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Letter from the Editor—in—Chief

I would like to welcome you to the Iranian Journal of Numerical Analysis
and Optimization (IJNAQO). This journal has been published two issues per
year and supported by the Faculty of Mathematical Sciences at the Ferdowsi
University of Mashhad. The faculty of Mathematical Sciences with the cen-
ters of excellence and the research centers is well-known in mathematical
communities in Iran.

The main aim of the journal is to facilitate discussions and collaborations
between specialists in applied mathematics, especially in the fields of numer-
ical analysis and optimization, in the region and worldwide. Our vision is
that scholars from different applied mathematical research disciplines pool
their insight, knowledge, and efforts by communicating via this international
journal. In order to assure the high quality of the journal, each article is
reviewed by subject-qualified referees. Our expectations for IJNAO are as
high as any well-known applied mathematical journal in the world. We trust
that by publishing quality research and creative work, the possibility of more
collaborations between researchers would be provided. We invite all applied
mathematicians especially in the fields of numerical analysis and optimiza-
tion to join us by submitting their original work to the Iranian Journal of
Numerical Analysis and Optimization.

We would like to inform all readers that the Iranian Journal of Numerical
Analysis and Optimization (IJNAO), has changed its publishing frequency
from "Semiannual” to a "Quarterly” journal since January 2023. The four
journal issues per year will be published in the months of March, June,
September, and December. One of our goals is to continue to improve the
speed of both the review and publication processes, while try continuing to
publish the best available international research in numerical analysis and op-
timization, with the high scientific and publication standards that the journal

is known for.

Ali R. Soheili

Editor-in-Chief
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Nonpolynomial B-spline collocation

method for solving singularly perturbed

quasilinear Sobolev equation

F. Edosa Merga™ "~ and G. File Duressa

Abstract

In this paper, a singularly perturbed one-dimensional initial boundary
value problem of a quasilinear Sobolev-type equation is presented. The
nonlinear term of the problem is linearized by Newton’s linearization
method. Time derivatives are discretized by implicit Euler’s method on
nonuniform step size. A uniform trigonometric B-spline collocation method
is used to treat the spatial variable. The convergence analysis of the scheme
is proved, and the accuracy of the method is of order two in space and order
one in time direction, respectively. To test the efficiency of the method,

a model example is demonstrated. Results of the scheme are presented in
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tabular, and the figure indicates the scheme is uniformly convergent and

has an initial layer at ¢ = 0.
AMS subject classifications (2020): 65M06, 65M12, 65M22, 65M50.

Keywords: Singularly perturbed; Quasilinear; Sobolev; Trigonometric B-

spline.

1 Introduction

A singularly perturbed differential equation is a differential equation in which
the highest order derivative is multiplied by a small positive parameter £ that
is recognized as a perturbation parameter. While solving these types of prob-
lems, the use of classical numerical methods on a uniform mesh may cause
large oscillations as the perturbation parameter approaches zero in the entire
domain of interest due to the boundary layer behavior. Therefore, to ignore
this oscillation, several researchers constructed suitable numerical methods
for these problems, whose accuracy does not depend on the perturbation
parameter [7, 13, 12, 14, 15, 16].

This study deals also with the singularly perturbed initial boundary value
problem of quasilinear Sobolev equation in the domain Q = Q x [0,7],Q =
[0,1],@Q = (0,1) x (0,T],2 = (0,1) of the form:

Lu+ f(x,t,u) =¢ [%7;] — a% —&—ﬁu% + f(z,t,u) =0, (2,t) €Q,

T

u(z,0) = o(z), zeQ,
u(0,t) = u(l,t) =0, t e (0,17,
| 1)
where [%] = — 8?;;2 + %—7;, € is a small perturbation parameter 0 < ¢ <

1, and @ > 0 and § are given constants. Moreover, ¢(z) and f(z,t,u)
are assumed to be sufficiently continuously differentiable functions in Q and
Q x R, respectively.

Sobolev types equation arises in several mathematical problems, such as
homogeneous fluid flow in fissured rocks [4], thermodynamics and propa-

gation of long waves of small amplitude [20], quasi-stationary processes in

Iran. J. Numer. Anal. Optim., Vol. 14, No. 3, 2024, pp 638-661



Edosa Merga and File Duressa 640

semiconductors [5], shear in second-order fluid [11], application of control
theory [21], and other physical models. The analysis, development, and im-
plementation of numerical methods for the solution of singularly perturbed
pseudo-parabolic/Sobolev types of problems have received wide attention and
developed in [3, 2, 1, 6, 8, 9, 10, 17].

The numerical method of (1) has been studied in the difference schemes for
the singularly perturbed one-dimensional initial boundary value problem of
Sobolev equations with initial jump [1]. Finite elements with piece-wise linear

functions in space and exponential functions in time variables are applied.

Trigonometric B-spline is a nonpolynomial B-spline with a sine function,
which was introduced by Schoenberg in 1964 [19]. Even though the trigono-
metric B-spline function is used to approximate several types of differential
equations, it is not applied to quasilinear Sobolev types of equations. Moti-
vated by this, we present the cubic trigonometric B-spline collocation method
for solving the one-dimensional initial boundary value problem of singularly
perturbed quasilinear Sobolev types of the equation. Implicit Euler and cu-
bic trigonometric B-spline collocation methods are used to control the time

and space variables, respectively.

The outline of this study is the following sequences. A linearization of the
numerical scheme is presented in Section 2. In Section 3, the properties of
the continuous solution are discussed. Numerical formulation of the problem
is presented in Section 4. Convergence analysis and numerical results are
considered in Sections 5 and 6, receptively. Finally, the conclusion of the

study is given in Section 7.

2 Linearization of the problem

The one-dimensional singularly perturbed initial boundary value problem of

Sobolev equation (1) can be rewritten as

_ 83u + @, @4,1?( t @
“oto2 " “or ‘oz R

where F(z,t,u, %) = Bu% + f(z,t,u).

) =0, (l‘,t) €Q, (2)

Iran. J. Numer. Anal. Optim., Vol. 14, No. 3, 2024, pp 638-661



641 Nonpolynomial B-spline collocation method ...

To linearize (2), we consider an initial guess for the function wu(z,t) by

denoting u(?)(z,t) that satisfies both initial and boundary conditions:

O (2, 1) = %gp(aj) (1+e%). 3)

Applying Newton’s linearization method on F(x,t, u, g—;j)) for the function

u(9) (z,t), we obtain an (n + 1)th iteration:

) 8U(n+l)

ou(™
F(a:,t,u("Jrl ' om ), &

= F(x,t,u™
) = Fla,t,u™, —5—)
OF
(n+1) _, (m)) 28
—|—(u v )8u‘("(")v4a“a(:))
Aut) Gy OF
+< o ox )a(g;)(w%a’éﬁ))‘

(4)

Substituting (4) into (2) and after some rearrangements we obtain

53 (D) Hu(n+D) 924+ 1)
0t tET g T AT g2

ou (1)

+a(z, t) 22— + bz, )u ) = g(z, 1),

u(x,0) = p(x), r €,
w(0,¢) = u(l,t) =0, t e (0,17,

where

oF oF
a(z,t) = W|(“(”)’B%7T)7 b(x,t) = %|(u<n>)%),

.
(2,1) = u™ 2| (Y oF |
g\x,t) = ou (u(n),auéi(;)) ox 8(%) (u(n)ﬁ%i(w"))
u(™

— F(m,t,u("), %)

3 Properties of continuous solution

Lemma 1. Let ¢(z) € C?[0,l] and the derivatives g;{, g;{(s =1,2), %{ €

C(Q). Then, for the solution u(x,t) of (1), the following estimate holds:

O su(z,t)
ot Ox®

‘ < Ce™ ", forall (z,t)€ (Q),r=0,1,s=0,1,2 (6)

Iran. J. Numer. Anal. Optim., Vol. 14, No. 3, 2024, pp 638-661



Edosa Merga and File Duressa 642

for any fixed [ and T, and provided that

]\4005_1W <1,
2w

where
_ -1 |/8|l w2
g = <a—M0a or 212 (7)
\/ 12 + 72
M=% (el + = e 100 ) ®

and C is a generic positive constant,which is independent of £ and mesh

parameters.

Proof. Consider the integral identity

(Lu,u)q + (f,u)y =0,

and taking into account that ( 81; ) o = 0. Then,

ou By 9%u ou
(50),~Catmn) (o ), +(Bugpow) o, =0

Estimating these inner products on an interval 0 to [, we obtain

!
5/ Dz — /8t8x2 /—udaz—k/o f(z,t,u)udx = 0.

From the linearization by assuming f(z,t,u) ~ f(x,t,u(®) + %u and F =

f(z,t,u®), we have

ed ed (Ou Ou ou Ou af B
Qa(uau)o—ia <8x»ax)0—a<ax,6$>o+(F,u)o+(aumu)o—o.

This become
2
2
+ ||U||0> +a
0

ed [ ou
2dt \||0

Applying an inequality (F,u), > — || F|lo l|ullo, ¥

ou||?

ox

+ (Fu), + (;{u,u>o 0. (9

0

:l2+‘ﬂ'2 for 0 < v < 1 into

(9), and after rearrangement, we get

Iran. J. Numer. Anal. Optim., Vol. 14, No. 3, 2024, pp 638-661



643 Nonpolynomial B-spline collocation method ...

el b2 ) 42
dt , o “ l2+ 8x

Choosing Cy = a12+ﬂ2 and § = H

ou

or

2
+ ||uo> < 2([F g [ullo -
0
(10)
Ho + ||u||§, the inequality (10) is written
as

£d'(t) +2C10(t) < 2[|F g [Jull, - (11)
Solving the differential inequality (11), we obtain

1t

1t 1 2 —-C
+ (g o L0l (1))

el
(5(t) S 506 €

. 2 2 2
with 6o = [[elly = llello + ll¥'llo-

Using by the virtue of embedding inequality £ H ||O > ||u|| o into (12)

and after some mathematical manipulation, we obtain
lu(z, t)] < i <(52

Using an identity

82
<Lu a 2) (f) 8332) ? (]‘4)
ed (Ou Ou 0%u Ou 0%u Ou
o 1. a9 + o 1. a 99 o + @ a0 99
2dt \ Oz’ Ox 2 dt 022" 0x ), 022’ 0x /
0%u of 0%u
Using of Friedrich’s inequality (15) then, after some rearrangement, we obtain
i @ ’ + @ ’ _|_2a 71—72
“at \ || oa2 0 oz ||, 12 4 w2 0
0

8%u
<2|Fllo|| 73] - (16)
0

1
+ g gux 1760l ). (13)

83:2

H@x

which is written as

82

ed’ (t) +2C16(t) < 2 ||FHO , (17)

9%u

where 0(t) = ‘ 500

+ HauHO and C = O‘l2+7r2

Iran. J. Numer. Anal. Optim., Vol. 14, No. 3, 2024, pp 638-661



Edosa Merga and File Duressa 644

By solving the differential inequality (17) and applying embedding in-
equality, we get
| | < (18)

With the same process from an 1dent1ty

A3u A3u
(L“’ 8t8x2>0 - (f ’ 8t8x2>0’ (19)

we obtain
aSu 2 82u 2 ) ou 2 82u
< — -
HatW 0 H@tax 0 ”“”“Ha Hw HFII0 (20)

which leads to (6) for r = 1, s = 1,2, by using the proved estimate for
1551y = 0,12,

Finally, we can write (1) as a form

Pu 0u
EW—’_QW :(b(if,t), (21)
where ¢(z,t) = e2% + Bud™ + f(t,z,u) and |$(z,t)| < C with the estimate
of (6) immediately for r = 0,1,s = 2. O

Lemma 2. Under the assumption of Lemma 1, the following inequality holds:

0 @t
D <ofi+ete ™y, telo,T), (22)
ot ||,

where wy = Q with C = al;j_%, which is given in the above.

Proof. Differentiating (1) with respect ¢ and proceeded with %1;, we have

+ ﬁu@

d ( du O3y 0%
dt ox

With an assumption % ﬁug—g =0, we can have

E@ Ou (. 0*u Ou B 0u Ou . of Ou —O
oot ), \Corzox> ot ), \“otox? ot ), \ ot ot
e (34.8),2- 4,

Iran. J. Numer. Anal. Optim., Vol. 14, No. 3, 2024, pp 638-661
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2
+
o ([ 2o ) el <]
2
Applying an inequality relation H%H | 8—1‘H0 < C% %HJ—C& H%Hi, it gives
d (|ou]® || 8%u | 2 ou|?
— | [|= — <C 24
“dt <Hat Hatax o Hata +H8t )= (24)
here C' = son 22+ 2 ||2
where Btﬁw + 1|EH0+CT |y
Inequahty (24) is ertten as
ed' (t) + C16(t) < C, (25)
where §(t) = H H1 = H Ho Hataz
This is similar to §(t) = Hv||0 + ||11’||0 for v = || Ho and Cy = a12+ﬂ2
Solving inequality (25), we get
1 —oqt
o(t)<C 1—&-6—26 =, (26)
which yields
ou 1 -cy¢
=l <c(1+=e= ).
il =€ (1 2)
With wg = %, it gives
@ <C (1 +5_1eﬂ:0t) .
ot |,
O

4 Numerical scheme formulation

4.1 Temporal discretization

Mesh generation
Based on (22), there is an initial layer in the neighborhood of ¢t = 0 of order
wp 'e|ln g| thickness, where @y is given by (7). We divide two nonoverlapping

subintervals [0, o] and [g, T], with the transition parameter

Iran. J. Numer. Anal. Optim., Vol. 14, No. 3, 2024, pp 638-661
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T
0= min{E,wo_le\lnd}.

=N
Let Q, = {t; };V be the set of mesh points. Now, we define piece-wise uniform

mesh points as

—wo_lslnN[l—(l—s)%], i=0,....5, ifo=1,
tj = %q%mNh—@—{$ﬂ%y i=0,...,%, ifo<?
. T—
Q+(1_%)T7 J:%)""N’ 7-22( N‘Q)'

To discretize time derivative of (5), we use the implicit Euler method on
nonuniform step size on the domain: QY =0 =1ty <t; < - < ty <tjp1 <

<ty =T, j=01,....,M -1, 7(j) = t(j+1)—t(j) at the point
(2,tj). Then, (5) becomes

a 2 d 1t W1 )
- (T(Eﬂ + 5) O () + a(z,tj41) P~ () + (ﬂaj) + b(xatj-&-l)) wt ()

—c 9!

= 75 Gt (@) + 755 (2) + g(@, ).
(27)

7

Lemma 3 (Semi-discrete maximum principle). For each j =1,2,..., N —1
let Z;+1 be a sufficiently smooth function on domain Q. If Z;1(0) > 0,
Zj41(1) >0, and L™Wu;q(z) > 0, 2 € Q, then Z;41 >0, for all z € (.

Proof. Assume that there is (z*) such that

Zjt1(x") = min Z; 4 (x) > 0.
€N,
From the assumption it indicates that z* ¢ {1,2}, which implies «* € (0, 1).
Applying the property of extreme values in calculus gives %Zj.l,_l(m*) =0,
and %Zjﬂ(ac*) > 0, given that L™Wu; 1(2*) < 0, which contradicts to
LT(j)ujH(x*) >0,z € §. Therefore, we conclude that Z; 1 > 0, for all z €

Q. Hence, the operator L™ satisfies a semi-discrete maximum principle. [

Lemma 4 (Local truncation error). Consider the bound on the derivatives

Laehl <0, forall (a,t) € (7).

Then the local error estimate in the temporal direction is given by

of u(z,t) with respect to tgiven by ‘

lej+all < C ()%,
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where €11 = w/ T (z) — U7 (x) is the local error estimate in the temporal

direction at (j + 1)th time level.

Proof. From (27), we have
W (z) —ui(x)  T(j) 0% 0? (Wt (z) —u!(z) T(5) 0%/
(G - w) e (o - )
R TR Oudtt
_ OZW + a(ac, tj+1)W + b({L‘7 tj+1)u
= g(xﬂtj"rl) + O(TQ(j))za (Ivt) € Q
(28)
Multiplying (28) by 7(j), it gives
, , 7(5)% 0%u? 0? , , 7(5)% 0%’
(w0t ) - TETE @) - e (v - vl - T T )
82 Jj+1 ) Jj+1
— ar() g + T()al@, i) o + ()bt Ju
=7(j)g(x,tj1) + O(r(1)?, (a,1) € Q.
(29)

By rearranging this, we obtain
0?2 T(y o 0 '
(E — E@ - % (aﬁxz - G,(J?,tj+1)% - b(l‘vtj-i-l))) uj_‘—l(x)

— (== ep02 ) W)+ 70 ol )
2 4
00?5508 — 501 ) W)+ O (M), (30)
1)

which is written as
LT (2) = T'(z,tj41) + O (7())%,

where
82 () [ 8 )

Plotyan) = (2= ez ) wt) +70) oo ty10).

From the boundedness of the solution, we have
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LIV (z) = [(w,tj41) for all z € Q. (32)

Now, from the desired mesh, we consider two case:
Case 1: For 7(j) € [0, 0], let us consider max{r(j) = 71 }.
Now, from (31) and (32), it yields

1£7 (! (@) = U7 (@)]| = 1€2ej1]l < C (m)*.

Case 2: For 7(j) € [0,1], let us consider max{7(j) = m2}.
Again from (31) and (32), we have

1£T (W (@) = U7 (@)]| = 1€2ej1]l < C (12)°

with the boundary conditions w/*(0) — U*1(0) = €;11(0) = 0 and
uw/T(1) — U7F1(1) = e;41(1) = 0. Hence applying the maximum principles

and choosing that 7 = max{r, 72} give
2
lej+1ll < C ()"
O

Lemma 5. [Global error estimate] Under the hypothesis of the Lemma 4,

the global error estimate in the temporal direction is given by
|Ejp1ll, < C(r)?, forall j<T/At,

where E; 1 is the global error estimate in the temporal direction at (j+ 1)th

time level.

Proof. Using local error estimates up to (j + 1)th time step given in Lemma

2, we get the following global error estimates at (j + 1)th time step

J

1Bjsalle =D el » d+1<T/7()
k=1 oo
<lleillo + llezlloe + lleslloe + -+ llex 1l
< g+ 1(r(5))° (by Lemma 4)

<a(G+1)7() (7))
saT(r(), (G+1r() <T)
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(1(3)) choosing 7 =max{7(j)}

4.2 Spatial discretization

Descretizing the interval equally by knots z; into N subintervals [z;, 2;11],
1 =20,1,...,N — 1, such that 0 = zg < 1 < -+ < xy = [ as a uniform
partition of the solution domain 0 < x <[ with the step length h = x;4,1 —

r;=+4,i=0,1,...,N—1.
The piece-wise cubic trigonometric B-spline basis function T'B;(x) over
the uniform mesh is defined as [22]:

TB;(x)
. T—T; _o

(sin)? (T7> ; T < X1,
sin (I g 2) [sin (z zl‘2> sin (¥i-%) + sin (I“'Qlﬂv) sin (z zl_l)]
+sin<z d 2)sin2(:”"2_g”), i1 <z <y,

_ ! . [ @iyo—w oz o [ Tip1— s (@ipo—a\ . (z—z; 33

o(m | S (f) [sm( 3 )sm( 3 ) +sm( 5 )sm (T’)] (33)

+sin (w_z“z) sin? (1”21_”@) , z; <z <wit1,
sin3 <W> , T < Tit2,
0, otherwise,

where w(h = sin (%) sin (k) sin (22) and {TB_1(z),TBo(), ..., TBn(z), TBy1(z)}
form a basis over the region 0 < z < [. The coefficients of the approximate

function T'B;(x) and its derivatives are given in Table 1.

Table 1: Coefficients of cubic B-splines and its derivatives at knots

z Ti—2 Ti—1 Ti Tit1  Tiy2

TBi(z) 0 moom M 0
TB;(z) 0 -n3 0 13 0
TB;(z) 0 ne M5 4 0

We have
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202

sin % 2 3
= sin(h) sin(32)’ mETE 2cos(h)’ = 4sin(3)’
B 3(1 4 3cos(h)) B 3cos?(L)
=6 sin®(%) (2cos(%) + cos(32))’ T i (2) (14 2cos(h))’

Let U(z) be the cubic trigonometric B-spline collocation to approximate (1)

and given as
M+1

Uw) = Y ai(t)TBi(w), (34)

i=—1
where «;(t) is an unknown time-dependent parameter to be determined from
the collocation method together with using the boundary and initial condi-
tions. Using (34) and Table 1, an approximate values of U(x,t) and its first

and second derivatives at the knots are

Ui = moy—1 + naoy; + oy,
Ui/ = —M30—1 + N304 1, (35)
U, =101 + N5 + N1y

By substituting (35) into (27), we obtain

( ( >—773aj+1+77 ba+1> g+1+< s <§+a> _H’ng‘ﬂ) ag‘ﬂ
G 7(4)

£
( m(r(J m)*rrsa”lwbﬁl) ol

( ng T — m)) al_y + (—Tf]) (5 — 772)) o

+ ( 7)(774 —771)) ol +glth

7(J
(36)
This can be written as
rialfl 4 rfal T wrfalll =g ol +gfal +¢fal 90T (3T)
where
roo— (5 > ~psad
b
7 T ]) 7 K2

Bl

=15 (6 ) + bl
(J)
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6 . .
r=—m ( + 04) +mzaltt bl
7(7)

q = —% (74 —m),
g = —Tij) (15 —m2),
+___ &

q; = T(]) (774 771)'

Imposing the boundary condition

Using the boundary conditions into (35), we have for ¢ = 0,

2 j j

. . ) ) 1
j j J_ i
ma’y +neap +may = ¢o =l = —¢g — —ap — oy (38)
T m
fori =N,
i j i i 1 j ™. (39
Moy _q + 20y + oy = ON = Qg = a@ﬁN —Qy_q — HQN (39)
Substituting (38) and (39) into (37), we obtain
c — j+1 — j
(7‘0 — %ro ) a‘é"’ + (rar - ) ozf)'*'1
= (qg — %q&) aé + (qar — q(;) aé + (%qﬁg — %¢6+1> -|-g(1)'-%—17
rralt 4 rfal ™ 4 rballl = qral, afal +afaly, + i,
TN — r;(,) ag\;ill + (T‘]CV - %r?{,) ozg\;rl
v ) o+ )
= (qf; - q}) oAy, + <q§i; - %q;’,) o4y + (%@5?\7 - ﬁdﬁvﬂ) + g%,
u(zi, 0) = p(z4), z; € Q,
’l,L(O7 tj+1) = u(l,thrl) =0, tijit1 € (O,T].
(40)

Equation (40) is an (N 4+ 1) x (N 4 1) system of linear equations.

Determination of the initial vector af

An initial vector can be calculated from the initial condition and first space

derivative of the initial conditions at the boundaries. At the knots x;, the

following relations are used:

U%(x0,0) = ¢ = ma®; + nead + nal
U%3i,0) = ¢y = mad_; +meal + mady,,  i=1,2,...,N—1,

U%(1,0) = ¢ = mal_; +mal +maR ;.

From first derivative of (35), we also have

(41)
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0 0 0\/ 0 0 1 0\’
nzal —mzal; = (¢p) = a2, =af - s (¢0) »

/ 1 ’
773049v+1 - 7730é9v—1 = (¢?v) = a?\rﬂ = Oé(z)vq + % (¢?v) : (42)

Substituting (42) into (41), we obtain an (N + 1) x (N + 1) system of linear

equations:
M /
772&8 +2mal = ¢>8 + 77—3 (¢8)
may_y +mead +mad,, = U3,0), i=1,2,...,N—1,

77 /
2maly_y + el = 6% — 77; (o%)"- (43)

5 Convergence analysis

Lemma 6. The trigonometric B-spline collocation {T'B_;(x),TBgy(x),...,
TBn(x),TBn+1(z)} defined in (33) satisfies the inequality
N+1

> ITBi(z)| <6, z€[0,1]. (44)

i=—1

Proof. From the triangular inequality, we have

N+1

.Z TB;(z)

i=—1

N+1

< Z |TB;(x)] .

i=—1

At any node z;, we have

N+1
> ITBi(x)| = |TBi-1(2)| + |TBi(x)| + |TBiy1 (v)]

i=—1

= ||+ 2| + Im| < 4.

At any point in each subinterval ;1 < x < x;, we also have

N+1 N+1
> ITBi(z:)| <2 and > |TBia(xi1)| <2,
i=-1 i=—1

and similarly for z € [x;_1,z;], we have
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N+1 N+1
> TBin(x)| <1 and Y |TBi_a(xi1)| < 1.
1=—1 i=—1
Therefore
N+1

> ITBi(x)| = [TBi—a(x)| +|TBi—1(z)| + [T Bi(x)| + [T Biy1 (x)| < 6. (45)

i=—1

O

Lemma 7. Let u(z) be the exact solution of the boundary value problem (40)
and let U(z) = Zi]\;tll a;(t)TB;(x) be the trigonometric B-spline collocation

approximation of u(x). Then
lu(z) = U@)]l < C (h?) (46)
for sufficiently small h, and C'is a positive constant.

Proof. Let U(x) = Zi\f_ll a;TB;(z) be a unique spline interpolate to be
computed B-spline approximation to u(z), where &; = (@, aq, - . - ,o_zN)T.
To estimate |[u(z) — U(x)||, we must estimate the errors ||u(z) — U(z)||

and ||U(z) — U(x)

, respectively. Now, (40) is written as
At = H, (47)

where H = Bozg + D.
Following (47) for U(x), we get

Aaltt = H, (48)
AL (gl gl 41\ 7
where o; " = (ao ,Oq L ay )
Now, from (47) and (48), we obtain
A (ag+1 - o?{*l) = (H-H). (49)
To proceed this, we consider the following theorem.

Theorem 1. Suppose that H € C?[0,1] that u(z) € C*[0,1], and that
Q, ={0=m9 <z <---<axy =1} is a uniform partition of [0,!] with the

step size h. If U(x) is the unique trigonometric B-spline approximation for
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u(zx) at the knots xg, ...,z n, then
U(z) — u(z)| < O(h?),

|U(k)(x) —u®)(z
(

|U(k)(x) —u®)(z
Proof. See [18]. O

Setting the right-hand side of (27) by H; and using Theorem 1, we obtain
the bound HH—f{H as

|H; — H;| = ’cuz + au; + bu; — e, + ai; + big;

< el lu; —a; |4 |b] |u; — @ | + |b] |u; — @) ,
where
c=— (55 +%) a=a@tin) b= 5 +b(tn),
which is
|H; — H;| < || O(h?) + [b| O(h?) + [b] O(h®) < K (h?), (50)

where K = |c| + |b] + [b] O(h). Now from (49) and (50), we have

il

ol t1 _5[3‘+1H = ||H - H|| < Kn%.

This yields

Moreover, T'B;(x) and its derivative up to the second order have nonvanishing

ot —alt| < Kn2 A (51)

values at the mesh points [z;—2,z;12] and at other mesh points it is zero.
Using these facts, the matrix || 4| is a tridiagonal and diagonally dominant

matrix. Hence, the matrix is nonsingular, and A~! is bounded. Then, we

where K} = K ||A7!||. Again from U(z) — U(z) and Lemma 7, we get

get

oIt - ag“H < K12, (52)

N+1
U(x) = Ux) = Y (0 —a;) TBi(x) < kh®, k= 6k (53)

i=—1

Therefore, from Theorem 1 and (53), we get
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O

Theorem 2. Let u(z,t) be the solution of (1) and let U(z;,%;41) be the
solution of the total discretized equation. Under the hypothesis of Lemmas
5 and 7, then the e—uniform estimate holds

= tiv1) — Uzistjr)] < C (B2 54
b raieniax L fu(@itin) = Uz ti) < C (R +7), (54)

where C' is the constant independent of €, h, and 7.

