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Letter from the Editor–in–Chief

I would like to welcome you to the Iranian Journal of Numerical Analysis
and Optimization (IJNAO). This journal has been published two issues per
year and supported by the Faculty of Mathematical Sciences at the Ferdowsi
University of Mashhad. The faculty of Mathematical Sciences with the cen-
ters of excellence and the research centers is well-known in mathematical
communities in Iran.
The main aim of the journal is to facilitate discussions and collaborations
between specialists in applied mathematics, especially in the fields of numer-
ical analysis and optimization, in the region and worldwide. Our vision is
that scholars from different applied mathematical research disciplines pool
their insight, knowledge, and efforts by communicating via this international
journal. In order to assure the high quality of the journal, each article is
reviewed by subject-qualified referees. Our expectations for IJNAO are as
high as any well-known applied mathematical journal in the world. We trust
that by publishing quality research and creative work, the possibility of more
collaborations between researchers would be provided. We invite all applied
mathematicians especially in the fields of numerical analysis and optimiza-
tion to join us by submitting their original work to the Iranian Journal of
Numerical Analysis and Optimization.
We would like to inform all readers that the Iranian Journal of Numerical
Analysis and Optimization (IJNAO), has changed its publishing frequency
from ”Semiannual” to a ”Quarterly” journal since January 2023. The four
journal issues per year will be published in the months of March, June,
September, and December. One of our goals is to continue to improve the
speed of both the review and publication processes, while try continuing to
publish the best available international research in numerical analysis and op-
timization, with the high scientific and publication standards that the journal
is known for.

Ali R. Soheili

Editor-in-Chief
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Research Article

A parallel hybrid variable neighborhood
descent algorithm for nonlinear optimal

control problems

M. Salimi, A.H. Borzabadi*, H.H. Mehne and A. Heydari

Abstract

In this paper, a numerical method for solving bounded continuous-time
nonlinear optimal control problems (NOCPs) that based on variable neigh-
borhood descent (VND) algorithm is proposed. First, the genetic algorithm
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(GA) is combined with an improved VND that uses efficient neighborhood
interchange. Then, to improve the efficiency of the algorithm for practical
and large-scale problems, the parallel processing approach is implemented
for discrete form of NOCP. It performs the required complex computations
in parallel. The resulting parallel algorithm is applied to a benchmark of
nine practical problems such as Van Der Pol problem and chemical reactor
problem. For large-scale problems, the parallel hybrid variable neighbor-
hood descent algorithm (PHVND) is capable of obtaining optimal control
values effectively. Our experimentation shows that PHVND outperforms
the best-known heuristics in terms of both solution quality and computa-
tional efficiency. In addition, computational results indicate that PHVND
produces superior results compared to sequential quadratic programming
or GA.

AMS subject classifications (2020): Primary 49M25; Secondary 65Y05, 68W50.

Keywords: Parallel algorithm; Neighborhood descent algorithm; Optimal
control problem.

1 Introduction

The main goal of optimal control is to find a control for a linear or non-
linear system that will makes the system satisfy physical constraints while
also minimizing or maximizing some performance measure. This involves
determining the best control inputs over a given time horizon to achieve the
desired system behavior [6]. Optimal control problems (OCPs) are utilized to
provide an explanation for problems in various industrial processes, such as
the control of robots, aircraft, and electrical systems [4]. An optimal control
strategy was proposed for dynamic transfer from a simple half-circular legged
monopod model in [27]. The development of the nonlinear optimal control
problems (NOCP) method for reverse osmosis desalination devices with an
induction motor (IM) to minimize energy dissipation and reduce the operat-
ing cost of the units is reviewed in [29]. In [28], a nonlinear optimal control
approach is proposed for the dynamic model of a gas centrifugal compressor
driven by an IM. One of the other applications of NOCPs to human health is
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reported in [2], where NOCP is used to determine the dynamics of hepatitis
E diseases.

The study of numerical methods has provided an attractive field for re-
searchers in mathematical sciences who have seen the emergence of differ-
ent numerical calculation methods and efficient algorithms to solve OCPs
[25]. Nowadays, meta-heuristic approaches have gained popularity in solv-
ing NOCPs. Researchers applied the particle swarm optimization (PSO), for
example, in [12], to optimize the parameters of a proportional integral deriva-
tive (PID) controller. The application of ant colony optimization (ACO) is
another meta-heuristic for numerically solving NOCPs. The method uses the
discrete form of the control values of the set. ACO solved the problems that
have transformed into quasi-assignment problems [5, 19]. The genetic algo-
rithm (GA) method is a population-based meta-heuristic. It was widely used
to solve many optimization problems. In recent decades, GA has been also
proposed to solve NOCP effectively [21, 30]. Continuous GA and improved
GA to solve NOCP can be found in [1, 33].

To improve the precision of the solutions and reduce the computational
time, hybrid methods were introduced [3, 20]. In [23], a modified hybrid GA
has been proposed to solve NOCP numerically. A hybrid improved GA using
a simple local search method is also provided to solve NOCP [34].

One of the advantages of the application of meta-heuristics for solving
NOCP is their independence to near-optimal initial guesses. So, one approach
to solving an NOCP with meta-heuristics is changing the NOCP into a non-
linear programming (NLP) problem with finite dimension. It is performed by
discretizing the space-time and control, which leads to a large-scale problem.

After the discretization of NOCP, a new initiative is proposed to solve
the problem more easily and faster. Due to the structural similarity of the
discretization problem with the uncapacitated single allocation p-hub median
problem (USApHMP), we will use this method to solve NOCP [32]. Due to
the simple nature of USApHMP, the NOCP optimization procedure is easily
programmed and can be solved effectively. It has many benefits, such as ease
of programming, short computation time, self-starting, and convergence to
the global minimum.

Iran. J. Numer. Anal. Optim., Vol. 15, No. 2, 2025, pp 424–456
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The large dimension of large-scale NLP is a limitation that makes it diffi-
cult to find accurate solutions, especially with population-based algorithms.
Parallelization algorithms are used to speed up a wide range of algorithms,
for example, the ACO method, which is applied to solve NOCP, [19]. GA
uses hybridization, strategic search [31], and parallelization to reach high-
quality solutions in a low computational time. In [36, 37, 38], a parallel GA
for optimization is described. To reduce the computational time in solving
large-scale problems, parallelism is proposed in this paper.

One of the effective methods to solve USApHMP is variable neighborhood
descent (VND) [17]. It has been applied to solve the maximum clique problem
[16], scheduling problem [7], and hub location [26].

To find a promising region of search space, we use four local searches in
sequential VND (SVND). Then, to increase the quality of solutions obtained
from the phase search, the number of control partitions in NOCP is changed
as hubs in USApHMP [32]. Finally, we combine SVND with the GA in
mutations and reduce computational time with parallel processing.

The parallel hybrid variable neighborhood descent algorithm (PHVND)
is then evaluated by implementing some real-world examples. The results
show that the proposed method obtains more accurate solutions compared
with methods that search for control values in discrete form.

The remainder of this paper is organized as follows: Section 2 provides
a brief overview of the formulation problem. Section 3 describes the ba-
sics of the PHVND algorithm. In Section 4, we examine some benchmark
examples to compare the results of the proposed algorithm with the other
existing methods. Finally, Section 5 presents more analysis of the results and
concludes the paper.

2 Mathematical programming formulation

The goal of NOCP is to control a dynamical system from a given initial state
to a final optimal state in a desirable way. Find an optimal controller u∗(t)
and state variable x∗(t) that minimize the cost function J(x, u), where x(t) ∈
Rn, u(t) ∈ Rm are the state variable and the control variable respectively.
Suppose that g : R × Rn × Rm → R and f : R × Rn × Rm → Rn are both
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continuously differentiable functions in x and u, t0, tf are the initial and final
times, respectively, and that ϕ : Rn ×R→ R is a continuous scaler function.
The Bolza problem is minimizing

J(x(·), u(·)) = ϕ(x(tf ), tf ) +

∫ tf

t0

g(t, x(t), u(t))dt, (1)

under the following constraints and boundary conditions:

ẋ = f(t, x(t), u(t)), (2)

c(t, x, u) = 0, (3)

d(t, x, u) ≤ 0, (4)

ψ(tf , x(tf )) = 0, (5)

x(t0) = x0, (6)

ul ≤ u ≤ ub, (7)

where all functions are assumed to be smooth enough in suitable open sets.
The cost function (1) should be minimized according to the dynamics (2),
control and restrictions of state equality (3) and control inequality and state
inequality constraints (4), final state constraints (5), initial condition (6),
and limitation of the control variable (7).

Minimum time problems, linear quadratic regulator (LQR) problem,
tracking problem, minimum energy, and terminal control problem are an-
other special case of NOCPs.

3 Parallel hybrid algorithm

Representation scheme. At first, the problem of minimizing (1) subject to
(2)–(7) is changed to a discrete form. To do this, the time interval is di-
vided to a number of equidistant nodes {t0, t1, . . . , tNt−1}. For any interval
[ti−1, ti], i = 1, 2, . . . , Nt−1, the interval [ul, ub] is divided into m subinterval
[uj−1, uj ], j = 1, 2, . . . ,m with the same length. Then, p values are deter-
mined as hub (u0, u1, . . . , up) in USApHMP from m subinterval. Therefore,
in direct form of the problem, we have to find an assignment
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429 A parallel hybrid variable neighborhood descent algorithm for nonlinear ...

{t0, t1, . . .} → {u0, u1, . . .} (8)

with minimum performance index. The new problem is an assignment type
of optimization problems with a finite dimension. Since the control interval is
divided into m partitions and the time interval is divided into Nt−1 sections,
and one control must be selected for each time. Then, this problem can be
extended to USApHMP, where every time is assigned to only one hub from
the set of u0, u2, . . . , up. (see details in [32])

Fitness function. Now, a piecewise control function is constructed as
follows:

u(t) =

Nt−1∑
j=1

χ[tj−1, tj ](t)uj , (9)

where χ is the indicator function:

χ[tj−1, tj ](t) =

 1, t ∈ [tj−1, tj ],

0, otherwise.
(10)

The time nodes are defined by

tj = t0 + jh, j = 0, . . . , Nt − 1, (11)

where h = (tf−t0)/Nt−1. This is a finite-dimensional optimization problem
with u1, . . . , up as unknowns.
Let ψ = [ψ1, ψ2, . . . , ψnψ ] is the vector form of constraints, defined in (5).
Then satisfaction of constraints can be relaxed as:

φf = ‖ψ‖ < ϵ, (12)

where ‖ · ‖ is the Euclidean norm and ϵ is a given small number indicating
the accuracy. The term integral of (1) can be calculated by a numerical
integration such as Runge-Kutta or Newton algorithms for each control input
u(tj), and the corresponding state variable x(tj), j = 0, 1, . . . , Nt − 1, which
satisfy in (2). The notations x(tj) and u(tj) are briefly indicated by xj and
uj respectively.

Then, the discrete form of the performance index (1) is as follows:
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minimize J(x(·), u(·)) =
Nt−1∑
j=0

wjg(tj , x(tj), u(tj)) +Mφf , (13)

where wj , j = 0, . . . , Nt − 1 are weights and M is a large enough positive
number. In the case of equality or inequality constraints (3) or (4), penalty
constants M1,M2,M31, . . . ,M3nψ are added to the fitness function:

I = J̃ +

Nt−1∑
j=0

M1 max{0, d(xj , uj , tj)}+
Nt−1∑
j=0

M2c
2(xj , uj , tj)

+

nψ∑
k=1

M3kψ
2
k(xNt−1, tNt−1), (14)

where J̃ is an approximation of J .

In the following, the GA is introduced in the first subsection and the
SVND algorithm in the next subsection. Then, the structure of the hybrid
PHVND algorithm is explained and then the parallelization process is men-
tioned.

3.1 Genetic algorithm

Initialization. The initial population is chosen randomly from candidate so-
lutions in the search space. Then, p control input values are selected from
the m control subintervals at random. This can be done in the following
stages. In our experiment, the population size is fixed at a value of 300
(Npop = 300). Then, each time tj , j = 0, . . . , Nt − 1 is randomly assigned to
the selected control values. With this selection pattern, initial chromosomes
are produced. When this repeats Npop times, then Npop feasible chromosomes{
C1, C2, . . . , CNpop

}
are generated.

Selection. For NOCP, the better chromosome is one with a smaller fitness
value. In the first, a certain number of individuals in the population are ran-
domly selected. Using this method of selection, we will have a great chance
to find better random chromosomes to produce children. This phase can be
also performed in parallel.
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431 A parallel hybrid variable neighborhood descent algorithm for nonlinear ...

Elitism. The incumbent from generation to generation is maintained. If
in crossover or mutations, the best chromosome (individual) within the pop-
ulation is lower than the existing solution, the better answer is replaced by
the worse one in the current population.

Crossover. The crossover is a combination of two or more parental solu-
tions to provide better solutions. There are several ways to achieve this,
and good performance depends on a well-designed recombination mecha-
nism [35]. Here, the standard one-point crossover operator is proposed,
where a crossover operator creates a child solution for selected parents. The
crossover parents are selected from

{
C1, C2, . . . , CNpop

}
and random j from

{0, . . . , Nt − 1}.

To construct a child solution, its first j genes are taken from the first par-
ent, and the remainingNt−1−j genes are taken from the second parent. After
applying the crossover on the arrays, if the number of assignments control is
more than p in the offsprings, we keep the feasible one, then for the remaining
gens if a time node ti was assigned to another control from {up+1, . . . , uNu},
then the node ti is randomly assigned to a selected {u1, . . . , up}.

Mutation. The modification of the mutation method preserves the entire
population. Repeat the selection to the mutation process until a termination
condition is met.

3.2 Local searches

The fundamental neighborhood structures can also be extended for muta-
tions in GA exchanges and node interpolation moves. Local search methods
are as follows:
1- First, we randomly choose one person in the population, pop(i) and ran-
domly choose gen position j1 ∈ {1, . . . , Nt − 1} and j2 ∈ {j1, . . . , Nt − 1}.
Then, exchange position of j1 and j2 and replace if the new offspring is
better than the worst person in the population. This means that we select
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(tj1 , uj1) and (tj2 , uj2) then exchange uj1 with uj2 and vice versa.
2- The second, randomly choosing one person, pop(i), then the local search
method is as follows. This local modification does not change the location of
the selected controls (u1, . . . , up). For all time nodes, we try to change their
membership. This means that we have to process every selected control and
try to replace the assignment time node with a new assignment. This does
not change other elements.
3- The location of selected controls uj (which in control array {u1, . . . , up})
is changed in pop(i) that choose randomly and move to this neighborhood
solution if the cost function is reduced. First, a control uk that is not in
control array, is selected. From the representation of the current assign-
ment, all nodes times that assignment to uj can generate and then change
its assignment to uk. But if the pop(i) has only one control, do nothing.
Otherwise, the change in the cost function for all populations is calculated.
We developed four neighborhood structures independently, although one of
them is essentially the same as the second local search method (Greassign
and Greplace) in [39] and one and the second are the same as local search in
[17], but these neighborhoods are applied in a different order.
4- The one parent pop(i), uj from the control array and uk that is not in
the control array was selected, randomly. The uj was deleted and uk was
replaced and randomly reassigned all time nodes in pop(i) to new control
that includes uk. Thus all assignments in pop(i) are changed.

3.3 SVND

Among available strategies for the exploration of several neighborhoods
within deterministic local search, the sequential strategy is more common.
In VND, the neighborhood structures are explored one by one in the given
sequence that is specified in Algorithm 1 (SVND) [14, 15]. SVND uses all
lmax neighborhood structures within VND. Then it performs local searches
with them, considering their orders. SVND stops whenever no better solution
in the last neighborhood exits.
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Algorithm 1 Sequential variable neighborhood descent
Require: Make an order of all lmax ≥ 2 neighborhoods that will be used in

the search, select the set of neighborhood structures Nl, l = 1, . . . , lmax,
an initial solution x.

1: xopt = x, fopt = f(x), l = 1

2: repeat
3: i = 0

4: repeat
5: i = i+ 1

6: find best neighbor x′
= argmin{f(x), f(xi)}, xi ∈ Nl(x)

7: until all solutions from neighborhood l are visited set
8: if solution x′ thus obtained is better than x then
9: x = x

′ , xopt = x, fopt = f(x) and l = 1

10: else
11: l = l + 1

12: end if
13: until l > lmax

14: return x

The last obtained solution is a local minimum with considering all lmax

neighborhood structures. After construction or update of the population, the
fitness values of the candidate solutions are evaluated using (14). Here, four
local search neighborhoods are used for each generated individual to refine
the allocation of time nodes to the control array. It will be explained in the
next subsection.

3.4 Parallelization

The size of the population is an important factor that affects the scalability
and performance of the genetic algorithm. However, increasing the size of
the population will increase the computational time. To solve this problem,
a parallel implementation is proposed. It will reduce the time and improves
the ability of solving complex problems. Due to independent operations in
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a large amount of data, population-based optimization algorithms can run
in parallel. The first stages of discretization and population generation are
serial. Then, the iteration of GA including mutation, fitness evaluation and
crossover are implemented as loop parallelization.

The process is then repeated until the maximum allowed number of iter-
ations is reached. The parallel algorithm proposed by PHVND is effective in
solving the test criteria for the large-scale NOCP algorithm. The algorithm
of PHVND to solve NOCP is given as Algorithm 2.

In PHVND, GA is combined with the SVND method in the mutation step
as local search to improve the solutions.

Algorithm 2 The algorithm of the PHVND method
Require: Select the number of time steps, Nt, the number of control func-

tions, Nu, the size of the population, Npop, the maximum number of
iterations Maxiter, the mutation factor, pm, the crossover constant, pc,
and the number of the available processors, Np.
Generate a random initial population PA and distribute it among pro-
cessors by master processors.
let iter = 0

while (iter < Maxiter) do
Selection: Each processors receives its population, PB , and calcu-

lates the fitness function of its population.
Elitism: Each processors selects the best individual among PB and

send them the master processor.
The master processor determines the best global individuals, send

them to processors, and updates the PA.
Each processor receives the global best individuals and replace them

with the worst individual in the PB .
Crossover: Each processors performs a crossover for PB

Mutation: Each processors executes SVND for PB

let iter = iter + 1.
end while
Master processor returns the best individual in the final population (PA)
as an approximate solution of NOCP.
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4 Computational results for NOCP

To examine the efficiency of the proposed algorithm, some benchmark prob-
lems of NOCPs are considered in some examples. The absolute error of the
performance index, satisfaction of the problem’s constraints, and the effect
of particle size of control times and intervals are parameters for evaluating
the algorithms.

The codes are developed using MATLAB software and the OpenMP pro-
gramming interface. They were executed on a parallel computer at the
Aerospace Research Institute with 48 (1.8 GHz) cores.
Let J be the performance index obtained by an algorithm, let φf define the
error of final state constraints, and let J∗ be the best solution obtained among
all implementations, or the exact solution (when exists). Now, let Nt and m
be defined as the division of time and control interval, and let the absolute
error of J , gapJ , of the algorithm be defined by

gapJ = |J − J∗|. (15)

The parameters of PHVND are lmax = 4, uleft, uright, t0, and tf . We consider
pm = 0.4 and pc = 0.6. The other parameters of PHVND are given in what
follows. To find the best value for the algorithm parameters, we ran the
algorithm with different parameter values and then chose the best. However,
the sensitivity of the parameters Nt, m are studied in the tables. Table 1
indicates the details of each case.

4.1 Comparison of results

The results on instances of partition time and control function are summa-
rized in Table 12 where PHVND is compared with Modified Hybrid Ge-
netic (see [24]), GA (see [11]), sequential unconstrained minimization tech-
nique (SUMT) (see [10]), sequential quadratic programming (SQP) (see [10]),
hybrid algorithm by integrating an improved PSO with improved particle
swarm optimization (IPSO-SQP)(see [22]), novel continuous genetic algo-
rithm (CGA) (see [1]), numerical method proposed in [13] called Bézier, ho-
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motopy perturbation method (HPM) (see [9]), parallel numerical method
based on whale optimization algorithm (WOA) (see [20]), Linear interpola-
tion (LI)(see [24]), and Spline interpolation (SI)(see [24]).
Comparison the best numerical results in 300 different runs of the PHVND
method for different partitions of time and control function for each exam-

Table 1: The problem parameters for NOCPs examples

g =
1

2
(x21 + x22 + u2) x0 = (1, 0)

Example 1 f =
[
x2,−x2 + (1− x21)x2 + u

]T
t = [0, 5] M = 102

ψ = x1 − x2 + 1 u = [−0.5, 2]

g =
1

2
(x21 + x22 + 0.1u2) x0 = (0.05, 0)

Example 2 f = [x1 − 2(x1 + 0.25) + (x2 + 0.5) exp
(

25x1
x1 + 2

)
t = [0, 0.78] M = 1

−u(x1 + 0.25), 0.5− x2 − (x2 + 0.5) exp
(

25x1
x1 + 2

)
]T

ψ = [x1, x2]
T

u = [−1.5, 2]
g = u2 x0 = 0

Example 3 f = 1
2x

2 sin(x) + u t = [0, 1] M = 106

ψ = x− 0.5 u = [0, 1]

ϕ = −x3 x0 = (10,−2, 10)
Example 4 f = [x2,−2

u

x3
,−0.01u]T t = [0, 5] M = 1

ψ = [x1, x2]
T

u = [−30, 30]
ϕ = x1 x0 = (0, 1)

Example 5 f = [−620000e

(−5000
u

)
x1 + 4000e

(−2500
u

)
x22, t = [0, 1]

−4000e

(−2500
u

)
x22]

T u = [298, 398]

ϕ = x3 x0 = (0,−1, 0)
Example 6 f = [x2,−x2 + u, x21 + x22 + 0.005u2]T t = [0, 1] M = 1

ψ = (x1, x2) u = [−5, 5]
d(x, t) = x2 + 0.5− 8(t− 0.5)2

g = 2x1 x0 = (2, 0)

Example 7 f = [x2, u]
T t = [0, 3] M = 1

d(x, t) = −(6 + x1) u = [−2, 2]
g = x21 + x22 + 0.005u2 x0 = (0,−1)

Example 8 f = [x2,−x2 + u]T t = [0, 1] M = 102

d(x, t) = −(8(t− 0.5)(t− 0.5)− 0.5− x2) u = [−5, 5]

g =
1

2
(x21 + x22 + u2) x0 = (1, 0)

Example 9 f = [x2,−x1 + (1− x21)x2 + u]T t = [0, 5] M = 1

d(x, t) = −(x2 + 0.25) u = [−1, 1]
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ples are proposed in Table 2 and Tables 4–11. In the tables related to each
example, such as Table 2 or Tables 4–11, the value of gapJ is the result of
comparing the value of J for different partitions with the optimal value of
PHVND. In Table 12, the value of gapJ is the result of comparing the best
value of PHVND with other algorithms for each example.

4.2 Numerical Experiments

Example 1. This example is Van Der Pol Problem (VDP) [1], which has
to be minimized. After scaling by taking the best-known value reached by
PHVND, we obtain the following values: J∗ = 1.5404 for Nt = 100 and
m = 100. The numerical result for different Nt,m is given in Table 2. We
have also compared our result with other algorithms in Table 12. The results
objective function of implementing PHVND is less than the result of CGA,
which equals J∗ = 1.7404 and less than LI, J∗ = 1.5949, and SI, J∗ = 1.5950.

The error of proposed method is small around ϵ = 10−4. The value of
speedup in Table 3 for parallel computing, shows the performance of par-
allelization and reduction time in terms of number of CPUs. The resulting
control and states of Example 1 obtained from using the PHVND method
for (Nt,m) = (100, 100) are given in Figures 1 (a), 1(b). Figure 1 (c) shows
the performance index for 300 iterations and indicates the convergence rate.
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Figure 1: (a) The resulting optimal trajectories for Nt = 100, m = 100 for Example 1,
(b) The resulting optimal control for Nt = 100, m = 100 for Example 1, (c) Performance
index for iterations for Example 1 (Nt = 100, m = 100)
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Figure 2: (a) The wall clock time of execution for Example 1, and (b) The speedup
curve for Example 1.

In addition, Figure 2(a) shows the wall clock time of running, which shows
that run time is decreased with increase the number of processors. The speed
of the performance curve is also given in Figure 2(b) and compared with the
ideal speedup. The resulting speedup curve is close to the ideal line up to 8
threads and its divergent behavior is normal after 8 threads because of the
serial fraction of the algorithm and other overheads.

Based on the figures, the efficiency of the method in controlling the system
to desired final states, rate of convergence and parallel performance can be
deduced.

Example 2. The Chemical Reactor Problem (CRP) [1] is solved in this
example. The proposed algorithm was applied to this problem where the
results are given in Table 4.

The results have been compared with CGA, LI, and SI algorithm in
Table 12. Although, in Table 12, the norm of final state constraints, φf ,
for CGA, equals 7.57 × 10−10 and for the LI and SI methods, which equal
1.15 × 10−9 and 5.99 × 10−9, respectively, is less than φf of the PHVND
methods, which equals 3.60 × 10−3, but the performance index gap is very
small, about 0.008 for CGA and 0.01 for LI and SI.
After solving with the proposed method, we obtain the following results: the
best value J∗ = 0.033 and the error function φf = 3.60× 10−3 that obtained
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Table 2: Comparison between the best numerical results of different partitions for Ex-
ample 1

Nt m J φf gapJ

10 10 1.5659 2.19× 10−3 0.025
30 50 1.6299 2.85× 10−3 0.089
30 100 1.5811 3.12× 10−3 0.047
50 50 1.5966 9.06× 10−4 0.056
50 100 1.5689 4.14× 10−4 0.028
75 75 1.661 7.15× 10−4 0.120
100 100 1.5404 1.75× 10−4 0.000
150 150 1.7587 1.00× 10−3 0.218

Table 3: Comparison the results of PHVND for different partitions of time and control
function for 16 number of threads for Example 1

Number of Nt = 100, m=100 Nt = 150, m=150 Nt = 200, m=200
threads time (sec) Speed up time (sec) Speed up time (sec) Speed up
1 778 1.00 3070 1.00 8967 1.00
2 497 1.56 1846 1.66 4849 1.85
3 418 1.86 1309 2.35 3425 2.62
4 366 2.13 1144 2.68 2904 3.09
5 353 2.20 998 3.08 2445 3.67
6 356 2.18 907 3.38 2235 4.01
7 355 2.19 879 3.49 2006 4.47
8 375 2.07 836 3.67 1843 4.86
9 359 2.17 811 3.78 1769 5.07
10 374 2.08 821 3.73 1736 5.16
11 406 1.92 830 3.70 1689 5.31
12 415 1.87 861 3.56 1684 5.32
13 460 1.69 873 3.52 1656 5.41
14 483 1.61 879 3.49 1646 5.45
15 525 1.48 939 3.27 1659 5.40
16 537 1.45 982 3.13 1678 5.35
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Table 4: Comparison between the best numerical results of different partitions for Ex-
ample 2

Nt m J φf gapJ

10 10 0.041 7.93× 10−3 0.007
30 50 0.033 3.60× 10−3 0.000
30 100 0.034 7.46× 10−4 0.000
50 50 0.045 5.09× 10−3 0.011
50 100 0.042 1.53× 10−3 0.008
75 75 0.059 1.02× 10−2 0.025
100 100 0.058 1.25× 10−2 0.024
150 150 0.060 1.11× 10−2 0.026

for Nt = 30 and m = 50. The resulting control and states of Example 2
obtained by the PHVND method are given in Figures 3(a) and 3(b). Fur-
thermore, the speed-up curve is also shown in Figure 3(c) and compared
with the ideal speedup. Figure 4(a) indicates the convergence rate of the
performance index for 300 iterations.

The results shown in Figures 3 and 4(a) specify that the method has the
ability to find nearly optimal control-trajectories with a reduction in time
with the aid of parallel processing.
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Figure 3: (a) The resulting optimal trajectories (Nt = 16, m = 20), (b) The resulting
optimal control (Nt = 30, m = 50), and (c) The speedup curve of Example 2.

Example 3. This example [9], is a constraint nonlinear model. After solving
this problem, the following results: the best value J∗ = 0.1825 and the error
function φf = 6.81 × 10−7 that obtained for Nt = 100 and m = 100. The
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convergence rate of the performance index for 300 iterations is shown in
Figure 4(b). The numerical results for different Nt,m are given in Table 5.
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Figure 4: (a) Convergence rate of the performance index for Example 2 (Nt = 30,
m = 50), and (b) Convergence rate of the performance index for Example 3 (Nt = 100,
m = 100).

Table 5: Comparison between the best numerical results of different partitions for Ex-
ample 3

Nt m J φf gapJ

10 10 0.2547 2.21× 10−7 0.072
30 50 0.1952 1.2× 10−6 0.012
30 100 0.2100 3.17× 10−6 0.027
50 50 0.1877 1.33× 10−7 0.005
50 100 0.1906 8.06× 10−7 0.013
75 75 0.1869 1.52× 10−6 0.004
100 100 0.1825 6.81× 10−7 0.000

From Table 5, it is obvious that the gap between the cost function and the
best one for different values of m and Nt is less than 0.07, indicating that the
objective functions in PHVND do not differ a lot. Although, from Table 5,
the norm of final state constraints, φf , for our method, is equal to 10−7 or
10−6. The numerical results of the proposed algorithm are compared with
algorithms: GA in [11], LI, SI, and HPM. For different n,m, the performance
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index, J ,in our method is also less than J∗ = 0.2015 which was proposed in
[24] and J∗ = 0.3526 which was taken by GA in [11].

Example 4. This problem [10] is to control the performance index with
minimum effort. The problem is compared with several numerical methods,
see Table 12. The best optimal objective was J∗ = −8.8157 for Nt = 30,m =

50 (see Table 6) which is close to the result of LI and SI,−8.8692 or SQP and
SUMT, −8.8690. The norm of final state constraint for LI and SI equals
1.45 × 10−10 and 2.79 × 10−10 and this criterion for the PHVND methods
equals 4.8 × 10−4. By increasing the repetition in the algorithm, better
solutions can be obtained, as the convergence rate of the performance index
for 300 iterations is shown in Figure 5(a).

Table 6: Comparison between the best numerical results of different partitions for Ex-
ample 4

Nt m J φf gapJ

10 10 -8.3931 0.586 0.422
30 50 -8.8157 0.036 0.000
30 100 -8.7597 0.075 0.056
50 50 -8.7945 0.063 0.021
50 100 -8.7829 0.051 0.032
75 75 -8.8074 0.036 0.008
100 100 -8.8099 0.042 0.005

Example 5. The problem of dynamic optimization of consecutive reaction
batch reactor (A → B → C) is a classical problem studied by several re-
searchers [41, 8, 34]. The aim is to find the optimal temperature profile that
maximizes the product performance of B temperature at the result of the
process in the batch reactor. The state constraints and initial conditions are
given in Table 1, where x1 shows the concentration of B, x2 represents the
concentration of A, and u is the temperature.

To compare the performance of PHVND with existing methods, the com-
parison results are given in Table 7. The maximum value by applying
PHVND is J∗ = 0.717 was obtained very rapidly. The computation time
with a discretization of Nt = 9,m = 10 subintervals, was 27.7 seconds.
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Figure 5: (a) Convergence rate of the performance index for Example 4 (Nt = 30,
m = 50), and (b) Performance index versus iterations number in Example 5 (Nt = 9,
m = 10).

Table 7: Comparison between the best numerical results of different partitions for Ex-
ample 5

Nt m J gapJ

9 10 0.717 0.000
10 10 0.677 0.04
30 50 0.612 0.105
30 100 0.612 0.105
50 50 0.609 0.108
50 100 0.609 0.108
75 75 0.608 0.109
100 100 0.607 0.11

In addition, we present our approach to the optimal control in Figure 5(b)
and the results from the approach of [40] and [18] are 0.6107 and 0.6128 that
exceeded by our method to 0.717 that shown in Table 12.

Example 6. This problem [22] contains an inequality constraint with mini-
mum control effort. After solving with the proposed method, the best value
J∗ = 0.2746 was obtained for Nt = 10 and m = 10.
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Figure 6: (a) Convergence rate of the performance index, and (b) the inequality con-
straint of Example 6 (Nt = 10, m = 10).

To see the convergence of the example in the 300 iterations, Figure 6(a) is
presented, and Figure 6(b) shows an inequality constraint for 300 iterations.
Table 8 shows the numerical results for different Nt,m.

Table 8: Comparison between the best numerical results of different partitions for Ex-
ample 6

Nt m J gapJ

10 10 0.2746 0.000
30 50 0.2797 0.005
30 100 0.2796 0.005
50 50 0.2839 0.009
50 100 0.2771 0.002
75 75 0.2871 0.012
100 100 0.2931 0.018

Example 7. This problem [13] contains an inequality constraint that should
be minimized. After solving with the proposed method, the best value J∗ =

−8.999 was obtained for Nt = 75 and m = 75.

The convergence rate of the performance index for 300 iterations is given
in Figure 7(a) and inequality constraint d is displayed in Figure 7(b). The
numerical results for different Nt,m are compared in Table 9. The perfor-
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Figure 7: (a) The performance index versus iterations number, and (b) The inequality
constraint of Example 7 (Nt = 75, m = 75).

Table 9: Comparison between the best numerical results of different partitions for Ex-
ample 7

Nt m J gapJ

10 10 -7.391 1.608
30 50 -8.885 0.114
30 100 -8.574 0.425
50 50 -8.917 0.082
50 100 -8.843 0.156
75 75 -8.999 0.000
100 100 -8.860 0.139

mance index in Table 12, J , for different Nt,m in our method is also low
than J = −5.3898 by Bézier and J = −5.4309 by LI and SI.

Example 8. This problem [10] contains an inequality constraint,that J has
to be minimized. After solving with the proposed method, the best value
J∗ = 0.2646 was obtained for Nt = 30 and m = 50.

The convergence rate of the performance index for 300 iterations is shown
in Figure 8(a) and inequality constraint d for 300 iterations is shown in Fig-
ure 8(b). The numerical result for different Nt,m is given in Table 10. From
Table 10, it is obvious that for different values of m and Nt, the gap of the
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Figure 8: (a) The performance index versus iterations number, and (b) The inequality
constraint of Example 8 (Nt = 30, m = 50).

Table 10: Comparison between the best numerical results of different partitions for
Example 8

Nt m J gapJ

10 10 0.2818 0.017
30 50 0.2646 0.000
30 100 0.3019 0.037
50 50 0.2846 0.02
50 100 0.2748 0.01
75 75 0.2755 0.01
100 100 0.2818 0.017

cost function from the best one, is less than 0.03, indicating that the objec-
tive functions in PHVND do not differ a lot. The performance index, J , for
different Nt,m in our method is also do not differ a lot than J = 0.2163

by SQP and J = 0.1703 which was obtained by SUMT and J = 0.1549 by
LI and SI. This difference will decrease with increasing repetition and will
converge to the optimal solution.

Example 9. The aim of this problem [10], is minimizing the performance
index. After solving with the proposed method, the best value J∗ = 1.476

that obtained for Nt = 30 and m = 50.
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Figure 9: (a) The performance index versus iterations number, and (b) the inequality
constraint of Example 9 (Nt = 30, m = 50).

The performance index convergence rate for 300 iterations is shown in
Figure 9(a) and inequality constraint d for 300 iterations is shown in Fig-
ure 9(b). The numerical result for different Nt,m is presented in Table 11.
According to Table 11, we find that increasing the number of partitions m
and Nt, does not necessarily improve the solution. The performance index

Table 11: Comparison between the best numerical results of different partitions for
Example 9

Nt m J gapJ

10 10 1.822 0.346
30 50 1.476 0.000
30 100 1.546 0.07
50 50 1.795 0.319
50 100 1.596 0.12
75 75 1.993 0.517
100 100 2.118 0.642

in Table 12, J , for different Nt,m in our method is also less than J = 1.7950

by SQP and J = 1.7980 which was obtained by SUMT and J = 1.6509 by LI
and SI. In general, its performance is influenced by the size of the problem.
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Table 12: Comparison of the best value of the PHVND with some algorithms for nine
examples

Problem Algorithm J φf gapJ

CGA 1.7404 2.67 × 10−11 0.2
LI 1.5949 1.08 × 10−13 0.054

Example 1 SI 1.5950 9.99 × 10−14 0.054
PHVND 1.5404 1.75 × 10−4 0.000
CGA 0.0163 7.57 × 10−10 0.003
LI 0.0127 1.15 × 10−9 0.000

Example 2 SI 0.0127 5.99 × 10−9 0.000
PHVND 0.033 3.60 × 10−3 0.021
HPM 0.2353 4.2 × 10−6 0.052
LI 0.2015 2.35 × 10−9 0.019

Example 3 SI 0.2015 2.82 × 10−10 0.019
GA 0.3526 4.09 × 10−5 0.17
PHVND 0.1825 6.81 × 10−7 0.000
SQP -8.8690 0 0.000
SUMT -8.8690 0 0.000

Example 4 LI -8.8692 1.45 × 10−10 0.000
SI -8.8692 2.79 × 10−10 0.000
PHVND -8.8157 3.6 × 10−2 0.053
Method of [18] 0.6107 - 0.106

Example 5 method of [40] 0.6128 - 0.104
PHVND 0.717 - 0.000
IPSO-SQP 0.1727 - 0.002
LI 0.1699 - 0.000

Example 6 SI 0.1700 - 0.000
PHVND 0.2746 - 0.104
LI -5.4309 - 3.56

Example 7 SI -5.4309 - 3.56
Bézier -5.3898 - 3.6
PHVND -8.999 - 0.000
SQP 0.2163 - 0.061
LI 0.1549 - 0.000

Example 8 SI 0.1549 - 0.000
SUMT 0.1703 - 0.015
PHVND 0.2646 - 0.109
SQP 1.7950 - 0.319
LI 1.6509 - 0.174

Example 9 SI 1.6509 - 0.174
SUMT 1.7980 - 0.322
PHVND 1.476 - 0.000

4.2.1 Analysis of the numerical examples

By analyzing the number of times and controls that an approach used to
reach its best solution, we can conclude that PHVND is more reliable than
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other heuristics for problems. The results obtained by the algorithm are
similar for small instances of the problem, but when the size increases, the
PHVND approach improves the results in terms of quality of solutions and
running times. Moreover, we improve the best-known solution for benchmark
data sets presented in examples.

According to our computational results, PHVND is an efficient method
in general since only a little computational time is added to the algorithm in
each iteration. Besides, it does not require large RAM for relatively medium
instances. Note that the PHVND can find optimal solutions (or feasible
solutions in some cases), however, others cannot load the problem due to
the shortage of memory. Whereas, the gap solution of others are larger than
those of our algorithm for most cases (see Table 12).

Thus, the PHVND together with efficient partitioning for solving trajec-
tory corresponding significantly improves our ability to tackle large instances
of NOCP. On the other hand, by comparison of computational results of
the number of partitions in Tables 2–12, our choice of the objective function
has a significant impact on the number of iterations. In general, the pro-
posed method can solve complex problems with accurate solutions as shown
in Table 12. Note that the method outperforms control problems in average
computational effort or the best solution gap for large instances. Tables 2–12
present results for network designs of NOCP for different partitions. Natu-
rally, the selection of the number of nodes in the partitions resulting from
the division of time and control space may depend on the dimensions of the
problem, e.g. the number of state variables, but in any case, the numerical
results show that the selection of finer partitions reduces the possibility of the
solution getting worse. Basically, by dividing the time interval and control
into more nodes, we can determine that in most cases, a worse criterion does
not occur.

5 Conclusion

This paper proposes a PHVND algorithm to solve large-scale NOCPs. Com-
paring the results of the proposed method with existing methods for NOCP
reveals that the proposed method leads to solutions closer to the optimal
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solutions. The algorithm also increases the efficiency of the solution pro-
cess, improves the scalability of performance by using the SVND process,
and increases the diversification of solutions at the same time while reducing
the execution time compared to the genetic algorithm. A set of large-scale
NOCPs was used to test this algorithm. Examining the parallel implementa-
tion of the method shows that this method uses parallelism, which reduces the
execution time. The proposed algorithm can significantly reduce execution
time compared to other well-known algorithms in lower-scale problems. In
most cases, our algorithm has achieved good results. In other cases, we have
found a very close to the optimal solution, which, as seen in the convergence
figures, will improve with the increasing number of repetitions. For future
research, methods can be used to solve the minimum-optimal-time control
problem, where the end of the time interval is not fixed. OCPs in dynamically
distributed systems may also be genetically analyzed. From a computational
point of view, this method can be used in computers with GPUs to take
advantage of the acceleration of graphics processing and compare parallel
performance on shared memory structures.

Abbreviations

ACO Ant Colony Optimization
CGA Continuous Genetic Algorithm
CRP Chemical Reactor Problem
GA Genetic Algorithm
HPM Homotopy Perturbation Method
IM Induction Motor
PSO Particle Swarm Optimization
IPSO Improved Particle Swarm Optimization
LI Linear Interpolation
LQR Linear Quadratic Regulator
NLP Nonlinear Programming
NOCP Nonlinear Optimal Control Problem
OPC Optimal Control Problem
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PHVND Parallel Hybrid Variable Neighborhood Descent
PID Proportional Integral Derivative
SI Spline Interpolation
SQP Sequential Quadratic Programming
SUMT Sequential Unconstrained Minimization Technique
VND Variable Neighborhood Descent
SVDN Sequential Variable Neighborhood Descent
USApHMP Uncapacitated Single Allocation p-hub Median problem
VDP Van Der Pol
WOA Whale Optimization Algorithm
Cj jth feasible chromosome
f A function representing the system dynamic
fopt Current optimal objective

Nomenclature

gapJ Absolute error of the resulting objective value
J Objective function
J̃ Discrete form of J
J∗ Optimal objective value
lmax Maximum number of iterations in Algorithm 1
m Number of divisions of the control interval
Maxiter Maximum number of iterations in Algorithm 2
M1,M2,M3k Penalty constants
Np Number of processors
Npop Number of population in GA
Nt Number of time interval divisions
pm Mutation factor
pc Crossover constant
pop(i) A randomly chosen individual
t Time variable
tj jth time node
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t0 Initial time
tf Final time
ul Lower bound on the control values
ub Upper bound on the control values
u(t), u Control variable
u∗(t) Optimal control
x(t), x State variable
x∗(t) Optimal state
xopt Current optimal state
x0 Initial state
xf Final state
φf Total error in constraints
χ(t) Indicator function
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Abstract

In this work, we describe a new method for the calculation of the numerical
solution of the mixed singular integro-differential equation. The method
is mainly based on a finite element approximation. For this purpose, we
obtain the variational form of the problem under consideration. The result-
ing system has been approximated numerically by linear B-spline function.
The method of convergence and its order of convergence are established.
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Finally, to investigate the accuracy of the proposed method some test ex-
amples are presented. The numerically obtained results are compared with
another method for the validity of our results and shown by some tables
and figures.
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Keywords: Singular integro-differential equation; finite element approxima-
tion; Convergence; Error analysis.

1 Introduction

The integro-differential equation is a sophisticated mathematical construct
that blends the principles of integral and differential calculus, serving as a
vital tool in various fields such as physics, engineering, and applied mathe-
matics. Need to write an introduction here singular integro-differential equa-
tions (SIDEs) appear in a lot of science, for example, in applied sciences,
electromagnetics, physics, many problems in acoustics, finance, biology, en-
gineering, viscoelasticity, hydrology, analysis of dynamic systems, where the
evolution of states is influenced by both local changes and historical interac-
tions, and so on [5, 11, 6, 12, 9].

One of the key challenges in solving integro-differential equations lies in
their inherent complexity, as traditional methods for solving ordinary differ-
ential equations may not be directly applicable. In the last decades, several
techniques have been presented to successfully used to approximate different
kinds of singular integral equations, such as Jacobi and B-spline colloca-
tion method, Crank–Nicolson finite difference method, Daubechies wavelet,
Hermite wavelet method, wavelet methods, trigonometric Hermit wavelet,
discrete collocation method, Legendre wavelet and Legendre multi-wavelet
methods and Petrov-Galerkin method with a wide range of applications,
Block boundary value methods, operational matrix-based schemes with re-
laxation processes [4, 10, 13, 7, 2, 8]. The significance of integro-differential
equations is further underscored by their ability to model phenomena that
cannot be adequately described by either differentials or integrals alone, thus
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offering a more comprehensive framework for understanding complex systems
wherein time delays or memory effects play a critical role.

2 Mathematical formulation

The integral equations frequently appear in many fields of mathematics such
as game theory, control theory, and numerical analysis. Also, they appear in
real physical world problems in other fields of science like as fluid dynamics,
queuing theory, filtration theory, electromagnetic, chemical kinetics, laminar
boundary-layer theory, solid state physics, plasma physics, the diffusion of
neutrons in nuclear reactor dynamics, and so on [5, 11, 6, 12, 9, 1].

In this work, we use the finite element method (FEM) to solve mixed
singular integro-differential equation (MSIDE), as follows:

−u′′(x) + f1(x)u
′(x) + f2(x)u(x) =f3(x) +

∫ x

a

K1(x, t)u(t)

(x− t)α
dt

+

∫ b

a

K2(x, t)u(t)

(x− t)β
dt, (1)

with

u(a) = 0, u(b) = 0, Ω = [a, b] ⊂ R, (2)

where K1(x, t), K2(x, t), and fi(x), i = 1, 2, 3 are known continuous func-
tions belong to C1(Ω), u(x) is the unknown function to be determined, and
α = β = 1

2 .

The major goal of this research is to apply Lagrange polynomials com-
bined with FEM for solving MSIDE of (1)–(2) and obtain an approximate
solution. First, we obtain the weak and variational form of (1). In section
3, we analyze the application and prove the bilinear form is a V − ellipticity
and continuous. Also, we proved that (1) has a unique solution. By using
some theorem and lemma we calculated the order of convergence is O(h2) in
section 4. We present some numerical test examples in section 5. Finally,
the conclusions are highlighted in section 6.

Iran. J. Numer. Anal. Optim., Vol. 15, No. 2, 2025, pp 457–474



Erfanian, Zeidabadi and Hussein 460

3 Finite element method

One of the best techniques for numerically resolving differential equations
in structural analysis, electromagnetic potential, fluid flow, ferroelectric,
and electromagnetics in engineering and boundary value problems, algebraic
equations, complex mathematical problems, and heat transfer, in mathemat-
ical modeling, began in the mid-1950s, used to compute such approximations
nominated as FEM [1].

First, we obtain the virtual work (or weak form) and variational form of
(1). For this purpose, we assume a Sobolev space of V = H1

0 (Ω), with the
following norm:

||u||2V = ||u||2L2(Ω) + ||u
′||2L2(Ω).

Also, the bilinear form is B : V × V → R; linear functional has a L : V → R;
and

B(u, v) = L(v) =

∫
Ω

f3(x)v(x)dx, (3)

for all v(x) ∈ V is an arbitrary function. In addition,

B(u, v) =

∫
Ω

f2(x)u(x)v(x)dx+

∫
Ω

u′(x) (f1(x) v(x) + v′(x)) dx

−
∫
Ω

v(x)

(∫ x

a

K1(x, t)u(t)

(x− t)α
dt

)
dx

−
∫
Ω

v(x)

(∫ b

a

K2(x, t)u(t)

(x− t)β
dt

)
dx. (4)

Since we have

B(η1u+ η2w, v) =

∫
Ω

(
η1u

′(x) + η2w
′(x)

)
v′(x)dx

+

∫
Ω

f1(x) (η1u
′(x) + η2w

′(x)) v(x)dx

+

∫
Ω

f2(x) (η1u(x) + η2w(x)) v(x)dx

−
∫
Ω

v(x)

∫ x

a

K1(x, t) (η1u(x) + η2w(x))

(x− t)α
dtdx

−
∫
Ω

v(x)

∫ b

a

K2(x, t) (η1u(x) + η2w(x))

(x− t)α
dtdx
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=η1B(u, v) + η2B(w, v),

then, B is a bilinear form. In this work, we use the linear B-spline (LBS)
function as the basis functions of subspace Vh = span{ϕ1, ϕ2, . . . , ϕn}. If
a = x0 < x1 < · · · < xn = b is a grid with n+ 1 points in the interval [a, b],
where xi = ih for i = 1, . . . , n, and ∆x = h = 1

n , then, for i = 1, . . . , n, the
LBS is defined as

ϕi(x) =
1

h


(x− xi−1), x ∈ [xi−1, xi],

(xi+1 − x), x ∈ [xi, xi+1],

0, otherwise.
(5)

Thus ϕi(xi) = 1, ϕi(xj) = δij , for i, j = 1, 2, . . . , n, and the value of ϕ in the
other nodes is equal to zero. Therefore, we approximate uh(x) and vh(x) as

uh(x) =

n∑
i=1

aiϕi(x), vh(x) = ϕj(x). (6)

By the combination of (6) and variational formulation of the problem, we
have ∫

Ω

f(x)ϕj(x)dx =

n∑
i=1

ai

{∫
Ω

f2(x)ϕi(x)ϕj(x)dx

+

∫
Ω

ϕ′i(x)
(
ϕ′j(x) + f1(x)ϕj(x)

)
dx

−
∫
Ω

ϕj(x)

(∫ x

a

K1(x, t)

(x− t)α
ϕi(t) dt

)
dx

−
∫
Ω

ϕj(x)

(∫ b

a

K2(x, t)

(x− t)β
ϕi(t) dt

)
dx

}
. (7)

Now, we define

Ci,j =

∫
Ω

ϕ′i(x)
(
ϕ′j(x) + f1(x)ϕj(x)

)
dx+

∫
Ω

f2(x)ϕi(x)ϕj(x)dx

−
∫
Ω

ϕj(x)

(∫ x

a

K1(x, t)

(x− t)α
ϕi(t) dt

)
dx

−
∫
Ω

ϕj(x)

(∫ b

a

K2(x, t)

(x− t)β
ϕi(t) dt

)
dx, (8)

and
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Fj =

∫
Ω

f(x)ϕj(x)dx. (9)

Thus the above system can be expressed as a system of an algebraic equation
of the form

n∑
i=1

Cijai = Fj , j = 1, 2, . . . , n. (10)

4 Error analysis

In this section, we aim to establish a lower and upper bound for approxima-
tion error. To prove that we need to define the following definition.

Definition 1. The inner product energy can be described as

(·, ·)B : V × V → R,

such that for the Hilbert space V and the V − elliptic bilinear form B, we
have (u, v)B = B(u, v). Also, we can define the energy norm as

||u||2E = (u, u)B .

Lemma 1. If f1(x) ∈ [M1,M2], f2(x) ∈ [P1, P2], and B is a bilinear form
defined by (4), then B is continuous.

Proof. First, by (4), we have

|B(u, v)| =
∣∣∣∣ ∫

Ω

f2(x)u(x)v(x)dx+

∫
Ω

u′(x) (v′(x) + f1(x)v(x)) dx

−
∫
Ω

v(x)

(∫ x

a

K1(x, t)u(t)

(x− t)α
dt

)
dx

−
∫
Ω

v(x)

(∫ b

a

K2(x, t)u(t)

(x− t)β
dt

)
dx

∣∣∣∣. (11)

In (11) by applying the Sobolev norm and the Cauchy–Schwarz inequality,
we have

|B(u, v)| ≤ ||u||H1 ||v||H1 + P2 ||u||H1 ||v||H1 +M2 ||u||H1 ||v||H1

+K1

∣∣∣∣ ∫ b

a

v(x)

∫ x

a

u(t)

(x− t)α
dtdx

∣∣∣∣
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+K2

∣∣∣∣ ∫ b

a

v(x)

∫ b

a

u(t)

(x− t)β
dtdx

∣∣∣∣
=
(
1 + P2 +M2

)
||u||H1 ||v||H1

+K1

∣∣∣∣ ∫ b

a

v(x)u(ηx)

∫ x

a

1

(x− t)α
dtdx

∣∣∣∣
+K2

∣∣∣∣ ∫ b

a

v(x)u(ζx)

∫ b

a

1

(x− t)β
dtdx

∣∣∣∣
≤
(
1 + P2 +M2

)
||u||H1 ||v||H1

+K1

∣∣∣∣ ∫ b

a

v(x)u(ηx)
1

1− α
(x− t)1−α |t=x

t=a dx

∣∣∣∣
+K2

∣∣∣∣ ∫ b

a

v(x)u(ζx)
1

1− β
(x− t)1−β |t=b

t=a dx

∣∣∣∣
≤ (1 + P2 +M2) ||u||H1 ||v||H1

+
K1(b− a)1−α

1− α

∣∣∣∣ ∫ b

a

v(x)u(ηx)dx

∣∣∣∣
+
K2(b− a)1−β

1− β

∣∣∣∣ ∫ b

a

v(x)u(ηx)dx

∣∣∣∣
≤
(
1 + P2 +M2 +

K1(b− a)1−α

1− α
+
K2(b− a)1−β

1− β

)
||u||H1 ||v||H1 ,

where
K1 = max |K1(x, t)|, a ≤ x ≤ b, a ≤ t ≤ x

and
K2 = max |K2(x, t)|, a ≤ x ≤ b, a ≤ t ≤ x.

Thus B is continuous.

In addition to the hypothesis of Lemma 1, suppose T2 = maxa≤x≤b |f
′

1(x)|.
Now, we consider the V − ellipticity of B. By using (4) and Lemma 1, we
write ∫

Ω

f1(x)v
′(x)v(x)dx =

−1
2

∫ b

a

f ′1(x)(v(x))
2dx

≥ −T2
2

∫ b

a

(v(x))2dx
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≥ −T2
2
||v||2H1 , (12)

and∫
Ω

v′(x)v′(x)dx+

∫
Ω

f2(x)v(x)v(x)dx ≥
∫
Ω

v′
2
(x)dx ≥ 1

1 + c
||v||2H1 . (13)

Thus

B(v, v) =

∫
Ω

v′(x)v′(x)dx+

∫
Ω

f1(x)v
′(x)v(x)dx+

∫
Ω

f2(x)v(x)v(x)dx

−
∫
Ω

v(x)

∫ x

a

K1(x, t)v(t)

(x− t)α
dtdx−

∫
Ω

v(x)

∫ b

a

K2(x, t)v(t)

(x− t)β
dtdx

≥
(

1

1 + c
− T2

2

)
||v||2H1 −K1

(
(b− a)1−α

1− α

)
||v||2H1

−K2

(
(b− a)1−β

1− β

)
||v||2H1

= η ||v||2H1(Ω),

(14)

so

B(v, v) ≥ η ||v||2L2(Ω), (15)

where

η =
1

1 + c
−K2

(
(b− a)1−β

1− β

)
− T2

2
−K1

(
(b− a)1−α

1− α

)
,

where c is Poincaré’s constant. Then, the following lemma can be expressed.

Lemma 2. If η > 0, then B is V − ellipticity.

By applying the Lax–Milgram theorem and Lemmas 1 and 2, the equation
(1) has a unique solution.
Since for each particular ṽh in Vh, inf ||u−vh||V ≤ ||u− ṽh||V , thus for seeking
of an upper bound u− uh, we can take ṽh equal to ũh. Then

||u− uh||V ≤ c||u− ũh||V .

By using Cea’s lemma [3] and
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||u− uh||E = min
vh∈Vh

||u− vh||E

for each particular ṽh in Vh, we have

α||u− uh||2V ≤ B(u− uh, u− uh) = ||u− uh||2E . (16)

Thus ||u− uh||V ≤ 1√
α
||u− uh||E . Also,

||u− vh||2E = B(u− vh, u− vh) ≤ C||u− vh||V ||u− vh||V . (17)

Therefore ||u− vh||E ≤
√
C||u− vh||V . By (16) and (17),

||u− uh||V ≤
√
C

α
min
vh∈Vh

||u− vh||V . (18)

If we define interpolation error E(x) = u(x)− ũh(x), such that error on Ωe,
then

E(x
(e)
1 ) = E(x

(e)
2 ) = E(x

(e)
3 ) = 0.

Also, by using Rolle’s theorem, we have

E′(ξ1) = 0 ξ1 ∈
(
x
(e)
1 , x

(e)
2

)
,

E′(ξ2) = 0 ξ2 ∈
(
x
(e)
2 , x

(e)
3

)
,

E′′(η) = 0 η ∈
(
x
(e)
1 , x

(e)
3

)
.

We know the polynomial interpolation that we used in our equation, is a
piecewise quadratic polynomial. Thus

|E′′(x)| = u′′(x)− u′′h(x) =
∫ x

η

E′′′(t)dt =

∣∣∣∣∫ x

η

u′′′(t)dt

∣∣∣∣
≤
∫ x

η

|u′′′(t)|dt ≤
∫ x

(e)
3

x
(e)
1

|u′′′(t)|dt ≤ ||1||L2 ||u′′′||L2 ,

or
|E′′(x)| ≤ h 1

2 |u|H3(Ωe).

Then ∫
Ωe

|E′′(x)|2dx ≤ h|u|2H3(Ωe)

∫
Ωe

dx.
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Thus

||E′′||2L2(Ωe)
= |E|2H2(Ωe)

≤ h2|u|2H3(Ωe)
.

Therefore,

||E′′||2L2(Ω) = |E|
2
H2(Ω) =

∫
Ω

|E′′(x)|2dx =

M∑
e=1

∫
Ωe

|E′′(x)|2dx =

M∑
e=1

|E|2H2(Ωe)

≤ h2
M∑
e=1

|u|2H3(Ωe)
= h2

M∑
e=1

∫
Ωe

(u′′′(x))2dx

= h2
∫
Ω

|u′′′(x)|2dx = h2|u|2H3(Ω),

that is,

|E(x)|H2(Ω) ≤ h|u|H3(Ω). (19)

Similarly, we have

|E|2H1(Ω) ≤ h
2|E|2H2(Ω), (20)

that is,

||E||L2(Ω) ≤ h |E|H1(Ω). (21)

By (19), (20) and (21), we have

||E||2L2(Ω) ≤ h
2h2h2|u|2H3(Ω) = h6|u|2H3(Ω). (22)

By using the Sobolev norm, we have

||E||2H1(Ω) = ||E||
2
L2(Ω) + ||E

′||2L2(Ω) ≤ h
6|u|2H3(Ω) + |E|

2
H1(Ω)

≤ h6|u|2H3(Ω) + h4|u|2H3(Ω) ≤ 2h4|u|2H3(Ω). (23)

Thus the upper bound for the interpolation error as

||E||H1(Ω) ≤
√
2h2|u|H3(Ω).

The unique solution to the variational form is known. Therefore |u|H2(Ω) is
a constant number. Also, according to (18), if α is the V -ellipticity constant
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and C is the continuity constant, then

||u− uh||V ≤
C

α
||u− ũh||V .

Thus
||u− uh||H1(Ω) ≤

C

α

√
2h2|u|H3(Ω).

Since |u|H3(Ω) is constant, and h → 0, thus the method is convergence, and
the rate of method is O(h2).

5 Numerical examples

In this section, we present two examples: one of MSIDE and another singular
Volterra integro-differential equation (SVIDE). We compare numerical and
accurate solutions of our method with FEM and radial basis function (RBF)
methods in tables and figures. Also, we compute the error of examples shown
in the Figures, and the accuracy of the method is shown for all examples.
Also, we define the root mean square (RMS) or total error, as

RMS =

√√√√ 1

M

M∑
i=1

(
p(ti)exact − p(ti)numerical

)2
,

where the total error is RMS and the total number of estimated values is
M = 5.

In addition, to define the sequence of approximating functions {ui}i∈N,
the initial function u0 ∈ C([0, 1]) can be chosen arbitrarily. The following
algorithm, based on the method presented in section 3, has been used to solve
Examples 1 and 2.

Algorithm 4.1 Step 1. Make the boundary conditions homogeneous
Step 2. Input n, [a, b]
Step 3. Set h = b−a

n

Step 4. Obtain the virtual work (or weak form) and variational form of (1).
Step 5. For i = 1 to n, xi = a+ ih, and ϕi(x) is computed form (5).
Step 6. Compute uh(x), vh(x) from (6) for the assumed point.
Step 7. Compute Ci,j from (8).
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Step 8. Product matrices Fj from (9).
Step 9. Solving (10), obtain an approximate solution of (1).

All results are computed by using Maple and a Lenovo Laptop (Legion Y545)
to run the programs. Finally, the RMS of Examples 1 and 2 is given in the
last line of the tables.

Example 1. Consider the MSIDE and 0 ≤ x ≤ 1 as follows:

− u′′(x) + exu′(x) + xu(x)−
∫ x

0

1√
x− t

u(t)dt

−
∫ 1

0

1√
x− t

u(t)dt− f(x) = 0,

where the exact solution u(x) = 3x4 − x, and

f(x) =− 37x2 + 12 exx3 − ex + 3x5 − 512x
9
2

105
+

8

3
x

3
2 − 4

7

√
x− 1 (x)

+
32
√
x− 1x2

35
+

128
√
x− 1x3

105
+

256
√
x− 1x4

105
.

The inhomogeneous conditions must be transformed into homogeneous
boundary conditions via transformation formulas. Comparison of numerical
and accurate solutions by our method with FEM and RBF methods are
shown in Table 1 and Figure 1. Also, we compute the error of Example 1 in
Figure 2.

Figure 1: Graph of exact and numerical solutions for Example 1.
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Table 1: The result obtain for Example 1.

x Exact FEMMethod RBFMethod Cheb− FEMMethod

0.1 −0.0997000 −0.0998079 −0.0982779 −0.1003080
0.2 −0.1952000 −0.1952376 −0.1936725 −.19516122
0.3 −0.2757000 −0.2759063 −0.2740468 −.27504775
0.4 −0.3232000 −0.3232568 −0.3214751 −0.3224741
0.5 −0.3125000 −0.3128260 −0.310652 −0.31219453
0.6 −0.2112000 −0.2112657 −0.2093563 −0.2114496
0.7 0.02030000 0.0198278 0.0222087 0.01978290

0.8 0.42880000 0.4287426 0.4306302 0.42852739

0.9 1.06830000 1.0676660 1.0701542 1.0685356

RMS 2.82× 10−4 1.66× 10−3 4.56× 10−4

Figure 2: Diagrams of error for Example 1.

Example 2. We assume the SVIDE and 0 ≤ x ≤ 1 as follows:

− u′′(x) +
√
xu′(x) + ex u(x)−

∫ x

0

1√
x− t

u(t)dt

−
∫ 1

0

1√
x− t

u(t)dt− f(x) = 0,

where the exact solution is a u(x) = x3 + 2 ex, and

f(x) =2 erf
(√
x− 1

)√
πex +

1

35

(
32x3 + 16x2 + 12x+ 10

)√
x− 1 + 3x5/2
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− 64x7/2

35
− 4erf

(√
x
)√

πex + 2e2x + 2
√
xex +

1

35

(
35x3 − 70

)
ex − 6x.

First, we convert the boundary conditions at x = 0 and x = 1 until
the example is homogeneous. A comparison between exact and numerical
solutions by our method with FEM and RBF methods is shown in Table 2
and Figure 3. Also, we compute the error of Example 2 in Figure 4.

Table 2: The result obtain for Example 2.

x Exact FEMMethod RBFMethod Cheb− FEMMethod

0.1 2.2113418 2.2113258 2.2111969 2.2115616

0.2 2.4508055 2.4507929 2.4507205 2.4507892

0.3 2.7267176 2.7266735 2.7266832 2.7264834

0.4 3.0476493 3.0476138 3.0476679 3.0473934

0.5 3.4224425 3.4223740 3.4225271 3.4223379

0.6 3.8602376 3.8601901 3.8603829 3.8603269

0.7 4.3705054 4.3704358 4.3707312 4.3706852

0.8 4.9630818 4.9630550 4.9633822 4.9631763

0.9 5.6482062 5.6481528 5.6486308 5.6481290

RMS 4.32× 10−5 2.06× 10−4 1.61× 10−4

Figure 3: Graph of exact and FEM method for Example 2.

Example 3. We assume the SVIDE and 0 ≤ x ≤ 1 as follows:
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Figure 4: Diagrams of error for Example 2.

−u′′(x) + x2u′(x) + 2xu(x)−
∫ x

0

2xt2

(x− t)
1
3

u(t)dt

−
∫ 1

0

3x2 + t+ 2

(x− t)
2
5

u(t)dt− f(x) = 0,

where the exact solution is u(x) = x3 − x+ 1, and

f(x) =− 4x+ 5x4 − 3x2 − 2187

2618
x

20
3 +

243x
14
3

220
− 27x

11
3

20
− 625

312
x

28
5

− 3125

5382
x

23
5 +

1675

936
x

18
5 − 655

156
x

13
5 +

25x
8
5

24
− 10

3
x

3
5

+
10135 (x− 1)

3
5 x2

2392
− 10325 (x− 1)

3
5 x3

21528

+
38375 (x− 1)

3
5 x4

21528
+

625 (x− 1)
3
5 x5

312
+

66665 (x− 1)
3
5

21528

− 13775 (x− 1)
3
5 (x)

21528
.

First, we convert the boundary conditions at x = 0 and x = 1 until the
example is homogeneous. Comparison between exact and numerical solutions
by our method with FEM and RBF method is shown in Table 3 and Figure
5. Also, we compute the error of Example 3 in Figure 6.
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Table 3: The result obtain for Example 3.

x Exact FEMMethod RBFMethod Cheb− FEMMethod

0.1 0.9010000 0.9009946 0.8847265 0.9010000

0.2 0.8080000 0.8079910 0.7780601 0.8080000

0.3 0.7270000 0.7269861 0.6861300 0.7270000

0.4 0.6640000 0.6639860 0.6150528 0.6640000

0.5 0.6250000 0.6249798 0.5711002 0.6250000

0.6 0.6160000 0.6159850 0.5607239 0.6160000

0.7 0.6430000 0.6429763 0.5907674 0.6430000

0.8 0.7120000 0.7119892 0.6685135 0.7120000

0.9 0.8290000 0.8289770 0.8020527 0.8290000

RMS 1.52× 10−5 3.96× 10−2 5.29× 10−11

Figure 5: Graph of exact and FEM method for Example 3.

6 Conclusions

In this work, we used the FEM and Lagrange polynomials to solve one of
the most important kinds of singular integral equations. The main purpose
of this work is to apply Lagrange polynomials and FEM for solving MSIDE
(1) and obtain an approximate solution. First, we obtain the weak and
variational form of (1), and with the use of the system (10), we can obtain the
approximate solution. Then, we proved the convergence of the method. Also,
the order of the method is computed. Finally, For efficiency, we presented
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Figure 6: Diagrams of error for Example 3.

some numerical examples and used polynomials of degree 2. Also, the results
of comparing between exact FEM method with other methods such as RBF
are shown in tables and figures. We conclude the comparison of the results
shows that this method has superior accuracy. Also, we computed the error
of examples.
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process where you can easily subdivide and manipulate and large datasets
to group compounds into smaller clusters with similar properties. To dis-
cover new molecules with optimal properties and desired biological activity,
can be used by comparing molecules and their similarities. A prominent
clustering technique is the k-means algorithm, which assigns data objects
to the nearest cluster center. However, this algorithm relies on the ini-
tial selection of the cluster centers, which can affect its convergence and
quality.

To address this issue, metaheuristic algorithms have been proposed as a
type of approximate optimization algorithm capable of identifying almost
optimal solutions. In this paper, a new meta-heuristic approach is proposed
by combining two algorithms of particle swarm optimization (PSO) and
moth flame optimization (MFO), following that, it is used to improve data
clustering. The efficiency of the proposed approach is evaluated utilizing
benchmark functions F1-F23. Its efficiency is evaluated with PSO and
MFO algorithms on different datasets. Our experiential results show that
the suggested approach exceeds the PSO and MFO algorithms with respect
to speed of convergence and clustering quality.

AMS subject classifications (2020): 68T10; 62H30.

Keywords: Data clustering; k-means clustering; Metaheuristic optimiza-
tion; Particle swarm optimization; Moth flame optimization.

1 Introduction

Clustering methods have become increasingly popular in various fields of sci-
ence and engineering, making it an important field for data mining study.
Using this method, objects are grouped into clusters where they have the
least amount of distance between each object and the cluster’s center. Ide-
ally, objects within a cluster should be as similar as possible and distinct from
those in other clusters. As a powerful tool in chemistry, clustering helps to
analyze complex data and make decisions in various processes. Some of these
applications such as analysis of chemical compounds, medicinal chemistry,
analysis of spectra, and design of new materials can be mentioned. Clus-
tering can be used to group chemical compounds with similar properties, to
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identify chemical compounds with similar biological properties, or to analyze
spectral data by identifying compounds. It can also design new materials
with desirable properties through the grouping of compounds [44]. Several
algorithms exist for clustering. One of the most popular clustering tech-
niques with a wide range of applications is the k-means algorithm [20, 27].
Extensive research has been conducted on k-means clustering, leading to
various extensions, and it has been applied in various fundamental domains
[4, 26, 29, 47]. However, this algorithm’s performance depends heavily on the
selection of the centers, making it susceptible to getting stuck in a local op-
timum. One way to overcome this problem is using optimization algorithms
for clustering. Optimization involves finding the best possible solutions to
a specific problem. Mathematical optimization techniques are deterministic
but unable to avoid local optima. However, random optimization algorithms
(metaheuristics) are much more efficient at avoiding local optimization by
randomly exploring the search domain. While these algorithms can capture
a certain pattern, their aim is to find an approximate solution that is close
to the exact solution. Several approximate approaches are known as global
search approaches referred to as metaheuristics. These methods have been
designed to overcome the limitations of traditional techniques. Metaheuris-
tic algorithms utilize the intelligence observed in natural phenomena to find
solutions that are either near-global or global. Over the past few decades,
numerous metaheuristic algorithms have been presented, drawing inspiration
from natural processes, collective behavior, art, physics, and mathematical
principles. Such as whale optimization algorithm (WOA) [31], particle swarm
optimization (PSO) [11], grey wolf optimizer (GWO) [32], moth flame opti-
mization (MFO) [30], cuckoo search (CS) [15], ant colony optimization [10],
social spider optimization [25], mountain gazelle optimizer [1], dwarf mon-
goose optimization [2]. These studies showed that meta-heuristic algorithms
can solve complex optimization problems with high accuracy and reasonable
execution time. These algorithms have several advantages, such as simplic-
ity of implementation, suitable accuracy and reasonable execution time. In
clustering, which is considered as a problem of optimization with the aim of
minimizing the sum of intra-cluster distances, choosing the appropriate meta-
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heuristic algorithm is very important because the search domain is large and
the goal of distance calculation is nonlinear [5, 6, 23, 28, 33, 40, 41].

The efficacy of MFO in producing a quick convergence rate and population
diversity in clustering problems has been proven [42]. The PSO includes a
built-in guidance strategy that helps solutions learn from better ones, improv-
ing their own solutions [21]. This article proposes a data clustering technique
based on a combination of MFO and PSO called MFO_PSO_CLUST. The
potential to avoid local optima and quickly converge to the global optimal
solution is one of the main algorithm’s features. Our main purpose is to clus-
ter data using MFO_PSO_CLUST, aiming for more thorough search space
coverage and improved accuracy compared to previously used methods. In
brief, we will describe the new findings and contributions presented in this
paper.

• The proposed approach MFO_PSO is a combination of PSO and MFO
algorithms.

• Six datasets are utilized for evaluating the proposed approach: Iris,
Wine, Banknote_authentication, Vowel, Glass, and Zoo.

• The proposed method’s solution quality is evaluated against the MFO
and PSO algorithms.

• The 23 benchmark functions are used to undertake tests and evalua-
tions.

• MFO_PSO_CLUST method is presented for data clustering and eval-
uated in terms of FMI, NMI, and Silhouette_score criteria.

• The performance of the proposed approach is justified based on con-
vergence curves and experimental results.

The sections of the article are organized as follows: Section 2 examines previ-
ous literature, while Section 3 introduces the main terms and definitions used
in the paper. Section 4 presents the proposed approach based on MFO and
PSO algorithms and utilizes it for the k-means clustering method. Section
5 includes experimental analysis using benchmark functions and the differ-
ent datasets, demonstrating that the suggested approach is effective. The
conclusion is discussed in Section 6.
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2 Literature review

Several studies have been conducted in the field of data clustering; some
of which are mentioned below. Saida, Nadjet, and Omar [36] proposed a
data clustering with the CS optimization algorithm while Esmin, Coelho,
and Matwin [13] proposed using the PSO as a globalized search algorithm
for faster clustering convergence. However, complexity remains a significant
challenge with this approach. Nasiri and Khiyabani [34] introduced a cluster-
ing method with the WOA, inspired by humpback whales’ foraging behavior,
and a technique for improving PSO using Renyi entropy clustering was pre-
sented by Emre Comak [9]. It sorts particles based on the entropy parameter
to achieve the best outcomes. But when used to bigger datasets, this method
becomes too complex and is not flexible enough to adjust to changing weights
for the Renyi entropy parameter. Therefore, it is only appropriate for smaller
datasets.

Qin-Hu Zhang et al. [46] presented the multivariant optimization algo-
rithm, designed for global search to find optimal solutions. This method
maintains the best cluster center values, offering stability and accuracy in
addressing clustering challenges. However, its performance becomes more
complex with increased dimensional size. Kumar and Sahoo [22] introduced
a hybrid metaheuristic algorithm, MCSS-PSO, which combines MCSS and
PSO algorithms. This approach improves exploration capabilities and en-
sures convergence at the global minimum instead of local minima. Indeed,
its efficiency and robustness are primarily applicable to partition-based clus-
tering methods. Jadhav and Gomathi [17] presented the KEGWO method,
which efficiently calculates cluster centroids, while being excellent at identi-
fying ideal centroids. However, this method may not be suitable for complex
clustering. Jadhav and Gomathi [18] proposed the WGC algorithm to de-
termine the appropriate center for the clustering algorithm. The WGC algo-
rithm employs the new fitness function and hybrids the WOA and WEGWO.
The WEGWO algorithm is a combination of the EGWO and the WOA algo-
rithms, where the weight-based position update added to the GWO creates
the EGWO.
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Alswaitti, Albughdadi, and Isa [7] proposed a variance-based differen-
tial evolution algorithm for data clustering that improves both quality and
convergence speed and includes an optional crossover, and an approach to im-
prove clustering problems using the bio-inspired cuttlefish algorithm, aiming
to find the best cluster centers to minimize clustering metrics was presented
in [12]. Singh [39] presented WOA approach for data clustering because of
its capacity to maintain search space diversity and its positive rate of conver-
gence, and Singh et al. [42] proposed a novel method for solving data cluster-
ing problems that is based on the MFO. In addition, Kumar and Kumar [21]
presented a fuzzy clustering technique aimed at enhancing the convergence
performance of clustering methods. It enhances fuzzy c-means by creating
a new measure that can withstand noisy surroundings. The PSO method is
applied to solve the fuzzy c-means initialization problem. Preliminaries will
be introduced, in the next section.

3 Preliminaries

Clustering is an unsupervised learning technique that helps organize and
comprehend big data sets by grouping data into homogeneous clusters based
on patterns and similarities. The main purpose of this classification is to
put similar data in a cluster, while the data in different clusters have less
similarity so that more appropriate information can be obtained from them
[3, 8, 19]. There are different types of clustering. One of the most famous
algorithms in clustering and classification is the k-means. The first step of
this technique is to choose k points at random to serve as the initial cluster
centers. Then, in an iterative loop, it finds the closest center for each object
and assigns the object to that group. After, all objects are assigned to an
appropriate group, the center of each group is recomputed. Until the centers
converge, this process is repeated [14]. The k-means algorithm is indicated
in Algorithm 1.

The primary challenge faced here is the identification of the best centroid.
Many optimization algorithms are utilized for this purpose. Next, two types
of these algorithms will be described.
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Algorithm 1 k-means algorithm
Initialize k centroids randomly
while cluster assignments change do

for each data point xi do
Assign xi to the closest centroid cj

end for
for each centroid cj do

Update the position of cj to the mean position of all data points
assigned to it

end for
end while

3.1 Particle swarm optimization

The PSO is an approach for meta-heuristic optimization that is utilized for
solving optimization problems. The algorithm starts by generating a pop-
ulation of particles, each particle representing a potential solution to the
optimization problem. Each particle pi with a specified position and a veloc-
ity, moves in the search space for the optimal solution. For each particle, the
best position is the location with the best fitness value that the particle has
yet encountered, and the global best position is the position with the best
fitness value that any particle might find in the population.

The following equations are utilized to update the particle’s position and
velocity:

qi(t+ 1) = wqi(t) + c1r1(pbesti − Pi(t)) + c2r2(gbest− Pi(t)), (1)

Pi(t+ 1) = Pi(t) + qi(t+ 1), (2)

where qi(t + 1) is the velocity of particle pi at iteration t + 1, Pi(t) is the
position of particle pi at iteration t, pbesti is the personal best position of
particle pi, gbest is the global best position of the population, w is a constant
referred to as the inertia weight, c1 and c2 are acceleration constants, and r1
and r2 are random numbers in the range [0, 1] [11, 38]. The PSO algorithm
is shown in Algorithm 2.
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Algorithm 2 PSO algorithm
Initialize the swarm of particles S with n particles
Initialize the best position of each particle pbesti to its initial position
Initialize the best position of the swarm gbest to the best position of any
particle in S
Initialize the velocity of each particle pi, qi to 0
while stopping criterion not met do

for each particle pi in S do
Update the particle pi’s velocity with (1)
Update the particle pi’s position with (2)
if fitness of the new position is an improvement over the fitness of

pbesti then
Update pbesti to the new position

end if
if fitness of the new position is an improvement over the fitness of

gbest then
Update gbest to the new position

end if
end for

end while

The simplicity and efficiency of PSO have made it a popular choice for
optimization problems in many fields of research and industry.

3.2 Moth flame optimization

The MFO algorithm is a metaheuristic optimization algorithm inspired by the
behavior of moths around a flame. The algorithm was presented by Mirjalili
[30] in 2015. The foundational idea of MFO is to simulate the behavior of
moths around a flame to optimize a given function. The flame represents the
optimal solution, and the moths move towards the flame while also keeping
exploration and exploitation in balance. The MFO algorithm consists of
three phases: initialization, moth movement, and flame updating. In the
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first phase, the population of moths is randomly generated. It is shown in a
matrix size of n× d,

mi = l⃗ + β.(u⃗− l⃗). (3)

The variablemi represents the ith solution, (mi,1mi,2 . . .mi,d), where i ranges
from 1 to n, the population’s size. The value of β is a randomly generated
number between 0 and 1. The variable l⃗ represent the lower bound and the
variable u⃗ represent upper bound for the problem being considered. The
operator “.” represents a point-by-point multiplication of the vectors. Each
moth is evaluated using fitness value and included in a matrix of size n × 1

called OM . Flame is another component in the MFO algorithm. They are
also included in a matrix of size n × d called F . Every flame’s fitness is
assessed and added to an n × 1 matrix called OF . In the moth movement
phase, each moth searches for the flame by following a certain set of rules,
which are based on the distance between the flame and the moth.

