be a sequence in (0, 1) such that
∞∑

n=0

εn =∞, and let {bn} be a sequence

of real numbers with lim sup
n→∞

bn ≤ 0. Suppose that

an+1 ≤ (1− εn)an + εnbn, for all n ≥ 0.
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Then lim
n→∞

an = 0.

3 The algorithm and convergence analysis

In this section, we propose a strong convergence algorithm for solving BSVIP
by using two-step inertial Tseng’s extragradient methods with self-adaptive
step size. We impose the following assumptions concerning the mappings F ,
F1, and F2 related to the BSVIP.

Assumption 1. ( [1, 25]) Let the following hold:

A1) F : H1 −→ H1 is η-strongly monotone and L-Lipschitz continuous on
H1.

A2) F1 : H1 −→ H1 is pseudomonotone on C and L1-Lipschitz continuous
on H1.

A3) lim sup
n→∞

〈F1(x
n), y − yn〉 ≤ 〈F1(x), y − y〉 holds for any sequences {xn}

and {yn} in H1 that converge weakly to x and y, respectively.

A4) F2 : H2 −→ H2 is pseudomonotone on Q and L2-Lipschitz continuous
on H2.

A5) lim sup
n→∞

〈F2(u
n), v − vn〉 ≤ 〈F2(u), v − v〉 holds for any sequences {un}

and {vn} in H2 that converge weakly to u and u, respectively.

One can see that in finite-dimensional spaces, the conditions A3 and A5

automatically result from the Lipschitz continuity of F1 and F2.

Remark 1. In Algorithm 1, we introduce a two-step inertial version of
Tseng’s extragradient method. The inertial update is applied in Step 2,
where we replace xn with yn = xn + αn(x

n − xn−1) + βn(x
n−2 − xn−1) for

the next step. Starting from Step 3, our algorithm closely follows [25, Al-
gorithm 3.1], as described in (8). The key differences between our approach
and [25, Algorithm 3.1] lie in the order of applying the modified Tseng’s ex-
tragradient method in the two spaces, as well as the inclusion of the two-step
inertial update. In [25, Algorithm 3.1], the authors first transform to space
H2, apply the modified Tseng’s extragradient method to the mapping F2,
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Algorithm 1
Step 0. Choose µ0 > 0, λ0 > 0, µ ∈ (0, 1), λ ∈ (0, 1), {ρn} ⊂ [a, b] ⊂ (0, 1),
{γn} ⊂ [0,∞), {ξn} ⊂ [0,∞), {ηn} ⊂ (0,∞), {εn} ⊂ (0, 1) such that lim

n→∞

ηn

εn
= 0,

lim
n→∞

εn = 0,
∞∑

n=0

εn = ∞.

Step 1. Let x−2, x−1, x0 ∈ H1. Set n := 0.
Step 2. Compute yn = xn + αn(xn − xn−1) + βn(xn−2 − xn−1), where

αn =


min

{
ηn

∥xn − xn−1∥
, γn

}
if xn ̸= xn−1,

γn if xn = xn−1,

and

βn =


min

{
ηn

∥xn−2 − xn−1∥
, ξn

}
if xn−2 ̸= xn−1,

ξn if xn−2 = xn−1.

Step 3. Compute
zn = PC(yn − λnF1(y

n)),

tn = zn − λn(F1(z
n)− F1(y

n)),

where

λn+1 =


min

{
λ∥yn − zn∥

∥F1(yn)− F1(zn)∥
, λn

}
if F1(yn) ̸= F1(zn),

λn if F1(yn) = F1(zn).

Step 4. Compute un = A(tn) and

vn = PQ(un − µnF2(u
n)),

wn = vn − µn(F2(v
n)− F2(u

n)),

where

µn+1 =


min

{
µ∥un − vn∥

∥F2(un)− F2(vn)∥
, µn

}
if F2(un) ̸= F2(vn),

µn if F2(un) = F2(vn).

Step 5. Compute
sn = tn + δnA

∗(wn − un),

where the stepsize δn is chosen in such a way that

δn =


ρn∥wn − un∥2

∥A∗(wn − un)∥2
if A∗(wn − un) ̸= 0,

0 if A∗(wn − un) = 0.

Step 6. Compute
xn+1 = sn − εnF (sn).

Step 7. Set n := n+ 1, and go to Step 2.
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return to space H1, and then apply the method again to the mapping F1.
In contrast, our algorithm first applies this modified extragradient method
to the mapping F1 in space H1 (Step 3), then transforms to space H2 and
applies it to F2 (Step 4), before returning to space H1 in Step 5. Notably,
before applying the method to F1 in space H1, we use the two-step inertial
update yn = xn + αn(x

n − xn−1) + βn(x
n−2 − xn−1) instead of xn.

The following lemma is part of the proof of [25, Algorithm 3.1], but we
have made a slight modification to better suit the new proof.

Lemma 5. Assume that the conditions (A1) − (A5) are satisfied and that
ΩSVIP 6= ∅. Let µ, λ as in Algorithm 1, let ε ∈

(
0,

2η

L2

)
, and let the sequences

{µn} and {λn}be generated by Algorithm 1. We show that there exists
n0 ∈ N such that

1−µ2 µ2
n

µ2
n+1

>
1− µ2

2
> 0, 1−λ2 λ2n

λ2n+1

>
1− λ2

2
> 0, εn < ε, for all n ≥ n0.

Proof. With F2 being L2-Lipschitz continuous onH2, it follows that ‖F2(u
n)−

F2(v
n)‖ ≤ L2‖un − vn‖. Consequently, employing induction, we have

µn ≥ min
( µ
L2
, µ0

)
> 0 for all n ≥ 0. The definition of µn+1 implies

µn+1 ≤ µn for all n ≥ 0. Combining this with µn ≥ min
( µ
L2
, µ0

)
> 0

for all n ≥ 0, we infer the existence of the limit of the sequence {µn}. Let us
denote lim

n→∞
µn = µ∗. It is evident that µ∗ ≥ min

( µ
L2
, µ0

)
> 0.

Using the same reasoning as before, we find that

λ0 ≥ λn ≥ min
( λ
L1
, λ0

)
> 0, for all n ≥ 0

and
lim
n→∞

λn = λ∗ ≥ min
( λ
L1
, λ0

)
> 0.

From lim
n→∞

µn = µ∗ > 0 and lim
n→∞

λn = λ∗ > 0, we get lim
n→∞

(
1−µ2 µ2

n

µ2
n+1

)
=

1−µ2 > 0, lim
n→∞

(
1−λ2 λ2n

λ2n+1

)
= 1−λ2 > 0. Since lim

n→∞
εn = 0, there exists

n0 ∈ N such that

1−µ2 µ2
n

µ2
n+1

>
1− µ2

2
> 0, 1−λ2 λ2n

λ2n+1

>
1− λ2

2
> 0, εn < ε, for all n ≥ n0.
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Lemma 6. Let {tn}, {un}, {wn} and {sn} be the sequences generated by
Algorithm 1. Then, for all n ≥ n0, where n0 is given in Lemma 5, the
following inequalities hold:

0 ≤ a2

(‖A‖+ 1)2
‖wn − un‖2 ≤ ‖sn − tn‖2 ≤ b

1− b
(
‖tn − x∗‖2 − ‖sn − x∗‖2

)
,

where x∗ is the unique solution to the problem (4).

Proof. As ΩSVIP is nonempty, problem (4) has a unique solution denoted by
x∗. Specifically, x∗ ∈ ΩSVIP, implying that it satisfies x∗ ∈ Sol(C,F1) and
Ax∗ ∈ Sol(Q,F2). According to Lemma 1, for all n ≥ 0, we have

‖wn −Ax∗‖2 ≤ ‖un −Ax∗‖2 −
(
1− µ2 µ2

n

µ2
n+1

)
‖un − vn‖2, (9)

‖tn − x∗‖2 ≤ ‖yn − x∗‖2 −
(
1− λ2 λ2n

λ2n+1

)
‖yn − zn‖2. (10)

From Lemma 5, (9) and (10), we get

‖wn −Ax∗‖ ≤ ‖un −Ax∗‖, for all n ≥ n0, (11)

‖tn − x∗‖ ≤ ‖yn − x∗‖, for all n ≥ n0. (12)

From (11), since un = A(tn), we obtain, for all n ≥ n0

2〈tn − x∗, A∗(wn − un)〉 = 2〈A(tn − x∗), wn − un〉

= 2〈un −Ax∗, wn − un〉

= 2
[
〈wn −Ax∗, wn − un〉 − ‖wn − un‖2

]
=
(
‖wn −Ax∗‖2 − ‖un −Ax∗‖2

)
− ‖wn − un‖2

≤ −‖wn − un‖2. (13)

Case 1. A∗(wn − un) = 0.
In this case, sn = tn. Also, it follows from (13) that ‖wn − un‖ = 0. Thus,
the inequalities in Lemma 6 hold.
Case 2. A∗(wn − un) 6= 0.
From (13) and {ρn} ⊂ [a, b] ⊂ (0, 1), we get for all n ≥ n0 that
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‖sn − x∗‖2 = ‖(tn − x∗) + δnA
∗(wn − un)‖2

= ‖tn − x∗‖2 + δ2n‖A∗(wn − un)‖2 + 2δn〈tn − x∗, A∗(wn − un〉

≤ ‖tn − x∗‖2 + δ2n‖A∗(wn − un)‖2 − δn‖wn − un‖2

= ‖tn − x∗‖2 + ρ2n‖wn − un‖4

‖A∗(wn − un)‖2
− ρn‖wn − un‖4

‖A∗(wn − un)‖2

= ‖tn − x∗‖2 − ρ2n‖wn − un‖4

‖A∗(wn − un)‖2
· 1− ρn

ρn

≤ ‖tn − x∗‖2 − ρ2n‖wn − un‖4

‖A∗(wn − un)‖2
· 1− b

b
. (14)

Then, from (14), we have

‖sn − tn‖2 = δ2n‖A∗(wn − un)‖2 =
ρ2n‖wn − un‖4

‖A∗(wn − un)‖2
(15)

≤ b

1− b
(
‖tn − x∗‖2 − ‖sn − x∗‖2

)
.

On the other hand,

0 < ‖A∗(wn−un)‖ ≤ ‖A∗‖‖wn−un‖ = ‖A‖‖wn−un‖ ≤ (‖A‖+1)‖wn−un‖.

Taking into account the last inequality together with (15), we find

‖sn − tn‖2 ≥ ρ2n‖wn − un‖4

(‖A‖+ 1)2‖wn − un‖2
=

ρ2n
(‖A‖+ 1)2

‖wn − un‖2

≥ a2

(‖A‖+ 1)2
‖wn − un‖2.

Lemma 7. Let {xn}, {yn}, {tn} and {sn} be the sequences generated by
Algorithm 1. Then the sequences {xn}, {yn}, {tn}, {sn}, and {F (sn)} are
bounded.

Proof. By the η-strong monotonicity and the L-Lipschitz continuity of F on
H1, we have

‖sn − x∗ − ε(F (sn)− F (x∗))‖2

= ‖sn − x∗‖2 − 2ε〈sn − x∗, F (sn)− F (x∗)〉+ ε2‖F (sn)− F (x∗)‖2

≤ ‖sn − x∗‖2 − 2εη‖sn − x∗‖2 + ε2L2‖sn − x∗‖2
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=
[
1− ε(2η − εL2)

]
‖sn − x∗‖2. (16)

From (16), we obtain, for all n ≥ n0,

‖sn − εnF (sn)− (x∗ − εnF (x∗))‖

= ‖(sn − x∗)− εn(F (sn)− F (x∗))‖

=
∥∥∥(1− εn

ε

)
(sn − x∗) + εn

ε

[
sn − x∗ − ε(F (sn)− F (x∗))

]∥∥∥
≤
(
1− εn

ε

)
‖sn − x∗‖+ εn

ε
‖sn − x∗ − ε(F (sn)− F (x∗))‖

≤
(
1− εn

ε

)
‖sn − x∗‖+ εn

ε

√
1− ε(2η − εL2)‖sn − x∗‖

=
[
1− εn

ε

(
1−

√
1− ε(2η − εL2)

)]
‖sn − x∗‖

=
(
1− εnτ

ε

)
‖sn − x∗‖, (17)

where
τ = 1−

√
1− ε(2η − εL2) ∈ (0, 1].

Alternatively, we have

0 ≤ αn‖xn − xn−1‖ ≤ ηn, for all n ≥ 0 (18)

and
lim
n→∞

αn

εn
‖xn − xn−1‖ = 0. (19)

Indeed, if xn = xn−1, then inequality (18) holds. Otherwise, we get

0 ≤ αn = min
{

ηn
‖xn − xn−1‖

, γn

}
≤ ηn
‖xn − xn−1‖

⇒ 0 ≤ αn‖xn − xn−1‖ ≤ ηn.

From (18), we have

0 ≤ αn

εn
‖xn − xn−1‖ ≤ ηn

εn
, for all n ≥ 0.

Since lim
n→∞

ηn
εn

= 0, it can be inferred from the above inequality that

lim
n→∞

αn

εn
‖xn − xn−1‖ = 0.

Using a similar argument, we arrive at
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0 ≤ βn‖xn−2 − xn−1‖ ≤ ηn, for all n ≥ 0 (20)

and
lim
n→∞

βn
εn
‖xn−2 − xn−1‖ = 0. (21)

From lim
n→∞

αn

εn
‖xn−xn−1‖ = 0 and lim

n→∞

βn
εn
‖xn−2−xn−1‖ = 0, we can infer

that there exist positive constants K1 and K2 such that αn

εn
‖xn−xn−1‖ ≤ K1

and βn
εn
‖xn−2 − xn−1‖ ≤ K2 for all n ≥ 0. So, we have

‖yn − x∗‖ = ‖(xn − x∗) + αn(x
n − xn−1) + βn(x

n−2 − xn−1)‖

≤ ‖xn − x∗‖+ εn ·
αn

εn
‖xn − xn−1‖+ εn ·

βn
εn
‖xn−2 − xn−1‖

≤ ‖xn − x∗‖+ εnK1 + εnK2

= ‖xn − x∗‖+ εnK3, for all n ≥ 0, (22)

where K3 = K1 +K2.

From Lemma 6, (12) and (22), we get

‖sn−x∗‖ ≤ ‖tn−x∗‖ ≤ ‖yn−x∗‖ ≤ ‖xn−x∗‖+εnK3, for all n ≥ n0. (23)

Employing (17) and (23), we derive, for all n ≥ n0,

‖xn+1 − x∗‖ = ‖sn − εnF (sn)− (x∗ − εnF (x∗))− εnF (x∗)‖

≤ ‖sn − εnF (sn)− (x∗ − εnF (x∗))‖+ εn‖F (x∗)‖

≤
(
1− εnτ

ε

)
‖sn − x∗‖+ εn‖F (x∗)‖ (24)

≤
(
1− εnτ

ε

)(
‖xn − x∗‖+ εnK3

)
+ εn‖F (x∗)‖

≤
(
1− εnτ

ε

)
‖xn − x∗‖+ εnK3 + εn‖F (x∗)‖

=
(
1− εnτ

ε

)
‖xn − x∗‖+ εnτ

ε
·
ε
(
K3 + ‖F (x∗)‖

)
τ

. (25)

From (25), we have, for every n ≥ n0,

‖xn+1 − x∗‖ ≤ max
{
‖xn − x∗‖,

ε
(
K3 + ‖F (x∗)‖

)
τ

}
.

So, by induction, we obtain
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‖xn − x∗‖ ≤ max
{
‖xn0 − x∗‖,

ε
(
K3 + ‖F (x∗)‖

)
τ

}
, for all n ≥ n0.

Therefore, the sequence {xn} is bounded, and so are the sequences {yn}, {tn},
{sn}, and {F (sn)} due to {εn} ⊂ (0, 1), (23), and the Lipschitz continuity of
F .

Lemma 8. Let {xn} be the sequence generated by Algorithm 1. Then, there
exists a constant K > 0 such that for all n ≥ n0, we have

‖xn+1 − x∗‖2 ≤
(
1− εnτ

ε

)
‖xn − x∗‖2 + 2εn〈F (x∗), x∗ − xn+1〉

+Kαn‖xn − xn−1‖+Kβn‖xn−2 − xn−1‖.

Proof. From (23), we have

‖yn − x∗‖2 ≤
(
‖xn − x∗‖+ εnK3

)2
= ‖xn − x∗‖2 + εn

(
2K3‖xn − x∗‖+ εnK

2
3

)
≤ ‖xn − x∗‖2 + εnK4, (26)

where K4 = supn≥0

{
2K3‖xn − x∗‖+ εnK

2
3

}
.

From αn

εn
‖xn − xn−1‖ ≤ K1,

βn
εn
‖xn−2 − xn−1‖ ≤ K2 for all n ≥ 0 and

{εn} ⊂ (0, 1), we deduce that αn‖xn − xn−1‖ ≤ K1, βn‖xn−2 − xn−1‖ ≤ K2

for all n ≥ 0. This, in conjunction with the boundedness of the sequence
{xn}, implies the existence of a constant K > 0 such that

2‖xn − x∗‖+ αn‖xn − xn−1‖+ βn‖xn−2 − xn−1‖ ≤ K, for all n ≥ 0. (27)

From (27), we get

‖yn − x∗‖2 =‖(xn − x∗) + αn(x
n − xn−1) + βn(x

n−2 − xn−1)‖2

=‖xn − x∗‖2 + 2αn〈xn − x∗, xn − xn−1〉

+ 2βn〈xn − x∗, xn−2 − xn−1〉

+ ‖αn(x
n − xn−1) + βn(x

n−2 − xn−1)‖2

≤‖xn − x∗‖2 + 2αn‖xn − x∗‖.‖xn − xn−1‖

+ 2βn‖xn − x∗‖.‖xn−2 − xn−1‖

+ α2
n‖xn − xn−1‖2 + 2αnβn‖xn − xn−1‖.‖xn−2 − xn−1‖
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+ β2
n‖xn−2 − xn−1‖2

=‖xn − x∗‖2 + αn‖xn − xn−1‖
(
2‖xn − x∗‖

+ αn‖xn − xn−1‖+ βn‖xn−2 − xn−1‖
)

+ βn‖xn−2 − xn−1‖
(
2‖xn − x∗‖+ αn‖xn − xn−1‖

+ βn‖xn−2 − xn−1‖
)

≤‖xn − x∗‖2 +Kαn‖xn − xn−1‖+Kβn‖xn−2 − xn−1‖. (28)

From (17), (23), and (28), we obtain, for all n ≥ n0,

‖xn+1 − x∗‖2 ≤ ‖xn+1 − x∗‖2 + ε2n‖F (x∗)‖2

= ‖xn+1 − x∗ + εnF (x
∗)‖2 − 2〈εnF (x∗), xn+1 − x∗〉

= ‖sn − εnF (sn)− (x∗ − εnF (x∗))‖2 − 2εn〈F (x∗), xn+1 − x∗〉

≤
[(

1− εnτ

ε

)
‖sn − x∗‖

]2
− 2εn〈F (x∗), xn+1 − x∗〉

≤
(
1− εnτ

ε

)
‖sn − x∗‖2 − 2εn〈F (x∗), xn+1 − x∗〉 (29)

≤
(
1− εnτ

ε

)
‖yn − x∗‖2 + 2εn〈F (x∗), x∗ − xn+1〉

≤
(
1− εnτ

ε

)(
‖xn − x∗‖2 +Kαn‖xn − xn−1‖

+Kβn‖xn−2 − xn−1‖
)
+ 2εn〈F (x∗), x∗ − xn+1〉

≤
(
1− εnτ

ε

)
‖xn − x∗‖2 + 2εn〈F (x∗), x∗ − xn+1〉

+Kαn‖xn − xn−1‖+Kβn‖xn−2 − xn−1‖.

The theorem presented here establishes the validity and convergence of
Algorithm 1.

Theorem 1. Assume that Assumption 1 is satisfied. Then the sequence
{xn} generated by Algorithm 1 converges strongly to the unique solution of
the BSVIP (4), provided the solution set ΩSVIP = {x∗ ∈ Sol(C,F1) : Ax

∗ ∈
Sol(Q,F2)} of the SVIP (1)–(2) is nonempty.

Proof. We prove that the sequence {xn} converges strongly to the unique
solution x∗ of the problem (4). Let us consider two cases.
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Case 1. There exists n1 ∈ N such that {‖xn − x∗‖} is decreasing for all
n ≥ n1. Consequently, the limit of ‖xn − x∗‖ exists. Therefore, it follows
from (23), (26), and (29), for all n ≥ n0, that

−εnK4 ≤ ‖yn − x∗‖2 − ‖sn − x∗‖2 − εnK4

≤ ‖xn − x∗‖2 − ‖sn − x∗‖2

≤
(
‖xn − x∗‖2 − ‖xn+1 − x∗‖2

)
− εnτ

ε
‖sn − x∗‖2

− 2εn〈F (x∗), xn+1 − x∗〉.

Given the limit of ‖xn − x∗‖ exists, along with lim
n→∞

εn = 0, and both {xn}
and {sn} being bounded sequences, the above inequalities imply that

lim
n→∞

(
‖yn − x∗‖2 − ‖sn − x∗‖2 − εnK4

)
= 0

⇒ lim
n→∞

(
‖yn − x∗‖2 − ‖sn − x∗‖2

)
= 0, (30)

lim
n→∞

(
‖xn − x∗‖2 − ‖sn − x∗‖2

)
= 0. (31)

From (23), we get

0 ≤ ‖yn − x∗‖2 − ‖tn − x∗‖2 ≤ ‖yn − x∗‖2 − ‖sn − x∗‖2, for all n ≥ 0,

from which, by (30), it follows that

lim
n→∞

(
‖yn − x∗‖2 − ‖tn − x∗‖2

)
= 0. (32)

From Lemma 5 and (10), we have

1− λ2

2
‖yn − zn‖2 ≤ ‖yn − x∗‖2 − ‖tn − x∗‖2, for all n ≥ n0,

which together with (32) implies

lim
n→∞

‖yn − zn‖ = 0. (33)

From (30) and (32), it follows that

lim
n→∞

(
‖tn − x∗‖2 − ‖sn − x∗‖2

)
= 0.

Hence, by combining Lemma 6, we obtain
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lim
n→∞

‖wn − un‖ = 0, (34)

lim
n→∞

‖sn − tn‖ = 0. (35)

Using the triangle inequality and the L1-Lipschitz continuity of F1 on H1,
we get

‖yn − sn‖ ≤ ‖yn − zn‖+ ‖zn − tn‖+ ‖tn − sn‖

= ‖yn − zn‖+ ‖λn(F1(z
n)− F1(y

n))‖+ ‖tn − sn‖

≤ ‖yn − zn‖+ λnL1‖zn − yn‖+ ‖tn − sn‖

≤ (1 + λ0L1)‖yn − zn‖+ ‖tn − sn‖,

which together with (33), (35) implies

lim
n→∞

‖yn − sn‖ = 0. (36)

Now, observe that

‖wn −Ax∗‖2 = ‖un −Ax∗ + (wn − un)‖2

= ‖un −Ax∗‖2 + 2〈un −Ax∗, wn − un〉+ ‖wn − un‖2

= ‖un −Ax∗‖2 + 2〈A(tn − x∗), wn − un〉+ ‖wn − un‖2

≥ ‖un −Ax∗‖2 − 2‖A(tn − x∗)‖‖wn − un‖+ ‖wn − un‖2

≥ ‖un −Ax∗‖2 − 2‖A‖‖tn − x∗‖‖wn − un‖. (37)

Combining Lemma 5, (9) and (37) yields

1− µ2

2
‖un − vn‖2 ≤ 2‖A‖‖tn − x∗‖‖wn − un‖, for all n ≥ n0. (38)

From (34), (38), and the boundedness of the sequence {tn}, we obtain

lim
n→∞

‖un − vn‖ = 0. (39)

We now prove that
lim sup
n→∞

〈F (x∗), x∗ − sn〉 ≤ 0. (40)

Select a subsequence {snk} of {sn} such that lim sup
n→∞

〈F (x∗), x∗ − sn〉 =

lim
k→∞

〈F (x∗), x∗ − snk〉. Given that {snk} is bounded, we may assume that
{snk} converges weakly to some s ∈ H1.

Iran. J. Numer. Anal. Optim., Vol. 15, No. 3, 2025, pp 877–913



895 Two-step inertial Tseng’s extragradient methods for a class ...

Therefore

lim sup
n→∞

〈F (x∗), x∗ − sn〉 = lim
k→∞

〈F (x∗), x∗ − snk〉 = 〈F (x∗), x∗ − s〉. (41)

We deduce from snk ⇀ s and (35), (36) that tnk ⇀ s and ynk ⇀ s. From
(33), we have lim

k→∞
‖ynk − znk‖ = 0. Since znk = PC(y

nk − λnk
F1(y

nk)),

ynk ⇀ s, λnk
≥ min

( λ
L1
, λ0

)
> 0. By Lemma 2, we get s ∈ Sol(C,F1).

From tnk ⇀ s, we get unk = A(tnk) ⇀ A(s). This, together with (39),
where vnk = PQ(u

nk−µnk
F2(u

nk)) and µnk
≥ min

( µ
L2
, µ0

)
> 0, along with

Lemma 2, implies that A(s) ∈ Sol(Q,F2).
With s ∈ Sol(C,F1) and A(s) ∈ Sol(Q,F2), we conclude that s ∈ ΩSVIP.

Consequently, it follows from x∗ ∈ Sol(ΩSVIP, F ) that 〈F (x∗), s − x∗〉 ≥ 0,
which together with (41) implies (40).

From the boundedness of {F (sn)}, lim
n→∞

εn = 0 and (40), we have

lim sup
n→∞

〈F (x∗), x∗ − xn+1〉 = lim sup
n→∞

〈F (x∗), x∗ − sn + εnF (s
n)〉

= lim sup
n→∞

[
〈F (x∗), x∗ − sn〉+ εn〈F (x∗), F (sn)〉

]
= lim sup

n→∞
〈F (x∗), x∗ − sn〉 ≤ 0. (42)

From Lemma 8, we get

‖xn+1 − x∗‖2 ≤ (1− an)‖xn − x∗‖2 + anbn, for all n ≥ n0, (43)

where an =
εnτ

ε
and

bn =
2ε〈F (x∗), x∗ − xn+1〉

τ
+
Kε

τ
· αn

εn
‖xn− xn−1‖+ Kε

τ
· βn
εn
‖xn−2− xn−1‖.

Given (19), (21), and (42), it follows that lim sup
n→∞

bn ≤ 0. From 0 < εn < ε

for all n ≥ n0 and 0 < τ ≤ 1, we get
{
an =

εnτ

ε

}
n≥n0

⊂ (0, 1). So, from

(43),
∞∑

n=0

εn =∞, lim sup
n→∞

bn ≤ 0 and Lemma 4, we have lim
n→∞

‖xn−x∗‖2 = 0,

that is, xn → x∗ as n→∞.
Case 2. Suppose that for any integer m, there exists an integer n such

that n ≥ m and ‖xn − x∗‖ ≤ ‖xn+1 − x∗‖. In this situation, it follows from
Lemma 3 that there exists a nondecreasing sequence {τ(n)}n≥n2 of N such
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that lim
n→∞

τ(n) =∞ and the following inequalities are true:

‖xτ(n)− x∗‖ ≤ ‖xτ(n)+1− x∗‖, ‖xn− x∗‖ ≤ ‖xτ(n)+1− x∗‖, for all n ≥ n2.
(44)

Choose n3 ≥ n2 such that τ(n) ≥ n0 for all n ≥ n3. From (23), (44) and
(24), we get, for all n ≥ n3,

−ετ(n)K3 ≤ ‖yτ(n) − x∗‖ − ‖sτ(n) − x∗‖ − ετ(n)K3

≤ ‖xτ(n) − x∗‖ − ‖sτ(n) − x∗‖

≤ ‖xτ(n)+1 − x∗‖ − ‖sτ(n) − x∗‖

≤ −
ετ(n)τ

ε
‖sτ(n) − x∗‖+ ετ(n)‖F (x∗)‖.

Thus, from the boundedness of {sn} and lim
n→∞

εn = 0, we have

lim
n→∞

(
‖yτ(n) − x∗‖ − ‖sτ(n) − x∗‖ − ετ(n)K3

)
= 0

⇒ lim
n→∞

(
‖yτ(n) − x∗‖ − ‖sτ(n) − x∗‖

)
= 0, (45)

lim
n→∞

(‖xτ(n) − x∗‖ − ‖sτ(n) − x∗‖) = 0. (46)

From (45), (46), and the boundedness of {xn}, {yn}, {sn}, we obtain

lim
n→∞

(‖yτ(n)−x∗‖2−‖sτ(n)−x∗‖2) = 0, lim
n→∞

(‖xτ(n)−x∗‖2−‖sτ(n)−x∗‖2) = 0.

Applying a similar line of reasoning as in the first case, we can arrive at the
conclusion that

lim sup
n→∞

〈F (x∗), x∗ − sτ(n)〉 ≤ 0.

Therefore, the boundedness of {F (sn)} and lim
n→∞

εn = 0 yield

lim sup
n→∞

〈F (x∗), x∗ − xτ(n)+1〉 = lim sup
n→∞

〈
F (x∗), x∗ − sτ(n) + ετ(n)F (s

τ(n))
〉

= lim sup
n→∞

[
〈F (x∗), x∗ − sτ(n)〉

+ ετ(n)〈F (x∗), F (sτ(n))〉
]

= lim sup
n→∞

〈F (x∗), x∗ − sτ(n)〉 ≤ 0. (47)

From Lemma 8 and (44), we have, for all n ≥ n3,
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‖xτ(n)+1 − x∗‖2 ≤
(
1−

ετ(n)τ

ε

)
‖xτ(n) − x∗‖2 + 2ετ(n)〈F (x∗), x∗ − xτ(n)+1〉

+Kατ(n)‖xτ(n) − xτ(n)−1‖+Kβτ(n)‖xτ(n)−2 − xτ(n)−1‖

≤
(
1−

ετ(n)τ

ε

)
‖xτ(n)+1 − x∗‖2 + 2ετ(n)〈F (x∗), x∗ − xτ(n)+1〉

+Kατ(n)‖xτ(n) − xτ(n)−1‖+Kβτ(n)‖xτ(n)−2 − xτ(n)−1‖.

In particular, since ετ(n) > 0, we have, for all n ≥ n3

‖xτ(n)+1 − x∗‖2 ≤ 2ε

τ
〈F (x∗), x∗ − xτ(n)+1〉+ Kε

τ
·
ατ(n)

ετ(n)
‖xτ(n) − xτ(n)−1‖

+
Kε

τ
·
βτ(n)

ετ(n)
‖xτ(n)−2 − xτ(n)−1‖.

From (44) and the inequality given above, we derive, for all n ≥ n3,

‖xn − x∗‖2 ≤ 2ε

τ
〈F (x∗), x∗ − xτ(n)+1〉+ Kε

τ
·
ατ(n)

ετ(n)
‖xτ(n) − xτ(n)−1‖

+
Kε

τ
·
βτ(n)

ετ(n)
‖xτ(n)−2 − xτ(n)−1‖. (48)

By taking the limit in (48) as n → ∞ and utilizing (47), (19), and (21), we
deduce that

lim sup
n→∞

‖xn − x∗‖2 ≤ 0,

which implies xn → x∗.

From Algorithm 1, if we choose γn = 0 and ξn = 0 for all n ≥ 0, it is
evident that αn = 0 and βn = 0 for all n ≥ 0. In this case, Algorithm 1
reduces to the following algorithm. This algorithm, which we will refer to
as Algorithm 2, closely resembles [25, Algorithm 3.1], as described in (8).
The key difference between the two algorithms lies in the order in which the
modified Tseng’s extragradient method is applied in the two spaces H1 and
H2.

Assumption 2. Let the following hold

i) F : H −→ H is strongly monotone and Lipschitz continuous on H.

ii) G : H −→ H is pseudomonotone on C, Lipschitz continuous on H.
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Algorithm 2
Step 0. Choose µ0 > 0, λ0 > 0, µ ∈ (0, 1), λ ∈ (0, 1), {ρn} ⊂ [a, b] ⊂ (0, 1),

{εn} ⊂ (0, 1) such that lim
n→∞

εn = 0,
∞∑

n=0

εn = ∞.

Step 1. Let x0 ∈ H1. Set n := 0.
Step 2. Compute

yn = PC(xn − λnF1(x
n)),

zn = yn − λn(F1(y
n)− F1(x

n)),

where

λn+1 =


min

{
λ∥xn − yn∥

∥F1(xn)− F1(yn)∥
, λn

}
if F1(xn) ̸= F1(yn),

λn if F1(xn) = F1(yn).

Step 3. Compute un = A(zn) and

vn = PQ(un − µnF2(u
n)),

wn = vn − µn(F2(v
n)− F2(u

n)),

where

µn+1 =


min

{
µ∥un − vn∥

∥F2(un)− F2(vn)∥
, µn

}
if F2(un) ̸= F2(vn),

µn if F2(un) = F2(vn).

Step 4. Compute
tn = zn + δnA

∗(wn − un),

where the stepsize δn is chosen in such a way that

δn =


ρn∥wn − un∥2

∥A∗(wn − un)∥2
if A∗(wn − un) ̸= 0,

0 if A∗(wn − un) = 0.

Step 5. Compute
xn+1 = tn − εnF (tn).

Step 6. Set n := n+ 1, and go to Step 2.

iii) lim sup
n→∞

〈G(xn), y − yn〉 ≤ 〈G(x), y − y〉 holds for any sequences {xn}
and {yn} in H that converge weakly to x and y, respectively.

When F2 = 0 and Q = H2, the SVIP defined by (1) and (2) reduces to
the VIP given by (1). Consequently, according to Algorithm 1 and Theorem
1 (where H1 = H and F1 = G), we obtain the following result for solving
the BVIP specified by (5). It is important to note that the proposed algo-
rithm only requires a single projection onto the feasible set at each iteration
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and does not necessitate any knowledge of the Lipschitz constants for the
mappings F and G, nor the modulus of strong monotonicity of F .

Algorithm 3
Step 0. Choose λ0 > 0, λ ∈ (0, 1), {γn} ⊂ [0,∞), {ξn} ⊂ [0,∞), {ηn} ⊂ (0,∞),

{εn} ⊂ (0, 1) such that lim
n→∞

ηn

εn
= 0, lim

n→∞
εn = 0,

∞∑
n=0

εn = ∞.

Step 1. Let x−2, x−1, x0 ∈ H. Set n := 0.
Step 2. Compute yn = xn + αn(xn − xn−1) + βn(xn−2 − xn−1), where

αn =


min

{
ηn

∥xn − xn−1∥
, γn

}
if xn ̸= xn−1,

γn if xn = xn−1,

and

βn =


min

{
ηn

∥xn−2 − xn−1∥
, ξn

}
if xn−2 ̸= xn−1,

ξn if xn−2 = xn−1.

Step 3. Compute
zn = PC(yn − λnG(yn)),

tn = zn − λn(G(zn)−G(yn)),

where

λn+1 =


min

{
λ∥yn − zn∥

∥G(yn)−G(zn)∥
, λn

}
if G(yn) ̸= G(zn),

λn if G(yn) = G(zn).

Step 6. Compute
xn+1 = tn − εnF (tn).

Step 7. Set n := n+ 1, and go to Step 2.

Corollary 1. Suppose that Assumption 2 holds. Then the sequence {xn}
generated by Algorithm 3 converges strongly to the unique solution of the
BVIP (5), provided the solution set Sol(C,G) of the VIP (6) is nonempty.

Assumption 3. Consider the functions f and g which satisfy the following
conditions:

i) f : Rn −→ R is continuously differentiable and strongly convex, and its
gradient is Lipschitz continuous.

ii) g : Rn −→ R is convex and continuously differentiable such that its
gradient is Lipschitz continuous.
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Assuming that all conditions stated in Assumption 3 are satisfied, we
find that the gradient mapping ∇f : Rn −→ Rn is strongly monotone and
Lipschitz continuous on Rn. Similarly, ∇g : Rn −→ Rn is monotone and
Lipschitz continuous on Rn. By taking F = ∇f , G = ∇g, and C = Rn in
Algorithm 3 and Corollary 1, we derive the following algorithm and corollary
for the bilevel optimization problem:

Find x∗ ∈ Ω such that f(x) ≥ f(x∗), for all x ∈ Ω, (49)

in which Ω represents the nonempty set of minimizers associated with the
classical convex optimization problem min

x∈Rn
g(x).

Algorithm 4
Step 0. Choose λ0 > 0, λ ∈ (0, 1), {γn} ⊂ [0,∞), {ξn} ⊂ [0,∞), {ηn} ⊂ (0,∞),

{εn} ⊂ (0, 1) such that lim
n→∞

ηn

εn
= 0, lim

n→∞
εn = 0,

∞∑
n=0

εn = ∞.

Step 1. Let x−2, x−1, x0 ∈ H1. Set n := 0.
Step 2. Compute yn = xn + αn(xn − xn−1) + βn(xn−2 − xn−1), where

αn =


min

{
ηn

∥xn − xn−1∥
, γn

}
if xn ̸= xn−1,

γn if xn = xn−1,

and

βn =


min

{
ηn

∥xn−2 − xn−1∥
, ξn

}
if xn−2 ̸= xn−1,

ξn if xn−2 = xn−1.

Step 3. Compute
zn = yn − λn∇g(yn),

tn = zn − λn(∇g(zn)−∇g(yn)),

where

λn+1 =


min

{
λ∥yn − zn∥

∥∇g(yn)−∇g(zn)∥
, λn

}
if ∇g(yn) ̸= ∇g(zn),

λn if ∇g(yn) = ∇g(zn).

Step 6. Compute
xn+1 = tn − εn∇f(tn).

Step 7. Set n := n+ 1, and go to Step 2.

Corollary 2. Assuming that Assumption 3 is satisfied. Then the sequence
{xn} produced by Algorithm 4 converges strongly to the unique optimal
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solution of (49), given that the set Ω of all optimal solutions for the problem
min
x∈Rn

g(x) is nonempty.

From Algorithm 1 and Theorem 1, by setting F1 = F2 = 0, we derive the
following algorithm and corollary:

Algorithm 5
Step 0. Choose {ρn} ⊂ [a, b] ⊂ (0, 1), {γn} ⊂ [0,∞), {ξn} ⊂ [0,∞), {ηn} ⊂ (0,∞),

{εn} ⊂ (0, 1) such that lim
n→∞

ηn

εn
= 0, lim

n→∞
εn = 0,

∞∑
n=0

εn = ∞.

Step 1. Let x−2, x−1, x0 ∈ H1. Set n := 0.
Step 2. Compute yn = xn + αn(xn − xn−1) + βn(xn−2 − xn−1), where

αn =


min

{
ηn

∥xn − xn−1∥
, γn

}
if xn ̸= xn−1,

γn if xn = xn−1,

and

βn =


min

{
ηn

∥xn−2 − xn−1∥
, ξn

}
if xn−2 ̸= xn−1,

ξn if xn−2 = xn−1.

Step 3. Compute  zn = PC(yn), un = A(zn), vn = PQ(un),

tn = zn + δnA∗(vn − un),

where the stepsize δn is chosen in such a way that

δn =


ρn∥vn − un∥2

∥A∗(vn − un)∥2
if A∗(vn − un) ̸= 0,

0 if A∗(vn − un) = 0.

Step 4. Compute
xn+1 = tn − εnF (tn).

Step 5. Set n := n+ 1, and go to Step 2.

Corollary 3. Let C and Q be two nonempty closed convex subset of two
real Hilbert spaces H1 and H2, respectively. Let F : H1 −→ H1 be a strongly
monotone and Lipschitz continuous mapping. Then the sequence {xn} gen-
erated by Algorithm 5 converges strongly to x∗ ∈ Γ, which is the unique
solution of the VIP 〈F (x∗), x− x∗〉 ≥ 0, for all x ∈ Γ, provided the solution
set Γ = {x∗ ∈ C : Ax∗ ∈ Q} of the SFP is nonempty.
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We now apply Corollary 3 with F (x) = x for all x ∈ H1. It is clear that
the identity mapping F : H1 −→ H1 is 1-Lipschitz continuous and 1-strongly
monotone on H1. This leads us to the following result:

Corollary 4. Let C and Q be two nonempty closed convex subsets of two
real Hilbert spaces H1 and H2, respectively. The sequence {xn} generated by
Algorithm 5, in which step 4 specifies xn+1 = (1− εn)tn, converges strongly
to the minimum-norm solution of the SFP, assuming that the solution set
Γ = {x∗ ∈ C : Ax∗ ∈ Q} is nonempty.

Next, we will analyze how Corollary 4 can be utilized in discrete optimal
control problems.

Let Ai and Bi be real matrices of size q × q and q × p, respectively,
for i = 0, 1, . . . , N − 1. We are examining a linear discrete optimal control
problem

xi+1 = Ai+1xi +Bi+1ui,

ui ∈ Ci, i = 0, 1, . . . , N − 1,

x0 = 0, xN ∈ Q,

J(x, u) := ‖u0‖2 + ‖u1‖2 + · · ·+ ‖uN−1‖2 −→ min
ui

,

(50)
where Ci ⊂ Rp for i = 0, 1, . . . , N − 1, and Q ⊂ Rq are nonempty closed
convex subsets that define the control and state constraints, respectively.

Establish a matrix of dimension q ×Np

A = [D0 D1 . . . DN−1],

where Di := ANAN−1 . . . Ai+2Bi+1, i = 0, 1, . . . , N − 2, and DN−1 = BN .
Let u := (u0, u1, . . . , uN−1), ‖u‖2 := ‖u0‖2 + ‖u1‖2 + · · · + ‖uN−1‖2 and

C := C0×C1×· · ·×CN−1. Then, (50) transforms into finding the minimum-
norm solution of the following SFP:

Find u ∈ C such that Au ∈ Q.

Thus, we can utilize Algorithm 5, where step 4 is given by xn+1 = (1−εn)tn,
to solve the problem.
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4 Applications in production and consumption systems

A variation of the SVIP, defined by (1) and (2) and referred to as the SMNP,
arises when each Fi is the identity mapping on Hi for all i = 1, 2. In the
SMNP framework, the goal is to determine a solution x∗ ∈ C that minimizes
its norm while ensuring that its image y∗ = Ax∗ belongs to Q and also has
the smallest possible norm. Mathematically, this is expressed as follows:

Find x∗ ∈ C : ‖x∗‖ ≤ ‖x‖ for all x ∈ C

subject to the condition:

y∗ = Ax∗ ∈ Q : ‖y∗‖ ≤ ‖y‖ for all y ∈ Q.

In many practical applications, particularly in supply chain management and
production planning, there is a need to achieve efficiency in both production
and distribution. In this context, we consider a system where production and
consumption are intrinsically linked via a linear transformation. Let x ∈ RN

represent the production vector, quantifying the goods produced, and let
y ∈ RM denote the consumption vector, representing the goods delivered to
the market. The connection between production and consumption is modeled
by the matrix A ∈ RM×N , such that y = Ax. The production process is
constrained by various operational factors, including capacity and resource
limitations. These are encapsulated in the feasible set C ⊂ RN . For instance,
one may define

C = {x ∈ RN
+ : Bx ≤ b},

where the matrix B and the vector b represent production constraints such as
available resources or maximum production capacities. On the other hand,
the consumption or distribution process must satisfy market demand or qual-
ity requirements, which are modeled by the feasible set Q ⊂ RM . One com-
mon formulation is

Q = {y ∈ RM
+ : y ≥ d},

with d being the vector of minimum demand requirements ensuring that the
market receives at least the prescribed quantities.
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In the production set C, selecting x∗ with the smallest norm is crucial
because it ensures that among all feasible production plans, x∗ consumes the
least resources or incurs the lowest production cost. This minimality directly
translates into enhanced efficiency in production. Similarly, in the consump-
tion set Q, requiring that y∗ = Ax∗ has the smallest norm means that the
corresponding distribution of goods is accomplished with minimal overhead
or waste. This condition is essential for achieving an efficient distribution
process. Thus, the overall objective is to select a production plan x∗ ∈ C

that minimizes the production norm:

‖x∗‖ ≤ ‖x‖ for all x ∈ C,

thereby reducing production costs, resource usage, or energy consumption.
Simultaneously, the corresponding consumption vector y∗ = Ax∗ must belong
to Q and minimize the consumption norm:

‖y∗‖ ≤ ‖y‖ for all y ∈ Q.

The SMNP model provides an integrated framework for addressing the chal-
lenges of simultaneously optimizing production and distribution. By merging
the operational constraints of production with the market’s consumption re-
quirements and enforcing minimal norm conditions, the SMNP formulation
successfully reduces costs while enhancing overall supply chain efficiency.

5 Numerical illustration

In this section, we present numerical experiments to assess the performance
of the proposed algorithms and provide results from various comparisons.
All Python code was executed on a 2017 MacBook Pro featuring a 2.3 GHz
Intel Core i5 processor, an Intel Iris Plus Graphics 640 GPU with 1536 MB
of memory, and 8 GB of 2133 MHz LPDDR3 RAM. The experiments were
conducted using Python version 3.11.

Example 1. (see [25, Example 4.1]). Let RK be equipped with the standard
norm ‖x‖ =

√
x21 + x22 + · · ·+ x2K for all x = (x1, x2, . . . , xK)T ∈ RK . Let
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A(x) = (x1 + x3 + x4, x2 + x3 − x4)T for all x = (x1, x2, x3, x4)
T ∈ R4. This

shows that A is a bounded linear operator from R4 into R2.
Now, define the set

C = {(x1, x2, x3, x4)T ∈ R4 : x1 − 3x2 − 2x3 + x4 ≥ −2},

and let the mapping F1 : R4 −→ R4 be defined by F1(x) = (sin ‖x‖ + 4)b0

for all x ∈ R4, where b0 = (1,−3,−2, 1)T ∈ R4. It is easy to verify that F1 is
pseudomonotone and Lipschitz continuous on R4.

Now, let Q = {(u1, u2)T ∈ R2 : u1 − 2u2 ≥ −1}, and define another
mapping F2 : R2 −→ R2 by F2(u) = (sin ‖u‖+2)c0 for all u ∈ R2, where c0 =

(1,−2)T ∈ R2. Similarly, F2 is pseudomonotone and Lipschitz continuous on
R2.

Consider the mapping F : R4 −→ R4 defined by F (x) = 2x + a0 for all
x ∈ R4, where a0 = (−2, 0, 4,−6)T ∈ R4. It is straightforward to verify
that F is strongly monotone and Lipschitz continuous on R4. In [25], the
authors demonstrated that the unique solution to the BSVIP (4) is given by
x∗ =

( 4

27
,
44

27
,−11

9
,
8

27

)T
.

Table 1: A comparison between Algorithm 1 and [25,
Algorithm 3.1] with different tolerances ε and the stop-
ping criterion ∥xn − x∗∥ ≤ ε

ε = 10−3

Iter(n) CPU time(s)

Algorithm 1 9945 1.7804
[25, Algorithm 3.1] 14611 2.4233

ε = 10−4

Iter(n) CPU time(s)

Algorithm 1 99490 19.1084
[25, Algorithm 3.1] 146159 24.8806

We will now assess the performance of Algorithm 1 in comparison to [25,
Algorithm 3.1], as outlined in [25]. Both algorithms use the termination
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criterion ‖xn − x∗‖ ≤ ε and start with the same initial point, x0, where
its components are randomly generated within the closed interval [−10, 10].
Additionally, for Algorithm 1, the components of the initial points x−2 and
x−1 are also randomly selected from the same interval. The parameters for
each algorithm are specified as follows:

• Algorithm 1: λ0 = 3, µ0 = 2, λ = 0.3, µ = 0.4, γn = 0.1, ξn = 0.2,
ρn = 0.99, ηn =

1

(n+ 2)1.01
and εn =

1

n+ 2
.

• [25, Algorithm 3.1]: λ0 = 3, µ0 = 2, λ = 0.3, µ = 0.4 and εn =
1

n+ 2
.

The results presented in Table 1 indicate that Algorithm 1 outperforms
[25, Algorithm 3.1] in terms of both runtime and iteration count.

Example 2. Let a0 = (1,−6,−3, 2,−3, 6,−1,−2)T ∈ R8, and consider the
set C defined as C = {x = (x1, x2, . . . , x8)

T ∈ R8 : 〈a0, x〉 ≥ −2}. Now,
let us define a mapping G : R8 −→ R8 by G(x) = (sin ‖x‖ + 4)a0 for all
x ∈ R8. It can be easily verified that G is pseudomonotone on R8 and
Lipschitz continuous on R8 . Furthermore, it is evident that the solution set
Sol(C,G) of the VIP V IP (C,G) is given by

Sol(C,G) = {x = (x1, x2, . . . , x8)
T ∈ R8 : 〈a0, x〉 = −2}.

Let us consider the mapping F : R8 −→ R8 defined as F (x) = x for all
x ∈ R8. This mapping F is strongly monotone with η = 1 and Lipschitz
continuous with L = 1 on R8. In this context, problem (5) transforms
into finding the minimum-norm solution of the V IP (C,G). The result-
ing minimum-norm solution x∗ for the V IP (C,G) is x∗ = PSol(C,G)(0) =

(−0.02, 0.12, 0.06,−0.04, 0.06,−0.12, 0.02, 0.04)T .

We are set to compare the performance of Algorithm 3 with [25, Algo-
rithm 3.6], as presented in [25], for solving the BVIP problem (5). Both algo-
rithms start with the same initial point, x0, whose components are randomly
generated within the closed interval [−10, 10], and both use the termination
criterion ‖xn − x∗‖ ≤ ε. Additionally, for Algorithm 3, the components of
the initial points x−2 and x−1 are also randomly chosen from the same closed
interval [−10, 10]. The parameter settings for these methods are as follows:
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Table 2: A comparison between Algorithm 3 and [25,
Algorithm 3.6] with different tolerances ε and the stop-
ping criterion ∥xn − x∗∥ ≤ ε

ε = 10−3

Iter(n) CPU time(s)

Algorithm 3 1343 0.1411
[25, Algorithm 3.6] 13359 1.1035

ε = 10−4

Iter(n) CPU time(s)

Algorithm 3 12969 1.1198
[25, Algorithm 3.6] 133599 10.9758

• Algorithm 3: λ0 = 3, λ = 0.6, γn = 104, ξn = 10−2, ηn =
1

(n+ 2)1.01

and εn =
1

n+ 2
.

• [25, Algorithm 3.6]: λ0 = 3, λ = 0.6 and εn =
1

n+ 2
.

The results shown in Table 2 suggest that Algorithm 3 demonstrates
superior performance when compared to [25, Algorithm 3.6].

Example 3. Let H1 = RK and let H2 = RL, where K = 200 and L = 150.
We consider the SFP with the sets C = {x ∈ RK : 〈c, x〉 ≥ 0}, Q = {y ∈
RL : 〈q, y〉 ≥ 0} and the bounded linear operator A : RK −→ RL defined by
A(x) = Mx for all x ∈ RK , where M is an L×K real matrix. We generate
the elements of M randomly within the closed interval [−10, 10], and the
coordinates of c and q within the closed interval [2, 10]. It is straightforward
to observe that 0 ∈ C and A(0) = 0 ∈ Q. Therefore, 0 ∈ Γ = {x∗ ∈ C :

Ax∗ ∈ Q}. Thus, the minimum-norm solution x∗ of the SFP is x∗ = 0.
We aim to compare the performance of Algorithm 5, where F is the

identity mapping, with the algorithm described in [18, Corollary 3.2] for
solving the minimum-norm solution of the SFP. Both algorithms begin with
the same initial point, x0, whose components are randomly generated within
the closed interval [−10, 10]. They also both use the same stopping criterion,
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‖xn−x∗‖ ≤ ε and the same εn =
1

n+ 2
(in [18, Corollary 3.2], this is denoted

as αn). Additionally, in Algorithm 5, the components of the initial points x−2

and x−1 are also randomly selected from the same closed interval [−10, 10].
The parameter values in Algorithm 5 are chosen as γn = 106, ξn = 10−4,
ρn = 0.99, and ηn =

1

(n+ 2)1.01
.

Table 3: A comparison between Algorithm 5, where F is the identity
mapping, and the algorithm described in [18, Corollary 3.2], with
different tolerances ε and the stopping criterion ∥xn − x∗∥ ≤ ε

ε = 10−3

Iter(n) CPU time(s)

Algorithm 5 189 0.0148
Algorithm in [18, Corollary 3.2] 79652 4.9645

ε = 10−4

Iter(n) CPU time(s)

Algorithm 5 2498 0.1653
Algorithm in [18, Corollary 3.2] 776266 45.2463

Table 3 illustrates that our Algorithm 5 significantly outperforms the
algorithm in [18, Corollary 3.2] in terms of both iteration count and CPU
time.

6 Conclusions

This paper presented an iterative algorithm for addressing BSVIPs. We
established that the iterative sequence strongly converges to the unique so-
lution of the BSVIP without needing to compute or estimate the norm of a
bounded linear operator. Moreover, the algorithm can be implemented with-
out requiring any calculations or estimations of the Lipschitz and strongly
monotone constants of the mappings involved. We also applied this algorithm
to specific cases, including the bilevel VIPs, the bilevel optimization prob-
lems, and strongly monotone VIPs with split feasibility constraints. Finally,
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we provided an application of the SMNP in production and consumption
systems and presented several numerical experiments to demonstrate the im-
plementability of the proposed algorithms.

As a potential direction for future research, it would be interesting to
investigate the extension of our results to Banach spaces. This generalization
may present new challenges, particularly in handling the lack of Hilbert space
structure, but it could also broaden the applicability of our approach to a
wider class of problems.
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The analysis of approximate symmetries in perturbed nonlinear par-
tial differential equations (PDEs) stands as a cornerstone for unraveling
complex physical behaviors and solution patterns. This paper delves into
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915 Approximate symmetries of the perturbed KdV-KS equation

Korteweg-de Vries and Kuramoto-Sivashinsky (KdV-KS) equation, funda-
mental models in the realm of fluid dynamics and wave phenomena. Our
study commences by detailing the method to derive approximate vector
Lie symmetry generators that underpin the approximate symmetries of the
perturbed KdV-KS equation. These generators, while not exact, provide
invaluable insights into the equation’s dynamics and solution characteris-
tics under perturbations. A comprehensive approximate commutator table
is subsequently constructed, elucidating the relationships and interplay be-
tween these approximate symmetries and shedding light on their algebraic
structure. Leveraging the power of the adjoint representation, we examine
the stability of these approximate symmetries when subjected to pertur-
bations. This analysis enables us to discern the most resilient symmetries,
instrumental in identifying intrinsic features that persist even in the face
of disturbances. Furthermore, we harness the concept of approximate sym-
metry reductions, a pioneering technique that allows us to distill crucial
dynamics from the complexity of the perturbed equation. Through this
methodology, we uncover invariant solutions and reduced equations that
serve as effective surrogates for the original system, capturing its essential
behavior and facilitating analytical and numerical investigations. In sum-
mary, our exploration into the approximate symmetries of the perturbed
KdV-KS equation not only advances our comprehension of the equation’s
intricate dynamics but also offers a comprehensive framework for studying
the impact of perturbations on approximate symmetries, all while opening
new avenues for tackling nonlinear PDEs in diverse scientific disciplines.

AMS subject classifications (2020): Primary 53A10; Secondary 22E70, 26M60.

Keywords: Approximate Lie symmetries; Commutator table; Adjoint rep-
resentation; Reductions.

1 Introduction

The Korteweg-de Vries and Kuramoto-Sivashinsky (KdV-KS) equation is a
notable partial differential equation (PDE) that amalgamates the Korteweg-
de Vries equation, renowned for describing long, weakly nonlinear waves, with
the Kuramoto-Sivashinsky equation, which captures spatiotemporal chaos in
pattern-forming systems. This fusion yields a versatile equation capable of
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modeling a diverse array of physical phenomena. The KdV-KS equation finds
application in various fields, including fluid dynamics, combustion, and non-
linear optics. In fluid dynamics, it can depict the evolution of complex wave
patterns on fluid interfaces, while in combustion processes, it may illuminate
the behavior of flame fronts and combustion instabilities. Additionally, the
equation’s presence in the realm of nonlinear optics can aid in understand-
ing pulse propagation in optical fibers. Its broad applicability underscores
the KdV-KS equation’s significance as a tool for investigating intricate dy-
namics in real-world systems and its role in advancing our comprehension of
nonlinear phenomena across multiple scientific disciplines [10, 5, 12].

Analytical methods for solving PDEs constitute a vital framework in un-
derstanding the behavior of various physical, mathematical, and engineering
systems. These methods encompass a range of techniques, such as Lie sym-
metry method [14, 2, 18, 19, 17, 16, 22], Kudryashov’s method [16, 20, 9],
Nucci’s reduction method [23, 24], invariant subspace method [8, 21, 4], and
Tanh method [7, 1, 6].

In cases where PDEs possess specific geometrical or algebraic properties,
separation of variables can yield exact solutions by decomposing the equation
into simpler ordinary differential equations. Similarity transformations assist
in reducing complex PDEs to canonical forms that admit analytical solutions.
Integral transforms, like the Fourier and Laplace transforms, provide a pow-
erful means to convert differential equations into algebraic equations that
can be more easily solved. Perturbation methods, including the method of
matched asymptotic expansions and multiple scales analysis, are particularly
useful when dealing with systems that exhibit small parameter deviations
from simpler cases, allowing the derivation of approximate solutions.

These analytical techniques not only offer insights into the underlying dy-
namics of diverse systems but also serve as benchmarks for numerical meth-
ods. However, their applicability is often constrained by the complexity of
the equations and the presence of nonlinear terms. In such cases, a combi-
nation of these methods, along with innovations in mathematical analysis,
plays a crucial role in uncovering solutions that enrich our understanding of
the intricate interplay between mathematics and the physical world.
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917 Approximate symmetries of the perturbed KdV-KS equation

We shall research the perturbed KdV-KS equations’s vector fields, ap-
proximate symmetry, and symmetry reductions. A perturbed form of the
KdV-KS equations are

ut + uux + uxxx + ϵ(uxx + uxxxx) = 0, (1)

where 0 < ϵ� 1 is a small parameter, x ∈ R, and t ≥ 0.

The structure of this work is as follows. We find the approximate sym-
metry and optimal system of the perturbed KdV-KS equation in section 2.
Ordinary differential equation symmetry reductions are covered in section 3.
Finally, section 4 will provide the conclusions.

2 Analysis of the approximate Lie symmetries

Approximate Lie symmetries play a crucial role in various scientific and math-
ematical contexts, particularly in the study of dynamical systems and differ-
ential equations. Unlike exact symmetries, which lead to conserved quan-
tities and well-defined transformations, approximate Lie symmetries emerge
in situations where the underlying system’s behavior is influenced by small
perturbations or deviations from ideal conditions. These symmetries pro-
vide insights into the system’s response to fluctuations and disturbances,
contributing to our understanding of stability, chaos, and the emergence of
complex patterns. By analyzing the behavior of systems under approximate
Lie symmetries, researchers gain valuable insights into the underlying dy-
namics and are better equipped to model real-world phenomena with a more
comprehensive perspective.

Let 4(t, x, u, ϵ) = 40(t, x, u) + ϵ41(t, x, u) = ut + uux + uxxx + ϵ(uxx +

uxxxx). If an operator Y = Y0 + ϵY1 satisfies[
Y (4)4(t, x, u, ϵ)

]
△(t,x,u,ϵ)=0

= 0, (2)

then it is referred to as an approximation Lie symmetry generator. Here, Y (4)

is the forth-order prolongation of the forth-order approximate Lie symmetry
Y , and
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Y0 = ξ10(t, x, u)
∂

∂t
+ ξ20(t, x, u)

∂

∂x
+ η0(t, x, u)

∂

∂u
,

Y1 = ξ11(t, x, u)
∂

∂t
+ ξ21(t, x, u)

∂

∂x
+ η1(t, x, u)

∂

∂u
.

The prolongation formula is a fundamental tool within the realm of Lie sym-
metry methods, a powerful mathematical approach used to analyze and solve
differential equations. In this context, the prolongation formula extends the
Lie derivative to higher-order derivatives and introduces a systematic way
of calculating symmetries of a given differential equation. By iteratively ap-
plying the prolongation formula, one can uncover hidden symmetries that
may not be immediately apparent. This process allows researchers to deter-
mine transformations that leave the equation invariant and identify conserved
quantities or transformations that simplify its solutions.

Equation (2) divides two parts into[
Y

(4)
0 40(t, x, u, ϵ)

]
△0(t,x,u,ϵ)=0

= 0, (3)[
Y

(4)
1 40(t, x, u, ϵ) + Y

(4)
0 41(t, x, u, ϵ)

]
△(t,x,u,ϵ)=0

= 0. (4)

By conditions (3) and (4), we arrive at the set of determining equations below:

ξ10 ,t = ξ10 ,x = ξ10 ,u = ξ20 ,x = ξ20 ,u = η0,u = 0, η0,xxx + η0,t + uη0,x = 0,

η0 − ξ20 ,t = 0, ξ11 ,x = ξ11 ,u = ξ21 ,u = 0, η1,uu = 0, η1,xxx + η1,t + uη1,x = 0,

2uξ21 ,x − ξ
2
1 ,xxx − ξ

2
1 ,t + 3η1,xxu + η1 = 0, ξ11 ,t − 3ξ21 ,x = 0, η1,xu − ξ21 ,xx = 0.

Solving this PDE system gives us

ξ10 = a0, ξ20 = b0t+ c0, η0 = b0,

ξ11 = −3

2
a1t+ b1, ξ21 = −1

2
a1x+ c1t+ d1, η1 = a1u+ c1.

Therefore

X =(a0 + ϵ(−3

2
a1t+ b1))∂t + (b0t+ c0 + ϵ(−1

2
a1x+ c1t+ d1))∂x

+ (b0 + ϵ(a1u+ c1))∂u

where a0, b0, c0, a1, b1, c1, and d1 are constants. Consequently, the following
seven independent approximate operators span infinitesimal symmetries of
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919 Approximate symmetries of the perturbed KdV-KS equation

Table 1: Approximate commutator table for symmetries in (1)

[yi, yj ] y1 y2 y3 y4 y5 y6 y7

y1 0 0 y2 0 − 3
2y4 0 y6

y2 0 0 0 0 − 1
2y6 0 0

y3 −y2 0 0 −y6 y7 0 0
y4 0 0 y6 0 0 0 0
y5

3
2y4

1
2y6 −y7 0 0 0 0

y6 0 0 0 0 0 0 0
y7 −y6 0 0 0 0 0 0

equation (1)

y1 = ∂t, y2 = ∂x, y3 = t∂x + ∂u, y4 = ϵ∂t, y5 = ϵ(−3

2
t∂t −

1

2
x∂x + u∂u),

y6 = ϵ∂x, y7 = ϵ(t∂x + ∂u).

In the field of Lie symmetry methods, a commutator table serves as a fun-
damental tool for analyzing the algebraic structure of Lie symmetries associ-
ated with a system of differential equations. The commutator of two vector
fields, representing different symmetry transformations, is calculated and or-
ganized in a table format. This table provides valuable information about
the Lie algebra generated by these vector fields, revealing how they interact
and combine. By determining the commutators, researchers can discern the
algebraic relationships between symmetries, uncover hidden patterns, and
ultimately construct a Lie algebra that captures the system’s inherent sym-
metries. The commutator table thus acts as a guiding compass in the ex-
ploration of differential equations, aiding in the classification, solution, and
deeper comprehension of complex dynamical systems. Table 1 contains the
approximate commutator table for symmetries in equation (1). The adjoint
representation involves mapping each element of a Lie group to an associated
automorphism of its corresponding Lie algebra. This representation provides
insights into how transformations in the group relate to transformations in
the algebra, offering a way to study the Lie group through its associated
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Table 2: Adjoint representation spanned by the the basis approximate symmetries of
the KdV-KS equation

Ad(exp(ayi))yj y1 y2 y3 y4 y5 y6 y7

y1 y1 y2 y3 − ay2 y4 y5 +
3
2ay4 y6 y7 − ay6

y2 y1 y2 y3 y4 y5 +
1
2ay6 y6 y7

y3 y1 + ay2 y2 y3 y4 + ay6 y5 − ay7 y6 y7

y4 y1 y2 y3 − ay6 y4 y5 y6 y7

y5 y1 − 3
2ay4 y2 − 1

2ay6 y3 − 1
2ay7 y4 y5 y6 y7

y6 y1 y2 y3 y4 y5 y6 y7

y7 y1 + ay6 y2 y3 y4 y5 y6 y7

Lie algebra. By analyzing the adjoint representation, researchers can explore
the relationships between different Lie group elements and understand the
symmetries and transformations that underlie a given system of differential
equations. This representation is a key tool for investigating the symmetries,
conservation laws, and invariants inherent in complex dynamical systems,
ultimately facilitating the application of Lie symmetry methods to a wide
range of scientific and mathematical problems. Each yi, i = 1, . . . , 7 of the
basis approximate infinitesimal symmetries spans an adjoint representation
Ad(exp(ayi))yj , a is a parameter, given by

Ad(exp(ayi))yj = yj − a [yi, yj ] +
a2

2
[yi, [yi, yj ]]− · · · .

Table 2 lists each adjoint representation of the Lie approximate symmetry
of the KdV-KS equation. Here, in the following, we find that the group
approximate transformation hi, which is generated by the yi for i = 1, 2, . . . , 7

for the KdV-KS equation (1)
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h1.(t, x, u) 7→ (t+ a, x, u),

h2.(t, x, u) 7→ (t, x+ a, u),

h3.(t, x, u) 7→ (t, x+ ta, u+ a),

h4.(t, x, u) 7→ (t+ aϵ, x, u),

h5.(t, x, u) 7→ ((1− 3
2aϵ)t, ((1−

1
2aϵ)x, ((1 + aϵ)u),

h6.(t, x, u) 7→ (t, x+ aϵ, u),

h7.(t, x, u) 7→ (t, x+ aϵt, u+ aϵ).

Consequently, the invariant solutions of a solution u = g(t, x) for the KdV-KS
equation is given by

h1.g(t, x) = g(t− a, x),

h2.g(t, x) = g(t, x− a),

h3.g(t, x) = g(t, x− ta) + a,

h4.g(t, x) = g(t− aϵ, x),

h5.g(t, x) = (1 + aϵ)g((1 + 3
2aϵ)t, (1 +

1
2aϵ)x),

h6.g(t, x) = g(t, x− ϵa),

h7.g(t, x) = ϵg(t, x− aϵt) + a.

It would be useful to determine the minimal collection of subgroups that will
produce all potential group invariant solutions since a solution can be utilized
to construct additional solutions using various groups. An optimal system,
which is a collection of such solutions, is created by analyzing the manner in
which group invariant solutions change one another via the adjoint operation.
Thus we will construct a one-dimensional optimal system of approximate Lie
subalgebra of perturbed KdV-KS equation by considering an arbitrary ele-

ment y =
7∑

i=1

siyi of KdV-KS equation lie algebra g. The map Gai
i : g → g

given by y → Ad(exp(aiyi))y is a linear, i = 1, . . . , 7. By using Table 2 the
matrix Mai

i of Gai
i with respect to the approximate basis is given by
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Ma1
1 =



1 0 0 0 0 0 0

0 1 0 0 0 0 0

0 −a1 1 0 0 0 0

0 0 0 1 0 0 0

0 0 0 3
2a1 1 0 0

0 0 0 0 0 1 0

0 0 0 0 0 −a1 1


, Ma2

2 =



1 0 0 0 0 0 0

0 1 0 0 0 0 0

0 0 1 0 0 0 0

0 0 0 1 0 0 0

0 0 0 0 1 1
2a2 0

0 0 0 0 0 1 0

0 0 0 0 0 0 1


,

Ma3
3 =



1 a3 0 0 0 0 0

0 1 0 0 0 0 0

0 0 1 0 0 0 0

0 0 0 1 0 a3 0

0 0 0 0 1 0 −a3
0 0 0 0 0 1 0

0 0 0 0 0 0 1


, Ma4

4 =



1 0 0 0 0 0 0

0 1 0 0 0 0 0

0 0 1 0 0 −a4 0

0 0 0 1 0 0 0

0 0 0 0 1 0 0

0 0 0 0 0 1 0

0 0 0 0 0 0 1


,

Ma5
5 =



1 0 0 − 3
2a5 0 0 0

0 1 0 0 0 − 1
2a5 0

0 0 1 0 0 0 − 1
2a5

0 0 0 a5 0 0 0

0 0 0 0 1 0 0

0 0 0 0 0 1 0

0 0 0 0 0 0 1


, Ma6

6 = I7, Ma7
7 =



1 0 0 0 0 a7 0

0 1 0 0 0 0 0

0 0 1 0 0 0 0

0 0 0 1 0 0 0

0 0 0 0 1 0 0

0 0 0 0 0 1 0

0 0 0 0 0 0 1


.

Then it is seen that

Ga7
7 ◦G

a6
6 ◦ · · · ◦G

a1
1 : y 7→s1y1 + (a3s1 + s2 − a1s3)y2 + s3y3

+ (
3

2
(a1s5 + a5s1) + s4)y4 + s5y5 + [a3(s4 +

3

2
a1s5)

− 1

2
a5(a3s1 + s2 − a1s3)− a4s3

+
1

2
a2s5 + s6 − a1s7 + a7s1]y6

+ (s7 − a3s5 −
1

2
a5s3)y7.

Now, by setting suitable ai, we can easily omit the coefficient of yj in several
cases, so y can be reduced and one-dimensional optimal system is provided
by
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y1 + δy3 + βy4, y1 + αy3 + γy5, y1 + αy3 + λy7, y2 + υy4 + λy7, y2 + γy5,

y3 + βy4 + γy5, y4 + λy7, y5, y6, y7,

where α, β, γ, λ, and δ, υ 6= 0 are real numbers.

3 Approximate symmetry reductions

In this section, we consider some reductions of equation (1) corresponding to
some approximate Lie symmetries [13, 11, 15, 25]. The reduction of PDEs
by approximate symmetries is a valuable technique used to simplify the com-
plexity of solving these equations while retaining essential features of their
behavior.

Reduction 3.1. Similarity variable respect to the symmetry y1, is
u(t, x) = s0(x) + ϵs1(x) + O(ϵ2), substituting into equation (1). Comparing
of the constant and ϵ coefficients, we get the following ordinary differential
equation (ODE) system: ( s0

2

2 )′ + s
(3)
0 = 0,

(s0s1)
′ + s1

(3) + s′′0 − ( s0
2

2 )′′ = 0,

where ′ shows the derivative respect to x.

Note that the symmetry y2 produces the trivial solutions.

Reduction 3.2. Similarity variable of y3 is u(t, x) = x
t + s0(t)+ ϵs1(t)+

O(ϵ2) , where s0(t) and s1(t) admit the following first order ODE system: ts′0 + s0 = 0,

ts′1 + s1 = 0,

where ′ shows the derivative respect to t. Therefore, we find that s0(t) = c0
t

and s1(t) = c1
t . Thus we have

u(t, x) =
x

t
+
c0
t
+ ϵ

c1
t
+O(ϵ2).

Reduction 3.3. Similarity variable respect to the symmetry y4, is u(t, x) =
s0(x)+ ϵs1(t, x)+O(ϵ2). Substituting into (1), it satisfies the following PDE:
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2

2 )′ + s
(3)
0 = 0,

s1,t + (s0s1)
′ + s1

(3) + s′′0 − ( s0
2

2 )′′ = 0,

where ′ shows the derivative respect to x.
Reduction 3.4. For the approximate operator y5 the similarity variables

are η =
t

x3
, u(t, x) = s0(η)

x2 + ϵ s1(η)xα + O(ϵ2). Therefore, s0 satisfies the
following reduced equation:

27η3s
(3)
0 + 90η2s′′0 + 186ηs′0 + 3ηs′0s0 − s′0 + 2s20 + 24s0 = 0,

where s′0 =
ds0
dη

. Also, s1 and α may be determined by following equation:

(
s1
xα

),t + (
s0s1
xα+2

),x + (
s1
xα

),xxx + (
s0
x2

),xx + (
s0
x2

),xxxx = 0.

Reduction 3.5. Similarity variable of y6 is u(t, x) = c0 + ϵs1(t, x) + O(ϵ2),
where s1(t, x) admits the following PDE equation:

s1,t + c0s1,x + s1,xxx = 0.