Proof. The proof is obtained by applying the triangle inequality. O

6 Numerical results

To demonstrate the validity of the proposed scheme for the problem, one
model example is presented. As the exact solution of this example is not
known, the maximum point-wise error for the given example were computed

by using the double mesh principle as

ENM _ yN-M _ 2N.2M
! = : :

max i i ,

1<i<N-—1

where UZ-N’M is the numerical solution obtained on the mesh DV = QY x QM
with N mesh intervals in the spatial direction and M mesh intervals in the
temporal direction. For any value of N and M, the e—uniform errors are
calculated using

ENM — maXEéV’M.
£
The rate of convergence of the scheme is calculated by the formula

PNM log(EXNM) — log(E2M-2M)
N log(2) ’

and the e—uniform convergence is calculated by
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o _ T (E) g (52

Example 1. From [1]

log(2)

5% - 66(227;2 - 2% + %u% = exp(—t) sin(7x),

u(z,0) = sin(rzx), x €y,

w(0,t) = u(l,t) =0, t € (0,1].

Table 2: ENM for N = M

€ 32 64 128 256 512
20 5.5142e-03 2.8124e-03  1.4209e-03  7.1420e-04  3.5806e-04
272 1.9178e-02  1.0254e-02  5.2831e-03  2.6643e-03  1.3257e-03
24 5.1476e-02  3.3936e-02 2.1160e-02 1.1892e-02 5.1156e-03
26 5.1485e-02  3.3947e-02  2.1168e-02 1.1900e-02 5.1221e-03
28 5.1487e-02  3.3950e-02  2.1170e-02 1.1902e-02  5.1239e-03
2710 5.1488e-02 3.3951e-02 2.1170e-02 1.1903e-02  5.1243e-03
212 5.1488e-02  3.3951e-02 2.1170e-02 1.1903e-02  5.1244e-03
214 5.1488e-02  3.3951e-02 2.1170e-02 1.1903e-02 5.1245e-03
216 5.1488e-02  3.3951e-02 2.1170e-02 1.1903e-02 5.1245e-03
ENM 51488e-02  3.3951e-02  2.1170e-02  1.1903e-02  5.1245e-03
rV-M 0.60078 0.68143 0.83070 1.2158

656
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Table 3: EN'™ for the proposed method with N = 60

N=40 N=80 N=160 N=320 N=640

20
272

2—6
2—8
2710
2—12

2—14

EN’M

FNM

5.3980e-03  2.8124e-03  1.5094e-03 9.1150e-04 7.7675e-04
1.9182e-02  1.0254e-02 5.3330e-03  2.7775e-03  1.5158e-03
5.1414e-02  3.3936e-02  2.1200e-02  1.1953e-02  5.2045e-03
5.1426e-02  3.3947e-02 2.1207e-02 1.1869e-02  5.2096e-03
5.1430e-02  3.3950e-02  2.1209e-02 1.1871e-02 5.2110e-03
5.1431e-02  3.3951e-02  2.1210e-02 1.1871e-02 5.2113e-03
5.1431e-02  3.3951e-02 2.1210e-02 1.1871e-02 5.2114e-03
5.1431e-02  3.3951e-02 2.1210e-02 1.1871e-02 5.2114e-03

5.1431e-02  3.3951e-02 2.1210e-02 1.1871e-02 5.2114e-03
0.59918 0.67871 8.373 1.1877

Numerical Solution U(x,t)

X-axis 0 0 t-axis

Figure 1: Numerical solution for N = M = 64 and ¢ = 278,
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Error Solution using S-mesh

Error Solution u(x.t)

t-axis

—e—oiNT)
p —a—=p?
z —8— 08
& —h— 0
= ——e=p"
=
E
(=]
£
@
Q 21
210
3
[%2]
fiw]
[
E
=]
E
&
=
a .
10
10? 10°

N in log scale

Figure 3: Log-log scale plot for Example 1.

The computed maximum point-wise errors are also presented in Tables
2 and 3. From Table 2, one can observe that as ¢ — 0 and time step size
decreases with uniform spatial step size, then maximum point-wise also mono-
tonically decreases, and the rate convergence of the method is almost one.
Table 3 also yields as temporal step size decreases for fixed spatial step size;
then the results of maximum absolute point-wise error also decrease. From
Figures 1 and 2, one can also observe that the mesh is dense near the ini-

tial, and hence, it indicates that the solution of the model example has an
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initial layer at ¢ = 0. The log-log plot of the scheme is also displayed in
Figure 3, which confirms an agreement of the theoretical and numerical re-
sults. Finally, the result from the model example confirms that the proposed

numerical method is convergent.

7 Conclusions

A nonpolynomial B-spline collocation method was implemented for singularly
perturbed quasilinear Sobolev problems with initial boundary value prob-
lems. Newton’s linearization method was applied to linearize the nonlinear
parts. An implicit Euler method in time variable and cubic trigonometric
B-spline collocation was used to approximate the space variable and obtain a
three-term recurrence relation. Convergence analysis of the scheme was con-
sidered, and the scheme was accurate of order O(h? 4 7). The results from
the model example indicated the method is accurate for different values of
e, M, and N. In general, the effect of the perturbation parameter indicated

that the scheme has a layer at initial points ¢ = 0.
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Differential-integral Euler—Lagrange

equations

M. Shehata*

Abstract

We study the calculus of variations problem in the presence of a system
of differential-integral (D-I) equations. In order to identify the necessary
optimality conditions for this problem, we derive the so-called D-I Euler—
Lagrange equations. We also generalize this problem to other cases, such
as the case of higher orders, the problem of optimal control, and we derive
the so-called D-I Pontryagin equations. In special cases, these formulations
lead to classical Euler-Lagrange equations. To illustrate our results, we
provide simple examples and applications such as obtaining the minimum

power for an RLC circuit.
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663 D-I- Euler-Lagrange equations

1 Introduction

The calculus of variations began with Johann Bernoulli’s Brachistochrone
problem at the end of the 17th century. As a result of their work, Euler
and Lagrange were able to develop a systematic way of dealing with this
kind of problem by introducing what is now known as the Euler-Lagrange
equation in the 18th century. This work was then extended in many ways
by Bliss, Bolza, Caratheodory, Clebsch, Hahn, Hamilton, Hilbert, Kneser,
Jacobi, Legendre, Mayer, Weierstrass, just to quote a few; see [4, 5, 11]. For
an interesting historical book on one-dimensional problems of the calculus of
variations, see [8].

The classical variational calculus has one major shortcoming despite its
great success, it only deals with functionals containing derivatives. Many
phenomena in nature can be modeled more accurately using differential in-
tegral equations. The application of these equations is found in science,
biology, engineering, and economics; see [1, 2, 3, 6, 7, 9, 10, 12, 15, 16]. It
is not worthwhile in applications to convert integrals into differentials, espe-
cially if there are many integrals of higher orders. In [13], an algorithm has
been constructed to compute the exact solutions for the quadratic optimal
control problem with integral constraints, and this algorithm has been used
to find the optimal solution for single and coupled RC electrical circuits. In
this paper, we identify differential-integral (D-I) Euler-Lagrange equations
necessary conditions for a new class of variational problems in which a cost

functional involves differential and integral operators.

2 Definitions and notations

Definition 1 (Lower and upper integrals). For a given time horizon [to,t¢],
we define lower and upper integration of a continuous function x : [to,t;] —
R by

le:/t K(t,7)x(r) dr, TKa:z/tf K(t,7)x(r)dr

with continuous kernel K (t,7). We can define lower and upper higher order

integrals as follows:
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Ik, = Iy, (I, s ﬁm@f =1k, (Ik,z),
Bx =L (L), Tyr =Tk (Ixx),
and so on.

Definition 2 (Complementary integral). For a given time horizon [to, ]
and continuous function x : [to,t¢] — R, we define the complement of the

integral
IKCE—/KtT 7)dr, byIKmf/ K(t,7)z(7)dr,

where K(t,s) := K(s,t).
For K =1 we denote it by I,z = Iz, Tix=1Izx.
i ty
Applying the Leibniz integral rule n+1 times to / (t—7)" and / (r—

t() tO
t)", respectively, we obtain the Cauchy formulas for repeated integration.

Theorem 1 (Cauchy formulas). If z(t) is a continuous function over [to, t¢],

then

t
1. /(t—T) T—n'// / / (T )dTdTy—1 . . . dTdT,
to

n+1times

ty rty o pts
2. / (t—t)" z(7)dT = n! / / / / (T )dry dTp—1 ... dTidT.
t T,

n—1

n+1times
From this theorem, we can define lower and upper higher integrals
"z, T"z by

d
Through this paper, D = —

R and in general D™ =
Note that

dtr

(i) D" (I"x(t)) = z(t) and D" 7“33(15)):(—1)"33(15).

(ii) I (Dz(t)) =xz(t)—x(to) and I (Dx(t))=x(ty)— z(t).
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665 D-I- Euler-Lagrange equations

3 D-I Euler-Lagrange equations

The first simplest D-I variations problem with fixed ends can be defined as

follows: Among all functions z(t) that satisfy the fixed end conditions

x(to) = wo, x(ty) =y, (1)

find the function for which the functional

J(z) = / " f (t2(t), Da(t), e, o(t), Troa(t)) dt, @)

to
is an extremum. We assume that f : [to,ts] x ®* — R has continuous first
and second partial derivatives with respect to all of its arguments.
To derive the necessary conditions for the extremum, assume that z =
x(t) is the desired curve, and take some admissible curve x = Z(t) close to

x = z(t) and include the curves © = z(t) in one parameter family of curves
x(t,e) = x(t) +en, n=z(t)— x(t), wheretbelongstolty,ts).

If one considers the values of the functional (2) only on curves of the family

x(t,€), then the functional becomes a function of e:

This function ¢(e) is extremized for € = 0 since for € = 0 we have x = z(t).
The necessary conditions for the extremum of the function ¢(€) for e = 0 is

as we know that ¢’(0) = 0. Therefore we have proved the following lemma.

Lemma 1 (First variation condition). If x = z(t) is a solution to problem
0

(1)—(2), then % (J(z + €n) |e=o = 0, for some functions n(t) satisfies n(ty) =
€

n(ty) = 0.

We also know from the calculus of variations, the following fundamental

lemma.

Lemma 2 (The fundamental lemma). If for every continuous function n(t)

[ woma=o

to
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where the function ¥(¢) is continuous on the interval [to, %], then ¥(¢) =0

on that interval.
From the above two lemmas, we will prove the following theorem.

Theorem 2 (D-I Euler Lagrange conditions). If z = z(¢) is a solution of
problem (1)—(2), then

of of - of of '\
or P (am) ”Kl(afmx) ”f@(aw) =0 @

Proof. By Lemma 1, if x = x(¢) is a solution of Problem 1, then % (J(z+€n) |e=o =

0, for some functions n(t) satisfying n(a) = n(b) = 0, and it follows that

Yrof . of of of +
/to [83377+ Dz " T ﬂleleﬂL 0Tror IKzn} dt=0. (4

We integrate the second term by parts, and we get
tr of of of tr af
[ i ot = |Gt mten) = S teomton)| = [ (G5 )

:_¢?D<££>Wt (5)

By changing the order of the integrations in the third and fourth term in (4),

we get
ty af ty . af
Ly ndt = / I+ ( ) ndt, 6
t 81}(1:6 K to K alle ( )
ty _ ty
/ O Fyendt = / j- ( 9f ) ndt. (7)
to 8 [K2$ to 8 IKQ-T
Thus, substituting (5), (6), and (7) back into (4), gives us

=) = S ()

Ly af af — af af
*/to {ax P (am) e (aw) = (amﬂ dt = 08)

Finally, from Lemma 2 and 7(to) = n(ty) = 0, we obtain the desired D-I

Euler-Lagrange equation (3). O

Remark 1. By substituting ¢t = to in (3), we obtain the natural condition
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667 D-I- Euler-Lagrange equations

[of of Y ( of ]

| Oz (6D.13) + /to ! Oly x T_ o 0, ©)
and by substituting ¢ = t; in (3), we obtain the natural condition

52 (o)« = (552)

= -D|—= |+ K = d =0. 10

Oz (an w o\l )], (10)

Special cases. There are some special cases of D-I Euler-Lagrange,

which are important in many applications:

case 1. If f is independent of I -z, then D-I Euler-Lagrange conditions

are reduced to so called (D — I) Euler-Lagrange equation:

of of of \ _
M‘D<8Da:> IK(aIKx)_O’

and if K = (7 —t)", then (D — I) Euler-Lagrange conditions become
of of of
— —-D | I" | — =0.
oz <8Da:) 4 (a["x 0

case 2. If f is independent of I ;- x, then D-I Euler-Lagrange conditions

are reduced to so called (D — I) Euler—Lagrange equation:

of of - of '\ _
oz -D <8Dx> 1% (8IKJ:) =0

and if K = (¢t — )", then (D — I) Euler-Lagrange conditions become

of of o Of \
M_D<m)+l (am)—o

case 3. If f is independent of both I, z, Ik, z, then D-I Euler—

Lagrange conditions are reduced to the usual Euler-Lagrange equation:

of af \
or b <8Dm) =0
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4 Generalizations

In this section, we generalized the fixed boundaries problem to the cases of
integral with deferent kernels, moving boundaries, higher order, and several

independent variables.

Integral with different kernel

Consider the functional

t
J(x) = / ' f (t,x,Da:,lKu N S N ,lKuijm T Ky, T,y szkx) dt,

’ (1)
where f : [to, tf] X R2+m+ 5 R has continuous partial derivatives up to the
order two with respect to all its arguments. Moreover, ¢y and ¢ are specified,
and the boundary conditions are

z(to) = xo, x(ty) = xy.

For this case, following the above approach, we obtain the following necessary

ar '\ _
() -0 0o

conditions

of of o of -
0Dz -p <8Dw> +Z K <8IKljx +;ll<2j

Jj=1

Moving boundaries

Let the terminal conditions at t = t, and/or at ¢t = t¢ not be specified. For
this case, following the above approach, we obtain the D-I Euler—Lagrange

equation given by (3), and the following transversally conditions:

0
8Df:J » =0, ifx(to)is not satisfied and

8%;] _ =0, ifxz(ty)is not satisfied.
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669 D-I- Euler-Lagrange equations

Higher order

Consider the functional

J(z) = ‘/ttf f (t,x,Dz,.‘.,Dm z, Ly, :E,lf(l x,...,lg(lx,TKQ x,ji(z z,.‘.,flic(zx) dt,
(0]
(13)
where f : [to,tf] x RIT™HHE 5 R has continuous partial derivatives up to
the order m + 1 with respect to all its arguments. Moreover, g and t; are

specified, and the boundary conditions are

z(to) = zo, z(ty) = xy,

D™x(ty) = Tmo, D™x(ty) = Tmg.

For this case, following the above approach, we obtain the following necessary

conditions:

m J4
e (o) )+ ot () - o0

Several independent variables

Consider the functional

J(z1,...,Tn) (15)
ty
! / T T
:/ f(t’x17'"7xn7m1>"'7xn7"'91[{11‘1""7£len71K2x17"'91K21n) dt7
to
where 1,29, ..., T, are independent functions with continuous first deriva-

tives and f : [to,tf] x R — R has continuous first and second partial
derivatives with respect to all of its arguments. Moreover, to and t; are

specified, and the boundary conditions are

x1(to) = 10, r1(ty) = 15,

Zn(to) = Zno, Tn(ty) = Tng.
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For this case, following the above approach, we obtain the following necessary

conditions:

of of - of of )
- D I I — = =12, ....n.
B, <8Dxi) + 1%, <8Ilei) + I, (8]K2xi 0, =1 sy ey 1

5 D-I optimal control problem

We shall consider the class of control problems where the dynamical system

is described by the following ordinary D — I equations:

Dz = f(taxalK1I77K2xau)a (17)

x(to) = xo, toandtyare specified, (18)

where x(t) an n-vector function is determined by u(t) an m-vector function,
with x € ®", u € R™.

The performance of the system is measured by the cost functional:

J(2) :S(tf,x(tf))—i—/ "Lt 2 e, Ty, )t (19)

to
The problem is to find the functions u(t) that minimize (or maximize) )J. It is
assumed that f(t, @, I @, Ix,2,u) and L(t,x, I x,Ig,x,u) are continuous
for all ¢t € [to,tf], z € R, u € R™, and have continuous derivative up to the

second order.

Theorem 3 (D-I (Pontryagin)). If u(t) is a solution to the problem (17)—
(19), then the following equations are satisfied:

state equations

oOH -
Dx = _f(t7.’177lKl.T,IK2$,U); (20>

=55 =
z(to) = To; (21)

adjoint equations

om\"* _ oF \7 oF \7*
D =22 T [ I —= - 22
A (355) M (aIK1$> e (611(233) 7 (22)
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671 D-I- Euler-Lagrange equations

optimality conditions

OH\"
0={|—1 ; 23
(8u> ’ (23)
transversality condition
as\"
Atg)= | =— 24
= (5) ] (21)
t=ty
where
H=L(t,x, Iz, I,z u)+ A (6o, L 2, T, u) (25)

is the usual Hamiltonian.

Proof. First S(tf,x(ty)) can be written as

S(ty,x(ty)) = S(to, > +/ g )dt (26)

S(to, +/ {as + o5 /} dt. (27)

Equation (19) becomes

ty .
J(z) = S(to, 2(to)) + / L(t,a, L. v, Ty, u) +

to

as oS
— 4+ — . 2
{aﬁam }dt (28)

Adjoin the system differential equations (19) to J with multiplier functions

A(t) and we have

A tf

J(@) = S(to,alte) + | H— T Do+ [fgf + 55, ] it
to
ty .

= S(to,l’(to)) +/ F(t,$7D$7lK1$,IK2(E,'LL,>\), (29)
to
where F(t,ZC,Dx,lle,szx’u’ N =H-\ Dz + [%j n gﬁ /]
z

Following the same approach in the calculus of variations ((8)) gives

5D (ten(ty) — 3D (to)n(to)

oOF oOF — oOF oOF
+/to {ax D(@D >”K1<61K1x>”f(2 <61K2 )]”‘”‘0

for some n(tg) = 0.

om0~ o]
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From the definition of F' and the fact that the D-I Euler equation must

be satisfied, we have

OF _(9F N, 1 OF \ ;. (_9F
oz ODx "\ Ol z)  TH2\0Tg,x

OH - OH oH 0 ,
=G T (7z) 17 (7s ) a5
)

+D (AT -8,
R oF - oF ™
= T (51,2) 1 (57 PO =0 @)

This gives (22). Similarly, A and u being independent variables, then
oF OF OH

A ox o Pl
OF OF OH
0 o0 ou

This gives (20) and (23), respectively. Finally, the transversally or boundary

conditions given by the remaining terms of (30) are

oF oS
et = | 5 o7 utep) =0, (31)
The fact that n(ty) does not vanish, yields (24). O

6 Examples

To illustrate our result, we give some examples.

Example 1. In this example, we want to find the unknown supplied voltage
u(t) for the RLC circuit in Figure 1, which minimizes the cost functional

given by

5
J= %i2(5) + %/O u?(t)dt. (32)
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WW—
R=75
u(t) @ c=1=
L=4
T —
"W

Figure 1: Series RLC circuit.

By applying the Kirchhoff’s voltage law, we get

4Zuo+5my+éiwmfzmw. (33)

By applying D-I Pontryagin necessary conditions to this problem with x =
i,t0=0,t; =5 and

H= %u2(t) +A(t) {—5 i(t) - = /0 i(r)dr + iu(t) ; (34)

the optimal control for the problem (32)-(33) is characterized by
()= -7\
ult) =~ )

where i(t) and A(t) satisfy the following equations:

State equations

dit)y 5 I 1
W0 _ i -1 /0 i(r)dr = A0, (35)
i(0) = 1, (36)

dA(t) 5 1 f°
S =P+ [ A (37)
AB) = i(5). (38)
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Remark 2. Equations (35) and (37) provide the necessary conditions for
the problem. They constitute two second order D-I equations whose solution
contains four constants of integration. To evaluate these, we have 1-equation
i(0) = 1, l-equation \(5) = i(5), 1-equation Ii(t) = 0 at t = 0 and l-equation
IXNt)=0at t=5.

To solve the adjoint equation (37), let

_dn()

5
Al(t):/t/\(T)dT, no(t) = P = )

Then (37)—(38) can be written in the following matrix form:

o] To 1] v
N | [ F 2] [0

with final conditions:

Now (see, for example, [14]),

-1
-1 4 -1 4
15| |=L1||pl|]|=t1
1 1 3 3 1 3 3
Then
{0 1]@ .
_ - —1 4 _
e Tl % _ 3 3 e(t 5) 0 1 -4
i 0 ei=5 |11
1 [ —e—t + 46%(5—7&) 4e5-t — 4ei(5—t)
T3 | _ept g o35t et _ i) |
So,
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675 D-I- Euler-Lagrange equations

To solve the state equation (35), let

i) = /0 i) dr, ia(t) = di;it) — i),

Then (35)—(36) can be written in the following nonhomogeneous matrix form

/
i1(t) 0 1 i1(t) .
e I I R Ry
i2(1) T 1] Li(t)
with initial conditions:
11(0) . 0
ZQ(O) 1 '
. 0 . .
where ¥(¢,i(5)) = | ;) {g et 1 eiw—ﬂ} , which have the solution
16 |3
0 1 0 1
in(t) {—1 —5} o] {—1 —5}(”)
Wl 7 O R O
ia(t) 1 0
_[Fer e
Lo

So,
4 1 - ) 1 5 1
i(t) =ia(t) = ge*t — §€T + % |:€52t - ie%*%t — Pt 4 463?}
4 (46’5 — e’5>
i(5) = -
12—ed+e7

and the current (see Figure 2)
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3 9@2—eﬁ+ef)
(40)
i(t)

0.8
0.6
0.4
0.2

O T T T T 1

1 3 4 5

t

Figure 2: Optimal electrical current.

Example 2. In this example, we want to find u(t) that minimizes the cost

functional given by

J:;/OQUQ(t)dt—i—;/: [/Ot(t—r)x(T)dTr dt

with constraints

-
g
~—~
=
I

u(t), 0<t<2,

By applying D-I Pontryagin necessary conditions to this problem, the optimal

control is characterized by

U= —A\,
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677 D-I- Euler-Lagrange equations

Dz = =),
—DX\= /t2 {(7‘ —t) /OT(T — s)x(s) ds } dr,
z(0) =1,

A(2)=0

The above system is simplified to the following equations:

Dzx(t) = — /tQ {/72 (r—m) /OT(T — s)x(s) dsdr } dr dr, (41)

2(0) = 1. (42)

To solve (41)—(42). Let x1 = z(t), x2= /0 z1(T)dr, x3(t) = xo(T) dT,

wo\W

2 2
x4(t) = / x3(T)dr, x5(t) = / z4(T)dr and x6(t) = x5(T) dr.

¢ ¢ ¢
Then (41)—(42) is equivalent to the following system:

(] Tooo o 0 —1] [a]
2 100 0 0 0| |z
z3| {010 0 0 0] |a
za|  |00-10 0 0| |
s 000 -1 0 0| |as
26| {000 0 —10 | |u]

which leads to the graph of z(t) as shown in Figure 3.
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0.94

0.8+

0.74

0.6

0.5

Figure 3: Optimal state solution z(t).

7 Conclusion

In this paper, we have identified D-I Euler-Lagrange equations necessary
conditions for a new class of variational problems in which a cost functional
involving differential and integral operators. We concluded that if Euler—
Lagrange equations contain an integral, then they must contain the comple-

mentary integral. We also generalized results to other problems.
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Abstract

In this paper, we present an improved imperialist competitive algorithm for
solving an inverse form of the Huxley equation, which is a nonlinear partial
differential equation. To show the effectiveness of our proposed algorithm,
we conduct a comparative analysis with the original imperialist competitive
algorithm and a genetic algorithm. The improvement suggested in this
study makes the original imperialist competitive algorithm a more powerful
method for function approximation. The numerical results show that the
improved imperialist competitive algorithm is an efficient algorithm for
determining the unknown boundary conditions of the Huxley equation and

solving the inverse form of nonlinear partial differential equations.

AMS subject classifications (2020): Primary 68W50; Secondary 35A25, 35R30.

Keywords: Huxley equation; Imperialist competitive algorithm; Partial dif-

ferential equations; Meta-heuristic algorithms; Genetic algorithm.

1 Introduction

The Huxley equation, classified as a nonlinear partial differential equation
(NPDE), has the capacity to model a diverse range of phenomena, includ-
ing biological population dynamics [9] and the propagation of nerves [30].
Its significance lies in its ability to capture the intricate dynamics and in-
terrelationships within these systems, providing valuable insights into their
behavior and characteristics. The choice of the Huxley equation as our focus
has a dual rationale. First, as previously mentioned, this equation finds nu-
merous practical applications. Second, the selection of this equation, being
an NPDE, serves to demonstrate the capability of our proposed algorithm in
handling a wide range of inverse forms of NPDEs. Within the realm of partial
differential equations (PDEs), an equation is considered “inverse” when one
or more of the initial or boundary conditions are missed. In solving inverse
forms of PDEs, we utilize data collected from sensors, often referred to as
“over-specified conditions,” to compensate for the missing condition(s). The

primary challenge in solving inverse forms of PDEs lies in the identification
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of the missing condition(s). In this paper, we specifically address a scenario

in which one of the boundary conditions, denoted as ¢(t), is missing.

The main purpose of this paper is to present an improved imperialistic
competitive algorithm (IICA) for determining the missing boundary condi-
tion, ¢(t). The reason why the imperialistic competitive algorithm (ICA) was
chosen is that this algorithm has demonstrated a remarkable capability for
solving equations [2, 19, 12]. In this paper, improvements are made to the
original ICA to enhance its suitability for estimating a function. Since the
ICA is a meta-heuristic algorithm, the results of the IICA and the original
ICA are compared to a genetic algorithm (GA), which is one of the well-
known and leading algorithms in the realm of meta-heuristic algorithms. In
recent years, meta-heuristic algorithms have shown a significant capability
in solving inverse forms of linear and nonlinear PDEs and other challeng-
ing problems. Also, the convergence of these algorithms has been studied
well [6, 3, 21, 20, 29, 17, 22, 28, 10, 24]. Therefore, investigating the capa-
bilities of the new methods and improved algorithms might yield valuable

advancements in this field.

The rest of this paper is organized as follows. To calculate the fitness
function (cost function) of the algorithms, we need to solve the direct form
of the Huxley equation. In section 2, we present the main form of the Huxley
equation and the discretization of the Huxley equation using the Crank-
Nicolson method [26], which is a finite difference method. This discretization
is employed to solve the direct form of the Huxley equation and evaluate the
fitness value of a candidate solution accordingly. In section 3, we present the
improved ICA in detail, explaining how our improvement makes the original
ICA a more powerful method for estimating a function. Since the GA has
been widely used and is famous, section 4 provides a brief description of
a real-valued GA. In section 5, we present the numerical experiments of the
IICA, ICA, and GA and discuss the results. Finally, in section 6, we conclude

the paper and state its main outcomes.
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2 The Huxley equation and its discretization

In this section, we first present the formulation of the Huxley equation in
subsection 2.1, followed by the discretization of this equation in subsection

2.2, which is utilized to construct the fitness function.

