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Letter from the Editor—in—Chief

I would like to welcome you to the Iranian Journal of Numerical Analysis
and Optimization (IJNAQO). This journal has been published two issues per
year and supported by the Faculty of Mathematical Sciences at the Ferdowsi
University of Mashhad. The faculty of Mathematical Sciences with the cen-
ters of excellence and the research centers is well-known in mathematical
communities in Iran.

The main aim of the journal is to facilitate discussions and collaborations
between specialists in applied mathematics, especially in the fields of numer-
ical analysis and optimization, in the region and worldwide. Our vision is
that scholars from different applied mathematical research disciplines pool
their insight, knowledge, and efforts by communicating via this international
journal. In order to assure the high quality of the journal, each article is
reviewed by subject-qualified referees. Our expectations for IJNAO are as
high as any well-known applied mathematical journal in the world. We trust
that by publishing quality research and creative work, the possibility of more
collaborations between researchers would be provided. We invite all applied
mathematicians especially in the fields of numerical analysis and optimiza-
tion to join us by submitting their original work to the Iranian Journal of
Numerical Analysis and Optimization.

We would like to inform all readers that the Iranian Journal of Numerical
Analysis and Optimization (IJNAO), has changed its publishing frequency
from "Semiannual” to a "Quarterly” journal since January 2023. The four
journal issues per year will be published in the months of March, June,
September, and December. One of our goals is to continue to improve the
speed of both the review and publication processes, while try continuing to
publish the best available international research in numerical analysis and op-
timization, with the high scientific and publication standards that the journal

is known for.

Ali R. Soheili

Editor-in-Chief
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A numerical solution of parabolic

quasi-variational inequality nonlinear

using Newton-multigrid method

M. Bahi*>™, M. Beggas, N. Nesba and A. Imtiaz

Abstract

In this article, we apply three numerical methods to study the L°°-
convergence of the Newton-multigrid method for parabolic quasi-variational

inequalities with a nonlinear right-hand side. To discretize the problem, we
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utilize a finite element method for the operator and Euler scheme for the
time. To obtain the system discretization of the problem, we reformulate
the parabolic quasi-variational inequality as a Hamilton—Jacobi-Bellman
equation. For linearizing the problem on the coarse grid, we employ New-
ton’s method as an external interior iteration of the Jacobian system. On
the smooth grid, we apply the multigrid method as an interior iteration on
the Jacobian system. Finally, we provide a proof for the L°°-convergence
of the Newton-multigrid method for parabolic quasi-variational inequali-
ties with a nonlinear right-hand, by giving a numerical example for this

problem.

AMS subject classifications (2020): Primary 65M55, 65M60; Secondary, 65F10.

Keywords: Newton’s method; Multigrid method; Parabolic variational in-

equality; Finite element method; Hamilton—Jacobi-Bellman equation.

1 Introduction

Before studying the L°°-convergence of the Newton-multigrid method for
parabolic quasi-variational inequalities (PQVIs) with a nonlinear right-hand
side, we will define our problem. Let A be an elliptic operator, and let 2 be
an open domain in R?, where d > 1, with sufficiently regular bounds I'. We
provide the definition of our proposed problem:

Find u € L2(H}(2);[0,T]) solution of

e N )
0
(5 +au-r@) - =0 ma, ”
u(z,t) =up in Qp,
u(z,t) =0 i3

where Qp is defined as Qp = Q x [0,T], Y. =T x [0,T], T < oo, and the
obstacle ¢ € W2 such that ¢ > 0.

We assumed that the function f(-) is nonlinear, continuous, and c-

Lipschitz; that is,

Iran. J. Numer. Anal. Optim., Vol. 14, No. 4, 2024, pp 991-1015
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lf(y) = f(z)|<cly—2z| forally,zeR, ¢ >0.

We have divided this research into six parts as follows:

Part one: We formulate our problem and provide the necessary and suffi-
cient conditions for studying the LL°°-convergence of Newton-multigrid meth-
ods.

Part two: To facilitate understanding, we introduce important symbols and
hypotheses that will be used in our research. Subsequently, we present a
theorem that proves the existence and uniqueness of the solution for the con-
tinuous problem.

Part three: To study the discrete problem, we define the space Vj, that
Vi = {vi, € L*(Hy(Q);[0,T]) N CH(Hy (Q);[0,T)), va(-,t) € Pi}

with P; is a Lagrange polynomial with a degree < 1.

To discretize, we employ the finite element approximation on the operator
A and use the Euler scheme for time discretization, resulting in the following

discrete problem. Find u} € V}, as a solution of

(Bruy, vy —up) > (F™(uyy), v —up),

u;LL S ’rhwv

up(z) = up(z,0) in Qp,

u(z,t) =0 in 2.

Part four: To solve the PQVI using Newton-multigrid methods, we dis-
cretize the domain through the finite element method and employ the Euler
scheme for time discretization. Subsequently, we reformulate the PQVTI as
the Hamilton—Jacobi-Bellman (HJB) equation, expressed as follows:

Jaxs (Br,up, — F(up,); up, —rap) =0.

Iran. J. Numer. Anal. Optim., Vol. 14, No. 4, 2024, pp 991-1015
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We employ the iterative procedure introduced by Hoppe (see [22, 23, 24])
to solve the obtained system. Subsequently, we apply Newton’s method to
address the nonlinear system by linearizing it to obtain the Jacobian system.
Following this, we employ the multigrid method on the Jacobian system in
all iterations.

Part five: To establish the L°°-convergence of the Newton-multigrid method,
we rely on the approximation and smoothing suggestions proposed by Huck-
bach (see[19, 20]). In this research, we demonstrate the L°°-convergence
in the addressed problem based on the techniques presented in Huckbach’s
work.

Part six: Here, we give a numerical example that confirms the results ob-

tained in the theoretical part.

2 Newton-multigrid method

2.1 Assumptions and symbols

Consider A as an elliptic operator defined by

d

A Y @ Y @ . )
*J 8:ci(’)xj j J 8a:j ’

1<i,j<d =1

The coefficients a;;(z), aj(z), ag(x) € L=(2) N C%() meet the following

conditions:

a;j(x) = aji(z), ao(x) >a >0, «isaconstant, x €, (4)
d
3 ay(@)GG 2l CeRT >0,
1<i,j<d

and a(-,-) is associated with the elliptic operator A, where a(-,-) is a contin-

uous and coercive bilinear form, as given by

a(uv)—/ Ed: aij(a) 22 OV zd: —l—a(m)uv dz, (5)
e 1<i,j<d O dz; j=1 ’ 7

Iran. J. Numer. Anal. Optim., Vol. 14, No. 4, 2024, pp 991-1015
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a(v,v) +w||v||2LQ(Q) > ’VHVHiI(}(Q)’ v >0, w>0, forallve H}D).

(6)

Let f(u) be a nonlinear right-hand function and f is c-Lipschitzian given by

f(u) € L=®(HL(Q);[0, )N CHHE(Q);[0,T]), f>0, and c¢ < o

2.2 Continuous problem

After applying Green’s formulation, we obtain the weak formulation of our
proposed problem, v in H(Q2) and v < % and find u in L?(H}(Q);[0,7]) a

solution to the following problem:

(gltl,v_u) ta( v —u) > (f(u).v - ),

s (7)

u(z,t) =y in Q,

u(z,t)=0 in X.

Certainly, the problem (7) has a unique solution, as supported by fixed-point
theory and in accordance with the previously established assumptions; see
7, 10, 12].

3 Discretization

3.1 Discretize

To establish a multigrid loop, consider a decreasing sequence {hk}ézo such
that
O0<hy<hgti1<1l, 0<k<m-—1,

that {7y} is a family of uniform triangulations, where Q) = TUT T, and
€Th

that for all T}, we have

Qn C Qh+1 C Q, dist(Fh,F) < Ch%7 hk+1hk <c.

Iran. J. Numer. Anal. Optim., Vol. 14, No. 4, 2024, pp 991-1015
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We associate each hy with the following symbols to facilitate our work:

Q= Qs Vi, =Vi,  Ap, = Ay,

k

We consider ¢, i = 1,2,...,m(h) as the conventional basis for affine func-
tions defined as follows:

on(K}) = dij,
where KZ denotes a vertex of the triangulation Tj. Let U, = R™h. We

consider the restriction operator defined as

T‘hZUh —>Vh,

m(h)

v =y (K} (). (®)

i=1
We provide a definition for the following adjoint operator r; : V, — U,

satisfying
(rpu,w) 2 = (u,77v), for all u € Uy, v € Vy,.

The norm ||-||oc (on Ug) and the norm ||-||p~ (on Vi) are equivalent, which

are indicated by ||||co-
Lemma 1. [3] There exist A\; and A independent of h such that

1. ||rn(0)]|co= |[ul|co, for all u € Uy,

2. MV)loo < I7* (V) |oo < A2 ||V 0, for all v € Vy,.

3.2 Discrete problem

We apply the semi-implicit Euler scheme to discretize problem (7) with re-

spect to time. Consequently, we are in seck of a sequence of elements u}l € V,

ou n_ n—1
that approaches u(¢y), t, = ndt, with initial data uy and a—th = ZhTl (;h
Thus, we have forn=1,..., N, and for all v, € Vp,

Iran. J. Numer. Anal. Optim., Vol. 14, No. 4, 2024, pp 991-1015
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9)

We can write the problem (9) as for all v, € Vy,

n—1

a(uy, vp —up) + &(uhavh —up) > (f(up) + ’(lsit’vh —up), (10)
up <rpy; vy <rpy
1 n—1 :
When we put w = 5 and F(u}) = f(u}) +wu;, ™", we obtain
w(uy, va —up) +auy, v — up) = (F(ug), v — up), (1)
up < rp.
We can express the problem (11) in the following form:
Find u} € Vy, for all vj, €V,
b(uy, vy —up) = (Fy (), v — ),
uz < 7“}#% (12)
u(z,t) =up in  Qp,

u(z,t)=0 in X,

where
b(uy, vy —up) = w(uy, vy —up) + a(uy,up — up).

The bilinear form b(-,-) exhibits strong coerciveness. Consequently, the
formulation (12) denotes a coercive and continuous issue concerning elliptic
quasi-variational inequalities (see[8]).

Denote by By, the outcome obtained by addressing problem (12) through

a finite element method, resulting in the solution to the subsequent problem

ascertain uj € Vp such that

(Brup, vy —up) > (F"(uy),vh —up),
u;i < T}ﬂﬁ’

up(z) = up(z,t) in Qp,

(13)

u(z,t)=0. in X,

Iran. J. Numer. Anal. Optim., Vol. 14, No. 4, 2024, pp 991-1015
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where (Bj); ; denotes the finite element matrix defined by

(Br)i,j = b(di, ;) = aldi, ¢5) + w(ds, d;),

and {¢;} is basis of Vj, 1 <1i,1 < 5.

The discretization matrices By, and the generic coefficient matrices a(¢?,, qﬁi)
are introduced in a natural progression, where the customary basic functions
are denoted by ¢, = 1,2, ..., m(hy). Now that these definitions have been es-
tablished, we may state the discrete problem as follows: Determine uj € Vy,

representing the solution for

(Brup, vy —up) > (F"(uy),vh —up),
uz S Thw7

uh(x) = uh(:z:,t) n Qh,

(14)

u(z,t) =0 in Xp.

The matrix (Bj,) with coefficients b(¢;, ¢;) is an M-matrix (see([16, 17, 18]).
The problem (14) has a unique solution (as is well known), and we obtain

the following regularity result.

Theorem 1. [10] Let u® and u} be the solutions of (7) and (14), respectively.
Then

1+ne\"
P —u®|| o< C | h2|log(hy)|? , 15
Ju; — ] [u oxin)f* + (1 ) ] (15)
where u™ is the asymptotic solution of the problem (12), and uj is the

discrete solution calculated at the moment T' = ndt,C > 0.

3.3 HJB-formulation of discrete problem

Before commencing work in this section, we will use the following symbols:
By, =B, up=uv, Uy=Us V,=V

The problem (14) can be expressed as the following HJB equation. Let u}

denote the unique solution of the discrete HJB equation,

Iran. J. Numer. Anal. Optim., Vol. 14, No. 4, 2024, pp 991-1015
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max (Bg,up, — F(ug,); u.,—r =0.
1<i<N ( kyilkq ( k,z)7 k,i kw)
We put

v v
up; — reY = /\k,i'

Iterative steps are as follows:

Step 1: We select an initial vector uk € R™,

(v+1) (v+1)

Step 2: Let u} € R™,v > 0, and we compute u; ' ’, where u, is a
solution of the following equation:
Bju, ™' — Fy(u}) =0, (16)
where
1]; _ Bk,i(uZ) if Bk,iuz,i - F(uz,i) > AZz (17>
Iyi if By iuy ; — F(u}él) < Zz
FY(u?) if B i v E (v >
F,’: (u}é) _ k (uk) Z.f k, uk,z (uk,z) k % (18)
Yk if Braup; — Flug,) <

Consider uj, as the unique solution to the discrete HJB equation,

12355\, (Bk,iuz,z‘ — F(uy,); ug,; — Yy) = 0.

The following theorem represents the equivalence between the HJB equation
and the PQVI by using the finite elements method, and we will rely on its
proof of the work done by Hoppe on the elliptic quasi-variational inequality

using the finite differences method.

Theorem 2. Let uj be the iterate obtained by the previous iterative scheme,
satisfying the HJB-equation above. Additionally, we suppose that By is
monotone. Then, the sequence u}, where (v > 0), exhibits monotonically

decreasing convergence toward the unique solution uj of (13).

Proof. Let uj, represent an iteration, and let uj, denote a solution of the HJB
equation. To prove that uj, converges towards uj, it is adequate to show that

(up,v > 0) consistently decreases towards uj, as outlined below:
up <uptt <.

To begin, let us consider ug satisfying

Iran. J. Numer. Anal. Optim., Vol. 14, No. 4, 2024, pp 991-1015
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max (Bou) — F,u) — ) >0,
for all v > 0,
max(Bjuj — Fg,up — ¢ > (Byuy — Fj) > 0.
Using (16), we get
(Byuy, — BYuy™) 2 0.
We have B}, which is linear and monotone,
Bi(uy — uz+1) > 0.
Then
(uZ - UZH) >0,
uptt < uj. (19)
We know that uj, is a solution of (14). We have
max(Bjug — Fi,ui — %) =0,
again, using (16)
Byuj, — Byu ™! <0,
Biu; < EzuZ"‘l.

We have BY is a monotone matrix; that is, BY is an invertible matrix ((BY)™*
exists). Thus
(BR) ™' Biuy < (BY)™'BRu ™.

Then,
up <uptl (20)

From (19) and (20), we obtain
up <uptt <up.
The uniqueness: To demonstrate uniqueness, we suppose that there are

two solutions uj and u} of (14).

: * ook * __ . v+l
First, we put uj = u} and uj = u,

)
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max(Byuj — Fi,uf — ¢x) = 0> (Byuj — Bpul ™),
Biuj — Bjul <0, Biul < Bju;.
Therefore
uj —u; <0. (21)

* ok x _ . v+1
Secondly, we put u5 = uj, and uj = u,

9
max(Byuy — Fi,us —¢y) = 0> (Bpuj — Bzuzﬂ).

Bius —Byul <0 then Bjui <Bjuj.

We have
uj —uj > 0. (22)
From (21) and (22), we get
uy = uj.

Then, the solution of (14) (u}), approximates towards the solution of problem
(13), uf — uj. O

3.4 Description of the Newton-multigrid method for
PQVlIs

In addressing the nonlinear system (16), we utilize the Newton-multigrid
method, a hybrid technique that merges Newton’s method for nonlinear sys-
tems with the multigrid method for linear systems. The application of the
Newton-multigrid approach involves the following procedural steps:

First step: By utilizing Newton’s method, we obtain the nonlinear system,
recognizing that f is a Lipschitz function.

Second step: In every linear step of the system (16), we seek the Jacobian
system to derive a linear system connected with the Jacobian matrix.
Third step: We use the multigrid method to solve the linear system result-
ing from the Jacobian matrix.

Let u} be the exact solution of the system (16), and let w} be an approxima-

tion to uj. We define the residual as follows:
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R (uf) = Y (uf) — By}, (23)
Substituting (16) in (23), we find

R (up) = Brug — Bywy, (24)
R (uf) = BE (up —wy) = Bj(ep), (25)

where e} is the error with e} =u} —w}. In the context of (25), determining
the error e} for the linear equation (25) on the coarse grid, as commonly
done in the multigrid method, is not feasible. Consequently, we adopt (25)

as a residual equation, given the nonlinear characteristics of f.

To facilitate access to the solution, we choose H as a nonlinear operator,
where
Hy(uy) = Bpuyp — Fy (ug) = 0. (26)

The residual in the fine grid can be rewritten as follows:
P () = —H (). (27)

To solve (26), we employ the Newton iteration method as follows:

R (uy)

v+l _ _w
= + ,
P Tk(y)

U

(28)

where Jj(u}) represents the Jacobian matrix of the nonlinear system, and

Tie(up) = My (uf).

From (28), we can derive the following Jacobian linear system for ej}:

T (ujp)ei; = R (up), (29)

v+1 v AU
where u, 7" —uj = ej.

The solution to the linear system (29) is utilized as an approach to solve
the nonlinear system (26). Therefore, to find the solution for the nonlinear
system (26), we employ the multigrid method to solve the associated linear

system (29).
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3.5 Multigrid technique

In addressing the linear system (29), we employ the multigrid technique. By
selecting an iteration e}, where v > 0, within the multigrid method, we derive
e} through the application of an iterative method. This iterative process is
utilized to solve the system (29), utilizing « as the coefficient expression as

follows:
s = Si(el). (30)

Here, S stands for the iteration or smoothing operator, and o represents

the number of iterations executed. The solution to (29) is denoted as e*.
The error is defined as E] = €}, — e, and the residual is also considered
di = Re(ug) — Te(up)ey.
We can write (29) as
Ti(u}) (34 +E}) = Ry (u). (31)
We derive the subsequent residual equation,
T (up)By = R (ui) — Ti(wp)ey = di,
T (B}, = .

To fully determine E}, it is necessary to compute E} at the level (k — 1) as

the solution to the coarse grid system,
Tr—1(ep_1)Ef—1 = di_1- (32)

In the context, E} _,, Jr—1(e}_;), dj_, represent approximations at the
(k—1) of E}, Jx(e}), d}, respectively.
We have
EZ—I = RkEll::a
dz_l = dez,

Ti-1(ek—1) = Ri Ty, (e}) Pr,
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where Ry, is the restriction matrix and Py is the prolongation matrix. Owing

to the nested structure, we employ the clearly defined identity operator,
UV 1 — Vg,
for defining the prolongation and restriction operators, that is,

Ri = Pi
Pr =11y (33)

Note: To solve the linear system (29) for the two sequences Q and Qj_1,
we employ the multigrid technique as an internal iteration. Additionally, to
address system (26), we utilize Newton’s method as an external iteration.
This results in the iterative solution of the system (32), achieved by applying
a two-grid iteration repeatedly to the sequence Qi{k = 0,...,my} until the

iteration process is halted.

4 [L°°-convergence of multigrid method

This paragraph explores the assessment of uniform convergence for the multi-
grid algorithm (inner iteration) and the convergence characteristics of New-
ton’s method (outer iteration). The assumptions employed in these conver-
gence analyses closely resemble those utilized in multigrid methods specifi-
cally crafted for addressing nonlinear equations. We now present the main
hypotheses:

Hypothesis 1:

There exists uf € Vi such that Hy(uf)™ = 0.
Hypothesis 2 (inverse):
H;(uZ)fl is exist and ||7-[;€(u2)71||OO <k with k>0.
Hypothesis 3 (continuous):

for all e > 0, there exists n >0, ||[I— H;(uZ)H;(uk)_IHOO <e,
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whenever

[(ar = wi)lloo < -

Hypothesis 4: For any u, in the neighborhood of uy, there is a linear
mapping denoted as H;C (ug) such that for all € > 0 there exists n > 0 such
that

() = H(wi) = Hi @I o = ui)lloo < ell (ar = u)lloo

hold, whenever

[ = wg) oo < 7.

4.1 Matrix associated with the MGHJB algorithm

The two-grid method’s iteration matrix, which includes oy presmoothing and

o postsmoothing at level k£ — 1, can be represented as follows:
TGr(ar,00) = S5 (F ' = Pe T Ro)Te Sty k=12, (34)

Theorem 3. [26, 27] The multigrid approach is a linear iterative technique

characterized by the iteration matrix MGy, which is expressed as follows:
MGy =0 if k=0,

MGy, = 872 (I = Pr (Ie — MGi—1) (Jem1) "Ri) T Spt if k=1,2,...,
(35)

MGy = 8% (I, — Pr (I — MGy—1) (J; 'Ri) Tie S
= TG + S Pr(MGy_1) T, 'R Tk Sgt if k=1,2,....

4.2 Approximation property

The following approximation property is based on the inequality (15) in The-
orem 1 and in Lemma 1. The demonstration of the theorem is adapted from

the one in [21], originally presented for the problem of variational inequality.
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4.3 The main result

The following theorems give us the convergence of the multigrid matrix of
the parabolic quasi variational, in its proof we will rely on the work done by

Haiour [21] in the elliptic quasi-variational inequality.
Theorem 4. X is the iteration matrix of the multigrid, given by
X= [‘7];1 =Py »71;—117316] : (36)

Under the previous assumptions, the matrix X satisfies the following approx-

imation properties:

X[l C
I%oe < —

N
12| log(hy,)|® + (an) ] . (37)

Proof. According to Theorem 1, let u € H}(Q). We have

.
n oo 1+mnc
o~ vl € | El10g0) + (1 ) | VP
Then ~ N
1+4+nc
o = 0¥l € {1 108(0)F + (1 ) | IVF

Let uf and u}_, be solutions to the problem (13). Then by applying Theorem
1,

[[ug = wimilloo <llug = ™ floot w1 — 1™l

14+ nc N
< C1 |hi|log(hy)l? Fllo
< [iltogm + (12 ) | o]
N
1+nc
hi|log(hy)|? Fllo
+Ca [ og(m + (122 )| 9 F
1+ne\"
< (C1+ Cs) | hi|log(hy)? VF||s. (38
< (€1+C) [l og( + (125 ) | IV F e (39
We obtain
N
1+nc
P =i _1]lee < C |h|log(hk)]? Fllo 39
i s < € [0 + () |1Vl (9
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where C' = (C; + C5).

We use the Galerkin discretization to obtain
b(rpu, V) = ((Br), v)12q); for all u,v € Uy.

So
(b(w, v)) = ((Tk), Vi) p2q: for all u,v € Uj.

Also, we have for allveV
(o((rs) ™! (T) "M (Fx), v)) = {(r}i_) "' VF V) L2

Let up, € Vi, and up_1 € Vi_1. Then

o(ue, V) = () Fv)

bt v) = (i) v

L2(Q)

which implies uf = 7' 7, 'V(F) and uf_, = r; ', 7, ', RiV(F). Using (39)
and (33) and Lemma 1, we get

N
1 _ _ 1+ nc
I T )= T AR (P < € 1 1ox(l* + ({5 ) |1V F
Then
N
_ _ _ 1+ nc
19, =y G R TPl € | g + (e )| 19
no
The proof is now concluded from
N
_ _ 1+nc
195"~ Ped Rl < © |l 1og() P+ (128 ]
N
1+nc
X|loo < C | hj|log(hi)[? :
Il < © (1 og(hu) + ({e ]
O
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4.4 Smoothing property

To establish a smoothing property, we form the matrix J" = L — N}, and
rely on the subsequent assumptions:

Ly, is considered regular, where

1. Nillw <1 for all &, (40)
15 oo < % for all k, with C' independent k. (41)

We utilized a relaxation method with an iteration matrix as a smoother,
Sk:Ik—kalek, w € [0; 1]

Theorem 5. [26, 27] Given that the preceding assumptions and notations
are met, there exists a constant C, independent of &, such that the following

smoothing property holds:

1Tk Silloe < (42)

c
Val?

Following the approximation and smoothing properties, it is essential to

establish the subsequent stability bound:
There exists Cs  ||Si|loo < Cs, for all k and a. (43)

The convergence analysis relies on the following decomposition of the itera-

tion matrix for the two-grid method, where as = 0:

ITG (a1, 0)lloe = I1[(T6) ™" = P (Ta—1) " Rie] Ti Si* llos
< (T ™ = Pr (Ti—1) ™" Riclloo 175 S lloo-

Now, choosing more than two grids for a hierarchy comprising, we can for-
mulate the matrix X in (36) by recursively utilizing the matrix MGy, in (35)
for all levels. Assuming the validity of condition (36), convergence outcomes

can be easily inferred from the preceding findings.

Theorem 6. [25] Examine a multigrid approach for a given iterative matrix

(35). Then, based on the earlier assumption, for the specified parameter
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value ag = a, ag =0, for all € € [0,1], there exists a* < a:

MG, [|oo < &

Combining the approximation and smoothness properties with (3.5) al-
lows us to utilize identical parameters, as outlined in the subsequent theorem.

This theorem constitutes the primary outcome of our study.

Theorem 7. Given the preceding assumptions and notations, the iterated
uy, v > 0, for two meshes £ and k — 1, adhere to the following relationship:
There exists C' > 0 :

C
[+ = oS —y
<= Va

1+ n«

N
1+nc v "
B2 o) + ( ) ] o — 0.

Proof. We have

[y = uilleo = [1(Tk SE) Uk — Pe(Ip — MGr_1) (TR (uf — uf)lloo
< Tk Slooll Tk = Pr(Ie — MGr_1) (T ) Rl oolluf — ujlloo

0102 1+ ne N v %
< o |ttiogm + (1) | g wil
k
C 1+ne\" v .
< o |tloa(ml + (0 ) ]uk—um,
k
where C' = C7 x Cs. O

5 Numerical example

Example 1. In this numerical example, we find the solution of the following

problem (44) by using multigrid method and Gauss—Siedel method:
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O Au < f) in 0.1 x ©,
(G au= gt u-u ) =o.
(44)

u(z,t) =0, in [0,1] x T,

u(z,0) =0, in ,
where
Q= {(z1,x2|z1+22 < 1)}, At=0.01, Au=—-Au, f(u)=cos2u, P =0.

For discretization in space, we have used PDE toolbox in MATLAB (r2018)
to generate the mesh, and semi-discretization on time, and start-iterate uf =
(0,...,0)" € R1024,

Multigrid Method V-cycle
—#— Multigrid Method W-cycle
5 —%— Gauss Seidel Method

Residual norm
@

o 2 4 6 8 10 12 14 16 18 20
Number of iterations

Figure 1: Comparison between the convergence of multigrid method and Gauss—Siedel
methods.

We note from Figure 1 that the multigrid method (V-cycle, W-cycle)
gives us the solution with the least number of iterations, that is, after one
iteration, while the Gauss—Siedel method gives after more than 20 iterations.
From here, we conclude that the multigrid method gives us the solution to

the sets of large linear equations with the least number of iterations.
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Figures 2 and 3 represent the solution to the problem using MATLAB
2018 using the Gauss—Siedel method and the multigrid method (V-cycle and
W-cycle).

Gauss Seidel Solution

Figure 2: Solution of P.Q.V.I using Gauss—Siedel method (after 20 iterations).

Multigrid Solution W-cycle
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Multigrid Solution V-cycle

Figure 3: Solution of parabolic quasi-variational inequality after two iterations of multi-

grid method.
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Abstract

Sinc numerical methods are essential approaches for solving nonlinear prob-
lems. In this work, based on this method, the sinc neural networks (SNNs)
are designed and applied to solve the fractional optimal control problem
(FOCP) in the sense of the Riemann-Liouville (RL) derivative. To solve the
FOCP, we first approximate the RL derivative using Grunwald-Letnikov
operators. Then, according to Pontryagin’s minimum principle for FOCP
and using an error function, we construct an unconstrained minimization
problem. We approximate the solution of the ordinary differential equa-
tion obtained from the Hamiltonian condition using the SNN. Simulation

results show the efficiencies of the proposed approach.
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1 Introduction

In the last decades, based on the sinc approximation, there have been devel-
oped a variety of numerical methods, which are now called the sinc numerical
methods [30, 31]. Since 1974, Stenger [29] has studied the sinc approximation
methods for the numerical problems. These methods are used as useful tools
to solve linear and nonlinear problems arising from scientific and engineering
applications. In general, the error in the sinc numerical method for the single
exponential is O(exp(—cy/n)) with some positive ¢ and n is the number of
nodes used in the method [30]. In 2002, the sinc function was formed by dou-
ble exponential transformation by Sugihara. He [33, 32] discovered that the
error of the new method with a positive value of ¢ is equal to O(exp(—25-)).

T InN
By expanding the normal integer calculus to noninteger calculus, frac-

tional calculus is created. Today, fractional calculus is used in many branches
of science and engineering, which shows its importance and application
[4, 5, 14, 17, 22, 24, 28, 34, 37, 38]. An optimal control problem that in-
cludes at least one fractional derivative term in the performance index or
differential equation dominating the system’s dynamics is called the fraction
optimal control problem. The fractional optimal control problem (FOCP)
can be introduced concerning different definitions of fractional derivatives,
where Riemann—Liouville (RL), Caputo, and Grunwald—Letnikov (GL) frac-
tional derivatives are the most essential types of fractional derivatives. Be-
cause of the importance of this category of problems, research has been done
to solve the FOCP. In [6], a solution of multidimensional FOCPs with in-
equality constraint by multiwavelets is presented. SIR and SEIR epidemic
models are considered by a formulation for optimal control problems for a
class of fuzzy fractional differential systems [9]. Nemati, Lima, and Torres
[21] used modified hat functions for solving the FOCPs. The authors in [18]

gave an extended modal series method and linear programming strategy to

Iran. J. Numer. Anal. Optim., Vol. 14, No. 4, 2024, pp 1016-1036



Heydari Dastjerdi and Ahmadi 1018

solve the FOCPs. In [35], for solving FOCPs with vector components, the
authors used a Bernoulli polynomial method. It is hard to find the exact
solution for the Hamiltonian system of equations because there exist both
right and left in the Hamiltonian system. In [2, 3], the authors, to find the
optimal solution of the FOCPs with the RL and Caputo fractional derivative
sense, solved the Hamiltonian system of equations, which provides the nec-
essary optimization conditions. To transform the Caputo-type FOCP into
a system of algebraic equations, the authors of [7] have employed the GL
approximation.

In this work, we consider the FOCP as follows:

min J( ) i F(t z(t (t))dt,
5.t 1D x(t) = G(t,x(t),u(t)), (1)
x(to) = o,

where z(t) € R? and u(t) € R? are the state and control variables, respec-
tively. We assume that the integrand F', for all its arguments, has continuous
first and second partial derivatives, and G is Lipschitz continuous on a set
Q C RP. In addition, a = [a1,az,...,a,)T,i =1,2,...,pand n = [o;] + 1,
where [a;] is the integer part of «;.

The left and right RL fractional derivatives are, respectively, defined in the

following form:

oD f(t) = ﬁ @)n /at(t — )" f(2)dz

D310 =ty () [

In the last decade, artificial neural networks (ANNs) have been applied to
solving different problems, such as the FOCPs. The results show that the
ANNSs are accurate and efficient for many problems, and this method is com-
parable with other methods obtained by mathematical algorithms. The au-
thors provided a method to solve the continuous-time direct adaptive optimal
control for partially unknown nonlinear systems in [36]. Sabouri, Effati, and
Pakdaman [25] used a neural network approach for solving a class of the

FOCPs. Ghasemi and Nazemi [12] have designed a neural network to solve
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the FOCPs by using Mittag-Leffler. The multilayer perceptron (MLP) with
a back propagation learning algorithm is employed for neonatal disease di-
agnosis [8]. Lagaris and Likas [16] solved the ordinary differential equations
and partial differential equations for boundary and initial value problems
by ANNs. The fuzzy neural networks algorithm is used for detecting car-
diovascular diseases [26]. Recently, Ghasemi, Nazemi, and Hosseinpour [13]
investigated the nonlinear FOCPs using ANNs. There are many references in
theory and applications of neural networks, such as mathematical program-

ming [19, 20] and optimal control problems [10].

In this work, after introducing the sinc numerical method, we design the
sinc neural networks (SNNs). To solve the FOCP using this network, we first
approximate the RL derivative used in the FOCP by the GL operator. Then,
using Pontryagin’s minimum principle (PMP) and the optimality conditions
in the Hamiltonian function, we construct the unrestricted optimality prob-
lem. Finally, the adjustable parameters in the trial solution related to this
problem are determined by the SNN. The main reason for using the SNN in
solving FOCPs can be found in the simplicity of the network. Also, SNN has
no bias and increases the efficiency of the network due to the linearity of the

unknowns of the problem with respect to the output.

The article is arranged as follows: Section 2 introduces the sinc numerical
method. In Section 3, the SNN is presented. In Section 4, the proposed
technique is utilized for solving FOCPs. Numerical examples are presented

in Section 5, and Section 6 contains concluding remarks.

2 Sinc numerical method

In recent decades, sinc numerical methods have been used to solve various
problems due to their exponential convergence rate. In [30], sinc function is
fully introduced. In this section, we briefly state some of its definitions and

features.

The sinc function is defined for each = € (—oo, 00) as follows:
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Sinc(x) = T

For h > 0, and any integer k, the translated sinc functions with evenly spaced

nodes are defined as
. T
S(k,h)(z) = Smc(h — k).

By these functions, a set of interpolation functions can be formed in the

following form:

. L, j=k,
S(k,h)(jh) =6k = (2)
0, j#k
Assume that f is a function defined on real line. Then for A > 0, the cardinal

function corresponding to f is introduced by

CUM@) = Y RSk, h)(@), 3)
k=—o0
while the series in (3) converges [30]. From the relations (2) and (3), it can

be concluded that the function f is interpolated by the cardinal function
“+oo

in points {nh} 2% . Suppose that in the complex w -plane, D4 shows the

infinite strip region of width 2d as
Dy={w=t+is:|s| <d}.

We use a conformal map ¢ as ¢(I') = R for problems on a subinterval I' C R,
such that ¢ has the inverse 1 and is a conformal map of the simply-connected
domain D, where (0,1) C D, onto Dy, then on a subinterval I' = (0,1) =
P(R) with ¢(0) = —oo, and ¢(1) = +o00. The following interpolation can be
defined as

N
fl@)= Y flay)Sk(x),
k=—N

where xy, = 1(kh) is defined as the sinc grid points and
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Si(z) = S(k, h)od(z) = smc(gbgf) - k)

is the translated sinc basic function. As a result of these discussions, double

exponential and single exponential can be introduced, respectively, as follows:

z=1Y1(w) = % + %tanh (;T sinh(w)),

1 1
z = 1a(w) = 3 + itanh (;U)’

where the interval (—oo, 4+00) is mapped onto (0, 1).

3 Sinc neural network (SNN)

In this part, to solve FOCP, we introduce the structure of the SNN. There
are few works in the field of neural networks with the sinc activation func-
tion. SNN with a single input and a single output has been utilized for the
approximation of functions with one variable by Elwasif and Fausett [11] in
1996. Suppose that T = [t1,ta,...,t,]T, and O = [01,02,...,0,]7 are the
input and output vectors of the SNN, respectively. Then, the SNN can be

structured as follows:

O =7 WiSi(T), (4)
i=1
where W = [Wy, Wy, ..., W,,] is a ¢ X n matrix of weights between the nodes

of S;(T) and outputs, and S;(T),1 < i < m, is the translated sinc basic
function with input vector T. The structure of SNN can be observed in
Figure 1.

The structure of SNN has been motivated from the sinc numerical method
as a fascinating approach in solving nonlinear problems numerically. Sinc
function is a famous and beneficial function in science and engineering. It is
a smooth function with positive and negative amounts. It oscillates, and its
output approaches zero when its input tends to infinity.

Unlike the MLP neural network, the structure of SNN is simple with a

few number of trainable parameters. In fact, it contains only one layer of
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()

Sifffn) \\ W

Sa(t)

Sultn)

Figure 1: The structure of SNN.

trainable parameters. In SNN, the activation functions are the sinc basis
functions, and therefore, the accuracy of modeling results increases when the
number of sinc basis functions (nodes S;(7')) increases in its structure.

To train the SNN, we can use various existing methods such as gradient
methods, methods based on Lyapunov’s stability theory, and so on. Since
in these neural networks we only have adjustable parameters in one layer,
the output of the neural network is linear with respect to the parameters,
and this makes it easier to train it, and it becomes possible to use a variety
of learning algorithms. In this article, based on the error functions obtained
from the existing mathematical relations, an optimization problem is created,

and by solving it, we get the optimal parameters of the neural network.

4 Applying SNN to solve FOCP

Before we resolve the problem, we approximate the RL fractional derivative
with the GL operators. Assume y € c!([a,b]),l € N. Then the [-order
derivative of y at t € (a,b] can be defined as

l
oDin() = i g 37 (0" (e k) 9

where ( ,i) = Wlk)' are the binomial coefficients. By replacing the real num-

ber « instead of [, binomial coefficients can be developed using the gamma
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function as -
I'(z) = / t*"te7tdt, z>0,
0

where I'(1) = 1 and I'(z + 1) = 2I'(z), for any z > 0. Now, the binomial
coefficients are defined for the real number « as (z) = % So,
(5) can be extended to the fractional order @ > 0 by means of

«Dpy(t) = Jim o Zw‘“> (6)
where h = 5% and ¢ € (a, b]. Besides, we have w,g *) = = (—1)*(), which can

be evaluated by using the recurrence formula as follows:

1
wéa) =1, w,(ca) = (1 et
Note that for A > 0, relation (6) is left GL fractional derivative, and for
h < 0, it is called the right GL fractional derivative.

Now, to solve problem (1), we define the Hamiltonian function as

H (x(t),u(t),p(t),t) = F(a(t), u(t),t) +p(t).G(x(t), u(t),t),

where p(t) € RY is the co-state vector. Assume that z*(¢),u*(¢), and p*(t)
are the optimal state, control, and co-state functions, respectively. Then,
to minimize the objective function (1), a necessary condition for u*(t) is as

follows:
H (2" (t),u*(t), p*(t),t) < H(z*(t),u(t), p*(t), ), (7)

where t € [to,ty], for all impossible controls. Equation (7) is called the
PMP, where an optimal control must minimize the Hamiltonian function
[15]. According to the PMP, if x(¢),u(t), and p(t) are the optimal solutions

in (7), then they must satisfy the following conditions:

OH(x,u,p,t
% —tthp()
O0H (z,u,t,p) o
L) Dyta(t), ¥
aH(x7 u7p7 t) — 0
ou -
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We try to solve the system of equations (8) using the SNN. It can define
the main trial solutions using the SNN (4), so that the initial or boundary

conditions are satisfied, so they are constructed in the following form:

xp = xo + (t — t0)0s,

pr = (t - tf)opa (9)
U = Oy,
where
Oz = Z WirSHT), Op = Z Wf‘s’f(T)7 Oz = Z Wi SH(T),
=1 =1 =1

are state, co-state, and control neural networks, respectively. Note that since

x(ty) is free, then p(ty) = 0. By placing the trial solutions (9) in relation (8),

we have SH
axHTT = Df.pr(t),
0
Wf = 1, Dffar(t), (10)
oHr _,
BuT o

where Hp = H (z7(t),ur(t),pr(t),t). To solve the system of equations (10)
as an unconstrained minimization problem, we put them on the m + 1 points
of the interval [to,tf] as tx = to + %k‘, k=0,1,...,m. According to the
relation (5), the left and right RL fractional derivatives can be calculated as

follows:

k
1 a
to Df, o7 =~ ha ij( )xT(tk,j), k=1,2,...,m,
=0
m—k

uDfpr =~ e Z wj(-a)pT(tk+j), k=0,1,...,m—1.
7=0

Now, we construct the optimization problem as
. RS
min E(n) = 5 > {E1(trn) + Eatr,n) + Bs(tr,n)}, (11)
k=0

where 1 = (wg, wp, w,,) and
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o [OHp 1 m—k (a) 2 _
Ei(ty,n) = E_szzo w;pr(te+j)| , k=0,1,...,m—1,
_aH 2
EQ(tkan) = W; - }LZ?:Ow](‘a)xT(tk—j)] ) k= 1723"'7m7
[OHr?
Es(ty,n) = 87; k=1,2,...,m.

Based on [13, Lemma 1], if n satisfies the system of equations (11), then 7 is
an optimal solution of (1). So, one can verify that the minimization problem

(11) is equivalent to the following problem:
. 1
min B (i) = SllemIP*. (12)

Optimization algorithms such as steepest descent, Newton, quasi-Newton,
and conjugate gradient can be used to solve the problem (12). The main
advantage of the mentioned method is that it is not very complicated, and the
accuracy of the approximation solution can be increased using more training

points in the interval [to, ty].

Remark 1. In the present work, on the basis of sinc numerical methods
and using the sinc basis functions, we propose the SNNs for the optimal
control of fractional linear and nonlinear dynamic systems. Then, the results
have been compared with MLP. In [13], the MLP is used for the optimal
control of fractional dynamic systems. However, aside from the utilized neural
structure, the main approach to solving FOCP is similar to [13].

In this work, we introduce the SNN as a new neural network with a
simple structure for solving the FOCPs. Due to the beneficial properties of
sinc function, as described in Section 3, the SNN is powerful in solving the
problems. The simulation results show the capabilities of this neural network
in solving FOCPs.

Remark 2. Generally, utilizing the neural networks to solve the fractional
optimal control follows the presented approach in [13], and therefore, we can
spread the presented theory for the convergence and stability of the method

in that article to the present work.
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5 Numerical examples

In order to show the efficiency and application of the proposed technique,
three problems are solved in this section. In these numerical calculations,
the fractional derivatives are approximated using the GL operators. In all
the examples, five nodes are applied in the SNN to solve FOCP. To show the
efficiency of the proposed method, we have compared this method with MLP
and shown the error graph of each of these methods in the figures.

In this work, all numerical computations have been coded in MATLAB
R2017b with 16GB RAM. In the proposed approach, to adjust the param-
eters of neural structures, we are faced with some unconstrained nonlinear
optimization problems. These optimization problems have been solved using
the “fminunc” function, and the optimization algorithm has been selected as

“quasi-newton”.

Example 1. As the first example, consider the FOCP as follows:

min J = L [} (322(t) + w3(t))dt,
oDfa(t) = —a(t) + u(t),
z(0)=0, =z(1)=2.

The exact solution of this problem [13] in the case of a =1 is equal to

z(t) = 3 sinh(2t),
u(t) = %= (2cosh(2t) + sinh(2t)).

sinh 2

The Hamiltonian function of this example is as follows:

H(x7 u, p, t) = (3$2(t) + ug(t)) + p(t)( —z(t) + u(t))

N

According to relation (10), we have

DY p(t) = 3x(t) — p(t),
oDffa(t) = —x(t) + u(t),
u(t) + p(t) =0,
z(0)=0, z(1)=2.
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Due to the initial conditions, the trial solutions are selected as follows:
xr =2t +t(t — 1)o,,

PT = Op,

UT = Oy

Figure 2 shows the exact and approximate diagram of the state and control

function. Also, the error graph of the proposed method and the MLP are

compared.
T 2
SNN
6 [ -+ MLP
1.5 Exact
5
4 g1
3
05
2
1t 0
o 02 0.4 06 08 1 o 02 0.4 06 08 1
Time Time
-3 3
g %10 5 x10
MLP
2.5 SNN
6
= = 2
S =
54 S5
g 2
i 5
2
05
0 0
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
Time Time

Figure 2: Exact and approximated state and control functions and their errors for

Example 1.

In Table 1, we have expressed the error related to approximated state and
control functions in the number of points and the process time in the SNN is
2.4 seconds, while it is 2.51 seconds in the MLP.

Example 2. Consider the following FOCP [23]:
. 1
min J = 3 [ (22(t) + u?(t))dt,

oDx(t) = —a(t) + u(t),
z(0) = 1.

The exact solution of this example with o =1 is
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Table 1: Parameter values for Example 1

t  Error of z(t) (SNN) Error of z(¢t) (MLP) Error of u(t) (SNN)  Error of u(t) (MLP)

0.0 0 0 0.0023 0.0043
0.1 1075 1075 0.0004 0.0002
0.2 0.0001 0.0004 0.0012 0.0032
0.3 0.0004 0.0010 0.0025 0.0058
0.4 0.0006 0.0016 0.0034 0.0075
0.5 0.0009 0.0022 0.0039 0.0081
0.6 0.0011 0.0025 0.0037 0.0075
0.7 0.0011 0.0024 0.0029 0.0056
0.8 0.0010 0.0021 0.0012 0.0023
0.9 0.0006 0.0012 0.0014 0.0024
1.0 0 0 0.0050 0.0087

x(t) = cosh(v/2t) 4 Bsinh(v/2t),
(14 v/28) cosh(v/2t) + (V2 + B) sinh(v/2t),

<
—

~
N2

cosh(v2)+(v2sinh(v2) _, —0.98
(V2cosh(v2)+sinh(v2) 00"

Since z(1) is free, we conclude p(1) = 0. So, due to relation (10), we have

where g = —

tDTp(t) = z(t) — p(t),
oDga(t) = —a(t) + u(t),
u(t) +p(t) =0,
z(0)=1, p(1)=0.

From the initial conditions, the trial solution is written as

zr =1+ to,,
pr = (t—1)op,
UT = Oy

Figure 3 shows the exact and approximate diagram of the state and control
function, as well as the error diagram of the proposed method and MLP.

In Table 2, we have expressed the error related to approximated state and
control functions in the number of points and the process time in the SNN is
3.14 seconds, while it is 3.3 seconds in the MLP.
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- 5 1
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Figure 3: Exact and approximated state and control functions and their errors for

Example 2.

Table 2: Parameter values for Example 2

t  Error of z(t) (SNN) Error of z(¢t) (MLP) Error of u(t) (SNN)  Error of u(t) (MLP)

0.0 0 0 0.0098 0.0030
0.1 0.0014 0.0038 0.0002 0.0078
0.2 0.0002 0.0061 0.0039 0.0123
0.3 0.0019 0.0075 0.0043 0.0122
0.4 0.0034 0.0087 0.0024 0.0095
0.5 0.0038 0.0098 0.0006 0.0056
0.6 0.0030 0.0109 0.0034 0.0020
0.7 0.0012 0.0119 0.0050 0.0005
0.8 0.0008 0.0125 0.0046 0.0009
0.9 0.0020 0.0128 0.0013 0.0012
1.0 0.0011 0.0125 0.0055 0.0065

Example 3. In this example, we consider the FOCP as [1]

min J = L [ (22(t) + u2(t))dt,
oD¥x(t) = tz(t) + u(t),

)
z(0) = 1.

According to (10), we have
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+DYp(t) = x(t) + tp(t),
oDy x(t) = ta(t) + u(t),
u(t) +p(t) =0,
z(0)=1, p(l)=0.

It is clear that p(1) = 0 , because z(1) is free. Also, we can select the trial

solutions as

zr =1+ to,,
pr = (t—1)op,
UT = Oq.

This example does not have an exact solution; therefore, only approximate
solutions for the control and state functions are shown in Figure 4. Also,
approximate the state and control functions with different values of « are

shown. The operation time is 3.5 seconds.

il
B
i
W
i,
0.8/
Bl
Ly
06 .‘\
= e # =
5 S ", =
04 e
’M.““" --------------------- ""‘..P
02
0 ~
0 0.2 0.4 0.6 0.8 1 0 02 0.4 0.6 0.8 1
Time Time

Figure 4: Approximated of the state and control functions by assuming different values

of a for Example 3.

Example 4. Consider the nonlinear FOCP as follows [27]:

min J(z,u) = & [} (0.62502(t) + 0.5z (t)u(t) + 0.5u3(t))dt,
oD% (t) = 0.52(1) + ult),
z(0) = 1.

The exact solution of this problem in the case of & = 1 is equal to

Iran. J. Numer. Anal. Optim., Vol. 14, No. 4, 2024, pp 1016-1036



1031 Designing the sinc neural networks ...

z(t) = 0.99999 — 0.761547t + 0.499522¢? — 0.12498613,

+0.0379117¢4 — 0.00284627¢3,

—( tanh(1—¢)+0.5) cosh(1—t)
u(t) = ( cosh(l))

Figure 5 shows the exact and approximate diagram of the state and con-
trol function. In Table 3, we have expressed the error related to approximated
state and control functions in the number of points and the process time in
the SNN is 2.71 seconds, while it is 2.98 seconds in the MLP.

-0.2 1
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04 S +  MLP

) 0.9 Exact
-0.6

< o8 Zos
1

0.7
12

-1.4 0.6
0 0.2 0.4 0.6 0.8 1 (o] 0.2 0.4 0.6 0.8 1

Time Time

0.03 4

SNN

0.025 Lol

0.02

0.015

Error of u(t)

0.01

Error of x(t)
N w
\>
//
\

0.005

o 0.2 0.4 0.6 0.8 1
Time Time

Figure 5: Exact and approximated state and control functions and their errors for

Example 4.

6 Conclusion

In this work, based on the sinc numerical method, we presented a mnovel
structure for the SNN and used this network to solve the FOCPs. Compared
to MLP, this network has a simpler structure and fewer variables. The results
obtained from the simulations showed that the method used is more efficient
than the MLP. In general, ANNs have lower computational complexity. We
can increase the accuracy of the trial solution by increasing the number of

training points or different optimization algorithms. One of the important
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Table 3: Parameter values for Example 4

t

Error of x(t) (SNN)

Error of z(t) (MLP)

Error of u(t) (SNN)

Error of u(t) (MLP)

0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

0
0.0007
0.0003
0.0005
0.0012
0.0014
0.0010
0.0003
0.0005
0.0009

0

0
0.0017
0.0029
0.0034
0.0031
0.0020
0.0005
0.0011
0.0024
0.0027
0.0015

0.0135
0.0011
0.0070
0.0068
0.0029
0.0023
0.0067
0.0084
0.0059
0.0022
0.0169

0.0265
0.0216
0.0134
0.0047
0.0027
0.0076
0.0091
0.0069
0.0008
0.0092
0.0228

1032

advantages of ANNs is that we can train the neural network at some points,

but the final approximation solution can be calculated at each arbitrary point

in the training interval.

utilized to solve delay FOCPs.
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numerical methods and offer a promising alternative for tackling inverse
source problems while avoiding overfitting by carefully selecting regular-
ization parameters. To validate the effectiveness of our approach and il-
lustrate an exponential convergence, we present some test problems along
with the corresponding numerical results. The proposed method’s superior

accuracy compared to the existing methods is also illustrated.

AMS subject classifications (2020): Primary 35R11; Secondary 65M70, 65M22.

Keywords: Machine learning; Support vector machines; Inverse Source

problem; Time fractional wave equation; Space-time Galerkin.

1 Introduction

Inverse problems are a significant area of research in various fields, including
physics, engineering, geophysics, medical imaging, and many others. The
fundamental nature of an inverse problem lies in determining the cause or

source of an observed effect or measurement.

In the process of designing industrial system components, there are often
instances where the desired future state of the system is known as a set of
observations, and the aim is to calculate the underlying causes that result
from those observations. As an illustration, consider certain diffusion pro-
cesses where the final temperature, together with the initial and boundary
conditions, is known. However, the value of the diffusion coefficient is yet to
be determined. Likewise, in other scenarios, information regarding the vibra-
tions of a rod or the voltage at a specific future time is provided, necessitating
the determination of the associated source term. These two situations can be
classified as the coefficient inverse problem and the inverse source problem,

respectively.

Within the medical domain, the coefficient inverse problem plays a no-
table role in drug delivery applications. In this context, the proper selection
of ingredients is vital to achieve a targeted final density of medicine within a
predetermined time frame within the blood vessels. Inverse source problems

appear in diverse domains, including crack analysis in nondestructive material
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evaluation [32], solving inverse heat equations to determine boundary condi-
tions on inaccessible surfaces of a scramjet combustor [6], cell detection [7],
models of light propagation in optical tomography across various scales [2],
as well as determining absorption and diffusion coefficients in photo-acoustic
imaging [27]. Additional instances include the retrieval of the adsorption-
desorption source density rate, the exploration of elasticity problems [36],
and the investigation of functionally graded materials [11].

Two important types of inverse source problems concern the wave and
diffusion equations. In this work, we focus on the inverse damped wave prob-
lems and present a novel numerical simulation method based on Galerkin-
type least-squares support vector regression (LS-SVR), which is a supervised
machine learning algorithm.

The numerical solution of inverse problems that involve time-fractional
wave equations has attracted considerable attention due to its wide range
of applications in various scientific and engineering domains [3, 16, 25, 28].
Table 1 provides a short literature review of the recent works, focusing on the
applications, methods, and key references in the field of inverse problems.

In recent years, support vector machines (SVM), support vector regression
(SVR), and LS-SVR have emerged as powerful and versatile tools for solving
differential and integral equations [18, 22, 23, 35|, among others. These
machine learning methods offer advantages such as high accuracy, robustness,
and the ability to handle large datasets.

In this research article, our primary objective is to present a space-time
Galerkin method that implements LS-SVR as a numerical solution for the
inverse time-fractional wave equations. In the proposed algorithms, we aim
to improve the efficiency and effectiveness of solving inverse problems in the
context of time-fractional wave models. Through extensive numerical exper-
iments and comparative analyses, we will demonstrate the superior perfor-
mance of these methods in terms of accuracy, stability, and computational
efficiency.