Reduction 3.6. Similarity variable of y7 is u(t, x) = x
t +

c0
t +ϵs1(t, x)+O(ϵ2),

where s1(t, x) admits the following PDE equation:

s1 + ts1,t + (c0 + x)s1,x + ts1,xxx = 0.

Reduction 3.7. Similarity variables respect to the symmetry y1 + y6 are
u(t, x) = s(η), η = x − ϵt. We see that the parameter ϵ does not appear
directly, but it is instead implicitly contained within the relevant variables.
Substituting it into equation (1), we obtain the following reduced approxi-
mate ODE:

ss′ + s(3) + ϵ(−s′ + s′′ + s(4)) = 0,

where s′ =
ds

dη
. Integrating this ODE under the conditions s(∓∞) = 0,

s′(∓∞) = 0, s′′(∓∞) = 0, and s(3)(∓∞) = 0, and setting the integral
constant to zero result in

s2

2
+ s′′ + ϵ(−s+ s′ + s(3)) = 0.

This equation can be given as
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ds
dη = v,

dv
dη = w,

ϵdwdη = − s2

2 − w − ϵv + ϵs.

(5)

By putting ϵ = 0, in the above slow system, the critical manifold M0 is any
compact subset contained in the set of critical points {(s, v, w) | w = − s2

2 }
(see a complete information about critical manifold and Fenichel’s theorems
in [3]). Therefore, the slow flow on M0 is given by the following system:

ds
dη = v,

dv
dη = − s2

2 .
(6)

Figure 1 shows the orbit of (6) to the critical point (0, 0).

By Fenichel’s invariant manifold theorem, for sufficiently small ϵ, the slow
manifold Mϵ located within O(ϵ) of Mo, that is,

w = −s
2

2
+ ϵg(s, v) +O(ϵ2).

Substituting this relation into the last equation of slow system (5) gives
g(s, v) = (s− 1)v + s.

4 Conclusion

In this research, the perturbed KdV-KS equation was studied using Lie ap-
proximation symmetry analysis. We were able to reduce this problem using
similarity Lie approximation algebra. Based on the optimal system approach,
all of the group-invariant solutions to equation (1) are taken into considera-
tion. Wide classes of nonlinear differential equations can be effectively solved
using the fundamental concept provided in this study.
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Figure 1: The orbit of (6) to the critical point (0, 0)
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where Q is the stochastic rate matrix and π is the steady state vector. The
homogeneous system is converted to the nonhomogeneous regularized fuzzy
linear system Ax = b with the small perturbation parameter 0 < r ≤ 1.
The regularized fuzzy linear system is converted into an embedded linear
system. The iterative scheme is established; convergence criteria and its
sensitivity analysis are analyzed using the numerical examples and conver-
gence theorems. From the numerical results, it is evident to conclude that
the proposed method is effective and efficient compared to the theoretical
results.

AMS subject classifications (2020): Primary 65F10; Secondary 08A72.

Keywords: Stochastic rate matrix; Triangular and symmetric splitting
Method; Fuzzy liner system; Error analysis.

1 Introduction

Fuzzy linear systems (FLS) and Fully Fuzzy linear systems (FFLS) have great
applications in various areas of engineering, science, and social sciences, such
as physics, statistics, operational research, control problems, neural networks,
communication systems, sensors, and economics. The mathematical model-
ing of a physical problem is formulated into the system of fuzzy linear ho-
mogeneous or nonhomogeneous equations. There are many methods in the
literature to solve the nonhomogeneous FLSs. The homogeneous FLS has
either a trivial solution or an infinite number of solutions. For a unique non-
trivial solution, the homogeneous system πQ = 0, where π is the steady state
vector and Q is the stochastic rate matrix, is converted into the regularized
nonhomogeneous fuzzy linear system Ax = b with the small perturbation
0 < r ≤ 1. The regularized FLS is converted into an embedded linear system
ΘX = Υ, where Θ and Υ are fuzzy matrices and X is an unknown fuzzy
vector. Many straight forward methods are existing in the literature to find
the unique non-zero solution of pertinent to linear systems when the coef-
ficient matrix is a crisp matrix. However, in actual cases, the parameters
may be uncertain or vague. So, to overcome the uncertainty and vagueness,
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the coefficient matrix of the system Ax = b is assumed as a fuzzy stochastic
matrix instead of the crisp matrix.

Many researchers proposed direct and iterative methods to solve FLSs.
The first iterative model with an embedding technique for computing a class
of n×n FLS was triggered by Friedman, Ming, and Kandel [11]. For solving
a system of fuzzy linear equations, a few numerical methods were developed
and discussed for the existence of solution, provided that the diagonal ele-
ments are positive and satisfy the diagonal dominance property by Dehghan,
Hashemi and Ezzati [6, 9]. The steepest descent method and LU decompo-
sition method were developed in [1, 2]. Allahviranloo [3, 4] used the Jacobi,
Gauss–Seidel, SOR, iterative methods for finding the approximate solution
of the FLS. A fuzzy system of linear equations with crisp coefficients was
proposed by Chakraverty and Behera [5]. The inherited LU factorization
method was proposed by Fariborzi Araghi and Fallahzadeh [10] for solving a
fuzzy systems of linear equations. Koam et al. [13] used the LU decomposi-
tion scheme for solving m-polar fuzzy system of linear equations. Block SOR
method for FLSs was proposed by Miao, Zheng, and Wang [14], and the QR-
decomposition method was developed by S.H. Nasseri, Matinfar, and Sohrabi
[15]; Wang and Wu [17] introduced the Uzawa-SOR method. Symmetric suc-
cessive over relaxation method, block iterative method, and splitting iterative
methods were established by Wang, Zheng and Yin [18, 19, 21]. Wang and
Chen [20] suggested a modified Jacobi iterative method for large-size lin-
ear systems, and a new method based on Jacobi iteration was proposed to
solve the FLSs by Zhen et al. [12]. If the coefficient matrix is crisp, then
it will restrict the modeling of the real-time problems. In the system of lin-
ear equations, both the coefficient matrix and right-hand side matrices are
fuzzy matrices. then it is defined as an FFLS. FFLS gives wide scope in real-
time applications by removing the crispness in the left-hand side coefficient
matrix. The iterative solution of general FFLS is proposed in [7]. Edalat-
panah [8] proposed a modified iterative method for finding the solution of
FFLS. Classical triangular and symmetric (TS) splitting methods are simple
to implement and suitable to find the steady state probability vector and
performance measures in many real time systems [16]. In this paper, a new
improved method based on TS iteration is provided for solving FFLSs. The
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rest of the paper is organized as follows: Section 2 gives some basic definitions
and results of FLS. In section 3, the new method is established with conver-
gence theorems. Perturbation analysis is discussed in section 4. Numerical
examples are presented in section 5, and the conclusions are in section 6.

2 Basic definitions of FLSs and convergence analysis of
TS method

In this section, we have defined the FLS and some basic definitions such as
fuzzy numbers, fuzzy solutions, arithmetic operations on fuzzy numbers, and
embedded model of FFLS, which are useful in the numerical solution of FLS.
Fuzzy number: An arbitrary form of fuzzy number is an ordered pair of
functions (v(r), v(r)), 0 < r ≤ 1, satisfying

• v(r) is a bounded monotonic increasing left continuous function over
[0, 1],

• v(r) is a bounded monotonic decreasing left continuous function over
[0, 1],

• v(r) ≤ v(r), 0 < r ≤ 1.

Arithmetic operations on fuzzy numbers: If u = (u(r), u(r)) and v =

(v(r), v(r)) are arbitrary fuzzy numbers, then the arithmetic operations of
arbitrary fuzzy numbers for 0 < r ≤ 1 and real number k, are defined as
follows:

• u = v if and only if u(r) = v(r) and u(r) = v(r),

• u+ v = (u(r) + v(r), u(r) + v(r)), and

• ku =

 (ku(r), ku(r)), k > 0,

(ku(r), ku(r)), k < 0.

Fuzzy linear system: The n× n FLS is defined as

a11x1 + a12x2 + · · ·+ a1nxn = b1,

a21x1 + a22x2 + · · ·+ a2nxn = b2,
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...

an1x1 + an2x2 + ·+ annxn = bn.

The matrix form of the above linear system is

Ax = b, (1)

where

A =


a11 a12 · · · a1n
a21 a22 · · · a2n
...

...
. . .

...

an1 an2 · · · ann

 .

is a crisp matrix, b = [b1, b2, . . . , bn]
T is a fuzzy vector, and x = [x1, x2, . . . , xn]

T

is unknown.
Solution of an FLS: A fuzzy vector x = (x1, x2, . . . , xn)

T given by
xi = (xi(r), xi(r)), 1 ≤ i ≤ n, 0 < r ≤ 1, is called a solution of the FLS
(1) if 

n∑
j=1

aijxj =
n∑

j=1

aijxj = bi,

n∑
j=1

aijxj =
n∑

j=1

aijxj = bi.

(2)

Embedded Model of FLS: The embedding model of extended FLS (1)
into the 2n× 2n crisp linear system is defined as

θ1,1x1 + · · ·+ θ1,nxn + θ1,n+1(−x1) + · · ·+ θ1,2n(−xn) = b1,

θ2,1x1 + · · ·+ θ2,nxn + θ2,n+1(−x1) + · · ·+ θ2,2n(−xn) = b2,

...

θn,1x1 + · · ·+ θn,nxn + θn,n+1(−x1) + · · ·+ θn,2n(−xn) = bn,

θn+1,1x1 + · · ·+ θn+1,nxn + θn+1,n+1(−x1) + · · ·+ θn+1,2n(−xn) = −b1,
...

θ2n,1x1 + · · ·+ θ2n,nxn + θ2n,n+1(−x1) + · · ·+ θ2n,2n(−xn) = −bn.
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The matrix form of above 2n× 2n linear system is

ΘX = Υ, (3)

where Θ = (θkl), θkl are determined as follows:

1. For aij > 0, θij = aij , θn+i,n+j = aij .

2. For aij < 0, θi,n+j = aij , θn+i,j = aij , 1 ≤ i, j ≤ 2n.

3. θkl = 0 if it is not presented in above system, and

X =



x1
...

xn

x1
...

xn


and Υ =



b1
...

bn

b1
...

bn


.

Furthermore, the matrix Θ has the structure
[
Θ1 Θ2

Θ2 Θ1

]
, Θ = Θ1 + Θ2, and

(2) can be written as

Θ1X +Θ2X = Υ,

Θ2X +Θ1X = Υ,
(4)

where

X =


x1

x2
...

xn

, X =


x1

x2
...

xn

,

Υ =


b1

b2
...

bn

, and Υ =


b1

b2
...

bn

 .
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In the next section, a new iterative scheme based on TS iteration is presented
for regularized linear system with nonsingular coefficient matrix [16].

3 Fuzzy TS splitting iterative method for regularized
linear system

In this section, we find the steady state probability vector π of a homogeneous
equation πQ = 0. The solution of the homogeneous system is either a trivial
solution or an infinite number of solutions. For a unique, nonzero solution,
the above homogeneous system is converted to the regularized FLS and is
equivalent embedded crisp system Θx = b, using the small perturbation 0 <

r ≤ 1. Now, the TS splitting method for the transition matrix is adopted in a
fuzzy environment. Let the coefficient matrix Θ of the embedded regularized
linear system can be split in the form:
Θ = (L+D − UT ) + (U + UT ) = T + S,
where T = L+D − UT and S = (U + UT ) are TS matrices.

The regularized system, (3) can be expressed as (T + S)X = b. Consider

D =

[
D1 0

0 D1

]
, L =

[
L1 0

−S2 L1

]
, U =

[
U1 −S2

0 U1

]
,

where D1 = diag(sii), L1, and U1 are diagonal, lower, and upper trian-
gular matrices, respectively. Now,

T = L+D − UT =

[
D1 0

0 D1

]
+

[
L1 0

−S2 L1

]
−

[
U1 0

−S2 U1

]

=

[
L1 +D1 − U1 0

0 L1 +D1 − U1

]
,

and

S = U + UT =

[
2U1 −S2

−S2 2U1

]
.

The TS splitting iterative scheme is as follows [16]:

(αI + T )X(k+1/2) = (αI − S)X(k) + b,

(αI + S)X(k+1) = (αI − T )X(k+1/2) + b.
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The above iterative scheme could be written as

X(k+1) =M(α)X(k) +N(α)b, for k = 0, 1, 2, . . . ,

where

X(k+1) =

[
X(k+1)

X(k+1)

]
M(α) = (αIn + S)−1(αIn − T )(αIn + T )−1(αIn − S)

and

N(α) = 2α(αIn + S)−1(αIn + T )−1.

We have

αIn + S =

[
αIn + 2U1 −S2

−S2 αIn + 2U1

]
,

αIn − S =

[
αIn − 2U1 S2

S2 αIn − 2U1

]
,

αIn + T =

[
αIn + T1 0

0 αIn + T1

]
,

αIn − T =

[
αIn − T1 0

0 αIn − T1

]
.

Thus,

M(α) =
αIn − T1

(αIn + T1)[(αIn + 2U1)2 − S2
2 ]

[
(αIn)

2 − 4U2
1 + S2

2 2αInS2

2αInS2 (αIn)
2 − 4U2

1 + S2
2

]

and N(α) =
2α

(αIn + 2U1)2 − S2
2

 αIn + 2U1

αIn + T1

S2

αIn + T1
S2

αIn + T1

αIn + 2U1

αIn + T1

 .
Theorem 1. If ΘX = b is the regularized FLS, then the convex solution
X = {rXj + (1− r)Xj/0 < r ≤ 1} is the solution.

Proof. Let Xj and Xj be the solutions corresponding to right-hand side vec-
tor bj and bj of
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n∑
j=1

aijXj = bj ,

which implies,
n∑

j=1

aijXj = bj ,

n∑
j=1

aijXj = bj .

We prove that Xj = rXj + (1− r)Xj is the solution.
Now,

n∑
j=1

aijXj =

n∑
j=1

aij [rXj + (1− r)Xj ]

= r

n∑
j=1

aijXj + (1− r)
n∑

j=1

aijXj

= rbj + (1− r)bj

= bj .

Therefore, Xj = rXj + (1− r)Xj is the solution of the given system.

Theorem 2. If ΘX = b, then the convex solution X = {rX +(1− r)X/0 <

r ≤ 1} is the solution vector of the system Θ{X +X} = {b+ b}.

Proof. The regularized linear system ΘX = b can be written as

n∑
j=1

aijXj = bi for i = 1, 2, . . . n.

Let

Xj = rXj + (1− r)Xj

and

bj =
[
bi, bi

]
for i = 1, 2, . . . , n.

Now
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n∑
j=1

aijXj =

n∑
j=1

aij

[
rXj + (1− r)Xj

]
=
[
bi, bi

]
,

∑
aij>0

raijXj +
∑
aij<0

(1− r)aijXj = bi,

and∑
aij>0

(1− r)aijXj +
∑
aij<0

raijXj = bi.

Consider

Θ
[
X +X

]
=
∑
aij>0

aij

[
rXj + (1− r)Xj

]
+
∑
aij<0

aij

[
(1− r)Xj + rXj

]

=

 ∑
aij>0

raijXj +
∑
aij<0

(1− r)aijXj


+

 ∑
aij>0

(1− r)aijXj +
∑
aij<0

raijXj


=
[
bi + bi

]
,

Θ
[
X +X

]
=
[
b+ b

]
.

This proves that X is the solution.

Theorem 3. If ΘX = b, then the convex solution X = {rX − (1 − r)X},
0 < r ≤ 1 is the solution vector of the system Θ{X −X} = {b− b}

Proof. The system ΘX = b can be written as
n∑

j=1

aijXj = bi for i = 1, 2, . . . , n.

Now, we may write the real fuzzy unknown and the right-hand real fuzzy
number vectors as

Xj = rXj − (1− r)Xj ,

and

bj =
[
bi, bi

]
for i = 1, 2, . . . , n,

which implies
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n∑
j=1

[aijrXj + (1− r)Xj ] =
[
bi, bi

]
,

⇒
∑
aij>0

raijXj +
∑
aij<0

(1− r)aijXj = bi

and∑
aij>0

(1− r)aijXj +
∑
aij<0

raijXj = bi.

Consider

Θ
[
X −X

]
=
∑
aij>0

aij

[
rXj + (1− r)Xj

]
−
∑
aij<0

aij

[
(1− r)Xj + rXj

]

=

 ∑
aij>0

raijXj +
∑
aij<0

(1− r)aijXj


−

 ∑
aij>0

(1− r)aijXj +
∑
aij<0

raijXj


=
[
bi − bi

]
,

Θ
[
X −X

]
=
[
b− b

]
.

Theorem 4. If ΘX = b, then the mid point solution X =
Xj +Xj

2
, is the

solution vector of the system ΘX = b.

Proof. The system ΘX = b can be written as
n∑

j=1

aijXj = bk for k = 1, 2, . . . , n.

The real fuzzy unknown and the right-hand real fuzzy number vectors can
be written as

Xj =
Xj +Xj

2
and bj =

[
bj , bj

]
for j = 1, 2, . . . , n,

n∑
j=1

aij
Xj +Xj

2
=
[
bj , bj

]
,
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which implies1
2

 ∑
aij>0

aijXj +
∑
aij<0

aijXj

 = bj ,

and

1

2

 ∑
aij>0

aijXj +
∑
aij<0

aijXj

 = bj .

Consider

Θ

[
X +X

]
2

=

n∑
j=1

aij

[
xj + xj

]
2

n∑
j=1

aij

[
Xj +Xj

]
2

=
∑
aij>0

aij

[
xj + xj

]
2

+
∑
aij<0

aij

[
xj + xj

]
2

=

[ ∑
aij>0

aijxj +
∑

aij<0
aijxj

]
2

+

[ ∑
aij>0

aijxj +
∑

aij<0
aijxj

]
2

=

[
bj + bj

]
2

,

Θ

[
X +X

]
2

=

[
b+ b

]
2

.

Hence, X =
xj + xj

2
is solution of the regularized linear system.

4 Perturbation analysis of FLS

As discussed in the previous section, the homogeneous system πQ = 0, where
the coefficient matrix Q is circulant stochastic rate matrix, is converted into
the regularized FLS Ax = b using small perturbation 0 < r ≤ 1. In this
section, perturbation to the FLS is added, in which both the coefficient ma-
trix and right-hand side matrices are perturbed and the sensitivity analysis
of Ax = b is discussed by using the FFTS method. The well-posed and
ill-posed solution of the system ΘX = Υ depends on the membership value
0 < r ≤ 1. If the coefficient matrix Θ or the right-hand side fuzzy vector Υ

or both are slightly disturbed with the membership value r, then the solu-
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tion will be changed as well. The relative error and absolute by the FFTS
method are evaluated between the exact solution and numerical solution with
the perturbed FLS. The following theorems are proved in preparation for in-
vestigating the sensitivity analysis of the regularized fuzzy system.

Theorem 5. If A ∈ Rn×n is a circulant stochastic matrix of the regularized
linear system Ax = b and Θ is the embedded matrix of the embedded system
ΘX = Υ, then Θ is positive definite.

Proof. For proving the matrix Θ is positive definite, it is sufficient to prove
that Θ+ΘT

2 is positive definite.

We have

Θ =



c1 + r 0 . . . 0 0 c2 . . . cn

0 c1 + r . . . 0 cn 0 . . . cn−1

...
...

...
...

...
. . .

...
...

0 0 . . . c1 + r c2 c3 0 . . . 0

0 c2 0 . . . cn c1 + r 0 . . . 0

cn 0 0 . . . cn−1 0 c1 + r . . . 0
...

...
...

...
...

. . .
...

...

c2 c3 . . . 0 0 0 . . . c1 + r


,

Θ+ΘT

2
=



c1 + r 0 . . . 0 0 c2+cn
2 . . . c2+cn

2

0 c1 + r . . . 0 c2+cn
2 0 . . . c3+cn−1

2
...

...
...

...
...

. . .
...

...

0 0 . . . c1 + r c2+cn
2

c3+cn−1

2 0 . . . 0

0 c2+cn
2 0 . . . c2+cn

2 c1 + r 0 . . . 0
c2+cn

2 0 0 . . . c3+cn−1

2 0 c1 + r . . . 0
...

...
...

...
...

. . .
...

...
c2+cn

2
c3+cn−1

2 . . . 0 0 0 . . . c1 + r


= (c1 + r)In2 −R,

where
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R =



0 0 . . . 0 0 c2+cn
2 . . . c2+cn

2

0 0 . . . 0 c2+cn
2 0 . . . c3+cn−1

2
...

...
...

...
...

. . .
...

...

0 0 . . . 0 c2+cn
2

c3+cn−1

2 0 . . . 0

0 c2+cn
2 0 . . . c2+cn

2 0 0 . . . 0
c2+cn

2 0 0 . . . c3+cn−1

2 0 0 . . . 0
...

...
...

...
...

. . .
...

...
c2+cn

2
c3+cn−1

2 . . . 0 0 0 . . . 0


≥ 0.

From the theorem in [16], we have

⇒ρ(R) = c2 + c3 + · · ·+ cn = c1,

⇒c1 + ϵ > ρ(R).

Therefore, Θ+ΘT

2 is positive definite.

Theorem 6. [16] For any nonsymmetric stochastic circulant rate matrix
Q ∈ Rn×n, there exists a constant ϵ > 0 such that A = QT + ϵIn is positive
definite if and only if all its eigenvalues are nonnegative real numbers.

Theorem 7. [16] Let A ∈ Rn×n be the regularized matrix, and splitting
into TS matrices. Then the spectral radius of the iterative matrix M(α) is
less than one.

Theorem 8. Let Θ ∈ R2n×2n be a fuzzy matrix of regularized linear system
and let M(α) be the iteration matrix of the FFTS iteration method. Then
the spectral radius of M(α) is less than 1.

Proof. The proof of the theorem is on the similar lines of Theorems 6 and
7.

5 Numerical results

In this section, we examine the effectiveness of the FFTS iteration method
with the numerical solution of stochastic matrices under a fuzzy environment
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and compare the error analysis of fuzzy iterative solution with the TS and
TSS iteration methods. For the numerical illustration, we consider the homo-
geneous system πQ = 0, where Q is the 3× 3 doubly stochastic rate matrix
given below:

Q =


0.6 −0.35 −0.25
−0.25 0.6 −0.35
−0.35 −0.25 0.6

.

We convert the above homogeneous system πQ = 0, into a regularized linear
system Ax = b with the small perturbation parameter 0 < r ≤ 1. The
regularized linear system is converted to a 6 × 6 embedded linear system
ΘX = Υ, where

Θ =



0.6 + r 0 0 0 −0.35 −0.25
0 0.6 + r 0 −0.25 0 −0.35
0 0 0.6 + r −0.35 −0.25 0

0 −0.35 −0.25 0.6 + r 0 0

−0.25 0 −0.35 0 0.6 + r 0

−0.35 −0.25 0 0 0 0.6 + r


.

Let the initial distribution vector bw x(0) = [0 0 0 0 0 1]T and let right-hand
side vector be Υ = [0 0 1−r 0 0 r−1], where 0 < r ≤ 1 is the membership
function. Only one case Θ = (L+D − UT ) + (U + UT ) = T1 + S1 of FFTS
splitting method is considered, and other methods would follow the same. A
fuzzy iterative solution to the system (1) is computed, and a classical solution
of TS and TSS iterative methods is evaluated. It is illustrated the result for
the case of contraction factor α = 0.6+ r, which is numerically equivalent to
the diagonal elements of the matrix Θ, for different values of r. The steady
state distribution vector x of the preconditioned linear system is obtained,
and the results are presented in Figures 1–7. The numerical solutions of the
FFTS method are presented in Figure 1. From this figure, it is concluded that
the numerical solutions FFTS method coincides with the theoretical results.
The average and linear convex solutions of lower bound and upper bound
solutions are depicted in Figures 2–4. From these two figures, it is concluded
that the center and convex solution curves lie within the monotonically in-
creasing and monotonically decreasing curve. The error analysis of the FFTS
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method and classical iterative solution is presented in Figure 5. From this
figure, it concluded that the FFTS iterative solution converges rapidly when
compared with classical TS, TSS methods. The convergence and sensitivity
analysis of the FFTS method are presented in Figures 6–7. From Figure 6,
it is evidently concluded that the condition number of the FFTS method is
very low compared with classical TS and TSS methods. From this figure, one
can conclude that the iterative solution obtained using the FFTS method is
well conditioned and the regularized matrix is nonsingular for larger mem-
bership values. It is depicted in Figure 7 that the spectral radius of the FFTS
method and spectral radius are clearly less than one. From this figure, it is
concluded that the FFTS method converges to a unique nonzero solution,
and it is evident by the theoretical solution.

Figure 1: Solution x for the contraction factor α = 0.6 over the membership value r.

6 Conclusions

In this paper, a new iterative method was suggested based on the TS iteration
to the solution of a class of fuzzy linear systems of equations with a coeffi-
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Figure 2: Solution x and average solution for the contraction factor α = 0.6 over the
membership value r.

Figure 3: Solution x and LP solution for the contraction factor α = 0.6 over the mem-
bership value r.
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Figure 4: Solution x, average solution, LP solution for the contraction factor α = 0.6

over the membership value r.

Figure 5: Absolute error and Relative error of the TSS, TS, and FTS iterative solution
for the contraction factor α = 0.6
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Figure 6: Condition number of TSS, TS, and FTS methods for the contraction factor
α = 0.6 over the membership values r.

Figure 7: Spectral radius of TSS, FTSS, TS, FTS methods for the contraction factor
α = 0.6 over the membership values r.
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cient matrix as a fuzzy stochastic matrix and fuzzy right-hand side matrix.
The iterative scheme was established, and the convergence theorems were
presented. FTS iterative solutions with classical TS and TSS methods were
compared. Numerical examples showed that the method is effective and effi-
cient when compared with the classical iterative methods. The convergence
and sensitivity analysis were discussed. The numerical value of spectral ra-
dius concluded that the solution of FTS method converges to unique nonzero
solution. The numerical value of condition number gave the sensitivity anal-
ysis of regularized linear system and concluded that the iterative solution of
regularized FLS is well conditioned.
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Research Article

Mathematical modeling of COVID-19
spread with media coverage and optimal

control analysis

G.P. Sahu and A.S. Thakur*,

Abstract

The COVID-19 pandemic, initiated by the SARS-CoV-2 virus, first emerged
in Wuhan, China and quickly propagated worldwide. In India, lacking im-
mediate access to effective vaccines and antiviral drugs, the response pri-
marily relied on nonpharmaceutical interventions. These strategies, exten-
sively covered by the media, were vital in promoting preventive behaviors
to limit viral transmission. This research introduces a new mathematical
model, SAEIaIRUM , to analyze COVID-19’s transmission dynamics. It
includes a saturation functional response to depict the media’s role in in-
fluencing public behavior. The control reproduction number (Rc) is deter-
mined, and both local and global stability of the disease-free equilibrium

*Corresponding author

Received 12 March 2025; revised 30 April 2025; accepted 29 May 2025

Govind Prasad Sahu
Center for Basic Sciences, Pt. Ravishankar Shukla University, Raipur, Chhattisgarh.
e-mail: govind3012@gmail.com

Amit Singh Thakur
School of Studies in Mathematics, Pt. Ravishankar Shukla University, Raipur, Chhat-
tisgarh. e-mail: amitsinghprsu@gmail.com

How to cite this article
Sahu, G.P. and Thakur, A.S., Mathematical modeling of COVID-19 spread with media
coverage and optimal control analysis. Iran. J. Numer. Anal. Optim., 2025; 15(3):
952-992. https://doi.org/10.22067/ijnao.2025.92605.1612

952



953 Mathematical modeling of COVID-19 spread with media coverage ...

are analyzed. Using the least-squares method, the model fits daily case
data from India from March 30, 2020, to January 24, 2021. We evaluate
the impact of various control parameters on disease progression through
numerical simulations and employ normalized forward sensitivity analysis
to identify critical parameters affecting Rc. The study advances by for-
mulating an optimal control problem, incorporating the cost of preventive
actions as control variables. Findings indicate that an early optimal control
strategy could lessen the severity of epidemic peaks by distributing their
effects over a longer duration. Simulations demonstrate that combining
four control measures outperforms a single or no control.

AMS subject classifications (2020): Primary 92D30; Secondary 92C60.

Keywords: COVID-19; Environmental transmission; Saturated awareness;
Optimal control.

1 Introduction

Coronaviruses are a group of single-stranded, positive-sense RNA viruses
classified under the Coronaviridae family [14]. They were first classified in
1960, with the name “corona” inspired by their distinctive crown-like struc-
ture observed under a microscope [29]. Over time, these viruses have been
responsible for three significant outbreaks: The Severe Acute Respiratory
Syndrome (SARS) outbreak in China (2003), the Middle East Respiratory
Syndrome (MERS) outbreak in Saudi Arabia (2012) [30], and its resurgence
in South Korea (2015) [60].

The World Health Organization (WHO) formally named the illness re-
sulting from the novel coronavirus SARS-Cov-2 as Coronavirus Disease 2019
(COVID-19) [36, 17, 33]. Widely acknowledged as one of the most severe
public health crises of the 21st century, the COVID-19 pandemic has exerted
profound and widespread effects across the globe. Coronaviruses are RNA-
based enveloped viruses known to infect both mammals and birds, frequently
causing respiratory infections [51, 59]. Recognizable symptoms such as fever,
dry cough, and fatigue became widely acknowledged early in the pandemic
[26]. COVID-19 has exhibited a rapid transmission rate and high mortal-
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ity, surpassing the severity of SARS and MERS. Beyond its physical impact,
the pandemic has inflicted profound psychological distress, contributing to
heightened anxiety, loneliness, and reduced resilience. The economic losses
attributed to infectious diseases during this period are estimated to have ex-
ceeded those incurred in all historical wars [52]. Global tracking initiatives,
including platforms like Worldometers and the Center for Systems Science
and Engineering (CSSE) at Johns Hopkins University, have played a piv-
otal role in monitoring the virus’s spread [27]. As COVID-19 swiftly spread
worldwide, India experienced its impact as well. The nation confirmed its
first locally transmitted case on January 30, 2020, in Kerala’s Thrissur dis-
trict, where a student returning from Wuhan University tested positive [22].
Concerns regarding insufficient testing rates raised alarms about potential
widespread infections [9]. With a transmission rate of 1.7 [54], India’s spread
was comparatively lower than other global hotspots, though its estimated
basic reproduction number (Rc) ranged from 2 to 3.5 [4, 63]. The high vi-
ral loads in the upper respiratory tract of symptomatic and asymptomatic
individuals facilitated silent transmission, akin to influenza [63].

During the early phases of a pandemic, when healthcare resources and
biomedical interventions are insufficient, public education on preventive mea-
sures becomes the most effective strategy for controlling disease spread. Non-
pharmaceutical interventions (NPIs) such as social distancing, mask man-
dates, and quarantine protocols have been widely disseminated through social
media, television, radio, and the internet [49, 48]. Modern research under-
scores the power of media coverage as a behavioral influence mechanism,
capable of shaping public responses without direct economic investment [21].
Several studies have explored the role of media in mitigating infectious dis-
ease outbreaks [40, 12, 2, 42, 58, 15, 44]. Misra, Sharma, and Shukla [40]
analyzed a nonlinear SIS model demonstrating that media-driven awareness
campaigns can significantly reduce transmission by encouraging individuals
to self-isolate. Chang et al. [12] examined the impact of media coverage
during the COVID-19 outbreak in Hubei, China, finding that reduced me-
dia attention delayed the infection peak but ultimately increased overall case
numbers. Aldila [2] approached media and rapid testing interventions as an
optimal control problem, demonstrating their effectiveness in minimizing in-
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fections and economic disruptions in East Java, Indonesia. In India, Rai et
al. [42] assessed the influence of social media advertisements on COVID-19
transmission. Wang et al. [58] and Chen, Li, and Zhang [15] conducted
sensitivity analyses showing that intensified media campaigns can reduce the
adequate reproduction number and curb infection rates. The findings empha-
size the necessity of NPIs in reducing the basic reproduction number below
one. Regular public health campaigns and digital outreach efforts are es-
sential in encouraging symptomatic individuals to seek hospitalization and
asymptomatic carriers to enter quarantine, thereby mitigating viral spread.
Media coverage significantly influences human behavior, prompting adher-
ence to precautionary measures such as lockdowns [19, 31], social distancing
[13, 18], mask usage [7, 37, 8], quarantine enforcement [7, 34, 1], and hos-
pitalization protocols [47, 25]. Studies have demonstrated the effectiveness
of NPIs in controlling COVID-19 transmission. Sardar et al. [45] evaluated
lockdown measures across Indian states, revealing a decline in virus transmis-
sion. Aldila et al. [3] employed mathematical modeling to assess the impact
of social distancing and rapid assessments in Jakarta, Indonesia. Memon,
Qureshi, and Memon [39] examined the efficacy of quarantine and isolation
in mitigating outbreaks. Srivastav et al. [50] analyzed the effects of face
masks, hospitalization, and asymptomatic quarantine on disease transmis-
sion in India, concluding that these strategies significantly reduce infection
rates. Additionally, Wang and Ruan [57] introduced an epidemic model incor-
porating constant removal of infectives through treatment, revealing complex
transmission dynamics. Yuan et al. [61] proposed an SEIIaHR model in-
vestigating the impact of asymptomatic carriers and isolation measures on
global COVID-19 transmission.

While most studies focus on human-to-human transmission, SARS-CoV-2
also spreads through contaminated environments. Infected individuals intro-
duce the virus into their surroundings via respiratory secretions from cough-
ing or sneezing [23], and the virus can persist on surfaces for several days
[56]. Several mathematical models have explored the role of environmental
contamination in disease spread [53, 46, 5]. For instance, Sarkar, Mondal,
and Khajanchi [46] assessed COVID-19 transmission in India, demonstrating
that higher environmental contamination correlates with increased infection
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rates. Asamoah et al. [5] conducted a similar study in Ghana, emphasizing
the need for sanitation measures. These findings highlight the critical role of
hygiene and disinfection practices in controlling the virus.

Motivated by the work of Asamoah et al. [5], this study develops a novel
mathematical model to analyze COVID-19 transmission dynamics and evalu-
ate intervention strategies in India. Rai et al. [42] illustrated how individuals
adjust their behavior based on perceived susceptibility to infection. This re-
search incorporates a saturation-type incidence function [41] to account for
adaptive responses such as mask-wearing, hand hygiene, and social distanc-
ing. Using dynamical systems theory, numerical simulations, and sensitivity
analyses, the study provides critical insights into the effectiveness of various
control strategies. Model parameters are estimated using data from India
collected between March 2020 and January 2021 [27]. Optimal control the-
ory offers a robust mathematical framework for identifying the most effective
strategies to manage infectious disease outbreaks. This approach has been
widely utilized to design public health policies aimed at minimizing transmis-
sion [7, 5, 32, 62, 16, 20]. The present study applies optimal control theory to
refine and evaluate the proposed model, ensuring its practical applicability
in pandemic management.

The article is structured as follows: Section 2 presents the mathemati-
cal model describing COVID-19 transmission dynamics. In Section 3, the
model’s well-posedness is demonstrated, followed by an analysis of equilib-
rium points, stability assessment, and the control reproduction number evalu-
ation. Section 4 is dedicated to numerical investigations, including parameter
estimation based on empirical data, normalized sensitivity analysis, and sim-
ulations that examine the effects of NPIs and environmental contamination
on the spread of the disease. Section 5 addresses the formulation and solution
of the optimal control problem. Lastly, Section 6 concludes the study and
outlines possible directions for future research.

2 Mathematical model

In this section, we introduce a novel mathematical model for COVID-19.
The human population is categorized into eight groups: Susceptible indi-
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viduals (S), exposed individuals (E), symptomatic infected individuals (I),
asymptomatic infected individuals (Ia), aware individuals (A), and recovered
individuals (R). Additionally, U represents the density of the coronavirus in
the environment, while M denotes the media coverage of COVID-19, encom-
passing social media, print, electronic media, radio, and similar platforms.
The model is based on the following assumptions:

1. The population’s composition stays unchanged, as new individuals en-
ter the region at a constant rate Λ and are immediately added to the
susceptible group upon arrival.

2. Disease transmission occurs when a susceptible individual comes into
contact with an infected individual, transitioning into the exposed cat-
egory at a rate represented by β.

3. 1/σ represents the latent period. The exposed individuals who do not
exhibit clinical symptoms join the asymptomatic infected class at a rate
of (1− σ)k2. In contrast, those who exhibit clinical symptoms join the
symptomatic infected class at a rate of σk1.

4. During an endemic outbreak, health authorities and media outlets lever-
age social media platforms such as Facebook, Twitter, and WhatsApp
to share information with the public. The spread of information is in-
fluenced by both the frequency of its dissemination and the severity
of the outbreak it pertains to. This suggests that the pace at which
information campaigns grow is closely tied to the scale of the affected
population [40].

5. Media coverage has a limited impact on how the disease spreads among
susceptible individuals. As a result, the rate at which susceptible peo-
ple become aware is modeled by λMS

c+M , where c represents the half-
saturation constant indicating the media exposure level at which aware-
ness reaches half its maximum effect. When the level of media coverage
reaches c, it reaches half its maximum value λS as in [41]. Even those
in the aware class can lose their awareness and return to the suscepti-
ble class at the rate λ0. Additionally, the region consistently receives a
minimum level of media attention.
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6. A proportion α of people in public places consistently and correctly
wear face masks. When face masks are worn properly, they reduce the
spread of disease [28].

7. Individuals showing symptoms move into the recovered class at the rate
γ3. Over time, immunity in the recovered group wanes, causing them
to re-enter the susceptible group at a rate of ξ. Moreover, symptomatic
infected individuals die due to the disease at a rate given by δ.

8. In the model, a fixed proportion ϕ of newly asymptomatic infections
is assumed to progress to the symptomatic class, whereas the comple-
mentary fraction 1 − ϕ recovers without ever developing symptoms.
Individuals in the ϕ-branch leave the asymptomatic compartment Ia
at rate γ1 (mean waiting time 1/γ1) and join the symptomatic class I;
strictly asymptomatic cases exit Ia at rate γ2 (mean infectious period
1/γ2) and enter the recovered class R [5].

Asymptomatic individuals who do not display symptoms join the re-
covered class at the rate γ2.

9. A person infected with COVID-19 releases the virus into the surround-
ings by sneezing or coughing. The emission rates of the virus by asymp-
tomatic and symptomatic individuals are represented by θ1 and θ2,
respectively. However, the virus does not persist indefinitely in the en-
vironment; it is gradually removed through natural decay and human
efforts such as cleaning and disinfection. The rate at which the virus is
eliminated from the surroundings is denoted by ϵ.

10. The rate of information growth, symbolized as r1, is assumed to be
directly linked to the number of infected individuals. The growth rate
decreases by a factor of

f(A) =
r1θA

ω +A
.

Consequently, the net growth rate of TV and social media advertise-
ments aimed at raising awareness within the population is expressed
as

r1

(
1− θA

ω +A

)
.
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Here, θ represents the rate of decline in advertisement effectiveness as
the number of aware individuals increases. The parameter ω denotes
the half-saturation point, where f(A) achieves half of its maximum
value r1θ, occurring when the aware population reaches ω. For the
model to remain valid, the value of θ must lie between 0 and 1. Mean-
while, the rate of information decay, indicated by r0, quantifies how
quickly memories of the information naturally diminish over time.

Figure 1: Flow diagram of model (1)

The spread of COVID-19, based on the stated assumptions, can be mod-
eled using the following system of nonlinear ordinary differential equations:

dS
dt

= Λ− β(1− α)(I + ηIa)S − β1(1− α)SU + λ0A+ ξR− λMS
c+M

− µS,

dA
dt

= λMS
c+M

− λ0A− µA,

dE
dt

= β(1− α)(I + ηIa)S + β1(1− α)SU − k2(1− σ)E − k1σE − µE,

dIa
dt

= k2(1− σ)E − γ1ϕIa − γ2(1− ϕ)Ia − µIa,

dI
dt

= k1σE + γ1ϕIa − γ3I − δI − µI,

dR
dt

= γ2(1− ϕ)Ia + γ3I − ξR− µR,

dU
dt

= θ1Ia + θ2I − ϵU,

dM
dt

= r1(1− θA
ω+A

)I − r0(M −m0).

(1)
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A flow diagram of the model (1) is depicted in Figure 1. The initial cir-
cumstances of model (1) are regarded as follows:
S(0) = S0 > 0, E(0) ≥ 0, Ia(0) ≥ 0, I(0) ≥ 0, A(0) = A0 ≥
0, R(0) ≥ 0, U(0) ≥ 0, M(0) ≥ m0.

Let us use the notations: χ0 = (1 − α), χ1 = k2(1 − σ) + k1σ + µ, χ2 =

γ1ϕ+ γ2(1− ϕ) + µ, χ3 = γ3 + δ + µ, χ4 = λ0 + µ, χ5 = ξ + µ.

Consequently, the above model (1) can be expressed as

dS
dt = Λ− βχ0(I + ηIa)S − β1χ0SU + λ0A+ ξR− λMS

c+M − µS,
dA
dt = λMS

c+M − χ4A,

dE
dt = βχ0(I + ηIa)S + β1χ0SU − χ1E,

dIa
dt = k2(1− σ)E − χ2Ia,

dI
dt = k1σE + γ1ϕIa − χ3I,

dR
dt = γ2(1− ϕ)Ia + γ3I − χ5R,

dU
dt = θ1Ia + θ2I − ϵU,
dM
dt = r1(1− θA

ω+A )I − r0(M −m0).

(2)

A description of all parameters is given in Table 1.

3 Mathematical analysis

In this section, we provide essential analytical findings for model (1), demon-
strating that its solutions remain positive and bounded. We also identify
disease-free and endemic equilibrium states and examine their stability. In
addition, we derive a theoretical expression for the critical biological param-
eter known as the control reproduction number.
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Table 1: Parameters and their interpretation for models (1)

Parameters Description
η Modification Parameter for asymptomatic class
β Human-to-human transmission rate
β1 Maximum transmission rate due to environmental

contamination
k1 Progression rate from exposed to the symptomatic

class
k2 Progression rate from exposed to the asymptomatic

class
γ3 Recovery rate for symptomatic infected individuals
λ The rate at which awareness spreads among suscep-

tible individuals
c, ω Half saturation constants
γ1 Rate of transition from asymptomatic to symp-

tomatic class
γ2 Rate of transition from asymptomatic to recovered

class
δ Disease-induced mortality rate for symptomatic in-

dividuals
ϕ The fraction of asymptomatic patients who sub-

sequently develop symptoms and transition to the
symptomatic infected class

Λ Recruitment rate
r1 Development rate of information dissemination
r0 Reduction rate of advertisements due to inefficacy

and psychological barriers
µ Natural death rate
m0 Baseline number of media coverage
λ0 Rate of transition of aware individuals to the suscep-

tible class
α The proportion of the population wearing face masks
θ1 The speed at which asymptomatic individuals emit

the virus into their surroundings
θ2 The rate at which symptomatic individuals emit the

virus into their surroundings
ϵ Natural decay rate of virus from the environment
θ Represent the decline in the effectiveness of adver-

tisements as the number of individuals who are al-
ready aware increases

1/ξ Average time it takes for immunity to wear off
σ Fraction of exposed individuals joint to I class

Iran. J. Numer. Anal. Optim., Vol. 15, No. 3, 2025, pp 952–992



Sahu and Thakur 962

3.1 Positivity and boundedness

In this section, we demonstrate that the solutions of the model (1) are posi-
tive and bounded.

dS

dt

∣∣∣∣
S=0

= Λ+ λ0A+ ξR > 0,
dA

dt

∣∣∣∣
A=0

=
λMS

c+M
≥ 0,

dIa
dt

∣∣∣∣
Ia=0

= k2(1− σ)E ≥ 0,
dI

dt

∣∣∣∣
I=0

= k1σE + γ1ϕIa ≥ 0,

dE

dt

∣∣∣∣
E=0

= βχ0(I + ηIa)S + β1χ0SU ≥ 0,
dR

dt

∣∣∣∣
R=0

= γ3I + γ2(1− ϕ)Ia > 0,

dU

dt

∣∣∣∣
U=0

= θ2I + θ1Ia ≥ 0,
dM

dt

∣∣∣∣
M=0

= r1I + r0m0 > 0.

As all rates are nonnegative in this scenario, any solution starting within
the interior of the nonnegative bounding cone R8

+ will remain confined to
this cone, as the vector field consistently points inward along all bounding
planes. As a result, it is assured that none of the model (1) solutions are
negative. We add equations of the model (1) to demonstrate the boundedness
of its solutions, which results in dN

dt = Λ − µN − δI. Then, dN
dt < Λ − µN ,

Applying Birkhoff’s and Rota’s theorems on differential inequality [10], as
t → ∞, we have 0 ≤ N(t) ≤ Λ

µ (= N0). As I(t), Ia(t) ≤ N(t) at any time,
so I(t), Ia(t) ≤ Λ

µ . Now, from the density of the virus in the environment,
dU
dt = θ2I + θ1Ia − ϵU ≤ (θ2 + θ1)

Λ
µ − ϵU . For the initial conditions, when

applying the Gronwall inequality, we get 0 ≤ U(0) ≤ (θ2+θ1)Λ
ϵµ . Additionally,

from the eighth equation of model (1), we obtain dM
dt + r0M ≤ r0m0 +

r1Λ
µ .

Using differential inequality theory, we can derive

lim supM(t) ≤ m0 +
r1Λ

r0µ
,

when applying the Gronwall inequality 0 ≤ M(0) ≤ m0 +
r1Λ
r0µ

. Hence, the
feasible region for the model (1) is

Θ =

{
(S,A,E, Ia, I, R, U,M) ∈ R8

+ :

0 ≤ S,A,E, Ia, I, R,N ≤
Λ

µ
;
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0 ≤ U ≤ (θ2 + θ1) Λ

ϵµ
; 0 < M ≤ m0 +

r1Λ

r0µ

}
. (3)

Therefore, Θ defines the region enclosing the model’s solutions.

Theorem 1. Solutions of the model under the given initial conditions con-
tinue to be nonnegative as time goes on. Furthermore, the closed region
remains unchanged and preserved under the dynamics of the model (1).

3.2 Disease-free equilibrium (DFE) and basic
reproduction number

The disease-free equilibrium (DFE) of the model (1) is given by
ζ0 = (S0, A0, 0, 0, 0, 0, 0,m0), where S0 = (c+m0)Λ(λ0+µ)

µ(m0λ+cλ0+m0λ0+cµ+m0µ)
and

A0 = m0Λλ
µ(m0λ+cλ0+m0λ0+cµ+m0µ)

.

The control reproduction number for model (2) is determined using the
following generation matrix approach [55]. By defining the state vector
as x = (E, Ia, I, U), the system in model (2) can be reformulated as
dx
dt = F(x)− V(x), where F represents the nonnegative matrix of new infec-
tion terms, and the matrix V of the remaining terms are given by

F =


βχ0(I + ηIa)S + β1χ0SU

0

0

0

 ,V =


χ1E

−k2(1− σ)E + χ2Ia

−k1σE − γ1ϕIa + χ3I

−θ1Ia − θ2I + ϵU

.

The corresponding linearized matrices evaluated at the DFE ζ0 are

F1 =


0 S0χ0βη S0χ0β S0χ0β1

0 0 0 0

0 0 0 0

0 0 0 0

, V1 =


χ1 0 0 0

−k2(1− σ) χ2 0 0

−k1σ −γ1ϕ χ3 0

0 −θ1 −θ2 ϵ

.

We get control reproduction number Rc = ρ
(
F1V

−1
1

)
, where ρ is the

spectral radius.
Rc =

S0χ0(k1(βϵ+β1θ2)ϕχ2+k2(1−ϕ)(βϵ(ηχ3+γ1ϕ)+β1(θ1χ3+γ1θ2ϕ)))
ϵχ1χ2χ3

.
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In the absence of any intervention and behavioral awareness,
α = 0, λ = 0, λ0 = 0, m0 = 0, implies A0 = 0, S0 = Λ

µ = N0. Hence, the
basic reproduction number R0 of the model (2) is given by

R0 =
N0

[
k1

(
βϵ+β1θ2

)
ϕχ2 + k2(1−ϕ)

(
βϵ
(
ηχ3+γ1ϕ

)
+β1

(
θ1χ3+γ1θ2ϕ

))]
ϵ χ1χ2χ3

. It is clear
that Rc =

S0χ0R0

N0
. Since S0

N0
≤ 1 and 0 ≤ χ0 ≤ 1, this implies that Rc ≤ R0.

Theorem 2. The equilibrium state ζ0, representing the absence of disease in
the model (2), remains locally asymptotically stable provided that the control
reproduction number Rc is less than one. Conversely, it loses stability when
Rc exceeds one.

3.3 Global stability

This section examines the global stability of the disease-free steady state for
a specific case.

Theorem 3. The DFE ζ0 in model (2) is globally asymptotically stable when
Rc ≤ 1; however, it becomes unstable if Rc > 1.

Proof. We construct a suitably defined Lyapunov function to establish the
global stability of the DFE ζ0. Specifically, we consider a continuously dif-
ferentiable, positive definite function G such that

G = d1E + d2Ia + d3I + d4U. (4)

The constants dj ≥ 0 for j = 1, 2, . . . , 4 will be determined later. Further-
more, by utilizing the equations from model (1) and differentiating equa-
tion (4), we obtain

G′ =d1E′ + d2I
′
a + d3I

′ + d4U
′

=d1(βχ0(I + ηIa)S + β1χ0SU − χ1E) + d2(k2(1− σ)E − χ2Ia)

+ d4(θ1Ia + θ2I − ϵU) + d3(k1σE + γ1ϕIa − χ3I)

≤d1(βχ0(I + ηIa)S0 + β1χ0S0U − χ1E) + d2(k2(1− σ)E − χ2Ia)

+ d4(θ1Ia + θ2I − ϵU) + d3(k1σE + γ1ϕIa − χ3I)

= (−χ1d1 + d2k2(1− σ) + d3k1σ)E + (d1βηχ0S0 − d2χ2 + d3γ1ϕ+ d4θ1) Ia
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+ (d1βχ0S0 − d3χ3 + d4θ2) I + (d1χ0β1S0 − d4ϵ)U. (5)

Let us choose the constant values as follows: d4 = 1, d3 = (βϵ+β1θ2)
β1χ3

, d1 =
ϵ

χ0S0β1
, d2 = βϵηχ3+β1θ1χ3+βγ1ϵϕ+β1γ1θ2ϕ

β1χ2χ3
, using the aforementioned inequality

(5), we obtain the following:

G′ ≤ (Rc − 1)χ1ϵE

S0β1χ0
. (6)

Clearly, G′ ≤ 0 whenever Rc ≤ 1, and G′ = 0 if and only if either E = 0

or Rc = 1, at DFE. Therefore, by LaSalle’s invariance principle [35], the
equilibrium point ζ0 is globally asymptotically stable.

3.4 Presence and persistence of endemic equilibria

To determine the possible endemic equilibrium points of the proposed model,
the system of nonlinear equations derived from the model (2) is solved by
setting all derivatives to zero. The endemic equilibrium ζ∗ =

{S∗, A∗, E∗, I∗a , I
∗, R∗, U∗,M∗}, of the model (2) is given by

E∗ = b1I
∗
a , I

∗ = b2I
∗
a , A

∗ =
b5M

∗λ

(M∗ + c)χ4
, R∗ = b3I

∗
a , U

∗ = b4I
∗
a ,

M∗ = b1I
∗ +m0, S

∗ = b5.

Putting the values of {S∗, A∗, E∗, I∗, R∗, U∗} in the first, second, and eighth
equation of system of equations (1), we have

Λ + b3ξI
∗
a + b5

(
−µ− (b4β1 + β(b2 + η))χ0I

∗
a +

λ(λ0 − χ4)M
∗

(M∗ + c)χ4

)
= 0, (7)

m0r0 + b2r1I
∗
a =

(
r0 +

b2b5r1θλI
∗
a

b5λM∗ + (M∗ + c)χ4ω

)
M∗, (8)

where

b1 =
χ2

k2(1− ϕ)
, b2 =

b1k1ϕ+ γ1ϕ

χ3
, b3 =

γ2(1− ϕ) + b2γ3
χ5

,
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b4 =
θ1 + b2θ2

ϵ
, b5 =

b1χ1

χ0(b4β1 + β(b2 + η))
.

Equations (7) and (8) represent two isoclines in I∗a and M∗. Analyzing the
behavior of these isoclines through mathematical methods is challenging. Let
(I∗a ,M

∗) denote the unique point where these isoclines intersect.

We have seen that at least one endemic equilibrium always exists. Addi-
tionally, we investigate the occurrence of transcritical bifurcation through the
application of center manifold theory, as detailed in previous studies [11, 43].
To simplify the process, we modify the variables accordingly and employ a
similar approach described in those references [11]:
S = x1+S0, E = x2, Ia = x3, I = x4, A = x5+A0, R = x6, U =

x7, M = x8+m0. As a result, it is possible to rewrite model (1) compactly,
as follows:



dx1

dt = Λ− χ0β(x4 + ηx3)(x1 + S0)− β1χ0(x1 + S0)x7 + ξx6)

+λ0(x5 +A0 − λ(x8+m0)(x1+S0)
c+(x8+m0)

− µ(x1 + S0),

dx2

dt = βχ0(x4 + ηx3)(x1 + S0) + β1χ0(x1 + S0)x7 − χ1x2,

dx3

dt = k2(1− σ)x2 − χ2x3,

dx4

dt = k1σx2 + γ1ϕx3 − χ3x4,

dx5

dt = λ(x8+m0)(x1+S0)
c+(x8+m0)

− χ5(x5 +A0),

dx6

dt = γ2(1− ϕ)x3 + γ3x4 − χ6x6,

dx9

dt = θ1x3 + θ2x4 − ϵx7,
dx10

dt = r1

(
1− θ(x5+A0)

ω+(x5+A0)

)
x4 − r0x8.

(9)

The Jacobian matrix of model (9) at the corresponding DFE P 0 is given
by
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JP 0 =



−c2 0 −S0βcηχ0 −S0βcχ0 λ0 ξ −S0β1χ0 c4

0 −χ1 s0βcηχ0 S0βcχ0 0 0 s0β1χ0 0

0 k2(1− ϕ) −χ2 0 0 0 0 0

0 k1ϕ γ1ϕ −χ3 0 0 0 0

c1 0 0 0 −χ4 0 0 −c4
0 0 γ2(1− ϕ) γ3 0 −χ5 0 0

0 0 θ1 θ2 0 0 −ϵ 0

0 0 0 c3 0 0 0 −r0


,

where
c1 = λm0

c+m0 , c2 = µ+ c1, c3 = r1

(
1− θA0

ω+A0

)
, c4 = − cS0λ

(c+m0)2
, c5 = −c4.

At Rc = 1, the bifurcation parameter β gives a critical βc as

βc =
−k1S0β1θ2ϕχ0χ2 + ϵχ1χ2χ3 − k2S0β1(1− ϕ)χ0(θ1χ3 + γ1θ2ϕ)

S0ϵχ0(k1ϕχ2 + k2(1− ϕ)(ηχ3 + γ1ϕ))
.

Confirming that the Jacobian evaluated at β = βc possesses a right eigen-
vector associated with the zero eigenvalue is
W = (w1, w2, w3, w4, w5, w6, w7, w8)

T , where w2 = 1, w3 = a1, w4 = a2,

w7 = a4, w6 = a5, w8 = a3,

w1 = −−a3c4λ0+a3c4χ4+a5ξχ4−a4s0β1χ0χ4−a2s0βcχ0χ4−a1s0βcηχ0χ4

c1λ0−c2χ4
,

w5 = −−a3c1c4+a3c2c4−a5c1ξ+a4c1s0β1χ0+a2c1s0βcχ0+a1c1s0βcηχ0

−c1λ0+c2χ4
,

where a1 = k2(1−ϕ)
χ2

, a2 = k1ϕ+a1γ1ϕ
χ3

, a3 = a2c3
r0
, a4 = a1θ1+a3θ2

ϵ , a5 =
a1γ2(1−ϕ)+a3γ3

χ5
.

The elements of the left eigenvector, which correspond to the zero eigenval-
ues, are also V = (v1, v2, v3, v4, v5, v6, v7, v8) and must satisfy the equalities
V.J = 0 and V.W = 1, so that we obtain

v1 = 0, v5 = 0, v6 = 0, v8 = 0, v3 = k1S0v2βcϵϕχ0+k1S0v2β1θ2ϕχ0−v2ϵχ1χ3

k2ϵ(−1+ϕ)χ3
,

v4 = S0v2βcϵχ0+S0v2β1θ2χ0

ϵχ3
, v7 = s0v2β1χ0

ϵ ,

v2 = k2ϵ(−1+ϕ)χ3

a2k2S0(βcϵ+β1θ2)(−1+ϕ)χ0+a1k1S0(βcϵ+β1θ2)ϕχ0+k2(−1+ϕ)(ϵ+a4S0β1χ0)χ3−a1ϵχ1χ3
.

As outlined in [11, Theorem 4.1], the bifurcation coefficients a and b can
be determined using the following expressions, where fk represents the kth

component of the vector function f :
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a =

10∑
k,i,j=1

vkwiwj
∂2fk
∂xi∂xj

(0, 0)

= v2 (2w1w7β1χ0 + 2w1w4βcχ0 + 2w1w3βcηχ0) ,

b =

10∑
k,i,j=1

vkwi
∂2fk
∂xi∂β

(0, 0)

= S0w4χ0 + S0w3ηχ0. (10)

If a < 0 and b > 0 at β = βc, then according to [11, Theorem 4.1 and Remark
1], a transcritical bifurcation occurs at Rc = 1. Moreover, when Rc > 1, the
unique endemic equilibrium remains locally asymptotically stable.

4 Numerical simulation

4.1 Parameter estimation

In this section, the proposed model is calibrated against observed data to
evaluate its accuracy and predictive capabilities, offering valuable insights
into the pandemic’s progression and supporting effective response strate-
gies. Initially, baseline values for the model parameters are established using
COVID-19 data, relevant information, and published literature. Specifically,
data on the total number of COVID-19 cases in India from March 30, 2020,
to January 24, 2021, were considered [27]. The least squares method is used
to align the observed data points, Yi, with the estimated values, Xi, by min-
imizing the total squared differences between the observed values and the
predicted curve [38]. This process involves minimizing the sum of squared
errors (SSE), expressed as

SSE =

n∑
i=1

(Yi −Xi)
2

Table 2 and Figure 3 present the fitted model developed using MATLAB,
along with the estimated parameter values. In Figure 3, the curve represents
the fitted model, while the star points indicate the total number of daily
confirmed cases. The estimated reproduction number (Rc) is 1.94, suggesting
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a moderate transmission rate. The model simulation closely follows the actual
data, demonstrating its reliability. Table 2 provides a detailed summary of
the estimated and fitted parameters. Following this parameter estimation,
we explore hypothetical scenarios where individuals neither wear masks nor
are aware of COVID-19. A more in-depth discussion follows below.

Figure 2a illustrates the model’s evaluation of India’s response to COVID-
19. Many disregarded safety measures during the prolonged lockdown and
economic crisis, resulting in α = 0 in Figure 2a. However, public aware-
ness of COVID-19 remained high, leading to precautionary behaviors such
as wearing face masks and self-quarantining after traveling from high-risk
or red-alert zones. Figure 2b provides an alternative perspective, showing
that even in cases where individuals were unaware of COVID-19’s severity,
many still adhered to protective measures like mask-wearing (i.e., A = 0 in
2b within 1). As illustrated in Figure 3, the model’s predictions align closely
with the observed data on daily new cases, reinforcing its applicability in
understanding the pandemic’s progression.

(a) α = 0 only in (1) (b) A = 0 only in (1)

Figure 2: Fitted curve of confirmed cases in India and proposed model

4.2 Sensitivity analysis

Examining the sensitivity of parameters in the control reproduction number,
Rc, is essential for understanding the dynamics of infectious diseases. This
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Figure 3: Fitted curve of confirmed case in India and model (1)

process enables the rapid identification of critical factors that drive disease
transmission, which is pivotal for designing effective interventions. Modify-
ing these parameters allows for more efficient pandemic management. The
normalized forward sensitivity index of Rc with respect to a parameter p is
defined as Γp

Rc
= ∂Rc

∂p
p
Rc

[38, 24].

The sensitivity indices of Rc, derived using parameter values from Table
2, are presented in Table 3. It shows that Rc increases with increase in
the values of Λ, β, β1, σ, λ0, c, θ1, θ2, η, k1, γ1, and ϕ. Conversely, parameters
m0, λ, ϵ, δ, k2

, γ3, γ2, α, and µ, have negative impact on Rc. Figure 4 indicates that Λ (λ)
has the maximum positive (negative) impact on Rc. Lower Rc values are
preferred for disease control. Reducing Rc to control disease transmission
requires increasing control parameters with negative indices and decreasing
those with positive indices. Furthermore, it can be seen that Rc is not affected
by the model parameters ξ, r1, r0, ω, θ, that is,

Γξ
Rc

= Γr1
Rc

= Γr0
Rc

= Γω
Rc

= Γθ
Rc

= 0.

Figure 5a displays a two-dimensional contour plot, while Figure 5b dis-
plays a three-dimensional contour plot of Rc(λ, λ0). Figure 5 demonstrates
that as awareness rates increase over time, there is a substantial reduction in
the incidence of COVID-19.
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Table 2: Parameter values for the model (1)

Parameters Range Baseline Source
η (0.6281, 0.6366) day−1 0.6364 [5]
β

(
6.038 · 10−8, 6.988 · 10−8

)
day−1 6.933 · 10−8 Estimated

β1

(
3.00199 · 10−8, 4.10199 · 10−8

)
day−1 4.00199 · 10−8 [46]

k1 (0.0623, 0.0745) day−1 0.0723 Estimated
k2 (0.066, 0.08) day−1 0.068 Estimated
σ (0.065, 0.077) day−1 0.0749 Estimated
γ1 (0.15, 0.25) day−1 0.2 [5]
γ2 (0.159, 0.46) day−1 0.4599 Estimated
γ3 (0.018, 0.0668) day−1 0.066 Estimated
λ (0.0011, 0.0187) day−1 0.0186 [41]
λ0 (0.00001, 0.008) day−1 0.001 [41]
c (400, 2000) day−1 430 Estimated
δ (0.0066, 0.01) day−1 0.0099 [5]
ϕ (0.006999, 0.0099) day−1 0.00900005 Estimated
Λ (100, 3000) day−1 1319.294 [5]
r1 (0.001, 0.01) day−1 0.006 [41]
r0 (0.001, 0.01) day−1 0.005 [41]
µ (0.00001, 0.0001) day−1 0.0000425 [50]
m0 (100, 2000) day−1 500 [41]
θ1 (0.0158, 0.0178) day−1 0.0178 [5]
θ2 (0.1215, 9315) day−1 0.9215 [5]
ϵ (0.1, 0.2) day−1 0.333 [5]
θ (0.01, 0.034) day−1 0.0005 [41]
ξ (0.009, 0.01) day−1 0.008 Assumed
α (0.1, 0.2) day−1 0.3 Estimated
ω (0, 10000) day−1 6000 Estimated

4.3 Impact of control parameters

Figure 6a demonstrates that as awareness spreads more effectively, the num-
ber of symptomatic infections decreases, mainly because media coverage at-
tracts susceptible people’s attention. The rate at which people lose aware-
ness, represented by λ0, increases symptomatic infections, so efforts should
be made to prevent this loss of awareness (see Figure 6b). To keep infection
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Table 3: Normalized sensitivity index for each parameter for the COVID-19 model (1),
for parameters values given in 2

Parameter Sensitivity
indices

Parameter Sensitivity
indices

Parameter Sensitivity
indices

Λ 1 η 0.65 γ3 −0.26
β 0.76 σ 0.24 δ −0.03
β1 0.23 ϕ 0.07 α −0.20
k1 0.22 γ1 0.06 k2 −0.22
θ1 0.03 ϵ −0.23
θ2 0.19 λ −0.88
λ0 0.55 m0 −0.25 µ −0.55
c 0.25 γ2 −0.75

Figure 4: Normalized forward sensitivity indices of Rc

levels low, it is crucial to maintain a steady level of baseline awareness, m0.
Finally, to reduce the transmission rates β and β1, measures like wearing
masks, and so on (refer to Figure 7b) should be taken.
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(a) 2D plot of Rc(λ, λ0) (b) 3-D contour of Rc(λ, λ0)

Figure 5: contour plots of Rc

(a) Effect of λ on I (b) Effect of λ0 on I

(c) Effect of c on I

Figure 6: The effects of varying λ, λ0 and c on I.
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(a) Effect of θ on I (b) Effect of α on I

(c) Effect of ξ on I

Figure 7: The effects of varying θ, α and ξ on I.

4.4 Impact of environment contamination

Environmental contamination plays a significant role in the transmission of
COVID-19. Studies show that the virus can remain viable on copper surfaces
for up to four hours, on cardboard for as long as 24 hours, and on stainless
steel and plastic surfaces for up to 72 hours [56]. This study examines how
environmental contamination affects the dynamics of the proposed model,
specifically analyzing the model (1) to assess the impact of COVID-19 on
environmental contamination caused by infected individuals. The time series
presented in Figures 8a, 8b, and 8c demonstrate the effects of environmental
contamination parameters on infection levels.
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The number of infected individuals in the class I increases as the infection
rate β1, associated with the contaminated environment increases. Further-
more, as the rate of environmental contamination (θ1 and θ2) increases, the
populations in class I also grow, as shown in the time series Figures (8a and
8b). Consequently, an increase in the factors θ1 and θ2 results in a shorter
duration of the pandemic. If the contaminated environment is sanitized ef-
fectively (i.e., by increasing ϵ), the number of infected individuals in class Ia
and I remains relatively stable, as demonstrated in Figure 8c. Consequently,
eliminating the novel coronavirus from environments can help shorten the
pandemic’s duration and lower infection rates.

(a) Effect of θ1 on I (b) Effect of θ2 on I

(c) Effect of ϵ on I

Figure 8: The effects of varying θ1, θ2, ϵ on infected population I.
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5 Optimal Control

In this section, we develop and evaluate an optimal control problem that
integrates multiple strategies, including the proportion of individuals using
face masks, the level of awareness, treatment rates, and the natural decline of
the virus in the environment. These measures aim to mitigate the spread of
the disease while accounting for economic consequences, such as productivity
losses caused by both the disease and the interventions. The subsequent
discussion focuses on these control strategies:

1. Control variable u1(t): The susceptible population is continuously ex-
posed to a proportion of individuals wearing face masks, represented by
the rate α. Since implementing mask-wearing incurs costs, optimizing
these costs is essential for policymakers. To achieve this, the mask-
wearing rate α is treated as a control variable, u1(t), in the context of
model (1), to determine the optimal intervention strategy.

2. Control variable u2(t): As information about the virus disseminates,
susceptible individuals transition to an aware class, with the speed of
this transition being affected by the concentration of the infected pop-
ulation. Since promoting awareness incurs certain costs, policymakers
should aim to optimize these initiatives. Therefore, the awareness rate,
denoted by λ, is modeled as a control variable u2(t).

3. Control variable u3(t): The asymptomatic population transitions to
the symptomatic state at a rate denoted by γ1, where ϕ represents the
proportion of asymptomatic individuals who undergo this progression.
Since treatment and isolation measures involve financial costs, policy-
makers must strategically manage these expenditures. To facilitate this
optimization, the rate γ1 is modeled as a time-dependent control vari-
able, u3(t). In this context, u3 represents interventions such as medical
treatment or isolation efforts, which impact the progression from the
asymptomatic to symptomatic states, in the context of model (1).

4. Control variable u4(t): Natural decay rate of the virus, ϵ is treated as
a control variable u4(t).
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The control variables u1(t), u2(t), u3(t), and u4(t) must be chosen from a
set of allowable control functions defined by
U = {(u1(t), u2(t), u3(t), u4(t) | 0 ≤ u1(t) ≤ u1max, 0 ≤ u2(t) ≤ u2max, 0 ≤
u3(t) ≤ u3max, 0 ≤ u4(t) ≤ u4max, t ∈ [t0, tf ]}[38]. Here, u1(t),u2(t), u3(t),
and u4(t) are measurable and bounded, and tf is the final time for the inter-
vention strategies. It is important to note that this final time tf may vary
for different diseases and applied interventions, depending on the goals of the
control policy. So the following objective function is to minimize both the
total number of infections and the related costs, which is expressed as

J (u) = min
∫ tf

t0

(
C +D1

u21
2

+D2
u22
2

+D3
u23
2

+D4
u24
2

)
dt, (11)

where C = C1E+C2Ia+C3I +C4U −C5A, u = (u1, u2, u3, u4) , and subject
to constraints

dS
dt = Λ− β(1− u1)(I + ηIa)S − β1(1− u1)SU + λ0A+ ξR− u2MS

c+M − µS
dA
dt = u2MS

c+M − λ0A− µA
dE
dt = β(1− u1)(I + ηIa)S + β1(1− u1)SU − (k2(1− σ) + k1σ + µ)E

dIa
dt = k2(1− σ)E − u3ϕIa − γ2(1− ϕ)Ia − µIa
dI
dt = k1σE + u3ϕIa − γ3I − δI − µI
dR
dt = γ2(1− ϕ)Ia + γ3I − ξR− µR
dU
dt = θ1Ia + θ2I − u4U
dM
dt = r1(1− θA

ω+A )I − r0(M −m0).

(12)

We presume the initial circumstances:
S(0) = S0 > 0, E(0) ≥ 0, Ia(0) ≥ 0, I(0) ≥ 0, A(0) = A0 >

0, R(0) ≥ 0, U(0) ≥ 0. In the objective function, the constants
C1, C2, C3, C4, and C5 denote the weighting factors assigned to the exposed
class, infected classes (Ia, I, and U), and the aware class, respectively. The
time-dependent control variables u1, u2, u3 and u4 are associated with the
quadratic costs D1u

2
1, D2u

2
2, D3u

2
3 and D4u

2
4, respectively, where the square

terms indicate the severity of the costs.

Iran. J. Numer. Anal. Optim., Vol. 15, No. 3, 2025, pp 952–992



Sahu and Thakur 978

The Filippov–Cesari Theorem [6] guarantees that the necessary conditions
for achieving an optimal solution to the formulated optimal control problem
are fulfilled. The Hessian matrix associated with the given cost functional
is expressed as D = diag(D1, D2, D3, D4). Since this Hessian matrix is posi-
tive definite at all points, the objective functional J(u1, u2, u3, u4) is strictly
convex. Consequently, there exists a constant D = minD1, D2, D3, D4 > 0

such that this lower bound applies to the integrand of the objective functional

C +D1
u21
2

+D2
u22
2

+D3
u23
2

+D4
u24
2

≥ D
(
u21 + u22 + u23 + u24

)
,

holds if E + Ia + I +A+ U ≥ 0. We apply Pontryagin’s maximum principle
with the state variables S = S∗, A = A∗, E = E∗, Ia = I∗a , I = I∗, R =

R∗, U = U∗,M =M∗. We get the Hamiltonian function:

H =C1E
∗ + C2I

∗
a + C3I

∗ + C4U
∗ − C5A

∗ +D1
u21
2

+D2
u22
2

+D3
u23
2

+D4
u24
2

+ λ1
dS

dt
+ λ2

dA

dt
+ λ3

dE

dt
+ λ4

dIa
dt

+ λ5
dI

dt
+ λ6

dR

dt
+ λ7

dU

dt
+ λ8

dM

dt
.