2.1 The Huxley equation

The general form of the Huxley equation is as follows:

oU  0U

= =zt Ul —-U%(U° —7), (1a)

with initial and boundary conditions:

U(z,0) = f(), (1b)
U(Ovt) = p(t)v (10)
U(Lt) = q(t)v (1d)

where 0 is a positive integer, and v € (0,1). In this paper, we consider
0<t<land 0<z<1.

Additionally, the over-specified condition (data coming from a sensor) is

as follows:
Ula,t) = s(t;), t;=kxj, j=1,2,3,...,M. (2)

Here, a represents the location of the sensor, k is the discretization step size

of time, s(t;) is the value measured by the sensor at time t;, and z = a.

2.2 Discretization of the Huxley equation

In this study, we use an implicit finite difference approximation (Crank—
Nicolson) method, to discretize (1). As a result, we obtain the following

discretized representation for the Huxley equation:
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—r1Ui—1,j41 + 2+ 2r)Ui j41 — Ui j1
:7‘1Ui71,j + (2 —Tro — 27“1)U7;1j + TlUiqu,j + 2r2Ui,j2 - 7"2U7;1j3,

i=1,...,N—1,j=0,...,N —1, (3a)
Uio=f(ih), j=0,i=1,...,N —1, (3b)
Uo,j = p(jk), i=0, j=0,1,...,N — 1, (3¢)
Unj=q(jk), Nb=1, j=0,1,...,N — 1, (3d)

where x =th, i=0,1,..., N —1 and h is the step size of the discretization
of z,t =4k, 7=0,1,...,N —1, and k is the step size of the discretization
of t, 11 = k/h? and 7y = 2k.

Using (3), we obtain the following linear algebraic system of equations:

242r1 —r 0 0 0 0 0 U17j+1
—r1 242r1 —r10 0 0 0 U2’j+1
0 0 0—r12+2r; -1 UN_Q,]‘_H
0 000 —r 242 Un-1,j+1
2—7“2—27"1 T1 000 0 0 Ul,j
T1 2—7"2 —27’1 T1 00 0 0 UQJ‘
0 0 007 2—7ry—2r 1 Un-2,
0 0 000 T1 2—7’2—27’1 UNfl,j
U()’j + UO,j+1 27‘2U1,j2 — T‘QULJ'?)
0 2T2U27j2 — 7’2U27j3
+ 7 +
0 27"2UN72,j2 — 7'2UN72,j3
Un,j+Unj+1 2roUn—1,;° — 12Un—1,;°

where x =¢h, i=0,1,..., N —1 and h is the step size of the discretization
of z,t =4k, 75=0,1,...,N—1, and k is the step size of the discretization
of t, ry = k/h? and ro = 2k.

In this study, the IICA, ICA, and GA are used to approximate the un-
known function ¢(¢) in (1). Specifically, ¢(¢) is treated as a candidate solu-
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tion represented as a real-valued vector (coefficients of a polynomial), which
is then input into the fitness function for assessment. To evaluate the fit-
ness of a candidate solution, system (3) is solved, and the numerical values
of U(z;,t;) are computed. Subsequently, the vector 5(¢;) = U(z = a,t;)
is compared to the vector s(t;) as described in (2). To perform this com-
parison, the mean squared error is calculated. Smaller values of the mean
squared error between 5(¢;) and s(t;) indicate a better approximation of the
unknown function ¢(t). The pseudo-code of the fitness function in this study

is as follows:

Algorithm 1: Pseudo-code of the fitness function

Data: Input values: Coefficients of a polynomial approximating ¢(t)
Result: Fitness value of the input values

Function Fitness(Coefficients of a polynomial approximating q(t)):
L Calculate U(z;,t;) using System (3)

1 .
a‘7t.7')7stj )27

return ST

In Algorithm 1, as the approximation of ¢(¢) converges towards the ex-
act ¢(t), the denominator decreases. Consequently, the value of the fitness

function increases.

3 Improved imperialistic competitive algorithm (IICA)

The ICA is a powerful meta-heuristic algorithm that has been successfully
applied to a wide range of problems in science and engineering. Additionally,
in recent years, several authors have attempted to present improved versions
of the algorithm to enhance its effectiveness for optimization problems [7,
8, 35, 1, 34, 31, 33, 25, 32, 18, 13, 23]. This research paper represents the
first attempt to enhance the original ICA, transforming it into a powerful
method for function estimation in differential equations. In this section, we
first present the original ICA briefly in Subsection 3.1. Then, in Subsection
3.2, we present the improved version of the ICA, which is a powerful method

for function approximation in solving differential equations.
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3.1 Original ICA

The ICA is a robust and versatile meta-heuristic optimization technique that
has gained great attention in the fields of science and engineering. This
algorithm was developed to tackle a wide range of complex problems. The
ICA was inspired by the dynamics of imperialistic competition in societies.
This algorithm emulates the concept of countries competing for dominance
and resources, where each candidate solution to an optimization problem
is treated as an independent “country.” These countries try to spread their
dominance through various interactions, such as assimilation and colonization

[4]. The main steps of the original ICA are as follows:

1. initialization: First, initialize a population of candidate solutions (coun-

tries) randomly. Each country is considered as follows:
country;, = {a1,a2,...,am}.

Here, country; is the ith candidate solution with size m. In fact, a;,1 <

j < m indicate the coefficients of a polynomial as follows:
Y(x) = amx™ t F @y 12™ 2+ Fagzt +al.

Next, evaluate the fitness of each candidate solution. Then, select the
top Nimpires countries as the imperialists. Finally, form the empires by
dividing the remaining countries (colonies) among the imperialists in

proportion to the fitness of the imperialists.

2. Assimilation: In every empire, the colonies move towards their imperi-
alist using a randomly adjusted vector, which is scaled by a proximity
factor. This stage emulates the impact of imperialism on the colonies
and attempts to improve the fitness of each colony. The assimilation
operator works to bring the colonies of an empire closer to the charac-
teristics of the imperialist state within the search space. It like guides
the colonies to adopt the traits of the imperialist, somewhat similar to
how cultural assimilation happens where colonies start to resemble the

imperialist in certain ways.
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3. Exchanging positions of the imperialist and a colony: A colony may
find a better position than the imperialist as it moves closer to it. In
this situation, the imperialist and the colony swap their positions and
the algorithm continues. The exchange process involves the transfer of
colonies between imperialists based on the fitness value. This exchange

aims to improve the overall quality of both imperialists and colonies.

4. Imperialistic competition:

At first, the total power of an empire is evaluated using the following

equation:

T.C. ,, = Fitness (imperialist,, ) +{mean {Fitness (colonies of empire,)}

(4)
Here T.C,, is the total fitness of the nth empire, and £ is a positive
number that is considered to be less than 1. The strength of an empire
mostly depends on how strong its imperialist country is. However, the
colonies within that empire also have some influence, although it is not
very significant. The author suggests that by adjusting a factor called &,
we can change how much the colonies contribute to the empire’s overall

power. They recommend setting £ at 0.1 for a balanced approach.

Then, the imperialistic competition begins. All empires attempt to
acquire colonies belonging to other empires and take control of them.
This competitive, imperialistic process results in the gradual weakening
of less powerful empires and the strengthening of more dominant ones.
This competition is modeled by assigning one of the weakest colonies
from the weakest empires to a dominant empire. The dominant empire
is the one that wins the competition, which is based on the T.C' values

of the empires.

5. Eliminating the powerless empires: An empire that has no power will
be destroyed in the imperialistic competition and its colonies will be
distributed among other empires. Different criteria can be used to
model the destruction mechanism and determine when an empire has
no power. In the original ICA, an empire collapses when it loses all of

its colonies.
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Steps 3.1 through 3.1 are repeated until the stop criterion is met. These steps
are illustrated in Figure 1. Furthermore, Figure 2 illustrates the flowchart of
the original ICA.

Step 1: Step 2:
—_— Assimilation
. . Old positioan of a colony
= ®
] . L4 H
H . 3
2 ® 2
Feature 1 Heatared
Step 3: Step 4:
Exchange
Imperialist Competition
. . ——
o .lm..m-n.:. o Colony e
. R
. . il
- - .
a The weakest empire T
.E . . P
3 Sile . .
@ ®) "- “- .oe
" o )le .
ey D
Empire | Empire 2 Empire N
>
Featt 1
Step 5t
Eliminating an empire with no colnies
Empire | Empire 2
* . * .
N 5 N 5
N B 0.
D8 s
Empire 3 An empir with no colonies

Figure 1: The main steps of the original ICA.

3.2 Improved imperialistic competitive algorithm
(IICA)

Our improvements to the original ICA are as follows:

1. Smoothness: This improvement arises from the fact that in many meth-
ods, the unknown function that needs to be found is assumed to be
smooth [14]. In our paper, we assume that the unknown function ¢(t)

is a polynomial of degree n. The IICA, ICA, and GA attempt to approx-
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Are there
empires with
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No

[
|
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Evaluate total empires
7| power of each
empire

Are there colonies
better than their
imperialist in each
empire?

Stop
condition
satisfied?

No Imperialistic Yes

competition [

Exchange position of

Yes the best colony and
>| imperialist.

Figure 2: The flowchart of the original ICA.

imate the coefficients of the unknown function ¢(t) such that the fitness
value of the approximated ¢(¢) is maximized. During the middle iter-
ations of the algorithm execution, the values of the coefficients of ¢(t)
may vary too much between two successive values, which might cause
a big jump between ¢(tx) and ¢(tx+1). Consequently, we introduce a
step in which a procedure is executed to make the successive values of
the unknown vector ¢(t;) much smoother. To apply this smoothness
procedure to any elements of the coefficients vector ¢(t), the following

steps are performed:

o Calculate the mean of ¢; and ciyo as follows:

_ Ck t Cry2
—

e Then, move the value of c¢;1 toward m as follows:

Cp+1+aXm

1+« ’ (5)

Ck+1 =

where ¢; is a coeflicient of the candidate solution approximating the
unknown ¢(t) and « € IR is a hyper-parameter, which should be tuned
efficiently. Note that, at the beginning of the algorithm, we have the
value ¢(tg) = ¢q(0) = f(0) because the initial condition is known. Ad-

ditionally, for the last element of the candidate solution, we use the
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preceding value of m. The effect of the smoothness step is demon-

strated through an example in Appendix A.

. Correction: In many applications of meta-heuristic algorithms, there

exists a search space for the values of the unknown vector, typi-
cally within the range [LB,UB], where LB and UB stand for lower
bound and upper bound respectively. In our algorithm, following the
smoothness and assimilation steps, some values may surpass the inter-
val [LB,UB]. Consequently, it becomes essential to reposition these

values within the valid interval. This procedure is executed as follows:
cp =cp — B,

where (3 represents the amount by which ¢; has exceeded [LB, UB]. For
example, let us consider UB = 20, and suppose that c; has reached a
value of 25 after the smoothness and assimilation steps. Following the

correction step, ¢; will be adjusted to 15.

The whole procedure of the IICA is as follows:

1. Initialization: Generate randomly an initial population and create em-

pires.

. Assimilation: In every empire, the colonies move towards their imperi-

alism using a randomly adjusted vector.

. Smoothness: The smoothness procedure is applied to the candidate

solutions.

. Correction: The correction step is applied to the candidate solutions to

keep them inside the valid interval.

. Evaluation: Evaluate the fitness of the candidate solutions.

. Exchanging position: The imperialist and the colony swap their posi-

tions if the colony is better than the imperialist.

. Evaluation of empires’ total power: The total power of the empires is

evaluated.
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8. Imperialistic competition: The imperialistic competition is done.
9. Collapse: Empires without colonies collapse.

10. Repeat Step 3.2 to Step 3.2, until the predefined number of iterations

is not satisfied.

In fact, these two additional steps apply regularization to the coefficients of a
polynomial that approximates the unknown ¢(t), similar to the regularization
that is done in the machine learning realm [14]. Figure 3 illustrates the steps
of the improved ICA. We repeat steps 2 through 7 until the stop criterion is
met. Furthermore, Figure 4 illustrates the flowchart of the improved ICA.

Table 1 presents the parameters of a real-valued GA used in this paper.

Table 1: Parameters of the IICA

Representation Real valued vectors
Length of countries Degree of a polynomial
Range of entries [—1,1]

Initialization Random

Number of population 50 and 200

Number of empires 5 and 20
« 0.1
Collapse criteria Having no colony

Termination condition Number of generation

4 GA for the solution to inverse forms of Huxley

equation

The GA, which was mainly developed by Holland [15], is a search method
based on the Darwinian principles of biological evolution. This algorithm
has been successfully used for various optimization problems. The GA is a
stochastic optimization method that uses a population of chromosomes, each
representing a possible solution. By applying a genetic operator, each chro-

mosome improves gradually and becomes the basis for the next generation.
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Figure 3: The steps of the improved ICA.

The process continues until the desired number of generations is reached or
the predefined fitness value is achieved.

The procedure of a GA is as follows:

1. Generate at random an initial population of chromosomes.

2. Evaluate the fitness of each chromosome in the population.

3. Select some chromosomes as parents.
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Figure 4: The flowchart of the improved ICA.

4. Apply recombination operation on parents.
5. Apply mutation operation on offspring.

6. Evaluate the fitness of offspring.

7. Update the population.

8. Repeat Step 4 to Step 4, until the predefined number of iterations is

not satisfied.

Figure 5 presents the flowchart of the GA used in this paper.

Table 2 presents the parameters of a real-valued GA used in this paper.
To solve an inverse form of the Huxley equation using the GA presented in
this section, we consider each candidate solution (chromosome) a real-valued

vector as follows:
Chromosome; = {a1,as,...,am},

where Chromosome; is the ith candidate solution with size m in the pop-
ulation. Entries a;,1 < j < m indicate the coefficients of a polynomial as
follows:

Y(x) = ama™ " a1z P 4+ agzt +al. (6)
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Figure 5: The flowchart of the GA used in this paper.

Table 2: Parameters of the GA

Representation
Length of chromosomes

Recombination

Recombination probability

Mutation

Mutation probability
Parent selection
Survivor selection
Number of offspring
Initialization

Termination condition

Real valued vectors
Degree of a polynomial
One point crossover
100%

Adding a random value
1/n

Roulette wheel
Replace the worst

1

Random

Number of generation

Each candidate solution such as (6) is considered as the missing condition
q(t) of the Huxley equation.

In our GA, we initially generate a random population of a specific size and
evaluate their fitness. Then, as indicated in Figure 5, the main loop iterates
the number of iterations times. In each iteration, two candidate solutions
are selected as parents based on the roulette wheel selection method [11].

The recombination step, using one-point crossover, is applied to the selected
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parents, and a new offspring is created. Subsequently, the mutation step is
applied to the offspring by adding a small random value to a randomly chosen
entry. The population is then updated by replacing the worst individual with
the offspring.

5 Numerical examples

An inverse form of the Huxley equation, when 0 < z < 1, 0 <t < tyy, is as
follows [5]:

Ui(z,t) = Upy(z,t) + Uz, t)(1 — Uz, 1)) (U(x,t) — 1),
O<z<l, 0<t<T, (7a)

1 1 1
U(z,0) = = 4+ = tanh(——=x), b

1 1 —t
U(0,t) = = 4+ = tanh(—), (7c)

2 4
U(1,t) = q(t), (7d)

and the over-specified condition

S(tj)ZU(O.B,tj), ty=kxyj, j=12,...,N, (7e)

where k is the discretization step size time (t), and the function ¢(t) is missing.
In this equation, the exact U(z,t) and ¢(t) are § + %tanh(ﬁ(w - %)) and
14 %tanh(ﬁ(l - %)), respectively.

The primary goal of this paper is to solve an inverse form of the Huxley
equation by estimating its missing condition, denoted as ¢(t). To assess the
accuracy of the estimated function §(t), we employ the mean absolute error
(MAE) criterion. We calculated the MAE value over the interval [0, 1] with
a step size of h = 0.01 for each algorithm to demonstrate its precision. Table
3 presents the MAE values comparing the estimated §(t) and the exact ¢(t)
for the implementations of IICA, ICA, and GA. The population size is set at
50 for all algorithms, « (the parameter for the smoothness step in Eq. (5))
is fixed at 0.1, and the initial number of empires for both IICA and ICA is

5. It is important to note that, as meta-heuristic algorithms are part of the
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stochastic algorithm class, we ran the algorithms three times and reported

the best result out of all the outcomes in this paper.

Table 3: The MAE in [0,1] with the step size 0.01 between the exact ¢(t) and the
estimated function ¢(t) found by the IICA, ICA, and GA algorithms. These calculations

were based on a population size of 50, an « value of 0.1, and 5 empires

Num.of.Iter. MAE of the GA MAE of the ICA MAE of the IICA

100 0.05801 0.01227 0.00636
150 0.02166 0.01171 0.00444
200 0.01402 0.00608 0.00367
250 0.03842 0.00656 0.00417
300 0.04420 0.00392 0.00301
350 0.02635 0.00600 0.00221
400 0.01275 0.00351 0.00175
450 0.00825 0.00301 0.00186
500 0.00337 0.00255 0.00172

Figure 6 displays both the exact function ¢(¢) and the numerically ap-
proximated §(t) as determined by the IICA, which used 500 iterations, a
population size of 50, an « value of 0.1, and 5 empires. The figure shows that
the MAE across the interval [0, 1], with a step size of h = 0.01, is 0.00172.
Furthermore, in this section, we will expand our examination to see how in-
creasing the population size and the initial number of empires affects the
performance of the IICA.

Figure 7 shows the discrepancy between the exact function ¢(t) and its
numerical approximation ¢(t), as derived by the IICA. This was achieved
after 500 iterations, with a population size of 50, an « value of 0.1, and 5
initial empires.

We present the convergence patterns of the IICA, ICA, and GA as de-
picted in Figure 8, which is derived from Table 3. The figure clearly shows
that the IICA converges more rapidly than the ICA, and the ICA, in turn,
converges quicker than the GA. The figure also indicates that while the GAs
performance varies within the interval, the ICA and IICA demonstrate a

consistent improvement as the number of iterations increases.
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Figure 6: The exact ¢(t) and the approximated (numeric) ¢(t) found by the IICA with

iterations 500, population size 50, « = 0.1, and the number of empires 5.
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Figure 7: The difference between the exact ¢(t) and approximated (numeric) §(t) found
by the IICA with iterations 500, population size 50, @ = 0.1, and the number of empires
5.

Table 4 displays the MAE in [0,1] with the step size 0.01 comparisons
for the exact function ¢(t) against the approximated ¢(t) found by the IICA,
ICA, and GA algorithms. These results were obtained with a population size
of 200, an « value of 0.1, and an initial empire count of 20 for both the IICA
and ICA. The table clearly indicates that the precision of the IICA and ICA
improves with larger populations and more empires, whereas these changes
do not significantly impact the performance of the GA.

Figure 9 showcases the exact ¢(t) alongside the numerically approximated
4(t) found by the IICA through 500 iterations, a population size of 200, an
a of 0.1, and 20 empires. The figure indicates an MAE within the interval

Iran. J. Numer. Anal. Optim., Vol. 14, No. 3, 2024, pp 681-707



699 IICA for an inverse form of the Huxley equation
0.064 ' r |
-o-TICA
-B-ICA
0.05+- “* GA
£
5 %
5004 * ’
2
=
E 0.03- % |
< \
5002 * /
g o 7
¥
[ o *
000 e * |

L
300 350 400 450 500
Iterations

10 150 200 250
Figure 8: The convergence of the IICA, ICA, and GA extracted from Table 3.

Table 4: The MAE between the approximated ¢(t) and the exact ¢(t) by the implemen-
tation of the IICA, ICA and GA for population size 200, a = 0.1, and the number of

empires 20
Num.of.Iter. MAE of the GA MAE of the ICA MAE of the IICA
100 0.05280 0.00511 0.00302
150 0.06424 0.00320 0.00282
200 0.02392 0.00309 0.00139
250 0.03457 0.00320 0.00107
300 0.02326 0.00231 0.00104
350 0.03192 0.00203 0.00149
400 0.03222 0.00209 0.00094
450 0.03447 0.00147 0.00110
500 0.02410 0.00156 0.00083

[0,1], at a step size of 0.01, of 0.00083, which signifies a precise solution in
the domain of inverse form of NPDEs.

Figure 10 presents the comparison between the exact ¢(¢) and its numeri-
cal approximation §(t) as produced by the IICA, following 500 iterations, with
a population size of 200, an « of 0.1, and 20 empires. The figure demonstrates
that the absolute error is generally on the order of O(10~*) across most of
the interval. Between approximately 0.2 and 0.5, the error increases to the
order of O(1073). While there are fluctuations throughout the interval, the
MAE consistently remains at the order of O(107%).
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by the IICA with iterations 500, population size 200, « = 0.1, and the number of empires
20.

For illustrative purposes, we present the convergence of the IICA, ICA,
and GA extracted from Table 4 in Figure 11. As evident from the figure,
the convergence rate of the IICA surpasses that of the ICA and the GA. The
error value curve of the IICA consistently lies below those of the original
ICA and the GA. The performance of the GA fluctuates between 200 and
500 iterations, while both the ICA and the IICA steadily improve with an

increasing number of iterations.

5.1 Discussion

According to our experiments, the best result is achieved when « is set to

0.1 (the parameter for the smoothness step in (5)). Additionally, based on
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Figure 11: The convergence of the IICA, ICA, and GA extracted from Table 4.

the experiments, when the population size is less than 50, the accuracy of
the results is low, and increasing the population size beyond 200 does not
considerably improve accuracy. Therefore, we have reported these two val-
ues for the population size. Furthermore, according to the results, in general,
the performance of the original ICA is better than that of the GA, and the
performance of the IICA is better than both of them. Therefore, we focused
on the IICA to plot figures and analyze its performance. A good solution
using the IICA is obtained when the population size is 200, the size of the
initial empires is 20, and the algorithm is iterated 500 times. In this case, the
accuracy of the result is on the order of O(10~%), which is good accuracy in
the realm of the inverse form of NPDEs. Additionally, [LB,UB] is [—1, 1] for
all experiments. Due to the nature of the IICA algorithm, the population size
has a significant impact on its accuracy. This is the reason why we focused
on this parameter. Figures 6 and 9 show the exact ¢(¢) and the numeric §(t)
found by the IICA for population sizes 50 and 200, respectively. In these
figures, it is evident that generally, at the beginning and end of the interval,
the accuracy is better than in the middle of the interval. Moreover, for the
population size 200 in Figure 9, the figures exactly match, indicating that
the proposed improvement has reached a high accuracy. Figures 7 and 10
present the error study found by our proposed algorithm (IICA) for the pop-
ulation sizes 50 and 200, respectively. As can be seen from these figures, the
overall accuracy is better for the population size 200 than for the population
size 50. Figures 8 and 11 present the convergence of the IICA, the ICA, and
the GA with iterations from 100 to 500 for the population sizes 50 and 200,
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respectively. It is clear from the figures that our proposed algorithm (IICA)
converges better than other algorithms with different population sizes. In
fact, the error curve of the IICA is almost always below that of the ICA and
the GA. The slope of the convergence curve for the IICA and ICA does not
change significantly around the number of iterations of 500. Furthermore,
these figures show that the original algorithm converges faster than the GA
for a function approximation problem when the unknown function is consid-
ered a polynomial. As can be seen from Tables 3 and 4, increasing the size of
the population does not help the GA reach a better solution, and this algo-
rithm does not converge to a high accuracy when the number of iterations is
increased to the population size of 200. On the other hand, the convergence
of the IICA and ICA improves when the size of the population is increased
from 50 to 200.

6 Conclusion

The improvements presented in this paper make the original ICA a much
more powerful method for solving differential equations and function approx-
imation. Since, in general, in real-world applications, the unknown functions
are smooth, the smoothness procedure introduced in this paper helps the
algorithm reach a high accuracy in function approximation tasks faster. Fur-
thermore, this paper presents the application of meta-heuristic algorithms
in solving inverse forms of NPDEs, which are categorized as ill-posed and
challenging problems. The numerical results demonstrate that the IICA can
effectively and proficiently solve inverse forms of nonlinear PDEs. Given the
prevalence of inverse problems in applied fields, this method holds the poten-
tial for solving real-world challenges, which could lead to reduced execution
times and enhanced accuracy. In this paper, we considered polynomials as
basis functions to approximate the unknown function. In future research, an-
other set of functions, such as orthogonal functions (e.g., Jacobi polynomials,
Legendre polynomials, Chebyshev polynomials, and Gegenbauer polynomi-
als), could be considered as the basis functions. Additionally, future research
may involve the parallel implementation of the IICA. Moreover, other meta-

heuristic algorithms could be employed to tackle this class of problems, al-
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lowing for comparative analyses of their outcomes in relation to the results

obtained in this study.

Appendix A

Figure 12 illustrates the impact of the smoothness procedure on the vec-
tor x = [3,-7,15,—6,—17,18,—-19,9,13, —4] when o = 0.5. After ap-
plying the smoothness procedure, the resulting vector is denoted as z’/ =
(0.94, -2,8.7,~5.4,-9.2,7.3,-9.95,6.5,9.1, —2.2].

t.) bef King it
a(t) before making i
smoother
- q(t) after making it smoother
. :

-15 -

I
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 12: The impact of the smoothness procedure on a vector.
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Stability analysis and optimal strategies for controlling ...t

various reasons, and actual consumers. Therefore, our work contributes to
understanding product boycott behavior and the factors influencing this
phenomenon. Additionally, it proposes optimal strategies to control boy-
cott behavior and limit its spread, thus protecting product marketing and
encouraging consumer reuse.

We use mathematical theoretical analysis to study the local and global
stability, as well as sensitivity analysis to identify parameters with a high
impact on the reproduction number Ry. Subsequently, we formulate an
optimal control problem aimed at minimizing the number of boycotters
and maximizing consumer participation. Pontryagin’s maximum principle
is employed to characterize the optimal controls. Finally, numerical sim-
ulations conducted using MATLAB confirm our theoretical results, with
a specific application to the case of the boycott of Centrale Danone by

several Moroccan citizens in April 2018.

AMS subject classifications (2020): Primary 03C45; Secondary 90C31, 35F21.

Keywords: Modeling a boycott behavior; Local and global stability; Sensi-

tivity analysis; Optimal control problem.

1 Introduction

Boycotting a product is a conscious decision to refrain from buying or using
a particular product as a way to express disapproval or disagreement with
the company responsible for producing or selling it. This is due to various
reasons that may be related to the company’s practices, policies, or ethical
standards. Boycott behavior may include actively encouraging others to join
in abstaining from the product.

Ireland is where the word “boycott” first appeared in the late 1800s. It
comes from the name of Captain Charles Boycott, an English land agent
who worked in Ireland and rose to prominence as a representative of harsh
landlordism. Charles Boycott was singled out by the Irish Land League in
1880 during the Irish Land War for his inequitable treatment of tenants.
Boycott was effectively isolated and found it difficult to manage his land as a
result of the League’s encouragement of other farmers and laborers to refuse

to work for or conduct commerce with him. Over time, the act of isolating
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and refusing to comply has been referred to as a “boycott” and has been
employed globally as a means of political protest against unfair behaviors or
individuals [15].