L(Mi, Fj) = Die
bt cos(2πt) + Fj , (4)

where Di represents the distance from the ith moth to the jth flame, t is
a random number in the range [−1, 1], and for defining the shape of the
logarithmic spiral of a moth, has been used b constant. Here, the calculation
of Di is as follows:

Di = |Fj −Mi|, (5)

where Mi denotes the ith moth and Fj denotes the jth flame. By updating
their positions at n different locations in the search space, the moths can re-
duce the exploitation of the most promising solutions. Thus, to mitigate this
effect, using the following formula, the number of flames reduces throughout
the course of iterations:

flameno = round
(
Fj − It×

(Fj − 1)

Maxit

)
, (6)

where It represents the current iteration, Maxit denotes the most number
of iterations, and Fj corresponds to the maximum number of flames [37].
Until the termination condition is satisfied, the process continues. Finally, in
the flame updating phase, the position of the flame is updated based on the
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position of the moths [30, 42]. The MFO algorithm is shown in Algorithm 3.

Algorithm 3 MFO algorithm
Initialize population M = {Mn,1,Mn,2, . . . ,Mn,d} randomly.
Update flameno using (6).
(OM), Evaluate the fitness of each mothMn,i using the objective function.
while stopping criterion not met do

F = sorted(M);
OF = sorted(OM);
for each moth Mn,i in M do

Calculate Di using (5) for the corresponding moth;
Update Moth(i) using (4) for the corresponding moth;

end for
Increment the iteration counter t;

end while
F = sorted(M);
Return the best moth F (0);

While the original PSO and MFO algorithms have demonstrated com-
mendable optimization performance, they still encounter certain limitations,
such as becoming trapped in local optima and exhibiting slow convergence.
Therefore, we have presented an algorithm, which is the result of hybridiz-
ing the PSO and MFO algorithms, as a solution to this problem. The next
section provides an explanation for this.

4 Proposed method

Today, numerous metaheuristic algorithms exist. The no free lunch theo-
rem (NFL) [45] explicates the reason for the existence of numerous methods
for optimization. NFL is a basic concept in machine learning and optimiza-
tion, stating that there is not a single method for solving all optimization or
machine learning problems. This principle emphasizes that not a single al-
gorithm suits every optimization or machine learning task. In simpler terms,
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one algorithm may excel at solving one type of problem but not be as effec-
tive for another type. In consideration of the theorem above as well as the
MFO and PSO algorithms, we made the decision to present a novel approach
to incorporate these two techniques. When compared to the PSO and MFO
methods, this method expressed better convergence and increased efficiency.
The operation of this proposed approach will be explained in the next section.
The proposed approach begins with the MFO algorithm. After this process,
the optimum result determined by the objective function value is compared
with the best solution. If it is improved, then the best solution is updated ac-
cordingly. Following that, the MFO algorithm’s top s results are chosen and
incorporated as input to the PSO algorithm to some extent, ensuring that
the best solutions are further improved. The value of s is selected at random
within the range of 3 particles and 1

4 of the initial population. The chosen
results replace the random initial population in PSO. The best s results from
the MFO are assigned at the start of the initial population list in PSO, in-
stead of creating a completely random starting population. Then, randomly
generated solutions are inserted into the remaining spaces. After that, PSO
is carried out with this improved initial population. Now, it is the turn of the
PSO algorithm to run. The output produced by PSO is evaluated, and once
it completes, the best result from PSO is compared with the best solution
found overall. The best solution is updated once again if an improvement is
found. Choose the top s outcomes from the optimal solutions determined by
PSO. Following that, these values are added back into the MFO algorithm.
The MFO algorithm’s initial population is established through the utilization
of a similar approach to PSO. The cluster centers are the end result of this
iterative process, which continues until the required number of repeats is ob-
tained. In summary, each iteration of the algorithm starts with the previous
one and uses the output of the previous step as the input for the subsequent
one. By investigating the results and taking consideration of the objective
function value, the algorithm identifies the best cluster centers for the data.
Algorithm 4 presents the suggested algorithm, and Figure 1 illustrates the
method used to improve k-means clustering.
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Figure 1: MFO_PSO flowchart

4.1 Clustering and the proposed method

To improve clustering, it is essential to find the most appropriate centroid
of clusters that minimize intra-cluster distance and maximize the distance
between clusters. It is possible to use optimization methods to identify the
optimal cluster centers. As mentioned earlier, an optimization algorithm is
a collection of algorithms designed to determine the best feasible solution or
values for certain parameters. The aim of optimization while meeting certain
constraints is to either reduce or increase an objective function. When em-
ployed for this purpose, rather than the global optimum, many optimization
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Algorithm 4 MFO_PSO algorithm
Create a random number s and the population X.
while Stopping criteria not achieved do

if iter = 1 then
Use the MFO algorithm.
if new solution’s fitness is an improvement over the best_solution’s fitness then

Update best_solution
end if
Best_position is the top s solutions from sorted population (F);

else
{Mn,1,Mn,2, . . . ,Mn,s} = Best_position ;
Initialize population {Mn,s+1,Mn,s+2, . . . ,Mn,d} randomly;
M = {Mn,1,Mn,2, . . . ,Mn,s,Mn,s+1, . . . ,Mn,d} ;
calculate the fitness of each moth Mn,i

for each moth Mn,i in M do
Calculate Di using (5)
Update Moth(i) using (4)

end for
if the new solution’s fitness is superior to the best_solution’s fitness then

Update best_solution;
end if
{p1, p2, . . . , ps} = Best_position;
Initialize population {ps+1, ps+2, . . . , pn} randomly;
S = {p1, p2, . . . , ps, ps+1, . . . , pn};
for each particle pi in S do

Update the particle pi’s velocity with (1)
Update the particle pi’s position with (2)
if the new position’s fitness is an improvement over the pbesti’s fitness then

Update pbesti;
end if
if the new position’s fitness is an improvement over the gbest’s fitness then

Update gbest;
end if

end for
Best_position = {pbest1, pbest2, . . . , pbests};
if new solution’s fitness is an improvement over the best_solution’s fitness then

Update best_solution;
end if
iter=iter+1;

end if
end while

approaches usually converge to a local optimum. Consequently, the necessity
arises for an efficient optimization algorithm. Here, the focus is on utilizing a
unite and conquer approach of optimization algorithms to identify centroids
that minimize the distance from the remaining data points and achieve opti-
mal performance. In this article, the proposed approach was utilized, which
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hybridizes the PSO and MFO algorithms, to improve clustering. The follow-
ing explains the operation of the MFO_PSO_CLUST algorithm.

The goal of clustering is to minimize the intra-cluster distance while max-
imizing the inter-cluster distance. The objective function is expressed as:

Fit =

k∑
i=1

∑
x∈Ci

‖x− ci‖2 (7)

where x presents data points, ci is cluster centroid, and Ci is data points
in cluster i. The MFO_PSO algorithm aims to minimize Fit by optimizing
the placement of centroids. MFO_PSO generates an initial population of
candidate solutions, where each solution represents a set of centroids. The
objective function Fit is computed for each solution to assess its cluster-
ing performance. Next, the MFO_PSO algorithm is executed, leading to
the optimization of the centroids. The algorithm iterates until the max-
imum number of iterations is reached or minimal improvement in Fit is
observed. The optimized centroids obtained from MFO_PSO are used to
initialize k-means, ensuring high-quality clustering. Algorithm 5 displays the
MFO_PSO_CLUST algorithm.

5 Results and discussion

Several widely used benchmark functions, each of which may display a dis-
tinct set of MFO_PSO_CLUST abilities, have been used to assess the ef-
ficiency of the MFO_PSO_CLUST algorithm. With only one global opti-
mum point, the benchmark functions (F1-F7) show the optimization algo-
rithms’ exploitative powers. The definition of optimization techniques for
exploration is done using standard functions (F8-F23). It is worth men-
tioning that the evaluation functions (F1-F23) are sourced from CEC 2005
special session [24, 43]. Tables 1, 2, and 3 display the functions properties
and mathematical formulas. The MFO_PSO_CLUST algorithm was tested
on a system comprising MATLAB R2022a and Windows 10 Enterprise 64-
bit operating system. The hardware used included 4.00 GB of RAM and
an Intel Core(TM) i5-3210M 2.50GHz CPU. Similar evaluations were con-
ducted for MFO and PSO optimization algorithms. In these assessments, the
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Algorithm 5 MFO_PSO_CLUST algorithm
Input: Data set {x1, x2, . . . , xn}, number of clusters k, maximum itera-
tions T
Output: Optimized cluster centroids
Initialize population with candidate solutions (set of centroids) randomly
for each iteration t = 1 . . . T do

for each solution in population do
Evaluate the objective function Fit for the current centroid config-

uration
end for
Optimization Phase:
for each moth in population do

Update the position of the particle using the MFO_PSO algorithm
towards optimal centroids

end for
if stopping criteria met (e.g., max iterations or minimal improvement

in Fit) then
Exit the loop

end if
end for
Finalizing Clusters:
Use the optimized centroids obtained fromMFO_PSO to initialize k-means
Run k-means with the optimized centroids to finalize clustering

MFO_PSO_CLUST algorithm was subjected to 30 populations, each with a
maximum of 600 iterations. The results gained from 10 autonomous results
were applied to compare the findings. The parameters of corresponding opti-
mization methods were set using the settings available in the MFO [30] and
PSO [11]. Details of the parameters that these optimization techniques used
are presented in Table 4. In Table 2, the values of yi and Q(xi, a, k,m) are
computed as follows:

yi = 1 +
xi + 1

4
,
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Q(xi, a, k,m) =


k(xi − a)m if xi > a

0 if − a < xi < a

k(−xi − a)m if xi < −a

.

Table 1: Information on unimodal benchmark functions [24, 43].

No Function Dimensions Range Fmin

F1 f(x) =
∑d

i=1 x
2
i 30 [−100, 100]d 0

F2 f(x) =
∑d

i=1 |xi|+
∏d

i=1 |xi| 30 [−10, 10]d 0

F3 f(x) =
∑d

i=1(
∑i

j=1 xj)
2 30 [−100, 100]d 0

F4 f(x) = maxi{|xi|}, 1 ≤ i ≤ d 30 [−100, 100]d 0

F5 f(x) =
∑d−1

i=1 [100(xi+1 − x2i )2 + (xi − 1)2] 30 [−30, 30]d 0

F6 f(x) =
∑d

i=1(|xi + 0.5|)2 30 [−100, 100]d 0

F7 f(x) =
∑d

i=1 ix4i + random[0, 1) 30 [−128, 128]d 0

5.1 Qualitative and quantitative MFO_PSO results

In this section, MFO_PSO quality was assessed using six common bench-
mark functions (F1, F3, F7, F8, F12, and F13). Three main factors were
examined: convergence behavior, average population fitness, and changes in
the first dimension of the first particle. During optimization, the diagram of
convergence behavior tracked the cost of the best solution, while the average
population fitness curve displayed how the cost for each search parameters
changed during the optimization procedure. Moreover, the modifications
made to the first particle were shown in the plots for its first dimension. The
convergence diagrams for the best solution during optimization are shown in
Figure 2. They demonstrate that MFO_PSO exhibits strong convergence
capabilities with a fast decrease in cost.
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Table 3: Information on benchmark functions [24, 43].

No Function Dimensions Range Fmin

F14 f(x) =
[

1
500 +

∑25
i=1

1
i+
∑2
j=1(xj−aj,i)6

]−1

30 [−65, 65]d −1

F15 f(x) =
∑d

i=1[ai −
x1(b2i+bix2)
bi2+bix3+x4

]2 30 [−5, 5]d 0.00030

F16 f(x) = 4x21 − 2.1x41 +
1
3x

6
1 + x1x2 − 4x22 + 4x42 30 [−5, 5]d −1.0316

F17 f(x) =
(
x2 − 5.1

4π2x
2
1 +

5
πx1 − 6

)2
+ 10

(
1− 1

8π

)
cosx1 + 10 30 [−5, 5]d 0.398

F18 f(x) =
[
1 + (x1 + x2 + 1)2(19− 14x1 + 3x21 − 14x2 + 6x1x2 + 3x22)

]
×

[
30 + (2x1 − 3x2)

2 × (18− 32x1 + 12x21 + 48x2 − 36x1x2 + 27x22)
]

30 [−2, 2]d 3

F19 f(x) = −
∑4

i=1 ai exp
(
−
∑3

j=1 bij(xj − pij)2
)

30 [1, 3]d −3.86

F20 f(x) = −
∑4

i=1 ai exp
(
−
∑6

j=1 bij(xj − pij)2
)

30 [0, 1]d −3.32

F21 f(x) = −
∑5

i=1

[
(X − ai)(X − ai)T + ci

]−1 30 [0, 10]d −10.1532

F22 f(x) = −
∑7

i=1

[
(X − ai)(X − ai)T + ci

]−1 30 [0, 10]d −10.4028

F23 f(x) = −
∑10

i=1

[
(X − ai)(X − ai)T + ci

]−1 30 [0, 10]d −10.5363

Table 4: Parameters for comparing and evaluating optimization algorithms.

Algorithm Parameter Value
PSO vMax 0.1

c1 2
c2 2

MFO Convergence constant a [-2, -1]
Logarithmic spiral constant b 1

MFO_PSO_CLUST vMax 0.1
c1 1.496
c2 1.496
Convergence constant a [-2, -1]
Logarithmic spiral constant b 1
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Figure 2: The qualitative results of F1, F3, F7, F8, F12, and F13 function using
MFO_PSO algorithm

The quantitative efficiency of MFO_PSO was tested and assessed. The
results achieved by MFO_PSO were evaluated with the results of two other
optimization methods. The testing utilized 23 benchmark functions, includ-
ing scalable F1-F23 functions. The tests included results from 10 independent
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iterations and included the AVG, Worst, and Best mean error criterion. The
outcomes of scalability evaluations for the F1-F23 functions, the MFO_PSO
algorithm, and associated algorithms are indicated in Table 5. MFO_PSO
performed better than two other optimization algorithms (MFO, PSO) across
various sizes and the majority of benchmark functions. This is highlighted in
Table 5, where the results of MFO_PSO are in comparison to those of MFO
and PSO algorithms for the benchmark functions F1-F23 with a dimension
of 30.

5.2 Experiential results of the MFO_PSO_CLUST
algorithm

This section includes multiple examples to show the efficiency of our pro-
posed approach for improving k-means clustering by comparing it with other
methods. We utilized this hybrid optimization method to Iris, Wine, Ban-
knote_authentication, Vowel, Glass and Zoo datasets and evaluated its effi-
ciency in finding optimal solutions.

Table 6 evaluates the fitness values for different datasets, where the
MFO_PSO_CLUST, MFO_CLUST, and PSO_CLUST algorithms were
utilized. The fitness values, including the best, mean, and worst outcomes,
were analyzed for each dataset with the corresponding number of clusters.
Each algorithm was examined using 30 populations, with each run having a
maximum of 500 iterations and 10 independent iterations for each dataset.
The results reported in the table represent the average values obtained from
10 iterations.

For the Iris dataset, consistent fitness values 96.6556 were achieved by
the MFO_PSO_CLUST algorithm across the best, mean, and worst cases,
indicating stable performance. In contrast, a significantly higher mean fit-
ness value 205.9479 was observed for MFO_CLUST, however, its variability
(best: 195.5371, worst: 212.1155) suggested less stability. Average perfor-
mance with slightly higher variability (mean: 135.4312, worst: 146.0318) was
demonstrated by PSO_CLUST. In the Banknote_authentication dataset,
the best fitness value (7200.6576) was achieved by the MFO_PSO_CLUST
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Table 5: Benchmark function results (F1-F23) using 30 dimensions.

No.Function Type MFO_PSO PSO MFO
F1 Best 4.7922E-21 7.1071E-09 5.3715E-01

Worst 6.6727E-11 7.3614E-05 2.0002E+04
Mean 1.1744E-11 4.4590E-06 1.6722E+03

F2 Best 2.9181E-12 5.6941E-06 1.7467E-01
Worst 2.3649E-06 2.0504E-02 8.0223E+01
Mean 5.8226E-07 3.3272E-03 3.5329E+01

F3 Best 3.4763E-12 1.8171E+01 2.3463E+03
Worst 8.0948E-09 3.4851E+03 4.7370E+04
Mean 1.5474E-09 5.8934E+02 2.0003E+04

F4 Best 5.1595E-06 2.6406E-01 4.7078E+01
Worst 2.9516E-05 2.1015E+00 8.5407E+01
Mean 1.4508E-05 7.9578E+00 6.9113E+01

F5 Best 6.4368E-04 1.9874E+01 1.3794E+02
Worst 7.6082E+00 1.0846E+02 8.0123E+07
Mean 8.607E-01 4.6616E+01 2.6939E+06

F6 Best 1.0626E-20 6.7447E-09 7.4584E-01
Worst 2.2514E-10 4.1088E-05 1.9801E+04
Mean 4.1271E-11 2.9114E-06 2.6696E+03

F7 Best 1.6307E-02 4.0726E-02 4.0524E-02
Worst 6.9200E-01 1.5602E-01 5.9234E+01
Mean 3.5400E-02 9.5056E-02 2.7669E+02

F8 Best -4.1898E+03 -3.315E+03 -1.0353E+04
Worst -3.8345E+03 -1.949E+03 -6.3081E+03
Mean -4.0359E+03 -2.590E+03 -8.5561E+03

F9 Best 0 1.9899E+01 1.0158E+02
Worst 4.0956e-11 7.2632E+01 2.6097E+02
Mean 7.0031e-12 3.8671E+01 1.5809E+02

F10 Best 2.1231e-08 3.7741E-06 1.4912E+00
Worst 4.6272e-06 2.4083E+00 1.9964E+01
Mean 1.4335e-06 3.1302E-01 1.5907E+01

F11 Best 2.4605E-02 6.3190E+01 6.3238E-01
Worst 9.8345E-02 1.0377E+02 9.1184E+01
Mean 4.9904E-02 8.3190E+01 3.9966E+01

F12 Best 2.2284e-22 9.3714E-11 6.5723E-01
Worst 7.4927e-13 1.5674E+00 3.4177E+02
Mean 1.8579e-13 2.4928E-01 2.1472E+01

F13 Best 1.5237e-17 2.9246E-11 2.9276E+00
Worst 3.9970e-12 1.1006E-02 4.1582E+03
Mean 8.6499e-13 2.5662E-03 1.7993E+02

F14 Best 9.9800E-01 9.9800E-01 9.9800E-01
Worst 9.9800E-01 1.9926E+00 1.0763E+01
Mean 9.9800E-01 1.3294E+00 2.3131E+00

F15 Best 3.0749e-04 3.0749E-04 0.0011604
Worst 3.0749e-04 2.0363E-02 4.1582E+03
Mean 3.0749e-04 1.2877E-03 1.7993E+02

F16 Best -1.0316E+00 -1.0316E+00 -1.0316E+00
Worst -1.0316E+00 -1.0316E+00 -1.0316E+00
Mean -1.0316E+00 -1.0316E+00 -1.0316E+00

F17 Best 3.9789E-01 3.9789E-01 3.9789E-01
Worst 3.9791E-01 3.9789E-01 3.9789E-01
Mean 3.9789E-01 3.9789E-01 3.9789E-01

F18 Best 3.0000E+00 3.0000E+00 3.0000E+00
Worst 3.0000E+00 3.0000E+00 3.0000E+00
Mean 3.0000E+00 3.0000E+00 3.0000E+00

F19 Best -3.8628E+00 -3.8628E+00 -3.8628E+00
Worst -3.8628E+00 -3.8549E+00 -3.8628E+00
Mean -3.8628E+00 -3.8620E+00 -3.8628E+00

F20 Best -3.3220E+00 -3.3220E+00 -3.3220E+00
Worst -3.2031E+00 -2.9564E+00 -3.1376E+00
Mean -3.2150E+00 -3.2389E+00 -3.2324E+00

F21 Best -1.0153E+01 -1.0153E+01 -1.0153E+01
Worst -5.1008E+00 -2.6305E+00 -2.6305E+00
Mean -8.6375E+00 -6.7321E+00 -5.8820E+00

F22 Best -1.0403E+01 -1.0403E-01 -1.0403E-01
Worst -1.0403E+01 -2.7519E+00 -2.7519E+00
Mean -1.0403E+01 -6.7370E+00 -7.4010E+00

F23 Best -1.0536E+01 -1.0536E+01 -1.0536E+01
Worst -1.0536E+01 -2.4217E+00 -2.4217E+00
Mean -1.0536E+01 -7.2984E+00 -8.0934E+00

algorithm, which outperformed MFO_CLUST 7674.9282 and PSO_CLUST
(7348.2371). The mean fitness value for MFO_PSO_CLUST (7200.6908) in-
dicated high consistency, whereas greater variation was observed for the other
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algorithms. For the Wine dataset, the lowest best fitness value (16292.1846)
was achieved by MFO_PSO_CLUST, outperforming both MFO_CLUST
(8379
4.3558) and PSO_CLUST (16409.438). Robustness in MFO_PSO_CLUST
was evidenced by its nearly identical mean and worst fitness values. In the
Vowel dataset, MFO_PSO_CLUST achieved superior performance
(148967.2408) compared to MFO_CLUST (1036524.9394) and PSO_CLUST
(177395.8541). Its lower mean fitness value (150320.9081) further highlighted
its efficiency. For the Glass dataset, the best fitness value (210.4287) was
achieved by MFO_PSO_CLUST, surpassing MFO_CLUST (939.6499) and
PSO_CLUST (388.7199). The lower variability in its fitness values indicated
superior stability compared to the other algorithms. In the Zoo dataset,
MFO_PSO_CLUST demonstrated the best performance (best fitness value:
101.1195) in comparison to MFO_CLUST (222.2408) and PSO_CLUST
(181.4975). Its consistent mean fitness value 107.1153 further reinforced its
reliability. Across all datasets, MFO_PSO_CLUST consistently achieved
better fitness values with minimal variation between the best, mean, and
worst outcomes. This high consistency in its optimization process demon-
strated the robustness and reliability of MFO_PSO_CLUST. In contrast,
MFO_CLUST exhibited significant variability, suggesting susceptibility to
suboptimal solutions in some iterations. Although PSO_CLUST displayed
moderate performance, it failed to match the accuracy and stability of
MFO_PSO_CLUST consistently. Altogether, MFO_PSO_CLUST demon-
strated superior performance across all datasets by achieving better fitness
values with a high degree of consistency and robustness. These results under-
score its effectiveness in addressing diverse clustering challenges when com-
pared to MFO_CLUST and PSO_CLUST. Table 6 presents additional de-
tailed results.

Figure 3 illustrates the convergence behavior of the MFO_PSO_CLUST,
MFO_CLUST, and PSO_CLUST algorithms across six datasets: Iris, Ban-
knote_authentication, Wine, Zoo, Vowel, and Glass. These figures dis-
play the algorithm’s progress towards the optimal solution across a defined
number of iterations. For the Iris dataset, the MFO_PSO_CLUST algo-
rithm converges rapidly to a stable solution with a significantly lower score
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compared to MFO_CLUST and PSO_CLUST, demonstrating superior effi-
ciency and faster convergence. In contrast, MFO_CLUST exhibits a slower
and less stable convergence process, while PSO_CLUST reaches a higher
score, indicating suboptimal performance. In the Banknote_authentication
dataset, MFO_PSO_CLUST achieves the best score earlier in the itera-
tions, outperforming both MFO_CLUST and PSO_CLUST. The curves for
MFO_CLUST and PSO_CLUST display higher variability, reflecting less
consistent optimization performance. For theWine dataset, the MFO_PSO_
-CLUST algorithm demonstrates robust convergence, achieving a stable
and optimal solution earlier than the other methods. MFO_CLUST and
PSO_CLUST converge at higher scores, with MFO_CLUST showing slower
convergence and higher variability throughout the iterations. The Zoo
dataset showcases the significant advantage of MFO_PSO_CLUST, which
converges rapidly to a stable and optimal solution. Both MFO_CLUST and
PSO_CLUST exhibit prolonged and less effective convergence, with higher
final scores, indicating poorer optimization. In the Vowel dataset, the per-
formance trend remains consistent, with MFO_PSO_CLUST converging to
the lowest score, followed by MFO_CLUST and PSO_CLUST. The gap
between the algorithms final scores further emphasizes the superior perfor-
mance of MFO_PSO_CLUST in minimizing the fitness function. Finally,
for the Glass dataset, MFO_PSO_CLUST achieves the best score with min-
imal variability, outperforming the other algorithms. Both MFO_CLUST
and PSO_CLUST converge at significantly higher scores, showcasing their
limitations in handling this dataset.

The convergence curves across all datasets indicate the consistent supe-
riority of MFO_PSO_CLUST in terms of faster convergence, lower fitness
values, and greater stability, making it a highly robust and efficient algorithm
for clustering tasks.

The efficiency evaluation of the proposed approach, utilizing the Iris,
Wine, and Banknote_authentication datasets, is shown in Table 7. It is
assessed in terms of the Normalized mutual information (NMI), Fowlkes-
Mallows index (FMI), and Silhouette_score criteria [16, 35]. The table
mentioned shows optimal efficiency ranges. For all criteria, A value that is
larger and closer to 1 indicates higher efficiency.
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Figure 3: Convergence curve MFO_PSO_CLUST, MFO_CLUST and PSO_CLUST
with different datasets

The NMI is a technique used for the analysis of clustering’s performance
against the true labeling. The results indicate that MFO_PSO_CLUST per-
forms better than k-means in most datasets, such as Iris (0.75821 vs. 0.74193)
and Zoo (0.7616 vs. 0.73226). However, for the Banknote_authentication
dataset, both algorithms performed poorly, achieving an identical NMI

score of 0.030324, which highlights a potential challenge in clustering this
specific dataset. FMI metric assesses the balance between precision and
recall in clustering. The MFO_PSO_CLUST algorithm demonstrated su-
perior performance across most datasets, except for Glass, where k-means
performed slightly better (0.40813 vs. 0.40502). Notably, for the Iris dataset,
MFO_PSO_CLUST achieved a significantly higher FMI score (0.80518 vs.
0.79821), indicating a more balanced and accurate clustering. Silhouette
_score measure evaluates the cohesion within clusters and the separation
between clusters. MFO_PSO_CLUST consistently outperformed k-means
in most datasets, including Wine (0.7323 vs. 0.71578) and Zoo (0.6264 vs.
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0.53085). Based on these results, the new algorithm can generate tighter
and better-separated clusters of data points as opposed to k-means cluster-
ing. The results indicate that MFO_PSO_CLUST generally performs better
than k-means in terms of clustering quality, particularly in the NMI and
Silhouette_score metrics. This demonstrates the effectiveness of the pro-
posed algorithm in producing more coherent and meaningful clusters across
various datasets. However, there are specific cases, such as the Glass dataset
with the FMI metric, where k-means shows a slight advantage. The unique-
ness of this dataset may be an explanation for this results in the clustering
performance.

6 Conclusion

In this article, using the metaheuristic algorithm and their combination, we
achieved better results for clustering. The advantages of several algorithms
can be utilized to get better results by merging them. MFO and PSOmethods
were combined in the MFO_PSO algorithm. In the first part, MFO_PSO
was tested with 23 benchmark functions and proved to be a robust algorithm
for solving various problems. Its excellent performance in various tests sug-
gests that it consistently finds superior solutions. Then, the MFO_PSO algo-
rithm was applied to cluster data and determine the centroid with the lowest
fitness function as the optimal center. Once the best centroid is identified
by utilizing the MFO_PSO_CLUST algorithm, the data are clustered using
it. Based on three datasets and three NMI, FMI, and Silhouette_score
criteria, performance analysis demonstrated that the MFO_PSO_CLUST
algorithm outperforms the MFO_CLUST and PSO_CLUST methods. The
outcomes of this method can be further improved by adjusting the parame-
ters.

Data Availability Statement

The datasets used in this paper are as follows:

Iran. J. Numer. Anal. Optim., Vol. 15, No. 2, 2025, pp 475–507



Mosavi, Shahzadeh Fazeli, Abbasi and Kaveh-Yazdy 502

• The Banknote_authentication dataset from
https://archive.ics.uci.edu/ml/datasets/banknote+authentication.

• The Iris dataset from https://archive.ics.uci.edu/dataset/53/iris.

• The Vowel dataset from https://archive.ics.uci.edu/ml/datasets/Vowel.

• The Zoo dataset from https://archive.ics.uci.edu/dataset/111/zoo.

• The Glass dataset from
https://archive.ics.uci.edu/dataset/42/glass+identification.

• The Wine dataset from https://archive.ics.uci.edu/dataset/109/wine.
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Recently, constructing hidden attractors of chaotic systems without equi-
librium point has become a key discussion point in the application fields of
chaos and hyperchaos science. This paper introduces a novel hyperchaotic
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attractors, Poincare map, Lyapunov exponents, and Kaplan-Yorke dimen-
sion. To enhance the practical applicability of this system, an integral
sliding mode control method for synchronization is proposed. Lyapunov
theory ensures the stability and effectiveness of the synchronization scheme.
The efficiency of the approach is demonstrated by numerical simulations,
which validate the potential of the system for various applications.

AMS subject classifications (2020): 34C28, 93C10, 93D05, 93D20

Keywords: Fractional derivative; Synchronization; Lyapunov stability the-
ory; Lyapunov exponents; Sliding mode control.

1 Introduction

Fractional calculus, a mathematical discipline with over 300 years of history,
extends traditional calculus to noninteger order derivatives and integrals.
The study of fractional calculus has attracted significant attention due to
its potential applications in various fields. Fractional-order systems provide
an explicit description and further insight into physical processes. They also
serve as valuable tools in modeling many phenomena. The use of fractional
derivatives has been investigated in various research fields, including electro-
magnetism [41], secure communication [19], cryptography [34], viscolelasticty
[15], diffusion [18], and chemical processing [16], due to their elegant descrip-
tion of interdisciplinary applications.

Chaos theory is the study of systems that obey deterministic rules but
exhibit seemingly random behavior. Small differences in initial conditions
can lead to very different outcomes, creating a fascinating interplay between
order and randomness. The study of chaos allows us to understand and
potentially predict complex behavior in a variety of scientific disciplines. Hy-
perchaotic systems, a subset of chaotic systems, exhibit even more complex
dynamics with multiple positive Lyapunov exponents [42]. Many chaotic sys-
tems, including the Chua circuit [17], Duffing system [32, 46], Chen system
[30], Lu system [35], and Rossler system [31], can be elegantly modeled using
fractional-order equations.
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Synchronization refers to a fascinating phenomenon in which two sys-
tems adjust their dynamics to become identical, essentially when one of two
systems adapts its trajectory to follow that of the other [27, 45]. In 1990,
Pecora and Carroll [38] established a pioneering scheme for achieving synchro-
nization, known as the drive-response method. Nowadays, various synchro-
nization techniques, such as complete synchronization [5, 8], phase synchro-
nization [40], projective synchronization [7, 19, 47], inverse matrix projective
synchronization [23], modified projective synchronization [21], modified hy-
brid synchronization [25], generalized synchronization [22, 37, 53], Q − S

synchronization [9], fixed-time synchronization [58], and combination syn-
chronization [3, 2, 20, 24, 26] have been described. Recently, due to the wide
range of applications, many different control schemes have been applied to
synchronize fractional-order chaotic systems, such as active control [4, 14],
adaptive control [56], scalar transmitted signal methods [36], impulsive con-
trol [52], event-triggered controller [43, 55], and sliding mode control (SMC)
[1, 29, 54], among others.

The SMC is a powerful control strategy renowned for its robustness to
parameter variations [6]. Additionally, SMC offers several advantages, in-
cluding excellent transient performance, rapid dynamic responses, and dis-
turbance rejection capability.

The analysis of chaotic systems has traditionally been conducted through
the lens of equilibrium points, due to the sensitivity of these systems to ini-
tial conditions and their unpredictable long-term behavior. However, recent
research has revealed a fascinating class of chaotic systems that challenge this
convention: nonequilibrium chaotic systems [13, 44, 51, 57]. Despite the ab-
sence of stable equilibrium points, nonequilibrium chaotic systems are capable
of generating intricate, confined trajectories, designated as hidden attractors.
This counterintuitive behavior offers promising opportunities for potential
applications in a range of fields. As research progresses, the challenge of
synchronizing these systems remains a captivating challenge [39, 48, 49, 50].

This work makes a contribution to the field of hyperchaotic systems with
hidden attractors by introducing a novel fractional-order system that lacks
equilibrium points. A comprehensive study of the system’s dynamical behav-
ior is conducted with the objective of achieving synchronization using integral
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sliding mode control (ISMC). The synchronization controller and parameter
identification technique are designed based on Lyapunov stability theory, and
the theoretical findings are validated through computer simulations. The pri-
mary contributions of this work include:

1. A groundbreaking four-dimensional fractional-order hyperchaotic sys-
tem is introduced from the 3−D Rikitake dynamo system.

2. Rigorous analysis confirms the hyperchaotic nature of the proposed
system, highlighting its complex and unpredictable behavior.

3. Developing of an ISMC strategy for synchronizing two identical in-
stances of the novel system.

4. Lyapunov theory and numerical simulations to validate the effectiveness
of the synchronization approach.

The rest of the manuscript is arranged as follows: Section 2 presents some
preliminary concepts for fractional calculus. Section 3 introduces the con-
struction of four dimensional fractional-order system, it delves into a de-
tailed analysis of its fundamental dynamical property. Section 4 develops an
integral sliding mode controller for synchronizing two identical hyperchaotic
systems. The feasibility and effectiveness of both control schemes are verified
by numerical simulations.

2 Basic definitions for fractional-order systems

In this section, some basic definitions related to fractional differentiation are
presented.

Definition 1. In the field of fractional calculus, a vital function is the Euler
gamma function Γ, which is defined as follows

Γ(a) =

∫ +∞

0

ta−1e−tdt. (1)

Definition 2. Fractional calculus extends the concepts of integration and
differentiation to non-integer orders. It uses a fundamental operator, denoted
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aD
α
t , which defines fractional integration and differentiation. The integro-

differential operator aD
α
t is defined by

aD
α
t =


dα

(dt)α
, α > 0,

1, α = 0,∫ t

a
(dτ)α, α < 0,

(2)

where a and t are the bounds of the operator and t ∈ R.

Several definitions exist regarding fractional derivative, but the Caputo
definition in (3) is used the most in engineering applications, since this defini-
tion incorporates initial values for a function f and its standard derivatives,
that is, initial values that are physically appealing in the traditional way.
Also, a modified version of Adams–Bashforth–Moulton method [12] will be
employed for numerical simulation of the Caputo fractional-order equations.

Definition 3 (Caputo fractional derivative [28]). The Caputo fractional
derivative of order α is defined as follows:

Dαf(t) = In−αfn(t), (3)

where, n−1 < α ≤ n, n ∈ N, Iα is the αth-order Riemann–Liouville fractional
integration given by

Iαf(t) =
1

Γ(α)

∫ t

a

(t− ξ)α−1f(ξ)dξ. (4)

Theorem 1. Consider the following commensurate fractional-order dynam-
ics system:

Dαx(t) = f(x(t)),

where Dα is a Caputo differential operator, 0 < α < 1, and x ∈ Rn is the
state vector of system and f is continuous vector function of the system.
The equilibrium points of this system are calculated by solving the equation
f(x) = 0. These points are locally asymptotically stable if all eigenvalues λi
of the Jacobian matrix J = ∂f/∂x satisfy

|arg(λi)| > α
π

2
.
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3 Model description of the novel fractional-order
hyperchaotic system

As reported in the literature, the 3 − D Rikitake dynamo system [41] is
described as follows 

ẋ1 = −ax1 + x2x3,

ẋ2 = −ax2 + x1(x3 − b),
ẋ3 = 1− x1x2,

(5)

where x1, x2, and x3 are the state variables, a and b are positive parame-
ters and represent the resistive dissipation and the difference in the angular
velocities of the two disks, respectively.

An extensive study established chaos in this system has been described
by Cook and Roberts [10].

By adding a state feedback control to the previous system and replac-
ing standard derivatives by fractional-order derivatives, we get the following
system 

Dαx1 = −ax1 + x2x3 − cx4,
Dαx2 = −ax2 + x1(x3 − b),
Dαx3 = d− x1x2,
Dαx4 = x1,

(6)

where x1, x2, x3, and x4 are the state variables of the system, a, b, c, and
d 6= 0 are real constants, α ∈ (0, 1] is the fractional-order derivative, and Dα

is the Caputo differential operator.

In the following, some basic properties of the novel system (6) are numer-
ically analyzed, including: Dissipativity, equilibrium points, Poincaré map,
hyperchaotic attractors, Lyapunov exponents, and Kaplan-Yorke dimension.

3.1 Dissipativity

We use the divergence of the vector field. The system is dissipative if the sum
of the coefficients of the fractional derivatives is negative. The divergence of
the system (6) is calculated as
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∇f =
∂Dαx1
∂x1

+
∂Dαx2
∂x2

+
∂Dαx3
∂x3

+
∂Dαx4
∂x4

.

Substituting the partial derivatives

∇f = −2a,

since a > 0, the sum of the coefficients of the fractional derivatives is negative,
that is, ∇f < 0. Therefore, the system is dissipative. In this case, all the
trajectories of the system tend to an attractor, when t→ +∞.

3.2 Equilibrium points

In order to find the equilibrium points of the system (6), we solve the four
following equations 

−ax1 + x2x3 − cx4 = 0,

−ax2 + x1(x3 − b) = 0,

d− x1x2 = 0,

x1 = 0.

(7)

Since d 6= 0, the last two equations in the system (7) contradict each other.
This means that the proposed system (6) has no equilibrium points. Thus,
the system lacks the characteristic bifurcation phenomena (e.g., pitchfork,
Hopf) typically observed in hyperchaotic systems. Additionally, the absence
of equilibrium points precludes the existence of a stable sink state.

3.3 Poincaré map

To elucidate the complexity and characteristic features of the novel system,
we employ the Poincaré map. This technique provides valuable insights into
the underlying behavior.

Figures 1 and 2 show the Poincaré map of the system (6) in 2 −D plan
and 3−D space, respectively.

The system’s Poincaré map (Figure 2) reveals intricate structures, sug-
gesting hyperchaotic behavior.

Iran. J. Numer. Anal. Optim., Vol. 15, No. 2, 2025, pp 508–530



515 Exploring hyperchaotic synchronization of a fractional-order system ...

0.5 0.502 0.504 0.506 0.508 0.51

x
2

-5

0

5

10

x
3

-4 -2 0 2 4

x
1

-5

0

5

10

x
3

-4 -2 0 2 4
x

1

0.5

0.505

0.51

x
2

-2 0 2 4 6
x

3

-1000

0

1000

x
4

Figure 1: Poincaré map in 2−D plan.

x
1

x
4

x
3

-600

6

-400

4 3

-200

2

0

2 1
0

200

0 -1
-2

-2 -3

Figure 2: Poincaré map in 3−D space.

3.4 Hyperchaotic attractors

It is interesting that our system can generate hyperchaotic signals although
there is no equilibrium points. The system (6) exhibits hyperchaotic behavior,
as shown in Figure 3, where α = 0.98, the system’s parameters are as follows

a = b = d = 1 and c = 0,

and the initial values of the hyperchaotic system (6) are selected as

x1(0) = x2(0) = x3(0) = −0.1 and x4(0) = 0.2. (8)
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We used the MATLAB/Simulink environment to develop a comprehensive
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Figure 3: Hyperchaotic attractors of system (6), when α = 0.98.

simulation framework for the system described by (6). To achieve accu-
rate modeling of fractional-order dynamics, we utilized the capabilities of the
FOMCON toolkit in Simulink. This toolbox provides robust blocks for imple-
menting fractional integration of various orders. The detailed block diagram
of the simulation setup is presented in Figure 4. The temporal evolution

Figure 4: The block diagram of the new hyperchaotic system (6) in MATLAB Simulink.

of the state variables x1, x2, x3, and x4 are illustrated in Figures 5 and 6,
respectively.
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Figure 5: Temporal evolution of x1, x2, x3.

Figure 6: Temporal evolution of x4.

In order to provide definitive confirmation of the hyperchaotic behavior
exhibited by the proposed system, a computation of the Lyapunov exponents
will be undertaken.

3.5 Lyapunov exponents

In this section, we assume that the parameters a, b, and d remain constant
and c is varied in [0, 5]. By using MATLAB code for Lyapunov exponents
of fractional-order systems [11], the Lyapunov exponents spectrum of system
(6) with a = 1, b = 1, and d = 1 is represented in Figure 7.
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Figure 7: The dynamics of the Lyapunov exponents of the system (6).

Particularly, when the parameter systems are taken as

a = b = d = 1 and c = 0.03,

the Lyapunov exponents of the proposed system are obtained as

L1 = 0.1208, L2 = 0.0202, L3 = 0, and L4 = −1.2740.

The Kaplan–Yorke dimension of the system is calculated as

DKY = 3 +
L1 + L2 + L3

|L4|
= 3.1107.

Thus, the system is hyperchaotic.

4 Sliding mode controller design and synchronization
analysis

To assess the synchronization capabilities of the proposed hyperchaotic sys-
tem, SMC is employed in order to achieve complete synchronization between
the states of the master-slave systems.
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4.1 General method of synchronization

Consider the fractional-order dynamic system defined by

Dαx(t) = f(x(t)), (9)

where Dα is Caputo differential operator, 0 < α < 1, x ∈ Rn is the state
vector of system, and f is continuous vector function. We consider the system
(9) as a drive system. The controlled response system is given by

Dαy(t) = f(y(t)) + u. (10)

Define the synchronization error as e(t) = y(t)−x(t). The main purpose is to
choose a suitable controller u, so that the response system accurately tracks
the drive system’s trajectory, such that

lim
t→∞

||e(t)|| = 0. (11)

4.2 Sliding mode controller design

The drive system is described by
Dαx1 = −ax1 + x2x3 − cx4,
Dαx2 = −ax2 + x1(x3 − b),
Dαx3 = d− x1x2,
Dαx4 = x1.

(12)

The controlled response system is given by
Dαy1 = −ay1 + y2y3 − cy4 + u1,

Dαy2 = −ay2 + y1(y3 − b) + u2,

Dαy3 = d− y1y2 + u3,

Dαy4 = y1 + u4,

(13)

where u1, u2, u3, u4 are the integral sliding mode controllers to be designed.
Define the synchronization errors as ei(t) = yi(t)− xi(t), i = 1, 2, 3, 4. It

is easy to see that the error dynamics system can be obtained as follows
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Dαe1 = −ae1 + y2y3 − x2x3 − ce4 + u1,

Dαe2 = −ae2 + y1y3 − x1x3 − be1 + u2,

Dαe3 = −y1y2 + x1x2 + u3,

Dαe4 = e1 + u4.

(14)

In order to achieve the stability of system (14), four sliding surfaces s1, s2,
s3, and s4 are introduced as

si = (Dα + λi)

∫ t

0

ei(τ)dτ, i = 1, 2, 3, 4. (15)

A simple calculation yields
ṡ1 = Dαe1(t) + λ1e1(t),

ṡ2 = Dαe2(t) + λ2e2(t),

ṡ3 = Dαe3(t) + λ3e3(t),

ṡ4 = Dαe4(t) + λ4e4(t),

(16)

where λi > 0 for i = 1, 2, 3, 4.
To design SMC, the reaching law [33] is chosen as

ṡ1 = −β1sgn(s1)−K1s1,

ṡ2 = −β2sgn(s2)−K2s2,

ṡ3 = −β3sgn(s3)−K3s3,

ṡ4 = −β4sgn(s4)−K4s4,

(17)

where βi > 0, Ki > 0, for i = 1, 2, 3, 4, and sgn(·) represents sign function,
that is

sgn(si) =


1, si > 0,

0, si = 0,

−1, si < 0.

By comparing (16) and (17), we deduce
Dαe1(t) + λ1e1(t) = −β1sgn(s1)−K1s1,

Dαe2(t) + λ1e2(t) = −β2sgn(s2)−K2s2,

Dαe3(t) + λ1e3(t) = −β3sgn(s3)−K3s3,

Dαe4(t) + λ1e4(t) = −β4sgn(s4)−K4s4.

(18)
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Combining (14) and (18), we get
−ae1 + y2y3 − x2x3 − ce4 + u1 + λ1e1(t) = −β1sgn(s1)−K1s1,

−ae2 + y1y3 − x1x3 − be1 + u2 + λ2e2(t) = −β2sgn(s2)−K2s2,

−y1y2 + x1x2 + u3 + λ3e3(t) = −β3sgn(s3)−K3s3,

e1 + u4 + λ4e4(t) = −β4sgn(s4)−K4s4.

(19)

In order to synchronize the drive system (12) with the response system (13),
the control input can be obtained as

u1 = (a− λ1)e1 + ce4 − y2y3 + x2x3 − β1sgn(s1)−K1s1,

u2 = −b∗e1 + (a− λ2)e2 − y1y3 + x1x3 − β2sgn(s2)−K2s2,

u3 = −λ3e3 + y1y2 − x1x2 − β3sgn(s3)−K3s3,

u4 = −e1 − λ4e4 − β4sgn(s4)−K4s4.

(20)

4.3 Synchronization analysis

To enhance the practical applicability of the proposed system, an ISMC
method is designed to achieve complete synchronization of the system. In
addition, numerical simulations are performed to demonstrate and verify the
theoretical analysis.

Theorem 2. The systems (12) and (13) are globally and asymptotically syn-
chronized under the integral sliding mode controller (20), where αi, βi,Ki, (i =

1, 2, 3, 4) are constant positives.

Proof. We establish this theorem using Lyapunov stability theory. First, we
consider the quadratic and positive definite Lyapunov function defined by

V (s1, s2, s3, s4) =
1

2
(s21 + s22 + s23 + s24).

Differentiating V with respect to the time t, we obtain

V̇ = s1ṡ1 + s2ṡ2 + s3ṡ3 + s4ṡ4. (21)

Substituting from (17) to (21), we get
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V̇ =

4∑
i=1

[−β|si| −Kis
2
i )], (22)

which is a negative definite function on R4.

Thus, by the Lyapunov stability theory, we conclude that si → 0 as
t → +∞, for i = 1, 2, 3, 4. Hence, it follows that ei → 0, as t → +∞, for
i = 1, 2, 3, 4.

4.4 Numerical simulations

For MATLAB simulations, we take the parameter values for the drive and
response systems as in the case of hyperchaotic attractors

a = 1, b = 1, c = 0, and d = 1.

We take the sliding constants as

λi = 0.2, βi = 0.2, and Ki = 3, for all i = 1, 2, 3, 4.

We set the initial conditions of the drive and the response systems, respec-
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Figure 8: Time history of the synchronization errors.

tively, as
(x1(0), x2(0), x3(0), x4(0)) = (0.5,−0.5, 0.5, 1)

and
(y1(0), y2(0), y3(0), y4(0)) = (1.5, 1,−0.5,−0.5).
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Figure 11: Complete synchronization between signals x3 and y3.

Figure 8 shows time history of the synchronization errors. Furthermore,
Figures 9, 10, 11, and 12 show the complete synchronization between the
states x1 and y1, x2 and y2, x3 and y3, x4 and y4, respectively .

From these figures, it is straightforward to see the complete synchroniza-
tion between the drive and response systems (12) and (13) are achieved.
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5 Conclusion

There is great interest in the modeling of hyperchaotic systems devoid of equi-
librium points within the field of chaos literature. This research introduced a
novel fractional-order system exhibiting complex dynamics, thereby expand-
ing the understanding of chaotic behavior beyond traditional equilibrium-
based frameworks. The comprehensive analysis conducted in this study, in-
cluding the identification of hyperchaotic attractors and the computation of
Lyapunov exponents, has yielded valuable insights into the intricate dynam-
ics of the system.

Furthermore, the creation and application of an ISMC strategy for syn-
chronization have illustrated the potential for controlling and coordinating
these complex systems. The rigorous validation through MATLAB simula-
tions has confirmed the effectiveness of the proposed approach, even in the
face of the inherent challenges posed by the system’s sensitivity to initial
conditions.

The findings of this research have significant implications for a number of
applications in fields such as secure communications, signal processing, and
control systems. The capacity to generate and regulate complex, erratic dy-
namics can be harnessed for operations that necessitate randomness, noise,
or chaotic behavior. Moreover, the demonstrated synchronization capabili-
ties provide a foundation for the construction of complex networks and the
coordination of multiple chaotic systems.
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Abstract

This paper presents a robust deterministic mathematical model incorporat-
ing Holling type II treatment functions to comprehensively investigate the
dynamics of Lymphatic filariasis. Through qualitative analysis, the model
demonstrates the occurrence of backward bifurcation when the basic re-
production number is less than one. Moreover, numerical simulations are
employed to illustrate and validate key analytical findings. These simula-
tion results emphasize the significance of accessible medical resources and
the efficacy of prophylactic drugs in eradicating Lymphatic filariasis. The
findings show that, enhancing medical resource availability and implement-
ing effective treatment strategies in rural areas and regions vulnerable to
Lymphatic filariasis is crucial for combating the transmission and control
of this disease.

AMS subject classifications (2020): 92B05; 92D30; 92-10; 34D20

Keywords: Lymphatic filariasis; Holling type II treatment function; Repro-
duction number; Stability; Bifurcation.

1 Introduction

Lymphatic filariasis (LF), also known as Elephantiasis, is a neglected tropical
disease that is prevalent in developing countries and disadvantaged communi-
ties across Sub-Sahara Africa, Asia, South and Central America, and the Pa-
cific Island nations [22]. It is a parasitic disease transmitted through vectors
and caused by three types of nematode parasites that reside in the lymphatic
system: Wuchereria bancrofti, Brugia Malayi, and B. timori. Wuchere-
ria bancrofti is responsible for the majority of cases worldwide, while Bru-
gia Malayi and B. timori play significant roles as local causes in Southeast
Asia. The transmission of these nematode parasites occurs through various
species of mosquito vectors, including Anopheles, Aedes, Culex, Mansonia,
and Ochlerotatus [8, 5]. The adult parasites take up residence in the lym-
phatic system of the human host. Following mating, they produce first stage
larvae known as microfilariae, which then migrate to the peripheral blood
circulation. These microfilariae exhibit a diurnal periodicity, residing in the
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deep veins during the day and migrating to the peripheral circulation at
night. The peak concentration of microfilariae in the peripheral blood occurs
during a 4-hour timeframe from 10 p.m. to 4 a.m. This adaptation aligns
with the biting behavior of the mosquito vectors [15, 10].

The extrinsic life cycle commences when the mosquito ingests microfilariae
along with human blood during a bite. The microfilariae traverse the gut
wall of the mosquito and reach the thoracic muscles, where they undergo a
transformation, becoming shorter and thicker. These microfilariae progress
into the first stage larvae (L1). Within a span of 5 to 7 days, the L1 larvae
grow and develop into the more active second stage (L2). By approximately
10 to 11 days, they mature into infective stage larvae (L3) [1]. After reaching
full maturity, the majority of infective larvae (L3) relocate to the proboscis
of the mosquito, poised to infect another human [1]. This intricate life cycle
involving mosquitoes as intermediaries is the primary means of transmitting
LF. When a mosquito bites a human host, the L3 larvae are deposited on
the skin’s surface. Upon retracting its proboscis, the larvae enter the wound
and travel to the lymphatic system. Approximately 9 to 10 days after entry,
the L3 larvae molt and transform into fourth stage larvae (L4). The L4 stage
undergoes further development, taking several days to a few months before
reaching adulthood [1, 7, 12, 2].

In April 2012, LF was endemic in 73 countries and territories, putting
an estimated 1.39 billion people at risk of infection, with approximately 120
million already infected [34]. Most infected individuals remain asymptomatic
and are unaware of their condition unless tested [35]. However, these asymp-
tomatic infections gradually cause damage to the lymphatic system, kidneys,
and disrupt the body’s immune system. The severity of symptoms is di-
rectly influenced by the patient’s immune response and may manifest as acute
inflammation of the lymphatic vessels, accompanied by high temperatures,
chills, body aches, and swollen lymph nodes [1]. Excessive fluid accumula-
tion in the affected tissues can occur [35, 13]. In chronic cases, LF leads to
conditions such as lymphedema (tissue swelling) or elephantiasis (thickening
of the skin), as well as swelling in the limbs and hydrocele (scrotal and breast
swelling). In some instances, filarial abscesses may develop [1, 7, 12, 2].
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In 2000, the World Health Organization (WHO) initiated the Global Pro-
gram to Eliminate Lymphatic Filariasis (GPELF) with the ambitious target
of eradicating LF by 2030. The strategy employed by the GPELF focuses on
interrupting transmission through mass drug administration (MDA), while
also addressing the suffering and disability caused by chronic manifestations
of the disease [20, 36, 19]. The approach to interrupting transmission in-
volves administering a combination of two drugs annually to the entire at-
risk population. In areas without onchocerciasis, the treatment consists of
albendazole (400mg) combined with diethylcarbamazine (6mg/kg) in areas
where onchocerciasis and LF coexist [32, 27]. The mass administration of
drugs typically extends over a period of 4-6 years, allowing sufficient time for
adult parasites to exhaust their reproductive lifespan. However, in areas with
low treatment coverage or high transmission intensity, longer campaigns may
be necessary to ensure the interruption of transmission [27, 33].

Mathematical modeling has played a crucial role in understanding infec-
tious diseases, although only a limited number of models have been developed
specifically for studying the transmission dynamics and control of LF. For
instance, Bhunu and Mushayabasa [3] created an epidemiological model to
analyze the spread of LF. Their analysis of the reproduction number indi-
cated that treatment would contribute to a reduction in LF cases, but the
magnitude of the reduction was not quantified. Their numerical simulations
suggested that effective LF control might require treatment for symptomatic
individuals and chemoprophylaxis for those at risk. Mwamtobe et al. [21]
formulated and analyzed a mathematical model for LF, incorporating inter-
vention strategies. Their findings suggested that treatment led to a faster
reduction in LF cases compared to quarantine. However, the greatest reduc-
tion occurred when both intervention approaches were implemented simulta-
neously. Oguntolu et al. [24] developed and rigorously analyzed a mathemat-
ical model for the transmission dynamics of LF, accounting for asymptomatic
and symptomatic infections, as well as treatment. Their simulations demon-
strated that a treatment coverage level of 75% among the human population
was necessary to control LF. The successful elimination of LF by 2030 relies
on the availability of medical resources and the implementation of effective
treatments. In traditional epidemic models, the treatment rate for infected
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individuals is often assumed to be constant or proportional to the number of
infected cases. However, it is important to consider the limited availability of
treatment resources within the community when determining an appropriate
treatment rate for the disease [17]. Wang and Ruan [30] consider an SIR
epidemic model with a constant treatment rate, the authors investigated the
stability of the model and showed that the model exhibits various bifurcation.
Furthermore, Zhou and Fan [37] modified the treatment rate to Holling type
II, by varying the amount of medical resources and their supply efficiently,
the target model admits both backward and Hopf bifurcation.

In this paper, our study focuses on the dynamics of how LF spreads
and its control. This is the first research to examine the initial phase of
infection by taking into account susceptible individuals who are undergoing
prophylactic treatment. Furthermore, we have integrated a Holling type II
treatment function at each stage of infection to enhance our understanding of
the treatment and control strategies for LF. The rest of the paper is organized
as follows: the model formulation and basic properties of the model described
in section 2, the model analysis in section 3, the numerical analysis in section
4, and the concluding remarks in section 5.

2 Model formulations

The total human population at time t, denoted by NH (t), is sub-divided
into seven mutually exclusive compartments of susceptible individuals not
on prophylactic treatments SH (t), susceptible individuals on prophylactic
treatments SHP (t), exposed individuals EH (t), L3-larvae stage (initial stage)
infected individuals L (t), acute stage infected individuals A (t), Chronic stage
infected individuals C (t) and treated individuals T (t). So that

NH (t) = SH (t) + SHP (t) + EH (t) + L (t) +A (t) + C (t) + T (t) .

The vector (mosquitoes) population at time t, denoted by NV (t), is sub-
divided into three compartments of susceptible mosquitoes SV (t), exposed
mosquitoes EV (t), and infectious mosquitoes IV (t). So that

NV (t) = SV (t) + EV (t) + IV (t) .
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The susceptible individuals not on prophylactic treatments SH (t) is gener-
ated by birth or immigration at a constant rate ΠH . Susceptible individuals
not on prophylactic treatments acquire LF infection through effective contact
with infectious mosquitoes at the rate λH , given by

λH =
ϕβHIV
NH

,

where ϕ is the mosquito-biting rate, and βH is the transmission probability
from IV (t) to SH (t). The population of susceptible individuals on prophy-
lactic treatments SHP (t) is generated by susceptible individuals not on pro-
phylactic treatments SHP (t) that started receiving prophylactic treatment
at the rate α, the susceptible individuals on prophylactic treatments acquire
LF infection through effective contact with infectious mosquitoes at the rate
(1− ω)λH , where ω is the efficacy of the prophylaxis drugs. Exposed indi-
viduals progressed to the L3-larvae (initial stage of infection) stage at the
rate η, L3-larvae stage infected individuals progressed to acute stage at the
rate σ, and acute stage infected individuals progressed to chronic stage at
the rate v. The human natural death rate γH is the same in all human
compartments. We considered the Holling type II treatment functions f (L),
f (A), and f (C) for the L3-larvae stage infected individuals, the Acute stage
infected individuals, and the Chronic stage infected individuals respectively,
given by

f (L) =
τ1L

1 + εL
, f (A) =

τ2A

1 + εA
, and f (C) =

τ3C

1 + εC
,

where τ1, τ2, and τ3 are the treatment rates for L3-larvae stage, Acute stage,
and Chronic stage infected individuals respectively, and ε is the limitation
rate in medical resources availability. The population of the susceptible
mosquitoes SV (t), is generated by the recruitment rate ΠV . Susceptible
mosquitoes acquires LF infection through effective contact with infected in-
dividuals at the rate λV , given by

λV =
ϕβV (L+A+ C)

NH
,

where βV is the transmission probability from infected individuals to suscep-
tible mosquitoes and ϕ is the mosquito-biting rate. The exposed mosquitoes
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progressed to being infectious at the rate ρ. The death rate of mosquitoes is
given by γV .

Based on the above formulation and assumptions, the LF model is given
by the following system of deterministic nonlinear ordinary differential equa-
tions in (1) while the schematic diagram is presented in Figure 1. The de-
scription of the model state variables and parameters is presented in Table
1.

dSH

dt
= ΠH −

ϕβHIV SH

NH
− (α+ γH)SH + κT,

dSHP

dt
= αSH −

(1− ω)ϕβHIV SHP

NH
− γHSHP ,

dEH

dt
=
ϕβHIV SH

NH
+

(1− ω)ϕβHIV SHP

NH
− (η + γH)EH ,

dL

dt
= ηE − τ1L

1 + εL
− (σ + γH)L,

dA

dt
= σL− τ2A

1 + εA
− (v + γH)A,

dC

dt
= vA− τ3C

1 + εC
− γHC,

dT

dt
=

τ1L

1 + εL
+

τ2A

1 + εA
+

τ3C

1 + εC
− (κ+ γH)T,

dSV

dt
= ΠV −

ϕβV (L+A+ C)SV

NH
− γV SV ,

dEV

dt
=
ϕβV (L+A+ C)SV

NH
− (ρ+ γV )EV ,

dIV
dt

= ρEV − γV IV .

(1)

2.1 Basic properties of the model

2.1.1 Positivity and boundedness of solution

In order for the model (1) to be biological and mathematically meaningful,
it is pertinent to show that the state variables of the model are nonnegative
for all time t > 0.

Theorem 1. Let the initial data be SH (0) ≥ 0, SHP (0) ≥ 0, EH (0) ≥ 0,
L (0) ≥ 0, A (0) ≥ 0, C (0) ≥ 0, T (0) ≥ 0, SV (0) ≥ 0, EV (0) ≥ 0, and
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Table 1: Description of the model state variables and parameters

Variable Description
SH Susceptible individuals not on prophylactic treatment.
SHP Susceptible individuals on prophylactic treatment.
EH Exposed individuals.
L L3-larvae stage (initial stage) infected individuals.
A Acute stage infected individuals.
C Chronic stage infected individuals.
T Treated individuals.
SV Susceptible mosquitoes.
EV Exposed mosquitoes.
IV Infectious mosquitoes.

Parameter Description
ΠH Recruitment rate for humans.
ΠV Recruitment rate for mosquitoes.
ϕ Mosquito biting rate.
βH Transmission probability from IV to SH .
βV Transmission probability from L, A, and C to SV .
γH Natural death rate for humans.
γV Death rate for mosquitoes.
α Progression rate from SH to SHP .
σ Progression rate from L to A.
ω Efficacy of prophylaxis drugs.
η Progression rate from EH to L.
ν Progression rate from A to C.
τ1 Treatment rate of L3-larvae stage infection.
τ2 Treatment rate of Acute stage infection.
τ3 Treatment rate of Chronic stage infection.
ε Limitation rate in medical resources availability.
κ Rate at which treated individuals becomes susceptible again.
ρ Progression rate from EV to IV .
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Figure 1: Schematic diagram of the flowchart

IV (0) ≥ 0. Then, the solution (SH , SHP , EH , L,A,C, T, SV , EV , IV ) to the
model (1) is nonnegative for all t > 0.

Proof. Let t1 = sup[t > 0 : SH (t) > 0, SHP (t) > 0, EH (t) > 0, L (t) > 0,

A (t) > 0, C (t) > 0, T (t) > 0, SV (t) > 0, EV (t) > 0, IV (t) > 0 ∈ [0, t]].
Then t1 > 0. We have from the first equation of the model (1) that

dSH

dt
= ΠH − λHSH − (α+ γH)SH + κT.

Solving the equation above, we have

d

dt

{
SH (t)

[
exp

(∫ t

0

λH (ζ) dζ + (α+ γH) t

)]}
= (ΠH + κT )× exp

(∫ t

0

λH (ζ) dζ + (α+ γH) t

)
.

Integrating the above equations at the range [0, t1], we obtained{
SH (t1) exp

[∫ t1

0

λH (ζ) dζ + (α+ γH) t1

]}
− SH (0)

= (ΠH + κT )×
∫ t1

0

exp
[∫ x

0

λH (ζ) dζ + (α+ γH)x

]
dx.
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So that

SH (t1) =SH (0) exp
[
−
(∫ t1

0

λH (ζ) dζ + (α+ γH) t1

)]
+ exp

[
−
(∫ t1

0

λH (ζ) dζ + (α+ γH) t1

)]
× (ΠH + κT )

∫ t1

0

exp
[∫ x

0

λH (ζ) dζ + (α+ γH)x

]
dx > 0.

Similarly, it can be shown that SHP > 0, EH > 0, L > 0, A > 0, C > 0, T >

0, SV > 0, EV > 0, IV > 0.

2.1.2 Invariant region

We considered that the region in which the solution of the LF model (1) is
feasible, given by

Ω = ΩH × ΩV ⊂ R7
+ × R3

+, (2)

where
ΩH =

{
(SH , SHP , EH , L,A,C, T ) ∈ R7

+ : NH ≤
ΠH

γH

}
,

and
ΩV =

{
(SV , EV , IV ) ∈ R3

+ : NV ≤
ΠV

γV

}
.

Lemma 1. The region Ω =
{
(SH , SHP , EH , L,A,C, T, SV , EV , IV ) ∈ R10

+ :

NH ≤ ΠH
γH
, NV ≤ ΠV

γV

}
is positively invariant for the model (1).

Proof. By adding the human and vector compartments of the model system
(1), we obtained

dNH

dt
= ΠH − γHNH ,

dNV

dt
= ΠV − γVNV .

(3)

Thus, the standard comparison theorem [18] is used to show that

NH (t) ≤ NH (0) e−γHt +
ΠH

γH

(
1− e−γHt

)
,

NV (t) ≤ NV (0) e−γV t +
ΠV

γV

(
1− e−γV t

)
.

(4)
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In particular, if NH (0) ≤ ΠH
γH

and NV (0) ≤ ΠV
γV

, then NH (t) ≤ ΠH
γH

and
NV (t) ≤ ΠV

γV
. Therefore, the region Ω is a positively-invariant (that is, the

solutions to the model remain positive for all time t) and the model is well
posed and biologically meaningful.

3 Model analysis

In this section, we shall be analyzing the model for the stability of the disease-
free equilibrium (DFE) and endemic equilibrium.

3.1 Disease-free equilibrium (DFE)

The DFE points are steady state solutions where there is no LF infection
in the community. This is achieved by setting the infected compartments to
zero (that is, EH = L = A = C = T = EV = IV = 0) and setting the
right-hand side of the model system (1) to zero. Therefore, the DFE point,
(ξ0), is given by

ξ0 = (S∗
H , S

∗
HP , E

∗
H , L

∗, A∗, C∗, T ∗, S∗
V , E

∗
V , I

∗
V ) = (S∗

H , S
∗
HP , 0, 0, 0, 0, 0, S

∗
V , 0, 0) , (5)

where
S∗
H =

ΠH

α+ γH
, S∗

HP =
αΠH

(α+ γH) γH
, and S∗

V =
ΠV

γV
.

3.2 Basic reproduction number

The basic reproductive number R0 is a measurement of the potential for
the spreading disease in a population. Mathematically, R0 is a threshold
parameter for the stability of a DFE and is related to the peak and final size
of an epidemic. It is defined as the expected number of secondary cases of
infection, which would occur due to a primary case in a completely susceptible
population [9, 29]. It is an important parameter that governs the spread of
a disease.
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The reproductive number (R0) can be computed using the next generation
operator method described in [9, 29]. Using the matrices F and V , for the
new infection and the remaining transition terms, respectively,

F =



0 0 0 0 0 0
ϕβH(S∗

H+(1−ω)S∗
HP )

NH

0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0

0
ϕβV S∗

V

NH

ϕβV S∗
V

NH

ϕβV S∗
V

NH
0 0 0

0 0 0 0 0 0 0



,

and

V =



(η + γH) 0 0 0 0 0 0

−η (σ + τ1 + γH) 0 0 0 0 0

0 −σ (ν + τ2 + γH) 0 0 0 0

0 0 −ν (τ3 + γH) 0 0 0

0 −τ1 −τ2 −τ3 (κ+ γH) 0 0

0 0 0 0 0 (ρ+ γV ) 0

0 0 0 0 0 −ρ γV



.

Hence, it follows from [9] that R0 = ρ
(
FV −1

)
, where ρ is the spectral radius

or largest eigenvalues of
(
FV −1

)
.

Therefore,
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R0 =

√
ΠV γHϕ2βV βH (γH + (1− ω)α) (σ (v +B5) +B4B5) ηρ

ΠHγ2VB1B2B3B4B5B7
, (6)

where
B1 = α + γH , B2 = η + γH , B3 = σ + τ1 + γH , B4 = v + τ2 + γH ,

B5 = τ3 + γH , B6 = κ+ γH , and B7 = ρ+ γV .

3.3 Local stability of the DFE

Theorem 2. The DFE (ξ0) of the model (1) is locally asymptotically stable
if R0 < 1, and unstable if R0 > 1.

Proof. The local stability of the DFE (ξ0) of the model (1) is analyzed by the
Jacobian matrix of the model system (1) evaluated at the DFE (ξ0), given
by

J (ξ0) =



−B1 0 0 0 0 0 κ 0 0 −ϕβHγH
B1

α −γH 0 0 0 0 0 0 0 −ϕβHD1

B1

0 0 −B2 0 0 0 0 0 0 −ϕβHD2

B1

0 0 η −B3 0 0 0 0 0 0

0 0 0 σ −B4 0 0 0 0 0

0 0 0 0 ν −B5 0 0 0 0

0 0 0 τ1 τ2 τ3 −B6 0 0 0

0 0 0 −D3 −D3 −D3 0 −γV 0 0

0 0 0 D3 D3 D3 0 0 −B7 0

0 0 0 0 0 0 0 0 ρ −γV



,
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where B1 = α+ γH , B2 = η + γH , B3 = σ + τ1 + γH , B4 = v + τ2 + γH ,
B5 = τ3+γH , B6 = κ+γH , B7 = ρ+γV ,D1 = (1− ω)α,D2 = γH+(1− ω)α,
and D3 = ϕβV ΠV γH

ΠHγV
.

The eigenvalues of the Jacobian matrix J (ξ0) are λ1 = −γH , λ2 = −B1,
λ3 = −B6, λ4 = −γV and the roots of the characteristic polynomial below:

P (λ) = λ6 + a1λ
5 + a2λ

4 + a3λ
3 + a4λ

2 + a5λ+ a6, (7)

where

a1 =B2 +B3 +B4 +B5 +B7 + γV ,

a2 =B2 (B3 +B4 +B5 +B7 + γV ) +B3 (B4 +B5 +B7 + γV ) +B7γV

+B4 (B5 +B7 + γV ) +B5 (B7 + γV ) ,

a3 =B2B3 (B4 +B5 +B7 + γV ) + (B2B4 +B3B4) (B5 +B7 + γV )

+ (B7 + γV ) (B2B5 +B3B5) +B7γV (B2 +B3 +B4 +B5)

+B4B5 (B7 + γV ) ,

a4 =γV (B2B3 (B4 +B5 +B7) +B4 (B2 +B3) (B5 +B7))

+ γVB5B7 (B2 +B3 +B4) +B2B3B4 (B5 +B7)

+B5B7 (B2 (B3 +B4) +B3B4)−
ΠV γHϕ

2βHβVD2ηρ

ΠHγVB1
,

a5 =γV (B2B3 (B4B5 +B4B7 +B5B7) +B4B5B7 (B2 +B3))

+B2B3B4B5B7 −
ΠV γHϕ

2βHβVD2ηρ (σ +B4 +B5)

ΠHγVB1
,

a6 =γVB2B3B4B5B7

(
1−R2

0

)
.

Applying the Routh–Hurwitz criterion [23], which states that all roots of
the polynomial (7) have negative real parts if and only if the coefficient of
ai > 0, for i = 1, 2, 3, 4, 5, 6. Clearly, for a6 > 0 then R0 < 1. Therefore, all
the eigenvalues of the Jacobian matrix J (ξ0) have negative real parts when
R0 < 1 and the DFE point is locally asymptotically stable.

Biologically, the implication of Theorem 2 is that a small influx of LF
infected individuals in the population will not cause an LF outbreak as long
as the reproduction number (R0) is less than unity [26]. It is important to
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note that this result depends on the initial sizes of the infected individuals
in the population.

3.4 Existence of an endemic equilibrium

In this section, we shall investigate the existence of an endemic equilibrium
point. The endemic equilibrium is a steady state where the disease persists
in the population. In this case, the infected variables are nonzero (that is,
EH 6= 0, L 6= 0, A 6= 0, C 6= 0, T 6= 0, EV 6= 0, IV 6= 0). We shall be
investigating the endemic equilibrium using the “forces of infection”, given
by

λ∗∗H =
ϕβHI

∗∗
V

N∗∗
H

, and λ∗∗V =
ϕβV (L∗∗ +A∗∗ + C∗∗)

N∗∗
H

, (8)

where
N∗∗

H = S∗∗
H + S∗∗

HP + E∗∗
H + L∗∗ +A∗∗ + C∗∗ + T ∗∗.

The equations of the model system (1) are equated to zero and solved to get
an expression of each of the model variables in terms of the forces of infection.
For convenience, we let εL∗∗ = Z1, εA∗∗ = Z2, and εC∗∗ = Z3. So that

S∗∗
H =

ΠHB2B6

(
(1− ω)λ∗∗H + γH

)
Q1

B2B6

(
λ∗∗H +B1

) (
(1− ω)λ∗∗H + γH

)
Q1 − λ∗∗H κη

(
(1− ω)

(
λ∗∗H + α

)
+ γH

)
Q2

,

S∗∗
HP =

αΠHB2B6Q1

B2B6

(
λ∗∗H +B1

) (
(1− ω)λ∗∗H + γH

)
Q1 − λ∗∗H κη

(
(1− ω)

(
λ∗∗H + α

)
+ γH

)
Q2

,

(9)

E∗∗
H =

λ∗∗H ΠHB6

(
(1− ω)

(
λ∗∗H + α

)
+ γH

)
Q1

B2B6

(
λ∗∗H +B1

) (
(1− ω)λ∗∗H + γH

)
Q1 − λ∗∗H κη

(
(1− ω)

(
λ∗∗H + α

)
+ γH

)
Q2

,

L∗∗ =
λ∗∗H ΠHB6η (1 + Z1)

(
(1− ω)

(
λ∗∗H + α

)
+ γH

)
Q3

B2B6

(
λ∗∗H +B1

) (
(1− ω)λ∗∗H + γH

)
Q1 − λ∗∗H κη

(
(1− ω)

(
λ∗∗H + α

)
+ γH

)
Q2

,

A∗∗ =
λ∗∗H ΠHB6ησ (1 + Z1) (1 + Z2)

(
(1− ω)

(
λ∗∗H + α

)
+ γH

)
(B5 + γHZ3)

B2B6

(
λ∗∗H +B1

) (
(1− ω)λ∗∗H + γH

)
Q1 − λ∗∗H κη

(
(1− ω)

(
λ∗∗H + α

)
+ γH

)
Q2

,

C∗∗ =
λ∗∗H ΠHB6ησv (1 + Z1) (1 + Z2) (1 + Z3)

(
(1− ω)

(
λ∗∗H + α

)
+ γH

)
B2B6

(
λ∗∗H +B1

) (
(1− ω)λ∗∗H + γH

)
Q1 − λ∗∗H κη

(
(1− ω)

(
λ∗∗H + α

)
+ γH

)
Q2

,

T ∗∗ =
λ∗∗H ΠHη

(
(1− ω)

(
λ∗∗H + α

)
+ γH

)
Q2

B2B6

(
λ∗∗H +B1

) (
(1− ω)λ∗∗H + γH

)
Q1 − λ∗∗H κη

(
(1− ω)

(
λ∗∗H + α

)
+ γH

)
Q2

,

S∗∗
V =

ΠV

λ∗∗V + γV
, E∗∗

V =
λ∗∗V ΠV(

λ∗∗V + γV
)
B7

, and I∗∗V =
λ∗∗V ΠV ρ(

λ∗∗V + γV
)
B7γV

,

(10)
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where
B1 = α + γH , B2 = η + γH , B3 = σ + τ1 + γH , B4 = v + τ2 + γH ,

B5 = τ3 + γH , B6 = κ+ γH , B7 = ρ+ γV ,

Q1 = (B3 + (σ + γH)Z1) (B4 + (v + γH)Z2) (B5 + γHZ3),
Q2 = τ1 (B4 + (v + γH)Z2) (B5 + γHZ3) + τ2σ (1 + Z1) (B5 + γHZ3) +

τ3σv (1 + Z1) (1 + Z2), and Q3 = (B4 + (v + γH)Z2) (B5 + γHZ3).
Substituting (9) into (8), we obtained

f (λ∗∗H ) = P1λ
∗∗4
H + P2λ

∗∗3
H + P3λ

∗∗2
H + P4λ

∗∗
H + P5, (11)

where P1 = Π2
HB7γV (1− ω)2 (ϕβVB6e1 + γV e2) e2, P2 = K1+K2−K3,

P3 = K4 +K5 +K6 − (K7 +K8), P4 = K9 +K10 −K11, and
P5 = Π2

Hγ
2
VB

2
1B

2
6B7y

2
1y

2
2y

2
3

(
1− ΠHΠV ϕ2βHβV B1B2B

2
6γHρQ1e1(B1−αω)

Π2
Hγ2

V B2
1B

2
6B7y2

1y
2
2y

2
3

)
, with

K1 =Π2
HB7γV e2 (B1 − αω) (1− ω) (ϕβVB6e1 + γV e2)

+ Π2
HB2B6B7γV y1y2y3 (1− ω)2 (ϕβVB6e1 + γV e2) ,

K2 =Π2
HB7γV (ϕβVB6e1 (B1 − αω) + γV (1− ω) e2) (1− ω) e2,

K3 =ΠHΠV ϕ
2βV βHB6ρe1e3 (1− ω) ,

K4 =Π2
HB7γV (1− ω) (ϕβVB6e1 + γV e2)B1B2B6y1y2y3,

K5 =Π2
HB2B6B7γV y1y2y3 (1− ω) (ϕβVB6e1 (B1 − αω) + γV e2 (1− ω))

+ Π2
HB7γV e2 (B1 − αω) (ϕβVB6e1 (B1 − αω) + γV e2 (1− ω)) ,

K6 =Π2
Hγ

2
VB1B2B6B7e2y1y2y3 (1− ω) ,

K7 =ΠHΠV ϕ
2βV βHB6ρe1e4 (1− ω) ,

K8 =ΠHΠV ϕ
2βV βHB6ρe1e3 (B1 − αω) ,

K9 =Π2
HB7γV (ϕβVB6e1 (B1 − αω) + γV (1− ω) e2)B1B2B6y1y2y3,

K10 =Π2
Hγ

2
V (e2 (B1 − αω) +B2B6y1y2y3 (1− ω))B1B2B6B7y1y2y3,

K11 =ΠHΠV ϕ
2βV βHB6ρe1 (B1B2B6γHQ1 (1− ω) + e4 (B1 − αω)) ,

e1 =ηy4 (y2y3 + σy5 (y3 + vy6)) ,

e2 =B6 (y1y2y3 + ηy4 (y2y3 + σy5 (y3 + vy6))) + ηQ2,

e3 =(1− ω) (B2B6Q1 − κηQ2) ,

e4 =B2B6Q1 ((1− ω)B1 + γH)− κηQ2 (B1 − αω) ,

y1 =B3 + (σ + γH)Z1, y2 = B4 + (v + γH)Z2, y3 = B5 + γHZ3,
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y4 =1 + Z1, y5 = 1 + Z2, y6 = 1 + Z3.