(13)

The corresponding adjoint functions λi, i = 1, 2, . . . , 8, satisfy the equations:


dλ1
dt

= − ∂H
∂S

= −
(
((1 − u1)β1U + (1 − u1)β(I + Iaη))(λ2 − λ1) +

u2(λ5−λ1)M
M+c

− λ1µ

)
;

dλ2
dt

= − ∂H
∂A

= −(−C4 + λ0λ1 − λ5(λ0 + µ) − r1θλ8ωI

(A+ω)2
);

dλ3
dt

= − ∂H
∂E

= −(C1 + k2(λ2 − λ3)(−1 + ϕ) + k1λ4ϕ − λ2(µ + k1ϕ));

dλ4
dt

= − ∂H
∂Ia

= −(C2 + (−1 + u1)βη(λ1 − λ2)S − λ3µ + γ2(λ3 − λ6)(−1 + ϕ))

−(θ1λ7 − u3(λ3 − λ4)ϕ);

dλ5
dt

= − ∂H
∂I

= − (C3 + (−1 + u1)β(λ1 − λ2)S + γ3(−λ4 + λ6) + θ2λ7 − λ4(δ + µ))

−
(
r1λ8

(
1 − Aθ

A+ω

))
;

dλ6
dt

= − ∂H
∂R

= −(λ1ξ + λ6(µ + ξ));

dλ7
dt

= − ∂H
∂U

= (1 − u1)β1(λ1 − λ2)S + u4λ7;

dλ9
dt

= − ∂H
∂M

= (
cu2S(λ1−λ5)

(M+c)2
+ r0λ8).
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Under the universality condition λi(tf ) = 0, and considering that for all
control inputs ui, where i = 1, . . . , 4, the following condition holds:

∂H

∂ui
= 0,

The optimal control strategy, according to the appropriate variational prin-
ciple, is determined as follows:
u∗1 = min

{
max

(
0,− (βI+β1U+βηIa)(λ1−λ2)

D1

)
, u1 max

}
,

u∗2 = min
{

max
(
0, (λ1−λ5)MS

D2(M+c)

)
, u2 max

}
,

u∗3 = min
{

max
(
0, (λ3−λ4)ϕIa

D4

)
, u3 max

}
,

u∗4 = min
{

max
(
0, λ7U

∗

D5

)
, u4 max

}
.

5.1 Numerical solution of the model with optimal
control

In this subsection, we conduct numerical simulations of the optimal control
model to investigate how different time-varying control strategies influence
the dynamics of disease spread. The simulations are based on the parameter
values listed in Table 2, with some parameters obtained through data fitting
using COVID-19 data from India. The analysis is conducted assuming a
total population of around 1.40 billion. An initial estimate for the control
functions is proposed for the specified period. Additionally, we apply the
forward-backward sweep method, as outlined in [6], to numerically simulate
the optimal control solution.

The trajectories shown in Figures 9a–9d reveal how each control variable
ui (for i = 1, 2, 3, 4) uniquely influences the state variables E, Ia, I, and U .
Solid lines represent the system’s behavior without control, whereas dotted
lines illustrate the impact of implementing control strategies. These inter-
ventions effectively reduce the number of infected individuals and the overall
viral load, highlighting their success in significantly lowering the rate of virus
introduction into the environment and limiting the progression into the in-
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fected class I. Figure 10 presents the optimal control levels for u1, u2, u3,
and u4 in the context of COVID-19 spread. In particular, Figure 10a shows
that u1 reaches its highest level between days 250 and 270, then gradually
declines until day 300. Similarly, Figure 10b illustrates that u2 peaks near
day 290 and then slowly decreases up to day 300. Meanwhile, Figure 10c
indicates that u3 peaks between days 200 and 250 before tapering off by day
300. Lastly, Figure 10d shows u4 reaching its maximum between days 270
and 290, then gradually declining until day 300.

(a) Effect on E (b) Effect on Ia

(c) Effect on I (d) Effect on U

Figure 9: Effect of control measures: u1, u2, u3, u4

To improve resource utilization and lower the costs associated with man-
aging COVID-19 dynamics, we adopt selective strategies that concentrate
on particular combinations of time-dependent control variables rather than
employing all five control parameters simultaneously. This method allows us
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(a) Control parameter u∗
1 (b) Control parameter u∗

2

(c) Control parameter u∗
3 (d) Control parameter u∗

4

Figure 10: Control profiles: u1, u2, u3 and u4

Table 4: Scenarios with their combination strategy

Scenario Strategies

A

S-1. (u1 6= 0, u2 = 0, u3 = 0, u4 = 0)

S-2. (u1 = 0, u2 6= 0, u3 = 0, u4 = 0)

S-3. (u1 = 0, u2 = 0, u3 6= 0, u4 = 0)

S-4. (u1 6= 0, u2 6= 0, u3 6= 0, u4 = 0)

B S-5. (u1 = 0, u2 = 0, u3 = 0, u4 6= 0)

C S-6. (u1 6= 0, u2 6= 0, u3 6= 0, u4 6= 0)

to evaluate the impact of different control combinations (see Table 4), pro-
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viding valuable insights into the trade-offs and cost-effectiveness of targeted
interventions.

We assess three scenarios, A, B, and C, according to the control strategies
outlined in Table 4 and illustrated in Figure 10. Scenario A explores the
influence of control variables u1, u2, and u3 while excluding u4 (refer to
Figures 11a–11d). Scenario B focuses on the effect of u4 in the absence of
u1, u2, and u3 (see Figure 11e). Lastly, Scenario C examines the combined
impact of all control variables u1, u2, u3, and u4 (Figure 11f).

Numerical simulations suggest that targeting infective groups (u1, u2, and
u3) in Scenario A is more effective in reducing disease transmission than im-
plementing environmental controls (u4) in Scenario B. Additionally, apply-
ing control measures to all infective groups simultaneously (Figures 11a–11d)
yields a more significant impact compared to implementing them individually
(Figures 11a–11c). Among the analyzed scenarios, Scenario C, which com-
bines all control strategies, emerges as the most effective in limiting disease
spread, as shown in Figure 11f.

Our analysis of optimal control indicates that successfully applying these
strategies can greatly reduce transmission among vulnerable populations,
leading to a marked decrease in the pandemic’s overall impact.

6 Discussion and conclusion

The COVID-19 pandemic has presented significant public health challenges
while exerting considerable economic pressure worldwide. With no pharma-
ceutical treatments initially available, nonpharmaceutical interventions like
wearing face masks have been essential in curbing the virus’s spread. More-
over, media coverage has played a key role in increasing public awareness
and distributing critical information on preventive measures. This study
examined the SAEIaIRUM model, which integrates nonlinear functional
responses to capture the effects of media coverage influence.

We theoretically analyzed the model within the dynamical systems frame-
work, ensuring the solutions remain positive and bounded. Furthermore, we
explored the biological significance of the control reproduction number, which
was derived using the next-generation matrix. The identified control repro-
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(a) S-1: control u1 only (b) S-2: control u2 only

(c) S-3: control u3 only (d) S-5: u1, u2, u3 only

(e) S-5: u4 only (f) S-6: u1, u2, u3 and u4

Figure 11: Effect of control u1, u2, u3, u4 and u5 on total number of infections

duction number (Rc) and model equilibrium points include disease-free and
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endemic states. Additionally, we examined the local stability of the DFE
under the assumption that Rc is less than one.

Section 4 presents the numerical simulations of the proposed model, uti-
lizing COVID-19 data from India, covering the period from March 30, 2020,
to January 24, 2021, as obtained from Johns Hopkins University [27]. As
depicted in Figure 3, our model demonstrates superior predictive accuracy
compared to the Asamoah et al. [5] model, reinforcing our assertion that
it provides the most precise forecasts. A numerical analysis examines the
impact of various control parameters on disease prevalence. The practical
implementation of nonpharmaceutical interventions (NPIs), such as wear-
ing face masks and self-administering treatment, contributes to reducing the
control reproduction number, as illustrated in Figure 7b. Figures 6a–6b
demonstrate that increasing the values of λ results in a decline in the num-
ber of infected individuals. Furthermore, the gradual waning of immunity
acquired through infection increases the risk of reinfection, underscoring the
importance of booster vaccinations in maintaining immunity and mitigating
disease transmission, as shown in Figure 7c. Conversely, Figures 8a–8b high-
light the effects of environmental contamination. Figure 8c illustrates how
variations in ϵ influence infection peaks, showing a decline as viral removal
efforts intensify.

The control reproduction number (Rc) determines whether the disease
persists or diminishes. A normalized sensitivity analysis (Figure 4) explores
the influence of different parameters on Rc. Normalized forward sensitiv-
ity analyses indicate that the recruitment rate (Λ) has the most significant
positive impact. In contrast, the proportion of susceptible individuals who
become aware (λ) exerts the most substantial negative effect on Rc.

We enhanced the SAEIaIRUM model by embedding it within an opti-
mal control framework, incorporating key interventions such as face masks,
public awareness campaigns, medical treatment or isolation, and disinfection
efforts. The impact of these measures was evaluated through simulations us-
ing the forward-backward sweep method. To assess the effectiveness and cost-
efficiency of different strategies, we explored three distinct scenarios: Scenario
A prioritizes managing infected individuals, Scenario B focuses on minimiz-
ing environmental contamination, and Scenario C combines both strategies.
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Numerical simulations, illustrated in Figure 11, indicate that while Scenario
A significantly reduces disease transmission compared to Scenario B, Sce-
nario C, by combining all control measures, emerges as the most effective
and cost-efficient strategy for controlling the spread of the disease.

Time delays significantly impact system dynamics, including delays in
reporting confirmed cases caused by incubation periods and other influencing
factors. Expanding this method could reveal more intricate dynamics in
future research.
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Abstract

It has been demonstrated that the space-time localized radial basis func-
tions collocation method has very good accuracy in several research studies.
In this paper, we extend the method to solve the partial integro-differential
equations. Since the unknowns of the localized scheme are the values of the
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interpolated function, the method can be easily combined with the trape-
zoidal rule to find the numerical solution. The main advantages of such
formulation are as follows: The time discretization is not applied; the time
stability analysis is not discussed; and the recomputation of the resulting
matrix at each time level is avoided because the matrix is computed once.
Different examples are solved to show the accuracy of such a method.

AMS subject classifications (2020): Primary 45K05, 65M99; Secondary 65N22.

Keywords: Partial integro-differential equation; Localized radial basis func-
tions; Space-time scheme; Collocation method; Trapezoidal rule.

1 Introduction

A partial integro-differential equation (PIDE) is an equation in which the
unknown function appears under the sign of integration and contains the
unknown function and its derivatives with respect to the space and time
variables. Many problems in various fields of physical, engineering, biological,
and epidemiology models are described by PIDEs.

The numerical solution of the PIDEs has recently gained much attention
from researchers. To our best knowledge, in all published works, the solu-
tion methods are based on first discretizing the time variable by applying
any time-stepping algorithms as implicit, explicit, Runge–Kutta or others,
and seeking the approximate solution at each instant t in a space domain
problem. Siddiqi and Arshed [14] employed cubic b-spline functions for spa-
tial derivatives and the Euler backward formula for time derivatives to solve
the PIDE. In [16, 15], it was used the 2-point Euler backward finite dif-
ference method was used for the discretization in time with a combination
of the finite difference method and the trapezoidal rule to solve the PIDE.
El-Sayed, Helal and El-Azab [4] implemented the implicit and explicit fi-
nite difference schemes for the time discretization. In most published works,
these methods are based on differentiating between time and space variables.
All methods start by discretizing the time variable using implicit, explicit,
Runge–Kutta, or any other known method, and then solving the problem by
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computing the approximate solution at each time t. The global radial basis
function (RBF) method for solving the linear integro-differential equations
was investigated by Golbabai and Seifollahi [6, 7]. Parand and Rad [12] pre-
sented the RBF collocation method for one-dimensional Volterra-Fredholm-
Hammerstein integral equations. All works used the global formulation of
RBF [6, 7, 12, 1, 17]. Therefore, in this paper, we develop an RBF-based
space-time localized meshless collocation method combined with the trape-
zoidal rule to solve the space and time PIDE as space-time one, without
differentiating between space and time variables. The posed problem can be
solved once to approximating the solution at any space-time point (x, t). The
main advantages of the considered technique are as follows:
(a). The discussion of the time stability analysis of the discrete system is
avoided [8].
(b). The computational time when dealing with PIDEs with time-dependent
coefficients is reduced as there is no need to recompute the matrix for the
resulting algebraic system at each time level.
(c). The method uses the sparse matrices to store only the nonzero elements,
so we save a significant amount of memory and speed up the resolution of
the linear system.

The paper is organized as follows. In section 2, we introduce the formula-
tion of the PIDE as a space-time problem and the space-time localized RBF
method implementation. Section 3 is devoted to the discussion of results
obtained by solving different PIDE examples. We conclude in Section 4.

2 Numerical details and discretization schemes

In this section, we describe the discretization scheme and the methodology
used to solve the PIDE. The considered PIDE has the following form:

D(x,t)u+ I(x,t)u = f(x, t) for all x ∈ (a, b), for all t ∈ (0, T ],

u(a, t) = g1(t) for all t ∈ (0, T ),

u(b, t) = g2(t) for all t ∈ (0, T ),

u(x, 0) = u0(x) for all x ∈ [a, b],

(1)
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where D(x,t) is a differential operator of second order with variable coefficients
defined by

D(x,t)u =
∂u

∂t
− a(x, t)∂

2u

∂x2
+ b(x, t)

∂u

∂x
+ c(x, t)u, (2)

I(x,t) is an integral operator of the form

I(x,t)u =

∫ t

0

k(x, t, s)u(x, s)ds, (3)

and f , g1, g2, u0, and k are given smooth functions.

2.1 Space-time problem methodology

The formulation of the time-depends problem given by the system (1) as a
space-time one starts by combining the space variable x and the time variable
t in one vector x̂ = (x, t). The constructed variable vector belongs to the
space-time domain ΩT = [a, b]×[0, T ] represented by Figure 1. The boundary
of the new formulated domain ΩT is given by ∂ΩT = Γ1∪Γ2∪Γ3∪Γ4, where
Γ1 = {a} × [0, T ], Γ2 = {b} × [0, T ], Γ3 = [a, b]× {0}, and Γ4 = [a, b]× {T}.

Then, the problem has the new form:

D(x,t)u+ I(x,t)u = f(x, t) for all (x, t) ∈ ΩT

u(x, t) = g1(t) for all (x, t) ∈ Γ1,

u(x, t) = g2(t) for all (x, t) ∈ Γ2,

u(x, t) = u0(x) for all (x, t) ∈ Γ3,

D(x,t)u+ I(x,t)u = f(x, t) for all (x, t) ∈ Γ4,

(4)

or in a reduced form, by setting ΩT = ΩT ∪ Γ4 and ∂ΩT = Γ1 ∪ Γ2 ∪ Γ3, we
have {

Dx̂u+ Ix̂u = f(x̂) for all x̂ ∈ ΩT ,

u(x̂) = g(x̂) for all x̂ ∈ ∂ΩT ,
(5)

where
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Figure 1: Space-time domain


g(x̂) = g1(x̂) for all x̂ ∈ Γ1,

g(x̂) = g2(x̂) for all x̂ ∈ Γ2,

g(x̂) = u0(x̂) for all x̂ ∈ Γ3.

(6)

2.2 The space-time localized RBFs scheme

To recall the technique, let {x̂i}Ni
i=1 and {x̂i}Ni=Ni+1 be center nodes in ΩT

and ∂ΩT , respectively (Interior and boundary nodes, where N is the total
number of nodes in the space-time domain ΩT ). To approximate the differ-
ential operator, using the localized RBF method, we first need to derive the
local approximation of the unknown function u [2, 3]. Then the local approx-
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imation of D(x,t)u(x, t) can be determined easily based on the components of
the function u. So, the local approximation of u in an influence domain Ωj

T

associated with a selecting collocation point x̂j = (xj , tj) and containing a
number nj of nearest neighboring points {x̂[j]k = (x

[j]
k , t

[j]
k )}nj

k=1 ∈ Ωj
T , is given

by

u(x̂j) ' û(x̂j) =
nj∑
k=1

αkϕ(‖x̂j − x̂[j]k ‖), (7)

where {αk}
nj

k=1 are the unknown coefficients, ‖·‖ is the Euclidean norm, and
ϕ is the chosen RBF. There are many different RBFs to choose from. Among
them we can mention the multiquadric function ϕ(r) =

√
1 + (ϵr)2, Which

has been proven in many references [11, 5, 13] to be the most effective over
the past few decades (The real ϵ is the shape parameter of the RBF).

Using the collocation method, (7) is then applied to all collocation points
{x̂[j]k }

nj

k=1 belonging to the influence domain Ωj
T of x̂j . Then we have the

following nj × nj linear system:

û̂ûu[j] = ΦΦΦ[j]α[j], (8)

where ΦΦΦ[j] =
[
ϕ(‖x̂[j]m − x̂[j]n ‖)

]
1≤m,n≤nj

, ααα[j] =
[
α
[j]
1 , α

[j]
2 , . . . , α

[j]
nj

]
, and

û̂ûu[j] =
[
u(x̂

[j]
1 ), u(x̂

[j]
2 ), . . . , u(x̂

[j]
nj )
]
.

Then, the problem of seeking the expansion coefficients {αk}
nj

k=1 is trans-
formed into a determination of the values of solution û[j] at each center point
{x̂[j]k }

nj

k=1 ⊂ Ωj
T by using the equation

ααα[j] = (ΦΦΦ[j])−1 · û̂ûu[j]. (9)

The local approximation of Dx̂u can be determined by applying the differen-
tial operators Dx̂ to the equation (7) for any selected center point x̂j in any
sub-domain Ωj (Figure 2). For x̂j ∈ Ωj , we obtain the following equation:

Dx̂û(x̂j) =

nj∑
k=1

αkDx̂ϕ(‖x̂j − x̂[j]k ‖)

= D[j]D[j]D[j] · û[j]û[j]û[j]

= D[j]D[j]D[j] · û̂ûu,

(10)
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where û[j]û[j]û[j] =
[
u(x̂

[j]
1 ), u(x̂

[j]
2 ), . . . , u(x̂

[j]
nj )
]

and D[j]D[j]D[j] = (Dx̂ΦΦΦ
[j]) · (ΦΦΦ[j])−1.

To switch from the local system (10) to the global one, the vector û̂ûu =

[u(x̂1), u(x̂2), . . . , u(x̂N )] is incorporated in (10) by adding zeros at the proper
locations based on the mapping of û̂ûu[j] to û̂ûu, and considering DDD[j]

1×N as the
global expansions of DDD[j]

1×nj
. For more details on space-time and localized

RBFs collocation method, see [8, 9, 10].

Figure 2: Nearest nodes

2.3 The trapezoidal rule on space-time

In the pace-time domain, the integral part of (1) can be achieved by the
trapezoidal rule. First, for each node x̂i = (xi, ti), we determine the in-
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tegration nodes in a space-time influence domain IiT having pi elements.
With uniform distribution nodes, we have IiT = {(xi, ti), (xi, ti−ht), (xi, ti−
2ht), . . . , (xi, 0)} and ht = T

Nt
, where Nt is the number of nodes on the time

axis. Then the integral can be calculated by the trapezoidal rule. The inte-
gration nodes are shown in Figure 3.

We have
Ix̂u =

∫ t

0

k(x, t, s)u(x, s)ds. (11)

Then, the discretization of Ix̂u is done as follows:

Ix̂u(x̂i) ≈ Îx̂ui

=
ht
2
k(xi, ti, 0)u(xi, 0) + ht

pi−1∑
k=1

k(xi, ti, tk)u(xi, tk)

+ht

2 k(xi, ti, ti)u(xi, ti)

=
ht
2
k(xi, ti, 0)u

[i]
1 + ht

pi−1∑
k=1

k(xi, ti, tk)u
[i]
k +

ht
2
k(xi, ti, ti)u

[i]
pi
.

(12)
In reduced form, we have

Îx̂ui = III [i] · û̂ûu[i], (13)

where III [i] =
[
ht

2 k(xi, ti, 0), {htk(xi, ti, tk)}1≤k≤pi−1,
ht

2 k(xi, ti, ti)
]

and û̂ûu[j] =
[u(x̂

[i]
0 ), u(x̂

[i]
1 ), . . . , u(x̂

[i]
pi)].

Similar to the localized scheme, the vector û̂ûu = [u(x̂1), u(x̂2), . . . , u(x̂N )]

is incorporated in (13) by adding zeros at the proper locations based on the
mapping of û̂ûu[i] to û̂ûu, and considering III1×N as the global expansions of III [i]1×pi

.

2.4 The combined scheme

For each node x̂i in the space-time domain ΩT , we determine the nearest
nodes {x̂k ∈ Ωi

T } and the integration nodes {x̂k ∈ III [i]}. Then we compute
the coefficients of û̂ûu by {

Dx̂ûi = D[i]D[i]D[i] · û̂ûu,
Îx̂ui = III [i] · û̂ûu,

(14)
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Figure 3: Trapezoidal rule nodes

and we get {
Dx̂ûi + Îx̂ui = D[i]D[i]D[i] · û̂ûu+ III [i] · û̂ûu

= (D[i]D[i]D[i] + III [i]) · û̂ûu.
(15)

By substituting (15) into (5) for xi ∈ ΩT , we obtain

f(x̂i) = Dx̂ûi + Îx̂ui = (D[i]D[i]D[i] + III [i]) · û̂ûu. (16)

For xi ∈ ∂ΩT , we have
g(x̂i) = ûiûiûi. (17)

By collocating all the interpolation points {xj}Nj=1 and using (16) and (17),
we get the following sparse linear system:

AUUU = B, (18)
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where A =



(DDD + III)(x̂1)

(DDD + III)(x̂2)
...

(DDD + III)(x̂Ni)

1Ni+1

...

1N


, UUU =



û1

û2
...

ûNi

ûNi+1

...

ûN


, and B =



f(x̂1)

f(x̂2)
...

f(x̂Ni
)

g(x̂Ni+1)
...

g(x̂N )


, where

1j · û = ûj , for all j ∈ [Ni + 1, N ].

Note that the linear algebraic system (18) is square since the number
of unknowns (the values of the approximate function) and the collocation
points are equal. The approximate solution {û(x̂j)}Nj=1 at the interpolation
points {x̂j}Nj=1 can be obtained by solving the above sparse linear system of
equations.

In practice, the mapping fromDDD[i] toDDD and III [i] to III is automatic without
the need for inserting zeros, if we make good use of the index vector and store
the sparse matrix properly. Figure 4 shows the sparse matrix of the system
for some values of N . The nz value designates the nonzero elements in the
matrix.

2.5 Rate of convergence of the scheme

It is well known that the trapezoidal rule has a quadratic accuracy, and we
[8] demonstrated numerically that the rate of the localized space-time also
has a quadratic convergence. So we can assert that the proposed scheme in
this work also has a numerical quadratic rate of convergence.

The experimental rates of convergence with respect to the mesh size h =

sup
x̂∈ΩT

min
x̂j

‖x̂− x̂j‖ are calculated using the following formula:

ROC =
log
(

Ei+1

Ei

)
log
(

hi+1

hi

) ,
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Figure 4: Density of the sparse matrix for some values of N

where Ei is one of the specified errors MAE, RMSE, or L1
er corresponding

to the mesh size hi.

3 Numerical results and discussions

In this section, we investigate the numerical solution of the PIDE using a
spacetime localized RBF collocation method to show its efficiency and accu-
racy for solving such a problem.

To measure the numerical accuracy, we consider the maximum absolute
error (MAE), the root mean squared error (RMSE), and the L1

er relative
error defined as follows:
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MAE = max
1≤j≤N

|û(x̂j)− u(x̂j)|,

RMSE =

√√√√ 1
N

N∑
j=1

(û(x̂j)− u(x̂j))2,

L1
er =

N∑
j=1

|û(x̂j)− u(x̂j)|

N∑
j=1

|u(x̂j)|

,

(19)

where u(x̂j) and û(x̂j) are the exact and the approximate solutions at the
node x̂j , respectively. We considered the maximum absolute error to show
that there is no big error. The RMSE is more significant; it measures the
average magnitude of the error. Moreover, L1

er shows that even for “big”
errors, it is relatively small. Since the norms are equivalent, RMSE suffices.

For all treated examples, the uniform node distribution is adopted. The
choice of the shape parameter is not discussed, and it is fixed at ϵ = 1. The
number of nearest nodes is chosen nj = 5 as the problems treated are in
two-dimensional space-time domains [8].

3.1 Example 1

The first example treated is a diffusion integro-differential problem of the
form:

∂u

∂t
(x, t)− ∂2u

∂x2
(x, t)−

∫ t

0

k(t, s)u(x, s)ds = f(x, t) on ΩT = (0, 1)2,

where k(t, s) = st. The function f and the boundary conditions on space-time
domain are chosen according to the analytical solution:

u(x, t) = sin(πx)e−π2t.

Table 1 shows errors for different values of N , the total interpolation points
in the space-time domain. The CPU time and matrix size are also given.
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The experimental rate of convergence in this simulation shows that nearly
quadratic convergence is achieved. Figure 5 shows the exact and numerical
solution and the absolute error on the entire domain ΩT = (0, 1)2 with N =

1012. It can be noted that the results have good accuracy.

Table 1: Errors for Example 3.1 for some values of N = Nx ×Nt

N h MAE ROC RMSE ROC L1
er ROC Time Size

112 0.100 3.76E-02 0.000 1.05E-02 0.000 6.40E-02 0.000 0.010 1212

212 0.050 1.12E-02 1.751 3.27E-03 1.686 2.39E-02 1.418 0.016 4412

312 0.033 5.15E-03 1.904 1.53E-03 1.872 1.20E-02 1.709 0.031 9612

412 0.025 2.94E-03 1.950 8.80E-04 1.926 7.11E-03 1.812 0.094 16812

512 0.020 1.90E-03 1.970 5.69E-04 1.951 4.69E-03 1.862 0.125 26012

612 0.017 1.32E-03 1.980 3.98E-04 1.964 3.32E-03 1.891 0.250 37212

712 0.014 9.73E-04 1.985 2.94E-04 1.972 2.48E-03 1.910 0.422 50412

812 0.013 7.46E-04 1.989 2.26E-04 1.977 1.92E-03 1.924 0.563 65612

912 0.011 5.90E-04 1.991 1.79E-04 1.980 1.53E-03 1.934 0.766 82812

1012 0.010 4.78E-04 1.994 1.45E-04 1.984 1.24E-03 1.942 0.969 102012

1112 0.009 3.95E-04 1.997 1.20E-04 1.988 1.03E-03 1.950 1.328 123212

1212 0.008 3.33E-04 1.988 1.01E-04 1.980 8.71E-04 1.946 1.703 146412

1312 0.008 2.83E-04 2.008 8.60E-05 2.001 7.44E-04 1.969 2.203 171612

1412 0.007 2.44E-04 1.982 7.43E-05 1.975 6.44E-04 1.946 2.719 198812

1512 0.007 2.13E-04 2.006 6.47E-05 1.999 5.62E-04 1.972 3.391 228012

1612 0.006 1.87E-04 2.015 5.68E-05 2.009 4.95E-04 1.984 4.109 259212

3.2 Example 2

As a second example, the following advection-diffusion integro-differential
equation is considered [14]:

∂u

∂t
(x, t)−a∂

2u

∂x2
(x, t)+b

∂u

∂x
(x, t)−

∫ t

0

k(t, s)u(x, s)ds = f(x, t) on ΩT = (0, 1)2,

where a = 0.4, b = 0.05, and k(t, s) =
√
t− s. The other parameters are

taken according to the analytical solution:

u(x, t) = (t2 + 1) sin(πx).
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Figure 5: Exact and numerical solutions and the absolute error for the example 3.1 with
N = 1012.

Table 2 shows the results of some simulations for Example 3.2. Same re-
marks are noted as in Example 3.1 concerning the accuracy and the rate of
convergence.
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Table 2: Errors for Example 3.2 for some values of N

N h MAE ROC RMSE ROC L1
er ROC

212 0.0500 8.889E-03 2.25E-03 1.69E-03
412 0.0250 2.474E-03 1.84508 6.01E-04 1.90682 4.49E-04 1.91278
612 0.0167 1.157E-03 1.87405 2.79E-04 1.89447 2.09E-04 1.88484
812 0.0125 6.740E-04 1.87914 1.62E-04 1.88032 1.22E-04 1.86126
1012 0.0100 4.432E-04 1.87820 1.07E-04 1.86698 8.11E-05 1.83983
1212 0.0083 3.148E-04 1.87711 7.63E-05 1.85763 5.82E-05 1.82456
1412 0.0071 2.361E-04 1.86681 5.74E-05 1.83785 4.41E-05 1.79623
1612 0.0063 1.842E-04 1.85918 4.50E-05 1.82052 3.48E-05 1.77233

3.3 Example 3

For this third example, more challenging problem is treated. The advection-
diffusion-reaction integro-differential equation with variable coefficients is de-
fined by

∂u

∂t
(x, t)− a(x, t)∂

2u

∂x2
(x, t) + b(x, t)

∂u

∂x
(x, t) + c(x, t)u(x, t)

−
∫ t

0

k(t, s)u(x, s)ds = f(x, t),

where a(x, t) = e−t, b = sin(x), c(x, t) = et, and k(t, s) = (t− s). The other
parameters are chosen according to the analytical solution:

u(x, t) = e−t cos(x)

and the space-time domain is ΩT = [0, π2 ]× [0, 1].

We can observe from Table 3 that even for this kind of complex problem,
the results are very accurate. The same rate of convergence is observed.
Because we arrived at N = 2012 = 40401 nodes and the size of the matrix A
defined in (18) is 40401× 40401, without losing accuracy, we can assert that
the scheme is also stable.
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Table 3: Errors for Example 3.3 for some values of N

N h MAE ROC RMSE ROC L1
er ROC

112 0.1000 3.451E-03 1.65E-03 3.19E-03
212 0.0500 9.272E-04 1.89609 4.65E-04 1.82568 9.47E-04 1.75046
312 0.0333 4.195E-04 1.95598 2.13E-04 1.92592 4.40E-04 1.88872
412 0.0250 2.374E-04 1.97869 1.21E-04 1.95451 2.53E-04 1.92983
512 0.0200 1.522E-04 1.99211 7.82E-05 1.96759 1.64E-04 1.94926
612 0.0167 1.060E-04 1.98399 5.46E-05 1.97497 1.14E-04 1.96039
712 0.0143 7.794E-05 1.99569 4.02E-05 1.97968 8.45E-05 1.96754
812 0.0125 5.972E-05 1.99384 3.09E-05 1.98292 6.49E-05 1.97237
912 0.0111 4.721E-05 1.99551 2.44E-05 1.98531 5.15E-05 1.97605
1012 0.0100 3.824E-05 1.99960 1.98E-05 1.98753 4.18E-05 1.97932
1112 0.0091 3.163E-05 1.99372 1.64E-05 1.98745 3.46E-05 1.98002
1212 0.0083 2.657E-05 2.00062 1.38E-05 1.98999 2.91E-05 1.98332
1312 0.0077 2.265E-05 1.99703 1.18E-05 1.99127 2.48E-05 1.98521
1412 0.0071 1.952E-05 2.00184 1.01E-05 1.99476 2.14E-05 1.98928
1512 0.0067 1.701E-05 1.99955 8.84E-06 1.99140 1.87E-05 1.98606
1612 0.0063 1.495E-05 2.00023 7.77E-06 1.99566 1.64E-05 1.99084
1712 0.0059 1.326E-05 1.98254 6.89E-06 1.97510 1.46E-05 1.96957
1812 0.0056 1.181E-05 2.02565 6.14E-06 2.02247 1.30E-05 2.01969
1912 0.0053 1.060E-05 1.98603 5.52E-06 1.98652 1.17E-05 1.98243
2012 0.0050 9.585E-06 1.97164 4.99E-06 1.95884 1.06E-05 1.95271

4 Conclusion

In this paper, we presented a local space-time RBFs collocation method com-
bined with the trapezoidal rule to solve the PIDE as space-time one without
differentiating between space and time variables. The problem is solved once
to approximate the solution at any point (x, t). The main advantages of the
considered technique are as follows:
(1). The discussion of the time stability analysis of the discrete system is
avoided.
(2). The computational time when dealing with PIDEs with time-dependent
coefficients is reduced as there is no need to recompute the matrix for the
resulting algebraic system at each time level.
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(3). The method uses the sparse matrices to store only the nonzero elements,
so we save a significant amount of memory and speed up the resolution of
the linear system.
(4). The formulation is the same for any form of the linear differential op-
erator of second order Dx̂ and any form of the function k(x, t, s), only some
changes in the programming script can be made according to the problem to
be solved.

It has been demonstrated that our technique is simple, straightforward,
and applicable to a large type of problems as it is shown in this paper. The
application of the developed technique to equations with an integral boundary
condition is under investigation. Further work will focus on developing a
method without the trapezoidal rule to solve such a problem.
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bound of solutions to 2D mixed
Volterra–Fredholm integral and
integro-differential equations via
high-order collocation method

A.A. Shalangwa*, M.R. Odekunle and S.O. Adee

Abstract

The integral equation is transformed into systems of algebraic equations us-
ing standard collocation points, and then the algebraic equations are solved
using matrix inversion. Their solutions are substituted into the approxi-
mate equation to give the numerical results. We establish the analysis of
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the developed method, which shows that the solution is unique, convergent,
and error bound. To illustrate the effectiveness, ease of use, and depend-
ability of the approach, illustrative examples are provided. It demonstrates
that the method outperforms other methods.

AMS subject classifications (2020): Primary 45A05; Secondary 65R20.

Keywords: Volterra integral equation; Fredholm integral equation; Mixed
Volterra–Fredholm integral equation; Collocation; Two-dimensional integral.

1 Introduction

Due to certain scientists’ inability to solve differential equations, integral
equations first appeared in writing in the middle of the seventeenth century.
The numerous applications of integral equations can be found in the fields of
elasticity, plasticity, heat and mass transfer, fluid dynamics, filtration theory,
electrostatics, electrodynamics, bio-mechanics, game theory, control, queuing
theory, electrical engineering, economics, and medicine, among other scien-
tific disciplines. In many branches of natural science, exact (closed-form)
solutions to integral equations are essential to comprehending the qualitative
aspects of numerous processes and occurrences [13].

The integral equations provide a significant tool for describing diverse
processes and for solving several sorts of boundary value issues relating to
ordinary and partial differential equations. The topic of integral equations is
one of the most useful mathematical tools in both pure and practical math-
ematics and it has vast applications in a variety of scientific situations.

Two-dimensional integral equations provide an important tool for mod-
eling several problems in engineering and research [5, 8]. Many processes in
physics and engineering domains give rise to two-dimensional integral equa-
tions and are frequently difficult to solve analytically. In many circumstances,
it is needed to find the approximate solutions. As we know, substantial ef-
fort has been done on creating and studying numerical methods for solving
one-dimensional integral equations of the second sort, but in two-dimensional
cases, a very little amount of work has been done [19].
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An equation is considered integral if the unknown function appears inside
the integral sign. The various forms of integral equations primarily depend
on the equation’s kernel and the integration’s limits. According to [19], an
integral equation is referred to as a Volterra integral equation if at least one
of the limits is variable and a Fredholm integral equation if the limits of
integration are fixed. The Fredholm integral equation is characterized by
fixed integration limits, whereas the Volterra integral equation exhibits at
least one variable integration limit.

An essential tool for modeling a wide range of phenomena and resolv-
ing various boundary value issues involving ordinary and partial differential
equations is the integral equation. One of the most helpful mathematical
fields in both pure and applied mathematics is integral equations, which has
numerous applications in science, engineering, and so on [11]. An equation
that combines the Fredholm integral and the Volterra integral in one equation
is known as the Volterra–Fredholm integral equation.

Numerous methods have been developed for solving one-dimensional inte-
gral equations and two-dimensional mixed Volterra–Fredholm integral equa-
tions (2D MVFIEs). These methods include perturbed collocation method
[18], collocation method [2] and [3], boukakar collocation method [1] and [1],
multiquadric radial basis functions [4], Two-dimensional Legendre wavelets
method [6], applications of two-dimensional triangular functions [12], series
solution methods [15], successive approximation method and method of suc-
cessive substitutions [16], and Adomian decomposition method [17]. In this
study, we develop the polynomial collocation method to solve 2D MVFIE of
the form:

m(x, t) = h(x, t) + ρ

∫ t

0

∫ b

a

k(x, t, y, z)m(y, z)dydz (1)

and
mn(x, t) = h(x, t) + ρ

∫ t

0

∫ b

a

k(x, t, y, z)m(y, z)dydz, (2)

where m(x, t) is considered an unknown function to be determined, the func-
tions h(x, t) is analytic on C

(
[0, 1]2,R

)
, k(x, t, y, z) is analytic on C

(
[0, 1]4,R

)
,

m(y, z) is a continuous function with respect to m(y, z), and ρ is a constant
coefficient.
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Definition 1. In order to apply the Bernstein polynomials in the interval
[0, 1], Bi,n(x) is defined as [10]

Bi,n(x) =

(n

i

)
xi(1− x)n−i, i = 0, 1, 2, . . . , n. (3)

Definition 2. Bernstein polynomials of degree n in the interval [0, 1] can
also be written in the following equivalent form:

Bi,n(x) =

n−i∑
p=0

(n

i

)(n−i

p

)
(−1)pxi+p. (4)

Definition 3. Bernstein polynomials of degree n can be defined recursively
by blending together two Bernstein polynomials of degree n−1. That is, the
kth nth-degree Bernstein polynomial can be written as

Bk,n(x) = (1− x)Bk,n−1(x) + xBk−1,n−1(x), k = 0(1)n, n ≥ 1. (5)

Definition 4 (Standard Collocation Method (SCM)). This method is used
to determine the desired collocation points within an interval, that is, [a, b]
and is given by

xi = a+
(b− a)i
N

, i = 0(1)N,

tj = a+
(b− a)j
N

, j = 0(1)N. (6)

Definition 5.

(i) Lipschitzian [7]
Let (X, ‖.‖) be a norm space. Mapping T : X −→ X is L-Lipschitz if
there exists L > 0 such that ‖Tx− Ty‖∞ ≤ L ‖x− y‖∞,q ∈ [0, 1] for
all x, y ∈ X.

(ii) Lipschitz continuity [14]
A function f is Lipschitz continuous if there exists K < ∞ such that
‖f(y)− f(x)‖ ≤ K ‖y − x‖.

Definition 6 (Infinity norm ∥v∥∞). [14]
The infinity norm (also known as the L∞-norm, l∞, max norm, or uniform
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norm) of a vector v is denoted by ‖v‖∞ and is defined as the maximum of
the absolute values of its components, that is,

‖v‖∞ = max {|vi| : i = 1, 2, . . . , n}

2 Uniqueness, convergence, error analysis and method
of solution

2D MVFIEs can be solved numerically using the polynomial collocation
method, which is based on the collocation approach and takes into account
the linear combination of the Bernstein polynomial as our approximated solu-
tion. In this section, we will develop a method by using standard collocation
points to reduce the 2D MVFIE to a system of algebraic equations.

2.1 Integral form

Let MN (x, t) be the approximate solution of

mn(x, t) = h(x, t) + ρ

∫ t

0

∫ b

a

k(x, t, y, z)m(y, z)dydz, (7)

with initial condition given as mn−1(x0, t) = mn−1, where mn(x, t) =
dn

dxnm(x, t) is the nth order derivative of m(x, t), m(x, t) is an unknown func-
tion to be determined, h(x, t) and k(x, t, y, z) are analytic function on [a, b].

Here, L is an operator defined as L = dn

dxn and L−1 =
∫ x

0

∫ x

0
· · ·
∫ x

0
dxdx . . . dx

operating L−1 on both sides of (7) is given by

L−1 (mn(x, t)) = L−1 (h(x, t)) + L−1

(
ρ

∫ t

0

∫ b

a

k(x, t, y, z)m(y, z)dydz

)
.

(8)
Integrating (7) n times from 0 to x gives∫ x

0

∫ x

0

· · ·
∫ x

0

mn(x, t)dxdx . . . dx

=

∫ x

0

∫ x

0

· · ·
∫ x

0

h(x, t)dxdx . . . dx
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+

∫ x

0

∫ x

0

· · ·
∫ x

0

(
ρ

∫ t

0

∫ b

a

k(x, t, y, z)m(y, z)dydz

)
dxdx . . . dx(9)

∫ x

0

∫ x

0

· · ·
∫ x

0

mn(x, t)dxdx . . . dx

=

∫ x

0

∫ x

0

· · ·
∫ x

0

h(x, t)dxdx . . . dx (10)

+ ρ

∫ x

0

∫ x

0

· · ·
∫ x

0

(∫ t

0

∫ b

a

k(x, t, y, z)m(y, z)dydz

)
dxdx . . . dx.

Converting multiple integrals to single integral from (10) gives

m(x, t) =
xn−1

(n− 1)!
u0 +

xn−2

(n− 2)!
u1 +

xn−3

(n− 3)!
u2

+ · · ·+ un−1 +
1

(n− 1)!

∫ x

0

(x− t)n−1h(x, t)dt

+ ρ
1

(n− 1)!

∫ x

0

(x− t)n−1

(∫ t

0

∫ b

a

k(x, t, y, z)m(y, z)dydz

)
dt.(11)

Simplifying (11) gives

m(x, t) =

n−1∑
i=1

1

i!
uix

i +
1

(n− 1)!

∫ x

0

(x− t)n−1h(x, t)dt

+ ρ
1

(n− 1)!

∫ x

0

(x− t)n−1

(∫ t

0

∫ b

a

k(x, t, y, z)m(y, z)dydz

)
dt,

(12)

where

H(x, t) =
xn−1

(n− 1)!
u0 +

xn−2

(n− 2)!
u1 +

xn−3

(n− 3)!
u2

+ · · ·+ un−1 +
1

(n− 1)!

∫ x

0

(x− t)n−1h(x, t)dt

(13)

or

H(x, t) =

n−1∑
i=1

1

i!
uix

i +
1

(n− 1)!

∫ x

0

(x− t)n−1h(x, t)dt

and
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ρ(x, t) =
ρ

(n− 1)!

∫ x

0

(x− t)n−1dt, (14)

m(x, t) = H(x, t) + ρ

∫ t

0

∫ b

a

K(x, t, y, z)m(y, z)dydz. (15)

Therefore, (15) is a 2D MVFIE of the second kind, which is the integral form
of (2).

2.2 Method of solution to 2D MVFIE

We recall that (1) and (2) can be written as

m(x, t) = h(x, t) + λ

∫ t

0

∫ b

a

k(x, t, y, z)m(y, z)dydz. (16)

Let MN (x, t) be the approximate solution to (15), where

mN (x, t) =

N∑
i=0

N∑
j=0

ci,jBi,N (x)Bj,N (t) = ϕ(x, t)C. (17)

Substituting (17) into (16) gives

ϕ(x, t)C = h(x, t) + ρ

∫ t

0

∫ b

a

k(x, t, y, z) (ϕ(y, z)C) dydz, (18)

ϕ(x, t)C − ρ
∫ t

0

∫ b

a

k(x, t, y, z) (ϕ(y, z)C) dydz = h(x, t), (19){
ϕ(x, t)− ρ

∫ t

0

∫ b

a

k(x, t, y, z)ϕ(y, z)dydz

}
C = h(x, t). (20)

Collocating (20) and using standard collocation points at x = xi and t = tj

with

xi = a+
(b− a)i
N

, i = 0(1)N,

tj = a+
(b− a)j
N

, j = 0(1)N, (21)

we have
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ϕ(xi, tj)− ρ

∫ t

0

∫ b

a

k(xi, tj , y, z)ϕ(y, z)dydz

}
C = h(xi, tj), (22)

where γ(xi, tj) =
{
ϕ(xi, tj)− ρ

∫ t

0

∫ b

a
k(xi, tj , y, z)ϕ(y, z)dydz

}
and

C = [c0,0, c0,1, c0,2, . . . , c0,N , . . . , cN,0, cN,1, cN,2, . . . , cN,N ],

γ(xi, tj)C = h(xi, tj). (23)

Multiplying both sides of (23) by γ(xi, tj)−1 gives

C = γ(xi, tj)
−1h(xi, tj). (24)

Substituting C into the approximate solution to (17) gives

MN (x, t) = ϕ(x, t)γ(xi, tj)
−1h(xi, tj), i, j = 0(1)N. (25)

The system of equations is then solved using Maple 18 software and the
unknown constants obtained are then substituted back into the approximate
solution to get the required solution.

2.3 Uniqueness, convergence and error analysis

Hypothesis
The following assumptions were made:
Z1:Let (C([0, 1]× [0, 1]), ‖.‖) be the space of all continuous functions on the
interval [0, 1]× [0, 1] with the norm ‖M‖∞ = Max︸ ︷︷ ︸

x ∈ [0, 1]︸ ︷︷ ︸
t∈[0,1]

|M(x, t)|.

Z2 :M(x, t) 6= 0 .
Z3 : |K(x, t, y, z)| ≤ L (L is a positive real number) for all (x, t) ∈ [0, 1]×[0, 1],
and
Z4 : for all (x, t) ∈ [0, 1]×[0, 1] and β = {(x, t, y, z) : 0 ≤ z ≤ t ≤ 1; 0 ≤ y ≤ x ≤ 1}.

With this conditions, we present the uniqueness and convergence of the
solution.

Theorem 1 (Uniqueness of solution for 2D MVFIE). Let M(x, t) be an
exact solution to (1), and let MN,N (x, t) be the approximate solution to (1),
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where

MN,N (x, t) =
N∑
i=0

N∑
j=0

ci,jBi,N (x)Bj,N (t).

Then (1) has a unique solution whenever 0 ≤ α ≤ 1 and α = 1−L1λ (b− a) t.

Proof. Equation (1) can be written in the form

M(x, t) = h(x, t) + ρ

∫ t

0

∫ b

a

F (x, t, y, z,M(y, z)) dydz

such that the linear term F (M) is Lipschitz continuous with |F (M)− F (V )| ≤
L1 |M − V |.

Let MN,N and M ′
N,N be any two different approximate solutions to (1).

Then

MN,N (x, t)−M ′
N,N (x, t) =h(x, t) + ρ

∫ t

0

∫ b

a

F (x, t, y, z,mN,N (y, z)) dydz − h(x, t)

− ρ
∫ t

0

∫ b

a

F
(
x, t, y, z,M ′

N,N (y, z)
)
dydz

∣∣MN,N (x, t)−M ′
N,N (x, t)

∣∣
=

∣∣∣∣∣ρ
∫ t

0

∫ b

a

F (x, t, y, z,MN,N (y, z)) dydz − ρ
∫ t

0

∫ b

a

F
(
x, t, y, z,M ′

N,N (y, z)
)
dydz

∣∣∣∣∣ ,
∣∣MN,N (x, t)−M ′

N,N (x, t)
∣∣

≤ |ρ|
∫ t

0

∫ b

a

∣∣F (x, t, y, z,MN,N (y, z))− F
(
x, t, y, z,M ′

N,N (y, z)
)∣∣ dydz,

∣∣MN,N (x, t)−M ′
N,N (x, t)

∣∣ ≤ |ρ| ∫ t

0

∫ b

a

∣∣F (MN,N )− F
(
M ′

N,N

)∣∣ dydz,
∣∣mN,N −M ′

N,N

∣∣ ≤ |ρ|L1

∫ t

0

∫ b

a

∣∣MN,N −M ′
N,N

∣∣ dydz,∣∣MN,N −M ′
N,N

∣∣− |ρ|L1(b− a)t
∣∣MN,N −M ′

N,N

∣∣ ≤ 0,

{1− |ρ|L1(b− a)t}
∣∣MN,N −M ′

N,N

∣∣ ≤ 0.

If α = {1− |ρ|L1(b− a)t}, then

α
∣∣MN,N −M ′

N,N

∣∣ ≤ 0.
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As 0 ≤ α ≤ 1,
∣∣MN,N −M ′

N,N

∣∣ = 0, which implies MN,N = M ′
N,N . Hence,

the uniqueness proof is complete.

Theorem 2 (Convergence of the method for 2D MVFIE). Let U(x, t) be an
exact solution to (1), and let MN,N (x, t) be the approximate solution to (1),
where

MN,N (x, t) =

N∑
i=0

N∑
j=0

ci,jBi,N (x)Bj,N (t).

Then, the solution of L2D-LMVFIE by using Bernstein polynomial as a basis
function is unique and convergent if 0 ≤ η1 ≤ 1.

Proof. Since we have already proved for the uniqueness, we now prove the
convergence using the definition of norms and our assumptions Z1 −Z4. We
have

‖M(x, t)−MN,N (x, t)‖∞ = Max︸ ︷︷ ︸
x ∈ [0, 1]︸ ︷︷ ︸

t∈[0,1]

|M(x, t)−MN,N (x, t)|

‖M(x, t)−MN,N (x, t)‖∞
Max︸ ︷︷ ︸

x ∈ [0, 1]︸ ︷︷ ︸
t∈[0,1]

=

∣∣∣∣∣h(x, t) + ρ

∫ t

0

∫ b

a

k(x, t, y, z)M(y, z)dydz − h(x, t)

−ρ
∫ t

0

∫ b

a

k(x, t, y, z)MN,N (y, z)dydz

∣∣∣∣∣ ,
‖M(x, t)−MN,N (x, t)‖∞

≤ |ρ| Max︸ ︷︷ ︸
x ∈ [0, 1]︸ ︷︷ ︸

t∈[0,1]

∫ t

0

∫ b

a

|k(x, t, y, z)| |M(y, z)−MN,N (y, z)dydz| ,

‖M(x, t)−MN,N (x, t)‖∞ ≤ |ρ|Lβ ‖M(y, z)−mN,N (y, z)‖∞ ,
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‖M(x, t)−MN,N (x, t)‖∞ (1− |ρ|Lβ) ≤ 0.

If η1 = (|ρ|Lβ), then

(1− η1) ‖M(x, t)−MN,N (x, t)‖∞ ≤ 0.

Then, if 0 ≤ η1 ≤ 1 and N → ∞, then lim︸︷︷︸
N→∞

‖M(x, t)−MN,N (x, t)‖∞ =

0.

Theorem 3 (Error bound of 2D MVFIE). Let U(x, t) be an exact solution
to (1), and let MN,N (x, t) be the approximate solution to (1), where

MN,N (x, t) =

N∑
i=0

N∑
j=0

ci,jBi,N (x)Bj,N (t).

Then, the error of L2D-LMVFIE by using Bernstein polynomial as a basis
function is

‖eN,N (x, t)‖∞
‖eN,N (y, z)‖∞

≤ |ρ|Mαβα.

Proof. In establishing the error bound of this method, we substitute the
approximate solution into (1), which gives

,MN,N (x, t) = h(x, t) + ρ

∫ t

0

∫ b

a

k(x, t, y, z)MN,N (y, z)dydz,

and the exact solution is given by

M(x, t) = h(x, t) + ρ

∫ t

0

∫ b

a

k(x, t, y, z)M(y, z)dydz,

MN,N (x, t)−M(x, t) = eN (x, t),

MN,N (x, t)−M(x, t) =h(x, t) + ρ

∫ t

0

∫ b

a

k(x, t, y, z)MN,N (y, z)dydz

− h(x, t)− ρ
∫ t

0

∫ b

a

k(x, t, y, z)M(y, z)dydz,

|MN,N (x, t)−M(x, t)| =

∣∣∣∣∣ρ
∫ t

0

∫ b

a

k(x, t, y, z)MN,N (y, z)dydz
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−ρ
∫ t

0

∫ b

a

k(x, t, y, z)M(y, z)dydz

∣∣∣∣∣ ,
|MN,N (x, t)−M(x, t)| ≤ |ρ|

∫ t

0

∫ b

a

|k(x, t, y, z)| |MN,N (y, z)−M(y, z)| dydz,

|MN,N (x, t)−M(x, t)|
|MN,N (y, z)−M(y, z)|

≤
|ρ|
∫ t

0

∫ b

a
|k(x, t, y, z)| |MN,N (y, z)−M(y, z)| dydz
|MN,N (y, z)−M(y, z)|

,

|eN,N (x, t)|
|eN,N (y, z)|

≤ |ρ|
∫ t

0

∫ b

a

|k(x, t, y, z)| dydz,

‖eN,N (x, t)‖∞
‖eN,N (y, z)‖∞

≤ |ρ|
∫ t

0

∫ b

a

|k(x, t, y, z)| dydz,

‖eN,N (x, t)‖∞
‖eN,N (y, z)‖∞

≤ |ρ|Mαβα.

Therefore the error is bounded and hence the solution of the method is con-
vergent.

Theorem 4. Let M(x, t) be the solution to (1). Then the solution is

MN (x, t) = ϕ(x, t)γ(xi, tj)
−1h(xi, tj); i, j = 0(1)N,

where

γ(xi, tj) =

{
ϕ(xi, tj)− ρ

∫ t

0

∫ b

a

k(xi, tj , y, z)ϕ(y, z)dydz

}
.

Proof. The approximate solution to (1) is

mN (x, t) =

N∑
i=0

N∑
j=0

ci,jBi,N (x)Bj,N (t) = ϕ(x, t)C.

From (23)
C = γ(xi, tj)

−1h(xi, tj),

where

γ(xi, tj) =

{
ϕ(xi, tj)− ρ

∫ t

0

∫ b

a

k(xi, tj , y, z)ϕ(y, z)dydz

}
.

Substituting for C in the approximate solution gives
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MN (x, t) = ϕ(x, t)γ(xi, tj)
−1h(xi, tj), i, j = 0(1)N.

3 Numerical examples

In this research, numerical examples are utilized to assess the simplicity and
efficiency of the method and are presented in tables except where it delivers
the exact solution. All computations are done with the help of the MAPLE 18
program. Let MN (x, t) and M(x, t) be the approximate and exact solution,
respectively. Then ErrorN = |MN (x, t)−M(x, t)|. Table 1 gives a brief
description of some abbreviations made.

Table 1: Notations

Tag Description

ErrorOurMethod AbsoluteErrorofOurMethod

ErrorNKH AbsoluteErrorFrom[9]
ErrorAM AbsoluteErrorFrom[4]

Example 1. Consider a linear 2D MVFIE of the second kind [9]

m(x, t) = x2 + et +
2

3
x3t2 −

∫ t

0

∫ 1

0

t2e−zm(y, z)dydz, (26)

which has an exact solution given as m(x, t) = x2 + et in the interval x, t =
[0, 1].

Let the approximate solution to (26) for N = 5 be

mN (x, t) =

5∑
i=0

5∑
j=0

ci,jBi,5(x)Bj,5(t). (27)

Substituting (27) in (26) gives

5∑
i=0

5∑
j=0

ci,jBi,5(x)Bj,5(t) =x
2 + et +

2

3
x3t2 (28)
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−
∫ t

0

∫ 1

0

t2e−z

 5∑
i=0

5∑
j=0

ci,jBi,5(y)Bj,5(z)

 dydz,

5∑
i=0

5∑
j=0

ci,jBi,5(x)Bj,5(t) +

∫ t

0

∫ 1

0

t2e−z

 5∑
i=0

5∑
j=0

ci,jBi,5(y)Bj,5(z)

 dydz

= x2 + et +
2

3
x3t2.

(29)

Collocating (29) and using standard collocation points at x = xi and t = tj

with

xi =
i

5
; i = 0(1)5,

tj =
j

5
; j = 0(1)5,

we have

5∑
i=0

5∑
j=0

ci,jBi,5(xi)Bj,5(tj) +

∫ t

0

∫ 1

0

t2je
−z

 5∑
i=0

5∑
j=0

ci,jBi,5(y)Bj,5(z)

 dydz

= x2i + etj +
2

3
x3i t

2
j .

(30)

The method was implemented using MAPLE 18 software, and M5(x, t) was
obtained as

M5(x, t) =− 2.912943530× 10−8t3x+ 2.240094596× 10−7t4x

− 1.948800244× 10−7t5x+ 4.595065836× 10−8t2x

+ 2.000000000× 10−8tx5 + 1.000000000× 10−8tx3+

− 3.000000000× 10−8tx4 + 1.000082530tx2 + .49906830t2x2

+ 0.4866× 10−4t2x4 − 0.4651× 10−4t2x3 + x2

+ 0.1385710011× 10−1t5x2 − 0.1187446705× 10−3t4x3

− 0.2236348902× 10−3t3x4 + 0.230× 10−5t2x5

+ 0.1086523352× 10−3t3x3 − 0.1622× 10−4t5x5
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− 0.8256489016× 10−4t5x4 − 0.11620× 10−3t4x5

+ 0.5474233524× 10−4t5x3 + 0.3259097803× 10−3t4x4

+ 0.5115× 10−4t3x5

+ 0.1704088951t3x2 + 0.3486396978× 10−1t4x2. (31)

Table 2: Results using Bernstein polynomial for Example 1

(x, t) Exact OurMethodN=5 ErrorOurMethod

(0, 0) 0.0000000000 0.0000000000 0.0000000000

(0.1, 0.1) 0.01105170918 0.01105172941 2.023× 10−8

(0.2, 0.2) 0.04885611032 0.04885610125 9.07× 10−9

(0.3, 0.3) 0.1214872927 0.1214871746 1.181× 10−7

(0.4, 0.4) 0.2386919517 0.2386917676 1.841× 10−7

(0.5, 0.5) 0.4121803178 0.4121800093 3.085× 10−7

(0.6, 0.6) 0.6559627680 0.6559619662 8.018× 10−7

(0.7, 0.7) 0.9867388264 0.9867372530 1.5734× 10−6

(0.8, 0.8) 1.424346194 1.424344379 1.815× 10−6

(0.9, 0.9) 1.992278520 1.992276313 2.207× 10−6

(1.0, 1.0) 2.718281828 2.718268380 1.3448× 10−5

Table 3: Comparison Absolute Error for Example 1

(x, t) Exact ErrorOurMethod ErrorNKH

(0.1, 0) 0.01 0.0000000000 0.0000000000

(0.1, 0.1) 0.01105170918 2.023× 10−8 3.34691× 10−6

(0.1, 0.3) 0.01349858808 9.43× 10−9 3.03472× 10−5

(0.1, 0.5) 0.01648721271 1.5× 10−10 8.22639× 10−5

(0.1, 0.7) 0.02013752707 1.460× 10−8 1.48971× 10−4

(0.1, 0.9) 0.02459603111 1.745× 10−8 2.05545× 10−4

Example 2. Consider a linear 2D MVFIE of the second kind [4]
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m(x, t) = t2ex +
1

3
t3x2 +

∫ t

0

∫ 1

0

x2e−ym(y, z)dydz, (32)

which has an exact solution given as m(x, t) = t2ex in the interval (x, t) =
[0, 1].

Let the approximate solution to (32) for N = 5 be

mN (x, t) =

5∑
i=0

5∑
j=0

ci,jBi,5(x)Bj,5(t). (33)

Substituting (33) into (32) gives

5∑
i=0

5∑
j=0

ci,jBi,5(x)Bj,5(t)

= t2ex +
1

3
t3x2 +

∫ t

0

∫ 1

0

x2e−y

 5∑
i=0

5∑
j=0

ci,jBi,5(y)Bj,5(z)

 dydz, (34)

5∑
i=0

5∑
j=0

ci,jBi,5(x)Bj,5(t)−
∫ t

0

∫ 1

0

x2e−y

 5∑
i=0

5∑
j=0

ci,jBi,5(y)Bj,5(z)

 dydz

= t2ex +
1

3
t3x2.

(35)

Collocating (35) and using standard collocation points at x = xi and t = tj

with

xi =
i

5
; i = 0(1)5,

tj =
j

5
; j = 0(1)5,

we have

5∑
i=0

5∑
j=0

ci,jBi,5(xi)Bj,5(tj)−
∫ t

0

∫ 1

0

x2i e
−y

 5∑
i=0

5∑
j=0

ci,jBi,5(y)Bj,5(z)

 dydz

= t2je
xi +

1

3
t3jx

2
i .

(36)
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The method was implemented using MAPLE 18 software, and M5(x, t) was
obtained as

M5(x, t) =1.× 10−8t3x+ 1.000082530t2x+ 0.171638e−3t5x5

− 0.11186e−3t4x5 − 0.2793619605e−4t3x5 + 0.1385620746e−1t2x5

− 0.32928e−3t5x4 + 0.26711e−3t5x3 + 0.24133e−3t4x4

− 0.18882e−3t4x3 + 0.1951239210e−4t3x4 + 0.3486292507e−1t2x4

− 0.5431e−4t5x2 − 0.1628619605e−4t3x3 + 0.1704115775t2x3

+ 0.2330e−4t4x2 + 0.117e−5t3x2 + .499067752t2x2

+ 1.468779972× 10−7tx2 + 2.0× 10−8t5x− 3.0× 10−8t4x+ 1.0t2.

(37)

Table 4: Result of Absolute Error for Example 2

(x, t) Exact ErrorOurMethod ErrorAM

(0, 0) 0.0000000000 0.0000000000 2.46× 10−5

(0.1, 0.1) 0.01105170918 2.064× 10−8 1.46× 10−5

(0.2, 0.2) 0.04885611032 1.22× 10−9 3.37× 10−4

(0.3, 0.3) 0.1214872927 8.31× 10−8 2.45× 10−3

(0.4, 0.4) 0.2386919517 1.192× 10−7 1.00× 10−2

(0.5, 0.5) 0.4121803178 3.200× 10−7 3.05× 10−2

(0.6, 0.6) 0.6559627680 1.2541× 10−6 7.58× 10−2

(0.7, 0.7) 0.9867388264 3.1681× 10−6 1.63× 10−1

(0.8, 0.8) 1.424346194 5.121× 10−6 3.17× 10−1

(0.9, 0.9) 1.992278520 5.352× 10−6 5.69× 10−1

(1.0, 1.0) 2.718281828 5.121× 10−6 5.70× 10−1

Example 3. Consider a linear 2D MVFIE of the second kind [19]

m′(x, t) = 2x− 1

4
t2 +

1

6
t4 +

∫ t

0

∫ 1

0

rtm(r, s)drds, (38)

with initial condition m(0, t) = −t2 which has an exact solution given as
m(x, t) = x2 − t2 in the interval (x, t) = [0, 1].
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Let the approximate solution to (38) for N = 5 be

mN (x, t) =

5∑
i=0

5∑
j=0

ci,jBi,5(x)Bj,5(t). (39)

Integrating both sides of (38) from 0 from x∫ x

0

(m′(x, t)) dx =

∫ x

0

(
2x− 1

4
t2 +

1

6
t4
)
+

∫ x

0

(∫ t

0

∫ 1

0

rtm(r, s)drds

)
dx,

(40)

m(x, t)−m(0, t) = x2− 1

4
xt2+

1

6
xt4+

∫ x

0

(∫ t

0

∫ 1

0

rtm(r, s)drds

)
dx, (41)

m(x, t) = x2 − t2 − 1

4
xt2 +

1

6
xt4 +

∫ x

0

(∫ t

0

∫ 1

0

rtm(r, s)drds

)
dx. (42)

substituting (39) into (42) gives

5∑
i=0

5∑
j=0

ci,jBi,5(x)Bj,5(t) =x
2 − t2 − 1

4
xt2 +

1

6
xt4 (43)

+

∫ x

0

∫ t

0

∫ 1

0

rt

 5∑
i=0

5∑
j=0

ci,jBi,5(r)Bj,5(s)

 drds

 dx,

5∑
i=0

5∑
j=0

ci,jBi,5(x)Bj,5(t)−
∫ x

0

∫ t

0

∫ 1

0

rt

 5∑
i=0

5∑
j=0

ci,jBi,5(r)Bj,5(s)

 drds

 dx

= x2 − t2 − 1

4
xt2 +

1

6
xt4.

(44)

Collocating (44) and using standard collocation points at x = xi and t = tj

with

xi =
i

5
; i = 0(1)5,

tj =
j

5
; j = 0(1)5,

we have
5∑

i=0

5∑
j=0

ci,jBi,5(xi)Bj,5(tj)
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−
∫ x

0

∫ t

0

∫ 1

0

rtj

 5∑
i=0

5∑
j=0

ci,jBi,5(r)Bj,5(s)

 drds

 dx

= x2i − t2j −
1

4
xit

2
j +

1

6
xit

4
j . (45)

The method was implemented using MAPLE 18 software and M5(x, t) was
obtained as

M5(x, t) = x2 − t2, (46)

is the exact solution.

Example 4. Consider a linear 2D MVFIE of the second kind [19]

m′(x, t) = 1− 1

6
t2 − 1

6
t3 +

∫ t

0

∫ 1

0

rsm(r, s)drds (47)

with initial condition m(0, t) = t that has an exact solution given as m(x, t) =

x+ t in the interval (x, t) = [0, 1].
Let the approximate solution to (47) for N = 5 be

mN (x, t) =

5∑
i=0

5∑
j=0

ci,jBi,5(x)Bj,5(t). (48)

Integrating both sides of (47) from 0 to x, we have∫ x

0

(m′(x, t)) dx =

∫ x

0

(
1− 1

6
t2 − 1

6
t3
)
+

∫ x

0

(∫ t

0

∫ 1

0

rsm(r, s)drds

)
dx,

(49)

m(x, t) = x+ t− 1

6
xt2 − 1

6
xt3 +

∫ x

0

(∫ t

0

∫ 1

0

rsm(r, s)drds

)
dx. (50)

Substituting (48) into (50) gives

5∑
i=0

5∑
j=0

ci,jBi,5(x)Bj,5(t)

−
∫ x

0

∫ t

0

∫ 1

0

rs

 5∑
i=0

5∑
j=0

ci,jBi,5(r)Bj,5(s)

 drds

 dx

= x+ t− 1

6
xt2 − 1

6
xt3. (51)
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Collocating (51) and using standard collocation points at x = xi and t = tj

with

xi =
i

5
; i = 0(1)5,

tj =
j

5
; j = 0(1)5,

we have
5∑

i=0

5∑
j=0

ci,jBi,5(xi)Bj,5(tj)

−
∫ x

0

∫ t

0

∫ 1

0

rs

 5∑
i=0

5∑
j=0

ci,jBi,5(r)Bj,5(s)

 drds

 dx

= xi + tj −
1

6
xit

2
j −

1

6
xit

3
j (52)

The method was implemented using MAPLE 18 software and M5(x, t) was
obtained as

M5(x, t) =0.166e−5t4x− 0.141e−5t3x− 0.61e−5t2x2 − 0.240e−5tx3

+ 0.170e−4t3x2 + 0.211e−4t2x3 + 0.318e−5tx4 − 0.595e−4t3x3

− 0.285e−4t2x4 − 0.1435e−5tx5 − 0.3660e−4t3x5 + 0.681e−4t4x3

+ 0.801e−4t3x4 + 0.1294e−4t2x5 − 0.196e−4t4x2 + 0.826e−5t5x2

− 0.16695e−4t5x5 + 0.3678e−4t5x4 − 0.2778e−4t5x3

+ 0.41300e−4t4x5 − 0.914e−4t4x4 + 1.000000000t+ 1.000000000x

− 7.1e−7t5x+ 7.0e−7tx2 + 5.0e−7t2x− 6.0e−8tx (53)

4 Conclusion

In this section, a new numerical method was developed for solving 2D MV-
FIEs of the second kind utilizing polynomial collocation. The findings ob-
tained from each case were compared with the exact solution and some exist-
ing studies in the literature, the new approach established is simple, reliable,
and efficient to compute. Maple 18 software is utilized for all computations
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Table 5: Results using Bernstein polynomial for Example 4

(x, t) Exact OurMethodN = 5 ErrorOurMethod

(0, 0) 0.0000000000 0.0000000000 0.0000000000

(0.1, 0.1) 0.0200000000 0.0200000000 0.0000000000

(0.2, 0.2) 0.0400000000 0.3999999998 2.0e−10
(0.3, 0.3) 0.6000000000 0.5999999993 7.0e−10
(0.4, 0.4) 0.8000000000 0.7999999978 2.2e−9
(0.5, 0.5) 0.1000000000 0.9999999930 7.0e−9
(0.6, 0.6) 1.2000000000 1.199999981 1.9e−8
(0.7, 0.7) 1.4000000000 1.3999999564 4.4e−8
(0.8, 0.8) 1.6000000000 1.599999896 1.04e−7
(0.9, 0.9) 1.8000000000 1.799999750 2.50e−7
(1.0, 1.0) 2.0000000000 1.999999430 5.70e−7

in this work. The accuracy of the method is proved by considering various
examples, which shows that the method is efficient and appropriate for this
type of situations. We compare our absolute errors of Example 1 with [9] as
shown in Table 2 and also absolute errors of Example 2 with [4] as shown in
Table 4. We can therefore conclude that our method is superior and more
preferable than the existing methods.

The results obtained from problem 1 at N = 5 and at different values
of (x, t) shows clearly that the developed method is better than the method
presented by [9]. From Table 3 for (x, t) = (0.1, 0.1) and N = 5, for instance
the absolute errors are ErrorB = 2.023 × 10−8 and ErrorNKH = 3.3469 ×
10−6. Again from Table 3 for (x, t) = (0.1, 0.3) and N = 5, the absolute
errors are ErrorB = 9.43 × 10−9 and ErrorNKH = 3.03472 × 10−5 which
shows clearly that the developed method is consistent, reliable, and performs
favorably.

The results obtained from problem 2 at N = 5 and at different values
of (x, t) shows clearly that the developed method is better than the method
presented by [4]. From Table 4, for instance the absolute errors for (x, t) =

(0.0, 0.0) and at N = 5 gives ErrorB = 0.0000000 and ErrorAM = 2.46 ×
10−5, for (x, t) = (0.1, 0.1) and at N = 5, gives ErrorB = 2.064× 10−8 and
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ErrorAM = 1.46 × 10−5. Again From Table 3 for (x, t) = (1.0, 1.0) and at
N = 5, the absolute errors are ErrorB = 5.121 × 10−6 and ErrorAM =

5.70 × 10−1 shows clearly that the developed method is consistent, efficient
and converges faster than the method presented by [4].

It was observed that the results obtained for Example 3 at N = 5 give
the exact solution, hence the reason it is not in tabular form. This clearly
indicates that the method is efficient and convergent.

The solution obtained from Example 4 at N = 5 and at various values
of (x, t) indicates the method is stable and converges to the exact solution.
From Table 5 for instance, the result obtained at N = 5 and (x, t) = (0, 0),
(x, t) = (0.1, 0.1), (x, t) = (0.2, 0.2) and (x, t) = (0.3, 0.3) gives 0.0000000,
0.0000000, 2.0× 10−10, 7.0× 10−10 respectively.

It has been observed and examined that when the values of N increase,
the error decreases and the approximate solution converges rapidly to the
exact solution, the value of N = 5 was chosen arbitrarily and for simplicity.
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Abstract

This research introduces a spectral numerical method for solving some
types of integral equations, which is the pseudo-Galerkin spectral method.
The presented method depends on Legendre’s first derivative polynomials
as basis functions. Subsequently, an operational integration matrix has
been constructed to express integrals as a linear combination of these ba-
sis functions. This process transforms the given integral equation into a
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system of algebraic equations. The unknowns of the obtained system are
the spectral expansion constants. Then, we solve the obtained algebraic
system using the Gauss elimination method for linear systems or Newton’s
iteration method for nonlinear systems. This approach yields the desired
semi-analytic approximate solution. Additionally, our method extends to
the solution of ordinary differential equations, as every initial value problem
can be equivalently represented as a corresponding Volterra integral equa-
tion. On the other hand, every boundary value problem can be transformed
into a corresponding Fredholm integral equation. This transformation is
achieved by incorporating the given conditions. Moreover, convergence and
error analyses are thoroughly examined. Finally, to validate the efficiency
and accuracy of the proposed method, we conduct numerical test problems.

AMS subject classifications (2020): 65R20, 65N35, 45L05, 33C45.

Keywords: Legendre polynomials; Pseudo-Galerkin spectral method; Inte-
gral equations; Lane–Emden equation; Stable population model.

Abbreviations
BVPs: Boundary Value Problems

fn: Function
IVPs: Initial Value Problems
LGL: Legendre Gauss Lobatto quadrature points
MAE: Maximum Absolute Error

PGDL: Pseudo-Galerkin method via Legendre’s Derivative polynomials
RSE: Root Square Error

1 Introduction

Integral and differential equations are found in numerous applications across
various fields. In fluid mechanics, the modeling of fluid flow involves differ-
ential equations [28, 21, 18, 10, 14]. Electromagnetic wave-related problems
in electromagnetism are often described using integral equations [22, 11].
Additionally, the behavior of heat flow and temperature distribution in dif-
ferent materials and shapes can be modeled effectively with differential and
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integral equations [26, 34]. Some other important applications, such as the
Lane–Emden equation [8, 33, 54, 7], are discussed. Integral and differen-
tial equations stand as essential mathematical tools for problem modeling in
science and engineering [29, 37, 46, 32, 30].

Often, obtaining the exact solution for these equations proves challeng-
ing, leading to the development of numerical, or approximation methods for
introducing numerical and semi-analytic approximations as viable alterna-
tives [24]. These methods include finite element [31, 25, 36], finite difference
[23, 13], and spectral methods, among others [44, 41, 42, 45]. While finite
element and finite difference methods yield numerical approximation solu-
tions, providing a set of dependent variable values at independent variable
values. On the other hand, spectral methods offer semi-analytic approxima-
tion solutions, representing smooth functions of the independent variable or
variables.