Similar to what has been witnessed in many countries of the world, es-
pecially North African countries; Morocco has also witnessed the emergence
of protest movements and boycotts of many goods and products due to high
prices and the decline in purchasing power of citizens. On April 20, 2018,
this boycott first appeared on social media. The campaign targeted three
main suppliers to Morocco-Centrale Danone (dairy products), Sidi Ali Water
brand (bottled water), and African gas stations owned by the Aqua Group
(gasoline). As for other Arab countries, such as Egypt, Tunisia, and Jordan,
they chose to organize general strikes to demand improved living standards,
lower prices, and an end to austerity measures. Morocco has taken a differ-
ent tack by using the boycott to quietly express its anger at high costs and
destitution [7]. Moroccans gathered through this boycott to express their
dissatisfaction with high prices and the social and economic conditions in

which they live.

This and other similar topics have been the subject of many studies and
research projects in the social, economic, and political sciences [7, 11, 19,
9, 4, 1, 21]. However, there are still few mathematical studies and research
available on this topic [23, 24, 5, 13, 25].

In this paper, we adopt a compartment modeling approach commonly
used in epidemiology to model the spread of product boycott behavior in
a population. The compartment model is a widely used approach for ex-
plaining the transmission of infectious diseases. In epidemiological models,
populations are divided into several categories based on their disease status
(i.e., “susceptible,” “infected,” or “removed”), and the process of infection
depends on interaction with infected individuals. Likewise, we consider cit-
izens toward a product to be either potential adopters or boycotters and
consumers of the product. It closely resembles the phenomenon of conta-
gious, since boycotters have an important impact on prospective consumers
not using the product. It is, therefore, reasonable to model product boycotts
using the epidemiological approach. Hence, our work contributes to under-

standing the behavior of product boycotting and the factors influencing this
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phenomenon. Additionally, in this work, we propose optimal strategies for
controlling boycotting behavior and limiting its spread, thereby safeguarding
product marketing and encouraging consumer reuse.

We propose a mathematical model that describes citizens’ behavior to-
wards consuming a specific product, where individuals are divided into three
basic categories: Potential consumers of the product, boycotters who ab-
stain from purchasing, using, and consuming the product for various reasons,
and attempt to influence other individuals to adopt boycott behavior for
the product, and the class of consumers already using the product. By us-
ing Routh—Hurwitz criteria and constructing Lyapunov functions, we study
the local and global stability of the equilibriums. We examine the sensitivity
analysis of the model parameters in order to determine which parameters sig-
nificantly affect the reproduction number Rj. Using the theoretical results of
optimal control theory, we also propose optimal strategies to encourage po-
tential customers to purchase and use a company’s product and to persuade
and satisfy boycotters of the product.

The structure of this article is as follows. Section 2 is split into two parts:
the first part contains the proposed mathematical model, while the second
part contains some of the model’s fundamental characteristics. Section 3 is
also divided into parts. We start by analyzing the local and global stability
after some numerical simulations, and finally, we discuss the problem of the
parameter’s sensitivity. The optimal control problem for the suggested model
is presented in Section 4, where we also provide some results regarding the
existence of the optimal controls and use Pontryagin’s maximum principle to
characterize them. Numerical simulations are also provided in this section.

In Section 5, the paper is brought to its conclusion.

2 Mathematical model and fundamental characteristics

2.1 Mathematical model

Iran. J. Numer. Anal. Optim., Vol. 14, No. 3, 2024, pp 708-735
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Figure 1: Description of the model.

We consider a mathematical model PBC that captures the behavior of
citizens who might use a product, those that boycott the product, and those
who consume it. The graphical representation of the proposed model is shown
in Figure 1. The total population represented by N is split up into three
compartments:

The potential consumers (P) are a category of people that could consume
the product. The compartment P is increasing at the rate of A and represents
the number of people who can access the product and purchase or consume
it. It is decreased when potential consumers become actual consumers at rate
A. It is presumed that potential consumers can also become boycotters of the
product at rate k£ through meaningful interactions with existing boycotters.
Finally, the number of potential consumers due to natural death decreases at
a rate of .

The boycotters (B) who abstain from purchasing, using, and consuming
the product for various reasons, and attempt to influence other individuals
to adopt boycott behavior for the product. This compartment is increased
through effective contact with potential consumers who stop using the prod-
uct as a result, at a rate k. It is lowered, either by natural death at a rate of
1 when boycotters change their opinions about the product and become new
actual consumers, at a rate §.

The actual consumers (C) are those who buy and consume the product.
When boycotters change their position and start using the product, the con-
sumer’s compartment is increased at a rate of §. Likewise, it increases at a
rate A when potential consumers are convinced to use the product. Natural

death reduces it at the rate p.
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The numbers of people in each of the three classes at time ¢ are represented
by the variables P(t), B(t), and C(t), respectively. Time can be measured in
years, months, days, or other intervals depending on how frequently survey
studies are conducted as needed.

The equation N (t) = P(t)+ B(t) + C(t) represents the overall population
size at time t. We suppose in this work that N is constant. This model’s

dynamics are controlled by the nonlinear system of differential equations

below. PB
P:A—kW —(n+ NP,
. PB

C = AP +6B—uC,

where P(0) > 0, B(0) > 0, and C(0) > 0 are the given initial states.

2.2 Fundamental characteristics

Since system (1) reflects the population of humans, it is necessary to demon-
strate that all of the system’s solutions with positive initial data are bounded
and will remain positive for all times ¢ > 0. The following lemma and theorem
will establish this.

2.2.1 The positivity of the model’s solutions

Theorem 1. If the initial conditions are positive, that is, P(0) > 0, B(0) >
0, and C(0) > 0, then the solutions P(t), B(t), and C(t) of system (1) are
positive for all t > 0.

Proof. The first equation of system (1) indicates that

aP(t) (kB(t)

R R LG @)

Multiplying the inequality (2) by

exp Uot (kB]i;))Jr(AJru)) dv],
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we have

‘”;Et) exp [ /O CB)/N + A+ ) dv]

+ [kB(t)/N + (A + p)].P(t) exp {/0 (kB(v)/N + (A+p)) dv] > 0.

% {P(t) exp [/Ot (kBJ(VU) + (A + M)) d“” > 0. (3)

Integrating (3) gives

Then

)

P(t) > P(0) exp Uot <—/€B](\;)) - (A —|—,u)> dv] .

So, the solution P(t) is positive.

Likewise, utilizing system (1)’s second and third equations, we have
B(t) > B(0)exp[—(6 + pn)t] > 0

and
C(t) > C(0) exp(—ut) > 0.

Thus, we can observe that system (1)’s solutions P(t), B(t), and C(t) are
positive for all ¢ > 0. O

2.2.2 Invariant region

Lemma 1. If the initial conditions are positive, that is, P(0) > 0, B(0) > 0,
and C(0) > 0, then the region €2 defined by

Q= {(P(t), B(t),C(t)) e R3,P(t)+ B(t) + C(t) <
Proof. When we sum up the system equations (1), we get

= |

is positive invariant for system (1).

dN

< A— (M +pN.
s A+ )

Then,
t
N(t) < N(0) + At + / —uN(v)dv.
0
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Using a Gronwall lemma, we get
A
Nﬁ)SN@MHW#@+7j1*wM*M»
. o . A
for the population’s initial values as a whole. So, tlim sup N(t) = —. For
s ju

system (1), it suggests that the region  is a positively invariant set.

Thus, the dynamics of the system must be considered in the set 2. O

3 Analysis of stability and model parameter sensitivity

This section investigates the system (1)’s stability behavior at both a boy-
cotted equilibrium point and a boycott-free equilibrium point. System (1)

possesses the subsequent two equilibrium points:

A AA
(1) boycott-free equilibrium given by Ey = ( ,0, > The
Adp’ 7 p(A+ p)
situation in which there are no boycotters in the population.

(2) boycotted equilibrium point, if Ry > 1, given by E* = (P*, B*,C*),

where P* = A0+ ,u)7 B* = AR+ 1) (Ro = 1)’ and
ik ke
2 _
c* = AAQ + )" +0AN + 1) (8 + 1) (Ro 1). This equilibrium re-
(6 + p)k

flects the situation in which a product boycott becomes widespread

among the populace.

Here, Ry is the basic reproduction number given by

uk

o= 0o+ m

In the field of epidemiology, the basic reproduction number Ry denotes the
mean quantity of secondary infections among a fully susceptible population.
This threshold, as it relates to our work, denotes the mean number of
prospective consumers that a boycotter will convince not to use the product
during his interaction time.
In fact, if we assume that x = (B, C, P), then the system (1) may be
expressed as

dx
o = F@) - W),
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where

and
(6+wn)B
W(z)= | —AP =8B+ puC
BP

At the free equilibrium FEj, the Jacobian matrices of F(z) and W(x) are

Iyyo O
DF(Ey) = 0
0 00
and
Wasxo 0
DW(EO) = —A ’
LI
(A+w)
where
pk 0
F=|XA+p
0 0
and
0 0
w0V,
-5 pu
At last, we have
_ uk
Ro=p(FW 1) = .
0 =P W) = GG

3.1 Analysis of local stability

This section examines the boycotted equilibrium’s and the boycott-free equi-

librium’s local stability.
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Theorem 2. If Ry < 1, then the boycott-free equilibrium FEy is locally
asymptotically stable; if Ry > 1, then Ej is unstable.

Proof. At FEy, the Jacobian matrix is provided by

wk
Ty
J(Eo)=1| 0 (A’jru) —(64m) 0
A 1) —

Consequently, eigenvalues of J(Ey)’s characteristic equation are

Cl = —H,
CQ 7()\+N)7
G = (04 p)(Ro — 1).

Clearly, the first and second eigenvalues (; and (o, respectively, are negative.
The third eigenvalue is also negative supplied that Ry < 1.

We deduce that the boycott-free equilibrium FEj is locally asymptotically
stable if Ry < 1, while it is unstable if Rg > 1. O

After that, we assert the following theorem to ascertain the stability of

the boycotted equilibrium E*.

Theorem 3. The boycotted equilibrium E* is locally asymptotically stable
if Rg > 1.

Proof. At E*, the Jacobian matrix is provided by

B* P*
fk:N* —(A+p) fk:N* 0
J(E") = kﬁ* kff*—(ﬂu) 0|
A 1) —u

which is provided by its characteristic equation
¢+ arC® + asx( + a3 =0,

where

ay = iz +p
(k+A) "
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2
2 = s e N+ (o 1),
k3
as = m + /.L(/.l + )\)(/,L—l- 5)(R0 — 1).

Applying the Routh-Hurwitz criterion [6], if a1 > 0, ag > 0, and ajas > as,
then system (1) is locally asymptotically stable.
Therefore, if Ry > 1, then E* is locally asymptotically stable. O

3.2 Analysis of global stability

The boycotted equilibrium E* and boycott-free equilibrium Ej of the model
(1), respectively, constitute the global asymptotic stability that we are now

concerned with.

Theorem 4. The free equilibrium Ejy of system (1) is globally asymptotically
stable on Q if Ry < 1.

Proof. Consider the Lyapunov function V; : @ — R in the manner men-

tioned below:

(A+0+2u)N

Vi(P.B) = -

[(P—P°% +B]" + B.

1
2
Computing the time derivation of V;, we get

(A + 5: 20N 5

Vi(P,B) = (P—P°+B)[A— (A4 )P — (6 + p)B] +
Due to A = P°(\ + u), (4) becomes

Vi(P,B) = (P — P° + B)[~(A+ ) (P — P*) — (5 + w)B]

+()‘+52'2M)NB
— —(A+p) (P=P°)* = (5 + ) B?
(6 +p)N

—(\+ 3+ 21) = (1 - Ro)B.

Consequently, Vl(P, B) <0 for Ry < 1.
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Moreover, if Ry < 1, then Vl(P,B) = 0 is equivalent to B = 0 and
P = PO,

Thus, Theorem 4 has been proved, and we can now say that by LaSalle’s
invariance principle [12], the boycott-free equilibrium Ey is globally asymp-

totically stable on €. O
The global asymptotic stable theorem for the boycott-free equilibrium E*
is then presented as follows.

Theorem 5. The boycotted equilibrium E* of system (1) is globally asymp-
totically stable on Q if Ry > 1.

Proof. Consider the Lyapunov function V5 : € — R in the manner men-

Va(P,B) = Y1 {P—P* (”“‘ (éD))]
o[ (1 (121)]

where Y7 and Y5 are positive constants to be chosen later.

tioned below:

Computing the time derivation of V5, we get

Va(P.B) = T (vi ~a)(B~ BY)(P - P)

(P — P*)?
—AY|———.
PP
For Y1 =Y, =1, we get
; (P—P*)?
— A~ <
Va(P.B) = —AS— - <0,

and

Va(P, B) = 0 is equivalent to P = P*.

Thus, Theorem 5 has been proved, and we can now say that by LaSalle’s
invariance principle [12], the boycotted equilibrium E* is globally asymptot-
ically stable on €. O
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3.3 Sensitivity analysis of the model’s parameters

Sensitivity analysis is widely used to determine which parameters significantly
affect the reproduction number Ry or to evaluate a model’s resilience to
parameter values. In the context of [2, 14, 18], a sensitivity analysis of the

model (1) is conducted.

Definition 1. If £ is a variable that depends differently on ¢, then its nor-
malized forward sensitivity index (S.I.) is defined as follows:
o€ t
T ==,
$T o€
Specifically, the following are the computerized S.I.s of the fundamental

reproduction number Ry concerning the model parameters:

TRO:aRO.ﬂ: )\(5—/12

P ouw Ro (A +p)(d+p)
TRO_%£—1

k7 9k "Ry
o OFo O

6 8(5'R0_ 5+,U7
’I‘RO_%A—_i)\

N TN Ry a+p

A positive value of the S.I., that is T?O indicates that an increase (decrease) in
the value of each parameter in this instance results in a proportional increase
(decrease) in the basic reproduction number of the disease. Conversely, the
negative sign of S.I. suggests that an increase (decrease) in the value of each
of the parameters leads to a corresponding decrease (increase) in the basic
reproduction number Ry. As an illustration, TkRO = 1 implies that a 15%
increase or decrease in the effective contact rate k will result in a 15% increase
or reduction in the basic reproduction number Ry. In Table 1, we present

the sensitivity indices of all model parameters.

Therefore, sensitivity analysis provides information on the appropriate
intervention tactics to stop and manage the emergence of a product boycott

across the communities outlined in the model (1).
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Table 1: Description and S.I. of parameters
Parameter Description Value S.I.
" The natural death rate 0.053 | +0.077
k The effective impact rate of boycotters 0.4 +1
1) The rate at which boycotters convert to 0.01 —-0.15

actual consumers
A The rate of transition of potential consumers 0.6 —0.91

to actual consumers

3.4 The numerical simulation

To support our theoretical findings on the stability analysis of the system
(1), we provide some numerical simulations in this part. Certain simulation
parameters are taken from [16, 17, 10, 20], which discusses the Moroccans’
boycott of Centrale Danone [7]. The boycott lasted approximately one year,
starting on the 20th of April 2018 [17], so we take ¢ty = 255 days. Each of the
two sections of our testing is intended to demonstrate a different feature of the
design. First, we aim to test Theorem 4, which states that the boycott free
equilibrium Ej of system (1) is globally stable on Q. We choose parameters
A =1375244, A = 0.6, 6 = 0.01, p = 0.053, k = 0.4, and N = 25950000, and
we note that the parameter’s model units in this work are in days.

From Figure 2, where Ry < 1, we can easily observe the global stability
of the equilibrium Fy = (2.106 x 10°,0,2.384 x 107) such that the variables
(P), (B), and (C) converge to the equilibrium point Ej.
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x10°

The prospective consumers P()

L L
0 50 100 150 200 250 300

The boycotters B(t)

300

The consumers C(t)

L
0 50 100 150 200 250 300

Figure 2: The convergence of the solutions to the equilibrium point Ejy.
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The second series of tests (see Figure 3) simulates the spread of boycott
behavior of Central Danone’s company in the population as a result of high
prices and low product quality [7]. By chosen A = 1375244, A = 0.2, § = 0.01,
© = 0.053, £ = 0.6, we have Ry > 1. Then, according to Theorem 5, the
equilibrium E* = (2.724 x 105,1.089 x 107,1.233 x 107) is globally stable.

The boycotters B()

i i i i i i i i i i
0 50 100 150 200 250 300 0 50 100 150 200 250 300
Days() Days(f)

(a) (b)

The consumers C(t)

. . .
150 200 250 300
Days(t)

()

Figure 3: The convergence of the solutions to the equilibrium point E*.
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4 The Problem of optimal control

4.1 Problem synopsis

By targeting its products with boycott campaigns, each producing company
aims to protect the level of sales of its product and maintain its loyal cus-
tomers. To achieve this, appropriate strategies must be adopted to ensure
that the number of consumers C(t) is maximized and the number of inter-
rupters B(t) is minimized over the period [tg,t;]. For that, we propose in
this work two controls. The control u; represents the effort made to intro-
duce the product and encourage possible consumers to use it by promoting
it through social media, including promotions and offers. The control us in-
dicates the efforts to deal with boycotters by understanding the reasons for
their position and striving to meet their demands, including developing the
product, gradually lowering its price over time, and providing incentives to

the product’s users. Thus, we consider our controlled mathematical model:
P t

A- (év” (14 NP(E) — w ()P()

Br) = O30 — (B (), 5)

AP(t )+5B( ) — MC( )+U1(t)P(t) + uz(t)B(?),

Q-
=

~
=

|

with the initial conditions Py > 0, Cy > 0, and By > 0.
The problem is to minimize the objective functional,

M,

J(ul,ug):B(tf)—C(tfH/tf[B(v) C(v )+7u1

M,

(v)+ =~ uz(v)]dv, (6)

where t; is the final time, and the parameters M; and M, are the strictly
positive cost coefficients; they are selected to weigh the relative importance

of u; and us at time ¢.

In other words, we look for the optimal controls u; and us such that

Ji,uy) = min  J(ug,us),
(u1,uz)€U2,

where U, is the set of admissible controls defined by
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Uga = {u;i(t) : 0 <wu; <1,fori=1,2, and t € [to,tf]}.

4.2 Optimal controls’ existence

Fleming and Rishel’s result (see [8, Corollary 4.1]) can be used to determine

whether the optimal controls exist.
Theorem 6. Take into consideration the system (5) with control problem.
An optimal control (uf,u}) € U2, exists such that

Ji,uy)= min  J(u,u
( 1 2) (U17UQ)EU§d ( 1 2)

if all of the following conditions hold:
1. The set of corresponding state variables and the controls is nonempty.
2. The U,q control set is closed and convex.

3. A linear function in the state and control variables bounds the state

system’s right side.

4. The integrand L(P, B,C,uy,us) of the objective functional is convex

on U,q and there exist constants c¢1, co > 0, and € > 1 such that:

€/2
L(P,B,C,ul,ug) > —c1+co (\ul\Q + |UQ|2) / .

Proof. Condition 1. To prove that the set of corresponding state variables
and the controls is nonempty, a simplified version of an existing result (see
[3, Theorem 7.1.1]) is used.

Let P = Op(t; P,B,C), B = Op(t;P,B,C), and C = O¢(t; P, B,C),
where Op, Op, and O¢ from the equations system (5)’ right-hand side.

Let u;(t) = ¢; for ¢ = 1,2 for some constants, and because all parameters
are constants, and P, B, and C' are continuous, then Op, Og, and O¢ are

also continuous.

00p 00p 00p 00p 00p 0Op
P’ 9B’ 9C’ 9P’ 9B’ 9C’

are all continuous. Consequently, there exists a unique

Moreover, the partial derivatives
00¢ 00¢ 00¢

d
9P 9B aC
solution (P, B, C) that fulfills the initial conditions.
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Therefore, the set of corresponding state variables and the controls is

nonempty, and Condition 1 is satisfied.

Condition 2. By definition, U, is closed. Take any controls vy, vy € Ugg
and € € [0, 1], then 0 < evy + (1 — €)vs.

Moreover, we note that evy < e and (1 —¢)vg < (1 —¢). Then evy + (1 —
el <e+(l—g)=1.

Therefore, 0 < evy + (1 — €)ve < 1, for all v1,v9 € Uyg and € € [0,1].

Hence, U,q4 is convex and Condition 2 is fulfilled.

Condition 3. Using the differential equations system (5), we get

YN A— N,
a =0T H

So, A
lim sup N(t) < —.

t—o0
As a result, every solution for model (5) is bounded.
Thus, there exist positive constants Rq, R, and R3 such that for all ¢t €

[th tf] y

P(t) S R17

B<t) < R27

C(t) < Rs.
We take into consideration
' EP(t) — us(t)B(t),

Oc = C(t) < AP(t) + 6B(t) + u1 (t) Ry + us(t) Ry

Then, system (5) can be rewritten in a matrix from as

O(t; P,B,C) < A+ BX(t) — RU(t),
T
[ 4

T T
where O(t; P, B,C) = [0p Op Oc = [a00] , xt) = [PBC]

U(t) = [Ul uQ}T, and
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000 0 O
B=1k00]|, R=10 B
Ad0 -P-B

The control vector and state variable vector are given by a linear function.

Consequently, we are able to write

0@t P, B, C)l| < Al + I BIIX @ + I RIIU @)l
<Y+ ([XO+ U@,

where ¢ = |||l and @ = max (| B, | Bl})-

As a result, we can observe that the sum of the state and control vectors

bounds the right side. Consequently, condition 3 is met.

Condition 4. The integrand in the objective functional (6) is convex on
U,q. The goal is to demonstrate that there exist constants c¢;,co > 0 and
€ > 1 such that the integrand L(P, B,C,u1,us) of the objective functional

satisfies

M M-
€/2
> —c1 +co (|'LL1|2 + ‘u2‘2) / .

Since the state variables are bounded, let € = 2, ¢; = 2 sup (B,C), and
te[to,ts]
My Mo

co = inf( R ). Subsequently, it implies that

€/2
L(P,B,Cyuy,uz) > —c1 + ¢ (Jua]? + ual?)”*

4.3 The optimal controls’ characterization

In this part, we make use of Pontryagin’s maximal principle [22]. The key
idea is to use the adjoint function to produce the Hamiltonian function by
connecting the differential equations system to the objective function. This

idea transfers the problem of finding the control to optimize the objective
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functional subject to the state of differential equations with initial condition
and then finds the control to optimize the Hamiltonian pointwise (concerning

the control).

The Hamiltonian H in time ¢ is defined as

3
H(t) = B() ~ )+ SHd(0) + 22300 + 32 Gfe
i=1

2
where f; represents the right side of the ith state variable’s differential equa-

tions system (5).

Theorem 7. Given an optimal control u* = (u},u}) € U2, and correspond-
ing solutions P*, B*, and C* of corresponding state system (5), there exist

adjoint functions (y, (2, and (3 fulfilling

=62 s mm) - @B - G+ ),
b=—1+ak ol sy -G wmy. O
(s =14 Cap.

At the time ¢y, given the transversality conditions, we have

Gi(ty) =0,
Colty) =1,
Glty) =—1

Moreover, the optimal controls uj(t) and u3(t) for t € [to,ts] are provided by

ui6) = min {1.max {0, 5= PO - () |}, (%)
w(t) = min {1.max {0, - BO@(0) - @) |} ©)
Proof. The Hamiltonian H in time ¢, is defined by
H(t)=B(t) - C(t) + %ui(t) + %u%(t)
A= k2020 P i P0)
6k 2O (54 B — us()B0))
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+G{AP(t) + 6B(t) — pC(t) + ur (t) P(t) + uz(t) B(¢)}.

Using Pontryagin maximum principle, one may obtain the transversality con-

ditions and adjoint equations, for ¢t € [to,ts], such that

: 0
Q=0 G=-95.

: 0
Gl =1, GO =-95.

: 0
G(ty) = —1, G(t) = —%'

The optimality condition can be used to solve the optimal controls uj(t) and

u3(t) for t € [to,ty]. We have

gTi = Miu(t) + GO{=P(O)} + GO{P[0)} =0,
gTZ = Maus(t) + GO{=BO)} + GO{B®)} =0.
That is,
up(t) = Milp(t)«l(t) — G3(t),
w(t) = T BOG - G).

It is easy to obtain uj(¢) and w3(¢) in the form of (8) and (9) by the bounds

in U,q of the controls. O

4.4 The numerical simulation

We have starting conditions for the state variables and terminal conditions
for the adjoints in our control problem. The optimality system is a two-point
boundary value problem with discrete boundary conditions at periods step
i = to and i = ty. We solve the optimality system iteratively by solving
the adjoint system backward after solving the state system forward. We first
estimate the controls in the first iteration. Next, we adjust the controls before
the subsequent iteration based on the characterization. We continue until the

next iteration converges. The following data are used to create and compile
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a code in MATLAB: A = 900000, A = 0.05, 6 = 0.011, x = 0.053, k = 0.95,
and N = 25950000 (the parameter’s model units are in days).
Strategy 1: Correcting fallacies and restoring confidence in the product.
In this strategy, we concentrate the efforts, using optimal control us, to
deal with boycotters by understanding the reasons for their position and
striving to meet their demands, including developing the product, addressing

negative rumors, restoring their confidence, and gradually lowering its price.

x10'

—— Cwithout control u2 —— B without control u2 = — - B with control u2
134”\ — = - Cuith control u2

The consumers C(t)

o
>
|
I
1
|
1
|
|
1
1
|
1
1
|
1
1
|
1
1
|
1

The boycotters B(t)

06

'
04t

'

05 \

\

\

02 \
AR

1 i i i i i i
0 50 100 150 200 250 300 0 50 100 150 200
Time (days)

Time (days)
(a)

I |
250 300

(b)

Figure 4: Optimal consumers and boycotters with and without control 3.

From Figures 4a and 4b, we can see that the number of consumers of
the product has grown from 4 x 10° to 8.243 x 10%. Also, the number of
boycotters has decreased from 1.125 x 107 to 1.392 x 106.

Strategy 2: Publicity and Marketing.
Using the optimal control uj, this strategy focuses on stimulating and
compelling advertising to encourage and motivate potential consumers to

use the product and protect them from being affected by boycott campaigns.
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B without control ul — — - B with control u1]

The consumers C(t)
The boycotters B(1)

150 200 250 300 0 50 100 150 200 250 300
Time (days) Time (days)

(a) (b)

Figure 5: Optimal consumers and boycotters with and without control uj.

From Figures 5a and 5b, we observe that the number of consumers in-
creased from 4 x 10° to 1.616 x 10”. Also, the number of boycotters decreased
from 1.125 x 107 to 3.174 x 106.

Strategy 3: Encouraging and motivating potential consumers and tar-
geting boycotters.

This strategy aims to improve the numerical outcomes of cases 1 and 2

by activating simultaneously the two optimal controls u; and us.

250 25

~— Cwithout control ul and u2 = = - C with control ul and u2| B without control ul and u2 = = - B with control ul and u2|
'\
'y
2F v
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Figure 6: Optimal consumers and boycotters with and without controls v} and 3.
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From Figure 6a, we show clearly that the number of consumers grows
significantly from 4 x 105 to 1.617 x 107. Also, Figure 6b shows that the
number of boycotters dropped from 1.125 x 107 to 3.255 x 103, which means
the proposed strategy is more effective when we combine two optimal controls
uj and u3.