For the case when ε = 0, the polynomial (11) is reduced to

fε=0 (λ
∗∗
H ) =M1λ

∗∗4
H +M2λ

∗∗3
H +M3λ

∗∗2
H +M4λ

∗∗
H +M5, (12)

where
M1 = Π2

HB7γV (1− ω)2 (ϕβVB6g1 + γV g2) g2,

M2 = H1 +H2 −H3,

M3 = H4 +H5 +H6 − (H7 +H8) ,

M4 = H9 +H10 −H11,

M5 = Π2
Hγ

2
VB

2
1B

2
2B

2
3B

2
4B

2
5B

2
6B7

(
1−R2

0

)
,

with

H1 =Π2
HB2B3B4B5B6B7γV (1− ω)2 (ϕβVB6g1 + γV g2)

+ Π2
HB7γV g2 (B1 − αω) (1− ω) (ϕβVB6g1 + γV g2) ,

H2 =Π2
HB7γV (ϕβVB6 (B1 − αω) g1 + γV (1− ω) g2) (1− ω) g2,

H3 =ΠHΠV ϕ
2βV βHB6ρg1g3 (1− ω) ,

H4 =Π2
HB7γV (1− ω) (ϕβVB6g1 + γV g2)B1B2B3B4B5B6,

H5 =Π2
HB7γV g2 (B1 − αω) (ϕβVB6g1 (B1 − αω) + γV g2 (1− ω))

+ Π2
HB2B3B4B5B6B7γV (1− ω) (ϕβVB6g1 (B1 − αω) + γV g2 (1− ω)) ,

H6 =Π2
Hγ

2
VB1B2B3B4B5B6B7g2 (1− ω) ,

H7 =ΠHΠV ϕ
2βV βHB6ρg1g4 (1− ω) ,

H8 =ΠHΠV ϕ
2βV βHB6ρg1g3 (B1 − αω) ,

H9 =Π2
HB7γV (ϕβVB6g1 (B1 − αω) + γV (1− ω) g2)B1B2B3B4B5B6,

H10 =Π2
Hγ

2
V (g2 (B1 − αω) +B2B3B4B5B6 (1− ω))B1B2B3B4B5B6B7,

H11 =ΠHΠV ϕ
2βV βHB6ρg1 (B1B2B3B4B5B6γH (1− ω) + g4 (B1 − αω)) .

g1 =η (B4B5 + σ (B5 + v)) ,

g2 =B6 (B3B4B5 + η (B4B5 + σ (B5 + v))) + η (τ1B4B5 + σ (τ2B5 + τ3v)) ,

g3 =(1− ω) (B2B3B4B5B6 − κη (τ1B4B5 + σ (τ2B5 + τ3v))) ,

g4 =B2B3B4B5B6 ((1− ω)B1 + γH)
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− κη (B1 − αω) (τ1B4B5 + σ (τ2B5 + τ3v)) .

Clearly, in the polynomial (12) M1 > 0 (since all the model parameters are
positive) and M5 > 0 whenever R2

0 < 1 (R0 < 1). Therefore, the number of
possible positive real roots of the polynomial (12) can be determined depend-
ing on the signs of M2, M3, and M4. Using the Descartes’ rule of signs [31]
on the polynomial fε=0 (λ

∗∗
H ) = M1λ

∗∗4
H +M2λ

∗∗3
H +M3λ

∗∗2
H +M4λ

∗∗
H +M5,

the following result is established.

Theorem 3. The LF model (1)

(a) has a unique endemic equilibrium if R0 > 1 and either of the following
conditions holds:

(i) M2 > 0, M3 > 0, M4 > 0,

(ii) M2 < 0, M3 < 0, M4 < 0,

(iii) M2 > 0, M3 < 0, M4 < 0,

(iv) M2 > 0, M3 > 0, M4 < 0;

(b) Could have more than one endemic equilibrium if R0 > 1 and either of
the following conditions holds:

(i) M2 < 0, M3 > 0, M4 < 0,

(ii) M2 < 0, M3 < 0, M4 > 0,

(iii) M2 > 0, M3 < 0, M4 > 0,

(iv) M2 < 0, M3 > 0, M4 > 0;

(c) Could have two or more endemic equilibria if R0 < 1 and any, or all of
M2, M3, and M4 are negative.

In case (c) of Theorem 3, multiple endemic equilibria exist when the repro-
duction number (R0) is less than one (which is a feature of the phenomenon
of backward bifurcation). The phenomenon of backward bifurcation is char-
acterized by the co-existence of a stable DFE and a stable endemic equilib-
rium when the basic reproduction number of the model is less than unity (as
observed in numerous epidemiological models, such as [16, 14, 25, 11]). Bi-
ologically, the implication of the backward bifurcation is that the necessary
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condition for the effective control of LF in the population when the basic
reproduction number is less than unity (R0 < 1) is no longer sufficient [26].
The presence of the phenomenon of backward bifurcation in the LF model
(1) is investigated in the subsequent section.

3.5 Bifurcation analysis

Theorem 4 (Castillo-Chavez and Song theorem). Let us consider a general
system of ordinary differential equations with a parameter φ,

dx

dt
= f (x, φ) , f : Rn × R→ Rn, f ∈ C2 (Rn × R) , (13)

where x = 0 is an equilibrium point for the system in (11). That is,
f (0, φ) ≡ 0 for all φ. Assume the following conditions:
H1: A = Dxf (0, 0) =

[
∂f
∂x (0, 0)

]
is the linearization matrix of the system

given by (13) around the equilibrium 0 with φ evaluated at 0. Zero is a simple
eigenvalue of A and other eigenvalues of A have negative real parts.
H2: Matrix A has a nonnegative right eigenvector w and a left eigenvector v
corresponding to the zero eigenvalue.
Let fk be the kth component of f and let

a =

n∑
k,i,j=1

vkwiwj
∂2fk
∂xi∂xj

(0, 0) ,

b =

n∑
k,i=1

vkwi
∂2fk
∂xi∂φ

(0, 0) .

(14)

The local dynamics of (13) around 0 are totally determined by the sign of a
and b.

1. a > 0, b > 0; When φ < 0 with |φ| << 1, 0 is locally asymptotically
stable and there exists a positive unstable equilibrium; when 0 < φ <<

1, 0 is unstable and there exists a negative, locally asymptotically stable
equilibrium.
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2. a < 0, b < 0; When φ < 0 with |φ| << 1, 0 is unstable; when 0 <

φ << 1, 0 is locally asymptotically stable equilibrium, and there exists
a positive unstable equilibrium.

3. a > 0, b < 0; When φ < 0 with |φ| << 1, 0 is unstable, and there exists
a locally asymptotically stable negative equilibrium; when 0 < φ << 1,
0 is stable and a positive unstable equilibrium appears.

4. a < 0, b > 0; When φ changes from negative to positive, 0 changes its
stability from stable to unstable. Correspondingly, a negative unstable
equilibrium becomes positive and locally asymptotically stable.

In particular, if a < 0 and b > 0, then the bifurcation is forward; if a > 0 and
b > 0, then the bifurcation is backward. Using this approach, the following
result may be obtained.

Theorem 5. The model of system (1) exhibits backward bifurcation at R0 =

1.

Proof. We explore the nature of the bifurcation using the center manifold
theory [16, 6]. To apply this theory, it is important to carry out the following
change of variables. Let SH = x1, SHP = x2, EH = x3, L = x4, A = x5,
C = x6, T = x7, SV = x8, EV = x9, IV = x10.
So that

NH =

7∑
i=1

xi.

Furthermore, using the vector notation x = (x1, x2, x3, . . . , x10)
T and dx

dt =

F (x), with F = (f1, f2, f3, . . . , f10)
T . The LF model (1) can be rewritten as

follows:

dx1
dt
≡ f1 = ΠH −

ϕβHx10x1
x1 + x2 + x3 + x4 + x5 + x6 + x7

− (α+ γH)x1 + κx7,

dx2
dt
≡ f2 = αx1 −

(1− ω)ϕβHx10x2
x1 + x2 + x3 + x4 + x5 + x6 + x7

− γHx2,

dx3
dt
≡ f3 =

ϕβHx10 (x1 + (1− ω)x2)
x1 + x2 + x3 + x4 + x5 + x6 + x7

− (η + γH)x3,

dx4
dt
≡ f4 = ηx3 −

τ1x4
1 + εx4

− (σ + γH)x4,

dx5
dt
≡ f5 = σx4 −

τ2x5
1 + εx5

− (v + γH)x5,
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dx6
dt
≡ f6 = vx5 −

τ3x6
1 + εx6

− γHx6,

dx7
dt
≡ f7 =

τ1x4
1 + εx4

+
τ2x5

1 + εx5
+

τ3x6
1 + εx6

− (κ+ γH)x7,

dx8
dt
≡ f8 = ΠV −

ϕβV (x4 + x5 + x6)x8
x1 + x2 + x3 + x4 + x5 + x6 + x7

− γV x8,

dx9
dt
≡ f9 =

ϕβV (x4 + x5 + x6)x8
x1 + x2 + x3 + x4 + x5 + x6 + x7

− (ρ+ γV )x9,

dx10
dt
≡ f10 = ρx9 − γV x10.

(15)

Consider the transmission probability βH as the bifurcation parameter. Solv-
ing for βH = β∗

H from R0 = 1 gives

βH = β∗
H =

ΠHγVB1B2B3B4B5B7

ΠV γHϕ2βV (γH + (1− ω)α) (σ (v +B5) +B4B5) ηρ
.

Evaluating the Jacobian of the transformed system (15) at DFE (ξ0) with
βH = β∗

H , is given by
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J (ξ0) |βH=β∗
H
=



−B1 0 0 0 0 0 κ 0 0 −ϕβ∗
HγH
B1

α −γH 0 0 0 0 0 0 0 −ϕβ∗
HD1

B1

0 0 −B2 0 0 0 0 0 0 −ϕβ∗
HD2

B1

0 0 η −B3 0 0 0 0 0 0

0 0 0 σ −B4 0 0 0 0 0

0 0 0 0 ν −B5 0 0 0 0

0 0 0 τ1 τ2 τ3 −B6 0 0 0

0 0 0 −D3 −D3 −D3 0 −γV 0 0

0 0 0 D3 D3 D3 0 0 −B7 0

0 0 0 0 0 0 0 0 ρ −γV



,

where
B1 = α + γH , B2 = η + γH , B3 = σ + τ1 + γH , B4 = v + τ2 + γH ,

B5 = τ3+γH , B6 = κ+γH , B7 = ρ+γV ,D1 = (1− ω)α,D2 = γH+(1− ω)α,
and D3 = ϕβV ΠV γH

ΠHγV
.

The right eigenvector, w = (w1, w2, w3, w4, w5, w6, w7, w8, w9, w10)
T , associ-

ated with the simple zero eigenvalue can be obtained from J (ξ0)|βH=β∗
H
w =

0, given by

−B1w1 + κw7 −
ϕβ∗

HγH
B1

w10 = 0,

αw1 − γHw2 −
ϕβ∗

HD1

B1
w10 = 0,

−B2w3 +
ϕβ∗

HD2

B1
w10 = 0,

ηw3 −B3w4 = 0,

σw4 −B4w5 = 0,
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vw5 −B5w6 = 0,

τ1w4 + τ2w5 + τ3w6 −B6w7 = 0,

− ϕβV ΠV γH
ΠHγV

w4 −
ϕβV ΠV γH
ΠHγV

w5 −
ϕβV ΠV γH
ΠHγV

w6 − γV w8 = 0,

ϕβV ΠV γH
ΠHγV

w4 +
ϕβV ΠV γH
ΠHγV

w5 +
ϕβV ΠV γH
ΠHγV

w6 −B7w9 = 0,

ρw9 − γV w10 = 0. (16)

From (16), we obtained

w1 =
(κηD2 (τ1B4B5 + τ2σB5 + τ3vσ)− γHB2B3B4B5)

B1B3B4B5D2
w3,

w2 =
(ακηD2 (τ1B4B5 + τ2σB5 + τ3vσ)−B2B3B4B5 (αγH +B1D1))

γHB1B3B4B5D2
w3,

w3 = w3 > 0, w4 =
η

B3
w3, w5 =

ησ

B3B4
w3, w6 =

ηvσ

B3B4B5
w3,

w7 =
η (τ1B4B5 + τ2σB5 + τ3vσ)

B3B4B5
w3,

w8 = −ϕβV ΠV γHη (B4B5 + σB5 + vσ)

ΠHγ2VB3B4B5
w3, w9 =

γVB1B2

ϕβ∗
HD2ρ

w3,

w10 =
B1B2

ϕβ∗
HD2

w3.

Similarly, the left eigenvector, ν = (ν1, ν2, ν3, ν4, ν5, ν6, ν7, ν8, ν9, ν10), satis-
fying ν.w = 1, associated with the simple zero eigenvalue can be obtained
from νJ (ξ0)|βH=β∗

H
= 0, given by
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−B1ν1 + αν2 = 0,

− γHν2 = 0,

−B2ν3 + ην4 = 0,

−B3ν4 + σν5 + τ1ν7 −
ϕβV ΠV γH
ΠHγV

ν8 +
ϕβV ΠV γH
ΠHγV

ν9 = 0,

−B4ν5 + vν6 + τ2ν7 −
ϕβV ΠV γH
ΠHγV

ν8 +
ϕβV ΠV γH
ΠHγV

ν9 = 0,

−B5ν6 + τ3ν7 −
ϕβV ΠV γH
ΠHγV

ν8 +
ϕβV ΠV γH
ΠHγV

ν9 = 0,

κν1 −B6ν7 = 0,

− γV ν8 = 0,

−B7ν9 + ρν10 = 0,

− ϕβ∗
HγH
B1

ν1 −
ϕβ∗

HD1

B1
ν2 +

ϕβ∗
HD2

B1
ν3 − γV ν10 = 0.

(17)

From (17), we obtained

ν1 = ν2 = ν7 = ν8 = 0, ν3 = ν3 > 0, ν4 =
B2

η
ν3,

ν5 =
ΠHγVB2B3ν3 − ϕβV ΠV γHην9

ΠHγV ησ
,

ν6 =
ϕβV ΠV γH
ΠHγVB5

ν9, ν9 = ν9 > 0, ν10 =
B7

ρ
ν9.

Computation of a and b

Since ν1 = ν2 = ν7 = ν8 = 0 for k = 1, 2, 3, . . . , 10, the only nonzero partial
derivatives are

∂2f3
∂x1∂x10

=
∂2f3

∂x10∂x1
=
ϕβ∗

HγH (B1 − γH − (1− ω)α)
ΠHB1

,

∂2f3
∂x2∂x10

=
∂2f3

∂x10∂x2
=
ϕβ∗

HγH ((1− ω) (B1 − α)− γH)

ΠHB1
,

∂2f3
∂x3∂x10

=
∂2f3

∂x10∂x3
=

∂2f3
∂x4∂x10

=
∂2f3

∂x10∂x4
=

∂2f3
∂x5∂x10

=
∂2f3

∂x10∂x5

=
∂2f3

∂x6∂x10
=

∂2f3
∂x10∂x6

=
∂2f3

∂x7∂x10
=

∂2f3
∂x10∂x7

(18)

= −ϕβ
∗
HγH (γH − (1− ω)α)

ΠHB1
,

∂2f9
∂x1∂x4

=
∂2f9
∂x4∂x1

=
∂2f9
∂x2∂x4

=
∂2f9
∂x4∂x2

=
∂2f9
∂x3∂x4

=
∂2f9
∂x4∂x3

=
∂2f9
∂x4∂x7
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=
∂2f9
∂x7∂x4

= −ϕβV ΠV γ
2
H

Π2
HγV

,

∂2f9
∂x24

=
∂2f9
∂x4∂x5

=
∂2f9
∂x5∂x4

=
∂2f9
∂x4∂x6

=
∂2f9
∂x6∂x4

= −2ϕβV ΠV γ
2
H

Π2
HγV

,

∂2f9
∂x1∂x5

=
∂2f9
∂x5∂x1

=
∂2f9
∂x2∂x5

=
∂2f9
∂x5∂x2

=
∂2f9
∂x3∂x5

=
∂2f9
∂x5∂x3

=
∂2f9
∂x5∂x7

=
∂2f9
∂x7∂x5

= −ϕβV ΠV γ
2
H

Π2
HγV

,
∂2f9
∂x25

=
∂2f9
∂x26

=
∂2f9
∂x5∂x6

=
∂2f9
∂x6∂x5

= −2ϕβV ΠV γ
2
H

Π2
HγV

,

∂2f9
∂x1∂x6

=
∂2f9
∂x6∂x1

=
∂2f9
∂x2∂x6

=
∂2f9
∂x6∂x2

=
∂2f9
∂x3∂x6

=
∂2f9
∂x6∂x3

=
∂2f9
∂x6∂x7

=
∂2f9
∂x7∂x6

= −ϕβV ΠV γ
2
H

Π2
HγV

,

∂2f9
∂x4∂x8

=
∂2f9
∂x8∂x4

=
∂2f9
∂x5∂x8

=
∂2f9
∂x8∂x5

=
∂2f9
∂x6∂x8

=
∂2f9
∂x8∂x6

=
∂2f9
∂x6∂x7

=
∂2f9
∂x7∂x6

=
ϕβV γH
ΠH

,
∂2f3

∂x10∂β∗
H

=
ϕ (γH + (1− ω)α)

B1
, (19)

but
a =

n∑
k,i,j=1

vkwiwj
∂2fk
∂xi∂xj

(0, 0) ,

a =− 2ν3w
2
3γH (γH − (1− ω)α)B2Θ1

ΠHB3B4B5D2

+
2ν3w

2
3γH (B1 − γH − (1− ω)α)B2Θ2

ΠHB1B3B4B5D2
2

+
2ν3w

2
3 ((1− ω) (B1 − α)− γH)B2Θ3

ΠHB1B3B4B5D2
2

− 2ν9w
2
3ϕβV ΠV γ

2
Hη (B4B5 + σB5 + vσ)Θ1

Π2
HγVB

2
3B

2
4B

2
5

− 2ν9w
2
3ϕβV ΠV γ

2
Hη (B4B5 + σB5 + vσ)Θ2

Π2
HγVB1B2

3B
2
4B

2
5D2

− 2ν9w
2
3ϕβV ΠV γHη (B4B5 + σB5 + vσ)Θ3

Π2
HγVB1B2

3B
2
4B

2
5D2

− 2ν9w
2
3ϕβV ΠV γ

2
Hη

2 (B4B5 + σB5 + vσ)
2

Π2
Hγ

2
VB

2
3B

2
4B

2
5

, (20)

where
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Θ1 = B3B4B5 + η (B4B5 (1 + τ1) + σB5 (1 + τ2) + vσ (1 + τ3)) ,

Θ2 = κηD2 (τ1B4B5 + τ2σB5 + τ3vσ)− γHB2B3B4B5,

Θ3 = ακηD2 (τ1B4B5 + τ2σB5 + τ3vσ)−B2B3B4B5 (αγH +B1D1) .

Similarly, we calculate for b, given by

b =

n∑
k,i=1

vkwi
∂2fk
∂xi∂β∗ (0, 0) ,

b =
ν3w3B2

β∗
H

> 0, (21)

Hence, since the bifurcation coefficient b is positive and the sign of the coeffi-
cient of a is positive, it follows, from Theorem 5 that the LF model exhibits
a backward bifurcation at R0 = 1. Figure 2 shows the backward bifurcation
diagram of the LF model (1).

Figure 2: Backward bifurcation diagram of the LF model (1), showing the profile of the
force of infection

(
λ∗∗H

)
as a function of the reproduction number (R0) The parameter

values used are as in Table 2, (so that a = 1.4006× 10−4).
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4 Numerical simulations

In this section, we carry out the numerical simulations of the LF model (1)
using parameter values in Table 2, so as to illustrate some of the analytic
results obtained in this study.

Table 2: Parameters value of the LF model (1)

Paramter Value Source
ΠH 0.01747 [4]
ΠV 100 [16]
ϕ 0.45 [4]
βH 0.01 [28]
βV 0.1 [28]
γH 0.000039 [21]
γV 0.1439 [21]
α 0.1 Assumed
σ 0.45 Assumed
ω 0.2 Assumed
η 0.00238 [21]
ν 0.48 Assumed
τ1 0.2 Assumed
τ2 0.3 Assumed
τ3 0.5 Assumed
ε 0.5 Assumed
κ 0.135 Assumed
ρ 0.0555 [21]

4.1 Discussion

In Figure 3, each surface represents the value of the basic reproduction num-
ber as a function of two parameters. In Figure 3e, it is shown that the
basic reproduction number increases very fast as the mosquito-biting rate
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Figure 3: Surface plots of the basic reproduction number with respect to (a) ω and τ1
(b) ω and τ2 (c) ω and τ3 (d) ω and γV (e) ϕ and ΠV .

and vector recruitment rate increase. In Figure 3c, the surface of the ba-
sic reproduction number diminishes as the value of the treatment rate for
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Chronic stage infected individuals and the efficacy of the prophylaxis drugs
increases. It is observed in Figure 3a and 3b that the surface of the basic
reproduction number increases as the treatment rates and the efficacy of pro-
phylaxis drugs decrease. In Figure 3d, the surface of the basic reproduction
number decreases as the vector death rate and efficacy of prophylaxis drugs
increases.
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(a) The effect of ω on the Cumulative new
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(b) The effect of ϕ on the Cumulative new
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Figure 4: Effect of ω and ϕ on the Cumulative new cases of LF

Figure 4a depicts the simulation of the effect of efficacy of prophylaxis
drugs (ω) on the cumulative new cases of LF. It is observed that as the rate
of the efficacy of prophylaxis drugs (ω) increases, there is a decrease in the
number of the cumulative new cases of LF. Figure 4b is the simulation of the
effect of the mosquito-biting rate (ϕ) on the cumulative new cases of LF, it
is shown that as the mosquito-biting rate (ϕ) increases, the number of the
cumulative new cases of LF increases as well.

Figure 5 depicts the simulations of the effect of the limitation rate in
medical resources availability (ε) on the infected classes respectively while
the treatment rates are constant. It is observed that the limitation rate in
medical resources availability has a significant impact on the increase and
decrease of infected individuals, especially in the chronic stage of infection.
In Figure 5a, when ε = 0, the number of L3-larvae stage infected individuals
was low compared to when ε = 0.05, ε = 0.1, and ε = 0.5, we observed
a similar result in Figure 5b. In Figure 5c, when ε = 0, the chronic stage
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(b) The effect of ε on Acute stage infected
individuals.
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(c) The effect of ε on Chronic stage infected
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Figure 5: Effect of ε on the infected compartments.

infected individuals reduce from 200 to almost less than 10 in eight years,
but when ε = 0.05, ε = 0.1, and ε = 0.5, it was observed that the chronic
stage infected individuals increase tremendously.

In Figure 6, we simulate the effect of the treatment rate (τ1) on the
L3-larvae stage infected individuals with various values for the limitation
rate in medical resources availability (ε). In Figure 6a, it is observed that
when ε = 0, and the treatment rate is varied (τ1) to 0.9 the number of
L3-larvae stage infected individuals reduced from 500 to less than 50 in 2
years. Whereas, in Figure 6b, when ε = 0.01, it took about 3.2 years for the
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(c) When ε = 0.1.

Figure 6: The effect of the treatment rate (τ1) on the L3-larvae stage infected individuals.

infected individuals to be less than 50. In Figure 6c it took about 6 years for
the number of infected individuals to be less than 50, when ε = 0.1.

Similarly, Figure 7 depicts simulations of the effect of treatment rate (τ2)
on the Acute stage infected individuals with various values for the limitation
rate in medical resources availability (ε). It is observed in Figure 7a that when
ε = 0, and the treatment rate (τ2) is varied to 0.9 the number of Acute stage
infected individuals reduced from 700 to less than 100 in 2 years. Whereas, in
Figure 7b, when ε = 0.01, it took about 4 years for the infected individuals
to be less than 100. In Figure 7c it took about 6.5 years for the number
of infected individuals to be less than 100, when ε = 0.1. Figure 8 depicts
simulations of the effect of treatment rate (τ3) on the Chronic stage infected
individuals with various values for the limitation rate in medical resources
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(b) When ε = 0.01.
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Figure 7: The effect of the treatment rate (τ2) on the Acute stage infected individuals.

availability (ε). In Figure 8a, it is observed that when the treatment rate (τ3)
is varied to 0.9 and ε = 0, the number of chronic stage infected individual
reduces from 200 to zero within 10 years, but in Figure 8b it took up to 20
years to reduce the number of infected to be less than 10. It is also observed
that in Figure 8a when τ3 = 0.1 and ε = 0, the number of infected individuals
is lower as compared to Figure 8b where τ3 = 0.1 and ε = 0.01. In Figure
8c, it is observed that when ε = 0.1, the treatment rate has minimal effect in
reducing the number of infected individuals, and even if the treatment rate
is increased to 0.9 the disease will persist and the number of chronic stage
infected individuals will keep on increasing.
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(b) When ε = 0.01.
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Figure 8: The effect of the treatment rate (τ3) on the Chronic stage infected individuals.

5 Conclusions

In this paper, a deterministic mathematical model with Holling type II treat-
ment functions is presented and rigorously analyzed in order to understand
the dynamics of LF. Qualitative analysis of the model shows that the model
has a locally asymptotically stable DFE when the basic reproduction number
(R0) is less than unity. The study also uncovers that the LF model exhibits
the phenomenon of backward bifurcation, characterized by the coexistence of
a stable DFE and a stable endemic equilibrium when the basic reproduction
number of the model is less than one. From a biological standpoint, the impli-
cation of backward bifurcation is that the necessary condition for effectively
controlling LF in the population is no longer sufficient when the basic re-
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production number is less than one. The numerical simulations demonstrate
that increasing treatment rates, availability of medical resources, and efficacy
of prophylaxis drugs significantly reduce the burden of LF. It is recommended
that policy makers in the healthcare sector should increase the rate of MDA
and availability of medical resources as well as mosquito bed nets in rural ar-
eas and regions at risk of LF. Sensitization should also be carried out on the
importance of testing and sanitation. In future research, there is potential
to reformulate the model and include the diurnal periodicity of microfilariae,
thus incorporating the periodic nature of disease transmission pathways. Ad-
ditionally, extending the model to introduce time-dependent optimal control
strategies could be explored, allowing for a more nuanced understanding of
disease management. Furthermore, investigating the co-dynamics of LF with
other infectious diseases would provide valuable insights into the interplay
between multiple diseases and their control measures.
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Under suitable assumptions on the system parameters, we establish the ex-
istence of optimal controls and derive first-order optimality conditions. Our
theoretical findings are supported by numerical simulations that validate
the practical effectiveness of the proposed approach. This work provides
a new framework for handling bilinear control problems without artificial
constraints, offering potential applications in population dynamics and eco-
logical management.

AMS subject classifications (2020): 49J20, 35K57, 49K20, 35K58

Keywords: Bilinear optimal control; Reaction-diffusion equations; Essen-
tially bounded controls; Optimality conditions.

1 Introduction

In this paper, we address the control problem of bilinear reaction-diffusion
equations with essentially bounded controls. Specifically, we consider the
following evolution problem:

ẏ(x, t) +Ay(x, t) = u(x, t)L(y(x, t)) + f(x, t) in Ω× (0, T ),

∂y

∂n = 0 on ∂Ω,

y(0) = y0.

(1)

where Ω ⊂ RN is an open bounded Lipschitz domain, A := −∆ is the Lapla-
cian operator, T > 0 is a fixed final time, Q = Ω×(0, T ), and Σ = ∂Ω×(0, T ).
The Neumann boundary condition ∂y

∂n = 0 ensures that there is no flux across
the boundary ∂Ω, where n denotes the outward unit normal vector to ∂Ω.

The optimization problem we study is as follows:

Find ū such that J(ū) = inf
u∈L∞(Q)

J(u), (P)

where the cost function is expressed as

J(u) :=
1

2

∫∫
Q

(y(x, t)− yd(x, t))2 dxdt+
ε

p

∫∫
Q

|u(x, t)|p dxdt, (2)
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with yd representing a target state, y being the solution to (1) associated
with u, and ε > 0 being a regularization parameter.

Throughout this paper, we assume the following assumptions:

Assumption 1. The spatial dimension N satisfies N ≥ 2.
This condition ensures that the inclusion H1(Ω) ⊂ L2(Ω) is compact. How-
ever, for the one-dimensional system, we can also consider homogeneous
Dirichlet boundary condition where the injection H1

0 (Ω) ⊂ L2(Ω) is already
compact.

Assumption 2. The exponent p is chosen such that 1 + N/2 < p < ∞.
Additionally, yd, f ∈ Lp(Q), and y0 ∈ C(Ω̄).
These conditions are essential for deriving L∞-norm bounds for both the state
and adjoint state. The problem is also discussed under weaker assumptions
(see Section 5).

Assumption 3. The operator L : Lp∗
(Ω)→ L∞(Ω) is assumed to be bounded

and linear, where p∗ is the conjugate exponent of p, that is, p∗ = p
p−1 .

Examples of such operators include spectral projections [32], Bochner–Riesz
means and spectral measures [30, 10], as well as spectral multipliers of self-
adjoint operators [29, 25]. Spectral multipliers, in particular, enable us to con-
trol the behavior of the original operator by modifying its spectrum through
a specific function.

Under these assumptions, (1) serves as a fundamental model in population
dynamics, describing the spatio-temporal evolution of a single species within
a geographically isolated domain. The equation captures the combined ef-
fects of diffusive movement, represented by the term Ay(x, t), and population
growth dynamics, influenced by the bilinear control term u(x, t)L(y(x, t)),
where y(x, t) denotes the species density at position x and time t. The bi-
linear control structure is particularly notable, as the control u(x, t) acts as
a spatial distribution kernel that modulates reproduction rates, offering sig-
nificant applications in ecological management and optimization problems.
The non-local nature of the reaction term, u(x, t)L(y(x, t)), reflects the real-
istic scenario where population changes at a given point depend on the entire
species distribution. Furthermore, the Neumann boundary conditions impose
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population conservation across the domain, ensuring no flux at the bound-
ary. This model’s formulation is applicable in various ecological contexts and
control theory frameworks, with further details discussed in [17, 3, 20, 28, 2].

Traditional approaches for optimization with essentially bounded controls
require imposing a priori bounds on the set of admissible controls to guarantee
the existence of solutions (e.g., [4, 23, 13, 16, 14, 1, 26]). However, this
practice presents significant drawbacks. Determining appropriate bounds
can be challenging in practical applications. Moreover, choosing an upper
bound that is not large enough can lead to suboptimal solutions, potentially
compromising the effectiveness of the control strategy. The methods used in
these references are therefore not suitable for solving the problem at hand.

Our work aims to overcome these limitations by developing a framework
that does not require such constraints. We formulate the control problem
with admissible controls in L∞(Q) without directly imposing any explicit
boundedness conditions on the controls. To tackle this challenge, we intro-
duce an auxiliary optimal control problem, where the control set is the space
Lp(Q), as defined at the beginning of Section 3. Through rigorous analysis,
we establish in Proposition 3 that these problems are equivalent in terms
of optimality: A control solves the auxiliary problem if and only if it solves
the original problem in L∞(Q). This fundamental equivalence enables us to
solve the original optimization problem without requiring a priori bounds.

This equivalence holds when both the optimal state ȳ and optimal adjoint
state φ̄ belong to L∞(Q). Notably, when ū ∈ Lp(Q) solves the auxiliary
problem, the necessary optimality condition yields

|ū(x, t)| = C|L(ȳ(x, t))φ̄(x, t)|
1
p−1 a.e. in Q,

from which we deduce ū ∈ L∞(Q). While the well-posedness of system (1) in
C([0, T ];L2(Ω)) is known [22, p. 66], our optimal control framework requires
enhanced regularity properties. We establish the existence and uniqueness of
solutions in L∞(Q) for both state and adjoint equations through fixed-point
analysis under Assumptions (2) and (3), where the interplay between L and
p plays a crucial role in achieving this improved regularity.

Related problems have been studied in the literature for systems governed
by an additive control operator [9, 8]. For instance, Casas and Kunisch [8]
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investigated the minimization of a quadratic cost function (p = 2) subject
to an infinite-horizon semilinear system of dimension up to N = 3. For a
bilinear control operator, when considering a quadratic cost function, the
problem can only be addressed for one-dimensional systems (see section 5 for
more details). Therefore, strong assumptions are required to handle bilin-
ear optimal control, compared to additive control within the framework of
minimization over L∞(Q).

Considerable attention has been devoted in the literature to systems gov-
erned by semilinear equations with multiplicative controls. For instance,
optimization problems involving purely time-dependent controls have been
extensively explored [5, 34, 35], as have problems involving distributed con-
trols, as discussed in [18, 31]. However, the methods developed in these
studies are not directly applicable to the bilinear control problem addressed
here, as they typically consider controls belonging to Hilbert spaces, while
our framework necessitates a different approach. Additionally, studies on the
controllability of such systems can be found in [27, 7].

The cost function analyzed in this work has been studied in various con-
texts. For instance, similar functionals have been explored in bilinear control
problems involving chemotaxis-consumption systems in bounded domains
[19, 11]. However, the methods used in these studies are not suitable for
the specific bilinear optimal control problem considered here, as they rely
on the assumption that optimal controls exist within Banach spaces of the
form Lr(Q), for some r > 1. Additionally, analogous functionals have been
examined in optimal control problems involving purely time-dependent con-
trols within bilinear infinite-dimensional systems [36]. This method is not
applicable to our problem, as the admissible control set in our framework
extends beyond pure time-dependent controls.

The primary contribution of this work is the formulation of a new opti-
mal control problem with essentially bounded controls, where no pre-defined
upper bounds are placed on the admissible controls. We also demonstrate
the existence of optimal controls and derive their structure using first-order
optimality conditions. Numerical simulations are provided to verify the the-
oretical findings and emphasize the practical relevance of the proposed ap-
proach.
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The organization of the paper is as follows: In Section 2, we establish
the well-posedness of the state equation. Section 3 proves the existence of
an optimal control and derives the first-order necessary conditions for opti-
mality. Section 4 presents numerical examples to illustrate the theoretical
results. Section 5 offers additional remarks and discussions. Finally, section
6 concludes the paper.

2 Well-posedness of the state equation

This section focuses on establishing the well-posedness of the state equation.
We start by defining the appropriate function spaces and discussing their
properties. Next, we introduce the variational formulation and provide the
definition of a weak solution to (1).
Let W (0, T ) denote the Hilbert space

W (0, T ) =
{
y ∈ L2(0, T ;H1(Ω)) : ẏ ∈ H1(Ω)∗

}
,

endowed with the norm

‖y‖W (0,T ) =

(∫ T

0

(
‖y(t)‖2L2(Ω) +

N∑
i=1

∥∥∥∥∂y(t)∂xi

∥∥∥∥2
L2(Ω)

+ ‖ẏ(t)‖2H1(Ω)∗

)
dt
)1/2

.

This space admits a continuous embedding into C([0, T ];L2(Ω)) [24], with
embedding constant M0:

‖y‖L∞(0,T,L2(Ω)) ≤M0‖y‖W (0,T ). (3)

Moreover, by the Rellich–Kondrachov Theorem [15] and the Aubin–Lions
Lemma [24], we have the compact embedding W (0, T ) ⊂ L2(Q). For the
variational formulation, we introduce the space W 1,1

2 (Q):

W 1,1
2 (Q) =

{
y ∈ L2(Q) : ẏ ∈ L2(Q) and ∂y

∂xi
∈ L2(Q), for all i = 1, . . . , N

}
,

endowed with the norm

‖y‖W 1,1
2 (Q) =

(∫ T

0

(
‖y(t)‖2L2(Ω) +

N∑
i=1

∥∥∥∥∂y(t)∂xi

∥∥∥∥2
L2(Ω)

+ ‖ẏ(t)‖2L2(Ω)

)
dt
)1/2

.
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The test function space W is defined as

W =
{
v ∈W 1,1

2 (Q) : v(x, T ) = 0 for almost all x ∈ Ω
}
.

For the operator L, we define

|L| = max
{
‖L‖L(L2(Ω),L∞(Ω)), ‖L‖L(Lp∗ (Ω),L∞(Ω))

}
.

The variational formulation is obtained by multiplying the state equation
with a test function v ∈ W and integrating over Q:∫∫

Q

(
− yv̇+∇y∇v

)
dxdt =

∫∫
Q

(
uL(y)v+ fv

)
dxdt+

∫
Ω

y0 v(0) dx. (4)

Definition 1. A function y ∈W (0, T ) is called a weak solution to the state
equation (1) if it satisfies the variational equality (4) for all test functions
v ∈ W .

The following enhanced regularity result holds for linear systems.

Lemma 1. [33, Ch.V] Let g ∈ Lp(Q). For any z0 ∈ C(Ω̄), the system
ż +Az = g in Q,

∂z
∂n = 0 on Σ,

z(0) = z0 in Ω,

(5)

admits a unique solution z ∈W (0, T ) ∩ C(Q̄) satisfying

‖z‖W (0,T ) + ‖z‖L∞(Q) ≤ c∞
(
‖z0‖L∞(Ω) + ‖g‖Lp(Q)

)
, (6)

where c∞ is a positive constant, non-decreasing with respect to |Q| and in-
dependent of g and z0.

Remark 1. The constant c∞ in Lemma 1 depends only on |Q|, as detailed in
[21, Ch.III]. Moreover, the estimate (6) remains valid with the same constant
c∞ when considering (5) over any subinterval (τ1, τ2) ⊆ (0, T ). This time-
independence of c∞ will be crucial in our subsequent analysis.

Building on this result, we establish the well-posedness of the state equa-
tion.
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Proposition 1. For every u ∈ Lp(Q), the state equation (1) possesses a
unique weak solution y ∈W (0, T )∩C(Q̄). In addition, this solution satisfies
the following priori bound:

‖y‖W (0,T ) + ‖y‖L∞(Q) ≤ Cu

(
‖y0‖L∞(Ω) + ‖f‖Lp(Q)

)
, (7)

where Cu is a constant that does not depend on y0 and f , and non-decreasing
with respect to ‖u‖Lp(Q).

Proof. Fix an arbitrary τ ∈ (0, T ]. Let Qτ := Ω × (0, τ), Στ := ∂Ω × (0, τ),
and define the Banach space Xτ :=W (0, τ)∩C(Q̄τ ) equipped with the norm
‖y‖Xτ = ‖y‖W (0,τ) + ‖y‖L∞(Qτ ).
Consider the mapping Y : Xτ → Xτ , where Y(w) = y solves

ẏ +Ay = uL(w) + f in Qτ ,

∂y
∂n = 0 on Στ ,

y(0) = y0 in Ω.

(8)

By Lemma 1, Y is well-defined since uL(w) + f ∈ Lp(Qτ ). To show Y is a
contraction, take w1, w2 ∈ Xτ and let z = Y(w1)− Y(w2). Then z satisfies

ż +Az = uL(w1 − w2) in Qτ ,
∂z
∂n = 0 on Στ ,

z(0) = 0 in Ω.

(9)

Applying Lemma 1 and using (3), we obtain

‖Y(w1)− Y(w2)‖Xτ ≤ c∞
∥∥∥∥∥u(t)L(w1(t)− w2(t))

∥∥
Lp(Ω)

∥∥∥
Lp(0,τ)

≤ c∞|L|
∥∥∥‖u(t)‖Lp(Ω) ‖w1(t)− w2(t)‖L2(Ω)

∥∥∥
Lp(0,τ)

≤ c∞|L| ‖u‖Lp(Qτ )‖w1 − w2‖L∞(0,τ ;L2(Ω))

≤ c∞M0|L|‖u‖Lp(Qτ )‖w1 − w2‖Xτ .

Therefore, Y is a contraction mapping if

c∞M0|L|‖u‖Lp(Qτ ) < 1.
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If the above condition is not met, we subdivide the interval [0, τ ] into subin-
tervals [0, τ1], [τ1, τ2], . . . , [τI−1, τI ] = [τI−1, τ ] such that

c∞M0|L|‖u‖Lp(τi,τi+1;Lp(Ω)) ≤ 1/2, for all i = 0, . . . , I − 1,

and we consider the following systems:

(S0)


ẏ0 +Ay0 = uL(y0) + f in Ω× (0, τ1) ,

∂y0

∂n = 0 on ∂Ω× (0, τ1) ,

y0 (0) = y0 in Ω,

and for i = 1, . . . , I − 1,

(Si)


ẏi +Ayi = uL(yi) + f in Ω× (τi, τi+1) ,

∂yi

∂n = 0 on ∂Ω× (τi, τi+1) ,

yi (τi) = yi−1
(
τi
)

in Ω.

We then define solutions on each subinterval using a similar approach as
before. This leads to a solution y for the entire interval [0, τ ] by piecing
together the solutions on subintervals.
Moreover, this solution satisfies

‖y‖Xτ ≤ c∞
(
‖y0‖L∞(Ω) + ‖uL(y) + f‖Lp(Qτ )

)
. (10)

This estimate can be further refined to obtain

‖y‖Xτ ≤ c∞
(
‖y0‖L∞(Ω)+‖f‖Lp(Qτ )+ |L|

√
|Ω| ‖u‖Lp(Qτ ) ‖y‖L∞(Qτ )

)
. (11)

We derive also from (10)

‖y(τ)‖L∞(Ω) ≤ c∞

(
‖y0‖L∞(Ω) + ‖f‖Lp(Qτ )

+ |L|
(∫ τ

0

‖u(t)‖pLp(Ω)‖y(t)‖
p
L2(Ω) dt

) 1
p

)

≤ c∞

(
‖y0‖L∞(Ω) + ‖f‖Lp(Qτ )

+ |L|
√
|Ω|
(∫ τ

0

‖u(t)‖pLp(Ω)‖y(t)‖
p
L∞(Ω) dt

) 1
p

)
.
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Taking both sides of this inequality to the p-th power, and using the fact
(a+ b)p ≤ 2p−1(ap + bp) for any non-negative a and b, we get

‖y(τ)‖pL∞(Ω) ≤ 2p−1cp∞

(
‖y0‖pL∞(Ω) + ‖f‖

p
Lp(Qτ )

+
(
|L|
√
|Ω|
)p ∫ τ

0

‖u(t)‖pLp(Ω)‖y(t)‖
p
L∞(Ω) dt

)
.

By applying Gronwall’s lemma, we derive

‖y(τ)‖pL∞(Ω) ≤ 2p−1cp∞

(
‖y0‖pL∞(Ω) + ‖f‖

p
Lp(Qτ )

)
e
2p−1cp∞

(
|L|
√

|Ω|
)p

‖u‖p
Lp(Qτ )

≤ 2p−1cp∞

(
‖y0‖L∞(Ω) + ‖f‖Lp(Q)

)p
e
2p−1

(
c∞|L|

√
|Ω|
)p

‖u‖p
Lp(Q) .

This inequality is valid for all τ ∈ [0, T ]. Consequently, we have

‖y‖L∞(Q) ≤ 2
p−1
p c∞

(
‖y0‖L∞(Ω) + ‖f‖Lp(Q)

)
e

2p−1(c∞|L|
√

|Ω|)
p

p ‖u‖p
Lp(Q) . (12)

Combining estimates (11) and (12), we get

‖y‖W (0,T ) + ‖y‖L∞(Q)

≤ c∞
(
‖y0‖L∞(Ω) + ‖f‖Lp(Q)

)
+ c2∞|L|

√
|Ω| ‖u‖Lp(Q)2

p−1
p

(
‖y0‖L∞(Ω) + ‖f‖Lp(Q)

)
e

2p−1(c∞|L|
√

|Ω|)
p

p ‖u‖p
Lp(Q) .

Finally, this estimate leads to the desired estimate (7) with Cu defined as

Cu = c∞ + c2∞|L|
√
|Ω| ‖u‖Lp(Q)2

p−1
p e

2p−1(c∞|L|
√

|Ω|)
p

p ‖u‖p
Lp(Q) .

3 Existence and characterization of optimal controls

In this section, we analyze the optimal control problem. We introduce an
auxiliary optimization problem with controls from the function space Lp(Q).
Using standard methods from the calculus of variations, we establish the
existence of a solution and provide its characterization via an optimality
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system. Finally, we show that any solution to the auxiliary problem is also a
solution to the original problem (P).

Consider the following auxiliary problem:

Find ū such that J(ū) = inf
u∈Lp(Q)

J(u). (PA)

In the following proposition, we show that this problem has a solution.

Proposition 2. The minimization problem (PA) admits at least one solu-
tion.

Proof. Let us begin by selecting a minimizing sequence (un) in Lp(Q). The
coercivity property of J over Lp(Q) ensures that this sequence is bounded.
By the Banach-Alaoglu theorem, we can extract a subsequence that converges
weakly to some element ū in Lp(Q).
For each control un, let yn denote the corresponding state solution to (1).
From the boundedness properties established in Proposition 1, we know that
(yn) forms a bounded sequence inW (0, T ). The reflexivity of this space allows
us to extract a subsequence that converges weakly to some ȳ in W (0, T ).
Moreover, the compact embedding theorem yields strong convergence of a
subsequence to ȳ in L2(Q).
We must now verify that ȳ is indeed the state associated with the control ū.
For any test function v ∈ W , we have the weak convergences

ẏn ⇀ ˙̄y weakly in L2(0, T ;H1(Ω)∗),

Ayn ⇀ Aȳ weakly in L2(0, T ;H1(Ω)∗).

These convergences imply∫∫
Q

(−ynv̇ +∇yn∇v) dxdt −→
n→∞

∫∫
Q

(−ȳv̇ +∇ȳ∇v) dxdt. (13)

For the remaining terms, we have the following decomposition:

unL(yn)− ūL(ȳ) = (un − u)L(ȳ) + unL(yn − ȳ). (14)

The mapping u 7→ uL(ȳ) is continuous from Lp(Q) to L2(Q), yielding (see
[6, Theorem III-3.10])
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(un − ū)L(ȳ)⇀ 0 weakly in L2(Q). (15)

Furthermore, we derive∫∫
Q

unL(yn − ȳ)v dxdt

≤
∫ T

0

‖un(t)L(yn(t)− ȳ(t))‖L2(Ω)‖v(t)‖L2(Ω) dt

≤ |L||Ω|
p+2
2p

∫ T

0

‖u(t)‖Lp(Ω)‖yn(t)− ȳ(t)‖L2(Ω)‖v(t)‖L2(Ω) dt

≤ |L|(|Ω|T )
p+2
2p ‖un‖Lp(Q)‖v‖L∞(0,T ;L2(Ω))‖yn − ȳ‖L2(Q) −→

n→∞
0.

Combining this with (13) and (15), we conclude that ȳ is indeed the solution
to (1) corresponding to the control ū.
Finally, the lower semicontinuity of norms yields

J(ū) ≤ lim inf
n

J (un) ≤ inf
u∈Lp(Q)

J(u),

which proves the optimality of ū in Lp(Q).

We introduce the control-to-state map G, defined as G : Lp(Q) −→
W (0, T ), where G(u) = y represents the solution to (1) corresponding to
u. The following lemma establishes the differentiability property of G.

Lemma 2. The operator G is Fréchet differentiable. Its derivative at u ∈
Lp(Q) in the direction of h ∈ Lp(Q), denoted by zh, is defined as follows:

żh +Azh = uL(zh) + hL(G(u)),

∂zh
∂n = 0,

zh(0) = 0.

(16)

Proof. Let us consider arbitrary controls u and h in Lp(Q). According to
Proposition 1, both G(u) and G(u + h) exist in W (0, T ) and satisfy the
following inequalities:

‖G(u)‖W (0,T ) ≤ Cu

(
‖y0‖L∞(Ω) + ‖f‖Lp(Q)

)
,

‖G(u+ h)‖W (0,T ) ≤ Cu+h

(
‖y0‖L∞(Ω) + ‖f‖Lp(Q)

)
.

The mapping h 7→ zh is well-defined and bounded:
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‖zh‖W (0,T ) ≤ Cu‖hL(G(u))‖Lp(Q)

≤ Cu|L|‖y‖L∞(0,T ;L2(Ω))‖h‖Lp(Q)

≤ Cu|L|M0‖y‖W (0,T )‖h‖Lp(Q)

≤ c1‖h‖Lp(Q).

Here, c1 = C2
u|L|M0

(
‖y0‖L∞(Ω) + ‖f‖Lp(Q)

)
.

We define w1 = G(u+ h)−G(u). Then, w1 satisfies the following system:
ẇ1 +Aw1 = uL(w1) + hL(G(u+ h)),

∂w1

∂n = 0,

w1(0) = 0.

(17)

This system has a solution satisfying

‖w1‖W (0,T ) ≤ Cu‖hL(G(u+ h))‖Lp(Q)

≤ c2‖h‖Lp(Q).

Here, c2 = CuCu+h|L|M0

(
‖y0‖L∞(Ω) + ‖f‖Lp(Q)

)
.

Next, we define w2 = w1 − zh. Then, w2 satisfies
ẇ2 +Aw2 = uL(w2) + hL(w1),

∂w2

∂n = 0,

w2(0) = 0.

(18)

Furthermore, we have

‖w2‖W (0,T ) ≤ Cu‖hL(w1)‖Lp(Q)

≤ c3‖h‖2Lp(Q).

Here, c3 = Cu|L|M0c2. Consequently,

‖G(u+ h)−G(u)− zh‖W (0,T )

‖h‖Lp(Q)
≤ c3‖h‖Lp(Q) −→ 0 as ‖h‖Lp(Q) → 0.

The Fréchet differentiability of the control-to-state map and the smooth-
ness of the L2 and Lp norms ensure the differentiability of the cost function.
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Lemma 3. The cost function is Fréchet differentiable. Its derivative at u in
the direction of h is given by

J ′(u)h =

∫∫
Q

(
(y − yd)zh + ε sgn(u) |u|p−1h

)
dxdt, (19)

where zh is the solution to (16), and sgn stands for the signum function.

Since the operator L : Lp∗
(Ω)→ L∞(Ω) is bounded and linear, we define

its adjoint L∗ : L1(Ω)→ Lp(Ω) as follows:

〈L(y1), y2〉L∞(Ω),L1(Ω) = 〈y1, L∗(y2)〉Lp∗ (Ω),Lp(Ω), for all y1 ∈ Lp∗
(Ω), y2 ∈ L1(Ω).

This adjoint operator L∗ is also bounded and linear.
We now prove the existence of optimal solutions and provide their char-

acterization for the auxiliary problem (PA).

Theorem 1. Problem (PA) has at least one solution. Moreover, for ev-
ery solution ū, there exist ȳ, φ̄ ∈ W (0, T ) ∩ C(Q̄), such that the following
conditions hold:

˙̄y +Aȳ = ūL(ȳ) + f in Q,

∂ȳ
∂n = 0 on Σ,

ȳ(0) = y0 in Ω,

(20)


˙̄φ−Aφ̄ = −L∗(ūφ̄)− (ȳ − yd) in Q,
∂φ̄
∂n = 0 on Σ,

φ̄(T ) = 0 in Ω,

(21)

∫∫
Q

(
L(ȳ)φ̄+ ε sgn(ū) |ū|p−1

)
(u− ū) dxdt ≥ 0, for all u ∈ Lp(Q), (22)

and
ū(x, t) = − sgn(L(ȳ)φ̄)

ε
1
p−1

|L(ȳ)φ̄|
1
p−1 a.e. in Q. (23)

Proof. By Proposition 2, the problem (PA) has a solution ū. Let ȳ denote the
corresponding trajectory that satisfies (20). We will first prove the existence
of φ̄ that satisfies (21). Then derive the variational inequality (22), and
conclude by obtaining the optimal control characterization in (23).

Step 1: Existence and uniqueness of φ̄.
We proceed to prove that (21) admits a unique solution. To this end, we
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consider the transformation

q(t) = φ̄(T − t), v(t) = ū(T − t), g(t) = ȳ(T − t)− yd(T − t),

for almost all t ∈ [0, T ]. This transforms (21) into
q̇ +Aq = L∗(vq) + g in Q,
∂q
∂n = 0 on Σ,

q(0) = 0 in Ω.

Since ȳ− yd ∈ Lp(Q), Proposition 1 ensures a unique solution q ∈W (0, T )∩
C(Q̄). Thus, there exists a unique φ̄ ∈W (0, T ) ∩ C(Q̄) satisfying (21).

Step 2: Derivation of the inequality (22).
As ū is optimal for problem (PA), we have J ′(ū)(u− ū) ≥ 0 for all u ∈ Lp(Q).
Let h = u− ū. Using Lemma 3, we can express this as

J ′(ū)h =

∫∫
Q

(
(ȳ − yd)zh + ε sgn(ū) |ū|p−1h

)
dxdt ≥ 0, (24)

where zh satisfies (16).
Now, let us focus on simplifying the term

∫∫
Q
(ȳ − yd)zh dxdt:∫∫

Q

(ȳ − yd)zh dxdt =
∫∫

Q

(− ˙̄φ+Aφ̄− L∗(ūφ̄))zh dxdt (using (21))

=

∫∫
Q

(− ˙̄φzh + φ̄Azh − L∗(ūφ̄)zh) dxdt

=

∫∫
Q

(φ̄żh + φ̄Azh − L∗(ūφ̄)zh) dxdt

−
∫
Ω

φ̄(T )zh(T )dx

+

∫
Ω

φ̄(0)zh(0) dx. (integration by parts)

Using the equation for zh, and noting that φ̄(T ) = 0 and zh(0) = 0, we get∫∫
Q

(ȳ − yd)zh dxdt =
∫∫

Q

(φ̄ūL(zh) + φ̄hL(ȳ)− L∗(ūφ̄)zh) dxdt.

By definition of L∗, we infer∫∫
Q

(ȳ − yd)zh dxdt =
∫∫

Q

hφ̄L(ȳ) dxdt.

Iran. J. Numer. Anal. Optim., Vol. 15, No. 2, 2025, pp 570–599



585 Bilinear optimal control of a reaction-diffusion equation ...

Substituting this back into (24), we obtain

∫∫
Q

(
hφ̄L(ȳ) + ε sgn(ū) |ū|p−1h

)
dxdt ≥ 0,

which gives the variational inequality (22).

Step 3: Derivation of characterization (23).
From the variational inequality (22), we can deduce the following pointwise
relationship:

L(ȳ)φ̄+ ε sgn(ū) |ū|p−1 = 0 a.e. in Q. (25)

The derivation of the pointwise condition (25) from the variational inequality
(22) is standard, see for instance the method outlined in [33, Section 2.8].
Rearranging this equation and taking the (p− 1)-th root, we obtain

ū = − sgn(L(ȳ)φ̄)
ε

1
p−1

|L(ȳ)φ̄|
1
p−1 a.e. in Q,

which is precisely the optimal control characterization (23).

Remark 2. It is worth noting that for p = 2, a variant of the previous
result can be obtained under weaker assumptions: Replacing (2) with yd, f ∈
L2(Q) and y0 ∈ L2(Ω), as discussed in Zerrik and Boukhari [36] using a
semigroup framework. However, our subsequent main result maintains the
original assumptions to address the problem at hand.

Now, we state our main result.

Theorem 2. Problem (P) admits a solution ū. Moreover, for any solution
ū, there exist ȳ, φ̄ ∈W (0, T ) ∩ C(Q̄) satisfying the following conditions:

˙̄y +Aȳ = ūL(ȳ) + f in Q,

∂ȳ
∂n = 0 on Σ,

ȳ(0) = y0 in Ω,

(26)


˙̄φ−Aφ̄ = −L∗(ūφ̄)− (ȳ − yd) in Q,
∂φ̄
∂n = 0 on Σ,

φ̄(T ) = 0 in Ω,

(27)
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Q

(
L(ȳ)φ̄ + ε sgn(ū) |ū|p−1

)
(h− ū) dxdt ≥ 0, for all h ∈ L∞(Q),

(28)

and
ū(x, t) = − sgn(L(ȳ)φ̄)

ε
1
p−1

|L(ȳ)φ̄|
1
p−1 a.e. in Q. (29)

Proof. Let ū be a solution to problem (PA), with associated state and adjoint
variables ȳ, φ̄ ∈ W (0, T ) ∩ C(Q̄). Let us prove that ū is also a solution to
problem (P).

First, let ◦
y denote the solution to (26) under the null control. By Lemma

1, we conclude that

‖◦y‖W (0,T ) + ‖
◦
y‖L∞(Q) ≤ c∞(‖y0‖L∞(Ω) + ‖f‖Lp(Q)),

which implies

‖◦y‖L2(Q) ≤ K0 := c∞(‖y0‖L∞(Ω) + ‖f‖Lp(Q)).

Since ū is optimal for problem (PA), we have J(ū) ≤ J(0), leading to

‖ū‖pLp(Q) ≤
p

2ε

(
‖◦y − yd‖2L2(Q)

)
≤ p

ε
(K2

0 + ‖yd‖2L2(Q)),

which gives

‖ū‖Lp(Q) ≤ K1 :=
(p
ε
(K2

0 + ‖yd‖2L2(Q))
) 1
p

.

Using Proposition 1, we estimate ȳ as

‖ȳ‖W (0,T ) + ‖ȳ‖L∞(Q) ≤ CK1
(‖y0‖L∞(Ω) + ‖f‖Lp(Ω)),

where CK1
depends on K1. The embedding C(Q̄) ⊂ Lp(Q) yields

‖ȳ‖Lp(Q) ≤ |Q|
1
pCK1

(‖y0‖L∞(Ω) + ‖f‖Lp(Ω)).

For the operator L, we have

‖L(ȳ)‖L∞(Q) ≤ K2 := |L|M0CK1
(‖y0‖L∞(Ω) + ‖f‖Lp(Ω)).

For φ̄ satisfying (27), Theorem 1 implies

‖φ̄‖L∞(Q) ≤ K3 := CK1

(
|Q|

1
pCK1

(‖y0‖L∞(Ω) + ‖f‖Lp(Ω)) + ‖yd‖Lp(Q)

)
.
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Finally, using (29) and the bounds on L(ȳ) and φ̄, we conclude

|ū(x, t)| ≤ 1

ε
1
p−1

(K2K3)
1
p−1 =: K4 a.e. in Q.

This shows that ū ∈ L∞(Q) with ‖ū‖L∞(Q) ≤ K4. Since L∞(Q) ⊂ Lp(Q),
we conclude that ū is also a solution of problem (P).

The next result shows that both optimization problems share identical
solution sets.

Proposition 3. Problems (P) and (PA) are equivalent; that is, they have
the same solutions.

Proof. Suppose that ū is a solution of problem (PA). By using the proof of
Theorem 2, we conclude that ū is also a solution of problem (P).

For the reverse implication, let ū be a solution to problem (P), and con-
sider any u ∈ Lp(Q). We construct a sequence by defining un = Π[−n,n](u)

for each n ∈ N, where Π[−n,n] represents the pointwise projection onto the
interval [−n, n]. This sequence has two key properties:

• un ∈ L∞(Q) for each n,

• un → u in Lp(Q) as n→∞.

Since ū is optimal for problem (P), we have

J(ū) ≤ J(un) for all n ∈ N.

The continuity of J allows us to pass to the limit as n→∞, yielding

J(ū) ≤ J(u).

As u was chosen arbitrarily in Lp(Q), this proves that ū solves problem (PA).

4 Simulations and numerical results

In this section, we provide numerical examples to illustrate our theoretical
results and examine the behavior of the bilinear optimal control problem in
both one- and two-dimensional settings.
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4.1 Problem setup

A practical scenario motivating this study arises in ecological management,
where the objective is to regulate the population of a species within a ge-
ographically bounded region Ω (where Ω could be a linear habitat in one-
dimensional, or a surface in two-dimensional). The species density y(x, t)

evolves according to the dynamics:

∂y

∂t
−∆y = u(x, t)

∫
Ω

y(x, t) dx, (x, t) ∈ Ω× (0, T ),

with the initial distribution y(x, 0) = y0(x). Here, the control u(x, t) repre-
sents interventions, such as resource allocation or habitat modification, which
influence the reproduction dynamics. The goal is to steer the population den-
sity y(x, t) to track a desired trajectory distribution yd(x, t) over a specified
period T (e.g., one week). No explicit constraints are imposed on the con-
trol input u(x, t), as it is not known whether such constraints exist, and
the focus is on determining the optimal control strategy while minimizing
interventions.

This problem can be reformulated as problem (P), with the operator
L : L1(Ω)→ L∞(Ω) defined as

L(y) =

∫
Ω

y(x) dx.

and f = 0. We also consider the parameters T = 1 and ε = 10−4.

A solution ū to this problem must satisfy the following optimality system:

∂ȳ

∂t
−∆ȳ = ūL(ȳ), ȳ(0) = y0, (30)

− ∂φ̄

∂t
−∆φ̄ = (ȳ − yd) + L(ūφ̄), φ̄(T ) = 0, (31)

and
ū(x, t) = − sgn(L(ȳ)φ̄)

ε
1
p−1

|L(ȳ)φ̄|
1
p−1 . (32)

The boundary conditions for (30) and (31) will be specified later. We choose
p such that 1 + N

2 < p < ∞, in accordance with Assumption (2) of our
theoretical framework.

Iran. J. Numer. Anal. Optim., Vol. 15, No. 2, 2025, pp 570–599



589 Bilinear optimal control of a reaction-diffusion equation ...

4.2 Numerical method

We employ the thresholding operator

um+1 = Sα(um, L(ym)φm), (33)

where
Sα(u, v) =

1

α+ ε
1
p−1

(
αu− sgn(v)|v|

1
p−1

)
. (34)

Here, α > 0 is an accuracy threshold. The convergence of this algorithm has
been rigorously established in the literature (see, for instance, [12]).

The iterative procedure for solving the optimization problem is as follows:

Algorithm 1 Optimal Control Algorithm
1: Initialize u0 = 0, set m = 0, choose α > 0, and tol > 0 a chosen tolerance
2: repeat
3: Compute ym by solving forward the state equation.
4: Determine φm by solving backward the adjoint equation
5: Update control via the thresholding operator:
6: um+1 = Sα(um, L(ym)φm),

7: m← m+ 1

8: until ‖um − um−1‖L∞(Q) < tol.

4.3 One-dimensional case

For the one-dimensional case, we examine a system on the unit interval
Ω = (0, 1) with N = 1 and p = 2. The system is governed by homoge-
neous Dirichlet boundary conditions, representing a scenario where the pop-
ulation density vanishes at the domain boundaries. The complete system is
formulated as 

∂y
∂t −

∂2y
∂x2 = u(x, t)

∫ 1

0
y(x, t) dx,

y(0, t) = y(1, t) = 0,

y(x, 0) = x− x2.

(35)
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We choose a target state yd(x, t) = 1
2 sin(πx), which represents a desired

sinusoidal distribution pattern for the population density. This choice of
target state is particularly relevant for ecological applications as it maintains
zero density at the boundaries while achieving maximum population density
at the center of the domain.

The numerical results, presented in Figure 1, reveal several key aspects
of the control system’s behavior. The optimal control profile demonstrates
smooth temporal evolution while maintaining essential boundedness, despite
no explicit bounds being imposed. This natural boundedness validates our
theoretical framework’s core prediction. The corresponding state trajectory
shows effective tracking of the target profile, successfully counteracting the
system’s natural dissipative tendency that would otherwise drive the pop-
ulation to extinction (u = 0 case). The tracking error exhibits monotonic
decrease, indicating stable convergence of the control algorithm, while the
cost functional’s evolution demonstrates the effective balance between track-
ing accuracy and control effort maintained by our chosen cost structure.
These results provide strong numerical evidence for the practical viability of
our theoretical framework in the one-dimensional setting.

4.4 Two-dimensional case

For the two-dimensional case, we consider a more complex setting with
Ω = (0, 1)2 and parameters N = 2 and p = 3, where the higher value of
p satisfies our theoretical requirement p > 1+N/2. The system is subject to
Neumann boundary conditions, representing no-flux conditions at the domain
boundaries, a natural choice for population dynamics in enclosed habitats.
The complete system takes the form:

∂y
∂t − ( ∂

2y
∂x2

1
+ ∂2y

∂x2
2
) = u(x1, x2, t)

∫
Ω
y(x1, x2, t) dx1dx2,

∂y
∂n = 0 on ∂Ω,

y(x1, x2, 0) = 2x31 − 3x21.

(36)
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Figure 1: Optimal control (top left), corresponding state (top right), evolution of track-
ing error (bottom left), and cost functional (bottom right) for the one-dimensional case.

The target state is chosen as yd(x1, x2, t) = 1
2 cos(πx1) cos(πx2) sin(πt), rep-

resenting a time-varying spatial pattern that tests the system’s ability to
track complex spatio-temporal distributions.

The numerical results, displayed in Figure 2, demonstrate the framework’s
robustness in higher dimensions. The evolution of control norms confirms
the maintenance of essential boundedness without explicit constraints, even
in this more complex setting. The state and adjoint state norms exhibit
stable behavior throughout the time horizon, indicating well-regulated dy-
namics. The tracking error and cumulative cost profiles show consistent
convergence, though with slightly different characteristics compared to the
one-dimensional case due to the increased spatial dimension. The success in
maintaining the desired state pattern, particularly notable given the time-
varying nature of the target, validates our theoretical framework’s appli-
cability to higher-dimensional scenarios. The effective control performance
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without a priori bounds demonstrates the framework’s practical utility for
real-world applications in spatial population dynamics.
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Figure 2: Results for the two-dimensional case: Optimal control norms (top left), state
and adjoint state norms (top right), tracking error (bottom left), and cumulative cost
(bottom right).

Both the one-dimensional and two-dimensional results demonstrate our
algorithm’s capability to compute essentially bounded controls that success-
fully achieve the desired state tracking objectives, while maintaining numer-
ical stability and convergence properties predicted by the theoretical frame-
work.

5 Further comments

Using an additive control operator instead of a multiplicative one can allow for
weaker assumptions in solving the optimization problem. To illustrate, let’s
consider a quadratic cost function (i.e., p = 2) and investigate in which spatial
dimensions the problem can be addressed for both additive and multiplicative
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control operators.
To bypass the restriction imposed in (1), we consider state equations with
homogeneous Dirichlet boundary conditions while maintaining Assumption
(3) unchanged.
For the optimal control of a linear system, we consider the problem

min
u∈L∞(Q)

J(u) :=
1

2
‖y − yd‖2L2(Q) +

ε

2
‖u‖2L2(Q), (PL)

subject to 
ẏ +Ay = u in Q,

y = 0 on ∂Ω,

y(0) = y0.

(37)

It is well-known that the cost function J possesses a minimizer ū in L2(Q),
with a corresponding state ȳ ∈ C([0, T ];L2(Ω)) and an adjoint state φ̄ ∈
C([0, T ];L2(Ω)) satisfying

− ˙̄φ+Aφ̄ = ȳ − yd in Q,

φ̄ = 0 on ∂Ω,

φ̄(T ) = 0,

(38)

ū(x, t) =
−1
ε
φ̄(x, t) a.e. in Q. (39)

Assuming yd ∈ L∞(0, T ;L2(Q)), we have ȳ − yd ∈ L∞(0, T ;L2(Q)). Ac-
cording to Ladyženskaja et al., if the dimension N satisfies N/4 < 1, then
φ̄ ∈ L∞(Q). Consequently, ū ∈ L∞(Q), and problem (PL) admits an opti-
mal triple (ū, ȳ, φ̄) satisfying (37), (38), and (39) for dimensions N = 1, 2, 3,
as established by Casas.
In contrast, for the optimal control of a bilinear system, as discussed in
Section 3, we have an optimal triple (ū, ȳ, φ̄) ∈ L2(Q) × C([0, T ];L2(Ω))2

solving problem (PA). To prove that ū solves problem (P), we must show
that φ̄ ∈ L∞(Q).
The dynamics of φ̄ are given by − ˙̄φ = Aφ̄+ L∗(ūφ̄) + (ȳ − yd). For a given
φ ∈ L∞(Q), we have L∗(ūφ) + (ȳ − yd) ∈ L2(Q). Again, by Ladyženskaja
et al., a solution to (38) has the regularity φ̄ ∈ L∞(Q) if 1/2 + N/4 < 1.
Therefore, we can solve problem (P) only in the one-dimensional case.
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Our study has focused on optimal bilinear control with a basic differential
operator (Laplacian) and a trivial external forcing f . However, the problem
can be explored for a wider class of reaction-diffusion systems. Specifically,
consider a differential operator:

Ay := −
N∑

i,j=1

∂xj (aij(x)∂xiy) ,

satisfying

aij ∈ L∞(Ω) and there exists m > 0 such that
N∑

i,j=1

aij(x)ξiξj ≥ m|ξ|2, for all ξ ∈ RN , for all x ∈ Ω,

and a Carathéodory function f = f(x, t, y) : Q × R of class C1 with respect
to y, where f(·, ·, 0) ∈ Lp(Q), satisfying

there exists Cf ∈ R s.t. ∂f
∂y

(x, t, y) ≤ Cf , for all y ∈ R,

for all M > 0, there exists Cf,M > 0 s.t.
∣∣∣∣∂f∂y (x, t, y)

∣∣∣∣ ≤ Cf,M , for all |y| ≤M.

We can then consider the evolution problem
ẏ +Ay = uL(y) + f(x, t, y) in Q,

∂y
∂n = 0 on ∂Ω,

y(0) = y0,

with the associated variational formulation:∫∫
Q

(
− yv̇ +

N∑
i,j=1

aij(x)∂xiy∂xjv
)
dxdt =

∫∫
Q

(
uL(y)v + f(y)v

)
dxdt

+

∫
Ω

y0 v(0) dx.

Assuming the other conditions remain unchanged, we can follow the same
approach to deduce that this state equation has a unique solution yu ∈
W (0, T ) ∩ C(Q̄). Referring to Tröltzsch [33, Ch.V] and Theorem 2, we can
establish the existence of an optimal control. Furthermore, we can deduce
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that for each solution ū, there exists a pair ȳ, φ̄ ∈W (0, T ) ∩C(Q̄) satisfying
the following system:

˙̄y +Aȳ = ūL(ȳ) + f(·, ·, ȳ) in Q,

∂ȳ
∂n = 0 on ∂Ω,

ȳ(0) = y0,
− ˙̄φ+A∗φ̄ = L∗(ūφ̄) + fy(·, ·, ȳ)φ̄+ (ȳ − yd) in Q,
∂φ̄
∂n = 0 on ∂Ω,

φ̄(T ) = 0,∫∫
Q

(
L(ȳ)φ̄ + ε sgn(ū) |ū|p−1

)
(h− ū) dxdt ≥ 0,

and
ū(x, t) = − sgn(L(ȳ)φ̄)

ε
1
p−1

|L(ȳ)φ̄|
1
p−1 a.e. in Q.

Here, fy(·, ·, ȳ) represents the derivative of f with respect to the second vari-
able evaluated at ȳ.
These generalizations demonstrate the versatility of our approach, allowing
for application to a wider class of reaction-diffusion systems while maintain-
ing the key insights gained from the simpler model.

6 Conclusion

In this paper, we have presented a comprehensive study of the optimal
control of reaction-diffusion systems subject to essentially bounded func-
tions. Our primary findings include the proof of existence of optimal controls
and the derivation of their first-order optimality conditions. We also illus-
trated the theoretical results with numerical examples for both one- and
two-dimensional cases, demonstrating the applicability of our approach.

A key contribution of this work is the introduction of a novel formula-
tion for the optimal control problem that does not require a priori bounds
on the admissible controls. This approach effectively addresses a significant
challenge in practical applications, where defining control bounds in advance
is often difficult and potentially leads to suboptimal solutions. By working
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in the L∞(Q) space, we have established an equivalence between the origi-
nal problem and an auxiliary optimization problem in Lp(Q), proving that
solutions to the auxiliary problem are inherently essentially bounded.

The results presented here contribute significantly to the theory of bilinear
optimal control. They provide a robust framework for practical applications,
particularly in scenarios where traditional bounded control approaches are
limiting. Our findings are expected to have broad relevance, particularly in
areas where control bounds are not easily determined.

This work also opens several promising directions for future research.
One potential extension is to analyze the problem in an infinite horizon set-
ting. Additionally, exploring the sensitivity of optimal control strategies to
changes in system parameters or initial conditions could yield valuable in-
sights. Investigating alternative cost functionals may offer the opportunity
to tailor control characteristics for specific applications. Furthermore, the
development of more efficient numerical methods to solve the optimality sys-
tem could enhance the practical implementation of this approach. Lastly,
this framework could be adapted and applied to other types of partial differ-
ential equations involving bilinear control terms, broadening its applicability
across various domains.
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This model was trained using a combination of the Kompas100 index and
the Indonesian industrial sectors stocks data. Single optimal portfolios
were created using the real coded genetic algorithm based on different sets
of objectives: Maximizing short-term and long-term returns, maximizing
liquidity, and minimizing risk. In conclusion, portfolios with a balance
on all these four investment objectives yielded better results compared to
those focused on partial objectives. Furthermore, our proposed method for
selecting portfolios of top-performing stocks across all criteria outperformed
the approach of choosing top stocks based on a single criterion.

AMS subject classifications (2020): Primary 65K10; Secondary 68T05, 62P05.

Keywords: Genetic algorithm; Liquidity; Multi-objective optimization; One-
versus-one support vector machines; Radial basis functions.

1 Introduction

Portfolio optimization has long been a challenging, lucrative, and promi-
nent research topic in investment management. Achieving the right balance
between risk and return while maintaining liquidity has consistently been
essential for effective portfolio selection [7, 3]. The stock market often over-
looked changes in liquidity which can yield monthly returns (0.7-1.2%) in the
short term [2, 6]. Santoso et al. [25] also suggested that liquidity can act as
an early warning indicator for financial instability of an entity.

By taking all of these factors into account, selecting the top-performing
stocks has always been a crucial task in successful portfolio optimization.
Contemporary research utilized machine learning and artificial intelligence
algorithms. Many researchers had noted that artificial neural network con-
verged slowly. For example, finding the optimal number of neurons in hidden
layers was often tiresome, as it involved trial-and-error [24].

Research by Huang [15] employed genetic algorithm (GA) for feature se-
lection and parameter optimization. Subsequently, support vector regression
(SVR) predicted and identified stocks with high returns serving as surrogates
of actual returns, without considering liquidity. Similarly, Ma, Han, and
Wang [20] predicted return of stocks by combining machine learning models,
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namely random forest (RF) and SVR, and deep learning models, such as
LSTM neural network, deep multilayer perceptron, and convolutional neural
network, with mean-variance (MV) and omega portfolio optimization models.
The result showed that the RF-MV optimization model performed the best.
More recently, studies by Chen et al. [5], Guijarro [10], Jimbo et al. [17],
and Kessaci [19] employed a GA for effective portfolio optimization method.

Gupta, Mehlawat, and Saxena [12] split stocks into three classes: Liquid,
high-yield, and less-risky, by utilizing support vector machine (SVM) whose
parameters were optimized by the grid-search method. Stocks in the dataset
were first filtered for the highly liquid class, then categorized based on high
yield, which indicated high returns. The remaining stocks with lower return
and liquidity were classified as the residual category. After categorizing each
stock into the three different classes, they selected the top-performing stocks
in each class by using GA. The final portfolio consisted of all the portfolios
created from the three classes.

The previous research studies have several limitations. First of all, liq-
uidity was not considered along with risk and return. Secondly, the allocated
number of stocks in the portfolio was known in advance, while in practice,
the number of high-performing stocks was not known beforehand. Third of
all, portfolios were assembled from each class and then combined to form the
final portfolio. This approach may be less effective because the fixed number
of stocks chosen for each portfolio might not represent the top-performing
stocks in the overall selection. Lastly, the weights of the multi-objective
model were not further explored to create several optimal portfolios which
were tailored to different investment goals and risk profiles.

The aim of this paper is to demonstrate an extension of the multi-objective
model conducted by Gupta et al. [11] by demonstrating how an optimized
portfolio is immediately selected from the stocks dataset using real coded ge-
netic algorithm (RCGA), in which it successfully handled economic problems
such as portfolio selection and financial budget allocation [4, 23]. The number
of stocks desired by an investor for a portfolio is fixed, and the quantity of
stocks in each category is adjusted to fit this requirement. One of the classes
may contain fewer stocks than the other two in order to create an optimized
portfolio that enhanced return and liquidity while reducing risk. Further-
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more, we examined different weights to develop various optimal portfolios to
accommodate numerous investment objectives of return, liquidity, and risk.

Our work is explained as follows. Section 2 provides the brief introduction
to the underlying methods employed in this paper. Section 3 describes the
dataset and methodology design to conduct the research. Section 4 presents
the results and analysis of the study, including a comparative analysis with
the methodology put forward by Gupta et al. [11]. Finally, in Section 5,
the conclusions are presented along with suggestions to improve for further
research.

2 Overview

2.1 Support vector machines

The SVM method is a machine learning technique based on statistical learn-
ing theory, applying structural risk minimization to minimize model errors
in generalizing data patterns [1]. SVM divides data into two classes, +1 and
−1, using a decision boundary known as a hyperplane. Data points closest
to the hyperplane that influence its orientation are called support vectors,
and the distance between the support vectors is known as the margin. The
hyperplane is a line in two-dimensional data, while it being a plane in three-
dimensional data.

The primary goal of SVM is to find the optimal hyperplane to avoid
misclassification. SVM seeks to maximize the margin so that the model has
a large distance between the hyperplane and the support vectors. A model
that perfectly separates the data without any data points within the margin
and without misclassification errors is called a hard margin SVM. The SVM
hyperplane optimization problem is

min
w,b

1

2
||w||2

subject to yi(w · xi + b)− 1 ≥ 0,i = 1, 2, . . . ,m.

This concept is extended to soft margin SVM problems, where data cannot
be perfectly separated by a hyperplane. The main objective is to find a
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hyperplane that minimizes errors as much as possible [9]. To achieve this
objective, slack variables, which allow data points to lie within the margin
and account for some classification errors, are referred to as margin errors.
The penalty, C, is used to control the model’s error in classifying the data.

The SVM method was initially designed for binary classification prob-
lems, meaning it can only separate data into two classes. In cases where
there are more than two classes, an approach to extend SVM is required. In
this study, the multiclass SVM method used is one-versus-one (OVO) SVM,
because OVO specifically addresses the differences between each class and
has shown good results in previous research [14]. Moreover, its effectiveness
has been proven in various economic issues such as stock selection and credit
assessment [8, 16]. Suppose that a dataset has k classes. Then one-versus-one
support vector machines (OVO SVM) will form k

2 (k− 1) hyperplanes, where
each hyperplane is built based on training data from a pair of classes.

Furthermore, for nonlinear data problems, SVM can utilize kernel func-
tions to transform data into higher dimensions and construct non-linear hy-
perplanes. Some commonly used kernel functions in SVM are polynomial,
radial basis function (RBF), and sigmoid. The kernel used in this study is the
RBF kernel, as suggested by Yu, Wang, and Lai [28]. This decision is based
on the consideration that the sigmoid kernel behaves similarly to the RBF
kernel, while the polynomial kernel requires more time in the SVM training
phase. SVM models with RBF kernels have also been proven to perform
better than other kernels [11].

2.2 Real coded genetic algorithm

GAs are optimization methods inspired by the principles of natural selection
and genetics in biological systems, used to find solutions for problems with
infinitely many possible solutions [26]. Essentially, GA represent solutions
as chromosomes composed of a series of genes, where each gene represents
a variable of the proposed solution. The value of each gene is called an
allele. In the search for the optimal solution, GAs operate with a set of
chromosomes known as a population. The number of chromosomes in a
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population (popsize) is a GA parameter that must be defined before running
the algorithm. In this study, we utilize the RCGA, where alleles are real
numbers.