The inner product space encompassing all polynomials is not a Cauchy
space; nevertheless, any smooth function (fn) serves as a limit point within
this space. More precisely, any smooth fn can be expressed as the limit of
a sequence of polynomials. The fundamental concept underlying all spectral
methods involves representing the dependent variable as a linear combination
of a set of functions that constitute a basis for the polynomial space. In
simpler terms, the unknown fn is expanded as a series involving unknown
constants multiplied by the basis functions. Crucially, these basis functions
are required to be orthogonal concerning an inner product defined by a weight
function w1(x) [12].

Expanding upon this idea, spectral methods leverage the orthogonality of
basis functions to efficiently approximate complicated functions, even if they
are two-dimensional [20]. Orthogonal basis functions contribute to simplify-
ing the representation of the unknown function, leading to solutions that are
both accurate and computationally efficient. The weight function is pivotal
in establishing the inner product, impacting the orthogonality of the basis
functions, and enhancing the effectiveness of spectral methods. In summary,
the incorporation of orthogonal basis functions and a weight function in spec-
tral methods enhances their ability to efficiently represent and approximate
functions, making them effective tools for approximating the solution of dif-
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ferential and integral equations in various applications related to science and
engineering.

The integral and differential equations can be formulated as an operator
acting on the unknown function y(x), equated to another given function.
When the terms of the equation are rearranged such that they all reside on
the left-hand side, and y(x) is expressed as a finite series involving unknown
constants multiplied by basis functions, the left-hand side of the equation
is referred to as the residue function. The closer the residue function is
to zero, the more accurate the approximate solution is to the exact one,
and the value of the residue is termed the residual error. Another set of
functions is defined, known as the set of test functions, and a distinct inner
product is constructed using a suitable weight function w2(x). By setting
the inner product of the residue function and the test functions equal to
zero, a system of algebraic equations in the unknown expansion coefficients
is obtained. Subsequently, the approximate solution is derived by solving this
system of algebraic equations.

Spectral methods encompass three main types: the Galerkin [52, 9], Tau
[19, 35, 38], and collocation [17, 27, 48] methods. In the Galerkin method,
the test functions and the basis functions are identical, satisfying the ini-
tial/boundary conditions of the IVPs/BVPs. Additionally, the weight func-
tion w2(x) should match w1(x). For the collocation method, the weight func-
tion w2(x) is set to one, and the set of test functions comprises Dirac delta
functions shifted to predetermined collocation points. In the Tau method,
the test and basis functions differ, and the weight functions w1 and w2 may
vary. Additionally, there is no requirement to satisfy any (initial/boundary)
conditions.

A modified version of spectral methods, known as pseudo-spectral meth-
ods [1, 53, 47], employs the Gauss quadrature method to define an alternative
inner product expressed as a summation over a set of quadrature points in-
stead of integration. Moreover, the unknown expansion coefficients can be
expressed in terms of the dependent variable evaluated at the quadrature
points, aided by the orthogonality relation. Consequently, differentiation
and integration matrices can be constructed.
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At the heart of both spectral and pseudo-spectral methods lies the cru-
cial decision regarding the choice of basis functions. In the work by the
authors in [5], the first derivative of Legendre polynomials was chosen as the
basis function. They employed both the tau and collocation methods and
crafted the operational matrix of the differentiation of the chosen basis func-
tions. Similarly, in the study by the authors in [4], the same basis functions
were adopted, and the pseudo-spectral method was employed to formulate
the differentiation and integration matrices. Higher derivatives of Legendre
polynomials are utilized in [3, 15].

In this paper, we also employ the same basis functions; however, our
focus shifts towards constructing the operational matrix of integration for
these basis functions. We then utilize the pseudo-Galerkin spectral method
[28, 16, 43] in our numerical approach, in which the system of algebraic
equations can be formulated by substituting the Legendre Gauss–Lobattoen
quadrature points into the residue function.

The paper consists as follows. Section 2 provides a comprehensive
overview of Legendre and Legendre’s derivative polynomials, establishing the
foundational groundwork for the subsequent discussions. We delve into per-
tinent notations and historical relationships concerning the basis functions
crucial to our methodology. The construction of the operational integration
matrix, along with the introduction of key equations, is detailed in section 3.
Section 4 encapsulates the algorithmic framework of our proposed approach.
A meticulous exploration of convergence and error analysis is undertaken in
section 5, shedding light on the method’s reliability and precision. Section 6
is dedicated to the presentation of various test problems, strategically chosen
to validate the accuracy, efficiency, and stability of our proposed methodol-
ogy. Finally, section 7 synthesizes the overarching conclusions drawn from
our study and outlines potential avenues for future research.

2 Preliminaries

Throughout this work, some needed properties of Legendre and Legendre’s
derivative polynomials are displayed, such as boundaries, upper bounds, or-
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thogonality relations, and recurrence relations. They are essential to get
some new desired properties of Legendre’s derivative polynomials.

The Legendre polynomial of degree q, denoted by Lq (x), can be obtained
using the following recurrence relations [5, 39]:

(q + 1)Lq+1 (x) = (2q + 1)xLq (x)− qLq−1 (x) , (1)

(2q + 1)Lq (x) = L′
q+1 (x)− L′

q−1 (x) , (2)

L′
q (x) =

⌊ q−1
2 ⌋∑

j=0

[2 (q − 2j − 1) + 1]Lq−2j−1 (x) , (3)

(
1− x2

)
L′
q (x) =

q (q + 1)

2q + 1
[Lq (x)− Lq+2 (x)] , (4)

according to the initials: L0 (x) = 1 and L1 (x) = x, where q ≥ 1.

In addition, they can be expanded as follows [39]:

Lq (x) =

⌊ q
2 ⌋∑

j=0

(−1)j (2q − 2j)!

2q j! (q − j)! (q − 2j)!
xq−2j , (5)

where x ∈ [−1, 1], and q ≥ 0.
The following definition describes the introduced basis functions used in

this work for non-negative degree q [5].

Definition 1. Legendre’s derivative polynomials of degree q, denoted by
DLq (x), are defined to be the derivative of the Legendre polynomial that is
one degree higher:

DLq (x) =
d

dx
Lq+1 (x) . (6)

Legendre’s derivative polynomials can be expanded as follows [5]:

DLq (x) =

⌊ q
2 ⌋∑

j=0

(−1)j (2q − 2j + 2)!

2q+1 (j)! (q − j + 1)! (q − 2j)!
xq−2j . (7)

The boundary values for Legendre [39] and Legendre’s derivative [5] polyno-
mials are given by

Lq (±1) = (±1)q , (8)

DLq (±1) =
(±1)q (q + 1) (q + 2)

2
. (9)
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Also, it is known that they are bounded as shown in the following relation
[39, 5]:

|Lq (x)| ≤ 1, (10)

|DLq (x)| ≤ (q + 1)2. (11)

Legendre polynomials are orthogonal under the weight function w (x) = 1,
and the orthogonality relation is given by∫ 1

−1

Lq (x)Lr (x) dx =
2

2q + 1
δq,r, (12)

where δq,r =

 1, q = r,

0, q 6= r,
for nonnegative integers q and r.

The Legendre’s derivative polynomials are orthogonal with respect to the
weight function 1− x2 such that [5]: [?])∫ 1

−1

(
1− x2

)
DLq (x)DLr (x) dx =

2 (q + 2) (q + 1)

2q + 3
δq,r. (13)

To solve integral equations, it is necessary to expand the integration of
the basis functions as a linear combination of the basis functions themselves.
The essential relations and properties required are shown in the forward sec-
tions. The following section will introduce the derivation of some important
relations and the operational integration matrix construction.

3 Legendre’s derivative polynomials operational
integration matrix

It is undeniable that integrals on the entire domain [a, b] or a variable do-
main [a, x] occur in integral equations. That is why we need to find a suit-
able representation for these integrals. Therefore, the integrals of our basis
functions will be calculated in this section to help expand these integrals as
summations. Hence, we can construct an integration operational matrix for
Legendre’s derivative polynomials.

At the beginning, some essential relations must be introduced. A recur-
rence relation of the used polynomials, DLq(x), will be constructed using
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recurrence relations (1) and (2):

xDLq (x) =
q + 1

2q + 3
DLq+1 (x) +

q + 2

2q + 3
DLq−1 (x) , (14)

where q ≥ 1.

The next lemma introduces the first moment equation.

Lemma 1. Consider Legendre’s derivative polynomials column matrixDL (x)

of N+1 rows. Then the square matrix X of rank N+1 satisfies the following:

X ·DL (x) = XDL (x) , (15)

where DL (x) = [DL0 (x) , DL1 (x) , DL2 (x) , . . . , DLN (x)]
T ,

XDL (x) = [0, xDL0 (x) , xDL1 (x) , . . . , xDLN−1 (x)]
T , and

X = {xrc}(N+1)×(N+1), such that

xrc =


r

2r+1 , r = c,

r+1
2r+1 , c = r − 2, r > 1,

0, otherwise,

(16)

where r, c = 0, 1, 2, . . . , N .

Proof. By straight forward matrix multiplication with the help of (14), we
have

X ·DL (x) =

{
N+1∑
c=1

xrcDLc−1 (x)

}
. (17)

The next lemmas and theorems will be concerning different forms and
techniques for the integration of the introduced basis function.

Lemma 2. Consider Legendre’s derivative polynomials column matrixDL (x)

of N +1 rows and Legendre polynomials column matrix L (x) of N +1 rows.
Then the square matrix M of rank N + 1 satisfies the following:

M ·DL (x) = L (x) , (18)
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where DL (x) = [DL0 (x) , DL1 (x) , DL2 (x) , . . . , DLN (x)]
T ,

L (x) = [L0 (x) , L1 (x) ,L2 (x) , . . . ,LN (x)]T , and
M = {mrc}(N+1)×(N+1), such that

mrc =


1

2r+1 , r = c,

−1
2r+1 , c = r − 2, r > 1,

0, otherwise,

(19)

where r, c = 0, 1, 2, . . . , N .

Proof. The left-hand side of the relation (18) is expanded using the usual
matrix multiplication as follows:

L.H.S. = M ·DL (x) =

[
N∑
c=0

m0cDLc (x) ,

N∑
c=0

m1cDLc (x) ,

N∑
c=0

m2cDLc (x) , . . . ,

N∑
c=0

mNcDLc (x)

]T
.

With the aid of relation (19), we get

L.H.S. =

[
DL0 (x) ,

1

3
DL1 (x) ,

−1
5
DL0 (x) +

1

5
DL2 (x) , . . . ,

−1
2N + 1

DLN−2 (x) +
1

2N + 1
DLN (x)

]T
.

Using relation (2), the proof is completed.

Theorem 1. Integrals of the introduced basis functions can be presented as
a linear combination of the introduced basis functions themselves according
to ∫ x

−1

DLq (t) dt =
2∑

k=0

[
(−1)k (1− δk,2) (1− δq,0 δk,1)

2q + 3
+ (−1)q δk,2

]
×DL(q+1−2k)(1−δk,2)(1−δq,0 δk,1) (x) .

(20)

Proof. For q = 0, we get∫ x

−1

DL0 (t) dt =
∫ x

−1

(1) dt = x+ 1 =
1

3
DL1 (x) +DL0 (x) . (21)
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For q = 1, 2, . . ., and by using Lemma 2 and (9), we can conclude that,
for N ≥ q,

∫ x

−1

DLq (t) dt =
[

N∑
c=0

mqcDLc (t)

]t=x

t=−1

=
1

2q + 3
DLq+1 (x)−

1

2q + 3
DLq−1 (x) + (−1)qDL0 (x) ,(22)

which completes the proof for q > 0.

As a direct result, we can deduce the following corollary.

Corollary 1. The integral on the entire domain [−1, 1], can be calculated
as follows: ∫ 1

−1

DLq (t) dt = 1 + (−1)q , (23)

where q is a nonnegative integer.

Now, all the necessary relations that are needed to construct the opera-
tional matrix of integration have been introduced.

Theorem 2. Consider the column matrix
DL (x) = [DL0 (x) , DL1 (x) , DL2 (x) , . . . , DLN (x)]T and the column ma-
trix

∫ x

−1

DL (t) dt =
[
0,
∫ x

−1
DL0 (t) dt,

∫ x

−1
DL1 (t) dt, . . . ,

∫ x

−1
DLN−1 (t) dt

]T
of N + 1 rows. Then the square matrix G of rank N + 1 satisfies (24)

G ·DL (x) =

∫ x

−1

DL (t) dt, (24)

where G = {ðrc}(N+1)×(N+1), such that

ðrc =



− 6
5 , c = 0, r = 2,

(−1)r+1
, c = 0, r ≥ 1, r 6= 2,

1
2r+1 , c = r, r ≥ 1,

−1
2r+1 , c = r − 2, r ≥ 3,

0, otherwise,

(25)

where r, c = 0, 1, 2, . . . , N .

Iran. J. Numer. Anal. Optim., Vol. 15, No. 3, 2025, pp 1036–1074



Abbas, Youssri, El-Kady and Abdelhakem 1046

Proof. Multiply the matrix G defined in (25) by the column matrix DL (x)

using the matrix multiplication to get the left-hand side of (24) as follows:

L.H.S. = G ·DL (x) =

[
N∑
c=0

ð0cDLc (x) ,

N∑
c=0

ð1cDLc (x) ,

N∑
c=0

ð2cDLc (x) , . . . ,

N∑
c=0

ðNcDLc (x)

]T
.

Use Theorem 1 and the definition of ðrc to conclude that

L.H.S. =

[
0,

∫ x

−1

DL0 (t) dt,
∫ x

−1

DL1 (t) dt, . . . ,
∫ x

−1

DLN−1 (t) dt
]T

=

∫ x

−1

DL (t) dt = R.H.S.

(26)

Remark 1. Note that the shift that occurs in the column matrix
∫ x

−1

DL (t) dt

is due to the integral operator producing a polynomial that is one degree
higher than the input, which means that the polynomials in

∫ x

−1

DL (t) dt

should shift a row downward to align with the degree of the polynomials in
the rows of the column matrix DL (x).

Theorem 3. For all q ≥ 0 and m ≥ 1, the moment formula xmDLq (x) can
be represented as follows:

xmDLq (x) =

min(m,⌊ q+m
2 ⌋)∑

k=0

Fm,k+1,qDLq+m−2k (x) , (27)

where

F1,1,q =
q + 1

2q + 3
, F1,2,q =

q + 2

2q + 3
,

Fm,k,q =



F1,1,q Fm−1,1,q+1, k = 1,

F1,1,0 Fm−1,k,1, 1 < k < m+ 1, q = 0,

F1,1,q Fm−1,k,q+1 + F1,2,q Fm−1,k−1,q−1, 1 < k < m+ 1, q > 0,

F1,2,q Fm−1,m,q−1, k = m+ 1,

(28)

for m > 1.
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Proof. Three cases will be studied, q = 0, 1 ≤ q < m, and q ≥ m.

For q = 0:

We study this at m = 1 as the initial for the proof by mathematical
induction:

R.H.S. =

0∑
k=0

F1,k+1,0DL1−2k (x) = x = xDL0 = L.H.S.

Consider (27) be valid for some m ≥ 1 and q = 0. Thus, for m + 1, the
right-hand side will be

R.H.S. =

⌊m+1
2 ⌋∑

k=0

Fm+1,k+1,0DLm+1−2k (x)

=

⌊m+1
2 ⌋∑

k=0

F1,1,0 Fm,k+1,1DLm+1−2k (x)

=
1

3
xmDL1 (x) = xm+1DL0 (x) = L.H.S.,

which completes the proof of the first case.

Similarly, for 1 ≤ q < m, the initial step will be at m = 2, which is easy
to be verified. Consider the induction step for some m ≥ 2, so at m+ 1, the
right-hand side will be

R.H.S. =

⌊m+q+1
2 ⌋∑

k=0

Fm+1,k+1,qDLq+m+1−2k (x)

= F1,1,q Fm,1,q+1DLq+m+1 (x)

+

⌊m+q+1
2 ⌋∑

k=1

(F1,1,q Fm,k+1,q+1 + F1,2,q Fm,k,q−1) DLq+m+1−2k (x) .
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L.H.S. = xm+1DLq (x) = xm (F1,1,qDLq+1 (x) + F1,2,qDLq−1 (x))

= F1,1,q

⌊m+q+1
2 ⌋∑

k=0

Fm,k+1,q+1DLq+m+1−2k (x)

+ F1,2,q

⌊m+q−1
2 ⌋∑

k=0

Fm,k+1,q−1DLq+m−1−2k (x)

= F1,1,q Fm,1,q+1DLq+m+1 (x)

+

⌊m+q+1
2 ⌋∑

k=1

(F1,1,q Fm,k+1,q+1 + F1,2,q Fm,k,q−1)DLq+m+1−2k (x)

= R.H.S.

Finally, for q ≥ m, the initial step is m = 1. So, the induction step for
m+ 1, the right-hand side will be

R.H.S. =

m+1∑
k=0

Fm+1,k+1,qDLq+m+1−2k (x) = F1,1,q Fm,1,q+1DLq+m+1 (x)

+

m∑
k=1

(F1,1,q Fm,k+1,q+1 + F1,2,q Fm,k,q−1)DLq+m+1−2k (x)

+ F1,2,q Fm,m+1,q−1DLq−m−1 (x) .

L.H.S. =xm+1DLq (x) = xm (F1,1,qDLq+1 (x) + F1,2,qDLq−1 (x))

=F1,1,q

m+1∑
k=0

Fm,k+1,q+1DLq+m+1−2k (x)

+ F1,2,q

m+1∑
k=0

Fm,k+1,q−1DLq+m−1−2k (x)

=F1,1,q Fm,1,q+1DLq+m+1 (x)

+

m+1∑
k=1

(F1,1,q Fm,k+1,q+1 + F1,2,q Fm,k,q−1)DLq+m+1−2k (x)

+ F1,2,q Fm,m+1,q−1DLq−m−1 (x) = R.H.S.,

which completes the proof.

Theorem 4. For every m, q ∈ N, we have
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∫ 1

−1

tmDLq (t) dt =


1 + (−1)q+m

, q ≥ m,
min(m,⌊ q+m

2 ⌋)∑
k=0

Fm,k+1,q

(
1 + (−1)q+m−2k

)
, 0 ≤ q < m.

(29)

Proof. For q ≥ m:

When m = 0, Corollary 1 is a special case of Theorem 4.

So, we begin with m = 1. Using (14), integrating on [−1, 1], and then
using Corollary 1, we get

L.H.S. =

∫ 1

−1

tDLq (t) dt = q + 1

2q + 3

∫ 1

−1

DLq+1 (t) dt + q + 2

2q + 3

∫ 1

−1

DLq−1 (t) dt

= 1 + (−1)q+1
= R.H.S., (30)

for q ≥ 1.

Let (29) be valid for some m, where q ≥ m. Thus, for m+ 1, we have

L.H.S. =

∫ 1

−1

tm+1DLq (t) dt =
∫ 1

−1

tm (tDLq (t)) dt

=

∫ 1

−1

tm
(
q + 1

2q + 3
DLq+1 (t) +

q + 2

2q + 3
DLq−1 (t)

)
dt

=
q + 1

2q + 3

[
1 + (−1)q+1+m

]
+

q + 2

2q + 3

[
1 + (−1)q−1+m

]
= 1 + (−1)q+m+1

= R.H.S.,

for q ≥ m+ 1.

The second case, for 0 ≤ q < m, use Theorem 3 to get

L.H.S. =

∫ 1

−1

tmDLq (t) dt =
∫ 1

−1

min(m,⌊ q+m
2 ⌋)∑

k=0

Fm,k+1,qDLq+m−2k (t) dt.

(31)
Using Corollary 1, we have

L.H.S. =

min(m,⌊ q+m
2 ⌋)∑

k=0

Fm,k+1,q

(
1 + (−1)q+m−2k

)
= R.H.S.. (32)
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4 Pseudo-Galerkin approach for solving integral
equations

This section presents a method by which some types of integral equations
can be solved. This method is based on Legendre’s derivative polynomials as
basis functions. The relations, lemmas, and theorems developed in section 3
are used while creating our solving technique.

4.1 Problem formulation

The introduced problem is a linear Fredholm–Volterra-type integral equation,
which can be formulated as follows:

Q (x, y (x)) +

∫ 1

−1

p1 (x, t) y (t) dt+

∫ x

−1

p2 (x, t) y (t) dt = 0, (33)

where p1 (x, t) , p2 (x, t) are polynomials with respect to t and Q (x, y (x)) is
linear in y (x), which means that Q (x, y (x)) = f1 (x) + f2 (x) y (x) for any
two arbitrary functions f1 and f2.

4.2 Presented method

The introduced method is the Pseudo-Galerkin method via Legendre’s deriva-
tive polynomials (PGDL), which expands the unknown function y as a linear
combination of the basis functions as follows:

y (x) ≈ yN (x) =

N∑
q=0

cqDLq (x) , (34)

for some N ∈ N.

Thus, substitute into (33) to get the residue as follows:
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RN (x) =f1 (x) +

N∑
q=0

cq

[
f2 (x)DLq (x) +

∫ 1

−1

p1 (x, t)DLq (t) dt

+

∫ x

−1

p2 (x, t)DLq (t) dt

]
≈ 0.

(35)

Relations (27) and (28) are used to get the residue function. The integral
equation can be written in the form:

RN (x) =f1 (x) +

N∑
q=0

cq [f2 (x)DLq (x) + a0 (x) (1 + (−1)q)

+

m1∑
r=1

ar (x)

min(r,⌊ q+r
2 ⌋)∑

k=0

Fr,k+1,q

(
1 + (−1)q+r−2k

)
+ b0 (x)

2∑
k=0

[µ(q, k) + (−1)q δk,2]DLz(q,k) (x)

+

m2∑
r=1

br (x)

min(r,⌊ q+r
2 ⌋)∑

k=0

Fr,k+1,q

2∑
v=0

[µ(q, v) + (−1)q δv,2]×DLz(q,v) (x)

]
=0,

(36)

where z(q, v) = (q + 1− 2v) (1− δv,2) (1− δq,0 δv,1), p1 (x, t) =
m1∑
r=0

ar (x) t
r,

p2 (x, t) =
m2∑
r=0

br (x) t
r, for some positive integers m1, m2, {ar (x) , br (x)} are

real valued functions, and µ(q, v) = (−1)v(1−δv,2)(1−δq,0 δv,1)
2q+3 .

Consequently, we substitute the independent variable with the set of N+1

Legendre–Gauss–Lobatto (LGL) quadrature points in the interval [−1, 1] into
the residue function to get a system of algebraic equations. By solving the
algebraic system to get the unknown coefficients’ values cq. Hence, the semi-
analytic approximate solution is ready.

Remark 2. Differential equations can be transformed into corresponding
integral equations depending on their types. For example, IVPs can be repre-
sented as Volterra integral equations. Meanwhile, BVPs can be transformed
into Fredholm integral equations. This transformation involves incorporating
the given conditions.

In the next section, we will study the error analysis for the PGDL method
in detail to ensure that the presented method is accurate and efficient.
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5 Convergence and error analysis

In this section, we will study the upper bound for the basis function, the
upper bound for the expansion coefficients, and the uniform convergence of
the presented method.

Lemma 3. The Legendre’s derivative polynomials are bounded for −1 ≤
x ≤ 1 such that

|DLq (x)| ≤
(q + 1) (q + 2)

2
. (37)

Proof. Replace q by q + 1 in (3), with the aid of Definition 1 to get

|DLq(x)| ≤ ‘
⌊ q
2 ⌋∑

j=0

[2(q − 2j) + 1]. (38)

The left-hand side of the inequality (38) represents an arithmetic series with
b q2c + 1 terms, the first term 2q + 1, and the common difference −4. Thus
the inequality (38) can be written as

|DLq (x)| ≤
b q2c+ 1

2

[
2 (2q + 1)− 4bq

2
c
]
. (39)

If q is even, then
⌊
q
2

⌋
= q

2 , which implies

|DLq (x)| ≤
(q + 2) (q + 1)

2
. (40)

If q is odd, then
⌊
q
2

⌋
= q−1

2 and

|DLq (x)| ≤
(q + 1) (q + 2)

2
, (41)

which completes the proof.

In [5], the authors proved that |DLq (x)| ≤ (q + 1)2. As a comparison
between the two upper bounds, we found the that the upper bound obtained
in this work is found to be better than the upper bound in [5].

Remark 3. For simplicity and compactness, some notations are introduced
as
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Λq (x) =


1, q = 0,

x, q = 1,

Lq (x)− Lq−2 (x) , q ≥ 2,

(42)

∆q (x) =


1, q = 0,

3x, q = 1,

DLq (x)−DLq−2 (x) , q ≥ 2.

(43)

In addition, we have the following:

∆q (x) = Λ′
q+1 (x) , (44)

and with the aid of (2), we get

Λq+2 (x) = ηq+2 ∆q+2 (x)− ηq ∆q (x) , (45)

where
ηq =

1

q + 1
. (46)

Also, we need to define αm,k as

αm,k =

m−1∑
i=0

(−1)b
k

2m−1−i c , (47)

where k = 0, 1, 2, . . . , 2m − 1, and m ≥ 1.

Moreover, concerning αm,k, the following can be concluded:

αm+1,2k = αm,k + 1, (48)

αm+1,2k+1 = αm,k − 1, (49)

|αm,k| ≤ m, (50)

precisely, αm,k ∈ {−m, 2−m, 4−m, . . . ,m− 4,m− 2,m}.

Lemma 4. For x ∈ [−1, 1] and m, q = 0, 1, 2, . . ., we have

ψ′
m+1,q (x) = −ψm,q (x) , (51)

where
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ψm,q (x) = (−1)m+dm
2 e 1

2

2m+1−1∑
k=0

(
(−1)

⌈
1+αm+1,k

2

⌉
∆q+1+αm+1,k

(x)

×
m+1∏
j=1

ηq+1+α
j,b k

2m+1−j c

)
.

(52)

Proof. Equation (52) can be written as two collections of even terms and odd
terms as follows:

ψm,q (x) = (−1)m+dm
2 e 1

2

2m−1∑
k=0

[(
(−1)

⌈
1+αm+1,2k

2

⌉
∆q+1+αm+1,2k

(x)

×
m+1∏
j=1

ηq+1+α
j,b 2k

2m+1−j c

)

+

(
(−1)

⌈
1+αm+1,2k+1

2

⌉
∆q+1+αm+1,2k+1

(x)×
m+1∏
j=1

ηq+1+α
j,b 2k+1

2m+1−j c

)]
.

(53)

Simplify it with the aid of (48, 49) as follows:

ψm,q (x) = (−1)m+dm
2 e+1

× 1

2

2m−1∑
k=0

[
(−1)d

αm,k
2 e

(
ηq+2+αm,k

∆q+2+αm,k
(x)

− ηq+αm,k
∆q+αm,k

(x)
) m∏

j=1

ηq+1+α
j,b k

2m−j c

]
.

(54)

From (45) and using the fact that αn,k and n are both even or both odd
simultaneously, we have

ψm,q (x) = (− 1)m+dm−1
2 e 1

2

×
2m−1∑
k=0

(−1)⌈ 1+αm,k
2

⌉
Λq+2+αm,k

(x)

m∏
j=1

ηq+1+α
j,b k

2m−j c

 .(55)

By replacing m with m+ 1 in (55) and differentiating with respect to x, we
have
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ψ′
m+1,q (x) = (−1)m+1+dm

2 e 1
2

2m+1−1∑
k=0

[
(−1)

⌈
1+αm+1,k

2

⌉
Λ′
q+2+αm+1,k

(x)

×
m+1∏
j=1

ηq+1+α
j,b k

2m+1−j c

]
, (56)

which completes the proof.

Lemma 5. For x ∈ [−1, 1] and q = 0, 1, 2, . . ., we have

(
1− x2

)
DLq (x) =

2 (q + 1) (q + 2)

2q + 3
ψ0,q (x) . (57)

Proof. Equation (4) can be written as

(
1− x2

)
DLq (x) = −

(q + 1) (q + 2)

2q + 3
Λq+2 (x) , (58)

where Λq is defined as in (42).
Use (45) to get

(
1− x2

)
DLq (x) = −

(q + 1) (q + 2)

2q + 3
[ηq+2 ∆q+2 (x)− ηq ∆q (x)] . (59)

Then, (52) completes the proof.

Lemma 6. For nonnegative integers q and r, we have∣∣∣∣∣∣
r+1∏
j=1

ηq+1+α
j,b k

2r+1−j c

∣∣∣∣∣∣ ≤


1
2r+1(q−r)r+1 , q ≥ r + 1,

1
(2r+1)!! , q = r.

(60)

Proof. The first case, q ≥ r + 1, from (46), we have

|ηq| ≤
1

2q
, q 6= 0, (61)

while η0 = 1.
Consequently,

max {ηq1 , ηq2} = ηmin{q1,q2}. (62)

Those relations and inequalities, (50), (61), and (62), can be used to get∣∣∣∣∣∣
r+1∏
j=1

ηq+1+α
j,b k

2r+1−j c

∣∣∣∣∣∣ ≤ 1

2r+1 (q − r)r+1 . (63)
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While for the second case, q = r, we have∣∣∣∣∣∣
r+1∏
j=1

ηr+1+α
j,b k

2r+1−j c

∣∣∣∣∣∣ ≤
∣∣∣∣∣∣
r+1∏
j=1

ηr+1−j

∣∣∣∣∣∣ = 1

(2r + 1)!!
, (64)

which completes the proof.

Lemma 7. For nonnegative integers q and r, we have

∣∣∆q+1+αr+1,k
(x)
∣∣ ≤

 31r2 (q − r)2 , q ≥ r + 1,

21r2, q = r.
(65)

where ∆q is defined as (43).

Proof. Use (43) and Lemma 3 to get

|∆q (x)| = |DLq (x)−DLq−2 (x)| ≤ |DLq (x)|+ |DLq−2 (x)|

≤ (q + 1) (q + 1)

2
+

(q − 1) (q)

2
= q2 + q + 1.

(66)

Thus,
max {|∆q1 (x)| , |∆q2 (x)|} ≤ q2 + q + 1, (67)

such that q = max {q1, q2} .
For q ≥ r + 1, we can use (67) together with (50) to calculate

|∆q+1+αr+1,k
(x) | ≤ (q + r + 2)

2
+ (q + r + 2) + 1

≤ (q − r)2 + (4r + 5) (q − r)2 +
(
4r2 + 10r + 7

)
(q − r)2

≤ 31r2 (q − r)2 .

(68)

While for q = r,

∣∣∆r+1+αr+1,k
(x)
∣∣ ≤ (2r + 2)

2
+ (2r + 2) + 1 ≤ 21r2, (69)

which completes the proof.

In Lemmas 6 and 7, there is no need to discuss the q < r case, since the
index will be a negative value, which is not defined and will not be used.

The next theorem shows that the spectral expansion’s constants are
bounded.
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Theorem 5. Let y (x) ∈ Cr [−1, 1] with bounded rth-derivative, where r ≥ 2,
and consider the expansion y (x) =

∞∑
q=0

cqDLq (x). Then

|cq| ≤


31Mr2

(q−r)r−1 , q ≥ r + 1,

21Mr22r+1

(2r+1)!! , q = r,
(70)

where M ∈ R such that
∣∣y(r) (x)∣∣ ≤M .

Proof. Let y ∈ Cr [−1, 1], where r ≥ 2 and
∣∣y(r) (x)∣∣ ≤M for some M ∈ R.

Consider the expansion:

y (x) =

∞∑
q=0

cqDLq (x) . (71)

From the orthogonality relation (13) and Lemmas 5 and 4, we get

cq =
2q + 3

2 (q + 2) (q + 1)

∫ 1

−1

(
1− x2

)
DLq (x) y (x) dx

= −
∫ 1

−1

ψ′
1,q (x) y (x) dx.

(72)

Using integration by parts for (72) and applying Lemma 4, we get

cq =M1,q −
∫ 1

−1

ψ′
2,q (x) y

′ (x) dx, (73)

where M1,q = −ψ1,q (1) y (1) + ψ1,q (−1) y (−1) .

Apply integration by parts for the second time to get

cq =M1,q +M2,q +

∫ 1

−1

ψ2,q (x) y
′′ (x) dx, (74)

where M2,q = −ψ2,q (1) y
′ (1) + ψ2,q (−1) y′ (−1).

Repeat the above steps for r − 2 times to get

cq =

r∑
i=1

Mi,q +

∫ 1

−1

ψr,q (x) y
(r) (x) dx, (75)

where Mi,q is can be estimated as

Mi,q = −ψi,q (1) y
(i−1) (1) + ψi,q (−1) y(i−1) (−1) . (76)
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Using (8), we have

Λq (±1) = Lq (±1)− Lq−2 (±1) = (±1)q − (±1)q−2
= 0, (77)

for q ≥ 2.

Thus, from (55), we get

ψm,q (±1) =

 0, for q ≥ m,

(−1)m+dm−1
2 e+

⌈
bm,q−q−1

2

⌉
Λbm,q

(±1) 1
2A, for 0 ≤ q < m,

(78)
where

bm,q =

 0, m− q is even,

1, m− q is odd,
(79)

and

A =

2m−1∑
k=0

αm,k=−q−2+bm,q

m∏
j=1

ηq+1+α
j,b k

2m−j c
. (80)

For q ≥ r + 1, use (76), (77), and (78) to conclude
r∑

i=1

Mi,q = 0.

To calculate the upper bound of ψr,q (x) for q ≥ r+ 1, we apply Lemmas
6 and 7 to (52):

|ψr,q (x)| ≤
1

2

2r+1−1∑
k=0

∣∣∆q+1+αr+1,k
(x)
∣∣ ∣∣∣∣∣∣

r+1∏
j=1

ηq+1+α
j,b k

2r+1−j c

∣∣∣∣∣∣
≤ 1

2

2r+1−1∑
k=0

31r2 (q − r)2 1

2r+1 (q − r)r+1 =
31r2

2 (q − r)r−1 .

(81)

Hence,

|cq| ≤
∫ 1

−1

|ψr,q (x)|
∣∣∣y(r) (x)∣∣∣ dx ≤ 31Mr2

(q − r)r−1 . (82)

For the second case, q = r, the upper bound for ψr,q (x) can be calculated
using Lemmas 6 and 7:
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|ψr,r (x)| ≤
1

2

2r+1−1∑
k=0

∣∣∆r+1+αr+1,k
(x)
∣∣ ∣∣∣∣∣∣

r+1∏
j=1

ηr+1+α
j,b k

2r+1−j c

∣∣∣∣∣∣
≤ 1

2

2r+1−1∑
k=0

21r2

(2r + 1)!!
=

21r22r

(2r + 1)!!
.

(83)

From (75) and (83), we have

|cr| ≤
∫ 1

−1

|ψr (x)|
∣∣∣y(r) (x)∣∣∣ dx ≤ 21Mr22r+1

(2r + 1)!!
. (84)

Theorem 6. Let y (x) satisfy the conditions of Theorem 5. Then

|y (x)− yN (x)| ≲ O
(

1

N − r

)r−4

, N > r > 4, (85)

where yN (x) is shown in (34).

Proof. From (34), we have

|y (x)− yN (x)| =

∣∣∣∣∣∣
∞∑

q=N+1

cqDLq (x)

∣∣∣∣∣∣ ≤
∞∑

q=N+1

|cq| |DLq (x)| . (86)

UseTheorem 5 for q ≥ r + 1 and Lemma 3 to get

|y (x)− yN (x) | ≤ 31Mr2

2

∞∑
q=N+1

(q + 1) (q + 2)

(q − r)r−1

=
31Mr2

2

∞∑
q=N+1

(
r2 + 3r + 2

(q − r)r−1 +
2r + 3

(q − r)r−2 +
1

(q − r)r−3

)

≤ 31Mr2

2

∞∑
q=N+1

12r2

(q − r)r−3 .

(87)

For any decreasing positive function F (q), we have
∣∣∣∣∣ ∞∑
q=N+1

F (q)

∣∣∣∣∣ ≤∫∞
N
F (q) dq, (see [40]). Hence,

|y (x)− yN (x)| ≤ 31Mr2

2

∫ ∞

N

12r2

(q − r)r−3 dq ≤ 186Mr4

(r − 4) (N − r)r−4 , (88)

which completes the proof.
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Since q > N > r, which means q 6= r, so, only the case of q ≥ r + 1 is
needed, and there is no need for the q = r case.

In the next section, some test problems will be solved to clarify the accu-
racy and efficiency of the presented method.

6 Examples

This section will apply the presented method to approximate some types of
integral equations. Also, a physical application, Lane–Emden, modeled by
a value problem, has been approximated. Three error metrics have been
calculated to show the accuracy and efficiency of the presented methods: the
maximum absolute error (MAE), point-wise absolute error, and root square
error (RSEN ).

Test Problem 1. Consider the following linear Fredholm integral equation
[6]:

y (x) =
1

4
− x+

∫ 1

0

(
3t− 6x2

)
y (t) dt, (89)

where x ∈ [0, 1], with the exact solution y = x2−x. Apply the PGDL method
by expanding the unknown function to be

y2 (x) =

2∑
k=0

ckDLk (x) . (90)

Shift the given problem to [−1, 1] to get the residual as follows:

1

4
+

1

2
x+

2∑
k=0

ck

(
DLk (x)−

3

4

∫ 1

−1

tDLk (t) dt

+
3

4

(
x2 + 2x

) ∫ 1

−1

DLk (t) dt
)

= 0.

(91)

From (23) and Theorem 4, we get

2∑
k=0

ck

(
DLk (x)−

3

4

(
1 + (−1)k+1

)
+

3

4

(
x2 + 2x

) (
1 + (−1)k

))
= −1

2
x−1

4
.

(92)
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Collocate the above residue by the three LGL points, x0 = −1, x1 = 0, x2 = 1

to get

−1

2
c0 −

9

2
c1 +

9

2
c2 =

1

4
,

c0 −
3

2
c1 −

3

2
c2 = −1

4
,

11

2
c0 +

3

2
c1 +

21

2
c2 = −3

4
.

(93)

Solving the system (93) to get c0 = − 1
5 , c1 = 0, c2 = 1

30 , which is the exact
solution in the domain [−1, 1].

Test Problem 2. Consider the following linear Volterra–Fredholm integral
equation [49]:

2y (x)−
∫ 1

0

(x+ t) y (t) dt−
∫ x

0

(x− t) y (t) dt = 1

12
x4− 1

6
x3− 5

2
x2+

5

6
x+

17

12
,

(94)
where x ∈ [0, 1] and the exact solution is y = −x2 + x+ 1.

Applying the PGDL method with N = 2, after shifting the domain of
(94) will be expanded as follows:

2∑
q=0

cq

[
2DLq (x)−

x+ 2

4

∫ 1

−1

DLq (t) dt− 1

4

∫ 1

−1

tDLq (t) dt

− x

4

∫ x

−1

DLq (t) dt + 1

4

∫ x

−1

tDLq (t) dt
]

=
1

12

(
x+ 1

2

)4

− 1

6

(
x+ 1

2

)3

− 5

2

(
x+ 1

2

)2

+
5

6

(
x+ 1

2

)
+

17

12
.

(95)

There are four integrals; the first integral can be computed easily from
(23) as ∫ 1

−1

DLq (t) dt = 1 + (−1)q . (96)

The second one is from Theorem 4 to be∫ 1

−1

tDLq (t) dt = 1 + (−1)q+1
. (97)

While the third integral can be computed from (20) to get
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−1

DLq (t) dt =
2∑

k=0

(
(−1)k (1− δk,2) (1− δq,0 δk,1)

2q + 3
+ (−1)q δk,2

)
×DL(q+1−2k)(1−δk,2)(1−δq,0 δk,1) (x) .

(98)

Finally, for the last one, using (27) at m = 1, hence the integration can
be determined as the previous one to get the following:

∫ x

−1

tDLq (x) =

min(2,⌊ q+3
2 ⌋)∑

j=1

F1,j,q

×
2∑

k=0

(
(−1)k (1− δk,2) (1− δq+3−2j,0 δk,1)

2q + 9− 4j
+ (−1)q+3−2j

δk,2

)
×DL(q+4−2k−2j)(1−δk,2)(1−δq+3−2j,0 δk,1) (x) .

(99)

Thus, (95) takes the form

2∑
q=0

cq

[
2DLq (x)−

x+ 2

4
(1 + (−1)q)− 1

4

(
1 + (−1)q+1

)

− x

4

2∑
k=0

(
(−1)k (1− δk,2) (1− δq,0 δk,1)

2q + 3
+ (−1)q δk,2

)
×DL(q+1−2k)(1−δk,2)(1−δq,0 δk,1) (x)

+
1

4

min(2,⌊ q+3
2 ⌋)∑

j=1

F1,j,q

2∑
k=0

(
(−1)k (1− δk,2) (1− δq+3−2j,0 δk,1)

2q + 9− 4j

+ (−1)q+3−2j
δk,2

)
DL(q+4−2k−2j)(1−δk,2)(1−δq+3−2j,0 δk,1) (x)

]

=
1

12

(
x+ 1

2

)4

− 1

6

(
x+ 1

2

)3

− 5

2

(
x+ 1

2

)2

+
5

6

(
x+ 1

2

)
+

17

12
.

(100)

Substitute by three LGL points x0 = −1, x1 = 0, x2 = 1 to get a system
of algebraic equations and get the values of the spectral constants as c0 =
6
5 , c1 = 0, c2 = − 1

30 . So, the solution is

y2 (x) =
6

5
(1)− 1

30

(
15

2
x2 − 3

2

)
=

5− x2

4
, (101)

which is the exact solution on the domain [−1, 1].

Iran. J. Numer. Anal. Optim., Vol. 15, No. 3, 2025, pp 1036–1074



1063 Cutting-edge spectral solutions for differential and integral equations ...

Test Problem 3. Consider the stable population model, which is a Volterra
integral equation that describes the number of female births [4]:

y (x) = ex −
∫ x

0

(x− t) y (t) dt, (102)

where x ∈ [0, 1], (x− t) is the net maternity function of females class age t
at time x, and ex is the contribution of birth due to female already present
at time x. The exact solution is y (x) = 1

2 [e
x + cosx+ sinx].

Table 1 presents the best maximum absolute error for PGDL method
compared to other methods. Table 2 shows MAE and RSEN for different
values of N , where

RSEN =

√√√√ N∑
i=0

(yexact (xi)− yapproximate (xi))
2
, (103)

such that the points xi’s have been chosen to be LGL quadrature points.

Table 1: MAE for Example 3 compared to other methods.

Method Best MAE
[50] 2.14E-14
[51] 1.25E-15
[2] 4.44E-16

PGDL Method 7.13E-18

Table 2: MAE and RSEN at different values of N for Example 3.

N MAE RSE
2 6.52E-03 6.23E-04
4 2.55E-05 2.97E-07
6 2.36E-08 7.70E-11
8 3.18E-11 4.95E-14
10 1.11E-14 9.72E-18
12 7.13E-18 3.97E-21

Figure 1 shows the log error, which confirms the stability of the presented
method.
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Figure 1: Log error graph for Example 3.

Test Problem 4. Consider the following linear Fredholm type integral equa-
tion [49]:

y (x) +

∫ 1

0

ex−ty (t) dt = ex, (104)

whose exact solution is given by y (x) = 1
2e

x, where x ∈ [0, 1]. In this
case, the exponential within the integral part will be expanded using Taylor’s
expansion.

Using a similar procedure for using PGDL to get the following residual:

RN (x) =

N∑
q=0

cq

[
DLq (x) +

1

2
e

x
2

13∑
k=0

(−1)k

2kk!

×
min(k+1,⌊ q+k+2

2 ⌋)∑
j=1

Fk,j,q

(
1 + (−1)q+k+2−2j

)
− e

x+1
2

]
.(105)

Table 3 shows RSEN and MAE for various values of N .

In Figure 2, we can track the log error from N = 1 to N = 15, which
shows the stability of the presented approximate solution.
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Table 3: RSEN and MAE for Example 4 at different values of N .

N
[49] PGDL Method
RSE RSE MAE

5 1.59E-07 6.97E-11 8.58E-07
6 2.29E-09 1.28E-13 3.03E-08
7 2.09E-10 1.03E-16 9.36E-10
8 2.65E-12 7.20E-17 2.58E-11
9 1.98E-13 7.57E-17 6.42E-13
10 2.27E-15 7.93E-17 1.45E-14
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Figure 2: Log error graph for Example 4.

The next example will attempt to approximate the solution of the IVP.

Test Problem 5. Consider the following 2nd order Lane–Emden differential
equation [2]:

y′′ (x) +
2

x
y′ (x) + ym (x) = 0, 0 ≤ m ≤ 5, x ∈ [0, 3.1] , (106)

with the following initial conditions, y (0) = 1, and y′ (0) = 0. While the
exact solution at m = 1 is y (x) = sin x

x .

Integrate the IVP (106) over the interval [0, x] transforms into the follow-
ing Volterra integral equation:
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x y (x)− x+

∫ x

0

(x− t) t ym (t) dt = 0. (107)

Table 4 shows the point-wise error compared to the method in [2], which
ensures the accuracy and efficiency of our method. On the other hand, Table
5 presents the MAE and RSEN for various values of N .

Table 4: Point-wise absolute error for Example 5.

x
[2] PGDL Method

N = 15 N = 14 N = 15

0.0 4.44E-16 1.11E-13 5.97E-16
0.1 2.88E-15 1.33E-14 5.42E-17
0.2 5.77E-15 6.38E-15 3.45E-17
0.3 6.77E-15 2.09E-15 6.17E-18
0.4 6.99E-15 4.33E-15 1.67E-17
0.5 7.54E-15 1.92E-15 4.26E-18
0.6 7.66E-15 2.38E-15 1.12E-17
0.7 7.32E-15 2.67E-15 1.26E-18
0.8 7.43E-15 1.06E-16 6.77E-18
0.9 7.32E-15 2.20E-15 4.69E-18
1.0 7.10E-15 1.72E-15 1.55E-18
1.5 5.88E-15 1.33E-15 8.32E-19
2.0 4.05E-15 1.71E-16 2.16E-19
2.5 2.30E-15 5.73E-16 1.17E-18
3.0 6.45E-16 4.44E-16 1.07E-18
3.1 4.59E-16 3.99E-28 7.85E-31

Table 5: MAE and RSEN at different values of N for Example 5.

N MAE RSE
5 2.63E-04 2.94E-04
7 2.70E-06 3.04E-06
9 1.74E-08 1.96E-08
11 7.64E-11 8.62E-11
13 2.45E-13 2.76E-13
15 5.97E-16 6.75E-16
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Figure 3 represents the log error from N = 1 to N = 30, which verifies
the stability of PGDL method.
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Figure 3: Log error graph for Example 5.

7 Concluding remarks

Through this work, we introduced the operational integration matrix for Leg-
endre’s derivative polynomials. Essential relations have been investigated,
including the moment relation. Also, a technique that solves some types of
integral equations has been presented without the need to do any actual in-
tegration. Furthermore, we have studied the error analysis and achieved a
better upper bound for Legendre’s derivative polynomials. In addition, the
investigated matrix and technique are applied to approximate some types of
differential equations. Some numerical test problems have been solved, and
they show the accuracy, efficiency, and stability of the presented method. As
a future direction, our results encourage applying our method to more com-
plicated problems, such as nonlinear integral equations, systems of integral
equations, and two-dimensional integral equations.
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Abstract

In this paper, we present a deterministic model of Cystic Echinococco-
sis disease of eleven differential equations, describing complex interactions
between three types of hosts, specifically humans, livestock and dogs. The
model is analyzed; disease-free and endemic equilibrium exist and are glob-
ally asymptotically stable if the basic reproduction number is less than or
greater than one, respectively. The optimal control represents the efficiency
of health education and EG95 sheep vaccination. The existence of optimal
controls is proven, the characterization is formulated using Pontriyagin’s
maximum principle, and the optimal system is derived. For the numerical
simulation, the data used are from some studies done in Morocco.

AMS subject classifications (2020): Primary 45D05; Secondary 42C10, 65G99.

Keywords: Cystic Echinococcosis; deterministic modeling; basic reproduc-
tion number; global stability; optimal control.

1 Introduction

Mathematical modeling is a branch of science that seeks to illustrate real-life
problems using mathematical techniques to better understand them, predict
them, and act accordingly. It presents great interest in several fields, espe-
cially epidemiology [5, 12, 16, 17].

Cystic Echinococcosis (CE), also known as hydatid disease, is a globally
known parasitic disease for its serious medical and economic impacts, it is
caused by a parasite called the tapeworm CE. This disease affects humans,
domestic and wild animals such as dogs, cats, rodents, livestock, horses, foxes,
and wolves. The transmission of the disorder goes through a cycle [27].

Indeed eggs of CE are passed in the environment in the feces of definitive
hosts such as dogs. Those eggs are then ingested by intermediate hosts like
sheep. Inside those, the eggs hatch and form cysts in the liver, lungs, and
sometimes brain, those cysts act like tumors that can disturb the function
of the organ where they are found, they can cause poor growth, reduced
production of milk and meat, which has severe economic impacts. When the
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infected organs of intermediate hosts are eaten by a definitive carnivore host,
the cycle restarts again [25].

Humans contract the infection by ingesting parasite eggs by touching con-
taminated soil, water, or an infected domestic dog for example [26]. There
is no direct transmission between humans and those are called to be acci-
dental hosts of the Echinococcosis disease. For them the malady can be
dangerous, threatening, and occasionally fatal. Moreover, the treatment is
heavy, lengthy, and expensive. In fact, the 2015 WHO Foodborne Disease
Burden Epidemiology Reference Group (FERG) predicted Echinococcosis to
be the cause for 19 300 deaths and approximately 871,000 disability-adjusted
life-years (DALYs) globally each year [25].

Echinococcosis commonly affects rural areas where farming is the main
activity, and dogs are kept in great numbers to protect livestock and provide
companionship. Their presence is important for keeping safety and managing
the pastoral community. So, contact between the three populations (humans,
livestock, dogs) speeds the spread of the disease, especially because of the
lack of knowledge of pastoralists about how CE is transmitted, and the open
access of dogs to uncooked meat or carcasses that can be infectious [20].

In Morocco, a country where many regions depend on sheep farming,
Echinococcosis can be dangerous and can threaten food security, animal and
human health, and even life. However, studies and states on this disease
are poor in Morocco, but the last ones assumed that the disease is critically
endemic in regions where livestock are highly produced (Middle Atlas, El Ha-
jeb, Azrou, Timahdit, Ouarzazate, Tiznit-Sidi Ifni, etc.) [9, 19, 2]. Different
levels of prevalence of CE are recorded in [9]: 3.6 to 71.4% for cattle, 0.1 to
81.1% in sheep, and 0 to 25.7 % in goats. Concurrently, high degrees of CE
infection (up to 70%) were spotted in dogs in various regions of the country.
For humans, it has been reported from a study in the Middle Atlas region that
CE prevalence is 1.9% out of 5367 people examined in 2017 [6].Other studies
show high infection degrees for humans and animals in Morocco [8, 2, 3, 19].

According to [20, 2], the mortality rate for CE in Morocco ranges between
2% and 3%, and the surgery and treatment of each infected patient costs
approximately 17,000 and 32,000 Moroccan dirham MAD (US$ 1700 and
US$ 3200), for simple and recurrence instances, respectively. Also, according
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to a socio-economic study in [18] on the country’s CE burden, the DALY (
Disability-adjusted life years ) is 160 years (0.5 years per 100,000 people) per
year, with total annual losses of US$ 73 million (US$ 54.92 million) due to
organ seizures, healthcare bills, and missed income for infected individuals,
and all these stats are likely under-notified.

Many deterministic and statistical models are developed to describe and
study the transmission of CE disease [4, 5, 14, 23, 24, 11], and so on. Based
on these studies, in this article, we propose a developed Echinococcosis model
that contains compartments representing humans, dogs, livestock, CE eggs,
and infectious meat and that considers relapse after the surgery for humans
and dogs. For humans, this rate ranges from 4.65% to 36% of cases in dif-
ferent regions of the world [22]. This recurrence causes a real problem in the
management of the disease as stated by Velasco-Tirado et al. [22]. On the
other hand, the optimal control theory is applied by integrating two control
measures to study their effect on the spread of the disease. Therefore, in
this work, based on some results from [13], we investigate the effectiveness
of two prevention methods, the first is health education due to the current
lack of knowledge of CE among citizens, and the second is the vaccination
of livestock with an E. granulosus recombinant antigen (EG95) in Morocco
[13], an approach that has been previously done in China and Argentina [25],
because livestock prevention is probably the best approach to disrupt the CE
life cycle.

A comparison between the current article and one of the articles cited
above will be made next to show the key differences and innovation in our
article.

The rest of this paper is organized as follows: In Section 2, a deterministic
model is presented. Then in Section 3, the positivity and boundedness of
the solutions are studied, and the basic reproduction number and the two
equilibria of the model are computed. Following that we study the stability
of the disease-free equilibrium (DFE) and the endemic equilibrium. Thus in
Section 4, we apply the optimal control theory to the deterministic model
studied. After that, in Section 5, numerical simulations are presented and
discussed based on some studies carried out in Morocco. Finally, conclusion
is made in Section 6.
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2 Model formulation

2.1 Description of the model

To mathematically describe the spread of CE, we use a deterministic model
that takes into account three types of population, humans being accidental
hosts, dogs being definitive hosts, and livestock being intermediate hosts
according to the diagram in Figure 1.

Figure 1: Life cycle of Echinococcus granulosus

Hypothesis

1. The human population is divided into four classes: The susceptible HS ,
the exposed HE , the infected HI , and the recovered HR.

Humans act like accidental hosts, they are infected by touching the eggs
of CE, due to lack of personal hygiene. Moreover, there is no direct
transmission of CE disease from one human to another, and humans
do not get infected from infectious meat.

For the humans submodel, we suppose a constant recruitment rate BH

due to birth or immigration into the susceptible classHS , those decrease
owing to exposure to CE parasite’s eggs at a rate βH or to natural death
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µHS . As relapse of the disease exists even after recovery, we added a
rate αS that denotes the rate at which recovered individuals become
susceptible again.

The exposed classHE increases at a rate βH and decreases when moving
to the infected class HI at a rate σH or due to natural death µHE .
Infected humans are regarded to suffer death caused by the CE disease
at a rate dkh, and natural death at a rate µHI , they decrease when
moving to the recovered class HR at a pace rH .

Recovered class HR diminishes due to the relapse of the healed indi-
viduals into the susceptible class at a pace αS , or due to natural death
µHR.

2. The dog population is separated into three classes: The susceptibleDH ,
the infected DI , and the recovered DR.

Dogs represent definitive hosts infected by consuming contaminated
meat at a rate βD, and they spread CE eggs present in their feces in
the environment at a pace BE . Moreover, we suppose that cured dogs
can become susceptible again at a rate αD. The rest of the parameters
of the dog submodel follow the same trend of the human population
and are explained in Table 1 and Figure 2.

3. We divide livestock population into two classes: The susceptible OS

and the infected OI .
Livestock population are infected by ingesting CE eggs at a rate βO,
which causes the formation of cysts in some of their organs, those cysts
grow with time and stay in the infected organs. Moreover, they are
slaughtered at a pace η1 when susceptible, and η2 when infected. The
rest of the parameters are described in Table 1 and Figure 2.

4. We also integrate the infected meat compartment denoted by V , and it
grows at a rate η2 when contaminated sheep or cattle are slaughtered
and diminishes when it is eaten by humans at a rate γ, and by dogs at
a rate βD.
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Figure 2: Diagram representation of the CE disease

5. The model also includes the density of Echinoccocosis eggs present in
the environment denoted by Eg, they are spread by infected dogs at a
rate BE , and they face natural death at a rate µEg.

Table 1: Parameters of the model

Parameters Details
BD Dogs birth or immigration rate
BO Livestock birth or immigration rate
BE Rate of shedding CE eggs by infected dogs
µDS Natural mortality rate of susceptible dogs
µDI Natural mortality rate of infected dogs
µDR Natural mortality rate of recovered dogs
µOS Natural mortality rate of susceptible livestock
µOI Natural mortality rate of infected livestock
µEg Natural mortality rate of CE eggs
αS Relapse of humans after surgery
αD Relapse of dogs after recovery
σH Transfer rate to the infected humans class
dkh Humans mortality rate due to the CE disease
dkd Dogs mortality rate due to the CE disease
η1 Slaughtering rate of susceptible livestock
η2 Slaughtering rate of infected livestock
rD Recovery rate of dogs

The deterministic model is then given by this system of eleven equations
bellow:
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dHS

dt
= BH − βHEgHS − µHSHS + αSHR,

dHE

dt
= βHEgHS − (σH + µHE)HE ,

dHI

dt
= σHHE − (µHI + dkh + rH)HI ,

dHR

dt
= rHHI − (µHR + αS)HR,

dDS

dt
= BD − βDV DS − µDSDS + αDDR,

dDI

dt
= βDV DS − (rD + dkd + µDI)DI ,

dDR

dt
= rDDI − (µDR + αD)DR,

dOS

dt
= BO − βOEgOS − (µOS + η1)OS

dOI

dt
= βOEgOS − (µOI + η2)OI ,

dV

dt
= η2OI − (βD + γ)V,

dEG

dt
= BEDI − µEgEg.

(1)

In system (1), we assume that all the parameters (described in Table 1) are
positive.

2.2 Comparison with a previous study

In this section, a comparison is made with the article [5] by Chacha et al.

- Overview of the article

- In their work, Chacha et al. [5] developed a deterministic then a stochastic
CTMC model to describe the dynamic of CE in humans, dogs, and cattle.
The results emphasized that disease prevention requires intervention strate-
gies for the populations of dogs and cattle.

- Comparison of our model with the Chacha et al. model

- Building on the work of Chacha et al. [5], our model also describes CE trans-
mission between three types of population; humans, dogs and livestock and
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studies the density of infected meat and CE eggs. Indeed unlike the model
in [5], we adopted different types of submodels to address reality more:

- For human submodel, unlike [5], we included the compartment of recovered
persons HR. This inclusion allows us to give importance to the healing phase
and the recovery processes which was neglected in [5]. In fact it has supposed
that once the individual is infected, he either stay infected or dies,which is
not true in real life, where several people take their treatment or/and surgery
to recover. Another reason for adding this compartment is that patients
that have experienced the disease and were recovered due to treatment will
certainly change and develop some health and hygiene practices to prevent
themselves from a new contamination, they will be aware of the danger of
the disease and will help raise awareness among their family and neighbors
circle conducting to a decrease of being susceptible or exposed to the disease,
as improving hygiene is the most effective way to prevent from infection.

- For dog submodel, contrary to [5], we excluded the Exposed dogs com-
partment, because dogs become infectious almost few time after consuming
infected meat of intermediate host, and there is a negligible latent period
where dogs doesn’t spread CE eggs. Moreover, in real life it is so difficult to
detect if a dog is exposed but not yet infectious. Instead, we added a com-
partment for recovered dogs as there is a category of dogs that get cured by
anthelmintics or by removing adult tapeworm in surgery, which was ignored
in [5], where infectious dogs either stay infected or die.

- In the same context we added the parameters αS and αD that stand for
the rate of recovered returning susceptible again among humans and dogs,
respectively. This parameter aligns the biological behavior of CE, so if a re-
covered person stops his good hygiene practices, he is at direct risk of being
infected again, especially in an endemic area. Similarly, if the immunity of
a recovered dog wanes, then it becomes susceptible again to infection at a
certain rate.

- For livestock submodel, we disregarded the exposed compartment intro-
duced for cattle in [5], and used only susceptible and infected compartments
for livestock. The cause behind this choice is that livestock are intermediate
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hosts; they affect the life cycle of the disease only with the cysts present in
their infected organs when they are slaughtered or naturally dead, so exposed
and infected compartments are considered as one in this case. Adding ex-
posed livestock will not affect the transmission cycle or the dynamic of CE.

- The model in [5] is developed as a stochastic model and our model will be
developed as an optimal control model.

3 Model analysis

Grounded in the biological foundation of the model (1), we assume that all
the initial conditions of solutions’ system are positive as

HS(0) > 0, HE(0) > 0, HI(0) > 0, HR(0) > 0,

DS(0) > 0, DI(0) > 0, DR(0) > 0,

OS(0) > 0, OI(0) > 0,

V (0) > 0, Eg(0) > 0.

(2)

Moreover, we suppose HP the total human population given by

HP = HS +HE +HI +HR, (3)

and DP the total dog population given by

DP = DS +DI +DR. (4)

As the same, the total livestock population is modeled by OP and given as

OP = OS +OI . (5)

3.1 Positivity and boundedness of system solutions

Theorem 1. 1. The solutions of model system (1) with initial conditions
(2) are nonnegative for all t ≥ 0.
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2. The solutions of model system (1) with initial conditions (2) are
bounded in Γϵ when t→∞.

Here for any ε > 0, Γε is defined as

Γε =


(H,D,O, V,Eg) ∈ R11

+ |

HN ≤
BH

µ1
+ ε,

DN ≤
BD

µ2
+ ε,

ON ≤
BO

µ3
+ ε,

V ≤W,

Eg ≤ F,


(6)

with

H = (HS ,HE ,HI ,HR), D = (DS , DI , DR), O = (OS , OI),

W =
η2BO

µ3(βD + γ)
+ (

η2
βD + γ

+ 1)ε, F =
BEBD

µ2µEg
+ ε(BE + 1),

µ1 = min {µHS , µHE , µHI , µHR} , µ2 = min {µDS , µDI , µDR} ,

µ3 = min {µOS , µOI} .

Proof. Positivity of solutions

1. First, for convenience, we write a solution of the model (1) as
(H(t), D(t), O(t), V (t), Eg(t)), with H(t) = (HS(t),HE(t),HI(t),HR(t)),
D(t) = (DS(t), DI(t), DR(t)), and O(t) = (OS(t), OI(t)).

We consider (H(t), D(t), O(t), V (t), Eg(t)), a solution of the model (1)
with the initial positive conditions (2).

We proceed by contradiction, and we suppose that there is t∗ > 0 such
that

min(H(t∗), D(t∗), O(t∗), V (t∗), Eg(t
∗)) = 0.

So that min(H(t), D(t), O(t), V (t), Eg(t)) > 0 for all t ∈ [0, t∗[.
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- Case 1: min(H(t∗), D(t∗), O(t∗), V (t∗), Eg(t
∗)) = HS(t

∗).

We have in this case from the first equation of the system (1) that

dHS

dt
≥ −(βHEg + µHS)HS for all t ∈ [0, t∗] ,

and by applying separation method, it yields

dHS

HS
≥ −(βHEg + µHS)dt for all t ∈ [0, t∗] .

Then we integrate in initial conditions,

0 = HS(t
∗) ≥ HS(0)e

−
∫ t∗
0

(βHEg(s)+µHS)ds > 0.

That results in a contradiction.
- Case 2: min(H(t∗), D(t∗), O(t∗), V (t∗), Eg(t

∗)) = HE(t
∗).

We obtain from the second equation of the model (1) and by adopting
the same method as in case 1, that

0 = HE(t
∗) ≥ HE(0)e

−(σH+µHE)t∗ > 0.

This leads to a contradiction in this case too.
The same approach is applied for the rest of cases when

min(H(t∗), D(t∗), O(t∗), V (t∗), Eg(t
∗)) is equal to HI(t

∗),HR(t
∗), DS(t

∗),

DI(t
∗), DR(t

∗), OS(t
∗), OI(t

∗), V (t∗), and Eg(t
∗), respectively,

where we have from the corresponding equations of the system (1), respec-
tively:
0 = HE(t

∗) ≥ HE(0)e
−(σH+µHE)t∗ > 0,

0 = HI(t
∗) ≥ HI(0)e

−(µHI+dkh+rH)t∗ > 0,

0 = HR(t
∗) ≥ HR(0)e

−(µHR+αS)t∗ > 0,

0 = DS(t
∗) ≥ DS(0)e

−
∫ t∗
0

(βDV (s)+µDS)ds > 0,

0 = DI(t
∗) ≥ DI(0)e

−(rD+dkd+µDI)t
∗
> 0,

0 = DR(t
∗) ≥ DR(0)e

−(µDR+αD)t∗ > 0,

0 = OS(t
∗) ≥ OS(0)e

−
∫ t∗
0

(βOEg(s)+µOS+η1)ds > 0,

0 = OI(t
∗) ≥ OI(0)e

−(µOI+η2)t
∗
> 0,
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0 = V (t∗) ≥ V (0)e−(βD+γ)t∗ > 0,

0 = Eg(t
∗) ≥ Eg(0)e

−µEgt
∗
> 0.

It yields to a contradiction in each case.
Finally, we conclude that all the solutions of system (1) are nonnegative for
all t ≥ 0.
Boundedness of the solutions
2. In this part of the demonstration, we use the total populations of humans
(3), dogs (4), and livestock (5), respectively, to show that the solutions are
bounded in Γε (6).

From (3), and the first four equations of system (1), we got

dHP

dt
= BH − µHSHS − µHEHE − µHIHI − dkhHI − µHRHR.

So
dHP

dt
≤ BH − µHSHS − µHEHE − µHIHI − µHRHR.

Let µ1 = min {µHS , µHE , µHI , µHR}.
Then

dHP

dt
≤ BH − µ1(HS +HE +HI +HR),

dHP

dt
≤ BH − µ1HP .

Thus,
lim
t→∞

HP (t) ≤
BH

µ1
.

Hence for any ε > 0, there exists t1 > 0 such that

HP (t) ≤
BH

µ1
+ ε for all t ≥ t1.

Adopting the same method for the rest of the equation of system (1), we
obtain the following results: From (4) and the fifth, sixth, and seventh equa-
tions from (1) we obtain that
there exists t2 > 0 such as

DP (t) ≤
BD

µ2
+ ε for all t ≥ t2, (7)

with µ2 = min {µDS , µDI , µDR}.
Similarly, we have from (5)
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There exists t3 > 0 such that

OP (t) ≤
BO

µ3
+ ε for all t ≥ t3, (8)

with µ3 = min {µOS , µOI}.
Likewise for the tenth equation of system (1) and from (8), we obtain

dV (t)

dt
= η2OI(t)− (βD + γ)V (t),

dV (t)

dt
≤ η2

BO

µ3
+ η2ε− (βD + γ)V (t) for all t ≥ t3,

so there is t4 > t3 such that

V (t) ≤
η2(

BO

µ3
+ ε)

βD + γ
+ ε,

V (t) ≤ η2BO

µ3(βD + γ)
+ (

η2
βD + γ

+ 1)ε; for all t ≥ t4.

Finally, from the last equation of system (1) and inequality (7), we obtain
the following result:
There exists t5 > t2 such that

Eg ≤
BEBD

µ2µEg
+ ε(BE + 1) for all t ≥ t5.

Take t# = max {t1, t4, t5}; then for all t > t# we have

(H(t), D(t), O(t), V (t), Eg(t)) ∈ Γε.

Recall that

H = (HS ,HE ,HI ,HR), D = (DS , DI , DR), O = (OS , OI).

Therefore the region Γε is positive and invariant. Moreover, all the solutions
of system (1) with initial conditions (2) are bounded.

Finally, the proof of Theorem 1 is concluded.
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3.2 Disease free equilibrium (DFE) and basic
reproduction number

Basic computations assume that the system (1) has a DFE given as

N0 = (H0
S , 0, 0, 0, D

0
S , 0, 0, O

0
S , 0, 0, 0),

where
H0

S =
BH

µHS
,

D0
S =

BD

µDS
,

O0
S =

BO

µOS + η1
.

(9)

The DFE denotes the case when the disease does not occur in the three types
of populations.

The basic reproduction number R0 is the number of secondary infection
caused by an infected person during the period of infection [7]. To compute
it for the system (1) we use the next generation matrix method [21] and we
define then

F =


βHEgHS

0
βDV DS
βOEgOS

0
0

V =


(σH + µHE)HE

−σHHE + (µHI + dkh + rH)HI
(rD + dkd + µDI)DI

(µOI + η2)OI
−η2OI + (βD + γ)V
−BEDI + µEg

Eg

 .

Then for the DFE (9), we obtain

F =



0 0 0 0 0
βHBH

µHS
0 0 0 0 0 0

0 0 0 0
βDBD

µDS
0

0 0 0 0 0
βOBO

µOS + η1
0 0 0 0 0 0
0 0 0 0 0 0


.

Moreover,
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V =


a 0 0 0 0 0
−σH b 0 0 0 0
0 0 c 0 0 0
0 0 0 d 0 0
0 0 0 −η2 e 0
0 0 −BE 0 0 µEg

 ,

where

a = (σH + µHE), b = (µHI + dkh + rH), c = (rD + dkd + µDI),

d = (µOI + η2), e = (βD + γ).

Accordingly, as R0 = ρ
(
FV−1

)
, R0 is given by

R0 =

√
βDβOBDBEη2BO

µDSµEg(η2 + µOI)(µOS + η1)(rD + dkd + µDI)(βD + γ)
. (10)

For the seek of simplicity, we can write R0 as

R0 =

√
βDβO

BE

µEg

BD

µDS

η2
(η2 + µOI)

BO

(µOS + η1)

1

(rD + dkd + µDI)

1

(βD + γ)
.

(11)
In the expression of R0 (11), we interpret BE

µEg
to be the density of CE eggs

released in the environment by contaminated dogs, BD

µDS
and BO

(µOS + η1)
to

be the size of dog and livestock populations in the beginning respectively.
The fraction η2

(η2 + µOI)
stands for the contaminated population of livestock

slaughtered for consuming. The expression 1

(rD + dkd + µDI)
signifies the

outflow rate of dogs from the infected compartment DI . Finally, the stan-
dard rate describing when infectious meat is disease-spreading, is given by

1

(βD + γ)
.

It is assumed that when R0 < 1, the disease will stop on its own, and
when R0 > 1 it will persist.
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3.3 Endemic equilibrium

The endemic equilibrium of system (1) denotes the case when the CE disease
is endemic. It is represented by

N∗ = (H∗
S ,H

∗
E ,H

∗
I ,H

∗
R, D

∗
S , D

∗
I , D

∗
R, O

∗
S , O

∗
I , V

∗, E∗
g ), (12)

where

H∗
S =

BH + αSH
∗
R

βHEg∗ + µHS
,

H∗
E =

βHE
∗
g (BH + αSH

∗
R)

(σH + µHE)(βHE∗
g + µHS)

,

H∗
I =

σHβHE
∗
g (BH + αSH

∗
R)

(σH + µHE)(βHE∗
g + µHS)(µHI + dkh + rH)

,

H∗
R =

BHrHσHβHE
∗
g

(µHR + αS)(σH + µHE)(βHE∗
g + µHS)(µHI + dkh + rH)− αSrHσHβHE∗

g

,

D∗
S =

BD + αDD
∗
R

βDV ∗ + µDS
,

D∗
I =

βDV
∗(BD + αDD

∗
R)

(βDV ∗ + µDS)(rD + dkd + µDI)
,

D∗
R =

BDrDβDV
∗

(µDR + αD)(βDV ∗ + µDS)(rD + dkd + µDI)− αDrDβDV ∗ ,

O∗
S =

BO

βOE∗
g + µOS + η1

,

O∗
I =

βOE
∗
gBO

(µOI + η2)(βOE∗
g + µOS + η1)

,

V ∗ =
η2βOE

∗
gBO

(βD + λ)(µOI + η2)(βOE∗
g + µOS + η1)

,

E∗
g =

A

B
(R0 − 1)(R0 + 1),

with A = µDSµEg(µDR+αD)2(rD+dkd+µDI)(βD+γ)(µOI+η1)(µOS+η1),

and B = µEgβDη2βOBO[(µDR+αD)(rD+dkd+µDI)−αDrD]+µDSµEgβO(µDR+

αD)(rD + dkd + µDI)(βD + λ)(µOI + η2).

According to the expression of the endemic equilibrium of system (1), we can
say that the CE disease persist in humans, dogs and livestock if R0 > 1,
which is confirmed by this theorem.

Theorem 2. The system (1) modeling the dynamic of transmission of the
Echinoccocosis disease has an endemic equilibrium when R0 > 1.
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3.4 Stability analysis of the equilibria

3.4.1 Global stability of the DFE

Theorem 3. The DFE N0 is globally asymptotically stable when R0 < 1.