Ultimately, we deduce that the suggested approach becomes more suc-
cessful when we combine the two optimal controls, v} and u3.

Therefore, we observe that as the number of boycotters decreases, their
influence on potential consumers diminishes as well, and thus trust is renewed
between the product and the consumer. Consequently, a large number of
consumers tend to give the product another try, often in a shorter time. This
is particularly evident with the introduction of marketing campaigns that
address misconceptions, highlight new features of the product, and interact

positively with citizens’ demands to respect reasonable prices.

5 Conclusion

In this research, we proposed a mathematical model that describes the boy-
cott behavior of citizens regarding a product. We studied the stability anal-
ysis of the equilibriums of the proposed model, as well as the sensitivity
analysis, in order to know more about the parameters that have a high im-
pact on the reproduction number Ry. Using the results of optimal control
theory, we have presented optimal strategies to persuade boycotters of a
product to retract their position and thus reduce their influence on potential
consumers. We ultimately concluded that both the number of boycotters
and their influence on potential consumers decreased, leading to a renewal
of trust between the product and the consumer. Consequently, a large num-
ber of consumers tend to give the product another try, often in a shorter
period, especially with the launch of marketing campaigns that rectify mis-
conceptions, highlight new features of the product, and interact positively
with citizens’ demands to respect reasonable prices. This study could have
other interesting extensions, such as studying stochastic stability and opti-
mal control in a stochastic version of our model through stochastic outcomes.

This approach provides an additional degree of realism compared to its de-
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terministic counterpart via a stochastic differential equation and includes the

effect of a fluctuating environment.
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for solving the generalized

Burgers—Fisher’s equation

S. Shallu® ™ and V.K. Kukreja

Abstract

An improvised collocation scheme is applied for the numerical treatment of
the nonlinear generalized Burgers—Fisher’s (gBF) equation using splines of
degree three. In the proposed methodology, some subsequent rectifications
are done in the spline interpolant, which resulted in the magnification of the
order of convergence along the space direction. A finite difference approach
is followed to integrate the time direction. Von Neumann methodology is
opted to discuss the stability of the method. The error bounds and conver-
gence study show that the technique has (s* 4+ At?) order of convergence.
The correspondence between the approximate and analytical solutions is

shown by graphs, plotted using MATLAB and by evaluating absolute error.
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1 Introduction

Luet al. [17] found that the generalized Burgers-Fisher’s (gBF) problem is an

extension of generalized Fisher’s equation, which is as mentioned hereunder:
Vg = Bz + f(v,02), € (a,b), te (tg,T). (1)
Equation (1) can be expressed in the operator form as mentioned below:

LE/B/UII —’Ut+f(U,Uz), (2>

with the initial condition as:

and the boundary conditions as:
Bv=Q, on 0%, X [ty,T], (4)

where f(v,v;) = —av’v, + (1 —v7), ®, = (a,b), B is the boundary
operator defined as Bv = ay(z,t)v(z,t) + as(x, t)v,(z,t). Here v represents
the traveling wave phenomena with ¢ > 0 and T' > tg. Also a, £, and 7~
correspond to the convection, diffusion, and reaction coefficients, respectively.

With o =1, (1) becomes the Burgers—Fisher’s equation given below:
v+ avvy = Buge +yw(l —v), z € (a,b), teE (to,T). (5)

This is known as the Burgers—Fisher’s equation because it has convective
phenomena from the Burgers’ problem, diffusion transport along with re-
action characteristics from the Fisher’s equation. Thus, it is a blending of

convection, diffusion, and reaction mechanisms. The proposed problem was
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used by Sachdev [26] in self-similarity. When v = 0, (5) becomes the Burg-
ers’ problem, which was used by Lighthill [16] in the investigation of sound
waves in a viscous medium. When o = 0, (5) reduces to the modified Fisher’s

problem, which was used by Murray [23] in mathematical biology.

Since two nonlinear terms occur in (5), therefore analytical methods such
as Laplace, Fourier, and other classical approaches to integrate the system
become invalid. Due to this, the traveling wave solution of the gBF equation
was found by Fan [7] using the extended tanh-function and the Riccati equa-
tion. Mickens and Gumel [19] studied the properties of the Burgers—Fisher’s
problem and worked on its numerical solution using the nonstandard finite
difference technique. Kaya and Sayed [15] obtained an explicit series solution
of the gBF equation without any transformation and compared it with the nu-
merical solution obtained using the Adomian decomposition technique. This
technique was extended by Ismail, Raslan, and Abd Rabboh [12] to analyze
the Burgers—Fisher’s and Burgers—Huxley’s equation. Javidi [13] solved this
equation using a combination of pseudospectral Chebyshev and Runge-Kutta
fourth-order methods. A variational iteration scheme based on Lagrange mul-
tipliers to construct correction functions for the gBF problem was adapted
by Moghimi and Hejazi [21]. Wazwaz [38] derived the sets of traveling wave
solutions as well as kinks and periodic solutions of the gBF equation using
the tanh-coth method. The spectral domain decomposition technique with
Chebyshev polynomials for spatial derivatives and RK4 for time integration
was used by Golbabai and Javidi [10]. Zhu and Kang [40] applied the B-spline
quasi-interpolation technique and opted for forward difference for temporal
discretization to solve the Burgers—Fisher’s equation. A finite difference tech-
nique of sixth-order for space, and the third-order Runge-Kutta method for
temporal domain was applied by Sari, Girarslan, and Dag [30] for the gBF

equation.

Bratsos [2] implemented the finite difference technique of order four for
space discretization and a predictor-corrector technique for solving the re-
sulting nonlinear system. Sari [29] adapted the polynomial-based differential
quadrature technique for space and the SSP-RK scheme of third-order for
time to solve the gBF equation. Tatari, Sepehrian, and Alibakhshi [35] used

the collocation method with the radial basis function to solve the system of
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nonlinear equations by the predictor-corrector method. Zhao et al. [39] used
the Legendre—Galerkin formulation for space discretization with Chebyshev—
Gauss—Lobatto node points and leapfrog scheme for temporal discretization.
Mohammadi [22] used an explicit exponential spline difference scheme for the
gBF equation and analyzed convergence, error, and stability properties with
the energy method. The limitation of the work was the large computational
time. A modified spline collocation technique with the SSPRK-54 scheme
was applied by Mittal and Tripathi [20] to analyze the gBF problem. Malik
et al. [18] adapted a heuristic genetic algorithm scheme for the gBF equation

based on an exp-function hybridization technique.

Chandraker, Awasthi, and Jayaraj [4] applied two implicit finite difference
schemes to solve the Burgers—Fisher problem; one was semi-implicit and the
other was based on the modified Crank—Nicolson method. Al-Rozbayani and
Al-Hayalie [1] applied three different finite difference schemes to solve the
Burgers-Fisher’s equation. One is an explicit method, the other is an expo-
nential method and the third one is the Du Fort-Frankel method. Hepson
[11] implemented an extended B-spline collocation technique to solve the
gBF equation. Saeed and Gilani [27] proposed a combination of the CAS
wavelet method with a quasi-linearization scheme to solve the gBF equation.
Sangwan and Kaur [28] applied a piecewise uniform Shishkin mesh with ex-
ponentially fitted splines and for temporal discretization, the implicit Euler
method was adopted. The quasilinearization was used to deal with the non-
linear terms. Bratsos and Khaliq [3] adapted an exponential time differencing
technique in which a nonlinear system was solved by a second-order modified

predictor-corrector scheme.

In this study, we employ an extrapolated collocation algorithm to in-
vestigate the gBF equation. This method, previously utilized by Shallu,
Kumari, and Kukreja [34, 31, 32], has been successfully applied to solve
second-order self-adjoint equations, modified Burgers’ equations, as well as
RLW and MRLW equations. We enhance the methodology by utilizing im-
proved cubic B-splines for spatial discretization and employing a weighted
finite difference method for temporal discretization. These adjustments lead

to a notable enhancement in the convergence order in the spatial domain.
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The structure of the paper is as follows: In Section 2, we detail the con-
struction and implementation of the improved B-spline collocation method-
ology for addressing the given problem. Subsequently, we conduct a con-
vergence analysis in the spatial domain. In Section 3, we proceed with the
discretization of the temporal domain. Section 4 involves the utilization of
the von Neumann method to assess the stability of our proposed approach.
In Section 5, we present solved examples to demonstrate the effectiveness of
our technique and its superiority over existing data. Finally, in Section 6, we

provide a summary of our findings.

2 New cubic B-Spline collocation technique

Consider the uniform subdivision of the I, space domain with s = (b—a)/M
as the step length of the space domain and M + 1 is the number of nodal
points. The structure of cubic splines C, 3(x) is given in [24]. The numerical
solution can be written as follows:

M+1

W(z,t)= Y dp(t)Cyla). (6)

p=-1

2.1 Corrections in the second-order derivative

Assume that the spline interpolant W (zx, ) fulfills the given constraints:

(I) the interpolatory constraints, for p =0,1,..., M:

W(zp,t) = v(wp, 1), (7)

(IT) at the end nodal points, for p = 0 and M:

2
s
Wz (@p,t) = vgg(zp,t) — ﬁvmm(xp,t). (8)

Theorem 1. The following relations hold among the cubic spline interpolant
(CSI) W(x,t) and the exact solution v(z,t), where v(z,t) satisfy (7) and (8)
forp=0,1,..., M:
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2
W (2p, t) = Veu (2, t) — %vmm(xp,t) + 0(84),
We(zp,t) = vg(xp, t) + 0(54).

In addition,

| W@ — 0@ | o=0(s*77), j=0,1,2

where W) and v\) represent the jth derivative with respect to “z”.

Proof. See [5]. O

Lemma 1. For v(z,t) € C®[a,b], the below mentioned relations hold:

For p=0:

Onmn (10, 1) = Wz (2o, t) — 5Wm(x1,t);—24Wm(x2,t) — Waz(23,1) L O(s2).
Forp=1,2,...,M —1:

Vazaa (Tp,t) = Wew(@p-1,8) = QWm(fp’t) * Weo(@p+1,t) +O(s?).

x
Forp=M:

Vaegzzx (va t)

_ Waw(@n,t) = 5Waa(@pr-1,t) + 4Woa (€ar—2,t) — Waa(zar-3, 1) +O(s?).

2

Proof. See [5]. O

Corollary 1. For v(x,t) € C5[a,b], the below given relations hold:

Forp=0,1,..., M :
Um(xpvt) = Wr(mpﬂt) + 0(54),

For p=0:

14W.LL (330, t) B 5WI1 (331, t) + 4W.LL (an t) — W‘LI (x?n t)

4
- +0(s),

Uy (l‘Oa t) =

Forp=1,2,..., M —1:

Wmaz (xp—ly t) + IOWww (l'p, t) + me (xp+1; t)
12

Vgg (Tp, t) = +0(2*),
Forp=M:

Vzx (CEM7 t)
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o 14szc(xM; t) - 5me(xM71a t) + 4sz(xM727 t) - me(me& t)
N 12

+O(s%).

Proof. See [5]. O

2.2 System of equations

At the nodal points, (1) can be expressed as follows:

v(xp, t) = Puge(zp,t) + fv(zp, t),ve(2p, 1)), xp € [a,D],
B(v(zp,t)) = Qv(zp,t), z, € 0P,.

Substituting the values of v(xp,t), vz (xp, t), and vy, (p, t) in the above equa-

tions and using Corollary 1, we have

%W(l’o,t) = % [14sz($o,t) — 5er(l’1,t) —+ 4WII(IE2,t) — Wm(xg,t)]
+ F(W (20, 1), We(x0,t)) + O(s*),
(9)
0 B
&W(xpyt) ~ 12 Waa(@p—1,t) + 10Wao(p, t) + Wag (Tps1, )]
+F(W (@, t), We (2, 1)) + O(s"), p=1,2,...,M —1, (10)
QW({EM,t) = ﬁ [14me(l‘M,t) — 5Wzr((EM717t) + 4sz($M72,t)

12
= Waa(@ar—s,0)] + F(W (221, 8), Wa(ar, 1)) + O(s*). (1)

ot

and the boundary constraints:
a1 (xp, YW (2, 1) + az(zp, ) Wa(zp, t) = Qxp, t) + O(s*), p=0,M. (12)

The above relations form a nonlinear vector initial value problem of first-order

with (3) as initial constraint.
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2.3 Spatial convergence analysis

Let L and B be the perturbation operators of L and 5. Then, the below

given connections hold:

Forp=1,2,...,.M — 1:

LW (2p,t) = LW (2, 1), Wa(ap, t), Waa(2p, 1)
+ %[Wm(xp,t) — 2Woe(zp, t) + Wae(zp, 1)),
LW (o, t) = LIW (20, t), Wa (0, t), Waa (20, t)
+ %[2Wm(mo, t) = SWop(w1,t) + 4Woy (22, t) — Wap(2s,1)],
LW (zar,t) = LIW (201, t), Wa (@01, 1), W (T4, 1)
1

+ E[waw(xMz t) - 5Www (.’L’Mfl, t) + 4me<xM72; t)
— Waz(xrr—s,1)]. (13)
BW (x,t) = BW (z,,t), p=0,M.
Thus it is deduced that, for the unique CSI that satisfies (7)—(8), the following

mentioned connections hold at the nodal points:

LW (z,,t) = O(s*), p=0,1,...,M; BW(wp,t) =O0(hY), p=0,M.
The purpose is to find a cubic spline solution #(x,t), such that
Li(xp,t) =0, p=0,1,....,M; Bo(xp,t) =0, p=0,M. (14)

Next, Green’s function is applied for the establishment of error bounds.

Lemma 2. The coefficient matrix of v,, = g(x,t) having homogeneous

boundary constraints has inverse with finite norm.

Proof. Using the steps of formation, the coefficient matrix J of the equation

Vg = g(x,t) is as mentioned below by using (13):
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([14-54-10...0
1101 0 0 ...
01101 0 ...

o O

0...0 1101 0O
0...0 0 1101
0...0-14-514]

Due to the diagonal dominance behavior of matrix, it is invertible. Moreover,

1
1™l < o1, A5
where
ALJ=[1pp | —Z|Jpj |>0 forp=0,1,..., M.
J#p
So,
3o < = =3

ming<p<p Ap(3) 14— (5+4+1)

Now, onwards W) v and $() are the jth differentiation with respect to
space variable. Let J denote the coefficient matrix of W1 (z,t) in (9)(12),
that is, = diag(—%, 0, %), which is invertible with finite norm. Since the
boundary value problem of the form (1) with the boundary constraints (4)
can be transformed into the Fredholm integral equation of order two. Let
v?) = z and $® = w such that z and w fulfill the boundary constraints (4).
Then v and ¥ can be rebuilt by Green’s function as

. b 5i
v(])(:c,t) = / Wz(r, tydr, j7=0,1,
u X

A b g
@(9)(x,t) = / Wm(r, t)ydr, j7=0,1
u T

Let 6(x,t) be any continuously differentiable function. The operators that are

necessary for the establishment of the convergence analysis are given below:

A:Cla,b] —> Cla,b] such that A5 — %(Goét — F(2,t, Gob, ),
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where G;6 = f; %, j = 0,1 are the operators from [a,b] to [a,b].
Let D represent the piecewise linear interpolation operator at the points

{(zp, 1) ;];/io' Let S be the following projection operator:

S : Cla,b] — RM*1 such that S8 = [6(zo,t),d(x1,1),...,0(xar,t)]7.
& : Cla,b] — Cla,b], such that &8 = [£¢0,E16, ..., Emd]T,

where &£,6 = %(Goét — f(z,t,God, E,SG19)), in which &, denotes the pth row
of the coeflicient matrix of v, (z,t). Using above definitions, (1) and (14) can

be written as follows:

(I-A)z=0,
(AS — &w = 0. (15)
Since ] is an invertible, so
(S—JT')w=0.

Since w is a linear polynomial, therefore DSw = w and

(I-DI'&w=0. (16)

Lemma 3. For the uniform partition of [a,b], || DI71E6 — AJ [|oo— O as
s — 0.

Proof. Th proof holds as follows:

| DITIES — Ab ||oo <|| DIT'ES — DSAS ||oo + || DSAS — Ab ||
<UD ool 37 llooll €0 = ISAS oo + [| DSAS — AS [loo
<|| €6 = ISAS ||oo +O(s?).

O

Theorem 2 (see [6]). Contemplate the curve C = (z,t,v,v,) € R*, where
(z,t) € [a,b] x [to,T], and let v(x,t) € CY[a,b] represent the solution of the
given equation (1) with the boundary constraint (4), let f(u,y) be adequately

smooth near v, and let the hereunder linear problem,
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b = 5 = S = (= ) =0

with the boundary constraints (4) be distinctively solvable and acquire

Green’s function G(x,t,7). Then, there exist €, n > 0 (constants) such that

(I) there is no other solution w of equation (1) with boundary constraint

(4) satisfying || vz — Waa || < 0,

(IT) for s < €, (16) has a unique spline approximate solution W (z,.) in the

same neighborhood of v.

(IT1) the Newton’s method converges in the neighborhood of v for s < €
quadratically, which is used to solve (16).

Theorem 3. Let the presumption of Theorem 2 agree. Then the below given

error bound exists:

[ 09 (z,) = 0U(z,.) ||e = O(s*™7), j=0,1,2.
| v (z,) =99 (z,) |, = O(s*), j=0,1.
| U<2)(£> ) - f)(2)(l‘, ) ‘Ip = 0(82)

Proof. Consider the equation W®) = i, BW = O(s*). Then there exists a

linear polynomial w by using Theorem 2, such that
B =BW =0(s?), ||oY ||lo=0(s"), j=0,1.

Since (W® —w®) = i, B(W — @) = 0 has a unique solution. Therefore

using Theorem 2, we have
(I -=DI YWD — 5@ =0(s*). (17)
Deducting (16) from (17), we have
(I -DI (WP — @@ — 53y = O(s*).
Since (I — DI71E) is bounded,

| W = 5 5] o= O(s").
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The equation (W — @ — 9)® = 7, BOV — 3 — &5) = 0 has unique solution,

hence it assures the existence of Green’s function such that,

-
4 G (x,t
| (W —w — )@ |:/ 7%””; .7) W — 5@ —@)ar, j=0,1.
X
a

Thus,
| (W - —5)) ||o=0(s*), j=0,1

So,
| (W) o< (We-8)D [|oo + || 89 o= O(s*), j=0,1,2. (18)
Using Theorem 1, (18), and the triangular inequality implies

(0= 9)9 ool (v = W) [l + | (W = 0)P o= O(s*),  j=0,1,2.

3 Time discretization

Substitute the approximate values of v, v, and v, in (1), which leads to an

initial value problem system as follows:
d 1
with the initial constraint
Q1C(t0) = ’UO, (20)

where Q; = tri[l,4, 1] is a three diagonal matrix, C(t) = [do(t), d1(¢), . .., dp ()],
F(t,C(t)) is a column vector with the elements f(t, Q1;C(t), Q3;C(t)), v° =
[v(z0,t0), v(71,t0), - - -, v(zar,t0)]T, where B = diag[8], Q3 = ﬁtri[—l,o, 1]

and the matrix Qs is as follows:

Iran. J. Numer. Anal. Optim., Vol. 14, No. 3, 2024, pp 736-761
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(14 -33 28 —146 -1 0

1 8 18 8 1 0 0

101 8 —188 1 0
Q=3
0 1 8-18 8 1 0
0 018 —18 8 1

0 —16-14 28 —3314]

Consider the uniform division of the time domain as I'y = {¢;}" of [to, T
with the temporal step size At = t"+1 —¢". Use the weighted finite difference
method to discretize (19) as used in [9], with © as a parameter and identity

matrix I, we have

o n i n . B
Ul @O = QBC" +3(C, m=1.2,,
At /
[911 (1= @)QQBI] C" — At(1 - O)F"
At i o

with the following initial constraint:
Q:C° ="

Using the initial constraint, obtain the value of C°, and using (21), the value

of C can be computed at every successive time level.

Lemma 4. Let v(-,t) € C3[to, T] be the exact solution of (1). For © = 1,
the time integration methodology has order two, and for © € (%, 1], it has

order one of convergence.

Proof. The proof is given in [14, Theorem 2]. O

Hence, the method is fourth-order convergent in the space and second-

order convergent in the time direction for © = %
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4 Stability analysis

Von Neumann technique is used to analyze the stability technique. Take v as
a local constant P = max(v) and integrate the time domain using a weighted

finite difference methodology with © = % We get

,UnJrl _ ,Un

B e [0 ¢ ()
At 2
n+1 n n+1 n
- /3(U’Cx)p+ 2+ (Vaz )y +~(1—P°) vt 2+ Vp

Expressing the (n 4 1)th level in terms of nth time level terms, we have

(]‘ + ’Y(PU — 1)> Un+1 + Lp’-(vx)n+1 _ é(”mw)n+1

At 2 P 2 P 2 p
1 V(PU — 1) n ap n 6 n
= (2= 15 o - P+ S (#2)
Let
et Y R Gl et R
el_At+ 9 ;o 41 = 9 62_At 9 ;o 42 = 5
With the above substitution, (22) becomes
n+1 n+l é n+1 __ n n ﬁ n
e1v, ™+ q1(ve)y 5 (Vaa)p ™ = €20y + q2(va)y + 5 (Vaw)p-

Substituting the values v, v,, and v,, and using the improvised cubic B-

splines imply

3

er(dyty +4dytt +dpty) - T(dﬁfi —dyi)
6 mn mn
= p(dpta +8dy ) — 1847 4 87t + dp)
— eo(d_, + 4d" + d" 3 (gn__gn 23
- 62( p—1 + D + p+1) - T( p—1 p+1) ( )
+ ﬁ(d” +8d)_, —18d) +8d} ., +d) . 5) (24)
4h2 N P2 p—1 P p+1 p+2/-

After simplifying, (24) becomes

B n+1 3q1 23 n+1 93 n+1
Tamheet aT Tt tataa ) d
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3q1 Zﬂ n+1 6 n+1
i ( Ty T ) B T g

B o 32 | 2B\ 9B\
= @dp—Q + €g — T + 872 dp—l + 462 — —= dp

252
<€2 52 52 ) dpiy + +2°

45277
Moreover,
urdiF + uadl T+ usdy T+ ugdl Y+ uadl )
= —U1dg_2 + ’U,5dg_1 + UGdZ + U7dg+1 — U1d2+2,
where
, 31 28 31 28
Ur=—y5i W=l o g U3:4€1+ﬁ7 U4:€1+? 2
3 2 9 3 2
u5:eg—ﬂ+—§; u6:462——52; U7:eg+£+—f.
s s 2s s S
Put dj; = En™exp(ipps), where i is the iota, E is the amplitude, and ¢ is the

mode number. We have

_ —urexp(—2ips) + usexp(—ips) + ug + urexp(ips) — uiexp(2ips)

uyexp(—2ips) + usexp(—ips) + usz + usexp(ips) + uexp(2ips)

_ —2uyc08(2p8) + ug + (us + ur)cos(ps) + i(ur — us)sin(ps)

where

2u1cos(2ps) + us + (ug + uq)cos(ps) + i(ug — ug)sin(ps)
A1 + 1B,

As +iBy’

B 48 943
A = 2782005(2@3) + [ 2e2 + 2 cos(ps) + deg — 252}
6
B, = ﬂsin(aps);
s
B 4p 98
As = —@cos(&ps) + [ 2e1 — 2 cos(ps) + 4ey + 252

6
By = ﬂSin(gos).
s

We prove || < 1, that is, A3 + B} < A% + B3 for the stability of the
technique. As q; = —¢o therefore B? = BZ. Next, to prove that Ay > Aj,

that is,

Ay — A1 > 0, we have
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Ao = Ay = =5 4 (oter = ) - 55 Yon() +der — )+ 2
= —i—ﬂcos (ps) + <2(61 —eg) — if)cos(qas) +4(e1 —ez) + Siﬂ
(25)

For minimum possible value of Ay — A, take cos(ps) = 1. So, Ay — A =

6(e; — ea) > 0. Hence the technique is unconditionally stable.

5 Numerical examples

In this portion, the gBF problem is analyzed numerically for distinct values
of a, B, 7, and 0. The numerical results are represented using tabular form
as well as figures and are contrasted with the outcomes in literature as well
as with its solitary wave solution. The difference in the results is shown by

calculating absolute error defined as

€= |(Uexact)gz_(vnum);n|§ p=0,1,2,..., M,

where (’Uezact);n and (Unum);;n

of degree three, respectively, at the node point z,,.

are the exact and improved B-spline solutions

The solitary wave solution of (1) is given by Wazwaz [37] as follows:

v(z,t) = B + 1tanh {2,6’( il 5 (x (Uj‘_l +M("a+1)>t)”i, (26)

with the below given initial constraints:

v(x,0) = [2 + —tanh [25(a0m )H : |

and the boundary constraints,

o0 [+ o [y (5 + 2422 )

v(1,t) B + ;tanh {Qﬁ( Qg ) (1 - (ail + BW’(UO;F 1)> t)”;.
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Example 1. Consider the gBF equation (1) in the domain [0, 1] with a =
0.001, 8 =1, and v = 0.001 as follows:

vy + 0.00107 v, = vy + 0.0010(1 — 7).

The solitary wave solution is given in (26). Table 1 represents the con-
trast of absolute error with s = 0.1 and At = 0.0001 for ¢ = 0.001, 0.01, 100,
and o = 1,4. The contrast shows that results are superior to the Adomian
decomposition scheme [12], compact finite difference method [30], and expo-
nential time differencing method [3]. The CPU time required to compute the
absolute error at ¢t = 0.001 is 0.043872 sec, at t = 0.01, it is 0.053391 sec,
and at ¢ = 100, it is 6.489983 sec. Figure 1 shows the resemblance between
a solitary wave and the approximate solution at distinct times, and Figure 2

represents the three-dimensional surface plot of the approximate solution.

Example 2. Consider the gBF equation (1) in the domain [0, 1] with o = 1,
B =1, and v =1 as follows:

Vg + 070y = Vg +0(1 —07).

Table 2 gives the absolute error at distinct times with s = 0.1 and At =
0.0001 for o = 2,8. This table demonstrates that results are highly accurate
as compared to many existing techniques [12, 30, 3]. The CPU time required
to compute the absolute error at ¢ = 0.0005 is 0.037888 sec, and at ¢t = 0.001,
it is 0.043125 sec. The solitary wave behavior and the numerical solution are
also represented by graphs. Figure 3 gives the comparison between solitary
wave and approximate solution at distinct times and depicts the similarity
between them. Figure 4 represents the three-dimensional surface plot of the

approximate solution.
Example 3. Consider the gBF equation (1) in the domain [0, 1] with 5 =1,
a =1, and v = 0 as follows:

vy + 070 = Uy

The absolute error at distinct times and different spatial domain points
with h = 0.1 and At = 0.0001 for ¢ = 1,2,3 is given in Table 3. Results

are found to be more superior as compared to [12, 3]. The CPU time re-

Iran. J. Numer. Anal. Optim., Vol. 14, No. 3, 2024, pp 736-761



753

Highly accurate collocation methodology ...

quired to compute the absolute error at ¢ = 0.001 is 0.042149 sec, and at
t = 2.0, it is 6.187059 sec. Figure 5 gives the comparison between solitary
wave and approximate solution at distinct times and depicts the similarity
between them. Figure 6 represents the three-dimensional surface plot of the

approximate solution.