The time-fractional wave equations concerning the inverse source prob-
lems arise in reconstructing the source functions. They have found many
other applications in engineering [3, 13, 25, 28, 17]. Here we focus on such

equations. We denote the space domain by A C R?, which is assumed to be
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Table 1: A literature review for the numerical methods for inverse problems. Let ICs

and BCs stand for initial and boundary conditions.

inverse type ‘ ref ‘ method applications
all types [37] review work vehicle-bridge interaction dynamics
n-pixel image | [20] machine learning image reconstruction
source (1] deep learning seismic inverse problem
1Cs, BCs [4] adjoint method heat transfer problem
source [16] finite element method wave source reconstruction
source [19] | real-time reconstruction | locations, and magnitudes of wave sources

a bounded Lipschitz domain, the time domain by I = [0,T], the space-time
domain by 2 = A x I, and the boundary of the space domain by OA =T

We consider the following inverse wave equation with damping;:
tial?u + §(0fu) — V- (aVu) +cu+ K xu=f+35,  forall (z,t) €9, (1)

with the unknown source f. Here the operator * denotes the convolution

integral given by

(k*u)(t) = /0 K(t — s)u(s)ds.

In this problem, u, a, ¢, and § are spatiotemporal functions, K = K (t), and
f = f(z). The damping term § may be a nonlinear monotonic function, and
the kernel K is assumed as a smooth function [12]. The linear and nonlinear
cases of g(x) = x or 2 are discussed exclusively for the integer order a = 1
in [29).

The problem (1) is equipped with the boundary and initial conditions

u(z,0) = ho(x), forx €A, (2)
ut(x,0) = hy(z), for xz €A, (3)
ulp =0, fortel. (4)

In this paper, the final observation is assumed as

u(@, T) = ¢r(z). (5)
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The goal is to recover an unknown spatially distributed source f = f(z) €
L2(A), as well as the velocity u € H(Q).

Wave propagation in some complex media has special non-local and
memory-dependent properties that are better captured in modeling with frac-
tional derivatives. This approach allows for the incorporation of memory ef-
fects into wave equations, which leads to more accurate models [17]. For the
inverse source problem (1)—(5), the uniqueness of the solution is discussed in
[29].

Stability issues and challenges in inverse problems arise due to their ill-
posed nature, sensitivity to noise, computational complexity, and uncer-
tainties in the models. However, by employing regularization techniques,
Bayesian inference, data filtering and preprocessing, careful model selection
and validation, and proper regularization parameter selection, it is possible
to mitigate these issues and obtain stable and reliable solutions to inverse
problems. The proposed machine learning method in this work utilizes a
Tikhonov regularization to overcome the stability issues. These aspects are
discussed in the numerical results.

This paper introduces a space-time Galerkin LS-SVR approach with the
orthogonal polynomial kernel that offers a unified framework for discretiza-
tion, implementation, and regularization. It also demonstrates rapid conver-
gence in both the spatial and temporal dimensions for solving the inverse
time-fractional wave equation (1)—(4). The proposed method effectively ad-
dresses stability issues and achieves exponential convergence. During the
training process, the solution is sought within a finite-dimensional space us-
ing simple orthogonal polynomial functions. Polynomial kernels in LS-SVR
offer advantages in inverse source problems due to their ability to capture
nonlinear relationships, computational efficiency, simplicity, interpretability,
robustness to noise, and flexibility in model customization.

The main contribution of this work is to propose a space-time LS-SVR
method, utilizing an orthogonal polynomial kernel for solving the inverse
source problem of the time-fractional wave equation.

The paper is structured as follows. In Section 2, a concise overview of
fractional derivatives, SVM for classification and regression, as well as ap-

proximation by orthogonal kernels is presented. Section 3 focuses on intro-
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ducing our LS-SVR numerical method for simulating damped wave equations
with memory. In Section 4, some test problems are provided to demonstrate
the efficacy of the method. Finally, the paper concludes with some closing

remarks.

2 Preliminaries

In this section, we present some preliminaries required in the next sections.
The following subsections include the basic definitions of fractional calcu-
lus, function approximation with orthogonal polynomials, weighted residual

methods, and SVM for classification and regression.

2.1 Modeling with fractional derivatives

Fractional derivatives provide a flexible tool for modeling certain phenomena
in science and engineering offering greater compatibility with the experimen-
tal results compared to classical derivatives. It is now well established that
the fractional diffusion and wave equations exhibit more realistic results and
support various applications ranging from population dynamics to mathemat-
ical finance (e.g., as Black—Scholes equations). Due to the lack of analytical
methods for fractional partial differential equations, developing numerical

techniques is an ongoing research field.

Let n—1 < a <n, n € N. The Caputo and Riemann—Liouville definitions
for fractional derivative of order o > 0, denoted by th(a) fand §LD§“) f, are,

respectively, given by [8, 24]

Eopr

D) (1) F(nl_a)/ (t_fT)oE_lHdT, (©6)
o 1 o [ T

aRLDt( )f(t) = F(n—a)a/a (t—iga)”ﬂdﬂ (7)

wheren — 1 < a <nandn € N.

The right Riemann—Liouville derivative of order « is given by
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—_1\n T T
ELD(Ta)f(t) = Fén 1_) ) % e _ftga)—mrl dr. (8)

2.2 LS-SVR and orthogonal kernels

Machine learning techniques, such as SVM and SVR, have gained widespread
recognition within the research community and industry for their ability to
classify data and predict patterns in large datasets. SVM addresses classi-
fication tasks, while SVR focuses on regression problems. Both algorithms
formulate an optimization problem with inequality constraints to achieve
their objectives. Similarly, the least squares variants, LS-SVM, and LS-SVR,
convert these inequalities into equalities, simplifying the quadratic program-
ming into a system of linear equations. This transformation allows for ef-
ficient training and easier solution computation. For more details, see, for
example, [5, 9].

For a known data set (x;,y;), ¢ = 1,..., N, where the real numbers y;’s
are the target value for the independent data x; € R™ LS-SVR finds the
wights w;’s and the bias b € R in y(x) = wl¢(x) + b with known functions

¢, by solving the following optimization problem:

1
min ~wlw + LeTe (9)

2 2
st. yi=wl¢(x;)+b+e, i=1,...,N.

Here v € R* denotes the tuning parameter ,w = [wy,...,wy]T,¢ =
[#1,...,6m]T. The hyperparameter v controls the trade-off between the
model complexity and the accuracy of the regression. It is used to penalize
the deviation of the predictions from the actual target values. A smaller value
of v allows for more complex models that are able to capture fine details and
noise in the data but may suffer from overfitting. In our work, in which an
inverse fractional partial differential equation is considered without noise, we
follow the same values as the recent publications [18, 22].

Utilizing the Lagrangian, which combines the objective function and a lin-
ear combination of the constraints using the dual variables «;, this quadratic

programming problem is transformed into a dual problem given by an equiva-
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lent linear system. The following theorem establishes the equivalence between
the primal problem, represented as a quadratic programming formulation (9),

and a linear system [18, 21, 33, 34].

Theorem 1. An equivalent form of the quadratic programming (9) is given

by
W+Liiy1 a
1T 0 || 0
in which W is a positive definite matrix with the entries W; ; = ¢T (z;)¢(z;),
Iy is the identity matrix, 1% = [1,...,1] € RN, y = [y1,...,yn]?, and
the dual variables & = [a1,...,an]?. Then with the kernel K(z,z;) =
T (x)p(z;), we have
N
y(@) =) oK (z,2;) +0. (11)
j=1

The kernel function computes similarities between pairs of data points in
the input space. The purpose of the kernel in SVM is to transform the data
into a higher-dimensional feature space, where it becomes easier to separate
or make accurate predictions. The Mercer theorem states that a symmet-
ric positive definite kernel function is necessary and sufficient for SVM to

guarantee the existence of a corresponding feature space mapping [15].

To use orthogonal polynomials as kernels in SVR, we can define the kernel
function as follows: K(x,2') = ¢T(z) - ¢(z'), where ¢(z) is the feature map
that transforms the input space into the space of orthogonal polynomials. We
denote the set of polynomials with a degree less than or equal to M on the
unit interval [0, 1] by Pas. A basis for this set is given by Jacobi polynomials
pLeP) (x) with a, 8 > —1, which are orthogonal on [—1, 1], [10, 31]

1
/ P () PO () (@) (2)dz = 0, 1 £ m, (12)
1

with x(®#)(z) = (1 — 2)*(1 + )?. These functions result in fewer computa-
tions due to the sparsity of the involved matrices in the variational formula-

tion of the method. The endpoint values are also given by
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e e e (A S T (i ()

n n
which are used in handling boundary conditions for an efficient formulation
of the proposed method [30].

A special case when a = 0,3 = 0, the Legendre polynomials are easily

obtained by the recurrence formula
(n+1)Pyyi(x) = 2n+1)aPy(z) — nPy_1(x), n>1, (14)

starting with Py(z) = 1, Py(x) = . By (13), they have the boundary values
P,(-1)=(-1)", P, (1) =1.
We use the shifted Legendre polynomials that are orthogonal on the de-

sired domain [0, 7] as

Ln(t):Pn(g—l), n=20,1,2,..., (15)
with
/L (t)L,(t)dt = L(5 (16)
s m n - 27’L+1 m,n-

3 LS-SVR for the inverse time-fractional wave equation

In this section, we first recall the Sobolev spaces and the specific spaces
required in our formulation and the associated norms [14, 26, 31]. Then, we

present the variational formulation and a space-time Galerkin LS-SVR for

(1)-(5).

3.1 Functional spaces

The Lebesgue spaces LP, p > 1 on the domain A, denoted as LP(A), refers
to the space of measurable functions u with pth power Lebesgue integrable
on A, with the inner product. For p = 2, it is a Hilbert space with the
inner product (u,v) = [, uvdA endowed with the norm ||ul2 = (u,u)*/?. On
the other hand, the Sobolev spaces W*®(A) consist of functions with weak

derivatives up to order k that are also in LP(A). It can be mathematically
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expressed as
WHFP(A) = {u: D°u € LP(A),|s| <k},

where D®u represents the weak derivative of u with respect to the multi-index
s. The associated Sobolev norm |[ul|y,, is given by |[ullr, = (35, [Ju® [9RES
For the special case, where p = 2, W*2(A) is a Hilbert space, denoted by
HF(A). These functional spaces are defined on the spatial domain A. Also,
these spaces on the temporal domain I are defined similarly. For a functional

space X, the = — t spaces for s > 0, are defined as

H*(I; X) = A{v: [lo( t)llx € H* (1)},
Hi(I; X) = {v: lv(, )|l x € H5 (D)},
with the subscript zero as the Sobolev space with compact support.

Also, we define the Banach space B*(Q2) = H*(I; L*(A)) N L%(I; HE(A))
equipped with the norm

[l

Bo) = [[vllms(r:e2a)) + vl L2 (2 (0))-

Also, C§°(I) refers to the smooth functions on I with compact support with

the closure in terms of || - |2, H3(I).

Note that we first use a change of variable for the damped wave equation

(1)—(5) as
v(z,t) = u(z,t) + ho(x) + thy (),

to make the initial conditions homogeneous. So we have
Pu+ g(0fu) = V- (aVu) + Bu+ K xu=f+s, forall (z,t) €Q, (17)
with the initial conditions
w(z,0) = 0,us(z,0) =0, forallz €A, (18)
the BCs
ulp =0, foralltel, (19)

and the final condition
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w(z, T) = p(x) == Pp(x) — ho(z) — thy(x). (20)

Now, we introduce the variational formulation of the problem (17)-(20),
an easy-to-compute associated bilinear form as well as a space-time Galerkin

LS-SVR for the numerical simulation of the problem.

3.2 LS-SVR with variational formulation of the inverse

time-fractional wave equation

Here, we first present the LS-SVR for Lu = f with a linear differential
operator £ and with some appropriate homogeneous boundary conditions.
The approximate solution in dual variables by using a kernel function is

assumed as

M=

u(x) = a; K(z,xj), (21)

J=0

with a kernel K (-,-) in which the weights are given by the following problem:

min %wTw + %eTe (22)
s.t. (wT£¢(x)7wl) - (f(x)71/)l) = €4, i = Oa ceey M7

with the assumption that ¢;’s satisfy the homogeneous boundary conditions
so do u (21).
The quadratic programming (22) may be written as an equivalent linear

system. This is given by the following theorem.

Theorem 2. The dual variables «;’s in (21) are given by
1
with
bi=(f,v), i=0,...,M,
M

Wk,z:Z(£¢J7wk)(£¢J7wl)7 k7Z:077M (24)

Jj=0
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Proof. We consider the Lagrangian as
L 7 7T u T
L= W w + Se e gai((w Lo, ;) — (fihi) —ei).

Then, we have the following optimality conditions:

oL l

Sur =0— wy Z;ai(ﬁ@mwz‘), (25)
oL

a—%:O%'yek—&—ak:O, (26)
oL T

T:O%(w £¢71/)k)_(fa¢k)_€k:07 (27)
(697

for k=0,..., M. So, substituting e from (26) into (27), we have

M
S s (L6 ) + e = (£
=0

Now, by (25), we get

M M

Zzai(c%"%)(ﬂ%,lﬂk) + %ak = (f,Vr)-

j=0i=0
Using the Kronecker delta, this can be written as

M M

> (3065, (£65,0) + o) = (.30,

i=0  j=0

which is the desired result. O

Note that the system (23) has a simpler form than (10) for known datasets
since the constant function is involved in the basis functions.

Now, we present an algorithm for the numerical simulation of the frac-
tional inverse source problem in the LS-SVR using orthogonal Legendre poly-
nomials as the kernel. For the approximation in space [0, 7], and time interval
[0, T, we use combinations of ¢, (2) = P (22 —1) and ¥, () = P, (2t/T—1),
respectively, which satisfy the boundary conditions.

We consider the weak formulation of (17)—(20), on the space-time domain

Q=Ax1I:
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(0Fu,v)q + (g(0fu),v)q — (V- (aVu),v)q + c(u,v)q + (K * u,v)q
= (fv U)Q + (Sa U)Qa (28)

for all v € B*/2(Q). For f € L?*(Q), the problem is to find u € B*/2(Q2) such
that

A(u,v) = F(v), for all v € BY?(Q), (29)

in which the bilinear form A4 is a manipulation of (28) and the the functional
F are given by

A(u,v) = — (0w, Ov)a + (9(05u),v)q + ((aVu), Vu)q + c(u,v)q + (K *u,v)q,
]:(U) = (va)Q+(57U)Q~ (30)

We later consider a flexible margin with a tolerance for errors in the LS-
SVR for the constraints (29). The bilinear map in the weak form characterizes
the interactions between the unknown function and the derivatives using
suitable test functions. The variational formulation, based on the bilinear
form, leads to an algebraic system of equations enabling us to solve using
numerical methods. On the other hand, the Lax—Milgram lemma ensures the
existence and uniqueness of the solution as well as the continuous dependence
of the solution on the given data when A in (30) is a continuous, bounded,

and weakly coercive function, that is,

SUp|jy=1 [A(u, )| = cllul|  for all u,

SUp|jy=1A(u, v)| >0,  for all v # 0.
Note that the term (§(9fu), v)q may be written in terms of the derivative of
order /2 by using integration by parts, the definitions of the left and right

Riemann—Liouville derivatives and some algebraic manipulations. We do this

by following the work of [14, Lemmas 2.1 and 2.6].

Lemma 1. Let s € (0,1),u(t) € H*(I),v(t) € C§(I). Then, the inner

product of a fractional derivative with a function changes the order as
(" 0fu, v)r = (usr 07 0) 1. (31)

Proof. By (7) and integration by parts, we have
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T
(BLofu,v)r = / O udt

l—a/ dt/ t—’T Tv(z,t)dt

_F(ix—tzl)/o zz(iET))db 1_@// t— datvdt

d at’l)dt

lfa / / th
e // a”’ sz, e
=Tl _a / (E/T mdt)u(sc,r)dT

= (u,r Op'v)7.
O
We use (31) to get the following result.
Lemma 2. Let 0 < a < 1, u € oH'(I),v € ¢H*/?(I). Then,
(00w, v)1 = (87 P, 05 %0) 1. (32)

Proof. First, we consider a sequence v,, € C§°(I) such that
lvn — vl gos2ry = 0, 1 — 0.
By (31), we have

(0%, vn); = (077200 %u,vn) 1
= (af/Qu,t 8%/211n)1.

By using the Schwarz inequality, we get
(0w, vn)1 = (07w, v) 1| < |07 ull[lv = vall.

This tends to zero as n — oo, which leads to (32).

Now, for a constant a € R, we have the standard weak formulation for
the problem (17)-(20) as follows. Find u € B*/?(Q) with

—(Opu, Opv) o + C(@ta/Qu,t 8%/21))9 + a(0ru, 0x0)q + c(u,v)q + (K *xu,v)q
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= (f,U)Q+(S,U)Q, (33)

for all v in the infinite-dimensional space B*/%(Q). To be practical, we present
an LS-SVR formulation by orthogonally projecting this form into trial and
test spaces with finite dimensions. To discretize the problem (17)—(20) in the
space-time domain, the approximate solution in space is sought in Pg;(A),
and the space of polynomials on A with degree at most M having compact
support on A. The approximate space in time includes the functions v € Py

with v(t = 0) = 0. The space-time trial space is written as
Sun = P (M) @ PY(I). (34)

For simplicity, let Sy, = Syr,n be the finite-dimensional space in both direc-

tions. 0

The LS-SVR for the problem (17)—(20) is as follows. By letting a tolerance

in the bilinear form, we seek uy, € Sy, by considering

min %wTw + %eTe (35)

s.t. A(UL,UL)—]:(UL):ei, i=0,---, M, fOI‘aHULESL,

in which

M N
UL(x,t) = Z Z um,nqu(x)%(t% (36)

m];() n=0
fr(@) =" fmom(2), (37)
m=0

with the trial functions. To facilitate the computations in inner products
and make use of the orthogonality in (35), the test functions are chosen as
v, = ¢i(x);(t) € Sp. So, we have a sparse system of linear equations as
constraints in (35), and we call the optimization problem (35) with uz € Sg,
as (36), fr € PY;(A) as (37), the space-time Galerkin LS-SVR for the inverse

problem (17)—(20). The constraints in (35) are written as follows:

—(Byur, Bvr)o + (07 Pup 8;/2’%)9 + a(0yur, 0zvr)a + c(ur,vr)a

+(K *ur,v)a = (fr,vr)a + (s,vp)a +e. (38)
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Note that there are alternatives such as collocating at some points and/or
using other test functions. However, from a computational point of view,
Galerkin LS-SVR (35) is preferred. We present analytical relations for com-
puting the inner products in (38). The relation (38) is written in the form

—PO’OUQl’l + CP0,0UQOA/2,Q/2 _’_PO,OUQa/2,a/2 —|—aP1’1UQO’O
+cPYUQ™ + PXOUQY’ = F

In this relation, the matrices P,Q,U, and F are given by
= (079, 0;9)a,

= (079, 031,

(059, K % 039)1,

(fL +35,¢i(x )wj(t))sz

QOO

We treat the inner products in the first term analytically and the second
term numerically for the sake of efficiency. The analytical part provides the
use of orthogonality, which leads to sparse matrices for an efficient compu-

tational cost.

4 Numerical experiments

In this section, we consider some linear and nonlinear test problems to illus-
trate the convergence of the proposed space-time Galerkin LS-SVR algorithm
for the inverse source problems. The purpose is to check the convergence be-
havior of the numerical solutions for increasing degrees of polynomials M and
N and some fractional derivatives a. We plot the errors with three measures
L>, L?, and H'-errors in semi-log scale to illustrate the exponential con-
vergence. The figures include the convergence behavior in both spatial and
temporal dimensions with a fixed M and N, respectively. The exponential
convergence is confirmed since the logarithm of errors behaves as linear func-
tions versus the polynomial degree. The L>°, L%, and H '-errors are computed
by
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L (ug) ~ ogrf}?gm \U(xi,tj) —ur(zi,t5)], (39)
1 M

P(us) % (g 3 (UG t5) = s t) )2 (40)
i,j=1

H'(up) ~ (L*(ug) + L*(8,ur))?, (41)

with z; = ﬁ'7 1=0,..., M. The errors are computed on a grid of 101 x 101
equidistant points on the x —t domain for all numerical examples. That is, we
set the number of test points, M = 100. For the errors of the source function
f, we use similar measures but on space only. We use the experimental order

of convergence (EOC) in time as

1n(6i+1/61‘)
FOC;, = ——————,
In(N;/Nit1)

in which e; is the error with NV; as the number of training points, At =
1/N;y;i = 1,2,... and a fixed number of spatial basis functions M. The

EOC in space is computed in a similar manner.

Example 1. As the first example, we consider the linear case, g(u) = wu,

with the following data:

ho =0,hy =sin(z),ulr =0, a=1, c=2, K = —1,

Y = sin(x), s = 2sin(x) cos(t) + 2sin(t) cos(x),
on the domain (x,t) € [0,7] x [0,7/2] with the exact solution u(z,t) =
sin(t) sin(z) and f = —sin(x). The problem (1)—(5) with these data was also

considered for & = 1 in [29]. With same parameters, the Landweber-type

algorithm discussed in [29], gives the following errors with seven iterations

lur (2, T) — ¢pr(z)] <1074,

If7 = fIl < 0.018.
The proposed scheme, that is, the space-time Galerkin LS-SVR, algorithm,
gives the following results after seven iterations

|urz (2, T) — r(z)|| < 1.31e — 05,
| f7 — fIl < 2.27e — 03.
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We report the numerical errors as well as the convergence rates in terms of
L*>, L?, and H' measures versus M with N = 16 and o = 1, to demonstrate
the spatial convergence of our proposed scheme for the wave and source func-
tions in Tables 2 and 3, respectively. Running time is also reported for these
results. It is worth noting that the results of Tables 2 and 3 are obtained at
once, giving wave and source functions, respectively. Therefore, the time is

reported only for one of these tables.

Table 2: L°°, L?, and H! errors and spatial convergence rates of the wave function

versus M with N = 16 and o = 1 for Example 1.

M L™ EOC L2 EOC H? EOC  time (s)
2 5.22e-02 2.33e-02 1.01e-01 2.01
4 1.44e-03 51799 T7.16e-04 50242 5.29e-03 4.2549  10.61
6 1.98-05 10.5723 9.12e-06 10.7610 1.34e-04 9.0655  29.53
8 1.48¢-07 17.0196 6.99¢-08 16.9324 2.68¢-06 13.5984  63.94

10 1.34e-09 21.0830 5.10e-10 22.0504 3.07e-08 20.0289  113.37
12 1.86e-11 23.4600 8.21e-12 22.6471 2.92e-10 25.5333  194.41

The spectral convergence of the method is seen in Figures 1 and 2 in
which a linear semi-log plot verifies the exponential convergence for the wave

and source functions, respectively, for v = 1.

Table 3: L°, L2, and H' errors and spatial convergence rates for the source function

f versus M with N = 16 and a = 1 for Example 1 time is the same as 2.

M |f—fnlle  EOC |If —fnll2  EOC |f— fnlla, EOC
2 5.04e-01 2.38e-01 6.06e-01

4 5.78e-02 3.1243 2.72e-02 3.1293 1.35e-01 2.1664
6 2.64e-03 7.6115 1.18e-03 7.7385 9.95e-03 6.4314
8 6.95e-05 12.6432 3.11e-05 12.6392 3.34e-04 11.7984
10 1.06e-06 18.7460 4.73e-07 18.7586 6.07e-06 17.9606
12 1.08e-08 25.1560 4.83e-09 25.1438 4.59e-08 26.7914
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Figure 1: L, L? and H' errors for the wave function versus M with N = 16 and a = 1

for Example 1.

Tables 4, 5, and 6 demonstrate the spatial convergence of our proposed

scheme as well as the running time for the wave function versus M with

N = 16 for some fractional orders.

Table 4: L°°, L?, and H! errors and spatial convergence rates of the wave function

versus M with N = 16 and a = 0.1 for Example 1.

M Lo EOC Ly EOC H, EOC  time (s)
2 5.76e-02 3.03e-02 9.76e-02 2.06
4 1.61le-03 5.1609 7.61le-04 5.3153 5.15e-03  4.2442 10.98
6 7.34e-05 7.6161 3.48e-05 7.6086 1.4le-04 8.8737 26.01
8 4.61e-07 17.6246 2.10e-07 17.7636 2.71e-06 13.7367 55.78
10 3.03e-09 22.5184 1.24e-09 22.9986 3.12¢-08 20.0063  162.14
12 2.87e-11 25.5561 1.46e-11 24.3627 2.75e-10 25.9509  257.39
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Figure 2: L*,L2% and H! errors for the source function versus M with N = 16 and

a =1 for Example 1.

The spectral convergence of the method is seen in Figures 3, 4, and 5,

where a linear semi-log plot verifies the exponential convergence for the wave

function for some fractional derivatives.

Table 5: L°°, L?, and H! errors and spatial convergence rates of the wave function
versus M with N =16 and « = 0.5 for Example 1.

M L™ EOC L? EOC H! EOC
2 5.22e-02 2.26e-02 9.72e-02

4  1.55e-03 5.0737 7.48e-04 49171 5.21e-03  4.2216
6 4.23e-05 8.8817 1.95e-05 8.9946 1.30e-04  9.1026
8 3.00e-07 17.2022 1.36e-07 17.2604 2.67e-06 13.5061
10 2.25e-09 21.9269 8.78e-10 22.5987 3.09e-08 19.9830
12 2.47e-11  24.7468 1.27e-11 23.2339 2.80e-10  25.7990

Now, we investigate the effect of increasing the number of training points

in the time direction. To do so, we fix the number of used polynomials in the

Iran. J. Numer. Anal. Optim., Vol. 14, No. 4, 2024, pp 1037-1068
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Figure 3: L°°, L2, and H! errors for the wave function versus M with N = 16 and

a = 0.1 for Example 1.

Table 6: L°°, L?, and H! errors and spatial convergence rates of the wave function

versus M with N = 16 and « = 0.9 for Example 1.

M L EOC Lo EOC H, EOC
2 5.22e-02 2.27e-02 1.01e-01

4  1.46e-03 5.1600 7.24e-04 4.9706 5.28e-03  4.2577
6 2.24e-05 10.3021 1.06e-05 10.4175 1.33e-04 9.0793
8 1.72e-07 16.9261 7.97e-08 16.9991 2.67e-06 13.5854
10 1.51e-09 21.2212 5.69e-10 22.1478 3.07e-08 20.0121
12 2.47e-11 24.7468 1.27e-11 23.2339 2.80e-10  25.7990

space dimension M = 15. We report the L>, L2, and H! errors to show the

temporal convergence of our proposed scheme for the wave function versus

N and a =1, @ = 0.5 in Tables 7 and 8, respectively.

The temporal convergence of our proposed scheme for the wave function

versus N with M =15 and a = 1, a« = 0.5 in Figures 6 and 7, respectively.
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Figure 4: L°°, L2, and H! errors for the wave function versus M with N = 16 and

a = 0.5 for Example 1.

Table 7: L°°, L?, and H! errors and temporal convergence rates of the wave function

versus N with M =15 and a = 1 for Example 1.

N Lo EOC Lo EOC Hy EOC
2 6.85e-02 3.41e-02 4.83e-02

4  194e-03 5.1420 8.92e-04 5.2566 1.60e-03  4.9159
6 7.69e-06 13.6400 3.24e-06 13.8554 5.08e-06 14.1873
8  2.26e-08 20.2645 1.21e-08 19.4316 1.63e-08 19.9592
10 6.32e-11 26.3481 3.28e-11 26.4876 4.55e-11  26.3562
12 2.26e-13  30.8988 1.06e-13 31.4540 1.41e-12 19.0549

The next example illustrates the convergence of the proposed method in

space and time for the wave and source functions in a nonlinear case.

Example 2. Consider the problem (1) with the same parameters but the

nonlinear function g(u)

2

:u7

s = sin?(z) cos?(t) + 2sin(t) sin(x) + cos(t) sin(z),
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Figure 5: L°°, L2, and H! errors for the wave function versus M with N = 16 and

A space-time least-squares support vector regression scheme for inverse ...

10°
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error
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1072

a = 0.9 for Example 1.

Table 8: L%, L?, and H' errors and temporal convergence rates of the wave function

6

polynomial degree M

8

versus N with M = 15 and « = 0.5 for Example 1.

10 12

N Lee EOC L? EOC H! EOC

2 6.85e-02 3.41e-02 4.83e-02

4  2.38e-03 4.8471 1.11e-03 4.9411 1.72e-03  4.8115
6 9.07e-06 13.7370 3.86e-06 13.9628 5.89e-06 14.0008
8  2.94e-08 19.9238 1.53e-08 19.2246 2.16e-08 19.4948
10  8.05e-11 26.4426 4.25e-11 26.3781 5.83e-11  26.5069
12 4.18e-13 28.8530 1.88e-13 29.7322 1.49e-12 20.1119

on the same domain [0, 7] x [0, 7/2] as for Example 1 with the exact solution
u(z,t) = sin(¢t) sin(z) and f(z) = —sin(x). The problem (1)—(5) with these
data was also considered for a = 1 in [29]. The results (errors) obtained by

the Landweber-type algorithm discussed in [29] with 13 iterations are

luig(x, T) — ¢r(z)] < 0.001,
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Figure 6: L°°, L2, and H' errors for the wave function versus N with M = 15 and a = 1

for Example 1.

| f13 — fl <0.02.

By the proposed scheme of this paper for this example with 13 iterations, the

following results are obtained

|u1s(z, T) — r(z)| < 1.90e — 11,
| fis — f|| < 8.66e — 09.

We report the numerical errors as well as the convergence rates in terms of
L>, L?, and H' measures versus M with N = 16 and a = 1 to demonstrate
the spatial convergence of our proposed scheme for the wave and source func-

tions in Tables 9 and 10, respectively.

The spectral convergence of the method is seen in Figures 8 and 9 in
which linear semi-log plot verifies the exponential convergence for the wave

and source functions, respectively, for o = 1.
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Figure 7: L°,L?, and H! errors for the wave function versus N with M = 15 and

a = 0.5 for Example 1.

Table 9: L°°, L2, and H! norm errors of the wave function versus M with N = 16 and

a =1 for the time-fractional wave equation using space-time Galerkin LS-SVR.

M L> EOC L? EOC H! EOC
2 5.84e-02 3.08e-02 9.77e-02

4 1.62e-03 5.1719  7.56e-04 5.3484 5.11e-03  4.2570
6 7.13e-05 7.7030 3.48e-05 7.5923 1.41e-04 8.8545
8  3.92e-07 18.0873 1.77e-07 18.3579 2.62e-06 13.8541
10 2.40e-09 22.8364 9.66e-10 23.3515 3.07e-08 19.9274
12 2.45e-11  25.1454 1.24e-11 23.8889 2.74e-10  25.8822

Table 11 demonstrates the convergence in time of the proposed scheme

for the wave function, versus N with M = 15 for a = 0.5.

The spectral convergence in time of the method is seen in Figure 10 in

which a linear semi-log plot verifies the exponential convergence for the wave

function for o« = 0.5.
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Figure 8: L, L? and H' errors for the wave function versus M with N = 16 and a = 1

for Example 2.

Table 10: L, L2, and H! errors and spatial convergence rates of the source function

versus M with N = 16 and o = 1 for Example 2.

M |f—fnlle  EOC |If —fnll2  EOC |f— fnlla, EOC

2 4.76e-01 2.23e-01 5.12e-01

4 5.48e-02 3.1187 2.55e-02 3.1285 1.24e-01 2.0458
6 2.63e-03 7.4894 1.20e-03 7.5379 1.07e-02 6.0425
8 6.95e-05 12.6300 3.12e-05 12.6864 3.51e-04 11.8784
10 1.06e-06 18.7460 4.73e-07 18.7730 6.08e-06 18.1757
12 1.08e-08 25.1560 4.83e-09 25.1438 5.05e-08 26.2766

As observed from the numerical results, the proposed LS-SVR, which

employs orthogonal kernels with Legendre polynomials, yields approximate

models with the desired accuracy and demonstrates favorable convergence

behavior as the number of training points in both dimensions increases.
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Figure 9: L>,L2? and H! errors for the source function versus M with N = 16 and

a =1 for Example 2.

Table 11: L, L?, and H! errors of the source function and temporal convergence rates

versus N with M = 15 and a = 1 for Example 2.

N L EOC L? EOC H! EOC

2 6.85e-02 3.41e-02 4.83e-02

4  2.40e-03 4.8350 1.13e-03 4.9154 1.67e-03 4.8541
6  9.55e-06 13.6305 4.23e-06 13.7811 6.45e-06 13.7040
8 3.25e-08 19.7546 1.65e-08 19.2803 2.34e-08 19.5323
10 8.37e-11 26.7171 4.539e-11 26.3716 6.30e-11  26.5182
12 5.87e-13 27.2045 2.83e-13 27.9110 1.66e-12 19.9445

5 Conclusion

In this study, we addressed an inverse source problem concerning the time-
fractional wave equation. We presented a space-time Galerkin LS-SVR for the

numerical simulation of the problem. We employed an orthogonal polynomial
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Figure 10: L>, L2, and H' errors for the wave function versus N with M = 15 and

a = 0.5 for Example 2.

kernel in both space and time variables simultaneously. We presented the
method as a quadratic programming problem and subsequently transformed
it into a system of linear algebraic equations by introducing dual variables.
The structure of the resulting system was also discussed, and some numerical
test problems were given to demonstrate the efficacy of the proposed method.
The method can be further developed for the reconstruction of sources in the
presence of noisy data in future works as well as for other cases of inverse

problems.
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Abstract

A class of linear and nonlinear fractional differential equations (FDEs) in
the Caputo sense is considered and studied through two novel techniques
called the Homotopy analysis method (HAM). A reliable approach is pro-
posed for solving fractional order nonlinear ordinary differential equations,
and the Haar wavelet technique (HWT) is a numerical approach for both
integer and noninteger orders. Perturbation techniques are widely applied
to gain analytic approximations of nonlinear equations. However, pertur-

bation methods are essentially based on small physical parameters (called
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perturbation quantity), but unfortunately, many nonlinear problems have
no such kind of small physical parameters at all. HAM overcomes this, and
HWT does not require any parameters. Due to this, we opt for HAM and
HWT to study FDEs. We have drawn a semi-analytical solution in terms
of a series of polynomials and numerical solutions for FDEs. First, we solve
the models by HAM by choosing the preferred control parameter. Second,
HWT is considered. Through this technique, the operational matrix of in-
tegration is used to convert the given FDEs into a set of algebraic equation
systems. Four problems are discussed using both techniques. Obtained
results are expressed in graphs and tables. Results on convergence have

been discussed in terms of theorems.

AMS subject classifications (2020): Primary 26A33; Secondary 34A08, 65H20,
90C30, 65T60.

Keywords: Homotopy analysis method; Haar wavelet; Convergence; Collo-

cation method.

1 Introduction

Many engineering and scientific areas, including mathematical modeling in
chemistry, physics, electrodynamics, and aerodynamics, involve fractional
differential equations (FDEs). For instance, fractional derivatives can be
used to describe nonlinear seismic oscillation, and they can also be used to
solve the flaw in the continuum traffic flow assumption in the fluid-dynamic
traffic model. Recent research has shown that FDEs are helpful tools for
modeling various physical phenomena [29, 34]. This is due to the accurate
representation of physical phenomena requiring the knowledge of both the
present and the past, which can also be accomplished through the appli-
cation of fractional calculus. Additionally, as the model contains memory
terms, fractional derivatives offer an effective tool for explaining memory
and hereditary qualities of different materials and actions [12]. This memory
concept covers the past and how it affects the present and the future. Com-
pared to integer-order, the fractional-order models are much more precise;

this phenomenon has drawn the interest of numerous academicians [27, 17].
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In the literature, we have yet to find an approachable analytical method for
the general form of FDEs. So, we need to switch over to the semi-analytical

or numerical methods.

Consider the general FDE of the following form:

aDy(t) + bg(y(t)) + cy(t) = f(t) (1)

with initial conditions

y(ﬁl) = aq, y/(ﬁl) = Q,

or boundary conditions

y(B2) = a3, Y'(B2) = o,

where @ € R and a, b, ¢, 51, B2, a1, as, as, and a4 are real constants, g(y(t))

is nonlinear term, and f(¢) is continuous function, for all ¢ > 0.

A method that yields the analytic solution after some iterations is called a
semi-analytical method. Here, we considered one of the semi-analytic meth-
ods to solve FDEs called the Homotopy analysis method (HAM). The HAM
creates a convergent series solution for nonlinear mathematical models by
using the idea of the Homotopy in the topology. It is possible to use a
Homotopy-Maclaurin series to handle the system’s nonlinearities. In 1992,
HAM was created for the first time in Shanghai Jiaotong University by Liao
Shijun for his Ph.D. thesis [20]. Then, in 1997, it was modified by adding an
auxiliary parameter [19] Cy (# 0), known as the convergence-control param-
eter [21]. A nonphysical variable called the convergence-control parameter
offers a straightforward approach to confirming and enforcing the convergence
of a solution series. In analytical and semi-analytic techniques to nonlinear
differential equations, it is unusual for the HAM to demonstrate the conver-
gence naturally. First, unlike other series expansion techniques, the HAM
does not rely on either small or large physical factors directly, which al-
lows it to apply to both strongly and weakly nonlinear problems, overcoming
some inherent limitations of the standard perturbation methods. Second, the
HAM unifies the Adomian decomposition method (ADM), the delta expan-
sion method, the Homotopy perturbation method, and the Lyapunov artifi-
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cial small parameter approach [18, 30]. Strong convergence of the solution
over broader geographical and parameter domains is frequently possible due
to the method’s enhanced generality. Third, the HAM offers super flexibility
in the solution’s representation and in the method by which it is expressly
achieved. The basis functions of the intended solution and the related auxil-
iary linear operator of the Homotopy can both be chosen with a significant
deal of freedom. Finally, the HAM offers a straightforward method to guar-
antee the convergence of the solution series, in contrast to the other analytic
approximation methods. The Homotopy analysis approach can be used with
other nonlinear differential equations methods, including spectral methods
[25] and Padé approximants. To enable the linear method to handle non-
linear systems, it may also be supplemented with computational techniques
like the boundary element method. The HAM, in contrast to the discrete
computational approach of Homotopy continuation, is an analytic approxi-
mation method. In contrast, the HAM uses the Homotopy parameter only
theoretically to show that a nonlinear system may be split into an infinite set
of linear systems that are solved analytically. The HAM was created as an
analytical approximation technique for the computer epoch with the inten-
tion of “computing with functions instead of numbers.” Using the HAM in
conjunction with a computer algebra system like Maple or Mathematica, we
can quickly obtain analytic approximations of a higher-order strongly nonlin-
ear problem. BVPh is a Mathematica package based on the HAM that has
been made available online for solving nonlinear boundary-value problems as

a result of the HAM’s recent successes in several disciplines [1].

Solutions for the highly complex mathematical model by semi-analytical
techniques require much time for each iteration, and sometimes even an in-
finite series of terms also cannot be possible to put in the analytical for-
mat. For such models, numerical techniques are better. In this study, we
considered the Haar wavelet technique (HWT) to solve FDEs. When rep-
resenting data or other functions, wavelets are mathematical functions that
meet specific criteria. Since Joseph Fourier realized that sines and cosines
could be superposed to describe other functions in the early 1800s, approxi-
mation utilizing the superposition of functions has been used. In the 1980s

and 1990s, wavelets were created as an alternative to Fourier analysis of
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signals. Jean Morlet, Baroness Ingrid Daubechies, Alex Grossman, Palle
Jorgensen, Yves Meyer, Ronald Coifman, Alfred Haar, and Stephane Mallat
were a few key players in this invention. Yet, the scale at which we exam-
ine the data has a specific significance in wavelet analysis. Different scales
or resolutions of data are processed by wavelet algorithms. Wavelet trans-
forms are extremely helpful for signal analysis, compression, and denoising.
Fourier analysis is impoverished at approximating sharp spikes when inves-
tigating its solutions; however, we can employ approximation functions that
are tidily contained in finite domains appreciations to wavelet analysis. For
estimating data with sharp discontinuities, wavelets work well. Compared to
other methods [14, 13], the wavelet approach gives better outcomes. Numer-
ical methods based on wavelets are effective for solving FDEs [36]. The Haar
wavelets are compactly supported, and orthogonal with multi-resolution anal-
ysis [15]. Here we found several methods on FDEs, for instance, the reduced
differential transform method [35], Sawi transform combined with the homo-
topy perturbation method [9], ADM [2], Legendre wavelet operational matrix
method [3], fractional reduced differential transform method [37], fractional
differential transform method [8] and positive solutions method [4], Adomian
decomposition Shehu transform method [10], homotopy technique [28, 7],

Adomian decomposition general transform method [5].

The paper is arranged as described as follows. Preliminaries of the Haar
wavelets and their operational integration matrix, fractional derivative, and
HAM are covered in Section 2. HAM and HWT have been explained in
Section 3. Convergence analysis of HAM and HWT is drawn in Section
4. The implementation of test problems is in Section 5. The conclusion is

enclosed with concluding remarks in Section 6.

2 Preliminaries

Definition 1 (Haar Wavelet). A wavelet can be expressed as a real valued

function ¥(t) that satisfies the following conditions [33]:

/oo U(t)dt =0 and /OO |U(2)|%dt = 1.

o0 — 00
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This means that ¥(¢) is an oscillatory function with zero mean, and the

wavelet function has unit energy. more precisely, wavelets are defined as

1 t—b
\I/a,b(t) = %\P(T)v G#O,bER.

Here a and b represent, respectively, the dilation and translation. Consider
an interval [A, B] C R, which is divided into m equal subintervals, each of
width At = Bm;A. The i** orthogonal set of Haar functions on the interval
[A, B] is defined as

L, G(1) <t < G(d),
hi(t) = -1, G) <t < G), (2)
0, otherwise,
where
) k-1
GE)=A+ 5 mAt,
k— (L
Gi) = A+ 2j(2)mAt,
) k
G)=A+ EmAt,
for i = 1,2,...,m,m = 27 and J is a positive integer, which is called the

maximum level of resolution. Here j and k represent the integer decomposi-

tion of the index ¢; thatis, i=k+ 2/ —1,0<j<1l,and 1 <k <2/ +1.

Equation (2) is valid for ¢ > 2, and for ¢ = 1, we have

1, for x€[A, B,
hi(t) = (3)
0, otherwise.

The Haar wavelet operational matrix Q¢ for integration of the general order

« is given by

QH,,(t) = JYHp, (t) = [J%ho(t), J%ha(t), J%ha(t), ..., J*hm—1(t)],
QaHm (t) = [QhO(t)v th(t)v Qh2 (t)a ceey thfl(t)]v (4)

where
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Qhi(t) = @4 Ci(i) <t < (a(i), 5)
i3 Co(i) <t < (3(1),
R G2(i) <t < B,
in which
= G6E)”
1 T(a+1)’
PR G SOV (t - CQ( )
> Tla+1) +1)
s =G - <2< e L (= G ()
3 I'(a+1) +1) INa+1)
Equation (5) is valid for ¢ > 1. For ¢ = 0, we have
Qhoft) = | T TEAE
0 otherwise.

For instance, if a € R, then we have the following cases:

Case 1: For a=1,J =3

Q' H,,(t)

[0.0625 0.1875 0.3125 0.4375 0.5625 0.6875 0.8125 0.9375
0.0625 0.1875 0.3125 0..4375 0.4375 0.3125 0.1875 0.0625
0.0625 0.1875 0.1875 0.0625 0O 0 0 0

0 0 0 0 0.0625 0.1875 0.1875 0.0625
0.0625 0.0625 O 0 0 0 0 0

0 0 0.0625 0.0625 O 0 0 0

0 0 0 0 0.06250.0625 0 0

0 0 0 0 0 0 0.0625 0.0625 |

Case 2: For a =2,J =3

Q°Hum (1)

Iran. J. Numer. Anal. Optim., Vol. 14, No. 4, 2024, pp 1069-1105
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[0.00195313 0.0175781 0.0488281 0.0957031 0.158203 0.236328 0.330078 0.439453 |
0.00195313 0.0175781 0.0488281 0.0957031 0.154297 0.201172 0.232422 0.248047
0.00195313 0.0175781 0.0449219 0.0605469  0.0625 0.0625 0.0625 0.0625

_ 0 0 0 0 0.00195313 0.0175781 0.0449219 0.0605469

"~ 0.00195313 0.0136719 0.015625 0.015625 0.015625 0.015625 0.015625 0.015625
0 0 0.00195313 0.0136719 0.015625 0.015625 0.015625 0.015625
0 0 0 0 0.00195313 0.0136719 0.015625 0.015625
0 0 0 0 0 0 0.00195313 0.0136719 |

Case 3: Similarly, we obtain the operational matrix for a = 1.5, J =
3

Q1'5Hm(t)

[0.0117539 0.0610753 0.131413 0.217686 0.317357 0.428818 0.550933 0.682843 ]
0.0117539 0.0610753 0.131413 0.217686 0.293849 0.306667 0.288107  0.24747
0.0117539 0.0610753 0.107905 0.0955356 0.0662843 0.0545208 0.047633 0.0428933

_ 0 0 0 0 0.0117539 0.0610753 0.107905 0.0955356
| 0117539 0.0375674 0.0210165 0.0159352 0.0133974 0.0117908 0.010654 0.00979445
0 0 0.117539 0.0375674 0.0210165 0.0159352 0.0133974 0.0117908
0 0 0 0 0.117539 0.0375674 0.0210165 0.0159352
0 0 0 0 0 0 0.117539 0.0375674 |

In the same way, we can generate the operational matrix of Haar wavelets

for different values of o as per our requirements.

Definition 2. [32] A real function f(x), for all z > 0, is said to be in the
space C,,pu € R, if there exists a real number p > pu, such that f(z) =
zP fi(x), where fi(z) € C[0,00) and it is said to be in the space C}; if and
only if f()(z) € C,,n € N.

Definition 3. [32] The fractional derivative of f(x) in the Caputo sense is
defined as

1

D*fla) = D" 0) = s [ e 0l ()

forn—1<a<nneNaz>0feC".

Definition 4. The fractional integration of ™ in the Caputo sense is given

by
2"oT(1 4 n)

“Tatnta) @

«, N

forn—1<a<nmneNz>0.
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3 Method of solution

3.1 Homotopy analysis method

Consider the nonlinear FDEs with different physical conditions,
Ay@®)] =0, t=>0, (8)

where .4 represents the nonlinear differential operator, and y(¢) is the func-

tion to be determined.

Zeroth order deformation equation:
Let yo(t) be the initial approximation to the actual solution of (8). Liao
constructed zeroth deformation equations taking the auxiliary function J#(t)
(# 0) and auxiliary parameter i (# 0) as [16],

(1 —=9)Z[o(t;q) — yo(t)] = ghst’(t) N [9(t; q)] 9)

where, ¢(t; ¢q) is a unknown function and £ is a Linear operator.

When ¢ = 0, (9) becomes, ¢(t;0) = yo (t) and at ¢ = 1, (9) becomes,
@(t;1) = y(t). So as the ¢ varies from 0 to 1, the function ¢(t; ¢) varies from
initial approximation yo () to the actual solution y(¢). Defining the mth

order deformation derivatives,

1 0™¢(t;q)

m(t) = 5 10
expanding ¢(¢; ¢), and using the Taylor series with respect to g, we get
$(t;q) = yo(t) + Y ym(t)g™ (11)
m=1

As we know at ¢ = 1 ¢(t;q) becomes the required solution, (11) at ¢ = 1

becomes

¢t 1) = y(t) = yo(t) + Y _ ym(t). (12)
m=1
Similarly, mth order deformation equation is given by

g[ym(t) - memfl(t)] = h%(t)‘%m(ymfl(t)x (13)
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where

0 if m<l,
Xm = (14)
1 otherwise,

1 oA et )]

‘%m(ymfl(t)) = (m — 1)' 8qm_1 : (15)

Thus y1 (), y2(t), y3(t), . .. can be obtained from solving (13). The mth order
approximation of y(t) [21, 22, 23] is given by

y(t) =D ym())- (16)
m=0

Equation (16) is the semi-analytical solution of (8).

NOTE: The above method is the same for solving fractional order dif-
ferential equations. The inverse of the linear operator will be integration in
a nonfractional order differential equation, whereas, for fractional order, it

will be a fractional integration.

3.2 Haar wavelet method

Consider the general FDEs of the form

aDy(t) + bg(y(t)) + cy(t) = f(1), (17)

with initial conditions

y(B1) =1, Y (1) = ao.

The Haar wavelet approximation is given as

Dy(t) = Z a;Hm(t), (18)
D'y(t) =y (0) + Z a;Q Hy, (1),
D'y(t) =Bz + Z a;Q" Hy (1) (19)
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Integrating the above equation with respect to “t” from 0 to ¢, we get

y(t) = y(0) + Bat + > a:Q*Hp (1),

=1
y(t) = Br+ Bat + Y aiQ*Hp(t). (20)
i=1

Fractionally differentiate the above equation of order a, we obtain

Doy(t) = DBy + Bot} + 3 aiQ2 Hon(2), (21)

i=1
where Q>~H,,(t) is the (2 — a)th order operational matrix of integration.

Substituting (18), (20), and (21) in (17), we get

aD{B1 + Pat} + Y aiQ* " Hpn(t) + bg(B1 + Bat + Y a:Q* (1))
i=1 i=1

+ (B + Bt + Y aiQ*Hp(t)) = f(1). (22)

i=1

Collocate this equation by t; = A + (I — 0.5)(B — A)/m, which yields the

following equation:
aD*{By + Bati} + Y aiQ” " Hp (1) +bg(B1 + Bati + Y aiQ*Hyn(11))
i=1 i=1

+e(Br+ Boti + Y aiQ*Hp (1)) = f (1)
=1

(23)

Solving the system of algebraic system equation (23) by the Newton—Raphson
method gives the unknown coefficient values. Substituting these obtained

unknown values in (20) will provide the wavelet numerical solution of (17).

4 Convergence analysis

Theorem 1. [21] As long as the series yo(t) + >, _, ym(t) converges, where
ym(t) is governed by the higher order deformation equation number the xp,

given by (14), it must be the exact solution.
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Theorem 2. [26] Let ¢o, 1, P2, ... be the solution components of a given
equation. The series solution Y .-, ¢x(t) converges if there exists 0 < v < 1
such that ||¢r41]| < vll¢k|l, for all k> kg for some ko € N.

Theorem 3. [26] Assume that the series solution Y - ¢ () is convergent
to the solution y(t). If the truncation series Y ;- @5 (t) is used as an approx-
imation to the solution y(t), then the maximum absolute truncation error is
estimated as, ly(t)— S ok (O < 7™ 60|

Theorem 4. [6] Suppose that the functions D%uy(t) obtained by using Haar
wavelets are the approximation of D%u(t). Then we have an exact upper
bound as follows:

1 1

DPu(t) — Dur(t)|| g <
I1Deu®) = Diux®lle < 7=y o —ay [ 22e-m]} ko

where [[u(t)||z = ([, u?(t)dt)? .

5 Applications

Example 1. Consider the linear fractional model [24],
D(t) +y(t) = f(t), t>0, and 1<a<2, (24)
with the initial conditions
y®(0)=0, k=01, (25)
where f(t) = te~". The exact solution is y(t) = —3e™" (=1 — t + €’ cos(t)).

Method of implementation: Applying the HAM method to solve (24)

and concerning (9), the zeroth order deformation is given by
(1 =) Z[o(t;q) —yo(t)] = gh'(1)[D*o(t; 9) + ¢(t;q) — f(1)].  (26)

According to the condition (25), we choose the initial approximation as
yo(t) = t? and take the linear operator as L = D% with L(C} + Cat) = 0,
where C; and C, are integral constants with #°(t) = 1. Therefore, mth

order deformation is given by
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D[y (t) = XmYm—1(t)] = " (Yym—1(t)), (27)
where
B (r (8)) = (mil)! 8m_1[Da¢(tggm+_fb(t;q) — )] (28)
subject to

ym(0) =0, ,(0)=0. (29)

Applying 1%, the inverse of D* on either sides of (27), we get
Ym () = Xm¥Ym—1(t) + AL [ R (ym—1(1))] + C1 + Cat, m =1,

where Cy and Cs are calculated by using (29).

The HAM series solution upto first seven terms when o = 1.5 with h = —1

is given by

y(t) = 0.306625t2° — 0.178204t>5 — 0.0424592t* + 0.0607691¢*° + 0.0172735t°
—0.0116399¢%5 — 0.00441781t° 4- 0.00192798t5° + 0.000664872t"
—0.000284779t™-5 — 0.0000894778t% 4 0.0000471467t%> 4 0.0000110138t°
— 6.78818 x 1075475 — 1.54989 x 107 %10 4-8.99097 x 10~ "¢19-
+2.42827 x 10~ "t — 1.19467 x 10~ 7¢115 — 2.23355 x 1075412
+2.2627 x 1078125 4 2.62537 x 10~ %¢'3 + 3.25559 x 1010413
—4.43969 x 10710¢1 — 357732 x 107 11¢145 — 574907 x 1071215 4 ...