Proof. To prove the global stability of DFE (9) when R0 < 1, we use the
Lyapunov function given by

L =
1

(rD + dkd + µDI)
DI +

BE

µDIµEg
Eg. (13)

So from the equation six and eleven of model system (1), we have
dL

dt
=

1

rD + dkd + µDI

dDI

dt
+

BE

µDIµEg

dEg

dt
,

dL

dt
=

1

rD + dkd + µDI
[βDV DS − (rD + dkd + µDI)DI ]

+
BE

µDIµEg
(BEDI − µEgEg),

dL

dt
=

βDV DS

rD + dkd + µDI
−DI +

B2
EDI

µDIµEg
− BE

µDI
Eg,

dL

dt
=

βDV DS

rD + dkd + µDI
−DI +

B2
EDI

µDIµEg
− B2

EDI

µDIµEg
,

dL

dt
=

βDV DS

rD + dkd + µDI
−DI ,

dL

dt
=

βDη2OIBD

µDS(rD + dkd + µDI)(βD + γ)
−DI ,

dL

dt
=

βDη2BDβOEgOS

µDS(rD + dkd + µDI)(βD + γ)(µOI+η2)
−DI ,

dL

dt
= (

βDη2BDβOBOBE

µDSµEg(rD + dkd + µDI)(βD + γ)(µOI + η2)(µOS + η1)
− 1)DI ,

dL

dt
= (R2

0 − 1)DI .

Then

dL

dt
= (R0 − 1)(R0 + 1)DI . (14)

From Theorem 1, we have DI is nonnegative, so in (14), if R0 = 1, then
dL

dt
= 0. If R0 < 1, then dL

dt
< 0

Based on what precedes we can conclude then that the DFE (9) is globally
asymptotically stable in Γε(6) when R0 < 1.
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Therefore the proof of this theorem comes to an end.

3.4.2 Global stability of endemic equilibrium

Theorem 4. The system of differential equation (1), is said to have a unique,
globally asymptotically stable (GAS), endemic equilibrium (12) if R0 > 1.

Proof. We know that endemic equilibrium exists if and only if R0 > 1, so in
this proof we will suppose that we are in the case when R0 > 1.

We consider the function h(x) = x−1−ln(x), x > 0, we have clearly h(x) ≥ 0

and that h(1) = 0.
Moreover, we can easily prove that

(x− 1)(y − 1) = h(x) + h(y)− h(xy) for all x > 0 and y > 0. (15)

We consider L# = #∗h( #
#∗ ) where we will replace # byHS ,HE ,HI ,HR, DS , DI ,

DR, OS , OI , V and Eg, respectively.

First, we have
dLHS

dt
=

(
1− H∗

S

HS

)
,
dHS

dt
(16)

and from the first equation of system (1) and the equilibrium equation, we
have
BH − βHE∗

gH
∗
S − µHSH

∗
S + αSH

∗
R = 0, and we get

dLHS

dt
=

(
1− H∗

S

HS

)(
βHE

∗
gH

∗
S + µHSH

∗
S − αSH

∗
R − βHEgHS − µHSHS + αSHR

)
=

(
1− H∗

S

HS

)[
−βH(EgHS − E∗

gH
∗
S)− µHS(HS −H∗

S) + αS(HR −H∗
R)
]

= −βHE∗
gH

∗
S

(
1− EgHS

E∗
gH

∗
S

)(
1− H∗

S

HS

)
− µHSH

∗
S

(
HS

H∗
S

− 1

)(
1− H∗

S

HS

)
+ αSH

∗
R

(
HR

H∗
R

− 1

)(
1− H∗

S

HS

)
. (17)

Using the expression (15) and the equilibrium equation yields

dLHS

dt
=− βHE∗

gH
∗
Sh(

EgHS

E∗
gH

∗
S

)− βHE∗
gH

∗
Sh(

H∗
S

HS
) + βHE

∗
gH

∗
Sh(

Eg

E∗
g

)
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− µHSH
∗
Sh(

HS

H∗
S

)− µHSH
∗
Sh(

H∗
S

HS
)

+ αSH
∗
Rh(

HR

H∗
R

) + αSH
∗
Rh(

H∗
S

HS
)− αSH

∗
Rh(

HRH
∗
S

HSH∗
R

)

=− βHE∗
gH

∗
Sh(

EgHS

E∗
gH

∗
S

) + βHE
∗
gH

∗
Sh(

Eg

E∗
g

)− µHSH
∗
Sh(

HS

H∗
S

)

−BHh(
H∗

S

HS
) + αSH

∗
Rh(

HR

H∗
R

)− αSH
∗
Rh(

HRH
∗
S

HSH∗
R

). (18)

Similarly, from the second equation of the system (1), and the endemic equi-
librium equation, βHE∗

gH
∗
S − (σH + µHE)H

∗
E = 0, we obtain

dLHE

dt
=

(
1− H∗

E

HE

)
dHE

dt

=

(
1− H∗

E

HE

)[
βH(EgHS − E∗

gH
∗
S)− (σH + µHE) (HE −H∗

E)
]

= βHE
∗
gH

∗
S(1−

H∗
E

HE
)(
EgHS

E∗
gH

∗
S

− 1)

− (σH + µHE)H
∗
E(1−

H∗
E

HE
)(
HE

H∗
E

− 1). (19)

Using the expression (15) and the equilibrium equation yields
dLHE

dt
= βHE

∗
gH

∗
Sh(

EgHS

E∗
gH

∗
S

)−βHE∗
gH

∗
Sh(

H∗
EEgHS

HEE∗
gH

∗
S

)−(σH+µHE)H
∗
Eh(

HE

H∗
E

).

Similarly, we get
dLHI

dt
= σHH

∗
Eh(

HE

H∗
E

)− σHH∗
Eh(

H∗
I HE

HIH∗
E
)− (µHI + dkh + rH)H∗

I h(
HI

H∗
I

),

dLHR

dt
= rHH

∗
I h(

HI

H∗
I

)− rHH∗
I h(

H∗
RHI

HRH∗
I

)− (µHR + αS)H
∗
Rh(

HR

H∗
R

),

dLDS

dt
= −βDV ∗D∗

Sh(
V DS

V ∗D∗
S
)+βDV

∗D∗
Sh(

V

V ∗ )−µDSD
∗
Sh(

DS

D∗
S

)−BDh(
D∗

S

DS
)

+ αDD
∗
Rh(

DR

D∗
R

)− αDD
∗
Rh(

DRD
∗
S

DSD∗
R

),

dLDI

dt
= βDV

∗D∗
Sh(

V DS

V ∗D∗
S

)−βDV ∗D∗
Sh(

V DSD
∗
I

V ∗D∗
SDI

)−(rD+dkd+µDI)D
∗
Ih(

DI

D∗
I

),

dLDR

dt
= rDD

∗
Ih(

DI

D∗
I

)− rDD∗
Ih(

D∗
RDI

DRD∗
I

)− (µDR + αD)D∗
Rh(

DR

D∗
R

),

dLOS

dt
= −βOE∗

gO
∗
Sh(

EgOS

E∗
gO

∗
S

) + βOE
∗
gO

∗
Sh(

Eg

E∗
g

)− (µOS + η1)O
∗
Sh(

OS

O∗
S

)
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−BOh(
O∗

S

OS
),

dLOI

dt
= βOE

∗
gO

∗
Sh(

EgOS

E∗
gO

∗
S

)− βOE∗
gO

∗
Sh(

EgOSO
∗
I

E∗
gO

∗
SOI

)− (µOI + η2)O
∗
Ih(

OI

O∗
I

),

dLV

dt
= η2O

∗
Ih(

OI

O∗
I

)− η2O∗
Ih(

V ∗OI

V O∗
I

)− βDV ∗h(
V

V ∗ )− γV
∗h(

V

V ∗ ),

dLEg

dt
= BED

∗
Ih(

DI

D∗
I

)−BED
∗
Ih(

DIE
∗
g

D∗
IEg

)− µEgE
∗
gh(

Eg

E∗
g

).

We define the Lyapunov function given by

L =
µEg

BHH∗
S

(LHS
+ LHE

+ LHI
+ LHR

) +
2BE

dkd
(LDS

+ LDE
+ LDR

) (20)

+
µEg

βOO∗
S

(LOS
+ LOI

) +
2BED

∗
S

dkd
LV + 2LEg

.

The derivative of the Lyapunov function regarding time is then given as

dL
dt

=
µEg

βHH∗
S

[
−µHSH

∗
Sh(

HS

H∗
S

)−BHh(
H∗

S

HS
)− αSH

∗
Rh(

HRH
∗
S

HSH∗
R

)

− βHE∗
gH

∗
Sh(

H∗
EEgHS

HEE∗
gH

∗
S

)− µHEH
∗
Eh(

HE

H∗
E

)− σHH∗
Eh(

H∗
IHE

HIH∗
E

)

− (µHI + dkh)H
∗
I h(

HI

H∗
I

)− rHH∗
I h(

H∗
RHI

HRH∗
I

)− (µHR + αS)H
∗
Rh(

HR

H∗
R

)

]
+

2BE

dkd

[
−µDSD

∗
Sh(

DS

D∗
S

)−BDh(
D∗

S

DS
)− αDD

∗
Rh(

DRD
∗
S

DSD∗
R

)

− βDV ∗D∗
Sh(

V DSD
∗
I

V ∗D∗
SDI

)− (dkd + µDI)D
∗
Ih(

DI

D∗
I

)

− rDD∗
Ih(

D∗
RDI

DRD∗
I

)− µDRD
∗
Rh (

DR

D∗
R

)

]
+

µEg

βOO∗
S

[
−(µOS + η1)O

∗
Sh(

OS

O∗
S

)−BOh(
O∗

S

OS
)

−βOE∗
gO

∗
Sh(

EgOSO
∗
I

E∗
gO

∗
SOI

)− µOIO
∗
Ih(

OI

O∗
I

)

]
+

2BED
∗
S

dkd

[
−η2O∗

Ih(
V ∗OI

V O∗
I

)− βDV ∗h(
V

V ∗ )− γV
∗h(

V

V ∗ )

]
− 2

[
BED

∗
Ih(

DIE
∗
g

D∗
IEg

)

]
.

We have that all the solutions and parameters of the system (1) are positive.
Moreover the function h is positive, so the derivative of our Lyapunov function
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is clearly less than zero.

So dL
dt
≤ 0, and dL

dt
= 0 if and only if HS = H∗

S ,HE = H∗
E ,HI = H∗

I ,HR =

H∗
R, DS = D∗

S , DI = D∗
I , DR = D∗

R, OS = O∗
S , OI = O∗

I , V = V ∗, Eg = E∗
g .

Then the largest invariant set where dL
dt

= 0, is the singleton N∗, which is
the endemic equilibrium (12).

Hence using Lassale’s invariant principle, when t→ +∞, all solutions of (1)
approach the endemic equilibrium if R0 > 1.

Finally the endemic equilibrium is GAS when R0 > 1.

4 Optimal control

4.1 Optimal control problem

In this section, we propose a formulation of an optimal control problem of the
CE disease, based on some prevention techniques proposed in some medical
studies in Morocco such as [9].

Indeed we introduce to model (1) two controls u1 and u2 described as follows:

- The first control u1 describes health education in the time interval [0, T ].
Indeed, due to the poor knowledge about CE mechanism in rural areas [20],
it is a potent approach to help people understand the behavior of CE disease
and how it is transmitted among domestic animals and humans to promote
good hygiene practices, secure management of livestock, and show the im-
portance of stopping dogs from consuming infected meat. This will help raise
awareness among citizens and improve community engagement to fight the
disease more effectively.

- The second control u2 models the vaccination of livestock with an E. gran-
ulosus recombinant antigen (EG95) [25] in the interval of time [0, T ]. As
livestock are the intermediate hosts in the transmission cycle of CE (see Fig-
ure1), their vaccination will help effectively break the life cycle of the parasite.
The vaccine has shown its worth in China where it is highly utilized, and in
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Argentina [25]. In Morocco the EG95 vaccine produced in the country was
found in a study elaborated in 2019 [25] to be securing from CE in sheep,
during an experimental period of 18 months for 4 groups of 20 animals. How-
ever, this approach is not yet applied to the majority of livestock in Morocco.

After applying controls to system (1), we obtain the following controlled sys-
tem of eleven equations:

dHS

dt
= BH − (1− u1(t))βHEg(t)HS(t)− µHHS(t) + αSHR(t),

dHE

dt
= (1− u1(t))βHEg(t)HS(t)− (σH + µH)HE(t),

dHI

dt
= σHHE(t)− (µH + dkh + rH)HI(t),

dHR

dt
= rHHI(t)− (µH + αS)HR(t),

dDS

dt
= BD − βDV (t)DS(t) + αDDR(t)− µDDS(t),

dDI

dt
= βDV (t)DS(t)− (rD + µD + dkd)DI(t), (21)

dDR

dt
= rDDI(t)− (µD + αD)DR(t),

dOS

dt
= BO − (1− u2(t))βOEg(t)OS(t)− (µO + η1)OS(t),

dOI

dt
= (1− u2(t))βOEg(t)OS(t)− (µO + η2)OI(t),

dV

dt
= η2OI(t)− (βD + γ)V (t),

dEg

dt
= σEDI(t)− µEgEg(t).

In this model, we suppose that all the compartments of humans, dogs, and
livestock have a unique death rate, µH , µD, and µO, respectively.
Moreover, the same initial conditions of model (1), given by (2), are also
applied to this controlled model.

We associate to system model (21) the objective functional J given as
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J(u1, u2) =

∫ T

0

[C1HE(t) +C2HI(t) +C3DI(t) +C4OI(t) +
1

2

i=2∑
i=1

θiu
2
i (t)]dt,

(22)
where Ci ≥ 0, for i = 1, . . . , 4 are the gains of the populations HE(t),HI(t),
DI(t), and OI(t), respectively. The constants θi for i = 1, 2 represent the
weights that balance the associated controls.

Furthermore, the integrand of the objective functional is given by

L(HS ,HE ,HI ,HR, DS , DI , DR, OS , OI , V, E, u)

= C1HE(t) + C2HI(t) + C3DI(t) + C4OI(t) +
1

2

i=2∑
i=1

θiu
2
i (t). (23)

More precisely, the optimal control problem can be defined as follows:

J(u∗1, u
∗
2) = min

Ω
J(u1, u2), (24)

where

Ω =

(u1, u2) |
ui(t) is Lebesgue measurable

0 ≤ ui(t) ≤ 1, t ∈ [0, T ], for i = 1, 2,

 (25)

is the set of admissible controls.

Therefore, the optimal control problem is solved when (u∗1, u
∗
2) ∈ Ω that

minimize the function (24), are founded.

4.2 Existence of optimal control

In order to solve the optimal control problem, it is first necessary to show
the existence of the solution of system (21).

Consider the state variables HS ,HE ,HI ,HR, DS , DI , DR, OS , OI , V, Eg and
the control variables u1, u2 with nonnegative initial conditions as given in
(2), the system (21) can be written as

Xt = AX+ B(X), (26)
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where X and B are given bellow and A is given by (27):

X =



HS
HE
HI
HR
DS
DI
DR
OS
OI
V
Eg


, B(X) =



BH − (1− u1(t))βHEgHS

(1− u1(t))βHEgHS

0

0

BD − βDV DS

βDV DS

0

BO − (1− u2(t))βOEgOS

(1− u2(t))βOEgOS

0

0



,

Xt is the derivative of X with respect to time t. It is clear that the system
(26) is a nonlinear system:

A =



µH 0 0 αS 0 0 0 0 0 0 0
0 −σH − µH 0 0 0 0 0 0 0 0 0
0 σH −(µH + dKH + rH) 0 0 0 0 0 0 0 0
0 0 rH −(µH + αS) 0 0 0 0 0 0 0
0 0 0 0 −µD 0 αD 0 0 0 0
0 0 0 0 0 −(rD + µD + dkd) 0 0 0 0 0
0 0 0 0 0 0 −(µD + αD) 0 0 0 0
0 0 0 0 0 0 0 −(µO + η1) 0 0 0
0 0 0 0 0 0 0 0 −(µO + η2) 0 0
0 0 0 0 0 0 0 0 η2 −(βD + γ) 0
0 0 0 0 0 σE 0 0 0 0 −µEg


.

(27)
We pose

H(X) = AX+ B(X). (28)

Let X1 and X2 be two solutions of system (21). Then,

B(X1)− B(X2) =



(1− u1(t))βH [−Eg1HS1 + Eg2HS2 ]
(1− u1(t))βH [Eg1HS1

− Eg2HS2
]

0
0

βD (−V1DS1 + V2DS2)
βD (V1DS1

− V2DS2
)

0
(1− u2(t))βO (−Eg1OS1

+ Eg2OS2
)

(1− u2(t))βO (Eg1OS1
− Eg2OS2

)
0
0


.

This term satisfies the following:
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|B(X1)− B(X2)| =2βH (1− u1(t)) |Eg1(t)HS1(t)− Eg2(t)HS2(t)|

+ 2βD|V1DS1 − V2DS2 |

+ 2βO (1− u2(t)) |Eg1OS1
− Eg2OS2

|

≤2βH (1− u1(t)) [|Eg2 ||HS1
(t)−HS2

(t)|

+ |HS1
||Eg1(t)− Eg2(t)|]

+ 2βD[|DS1
||V1(t)− V2(t)|+ |V2||DS1

−DS2
|]

+ 2βO (1− u2(t)) [|Eg1 ||OS1 −OS2 |+ |OS2 ||Eg1 − Eg2 |]

≤2βH (1− u1(t)) [F |HS1(t)−HS2(t)|

+
BH

µH
|Eg1(t)− Eg2(t)|

]
+ 2βD

[
BD

µD
|V1(t)− V2(t)|+W |DS1 −DS2 |

]
+ 2βO (1− u2(t))

[
F |OS1

−OS2
|+ BO

µO
|Eg1 − Eg2 |

]
≤2βHF (1− u1(t)) |HS1

(t)−HS2
(t)|

+ 2βH
BH

µH
(1− u1(t)) |Eg1(t)− Eg2(t)|

+ 2βD
BD

µD
|V1(t)− V2(t)|+ 2βDW |DS1 −DS2 |

+ 2βOF (1− u2(t)) |OS1
−OS2

|

+ 2βO
BO

µO
(1− u2(t)) |Eg1 − Eg2 |

≤M [|HS1
(t)−HS2

(t)|+ |Eg1(t)− Eg2(t)|+ |V1(t)− V2(t)|

+ |DS1
−DS2

|+ |OS1
−OS2

|],

where M > 0 is independent of the variables HS , Eg, V , DS , and OS .
Therefore;

|H(X1)−H(X2)| ≤ K|X1 − X2|, with K = ||A||+M .

Thus, it follows that the function H satisfies the Lipschitz condition, uni-
formly with respect to non-negative state variables.

Therefore, there exists a solution of the system (21).

Now, we present a result that will show the existence of an optimal control
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that minimizes the objective functional J in a finite interval [0, T ], subjected
to the system (21).

Theorem 5. There exists an optimal control pair u∗ = {u∗1, u∗2} in Ω and a
corresponding solution X∗ =

{
H∗

S ,H
∗
E ,H

∗
I ,H

∗
R, D

∗
S , D

∗
I , D

∗
R, O

∗
S , O

∗
I , V

∗, E∗
g

}
such that

J(u∗1, u
∗
2) = minΩ J(u1, u2).

Proof. The existence of an optimal control is proved using Fleming’s results
(Theorem (III.4.1) and its corresponding corollary in [10]). Indeed we must
verify those five conditions:

P1. The set solutions to the system (21)–(2) and its corresponding controls
are nonempty (proved lastly).
P2. The set of controls is convex and closed.
We consider

Ω =
{
u ∈ R2 : ||u|| ≤ 1

}
.

Let u, v ∈ Ω such that 0 ≤ ||u|| ≤ 1 and 0 ≤ ||v|| ≤ 1.
Then, for any ε ∈ [0, 1], we have

0 ≤ ||εu+ (1− ε)v|| ≤ ε||u||+ (1− ε)||v|| ≤ 1.

P3. The state system can be written as linear function of control variables
with coefficients depending on time and state variable.
P4. The integrand (23) of objective function is convex with respect to con-
trols.
Let X = (HS ,HE ,HI ,HR, DS , DI , DR, OS , OI , V, E), u = (u1, u2) ∈ Ω and
v = ({)v1, v2} ∈ Ω.
Then, for ε ∈ [0, 1], we have
L(X , εu+(1−ε)v) = C1HE(t)+C2HI(t)+C3DI(t)+C4OI(t)+

1

2

∑i=2
i=1 θi(εui+

(1− ε)vi)2,

and

εL(X , u) + (1− ε)L(X , v) =C1HE(t) + C2HI(t) + C3DI(t) + C4OI(t)
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+
1

2
ε

i=2∑
i=1

θiu
2
i +

1

2
(1− ε)

i=2∑
i=1

θiv
2
i .

Therefore,

L(X , εu+(1−ε)v)−(εL(X , u)+(1−ε)L(X , v)) = 1

2
(ε2−ε)

∑i=2
i=1 θi(ui−vi)2,

and

L(X , εu+ (1− ε)v)− (εL(X , u) + (1− ε)L(X , v)) ≤ 0, since ε ∈ [0, 1].

P5. There exist constants ϑ1, ϑ2 > 0 and ϑ3 > 1 as the integrand (23) is
bounded by
ϑ1(|u1|2 + |u2|2)ϑ3/2 − ϑ2.
In fact it is easy to verify that

L(X , u) ≥ 1

2

∑i=2
i=1 θiu

2
i

≥ ϑ1(|u1|2 + |u2|2)ϑ3/2 − ϑ2,

where ϑ1 =
1

2
min{θ1, θ2}, ϑ2 > 0 and ϑ3 = 2.

4.3 Characterization of optimal control

Theorem 5 assures the existence of an optimal control (u∗1, u∗2) that mini-
mizes the objective functional (22).

The Pontryagin’s maximum principle transform system (21) with (22) and
(24) to a minimization problem of Hamiltonian, that we define as

H(X, u,Λ, t)

=C1HE(t) + C2HI(t) + C3DI(t) + C4OI(t) +
1

2

i=2∑
i=1

θiu
2
i (t)

+ λ1(t)
dHS(t)

dt
+ λ2(t)

dHE(t)

dt
+ λ3(t)

dHI(t)

dt
+ λ4(t)

dHR(t)

dt

+ λ5(t)
dDS(t)

dt
+ λ6(t)

dDI(t)

dt
+ λ7(t)

dDR(t)

dt
+ λ8(t)

dOS(t)

dt

+ λ9(t)
dOI(t)

dt
+ λ10(t)

dV (t)

dt
+ λ11(t)

dE(t)

dt
,

(29)
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with X = {HS ,HE ,HI ,HR, DS , DI , DR, OS , OI , V, Eg}, u = {u1, u2} ∈ Ω,
and Λ = {λi, i = 1, . . . , 11} the adjoint variables.

Necessary condition that {X∗(t), u∗(t)} can be an optimal solution for the
optimal control problem is the existence of a nontrivial vector function Λ(t) =

{λi(t), i = 1, . . . , 11} such that

dX
dt

=
∂H(X∗(t), u∗(t),Λ(t), t)

dΛ
,

0 =
∂H(X∗(t), u∗(t),Λ(t), t)

du
,

Λ
′
(t) = −∂H(X∗(t), u∗(t),Λ(t), t)

dX
.

(30)

The next result presents the adjoint system and the characterization of opti-
mal control.

Theorem 6. Given an optimal control u∗ = {u∗1, u∗2} and corresponding so-
lutions
X∗ = {H∗

S ,H
∗
E ,H

∗
I ,H

∗
R, D

∗
S , D

∗
I , D

∗
R, O

∗
S , O

∗
I , V

∗, E∗
g} that minimize J(u)

over Ω, there exist adjoint variables λi, i = 1, 2, . . . , 11 satisfying
dλ1(t)

dt
= (1− u1(t))βHEg(t) [λ1(t)− λ2(t)] + µHλ1(t),

dλ2(t)

dt
= −C1 + σH [λ2(t)− λ3(t)] + µHλ2(t),

dλ3(t)

dt
= −C2 + (µH + dKH + rH)λ3(t)− rHλ4(t),

dλ4(t)

dt
= −αSλ1(t) + (µH + αS)λ4(t),

dλ5(t)

dt
= βDV [λ5(t)− λ6(t)] + µDλ5(t),

dλ6(t)

dt
= −C3 + (rD + µD + dKD)λ6(t)− rDλ7(t)− σEλ11(t),

dλ7(t)

dt
= −αDλ5(t) + (µD + αD)λ7(t),

dλ8(t)

dt
= (1− u2(t))βOEg(t)[λ8(t)− λ9(t)] + (η1 + µO)λ8(t),

dλ9(t)

dt
= −C4 + (η2 + µO)λ9(t)− η2λ10(t),
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dλ10(t)

dt
= (βD + γ)λ10(t),

dλ11(t)

dt
= (1− u1(t))βHHS(t) [λ1(t)− λ2(t)]
+ (1− u2(t))βOOS(t)[λ8(t)− λ9(t)] + µEgλ11(t),

where final time conditions are

λi(T ) = 0, i = 1, 2, . . . , 11 (31)

Moreover, the following characterization holds:
u∗1(t) = max{min{1,

βH [−λ1(t) + λ2(t)]E
∗
g (t)H

∗
S(t)

θ1
}, 0},

u∗2(t) = max{min{1,
βO[−λ8(t) + λ9(t)]E

∗
g (t)O

∗
S(t)

θ2
}, 0}.

(32)

Proof. The form of the adjoint system endowed with terminal conditions (31)
results from Pontryagin’s maximum principle by differentiating the Hamilto-
nian function (29) at the respective solutions of the state system (21).
Also, to get the characterizations of the optimal control given by (32), we
use the optimality conditions.
After solving the equation

∂H(X ∗(t), u∗(t),Λ(t), t)

dui
= 0, for i = 1, 2,

we obtain directly (32) by taking to account the boundedness condition given
in (25).

5 Numerical simulations

In this section, we present numerical simulations done using MATLAB to
understand more the comportment of the model of transmission of Cystic
Echinococcosis, and the influence of the two controls u1 and u2 representing
health education and Vaccination of sheep with the EG95 vaccine respectively
on the dynamic of the studied populations. Note that in this work, we use the
data found in some studies elaborated in some regions of Morocco (Middle
Atlas region, Ifrane and El Hajeb ) [2, 1, 18, 19].
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The system of stats (1) is resolved in the sens t : 0 → T using the ode45
solver in MATLAB, with the initial conditions HS(0) = 5367, HE(0) = 0,
HI(0) = 0, HR(0) = 0, DS(0) = 700, DI(0) = 37, DR(0) = 3, OS(0) = 797

OI(0) = 159, V (0) = 34, Eg(0) = 240, where the values of HS(0), DS(0),
and OS(0) are derived from [6] and the other initial conditions of (1) are
assumed. However the optimality system consisting of control system (21)
and the adjoint equations (31), is resolved in the opposite sens t : T → 0,
with the transversality conditions λi(T ) = 0, 1 ≤ i ≤ 11, where T = 60

months.

We set in (22) also C1 = 50, C2 = 90, C3 = 70, C4 = 60, θ1 = 10, θ2 = 10.

Parameter selection

- Some parameters of the system (21) have been considered relying on online
news, data fitting, or assumption because Echinococcosis is an overlooked
disease and only few studies have been done on it in Morocco, and we found
it difficult at the time of the study to find all parameters values in the studied
areas. The values of the parameters of the system (21) are given in Table 2.
- Some of the table’s parameters were based on a study in China because
such parameters were unavailable in Morocco, and the choice of those specific
values is explained below:
- Parameters µEg and BE are considered universal because they depend on
biological and environmental factors, such as humidity and temperature, that
are comparable in regions where CE is endemic.
- For the parameter rH : the recovery rate is also a universal parameter that
depends on the physical context and is common among populations.
- Parameters µD and µO: Specific parameters related to the regions studied
in Morocco were not available at the time of the study, so we tried to derive
those rates from other studies conducted in areas where farming practices
and socioeconomic conditions do not vary much.
- So, we assumed that those parameters would be close to their real values
in Morocco.
We calibrated the parameters derived from references in Table 2 in months.
-The parameters BH , BD, and BO are calculated using the same method as
in [24].
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Figure 3: The influence of initial conditions on the number of infected dogs

Figure 4: The influence of initial conditions on the number of infected livestock

Figure 5: The influence of initial conditions on the number of CE eggs
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Table 2: Parameters of system (1)

Parameters Values Source

BH 277.3 Calculation
βH 1.6% - 2.4% [6]
µH 5.167 [15]
σH 0.0714 Estimated
dkh 2% - 3% [20]
rH 0.075 [11]
BD 56 Calculation
βD 2% - 41% [1]
µD 0.08 [24]
dkd 0.010 Estimated
rD 22.3% [1]
BO 121 Calculation
βO 0.007 [9]
µO 0.152 [12]
η1 0.37 Estimated
η2 0.37 Estimated
γ 0.315 Estimated
BE 0.808 [11]
µEg 10.42 [11]
αS 8.5% [22]
αD 4% [1]

Figure 6: Sensitivity of the infected dogs to
R0

Figure 7: Sensitivity of the infected live-
stock to R0
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Figure 8: Sensitivity of the infected Humans
to R0

Figure 9: Evolution of CE in susceptible hu-
mans with and without control

Figure 10: The evolution of CE in exposed
humans with and without control

Figure 11: The evolution of CE in infected
humans with and without control

Figure 12: The evolution of CE in infected
dogs with and without control

Figure 13: The evolution of CE in infected
livestock with and without control
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Figure 14: The evolution of infected meat
with and without control

Figure 15: The evolution of CE eggs with
and without control

5.1 Discussion

Figures 3, 4, and 5 show that despite the different values of initial conditions,
the system reaches the same steady state, that is, in our case, the endemic
equilibrium. The results of the simulations in the figures match the property
describing that the endemic equilibrium is globally asymptotically stable.
That confirms our theoretical results.

In Figures 8, 6, and 7, we changed the values of the basic reproduction num-
ber, and we studied the impact of those variations on the number of infected
humans, dogs, and livestock, respectively. The values of R0 were computed
by modifying the rates βD and βO at each time.
We remarked that those two rates directly affect the R0, and the bigger they
get, the greater R0 becomes. As a result, the infection becomes more impor-
tant in the three populations with each rise of βD and βO.
Based on the results of simulations in Figures 8, 6, and 7, we have chosen two
control strategies that directly affect the rates of transmission for humans,
dogs and livestock βH , βD, and βO, by implementing health education and
vaccination of livestock, respectively, as described in the previous section.

The purpose of numerical simulations given in Figures 10, 9, 11, 12, 13, 14,
15 is to evaluate the effectiveness and the impact of health education and
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livestock vaccination on the spread of CE, those simulations are done while
implementing the two controls u1 and u2 in the same time.

From the figures above, we remark that in the uncontrolled scenario (dashed
blue lines ), there is a clear increase in the infected compartments including
exposed and infected humans HE ,HI (after 20 months) in Figures 10 and
11, infected dogs DI (after nearly 7 months) in Figure 12, infected livestock
OI (after almost 1 month) in Figure 13, infected meat V (from the start) in
Figure 14, and Echinococcosis eggs Eg (from the start) in Figure 15. That
means that without control there is a growing prevalence of the disease in
the concerned regions of Morocco starting after month 20 of the study or
even from the very beginning for some compartments and reaching the ex-
treme after 60 months. In fact ,in this case, the parasite continues its life
cycle normally, causing smooth transmission between the intermediate and
definitive hosts. In this situation, we spot that the density of the concerned
populations begins to increase (HE ,HI , DI , OI , V, Eg) until they stabilize at
values representing the endemic equilibrium (12) after the 60 months.

However, while implementing the two controls u1 and u2 (orange lines), we
observe an overall notable decrease in the prevalence of CE. In fact, the curves
show that exposed and infected humans remain at a level low to zero (Figures
10 and 11). This means that the control u1 consisting of health education
was very beneficial in stopping so many people from becoming exposed or
infected.
From Figure 12, we spot that infected dogs in the controlled case also grow,
but at a significantly lower level (∼100) compared to the uncontrolled case
(∼400). The other compartments HE ,HI , DI , OI , V, Eg follow the same
trend. This means that the second control u2 of sheep vaccination clearly
decreases infected populations over time because it reduces the chance of car-
rying the parasite inside the intermediate hosts.
Less contamination in sheep leads to lower infection in dogs and also humans
due to the break of the life-cycle of the parasite.

Even with the success of the optimal control strategy, the curves represent-
ing the Echinococcosis eggs in Figure 15 show that the density of these eggs
remains important (approximately 12,000) and is expected to grow more af-
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ter the study period, this can be explained by the very high resistance of
the eggs to environmental conditions, and it is the source of the remaining
infected cases among the populations of dogs and sheep (Figures 12 and 13).
This suggests that more long-term control alternatives are needed to stop
the disease more effectively by stopping or reducing the continued presence
of CE eggs.

The results of the simulations show the effectiveness of health education and
sheep vaccination controls in reducing disease in the regions studied in Mo-
rocco. However, if no control measures are taken in the country, CE disease
will be sustained in human, livestock, and dog populations, which can be
very dangerous to the health and food security of Moroccans in the next few
years.

6 Conclusion

To understand the dynamic of the transmission of CE among humans, dogs,
and livestock, we proposed a mathematical model based on the transmission
cycle of the disease and taking into consideration the relapse after recovery
for humans and dogs. The mathematical analysis of the model allowed us
to define a basic reproduction number R0 that determines the transmission
of CE. The results suggested that, when R0 < 1, the DFE N0 is globally
asymptotically stable and in this case, the disease dies. When R0 > 1, the
endemic equilibrium N∗ is globally asymptotically stable, the disease persis-
tently remains. Those theoretical results are confirmed by some numerical
simulations. Based on those results, we introduced two control strategies
that are health education and sheep vaccination, and we performed the anal-
ysis using the optimal control theory. We proved the existence of optimal
controls and characterized them using Pontryagin’s maximum principle. The
plots of the controlled system applied to some regions of Morocco facilitated
the comparison between controlled and uncontrolled scenarios. The results
revealed that health education combined with the vaccination of sheep with
the EG95 vaccine is a must to reduce the prevalence of the disease in Mo-
rocco for the next decades. Therefore to sustain the prevention of Cystic
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Echinococcosis in Morocco, it is crucial to adopt a continued investment in
livestock vaccination, and raise awareness among citizens, especially in rural
areas of the kingdom. Due to the relatively high founded level of CE eggs
in the environment even with applying the current control strategies, in our
future studies, we will integrate into the model other control measures such
as inspection of infection in dog populations at least 4 times/year and slaugh-
terhouse monitoring to reduce the environmental contamination. Moreover,
we will try to address the randomness in the transmission process of CE dis-
ease by adding some stochastic parameters to the deterministic system, and
analyze the new stochastic model.
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Abstract

In this paper, we reconsider the sustainable cooperation of advertising com-
panies problem on a network of companies and consumers. The aim of
this paper is to investigate cooperation and profit distribution within net-
works involving companies and consumers with asymmetric roles and to
compare two scenarios based on advertising efficiency. We extend a model
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in the framework of cooperative differential games on network, which derive
analytically the construction of the characteristic function. Unlike previ-
ous dynamic marketing models that all firms advertise for homogeneous
consumers and they view companies as identical, in the proposed gener-
alized model, we assume that companies and consumers are heterogeneous
players in the network. The Shapley value, Core and τ -value are obtained
analytically. A numerical simulation of the proposed model for a graph
of advertising firms and consumers with different parameters is presented
to obtain sensitivity analysis results. The results show that the optimal
cooperative advertisement rate of firms are affected by the sensitivity pa-
rameters of consumers to companies. Furthermore, we demonstrate that
the allocations of the companies in the cooperative game only for grand
coalition will be greater than in the non-cooperative one. We find that the
greater the coalition, the more gains from cooperative advertising. We also
demonstrated that for the higher product price, the greater Shapley and
τ -values attributed to the firms.

AMS subject classifications (2020): Primary 45D05; Secondary 42C10, 65G99.

Keywords: Differential game; Cooperative advertising; Shapley value; Net-
work.

1 Introduction

In the current competitive landscape, neglecting cooperative advertising can
result in missed strategic opportunities. Many businesses are finding it diffi-
cult to create supply chains that make the most money and keep customers
happy. Recently, companies need to work together and agree on things like
prices, how much to order, and advertising to succeed in a competitive global
market. Instead of competing against each other, businesses are teaming up
to make more money and reduce risks. Advertising is increasingly important
for businesses to grow market share and revenue. A cooperative advertising
strategy is essential for a win-win situation.

Cooperative advertising boosts exposure by allowing more ad outlets and
partnering with a major company for increased visibility. Leading firms invest
significantly in researching advanced advertising methodologies. Participa-
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tion in cooperative advertising programs enables companies to leverage the
experiences of more successful firms, contributing to their business growth.
Companies use various media like TV, radio, print, Internet and social net-
work for advertising. They also utilize local media and distribute fliers and
often share advertising costs with retailers through cooperative advertising
program (co-op), providing product images for ads. The cost-sharing de-
pends on the relationship and brand prominence. Cooperative advertising is
a crucial strategy for manufacturers to expand market capacity and maximize
their self-interest, as per existing literature.

In this study, advertising companies are modeled as players within a
game-theoretic framework. According to each company’s network struc-
ture, we believe that the advantages of cooperative advertising for businesses
in networks include growing the number of consumers and boosting profits
through the synergy of joint advertising. In this research, ideas from graph
theory are applied to construct a cooperative differential game for the net-
work’s advertising problem. Also, many cooperative game theory techniques
are put out to ensure that the profits from the cooperative advertisements
are distributed fairly among the participating companies. Accordingly, this
study aims to address the following research questions:
• How can corporations determine the amount of money they make from
social network advertising?
• How might more cooperative advertising income be equitably divided
among participating agents?
• How will advertising affect the coalition’s companies?

The remainder of the paper is arranged as follows. In Section 2, the
relevant literature is examined. In addition to defining the mathematical
model for cooperative advertising in networks, Section 3 offers a solution
methodology. In Section 4, one numerical example is considered, and Section
5 explains the solution imputation and fair distribution of cooperative game
models. Section 6 concludes with some recommendations and future research
directions.
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2 Literature review

Three main literature streams serve as the foundation for our work: Co-
operative advertising, cooperative game theory applications in networks and
cooperative advertising differential game. As a result, we go over these topics
in the subsections that follows.

Several techniques based on cooperative game theory have been developed
in recent years. In order to communicate the information to their network
partners, Zinoviev and Duong [37] expanded the game theoretical model of
information diffusion in a star-like network where personality traits are de-
scribed through a feedback mechanism. In order to calculate the profit margin
for their shops and customers, Aust [2] assessed the competition. Increased
market competitiveness leads to higher profits and more effective advertising
outcomes. In [33], authors investigated three cooperative scenarios for the
horizontal firms: one in which a contractor is attempting to create a coali-
tion, as well as cooperative and noncooperative scenarios. For every scenario,
the best possible advertising and revenues were determined and contrasted.

The majority of research on cooperative advertising in the literature has
concentrated on supply chain advertising campaigns. Jørgensen and Zaccour
[19] presented a comprehensive review of cooperative advertising in market-
ing channels using game-theoretic approaches. Their survey was structured
into two parts. The first part focused on simple supply chains consisting of
a single supplier and a single retailer, while the second part examined more
complex channels involving multiple suppliers and/or retailers. They noted
that many findings from static models could be extended to dynamic settings
and that static models tended to be homogeneous in terms of assumptions
and structure. In contrast, models that incorporated horizontal interactions
within or across supply chain levels were relatively scarce. The study also
showed that firms’ participation in cooperative advertising programs is influ-
enced by both intra-brand and inter-brand competition, and that such par-
ticipation do not always align with the firms’ best interests. Sarkar, Omair,
and Kim [25] proposed a model for co-op advertising in supply chains, which
considers fluctuating demand based on selling price and advertising expenses.
The ideal outcomes improved revenue across the supply chain, overcoming
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risks and improving economic analysis and feasibility. In [35], authors stud-
ied cooperative advertising in a supply chain involving manufacturers and
retailers, examining how power and information structure affect price and
advertising decisions. The study found that a dominating member can en-
hance supply chain performance. In [34], the authors studied how digital
platforms and participants balance value generation and appropriation in
a Stackelberg game. They emphasized the necessity of cooperative part-
nerships in strategic alliances.The corona virus epidemic has generated new
marketing methods, influencing client purchase behaviors. Ghosh, Seikh, and
Chakrabortty [13] examined how cooperative advertising and online services
affect decision-making in dual channel supply chains. The model revealed
the most profitable channel methods, highlighting the benefits of cooperative
advertising but downsides for traditional shops. Jørgensen, Sigué, and Zac-
cour [18] examined how a manufacturer and exclusive retailer’s advertising
affects sales in a two-member channel. The study analyzed four scenarios:
no support, support for both forms of advertising, and partial support for
one type. Supporting both categories was the most profitable for both sides,
followed by moderate support. No assistance was the least profitable option.
The purpose was to maximize the manufacturer’s profits. The study found
that supporting both forms of advertising benefited both members the best.
Theoretical analyses provide insight into management.

The Nash bargaining model is used to analyze profit-sharing methods and
manufacturer pool rates for cooperative advertising. Chutani and Sethi [6]
proposed a Stackelberg differential game model in which the manufacturer
allocates advertising shares to N shops based on their subsidy value, and re-
tailers engage in a Nash differential game to optimize their advertising efforts.
In [9], authors employed a game-theoretic model to investigate cooperative
advertising in a supply chain, discovering that retailers’ concerns regarding
Nash bargaining fairness increase local advertising spending, thereby enhanc-
ing supply chain efficiency.

Cooperative game theory has been frequently used to assess the collabo-
ration between companies in real-world networks. Studies have shown that
cooperative game theory can estimate cost savings and propose fair alloca-
tions. Frisk et al. [11] investigated cooperation among forest enterprises in
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Sweden’s wood sector and offered strategies to disperse savings among par-
ticipants. Lozano et al. [21] discovered that shippers in a logistics network
collaborate by integrating transportation requirements. Razmi, Hassani, and
Hafezalkotob [23] discovered that horizontal collaboration in natural gas dis-
tribution can lead to cost savings and equitable allocation.

In logistic networks, suppliers may collaborate to make better use of their
vehicles. A mathematical model was created to evaluate the advantages
of collaboration among distribution businesses, and several cooperative game
theory methodologies were compared and examined. Wang et al. [30] investi-
gated a multiple-center truck routing issue in which logistics service providers
collaborated in a network, providing cooperative game theory strategies for
profit allocation.

Cooperation can also increase flow and reduce costs in maximum flow
problems. Reyes [24] showed that logistic companies can increase flow
through cooperation, and Hafezalkotob and Makui [15] suggested a mathe-
matical programming approach based on cooperative game theory for player
collaboration in logistic networks. It covers coalitional games, cooperative
game theory, and its practical applications in communication and wireless
networks.

It classifies them into canonical, formation, and graph games, provid-
ing a comprehensive treatment for communications and network engineers.
Gharehbolagh et al. [12] developed mathematical models to improve reliabil-
ity and cost in logistics networks. Zhao et al. [36] examined how to handle
a large number of community energy consumers (CEPs) in a distribution
network. The researchers developed a hybrid game-based optimal operating
model that incorporates Stackelberg and cooperative games. It also includes
cloud energy storage for economic efficiency.

Differential games are used to handle problems involving several decision-
makers making decisions continuously, managing complicated systems, mak-
ing dynamic decisions. Researchers can refer to [4] for further study. Sorger
[27] analyzed a modified version of non-cooperative advertising differential
game of Case. Sorger derived Nash equilibria for open-loop controls as well
as for feedback strategies for finite and infinite planning horizons. Dockner
[7] introduced the differential games for modeling economic and management
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issues involving strategic decision making and explored applications in capi-
tal accumulation, industrial organization, and more. He, Prasad, and Sethi
[17] analyzed co-op advertising as a stochastic Stackelberg differential game,
identifying optimal policies for both sides and comparing it to a vertically
integrated channel. They also proposed a framework for coordination. Er-
ickson [10] introduced an oligopoly model to determine advertising strategies
in an oligopoly. Unit contribution and advertising effectiveness boosted own
advertising and sales, while discount and decay rates had negative effects. In
asymmetric oligopolies, these factors influenced rivals’ advertising and sales
differently.

Tur and Petrosyan [29] investigated cooperative differential games on net-
works, with a focus on optimality principles, characteristic function develop-
ment, and Shapley value computation. They presented their findings us-
ing a differential marketing game. Liu and Wu [20] investigated the shared
manufacturing model, a sustainable way to production that involves a pro-
ducer and a platform with government subsidies. The study analyzed price,
collaborative advertising, and decision-making for centralized, decentralized,
and bilateral cost-sharing contracts. Centralized decision-making results in
cheaper prices, more promotional effort, and higher profits. Despite improved
decentralized decision-making, total revenues remained below centralized lev-
els. Wu and Liu [31] examined four models based on differential games to
examine pricing and advertising efficiency in shared manufacturing: Classic
cooperation, cost-sharing contract, revenue-sharing contract, and bilateral
cost-sharing contract. It included suggestions and numerical examples. Du
et al. [8] examined the effectiveness of advertising in promoting water-saving
products in a two-level supply chain. Contracts for cooperative, noncoop-
erative, and cooperative cooperation were the three scenarios that were dis-
tinguished. The outcomes show pareto optimality for market demand and
product goodwill. Han et al. [16] studied a dynamic Stackelberg game be-
tween a company and retailer to analyze their advertising decisions. The
study found that while national advertising can improve advertising behav-
iors, it may also result in losses. The study also examined retail and brand
competitiveness. Co-op advertising helped align manufacturing and retailer
decisions in supply chains. The manufacturer determined the participation
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rate and wholesale price, while the retailer responded with effective adver-
tising and pricing. Petrosyan, Yeung, and Pankratova [22] introduced a new
characteristic function based on the possibility of stopping interaction by
players outside the coalition in each time instant or imposing sanction on
players from the coalition.

We mention that our research in this article mostly is related to [27, 14,
29].

Tur and Petrosyan [29] investigated cooperative differential games on net-
works, building characteristic functions, computing Shapley values, and look-
ing at optimality principles. Our article and Tur and Petrosyan [29] article
differ in that our model takes into account the roles of producers and con-
sumers. Tur’s model, on the other hand, only takes into account the role
of distributors in multi-level marketing, wherein distributors collaborate to
increase profit. Additionally, while we have looked into the roles of customers
and producers, the majority of the models that we described in the introduc-
tion take into account the relationship between the retailer and the producer.
As a matter of fact, manufacturers work directly together under this strategy
to boost revenue through cooperative advertising. In 2018, Hafezalkotob et
al. introduced a mathematical model that calculated the profit from cooper-
ative advertising in social networks. They also suggested cooperative game
theory techniques for benefit distribution, showing that coalitions yielded
higher profits. One way that our study differs from [14] is that we employ a
dynamic game (differential game) as opposed to a static game that is solved
using nonlinear programming. In contrast to static games, dynamic games
take time into account. In contrast to the Hafezalkotob model, we deter-
mine each coalition’s earnings using the characteristic function and look at
two scenarios depending on advertising efficiency variables to see how they
impact revenue of coalition.

3 Problem description and model assumptions

In this section, a cooperative differential game approach on a network is ap-
plied to represent the relationship between players. For this purpose, we
assume that a graph G = (V, E) is a network with V nodes and E edges with
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prescribed duration of [0, T ]. Let {i1, . . . , in} be the set of companies and
{k1, . . . , km} be the set of consumers. Each node corresponds to a company
i or a costumer j, where i ∈ N = {1, 2, . . . , n} and j ∈ K = {1, 2, . . . ,m},
respectively, and also each edge (i, j) ∈ E represents a connection between
company i and costumer j (as illustrated in Figure 1). We introduce the

k1 k2 k3 k4 k5 · · · km−4 km−3 km−2 km−1 km

i1 i2 · · · in−1

in

Figure 1: A graph of advertising model with the set {i1, . . . , in} for companies and
{k1, . . . , km} for consumers in a network

assumptions of the model as follows:
Assumption 1. We assume that the Players (companies) in our network are
reasonable.
Assumption 2. The advertisement of firms is affected by the sensitivity rate
of consumers to companies.
Assumption 3. We assume that the utility of this cooperative game is trans-
ferable that means the earnings of a coalition can be calculated.
Assumption 4. If the companies cooperate in network, then they cover the
consumers of each other.
Assumption 5. It is supposed that all links are undirected.
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The dynamics of company i’s sale rate are governed by

ẋi(t) = vi(t) +

m∑
k=1

(
ρik
√
uik(t)−

∑
j ̸=i

δjk

√
ujk(t)

)
, i ∈ {1, . . . , n}, (1)

where xi(t) ⊂ Rn indicates the sales rate of Player i (state variable) at time
t and uik(t) represents the advertisement effort of company i for consumer k
(control variable). The amount of basis demand from firm i that is unrelated
to the advertising effort is represented by vi(t) ≥ 0. The values of parameters
ρik ≥ 0 and δik ≥ 0 signify the sensitivity of consumer k to the advertise-
ment of company i and the sensitivity of consumer k to the advertisement of
company j (competitor’s advertising), respectively.
They discovered that customer responses to advertising which had an impact
on the values of ρik and δik, which stand for specific parameters connected to
consumers characteristics [1]. Because customers are more likely to respond
favorably to advertisements from a firm they are familiar with than to those
from its rivals, it is often assumed that δik is less than ρik. Furthermore, the
sales rate for company i increases with cooperative advertising efforts and
falls in response to competing players’ activities.

The objective function of company i ∈ N is considered as follows:

max Ji(x
0
i , ui1, . . . , uim) =

∫ T

t0

(
pxi(τ)−

m∑
k=1

uik(τ)
)
dτ, (2)

where p denote the price.

The goal of the problem is to maximize company’s profit, which is ob-
tained by subtracting advertising expenses from income. Let Γ(x0, T − t0) be
a cooperative differential game on network (V, E), let the system dynamics
(1) and the sets of feasible controls Ui, i ∈ N be given, and let the play-
ers’ payoffs be defined by (2). Assume that companies are able to cooperate
together in order to maximum possible joint reward

∑
i∈N

∫ T

t0

(
pxi(τ)−

m∑
k=1

uik(τ)
)
dτ, (3)

subject to dynamics (1).

The optimal cooperative strategies of companies
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u∗(t) = (u∗1,1(t), . . . , u
∗
1,m(t), u∗2,1(t), . . . , u

∗
2,m(t), . . . , u∗3,1(t), . . . , u

∗
n,m(t))

for t ∈ [t0, T ] are defined as follows:

u∗(t) = arg max
uik,i∈N,k∈K

∑
i∈N

∫ T

t0

(
pxi(τ)−

∑
k

uik(τ)
)
dτ. (4)

The optimal cooperative trajectory is x∗(t) =
(
x∗1(t), x

∗
2(t), . . . , x

∗
n

)
. This

trajectory corresponds to the optimal cooperative strategies vector, u∗(t).
We express the maximum joint reward as follows:

V (N, x0, T − t0) =
∑
i∈N

∫ T

t0

(
px∗i (τ)−

∑
k

u∗ik(τ)
)
dτ

= max
uik,i∈N,k∈K

∑
i∈N

∫ T

t0

(
pxi(τ)−

∑
k

uik(τ)
)
, (5)

subject to dynamics

ẋ∗i (t) = vi(t) +

m∑
k=1

(
ρik

√
u∗ik(t)−

∑
j ̸=i

δjk

√
u∗jk(t)

)
, i ∈ {1, . . . , n}. (6)

It is important to determine the characteristic function of the problem in or-
der to decide how to distribute the greatest total payment of coalition among
the participants under an agreeable scheme. Based on the characteristic func-
tion of a cooperative game, two disjoint coalitions of companies are at least
as excellent when the companies cooperate as when they work apart, and also
the empty set has no value. This concept can be stated mathematically as

1. V (∅) = 0.

2. If S, T ⊆ M are disjoint coalitions (S ∩ T = ∅), then V (S) + V (T ) ≤
V (S ∪ T ).

Let S be a subset of V. A pair (VS , ES) is called a subnet (subgraph) if it only
has subset S of the set of vertices (companies) of network (VS , ES), and ES

has all connections from E whose initial and final vertices in network graph
are inside subset S. We assume that the value of a coalition  S is determined
along the cooperative trajectory as follows:
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V (S, x0, T − t0) =
∑
i∈S

(∫ T

t0

(
px∗i (τ)−

m∑
k=1

u∗ik(τ)
)
dτ
)
, (7)

where xi(t) and uik(t) are the solutions obtained from (4) and (6), respec-
tively.

Similarly, the cooperative-trajectory characteristic function of the sub-
game Γ(x∗(t), T − t) starting at time t ∈ [t0, T ] can be evaluated as

V (S, x∗(t), T − t) =
∑
i∈S

(∫ T

t

(
px∗i (τ)−

m∑
k=1

u∗ik(τ)
)
dτ
)
. (8)

Suppose that the game is played in a cooperative scenario and that players
have the opportunity to cooperate in order to achieve maximum total payoff:

max
uik,i∈N,k∈K

∑
i∈N

∫ T

t

(
pxi(τ)−

m∑
k=1

uik(τ)
)
dτ. (9)

We apply the Bellman dynamic programming technique to define the coop-
erative strategies. The Bellman function in a subgame beginning at moment
t from state x(t) is denoted by V (N, x, T − t):

V (N, x, T − t) = max
uik,i∈N,k∈K

∑
i∈N

∫ T

t

(
pxi(τ)−

m∑
k=1

uik(τ)
)
dτ. (10)

The Hamilton–Jacobi–Bellman (HJB) equation has the following expression
[32]:

−Vt(N, x, T − t) = max
uik,i∈N,k∈K

{∑
i∈N

(
pxi(τ)−

m∑
k=1

uik(τ)
)
+
∑
i∈N

(vi(t)

+

n∑
k=1

(ρik
√
uik −

∑
j ̸=i

δ
√
uik)Vxi

}
,

V (T, x(T )) = 0. (11)

Performing the maximization operator in (11) results:

u∗ik =
1

4

(
ρikVxi

−
∑
j ̸=i

δikVxj

)2
,

i ∈ N = {1, . . . , n}, k ∈M = {1, 2, . . . ,m}, (12)

Substituting u∗ik from (12) into (11) and solving HJB (11), one obtains
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V (N, x, T − t) =
∑
i∈N

(
Ai(t)xi +Bi(t)

)
, (13)

where Ai(t) and Bi(t) satisfy the following system of ordinary differential
equations:

Ȧi(t) = −p, Ai(T ) = 0,

Ḃi(t) = −
m∑

k=1

Ai(t)
2(4δi,kρik − 4δ2i,k − ρ2ik)

4
−

m∑
k=1

A2
i (t)(2δi,k − ρik)

√
(2δi,k − ρik)2

2

−Ai(t)vi(t),

Bi(T ) = 0. (14)

The solution of ordinary differential equation (14) is obtained as

Ai(t) = (T − t)p,

Bi(t) =
p(T − t)2(

∑m
k=1(2δik − ρik)2p(T − t) + 6vi(t))

12
. (15)

The cooperative optimal strategies can be obtained by

u∗ik =
1

4

(
ρikAi −

∑
j ̸=i

δikAj

)2
, i ∈ {1, 2, . . . ,m}, k ∈ {1, . . . ,m}. (16)

Finally, by substituting (16) in (1) and solving the differential equation, we
are able to determine the players’ sales rate

x∗i = (
−pt2

4
+
Ttp

2
)
( m∑

k=1

ρik(ρik − 2δik) +
∑
i≠j

m∑
k=1

2δ2jk − δjkρjk
)
+ tvi(t) + x0i .

Now, the value function for the cooperative joint payout of all n companies
is obtained as

V (N, x0, T − t0) =
1

12

[{
(

n∑
i=1

m∑
k=1

(2δik − ρik)2)(T 2 + 4t0T − 2t20)p (17)

+6(T + t0)(

n∑
i=1

vi(t)) + 12(

n∑
i=1

xi0)
}
p(T − t0)

]
. (18)

Using (7) and substituting u∗ik(t) and x∗i (t) from (16) and (17), respectively,
we obtain V (S, x0, T − t0) as follows:
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V (S, x0, T − t0) =
1

12

[{
(
∑
i∈S

m∑
k=1

(2δik − ρik)2)(T 2 + 4t0T − 2t20)p

+6(T + t0)(
∑
i∈S

vi(t)) + 12(
∑
i∈S

xi0)
}
p(T − t0)

]
. (19)

4 Imputation solution

Exploring coalitions and fair pay distribution in cooperative games is crucial.
The characteristic function framework effectively shows coalition possibilities
and acceptable payoff distribution schemes among players.

Definition 1. ( [32]) A vector ξ(x0, T − t0) = (ξ1(x0, T − t0), ξ2(x0, T −
t0), . . . , ξn(x0, T − t0)) is solution imputation if it satisfies the following con-
ditions:

(1) ξi(x0, T − t0) ≥ V ({i} , x0, T − t0), i ∈ N,

(2)
∑
j∈N

ξj(x0, T − t0) = V (N, x0, T − t0).

Condition (1) states that each element of the imputation vector must
be at least as large as the value of the game for each individual player (i.e.,
individual rational), and condition (2) states that the total of all the elements
of the imputation vector must equal the value of the game for the entire
coalition (i.e., group rational). In the game Γ(x0, T − t0), L(x0, T − t0), the
set of all imputations is provided by

L(x0, T − t0) =
{
ξ(x0, T − t0) = (ξ1(x0, T − t0), . . . , ξn(x0, T − t0))|∑

i∈N

ξi(x0, T − t0) = V (N, x0, T − t0),

ξi(x0, T − t0) ≥ V (i, x0, T − t0), i ∈ N
}
.

The problem in computing optimal profitability for all firm coalitions is iden-
tifying how to calculate the contributions of the collaborating companies. It
will not be easy because each corporation’s coalitional participation in net-
work advertising is uncertain. A theoretical approach such as cooperative
game theory provides several ways to efficiently evaluate players’ cooperative
efforts. A few of them are presented in this section.
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The core C(x0, T − t0) of the game Γ(x0, T − t0) is the subset of the
imputation set L(x0, T − t0), such that [29]

C(x0, T − t0) =
{
ξ(x0, T − t0) = (ξ1(x0, T − t0), . . . , ξn(x0, T − t0))|∑

i∈N

ξi(x0, T − t0) = V (N, x0, T − t0),∑
i∈S

ξi(x0, T − t0) ≥ V (S, x0, T − t0), S ⊆ N
}
. (20)

A new approach to profit allocation in collaboration was developed by [26],
it concentrated on the additive, symmetric, efficient, and dummy qualities
of participants’ contributions. The Shapley value is derived based on the
varied shares of players in the coalitions, and it is unique when the core
is a set of solution imputation, which is not always unique. If the vector
Φ(x0, T − t0) = {Φi(x0, T − t0), i = 1, 2, . . . , n} satisfies the following criteria,
and the vector is referred to as the Shapley value [32], then

Φi(x0, T − t0) =
∑

S⊆N,i∈S

(n− s)!(s− 1)!

n!
[V (S, x0, T − t0)

−V (S − {i}, x0, T − t0)], i = 1, 2, . . . , n. (21)

In this model, according to the information in the third section and (21), the
Shapley value is obtained as follows:

Φi(x0, T − t0) =
p(T − t)

12

({
(2t2 − 4Tt)

( m∑
k=1

δik(3ρik − 2δik)− ρ2ik

+
∑
i ̸=j

m∑
k=1

δjk(ρjk − 2δjk)

2
)
)
+ T 2(

m∑
k=1

ρ2ik − 4δ2ik

−
∑
i ̸=j

m∑
k=1

2δjk(ρjk − 2δjk))
}
p+ 6(T + t)vi(t) + 12xi0

)
.(22)

Another cooperative optimality principle is τ -value, which is defined as fol-
lows [28]:

A vector τ(x0, T − t0) = (τ1(x0, T − t0), τ2(x0, T − t0), . . . , τn(x0, T − t0))
is called τ -value which applies to the following equation:

τi(x0, T − t0) = αMi(x0, T − t0) + (1− α)mi(x0, T − t0),
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where

Mi(x0, T − t0) = V (N, x0, T − t0)− V (N − {i}, x0, T − t0), (23)

mi(x0, T − t0) = max
i∈S
{V (S, x0, T − t0)−

∑
i′∈S−{i}

Mi′(x0, T − t0)}, (24)

and the coefficient α ∈ [0, 1] is determined from the equation∑
i∈N

(αMi(x0, T − t0) + (1− α)mi(x0, T − t0)) = V (N, x0, T − t0).

5 Numerical experiments

Although firms are typically seen as independent agents, they also have the
ability to form coalitions and dynamically manage their advertising behavior.
In general, the aim is to investigate the effect of cooperation in the proposed
generalized model on each of the following cases:

1. The characteristic functions (payoffs of coalitions)

2. Advertising and sale rates of companies

3. Sustainability of cooperation

4. Distribution of profit in case of forming a grand coalition

In this section, we consider an example with n = 3 companies and k = 12

consumers, as shown in Figure 2. Let S = {S1 = {1}, S2 = {2}, S3 =

{3}, S4 = {1, 2}, S5 = {1, 3}, S6 = {2, 3}, S7 = {1, 2, 3}} be a set of all
possible sub-coalitions between companies. We use several procedures of
cooperative games such as core (20), Shapley value (22), and τ -value (23)
to calculate additional profit of cooperative advertisement in the network
(Figure 2).

For numerical simulation, we fix the parameters in the model as shown
in Tables 1 and 2 for scenarios 1 and 2, respectively. A sensitivity analysis is
provided to check the impact of changing key parameter values ρik ≥ 0 and
δik ≥ 0 on sustainability of cooperation between companies.

Iran. J. Numer. Anal. Optim., Vol. 15, No. 3, 2025, pp 1116–1144



Jashnesade, Nikooeinejad and Loghmani 1132

k1 k2 k3 k4 k5 · · · km−4 km−3 km−2 km−1 km

i1 i2 · · · in−1

in

Figure 2: example of cooprative network with 3 advertising company
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Figure 3: Promotional functions of each player over time

5.1 Scenario 1

In this scenario, we solve the problem using the data from Table 1 to generate
Figures 3–8 and determine the quantity of coalition revenue and allocation
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Table 1: Data of numerical example in scenario
1.

Players k ρ δ v p
Company 1 1 5 2 5 100

2 15 3
3 30 4
4 50 1
5 40 2
6 20 5
7 20 1
8 30 2
9 40 4
10 25 3
11 35 3
12 15 1

Company 2 1 5 1 5 100
2 10 2
3 20 3
4 30 1
5 25 2
6 15 4
7 10 3
8 20 1
9 40 3
10 25 2
11 30 5
12 20 3

Company 3 1 20 3 5 100
2 15 2
3 25 1
4 50 4
5 35 2
6 15 1
7 20 2
8 25 3
9 35 4
10 25 5
11 35 2
12 15 3

Table 2: Data of numerical example in sce-
nario 2.

Players k ρ δ v p
Company 1 1 1 0.5 5 100

2 5 3
3 7 0.5
4 2 1.1
5 1 0.5
6 6 3
7 2 1
8 1 0.4
9 1 0.9
10 1.5 1
11 6 5.9
12 5 3

Company 2 1 5 0.25 5 100
2 4 0.75
3 6 0.8
4 2 1
5 1 0.5
6 5 0.25
7 1 0.1
8 10 1
9 3 0.1
10 1 0.4
11 2.1 1.8
12 4 0.2

Company 3 1 4 0.9 5 100
2 6 0.75
3 2 0.75
4 3 0.3
5 2 1
6 4 2
7 6 2
8 2 1
9 6 0.9
10 2 1
11 2 1.5
12 5 3

to participants. In Figure 3, we show the advertising function (advertising
efforts) over time, for all customers, in red, green, and blue for company 1,
2, and 3, respectively. For every feasible combination, we solve the mathe-
matical model (7)–(10). The observed differences in advertising expenditures
can be attributed to varying marketing strategies, differences in budget al-
locations, or distinct target market characteristics across firms. This figure
illustrates the advertising expenditure trends for each company. For ex-
ample, Company 1 initially invests heavily in advertising but experiences a
subsequent decline, whereas Company 2 maintains a more stable pattern.
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Figure 4: The functions of sales for each player over time
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Figure 5: Earnings of all coalitions over time

These differences likely reflect divergent advertising strategies, with firms
adopting distinct approaches for customer retention versus new customer ac-
quisition. Table 3 contains a list of all conceivable coalitions’ results. Table
3 shows that the larger the coalition, the higher its income will be. For
Player 1, joining coalition S5 is preferable to joining coalition S4 because
V (S5, x0, T − t0) ≥ V (S4, x0, T − t0), similarly, Player 2 and Player 3 are
benefited by joining coalitions S4 and S5, respectively. In addition, this ta-
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Figure 6: Sensitivity of Shapley value
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Figure 7: Sensitivity of τ -value

ble shows that the game has a additive property for for all S1, S2 we have
(V ({S1, S2}, x0, T − t0) = V ({S1}, x0, T − t0) + V ({S2}, x0, T − t0)).

For fair distribution, several cooperative game theory techniques have
been developed. Researchers may refer to [3] and [5] for further details. The
imputations derived from different cooperative game methods are shown in
Table 4, which includes the Shapley value and the τ -value. From Table 4,
it can be seen that the Shapley value and the τ -value lead to nearly iden-
tical allocations. Furthermore, because the game has an additive property,
the Shapley value and τ -value represent the amount of cash earned by each
player individually. Based on the advertising efforts of each company, the
sales rate of each player is obtained, as shown in Figure 4. This figure reveals
that Company 1 has achieved significantly higher sales volumes, indicating
that its advertising campaigns have generated more enduring customer ac-
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Figure 8: Core for companies in the numerical example.
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Figure 9: Sensitivity analysis of the Shapley value of each company with respect to the
number of consumers (m)

quisition effects. This suggests that Company 1 not only attracts customers
temporarily but also fosters long-term customer loyalty. Collectively, Com-
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pany 1’s extensive advertising efforts, specialized sales strategies, and product
quality likely constitute the primary success factors.

Company 3 demonstrates the second highest sales performance after Com-
pany 1. While this company initially exhibited favorable growth trends, its
expansion rate remained slower than Company 1’s. This performance gap
may stem from either less effective advertising strategies or reduced effec-
tiveness in new customer acquisition compared to Company 1. Nevertheless,
Company 3 has gradually established more stable growth patterns and has
frequently outperformed Company 2 across multiple time periods.

Conversely, Company 2 has consistently recorded the lowest sales figures
among the three competitors. This under performance could be attributed
to deficiencies in advertising strategies, product quality issues, or inadequate
new customer acquisition capabilities. It appears that Company 2 has failed
to establish a competitive position comparable to Companies 1 and 3, with
its initial advertising impacts showing diminishing returns over time. Figure
5 shows the earnings of all possible coalitions over time that illustrates the
profit generated by each coalition. It is evident that the grand coalition—
comprising all companies—achieves the highest total profit. This outcome
reflects the principle of superadditivity, where the collective profit from co-
operation exceeds the sum of individual profits gained through independent
operations. From a strategic standpoint, the result underscores the potential
advantages of forming alliances and coalitions in marketing and advertising
contexts. Figures 6 and 7, respectively, illustrate the effect of a company’s
price sensitivity on Shapley values and τ -value obtained from a grand coali-
tion. In these figures, the distribution of profits among coalition members
is shown based on the Shapley value and τ -value. These methods help to un-
derstand the contribution of each company to the overall profit. According to
this approach, companies that play a larger role in the success of the coalition
will receive a greater share of the profit. For instance, Company 1, due to its
marketing efforts and provision of higher-quality products, receives a larger
share of the profit. The results show that the higher the price, the higher
the amount of revenue allocated to each player. Figure 9 illustrates how
the Shapley value allocated to each company in the grand coalition changes
as the number of consumers increases. As expected, increasing the number
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of consumers from 4 to 16 raises the value assigned to each company, since a
larger customer base leads to higher overall revenue, which is then distributed
among the members.

For most values of m, Company 1 receives the highest share. This is
likely due to stronger advertising efforts, better market positioning, or greater
influence within the coalition.

A notable point in the figure is that the Shapley value of Company 3 re-
mains relatively stable at higher consumer levels (e.g., m = 12, 14, and 16).
This indicates that its additional contribution to the coalition diminishes as
the market grows—possibly due to limitations such as restricted service ca-
pacity, limited advertising strategies, or reduced competitive differentiation.

Interestingly, when m = 4, Company 3 holds the highest Shapley value,
suggesting it may have an advantage in smaller markets. This could result
from effective early-stage marketing or closer engagement with a smaller cus-
tomer base.

As the consumer count rises, however, Company 1’s share grows signif-
icantly. This trend reflects the competitive advantage of companies with
broader reach, higher advertising budgets, or greater scalability in larger mar-
kets. The range of core is determined by (20). The equation and inequalities
(25) are drawn, and the space between them is taken into consideration as
Figure 8, in order to calculate the range of the core using Table 3. Note that
if the core is empty, it indicates the instability of the game, and companies
may have an incentive to deviate from the coalitions.

ξ1(x0, T − t0) + ξ2(x0, T − t0) + ξ3(x0, T − t0) = 15052091670,

ξ1(x0, T − t0) ≥ 6587625000,

ξ2(x0, T − t0) ≥ 2721791667,

ξ3(x0, T − t0) ≥ 5742675000,

ξ1(x0, T − t0) + ξ2(x0, T − t0) ≥ 9309416667,

ξ1(x0, T − t0) + ξ3(x0, T − t0) ≥ 12330300000,

ξ2(x0, T − t0) + ξ3(x0, T − t0) ≥ 8464466667. (25)
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Table 3: Characteristic function for coalitional advertisement.

S1 = {1} S2 = {2} S3 = {3} S4 = {1, 2} S5 = {1, 3} S6 = {2, 3} S7 = {1, 2, 3}
V (S) 6587625000 2721791667 5742675000 9309416667 12330300000 8464466667 15052091670

Table 4: Imputation vectors of different cooperative game methods.

Company Shapley value τ -value
{1} 6587625000 6587625000
{2} 2721791667 2721791667
{3} 5742675000 5742675000

5.2 Scenario 2

According to the data in Table 2 and scenario 2, the results for the character-
istic functions have been reported in Table 5. The results show that for this
set of parameters, the profit of coalition S3 is negative, which means that if
Player 3 plays alone, he not only does not make a profit, but also incurs a
loss. In other words, Player 3 must enter the coalition game, otherwise he
faces the risk of bankruptcy. However, as can be seen, the value of the S6

coalition is lower than when Player 2 plays alone. Therefore, it is not rational
for Player 2 to join this coalition because the condition of individual ratio-
nality does not exist, similarly for Player 1 in coalition S5. The S4 coalition
is a reasonable two-person coalition.

The payoff of the coalition S4 is greater than the grand coalition S7.
Hence, forming a grand coalition is not logical. In such cases, the grand
coalition is not stable and the goal of the companies is reduced to finding an
optimal sub-coalition. The results show that parameters ρik and δik are key

Table 5: Characteristic functions for scenario 2.

S1 = {1} S2 = {2} S3 = {3} S4 = {1, 2} S5 = {1, 3} S6 = {2, 3} S7 = {1, 2, 3}
V (S) 24141666 80058333 -5516666 104200000 18625000 74541667 98683333

in determining the amount of coalition profits, and changing these parameters
have a significant influence on the outcomes of cooperation in the proposed
model.
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6 Conclusion

Most dynamic cooperative advertising research focuses on the interaction
between retailers and manufacturers in the framework of cooperative adver-
sarial games. In this paper, we have generalized the relationship between
firms and customers in the form of a cooperative differential game in a net-
work. The characteristic functions and benefits of network collaboration for
the proposed model were studied. The core, Shapley value, and τ -value are
obtained for a numerical example. We solved the proposed model for two dif-
ferent sets of parameters to investigate sustainability of cooperation between
companies using advertising effectiveness parameters.