To optimize the solution to an objective function f(x) with q variables,
RCGA first constructs a population consisting of n chromosomes. Each chro-
mosome consists of q genes, with each allele assigned a random value. The
quality of a chromosome in solving the given problem is evaluated using a fit-
ness value, which indicates how well the chromosome addresses the problem.
The primary goal of RCGA is to find the chromosome with the highest fitness
value [21]. The initial population that is randomly generated, will go through
a series of genetic operators to create a new, more optimal generation [13].

The genetic operations include elitism, selection to choose the best chro-
mosomes as parent, crossover to produce offspring, and mutation to update
genetic information. After going through a series of evolutionary processes, a
new generation is formed, the fitness values are recalculated, and the RCGA
cycle continues until the predetermined number of generations is reached.
The optimal solution to the objective function is the chromosome with the
best fitness value.

3 Data collection and problem formulation

3.1 Data collection

Based on research conducted by Gupta, Mehlawat, and Saxena [12], there
are three classes that mainly represent the characteristics of each stock. De-
scription of each class is as follows.

1. Liquid Class
Stocks in this class have high liquidity but tend to have lower returns
compared to the high-yield class.

2. High-yield Class
This class includes stocks with high risk and high returns, thus having
a high standard deviation. However, liquidity in this class is low.
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3. Less-risky Class
Stocks in this class do not fall into either the liquid or high-yield cate-
gories.

Thus, the information needed to build the OVO SVM model included
long-term returns, risk, and liquidity. Long-term returns were measured
through the average weekly returns over the past year. The choice of weekly
returns, as opposed to daily or monthly, was based on considerations to
avoid excessive daily fluctuations and minimized the risk of losing sensitivity
to market changes. The risk of each stock was analyzed using the standard
deviation of weekly returns over the past year. In the context of risk analysis
in stock investment, the standard deviation of returns provided an overview
of the distribution of possible returns over time. Next, stock liquidity was
measured using the turnover rate to analyze the ability to buy or sell a stock
without incurring significant losses [11]. The turnover rate was defined as
the ratio between the average number of shares traded and the number of
shares held by the public [27].

To train and evaluate the classification model, it was essential to have
a large and representative sample of stocks to reflect the investment poten-
tial in the Indonesian stock market. This dataset was compiled from stocks
listed in the Kompas100 index, along with the top ten performing stocks
from each sectoral index in Indonesia, covering the period between January
1 and December 31, 2023. The stocks in the Kompas100 index are chosen for
their high liquidity and market capitalization, while sectoral stocks represent
diverse investment potentials in Indonesia.

The stocks used in this study were those with at least one year of avail-
ability and high quality. In the data processing stage, ELTY, MYRX, BHIT,
BNBR, CASA, BLTA, and TAXI stocks were excluded from the analysis due
to many rows of data with zero trading volume and returns. The dataset used
in this research consisted of 137 selected stocks, consisting of sectoral stock
data in Table 1 and stocks from the Kompas100 index. This dataset was then
randomly divided into two sets using the train_test_split module from the
sklearn.model_selection library in Python. The first set was the training set,
which comprised 94 stocks from both the Kompas100 and sectoral indexes.
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Table 1: Sectoral stocks excluding stocks in Kompas100 index.

Sectors Stock Ticker
Energy BYAN, DSSA, ITMG, TCPI
Industry IMPC, ARNA, HEXA, MLIA, KBLI, SKRN
Technology DCII, BELI, MTDL, MCAS, NFCX, WIRG
Property MPRO, LPKR, MKPI, RISE
Health CARE, PRDA, TSCP, SAME, BMHS
Finance SMMA, MEGA, DNET
Transportation TMAS, BIRD, SDMR, GIAA, HATM, ELPI, IMJS
Non-cyclic PANI, HMSP, CMRY
Cyclic MSIN, FILM, KPIG, BOGA

The second set, serving as the test set, consisted of the remaining 43 stocks
to form a portfolio.

The first dataset was labeled using the third quartile of each criterion to
avoid subjectivity in determining the high and low values of an evaluation
metric. The choice of using quartiles is adjusted according to the characteris-
tics and distribution of the data. Stocks with liquidity above the third quar-
tile were first included in the liquid class with label 0, whereas the remaining
stocks with risk above the third quartile were included in the high-yield class
with label 1. Stocks that had not been labeled were included in the less-risky
class. Seventy stocks from the first dataset that already had labels were then
randomly selected to be training dataset, while the remaining 24 stocks were
the validation dataset.

3.2 Multi-objective model

In this study, an optimal multi-criteria portfolio is constructed using a multi-
objective model approach. This approach allows investors to consider multi-
ple criteria simultaneously in their investment decision-making process with-
out having to sacrifice one criterion for another [11].
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The multi-objective model is based on the assumption that an investor
intends to select h stocks from a set of 43 stocks in the testing dataset to
construct a portfolio with minimal risk while maximizing short-term and
long-term returns and ensuring high liquidity, using the entire available cap-
ital without engaging in short-selling. Let Ri,j denote the return for the ith
week of the jth stock. The short-term return of the jth stock, represented
as R12

j , is calculated based on the average of weekly returns over the last 12
weeks, while the long-term return of the jth stock, namely R52

j , is computed
based on the average weekly return over the past year. Finally, the liquid-
ity of the jth stock, denoted as Lj , is calculated as the ratio of the average
number of shares traded to the number of shares held by the public.

Assume that there are n stocks in the dataset, that h is the number of
stocks in a portfolio, that xj is the proportion of funds invested in stock j
relative to the total funds, that zj is a binary variable indicating whether
stock j is selected (1) or not (0), and that lj and uj are the minimum and
maximum percentage of funds invested in stock j, respectively. With the
assumption of inability to short-sell, the multi-objective model is defined as
follows:

max f1(x) =
n∑

j=1

R12
j xj , (1)

max f2(x) =
n∑

j=1

R52
j xj , (2)

min f3(x) =
52∑
i=1

|
∑n

j=1(Ri,j −R52
j )xj |+

∑n
j=1(R

52
j −Ri,j)xj

104
, (3)

max f4(x) =
n∑

j=1

Ljxj , (4)

subject to
n∑

j=1

xj = 1,

n∑
j=1

zj = h, xj ⩽ ujzj , xj ⩾ ljzj , uj ⩾ 0, zj ∈ {0, 1},

for j = 1, 2, . . . , n.

This multi-objective model is used to construct a portfolio considering
four different criteria, resulting in four objective functions that need to be
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optimized according to the investor’s preferences. The first objective function
(1) aims to maximize short-term returns, which in turn provides an overview
of the stock’s performance in the short term and is used to evaluate oppor-
tunities for quick gains. The model also aims to maximize long-term returns
through the second objective function (2), which overviews the stock’s per-
formance over a longer period and reflects the stability and growth of the
investment.

To avoid the risks arising from stock price fluctuations, the third objective
function (3), which utilizes mean semi-absolute deviation, is built with the
aim of minimizing risk. In this model, risk considers the difference between
the actual weekly returns and the expected long-term returns over a one-year
evaluation period. The final objective function (4) aims to maximize liquidity.
Analyzing liquidity in a portfolio is important for investors to get an idea of
the ability to trade stocks without incurring significant losses. The portfolio
is constructed by allocating all investment funds into the selected stocks. To
ensure sufficient stock diversification and avoiding inefficient investments, h
stocks are selected and indicated by binary variables. Furthermore, upper and
lower investment limits were set to restrict the proportion of funds allocated
to a single stock.

3.3 Constructing multi-criteria portfolio using RCGA

To simulate the RCGA method, we used the Python software. The first step
is population initialization, where each chromosome represents a portfolio.
Each gene represents a single stock, while the allele on the gene represents
the proportion of that stock in the portfolio. Suppose that an investor wants
to form a portfolio based on data containing n stocks. In this study, the
number of stocks in the portfolio (h) is randomly determined during the
initialization stage, and it is assumed that l and u are the minimum and
maximum percentage of the funds invested in each stock, respectively.

First, the investor needs to determine the number of chromosomes in the
population (popsize) as a limit to the solution search space. Each chromosome
constructed has n genes, where the first gene of a chromosome represents the
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first stock in the data table, the second gene represents the second stock, and
so on. Initially, every gene in each chromosome is assigned an allele value
of zero. The population initialization stage in this study was the following
Algorithm 1.

Algorithm 1 Population initialization
Input: number of stocks in the population (popsize), number of stocks in
the data (n), lower investment bound (l), and upper investment bound (u).

1: Initialize the population as an empty array to be filled with chromosomes.
2: For each chromosome in popsize, do:

• Randomly determine the number of stocks (h) between zero and n.

• Initialize a chromosome as an array of length n with zero values.

• Initialize selected_gens as a list of h stocks chosen randomly, en-
suring no stock is selected more than once.

• For each selected gene, initialize the allele randomly between l and
u.

• Add the new chromosome to the population.

Output: Initial Population.

To evaluate the quality of the formed chromosomes, RCGA enters the
evaluation stage. In the context of portfolio formation, the evaluation func-
tion is used to assess how well a portfolio meets the established investment
criteria. To ensure that the generated chromosomes not exceeding the avail-
able capital budget, a penalty function P is applied. This function reduces
the fitness value of chromosomes that exceed the budget limit. Chromosomes
that produce portfolios with costs exceeding the limit will have lower fitness
values. Let xj be the proportion of stock j. The fifth objective function is

f5(x) =

∣∣∣∣∣∣
n∑

j=1

xj − 1

∣∣∣∣∣∣ ,
so the penalty function P is defined as
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P =

 104 · f5(x), if f5(x) ⩾ 10−5,

0, if f5(x) < 10−5.

The fitness function for chromosome k, with k = 1, 2, . . . , popsize with
popsize being the number of chromosomes in one population, is defined as

fitk = w1 · f1(x) + w2 · f2(x)− w3 · f3(x) + w4 · f4(x)− P, (5)

where w1, w2, w3, and w4 are the weights of the objective functions with∑4
i=1 wi = 1 [11]. The weights assigned to the objective functions indicate

their importance in building the portfolio. High fitness value of chromosome
k indicates how well the solution it provided performs relative to the objective
functions. Algorithm 2 simulated the fitness evaluation stage in this study.

Algorithm 2 Fitness evaluation
Input: population, stock risk, long return, short return, liquidity, weights
w1, w2, w3, w4.

1: Initialize fitness_results as an empty array to be filled with the fitness
values of each chromosome.

2: For each chromosome in the population, do:

• Calculate short_return_value using equation (1).

• Calculate return_value using equation (2).

• Calculate risk using equation (3).

• Calculate liquidity_value using equation (4).

• Calculate penalty as the absolute value of the difference between the
total investment allocation and one.

• If penalty > 10−5, then penalty is calculated as 104 × penalty, oth-
erwise penalty = 0.

• Calculate fitness_value using (5).

• Add the fitness value to fitness_results.

Output: Fitness evaluation results for each chromosome in the population.
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The chromosome with the highest fitness value represents the portfolio
with the stock combination that best aligns with the investor’s preferences
to maximize return and liquidity while minimizing risk. This chromosome is
selected as the elite and is directly passed on to the next generation without
undergoing evolutionary processes such as crossover and mutation.

Next, the roulette wheel selection operation is performed to select candi-
date portfolios that best match the investor’s preferences as parents. This
method works by assigning a selection probability to each chromosome based
on its fitness value. Before calculating the selection probabilities, the fitness
values of each chromosome are normalized. Normalization ensures that all
fitness values fall within a positive range, as fitness values can have both
positive and negative ranges. This is done by subtracting the smallest fit-
ness value in the population from the fitness value of each chromosome, then
adding a small value such as 10−10 to avoid division by zero. The higher the
fitness value of a chromosome, the more likely it is to be selected as a parent.
The selection stage of RCGA in this study is shown in Algorithm 3.

Algorithm 3 Roulette wheel selection
Input: population, fitness values.

1: initialize min_fitness with the smallest value from all fitness values in
the population.

2: calculate normalized_fitness by subtracting min_fitness from the
fitness_values and adding 10−10.

3: calculate total_fitness by summing all values in normalized_fitness.
4: calculate probabilities for each chromosome by dividing
normalized_fitness by total_fitness.

5: selected_index is chosen randomly from the population using the previ-
ously calculated probabilities.

Output: index of the selected chromosome.

The chromosomes selected as parents through the roulette wheel selection
operation is paired to create new offspring that combine characteristics from
both parents. The offspring are generated using the crossover operation,
which swaps portions of genetic information between parent chromosomes.
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The next step in this research is Algorithm 4, which denotes the crossover
stage of RCGA.

Algorithm 4 Crossover
Input: parent1, parent2, crossover_rate (pc).

1: Initialize rc randomly with a value between zero and one.
2: If rc > pc then parent1 = child1 and parent2 = child2, if rc < pc proceed

with:

• Initialize crossover point (Cp) with a value between one and the
length of parent1.

• child1 is created by combining the initial part of parent1 with the
latter part of parent2 after Cp.

• child2 is created by combining the initial part of parent2 with the
latter part of parent1 after Cp.

Output: child1 and child2.

The newly formed offspring through the crossover operation will have
some of their information updated using the mutation operation, which is
performed using Algorithm 5. Next, RCGA will continuously perform the
stages of evaluation, selection, crossover, and mutation until the generation
limit set by the investor is reached. The chromosome with the best fitness
value from the final generation is considered the portfolio that best aligns
with the investor’s preferences.

4 Result and analysis

The initial phase of developing the OVO SVM model with the RBF kernel
was conducted in Python using the SVC module to build the classification
model and the OVO classifier module to handle multi-class problems with
an OVO approach. Both modules are sourced from the scikit-learn library.
The OVO SVM model has two parameters: the penalty parameter C, which
controls the classification error, and the parameter γ, which determines the
maximum distance of data points that influence the hyperplane. In the initial
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Algorithm 5 Mutation
Input: chromosome, mutation_rate (pm), l, u

1: Initialize mutated_chromosome as a copy of the original chromosome.
2: Initialize rm randomly with a value between zero and one.
3: If rm < pm then proceed with:

• Determine num_mutations randomly with a value between one and
the length of the chromosome.

• Initialize mutation_indices as a list of chromosome (gene) indices
randomly determined up to num_mutations.

• For each selected gene, if the allele value is not zero, the allele value
is randomly changed between l and u, while if the allele value is
zero, the allele value will not be changed.

Output: mutated_chromosome

model, where the parameters C and γ were not explicitly set, the accuracy
was only 0.54. The model struggled to recognize data belonging to the high-
yield class, as indicated by its very low precision and accuracy for that class.

Parameter optimization was performed to find a combination that could
enhance the model’s performance using grid-search and GA-SVM. The grid-
search method revealed that the best parameter combination for the com-
bined data was C = 10 and γ = 0.1. The OVO SVM model produced with
these parameters achieved an accuracy of 0.75 and showed significant over-
all performance improvement, though it still faced challenges with high-yield
class data. The results from the GA-SVM method indicated that the best
parameter combination for the data used was C = 403.4645 and γ = 0.1242,
with an accuracy of 0.88. Based on the balanced evaluation metrics across
each class, this model was the most optimal and thus applied to the test stock
data to construct the portfolio.

The OVO SVM model developed using the GA-SVM method classified
15 stocks into the liquid and less-risky classes. Additionally, 13 stocks were
classified into the high-yield class. Table 2 presents the average values of
each criterion for each class. The liquid class consisted of stocks with high
liquidity, as reflected by an average liquidity of 3.1147% for this class. This
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classification indicated that a significant portion of the stocks in the test
dataset has adequate liquidity. The high-yield class, as the name suggested,
had the highest average risk of 7.2721% with a long-term average return of
0.8337%, signaling strong investment potential. On the other hand, the less-
risky class had an average risk of 3.7069%, which was lower compared to the
other two classes, though it did not offer high returns.

Table 2: Average criterion for each class.

Class Long return Risk Liquidity
Liquid 0.180615 5.247010 3.114714
High yield 0.833655 7.272134 1.897383
Less risky −0.422793 3.706849 1.901513

From the classified testing dataset, the stocks that best align with the
investor’s preferences are selected to form a portfolio using a multi-objective
model solved by RCGA. During the search process, the population size (pop-
size) is set at 50, and the number of generations is limited to 1,000 to con-
strain the search space for the optimal solution. To ensure stock diversifi-
cation, a crossover probability of 0.3 and a mutation probability of 0.2 are
specified. Additionally, the minimum and maximum percentage of funds in-
vested in a single stock are set between 0 and 0.2 inclusive. The weights for
each objective function are adjusted according to the investor’s preferences
for short-term return, long-term return, risk, and liquidity criteria.

In this study, nine portfolios were constructed to understand the impact
of each criterion on portfolio performance. These nine portfolios were built
under several scenarios, such as balancing all four criteria, focusing on a single
criterion, and building portfolios formed for extreme cases by ignoring one
criterion. Portfolio 1 is constructed under the assumption that the investor
considers all criteria equally important, thus the weights for the objective
functions in the multi-objective model are set equally at 0.25.

Out of the total 43 stocks in the combined testing data, RCGA allocated
investment funds into 11 selected stocks, comprising two stocks from the
liquid class, six stocks from the high-yield class, and three stocks from the
less-risky class. The distribution of investment funds in Portfolio 1 is shown
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in Figure 1. The largest fund allocation is given to the TPIA stock from the
high-yield class, while the smallest allocation is given to the HEXA stock from
the liquid class. The expected weekly return for this portfolio is relatively
balanced for both the long term and short term, at 0.6683% and 0.7867%,
respectively. Furthermore, Portfolio 1 has risk level of 67.78% and liquidity
level of 1.81%.

Figure 1: Stocks allocation in Portfolio 1.

Figure 2: Plot of short return by risk of all optimal portfolios.

To examine the relationship between risk and return, both in the short-
term and long-term, steps similar to those in the previous analysis are taken.
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Portfolio 2 is built as a modification of equation (5). In this construction,
the first objective function f1 is set to be a constraint, that is, f1(x) =

rsr, with rsr ∈ {0.01, 0.02, 0.03, . . . , 0.80}, while the other objective functions
still remained the same. Thus, the weights of w2, w3, and w4 are equal to 1

3 .
The following is the fitness function of Portfolio 2

fitk = w2 · f2(x)− w3 · f3(x) + w4 · f4(x)− P1,

where P1 = P + Psr, with Psr = |f1(x)− rsr| · 104.
Figure 2 illustrates the relationship between risk and short-term return,

obtained by first determining the short-term return target and then con-
structing a portfolio that balances all other criteria. These portfolios are
generated by first setting the short-term return target, after which the RCGA
is executed to maximize liquidity and long-term return while minimizing risk
in a balanced manner.

Portfolio 1 has the highest short-term return with medium risk, similar
to Portfolio 2 which is also set with equal weights for all objective functions.
This means that high risk does not guarantee high short-term return. The
red circles represent portfolios with higher risk than Portfolio 1 but with
lower short-term returns. There is one green circle labeled Portfolio 2 with
a relatively high short-term return expectation and lower risk compared to
Portfolio 1. Figure 3 provides an illustration of the relationship between
long-term return and risk. The mapped portfolios do not form a diagonal
line because Portfolio 1 has a higher long-term return expectation. Both
Figures 2 and 3 show that Portfolio 1 is similarly optimal.

Portfolio 1 was constructed under the assumption that investors balance
all four criteria, but in reality, some investors tend to lean more heavily
towards one criterion over others. Table 3 summarizes the weights used to
build Portfolios 3, 4, and 5. Portfolio 3 was constructed with a primary
focus on return, assuming that the investor readily takes on high risk or
low liquidity. Portfolio 4 was built with an emphasis on risk, where the
investor seeks stability while disregarding return and liquidity. Portfolio 5
was designed to seek out stocks with high liquidity.

Additionally, portfolios are created for extreme scenarios where the in-
vestor intentionally ignores one criterion in the portfolio construction process.
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Figure 3: Plot of long return against risk of all optimal portfolios.

Table 3: Weights of Portfolios 3, 4, and 5.

Portfolio w1 w2 w3 w4

3 0.3 0.4 0.15 0.15

4 0.15 0.15 0.6 0.1

5 0.1 0.1 0.1 0.7

This approach is taken to understand the impact of a particular criterion on
portfolio performance. Portfolio 6 was formed under the assumption that
the investor does not consider risk at all. Portfolio 7 is designed for investors
who seek quick gains, while disregarding long-term returns. Portfolio 8 is
constructed by omitting short-term return considerations entirely. The final
extreme case is Portfolio 9, where the investor does not consider liquidity
during the portfolio construction process. The weights used to build these
three portfolios are summarized in Table 4.

Table 4: Weights of Portfolios 6, 7, 8, and 9.

Portfolio w1 w2 w3 w4

6 0.4 0.4 0 0.2

7 0.8 0 0.1 0.1

8 0 0.8 0.1 0.1

9 0.3 0.3 0.4 0
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In Figure 4, it is observed that the portfolio with the highest risk is Port-
folio 6, which was constructed by ignoring the risk criterion. Although this
portfolio does have the highest expected long-term return, there are several
other alternative portfolios that offer higher short-term return expectations
with lower risk levels. Portfolio 9, which disregards liquidity considerations,
is expected to have a negative short-term return and a low long-term return,
though it does feature low risk.

For comparison purposes, the portfolio selection method proposed by
Gupta et al. [11] was applied. The dataset consisting of 43 testing stocks
was categorized into three distinct portfolios by GA-SVM: one with 15 liquid
stocks, another with 13 high-yield stocks, and the final one containing 15
less-risky stocks. The RCGA method was used for each portfolio to identify
the top-performing stocks, applying weights that prioritized specific criteria,
as detailed in Table 5. Portfolio A, which emphasized liquidity, selected 9
out of the 15 liquid stocks. Portfolio B, focused on returns, included 12 of
the 13 high-yield stocks. Lastly, Portfolio C, which prioritized risk, chose 10
of the 15 less-risky stocks.

Table 5: Weights of Portfolios A, B, and C.

Portfolio w1 w2 w3 w4

A 0.2 0.25 0.2 0.35

B 0.3 0.35 0.2 0.15

C 0.17 0.23 0.45 0.15

Figure 4: Plot of return compared to risk for all optimal portfolios.
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Figure 4 evaluates the performance of all portfolios, including the nine
portfolios using our proposed methodology and the three portfolios based
on the methodology developed by Gupta et al. [11]. Similar to the previous
analysis, Portfolio 1, which is built by balancing all the criteria, has the high-
est short-term return expectation with risk level above 50%. This portfolio
also has a high long-term return expectation, making it a good choice for
risk-taker investors. For moderate investors, forming a portfolio by setting a
short-term return target and balancing all criteria, as in Portfolio 2, is a good
alternative. Furthermore, for conventional investors who avoid high risk, a
portfolio could be constructed by ignoring the long-term return criterion, as
in Portfolio 7. While Portfolio A has higher long-term return and lower risk
compared to Portfolios 1 and 2, its projected short-term return indicates a
negative outcome which is lower than Portfolio 7. Portfolio B exhibits a
lower long-term return, but a higher short-term return compared to Portfolio
8. Nonetheless, its short-term return is still less than that of Portfolio 2,
which also carries a lower risk. Portfolio C is not advisable, as both its short-
term and long-term returns are expected to be negative. The other portfolios
are considered suboptimal due to the availability of alternative portfolios that
offer higher returns for similar risk levels.

5 Conclusions

By classifying Indonesian stocks into three classes, it is concluded that the
OVO SVM classification model optimized using the GA-SVM method is bet-
ter than the model optimized using the grid-search method. The OVO SVM
model classifies 13 stocks into the high-yield class, reflecting the growth po-
tential and opportunities for satisfactory returns in the Indonesian stock
market. The Indonesian stock market also shows adequate liquidity, with
15 stocks in the liquid class. Additionally, there are 15 stocks with minimal
risk in the less-risky class, providing options for investors. Portfolios that
balance the four investment criteria have high gains in both short-term and
long-term. Investors aiming to boost returns might consider adding more
high-yield stocks, whereas those wanting to lower risk could invest in stocks
from a less-risky category. It is also observed that by including liquidity cri-
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teria, the long-term return performance is enhanced, as shown in Portfolio
A. This indicates that adding the liquidity criteria is crucial for optimizing
portfolio performance over the long term.

The portfolios in this study were constructed using RCGA to solve the
multi-objective model. One characteristic of RCGA is the population ini-
tiation stage, which involves randomly generating chromosomes and their
allele values, leading to different portfolio compositions each time RCGA is
run. This results in inconsistent outcomes, although the fitness values ob-
tained tend to be around the same range. The computational time of RCGA
also depends on the number of chromosomes in the population, the number
of generations, and the complexity of the fitness function. Future research
could explore exact optimization approaches, such as CPLEX suggested by
Mutunge and Haugland [22], Jin, Qu, and Atkin [18], and Zhang [29, 30, 31]
or data envelopment analysis as suggested by Zhou et al. [32, 33], to solve
multi-objective problems and achieve more consistent solutions.
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equations. The convergence analysis and a numerical example are pre-
sented. To evaluate the effectiveness of the proposed computational strat-
egy, we examine the convergence of the series solution over different frac-
tional values and evaluate the behavior of the solution as the time do-
main increases. The efficiency and originality of the FKHHPM are demon-
strated by calculating the absolute error. This work is supported by two-
dimensional and three-dimensional graphical representations made in ac-
cordance with MATLAB.

AMS subject classifications (2020): 35R11, 26A33, 34A45, 74G15.

Keywords: Fractional differential equation; Caputo fractional derivative;
Caputo-Fabrizio fractional derivative; Khalouta transform; Homotopy per-
turbation method.

1 Introduction

Fractional calculus is an important mathematical field in the modeling of
many natural and physical phenomena. Dating back to Leibniz’s letter in
the late 17th century, studies on fractional calculus have been constantly im-
proving with some increase in the number in recent decades. The Riemann–
Liouville, Grünwald–Letnikov, and Caputo fractional derivative definitions
have been widely studied in the literature [20, 24, 26]. More recent definitions,
such as the Atangana–Baleanu fractional derivative and the Caputo–Fabrizio
fractional derivative, are also popular tools in modeling studies. Katugam-
pola, Hilfer, and many other derivatives have been given in the literature
[4, 6, 14, 15] along with conformable fractional derivative, which has become
the basis of conformable calculus [1].

Fractional differential equations have been widely used to describe several
phenomena in physics and help in their solutions, such as fluid mechanics, vis-
coelasticity, electrodynamics, quantum mechanics, rheology, damping laws,
diffusion processes, economy, biology, geophysics, bioengineering, optimal
control, and other areas of science; see [5, 8, 12, 13, 23, 27]. It is very diffi-
cult to obtain exact solutions to real-life problems using fractional differential
equations, and usually complex mathematical techniques are required.
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Recently, many mathematicians and physicists have studied the solu-
tions to fractional differential equations involving different types of fractional
derivatives using various analytical and numerical methods. For example,
Kumawat et al. [21] treated the solutions of fractional differential equations
using both Riemann–Liouville and Caputo fractional derivatives and used
the Khalouta transform method. Alazman et al. [2] employed the Laplace
decomposition technique to obtain the numerical solutions of the SIR model
using the generalized fractional derivative. Yadav et al. [30] applied a precise
and analytical method, namely the Shehu transform decomposition method,
to examine the solutions of multi-dimensional fractional diffusion equations
involving the Caputo–Fabrizio derivative. Dube, Mishraa, and Goswami [9]
introduced the local fractional homotopy perturbation Sumudu transform
method to solve the oxygen diffusion equation with a local fractional deriva-
tive. The author [17] presented two new semi-analytical methods called the
Khalouta homotopy perturbation method and the Khalouta variational it-
eration method to find new approximate analytical solutions of nonlinear
fractional partial differential equations via the Atangana–Baleanu fractional
derivative. Also, the author [18] used a modification of a new general integral
transform to study the properties of solutions of fractional differential equa-
tions containing a Caputo generalized fractional derivative. This method is
called the ρ-Jafari transform method.

The main objective of the present paper is to propose an accurate numer-
ical technique called the fractional Khalouta homotopy perturbation method
(FKHHPM) for solving a special case of fractional differential equations, in
particular, fractional reaction-diffusion-convection equations using Caputo
and Caputo–Fabrizio derivatives of the forms

Dκ
υχ = (Ψ(χ)χϱ)ϱ +Φ(χ)χϱ +Π(χ), (1)

subject to the condition
χ(ϱ, 0) = χ0(ϱ), (2)

where Dκ
υ is the fractional derivative of order 0 < κ ≤ 1 in the Caputo sense.

Moreover,
D(κ)

υ χ = (Ψ(χ)χϱ)ϱ +Φ(χ)χϱ +Π(χ), (3)
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subject to the condition
χ(ϱ, 0) = χ0(ϱ), (4)

where D(κ)
υ is is the fractional derivative of order 0 < κ ≤ 1 in the Caputo–

Fabrizio sense.
In (1) and (3), χ = {χ(ϱ, υ), ϱ ∈ R, υ ≥ 0} is an unknown function, where

ϱ represents the space variable and υ represents the time variable, and the
arbitrary smooth functions Ψ(χ),Φ(χ), and Π(χ) denote the diffusion term,
the convection term, and the reaction term, respectively. The reaction-
diffusion-convection problems is a very useful mathematical model in applied
sciences such as biology modeling, physics, chemistry, astrophysics, hydrol-
ogy, medicine, and engineering [3, 7, 10, 29].

The FKHHPM is used to find an approximate solution to the given equa-
tions. FKHHPM is a mixture of the Khalouta transform and the homo-
topy perturbation method. The Khalouta transform is an analytical method
that provides exact solutions, while the homotopy perturbation is a semi-
analytical method that provides approximate solutions. As a result, cou-
pling these two methods would definitely yield a result extremely similar and
highly convergent to the exact solution of the problem.

The advantages of the FKHHPM using the Khalouta transform lies in
the capability of combining two powerful methods with the need of only
initial conditions for obtaining an exact solution to the fractional reaction-
diffusion-convection equations, and also the method is characterized by its
rapid convergence and easy finding of the unknown coefficients of the se-
ries solution without any perturbation, discretization, and linearization, and
this method is fast, simple, and adaptable to solving fractional differential
equations and others.

The present paper is organized as follows. In section 2, we start by intro-
ducing the basic definitions and properties of fractional calculus and Khalouta
transform. In section 3, we present the methodology of the FKHHPM for
solving the fractional reaction-diffusion-convection equations (1) and (3). In
addition, we establish its convergence analysis, and then provide a numerical
example to demonstrate the effectiveness of the proposed method in section
4. A discussion of the results obtained is given in section 5. Finally, Section
6 contains the conclusions of our work.

Iran. J. Numer. Anal. Optim., Vol. 15, No. 2, 2025, pp 625–644



629 An accurate numerical technique for solving a special case of fractional ...

2 Overview of fractional calculus theory

In this section, we present the necessary definitions of fractional calculus and
new results concerning the theory of the Khalouta transform of fractional
derivatives.

Definition 1. [20] The fractional integral of order κ > 0 in the Riemann–
Liouville sense is expressed as

Iκυχ(υ) =
1

Γ(κ)

∫ υ

0

(υ − ϵ)κ−1
χ(ϵ)dϵ.

Definition 2. [20] The fractional derivative of order κ in the Caputo sense
is expressed as

Dκ
υχ(υ) =


1

Γ(n− κ)
∫ υ

0
(υ − ϵ)n−κ−1

χ(n)(ϵ)dϵ, n− 1 < κ < n,

χ(n)(υ), κ = n.

Definition 3. [20] The Mittag-Leffler function is expressed as

Eκ (υ) =

∞∑
n=0

υn

Γ(nκ+ 1)
, κ > 0. (5)

Definition 4. [6] The fractional derivative of order 0 < κ < 1 in the Caputo–
Fabrizio sense is expressed as

D(κ)
υ χ(υ) =

N(κ)

1− κ

∫ υ

0

χ′(ϵ) exp
(
−κ (υ − ϵ)

1− κ

)
dϵ, (6)

where N(κ) is a normalization function that satisfies N(0) = N(1) = 1 and
χ(υ) ∈ H1(R+).

Definition 5. [6] The fractional derivative of order κ + n with 0 < κ ≤ 1

and n ≥ 1 in the Caputo–Fabrizio sense is expressed as

D(κ+n)
υ χ(υ) = D(κ)

υ (D(n)
υ χ(υ)).

With the hypothesis that N(κ) = 1 in (6), the second definition of Losada
and Nieto reads as follows.

Definition 6. [22] The fractional derivative of order 0 < κ ≤ 1 in the
Caputo-Fabrizio sense is expressed as
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D(κ)
υ χ(υ) =

1

1− κ

∫ υ

0

χ′(ϵ) exp
(
−κ (υ − ϵ)

1− κ

)
dϵ.

Definition 7. [16] The Khalouta transform is defined over the set of func-
tions

S =
{
χ(υ) :there exist K,ϑ1, ϑ2 > 0, |χ(υ)| < K exp (ϑj |υ|) ,

if υ ∈ (−1)j × R+
}
,

by the following integral

KH [χ(υ)] = K(s, γ, η) = s

γη

∫ ∞

0

exp
(
− sυ
γη

)
χ(υ)dυ,

where s, γ, η > 0 are the Khalouta transform variables.

Theorem 1. [16] The basic properties of the Khalouta transform are as
follows.

1) If χ(υ) and ϖ(υ) are defined on the set S, then for all constants a and
b, we have

KH [aχ(υ) + bϖ(υ)] = aKH [χ(υ)] + bKH [ϖ(υ)] .

2) If the nth derivative of χ(υ) is χ(n)(υ), then its Khalouta transform is
given as

KH
[
χ(n)(υ)

]
=

(
s

γη

)n

K(s, γ, η)−
n−1∑
r=0

(
s

γη

)n−r

χ(r)(0), n ≥ 1.

3) If the Khalouta transform of χ(υ) andϖ(υ) are K(s, γ, η) andH(s, γ, η)
respectively, defined on the set S, then

KH [(χ ∗ϖ) (υ)] =

∫ ∞

0

χ(υ)ϖ(υ − ϵ)dϵ = γη

s
K(s, γ, η)H(s, γ, η),

where KH [(χ ∗ϖ) (υ)] is the Khalouta convolution of the functions χ(υ) and
ϖ(υ).

4) The Khalouta transforms of some special functions are as follows.

KH [1] = 1,

KH [υ] =
γη

s
,
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KH
[
υn

n!

]
=
(γη
s

)n
, n = 0, 1, 2, . . . ,

KH
[

υκ

Γ (κ+ 1)

]
=
(γη
s

)κ
, κ > −1,

KH [exp(aυ] = s

s− aγη
, a ∈ R+.

Theorem 2. [19] The Khalouta transform of fractional derivative in the
Caputo sense is expressed as

KH [Dκ
υχ(υ)] =

(
s

γη

)κ

KH [χ(υ)]−
n−1∑
r=0

(
s

γη

)κ−r

χ(r)(0),

where n− 1 < κ ≤ n and n ∈ N∗.

Theorem 3. [19] The Khalouta transform of fractional derivative in the
Caputo–Fabrizio sense is expressed as

KH
[
D(κ+n)

υ χ(υ)
]
=

s

s− κ(s− γη)

((
s

γη

)n

KH [χ(υ)]−
n∑

r=0

(
s

γη

)n−r

χ(r)(0)

)
,

where 0 < κ ≤ 1 and n ≥ 1.

3 FKHHPM and its convergence

In this section, we explain the FKHHPM methodology for the fractional
reaction-diffusion-convection equations (1) and (3) and study its convergence.

Theorem 4. Let the fractional reaction-diffusion-convection equations be of
the form (1) and (3), respectively. According to FKHHPM, the solution to
(1)) and (3) can be expressed as an infinite series as follows:

χ(ϱ, υ) = lim
p→1

∞∑
n=0

pnχn(ϱ, υ) =

∞∑
n=0

χn(ϱ, υ), (7)

where p ∈ [0, 1] is the homotopy parameter.

Proof. To prove this result, we define

M1χ = (Ψ(χ)χϱ)ϱ ,

M2χ = Φ(χ)χϱ,
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M3χ = Π(χ).

Case 1: Equation (1) becomes

Dκ
υχ = M1χ+M2χ+M3χ. (8)

Applying the Khalouta transform on (8) and using Theorem 2, we get

KH [χ] = χ0(ϱ) +
(γη
s

)κ
KH [M1χ+M2χ+M3χ] . (9)

Operating with the inverse Khalouta transform on (9), we have

χ = χ0(ϱ) +KH−1
[(γη

s

)κ
KH [M1χ+M2χ+M3χ]

]
. (10)

Using the homotopy perturbation method (HPM) [11], we assume that
the solution can be written as a power series of p as follows:

χ(ϱ, υ) =

∞∑
n=0

pnχn(ϱ, υ), (11)

where p ∈ [0, 1].
The decomposition of the nonlinear terms is as follows:

M1χ =

∞∑
n=0

pnHn(χ),

M2χ =

∞∑
n=0

pnKn(χ), (12)

M3χ =

∞∑
n=0

pnJn(χ),

where Hn(χ),Kn(χ) and Jn(χ) are He’s polynomials [25], of χ0, χ1, . . . , χn

and by using the following formulas they are computed:

Hn(χ0, χ1, . . . , χn) =
1

n!

∂n

∂pn

[
M1

( ∞∑
i=0

piχi

)]
p=0

,

Kn(χ0, χ1, . . . , χn) =
1

n!

∂n

∂pn

[
M2

( ∞∑
i=0

piχi

)]
p=0

, (13)

Jn(χ0, χ1, . . . , χn) =
1

n!

∂n

∂pn

[
M3

( ∞∑
i=0

piχi

)]
p=0

.
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Perform replacements of (11) and (12) in (10), we have

∞∑
n=0

pnχn(ϱ, υ) = χ0(ϱ) +KH−1


(γη
s

)κ
KH


∞∑

n=0
pnHn(χ)

+
∞∑

n=0
pnKn(χ)

+
∞∑

n=0
pnJn(χ)



 . (14)

Using the coefficient of similar powers of p in (14), we have

p0 : χ0(ϱ, υ) = χ0(ϱ),

p1 : χ1(ϱ, υ) = KH−1
[(γη

s

)κ
KH [H0(χ) + K0(χ) + J0(χ)]

]
,

p2 : χ2(ϱ, υ) = KH−1
[(γη

s

)κ
KH [H1(χ) + K1(χ) + J1(χ)]

]
,

p3 : χ3(ϱ, υ) = KH−1
[(γη

s

)κ
KH [H2(χ) + K2(χ) + J2(χ)]

]
,

...

Therefore, the series solution to (8) is found as p→ 1

χ(ϱ, υ) =

∞∑
n=0

χn(ϱ, υ).

Case 2: Equation (3) becomes

D(κ)
υ χ = M1χ+M2χ+M3χ. (15)

Applying the Khalouta transform on (15) and using Theorem 3, we get

KH [χ] = χ0(ϱ) +
s− α (s− γη)

s
KH [M1χ+M2χ+M3χ] . (16)

Operating with the inverse Khalouta transform on (16), we have

χ = χ0(ϱ) +KH−1

[
s− α (s− γη)

s
KH [M1χ+M2χ+M3χ]

]
. (17)

Using the HPM [11], we assume that the solution can be written as a
power series of p as follows:

χ(ϱ, υ) =

∞∑
n=0

pnχn(ϱ, υ),
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and by using the formulas (13), the decomposition of the nonlinear terms are
computed.

Perform replacements of equations (11) and (12) in (17), we have

∞∑
n=0

pnχn(ϱ, υ) = χ0(ϱ) +KH−1


s− α (s− γη)

s
KH


∞∑

n=0
pnHn(χ)

+
∞∑

n=0
pnKn(χ)

+
∞∑

n=0
pnJn(χ)



 .
(18)

Using the coefficient of similar powers of p in (18), we have

p0 : χ0(ϱ, υ) = χ0(ϱ),

p1 : χ1(ϱ, υ) = KH−1

[
s− α (s− γη)

s
KH [H0(χ) + K0(χ) + J0(χ)]

]
,

p2 : χ2(ϱ, υ) = KH−1

[
s− α (s− γη)

s
KH [H1(χ) + K1(χ) + J1(χ)]

]
,

p3 : χ3(ϱ, υ) = KH−1

[
s− α (s− γη)

s
KH [H2(χ) + K2(χ) + J2(χ)]

]
,

...

Therefore, the series solution of (15) is found as p→ 1

χ(ϱ, υ) =

∞∑
n=0

χn(ϱ, υ).

Theorem 5. Let B be a Banach space. Then the FKHHPM solution is
convergent if χ0 ∈ B is bounded and

‖χn‖ ≤ ε ‖χn−1‖ , for all n ∈ N∗,

where 0 < ε < 1.

Proof. Let {Sn}n≥0 be the sequence as partial sum of (7) as

Sn(ϱ, υ) = χ0(ϱ, υ) + χ1(ϱ, υ) + χ2(ϱ, υ) + · · ·+ χn(ϱ, υ).
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To obtain the desired result, we must establish that {Sn}n≥0 forms a
Cauchy sequence in the Banach space B. Furthermore, let

‖Sn+1 −Sn‖ ≤ ‖χn+1‖ ≤ ε ‖χn‖ ≤ ε2 ‖χn−1‖ ≤ · · · ≤ εn+1 ‖χ0‖ .

For all n,m ∈ N, with n ≥ m, we have

‖Sn −Sm‖ = ‖Sm+1 −Sm +Sm+2 −Sm+1 + · · ·+Sn −Sn−1‖

≤ ‖Sm+1 −Sm‖+ ‖Sm+2 −Sm+1‖+ · · ·+ ‖Sn −Sn−1‖

≤ εm+1 ‖χ0‖+ εm+2 ‖χ0‖+ · · ·+ εn ‖χ0‖

= γm+1
(
1 + ε+ · · ·+ εn−m−1

)
‖χ0‖

≤ εm+1

(
1− εn−m

1− ε

)
‖χ0‖ .

Since 0 < ε < 1, we have 1− εn−m < 1; then

‖Sn −Sm‖ ≤
εm+1

1− ε
‖χ0‖ .

Since χ0 is bounded, then ‖χ0‖ <∞, which means

lim
n−→∞

‖Sn −Sm‖ = 0,

for any finite value of m.
Consequently, {Sn}n≥0 is a Cauchy sequence in B. It follows that the

series solution of (1) and (3) as (7) is convergent.

Theorem 6. Suppose that
m∑

k=0

χk(ϱ, υ) <∞ and that χ(ϱ, υ) is its truncated

solution. Then the maximum absolute error is presented as∥∥∥∥∥χ(ϱ, υ)−
m∑

k=0

χk(ϱ, υ)

∥∥∥∥∥ ≤ εm+1

1− ε
‖χ0(ϱ, υ)‖ .

Proof. From Theorem 5, we have

‖Sn −Sm‖ ≤
εm+1

1− ε
‖χ0(ϱ, υ)‖ . (19)

Indeed Sn =
n∑

k=0

χk(ϱ, υ) and considering n → ∞, then Sn → χ(ϱ, υ);

therefore (19) becomes
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‖χ(ϱ, υ)−Sm‖ =

∥∥∥∥∥χ(ϱ, υ)−
m∑

k=0

χk(ϱ, υ)

∥∥∥∥∥ ≤ εm+1

1− ε
‖χ0(ϱ, υ)‖ .

4 Numerical application

Consider the fractional reaction-diffusion-convection equation under Caputo
fractional derivative

Dκ
υχ = (χχϱ)ϱ + 3χχϱ + 2

(
χ− χ2

)
, 0 < κ ≤ 1, (20)

subject to the condition

χ(ϱ, 0) = 2
√
eϱ − e−4ϱ. (21)

Here χ =
{
χ(ϱ, υ) : (ϱ, υ) ∈ R+×R+

}
.

Using the methodology of the FKHHPM presented in Section 3, we get
the following result:

p0 : χ0(ϱ, υ) = 2
√
eϱ − e−4ϱ,

p1 : χ1(ϱ, υ) =
4υκ

Γ(κ+ 1)

√
eϱ − e−4ϱ,

p2 : χ2(ϱ, υ) =
8υ2κ

Γ(2κ+ 1)

√
eϱ − e−4ϱ,

p3 : χ3(ϱ, υ) =
16υ3κ

Γ(3κ+ 1)

√
eϱ − e−4ϱ,

...

Therefore, the series solution to (20) and (21) is

χ(ϱ, υ) = lim
p→1

∞∑
n=0

pnχn(ϱ, υ) =

∞∑
n=0

χn(ϱ, υ)

= χ0(ϱ, υ) + χ1(ϱ, υ) + χ2(ϱ, υ) + χ3(ϱ, υ) + · · ·

= 2
√
eϱ − e−4ϱ

(
1 +

2υκ

Γ(κ+ 1)
+

22υ2κ

Γ(2κ+ 1)
+

23υ3κ

Γ(3κ+ 1)
+ · · ·

)
= 2
√
eϱ − e−4ϱ

∞∑
n=0

(2υκ)
n

Γ(nκ+ 1)
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= 2
√
ex − e−4xEα (2υκ) ,

where Eα (2υκ) is the Mittag-Leffler function defined by (5).

At κ −→ 1, the exact solution obtained is

χ(ϱ, υ) = 2e2υ
√
eϱ − e−4ϱ.

which is the same result, when we use the homotopy analysis method (HAM)
[28].

Now, we consider the fractional reaction-diffusion-convection equation un-
der Caputo–Fabrizio fractional derivative

D(κ)
υ χ = (χχϱ)ϱ + 3χχϱ + 2

(
χ− χ2

)
, 0 < κ ≤ 1, (22)

subject to the condition

χ(ϱ, 0) = 2
√
eϱ − e−4ϱ. (23)

Here χ =
{
χ(ϱ, υ) : (ϱ, υ) ∈ R+×R+

}
.

Using the methodology of the FKHHPM presented in Section 3, we get
the following result:

p0 : χ0(ϱ, υ) = 2
√
eϱ − e−4ϱ,

p1 : χ1(ϱ, υ) = 4 (1− κ+ κυ)
√
eϱ − e−4ϱ,

p2 : χ2(ϱ, υ) = 8

(
(1− κ)2 + 2κ(1− κ)υ + κ2

υ2

2!

)√
eϱ − e−4ϱ,

p3 : χ3(ϱ, υ) = 16

(
(1− κ)3 + 3κ(1− κ)2υ + 3κ2(1− κ)υ

2

2!
+ κ3

υ3

3!

)√
eϱ − e−4ϱ,

...

Therefore, the approximate series solution to equations (22) and (23) is

χ(ϱ, υ) = lim
p→1

∞∑
n=0

pnχn(ϱ, υ) =

∞∑
n=0

χn(ϱ, υ)

= χ0(ϱ, υ) + χ1(ϱ, υ) + χ2(ϱ, υ) + χ3(ϱ, υ) + · · · .

At κ −→ 1, the exact solution obtained is
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χ(ϱ, υ) = 2
√
eϱ − e−4ϱ

(
1 + 2υ +

(2υ)
2

2!
+

(3υ)
3

3!
+ · · ·

)
= 2e2υ

√
eϱ − e−4ϱ.

which is the same result when we use the HAM [28].

5 Results and discussion

In this section, we examine the figures and tables. The results are calculated
graphically and numerically using MATLAB R2016a to demonstrate the ap-
proximate analytical solution compared to the exact solution. The simula-
tion results reveal that the results obtained by the proposed method closely
approximate the exact solution to (20) and (22). Figure 1 represents the
surface graph of the 4-term approximate solutions by Caputo-FKHHPM at
κ = 0.8, 0.9, 1 and the exact solution for (20). Figure 2 represents the surface
graph of the 4-term approximate solutions by Caputo–Fabrizio-FKHHPM at
κ = 0.8, 0.9, 1 and the exact solution for (22). Figure 3 represents the behav-
ior of the 4-approximate solutions at ϱ = 1 for different values of κ and the
exact solution for equations (20) and (22), respectively. According to these
figures, we can say that when the order of the fractional derivative tends
to 1, the approximate solutions obtained by FKHHPM tend continuously to
the exact solutions. Tables 1 and 2 show the numerical values of the 4-term
approximate solutions and the exact solution for different values of κ and υ
at ϱ = 0.1 for equations (20) and (22), respectively. From the above, numer-
ical results confirm that the approximate solutions are in good agreement
with exact solutions at κ = 1 for (20) and (22), respectively, and the high
precision of the proposed method. Also, it is to be noted that the accuracy
can be improved by computing more terms of approximated solutions. In
addition, it can be observed that an increase in υ does not significantly affect
the accuracy of FKHHPM and that our method still approximates the exact
solution sufficiently due to the fractional parameter.
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Figure 1: Surface graphs of the Caputo-FKHHPM solution and exact solution for (20).

Table 1: The values of the exact and numerical solutions of (20) for different values of
κ and υ at ϱ = 0.1

υ κ = 0.7 κ = 0.8 κ = 0.9 κ = 1 χexact |χexact − χFKHHPM−C |
0.01 1.4415 1.3924 1.3631 1.3455 1.3455 8.8277× 10−9

0.03 1.6026 1.5045 1.4416 1.4004 1.4004 7.2082× 10−7

0.05 1.7484 1.6099 1.5190 1.4576 1.4576 5.6070× 10−6

0.07 1.8908 1.7147 1.5975 1.5170 1.5171 2.1716× 10−5

0.09 2.0334 1.8207 1.6780 1.5789 1.5790 5.9828× 10−5

6 Conclusion

In this study, we proposed a novel combination process known as the
FKHHPM to solve the fractional reaction-diffusion-convection equations with
Caputo and Caputo–Fabrizio fractional derivatives. A numerical application
is solved to illustrate that the current method is efficient, accurate, and con-
verges rapidly to the exact solution. Therefore, we can say that the proposed
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Figure 2: Surface graphs of the Caputo–Fabrizio-FKHHPM solution and exact solution
for (22).
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Figure 3: 2D plots of the numerical and exact solutions for (20) and (22) for different
values of κ at ϱ = 1.
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Table 2: The values of the exact and numerical solutions of (22) for different values of
κ and υ at ϱ = 0.1

υ κ = 0.7 κ = 0.8 κ = 0.9 κ = 1 χexact |χexact − χFKHHPM−CF |
0.01 2.9308 2.1903 1.6824 1.3455 1.3455 8.8277× 10−9

0.03 3.0548 2.2895 1.7573 1.4004 1.4004 7.2082× 10−7

0.05 3.1818 2.4971 1.8351 1.4576 1.4576 5.6070× 10−6

0.07 3.3117 2.5510 1.9157 1.5170 1.5171 2.1716× 10−5

0.09 3.4447 2.6056 1.9993 1.5789 1.5790 5.9828× 10−5

method is a reliable and robust method for solving fractional differential
equations, which has wide applications in natural sciences and engineering.
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Abstract

The article discusses the general Sturm–Liouville problem. To solve it
numerically, a new algorithm is proposed, which is based on the varia-
tional principle and does not use saturation. The problem of constructing
numerical methods for solving eigenvalue problems can be divided into
two stages. First, we need to reduce the infinite-dimensional problem into
a finite-dimensional one, and then find a method for solving this finite-
dimensional algebraic eigenvalue problem. In this paper, we only consider
the first stage, and solve the resulting algebraic problem using the QR al-
gorithm. A comparison with the results of other authors is also carried
out. Methodical calculations confirm the correctness of the new approach.
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1 Introduction

There are a number of competing methods for the numerical solution of
the eigenvalue problem. These are, first of all, projection methods: the Ritz
method, the Bubnov–Galerkin method, and so on. We know quite a lot about
the accuracy provided by these methods. For example, the approximations
for the eigenvalues of self-adjoint problems given by the Ritz method lie on
top of the exact values. A number of convergence results are known, and
in some special cases, error estimates of projection methods are obtained
[10]. Along with projection methods, difference methods have also become
widespread [9]. However, when designing these numerical methods, a number
of important circumstances are not taken into account, which significantly
reduces their effectiveness. Usually, when solving an eigenvalue problem,
we have colossal a priori information. Most often, the solutions sought are
infinitely differentiable or even analytical. Therefore, they are elements of
functional compacts, quite simply arranged. As a rule, the asymptotics of
their diameters are well known for such compacts. On the other hand, any
projection method is based on the choice of a certain set of finite-dimensional
subspaces and thereby some way of approximating the desired solution (and
this method, as a rule, is not consistent with the optimal methods mentioned
above). This naturally leads to the fact that the numerical algorithm based
on such a projection method is far from optimal in its properties. At the same
time, by basing the numerical algorithm on a rational way of approximating
the desired element, we obtain an algorithm close to the optimal one. This
approach will be developed below, and it is based on the ideas of the work [4].
The different methods have significant disadvantages [4] and, in particular,
the fact that they are methods with saturation (quite a lot of works have been
devoted to the accuracy of these methods, and of them we will point only to
[9, 5]). Therefore, the difference method of solving the eigenvalue problem
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again ignores a priori information about the smoothness of the solution, and
taking into account the loss of smoothness inherent in difference methods,
we obtain algorithms that are far from optimal. The problem of constructing
numerical methods for solving the eigenvalue problem is divided into two.
First of all, you need to reduce an infinite-dimensional problem to a finite-
dimensional problem, and then specify a method for solving the resulting
algebraic eigenvalue problem. In this paper, only the first stage is considered,
and the resulting algebraic problem is solved by the QR method.

Abstract theorems on error estimation in eigenvalue problems are pub-
lished in [2, 7]. Note that in [7] only compact operators are considered, and
in [2] arbitrary closed operators are considered.

A special case of the Sturm–Liouville problem was considered earlier in
[3].

2 Problem statement and variational principle

Consider the eigenvalue problem (Sturm–Liouville problems):

− d

dx

(
p(x)

du

dx

)
+ r(x)u(x)− λρ(x)u(x) = 0, a ≤ x ≤ b, (1)

αu′(a)− βu(a) = 0, γu′(b) + δu(b) = 0, (2)

with α > 0, γ > 0, β ≥ 0, δ ≥ 0, and at least one of the coefficients β and
δ is different from zero, p(x) ≥ 0, r(x) ≥ 0, A =

∫ b

a
dx
p(x) < ∞, ρ0 ≤ ρ(x) ≤

ρ1, ρ0, ρ1 > 0. Then the problem (1)–(2) has a discrete spectrum [8].
Variational principle. Denote Au = − d

dx

(
p(x)dudx

)
+ r(x)u(x).

Differential operator is defined on functions satisfying boundary condi-
tions (2). Then

|u|2 = (Au, u) =

∫ b

a

(pu′2 + ru2)dx+
β

α
p(a)u2(a) +

δ

γ
p(b)u2(b) ≡ J(u).

Let ū = u+ εη(x). Then

J(ū) =

∫ b

a

(p(u′ + εη′)2 + r(u+ εη)2)dx
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+
β

α
p(a)(u(a) + εη(a))2 +

δ

γ
p(b)(u(b) + εη(b))2

≡Φ(ε).

Moreover,

Φ′(0) =

∫ b

a

(p(x)u′(x)(u′ + η′) + ru(u+ η))dx+
β

α
p(a)u(a)(u(a) + η(a))

+
δ

γ
p(b)u(b)(u(b) + η(b))

=

∫ b

a

p(x)(u′(x))2dx+

∫ b

a

pu′η′dx+

∫ b

a

ru2dx

+

∫ b

a

ruηdx+
β

α
p(a)u(a)(u(a) + η(a)) +

δ

γ
p(b)u(b)(u(b) + η(b)).

Note that ∫ b

a

pu′η′dx =

∫ b

a

pu′dη = pu′η|ba −
∫ b

a

(pu′)′ηdx,∫ b

a

pu′2dx =

∫ b

a

pu′du = pu′u|ba −
∫ b

a

(pu′)′udx,∫ b

a

[−(pu′)′ + ru]udx = 0.

By virtue of the equation, it remains without η:

pu′u|ba +
β

α
p(a)u2(a) +

δ

γ
p(b)u2(b)

= p(u′(b) +
δ

γ
u(b))u(b) + p(−u′(a) + β

α
u(a))u(a) = 0.

Due to the boundary conditions, it remains with η:∫ b

a

η[−(pu′)′ + ru]dx+ p(b)[u′(b) +
δ

γ
u(b)]η(b) + p(a)[−u′(a) + β

α
u(a)]η(a) = 0.

Because the function η is arbitrary, then we get from the condition
J(u)→ min, equations and boundary conditions (1)–(2).

3 Interpolation formula

Let u = u(y), y ∈ [a, b], and replacement y = b−2
2 x+ a+b

2 , x ∈ [−1,+1].
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The interpolation formula by x reads as follows:

Pn+2(x;u) =

n+1∑
j=0

(x2 − 1)Tn(x)

[. . .]′x=xj (x− xj)
uj , uj = u(yj),

ua =u(a), ub = u(b).

yj =
b− 2

2
xj +

a+ b

2
, xj = cos θj , θj =

2j − 1

2n
π,

x0 =− 1, xn+1 = +1, Tn(x) = cos(n arccosx).

From here we get that because
[. . .]

′

x=xj = 2xTn(x) + (x2 − 1)T ′
n(x)

∣∣
x=xj

= (x2j − 1)T ′
n(xj), then

Tn(x)

T ′
n(xj)(x− xj)

=

n−1∑
k=0

′
a
(n)
k Tk(x), a

(n)
k =

2

n
Tk(xj) =

2

n
cos kθj .

where symbol “′” of the sign of the sum indicates that the summand for k = 0

is taken with the coefficient 1
2 .

Quadrature formula. Let us define the coefficients of the quadrature
formula of the integral. They are the sum of the weights on the function
values in the nodes as follows:∫ b

a

f(y)dy (y =
b− a
2

x+
a+ b

2
, dy =

b− a
2

dx)

=
b− a
3

∫ +1

−1

f(x)dx

=
b− a
2
− ua

2Tn(−1)
Ian +− ub

2Tn(1)
Ibn +

∫ +1

−1

(. . .)dx,

Tn(1) =1, Tn(−1) = (−1)n.

Here Tn+1(x) = 2xTn(x)− Tn−1(x) which implies

∫ +1

−1

Tk(x)dx =
(−1) + (−1)k+1

k2 − 1
=

 0, k-odd,
−2

k2−1 , k -even,

Ian =

∫ +1

−1

(x− 1)Tn(x)dx =


2

n2−1 , k-even,
−2

n2−4 , k -odd,
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Ibn =

∫ +1

−1

(x+ 1)Tn(x)dx =


−2

n2−1 , k-even,
1

n2−4 , k -odd,

Ik =

∫ +1

−1

(x2 − 1)Tk(x)dx =


1

k2−1 −
1
2{

1
(k+1)(k+3) +

1
(k−1)(k−3)}, k-even,

0, k -odd,

ca =
b− a
2
{ (−1)

n+1

2
Ian},

cb =
b− a
2
{1
2
Ibn},

cj =
b− a
2
{−2
n

n−1∑
k=0(2)

cos kθj
sin2 θj

Ik},

I0 = −4

3
,

∫ b

a

f(y)dy =
b− a
2

∫ +1

−1

f

(
b− a
2

x+
a+ b

2

)
dx

=cafa + cbfb +

n∑
j=1

cjfj , fj = cos θj , j = 1, 2, . . . , n.

Numerical differentiation. Let us differentiate the interpolation for-
mula by x as follows:

Pn+2(x, u) =
1

2
(x+ 1)Tn(x)ub −

(−1)n

2
(x− 1)Tn(x)ua

+
2

n

n∑
j=1

1− x2

sin2 θj
{
n−1∑
k=0

cos kθjTk(x)}uj ,

f(y) = f{b− a
2

x+
a+ b

2
}f ′x = f ′y

b− a
2
⇒ f ′y =

2

b− a
f ′x,

P
′

n+2(x, u) =
ub
2
{(x+ 1)Tn

′
(x) + Tn(x)} −

(−1)n

2
{(x− 1)Tn(x) + Tn(x)}ua

+
2

n

n∑
j=1

{ −1
sin2 θj

{
n−1∑
k=0

{2xTk(x) + (x2 − 1)T ′
k(x)} cos kθj}uj ,
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Let x = ±1, or let x = cos θi, i = 1, 2, . . . , n. Then

P ′
n+2(−1, u) =

ub
2
(−1)n − 1 + 2n2

2
ua

+
2

n

n∑
j=1

{ 1

sin2 θj
{
n−1∑
k=0

{2(−1)k} cos kθj}}huj ,

P ′
n+2(+1, u) =

1 + 2n2

2
ub −

(−1)n

2
ua

+
2

n

n∑
j=1

{ −1
sin2 θj

{
n−1∑
k=0

2 cos kθj}}uj ,

P ′
n+2(xi, u) =

ub
2
{n(xi + 1)

sinnθi
sin θi

} − (−1)n

2
{n(xi − 1)

sinnθi
sin θi

}ua

+
2

n

n∑
j=1

{ −1
sin2 θj

{
n−1∑
k=0

{2xi cos kθi − k sin θi sin kθi} cos kθj})}uj .

4 Discretization

The problem of discretizing a quadratic functional can be reduced to the
problem of finding the minimum of a quadratic function as follows:∫ b

a

(pu′2 + ru2)dx+
β

α
p(a)u2(a) +

δ

γ
p(b)u2(b) ≡ J(u)→ min .

Calculating the integral by the quadrature formula, we reduce the problem
of the minimum of the quadratic functional to the problem of the minimum
of the quadratic form:

J(u)→ J(ub, u1, u2, . . . , un, ua),

∂J(ub, u1, u2, . . . , un, ua)

∂ul
= 0, l = b, 1, 2, . . . , n, a.

Calculation results. The calculations use Q = 0, N2 = 1026. Then the
calculations give λ0 = −0.878; k = 1, λ1 = 1.000002; k = 72, λ72 =

5184.001.
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Table 1: p = 1, q = 20 cos 2y + 100 sin2 2y , u′(0) = 0, u′(π) = 0

i λi λi λi λi

N2 34 64 134 [6]
1 2.0 ∗ 10−5 5.2 ∗ 10−8 5.1 ∗ 10−8 0.0000000
2 37.7733909214894 37.8059004212607 37.8059002738378 37.7596285
3 41.3283618161036 45.6727315410478 46.6101985290947 37.8059002
4 69.8880664248824 69.8212185270856 69.8010881122681 37.8525995
5 70.7581077855011 70.6037307664520 70.5599120331492 70.5475097
6 71.5270508988527 71.4361363622447 71.4119790617174 92.6538177
7 96.2500910443853 96.2105986913062 96.2068706709564 96.2058159
8 110.785329891999 110.714479891137 110.695004912174 102.254347

Table 2: p = 1, q = exp(y), u′(0) = 0, u′(π) = 0

i λi λi λi λi

N2 34 66 1026 [6]
1 4.9013 4.8978 4.8966739510209 4.89571
2 5.1951 5.2204 5.22886153287197 -
3 10.053 10.047 10.0451980276767 9.99955
4 16.033 16.022 16.0192812195823 15.4685
5 23.292 23.292 23.2662960864049 21.0371
6 32.306 32.274 32.2637489027225 28.1893
7 43.284 43.236 43.2200825906882 37.7907
8 56.271 56.204 56.1816819519642 49.6137
9 71.272 71.182 71.1531142297211 63.5205
10 88.285 88.170 88.1322684247181 79.4646
11 107.30 107.16 107.116861697407 97.4279
12 128.33 128.16 128.105246952299 117.402
13 151.37 151.16 151.096313344083 139.384
14 176.41 176.17 176.089314130927 163.370
15 203.46 203.17 203.083739890564 189.359
16 232.51 232.18 232.079236175438 217.351
17 263.65 263.19 263.075551299445 247.344
18 296.87 296.21 296.072503036626 279.338
19 334.82 331.22 331.069957054295 313.334
20 373.85 368.24 368.067812678323 349.330
21 437.56 407.26 407.065993320228 387.326
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653 Numerical study of the Sturm–Liouville problem

Table 3: p = 1, q =
e cos(2πy)

1+e cos(2πy)
, u′(0) = 0, u′ = 0

N2 34 64 [1]
e = 0.1 9.83337323117731 9.81926933696682 λs1 = 9.81382

e = 0.2 9.76485503817489 9.75081106707683 λs1 = 9.74579

5 Discussion of the results

Methodical calculations at q = 0 demonstrate the correctness of the method-
ology. Comparison with the results of [1] (see Table 3) confirms its correct-
ness. However a comparison with the results of [6] demonstrates a discrep-
ancy. In Table 2, in the cited work, the second eigenvalue is omitted. The
remaining eigenvalues match satisfactorily only for small numbers of eigen-
values. In Table 1, only individual eigenvalues match satisfactorily.
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based on using shifted Chebyshev polynomials of the third-kind as basis
functions and the spectral collocation method as a solver. We study the
error analysis of the method in-depth, and we exhibit some numerical test
problems to check the applicability of the method. Also, we compare it
with other existing techniques to show the superiority of our proposed
numerical scheme. Our results show that the method employed provides
a useful tool to simulate the solution of the NFDE. The main advantages
of the proposed method are that it does not require a huge number of
retained modes, simply a few terms, and does not exhaust the machine
used to render the codes.

AMS subject classifications (2020): 80M22, 33D50, 40A05, 34A08.

Keywords: Chebyshev polynomials; Spectral methods; Nonlinear fractional-
order Duffing equation; Convergence analysis.

1 Introduction

Within the fields of mathematics, physics, and engineering, joint efforts have
produced a new instrument for characterizing difficult problems: the area of
fractional calculus. This field of study allows scientists to accurately han-
dle real-world issues in a variety of domains. Fractional-order differential
equations can characterize application issues in physics, biology, mechanics,
medicine, astronomy, engineering, and chemistry. Due to the importance of
finding solutions to these equations, a number of numerical techniques have
been used, including the Laplace transform approach, Chebyshev colloca-
tion, domain decomposition technique, differential transformation technique,
spectral Legendre method, Tau procedure, variational iteration method, and
the wavelet method, which are all numerical techniques used in solving dif-
ferential equations and related problems. When it comes to breaking down
fractional-order problems into systems of algebraic equations, the spectral
Tau technique and the operational matrix (OM) method stand out for their
simplicity, speed of convergence, and computational ease. Selecting appropri-
ate basis functions is essential in order to use spectral approaches to achieve
approximate solutions. Because of their useful features and trigonometric

Iran. J. Numer. Anal. Optim., Vol. 15, No. 2, 2025, pp 655–675



657 Explicit collocation algorithm for the nonlinear fractional Duffing equation ...

representation, the Chebyshev polynomials of the first kind are one class of
functions that have shown to be efficient in this respect. Those who are inter-
ested in learning more about Chebyshev polynomials might consult [12]. It
is known that Chebyshev polynomials have been used more often in spectral
techniques to solve different kinds of differential problems; recent works like
[2, 5, 23, 14, 20] attest to this.

A specific class of problems in nonlinear dynamics is the one-dimensional
Duffing equation, capturing the behavior of a simple oscillator with cubic
nonlinearity. In the context of fractional calculus, the nonlinear fractional-
order Duffing equation (NFDE) takes the form:

Dµ
t χ(t) + aDβ

t χ(t) + b χ(t) + c χ2(t) + dχ5(t) + e χ7(t) = f(t), (1)

subject to the simple initial conditions χ(0) = χ0, χ′(0) = χ1, where µ is
in the range (1, 2] and β in the range (0, 1].

Spectral techniques have expanded to solve fractional-order differential
equations in recent years [9, 10, 13, 27, 30, 31, 4, 3, 1], providing a nuanced
description of physical phenomena through non-integer derivatives. The in-
herent characteristics of Chebyshev polynomials provide spectral approaches
for such equations, improving numerical efficiency and enabling the reliable
approximation of fractional derivatives. Spectral collocation is one of these
techniques that stands out for its excellent accuracy and convergence. A
very accurate and convergent computational approach for solving nonlinear
Volterra integrodifferential equations of high order was presented by the au-
thors in [24]. The spectral collocation approach was used by Thirumalai et
al. [21] to solve nonlinear high-order pantograph equations.

As a fundamental spectral approach for solving partial differential equa-
tions (PDEs), the Galerkin method is emphasized in [26, 28, 32]. With this
approach, the unknown function is expressed as a PDE using a series expan-
sion, and the derivatives of the PDE are then approximated by using the
collocation technique [29]. When working with linear or nonlinear PDEs,
particularly those that have beginning or boundary conditions, this kind of
method is quite helpful.

The NFDE, a well-established nonlinear equation, serves as a potent tool
for addressing significant practical phenomena in applied science [19]. This
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equation gained prominence in the mid-twentieth century, particularly in the
study of electronics [18]. Functioning as the simplest oscillator, it exhibits
catastrophic increases in amplitude and phase when the frequency of the
forcing term varies gradually. The Duffing equation finds wide application
in diverse areas, including brain modeling [33], passive islanding detection
in inverter-based distributed generation units using Duffing oscillators [22],
propagation of electromagnetic pulses in nonlinear media, radar systems,
digital communication [7], nonlinear electrical circuits [17], and other fields.
Numerous attempts have been made to numerically solve the Duffing equation
[15, 11].

The suggested approach presents a novel use of shifted Chebyshev poly-
nomials of the third-kind (SCP3K) in collocation methods, providing an ac-
curate, efficient and fast numerical scheme for spectrally solving the NFDE.
It addresses important difficulties in computational complexity and stability,
employing few computer resources and greatly improving solution accuracy
when compared to existing approaches. To the best of our knowledge, the
main contribution and novelty of this paper can be listed in the following
points:

• A new theoretical background to the SCP3K is presented.

• Establishing a new OM of fractional derivatives for SCP3K. This matrix
is considered an important tool for treating NFDE.

• The study of the error bound is new.

The advantages of the presented approach are as follows:

• By choosing SCP3K as basis functions, a few terms of the retained
modes make it possible to produce approximations with excellent pre-
cision.

• Less calculation is required to obtain the desired approximate solution.

The following is how this job is organized: In Section 2, the definitions
and mathematical equations of SCP3K are presented; OM of fractional or-
der is constructed using SCP3K along with a brief introduction to the tools
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of fractional calculus. The problem formulation and the proposed numeri-
cal solution utilizing derived OM are given in Section 3. For the proposed
Chebyshev expansion, Section 4 provides error estimation in L∞ space. Test
cases in Section 5 illustrate the precision and effectiveness of the suggested
approach. In conclusion, Section 6 provides some final thoughts.

2 Preliminaries and essential relations

2.1 The fractional derivative in the Caputo sense

Definition 1. [16] The Caputo fractional derivative of order s is defined as

Dsu(t) =
1

Γ(m− s)
d

dt

∫ t

0

(t− y)m−s−1u(m)(y) dy, s > 0, t > 0, (2)

where m− 1 ⩽ s < m, m ∈ N.

The following properties are satisfied by the operator Ds for
m− 1 ⩽ s < m, m ∈ N,

Dsc = 0, (cis a constant) (3)

Ds tr =

 0, if r ∈ N0 and r < dse,
r!

Γ(r−s+1) t
r−s, if r ∈ N0 and r ≥ dse,

(4)

where N = {1, 2, 3, . . .}, N0 = {0} ∪ N, and the notation dse denotes the
ceiling function.

2.2 A account on the SCP3K

The SCP3K VS,ℓ(t) are special ones of the Jacobi polynomials that can be
defined as [25]

VS,ℓ(t) =
22 ℓ(
2 ℓ
ℓ

) P (− 1
2 ,

1
2 )

ℓ (2 t− 1). (5)

The orthogonality relation of VS,ℓ(t) is given by
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0

VS,ℓ(t)VS,j(t)ω(t)dt =
π

2
δℓ,j , (6)

where ω(t) =
(

t
1−t

) 1
2 and δℓ,j is the Kronecker delta.

The analytic representation of VS,ℓ(t) can be represented as

VS,m(t) =

m∑
ℓ=0

(−1)ℓ (2m+ 1) 22m−2 ℓ(−ℓ+ 2m)!

ℓ! (−2 ℓ+ 2m+ 1)!
tm−ℓ, (7)

or
VS,m(t) =

m∑
ℓ=0

22 ℓ (2m+ 1) (−1)m−ℓ (ℓ+m)!

(2 ℓ+ 1)! (−ℓ+m)!
tℓ. (8)

Moreover, the inversion formula of VS,ℓ(t) is

tr =
Γ(2 r + 2)

22 r

r∑
ℓ=0

1

(−ℓ+ r)! (ℓ+ r + 1)!
VS,ℓ(t). (9)

Theorem 1. For 0 < β < 1, we have

DβVS,ℓ(t) = AV , (10)

where
V = [VS,0(t),VS,1(t), . . . ,VS,M (t)]T . Also, A = (Aℓ,k) is an OM of ordinary
derivatives of dimension (M + 1) × (M + 1), and the entries of this matrix
can be written in the form

Aℓ,k =

k∑
n=1

4n (2 ℓ+ 1) (2 k + 1)(−1)−n+ℓ+k (n+ k)! Γ(n+ 1)Γ
(
n− β + 3

2

)
Γ(2n+ 2)Γ(1− n+ k) Γ (n− β + 1)

× 3F̃2

(
−ℓ, ℓ+ 1,−β + n+ 3

2
3
2 ,−β + n+ 2

∣∣∣∣∣ 1
)
. (11)

Proof. Using Definition 1 jointly with the analytic power form of VS,n(t), we
have

DβVS,κ(t) =
κ∑

n=1

4n (2κ+ 1) (−1)κ−n (κ+ n)! Γ(n+ 1))

(2n+ 1)! (−n+ κ)! Γ (n− β + 1)
tn−β . (12)

Now, tn−β can be approximated as

tn−β =

M∑
ℓ=0

cℓ VS,ℓ(t), (13)
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where
cℓ =

2

π

∫ 1

0

tn−β VS,ℓ(t)ω(t) dt. (14)

Integrating the RHS of the last equation, we have

cℓ =

ℓ∑
s=0

2 (2 ℓ+ 1) 22 s (−1)ℓ−s (ℓ+ s)! Γ
(
n+ s− β + 3

2

)
√
π (2 s+ 1)! (ℓ− s)! (i+ s− β + 1)!

. (15)

Equation (15) can be written as

cℓ = (−1)ℓ (2 ℓ+ 1)Γ

(
n− β +

3

2

)
3F̃2

(
−ℓ, ℓ+ 1,−β + n+ 3

2
3
2 ,−β + n+ 2

∣∣∣∣∣ 1
)
. (16)

Inserting (16) into (13) yields

tn−β =

M∑
ℓ=0

(
(−1)ℓ (2 ℓ+ 1)Γ

(
n− β +

3

2

)

× 3F̃2

(
−ℓ, ℓ+ 1,−β + n+ 3

2
3
2 ,−β + n+ 2

∣∣∣∣∣ 1
))
VS,ℓ(t). (17)

Plugging (17) into (12), we obtain

DβVS,κ(t) =
M∑
ℓ=0

Aℓ,κ VS,ℓ(t) = AV ,

where

Aℓ,κ =

κ∑
n=1

4n (2 ℓ+ 1) (2κ+ 1)(−1)−n+ℓ+κ (n+ κ)! Γ(n+ 1)Γ
(
n− β + 3

2

)
Γ(2n+ 2)Γ(1− n+ κ) Γ (n− β + 1)

× 3F̃2

(
−ℓ, ℓ+ 1,−β + n+ 3

2
3
2 ,−β + n+ 2

∣∣∣∣∣ 1
)
. (18)

Therefore, we conclude that

DβVS,κ(t) = AV ,

where A = (Aℓ,κ) is an OM of derivatives of order (M + 1)× (M + 1).

Theorem 2. For 1 < µ < 2, we have

DµVS,ℓ(t) = BV , (19)
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where V = [VS,0(t),VS,1(t), . . . ,VS,M (t)]T . Also, B = (Bℓ,k) is the OM of
derivatives with dimension (M +1)× (M +1), and the entries of this matrix
can be written in the form

Bℓ,k =

k∑
n=2

4n (2 ℓ+ 1) (2 k + 1)(−1)−n+ℓ+k (n+ k)! Γ(n+ 1)Γ
(
n− µ+ 3

2

)
Γ(2n+ 2)Γ(1− n+ k) Γ (n− µ+ 1)

× 3F̃2

(
−ℓ, ℓ+ 1,−µ+ n+ 3

2
3
2 ,−µ+ n+ 2

∣∣∣∣∣ 1
)
. (20)

Proof. The proof of this theorem is similar to the proof of Theorem 1.

3 Collocation algorithm for the NFDE

In this section, we consider the following NFDE [8]:

Dµ
t χ(t) + aDβ

t χ(t) + b χ(t) + c χ2(t) + dχ5(t) + e χ7(t) = f(t), (21)

µ ∈]1, 2], β ∈]0, 1], t ∈ [0, 1],

subject to the conditions

χ(0) = g1, χ′(0) = g2. (22)

The following set {VS,i(t), i : 0, 1, 2, . . .} forms an orthogonal basis of
L2
ω(t)(0, 1). This means that for any given function χ(t) ∈ L2

ω(t)(0, 1), one
has

χ(t) =

∞∑
i=0

λi VS,i(t), (23)

and approximated as

χ(t) ≈ χM (t) =

M∑
i=0

λi VS,i(t) = λV , (24)

where
λ = [λ0, λ1, . . . , λM ], (25)

and
V = [VS,0(t),VS,1(t), . . . ,VS,M (t)]T . (26)
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By virtue of Theorems 1 and 2, the residual Res(t) of (21) is given by

Res(t) =Dµ
t χ

M (t) + aDβ
t χ

M (t) + b χM (t) + c
(
χM (t)

)2
+ d

(
χM (t)

)5
+ e

(
χM (t)

)7 − f(t)
=λBV + aλAV + bλV + c (λV)

2
+ d (λV)

5
+ e (λV)

7 − f(t).(27)

Now, the application of the standard collocation method yields to the fol-
lowing (M + 1) algebraic system of equations in the unknown expansion
coefficients bi

Res(ti) = 0, i = 1, 2, ...,M − 1,

λ V̄ = g1, λ V̂ = g2,
(28)

where

V̄ = [VS,0(0),VS,1(0), ....,VS,M (0)]T ,

V̂ = [V ′
S,0(0),V ′

S,1(0), ....,V ′
S,M (0)]T ,

(29)

and {ti : i = 1, 2, . . . ,M} are the firstM distinct roots of VS,M (t). Therefore,
the system in (28) can be solved to get λi with the aid of the well-known
Newton’s iterative method.

4 Error analysis

In this section, we study the error analysis of the numerical solution χM (t)

to the exact solution χ(t) of (21) by imitating similar steps as in [29, 6] in
L∞- norm

L∞[0, 1] = {χ : ‖χ‖∞ = max
t∈[0,1]

|χ| <∞}.

Consider the following space function:

LM [0, 1] = span{VS,i(t) : i = 0, 1, . . . ,M}. (30)

Assume that χM (t) ∈ LM [0, 1] is the best approximation of χ(t); then, by
the definition of the best approximation, we have

||χ(t)− χM (t)||∞ ≤ ||χ(t)− uM (t)||∞, for all uM (t) ∈ LM [0, 1]. (31)
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It turns out that the previous inequality is also true if uM (t) denotes the
interpolating polynomial for χ(t) at points ti, where ti are the roots of VS,i(t).
Now,

χ(t)− uM (t) =
dM+1 χ(s)

d tM+1 (M + 1)!