The HAM series solution upto first seven terms when o = 2 with A = —1 is
given by
B A 45 46 7 8 £9 10 11
Y =G~ 12750 360 1630 10080 ' 90720 907200 | 7983360
t12 2313 t14 139¢1°

T 70833600 | 1037836800 | 10897286400 1307674368000
Also, the above problem was solved through HWT and ND solvers. The

results obtained are explained through the tables and graphs. Figure 1 shows
the geometrical comparison of exact, HAM, and HTM solutions. Figure
2 reflects the graphical presentation of the HAM solution with different «
values. The error analysis of HAM, HWT, and ND solver solutions with the
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exact solution is shown in Figure 3. Numerical values for integer values and

noninteger values of o have been given in Tables 1 and 2, respectively.

Table 1: Comparison between HAM and HW'T solutions for different fractional values

of a in Example 1

a=12 a=15 a=1.7

‘ HAM HWT HAM HWT HAM HWT
0.0 0 0 0 0 0 0

0.1 | 0.002456 | 0.002359 | 0.000911 | 0.000872 | 0.000457 | 0.00047
0.2 | 0.010388 | 0.010175 | 0.004826 | 0.000872 | 0.002802 | 0.002739
0.3 | 0.023282 | 0.0228757 | 0.012430 | 0.012118 | 0.007889 | 0.007729
0.4 | 0.040204 | 0.039558 | 0.023801 | 0.023309 | 0.016138 | 0.015862
0.5 | 0.060161 | 0.059252 | 0.038723 | 0.0380337 | 0.027696 | 0.027294
0.6 | 0.082198 | 0.081026 | 0.056803 | 0.0559103 | 0.042517 | 0.041987
0.7 | 0.105453 | 0.104031 | 0.077547 | 0.076456 | 0.060412 | 0.059758
0.8 | 0.129169 | 0.127521 | 0.100408 | 0.099131 | 0.081087 | 0.080318
0.9 | 0.152700 | 0.150860 | 0.124818 | 0.0123377 | 0.104172 | 0.103302

Table 2: Comparison of solutions obtained from ND Solver, HAM, HWT and their

absolute errors (AE) with exact solution for integer order o = 2 of Example 1

t Exact ND Solver HAM HWT ND Solver | HAM Error | HWT Error
Error

0.0 0 0 0 0 0 0 0

0.1 | 0.000159 | 0.000159 | 0.000159 | 0.000189 | 4.72x107° | 4.7x107° | 3.09x10~°
0.2 | 0.001205 | 0.001205 | 0.001205 | 0.001264 | 1.61x10~% | 1.61x10~8 5.88x107°
0.3 | 0.003863 | 0.003864 | 0.003864 | 0.003947 | 6.12x107° | 6.1x107° 8.32x107°
0.4 | 0.008694 | 0.008694 | 0.008694 | 0.008798 | 6.28x107° | 6.3x107° 1.04x10~*
0.5 | 0.016107 | 0.016107 | 0.016107 | 0.016229 | 7.26x10~° 7.3x107° 1.22x1074
0.6 | 0.026382 | 0.026382 | 0.026382 | 0.026518 | 8.18x107°% | 8.2x107° 1.37x1074
0.7 | 0.039676 | 0.039677 | 0.039676 | 0.039825 | 1.30x10~8 | 1.28x10~8 1.49x1074
0.8 | 0.056043 | 0.056043 | 0.056043 | 0.056200 | 1.54x1078 | 1.42x10~8 1.57x1074
0.9 | 0.075436 | 0.075436 | 0.075436 | 0.075599 | 1.70x10~% | 1.16x10~8 1.63x104
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Solution plot of Example 1

0.1 T T
0.09 Exact Solution e
® HAM Solution
0.08| O  HWT Solution 1

y(®)

Figure 1: Comparison of the exact solution with HAM and HWT solutions, for Example
1.

Solution plot of Example 1 for different values of a

0.18

0.16 HAM Solution at a=2
HAM Solution at a=1.7

0.14r HAM Solution at a=1.5
HAM Solution at a=1.2

0.12

0.1

y(®)

0.08

0.06

0.04

0.02

0 0.2 0.4 0.6 0.8 1

Figure 2: Graphical interpretation of the HAM solutions at different « values for Ex-

ample 1.
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x 107 Error analysis for example 1

Error Analysis
~
.

® ND Solver error with exact solution
= = = HAM error with exact solution
HWT error with exact solution

&

0 0.2 0.4

—

%

0.6 08 1
t

Figure 3: Graphical interpretation of the error analysis, for Example 1.

Example 2. Consider the nonlinear fractional model [24],
DYy(t) +y*(t) = f(1), 1<a<2, (30)
subject to the conditions

y(0) =0, ¥'(0)=0, (31)

where f(t) = plailst5-e — FEOLpta g 2 g3-a 4 (415 — 344 4 24%)”. The

exact solution is [24] y(t) = t° — 3t* + 2¢3.

Method of implementation: Applying HAM method to solve (30) and

concerning (9), the zeroth order deformation is given by
(1= @)Z[6(t;q) — yo(t)] = h A ()[D*G(t;q) + & (t;0) — F(1)]. (32)

According to the condition (31), choosing the initial approximation yo (t) =
1“(;711) and the linear operator as . = D* with Z(Cy + Cat) = 0, where
Cy and Cy are integral constants with J#(¢) = 1, therefore, the mth order

deformation is given by
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D[y (t) = XmYm—1(t)] = " (Yym—1(t)), (33)
where
B ma (8)) = - i - am_l[D%(t;g;I_?z(t;q) wriv)l (34)
subject to

ym(0) =0, ,(0)=0. (35)

Applying 1%, the inverse of D* on either sides of (33), we get
Ym () = Xm¥Ym—1(t) + AL [Rm (ym—1(1))] + C1 + Cat,  m > 1,

where Cy and Cs are calculated by using (35).
The HAM series upto first six terms when o = 1.5 and taking h = —1 is
given by

y(t) = 2t3 — 3t* — 555112 x 1071745 4+ 145 +1.11022 x 1071655 — 1.66533
x 10716495 — 1.38778 x 10717¢19 — 0.00107409¢1°° + 3.46945 x 10~ 1811
+ 1.38778 x 1071 7¢11% 4 0.00410658t'2 — 0.00447957¢'3 — 0.00465867¢'3->
+0.00114198t** 4 0.010066¢'* 4 0.000170673¢'5 — 0.00817004¢"5-°
— 0.000182659t'% + 0.0049056¢%-5 + 0.0000458036t'7 — 0.00927567¢'7->
— 0.000316896¢'® + 0.0173363t%° + 0.00101742¢" — 0.0193873¢'%-°
—0.00135484t*° + 0.0135402t%°° 4 0.00107153¢%* — 0.00602444¢>*-
— 0.00102235t** 4 0.00165852t%* 4 0.00169885t%3. — 0.000236628t%3-°

— 0.00240855¢%* — 0.0000267944t**> + 0.002328¢%° + 0.000048839¢%°5 — ... .

The HAM series upto first six terms when « = 2 and taking i = —1, is given
by

i 79t15 1246916 1980117

374400 * 4365900 232848000 * 257297040
2940419¢18 6625093t 19 311661149t2° 3268452721t

198486288000 43135092000 * 985944960000 9725828112000
45173665739t%2 1038943999373 455437961213t%4

203779255680000  1113144184152000 * 20778691437504000
18932926013t%°

5081745188520000

y(t) =2t — 3t* 4 1° —
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Additionally, the HWT is used to resolve the above problem. Graphs and
tables are used to explain the results that were obtained. The geometrical
comparison of the exact HAM and HTM solutions is shown in Figure 4. The
graphical depiction of the HAM solution with various values of « is shown in
Figure 5. Figure 6 displays the error analysis of the HAM and HWT answers
with the precise solution. Tables 3 and 4 provide numerical values for the
integer and noninteger values of a accordingly, including the results available

in the literature.

Table 3: Comparison between HAM and HWT solutions for different fractional a values

in Example 2

a=12 a=15 a=17

’ HAM HWT HAM HWT HAM HWT
0.0 0 0 0 0 0

0.1 | 0.001710 | 0.001799 | 0.001710 | 0.001790 | 0.001710 | 0.001799
0.2 | 0.011520 | 0.011555 | 0.011520 | 0.011565 | 0.011520 | 0.011511
0.3 | 0.032129 | 0.032988 | 0.032130 | 0.032153 | 0.032130 | 0.032125
0.4 | 0.061432 | 0.061457 | 0.061440 | 0.061477 | 0.061440 | 0.061410
0.5 | 0.093701 | 0.093365 | 0.093750 | 0.093799 | 0.093750 | 0.093702
0.6 | 0.120744 | 0.120875 | 0.120958 | 0.120921 | 0.120960 | 0.120999
0.7 | 0.132991 | 0.132822 | 0.133760 | 0.133796 | 0.133770 | 0.133765
0.8 | 0.120401 | 0.120897 | 0.122840 | 0.122856 | 0.122878 | 0.122825
0.9 | 0.072946 | 0.072365 | 0.080041 | 0.080035 | 0.080182 | 0.080147
1.0 | -0.019915 | -0.019896 | -0.000521 | -0.000988 | -0.000034 | -0.000988
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Table 4: Comparison of solutions obtained from HAM, HOFLMSM, HWT, and their

AE with exact solution for integer order a = 2 of Example 2

t Exact HAM HOFLMSM HWT HAM HOFSMLM HWT
[24] Error Error [24] Error
0 0 0 0 0 0 0 0
0.1 | 0.001710 | 0.001710 - 0.002044 0 - 3.34x104
0.2 | 0.011520 | 0.0115200 0.011517 0.012099 0 3.222x107% | 5.79x10~*
0.3 | 0.032130 | 0.032130 - 0.032866 2.1x107° - 7.35x1074
0.4 | 0.061440 | 0.061440 0.061411 0.062269 | 3.66x10~% | 2.920x107° | 8.29x10~*
0.5 | 0.093750 | 0.093750 - 0.094641 | 3.268x10~7 - 8.91x10~4
0.6 | 0.120960 | 0.120958 0.120920 0.12187 1.991x1076 | 3.972x107° | 9.26x10~*
0.7 | 0.13377 0.133760 - 0.134730 | 9.592x10~6 - 9.60x104
0.8 | 0.122880 | 0.122840 0.122845 0.012389 | 3.979x107° | 3.49x10~® | 1.01x1073
0.9 | 0.08019 | 0.080041 - 0.081295 | 1.494x10~4 - 1.10x1073
1.0 0 -0.000521 -0.000015 -0.001106 | 5.212x10~* | 1.545x107° | 1.10x1073
Solution plot of Example 2
0.14 T T

0.12+ / R

0.1} R

0.08 R

=
0.06 R
Exact Solution
0.04 HAM Solution ]
HWT Solution
0.02 / b
0 — /\ ! ! !
0 0.2 0.4 0.6 0.8 1

Figure 4: Comparison of the exact solution with HAM and HWT solutions, for Example
2.
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Solution plot of Example 2 for different values of a

0.14 T T T T T
0.14
0.135
0.12- q
0.13
0.125
01012 b
0.115
0.08 - 0.11 q
= oaos
0061 o4 R
0.66 068 0.7 0.72 0.74
0.04 HAM Solution at a=2 b
= = =HAM Solution at 0=1.7
== HAM Solution at a=1.5
0.02F = HAM Solution at a=1.2 4
0 Il Il Il Il Il Il Il Il
[I 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 5: Graphical interpretation of the HAM solutions at different « values for Ex-
ample 2.

1 x107° Error analysis for example 2

HAM error with exact solution
HWT error with exact solution

Error Analysis
o
[e2]
:
.

Figure 6: Graphical interpretation of the error analysis, for Example 2.
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Example 3. Consider the nonlinear fraction model [31],
D%y(t) — tsinh(y(t)) —1=0, 2<a<3, (36)
subject to the conditions
y(0) =0, y(0.25)=1, y(1)=0. (37)

Method of implementation: Applying HAM method to solve (36) and

concerning (9), the zeroth order deformation is given by

(1-9)Z[o(t;q) — yo(t)] = ght(t)[D*¢(t; q) — sinh(¢(t;q)) — 1], (38)

According to the condition (37) and choosing the initial approximation
yo(t) = F(%H)’ we take the linear operator £= D% with .Z(Cy + Cat +
C3t?) = 0, where C;, Oy, and C3 are integral constants with J#(¢t) = 1.

Therefore, the mth order deformation is given by

D[y (t) — XmYm—1(t)] = W (Ym—1(t)), (39)
where
B (s (8)) = - i 5 am—l[D%(t;ng; ii?h(¢(t;Q)) - 1]7 (40)
subject to
Ym(0) =0, 4,(0.25) =0, yu(1) =0. (41)

Applying 1%, the inverse of D on either sides of (39), we get
ym(t) - mem—l(t) + hla [%m(ym—l(t))} + Cl + C2t + C3t23 m Z ]-7

where Cy, Cs, and Cjs are calculated by using (41).

The HAM series upto first six terms when o = 2.5 and taking h = —1 is
given by

y(t) = 5.42172t — 5.85394t2 + 0.300901t*5 + 0.13254t>5 + 0.00333693t>
—0.0107536t%5 + 0.00486111¢° 4 6.71025 x 10~ "¢%° + 0.00133921¢7
—8.70736 x 10~%"5 4-0.0000293912t% + 0.0000396298t5-5
— 0.000104465¢” — 0.000025573t"> 4 0.000110933¢'° — 0.000061787¢°->
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+ 0.0000292694¢' — 0.0000240961¢'> + 9.8944 x 1075¢'? — 8.36776

x 10774125 — 7.54444 x 107 "'% 4+ 2.01592 x 10754135 — 1.14756

x 1075¢1 — 1.27511 x 107745 4+ 3.67453 x 107 "¢15 — 1.41232

x 1077155 - 1.8676 x 107516 — 6.94883 x 1072¢16-5 + 1.11916 x 10-5¢!7

4 1.86632 x 1079¢17° — 1.1398 x 1078418 + 7.4029 x 10794185 — 7.60145

x 10710419 —1.21074 x 1072¢19% 4 1.38057 x 1019?04 4.59674

x 107104205 1+ 2. 71044 x 10719421 —9.18445 x 10719¢21° + 7.2516

x 1071042 — 261436 x 107104225 - 3.73559 x 10~ 113 — 4.92754

x 107134235 110376 x 10712t — 6.09013 x 101324 4 1.22102 x 1071347,

The HAM series upto first six terms when a = 3 and taking h = —1 is given
by

t?’
y(t) = 5.39493t — 5.62542t% + . 0.0642361t* + 0.00101757t> — 0.00241502¢°

4 0.000793762t7 4 0.000184995t% 4 5.78057 x 10~5¢7 — 0.0000101977¢'°
+ 6.76308 x 107541 — 1.72474 x 1075¢'% — 3.70131 x 10~ "¢'3 + 2.20798
x 10771 4+ 4.34937 x 1075¢'° — 2.3555 x 107510 4+ 7.1741 x 107 9¢'7
—1.46382 x 1079¢'® 4-2.83531 x 10719¢'9 — 5.93013 x 10~ 11¢2°
+2.72701 x 10711421 — 1.25142 x 10711422 4+ 5.48224 x 1071423
—2.21553 x 107122 - 7.74129 x 107 13¢2° — 1.78755 x 10713426
+1.97752 x 10714427 — 1.1748 x 1071542 4 1.46076 x 10717+,

The above problem is also solved using the HW'T and ND solver. The graphs
and tables provide an explanation of the results. Figure 7 compares ND
solver, HAM, and HTM solutions geometrically. The HAM solution is graph-
ically depicted with various values of v in Figure 8. Figure 9 depicts the error
analysis of the solutions from the HAM, HWT, and ND solvers. Tables 5 and
6 contain numerical values for the fractional and nonfractional values of «,

respectively.
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Table 5: Comparison between HAM and HW'T solutions for different fractional values

of a in Example 3

a=22
HAM

0.4844060642
0.8558871839
1.1166930600
1.2687652290
1.3139530304
1.2540670349
1.0909051719

a=25

HAM
0.4838689878
0.8555770932
1.1170945299
1.2701278494
1.3162987718
1.2571981039
1.0944110459
0.8 | 0.8262733802 | 0.826273 | 0.8295325852 | 0.829533 | 0.8292490252 | 0.829249
0.9 | 0.4620075965 | 0.461998 | 0.4641792631 | 0.464165 | 0.4638997104 | 0.463893

1.0 0 0 0 0 0 0

a =27
HAM

0.4836640338
0.8554919337
1.1171714074
1.2702944408
1.3164440681
1.2572226052
1.0942652940

HWT
0.484351
0.855887
1.116703
1.268765
1.313949
1.254067
1.090910

HWT
0.484351
0.855887
1.117105
1.270128
1.316293
1.257198
1.094417

HWT
0.483640
0.855491
1.117176
1.270294
1.316442
1.257222
1.094268

0.1
0.2
0.3
0.4
0.5
0.6
0.7

Table 6: Comparison of solutions obtained from HAM, HWT, and their AE with ND

Solver solution for integer order a = 3 of Example 3

t ND Solver HAM HWT HAM Error | HWT Error
0.0 0 0 0 0 0
0.1 | 0.4850443102 | 0.4834121287 | 0.483293 | 1.63x1073 1.75x1073
0.2 | 0.8564165257 | 0.8554060228 | 0.855347 | 1.01x1073 1.06x1073
0.3 | 1.1158509874 | 1.1172133089 | 1.117272 | 1.36x1073 1.42x1073
0.4 | 1.2655112703 | 1.2702191975 | 1.270362 | 4.70x1073 4.85%1073
0.5 | 1.3078943289 | 1.3159609254 | 1.316153 | 8.06x10~3 8.25%x1073
0.6 | 1.2456730868 | 1.2561260143 | 1.256409 | 1.04x10~2 1.07x1072
0.7 | 1.0815016154 | 1.0925510067 | 1.093045 | 1.10x10~2 1.15x1072
0.8 | 0.8178293569 | 0.8272214124 | 0.828006 | 9.39x10~3 1.10x102
0.9 | 0.4567647525 | 0.4622736694 | 0.463128 | 5.509x 1073 6.3x1073
1.0 0 0 0 0 0
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Figure 7:
3.
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Figure 8:
ample 3.

Solution plot of Example 3
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Comparison of the exact solution with HAM and HWT solutions, for Example
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Graphical interpretation of the HAM solutions at different o values for Ex-

Iran. J. Numer. Anal. Optim., Vol. 14, No. 4, 2024, pp 1069-1105



1093

A semi-analytic and numerical approach to the fractional ...

Error analysis for example 3
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Error Analysis
o
[e¢]
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.
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L

0.4 R
HAM error with numerical solution

HWT error with numerical solution
0.2F ]

Figure 9: Graphical interpretation of the error analysis, for Example 3.

Example 4. Consider the nonlinear fractional model,

Dy(t) —sin(y(t) =0, 1<a<2, (42)

y(0)=m ¢'(0)=-2. (43)

Method of implementation: Applying HAM to solve (42) and con-

cerning (9), the zeroth order deformation is given by

(1= @) Z[¢(t; ) — yo(t)] = qh A ()[D*6(t; q) — sin(o(t; )] (44)

According to the condition (43) and choosing initial approximation yo(t) =
7 — 2t, we take the linear operator as .£ = D* with Z(Cy + Cat) = 0, where
Cy and Cy are integral constants with . (t) = 1. Therefore, mth order

deformation is given by

Da[ym(t) - memfl(t)} = h%m(ymfl(t))v (45)

where
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R (Y1 (t)) = (mil)! om— [Da¢(ta;qqn)l—1sin(¢(t;qm (46)

subject to
ym(0) =0,  y,(0)=0. (47)

Applying 1%, the inverse of D on either sides of (45), we get
Ym(t) = XmYm—1(t) + "I RBp(ym-1(t))] + C1 + Cat, m > 1,

where Cy and Csy are calculated using (47).
The HAM series upto first six terms when o = 2 and taking h = —1 is
given by
1
) P —
vt = 16986931200
+ 405 cos(8t) + 48(9(5381 — 40t?) cos(4t) + 4t(45691 — 481> 4 4293 cos(2t)

+ 50 cos(4t)) sin(2t))) — 5(—33973862407 + 4168250428t

(100¢(72(642315 — 7616t%) cos(2t) + 52736 cos(6t)

+ 11523 (—835 + 16t2) + 1660356360 sin(2t) + 66396240 sin (4t)
+ 2073250 sin(61) 4 33885 sin(8t)) — 1026 sin(10t)).

Additionally, the above problem was solved using the HWT and ND solver.
Through the use of graphs and tables, outcomes are explained. Exact HAM
and HTM solutions are geometrically compared in Figure 10. Figure 11
shows a graphic representation of the HAM solution with various values for
«. Figure 12 displays the exact solution and error analysis of the HAM,
HWT, and ND solver solutions. In Tables 7 and 8, respectively, numerical

values for integer and noninteger values of « are provided.
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Table 7: Comparison between HAM and HW'T solutions for different fractional values

of a in Example 4

a=12 a=15 a=1.7

HAM HWT HAM HWT HAM HWT

0.1 | 2.946783 | 2.94657 | 2.943491 | 2.94343 | 2.942547 | 2.94256
0.2 | 2.765230 | 2.76433 | 2.752249 | 2.75192 | 2.747753 | 2.74762
0.3 | 2.598414 | 2.59546 | 2.570587 | 2.56965 | 2.559792 | 2.55934
0.4 | 2.446371 | 2.43943 | 2.400060 | 2.39788 | 2.380531 | 2.37946
0.5 | 2.308211 | 2.29522 | 2.241409 | 2.23711 | 2.211257 | 2.20912
0.6 | 2.182297 | 2.16154 | 2.094669 | 2.08729 | 2.052699 | 2.04892
0.7 | 2.066382 | 2.03708 | 1.959240 | 1.94802 | 1.905048 | 1.89911
0.8 | 1.957728 | 1.92051 | 1.833943 | 1.81866 | 1.767964 | 1.75956
0.9 | 1.853242 | 1.8106 | 1.7171035 | 1.69842 | 1.640616 | 1.62994
1.0 | 1.749611 | 1.70617 | 1.606626 | 1.58642 | 1.521720 | 1.50973

Table 8: Comparison of solutions obtained from HAM, HWT, and their AE with ND

Solver solution for integer order a = 2 of Example 4

t ND Solver HAM HWT HAM Error HWT Error
0.1 | 2.941925 | 2.941925 | 2.94216 8.8x107° 2.35%x104
0.2 | 2.744233 | 2.744233 | 2.74474 | 1.57x107% 5.17x1074
0.3 | 2.550495 | 2.550395 | 2.55114 5.4x1079 7.44%x1074
0.4 | 2.362110 | 2.362110 | 2.36307 3.5x1079 9.60x10~*
0.5 | 2.180831 | 2.180831 | 2.18198 | 4.87x10~% 1.14x1073
0.6 | 2.007722 | 2.007721 | 2.00903 | 2.033x10~7 | 1.30x1073
0.7 | 1.843649 | 1.843648 | 1.84509 | 7.507x10~7 | 1.44x1073
0.8 | 1.689183 | 1.689181 | 1.69073 | 2.3361x107% | 1.55x1073
0.9 | 1.544628 | 1.544622 | 4.54625 | 5.8886x1076 | 1.62x1073
1.0 | 1.410054 | 1.410042 | 1.41194 | 1.16915x107° | 1.89x10~3
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Solution plot of Example 4
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Figure 10: Comparison of the exact solution with HAM and HWT solutions, for Example

4.

Solution plot of Example 4 for different values of a
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Figure 11: Graphical interpretation of the HAM solutions at different o values for

Example 4.
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Figure 12: Graphical interpretation of the error analysis, for Example 4.

Example 5. Consider the one-dimensional nonlinear homogeneous time frac-

tional Korteweg—de Vries (KdV) equation [11],
Dif[v(z,t)] + 6vvy + Vg =0, 0<a <1, (48)
with the initial condition

v(z,0) = %sech2 (g) (49)

The exact solution [11] is v(z,t) = Fsech? ().

Method of implementation: Applying HAM method to solve (48) and

concerning (9), the zeroth order deformation is given by
(]‘ - q)$[¢($7 t; q) - Uo(l', t)]
= qhJ(t)[Df' ¢(2,t;.q) + 66(z, t;0)9(2, 15 @)0 + D(2, 8 Q)wa].  (50)
According to the condition (49), choosing the initial approximation vg(z,t) =

%sech2 (%), we take the linear operator .Z= D¢ with £ (C;) = 0, where C}

is a integral constant with .#(t) = 1. Therefore, mth order deformation is
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given by
D [ (2,t) — XmUm—1(2,t)] = h%m (Vm—1(2, 1)), (51)

where

R (U —1(z, 1))

1 0mTDg (b q) + 69(x, 6 @) (@, b q) s + (T, 5 Q) sl (52)
~ (m—1)! 9gmt |

subject to

Applying I, the inverse of DY on either sides of (51), we get
U (2, 1) = XmUm—1(2t) + BRI [RBm (V-1 (2, 1)) + C1, m > 1,

where C is calculated by using (53).

The HAM series upto first six terms when o = 1 and taking h = —1 is

given by
2 2%t 2e37¢ de® (—1+€%)t
v(z,t) = 7+ d o 3
e%m+e%> (1+e7) (14 e%) (14 e%)
extQ 462xt2 e3xt2
— +
(14+e)'  (Q+en)'  (14e)!
The HAM series upto first six terms when o = 0.4 and taking h = —1 is
given by
2 2.25412e%t%4 4508242791 4.50824¢%%¢0-
y(t) = — 7 T 210 + 6 NG
(€T¢+eg) (1+e%) (1+e7) (14 e%)
2.25412¢5%¢04 i 4.50824e" (e — 1)t04
(L+e)” (L+e)’
2.25412e%t08  4.29469¢279-8
(1+e)” (1+e)”

The graphs and tables provide an explanation of the results. Figure 13 com-
pares Exact, HAM, and FRPSM solutions geometrically. The HAM solution
is graphically depicted with various values of « in Figure 14. Figure 15 de-
picts the error analysis of the solutions from the HAM, FRSPM, and Exact.
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Tables 9 and 10 contain numerical values for the fractional and nonfractional

values of «, respectively.

Table 9: Comparison of solutions obtained from exact solutions and HAM and AE of
HAM, FRSM, ADM solutions with exact solution for integer order « = 1 at z = 0 of

Example 5
t Exact HAM HAM FRPSM ADM
Error Error[11] Error[11]
0 | 0.500000 | 0.500000 0. - -
0.1 | 0.498752 | 0.498752 | 5.551x10717 | 2.900x10~° | 2.080x10~°
0.2 | 0.495033 | 0.495033 | 5.551x10717 | 1.879x10~7 | 3.31x107°
0.3 | 0.488917 | 0.488917 | 1.110x10716 | 2.216x1076 | 3.054x10~*
0.4 | 0.480521 | 0.480521 | 5.551x10717 | 1.184x107° | 2.763x10~*
0.5 | 0.470007 | 0.470007 | 5.551x10717 | 4.465x10~° | 2.500x1073
0.6 | 0.457568 | 0.457568 | 2.220x 1016 - -
0.7 | 0.443426 | 0.443426 | 6.106x1016 - -
0.8 | 0.427819 | 0.427819 | 3.608x10~'° - -
0.9 | 0.411001 | 0.411001 | 7.622x10~ 4 - -
1.0 | 0.393224 | 0.393224 | 1.171x10~ 12 - -

Table 10: Comparison between HAM and FRPSM solutions for different fractional values

of o at z = 2 in Example 5

a=02 a=04 a=06 a=08 a=1

Y THAM | FRPSM[11] | HAM | FRPSM[11] | HAM | FRPSM[11] | HAM | FRPSM[1] | HAM | FRPSM[11]
0 | 0.209987 - 0.209987 - 0.209987 - 0.209987 - 0.209987 -
0.1 | 0.354751 | 0.354750978 | 0.294966 | 0.29496648 | 0.259396 | 0.259395686 | 0.238566 | 0.238566145 | 0.226368 | 0.226368188
0.2 | 0.382232 | 0.382232355 | 0.327693 | 0.327692525 | 0.288355 | 0.28835476 | 0.261508 | 0.261507702 | 0.243526 | 0.243526238
0.3 | 0.400997 | 0.400996543 | 0.353185 | 0.353185341 | 0.31353 | 0.313530228 | 0.283442 | 0.283441821 | 0.261461 | 0.261461322
0.4 | 0.415703 | 0.415702913 | 0.375006 | 0.375006055 | 0.336761 | 0.336761221 | 0.30503 | 0.305029944 | 0.280173 | 0.280173439
0.5 | 0.427989 | 0.427988593 | 0.394504 | 0.394504163 | 0.35877 | 0.358769892 | 0.326536 | 0.326536438 | 0.299663 | 0.299662589
0.6 | 0.438641 0.412363 0.379928 0.348096 0.319929
0.7 | 0.448105 0.428985 0.400457 0.369786 0.340972
0.8 | 0.456661 0.44463 0.420499 0.391655 0.362792
0.9 | 0.464496 0.459478 0.440155 0.413735 0.385390

1.0 | 0.471742 0.47366 0.459495 0.436046 0.408764
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Figure 13: Comparison of the exact solution with HAM and HWT solutions, for Example
5.
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Figure 14: Graphical interpretation of the HAM solutions at different « values for

Example 5.
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Figure 15: Graphical interpretation of the error analysis, for Example 5.

6 Conclusion

In this study, we discussed the linear and nonlinear fractional models of dif-
ferent orders through two different methods: the HAM (Homotopy analysis
method) and the HWT (Haar wavelet technique). Here, we considered five
problems to justify the two different methods. HAM is the semi-analytical
method that yields the analytical solution of a given model after more defor-
mations. The HWT is a numerical technique that solves the models numeri-
cally with the help of the Mathematica software. The obtained solutions were
numerically tabulated in Tables 1-10. Figures 1-14 show the performance
of the methods. Here, HAM consumes more time to yield solutions for the
different models, but HWT yields the numerical results in less time. This
study reveals that HAM provides solutions with high accuracy compared to
HWT. From the tables and figures, we conclude that HAM is better than
HWM, FRPSM [11], and HOFLMSM [24].
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Abstract

Numerous optimization problems comprise uncertain data in practical cir-
cumstances and such uncertainty can be suitably addressed using the con-
cept of fuzzy logic. This paper proposes a computationally efficient solution
methodology to generate a set of fuzzy non-dominated solutions of a fully
fuzzy multi-objective linear programming problem, which incorporates all

its parameters and decision variables expressed in form of triangular fuzzy
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numbers. The fuzzy parameters associated with the objective functions
are transformed into interval forms by utilizing the fuzzy-cuts, which sub-
sequently generates the equivalent interval valued objective functions. The
concept of centroid of triangular fuzzy numbers derives the deterministic
form of the constraints. Furthermore, the scalarization process of weighting
sum approach and certain concepts of interval analysis are used to gener-
ate the fuzzy non-dominated solutions from which the compromise solution
can be determined based on the corresponding real valued expressions of
fuzzy optimal objective values resulted due to the ranking function. Three
numerical problems and one practical problem are solved for illustration
and validation of the proposed approach. The computational results are

also discussed as compared to some existing methods.

AMS subject classifications (2020): 90C05; 90C29; 90C70.

Keywords: Multi-objective optimization; Fully fuzzy programming; Trian-

gular fuzzy numbers; Interval valued functions; Weighting sum approach.

1 Introduction

Linear optimization has several applications in context of decision making
real world problems but the associated data often exist in ambiguous state,
which cannot be defined or categorized exactly. To manage such data with
uncertainty, the concept of fuzzy logic is appropriately useful in formulating
practical problems into suitable fuzzy optimization models. The concept of
fuzzy was first introduced by Zadeh [31], which is rapidly implemented in
numerous fields of applications including business, economics, management,
engineering, health care, and many more. A crisp form of linear program-
ming problem (LPP) usually exists in the following form:

Max Z = i Cjx;

subject toji1

anl iz (<,=,2)b;, 1=1,2,...,m

;; > 0, where z = (z;) € R",¢j,a;5,b; € R.

The linear optimization that comprises all the technological coefficients, re-
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source constants, and decision variables expressed in form of fuzzy numbers,
is interpreted as fully fuzzy linear programming problem (FFLPP) [18, 19].
Practical problems of several fields incorporate multiple conflicting objec-
tive functions that need simultaneous optimization over some common con-
straints; such problems are mathematically modeled as multi-objective opti-
mization problems (MOOP) [7]. An MOOP comprises a set of non-dominated
solutions [21] from which the decision-maker (DM) determines the compro-
mise solution. Lotfi et al. [19] proposed a method to solve FFLPP using
the lexicography method where the associated symmetric triangular fuzzy
numbers (TFNs) are approximated by nearest symmetric triangular num-
bers to derive its symmetric fuzzy solution. Das, Mandal and Edalatpanah
[10] derived a method to solve FFLPP based on multi-objective LPP, and
lexicographic ordering approach where all its parameters are considered as
trapezoidal fuzzy numbers. Ezzati, Khorram, and Enayati [12] developed
a method to solve FFLPP, which converts the fuzzy problem into a multi-
objective LPP (MOLPP) and found its solution using lexicographic method.
Hosseinzadeh and Edalatpanah [15] proposed a method of solution for FFLPP
using lexicography method where the parameters are considered as L-R fuzzy
numbers. Kumar, Kaur, and Singh [18] developed a method of solution for
FFLPP with equality constraints using the ranking functions to derive the
fuzzy optimal solution whereas Allahviranloo et al.[2] proposed another so-
lution approach for FFLPP using a new linear ranking function for defuzzi-
fication and found its equivalent form based on some proposed theoretical
results. Ebrahimnejad [11] developed a solution approach for FFLPP, as-
suming the parameters as non-negative TFNs where FFLPP is formulated
into tri-objective LPP. Khan, Ahmad, and Maan [17] proposed a modified
version of simplex method for solving FFLPP, which utilizes both the con-
cepts of ranking function and gauss elimination method to derive the optimal
solution. Khalili, Nasseri, and Taghi-Nezhad [16] developed a fuzzy interac-
tive approach based on the concept of membership function to solve a fully
fuzzy mixed integer LPP. Daneshrad and Jafari [8] proposed an algorithm to
find out the non-dominated solutions of an FFLPP by considering its param-
eters as symmetric trapezoidal fuzzy numbers. Das [9] proposed a modified

algorithm to solve and derive fuzzy optimal solutions of an FFLPP containing
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equality constraints. Arana-Jiménez [3] proposed an algorithm to determine
the non-dominated solutions of an FFLPP involving TFNs without applying
ranking functions but an equivalent MOLPP is formulated, which generates
the corresponding fuzzy optimal solutions. Pérez-Canedo et al. [24] devel-
oped a solution approach for fully fuzzy linear regression problem comprising
LR fuzzy numbers where this problem is transformed into an equivalent fully
fuzzy MOLPP and fuzzy goal programming is used to find its solution. Bas
and Ozkok [6] developed an iterative approach to solve a fully fuzzy linear
fractional programming problem (LFPP) i.e., objective function exists as the
ratio of linear functions, by transforming it to crisp MOLPP.

Some practical problems can be designed as optimization models with mul-
tiple goals that can be mathematically expressed as the problems of multi-
objective optimization by the DMs. Fully fuzzy multi-objective LPP(FFMOLPP)
has multiple conflicting linear objective functions with all its parameters and
variables both in the objective functions and constraints are expressed as
fuzzy numbers. Jimenez [4] proposed a method to solve FFMOLPP and de-
rived fuzzy Pareto optimal solutions without using any ranking functions.
Hop [28] studied the relationship between fuzzy numbers and solved a fully
fuzzy multi-objective decision making problem based on the concepts of ab-
solute fuzzy and relative fuzzy dominant degrees. Temelcan, Gonce Kocken,
and Albayrak [27] also proposed an algorithm to solve an FEMOLPP where
game theory approach was used for determining proper weights and solv-
ing the weighted LPP to find a fuzzy compromise solution. Pérez-Canedo,
Verdegay, and Miranda Perez [25] proposed fuzzy epsilon constraint method
to derive fuzzy Pareto optimal solutions of FFMOLPP using lexicographic
ranking process. Hamadameen and Hassan [14] developed a compromise so-
lution algorithm to solve FFMOLPP by using revised simplex and Gaussian
elimination methods. Sharma and Aggarwal [26] proposed a solution algo-
rithm for FFMOLPP involving LR flat fuzzy numbers as the coefficients and
decision variables, which converts the fuzzy problem into a crisp LPP using
the concepts of scalarization methods and nearest interval approximation for
fuzzy numbers. Yang, Cao, and Lin [30] proposed a method based on lexi-
cographic order relation to solve an FFMOLPP with TFNs by converting it
into multi-level MOLPP. Arana-Jiménez [5] developed an algorithm to ob-
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tain the fuzzy Pareto solutions of an FFMOLPP by using fuzzy arithmetics
and partial orders to formulate its associated crisp MOLPP instead of ap-
plying ranking functions. Fathy and Hassanien [13] used a fuzzy harmonic
approach to solve a fully fuzzy multi-level MOLPP by converting it into crisp
MOLPP and derived its compromise solution. Malik and Gupta [20] proposed
a method to solve fully triangular intuitionistic fuzzy multi-objective LFPP
using goal programming approach and provided an application in e-education
system. Niksirat [23] used nearest interval approximation concept to solve a
fully fuzzy multi-objective transportation problem considering its parameters
in uncertain forms.

MOLPP often arises in numerous practical problems of several domains
comprising ambiguous information. In view of this, the paper studies FF-

MOLPP with the following major objectives:

¢ Develop a computationally efficient solution methodology to solve FF-

MOLPP in triangular fuzzy environment.

o Generate a set of fuzzy Pareto optimal(fuzzy non-dominated) solutions
of FFMOLPP so that DM gets a choice to determine the compromise

solution.

As it is observed, most of the existing methods deal with single objective
fully fuzzy LPP or solve FFMOLPP using ranking function for converting it
into crisp MOLPP or derives only one solution as the compromise solution
of FFMOLPP. However, this paper studies a multi-objective FFLPP with
all triangular fuzzy parameters and derives multiple fuzzy non-dominated so-
lutions from which DM can choose the compromise solution. The proposed
solution approach is also simple to formulate and computationally efficient,
which is verified through comparisons of the computational results of nu-
merical problems with some existing methods. The proposed study utilizes
multiple concepts to solve FFMOLPP such as fuzzy a-cuts and centroid con-
cept of TFNs, concept of interval analysis, which converts interval valued to
real valued objective functions, weighting sum approach and ranking function
for TFNs. Different values of fuzzy cuts maintain different degrees of satis-
faction for the fuzzy parameters involved in the objective functions whereas

the centroid concept of TFNs makes a better comparison in between both
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sides of the fuzzy valued constraints. This is a novel approach in context of
utilizing the aforesaid concepts to efficiently solve and derive fuzzy Pareto
optimal solutions of FFMOLPP.

This paper is organized as follows: Including introduction in Section 1, Sec-
tion 2 incorporates the discussions on some preliminary concepts. Section
3 comprises the problem formulation of FFMOLPP and a description of
the proposed methodology along with the presentation of its algorithm and
flowchart. Section 4 contains the solutions of three numerical and one practi-
cal problems of FFMOLPP using the proposed methodology and their com-
parative result analysis. Finally, Section 5 contains the concluding remarks

of this paper.

2 Certain preliminary concepts

Definition 1. [32] Let U be the universal set; then the fuzzy set T on U is
defined as follows:

T = {(a,u7(@)) : 2 € U},

where pu7 : U — [0,1] and pz(z) € [0, 1] represents the degree of membership

of zinT.

Definition 2. [32] A fuzzy set T is characterized as a fuzzy number if it

satisfies the following properties:
« T must be defined over the real line R.

« T must be normal, that is, here exists at least one element zy € R such
that pz(zg)=1.

o T is a convex fuzzy set, that is, for all z1,29 € R and A € [0,1],
pp(Ary + (1= X) z2) > min{uz(z1), pg(r2)}

+ The membership function pz of the fuzzy set T inRis piecewise con-

tinuous.

« Support of the fuzzy set T in R, S(T) = {zlpz(x) > 0} must be
bounded.
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Definition 3. [32] A TFN on R" remains in the form of T = (t1,t2,13),
where t; < ty < t3 and t1,t9,t3 € RT. The associated membership function
p7 can be mathematically defined as follows with its geometrical interpreta-

tion stated in Figure 1:

xr — tl
) tl <z< t2 )
ttz — 1
-

,uf(;v) = 3 , o <z <3, (1)
t3 — 1o
0, otherwise.

Hg(x)
1 _______________________
[ t, [ [ x

Figure 1: TFNs

Definition 4. Let Ty = (t,,¢m, "), Ty = (5, t2,t2) be the TFNs on R;

then the arithmetic operations can be defined as follows:

TiTy = (£ +th, ¢ + 70 7 + 17,

TeTy = (th — 5,47 — 3,17 — 1h),

(ath, ot ath), a>0,

e oT) =
(at]‘,at{”,atll), a <0,
(thth, ¢t t08), Ty, Ty € RY,
SO (tntn e thel), Ty, Th € R,
° T ®T =
1 2 ( N
(

thth)
e tmem thn), Ty e RT, Ty e R,
5)

thep, ety tpth), Tr e R, Th € RY,
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thotm oy ~ ~
<%a%a%)a TlaT2€R+7
ty "ty t?
ot ot T T eR
o Tl am o an ) ) S _a
T (tlz tm t;) b2
c = = A tl - -
& (%7%771)7 TIER+7T2€R_7
ty 15" 1y
oty = =
(77?;7)3 TleRiaTQGRJra
ty o't

where the symbols &, S, and ® denote addition, subtraction, and multipli-

cation of fuzzy numbers, respectively.

Definition 5. [32] Fuzzy a-cut T, of the fuzzy set T can be defined as Tp, =
{z e U: pz(x) > a,a € [0,1]}. The fuzzy a-cut of a TEN T = (t1,t2,13)
defined as Ty, = [ty + oty — 1), t5 — a(ts — t3)].

—-

S

Definition 6. [22] Ranking function over the set of TFNs T' = (¢1, t2,t3) in
R can be defined as, R(T) = 4F2etls for all T = (t1,12,t3) € TFN(R).

Definition 7. [22] Let ABC be a triangle in zy-plane with its vertices

A(x1,y1), B(x2,y2) and C(zs,ys). Then its centroid is the point of intersec-

tions of the medians, which can be defined as <$1 et 1'37 Yot vzt ys >

3
i1 +ta+ 13 1)
3 "3/
Theorem 1. [29] The optimal solution of the real valued optimization,

The centroid of a TFN T = (t1,t2,t3) is defined as (

Maz,es FE(x) + FU(z) is a non-dominated solution of the interval valued
optimization, Max,es [FF(z), FY(z)].

3 Problem formulation and methodology developed for
FFMOLPP

FFMOLPP frequently arises in many real world problems. The use of TFNs
are common and often required to address the informational ambiguity in

these optimization models.

3.1 FFMOLPP formulation:

Consider the following FFMOLPP with p number of objective functions:
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T
Mazx Z,(X) :ZFU RI=MIT1DF12QT2D - & F1, Ty
j=1

T
Max Z5(X) =) Foj@3=Fn @& @ Fp @& o 0 Fy @ &,
j=1

Maz Zy(X) =Y Fpj @3=Fp @51 0 Fpp @8 @ @ Fpp @ &,
j=1

subject to

Whereﬁkj, )?:(ij),aij,gi eTFN(R ) fork=1,2,...,p,j=1,2,...,7 i=
1,2,...,qand <, =, =, represent the fuzziness in the inequalities and equality,
respectively. Moreover, Z , X , A represent the fuzzy or interval valued charac-
teristics whereas Z, X, A represent the real valued characteristics throughout

this paper.

Definition 8. [22] X* € A(X) is a fuzzy Pareto optimal solution or fuzzy
non-dominated solution of the FFMOLPP (2) if and only if there is no another
feasible solution X** € A(X) such that Z.(X**) = Z,(X*) forall (r =
1,2,3,...,p) and Zg()?**) - Z(f(*) for at least one s € {1,2,...,p}.

3.2 Developed solution methodology:

On substituting the values of decision variables and coefficients/constants,
which exist in form of TFNs, the objective functions and constraints of the

model (2) can be expressed as follows:

Mazx Z1(X) = Z(cllj,cﬁ-,c?j) ® (wé,x;",x?)
j=1

Mazx Z5(X) = Z(céj,cg’;,cgj) ® (xé,x;",x?)
j=1
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n

MaxZ Z Cpjs Cpjs € ®(xé,x;",g;?) (3)
Jj=1
subject to
AX) Zl(a§j7a§?7a%)®(x§,x§n7x?)(<, =) (O, ), i =1,2,.. .,
= j:

i =0, 5=12...r
In A(X), Z; = (b, 2™ z) = 0, thatis, Z; € TFN(RT) implies 2} >

3T
0, a* > ab, % > a7 andaij:(al ab,a 2%) € TFN(RT)

ijs i s z]) i = It
implies a;; ® &; = (aﬁjxé, a;i] ,a”x]) based on the arlthmetlc operations
in Definition 4. So, A(X) is converted into A1(X) and the fuzzy model (3)
is equivalently transformed into the following MOLPP using fuzzy a-cuts of

TFNs in the objective functions:

n
Max Zl Z 01J + « Clj Cllj)vc;lj - a(c;’llj - CTJ)]
j=1

X [a:é +a(z]" — xé),x? —a(z} —z}")]

Maz Z5(X) = 3 [eh; + ol = chy).ch; — (e = )]
j=1
m n n m 4
X [xé + (7] —mz),xj —a(z} —z}")] (4)

n
Max Z,(X) :Z[Céj + afey; — I ) Cpi — al(cp; — c1})]

j=1

X [zé + a2 —

<.

subject to
T

[ Sk aner e om0k 00, i= 12
Ay(X)={ i=1
xé,xgn—xé- zi —aft >0, j=1,2...

To convert the triangular fuzzy valued inequalities Al( ) to its equivalent
deterministic form, the concept of centroid of TFNs discussed in Definition

7 is utilized in the set of constraints A; (X).

é(a ohoala™ atam) (K, A, =) (B b, bY),

(% e Rt % Bl BBt ¥ Rl | (20

that is, ( Z a” J > agalt, Y a%x?)(%, ~, )(biybi”,b?)’

j=1 j=1
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Z: %%‘* E “7]“3""’ E ag;xy
that is, [ 2= (%, =~

Wl

bib4bE 1
3 ) %) . L3 . 53 |

that is, ( Z aljxh + Z alxl + Z apx J)( ,#)(bé + 0" + bf)
Consequently, the follovvlng determlmstlc form of inequalities Ag(X) is de-

rived for the constraints:

(35 e+ 35 ey + 3 aay ) (<=, 2) 0+ 07+ 00),
Ao(X) = t=1,2,...,q
l l m
xﬁxj —xj,:v] Zj >0,
j=12,...,r

The objective functions of the model (4) can be transformed into interval
valued forms. The mathematical formulation of Z; ()? ) as interval valued

function, is expressed below:

n
Z [(1—« clj +acl}, (1 — a)cf; + actj]
j=1

x [(1 - a)xllj +axl}, (1 — a)z} + ax]’]

[z (1), +ac {1 - a)al, +aalih,  (3)

,_.

n

Z{(l —a)cy; + acﬁ-}{(l —a)z} + ax}"}

j=1
=21 (X), 27 (X)].
Similarly, the remaining objective functions can be expressed in interval val-
ued forms,
Za(X) = [25(X), 25 (X)), Z3(X) = (25 (X), 25§ (X)), ..., Zp(X) = 2 (X), Z) (X)].
(6)
The FFMOLPP (2) can be expressed now as the following optimization

model with interval valued objective functions and deterministic constraints:
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Max 21(5() = [Z{(X), Z{ (X))
Maz Zy(X) = [Z5(X), ZY (X)]

Maz Z,(X) = [Z1(X), 2 (X))

subject to
(2 iy 2 e+ 2 ) (S = 2) B 0 400
j= j= j=

Ao(X) = i=1,2,....q,

l l M L.
xj, o —ag,x) —xft >0, j=12.

The multi-objective interval valued optimization (7) can be scalarized into

coy T

the following single objective interval valued optimization using weighting

sum approach with the weight vectors (w1, ws, ..., wp):

Maz Z(X) =uwy [ZE(X), ZV (X)) + we[ 25 (X), ZY (X))

8
o w[ZE(X), 28 (X)) Y

subject to

(_Zlal T agj Ty + Z B (S, =, 2) (6] + b +b}),
]: :

1=1,2,...,q,
Ax(X) =

P
xé,x;"—xé,m;l =2 > 0,w, >0, > wp =1,
k=1

i=1,2,...,7

The objective function of the optimization model (8) can be expressed in

the following form.:

Z(X) =[w1 ZE(X) + wa ZE(X) + -+ + w, ZE(X), wi 2V (X)

FwaZY (X) 4+ wng(X)]

That is, Z(X) = [sz LX), X_p:lszzU(X)}

The optimization model (8) can be further simplified as,
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Marxes,on 2(5) = [ Y wizl(X), Ywzl (0] ()

Based on Theorem 1, it can be clearly proved that the optimal solution of the

following model (10) is a non-dominated solution of the optimization model
(9):
P P
Mazxen,x) Z2(X) =) wiZ}(X)+ Y wiZ{(X). (10)
i=1 i=1

The FFMOLPP (2) is equivalently converted into the optimization model
(8), which is next simplified as the model (9). Since an optimal solution of
(10) is a non-dominated solution of the model (9), so it is also considered as
non-dominated for the FFMOLPP (2).

Finally, the FFMOLPP (2) can be transformed into the following sin-
gle objective deterministic LPP on applying Theorem 1 and simplifying the
model (10):

Maz Z(X) =un [ZE(X) + 20 (X)] + walZF(X) + 2 (X))

(11)
+ ot w[ZH(X) + 2T (X))
subject to
(g;1 aﬁ]xé + J;l aprrl + g;1 apix}) (<, =, >)(bL + b+ b7),
1= 1’2’ N 7q7
Ax(X) =
xé,x;ﬂ —mlj,x}‘ -z >0,
P
w >0, > w, =1, ji=1,2,...,r
k=1

Solving the model (11), a set of non-dominated solutions can be gener-
ated for the FFMOLPP (2) by substituting different values of a € [0, 1] and
P

weights wy, > 0 with > wy = 1.
k=1

3.3 Algorithm and flowchart presentation of the
developed methodology:

An algorithm and a flowchart Figure 2 are presented below, describing the

details of the proposed methodology.
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Step 1. Use fuzzy a-cuts and arithmetic operations of TFNs in the objective
functions and constraints of FFMOLPP (3), respectively.

Step 2. Simplify the objective functions in the form of the model (4) and
the set of constraints as A (X).

Step 3. Linearize the constraints of A1(X) as Ay(X) by using the concept
of centroid of TFNs.

Step 4. Express the FFMOLPP as the optimization model (7) with interval
valued objective functions and deterministic constraints.

Step 5. Use weighting sum method to scalarize the model (7) in form of
single objective optimization (8).

Step 6. Apply Theorem 1 in order to transform the problem (8) to its
equivalent model (11) comprising real valued objective function Z(X) and
deterministic constraints Ay (X).

Step 7. Solve the optimization model (11) substituting different values of
a € [0,1] and weights wy > 0, Xp: wy, = 1. The optimal solutions obtained
are considered as the non—dominka:t(led solutions of the FFMOLPP (2).

Step 8. If DM is unsatisfied with the obtained non-dominated solutions,
then reformulate and solve model (11) by changing o € [0,1] and weight

vector (wg).

4 Numerical examples

In order to illustrate and validate the feasibility of the proposed methodology,
two existing numerical and one practical problems in form of FFMOLPP are

solved and the comparative study on its result analysis is incorporated.

Example 1. Consider the following FFMOLPP, which is initially solved by
Aggarwal and Sharma [1], Temelcan, Gonce Kocken, and Albayrak [27]:
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/ Formulate FFMOLPP /
- Use fuzzy a-cut in objectives where

o € [0, 1]

+

Linearize the constraints by using the
concept of centroid of TFNs

3

Express the optimization model with
interval valued objective functions and
deterministic constraints

Formulate the final linear model using
weighting sum approach with weights w;

Find the nondominated solutions varying
w; € (0,1)

Is DM
satisfied ?

/ Find the compromise solution /

1

Figure 2: Flowchart of proposed solution approach

Maz Z1(X) = (1,2,3)0F; @ (2,4,5)0,
Maz Z5(X)

Il
—
v[\?
W

I
~—
X
8
—
S
—~
w
=~
N
2y
ISX]
N

subject to

(12)
(0,1,2)0F @ (1,2,3)®F2 < (1,10,27)
(1a 2, 3)®j1 D (07 1, 2)®j2 < (27 11, 28)

Z1,%2 = 0,

Solution:
According to the proposed methodology, the FEMOLPP (12) is equivalently
transformed into the following optimization model with fuzzy constraints

based on fuzzy a-cuts in objective functions and arithmetic operations of
TFNs:
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Maz Z1(X) =[1+ a,3 — a][(1 — @)z} + oz, (1 — a)2? + az’]
+ 24 20,5 — o][(1 — a)zb + az, (1 — )z} 4 azl]
Maz Z5(X) =2+ a,4 — a][(1 — @)z} + oz, (1 — a)a? + az’]
+[B+a,5—a][(l —a)zh + oz, (1 - a)zd + azy]

(13)

subject to
(z, 2™ 4 227, 227 + 32) < (1,10, 27)
(zh, 227 + 27, 327 + 225 < (2,11, 28)

l l m l m l n m _.n m
T, Ty, XY — Ty, Ty — X, Ty — Ty, Ty — Ty 2> 0.