In the first scenario, we found that the larger the coalition, the higher its
earnings, and we also discovered that the game has the additive property. In
the second scenario, it was discovered that a larger coalition does not always
yield greater income, and it is possible that players will earn more if they play
alone. The influence of price on the model revealed that as the price grows,
so does the profit allotted to the firms. According to Table 2, the assigned
earnings in the coalition were larger than those in the non-collaborative state,
ensuring long-term collaboration. Several topics might be recommended for
further investigation. First, the model’s collaboration process is explored in
the infinite horizon time mode. The second step is to assess the type of
communication in the network and its influence on earnings. Third, applying
a stochastic dynamic system and solving it for this model would be both
interesting and challenging.
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Research Article

Mathematical modeling and optimal
control strategies to limit cochineal

infestation on cacti plants

K. Sofiane*, and B. Omar

Abstract

This paper introduces a mathematical model, denoted as SIRMC, aimed
at understanding the dynamics of cochineal infestation in cacti plants. The
model incorporates two control strategies: biological control through Hy-
peraspis trifurcata, a natural predator of cochineal, and chemical control
via insecticide spraying. The objective is to reduce the number of in-
fected cacti while also achieving a balance between minimizing infection,
maximizing recovery over time, and minimizing the costs associated with
the control measures. The proposed framework effectively integrates these
strategies to manage cochineal dynamics. Optimal control strategies are
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derived using Pontryagin’s maximum principle, and numerical simulations
conducted in MATLAB validate the theoretical results.
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Keywords: Mathematical modeling; Optimal control theory; Pontryagin
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1 Introduction

The cactus plant, often referred to as “the fruit of the poor” in some cultures,
is quite popular in Morocco. It holds significant importance in both the
culinary and natural heritage of many Moroccan regions. The fruit of the
cactus is commonly used in cooking and is an integral part of the traditional
diet in numerous households [1]. Additionally, the cactus is valued for its
medicinal properties in folk and traditional medicine, as it is believed to offer
various health benefits. Many also associate the cactus plant with important
nutritional and medicinal values [15]. Cacti are among the most readily
available and easily cared-for plants, making them a valuable resource in
areas with limited resources.

The appearance of the cochineal insect in Morocco for the first time in late
2014, specifically in the village of Saniat Bergig in the Sidi Bennur province,
led to significant losses, even causing the disappearance of the plant in certain
regions of Morocco [16]. The cochineal insect negatively affects cactus plants
primarily by extracting their sap. Through piercing and sucking mouthparts,
the insect consumes plant tissues, leading to a substantial loss of sap and hin-
dering the transport of essential nutrients and water within the plant. This
depletion of sap results in stunted growth and a reduction in size, particularly
affecting younger cactus plants. Observable signs of damage include changes
in leaf color and a loss of turgidity, compromising the aesthetic appearance
of the cactus [3]. Additionally, the overall health of the plant suffers, di-
minishing its ability to withstand environmental stressors such as drought or
temperature fluctuations. Effectively controlling the cochineal insect is cru-
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cial for preserving the health of cactus plants, especially when infestations
are widespread and threaten crop vitality.

Cultivating cactus plants presents significant economic potential for farm-
ers due to the plant’s versatile applications [17]. Cactus oil, extracted for its
moisturizing properties, is a key ingredient in beauty and skincare products,
creating a lucrative market [14]. The cactus plant’s resilience makes it well-
suited for cultivation in arid regions where other crops struggle, providing a
sustainable income source for farmers in such environments. Exporting cactus
products to international markets, provided quality standards are met, opens
opportunities for increased production and income. Additionally, adopting
organic farming practices with cactus plants can enhance their value in niche
markets, leading to higher prices and better overall income for farmers. In
essence, cactus plant cultivation offers farmers a multifaceted opportunity
to diversify their income streams and capitalize on the plant’s marketable
qualities across various industries [12].

Contrary to common belief, the cochineal insect is not native to Morocco.
Originally from South America, the cochineal insect has spread to various
parts of the world due to factors such as global trade and human movement
[5].

The cochineal insect, scientifically known as Dactylopius coccus, holds
significant historical importance for its role in producing a natural red dye.
Its use as a dye dates back to ancient civilizations, where it was highly valued
for coloring textiles and fabrics, contributing to various artistic and cultural
expressions [4]. The crimson hue derived from cochineal had a notable eco-
nomic impact, being one of the most valuable products globally during cer-
tain historical periods. It played a crucial role in international trade and the
economies of specific countries. Beyond its economic value, the cochineal in-
sect found applications in ancient medicine, potentially serving as a source of
natural dyes with medicinal properties. The red dye’s influence extended to
cultural and artistic realms, shaping the colors and patterns in artworks and
traditional clothing. The cochineal trade not only influenced economies but
also encouraged exploration, contributing to the interconnectedness of the
world. Despite its historical significance, the use of cochineal in dye produc-
tion has declined with technological advancements and the rise of synthetic
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alternatives. Nevertheless, its historical impact is still evident in various
aspects of human culture and history [5].

The cochineal insect poses a serious threat to cacti, adversely affecting
crops and requiring efficient, eco-friendly control measures. Biological con-
trol using Hyperaspis Trifurcata offers an innovative and safe method to com-
bat this pest without relying on harmful pesticides. As a natural predator,
Hyperaspis Trifurcata feeds on the cochineal insect without harming agricul-
tural plants, providing a dependable and safe solution for pest control. This
method offers significant environmental benefits by reducing pesticide use,
maintaining ecological balance, and mitigating the negative impacts on the
environment and wildlife. Furthermore, it helps preserve plant health by lim-
iting the spread of cochineal infestations, safeguarding agricultural crops, and
minimizing yield losses. The integration of Hyperaspis Trifurcata aligns with
sustainable agricultural practices, focusing on enhancing crop quality and
naturally managing pest populations. However, successful implementation
requires effective distribution, continuous monitoring, and proper deployment
in agricultural settings, with ongoing impact assessments. In essence, Hyper-
aspis Trifurcata represents an eco-friendly solution for managing cochineal
infestations and promoting sustainable agriculture, contributing to environ-
mental and agricultural equilibrium.

A key contribution of this study is the introduction of a novel mathe-
matical model, the SIRMC model, designed to understand the dynamics of
cochineal infestations in cactus plants. Additionally, our work explores two
control strategies for managing the spread of the cochineal insect. The first
involves biological control through Hyperaspis Trifurcata, a predator that
feeds on the cochineal insect without harming the host plant. The second
strategy involves insecticide spraying to chemically suppress infestations. The
goal is to reduce the number of infected cacti while also achieving a balance
between minimizing the infected and maximizing recovery over time.

This paper is structured as follows: Section 2 introduces a deterministic
model for the cochineal, outlining its fundamental characteristics. Section 3
constructs a mathematical model that integrates an optimal control strat-
egy for cochineal propagation, presenting results related to the existence of
optimal control as defined by Pontryagin’s maximum principle. Section 4
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discusses a suitable numerical method and presents the corresponding simu-
lation results. Finally, Section 5 concludes with a summary of the insights
gained from this study.

2 Formulation of the mathematical model

This study presents the nonlinear mathematical model SIRMC, which was
developed for the purpose of analyzing the control of the cochineal insect that
destroys cactus plants. The following section will explain the five sections of
the model in turn.

2.1 Description of SIRMC model dynamic

Before introducing our model, it is essential to understand the life cycle and
spread of the cochineal insect. These small, soft-bodied insects reproduce
quickly, with females laying eggs that hatch into larvae covered in a white,
waxy substance. This wax helps the larvae retain moisture and resist sun
exposure. The waxy threads also allow the insects to be carried by the wind
to nearby cacti, spreading infestations rapidly. Cochineal insects feed on
the fluids of cacti, which can cause significant damage, often leading to the
plant’s death in severe cases. Farmers typically rely on cutting, burying, or
burning infected plants to prevent further spread. However, the introduction
of natural predators like Hyperaspis trifurcata, a species of lady beetle, offers
a biological solution to this pest, reducing the need for more destructive
methods.

Our proposed model, denoted as SIRMC, is designed to simulate the dy-
namics of this interaction, focusing on the spread of the cochineal insect and
its control within cactus populations. The total cacti population is denoted
by N(t), which satisfies the equation:

N(t) = S(t) + I(t) +R(t).
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The model is structured into five compartments:

Compartment S (Susceptible cacti): Represents healthy cacti that
are vulnerable to cochineal infection.

Compartment I (Infectious cacti): Contains cacti that are currently
infested by cochineal insects and can transmit the infestation to other plants.

Compartment R (Recovered cacti): Represents cacti that have re-
covered from the infestation, either naturally or due to external interventions.

Compartment M (Cochineal insect): This compartment models the
population of cochineal insects responsible for spreading the infection among
cacti.

Compartment C (Hyperaspis trifurcata): Represents the popula-
tion of lady beetles that predate on cochineal insects, helping to control their
spread and protect the cacti.

The SIRMC model we propose is illustrated by the following diagram:

The transition rules between the groups are illustrated as follows:

The Susceptible Cacti Population:
Susceptible cacti are introduced into the system through natural recruitment
at a rate Λ. However, they may become infested when they come into contact
with cochineal insects at a rate λSM . Additionally, healthy cacti may die
due to natural causes at a rate µS. The equation governing this transition is

dS

dt
= Λ− λSM − µS.

The Infected Cacti Population:
Once a healthy cactus becomes infested, it moves into the infected group. The
number of infected cacti increases when healthy cacti acquire the infestation
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Figure 1: A diagram of the evolution of the transfer in the SIRMC model depicts
interactions between cactus populations, cochineal insects, and the control measure Hy-
peraspis trifurcata.

(λSM) or when recovered cacti are reinfected due to residual cochineal insects
(αMR). Infected cacti may either recover at a rate θI or die naturally at a
rate µI. This transition is expressed as

dI

dt
= λSM + αMR− θI − µI.

The Recovered Cacti Population:
Cacti that recover from infestation enter the recovered group at a rate θI.
However, some recovered cacti may be reinfected due to the presence of
cochineal insects at a rate αMR, while others die naturally at a rate µR.
The equation describing this transition is

dR

dt
= θI − αMR− µR.

The Cochineal Insect Population:
The cochineal insect population follows a logistic growth pattern, increasing
at a rate β1M(1−M/K1), where K1 is the carrying capacity. However, their
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numbers decrease due to natural mortality at a rate γ1M and predation
by Hyperaspis Trifurcata at a rate α1MC. The governing equation for this
dynamic is

dM

dt
= β1M

(
1− M

K1

)
− γ1M − α1MC.

The Predator Population (Hyperaspis Trifurcata):
The predator species, Hyperaspis Trifurcata, follows a similar logistic growth
pattern, increasing at a rate β2C(1−C/K2), where K2 is its carrying capac-
ity. The predator also benefits from consuming cochineal insects, leading to
additional reproduction at a rate α2MC. However, its population declines
due to natural mortality at a rate γ2C. This dynamic is represented by

dC

dt
= β2C

(
1− C

K2

)
− γ2C + α2MC.

The following system consists of nonlinear ordinary differential equations:

dS
dt = Λ− λSM − µS,
dI
dt = λSM + αMR− θI − µI,
dR
dt = θI − αMR− µR,
dM
dt = β1M

(
1− M

K1

)
− γ1M − α1M(t)C(t),

dC
dt = β2C

(
1− C

K2

)
− γ2C + α2M(t)C(t),

(1)

with the initial conditions: S(0) ≥ 0, I(0) ≥ 0, R(0) ≥ 0, M(0) ≥ 0, and
C(0) ≥ 0.

The parameters of model are defined in Table 1.

Table 1: Model parameters

Parameter Description
Λ The recruitment rate for the cacti plants.
β1 The growth rate for the cochineal insect.
β2 The growth rate for the Hyperaspis Trifurcata.
α The reinfection rate of cacti plants after recovery from the cochineal insect.
α1 The rate of Hyperaspis trifurcata encounters the cochineal insect and preys on

it.
α2 The reproduction rate of Hyperaspis trifurcata due to feeding on the cochineal

insect.
θ The recovery rate for cacti plants.
γ1 The natural death rate for the cochineal insect.
γ2 The natural death rate for Hyperaspis Trifurcata.
λ λ is the rate of cochineal insect encounters with cacti.
µ The cochineal insect mortality rate
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2.2 Positivity of solutions

Theorem 1. If S(0) ≥ 0, I(0) ≥ 0, R(0) ≥ 0, M(0) ≥ 0 and C(0) ≥ 0, then
the solutions S(t), I(t), R(t), M(t), and C(t) of system (1) are positive for
all t ≥ 0.

Proof. It follows from the first equation of system (1) that

dS
dt = Λ− λSM − µS ≥ − (λM + µ)S. (2)

Then, we have
dS
S
≥ − (λM + µ) dt. (3)

By integrating (2) from 0 to t, we obtain

S(t) ≥ Sb(0)e
−

∫ t
0
(λM+µ)ds.

That implies
S(t) ≥ 0 for all t ≥ 0.

Similarly, we prove that I(t) ≥ 0, R(t) ≥ 0, M(t) ≥ 0 and C(t) ≥ 0 for
all t ≥ 0.

2.3 Boundedness of the solutions.

Theorem 2. Let T1 = max{M(0),K1}, T2 = max{C(0),K2}. Then the set
Γ =

{
(S, I) ∈ R2

+ : N(t) ≤ Λ
µ

}
×{M ∈ R+ :M(t) ≤ T1}×{C ∈ R+ : C(t) ≤ T2}

is positively invariant under system (1) with nonnegative initial conditions
S(0), I(0), R(0), M(0), and C(0).

Proof. From the initial equations of (1), we derive

dN(t)

dt
= Λ− µN(t). (4)

Then,
N(t) ≤ N(0)e−µt +

Λ

µ

[
1− e−µt

]
. (5)
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If we consider the limit t→∞, then 0 ≤ N(t) ≤ Λ
µ .

From the last equation of (1), we have

dM
dt ≤ βM

(
1− M

K1

)
. (6)

Hence, employing a typical comparison approach yields lim supt→∞M(t) ≤
K1.

Similarly, we prove that lim supt→∞ C(t) ≤ K2.

Finally, the set Γ is positivity invariant for the system (1).

2.4 Existence of solutions

Theorem 3. The system (1) that satisfies a given initial condition
(S(0), I(0), R(0),M(0), C(0)) has a unique solution.

Proof. The model (1) can be expressed in matrix form as follows:
Let X(t) = (S, I,R,M,C)

T and F (X(t)) =
(
dS
dt ,

dI
dt ,

dR
dt ,

dM
dt

dC
dt

)T .

The model (1) can be rephrased as

F (X(t)) = AX +B(X(t)),

where

A =


−µ 0 0 0 0
0 − (µ+ θ) 0 0 0
0 θ −µ 0 0
0 0 0 β1 − γ1 0
0 0 0 0 β2 − γ2


and

B(X(t)) =


Λ− λSM

λSM + αMR
−αMR

−β1M
2

K1
− α1MC

−β2C
2

K2
+ α2MC

 .

Let X1 and X2 be solutions of model (1). Then
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|B (X1)−B (X2)| ≤2 | λ(S2M2 − S1M1)|+ 2 | α(M1R1 −M2R2)|

+ | α1(M2C2 −M1C1)|+ | α2(M1C1 −M2C2)|

+ | β1
K1

(M2
2 −M2

1 )|+ |
β2
K2

(C2
2 − C2

1 )|

≤2 | λ(S2M2 − S2M1)|+ 2 | λ(S2M1 − S1M1)|

+ 2 | α(M1R1 −M1R2)|+ 2 | α(M1R2 −M2R2)|

+ | α1(M2C2 −M2C1)|+ | α1(M2C1 −M1C1)|

+ | α2(M1C1 −M1C2)|+ | α2(M1C2 −M2C2)|

+ | β1
K1

(M2
2 −M2

1 )+ |
β2
K2

(C2
2 − C2

1 )|

≤2λS2 |M2 −M1|+ 2λM1 | S2 − S1|

+ 2αM1 | R1 −R2|+ 2αR2 |M1 −M2|+ α1M2 | C2 − C1|

+ α1C1 |M2 −M1|+ α2M1 | C1 − C2|+ α2C2 |M1 −M2|

+
β1
K1
|M2 −M1| |M2 +M1|+

β2
K2
| C2 − C1| | C2 + C1|

≤2λΛ

µ
|M2 −M1|+ 2λT1 | S2 − S1|+ 2αT1 | R1 −R2|

+
2αΛ

µ
|M1 −M2|+ α1T1 | C2 − C1|

+ α1T2 |M2 −M1|+ α2T1 | C1 − C2|

+ α2T2 |M1 −M2|+
2β1T1
K1

|M2 −M1|+
2β2T2
K2

| C2 − C1|

≤
(
2λΛ

µ
+

2αΛ

µ
+

2β1T1
K1

+ (α1 + α2)T2

)
|M1 −M2|

+ 2λT1 | S1 − S2|+ 2αT1 | R1 −R2|

+

(
2β2
K2

+ (α1 + α2)T1

)
| C2 − C1|

≤N ‖X1 −X2‖ ,

where

N = max
(
2λΛ

µ
+

2αΛ

µ
+

2β1T1
K1

+ (α1 + α2)T2, 2λT1, 2αT1,
2β2
K2

+ (α1 + α2)T1, ‖A‖
)
.

Therefore,
‖F (X1)− F (X2)‖ ≤ N ‖X1 −X2‖ .
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Thus, it follows that the function F is uniformly Lipschitz continuous, and
the restriction on S(t) ≥ 0, I(t) ≥ 0, R(t) ≥ 0, M(t) ≥ 0 and C(t) ≥ 0 in
R5

+. Therefore, a solution of the model (1) exists [2].

3 The optimal control problem

Given the ongoing threat of cochineal infestations and their severe economic
impact on cactus production, farmers need a cost-effective strategy to control
the pest’s spread within a specific timeframe. To address this, we develop
an optimal control problem that focuses on minimizing the number of in-
fected plants while also achieving a balance between minimizing infection
and maximizing recovery over time. A key aspect of our approach is the
natural control provided by Hyperaspis trifurcata, a predatory beetle that
feeds on cochineal insects. By incorporating this biological control agent into
the model, we emphasize the beetle’s role in naturally reducing cochineal
infestations. Hyperaspis trifurcata offers a sustainable and environmentally
friendly alternative to chemical pesticides, as it directly targets the cochineal
population, helping to curb its spread.

The system of equations (1) is adjusted to include two control variables,
u1(t) and u2(t) for t ∈ [t0, tf ].



dS
dt = Λ− λS(t)M(t)− µS(t),
dI
dt = λS(t)M(t) + αM(t)R(t)− θI(t)− µI(t)− u1(t)I(t),
dR
dt = θI(t)− αM(t)R(t)− µR(t) + u1(t)I(t),
dM
dt = β1M(t)

(
1− M(t)

K1

)
− γ1M(t)− α1M(t)C(t)− u2(t)σ1M(t)C(t),

dC
dt = β2C(t)

(
1− C(t)

K2

)
− γ2C(t) + α2M(t)C(t) + u2(t)σ2M(t)C(t),

(7)
with the initial conditions S(0) ≥ 0, I(0) ≥ 0, R(0) ≥ 0, M(0) ≥ 0, and
C(0) ≥ 0.

The control u1(t) represents the application of insecticide to combat
cochineal, while the control u2(t) denotes the use of Hyperaspis trifurcata, a
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predator that feeds on cochineal.

The problem is to minimize the objective functional:

J(u1, u2) =I(tf ) +M(tf )−R(tf ) (8)

+

∫ tf

t0

[
I(t) +M(t)−R(t) + C1

2
(u1(t))

2
+
C2

2
(u2(t))

2

]
dt,

where C1 > 0 and C2 > 0, are chosen to assign the relative importance of
u1(t) and u2(t) at any given time t, with tf representing the final time.

In other words, our goal is to find the optimal controls u∗1 and u∗2 such
that

J(u∗1, u
∗
2) = min

(u1 ,u2 )∈U
J(u1, u2),

where U is the set of admissible controls defined by

U = {(u1(t), u2(t)) : 0 ≤ u1(t) ≤ 1 0 ≤ u2(t) ≤ 1, / t ∈ [t0, tf ]} .

3.1 Existence of optimal controls

In this part, we present the theorem which proves the existence of an optimal
control (u∗1,u∗2) minimizing the cost function J .

Theorem 4. There exists an optimal control (u∗1, u∗2) ∈ U such that

J(u∗1, u
∗
2) = min

(u1,u2)∈U
J(u1, u2).

Proof. To use the existence result in [6], we must check the following prop-
erties:
(A1): The set of controls and the corresponding state variables is nonempty.
(A2): The control set U is convex and closed.
(A3): The right-hand side of the state system is bounded by a linear function
in the state and control variables.
(A4): The integral L(I,R,M, u1, u2) of the objective functional is convex on
U , and there exist constants κ1 > 0, κ2 > 0, and ε > 1 such that
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L(I,R,M, u1, u2) ≥ −κ1 + κ2

(
|u1|2 + |u2|2

) ε
2

.

The first condition (A1) is verified using the result in [11]. The set U is convex
and closed by the definition. Thus the condition (A2). Our state system is
linear in u1 and u2. Moreover, the solutions of the system are bounded as
proved in model (1), hence the condition (A3). Also, we have the last needed
condition (A4),

L(I,R,M, u1, u2) ≥ −κ1 + κ2

(
|u1|2 + |u2|2

) ε
2

,

where κ1 = 2 supt∈[t0,tf ]
(I(t), R(t),M(t)), κ2 = inf(C1

2
,
C2

2
), and ε = 2,

since C1 > 0 and C1 > 0.

We conclude that there exists an optimal control (u∗1, u∗2) ∈ U such that

J(u∗1, u
∗
2) = min

(u1,u2)∈U
J(u1, u2).

3.2 Characterization of the optimal controls

In this section, we utilize Pontryagin’s principle [13]. The central concept is
to introduce the adjoint function, which connects the system of differential
equations to the objective functional. This connection leads to the formula-
tion of the Hamiltonian. By applying this principle, the task of determining
a control that optimizes the objective functional with a specified initial con-
dition is transformed into the problem of finding a control that optimizes the
Hamiltonian pointwise.

To derive the optimal control conditions, we apply Pontryagin’s maximum
principle such that the Hamiltonian H at time t is defined by

H(t) = I(t) +M(t)−R(t) + C1

2
(u1(t))

2
+
C2

2
(u2(t))

2
+

5∑
i=1

λihi, (9)
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where hi is the right side of the system of differential equations (7) of ith
state variable.

Theorem 5. Given the optimal controls (u∗1, u
∗
2) and solutions S∗, I∗, R∗,

M∗ and C∗ of the corresponding state system (7), there exist adjoint func-
tions λ1, λ2, λ3, λ3, and λ5 satisfying



λ′1 = −dH
dS = λ1(λM(t) + µ)− λ2λM(t),

λ′2 = −dH
dI = −1 + λ2 (θ + µ+ u1(t))− λ3 (θ + u1(t)) ,

λ′3 = −dH
dR = 1− λ2αM(t) + λ3 (αM(t) + µ) ,

λ′4 = − dH
dM = −1 + λ1λS(t)− λ2 (λS(t) + αR(t)) + λ3αR(t),

−λ4
(
β1

(
1− 2M(t)

K1

)
− γ1 − α1C(t)− u2(t)σ1C(t)

)
−λ5 (α2C(t) + u2(t)σ2C(t)) ,

λ′5 = −dH
dC = λ4 (α1M(t) + u2(t)σ1M(t))

−λ5
(
β2

(
1− 2C(t)

K2

)
− γ2 + α2M(t) + u2(t)σ2M(t)

)
,

(10)

Such that the transversality conditions at time tf are


λ1(tf ) = 0,
λ2(tf ) = 1,
λ3(tf ) = −1,
λ4(tf ) = 1,
λ5(tf ) = 0.

(11)

In addition to that we have, for t ∈ [t0, tf ] , optimal controls u∗1(t) and
u∗2(t) are given by

u∗1(t) = min
(
1,max

(
0,

1

C1
(λ2 − λ3) I(t)

))
,

u∗2(t) = min
(
1,max

(
0,

1

C2
(σ1λ4 − σ2λ5)C(t)M(t)

))
.

(12)

Proof. The Hamiltonian H is defined as follows:

H(t) = I(t) +M(t)−R(t) + C1

2
(u1(t))

2
+
C2

2
(u2(t))

2
+

5∑
i=1

λihi,

where
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h1 = Λ− λS(t)M(t)− µS(t),
h2 = λS(t)M(t) + αM(t)R(t)− θI(t)− µI(t)− u1(t)I(t),
h3 = θI(t)− αM(t)R(t)− µR(t) + u1(t)I(t),

h4 = β1M(t)
(
1− M(t)

K1

)
− γ1M(t)− α1M(t)C(t)− u2(t)σ1M(t)C(t),

h5 = β2C(t)
(
1− C(t)

K2

)
− γ2C(t) + α2M(t)C(t) + u2(t)σ2M(t)C(t).

For t ∈ [t0, tf ], the adjoint equations and transversality conditions can be
obtained by using Pontryagin’s maximum principle [13] such that

λ′1 = −dH
dS = λ1(λM(t) + µ)− λ2λM(t),

λ′2 = −dH
dI = −1 + λ2 (θ + µ+ u1(t))− λ3 (θ + u1(t)) ,

λ′3 = −dH
dR = 1− λ2αM(t) + λ3 (αM(t) + µ) ,

λ′4 = − dH
dM = −1 + λ1λS(t)− λ2 (λS(t) + αR(t)) + λ3αR(t),

−λ4
(
β1

(
1− 2M(t)

K1

)
− γ1 − α1C(t)− u2(t)σ1C(t)

)
−λ5 (α2C(t) + u2(t)σ2C(t))

λ′5 = −dH
dC = λ4 (α1M(t) + u2(t)σ1M(t))

−λ5
(
β2

(
1− 2C(t)

K2

)
− γ2 + α2M(t) + u2(t)σ2M(t)

)
.

For t ∈ [t0, tf ], the optimal controls u∗1 and u∗2 can be solved from the
optimality condition we have

dH

du1
= C1u1(t)− λ2I(t) + λ3I(t) = 0.

So
u1(t) =

1

C1
(λ2 − λ3) I(t),

we have

dH

du2
= C2u2(t)− λ4σ1M(t)C(t) + λ5σ2M(t)C(t) = 0.

So
u2(t) =

1

C2
(σ1λ4 − σ2λ5)M(t)C(t).

By the bounds in U of the controls, it is convenient to obtain u∗1 and u∗2

in the form of (12).
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4 Numerical simulations

This section begins by introducing an iterative method for numerically solving
the optimality system, followed by a presentation of the numerical results
obtained using MATLAB.

4.1 Discretization and control algorithm

The numerical algorithm presented below uses a semi-implicit finite difference
method to discretize the time interval [t0, tf ] at the points ti = t0 + ih (i =
0, 1, . . . , n), where h is the time step such that tn = tf [7]. The state variables
S(t), I(t), R(t),M(t), C(t), and the adjoint variables λ1, λ2, λ3, λ4, λ5, along
with the control variables u1 and u2, are defined at the nodal points as
Si, Ii, Ri,Mi, Ci, λ

i
1, λ

i
2, λ

i
3, λ

i
4, λ

i
5, u

i
1, u

i
2.

We proceed with the discretization using a combination of forward and
backward difference approximations as follows: The method, developed by
[8] and presented in [9] and [10], is then read as

Si+1 − Si

h
= Λ− λSi+1Mi+1 − µSi+1,

Ii+1 − Ii
h

= λSi+1Mi+1 + αMi+1Ri+1 − θIi+1 − µIi+1 − ui1Ii+1,

Ri+1 −Ri

h
= θIi+1 − αMi+1Ri+1 − µRi+1 + ui1Ii+1,

Mi+1 −Mi

h
= β1Mi+1

(
1− Mi+1

K1

)
− γ1Mi+1 − α1Mi+1Ci+1 − ui2σ1Mi+1Ci+1,

Ci+1 − Ci

h
= β2Ci+1

(
1− Ci+1

K2

)
− γ2Ci+1 + α2Mi+1Ci+1 + ui2σ2Mi+1Ci+1.

Using a similar approach, we approximate the time derivative of the ad-
joint variables by applying a first-order backward difference and then use the
corresponding scheme as follows:
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λn−i
1 − λn−i−1

1

h
=
(
λn−i−1
1 − λn−i

3

)
(λMi+1 + µ)− λn−i

2 λMi+1,

λn−i
2 − λn−i−1

2

h
= −1 +

(
λn−i−1
1 − λn−i−1

2

)
(θ + µ+ ui1)− λn−i

3 (θ + ui1),

λn−i
3 − λn−i−1

3

h
= 1− λn−i−1

2 αMi+1 + λn−i−1
3 (αMi+1 + µ),

λn−i
4 − λn−i−1

4

h
= −1 + λn−i−1

1 λSi+1 − λn−i−1
2 (λSi+1 + αRi+1) + λn−i−1

3 αRi+1

− λn−i−1
4

(
β1

(
1− 2Mi+1

K1

)
− γ1 − α1Ci+1 − ui2σ1Ci+1

)
− λn−i−1

5

(
α2Ci+1 + ui2σ2Ci+1

)
,

λn−i
5 − λn−i−1

5

h
= λn−i−1

4

(
α1Mi+1 + ui2σ1Mi+1

)
− λn−i−1

5

(
β2

(
1− 2Ci+1

K2

)
− γ2 + α2Mi+1 + ui2σ2Mi+1

)
.

The control variables are updated as follows:

Algorithm 2

Step 1:

S(0) = S0, I(0) = I0, R(0) = R0, M(0) =M0, C(0) = C0,

λ1(tf ) = 0, λ2(tf ) = 1, λ3(tf ) = −1, λ4(tf ) = 1, λ5(tf ) = 0,

u1(0) = 0, u2(0) = 0.

Step 2:
For i = 0, . . . , n− 1, do:

Si+1 =
Si + hΛ

1 + h(λMi+1 + µ)
,

Ii+1 =
Ii + h(λSi+1Mi+1 + αMi+1Ri+1)

1 + h(θ + µ+ ui1)
,

Ri+1 =
Ri + h(θIi+1 − αMi+1Ri+1 + ui1Ii+1)

1 + hµ
,

Mi+1 =
Mi + hβ1Mi+1

(
1− Mi+1

K1

)
1 + h(γ1 + α1Ci+1 + ui2σ1Ci+1)

,
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Ci+1 =
Ci + h(β2Ci+1

(
1− Ci+1

K2

)
+ α2Mi+1Ci+1 + ui2σ2Mi+1Ci+1)

1 + hγ2
.

λn−i−1
1 =

λn−i
1 + h

(
(λn−i−1

1 − λn−i
3 )(λMi+1 + µ)− λn−i

2 λMi+1

)
1 + h(λMi+1 + µ)

,

λn−i−1
2 =

λn−i
2 + h

(
−1 + (λn−i−1

1 − λn−i−1
2 )(θ + µ+ ui1)− λn−i

3 (θ + ui1)
)

1 + h(θ + µ+ ui1)
,

λn−i−1
3 =

λn−i
3 + h

(
1− λn−i−1

2 αMi+1 + λn−i−1
3 (αMi+1 + µ)

)
1 + h(αMi+1 + µ)

,

λn−i−1
4 =

λn−i
4 + h

(
− 1 + λn−i−1

1 λSi+1 − λn−i−1
2 (λSi+1 + αRi+1) + λn−i−1

3 αRi+1

)
1 + h(β1(1− 2Mi+1

K1
)− γ1 − α1Ci+1 − ui2σ1Ci+1)

,

λn−i−1
5 =

λn−i
5 + h

(
λn−i−1
4 (α1Mi+1 + ui2σ1Mi+1)

)
1 + h(β2(1− 2Ci+1

K2
)− γ2 + α2Mi+1 + ui2σ2Mi+1)

.

T i+1 =
(λn−i−1

1 − λn−i−1
3 )Si+1

A
,

ui+1 = min(0.9,max(0, T i+1)).

End for.

Step 3:
For i = 0, . . . , n, write:

S∗(ti) = Si, I∗(ti) = Ii, R∗(ti) = Ri, M∗(ti) =Mi, C∗(ti) = Ci, u∗(ti) = ui.

End for.

4.2 Numerical results

In this subsection, we present the results obtained by solving the optimality
system. For our control problem, we define conditions for the state variables
and terminal conditions for the adjoint variables. The optimality system is
essentially a two-point boundary value problem, with conditions at the initial
time step i = t0 and the final time step i = tf . To solve this system, we ini-
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tially solve the state model, followed by solving the adjoint system in reverse
order. In the first iteration, we start with an initial guess for the control vari-
ables and update them based on a characterization of the optimal controls
before moving on to the next iteration. This process is repeated until the
iterates converge. To achieve this, we created a MATLAB code utilizing the
following parameters. Given the lack of real-world data, the parameter values
were chosen hypothetically. The plots illustrating susceptible, infected, and
recovered individuals—both with and without control measures—are gener-
ated based on these parameter values: Λ = 1000, λ = 0.0005, β1 = 0.0001,
β1 = 0.000001, µ = 0.00009, θ = 0.0002, α = 0.003, α1 = 0.001, α2 = 0.001,
γ1 = 0.008, γ2 = 0.001, σ = 1000, σ1 = 0.2, σ2 = 0.1. When analyzing the
graphs, please be aware that solid lines represent individuals without control
measures, whereas dashed lines indicate those with control measures.

4.3 Control Strategy 1: Impacts of Insecticide
Application on Cochineal

The goal of this approach is to minimize the function (8), with a primary focus
on reducing the cochineal population through insecticide spraying. Figure 2
illustrates the effects of this spraying on the cacti plants.

In Figure 2 (2.1), it is clear that in the absence of control measures, the
number of infected cacti steadily increases, reaching approximately 1.5× 105

within the first two months. However, when control measures are applied,
the number of infected cacti begins to decrease from day one of implementa-
tion, eventually dropping to around 1.2× 105.

In Figure 2 (2.2), the recovered cacti rises to about 2 × 104 with the
application of the control strategy, compared to 0.1× 104 birds when control
measures are not implemented.
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Figure 2: Dynamics with control u1.

4.4 Control Strategy 2: Use of Hyperaspis Trifurcata
that feeds on the cochineal

The main objective of treating cacti infested with cochineal, within the
context of a strategy, is to minimize the function (8) while maintaining other
control measures at zero. Figure 3 illustrates the disease dynamics, taking
into account the presence or absence of this control measure.

In Figure 3 (3.1), it is clear that without any control measures, the
cochineal population steadily increases, peaking at around 1,000 during
the first two months. However, with the implementation of controls, the
cochineal population begins to decline from the first day and decreases to
approximately 500 within two months.

In Figure 3 (3.2), the number of recovered cacti increases to approxi-
mately 4 × 104 with the use of the control strategy, whereas only 0.1 × 104

are recovered when no control measures are in effect.
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Figure 3: Dynamics with control u2.

4.5 Control Strategy 3: insecticide spraying and
Hyperaspis Trifurcata

This strategy aims to minimize the objective function (8) by implementing
both control measures. Figure 4 illustrates the disease progression with both
controls in effect, compared to the scenario where no control measures are
utilized to manage the disease.

In Figure 4 (4.1),the impact of insecticide as a control measure, along
with Use of an insect that feeds on the cochineal, on curbing the propagation
of the cochineal are clearly illustrated. It is evident that in the absence of
control measures, the number of infected cacti increases, peaking at around
1.5× 105 during the first two months. In contrast, with the implementation
of control measures, the infected cacti decreases to approximately 0.2 × 105

within two months.

In Figure 4 (4.2), it is observed that in the absence of control measures,
the number of the cochineal rises, peaking at around 1000 the first month. In
contrast, when control measures are put in place, the number of the cochineal
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Figure 4: Dynamics with control u1 and u2.

consistently decreases, ultimately reaching 250 within two months.

In Figure 4 (4.3), the number of recovered cacti rises within the first week
of implementing the control strategy, ultimately reaching about 4.5×104 over
the course of two months. In contrast, when no control measures are in effect,
the number of recovered cacti decreases to nearly zero.
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5 Conclusion

In this paper, we introduced a novel model designed to improve the under-
standing of cochineal dynamics in cactus plants. Our goal is to develop an
optimal control strategy based on the SIRMC model that minimizes the
number of infected cacti while also achieving a balance between minimiz-
ing infection and maximizing recovery. We compared scenarios with and
without control measures, demonstrating that the implementation of control
strategies substantially decreases the number of infected plants. To offer a
thorough overview of cochineal dynamics, we presented figures that display
the counts of infected, recovered, and cochineal in both scenarios (u1 and u2),
highlighting the differences with and without control measures, as illustrated
in Figures 1, 2, 3 and 4. Our results indicate the effectiveness of control
measures in reducing the spread of cochineal in cacti.
By incorporating the SIRMC model with optimal control strategies, we
underscore the potential to decrease disease prevalence and improve recov-
ery rates. These findings highlight the importance of proactive intervention
strategies in cactus fields, offering valuable insights for farmers.
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An efficient Dai-Kou-type method with
image de-blurring application
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Abstract

Well-conditioning of matrices has been shown to improve the numerical
performance of algorithms by way of ensuring their numerical stability. In
this paper, a modified Dai–Kou-type conjugate gradient method is devel-
oped for constrained nonlinear monotone systems by employing the well-
conditioning approach. The new method ensures that the much required
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condition for global convergence of iterates generated is satisfied irrespec-
tive of the linesearch strategy employed. Another novelty of the scheme is
its practical application in image de-blurring problems. The method per-
forms well and converges globally under mild assumptions. Experiments in
image de-blurring and convex constrained systems of equations show the
scheme to be effective.

AMS subject classifications (2020): Primary 90C30; Secondary 90C26, 94A12.

Keywords: Nonlinear equations; Eigenvalues; Constrained equations; Con-
vex set; Sparse signals.

1 Introduction

Generally, a system of nonlinear monotone equations is given by

F (x) = 0, x ∈ Rn, (1)

with F from Rn → Rn, being a continuous and monotone mapping. Mono-
tonicity of F means it satisfies the inequality

(F (x)− F (y))T (x− y) ≥ 0, for all x, y ∈ Rn. (2)

For the constrained version of (1), which is formulated as

F (x̄) = 0; x̄ ∈ C, (3)

x̄ resides in a closed convex nonempty set C ⊆ Rn for which (3) holds.

The Newton’s and quasi-Newton’s methods [14, 21, 48, 54] are the famous
schemes employed for solving (1) and (3). However, storing the Jacobian or
its approximation in every iteration, renders these methods unsuitable for
high dimension problems.

The appropriate iterative scheme that conveniently addresses storage re-
quirements is the conjugate gradient (CG) scheme. It is usually designed for
the optimization problem

min
x∈Rn

f(x), (4)
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in which f denotes a smooth real-valued function. The CG method is often
applied to solve (4) due to its minimal memory requirement. As with other
line search methods, and starting with x0 ∈ Rn, the CG method’s iterates
are obtained via

xk+1 = xk + sk, sk = ϑkdk, k ≥ 0, (5)

where xk stands for previous iterate, ϑk > 0 is the steplength that is usually
obtained using a well-defined formula in the scheme’s direction dk, namely,

dk+1 = −gk+1 + βkdk, d0 = −g0, (6)

where gk+1 = g(xk+1), g0 = g(x0) represent gradients of f at xk+1 and xk.
In addition, βk in (6) is a parameter that defines the CG scheme and its
various formulation exists in the literature (see [31, 42]). The classical ones
are proposed in [20, 25, 27, 33, 41, 50, 51] and are given by

βFR
k =

‖gk+1‖2

‖gk‖2
, βCD

k =
‖gk+1‖2

−gTk dk
, βDY

k =
‖gk+1‖2

dTk (gk+1 − gk)
, (7)

βHS
k =

gTk+1(gk+1 − gk)
dTk (gk+1 − gk)

, βPRP
k =

gTk+1(gk+1 − gk)
‖gk‖2

, βLS
k =

gTk+1(gk+1 − gk)
−gTk dk

,

(8)
with ‖ · ‖ being the ℓ2 − norm of vectors.

A typical CG scheme implemented with (5) and (6), generates descent
directions if the following inequality holds:

dTk+1gk+1 < 0. (9)

However, for convergence analysis, the CG methods are required to satisfy
the following sufficient descent condition:

dTk+1gk+1 ≤ −c‖gk+1‖2, c > 0. (10)

By seeking a CG direction such that it will be closest to that of the scaled
memoryless BFGS scheme [55], Dai and Kou [18] provided a class of CG
schemes (DK) for solving (4) with the update parameter
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βDK
k =

yTk gk+1

yTk dk
−
(
τk +

‖yk‖2

sTk yk
− yTk sk
‖sk‖2

)
gTk+1sk

yTk dk
, (11)

where yk = gk+1 − gk. The authors in [18] defined τk in (11) similar to the
one given in [55]. Interestingly, other formulations have been provided over
the years, which include the ones in [47] provided by Oren and Spedicato,
namely,

τ
(1)
k =

sTk yk
yTkMkyk

, τ
(2)
k =

‖yk‖2

sTk yk
,

the ones proposed by Oren and Luenberger in [46], that is,

τ
(3)
k =

sTkM
−1
k sk

sTk yk
, τ

(4)
k =

sTk yk
sTkQksk

,

as well as the choice provided in [6] by Al-Baali, namely,

τ
(5)
k = min

{
1,
‖yk‖2

sTk yk

}
, τ

(6)
k = min

{
1,
sTk yk
‖sk‖2

}
,

where Mk and Qk are matrices. The approximation of τk given in [18], that
is,

τk =
sTk yk
‖sk‖2

,

has so far been taken to be the most effective for implementing the DK
scheme. In their work in [18], the authors declared that other efficient ap-
proximations of τk can be obtained by employing different approaches.

Due to the appealing attributes of CG schemes for solving (4) with the
knowledge that the optimality condition of (4) and (3) equates both concepts,
that is, ∇f = F , where F denotes the gradient of some objective functions,
researchers have proposed their versions for solving (1) [34, 58, 59] and (3)
[2, 3, 4, 32, 36, 40, 57, 63, 62]. Search directions of these schemes are defined
as

d0 = −F0, dk+1 = −Fk+1 + βkdk, Fk+1 = F (xk+1), k = 0, 1, . . . ,

with βk representing a modified version of any of the earlier CG parameters
in (7) and (8) or their hybrid. To that end, researchers have combined the
parameters in (7) and (8) with the projection technique in [54] to solve (1)
and (3) (see [3, 34, 40, 58, 59, 62] for details). In response to the issue raised
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by the authors in [18] regarding other more effective approximations of the
parameter τk in (11), some research aimed at addressing it have been made
in recent years. For example, Ding et al. [22] provided a class of DK schemes
for (3) with choices of τk given as

τAk =
‖yk‖2

sTk yk
, τBk =

sTk yk
‖sk‖2

, (12)

or the convex combination

τk = δτAk + (1− δ)τBk , δ ∈ [0, 1], (13)

in which
yk = ỹk − λkσk‖Fk‖dk, σkdk = sk, σk > 0,

with

λk = 1 + ‖Fk‖−1 max
{
0,
−σk(ỹTk dk)
‖σkdk‖2

}
, ỹk = Fk+1 − Fk, Fk = F (xk).

Following the work in [22] and by exploiting Newton’s direction, Waziri et
al. [56] presented another DK-type scheme for solving (3) with the choice of
τk given as

τMDK
k = 1 +

sTkwk

‖sk‖2
− ‖wk‖2

sTkwk
, (14)

where

wk = yk + Cksk +D‖Fk‖rsk, yk = F (zk)− F (xk), sk = zk − xk = σkdk,

Ck = max
{
−s

T
k yk
‖sk‖

, 0

}
, D > 0, r > 0.

In their recent work, Waziri et al. [2] proposed two other types of DK-type
methods for (3) with approximations of τk defined as

τ̄k = max
{
τ̃k, c1

‖ȳk‖2

s̄Tk ȳk

}
, τ̂k = max

{
τ̃k, c2 +

‖ȳk‖2

s̄Tk ȳk

}
, (15)

in which
τ̃k =

3s̄Tk ȳk
‖s̄k‖2

− ‖ȳk‖
2

s̄Tk ȳk
, (16)

where
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ȳk = yk+ψks̄k+Λ‖Fk‖r s̄k, s̄k = wk−xk, yk = F (wk)−F (xk), Λ > 0, r > 0,

with
ψk = max

{
−s̄Tk yk
‖s̄k‖2

, 0

}
,

and c1 > 1 and c2 > 0.

Remark 1. It is worth stating here that only the schemes in [22] with choices
of τk presented in (12) and (13) satisfy the condition (10) necessary for de-
termining global convergence of algorithms for the problem (3) without any
adjustments. For instance, the choice of τk given in (15) was obtained by
adjusting the original choice in (16) since adopting the latter may not satisfy
(10) automatically. Also, note that the choice in (14) may be negative or
zero at some iterative point and may also not always satisfy (10). Lastly,
the iteration matrices of the directions in [2, 22, 56] were not shown to be
well-conditioned, which could improve the efficiency of the methods.

The article’s objectives are listed as follows:

• To derive an efficient DK-type scheme for the constrained problem (3)
with an approximation of τk obtained without any adjustments.

• To present a DK-type scheme for which the inequality (10) necessary
in obtaining convergence results of methods for the problem (3) holds.

• To derive a method in which the symmetric form of its direction matrix
is well-conditioned.

• To present proof of the scheme’s convergence under mild conditions.

• To apply the scheme to image deblurring problems.

The remaining sections of the paper are outlined as follows: Section 2 deals
with motivation and derivation of the proposed algorithm. Section 3 dis-
cusses the results of the convergence of the scheme. In Section 4, results of
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experiments carried out for problem (3) and image deblurring are discussed,
while conclusions are made in Section 5.

2 Inspiration and Algorithm

We first recall that the most prominent quasi-Newton scheme developed by
the researchers Broyden [15], Fletcher [26], Goldfarb [30], and Shanno [53]
popularly known as BFGS, where Bk is usually an n×n symmetric positive-
definite matrix is formulated as

Bk+1 = Bk −
Bksks

T
kBk

sTkBksk
+
yky

T
k

yTk yk
, sk ∈ Rn, yk ∈ Rn. (17)

From the Woodbury formula presented in [55] for the inverse of the sum of
an invertible matrix and a rank-k correction, the inverse of (17) is given as

Hk+1 = Hk−
sky

T
kHk +Hkyks

T
k

sTk yk
+

(
1 +

ykHkyk
sTk yk

)
sks

T
k

sTk yk
, sk ∈ Rn, yk ∈ Rn.

To avoid computing and storing the n × n matrix Hk at each iteration, it
is replaced by the identity matrix I, and the so called memoryless update is
obtained, that is,

Hk+1 = I − sky
T
k + yks

T
k

sTk yk
+

(
1 +
‖yk‖2

sTk yk

)
sks

T
k

sTk yk
, sk ∈ Rn, yk ∈ Rn. (18)

As mentioned earlier, the BFGS method implemented with (17) is the most
popular and effective quasi-Newton scheme available. The method is guar-
anteed to satisfy the descent condition (9), since the update (17) satisfies
the much required quasi-Newton condition. Other attributes of the BFGS
scheme include its correction of eigenvalues mechanism [43]. However, the
BFGS’s efficiency depends strongly on the structure of eigenvalues of (17) [8].
Powell [52] and Byrd et al. [16] noted that the update (17) better corrects its
small eigenvalues than large ones. Also, numerical experiments conducted by
Gill and Leonard [29] showed that it is possible for the update (17) to require
many iterations or gradient and function evaluations for some problems. The
authors in [29] showed that these shortcomings of the BFGS method may re-
sult from poor initial Hessian approximations or its ill-conditioning along the
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iterations. To overcome these shortfalls of the scheme, a number of scaling
techniques have been applied to the BFGS update matrix in (17). This in-
cludes the modification by Biggs [13], where the update’s third term in (17)
was scaled by a positive parameter γk to yield

Bk+1 = Bk −
Bksks

T
kBk

sTkBksk
+ γk

yky
T
k

yTk sk
, sk ∈ Rn, yk ∈ Rn.

In Oren and Luenberger [45], the first and second terms of the matrix in (17)
were scaled and the resulting modification becomes

Bk+1 = δk

[
Bk −

Bksks
T
kBk

sTkBksk

]
+
yky

T
k

yTk sk
, sk ∈ Rn, yk ∈ Rn,

where δk > 0. Motivated by the strategy of changing structure of eigenvalues
[43], Andrei [10] provided a two-parameter scaling BFGS method, where
Bk+1 is given by

Bk+1 = δk

[
Bk −

Bksks
T
kBk

sTkBksk

]
+ γk

yky
T
k

yTk sk
, sk ∈ Rn, yk ∈ Rn,

with γk > 0 and δk > 0. In this update, δk is obtained such that eigenvalues
of Bk+1 are clustered, while γk is computed to have a shift of the eigenval-
ues to the left. The latter procedure produces a better distribution of the
eigenvalues. In other developments, the update matrix defined by (18) has
also been modified in order to better distribute the eigenvalues and improve
performance of the scheme. To that end, the following self scaled memoryless
approximation to the Hessian inverse (18) was presented in [44]

Hk+1 = θkI− θk
sky

T
k + yks

T
k

sTk yk
+

(
1 + θk

‖yk‖2

sTk yk

)
sks

T
k

sTk yk
, sk ∈ Rn, yk ∈ Rn,

(19)
with θk known as scaling parameter. In line with (19), Babaie-Kafaki [12]
proposed the following extension:

Hk+1 = θkI−θk
sky

T
k + yks

T
k

sTk yk
+

(
1 + γk

‖yk‖2

sTk yk

)
sks

T
k

sTk yk
, sk ∈ Rn, yk ∈ Rn,

(20)
where γk and θk represents positive parameters. Analysis of the scheme
obtained with (20) proves that it satisfies (10) and its condition number
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remains in an improved condition. A modification of (18) was proposed in
[11], namely,

Hk+1 =
1

δk

[
Hk −

Hkyks
T
k + sky

T
kHk

sTk yk
+

(
δk
γk

+
yTkHkyk
sTk yk

)
sks

T
k

sTk yk

]
,

where δk and γk are parameters determined by employing Byrd and Nocedal’s
measure function in [17]. Now, as stated by Andrei [8], to achieve faster
convergence of linear CG methods, the following approaches are employed:

• Clustering eigenvalues of a search direction matrix about a point [9, 60]
or about several points [37] in its spectrum.

• Preconditioning of a search direction matrix [35].

Before we proceed to formulate our scheme, we first give the following addi-
tional assumptions on the mapping F :

Assumption 1. The solution set C̄ of (3) is not empty, that is, there exists
x̄ ∈ C satisfying (3).

Assumption 2. F is Lipschitz continuous, that is,

‖F (x)− F (y)‖ ≤ L‖x− y‖, for all x, y ∈ C, L a positive constant.
(21)

Now, motivated by the shortcomings of the DK-type methods in [2, 22, 56],
the scaled double parameter BFGS approximation to the inverse Hessian (20)
as well as the need to explore other more effective approximations of the DK
parameter, that ensures (10) holds without any adjustment, we propose the
following DK-type search direction:

dk+1 = −γFk+1+γβ
NHS
k dk−

(
τk + γ

‖ȳk‖2

sTk ȳk
− γ s

T
k ȳk
‖sk‖2

)
FT
k+1sk

dTk ȳk
dk, d0 = −F0,

(22)
where

βNHS
k =

FT
k+1ȳk

dTk ȳk
, k = 0, 1, . . . , (23)

with
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ȳk = yk + rsk, yk = F (wk)− F (xk), r > 0, (24)

and
wk = xk + ϑkdk, sk = wk − xk.

From (24) and (2), we have

dTk ȳk =
sTk yk
ϑk

+
r

ϑk
‖sk‖2 ≥

r

ϑk
‖sk‖2 > 0,

from which we obtain

sTk ȳk = sTk yk + r‖sk‖2 ≥ r‖sk‖2 > 0. (25)

Note that the search direction defined by (22) can be written in compact
form as

dk+1 = −Mk+1Fk+1,

where

Mk+1 = γI − γ skȳ
T
k

sTk ȳk
+ τk

sks
T
k

sTk ȳk
+ γ
‖ȳk‖2sksTk
(sTk ȳk)

2
− γ sks

T
k

‖sk‖2
. (26)

To proceed, we add rank-one update to (26) to obtain its symmetric form as

M̄k+1 = γI − γ skȳ
T
k

sTk ȳk
− γ ȳks

T
k

sTk ȳk
+ τk

sks
T
k

sTk ȳk
+ γ
‖ȳk‖2sksTk
(sTk ȳk)

2
− γ sks

T
k

‖sk‖2
. (27)

Better still, we can re-write (27) as

M̄k+1 = γIQk+1, (28)

in which

Qk+1 = I − skȳ
T
k

sTk ȳk
− ȳks

T
k

sTk ȳk
+ τk

sks
T
k

γsTk ȳk
+
‖ȳk‖2sksTk
(sTk ȳk)

2
− sks

T
k

‖sk‖2
. (29)

We can further express (29) as the rank-two update

Qk+1 =I −
sk ȳ

T
k

sTk ȳk

+
(τk∥sk∥2(sTk ȳk)sk − γ∥sk∥2(sTk ȳk)ȳk + γ∥sk∥2∥ȳk∥2sk − γ(sTk ȳk)

2sk)s
T
k

γ∥sk∥2(sTk ȳk)2
.(30)

Now, since from (25) sTk ȳk > 0, then sk 6= 0 and ȳk 6= 0. Suppose V =

span{sk, ȳk}. Then dim(V) ≤ 2 and dim(V⊥) ≥ n − 2, with V⊥ being
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orthogonal complement of V. So, there exists a set of mutually orthogonal
vectors {ξik}

n−2
i=1 ⊂ V⊥ such that

sTk ξ
i
k = ȳTk ξ

i
k = 0, i = 1, . . . , n− 2,

for which we obtain

M̄k+1ξ
i
k = M̄T

k+1ξ
i
k = γξik, i = 1, . . . , n− 2.

Therefore, M̄k+1 contains n−2 eigenvalues equal to γ each. We now find the
remaining two eigenvalues, which we label as, λ+k and λ−k .

By applying the fundamental formula of algebra (see [55, inequality
(1.2.70)]) for determinant of a rank-two update, namely,

det(I+v1vT2 +v3vT4 ) = (1+vT1 v2)(1+v
T
3 v4)−(vT1 v4)(vT2 v3), v1, v2, v3, v4 ∈ Rn,

and setting v1 = − sk
sTk ȳk

, v2 = ȳk,

v3 =
(∥sk∥2(sTk ȳk)

2τksk−γ∥sk∥2(sTk ȳk)ȳk+γ∥sk∥2∥ȳk∥2sk−γ(sTk ȳk)
2sk)

γ∥sk∥2(sTk ȳk)2
, and v4 = sk,

we get

det(Qk+1) = τk
‖sk‖2

γsTk ȳk
− 1. (31)

Note that the matrix M̄k+1 as defined in (28) is the product of two matrices,
and

det(γI) = γn.

Combining this result with (31), we obtain

det(M̄k+1) = γn
(
τk
‖sk‖2

γsTk ȳk
− 1

)
= γn−2.λ+λ−,

which yields

λ+λ− = γ2
(
τk
‖sk‖2

γsTk ȳk
− 1

)
= γτk

‖sk‖2

sTk ȳk
− γ2.

Since trace of the symmetric matrix M̄k+1 is the summation of all its eigen-
values, we have
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tr(M̄k+1) = nγ − 2γ + τk
‖sk‖2

sTk ȳk
+ γ
‖ȳk‖2‖sk‖2

(sTk ȳk)
2)
− γ

= γ + · · ·+ γ︸ ︷︷ ︸
(n-2) times

+λ+k + λ−k ,

which further yields

λ+k + λ−k = τk
‖sk‖2

sTk ȳk
+ γ
‖ȳk‖2‖sk‖2

(sTk ȳk)
2
− γ. (32)

From (32) and (31), the remaining eigenvalues of M̄k+1 are obtained as so-
lution of the following quadratic polynomial:

λ2 −
(
τk
‖sk‖2

sTk ȳk
+ γ
‖ȳk‖2‖sk‖2

(sTk ȳk)
2
− γ
)
λ+ γτk

‖sk‖2

sTk ȳk
− γ2.

Consequently, by setting Φk = ∥sk∥2

sTk ȳk
, µk = ∥sk∥2∥ȳk∥2

(sTk ȳk)2
, λ+k and λ−k are deter-

mined by

λ±k =
τkΦk + γµk − γ ±

√
(τkΦk + γµk − γ)2 − 4(γτkΦk − γ2)

2
,

or more precisely,

λ±k =
τkΦk + γµk − γ ±

√
(τkΦk + γµk − 3γ)2 + 4γ2µk − 4γ2

2
. (33)

Clearly, by the Cauchy–Schwarz inequality in (33), λ+k > 0. Also, λ−k > 0

whenever
τk >

γ

Φk
=
γsTk ȳk
‖sk‖2

. (34)

Now, we proceed to obtain an approximation of τk such that (34) is satisfied
making M̄k+1 a positive-definite matrix. To achieve this, we employ the
clustering of eigenvalues technique. Suppose that λ+k and λ−k have the same
values as the first (n− 2) eigenvalues of M̄k+1, namely, λ+k = λ−k = γ. Then
from determinant of M̄k+1 obtained in (31), we have

τk
‖sk‖2

γsTk ȳk
− 1 = 1,

which implies that

τk = 2
γsTk ȳk
‖sk‖2

, (35)
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which clearly satisfies (34) and ensures that all the eigenvalues of M̄k+1 are
clustered.

Lemma 1. The search direction sequence {dk} obtained by (22) with (23),
(24) and γ ∈ (0, 1] satisfy the inequality

dTk+1Fk+1 ≤ −c‖Fk+1‖2, (36)

where c = 3γ
4 .

Proof. From (22), (35), and by setting Γk = sTk ȳk for convenience, we have

dTk+1Fk+1 = −γ‖Fk+1‖2 + γ
FT
k+1ȳk

Γk
FT
k+1sk

−
(
τk + γ

‖ȳk‖2

Γk
− γ Γk

‖sk‖2

)
(FT

k+1sk)
2

Γk

= −γ‖Fk+1‖2 + γ
FT
k+1ȳk

Γk
FT
k+1sk −

(
γ

Γk

‖sk‖2
+ γ
‖ȳk‖2

Γk

)
(FT

k+1sk)
2

Γk

≤ −γ‖Fk+1‖2 + γ
FT
k+1ȳk

Γk
FT
k+1sk − γ

‖ȳk‖2

Γ2
k

(FT
k+1sk)

2

=
γFT

k+1ȳkΓkF
T
k+1sk − γΓ2

k‖Fk+1‖2 − γ‖ȳk‖2(FT
k+1sk)

2

Γ2
k

≤
γ
Γ2
k∥Fk+1∥2

4 + γ‖ȳk‖2(FT
k+1sk)

2 − γΓ2
k‖Fk+1‖2 − γ‖ȳk‖2(FT

k+1sk)
2

Γ2
k

= γ
‖Fk+1‖2

4
− γ‖Fk+1‖2

= −γ
(
1− 1

4

)
‖Fk+1‖2

= −3γ

4
‖Fk+1‖2.

We arrived at the last inequality by employing the identity

2cT1 c2 ≤ ‖c1‖2 + ‖c2‖2, c1, c2 ∈ Rn,

with c1 = ΓkFk+1√
2

, c2 =
√
2(FT

k+1sk)ȳk. Hence, setting c = 3γ
4 , we see that

(36) holds.

Next, we introduce the projection operator defined by

PC(x) = arg min‖x− y‖ : y ∈ C, for all x ∈ Rn,
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with the properties:

‖PC(x)− PC(y)‖ ≤ ‖x− y‖, for all x, y ∈ Rn,

and
‖PC(x)− y‖ ≤ ‖x− y‖, for all y ∈ C, (37)

where C is as defined earlier.

Algorithm 1

Data: Select ϵ > 0, x0 ∈ C, β ∈ (0, 1), δ ∈ (0, 1), 0 < ϕ < 2, r > 0, γ ∈ (0, 1].

Initialization: Set k = 0 and d0 = −F0.

1: Obtain F (xk) and confirm if ‖F (xk)‖ ≤ ϵ. End if yes, otherwise goto 2.

2: Determine wk = xk + ϑkdk, where ϑk = βmk , with m being the smallest
nonnegative integer for which

−F (xk + βmdk)
T dk ≥ δβm‖dk‖2 (38)

holds.

3: If wk ∈ C and ‖F (wk)‖ ≤ ϵ, end, otherwise, compute

xk+1 = PC [xk − ϕρkF (wk)] , where (39)

ρk =
F (wk)

T (xk − wk)

‖F (wk)‖2
. (40)

4: Obtain dk+1 by (22) with (23), (24), and (35).

5: Set k = k + 1 and proceed to 1.

3 Convergence report

First, we show that τk obtained in (35) is bounded.

From (21), (25), (35) and the Cauchy Schwarz inequality, we have
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|τk| ≤
2‖sk‖‖ȳk‖
‖sk‖2

≤ 2L‖sk‖2

‖sk‖2

= 2L
def
= m̄.

(41)

Lemma 2. The sequence {dk+1} of directions obtained by Algorithm 1 sat-
isfy

c‖Fk+1‖ ≤ ‖dk+1‖ ≤
(
γ +

2γL

r
+
m̄

r
+
γL2

r2

)
‖Fk+1‖, (42)

where γ ∈ (0, 1], r > 0, and L > 0.

Proof. The first inequality follows from the Cauchy–Schwarz inequality and
(22). For k = 0 in (22), we have that d0 = −F0, which indicates that
‖d0‖ = ‖F0‖. Now, we show that the inequality holds for k ≥ 1. From the
Cauchy–Schwarz inequality, (21), (22), (25), and (41), we obtain

‖dk+1‖ =

∥∥∥∥∥−γFk+1 + γ
FT
k+1ȳk

sTk ȳk
sk −

(
τk + γ

‖ȳk‖2

sTk ȳk
− γ s

T
k ȳk
‖sk‖2

)
FT
k+1sk

sTk ȳk
sk

∥∥∥∥∥
≤ γ‖Fk+1‖+ γ

‖Fk+1‖‖ȳk‖‖sk‖
sTk ȳk

+ |τk|
‖Fk+1‖‖sk‖2

sTk ȳk

+ γ
‖Fk+1‖‖ȳk‖2‖sk‖2

(sTk ȳk)
2

+ γ
‖Fk+1‖‖sk‖3‖ȳk‖
‖sk‖2sTk ȳk

≤ γ‖Fk+1‖+ γ
L‖Fk+1‖‖sk‖2

r‖sk‖2
+ m̄
‖Fk+1‖‖sk‖2

r‖sk‖2
+ γ

L2‖Fk+1‖‖sk‖4

r2‖sk‖4

+ γ
L‖Fk+1‖‖sk‖4

r‖sk‖4

= γ‖Fk+1‖+ γ
L‖Fk+1‖

r
+ m̄
‖Fk+1‖

r
+ γ

L2‖Fk+1‖
r2

+ γ
L‖Fk+1‖

r

= γ‖Fk+1‖+ 2γ
L‖Fk+1‖

r
+ m̄
‖Fk+1‖

r
+ γ

L2‖Fk+1‖
r2

=

(
γ +

2γL

r
+
m̄

r
+
γL2

r2

)
‖Fk+1‖,

(43)

which proves the second inequality of (42).

Next, we prove that the line search (38) is well defined and also terminates
after finite iterations:
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Lemma 3. Let Assumption 2 hold, and suppose that Algorithm 1 is not
terminated in step 1. Then there exists a nonnegative integer mk such that
(38) is satisfied. In addition, the step-size ϑk obtained in (38) satisfies

ϑk ≥ ϑ := min

1,
3γβ

4(L+ δ)
(
γ + 2γL

r + m̄
r + γL2

r2

)2
 . (44)

Proof. To show the first part, we assume that there exists k0 ≥ 0 such that
(38) is not true in the kth0 iterate for each value of m. So, for all m ≥ 0, we
have

−F (xk0
+ βmdk0

)T dk0
< δβm‖dk0

‖2. (45)

Since F is continuous on Rn, applying limit to (45) as m grows to infinity,
yields

F (xk0
)T dk0

> 0,

which is contradicted by (36), namely,

F (xk0
)T dk0

≤ −3γ

4
‖F (xk0

)‖2.

Thus, we proved the first part.

Now, suppose that the algorithm is terminated at xk, then F (xk) = 0 or
F (wk) = 0. This indicates the solution to be xk, otherwise xk is not a
solution. Then, from (36) dk 6= 0. Now, from (38) we see that if ϑk 6= 1, then
ϑ̄k = β−1ϑk will not satisfy (38), that is,

−F (w̄k)
T dk < δϑ̄k‖dk‖2,

where, w̄k = xk + ϑ̄kdk. By Assumption 2 and (36), we have

3γ

4
‖Fk‖2 ≤ −FT

k dk

= (F (w̄k)− Fk)
T dk − F (w̄k)

T dk

≤ Lϑ̄k‖dk‖2 + δϑ̄k‖dk‖2

= β−1ϑk(L+ δ)‖dk‖2.

Hence, we obtain
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ϑk ≥
3γβ

4(L+ δ)

‖Fk‖2

‖dk‖2

≥ 3γβ

4(L+ δ)

‖Fk‖2(
γ + 2γL

r + m̄
r + γL2

r2

)2
‖Fk‖2

=
3γβ

4(L+ δ)
(
γ + 2γL

r + m̄
r + γL2

r2

)2 ,
where (43) was used to obtain the second inequality.

Lemma 4. Let Assumptions 1, and 2 hold. Then for a solution x̄ of (3) in C̄,
the sequence {‖xk − x̄‖} is convergent implying that {xk} is bounded. Also

lim
k→∞

ϑk‖dk‖ = 0. (46)

Proof. From (38) and definition of wk, we have

(xk − wk)
TF (wk) ≥ δϑ2k‖dk‖2. (47)

By (2) and for all x̄ ∈ C̄, we have

(xk − x̄)TF (wk) = (xk − wk)
TF (wk) + (wk − x̄)TF (wk)

≥ (xk − wk)
TF (wk) + (wk − x̄)TF (x̄)

= (xk − wk)
TF (wk).

(48)

From (37), (39), (40), (47) and (48), we have

‖xk+1 − x̄‖2 = ‖PC [xk − ϕρkF (wk)]− x̄‖2

≤ ‖xk − ϕρkF (wk)− x̄‖2

= ‖(xk − x̄)− ϕρkF (wk)‖2

= ‖xk − x̄‖2 − 2ϕρkF (wk)
T (xk − x̄) + ϕ2ρ2k‖F (wk)‖2

≤ ‖xk − x̄‖2 − 2ϕρkF (wk)
T (xk − wk) + ϕ2ρ2k‖F (wk)‖2

= ‖xk − x̄‖2 − ϕ(2− ϕ)
(F (wk)

T (xk − wk))
2

‖F (wk)‖2

≤ ‖xk − x̄‖2 − ϕ(2− ϕ)
δ2‖xk − wk‖4

‖F (wk)‖2
,

(49)

which yields
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0 ≤ ‖xk+1 − x̄‖ ≤ ‖xk − x̄‖ ≤ ‖xk−1 − x̄‖ ≤ · · · ≤ ‖x0 − x̄‖.

So, {‖xk − x̄‖} is non-increasing and bounded, which indicates that {xk} is
bounded also. This with the fact that F is Lipschitz continuous implies that
a constant m1 exists for all k ≥ 0 such that,

‖xk‖ ≤ m1, ‖F (xk)‖ ≤ m1. (50)

Also, by (43) and (50) a constant m2 exists for which

‖dk‖ ≤
(
γ +

2γL

r
+
m̄

r
+
γL2

r2

)
m1.

Setting m2 =
(
γ + 2γL

r + m̄
r + γL2

r2

)
m1, we obtain that dk is bounded.

Furthermore, from (50), monotonicity of F , the Cauchy–Schwarz inequality,
and (47), we have

m1 ≥ ‖Fk‖ ≥
FT
k (xk − wk)

‖xk − wk‖
≥ F (wk)

T (xk − wk)

‖xk − wk‖
≥ δ‖xk−wk‖ ≥ δ‖wk‖−δm1,

which consequently implies that

‖wk‖ ≤
m1 + δm1

δ
.

By setting m3 := m1+δm1

δ , we establish boundedness of {wk}. Hence, from
continuity of F , a constant m̄ exists such that

‖F (wk)‖ ≤ m̄, for all k ≥ 0.

Combining this with (49), we obtain

δ2‖xk − wk‖4 ≤
m̄2

ϕ(2− ϕ)
(‖xk − x̄‖2 − ‖xk+1 − x̄‖2). (51)

Now, following the convergence of {‖xk − x̄‖} and boundedness of {F (wk)},
we take limit as k approaches infinity in (51) to obtain

δ2 lim
k→∞

ϑ4k‖dk‖4 ≤ 0,

which indicates that
lim

k→∞
ϑk‖dk‖ = 0.

Iran. J. Numer. Anal. Optim., Vol. 15, No. 3, 2025, pp 1171–1209



1189 An efficient Dai-Kou-type method with image de-blurring application

Theorem 1. Suppose that Assumptions 1 and 2 hold and that {xk} is ob-
tained by Algorithm 2.1. Then, {xk} converges to a solution of (3).

Proof. Firstly, from (44) and (46), we have that 0 ≤ ϑ‖dk‖ ≤ ϑk‖dk‖ → 0,
which consequently indicates that limk→∞ ‖dk‖ = 0. This together with (42)
yields

0 ≤ 3

4γ
‖Fk‖ ≤ ‖dk‖ → 0,

which indicates that limk→∞ ‖Fk‖ = 0. Now, inequality (46) and the bound-
edness of the sequence {xk} indicates the existence of a cluster point of {xk}
say x̃ ⊂ C̄, where C̄ denotes solution set of F . Let K ⊆ {0, 1, 2, . . .} be an
infinite index set for which

lim
k→∞,k∈K

xk = x̃ ∈ C̄.

Since F is continuous, we have that

0 = lim
k→∞

‖Fk‖ = lim
k→∞,k∈K

‖Fk‖ = ‖F (x̃)‖,

which indicates that x̃ is a solution of (3). Also, since {‖xk−x̄‖} is convergent,
setting x̄ = x̃ yields

lim
k→∞

‖xk − x̄‖ = lim
k→∞,k∈K

‖xk − x̄‖ = 0.

which, therefore, indicates that {xk} converges to x̄ ∈ C̄.

4 Results of numerical experiments

To test effectiveness of Algorithm 1, two experiments are conducted and
discussed in the next two subsections.
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4.1 First experiment: Convex constrained nonlinear
monotone systems

For these experiments, the performance of Algorithm 1 is tested against four
recent methods for solving the constrained problem (3), namely, ACGD [22],
MDKM [56], SCRME [28], and SDYCG [7]. Codes for the algorithms, which
are available at https://github.com/hungugida/hungugida/blob/main/
MATLABcodeforconstrainedsystem.zip was written in MATLAB R2014a

and executed using a system configured as (2.30ghz cpu, 4gb RAM). The
stoppage criteria for all runs are ‖F (xk)‖ ≤ 10−10 or ‖F (wk)‖ ≤ 10−10 or
iterations exceed 1000. We set parameters of (38) for Algorithm 1 as β = 0.6,
δ = 0.0001, γ = 0.27, ϕ = 1.8, r = 0.0001. The exact values of the parame-
ters used in the articles for each of the four schemes were also applied here.

The underlisted test examples with dimensions 5000, 10000, and 50000 were
used to test Algorithm 1, ACGD, MDKM, SCRME and SDYCG, where F is
given as: F = (f1(x), f2(x), . . . , fn(x))

T .

Example 1. [38] with C = Rn
+ added to yield

fi(x) = 2xi − sinxi, i = 1, 2, . . . , n.

Example 2. [40].
f1(x) = x1 − exp

(
cos
(

x1+x2

n+1

))
,

fi(x) = xi − exp
(
cos
(

xi−1+xi+xi+1

n+1

))
, i = 2, 3, . . . , n− 1,

fn(x) = xn − exp
(
cos
(

xn−1+xn

n+1

))
,

with C = Rn
+.

Example 3. [38]
fi(x) = 2xi − sin |xi|, i = 1, 2, . . . , n,
where C = Rn

+.

Example 4. This is a modified version of the example in [39] with C = Rn
+

added to yield
f1(x) = esin x1 − 1,
fi(x) = esin xi + xi − 1, i = 2, . . . , n.