M∏
i=0

(t− ti), (32)

where s ∈ [0, 1], and hence, one has

||χ(t)− uM (t)||∞ ≤ max
t∈[0,1]

∣∣∣∣dM+1 χ(s)

d tM+1

∣∣∣∣ ||∏M
i=0(t− ti)||∞
(M + 1)!

. (33)

Since χ(t) is a smooth function on [0, 1], then there exist a constant n such
that

max
t∈[0,1]

∣∣∣∣dM+1 χ(s)

d tM+1

∣∣∣∣ ≤ n. (34)

Now, our main aim is to minimize the factor ||
∏M

i=0(t− ιi)||∞.

Assuming the one-to-one mapping t = 1
2 (t + 1) between the intervals

[−1, 1] and [0, 1] to deduce that

min
ti∈[0,1]

max
t∈[0,1]

∣∣∣∣∣
M∏
i=0

(t− ti)

∣∣∣∣∣ = min
ti∈[−1,1]

max
t∈[−1,1]

∣∣∣∣∣
M∏
i=0

1

2
(t− ti)

∣∣∣∣∣
=

(
1

2

)M+1

min
ti∈[−1,1]

max
t∈[−1,1]

∣∣∣∣∣
M∏
i=0

(t− ti)

∣∣∣∣∣
=

(
1

2

)M+1

min
ti∈[−1,1]

max
t∈[−1,1]

∣∣∣∣VM+1(t)

ηM

∣∣∣∣ ,
(35)

where ηM = 2M+1 is the leading coefficient of Chebyshev polynomials of the
third kind VM+1(t) and ti are the roots of VM+1(t).

It is known that

max
t∈[−1,1]

|VM+1(t)| = VM+1(1) = 1. (36)

In virtue of inequality (34), equations (35), and (36), we get

||χ(t)− χM (t)||∞ ≤
n

22 (M+1) (M + 1)!
. (37)

The previous inequality gives us an upper bound estimation of the absolute
error (AE). This completes the deducing of our error estimation.
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5 Illustrative examples

To demonstrate the effectiveness and validity of the proposed algorithm, the
procedure will be illustrated using several numerical examples. Let us define
the following L∞-error:

L∞ = max
t∈[0,1]

∣∣χ(t)− χM (t)
∣∣ .

Test Problem 1. [8] Consider the following NFDE:

Dµ
t χ(t)+ aDβ

t χ(t)+ b χ(t)+ c χ2(t)+ dχ5(t)+ e χ7(t) =
1

8
e−3 t

(
3− 20 e2 t

)
,

(38)
subject to the conditions

χ(0) =
1

2
, χ′(0) =

−1
2
, (39)

where the exact solution is χ(t) = e−t

2 at µ = 2, β = 1, a = 4, b = −2, c =
3, d = 0, e = 0.

Table 1 presents a comparison between our method at M = 13 and the
method in [8] at M = 12, demonstrating the accuracy of our method. Also,
Table 2 shows the L∞-error at µ = 2, β = 1. Figure 1 shows the AE when µ =

2, β = 1 at different values of M . Figure 2 illustrates that the approximate
solutions have smaller variations for values of µ and β near µ = 2, β = 1 when
M = 12. Figure 3 confirms that the method remains stable at µ = 2, β = 1 for
higher values ofM , with any indication of numerical instability or divergence
in error.
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Table 1: Comparison of AE of Example 1 at µ = 2, β = 1.

t Method in [8] at M = 12 Our method at M = 13 Our CPU time
0.1 5.5511×10−17 0
0.2 0 0
0.3 5.5511×10−17 0
0.4 1.1102×10−16 5.55112×10−17

0.5 0 0 0.952
0.6 5.5511×10−17 5.55112×−17

0.7 2.7756×10−17 0
0.8 8.3267×−17 0
0.9 2.7756×10−17 0

Table 2: The L∞-error of Example 1 at µ = 2, β = 1.

M 3 6 9 12
Error 2.54449×10−4 3.85844×10−8 1.06212×10−12 5.55112×10−17
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Figure 1: The AE of Example 1 at µ = 2, β = 1.
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Figure 2: Different solutions of Example 1 at M = 12 and different values of µ, β.
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Figure 3: Stability |χM+1(t)− χM (t)| at µ = 2, β = 1 for Example 1.

Test Problem 2. [8] Consider the following NFDE:

Dµ
t χ(t)+aD

β
t χ(t)+b χ(t)+c χ

2(t)+dχ5(t)+e χ7(t) = −2 sin(t)+cos5(t)+8 cos3(t),
(40)

subject to the conditions

χ(0) = 1, χ′(0) = 0, (41)

where the exact solution is χ(t) = cos(t), at µ = 2, β = 1, a = 2, b = 1, c =

8, d = 1, e = 0.
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Table 3 presents a comparison between our method at M = 13 and the
method in [8] at M = 11, showing the accuracy of our method. Figure 4
shows AE when µ = 2, β = 1 at different values of M . Figure 5 illustrates
that the approximate solutions have smaller variations for values of µ and β
near µ = 2, β = 1 when M = 12. Figure 6 confirms that the method remains
stable at µ = 2, β = 1 for higher values ofM , with no indication of numerical
instability or divergence in error.

Table 3: Comparison of AE of Example 2 at µ = 2, β = 1.

t Method in [8] at M = 11 Our method at M = 13 Our CPU time
0.1 5.9730×10−14 2.22045×10−16

0.2 1.0669×10−13 0
0.3 1.1813×10−13 1.11022×10−16

0.4 9.9032×10−14 1.11022×10−16

0.5 6.1506×10−14 0 0.891
0.6 1.8208×10−14 0
0.7 2.0650×10−14 0
0.8 4.9738×−14 1.11022×10−16

0.9 6.7835×10−14 1.11022×10−16

Test Problem 3. Consider the following NFDE:

Dµ
t χ(t) + aDβ

t χ(t) + b χ(t) + c χ2(t) + dχ5(t) + e χ7(t) = f(t), (42)

subject to the conditions
χ(0) = χ′(0) = 0, (43)

where f(t) is chosen such that the exact solution is χ(t) = tβ+µ at a = 1, b =

1, c = 1, d = 1, e = 1.

Table 4 presents the AE at different values of µ, β when M = 16. Figure
7 shows AE when µ = 1.8, β = 0.7 at different values of M .
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Figure 4: The AE of Example 2 at µ = 2, β = 1.
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Figure 5: Different solutions of Example 2 at M = 12 and different values of µ, β.

6 Concluding Remarks

In this study, we used SCP3K and the spectral collocation method to solve
the NFDE. We evaluated the approach with numerical test examples and
carried out a thorough error analysis, contrasting it with other approaches
that were already in use. Our findings demonstrated that the suggested
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Figure 6: Stability |χM+1(t)− χM (t)| at µ = 2, β = 1 for Example 2.

Table 4: The AE of Example 3 at M = 16.

t µ = 1.3, β = 0.3 CPU time µ = 1.6, β = 0.6 CPU time µ = 1.8, β = 0.7 CPU time
0.1 1.37101×10−4 9.05091×10−6 5.27826×10−6

0.2 1.41098×10−4 1.152×10−5 8.17987×10−6

0.3 7.39605×10−5 1.26987×10−5 1.04948×10−5

0.4 1.48116×10−4 1.50502×10−5 1.2503×10−5

0.5 5.9031×10−5 2 1.42085×10−5 1.969 1.35739×10−5 1.609
0.6 1.25943×10−4 1.5650×10−5 1.47554×10−5

0.7 4.4265×10−5 1.39166×10−5 1.50037×10−5

0.8 5.48668×10−5 1.40047×10−5 1.53348×10−5

0.9 1.11037×10−4 1.2731×10−5 1.47999×10−5

approach, which only needs a small number of terms and little computer
power, can successfully simulate the answer.
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Figure 7: The AE of Example 3 at µ = 1.8, β = 0.7.
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Abstract

The aim of this paper is to establish sequential necessary and sufficient
approximate optimality conditions for a constrained convex vector mini-
mization problem without any constraint qualifications, characterizing the
approximate proper and weak efficient solutions. The constraints are de-
scribed by mappings taking values in different preorder vector spaces. Our
approach is based essentially on the sequential approximate subdifferential
calculus rule for the sums of a finite family of cone convex mappings. To
illustrate our main result, an application to multiobjective fractional pro-
gramming problem is given. Finally, we present an important subclass of
such problems showing the applicability of the obtained conditions.

AMS subject classifications (2020): Primary 45D05; Secondary 42C10, 65G99.

Keywords: Vector optimization; Approximate Pareto subdifferential of con-
vex mappings; Sequential approximate optimality conditions.

1 Introduction

Many multiobjective fractional programming problems arose in different fields
of modern research because their algorithmic aspects and abundance of appli-
cations, for example, economics, management, medicine, information theory,
engineering, and optimal control (see [17, 2, 15, 16, 20] and the references
therein).

Generally, for establishing the approximate optimality conditions for con-
vex optimization problems, certain types of constraint qualifications must be
imposed. However, we know that the constraint qualifications do not always
hold even for finite-dimensional optimization problems and frequently fail
for infinite-dimensional optimization problems. In order to eliminate these
drawbacks, many authors have paid their attention to characterize optimality
conditions for convex optimization problems without any constraint qualifi-
cations (see [19, 3, 8, 9, 1]). Thibault [19] derived sequential optimality con-
ditions via the subdifferential calculus for convex functions with cone convex
constraints. Boţ, Csetnek, and Wanka [3] obtained sequential characteri-
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zations of an optimal solution for composed convex optimization problems.
Recently, works have been done in this direction for multiobjective fractional
programming problems (see [14, 13, 10, 11, 18]). Moustaid et al. [14, 13]
established sequential optimality conditions for a constrained fractional pro-
gramming problem without any constraint qualifications, characterizing the
approximate weak efficient and efficient solution. Kim, Kim, and Lee [10] and
Kohli [11] developed sequential optimality conditions for multiobjective frac-
tional programming problems via scalarization and by using the concept of
the epigraphs of conjugate functions in terms of approximate subdifferentials
at an approximate weak efficient solution.

In this paper, we consider the following constrained vector minimization
problem with inequality constraints, which are described by mappings taking
values in different preorder vector spaces

(P1)



min f(x)

x ∈ C,

h1(x) ∈ −Z+
1 ,

...

hp(x) ∈ −Z+
p ,

where (X, ‖ · ‖X) and (Zi, ‖ · ‖Zi) (i = 1, . . . , p) are real reflexive Banach
spaces and Y is a real Hausdorff topological vector space, C, Y+ ⊂ Y , and
Z+
i ⊂ Zi (i = 1, . . . , p) are convex cones and f : X −→ Y ∪ {+∞Y } is a

proper and Y+-convex and hi : X −→ Zi ∪ {+∞Zi} (i = 1, . . . , p) are proper
and Z+

i -convex mappings.

The goal of our paper is to establish, in the absence of constraint qualifica-
tions, sequential approximate optimality conditions characterizing properly
and weakly approximate efficient solutions for the problem (P1) in terms of
the approximate subdifferentials of the associated functions.

This paper is organized as follows. In Section 2, we present the main
notions and give some preliminary results used in what follows. In Section
3, we establish a sequential formula for the approximate subdifferential for
the sums of two vector mapping with a sum of p (p ≥ 1) vector composites.
In Section 4, by the results in Section 3, we study sequential necessary and
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sufficient approximate optimality conditions for (P1). Section 5 is devoted to
calculus sequential approximate optimality conditions for multiobjective frac-
tional programming problems without any constraint qualification. Finally,
we present an example illustrating the main result of this work.

2 Notations, definitions, and preliminaries

In this section, we give some basic definitions and results. Let X, Y , and Z
be real Hausdorff topological vector spaces with continuous dual spaces X∗,
Y ∗, and Z∗ and duality pairing also denoted by 〈·, ·〉. Let Y+ be a convex
cone of Y with intY+ 6= ∅. The subset l(Y+) := Y+ ∩ −Y+ is the linearity of
Y+, when it is null; thus the cone Y+ is said to be pointed. Throughout the
paper, we denote by L(X,Y ) the set of all continuous linear operators from
X into Y . In what follows, the convex cone Y+ is not supposed to be a linear
subspace so it cannot coincide with its linearity. For any v1, v2 ∈ Y , the cone
Y+ induces the following ordering relations:

v1 ≤Y+
v2 ⇐⇒ v2 − v1 ∈ Y+,

v1 <Y+
v2 ⇐⇒ v2 − v1 ∈ intY+,

v1 �Y+ v2 ⇐⇒ v2 − v1 ∈ Y+\l (Y+) .

To space Y , we attach an abstract maximal element with respect to “≤Y+ ”,
denoted by +∞Y such that v ≤Y+

+∞Y , for all v ∈ Y and v + (+∞Y ) :=

(+∞Y ) + v := +∞Y for all v ∈ Y ∪ {+∞Y }.
The polar cone Y ∗

+ and the strict polar cone (Y ∗
+)

◦ of Y+ are defined,
respectively, as

Y ∗
+ := {y∗ ∈ Y ∗ : y∗(Y+) ⊆ R+},

and
(Y ∗

+)
◦ := {y∗ ∈ Y ∗ : y∗(Y+\l(Y+)) ⊆ R+\{0}}.

Now, let us recall the following definitions.

Definition 1. A mapping F : X −→ Y ∪ {+∞Y } is said to be

• Y+-convex if for any β ∈ [0, 1] and any u1, u2 ∈ X
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F (βu1 + (1− β)u2) ≤Y+
βF (u1) + (1− β)F (u2) .

• proper if its effective domain satisfies

domF := {x ∈ X : F (x) ∈ Y } 6= ∅.

• Y+-epi-closed if its epigraph

epiF := {(x, y) ∈ X × Y : F (x) ≤Y+
y} is closed.

• star Y+-lower semicontinuous if y∗ ◦ F is lower semicontinuous for any
y∗ ∈ Y ∗

+.

Let “≤Z+
” be a partial order on Z induced by a nonempty convex

cone Z+ ⊂ Z. We say that a mapping g : Z −→ Y ∪ {+∞Y } is (Z+, Y+)-
nondecreasing if for any w1, w2 ∈ Z we have

w1 ≤Z+
w2 =⇒ g(w1) ≤Y+

g(w2).

If h : X −→ Z ∪ {+∞Z}, then the composed mapping g ◦ h : X −→ Y ∪
{+∞Y } is defined by

(g ◦ h)(x) :=

 g(h(x)) if x ∈ dom h,

+∞Y otherwise.

It is easy to see that if g is (Z+, Y+)-nondecreasing and Y+-convex and h is
Z+-convex, then g ◦ h is Y+-convex.

Given F : X ⊇ S −→ Y ∪ {+∞} and ϵ ∈ Y+, we consider the following
vector minimization problem:

(P ) min
x∈S

F (x).

We recall some ε-efficiency solutions of (P ).

Definition 2. A point x̄ ∈ S ∩ domF is said to be

• a weakly ϵ-efficient solution if there does not exist x ∈ S such that
F (x) <Y+ F (x̄)− ϵ,
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• a properly ϵ-efficient solution if there exists a convex cone Ŷ+ ( Y that satisfies
Y+\l (Y+) ⊆ int Ŷ+, there does not exist x ∈ X,F (x) �Ŷ+

F (x̄)− ϵ.

The sets of weakly and properly ϵ-efficient points will be denoted by
Ew

ε (F, S, Y+) and Ep
ε (F, S, Y+), respectively. Let us note that if Eσ

ε (F, S, Y+) 6=
∅, then we can see easily ε ∈ Dσ, where

Dσ =


Y \ − intY+ if σ = w,

Y \(−Y+\l(Y+)) if σ = p.

The ε-subdifferential of F at x̄ ∈ domF , may be defined regarding the dif-
ferent concepts of Pareto ε-solutions efficient in the above with respect to
σ ∈ {w, p} as follows:

∂σε F (x̄) := {A ∈ L(X,Y ) : x̄ ∈ Eσ
ε (F −A,S, Y+)},

that is,

•∂wε F (x̄) = {A ∈ L(X,Y ) : there does not exist x ∈ X,

F (x)− F (x̄) <Y+
A(x− x̄)− ε},

•∂pεF (x̄) = {A ∈ L(X,Y ) : there exists Ŷ+ ( Y a convex cone that satisfies

Y+\l (Y+) ⊆ int Ŷ+,
there does not exist x ∈ X,F (x)− F (x̄) �Ŷ+

A(x− x̄)− ε}.

The conjugate function of any function F : X −→ R ∪ {+∞} is denoted
by F ∗ : X∗ → R and is defined as

F ∗(x∗) := sup
x∈X
{〈x∗, x〉 − F (x)}.

For η ≥ 0, the η-subdifferential of F at a point x̄ ∈ domF is defined by

∂ηF (x̄) := {x∗ ∈ X∗ : F (x)− F (x̄) ≥ 〈x∗, x− x̄〉 − η, for all x ∈ X}.

It is easy to check that

X∗ ∈ ∂ηF (x̄)⇐⇒ F ∗(x∗) + F (x̄)− 〈x∗, x̄〉 ≤ η.

By the definition of F ∗, the so-called Young–Fenchel inequality is

Iran. J. Numer. Anal. Optim., Vol. 15, No. 2, 2025, pp 676–703



Ed-dahdah, Laghdir, Echchaabaoui and Mabrouk 682

F ∗(x∗) + F (x) ≥ 〈x∗, x〉, for all (x, x∗) ∈ X ×X∗.

If ε = 0Y , then the set ∂σ0 F (x̄) := ∂σF (x̄) is the Pareto subdifferential (see
[7]), for any σ ∈ {s, w, p}. For simplicity, we consider the following notation:

Y σ
+ :=


Y ∗
+\{0Y } if σ = w,

(Y ∗
+)

◦ if σ = p,

For any subset C ⊂ X, the vector indicator mapping δvC : X −→ Y ∪{+∞Y }
of C is defined by

δvC(x) :=

{
0, if x ∈ C,
+∞Y , otherwise.

When Y = R, the scalar indicator function is denoted by δC . The vector
indicator mapping δvC appears to possess properties like the scalar indicator
function δC . Moreover, we point out the relation between δvC and δC

y∗ ◦ δvC = δC , for all y∗ ∈ Y ∗
+\{0Y }.

For any η ≥ 0, the η-normal set to C at x ∈ C is defined as the η-
subdifferential of the indicator function δC at x ∈ C, that is,

Nη(x̄, C) := ∂ηδC(x) = {x∗ ∈ X∗ : 〈x∗, x− x̄〉 ≤ η, for all x ∈ C}.

In what follows, we will need the following theorems. The first one char-
acterizes scalarly the approximate σ-subdifferential for σ ∈ {w, p} and the
second one gives a general formula on the sequential approximate subdiffer-
ential of the sum of p (p ≥ 2) proper lower semicontinuous convex functions
defined in a reflexive Banach space.

Theorem 1 ([5]). Let K : X → Y ∪ {+∞Y } and let x̄ ∈ domK. Then, for
σ ∈ {p, w},

∂σεK(x̄) ⊇
⋃

y∗∈Y σ+

{A ∈ L(X,Y ) : y∗ ◦A ∈ ∂〈y∗,ε〉(y
∗ ◦K)(x̄)}, for all ε ∈ Dσ,

with equality if K is Y+-convex and Y+ pointed as σ = p.
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Let (X, ‖ · ‖X) be a reflexive Banach space and let (X∗, ‖ · ‖X∗) be its
topological dual space. Let (c∗n)n∈N be a sequence in X∗ (resp., (cn)n∈N be a
sequence in X) and c∗ ∈ X∗ (resp., c ∈ X). We write c∗n

‖·‖X∗−→
n 7−→+∞

c∗ (resp.,

cn
‖·‖X−→

n 7−→+∞
c) if ‖c∗n−c∗‖X∗ → 0 when n→ +∞ (resp., ‖cn−c‖X → 0 when

n→ +∞).

Theorem 2 ([14]). Let X be a reflexive Banach space, let η ≥ 0, and let
k1, . . . , kp : X −→ R∪ {+∞} be p proper, convex, and lower semicontinuous
functions. For any ē ∈

⋂p
i=1domki, we have x∗ ∈ ∂η (

∑p
i=1 ki) (ē) if and only

if there exist ηi ≥ 0 and (ei,n, e
∗
i,n) ∈ dom ki ×X∗ satisfying

p∑
i=1

ηi = η, ei,n
‖·‖X−→

n 7−→+∞
ē,

e∗i,n ∈ ∂ηiki (ei,n) ,
p∑

i=1

e∗i,n
‖·‖X∗−→
n 7−→+∞

x∗,

ki (ei,n)−
〈
e∗i,n, ei,n − ē

〉
−→
n 7→+∞

ki(ē).

3 Sequential formula for approximate Pareto
subdifferential of the convex vector mapping
f1 + f2 +

∑p
i=1 gi ◦ hi (p ≥ 1)

In the following, (X, ‖ ·‖X) and (Z1, ‖ ·‖Z1
), . . . , (Zp, ‖ ·‖Zp) are real reflexive

Banach spaces, Y is a real Hausdorff topological vector space with continuous
dual spaces (X∗, ‖·‖X∗), (Z∗

1 , ‖·‖Z∗
1
),…, (Z∗

p , ‖·‖Z∗
p
) and Y ∗, duality pairing is

also denoted by 〈·, ·〉. We suppose two spaces Y and Zi are partially ordered
by nonempty convex cones Y+ and Z+

i , respectively. Moreover, we use the
following norm on X ×

∏p
k=1 Zk:

‖(x, z1, . . . , zp)‖X×Z1×···×Zp =
√
‖x‖2X +

∑p
i=1 ‖zi‖2Zi .

Similarly, we define the norm on X∗×
∏p

k=1 Z
∗
k . Our aim in this section, is to

develop the sequential calculus rules for the approximate (weak and proper)
Pareto subdifferential of the convex vector mapping f1 + f2 +

∑p
i=1 gi ◦ hi :

X −→ Y ∪ {+∞Y }, where
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• f1, f2 : X −→ Y ∪ {+∞Y } are proper, Y+-convex and star Y+-lower
semicontinuous mappings,

• hi : X −→ Zi ∪ {+∞Zi}, i = 1, . . . , p, are proper, Z+
i -convex and

Z+
i -epi-closed mappings,

• gi : Zi −→ Y ∪ {+∞Y }, i = 1, . . . , p, are proper, Y+-convex, (Z+
i , Y+)-

nondecreasing and star Y+-lower semicontinuous mappings,

• (
⋂p

i=1 h
−1
i (domgi) ∩ domhi) ∩ domf1 ∩ domf2 6= ∅ and gi(+∞Zi) =

+∞Y , i = 1, . . . , p.

The approach that will be used is to reduce the (weak and proper) Pareto
ε-subdifferential of f1+f2+

∑p
i=1 gi ◦hi to that of the sums of a finite family

of proper convex star Y+-lower semicontinuous mappings. For this, let us
consider the following auxiliary mappings:

F1 : X ×
∏p

k=1 Zk −→ Y ∪ {+∞Y }
(x, z1, . . . , zp) −→ F1(x, z1, . . . , zp) := f1(x),

F2 : X ×
∏p

k=1 Zk −→ Y ∪ {+∞Y }
(x, z1, . . . , zp) −→ F2(x, z1, . . . , zp) := f2(x),

Gi : X ×
∏p

k=1 Zk −→ Y ∪ {+∞Y } (i = 1, . . . , p)

(x, z1, . . . , zp) −→ Gi(x, z1, . . . , zp) := gi(zi),

Hi : X ×
∏p

k=1 Zk −→ Y ∪ {+∞Y } (i = 1, . . . , p)

(x, z1, . . . , zp) −→ Hi(x, z1, . . . , zp) := δvepihi(x, zi).

The following lemmas will be very helpful in what follows.

Lemma 1. Let x̄ ∈ (
⋂p

i=1 h
−1
i (domgi) ∩ domhi) ∩ domf1 ∩ domf2, let σ ∈

{p, w}, and let ε ∈ Dσ with Y+ be pointed as σ = p. Let A ∈ L(X,Y ) and
let T ∈ L(X ×

∏p
k=1 Zk, Y ) be defined by T (x, z1, . . . , zp) := A(x), for all

(x, z1, . . . , zp) ∈ X ×
∏p

k=1 Zk. Then

A ∈ ∂σε (f1 + f2 +

p∑
i=1

gi ◦ hi)(x̄)
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if and only if

T ∈ ∂σε (F1 + F2 +

p∑
i=1

Gi +Hi)(x̄, h1(x̄), . . . , hp(x̄)).

Proof. Let us prove the direct implication for the first case σ = w. Let
A ∈ ∂wε (f1+f2+

∑p
i=1 gi◦hi)(x̄). We proceed by contradiction, if T 6∈ ∂wε (F1+

F2+
∑p

i=1Gi+Hi)(x̄, h1(x̄), . . . , hp(x̄)), then there exists (x0, z1,0, . . . , zp,0) ∈
X ×

∏p
k=1 Zk such that

(F1 + F2 +

p∑
i=1

Gi +Hi)(x0, z1,0, . . . , zp,0)

−(F1 + F2 +
∑p

i=1Gi +Hi)(x̄, h1(x̄), . . . , hp(x̄))−A(x0 − x̄) + ε ∈ − intY+,

which implies that

x0 ∈ dom f1 ∩ dom f2, zi,0 ∈ dom gi, (x0, zi,0) ∈ epihi, i = 1, . . . , p, (1)

and

(f1(x0)+f2(x0)+

p∑
i=1

gi(zi,0))− (f1+f2+

p∑
i=1

gi ◦hi)(x̄)−A(x0− x̄)+ε ∈ − int Y+. (2)

From relations (1), (2) and by using the monotonicity of gi, we obtain

(f1+f2+

p∑
i=1

gi◦hi)(x0)−(f1+f2+
p∑

i=1

gi◦hi)(x̄)−A(x0−x̄)+ε ∈ − int Y+−Y+,

and by using the fact that − int Y+ − Y+ ⊆ − int Y+, we would obtain

(f1+f2+

p∑
i=1

gi◦hi)(x0)−(f1+f2+

p∑
i=1

gi◦hi)(x̄)−A(x0− x̄)+ε ∈ − int Y+,

which would contradict A ∈ ∂wε (f1 + f2 +
∑p

i=1 gi ◦ hi)(x̄). To show the
case σ = p, let us consider A ∈ ∂pε (f1 + f2 +

∑p
i=1 gi ◦ hi)(x̄) and T 6∈

∂pε (F1+F2+
∑p

i=1Gi+Hi)(x̄, h1(x̄), . . . , hp(x̄)). Hence, there exists a convex
cone Ŷ+ ( Y such that Y+\ {0Y } ⊆ int Ŷ+ and (x0, zi,0) ∈ ((domf1∩domf2)×
domgi) ∩ epihi (i = 1, . . . , p) satisfying

(F1 + F2 +

p∑
i=1

Gi +Hi)(x0, z1,0, . . . , zp,0)
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− (F1 + F2 +

p∑
i=1

Gi +Hi)(x̄, h1(x̄), . . . , hp(x̄))−A(x0 − x̄) + ε ∈ −Ŷ+\l(Ŷ+),

Reasoning in the same way as above for σ = w, we obtain

(f1+f2+

p∑
i=1

gi◦hi)(x0)−(f1+f2+
p∑

i=1

gi◦hi)(x̄)−A(x0−x̄)+ε ∈ −Ŷ+\l(Ŷ+)−Y+.

Observe that −Ŷ+\l(Ŷ+) − Y+ ⊆ −Ŷ+\l(Ŷ+). Indeed, let v := v1 + v2 with
v1 ∈ −Ŷ+\l(Ŷ+) and v2 ∈ −Y+. If v2 := 0Y , then v ∈ −Ŷ+\l(Ŷ+). Otherwise,
v2 ∈ −Y+\{0Y } and since −Y+\{0Y } ⊆ − int Ŷ+ ⊆ −Ŷ+\l(Ŷ+), we get
v ∈ −Ŷ+\l(Ŷ+)− Ŷ+\l(Ŷ+) ⊆ −Ŷ+\l(Ŷ+), and hence we have

(f1+f2+

p∑
i=1

gi◦hi)(x0)−(f1+f2+
p∑

i=1

gi◦hi)(x̄)−A(x0−x̄)+ε ∈ −Ŷ+\l(Ŷ+),

obtaining again a contradiction with A ∈ ∂pε (f1 + f2 +
∑p

i=1 gi ◦ hi)(x̄).

Conversely, it is obvious by contradiction, too.

Lemma 2. Let (x̄, z̄1, . . . , z̄p) ∈ domF1 ∩ domF2 ∩ domGi ∩ domHi and
α1,α2,ηi,βi ≥ 0 (i = 1, . . . , p). Then for all y∗ ∈ Y σ

+ , we have

1)
(x∗, z∗1 , . . . , z

∗
p) ∈ ∂βi(y∗ ◦Hi)(x̄, z̄1, . . . , z̄p)

⇐⇒



there existβi,1 ≥ 0, βi,2 ≥ 0 with βi,1 + βi,2 = βi,

x∗ ∈ ∂βi,1(−z∗i ◦ hi)(x̄),

−z∗i ∈ (Z+
i )∗, 〈z∗i , hi(x̄)− z̄i〉 ≤ βi,2,

z∗j = 0, j ∈ {1, . . . , p}\{i}.

2) (x∗, z∗1 , . . . , z
∗
p) ∈ ∂α1

(y∗◦F1)(x̄, z̄1, . . . , z̄p)⇐⇒


x∗ ∈ ∂α1

(y∗ ◦ f1)(x̄),

z∗j = 0, j ∈ {1, . . . , p}.
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3) (x∗, z∗1 , . . . , z
∗
p) ∈ ∂α2(y

∗◦F2)(x̄, z̄1, . . . , z̄p)⇐⇒


x∗ ∈ ∂α2(y

∗ ◦ f2)(x̄),

z∗j = 0, j ∈ {1, . . . , p}.

4) (x∗, z∗1 , . . . , z
∗
p) ∈ ∂ηi(y∗◦Gi)(x̄, z̄1, . . . , z̄p)⇐⇒


z∗i ∈ ∂ηi(y∗ ◦ gi)(z̄i),

x∗ = 0, z∗j = 0,

j ∈ {1, . . . , p}\{i}.

Proof. 1) Let (x, z1, . . . , zp) ∈ domHi, let βi ≥ 0, i = 1, . . . , p, and let(
x∗, z∗1 , . . . , z

∗
p

)
∈ X∗ ×

∏p
k=1 Z

∗
k . We can see that

H∗
i (x

∗, z∗1 , . . . , z
∗
p) = δ∗Z∗

i
(z∗i ) + (−z∗i ◦ hi)∗(x∗) +

p∑
k=1
k 6=i

δ{0}(z
∗
k).

Thus, (
x∗, z∗1 , . . . , z

∗
p

)
∈ ∂βiHi(x, z1, . . . , zp)

if and only if

H∗
i

(
x∗, z∗1 , . . . , z

∗
p

)
+Hi(x, , z1, . . . , zp)− 〈x∗, x〉 −

p∑
k=1
k 6=i

〈z∗k, zk〉 − 〈z∗i , zi〉 ≤ βi,

that is,
z∗k = 0, k ∈ {1, . . . , p}\{i},

and

(−z∗i ◦ hi)∗(x∗) + δ∗
Z+
i

(z∗i ) + δepihi(x̄, z̄i)− 〈x∗, x̄〉 − 〈z∗i , z̄i〉 ≤ βi, (3)

by taking wi := z̄i − hi(x̄) ∈ Z+
i , we may rewrite (3) as follows:

[(−z∗i ◦hi)∗(x∗)+(−z∗i ◦hi)(x̄)−〈x∗, x̄〉]+[δ∗
Z+
i

(z∗i )+δZ+
i
(wi)−〈z∗i , wi〉] ≤ βi.

By using the Young–Fenchel inequality, it follows that
(−z∗i ◦ hi)∗(x∗) + (−z∗i ◦ hi)(x̄)− 〈x∗, x̄〉 ≥ 0,

δ∗
Z+
i

(z∗i ) + δZ+
i
(wi)− 〈z∗i , wi〉 ≥ 0,
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and hence, there exist some βi,1 ≥ 0 and βi,2 ≥ 0 satisfying βi = βi,1 + βi,2

and 
(−z∗i ◦ hi)∗(x∗) + (−z∗i ◦ hi)(x̄)− 〈x∗, x̄〉 ≤ βi,1,

δ∗
Z+
i

(z∗i ) + δZ+
i
(wi)− 〈z∗i , wi〉 ≤ βi,2,

that is, 
x∗ ∈ ∂βi,1(−z∗i ◦ hi)(x̄),

z∗i ∈ ∂βi,2δZ+
i
(wi) = Nβi,2(z̄i − hi(x̄), Z+

i ).

Since Z+
1 , . . . , Z

+
p are all convex cones, we get easily

z∗i ∈ Nβi,2(z̄i − hi(x̄), Z+
i )⇐⇒


−z∗i ∈ (Z+

i )∗,

〈z∗i , hi(x̄)− z̄i〉 ≤ βi,2.

The proof of (2), (3), and (4) is similar to (1).

Now, we present our main result in this section.

Theorem 3. Let f1, f2 : X −→ Y ∪ {+∞Y } be two proper, Y+-convex
and star Y+-lower semicontinuous mappings, let hi : X −→ Zi ∪ {+∞Zi},
i = 1, . . . , p, be p proper, Z+

i -convex and Z+
i -epi-closed mappings, and

let gi : Zi −→ Y ∪ {+∞Y }, i = 1, . . . , p, be p proper, Y+-convex,
(Z+

i , Y+)-nondecreasing and star Y+-lower semicontinuous mappings. Let
x̄ ∈ (

⋂p
i=1 h

−1
i (domgi) ∩ domhi) ∩ domf1 ∩ domf2, ε ∈ Dσ and σ ∈ {p, w}.

Suppose that Y+ is pointed as σ = p. Then, A ∈ ∂σε (f1+f2+
∑p

i=1 gi◦hi)(x̄) if
and only if there exist y∗ ∈ Y σ

+ , xn ∈ domf1, rn ∈ domf2, (xi,n, zi,n) ∈ epihi,
vi,n ∈ domgi, x∗n, r∗n, x∗i,n ∈ X∗, z∗i,n, v∗i,n ∈ Z∗

i , and α1, α2, λi, γi, ηi ≥ 0

satisfying

α1 + α2 +

p∑
i=1

λi + γi + ηi = ⟨y∗, ε⟩,
xn

‖·‖X−→
n 7−→+∞

x̄, rn
‖·‖X−→

n 7−→+∞
x̄, xi,n

‖·‖X−→
n 7−→+∞

x̄,

zi,n
‖·‖Zi−→
n 7−→+∞

hi(x̄), vi,n
‖·‖Zi−→
n 7−→+∞

hi(x̄),

x∗n ∈ ∂α1 (y
∗ ◦ f1)(xn), r∗n ∈ ∂α2 (y

∗ ◦ f2)(xn), v∗i,n ∈ ∂ηi (y
∗ ◦ gi)(vi,n),

x∗i,n ∈ ∂λi (−z
∗
i,n ◦ hi)(xi,n),−z∗i,n ∈ (Z+

i )∗, ⟨z∗i,n, hi(xi,n)− zi,n⟩ ≤ γi,
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and 

x∗n + r∗n +

p∑
i=1

x∗i,n
‖·‖x∗−→

n 7−→+∞
y∗ ◦A and z∗i,n + v∗i,n

‖·‖Z∗
i−→

n 7−→+∞
0,

(y∗ ◦ f1)(xn)− 〈x∗n, xn − x̄〉 −→
n 7→+∞

(y∗ ◦ f1)(x̄),

(y∗ ◦ f2)(rn)− 〈r∗n, rn − x̄〉 −→
n 7→+∞

(y∗ ◦ f2)(x̄),

〈x∗i,n, xi,n − x̄〉+ 〈z∗i,n, zi,n − hi(x̄)〉 −→n 7→+∞
0,

(y∗ ◦ gi)(vi,n)− 〈v∗i,n, vi,n − hi(x̄)〉 −→n 7→+∞
(y∗ ◦ gi)(hi(x̄)).

Proof. Let A ∈ ∂σε (f1+f2+
∑p

i=1 gi ◦hi)(x̄). By applying Lemma 1, we have

A ∈ ∂σε (f1 + f2 +

p∑
i=1

gi ◦ hi)(x̄)

⇐⇒ T ∈ ∂σε (F1 + F2 +

p∑
i=1

Gi +Hi)(x̄, h1(x̄), . . . , hp(x̄)).

By virtue of scalarization Theorem 1, there exists y∗ ∈ Y σ
+ such that

y∗ ◦ T ∈ ∂〈y∗,ε〉(y
∗ ◦F1 + y∗ ◦F2 +

p∑
i=1

y∗ ◦Gi + y∗ ◦Hi)(x̄, h1(x̄), . . . , hp(x̄)),

which is equivalent to

(y∗◦A, 0, 0, . . . , 0) ∈ ∂〈y∗,ε〉(y
∗◦F1+y

∗◦F2+

p∑
i=1

y∗◦Gi+y
∗◦Hi)(x̄, h1(x̄), . . . , hp(x̄)).

The functions y∗ ◦Gi, y∗ ◦Hi (i = 1, . . . , p,) y∗ ◦F1 and y∗ ◦F2 are all lower
semicontinuous, convex, and proper on X ×

∏p
k=1 Zk.

The condition x̄ ∈ (
⋂p

i=1 h
−1
i (domgi)∩domhi)∩domf1 ∩domf2 is equiv-

alent to (x̄, h1(x̄), . . . , hp(x̄)) ∈ (
⋂p

i=1 domGi ∩ domHi) ∩ domF1 ∩ domF2 =

(
⋂p

i=1 dom(y∗ ◦ Gi) ∩ dom(y∗ ◦Hi)) ∩ dom(y∗ ◦ F1) ∩ dom(y∗ ◦ F2). Hence,
y∗ ◦ Gi, y∗ ◦ Hi, i = 1, . . . , p, y∗ ◦ F1 and y∗ ◦ F2 satisfy all the hypotheses
of Theorem 2, and therefore there exist (xn, w1,n, . . . , wp,n) ∈ dom(y∗ ◦ F1),
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(rn, t1,n, . . . , tp,n) ∈ dom(y∗ ◦ F2) , (xi,n, w1,i,n, . . . , wp,i,n) ∈ dom(y∗ ◦ Hi),
(ci,n, u1,i,n, . . . , up,i,n) ∈ dom(y∗ ◦Gi), (x∗n, w∗

1,n, . . . , w
∗
p,n), (r∗n, t∗1,n, . . . , t∗p,n)

(x∗i,n, w
∗
1,i,n, . . . , w

∗
p,i,n), (c∗i,n, u∗1,i,n, . . . , u∗p,i,n) ∈ X∗×

∏p
k=1 Z

∗
k and α1,α2,βi,ηi ≥

0, i = 1, . . . , p, satisfying

α1 + α2 +

p∑
i=1

βi + ηi = 〈y∗, ε〉, (4)



(xn, w1,n, . . . , wp,n)
‖·‖X×Z1×···×Zp−→

n 7−→+∞
(x̄, h1(x̄), . . . , hp(x̄)),

(rn, t1,n, . . . , tp,n)
‖·‖X×Z1×···×Zp−→

n 7−→+∞
(x̄, h1(x̄), . . . , hp(x̄)),

(ci,n, u1,i,n, . . . , up,i,n)
‖·‖X×Z1×···×Zp−→

n 7−→+∞
(x̄, h1(x̄), . . . , hp(x̄)),

(xi,n, w1,i,n, . . . , wp,i,n)
‖·‖X×Z1×···×Zp−→

n 7−→+∞
(x̄, h1(x̄), . . . , hp(x̄)),

(5)



(x∗n, w
∗
1,n, . . . , w

∗
p,n) ∈ ∂α1

(y∗ ◦ F1)(xn, w1,n, . . . , wp,n),

(r∗n, t
∗
1,n, . . . , t

∗
p,n) ∈ ∂α2(y

∗ ◦ F2)(rn, t1,n, . . . , tp,n),

(c∗i,n, u
∗
1,i,n, . . . , u

∗
p,i,n) ∈ ∂ηi(y∗ ◦Gi)(ci,n, u1,i,n, . . . , up,i,n),

(x∗i,n, w
∗
1,i,n, . . . , w

∗
p,i,n) ∈ ∂βi(y∗ ◦Hi)(xi,n, w1,i,n, . . . , wp,i,n),

(6)



(y∗ ◦ F1)(xn, w1,n, . . . , wp,n)− 〈(x∗n, w∗
1,n, . . . , w

∗
p,n), (xn, w1,n, . . . , wp,n)

−(x̄, h1(x̄), . . . , hp(x̄))〉 −→
n 7→+∞

(y∗ ◦ F1)(x̄, h1(x̄), . . . , hp(x̄)),

(y∗ ◦ F2)(rn, t1,n, . . . , tp,n)− 〈(r∗n, t∗1,n, . . . , t∗p,n), (rn, t1,n, . . . , tp,n)

−(x̄, h1(x̄), . . . , hp(x̄))〉 −→
n 7→+∞

(y∗ ◦ F2)(x̄, h1(x̄), . . . , hp(x̄)),

(y∗ ◦Gi)(ci,n, u1,i,n, . . . , up,i,n)− 〈(c∗i,n, u∗1,i,n, . . . , u∗p,i,n), (ci,n, u1,i,n, . . . , up,i,n)

−(x̄, h1(x̄), . . . , hp(x̄))〉 −→
n 7→+∞

(y∗ ◦Gi)(x̄, h1(x̄), . . . , hp(x̄)),

(y∗ ◦Hi)(xi,n, w1,i,n, . . . , wp,i,n)− 〈(x∗i,n, w∗
1,i,n, . . . , w

∗
p,i,n), (xi,n, w1,i,n, . . . , wp,i,n)

−(x̄, h1(x̄), . . . , hp(x̄))〉 −→
n 7→+∞

(y∗ ◦Hi)(x̄, h1(x̄), . . . , hp(x̄)),

(7)
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(x∗n + r∗n +

p∑
i=1

x∗i,n + c∗i,n, w
∗
1,n + t∗1,n +

p∑
i=1

w∗
1,i,n + u∗1,i,n, . . . , w

∗
p,n + t∗p,n

+

p∑
i=1

w∗
p,i,n + u∗p,i,n)

‖·‖x∗×z∗1×···×z∗p−→
n 7−→+∞

(y∗ ◦A, 0, . . . , 0).
(8)

Note that (5) becomes equivalent to
xn

‖·‖X−→
n 7−→+∞

x̄, rn
‖·‖X−→

n 7−→+∞
x̄, xi,n

‖·‖X−→
n 7−→+∞

x̄, ci,n
‖·‖X−→

n 7−→+∞
x̄,

wj,n

‖·‖Zj−→
n 7−→+∞

hj(x̄), tj,n
‖·‖Zj−→
n 7−→+∞

hj(x̄) (j = 1, . . . , p),

wj,i,n

‖·‖Zj−→
n 7−→+∞

hj(x̄), uj,i,n
‖·‖X−→

n 7−→+∞
hj(x̄) (j = 1, . . . , p).

According to Lemma 2, (6) becomes equivalent to

(x∗n, w
∗
1,n, . . . , w

∗
p,n) ∈ ∂α1 (y

∗ ◦ F1)(xn, w1,n, . . . , wp,n)

⇐⇒


x∗n ∈ ∂α1 (y

∗ ◦ f1)(xn),

w∗
j,n = 0, j ∈ {1, . . . , p}.

(r∗n, t
∗
1,n, . . . , t

∗
p,n) ∈ ∂α2 (y

∗ ◦ F2)(rn, t1,n, . . . , tp,n)

⇐⇒


r∗n ∈ ∂α2 (y

∗ ◦ f2)(rn),

t∗j,n = 0, j ∈ {1, . . . , p}.

(c∗i,n, u
∗
1,i,n, . . . , u

∗
p,i,n) ∈ ∂ηi (y

∗ ◦Gi)(ci,n, u1,i,n, . . . , up,i,n)

⇐⇒


u∗i,i,n ∈ ∂ηi (y

∗ ◦ gi)(ui,i,n),

c∗i,n = 0, uj,i,n = 0, j ∈ {1, . . . , p}\{i}.

(x∗i,n, w
∗
1,i,n, . . . , w

∗
p,i,n) ∈ ∂βi (y

∗ ◦Hi)(xi,n, w1,i,n, . . . , wp,i,n)

⇐⇒



there existβi,1 ≥ 0, βi,2 ≥ 0 with βi,1 + βi,2 = βi,

x∗i,n ∈ ∂βi,1 (−w
∗
i,i,n ◦ hi)(xi,n),

−w∗
i,i,n ∈ (Z+

i )∗, ⟨w∗
i,i,n, hi(xi,n)− wi,i,n⟩ ≤ βi,2,

w∗
j,i,n = 0, j ∈ {1, . . . , p}\{i}.
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By putting λi := βi,1, γi := βi,2, i = 1, . . . , p, and using (4), we get α1 +

α2 +

p∑
i=1

λi + γi + ηi = 〈y∗, ε〉. As (xi,n, wi,i,n) ∈ epihi and (x̄, hi(x̄)) ∈ epihi,

then obviously the relation (7) is equivalent to

(y∗ ◦ f1)(xn)− 〈x∗n, xn − x̄〉 −→
n 7→+∞

(y∗ ◦ f1)(x̄),

(y∗ ◦ f2)(xn)− 〈x∗n, xn − x̄〉 −→
n 7→+∞

(y∗ ◦ f2)(x̄),

(y∗ ◦ gi)(ui,i,n)− 〈u∗i,i,n, ui,i,n − hi(x̄)〉 −→n 7→+∞
(y∗ ◦ gi)(hi(x̄)),

〈x∗i,n, xi,n − x̄〉+ 〈w∗
i,i,n, wi,i,n − hi(x̄)〉 −→

n 7→+∞
0.

W can write (8) equivalently as

x∗n + r∗n +

p∑
i=1

x∗i,n
‖·‖x∗−→

n 7−→+∞
y∗ ◦A and z∗i,i,n + v∗i,i,n

‖·‖Z∗
i−→

n 7−→+∞
0.

Since wj,n, tj,n, j = 1, . . . , p, ci,n, uj,i,n, j ∈ {1, . . . , p}\{i}, i = 1, . . . , p, and
wj,i,n, j ∈ {1, . . . , p}\{i}, i = 1, . . . , p, are superfluous, we put zi,n := wi,i,n,
vi,n = ui,i,n, z∗i,n := w∗

i,i,n and v∗i,n := u∗i,i,n, i = 1, . . . , p, which completes
the proof.

Remark 1. Let us note that if ε = 0Y in the above theorem, then α1 =

α2 = λi = γi = ηi = 0 (i = 1, . . . , p).

4 Approximate optimality conditions for a constrained
vector minimization problem

In this section, our main objective is to establish sequential approximate
efficiency optimality conditions for the convex problem (P1). In fact, by
introducing the vector indicator mappings δvC and δv−Z+

i

, i = 1, . . . , p, the
problem (P1) becomes equivalent to the unconstrained vector minimization
problem

(Q1) min
x∈X

(
f + δvC +

p∑
i=1

δv−Z+
i

◦ hi
)
(x).
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Theorem 4. Let f : X −→ Y ∪ {+∞Y } be a proper, Y+-convex and
star Y+-lower semicontinuous mapping, and let hi : X −→ Zi ∪ {+∞Zi},
i = 1, . . . , p, be p proper, Z+

i -convex and Z+
i -epi-closed mappings. Let

x̄ ∈
⋂p

i=1 h
−1
i (−Z+

i ) ∩ C, ε ∈ Dσ and let σ ∈ {w, p}. Suppose that Y+
is pointed as σ = p and that C,Z+

1 , . . . , Z
+
p are all closed convex cones.

Then, x̄ is a ε-σ-efficient solution of (P1) if and only if there exist y∗ ∈ Y σ
+ ,

xn ∈ domf , rn ∈ C, (xi,n, zi,n) ∈ epihi, vi,n ∈ −Z+
i ,

x∗n, r
∗
n, x

∗
i,n ∈ X∗, z∗i,n, v∗i,n ∈ Z∗

i and α1, α2, λi, γi, ηi ≥ 0, i = 1, . . . , p,
satisfying

α1 + α2 +

p∑
i=1

λi + γi + ηi = 〈y∗, ε〉,
xn

‖·‖X−→
n 7−→+∞

x̄, rn
‖·‖X−→

n 7−→+∞
x̄, xi,n

‖·‖X−→
n 7−→+∞

x̄,

zi,n
‖·‖Zi−→

n 7−→+∞
hi(x̄), vi,n

‖·‖Zi−→
n 7−→+∞

hi(x̄),

x∗n ∈ ∂α1
(y∗ ◦ f)(xn), r∗n ∈ Nα2

(rn, C), x
∗
i,n ∈ ∂λi(−z∗i,n ◦ hi)(xi,n),

v∗i,n ∈ (Z+
i )∗ and 〈v∗i,n,−vi,n〉 ≤ ηi,

−z∗i,n ∈ (Z+
i )∗, 〈z∗i,n, hi(xi,n)− zi,n〉 ≤ γi,

and 

x∗n +

p∑
i=1

x∗i,n
‖·‖x∗−→

n 7−→+∞
0 and z∗i,n + v∗i,n

‖·‖Z∗
i−→

n 7−→+∞
0,

(y∗ ◦ f)(xn)− 〈x∗n, xn − x̄〉 −→
n 7→+∞

(y∗ ◦ f)(x̄),

〈x∗i,n, xi,n − x̄〉+ 〈z∗i,n, zi,n − hi(x̄)〉 −→n 7→+∞
0,

〈r∗n, rn − x̄〉 −→
n 7→+∞

0, 〈v∗i,n, vi,n − hi(x̄)〉 −→n 7→+∞
0.

Proof. Since the problem (P1) is equivalent to the unconstrained problem
(Q1), we have x̄ is a ε-σ-efficient solution of (P1) if and only if

0 ∈ ∂σε (f + δvC +
∑p

i=1 δ
v
−Z+

i

◦ hi)(x̄).
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The vector indicator mappings δvC and δv−Z+
1

(i = 1, . . . , p) are Y+-convex
and star Y+-lower semicontinuous. Let us recall that δv−Z+

i

(i = 1, . . . , p) are
(Z+

i , Y+)-nondecreasing (see [7]) and since the mappings f1 = f , f2 = δvC ,
gi = δv−Z+

i

and hi satisfy together all the assumptions of Theorem 3, therefore
there exist y∗ ∈ Y σ

+ , xn ∈ domf , rn ∈ C, (xi,n, zi,n) ∈ epihi, vi,n ∈ −Z+
i ,

x∗n, r
∗
n, x

∗
i,n ∈ X∗, z∗i,n, v∗i,n ∈ Z∗

i , and α1, α2, λi, γi, ηi ≥ 0, i = 1, . . . , p,
satisfying



α1 + α2 +

p∑
i=1

λi + γi + ηi = 〈y∗, ε〉,
xn

‖·‖X−→
n 7−→+∞

x̄, rn
‖·‖X−→

n 7−→+∞
x̄, xi,n

‖·‖X−→
n 7−→+∞

x̄,

zi,n
‖·‖Zi−→

n 7−→+∞
hi(x̄), vi,n

‖·‖Zi−→
n 7−→+∞

hi(x̄),

x∗n ∈ ∂α1(y
∗ ◦ f)(xn), r∗n ∈ Nα2(rn, C), v

∗
i,n ∈ Nηi(vi,n,

−Z+
i ), x∗i,n ∈ ∂λi(−z∗i,n ◦ hi)(xi,n)− z∗i,n ∈ (Z+

i )∗, 〈z∗i,n, hi(xi,n)− zi,n〉 ≤ γi,

and



x∗n +

p∑
i=1

x∗i,n
‖·‖x∗−→

n 7−→+∞
0 and z∗i,n + v∗i,n

‖·‖Z∗
i−→

n 7−→+∞
0,

(y∗ ◦ f)(xn)− 〈x∗n, xn − x̄〉 −→
n 7→+∞

(y∗ ◦ f)(x̄),

〈x∗i,n, xi,n − x̄〉+ 〈z∗i,n, zi,n − hi(x̄)〉 −→n 7→+∞
0,

〈r∗n, rn − x̄〉 −→
n 7→+∞

0, 〈v∗i,n, vi,n − hi(x̄)〉 −→n 7→+∞
0.

It is easy to see that the condition v∗i,n ∈ Nηi(vi,n,−Z+
i ) is equivalent to

v∗i,n ∈ (Z+
i )∗ and 〈v∗i,n,−vi,n〉 ≤ ηi. Now the proof is complete.
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5 Applications to a constrained multiobjective fractional
programming problems

In this section, by applying the previous results we present, without any
constraint qualification, sequential weak approximate efficiency optimality
conditions for the following multiobjective fractional programming problem

(P2)



min
{
f1(x)

g1(x)
, . . . ,

fs(x)

gs(x)

}
x ∈ C,

h1(x) ∈ −Z+
1 ,

...

hp(x) ∈ −Z+
p ,

where fj , -gj : X −→ R (j = 1, . . . , s) are convex and lower semicontinuous
functions and hi : X −→ Zi ∪ {+∞Zi} (i = 1, . . . , p) are proper, Z+

i -convex
and Z+

i -epi-closed mappings. Also, C and Z+
i (i = 1, . . . , p) are nonempty

closed convex. Moreover, we suppose that fj(x) ≥ 0 and gj(x) > 0 (j =

1, . . . , s) for any x ∈
⋂p

i=1 h
−1
i (−Z+

i )∩C. The finite-dimensional space Y :=

Rs is equipped with its natural order induced by the positive cone Y := Rs
+ =

{(y1, . . . , ys) ∈ Rs, yj ≥ 0, for all j = 1, . . . , s}. The following notations will
be used in what follows:

ε := (ε1, . . . , εs) ∈ Rs
+,

ε := (ε1g1(x̄), . . . , εsgs(x̄)),

νj :=
fj(x̄)
gj(x̄)

− εj ≥ 0 and ν = (ν1, . . . , νs) ∈ Rs
+.

Now, we recall the definition of weakly ε-efficient solution of (P2), which
can be found in [10].

Definition 3. A point x̄ ∈
⋂p

i=1 h
−1
i (−Z+

i )∩C is said to be weakly ε-efficient
solution of (P2) if there does not exist x ∈

⋂p
i=1 h

−1
i (−Z+

i ) ∩ C such that

fj(x)

gj(x)
<
fj(x̄)

gj(x̄)
− εj ( for all j = 1, . . . , s).

By using parametric approach of Dinkelbach [4], we can transform the
problem (P2) into a vector convex nonfractional programming problem de-
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fined as follows:

(Pν)



minF (x)

x ∈ C,

h1(x) ∈ −Z+
1 ,

...

hp(x) ∈ −Z+
p ,

where F : X −→ Rs is defined for any x ∈ X by

F (x) := (f1(x)− ν1g1(x), . . . , fs(x)− νsgs(x)).

Lemma 3. ([10]) A point x̄ ∈
⋂p

i=1 h
−1
i (−Z+

i ) ∩ C is a weakly ε-efficient
solution of (P2) if and only if x̄ is a weakly ε̄-efficient solution of (Pν).

Theorem 5. Let x̄ ∈
⋂p

i=1 h
−1
i (−Z+

i ) ∩ C, ε = (ε1, . . . , εs) ∈ Rs
+ and νj =

fj(x̄)
gj(x̄)

−εj ≥ 0, j = 1, . . . , s. Suppose that C,Z+
1 , . . . , Z

+
p are all closed convex

cones. Then x̄ is a weakly ε-efficient solution of (P2) if and only if there exist
y∗ = (y1, . . . , ys) ∈ Rs

+\{0}, xn ∈ X, rn ∈ C, (xi,n, zi,n) ∈ epihi, vi,n ∈ −Z+
i ,

x∗n, r
∗
n, x

∗
i,n ∈ X∗, z∗i,n, v∗i,n ∈ Z∗

i and α1, α2, λi, γi, ηi ≥ 0, i = 1, . . . , p,
satisfying



α1 + α2 +

p∑
i=1

λi + γi + ηi =

s∑
i=1

yiεi,
xn

‖·‖X−→
n 7−→+∞

x̄, rn
‖·‖X−→

n 7−→+∞
x̄, xi,n

‖·‖X−→
n 7−→+∞

x̄,

zi,n
‖·‖Zi−→

n 7−→+∞
hi(x̄), vi,n

‖·‖Zi−→
n 7−→+∞

hi(x̄),

x∗n ∈ ∂α1

( s∑
j=1

yj
(
fj + νj(−gj)

))
(xn), r

∗
n ∈ Nα2(rn, C),

x∗i,n ∈ ∂λi(−z∗i,n ◦ hi)(xi,n), v∗i,n ∈ (Z+
i )∗ and 〈v∗i,n,−vi,n〉 ≤ ηi,

−z∗i,n ∈ (Z+
i )∗, 〈z∗i,n, hi(xi,n)− zi,n〉 ≤ γi,

and
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x∗n + r∗n +

p∑
i=1

x∗i,n
‖·‖x∗−→

n 7−→+∞
0 and z∗i,n + v∗i,n

‖·‖Z∗
i−→

n 7−→+∞
0,

( s∑
j=1

yj
(
fj + νj(−gj)

))
(xn)− 〈x∗n, xn − x̄〉

−→
n 7→+∞

( s∑
j=1

yj
(
fj + νj(−gj)

))
(x̄),

〈x∗i,n, xi,n − x̄〉+ 〈z∗i,n, zi,n − hi(x̄)〉 −→n 7→+∞
0,

〈r∗n, rn − x̄〉 −→
n 7→+∞

0, 〈v∗i,n, vi,n − hi(x̄)〉 −→n 7→+∞
0.

Proof. According to Lemma 3, x̄ is a weakly ε-efficient solution of (P2) if and
only if x̄ is a weakly ε̄-efficient solution of (Pv). The mappings f := F and hi
satisfy together all the assumptions of Theorem 4, then it follows that there
exist y∗ = (y1, . . . , ys) ∈ (Rs

+)
∗ \ {0} = Rs

+ \ {0}, xn ∈ domF = X, rn ∈ C,
(xi,n, zi,n) ∈ epihi, vi,n ∈ −Z+

i ,

x∗n, r
∗
n, x

∗
i,n ∈ X∗, z∗i,n, v∗i,n ∈ Z∗

i and α1, α2, λi, γi, ηi ≥ 0, i = 1, . . . , p,
satisfying



α1 + α2 +

p∑
i=1

λi + γi + ηi =

s∑
i=1

yiεi,
xn

‖·‖X−→
n 7−→+∞

x̄, rn
‖·‖X−→

n 7−→+∞
x̄, xi,n

‖·‖X−→
n 7−→+∞

x̄,

zi,n
‖·‖Zi−→

n 7−→+∞
hi(x̄), vi,n

‖·‖Zi−→
n 7−→+∞

hi(x̄),

x∗n ∈ ∂α1

( s∑
j=1

yj
(
fj + νj(−gj)

))
(xn), r

∗
n ∈ Nα2

(rn, C),

x∗i,n ∈ ∂λi(−z∗i,n ◦ hi)(xi,n), v∗i,n ∈ (Z+
i )∗ and 〈v∗i,n,−vi,n〉 ≤ ηi,

−z∗i,n ∈ (Z+
i )∗, 〈z∗i,n, hi(xi,n)− zi,n〉 ≤ γi,

and
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x∗n + r∗n +

p∑
i=1

x∗i,n
‖·‖x∗−→

n 7−→+∞
0 and z∗i,n + v∗i,n

‖·‖Z∗
i−→

n 7−→+∞
0,

( s∑
j=1

yj
(
fj + νj(−gj)

))
(xn)− 〈x∗n, xn − x̄〉

−→
n 7→+∞

( s∑
j=1

yj
(
fj + νj(−gj)

))
(x̄),

〈x∗i,n, xi,n − x̄〉+ 〈z∗i,n, zi,n − hi(x̄)〉 −→n 7→+∞
0,

〈r∗n, rn − x̄〉 −→
n 7→+∞

0, 〈v∗i,n, vi,n − hi(x̄)〉 −→n 7→+∞
0.

In what follows, we present an important sub-class of such problems show-
ing the applicability of the suggested conditions of Theorem 5. This is the
class of multiobjective linear fractional programming problems, which have
significant application in different real life areas such as production planning,
financial sector, health care and all engineering fields. This type of problems
is modeled as follows (see [12]):

(P3)


min {K1(x), . . . ,Ks(x)}

x ∈ Rn
+,

Ax− b ∈ −Rp
+,

where A is a matrix (p × n), b ∈ Rp, Kj(x) =
fj(x)
fj(x)

=
atjx+bj
ctjx+dj

(aj , cj , x ∈
Rn, bj , dj ∈ R, j = 1, . . . , s), and t denotes the transpose operation. Note
that S = {x ∈ Rn

+,Ax − b ∈ −R
p
+, b ∈ Rp} is the feasible set in decision

space. We assume that for each feasible solution x, fj(x) ≥ 0 and gj(x) > 0

(j = 1, . . . , s).

By taking C := Rn
+ and h(x) := Ax− b, we observe that all assumptions

of Theorem 5 are satisfied. Then we deduce the following result.

Theorem 6. Let x̄ ∈ S, ε = (ε1, . . . , εs) ∈ Rs
+ and let νj =

atj x̄+bj
ctj x̄+dj

− εj ≥ 0,
j = 1, . . . , s. Then x̄ is a weakly ε-efficient solution of (P3) if and only if there
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exist y∗ = (y1, . . . , ys) ∈ Rs
+\{0}, xn ∈ Rn, rn ∈ Rn

+, (wn, zn) ∈ epi(A(.)+b),
vn ∈ −Rp

+,
x∗n, r

∗
n, w

∗
n ∈ Rn, z∗n, v∗n ∈ Rp and α1, α2, λ, γ, η ≥ 0 satisfying

α1 + α2 + λ+ γ + η =

s∑
i=1

yiεi,
xn

‖·‖Rn−→
n 7−→+∞

x̄, rn
‖·‖Rn−→
n 7−→+∞

x̄,

wn
‖·‖Rn−→
n 7−→+∞

x̄, zn
‖·‖Rp−→

n 7−→+∞
Ax̄+ b,

x∗n ∈ ∂α1

( s∑
j=1

yj
(
fj + νj(−gj)

))
(xn), r

∗
n ∈ Nα2

(rn,Rn
+),

w∗
n ∈ ∂λ(−z∗n ◦ (A(.) + b))(wn), v

∗
n ∈ Rp

+ and 〈v∗n,−vn〉 ≤ η,

−z∗n ∈ Rp
+, 〈z∗n,Awn + b− zn〉 ≤ γ,

and

x∗n + r∗n + w∗
n

‖·‖Rn−→
n 7−→+∞

0 and z∗n + v∗n
‖·‖Rp−→

n 7−→+∞
0,

( s∑
j=1

yj
(
fj + νj(−gj)

))
(xn)− 〈x∗n, xn − x̄〉

−→
n 7→+∞

( s∑
j=1

yj
(
fj + νj(−gj)

))
(x̄),

〈w∗
n, wn − x̄〉+ 〈z∗n, zn −Ax̄+ b〉 −→

n 7→+∞
0,

〈r∗n, rn − x̄〉 −→
n 7→+∞

0, 〈v∗n, vn −Ax̄+ b〉 −→
n 7→+∞

0.

Next, we close this section by presenting an example showing that the
Moreau–Rockafellar and Attouch–Brézis constraint qualifications (see [6]) fail
and also the sequential ε-optimality conditions of Theorem 5 hold.

Example 1. Let us consider the following multiobjective fractional program-
ming problem:
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(Q)



min f(x, y),

(x, y) ∈ C,√
x2 + y2 − y ≤ 0,

(−x,−x) ≤R+
2
(0, 0),

where f : R2 −→ R2 is defined by

f(x, y) :=

(
x+ 1

2y
,
−x

2(y + 1)

)
and C := {0} × [1, 2].

Let f1 (x, y) := x+1
2 , f2 (x, y) := −x

2 , g1 (x, y) := y, g2 (x, y) := y + 1,
h1(x, y) :=

√
x2 + y2−y and h2(x, y) := (−x,−x). Let ε := (ε1, ε2) = ( 12 , 0),

(x, y) := (0, 1) be a feasible point, ν1 = f1(x,y)
g1(x,y)

−ε1 = 0, ν2 = f2(x,y)
g2(x,y)

−ε2 = 0

and ε = (ε1g1(x, y), ε2g2(x, y)) = ( 12 , 0). It is easy to check that (x, y) is
a ε-weakly efficient solution of (Q). Indeed, putt h := (h1, h2). Then we
observe that h(C) ∩ (−intR3

+) = ∅ and that R+[R3
+ + h(C)] = R3

+, which
is not a subspace of R3

+. Hence, Moreau–Rockafellar and Attouch–Brézis
qualification conditions are not satisfied.

For each n ∈ N, we take α1 = 1
2 , α2 = 0, λi = γi = ηi = 0 (i =

1, 2), xn = (0, 1), xi,n = (0, 1) (i = 1, 2), rn = (0, 1), z1,n = v1,n = 0,
z2,n = v2,n = (0, 0) . Let x∗n = (0, 0), x∗i,n = (0, 0) (i = 1, 2), r∗n = (0, 0),
z∗1,n = 0 ∈ −R+, v∗1,n = 0 ∈ R+, z∗2,n = (0, 0) ∈ −R2

+, v∗2,n = (0, 0) ∈ R2
+,

and (y1, y2) = (1, 1) ∈ R2
+ \ {(0, 0)}. We have

α1 + α2 +

2∑
i=1

λi + γi + ηi =
1

2
=

2∑
i=1

yiεigi(0, 1),

xn −→
n 7→+∞

(0, 1), rn −→
n 7→+∞

(0, 1), xi,n −→
n 7→+∞

(0, 1),

z1,n −→
n 7→+∞

h1(0, 1) = 0, v1,n −→
n 7→+∞

h1(0, 1) = 0,

z2,n −→
n 7→+∞

h2(0, 1) = (0, 0), v2,n −→
n 7→+∞

h2(0, 1) = (0, 0).

It is immediate to see that x∗n ∈ ∂α1

( 2∑
i=1

yi
(
fi + νi(−gi)

))
(xn) = {(0, 0)}.

Moreover, r∗n ∈ Nα2(rn, C), 〈v∗i,n,−vi,n〉 = 0 ≤ ηi = 0 (i = 1, 2), x∗i,n ∈
∂λi(−z∗i,n ◦ hi)(xi,n) = {(0, 0)} (i = 1, 2), 〈z∗i,n, hi(xi,n) − zi,n〉 = 0 ≤ γi = 0

(i = 1, 2) and

Iran. J. Numer. Anal. Optim., Vol. 15, No. 2, 2025, pp 676–703



701 Sequential approximate optimality conditions for a constrained convex ...

x∗n + r∗n +

2∑
i=1

x∗i,n −→
n 7→+∞

(0, 0) and z∗i,n + v∗i,n −→
n 7→+∞

(0, 0),

( 2∑
i=1

yi
(
fi + νi(−gi)

))
(xn)− 〈x∗n, xn − (0, 0)〉 = 1

2

−→
n 7→+∞

( 2∑
i=1

yi
(
fi + νi(−gi)

))
(0, 1) =

1

2
,

〈x∗i,n, xi,n − (0, 1)〉+ 〈z∗i,n, zi,n − hi(0, 1)〉 = 0 −→
n 7→+∞

0,

〈r∗n, rn − (0, 1)〉 −→
n 7→+∞

0, 〈v∗i,n, vi,n − hi(0, 1)〉 = 0 −→
n 7→+∞

0.

Then, by Theorem 5 the point (x, y) is a weakly approximate solution for the
problem (Q).

6 Conclusion

It is well known that the constraint qualifications are required to obtain
approximate optimality conditions but sometimes these constraint qualifica-
tions become very difficult to compute. In this work, we focused to establish
sequential approximate optimality conditions without any constraint qualifi-
cation for a constrained convex vector minimization problem (P1) via scalar-
ization process in terms of the approximate subdifferentials of the associated
functions. As an application, we derive sequential weakly approximate op-
timality conditions to a constrained multiobjective fractional programming
problem (P2).
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performance, particularly for images with varying statistical properties and
localized features. To address this, we use a nonstationary biorthogonal fil-
ter banks, which modify basis functions at different scaling levels, leading
to improved frequency resolution, signal representation, and compression
efficiency.

Our technique employs cardinal Chebyshev B-splines to derive explicit
formulas for the primal filters, enabling precise calculation of filter coeffi-
cients essential for wavelet transforms. Additionally, we enforce normality
and biorthogonality conditions within nonstationary multiresolution anal-
ysis to maintain the relationship between primal and dual wavelet filters at
each scaling level. This structured approach allows for explicit formulation
of the dual filters while ensuring accurate decomposition and reconstruc-
tion. Experimental results confirm that the proposed method improves
compression efficiency over conventional Daubechies biorthogonal filters,
increasing the number of zero coefficients in compressed images. This leads
to better visual quality and reduced storage requirements while maintaining
computational efficiency. Such improvements are particularly beneficial in
applications requiring high-fidelity image reconstruction, such as medical
imaging, satellite data processing, and video compression. MATLAB sim-
ulations validate the effectiveness of the approach, making it a promising
alternative for image processing and data compression applications.

AMS subject classifications (2020): Primary 42C40; Secondary 65T60, 42C10.

Keywords: Cardinal Chebyshev B-splines; Biorthogonality; Wavelets; Im-
age compression.

1 Introduction

Biorthogonal wavelets form a distinct class of wavelets that, unlike orthogo-
nal wavelets [6, 4], employ separate functions for analysis and reconstruction.
This fundamental distinction allows for greater flexibility in signal represen-
tation and improved frequency resolution, making them particularly use-
ful in various signal processing applications. Key properties of biorthogonal
wavelets include:

• Symmetry: They can be designed with varying degrees of symmetry,
which is beneficial for specific applications.
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• Smoothness: Greater smoothness corresponds to more vanishing mo-
ments, enabling better approximations of signals with smooth varia-
tions.

• Compact Support: Their scaling and wavelet functions are nonzero
only over a finite interval, ensuring computational efficiency in fast
algorithms like the discrete wavelet transform.

Nonstationary biorthogonal wavelets extend these advantages by adap-
tively adjusting their basis functions at each scaling level, based on the sig-
nal’s properties. This adaptability enhances their ability to represent lo-
calized features or varying statistical properties, making them particularly
effective in image processing, audio signal processing, and biomedical sig-
nal analysis. In contrast, stationary biorthogonal wavelets rely on a fixed
set of basis functions, which may not be optimal for signals with complex
characteristics.

A key advancement in this field is the use of cardinal Chebyshev B-splines
[8, 7, 2] as a basis for constructing nonstationary biorthogonal wavelets.
These splines offer excellent time-frequency localization properties, making
them highly effective for analyzing nonstationary signals. Previous stud-
ies have explored their applications in wavelet construction. For example,
Lee and Yoon [5] introduced a lifting scheme-based algorithm that enhances
wavelet approximation properties and computational efficiency. Similarly,
Vonesch, Blu, and Unser [10] developed a family of generalized Daubechies
wavelets [3] incorporating Chebyshev B-splines, and Boxing. Zhang et al.
[11] proposed a construction method based on exponential pseudo-splines.

While significant progress has been made, current methods for designing
nonstationary biorthogonal wavelets still face several challenges, particularly
in computational efficiency and systematic filter design. Many approaches
rely on iterative or heuristic techniques, which can be computationally in-
tensive and lack a structured framework. Additionally, solving the under-
lying systems of equations during wavelet construction remains a compu-
tational bottleneck, limiting practical applications in real-time or resource-
constrained environments.
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To address these challenges, this paper introduces a novel approach that
systematically derives a linear system based on the normality and biorthog-
onality conditions of nonstationary multiresolution analysis. Our key contri-
butions include:

• Novel Design Method: We propose a new method for constructing
nonstationary biorthogonal wavelets using fundamental conditions from
multiresolution analysis [9].

• Efficient Numerical Solution: By formulating a linear system, we
enable the use of direct numerical methods such as Gauss–Jordan elim-
ination and LU factorization, improving computational efficiency.

• Explicit Filter Formulation: Our approach provides explicit formu-
las for filters and dual filters at all scaling levels, ensuring a systematic
and practical wavelet design process.

• Comprehensive Framework: We integrate theoretical insights with
practical applications, making our method accessible to both researchers
and practitioners in signal processing.

The remainder of this paper is structured as follows: Section 2 provides
an overview of nonstationary biorthogonal multiresolution analysis, includ-
ing key definitions and properties. Section 3 explores the use of cardinal
Chebyshev B-splines in constructing nonstationary biorthogonal wavelets.
By the conclusion, readers will gain a comprehensive understanding of the
theory, practical applications, and our novel design method for nonstationary
biorthogonal wavelets.

2 Definitions and properties of biorthogonal
nonstationary wavelets

Let (Vj)j≤j0 and (
∼
Vj)j≤j0 be a pair of NSRMAs [1] generated by a pair of

dual scaling functions φj and ∼
φj , j ≤ j0, such that

〈φj ,
∼
φj(.− k)〉 = δ0,k, k ∈ Z. (1)
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The concept of biorthogonal wavelets is to find complementary spaces Wj

and
∼
Wj satisfying

Vj+1 = Vj +Wj , and
∼
Vj+1 =

∼
Vj +

∼
Wj , (2)

Wj⊥
∼
Vj , and

∼
Wj⊥Vj . (3)

The nesting property for the subspaces Vj and
∼
Vj , implies the existence of

filters hj = (hj [k])k∈Z ∈ ℓ2(Z),
∼
hj = (

∼
hj [k])k∈Z ∈ ℓ2(Z), j ≤ j0, which satisfy

φj(t) =
√
2
∑
k∈Z

hj [k]φj+1(2t− k),
∼
φj(t) =

√
2
∑
k∈Z

∼
hj [k]

∼
φj+1(2t− k). (4)

By the Fourier transform, we have

φ̂j(ω) = Hj(e
iω2 )φ̂j+1

(ω
2

)
, (5)

∼̂
φj(ω) =

∼
Hj(e

iω2 )
∼̂
φj+1

(ω
2

)
, (6)

with

Hj(e
iω) =

1√
2

∑
k∈Z

hj [k]e
−ikω, (7)

∼
Hj(e

iω) =
1√
2

∑
k∈Z

∼
hj [k]e

−ikω. (8)

We assume that z = e−iω.

Proposition 1. The filters Hj and
∼
Hj associated for φj and ∼

φj satisfy the
scaling condition:

Hj(z)
∼
Hj(z

−1) +Hj(−z)
∼
Hj(−z−1) = 1. (9)

For all k ∈ Z, the preceding condition is equivalent to∑
ℓ∈Z

∼
hj [ℓ]hj [ℓ− 2k] = δk,0. (10)

Definition 1. The biorthogonal wavelet functions are given as follows:

ψj(t) =
√
2
∑
k∈Z

gj [k]φj+1(2t− k),
∼
ψj(t) =

√
2
∑
k∈Z

∼
gj [k]

∼
φj+1(2t− k),(11)

such that
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∼
gj [k] = (−1)khj [1− k], gj [k] = (−1)k

∼
hj [1− k], (12)

where

gj = (gj [k])k∈Z,
∼
gj = (

∼
gj [k])k∈Z, (13)

are the scaling filters associated for ψj and
∼
ψj , respectively.

For all k ∈ Z, we have∑
k∈Z

hj [k] =
√
2,

∑
k∈Z

∼
hj [k] =

√
2, (14)∑

k∈Z

gj [k] = 0,
∑
k∈Z

∼
gj [k] = 0. (15)

As in the stationary case for a function f ∈ L2(R), a wavelet decomposition
at level j0 can be introduced, as follows:

f =
∑
k∈Z

aj0 [k]φj0,k +
∑
j≤j0

∑
k∈Z

dj [k]ψj,k, (16)

where

aj0 [k] = 〈f,
∼
φj0,k〉, dj [k] = 〈f,

∼
ψj,k〉, (17)

and

∼
φj,k(t) = 2j/2

∼
φj(2

jt− k),
∼
ψj,k(t) = 2j/2

∼
ψj(2

jt− k). (18)

3 Construction of scaling filters and dual scaling filters

The function we choose as a scaling function is the cardinal Chebyshev B-
splines. Let us first recall the definition of the exponential Chebyshev B-
splines mentioned in [1]. Let λ = (λ1, . . . , λn) be a complex vector.

Definition 2. Suppose that α ∈ R. The function N1
α is defined by

N1
α(t) = eαtχ[0,1](t), t ∈ R. (19)

Function Nn
λ is defined by convolution as follows:
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Nn
λ = N1

λ1
∗ · · · ∗N1

λn . (20)

The function Nn
2−jλ(t) can generate a Riesz basis only if the vector λ does

not have any distinct purely imaginary components λi and λj , where the
difference between them equals i2πk for some integer k.

For n = 1,

N1
α(t) = N1

α
2
(2t) + e

α
2 N1

α
2
(2t− 1).

By the Fourier transform, we have

N̂1
α(ω) =

(
1 + e

α−iω
2

2

)
N̂1
α
2

(ω
2

)
.

In the following, we assume that α ∈ [0, 10] \ {2π} with 2π ≈ 6.2831. This
restriction ensures that the denominator remains nonzero for all the filters of
the primal and dual functions.

3.1 Second order cardinal Chebyshev B-splines

Let λ = (λ1, λ2) = (−iα, iα). We assume that

φj(t) = N2
2−jλ(t). (21)

Then

φ̂j(ω)

= N̂1
2−jλ1

(ω)N̂1
2−jλ2

(ω)

=
1

4

(
1 + (e2

−(j+1)λ1 + e2
−(j+1)λ2)e

−iω
2 + e2

−(j+1)(λ1+λ2)e−iω
)

̂N2
2−(j+1)λ

(ω
2

)
= Hj

(ω
2

)
φ̂j+1

(ω
2

)
.

In accordance with (5), we obtain

hj [0] = hj [2] =

√
2

4
, hj [1] =

2
√
2 cos(2−(j+1)α)

4
.
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However, these coefficients are not normalized. To normalize them, we simply
divide by Hj(0), yielding

hj [0] = hj [2] =

√
2

2 + 2 cos(2−(j+1)α)
, hj [1] =

2
√
2 cos(2−(j+1)α)

2 + 2 cos(2−(j+1)α)
.

We will now introduce a method to explicitly determine the filters of dual
scaling functions. Let the filters coefficients of the dual scaling functions
(
∼
φj)j≤j0 be

∼
hj [−1],

∼
hj [0],

∼
hj [1],

∼
hj [2],

∼
hj [3]. First, we assume that the dual

scaling functions are symmetric, which means
∼
hj [−1] =

∼
hj [3],

∼
hj [0] =

∼
hj [2].