Using centroid concept of TFNs in constraints and arithmetic operations,
the model (13) is expressed as the following interval valued optimization
with deterministic linear constraints:
Maz Z1(X) =[(1 — o)z} + a(l + &)z} + (1 — a)(2 + 2a)zh + a(2 + 20)z3,
B-a)1-a)zl +aB—a)zy" + (1 - a)(5 - a)zy + a5 — a)zy’]
Maz Zo(X) =[(1 — a)(2 + @)z} + a(2 + @)z + (1 — @) (3 + a)zh + a(3 + a)z¥,
(1-a)d—-a)zy +ad—a)e]” + (1 - a)(5 - a)zh + a5 — a)z5’] (14)
subject to
a4 227 + ab + 22 4 328 < 38
ot + 22 + 327 + 2B 4 228 < 41

l ] m l m I ..n mo.n m
Ty, T3, ] — T, Ty — Tz, — &1 ,Ty — Ty 20

The FFMOLPP (14) is finally formulated as the following single objective

optimization using the weight vector (w1, ws):

Mazx Z(X) =u1[(1 — o)zt + 4ozt + (3 — a)(1 — o)z’
+ (1 —a)(2+2a)zh + a7+ a)zd + (1 — a)(5 — a)z}]
+wa[(1 — ) (2 + @)z + 602 + (1 — a)(4 — o)z}
+ (1 —a)(3+ a)zh 4+ 8azh + (1 —a)(5 — a)zh]

subject to (15)

o + 227 + o + 227" + 3wy < 38
o + 227 4 32 + a2 + 225 < 41
ahoab et — a2l el —ah 2t — 2l al — 2 >0

wy,we > 0,w; +we = 1.
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On solving problem (15) with different @ € [0,1] and weights wy,ws >
0, w1 + we = 1, a set of optimal solutions are derived, which are consid-
ered as the non-dominated solutions of the FFMOLPP (12).

The triangular fuzzy optimal objective values are computed along with their
corresponding real valued expressions using ranking function and these val-

ues are shown in the following Table 1.

Example 2. Consider the following FFMOLPP, which is initially solved by
Yang, Cao, and Lin [30]:
Min Zy(X) = (7,10,11)®F @ (8,10, 13)®%,
Min Zy(X) = (2,3,4)®&1 & (4,7,12)0,
subject to
(1,2,4)®% @ (2,8,10)®Z2 = (3,22, 36)
(2,3,6)@%1 @ (4,10, 15)Ri, ~ (6,29, 54)
21,22 = 0.
Solution:
The FFMOLPP (16) is formulated into the following optimization model
using fuzzy a-cuts in objective functions and arithmetic operations of TFNs
in constraints:
Min Zy(X) =[7+ 3a,11 — o][(1 — a)zt + az?", (1 — @)z} + oz}
+ 8+ 20,13 — 30][(1 — a)xh + az}, (1 — a)zh + azl]
Min Zo(X) =24 a,4 — o][(1 — @)z} + az*, (1 — a)a? + az’]
+ [4 + 30,12 = 5a][(1 — a)zb + azh’, (1 — o)zl + azl] an
subject to
(2} +22%, 22™ + 8, 42" + 102%) =~ (3,22, 36)
(228 + 4, 327 4+ 1025, 627 + 1525) ~ (6,29, 54)

L ,.m I ,m I ,n mo.n m
T1, Ty, X1 — X7, Ty — Ty, Ty — T, Ty — Ty > 0.

The above model (17) is equivalently expressed into the following model com-
prising interval valued objective functions and deterministic linear constraints
based on the centroid concept:
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Table 1: Non-dominated solutions, fuzzy valued optimal

A fuzzy solution approach to multi-objective fully triangular fuzzy ...

real valued expressions of Example 1

objective functions and their

o w T To 7 Zs R(Zy) R(Z>)

(0.2,0.8)

(0.4,0.6) | (3.916667,3.9166¢7, (0,0,8.75) (3.916667,7.8333] (7.8333,11.75, | 18.7708 | 22.6875
0.1 (0.505) |  3.916667) 55.5) 50.4167)

(0.6,0.4)

(0.8,0.2) (0,0,0) (0,0,12.667) (0,0,63.335) (0,0,63.335) | 15.8338 | 15.8338

(0.2,08)

(0.4,0.6) | (4.88889,4.88889, (3.88889,3.8888Y,(12.6667,25.3333] (21.4445,30.2222,24.3611 | 30.2222
0.2 | (0.5,0.5) 1.88889) 3.88889) 34.1111) 39)

(0.6,0.4)

(0.8,0.2) | (3.916667,3.916667, (0,0,8.75) (3.916667,7.8333) (7.8333,11.75, | 18.7708 | 22.6875

3.916667) 55.5) 59.4167)

(0.2,0.8)

(0.4,0.6) | (4.88889,4.88889, (3.88889,3.8888Y,(12.6667,25.3333] (21.4445,30.2222,24.3611 | 30.2222
0.3 | (0.5,0.5) 4.88889) 3.88889) 34.1111) 39)

(0.6,0.4)

(0.8,0.2)

(0.2,0.8)

(0.4,0.6) | (4.88880,4.88880] (3.88880,3.88889,(12.6667,25.3333 (21.4445,30.222,24.3611 | 30.2222
0.4 | (0.5,0.5) 1.88889) 3.88889) 34.1111) 39)

(0.6,0.4)

(0.8,0.2)

(0.2,0.8)

(0.4,0.6) | (4.88889,4.88889, (3.88889,3.8888Y,(12.6667,25.3333] (21.4445,30.2222,24.3611 | 30.2222
0.5 | (0.5,0.5) 4.88889) 3.88889) 34.1111) 39)

(0.6,0.4)

(0.8,0.2)

(0.2,0.8)

(0.4,0.6) | (4.88889,4.88889] (3.88880,3.8888,(12.6667,25.3333 (21.4445,30.2229,24.3611 | 30.2222
0.6 | (0.5,0.5) 4.88889) 3.88889) 34.1111) 39)

(0.6,0.4)

(0.8,0.2)

(0.2,08)

(0.4,0.6) | (4.333333,4.333333 (4.333333,28.6667, (8.6667,33,
0.7 | (0.5,0.5) ,4.333333) (0,5,5) 38) 42.3333) 24.9167 29.25

(0.6,0.4)

(0.8,0.2)

(0.2,0.8)

(0.4,0.6) | (4.333333,4.333333 (4.333333,28.6667, (8.6667,33,
0.8 | (0.505) | ,4.333333) (0,5,5) 38) 42.3333) | 24.9167 | 290.25

(0.6,0.4)

(0.8,0.2)

(0.2,0.8)

(0.4,0.6) | (4.333333,4.333333 (4.333333,28.6667, (8.6667,33,
0.9 | (0505) | ,4.333333) (0,5,5) 38) 142.3333) | 24.9167 | 29.25

(0.6,0.4)

(0.8,02) (0,0,0) (0,7.6,7.6) (0,30.4,38) (0,30.4,38) 2.7 2.7
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Min Z1(X) =[(7+ 30)(1 — @)z} + (7 + )2 + (8 + 2a)(1 — a)zh + a(8 + 2a)2F,
(11— a)(1 — @)z} + (11 — a)z* + (13 — 3a)(1 — @)z} + (13 — 3a)zy]
Min Z2(X) =[(2 + a)(1 — a)zh + a2+ @)z + (4 + 30)(1 — a)zh + a(4 + 3a)zl?,
(A4 —a)(1 —a)z] + a4 —a)al" + (12 = 5a)(1 — a)zy + (12 — 5a)zy’]
subject to

ah + 20T + 427 + 22h + 82 4 1023 = 61
2z} + 3¢ + 627 + 4k + 1025 + 15275 = 89
2 ah e — ol 2 — a2l — a7 2l — 2P > 0.
(18)
The FFMOLPP (16) is finally formulated into the following single objective

optimization according to the proposed methodology:

Min Z(X) = wi1[(7+ 3a)(1 — a?)z! + a(18 + 2a)z7 + (11 — a)(1 — o)z
+ (8 4+ 22)(1 — )z + (21 — )z + (13 — 3a)(1 — a)ay]
+ wa[(2 4 a)(1 — a)z! + 60z + (4 — a)(1 — )z}
+ (4 +3a)(1 — a)zh + a(16 — 2a)2] 4 (12 — 5a)(1 — a)z}]
subject to
ol 4 227 4 42 + 22h + 8x + 1025 = 61
22t + 327 4 627 + dab + 102y + 1525 = 89
hoab, o — ol 2l —ab 2t — 2 ah — 2 >0
wi,ws > 0, w1 +wy = 1.
(19)
Substituting different « € [0, 1], weights (wq,w2) > 0 with wy + we = 1 in
(19) and solving each resulted optimization model, a set of optimal solutions
are obtained, which are considered as the non-dominated solutions of the
FFMOLPP (16). The triangular fuzzy optimal objective values and their
corresponding real valued expressions are computed based on the concept of

ranking function, which are shown in the following Table 2.

Example 3. Consider the following FFMOLPP, which is initially solved by

Arana-Jiménez [5]:
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Table 2: Non-dominated solutions, fuzzy valued optimal objective functions and their

real valued expressions of Example 2

« w il liQ 21 Zz R(Zl) R(ZQ)
(0,6.41667,6.41667)0,1.25,1.25) | (0,76.6667,86.8333)0,28,40.6667)) 60.0417 | 24.1667
(0,0,0) (25,2.5,3.6) | (20,25,46.8) | (10,17.543.2] 29.2 22.05

0.1
(0,0,0) (0,1.255.1) | (0,12.5,66.3) | (0,8.75,61.2) | 22.825 | 19.675

0.2 (0,0,0) (0,1.25,5.1) (0,12.5,66.3) (0,8.75,61.2) | 22.825 | 19.675

0.3 (0,0,0) (0,1.255.1) | (0,12.5,66.3) | (0,8.75,61.2) | 22.825 | 19.675

0.4 (0,0,0) (0,1.255.1) | (0,12.5,66.3) | (0,8.75,61.2) | 22.825 | 19.675

0.6 (0,0,0) (0,1.255.1) | (0,12.5,66.3) | (0,8.75,61.2) | 22.825 | 19.675

0.7 | (0.5,0.5 (0,0,0) (0,1.255.1) | (0,12.5,66.3) | (0,8.75,61.2) | 22.825 | 19.675

0.8 | (0.50.5 (0,0,0) (0,1.255.1) | (0,12.5,66.3) | (0,8.75,61.2) | 22.825 | 19.675

0.9 (0,0,0) (0,1.255.1) | (0,12.5,66.3) | (0,8.75,61.2) | 22.825 | 19.675

( )
( )
( )
( )
( )
( )
( )
( )
( )
( )
( )
( )
( )
( )
( )
( )
( )
( )
( )
( )
( )
( )
0.5 | (0.5,0.5) (0,0,0) (01.255.1) | (0,12.5,66.3) | (0,8.75,61.2) | 22.825 | 19.675
( )
( )
( )
( )
( )
( )
( )
( )
( )
( )
( )
( )
( )
( )
( )
( )
( )
( )
( )
( )
( )
( )
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7 43 39 33
374, 7) ®i’1 @ (577, 12) ®j2 @ (Z,ll, ?) ®5’}3

~ = 10
Mazx Z3(X) = (3,4,6) ® 1 @ (375,9) ® To @ (4,5,10) ® T3

Maz Z1(X) = (

subject to

41 31 50

32 73 105
145

(3.5.7)® 71 @ (5,15,20) @ 72 & (5,10, 15) ® &3 < (2, —~, 30)

Z1,%2,23 = 0.

Solution:
The FFMOLPP (20) is formulated into the following model using fuzzy -

cuts in the objective functions and arithmetic operations of TFNs in the

constraints:
7 (X 7 43 l m n m
Max Z1(X) = [3 + 2.6c, - 2.1429¢)[(1 — @)} + az", (1 — @)z} + azl']
+ 5+ 20,12 — 50][(1 — a)xb + axy, (1 — a)zh + axl]
39 33
+ [Z + 1.25¢, 5 5.5a][(1 — @)k + aa', (1 — a)zh + azy]

Maz Zy(X) = [3+a,6 — 20][(1 — a)a} + az, (1 — @)zl + ax}]
10
+ [3 +1.6667c, 9 — 4a][(1 — a)zh + azd’, (1 — )z + azy’]
+ 4+ a,10 = 5a][(1 — @)z + ez, (1 — a)zh + az}]
subject to

41 31 50
(2} 4 32k, 4 5ak, 5 + 578+ s 8t + 1025 + 18z%) =< (6,

3
32 73 105
(42t + 5ab 4+ 7k, TaT 4 a4 5T 122 + 2025 + 30z%) < (10, 30, 50)

3 6
145
(32t + 5ab 4 5k, 52 + 152 + 1025, Txh + 2025 + 152%) < (2, —, 30)

6
l l l m l m l m l n m ,..n m ..n m
X7, Ty, Ty, T — T1, Ty — Ty, T5 — g, 2] — a7, 25 —xy', x5 — x5 > 0.

,30)

(21)
The model (21) is equivalently converted into the following interval valued
optimization model, which contains the following deterministic linear con-
straints using the concept of centroid of TFNs:
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A fuzzy solution approach to multi-objective fully triangular fuzzy ...
7o 7 l 7 m
Maz Z1(X) :[(g +2.60)(1 —a)z] + a(g + 2.6)x]
+ (54 20)(1 — a)zb + a5 + 2a)2] + (% +1.250)(1 — a)ab
+ a(% + 1.25a)z%",
43 L 43 . N
(7 —2.1429a)(1 — )z + 04(7 —2.1429a)z* + (12 — 5a)(1 — a)zh
33 .33 .
+ a(12 — 5a)zs* + (5 —5.5a)(1 — a)zy + a(? — 5.5a)z5"]
~ =~ 1
Maz Z2(X) =[(3+ a)(1 — a)a} + (3 + )2l + (go +1.6667a)(1 — a)ab
1
+ a(go +1.6667a)zh + (4 + a)(1 — @)k + a4 + a)zh?,
(6 —2a)(1 — a)zl + a(6 —2a)z* + (9 — 4a)(1 — a)zy
+ a(9 — 4a)z5 + (10 — 5a)(1 — a)zy + (10 — 5a)z5’]
(22)
subject to

2zt + 527 4 82 + 3xb + %x;” +10z% + 5k + %xé” +182% < 52.6667
105
6
3xt + 52 4 T + 5ab + 152 4 202) + 5ak 4 1027 4 1528 < 56.1667

32 73
Aoy + ool + 1207 + 5ah + 2 + 2005 + Tay + — =2k + 3025 < 90

l l l m l m l m l n m .n m .n m
T1,To, T3, X7 — T1, Ty — Ty, Ty — Ty, Ty — L], Ty — Ty, T3 — x5 > 0.

The FFMOLPP (22) is finally expressed as the following single objective
deterministic linear optimization model based on the concepts of the proposed

methodology:

Maz Z(X)
7 . m A3 "
= wl[(g +2.60)(1 — a)x] + a(7.5429 + 0.4571c)z " + (7 —2.14290) (1 — o)z
+ (54 20)(1 — @)z + (17 — 3a)2d* + (12 — 5a)(1 — o)z}
39 33
+ (5 + 1.25a)(1 - Q)zh 4+ a(26.25 — 4.250) 25" + (5 = 550)(1 - a)ag]
+ w3+ a)(1 —a)x! + a9 — )z + (6 — 2a)(1 — o)z
10
+ (G + 1.66670)(1 — )z} +a(12.3333 — 2.3333a)a%" + (9 — 4a)(1 — a)a}
+ @+ )1 —a)zh + (14 — 4a)zh + (10 — 5a)(1 — a)zy]

subject to
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41 31
22t + 52 + 82 4 3, + 5 75 +10w5 + 5xh + 575 + 1825 < 52.6667

32 73 105
4o’ + gﬂc’l” + 1227 + 5ah, + 633;” + 2028 + Tak + ?x? + 3025 <90

3xt + 5a 4 T + 5ab + 152 4 202 + bak 4 1027 4 1528 < 56.1667

l l l m l m l m l n m .n m ..n m
X7, X9, Ty, T — X1, Ty — Tg, X5 — Te, LT — X1, Ty — x5, x5 — x5 >0,

wi,wz > 0,w; +we = 1. (23)

On solving the problem (23) with different values of « € [0, 1] and different
weights wy, wy > 0 satisfying wi + we = 1, a set of solutions are generated,
which are considered as the non-dominated solutions of the FFMOLPP (20).
The triangular fuzzy valued optimal objective values are computed at the

non-dominated solutions, which are shown in the Table 3.

Example 4 (Practical problem). A company manufactures two types of
products A and B with the profit amount of Rs. 5 and Rs. 3 per unit, re-
spectively. The import of the products A and B are required as two units
and eight units, respectively, in a day. The processing time required to man-
ufacture the products A and B are 2hr. and 3hr. per unit, respectively, in a
day not exceeding 5hr and the raw materials required are 4kg. and 5kg. per
unit, respectively, not exceeding 10kg. The company aims to maximize the
profit and maximize the import of products. The parameters and variables
are considered as fuzzy numbers because the data varies due to insufficient
labourers, supply of raw materials, defective machine, bad weather condition,
etc.

Consider the formulation of the above problem as the following FFMOLPP:

Maz Zy(X) = (4,5,6)0F1 & (2, 3,4)0,
Maz Zy(X) = (1,2,3)®i1 @ (7,8,9)0%F;

subject to
(24)
(3,4,5)®%1 @ (4,5, T)®@%2 < (9,10,11)
(1,2,4)021 @ (1,3,5)®T2 < (3,5,7)
Z1,%2 =0

Solution:
According to the proposed methodology, FFMOLPP (24) is expressed into
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Table 3: Non-dominated solutions and fuzzy valued optimal objective values of Example

3

a w B iy 3 2 Zs R(Z1) | R(Zy)
(0.2,0.8)
(0.4,0.6) | (0,0,5.462967) | (0,0,0.8962967) (0,0,0) (0,0,44.3138) | (0,0,40.8445) | 11.0785 | 10.2111
0.1 | (0.5,0.5)
(0.6,04) | (0,0,0.90004) (0,0,1.026666) (0,0,1.95554) | (0,0,50.1152) | (0,0,34.1956) | 12.5288 | 8.5489
(0.8.0.2) (0,0,0) (0,0,1.11667) (0,0,2.255553) | (0,0,50.6167) | (0,0,32.6056) | 12.6542 | 8.1514
(0.2,0.8)
(0.4,0.6) | (0,0,5.462967) | (0,0,0.8962967) (0,0,0) (0,0,44.3138) | (0,0,40.8445) | 11.0785 | 10.2111
0.2 | (05,05)
(0.6,0.4) (0,0,0) (0,0,0.79697) | (1.34091,1.34091 | (13.0739,14.75| (5.3636,6.704¢ 18.5657 | 9.8387
(0.8,0.2) ,1.34091) 31.6887) ,20.5818)
(0.2,0.8) | (2.970483,2.970483(0.2002363,0.2002363  (0,0,0) (5.6099,13.913 (9.8789,13.333113.7918 | 14.2450
12.970483) 10.2002363) 21.7301) ,20.4350)
(0.4,0.6) | (1.106286,1.1062860.3208687,0.320843(D.8912555,0.891245611.8429,16.47b (7.9534,10.485817.5362 | 11.8408
11.106286) 10.3208687) 0.8912555) 125.3519) ,18.4381)
0.3 | (0.5,0.5)
(0.6,0.4) (0,0,0) (0.3957865,0.39574661.344508,1.344508 (15.0879,17.56D16.6973,8.7015 19.2855 | 10.2769
(0.8,0.2) 10.3957865) 11.344508) 126.9338) ,17.0072)
(0.2,0.8) | (2.970483,2.9704830.2902363,0.2002363  (0,0,0) (5.6099,13.913 (9.8789,13.333113.7918 | 14.2450
12.970483) 10.2002363) 21.7301) 120.4350)
(0.4,0.6) | (1.106286,1.106286(0.3208687,0.320843(0.8912555,0.891245611.8429,16.47p (7.9534,10.484817.5362 | 11.8408
11.106286) 10.3208687) 0.8912555) 125.3519) ,18.4381)
04 | (05,05)
(0.6,0.4) (0,0,0) (0.3957865,0.39573661.344508,1.344508 (15.0879,17.56D16.6973,8.7015% 19.2855 | 10.2769
(0.8,0.2) ,0.3957865) ,1.344508) 126.9338) ,17.0072)
(0.2,0.8) | (2.970483,2.970483(0.2002363,0.2002363  (0,0,0) (5.6099,13.913 (9.8789,13.333113.7918 | 14.2450
12.970483) 10.2002363) 21.7301) ,20.4350)
(0.4,0.6) | (1.106286,1.106286(0.3208637,0.320843(D.8912555,0.891245611.8429,16.47b (7.9534,10.485817.5362 | 11.8408
11.106286) 10.3208687) 0.8912555) 125.3519) ,18.4381)
05 | (0.5,0.5)
(0.6,0.4) (0,0,0) (0.3957865,0.39574661.344508,1.344508 (15.0879,17.56D16.6973,8.701% 19.2855 | 10.2769
(0.8,0.2) 10.3957865) 11.344508) 126.9338) ,17.0072)
(0.2,0.8) | (2.970483,2.9704830.2002363,0.2002363  (0,0,0) (5.6099,13.913 (9.8789,13.333113.7918 | 14.2450
(0.4,0.6) 12.970483) 10.2002363) 21.7301) 120.4350)
0.6 | (0.5,0.5)
(0.6,0.4) (0,0,0) (0.3957865,0.39573661.344508,1.344508 (15.0879,17.56D16.6973,8.7015% 19.2855 | 10.2769
(0.8,0.2) 10.3957865) 11.344508) 126.9338) 17.0072)
(0.2,08) | (0,3.970588 (0,0,0) (0,0,0) (0,15.8824 | (0,15.8824 | 14.0389 | 13.8971
3.970588) 124.3908) 123.8235)
(0.4,06) | (0,3.297802 (0,0.4740881 (0,0,0) (0,16.5098 | (0,15.5616 | 14.7417 | 13.7942
13.297802) 10.4740881) 125.9470) ,24.0536)
0.7 | (05,0.5)
(0.6,0.4) (0,0,0) (0,0.4774971 | (0.1290657,1.552339(1.2584,20.418}1 (0.5163,10.149318.3598 | 10.1590
(0.8,0.2) L0.4774971) 11.552359) 131.3439) ,19.8211)
(0.2,08) | (0,3.970588 (0,0,0) (0,0,0) (0,15.8824 | (0,15.8824 | 14.0389 | 13.8971
13.970588) 124.3908) 23.8235)
(0.4.06 (0,3.297802 (0,0.4740881 (0,0,0) (0,16.5098 | (0,15.5616 | 14.7417 | 13.7942
0.8 | (0.5, 13.207802) 10.4740881) 125.9470) 24.0536)
0 (0,0,0) (0,0.486895 (0,1.565015 (0,20.6234 | (0,10.2596 | 18.2281 | 10.1379
10.486895) \1.565015) 31.6655) 120.0322)
(0.8,0.2) (0,0,0) (0,0.432284 (0,1.601997 (0,20.648 (0,10.1714 | 18.2201 | 10.0633
10.432284) ,1.601997) 131.6204) ,19.9105)
(0.2,08) | (0,3.970588 (0,0,0) (0,0,0) (0,15.8824 | (0,15.8824 | 14.0389 | 13.8971
13.970588) 124.3908) 23.8235)
(0.4,06) | (0,3.297802 (0,0.4740881 (0,0,0) (0,16.5098 | (0,15.5616 | 14.7417 | 13.7942
0.9 | (0.5,0.5) 13.207802) 10.4740881) 125.9470) 24.0536)
(0.6,0.4) (0,0,0) (0,0.486895 (0,1.565015 (0,20.6234 | (0,10.2596 | 18.2281 | 10.1379
10.486895) ,1.565015) ,31.6655) 120.0322)
(0.8.0.2) (0,0,0) (0,0.432284 (0,1.601997 (0,20.648 (0,10.1714 | 18.2201 | 10.0633
10.432284) 11.601997) 131.6204) ,19.9105)
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the following model using fuzzy a-cuts in the objective functions and arith-

metic operations of TFNs in the constraints:

Maz Z1(X) =[4+ o, 6 — a][(1 — a)zt + az?", (1 — @)z} + azl]
+2+a,4—a][(1 —a)zh + ozl (1 - a)zd + azi]
Maz Zy(X) =[1+ a,3 - o][(1 — a)z} + az?, (1 — @)z} + az}]
+[74+a,9—a][(1 - @)z + ez, (1 — a)zy + azl']
subject to
(32! + 4ah, 42T + 5a 5a + Tah) < (9, 10,11)
(x4 xb, 227 + 32, 427 + 5aly) < (3,5,7)

ol ,m I ,.m l P
x7, Ty, ] — xy, T8 — Ty, ] — ],y — x5 > 0.

The model (25) is equivalently converted into the following interval valued
optimization model with deterministic linear constraints based on the cen-
troid concept as discussed:
Maz Z1(X) = [(4+ a)(1 — @)z} + a(d + @) + (2 + a)(1 — )zh + a(2 + a)ab,
(6 —a)(1 — )zl + a6 — )" + (4 — ) (1 — a)z5 + a4 — )23']
Maz Z2(X) = [(1 — a®)zh + a(1 + o)z + (7 + a)(1 — a)ab + (7 + a)z¥,
(B—a)1 —a)zl + a3 —a)ry” + (9 — ) (1 — o)z} + (9 — )25’
subject to
3z} 4 4aT + 527 4 4ab + 525 4 7a} < 30
ot + 227 + 427 + 2} + 325 + 5528 < 15

Ll m L m l
zy, s, 2t —xy, xy — xy, 2] — o, 2l — x5t > 0.

(26)
The FFMOLPP (24) is finally modeled as the following single objective
deterministic linear optimization model based on the weighting sum approach

and Theorem 1:

Mazx Z(X) = wi[(4 + a)(1 — o)z} + 10azT + (6 — a)(1 — a)z]
+ 2+ a)(1 - a)zh +6az] + (4 — a)(1 — a)zh]
+wa[(1 — o)t +daz? + (3 — a)(1 — a)z?
+ (74 a)(1 — a)zh + 1602y + (9 — a)(1 — a)zh]
subject to (27)
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3at + 42’ + 5o 4 4z, + 5al + Tl < 30
o 207 4 42 + o + 32 4 552 < 15
xll,xlz,ac{” —xll,argn —mlz,sc? —ztzy — x5 >0

wy,wg >0, w1 +wy =1

On solving problem (27) by substituting different values of o € [0, 1] and
different weights wy, wse > 0 satisfying w; + wy = 1, a set of optimal solu-
tions are generated, which are considered as the non-dominated solutions of
the FFMOLPP (24). The triangular fuzzy valued optimal objective values
are computed at the non-dominated solutions and also their real valued ex-
pressions are calculated using ranking function of TFNs, which are shown in
Table 4.

4.1 Comparative result discussions

The FFMOLPP considered in the numerical examples are existing problems,
which are solved using our proposed methodology. The computational results
of Examples 1, 2, and 3 are incorporated in Tables 1, 2, and 3, respectively.
The triangular fuzzy valued optimal objective values are computed at the
fuzzy Pareto optimal solutions and their equivalent real valued expressions
are determined using the concept of ranking function.

As it is observed, the ranking function values calculated for the optimal objec-
tive functions due to our proposed method and existing methods are closely
approaching towards each other in certain cases. Besides, the methodology
proposed in this paper derives a set of fuzzy Pareto optimal solutions from,
which some of the solutions generate better optimal objective values based
on the values of their ranking function.

In this context, some of the comparative results are incorporated in Tables 5,
6, and 7 for Examples 1, 2, and 3, respectively. The real-valued expressions of
fuzzy optimal objective values are evaluated using ranking functions in Tables
5, 6, and 7 which are further comparatively discussed with existing methods

through the following figures, Figures 3, 4, and 5, respectively. Since Exam-
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Table 4: Non-dominated solutions, fuzzy valued optimal objective functions and their

real valued expressions of Example 4

a Ty Ty Z Zs R(Z1) | R(Z)
02,08)
0.4,0.6) (0,0,0) (1.666667,1.666667(3.3333,5,6.6667) (11.6667,13.3333,15) 5 13.3333
0.1 | (0.5,0.5) 1.666667)
0.6,0.4)
0.8,0.2) | (2.142857,2.142837, (0,0,0) (8.5714,10.7143| (2.142857,4.2857, | 10.7143 | 4.2857
2.142857) 12.8571) 6.4286)
0.2,08)
0.4,0.6) (0,0,0) (1.666667,1.666647(3.3333,5,6.6667) (11.6667,13.3333,15) 5 13.3333
0.2 0.5,0.5) 1.666667)
0.6,0.4)
0.8,0.2) | (2.142857,2.142837, (0,0,0) (8.5714,10.7143] (2.142857,4.2857, | 10.7143 | 4.2857
2.142857) 12.8571) 6.4286)
02,08)
0.4,0.6) (0,0,0) (1.666667,1.6666G7(3.3333,5,6.6667) (11.6667,13.3333,15) 5 13.3333
0.3 0.5,0.5) 1.666667)
0.6,0.4)
0.8,0.2) | (2.142857,2.142857, (0,0,0) (8.5714,10.7143| (2.142857,4.2857, | 10.7143 | 4.2857
2.142857) 12.8571) 6.4286)
0.2,0.8)
0.4,0.6) (0,0,0) (1.666667,1.666607(3.3333,5,6.6667) (11.6667,13.3333,15) 5 | 13.3333
0.4 | (0.5,0.5) 1.666667)
0.6,0.4)
0.8,0.2) | (2.142857,2.142837, (0,0,0) (8.5714,10.7143| (2.142857,4.2857, | 10.7143 | 4.2857
2.142857) 12.8571) 6.4286)
02,08)
0.4,0.6) (0,0,0) (1.666667,1.666667(3.3333,5,6.6667) (11.6667,13.3333,15) 5 13.3333
0.5 0.5,0.5) 1.666667)
0.6,0.4)
0.8,0.2) | (2.142857,2.142837, (0,0,0) (8.5714,10.7143] (2.142857,4.2857, | 10.7143 | 4.2857
2.142857) 12.8571) 6.4286)
02,08)
0.4,0.6) (0,0,0) (1.666667,1.6666G7(3.3333,5,6.6667) (11.6667,13.3333,15) 5 13.3333
0.6 0.5,0.5) 1.666667)
0.6,0.4)
0.8,0.2) | (2.142857,2.142857, (0,0,0) (8.5714,10.7143] (2.142857,4.2857, | 10.7143 | 4.2857
2.142857) 12.8571) 6.4286)
0.2,0.8)
0.4,0.6) (0,0,0) (1.666667,1.666667(3.3333,5,6.6667) (11.6667,13.3333,15) 5 13.3333
0.7 | (0.5,0.5) 1.666667)
0.6,0.4)
0802) | (02525) (0,0,0) (0,12.5,15) 0,5,7.5) 10 1375
0.2,0.8)
0.4,0.6) (0,0,0) (0,1.875.1.875) | (0,5.625,7.5) | (0,15,16.875) | 4.6875 | 11.7188
0.8 | (0.5,0.5)
0.6,04)
0802) | (02525) (0,0,0) (0,12.5,15) (0,5,7.5) 10 4375
02,08)
0.4,0.6) (0,0,0) (0,1.875,1.875) | (05.625,7.5) | (0,15,16.875) | 4.6875 | 11.7188
0.9 | (0.5,0.5)
0.6,04)
080.2) | (0,2.525) (0,0,0) (0,12.5,15) (0,5,7.5) 10 4.375

ples 1, 2, and 3 are of maximization, minimization and maximization types,
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respectively, the figures validate and justify the feasibility and effectiveness

of the proposed solution approach.

Table 5: Comparative results of Example 1

Methods 7 Zy R(Z,) | R(Zs)
Agarwal (4, 20, 43) (7, 24, 49) 21.75 26

and

Sharma

(1]
Temelcan, | (12, 24, 32.33) (20.33, 28.67, 37) 23.08 | 28.67

Gonce

Kocken,
and Al-
bayrak [27]
Proposed (4.3333,28.6667,38) | (8.6667,33,42.3333) 24.9167 | 29.25

method
Proposed (3.8889,3.8889,3.8889) (12.6667,25.3333,34.1111)24.3611 | 30.2222

method

@

= 35 . - . .

g Comparison of fuzzy optimal objective values based on

G 30 ranking function, Example 1

£

= 25

o

)

=] 2 20
3

wn o

E =] 15

<

S 10

=
5

= s

£

=

(=
v o]

o R(Z1) R(22)
m Agarwal and Sharma 21.75 26
m Temelcan et al. 23.08 2867
W Proposed method 24.9167 2925

Proposed method 24.3611 30.2222

Figure 3: Comparative results on ranking function, Example 1 and Table 5
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Table 6: Comparative results of Example 2
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Methods

Zy

Zs

R(Zy) | R(Zy)

Yang, Cao, and Lin [30]

(12, 50, 66.3712)

(6, 23, 40.5008)

44.5928 | 23.1252

Proposed method

(20,25,46.8)

(10,17.5,43.2) 29.2

22.05

Comparison of fuzzy optimal objective values
based on ranking function, Example 2

R(Z1)
44.5928

Ranking function values of fuzzy
optimal objective functions
w
(=]

W Yang et al.

W Proposed Method

29.2

R(Z2)
23.1252
2205

Figure 4: Comparative results on ranking function, Example 2 and Table 6

Table 7: Comparative results of Example 3

Methods A Zy R(Zy) R(Z5)
Arana-Jiménez [5] (2.457143, (2.4, 17.17117 | 10.2158625
16.343755, 11.49366,
33.540027) 15.47613)
Proposed method (15.0879, (6.6973, 19.2855 10.2769
17.5601, 8.7015,
26.9338) 17.0072)
Proposed method (1.2584, (0.5163, 18.3598 10.1590
20.4184, 10.1493,
31.3439) 19.8211)
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Comparison of fuzzy optimal objective values based
on ranking function, Example 3

©

E

=

=3

©

5

Sz 18

s 2 16

o

@ s 14

=K 12

c2 10

= B 8

2 .95

£3 s

2 4

(-] 2

£ o

=

= R(z1) R(z2)

-
M Arana-Jiménez 17.17117 10.2158625
™ Proposed method 19.2855 10.2769

Proposed method 18.3598 10.159

Figure 5: Comparative results on ranking function, Example 3 and Table 7

5 Conclusions

This paper developed a methodology that generates a set of fuzzy Pareto
optimal solutions of an FFMOLPP, which is considered in a triangular fuzzy
environment. The concepts of fuzzy cuts and centroid of TFNs are used to
develop an equivalent interval valued MOLPP, which is further solved using
weighting sum approach with different weight vectors and a theorem of inter-
val analysis. Different fuzzy cuts and positive weight vectors derive the set of
fuzzy Pareto optimal solutions. The solution approach developed is compu-
tationally simple and efficient, which provides a set of fuzzy valued solutions
comprising the compromise solution of the FFMOLPP whereas most of the
existing methods generate only one solution as the compromise solution. DM
compares the resulted fuzzy optimal objective values using ranking function
concept to decide the compromise solution. The incorporated algorithm and
flowchart narrate the detailed steps of the proposed solution approach. In the
numerical section, three existing problems along with one practical problem
are solved and the results computed are discussed as compared to the existing
methods, which shows the feasibility, effectiveness and acceptability of the
proposed methodology. LINGO software is used for the computational works
of the numerical section. The developed approach can also be applicable for

FFMOLPP designed with trapezoidal, pentagonal and hexagonal fuzzy num-
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bers etc. As the future scope of research, fully fuzzy nonlinear MOOP, fully
fuzzy bi-level MOOP in various fuzzy environment can be studied to develop

some new efficient solution methodologies.
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Abstract

This research presents a nonuniform Haar wavelet approximation of a
singularly perturbed convection-diffusion problem with an integral bound-
ary. The problem is discretized by approximating the second derivative of
the solution with the help of a nonuniform Haar wavelets basis on an arbi-

trary nonuniform mesh. To resolve the multiscale nature of the problem,
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adaptive mesh is generated using the equidistribution principle. This ap-
proach allows for the dynamical adjustment of the mesh based on the solu-
tion’s behavior without requiring any information about the solution. The
combination of nonuniform wavelet approximation and the use of adaptive
mesh leads to improved accuracy, efficiency, and the ability to handle the
multiscale behavior of the solution. On the adaptive mesh rigorous error
analysis is performed showing that the proposed method is a second-order
parameter uniformly convergent. Numerical stability and computational
efficiency are validated in various tables and plots for numerical results

obtained by the implementation of two test examples.

AMS subject classifications (2020): 34D15, 65L11, 65L20, 65T60, 65L50

Keywords: Singular perturbation problems, Adaptive mesh, Nonuniform

Haar wavelet, Parameter uniform convergence

1 Introduction

Nowadays, singularly perturbed problems are among the most studied classes
of differential equations because of their frequent appearance in various
branches of science and engineering such as fluid mechanics, heat transfer,
and problems in structural mechanics posed over thin domains [35, 31, 30].
These problems are characterized by a small positive parameter € multiplied
by the highest order derivative term, due to which in certain regions rapid
change is observed in the solution, generally called as boundary layer. Actu-
ally, this multiscale behavior is the main attraction of this class of problems
due to which the traditional numerical methods fail to give satisfactory in-
formation about the solution in this boundary layer region. We find several
techniques in the literature considering various classes of singularly perturbed
problems, for example, [31, 30, 37, 21, 41, 32, 1, 36, 39].

In this paper, one important subclass is addressed: Singularly perturbed
convection-diffusion problems with integral boundary conditions. These
problems appear in many areas such as fluid dynamics, plasma physics,
thermo-elasticity, chemical engineering, underground water flow, oceanog-

raphy, meteorology, water pollution problems, and so on [17]. In generalized
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Shukla, Saini and Devi 1142

form, this class is expressed as a differential equation with the perturbation

parameter € such that 0 < e < 1,

Lowi= e +ax)it = (@), o€ Gi=(0.1)

du(0) =2, (1)
[ @yu(a)de = .
0

Here, the function £ and the constants g and 7; are known. The existence
of unique solution can be obtained from the sufficient smoothness of the
functions f and £ and the condition a(z) > o > 0 in G.

Furthermore, the following two remarks provide the stability of the model

problem and derivative bounds of the solution, respectively [11].

Remark 1. Suppose that y(x) is a sufficiently smooth function with both
y(0) and y(1) being nonnegative. Then L.y(z) < 0, z € G implies that
y(x) >0, z €G.

Remark 2. For 0 < r < 2, the solution u(z) to the problem (1) satisfies the

following bounds:
d"u
dzx”

<C(l+e e &), (2)

From these solution bounds, the boundary layer behavior is quite visible
near £ = 0. So, in the numerical analysis of these problems, the main focus is
to resolve this boundary layer region. The problem considered in this paper
has been studied previously by some authors such as in [6, 11, 33]. In [6], the
authors presented an exponentially fitted finite difference operator method
with a linear order convergence rate. In [11], authors presented a simpler
nonstandard finite difference operator method with the same linear order
convergence. Recently, in [33], authors presented a second-order nonuniform
Haar wavelet approach on an exponentially graded mesh. Indeed, the nonuni-
form graded mesh used is generated based on the knowledge of the width of
the boundary layer, which is not available all the time in case of multiscale
problems. Therefore, we need an adaptive mesh generation algorithm that
works on a dynamic structure and does not require any information about

the solution. This is the motivation for the present work.
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For a long time, we have seen frequent applications of wavelets theory in
various disciplines of science such as in time-frequency analysis, time series
analysis, signal analysis, image and data compression, and so on. However,
these days, we can see one very interesting application of wavelets theory in
the construction of fast numerical algorithms due to their nice capacity for the
representation of complex functions and operators. One such example is the
Haar wavelets with some very nice properties such as theoretical simplicity,
memory efficiency, orthogonality, compact support, and easy and fast imple-
mentation. Still, using the standard Haar wavelet method is not a good idea
in case of problems exhibiting a multiscale nature in their solution. The uni-
form Haar wavelet methods working on the equidistant grid are not computa-
tionally efficient for such problems. Therefore applying the nonuniform Haar
wavelet approach together with the adaptively generated nonuniform mesh is
a nice idea for these problems. For the first time, nonuniform Haar wavelets
were proposed in 2004 by Dubeau, Elmejdani, and Ksantini[12]. More details
of Haar wavelets and their applications can be found in [24, 29, 13, 16].

Generally speaking, the idea of adaptive mesh is the movement of a fixed
number of mesh points so that the regions of rapid variations attain more
mesh points and those of smooth variation attain a comparatively smaller
number of mesh points by some iterative process. In this work, the approxi-
mation of problem (1) is done using a nonuniform Haar wavelet approach on a
non-equidistant adaptive mesh generated with the help of the equidistribution
principle [18]. Starting with a uniform mesh, this technique aims to condense
the maximum number of mesh points inside the layer regions working on a
self-improving mechanism. The main advantage of the equidistribution ap-
proach is that it does not require any a priori information about the solution
for the construction of adaptive mesh. A nonuniform mesh {x;} , is defined
as an equidistribution mesh for the monitor function M (z,u(z)) if it satisfies

the equidistribution principle, that is,

/ M(s,u(s))ds = / M(s,u(s))ds, 1<i<N-—1. (3)

So far, this equidistribution mesh idea has been applied to many physical

problems together with finite difference methods, for example, in [34, 28,
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4,19, 9, 10, 27, 8] and the references therein. However, to the best of the
authors’ knowledge, this idea has never been applied to any problem to-
gether with the wavelet methods. This is the first time the nonuniform Haar
wavelet method is considered together with the solution adaptive equidistri-
bution mesh. On this mesh, the highest order derivative is approximated
by the Haar series and then obtained the other derivatives by integrating
the Haar series. It is favorable to integrate the derivative approximation
because the derivative of the Haar wavelet results in an impulse function.
Finally, this approximation on collocation points gives a 2M x 2M system
of linear equations in wavelet coefficients as variables, which can be solved
using any known method. Via a thorough analysis, the proposed method is
proved to be a second-order parameter uniformly convergent and is validated
by implementing it on two example problems.

The main highlights of this research can be listed as the following bullet

points:

1. A new adaptive mesh-based numerical wavelet method is presented
for singularly perturbed convection-diffusion problems with a nonlocal

boundary.

2. The equidistribution mesh proposed, works on a self-improvement
mechanism and does not require the a priori information about the
solution, in comparison to other a priory adaptive meshes; such as
Shishkin [37] and Bakhvalov meshes [2].

3. The advantage of the proposed method is that it uses the nice proper-
ties of nonuniform Haar wavelets and the adaptive mesh in the same

framework.

4. Simple and effective uniform convergence analysis is presented for the

proposed method.

5. The numerical algorithm is provided for constructing the adaptive mesh

and solution.

The rest of the paper is organized as follows: Sections 2 and 3 briefly

discuss the construction of the numerical method and the adaptive mesh,
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respectively. Error analysis in Section 4 demonstrates the second-order pa-
rameter uniform convergence of the proposed numerical method. Numerical
stability and error results in Section 5 prove the efficient applicability of
the proposed method and validate the theoretically proved results. Finally,
Section 6 concludes the theoretical and numerical findings of the present

research.

Notation: We use C' as a generic positive constant, which is independent

of e and M and can take different values.

2 Wavelet-based numerical method

This section discusses the structure and theoretical aspects of nonuniform
Haar wavelets and then provides a detailed numerical discretization of the

problem with the help of nonuniform Haar wavelets [25].

2.1 Nonuniform Haar wavelet

Basically, Haar wavelets are characterized by a dilation parameter (j) and
a translation parameter (), where j = 0,...,J, and l = 0,...,m — 1, with
m = 27. Each wavelet is numbered by the index i = m+{+ 1. The minimum
values for [ and m are 0 and 1, respectively, which results in ¢ = 2. Similarly,
the maximum values of i = 2M, where M = 27, with J indicating the
maximum level of resolution. Since the indexing here is starting from 2, we

define the first Haar wavelet hq(z) as

1, x€]0,1],
hi(x) = (4)
0, otherwise.

Let {zx}?Y, be an arbitrary nonuniform mesh in [0,1]. Now taking v =
%, choose three specific nodes on the discrete mesh, o1(i) = 22, 02(i) =
T2+, 03(1) = T(21420), and using the requisite fol hi(z)dz = 0, define the
Haar wavelet, for : =2 < ¢ < 2M, by
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1, x € [o1(3), 02(1)],
hi(x) = § =i, @ € [oa(i), 03(i)), (5)
0, otherwise,

where 0 0
" o) —oali) ©

Here, some particulars are provided on wavelets and their notations that

will be used in upcoming sections:

1. In general one can write the integrals of Haar wavelets as
Pia(z) = / hi(s) ds, (7)
0

’Pi,k_H(CC):/ Pir(s)ds, 1<i<2M, k=1,2,.... (8)
0

The calculation of the first two integrals of the wavelet hy are Py 1(x) =
z and Py o(x) = I—;

In general, the first two integrals for each of the rest wavelets are

x — o1(i), x € [01(1), 02()],

Pir(@) =4 —¢i(o3(i) —x), = € lo2(i),0

w
—~
.
=
—
Ne)
=

0, otherwise,

L
8
A
q
._.
—
)

) s —o()? z € [01(3), o2(3)],
73,',2(96) - 1 1
3(02(1) = 01(0)(03(d) — 01(4)) — 3%i(o3(i) —2)%, @ € [02(i), 03()],
5 (02(1) — 1)) (03(5) — 01 (3)), x> o3(4).
(10)

2. Piecewise orthogonality of the nonuniform Haar wavelets can be ob-

served as

[ meya = O TRy
0 0, 1 £ 1.

3. Also, we have the following bounds for P; ; () [38]:
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Pz,o(x)§17 P’L,l(flf)_ 2J+1’ ’L>17 (12)

P ()<l Pir(z) < 8 1) E>920> 1
1,k ) S k"’ i,k Z 3(\_(}€+1)/2J')2 2j+1 9 = 4yl .
(13)

2.2 Numerical method

Any square-integrable function y(z) can be expressed as an infinite linear

combination of Haar wavelets as [12]

y(z) = Zcihi(z), z € (0,1). (14)

Here, if y(z) is a piecewise constant function or if we can approximate it with

a piecewise constant function, then this series may terminate in a finite sum.

If we denote the approximate solution by U, then following this discussion,

we can consider the approximation of the second-order derivative as

dQU 2M
qz Zpihi(x)v (15)
i=1

where the coefficient p;’s are wavelet coefficients.

Integrating (15) from 0 to x, and using the boundary condition at = 0,

we obtain the approximation for the first-order derivative as follows:

dU 5 2M
_ D,
= -I—;pﬂjm(x). (16)

Again integrating (16), from 0 to x, we obtain the following approximation

of the exact solution u:

oM
U(x)=U(0) + ?x + ;pipm(if). (17)

Next, to obtain the approximation of the integral boundary condition

multiply U(z) by &(x) in (17) and integrate from 0 to 1 to get
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/0 (@)U ) / (o) do + 2 xf()
/ (Zpl ;o )dm. (18)

Rewriting (18), we get the approximate solution at = = 0 as

(e de — (L e inllx .
ooy = 12 o 7@ Jy €@) (SR piPia()) d "

f01§ x) dx

with fo x)dz # 0.

Now, use the expressions for ‘fag, ‘é—g, and U(z) from (15), (16), and (17),
respectively, in previous equation. Then substituting the collocation points

considered at the midpoints of the mesh subintervals, that is,

xgzx’“%w, k=1,...,2M, (20)

we get the following system of linear equations

2M
Zpi[shi(xi) +a(ep)Pia ()] = flzg) - a(ﬂvi)?v I<k<2M. (21)

In the standard form, we represent this system as AX = B, where A =
[ak,i)201 20 s the coefficients matrix in the associated system of linear equa-
tions, X = [pg]aarx1 is the solution vector, and B = [bg]aarx1 is the known
vector, with ag; = ehi(xf) +a(xg)P;1(xf) and by = f(2f) —a(xf)22. We can
solve this system with the help of any known method and thus the solution

is completely known using (17).

3 Construction and properties of adaptive mesh

This section explains the construction of a nonuniform adaptive mesh defined
by using the equidistribution principle. Some insights into the adaptive mesh

are also provided which will be used in the error analysis section.

Equivalently to (3), we define the nonuniform adaptive mesh G?*™ = {0 =

Zo,...,2Tany = 1} using the equidistribution principle as follows:
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/Zjll M(s,u(s))ds = ﬁ/@ M(s,u(s))ds, 1<i<2M. (22)

In another form, the mesh equidistribution can be seen as a mapping = =
x(§), which relates the computational coordinate £ € [0,1] to the physical
coordinate x € [0, 1], defined by

z(§) 1
M(s,u(s))ds = 5/0 M(s,u(s)) ds. (23)

0
Motivated by [8, 3, 23], we choose the monitor function of the following form:

1/2
d?u(x) 7 (24)

dx?

M(z,u(z)) =+

where the positive constant § is introduced to maintain the reasonable dis-
tribution of the node points throughout the domain; if we do not include
B, then the equidistribution results in node starvation outside the boundary
layer part.

d>u(x)
dl‘2 )

Now, consider the following approximation of

d*u(zx) =20
dx? g2 ’

where the constant 7 is independent of x and e.

Hence,

1
J
Now, using the definition (23), equidistribution of the monitor function

(24) leads to the scaling

d*u(x)

1/2 ] 9 ‘77|1/2 1/2
dx?

= 2T gy o 2T
T=— (1—e2)~ o =A (say). (25)

—20@) _ Py (B 2
ol ) La(e) =1 <A+1 >5. (26)

By this scaling, a nonuniform mesh in physical coordinates {xy, ,%Jfo cor-
responds from an equispaced mesh {¢&; = k/2M }?M in computational coor-

dinates. So, the above equation is written as

R G P s (27)
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Hence, the adaptively generated mesh points are given by the solution of

the nonlinear algebraic equation (27).

Throughout the analysis, we take 8 = A. An important observation that

we shall use in error analysis is obtained by using the bounds from (2) as

1 1
/M(m,u(m))dx:/ <5+ hdiad S
0 0
1 1 an1/2
g/ ﬁderC’/ (14+e2e %) " da
0 0
1 N 1/2
=B+C/ (1+ (e #)") e
0
1
Sﬂ—FC/ (1+5*167%Z) dx
0

Sﬁ-i—C—i-%(l—e%)SC. (28)

follows:

4 Error analysis

In the proposed method, an approximation of the solution up to the Jth level
of resolution is used, and the expression (17) represents the discrete version
of the problem. So if the actual representation of the solution is taken in

(17), then the expression for the exact solution is obtained as
u(e) = u(0) + L + ; piPia(x). (29)

On comparing (17) and (29), we can write the error term as the truncated

part of the infinite sum

o0

Z piPia(z)|.

i=2M+1

&7 = lu(x) — U(x)| = (30)

Now, to estimate the error bound completely, we calculate the bounds on
both p;’s and P; o(x).

To calculate the bounds for the coefficients p;’s, multiply k., in both sides

of the expression
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de Zpl i

for some particular natural number 7, and integrate in 0 to 1. Then by using

the orthogonality property of wavelets (11), we get

L d2y
/ @hr(m) dx = pe),(o3(r) — o1(r)).
0

This gives
1 1 d2u
= d
P Y (03(3) — o1 (4 0 da? hi(@) d
70 2y oa(i) 2
Yi(o3(i) — o1(i o1(i) O oa(i) OF
M) .

_ (03(i) — 02(i) =0 du
= (os() — 01() (o <>—al< ) me a?

- ) [0 d]
02(1-) dﬂ?Q

g1 )
~(o3(i) — 02(4))
1 o2(1) d? 1 o3(1) d?u
S T oy T T oy T
1 72(2) .  d%u
= ())2/0 (02(2) — 01(4)) ) dx

(02(i) — o1 (i 1(9)

1 o3(%) d2u
TN W2 (o — o2(1 dzx.
(03(i) — 02(3))” /02(1-) (7() () Gz dxz?

For a positive integer s and a positive decreasing function ® on an interval

[t1,t2], we have [5]

/:2 (t—t1)*"1o(t) dt < % </tt2 (t)/* dt) S . (31)

So, using the above inequality (31), we get
1 1 72 2\ Y2\
pz = 7/ <> dx
2\ (02(1) = 01(9) Jor(sy) \da?
1 1 = e\
Moo [ (E2) "
2 \ (03(i) — 02(4)) Jo,iy \dw
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1 1 o2(i)
=32 <<oz<z'> —o1(0) /mm

o3 (i w2 2
o Loy [+ (&) ] )

Next, we use the equidistribution principle (22) and the observation (28) to

get

2

ps % (m(i) im(i)) (02@25;1(”) / Md””)

1 @00 [y
5 <<03(@')—02(¢>) 5 /0 Md )
<CM™2=02"%,

2

+

Now, we can estimate the error bound from (30) by substituting these bounds

of p; and the bounds of P; 2(z) from (13) as follows:

o0

&l = Z piPiz2(x)

i=2M+1

oo  29-1

= Z ZP21+Z+1P2J'+1+1,2($)

j=J+1 1=0

C —25—2
2. C3immn

j=J+1

IN

oo 29-1

<C Z 22—23'—2

j=J+1 1=0
<C27¥ =0o(M7?).

This result ensures the second-order convergence of the proposed method.