Example 4. Consider the gBF equation (1) in the domain [0, 1] with o = 0.1,
B =1, and v = —0.0025 as follows:

v + 0.10% v, = vy, — 0.00250(1 — v7).

Table 4 shows the absolute error with space step size s = 0.1 and time
step size At = 0.0001 for 0 = 2,4, and 8. From the comparison it is clear
that the results with the proposed methodology are superior to many other
existing techniques used in [30], [3]. The CPU time required to compute
the absolute error at ¢ = 0.1 is 0.627901 sec, at t = 0.5, it is 0.237965 sec,
and at ¢t = 2.0, it is 6.489983 sec. Figure 7 demonstrates the resemblance
between solitary wave and numerical solution at distinct times, and Figure 8

represents the three-dimensional surface plot of the approximate solution.

6 Conclusion

The gBF problem has been investigated using an innovative approach em-
ploying a three-degree spline collocation methodology. Through enhance-
ments made to standard splines, we have achieved significantly improved
accuracy in the approximate solution, accompanied by a notable reduction
in absolute error. Our improvised methodology demonstrates a convergence
order of four in the spatial domain and two in the temporal domain. These
results surpass the performance of various established techniques, includ-
ing the compact finite difference technique, exponential time differencing
method, and Adomian decomposition scheme, among others. Furthermore,
our method showcases computational efficiency across a range of relevant

examples.
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Table 1: Absolute error comparison of Example 1 with o = 0.001, s = 0.1 and At =
0.0001, v = 0.001

o=1 ‘ o=4

t x| ICSeM [12] [30] [3] [36) | 1cseM  [30] 3] [36]
0.001 0.1 | 5.21E-15 1.940e-6 1.010e-7  1.150e-8  2.50e-8 | 1.77e-15 1.75e-8 7.71le-9  4.20e-8
0.5 | 1.66E-16 1.940e-6 1.040e-7 3.070e-13  2.50e-8 | 3.33e-16 1.75e-8 2.07e-13  4.20e-8
0.9 | 5.55E-17 1.940e-6 1.010e-7  1.150e-8  2.50e-8 | 1.11e-16 1.75e-8  7.71e-9  4.20e-8

0.010 0.1 | 3.25E-14 1.940e-5 7.530e-7  6.020e-8  2.50e-8 | 5.66e-15 1.27e-6  4.05e-8  4.20e-8
0.5 | 1.11E-16  1.940e-5 1.040e-6 8.960e-13  2.50e-8 | 6.66e-16 1.75e-6 5.56e-13  4.20e-8
0.9 | 5.55E-17 1.940e-5 7.530e-7  6.020e-8  2.50e-8 | 1.11e-16 1.27e-6  4.05e-8  4.20e-8

100 0.1 | 1.52E-14 - 7.530e-7  1.010e-7  2.50e-8 | 4.42e-14 - 5.73e-8  4.20e-8
0.5 | 2.59E-14 - 1.040e-6  1.500e-11  2.50e-8 | 1.03e-14 - 3.51e-12  4.20e-8
0.9 | 5.55E-15 - 7.530e-7  1.010e-7  2.50e-8 | 1.66e-15 - 5.73e-8  4.20e-8

Table 2: Absolute error comparison of Example 2 with « = 1, s = 0.1, v = 1, and
At = 0.0001

oc=2 ‘ oc=8

¢ z | 10SCM [12] (30] 3] (36] ICSCM 30] 3] 36]
0.0005 0.1 | 5.15¢-11 1.40e-3 7.62e-5 5.67¢-6 3.98¢-5 | 2.4139e-9 1.02e4 2.44e6  5.16e-5
05 | 135012 1.35¢-3 9.14e-5 5.75¢9 4.15e-5 | 5.5742e-12 1.37e-4  1.82¢-10 6.08¢-5
09 | 2.08c-11 1.28¢-3 1.02c4 5.95e-6 4225 | 1.6251e-9 1.69¢-4 3.15¢-6  6.91e-5

0.0010 0.1 | 1.03e-11  2.80e-3  1.50e-4  1.08e- 3.97e-5 | 3.4743e-10  2.00e-4  4.65e-6  5.15e-5
0.5 | 2.05e-12  2.69e-3 1.83e-4 1.15e- 4.11e-5 | 2.8770e-11  2.74e-4  4.02e-10  6.09e-5
0.9 | 2.40e-12  2.55e-3  2.00e-4 1.14e-5 4.16e-5 | 2.3789%¢-10 3.31le-4  6.00e-6  6.94e-5

5
8
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Table 3: Absolute error comparison of Example 3 with o = 1, s = 0.1, v = 0, and

At = 0.0001
ot x| ICSCM  Ismail [12] Bratsos[3] | ¢ | ICSCM  Bratsos [3]
1 2 01]25046e10 6435  9.825 | 20 | 8.6084e-12  2.65¢-6

0.5 | 3.7073¢-10  6.07e-5 1.45¢-5 14161e-11  1.45e-7
0.9 | 3.2483¢-10  4.75e5  9.29¢-5 1.3301e-11  4.05¢-6
2 2 0.1]1.1286e-10 1.19e5  8.34e5 | 20 | 1.1906e-12  2.96e-6
0.5 | 6.8167e-10  1.50e-5  4.19¢-6 5.1861e-11  7.14e-7
0.9 | 1.2681e-10  1.44e5  9.48¢5 1.2913e-11  5.66e-6
30001 0.1 1.1582-0  444ed  9.10e-6 | 10 | 5.0684e-10  2.46e-5
0.5 | 8.0534-12  1.85¢3  6.75¢-9 6.6355¢-10  5.11c-6
0.9 | 6.8473¢-10  9.05¢4  1.09¢-5 5.5408¢-10  4.35¢-5

Table 4: Absolute error comparison of Example 4 with @ = 0.1, s = 0.1, v = —0.0025,
and At = 0.0001

o=2

oc=4

oc=38

ICSCM

(30]

B3l

ICSCM

(30]

3]

ICSCM

30]

3l

0.1

0.5

2.0

0.1
0.5
0.9

0.1
0.5

0.9

0.1
0.5
0.9

5.040e-14
1.221e-15
3.197e-14

4.252e-14
2.109e-15
3.442e-14

6.051e-14
3.553e-15

3.186e-14

1.210e-5
2.900e-5
1.540e-5

1.670e-5
4.690e-5
1.710e-5

9.470e-6
2.740e-8
9.570e-6

9.580e-6
5.180e-8
9.660e-6

9.590e-6
5.260e-8
9.670e-6

4.787e-13
6.994e-15
4.969¢-13

5.746e-13
2.420e-14
5.044e-13

5.369e-13
5.329e-15
4.998e-13

1.340e-5
3.490e-5
1.390e-5

2.000e-5
5.640e-5
2.070e-5

6.760e-6
1.030e-8
6.920e-8

6.830e-6
1.930e-8
7.010e-6

6.860e-6
1.890e-8
7.040e-6

3.140e-12  1.470e-5 4.090e-6
6.362e-14  3.830e-5 1.840e-8
3.041e-12  1.530e-5  4.240e-6

3.148e-12  2.200e-5 4.140e-6
2.331e-14  6.220e-5 3.470e-8
3.068e-12  2.280e-5 4.300e-6

3.116e-12
3.919e-14
3.069e-12

4.200e-6
3.450e-8
4.350e-6
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and the extended cubic B-spline method with a fitted operator on a uniform
mesh in the spatial direction is used to discretize the problem. The fitting
factor is introduced for the term containing the singular perturbation pa-
rameter, and it is obtained from the zeroth-order asymptotic expansion of
the exact solution. The ordinary B-splines are extended into the extended
B-splines. Utilizing the optimization technique, the value of p (free param-
eter, when the free parameter u tends to zero the extended cubic B-spline
reduced to convectional cubic B-spline functions) is determined. It is also
demonstrated that this method is better than some existing methods in

the literature.
AMS subject classifications (2020): Primary 65L11; Secondary 65N12.

Keywords: Singularly perturbed problem; Fractional derivative; Artificial

viscosity; Delay differential equation.

1 Introduction

In this work, we consider the singularly perturbed parabolic delay differential

equation of fractional order in time,

9%y(,t)
Ox?

= —S(l‘, t)y(m,t - 5) + f(l’,t),

)

@228 (e
(x,t) €

) Q= (07 1) X (ng]v (1)

Ly(z,t) = D y(x,t) — ¢

with
y(z,t) = pp(z,1), for (z,t) € [0,1] x [-4,0],

y(O,t) = ‘Pl(t)vy(lvt) = pr(t), for te (O,T),

(2)

where D] is the Caputo fractional derivative of order 0 < v < 1, § is delay
parameter, and 0 < € < 1 is the singular perturbation parameter. For the
domain Q = [0,1] x [0, %], if

q(z) >8>0, r(zt)>0, s(z,t)>a>0,

are bounded and smooth functions, then initial data and boundary conditions

are also smooth and bounded in their respective domains. The solution of
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model problem (1) has a boundary layer of regular type at z = 1 with a
width of O(e).

Parameter-dependent differential equations, whose solution behavior de-
pends on the magnitude of the parameters, are used to model many physical
and biological phenomena. If the highest-order derivative of a differential
equation is multiplied by a small positive parameter, £(0 < & < 1), then
the differential equation is said to be singularly perturbed. Such issues arise
in modeling of reaction-diffusion processes, chemical reactor theory, aerody-
namics, elasticity, quantum mechanics, plasma dynamics, and many other
related domains [3].

Fractional calculus has an origin as old as classical calculus, although it
was not used for a very long period to solve scientific and engineering prob-
lems. Indeed, fractional calculus started attracting the attention of scientists
and researchers in recent decades due to its numerous applications [6, 35].
Noninteger derivatives were first introduced by Leibnitz in 1695, as far as the
authors can tell.

Derivatives of arbitrary order were mentioned by Euler and Fourier, but
no examples or applications were provided. The honor of being the first to
apply in real-world scenarios belongs to Niels Henrik Abel [1] in 1823. How-
ever, as stated in [6], fractional calculus began to be essential by Riemann
and Liouville. Fractional-order differential equations are used to model a wide
range of real-world phenomena, including protein dynamics, dielectric relax-
ation phenomena in polymeric materials, visco-elastic behavior, transport of
passive tracers carried by fluid flow in a porous medium in groundwater hy-
drology, transport dynamics in systems subject to anomalous diffusion, and
long-term memory in financial time series [21, 15].

Singularly perturbed delay differential equations (SPDDEs) are employed
to model physical problems that evolve based on both their current condition
and history. To make a model more realistic, it may be important to repre-
sent former system states in addition to the current state. Delay differential
equations (DDEs) are useful for describing time-dependent phenomena that
rely on a past state [17]. Because delay differential equations have so many
applications in the fields, including bio-sciences, control theory, economics,

material science, medicine, robotics, and more, there has been a major rise
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in interest in studying problems during the past several decades. The field
of delay differential equations theory is extensive, with notable works includ-
ing in [7, 11, 12, 33, 22, 19, 22, 23, 24|, and there are various real-world
examples of delay differential equations in the works by Nelson and Perelson
[32], Villasana and Radunskaya [41], and Zhao [44]. Singularly perturbed
problem (SPP) solutions are not smooth and contain boundary layer-related
singularities. When the perturbation parameter (¢) and mesh length are low-
ered, even advanced numerical algorithms do not perform consistently well.
The results of classical numerical methods on uniform meshes fail to provide
a reasonably accurate approximate solution of the exact solution, and the
truncation error becomes unbounded as the singular perturbation parameter
tends to zero unless a large number of mesh points are used in the approxi-
mation process [13]. However, this highlights the numerical method’s compu-
tational inefficiency. When the number of mesh points grows, the resulting
algebraic system of equations may become ill-conditioned. The shortcoming
encourages the creation of a suitable numerical approach whose accuracy is
independent of the perturbation parameter, highlighting the key advantage
of the proposed method [16].

Xu [43] has proposed the extended cubic B-spline, a generalization of the
B-spline. In [42] investigation, the three extended B-splines with degrees 4,
5, and 6 were provided. To modify the shape of the cubic B-spline curve
for extended B-splines, a free parameter is added to the cubic B-spline base
functions. The degree of the piecewise polynomials is raised, and a one-free
parameter is included, but the continuity of the extended cubic B-splines
stays in the order of 3. This encourages us to develop an extended cubic B-
spline trial function as part of a numerical technique [10]. The spline-based
approach has gained a lot of popularity these days among the various algo-
rithms for solving SPDDEs. Daba and Duressa [8] gave a uniform convergent
numerical method for the singularly perturbed parabolic convection-diffusion
equation with a small delay and advance parameter in the spatial variable of
the reaction term using an extended cubic B-spline approach. Additionally,
they [9] suggested a uniformly convergent numerical solution based on a cu-
bic B-spline and uniform mesh for this problem. Kumar and Kadalbajoo [26]

suggested a parameter-uniform numerical method for the problem using a
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cubic B-spline on a Shishkin mesh. Kumar and Kadalbajoo [25] and Negero
and Duressa [31] developed a parameter uniform convergent method to solve
time-dependent singularly perturbed delay parabolic convection-diffusion ini-
tial boundary value problems, respectively, using the cubic B-spline colloca-
tion method on a piecewise uniform Shishkine mesh and a uniform mesh.
In [18], they devised a fitted extended cubic B-spline collocation method to
solve singularly perturbed parabolic equations with nonsmooth convection

coefficient and discontinuous source terms.

The numerical solution of time-fractional singularly perturbed ordinary
differential equations (ODEs) and partial differential equations (PDEs) has
not received much attention in the literature. Bijura [5] presented fraction-
ally ordered nonlinear SPPs using higher-order asymptotic solutions. Using
the finite element method, Roop [36] developed the numerical solution of
fractional ODEs. Qasem and Muhammed [2] used the Pade approximation
to estimate the solution of fractional-order nonlinear singularly perturbed
two-point boundary-value problems. The matched asymptotic scheme for
fractional-order boundary layer problems has been expanded in [4]. Sayevand
and Pichaghchi[39] tackled the fractional order boundary value problem by
presenting a method to solve singularly perturbed ODEs. Based on the char-
acteristics of a local fractional derivative, they defined the local fractional
derivative and expanded the matching asymptotic expansion approach. A
linear B-spline operational matrix of fractional derivatives for singularly per-
turbed ODEs and PDEs has been proposed in [38]. Sahoo and Vikas [37]
devised a finite difference method to address a class of time-fractional sin-
gularly perturbed convection-diffusion problems. Kumar and Vigo-Aguiar
[27] constructed by discretizing time domains using uniform step size and
piece-wise-uniform Shishkin meshes for space domains in the study of delay

parabolic and time-fractional SPDEs.

To most of our understanding, there is only one paper in the literature that
discusses the construction and analysis of a numerical scheme for the class
of SPFODDESs under review [27]. This article aims to present and analyze
implicit Euler’s scheme for time discretization and spatial discretization based

on the extended cubic B-spline method by introducing fitting factors. These
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methods yield robust numerical results while preserving important features
of the corresponding continuous problems.

This article has been organized into the following sections as follows: The
preliminary notions are defined in section 2. In Section 3, the formulation
of the continuous problem is discussed along with an analytical solution and
an analysis of the derivative behavior using defined bounds. We analyze im-
plicit Euler’s scheme for time discretization and spatial discretization based
on the extended cubic B-spline method by introducing the fitting factor pre-
sented in section 4. Section 5 discusses the uniform convergence analysis of
the approach. The numerical experiments carried out to confirm theoretical
findings and show the method’s accuracy are described in detail in Section
6. An overview of the paper’s main conclusions is given in the concluding

section.

2 Preliminaries

The definitions and tools needed for this study are provided in this section
(see [28, 29, 27]).

Definition 1 (Singularly-perturbed problem). If the highest-order derivative
of a differential equation is multiplied by a small parameter £, where ¢ is
the perturbation parameter and 0 < ¢ << 1, the differential equation is

considered singularly perturbed.

Definition 2 (Gamma function). If z is a complex number with a nonnega-
tive real part, then the gamma function (R(z) > 0) is given by the following

definition:

() = /OOO v le v dy. 3)

Definition 3 (Caputo fractional derivative). For m € N and v € (m—1,m),
the Caputo fractional derivative of a function g(¢) with lower limit zero is
defined as

v _ 1 togtm(s) s
Di0) = i =7 J G apm W

Definition 4. The function v(z,t) can be defined as the v-order differen-

tiation, with lower bound zero, of a function m € N with regard to tin the
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Caputo sense, as follows:

t 9"mv(x,s .
Nv(x,t) F(’m,lf'y) fo c’)s(m ) (t,s)wlfm“ ds if v € (m—1,m), 5)
oty o " v(z,t) if o
ot if y=m.

3 Properties of continuous problem

Assuming sufficiently smoothness of ¢;(t), ¢, (t),and @y(x,t) and satisfying
the following compatibility conditions at the corner points (0,0), (1,0), and
(0, —9) as well as the delay term, the existence and uniqueness of the solution
of (1)—(2) can be established. Let

(6)
(pb(l,O) = 507“(0)7
and
Ao %oy Dpp
- (O) . +T(070)¢b(070)
vt |,_, ox? 0.0) ox 0.0)
= _S(Ov 0)(,01,(0, _6) + f(O, O)?
(7)
d oy oy )
- +q(1) a0 +’r(170)§0b(170)
d"t |- 92 | g 9z |10
The reduced problem obtained by putting € = 0 in (1) is
y(x,t
Dy t) + a(e) 28D ey, t) = - st (et - 0) + fa0),
(z,t) € Q. (8)

This is a hyperbolic partial differential equation of first order. Because (8)
contains first-order derivatives, the reduced problem is not required to meet
the boundary conditions. Thus, the solution to the problem in (1) displays

a boundary layer.

Now, we will show that the operator £ satisfies the maximum principle.
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Lemma 1 (Continuous maximum principle). Consider the function ¢(x,t) €
C%(Q) N CO(Q), with £p(z,t) > 0 in Q and ¢(x,t) > 0, for all (z,t) € A =
{0} x (0, TJU{1} x (0,T)U[0,1] x [=4,0]. Then ¢(z,t) >0, for all (z,t) € Q.

Proof. Let us assume that there exists (s,¢) € Q with

(b((, L) = min_ ¢(I,t), and (rb(gﬂ L) <0.
(z,t)EQ

Based on this assumptions, one may confirm that (s,¢) ¢ A, which implies

that (s,¢) € Q. Using the operator £ on ¢(z,t), we get

Lo(x,t) = D} d(x,t) — epy(,t) + q(2) s (x, t) + 1(2, t) (2, ).

At the point of minimum (s, ), we obtain

Lh((s,1)) = D oS, 1) — €0a (S, 1) + q(S) (s, 1) +1(s, )Y (S, 1)

The function ¢ has minimum at the point (¢,¢), 50 D{¢ > 0, ¢ =0, ¢py >0
at point (<, ¢), and r(s,¢) > 0 for (¢,¢) € 2. Therefore, we have

L(s,t) < 0.

This contradicts our assumption £¢(x,t) in Q.

Thus, we conclude that ¢(x,t) > 0, for all (z,t) € Q. O

Lemma 2. The differential equation (1)—(2) has a solution y(z,t) that sat-
isfies this estimate:
ly(z,t) — vp(z,0)] < C, (z,t) € Q,

in which C' is a constant that does not depend on ¢.

Proof. See reference [30]. O

Lemma 3. With its initial and boundary conditions in (2), the solution to

problem (1) is bounded as follows:
ly(x,t)| < C, for all (z,t) € Q. (9)

Proof. From Lemma 2
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ly(z, 1) = [y(z, 1) — pp(z,0) + @u(z,0)]
< ly(@,t) — @u(@,0) + [s(, 0)]
< Ct+ |pp(z, 0)]
<Ct+C

<C since ¢t € (0, %], t is bounded.

4 Numerical schemes

We are going to develop the numerical scheme in this section as well. After
discretizing the temporal derivative using implicit Euler’s scheme, we dis-
cretize the spatial derivative based on the extended cubic B-spline approach
by applying a fitting factor on a uniform mesh to solve the resulting system

of ordinary differential equations.

4.1 Temporal discretization

We first partition the time domain [0, %] into M, subintervals having uniform
step size 7 = ¥/M,. We chose M, so that for some positive integer k €
(0, M;), 6 = k7 needs to be a mesh point. A collection of all mesh points
in the time direction is represented by the set QM~: we then have QM- =
{to=0<t; <ty < - <t =0 <ty ,_1 <ty =T} We employ Qéwf as
the collection of all mesh points between zero and —d; Qéwf ={t.r=-0<
toppl < ---<t_1 <tp=0}.

According to Definition 4,

y(x,t;
Z(.’I,‘,tj+1) = y(at,y]—i_l)

: /tj+1 y(x,tj+1)

(tjr1—m) "dn

_ 07 g . »
“T2—9) ;)Bz (y(@, tj—it1) —y(z,tj—-i)) + R,
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j
=0 Bi(y(,t;ip1) —y(x,t; ) + R,
=0
j
= oy(,tj11) — oy(,t;11)0 > Bi(y(w, ;1) — y(2, ;) + Ry,
=1

where
ti+1
RTZO(T)/ (tj+1 —n) 7dn is the truncation error,
0

and

Hence we obtain

J
Z(l’,tj+1) = Jy(x,th) 7O'y($,tj) +O’ZB1 (y(l’,tj_i+1) — y(iﬂ,tj_i))+RT.

i=1
(10)
Substituting (10) into (1) On QM we get
2, J+1 j+1 ‘ A
2(2,tj41) _ T (@) Jrq(x)ay (z) I () ()

0x? ox
=~ @) + P ),

Once the expressions are rearranged and the operator form has been put in,

we get

oyt ()

_Pyti(a)
c ox

&y @) =~ + 1 @)y (@) = Fi(2) (1)

+q(x)
for j=1,2,..., M, with

y(z,t) = gp(x,tj), for(x,t) € [0,1] x [-4,0],
y(ovtj) = (pl(tj)vy(latj) = @T(tj)? for t e (O,S),

where

v(z,tjp1) = rj“(x) + o,
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—s @)y (@, ty_per) + f(2, t1) + 0 Byon(a,t;)

+0 300 B (y(w, 1) —y(,t;-)), for j=1,2,...,k,
Fitl(g) —
— s @)y T () + I (2) + oy (a, t;)

+o Zle Bi (y(@,tj—iv1) —y(w,tj—)), forj=k+1,..., M.

After some rearrangement of (11) we obtain

(14 oLl s) YT (z) = FItl(2), (13)

) .
* Jj+1
Lo = e @)+ @),

—aorT T (2)gp (@t p41) + aofj + 1(z) + @u(z, t))
50 B, ty i) —y(x,ty ), for j=1,2,... .k,
Fj+1(x) _
—aord )y T (2) + ao f7 + 1(x) + eu(, t)

+ 30 Bi(y(w, tj_igr) —y(x,t,5)), forj=k+1,...,M,.

Lemma 4 (Semi-discrete Maximum Principle). Let ¢(z,t;11) be a smooth
function such that ¢(x,¢;41) > 0 and, ¢(z,¢j41) >0, forall (z,t,11) €
A = {0} x (0, F]U{1} x (0, F]U[0,1] x [~4,0]. Then (1+ £ 5)¥(x,tj41) >0
in Q implies that 1(z,t;11) > 0, for all (z,t;11) € Q.

Proof. Suppose that there exists (¢,tj41) € Q with

’(/)(Lvtj-i-l) = min w(xatj-i-l)v and w(Lvtj-i-l) <0,
(m,tj+1)€Q

and that (¢, t;41) < 0. Then
(Lvtj-‘rl) §é {(O7tj+1)7 (17tj+1)} and ¢:C(L7tj+1) = 07¢xx(L7tj+1) > 0.

Applying the operator £7 5 on ¥(z,t;41), we get

(1 + aofZ 5)v(w, tjy1) = (e, tjv1) + ao (—ee (2, t11) + q(2) e (2, t41)
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+r(z, tjy)Y(@, tjp)) -

At the point of minimum (¢, ¢;41), we obtain

(1 + Ozo,gz’(g)?’/}(L, tj+1) = Ql)(b, t]‘+1) + ao(_ngm(bu tj+1) + Q(L)QOI(L’ tj+1)
+r(etj41) Y (e 1))

At the point (¢,t;41), the function ¢ has minimum, so ¥y = 0, ¥z, > 0 at
point (¢,¢j4+1) and 7(¢,tj41) > 0 for (¢,tj41) € Q. Therefore, we have

(L4 a0 5)v(e, tj41) <O,

which contradicts our assumption (1 + £7 5)¢(x,2;41) in €.

Therefore, we conclude that 1 (z,t;41) > 0, for all (x,t;41) € Q.

Hence from the above prove the operator (1 + apf? ;) satisfies the maxi-
mum principle, and consequently

1
1467

(1 + a0z )71 < (14)
O

Lemma 5. [Truncation error] The local truncation error corresponding to

the semi-discretized problem (12) satisfies
|RITH < Cr77. (15)

Proof. From semi-discretized problem, we have

i1 O() ti+a ‘ Y
RT+ = m/o (tj+1 —n) "dn

_ O(r) AR : -y

F(l—V)/o ((G+1)7—n)""dn

_ 0l (G+yn)T
Fl-v) 1-v

GO
G+ 5,

=TTE ) "

<COr? .
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Therefore, we obtain
[RI*| < 0.

O
Lemma 6. [Global error bound:] The global error estimation at t;; satisfies
1Bl < C7277.
Proof. Since the function y(x,t;41) satisfies
(L+ a0l 5)y(, tje1) = F7H (2), (16)

and also the solution of the continuous problem (1)—(2) is smooth enough,

then we have

FIH (@) = (14 a0l p)y(, tj41) + RET
= (14 ao€f 5)y(x, tj41) + CT°77, (17)

From (16)—(17), the error corresponding to (13) satisfies the following

boundary value problem:

(1 + a0£;75)Ej+1 = CTQ_’Y,

= Ejp1 =1+ a8l ,;) 7777,

1Bl < cre.

1
1+ 07
hence, we obtain the result

1Bl < CT277.

O

Theorem 1. The semi-discretize solution y(x,t;4+1) and its derivatives sat-

isfy the following bounds:

‘dy(“aﬂ) <C(l+e exp(—=B(1—x)/e)),  for i=0,1,234.

dx?t

Proof. For the proof, refer [14]. O
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We can write (11) as operator form,

£Ly*(z) = F(a), (18)

where £7y(z) = —5628‘1;(293) + q(w)a%—(;) + v(z)y(z) and
=57 (@) pu(w, 1) + f(2,tj11) + 0 Bjgn(@, 1)

+o Ezzl Bl (y(x7 tj—i"rl) - y(l’, t7—1)) ) for ] = 1a 2) ey ka

—sI T (@)yj — k4 1(z) + [T (2) + ot (x, 1)
+o Z?;l Bi (y(x,tj—iv1) —y(o,tj_4)), forj=k+1,...,M,.

4.2 Spatial discretization

To solve the semi-discretized problem (11), we use the extended cubic B-spline
collocation scheme. To take into consideration the exponential properties of
exact solution on the uniform mesh, artificial viscosity will be introduced.
Thus, an artificial viscosity o(z,¢) replaces the perturbation parameter ¢,

which disrupts the highest derivative.