Iran. J. Numer. Anal. Optim., Vol. 15, No. 3, 2025, pp 1171–1209
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Example 5. [64] with C = Rn
+ added to yield

f1(x) = 2x1 + sinx1 − 1,
fi(x) = 2xi−1 + 2xi + 2 sinxi − 1,
fn(x) = 2xn + sinxn − 1, i = 2, . . . , n− 1.

Example 6. This is a modification of test example 4

f1(x) = 3x1 + esin x1 − 1,
fi(x) = 3xi + esin xi − 1, i = 2, . . . , n,
with C = Rn

+.

Example 7. This is a modification of test example 5

f1(x) = 3x1 + cosx1 − 1,
fi(x) = 3xi−1 + 3xi + cosxi − 1,
fn(x) = 3xn + cosxn − 1, i = 2, . . . , n− 1,
with C = Rn

+.

Example 8. Modification of test example 2

f1(x) = x1 − e(cos x1+x2
2 ),

fi(x) = xi − e
(

cos xi−1+xi+xi+1
i

)
, i = 2, 3, . . . , n− 1,

fn(x) = xn − e
(

cos xn−1+xn
n

)
.

where C = Rn
+.

The following initial guesses were used:

x10=
(
1, 12 , . . . ,

1
n

)T , x20 =
(

1
2 ,

3
2 , . . . ,−

[(−1)n−2]
2

)T
, x30 =

(
1, 3, . . . ,−−2[(−1)n−2]

2

)T
,

x40 =
(
n−1
n , n−2

n , . . . , 0
)T , x50 =

(
1
4 ,

3
4 , . . . ,

−[(−1)n−2]
4

)T
, x60=

(
1
n ,

2
n , . . . , 1

)T .
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Figure 1: Dolan and More profile for number of iterations
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Figure 2: Dolan and More profile for function evaluations
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Figure 3: Dolan and More profile for CPU time

We presented results of the first experiment in Tables 1, 2, 3 and 4, where
the labels PN, VAR, SP, NIT, FE, PT, and Norm represent number of test
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example, Dimension, Initial guess, number of iterations, function evaluations,
CPU time, and norm achieved at approximate solution. Also, ∗ ∗ ∗ indicates
no solution of (3) was obtained in 1000 iterations. It is clear from the four
tables that Algorithm 1 outperformed the other methods in all three metrics
considered. These results are further analyzed in Figures 1, 2, and 3, which
are plotted by utilizing Dolan and More [23] performance profile. In Figure
1, we see that about 83% of the test examples were solved by Algorithm 1

with less iterations, while ACGD, MDKM, SRCME and SDYCG solved 2%,
8%, 0% and 32%. Furthermore, these values include instances where some
of the algorithms solved 24% of the text examples with the same minimum
number of iterations. Also, from Figure 2, we see that Algorithm 1 solved
77% of the test examples with minimum function evaluations compared to
ACGD, MDKM, SRCME and SDYCG that recorded 1%, 5%, 16%, and 6%.
Here also, some of the algorithms solved 13% of the test examples with the
same minimum function evaluations. Next, we observed from Figure 3 that
Algorithm 1 solved 77.78% of the test examples with the least CPU time
compared to ACGD, MDKM, SRCME and SDYCG that recorded 2.78%,
6.25%, 3.47%, and 9.72%. In addition, the top curve in all three figures
corresponds to that of Algorithm 1, which clearly shows that the scheme is
the most effective. Moreover, the average residual for the five algorithms
as computed from Tables 1, 2, 3, and 4 are given as follows: Algorithm
1 (3.09 × 10−11), ACGD (3.36 × 10−11), MDKM (4.56 × 10−11), SRCME
(7.58 × 10−11), and SDYCG (3.90 × 10−10). This, together with the other
metrics analyzed, indicates that Algorithm 1 is more efficient for solving (3)
than the other schemes.

4.2 Experiment 2: Image De-blurring

We use this subsection to demonstrate the application of Algorithm 1 in
deblurring images contaminated by noise. To achieve the desired goal, we
compare our scheme with two effective schemes in the literature, namely,
HTTCGP [63] and MFRM [1].
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As a background for image de-blurring, we briefly discuss sparse signal re-
covery, which deals with obtaining sparse solutions for the under-determined
linear system Hx = h, where H ∈ Rk×n(k � n) is a sampled matrix, x a
sparse signal and h ∈ Rk denotes an observed value. In recovering x from
Hx− h, the following ℓ1 norm regularization problem is solved:

min
x
f(x) :=

1

2
‖h−Hx‖22 + ζ‖x‖1, (52)

with ζ > 0. Careful observation reveals (52) to be a form of the problem
represented in (4).

In [24], it was shown that to solve (52), it is first expressed as a convex
quadratic model, where x ∈ Rn is written as

x = υ − ν, υ ≥ 0, ν ≥ 0, υ, ν ∈ Rn,

with υi = (xi)+, νi = (−xi)+, for all i = 1, 2, . . . , n and (·)+ = max{0, x}.
Using this expression, we have ‖x‖1 = ET

n υ+E
T
n ν where En = (1, 1, . . . , 1)T ∈

Rn. Thus, (52) becomes

min
{
1

2
‖H(υ − ν)− h‖22 + ζ(ET

n υ + ET
n ν)|υ ≥ 0, ν ≥ 0

}
. (53)

Now, if we define

w =
(
υ
ν

)
, χ = ζE2n +

(−ω
ω

)
, ω = HTh, G =

(
HTH −HTH
−HTH HTH

)
,

then (53) becomes

min
{
1

2
wTGw + χTw| w ≥ 0

}
. (54)

Moreover, sinceG is a positive semi-definite matrix, (54) is a convex quadratic
problem [61]. Also, based on the optimality condition mentioned earlier, w
in (54) is a minimizer of (54) if it solves the system of equations

F (w) = min{w,Gw + χ} = 0.

Finally, Xiao [61] and Pang [49], showed that F satisfies (2) and (21). Hence,
(52) can be represented as the problem (3), and solved using Algorithm 1.
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Next, we apply Algorithm 1 to de-blur three images, which includes Ein-
stein.tif (M1) (512×512), Cameraman.png (M2) (512×512) and Barbara.png
(M3) (512× 512). In the experiments, the signal-to-noise ratio (SNR)

SNR = 20× log10
(
‖x̃‖
‖x̄− x̃‖

)
,

and the peak to signal ratio (PSNR)

PSNR = 10× log10
V 2

MSE
,

were used to calculate restoration quality, with V being the maximum abso-
lute value of recovery and (MSE) is defined by

MSE =
1

n
‖x̃− x̄‖2, (55)

where x is the signal recovered and x̃ the actual sparse one. In addition, we
use MSE as defined in (55) and structured similarity index (SSIM), which
describes the similarity between the original and reconstructed or recovered
images to measure numerical efficiency of the algorithms. Performance of
Algorithm 1 is compared with that of HTTCGP [63] and MFRM [1], which
are also effective for de-blurring images, using the same parameter values
in the respective papers. Parameters for Algorithm 1 are set as β = 0.9,
δ = 0.001, r = 0.01 and γ = 0.25, while ϕ retains the value in the first
experiment.
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Original Blurred Algorithm 1 HTTCGP MFRM

Original Blurred Algorithm 1 HTTCGP MFRM

Original Blurred Algorithm 1 HTTCGP MFRM

Figure 4: Recovered images under Gaussian blur kernel with standard deviation 0.5

Original Blurred Algorithm 1 HTTCGP MFRM

Original Blurred Algorithm 1

HTTCGP

MFRM

Original Blurred Algorithm 1

HTTCGP

MFRM

Figure 5: Recovered images under Gaussian blur kernel with standard deviation 0.75
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Original Blurred Algorithm 1 HTTCGP MFRM

Original Blurred Algorithm 1 HTTCGP MFRM

Original Blurred Algorithm 1 HTTCGP MFRM

Figure 6: Recovered images under Gaussian blur kernel with standard deviation 1.25

Generally, the restored images from blurry ones by an algorithm with
larger values of SNR, PSNR, and SSIM appear much closer to the original
ones than algorithms with lower values of the metrics. Also, algorithms with
a lower value of MSE yield better quality of restored images than algorithms
with larger values of the metrics. In our experiments, Algorithm 1 yields
the best values of the aforementioned performance metrics (see underlined
values in Table 5). Also, the original, blurry, and recovered images by the
three algorithms are presented in Figures 4, 5, and 6. Furthermore, a number
of Gaussian blur kernels were used to test robustness of the algorithms (see
Table 5). In Table 5, the test problem solved with standard deviation of the
Gaussian blur kernel σ is given byMi(σ). Therefore, based on this discussion,
we conclude that Algorithm 1 is effective for image recovery problems.

5 Conclusion

In this work, an adaptive DK method was considered for nonlinear monotone
systems and image recovery problems. The novelty of the work is that value
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of the parameter of the scheme was obtained such that the eigenvalues of the
symmetric form of its iteration matrix are clustered at a point. This strat-
egy helps to ensure that the scheme’s directions automatically possess the
property for global convergence without any adjustment made to the derived
value of the DK parameter. The method can also be used to solve nonsmooth
nonlinear problems. Also, analysis of the method’s convergence proved that
it converges globally, while its effectiveness was shown through experiments
with four other effective methods for solving constrained nonlinear problems
and image deblurring. As future research, we intend to apply the proposed
method to solve signal reconstruction and motion control problems.
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In this article, we present a novel approach for solving systems of non-
linear fractional Volterra integro-differential equations (NFVI-DEs) by re-
producing the Hilbert kernel method. Kernel methods are powerful tools
for addressing both linear and nonlinear problems. The reproducing ker-
nel method stands out for its wide-ranging applications in solving complex
scientific challenges. Our method combines the reproducing kernel method
with a truncated Taylor series expansion, resulting in a more precise solu-
tion. This transformation converts the original NFVI-DEs into a system of
nonlinear fractional differential equations. Our numerical results showcase
this approach’s effectiveness and align with theorems about error analysis.

AMS subject classifications (2020): 65R20, 26A33.

Keywords: Reproducing kernel method; Fractional Volterra integro-differential
equations; Taylor series expansion; Error analysis.

1 Introduction

In the fields of physics, chemistry, biology, and other sciences, many phe-
nomena can be accurately modeled by systems of nonlinear fractional-order
Volterra integro-differential equations [1, 11, 13, 18]. Over the years, nu-
merous scientists have attempted to solve these complex equations us-
ing various numerical methods, including the discrete Adomian decom-
position method, perturbation-based approaches, the Chebyshev wavelet
method, the Chebyshev spectral method, block-pulse functions, wavelet
methods, the Legendre wavelet method, and multi-step collocation methods
[8, 10, 16, 17, 22, 23, 25, 27].

Kernel methods are powerful techniques for solving linear and nonlinear
problems. Notably, the reproducing kernel method (RKM) has many appli-
cations in tackling challenging scientific problems. Over the past decade, the
RKM combined with the Gram-Schmidt orthogonalization process (G-SOP)
has been widely used to solve systems of integral equations [15, 26]. How-
ever, recent trends have shifted toward using the RKM without the G-SOP
due to its advantages, such as easier implementation, lower computational
cost, and higher accuracy [19, 21]. Furthermore, a new RKM-based approach
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that omits the G-SOP has been developed to solve a wide range of equations,
including linear and nonlinear differential equations, integral equations, and
systems of fractional-order Volterra integro-differential equations [5, 6, 4].

The RKM relies on several key components: the space, points, inner prod-
uct, bases, and the chosen solution method. By adjusting these components
to suit the specific problem, one can solve complex problems effectively. How-
ever, certain problems cannot be resolved simply by modifying these com-
ponents. In such cases, an innovative approach is required to enhance the
numerical results. One such approach involves combining the RKM with a
Taylor series expansion. Alvandi and Paripour [2, 3] successfully applied this
combined method to solve linear and nonlinear Volterra integro-differential
equations. By employing the Taylor series expansion, they transformed the
integro-differential equations into a system of differential equations, yielding
more accurate numerical solutions.

In this paper, we present a novel method for solving systems of nonlinear
fractional Volterra integro-differential equations (NFVI-DEs). Our approach
combines the RKM without the G-SOP with Taylor series expansion. Ad-
ditionally, we address cases where the approximate solution exhibits signif-
icant errors without this combined approach. For such problems, we apply
Volterra’s integral to the nonlinear component and replace it with a Taylor se-
ries expansion. This substitution substantially improves numerical accuracy
while avoiding the need for complete transformation into a system of nonlin-
ear fractional differential equations (NFDEs). Furthermore, we compare our
method with the wavelet method [23], with numerical results demonstrating
the superior effectiveness of our approach.

This article is structured as follows: In section 2, we introduce the concept
of space and then proceed to prove the basic theorem and lemmas. Next, we
present a new algorithm that utilizes linear algebra techniques. In section 3,
we evaluate the error of this method. In section 4, we provide four examples
that have been solved using this method and demonstrate its efficiency in
terms of numerical results compared to other methods. Finally, we conclude
in the last section.

Consider the following systems of NFVI-DEs for τ ∈ [0, 1]:

Iran. J. Numer. Anal. Optim., Vol. 15, No. 3, 2025, pp 1210–1240
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L11γ1(τ) + L12γ2(τ) = g1(τ)− λ1(τ,γ(τ),γ′(τ),

∫ τ

a
k1(x,γ(x),γ

′(x)) dx),

L21γ1(τ) + L22γ2(τ) = g2(τ)− λ2(τ,γ(τ),γ′(τ),
∫ τ

a
k2(x,γ(x),γ

′(x)) dx),

γi(0) = θi, i = 1, 2.
(1)

The operators Li,j , i, j = 1, 2, and θd(·, ·) are linear and nonlinear operators,
respectively. Additionally, gd(·) are predetermined functions for d = 1, 2,
and γ(·) = (γ1(·), γ2(·))T are unknown vector functions to be determined.

In (1), we suppose

L11γ1(τ) = Dαγ1(τ)− a11γ1(τ)−
∫ τ

0
k11(τ, x)γ1(x) dx,

L12γ2(τ) = −a12γ2(τ)−
∫ τ

0
k12(τ, x)γ2(x) dx,

L21γ1(τ) = −a21γ1(τ)−
∫ τ

0
k21(τ, x)γ1(x) dx,

L22γ2(τ) = Dβ(τ)γ2(τ)− a22γ2(τ)−
∫ τ

0
k22(τ, x)γ2(x) dx.

Suppose that 0 < α, β ≤ 1, Dαγ1(τ) and Dβγ2(τ) represent Caputo frac-
tional derivatives. Additionally, aij(·) are given functions for i, j = 1, 2. In
the nonlinear part of (1), we utilize a truncated Taylor series expansion cen-
tered at the point x within the interval [0, 1] instead of using γ(τ) and γ′(τ).
Therefore, we obtain the following:

L11γ1(τ) + L12γ2(τ) = g1(τ)

−λ1(τ,γ(τ),γ′(τ),
∫ τ

a
k1(x,

m∑
k=0

γk(τ)(x−τ)(k)

k!

,
m∑

k=1

γ(k)(τ)(x−τ)k−1

(k−1)! ) dx),

L21γ1(τ) + L22γ2(τ) = g2(τ)

−λ2(τ,γ(τ),γ′(τ),
∫ τ

a
k2(x,

m∑
k=0

γ(k)(τ)(x−τ)k

k!

,
m∑

k=1

γ(k)(τ)(x−τ)k−1

(k−1)! ) dx),

γi(0) = θi, i = 1, 2,

(2)

where γ(0)(τ) = γ(τ) and
∫ τ

a
k2(x,

m∑
k=0

γ(k)(τ)(x−τ)k

k! ,
m∑

k=1

γ(k)(τ)(x−τ)k−1

(k−1)! ) dx)

in term of γ(τ) and its derivatives are computable. Therefore, let

Iran. J. Numer. Anal. Optim., Vol. 15, No. 3, 2025, pp 1210–1240



Amoozad, Abbasbandy, Sahihi and Allahviranloo 1214

H1(τ,γ(τ),γ
′(τ), . . . ,γ(m)(τ))

= λ1(τ,γ(τ),γ
′(τ),

∫ τ

a
k1(x,

m∑
k=0

γk(τ)(x−τ)(k)

k! ,
m∑

k=1

γ(k)(τ)(x−τ)k−1

(k−1)! ) dx),

H2(τ,γ(τ),γ
′(τ), . . . ,γ(m)(τ))

= λ2(τ,γ(τ),γ
′(τ),

∫ τ

a
k2(x,

m∑
k=0

γ(k)(τ)(x−τ)k

k! ,
m∑

k=1

γ(k)(τ)(x−τ)k−1

(k−1)! ) dx).

Eventually, we can write
L11γ1(τ) + L12γ2(τ) = g1(τ)−H1(τ,γ(τ),γ

′(τ), . . . ,γ(m)(τ)),

L21γ1(τ) + L22γ2(τ) = g2(τ)−H2(τ,γ(τ),γ
′(τ), . . . ,γ(m)(τ)),

γi(0) = θi, i = 1, 2.

(3)

Using matrix notation, we define the linear operator L as

L =
(
L11 L12
L21 L22

)
,

and with G = (g1, g2), H = (H1,H2), so (2) can be written in the following
form:{

L(γ(τ)) = G(τ)−H(τ,γ(τ),γ′(τ), . . . ,γ(m)(τ)), 0 < τ ≤ 1,
γi(0) = θi, i = 1, 2.

(4)

In the nonlinear case, where H 6= 0, we will examine (4) using the following
iterative scheme:

L(γn(τ)) = G(τ)−H(τ,γn−1(τ),γ
′
n−1(τ), . . . ,γ

(m)
n−1(τ)), n = 2, 3, . . . ,

(5)
with L(γ1(τ)) = G(τ); see [9] for more details.

Definition 1.1. [20] The Caputo fractional derivative operator of order α >
0, is

Dαu(τ) =
1

Γ(z − α)

∫ τ

0

(τ − x)z−α−1u(z)(x) dx, τ > 0,

where z − 1 < α < z, z ∈ N.

2 Main idea

In this section, we will introduce the space and then proceed to prove the
basic theorem and lemmas. Additionally, we will present a new algorithm
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that utilizes linear algebra techniques. Now, we consider the Hilbert space

W k
2 [0, 1] =

{
x|x(k−1) is absolutely continuous, x(k) ∈ L2[0, 1], x(0) = 0

}
,

with the inner product and norm as follows:

〈x(·), y(·)〉Wk
2
=

k−1∑
i=0

x(i)(0) y(i)(0) +

∫ 1

0

x(k)(τ)y(k)(τ)dτ,

‖x(·)‖Wk
2
=
√
〈x, x〉Wk

2
, x(·), y(·) ∈W k

2 [0, 1],

where k is a natural number. Also, we consider the Hilbert space

W 6
2[0, 1] =W 6

2 [0, 1]⊕W 6
2 [0, 1],

with the inner product and norm

〈x,y〉W 6
2
= 〈x1, y1〉W 6

2
+ 〈x2, y2〉W 6

2
, ‖x‖W 6

2
=

(
2∑

i=1

‖xi‖2W 6
2

)1/2

,

where x = (x1, x2)
T , y = (y1, y2)

T , xi, yi ∈W 6
2 [0, 1].

Lemma 2.1. If Li,j : W 6
2 [0, 1] → W 1

2 [0, 1] in (1) are bounded linear opera-
tors, then L : W 6

2[0, 1]→W 1
2[0, 1] is a bounded linear operator, where

L =
(
L11 L12
L21 L22

)
,

and the boundedness of Lij implies that L is bounded, also the adjoint
operator of L is

L∗ =
(
L∗
11 L

∗
12

L∗
21 L

∗
22

)
,

where L∗
ij is the adjoint operator of Lij , [12]. Indeed, according to (5), we

have
γ ∈W 6

2[0, 1], G−H ∈W 1
2[0, 1].

Lemma 2.2. The spaces W 4
2 [0, 1], W 5

2 [0, 1], W 6
2 [0, 1], and W 1

2 [0, 1] are all
reproducing kernel Hilbert spaces, with their respective reproducing kernels
listed in Table 1.
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Table 1: The reproducing kernels in the Wk
2 [0, 1] space.

k W k
2 [0, 1]

1 κy(τ) =
{
1 + y, τ ≥ y,
1 + τ, τ < y.

4 κy(τ) =

{
−(τ7/5040) + τy + (τ6y)/720 + (τ2y2)/4− (τ5y2)/240 + (τ3y3)/36 + (τ4y3)/144, τ ≥ y,

y7/5040 + 1/144τ3(4y3 + y4) + 1/240τ2(60y2 − y5) + 1/720τ(720y + y6), τ < y.

5 κy(τ) =


τ9/362880 + τy − (τ8y)/40320 + (τ2y2)/4 + (τ7y2)/10080 + (τ3y3)/36− (τ6y3)/4320
+(τ4y4)/576 + (τ5y4)/2880, τ ≥ y,

y9/362880 + (τ4(5y4 + y5))/2880 + (τ3(120y3 − y6))/4320 + (τ2(2520y2 + y7))/10080
+(τ(40320y − y8))/40320, τ < y.

6 κy(τ) =


−(τ11/39916800) + τy + (τ10y)/3628800 + (τ2y2)/4− (τ9y2)/725760 + (τ3y3)/36 + (τ8y3)/241920

+(τ4y4)/576− (τ7y4)/120960 + (τ5y5)/14400 + (τ6y5)/86400, τ ≥ y,
−(y11/39916800) + (τ5(6y5 + y6))/86400 + (τ4(210y4 − y7))/120960 + (τ3(6720y3 + y8))/241920
+(τ2(181440y2 − y9))/725760 + (τ(3628800y + y10))/3628800, τ < y.

Let {τl}∞l=1 be a node dense set on [0, 1]. Then we can deduce that

φlj(τ) = κ̃τ (τl)
−→ej =

{
(κ̃τ (τl), 0)

T , j = 1,

(0, κ̃τ (τl))
T , j = 2,

(6)

where ϕlj(τ) represents the reproducing kernels of W 1
2[0, 1] and W 6

2[0, 1],
respectively, and is defined as L∗φlj(τ). Here, −→ej is a vector in R2 with a
value of 1 in the jth coordinate and 0 in all other coordinates, as stated in
[9]. It has been proven in [6] that

〈ϕsi(·), ϕlj(·)〉W 3,3
2

=

{
0, i 6= j,
‖κτs‖

2
, s = l, i = j,

κτs(τl), s 6= l, i = j.
(7)

Theorem 2.1. [6] For j = 1, 2 and l = 1, 2, . . . ,

ϕlj(τ) = Lκτl(τ)
−→ej .

Lemma 2.3. For each fixed N , {ϕlj(τ)}(N,2)
(1,1) is linearly independent in

W 6
2[0, 1],

[14].

Theorem 2.2. If {τs}∞s=1 is dense on [0, 1] and the solution of (4) is unique,
then this solution is

γ(τ) =

∞∑
l=1

2∑
j=1

cj,lϕlj(τ). (8)

Proof. Substituting (8) into (4), then for i = 1 or 2
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Lγ(τs) = 〈Lγ(·), φsi(·)〉W 1
2
= 〈γ(·),L∗φsi(·)〉W 6

2

=

〈 ∞∑
l=1

2∑
j=1

cj,lϕlj(·), ϕsi(·)

〉
W 6

2

=

∞∑
l=1

2∑
j=1

cj,l 〈ϕlj(·), ϕsi(·)〉W 6
2

=

∞∑
l=1

2∑
j=1

cj,lϕlj(τs)

= G(τs)−H(τs,γ(τs),γ
′(τs), . . . ,γ

(m)(τs)).

In addition, we have

G(τs)−H(τs,γ(τs), . . . ,γ
(m)(τs)) =

〈
G(τ)−H(τ,γ(τ), . . . ,γ(m)(τ)), φsi(τ)

〉
W 1

2

=
〈
G(τ)−H(τ,γ(τ), . . . ,γ(m)(τ)), κ̃τ (τs)

−→ei
〉
W 1

2

=
〈
Lγ(τ), κ̃τ (τs)

−→ei
〉
W 1

2

=
〈
γ(τ),L∗κ̃τ (τs)

−→ei
〉
W 6

2

= ⟨γ(τ), ϕsi(τ)⟩W 6
2

= γ(τs)

=

∞∑
l=1

2∑
j=1

cj,lϕlj(τs).

Therefore, γ(·) is the solution to (4), where cj,l for j = 1, 2 and l = 1, . . . are
the unknown coefficients to be determined.

We denote the numerical solution of γ by

γN (τ) =

N∑
l=1

2∑
j=1

cj,lϕlj(τ), (9)

where cj,l are the unknown numbers to be determined, and N is the number
of collocation points on [0, 1]. In the following, we aim to obtain a matrix
notation for the unknowns in (8) using the iterative scheme in (5) for the
nonlinear case. Therefore, the numerical solution is as follows:

γn,N (τ) =

N∑
l=1

2∑
j=1

cj,l,nϕlj(τ), n = 2, 3, . . . , (10)
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where n represents the iteration number, the coefficients cj,l,n are obtained
as follows: By substituting (10) into (4) and for a sufficiently large value of
N , we obtain the following:

Lγn,N (τ) = G(τ)−H(τ,γn−1,N (τ),γ′
n−1,N (τ), . . . ,γ

(m)
n−1,N (τ)).

According to Theorem 2.2, we can write

N∑
l=1

2∑
j=1

cj,l,nϕlj(τs) = G(τs)−H(τs,γn−1,N (τs),γ
′
n−1,N (τs), . . . ,γ

(m)
n−1,N (τs)),

(11)
where s = 1, 2, . . . , N is number of collocation points. Now, using Theorem
2.1 we have

N∑
l=1

2∑
j=1

cj,l,nϕlj(τs) =

N∑
l=1

c1,l,nϕl1(τs) +

N∑
l=1

c2,l,nϕl2(τs)

=

N∑
l=1

c1,l,n(Lκτl(τs)
−→e1) +

N∑
l=1

c2,l,n(Lκτl(τs)
−→e2)

= L

N∑
l=1

c1,l,nκτl(τs)
−→e1 +L

N∑
l=1

c2,l,nκτl(τs)
−→e2

=
(
L11 L12
L21 L22

) N∑
l=1

c1,l,nκτl(τs)

0


+
(
L11 L12
L21 L22

) 0
N∑
l=1

c2,l,nκτl(τs)



=

L11

N∑
l=1

c1,l,nκτl(τs)

L21

N∑
l=1

c1,l,nκτl(τs)

+

L12

N∑
l=1

c2,l,nκτl(τs)

L22

N∑
l=1

c2,l,nκτl(τs)



=

L11

N∑
l=1

c1,l,nκτl(τs) + L12

N∑
l=1

c2,l,nκτl(τs)

L21

N∑
l=1

c1,l,nκτl(τs) + L22

N∑
l=1

c2,l,nκτl(τs)



=


N∑
l=1

L11κτl(τs)
N∑
l=1

L12κτl(τs)

N∑
l=1

L21κτl(τs)
N∑
l=1

L22κτl(τs)

( c1,l,nc2,l,n

)
.

Iran. J. Numer. Anal. Optim., Vol. 15, No. 3, 2025, pp 1210–1240



1219 Combining the reproducing kernel method with Taylor series expansion ...

Also,

G(τs)−H(τs,γn−1,N (τs),γ
′
n−1,N (τs), . . . ,γ

(m)
n−1,N (τs))

=

(
g1(τs)
g2(τs)

)
−

(
H1(τs,γn−1,N (τs),γ

′
n−1,N (τs), . . . ,γ

(m)
n−1,N (τs))

H2(τs,γn−1,N (τs),γ
′
n−1,N (τs), . . . ,γ

(m)
n−1,N (τs))

)
.

So, according to (11) we can deduce that
N∑
l=1

L11κτl(τs)
N∑
l=1

L12κτl(τs)

N∑
l=1

L21κτl(τs)
N∑
l=1

L22κτl(τs)

( c1,l,nc2,l,n

)

=

(
g1(τs)
g2(τs)

)
−

(
H1(τs,γn−1,N (τs),γ

′
n−1,N (τs), . . . ,γ

(m)
n−1,N (τs))

H2(τs,γn−1,N (τs),γ
′
n−1,N (τs), . . . ,γ

(m)
n−1,N (τs))

)
.

Then

A =


N∑
l=1

L11κτl(τs)
N∑
l=1

L12κτl(τs)

N∑
l=1

L21κτl(τs)
N∑
l=1

L22κτl(τs)


2N×2N

,

C =
(
c1,l,n
c2,l,n

)
2N×1

,

M =

(
g1(τs)
g2(τs)

)
2N×1

−

(
H1(τs,γn−1,N (τs),γ

′
n−1,N (τs), . . . ,γ

(m)
n−1,N (τs))

H2(τs,γn−1,N (τs),γ
′
n−1,N (τs), . . . ,γ

(m)
n−1,N (τs))

)
2N×1

.

Therefore, we can write
A C = M .

Finally, according to Lemma 2.3 A−1 exists and

C = A−1 M .

3 Error estimation

Lemma 3.1. Let S =
{
γ(·) = (γ1(·), γ2(·)) | ‖γ‖W 6

2
≤ δ
}

. Then S is a
compact set in the space C2[0, 1], where δ is a constant [24].

Lemma 3.2. Assuming that in system (4), the norm of γ in W 6
2 is bounded,

{τs}∞s=1 is a dense set on [0, 1], L(γ(·)) is a continuous function of γ(·) that
is also invertible, and H(.,γ(·),γ′(·), . . . ,γ(m)(·)) is a continuous function
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of γ(·), then both the analytical solution γ(·) and the numerical solution
γn,N (·) for (4) exist, [24].

Theorem 3.1. If γ(·) = (γ1(·), γ2(·)) ∈W 6
2[0, 1] is the solution of (4), then

the numerical solution γn,N (·) = (γ1,n,N (·), γ2,n,N (·)) converges uniformly to
γ(·).

Proof. By subtracting the two equations in (3), we can obtain the following
form:

Dαγ1(τ)−ā(τ)γ1(τ)−
∫ τ

0

k11(τ, x)γ1(x) dx = ḡ(τ)−H̄(τ,γ(τ),γ′(τ), . . . ,γ(m)(τ)),

(12)
where ā(·), ḡ(·) and H̄(·) are known functions and (12) is a nonlinear equation
in the reproducing kernel space W 6

2 [0, 1]. Furthermore, according to Lemma
3.2, γ1,n,N (·) is a numerical solution of γ1(·). Hence,

|γ1(τ)− γ1,n,N (τ)| = | 〈γ1 − γ1,n,N ,κτ 〉W 6
2
| ≤ ‖γ1 − γ1,n,N‖W 6

2
‖κτ‖W 6

2

≤ Q1 ‖γ1 − γ1,n,N‖W 6
2
,

where Q1 is constant. Similarly, we have

|γ2(τ)− γ2,n,N (τ)| ≤ Q2 ‖γ2 − γ2,n,N‖W 6
2
.

Theorem 3.2. If γ1,n,N (τ)
∥.∥

Wk
2−−−−→ γ1(τ) and τs → y(s→∞), then

H̄(τs,γN (τs),γ
′
N (τs), . . . ,γ

(m)
N (τs))→ H̄(y,γ(y),γ′(y), . . . ,γ(m)(y))(s→∞).

Proof. See [3].

Theorem 3.3. Let γ(·) = (γ1(·), γ2(·)) and γn,N (·) = (γ1,n,N (·), γ2,n,N (·))
be the analytical and numerical solution of (4), respectively. If γ ∈ C6[0, 1],
γn,N ∈W 6

2[0, 1] and
∥∥∥γ(6)i,n,N

∥∥∥
∞
≤Mi, i = 1, 2, then for j = 1, 2,

‖γj − γj,n,N‖∞ ≤ Cjh
6,

where Cj is a constant.

Proof. See [7].
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Remark 3.1. The accuracy of the RKM method is affected by the choice
of space. Therefore, it is crucial to carefully select the appropriate space
based on the specific problem at hand. It is important to note that changing
the space can also affect the convergence order. For instance, if we choose
W 5

2[0, 1] for a particular problem, then the convergence order will be Ch5.

Remark 3.2. According to Lemma 2.3, if A−1 exists, then the solution of
(4) also exists and is unique. Additionally, we can conclude that the present
method is stable in W 6

2[0, 1].

Remark 3.3. The formula for convergence order is as follows:

C.Fi = log2
||γi − γi,n,N ||∞
||γi − γi,n,2N ||∞

,

where i = 1, 2.

4 Numerical results

In this section, we will demonstrate the application of the present method
in solving four examples of NFVI-DEs. Additionally, we will compare the
effectiveness of the present method with the method presented in [23]. In the
first example, we will introduce the present method without using the Taylor
series expansion and showcase its effectiveness in solving certain problems.
However, we will also demonstrate that this method is not effective for solving
problems where the Volterra integral is applied to nonlinear components. The
following examples have been solved using Mathematica 12 software.

Example 4.1. [23] Consider the NFVI-DEs:
Dαγ1(τ)− 1

3γ1(τ)γ2(τ)−
1
2γ

2
2(τ)− 2γ2(τ) +

∫ τ

0
[γ1(x)− γ2(x)]dx = g1(τ),

Dβγ2(τ)− 1
3γ1(τ)γ2(τ) + γ1(τ) +

∫ τ

0
[γ1(x)− 2γ2(x)]dx = g2(τ),

γ1(0) = 0, γ2(0) = 0,

where
0 < α, β ≤ 1,

and the analytical solution for α = β = 1 is
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γ(τ) = (τ2, τ).

We solved this example in the W 5
2[0, 1] space using τl = l

N+1 points. In
this example, the Volterra integral is not applied to the nonlinear component,
so there is no need to use the Taylor series expansion. As a result, (1) can
be rewritten as follows:

L11γ1(τ) + L12γ2(τ) = g1(τ)− λ1(τ,γ(τ)),

L21γ1(τ) + L22γ2(τ) = g2(τ)− λ2(τ,γ(τ)),

γi(0) = θi, i = 1, 2.

(13)

Therefore, the matrix form of (13) is{
L(γ(τ)) = G(τ)− λ(τ,γ(τ)), 0 < τ ≤ 1,
γi(0) = θi, i = 1, 2,

(14)

where G = (g1, g2) and λ = (λ1, λ2). Finally, the unknown coefficients can
be determined using the following equation:


N∑
l=1

L11κτl (τs)
N∑
l=1

L12κτl (τs)

N∑
l=1

L21κτl (τs)
N∑
l=1

L22κτl (τs)

(
c1,l,n
c2,l,n

)
=

(
g1(τs)
g2(τs)

)
−
(

λ1(τs,γn−1,N (τs))
λ2(τs,γn−1,N (τs))

)
.

Next, we compared this method with the method proposed in [23], which
is based on absolute error and numerical solution. The results are presented
in Tables 2, 3, and 4 and Figures 1, 2, and 3. The convergence order is also
shown in Table 5. These numerical results demonstrate the efficiency of this
method without the use of Taylor series expansion. However, it should be
noted that this method may not be as efficient in problems where the Volterra
integral is applied to nonlinear components.

Example 4.2. [23] Consider the NFVI-DEs:
Dαγ1(τ)− γ21(τ)− γ22(τ) +

∫ τ

0
γ1(x) dx = g1(τ),

Dβγ2(τ) +
1
2γ

2
2(τ) + γ1(τ) +

∫ τ

0
γ1(x)γ2(x) dx = g2(τ),

γ1(0) = 0, γ2(0) = 1,

where
0 < α, β ≤ 1,
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Table 2: Error comparison in Example 4.1 for α = β = 1.

τ M in [23] M in [23] W 5
2[0, 1] W 5

2[0, 1]
|γ1(τ) − γ1,64(τ)| |γ2(τ) − γ2,64(τ)| |γ1(τ) − γ1,10,24(τ)| |γ2(τ) − γ2,10,24(τ)|

0 1.04 × 10−5 2.97 × 10−9 0 0
0.1 1.22 × 10−4 3.04 × 10−9 2.19 × 10−11 2.48 × 10−12

0.2 3.24 × 10−5 4.31 × 10−6 2.10 × 10−11 4.89 × 10−12

0.3 1.07 × 10−4 9.06 × 10−6 1.94 × 10−11 7.41 × 10−12

0.4 1.03 × 10−5 1.41 × 10−5 1.70 × 10−11 1.00 × 10−11

0.5 1.85 × 10−5 1.95 × 10−5 1.39 × 10−11 1.27 × 10−11

0.6 2.48 × 10−6 3.06 × 10−5 9.90 × 10−12 1.55 × 10−11

0.7 7.08 × 10−6 3.62 × 10−5 5.00 × 10−12 1.83 × 10−11

0.8 6.01 × 10−6 4.17 × 10−5 8.83 × 10−13 2.13 × 10−11

0.9 2.94 × 10−6 4.70 × 10−5 8.68 × 10−12 2.46 × 10−11

1 1.97 × 10−4 5.20 × 10−5 2.68 × 10−11 3.22 × 10−11

Table 3: Comparison the numerical solutions γ1(·) for different value of α in Example
4.1, when n = 10, N = 16.

α = 0.7 α = 0.8 α = 0.9 α = 1

τ M in [23] W 5
2[0, 1] M in [23] W 5

2[0, 1] M in [23] W 5
2[0, 1] M in [23] W 5

2[0, 1]

0 −.0037573 0 −0.0038780 0 −0.0029321 0 −0.0019508 0
0.1 0.0622484 0.0597477 0.0351106 0.0334030 0.0193767 0.0183878 0.0105184 0.0100000
0.2 0.1589985 0.1616368 0.1045106 0.1035549 0.0667343 0.0648684 0.0417159 0.0400000
0.3 0.2689171 0.2834621 0.1938697 0.1986078 0.1349966 0.1350721 0.0916416 0.0900000
0.4 0.3869518 0.4164330 0.2991345 0.3128956 0.2222319 0.2266003 0.1602961 0.1600000
0.5 1.0196899 0.5547315 0.8345105 0.4423304 0.6537138 0.3376242 0.2503604 0.2500000
0.6 0.6369025 0.6939084 0.5492630 0.5834873 0.4526805 0.4665406 0.3600394 0.3600000
0.7 0.7667133 0.8303810 0.6901640 0.7332801 0.5932708 0.6118313 0.4911326 0.4900000
0.8 0.8998356 0.9612530 0.8394357 0.8888207 0.7480303 0.7719908 0.6409619 0.6400000
0.9 1.0371178 1.0842653 0.9968868 1.0473609 0.9165373 0.9454807 0.8095297 0.8100000
1 1.1798913 1.1978056 1.1626464 1.2062802 1.0984737 1.1306994 0.9968391 1.0000000

Table 4: Comparison the numerical solutions γ2(·) for different values of β in Example
4.1, when n = 10, N = 16.

α = 0.7 α = 0.8 α = 0.9 α = 1

τ M in [23] W 5
2[0, 1] M in [23] W 5

2[0, 1] M in [23] W 5
2[0, 1] M in [23] W 5

2[0, 1]

0 0.355758 0 0.0170683 0 0.0061149 0 7.21E − 07 0
0.1 0.2153236 0.2046448 0.1689943 0.1624234 0.1306502 0.1277562 0.9999993 0.1000000
0.2 0.3372475 0.3323294 0.2886770 0.2850171 0.2419557 0.2401117 0.1998547 0.2000000
0.3 0.4360154 0.4330255 0.3939580 0.3913621 0.3468649 0.3454015 0.2997735 0.3000000
0.4 0.5189111 0.5172701 0.4886216 0.4869908 0.4468382 0.4457686 0.3996882 0.4000000
0.5 1.1814930 0.5898213 1.1502742 0.5744086 1.0855705 0.5421777 0.4998003 0.5000000
0.6 0.6528540 0.6535326 0.6534302 0.6550868 0.6342915 0.6351784 0.5995105 0.6000000
0.7 0.7104426 0.7104326 0.7271108 0.7300247 0.7230138 0.7251225 0.6994215 0.7000000
0.8 0.7651144 0.7621614 0.7971754 0.7999801 0.8093225 0.8122505 0.7993340 0.8000000
0.9 0.8181686 0.8101849 0.8644942 0.8655891 0.8935603 0.8967336 0.8992493 0.9000000
1 0.8708896 0.8559100 0.9300103 0.9274389 0.9761266 0.9786977 0.9991684 1.0000000

and the analytical solution for α = β = 1 is

γ(τ) = (sin(τ), cos(τ)).
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Table 5: Convergence order in Example 4.1.

α = β = 1, n = 10, in W 5
2[0, 1]

N
∥∥γ1 − γ1,n,N

∥∥
∞ C.F1

∥∥γ2 − γ2,n,N

∥∥
∞ C.F2 Cpu time(sec)

4 2.42× 10−6 − 3.12× 10−6 − 2
8 2.74× 10−8 6.46 3.44× 10−8 6.34 4
16 3.36× 10−10 6.50 4.12× 10−10 6.38 8
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2.5×10-11
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Figure 1: Numerical solution and absolute error without using the Taylor series expan-
sion in Example 4.1.

First, we solved this example in the W 6
2[0, 1] space without using the

Taylor expansion, which utilizes τl = l
N+1 points. The numerical solution and

absolute error are shown in Figure 4. However, this method is not effective.
To improve the results, we compared the Present method, which uses the
Taylor expansion, with the method proposed in [23]. This comparison was
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α=0.7

α=0.8

α=0.9

α=1

exact

0.0 0.2 0.4 0.6 0.8 1.0

0.0

0.2

0.4

0.6

0.8

1.0

1.2

Figure 2: Comparison of the numerical solutions without using the Taylor series ex-
pansion in Example 4.1 for α = 0.65, 0.75, 0.85, 1. (Left: γ1,64(·), M in [23]; Right:
γ1,20,24(·), Present method).

β=0.7

β=8

β=0.9

β=1

exact

0.0 0.2 0.4 0.6 0.8 1.0

0.0

0.2

0.4

0.6

0.8

1.0

Figure 3: Comparison of the numerical solutions without using Taylor series expansion
in Example 4.1 for β = 0.65, 0.75, 0.85, 1. (Left: γ2,64(·), M in [23]; Right: γ2,20,24(·),
Present method).

based on the absolute error and numerical solution, as shown in Table 6
and Figures 5, 6, and 7. The convergence order is also shown in Table 7.
Finally, to solve this example using (2) and (3) instead of γ1(·) and γ2(·),
we utilized the truncated Taylor series expansion around the point x in the
interval [0, 1] for m = 3. This allowed us to obtain the nonlinear parts of
H2(τ,γ(·),γ′(·),γ′′(·),γ(3)(·)) as follows:

1

2
γ2
2(τ) + τγ1(τ)γ2(τ)−

1

2
τ2γ2(τ)γ

′
1(τ)−

1

2
τ2γ1(τ)γ

′
2(τ) +

1

3
τ3γ1(τ)γ2(τ)
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+
1

6
τ3γ2(τ)γ

′′
1 (τ)−

1

8
τ4γ2(τ)γ

′′
1 (τ) +

1

6
τ3γ1(τ)γ

′′
2 (τ)−

1

8
τ4γ′

1(τ)γ
′′
2 (τ)

+
1

20
τ5γ

′′
1 (τ)γ

′′
2 (τ)−

1

24
τ4γ2(τ)γ

(3)
1 (τ) +

1

30
τ5γ′

2(τ)γ
(3)
1 (τ)−

1

72
τ6γ

′′
2 (τ)γ

(3)
1 (τ)

−
1

24
τ4γ1(τ)γ

(3)
2 (τ) +

1

30
τ5γ′

1(τ)γ
(3)
2 (τ)−

1

72
τ6γ

′′
1 (τ)γ

(3)
2 (τ) +

1

252
τ7γ

(3)
1 (τ)γ

(3)
2 (τ).

γ1,20,10(.)

γ1(.)

0.0 0.2 0.4 0.6 0.8 1.0
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0.6
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0.00
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0.05

Figure 4: Numerical solution and absolute error without using the Taylor series expan-
sion in Example 4.2.

Example 4.3. Consider the NFVI-DEs:
Dαγ1(τ)−

∫ τ

0
γ21(x) dx = g1(τ),

Dβγ2(τ) +
∫ τ

0
(γ21(x) + γ22(x)) dx = g2(τ),

γ1(0) = 0, γ2(0) = 0,

where
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Table 7: Convergence order in Example 4.2.

α = β = 1, n = 10, in W 6
2[0, 1]

N
∥∥γ1 − γ1,n,N

∥∥
∞ C.F1

∥∥γ2 − γ2,n,N

∥∥
∞ C.F2 Cpu time(sec)

2 6.79× 10−3 − 1.71× 10−2 − 3
4 4.64× 10−5 7.19 1.52× 10−4 6.81 5
8 2.75× 10−7 7.39 2.05× 10−6 6.21 9
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Figure 5: Numerical solution and absolute error using the Present method with the
Taylor series expansion in Example 4.2.

0 < α, β ≤ 1,

and the analytical solution for α = β = 1 is
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α=0.65
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α=0.85

α=1

exact
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0.0

0.2

0.4

0.6

0.8

Figure 6: Comparison of the numerical solutions using the Present method with the
Taylor series expansion in Example 4.2 for α = 0.65, 0.75, 0.85, 1. (Left: γ1,32(·), M in
[23]; Right: γ1,20,10(·), Present method).

β=0.65

β=0.75

β=0.85

β=1

exact

0.0 0.2 0.4 0.6 0.8 1.0

0.5

0.6

0.7

0.8
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Figure 7: Comparison of the numerical solutions using the Present method with the
Taylor series expansion in Example 4.2 for β = 0.65, 0.75, 0.85, 1. (Left: γ2,32(·), M in
[23]; Right: γ2,20,10(·), Present method).

γ(τ) = (τsin(τ), 1− cos(τ)).

To solve this example, we first need to move the nonlinear part to the
right side of the equation. Then, we can create a coefficient matrix using the
linear part. This will give us the following equation:
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Dαγ1(τ) = g1(τ) +

∫ τ

0
γ21(x) dx,

Dβγ2(τ) = g2(τ)−
∫ τ

0
(γ21(x) + γ22(x)) dx,

γ1(0) = 0, γ2(0) = 0.

(15)

In the first equation of (15), the linear operator is not applied to γ2(·). As
a result, the coefficient matrix does not depend on γ2(·), and we have sub-
stituted it with an N ×N zero matrix. Similarly, in the second equation of
(15), the coefficient matrix related to γ1(·) is not used, and we have replaced
it with an N ×N zero matrix.

First, we solved this example in the W 6
2[0, 1] space without using the

Taylor expansion, which utilizes τl = l
N+1 points. The numerical solution and

absolute error are shown in Figure 8. However, this method is not effective.
To improve the results, we compared the Present method, which uses the
Taylor expansion, with the method proposed in [23]. This comparison was
based on the absolute error and numerical solution, as shown in Table 8 and
Figures 9 and 10. The convergence order is also shown in Table 9. Finally,
to solve this example according to (2) and (3) instead of γ1(·) and γ2(·), we
use the truncated Taylor series expansion around the point x in the interval
[0, 1] for m = 3. As a result, the nonlinear parts of H1 as,

τγ1(τ)
2 − τ2γ1(τ)γ′1(τ) +

1

3
τ3γ′1(τ)

2 +
1

3
τ3γ1(τ)γ

′′
1 (τ)

2 − 1

4
τ4γ′1(τ)γ

′′
1 (τ)

+
1

20
τ5γ′′1 (τ)

2 − 1

12
τ4γ1(τ)γ

(3)
1 (τ) +

1

15
τ5γ′1(τ)γ

(3)
1 (τ)

− 1

36
τ6γ′′1 (τ)γ

(3)
1 (τ) +

1

252
τ7γ

(3)
1 (τ)2,

and H2 as,

τγ1(τ)
2 − τ2γ1(τ)γ′1(τ) +

1

3
τ3γ′1(τ)

2 +
1

3
τ3γ1(τ)γ

′′
1 (τ)

2 − 1

4
τ4γ′1(τ)γ

′′
1 (τ)

+
1

20
τ5γ′′1 (τ)

2 − 1

12
τ4γ1(τ)γ

(3)
1 (τ) +

1

15
τ5γ′1(τ)γ

(3)
1 (τ)

− 1

36
τ6γ′′1 (τ)γ

(3)
1 (τ) +

1

252
τ7γ

(3)
1 (τ)2

+ τγ2(τ)
2 − τ2γ2(τ)γ′2(τ) +

1

3
τ3γ′2(τ)

2 +
1

3
τ3γ2(τ)γ

′′
2 (τ)

2

− 1

4
τ4γ′2(τ)γ

′′
2 (τ) +

1

20
τ5γ′′2 (τ)

2 − 1

12
τ4γ2(τ)γ

(3)
2 (τ)
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+
1

15
τ5γ′2(τ)γ

(3)
2 (τ)− 1

36
τ6γ′′2 (τ)γ

(3)
2 (τ) +

1

252
τ7γ

(3)
2 (τ)2.

Table 8: Error in Example 4.3 for α = β = 1.

τ W 6
2[0, 1] W 6

2[0, 1] τ W 6
2[0, 1] W 6

2[0, 1]
|γ1(τ) − γ1,20,10(τ)| |γ2(τ) − γ2,20,10(τ)| |γ1(τ) − γ1,20,10(τ)| |γ2(τ) − γ2,20,10(τ)|

0.015625 9.80 × 10−8 1.13 × 10−7 0.515625 2.35 × 10−7 2.54 × 10−7

0.046875 2.10 × 10−7 2.29 × 10−7 0.546875 2.34 × 10−7 2.53 × 10−7

0.078125 2.46 × 10−7 2.63 × 10−7 0.578125 2.37 × 10−7 2.55 × 10−7

0.109375 2.46 × 10−7 2.62 × 10−7 0.609375 2.42 × 10−7 2.57 × 10−7

0.140625 2.35 × 10−7 2.54 × 10−7 0.640625 2.45 × 10−7 2.59 × 10−7

0.171875 2.29 × 10−7 2.50 × 10−7 0.671875 2.44 × 10−7 2.58 × 10−7

0.203125 2.30 × 10−7 2.51 × 10−7 0.703125 2.38 × 10−7 2.54 × 10−7

0.234375 2.34 × 10−7 2.53 × 10−7 0.734375 2.32 × 10−7 2.50 × 10−7

0.265625 2.37 × 10−7 2.55 × 10−7 0.765625 2.33 × 10−7 2.49 × 10−7

0.296875 2.36 × 10−7 2.54 × 10−7 0.796875 2.45 × 10−7 2.53 × 10−7

0.328125 2.33 × 10−7 2.53 × 10−7 0.828125 2.67 × 10−7 1.61 × 10−7

0.359375 2.32 × 10−7 2.52 × 10−7 0.859375 2.95 × 10−7 2.60 × 10−7

0.390625 2.33 × 10−7 2.53 × 10−7 0.890625 3.16 × 10−7 2.21 × 10−7

0.421875 2.36 × 10−7 2.54 × 10−7 0.921875 3.21 × 10−7 9.44 × 10−8

0.453125 2.38 × 10−7 2.55 × 10−7 0.953125 3.05 × 10−7 2.00 × 10−7

0.484375 2.37 × 10−7 2.55 × 10−7 0.984375 2.85 × 10−7 7.78 × 10−7

Table 9: Convergence order in Example 4.3.

α = β = 1, n = 20, in W 6
2[0, 1]

N
∥∥γ1 − γ1,n,N

∥∥
∞ C.F1

∥∥γ2 − γ2,n,N

∥∥
∞ C.F2 Cpu time(sec)

2 6.64× 10−2 − 1.72× 10−2 − 1
4 7.99× 10−4 6.37 2.29× 10−4 10.62 3
8 5.06× 10−7 6.23 2.78× 10−6 6.36 6

Example 4.4. Consider the NFVI-DEs:
Dαγ1(τ)−

∫ τ

0
γ21(x) dx = g1(τ),

Dβγ2(τ)−
∫ τ

0
γ22 dx = g2(τ),

γ1(0) = 0, γ2(0) = 0,

where
0 < α, β ≤ 1,

and the analytical solution for α = β = 1 is
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Figure 8: Numerical solution and absolute error without using the Taylor series expan-
sion in Example 4.3.

γ(τ) = (τ +
τ3

2
, τ − τ3

2
).

First, we solved this example in the W 4
2[0, 1] space without using the Tay-

lor expansion, which utilizes τl = l
2N+1 points. The numerical solution and

absolute error are shown in Figure 11. However, this method is not effective.
To improve the results, we compared the Present method, which uses the
Taylor expansion, with the method proposed in [23]. This comparison was
based on the absolute error and numerical solution, as shown in Table 10 and
Figures 12 and 13. The convergence order is also shown in Table 11. Finally,
to solve this example according to (2) and (3) instead of γ1(·) and γ2(·), we
use the truncated Taylor series expansion around the point x in the interval
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Figure 9: Numerical solution and absolute error with using the Taylor series expansion
in Example 4.3.

[0, 1] for m = 3. As a result, the nonlinear parts of H1 as

τγ1(τ)
2 − τ2γ1(τ)γ′1(τ) +

1

3
τ3γ′1(τ)

2 +
1

3
τ3γ1(τ)γ

′′
1 (τ)

2 − 1

4
τ4γ′1(τ)γ

′′
1 (τ) +

1

20
τ5γ′′1 (τ)

2,

and H2 as

τγ2(τ)
2 − τ2γ2(τ)γ′2(τ) +

1

3
τ3γ′2(τ)

2 +
1

3
τ3γ2(τ)γ

′′
2 (τ)

2 − 1

4
τ4γ′2(τ)γ

′′
2 (τ) +

1

20
τ5γ′′2 (τ)

2.
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Figure 10: Comparison of the numerical solutions using the Present method with the
Taylor series expansion in Example 4.3 for different values α and β. (Left: γ1,20,10(·);
Right: γ2,20,10(·)).

Table 10: Error in Example 4.4 for α = β = 1.

τ W 4
2[0, 1] W 4

2[0, 1] τ W 4
2[0, 1] W 4

2[0, 1]
|γ1(τ) − γ1,20,16(τ)| |γ2(τ) − γ2,20,16(τ)| |γ1(τ) − γ1,20,16(τ)| |γ2(τ) − γ2,20,16(τ)|

0.015625 2.82 × 10−7 2.82 × 10−7 0.515625 3.28 × 10−7 2.99 × 10−7

0.046875 3.14 × 10−7 3.14 × 10−7 0.546875 3.31 × 10−7 2.97 × 10−7

0.078125 3.12 × 10−7 3.12 × 10−7 0.578125 3.35 × 10−7 2.94 × 10−7

0.109375 3.12 × 10−7 3.12 × 10−7 0.609375 3.39 × 10−7 2.91 × 10−7

0.140625 3.12 × 10−7 3.12 × 10−7 0.640625 3.44 × 10−7 2.88 × 10−7

0.171875 3.13 × 10−7 3.12 × 10−7 0.671875 3.49 × 10−7 2.85 × 10−7

0.203125 3.13 × 10−7 3.11 × 10−7 0.703125 3.55 × 10−7 2.82 × 10−7

0.234375 3.13 × 10−7 3.11 × 10−7 0.734375 3.61 × 10−7 2.78 × 10−7

0.265625 3.14 × 10−7 3.10 × 10−7 0.765625 3.69 × 10−7 2.74 × 10−7

0.296875 3.15 × 10−7 3.09 × 10−7 0.796875 3.76 × 10−7 2.70 × 10−7

0.328125 3.16 × 10−7 3.09 × 10−7 0.828125 3.85 × 10−7 2.65 × 10−7

0.359375 3.17 × 10−7 3.07 × 10−7 0.859375 3.95 × 10−7 2.60 × 10−7

0.390625 3.19 × 10−7 3.06 × 10−7 0.890625 4.05 × 10−7 2.55 × 10−7

0.421875 3.20 × 10−7 3.05 × 10−7 0.921875 4.16 × 10−7 2.50 × 10−8

0.453125 3.22 × 10−7 3.03 × 10−7 0.953125 4.28 × 10−7 2.44 × 10−7

0.484375 3.25 × 10−7 3.01 × 10−7 0.984375 4.41 × 10−7 2.38 × 10−7

5 Conclusions

In this article, we proposed a novel approach for solving systems of NFVI-DEs
by combining the RKM without the G-SOP with the Taylor series expansion.
In Example 4.1, we presented an alternative method that does not employ
Taylor series expansion and demonstrated its effectiveness for certain sys-
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Table 11: Convergence order in Example 4.4.

α = β = 1, n = 20, in W 4
2[0, 1]

N
∥∥γ1 − γ1,n,N

∥∥
∞ C.F1

∥∥γ2 − γ2,n,N

∥∥
∞ C.F2 Cpu time(sec)

4 2.32× 10−4 − 1.85× 10−4 − 1
8 6.28× 10−6 5.20 4.45× 10−6 3.80 4
16 4.48× 10−7 5.37 3.25× 10−7 3.77 8
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Figure 11: Numerical solution and absolute error without using the Taylor series expan-
sion in Example 4.4.

tems of integro-differential equations. However, we found that this method
proves less effective for problems involving Volterra’s integral applied to non-
linear components. Even modifications to the space and points within this
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Figure 12: Numerical solution and absolute error with using the Taylor series expansion
in Example 4.4.

method fail to yield improved results. Consequently, to solve such problems
effectively, we must integrate the RKM with Taylor series expansion. Our
numerical results validate the efficacy of this combined approach.
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Convex-hull based two-phase algorithm to
solve capacitated vehicle routing problem

M. Afsharirad*, and A. Hashemi Borzabadi

Abstract

The goal of this paper is to present a two-phase convex hull-based algorithm
for the capacitated vehicle routing problem (CVRP), consisting of cluster-
ing and routing phases. First, a K-means-based algorithm is proposed for
the clustering phase, where the centroids are updated according to the
convex hull of the assigned points. Furthermore, a convex-hull-based algo-
rithm is suggested for the routing phase, which iteratively inserts unrouted
points into the convex hull. To improve the routes, an ant colony optimiza-
tion algorithm is applied. It is shown that the proposed method has a time
complexity of order o(n2 logn), where n is the number of customers. For
performance evaluation, we utilize CVRP benchmark samples and compare
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the results to those of other two-phase CVRP algorithms. The proposed
clustering method combined with common routing techniques, as well as
the K-means clustering method paired with the proposed routing approach,
yields highly favorable results in some instances. Moreover, the proposed
two-phase method outperforms other approaches in certain instances.

AMS subject classifications (2020): Primary 90C27; Secondary , 90C59.

Keywords: Capacitated vehicle routing problem, K-means algorithm, Con-
vex hull, Ant colony optimization

1 Introduction

The vehicle routing problem (VRP) is one of the most well-known problems
in combinatorial optimization due to its wide applicability in fields such as
public transportation, waste collection, and drone routing. In its typical form,
the VRP involves finding routes for a fleet of vehicles with limited capacity to
serve customers. These routes start from a central node called the “depot”,
return to it after visiting customers (within vehicle capacity constraints), and
aim to optimize an objective function—commonly minimizing total distance
or total service time.

CVRP might be divided into two phases, the first phase is “clustering”,
in which customers are assigned to vehicles. The second phase is “routing”,
which determines the optimal route of all vehicles in their cluster. It is
clear that the second phase is the well-known traveling salesman problem
(TSP). Since CVRP contains TSP and Bin packing problem as its special
case, therefore it is classified as an NP-hard problem.

A two-phase convex-hull based (CHB) heuristic method is provided in
this paper. First, customers are clustered by a convex-hull based K-means
(CH-means) algorithm. Since the length of the whole TSP tour should be
minimized in CVRP, in CH-means algorithm, the centers are updated as
the mean point of the convex hull of the points assigned to each cluster.
Accordingly, any cluster contain all points on the line segment joining any
two points in it. However adding points in any step is the same with the
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K-means algorithm and is based on the minimum distance from the center,
but since closest points to the center are located inside the respective convex
hull, they will be assigned to that cluster.

Furthermore, the fitness of any step’s solution is calculated by a pro-
posed routing algorithm, and it is saved. At the end of the clustering phase,
the best found solution is chosen for improvement, which is not necessarily
the last solution found. This increases the computational complexity of the
algorithm, but it allows the selection of the best clustering.

The routes are built by the proposed convex-hull based routing algorithm
(CH-Insertion). Our idea for routing is to construct the convex hull of the
points and to insert unassigned points by breaking an edge of the polygon
into two edges. This is based on the well known property for Euclidean TSP:
The order in which the points appear in an optimal TSP tour must be the
same as the order in which these points appear on the convex hull, [30].
Finally, the routes are improved with a meta-heuristic algorithm. Ant colony
optimization algorithm has been chosen, due to its satisfactory performance
on TSP.

The paper is organized as follows: The literature is reviewed in Section 2
in three categories: Variations, applications and approaches. The problem is
defined in Section 3. Section 4 is devoted to the two-phase CHB heuristic.
In its first subsection, the CH-means algorithm is presented, and the second
subsection explains the CH-insertion algorithm. The last subsection discusses
ant colony optimization algorithm. Finally, Section 6 presents numerical
results and concludes the paper.

2 Related works

The problem was first introduced by Dantzig and Ramser [15]. They applied
the problem to petrol deliveries and proposed the first approximation algo-
rithm based on matching. In the following, we review related literature in
three categories. First, we state variations of the problem. Then we list the
most major applications of VRP. Finally, we discuss different approaches of
the problem in literature.
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2.1 Variations of VRP

Numerous variations have been provided by researchers for VRP due to its
variety of applications. Some famous variations are as follows:

Capacitated vehicle routing problem (CVRP) is the most closely related
version to the original VRP in which a positive number is assigned to each
customer as its capacity or quantity of its demand, see [57].

The VRP with time windows (VRPTW) is a variation of CVRP in
which serving any customer must be done within a determined time inter-
val, [52, 53]. There is also another closely related variation of VRP, dealing
with online real-time demands. A hybrid meta-heuristic algorithm based on
genetic algorithm and tabu search for on-line VRP, is provided in [31].

The VRP with profits (VRPP) is a maximization problem, where all
customers do not have to be serviced. The problem is to visit all customers
at most once in order to maximize the sum of collected profits according to
a vehicle time limitation, [25].

Open VRP (OVRP) is another variation of the problem in which vehicles
do not have to return to the depot at the end of their route, [48].

Multi-depot VRP (MDVRP) has multiple nodes as the depot, and the
problem is also to assign each vehicle to each depot, [34]. The classic form
of the MDVRP in which all vehicles start and end their route at the same
depot, is considered in [46].

The VRP with Drones (VRPD) is an extension of CVRP, where not only
trucks but also drones are used to service customers. One distinctive feature
of the VRPD is that a drone may travel with a truck, take off from its stop
to serve customers, and land at a service hub to travel with another truck as
long as the flying range and loading capacity limitations are satisfied, [19, 59]

For comprehensive reviews of VRP refer to [5, 4, 35].

2.2 Applications

Recent applications of the VRP have expanded into specialized domains.
Authors in [16] provided a comprehensive review of the police patrol rout-
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ing problem, highlighting how VRP models ensure balanced patrol alloca-
tion while minimizing response times and workload disparities across patrol
zones. Their work underscores VRP’s flexibility in adapting to public-safety
contexts, where route equity and real-time adjustments are vital in urban
environments. A multi-objective VRP is applied in [36] to optimize real-
world postal delivery at scale. They balance delivery efficiency and service
fairness—incorporating objectives such as minimizing total distance and regu-
lating driver workload. Through meta-heuristics, they demonstrate substan-
tial cost savings while maintaining operational equity across a large delivery
network.

Unmanned aerial vehicle (UAV) applications are reviewed in [56], in VRP
contexts—emphasizing disaster relief, surveillance, and agricultural logistics.
Their meta-analysis captures how drone‑based VRPs address reach limita-
tions of ground fleets, introducing constraints like battery life and com-
munication reliability. This study solidified VRP’s extension into UAV-
coordinated systems.

Building on these foundations, recent work has advanced VRP in multi-
modal and uncertain environments. VRPD‑DT is introduced in [27], a
vehicle-and-drone routing framework that integrates dynamic traffic predic-
tion using machine learning. Their real-time VND heuristic outperformed
static models, showing improved delivery times under fluctuating conditions.
On the same front, authors in [14] survey truck‑drone cooperative VRPs, cate-
gorizing operational modes—from synchronous to independent operations—
and summarizing over 200 studies with implications for last‑mile delivery,
reconnaissance, and patrol. A PRISMA‑based review of satellite depots in
urban logistics is performed in [54], finding that roughly half of VRP designs
incorporate cross-docking via intermediate warehouses. Their review also
highlights significant gaps in stochastic and dynamic VRP modeling.

Together, these studies illustrate VRP’s evolution beyond classical deliv-
ery models toward multi-objective, multi-modal, and dynamic frameworks.
Integrating drones (see [27, 14]) and satellite depots (see [54]) supports gran-
ular, responsive logistics systems. In public-safety and postal services, VRP’s
ability to balance equity and efficiency remains critical, as demonstrated in
[16, 36]. The confluence of these advancements reflects VRP’s growing rel-
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evance in addressing complex, real-world routing challenges that demand
adaptability, real-time response capabilities, and multi-objective optimiza-
tion.

2.3 Approaches

VRP is the process of selecting feasible routes out of exponentially many
selections of any combination of customers with determined demands. There
exist three types of integer programming formulations in literature for VRP,
which are based on: Commodity flow formulations [10], vehicle flow models
[29], and set partition problem [1]. According to its NP-hardness, exact
methods are suitable for small instances only. Branch and bound, branch
and cut and dynamic programming algorithms are exact methods applied by
researchers. A comprehensive overview of exact methods for CVRP and its
other variations, is provided in [58].

The first algorithmic approach for VRP, has been provided in [15]. Their
algorithm was a simple matching-based heuristic. Afterwards, the Dantzig
and Ramser’s approach was improved by an effective greedy approach called
the savings algorithm, [12]. Generally heuristics for VRP are clustered into
two categories:

1. Constructive methods: In this type of methods, tours are constructed
gradually by adding nodes to them or by combining subtours in a way
not to exceed the capacity. Savings algorithm in [12] is the most famous
heuristic of this type.

2. Two-phase methods: These methods solve the problem in two phases,
the clustering phase and the routing phase. According to [50], there
are two types of two-phase methods, the cluster-first, route-second and
the route-first, cluster-second.

This paper suggests a second type heuristic in “cluster-first, route-second”
order. So we focus on the same two-phase algorithms in literature. Clustering
phase might be done by different approaches. A sweep algorithm is proposed
in [22]. The authors consider the depot as the origin of the plane and order
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customer points according to their argument in polar coordination system.
Then the points are assigned respectively to vehicles up to fulfilling its ca-
pacity. In the second phase, they propose an iterative procedure to improve
the route of any vehicle. Sweep algorithm has been widely used for the first
phase of the algorithm.

A popular two-phase algorithm is provided in [21]. The authors apply the
generalized assignment problem for clustering phase and find routes of any
cluster, using any TSP method. Sweep algorithm for clustering phase and
nearest neighbor approach for routing phase for public transportation prob-
lem is applied in [42], in which capacity of the vehicle may vary during their
tour, since some passengers may end their trip before the route is completed.
The problem of routing drones, in which the combination of sweep algorithm
and genetic algorithm is applied to solve VRPD, [19]. The original sweep al-
gorithm in [22] for VRPTW, is applied in [26]. Authors in [17] implemented
first-stage customer clustering, then second-stage routing subproblems sepa-
rately for conventional and electric fleets, enhancing mixed-fleet planning. A
two-stage approach is suggested in [32]: first, reduce the network using A*
shortest paths; second, route using an enhanced GA with large-neighborhood
search for vehicles with charging considerations. Moreover, a novel 2-phase
approach is suggested in [44], which strategically separates customer loca-
tion/routing decisions and operational routing, integrating a hybrid MILP
and MCDM approach for service-option VRPs.

Other commonly used methods for clustering are based on data-mining
algorithms. The K-means algorithm is a common procedure for the clustering
phase of CVRP. The goal is to divide data into K clusters, to minimize the
inner-group dissimilarity. Cluster’s dissimilarity is measured by the average
distance between cluster center and dataset points.

The multi-depot heterogeneous fleet VRPTW is provided in [18]. Authors
provide a 3-phase hierarchical procedure. In clustering as the first phase, a
heuristic is integrated into an optimization framework. Clusters of nodes are
defined first, then points of the clusters are sequenced on the related tours
and finally, the routing and scheduling for each tour are separately found,
in terms of the original nodes. A multi-phase algorithm based on K-means
clustering is developed in [33] for multi-depot VRP. The savings algorithm for
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the cumulative VRP with limited duration is developed in [11] where the load
is also considered in the objective function as well as distance. The authors
provide a K-means algorithm for clustering in which centroids are updated
iteratively, according to a square error function, based on the angle of the line
from the depot and any point of the cluster. The K-means method is used
for clustering in [38], in order to adjust size of the clusters, decide whether
to exchange points between two clusters or not, by calculate the value of the
objective function. The authors in [13] used three hierarchical algorithms:
K-means, K-medoids and DBScan. Generally, their clustering method is to
randomly determine the first K centers and then assign each customer point
to the closest center. New center of any cluster switch to the point possessing
the mean value of all objects in that cluster. The procedure repeats till center
points remain unchanged. Since clusters may not be feasible at the end,
capacity control of the clusters is done by an MILP to make them ready for
the routing phase.

Authors in [51] initialized a number of clusters and centroids manually
and assign any customer to the closest center and in any iteration update
centers as the mean value of the cluster. They also apply saving matrix
method in the routing phase. K-medoids clustering is evaluated for CVRP
in [6]. An existing meta-heuristic is applied for routing of each generated
cluster. Recently, the bi-objective green delivery and pick-up problem has
been considered in [20]. The authors used a K-means based algorithm for
clustering and a genetic algorithm, for routing phase.

An overview of papers targeting different variations of VRP with two-
phase methods is given in Table 1.

2.3.1 CHB approaches for routing phase

Since the order of nodes in the optimal tour of TSP with Euclidean distance,
is the same order in their convex-hull, there are plenty of algorithms in the
routing phase of VRP, based on convex-hull of the points. Accordingly, a
fast algorithm is proposed in [23], in which the convex hull of the points are
constructed and then for each point not contained in the convex-hull find the
edge of it, such that the saving introduced in [12] from the non-contained
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node is minimal. In this way, all non-contained nodes are assigned to an
edge of the convex-hull, and among them, a node with the minimum saving
number is added to the convex-hull. The procedure is repeated until all
nodes are covered. They also showed that the computational complexity of
the algorithm is of the order o(n2 logn), while its worst case is unknown. The
algorithm has been modified in [55] to improve the results.

Authors in [28] proposed a strange heuristic for TSP based on convex
hull. A blob is located over the set of nodes which are projected into the
lattice. The blob is gradually reduced until it passes all nodes in its edge.
The initial shape is the convex hull of the points. It is then shrunk by
systematically removing some of its constituent particle components. The
points act as attractants to the material, effectively “snagging” the material
at the locations of uncovered nodes and affecting its subsequent morphological
adaptation. As the material continues to shrink all data points, it is becoming
a concave area covering all nodes. The classic TSP solutions are enhanced
with a convex hull insertion method, in [24], by providing a systematic and
fast way to construct near-optimal tours. Authors in [41] enhanced classic
TSP solutions with a convex hull insertion method, providing a systematic
and fast way to construct near-optimal tours.

A CHB method has also been applied for VRP. The mathematical model
for CVRP is considered in [45]. Authors provide a decomposition algorithm
for capacity constraints and apply a separation problem to identify nodes
violating this constraint. They use convex hull of incidence vectors of all TSP
tours, and these tours are tested to find the violated capacity constraints. The
convex hull of the points is used in [43] to measure the visual attractiveness
of the solution. A saving based algorithm is applied to solve an extended
version of VRP. The min-max multi VRP is introduced in [39], in which
there are multiple depots, and the objective is to minimize the maximum
length of the tour traversed by vehicles. The author uses the convex hull of
all nodes containing customer and depot points to find the whole region at
hand and then applies Carlsson algorithm in [8] to partition the region for
multiple depots.

Authors in [47] consider four criteria to measure visual attractiveness of
the routes containing “number of nodes belong to more than one convex hull”.
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They propose a heuristic in which the farthest node from the depot is chosen
as the seed of a new route, then the surrounding nodes are added to it, until
the capacity limit is reached. The whole procedure is repeated until all nodes
are routed. After building routes, they find the nodes locating in the convex
hull of another route and apply a “Merge-And-Rebuild” process to fix it. In
a recent research, the convex hull of customer locations is applied to select
initial seed clients, followed by an exchange operator to improve solutions in
VRPTW, [49].