The relation (14) implies

2
∼
hj [3] + 2

∼
hj [2] +

∼
hj [1] =

√
2. (22)

Using (10) for k = 0, we obtain

cos
(
2−(j+1)α

)∼
hj [1] +

∼
hj [2] =

2 + 2 cos(2−(j+1)α)

2
√
2

, (23)

and for k = 1, we have

2 cos
(
2−(j+1)α

)∼
hj [3] +

∼
h[2] = 0. (24)

As an additional condition to simplify the calculation, we use (15) to get

2∑
k=−2

(−1)k
∼
hj [1− k] = 0,

which leads to

2
∼
hj [3]− 2

∼
hj [2] +

∼
hj [1] = 0. (25)

To determine
∼
hj [1],

∼
hj [2], and

∼
hj [3], the above system is solved using the

Gaussian elimination.

Therefore,
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∼
hj [−1] =

∼
hj [3] = −

√
2

8 cos(2−(j+1)α)
,

∼
hj [0] =

∼
hj [2] =

√
2

4
,

∼
hj [1] =

2
√
2 cos(2−(j+1)α) +

√
2

4 cos(2−(j+1)α)
.

3.2 Third order cardinal Chebyshev B-splines

Let λ = (λ1, λ2, λ3) = (0,−iα, iα), let
∼
λ = (λ2, λ3), and let

N3
λ(x) = N1

λ1
∗N2

∼
λ
(x).

We assume that

φj(t) = N3
2−jλ(t). (26)

Then

φ̂j(ω) = N̂2

2−j
∼
λ
(ω)N̂1

2−jλ1
(ω),

=

(
1

8
+

1 + 2 cos(2−(j+1)α)

8
e−iω2 +

1 + 2 cos(2−(j+1)α)

8
e−iω +

1

8
e−i 3ω

2

)
× ̂N3

2−(j+1)γ

(ω
2

)
= Hj

(ω
2

)
φ̂j+1

(ω
2

)
.

The normalized coefficients are derived using the same method as described
earlier:

hj [0] = hj [3] =

√
2

4 + 4 cos(2−(j+1)α)
,

hj [1] = hj [2] =

√
2(2 cos(2−(j+1)α) + 1)

4 + 4 cos(2−(j+1)α)
.

Using the same steps as for n = 2, we assume that
∼
hj [−1],

∼
hj [0],

∼
hj [1],

∼
hj [2],

∼
hj [3],

∼
hj [4], are the filters coefficients of the dual scaling functions(∼φj)j≤j0 ,

subject to the condition that they are symmetric:
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∼
hj [−1] =

∼
hj [4],

∼
hj [0] =

∼
hj [3],

∼
hj [1] =

∼
hj [2].

The relation (14) implies

∼
hj [2] +

∼
hj [3] +

∼
hj [4] =

√
2

2
. (27)

Using (10), we can find the following equations:

For k = 0,

(2 cos(2−(j+1)α) + 1)
∼
hj [2] +

∼
hj [3] =

4 + 4 cos(2−(j+1)α)

2
√
2

, (28)

and for k = 1,
∼
hj [2] +

(
2 cos(2−(j+1)α) + 1

)∼
hj [3] +

(
2 cos(2−(j+1)α) + 1

)∼
hj [4] = 0.(29)

We can use Gaussian elimination to solve the above linear system and obtain
∼
hj [2],

∼
hj [3], and

∼
hj [4], with the following explicit formulas:

∼
hj [−1] =

∼
hj [4] = 0,

∼
hj [0] =

∼
hj [3] =

−
√
2

4 cos(2−(j+1)α)
,

∼
hj [1] =

∼
hj [2] =

2
√
2 cos(2−(j+1)α) +

√
2

4 cos(2−(j+1)α)
.

3.3 Fourth order cardinal Chebyshev B-splines

Let λ = (δ1, δ2), where δ1 = (λ1, λ2) = (0, 0), δ2 = (λ3, λ4) = (−iα, iα), and

N4
λ(x) = N2

δ1 ∗N
2
δ2(x).

Then, we assume that

φj(t) = N4
2−jλ(t). (30)

Then

φ̂j(ω) = N̂2
2−jδ1

(ω)N̂2
2−jδ2

(ω),
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=

(
1

16
+

2 + 2 cos(2−(j+1)α)

16
e−iω2 +

2 + 4 cos(2−(j+1)α)

16
e−iω

+
2 + 2 cos(2−(j+1)α)

16
e−i 3ω

2 +
1

16
e2iω

)
̂N4
2−(j+1)λ

(ω
2

)
= Hj

(ω
2

)
φ̂j+1

(ω
2

)
,

Following the same steps as before, we obtain the normalized coefficients:

hj [0] = hj [4] =

√
2

8 + 8(cos(2−(j+1)α)
,

hj [1] = hj [3] =
2
√
2(cos(2−(j+1)α) + 1)

8 + 8(cos(2−(j+1)α)
,

hj [2] =
2
√
2(2 cos(2−(j+1)α) + 1)

8 + 8(cos(2−(j+1)α)
.

As before, let us assume that
∼
hj [−1],

∼
hj [0],

∼
hj [1],

∼
hj [2],

∼
hj [3],

∼
hj [4],

∼
hj [5] are

the filters coefficients of dual scaling functions. Moreover, to ensure that the
dual scaling functions are symmetric, we set

∼
hj [−1] =

∼
hj [5],

∼
hj [0] =

∼
hj [4],

∼
hj [1] =

∼
hj [3].

The relation (14) implies

2
∼
hj [5] + 2

∼
hj [4] + 2

∼
hj [3] +

∼
hj [2] =

√
2. (31)

Using (10), we find, for k = 0,
∼
hj [4] + 2

(
cos(2−(j+1)α) + 1

)∼
hj [3] +

(
2 cos(2−(j+1)α) + 1

)∼
hj [2]

=
8 + 8(cos(2−(j+1)α)

2
√
2

, (32)

for k = 1,
∼
hj [2] + 2

(
cos(2−(j+1)α) + 1

)∼
hj [3] + 2

(
2 cos(2−(j+1)α) + 1

)∼
hj [4]

+2
(
cos(2−(j+1)α) + 1

)∼
hj [5] = 0, (33)

and for k = 2,
∼
h[4] + 2

(
cos(2−(j+1)α) + 1

)∼
hj [5] = 0. (34)
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As in n = 2, we take the following additional condition to simplify the com-
putation:

2∑
k=−4

(−1)k
∼
hj [1− k] = 0,

which implies

2
∼
hj [5]− 2

∼
hj [4] + 2

∼
hj [3]−

∼
hj [2] = 0. (35)

Finally, we find
∼
hj [2],

∼
hj [3],

∼
hj [4] and

∼
hj [5] by the following formulas:

∼
hj [−1] =

∼
hj [5] =

√
2 cos(2−(j+1)α) + 2

√
2

16 cos(2−(j+1)α) + 8 cos(2−jα) + 8
,

∼
hj [0] =

∼
hj [4] =

−6
√
2 cos(2−(j+1)α)−

√
2 cos(2−jα)− 5

√
2

16 cos(2−(j+1)α) + 8 cos(2−jα) + 8
,

∼
hj [1] =

∼
hj [3]

=
8
√
2 cos(2−(j+1)α) + 7

√
2 cos(2−jα) + 2

√
2 cos(3 2−(j+1)α) + 3

√
2

56 cos(2−(j+1)α) + 32 cos(2−jα) + 8 cos(3 2−(j+1)α) + 32
,

∼
hj [2] =

10
√
2 cos(2−(j+1)α) + 3

√
2 cos(2−jα) + 7

√
2

8 cos(2−(j+1)α) + 4 cos(2−jα) + 4
.

3.4 Fifth order cardinal Chebyshev B-splines

Let λ = (δ1, δ2), where δ1 = (λ1, λ2, λ3) = (0, 0, 0), δ2 = (λ4, λ5) = (−iα, iα),
and

N5
λ(x) = N3

δ1 ∗N
2
δ2(x).

Then we assume that

φj(t) = N5
2−jλ(t). (36)

Therefore,

φ̂j(ω) = N̂3
2−jδ1

(ω)N̂2
2−jδ2

(ω),

=
1

32

(
1 + (1 + 4 cos(2−(j+1)α)e−iω2
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+ (4 + 4 cos(2−(j+1)α) + 2 cos(2−jα))e−iω

+ (4 + 4 cos(2−(j+1)α) + 2 cos(2−jα))e−i 3ω
2

+(1 + 4 cos(2−(j+1)α)e−2iω + e−i 5ω
2

)
N̂5

2−jλ

(ω
2

)
= Hj

(ω
2

)
φ̂j+1

(ω
2

)
,

So, the normalized coefficients are given by

hj [0] = hj [5] =

√
2

12 + 16 cos(2−(j+1)α) + 4 cos(2−jα)
,

hj [1] = hj [4] =

√
2(1 + 4 cos(2−(j+1)α)

12 + 16 cos(2−(j+1)α) + 4 cos(2−jα)
,

hj [2] = hj [3] =
2
√
2(2 + 2 cos(2−(j+1)α) + cos(2−jα))

12 + 16 cos(2−(j+1)α) + 4 cos(2−jα)
.

We assume that
∼
hj [−1],

∼
hj [0],

∼
hj [1],

∼
hj [2],

∼
hj [3],

∼
hj [4],

∼
hj [5], and

∼
hj [6] are

the filters coefficients of dual scaling functions. Moreover, to ensure that the
dual scaling functions are symmetric, we put

∼
hj [−1] =

∼
hj [6],

∼
hj [0] =

∼
hj [5],

∼
hj [1] =

∼
hj [4],

∼
hj [2] =

∼
hj [3].

The relation (14) implies

2
∼
hj [3] + 2

∼
hj [4] + 2

∼
hj [5] + 2

∼
hj [6] =

√
2. (37)

Using (10), we find, for k = 0,

(4 + 4 cos(2−(j+1)α) + 2 cos(2−jα))
∼
hj [3] + (1 + 4 cos(2−(j+1)α)

∼
hj [4] +

∼
hj [5]

=
12 + 16 cos(2−(j+1)α) + 4 cos(2−jα)

2
√
2

, (38)

for k = 1,

(2 + 4 cos(2−(j+1)α)
∼
hj [3] + (4 + 4 cos(2−(j+1)α) + 2 cos(2−jα))

∼
hj [4]

+ (4 + 4 cos(2−(j+1)α) + 2 cos(2−jα))
∼
hj [5] + (1 + 4 cos(2−(j+1)α)

∼
hj [6]

= 0, (39)

and for k = 2,
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∼
h[4] + (1 + 4 cos(2−(j+1)α)

∼
hj [5]

+ (4 + 4 cos(2−(j+1)α) + 2 cos(2−jα))
∼
hj [6] = 0. (40)

Finally, we find
∼
hj [3],

∼
hj [4],

∼
hj [5], and

∼
hj [6] by the following formulas:

∼
hj [−1] =

∼
hj [6] = 0,

∼
hj [0] =

∼
hj [5] =

2
√
2 cos(2−(j+1)α) +

√
2

12 cos(2−(j+1)α) + 4 cos(3 2−(j+1)α)
,

∼
hj [1] =

∼
hj [4] =

−6
√
2 cos(2−(j+1)α)− 4

√
2 cos(2−jα)− 5

√
2

12 cos(2−(j+1)α) + 4 cos(3 2−(j+1)α)
,

∼
hj [2] =

∼
hj [3]

=
5
√
2 cos(2−(j+1)α) + 2

√
2 cos(2−jα) +

√
2 cos(3 2−(j+1)α) + 2

√
2

6 cos(2−(j+1)α) + 2 cos(3 2−(j+1)α)
.

3.5 Sixth order cardinal Chebyshev B-splines

Let λ = (δ1, δ2), where δ1 = (λ1, λ2, λ3) = (0, 0, 0), δ2 = (λ4, λ5, λ6) =

(0,−iα, iα), and

N6
λ(x) = N3

δ1 ∗N
3
δ2(x).

Then, we assume that

φj(t) = N6
2−jλ(t). (41)

Therefore,

φ̂j(ω) = N̂3
2−jδ1

(ω)N̂3
2−jδ2

(ω),

=
1

64

(
1 + (2 + 4 cos(2−(j+1)α))e−iω2 + (5 + 8 cos(2−(j+1)α)

+ 2 cos(2−jα))e−iω +(8 + 8 cos(2−(j+1)α) + 4 cos(2−jα))e−i 3ω
2

+ (5 + 8 cos(2−(j+1)α) + 2 cos(2−jα))e−2iω

+(2 + 4 cos(2−(j+1)α))e−i 5ω
2 + e−3iω

)
N̂6

2−jλ

(ω
2

)
= Hj

(ω
2

)
φ̂j+1

(ω
2

)
.
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Thus, the normalized coefficients are expressed as

hj [0] = hj [6] =

√
2

24 + 32 cos(2−(j+1)α) + 8 cos(2−jα)
,

hj [1] = hj [5] =
2
√
2
(
1 + 2 cos(2−(j+1)α)

)
24 + 32 cos(2−(j+1)α) + 8 cos(2−jα)

,

hj [2] = hj [4] =

√
2
(
5 + 8 cos(2−(j+1)α) + 2 cos(2−jα)

)
24 + 32 cos(2−(j+1)α) + 8 cos(2−jα)

,

hj [3] =
2
√
2
(
4 + 4 cos(2−(j+1)α) + 2 cos(2−jα)

)
24 + 32 cos(2−(j+1)α) + 8 cos(2−jα)

.

As in previous instances, let us assume that
∼
hj [−1],

∼
hj [0],

∼
hj [1],

∼
hj [2],

∼
hj [3],

∼
hj [4],

∼
hj [5],

∼
hj [6], and

∼
hj [7], where

∼
hj [−1] =

∼
hj [7],

∼
hj [0] =

∼
hj [6],

∼
hj [1] =

∼
hj [5],

∼
hj [2] =

∼
hj [4].

The relation (14) implies
∼
hj [3] + 2

∼
hj [4] + 2

∼
hj [5] + 2

∼
hj [6] + 2

∼
hj [7] =

√
2. (42)

Using (10), we find, for k = 0(
4 + 4 cos(2−(j+1)α) + 2 cos(2−jα)

)∼
hj [3] +

(
5 + 8 cos(2−(j+1)α) + 2 cos(2−jα)

)∼
hj [4]

+
(
2 + 4 cos(2−(j+1)α)

)∼
hj [5] +

∼
hj [6] =

24 + 32 cos(2−(j+1)α) + 8 cos(2−jα)

2
√
2

, (43)

for k = 1,(
2 + 4 cos(2−(j+1)α)

)∼
hj [3] +

(
6 + 8 cos(2−(j+1)α) + 2 cos(2−jα)

)∼
hj [4]

+
(
8 + 8 cos(2−(j+1)α) + 4 cos(2−jα)

)∼
hj [5]

+
(
5 + 8 cos(2−(j+1)α) + 2 cos(2−jα)

)∼
hj [6]

+
(
2 + 4 cos(2−(j+1)α)

)∼
hj [7] = 0, (44)

for k = 2,
∼
hj [4] +

(
2 + 4 cos(2−(j+1)α)

)∼
hj [5]

+
(
5 + 8 cos(2−(j+1)α) + 2 cos(2−jα)

)∼
hj [6]
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+
(
8 + 8 cos(2−(j+1)α) + 4 cos(2−jα)

)∼
hj [7] = 0, (45)

and for k = 3,
∼
hj [6] +

(
2 + 4 cos(2−(j+1)α)

)∼
hj [7] = 0. (46)
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.

The figures presented below (Figure 1) illustrate the scaling and wavelet
functions associated with the previously obtained biorthogonal filter banks.

4 Application of nonstationary biorthogonal filter banks
for image compression

In this section of our comparative study, we analyze the performance of
nonstationary biorthogonal filter banks, derived in the previous section with
parameters n = 6, in comparison to the widely used Daubechies biorthogonal
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(a) φj ,
∼
φj , ψj , and

∼
φj for α = 0, j = 0, and

n = 2

(b) φj ,
∼
φj , ψj and ∼

φj for α = 0, j = 0 and
n = 3

(c) φj ,
∼
φj , ψj , and

∼
φj for α = 0, j = 0, and

n = 4

(d) φj ,
∼
φj , ψj , and

∼
φj for α = 0, j = 0, and

n = 5

(e) φj ,
∼
φj , ψj , and

∼
φj for α = 0, j = 0, and

n = 6

Figure 1: Curves of scaling functions and wavelet functions

filter bior bior 3.3, bior 4.4, and bior 5.5 [3]. The evaluation is conducted
using the peak signal-to-noise ratio (PSNR) quality measure. The images
considered in our study include pepper, bamboo, Barbara, lighthouse, boat,
X-ray, and a textured image. The results of our analysis are presented in
Table 1:
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Table 1: Comparison of PSNR values for different images using stationary and nonsta-
tionary biorthogonal filter banks (PS-NS).

Image

Filter
bior
3.3

bior
4.4

bior
5.5 PS-NS

Optimal
value
of α

Pepper
image

373.0289 321.8209 317.6718 377.4309 0.4

Bamboo
image

373.3974 312.1773 310.2757 376.0176 1.4

Barbara
image

370.5101 312.7138 311.3224 373.5105 1.4

Lighthouse
image

368.791 315.1341 312.1767 372.6814 3

Boat
image

369.5577 316.4587 312.8915 372.7301 0.1

X-ray
image

374.7837 321.2239 317.7600 379.4312 0.4

Textured
image

372.4533 309.4582 305.5483 375.9778 1.3

Nonstationary filters optimized with an adaptive parameter α consistently
offer better image reconstruction quality, as measured by a higher PSNR.
Although the improvement varies depending on the image, this demonstrates
the potential of nonstationary filters to outperform traditional biorthogonal
approaches in terms of reconstruction fidelity.

In this section, we further analyze the effectiveness of these filter banks in
image compression. Beyond the PSNR measure discussed earlier, we evaluate
compression performance by quantifying the number of zeros introduced in
the processed image. A higher count of zeros signifies greater compression
efficiency, as it indicates a substantial reduction in redundant information
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while retaining key image details. This metric is crucial for minimizing file
size while maintaining satisfactory visual quality.

For each image, the parameter α is optimized to maximize the number
of zeros, ensuring the best compression performance for the specific image.
Thresholds are selected adaptively based on the characteristics of each im-
age, striking a balance between maintaining visual quality and enhancing
compression efficiency.

Table 2: Comparison of the number of zeros in the image after compression using sta-
tionary and nonstationary biorthogonal filter banks (PS-NS).

Image

Threshold

Filter

bior
3.3

bior
4.4

bior
5.5 PS-NS

Optimal

value of

α

Pepper
image

0.01 200271 195713 197236 202269 3.4
0.05 201226 202617 204126 203773 5.5
0.1 201408 202871 204126 205864 5.6
0.15 201698 203119 204618 207672 5.6
0.2 202298 203660 205135 207453 5.4

Bamboo
image

0.1 205408 203566 203099 203737 0.1
0.2 217290 217299 218389 218952 0.1
0.3 223279 223417 224895 226805 7.9
0.4 227922 228209 229755 232402 7.9
0.5 232562 233066 234571 236767 7.9

Barbara
image

0.1 193788 193613 194121 195190 0.1
0.2 199199 199351 200434 203116 0.2
0.3 203980 203945 204867 208590 7.8
0.4 209261 209146 210240 214263 7.9
0.5 213573 213464 214480 218510 7.9

Lighthouse
image

0.1 200554 200951 201971 202509 0.2
0.15 201904 202386 203638 204443 2.3
0.2 202665 203358 204573 205806 2.5
0.25 203531 204284 205498 206993 3
0.3 204524 205309 206534 208083 3
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Boat
image

0.15 202593 203857 205311 206093 5.3
0.3 206465 207617 208973 210035 7.4
0.45 209932 210944 212315 213802 7.3
0.6 212121 213224 214562 217194 7.3
0.75 214717 215921 217330 220750 7.2

X-ray
image

0.05 201017 202083 203617 203654 4.6
0.1 201263 202711 204266 206469 4.8
0.15 201330 202797 204349 209284 4.8
0.2 232677 234175 235987 238573 4.5
0.25 238801 240088 241793 244086 7.4

Textured
image

0.05 202284 197225 197596 206985 0.1
0.1 211203 208244 207600 212592 0.1
0.15 216815 215130 214592 217219 0.1
0.2 221580 220335 219984 221975 0.1
0.25 225770 225134 225145 226346 0.1

The nonstationary filter consistently outperforms all other filters, achiev-
ing the highest number of zeros across all threshold values and images. This
performance is particularly notable when compared to bior 5.5, highlighting
its superior effectiveness in compression (Table 2).

The figures presented below (Figure 2–8) provide a qualitative evalua-
tion of the reconstructed images after compression using the nonstationary
biorthogonal filter bank PS-NS. These visualizations validate the filter’s
capability to achieve high compression efficiency without compromising per-
ceptual image quality.

(a) Original pepper image. (b) Reconstructed pepper im-
age for th = 0.01 and α = 3.4.

(c) Reconstructed pepper im-
age for th = 0.2 and α = 5.

Figure 2: Visualization of the original pepper image and its reconstructions with non-
stationary filter.
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(a) Original mandrill image. (b) Reconstructed mandrill
image for th = 0.1 and α = 0.1.

(c) Reconstructed mandrill im-
age for th = 0.5 and α = 7.9.

Figure 3: Visualization of the original mandrill image and its reconstructions with non-
stationary filter.

(a) Original Barbara image. (b) Reconstructed Barbara im-
age for th = 0.1 and α = 0.1.

(c) Reconstructed Barbara im-
age for th = 0.5 and α = 7.9.

Figure 4: Visualization of the original Barbara image and its reconstructions with non-
stationary filter.

(a) Original lighthouse image.(b) Reconstructed lighthouse
image for th = 0.1 and α = 0.2.

(c) Reconstructed lighthouse
image for th = 0.3 and α = 3.

Figure 5: Visualization of the original lighthouse image and its reconstructions with
nonstationary filter.
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(a) Original boat image. (b) Reconstructed boat image
for th = 0.15 and α = 5.3.

(c) Reconstructed boat image
for th = 0.75 and α = 7.2.

Figure 6: Visualization of the original boat image and its reconstructions with nonsta-
tionary filter.

(a) Original X-ray image. (b) Reconstructed X-ray im-
age for th = 0.2 and α = 4.5.

(c) Reconstructed X-ray im-
age for th = 0.25 and α = 7.4.

Figure 7: Visualization of the original X-ray image and its reconstructions with nonsta-
tionary filter.

(a) Original textured image. (b) Reconstructed textured
image for th = 0.2 and α = 0.1.

(c) Reconstructed textured im-
age for th = 0.25 and α = 0.1.

Figure 8: Visualization of the original textured image and its reconstructions with non-
stationary filter.
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5 Conclusion

In conclusion, nonstationary biorthogonal wavelets are powerful tools for sig-
nal analysis, with recent advancements showcasing the utility of cardinal
Chebyshev B-splines in their construction. The proposed method simplifies
filter design by explicitly formulating filters and dual filters at all scaling lev-
els, enabling efficient implementation through numerical methods like Gauss
elimination or LU factorization. This streamlined approach, combined with
the practical applications of nonstationary wavelets, underscores their impor-
tance in image processing.

Filters based on cardinal Chebyshev B-splines offer potential improve-
ments in compression quality and computational efficiency, although perfor-
mance may depend on the specific characteristics of the images processed.

Future research could focus on optimizing the method for high-dimensional
data and integrating it into machine learning workflows, broadening the
applicability of nonstationary wavelets across scientific and engineering do-
mains.

Acknowledgements

The authors sincerely appreciate the constructive feedback and valuable sug-
gestions provided by the anonymous referees and the editor.

References

[1] Boor, C., DeVore, R.A. and Ron, A. On the construction of multivariate
(pre) wavelets, Constr. Approx. 9 (1993) 123–166.

[2] Brahimi, M., Melkemi, K. and Boussaad, A. Design of nonstationary
wavelets through the positive solution of Bezout’s equation, J. Interdiscip.
Math. 24(3), (2021) 553–565.

[3] Daubechies, I. Ten lectures on wavelets, SIAM. 1992.

Iran. J. Numer. Anal. Optim., Vol. 15, No. 2, 2025, pp 704–727



727 Numerical design of nonstationary wavelets: Enhanced filter design ...

[4] Gasquet, C. and Witomski, P. Analyse de Fourier et applications: fil-
trage, calcul numérique, ondelettes, Elsevier Masson, 1990.

[5] Lee, Y.J. and Yoon, J. Analysis of compactly supported nonstationary
biorthogonal wavelet systems based on exponential B-splines,In Abstract
and Applied Analysis, vol. 2011, no. 1, p. 593436. Hindawi Publishing
Corporation, 2011.

[6] Mallat, S.G. Multiresolution approximations and wavelet orthonormal
bases of L2(R), Trans. Am. Math. Soc. 315(1) (1989) 69–87.

[7] Mazure, M.L., and Melkemi, K. Orthonormality of Cardinal Cheby-
shev B-spline Bases in Weighted Sobolev Spaces, Constr. Approx. 18(3)
(2002) 387–415.

[8] Melkemi, K. Orthogonalité des B-splines de Chebyshev cardinales dans
un espace de Sobolev pondéré, PhD diss., University Joseph-Fourier-
Grenoble I, 1999.

[9] Soman, K. P. Insight into wavelets: from theory to practice, PHI Learn-
ing Pvt. Ltd, 2010.

[10] Vonesch, C., Blu, T., and Unser, M. Generalized Daubechies wavelet
families, IEEE Trans. Signal Process. 55(9) (2007) 4415-4429.

[11] Zhang, B., Zheng, H., Zhou, J., and Pan, L. Construction of a family of
non-stationary biorthogonal wavelets, J. Inequ. Appl. 1 (2019) 1–15.

Iran. J. Numer. Anal. Optim., Vol. 15, No. 2, 2025, pp 704–727



Iranian Journal of Numerical Analysis and Optimization
Vol. 15, No. 2, 2025, pp 728–769
https://doi.org/10.22067/ijnao.2025.90299.1536
https://ijnao.um.ac.ir/

Research Article

A parameter uniform hybrid approach for
singularly perturbed two-parameter

parabolic problem with discontinuous
data

N. Roy*, A. Jha

Abstract

In this article, we address singularly perturbed two-parameter parabolic
problem of the reaction-convection-diffusion type in two dimensions. These
problems exhibit discontinuities in the source term and convection coeffi-
cient at particular domain points, which result in the formation of interior
layers. The presence of two perturbation parameters leads to the formation
of boundary layers with varying widths. Our primary focus is to address
these layers and develop a scheme that is uniformly convergent. So we
propose a hybrid monotone difference scheme for the spatial direction, im-
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plemented on a specially designed piece-wise uniform Shishkin mesh, com-
bined with the Crank–Nicolson method on a uniform mesh for the temporal
direction. The resulting scheme is proven to be uniformly convergent, with
an order of almost two in the spatial direction and exactly two in the tem-
poral direction. Numerical experiments support the theoretically proven
higher order of convergence and show that our approach results in bet-
ter accuracy and convergence compared to other existing methods in the
literature.

AMS subject classifications (2020): 65M06, 65M12, 65M15

Keywords: Interior layers; Hybrid Method; Singularly Perturbed; Parabolic
problem; Shishkin mesh.

1 Introduction

We have considered a two-parameter singularly perturbed parabolic initial
boundary value problem with nonsmooth data:

Lu(x, t) ≡ (ϵuxx + µaux − bu− ut)(x, t) = f(x, t), (x, t) ∈ (Ω− ∪ Ω+),

u(0, t) = p(t), (0, t) ∈ Γl = {(0, t)|0 ≤ t ≤ T},

u(1, t) = r(t), (1, t) ∈ Γr = {(1, t)|0 ≤ t ≤ T},

u(x, 0) = q(x), (x, 0) ∈ Γb = {(x, 0)|0 ≤ x ≤ 1},
(1)

where 0 < ϵ � 1 and 0 < µ ≤ 1 are two singular perturbation parameters.
Let d ∈ Γ = (0, 1), Γ− = (0, d), Γ+ = (d, 1), Γc = Γl∪Γb∪Γr and Ω = (0, 1)×
(0, T ], Ω− = (0, d) × (0, T ], Ω+ = (d, 1) × (0, T ]. The convection coefficient
a(x, t) and source term f(x, t) experience discontinuities at (d, t) ∈ Ω for
all t. Moreover, a(x, t) ≤ −α1 < 0 for (x, t) ∈ Ω− and a(x, t) ≥ α2 > 0

for (x, t) ∈ Ω+, where α1, α2 are positive constants. These functions are
sufficiently smooth on Ω− ∪ Ω+. We assume that the jumps of a(x, t) and
f(x, t) at (d, t) satisfy |[a](d, t)| < C and |[f ](d, t)| < C, where the jump of ω
at (d, t) is [ω](d, t) = ω(d+, t)−ω(d−, t). Additionally, the coefficient b(x, t) is
assumed to be a sufficiently smooth function on Ω such that b(x, t) ≥ β > 0.
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(0, T )
(d, T )

(1, T )

(0, 0) (d, 0) (1, 0)

Γl Γr

Γb

u = p(t) u = r(t)

u = q(x)

a(x, t) < 0 a(x, t) > 0

Ω− Ω+

Γ− Γ+

Figure 1: Domain

The boundary data p(t), r(t) and initial data q(x) are sufficiently smooth on
the domain and satisfy the compatibility condition at the two corner points
(0, 0) and (1, 0):

q(0) = p(0),

q(1) = r(0),

as well as

ϵ
∂2q(0)

∂x2
+ µa(0)

∂q(0)

∂x
− b(0)q(0)− f(0, 0) = ∂p(0)

∂t
,

ϵ
∂2q(1)

∂x2
+ µa(1)

∂q(1)

∂x
− b(1)q(1)− f(1, 0) = ∂r(0)

∂t
.

Similar compatibility conditions apply at the transition point (d, 0); see Fig-
ure 1. Under these assumptions, the problem (1) has a unique continuous
solution in the domain Ω̄. The solution contains strong interior layers at
the points of discontinuity (d, t) for all t ∈ (0, T ] due to the discontinuity in
the convection coefficient and source term. Additionally, the solution exhibits
boundary layers at Γl and Γr due to the presence of perturbation parameters ϵ
and µ. Singularly perturbed two-parameter parabolic problems are not exten-
sively studied, and there is a scarcity of well-established numerical methods
tailored to solve them effectively, especially in comparison to the abundance
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of methods available for one-parameter singularly perturbed parabolic prob-
lems. A number of researchers have developed a numerical technique for a
system singularly perturbed two-parameter parabolic problems with smooth
data [1, 10, 11, 14, 16, 19, 24]. Singh and Kumar [21] developed a numerical
techniques for a system of singularly perturbed parabolic convection-diffusion
equations. Finding a uniform numerical solution for singularly perturbed
parabolic equations with discontinuous data is more challenging. For the
problem (1), Chandru et al. [3, 4] showed that the accuracy of the upwind
scheme on Shishkin mesh in space and the backward Euler scheme on uniform
mesh in time is nearly first-order. Kumar and Kumari [12] used the Crank–
Nicolson method in time on a uniform mesh and the upwind method in space
on an appropriately defined Shishkin mesh to achieve a second order accurate
method in time and almost first order accurate in space. Singh, Choudhary,
and Kumar [22] presented an implicit scheme based on the Crank–Nicolson
method in time and trigonometric B-spline basis functions on Shishkin mesh
in space. This parameter uniform method is proved to be almost first order
convergent in space and second order convergent in time.

With uniform meshes, standard numerical approaches cannot yield ef-
fective solution approximations in layer regions. Stynes and Roos [23] in-
troduced a hybrid technique for steady-state singular perturbation problems
(SPPs) with continuous data, which is almost of order two on a Shishkin
mesh. The hybrid numerical scheme for solving singularly perturbed bound-
ary value problems with discontinuous convection coefficients introduced by
Cen [2] achieves nearly second-order accuracy across the entire domain [0, 1]

when the perturbation parameter ϵ satisfies ϵ ≤ N−1. Also, Mukherjeee and
Natesan [15] proposed a hybrid difference scheme on Shishkin mesh in space
and Euler-backward difference in time for singularlyperturbed parabolic
problems with nonsmooth data. They achieve the convergence almost two in
space and first order in time.

Many problems of significance like chemical flow in reactor theory [17],
fluid dynamics [20] are modeled as singularly perturbed problems. In par-
ticular, these equations are used in time-dependent semiconductor models
[13]. In a drift-diffusion model, jump discontinuities in the doping profile
at a p-n junction create sharp interior layers in carrier densities and elec-
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tric potential. These layers significantly impact the transient behavior of
semiconductor devices, such as transistor switching and charge transport.

In this paper, we have used the Crank–Nicolson scheme [5] on time on a
uniform mesh and in space a hybrid scheme on piece-wise uniform Shishkin
mesh. The Crank–Nicolson method in time gives second order convergence
in time in supremum norm. The hybrid scheme we propose combines a mod-
ified central difference scheme, the midpoint upwind scheme, and the upwind
scheme. This blending offers a key advantage: it surpasses the limitations of
the classical central difference scheme. The classical central difference scheme
on a uniform mesh has been found to generate nonphysical oscillations in the
discrete solution when ϵ is small, unless the mesh diameter is prohibitively
small. On the other hand, the midpoint upwind approach shows second-order
uniform convergence beyond the boundary layer region when used with a uni-
form mesh. The upwind method, though first order, does not have spurious
oscillations. Furthermore, the Shishkin mesh uses piece-wise uniform meshes.
Thus we choose a fine mesh within the layer regions and a coarse mesh in
the outer regions. Leveraging this characteristic, we utilize the second-order
classical central difference scheme in the interior layer regions which is sec-
ond order accurate under certain conditions. The midpoint upwind scheme
and upwind scheme are used suitably in the outer region to get a monotone
method. This approach allows us to accomplish nearly second-order conver-
gence in space for the proposed hybrid scheme. Thus, the overall method has
almost second order parameter uniform convergence.

Contribution in context: The main contribution of the present pa-
per is that the numerical scheme presented here achieves order two in time
and almost order two in space in the supremum norm. Also, the method
is parameter uniform. The orders of convergence obtained in space in this
paper is an improvement of the result of Singh, Choudhary, and Kumar [22].
The method presented there had uniform convergence of order one up to a
logarithmic factor in space and order two in time in the supremum norm.

The article is arranged as follows. In Section 2, we present a priori bounds
on the analytical solution and its derivatives. The Shishkin mesh and the
detailed construction of the suggested hybrid finite difference scheme are
provided in Section 3. In Section 4, the truncation error of the scheme and
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uniform error bound are given. In Section 5, we conduct a few numerical
experiments to validate the theoretical findings and showcase the efficiency
and accuracy of the proposed scheme. The primary findings are summarized
in Section 6.

Notation: The norm used is the maximum norm given by

‖u‖Ω = max
(x,t)∈Ω

|u(x, t)|.

In this study, C, C1, or C2 are used as a positive constants that are indepen-
dent of the perturbation parameters ϵ, µ, and mesh size.

2 Analytical aspects of the solution

The analytical properties of the solution to the problem (1) are discussed
in this section. The following provides details regarding the solution to (1),
including the existence of a singularly perturbed solution, the minimum prin-
ciple, stability bounds and a priori bounds.

Lemma 1. [12] The solution u(x, t) ∈ C0(Ω̄)∩C1(Ω) ∩C2(Ω− ∪Ω+) exists
for (1).

Lemma 2. [12] If u(x, t) ∈ C0(Ω̄)∩C1(Ω)∩C2(Ω−∪Ω+) such that u(x, t) ≥
0, for all (x, t) ∈ Γc,Lu(x, t) ≤ 0, for all (x, t) ∈ (Ω− ∪ Ω+) and [ux](d, t) ≤
0, t > 0, then u(x, t) ≥ 0 for all (x, t) ∈ Ω̄.

Lemma 3. [12] The bounds on u(x, t) is given by

‖u‖Ω̄ ≤ ‖u‖Γc +
‖f‖Ω−∪Ω+

θ
.

where θ = min{α1/d, α2/(1− d)}.

The following bounds are parameter-explicit and satisfied by the deriva-
tives of the solution to this problem (1).

Lemma 4. [3] The solution u(x, t) and its derivatives for all (x, t) ∈ Ω−∪Ω+

satisfy the following bounds for nonnegative integers k, m such that 1 ≤
k +m ≤ 3:
If
√
αµ ≤ √ρϵ, then
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δxkδtm

∥∥∥∥
≤ Cϵ

−k
2 max

{
∥u∥Ω̄,

2∑
i+2j=0

ϵi/2
∥∥∥∥ δi+jf

δxiδtj

∥∥∥∥, 4∑
i=0

[
ϵi/2

∥∥∥∥dipdti
∥∥∥∥
Γl

+

∥∥∥∥ diqdxi
∥∥∥∥
Γb

+

∥∥∥∥dirdti
∥∥∥∥
Γr

]}
.

If
√
αµ >

√
ρϵ, then∥∥∥∥ δk+mu

δxkδtm

∥∥∥∥
≤ C

(
µ

ϵ

)k(
µ2

ϵ

)m

max
{
‖u‖Ω̄,

2∑
i+2j=0

(
ϵ

µ

)i(
ϵ

µ2

)j+1∥∥∥∥ δi+jf

δxiδtj

∥∥∥∥,
4∑

i=0

[(
ϵ

µ

)i∥∥∥∥dipdti
∥∥∥∥
Γl

+

(
ϵ

µ2

)j+1∥∥∥∥ diqdxi
∥∥∥∥
Γb

+

(
ϵ

µ2

)j+1∥∥∥∥dirdti
∥∥∥∥
Γr

]}
,

where C is a constant independent of ϵ and µ.

To obtain sharper bounds on the solution, the solution u(x, t) of (1) is
decomposed into regular and layers components as u(x, t) = v(x, t)+wl(x, t)+

wr(x, t). The regular component v(x, t) satisfies the following equation:

Lv(x, t) = f(x, t), (x, t) ∈ Ω− ∪ Ω+,

v(x, 0) = u(x, 0), for all x ∈ Γ− ∪ Γ+,
(2)

and v(0, t), v(1, t), v(d−, t), v(d+, t) are chosen suitably for all t in (0, T ].
Also, v(d−, t) = lim

x→d−
v(x, t) and v(d+, t) = lim

x→d+
v(x, t). The regular com-

ponent v(x, t) can further be decomposed as

v(x, t) =

{
v−(x, t), (x, t) ∈ Ω−,

v+(x, t), (x, t) ∈ Ω+,

where v−(x, t) and v+(x, t) are the left and right regular components, respec-
tively.

The singular components wl(x, t) and wr(x, t) are the solutions of

Lwl(x, t) = 0, (x, t) ∈ Ω− ∪ Ω+,

wl(0, t) = u(0, t)− v(0, t)− wr(0, t), for all t ∈ (0, T ],

wl(1, t) is chosen suitably for all t ∈ (0, T ],

wl(x, 0) = 0, for all x ∈ Γ− ∪ Γ+,

(3)
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and
Lwr(x, t) = 0, (x, t) ∈ Ω− ∪ Ω+,

wr(0, t) is chosen suitably for all t ∈ (0, T ],

wr(1, t) = u(1, t)− v(1, t)− wl(1, t), for all t ∈ (0, T ],

wr(x, 0) = 0, for all x ∈ Γ− ∪ Γ+,

(4)

respectively. The regular v and layer wl, wr components may be dis-
continuous at (d, t), for all t ∈ (0, T ] but their sum u is continuous at
(d, t), for all t ∈ (0, T ]. Furthermore, the singular components wl(x, t) and
wr(x, t) are decomposed as

wl(x, t) =

{
w−

l (x, t), (x, t) ∈ Ω−,

w+
l (x, t), (x, t) ∈ Ω+,

wr(x, t) =

{
w−

r (x, t), (x, t) ∈ Ω−,

w+
r (x, t), (x, t) ∈ Ω+.

Hence, the unique solution u(x, t) to (1) is written as

u(x, t) =



(v− + w−
l + w−

r )(x, t), (x, t) ∈ Ω−,

(v− + w−
l + w−

r )(d−, t)

= (v+ + w+
l + w+

r )(d+, t), (x, t) = (d, t), for all t ∈ (0, T ],

(v+ + w+
l + w+

r )(x, t), (x, t) ∈ Ω+.

Lemma 5. The bounds on the components v(x, t), wl(x, t), wr(x, t) and their
derivatives are given as follows for

√
αµ ≤ √ρϵ and 0 ≤ i+ 2j ≤ 4:∥∥∥∥ δi+jv

δxiδtj

∥∥∥∥
Ω−∪Ω+

≤ C(1 + ϵ(3−i)/2),

∥∥∥∥δi+jwl

δxiδtj

∥∥∥∥
Ω−∪Ω+

≤ Cϵ−i/2

{
e−θ2x, (x, t) ∈ Ω−,

e−θ1(x−d), (x, t) ∈ Ω+,∥∥∥∥δi+jwr

δxiδtj

∥∥∥∥
Ω−∪Ω+

≤ Cϵ−i/2

{
e−θ1(d−x), (x, t) ∈ Ω−,
e−θ2(1−x), (x, t) ∈ Ω+,

where
θ1 =

√
ρα
√
ϵ
, θ2 =

√
ρα

2
√
ϵ
, (5)

and C is a constant independent of ϵ and µ.
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Proof. The proof follows by following the approach given in Gracia and
O’Riordan [9].

Lemma 6. The bounds on the components v(x, t), wl(x, t), wr(x, t) and their
derivatives are given as follows for

√
αµ >

√
ρϵ and 0 ≤ i+ 2j ≤ 4,:∥∥∥∥ δi+jv

δxiδtj

∥∥∥∥
Ω−∪Ω+

≤ C(1 + (ϵ/µ)(3−i)),

∥∥∥∥δi+jwl

δxiδtj

∥∥∥∥
Ω−∪Ω+

≤ C
(
µ

ϵ

)i
{
e−θ2x, (x, t) ∈ Ω−,

e−θ1(x−d), (x, t) ∈ Ω+,∥∥∥∥δi+jwr

δxiδtj

∥∥∥∥
Ω−∪Ω+

≤ C
(
1

µ

)i
{
e−θ1(d−x), (x, t) ∈ Ω−,
e−θ2(1−x), (x, t) ∈ Ω+,

where
θ1 =

αµ

ϵ
, θ2 =

ρ

2µ
, (6)

and C is a constant independent of ϵ and µ.

Proof. For the proof, refer to the idea given in Gracia and O’Riordan [9].

3 Discretization

We will first discretize (1) in time using the Crank–Nicolson method [5]. This
results in a semidiscrete system of equations. We then discretize in space.

3.1 Discretization in time

We begin by demonstrating the semidiscretization of the problem in the
temporal direction on a uniform mesh using the Crank–Nicolson method
[5]. For a fixed time T , the interval [0, T ] is partitioned uniformly as
ΛM = {tj = j∆t : j = 0, 1, . . . ,M,∆t = T

M }. The semidiscretization yields
the following system of linear ordinary differential equations:

ϵU
j+ 1

2
xx (x) + µaj+

1
2 (x)U

j+ 1
2

x (x)− bj+ 1
2 (x)U j+ 1

2 (x)

= f j+
1
2 (x) +

U j+1(x)− U j(x)

∆t
,
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x ∈ (Ω− ∪ Ω+), 0 ≤ j ≤M − 1,

U j+1(0) = u(0, tj+1), U j+1(1) = u(1, tj+1), 0 ≤ j ≤M − 1,

U0(x) = u(x, 0), x ∈ Γb,

where U j+1(x) is the approximation of u(x, tj+1) of (1) at (j+1)th time level

and pj+ 1
2 =

pj+1(x) + pj(x)

2
. Upon simplification, we have

L̃U j+1(x) = g(x, tj+1), x ∈ (Γ− ∪ Γ+), 0 ≤ j ≤M − 1,
U j+1(0) = u(0, tj+1), 0 ≤ j ≤M − 1,
U j+1(1) = u(1, tj+1), 0 ≤ j ≤M − 1,
U0(x) = u(x, 0), x ∈ Γ,

 (7)

where the operator L̃ is defined as

L̃ ≡ ϵ d
2

dx2
+ µaj+

1
2
d

dx
− cj+ 1

2 I,

and

g(x, tj+1) = 2f j+
1
2 (x)− ϵU j

xx(x)− µaj+
1
2 (x)U j

x(x) + dj+
1
2 (x)U j(x),

cj+
1
2 (x) = bj+

1
2 (x) +

2

∆t
,

dj+
1
2 (x) = bj+

1
2 (x)− 2

∆t
.

The error in temporal semidiscretization is defined by ej+1 = u(x, tj+1) −
Û j+1(x), where u(x, tj+1) is the solution of (1). Moreover, Û j+1(x) is the
solution of semidiscrete scheme (7), when u(x, tj) is taken instead of U j to
find solution at (x, tj+1).

Theorem 1. The local truncation error Tj+1 = L̃(ej+1) satisfies

‖Tj+1‖ ≤ C(∆t)3, 0 ≤ j ≤M − 1.

Proof. The Taylor’s approximation gives

u(x, tj+1) = u(x, tj+ 1
2
) +

1

2
∆tut(x, tj+ 1

2
) +

1

8
∆t2utt(x, tj+ 1

2
) +O(∆t)3,

u(x, tj) = u(x, tj+ 1
2
)− 1

2
∆tut(x, tj+ 1

2
) +

1

8
∆t2utt(x, tj+ 1

2
) +O(∆t)3.
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Using these equations, we have

u(x, tj+1)− u(x, tj)
∆t

=ut(x, tj+ 1
2
) +O(∆t)2

=ϵuxx(x, tj+ 1
2
) + µa(x, tj+ 1

2
)ux(x, tj+ 1

2
)

− b(x, tj+ 1
2
)u(x, tj+ 1

2
)− f(x, tj+ 1

2
) +O(∆t)2.

Further simplification gives

L̃ujx = ϵuxx(x, tj+1) + µaj+
1
2ux(x, tj+1)− cj+

1
2u(x, tj+1)

= g(x, tj+1) +O(∆t)3.

Hence the local truncation error satisfies

L̃(ej+1) = O(∆t)3,

ej+1(0) = ej+1(0) = 0.

We arrive at the result using Lemma 3. [14]) ej+1(x) ≤ O(∆t)3.

Theorem 2. The global error Ej = u(x, tj)− U j(x) is estimated as

‖Ej‖ ≤ C(∆t)2, 0 ≤ j ≤M − 1,

where U j(x) is the solution of (7).

Proof. For proof, refer to [22]. ‖
∏i−1

k=0Rj−k‖ ≤ C, for all i = 1, 2, 3, ...j, 1 ≤
j ≤M.

3.2 Discretization in space

We understand from the relevant literature on SPPs that a uniform mesh
is insufficient for achieving uniform convergence of (1) due to the existence
of layer regions. The differential equation (1) exhibits strong interior layers
including boundary layers near the boundaries. To resolve these layers, we
have discretized this problem by using a piece-wise uniform Shishkin mesh.

Let the interior points of the spatial mesh be denoted by ΓN = {xi : 1 ≤
i ≤ N

2 −1}∪{xi :
N
2 +1 ≤ i ≤ N−1}. The equation Γ̄N = {xi}N0 ∪{d} denotes
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the mesh points with x0 = 0, xN = 1 and the point of discontinuity at point
xN

2
= d. We also introduce the notation ΓN− = {xi}

N
2 −1
0 ,ΓN+ = {xi}N−1

N
2 +1

,
ΩN− = ΓN−×ΛM , ΩN+ = ΓN+×ΛM , ΩN,M = ΓN×ΛM , Ω̄N,M = Γ̄N×ΛM ,
ΓN
c = Ω̄N,M ∩ Γc, ΓN

l = ΓN
c ∩ Γl, ΓN

b = ΓN
c ∩ Γb and ΓN

r = ΓN
c ∩ Γr. The

domain [0, 1] is subdivided into six subintervals as

Γ̄ = [0, τ1]∪[τ1, d−τ2]∪[d−τ2, d]∪[d, d+τ3]∪[d+τ3, 1−τ4]∪[1−τ4, 1] =
6⋃

i=1

Ii.

The transition points in Γ̄ are

τ1 = min
{
d

4
,
2

θ2
lnN

}
, τ2 = min

{
d

4
,
2

θ1
lnN

}
,

τ3 = min
{
1− d
4

,
2

θ1
lnN

}
, τ4 = min

{
1− d
4

,
2

θ2
lnN

}
.

On the subintervals [0, τ1], [d−τ2, d], [d, d+τ3], and [1−τ4, 1], a uniform mesh
of
(
N
8 +1

)
mesh points and on [τ1, d− τ2] and [d+ τ3, 1− τ4] a uniform mesh

of
(
N
4 + 1

)
mesh points are taken. The mesh points are given by

xi =



8iτ1
N

, 0 ≤ i ≤ N
8 ,

τ1 +
4(d− τ1 − τ2)

N

(
i− N

8

)
, N

8 ≤ i ≤
3N
8 ,

d− τ2 +
8τ2
N

(
i− 3N

8

)
, 3N

8 ≤ i ≤
N
2 ,

d+
8τ3
N

(
i− N

2

)
, N

2 ≤ i ≤
5N
8 ,

d+ τ3 +
4(1− d− τ3 − τ4)

N

(
i− 5N

8

)
, 5N

8 ≤ i ≤
7N
8 ,

1− τ4 +
8τ4
N

(
i− 7N

8

)
, 7N

8 ≤ i ≤ N.

Let hi = xi−xi−1 denote the step size and let h1 = 8τ1
N , h2 = 4(d−τ1−τ2)

N , h3 =
8τ2
N , h4 = 8τ3

N , h5 = 4(1−d−τ3−τ4)
N , h6 = 8τ4

N denote the step sizes in the inter-
val I1, I2, I3, I4, I5, and I6, respectively.

Assumption 1. Throughout the paper, we shall also assume that ϵ ≤ N−1

as is generally the case for discretization of convection-dominated problems.
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We have presented a hybrid difference approach for the discretization of
the problem (1) in the spatial variable. On the above piece-wise uniform
Shishkin mesh, this hybrid difference scheme comprises of an upwind, a cen-
tral difference and a midpoint upwind scheme. Here, we introduce the hybrid
difference method for the ratio

√
αµ ≤ √ρϵ:

LN,M
h U j+1(xi) =


LN,M
c Uj+1(xi), xi ∈ (0, 1)\{τ1, d− τ2, d, d+ τ3, 1− τ4},

with µ∥a∥hk < 2ϵ, 1 ≤ k ≤ 6,

LN,M
t Uj+1(xN

2
), xi = d with hk(∥b∥+ 2

∆t
) < 2µα, k = 3, 4.

For the ratio
√
αµ >

√
ρϵ, we use

LN,M
h U j+1(xi) =



LN,M
m Uj+1(xi), xi ∈ (0, τ1) ∪ (τ1, d− τ2),

with (∥b∥+ 2
∆t

)hk ≤ 2αµ, k = 1, 2,

LN,M
u Uj+1(xi), xi ∈ (0, τ1) ∪ (τ1, d− τ2),

with (∥b∥+ 2
∆t

)hk > 2αµ, k = 1, 2,

LN,M
c Uj+1(xi), xi ∈ (d− τ2, d) ∪ (d, d+ τ3),

with µ∥a∥hk < 2ϵ, k = 3, 4,

LN,M
m Uj+1(xi), xi ∈ (d+ τ3, 1− τ4) ∪ (1− τ4, 1),

with (∥b∥+ 2
∆t

)hk ≤ 2αµ, k = 5, 6,

LN,M
u Uj+1(xi), xi ∈ (d+ τ3, 1− τ4) ∪ (1− τ4, 1),

with (∥b∥+ 2
∆t

)hk > 2αµ, k = 5, 6,

LN,M
t Uj+1(xN

2
), xi = d with hk(∥b∥+ 2

∆t
) < 2µα, k = 3, 4.

At the transition points for both case

LN,M
h U j+1(xi) =

L
N,M
m U j+1(xi), (‖b‖+ 2

∆t )hk ≤ 2αµ, k = 2, 3, 5, 6,

LN,M
u U j+1(xi), otherwise.

The fully discretize scheme is given by

LN,M
h U j+1(xi) ≡ r−i U

j+1(xi−1) + rciU
j+1(xi) + r+i U

j+1(xi+1) = gj+1(xi).

(8)
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At the point of discontinuity xN/2 = d, we have used five point second order
difference scheme

LN,M
t Uj+1(xN

2
) =

−Uj+1(xN/2+2) + 4Uj+1(xN
2
+1

)− 3Uj+1(xN
2
)

2h4

−
Uj+1(xN

2
−2

)− 4Uj+1(xN
2
−1

) + 3Uj+1(xN
2
)

2h3
= 0.

(9)

Associated with each of these finite difference operators, we have the following
finite difference scheme:

LN,M
c U j+1(xi) ≡ ϵδ2U j+1(xi) + µaj+

1
2 (xi)D

0U j+1(xi)− bj+
1
2 (xi)U

j+1(xi),

LN,M
m U j+1(xi) ≡ ϵδ2U j+1(xi) + µāj+

1
2 (xi)D

∗U j+1(xi)− b̄j+
1
2 (xi)Ū

j+1(xi),

LN,M
u U j+1(xi) ≡ ϵδ2U j+1(xi) + µaj+

1
2 (xi)D

∗U j+1(xi)− bj+
1
2 (xi)U

j+1(xi),

and

gj+1(xi)

=


2fj+

1
2 (xi)− ϵδ2xU

j(xi)− µaj+
1
2 (xi)D

0
xU

j(xi) + dj+
1
2 (x)Uj(xi), LN,M

h = LN,M
c ,

2fj+
1
2 (xi)− ϵδ2xU

j(xi)− µāj+
1
2 (xi)D

∗
xU

j(xi) + d̄j+
1
2 (x)Uj(xi), LN,M

h = LN,M
m ,

2fj+
1
2 (xi)− ϵδ2xU

j(xi)− µaj+
1
2 (xi)D

∗
xU

j(xi) + dj+
1
2 (x)Uj(xi), LN,M

h = LN,M
u ,

where

D+U j+1(xi) =
U j+1(xi+1)− U j+1(xi)

xi+1 − xi
, D−U j+1(xi) =

U j+1(xi)− U j+1(xi−1)

xi − xi−1
,

D0U j+1(xi) =
U j+1(xi+1)− U j+1(xi−1)

hi+1 + hi
,

δ2U j+1(xi) =
2(D+U j+1(xi)−D−U j+1(xi))

xi+1 − xi−1
,

D∗U j+1(xi) =

D−U j+1(xi), i <
N
2 ,

D+U j+1(xi), i >
N
2 ,

h̄i =
hi+hi+1

2 , w̄j+1(xi) =
wj+1(xi) + wj+1(xi−1)

2
in ΩN−,

w̄j+1(xi) =
wj+1(xi) + wj+1(xi+1)

2
in ΩN+, āj+

1
2 (xi) =

āj+1(xi) + āj(xi)

2
,

b̄j+
1
2 (xi) =

b̄j+1(xi) + b̄j(xi)

2
and d̄j+

1
2 (xi) =

d̄j+1(xi) + d̄j(xi)

2
.
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The matrix associated with the above equations (8) is not an M-matrix.
We transform (9) to establish the monotonicity property by estimating U j+1

N
2 −2

and U j+1
N
2 +2

for LN,M
t U j+1(xi).

For
√
αµ ≤ √ρϵ and

√
αµ >

√
ρϵ, from the operator LN,M

c , we get

U j+1
N/2−2

=
2h23

2ϵ− µh3a
j+ 1

2

N/2−1

{
gj+1
N/2−1 − U

j+1
N/2−1

(−2ϵ− h23(bj+ 1
2

N/2−1 +
2
∆t )

h23

)

− U j+1
N/2

(
2ϵ+ µh3a

j+ 1
2

N/2−1

2h23

)}
U j+1
N/2+2

=
2h24

2ϵ+ µh4a
j+ 1

2

N/2+1

{
gj+1
N/2+1 − U

j+1
N/2+1

(−2ϵ− h24(bj+ 1
2

N/2+1 +
2
∆t )

h24

)

− U j+1
N/2

(
2ϵ− µh4a

j+ 1
2

N/2+1

2h24

)}
.

Inserting the above expression in LN,M
t U j+1(xN/2), we get a tridiagonal sys-

tem of equations of the following form:

LN,M
t U j+1

N/2 =

(
2ϵ− h4µa

j+ 1
2

N/2+1

2ϵ+ h4µa
j+ 1

2

N/2+1

h3 − 3(h3 + h4) +
2ϵ+ h3µa

j+ 1
2

N/2−1

2ϵ− h3µa
j+ 1

2

N/2−1

h4

)
U j+1
N/2

+

(−4ϵ− 2h24(b
j+ 1

2

N/2+1 +
2
∆t )

2ϵ+ h4µa
j+ 1

2

N/2+1

+ 4

)
h3U

j+1
N/2+1

+

(−4ϵ− 2h23(b
j+ 1

2

N/2−1 +
2
∆t )

2ϵ− h3µa
j+ 1

2

N/2−1

+ 4

)
h4U

j+1
N/2−1

=
2h23h4g

j+1
N/2−1

2ϵ− h3µa
j+ 1

2

N/2−1

+
2h24h3g

j+1
N/2+1

2ϵ+ h4µa
j+ 1

2

N/2+1

.

The element of the system matrix LN,M
h is as follows:

In Ω− ∪ Ω+, if LN,M
h = LN,M

c , then

Iran. J. Numer. Anal. Optim., Vol. 15, No. 2, 2025, pp 728–769



743 A parameter uniform hybrid approach for singularly perturbed ...

r−i =
ϵ

hih̄i
− µaj+

1
2 (xi)

2h̄i
, r+i =

ϵ

hi+1h̄i
+
µaj+

1
2 (xi)

2h̄i
,

rci = −r−i − r
+
i −

(
bj+

1
2 (xi) +

2

∆t

)
.

In Ω−, if LN,M
h = LN,M

m , then

r−i =
ϵ

hih̄i
− µāj+

1
2 (xi)

hi
−
(
b̄j+

1
2 (xi)

2
+

1

∆t

)
, r+i =

ϵ

hi+1h̄i
,

rci = −r−i − r
+
i −

1

2

(
b̄j+

1
2 (xi) +

2

∆t

)
.

In Ω+, if LN,M
h = LN,M

m , then

r−i =
ϵ

hih̄i
, r+i =

ϵ

hi+1h̄i
− µāj+

1
2 (xi)

hi+1
−
(
b̄j+

1
2 (xi)

2
+

1

∆t

)
,

rci = −r−i − r
+
i −

1

2

(
b̄j+

1
2 (xi) +

2

∆t

)
.

In Ω−, if LN,M
h = LN,M

u , then

r−i =
ϵ

hih̄i
− µaj+

1
2 (xi)

hi
, r+i =

ϵ

hi+1h̄i
,

rci = −r−i − r
+
i −

(
bj+

1
2 (xi) +

2

∆t

)
.

In Ω+, if LN,M
h = LN,M

u , then

r−i =
ϵ

hih̄i
, r+i =

ϵ

hi+1h̄i
+
µaj+

1
2 (xi)

hi+1
,

rci = −r−i − r
+
i −

(
bj+

1
2 (xi) +

2

∆t

)
.

At xN/2 = d,

we have

r−N/2 =

(−4ϵ− 2h23(b
j+ 1

2

N/2−1 +
2
∆t )

2ϵ− h3µa
j+ 1

2

N/2−1

+ 4

)
h4,

r+N/2 =

(−4ϵ− 2h24(b
j+ 1

2

N/2+1 +
2
∆t )

2ϵ+ h4µa
j+ 1

2

N/2+1

+ 4

)
h3,
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rcN/2 =

(
2ϵ− h4µa

j+ 1
2

N/2+1

2ϵ+ h4µa
j+ 1

2

N/2+1

h3 − 3(h3 + h4) +
2ϵ+ h3µa

j+ 1
2

N/2−1

2ϵ− h3µa
j+ 1

2

N/2−1

h4

)
.

To guarantee that the operator LN,M
h is monotone, we impose the following

assumption:

N(lnN)−1 > 16max
{
‖b‖
α
,
(‖b‖+ 2

∆t )

αρ

}
. (10)

To find the error estimates for the scheme (8) defined above, we first decom-
pose the discrete solution U(xi, tj+1) into the discrete regular and discrete
singular components.

Let
U j+1(xi) = V j+1(xi) +W j+1

l (xi) +W j+1
r (xi).

The discrete regular components is

V j+1(xi) =

{
V −(j+1)(xi), (xi, tj+1) ∈ ΩN−,

V +(j+1)(xi), (xi, tj+1) ∈ ΩN+,

where V −(j+1)(xi) and V +(j+1)(xi) approximate v−(xi, tj+1) and v+(xi, tj+1),
respectively. They satisfy the following equations:

LN,M
h V −(j+1)(xi) = g(xi, tj+1), for all (xi, tj+1) ∈ ΩN−,

V −(j+1)(x0) = v−(0, tj+1), V
−(j+1)(xN

2
) = v−(d−, tj+1),

LN,M
h V +(j+1)(xi) = g(xi, tj+1), for all (xi, tj+1) ∈ ΩN+,

V +(j+1)(xN
2
) = v+(d+, tj+1), V

+(j+1)(xN ) = v−(1, tj+1).

 (11)

The discrete singular components W j+1
l (xi) and W j+1

r (xi) are also decom-
posed as

W j+1
l (xi) =

{
W

−(j+1)
l (xi), (xi, tj+1) ∈ ΩN−,

W
+(j+1)
l (xi), (xi, tj+1) ∈ ΩN+,

W j+1
r (xi) =

{
W−(j+1)

r (xi), (xi, tj+1) ∈ ΩN−,

W
+(j+1)
r (xi), (xi, tj+1) ∈ ΩN+,

whereW−(j+1)
l (xi),W

+(j+1)
l (xi) approximates the layer components w−

l (xi, tj+1)

and w+
l (xi, tj+1) andW−(j+1)

r (xi),W
+(j+1)
r (xi) approximates the layer com-

ponents w−
r (xi, tj+1) and w+

r (xi, tj+1), respectively. These components sat-
isfy the following equations:
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LN,M
h W

−(j+1)
l (xi) = 0, for all (xi, tj+1) ∈ ΩN−,

W
−(j+1)
l (x0) = w−

l (0, tj+1),W
−(j+1)
l (xN

2
) = w−

l (d, tj+1),

LN,M
h W

+(j+1)
l (xi) = 0, for all (xi, tj+1) ∈ ΩN+,

W
+(j+1)
l (xN

2
) = w+

l (d, tj+1),W
+(j+1)
l (xN ) = 0.

 (12)

LN,M
h W

−(j+1)
r (xi) = 0, for all (xi, tj+1) ∈ ΩN−,

W
−(j+1)
r (x0) = 0,W

−(j+1)
r (xN

2
) = w−

r (d, tj+1),

LN,M
h W

+(j+1)
r (xi) = 0, for all (xi, tj+1) ∈ ΩN+,

W
+(j+1)
r (xN

2
) = w+

r (d+, tj+1),W
+(j+1)
r (xN ) = wr(1, tj+1).

 (13)

Hence, the complete discrete solution U j+1(xi) is defined by

U j+1(xi) =


(V −(j+1) +W

−(j+1)
l +W−(j+1)

r )(xi), (xi, tj+1) ∈ ΩN−,

(V −(j+1) +W
−(j+1)
l +W

−(j+1)
r )(d−)

= (V +(j+1) +W
+(j+1)
l +W

+(j+1)
r )(d+), (xi, tj+1) = (d, tj+1),

(V +(j+1) +W
+(j+1)
l +W

+(j+1)
r )(xi), (xi, tj+1) ∈ ΩN+.

Lemma 7. Suppose that a mesh function Y (xi, tj) satisfies Y (xi, tj) ≥
0, for all (xi, tj) ∈ ΓN

c and LN,M
t Y (xN/2) ≤ 0 for all j = 0, . . . ,M .

If LN,M
h Y (xi, tj) ≤ 0 for all (xi, tj) ∈ ΩN− ∪ ΩN+, then Y (xi, tj) ≥

0, for all (xi, tj) ∈ Ω̄N,M .

Proof. The condition (10) ensures that the matrix generated by LN,M
h sat-

isfies r−i > 0, r+i > 0 and r−i + rci + r+i < 0 in layer regions. For the case
when

√
αµ ≤ √ρϵ, the operator LN,M

c is used in the region (τ1, d − τ2) and
(d+ τ3, 1− τ4) except transition points with µhk‖a‖ ≤ 2ϵ, where k = 2, 5 to
guarantee r−i > 0 and r+i > 0.

In the case when
√
αµ ≤ √ρϵ, the operator LN,M

m is applied in the region
(τ1, d− τ2) and (d+ τ3, 1− τ4) with

(
‖b‖+ 2

∆t

)
hk < 2µα, k = 2, 5, otherwise

LN,M
u is used. At the transition point, LN,M

m is applied with
(
‖b‖+ 2

∆t

)
hk <

2µα, k = 2, 3, 5, 6, otherwise LN,M
u is used to guarantee r−i > 0 and r+i > 0.

At the point of discontinuity, the operator LN,M
t is used with

(
‖b‖+ 2

∆t

)
hk <

2µα, k = 3, 4. The associated matrix with the operator LN,M
h U j+1(xi) is

negative of an M-matrix. The finite difference method is monotone and hence
the finite difference operator satisfies the discrete minimum principle.
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Lemma 8. If U(xi, tj+1), (xi, tj+1) ∈ Ω̄N,M is a mesh function satisfying the
difference scheme (8), then ‖U‖Ω̄N,M ≤ C.

Proof. Define the mesh function ψ(xi, tj+1) = ϕ(xi, tj+1)±U(xi, tj+1), where

ϕ(xi, tj+1) = max
{
|U j+1(0)|, |U j+1(1)|, ‖g‖Ω̄N,M

β

}
. Clearly ψ(xi, tj+1) ≥ 0

for all (xi, tj+1) ∈ ΓN
c and LN,M

h ψ(xi, tj+1) = LN,M
h ϕ(xi, tj+1)±LN,M

h U(xi, tj+1) ≤
0.

At the point of discontinuity, we have

LN,M
t ψ(xN

2
, tj+1) = LN,M

t ϕ(xN
2
, tj+1)± LN,M

t U(xN
2
, tj+1) ≤ 0.

Therefore, ψ(xi, tj+1) ≥ 0, for all (xi, tj+1) ∈ Ω̄N,M . This leads to the
required result

‖U‖Ω̄N,M ≤ C

4 Truncation error analysis

Lemma 9. The singular componentW−
l (xi, tj+1),W

+
l (xi, tj+1),W−

r (xi, tj+1)

and W+
r (xi, tj+1) satisfy the following bounds:

|W−
l (xi, tj+1)| ≤ Cγ−l,i, γ−l,i =

i∏
n=1

(1+θ2hn)
−1, γ−l,0 = C1, i = 0, 1, . . . ,

N

2
,

|W+
l (xi, tj+1)| ≤ Cγ+l,i, γ+l,i =

i∏
n=N

2 +1

(1+θ1hn)
−1, γ+

l,N2
= C1, i =

N

2
+1, . . . , N,

|W−
r (xi, tj+1)| ≤ Cγ−r,i, γ−r,i =

N
2∏

n=i+1

(1+θ1hn)
−1, γ−

r,N2
= C1, i = 0, 1, . . . ,

N

2
,

|W+
r (xi, tj+1)| ≤ Cγ+r,i, γ+r,i =

N∏
n=i+1

(1+θ2hn)
−1, γ+r,N = C1, i =

N

2
+1, . . . , N.

Proof. Define the barrier function for the left layer term as

η
−(j+1)
l,i = Cγ

−(j+1)
l,i ±W−(j+1)

l (xi), 0 ≤ i ≤ N

2
, 0 ≤ j ≤M − 1,
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where

γ
−(j+1)
l,i =


i∏

k=1

(1 + θ2hk)
−1, 1 ≤ i ≤ N

2 ,

1, i = 0.

For the both cases when
√
αµ ≤ √ρϵ and

√
αµ >

√
ρϵ, for large enough C,

η
−(j+1)
l,0 ≥ 0, η

−(0)
r,i ≥ 0 and η−(j+1)

l,N/2 ≥ 0.

Now,

LN,M
c η

−(j+1)
l,i = LN,M

c γ
−(j+1)
l,i ± LN,M

c W
−(j+1)
l (xi)

= γ
−(j+1)
l,i+1

(
2ϵθ22

( hi+1

hi+1 + hi
− 1
)
+ 2ϵθ22 − µaj+

1
2 (xi)θ2

−µaj+ 1
2 (xi)θ

2
2

hihi+1

hi + hi+1
− bj+ 1

2 (xi)

)
.

On simplification, we get

LN,M
c η

−(j+1)
l,i ≤ γ−(j+1)

l,i+1

(
2ϵθ22 − µaj+

1
2 (xi)θ2 − bj+

1
2 (xi)

)
≤ γ−(j+1)

l,i+1 (ρ|aj+ 1
2 (xi)| − bj+

1
2 (xi)) ≤ 0,

LN,M
m η

−(j+1)
l,i ≤ γ−(j+1)

l,i+1

(
2ϵθ22 − µāj+

1
2 (xi)θ2 − b̄j+

1
2 (xi)

)
≤ γ−(j+1)

l,i+1 (ρ|āj+ 1
2 (xi)| − b̄j+

1
2 (xi)) ≤ 0,

LN,M
u η

−(j+1)
l,i ≤ γ−(j+1)

l,i+1

(
2ϵθ22 − µaj+

1
2 (xi)θ2 − bj+

1
2 (xi)

)
≤ γ−(j+1)

l,i+1 (ρ|aj+ 1
2 (xi)| − bj+

1
2 (xi)) ≤ 0.

By the discrete minimum principle for the continuous case [18], we obtain

η
−(j+1)
l,i ≥ 0 =⇒ |W−(j+1)

l (xi)| ≤ C
i∏

k=1

(1+θ2hk)
−1, 1 ≤ i ≤ N

2
, 0 ≤ j ≤M−1.

Similarly, we prove the bound for W+(j+1)
l (xi) for N

2 + 1 ≤ i ≤ N − 1, 0 ≤
j ≤M − 1.

Now, to prove the bound for W−(j+1)
r (xi), we define the barrier function for

the right layer component as
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η
−(j+1)
r,i = Cγ

−(j+1)
r,i ±W−(j+1)

r (xi), 0 ≤ i ≤ N

2
, 0 ≤ j ≤M − 1,

where

γ
−(j+1)
r,i =


N
2∏

k=i+1

(1 + θ1hk)
−1, 0 ≤ i < N

2 ,

1, i = N
2 .

For large enough C, we have η−(j+1)
r,0 ≥ 0, η

−(0)
r,i ≥ 0 and η−(j+1)

r,N/2 ≥ 0.
Now,

LN,M
c η

−(j+1)
r,i = LN,M

c γ
−(j+1)
r,i ± LN,M

c W−(j+1)
r (xi)

=
γ
−(j+1)
r,i

1 + θ1hi

(
2ϵθ21

( hi
hi+1 + hi

− 1
)
+ 2ϵθ21 + µaj+

1
2 (xi)θ1

+
θ21µa

j+ 1
2 (xi)hi+1

hi + hi+1
− bj+ 1

2 (xi)

)

≤
γ
−(j+1)
r,i

1 + θ1hi

(
2ϵθ21 + µaj+

1
2 (xi)θ1 − bj+

1
2 (xi)

)
, as hi+1

hi+1 + hi
− 1 ≤ 0.

For the case when
√
αµ ≤ √ρϵ, on simplification, we get

LN,M
c η

−(j+1)
r,i ≤

γ
−(j+1)
r,i

1 + θ1hi

(
ρ|aj+ 1

2 (xi)| − bj+
1
2 (xi)

)
≤ 0,

LN,M
m η

−(j+1)
r,i ≤

γ−r,i
1 + θ1hi

(
(ρ|āj+ 1

2 (xi)| − b̄j+
1
2 (xi))

)
≤ 0,

LN,M
u η

−(j+1)
r,i ≤

γ−r,i
1 + θ1hi

(
(ρ|aj+ 1

2 (xi)| − bj+
1
2 (xi))

)
≤ 0,

and for the case when
√
αµ >

√
ρϵ,

LN,M
c η

−(j+1)
r,i ≤

γ
−(j+1)
r,i

1 + θ1hi

(
αµ2

2ϵ
(α+ aj+

1
2 (xi))− bj+

1
2 (xi)

)
≤ 0,

LN,M
m η

−(j+1)
r,i ≤

γ−r,i
1 + θ1hi

(
αµ2

2ϵ
(α+ āj+

1
2 (xi))− b̄j+

1
2 (xi))

)
≤ 0,
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LN,M
u η

−(j+1)
r,i ≤

γ−r,i
1 + θ1hi

(
αµ2

2ϵ
(α+ aj+

1
2 (xi))− bj+

1
2 (xi))

)
≤ 0.

By the discrete minimum principle for the continuous case [18], we obtain

η
−(j+1)
r,i ≥ 0 =⇒ |W−(j+1)

r (xi)| ≤ C
N/2∏

k=i+1

(1+θ1hk)
−1, 1 ≤ i ≤ N

2
, 0 ≤ j ≤M−1.

Similarly, we prove the bound for W+(j+1)
r (xi) for N

2 + 1 ≤ i ≤ N − 1, 0 ≤
j ≤M − 1.

For the truncation error at the mesh point (xi, tj+1) ∈ ΩN,M\{d}, when
mesh is arbitrary, we have

|LN,M
h (e(xi))| ≤


|(LN,M

c − L)yi| ≤ ϵh̄i‖yxxx‖+ µh̄i‖a‖‖yxx‖+ ‖ytt‖
|(LN,M

m − L)yi| ≤ ϵh̄i‖yxxx‖+ Cµh2i+1(‖yxxx‖+ ‖yxx‖) + ‖ytt‖
|(LN,M

u − L)yi| ≤ ϵh̄i‖yxxx‖+ µhi+1‖a‖‖yxx‖+ ‖ytt‖.

On a uniform mesh with step size h, we get

|LN,M
h (e(xi))| ≤


|(LN,M

c − L)yi| ≤ ϵh2‖yxxxx‖+ µh2|a‖‖yxxx‖+ ‖ytt‖
|(LN,M

m − L)yi| ≤ ϵh‖yxxx‖+ Cµh2i+1(‖yxxx‖+ ‖yxx‖) + ‖ytt‖
|(LN,M

u − L)yi| ≤ ϵh2‖yxxxx‖+ µh‖a‖‖yxx‖+ ‖ytt‖,

where C‖a‖,‖a′‖ is a positive constant depending on ‖a‖ and ‖a′‖.

Lemma 10. The discrete regular component V j+1(xi) defined in (11) and
v(x, t) is solution of the problem (2). So, the error in the regular component
satisfies the following estimate for

√
αµ ≤ √ρϵ:

‖V − v‖ΩN−∪ΩN+ ≤ C(N−2 +∆t2).

Proof. For the regular part of the solution y(x, t) of (1) for the case where
√
αµ ≤ √ρϵ and when mesh is uniform (τ1 = τ2 = d

4 ) in the domain
(xi, tj+1) ∈ ΩN−, the truncation error is

|LN,M
h (V −(j+1) − v−(j+1))(xi)| = |LN,M

c (V −(j+1) − v−(j+1))(xi)|

≤
∣∣∣∣ϵ(δ2 − d2

dx2

)
v−(j+1)(xi)

∣∣∣∣
Iran. J. Numer. Anal. Optim., Vol. 15, No. 2, 2025, pp 728–769



Roy and Jha 750

+ µ|aj+ 1
2 (xi)|

∣∣∣∣(D0 − d

dx

)
v−(j+1)(xi)

∣∣∣∣
+

∣∣∣∣(D−
t −

δ

δt

)
v−(j+1)(xi)

∣∣∣∣
≤ ϵh2‖v−xxxx‖+ µh2‖a‖‖v−xxx‖+ C1∆t

2

≤ C(N−2 +∆t2).

When mesh is nonuniform in (xi, tj+1) ∈ ΩN− for
√
αµ ≤ √ρϵ:

|LN,M
c (V −(j+1) − v−(j+1))(xi)| ≤ ϵh̄i‖v−xxx‖+ µh̄i‖a‖‖v−xx‖+ C1∆t

2 ≤ C(N−2 +∆t2).

For the case where
√
αµ >

√
ρϵ and when mesh is uniform (τ1 = τ2 = d

4 ) in
the domain (xi, tj+1) ∈ ΩN−:

|LN,M
h (V −(j+1) − v−(j+1))(xi)| ≤ C(N−2 +∆t2).

When mesh is nonuniform:

|LN,M
c (V −(j+1) − v−(j+1))(xi)| ≤ ϵh̄i‖v−xxx‖+ µh̄i‖a‖‖v−xx‖+ C1∆t

2

≤ C(N−2 +∆t2),

|LN,M
m (V −(j+1) − v−(j+1))(xi)| ≤ ϵh̄i‖v−xxx‖+ Cµh2i+1(‖v−xxx‖+ ‖v−xx‖)

≤ C(N−2 +∆t2),

|LN,M
u (V −(j+1) − v−(j+1))(xi)| ≤ ϵh̄i‖v−xxx‖+ Cµhi+1(‖v−xx‖)

≤ C(N−2 +∆t2).

At the transition point τ1:

|LN,M
m (V −(j+1) − v−(j+1))(xi)| ≤ C(N−2 +∆t2).

Define the barrier function in (xi, tj+1) ∈ ΩN− :

ψj+1(xi) = C(N−2 +∆t2)± (V −(j+1) − v−(j+1))(xi).

For large C, ψj+1(0) ≥ 0, ψj+1(xN
2
) ≥ 0, ψ0(xi) ≥ 0 and LN,M

h ψj+1(xi) ≤ 0.
Hence, using the approach given in [8], we get ψj+1(xi) ≥ 0 and
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|(V −(j+1) − v−(j+1))(xi)|ΩN− ≤ C(N−2 +∆t2). (14)

Similarly, we can estimate the error bounds for right regular part in the
domain (xi, tj+1) ∈ ΩN+:

|(V +(j+1) − v+(j+1))(xi)|ΩN+ ≤ C(N−2 +∆t2). (15)

Combining the above results (14) and (15), we obtain

‖V − v‖ΩN−∪ΩN+ ≤ C(N−2 +∆t2).

Lemma 11. Let Wl(xi, tj+1), wl(x, t) be solution of the problem (12) and
(3), respectively. The left singular component of the truncation error satisfies
the following estimate:

|‖Wl − wl‖ΩN−∪ΩN+ ≤

C((N−1 lnN)2 +∆t2),
√
αµ ≤ √ρϵ,

C(N−2(lnN)3 +∆t2),
√
αµ >

√
ρϵ.