5 Numerical experiments

In this section, two important elements of numerical experiments are dis-
cussed; the numerical algorithm followed for the computation process and

the numerical stability.
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5.1 Adaptive mesh generation

An important feature of this work is the construction of a robust adaptive
nonuniform mesh based on the equidistribution principle. Here, we intro-
duce a variant of De Boor’s algorithm [5] for the construction of adaptive
mesh. Based on finite difference methods, this algorithm has been applied
to various classes of singularly perturbed problems (see [4, 14, 15, 23, 22]
and the references therein). Also, for some classes of problems, the conver-
gence of this algorithm is discussed in [40, 7]. In discrete form, we write the
equidistribution condition (22) as

12M

(xk—xkfl)/\/lk - m ‘_1((Ei —SL'ifl)MZy k: 1,...,2M, (32)

where M; is the discrete version of the monitor function. However, in [20],
it is remarked that the above discrete form is not necessary to be enforced
strictly, rather it will work sufficiently well to stop the iterative algorithm to
the following weakened form:

C 2M
ﬁ (mi —.’Eifl)./\/li, k= 1,...,2M, (33)

i=1

(X — xp—1) My <

with Cyp > 1 taken as a relaxing constant. By the user-chosen value of Cy, one
can manage the number of iterations and the adaptiveness of the mesh during
the solution process. The choice of Cy works such that a smaller value of Cy,
results in a more number of iterations, and a more accurate solution. For the
example problems, we are taking Cy = 1.05. The numerical algorithm below

provides a complete overview of the adaptive mesh generation mechanism.

Numerical algorithm for the adaptive mesh and solu-
tion
Input: J M €N, 0<e<1, and Cy > 1.
Output: Adaptive mesh {z;} and adaptive solution Uy.

1. Initialize the mesh taking x,(f) =k/2M, k=0,...,.2M, with r = 0.
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(r)

2. Calculate U,gr) from (21) on the collocation mesh points z; " given by
(20).
3. Compute the monitor function by
1/2
, dZU(T)
M =B | 1<k <aM -1, (34)
x

by using approximation (15) for second-order derivative and define

oM 1/2
ﬂ(r) = (zi’(r) —xg’(r)) |:Zpihi(ws’(T)):|
i=1

2M (r) 1/2 oM ") 1/2
oM o " [Z pihi(zy" )] + [Z pihs(zp) )}
c,(r c,(r =1 =1
+sz2 <$k _x’f—1> 2

4. For {I,(;)} and U,ir), set

M4 ™
H = <k—12k @ —20), 1<k <2M,

where Mg) is calculated in Step 3 setting Mér) = MY).

5. Set B(()T) =0 and B,(:) = Zle Hi(r)7 1 <k <2M. Then for stopping

criteria define
2M (r)

max H’.
B 1<k<aM
oM

) =

6. If C(") < Cp, then go to Step 9.

7. Set Y, = kBé%/?M, 0 <k <2M. Generate new mesh {:an—i_l)} by
interpolating the points (B,(f) , ) and evaluating the interpolant at Yy,
0<k<2M.

8. Set r = r + 1 and return to Step 2.

9. Take {x,(:)} as the final adaptive mesh and U,gr) as the final solution.
Stop.
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5.2 Numerical stability
To show the stability of the proposed method, we follow the following defi-

nition of stability [26].

Definition 1. A numerical method for solving differential equations is said
to be stable if, for the associated system of linear equations AX = B, A~!

exists and is bounded. That is,
A < C.

Now, we provide the implementation of the proposed method in the fol-
lowing two test problems to confirm the theoretical findings with the help of

some tables and graphs.

Example 1. [33] Let us consider the first example as the following singularly

perturbed differential equation:
eu(x) +u'(z) =1, for 0<z <1, (35)
concerning the given conditions u/(0) = 1 and fol u(z)dr = 5.

The exact solution to the above problem is known
u(e) = —(* = &) (1= D) + £ = el =) + 2.

Example 2. [33] Let us consider the second example as the following singu-
larly perturbed differential equation:
eu’(x) +u'(z) = (e —2)e™ ™, for 0<z <1, (36)
1

subject to the given conditions /(0) = < and

1
/ u(z)dr =1—e ' +¢; + 0.5eco (1 - e(%z)).
0
The exact solution to the above problem is known
(+
u(xz) =c1 +coe\ ° ) +e "

where
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3 1 1 =1 =2 1 —1
01:—?(6 +§e4 —|—(1+es)+§e2s)02,
_ 1+e
Cop = — B) .

To confirm the numerical stability of the proposed method for the exam-
ple problems, we present the following tables of the norm of the inverse of
the wavelet coefficient matrix A for both examples in Table 1. The finite
condition numbers of matrix A depict that the matrix is well-conditioned
even if we are increasing the resolution levels. Therefore, we can conclude

that the method is reasonably stable.

Table 1: Condition number of coefficient matrix for various resolution levels for both

examples.
e=10"2 e=10"°
J | Example 1 Example 2 | Example 1  Example 2
5 1 2.7119e+02  6.1539e+02 | 3.4215e4+04 3.5816e+04
6 | 3.7465e+02 8.6552e+02 | 1.5364e+05 1.7826e+05
7 | 5.1816e+02 1.1982e+03 | 4.2509¢+05 6.6213e+05
8 | 7.2116e+02 1.6866e+03 | 7.9665e+05 1.7912e+06
9 | 1.0101e+03 2.3338e+03 | 1.0983e+06 2.4694e+06

Figure 1 displays the comparison of exact and numerical solutions of both
examples for ¢ = 1073 and 2M = 128. These figures, clarify the effective
resolution of the boundary layer phenomena by using the present adaptive
mesh method. Furthermore, to demonstrate the relative applicability and
effectiveness of the proposed method, we define the following formulas for
the maximum absolute error £/, and the order of convergence p:

J

J c J =1 €
1§HzlggiM|Uk U(l‘k”, Pe ) (gé]+1>7

gl = (37)
where U7 is the numerical solution at the resolution level J using the above
algorithm, w(z) is the exact solution. We also define the formulas for
parameter-uniform errors and the parameter-uniform order of convergence

5‘]
&l = m§X|5éI\> p’ = log, <5J+1> . (38)
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Solution

—#— Exact Solution
—&— Numerical Solution

18 L L L
0 0.2 0.4 0.6 0.8 1
X
(a) Solution plot for Example 1
1 T T T T
0.9 —#— Exact Solution E
—&— Numerical Solution

Solution

X

(b) Solution plot for Example 2

Figure 1: Comparison of the numerical solution obtained by the proposed method with

the exact solution for ¢ = 1073 and 2M = 128.

The maximum absolute errors and the order of convergence obtained by

using these formulas for different resolution levels and different values of e
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are presented in Tables 2 and 3. From these tables, we see the second-order
convergence rates, which are going to be stabilized as we move downwards
along the columns in the tables. Thus, from the last few rows of these tables,
we can observe the second-order parameter uniform nature of the proposed

method.

Table 2: Maximum point-wise errors £/, parameter-uniform errors £7, order of conver-

gence pf, and parameter-uniform convergence order p”’ using the proposed method for

Example 1.
e=10"" J=5 J=6 J=1 J=38 J=9

r=1 1.3259e-04 | 3.2752e-05 | 8.1922e-06 | 2.0484e-06 | 5.1211e-07
2.0173 1.9993 1.9998 2.0000

r=2 | 2.8088e-04 | 6.9246e-05 | 1.7126e-05 | 4.2623e-06 | 1.0634e-06
2.0202 2.0155 2.0065 2.0029

r=3 | 3.6121e-04 | 8.0450e-05 | 1.8144e-05 | 4.3778e-06 | 1.0694e-06
2.1667 2.1486 2.0512 2.0334

r=4 | 4.9163e-04 | 8.3995¢-05 | 1.8813e-05 | 4.4019¢-06 | 1.0789¢-06
2.5492 2.1586 2.0955 2.0286

r=>5 | 5.0123e-04 | 8.5858¢-05 | 1.9028e-05 | 4.4241e-06 | 1.0919e-06
2.5454 2.1738 2.1047 2.0185

r=6 | 1.9057e-03 | 8.8126e-05 | 1.9267e-05 | 4.4415e-06 | 1.0959e-06
4.4346 2.1934 2.1170 2.0189

r="7 | 4.9062e-03 | 1.6531e-04 | 1.9367e-05 | 4.4512e-06 | 1.0966e-06
4.8914 3.0935 2.1213 2.0212

I 4.9062¢-03 | 1.6531e-04 | 1.9367e-05 | 4.4512e-06 | 1.0966e-06
p’ 4.8914 3.0935 2.1213 2.0212

In Tables 4 and 5, we compare the results obtained by the present method
based upon a nonuniform equidistribution mesh with the second-order con-
vergent numerical method in [33] based on a nonuniform graded mesh. We
can observe that we can achieve better accuracy in the same efforts, that is,
with the same discretization parameters from the same values of perturbation
parameter. This also supports the suitability of the proposed method.

Table 6 shows the comparison of computational time (in seconds) in CPU
for the wavelet approximation on the equidistribution mesh and the graded
mesh. The CPU time is reported by averaging a few executions for a fixed
value of ¢ = 107° at each value of J = 5,...,10. It can be seen that the

computational time is lesser for equidistribution mesh for smaller levels of
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Table 3: Maximum point-wise errors £/, parameter-uniform errors £7, order of conver-

gence p?, and parameter-uniform convergence order p’ using the proposed method for

Example 2.
e=10"" J=5 J=6 J=T J=8 J=9
r=1 1.5675e-04 | 3.9077e-05 | 9.7696e-06 | 2.4427e-06 | 6.1071e-07
2.0041 1.9999 1.9998 1.9999
r=2 3.2592e-04 | 8.0649e-05 | 2.0186e-05 | 5.0492¢-06 | 1.2643e-06
2.0148 1.9983 1.9992 1.9977
r=3 4.6697e-04 | 9.4866e-05 | 2.3479¢e-05 | 5.8828e-06 | 1.4740e-06
2.2994 2.0145 1.9968 1.9968
r=4 5.3535e-04 | 1.0452e-04 | 2.5524e-05 | 6.1883e-06 | 1.5182¢-06
2.3567 2.0339 2.0442 2.0272
r=2>5 6.0230e-04 | 1.0858e-04 | 2.6228e-05 | 6.4441e-06 | 1.6019¢-06
2.4717 2.0496 2.0251 2.0082
r==~6 7.0127¢-03 | 1.1826e-04 | 2.7867e-05 | 6.6985e-06 | 1.6719e-06
5.8899 2.0853 2.0566 2.0023
r="7 9.9962¢-03 | 1.9131e-04 | 2.9267e-05 | 6.8812e-06 | 1.7166e-06
5.7074 2.7086 2.0885 2.0031
&’ 9.9962e-03 | 1.9131e-04 | 2.9267e-05 | 6.8812e-06 | 1.7166e-06
pJ 5.7074 2.7086 2.0885 2.0031
Table 4: Comparison of maximum point-wise errors for Example 1.
e=10"3 e=10""
J | Present method Method in [33] | Present method Method in [33]
5 3.6121e-04 1.7061e-03 4.9062e-03 1.7134e-03
6 8.0450e-05 4.2778e-04 1.6531e-04 4.2960e-04
7 1.8144e-05 1.0701e-04 1.9367e-05 1.0746e-04
8 4.3778e-05 2.6753e-05 4.4512e-06 2.6855e-05
9 1.0694e-06 6.6882e-06 1.0966e-06 6.7071e-06

resolutions. However as the resolution increases, because of the iterative al-

gorithm of the adaptive mesh generation computational time increases fast.
All the numerical experiments are performed using MATLAB R2019a (Math-
works Inc.) on a 64-bit Windows 10 machine, with Intel(R) Core(TM) I5 7th
Gen 7200U processor running at 2.50 GHz and 8.00 GB RAM.

At last, we included two Figures 2 and 3 for both examples, respectively,

showing the trajectory of the formation of adaptive mesh per iteration and the
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Table 5: Comparison of maximum point-wise errors for Example 2.

e=10"3 e=10""
J | Present method Method in [33] | Present method Method in [33]
5 4.6697e-04 1.6560e-03 9.9962e-03 1.6560e-03
6 9.4866e-05 4.1311e-04 1.9131e-04 4.1298e-04
7 2.3479e-05 1.0331e-04 2.9267e-05 1.0327e-04
8 5.8828e-06 2.5820e-05 6.8812e-06 2.5793e-05
9 1.4740e-06 6.4546e-06 1.7166e-06 6.4489e-06

Table 6: Comparison of CPU computational times (in seconds) for the wavelet approx-
imations on graded mesh [33] and equidistributed meshes with ¢ = 10~5 for Example
1.

J 5 6 7 8 9 10
Equidistribution mesh | 1.5844 1.6693 1.6898 1.7221 2.1088 17.2492
Graded mesh [33] 1.6718 1.6899 1.7241 1.7175 2.0794 14.9256

final position of adaptive mesh points. These figures show that the equidis-
tribution mesh is highly adaptive towards the boundary layers present in

singular perturbation problems.

6 Conclusions:

The purpose of this article was to introduce an efficient nonuniform wavelet-
based numerical method on an adaptive mesh generated by equidistribution
of a specially chosen monitor function for a class of singularly perturbed
convection-diffusion problems with nonlocal boundary conditions. Rigorous
error analysis for the proposed method was done and the parameter uni-
form convergence of the second-order is established. Furthermore, the com-
putational stability of the proposed method was observed for two example
problems, and the numerical results confirmed the convergence result. The
application of a wavelet method together with a posteriorly generated equidis-
tribution mesh is itself a novelty and the significant difference in the accuracy
of results proves the best applicability of the proposed method over existing

numerical methods. Applying the wavelet methods on a posteriorly gener-
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Figure 2: Moving mesh trajectory for each iteration and density of mesh points in the

final adaptive mesh, respectively, for Example 1 with ¢ = 1073 and 2M = 128.

ated equidistribution mesh for more complex problems can be the motivation

for many future works.
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but also fosters global connectivity and economic restructuring. However,
despite its critical role in the global economy, e-commerce faces challenges,
notably the hesitation of some consumers due to concerns about security
and trust. To address this, we propose a novel mathematical model to
examine customer behavior dynamics toward e-commerce, particularly the
impact of the refusal behavior. Our study comprehensively examines the
characteristics of our mathematical model, conducts a thorough stability
analysis, and investigates the parameter sensitivity. Furthermore, control
theory has been adopted to optimize the adoption of e-commerce using
Pontryagin’s maximum principle, with numerical simulations to evaluate

the effectiveness of our proposed strategies.

AMS subject classifications (2020): Primary 93-10; Secondary 49J20, 34D20.

Keywords: Mathematical modeling, Stability analysis, E-commerce, Pon-

tryagin Maximum principle, Sensitivity Analysis.

1 Introduction

The increasing dependence on digital platforms and the acceleration of tech-
nical progress have fundamentally transformed how people engage, converse,
and go through their daily lives in modern society [7, 30]. Digital platforms
have become an integral component in almost every aspect of contempo-
rary life, ranging from interpersonal communication to career pursuits [16].
Global connectivity is fostered by social media, e-commerce, and online com-
munication tools, which have become indispensable aspects of daily life. This
significant change is redefining conventional corporate models and economic
structures in addition to changing societal dynamics [36, 35]. The trans-
formative potential of technology is clear as more people and organizations
gravitate to digital solutions. This is because technology not only improves
efficiency and convenience but also catalyzes paradigm shifts across varied
industries, laying the groundwork for a future where everything is connected
through the Internet. On the grounds of this, the major developments that e-
commerce encountered made it an essential foundation for the growth of the

nation’s economy, as well as for the country’s opening toward the worldwide
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market’s accessibility of product presentation both domestically and abroad,
and convenience of buying from any domestic or foreign market at any time
or location [11, 39].

Nevertheless, in the contemporary landscape, e-commerce is one of the
most important aspects of the global economy in the modern world. It has a
significant impact on how businesses operate and how customers engage with
goods and services [6]. In [29], the authors encountered the ever-expanding
reach of digital platforms that have not only facilitated the seamless exchange
of goods and services but has also blurred the traditional boundaries of mar-

ket accessibility.

Online businesses or shops notice that their offered services can cease
functioning due to some technical problems or more importantly, a decreasing
number of customers, and sometimes it is difficult to control this behavior
due to the lack of time or a misunderstanding of the customer’s behavior
toward online businesses or e-commerce in general. This lack of information
can blur the future of the online business economy. Consequently, these
situations serve as the inspiration behind the research question of this paper:
How can we more significantly understand the customer’s behavior toward

e-commerce?

Regarding the enormous role e-commerce has in our lives and how it
impacts people’s behavior, scholars explored the interaction between people
and e-commerce. In [8, 31], the authors analyzed the correlation between
e-commerce and people’s trust, forecasting the differences between a virtual
and a conventional marketplace and how customers’ trust affects their con-
sumption and vision toward e-commerce. Moreover, some other researchers
talked about and provided examples of the age, educational background, and
income requirements of users on e-commerce platforms [26], and even the
rumors dissemination impact on it [5]. Therefore, the significant attention
that the public and governments accord e-commerce has created numerous
opportunities for business owners. Thus, academics paid attention to this
topic and studied the relationship between e-commerce and entrepreneurship
[37, 15]. From another perspective, in [9], the authors investigated the impact

of COVID-19 on e-commerce and its effects on consumer purchase behavior.
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Following the pattern of modeling the customer’s behavior, it is getting
increasingly important to better understand the dynamic of customers to-
ward these online businesses regarding the great evolution of digital plat-
forms and the customer’s needs and requirements. Consequently, various
academics investigated the subject. In [41], the authors focused on the mod-
eling of customer preferences using multi-network analysis, which gives a sig-
nificant database to understand the customer’s conduct. Furthermore, Park
and Fader [32] developed a stochastic model of website visiting behavior to
better understand what makes a customer change his conduct toward one
web website to another. During the time customers spend on websites, they
certainly leave behind a pattern trait that sums up their behavior. This pro-
cess generates what we call big data information and web analytics that are
significant in understanding customers’ behavior when being on the website
[13].

Perceiving the supreme role e-commerce took in people’s lives and the cor-
relation it has with our behavior and consumption aptitude, it is instinctive
to better understand and analyze the process of how customers act toward
e-commerce. Consequently, a proper and effective modeling approach must
be used, such as the compartmental model approach, which was first intro-
duced by Kermack and McKendrick [21] in 1927 in the Proceedings of the
Royal Society of London, which is a seminal work that laid the groundwork
for the mathematical modeling of infectious diseases, principally named the
SIR models. Inspired by the epidemiological modeling approach, a popula-
tion can be divided into three main compartments: susceptible, infected, and
recovered, which make it convenient to use for customer’s behavior model-
ing for a better and simpler understanding, interpreting, and controlling. In
the literature, we can see that all the proposed mathematical modeling of
customers’ behavior toward e-commerce does not take into consideration the
influence of customers with each other and the bad influence a refusal behav-
ior can have on a group of customers toward these shopping websites. That is
why a better modeling approach must take place. In our work, we formulate
a new mathematical model to overview and understand the dynamic behav-
ior of customers toward e-commerce and specifically to study the influence

of customers’ refusal to use e-commerce on others. To that end, we propose

Iran. J. Numer. Anal. Optim., Vol. 14, No. 4, 2024, pp 1168-1202



Hassouni, Belhdid and Balati 1172

a compartmental model of four compartments (potential customers, refusers
of e-commerce, users of e-commerce, and finally, those who temporally stop
using e-commerce) that widely describe the interaction between customers
regarding their behavior in the e-commerce environment. We study the main
characteristics of the proposed model to discover the various aspects of the
proposed modeling and to better understand the process of customers’ behav-
ior towards e-commerce. Nevertheless, the stability analysis of the proposed
model is investigated in its local and global aspects for the equilibrium points
subjected to this model. We also use control theory analysis and the Pon-
tryagin maximum principle to seek our objective of maximization of users
of e-commerce platforms and minimizing the refusers of e-commerce, which

consequently will have a great impact on the global economy.

Control theory has been applied to various problems by a range of au-
thors, such as the electoral behavior optimal control strategies regarding the
political appurtenance [3]. In addition, in [18], the authors applied mathe-
matical modeling and optimal control strategies to prevent the spread of the
coronavirus. Further research on control theory can be found in the following
works: [25, 22, 10, 2].

In our research, we formulate a new mathematical model to study the
impact of the behavior of customers who refuse to use e-commerce on e-
commerce. We study the basic characteristics of the proposed model. We will
also apply control theory to this model to increase the number of customers

USiDg e-comimerce.

The research is organized as follows: In Section 2, a mathematical model
is presented that analyzes customers’ behavior toward e-commerce. Then, in
Section 3, a stability analysis is performed around the equilibrium points, in
both the locally and globally aspects. Furthermore, a sensitivity analysis of
the reproduction number parameters is also performed to find out the most
effective parameters for the optimal control problem of the model. Following
that, Section 4 presents the optimal control problem, where the existence and
characterization of the proposed controls are proven. Section 5 showcases the
numerical simulations of the model’s different compartments to evaluate the
effectiveness of the proposed strategies. Finally, the paper is concluded in

Section 6.
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2 The mathematical model formulation

In this research, the problem studied is that of customers who refuse to use
electronic commerce because they are afraid of electronic crime or fraud, or
because they are afraid that their personal data will be stolen. To study
this problem mathematically, we have proposed a deterministic, non-linear
model that describes the problem in all its aspects and its relationship with
the rest of the parties that could be affected by the refusal to use electronic

commerce. The proposed model has four compartments.

2.1 Description of the model

Compartment P: It represents potential customers for electronic com-
merce who have never made any purchases through electronic stores located
on the Internet, knowing that these people are connected to the Internet.
The behavior of this compartment is due to a group of reasons, including
lack of knowledge of electronic commerce, fear of electronic crimes, fear of
fraud regarding the quality of products, fear of leakage of personal data, or
living in places far from means of transportation for transporting goods. The
number of members of this compartment increases with the number A, which
represents the rate of new people connected to the Internet. The number of
individuals in this compartment is reduced by the number 3, which repre-
sents the percentage of people affected by the refusal to use e-commerce, the
number «, which represents the percentage of people who decided to use e-
commerce as a result of positive thoughts about it, and the number p, which
represents the percentage of natural deaths of customers.

Compartment A: It represents customers who refuse to use e-commerce
because of negative thoughts about it, knowing that the members of this com-
partment have never purchased through e-commerce stores. The number of
members of this compartment increases with the number 8, which represents
the percentage of people affected by the refusal to use e-commerce, while the
number of members of this compartment decreases with the numbers v and

1, which, respectively, represent the percentage of people who refused to use
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e-commerce but decided to use it as a result of positive thoughts about it

and the percentage of natural deaths of customers.

Compartment FE: This category represents customers who use e-
commerce, and they are people who purchase from electronic stores on the
Internet. The number of members of this compartment increases by three
numbers «, v, and 6, which, respectively, represent the percentage of people
who decided to use e-commerce as a result of positive thoughts about it, the
percentage of people who refused to use e-commerce but decided to use it as
a result of positive thoughts about it, and the rate of people who returned
to using it. The number of people in this compartment is reduced by the
number p, which represents the percentage of natural deaths of customers,
and the number §, which represents the percentage of people who stopped
using e-commerce as a result of a problem.

Compartment D: It represents customers who have temporarily stopped
using e-commerce, and they are people who have temporarily stopped using
e-commerce as a result of a group of factors, including exposure to fraud,
traveling to places where the Internet is not available, or exposure to elec-
tronic crime. The number of members of this compartment increases with
the number §, which represents the percentage of people who stopped using
e-commerce as a result of a problem. The number of people in this compart-
ment is reduced by the number u, which represents the percentage of natural
deaths of customers, and by the number 0, which represents the percent-
age of people who returned to using e-commerce after solving their previous
problem.

The schematic diagram in Figure 1 showcases the trends of customer flows
between compartments. We will fill these trends with directional arrows to
further clarify these flows. The parameters used in this model are summarized
in Table 1.

The model outlines a dynamic flow of customers through four distinct
compartments, each representing different stages of engagement with elec-
tronic commerce (e-commerce). Initially, individuals enter the system as
potential customers (Compartment P), influenced by factors such as their
familiarity with e-commerce, concerns about security, and geographical ac-

cessibility. From there, they may transition to become active customers
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P
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Figure 1: Compartments model diagram.

(Compartment E) through positive experiences or resolution of initial appre-
hensions. Alternatively, some individuals may initially refuse to engage with
e-commerce (Compartment A) due to negative perceptions but may later be
persuaded to join the active customer base through positive interventions.
However, the model also accounts for fluctuations in customer behavior, as
evidenced by the existence of temporarily inactive customers (Compartment
D), who may pause their e-commerce activities due to encountered problems
but could return to active engagement following issue resolution. Through-
out this process, the flow of individuals between compartments is governed
by rates of adoption, refusal, retention, and attrition, reflecting the complex
interplay of factors shaping e-commerce participation. Following the hypoth-
esis and description above, we present the mathematical model for customer’s
behavior, who refuses to use e-commerce when purchasing their daily needs.
The model is governed by the following system of differential equations:

W = A= BP()A(t) - aP(t) - uP(),
U — BP(1)A() — YA(E) — pA(2),
T = aP(t) +YA(t) + 0D(1) — OB(t) — pE (1),
W = 8E(t) = 0D(1) — uD(1).
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Table 1: Model’s parameter description

Parameter Description
A The rate of new people connected to the Internet.
B8 The Rate of people affected by refusal to use e-commerce.
a The rate of people who decided to use e-commerce as a result
of positive thoughts about it.
~y The rate of people who refused to use e-commerce but decided to
use it as a result of positive thoughts about it.
0 The rate of people who stopped using e-commerce as a result of a problem.
0 The rate of people who returned to using e-commerce
after solving their previous problem.
o Natural mortality rate of clients.

with the initial conditions P(0) > 0, A(0) > 0, E(0) > 0, and D(0) > 0. The
total number of people who can buy from online stores at time ¢ is N(¢), so
we have N (t) = P(t) + A(t) + E(t) + D(t).

2.2 Model’s fundamental characteristics

Considering that the system model we proposed describes the dynamic of a
human population, it is primordial to demonstrate that the system’s solutions
will remain positive for any initial positive condition and for all time ¢ > 0.

For the system model (1) and for ¢ > 0, we have the following properties:

dP

@ —A>

|, 20,
dA®)|

e |, 0,
PO~ ap) + 74w + 006 20,
aD(t)|
SV ZsB(t) > o.

| =B 20

Thus, noting that all rates are nonnegative at the boundary of the nonneg-
ative cone in Ri and considering the inward directions of the vector fields
on these boundaries, starting the system from any interior point within this

cone ensures that the solutions will remain inside the cone indefinitely.
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2.2.1 Invariant region

In this section, we came to the conclusion that all possible solutions of the

system described by model (1) are bounded.

Theorem 1. Let the region 2 be defined by

A
o= {(P(), 40, B). D) €Y, 0. P()+4()+ B0 + DO < |
If the initial conditions P(0), A(0), E(0), and D(0) are positive, then the re-

gion (Q is positively invariant for the model (1).

Proof. To demonstrate the positivity invariance of €2 in the context of The-
orem 1, let £ > 0.

We have

Hence
This implies

Therefore
: (2)

where N(t) = P(t) + A(t) + E(t) + D(t). This inequality ensures that trajec-

tories starting within the region defined by

0= {(P(t»A(t),E(t),D(t)) € RY |0 P(t) + A(H) + E(t) + D(1) < 2}

remain within 2 over time. Specifically, N(¢) cannot exceed % due to the
upper limit condition, thereby establishing the positivity invariance of 2
under the dynamics of model (1) [14]. This property allows us to focus our

analysis exclusively on the behaviors within €. O
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2.2.2 Existence of solutions

In this subsection, we delve into the fundamental question of the existence
of solutions within the context of our proposed compartment model. To this

end, we present and prove the following theorem.

Theorem 2. System (1) that fulfills the initial conditions P(0) > 0, A(0) >
0, E(0) > 0, and D(0) > 0 has a unique solution.

Proof. Let

o -

Alt

X = EEt; and U(X) = d%t)
D(t) dD(t)
dt
Then
U(X) = 5X +Q(X),
in which
—a—p 0 0 0 A —BP(t)A(t)
S e B TR 0 _ | BPMA®)
S = N S N and Q(X) = 0 ,
0 0 o —O—pu 0

[Q(X1) — Q(X2)|| < 2| BPLA; — BPAs |,
< 28| Py (Ay — Ay) + A (P — P2) |
<28 |Py|A; — Ay + Az | Py — Pyl |,
< B4 — Ao + [P - Py |,

< L[|X1 — Xoff,
with
L=
I
Hence

W (X1) - ¥(Xo)| < K[ X1 — Xof],

where K = max (L, ||S||) < oo. Thus, it follows that the function ¥ is a
Lipschitz continuous function, resulting at the system (1) admits a unique

solution [23]. O
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3 Stability analysis and model’s parameters sensitivity

As we dig into the dynamics of our proposed compartment model, we now
turn our analysis to two important aspects: stability analysis and sensitivity
analysis of considered parameters in the model. These considerations are
crucial in understanding the reliability of the model dynamics, putting light
on its behavior under various conditions for model optimization.

This section will investigate the considered system (1) comportment at
the rejection-free equilibrium point (RFEP) and rejection equilibrium point
(REP).

1. The rejection-free equilibrium is given by Xo = (Py, Ao, Fo, Do), where

A
P = A =
0 Oé+//6’ 0 07
with A )
+ @
Ey=a—
N RS
and

1)
Merm@To+m

This equilibrium aligns with a scenario where customers exhibit a con-

Do =

sistent acceptance and utilization of e-commerce platforms. In essence,
it signifies a state where there is a harmonious balance between the
demand for e-commerce services and the willingness of customers to
engage with such platforms. This equilibrium suggests that customers
are not inclined to reject or resist the adoption of e-commerce, indi-
cating a stable and favorable environment for online transactions and

interactions.

2. The rejection equilibrium corresponds to the situation in which the
refusal to use electronic commerce is able to spread among the potential
customers of electronic commerce. This equilibrium is given by X, =
(Ps, Ay, Ey, D,) with

a=%W+m,,&=%um—nm+m,
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1 O0+p
= — ————— R Ry —1)),
5H9+u+5(au+av o+ (Ro—1))
and
1 0+4+p

= T gs entarRo+u(Be —1).

Here, the Ry is the basic reproduction number corresponding to the
number of secondary infections caused by an infected person during
the course of their infection in a susceptible population. It is a measure
widely used in epidemiology because an epidemic can only occur if
Ry > 1, and if Ry < 1, the disease cannot invade and no outbreak is

expected.

In our research, the basic reproduction number corresponds to the num-
ber of people who reject e-commerce, which was the result of a person

who refuses to use e-commerce in a sensitive population.

We relied on the approach presented by P.Van Driessche and Watmough

[33], in order to calculate Ry.

Letting X = (4, E, P), then system (1) can be written as X’ =T'(X) —

T(X).
We have
BPA YA + pA
I'X) = 0 and 7(X)=|—-aP—vyA—0D+JFE+ ukE
0 —A+ BPA+ aP + puP

Next, we can compute the Jacobian matrix of I'(X).

We have
BP0 BA BP0 BAg
JITX)=1] 000 so J(I'(Xp)) = 0 0 O . (3)
000 0 0 O

We can then evaluate this Jacobian matrix at the equilibrium point Xj.

We have N
Bm 00
J(I'(Xo)) = 0 00
0 00

Next, we consider the function 7°(X).
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We have
Yy+up 0 0
JT(Xo)=| =y d+pn  —a ; (4)
BP, 0 BAy+a+pu
so that )
y+up O 0
HIK0) = | =7 dtn —a
ﬁm 0 a+p

We can now define the matrices V and F' as follows:

S R 0 }
| = d+n

and

F:[ﬁaiuo].
0 0

Finally, we compute the basic reproduction number Ry.
At the end, we get

A
(a+pw)(y+p)

where p (F x V1) is the spectrum of the matrix F x V! (Xj).

Ry=p(FxV!) =

3.1 The local stability study

In this subsection, we will delve into the local stability analysis, first of the
RFEP. Consequently, we present the following theorem that characterizes
local stability of the RFEP.

Theorem 3. The RFEP is locally asymptotically stable if Ry < 1.

Proof. We have the Jacobian matrix of Jy in Xj:

casu i :
A
Jo = 0 5@"7‘# 0 0
@ 5y —d—pn 0
0 0 6 —O0—pu

The Eigen values of the characteristic equation of Jy are
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Vi=—-a—p<0,
Vo=—p <0,
Va=—0—-p—-6<0,
Vi= i (1= Ro) (a+p) (v + ) <0.
Therefore, X is locally asymptotically stable if Ry < 1. O

Thereafter, let us now present the following theorem that concerns RE P

characterization.
Theorem 4. The REP is locally asymptotically stable if Ry > 1.

Proof. We have the Jacobian matrix J, evaluated at X,:

—Ro(la+p) —y—p O 0

S |-+ 0 0 0

e « v —p—5 0
0 0 0 —O—pu

The characteristic polynomial of J, is given by
P(X)=X*"+a3X? + asX? + a1 X + ao,
where

a3 =0+42u+ 6+ Rola+ p),

az = 0p+ (Ro — 1)(ay + ap + yp) + pd + Ro(3p® + o + O + 20
+ ad + po),

ar = (a+p) [(Ro = 1)(y + ) (0 + 21 + 8) + pdRo + pi* Ro + OpuRo]

ap = p(Ro — 1)(e+ p) (v + 1) (0 + 1+ 6).

According to the Routh-Hurwitz criterion, for the system (1) to be lo-
cally asymptotically stable, all the coefficients a; must be positive, and the

following condition must hold:
ai(agaz — a?) > apai.

Let us verify these conditions step-by-step:
1. Positivity of Coeflicients:
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e a3 =04 2u+ 0+ Ro(a+ p) > 0 since all parameters are positive and
Ry > 1.

o az = Op+(Ro—1)(ay+ap+yp)+ud+Ro(3u2+0a+0u+2au+ad+ud) >

0 given Ry > 1 and all parameters are positive.

o a1 = (a+p)[(Ro — 1)(v + p)(0 + 21+ 6) + pdRo + p*Ro + OpRo] > 0

given Ry > 1 and all parameters are positive.

o ap = u(Ro — 1)(av+ p)(y + p)(0 + p + 6) > 0 since Ry > 1 and all

parameters are positive.

2. Routh-Hurwitz Condition:

a1 (azas — a%) > aoag.
By substituting the expressions for a1, as, az, and ag and verifying alge-
braically, we confirm this inequality holds when Ry > 1.
Thus, from the Routh—Hurwitz criterion, the system is locally asymptot-
ically stable if Ry > 1. O

3.2 The global stability study

Let us now investigate the global stability of the concerned states, the RF EP
and REP. In the following, we present the theorem showcasing the global
stability characterization of RFEP.

Theorem 5. The RFEP is globally asymptotically stable if Ry < 1.

Proof. Consider a Lyapunov function V' : Q@ — R given by

(a+7v+2p)

V(P,A) = 5

(P—Py)+A)?+ A. (6)

DN =

After deriving V', we get

VI(PA) = (P By ) (P a) ¢ T

Then
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Vi(PA) = ot (P A)Q—(%LM)AQ

a+ W
(a (B+7) B
(et 2 A w4
2
4 (Po ) -2
7(a+’y+2u)x(u‘%7)(lfRo)xA§0.

Also, we obtain V(P,A) =0<«<= P = Fy and A =0.
Therefore, the previous theorem has been proved. Moreover, by La Salle’s

invariance principle [17], the RFEP is globally asymptotically stable on Q. [

In the following, we get to the global stability of the REP, which is given

by the upcoming theorem
Theorem 6. The REP is globally asymptotically stable if Ry > 1.

Proof. Consider Lyapunov function V' : Q@ — R given by
P A
V(P,A)=(P—P,)— P.In B +(A-A,)—A.In 1) (7

After deriving V, we get

’ /

’ ’ ’ P A
V(P,A) =P + A —P*XF—A*XZ.
/ 1 2
V(PA=——=———H+u—Pp

(P, A) Pﬁw+u%7 Jz )
1A 9
- — < 0.
pp (P b =0

Also, we obtain
V(P,A)=0«= P =P,.
Therefore, by La Salle’s invariance principle [17], the REP is globally
asymptotically stable on €.
O

Remark 1. After thorough examination of local and global stability, par-
ticularly within our proposed model concerning customer rejection behavior,
significant insights have emerged. Local stability analysis delves into the dy-

namics surrounding equilibrium points, revealing how the system behaves un-
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der small perturbations. Meanwhile, global stability analysis extends beyond
local considerations, providing insights into the system’s overall behavior
across its entire phase space. This combined analysis offers a comprehensive
understanding vision of the interaction between customer rejection behavior

and e-commerce dynamics, aiding in strategic decision-making.

3.3 Model’s parameters sensitivity analysis

The concept of sensitivity investigation and analysis is used to measure the
prevailing parameters in the model that significantly influence the prevalence
of people who refuse to use e-commerce. We know that the prevalence of
people who refuse to use e-commerce in the rest of society is linked to the
basic reproduction number Rj.

In this section, we study the effect of each parameter entered into the
system (1) on the value of Ryg. In order to identify the parameters that
contribute most to the spread of people who refuse to use e-commerce within
society, a sensitivity analysis is carried out in the sense of [28, 1]. We compute
the partial derivatives of the value of Ry with respect to the values of the

system parameters (1) using the sensitivity index.

Definition 1. The sensitivity index Zfo of the basic reproduction number

Ry, varying with parameter g, is defined as

ORy q
ZRo - 220 2
a 8q Ro’

where 8,0—120 denotes the partial derivative of Ry with respect to g.

We have " RN
0 __ o . A __
Zy" = Bh R = b
R _ 0Re . B _ 1
e _ oty o ’
0o — ORy , & _ _—o
Za" = 30" Ry = Tarp) (8)
ZRo — ORo . o _ =%
v 97  Ro (y+u)’
gRo — 8Ro | pu _ —mlaty+2p)
5 o Ro (atp)(y+p)

The sign of the sensitivity index of the basic reproduction figure Ry for

the model parameters indicates that an increase (or decrease) in the value
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of each of the parameters, in this case, will lead to an increase (or decrease)
in the value of the basic reproduction figure for people who refuse to use
e-commerce. For example, Zézo = 1 means that increasing (or decreasing)
the effective contact rate 8 by 10% will increase (or decrease) the basic re-
production number Ry by 10%. On the other hand, the negative sign of the
sensitivity index, for the basic reproduction number of the model parameters,
means that an increase (or decrease) in the value of each of the parameters,
in this case, leads to a corresponding decrease (or increase) in the value of
the basic reproduction number for people who refuse to use e-commerce. For
example, Z% = -0.63 means that increasing (or decreasing) the parameter a
by 10% decreases (or increases) Ry by 6.3%. Figure 2 below shows the sensi-
tivity indices of all the model parameters to Ry. The parameters are ordered
from most to least sensitive. Through sensitivity analysis, it is therefore pos-
sible to obtain a comprehensive view of appropriate strategies to increase the

number of people using e-commerce.

1,2

0,8
0,6
0,4
0,2

4] E—
o A ' l !
-0,4

0,6
0,8

Parameters

Sensitivity Index

Figure 2: Sensitivity analysis of Rp.

3.4 Model’s numerical simulation

This section presents some numerical solutions to the system (1) for different
values of the parameters. We use different initial values for each state variable
and use the following parameters:

A= 880750, 1t =1.3x1072, a=1.7x1072, v =8x1073, = 7x 1074, 0 = 3x
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1074, and 8 = 6 x 1071, We have the equilibrium point without e-commerce
refusal Xo = (2.9358x107, 0, 3.6472x107, 1.9196x10%) and Ry = 0.0839 <
1. In this case, we observe that the number of people potentially refusing to
use e-commerce approaches X over time; that is, all state variables converge
to the equilibrium point for four different initial values of each of the state
variables studied. We also observe that the percentage of those who refuse

to use e-commerce is close to zero. See Figure 3.

Also, for different initial values of each state variable, we have the follow-
ing parameters: A= 880750, = 1.3x10"2, a =1.7x1072, y=8x1073,6 =
7x107%, 0 =3x10"% and B = 2x 1079, Our equilibrium point, which corre-
sponds to the situation where the refusal to use e-commerce is able to spread
among potential e-commerce customers, is X, = ( 1.0500x 107, 2.6940x 107,
2.8794x107, 1.5155x10%) and Ry = 2.7960 > 1, and the state variables con-
verge to the equilibrium point X,. In this case, we note that the number of
people P and E converge over time to the same value for each of them. See

Figure 4.

4 The optimal control problem

4.1 Problem synopsis

To increase the number of people using e-commerce for their daily needs
and reduce the number of those who refuse to use it, we recommend two

techniques.

Control v involves encouraging customers to use e-commerce. The impor-
tance of e-commerce is introduced to customers, highlighting its advantages
such as time-saving, reduced traffic accidents, and the convenience of shop-
ping from anywhere at any time. Advertising is carried out through various
means, such as audio and visual media, social media, and newspapers.

Control ve is to provide insurance and guarantees to individuals who
refuse to use e-commerce for fear of cybercrime or online fraud. This will
protect them if their money is stolen, they fall victim to fraud, or their

personal information is stolen.
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Figure 3: Rejection-free equilibrium model for e-commerce.

By adding the two controls vy (t) and vo(t) to the first system (1), we

obtain the following control model:
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Figure 4: Equilibrium model with rejection of e-commerce.
dP(t
L5 = A= BP(AW) - aP(t) = uP(t) — ni()P(),
= BP(DA(E) = YA() — pA(t) — va(DA(D),
1 = aP(t) + vA(t) + 0D(1) (9)
—0E(t) - ME(t) pE(t) 4+ 01 (t) P(t) 4+ v2(t) A(t),
dD(t
2t = 0E() — D(t) - uDi0)

with the initial conditions P(0) > 0, A(0) > 0, E(0) > 0, and D(0) > 0.

Here, our goal is to reduce the total number of customers who refuse to use

e-commerce using the control variables v1(t) and vy(t) in the model (1). We

define the objective function as follows:
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¢

J(v1,v2) = A(tf)—E(tf)Jr/ ' {A(t) —EB(t)+ = (u1(t)? + =2 (va2(1))?] dt,

! (10)

where C7 > 0 and C5 > 0 are the cost coefficients. They are selected to weigh

the relative importance of vy (t) and vo(t) at time ¢, and ¢ is the final time.
In other words, we seek the optimal controls v and v5 such that

J(vi,v3) = (vlrvrii)IéEd J(v1,v2), (11)

where FE, is the set of admissible controls defined by

Eg={(v1(t),v2(t)) : 0 <wv1(t) <1and 0 <wy(t) <1 fort€ [to,ts]}. (12)

4.2 The existence result of the optimal control

In this part, we present a theorem, which proves the existence of an optimal

control (v§,v3) minimizing the cost function J.
Theorem 7. There exists an optimal control (v}, v) € E4 such that

J(wi,v3) = min J(v1,v9).
(v, v3) (o, i (v1,v2)

Proof. To use the existence result in [12], we must check the following prop-
erties:

(Q1): The set of controls and the corresponding state variables is nonempty.
(Q2): The control set E, is convex and closed.

(Qs3): The right-hand side of the state system is bounded by a linear function
in the state and control variables.

(Q4): The integrand L(A, F,v1,v2) in the objective functional is convex on

E4, and there exist constants x, > 0, x, > 0, and o > 1 such that

L(A, E,v1,09) = A(t) — E(t) + % (v1()* + 57 (va(t))

> —X1+ X2 <|U1|2 + |Uz\2> c.

The first condition (Q1) is verified using the result in [27]. The set Ey

is convex and closed by definition, thus the condition (Q2) is verified. Our

Iran. J. Numer. Anal. Optim., Vol. 14, No. 4, 2024, pp 1168-1202



1191 Mathematical modeling and optimal control of customer’s behavior ...

state system is linear in v; and vs. Moreover the solutions of the system are
bounded as proved in model (1) so the condition (Q3). Also, we have the

last condition needed,

[N

L(A, E,vi,v2) > —x1 + X2 (|Ul|2 + \U2|2) ;
where

X, =2 sup (A(t),E()), x2 = inf(g, %) and o = 2 since C; > 0.
telto.ts] 22

We conclude that there exists an optimal control (v],v3) € E4 such that

J(wi,v3) = min J(v1,v9).
(v, v3) (o, D (v, v2)

4.3 Characterization of the optimal controls

Pontryagin’s maximum principle [24, 34, 4] transforms (9)—(11) and (12) into
a problem of minimizing a Hamiltonian, H, point-wise with respect to v, and

H(H) = A() - B) + S0 + 2 (0 + Y Agi, (13)

where g; is the right side of the differential equations system (9).

In the following theorem, we give the necessary conditions for an optimal

control to exist.

Theorem 8. Given the optimal controls (v}, v3) and solutions P*, A* E*
and D* of the corresponding state system (9), there exists adjoint variables

A1, A2, Az, and A4 that satisfy the following equations:

A = —% = —M[=BA(t) —a—p—vi(t)] — A2[BA[R)] — Asla +vi(t)],
Ny = =S = 1= X (<BP() — AalBP(E) — 7 — = o2 (Dsly + a0,
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dH

,\é:_de = 1—A3[—6 —p] — M (6),
dH

)\ﬁiz—d—D: —)\3(9)—)\4(_9_M)=

such that the transversality conditions at time ¢, are: A1 (t;) =0, Aa(ty) =1,
A3(ty) = —1 and A4(ty) = 0. Additionally we have, for ¢t € [to,ty], the

optimal controls v] () and v;(t) are given by:

v} (t) = min (1,max (0, %f) (M — )\3))) ,
(1)

v3(t) = min (1, max ( , C—) (Ao — /\3)))
Proof. The Hamiltonian H is defined in the following way:

_ O C2 o 2 4 S e
H(t>_A(t)_E(t)+ 2 (Ul(t» + 2 (U2(t)) +Z)‘zgza

where
A= BP(t)A(t) — aP(t) — pP(t) — vi(t)P(1),
g2 = BP(1)A(t) — vA(t) — pA(t ) —v2()A(t),
gs = aP(t) +vA(t) + 0D(t) — dE(t) — nE(t
—pE(t) + vi(t)P(t) + v2(1) A(t),
ga = 0E(t) — 6D(t) — pD(t).

For t € [to,ts], the adjoint equations and transversality conditions can be

obtained by using Pontryagin’s maximum principle [24, 20] such that

M= =S8 = M8AW) — 0 — - u(0] - MIBAW] — Xsla+ 0 (0,

Ny = =T = 1= M (SBP) = XalBP) — 7 — =2 (0] = Ny + a0,
X =~ N 9),

/\Q:f%: A3 (0) — M (—0—p).

For t € [to,ts], the optimal controls v} and vj can be solved from the

optimal conditions,

dH _
v = 0,
dH _
dvy —

That is,
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% = Clﬂl(t) - )\1P(t) + )\3P(t) = 0,
98 = Cova(t) + A2 (A (1) + A3 (A()) = 0.
We have

U1 = %f)(/\1—)\3),
UQZ%?(AQ—)@).
Thus, by the bounds in Ej, the set of admissible controls, we can smoothly

obtain v} and v} in the form of (14). O

5 Numerical simulations and discussion

In our research, a set of preliminary data was collected for the country of
France to serve as initial conditions for the system (1). Thus, in 2021, the
population of France available on the Internet reached 86.1% [38] of the total
population of this country. In the same year, the percentage of the French
population using e-commerce was 69.1% [40] of the total French population.

Below, we present a set of data for the application of numerical simulation
in MATLAB:

Conditions for system (1) are as follows: P(0) = 8467320, A(0) = 3000000,
E(0) = 46815250, D(0) = 50000, A = 880750, 11 = 9 x 103, a = 1.7 x 10~2,
N =8x1073,6=7x10"% 6 =3x 10~ and § = 10~7.

5.1 Strategy wv;: Promotion of the importance of

e-commerce through advertising

m Figure 5.1: Before the implementation of the control element v, the num-
ber of people who refused to use e-commerce was 3 million. After applying
the first strategy, from day 37, the number of people who refused to use e-
commerce started to decrease, so that the percentage of this decrease reached
about 6.92% on day 60. The analysis shows that after 100 days of implement-
ing the first strategy, the number of merchants who refused to use e-commerce
decreased by 35.20%.

m Figure 5.2: Before applying the second strategy, the number of individuals
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using e-commerce was approximately 46815250 individuals. After applying
the control element vy, this number started to increase from day 17, so that
the percentage of this increase reached about 6.33% on day 60. It is also
clear that the number of people using electronic commerce increased by 18%

after 100 days of application First strategy.

6 %108 Figure 5.1
Tﬁ —A without control
= A with control
&, . . . .
0 20 40 60 80 100
Time (days)
55x107 . IFz'gure5.2I .
LS ’ ——E without control
=2 5 - - -E with control
45
\;S 4 1 1 1 L
0 20 40 60 80 100

Time (days)

Figure 5: Dynamics with control v;.

5.2 Strategy v, : Cybercrime insurance

m Figure 6.1: Before implementing the vs control, the number of people who
refused to use e-commerce was 3 million. After applying the second strategy,
this number started to decrease from the seventh day. The percentage of
this decrease reached 90.19% on the 60th day after the application of this
strategy. From this analysis, we can conclude that the number of people who
refused to use e-commerce decreased by 162.41% after 100 days of applying
the second strategy.

m Figure 6.2: Before applying the second strategy, the number of individuals
using e-commerce was approximately 46815250 individuals. After applying
the vo control, this number started to increase from day 7. The percentage of

this increase reached 3.11% after 60 days of applying this strategy. According
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to this analysis, the number of people using e-commerce increased by 3.68%

after 100 days of applying the second strategy.

«108 Figure 6.1
=T 6 T T T T -
o —— A without control
= u/ - - - A with control
245 1
£ Rk LU R RO
@ g . | . |
0 20 40 60 80 100
Time (days)
7 Figure 6.2
I 4.8 Ll T T T T i ;
S —E without control
I; 456 - - - E with control
S 44
N 40 . | . |
0 20 40 60 80 100
Time (days)

Figure 6: Dynamics with control va.

5.3 Strategy v; and vy: Advertising and cybercrime

insurance

m Figure 7.1: Before applying controls v; and vg, the number of people who
refused to use e-commerce was 3 million. After applying the third strategy,
this number started to decrease from the fourth day. The percentage of this
decrease reached 91.56% on the 60th day after applying this strategy. From
this analysis, we can conclude that the number of merchants who refused to
use e-commerce decreased by 165.33% after 100 days of implementing the
third strategy.

m Figure 7.2: Before implementing the third strategy, the number of indi-
viduals using e-commerce was approximately 46815250 individuals. After
applying the control elements v; and vy, this number started to increase
from the 4th day. The percentage of this increase reached 9.31% after 60
days of applying this strategy. From this analysis, we can conclude that the

Iran. J. Numer. Anal. Optim., Vol. 14, No. 4, 2024, pp 1168-1202




Hassouni, Belhdid and Balati 1196

number of people using e-commerce increased by 14.61% after 100 days of

implementing the second strategy.

«10° Figure 7.1
=T 6 T T T T =
i — A without control
= u// - - - A with control
S 4r .
5 |
20 . | | i
0 20 40 60 80 100
Time (days)
7 Figure 7.2
& 5520 . ; . ; :
> _ ——E without control
= - - -E with control
2
Doy . | . |
0 20 40 60 80 100

Time (days)

Figure 7: Dynamics with control v; and va.

In conclusion, the analysis of the three proposed strategies provides valu-
able insights into their effectiveness in addressing the issue of customer re-
jection behavior in e-commerce. Strategy vi, focusing on promoting the
importance of e-commerce through advertising, demonstrates promising re-
sults. It led to a significant decrease in the number of individuals rejecting
e-commerce, with a reduction of 35.20% observed after 100 days of imple-
mentation. Moreover, there was a notable increase in the number of people
utilizing e-commerce, indicating a positive impact on adoption rates. Strat-
egy vo, centered around cybercrime insurance, proved to be highly effective
in mitigating customer rejection of e-commerce. The strategy resulted in
a substantial decrease of 162.41% in the number of individuals rejecting e-
commerce after 100 days. Additionally, there was a moderate increase in
e-commerce adoption rates, further reinforcing the efficacy of this approach.
Furthermore, combining both strategies, as in Strategy v; and wvq, yielded
even more promising outcomes. The simultaneous implementation of adver-
tising and cybercrime insurance led to a remarkable decrease of 165.33% in

e-commerce rejection rates after 100 days. Furthermore, there was a no-
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table increase in e-commerce adoption, highlighting the synergistic effects of
employing multiple strategies.

Overall, these findings underscore the importance of tailored interventions
in addressing customer rejection behavior in e-commerce. By strategically
leveraging advertising and cybercrime insurance, policymakers and businesses
can foster a more conducive environment for e-commerce adoption, ultimately

driving growth and innovation in the digital marketplace.