3 Problem statement

The problem addressed in this paper consists of designing efficient routes for
K identical vehicles to service a set of customers with known demands. More
precisely, CVRP is described as an undirected weighted graph G = (V,A, c),
where V = {0, 1, . . . , n} is the set of vertices, in which point 0 is the depot
point and {1, . . . , n} is the set of customers, and A = {(i, j) :) ∈ V ×V, i 6= j}
shows the set of arcs. homogeneous vehicle fleets, each with capacity Q, start
their route from the depot and end to it after visiting a subset of customers
according to their limited capacity. Moreover, dij is the Euclidean distance
between nodes i and j, while qi > 0 shows the customer i’s demand. The
problem is solved under the following constraints:

1. Each customer is serviced only once by one vehicle.

2. Each vehicle must start and end its route at the depot.

3. Total demand met by each vehicle cannot exceed Q.

4 The two-phase CHB heuristic

CVRP is solved using a proposed two-phase CHB heuristic.

Clustering Phase: This phase is to assign customers to clusters.

• Customers are partitioned into K clusters using a novel CH-means al-
gorithm, where each cluster is assigned to a vehicle.
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• Cluster centroids are updated based on the convex hull of the nodes
within each cluster.

Routing Phase: This phase is to find efficient routes between nodes of
any cluster.

• Efficient routes between nodes in each cluster are constructed using the
proposed CH-insertion heuristic.

• The routing procedure is executed at the end of any iteration of the
clustering phase to retain the best solution by the end of Phase 1.

• The fitness of a solution is defined as the total length of all routes in
that solution.

• Finally, an ant colony optimization procedure refines the routes for
further improvement.

Algorithm 1 explains the CHB heuristic.

4.1 Clustering phase: CH-means method

A CH-means algorithm is provided here, while the number of clusters is
already known, and it is equal to the number of vehicles. Centroids are up-
dated after a complete iteration of the algorithm. The procedure is repeated
until the distance between centroids in two consecutive iterations in all clus-
ters, does not exceed a predetermined threshold. The steps of the CH-means
algorithm are described in the following.

Step 1: Create initial centroids and distance matrix

Initially, the whole region is divided into K regions by plotting K lines origi-
nating from depot. To do this, customer points are sorted according to their
arguments in polar coordination, where the depot is assumed as the origin.
The whole region containing customers is identified by polar coordination
[θmin, θmax]. The region is divided to K cones by K − 1 equidistant rays
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Algorithm 1 Two-phase CHB algorithm for CVRP
Input: V = {0} ∪ {1, . . . , n} depot point and customer points, q demand

vector, Q vehicle capacity, [X,Y ] Cartesian coordination of vertices and
K: No. of vehicles, parameter ϵ.

Output: K routes start from and end to depot point 0 ∈ V , s.t. all customer
points exists in exactly one route and the sum of customer demands in
all routes do not exceed Q.

1: while The distance between centroids is more than ϵ do
2: Cluster customer points into K clusters clusj , j = 1, . . . ,K, by Algo-

rithm 2.
3: for j = 1, . . . ,K do
4: Find initial route of Clus = clusj ∪ {0} by Algorithm 3, call it
tourj .

5: end for
6: Calculate the fitness of Clus. Save it if it is the best clustering found

by now.
7: end while
8: Find the best clustering and its routing and call it tour∗.
9: Improve tour∗ by the ant colony optimization of Algorithm 4.

originating from depot. The middle points of cones r
2 far from the depot, are

forming initial centroids, where r is the half of the maximum distance from
depot. Figure 1 shows two different examples.

Distance matrix D is calculated with entities dij as the Euclidean distance
between customer point i and centroid j.

Step 2: Assign customers

The first assignment is related to the minimum entity of D, say dpq, if vehicle
q has enough empty capacity for customer p. This step is repeated till all
points are assigned.

Remark 1. In some cases, some points might be remained unassigned, while
no other cluster has enough empty capacity to meet their demand. There are
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Figure 1: Dividing the whole region byK rays, diamond black points are initial centroids.

few approaches in literature proposing some methods to convert uncapaci-
tated clusters to capacitated ones, [2, 7]. Most researches open a new cluster
for remained points, [40, 37]. Since with the proposed method, this case was
so rare, a new cluster is opened for these points instead of undertaking the
cost of cluster improving methods. However, this kind of samples will be
pointed out in Section 6.

Step 3: Calculate fitness

At the end of step 2, the fitness of the obtained clustering is calculated. This is
done by creating a route for any cluster according to the proposed procedure
in subsection 4.2. The fitness is saved and at the end of the whole algorithm,
the best solution is selected to be improved by an ant colony optimization
method.

Step 4: Update centroids and distance matrix

Centroids are updated, after a complete assignment. The centroid of any
cluster is the mean point of the vertices of the convex hull of all points as-
signed to that cluster. Subsequently, distance matrix D is updated according
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to new centroids. Steps 2 and 3 are repeated until the distance between all
corresponding centroids in two consecutive iterations do not exceed a prede-
termined threshold. This is mentioned by approximately unchanged centroids
in Algorithm 2. This algorithm explains the whole procedure in CH-means
algorithm.

4.2 Routing phase: CH-insertion method

This section presents the CH-insertion algorithm for routing points within
a cluster, which is clearly a TSP. Firstly, the convex hull of the current
cluster’s points is computed to form the initial polygonal route. Afterwards,
for each unrouted point on that cluster say p, all polygon edges say (i, j) are
identified, for which the triangle i− p− j is acute. Next, any unrouted point
is assigned to its closest edge having this property. The insertion cost heightp
is calculated as the perpendicular height from p to edge (i, j), guaranteed to
lie within the triangle due to the acute angle condition. Among all unrouted
points p, the one, possessing minimum heightp is found and its associated
edge (i, j) is broken into two sides (i, p) and (p, j). The procedure is repeated
until all nodes are incorporated into the route. The complete algorithm is
formalized in Algorithm 3.

Figure 2 shows steps of Algorithm 3 for an instance. Part (a) is the initial
step in which the convex hull of the points is found. In the next step, distance
of any point in N̄ to its associated side is calculated, and the nearest one (E)
is selected and is added to the polygon. Point B is also added in the next
step. Part (f) shows the final rout. It should be noted that the clusters are
feasible at the beginning of the CH-insertion algorithm, since these points
are resulted from the previous clustering step.
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Algorithm 2 CH-means algorithm for clustering
Input: V = {0} ∪ {1, . . . , n} depot point and customer pints, q demand

vector, Q vehicle capacity, [X,Y ] Cartesian coordination of vertices, K
number of vehicles.

Output: Clusters clustj for j = 1, . . . ,K.
1: Set initial centroids as the middle point of cones r

2 far from the depot. ▷
r: half of the maximum distance from depot

2: Construct distance matrix D. Let best =∞ ▷ (Initialization)
3: Let capj = 0 for j = 1, . . . ,K. ▷ (capj is the occupied amount of

capacity of vehicle K).
4: while All centroids approximately remain unchanged do
5: let AC = ϕ. ▷ (AC is the set of assigned customers).
6: while AC 6= {1, . . . , n} do
7: drp = min{dij , i = 1, . . . , n, j = 1, . . . ,K}.
8: if drp <∞ then
9: if capp + qr ≤ Q then

10: assign customer r to vehicle p: clustp = clustp ∪ {r},
11: capp ← capp+ qr ▷ (Update occupied capacity of vehicle p)
12: Let drj =∞, for j = 1, . . . ,K ▷ (Avoid reassigning

customer r)
13: Let AC ← AC ∪ {r},
14: else
15: Let drp =∞ ▷ (Avoid reconsidering customer r for vehicle

p)
16: end if
17: else
18: Open a new cluster clustK+1.
19: end if
20: end while
21: Find the convex hull of all clusters.
22: Update centroids of clusters as the mean value of vertices of their

convex hull.
23: Update distance matrix D, according to new centroids.
24: end while
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Algorithm 3 CH-insertion algorithm for routing
Input: Clusters clustj for j = 1, . . . ,K. [X,Y ]: Cartesian coordination of

vertices.
Output: Tours tourj for j = 1, . . . ,K, each starts and end to depot.
1: for j = 1, . . . ,K do
2: Let H = the convex hull of points in clustj ,
3: let N be the points in H, N̄ = clustj \N . ▷ (Initialize routed and

unrouted points)
4: while N̄ 6= ϕ do
5: for h ∈ N̄ do
6: Let (i, j)h = argmin(i,j) is a side of H{heightijh s.t. triangle i-h-j is acute}.
7: end for
8: Let heightp = min{height(i,j)hh , h ∈ N̄}.
9: Update H by breaking the side (i, j)p into two sides (i, p) and

(p, j).
10: Update N ← N ∪ {p} and N̄ = N̄ \ {p}.
11: end while
12: tourj is the set of ordered points in polygon H starting from 0.
13: end for

4.3 Computational complexity of the two-phase CHB
heuristic

This section shows that the complexity of the CHB algorithm is polynomial
in terms of the number of customers.

Lemma 1. The computational complexity of the proposed two-phase CHB
heuristic algorithm is O(n × IT log(n)), where IT is the maximum number
of iterations and IT ≈ γ 1

ϵ , with γ ∈ [5, 10] depending on the benchmark
samples used.

Proof. The computational complexity is analyzed in two phases:

Clustering Phase:
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Figure 2: Steps of CH-insertion Algorithm 3

• Constructing the distance matrix for n nodes and K clusters costs
O(nK).

• Finding the minimum element in the distance matrix, which contains
nK elements, requires O(nK log(nK)).

• Assigning nodes to vehicles until all points are assigned takes O(n).

Hence, the complexity of clustering in one iteration is O(nK log(nK)), which
simplifies to O(n2 log(n)) when K = O(n). At the end of any single itera-
tion of clustering, routing procedure is implemented. First, we compute the
number of computations in one single cluster.

Routing Phase:

• In one cluster, each vehicle serves approximately h = n
K customers.

• Constructing the convex hull of h points using standard algorithms
(e.g., CGAL or SciPy) costs O(h log(h))⋆.

• Calculating the distances of all inner points from all sides of the convex
polygon takes O(h2).

• Sorting these distances requires O(h2 log(h)).

⋆ Available at: https://www.scipy.org.
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The total complexity for routing a single cluster is O(h2 log(h) + h2) =

O(h2 log(h)). For K clusters, the overall complexity of the routing phase
is O(K · h2 log(h)), which reduces to O(n log(n)) when h ≈ n

K .

Overall Complexity:
The clustering and routing phases are repeated until the centroids’ displace-
ment across iterations does not exceed a threshold ϵ. Since IT denotes the
maximum number of iterations, the overall complexity of the two-phase CHB
algorithm is then O(n× IT log(n)).

5 Improving routes

To further improve the routes found by Algorithm 3, an ant colony optimiza-
tion method in [3] is followed. The difference here is that the initial routes
are the same routes found by CHB heuristic, rather than random ones. To
be more precise, the amount of initial pheromones are not random numbers.
The algorithm in [3] is provided to solve CVRP, while we apply it on any
single route as TSP.

Ant colony optimization algorithm has several parameters that should be
determined by user, and there is no deterministic certificate to show which
value is the best. In different applications, different values may behave better.
Table 2 introduces parameters of ant colony optimization algorithm.

Table 2: Parameters of ant colony optimization algorithm

Parameter Definition Parameter Definition
MaxIT Maximum no. of iterations α Pheromone importance
τ0 Initial pheromone on each arc β Distance importance
ηij Inverse of dij ρ Evaporation coefficient
τij Amount of pheromone on arc (i, j) r0 A constant
dij Distance between i and j a Index of ant, a ∈ {1, . . . ,m}
EP Arcs of tour P

It should be noted that the initial pheromone τ0 is usually supposed to be
the inverse of the best-known route distance found for that particular prob-
lem. Here τ0 is evaluated in a way to strengthen the arcs in the tour found
by Algorithm 3. So initially, we set τ0 = 0.1 for arcs not included in the tour
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and τ0 = 1 for arcs in it. Following steps explain ant colony method in details.

Algorithm 4 Ant colony optimization algorithm to improve routes of CHB
heuristic
Input: Tour P starts and ends to depot.
Output: Improved tour Besttour starts and ends to depot.
1: Initialize parameters according to Table 2, Best = inf. ▷ (Initialization)
2: Let τij = 1, for all (i, j) ∈ EP and τij = 0.1 for all (i, j) /∈ EP .
3: for Iter = 1, . . . ,MaxIT do
4: for a = 1, . . . ,m do
5: Locate ant a in depot. Let i = 0. ▷ (The first location of ant a)
6: Tour = {0}
7: while |Tath| < n+ 1 do
8: Choose random number r ∈ [0, 1] by uniform distribution.
9: if r ≤ r0 then
10: let j = a

u∈Tour
rgmax(τiu)α(ηiu)β ▷ (Choose the next node by

instinct)
11: else
12: For any unvisited customer w, let Piw =

(τiw)α(ηiw)β∑
u/∈Tour(τiu)α(ηiu)β

13: Choose next node j according to distribution function of P .
14: end if
15: Update Tour := [Tour, j]

16: Update pheromone on arc (i, j) by τij = (1− ρ)τij + ρηij

17: Let i = j ▷ (Update current node)
18: end while
19: Let Tour = [Tour, 0], La =sum of lengths of arcs in Tour.
20: if La < Best then
21: Best = La and BestTour = Tour

22: end if
23: end for
24: for (i, j) ∈ BestTour do
25: τij = (1− ρ)τij + ρ

∑m
a=1 ∆

a
ij , where ∆a

ij is obtained by (1) ▷ (Global
pheromone update)

26: end for
27: end for

The formula (1), globally updates the pheromone.

∆a
ij =

{
1
La

If ant a passes arc (i, j)
0 Otherwise (1)
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Figure 3: Performance heat map of α, β, and ρ.

The ant colony optimization algorithm may not change the solution by
CHB heuristic, or even it may make it worse in some cases. However in most
cases it improves the solution. There exists 3 parameters in this algorithm
which should be initialized, α, performance importance, β, distance impor-
tance and ρ, evaporation coefficient. All test problems were solved with all
values α ∈ {0, 0.1, . . . , 1}, β ∈ {1, 2, . . . , 10} and ρ ∈ {0.1, 0.3, 0.5} for ten
times and the average value of the final objective function is the performance
of each triple (α, β, ρ). Figure 3 shows the results of these implementations.
Note that the value of the performance is the value of the objective function,
normalized between 0 and 1. Values 0 and 1 possess the lightest and the
darkest color, respectively.

It can be seen that (α, β, ρ) = (0.1, 5, 0.1) provides the best average perfor-
mance among all other choices. These values are fixed through all implemen-
tations.
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6 Computational experiments

The proposed method is implemented in MATLAB 2020, 64 bit, and is run
on Intel(R) Core(TM) i7-5500U CPU @ 2.4 GHz and 8 GB of RAM. We im-
plement the proposed CHB heuristic in this way: First, nodes are clustered
according to the CH-means algorithm 2, and find the respective routing by
applying the CH-insertion algorithm 3 in any iteration. Afterwards, the best
solution is improved by the ant colony algorithm 4 on CVRP benchmark
problems from CVRPlib⋆⋆.
We apply the CH-means method with other insertion methods in litera-
ture. Furthermore, we apply the K-means method with the proposed CH-
insertion method and compare the results. Table 3 explains all implemented
approaches in this section.

Table 3: Implemented approaches for comparison

Clustering CH-means K-means
Method:
Routing Clark Convex hull CH-insertion Clark Convex hull CH-insertion
Method: & Wright Nearest & Wright nearest
(insertion) insertion insertion insertion insertion
Name: CHmean- CHmean- CHmean- Kmean- Kmean- Kmean-

ClarkInsert NearestInsert CHInsert ClarkInsert NearestInsert CHInsert

The selection of K-means for comparison, is backed by its wide applicabil-
ity in clustering problems. Two insertion methods, Clark & Wright method
and convex hull nearest insertion method are also selected to be compared
to CH-insertion method, for the sake of their speed and accuracy in compare
with other insertion methods, [23]. All methods for TSP mentioned in [23]
were tested on samples, and these methods resulted in best solutions among
others. Therefore results show that Clark & Wright and convex hull nearest
insertion methods are appropriate methods to be compared to the proposed
CH-Insertion. First of all, we briefly explain the Clarke and Wright savings
method and convex hull nearest insertion.

⋆⋆ available at: https://neo.lcc.uma.es/vrp/vrp-instances/capacitated-vrp-instances/
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Clarke and Wright savings method

In the typical method in [12], savings sij = c1i + c1j − cij for all customer
points i and j are computed. Savings are ordered from largest to smallest.
Initially, subtours (0, i, 0) are formed for all customer points i. In any iter-
ation, two subtours containing (0, i) and (j, 0), are merged, possessing the
maximum amount of sij in the savings matrix. The new merged subtour
contains (i, j). The procedure is repeated until all points are routed.

Convex hull nearest insertion

In this method, the convex hull of nodes in the given cluster is formed as an
initial subtour, [55]. To each node d not yet contained, side (i, j) of the hull
is assigned if minimizes cdi + cdj − cij . Next, (i∗, d∗, j∗) is determined, which
minimizes (ci∗d∗ + cd∗j∗)/ci

∗j∗. Finally, node d∗ is inserted in the subtour
between nodes i∗ and j∗. The procedure is repeated until all points of the
cluster are routed.

We test the proposed CHB heuristic and the methods mentioned in Table
1, on three groups of benchmark problems: set A (Augerat, 1995), set E
(Christofides and Eilon, 1969) and set P (Augerat, 1995). Tables 4, 5, and
6 show the results for set A, set B and set C, respectively. The last column
of all tables show the optimal value. All optimal solutions and values are
accessible from CVRPlib. The underlined instances are those with remained
nodes without any enough capacity, left in vehicles as mentioned in Remark
1.

Based on the results in most instances, the proposed CHB heuristic is as
good as other methods. The CHB heuristic, in some instances such as A-
n44-k6 results in the worst cost, while in some other cases such as P-n76-k5
in both phases or in E-n101-k8 in routing phase, it achieves the best solution
among other approaches.

Figure 4 shows the results more clearly. Any point in this figure shows
the relative error of the corresponding method based on optimal value of the
corresponding instance. The black line in left-hand figures is related to the
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Table 4: Cost comparison of CVRP’s instances: Set A

CHmean- Kmean-
Benchmark Clark Nearest CH Clark Nearest CH Optimal
instance Insert Insert Insert Insert Insert Insert Value
A-n32-k5 934 928 928 872 872 872 784
A-n33-k6 834 834 834 807 807 807 742
A-n37-k6 1034 1034 1034 1029 1029 1029 949
A-n38-k5 825 825 825 853 853 856 730
A-n39-k6 857 857 857 905 905 905 831
A-n44-k6 1182 1114 1186 1011 1011 1011 937
A-n45-k7 1188 1188 1188 1245 1245 1245 1146
A-n46-k7 995 995 995 1025 1024 1024 914
A-n53-k7 1172 1171 1171 1109 1109 1190 1010
A-n60-k9 1623 1621 1625 1526 1529 1526 1354
A-n65-k9 1439 1437 1439 1415 1421 1415 1174
A-n69-k9 1350 1350 1351 1386 1388 1388 1159
A-n80-k10 2094 2089 2096 2000 1999 2039 1763

Table 5: Cost comparison of CVRP’s instances: Set E

CHmean- Kmean-
Benchmark Clark Nearest CH Clark Nearest CH Best
instance Insert Insert Insert Insert Insert Insert Found
E-n23-k3 653 653 653 592 592 592 569
E-n30-k3 549 549 549 550 550 547 534
E-n33-k4 889 887 887 873 873 873 835
E-n51-k5 599 591 599 654 654 654 521
E-n76-k7 735 732 734 741 734 741 682
E-n76-k8 837 834 837 834 835 834 735
E-n76-k10 992 989 993 983 982 983 830
E-n101-k8 930 927 926 896 895 891 815
E-n101-k14 1298 1297 1299 1229 1224 1275 1067

two-phase CHB method and the black line in right-hand figures is related
to K-means with CH-insertion method. It is clear that black line manages
to achieve the least relative error in some instances, both in right-hand and
left-hand figures. This means that the proposed two-phase CHB heuristic is
efficient in both predicting clusters and routing customers. Therefore, both
proposed phases are efficient to be combined with other methods and also to
be applied independently, as well.

Figure 5 also shows the percentage of obtaining the best cost solu-
tion among other approaches for different three sets A, E and P. In some
cases two approaches result in the same solution, such as CH-means clus-
tering with Clark routing and nearest insertion routing. This is shown by
phrase “CHmean-Clark & NearestInsert” in the figure. Moreover, the phrase
“CHmeans-Anycluster” means that all three methods for routing with CH-
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Table 6: Cost comparison of CVRP’s instances: Set P

CHmean- Kmean-
Benchmark Clark Nearest CH Clark Nearest CH Best
instance Insert Insert Insert Insert Insert Insert Found
P-n16-k8 460 460 460 451 451 451 450
P-n22-k2 217 217 217 245 244 246 216
P-n23-k8 591 591 591 596 596 596 529
P-n40-k5 479 479 479 508 507 508 458
P-n45-k5 553 549 552 553 549 552 510
P-n50-k10 797 797 797 836 836 836 696
P-n55-k15 1082 1082 1082 1071 1071 1071 989
P-n60-k15 1176 1176 1176 1144 1143 1143 968
P-n65-k10 885 885 885 909 908 910 792
P-n70-k10 976 976 976 933 933 933 827
P-n76-k5 713 713 712 741 737 770 627
P-n101-k4 746 746 751 746 755 749 681

means clustering, managed to achieve the best solution among other ap-
proaches. Based on Figure 5, the proposed CH-means method is successful
in instances of set A and P, while CH-insertion method behaves efficiently in
instances of set E.

Finally, Figure 6 compares the proposed CH-means method to the K-
means method. Generally, it can be seen that the CH-means clustering
methods is better in instances of set E, while in other two sets its vice versa.

7 Conclusion

In this paper, a two-phase CHB heuristic method has been introduced for
CVRP, with computational complexity of o(n2 logn), where n is the number
of customers. Customers are first clustered by a CH-means algorithm. In
a typical K-means algorithm, points are clustered in order to minimize the
total dissimilarity between the points in a cluster. In CVRP, the length
of the whole TSP tour should be minimized, because finally a TSP will be
solved in any cluster. Hence, unlike typical K-means algorithm, in CH-means
algorithm, initial centers are set in equidistant locations inside the region
surrounded by customers. Moreover, the center of each cluster is updated
according to the convex hull of the points assigned to that cluster. The
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Figure 6: Percentage of achieving the best solution in approaches by CH-means cluster-
ing and K-means.

new center is the mean point of that convex hull. The reason of this choice
for updating centroids, is to make any cluster contain all points on the line
segment joining any two points in it. However, adding points in any step is
the same with the K-means algorithm and is based on the minimum distance
from center, but since closest points to the center are located inside the
respective convex hull, they will be assigned to that cluster.

Compared to the typical two-phase algorithms for CVRP, the novelty of
CHB heuristic is that the fitness of any step’s solution is calculated by the
CHB routing algorithm, which is called CH-insertion, and it is saved. At the
end of the clustering phase, the best found solution is chosen for improvement,
which is not necessarily the last solution found. Although this increases the
computational complexity of the algorithm, but it allows the selection of the
best clustering.

The routes are built through the CH-insertion method. The idea for
routing is to construct the convex hull of the points and to insert unassigned
points by breaking an edge of the polygon into two edges. This is based on the
well-known property for Euclidean TSP by [30]. Finally, the routes are im-
proved with a meta-heuristic algorithm. Ant colony optimization algorithm
has been chosen, by virtue of its satisfactory performance on TSP.

Implementing the CHB heuristic on benchmark samples and comparing
it to other two-phase heuristics show that the proposed two-phase CHB
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heuristic is efficient in both clustering -even if combined with other rout-
ing methods- and routing -even if combined with other clustering methods.
Moreover, the proposed CHB heuristic results in the best solution among
other implemented methods in this paper.
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A class of accurate high-order ENO-like schemes for the model of fluid flows
in a nozzle with variable cross-section is presented. The model contains a
nonconservative source term, which causes unsatisfactory results to stan-
dard numerical schemes, even for low-order ones. The proposed schemes
rely on exact Riemann solvers and the reconstructed piecewise polynomials
which are nonoscillatory. These schemes inherit the high-order precision
of the ENO schemes like many existing ENO-type schemes, and possess
a good accuracy. The ENO-like scheme corresponding to k = 3 can get
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the precision as good as van Leer-type schemes, and is numerically stable.
Moreover, the ENO-like schemes for larger k may suffer from oscillations.
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1 Introduction

Essentially nonoscillatory (ENO) schemes for hyperbolic conservation laws
were first constructed by Harten et al. [24] in 1987. These high-resolution
schemes have been developed by many authors for nonconservative systems,
most use approximate Riemann solvers. In this paper, we aim to construct
an ENO-like scheme relying on exact Riemann solvers for the following non-
conservative system of balance laws, which models fluid flows in a nozzle with
variable cross-section:

∂t(aρ) + ∂x(aρu) = 0,

∂t(aρu) + ∂x(a(ρu
2 + p)) = p∂xa, x ∈ R, t > 0,

(1)

where ρ = ρ(x, t), u = u(x, t), p = p(x, t) denote the density, particle velocity,
and pressure of the fluid, respectively, and a = a(x) denotes the cross-section
area of the nozzle.

The term p∂xa on the right-hand side of the system (1) makes it non-
conservative. Recall that the formulation of weak solutions of nonconserva-
tive systems of balance laws was introduced in [18]. Often, nonconservative
terms cause unsatisfactory results for standard schemes. Therefore, numer-
ical approximations of solutions of nonconservative systems of balance laws
are one of the most challenging problems. Recently, we built a Godunov-
type scheme for the model (1) in [15]. Our aim in this paper is to construct
a high-resolution ENO-like scheme for (1). We will also demonstrate by nu-
merical tests that the ENO-like scheme corresponding to k = 3 can provide
us with a second order accurate approximation to a smooth stationary wave
and a much better accuracy than the Godunov-type scheme. However, the
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ENO-like schemes for larger k may not be convergent, since oscillations can
be observed.

For simplicity, we assume throughout that the fluid is isentropic and ideal,
so that an equation of state is given by

p = κργ , (2)

where κ > 0 and 1 < γ < 5/3 are constants.

Observe that there are many works in the literature about the study of
nonconservative hyperbolic systems of balance laws. Basic theory of Riemann
problem for models of fluid flows in a nozzle with discontinuous cross-section
was considered in [25, 26, 32, 29, 38, 21]. In recent years, a related traffic
flow model was formulated in [20], and a related model of shallow water flows
over movable bottom with suspended and bedload transport was proposed in
[8]. We refer the reader to the book [31] for the Riemann problem for various
models in continuum physics. Regarding numerical methods, many results
and schemes for models of fluid flows in a nozzle with variable cross-section
were studied in [28, 27, 14, 5]. Recently, a second-order scheme based on
the first-order Price-T scheme and the MUSCL-Hancock strategy for arterial
blood flow models with viscoelasticity was constructed in [10]. Numerical
schemes for the model of shallow water equations were studied in [22, 11,
30, 41]. Well-balanced finite difference WENO schemes using approximate
solvers for the Ripa model were constructed in [23]. A set of arbitrarily
high-order ENO-type schemes is constructed in a recent work [42] using a
typical five-point smoothness measurement as the shock-detector, which are
able to detect discontinuities before spatial reconstructions. Furthermore,
ENO schemes with adaptive order which select a polynomial from several
candidates that are reconstructed on stencils of unequal sizes are designed in
[36]. A review on ENO schemes was given in [37]. Well-balanced numerical
schemes for a single conservation law with source term were presented in

[6, 7, 3]. Numerical schemes for two-phase flow models were built in
[4, 13, 12, 19, 1, 9, 33, 40, 39, 17]. The reader is referred to

[2, 34, 35] for Godunov-type schemes for hyperbolic systems of balance
laws in nonconservative forms. See also the references therein.
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The organization of this paper is as follows. Section 2 provides us with the
background of the model (1). Section 3 is devoted to constructing an ENO-
like scheme to calculate the approximate solution of the Cauchy problem for
(1). Numerical tests and discussions for all types of initial data are presented
in Section 4. Finally, in section 5, we draw several conclusions.

2 Backgrounds

Let us set
c =

√
dp/dρ.

Then the system (1) with supplementing a trivial equation

∂ta = 0, (3)

can be rewritten in the nonconservative form as

∂tU + A(U)∂xU = 0, (4)

where

U =

[
ρ
u
a

]
, A(U) =

[
u ρ ρu/a

c2/ρ u 0
0 0 0

]
.

The matrix A(U) has three eigenvalues

λ1 = u− c, λ2 = u+ c, λ3 = 0. (5)

The corresponding eigenvectors can be chosen as

r1 =

[ ρ
−c
0

]
, r2 =

[ρ
c
0

]
, r3 =

 −ρu2
uc2

a(u2 − c2)
)
 .

The first and the third characteristic speeds coincide on the upper sonic
surface

C+ = {U|λ1(U) = λ3(U)}. (6)

The second and the third characteristic speeds coincide on the lower sonic
surface

C− = {U|λ2(U) = λ3(U)}. (7)
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Therefore, the system (4) is strictly hyperbolic on following regions:

G1 = {U|λ1(U) > λ3(U)},

G2 = {U|λ1(U) < λ3(U) < λ2(U)},

G3 = {U|λ2(U) < λ3(U)}.

The set G1∪G3 is called the supersonic region, while G2 is called the subsonic
region. The third characteristic field is linearly degenerate, since

∇λ3 · r3 = 0.

The first and the second characteristic fields are genuinely nonlinear, since

−∇λ1 · r1 = ∇λ2 · r2 =
(γ + 1)c

2
> 0.

2.1 Shock wave curves

Recall that a discontinuity wave of (4) connecting a left-hand state U− to a
right-hand state U+ is a weak solution of the form

U(x, t) =

U−, if x < σt,

U+, if x > σt,
(8)

where the speed of discontinuity wave σ must satisfy the Rankine–Hugoniot
relations. The Rankine–Hugoniot relation associated with (3) takes the form

−σ[a] = 0, (9)

where [a] = a+ − a− denotes the jump of the quantity a. As discussed in
[29], across a discontinuity wave there are two possibilities:

(i) either [a] = 0,

(ii) or σ = 0.

For the first case (i), a discontinuity wave (8) is called a shock wave. It called
an i-Lax shock, if the shock speed σ = σi(U−,U+) satisfies the Lax shock
inequalities,
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λi(U+) < σi(U−,U+) < λi(U−), i = 1, 2.

Given a state U0 = [ρ0, u0, a0]
T , the set of all right-hand states U =

[ρ, u, a]T that can be connected to U0 by a 1-Lax shock is given by

S1(U0) =
{

U|u = u0 −
√
−(p− p0)

(1
ρ
− 1

ρ0

)
, ρ > ρ0, a = a0

}
, (10)

and, in the backward way, the set of all left-hand states U = [ρ, u, a]T that
can be connected to U0 by a 2-Lax shock is given by

S2B(U0) =
{

U|u = u0 +

√
−(p− p0)

(1
ρ
− 1

ρ0

)
, ρ > ρ0, a = a0

}
. (11)

We call these set the forward curve of 1-shock waves and the backward curve
of 1-shock waves, respectively.

Furthermore, we have the following result about the sign of the 1-shock
speeds along the wave curve S1(U0), which is shown in [29].

Lemma 1. If U0 ∈ G2 ∪G3, then σ1(U0,U) remains negative, that is,

σ1(U0,U) < 0, U ∈ S1(U0).

If U0 ∈ G1, then there is exactly one state, denoted by U#
0 = [ρ#

0 , u
#
0 , a0]

T ∈
S1(U0), such that

U#
0 ∈ G2, u#

0 > 0,

σ1(U0,U#
0 ) = 0,

σ1(U0,U) > 0, ρ0 < ρ < ρ#
0 ,

σ1(U0,U) < 0, ρ > ρ#
0 .

2.2 Stationary waves

For the case (ii), a discontinuity wave (8) is called a stationary wave, and the
two states U± are called the two equilibrium states. As shown in [29], two
equilibrium states U± must satisfy the jump relations
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[aρu] = 0,[
u2

2
+

c2

γ − 1

]
= 0.

(12)

Given the state U0 = [ρ0, u0, a0]
T and the cross-section level a 6= a0.

As discussed in [29], a stationary wave connecting from U0 to some state
U = [ρ, u, a]T exists if and only if a ≥ amin, where

amin =
a0ρ0|u0|

√
κγ(ρmax)

γ+1
2

, ρmax =

(
γ − 1

κγ(γ + 1)

(
u20 + µργ−1

0

)) 1
γ−1

. (13)

Moreover, if a > amin, then there are exactly two states Us
0, Ub

0 that can be
connected to U0 by a stationary wave,

Us
0 =

[
ρs0,

a0ρ0u0
aρs0

, a
]T
,

Ub
0 =

[
ρb0,

a0ρ0u0
aρb0

, a
]T
,

(14)

where ρs0 < ρmax < ρb0 are two roots of the nonlinear equation

− 2κγ

γ − 1
µργ+1 + (u20 +

2κγ

γ − 1
ργ−1
0 )ρ2 − (a0u0ρ0/a)

2 = 0. (15)

Precisely, we have the following lemma about stationary waves.

Lemma 2. [29, Lem. 2.3] The following conclusions hold:
a)

ρmax > ρ0, U0 ∈ G1 ∪G3,

ρmax < ρ0, U0 ∈ G2,

ρmax = ρ0, U0 ∈ C±.

b) The state Us
0 belongs to G1 if u0 > 0, and belongs to G3 if u0 < 0, while

the state Ub
0 always belongs to G2. In addition, it holds that

(i) If a > a0, then
ρs0 < ρ0 < ρb0.

(ii) If a < a0, then

ρ0 < ρs0 < ρb0 for U0 ∈ G1 ∪G3,

ρs0 < ρb0 < ρ0 for U0 ∈ G2.
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It follows from Lemma 2 that there are two possible stationary waves
from a given state U0 to a state with a new level cross-section a. Thus, it
is necessary to impose some condition to select a unique physical stationary
state as follows.

(MC) Any stationary jump must not cross the sonic curve in the (ρ, u)-plane.

2.3 Rarefaction wave curves

Recall that the i-rarefaction wave (i = 1, 2) of (4) connecting a left-hand
state U− to a right-hand state U+ is a weak solution of the form

U(x, t) =


U−, if x < λi(U−)t,

Vi(x/t), if λi(U−)t ≤ x ≤ λi(U−)t,

U+, if x > λi(U+)t,

where Vi(·) is the solution of following problem:

dVi(ξ)

dξ
=

1

∇λi(V(ξ)) · ri(V(ξ))
ri(V(ξ)), λi(U−) < ξ < λi(U+),

Vi(λi(U−)) = U−, Vi(λi(U+)) = U+.

Given a state U0 = [ρ0, u0, a0]
T , the set of all right-hand states U =

[ρ, u, a]T that can be connected to U0 by a 1-rarefaction wave forms the
forward curve of 1-rarefaction waves, denoted by R1(U0). In a backward
way, the set of all left-hand states U = [ρ, u, a]T that can be connected to
U0 by a 2-rarefaction wave forms the backward curve of 2-rarefaction wave,
denoted by R2B(U0). These curves are given by

R1(U0) =
{

U|u = u0 −
2
√
κγ

γ − 1
(ρ(γ−1)/2 − ρ(γ−1)/2

0 ), ρ ≤ ρ0, a = a0

}
,

R2B(U0) =
{

U|u = u0 +
2
√
κγ

γ − 1
(ρ(γ−1)/2 − ρ(γ−1)/2

0 ), ρ ≤ ρ0, a = a0

}
.

(16)
From (10), (11), and (16), we have the forward and backward wave curves in
the nonlinear characteristic fields as follows:
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W1(U0) = R1(U0) ∪ S1(U0),

W2B(U0) = R2B(U0) ∪ S2B(U0).
(17)

2.4 Computing the Riemann solution

Observe that by the transformation x 7→ −x, u 7→ −u, a left-hand (right-
hand) state U = [ρ, u, a]T in G2 (in G3) will be transformed to the right-
hand (left-hand, respectively) state V = [ρ,−u, a]T in G2 (in G1, respec-
tively). Therefore, the construction of the Riemann solutions for Riemann
data around C− can be obtained from the one for Riemann data around C+.
Thus, without loss of generality, we consider only the case where Riemann
data are in G1 ∪G2. We call construction A if UL belongs to G1, and con-
struction B if UL belongs to G2. In each construction, we divide it into 3
cases depending on the relative position of the backward curve W2B(UR)

compared to the composite wave curves established in each construction.
In this subsection, we use some following notations:

(i) Wk(U−,U+) (Sk(U−,U+), Rk(U−,U+)) denotes the k-wave (k-shock,
k-rarefaction wave, respectively) connecting the left-hand state U− to
the right-hand state U+, for k = 1, 2, 3.

(ii) U#
0 denotes the state on the forward curve of 1-shock waves S1(U0)

such that σ1(U0, U
#
0 ) = 0; see Lemma 1.

(iii) Us
0,Ub

0 denote the states resulted by stationary contact wave from U0;
see (14) and Lemma 2.

(iv) U±
0 = W1(U0) ∩ C±, where W1(U0) is defined by (17) and C± are

defined by (6), (7).

(v) URie(x/t;UL,UR) is the exact solution of (4) with the Riemann initial
data

U(x, 0) =

UL, if x < 0,

UR, if x > 0.
(18)
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Figure 1: The composite wave curves W3 ◦ W1(UL, aR), W3 ◦ S1 ◦ W3(UL, aR), S1 ◦
W3(UL, aR), and the backward curve of 2-wave W2B(UR)
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2.4.1 Construction A1

Given a left-hand state UL ∈ G1. If UR is a state such that the backward
curve W2B(UR) intersects the composite wave curve W3 ◦ W1(UL, aR), see
Figure 1, then the Riemann solution of (4) with initial data (18) is

URie(x/t;UL,UR) (19)

=



UL, if x/t < 0,

Us
L, if 0 < x/t < min{λ1(Us

L), λ1(U∗)},

W1(Us
L,U∗), if min{λ1(Us

L), λ1(U∗)} < x/t < min{λ2(U∗), λ2(UR)},

W2(U∗,UR), if x/t > min{λ2(U∗), λ2(UR)},

where U∗ is found by

W2B(UR) ∩W3 ◦W1(UL, aR) = {U∗},

with W2B(UR) is defined by (17), and W3 ◦W1(UL, aR) is defined by

W3 ◦W1(UL, aR) =
{

U|U ∈ W1(Us
L) and U is located above Us#

L

}
. (20)

The setW3 ◦W1(UL, aR) is called the curve of composite 3-wave and 1-wave,
where Us

L =
[
ρsL,

aLρLuL
aRρsL

, aR

]T
is defined by Lemma 2, W1(Us

L) is defined

by (17), and Us#
L =

(
Us

L

)#
is defined by Lemma 1.

2.4.2 Construction A2

Given UL ∈ G1. Whenever the backward curve W2B(UR) intersects the
composite wave curve W3 ◦ S1 ◦ W3(UL, aR), see Figure 1, the Riemann
solution of (4) with initial data (18) is

URie(x/t;UL,UR) =


UL, if x/t < 0,

U∗, if 0 < x/t < min{λ2(U∗), λ2(UR)},

W2(U∗,UR), if x/t > min{λ2(U∗), λ2(UR)},
(21)

where U∗ is computed by
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W2B(UR) ∩W3 ◦ S1 ◦W3(UL, aR) = {U∗},

with W2B(UR) is defined by (17), and W3 ◦ S1 ◦W3(UL, aR) is defined by

W3 ◦ S1 ◦W3(UL, aR) =
{

Us#b
L |aM is between aL and aR,

Us
L =

[
ρsL,

aLρLuL
aMρsL

, aM

]T
, Us#

L =
(

Us
L

)#
,

Us#b
L =

[
(ρs#

L )b,
aMρ

s#
L us#

L

aR(ρ
s#
L )b

, aR

]T}
.

(22)
We call the setW3 ◦S1 ◦W3(UL, aR) the curve of composite 3-wave, 1-shock,
and 3-wave.

2.4.3 Construction A3

Given UL ∈ G1. If UR is a state such that the backward curve W2B(UR)

intersects the composite wave curve S1 ◦ W3(UL, aR) defined as below, see
Figure 1, then the Riemann solution of (4) with initial data (18) is

URie(x/t;UL,UR) =



UL, if x/t < σ1(UL,U∗),

U∗, if σ1(UL,U∗) < x/t < 0,

Ub
∗, if 0 < x/t < min{λ2(Ub

∗), λ2(UR)},

W2(Ub
∗,UR), if x/t > min{λ2(Ub

∗), λ2(UR)},
(23)

where U∗ and Ub
∗ are found by

W2B(UR) ∩ S1 ◦W3(UL, aR) = {Ub
∗},

with W2B(UR) is defined by (17), and S1 ◦W3(UL, aR) is defined by

S1 ◦W3(UL, aR) =
{

Ub
∗|U∗ ∈ S1(UL),U∗ is located between U#

L and U−
L ,

Ub
∗ =

[
ρb∗,

aLρ∗u∗
aRρb∗

, aR

]T}
.

(24)
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The set S1 ◦ W3(UL, aR) is called the curve of composite 1-shock and 3-
wave, where S1(UL) is defined by (10), U#

L is defined by Lemma 1, and
U−

L = S1(UL) ∩ C−.

Figure 2: The composite wave curves R1 ◦W3 ◦W1(UL, aR), R1 ◦W3 ◦S1 ◦W3(UL, aR),
W1 ◦W3(UL, aR), and the backward curve of 2-wave W2B(UR)

2.4.4 Construction B1

Given a left-hand state UL ∈ G2. If a right-hand state UR satisfies that
the backward curveW2B(UR) intersects the composite wave curve R1 ◦W3 ◦
W1(UL, aR) defined as below, see Figure 2, then the Riemann solution of (4)
with initial data (18) is

URie(x/t;UL,UR) (25)
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=



R1(UL,U+
L), if x/t < 0,

U+s
L , if 0 < x/t < min{λ1(U+s

L ), λ1(U∗)},

W1(U+s
L ,U∗), if min{λ1(U+s

L ), λ1(U∗)} < x/t < min{λ2(U∗), λ2(UR)},

W2(U∗,UR), if x/t > min{λ2(U∗), λ2(UR)},

where U∗ is found by

W2B(UR) ∩R1 ◦W3 ◦W1(UL, aR) = {U∗},

with W2B(UR) is defined by (17), and R1 ◦W3 ◦W1(UL, aR) is defined by

R1 ◦W3 ◦W1(UL, aR) =
{

U|U ∈ W1(U+s
L ) and U is located above U+s#

L

}
.

(26)
The set R1 ◦W3 ◦W1(UL, aR) is called the curve of composite 1-rarefaction
wave, 3-wave, and 1-wave, where U+

L = R1(UL) ∩ C+, U+s
L =

[
(ρ+L)

s,

aLρ
+
Lu

+
L

aR(ρ
+
L)

s
, aR

]T
is defined by Lemma 2, R1(UL) and W1(U+s

L ) are defined

by (16), (17), and U+s#
L =

(
U+s

L

)#
is defined by Lemma 1.

2.4.5 Construction B2

Given a left-hand state UL ∈ G2. Whenever the backward curve W2B(UR)

intersects the composite wave curve R1 ◦ W3 ◦ S1 ◦ W3(UL, aR), see Figure
2, the Riemann solution of (4) with initial data (18) will be

URie(x/t;UL,UR) =


R1(UL,U+

L), if x/t < 0,

U∗, if 0 < x/t < min{λ2(U∗), λ2(UR)},

W2(U∗,UR), if x/t > min{λ2(U∗), λ2(UR)},
(27)

where U∗ is calculated by

W2B(UR) ∩R1 ◦W3 ◦ S1 ◦W3(UL, aR) = {U∗},

with W2B(UR) is defined by (17), and R1 ◦W3 ◦ S1 ◦W3(UL, aR) is defined
by
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R1 ◦W3 ◦ S1 ◦W3(UL, aR) =
{

U+s#b
L |aM is between aL and aR,

U+s
L =

[
(ρ+L)

s,
aLρ

+
Lu

+
L

aM (ρ+L)
s
, aM

]T
,

U+s#
L =

(
U+s

L

)#
,

U+s#b
L =

[
(ρ+s#

L )b,
aMρ

+s#
L u+s#

L

aR(ρ
+s#
L )b

, aR

]T}
.

(28)
We refer the set R1 ◦ W3 ◦ S1 ◦ W3(UL, aR) as the curve of composite 1-
rarefaction wave, 3-wave, 1-shock, and 3-wave, where U+

L = R1(UL) ∩ C+.

2.4.6 Construction B3

Given a left-hand state UL ∈ G2. If UR is a right-hand state such that
the backward curve W2B(UR) intersects the composite wave curve W1 ◦
W3(UL, aR), see Figure 2, then the Riemann solution of (4) with initial data
(18) is

URie(x/t;UL,UR) =


W1(UL,U∗), if x/t < 0,

Ub
∗, if 0 < x/t < min{λ2(Ub

∗), λ2(UR)},

W2(Ub
∗,UR), if x/t > min{λ2(Ub

∗), λ2(UR)},
(29)

where U∗ and Ub
∗ are found by

W2B(UR) ∩W1 ◦W3(UL, aR) = {Ub
∗},

with W2B(UR) is defined by (17), and W1 ◦W3(UL, aR) is defined by

W1 ◦W3(UL, aR) =
{

Ub
∗|U∗ ∈ W1(UL),U∗ is located between U+

L and U−
L ,

Ub
∗ =

[
ρb∗,

aLρ∗u∗
aRρb∗

, aR

]T}
.

(30)
The setW1 ◦W3(UL, aR) is called the curve of composite 1-wave and 3-wave,
where W1(UL) is defined by (17), and U±

L =W1(UL) ∩ C±.
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Figure 3: The piecewise polynomial Up.pol(x)

3 Building an ENO-type scheme

Relying on the constructions of Riemann solutions in the previous section,
we are now in a position to construct an ENO-type scheme for (4). Let us
set

U =

[
aρ
aρu
a

]
, F(U) =

[
aρu

a(ρu2 + p)
0

]
, H(U) =

[
0
p
0

]
. (31)

Then, the system (4) can be written in form

∂tU + ∂xF(U) = H(U)∂xa, x ∈ R, t > 0. (32)

Given the initial condition

U(x, 0) = U0(x), x ∈ R, (33)

we define the discrete initial values {U0
j}j∈Z are given by

U0
j =

1

∆x

∫ xj+1/2

xj−1/2

U0(x)dx, j ∈ Z. (34)

Suppose that the approximation {Un
j }j∈Z of U at the time tn is known.

Recently, the Godunov-type scheme is built in [15] as

Un+1
j = Un

j−
∆t

∆x

(
F(URie(0−;Un

j ,Un
j+1))−F(URie(0+;Un

j−1,Un
j ))
)
, (35)

where ∆t must satisfy the C.F.L condition
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∆t

∆x
max{|λi(Un

j )| : j ∈ Z, i = 1, 2} ≤ CFL. (36)

Then, the van Leer-type scheme is built in [16] as

Un+1
j =Un

j −
∆t

∆x

(
F(URie(0−;Un+1/2

j+1/2,−,U
n+1/2
j+1/2,+)) (37)

− F(URie(0+;Un+1/2
j−1/2,−,U

n+1/2
j−1/2,+))

)
, (38)

where

Un+1/2
j+1/2,− = Un

j+1/2,− −
∆t

2∆x
(F(Un

j+1/2,−)− F(Un
j−1/2,+)),

Un+1/2
j−1/2,+ = Un

j−1/2,+ −
∆t

2∆x
(F(Un

j+1/2,−)− F(Un
j−1/2,+)),

Un
j+1/2,− = Un

j +
1

2
Sn
j ,

Un
j−1/2,+ = Un

j −
1

2
Sn
j ,

Sn
j = (Un

j+1 −Un
j )Φ(θ

n
j ),

θnj =
Un

j −Un
j−1

Un
j+1 −Un

j

,

Φ(θ) =
|θ|+ θ

1 + |θ|
.

Now, in this paper, we construct an ENO-type scheme as follows:

(1) From the sequence Un, we construct a piecewise polynomial Up.pol(·)
as follows:

Up.pol(x) = Pj(x) =

[
ρj(x)
uj(x)
aj(x)

]
, xj−1/2 < x < xj+1/2, j ∈ Z, (39)

where for each j, Pj(x) is a polynomial of degree at most k − 1, and
there exist r, s ∈ N (depending on j) such that

1

∆x

∫ xi+1/2

xi−1/2

Pj(x)dx = Un
i , i ∈ {j − r, . . . , j, . . . , j + s},

s+ r + 1 = k;

(40)

see Figure 3. For each j, to achieve the polynomial Pj(x) satisfying
(40), we first look for the primitive function Qj(x) of Pj(x), that is,
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Qj(x) =

∫ x

−∞
Pj(x)dx,

in the following way:

(i) We start with the two node stencil for Qj(x)

{xj−1/2, xj+1/2},

and compute the first order divided difference

Qj [xj−1/2, xj+1/2] =
Qj(xj+1/2)−Qj(xj−1/2)

∆x
,

where

Qj(xj+1/2) =

j∑
l=−∞

Un
l ∆x,

Qj(xj−1/2) =

j−1∑
l=−∞

Un
l ∆x.

(ii) Assume that l-node stencil for Qj(x) (l = 2, 3, . . . , k)

{xi+1/2, . . . , xi+l−1/2}

is known. To add one of two neighboring nodes, xi−1/2 or xi+l+1/2,
to the stencil, we use the following ENO procedure:

∗ If ∣∣∣Qj [xi−1/2, xi+1/2, . . . , xi+l−1/2]
∣∣∣

<
∣∣∣Qj [xi+1/2, . . . , xi+l−1/2, xi+l+1/2]

∣∣∣,
then we add xi−1/2 to the stencil, where the lth order divided
differences are defined recursively by

Qj [xi+1/2, . . . , xi+l+1/2]

=
Qj [xi+3/2, . . . , xi+l+1/2]−Qj [xi+1/2, . . . , xi+l−1/2]

l∆x
;

∗ Otherwise, we add xi+l+1/2 to the stencil.

(iii) After the (k + 1)-node stencil
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{xj−r−1/2, xj−r+1/2, . . . , xj−1/2, xj+1/2, . . . , xj+s−1/2, xj+s+1/2},

is found, where s + r + 1 = k, we use Newton interpolation for-
mula to obtain Qj(x), which is a polynomial of degree at most k,
satisfying

Qj(xi+1/2) =

i∑
l=−∞

Un
l ∆x, i = j − r − 1, . . . , j + s.

Then, we obtain
Pj(x) =

d

dx
Qj(x),

which is a polynomial of degree at most k − 1 satisfying (40).

(2) We solve the Cauchy problem for (32) with the initial condition

U(x, 0) = Up.pol(x), x ∈ R, (41)

to find the solution U(·,∆t).

(3) We project U(·,∆t) onto the piecewise constant functions, that is, we
set

Un+1
j =

1

∆x

∫ xj+1/2

xj−1/2

U(x,∆t)dx, j ∈ Z. (42)

In order to obtain an explicit scheme, we integrate the equation (32) over
the rectangle (xj−1/2, xj+1/2)× (0,∆t), we obtain∫ xj+1/2

xj−1/2

(U(x,∆t)−U(x, 0))dx

+

∫ ∆t

0

(
F(U(xj+1/2 − 0, t))− F(U(xj−1/2 + 0, t))

)
dt

=

∫ xj+1/2

xj−1/2

∫ ∆t

0

H(U)∂xadtdx.

(43)

Using (40), (39), (41) and (42), we get

∆x(Un+1
j −Un

j ) +

∫ ∆t

0

(
F(U(xj+1/2 − 0, t))− F(U(xj−1/2 + 0, t))

)
dt

=

∫ xj+1/2

xj−1/2

∫ ∆t

0

H(U(x, t))∂xaj(x)dtdx.

(44)
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Approximating (44) by using the Midpoint Rule, we obtain

∆x(Un+1
j −Un

j ) + ∆t
(

F(U(xj+1/2 − 0,∆t/2))− F(U(xj−1/2 + 0,∆t/2))
)
dt

= ∆x∆tH(U(xj ,∆t/2)) · ∂xaj(x)
∣∣∣
x=xj

.

(45)
To approximate F(U(xj+1/2 − 0,∆t/2)), F(U(xj−1/2 + 0,∆t/2)),
and H(U(xj ,∆t/2)), we use a predictor-corrector method as follows:

(i) We compute the updated values Un+1/2
j+1/2,± by

Un+1/2
j+1/2,−

= Un
j+1/2,− −

∆t

2∆x
(F(Un

j+1/2,−)− F(Un
j−1/2,+))

+
∆t

2
H(Un

j+1/2,−) · ∂xaj(x)
∣∣∣
x=xj+1/2−

,

Un+1/2
j−1/2,+

= Un
j−1/2,+ −

∆t

2∆x
(F(Un

j+1/2,−)− F(Un
j−1/2,+))

+
∆t

2
H(Un

j−1/2,+) · ∂xaj(x)
∣∣∣
x=xj−1/2+

,

(46)

where
Un

j+1/2,− = Pj(xj+1/2),

Un
j−1/2,+ = Pj(xj−1/2).

(47)

(ii) We solve the Riemann problem of (32) with initial data

U(x, 0) =

Un+1/2
j+1/2,−, if x < xj+1/2,

Un+1/2
j+1/2,+, if x > xj+1/2,

xj < x < xj+1, j ∈ Z, (48)

to obtain the exact solution

U(x, t) = URie
(x− xj+1/2

t
;Un+1/2

j+1/2,−,U
n+1/2
j+1/2,+

)
, xj < x < xj+1, j ∈ Z.

(49)

(iii) We approximate
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F(U(xj+1/2 − 0,∆t/2)) ≈F(URie(0−;Un+1/2
j+1/2,−,U

n+1/2
j+1/2,+)),

F(U(xj−1/2 + 0,∆t/2)) ≈F(URie(0+;Un+1/2
j−1/2,−,U

n+1/2
j−1/2,+)),

H(U(xj ,∆t/2)) ≈
1

2

(
H(URie(0−;Un+1/2

j+1/2,−,U
n+1/2
j+1/2,+))

+ H(URie(0+;Un+1/2
j−1/2,−,U

n+1/2
j−1/2,+))

)
.

Thus, the scheme (45) becomes

Un+1
j =Un

j −
∆t

∆x

(
F(URie(0−;Un+1/2

j+1/2,−,U
n+1/2
j+1/2,+))

− F(URie(0+;Un+1/2
j−1/2,−,U

n+1/2
j−1/2,+))

)
+

∆t

2

(
H(URie(0−;Un+1/2

j+1/2,−,U
n+1/2
j+1/2,+))

+ H(URie(0+;Un+1/2
j−1/2,−,U

n+1/2
j−1/2,+))

)
· ∂xaj(x)

∣∣∣
x=xj

.

(50)

To complete the ENO-type scheme (50), we must visit the Riemann problem
for (1) to define the values URie(0±;UL,UR) as follows:

• For construction A1 (19): URie(0−;UL,UR) = UL, and URie(0+;UL,UR) =

Us
L, where Us

L =
[
ρsL,

aLρLuL
aRρsL

, aR

]T
is defined by Lemma 2.

• For construction A2 (21): URie(0−;UL,UR) = UL, and URie(0+;UL,UR) =

U∗, where U∗ is the intersection point of W2B(UR) defined by (17),
and W3 ◦ S1 ◦W3(UL, aR) defined by (22).

• For construction A3 (23): URie(0−;UL,UR) = U∗, and URie(0+;UL,UR) =

Ub
∗, where U∗ belongs to S1(UL) defined by (10), and Ub

∗ is the inter-
section point ofW2B(UR) defined by (17), and S1◦W3(UL, aR) defined
by (24).

• For construction B1 (25): URie(0−;UL,UR) = U+
L , and URie(0+;UL,UR) =

U+s
L , where U+

L = R1(UL)∩ C+, and U+s
L =

[
(ρ+L)

s,
aLρ

+
Lu

+
L

aR(ρ
+
L)

s
, aR

]T
is

defined by Lemma 2.

• For construction B2 (27): URie(0−;UL,UR) = U+
L , and URie(0+;UL,UR) =

U∗, where U∗ is the intersection point of W2B(UR) defined by (17),
and R1 ◦W3 ◦ S1 ◦W3(UL, aR) defined by (28).
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• For construction B3 (29): URie(0−;UL,UR) = U∗, and URie(0+;UL,UR) =

Ub
∗, where U∗ belongs to W1(UL) defined by (17), and Ub

∗ is the in-
tersection point of W2B(UR) defined by (17), and W1 ◦ W3(UL, aR)

defined by (30).

4 Numerical experiments with discussions

This section is aimed to demonstrate the accuracy of our scheme (50) with
some numerical tests with MATLAB. For each test, we find the numerical
solutions Uh by our scheme (50) with taking

κ = 1.0, γ = 1.6,

and we then compare Uh with the corresponding exact solution U.

4.1 Test for well-balanced property

Test 1. In this test, we aim to demonstrate that the ENO-like scheme (50)
can capture a smooth stationary wave with second order accuracy. Let us
consider the Cauchy problem for system (4) with the initial smooth data
given by

U(x, 0) =
[
ρ(x), u(x), a(x)

]T
, x ≥ 0, (51)

where a(x) = 1+
1

2
x3, and

(
ρ(·), u(·)

)
is the solution of the following problem:

d

dx
(aρu) = 0,

d

dx

(u2
2

+
κγργ−1

γ − 1

)
= 0,

(ρ, u)
∣∣∣
x=0

= (0.5, 1.5),

λ1(ρ, u) = u−
√
κγργ−1 > 0, x ≥ 0. (52)

The exact solution of this problem is just a smooth stationary wave

U(x, t) =
[
ρ(x), u(x), a(x)

]T
, x ≥ 0, t ≥ 0.
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Figure 4 displays the exact solution and the approximate solution by the
ENO-like scheme (50) with k = 3 for the mesh size h = 1/80 at time t = 0.1

and on spatial domain x ∈ [0, 1]. The errors, orders of convergence are
reported by Table 1.

Figure 4: Exact solution and approximate solution by the ENO-like scheme (50) with
k = 3 for the mesh size h = 1/80 at time t = 0.1 and on spatial domain x ∈ [0, 1] of Test
1

Table 1: Errors and orders of convergence for Test 1

h L1-error Order
1/10 0.20912× 10−3 −
1/20 0.05769× 10−3 1.86
1/40 0.013918× 10−3 2.05
1/80 0.003443× 10−3 2.02
1/160 0.000917× 10−3 1.91
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4.2 Test for a complete Riemann solution when initial
data belongs to same region

Test 2. In this test, we approximate the Riemann solution of the problem
(4) with initial data

UL UR
ρ 0.5 0.7
u 1.5 2.0
a 2.0 2.5

(53)

where UL,UR are in the same supersonic region G1. According to the Con-
struction A1, the Riemann solution is

U(x, t) =



UL, if x/t < 0,

Us
L, if 0 < x/t < σ1(Us

L,U∗),

U∗, if σ1(Us
L,U∗) < x/t < λ2(U∗),

R2(U∗,UR), if x/t > λ2(U∗),

where
Us

L U∗
ρ 0.350918 0.436769
u 1.709803 1.50012
a 2.5 2.5

Figure 5 displays the exact solution and its approximate solutions by the
ENO-like scheme (50) with k = 3 and k = 7 for the mesh size h = 1/320

at time t = 0.1 and on spatial domain x ∈ [−1, 1]. The errors, orders of
convergence are reported in Table 2. This table shows that the errors of
the ENO-like scheme (50) are much smaller than the ones of the Godunov-
type scheme (35), and the orders of convergence of the ENO-like scheme
(50) are higher than the ones of the Godunov-type scheme (35) for all k =

2, 3, 4, 5, 6, 7. Specially, the errors of the ENO-like scheme (50) with k = 3

are smaller than the ones of the van Leer-type scheme (38), although very
small.
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Figure 5: Exact solution and its approximate solutions by the ENO-like scheme (50)
with k = 3 and k = 7 for the mesh size h = 1/320 at time t = 0.1 of Test 2

Table 2: Errors and orders of convergence for Test 2

Godunov-type van Leer-type ENO-like k = 2 ENO-like k = 3
h L1-error Order L1-error Order L1-error Order L1-error Order

1/10 0.147210 − 0.133470 − 0.137800 − 0.136490 −
1/20 0.092721 0.67 0.071526 0.90 0.075273 0.87 0.070917 0.94
1/40 0.056977 0.70 0.037260 0.94 0.039782 0.92 0.035419 1.00
1/80 0.036229 0.65 0.017500 1.09 0.020400 0.96 0.016978 1.06
1/160 0.023050 0.65 0.008817 0.99 0.010675 0.93 0.008495 1.00
1/320 0.014581 0.66 0.004534 0.96 0.005647 0.92 0.004427 0.94

ENO-like k = 4 ENO-like k = 5 ENO-like k = 6 ENO-like k = 7
h L1-error Order L1-error Order L1-error Order L1-error Order

1/10 0.138800 − 0.141660 − 0.144350 − 0.135280 −
1/20 0.072094 0.95 0.074614 0.92 0.076848 0.91 0.072276 0.90
1/40 0.034414 1.07 0.035282 1.08 0.036509 1.07 0.036410 0.99
1/80 0.016349 1.07 0.016685 1.08 0.017567 1.06 0.019454 0.90
1/160 0.008891 0.88 0.009398 0.83 0.011317 0.63 0.012965 0.59
1/320 0.004822 0.88 0.005238 0.84 0.006964 0.70 0.007721 0.75

4.3 Test for a complete Riemann solution when initial
data belongs to different regions

Test 3. Consider the Riemann data
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Figure 6: Exact solution and approximate solutions by the ENO-like scheme (50) with
k = 3 and k = 6 for the mesh size h = 1/320 at time t = 0.1 of Test 3

UL UR
ρ 0.9 0.5
u 1.0 1.2
a 2.0 2.5

(54)

where UL ∈ G2, and UR ∈ G1. According to the Construction B1, the exact
solution is

U(x, t) =



R1(UL,U+
L), if x/t < 0,

U+s
L , if 0 < x/t < σ1(U+s

L ,U∗),

U∗, if σ1(U+s
L ,U∗) < x/t < σ2(U∗,UR),

UR, if x/t > σ2(U∗,UR),

where
U+

L U+s
L U∗

ρ 0.778780 0.446692 0.582528
u 1.173504 1.636746 1.360876
a 2.0 2.5 2.5

Figure 6 displays the exact solution and its approximate solutions by the
ENO-like scheme (50) with k = 3 and k = 6 for the mesh size h = 1/320

at time t = 0.1 and on spatial domain x ∈ [−1, 1]. The errors, orders of
convergence are reported in Table 3. This test indicates that the errors of
the ENO-like scheme (50) are smaller than those of the Godunov-type scheme
(35) only for k = 2, 3, 4. Specially, the errors, orders of convergence of the
ENO-like scheme (50) with k = 3 are approximate to the ones of the van
Leer-type scheme (38).
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Table 3: Errors and orders of convergence for Test 3

Godunov-type van Leer-type ENO-like k = 2 ENO-like k = 3
h L1-error Order L1-error Order L1-error Order L1-error Order

1/10 0.145170 − 0.140000 − 0.143600 − 0.141710 −
1/20 0.088237 0.72 0.083727 0.74 0.085501 0.75 0.085796 0.72
1/40 0.045084 0.97 0.038502 1.12 0.038707 1.14 0.039072 1.13
1/80 0.026477 0.77 0.019911 0.95 0.020432 0.92 0.020352 0.94
1/160 0.015181 0.80 0.009689 1.04 0.010287 0.99 0.009670 1.07
1/320 0.009123 0.73 0.005674 0.77 0.005962 0.79 0.005467 0.82

ENO-like k = 4 ENO-like k = 5 ENO-like k = 6 ENO-like k = 7
h L1-error Order L1-error Order L1-error Order L1-error Order

1/10 0.141280 − 0.141260 − 0.141420 − 0.141640 −
1/20 0.086031 0.72 0.086124 0.71 0.086201 0.71 0.086289 0.71
1/40 0.040304 1.09 0.041208 1.06 0.041770 1.05 0.042117 1.03
1/80 0.023236 0.79 0.025029 0.72 0.026564 0.65 0.027639 0.61
1/160 0.011882 0.97 0.015186 0.72 0.017823 0.58 0.019678 0.49
1/320 0.006408 0.89 0.009008 0.75 0.010765 0.73 0.013075 0.59

4.4 Test for a resonant phenomenon case

Test 4. This test is conducted to show that the scheme (50) can work well in
regions of resonance, where three waves propagate at same speed. Consider
the Riemann initial data

UL UR
ρ 0.5 1.2
u 1.5 0.9
a 2.0 2.5

(55)

where UL ∈ G1, and UR ∈ G2. According to the Construction A2, the exact
solution is

U(x, t) =


UL if x/t < 0,

Us#b
L , if 0 < x/t < λ2(Us#b

L ),

R2(Us#b
L ,UR), if x/t > λ2(Us#b

L ),

(56)

where
Us

L Us#
L Us#b

L
ρ 0.458944 0.886495 0.966873
u 1.557664 0.806412 0.620557
a 2.098252 2.098252 2.5

In this Riemann solution (56), we can see that it contains three waves propa-
gating at zero speed, that is,W3(UL,Us

L), S1(Us
L,U

s#
L ), andW3(Us#

L ,Us#b
L ).

Figure 7 shows the exact solution and its approximate solutions by the
ENO-like scheme (50) with k = 3 and k = 5 for the mesh size h = 1/320

at time t = 0.1 and on spatial domain x ∈ [−1, 1]. This figure demonstrates
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the convergence of the approximate solutions by the ENO-like scheme (50)
when the Riemann data belongs to regions of resonance. The errors, orders
of convergence are reported in Table 4. We can see from this table that the
ENO-like scheme (50) with k = 2, 3, 4, 5, 6 has a better accuracy than the
Godunov-type scheme (35). Again, we also see that the errors, orders of
convergence of the ENO-like scheme (50) with k = 3 are the same as those
of the van Leer-type scheme (38).

Figure 7: Exact solution and approximate solutions by the ENO-like scheme (50) with
k = 3 and k = 5 for the mesh size h = 1/320 at the time t = 0.1 of Test 4

Table 4: Errors and orders of convergence for Test 4

Godunov-type van Leer-type ENO-like k = 2 ENO-like k = 3
h L1-error Order L1-error Order L1-error Order L1-error Order

1/10 0.156310 − 0.149430 − 0.146500 − 0.147310 −
1/20 0.089646 0.80 0.078463 0.93 0.078737 0.90 0.076385 0.95
1/40 0.053216 0.75 0.042118 0.90 0.043172 0.87 0.042851 0.83
1/80 0.030277 0.81 0.021359 0.98 0.022269 0.96 0.021173 1.02
1/160 0.017451 0.79 0.010617 1.01 0.011415 0.96 0.010297 1.04
1/320 0.010445 0.74 0.005360 0.99 0.005884 0.96 0.005193 0.99

ENO-like k = 4 ENO-like k = 5 ENO-like k = 6 ENO-like k = 7
h L1-error Order L1-error Order L1-error Order L1-error Order

1/10 0.147400 − 0.147240 − 0.147090 − 0.147890 −
1/20 0.076007 0.96 0.076504 0.94 0.076737 0.94 0.080435 0.88
1/40 0.044977 0.76 0.046037 0.73 0.046879 0.71 0.049658 0.70
1/80 0.023064 0.96 0.024237 0.93 0.025491 0.88 0.030240 0.72
1/160 0.011652 0.99 0.012472 0.96 0.013368 0.93 0.025279 0.26
1/320 0.006026 0.95 0.006472 0.95 0.007058 0.92 0.018523 0.45
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4.5 Test for interaction of waves

Test 5. In this test, we approximate a Cauchy problem with initial condition:

U(x, 0) =


UL = [0.8, 2.0, 2.0]T , if x < 0,

UM = [0.5, 1.5, 2.5]T , if 0 < x < 1,

UR = [0.372067, 1.679806, 3.0]T , if x > 1,

(57)

where UL,UM ,UR ∈ G1, and UR = Us
M . At time t = 0.4, we can check that

the Riemann solution at x = 0 interacts with the one at x = 1. Therefore,
the exact solution at t = 0.4 is

U(x, t) =



UL, if x/t < 0,

U1, if 0 < x/t < σ1(U1,U2),

U2, if σ1(U1,U2) < x/t and (x− 1)/t < 0,

U3, if 0 < (x− 1)/t < σ1(U3,U4),

U4, if σ1(U3,U4) < (x− 1)/t < σ2(U4,UR),

UR, if (x− 1)/t > σ2(U4,UR),

where
U1 U2 U3 U4

ρ 0.584096 0.738236 0.567757 0.562968
u 2.191420 1.929233 2.090433 2.099463
a 2.5 2.5 3.0 3.0

Figure 8 displays the exact solution and its approximate solutions by the
ENO-like scheme (50) with k = 3 and k = 5 for the mesh size h = 1/320

at time t = 0.4 and on spatial domain x ∈ [−2, 2]. The errors, orders of
convergence are reported in Table 5. Like all tests above, this test also
indicates that the errors of the ENO-like scheme (50) with k = 2, 3, 4, 5 are
much smaller than the ones of the Godunov-type scheme (35), and the orders
of convergence of the ENO-like scheme (50) with k = 2, 3, 4, 5 are higher than
the ones of the Godunov-type scheme (35). We also see that the accuracy of
the ENO-like scheme (50) is less than the van Leer-type scheme (38) for all
k = 2, 3, 4, 5, 6, 7.

Iran. J. Numer. Anal. Optim., Vol. 15, No. 3, 2025, pp 1275–1309



Cuong and Thanh 1304

Figure 8: Exact solution and approximate solutions by the ENO-like scheme (50) with
k = 3 and k = 5 for the mesh size h = 1/160 at time t = 0.4 of Test 5

Table 5: Errors and orders of convergence for Test 5

Godunov-type van Leer-type ENO-like k = 2 ENO-like k = 3
h L1-error Order L1-error Order L1-error Order L1-error Order
1/5 0.218000 − 0.164300 − 0.180440 − 0.170460 −
1/10 0.161200 0.44 0.095635 0.78 0.112080 0.69 0.102300 0.74
1/20 0.107390 0.59 0.045529 1.07 0.057382 0.97 0.052002 0.98
1/40 0.067436 0.67 0.024359 0.90 0.029569 0.96 0.026578 0.97
1/80 0.041364 0.71 0.011765 1.05 0.015053 0.97 0.012180 1.13
1/160 0.023396 0.82 0.005772 1.03 0.007526 1.00 0.006322 0.95

ENO-like k = 4 ENO-like k = 5 ENO-like k = 6 ENO-like k = 7
h L1-error Order L1-error Order L1-error Order L1-error Order
1/5 0.187650 − 0.169700 − 0.200110 − 0.191990 −
1/10 0.111190 0.76 0.115720 0.55 0.121310 0.72 0.121630 0.66
1/20 0.056829 0.97 0.073652 0.65 0.086137 0.49 0.091910 0.40
1/40 0.028911 0.98 0.045233 0.70 0.059927 0.52 0.067928 0.44
1/80 0.012443 1.22 0.023754 0.93 0.035052 0.77 0.047736 0.51
1/160 0.006982 0.83 0.015361 0.63 0.028422 0.30 0.036563 0.38

5 Conclusions and discussion

The high-resolution ENO-like schemes for the model (1) constructed in this
work can approximate exact solutions very well for all kinds of data: super-
sonic, subsonic, or both. The ENO-like scheme corresponding to k = 3 still
works well even in the resonant regime, where the exact solution containing
multiple waves associated with different characteristic fields propagates with
the same shock speed. This scheme still maintains some valuable properties
of the original one for hyperbolic systems of conservation laws: it is oscil-
latory and has high order accuracy. Numerical tests show that the scheme
has a much better accuracy than the Godunov-type scheme and can approx-
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imate smooth stationary waves with a second-order accuracy. The ENO-like
scheme corresponding to k = 3 works as good as the van Leer-type scheme.
However, the ENO-like schemes for larger k may suffer oscillations.
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