(16)

Proof. The truncation error in case of uniform (τ1 = τ2 = d
4 ) for the case

√
αµ ≤ √ρϵ in the domain (xi, tj+1) ∈ ΩN− is

|LN,M
c (W

−(j+1)
l − w−(j+1)

l )(xi)| ≤ CN−2(ϵ‖w−(j+1
l,xxxx‖+ µ‖w−(j+1)

l,xxx ‖) + C1∆t
2‖wtt‖

≤ C(N−2(lnN)2 +∆t2).

In the case of nonuniform mesh, we split the argument into two parts.
For (xi, tj+1) ∈ [τ1, d)× (0, T ] from Lemma 5, we obtain

|w−(j+1)
l (xi)| ≤ C exp−θ2xi ≤ C exp−θ2τ1 ≤ CN−2. (17)

Also, from Lemma 9, we have

|W−(j+1)
l (xi)| ≤ C

N
8∏

k=1

(1 + θ2hk)
−1 ≤

(
1 +

16 lnN
N

)−N/8

≤ CN−2.

Hence, for all (xi, tj+1) ∈ [τ1, d)× (0, T ], we have

|(W−(j+1)
l − w−(j+1)

l )(xi)| ≤ |W−(j+1)
l (xi)|+ |w−(j+1)

l (xi)| ≤ CN−2.
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For
√
αµ ≤ √ρϵ, the truncation error for the left layer component in the

inner region (0, τ1)× (0, T ], is

|LN,M
c (W

−(j+1)
l − w−(j+1)

l )(xi)| ≤ C(N−2(lnN)2 +∆t2).

We choose the barrier function for the layer component as

ψj+1(xi) = C1((N
−1 lnN)2+∆t2)±(W−(j+1)

l −w−(j+1)
l )(xi), (xi, tj+1) ∈ ΩN−.

For sufficiently large C, we have ψj+1(x0) ≥ 0, ψj+1(xN/8) ≥ 0, ψ0(xi) ≥ 0

and LN,M
c ψj+1(xi) ≤ 0. Hence by the discrete maximum principle in [18],

ψj+1(xi) ≥ 0. So, we can obtain the following bounds:

|(W−(j+1)
l −w−(j+1)

l )(xi)| ≤ C(N−2(lnN)2+∆t2), for all (xi, tj+1) ∈ ΩN−.

For the case where
√
αµ >

√
ρϵ and when the mesh is uniform (τ1 = τ2 = d

4 )

in (xi, tj+1) ∈ ΩN−:

|LN,M
h (W

−(j+1)
l − w−(j+1)

l )(xi)| ≤ C(N−2(lnN)3 +∆t2).

The truncation error for the left layer component in the inner region (0, τ1)×
(0, T ], when mesh is nonuniform is

|LN,M
c (W

−(j+1)
l − w−(j+1)

l )(xi)| ≤ CN−2(lnN)3 + C1∆t
2,

|LN,M
m (W

−(j+1)
l − w−(j+1)

l )(xi)| ≤ Ch1ϵ‖w−
l,xxx‖+ Ch21µ(‖w−

l,xxx‖+ ‖w
−
l,xx‖) + C1∆

2

≤ Ch21µ(‖w
−(3)
l ‖+ ‖w−(2)

l ‖) + C1∆t
2

≤ C(N−2(lnN)3 +∆t2),

|LN,M
u (W

−(j+1)
l − w−(j+1)

l )(xi)| ≤ C(N−2(lnN)3 +∆t2).

We choose the barrier function for the layer component as

ψj+1(xi) = C1((N
−1 lnN)3+∆t2)±(W−(j+1)

l −w−(j+1)
l )(xi), (xi, tj+1)) ∈ ΩN−.

For sufficiently large C, we have ψj+1(x0) ≥ 0, ψj+1(xN/8) ≥ 0, ψ0(xi) ≥ 0

and LN,M
h ψj+1(xi) ≤ 0. Hence by the discrete maximum principle in [18],

ψj+1(xi) ≥ 0. So, we can obtain the following bounds in (0, d)× (0, T ]:
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|(W−(j+1)
l − w−(j+1)

l )(xi)| ≤

C((N−1 lnN)2 +∆t2),
√
αµ ≤ √ρϵ,

C(N−2(lnN)3 +∆t2),
√
αµ >

√
ρϵ.

(18)

By a similar argument in the domain (d, 1)× (0, T ], we have

|(W+(j+1)
l − w+(j+1)

l )(xi)| ≤

C((N−1 lnN)2 +∆t2),
√
αµ ≤ √ρϵ,

C(N−2(lnN)3 +∆t2),
√
αµ >

√
ρϵ.

(19)

Combining the results (18) and (19), the desired result is obtained.

Lemma 12. Let W−
r (xi, tj+1), w

−
r (x, t) be solution of the problem (13) and

(4), respectively. The right singular component of the truncation error sat-
isfies the following estimate:

‖Wr − wr‖ΩN−∪ΩN+ ≤

C((N−1 lnN)2 +∆t2),
√
αµ ≤ √ρϵ,

C(N−2(lnN)3 +∆t2),
√
αµ >

√
ρϵ.

(20)

Proof. The truncation error for
√
αµ ≤ √ρϵ, when the mesh is uniform (τ1 =

τ2 = d
4 ) in (xi, tj+1) ∈ ΩN− is

|LN,M
c (W−(j+1)

r − w−(j+1)
r )(xi)| ≤ CN−2(ϵ‖w−

l,xxxx‖+ µ‖w−
r,xxx‖) + C1∆t

2

≤ C(N−2(lnN)2 +∆t2).

In case of nonuniform mesh, we split the interval (0, d)× (0, T ] into two parts
(0, d− τ2]× (0, T ] and (d− τ2, d)× (0, T ].

In the domain (xi, tj+1) ∈ (0, d− τ2]× (0, T ], we have

|w−(j+1)
r (xi)| ≤ C exp−θ1(d−xi) ≤ C exp−θ1τ2 ≤ CN−2. (21)

Also, from Lemma 9,

|W−(j+1)
r (xi)| ≤ C

N
8∏

k=1

(1 + θ1hk)
−1 ≤

(
1 +

16 lnN
N

)−N/8

≤ CN−2.

Hence, for all (xi, tj+1) ∈ (0, d− τ2]× (0, T ], we have

|(W−(j+1)
r − w−(j+1)

r )(xi)| ≤ |W−(j+1)
r (xi)|+ |w−(j+1)

r (xi)| ≤ CN−2.
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For
√
αµ ≤ √ρϵ, the truncation error for the left layer component in the

inner region (d− τ2, d)× (0, T ], is

|LN,M
c (W−(j+1)

r − w−(j+1)
r )(xi)| ≤ C(N−2(lnN)2 +∆t2).

We choose the barrier function for the layer component as

ψj+1(xi) = C1((N
−1 lnN)2+∆t2)±(W−(j+1)

r −w−(j+1)
r )(xi), (xi, tj+1) ∈ ΩN−.

For sufficiently large C1, we have ψj+1(x 3N
8
) ≥ 0, ψj+1(xN/2) ≥ 0, ψ0(xi) ≥ 0

and LN,M
h ψj+1(xi) ≤ 0. Hence by the discrete maximum principle in [18],

ψj+1(xi) ≥ 0. So, by using the discrete maximum principle, we can obtain
the following bounds:

|(W−(j+1)
r −w−(j+1)

r )(xi)| ≤ C(N−2(lnN)2+∆t2), for all (xi, tj+1) ∈ ΩN−.

For
√
αµ >

√
ρϵ, when mesh is uniform (τ1 = τ2 = d

4 ) in (0, d) × (0, T ], we
have

|LN,M
h (W−(j+1)

r − w−(j+1)
r )(xi)| ≤ C(N−2(lnN)3 +∆t2).

In case of nonuniform mesh, the truncation error for the left layer component
in the inner region (d− τ2, d)× (0, T ], is

|LN,M
c (W−(j+1)

r − w−(j+1)
r )(xi)| ≤ CN−2(lnN)2 + C1∆t

2.

We choose the barrier function for the layer component as

ψj+1(xi) = C1(N
−2 lnN3+∆t2)±(W−(j+1)

r −w−(j+1)
r )(xi), (xi, tj+1) ∈ ΩN−.

For sufficiently large C1, we have ψj+1(x 3N
8
) ≥ 0, ψj+1(xN/2) ≥ 0, ψ0(xi) ≥ 0

and LN,M
h ψj+1(xi) ≤ 0. Hence by the discrete maximum principle in [18],

ψj+1(xi) ≥ 0. So, by using the discrete maximum principle, we can obtain
the following bounds in (xi, tj+1) ∈ ΩN−:

|(W−(j+1)
r − w−(j+1)

r )(xi)| ≤

C((N−1 lnN)2 +∆t2),
√
αµ ≤ √ρϵ,

C(N−2(lnN)3 +∆t2),
√
αµ >

√
ρϵ.

(22)

By a similar argument in the domains (xi, tj+1) ∈ ΩN+, we have
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|(W+(j+1)
r − w+(j+1)

r )(xi)| ≤

C((N−1 lnN)2 +∆t2),
√
αµ ≤ √ρϵ,

C(N−2(lnN)3 +∆t2),
√
αµ >

√
ρϵ.

(23)

Combining the results (22) and (23), the desired result is obtained.

Lemma 13. The error e(xN
2
, tj+1) estimated at the point of discontinuity

(xN
2
, tj+1) = (d, tj+1), 0 ≤ j ≤M − 1 satisfies the following estimates:

|LN,M
h (U − u)(xN

2
, tj+1)| ≤


Ch2

ϵ3/2
,
√
αµ ≤ √ρϵ,

Ch2µ3

ϵ3
,
√
αµ >

√
ρϵ,

where h = max{h3, h4}.

Proof. For
√
αµ ≤ √ρϵ, the truncation error at the point xN

2
= d is

∣∣∣∣LN,M
h U j+1(xN/2)−

2h23g
j+1
N/2−1h4

2ϵ− h3µa
j+ 1

2

N/2−1

−
2h24g

j+1
N/2+1h3

2ϵ+ h4µa
j+ 1

2

N/2+1

∣∣∣∣
≤ |LN,M

t U j+1(xN/2)|

+
2h23h4

2ϵ− h3µa
j+ 1

2

N/2−1

|LN,M
c u(xN/2−1, tj+1)− gj+1

N/2−1|

+
2h24h3

2ϵ+ h4µa
j+ 1

2

N/2+1

|LN,M
c u(xN/2+1, tj+1)− gj+1

N/2+1|

≤ Ch2‖uxxx‖

≤ Ch2

ϵ3/2
.

By using the bounds given in Lemma 4 for ‖uxxx‖, we get the above estimate.
For
√
αµ >

√
ρϵ, the truncation error at the point xN

2
= d

2 is

∣∣∣∣LN,M
h U j+1(xN/2)−

2h23g
j+ 1

2

N/2−1h4

2ϵ− h3µa
j+ 1

2

N/2−1

−
2h24g

j+ 1
2

N/2+1h3

2ϵ+ h4µa
j+ 1

2

N/2+1

∣∣∣∣
≤ |LN,M

t U j+1(xN/2)|

+
2h23h4

2ϵ− h3µa
j+ 1

2

N/2−1

|LN,M
c u(xN/2−1, tj+1)− gj+1

N/2−1|
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+
2h24h3

2ϵ+ h4µa
j+ 1

2

N/2+1

|LN,M
c u(xN/2+1, tj+1)− gj+1

N/2+1|

≤ Ch2‖uxxx‖

≤ Ch2µ3

ϵ3

By using the bounds given in Lemma 4 for ‖uxxx‖, we get the above estimate.

Theorem 3. Let u(x, t) and U(x, t) be the solutions of (1) and (8), respec-
tively. Then

‖U − u‖Ω̄N,M ≤ C(N−2 lnN3 +∆t2),

where C is a constant independent of ϵ, µ and discretization parametersN,M .

Proof. From Lemmas 10, 11 and 12, we have

‖U − u‖ΩN−∪ΩN+ ≤

C(N−2(lnN)2 +∆t2),
√
αµ ≤ √ρϵ,

C(N−2(lnN)3 +∆t2),
√
αµ >

√
ρϵ.

Let
√
αµ ≤ √ρϵ. To find error at the point of discontinuity xN

2
= d, we

have considered the discrete barrier function ϕ1(xi, tj+1) = ψ1(xi, tj+1) ±
e(xi, tj+1) defined in the interval (d− τ2, d+ τ3)× (0, T ], where

ψ1(xi, tj+1) =C(N
−2(lnN)3 +∆t2)

+
Ch2

ϵ3/2

{
xi − (d+ τ2), (xi, tj+1) ∈ ΩN,M ∩ (d− τ2, d)× (0, T ],
d− τ3 − xi, (xi, tj+1) ∈ ΩN,M ∩ (d, d+ τ3)× (0, T ].

For xi ∈ (d − τ2, d + τ3), ϕ1(d − τ2, tj+1), ϕ1(d + τ3, tj+1), ϕ1(xi, t0) are
nonnegative and LN,M

h ϕ1(xi, tj+1) ≤ 0, for all (xi, tj+1) ∈ (d − τ2, d + τ3) ×
(0, T ]. Also, LN,M

t ϕ1(xN/2, tj+1) ≤ 0.

Hence, by applying the discrete minimum principle, we get ϕ1(xi, tj+1) ≥
0.

Therefore, for (xi, tj+1) ∈ (d− τ2, d+ τ3)× (0, T ], we have

|(U−u)(xi, tj+1)| ≤ C1(N
−2(lnN)3+∆t2)+

C2h
2τ

ϵ3/2
≤ C(N−2(lnN)3+∆t2).

(24)
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For
√
αµ >

√
ρϵ, consider the discrete barrier function ϕ2(xi, tj+1) =

ψ2(xi, tj+1)± e(xi, tj+1) defined in the interval (d− τ2, d+ τ3)× (0, T ], where

ψ2(xi, tj+1) =C(N
−2(lnN)3 +∆t2)

+ C1
h2µ3

ϵ3

{
xi − (d+ τ2), (xi, tj+1) ∈ ΩN,M ∩ (d− τ2, d)× (0, T ],
d− τ3 − xi, (xi, tj+1) ∈ ΩN,M ∩ (d, d+ τ3)× (0, T ].

We have ϕ2(d− τ2, tj+1) and ϕ2(d+ τ3, tj+1), ϕ2(xi, t0), xi ∈ (d− τ2, d+ τ3)

are nonnegative and LN,M
h ϕ2(xi, tj+1) ≤ 0, for all (xi, tj+1) ∈ (d − τ2, d +

τ3)× (0, T ]. Also, LN,M
t ϕ2(xi, tj+1) ≤ 0.

Hence by applying the discrete minimum principle, we get ϕ2(xi, tj+1) ≥ 0.

Therefore, for (xi, tj+1) ∈ (d− τ2, d+ τ3)× (0, T ], we have

|(U − u)(xi, tj+1)| ≤ C(N−2(lnN)3 +∆t2). (25)

By combining the result (24) and (25), we obtain the desired result.

5 Numerical examples

To demonstrate the effectiveness of the proposed hybrid difference approach,
we proposed a numerical method on three test problems with discontinuous
convection coefficients and source terms. As the exact solutions to these
problems are unknown, we used the double mesh method [7, 6] to evaluate
the accuracy of the numerical approximations obtained. The double mesh
difference is defined by

EN,M = max
j

(
max

i
|U2N,2M

2i,2j − UN,M
i,j |

)
,

where UN,M
i and U2N,2M

2i are the solutions on the mesh Ω̄N,M and Ω̄2N,2M ,
respectively. The order of convergence is given by

RN,M = log2
(
EN,M

E2N,2M

)
.

We also compute the error and order of convergence by fixing ϵ and varying
µ from a larger set, say µ ∈ S = {10−j , 2, 4, 6} and name them as
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EN,M
ϵ = max

µ∈S
EN,M .

The order of convergence is given by

RN,M
ϵ = log2

(
EN,M

ϵ

E2N,2M
ϵ

)
.

Example 1. Consider

(ϵuxx + µaux − bu− ut)(x, t) = f(x, t), (x, t) ∈ ((0, .5)∪ (0.5, 1))× (0, 1],

u(0, t) = u(1, t) = u(x, 0) = 0,

with

a(x, t) =

{
−(1 + x(1− x)), 0 ≤ x ≤ 0.5, t ∈ (0, 1],
1 + x(1− x), 0.5 < x ≤ 1, t ∈ (0, 1],

f(x, t) =

{
−2(1 + x2)t, 0 ≤ x ≤ 0.5, t ∈ (0, 1],
2(1 + x2)t, 0.5 < x ≤ 1, t ∈ (0, 1],

and b(x, t) = 1 + exp(x).

Example 2. Consider

(ϵuxx + µaux − bu− ut)(x, t) = f(x, t), (x, t) ∈ ((0, 0.5)) ∪ (0.5, 1))× (0, 1],

u(0, t) = u(1, t) = u(x, 0) = 0,

with

a(x, t) =

{
−(1 + x(1− x)), 0 ≤ x ≤ 0.5, t ∈ (0, 1],

1 + x(1− x), 0.5 < x ≤ 1, t ∈ (0, 1],

f(x, t) =

{
−2(1 + x2)t, 0 ≤ x ≤ 0.5, t ∈ (0, 1],

3(1 + x2)t, 0.5 < x ≤ 1, t ∈ (0, 1],

with and b(x, t) = 1 + exp(x).

Example 3. Consider

(ϵuxx + µaux − bu− ut)(x, t) = f(x, t), (x, t) ∈ ((0, .5)∪ (0.5, 1))× (0, 1],

u(0, t) = u(1, t) = u(x, 0) = 0,
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with

a(x, t) =

{
−(1 + exp(−xt)), 0 ≤ x ≤ 0.5, t ∈ (0, 1],
2 + x+ t, 0.5 < x ≤ 1, t ∈ (0, 1],

f(x, t) =

{
(exp(t2)− 1)(1 + xt), 0 ≤ x ≤ 0.5, t ∈ (0, 1],
−(2 + x)t2, 0.5 < x ≤ 1, t ∈ (0, 1],

and b(x, t) = 2 + xt.

6 Discussion

Table 1: Maximum point-wise error EN,M and approximate orders of convergence RN,M

for Example 1 when ϵ = 2−6.

µ
Number of mesh points N

32 64 128 256 512 1024
2−8 4.17e-03 1.41e-03 6.13e-04 2.94e-04 1.45e-04 6.99e-05
Order 1.5623 1.2055 1.0627 1.0181 1.0526
2−12 3.24e-03 8.65e-04 2.26e-04 5.92e-05 1.58e-05 3.98e-06
Order 1.9038 1.9330 1.9357 1.9099 1.9891
2−16 3.22e-03 8.54e-04 2.21e-04 5.62e-05 1.42e-05 3.55e-06
Order 1.9902 1.9972 1.9991 1.9995 1.9991
2−20 3.21e-03 8.53e-04 2.20e-04 5.60e-05 1.41e-05 3.53e-06
Order 1.9132 1.9532 1.9753 1.9867 1.9979
2−24 3.21e-03 8.53e-04 2.20e-04 5.60e-05 1.41e-05 3.53e-06
Order 1.9132 1.9532 1.9761 1.9879 1.9979
...

...
...

...
...

...
...

2−60 3.21e-03 8.53e-04 2.20e-04 5.60e-05 1.41e-05 3.53e-06
Order 1.9132 1.9532 1.9761 1.9880 1.9979

Table 1 tabulates the error and numerical order of convergence for the
Example 1 for different values of µ when ϵ = 2−6. Table 2 presents the
numerical results for different values of ϵ and µ = 2−6 for Example 1. In Table
2, we note that the order of convergence for different values of ϵ increased
till N = 256 and slightly decreased for N = 512. The numerical order of
convergence for N = 512 is still two. This decrease in convergence is due

Iran. J. Numer. Anal. Optim., Vol. 15, No. 2, 2025, pp 728–769



Roy and Jha 760

Table 2: Maximum point-wise error EN,M and approximate orders of convergence RN,M

for Example 1 when µ = 2−6.

ϵ
Number of mesh points N

64 128 256 512 1024
2−16 2.32e-01 9.41e-02 2.52e-02 5.63e-03 1.67e-03
Order 1.3012 1.9025 2.1589 1.7513
2−20 2.31e-01 1.03e-01 2.43e-02 5.57e-03 1.46e-03
Order 1.1738 2.0757 2.0678 1.9272
2−24 2.31e-01 1.03e-01 2.41e-02 5.48e-03 1.35e-03
Order 1.1643 2.0955 2.1374 2.0222
2−28 2.31e-01 1.03e-01 2.41e-02 5.47e-03 1.34e-03
Order 1.1638 2.0967 2.1415 2.0329
2−32 2.31e-01 1.03e-01 2.41e-02 5.46e-03 1.33e-03
Order 1.1637 2.0969 2.1424 2.0330
2−36 2.31e-01 1.03e-01 2.41e-02 5.46e-03 1.33e-3
Order 1.1637 2.0969 2.1424 2.0331
2−40 2.31e-01 1.03e-01 2.41e-02 5.47e-03 1.34e-03
Order 1.1637 2.0969 2.1424 2.0331

Table 3: Maximum point-wise error EN,M
ϵ and approximate orders of convergence RN,M

ϵ

for Example 1.

ϵ
Number of mesh points N

64 128 256 512 1024
10−2 4.70e-03 2.25e-03 1.13e-03 5.69e-04 2.69e-04
Order 1.0632 0.9951 0.9871 1.0799
10−4 1.70e-01 6.05e-02 1.55e-02 3.88e-03 1.10e-03
Order 1.4912 1.9646 1.9982 1.8212
10−6 2.19e-01 9.18e-02 2.38e-02 5.79e-03 1.59e-03
Order 1.3947 2.0482 2.0955 2.0558
10−8 9.66e-02 4.22e-02 9.92e-03 2.37e-03 5.79e-04
Order 1.1963 2.0881 2.0654 2.0323
10−10 1.19e-01 4.22e-02 9.92e-03 2.37e-03 6.04e-04
Order 1.4918 2.0883 2.0667 2.0106
10−12 2.39e-01 8.09e-02 1.95e-02 4.58e-03 1.10e-03
Order 1.5658 2.0486 2.0938 2.0581
10−14 2.39e-01 8.09e-02 1.96e-02 4.58e-03 1.10e-03
Order 1.5658 2.0486 2.0938 2.0581
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Table 4: Maximum point-wise error EN,M and approximate orders of convergence RN,M

for Example 2 when ϵ = 2−6.

µ
Number of mesh points N

64 128 256 512 1024
2−10 4.67e-03 1.55e-03 6.01e-04 2.54e-04 1.20e-04
Order 1.5912 1.3668 1.2425 1.0818
2−14 4.00e-03 1.03e-03 2.62e-04 6.61e-05 1.66e-05
Order 1.9521 1.9751 1.9868 1.9939
2−18 4.00e-03 1.03e-03 2.63e-04 6.63e-05 1.66e-05
Order 1.9515 1.9750 1.9865 1.9938
2−22 4.00e-03 1.03e-03 2.63e-04 6.63e-05 1.67e-05
Order 1.9515 1.9750 1.9865 1.9938
2−28 4.00e-03 1.03e-03 2.63e-04 6.63e-05 1.67e-05
Order 1.9515 1.9750 1.9865 1.9938
2−32 4.00e-03 1.03e-03 2.63e-04 6.63e-05 1.67e-05
Order 1.9515 1.9750 1.9865 1.9938
...

...
...

...
...

...

2−60 4.00e-03 1.03e-03 2.63e-04 6.63e-05 1.67e-05
Order 1.9515 1.9750 1.9865 1.9938

Figure 2: Numerical solution for ϵ = 2−6, µ = 2−32 when N = 64 for Example 1.

to the fact that in boundary layer region upwind scheme is replaced by the
midpoint upwind scheme. The midpoint upwind scheme is not performing as
well as the upwind scheme.

Figures 2 and 3 represent the surface plot of the numerical solution and
error graph of Example 1, respectively, for µ = 2−32, ϵ = 2−6 andN = 64. We
note that the maximum error is at the point of discontinuity. Figures 4 and

Iran. J. Numer. Anal. Optim., Vol. 15, No. 2, 2025, pp 728–769



Roy and Jha 762

Table 5: Maximum point-wise error EN,M and approximate orders of convergence RN,M

for Example 2 when µ = 2−6.

ϵ
Number of mesh points N

64 128 256 512 1024
2−18 3.31e-01 1.51e-01 3.72e-02 9.95e-03 2.66e-03
Order 1.1321 2.0226 1.9015 1.9011
2−22 3.55e-01 1.55e-01 3.63e-02 9.75e-03 2.55e-03
Order 1.1982 2.0914 1.8940 1.9330
2−26 3.55e-01 1.55e-01 3.63e-02 9.75e-03 2.55e-03
Order 1.1982 2.0914 1.8940 1.9330
2−30 3.55e-01 1.55e-01 3.63e-02 9.75e-03 2.55e-03
Order 1.1982 2.0914 1.8940 1.9330
2−34 3.55e-01 1.55e-01 3.63e-02 9.75e-03 2.55e-03
Order 1.1982 2.0914 1.8940 1.9330
2−38 3.55e-01 1.55e-01 3.63e-02 9.75e-03 2.55e-03
Order 1.1982 2.0914 1.8940 1.9330
2−42 3.55e-01 1.55e-01 3.63e-02 9.75e-03 2.55e-03
Order 1.1982 2.0914 1.8940 1.9330

Table 6: Maximum point-wise error EN,M and approximate orders of convergence RN,M

for Example 3 when ϵ = 2−8.

µ
Number of mesh points N

32 64 128 256 512 1024
2−14 7.74e-03 2.08e-03 5.31e-04 1.34e-04 4.79e-05 2.19e-05
Order 1.8947 1.9704 1.9834 1.4871 1.1292
2−16 7.83e-03 2.14e-03 5.62e-04 1.34e-04 3.36e-05 8.49e-06
Order 1.8692 1.9572 1.9654 1.9974 1.9858
2−20 7.86e-03 2.17e-03 5.69e-04 1.45e-04 3.85e-05 9.72e-06
Order 1.9108 1.9481 1.9657 1.9672 1.9868
2−24 7.86e-03 2.17e-03 5.69e-04 1.45e-04 3.85e-05 9.72e-06
Order 1.9902 1.9972 1.9991 1.9995 1.9872
2−28 7.86e-03 2.17e-03 5.69e-04 1.46e-04 3.73e-05 9.43e-06
Order 1.8592 1.9299 1.9605 1.9694 1.9845
...

...
...

...
...

...
...

2−60 7.86e-03 2.1e-03 5.69e-04 1.46e-04 3.73e-05 9.43e-06
Order 1.8592 1.9299 1.9605 1.9694 1.9845
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Table 7: Maximum point-wise error EN and approximate orders of convergence RN for
Example 3 when µ = 2−6.

ϵ
Number of mesh points N

64 128 256 512 1024
2−18 2.28e-02 9.24e-03 2.87e-03 7.47e-04 1.97e-04
Order 1.3030 1.8330 1.9301 1.9221
2−22 2.27e-02 9.25e-03 2.54e-03 6.61e-04 1.73e-04
Order 1.2951 1.8634 1.9434 1.9339
2−26 2.27e-02 9.25e-03 2.54e-03 6.61e-04 1.73e-04
Order 1.2951 1.8634 1.9434 1.9339
2−30 2.97e-02 9.26e-03 2.54e-03 6.61e-04 1.73e-04
Order 1.2951 1.8634 1.9434 1.9339
2−34 2.97e-02 9.2561e-03 2.54e-03 6.61e-04 1.73e-04
Order 1.2951 1.8634 1.9434 1.9339
2−38 2.97e-02 9.26e-03 2.54e-03 6.61e-04 1.73e-04
Order 1.2951 1.8634 1.9434 1.9339
2−42 2.97e-02 9.26e-03 2.54e-03 6.61e-04 1.73e-04
Order 1.2951 1.8634 1.9434 1.9339

Figure 3: Error for ϵ = 2−6, µ = 2−32 when N = 64 for Example 1.

5 show the numerical solution and error graph for Example 1, respectively,
when ϵ = 2−30, µ = 2−6, and N = 128. Here too the maximum error occurs
at the point of discontinuity.

In Table 3, we present the maximum point-wise error and order of con-
vergence for µ ∈ S = {10−j , j = 2, 4, 6.} and for different ϵ. Tables 4 and
5 tabulate the value for different ϵ and µ for Example 2. In Figures 6 and
7, the numerical solution and error graph for Example 2, respectively, when
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Figure 4: Numerical solution for ϵ = 2−30, µ = 2−6 when N = 128 for Example 1.

Figure 5: Error for ϵ = 2−30, µ = 2−6 when N = 128 for Example 1.

Figure 6: Numerical solution for ϵ = 2−22, µ = 2−6 when N = 128 for Example 2.

ϵ = 2−22, µ = 2−6, and N = 128 are presented. Here, the maximum error
occurs at the boundaries near x = 1.

Similarly, Table 6 tabulates the error and numerical order of convergence
for Example 3 for different values of µ when ϵ = 2−8. Table 7 tabulates the
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Figure 7: Error for ϵ = 2−22, µ = 2−6 when N = 128 for Example 2.

Figure 8: Numerical solution for ϵ = 2−8, µ = 2−36 when N = 64 for Example 3.

Figure 9: Error for ϵ = 2−8, µ = 2−36 when N = 64 for Example 3.

error and numerical order of convergence for Example 3 for different values
of ϵ when µ = 2−6.

Figures 8 and 9 represent the surface plot of the numerical solution and
error graph of Example 3, respectively, for ϵ = 2−8, µ = 2−36, and N = 64.
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We note that the maximum error is at the point of discontinuity. Here, we
also noted the same pattern in Tables 3, 5, and 7, as noted in Table 2, that
is, the order of convergence is increased and then decreased for higher values
of N .

7 Conclusions

In this article, we studied a singularly perturbed two-parameter parabolic
problem characterized by a discontinuous convection coefficient and source
term. The solution reveals boundary layers near the domain boundaries and
internal layers at the point of discontinuity, induced by the discontinuities
in the convection coefficient and source term. For the temporal discretiza-
tion, we utilized the Crank–Nicolson method on a uniform mesh, achieving
second-order accuracy in time. In the spatial direction, we implemented a
hybrid difference scheme, which integrates the midpoint method, central dif-
ference method and upwind difference method on a suitably defined Shishkin
mesh with a five-point formula at the discontinuity point, ensuring almost
second-order accuracy in space. The theoretical analysis was corroborated by
numerical results, demonstrating the efficacy and accuracy of the proposed
approach.
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memory, damping laws, diffusion processes, earthquake models, fluid dy-
namics, traffic flow, and continuum mechanics. This research focuses on
problems where the fractional derivative operator is defined in the Caputo
sense. Our proposed methodology employs an operational approach based
on the use of shifted Jacobi polynomials. We derive operational matrices
for fractional integration and product, which are then applied to approx-
imate solutions for both linear and nonlinear problems. By using these
matrices in conjunction with the collocation method, we transform the orig-
inal problem into a system of algebraic equations. Notably, our approach
is simpler and more cost-effective compared to established methods such
as Adomian decomposition, Homotopy perturbation, Sinc-collocation, and
Legendre wavelet techniques. We provide several illustrative examples to
validate our method’s effectiveness and reliability. Additionally, we present
theorems concerning the existence of a unique solution and the convergence
of our proposed approach.

AMS subject classifications (2020): Primary 33C45; Secondary 65D15, 34K37,

45J05.

Keywords: Fractional integro-differential equation; Caputo derivative op-
erator; Jacobi polynomials; Operational matrices; Convergence.

1 Introduction

Fractional calculus has gained significant attention from mathematicians and
engineers in recent decades due to the widespread use of fractional integral
and derivative operators in various disciplines and engineering applications
[22, 18, 19, 27, 4]. These operators are relevant in modeling numerous physical
phenomena, including heat conduction in materials with memory, damping
laws, diffusion processes, earthquake models, fluid dynamics, traffic flow, con-
tinuum mechanics, chemistry, acoustics, and psychology [22, 18, 19, 27, 4].
Functional equations of fractional order, such as fractional integro-differential
equations (FIDEs), are crucial for accurately modeling these phenomena.
The derivatives in these equations typically appear in the Riemann–Liouville
and Caputo senses. The Caputo derivative is especially favored in prac-
tice due to its physically interpretable initial conditions, which resemble
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those of integer-order differential equations. In contrast, initial conditions
derived from the Riemann–Liouville derivative lack a clear physical interpre-
tation [22, 18, 19, 27, 4]. FIDEs arise in various scientific and engineering
fields, such as viscosity measurement in oil exploration, continuum and sta-
tistical mechanics, chemical kinetics, fluid dynamics, and biological models
[12, 11, 23, 26]. Understanding the properties and physical nature of these
equations is crucial, leading many researchers and mathematicians to de-
velop or refine methods for solving integro-differential equations with frac-
tional derivatives. However, solving these equations presents both analytical
and numerical challenges, driving the search for effective methods. In this
context, Huang et al. [22] extended the Taylor method to solve a gener-
alization of fractional differential, Fredholm integral, and Volterra integral
equations. Authors in [16, 15] developed the Homotopy perturbation method
to solve both linear and nonlinear FIDEs. The Homotopy analysis method
has been applied to solve linear FIDEs in [1], while in [24], the Chebyshev
pseudo-spectral method was used to solve systems of FIDEs of the Volterra
type. In [25], the authors presented three numerical schemes for solving lin-
ear FIDEs. Mokhtary [29] applied a discrete Galerkin method to solve linear
FIDEs. Laguerre polynomials and a collocation method were developed in
[49] to solve fractional linear Volterra integro-differential equations. Nazari,
Shahmorad, and Jahanshahi [31] proposed a quadrature method for solving
nonlinear FIDEs of the Hammerstein type. Babaei, Jafari, and Banihashemi
[5] introduced a collocation approach based on sixth-kind Chebyshev poly-
nomials to reduce variable-order FIDEs to a system of algebraic equations
and determined an approximate solution. Darweesh, Al-Khaled, and Al-
Yaqeen [9] used the Laplace Haar wavelet method to solve systems of linear
fractional Fredholm integro-differential equations and evaluated the rate of
convergence.

Among the many numerical methods developed, spectral methods are
particularly notable for their high accuracy and ease of implementation.
These methods, including Galerkin, collocation, and tau methods, involve
expressing the solution to a functional equation as a linear combination of
basis functions, which transforms the original equation into a discrete al-
gebraic form. In this context, Rahimkhani, Ordokhani, and Babolian [34]
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employed a Bernoulli wavelet operational approach to solve fractional delay
differential equations. In [35], the authors introduced generalized fractional-
order Bernoulli wavelet functions to obtain numerical solutions for fractional-
order pantograph differential equations. In [37], a new technique based on
Muntz–Legendre functions and their operational matrices was proposed to
solve fractional-order pantograph equations. Bernoulli wavelet functions
were also applied to solve delay fractional-order optimal control problems
in [33]. Rahimkhani, Ordokhani, and Babolian [36] utilized fractional-order
Bernoulli functions to achieve numerical solutions for fractional Fredholm–
Volterra integro-differential equations. Rahimkhani and Ordokhani [32] used
a Bernoulli wavelet collocation method to solve fractional-order partial dif-
ferential equations. The Bernstein collocation method was developed in [41]
to solve Sylvester matrix differential equations. A method combining Bell
polynomials and the Galerkin approach was proposed to address fractional
optimal control problems [43]. Sadek and Bataineh [40] presented generalized
Bernstein functions and the collocation method to approximate solutions for
χ-fractional differential equations. Jacobi orthogonal polynomials are widely
used as basis functions in spectral methods. For example, shifted Jacobi
polynomials have been employed alongside spectral tau and collocation meth-
ods to solve linear and nonlinear multi-term fractional differential equations
[13]. Similarly, the shifted Chebyshev spectral tau method has been used
to construct numerical solutions for linear multi-order fractional differential
equations [6]. A new numerical approach for solving fractional-order panto-
graph partial differential equations was introduced in [52] by utilizing two-
variable Gegenbauer polynomials. The Lucas wavelets, combined with the
Legendre–Gauss quadrature rule and modified operational matrices for inte-
gration and pseudo-operational fractional derivatives, were used to study the
solution of fractional Fredholm–Volterra integro-differential equations [10].
Hosseininia, Heydari, and Avazzadeh [21] proposed the use of orthonormal
shifted discrete Legendre polynomials and the collocation method for solving
the variable-order fractional extended Fisher–Kolmogorov equation. A finite
class of Romanovski–Jacobi polynomials was used as basis functions in the
spectral tau method to approximate solutions to time-fractional partial dif-
ferential equations on a semi-infinite interval [3]. Shifted Jacobi polynomials
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were employed by Heydari, Zhagharian, and Razzaghi [20] to find numeri-
cal solutions to one- and two-dimensional stochastic multi-order fractional
diffusion-wave equations. In [2], shifted Jacobi polynomials and a fractional-
order shifted Jacobi–Gauss collocation method were applied to solve FIDEs
with weakly singular kernels. In [51], shifted sixth-kind Chebyshev polyno-
mials, combined with the collocation method, were used to convert systems
of FIDEs with weakly singular kernels into algebraic systems, allowing for
approximate solutions. Authors in [7] employed shifted Jacobi polynomials
with an operational collocation method to obtain approximate solutions to
a class of weakly singular FIDEs. Ebrahimi and Sadri [14] solved fractional-
order pantograph differential equations by introducing fractional-order Ja-
cobi functions based on Jacobi polynomials, presenting a relationship between
the basis functions with delay and the original Jacobi polynomials. These
examples highlight the versatility and effectiveness of spectral methods in
solving FIDEs and related problems.

In this paper, we extend the use of classical orthogonal Jacobi polyno-
mials to solve both linear and nonlinear integro-differential equations with
fractional orders of arbitrary nature. Specifically, we focus on three distinct
types of these equations:

D
ν
y(t)+h(t) y(t)+

∫ t

0

k(t, s) y(s) ds+

∫ t

0

k̃(t, s)D
γ
y(s) ds = f(t), 0 ⩽ t ⩽ 1, 0 < γ < ν ⩽ m,

y′′(t) + h(t) y′(t) + g(t)Dνy(t) +

∫ t

0

k(t, s) y(s) ds = f(t), 0 ⩽ t ⩽ 1, 0 < ν < 2,

Dνy(t) + h(t) y(t) + λ1

∫ t

0

k(t, s) y2(s) ds+ λ2

∫ 1

0

k̃(t, s) y2(s) ds = f(t), 0 ⩽ t ⩽ 1.

Under appropriate initial conditions, let ν, γ ∈ R, m ∈ Z+, and f, g, h, k,
and k̃ be known and continuous real-valued functions. The function y is
unknown, and λ1 and λ2 are real numbers. As the first step in our solution
approach, we derive the fractional operational matrices for integration and
multiplication through straightforward algebraic computations, thus reduc-
ing computational costs. These resulting matrices and approximations are
then substituted into the original problem, transforming it into a correspond-
ing system of algebraic equations. This system is subsequently collocated at
the N + 1 roots of the N + 1th shifted Jacobi polynomials, P (α,β)

N+1 (t), where
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t ∈ [0, 1]. Notably, Jacobi polynomials are parameterized by α and β, both of
which are greater than −1. By varying these parameters, different variants of
this family of orthogonal polynomials can be obtained. Solving the resulting
system gives an approximate solution, denoted as yN (t). For handling non-
linear systems, we employ the well-known Newton’s iteration method. Addi-
tionally, we provide a convergence analysis of our proposed method within a
Jacobi-weighted Sobolev space.

The contributions of this paper can be summarized as follows:

• Enhanced precision compared to existing methods.

• Flexibility in adjusting parameters α and β, enabling investigation into
their impact on obtained solutions.

• Computation of error bounds for resulting approximate solutions within
a Jacobi-weighted Sobolev space.

• Estimation of errors in approximate solutions in scenarios where exact
solutions are unknown, allowing comparison with absolute errors.

The novelty of this research lies in its innovative application of the Jacobi
operational method to solve a wide range of integro-differential equations
(IDEs) featuring fractional derivatives of arbitrary order ν. By harnessing
the versatility of shifted Jacobi polynomials on the interval [0, 1], the study
introduces a novel approach to transforming complex IDEs—both linear and
nonlinear—into more manageable algebraic equations. This method not only
simplifies the solution process but also offers a systematic framework for de-
termining coefficients and constructing operational matrices for fractional in-
tegration and product. Furthermore, the study delves into investigating the
existence, uniqueness, and convergence of solutions, shedding light on the
method’s theoretical underpinnings and practical efficacy. Through illustra-
tive examples and comparative analyses with existing methods, the research
showcases the superior accuracy and computational efficiency of the proposed
approach, positioning it as a promising tool for tackling a broad spectrum of
functional equations. The organization of this paper is as follows:

• Section 1 introduces the topic.
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• Section 2 provides preliminary definitions and concepts of fractional
calculus.

• Section 3 delves into the existence and uniqueness of solutions for the
equations under consideration.

• Section 4 discusses shifted Jacobi polynomials and their properties,
along with deriving their operational matrices of fractional integration
and product.

• Section 5 presents and proves theorems regarding the convergence of
the proposed method.

• Section 6 offers several examples to illustrate the simplicity and effi-
ciency of our proposed method.

• Finally, section 7 contains discussions and conclusions.

2 Preliminaries

Despite the various definitions of fractional-order derivative and integral oper-
ators, such as theΘ-conformable fractional derivatives [39], Caputo cotangent
fractional derivatives [38], Hilfer cotangent fractional derivatives [42], and q-
trigonometric derivatives [44], the Caputo derivative and Riemann–Liouville
integral operators remain popular and widely used. Some definitions and
properties of fractional operators used in this paper are recalled [48].

Definition 1. The Riemann–Liouville fractional integral operator of order
ν > 0 of a function u(t), is defined as

Iνu(t) =
1

Γ(ν)

∫ t

0

(t− s)ν−1 u(s) ds, ν > 0, t > 0,

I0u(t) = u(t),

(1)

where Γ(α) is the Gamma function defined as

Γ(α) =

∫ ∞

0

tα−1 exp(−t) dt, Re(α) > 0.
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Definition 2. The fractional derivative operator in the Caputo sense of order
ν > 0 of a function u(t), is given as

D
ν
u(t) = I

m−ν
D
m
u(t) =

1

Γ(m − ν)

∫ t

0

(t − s)
m−ν−1 dm

dsm
u(s) ds, m − 1 < ν ⩽ m, t > 0,

D
0
u(t) = u(t).

(2)

Some properties of the operators Iν and Dν are recalled as follows:

1. Iν1Iν2u(t) = Iν1+ν2u(t),

2. Iν(λ1 u1(t) + λ2 u2(t)) = λ1 I
νu1(t) + λ2 I

νu2(t),

3. Iνtγ = Γ(γ+1)
Γ(ν+γ+1) t

ν+γ , γ > −1,

4. DνIνu(t) = u(t),

5. IνDνu(t) = u(t)−
m−1∑
k=0

u(k)(0+)
k! tk, m− 1 < ν ⩽ m,

6. Dνtγ =

{
0, ν > γ,
Γ(γ+1)

Γ(γ−ν+1) t
γ−ν , otherwise,

7. Dνλ = 0, λ ∈ R,

where ν, ν1, ν2, γ, λ, λ1, λ2 ∈ R.

3 Existence and uniqueness of solution

In this section, we explore various forms of integro-differential equations in-
volving fractional derivatives of arbitrary order. To investigate the existence
of unique solutions and the convergence of our proposed methodology, we
analyze the following FIDE:

Dνy(t)+h(t) y(t)+

∫ t

0

k(t, s) y(s) ds+

∫ t

0

k̃(t, s)Dγy(s) ds = f(t), 0 ⩽ t ⩽ 1,

(3)
where 0 < γ < ν, f(t), h(t), k(t, s), and k̃(t, s), t, s ∈ [0, 1], are continuous real
functions, and the proper initial conditions y(i)(0) = di, i = 0, 1, . . . ,m − 1

exist, where m− 1 < ν ⩽ m.
In this section, the existence of a solution of (3) is established using

the fixed point theorem. Let Y be a Banach space and let C(J, Y ) be the
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Banach space of continuous function y(t) ∈ Y , t ∈ J = [0, 1], with the norm
‖y‖ = max

t∈J
|y(t)|. Moreover, suppose that Br(y, Y ) is a closed ball with center

at y and radius r in Y . By applying the fractional integral operator, (3) will
be converted to the following integral equation:

y(t) = F (t) −
1

Γ(ν)

∫ t

0

(t − s)
ν−1

h(s) y(s) ds −
1

Γ(ν)

∫ t

0

(t − s)
ν−1

∫ s

0

k(s, s
′
) y(s

′
) ds

′
ds

−
1

Γ(ν)

∫ t

0

(t − s)
ν−1

∫ s

0

k̃(s, s
′
)D

γ
y(s

′
) ds

′
ds,

(4)

where

F (t) =

m−1∑
i=0

di t
i

Γ(i+ 1)
+

1

Γ(ν)

∫ t

0

(t− s)ν−1f(s) ds.

Now, suppose that for any given function y(t) ∈ Y and kernels k(t, s), k̃(t, s),
there exist positive constants L,M, M̃ ∈ R such that the following conditions
are satisfied:

‖Dγy(t)‖ ⩽ L ‖y(t)‖, for all t ∈ J,

‖k(t, s)‖ ⩽M, ‖k̃(t, s)‖ ⩽ M̃, for all (t, s) ∈ J × J.
(5)

Following theorem states the existence of a solution of (3).

Theorem 1. Suppose that ν > 0 ∈ R, that conditions (5) hold, and that
‖h‖/Γ(ν + 1) + (M + M̃L)/Γ(ν + 2) < 1/2, where ‖h‖ = max

t∈J
|h(t)|. Then,

fractional-order integro-differential equation (3) has a unique solution.

Proof. Let W = C(J, Y ), and define a mapping Ψy(t) : W −→ W , as fol-
lows:

Ψy(t) = F (t) −
1

Γ(ν)

∫ t

0

(t − s)
ν−1

h(s) y(s) ds −
1

Γ(ν)

∫ t

0

(t − s)
ν−1

∫ s

0

k(s, s
′
) y(s

′
) ds

′
ds

−
1

Γ(ν)

∫ t

0

(t − s)
ν−1

∫ s

0

k̃(s, s
′
)D

γ
y(s

′
) ds

′
ds.

It should be shown that Ψ has a fixed point and this fixed point is a solution
of (3). Set r ⩾ 2‖F‖, where ‖F‖ = max

t∈J
|F (t)|. Then, it can be shown that

ΨBr ⊆ Br, where Br = {y(t) ∈W | ‖y‖ ⩽ r}. So, one has

||Ψy(t)|| ⩽ ||F ||+ ||h||
Γ(ν)

∫ t

0

(t− s)ν−1||y(s)|| ds

+
1

Γ(ν)

∫ t

0

(t− s)ν−1

∫ s

0

||k(s, s′)|| ||y(s′)|| ds′ ds
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+
1

Γ(ν)

∫ t

0

(t− s)ν−1

∫ s

0

||k̃(s, s′)|| ||Dγy(s′)|| ds′ ds

⩽ ||F ||+ ||h|| r
ν Γ(ν)

+
M r

ν(ν + 1) Γ(ν)
+

M̃ L r

ν(ν + 1)Γ(ν)

= ||F ||+ ||h|| r
Γ(ν + 1)

+
M r

Γ(ν + 2)
+

M̃ L r

Γ(ν + 2)

⩽ r.

Thus, Ψ maps Br into itself. Now, for y1(t), y2(t) ∈W , one has

||Ψy1(t)−Ψy2(t)|| ⩽
||h||
Γ(ν)

∫ t

0

(t− s)ν−1||y1(s)− y2(s)|| ds

+
M

Γ(ν)

∫ t

0

(t− s)ν−1

∫ s

0

||y1(s′)− y2(s′)|| ds′ ds

+
M̃

Γ(ν)

∫ t

0

(t− s)ν−1

∫ s

0

||Dγ(y1(s
′)− y2(s′))|| ds′ ds

⩽
(
||h||

Γ(ν + 1)
+
M + M̃L

Γ(ν + 2)

)
||y1(t)− y2(t)||.

Since ||h||/Γ(ν + 1) + (M + M̃L)/Γ(ν + 2) < 1/2, the mapping Ψ is a con-
traction one, and therefore a unique fixed point y(t) ∈ Br exists such that
Ψy(t) = y(t).

4 Shifted Jacobi polynomials and their operational
matrices

The shifted Jacobi polynomials are defined on the interval [0, 1], with the
weight function w(α,β)(t) = tβ(1− t)α. These polynomials can be determined
by the following recursive relation [47]:

P
(α,β)
i+1 (t) = A(α, β, i)P

(α,β)
i (t)+(2t−1)B(α, β, i)P

(α,β)
i (t)−C(α, β, i)P

(α,β)
i−1 (t), i = 1, 2, . . . ,

(6)

where

A(α, β, i) =
(2i+ α+ β + 1)(α2 − β2)

2(i+ 1)(i+ α+ β + 1)(2i+ α+ β)
,

B(α, β, i) =
(2i+ α+ β + 2)(2i+ α+ β + 1)

2(i+ 1)(i+ α+ β + 1)
,
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C(α, β, i) =
(i+ α)(i+ β)(2i+ α+ β + 2)

(i+ 1)(i+ α+ β + 1)(2i+ α+ β)
,

and
P

(α,β)
0 (t) = 1, P

(α,β)
1 (t) =

α+ β + 2

2
(2t− 1) +

α− β
2

.

In addition, these shifted polynomials are orthogonal, that is,∫ 1

0

P
(α,β)
i (t)P

(α,β)
j (t)w(α,β)(t) dt = hi δij ,

where
hi =

Γ(i+ α+ 1)Γ(i+ β + 1)

(2i+ α+ β + 1) i! Γ(i+ α+ β + 1)
,

and δij denotes the Kronecker delta function. Moreover, the shifted Jacobi
polynomials have the following power series presentation, which will be used
throughout this research:

P
(α,β)
i (t) =

i∑
k=0

(−1)i−kΓ(i+ β + 1)Γ(i+ k + α+ β + 1) tk

Γ(k + β + 1)Γ(i+ α+ β + 1) (i− k)! k!
, i = 0, 1, . . . .

(7)
A square integrable function u(t), in the interval [0, 1], can be expressed in
terms of shifted Jacobi polynomials as the following equation:

u(t) =

∞∑
j=0

ûj P
(α,β)
j (t), (8)

where the coefficients ûj are given by

ûj =
1

hj

∫ 1

0

u(t)P
(α,β)
j (t)w(α,β)(t) dt, j = 0, 1, . . . .

In practice, only the first (N +1) terms of the shifted Jacobi polynomials are
considered. Therefore, we have

u(t) ≈ uN (t) =

N∑
j=0

ûj P
(α,β)
j (t) = ΦT (t) Û = Û

T
Φ(t), (9)

where the vectors Û and Φ(t) are given by

Û = [û0, û1, . . . , ûN ]T , Φ(t) = [P
(α,β)
0 (t), P

(α,β)
1 (t), . . . , P

(α,β)
N (t)]T .

(10)
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Similarly, any continuous two-variable function, say g(t, s), defined on [0, 1]×
[0, 1], can be expanded as follows in terms of the double-shifted Jacobi poly-
nomials:

gN (t, s) =

N∑
i=0

N∑
j=0

gij P
(α,β)
i (t)P

(α,β)
j (s) = ΦT (t)GΦ(s),

where G is a (N + 1)× (N + 1) matrix and its entries are given by

gij =
1

hi hj

∫ 1

0

∫ 1

0

g(t, s)P
(α,β)
i (t)P

(α,β)
j (s)w

(α,β)
(t)w

(α,β)
(s) dt ds, i, j = 0, 1, . . . , N. (11)

The following relations hold for the shifted Jacobi polynomials:

(i) P (α,β)
i (0) = (−1)i

(
i+ β

i

)
,

(ii) diP (α,β)
n (t)
dti = Γ(n+i+α+β+1)

Γ(n+α+β+1) P
(α+i,β+i)
n−i (t), i = 0, 1, . . . .

4.1 The Jacobi operational matrices

In implementing operations on the Jacobi basis, we frequently encounter the
integration of the vector Φ(t) defined in (10), as well as the need to evaluate
the product of two vectors, Φ(t) and ΦT (t) (the product matrix). To address
this, we will derive the corresponding operational matrices. To proceed, some
lemmas regarding the shifted Jacobi polynomials are necessary. These are as
follows:

Lemma 1. The shifted Jacobi polynomial P (α,β)
i (t), t ∈ [0, 1], can be pre-

sented in the form

P
(α,β)
i (t) =

i∑
j=0

γ
(i)
j tj , i = 0, 1, . . . ,

where the coefficients γ(i)j are calculated as

γ
(i)
j = (−1)i−j

(
i+ j + α+ β

j

)(
i+ β

i− j

)
.

Proof. The coefficients γ(i)j can be obtained as
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γ
(i)
j =

1

j!

dj

dtj
P

(α,β)
i (t)

∣∣∣∣
t=0

.

Now, using the relations (i) and (ii) stated in the above, the lemma can be
proved.

Lemma 2. If i ∈ N and l ⩾ i, then∫ 1

0

tl P
(α,β)
i (t)w(α,β)(t) dt

=

i∑
k=0

(−1)i−k Γ(i+ β + 1)Γ(i+ k + α+ β + 1)Γ(l + k + β + 1)Γ(α+ 1)

Γ(k + β + 1)Γ(i+ α+ β + 1)Γ(l + k + α+ β + 2) (i− k)! k!
.

Proof. The lemma can be easily proved by integrating of (7).

In FIDEs, such as (3), one of the derivative orders, either ν or γ, may
be an integer. Therefore, both the operational matrices for the integration
of integer and fractional orders need to be applied to approximate the main
equation. Specifically, the integral operational matrix of integer order is used
to approximate the integral component of the given equation. As a result,
Jacobi operational matrices for integration are derived for both cases. The
entries of these matrices are computed using the following theorems.

Theorem 2. Let Φ(t) be the Jacobi vector in (10) and ν ∈ R. Then, one
has

IνΦ(t) ≈ P(ν) Φ(t),

where Iν is the Riemann–Liouville fractional integral operator of order ν and
P(ν) is the (N +1)× (N +1) fractional operational matrix of integration and
is defined by

P(ν) =


θ(0, 0) θ(0, 1) . . . θ(0, N)

θ(1, 0) θ(1, 1) . . . θ(1, N)
...

...
. . .

...

θ(N, 0) θ(N, 1) . . . θ(N,N)

 ,
where

θ(i, j) =

i∑
k=0

ω′
ijk, i = 0, 1, . . . , N, j = 1, 2, . . . , N, (12)

and ω′
ijk are given by
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ω
′
ijk =

(−1)i−k Γ(j + β + 1) Γ(i + β + 1) Γ(i + k + α + β + 1) Γ(α + 1)

hj Γ(j + α + β + 1) Γ(k + β + 1) Γ(i + α + β + 1) Γ(k + ν + 1) (i − k)!

×
j∑
l=0

(−1)j−l Γ(j + l + α + β + 1) Γ(l + k + ν + β + 1)

Γ(l + β + 1) Γ(l + k + ν + α + β + 2) l!(j − l)!
, i, j = 0, 1, . . . , N.

Proof. Applying fractional integral operator (1) to relation (7) leads to

IνP
(α,β)
i (t) =

i∑
k=0

(−1)i−k Γ(i+ β + 1) Γ(i+ k + α+ β + 1) tk+ν

Γ(k + β + 1) Γ(i+ α+ β + 1) Γ(k + ν + 1) (i− k)!
.

(13)
Moreover, tk+ν can be approximated in terms of the shifted Jacobi polyno-
mials as the following form:

tk+ν ≈
N∑
j=0

ak,j P
(α,β)
j (t),

where
ak,j =

1

hj

∫ 1

0

tk+ν P
(α,β)
j (t) w(α,β)(t) dt.

According to Lemma 2, (13) can be rewritten as

IνP
(α,β)
i (t)

≈
N∑

j=0

{ i∑
k=0

(−1)i−k Γ(j + β + 1) Γ(i+ β + 1) Γ(i+ k + α+ β + 1) Γ(α+ 1)

hj Γ(j + α+ β + 1) Γ(k + β + 1) Γ(i+ α+ β + 1) Γ(k + ν + 1) (i− k)!

×
j∑

l=0

(−1)j−l Γ(j + l + α+ β + 1) Γ(l + k + ν + β + 1)

Γ(l + β + 1) Γ(l + k + ν + α+ β + 2) l!(j − l)!

}
P

(α,β)
j (t)

=

N∑
j=0

θ(i, j) P
(α,β)
j (t),

where θ(i, j) are given in (12). Rewriting the last relation as a vector form
gives

IνP
(α,β)
i (t) = [θ(i, 0), θ(i, 1), . . . , θ(i,N)] Φ(t), i = 0, 1, . . . , N.

This leads to the desired result.

Theorem 3. Let Φ(t) be the Jacobi vector in (10). Then,∫ t

0

Φ(t′) dt′ ≈ P Φ(t),
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where P is the (N +1)× (N +1) operational matrix of integration (of integer
order) and is defined by

P =


π(0, 0) π(0, 1) . . . π(0, N)

π(1, 0) π(1, 1) . . . π(1, N)
...

...
. . .

...

π(N, 0) π(N, 1) . . . π(N,N)

 ,

where

π(i, j) =

i∑
k=0

ωijk, i, j = 0, 1, . . . , N, (14)

and ωijk are given by

ωijk =
(−1)i−k Γ(j + β + 1) Γ(i+ β + 1) Γ(i+ k + α+ β + 1) Γ(α+ 1)

hj Γ(j + α+ β + 1) Γ(k + β + 1) Γ(i+ α+ β + 1) (k + 1)! (i− k)!

×
j∑

l=0

(−1)j−l Γ(j + l + α+ β + 1) Γ(l + k + β + 2)

Γ(l + β + 1) Γ(l + k + α+ β + 3) l!(j − l)!
, i, j = 0, 1, . . . , N.

Proof. The proof is almost the same as that presented in Theorem 2. By
setting ν = 1, in the proof of Theorem 2, the matrix P will be obtained.

In the following, some useful and applicable lemmas are presented to
obtain the Jacobi operational matrix of the product.

Lemma 3. If P (α,β)
j (t) and P (α,β)

k (t) are, respectively, jth and kth shifted
Jacobi polynomials, then the product of P (α,β)

j (t) and P (α,β)
k (t) can be writ-

ten as

Q
(α,β)
j+k (t) = P

(α,β)
j (t)P

(α,β)
k (t) =

j+k∑
r=0

λ(j,k)r tr,

where the coefficients λ(j,k)r are determined as follows:
The quantities γ(k)l and γ

(j)
r−l are introduced, respectively, for P (α,β)

k (t)

and P (α,β)
j (t) based on Lemma 1.

Proof. See [45, p. 496, Lemma 3] .

Lemma 4. If P (α,β)
i (t), P (α,β)

j (t), and P
(α,β)
k (t) are, respectively, ith, jth,

and kth shifted Jacobi polynomials, then

qijk =

∫ 1

0

P
(α,β)
i (t) P

(α,β)
j (t) P

(α,β)
k (t) w(α,β)(t) dt
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If j ≥ k:
r = 0, 1, . . . , j + k,
if r > j then

λ
(j,k)
r =

k∑
l=r−j

γ
(j)
r−l γ

(k)
l ,

else
r1 = min{r, k},
λ
(j,k)
r =

r1∑
l=0

γ
(j)
r−l γ

(k)
l ,

end.
If j < k:
r = 0, 1, . . . , j + k,
if r ≤ j then
r1 = min{r, j},
λ
(j,k)
r =

r1∑
l=0

γ
(j)
r−l γ

(k)
l ,

else
r2 = min{r, k},
λ
(j,k)
r =

r2∑
l=r−j

γ
(j)
r−l γ

(k)
l ,

end.

=

j+k∑
l=0

i∑
m=0

(−1)i−mλ
(j,k)
l Γ(i+ β + 1) Γ(i+m+ α+ β + 1) Γ(l +m+ β + 1) Γ(α+ 1)

Γ(m+ β + 1) Γ(i+ α+ β + 1) Γ(l +m+ α+ β + 2) (i−m)! m!
,

where λ(j,k)l is computed by Lemma 3.

Proof. See [46, p. 12, Lemma 5].

The following theorem presents a general formula for finding the (N +

1)× (N + 1) operational matrix of product Ṽ whenever

Φ(t) ΦT (t) V ≈ Ṽ Φ(t), (15)

and V is a given (N + 1) vector.

Theorem 4. The entries of the matrix Ṽ in (15) are computed as follows:

Ṽjk =
1

hk

N∑
i=0

Vi qijk, j, k = 0, 1, . . . , N,
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where qijk is introduced by Lemma 4 and Vi is the components of the vector
V in (15).

Proof. See [46, p. 12, Theorem 2].

Remark 1. If u(t) ≈ UT Φ(t) = ΦT (t) U and v(t) ≈ V T Φ(t) = ΦT (t) V ,
where U and V are (N +1) vectors, using the operational matrix of product,
it is easily shown that

u2(t) ≈ UT Ũ Φ(t),

u3(t) ≈ FT Ũ Φ(t), F = ŨT U,

u(t) v(t) ≈ UT Ṽ Φ(t).

The following remark is useful to approximate the integral parts of equa-
tions under study.

Remark 2. Let the vector Φ(t) be the shifted Jacobi vector in (10). Then

M =

∫ 1

0

Φ(t) ΦT (t) dt,

where

Mi,j =

i+j∑
r=0

λ
(i,j)
r

r + 1
, i, j = 0, 1, . . . , N,

and λ(j,k)r is introduced by Lemma 3.

4.2 Methodology

To continue with the implementation of the proposed method, consider the
following cases.

4.2.1 Case I

Dνy(t) + h(t) y(t) +

∫ t

0

k(t, s) y(s) ds

+

∫ t

0

k̃(t, s) Dγy(s) ds = f(t), 0 ⩽ t ⩽ 1, 0 < γ < ν ⩽ m,(16)
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with initial conditions,

y(j)(0) = dj , j = 0, 1, . . . ,m− 1,

h(t), k(t, s), and k̃(t, s) are known continuous functions. Since Dνy(t) has
the highest order of derivative in (16), it can be approximated as

Dνy(t) ≈ ΦT (t) C, (17)

where the vectors Φ(t) is defined by (10) and C = [c0, c1, . . . , cN ] is the vector
of unknown coefficients. By applying the fractional integral operator of order
ν to (17), an approximation of unknown function y(t) is resulted as follows:

y(t) ≈ ΦT (t) P(ν)T C +

m−1∑
j=0

dj t
j

j!

≈ ΦT (t) P(ν)T C +ΦT (t) F1,

(18)

where F1 is a known (N + 1) vector and computed as

m−1∑
j=0

dj t
j

j!
≈ ΦT (t)F1,

(F1)k =
1

hk

m−1∑
j=0

dj
j!

∫ 1

0

tj P
(α,β)
k (t)w(α,β)(t)dt, k = 0, 1, . . . , N.

Now, using approximation (17), the following steps can be pursued to ap-
proximate the term Dγy(t), γ < ν:

Dνy(t) = Dν−γDγ y(t) ≈ ΦT (t) C.

Applying the fractional integral operator of order ν − γ on both sides of the
last approximation yields the following approximation:

Dγ y(t) ≈ ΦT (t) P(ν−γ)T C +

m−1∑
j=dγe

dj t
j−γ

Γ(j − γ + 1)

≈ ΦT (t) P(ν−γ)T C +ΦT (t) F2,

(19)

where
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m−1∑
j=dγe

dj t
j−γ

Γ(j − γ + 1)
≈ ΦT (t)F2,

(F2)k =
1

hk

m−1∑
j=dγe

dj
Γ(j − γ + 1)

∫ 1

0

tj−γ P
(α,β)
k (t)w(α,β)(t)dt, k = 0, 1, . . . , N.

The kernels of integral parts, k(t, s) and k̃(t, s), are approximated as follows
by means of (11):

k(t, s) ≈ ΦT (t) K Φ(s), k̃(t, s) ≈ ΦT (t) K̃ Φ(s),

where K and K̃ are the known (N + 1) × (N + 1) matrices. Using the
introduced matrices, the integral parts of (16) are approximated as follows:∫ t

0

k(t, s) y(s) ds ≈
∫ t

0

ΦT (t) K Φ(s) ΦT (s) U1 ds

≈ ΦT (t) K

∫ t

0

Φ(s) ΦT (s) U1 ds

= ΦT (t) K Ũ1 P Φ(t), U1 = P(ν)T C + F1,∫ t

0

k̃(t, s) Dγ y(s) ds ≈ ΦT (t) K̃ Ũ2 P Φ(t), U2 = P(ν−γ)T C + F2,

(20)
where Ũ1, Ũ2 are operational matrices of product, corresponding to the vec-
tors U1, U2, respectively. In this way, the unknown function and its deriva-
tives are approximated after substituting approximations (17)–(20) into (16),
the main equation is converted into the following algebraic equation:

ΦT (t) C+h(t) ΦT (t) U1+ΦT (t) K Ũ1 P Φ(t)+ΦT (t) K̃ Ũ2 P Φ(t)−f(t) ≈ 0.

(21)

Lemma 5. Let yN (t) be the approximate solution obtained from the pro-
posed scheme, and let y(t) be the exact solution to (16). Suppose that
0 < ‖h‖Γ(ν + 1) + M+M̃

Γ(ν+2) < 1, where ỹ(t) represents the error of yN (t),
and HN (t) is the perturbation term. Then, the following equation holds:

‖ỹ‖ ≤ Λ∗ ‖Hn‖,

where Λ∗ is a positive constant.
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Proof. As can be seen, applying the Riemann–Liouville integral operator to
(16) results in (3). it is clear that yN (t) and yN (t)+ ỹ(t) satisfy the following
equations:

yN (t) = F (t) +HN (t)− 1

Γ(ν)

∫ t

0

(t− s)ν−1h(s)yN (s) ds

− 1

Γ(ν)

∫ t

0

(t− s)ν−1

∫ s

0

k(s, r)yN (r) dr ds

− 1

Γ(ν)

∫ t

0

(t− s)ν−1

∫ s

0

k̃(s, r)DγyN (r) dr ds,

(22)

yN (t) + ỹ(t) = F (t)− 1

Γ(ν)

∫ t

0

(t− s)ν−1h(s)(yN (s) + ỹ(s)) ds

− 1

Γ(ν)

∫ t

0

(t− s)ν−1

∫ s

0

k(s, r)(yN (r) + ỹ(r)) dr ds

− 1

Γ(ν)

∫ t

0

(t− s)ν−1

∫ s

0

k̃(s, r)Dγ(yN (r) + ỹ(r)) dr ds,

(23)
where

F (t) =

m−1∑
i=0

di t
i

Γ(i+ 1)
+

1

Γ(ν)

∫ t

0

(t− s)ν−1 f(s) ds.

Subtracting (22) from (23) leads to the following equation:

ỹ(t) = − 1

Γ(ν)

∫ t

0

(t− s)ν−1h(s)(yN (s) + ỹ(s)) ds

− 1

Γ(ν)

∫ t

0

(t− s)ν−1

∫ s

0

k(s, r)(yN (r) + ỹ(r)) dr ds

− 1

Γ(ν)

∫ t

0

(t− s)ν−1

∫ s

0

k̃(s, r)Dγ(yN (r) + ỹ(r)) dr ds.

(24)

Taking the norm from (24) yields the following inequality:

‖ỹ‖ ≤ ‖HN‖ +
‖h‖ ‖ỹ‖
Γ(ν)

∫ t

0

(t − s)
ν−1

ds +
M ‖ỹ‖
Γ(ν)

∫ t

0

(t − s)
ν−1

ds +
M̃ L ‖ỹ‖
Γ(ν)

∫ t

0

(t − s)
ν−1

ds

≤ HN‖ +
‖h‖ ‖ỹ‖
Γ(ν + 1)

+ fracM ‖ỹ‖Γ(ν + 2) +
M̃ L ‖ỹ‖
Γ(ν + 2)

.

Since 0 < ‖h‖Γ(ν + 1) + (M + M̃)/Γ(ν + 2) < 1, so one has

‖ỹ‖ ≤ 1

1− ‖h‖
Γ(ν+1) −

M+M̃
Γ(ν+2)

‖HN‖,
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and the desired result is acquired.

Thus, the variation of the approximate solution is bounded. Since the
existence and uniqueness of the given equation have already been established
in section 3, it follows that (16) is well-posed.

4.2.2 Case II

y′′(t) + h(t) y′(t) + g(t) Dνy(t) +

∫ t

0

k(t, s) y(s) ds = f(t), 0 ⩽ t ⩽ 1, 0 < ν < 2, (25)

subject to initial conditions

y(j)(0) = dj , j = 0, 1,

where h(t), g(t), k(t, s), and k̃(t, s) are known continuous functions. Since
y′′(t) has the highest order of derivative in (25), successive integrating leads
to the following approximations:

y′′(t) ≈ ΦT (t) C,

y′(t) ≈ ΦT (t) PT C +ΦT (t) F1, d1 ≈ ΦT (t) F1,

y(t) ≈ ΦT (t) (PT )2 C +ΦT (t) PT F1 +ΦT (t) F2, d0 ≈ ΦT (t) F2,

(26)

where P is the operational matrix of integration of integer order, as intro-
duced in Theorem 3. To approximate Dνy(t), where ν ∈ R is a noninteger
value, the first approximation in (26) can be used as follows:

D2y(t) = D2−νDνy(t) ≈ ΦT (t) C.

So,

Dνy(t) ≈ ΦT (t) P(2−ν)T C +

m−1∑
i=dνe

di t
i−ν

Γ(i− ν + 1)

≈ ΦT (t) P(2−ν)T C +ΦT (t) F3, m− 1 < ν ⩽ m,

(27)

where P(2−ν) is the operational matrix of fractional integration related to
the fractional integral operator of order 2 − ν. The integral part of (25) is
converted to the following algebraic approximation:
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0

k(t, s) y(s) ds ≈ ΦT (t) K Ũ P Φ(t), U = (PT )2 C + PT F1 + F2,

(28)
where Ũ is the operational matrix of product, corresponding to the vector
U . Substituting the approximations (26)–(28) into (25) yields the following
algebraic equation:

Φ
T
(t) C+h(t) Φ

T
(t){PT C+F1}+g(t) Φ

T
(t){P(2−ν)

T C+F3}+Φ
T
(t) K Ũ P Φ(t)−f(t) ≈ 0.

(29)

4.2.3 Case III

D
ν
y(t) + h(t) y(t) + λ1

∫ t

0

k(t, s) y
2
(s) ds + λ2

∫ 1

0

k̃(t, s) y
2
(s) ds = f(t), 0 ⩽ t ⩽ 1, ν ∈ R,

(30)

subject to initial conditions

y(j)(0) = dj , j = 0, 1, . . . ,m− 1,

where λ1, λ2 ∈ R and h(t), k(t, s), and k̃(t, s) are known continuous func-
tions. Following the process the same as for the last two cases, leads to the
approximations below:

Dνy(t) ≈ ΦT (t) C, y(t) ≈ ΦT (t) P(ν)T C +ΦT (t) F1 = ΦT (t) U,

y2(t) ≈ UT Ũ Φ(t) = ΦT (t) F2,

∫ t

0

k(t, s) y2(s) ds ≈ ΦT (t) K F̃2 P Φ(t),∫ 1

0

k̃(t, s) y2(s) ds ≈ ΦT (t) K̃ M F̃2,

(31)
where M is the matrix introduced by Remark 2. Substituting the approxi-
mations (31) into (30) yields the following algebraic equation:

ΦT (t) C+h(t) ΦT (t) U+λ1Φ
T (t) K F̃2 P Φ(t)+λ2Φ

T (t) K̃ M F2−f(t) ≈ 0.

(32)
The resulting algebraic equations (21), (29), and (32) are collocated at the
(N + 1) roots of the (N + 1)th shifted Jacobi polynomials on the interval
[0, 1]. By solving the systems of generated algebraic equations, the unknown
vector C can be determined. Thus, by selecting appropriate values for the
parameters α and β, an approximate solution can be obtained using the
approximation in (18), the third approximation in (26), and the second ap-
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proximation in (31). The resulting nonlinear systems can be solved using the
Newton iteration method.

Remark 3. Based on the discussions in this section and the statement made
in Remark 2, the nonlinear terms and integral components in the equations
under study are approximated in vector form. Therefore, the initial condi-
tions of the equations must be approximated in terms of the Jacobi basis.

5 Convergence analysis and error bounds

In this section, some upper bounds are presented for the residual function
and the proposed algorithm. It can be seen that the upper bounds decrease
when the number of terms in the series solution increases. For this purpose,
some useful definitions and theorems are stated.

The set of all algebraic polynomials of degree at most N is denoted by PN .
The orthogonal projection PN,α,β : L2

w(α,β)(J)→ PN , J = [0, 1], is considered
for u(t) ∈ L2

w(α,β)(J) and defined by

(PN,α,βu− u, v) = 0, for all v ∈ PN .

The Jacobi-weighted Sobolev space is introduced as

J r
w(α,β)(J) = {u| u is measurable and ‖u‖r,w(α,β) <∞}, r ∈ N,

equipped with the following norm and semi-norm:

‖u‖r,w(α,β) =

( r∑
k=0

‖ d
ku

dtk
‖2w(α+k,β+k)

) 1
2

, |u|r,w(α,β) = ||
dru

dtr
||w(α+r,β+r) .

Theorem 5. For any u ∈ J r
w(α,β)(J), r ∈ N, 0 ⩽ µ ⩽ r, one has

‖u− PN,α,βu‖µ,w(α,β) ⩽ c(N(N + α+ β))
µ−r
2 |u|r,w(α,β) ,

where c is a positive constant independent of N , α, and β.

Proof. See [17, p. 5, Theorem 2.1] .

Corollary 1. If k(t, s) is a continuous function on J × J and kN (t, s) =

PN,α,βk(t, s) is an approximation to k(t, s) in the Jacobi-weighted Sobolev
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space, then the error can be bounded as follows:

‖k(t, s)− kN (t, s)‖µ,W (α,β) ⩽ c0(N(N + α+ β))µ−r|k(t, s)|r,W (α,β) , (33)

where W (α,β)(t, s) = w(α,β)(t)w(α,β)(s). For more details, the interested
reader is referred to . 502-5041[45].

Lemma 6. If n ∈ N, u ∈ J r
w(α,β)(J), and Dnu(t) is the nth derivative of

u(t), then

‖Dnu−DnPN,α,βu‖µ,w(α+n,β+n)

⩽ c∗
(
(N + n)(N + n+ α+ β)

)µ−r
2

|u(n)|r,w(α+n,β+n) , 0 ⩽ µ ⩽ r. (34)

Proof. By differentiating the Jacobi series solution and applying Theorem 5,
the desired result is acquired.

Lemma 7. [Generalized Hardy’s inequality [8, p. 679, Lemma 3.8] ] For all
measurable functions u ⩾ 0, the following generalized Hardy’s inequality:(∫ b

a

|(Tu)(t)|q w1(t) dt

)1/q

⩽ ρ

(∫ b

a

|u(t)|p w2(t) dt

)1/p

,

holds if and only if

sup
a<t<b

(∫ b

t

w1(t) dt

)1/q(∫ t

a

w1−p′

2 (t) dt

)1/p′

<∞,

where p′ = p
p−1 , 1 < p ⩽ q < ∞, w1, w2 are weight functions, and T is an

integral operator of the following form:

(Tu)(t) =

∫ t

a

k̄(t, s) u(s) ds,

where k̄(t, s) is a given kernel.

Theorem 6. If ν, µ ∈ R, ν > 0, 0 ⩽ µ ⩽ r, and Dνu(t) denotes the Caputo
fractional derivative of u(t) ∈ J r

w(α,β)(J) of order ν, then

‖Dνu−DνPN,α,βu‖µ,w(α+m,β+m)

⩽ ρ c′

Γ(m− ν)

(
(N +m)(N +m+ α+ β)

)µ−r
2

|u(m)|r,w(α+m,β+m) ,
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where m− 1 < ν ⩽ m.

Proof. Using the properties of the Riemann–Liouville fractional integral op-
erator leads to

Dνu(t) = Im−νDmu(t) =
1

Γ(m− ν)

∫ t

0

(t− s)m−ν−1Dmu(s)ds.

So, by means of Lemma 7 and then Lemma 6, respectively, one has

‖Dνu−DνPN,α,βu‖µ,w(α+m,β+m)

= ‖Im−ν(Dmu−DmPN,α,βu)‖µ,w(α+m,β+m)

=
1

Γ(m− ν)

∥∥∥∥ ∫ t

0

(t− s)m−ν−1(Dmu(s)−DmPN,α,βu(s)) ds

∥∥∥∥
µ,w(α+m,β+m)

⩽ ρ

Γ(m− ν)
‖Dmu−DmPN,α,βu‖µ,w(α+m,β+m)

⩽ ρ c′

Γ(m− ν)

(
(N +m)(N +m+ α+ β)

)µ−r
2

|u(m)|r,w(α+m,β+m) .

Now, consider (16) again. If yN (t) is an approximate solution to y(t),
then the residual function is as follows:

HN (t) = DνyN (t) + h(t) yN (t) +

∫ t

0

kN (t, s) yN (s) ds+

∫ t

0

k̃N (t, s) DγyN (s) ds− f(t).

(35)

The next lemma estimates a bound for residual function (35), which tends
to zero when N tends to infinity.

Lemma 8. Let r ∈ N, µ ∈ R, and 0 ⩽ µ ⩽ r. Let us consider the residual
function given in (35). When N →∞ one has HN (t)→ 0.

Proof. Subtracting (35) from (16) and setting eN (t) = y(t)− yN (t), as error
function, leads to the following equation:

HN (t) = −Dν(y(t)− yN (t))− h(t) eN (t)

+

∫ t

0

k(t, s) y(s) ds−
∫ t

0

kN (t, s) yN (s) ds

+

∫ t

0

k̃(t, s) Dγy(s) ds−
∫ t

0

k̃N (t, s) DγyN (s) ds.

(36)

After some manipulation, (36) leads to the following equation:
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HN (t) = −Dν(y(t)− yN (t))− h(t) eN (t)

+

∫ t

0

k(t, s) eN (s) ds+

∫ t

0

(k(t, s)− kN (t, s)) yN (s) ds

+

∫ t

0

k̃(t, s)Dγ(y(s)− yN (s)) ds+

∫ t

0

(k̃(t, s)− k̃N (t, s))DγyN (s) ds.