6 Conclusion

In this research, we formulated a new mathematical model that describes
the dynamics of people who refuse to use e-commerce and people who use e-
commerce. We also computed the basic reproduction number Ry and studied
the parameters involved the sensitivity analysis to determine which param-
eters have the greatest influence on the Ry. We also analyzed the local and
global stability of the behavior of those who refuse to use e-commerce. We
also performed numerical simulations to verify the theoretical analysis using
MATLAB. Finally, we proposed three different control strategies. This was
done using Pontryagin’s maximum principle to describe optimal controls. Af-
ter analysis, it was found that the third strategy was the most effective in
increasing the number of people using e-commerce and reducing the number

of people rejecting it.
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Abstract

The present article introduces an operational approach based on modi-
fied hat functions to solve the space-time-fractional differential equations in
the Caputo sense. In this method, the derivative of the unknown function
is considered as a linear combination of modified hat functions. We use the
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hat functions to approximate the Caputo fractional derivative in order to
reduce the problem to a system of Sylvester equations. The error of the
mentioned method is of the order O(h%). In addition, we examine several

numerical examples to confirm the ability of the proposed approach.
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Keywords: Modified hat functions; Space-time-fractional differential equa-

tions; Operational matrix; Caputo fractional derivative.

1 Introduction

Fractional calculus including integral and derivative of arbitrary orders has
effectively played an important role in engineering, physics, and various prob-
lems modeling during the past decades [26, 6]. The non-locality feature can
be the main reason for using fractional calculus in applied problem modeling
[21]. This characteristic refers to the property of a dynamical system where
the future state of the system is influenced by all of its previous states. The
growing usage of fractional differential equations in various applications has
sparked significant interest in the development of numerical methods for their
solutions. Several approaches have been devised to tackle these problems, as

follows:

e Adomian decomposition method: This method involves decomposing
fractional differential equations into a series of simpler equations and
solving them iteratively. It has been applied in various fields such as

physics, engineering, and biology [7, 11].

e Generalized differential transform method: This technique applies the
differential transform method to fractional differential equations, en-
abling the solution through a series expansion. It has been used in

solving a wide range of fractional problems [16, 20, 9].

e Variational iteration method: The variational iteration method con-

structs an iterative sequence of corrections to approximate the solution
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of a fractional differential equation. It has been successfully employed

in various scientific and engineering problems [19].

o Finite difference method: The finite difference method, which is widely
used in numerical analysis, discretizes the fractional differential equa-
tion on a grid and approximates the derivatives using finite difference
formulas. It is a common and versatile approach for solving fractional

differential equations [25, 15].

o Homotopy analysis method: The homotopy analysis method constructs
a series solution by introducing an auxiliary parameter. By controlling
this parameter, the solution can be refined iteratively, leading to accu-

rate approximations for fractional differential equations [10].

e Wavelet method: The wavelet method applies wavelet theory to ap-
proximate the solution of fractional differential equations. It provides
a robust framework for analyzing and solving fractional problems, par-

ticularly those with irregular or discontinuous solutions [4, 13, 5].

These methods offer various approaches to tackle the challenges posed by
fractional differential equations, and their suitability depends on the specific
characteristics of the problem. The cited references provide more detailed
information on each method’s theoretical foundations and practical applica-
tions. In recent decades, a limited number of algorithms have been proposed
to solve numerical space-time-fractional differential problems [24, 12, 27].

In this work, we focus on a type of linear space-time-fractional model as

follows:
DU (x,2) + DU (x,2) = Flx, 2), (z,2) €0,1] x [0,1], (1)
with the following initial and boundary conditions

#%0,2) = 01(2),  #(x,0) = 0s(x),

) s 2)
Dz%(()?’z) :¢1(Z)7 Dx%(x70) :(pQ(x)a

where D% (z,z) and D2% (x,z) are the Caputo fractional derivative with
respect to  and z of order o and 8 with 0 < a, 8 < 1, respectively. Also,
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U (x,z) is the unknown function and F(z,2), ¢1(2), p2(x),01(2) and 02(x)
are known continuous functions.

In the suggested approach of this investigation, the function % (z,z),
which is not known, is expanded using the introduced modified hat functions.
By employing integration and the fractional integral operational matrix, the
approximations for % (z, z), DS% (x, z) and D% (x, z) will be derived. This
described method transforms the primary problem into an algebraic equation,

enabling the computation of the unknown coefficients in the expansion.

It is important to note that the strengths and weaknesses of the oper-
ational matrix method depend on the specific problem and the implemen-
tation details. Consideration should be given to the specific requirements
and characteristics of the problem at hand when choosing an appropriate
numerical method. The operational matrix method provides efficient solu-
tions for systems of ordinary and partial differential equations. It allows
for the conversion of differential equations into algebraic equations, which
can be solved using standard matrix techniques. By using higher-order ap-
proximation functions or increasing the number of terms in the expansion,
the accuracy can be improved. The operational matrix methods are usually
straightforward and well-suited for numerical computation. This makes the
method relatively easy to implement with computationally efficient. Also, the
convergence of the operational matrix method can be affected by the choice
of approximation functions or the number of terms used in the expansion.
In some cases, convergence may be slow, requiring additional computational
resources or modifications to improve accuracy. On the other hand, incor-
porating boundary conditions into the operational matrix method can be
challenging, especially for problems with complex or non-standard boundary
conditions. Special techniques or modifications may be required to handle
such cases effectively. This methodology has been widely utilized in numer-
ous scholarly papers, showcasing its remarkable effectiveness and accuracy
(3, 14, 1, 2, 22].

The structure of this paper is summarized as follows:

e Section 2 begins by presenting essential definitions and mathematical

foundations for fractional calculus.
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¢ In section 3, we conduct a thorough examination of modified hat func-

tions.

¢ Section 4 is dedicated to the development of a numerical technique for

addressing space-time-fractional partial differential equations.
e In section 5, an error estimate for the proposed method is derived.

e Moving on to section 6, we apply the devised method to solve a variety

of fractional partial differential equations with numerical examples.

o Ultimately, the article concludes in section 7 with a summary of our

findings and insights.

2 Fractional calculus

Herein, we express the information required for research work.

Definition 1 (see [23]). Let 0 < a <1 and 0 < 8 <1 be real values and let
u : [0,1]> = R be a continuous function. The Caputo fractional derivatives

of u concerning x and z are defined as

1 z o Oul(r, z) o
)/ (x —r)"*———dr, € (0,1),

o a=1,
ox
and

1 : -8B 8u(a:,3)

T(1—53) - ——ds, 0,1),
DPu(z,z) = g(l —B) /0 (z —s) 5a 08 Be(0,1) "

$= s

z

Definition 2 (see [21]). For 0 < a <1 and given function h, the Riemann—

Liouville fractional integral with order of « is defined by

1 z o
2 h(z) = F(a)/O (2= 5)*"h(s)ds, a€(0,1), 5
hz), a=0.

Based on the next lemma, Caputo fractional derivatives and Riemann-—

Liouville fractional integrals can be considered as reciprocal operations.
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Lemma 1 (see [18]). f 0 < zand 0 < f < a <m € N, then

m—1 -8

l
a=B Do) = DB f(z) — 0 z
1277 D2 f(z) = DY f(2) l_Emf (O)F(Z_BJFU, (6)

where [-] is the ceiling function.

3 Modified hat functions

We now focus on modified hat functions and some of their properties. In this
research study, the modified hat functions are used for approximating space

and time variables.

Definition 3 (see [17, 18]). Let the interval [0,¢;] be divided into n sub-
intervals [jh, (j + 1)h] for j =0,1,2,...,n— 1, where 2 < n and n is an even
integer with h = %f The modified hat functions {Hy(2)}}_, on [0,tf] are
defined as follows:

(z—h)(z —2h)

Ho (z) = 2h?
0, otherwise,

, 0<2z<2h,

for odd index k with 1 <k <n —1,

—(z=(k—=1Dh)(z—= (k+1)h)
Hi(t) = h? ’
0, otherwise,

(k—1)h<z< (k+1)h,

for even index k with 2 < k <n — 2,
(z = (k=1h)(z — (k= 2)h)

B2
U _ (z—(k—&-l)%(z—(k—i—Q)h)
k(z) = o2 ,
0, otherwise ,

. (k—2)h<z<kh,

kh<z<(k+2)h, (9

and

(= (=)=t =2m)
Ho(z) = 2h? o o 2hs sty (10)

0, otherwise.
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The modified hat functions exhibit noteworthy characteristics that render
them highly advantageous for various applications. Several of these notable

properties are as follows:
e These functions satisfy in the Kronecker delta condition as

Hi (]h) = 5ch-
o The sum of the modified hat functions {#H(z)}}_, is one, that is,

> Hi(z) =1
k=0

e The explicit formula for integral of these functions is obtained as follows:

h

By k:07n7
tf h,
/’Hk(z)dz: —, kisoddand 1<k <n-—1, (11)
0

2

3 kisevenand 2<k<n-—2.

Any function f(z) € L?[0,ts] can be represented via the modified hat func-

tions as .
F(2) = ful2) =D fiHa(z) = FT A (2), (12)
k=0
in which f; = f(ih) and
H(2) = [Ho(2), Hi(2), ..., Ha(2)]", (13)
F=fo, f1, -, fal"- (14)

Moreover, every function y(z, z) in L?([0,1]?) can be extended by the modi-

fied hat function as

y(@,2) 2 yn(x,2) = > > ynHile)H;(z) = A7 (2)Y H(2), (15)
k=0 j=0
with yx; = y(zk, 2;) = y(kh, jh).
Theorem 1 (see [17, 18]). For v > 0, assume that J#(z) is the vector
introduced in the relation (13). Then, we get
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Sedighi, Baghani and Azin 1210
I (2) ~ R A(2), (16)

in which R is an (n + 1) x (n + 1) square matrix as

0p P3 P3 Pi---Ppy P
04y a4 @ a3 --- a4, _» a4
Owl,w) wi wy...w)_sw) o
B 00 0 q qf -.-4,4 a4,
v_-__"
R =tz [0 0 owliwowigwi |- U7
00 0 0 0...q o
00 0 0 0...w, w
where
P/ = 20— 6 —37y) + 207 (1 +7)(2+7) (18)
—(1 =22 -2+ 7), 2<1<n,
4(1 + ), =0,
q/ =4 4[(1 - 1) 1+ 1+7) (19)
—(+ )" -1-9)], 1<i<n-—1,
and
—, l=-1,
212 —), 1=0,
W =4 374 —7)—6(2+7), I=1, (20)
(1+2)T 20 +2—~) =617 (247)
—(1-2" 20 —2+7), 2<i<n-—2.

4 Numerical method

This section is devoted to the implementation of a numerical approach for

the problem (1)—(2) by the modified hat functions. For this purpose, we have

Dy(D; % (x,2)) = A" (2)AH (2), (21)
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where
00 ...0
Oall...aln
A=|{. . . .| (22)
Oanl...ann

From the relations (2), (16), and (21), we obtain

D oy (x,2) = /O (D;(D; U (x, z))> dz + Dlu(x,0)
~ /0 T AT (@) A2z + () (23)
=T () ARW A (2) + @o ().
Similarly, it can be concluded
DU (2, ) = /0 <D;(D; Y (, z))) de + D% (0, )
~ /0 T (@) AK()dx + o1 (2) (24)
= A7 (2) (RO AA (2) + 01(2).

So, we take the integral from D.1% (z, z) with respect to x of order 1 to make

an approximation of % (x, z) as follows:

U (1,2) ~ AT (2)(RD)T ARV #(2) + a(x, 0) + u(0, 2)

. . K (25)
= A" (2)(RW) ARW A (2) + ba(x) + 01 (2),

in which 5(z) is 05(z) without its scalar. Replacing the relation (23) in (6),

we have
Dg%(xa Z) = I;_Q(Di%(xa Z)) -
~ e (%T(x)AR(l)%(z) + @2(95)) - (26)
= A7 (@)(RO))TARWIA (2) + [17(p2(a)) — V1,

and
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Df”i/(x, z) = I;_ﬂ(D;%(x, z)) — Y9
~ P (%T(x) (R(l))TA%(z) + gpl(z)) — (27)
= A7 (@) (RV)TARCD) o (2) + I1P (01 (2)) — D2,

where 97 = 02/1-(1)(0, 0) and ¥ = %2(1)(07 0) are the known scalars. Therefore,
by replacing the relation (26) and (27) in (1), we have

(A7 (@) (RN TARW S (2) + I (pa(w)) — 01)

. . B B (28)
+ (A7 (2) (RW) ARI=P o (2) + 117 P (91 (1)) — ¥2) = F(z, 2).

Consider the function g(z, z) as follows:
g(x,2) = F(x,2) — [.7 ((pg(x)) — Izl_ﬁ ((pl(z)) + 91 + 9. (29)
Now, we approximate the g(z, z) via the modified hat functions as
g(x, 2) ~ AT (2)GH(2), (30)

in which G is a square matrix of rank (n + 1) with g;; = g(z;,2;). So, the

relation (28) reduces to (31) as

AT (2)(RONTARD 22 (2) + A7 (2) (RD) T ARC-P) 2 (2)

_ T (31)
= AT (2)GH(2).

By removing the vectors 7 (z) and J#(z) from both sides of the equation
(31), we will have the following Sylvester-type equation [8]:

(R(l—a))TAR(l) n (R(l))TAR(l—ﬂ) =G. (32)

After solving (32) and replacing the values of a;; in the relation (25), the

approximate solution of % (z, z) is obtained.

5 Error estimation

In this section, we derive an error estimate for the proposed method. For

this issue, we first recall the following theorem from the reference [17].

Iran. J. Numer. Anal. Optim., Vol. 14, No. 4, 2024, pp 1203-1223



1213

Modified hat functions: Application in space-time-fractional differential ...

Theorem 2. If the function f(-) € C3[0,s] is approximated by the set of
modified hat functions as f,,(t) = Y i, f(ih)Hi(t), then [f(t) — fn(¢)] =

O(h3), where 2 < n and n is an even integer with h = %f

Let sufficiently smooth function u(z, z) be the exact solution of the orig-
inal problem (1)—(2). Assume that u(z, z) can be separated as a product of

two functions F(z) and G(z), that is,
u(z, z) = F(z)G(2).
Now, by approximating F'(z) and G(z) using modified hat functions, we get
F(x) = FT0(x) + O(h®), G(z)=GT#(2)+ O,

where F; := F(z;) and G; := G(z;). So u(w,z) = #T(x)FGTH#7T(2) +
O(h3). This shows that the error of a two-dimensional function estimated by
modified hat functions is of the order O(h3). With this explanation and by

(21), we have thus derived the following relation:
|DL(D; % (w,2)) — AT (2)AA (2)| = O(h?).

Now from (25), since the functions 6,(z) and 6;(z) are known, by ignoring

the operational matrix error, we have

U (x,2) — Un(z, )|
= [ININDL(DL % (x,2))) — A7 () (R ARD2(2)]  (33)
= O(h?).

This shows that the convergence rate of the suggested method is O(h?).

6 Illustrative examples

In this section, we examine the presented numerical method to solve the
problem (1)—(2) and compare the results with their exact solutions using

Maple2020 software. In each example, the error E,, is defined by

2

E.(%) = % zn:zn: (%(ih,jh) - %n(ih,jh))z : (34)

i=0 j=0

Iran. J. Numer. Anal. Optim., Vol. 14, No. 4, 2024, pp 1203-1223



Sedighi, Baghani and Azin 1214

where % and %, are the exact and numerical solutions, respectively. Also,
the error function is plotted for each example by |% (x,z) — %, (z, z)|. Al
examples are numerically approximated with the help of Maple 2020 software
on a laptop with CPU 3.1 GHz and Core i5.

Example 6.1. Consider the non-homogeneous space-time fractional problem

with the following form:

DI (x,2) + DU (2,2) = Fz,2), zz€0,1], (35)
in which . .
Al 3
F(z,2) = LJT“)7 (36)
3F(Z)
with
DL (0,2) = DU (x,0) = % (0,2) = % (x,0) = 0. (37)
The exact solution is % (x, z) = xz. So, it can be written that
3 1
L (pa()) = I (01(2)) = 1 = U2 = 0. (38)
According to the relations (17) and (30) with n = 2, we get
0 0 0
1 2%
0 2 21 (5 7)
3T 3T
G= 1 |
1 2z
4= 1 20
0 (2 T3 ) 8
3 3
3T(-) 3T(=)
4 4
, (39)
0 27 21 9
15 15
0 5 1 32 F(Z) 16 F(Z)
24§ S 72% 3
RO=lo ¢ 2| Re=|" 15 15
3 D TP
"9 6 0 321 5
N 15 15
16T (—) 4T (—
) ar)

Then, we can rewritten (31) as
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AT (2)(RD)VTARD #(2) + A7 (2)(RD) T ARD 22 (2) = A7 (2)GA(2)),
(40)

which reduces to
(R®)TARD + (RD)TARD) = . e

We solve (41) using Maple software and obtain the approximation % (z, z)
with the relation (25). The exact and numerical solutions with n = 2 are
shown in Figure 1. The numerical solution with n = 8 is displayed in Figure
2. Also, error functions with n = 2 and n = 8 are shown in Figure 3 in which
Ey (%) = 0.00086 and Eg(%) = 0. We list the absolute error for different

values of n in Example 6.1 in Table 1.

Exact solution

Figure 1: The exact and numerical solutions with n = 2 for Example 6.1.

Figure 2: Numerical solution with n = 8 for Example 6.1.
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Figure 3: Error function |% (z,z) — % (z, z)| with n = 2 and n = 8 for Example 6.1.

Table 1: The absolute error for different values of n in Example 6.1

(z,t) n=2 n=4 n==~6 n=38
0,0) 0 0 0 0

( ) | 0.0058 0.0042 0.0025 0.00060
( ) | 0.017 0.0024 0.00035 0.0026
(0.6,0.6) | 0.022 0.00079 0.0019 0.0023
( ) | 0.0096 0.010  0.0041  0.000048
(1,1) 0.038 0.013 0.0059 0.0027

Example 6.2. Consider the following fractional space-time fractional model:

Dé%(m,z)—l—Dé”Z/(m‘,z):F(x,z), 0<z,2z<1, (42)
where . s
F(z,2) = F(?’)S‘”"S + F(?’);Q , (43)
I3 ')
with

D% (0,2) =22, DX (x,0) =22, %(0,2) = 2%, % (x,0) =2%.  (44)

The exact solution is % (z,z) = 2% + 22. Now, we calculate the following

values:
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Beate) = 1 20) = 2Dt
3
2

[(3)z%  T(3)27) 20(2 27 (2
— — 3 2
rc) 1)
Equation (32) is rewritten as follows:
(RENTARD 4 (RM)TARG) = . (46)

After solving Sylvester equation (46), based on (25), we obtain A = 0 and
U (x,2z) = x® + 2%, which is the exact solution. The exact and numerical
solutions with n = 2 are plotted in Figure 4. Moreover, the error function is

shown in Figure 5 in which Es(%) = 0.

Exact solution

Figure 4: The exact and numerical solutions with n = 2 for Example 6.2.

Example 6.3. Consider the following non-homogeneous fractional space-

time problem:
DE%(x,2) + DU (x,2) = F(z,2), (x,2) € [0,1]% (47)

with 5\/» »
(3t°vIx) 729z

F(z,2) = 7 48

(@,2) i " 308T(2) (48)

Iran. J. Numer. Anal. Optim., Vol. 14, No. 4, 2024, pp 1203-1223



Sedighi, Baghani and Azin 1218

Figure 5: Error function with n = 2 for Example 6.2.

in which
D! (0,t) = D % (x,0) = % (0,2) = % (x,0) = 0. (49)

The exact solution is Z (z, z) = 2315, By calculating the operational matrices
of the orders % and ; and then substituting them into (32), it can be obtained
a system of linear equations to calculate the unknown coefficients. Figure
6 shows the approximate and exact solutions of the fractional space-time

equation for n = 10.

Figure 6: The exact and numerical solutions with n=10 for Example 6.3.

Example 6.4. At the end, consider the space-time-fractional differential

equation as
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DeU (x,2) + DPU (x,2) = F(x,2), (x,2)€]0,1]?, (50)

with the term source

[(3)z2 (22 +1) T(3)22 A (22 +1)

e =""Fg-a "~ 16-8

in which

D! (0,t) =22, DL (x,0) =2z, %(0,2) = 2> + 1, % (x,0) = 2% + 1.

(52)
. S 2 2 . 1 1
The analytical solution is % (z, z) = (z?+1)(2* + 1) with a = B and 8 = 3
So, we obtain
2-a(,2 2-B( .2
o, 2) = I'(3)z*~*(2%) n '(3)z*F(z?)
I'3—-a) NGRS
Now, for n = 2, we get
0 0 0
G = | 00.2648 0.9036 | . (53)

0 0.8642 2.8337

By replacing (53) in (32), this equation can be solved. The analytical and
numerical solutions with n = 2 are shown in Figure 7 in which E(%) =
0.0159.

Exact solution

Figure 7: The exact and numerical solutions with n = 2 for Example 6.4.
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7 Conclusion

In the present article, a numerical algorithm for solving space-time-fractional
problems was given. Using the derivative in the Caputo sense and the
Riemann—Liouville integral, we approximated the existing functions by mod-
ified hat functions. By replacing approximation with the main problem and
simplifying it, the fractional equation was reduced to a system of algebraic
equations. In the presented method, the linear space-time-fractional differ-
ential equation becomes a system of Sylvester equations, which is very easy
to solve. The coefficients of the basic functions can be easily calculated, but
it takes more time to find solutions closer to the real value. The solutions
obtained from solving the mentioned system in (25) are an approximate so-
lution of the main problem (1)—(2). The proposed approach has been used
for several examples. In each example, the approximation function %, (x, z)
and the error from its exact solution were calculated. The results obtained
demonstrated that the proposed technique has the capability to solve numer-

ically the space-time-fractional partial differential problem.
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Abstract

The fractional Lane-Emden model illustrates different phenomena in as-
trophysics and mathematical physics. This paper involves the Vieta—Lucas

(Vt-L) bases to solve types of variable-order (V-O) fractional Lane-Emden
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equation (linear and nonlinear). The operational matrix of the V-O frac-
tional derivative is obtained for the Vi-£ polynomials. In the established
approach, these polynomials are applied to transform the main problem
into an algebraic equations system. To indicate the performance and capa-
bility of the scheme, a number of examples are presented for various types
of V-O fractional Lane-Emden equations. Also, for one example, a com-
parison is done between the calculated results by our technique and those
obtained via the Bernoulli polynomials. Overall, this paper introduces a
new methodology for solving V-O fractional Lane-Emden equations using
Vt-L bases. The derived operational matrix and the transformation to an
algebraic equation system offer practical advantages in solving these equa-
tions efficiently. The presented examples and comparative analysis high-
light the effectiveness and validity of the proposed technique, contributing
to the understanding and advancement of fractional Lane—Emden models

in astrophysics and mathematical physics.

AMS subject classifications (2020): 34A08; 65L60; 65N35; 35L10

Keywords: Lane-Emden equation; Vieta—Lucas polynomials; Variable-order

fractional differential equation.

1 Introduction

Due to the helpful usage of fractional calculus in many scientific and engi-
neering fields [7, 12, 25], from the first decade of this century until now, this
issue has been challenging for researchers and will certainly continue in the
coming decades. Finding the explicit solution for these equations is difficult
and sometimes impossible. Therefore, many numerical techniques are ex-
tended for solving fractional differential equations. For example, interested
readers can refer to [3, 17, 13, 22, 36, 35] and references therein.
Variable-order (V-O) operators are a natural generalization of operators
with constant fractional order. In these types of operators, orders can be con-
sidered as a function of time, space, or both. In 1993, the first definition for
this class of equations was provided by Samko and Ross [34]. Many dynamic
procedures may vary by time or place. The fractional order role in these pro-

cedures shows that Vcalculus is the normal prospect for supplying a useful
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mathematical plan to explain complicated dynamical models. For example,
V-0 fractional derivatives have been used for the processing of geographical
data in [9], diffusion in [38], signature verification in [40], and viscoelasticity
in [8]. Several mapping effects on the fractional operators in types of cases in
Holder spaces expanded for the topic of V-O in [32]. Researchers have done
many studies on the numerical approaches for solving the V-O fractional
problems. For example in [24], the V-O diffusion equation is discussed with
the conditionally stable explicit finite difference method. Zhuang et al. [44]
considered conditionally stable explicit and unconditionally stable implicit
methods in the V-O fractional advection-diffusion equation. The scholars of
[13] introduced a meshless moving Kriging interpolation scheme to solve the
two-dimensional V-O fractional mobile/immobile advection-diffusion prob-
lem. The Adams—Bashforth—Moulton predictor-corrector technique was pro-
posed in [39, 26] to simulate V-O fractional differential equations with time
delays. To see other properties and numerical schemes regarding V-O frac-

tional differential equations, see [29] and references therein.

The Lane-Emden equations play a significant role in the fields of engi-
neering sciences and physics. These equations find wide application in ad-
dressing various phenomena across disciplines such as thermodynamics, fluid
mechanics, mathematical physics, and astrophysics. Notable examples in-
clude modeling stellar structures, analyzing isothermal gas spheres, studying
thermionic currents, and investigating the thermal behavior of spherical gas
clouds [10, 5, 11, 6].

Various methods have been employed to tackle Lane-Emden problems
effectively, including the Homotopy technique [41], the B-Spline approach
[4], the modified variational method [37], Lie group analysis [21], the Ado-
mian and modified Adomian decomposition techniques [42, 23], finite element
techniques [18], transform differential procedures [43], Taylor’s series method
[14], the Legendre wavelets method [20], and the rational Bernoulli collocation
approach [28]. For a more in-depth exploration of Lane-Emden equations,
encompassing their variations, historical context, and practical applications,
interested individuals are encouraged to consult the work [1] and its associ-

ated references.

In this study, consider the V-O fractional Lane-Emden model as
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13 c

G o DI+ Fev®) =gy, 0<t<1, (1)

¢ t
oD¢ ( () +
subject to the initial conditions

v(0) = v, )

V'(0) = vy,
where 1 < o(t) < 2, 0 < ¢(t) < 1. Also, £ is a positive constant, F(t,v(t)),
and g(t) are given continuous functions. The approximate solution of the
classical fractional order of this equation has been investigated by Bernoulli
polynomials in [33]. In this work, we use the Vi-£ polynomials to solve the
above form of this equation. The Vi¢-L polynomials were introduced for the
first time in the year 2020 and used to solve fractional advection-dispersion
equations [2]. Also, the uniform convergence and error bound of the Vt-L
polynomials has been checked in [2]. Despite the accuracy of these polyno-
mials in approximating functions, they have not been used in constructing
numerical methods for solving various problems. In [27], a numerical method
was presented with the operational matrix of V¢-£ polynomials to solve the
fractional Bagley—Torvik equation, initial value problems, and nonhomoge-
nous multi-order fractional problems. Researchers in [19] used these poly-
nomials to calculate the approximate solution of the multi-Pantograph delay
problems with singularity and compare the computed results with the exact
one. The capability and performance of the numerical scheme established
upon the Vt-L polynomials to solve the coupled nonlinear V-O fractional
Ginzburg-Landau equations [15] encouraged us to use these polynomials to
solve the V-O fractional Lane-Emden problem. For this purpose, we com-
pute the V-O fractional derivative and the classical derivative operational
matrices of the Vt-L polynomials. The solution v(t) is expanded in terms of
these basis polynomials, and the linear /nonlinear equation is converted to the
linear/ nonlinear algebraic equation system. The capability of the proposed

scheme is obtained through several examples.

Numerical methods based on operational matrices have proven to be
highly effective in solving mathematical problems, particularly those involv-
ing differential and integral equations. Unlike traditional methods that di-

rectly calculate derivatives and integrals, the operational matrix method uti-
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lizes the operational matrices of derivatives and integrals. This approach
offers several advantages, such as reducing CPU time due to the sparsity of

the matrices and the presence of zero elements.

The operational matrix method is a powerful numerical technique for
solving differential equations due to its simplicity, efficiency, accuracy, ver-
satility, flexibility, and numerical stability. However, it is important to be
aware of its limitations, including discretization errors, limited applicability
to complex geometries, computational requirements, convergence issues, and
limited support for discontinuous solutions. By considering these factors,
researchers and practitioners can employ the operational matrix method ef-
fectively and make informed decisions regarding its application in various

scientific and engineering fields.

The outline of the work is as follows: Several characteristics and concepts
about V-O fractional derivative in Caputo form are mentioned in section 2.
The Vit-L polynomials are introduced in section 3. The formulation of the
presented approach is explained in section 4. Several examples of linear and
nonlinear types of the problem under study are examined in section 5. The

conclusion of this work is briefly expressed in section 6.

2 V-0 fractional calculus

In this part, we introduce the indispensable relations and definitions of V-O

fractional calculus, which are required in our work.

Definition 1. [30] Let x and ¢ > 0. The generalized Mittag-Leffler function
is as follows:
E, .t = —_— 3
IMC() ;F(U2+C) ( )
where t € C.

Definition 2. [16] For a continuous function 6 : Rt U{0} — (A — 1, 7] with
7 € N, the V-O fractional derivative of the function v(t) in the Caputo form

is determined as
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1 Co amam—19Mv(p) A1
5 | = Dip, 06 € (- 1,),

(C)Df(t)l/(’t) _ Ff(fl — dp”
() o) =7
dtn B
(4)
Lemma 1. Let the assumptions of the above definition be satisfied. Then,
we have
0 k=0,1,...,n—1
c O(t) Kk ) y Ly ) )
oDt = Pk+1) K> (5)

Tkt+1-_6@)
3 The Vt-L polynomials

This section is dedicated to introduce the Vi-L polynomials and some of their

properties.

Definition 3. [31, 15] The V¢-L polynomials are defined over [0, 1] as

2, J=0,
j 22 (G 1= 1) (6)
—1)771 , ¢, j>1.
ST @G-
The orthogonal property of these polynomials is satisfied, which means
that

Vi(t) =

1 47T, J :j =0,
[ viewsmia={ 2 j=j#o )
0, Jj#J
1
where w(t) = ———. Any function v(t) € L2 [0,1] can be expanded with
) = =g Any (€ L20.1] b
the Vt-L polynomials as
N
v(t) 2 un(t) = e Vi (1) = CTT(Y), (8)
j=0
where
C=[é & en)’, -
T =5 Vi) - VIO
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and L
1
ajzx/o VOVIOm(Od,  j=0,1,...,N, (10)
J

with

1 2 47T7 ] = Oa
Ajz/ (v;(g) = (t)dt = (1)
0 o, j=1,2,...,N.

The following theorem demonstrates the uniform convergence of the Vt-L£

polynomials and its error bound for approximating the function v(t).

Theorem 1. [2] Assume that v(t) € L2 with w(t) and [ (t)] < K such
that K is a positive constant. Then, vy (t) — v(t) as N — co. Moreover,

the coefficients in relation (8) satisfy

o] < — & = (12)
Cil S —— > j .
P42 -
Also, the error bound will be obtained as
K
v(t) —vn(t < —. 13
[v(t) — v (V)| 2, NG (13)

In the next theorem, the ordinary derivative matrix and the V-O fractional

of the Vt-L polynomials are derived.

Theorem 2. The differentiation of the vector Y(t) in (9) satisfies the fol-
lowing relation
dY(t)
— 2 =D 14
3 (¥, (14)
in which DM is an (N + 1) x (N + 1) matrix which its entries is computed
by

| 0, 1=1,
[DW);; = (15)
(Pija i:2,3,...,N+1,

in which
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DA i 2006 -1 -2 VAT )
4 (=4 @enlG—1—1)! NGO
j - 17

1S o (220D ) (= 1) (i - NG+ s — 2N
EZZ;(‘D o 2< (2129 — - 1)I(j —s — 1!

Pij =
I=1s=

Vil +s - 1)
I'(l+s) ’

(16)
Proof. For i = 0, the proof is obvious. For i = 1,..., N from (6), we get
VI a2l — 1)
1 ( ) _ 2(71)171 Z(Z:.F ) g1 (17)
dt — (20)!(z —1)!
Approximating the above relation with the Vt-£ polynomials results in
VI K ) R
72 ~ :k ] =
o _ZD%_ Vi(Y),  i=12...,N, (18)
j=0
in which, for j = 0, one obtains
1 [V
DY) = — [ S 2Vi(tw(bdt
10 Mo Jo dt Vi () (t)
1o, 2 - 2
_ 72(71 i—l Z(Zf ) dt (19)
dm — 20! —1)! 0 Vt—t2
_ 1< (_1);_1220“)%(% I— D)/ - %)7
A = (201 — 1)! INQ)
and forj =1,2,...,N,
w_ 1 Yo
D) = > /0 Vi (O ()t
LU (e UGG L G s - D) [ g
T om pot ;} <( b @2D1(2s)1(2 = DI(F — s)! 0 Vt—t2 a

_1 : i o1os 22D GE 4 - DG+ s — DU\ VAL + s — 5)
=2 <(_1) ’ 20)1(28)1G — DI — s)! T(k+s)

(20)

Therefore, by replacing i=i—1and j = j — 1, the proof is completed. [
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For example, for N = 5, one can get

o o o

DM —

S oo oo
OG5 o ®wo o
o —_

S P
omococoo
N ooocoo
S

cocoooc oo

Lemma 2. The vector Y(t) in (9) can be rewritten by
T(t) = RX,

where
X=[1 t ¢ ... 7

and R is an (n + 1) square upper triangular matrix and
q pPp g
2, i=j=1,
i, J<t,
in which o
(—1)=92% (i + 5 — 1)!
2)1G— )"

Proof. By considering (6) and (9), one obtains

uij =

T =5 Vi) Vs®) - Ya@l"
=[2 wpo+unt ugtugttuspt? o Uy tuntd
2 0 0 0 ---0 1
Uip Ug1 0 0 --- 0 t
— |ugo ugp g2 0 --- 0 2

)

Upo Upl Up2 Up3 - Upp "

in which u;; is defined in (24).

1232

oo Ut T

Lemma 3. Let X be the vector defined in (22). Also, let q—1 < o(t) < q

be a continuous function given in [0, 1]. Then, the V-O fractional derivative

of X is obtained as
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C ) .
D7 X = Q70X (26)

where Q7Y is the square (n + 1)-matrix whose first q columns are zero and

(00 - 0 0 0
00 0 0 0
00 0 0 0
I'(q+1) ¢
Q"W =199 T o) 0 0 - (27)
00--- 0 Mtfﬁ 0
T(q+2—o(t)
Pn+1)
_00 0 0 F(nJrlfo'(t))t ]
Proof. According to Lemma 1, the proof is obvious. O

Now, we compute the operational matrix of V-O fractional derivative of

the Vt-L polynomials.

Theorem 3. Let Y(t) be the Vit-£ polynomials vector defined in (9) and
let o(t) be a function introduced in Lemma 3. Then, the V-O fractional

derivative of order o(t) is computed as follows

c

oD7 (1) = 27T (1), (28)

where ©7() = RQ7(WR~1 is the matrix of o(t) V-O fractional derivative for
the Vt-L polynomials.

Proof. Using Lemmas 2 and 3, one can get

C

007 0() = D7 (93K) = 3, D7 V%
=RQ7 WX = (RQIRT)T() =D7IL(),  (29)

and the proof is performed. O
4 Description of the scheme
In this part, we state a spectral method via the V¢-£ polynomials for the

approximate solution of the V-O fractional Lane-Emden equation expressed

in (1). For this purpose, assume that
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N
v(t) ~un(t) = Vi) £ CTY(1), (30)
§=0

where C is a vector with unknown elements and Y(t) is defined in relation

(9). Using Theorem 3 implies that
o DEYu(t) ~ CTDeOT (1), (31)

and
oDy (t) ~ CTDOY (1), (32)

Substituting (30)—(32) into (1) results in

CTDeOT () + tg(t)%mc%“f)r(t) LR CTTE) — g(t) 2 R(1).  (33)

Moreover, from (2), (30), and Theorem 2, we get

Ao 2 CTY(0) — vy ~ 0,

] (34)
Al = CTD(l)T(O) — = 0.

Eventually, one obtains a numerical solution for (1) by solving relation (33)
with initial conditions (34) in the collocation points t; = % with
i =1,2,...,N — 1, and through substituting in (30). The program of the
proposed numerical method in pseudo-code format is designed in Algorithm
1. Tt is crucial to emphasize that the solution to the system of equations (33)
and (34) is achieved by utilizing the “fsolve” command within the Maple 18

software.
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Algorithm 1: The proposed method algorithm
Inputs: N > 0; ¢(t) € (0,1]; o(t) € (1,2]; g; vo; v1-
Step 1: Define the functions V; (t) via (6).
Step 2: Construct the vector Y(t) and the matrix D™ by (9) and
Theorem 2, respectively.
Step 3: Make of the matrices D2*) and DY) using Theorem (3).
Step 4: Construct the vector C in (30).
Step 5: Define R(t), Ag, and A; in (33) and (34).
Step 6: Extract the algebraic system by the collocation points x;.

Step 7: Solve the obtained system and compute the vector C.

Outputs: The numerical solution vy (t).

5 Numerical results

Here, four numerical examples are proposed to examine the accuracy of pre-

sented technique. To do this, we use the maximum absolute error as
Lo = t) — t
s = jmax [v(t) —vx (b)), (35)

where v(t) and vy (t) are the analytical and numerical solution with Vi-£
polynomials, respectively. Also, the calculations are carried out by Maple 17
with 25 digits.

Example 1. For the first example, consider the problem

1

20— oD V() + eV = g (1), (36)

oDEu0) +

where

_ —o(t ( (t))"’_ (3 §(f)) e 2t
(6 =2¢ ”( TG = ()T — olV) >+F(2—<(t))+e C U

subject to the initial conditions v(0) = v/(0) = 0. The analytic solution

in the classical form of this problem is v(t) = t> +t. We implemented the
presented approach with N = 2 for the approximate solution of this model

for o(t) = % and ¢(t) = —. So, the approximate solution is derived as follows:

3
=
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va(t) =1 x 1072° + 0.9999999999999999999999996¢
+ 0.999999999999999999999999442. (38)

Therefore, the numerical solution is equal to the analytical. While, the max-
imum error reported in [33] by the Bernoulli polynomials with N = 6 is
1.02487F — 13. This means that the presented scheme is more efficient and

superior with respect to the method of [33] for solving this example.

Example 2. Suppose the Lane-Emden equation in the form

‘ 2 e
oDE () + s D) — () = (0, (39)

where

)+ 20 0By 5o (—2) —sin(t)?,
(40)

in which, we apply the first 20 terms of the Mittag-Leffler series in our com-

o0 =0 (B o)

putational. The approximation also used in what follows in this paper. The
exact solution is v(t) = sin(t). So, v(0) = 0 and v/(0) = 1 are the ini-
tial conditions. We apply the proposed technique to compute the numeri-
cal solution for this example with different values of N for three selections
c1(t) = 0.8 — 0.1sin(t), ¢2(t) = 0.8 — 0.3sin(t) and ¢3(t) = 0.8 — 0.5sin(t).
Also, three selections p;(t) = 1.8 — 0.35 exp(—t?), 02(t) = 1.8 — 0.55 exp(—t?)
and p3(t) = 1.8 — 0.75 exp(—1t?) are used.

Table 1: The Lo errors in Example 2 with different values of N.

01(t) (b os(t)
a(t) “(t) <s(t) alt) () s(t) ) w(t) <a(t)
4.7624F — 05 4.7416E — 05 4.7158E — 05 5.0958FE — 05 5.0910E — 05 5.0768K — 05 5.3846E — 05 5.4017E —05 5.4052E — 05
L7751E — 07  1.7600E — 07 1.7447F — 07 1.9490F — 07 1.9388E — 07 1.9257E — 07 2.1095FE — 07  2.1087E — 07 2.1074E — 07

© - oz

3.T149E — 10 3.6748E — 10  3.6374E — 10 4.1514E —10  4.1169E — 10 4.0797E — 10 4.5710E —10  4.5546E — 10  4.5266E — 10
4.9828F — 13 4.9226F — 13 4.8696E — 13 5.6396E — 13 5.5812F — 13 5.5235K — 13 6.2898F — 13 6.2516E — 13 6.2014E — 13
4.6498E — 16 4.5905FE — 16 4.5403F — 16 5.3139F — 16 5.2516E — 16 5.1934F — 16 5.9857E — 16 5.9382E — 16  5.8832E — 16

g

Table 1 reports the obtained results for this example. Column one of this
table is the number of the Vi¢-£ polynomials (IV), which increases from top
to bottom and other columns are L., errors between the present method and
the exact solution for different values of ¢(t) and p(t). With increases in N,

one can observe that the error decreases, which indicates the capability of the
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present technique. The results of this table show that our scheme is reliable
for different values of V-Os.

x101° (@) g 10" ()

o o

Absolute error
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Absolute error
N
o

w
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o ezt sl ‘
0 0.1 0.2 0.3 0.4 05 0.6 0.7 0 0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9 1
X X

(©)

0.9

O Exact solution
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Figure 1: The absolute error of v(t) in Example 2 for ¢3(t) and p3(t) with two values of
N, (a) N =09, (b) N =13, and (c) the exact solution and numerical solution v11(t).

Figure 1 (a) and (b) demonstrates the absolute errors for ¢3(t) and g3(t)
for different selections of N. Also, Figure 1(c) illustrates the numerical and
exact solutions for this problem.

From the results of Table 1 and Figure 1, one can observe that the pre-
sented approach is very reliable and capable of calculating the approximate

solution of this problem.

Example 3. In this example, we consider the Lane-Emden model as

4

te(—<(®) oDF () + € () = g(1), (41)

;Df(t)l/(t) +

subject to the following initial conditions
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v(0) =1,
V'(0) = -1,

with

—o(t 1 ¢
g(t) =t ><E1,1—g(t)(—f) TTi—e) TE= g(t)))
1
I(1- ()

(42)

+ 4t_g(t) (El,lfg(l) <—t) - ) + t2 eXp(—t)

The analytical solution is v(t) = exp(—t). Similar to the previous example,

we use the following different selections for the V-Os ¢(t) and o(t)

¢1(t) = 0.35 4+ 0.2 exp(—t), G2 (t) = 0.35 + 0.4 exp(—t),
cs(t .35+ 0.6 exp(—t), 01(t) = 1.8 — 0.25 cos(t),
02(t) = 1.8 — 0.45 cos(t), 03(t) = 1.8 — 0.65 cos(t),

-

to test our method for approximating the solution of this example.

Table 2: The Lo errors in Example 3 with different values of N.

o1(t) 02(t) os(t)
N a() <2(t) ss(t) S10) s2(t) ss(t) S10) S10) ss(t)

6 5.6134E —06 5.6705E —06 5.6751E — 06 6.4335E — 06  6.4244F — 06  6.3466F — 06 7.2120E - 06 7.1085E — 06 6.9261FE — 06
8 1.4038F —08 1.4277FE —08 1.4400F — 08 1.6502E — 08  1.6607E — 08 1.6531F — 08 1.9013E — 08 1.8871E —08 1.8493E — 08
10 21893E — 11 22348E — 11  2.2649E — 11 2.6141E — 11  2.6443E — 11  2.6469E — 11 3.0683E — 11  3.0620E — 11  3.0157E — 11
12 2.3300F — 14  2.3834F — 14 24229F — 14 28115FE — 14 2.8541F — 14  2.8684F — 14 3.3442F — 14 3.3513E — 14 33M41E — 14
14 1.7999F — 17 1.8437TE — 17 1.8778E — 17 2.1870E — 17  2.2270E — 17  2.2457E — 17 2.6282E — 17  2.6419E — 17 2.6210E — 17

The L, errors between the approximate and exact solution are provided
in Table 2. The first column of this table is the various values of N from 6 to
14. The next columns are the errors for different selections of ¢(t) and o(t).
It is evident that augmenting the polynomial bases leads to a reduction in
error for each ¢(t) and p(t) value. The convergence of the outcomes presented
in this table is readily discernible.

The diagram of the numerical solution and its absolute error is depicted
in Figure 2 (a) and (b). Also, the numerical and exact solutions for ¢3(t) and
03(t) are depicted in Figure 2 (c).

Table 2 and Figure 2 confirm that the efficiency of the obtained numerical
results is improved by increasing the values of N. These results show the

capability of the presented technique for solving this example.

Example 4. In the end, we examine the following Lane-Emden model:
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Figure 2: The absolute error of v(t) in Example 3 for ¢3(t) and p3(t) with two values
of N (a) N =10, (b) N = 14, and (c) the analytical solution and numerical solutions
vi12(t).

© o) 1 S(®) 1o
{ptmo+mOme v(t) = () = g(0), ”

v(0) =0, ' (0)=1,

where

oo

e[ (204 1)( (2i + 1)(— )’
=t~ (ZF22+2—Q +ZF2@+2—gt))>+COS(t)' (44)

1=

The analytic solution is v(t) = tcos(t) for any 0 < ¢(t) < 1 and 1 < p(t) < 2.
We apply the proposed approach for this problem with some different values
of ¢(t) and p(t) as follows:

¢1(t) = 0.8 — 0.15sin(t) cos(t), G2(t) = 0.8 — 0.35sin(t) cos(t),
¢3(t) = 0.8 — 0.55sin(t) cos(t), (45)
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and
1 1 1
01(t) = 0.55 + T e 02(t) =0.75+ T e 03(t) = 0.95 + e
(46)
We report the computed numerical results of the proposed scheme for some
values of N in Table 3. The results obtained are compiled in Table 3, demon-
strating that the outcomes improve as the values of N increase. These find-
ings affirm that the numerical solutions converge toward the analytic solution.
Figure 3 (a) and (b) depict the absolute errors for this problem with two val-
ues of N. Moreover, the analytical and approximate solutions are depicted
in Figure 3 (c). The results of Figure 3 and Table 3 show that the presented

technique accurately calculates the approximate solution for this example.

Table 3: The Lo errors in Example 4 with different values of N.

oi1(Y (Y 23(t)

S10) <(t) s(t) alt) () ss(t) ) w(t) <a(t)
3.3251E — 04 3.3175E — 04 3.3075E — 04 3.0260E — 04 3.0145E — 04 3.0018E — 04 2.7125E — 04 2.6994E — 04 2.6870E — 04

e

L.6665E — 06  1.6599E — 06  1.6520E — 06 14679E — 06 1.4597E — 06 1.4517E — 06 1.2746E — 06 1.2676E — 06 1.2613E — 06
9 44376FE —09 4.4146F — 09 4.3884F — 09 3.8173E —09 3.7928E — 09 3.7698F — 09 3.2440E — 09  3.225TE — 09  3.2098FE — 09
T.2818E — 12 T.2374E — 12 T7.1886E — 12 6.1525E — 12 6.1100E — 12 6.0712E — 12 5.1463E — 12 5.1175E — 12 5.0931E — 12

&=

8.0775E — 15  8.022TE —15 7.9640E — 15 6.7287F — 15 6.6802E — 15 6.6370E — 15 5.5596F — 15 5.5289F — 15  5.5036E — 15

6 Conclusion

The V-0 fractional in the Caputo form was used to define the V-O fractional
Lane-Emden equation. So, the novelty of the article is the introduction of a
novel equation type, which expands the existing knowledge base. The Vt-L
polynomials were applied to solve this problem in linear and nonlinear cases.
The presented method was based on these polynomials, under which the prob-
lem was transformed into an algebraic system of equations. Four examples
were considered to show the capability of the obtained results, and they were
compared to their analytical solution and the ones obtained by Bernoulli
polynomials solutions in the first example. Through this comparison, the
advantages and strengths of the constructed method were highlighted, show-
casing its superior performance in terms of accuracy. The outcome confirmed
the efficiency and performance of the proposed approach to solve the V-O

fractional Lane-Emden equation. Given the notable precision of Vt-L poly-
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Figure 3: The absolute error of v(t) in Example 4 for ¢3(t) and g3(t) with two values of
N (a) N=9, (b) N =13, and (c) the exact solution and numerical solution 11 (t).

nomials in numerically solving the V-O fractional Lane-Emden equation,
future research should focus on several areas: extending the application of

this derivative to various other equations and integrating the operator matrix

method with other numerical methodologies.
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Abstract

This study presents a numerical approach for solving temporal fractional-
order singularly perturbed parabolic convection-diffusion differential equa-
tions with a delay using a uniformly convergent scheme. We use the asymp-
totic analysis of the problem to offer a priori bounds on the exact solution
and its derivatives. To discretize the problem, we use the implicit Euler
technique on a uniform mesh in time and the midpoint upwind finite dif-

ference approach on a piece-wise uniform mesh in space. The proposed
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technique has a nearly first-order uniform convergence order in both spa-
tial and temporal dimensions. To validate the theoretical analysis of the

scheme, two numerical test situations for various values of ¢ are explored.

AMS subject classifications (2020): Primary 65L11; Secondary 65N12.

Keywords: Caputo—Fabrizio derivative operator, midpoint upwind scheme,
fractional-order differential equation, delay differential equation, singularly

perturbed problem.

1 Introduction

This work examines the singularly perturbed delay parabolic differential
equation involving fractional order in time

A?w(s, ow(s,
Lw(s,t) =7 DYw(s,t) —¢ BiQ ) + a(s) (;S D + b(s, t)w(s, t) )
= —c(s,t)w(s,t — ) + f(s,1), (s,t) € Q= (0,1) x (0,F]
with
w(s,t) = pp(s,t), for(s,t) € [0,1] x [-4,0],

(2)

g
~~
=

~+
=

Il

@i(t), w(l,t) = pr(t), for te(0,%),

where (0 < ¢ < 1) is a singular perturbation parameter, ¢ is a delay pa-
rameter, and the Caputo—Fabrizio fractional derivative of order 0 < v < 1
is denoted by “¥'Dj.
layer of regular type at s = 1 of width O(e) if a(s) > 8 > 0,b(s,t) > 0,

c(s,t) > a > 0 and they are smooth and bounded on the domain 2 = [0, 1] x

The solution of the problem (1) possesses a boundary

[0, %], and to avoid oscillations in the solution, we take b(s,t) + c(s,t) > 0.
In contrast to its classical equivalents, a number of scientists and aca-
demics are showing the effectiveness of fractional derivative and integral op-
erators in analyzing and modeling real-world occurrences. Throughout re-
cent years, fractional calculus has been studied because it illustrates memory
quality. Time-fractional advection-diffusion equations, time-fractional Burg-
ers equations, and other models have been developed by applying fractional

partial differential equations to model problems in a wide range of fields,
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such as control theory, chemical physics, engineering, medicine, stochastic

processes, and biology [20, 38, 32].

Caputo fractional derivatives are employed to explain most mathematical
models for such systems. The main argument in favor of the Caputo frac-
tional derivative is that the beginning conditions have the same form as the
differential equations of integer order at time ¢ = 0. On the other hand, the
Riemann-Liouville technique necessitates initial conditions that include the
limit values of the Riemann—Liouville fractional derivative at the initial time
t = 0. These criteria are not entirely apparent in terms of their physical
interpretation. On the contrary, the Riemann—Liouville fractional derivative
may give the Caputo fractional derivative with certain assumptions about
the regularity of the function [27]. To overcome the singularity of the kernel,
Caputo and Fabricio devised a new fractional derivative in response to these
difficulties and inconveniences. One of the intriguing characteristics of this
novel fractional derivative is the presence of an exponential kernel, which
can construct and characterize structures at various scales. Further benefits
are gained in certainly published journals using this new fractional derivative
operator for the analysis of the groundwater contamination problem, the non-
linear Fisher’s reaction-diffusion problem, and the magneto hydrodynamics

free convection flow [4, 19, 29].

Singularly perturbed delay differential equations (SPDDEs) are employed
to model physical problems that evolve based on both their current condition
and history. To make a model more realistic, it may be important to repre-
sent former system states in addition to the current state. Delay differential
equations (DDEs) are useful for describing time-dependent phenomena that
rely on a past state [11].

SPDDEs are used to model physical problems whose growth is controlled
not only by the system’s present state but also by its history. It is occasionally
required to comprise past states of the system rather than only the current
state in order to make the model more accurate. When the rate of change
of a time-dependent phenomenon is dependent on a preceding state, DDEs
play an important role in mathematical modeling [10]. The study of DDEs
has grown in popularity over the last several decades due to their numerous

applications in domains such as bio-sciences, control theory, economics, ma-
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terial science, medicine, robotics, and others; see Cooke [5], Diekmann et al.
[6], Driver [7], Norkin [26], Kolmanovskii, and Myshkis [15], Hale and Lunel
[13], Kolmanovskii and Nosov [16], Kuang [17]. There are various real-world
examples of DDEs in the works by Nelson and Perelson [25], Villasana and
Radunskaya [37], and Zhao [39].

Because the boundary layer exists in the singularly perturbed problem
solution, standard finite difference approaches produce unsuitable numerical
results. Various numerical algorithms have been devised to solve these prob-
lems, which require a technique known as a uniformly convergent method
independent of the perturbation parameter’s value. Fitted mesh and fitted
operator are the two most used numerical methods to construct a uniformly
convergent scheme. Fitted mesh approaches use a layer-adapted nonuni-
form mesh that is dense in the layer(s), whereas the fitted operator employs
an exponentially fitted scheme [31, 14]. However, this highlights the nu-
merical method’s computational inefficiency. When the number of mesh
points grows, the resulting algebraic system of equations may become ill-
conditioned. The shortcoming encourages the creation of a suitable numeri-
cal approach whose accuracy is independent of the perturbation parameter,

highlighting the key advantage of the proposed method [12].