4.3 Extended cubic B-spline collocation method

We divided the spatial domain using uniform mesh such that the set Q2 is
the collection of all mesh points in the spacial direction; with x; = ih, i =
0,1,2,..., Np.

The extended cubic B-spline G; of degree 4 for u € (—8,1), has the
following form [10]:
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4h(1 — p)(x — ;)3 + 3u(z — 24-2)%, x € [Ti—1, Tio1],

(4 — p)h* + 1203 (x — x;_1) + 6h%(2 + p)(z — 2i-1)?

712h((E — l’i_l)?’ — 3,u(x — l'i_1)4, S [xi_l,xi],
1
Gi(z) = Y (4 — p)h* + 12h3(z41 — o) + 6R3(2 + p)(Tiz1 — 7)?
—12h(xip1 — )% — 3u(zip1 — 1)4, T € X, Tit1],
4h(1 = p)(xipo — ) + 3p(zipe — x)?, T € [Tiy1,Tiya],
0, otherwise.
(19)

Consider that the approximation y; to the exact solution Y (x, i) at the point
(x,tj+1). It can be defined as follows using combinations of the cubic B-

splines and unknown time-dependent parameters:

Np+1
Y(x,u) =Y axGy, (20)

k=—1
where a;, are time dependent parameters to be determined from the colloca-

tion method with the boundary and initial conditions.

Outside of the region [z;_1,2;12], the extended cubic B-splines and their
four principle derivatives vanish. Principle four spline functions cover the
interval [x;_1,2;]. Thus, the y(z,t) variation over the element can be written

as
i+2
Y(z,p)= Z a Gy, (21)

k=i—1

where a;_1,a;,a;+1, and a; o are the element parameters. Equation (21) can
be used to compute the values of the cubic B-spline G (x, 1) and its successive
derivatives G}.(z, 1), Gi(z, 1) at the knots. These values are provided in
Table 1 below.
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Table 1: Values of Gy (x, 1) and its principle two derivatives at the node points

G; Ti_o i1 T Tiy1  Tiyl
Gilwip) 0 A S A0
Gi(zip) 0 —5 0 5 0
Glleow) 0 M -3 W o

Substituting the values of Table 1 in (11) and its first and second deriva-

tives at node x; gives

4—p 8+ 4—pu
y(zi, p) = oq i1 + o Y + oq Jitl:
1 1
Y (i, p) = —gp %i-1t 5y dit, (22)
y' (i, p) = 2t Mai—l - 2 Jr'uai + 2 Jr'uaz'-u-
’ 2h2 h? 2h?2
Substituting (22) into (11), then we obtain
§(0)(2+ p) gi
T opz (ai—1 —2a; + aiy1) — o (@i—1—aiy1)
. 8+ 4 :
11 p [ 1
+I/g < o a;—1 + 12 a; + 24 ai+1) :Fz] (23)

Let us introduce the artificial viscosity £(x;,€) into (11). Artificial diffusion
(or artificial viscosity) is added to the term in the given differential equation
that contains the singular perturbation parameter to generate the discretiza-
tion scheme. This artificial diffusion is introduced by means of fitting factor
&i(e) = &(x4,€). The zero order asymptotic solution of (18) exists and unique

(see [29, 34]) given as

o) =wn(a) + e —wn(0lew (- [ (42 -2 ) vo@. 2y

Approximation for ¢(x) and r(x) confined to their first terms about z = 1

from Taylor’s series can be obtained as

(25)

y(2) = y0(2) + [pr — yo(1)] exp (—‘W) 7

3

where yo(x) is the solution of the reduced problem. The convection-diffusion

problem in (2) has a right layer, and we have the uniform discretization
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point z; = ih and p = g By taking the limit A — 0, for (25) at

xi—1,x; and x;4+1, then we obtain

: _a@) (),
lim y; = y0(0) + [r — yo(1)] e = 79,
h—0

lim y;—1 = y0(0) + [¢r —yo(1)] e™ @ (1=2)=a(0)p, (26)
h—0

lim i1 = 50(0) + [@r — yo(1)] o~ (1-2) La(0)p

h—0

Now, we determine the fitting factor £ by considering the fitted operator (18);
that is,

lim & = lim q<i)< i1 — Git > (27)

h—0 =02+ p \ ai—1 — 2a; + @41
By substituting (26) into (27) and simplifying it, we have

£(i) = gqfi coth (q(;)”) . (28)

Hence by using the artificial viscosity into (23) and simplifying it, then we
get

K2

§@)2+p) g 14— E24+p) 8+pu
{_Qh?_Qh 7w 24]6‘“ [ STER 12]

(29)
ERQ+p) g A—p i j
_ _ 4 ARl P
+{ on? on 2 0 |4 T
Let
~ 2+ @ b
=TT Tt T
0o_§2+p)  8+u
=Tt
gt o LG @ A e
v 2h2 2h 24 °
Then
97 ai—1 + 9% +H a1 = sz (30)
For the given boundary conditions, we have
4 — 8+ 4 —
Sl T e T e = i),
24 12 24 (31)
4—pu 8+ 1 4—pu
o1 M-t T —oan, o an, 1 = en(ti)-
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For (Np + 3)X(Np, + 3) systems, (30)—(31) provide the (Ny + 3) unknowns
a_1,a0,01,...,an,+1. The (Np+1) system of equations in (N, +1) unknowns
ap,ai,...,ay,, can be expressed in the matrix form by eliminating a_; and
an, +1 from (30)—(31),

HA=F, (32)
where
(-2 ($22) 95 + 90 —55 +9¢
Hy 9} LR
H= n H? ot ;
A1 D1 Hns
Ny — 9%, —2(52) 95, + 9%, ]

A= [CLQ a1 an,—1 CLNh]T

and
T

. - : S YO
Hyo(ti) F Fs o FL, oy FR, — —Hy, ¢r(tjr1)

F=|F] -
0 4_’u

4—p
5 Convergence analysis

Lemma 7. Consider the extended cubic B-spline

G= {Gfl(xnu)v Go(éﬂ,,u), Gl(x’ﬂ)a tey GNh ((E,/J), GNthl(va’)}

given in (19). It satisfies the inequality

Np+1

S (Gl )] <

i=—1

RN
—
w
w0
&

Proof. We start from the known properties

Np+1

i=—1

Np+1

= Z ‘Gl(xlvu“” )

i=—1

where G;(x, 1) is nonzero at three nodal points only. Thus, using Table 1, at

every nodal value z;, we obtain
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Np+1
2:|G$%HﬂZK%AQ%MN+K%@MWVHGHNMJM
i=—1
A—p 8+p A—up 7
= = 1 .
24 12 TTu <1
From Table 1, for ;1 < x < x;, we have
8+ p 8+ 1
(. p0)] < —H ()| <
Gitanml < 2L (G < B
Similarly, for z; 1 < x < x;, we get
8+ 8+ pu
Gi )| < —5—,  |Gice(wip)| £ —5—-
Givi(zi,w) < =5, [Gimz(ziw)] < 5
Now, for any point = € [x;_1,x;], we obtain
Np+1
> Gi@s )| = |Gica (@i, )| + 1Gi(wi, )| + |Giga (21, )|
i=—1

A—p  S8+p  4- 20 —
_dop 84p A-p ”

24 12 24 12
Since —8 < p < 1, thus
Np+1
20—p 7
3 [Gilawl = 5F < 1

O

Let W be a unique cubic spline interpolate obtained from an approximately
solution Y'(z, 1) of the problems (11) to the given solution y(z). Then

— Nntl _
P(z) = ) AGi(w,p). (34)
i=—1

For z > 0, let a(z) = zcoth(z) satisfy «(0) = 1,a(z) = a(—z). Then
la(z) = 1] < C2% for 0 < 2z < 1. Since cothz — 1 as 2 — 00, so0

|a(z) — 1] < Cz. Hence for z > 0, we have

2 2 2

Y -
14z hjfe+1 h+e

1€(2) (35)

Lemma 8. Set a cubic spline interpolant ¥ € C2(0,1) to a solution Y (z).

For z € (x;,x;4+1), the standard cubic spline interpolation approximate holds
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if Y (z) € C*(0,1). According to Hall’s estimate [20], we have

Y ) () — \i/(x)(k)‘ <

Y| v, (36)

where ¢;’s are constants independent of A and Nj,.

Theorem 2. [Parameter uniform convergence] Let S(x, 1) be the collocation
approximation from the space of splines to the solution, Y7/*!(x) be the
approximate solution of the semi-discretized problem (11), and let y(z;,;41)
be the continuous solution of (1) and (2). Therefore, the following error

bound is valid for suitably large N:

2
yitl J+1
7 (e = 557 (37)

Proof. To prove the theorem, we start by using Lemma 5. We get the bounds

Veastes )| < d4Yj+1(xz‘) 4
= df]j4 h
deJrl(J?i) d\I/(SCZ) d4 ]+1
— < A 38
’ dz dv | =T dat ho (38)
d2yj+1<$i) _ dQ\I’@?l) c d4Y]+1(l‘i) N72
dx? dz2 | =7 dz* ho
Using the triangle inequality, we have
(Y7 (i) — 7 ()| < (YT (@) — ()| + W (i) — v ()]

The collocating condition gives
Shr J+1( ) Sh Tijrl( )

Assume that £77W(z;) = F(x;,t;), which satisfies the boundary conditions,
U(z9) = ¥(zpn,+1)- Then

EhT ]+1( ) Sh T\I](:L,Z)

‘Sh TY]-‘rl( ) Eh Tq](l,z)

:’_5 (defC;(xi) ABLALC >>‘

o (0200 _ )
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+ [ @ = ) (7 () — U ()]

yj+1 i)
d2yj+1(93i) d*¥(z;)
il | ) g T
dy T (z;)  dVU(x;)
+ [T [y (@) — W ()] - (39)
Now, using (35) and Lemma 1, then we obtain
. - N2
JHL (e — U ()| < —h
Ogi,jngl%i,MT ’y (i) (xz)| > Nh_l T
- N2
= |ly?T( (x| < —2—. 40
o0 - e < 3 (0

The coefficient matrix associated with (20) is of size (Np, +1) x (Np +1) with

its elements. For ¢ = 1,2 ..., Ny — 1, we have

$H; <0, since all terms are positive,

5’3? >0, since all terms are positive,

ﬁ;r <0, since all terms are positive coth( ;Z}z ) > 1.

Thus, the coefficient matrix of the proposed method, satisfies the properties
of M-matrix. This implies that the inverse matrix exists and it is nonnegative.
This implies [40]

|H™'| < CN; > (41)

From (32) and £77yi*1(z;) — &7 0 (x;), we get the result
H(A—A)=F - F, (42)

where A— A = (ag — @y, a1 —ay, as—as,..., an, —an,)and F—F =
(F(zo,t;) — F(wo,tj), F(z1,t;) — F(21,t),...,F(zn,,t;) — F(zN,,t;)).
Using (41), so the boundary conditions are bounded. Therefore, (39) and
(42) give

N2

|A— Al < ——.
N—i—s
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Hence, by using (21) for Y (z, ) and Lemma 34 for ¥(x), we get

Np+1 -2

- - N
|Y($i,#) - ‘I’(fz)| = |A - A| ZO: Gi(zi, )| < ﬁ (43)

Thus, using (40) and (43), also the triangle inequality, we obtain our result

N, 2

JHL (N 0t (e
HY (mz) Y (ajz)H < Nh,1 e

(44)
O

Theorem 3. If y and Y be exact and cubic B-spline approximation solution

of the problem (1), respectively, then the following error bound holds:

h2
iti) —Y(x; < =), 4
oy oax | ly(@ity) =Y (@ p) < C <h+5 +(7) > (45)
Proof. By combining Theorems 6 and 2, we get our result. O

6 Numerical result

In this section, we show two numerical examples that demonstrate the ac-
curacy of the method and the result of the error analysis. Separate tables
display the error and corresponding convergence rates for each of these two
test examples. Since the exact solution to the example is unknown, double
mesh will be used in this article to determine the accuracy of the numerical
solution. The maximum point-wise absolute error is determined as

Ny, M, 2N}, ,2M,
ENeMr = max YN () = YR (004, 195) |
0<i,j<Np,M. |~ "7 J

where Ny, and M, are the number of mesh points in the spatial and temporal
directions, respectively. The parameter uniform error estimation is defined
as

eV Mr — max{EéV’“M* }.
1>

Next, we also determine the rate of convergence of the method by using the

formula

EthM‘r
RoCNwMr = 1og, ( ) .

3}
E&?NhﬂMT
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The parameter uniform rate of convergence is defined as
RNmM- — mgx{RoC’éVh’Mf}.
Example 1. Consider the time-fractional SPPPDE
Pot) | (o ) W0

Ox? Oz
= y(x,t — 1) + 10t* exp(—t)x(1 — ),

D}y(z,t) —e +(2- + (z+ D) (t+1)y(z,t)

on (z,t) € Q= (0,1) x (0, %], with initial and boundary conditions ¢y (z,t) =
0, pi(t) = 0 and ¢, (t) = 0.

S N
NN
N W
N

B RN

R

RN
Rk
\\\}‘\ N

S RN

AT IR
R IR

AW \\\\\\\\\\\\\\\\‘?

8 0.4
7 — axis 12 T — axis 12
(c) e=2710 (d) e =220

Figure 1: Three-dimensional plot of the numerical solution for Example 1 for different
values of ¢ with v = 0.5, N, = 32, and M, = 40.
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Table 2: Absolute maximum error and rate of convergence for Example 1 for different

values of e, with fix v = 0.5

(Np, M;) = (16,20) (32,40) (64,80) (128, 160) (256, 320) (512, 400)

e=20 4.1605¢-03  1.9136e-03  8.5272¢-04 3.6840e-04 1.5434e-04  6.2758¢-05
1.1205 1.1662 1.2108 1.2551 1.2983 -

e=272 7.8335e-03  3.3678e-03  1.3897e-03  5.5457e-04 2.1515e-04  8.1537e-05
1.2179 1.2771 1.3253 1.3661 1.3998 -

e=2"1 9.5332¢-03  3.9931e-03  1.6048¢-03  6.2416¢-04 2.3637e-04  8.7649¢-05
1.2554 1.3151 1.3624 1.4009 1.4312 -

e=2F 9.8688e-03  4.1357e-03  1.6591e-03  6.4279e-04  2.4217e-04  8.9302e-05
1.2548 1.3177 1.3680 1.4083 1.4393 -

e=27% 9.8893e-03  4.1566e-03  1.6705¢-03  6.4735e-04  2.4366e-04  8.9726e-05
1.2505 1.3151 1.3676 1.4097 1.4413 -

e=2"10 9.8893e-03  4.1568e-03 1.6711e-03  6.4798e-04  2.4397e-04  8.9826e-05
1.2504 1.3147 1.3668 1.4093 1.4415 -

g=2"12 9.8893e-03  4.1568¢-03 1.6711e-03  6.4798¢-04  2.4398¢-04  8.9840e-05
1.2504 1.3147 1.3668 1.4092 1.4414 -

e=2"1 9.8893e-03  4.1568e-03 1.6711e-03  6.4798e-04  2.4398e-04  8.9840e-05
1.2504 1.3147 1.3668 1.4092 1.4414 -

e=2"2 9.8893e-03  4.1568e-03 1.6711e-03  6.4798e-04  2.4398¢-04  8.9840e-05
1.2504 1.3147 1.3668 1.4092 1.4414 -

e=2"% 9.8893¢-03  4.1568¢-03 1.6711e-03  6.4798¢-04  2.4398¢-04  8.9840e-05
1.2504 1.3147 1.3668 1.4092 1.4414 -

g=2730 9.8893e-03  4.1568e-03 1.6711e-03  6.4798e-04  2.4398e-04  8.9840e-05
1.2504 1.3147 1.3668 1.4092 1.4414 -

eNn My 9.8893e-03  4.1568¢-03 1.6711e-03  6.4798¢-04  2.4398¢-04  8.9840e-05
RNw M- 1.2504 1.3147 1.3668 1.4092 1.4414 -
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Table 3: Comparison of absolute maximum error and rate of convergence for Example

1 for different values of e, with fix v = 0.5

(Np, M:) = (16,20) (32,40) (64,80) (128, 160)
Proposed Method

e=2"6 9.8688e-03 4.1357e-03 1.6591e-03  6.4279e-04
1.2548 1.3177 1.3680 -

e=2"8 9.8893e-03 4.1566e-03 1.6705e-03  6.4735e-04
1.2505 1.3151 1.3676 -

e=2"10 9.8893e-03 4.1568e-03 1.6711e-03  6.4798e-04
1.2504 1.3147 1.3668 -

e=2"12 1.4000e-02 5.5760e-03 2.1233e-03  7.8272e-04
1.3281 1.3929 1.4398 -

e=2"14 1.4000e-02 5.5760e-03 2.1233e-03  7.8272e-04
1.3281 1.3929 1.4398 -

e=2"20 9.8893e-03 4.1568e-03 1.6711e-03  6.4798e-04
1.2504 1.3147 1.3668 -

e=2"2% 9.8893e-03 4.1568e-03 1.6711e-03  6.4798e-04
1.2504 1.3147 1.3668 -

e=2730 9.8893e-03 4.1568e-03 1.6711e-03  6.4798e-04
1.2504 1.3147 1.3668 -

eNn M~ 9.8893e-03 4.1568e-03 1.6711e-03  6.4798e-04
RNn»M= 1.2504 1.3147 1.3668 -

Method in reference [27]

e=2"6 1.0088E-02 4.9401e-03 2.0143e-03  7.1385E-04
1.0300 1.2943 1.4966 -

e=2"8 1.1863e-02 6.3546e-03 3.3404e-03  1.8221e-03
0.9006 0.9278 0.8744 -

e=2"10 1.2246e-02 6.6457e-03 3.4625e-03  1.7661e-03
0.8818 0.9406 0.9712 -

e=2"12 1.2336e-02 6.7141e-03 3.5082e-03  1.7930e-03
0.8776 0.9365 0.9683 -

e=2"20 1.2365e-02 6.7364e-03 3.5230e-03  1.8022e-03
0.8762 0.9352 0.9670 -

e=2"2% 1.2365e-02 6.7364e-03 3.5230e-03  1.8022e-03
0.8762 0.9352 0.9670 -

e=2730 1.2365e-02 6.7364e-03 3.5230e-03  1.8022e-03
0.8762 0.9352 0.9670 -

eNn M~ 1.2365e-02 6.7364e-03 3.5230e-03  1.8022e-03
RNn»M= 0.8762 0.9352 0.9670 -
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Example 2. Consider the time-fractional SPPPDE

0?y(x,t) xz) Oy(z,t)
Ox? ox
= y(x,t — 1) + 10t* exp(—t)2(1 — ),

D]y(z,t) —¢ + (2 - + zy(z,t)

on (z,t) € Q= (0,1) x (0, %], with initial and boundary conditions ¢y (z,t) =
0, ¢i(t) = 0 and ¢, (t) = 0.

T — axis 12

(d) e =2720

Figure 2: Three-dimensional plot of the numerical solution for Example 2 for different
values of € with v = 0.5, M, = 32, and M = 40.

The numerical results are described in terms of maximum absolute errors
and numerical rate of convergence in Tables 2 and 4. These results are
compared with those of a previously developed numerical approach found in
the literature in [27], using Tables 3 and 5. Additionally, the log-log plot

(Figure 3) and the numerical solution for Examples 1 and 2 (refer to Figures
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Table 4: Maximum error and rate of convergence for Example 2 for different values of
e, with fix y = 0.5

(N, M;) = (16,20) (32,40) (64,80) (128, 160) (256, 320) (512, 400)

e=20 5.0614e-03  2.2923e-03  1.0036e-03  4.2492¢-04  1.7424e-04  6.9357e-05
1.1427 1.1916 1.2400 1.2861 1.3290 -

e=2"2 1.1193e-02  4.6126e-03  1.8150e-03  6.8997e-04  2.5570e-04  9.3106e-05
1.2789 1.3456 1.3954 1.4321 1.4575 -

e=2"1 1.4655¢-02  5.8083e-03  2.1878¢-03  7.9856e-04 2.8584¢-04  1.0112e-04
1.3352 1.4087 1.4540 1.4822 1.4992 -

e=20 1.5546e-02  6.0863e-03  2.2785e-03 8.2711e-04  2.9408e-04  1.0330e-04
1.3529 1.4175 1.4620 1.4919 1.5094 -

e=2"8 1.5610e-02  6.1249e-03  2.2975e-03  8.3410e-04  2.9620e-04  1.0386e-04
1.3497 1.4146 1.4618 1.4937 1.5119 -

e=2"10 1.5610e-02  6.1253e-03  2.2986e-03  8.3507e-04  2.9663e-04  1.0399e-04
1.3496 1.4140 1.4608 1.4932 1.5122 -

e=2"12 1.5610e-02  6.1253e-03  2.2986e-03  8.3507¢-04 2.9666¢-04 1.0401e-04
1.3496 1.4140 1.4608 1.4931 1.5121 -

e=2"1 1.5610e-02  6.1253e-03  2.2986e-03  8.3507e-04  2.9666e-04  1.0401e-04
1.3496 1.4140 1.4608 1.4931 1.5121 -

e=2"2 1.5610e-02  6.1253e-03  2.2986e-03  8.3507e-04 2.9666e-04  1.0401e-04
1.3496 1.4140 1.4608 1.4931 1.5121 -

e=2730 1.5610e-02  6.1253e-03  2.2986e-03  8.3507e-04  2.9666e-04  1.0401e-04
1.3496 1.4140 1.4608 1.4931 1.5121 -

eNn My 1.5610e-02  6.1253e-03  2.2986e-03  8.3507e-04 2.9666e-04  1.0401e-04
RNwM 1.3496 1.4140 1.4608 1.4931 1.5121 -

1 and 2) demonstrate the e-uniform convergence of the scheme. A boundary
layer, as shown in Figures 1 and 2, is located at the right side of the space
domain in the numerical solution of Examples 1 and 2 above. Figures 1 and
2 also display the computed solutions y; ; for various perturbation parameter
values, along with the influence of fractional order. Figure 3 displays the
log-log plots of the maximum absolute errors against the number of meshes
for both cases, demonstrating the developed numerical scheme’s convergent
nature regardless of the perturbation value. The suggested scheme is e-
uniformly convergent, as illustrated by the numerical results shown in Tables
2 and 4, by combining extended cubic B-spline collocation with artificial
viscosity numerical method in the spatial direction with the implicit Euler’s

method in the temporal direction. We can see that, for each value of ¢, the
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Table 5: Comparison of maximum error and rate of convergence for Example 2 for

different values of ¢, with fix v = 0.5

(Np, M7) = (16,20) (32,40) (64,80) (128, 160)
Proposed Method
e=2"6 1.5546e-02 6.0863e-03 2.2785e-03  8.2711e-04
1.3529 1.4175 1.4620 -
e=2"8 1.5610e-02 6.1249e-03 2.2975e-03  8.3410e-04
1.3497 1.4146 1.4618 -
e=2"10 1.5610e-02 6.1253e-03 2.2986e-03  8.3507e-04
1.3496 1.4140 1.4608 -
e=2"12 1.5610e-02 6.1253e-03 2.2986e-03  8.3507e-04
1.3496 1.4140 1.4608 -
e=2"1 1.5610e-02 6.1253e-03 2.2986e-03  8.3507e-04
1.3496 1.4140 1.4608 -
e=2"20 1.5610e-02 6.1253e-03 2.2986e-03  8.3507e-04
1.3496 1.4140 1.4608 -
e=2730 1.5610e-02 6.1253e-03 2.2986e-03  8.3507e-04
1.3496 1.4140 1.4608 -
eNn:Mr 1.5610e-02 6.1253e-03 2.2986e-03  8.3507e-04
RN M-~ 1.3496 1.4140 1.4608 -
Method in reference ([27])
g=2"6 1.5818e-02 7.8811e-03 2.9140e-03  8.1121E-04
1.0051 1.4354 1.8449 -
e=2"8 2.1516e-02 9.5195e-03 4.7373e-03  2.2942¢-03
1.1765 1.0068 1.0461
e=2"10 2.4877e-02 1.1527e-02 5.4771e-03  2.6471e-03
1.1098 1.0735 1.0490 -
e =212 2.5768e-02 1.2070e-02 5.7971e-03  2.8303e-03
1.0942 1.0580 1.0344 -
e=2"15 2.6068e-02 1.2257e-02 5.9063e-03  2.8933e-03
1.0887 1.0533 1.0295 -
e=2"% 2.6069e-02 1.2258e-02 5.9068e-03  2.8935e-03
1.0886 1.0533 1.0296 -
e =230 2.6069e-02 1.2258e-02 5.9068¢-03  2.8935e-03
1.0886 1.0533 1.0296 -
eNn:Mr 2.6069e-02 1.2258e-02 5.9068e-03  2.8935e-03
RNn- M~ 1.0886 1.0533 1.0296 -
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Maximum pointwise error
Maximum pointwise error

.4
10 10 ‘\*

10! 102 10° 10! 10? 10°
M Number of mesh points M Number of mesh points

(a) Log-log plot of the max error for Ex- (b) Log-log plot of the max error for Ex-

ample 1 ample 2

Figure 3: Log-log plot of maximum absolute errors for Examples 1 and 2 for different

values of e.

maximum point-wise error decreases as Np, M, grows from the results in
Tables 2 and 4. It is evident that, for every Ny, M., the maximum point-
wise error is € — 0 stable. By utilizing these two examples, we verify that
the suggested numerical technique is more accurate, stable, and e-uniformly
convergent, with a convergence rate that is almost one. The execution of the

proposed method is done by using the MATLAB R2022b software package.

7 Conclusion

We solved the time delay singularly perturbed parabolic convection-diffusion
problem with the time-fractional order of derivative using the extended cubic
B-spline collocation method. The solution to the problem showed a boundary
layer on the right side of the spatial domain. The layer region of the solu-
tion has a steep gradient due to the existence of €. Because of the rapidly
changing solution behavior in the layer region, it is computationally chal-
lenging to determine the solution analytically or using standard numerical
approaches. To control this effect, we came up with a plan that makes use of
an extended cubic B-spline collocation scheme in the spatial direction and an
implicit Euler’s scheme in the temporal direction. It has been demonstrated

that the developed numerical approach is stable and converges uniformly.
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Two model problems have been taken into consideration for the numerical
experimentation for various values of the perturbation parameter and frac-
tional order derivatives in order to confirm the method’s compatibility. The

N2 2 ) d
b 4+ 7477) an
—1

N1

scheme was shown to have an order of convergence of O(

to be e-uniformly convergent.
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In this paper, we explore the numerical analysis of the microscale heat
equation. We present the characteristics of numerical solutions obtained
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with the exact ones. A practical algorithm is introduced to address the sys-
tem emerging from the fully-discrete finite element approximation at every
time step. Additionally, the paper presents numerical error calculations to

further demonstrate and validate the results.

AMS subject classifications (2020): Primary 65M60; Secondary 65M12, 35D30.

Keywords: Finite element; Microscale heat equation; Convergence; Weak

solution.