(37)
Now, a bound is computed for residual function (37) so that

‖HN‖µ,w(α,β) ⩽ G1 +G2 +G3 +G4 +G5 +G6, (38)

‖HN‖µ,w(α,β) ⩽ G1 +G2 +G3 +G4 +G5 +G6, (39)

where

G1 = ‖Dν(y − yN )‖µ,w(α,β) , G2 = ‖h(t) eN (t)‖µ,w(α,β) ,

G3 =

∥∥∥∥ ∫ t

0

k(t, s) eN (s) ds

∥∥∥∥
µ,w(α,β)

,

G4 =

∥∥∥∥ ∫ t

0

(k(t, s)− kN (t, s)) yN (s) ds

∥∥∥∥
µ,w(α,β)

,

G5 =

∥∥∥∥ ∫ t

0

k̃(t, s)Dγ(y(s)− yN (s)) ds

∥∥∥∥
µ,w(α,β)

,

G6 =

∥∥∥∥ ∫ t

0

(k̃(t, s)− k̃N (t, s))DγyN (s) ds

∥∥∥∥
µ,w(α,β)

.

Using Theorem 6 leads to the following bound for G1:

G1 = ‖Dν
(y−yN )‖

µ,w(α,β) ⩽ c0

Γ(m − ν)

(
(N +m)(N +m+α+β)

)µ−r
2

|y(m)|
r,w(α+m,β+m) ,

where m = dνe. According to continuity of function h(t) over [0, 1], there
exists Mh > 0 such that ||h|| ⩽Mh. So, using Theorem 5 one has

G2 = ‖h(t) eN (t)‖µ,w(α,β) ⩽ c1 Mh

(
N(N + α+ β)

)µ−r
2

|y|r,w(α,β) .

By applying Lemma 7 and Theorem 5, a bound can be computed for G3 as
follows:

G3 =

∥∥∥∥ ∫ t

0

k(t, s) eN (s) ds

∥∥∥∥
µ,w(α,β)

⩽ ρ1 ‖eN (t)‖µ,w(α,β)
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⩽ ρ1 c1

(
N(N + α+ β)

)µ−r
2

|y|r,w(α,β) .

Now, define e(kN ) = k(t, s) − kN (t, s). Employing Lemma 7 and Corollary
1, respectively, provide the following bound for G4:

G4 =

∥∥∥∥ ∫ t

0

(k(t, s)− kN (t, s)) yN (s) ds

∥∥∥∥
µ,w(α,β)

⩽ ρ2‖e(kN )‖µ,w(α,β)

⩽ ρ2 c2

(
N(N + α+ β)

)µ−r

|k(t, s)|r,W (α,β) .

Again, based on Lemma 7 and Theorem 6, the following bound is obtained
for G5:

G5 =

∥∥∥∥ ∫ t

0

k̃(t, s)Dγ(y(s)− yN (s)) ds

∥∥∥∥
µ,w(α,β)

⩽ ρ3 ‖DγeN (s)

∥∥∥∥
µ,w(α,β)

⩽ ρ3 c3
Γ(m1 − γ)

(
(N +m1)(N +m1 + α+ β)

)µ−r
2

|y(m1)|r,w(α+m1,β+m1) ,

where m1 = dγe. Defining e(k̃N ) = k̃(t, s)− k̃N (t, s) and using Lemma 7 and
Corollary 1 lead to a bound for G6 as follows:

G6 =

∥∥∥∥ ∫ t

0

DγyN (s)(k̃(t, s)− k̃N (t, s)) ds

∥∥∥∥
µ,w(α,β)

⩽ ρ4 ‖e(k̃N )‖µ,w(α,β)

⩽ ρ4 c4

(
N(N + α+ β)

)µ−r

|k̃(t, s)|r,W (α,β) .

Therefore, using the above bounds, inequality (38) will be as follows:

‖HN‖
µ,w(α,β) ⩽ c0

Γ(m − ν)

(
(N + m)(N + m + α + β)

)µ−r
2

|y(m)|
r,w(α+m,β+m)

+ (Mh + ρ1) c1

(
N(N + α + β)

)µ−r
2

|y|
r,w(α,β)

+ (ρ2 c2|k(t, s)|r,W (α,β) + ρ4 c4|k̃(t, s)|r,W (α,β) )

(
N(N + α + β)

)µ−r
+

ρ3 c3

Γ(m1 − γ)

(
(N + m1)(N + m1 + α + β)

)µ−r
2

|y(m1)|
r,w(α+m1,β+m1) .

According to the continuity of the functions y(t) and its derivatives, k(t, s),
and k̃(t, s) over the compact intervals [0, 1] and [0, 1] × [0, 1], the residual
function HN (t) becomes smaller as N is sufficiently large. Hence, the desired
result is achieved.
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The following theorem presents an error bound for the proposed method.

Theorem 7. If yN (t) is the Jacobi approximate solution to y(t), eN (t) =

y(t)− yN (t), e(kN ) = k(t, s)−kN (t, s), and e(k̃N ) = k̃(t, s)− k̃N (t, s) are the
error functions, and 0 ⩽ µ ⩽ r, then ‖eN‖µ,w(α,β) → 0 as N →∞.

Proof. It is clear that the function yN (t) is an approximate solution to prob-
lem (4), that is,

yN (t) = F (t) +HN (t)− 1

Γ(ν)

∫ t

0

(t− s)ν−1h(s) yN (s) ds

− 1

Γ(ν)

∫ t

0

(t− s)ν−1

∫ s

0

kN (s, s′) yN (s′) ds′ ds

− 1

Γ(ν)

∫ t

0

(t− s)ν−1

∫ s

0

k̃N (s, s′) DγyN (s′) ds′ ds.

(40)

So, by subtracting (39) from (4) and after some manipulations, the following
error equation is obtained:

eN (t) = −HN (t) −
1

Γ(ν)

∫ t

0

(t − s)
ν−1

h(s) eN (s) ds

−
1

Γ(ν)

∫ t

0

(t − s)
ν−1

∫ s

0

kN (s, s
′
) eN (s

′
) ds

′
ds

−
1

Γ(ν)

∫ t

0

(t − s)
ν−1

∫ s

0

yN (s
′
)e(kN ) ds

′
ds

−
1

Γ(ν)

∫ t

0

(t − s)
ν−1

∫ s

0

k̃(s, s
′
)D

γ
eN (s

′
) ds

′
ds

−
1

Γ(ν)

∫ t

0

(t − s)
ν−1

∫ s

0

D
γ
yN (s

′
)e(k̃N ) ds

′
ds.

(41)

A bound for (40) is calculated as follows:

‖eN‖µ,w(α,β) ⩽ ‖HN‖µ,w(α,β) +Q1 +Q2 +Q3 +Q4 +Q5, (42)

where

Q1 =
1

Γ(ν)

∥∥∥∥ ∫ t

0

(t− s)ν−1h(s) eN (s) ds

∥∥∥∥
µ,w(α,β)

,

Q2 =
1

Γ(ν)

∥∥∥∥ ∫ t

0

(t− s)ν−1

∫ s

0

kN (s, s′) eN (s′) ds′ ds

∥∥∥∥
µ,w(α,β)

,

Q3 =
1

Γ(ν)

∥∥∥∥ ∫ t

0

(t− s)ν−1

∫ s

0

yN (s′)e(kN ) ds′ ds

∥∥∥∥
µ,w(α,β)

,

Q4 =
1

Γ(ν)

∥∥∥∥ ∫ t

0

(t− s)ν−1

∫ s

0

k̃(s, s′)DγeN (s′) ds′ ds

∥∥∥∥
µ,w(α,β)

,
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Q5 =
1

Γ(ν)

∥∥∥∥ ∫ t

0

(t− s)ν−1

∫ s

0

DγyN (s′)e(k̃N ) ds′ ds

∥∥∥∥
µ,w(α,β)

.

According to the continuity of the function h(t), there exists Mh such that
||h|| ⩽ Mh. Using Lemma 7 and Theorem 5, the following bounds are ob-
tained for Q1 and Q2:

Q1 ⩽ 1

Γ(ν)

∥∥∥∥ ∫ t

0

(t− s)ν−1h(s) eN (s) ds

∥∥∥∥
µ,w(α,β)

⩽ ρ1
Γ(ν)

‖h(t) eN (t)‖µ,w(α,β)

⩽ ρ1 Mh

Γ(ν)
‖eN (t)‖µ,w(α,β) ⩽ ρ1 Mh c0

Γ(ν)

(
N(N + α+ β)

)µ−r
2

|y|r,w(α,β) ,

Q2 ⩽ 1

Γ(ν)

∥∥∥∥ ∫ t

0

(t− s)ν−1

∫ s

0

kN (s, s′) eN (s′) ds′ ds

∥∥∥∥
µ,w(α,β)

⩽ ρ2
Γ(ν)

∥∥∥∥ ∫ s

0

kN (s, s′) eN (s′) ds′
∥∥∥∥
µ,w(α,β)

⩽ ρ2 ρ
′
2

Γ(ν)
‖eN (t)‖µ,w(α,β)

⩽ ρ2 ρ
′
2 c0

Γ(ν)

(
N(N + α+ β)

)µ−r
2

|y|r,w(α,β) .

Applying Lemma 7 and Corollary 1 lead to the following bounds for Q3 and
Q5:

Q3 =
1

Γ(ν)

∥∥∥∥ ∫ t

0

(t− s)ν−1

∫ s

0

yN (s′)e(kN ) ds′ ds

∥∥∥∥
µ,w(α,β)

⩽ ρ3
Γ(ν)

∥∥∥∥ ∫ s

0

yN (s′)e(kN ) ds′
∥∥∥∥
µ,w(α,β)

⩽ ρ3 ρ
′
3

Γ(ν)
‖e(kN )‖µ,w(α,β)

⩽ ρ3 ρ
′
3 c1

Γ(ν)

(
N(N + α+ β)

)µ−r

|k(t, s)|r,W (α,β) ,

Q5 =
1

Γ(ν)

∥∥∥∥ ∫ t

0

(t− s)ν−1

∫ s

0

DγyN (s′)e(k̃N ) ds′ ds

∥∥∥∥
µ,w(α,β)

⩽ ρ5
Γ(ν)

∥∥∥∥ ∫ s

0

DγyN (s′)e(k̃N ) ds′ ds′
∥∥∥∥
µ,w(α,β)

⩽ ρ5 ρ
′
5

Γ(ν)
‖e(k̃N )‖µ,w(α,β)

⩽ ρ5 ρ
′
5 c3

Γ(ν)

(
N(N + α+ β)

)µ−r

|k̃(t, s)|r,W (α,β) .

In order to compute a bound for Q4, Lemma 7 and Theorem 6 are employed.
So, one has
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Q4 =
1

Γ(ν)

∥∥∥∥ ∫ t

0

(t− s)ν−1

∫ s

0

k̃(s, s′)DγeN (s′) ds′ ds

∥∥∥∥
µ,w(α,β)

⩽ ρ4
Γ(ν)

∥∥∥∥ ∫ s

0

k̃(s, s′)DγeN (s′) ds′
∥∥∥∥
µ,w(α,β)

⩽ ρ4 ρ
′
4

Γ(ν)
‖DγeN (t)‖µ,w(α,β)

⩽ ρ4 ρ
′
4 c2

Γ(m1 − γ) Γ(ν)

(
(N +m1)(N +m1 + α+ β)

)µ−r
2

|y(m1)|r,w(α+m1,β+m1) ,

where m1 = dγe. Therefore, a bound will be computed for ‖eN‖µ,w(α,β) as
follows:

‖eN (t)‖
µ,w(α,β) ⩽ ‖HN (t)‖

µ,w(α,β) +
1

Γ(ν)

{
(ρ1 Mh + ρ2 ρ

′
2) c0

(
N(N + α + β)

)µ−r
2

|y|
r,w(α,β)

+ (ρ3 ρ
′
3 c1 |k(t, s)|

r,W (α,β) + ρ5 ρ
′
5 c3 |k̃(t, s)|

r,W (α,β) )

(
N(N + α + β)

)µ−r
+

ρ4 ρ′
4 c2

Γ(m1 − γ)

(
(N + m1)(N + m1 + α + β)

)µ−r
2

|y(m1)|
r,w(α+m1,β+m1)

}
.

Hence, the desired result is acquired.

Remark 4. The convergence of methods for (25) and (30) can be proved
in a similar way. In order to approximate the nonlinear terms in (30), the
following way is proposed:

y2(t)− y2N (t) = (y(t)− yN (t))(y(t) + yN (t)) = eN (t)(eN (t) + 2yN (t)).

Remark 5. In practice, to evaluate the effectiveness of the proposed method,
the absolute errors of the approximate solutions obtained will be computed,
provided that the exact solutions are available. For problems where exact
solutions do not exist, the error equation, such as (40), will be solved using
the same procedure suggested for the main problem, and an estimate of the
absolute error will be obtained.

6 Numerical examples

In this section, the method presented in the previous section is applied to solve
several examples taken from [16, 15, 53, 30, 28, 50] for comparison purposes.
The proposed method is contrasted with the Homotopy Perturbation, Sinc-
Collocation, Adomian Decomposition, Jacobi-Gauss integration, and Legen-
dre and Bernoulli Wavelet methods, as discussed in [16, 15, 53, 30, 28, 50]. A
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comparison of the results is then provided. All computations were performed
using Maple 13 software on a laptop equipped with an Intel R processor
running at 2.20 GHz and 4.00 GB of RAM.

Example 1. As the first example, consider the following Volterra integro-
differential equation of an arbitrary fractional order ν [53]:

Dνy(t)− t(1 + 2t)

∫ t

0

es(t−s) y(s) ds− 1− 2t = 0, 0 ⩽ t ⩽ 1, 0 < ν ⩽ 1,

(43)
with initial condition y(0) = 1. If ν = 1, then the exact solution is
y(t) = exp(t2). According to what expressed in section 4, the following
approximations can be considered:

Dνy(t) ≈ ΦT (t) C, y(t) ≈ ΦT (t) P(ν)T C +ΦT (t) F = ΦT (t) U,

es(t−s) ≈ ΦT (t) K Φ(s),

∫ t

0

es(t−s) y(s) ds ≈ Φ(t) K Ũ P Φ(t),

where y(0) is approximated as ΦT (t) F and Ũ is the operational matrix of
product, corresponding to the vector U = P(ν)T C + F . Substituting the
above approximations into (42) leads to the following algebraic equation:

ΦT (t) C − t(1 + 2t)Φ(t) K Ũ P Φ(t)− 1− 2t ≈ 0. (44)

By choosing N = 10, (43) is collocated at the roots of P (α,β)
11 (t). By arbi-

trarily selecting the values of the parameters α and β, the unknown vector
C is determined by solving the resulting system. The maximum absolute
errors for various values of α, β, N = 10, and ν = 1 are listed in Table
1. Additionally, the estimated absolute errors, ErrorEst, are computed and
presented in Table 1. As shown, the estimated errors are in agreement with
the absolute errors. (42) is solved in [53] using the Jacobi–Gauss integration
method for N = 2 : 2 : 20 and ν = 1. By choosing N = 2 : 2 : 20 and
setting α = β = 0, (43) is collocated at the roots of P (0,0)

N+1 (t). By solving
the resulting algebraic systems, the unknown vector C is determined, and
the approximate solution can be obtained for any value of N . In Figure 1,
the maximum absolute errors are plotted against N for α = β = 0. It can
be observed that the absolute errors decrease as N increases from 2 to 18,
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but for N = 20, the absolute error increases, which agrees with the results
reported in [53]. The numerical results are shown in Figure 2 for values of
ν = 0.25, 0.5, 0.75, 1, α = 1/2, β = −1/2, and N = 10. The approximate
solutions for various values of ν and the exact solution are presented in part
(a) of Figure 2. It can be observed that the numerical solutions converge
to the analytic solution as ν approaches 1. Part (b) provides a graphical
comparison between the exact and approximate solutions for ν = 1.

Table 1: Maximum absolute and estimated errors for various values of α, β, N = 10, and
ν = 1 for Example 1

(α, β) ErrorAbs ErrorEst (α, β) ErrorAbs ErrorEst

(0, 0) 3.5146× 10−8 3.5187× 10−8 ( 1
2
, 1
2
) 7.1293× 10−8 7.0560× 10−8

(2,− 1
2
) 1.0013× 10−6 1.0012× 10−6 (1, 1) 1.1774× 10−7 1.1786× 10−7

(− 1
2
, 1
2
) 1.5371× 10−7 1.5389× 10−7 ( 1

2
,− 1

2
) 1.2362× 10−7 1.3083× 10−7

(− 1
3
, 1
4
) 8.1979× 10−8 8.2075× 10−8 (− 1

4
,− 1

5
) 2.5541× 10−8 2.5572× 10−8

Figure 1: Maximum absolute error for different numbers of collocation points and α =

β = 0 for Example 1

Example 2. Consider the following linear FIDE [30]:

Dνy(t)−y(t)+
∫ t

0

y(s) ds−t(1+et)−3et = 0, 0 ⩽ t ⩽ 1, 3 < ν ⩽ 4, (45)

with initial conditions y(0) = y′(0) = 1, y′′(0) = 2, and y′′′(0) = 3. If
ν = 4 the exact solution is y(t) = 1 + t exp(t). Substituting the approxima-
tions given in the previous example into (44) leads to the following algebraic
equation:
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Figure 2: (a) Approximation solutions with different orders, ν, and exact solution, (b)
Approximate and exact solutions for ν = 1, N = 10, α = 1

2
, and β = − 1

2
for Example 1

ΦT (t) C−
(
ΦT (t) P(ν)T C+ΦT (t) F

)
+Φ(t) K Ũ P Φ(t)−t(1+et)−3et ≈ 0,

(46)
where 1 + t+ t2 + t3/2 obtained from the initial conditions, is approximated
as ΦT (t) F . By choosing N = 10 and setting ν = 4 (the classical fourth-
order integro-differential equation), (45) is collocated at the roots of P (α,β)

11 (t).
By determining the values of the parameters α, β arbitrarily and solving the
resultant algebraic system, the unknown vector C can be determined. Table 2
displays the maximum absolute errors for various values of α, β, and N = 10.

In Table 3, the values of the approximate and exact solutions are com-
pared at the points ti = 0.2i, i = 0, 1, . . . , 5, for α = −1/4, β = −1/5, and
various values of ν. As shown in Table 3, the numerical values approach
the exact values as ν → 4. A graphical comparison between the exact and
approximate solutions is presented in Figure 3 for α = 1/3, β = 1/4, and
N = 10. It is evident from the figure that the numerical results converge to
the exact solution as ν approaches 4.

Example 3. Consider the following nonlinear integro-differential equation
with a fractional derivative of order ν [15]:

Dνy(t)+

∫ t

0

y2(s) ds+
t

2
−sinh(t)− 1

4
sinh(2t) = 0, 0 ⩽ t ⩽ 1, 0 < ν ⩽ 2,

(47)
with initial conditions y(0) = 0 and y′(0) = 1. If ν = 2 the exact solution is
y(t) = sinh(t). By substituting the approximations given in Example 1 into
(47), the following algebraic equation is obtained:

Iran. J. Numer. Anal. Optim., Vol. 15, No. 2, 2025, pp 770–822



803 A numerical algorithm based on Jacobi polynomials for FIDEs ...

Table 2: Maximum absolute errors for various values of α, β, N = 10, and ν = 4 for
Example 2

(α, β) ErrorAbs (α, β) ErrorAbs

(0, 0) 6.7806× 10−13 ( 12 ,
1
2 ) 1.3583× 10−12

(− 1
5 ,−

1
3 ) 1.5960× 10−12 (1, 1) 2.2981× 10−12

(− 1
2 ,

1
2 ) 2.6885× 10−12 ( 12 ,−

1
2 ) 2.5708× 10−12

( 13 ,
1
4 ) 1.1678× 10−12 (− 1

4 ,−
1
5 ) 4.8693× 10−13

Table 3: Approximate and exact solutions for different values of ν, α = − 1
4
, β = − 1

5
,

and N = 10 in Example 2

ti ν = 3.25 ν = 3.50 ν = 3.75 ν = 3.90 ν = 4 Exact values
0.0 0.999999 0.999999 0.999999 0.999999 1.000000 1.000000

0.2 1.246742 1.245301 1.244608 1.244383 1.244280 1.244280

0.4 1.619754 1.607612 1.600653 1.598032 1.596729 1.596729

0.6 2.178540 2.136546 2.109904 2.098986 2.093271 2.093271

0.8 2.996977 2.895698 2.826706 2.796715 2.780432 2.780432

1.0 4.166138 3.965176 3.820669 3.754964 3.718281 3.718281
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Figure 3: Approximation solutions with different values of ν and exact solution for
α = 1

3
, β = 1

4
, and N = 10 for Example 2

ΦT (t) C+

(
ΦT (t) P(ν)T C+ΦT (t) F

)
+Φ(t) K Ũ P Φ(t)+

t

2
− sinh(t)− 1

4
sinh(2t) ≈ 0,

(48)

where Ũ is the operational matrix of the product corresponding to the vector
U = P(ν)TC + F .

Table 4 displays the maximum absolute and estimated errors for various
values of α, β, ν = 2, and N = 10. The table shows that the numerical
results are in good agreement with the exact solution. From Table 4, it
can be observed that for cases where α = β, the absolute errors decrease
as the common values of α and β decrease. For α 6= β, the absolute errors
are smaller when α > β. The estimated errors are also listed in Table 4.
(47) is solved in [15] using the Homotopy Perturbation Method (HPM) and
Variational Iteration Method (VIM) for N = 2. The results reported by [15]
are depicted in part (a) of Figure 4. The plot of the approximate solution
obtained by the Jacobi operational method is shown in part (b) of Figure 4
for α = β = 0, N = 2, and ν = 2. Based on Figure 4, it can be concluded
that the result obtained by the Jacobi operational method is more precise
than those obtained by VIM. In Table 5, the exact and approximate solutions
are computed at the points ti = 0.2i, i = 0, 1, . . . , 5, for α = 1, β = −1/2,
and various values of ν. From Table 5, it can be seen that the numerical
values approach the exact values as ν → 2. A graphical comparison between
the exact and approximate solutions is presented in part (a) of Figure 5 for
α = 1, β = −1/2, and N = 10. Part (b) of Figure 5 plots the absolute error
functions (i.e., the difference between the approximate results and the exact
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solution for ν = 2). It can be observed that the absolute errors decrease as
ν approaches 2.

Table 4: Maximum absolute and estimated errors for various values of α and β, N = 10,
and ν = 2 for Example 3

(α, β) ErrorAbs ErrorEst (α, β) ErrorAbs ErrorEst

(0, 0) 4.0258× 10−14 5.1161× 10−12 ( 1
2
, 1
2
) 2.3641× 10−13 7.2078× 10−12

(1, 1) 6.1463× 10−13 9.4707× 10−12 (2, 2) 1.9956× 10−12 1.4367× 10−11

(− 1
2
, 1
2
) 3.5233× 10−13 1.3004× 10−12 ( 1

2
,− 1

2
) 1.3970× 10−13 1.5617× 10−12

( 1
3
, 1
3
) 1.5246× 10−13 6.4781× 10−12 (− 1

4
,− 1

3
) 4.4786× 10−14 3.5623× 10−12

(− 1
2
, 1) 2.7671× 10−12 2.2636× 10−11 (1,− 1

2
) 2.1062× 10−13 1.3716× 10−12

Table 5: Approximate and exact solutions for various values of ν, α = 1, β = − 1
2
, and

N = 10 in Example 3

ti ν = 1.25 ν = 1.50 ν = 1.75 ν = 1.90 ν = 2 Exact values
0.0 1.8129× 10−6 8.7268× 10−7 2.1825× 10−7 5.1992× 10−8 4.6979× 10−15 0.000000

0.2 0.210520 0.205396 0.202710 0.201776 0.201336 0.201336

0.4 0.450364 0.430729 0.418353 0.413346 0.410752 0.410752

0.6 0.726395 0.685527 0.656555 0.643696 0.636653 0.636653

0.8 1.043130 0.977677 0.926485 0.902061 0.888105 0.888105

1.0 1.403192 1.314333 1.237566 1.198417 1.175201 1.175201

Figure 4: (a) Exact and approximate solutions obtained by VIM in Ref. [15], (b) Exact
and approximate solutions obtained by Jacobi operational method for α = β = 0, N = 2,
and ν = 2 for Example 3

Example 4. Consider the following mixed Volterra-Fredholm FIDE [28]:

Dν+1y(t)−
∫ t

0

(es+1) y2(s) ds−
∫ 1

0

ts y2(s) ds−g(t) = 0, 0 ⩽ t ⩽ 1, 0 < ν ⩽ 1, (49)
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Figure 5: (a) Approximation solutions for different values of ν and exact solution, (b)
Absolute error functions for α = 1, β = − 1

2
, and N = 10 in Example 3

where g(t) = exp(t)− ((exp(t)− t− 1)3/3)− t(exp(2)/4− 2 exp(1) + 11/3).
The initial conditions of problem are y(0) = y′(0) = 0 and its exact solution
is y(t) = exp(t) − t − 1 for ν = 1. By applying the fundamental matrices,
presented in section 4 for (49), the following algebraic equation is achieved:

ΦT (t) C − Φ(t) K1 F̃2 P Φ(t)− Φ(t) K2 M F2 − g(t) ≈ 0, (50)

where F̃2 is the operational matrix of product, corresponding to the vector
F2 = F̃T

1 F1 where F1 = P(ν+1)T C. Moreover, the matrix M is intro-
duced in Remark 2. By choosing N = 14, (50) is collocated at the roots of
P

(α,β)
15 (t). By solving the resulting algebraic systems, the unknown vector C

can be determined for α = β = 1. In Table 6, the values of the exact and
approximate solutions are compared at the points ti = 0.2i, i = 0, 1, . . . , 5,
for various values of ν = 0.7, 0.8, 0.9, 0.99, 1. It can be observed from Table
6 that the numerical values approach the exact values as ν approaches 1.
Moreover, (49) is solved in [28] using the Legendre Wavelet method (LWM),
and the numerical results are shown in part (a) of Figure 6. Additionally,
a graphical comparison between the exact solution and the Jacobi approxi-
mate solution is provided in part (b) of Figure 6 for α = β = 1, N = 14,
and ν = 0.7, 0.8, 0.9, 0.99, 1. Based on Figure 6, no significant difference is
observed between the approximate solutions obtained using the Jacobi oper-
ational method and the LWM.

Example 5. Consider the following fractional-order integro-differential equa-
tion:
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Table 6: Values of approximate and exact solutions at selected points for different values
of ν, α = β = 1, and N = 14 for Example 4

ti ν = 0.7 ν = 0.8 ν = 0.9 ν = 0.99 ν = 1 Exact values
0.0 −6.8186× 10−5 −2.3299× 10−5 −7.5562× 10−6 −4.9978× 10−7 7.1005× 10−13 0.000000

0.2 0.045519 0.035517 0.027619 0.021959 0.021403 0.021402

0.4 0.160712 0.133726 0.110976 0.093602 0.091834 0.091824

0.6 0.349039 0.300858 0.258855 0.225663 0.222222 0.222118

0.8 0.624058 0.550097 0.484580 0.431823 0.426292 0.425540

1.0 1.010148 0.902478 0.807252 0.730208 0.722096 0.718281

Figure 6: (a) Exact and approximate solutions obtained by LWM in Ref. [28], (b) Exact
and approximate solutions obtained by Jacobi operational method for different values
of ν, α = β = 1, and N = 14 for Example 4

D
1
2 y(t)+t

3
2

∫ t

0

(t+s) y(s) ds+

∫ t

0

ts D
3
8 y(s) ds−g(t) = 0, 0 ⩽ t ⩽ 1, (51)

where

g(t) = −
2871928019

3181474923
t
5
2 +

2850446155

1841978638
t
7
2 +

3

4
t
11
2 −

1

2
t
9
2 +

11

40
t6 −

9

40
x5 −

1500440031

8846634281
t
45
8

+
759388855

3289964417
t
53
8 ,

with initial condition y(0) = 0 and exact solution y(t) = 3/4t4 − 1/2t3.
By applying the fundamental matrices, presented in section 4 for (50),

the following algebraic equation is resulted:

ΦT (t) C + t
3
2Φ(t) K1 F̃1 P Φ(t) + Φ(t) K2 F̃2 P Φ(t)− g(t) ≈ 0, (52)

where the matrices F̃1 and F̃2 are the operational matrices of the product cor-
responding to the vectors F1 = P( 1

2 )TC and F2 = P( 1
8 )TC, respectively. Table
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7 presents the maximum absolute errors for various values of the parameters
α and β with N = 10. The data in this table shows good agreement between
the numerical results and the exact solution. In Table 8, the approximate
solutions are calculated at equally spaced points ti = 0.1i, i = 0, 1, . . . , 10,
for N = 10, α = −1/5, β = −1/4, as well as for α = β = 2. As observed,
the error values change slowly over the interval [0, 1], confirming the stabil-
ity of the proposed method. A graphical comparison between the exact and
approximate solutions, along with the plot of the absolute error function,
is shown in parts (a) and (b) of Figure 7 for α = 1, β = 3, and N = 10.
Figure 7 demonstrates that the exact and approximate solutions are in good
agreement. Additionally, the maximum absolute errors are plotted in Figure
8 for different numbers of collocation points, with α = 1/2, β = −1/2, and
various values of N (i.e., N = 8 : 2 : 18).

Table 7: Maximum absolute errors for various values of α and β and N = 10 for Example
5

(α, β) ErrorAbs (α, β) ErrorAbs

(0, 0) 7.8229× 10−7 ( 12 ,
1
2 ) 1.5760× 10−6

(1, 1) 2.5249× 10−6 (2, 2) 4.6806× 10−6

(− 1
2 ,

1
2 ) 1.9848× 10−6 ( 12 ,−

1
2 ) 1.9419× 10−6

(− 1
2 ,

3
4 ) 1.8039× 10−6 (1, 12 ) 1.5760× 10−6

(3, 1) 7.0270× 10−6 (1, 3) 6.4222× 10−6

(− 1
5 ,−

1
4 ) 3.9286× 10−7 ( 14 ,

1
5 ) 9.7123× 10−4

Example 6. Consider the following integro-differential equation with frac-
tional derivative:

y′′(t)+
1

t2
y′(t)+

1

t
D0.7y(t) =

∫ t

0

(6t2+1) cos(s) y(s) ds+g(t), 0 ⩽ t ⩽ 1,

(53)
where

g(t) = (6t6 − 71t4 − 6t7 + 132t2 − 120t− 700t3 + 24 + 119t5) sin(t)

+ (24t5 − 140t3 − 660t2 + 355t4 − 24t− 30t6 − 120) cos(t)
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Figure 7: (a) Exact and approximate solutions, (b) Absolute error function for α = 1,
β = 3, and N = 10 for Example 5

Table 8: Values of absolute errors at some selected points for N = 10 of Example 5

ti Exact solution (α, β) = (− 1
5
,− 1

4
) ErrorAbs (α, β) = (2, 2) ErrorAbs

0.0 0.000000000 −3.9286× 10−7 3.9286× 10−7 −4.6806× 10−6 4.6806× 10−6

0.1 −0.000425000 −0.000425109 1.0886× 10−7 −0.000425838 8.3841× 10−7

0.2 −0.002800000 −0.002799878 1.2197× 10−7 −0.002800614 6.1398× 10−7

0.3 −0.007425000 −0.007424974 2.6238× 10−8 −0.007425426 4.2625× 10−7

0.4 −0.012800000 −0.012800069 6.8770× 10−8 −0.012800338 3.3816× 10−7

0.5 −0.015625000 −0.015624900 1.0027× 10−7 −0.015625221 2.2117× 10−7

0.6 −0.010800000 −0.010800008 7.7315× 10−9 −0.010800155 1.5486× 10−7

0.7 0.008575000 0.008574946 5.4109× 10−8 0.008574919 8.0539× 10−8

0.8 0.051200000 0.051200089 8.8618× 10−8 0.051199977 2.2952× 10−8

0.9 0.127575000 0.127574902 9.7517× 10−8 0.127575027 2.6598× 10−8

1.0 0.250000000 0.249999746 2.5450× 10−7 0.249999155 8.4477× 10−7

Figure 8: Maximum absolute error for different numbers of collocation points, α = 1
2
,

and β = − 1
2
for Example 5
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+ 20t3 + 713t2 − 4t+
5995979123

1902622932
t
33
10 − 6662541851

2458295656
t
23
10 + 120.

The initial conditions are y(0) = y′(0) = 0 and the exact solution does not
exist. Following the process presented in case II in section 4 for (53) leads to
the following algebraic equation:

ΦT (t) C+
1

t2
Φ(t) P C+

1

t
Φ(t) P(1.3)T C−Φ(t) K F̃ P Φ(t)−g(t) ≈ 0, (54)

where the matrix F̃ is the operational matrix of the product corresponding to
the vector F = (PT)2C. By choosing N = 10, (54) is collocated at the roots
of P (α,β)

11 (t). By determining the values of the parameters α and β and solving
the resulting algebraic system, the unknown vector C is determined. Since
the exact solution of (53) is not available, the corresponding error equation
is solved to estimate the absolute errors. Table 9 presents the maximum
estimated errors for various values of the parameters α and β with N = 10.
The maximum estimated errors are plotted in Figure 9 for different numbers
of collocation points, where α = β = 0 and various values of N (i.e., N = 6 :

2 : 16). In Table 10, the values of the approximate solutions are computed at
the selected points ti = 0.2i, i = 1, 2, . . . , 5, for N = 6, 10, 14 and α = β = 0.
The maximum estimated errors decrease as N increases, and the values of the
approximate solutions at the points ti approach certain values with increasing
N .

Table 9: Maximum estimated errors for various values of α and β and N = 10 for
Example 6

(α, β) ErrorEst (α, β) ErrorEst

(0, 0) 2.0157× 10−9 ( 12 ,
1
2 ) 2.3112× 10−9

(1, 1) 2.8243× 10−9 (1, 2) 1.9696× 10−9

(− 1
2 ,

1
2 ) 2.0820× 10−9 ( 12 ,−

1
2 ) 1.1915× 10−8

(− 1
3 ,−

1
4 ) 3.4068× 10−9 ( 14 ,

1
5 ) 1.5846× 10−3

( 15 ,−
1
3 ) 1.7922× 10−9 (2, 1) 3.0742× 10−8

Example 7. Consider the following nonlinear integro-differential equation
with fractional derivative of order ν [16]:
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Table 10: Values of approximate solutions for N = 6, 10, 14, α = β = 0 for Example 6

ti N = 6 N = 10 N = 14

0.2 −0.0012800925 −0.0012799986 −0.0012800001
0.4 −0.0153599943 −0.0153600011 −0.0153600000
0.6 −0.0518398699 −0.0518399999 −0.5184000000
0.8 −0.0819199727 −0.0819200001 −0.0819200000
1.0 6.3832× 10−8 1.4580× 10−10 3.4336× 10−11

ErrorEst 1.5511× 10−7 2.0157× 10−9 1.8897× 10−10

Figure 9: Maximum estimated error for various values of N and α = β = 0 for Example
6

Dνy(t) = 1 +

∫ t

0

y(s) Dνy(s) ds, 0 ⩽ t ⩽ 1, 0 < ν ⩽ 1. (55)

The initial condition for this example is y(0) = 0 and the exact solution is
y(t) =

√
2 tan(

√
2/2t) if ν = 1. Following the process presented for nonlin-

ear problems in section 4 for (55) leads to the following nonlinear algebraic
equation:

ΦT (t) C − Φ(t) K F̃2 P Φ(t)− 1 ≈ 0, (56)

where the matrix F̃2 is the operational matrix of the product corresponding
to the vector F2 = C̃TF1, where F1 = P(ν)TC. Table 11 displays the max-
imum absolute errors for different values of α, β, and N = 14. The table
demonstrates good consistency between the numerical results and the ana-
lytical solution. A graphical comparison between the exact and approximate
solutions is shown in Figure 10 for values of ν = 0.5, 0.6, 0.7, 0.8, 0.9, 1. (55)
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has been solved using the Homotopy perturbation method (HPM), with the
results reported in Ref. [16]. The absolute error functions of the approxi-
mate solutions can be seen in parts (a) (obtained by HPM) and (b) (obtained
by the Jacobi operational method for α = 1/3, β = −1/4) of Figure 11 for
N = 6. It is evident that the error obtained by HPM is smaller than that
obtained using the Jacobi operational method.

Table 11: Maximum absolute errors for various values of α and β, and N = 14 for
Example 7

(α, β) ErrorAbs (α, β) ErrorAbs

(0, 0) 3.2695× 10−12 ( 12 ,
1
2 ) 7.4506× 10−12

(1, 1) 1.3958× 10−11 (2, 2) 7.0196× 10−11

(− 1
2 ,

1
2 ) 1.2529× 10−12 ( 12 ,−

1
2 ) 1.2842× 10−11

( 13 ,−
1
4 ) 8.1919× 10−12 (2, 1) 5.5847× 10−11

(− 1
3 ,

1
4 ) 1.0624× 10−11 (1, 2) 7.3824× 10−11

Figure 10: Approximate solutions for various values of ν, N = 14, α = 1
3
, and β = − 1

4

for Example 7

Example 8. Consider the following nonlinear system of integro-differential
equations with fractional derivatives of order ν and γ [50]:{

Dνu(t) = u2(t) + v2(t)−
∫ t

0
u(s) ds,

Dγv(t) = − 1
2v

2(t)− u(t)−
∫ t

0
u(s) v(s) ds+ 1

2 ,
(57)
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Figure 11: Absolute error function of approximate solution by :(a) HPM, (b) Jacobi
operational method for α = 1

3
, β = − 1

4
, and N = 6 in Example 7

where 0 < ν, γ ⩽ 1. The initial conditions for this example are u(0) = 0,
v(0) = 1, and the exact solutions are u(t) = sin(t) and v(t) = cos(t) if ν =

γ = 1. Following the process presented for nonlinear problems in section 4 for
system (57) leads to the following nonlinear system of algebraic equations:{

ΦT (t) C1 − (ΦT (t) F1)
2 − (ΦT (t) F2)

2 +Φ(t) K F̃1 P Φ(t) ≈ 0,

ΦT (t) C2 +
1
2 (Φ

T (t) F2)
2 +ΦT (t) F1 +Φ(t) K Ũ P Φ(t)− 1

2 ≈ 0,
(58)

where

u(t) ≈ ΦT (t) P(ν)T C1 = ΦT (t) F1,

v(t) ≈ ΦT (t) P(γ)T C2 + 1 ≈ ΦT (t) P(γ)T C2 +ΦT (t) V = ΦT (t) F2,

U = F̃2 F1.

Table 12 displays the maximum absolute errors for different values of α, β,
ν = γ = 1, and N = 10. The table demonstrates good agreement between the
numerical results and the analytical solutions. System (57) is solved using the
Bernoulli wavelet method in [50]. The absolute errors of the approximate so-
lutions, obtained by both the Jacobi collocation and Bernoulli wavelet meth-
ods, are calculated at the points ti = (2i− 1)/16, for i = 1, 2, . . . , 16, and are
shown in Tables 13 and 14. As seen, the results from the proposed method
are more accurate (for α = −1/5, β = 1, ν = γ = 1, and N = 10). The
approximate solutions obtained for ν = γ = 0.65, 0.75, 0.85, 0.95, 1, N = 10,
α = −1/3, and β = −1/4 are depicted in Figure 12. It is evident that the
approximate solutions approach the exact solutions as ν and γ approach 1.
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Table 12: Maximum absolute errors of u10(t) and v10(t) for various values of α and β,
and ν = γ = 1 for Example 8

(α, β) Erroru Errorv (α, β) Erroru Errorv

(0, 0) 3.0826× 10−14 3.5991× 10−14 (1, 1) 4.7157× 10−13 1.8738× 10−13

(− 1
5
, 1) 1.6600× 10−12 1.7294× 10−12 (1,− 1

5
) 2.4327× 10−13 5.9886× 10−13

(− 1
3
,− 1

4
) 5.5345× 10−14 3.8509× 10−14 ( 1

2
,− 1

2
) 1.0828× 10−13 1.3202× 10−13

(− 1
2
, 1
2
) 2.3938× 10−13 1.3725× 10−13 ( 1

2
, 1
2
) 1.8085× 10−13 7.0934× 10−14

Table 13: Values of absolute errors of u10(t) at some points for α = − 1
5
, β = 1 in

Example 8

ti Erroru Erroru in [50] ti Erroru Erroru in [50]
0.03125 8.7968× 10−14 4.51× 10−5 0.53125 8.1234× 10−13 6.87× 10−4

0.15625 2.3332× 10−13 2.20× 10−4 0.65625 1.0164× 10−13 8.24× 10−4

0.28125 4.2781× 10−13 3.68× 10−4 0.78125 1.2319× 10−13 9.55× 10−4

0.40625 6.1337× 10−13 5.41× 10−4 0.90625 1.4680× 10−13 1.08× 10−3

Table 14: Absolute errors of the approximate solution v10(t) for α = − 1
5
and β = 1 at

selected points in Example 8

ti Errorv Errorv in [50] ti Errorv Errorv in [50]
0.03125 7.8345× 10−13 4.77× 10−4 0.53125 5.8795× 10−13 1.05× 10−4

0.15625 7.3162× 10−13 4.19× 10−4 0.65625 4.7715× 10−13 4.59× 10−5

0.28125 6.7339× 10−13 3.38× 10−4 0.78125 3.5498× 10−13 2.18× 10−4

0.40625 6.3567× 10−13 2.33× 10−4 0.90625 2.1013× 10−13 4.11× 10−4

Figure 12: Appeoximate solutions for various values of ν and γ, α = − 1
3
, β = − 1

4
, and

N = 10 for Example 8
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7 Conclusion

In this study, the Jacobi operational method has been successfully applied to
solve both linear and nonlinear integro-differential equations involving frac-
tional derivatives of arbitrary order ν. This method utilized shifted Jacobi
polynomials defined on the interval [0, 1], transforming the given problem,
whether linear or nonlinear, into a set of more manageable algebraic equa-
tions. The resulting algebraic system is easier to solve compared to the
original problem, highlighting a significant advantage of this approach. An
additional strength of the proposed method is the straightforward determi-
nation of coefficients for the Jacobi series solution through the algorithms
provided. Operational matrices for fractional integration and product are
efficiently constructed using these algorithms. The study also investigated
the existence and uniqueness of solutions for the equations and analyzed the
convergence of the numerical approach. Illustrative examples provided in
Examples 1–4, 7, and 8 showed that exact solutions exist only for integer
values of ν. However, the numerical solutions obtained demonstrated strong
agreement with the analytic solutions in these cases. For fractional values of
ν within the range m − 1 < ν < m, where m ∈ N, the numerical solutions
gradually converge to the exact solutions as ν approaches m. In Example
5, where an exact solution is provided, the resulting absolute errors demon-
strate the effectiveness of the proposed algorithm in solving such equations.
Remarkably, Remark 5 offered a reliable method to estimate the absolute
errors for the presented examples, which is particularly useful in scenarios
like Example 6, where an exact solution is unavailable. The precision of the
Jacobi operational method is further demonstrated by the consistently small
and nearly uniform errors across the analyzed interval, affirming the validity
of the Jacobi collocation method. A comparative analysis with other es-
tablished methods, such as HPM, VIM, Sinc-collocation, Legendre wavelets,
and Bernoulli wavelet methods, showed that the proposed technique produces
more accurate results. Additionally, this method avoided the computational
complexities of existing methods, such as Homotopy perturbation and Ado-
mian decomposition, especially in determining Adomian polynomials. Based
on the promising results obtained, it is expected that the Jacobi colloca-
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tion method will become a robust tool for solving both linear and nonlinear
functional equations. Future work aims to extend this method to address sin-
gular integro-differential equations with variable-order derivatives, although
some modifications will be required. However, the method can be extended
to higher-dimensional fractional equations, such as fractional integro-partial
differential equations and partial differential equations with fractional orders.
While the operational collocation method with Jacobi polynomials is effec-
tive for solving FIDEs in one dimension, applying it to higher dimensions
presents challenges such as handling fractional derivatives in multiple dimen-
sions, managing complex boundary conditions, ensuring numerical stability,
and controlling computational costs. These challenges can be addressed by
adopting a pseudo-operational approach.
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the cochineal population in cacti fields. The optimal control problem is
formulated using Pontryagin’s maximum principle, and the corresponding
optimality system is solved iteratively. Our study compares three control
strategies: cutting and burning infected cacti, insecticide spraying, and a
combined approach. The results demonstrate that the combined strategy
is the most effective in reducing the cochineal population. This research
provides valuable insights into managing cochineal infestations and offers
practical recommendations for farmers to control the spread of these pests.

AMS subject classifications (2020): Primary 03C45; Secondary 90C31, 35F21.

Keywords: Mathematical modeling; Stability analysis; Optimal control;
Cochineal insect; Cacti plants.

1 Introduction

The cochineal insect, Dactylopius coccus, is a well-known pest that sig-
nificantly affects cacti and other succulents. It is notorious for feeding on
plant sap, weakening their health, and, in severe cases, leading to the death
of the host plant. These infestations are of considerable economic concern,
especially in regions where cacti are a major agricultural crop. The damage
caused by cochineal infestations includes dehydration, discoloration, and, ul-
timately, the destruction of entire crops. Cochineal is particularly harmful
to cacti, which are otherwise resilient [13, 1].

Historically, cochineal insects were highly valued for their use in produc-
ing carmine dye, a pigment that has been utilized for centuries in the textile
industry and art. The ability of these insects to produce carmine made them
a valuable commodity in pre-Columbian Mesoamerica, where they were a
significant economic resource. During the colonial era, the Spanish estab-
lished a monopoly on cochineal trade, making it one of the most important
exports from the Americas to Europe. The cultivation of cochineal and its
host plants later spread globally, particularly to Mediterranean regions and
parts of Asia, following its introduction by European colonial powers [8].

Mathematical modeling has become an essential tool for understanding
the dynamics of cochineal infestations and assessing the effectiveness of dif-
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ferent control measures. Early mathematical models of pest populations date
back to the works of Verhulst and Lotka, who developed foundational mod-
els describing population growth and interactions [17, 12]. More recently,
mathematical models have been applied to agricultural pest spread, includ-
ing cochineal. These models typically take the form of differential equations
that describe the dynamics of both the pest and its host plants [14, 10].
For example, the SIR (Susceptible-Infected-Removed) model, widely used in
epidemiology, has been adapted to model the spread of various agricultural
pests, including cochineal [5, 4].

However, most previous models have focused on the population dynam-
ics of the pest or the biological aspects of infestation, often neglecting the
effects of control measures and external interventions. In this paper, we pro-
pose a new mathematical model, denoted as the SIM model, that describes
the spread of cochineal insects on cacti while incorporating different types
of control strategies. Our model builds upon the classical SIR framework
by including terms that represent the impact of interventions such as chem-
ical treatments, removal of infected plants, and natural predation. We also
conduct a stability analysis to examine the system’s behavior under vari-
ous conditions and determine the effects of control measures on pest spread
[16, 9].

The novelty of our work lies in integrating optimal control theory with
pest management strategies. Using Pontryagin’s maximum principle, we de-
rive optimal control strategies for minimizing the spread of cochineal while
considering resource constraints. This approach enables us to evaluate the
most efficient allocation of resources for pest control and optimize manage-
ment efforts [15, 6].

This study contributes to the scientific literature by offering a more com-
prehensive approach to understanding cochineal infestations. In addition
to providing theoretical insights into the dynamics of cochineal spread, our
model offers practical guidance for pest management in agricultural settings.
The findings have significant implications for policymakers and farmers, sug-
gesting effective strategies for reducing the impact of cochineal infestations
and preventing their spread to new regions.
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The remainder of the paper is structured as follows: Section 2 introduces
the proposed mathematical model, Section 3 analyzes its fundamental prop-
erties and equilibrium points, and Section 4 presents a stability analysis.
Section 5 provides numerical simulations to validate the theoretical results,
while Section 6 discusses optimal control strategies for managing cochineal
infestations. In Section 7, optimal control numerical results are considered.
Finally, Section 8 concludes with a summary of our findings and potential
applications.

2 Formulation of the mathematical model

Before introducing our model, we first examine the biology and reproductive
behavior of the cochineal insect, as understanding these aspects is essential
for modeling its spread among cacti.

Cochineal insects are soft-bodied, oval-shaped organisms. Males possess
wings, while females remain wingless. After mating, females lay eggs that
rapidly hatch into tiny larvae. These larvae secrete a white waxy substance
on their bodies, which serves as protection against water loss and excessive
sunlight. This waxy coating appears on cacti as white, cotton-like masses.
The larvae migrate to the edges of cactus pads, where wind currents carry
the wax threads, dispersing them onto adjacent plants.

Cochineal infestations can cause significant agricultural losses, as these
insects feed on cacti by extracting their fluids. In severe cases, this leads
to plant desiccation and eventual death. In most instances, if a cactus is
infested, it either perishes or must be removed—farmers typically resort to
cutting, burying, or burning infected plants to prevent further spread. The
insect’s rapid dispersion is facilitated by wind, as well as by transportation
via farming equipment, trucks, livestock wool, and the movement of animals
and people from infested areas.

Based on these observations, we propose a mathematical model, denoted
as SIM, to describe the spread of cochineal insects among cacti. We categorize
the total cacti population, N , into two compartments:

• S: Represents the healthy (susceptible) cacti plants in the region.
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S I

µ µ+ δλSM

M

Λ

γ

Figure 1: Compartments of cacti population

• I: Represents the infected cacti plants affected by the cochineal insect.

Additionally, we introduce a third compartment to represent the cochineal
insect population, denoted as M.

In Figure 1, λ is the rate of cochineal insect encounters with cacti (mea-
sured in [cochineal/day]), γ is the cochineal insect mortality rate (measured
in [cochineal/day]), δ is the death rate of cacti due to infection (measured in
[cacti/day]), β is the growth rate of the cochineal insect population (measured
in [cochineal/day] and β > 0), K is the carrying capacity of the cochineal
insect population (measured in [cochineal/day] and K > 0), Λ is the recruit-
ment rate of cacti (measured in [cacti/day]), and µ is the natural mortality
rate of cacti (measured in [cacti/day]). Moreover,

dS
dt = Λ− λSM − µS,
dI
dt = λSM − µI − δI,
dM
dt = βM

(
1− M

K

)
− γM,

(1)

with the following nonnegative initial conditions: S(0) ⩾ 0, I(0) ⩾ 0,M(0) ⩾
0.
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3 Model basic properties

The provided model describes the populations of both cacti and Cochineal
insects. Therefore, it becomes necessary to investigate some fundamental
properties of the system (1) such as the existence, positivity, and boundedness
of the solutions.

3.1 Positivity of solutions

Theorem 1. If S(0) ≥ 0, I(0) ≥ 0 and M(0) ≥ 0, then the solutions S(t),
I(t), and M(t) of system (1) are positive for all t ≥ 0.

Proof. It follows from the first equation of system (1) that

dS
dt = Λ− λSM − µS ≥ − (λM + µ)S. (2)

Then, we have
dS
S
≥ − (λM + µ) dt. (3)

Integrating this inequality from 0 to t gives

S(t) ≥ Sb(0)e
−
∫ t
0
(λM+µ)ds.

That implies
S(t) ≥ 0 for all t ≥ 0.

Similarly, we prove that I(t) ≥ 0 and M(t) ≥ 0 for all t ≥ 0.

3.2 Boundedness of the solutions

Theorem 2. Let C = max{M(0),K}. Then the set

Γ =

{
(S, I) ∈ R2

+ : N(t) ≤ Λ

µ

}
× {M ∈ R+ :M(t) ≤ C}
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is positively invariant under system (1) with nonnegative initial conditions
S(0), I(0), and M(0).

Proof. From the three equations of the system (1), we have

dN(t)

dt
= Λ− µN(t)− δI ≤ Λ− µN(t). (4)

Then,
N(t) ≤ N(0)e−µt +

Λ

µ

[
1− e−µt

]
. (5)

If we take limit t→∞, we have 0 ≤ N(t) ≤ Λ
µ .

From the last equation of (1), we have

dM
dt ≤ βM

(
1− M

K

)
. (6)

Hence, employing a typical comparison approach yields lim supt→∞M(t) ≤
K.

Finally, the set Γ is positively invariant for the system (1).

3.3 Existence of solutions

Theorem 3. The system (1) that satisfies a given initial condition (S(0), I(0),M(0))
has a unique solution.

Proof. Model (1) can be reformulated in matrix form as follows:
Let X(t) = (S, I,M)

T and F (X(t)) =
(
dS
dt ,

dI
dt ,

dM
dt

)T .
The system (1) can be rewritten as follows:

F (X(t)) = AX +B(X(t)),

where

A =


−µ 0 0

0 − (µ+ δ) 0

0 0 β − γ


and
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B(X(t)) =


Λ− λSM
λSM

−βM2

K

 .

Let X1 and X2 be solutions of (1). Then

|B (X1)−B (X2)| ≤ | λ(S2M2 − S1M1)|+ | λ(S1M1 − S2M2)|+ |
β

K
(M2

2 −M2
1 )|

≤ | λ(S2M2 − S2M1)|+ | λ(S2M1 − S1M1)|

+ | λ(S1M1 − S1M2)|+ | λ(S1M2 − S2M2)|+ |
β

K
(M2

2 −M2
1 )|

≤λS2 |M2 −M1|+ λM1 | S2 − S1|+ λS1 |M1 −M2|

+ λM2 | S1 − S2|+
β

K
|M2 −M1| |M2 +M1|

≤λΛ
µ
|M2 −M1|+ λC | S2 − S1|

+
λΛ

µ
|M1 −M2|+ λC | S1 − S2|+

2βC

K
|M2 −M1|

≤
(
2λΛ

µ
+

2βC

K

)
|M1 −M2|+ 2λC | S1 − S2|

≤N ‖X1 −X2‖ ,

where
N = max

(
2λΛ

µ
+

2βC

K
, 2λC, ‖A‖

)
.

Therefore,
‖F (X1)− F (X2)‖ ≤ N ‖X1 −X2‖ .

Thus, it follows that the function F is uniformly Lipschitz continuous, and
the restriction on S(t) ≥ 0, I(t) ≥ 0, and M(t) ≥ 0 in R3

+. Therefore, a
solution of the model (1) exists [3].

4 Stability analysis of the model

In this section, we explore the stability characteristics of model (1) for both
the cochineal insect-free equilibrium point denoted as E0 and the cochineal
insect endemic equilibrium point denoted as E∗.

The equilibrium point of model (1) satisfies the following equations:
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Λ− λSM − µS = 0, (7)

λSM − µI − δI = 0, (8)

βM

(
1− M

K

)
− γM = 0. (9)

From (9), we have

M

(
β

(
1− M

K

)
− γ
)

= 0⇒M = 0 or M = K − γK

β
.

For M = 0: (7) ⇒ Λ − µS = 0 ⇒ S = Λ
µ , (8) ⇒ I = 0, then E0 =(

Λ
µ , 0, 0

)
.

For M =M∗ = K − γK
β = K(1− 1

<0
): From (7), we have

S∗ =
Λβ

λK(β − γ) + µβ
=

Λ

λK(1− 1
<0

) + µ
.

From (8), we have

I∗ =
λΛK(β − γ)

(µ+ δ) (λK(β − γ) + µβ)
=

λΛK(1− 1
<0

)

(µ+ δ)
(
λK(1− 1

<0
) + µ

) .
Therefore,

E∗ = (S∗, I∗,M∗) ,

where <0 represents the basic reproduction number, defined as

<0 =
β

γ
.

In epidemiology, the basic reproduction number <0 signifies the aver-
age number of secondary infections caused by one infected individual in a
population entirely susceptible. We calculated this value utilizing the next-
generation matrix method as described in [2, 18]

Indeed, if we let x = (S, I,M), then the model (1) can be expressed as

dx
dt = F (x)− ϑ(x),

where
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F (x) =


Λ

λSM

βM
(
1− M

K

)
 ,

ϑ(x) =


λSM + µS

µI + δI

γM

 .

The Jacobian matrices of F (x) and ϑ(x) at the free equilibrium E0 are,
respectively,

DF (E0) =


0 0 0

0 0 λΛ
µ

0 0 β

 ,

Dϑ(E0) =


µ 0 λΛ

µ

0 µ+ δ 0

0 0 γ

 .

where

F =

(
0 λΛ

µ

0 β

)
,

V =

(
µ+ δ 0

0 γ

)
.

Finally, we have
<0 = ρ

(
FV −1

)
=
β

γ
.

4.1 Local stability

In this section, we analyze the local stability of both the free equilibrium
point E0 and the endemic equilibrium point E∗.

Theorem 4. If <0 < 1, then E0 is locally asymptotically stable.

Proof. The Jacobian matrix calculated for system (1) at E0 is given by

JE0
=


−µ 0 −λΛ

µ

0 −µ− δ λΛ
µ

0 0 β − γ

 .
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We put d1 = −µ < 0, d2 = −µ − δ and d3 = β − γ = γ(<0 − 1). Then,
let us consider the matrix:

T1 =


d1 − r 0 −λΛ

µ

0 d2 − r λΛ
µ

0 0 d3 − r

 .

Hence, the eigenvalues of JE0
are r1 = d1, r2 = d2 and r3 = d3. Clearly,

all the eigenvalues of the characteristic equation are negative if <0 < 1. Then,
E0 is locally asymptotically stable.

Theorem 5. If <0 > 1, then E∗ is locally asymptotically stable.

Proof. Let J∗
E be the Jacobian matrix of the system (1) evaluated at E1,

JE∗ =


−λM∗ − µ 0 −λS∗

λM∗ −µ− δ λS∗

0 0 β − 2β
K M∗ − γ

 .

We put d1 = −λM∗ − µ < 0, d2 = −λM∗ − µ and d3 = β − γ − 2β
K M∗.

Then, we consider the following matrix:

T2 =


d1 − r 0 −λS∗

λM∗ d2 − r λS∗

0 0 d3 − r

 .

The characteristic equation of T2 can be written as

(d1 − r)(d2 − r)(d3 − r) = 0.

Hence, the eigenvalues of JE∗ are r1 = −d1, r2 = −d2, and r3 = d3, where

d3 = β − γ − 2β

K
M∗ = γ (1−<0) .

Clearly, all the eigenvalues of the characteristic equation are negative if
<0 > 1. Then, E∗ is locally asymptotically stable if <0 > 1, proving the
desired result.
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4.2 Global stability analysis

Now, our aim is to evaluate the global asymptotic stability of both the free
equilibrium E0 and the endemic equilibrium E∗ of model (1).

Theorem 6. If <0 ≤ 1, then E0 is globally asymptotically stable on Γ.

Proof. We consider the Lyapunov function V (S, I,M) =M . We have

V̇ = Ṁ

= βM

(
1− M

K

)
− γM

= γ (<0 − 1)M − β

K
M2.

Therefore, it is clearly that if <0 ≤ 1, then V̇ ≤ 0.
Indeed, if <0 ≤ 1, then V̇ (S, I,M) = 0 ⇔ M = 0.
Hence, according to LaSalle’s invariance principle [11], the free equilib-

rium point E0 is globally asymptotically stable on Γ.

Theorem 7. If <0 > 1, then E∗ is globally asymptotically stable on Γ.

Proof. To investigate the global stability of the endemic equilibrium E∗, we
examine the Lyapunov function represented as

V (S, I,M) =M −M∗
(
1 + ln( M

M∗ )

)
. (10)

Then, the time derivative of the Lyapunov function is given by

V̇ =
1

M
(M −M∗) Ṁ

=
1

M
(M −M∗)

(
βM

(
1− M

K

)
− γM

)
= (M −M∗)

(
β − β

K
M − γ

)
= (M −M∗)

(
β − γ(<0 − 1)

M

M∗ − γ
)

= γ (M −M∗) (<0 − 1)

(
1− M

M∗

)
= γ (1−<0)

(M −M∗)
2

M∗ .
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Therefore, it is obvious that if <0 > 1, then V̇ < 0.
In addition, if <0 > 1, then V̇ (S, I,M) = 0 ⇔ M =M∗.
Hence, by LaSalle’s invariance principle [11], the endemic equilibrium E∗

is globally asymptotically stable on Γ.

5 Numerical simulation

In this section, we present several numerical solutions of system (1) using
approximate parameter values, given the lack of actual data resulting from
the absence of statistical studies on this phenomenon. The system (1) was
solved using Euler’s method. We employed different initial values for each
state variable and utilized the parameter set: Λ = 700 [cacti/day], µ =

0.05 [cacti/day], λ = 0.02 [cochineal/day], δ = 0.03 [cacti/day], β = 0.02

[cochineal/day], γ = 0.05 [cochineal/day], and K = 5000 [cochineal/day].
It is noteworthy that we identified the disease-free equilibrium point E0 =

(14000, 0, 0) with <0 = 0.4 < 1.
The provided figures illustrate the evolution of the state variables S, I,

and M over time (in days), representing the susceptible cacti, infected cacti,
and cochineal insects, respectively. Three scenarios with different initial val-
ues are depicted in each figure:

• Figure 2 (S): Evolution of susceptible cacti

– S(0) = 150,000 (blue line): The number of susceptible cacti de-
creases rapidly and stabilizes around 14,000 over time.

– S(0) = 100,000 (orange line): Similarly, the population decreases
and reaches the same steady-state value of 14,000.

– S(0) = 50,000 (yellow line): Despite a lower initial population,
the system stabilizes at the same steady-state level.

This figure demonstrates that the system consistently converges to S =

14,000 regardless of initial conditions.

• Figure 2 (I): Evolution of infected cacti
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Figure 2: SIM model with a disease-free equilibrium

– I(0) = 70,000 (blue line): The number of infected cacti increases
initially, reaching a peak near 18× 104 before gradually declining
to zero.

Iran. J. Numer. Anal. Optim., Vol. 15, No. 2, 2025, pp 823–851



837 Mathematical modeling, analysis, and optimal control of the cochineal ...

– I(0) = 40,000 (orange line): Following a similar pattern, the pop-
ulation rises to a peak before declining to zero.

– I(0) = 10,000 (yellow line): Even with smaller initial infections,
the population exhibits the same behavior, with infection eradica-
tion over time.

This figure highlights that infection is eliminated in all scenarios as the
system stabilizes.

• Figure 2 (M): Evolution of cochineal insects

– M(0) = 5,000 (blue line): The cochineal insect population de-
creases steadily, approaching zero within approximately 60 days.

– M(0) = 3,000 (orange line): Similarly, the population declines to
zero at a slightly faster rate.

– M(0) = 2,000 (yellow line): A smaller initial population also di-
minishes to zero over time.

This figure demonstrates that the cochineal insect population is eradi-
cated in all scenarios.

Across all figures, the application of the model confirms that the system
is globally stable at E0 = (14,000, 0, 0). This stability is achieved regardless
of initial conditions, as long as <0 < 1. The results highlight the robustness
of the system’s dynamics in eliminating infections and cochineal insects while
stabilizing the susceptible cactus population. According to Theorem 6, E0 is
stable on Γ.

Additionally, considering diverse initial values for each state variable and
the set of parameters: Λ = 700 [cacti/day], µ = 0.05 [cacti/day], λ = 0.02

[cochineal/day], δ = 0.03 [cacti/day], β = 0.07 [cochineal/day], γ = 0.01

[cochineal/day], and K = 5000 [cochineal/day], we observe that the endemic
equilibrium point E∗ = (20000, 72000, 3000) and <0 = 7 > 1.

The provided figures illustrate the evolution of the state variables S, I,
and M over time (in days), representing the susceptible cacti, infected cacti,
and cochineal insects, respectively. Three scenarios with different initial val-
ues are depicted in each figure:
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Figure 3: SIM model with an epidemic equilibrium

• Figure 3 (S): Evolution of Susceptible Cacti

– S(0) = 150,000 (blue line): The susceptible cactus population
decreases over time, stabilizing at a value near 20,000.
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– S(0) = 100,000 (orange line): The population follows a similar
trend, reaching the same steady-state value of S ≈ 20,000.

– S(0) = 50,000 (yellow line): Despite a lower initial population,
the system stabilizes at the same steady-state value.

• Figure 3 (I): Evolution of Infected Cacti

– I(0) = 30,000 (blue line): The number of infected cacti rises and
stabilizes at a value near 72,000.

– I(0) = 20,000 (orange line): Similarly, the population stabilizes at
I ≈ 72,000 after an initial increase.

– I(0) = 10,000 (yellow line): Even with a smaller starting popula-
tion, the system converges to the same equilibrium.

• Figure 3 (M): Evolution of Cochineal Insects

– M(0) = 1,000 (blue line): The population of cochineal insects
grows steadily, approaching a value near 3,000 over time.

– M(0) = 1,500 (orange line): Similarly, the population stabilizes
near 3,000 after initial growth.

– M(0) = 2,000 (yellow line): Regardless of the higher initial popu-
lation, the system stabilizes at M ≈ 3,000.

Over time, the system stabilizes with the susceptible cactus population
S close to 20,000, the infected cactus population I near 72,000, and the
cochineal insect populationM at approximately 3,000. This behavior demon-
strates that, for <0 > 1, the solution curves converge towards the equilibrium
point E∗. According to Theorem 7, the equilibrium E∗ is stable on Γ.

6 The optimal control problem

Given the ongoing threat of cochineal infestations and their severe economic
impact on cactus production, farmers need a cost-effective strategy to control
the pest’s spread within a specific timeframe. To address this, we develop an
optimal control problem that focuses on minimizing the number of infected
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plants, I(t), while maximizing the number of recovered plants, R(t), over the
period [t0, tf ]. Additionally, the model aims to minimize the costs associated
with control measures, ensuring a balance between effective pest management
and economic feasibility.

A key aspect of our approach is the natural control provided by Hy-
peraspis trifurcata, a predatory beetle that feeds on cochineal insects. By
incorporating this biological control agent into the model, we emphasize the
beetle’s role in naturally reducing cochineal infestations. Hyperaspis trifur-
cata offers a sustainable and environmentally friendly alternative to chemical
pesticides, as it directly targets the cochineal population, helping to curb its
spread.

The system of equations (1) is adjusted to include two control variables,
u1(t) and u2(t) for t ∈ [t0, tf ], as follows:

dS
dt = Λ− λS(t)M(t)− µS(t),
dI
dt = λS(t)M(t)− δI(t)− µI(t)− u1(t)I(t),
dM
dt = βM(t)

(
1− M(t)

K

)
− γM(t)− u2(t)M(t),

(11)

with the initial conditions S(0) ≥ 0, I(0) ≥ 0, and C(0) ≥ 0.

The control u1(t) represents cutting and burning cactus infected with
cochineal, while the control u2(t) denotes the application of insecticide to
combat cochineal.

The problem is to minimize the objective functional:

J(u1, u2) = I(tf )+M(tf )+

∫ tf

t0

[
I(t) +M(t) +

C1

2
(u1(t))

2
+
C2

2
(u2(t))

2

]
dt,

(12)
where C1 > 0 and C2 > 0 are chosen to assign the relative importance of
u1(t) and u2(t) at any given time t, with tf representing the final time.

In other words, our goal is to find the optimal controls u∗1 and u∗2 such
that

J(u∗1, u
∗
2) = min

(u
1
,u

2
)∈U

J(u1, u2),

where U is the set of admissible controls defined by

U = {(u1(t), u2(t)) : 0 ≤ u1(t) ≤ 1 , 0 ≤ u2(t) ≤ 1, / t ∈ [t0, tf ]} .
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6.1 Existence of optimal controls

In this part, we present the theorem that proves the existence of an optimal
control (u∗1, u∗2) minimizing the cost function J .

Theorem 8. There exists an optimal control (u∗1, u∗2) ∈ U such that

J(u∗1, u
∗
2) = min

(u1,u2)∈U
J(u1, u2).

Proof. To use the existence result in [7], we must check the following prop-
erties:
(A1): The set of controls and the corresponding state variables is nonempty.
(A2): The control set U is convex and closed.
(A3): The right-hand side of the state system is bounded by a linear function
in the state and control variables.
(A4): The integral L(I,M, u1, u2) of the objective functional is convex on
U , and there exist constants κ

1
> 0, κ

2
> 0, and ε > 1 such that

L(I,M, u1, u2) ≥ −κ1 + κ2

(
|u1|2 + |u2|2

) ε
2

.

The first condition (A1) is verified using the result in Lukes. The set U is
convex and closed by definition, thus the condition (A2) is satisfied. Our
state system is linear in u1 and u2; moreover the solutions of the system are
bounded as proved in model (1), hence the condition (A3) is satisfied. Also,
we have the last needed condition (A4),

L(I,M, u1, u2) ≥ −κ1 + κ2

(
|u1|2 + |u2|2

) ε
2

.

where

κ
1
= 2 sup

t∈[t0,tf ]

(I(t),M(t)), κ2 = inf(C1

2
,
C2

2
) and ε = 2,

since C1 > 0 and C2 > 0. We conclude that there exists an optimal control
(u∗1, u

∗
2) ∈ U such that

J(u∗1, u
∗
2) = min

(u1,u2)∈U
J(u1, u2).
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6.2 Characterization of the optimal controls

In this section, we utilize Pontryagin’s principle [15]. The central concept is
to introduce the adjoint function, which connects the system of differential
equations to the objective functional. This connection leads to the formula-
tion of the Hamiltonian. By applying this principle, the task of determining
a control that optimizes the objective functional with a specified initial con-
dition is transformed into the problem of finding a control that optimizes the
Hamiltonian pointwise.

To derive the optimal control conditions, we apply Pontryagin’s maximum
principle such that the Hamiltonian H at time t is defined by

H(t) = I(t) +M(t) +
C1

2
(u1(t))

2
+
C2

2
(u2(t))

2
+

3∑
i=1

λihi, (13)

where hi is the right side of the system of differential equations (11) of ith
state variable.

Theorem 9. Given the optimal controls (u∗1, u
∗
2) and solutions S∗, I∗, and

M∗ of the corresponding state system (11), there exist adjoint functions
λ1, λ2, and λ3 satisfying


h1 = Λ− λS(t)M(t)− µS(t),
h2 = λS(t)M(t)− δI(t)− µI(t)− u1(t)I(t),
h3 = βM(t)

(
1− M(t)

K

)
− γM(t)− u2(t)M(t),

(14)

such that the transversality conditions at time tf are
λ1(tf ) = 0,

λ2(tf ) = 1,

λ3(tf ) = 1.

(15)

In addition to that we have, for t ∈ [t0, tf ] , optimal controls u∗1(t) and
u∗2(t) are given by

u∗1(t) = min
(
1,max

(
0,

λ2
C1
I(t)

))
,

u∗2(t) = min
(
1,max

(
0,
λ3
C2
M(t)

))
.

(16)
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Proof. The Hamiltonian H is defined as follows:

H(t) = I(t) +M(t) +
C1

2
(u1(t))

2
+
C2

2
(u2(t))

2
+

3∑
i=1

λihi,

where 
h1 = Λ− λS(t)M(t)− µS(t),
h2 = λS(t)M(t)− δI(t)− µI(t)− u1(t)I(t),
h3 = βM(t)

(
1− M(t)

K

)
− γM(t)− u2(t)M(t).

For t ∈ [t0, tf ], the adjoint equations and transversality conditions can be
obtained by using Pontryagin’s maximum principle [15] such that


λ′1 = − dH

dS
= λ1(λM(t) + µ)− λ2λM(t),

λ′2 = − dH
dI

= −1 + λ2 (δ + µ+ u1(t)) ,

λ′3 = − dH
dM

= −1 + λ1λS(t)− λ2λS(t)− λ3

(
β − 2βM(t)

K
− γ − u2(t)

)
,

for t ∈ [t0, tf ], the optimal controls u∗1 and u∗2 can be solved from the opti-
mality condition. We have

dH

du1
= C1u1(t)− λ2I(t) = 0.

So
u1(t) =

λ2
C1
I(t).

We have
dH

du2
= C2u2(t)− λ3M(t) = 0.

So
u2(t) =

λ3
C2
M(t).

By the bounds in U of the controls, it is convenient to obtain u∗1 and u∗2
in the form of (16).

7 Optimal control numerical results

In this section, we present the results obtained by solving the optimality sys-
tem. For our control problem, we define conditions for the state variables and
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terminal conditions for the adjoint variables. The optimality system is essen-
tially a two-point boundary value problem, with conditions at the initial time
step i = t0 and the final time step i = tf . To solve this system, we initially
solve the state model, followed by solving the adjoint system in reverse order.
In the first iteration, we start with an initial guess for the control variables
and update them based on a characterization of the optimal controls before
moving on to the next iteration. This process is repeated until the iterates
converge. To achieve this, we created a MATLAB code utilizing the following
parameters. Given the lack of real-world data, the parameter values were cho-
sen hypothetically. The plots illustrating susceptible, infected, and recovered
cochineal individuals both with and without control measures are generated
based on these parameter values: Λ = 1000 [cacti/day], µ = 0.05 [cacti/day],
λ = 0.02 [cochineal/day], δ = 0.03 [cacti/day], β = 0.07 [cochineal/day],
γ = 0.01 [cochineal/day], and K = 70000 [cochineal/day]. When analyzing
the graphs, please be aware that solid lines represent cochineal individuals
without control measures, whereas dashed lines indicate those with control
measures.

7.1 Control Strategy 1: Cutting and burning cactus
infected with cochineal

The goal of this approach is to minimize the function (12), with a primary
focus on reducing the cochineal population through cutting and burning cac-
tus infected with cochineal. Figure 4 illustrates the effects of this spraying
on the cacti plants.

This figure illustrates the evolution of the state variable I, representing
the number of infected cacti, over time (in days). Two scenarios are depicted:

• Without control u1 (solid red line): In this scenario, the number of
infected cacti increases rapidly and levels off, approaching a steady-
state at approximately 7× 105 after around 50 days.

• With control u1 (dashed red line): When control u1 is applied, the
number of infected cacti grows initially but peaks at a lower value.
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Figure 4: The evolution of the number of infected cacti with and without the control
u1

After reaching the peak, the number steadily declines, indicating that
the control measure is effective in reducing the infection.

This comparison demonstrates the significant impact of control u1 on
managing the infection levels among the cacti.

7.2 Control Strategy 2: Effects of insecticide spraying

The main objective of treating cacti infested with cochineal, within the con-
text of a strategy, is to minimize the function (12) while maintaining other
control measures at zero. Figure 5 illustrates the cochineal dynamics, taking
into account the presence or absence of this control measure.

This figure illustrates the evolution of the state variable M , representing
the number of cochineals, over time (in days). Two scenarios are depicted:

• Without control u2 (solid green line): In this scenario, the number of
cochineals increases rapidly and levels off, approaching a steady-state
at approximately 6× 105 after around 30 days.

• With control u2 (dashed green line): When control u2 is applied,
the number of cochineals grows initially but stabilizes at a much lower
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Figure 5: The evolution of the number of cochineals with and without the control u2

value. This indicates that the control measure effectively limits the
growth of the population.

This comparison demonstrates the significant impact of control u2 in man-
aging the cochineal population.

7.3 Control Strategy 3: Cutting and burning cactus
infected with cochineal and insecticide spraying

This strategy aims to minimize the objective function (12) by implementing
both control measures. Figure 6 illustrates the disease progression with both
controls in effect, compared to the scenario where no control measures are
utilized to manage the disease.

This first figure illustrates the evolution of the state variable I, repre-
senting the number of infected cacti, over time (in days). Two scenarios are
depicted as follows:

• Without control u1 and u2 (solid red line): In this scenario, the
number of infected cacti increases rapidly at first and then levels off,
approaching a steady-state at approximately 7 × 105 after around 50
days.
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Figure 6: The evolution of the number of infected cacti and cochineals, both with and
without u1 and u2

• With control u1 and u2 (dashed red line): When control measures
are applied, the number of infected cacti initially grows but peaks at a
lower value compared to the uncontrolled scenario. After reaching the
peak, the number of infected cacti steadily declines, indicating that the
controls effectively reduce the infection levels over time.

This comparison highlights the effectiveness of control measures (u1 and
u2) in managing the spread of the infection among cacti.

The second figure illustrates the evolution of the state variable M , rep-
resenting the number of cochineals, over time (in days). Two scenarios are
depicted:
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• Without control u1 and u2 (solid green line): In this scenario, the
number of cochineals increases rapidly at first and then levels off, ap-
proaching a steady-state at approximately 6×105 after around 30 days.

• With control u1 and u2 (dashed green line): When control measures
are applied, the number of cochineals grows at a much slower rate and
stabilizes at a significantly lower value, suggesting the effectiveness of
the controls in limiting the population of cochineals.

This comparison highlights the impact of control measures (u1 and u2) in
managing the population growth of cochineals.

8 Conclusion

In this paper, we presented a mathematical model, SIM , that describes the
spread of the cochineal insect among cacti. We showed that the overall be-
havior of the model is entirely determined by a critical parameter, the basic
reproduction number <0. Specifically, we demonstrated that the infection-
free equilibrium, E0, is both locally and globally asymptotically stable when
<0 < 1, leading to a gradual decline in the cochineal population over time
and its eventual eradication. Conversely, when <0 > 1, the cochineal popu-
lation increases. Furthermore, we established that the endemic equilibrium,
E∗, is locally and globally asymptotically stable when <0 > 1, ensuring the
persistence of the infestation.

Our numerical simulations validated the analytical findings regarding the
stability of both the infection-free equilibrium E0 and the endemic equilib-
rium E∗. These results provide a solid foundation for the development of an
optimal control strategy to help farmers minimize losses caused by cochineal
infestations in cacti fields.

The model incorporates the dynamics of cochineal infestations and the
effects of control measures. We analyzed the system’s behavior under three
control strategies aimed at managing the cochineal population:

• Control Strategy 1 (cutting and burning infected cacti, u1):
This strategy effectively reduces the number of infected cacti, but the
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decline is slow, and the population stabilizes at a higher level compared
to other strategies. While effective, it requires continuous intervention
over an extended period.

• Control Strategy 2 (insecticide spraying, u2): Insecticide applica-
tion significantly accelerates the reduction of the cochineal population.
The population stabilizes at a lower level more quickly, reflecting the
effectiveness of chemical control in mitigating infestation rates.

• Control Strategy 3 (combined approach, u1 and u2): The com-
bined application of cutting and burning infected cacti along with in-
secticide spraying yields the most substantial reduction in the cochineal
population. This strategy results in a faster decline and a lower steady-
state population, showcasing the synergistic effect of integrating both
physical and chemical control measures.

In conclusion, the combined strategy (Control Strategy 3) proves to be
the most effective in reducing the cochineal population, offering a more com-
prehensive and sustainable solution. However, the choice of the most ap-
propriate strategy depends on factors such as the severity of the infestation,
available resources, and environmental considerations. The SIM model pro-
vides a valuable tool for evaluating these control measures and supporting
decision-making in the management of cochineal infestations on cacti.
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