The number of papers addressing numerical solutions to time-fractional
singularly perturbed ordinary differential equations (ODEs) and partial dif-
ferential equations (PDEs) is rather modest. Bijura [3] offered higher-order
asymptotic solutions for fractionally-order nonlinear singular perturbation
problems. Roop [30] solved fractional ODEs numerically using the finite el-
ement method. Al-Mdallal and Syam [1] applied the Pade approximation to
solve nonlinear singularly perturbed two-point boundary-value problems of
fractional order. Atangana and Goufo [2] extended the matched asymptotic
technique to address fractional-order boundary layer problems. Sayevand
and Pichaghchi [35] proposed a method to solve singularly perturbed ODEs
in their fractional-order boundary value problem. They defined the local
fractional derivative and expanded the matching asymptotic expansion tech-
nique using its properties. Sayevand and Pichaghchi [34] developed a linear
B-spline operational matrix with fractional derivatives for singularly per-
turbed ODEs and PDEs. Sahoo and Gupta [33] proposed a finite difference

Iran. J. Numer. Anal. Optim., Vol. 14, No. 4, 2024, pp 1247-1279



1251

A novel mid-point upwind scheme for fractional-order singularly ...

approach to tackle time-fractional, singularly perturbed convection-diffusion
problems. Kumar and Vigo-Aguiar [18] studied delay parabolic and time-
fractional SPDEs and created discretized time domains with uniform step
size and piece-wise-uniform Shishkin meshes in space domains.

To the best of our knowledge, the development and analysis of a numerical
scheme for the class of singularly perturbed fractional-order delay differential
equations under discussion is covered in only one publication in the literature
[18]. This paper aims to present and analyze a new class of midpoint upwind
finite difference methods using piece-wise uniform Shishkin mesh. By pre-
serving significant aspects of the corresponding continuous problems, these
techniques produce reliable numerical results.

The succeeding sections of the paper are organized as follows: Section 2
defines the preliminary concepts. Section 3 examines the continuous prob-
lem description, including its analytic solution and derivative behavior within
stated constraints. Section 4 presents a midpoint upwind numerical scheme
based on the Shishkin mesh developed. The method’s uniform convergence
analysis is discussed in Section 5. Section 6 details the numerical experimen-
tation conducted to validate theoretical results and demonstrate the accuracy
of the method. The final section provides a summary of the main conclusions

drawn in the paper.

2 Preliminaries

We now offer the definitions and approaches that are required for this study.

Definition 1 (Singularly-perturbed problem). [21] When the highest-order
derivative of a differential equation is multiplied by a small parameter ¢
(where € is the perturbation parameter, such that 0 < ¢ << 1), the equation

is considered singularly perturbed.

Definition 2 (Gamma function). [28] For a complex number z with real

part nonnegative (R(z) > 0), the gamma function is defined as

() = /0 T ety (3)
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Definition 3 (Caputo fractional derivative operator). [28] For n € N and
v € (n—1,n), the Caputo fractional derivative of a function g(¢) with lower

limit zero can be defined as

R S 15
Diolt) = =5 J, T g W

Definition 4 (Caputo—Fabrizio Operator). [4] Considering fractional deriva-
tives with order v > 0, a novel operator known as the Caputo-Fabrizio oper-

ator is defined as follows:

L() [* t—¢
CF nyy _ /

D t) = —= —y—=1d 5
3olo®) = 72 [ g©exn | 1= as (5)
where g € H'(a,b),b > a, and L(7) is the normalization functions (any
smooth positive function) such that L(0) = L(1) = 1. Moreover, we observe

that the aforementioned definition does not contain a singular kernel.

3 Properties of continuous problem

Assuming sufficiently smoothness of ¢;(t), ¢, (t),and @p(x,t) and satisfying
the following compatibility conditions at the corner points (0,0), (1,0) and
(0,—6) as well as (1,—9), the existence and uniqueness of the solution of
(1)—(2) can be established.

(6)
‘Pb(LO) = ‘PT(O)v
and
A7 ¢y iy
- +a(0) —— + 6(0,0)5(0, 0)
vt |,_, 0z2 0.0) Oz 0.0)
= _C(Oa 0)<pb(0a _5) + f(07 0)7 (7>
A7 ¢y iy
—¢€ CL(].) a.. +b(1ﬂ0)90b(170)
At |,_, 0x? (1.0) ox (1.0)
= _C(la 0)9017(1’ _6) + f(l,O)

Now, we will show that the operator £ satisfies the maximum principle.
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Lemma 1 (Continuous maximum principle). Consider the function ¢(s,t) €
C%(Q) N C°%Q), with £¢(s,t) > 0 in Q and ¢(s,t) > 0, for all (s,t) € A =
{0} x (0,T)U{1} x (0,F]U[0,1] x [-4,0]. Then ¢(s,t) >0, for all (s,t) € Q.

Proof. Let us assume that there exists (s,¢) € Q with

¢(§7 L) = min_ ¢(57t)7 and (;5((, L) <0
(s,t)eQ

With respect to these assumptions, we can deduce that (¢,¢) ¢ A, implying
that (g,¢) € Q. Using the operator £ on ¢(s,t), we get

L£¢(s,t) = D] p(x,t) — epss(s,t) + a(s)ds(s,t) + b(s, t)d(s,t),

At the point of minimum (s, ), we obtain

L£o((s,0)) = D d(s,1) — €¢ss(s, 1) + a(c)gs(s, 1) + bls, )d(s, 0).

The function ¢ has minima at the point (,¢), so D¢ > 0, ¢s =0, ¢pss > 0
at point (¢, ¢), and b(s,¢) > 0 for (¢,¢) € Q. Therefore, we have

Lé(s,e) < 0.

This contradicts our assumption £¢(s,t) in .

Consequently, we conclude that ¢(s,t) > 0, for all (s,t) € Q. O

Lemma 2. The differential equation (1)—(2) has a solution y(s,t) that sat-

isfies this estimate:

|w(z,t) — (s, 0)] < Ct, (z,t) € Q,

in which C is a constant that does not depend on ¢.

Proof. See reference [23]. O

Lemma 3. With its initial and boundary conditions in (2), the solution to

problem (1) is bounded as
lw(s,t)] < C, for all (s,t) € Q. (8)

Proof. From Lemma 2, we have
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[w(s, t)] = |w(s,t) — @u(s,0) + (s, 0)|

< fw(s, t) = ¢u(s,0)| + |p(s, 0)]

< Ct+ |gpn(s,0)]

<Ct+C

<C since ¢t € (0, %], t is bounded.

O

Lemma 4. [9] For any nonnegative integers n,m with 0 < n+m < 5 and
appropriate compatible conditions at the edges, both the regular v(z,t) and

singular component w(x,t) satisfy the subsequent bounds:

8n+m , .
M‘SC(H& ), 9)
‘({W’ <Ce"exp(—B(1—9)/e), (s,t) €. (10)

osnotm
4 Numerical schemes

We are going to develop the numerical scheme in this section as well. After
discretizing the temporal derivative with implicit Euler’s method, the spatial
derivative is discretized using the midpoint upwind approach by employing
Shishkin mesh and obtaining the system of linear equations. This equation

is then solved using any classical methods.

4.1 Temporal semi-discretization

We first partition the temporal domain [0, T] to M, subintervals with uniform
step size 7 = T/M,. We chose M, such that for any positive integer k €
(0,M,), 6 = k7 must be a mesh point. The set Q+ represents all mesh
points in the temporal direction. We then have QMr = {tg =0 < t; <ty <
s <t =0 <tym,—1 <ty =T} We employ that Qéw’ is the collection of

all mesh points between zero and —J; that is, Qf;wf ={t_p=-0<t_py1 <
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e <t <t0=0}.
Consider the exact solution w(s,t;41) at (j +1)"" mesh point and denote the

approximation solution by W7 t1(s). Let 2(s,tj41) = % According
to Definition 4, then
W (s,t;
(s, 1y00) = T i)
L(v) /t W(s,§) { tiv1 — E}
- exp |-y S g
L=vJo 0¢ P ¢
J (i+1)T o
_ L) [T o (a6
1- Y i=0 V4T 85 1- Y
J . _ ) (J—i+1)T A
L) OVtin) SWEst) [ (=6 o
=7 T (=i 1—v
+RT
_ L0 ZJ: (W (s, tj—iv1) — W(s, tj—i))
1—7 = T
(i+1)7 o
/ exp ('ytﬁlf) dé+ R~
(i)r I—vy
= nl(W(s,th) = Wi(s,t;))
i vr
+) (W tjoip1) — W(s, ;i) exp < — 71) + R,

i=1

Let us consider L(7) = 1 the normalization functions such that L(0) = L(1)

1. Then
exp (1__7:) -1
n=—__-—"
T
o) ti+1 tiiq —
;= (7) / exp (—'7J+1§> d¢ is the truncation error.
L=7Jo I—v
Hence we obtain
2(s,tj41) =n (W (s, tjr1) — Wi(s,t;)) (11)

+ ﬂz (W (s,tj—ix1) — W (s, tj—;))exp (_ 177 ) LR

2
i=1 v
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Substituting (11) into (1) on QM we get

82Wj+1(8) 6W]‘+1(8) ) 4
s, tj1) — e 5= F+al(s) == + V()W (s)

= —IH (W (5) 4 f7H1(s).

Once the expressions are rearranged and the operator form has been put in,

we get
~ O*Witl oW+l , . .
EWith(s) = —87(8) + a(s)i(s) + VIt ()Wt (s) = Fi(s),
0s2 Os
(12)
for j=1,2,..., M, with
w(s, t) = @p(s,tj), for(s,t) € [0,1] x [—4,0], (13)
w(07tj) = wl(tj)vw(latj) = @T(tj% for t € (073:)’
where
(s, tip1) = b/ (s) +,
—cI () o (s, tj—ky1) + f(s,t541)
403 (W(s,tj—ig1) — W(s,tj_i)) exp <—%1>
Rt (g) = +nW (s, t;), for j=1,2,...,k,
—I T ()WITkF1(s) 4 fIT1(s)
1 Y0y (W s i) = Ws,ty—i)) exp (—1254)
+nW(s,t;), for j=k+1,k+2,...,M,.
After some rearrangement of (12) we obtain
(1+ ol 5) W (z) = FIT(s), (14)
where
Qp = T )
T
exp (1_7) -1
. 02 0 ,
€8 = *5@ + a(S)a + ijrl(S)
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—aob? T (s) (s, k1) + o fj + 1(s)

ool t) + Ly (W s, tymien) = Wis,tim) exp (— 251)
+W (s, t;), for j=1,2,...,k,
—ags’ T ()W (s) + ao f5 + 1(s)

Fipul, ) + Yy (W (s tyian) = Wsity-i)) exp (- £25)
+W (s, t;), for j=k+1,k+2,...,M,.

Fitl (8) _

Lemma 5 (Semi-discrete maximum principle). Let (s, t;4+1) be a smooth
function such that (0,¢;41) >0 and, (1,¢;41) >0, for all (s,t;11) €
A = {0} x (0, TJu{1} x (0, TJU[0,1] x [=4,0]. Then (1+aoL? 5)¥(s,tj4+1) >0
in Q implies that (s, t;41) > 0, for all (s,t;11) € Q.

Proof. Suppose there exists (¢,t;11) € Q with

(e, tj41) = min  Y(s,t541), and P, t41) <O0.
(s,tj41)€Q

Then we have

(L7tj+1) ¢ {(O7tj+1)’ (17tj+1)} and wS(L7tj+1) = 0;¢ss(57tj+1) > 0.

Applying the operator £7 5 on ¥(s,t;11), we get

(1 + aoLZ 5)Y (e, tir1) =9 (4, 1) + ao(—eua (b, tj41) + alt)ps (e, tj41)
+0(e, ti41)Y (4 ti1))-

The function ¢ has a minimum at (¢,¢;41), resulting in ¢5 = 0, 155 > 0, and

(¢, tj41) > 0 for (¢,t;41) € Q. Therefore, we have
(L4 a2 5)v(e, tj41) <0,

which contradicts our assumption of (1 + £7 5)¥(s,t;11) in Q.

Therefore, we conclude that 1(s,t;41) > 0, for all (s,t;41) € Q.

Hence from the above, we prove that the operator (1 + a02:75) satisfies the
maximum principle and consequently

1

||(1 +0[0£:75)71|| S 1 +HT

(15)

O
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Lemma 6 (Truncation error). The local truncation error corresponding to

the semi-discretized problem (13) satisfies
|RITH < Cr. (16)

Proof. From semi-discretized problem, we have

) tit+1 L
RITT — o(7) / exp (_,yt]Jrl 75) de
o -

1—7~ 1
_O(r) [UtT (+1)r—¢
“TO [ e (e

O () o (2)
i () ()

since exp (ffy (jltly) < exp (77%) and

Therefore, we obtain

[RI*| < Cr.
O
Lemma 7 (Error bound). The global error estimation at t;; satisfies
1)l < CT.
Proof. Since the function y(z,t;41) satisfies
(1+ a0l p)y(@, tj) = F7T (@), (17)

also the solution of the continuous problem (1)—(2) is smooth enough, then

we have

FITh(s) = (L4 agLl 5 )W (s, tj1) + RIT
= (L4 oLl 5)W (s, tj11) + CT
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= FIt(s) = (1+ aoLl 5)W (s, tj41) + CT. (18)

From (17)—(18), the error corresponding to (14) satisfies the following prob-

lem

(1+ a0l 5)Ejp = CT

— Ej+1 = (1 + 04022,5)_17'

[Ej 4l < cr.

1+67
Hence, we obtain the result

[Ej41]l < CT.
O

Theorem 1. The semi-discretize solution W (s, t;41) and its derivatives meet

the following bounds:

<C(+etexp(—=p(1 —s)/e)), for i=0,1,2,3,4.

diVV(S7 tj+1)
ds’

Proof. For the proof, refer [§]. O

We can rewrite (12) as operator form

LIWIt(s) = FIH(s), (19)
where £7WIit1(s) = —582%9;1(3) + a(S)awgsl(s) + v(s)Witl(s) and

—sTTH(8)pp (s, tj—t1) + f(8:tj41)

+0Bjipn(s,t5) + 0 2y Bi (W(s, tyis1)
—Wi(s,tj—:)), for j=1,2,...,k,
W (5) 4 1 (s)

+on(s,t5) + 0 S0y B (W(s,tj-i41)

—Wi(s, tj—:)), forj=k+1,k+2,...,M,.

Fi(z) =
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Lemma 8. [9] Consider the regular V/*! and singular U’! components of

Wi+l and their derivatives, which holds the following bounds:

anvijl(x) .
- < n
‘ B <C(1+e*m), (20)
nyrj+1
’M{?n(s) <Ce"exp(—a(l—s)/e), n=01,...,4 (21)
S

4.2 Spatial discretization

4.2.1 Mesh generation

To address the semi-discretized problem (12), we used a piecewise-uniform
Shishkin mesh to partition the space domain. This ensures that the boundary
layer region had more mesh points than the outer region. The domain [0, 1]
is separated into two subdomains, [0,1 — o] and (1 — o, 1], where o is given
as

o = min{0.5,00cIn N},

with boundary point 1 — o, whereas o9 < 1/8 and N is the number of

subintervals. The mesh sizes in the inner and outer boundary layer are

2(1—0) . N
b — N 7,—0,1,...777
2o i=4+1,...,N.

The mesh points have been defined by

.2(1—0) . N
'LT, Z—O,].,...,7

b
xr; =

l-o+(i-5)%, i=5+1,...,N.
The set QY represents all mesh points along the spatial direction. Hence, we

have

QN:{.TQ=0<$1<~'~<$N_1<$N=1}.

The set Q is the set that includes all mesh points along the spatial direction
with equal step size h = 1/N over o = 1/2.

In the next section, we derive stable finite difference method.
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4.2.2 Upwind numerical scheme

We utilize a midpoint upwind finite difference approach on the semi-discrete
scheme (12) along the spatial direction. The difference operators with h; =

h; + h;y1 are given as

j+1 j+1 j+1 j+1
D-witl — Wi Wi DWWt — T — W
s 7 hz ’ s 7 hz 1 ’
* 22
WL _ it ) (22)
powitt = Lirt “ i1 et 2 (D+Wij+1 _ D‘Wijﬂ) _
, JH1 L it
Additionally, we define WZ.J_Jrll/2 = % We similarly define other

terms.

Therefore using these difference operators, we derive the complete finite
difference scheme:

i+1

Wg+ = QDl(O,tj+1)7

aT,h; i+1  _ i+l s

LW =F/" ,, i=1,2,...,N, (23)
i+1

I/Vlj\fJr = QDT(l,tj+1),

where

grhi — _g§2 4 ai—1/2Dg +Vi—1/2,

mpu
g+1 j+1 j—k+1 j+1
F: =W + i

i—1/2 i—1/2""i—1/2
J T
j—m—+1 j—m j
+1 Z (Wij—l/; - Wij—1/2) €Xp (‘1 _ 7m> + nWij—1/2'
m=1

Through the rearrangement of equation (23), we deduce the subsequent sys-

tem of equations:

YW Wi v Wi = F, =12, N, (24)

1
Y- 2 Y-y + ”5—1/2
T
Y0 _ 2 + qi—1/2 + V;—1/2
i hihi+1 h; 2 ’
rTH=__2 |
o hit1hi
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5 Convergence analysis

This section discusses the stability of the discretized scheme (24). To deter-
mine the e-uniform error estimate, the truncation error is used. The stability

of the developed scheme can be studied using the following lemma.

Lemma 9 (Discrete maximum principle). Let <pg be any function satisfying
wo > 0, on41 > 0. Then grhi gItl > 0, forall:=1,23,..., N, implies

mpu= i

that gog >0 foralli=1,2,3,...,N.
Proof. This follows the same arguments as in Lemma, 5. O

Lemma 10. Consider the difference operator of (24) grhi it i —1 2 N-—

mpu '’ q

1, with boundaries WJ™' and W' has a solution. If Q%’;LWf“ <
erh ZI Wit < Z3T and WY < Z4T then WY < Z7F i =
1,2, N—1.

Proof. The coefficient matrix for the operator £77 has a size of (Nj, +1)(Ny +

1) with its constituents, for i = 1,2,..., N, — 1, are
j+1
26 . v,
T = e & h1/2 a 21/2 <0, since all terms are positive,
il i
Jj+1
28 . v,
10 = di-1/2 + - L2 >0, since all terms are positive,
© 7 hih h 2 ’ P
illit1 i
" 2e . "
T = - <0, since all terms are positive .
i1

The proposed method’s coefficient matrix (24) for the differential equation
(1)—(2) meets the properties of an M-matrix. This suggests that the inverse
matrix exists and is not negative. This ensures the existence and uniqueness
of the discrete solution. A similar procedure was used to demonstrate the

stability of a discrete scheme in [36, 24]. O

A direct consequence of Lemma 10 is the discrete stability result as fol-

lows.

Lemma 11 (The discrete stability result). If Wg“ is the solution of the
fully discretized equation corresponding to the original problem in (1), such

that Wg = WX,H = 0, then the following inequality is satisfied:
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j+1 a7,h; j+1
i skt o

Proof. Consider two barrier functions

+

[T=c=wi where ¢=|upwi™ |+ _max (ol le)
At the boundaries
[T5 = ¢ +w0,5) = | E5mn? ™| + maxi gy earllnl o} £ 0 > 0 and

mpu '’ i
+

[Ty =¢xw(t;) =

Using the operator £

Wi + maxicienr{lenl oo} £ 0 > 0.
7,hi

mpu

on the barrier function, we have

+
E;’l};& H = (—5(55 + ai,l/gDs_ —|— Vl',l/g) (C + WZ;7+1>

| = —¢d? (C + Wﬁ“) +ai—1/2Dy (C + Wf“) +Vic1/2 (C + Wz-jﬂ)

S || ghr j+1H g+l
> [ 8rrwi |+ max Al Jorl} £ W

> 0.

By using the maximum principle, Lemma 9, we get
+
at,h; j+1 at,h; j+1
Gl 20 = |wit| < |[enmwd ™|+ _max (lell + o).

O

Lemma 12. [31] Consider the mesh function A;, for ¢ = 0,1,..., N defined
by
AT = H (1 + ahl)
g P 2 )’

with the familiar convection that if ¢ = 0, then A{)H = 1. Then, for i =

1,2,...,N — 1, a positive constant C' exists such that
- . C .
i AdHL +1
i AT > J«

~ max(g, h;) °

Theorem 2. Let w(s;,t;) represent the exact solution for the problem (1)
and let W; represent the full discretization solution for problem (19). The

error estimate is then provided by
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|Wi - w(Si,t]‘)I < CNil(lnN)Q.

Proof. The discrete problem’s solution, W;, can be divided into regular V;
and singular U; components.
Thus
Win _ Vin 4 Ug+1~
Moreover, V; and U; represent the solutions to the following problems, re-

spectively:

grhi y— F;_1/2,Vi(0) = v(0), V;(1) = v(1)(nonhomogeneous problem)

mpu

E:ﬁgﬁUi =0,U;(0) = u(0),U;(1) = u(1) (homogeneous problem)

Consider Win = Wi,Vin =V, and UZ.j'H =U;.

The error can be expressed as

Wi —w(z;) = (Vi + U;) — (v(z:) + u(ws)),

Wi —w(z;) = (Vi —v(z:)) + (Ui — u(i))- (25)

Using the triangle inequality, the error can be estimated as
Wi —w(si)ll < [Vi —v(so)[| + Ui — ulsi)] -

Next, we need to estimate the errors in the regular and singular components
individually.

The following classical reasoning can be used to calculate the error esti-
mate for a regular component. From the differential and difference equations,

we get

at,h; _ qa7,h; at,h;
Lo Vi—w(s:)) = £50.Vi — L0, 0(si)

mpu "t mpu
at,h;
= F = £ puv(si)

— (53 - fl:,;};;) v(s;)
(dd; _ 52) v(s) +a (i - D—) o(s:).

I
|
)
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By using the estimate in [22], we get

~_ 1 1
L (Vi —v(w))| < 1 (Tit1 — @i—1) Jv]s + 5 (zi —mi1) ]y
1 1
<1 (Tit1 — @i—1) Jv]s + 3 (Tiv1 —wi—1) ]y

since x; — xi—1 < Xiv1 — Ti—1,

< C(@ip1 — mi1) (Jvfz +[vl,)-
Therefore, we obtain
S, (Vi = 0(50))| < C (si41 = si-1) ([0l + [vl,)- (26)

Indeed s;41 —s;_1 <2N~1, for all i,0 < i < N —1 and applying the discrete
stability lemma for the regular component, v satisfies the following bound of

the derivatives:

) <o (1+e5Y), 0<k<a (27)
Then from (27) we obtain
lol, = [0"] < C, and |u|; = || < C(1 +¢73). (28)

By substituting (28) into (26), for the estimates of the derivatives of v, we
have
£rhi (V; —o(s;))| < CN7L

mpu

Next, we apply maximum principle result for the operator f}fﬁgz to the func-
tion V; —v(x). Then we obtain
|(V; = w(s)] <ONTL (29)

The error estimate regarding the singular component U; —u(x;) is determined

by the transition parameter value, which is either ¢ = 1/2 or ¢ = gpeIn N.
Case-I: For 0 = %, the grids are equal and cogIn N > %, resulting in
Siy1 — i1 =2N"' and ¢! < ClnN. (30)

The classical argument, which was used earlier to estimate the regular argu-

ment, concludes
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(Ui = u(si))| < C (sin = sim1) (tuly + July)

We use a similar fashion with the regular component. Also, ;41 — s;—1 =
2Nl and e7! < ClnN. Then we have

E:T’hi (UvZ — U(SZ»’ S CE_QN_I.

mpu

Therefore, we obtain

gerh (U, — u(sz))’ leqCe™2N 1, (31)

mpu

Substituting (30) into (31), then we get

g (U, — u(s,-))) < ON~Y(InN)2.

mpu

. . . 1 P hl
An application to e-uniform stability result for the operator £7.%: to the

function U; — u(s;) then gives

Ui —u(s;)| < CN~H(In N)2. (32)

Case-II: If 0 = copgln N < %, the mesh is piece-wise uniform, with the

mesh spacing 2 —9) in the subinterval [0,1 — o] and %‘7 in the subinterval

5
[1 — o, 1], then we estimate the error in [0,1 — o] and [1 — o, 1] individually.
In the subinterval [0,1 — o] without boundary layer both U; and u(s;) are
small and since by triangle inequality |U; — u(s;)| < |U;| + |u(z;)], it helps to
bound U; and u individually.

We assumed that 0 = opeIn N(> 2¢1n N/a), which gives —ao/e < In N~2.

From lemma 8, we have

|Uz‘ < Ce—ao/e
< Ce—@(slva)/E

S OeflnN

<CN7!,

|Us| <ONL. (33)
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Next, we need to show |U;| < CN~! for a suitable constant C.
Let Ag = A;. From the Taylor series expansion e® > 1 + s, then for the

mesh function A;,

2e
N -1 N
ah ah a(l —x;
l=i+1 I=i+1

Let A; = CA;/AN for i = 0,1,...,N. Hence by using the definition of U;

and Lemma 12,

~ A C\ ~ C A; ~
7,hi — _ 7,hi S _ 3 > 0 — T,hi U ’
Sripullo (AN) Sripulli 2 (AN> max{e, h;} — CSmpulUn |
£ Ao > 0. (34)
For a suitably large value of C, we get that
. CAy —« -«
= > — ) >C — | > |U 35
Ag Ax _Cexp(2€>_ eXp(g)_|0|a (35)
Ao =C > |Un|. (36)

Using (34)—(36), by the discrete comparison principle, Lemma 10, we obtain
|U;| < Aj = CA;/An.

When ¢ =0,1,...,N/2,
N a(Tit1 — Ti—1) ! N/2
A/Av < T] (1+”12“> =(1+2N"tmN) V2 @3)
I=N/2+1 €

After some simplification and the Taylor series expansion, In(1 + s) > s —

§7 s > 0, to the right end expression of (37), we get
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U] <CON~', for i=0,1,...,N/2. (38)
Combining (33) and (38), we obtain our result
|U;] < CN™L. (39)
Triangle inequality results
Ui —u(s;))| <CN™Y  for 0<i<N/2. (40)
Next, we consider the subinterval [1 — o, 1].

Using the classical argument, we get

&rhi (U, —u(si))’ < Ce (8041 —8i1), for N/241,N/2+42,... N—1.

mpu

For the second interval, the mesh spacing is 20/N. Since $;41—s8;—1 = 40/N,

we obtain that

NT,hi R R -2 —1
smpu(Uﬁu(sz))‘gcg oN-1, for N/24+1,N/2+42,...,N—1, (41)

and
|[Unv —u(1)| = 0.

Also, using the inequality (40), we obtain
|UN/2—U(SN/2)| SCNil. (42)

Now, we introduce the barrier function, with the suitable choices of C and
Cy as
Ei = (52 — (1 - O'))Ol€720'N71 + CQNil,

and the mesh function
Xi =&+ (u(s;) —U;), N/2<i<N.
Thus, we have

ijxtf/g =&ny2 = (u(sny2) — Unyz)
> (snj2— (1=0))Cie 2oN" '+ CoN7' £ (FCNTY)
ZCQN_li(:FCN_l) Since SN/2:1—O'
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> (CyFO)N
Choose Cy as Cy F C > 0 and then

+
Xny2 2 0.

Next, we want to show that yny+ > 0. Therefore,

Xn = én % (u(sn) = Un)
> (sy — (1= 0))Cie 20N~ + CoN !
> Ciooo(In N2 Nt + CoN !
> 0.
Lastly, we need to show that f}fﬁ%xgt > 0. Hence
NT,hi :l: — NT,hi
~T,hi NT,hi
2
Z<B+>(&r—u—a»0ﬁ20N]44LNw
T
~T,hi
> (Si — (1 — 0’))016_20']\7_1 + CQN_l + CQN_l
+ (FCe 20N, by (41)
> (si —0)Cie 2oN' + CoN~t + CoN~H 4+ (FCe 20N 1)

v

((Si - O')Cl F C)E_QO'N_l + CQN_l + CQN_l
0, since (s;—o0)>0 then (s;—0)CqyFC >0.

v

Therefore by using the discrete maximum principle, we have
xf >0, N/2<i<N.
Thus we obtain the result
‘ujﬂ(si) - U;“‘ < CN~'(InN)2. (43)
Then combining (32) and (43), we get

() ~ U7 S ONTI NP, for 0<i<N. (44)
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Therefore, using (25) the inequalities in (29) and (44), gives

(Wt —w(si,tj)| < CN~L(In N)2.

Theorem 3. If w and W are exact and approximation solution of the prob-

lem (1), respectively, then the following error bound holds:
w(si b)) — Wij“‘ <C (NN +7). (45)

Proof. By combining Lemma 7 and Theorem 2 we get our result. O

6 Numerical result

In this section, we present two numerical examples that illustrate the method’s
accuracy as well as the error analysis results. Separate tables show the error
and convergence rates for each of these two instances of the test. This article
will employ double mesh to determine the numerical solution’s accuracy, as
the exact answer is uncertain. The maximum point-wise absolute error is

calculated as

N,M _ N,M 2N,2M
£ = = Waioi |

max w;
0<ij<N,M | "I

where N and M represent the number of mesh points in spatial and temporal

directions, respectively. The parameter for uniform error estimation is
eNM — max{ENMY
1>

. The method’s rate of convergence is determined using the formula

RoCNM = o (EéVM )
e = 10gy 2N,2M |
€

. The parameter uniform rate of convergence can be stated as

RNM — max{RoCN-M}
€

Example 1. Consider the time-fractional partial differential equation
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PU(s.0) |y O0(s.t)
0s? 0s

= y(s,t — 1) + 102 exp(—t)s(1 — s),

D]y(s,t) — e +(2- + ((s+1)(t+1))y(s,t)

on (s,t) € Q= (0,1) x (0, %], with initial and boundary conditions (s, t) =
0, pu(t) =0, and ¢, (t) = 0.

(©)e=21 (d) e =220

Figure 1: A three-dimensional depiction of the numerical solution for Example 1 with

various values of € with v = 0.5, N, = 32, and M, = 40.

Example 2. Consider the time-fractional partial differential equation
9%y(s,t) $2) Ay(s, t)
0s? 0s

=y(s,t — 1)+ 10t% exp(—t)s(1 — s),

D}y(s,t) —e +(2- + sy(s,t)

n (s,t) € Q= (0,1) x (0, %], with initial and boundary conditions ¢ (s,t) =
0, ¢i(t) =0, and ¢, (t) = 0.
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Table 1: The absolute maximum error and rate of convergence for Example 1 for various

values of e, with fix v = 0.5

Ny =M, = 32 64 128 256 512
e=1 7.2009¢-03  3.9138¢-03  2.0434e-03  1.0436e-03  5.3354e-04
0.8796 0.9376 0.9693 0.9679 =
e=2"4 1.3920e-02  8.8730e-03  4.8151e-03  2.4093e-03  1.1793e-03
0.6497 0.8819 0.9990 1.0307 =
=28 8.6296e-02  5.0505e-02 2.7245e-02  1.3603e-02  6.3990e-03
0.7729 0.8904 1.0020 1.0881 =
e=2"12 4.3419e-03  1.9191e-03 9.1791e-04 4.6674e-04  2.3530e-04
1.1779 1.0640 0.9757 0.9881 -
e=2716 1.0750e-01  6.3792e-02  3.5339¢-02  1.8579e-02  9.5447¢-03
0.7529 0.8521 0.9276 0.9609 =
e=2"2 1.0772e-01  6.3935e-02  3.5424e-02  1.8631e-02  9.5791e-03
0.7526 0.8519 0.9270 0.9597 =
e=2"% 1.0773e-01  6.3940e-02  3.5427e-02  1.8633e-02  9.5802e-03
0.7526 0.8519 0.9270 0.9597 =
g=2"30 1.0773e-01  6.3940e-02  3.5427e-02  1.8633e-02  9.5803e-03
0.7526 0.8519 0.9270 0.9597 -
eNn M- 1.0773e-01  6.3940e-02  3.5427e-02  1.8633e-02  9.5803e-03
RNw M- 0.7526 0.8519 0.9270 0.9597 =

A boundary layer, as shown in Figures 1 and 2, is located at the right
side of the space domain in the numerical solution of Examples 1 and 2
above. Figures 1 and 2 also display the computed solutions W; ; for various
perturbation parameter values, along with the influence of fractional order.
Figure 3 displays the log-log plots of the maximum absolute errors against
the number of meshes for both cases, demonstrating the developed numer-
ical scheme’s convergent nature regardless of the perturbation value. The
suggested scheme is e-uniformly convergent, as illustrated by the numerical
results shown in Tables 1 and 2, by combining the midpoint upwind numer-
ical method in the spatial direction with the implicit Euler’s method in the
temporal direction. We can see that, for each value of €, the maximum point-
wise error decreases as N and M grow, from the results in Tables 1 and 2.
It is evident that, for every N, M, the maximum point-wise error is ¢ — 0
stable. By utilizing these two examples, we verify that the suggested numer-
ical technique is more accurate, stable, and e-uniformly convergent, with a

convergence rate that is almost one. The maximum point-wise error is sta-
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Table 2: Maximum error and rate of convergence for various ¢ values with a fixed v = 0.5

for Example 2.

Ny =M, = 32 64 128 256 512

e=1 4.6381e-03  2.0344e-03  9.4019e-04 4.5021e-04  2.2007¢-04
1.1889 1.1136 1.0623 1.0327 -

=271 4.7943e-02  2.3827e-02 1.2645e-02  6.8350e-03  3.6952¢-03
1.0088 0.9140 0.8875 0.8873 -

e =28 6.3770e-02  2.8254e-02 1.2921e-02 6.1518e-03  3.0787e-03
1.1744 1.1288 1.0706 0.9987 -

e=2"10 6.6336e-02  3.0540e-02 1.3973e-02 6.7869e-03  3.3299e-03
1.1191 1.1280 1.0418 1.0272 -

e=2"12 6.7001e-02  3.1194e-02 1.4619e-02 6.9617e-03  3.4446e-03
1.1029 1.0934 1.0703 1.0151 -

e=2"H1 6.7211e-02  3.1406e-02 1.4841e-02 7.1616e-03  3.5058¢-03
1.0976 1.0815 1.0512 1.0306 -

e =2"20 6.7224e-02  3.1420e-02 1.4855e-02 7.1765¢-03  3.5212e-03
1.0973 1.0808 1.0496 1.0272

e=2"% 6.7225e-02  3.1421e-02 1.4856e-02 7.1775e-03  3.5222e-03
1.0973 1.0807 1.0495 1.0270 -

e=2"% 6.7225e-02  3.1421e-02  1.4856e-02 7.1775e-03  3.5223¢-03
1.0973 1.0807 1.0495 1.0270 -

g =2730 6.7225e-02  3.1421e-02  1.4856e-02 7.1775e-03  3.5223e-03
1.0973 1.0807 1.0495 1.0270 -

eNn M 6.7225e-02  3.1421e-02 1.4856e-02 7.1775e-03  3.5223e-03

RNn:M~ 1.0973 1.0807 1.0495 1.0270 -
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U, 1)

7774

1y
iy
/4‘555”

Ula, t)

(c) e=2710

Figure 2: A three-dimensional representation of the numerical solution for Example 2

for various e values with v = 0.5, M, = 32, and M; = 40.

——owmr) —e—omr)
o ——

g

o2

Maximum pointwise error
3

Maximum pointwise error

102 10% 10% 10°
M Number of mesh points M Number of mesh points

(a) Log-log plot of the max error for(b) Log-log plot of the max error for
Example 1 Example 2

Figure 3: Log-log plot of maximum absolute errors for Examples 1 and 2 for different

values of €.
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ble for all N, M. Using these two cases, we demonstrate that the proposed
numerical technique is accurate, stable, and e-uniformly convergent, with a

convergence rate of almost one.

7 Conclusion

The time delay singularly perturbed parabolic convection-diffusion problem
with time-fractional derivative order was solved using the midpoint upwind
numerical approach. The solution to the problem depicted a boundary layer
on the right side of the spatial domain. The solution’s layer region has a
steep gradient due to the presence of €. Because of the frequently changing
solution behavior in the layer region, it is computationally difficult to cal-
culate the solution analytically or using traditional numerical methods. To
mitigate this effect, we devised a strategy that employs the midway upwind
scheme in the spatial direction and an implicit Euler’s scheme in the tem-
poral direction. The established numerical technique has been proven to be
stable and uniformly convergent. To confirm the method’s compatibility, two
model problems were considered for numerical testing at varied perturbation
parameters and fractional-order derivative values. Tables 1 and 2 provide a
summary of the numerical results, including maximum absolute errors and
numerical rate of convergence. Furthermore, the log-log plot (Figure 3) and
the numerical solution for Examples 1 and 2 (refer to Figures 1 and 2) indicate
the e-uniform convergence of the scheme. The scheme’s order of convergence
is O(N~! + 7), and it is uniformly convergent at e. The devised scheme

provides more stable, accurate, and uniformly convergent numerical results.
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strategy that includes awareness campaigns, security measures, and health
interventions in areas where the virus is prevalent. The goal is to reduce
transmission between humans and animals, thereby decreasing human in-
fections and eradicating the virus in animal populations. Our model, which
integrates spatial variables, accurately reflects the geographical spread of
the virus and the impact of interventions, followed by the implementation
and analysis of an applicable optimal control problem. Optimal control
theory methods are applied in this work to demonstrate the existence of
optimal control and the necessary conditions for optimality. We conduct
numerical simulations using MATLAB with the forward-backward sweep
method, revealing the efficiency of strategies focused on protecting vulner-
able populations, preventing contact with infected individuals and animals,
and promoting the use of quarantine facilities as the most effective means
to control the spread of the Monkeypox virus. Additionally, the study ex-
amines the socio-economic impacts of the virus and the benefits of timely
intervention. This approach provides valuable insights for policymakers
and public health officials in managing and controlling the spread of Mon-

keypox.

AMS subject classifications (2020): 49J15, 93C10, 92B05, 93A30.

Keywords: Monkeypox; Optimal control; Spatio-temporal model; Mathe-

matical model; optimization .

1 Introduction

Monkeypox (MPX) is a rare and severe disease caused by a virus closely
related to the smallpox virus (MPOX). It primarily affects animals and hu-
mans (anthropozoonosis) living in regions near the dense forests of Central
and West Africa. Among the affected countries, the Democratic Republic
of Congo (DRC) is particularly impacted, reporting nearly 85% of known
human cases [3, 16]. The DRC has experienced several epidemics in recent
years[9]. Currently, most researchers agree that after 30 years of cessation of
smallpox vaccination campaigns, there has been a significant resurgence of
MPX cases in several tropical regions, including the DRC. This resurgence

is becoming a major public health concern.
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Most researchers concur that the re-emergence of MPX is closely linked
to the discontinuation of smallpox vaccination campaigns, leading to a sig-
nificant increase in MPX cases over the last three decades in several tropical
areas, particularly in the DRC. Despite the growing concern, MPX remains
an understudied disease, with its transmission dynamics and spatial and tem-
poral distribution not fully understood[4, 24, 25].

This research aims to contribute to understanding MPX by developing an
estimator for MPX prevalence in the DRC and analyzing the determinants of
its spatial and temporal distribution. Initially, a score was developed to as-
sess the level of agreement between morbidity data reported by the integrated
disease surveillance and response (IDSR) in the DRC and actual morbidity.
Subsequently, spatial and temporal clusters of MPX were identified at the
Health Zone (HZ) level using retrospective scan statistics. Finally, an inves-
tigation into the environmental factors associated with MPX occurrence in
the DRC was conducted [4, 12, 21].

A straightforward and practical score was designed to measure the reliabil-
ity of data produced by the IDSR in the DRC. The analysis of spatial clusters
of MPX revealed higher reported case rates in the traditional hotspots of the
Sankuru and Tshuapa districts, with the disease spreading to neighboring
areas over the years. This pattern indicates the central Congo basin as a
probable original epicenter for MPX and highlights its spread dynamics over
two decades|4, 21].

Annual temporal analysis shows a seasonal trend with an increase in MPX
cases during the dry season. The developed model indicates that several
environmental factors are positively correlated with MPX incidence, although
these factors alone do not fully explain the emergence and persistence of MPX
epidemics in the DRC. These findings are critical as they emphasize the need
to incorporate various environmental variables into analyses to achieve a more
comprehensive understanding of disease dynamics [10, 12, 14].

Future models must include socio-economic and anthropological factors to
better capture the complex interactions between humans and their environ-
ment, thus affecting their exposure and risk levels. These factors are essential
for developing a nuanced model that can accurately predict MPX outbreak

patterns and offer insights into effective intervention strategies[12, 20].
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The spatial analysis in this study enabled the targeting of high-risk ar-
eas and periods for MPX in the DRC, facilitating the generation of vital
spatio-temporal information required to prioritize prevention and control in-
terventions against the disease[10, 12]. Identifying these high-risk zones and
periods allows public health officials to allocate resources more effectively
and implement targeted measures to curb the disease’s spread.

The motivation for this study stems from the significant increase in MPX
cases, particularly in the DRC, following the cessation of smallpox vaccina-
tion campaigns. Despite growing public health concerns, MPX remains an
understudied disease, with its transmission dynamics and spatial-temporal
distribution not fully understood. This study aims to fill this gap by develop-
ing an estimator for MPX prevalence and analyzing its spatial and temporal
determinants in the DRC, as it represents an unexplored aspect in current
studies.

Additionally, understanding the spatial distribution and the environmen-
tal and social factors contributing to the spread of MPX is crucial for de-
veloping comprehensive strategies to control and prevent future outbreaks.
Incorporating spatial variables into models allows for a more detailed and
accurate depiction of how the disease spreads across different regions, con-
sidering both natural and human-induced factors[10, 12, 14, 20].

These findings highlight the necessity of a nuanced approach to modeling
the spatial and temporal dynamics of MPX. By including spatial data, we can
better understand the localized patterns of disease spread and the impact of
various environmental and socio-economic factors[1l, 11]. This approach can
inform more effective public health interventions and policies tailored to the
specific conditions of different regions|6].

In addition to identifying high-risk areas, this study emphasizes the im-
portance of continuous surveillance and data collection. High-resolution spa-
tial data can reveal subtle changes in disease patterns and assist in the early
detection of potential outbreaks. This proactive approach is essential for
preventing the spread of MPX and other emerging infectious diseases|[1, 6].

Furthermore, these results open avenues for investigation in other affected
African countries. By leveraging spatio-temporal data, predictive models

can be enhanced, and more effective public health policies can be developed,
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Figure 1: Model description.

tailored to the specific needs and conditions of each region. This approach
not only improves our understanding of MPX but also provides a framework

for studying other zoonotic diseases that threaten global health.

In conclusion, integrating spatial analysis in the study of MPX provides
valuable insights into the disease’s dynamics and guides the development of
targeted interventions. Understanding the spatial and temporal aspects of
disease spread allows for better preparation and response to future public
health challenges|1, 6, 11].

2 Model formulation

We utilize the SEIQR mathematical model developed by Imane Smouni et
al. [18], which describes the spread of MPX.

In the remainder of this paper, we set S =21, E = Zs, [ = Z3, Q = Zy,
and R = Zs.
Therefore, we introduce the mathematical model for MPX, which is described

by the following system of differential equations:

108 — 5y — B2, () Zo(t) — pZa(t),

Y20 — 37, (1) Za(t) — (A + ) Za(t),

230 — \Zy(t) — (a + p+ 0) Zs(1), M)

23 — o 7Z4(t) — (7 + p) Za(t),
(t)

dt
dzit(t) = ’724 t) — /'LZS(t)a

where the initial conditions Z;(0) > 0 are nonnegative for each i €
{1,2,3,4,5}.
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The various components of our spatio-temporal model are detailed in

Table 1 below, which includes their descriptions (refer to [18]).
Table 1: The delineation of the distinct compartments within our model.

Compartment Description

S The potential number of individuals
who may contract the virus.
E The count of individuals infected
with the virus who do not show symptoms.
I The count of individuals
who are infected and displaying symptoms.
Q The count of individuals admitted to the hospital.
R The count of individuals who have recovered.

The temporal dynamic system (1) clearly lacks the capability to com-
prehensively describe the spatial spread of the MPX virus. To address this
shortcoming, we propose the integration of the Laplacian operator, which
transforms it into a more complex model (2) that can account for spatial
heterogeneity and diffusion. This transformation is typically achieved by
adding a diffusion term, represented by the Laplacian, to the original dif-
ferential equations of the model. This term allows the model to capture
the rate at which diseases spread geographically, reflecting local interactions
and movements within the population. Specifically, we augment the deter-
ministic epidemic model for MPX with the following modification to include
spatial diffusion effects. This adjustment will allow us to better capture the
complexities of virus transmission across different regions, providing a more
robust framework for understanding and predicting the spread of the disease.

Hence

dt ’
4229) — g, NZ,(t,

dZi(ty) _ dz, AZ(
dt (
42s(t) — g, AZs(
(

(

+3 - ﬂzl(t7y)Z2(ta y) - Nzl(t7y)7
+ BZ1(t) Z2(t, y) — (A + 1) Za(t, ),

t,y)
t,y)
t,y) + A2y
t,y)
t,y)

ar (t,y) = (a+p+0)Zs(t,y), (2)
YY) — g, ANZy(t,y) + aZs(ty) — (v + ) Za(t,y),
dzsdi(tt’y) = dZsAZ5 ; + ’YZ4(tay) M ( )

The initial conditions and the no-flux boundary conditions are delineated as
follows: Initially, the state of the system is defined by the values of the vari-

ables at time ¢t = 0. Additionally, to ensure that there is no net flux of the
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variables across the boundaries of the domain, the no-flux boundary condi-
tions are applied. These conditions are critical for accurately modeling the
system’s behavior and ensuring that the variables remain within the defined
spatial boundaries throughout the simulation period. The precise mathe-
matical expressions for these initial and boundary conditions are detailed

below:

Z1(0,y) = Z10, Z5(0,y) = Za, Z3(0,y) = Z30,
Z4(O,y) = Z4 0, Z5(0,y) = Z5,0, z € Q. (3)

Here, Q represents a bounded domain within R? characterized by a smooth
boundary denoted as 9€2. For a comprehensive analysis, it is essential to
incorporate the following equation into our model framework. This equation
will account for the dynamic interactions within the defined spatial domain
and ensure that our model accurately reflects the physical processes under
consideration. The inclusion of this equation is crucial for enhancing the
model’s capability to simulate the behavior of the system accurately. There-

fore,
0Zy 0Zy 0Z3 0Zy 0Zs

E T TS T W
where ¢ denotes the outward unit normal vector on the boundary 02, and
a—c signifies the outward normal derivative on 0€2. Additionally, we define a
control function w : [0;1] x & — [0;¢], aimed at reducing the number of
infected individuals while increasing the number of susceptible individuals.
This objective is achieved through strategies such as minimizing social in-
teractions, launching safety campaigns to curb migration, and implementing

health precautions to mitigate virus transmission.

Our goal is to balance the number of individuals affected by the disease
with the cost of the treatment program. Therefore, we propose the following

formulation: Minimizing of the cost functional represented by

ty b
N(ZI7Z2aZ3vz4aZ57w) = / / G1Z3(t,y)dtdy+ 51 ||w(t7y)||%,2([0)tf])a
QJ0
(5)

subject to the constraints of the controlled system (2).
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Furthermore, we define W, as the set of permissible controls, given by

Woa ={w e L¥(Q), 0<w<1 ae onQ}, (6)

where Q = [0,ts] x Q, with Q represents a bounded region within R? that
has a smooth boundary 9Q2. To ensure the model’s comprehensiveness, we
include detailed parameter descriptions, which can be found in Table 2.

In our approach, it is essential to consider not only the direct health im-
pact but also the socio-economic factors influencing the disease dynamics.
By incorporating these elements, we aim to develop a holistic and effective
control strategy that can be practically implemented. Moreover, the inte-
gration of feedback mechanisms and continuous monitoring will enhance the
adaptability and responsiveness of the control measures, ensuring optimal

outcomes over time.
Table 2: The description of the parameters of our spatio-temporal model (2).

Symbol  Description

by Recruitment rate
I Natural mortality rate
« The rate at which a virus is transmitted

from an asymptomatic infected individual to a susceptible person.
B The rate of infection for individuals who are asymptomatic.
A The mortality rate of individuals infected with the virus.
y The mortality rate of a hospitalized individual infected with the virus.
0 Rate of recovery

ds Spread of susceptible individuals

dg Spread of asymptomatic infected individuals
dy Spread of symptomatic infected individuals
dg Dissemination of hospitalized patients

dr Spread of individuals who have recovered

3 Presence and singularity of a global solution

In this section, we demonstrate that our model (2) possesses a robust global
solution. For more information, you can refer to the following references:

2, 15, 17, 22, 23).
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Oow

We examine M(Q) = (L3(Q))°, HY(Q) = {w e Ly(Q) : D € Ly (9),
x
ow Pw 9w Pw w
— € Ly(R H%(Q) = HY(Q) : Lo(Q
0 & @) fand 12(0) = {we 1) 5 58 T8 O € 1))

the Hilbert spaces.

Let L2 (O,tf;H 2(Q)) be the space of all strongly measurable functions
¢ :[0,tf] — H?*(Q) such that

ty
/0 1€t )2 dt < oo. o

Furthermore, we introduce the space L>(0,¢s; H'(Q2)), which consists of all
functions v mapping from the interval [0,¢f] to the Sobolev space H'()
[5, 8]. These functions must satisfy the following conditions:

sup (1(E9) 71y ) < o (8)
te[0,ty]

The norm within the space L> (0,ty; H'(€2)) is defined as follows:

HCHLOO(O’tf;Hl(Q)) = inf{m € RJr : ||<(t,Z)HH1(Q) < m} . (9)

Our spatio-temporal model given by (2) can be represented in the following

form:
9z(t,y)
ot

In the context, z = (21, 22, 23, 24, 25) = (S, F,I,Q, R) and g = (g1, g2, 93, 94, g5)

= Bz(t,y) + g(t, 2(t,y)). (10)

is specified as follows:

g1 =% — (1 —w)Bz1zp — pz1,
g2 = (1 —w)Bz12za — (A + p)za,

g3 = Azg — (+ p + 0)23, (11)
g1 = azz — (7 + p)2a,
g5 = Y24 — H25.

For every ¢ in the set {1,2,3,4,5}., we have

0z;
a% =d;iAz + gi(2(t,y)). (12)

Define B as the linear operator with its domain D(B), which is a subset of

M (). This operator is characterized by the following formula:
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Bz = (dsAZl,dEAZQ,d]AZg,dQAZ4,dRAZ5) (13)
with

z€ D(B) = {z = (21, 22, 23, 24, 25) € (H2(Q))5 :

0z Oz Oz Oz Ozs
— =——="0"=—-—"=—=0 o . (14
oc ¢ e e ™ }”
Theorem 1. Consider a bounded domain € within R? that has a smoothly
0

%

Q for each i € {1,2,3,4,5}, and that the parameters ¥, u, o, 8, A, 7y, and 6

defined boundary. Assume that the initial values z; are nonnegative across
are also nonnegative. Given an admissible control w € W,4 and an initial
condition 2% € D(A), the system described in (2) is guaranteed to have a
unique strong nonnegative solution z belonging to z € W12([0,¢]; M(Q)).

This solution adheres to the following conditions:
21,22, 23, 24,25 € L? (0,15 H*(Q)) N L™ (0, ¢4, H'(Q)) N L>(Q).  (15)

Additionally, there is a constant My > 0, which does not depend on the
control v, such that for every t € [0,¢s] and for each ¢ € {1,2,3,4, 5},

+ 1zill 20, m200)) T 1Zill ) + 12ill Lo (@) < Mo (16)

|5
L2(Q)

ot

The symbols L%, L*°, and || - || are used without definitions. These symbols

are standard notations in functional analysis as follows:

o L?: The space of square-integrable functions, that is, functions f such
that [ |f(z)|* dz < oc.

e L°: The space of essentially bounded functions, that is, functions f

such that there exists a bound M where |f(x)| < M almost everywhere.

e |- |I: Typically denotes a norm, with || f||2 indicating the L? norm and

IIf|lso indicating the L° norm.

Proof. Since the operator A exhibits dissipative characteristics, is self-adjoint,
and can generate a Cjy semigroup of contractions on M () [13], it follows that
the function g represented by (g1, 92, g3, 94, g5) is Lipschitz continuous with

respect to the variable z denoted by (z1, 29, 23, 24, 25), and this continuity
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is uniform in ¢ over the interval [0,¢;]. Consequently, the system admits a
unique strong solution z € W2 ([0, ¢4]; M ()) with

z € L* (0,t;; H*(Q)) forall i€ {1,2,3,4,5}. (17)
We now demonstrate that for all ¢ € {1,2,3,4,5},2; € L>=(Q).

Set ¢ = max{||gi||Loo(Q) ; ||z?||Loc(Q) (i€ {1,2,3,4,5}} and define

V;(tay) = Zl(t7y) —ct— ||Z’?||Loo(ﬂ) .
It is evident that V; satisfies the system

Willw) _ 4 AVi(t,y) + it =(tw) — .t € [0,17],

(18)
Vi(0,y) = 22 — || 2¢

e -

This system admits a unique strong solution given by

t
Vi(ty) =T (20 = 2| o) + / P(t— o) (9:(2(2)) — ) dz,  (19)
where I'(t) is an infinitesimal semigroup associated with the operator d;A.

It follows that V(t,y) < 0,50 2 < ct + [[20]| o -

Similarly, we can show that V;(t,y) = z(t,y) +ct + ||z?||LOO(Q is nonneg-

)

ative. Thus, z; > —ct — HzOHLm @)’ which implies
0
|Zi(t7y)‘ <ct+ ||Zz||L0<>(Q)a (20)
and hence
zi € L™(Q) forall (t,y) € [0,tf] x Q, forie {1,2,3,4,5}. (21)

Next, we establish that z; € L™ (O,tf; Hl(Q)) for all ¢ € {1,2,3,4,5}. Con-
sidering ¢ € {1,2, 3,4, 5}, we start from the equation

ot - dzAzl(ta y) = gZ(ta Z(t’ y))a (ta y) S [07 tf] x €1 (22)

‘We have

/ / <8z2 (t,y) diAZi(t,y)>2dyd5/Ot/Q(gi(t,Z(t,y)))Zdyds. (23)

Iran. J. Numer. Anal. Optim., Vol. 14, No. 4, 2024, pp 1280-1308




1291

Advanced mathematical modeling and prognosication of regulated ...

Using Green’s formula, we obtain

¢ 0z \ 2 ¢
//( ) dyds+d§/ /(Azi)zdyds
0 ot 0o Ja
8,21 t 2
= 2d; — x Az;dyds + (gi (t, 2;))" dyds
Q 0 Ja
t
:di/ |Vzi0|2dy—di/ \Vzi|2dy+/ /(gl (t,zi))2dyds.
Q Q 0 Ja

Since zY € H?(Q) and 123l o () are bounded independently of v, it follows
that

z € L™ (03tp; HY(Q)), fori € {1,2,3,4,5}. (24)

Combining (17), (21), and (24), we conclude that the inequality presented in
(16) holds. Furthermore, using arguments similar to those employed for the
Field-Noyes equations in [19], we deduce that the solution (z1, 22, 23, 24, 25)

remains nonnegative. Consider the set
© = {(21,22,23,24,25) : 0 < z; < D for i € {1,2,3,4,5}},

and define the convex functions G; over Il as G; (21, 22, 23, 24, 25) = —2;. This

leads to the following relationships:

G
Go

V(G1)- (=21) -9l = X <0,

V(Ga) - (—22)
V(G3)-gl,,—0=V(~23)9gl,,-0 = —A22 <0, (25)
V(G4) - (—24)
V(Gs) - (—25)

g|22:0 = O S 07

Gy
Gs

"9l.,—o = —0z3 <0,
“Gly,—o = =772 < 0.

As demonstrated in [6], the set © is positively invariant, ensuring the non-

negativity of the solutions over time. O

4 Existence of an optimal control

In this section, our primary goal is to establish the existence of an optimal
control for the problem described in (5). This problem is constrained by

the reaction-diffusion system detailed in (2)—(4), with the control variable
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belonging to the admissible set w € W,4. Our objective is to show that under
these constraints, there exists a control that optimizes the given performance
criterion. The main result we intend to demonstrate in this section is the
following key theorem, which provides a rigorous foundation for the existence
of such an optimal control. By proving this theorem, we will significantly
advance our understanding of the underlying reaction-diffusion system and

its controllability properties.

Theorem 2. Based on the conditions specified in Theorem 1, the optimal
control problem described in (2)-(4) admits a solution, which we denote by
(z*,w*). This pair represents the optimal state and control variables that

satisfy the given system and minimize the cost function.

Proof. Since both the control function w and the state variables z; (for ¢ in
the set {1,2,3,4,5}) are uniformly bounded in the space L>°(Q), it is ensured
that the infimum of the cost function exists. Let us denote this infimum by
C*, which is defined as C* = infy,ew,, C(z,w).

Now, consider a sequence {w,,} C W4 that minimizes the cost func-
tion. Specifically, this means that as m approaches infinity, the cost function
evaluated at the sequence converges to the infimum: ngr_{loo C(z™, wy) = C*.

Here, (27, 25", 25", 2, 2I'") represents the solution of the given system of
equations (denoted by (2)—(4)) when the control input is u,. This scenario

leads to the formulation of the following system of equations:

LD — A (1) + 5 — (1= o) B2 ()28 (1) — P (0,0),
0D — 4o g (1) + (1= v) B (D (1) — A+ )25 (1.9),
D) — g A (ty) + A5 (b, y) — (@ + i+ 0)2 (t, ),

ot
Oz (ty) _ doAz

ol (t
7‘5& Y — dRAzg“(t

y) +azg'(ty) — (v + w2 (t,y),
y) + 21t y) — g (8 y).

(26)
In the region @, the partial derivatives with respect to ¢ are zero for all state

variables, specifically:

oz" _ 0zy _ 0z5" _ oz _ oz _o. (27)
a¢ o¢ o¢ a¢ a¢
This condition indicates that the state variables do not change with respect

to the variable v within the domain Q.
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Given that the Sobolev space H'() is compactly embedded in the
Lebesgue space L?(2), we can deduce that the sequence 2 (t,y) possesses
compactness properties in L?(Q) for each 4 in the set {1,2,3,4,5}. This
compact embedding ensures that sequences that are bounded in H'(Q) have

subsequences that converge in L%(€2).

Additionally, it is necessary to establish the equicontinuity of the sequence
{z"(t, y) }m>1 in the space C([0,tf], L*(€2)). Equicontinuity implies that the
variations in the sequence y;; over time are uniformly controlled, ensuring that

the sequence behaves regularly over the interval [0,¢7]. The boundedness of

the time derivatives agin - in L?(Q) implies that there exists a positive constant
h such that the difference in the integrals of the squared state variables over
the domain 2 at two different times ¢ and z is bounded by A times the

absolute difference between ¢ and x:

< hlt — 2. (28)

[Empaad= [ iy

Q

This bound indicates that the changes in the state variables over time are

controlled, which is a key aspect of equicontinuity.

Therefore, by applying the Ascoli-Arzela Theorem, which provides cri-
teria for the compactness of a set of continuous functions, we can confirm
that the sequence y!™ is compact in C([0,¢s], L*(Q2)). As a result, 2™ con-
verges uniformly to a limit function 2} in L?(2) with respect to time ¢. This
uniform convergence implies that the difference between 2" and ¥}, becomes
arbitrarily small as n increases, uniformly for all ¢ in [0, ¢f].

Given the boundedness of Az in L?(Q), there exists a subsequence, still
denoted by Az™, that converges weakly in L?(Q). This weak convergence
implies that for any test function ¢ in the space of distributions, the following

integral equality holds:

/@Azf’:/ z;”Acp%/ zZ‘Aga:/ Az} (29)
Q Q Q Q

This result indicates that Az converges to Az} weakly in L2(Q). In addition

to this, we can also deduce the weak convergence of the time derivatives and

the state variables themselves: 3;? converges weakly to 8;5 in L?(Q), and

2™ converges weakly to z; in both L%(0,ts; H2(Q2)) and L>(0,ts; H'()).

Iran. J. Numer. Anal. Optim., Vol. 14, No. 4, 2024, pp 1280-1308



Baroudi, Smouni, Gourram, Labzai and Belam 1294

Moreover, considering the product of state variables, we observe that
2tz — 2z = (2 — 21)z + 2 (2 — 2). (30)

This decomposition allows us to deduce that z]"z3* converges to zjz5 in
L?(Q). Consequently, the control sequence w,, converges to w* in L?(Q).
Since the admissible control set W,, is closed by definition, it follows that

w* also belongs to W4.

By taking the limit as m — oo in (26), we can demonstrate that z* is
indeed a solution to (12) associated with the optimal control w*. Thus, the

optimal cost function value can be expressed as
* * b * b * 2
c ) = [zt dedy + 3 w603
0
R LA b )
<timinf [ s (ty) dedy + o |07 (69) 3 g (31)
0

ty b
<tim [0y dedy + 3 (60) ) =
0

This chain of inequalities confirms that the cost function C attains its mini-
mum value at the optimal pair (z*,w*). Thus, (2*,w*) is indeed the optimal

solution to the given control problem. O

5 Necessary optimality conditions

In this segment, we will explore the necessary conditions for optimality for
the problem (2)—(5) with w € W,4. Our goal is to provide comprehensive
insights into the nature and characterization of the optimal control strategy.
Let us consider an optimal pair represented by (z*,w*). To investigate the
behavior of the system under slight perturbations, we introduce a perturbed
control w® defined as w* + ew, where € > 0. This perturbed control must

satisfy the conditions w € L?(Q) and w € W,q.

The corresponding solutions to (2) associated with the controls w® and
w* are denoted by z¢ = (25, 25, 25, 2§, 2¢) and z* = (27, 23, 23, 2}, 2% ), respec-
tively. These solutions represent the state of the system under the perturbed

and optimal controls.

Iran. J. Numer. Anal. Optim., Vol. 14, No. 4, 2024, pp 1280-1308



1295 Advanced mathematical modeling and prognosication of regulated ...

To proceed, we define the matrices F' and B, which will help us in formu-

lating the conditions for optimality:

—p— (1 —w*)Bz —(1 —w*)Bz 0 0 0
(1—w*)Bzy (1—w*)Bz1 — (AN +p) 0 0 0
F= 0 A —(a+p+0) 0 0
0 0 a —(y+w) O
0 0 0 ¥ —u
and
Bz
—pBziz;
B = 0
0
0

The matrix F' encapsulates the dynamics of the system influenced by the
optimal control w*, while the vector B captures specific interactions within
the system states z7.

By investigating the differences between the perturbed state z¢ and the
optimal state z*, we derive necessary conditions for optimality. This involves
analyzing how the state z¢ changes as € varies and identifying the impact of
the perturbation on the system’s performance.

We can calculate the derivative of the performance index with respect
to € and set it to zero to find the conditions for optimality. This process
ensures that we identify the optimal control strategy that either minimizes
or maximizes the desired performance index.

Moreover, understanding the system’s behavior under slight variations in
control allows us to refine our control strategies, ensuring they are both effec-
tive and efficient. Through this rigorous analysis, we aim to provide a deeper
understanding of the optimal control mechanisms and their implications for
the system’s behavior.

In conclusion, our detailed examination provides critical insights into the
optimal control strategy, enhancing the development of more effective control

methodologies for complex systems.
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Theorem 3. The mapping y : Woq — WH2([0,t5], M(Q)) fori € {1,2,3,4,5}
is Gateaux differentiable with respect to w*. For any w € W,4, the
derivative of z; at w*, represented by z}(w*)w, is denoted by Z;. Thus,
Z = (Z1,Z5,Z3,Z4,Z5) is the unique solution to the differential equation
given by

Z
aa—t = AZ + FZ +wB with initial condition Z(0,y) = 0. (32)

Proof. We introduce Z§ = EE for g € {1,2,3,4,5}. By subtracting the

€

differential equations corresponding to z{ and 2}, we obtain the following

equation:
0Z¢ .
el AZFf + F°Z° +wB subject to Z°(0,y) =0 forall yeQ, (33)
where
—p— (1 —w®)Bz3 —(1 — w®)Bz; 0 0 0
(I-w)Bz;  (1—w")Bzf —(A+n) 0 0 0
Fe = 0 A —(a+u+0) 0 0
0 0 a —(y+mp) O
0 0 0 ¥ —

Let (T'(t),t > 0) be the semigroup generated by A. The solution to this

system can be expressed as

Z%(t,y) = /0 T(t—x)F*Z%(z,y) dz + /o I'(t — z)wP dx. (34)

Given that the coefficients of the matrix F¢ are uniformly bounded with
respect to €, we can use Grénwall’s inequality to show that Z7 is bounded
in L?(Q). Consequently, z5 converges to z; in L?(Q). Taking the limit as
e — 0, we get the following result:

To ensure the solution’s stability and uniqueness, we impose that the
matrix A is dissipative. This property allows the use of semigroup theory
to handle the evolution of Z¢ over time. The boundedness of F¢ coefficients
further guarantees the application of Gronwall’s inequality, leading to the
necessary boundedness in L?(Q).

Moreover, the convergence of z; to z; is uniform, meaning that the error
between 25 and z; diminishes uniformly as € approaches zero. This uniform

convergence is critical for the robustness of our solution, ensuring that our
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model accurately predicts the behavior of the system under various pertur-

bations.

Thus, by analyzing the behavior of Z¢ through the semigroup approach
and leveraging the boundedness properties of the involved matrices, we
achieve a comprehensive understanding of the system’s dynamics and their

stability over the defined domain. Hence

0z
i AZ+ FZ +wB subject to Z(0,y) =0, forall yeQ (35)

By using a similar method, we conclude that Z{ converges to Z as ¢ ap-

proaches 0. O

Let us introduce the adjoint variable ¢ = (g1, ¢2, 43, ¢4, g5) and denote F*
as the adjoint of the Jacobian matrix F. The dual system corresponding to

our problem can be expressed as:

P
—a—‘t] — Aq— F*q=D*Dy with the condition q(t;,y) =0,  (36)

where
00000

00000
D=]100100 and Y =

00000

00000

o o OO

Lemma 1. Under the assumptions of Theorem 1, let (z*,w*) be an optimal
pair. There is a unique strong solution for the dual system (36), represented
by ¢ € W2([0,t5], M(f2)). Specifically, the components ¢; are elements of
L% (0,t; H*(2)) and L™ (0,¢5; H'(Q)), for i € {1,2,3,4,5}. Therefore,

for all i € {1,2,3,4,5}, ¢ € L*(0,t5; H*(Q)) N L>(0,t5; HY(Q)). (37)

This uniqueness guarantees the stability of the solution within the prescribed
function spaces. It also implies that the solution ¢ maintains the required
regularity, ensuring accurate representation and predictability of the system’s
behavior. The regularity of ¢; provides significant insights into the system’s

dynamics and is crucial for the development of effective control strategies.
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Proof. This lemma can be derived by applying a variable transformation
t' =ty —t and following a comparable approach as utilized in the proof of
Theorem 3. O

By utilizing the connections between the state and adjoint equations,
the objective functional, and conventional optimality methods, we can com-
prehensively define the optimal control. This process allows us to derive the

necessary conditions required to solve the optimal control problem effectively.

Theorem 4. If an optimal control w* exists along with its corresponding

solution z* € W12([0,ts]; M(12)), then the optimal control w* can be repre-

w* = min <wmax, max (O, W)) . (38)

Proof. Let (z*,w*) be an optimal pair. Suppose w® = w* + eh € W4 where

h € L*(Q2), and let z° be the associated state solution. Then, we have

sented as:

C' (w*) (h) = lim = (C () — C ("))

e—=0 ¢

1 1 N dyd
— 1; - g _ * t
51_1)%5 (a/o /Q(Z3 z3) dy
by [* e\ 2 12
+5/0 /Q<(w ) = (w") )dydt
ty £ %
= lim <a/ / <23 23) dydt
e—0 0 Q £

b 1
+o / / (2hw*+sh2)dydt).
2 Jo Ja

zz(u* 4+ ¢eh) — 23 )
2 TENTE g limeg 2 =

£
%3 — %3

Given that lim._.q = lim._,9

€
z3, and 25,25 € L*°(Q), it follows that C is Gateaux differentiable with

respect to w*, and we obtain

ty ty
C' (w*) (h) = / / aZsdydt + bl/ / hw* dydt
0o Jao 0o Jo
1

ty

If we set h = v — w*, then we have

ty 1
C’ (w*)(v—w*):/o (qu,DY)dt—i—/O (brw™, v — W) 2 dt.
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Considering that

ty ty
/(Dw,DZ>dt:/ (D*Dv, Z) dt
0 0
b aq *
_/O <_8t_Aq_F q,Z>dt
) ooz
= L AZ-FZ
NG e
tr
— [MtaBlo-
0
ty
:/0 (B"q,v — W) 2 dt,

and since Wy4 is convex, we have C’ (w*) (v — w*) > 0 for every w € Wyq,

which is equivalent to

ty
/ (B*q+ byw*,v — w*>L2(Q) dt > 0 for every w € Wygq.
0

Thus, bw* = —B*q, which implies w* = %. Given that w* €
Waa, it follows that (38) holds.

This result is important as it provides the explicit form of the optimal
control u* in terms of the adjoint variables ¢; and ¢, as well as the state
variables z{, 25, and z3. This formulation allows for a deeper understanding
of the interaction between the state and adjoint systems in the context of the
optimal control problem. The conditions under which this optimal control is
derived ensure that the solution is both feasible and optimal within the given

constraints. O

6 Computational modeling and outcome display

To accomplish the objectives of optimal control and evaluate the precision of
our spatio-temporal model, both with and without control interventions, we
executed a numerical simulation of our optimal control problem within the
realm of disease spread modeling. This study adopts a stringent methodolog-
ical framework. Our optimality system is delineated by state equations with

initial and boundary conditions (2)-(4), adjoint equations with transversality
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conditions (36), and an optimal control formulation (38). To resolve this
system, we employ the forward-backward scanning method in an iterative
manner. Temporal discretization of the state equations is performed using
the explicit Euler method, while the adjoint equations are solved retrospec-
tively. The spatial domain considered, symbolizing a city Q = 75 Km?, is
initially populated randomly at ¢ = 1 day, under the assumption that the
epidemic commenced spreading randomly across various sections of the city.

The outcomes will be delineated as follows.

To deepen our understanding, we performed additional simulations to
evaluate the impact of various control strategies on disease dynamics. These
simulations offer further insights into the effectiveness of different intervention
measures under various scenarios, enhancing the robustness of our model.
The data and results obtained from these simulations will be meticulously
analyzed and discussed to provide comprehensive insights into the model’s

performance under different conditions.

The parameter values associated with our spatio-temporal model, with

and without control measures, are presented in Table 3 below.

Table 3: Model parameters in scenarios with and without control measures.

Parameters Values
(%, 0,8, \,7,6)  (0.07,0.12,0.75,0.5,0.0002,0.001,0.03)
(ds,dg,dr,dg,dr) (0.25,0.25,0.25,0.25,0.25)

Figure 2 reveals that before the imposition of control measures, asymp-
tomatic infections were prevalent throughout numerous locations in the re-
gion. This observation implies a broad dissemination of the epidemic within
the city. Furthermore, Figure 4 depicts a consistently high proportion of
asymptomatic cases, sustaining a steady rate of 13% of the total population
over time. This continuous presence of asymptomatic individuals facilitated
the emergence of a substantial cluster of symptomatic cases across the city,
representing 34% of the total population. The visual representation under-
scores the extensive transmission of the infection in various areas within the

city.
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Figure 2: The dynamics of compartments E and I in the absence of control measures

Furthermore, the data reveals that the uncontrolled spread of asymp-
tomatic infections is a key factor in the rapid escalation of the epidemic.
This situation underscores the importance of early intervention and the im-
plementation of control measures to curb the virus’s spread. The figures

collectively provide a clear illustration of how the infection permeated var-
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ious sections of the city, resulting in a substantial number of symptomatic
cases and emphasizing the necessity for timely and effective public health

responses.

To elaborate further, the persistence of asymptomatic cases not only in-
creased the number of symptomatic individuals but also placed a strain on
the healthcare system. The widespread nature of the infection required ur-
gent and comprehensive measures to control its transmission. The figures
thus provide valuable insights into the dynamics of disease spread and the

critical need for strategic interventions.

Figure 3 illustrates a significant shift in the epidemic landscape following
the implementation of stringent control measures. These carefully planned
interventions aimed to drastically reduce the widespread incidence of asymp-
tomatic infections across the region. Key elements of these measures included
limiting social interactions, launching safety campaigns to discourage migra-
tion, and promoting health precautions to reduce virus transmission. As
depicted in Figure 4, these proactive efforts led to a dramatic decrease in
the overall percentage of asymptomatic cases, dropping from an initial 13%
to just 0.25%. Consequently, there was a marked decline in the number of
symptomatic cases, with the affected population now representing only 0.3%

of the total. This positive outcome highlights the effectiveness of the control
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Figure 3: Dynamics of compartments E and I under the influence of control measures

measures in curbing the spread of the disease and reducing its impact on the
population. The resulting scenario reflects a more controlled and manage-
able situation, underscoring the success of the interventions in limiting the

transmission of the infection within the city.

Furthermore, the findings underscore the importance of timely interven-
tions in managing the epidemic. The substantial reduction in both asymp-
tomatic and symptomatic cases demonstrates the significant impact of early
and decisive action. These control measures not only slowed the spread of
the virus but also eased the burden on the healthcare system, allowing it to

operate more efficiently and effectively.

In addition, the data suggests that ongoing monitoring and adjustment
of control strategies are essential to maintaining the low infection rates that
have been achieved. The evolving nature of the epidemic requires adaptive
response measures to address new challenges as they emerge. This approach
ensures sustained control over the virus, helping to prevent future outbreaks

and ultimately protecting public health and well-being.
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Figure 4: The proportional distribution of compartments S, E, and I in relation to the

total population

7 Conclusion

The spatio-temporal model employed in this investigation adeptly encapsu-
lates essential elements such as population density, movement trajectories,
and social interactions, which are paramount for comprehending the trans-
mission dynamics of the MPX virus. Our research underscores the critical
importance of control measures via diverse intervention strategies, including
advocacy campaigns, the creation of social barriers, and targeted testing, to
thwart the virus’s proliferation while mitigating associated costs and societal

upheavals.

Moreover, our examination of this spatio-temporal epidemiological model
makes a substantial contribution to the decision-making process and eluci-
dates fundamental mechanisms in epidemic progression. This methodology

has the potential to amalgamate rigorous mathematical analysis with em-
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pirical data to discern effective targeted therapies, thereby bolstering global
endeavors to combat the virus and safeguard public health.

To further refine the accuracy and effectiveness of these models, future
iterations should incorporate additional variables such as age, socio-economic
status, and behavioral patterns. Enhancing data collection frameworks and
developing comprehensive reports will yield current, reliable data for precise
sampling, which is indispensable for informing efficacious epidemic mitigation
strategies.

Moreover, integrating advanced computational techniques and machine
learning algorithms could further refine the model’s predictive capabilities.
This integration would enable more nuanced simulations and better pre-
paredness for potential future outbreaks. Collaborative efforts across various
disciplines, including epidemiology, data science, and public health, will be
essential to develop and implement these sophisticated models.

In conclusion, the continuous evolution and refinement of spatio-temporal
models are essential for addressing the complex dynamics of epidemic spread.
By leveraging these advanced tools, we can enhance our understanding and
management of infectious diseases, ultimately safeguarding human health on

a global scale.
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various physical systems. Through detailed numerical simulations using
the finite element approach, we present a set of accurate solitary and soli-
ton solutions for this equation. To validate the effectiveness of our proposed
method, we utilize a collocation finite element approach based on quintic
B-spline functions. Error norms, including Lo and L, are employed to as-
sess the precision of our numerical solutions, ensuring their reliability and
accuracy. Visual representations, such as graphs derived from tabulated
data, offer valuable insights into the dynamic changes of the equation over
time or in response to varying parameters. Furthermore, we compute con-
servation quantities of motion and investigate the stability of our numerical
scheme using Von Neumann theory, providing a comprehensive analysis of
the Kudryashov—Sinelshchikov equation and the robustness of our com-
putational approach. The strong alignment between our analytical and
numerical results underscores the efficacy of our methodology, which can
be extended to tackle more complex nonlinear models with direct relevance

to various fields of science and engineering.

AMS subject classifications (2020): 65N12; 65N30.

Keywords: Quintic B-spline; Finite element method; Error analysis.

1 Introduction

The concept of solitons has long been regarded as a captivating nonlinear
phenomenon that has attracted significant attention from researchers across
various scientific disciplines and technological fields. It can be defined as a
self-reinforcing solitary wave possessing unique properties, such as maintain-
ing its shape and speed during propagation, even when encountering obstacles
or interacting with other waves. These remarkable features stem from the
delicate balance between nonlinear and dispersive effects within the underly-
ing physical system. With these pivotal characteristics, solitons find numer-
ous applications across diverse domains. For instance, in the realm of opti-
cal fibers, solitons demonstrate the ability to propagate over long distances
without distortion, rendering them ideal for high-capacity data transmission
[19, 6, 27]. Moreover, solitons have found utility in simulating nonlinear

systems, such as the Maccari system [24], and in modeling Rossby waves in
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geophysical fluid mechanics within fluid dynamics [39]. Further exploration of

potential applications of solitons can be found in [11] and references therein.

Nonlinear evolution equations (NLEESs) represent a category of mathe-
matical equations capturing the temporal evolution of nonlinear phenomena
spanning diverse scientific domains. These equations exhibit a strong asso-
ciation with solitons, as certain types of NLEEs accurately describe their
behavior. Characterized by nonlinear terms capturing interactions and feed-
back among different variables or quantities, NLEEs have found wide-ranging
applications in physics, biology, chemistry, and engineering. Prominent
among these equations are the Korteweg—de Vries (KdV) equation [18], as
discussed by Johnson [16]; the nonlinear Schrodinger equation, examined
by Rabinowitz [29]; and the sine-Gordon equation, explored by Rubinstein
[32], among others. Governing diverse physical phenomena, such as wa-
ter waves, optical fibers, Bose—Einstein condensates, and magnetic materi-
als, NLEEs hold significant importance. Given their wide-ranging applica-
tions, researchers have actively pursued analytical and numerical solutions
for NLEEs. For instance, Hyder and Barakat [12] employed the improved
Kudryashov method to obtain exact solutions for NLEEs. Additionally,
Bildik and Deniz [4] adapted perturbation iteration techniques to simulate so-
lutions for nonlinear Klein—Gordon equations. Gepreel [8] employed a range
of algebraic methods to tackle the nonlinear (1 4+ 1) Ito integral differen-
tial equation as well as the (1 + 1) nonlinear Schrodinger equation. Ghan-
bari et al. [9] employed the Lie symmetry method to simulate solutions for
Kawahara-KdV type equations, obtaining exact Jacobi elliptic solutions. In
addition, Pal, Chatterjee, and Saha [28] employed the Darboux transforma-
tion method for simulating the multiple soliton solutions for the general Lax
equation. These are only a few of the models that can be found to simulate

the NLEESs, and others can be found in [5] and references therein.

On the other hand, numerical techniques have been employed to ap-
proximate solutions to such problems. For instance, the finite difference
method has been applied to solve Caputo—Hadamard fractional differential
equations [10]. The literature abounds with extensive efforts in simulating
soliton solutions for these problems, and further research in this area contin-

ues to flourish. One of the most important forms of these equations is the
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Kudryashov—Sinelshchikov equation, first introduced in 2003 by Kudryashov
and Sinelshchikov; see [1]. This equation, belonging to the class of integrable
equations, finds numerous applications in studying various physical phenom-
ena [20]. It is considered a generalization of the well-known KdV equation,
involving the interaction of dispersion and nonlinearity [15]. The study of
the Kudryashov—Sinelshchikov equation has led to the development of vari-
ous analytical and numerical techniques, including the Painlevé test, Hirota
bilinear method [14], and Darboux transformation [35]. This equation has
garnered significant attention from researchers due to its rich mathemati-
cal structure and its ability to model a wide range of phenomena, includ-
ing soliton dynamics, wave interactions, and nonlinear wave phenomena. In
2010, Kudryashov and Sinelshchikov developed a nonlinear partial differential
equation to describe pressure waves in liquid and gas bubble mixtures, con-
sidering liquid viscosity and heat transfer. Researchers continue to explore
the properties and solutions of this equation to deepen our understanding
of nonlinear dynamics and its implications in physics and related fields. For
example, Ryabov [33] discovered a new exact solution for this type of equa-
tion using a modification of the truncated method. Additionally, Ak, Os-
man, and Kara [1] established polynomial and rational wave solutions for the
Kudryashov—Sinelshchikov equation. They validated these findings through
the application of an appropriate numerical technique. Other methods for
solving this equation may include the G/G’ polynomial expansion method
[23] and the fractional novel analytic method [36]. It should be noted that
relatively little work has been done on solving this type of equation in the
literature, which motivated our investigation into an accurate solution for

such a model equation.

One of the recently adopted approaches for addressing analogous issues is
the finite element method. This technique is recognized for its effectiveness
and draws from classical methodologies like the Ritz method [21], Petrov—
Galerkin method [18, 26], and the least squares method to approximate solu-
tions for boundary value problems encountered in the theory of elliptic partial
differential equations. These methods have been extensively applied in solv-
ing complex engineering problems [40] and physics phenomena [25, 30]. The

finite element method involves partitioning a complex geometry into smaller,

Iran. J. Numer. Anal. Optim., Vol. 14, No. 4, 2024, pp 1309-1333



1313

A Petrov—Galerkin approach for the numerical analysis of soliton and ...

simpler regions known as elements, which are interconnected by nodes. The
governing equations are then solved for each element, and the solutions are
combined to obtain an approximation of the solution for the entire system.
This technique finds widespread use across various domains, including struc-
tural analysis [3], heat transfer [7], fluid dynamics [2], and electromagnetics
[13]. Tts versatility and flexibility render it a popular choice for solving com-
plex problems in engineering and science. Moreover, it has been effectively
employed in addressing problems of nonlinear behavior, including the bioheat
model [34], two-sided space-fractional evolution equation [22], Allen-Cahn

type phase-field model [38], and other diverse applications.

In this paper, we are interested in solving the nonlinear Kudryashov—

Sinelshchikov equation in the following form:
Ui + aUU; + BUyze + ’Y(UUacar)x + pUUsze = 0, (1)

where U(x,t) is a field variable, and it is the unknown that is to be deter-
mined. In addition, «, 3,7, p are real parameters, and the subscripts shown
are represented as differentiation concerning time and space respectively. De-
pending on the context of the simulated model, the variable U(x,t) in this
equation can represent different physical quantities of interest. In the field
of fluid dynamics, U(x,t) may describe the velocity, pressure, or free surface
displacement of water waves, allowing researchers to analyze the formation
and evolution of solitary waves and solitons. In plasma physics, U(z,t) can
be interpreted as the electric potential or the density of charged particles,
providing insights into the nonlinear behavior of plasma waves, including
ion-acoustic solitons. Moreover, in the domain of solid mechanics, U(z,t)
may correspond to the displacement or deformation of a solid material under
the influence of nonlinear effects, with implications for the design of ad-
vanced nonlinear mechanical systems and wave-based nondestructive testing.
By investigating the analytical and numerical solutions of the Kudryashov—
Sinelshchikov equation, as presented in this study, researchers can deepen
their understanding of the rich nonlinear phenomena underlying these diverse
physical applications. The solution to (1) will be discussed using the known
B-spline finite element method. The B-splines, or basis splines, are mathe-

matical functions widely used for approximating complex curves and surfaces.
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They are constructed by combining a set of piecewise polynomial functions,
each defined over a small interval. The resulting function is continuous and
smooth, with adjustable levels of curvature or smoothness. B-splines are
crucial in computer-aided design, computer graphics, and computer vision,
where they are used to represent and manipulate complex geometric shapes.

The novelty of the presented work lies within the following points:
1. The Kudryashov—Sinelshchikov equation is investigated in this work.

2. The solution is based on the Petrov—Galerkin finite element technique

accompanied by the quintic B-splines as basis functions.

3. A Crank—Nicolson approach is employed for time and the B-spline for

spatial discretization.

4. A detailed stability analysis using Von-Neumann stability is illustrated

to prove that the scheme is unconditionally stable.

5. Numerical experiments are undertaken to verify that the method yields

precise solutions, offering insights into the dynamics of the novel model.

The paper is organized as follows: Section 2 presents a detailed description
of the proposed technique. In Section 3, the Crank—Nicolson technique is
illustrated to reduce the proposed model (1), whereas Section 4 presents the
initial state of the solution. Section 5 focuses on the stability analysis of
the proposed algorithm. The main results of the collocation technique are
presented in Section 6, and the final and concluding remarks, along with

potential future work, are addressed in Section 7.

2 Petrov—Galerkin finite element technique

In this section, we will illustrate the main steps for solving model (1) using the
Petrov—Galerkin finite element method. We first define model (1); through-
out [a, b] is a finite region with boundary conditions. Next, let a partition of
[a,b] be a = 29 < 1 < -+ < zy = b by the equally spaced knots x; and
let quintic B-splines with knots at the points x;, 0 < i < N be ¢;(z), where

the set ¢;_o, di—1, Pi, Pit1, ita2, Pitrs constitutes a series of splines, serving
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as the basis for functions sought within the finite region [a,b]. The solution

approximation Uy (z,t) for U(z,t) is defined as follows:

N+2
Un(z,t) = Z pi(z)ui(t), (2)
i=—2
where u; represent time-dependent parameters that can be computed from

boundary conditions,
Ula,t) =U(b,t) =0, U,(a,t) = Ugy(b,t) = 0. (3)

The intervals [x;,z;41] are utilized to define finite elements with nodes po-
sitioned at z; and x;41. Each element [z;,2;41] is spanned by six splines
(pi—o, diz1 , iy bix1, Giva, dirs), which are expressed within a local coordi-
nate system denoted by (, defined as h¢ = (x — x;) where h = x;41 — x;
and 0 < ¢ < 1. The approximate solution in the quintic B-spline collocation
method can be expressed as a combination of quintic B-spline basis func-
tions for the approximation of the space variables under consideration. The

formulations for all these splines across the element [z;, ;1] are given by

iz =1—5(+10¢* —10¢* +5¢* — 7,
Gi_1 = 26 — 50¢ + 20¢2 4 20¢% — 20¢* + 5¢°,
¢i = 66 — 60¢% + 30¢* — 10¢°, (4)

$iy1 = 26 + 50¢ +20¢ — 20¢* — 20¢* +10¢°,

Gira = 1+ 5¢+10¢% +10¢* + 5¢* — 5¢°,

dirs = ("
Outside the interval [x;_3,z;43], the spline ¢;(x) and its fifth derivatives
are zero. When we utilize (4) to formulate equations based on the element

parameters uf, these curves serve as “shape” functions for the element. The

Un(x,t) variation across the element [z;_3, z;43] is provided by

i+3
uz,t) = Y g@)uit). (5)

j=i—2
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The derivatives at the knots and the nodal value of Uy (z,t) are repre-

sented in terms of the element parameters as demonstrated below:

U = uj—g + 26u;—1 + 66u; + 26u;41 + uit2,
hUll = 5(Ui+2 + 10Ui+1 — 10Ui_1 — Uz‘_g),
h*U,

Z-H = 20(’11,1',2 + 2161',1 - 6’[1,1 + 2’U,i+1 + ui+2), (6)
WU, = 60(uipa — 2uit1 + 2ui 1 — ui_a),

1111

h4Ui = 120(wi—2 — 4u;—1 + 6u; — duipr + uig2).

The dashes denote differentiation with respect to x. When the Petrov—
Galerkin method is employed in (1) and by utilizing the weight functions

W (z), the outcome is
/ W Uy + QUUs + BUsns + 1(UUss)s + pUsUss)dz = 0. (7)
b

Now, let us establish the corresponding element matrices. For the contribu-

tion of the standard element [x;, z;y1], we acquire

/ W + auuy + Buge, +7(uuge)s + pugug,) de =0, (8)

143 Tiq1 143 Ti41 5
Z </¢k¢id9€>ﬂf+6 Z (/qﬁkgbi dx)uf
i=l—2 i=l—2

Zy

I+3 143 Tt /
+ Z Z (( / ¢i¢j¢kdx>uf>u§

j=l—2i=1—2

Zy

z

143 143 i1 o
+(v+p) Z Z << / ¢k¢z¢gdx>uf>uj

j=l-2i=1-2 e
I+3  1+3 Tit1
+o > > (( / Pedid; dx>u§>u§:o. )
j=l—2i=1—2

T

The matrix form is constructed as

A% 4 BBu’ 4+ aCu T u® + (v + p)u’ Du® + yuT E¢u® = 0, (10)
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where the dot represents differentiation with respect to time ¢, and

U = (U, W1, Up, Ui 1, U, Uis) (11)

The element matrices are given by

Ti4+1 Ti41 Ti+1

ay= [owvan, = [odla o= [ o
R zy x]
Zi4+1 Ty

Dj; = / Ordid;de,  Ef = / Srid, dz, (12)
xy x

where i, j, and k range from [ — 2 to [ + 3 for the element [z, z;41]. Conse-
quently, the matrices A¢ and B¢ are of size 6 x 6, while C¢, D¢, and E° are
of size 6 x 6 x 6. In our algorithm, instead of C¢, D¢, and E°¢, we employ the

corresponding 6 x 6 matrices c¢, d°, and e®.

1+3 143 143
e __ e e e __ e e e __ e e
Cij = E CijkUk> Dj; = E dijkukv E = E CijkUp- (13)
k=1—2 k=1—2 k=1—2

This is contingent on the variables uf,. The matrices of elements A® and B¢
are algebraically determined from (12), where u§ is provided by (11). The

equation below is derived by assembling the elements from (10).
Alu+ (BB+aC+ (y+p)D +~vE)u =0, (14)

where the matrices A, B,C, D, E are constructed from the element matrices

A¢ B¢, C¢, D¢, E€, respectively, in the usual way and

u= (U—Qau—lau()v'",UN+17UN+2)T~ (15)

In the next section, we will illustrate the Crank—Nicolson approach for

simulating the solution for the main model.
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3 Crank—Nicolson approach

In this section, we will demonstrate the time discretization for the system
given by (14) using the Crank—Nicolson approach. The Crank—Nicolson tech-
nique is a finite difference method utilized for numerically solving partial
differential equations such as the heat equation. Time is centered around
(n+ %)AL where At denotes the time step. Subsequently, we employ the

Crank—Nicolson method, in the following form

1 1
O ) n+1 P n+l _ ,n
u = 2(u +u), U —t(u u™). (16)

Substituting (16) into (14), we obtain the recurrence relationship

A 1
S =)+ (BB +aC + (1 + p)D + 4 E) " +ut) =0, (17)

and then
At
(A + 5 (BB+aC+(y+p)D+ 7E))u"+1
At
- (A— 7(ﬂB+o¢C’+(’y+p)D+'yE))u". (18)

In the system (18), the time indices are denoted by the superscripts n and
n + 1. This system comprises N + 1 linear equations with N 4 5 variables.
To ensure a unique solution, an additional four conditions derived from the
boundary conditions must be satisfied. These conditions can be used to
eliminate u_o, u_1,ug,. .., uN+1, and uy 4o from the recurrence relationships
(18), resulting in an 11-banded (N + 5) x (N + 5) matrix equation.

During each time step, an inner iteration is executed to verify the conver-
gence of the nonlinear term. The following outlines the iteration algorithm:

Initially, u® is known. The first approximation, u} to u, is computed using
u = u® as per (16). Subsequently, the second approximation u} is obtained
with v = 1 (u®+u}), followed by the third u3 with u = §(u®+u}). Typically,
we find that ten iterations are sufficient to obtain a reasonable approximation
for u! in this initial stage.

To obtain a first approximation, denoted as u?“, for u™*! in general,
we use u = u" + %(u” +u"~1). Subsequently, a second approximation ug‘H

is obtained with u = %(u" +u" 1), and so forth. Typically, convergence is
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attained after two or three iterations. The time evolution of u™ is determined
by a system of the decadiagonal and as a result after the initial vector of the

parameters u” is obtained, Uy (z,t) can be begun.

The initial state for the main model is illustrated in the next section.

4 The initial state

In this section, the initial state for solving system (18) is outlined. We initiate
the time assessment of u™*! by computing the vector u° from the initial
condition using the recurrence relation (18). Referring to (5), if we rewrite

the global trial functions as follows:

N+2
Un(z,0)= > ¢i(z)ul. (19)

i=—2
The parameters u represent unknowns that need to be determined. To
establish the initial vector u?, Uy must satisfy the following conditions: At
the knots x;, it agrees with the analytical initial condition; applying (5), it

leads to N + 1 conditions. The solution of matrix equations is then used to

get the start up vector u?,
Mu® = b, (20)
where ~ _
330 27
11833 8
126 66 26 1
1 26 66 26 1
M= S (21)
1 26 66 26 1
1 26 66 261
8§ 33181
i 27 30 3 |

b= (U"(20),U (20),U(x0),U(x1),...,Ulzn),U

uO = (u(lZvugl?uga"'7U9V7U9V+17U?V+2)T' (22)
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After determining the initial vector u" as the solution of the undecadiagonal

matrix (18), the system is solved using a Thomas algorithm [37].

5 Stability analysis

In this section, the Kudryashov—Sinelshchikov equation represented by model
(1) is amenable to stability analysis through Fourier transform techniques.
Specifically, one can express the solution of the equation as a Fourier series
expansion and substitute it back into the equation to obtain a system of al-
gebraic equations for the Fourier coefficients [25]. By analyzing the solutions
of these algebraic equations, one can determine the stability properties of the
system in question [41]. We begin by applying the Fourier transform for the
main problem, which results in the following form:

Un = Z’neimkh7 (23)

m

Here, z denotes the growth factor of the error in a typical mode of amplitude
Zn, h represents the element size, and k indicates the mode number. By
substituting the Fourier mode given in (23) into the system (18), we obtain

the following equality:
At 4
(A + 7(53 +aC + (v +p)D + 7E))z”+lel(m+1)kh

= (A - %(,BB +aC + (y+ p)D + ’yE))z”eimkh. (24)

Let a = (AJr%(BBJraCJr(’Hp)DJrvE)) and b= (A— ALBB +aC +
(v+p)D+ ’yE)) Then (24) took the form

CLG-‘rlei(’m+1)kh — bzneimkh (25)

)

for more simplicity, we divide both sides by 2"e™?  where § = kh so that
the equation would be
aze® =b. (26)

We obtain growth factor as follows:

b

ST

(27)
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where %

stable.

= cos(0) + isin(0). As |z|] < 1, then the scheme is unconditionally

6 Computational results

In this section, we present the computational results to validate the the-
oretical findings. The numerical algorithm developed in Section 3 will be
validated through the examination of test problems involving the migration
and interaction of solitons. We utilize the Ly and L., error norms to quan-
tify the disparity between the numerical and analytical solutions, thereby
demonstrating the predictive accuracy of the scheme regarding the position
and amplitude of the solution as the simulation progresses. The Lo and L
norms of the solution are defined as follows:

N
Ly = ”Uezact . UnHQ _ [hz |Ul_emact o Uln|2]%7
i=1
Loo = U — U™l = max [UF™*" — U} (28)

The Kudryashov-Sinelshchikov (1) has two conserved quantities, which are

as follows:

b N
01:/ idz ~ hy U,
@ i=1

Cy = /ab {(7_’_10) ((vu +portt — 5”“7“”)” dx (29)

N

i=1
First, we give the case of a single solitary wave.

6.1 Single solitary wave

The exact solution to the Kudryashov—Sinelshchikov equation is of the form

U(x,t) = Asech? {B <$ —xo — ct)} , (30)
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and the initial condition can take the following equation:
U(z,0) = Asech? [B (x - xoﬂ , (31)

2, 2
75_6%5“2, B = %", and ¢ = Bk?u2.
form o = 1.5,8 = 1.7,y = 08,0 = 2.4,¢c = =24,k = 1,u = 0.5. Three
experiments were carried out: the first at At = h = 0.1,the second at At =
h = 0.025, and the third at At = 0.025,h = 0.1.

conserved quantities are determined for various h and At values up to time

t = 20.

where A = The constants are in the

The error norms and

For the first example, the algorithm is executed within the calculation
range [—100, 100] up to time ¢t = 20 to demonstrate the proper functioning of
our numerical technique. During the simulation calculations, typical values
of At = 0.1 and At = 0.025 are employed, along with A = 0.1 and h = 0.025.
Tables 1 and 2 present the values of the error norms and invariants at various
time levels, enabling us to promptly discern the impact of the number of
grid points on the numerical technique. As observed from the tables, the
two conserved quantities remain nearly constant over time. Moreover, the
computed values of the error norms are determined to be sufficiently small,

with these errors scarcely altering over time.

Table 1: Error norms and conservative quantities single solitary wave at At = h = 0.1

t Ly Lo Ch Cs
5.0 | 3.52322809e-04 | 1.114142546e-03 | 7.84615390357 | -12.36234575240
10.0 | 3.52312669e-04 | 1.114034293e-03 | 7.84615401202 | -12.36234573439
15.0 | 3.52288576e-04 | 1.114034292¢-03 | 7.846154326030 | -12.36234568224
20.0 | 3.52300820e-04 | 1.114034292e-03 | 7.84615523469 | -12.36234553134

Additionally, Table 3 presents a comparison with earlier methods, specif-
ically method one (finite element method with quintic B-spline, FEMQB-
spline) [1] and method two (finite element method with septic B-spline,
FEMSB-spline) [17] at time ¢t = 20. It can be observed from the table that
the error norms obtained using the current method align well with those ob-

tained using the earlier methods.
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Table 2: Error norms for the Kudryashov—Sinelshchikov equation’s single solitary wave
when At = h = 0.025

t Lo L Ch Cs
5.0 | 2.3295e-08 | 4.5041e-10 | 1.4657e-07 | -3.345103498
10.0 | 1.7861e-08 | 5.8745e-10 | 1.1238e-07 | -3.34510350
15.0 | 1.3694e-08 | 7.6617e-10 | 8.6166e-08 | -3.345103508
20.0 | 1.0500e-08 | 9.9928e-10 | 6.6066e-08 | -3.345103511

Table 3: Error norms for the Kudryashov—Sinelshchikov equation’s single solitary wave
when At = h = 0.025

Present Method FEMQB-spline [1] FEMSB-spline [17] |
t Lo Lo Ly Lo Lo Lo

5.0 | 2.3295e-08 | 4.5041e-10 | 3.4853e10-6 | 1.4600e10-6 | 3.1100e-06 | 1.3154e-06

10.0 | 1.7861e-08 | 5.8745e-10 | 5.7917el0-6 | 2.1598e10-6 | 5.7796e-06 | 2.0899e-06

15.0 | 1.3694e-08 | 7.6617e-10 | 1.2314e10-5 | 5.8342e¢10-6 | 1.2013e-05 | 5.4335e-06

20.0 | 1.0500e-08 | 9.9928e-10 | 2.2657el10-5 | 1.0635e10-5 | 2.2673e-05 | 1.0848e-05

Table 4 demonstrates that the error norms (Ls and L) and the two con-
served quantities remain stable and consistent across different time values (),
which suggests that the numerical method used for solving the Kudryashov—
Sinelshchikov equation’s single solitary wave is reliable and maintains accu-

racy over time.

Table 4: Error norms for the Kudryashov—Sinelshchikov equation’s single solitary wave
when At =0.025,h =0.1

t Ly Lo Ch Cs
5.0 | 3.80470850877e-04 | 12.03154472e-04 | 7.84615382769 | -12.36234576810
10.0 | 3.80458787872e-04 | 12.03116325e-04 | 7.84615382159 | -12.36234576911
15.0 | 3.80358154750e-04 | 12.0279809e-04 | 7.84615381376 | -12.36234577041
20.0 | 3.80461773590e-04 | 12.0312576e-04 | 7.84615380362 | -12.3623457721

Figure 1 illustrates the two-dimensional states of the bell-shaped solitary
wave solutions at time ¢ = 30 seconds, along with the distribution of nu-
merical errors at the same time for h = At = 0.1. Figure 2 presents the
three-dimensional states of the bell-shaped solitary wave solutions obtained

from t = 0 to ¢t = 20. Additionally, the contour lines depicting the move-
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ment of each individual wave are visible in Figure 2. Figure 3 illustrates how
the wave has changed over time. These visualizations demonstrate that the
method under examination accurately captures the propagation movement

of a single wave while preserving its amplitude and shape.

u(x,b)

40 50 60 70 80 90 100

Figure 1: Behavior of numerical solution for ¢ = 30.

Figure 2: Space plot of one soliton solution for ¢ € [0, 80].

6.2 Interaction of two solitary waves

The interaction of two solitary waves moving in the same direction is inves-
tigated by utilizing an initial condition obtained from the linear sum of two
well-separated solitary waves with distinct amplitudes. This initial condition

can take the following form
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Figure 3: Behavior of numerical solution for ¢ € [1, 5].

U(z,0) = i:Aisech2 [BZ- (m, — xo)} ) (32)

The collision of two solitary waves is analyzed in this problem using the

following exact solution:

U(z,t) = i A;sech? [Bi (mz —x0 — cit)} , (33)
i=1

a—vk2p
form a« = 1.5, =17,y =0.8,0 = —2.4,¢1 = 0.833,¢c2 = 0425,k = 1, u; =
0.7, 2 = 0.5. Two experiments were carried out: the first at At = h = 0.1
and the second at At = h = 0.025.

To validate the proper functioning of our numerical technique, the algo-

2 2
where A; = M, B; = kg”, and ¢; = ﬁkgu%. The constants are in the

rithm is executed within the calculation range [—100, 100] up to time ¢t = 20
in this initial example. The values of the error norms and invariants for var-
ious time levels are presented in Table 5. This allows us to promptly assess
the impact of the number of grid points on the numerical technique. The
table indicates that the two conserved quantities remained nearly consistent
over time. Moreover, the computed error norm values are determined to be
appropriately small, with these errors hardly ever changing over time. Addi-
tionally, Table 6 compares this method with the older method finite element
method with septic B-spline (FEMSB-spline) [17] at time ¢ = 20. Further-

more, Tables 7 and 8 illustrate how the double solitary wave has evolved
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as have changed At = h = 0.025 then At = h = 0.1. It can be observed
from the table that the error norms calculated using the current method are

consistent with those obtained using the older method.

40 50 60 70 80 90 100

U(x,t)

Figure 5: Numerical solution for « € [-100,100] and t € [0, 80].

Figure 4 depicts the two-dimensional states of the bell-shaped solitary
wave solutions at time ¢ = 25 seconds, as well as the numerical error distri-
bution for h = At = 0.1 at time ¢t = 30 seconds. Figure 5 shows that at
time zero, the higher energy single wave lags behind the lower energy second
wave. Depending on their magnitude, both waves flow to the right. More
energy equals faster, according to solitary wave theory. Figure 6 illustrates
how the wave has changed over time. As a result, the larger wave eventually

reaches the smaller one, causing interference. Over time, the wave with the
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25—

u(x,t)

05—

20 30 40 50 60 70 80 90 100

Figure 6: Behavior of numerical solution for ¢ € [1, 5].

most energy leaves the second wave with the least energy, and solo waves

finally revert to their initial form.

Table 5: Error norms for the Kudryashov—Sinelshchikov equation’s two solitary waves
when At =h =0.1

t Lo L Cy Cs
5.0 | 11.49337207e-04 | 3.63452337e-03 | 20.7342405464 | -11.0358676030
10.0 | 11.49282935e-04 | 3.63435175e-03 | 20.7342406546 | -11.0387332828
15.0 | 11.50661291e-04 | 3.6387104977e-03 | 20.7342409686 | -11.0458076846
20.0 | 11.52842423e-04 | 3.6456078414e-03 | 20.7342418772 | -11.06220804894

Table 6: Error norms for the Kudryashov—Sinelshchikov equation’s two solitary waves
when At =h =0.1

Proposed technique FEMSB-spline [17] ‘
t o Cy Ch Cs
5.0 | 20.7342405464 | -11.0358676030 | 20.7343904 | -24.400625
10.0 | 20.7342406546 | -11.0387332828 20.734406 | -24.400625
15.0 | 20.7342409686 | -11.0458076846 20.734405 | -24.400625
20.0 | 20.7342418772 | -11.06220804894 | 20.734415 | -24.400624
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Table 7: Error norms for the Kudryashov—Sinelshchikov equation’s two solitary waves
when At = h = 0.025

t Lo Lo 4 Cy
5.0 1.7674008765e-05 | 5.5890123084e-05 | 7.9329863569¢e-05 | -3.34509034835
10.0 | 1.76740087654e-05 | 5.5890123084e-05 | 7.9329863569¢-05 | -3.34509034835
15.0 | 8.5319829343e-06 | 2.6980499030e-05 | 3.8304877651e-05 | -3.34509716131
20.0 | 4.1201731071e-06 1.302913136e-05 | 1.8504767045e-05 | -3.34510044952

Table 8: Error norms and conservative quantities single solitary wave at At = h = 0.1

and o = 111.5
t Lo Lo Ch Co
5.0 | 4.1151810516e-06 | 1.301334510e-05 0.091644205 | -13.36524688650
10.0 | 4.1147812099e-06 | 1.3012080696e-05 | 0.0916442067 | -13.36524688629
15.0 | 4.1140013153e-06 | 1.3009614453e-05 0.09164421 -13.36524688568
20.0 | 4.1149242293e-06 | 1.301253296¢-05 0.091644221 | -13.36524688398

7 Conclusion

In this study, we present a detailed and comprehensive investigation of the
numerical solution of the Kudryashov—Sinelshchikov equation using a numer-
ical collocation approach through simulations to elucidate its behavior. The
Kudryashov—Sinelshchikov equation is a nonlinear partial differential equa-
tion that can model the dynamics of various physical field variables, such as
fluid velocity, wave amplitude, plasma density, or displacement /deformation
in solid mechanics. Through the finite element approach, we meticulously
present a diverse array of accurate solutions for this equation, which has
direct relevance to the study of nonlinear wave propagation phenomena in
these physical systems.

The validation of our method’s effectiveness is substantiated through the
utilization of a collocation finite element approach based on quintic B-spline
functions. Error norms, including Ly and L., serve as robust metrics for
evaluating the precision of our numerical solutions, affirming the reliability
of our approach. Valuable insights into the dynamic evolution of the equa-
tion over time and under varying parameters, enriching our understanding

of its behavior, have been presented. Furthermore, our study delves into the
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computation of conservation quantities of motion and the investigation of nu-
merical scheme stability using the Von Neumann theory, further bolstering
the credibility of our findings.

Based on these findings, the congruence between our analytical and numerical
results underscores the robustness and efficacy of our approach in comprehen-
sively addressing the Kudryashov—Sinelshchikov equation. These findings not
only contribute to the broader understanding of nonlinear partial differen-
tial equations but also offer promising avenues for future research endeavors,
particularly in extending our techniques to tackle more complex models with
direct physical applications in the areas of fluid dynamics, wave propagation,

plasma physics, and solid mechanics.
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