1 Introduction

The microscale heat transport equation holds significance as a crucial model
in microtechnology. Diverging from the classical heat diffusion model, mi-
croscale heat transport incorporates temperature derivatives of second and
third order concerning time and space, introducing a more intricate represen-
tation of heat transfer dynamics at the microscale. The equation governing
the microscale heat transport, capturing the thermal characteristics of thin

films and other microstructures, is expressed as follows: [32]:

1 .
a(% + ’Yq’Ytt) = ’)/qArYt + A’Y + S, n % X [07 §R}7 (1)
% —0, on 9% x [0,%), 2)
7('a 0) = ’Y?a ’Yt()o) = ryg in %7 (3)

where S is an open bounded domain in R™ (n = 1,2, 3), v is the temperature,
a and 4 are positive constants. Here « is the thermal diffusivity. Also, v4’s
represent the time lag of the heat flux and the temperature gradient [31].
The microscale heat transport equation serves as a mathematical repre-
sentation to elucidate heat transfer phenomena occurring at extremely small
scales, predominantly in micro- and nanoscale systems. This equation holds
significance as a foundational tool in the realm of microscale heat transfer,
finding applications in diverse areas such as the phonon-electron interaction
model [25], the single energy equation [27, 28], the phonon scattering model
[20], the phonon radiative transfer model [21], and the lagging behavior model
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[27, 26]. These models can be effectively described and analyzed using the

microscale heat transport equation.

A limited number of researchers have addressed the numerical solution of
the one-dimensional microscale heat transport equation. Qui and Tien [24]
employed the Crank—Nicolson technique to solve the phonon-electron interac-
tion model. Joshi and Majumdar [21] utilized an explicit upstream difference
method to address the phonon radiative transfer model in a one-dimensional
medium. Zhang and Zhao [31] tackled the one-dimensional microscale heat
transport equation using a fourth-order compact scheme, demonstrating its
unconditional stability. In their works [33, 32], they extended their approach
to solving the two- and three-dimensional microscale heat transport equations
with second-order accuracy in both time and space. Additionally, a compact
finite difference scheme with fourth-order spatial accuracy and second-order
temporal accuracy for the three-dimensional microscale heat transport equa-

tion was developed by Harfash [11].

Recently, a compact difference scheme for the microscale heat transport
equation was formulated in [6]. This scheme demonstrated superior precision
compared to a previously suggested method, offering higher-order accuracy.
The study established the unconditional stability and convergence of the
developed compact difference scheme. In the work presented in [22], the ap-
plication of the localized radial basis function partition of the unity method
has been investigated for solving the microscale heat transport equation.
The proposed algorithm involves a two-phase discretization of the unknown
solution. In the study documented in [1], the focus was on developing a
novel meshless numerical approach for solving the heat transport equation.
To achieve this objective, the Crank—Nicolson finite difference method was
employed to discretize the time derivative. The time-discrete scheme’s un-
conditional stability and convergence were subsequently verified through an

energy method.

It is worth noting that all previous numerical studies to solve the mi-
croscale heat transport equation were not concerned with performing theo-
retical analysis of the numerical solutions in terms of studying the solution
spaces and the convergence of the numerical solution to the analytical solu-

tion. Also, the study of error in previous studies was incomplete due to the
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failure to specify the numerical solution spaces. In this study, the system
will be approximated by the finite element method for space and the finite
difference method for time. A comprehensive study of the numerical solution
will be conducted. The study includes finding the spaces of the numerical
solution and studying the error. In addition, we perform the convergence
analysis of the approximate weak form to the continuous weak form. Many
recent studies have involved the use of the finite element method to solve
various problems [5, 29, 23, 4, 10, 30].

To address our approaches, we see that under the transformation ¢ =
¥ + Yq7Vt, the system (1)—(3) becomes as follows:
(A) Find {7, ¢} such that

é&ﬂ/} = Ay +s, in & x [0, %], (4)

/ant’y = w -7, in § x [07 %]7 (5)

oy ~

7 0, on 0% x [0, R, (6)
v(-,0) =17, P(-0) =7 + 7478 = ¢, in & (7)

Next, we introduce a weak formulation of the system (4) and (5) in the
following form:
(A) Find 9(x,t),v(x,t) € HY(S) such that ¥(x,0) = 9°(x),v(x,0) = 7?(x)
and for a.e. t € (0,R) and for all T € H*(S),

é(atw, T) + (Vab, VT) = s(1, 1), mnSx[0,R, (8)

Y407, 1) + (7, 1) = (¥, 7), in & x [0, %] (9)

This passage outlines the structure of the paper. Section 2 is dedicated
to defining the notation used throughout this study. In section 3, the semi-
discrete approximation of Problem (A) is discussed, with subsection 3.1 fo-
cusing on global existence and subsection 3.2 on uniqueness. Subsection 3.3
presents the error bounds associated with the semi-discrete approximation.
The fully-discrete finite element approximation of the Problem (A) is covered
in section 4, where stability bounds are also derived. The following subsec-
tions, 4.1, 4.2, and 4.3, analyze the existence, uniqueness, and convergence

of the solution, respectively, and subsection 4.4 examines the error estimates
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for the fully-discrete approximation. Lastly, section 5 describes a numerical
algorithm for implementing the fully-discrete approximation of the Problem

(A), including calculations of numerical errors.

2 Finite element spaces and associated results

Consider the finite element space S™, which is a subset of H*(S), defined by
St .= {e € C(Q) : ¢, is linear for all 7 € T"}.

The set {x; }}’:1 represents the standard basis functions for S®, which adhere
to the property that ;(s;) = 65 for all i,j =1,...,J. Here, N := {¢;}/_,
denotes the collection of nodes corresponding to the partition 7”. Addition-

ally, we introduce
Shyi={eeShie(g)>0,5=1,...,J}

CHéO ={ec H(Y):£>0a.e. €3}

The operator II" : C(J) — S™ represents the Lagrange interpolation opera-
tor, which can also be referred to as the piecewise linear interpolant. This

operator ensures that
"e(s;) == e(s;), for j=1,...,J.

Furthermore, we introduce a discrete L? inner (or semi-inner) product on

ShC()) as
(o) i= [ W(ulol)ds =Y 30 ui)ofs), (10)

where ]\/ij = (kj,/;)" = (1,k;) > 0. By observing (10), it is straightforward

to confirm that
(e1,60)" = (T"ey,e9)" = (M"ey, M"ex)"  for all £1,65 € O(S).

In the context of the finite element space S”, several established results are

notable. The induced discrete semi-norm on C(J) and the norm on S* are
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both represented by |- |, which is defined by the expression [(-,-)"]'/2. Tt has
been proven that the semi-norm | - |, is equivalent to the norm || - ||o, which

is defined as [(-,-)]'/2. This relationship can be described as
19I5 < 917 < (C+ 21915 for all ¥ € S (11)

The Poincaré inequality, given that % is sufficiently small, can be expressed

in the following form:

(¢, OM)7 = 1¢ln < Co(ICh +1(¢, V™). (12)

We define, for any A(z) € S”, that

k

N = (f I o)t = (D ATA@)F if 0<¢ <,
S i=0
and
h - R : _
Nlng = max. [A(z;)" if (=oo

We now revisit some well-established results concerning the space S™ un-
der the assumption that 7" forms a quasi-uniform partitioning: For any
TeTh €S 1<p,q<ooandm,le{0,1} with I < m, we have

l—m-+¢ min

(Ovlfl)
€llm.p,7 77 < Cloo Tl g s

[{P==))

where the abbreviation “7” means “with” or “without” 7. The inequality

’ as docu-

stated above is commonly referred to as “the inverse inequality, ’
mented in . 75-771[9]. Additionally, it remains valid when replacing || - ||

with | - |, as indicated in . 140-1421[7].

For future reference, we introduce the subsequent inverse inequalities,

derived from the quasi-uniform condition as outlined in of [7, Theorem 3.2.6],

—1
|€]1,p,7r» < Chirs

5'0,1),”7’”7 1 S p S o0,

,z(l,l)
|£‘m,p,”7’” S Ch”-,-” o |€|m,q,”‘r”7 1 S q S p S o0, mc {07 1}

We also need the following interpolation results for every £ € W1#(J), where

s€[2,00]if =1, and s € (£,00] if ¢ is either 2 or 3:
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|(I - Hh)f‘m,s S Chlim|£‘1787 m € {0’ 1}7 (13)

lim |(7 — ")l = 0, (14)
h—0

(see [9, Theorem 1.103 and Corollary 1.110], respectively). We also bring to
mind the following useful result (e.g., [8]): For any &;,& € S, we have

‘(51752) - (51752)h‘ < Oh1+m‘§1|m,n1|§2|l,nza (15)

for m € {0,1} and 1 < nq,ny < oo with n%Jrn%:L
We can conveniently introduce the “inverse Laplacian Green’s operator”
denoted as G : (HY(SJ))" — HY(S) such that

(ngu)l, V’lu}g) = <171,’52> for all 172 € HI(S),

where (-,-) denotes the duality pairing between (H'(3)) and H'(S) such
that
(h,v) = (h,0) forall hec L*S) and ¢ € H (). (16)

3 A semi-discrete approximation

We define the following semi-discrete approximation of the system (4)—(7):
(A™) Find {y", 4"} € S™ x S™ such that for a.e. t € (0, R)

ol

$<W7Th>’i + (V" VI = (1,1 forall TP e ST (17)
375 I h o~k h o~k h h
fyq(ﬁ7’r)+(»y”f):(q/;,’1‘) for all Y™ € S™, (18)

7" (x,0) = Py (x). (19)

3.1 Global existence

Theorem 1. Suppose that & C R? (with d < 3) is an open, bounded,
convex domain. Let 40 € H'(S). Then, the system (17)—(19) admits a

solution 1™, 4" that satisfies
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Yo" € L0, H () N L0, R; L*(3)) N L*(0,R; H () N L2 (Sw),

fﬁezﬂmﬂ%H%s»mmeﬂtL%%»mLm&mx

Proof. Selecting Y" = 9" in (17) and T" = 4" in (18), we obtain

1 oy

Ly (T, Tt = s(L 0 (20)
1A + (3 ) = (A, 1)

Now, by utilizing (20) and (21), we derive the following result:

I+ 2L B I BV = [ 0@ ks [ 10,

20 dt 2 dt

Through the application of Young’s inequality, Holder’s inequality, and (11),
it can be established that

5| 31"+ 2l 8] + 118 + 190 < € 19718 + 0718 + C(31.

sc@w@+mhﬂ+mmm»

By applying the Gronwall lemma and integrating equation (21) over the time

interval (0,R), we obtain

Lo Ya .k " h " 1D
2 VMO - R @I [ R [ vt
0 0

1
< 5[ O] + L )3 + C (131, 5). (22)

From (22), it follows that

19" | Lo (0, 522(3)) < C, 19" | Lo 0,522 (3)) < C
" ||L2(%‘§n) <O [ YMlzeomem () < C. (23)
Now, by choosing Y = 2 in (17), we have
1, oyt o

| B h h
LIz + eIV = 51, 2y
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Through the application of Holder and Young’s inequalities, we can state

that
1, ot ,

20 %o ot
Integrating both sides of (24) from 0 to ¢ results in

I3+ 5 IV8 3 < OG5, 11, 0). (24)

oo,

1513 dt + SI99" TR < IV O + O 3L,a).  (25)

From (25) and considering the assumptions that ¥° € H1(3J), it can be
concluded that

" B
=g 2@y < € 197 20 m (o)) < C- (26)
Now, by choosing Y = 22~ in (18), we obtain that
o
A A
1l 208 + 18 < (w2, (27)

Through the application of Young’s inequality, we can express that

.
eyLcely I3 < ool (28)

Integrating (28) over (0, 1) and utilizing (28), along with the observation that
L>(0,R, L3(3)) — L%(Sg), we deduce that

|| IIOdt+f||v R < 3]0 )”0"’7/ W[ dt. (29)

From (29) and considering the assumptions that 7 € H(S), it can be
concluded that

|| ||L2 W <O [ lr=(em < C.

Now, by setting T" = A’yh in (18), it follows that
20 L1993+ 1943 = (T4, )

By applying Young’s inequality, we arrive at the conclusion that

1
5 dtllvv I5 + *IIVV"’H% < 5IVe" 5. (30)
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When integrating both sides of (30) from 0 to ¢, the result is

R R
MWWWM+A\NW%ﬁSAIWW%ﬁ+MWW@%~ (31)

From (23) and (31), considering the assumptions that 7Y € H'(S), it can be
concluded that

9" Lo 0,013 < Cs 17"l L20,90m1 (3)) < C.

3.2 Uniqueness

Let %, 9% and 47, +L represent two sets of solutions from the semi-discrete
approximations given by (17) and (18), respectively. By defining " =
Y — B and 4" = 47 — 4% and subsequently subtracting the semi-discrete

approximations (3"), we obtain the following result:

1 3¢h h\h h hy __
and o
(T T + (10 = 1. (33)

By selecting Y" = ax" for (32) and Y = %’yﬁ for (33), respectively, we
deduce the that p
TP+ oy =0, (34)

and
@
2dt

From (34) and (35), it follows that

1 1
Y13+ =IIV"1I5 = —@",2™). (35)
Yq Yq

d h2 h2 1 h2 1 h . h
Yo + 1T + =" lls = —@",7").
5 17 o+l %II 15 %( )

d  n2
Tdtwj n+
Applying Young’s inequality along with (11), we deduce that

a

1 1 1
B2 B2 B2 0 2 0B2 < 2 bR I 2 (A2
5 1" s+ 17" o] + ol |1+qu|7 6 < 2Vqllib 6 + 2Vqllv 115
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1 1
< oM+ 5= IV 5-
274 274
The application of Gronwall’s lemma leads to the conclusion as

R R
1
P2 + R+ a / WP + - / I 2dt < SRR O)2 + [ O],

q

Therefore, if 7(0) = 5 (0) and 47 (0) = 75(0), then we can deduce the
uniqueness of the solutions such that 17 (t) = 5 (t) and v} (t) = 7% (¢) for all
t.

3.3 Error estimate

Theorem 2. Assuming that the conditions of Theorem 1 are met and given

191 220,952 (3)) < C, (36)

then the solution {¢, v} adheres to the specified error constraints

llewll Lo 0,3 02(3)) F eyl e 0,522 () + €l 20,281 (3)) Flley 2 aw) < CHZ,

(37)
where
ey = =", ey =y -7 (38)
Proof. To begin with, we establish the following definitions:
6$ = dj - Hﬁ% 6,}4 =79- Hﬁ’% (39)
ey ="y — g, el =Ty — A" (40)
From (38)—(40), we have that
eZ =€y — eﬁ, ez =e, - eﬁ;‘. (41)

By applying (40) and (38)—(40), it is straightforward to determine that
legillo < CR*[ll2,  lleslo < CR2[l]l2,

eyl < CRllglla,  lefts < Chillyllo, (42)
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el < CRllpll2, el < Chillylla,
lefllo < llegllo + CRZ|[lla, Il < lleyllo + CA?[lll2,
lelil1 < legl + CRllYll2,  [el]1 < les]1 + CHl|2,
el < lewllo + lewl + Chllplla,  [le2ll < lleyllo + leyls + Chlv]l2. (43)

Subtracting (8) and (9) from (17) and (18), respectively, and choosing T =
T" yields that

(00, ) — (9", 1) + a(Vey, VT) = 0, (44)
and
@%n—@wxﬁ+$m1»4%mm=§«mn—w%n%ua

Selecting T = e?p in (44) and T = eg in (45) results in
(at'(/)a 62) - (8t'(/)h7 eZ)h + a(V6¢, VGZ) = Ov (46>
and

L ((nel) — (7, eh)] =

Oy, €5) — (0", €}) + — (¥, €]) = (", el)]. (47)

1
Yq
By employing (41) and adding and subtracting the terms (9;¢",el}) and
(07", €l) to (46), as well as the terms (v",el!) and (", el) to (47), it can
be deduced that

(Orey, eﬁ) +{(8tz/Jh, eZ) — (8twﬁ, eﬁ)h}—l—a(Vew, Vey) = a(Vey, Ve;z), (48)
and

@%&»4awx$+jum&wwﬁﬁm:

1
— —[(@W,el) — (", e)]. (49)
q Yq
From (48) and (49), it can be observed that

d

d 2 2 2 1 2
saivI3 + sggllealls + aleof? + lles

< a(Vey, Vey) + (0", €)" — (99", ef)] + qu[(w, e}) — (¥", €5)](50)
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We bound each term on the right-hand side of (50) separately. Initially, by
employing Cauchy—Schwarz and Young inequalities, along with (42), it can
be inferred that

a(Vey, Vep) < Tlewld + OB [wl3. (51)

By applying (15), Young’s inequality, and (43), it can be established that
1 «a
(D", €)= (00", €l))] < Ch2||5t¢h||(2)+§||6w||3+Z|€w|;f+0h2ll¢||3~ (52)
By employing (40), Young’s inequality, and (43), we determine that

1 1 1
;[(w,ei) — ") = 7(62763) < Slleills + Clief g (53)
q q

By inserting equations (51)—(53) into (50), it can be deduced that
d o 1
ool + llex B+ Sleo + ller 3
< Clleyll§ + Clleslls + CR*[[0:¢" I3 + CR|| 3. (54)

Multiplying (54) by 2 and applying Grénwall’s lemma, we obtain that

e e
2
wwm%+wwm%+a/|%@ﬁ+—/“wmwt
0 Yq Jo
< R [le (0)[12 + llex (O3] + R CH2|DM | 2 )
+ CR? 1Y 20,30, 12(3)))- (55)

In order to bound the right-hand side of (55), initially, we observe from (54)
and taking into account that ¢°,v) € H!, yielding that

lew(0)]15 = [[v° — "5 < CR*YO < CR?,

and
lex (0I5 = [Iv7 — P 1ls < Ch?H) < Ch2.

Additionally, based on Theorem 1, the remaining terms on the right-hand
side of (55) are bounded. Consequently, we ultimately obtain that

lley | Lo (0,522 (s)) F eyl oo (0,22 (3)) Fllewl 2 0,011 () Flley | L2 (s) < Ch?.

O
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4 A fully-discrete approximation

Suppose that NV is a positive integer, and let At := % represent the time
step. We investigate the following fully-discrete finite element approximation
of the system (1)—(7):

(AMAt) For n > 1 find {¥", T} € [S"]? such that for all T € S”

L gn —grt " n . .
—|——, T ) +(V¥", VY)=5(1,7) forall Y € S", (56)
o At
I n n h
Yq T,T +I", T)=(v", T) forall Y € S",  (57)

WO = Phy, 9 =Py,

Theorem 3. Suppose ¥°, 79 € L?(S) with [°(+)] < 1 almost everywhere in

S and ' € HY(S) N L?(S). Then, for all At < Zﬁij} where 6 € (0,1), the

problem (A™2%) has a solution W™, T™, n =1,..., N, satisfying that

max

m=1 N[

geuay

m N
1977 + [IVE™ G + [T 7]+ Y ALV |5+ D AtT||7
n=1 n=1

+ T = TR V(@ - e T TR < C
n=1
Proof. Selecting T = aAt¥U™ and T = %F" in (56) and (57), respectively,

we derive that

(\I/n o \IJTLfl’ \Ijn)h +01At(v\1’n, V\I/n) _ O[AtS(].,\Iln)h, (58)
A A

(™ -1t ) + —t(l‘”, ") = —t(\I/", rm). (59)
Ve Yq

By inserting (58) into (59), we find that
At

(\I,n _ \I/n_l, \I/n)h + (Fn _ Fn—l7 Fn) + —(F”, Fn) +aAt(V\IJ", V\Ifn)
Ya
= aAts(1, ") + gr"(\If", ),
Ya

(60)

Utilizing the subsequent straightforward identity,
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2(r —y)=a>—y* +(x—y)* foralz,ycR, (61)
Holder and Young’s inequalities, and (59)—(60), we find that

]' n n n n—
[1—At(7+a8)]\|‘1f I+ "7 + e — w7
q

At
+ [T = T HE 4 2048 VE[F + TIF”I%
q

<N HE + 1T I + C s, At a, [S]).

Subsequently, it can be concluded that

1+ avygs

[1— Ay ™ [I7 + T 7] + e — e =17

q

At
0" =T + 2048 VO § + ,TIF"I?L
q

<R + NPT + Cs, At a, [9]). (62)

Since U™, I >0, At< Aﬁ(i;f), thus we have § < 1 — At(%). Then

we can find that

14+avygs
1 =1+ At(Tq) n At(1 + arygs)
1+avygs 1+avygsy — 2]
1_At(,‘/7) 1 _At(T) ’Y‘]

q

It is deduced from (62) that

1™ + IT"7 + 204t VP II3+7||r 7 + 1™ = @ = HJ7 + [T =T
q

1
< \I,nfl 2_|_ anl 2+C
< —1—At(1+jw)[” 7 + I 7 + €]
At(1 4+ ary,s)

“qu

IN

1+ [ =HE + I~ Hi7 + Cl.

Summing the given equation over n = 1,...,m for m < N and incorporating

assumptions about initial conditions, lead to

m N
1
T2 4 |IT™|2] + 2 AL[VI?Z2 + = " A2
mf%‘??_’,‘,N[” % + 1T I5] + a§ v Ho+7q§ 18
n=1 n=1
R(14+aygs

m ( )
F3 M e T T < e et U2+ IO+ C) < C

n=1
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n n—1
Opting for T = a¥=2— in (56), we deduce that

gn — \Ifn_l
|T i(l,\lln _ q/n—l)h.

b *(V‘I’" V(- = &

At

Utilizing Holder and Young’s inequalities, along with (61), we obtain that

o — gt n n n— o n—
—Qx In+ S |VY i+ t\V(‘I’ S A VY HE+C (AL (3], s).
Summing the aforementioned equation over n = 1,...,m, where m < N and

employing assumptions regarding initial conditions, result in

m —1

max [[VE Z e R LA )

< %|w°|ﬁ +O(AL ]3], 5,0) < C.

4.1 Existence of the approximation

Following the methodology similar to what is described in [12, 13, 14, 15, 18,
16, 19, 2, 17, 3], we introduce the functions as follows: A, : S* x S* — S"
and A, : ST x §" — S™ such that for all T € S™, we have

(Ap(T,T), 1) = (¥ - 0" )" L aAH(VE, VT) — saAt(l, T), (63)

(A,(¥,T), T) = (T -T""1 1)+ g(F T) - g(\If ),  (64)

Ya Ya
respectively. We initially observe that the continuous piecewise linear func-
tions A, and A, are distinctly determinable based on their values at the
nodal points A*. This uniqueness becomes evident when we set T = Kj,
where j =0,...,J, in (63) and (64). Subsequently, we derive solvable square

matrix systems as follows:

MA,(U,T) = Sy, MA,(¥,T) = Sy,
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where M is the lumped mass matrix introduced and S; and S are given
vectors in terms of the nodal values of ¥, T, ¥"~1 and I'"~!. Thus, the

functions A, and A, are well defined.

By considering (63) and (64), the problem (A™%) can be reformulated
as
For given {W°, T} € §7 x S* find {¥" T} € S" x S* n > 1 such that

Ap(U,T) =0, A, (¥,T)=0.

Lemma 1. For any given R > 0, the functions Ay : [S"]2R — S" and

A, : [S"% — S exhibit continuity in the following manner

[SM% = {{TI,TQ} € S"x 8™ T2 (T2l < RQ}.

Proof. Consider Wy,T, ¥y, 'y € [S*]2. From (63), for all T € S*, we have

(Ap (U, Ty) — Ay (Tg, Ty), 1) = (T — Ty, 1) +aAL(VE; — VT,, V).

(65)
Choosing T = Ag(V1,T1) — Ay (P9, T'2) in (65) yields on noting the Cauchy—
Schwarz inequality, (??), and (11), that

[Ap(W1,T1) = Ap(W2, To)[2 = (U1 — Wa, A, (V1,T1) — Ay(¥s,T2))"
+ Ata(VI — VU, V(Ay(T1,T1) — Ay (T2,T9)))
< Wy — U |p]| Ay (P, T1) — Ay (Va,Talp
+ Ata|¥q — Ual1|Ay(Tq,T1) — Ay (P2, Ty
< Wy — Waln|Ay (P, 1) — Ay (Pa, afs
+ Ch M Ata[| Ty — Ualp| Ay (1, Ty) — Ay (Ta, Tals]
+ (1+ Ch'ALQ)[| Ty — Uo ] Ay (1, T1) — Ay (T2, Tals). (66)

Based on (66), it follows that
|Ay (U1, T1) — Ap(Va, To)|n < C(RY, AL, a)|T; — Uy,

From (64), we deduce for all T € S” that
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At At
(Au (W1, 1) =Ay (U2, T2),T) = (D1 =T, T)+—(T1=T'2, T)——

Vq Yq

(¥1—0,5, T).

(67)
By defining T = A, (¥¢,I1) — Ay (¥3,T'2) and utilizing the Cauchy-Schwarz
inequality along with (11), we obtain

A, (U1, Tr) — A, (P2, T2)I3

At
<1+ 7)||F1 —Tallol[ Ay (W1, T1) — Ay (P2, T2) o

q

At
+ 11 = allol Ay (91, 1) — Ay (3, ) lo-
q

By employing (11), it follows that

| Ay (W1,T1) — Ay (U2, T3)[7 <CITy — Dofs|A, (1, T1) — Ay (Vs, D)5
+ Oy — oAy (W, Ty) — A (P2, T2) 5.

Hence, we can conclude that
|Ay (W1, 1) = Ay (W2, To) [ < O[Ty = Tafn + [¥1 — Wofs].  (68)

The outcomes (67) and (68) demonstrate that A, and A, respectively, are

Lipschitz continuous. O

Theorem 4. Let {¥"~1 "1} € S x S* be given solution to the (n —1)th
step of (A"A?) for some n = 1,2,...,N. Then, for all h > 0, and for all
At < Hz%? there exists a solution {¥", I} € [S*]% to the nth step of
(Ah,At).

Proof. By way of contradiction, assume that for R > 0, there is no " I'" €
St x S" such that A,(¥,I') = A,(¥,I') = 0. Noting the continuity of
Ay(P,T) and A,(¥,T) on [S"2R, we define the continuous function B :
[S"2R — [SM)% as

B(\Ilv P) = (BU)(\I}a F)v B’Y(\Ilv F))’

where By (¥,I") and B, (¥,I") are given by
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B “RA(T,T)

Bw(\I/,F) = \(Aw(‘l’ F),A,\,(‘I’,F)HSFLXS”’ (69)
B, (U,T) := R )

T (A (W,T), A (W,T)) [gnegn

where (-, -)[(gn]z, is the standard norm on [S™)% defined by

Shxsh = Z|X| 2,

Observing the continuity of A, and A,, as indicated in Lemma 1, we can

|(X17X2

deduce that the function B is continuous. Therefore, considering that [S"]?>R
is a convex and compact subset of S™ x S”, Schauder’s theorem implies the

existence of W, T" € [S"]2R as a fixed point of B, i.e.,
B(U,T") = (By(¥,I'),B,(L,T) = (¥,I).
Additionally, we observe from (69) that the fixed point ¥, T satisfies
[P + TN = B (¥, D)3 + By (T, D)[7 = (¥,T) = R*. (70)

To establish a contradiction for R sufficiently large, we select T = ¥ in (63)
and T =T in (64), leading to the determination that

(Ay(T,T), )" = (T - "1 0" 4+ aAHVT, V) — saAt(l, )" (71)
At At

(A,(.1), )= (- 1)+ S0 1) = 2 n). (1)

By merging (71) and (72) and considering (61), (11), as well as Holder and

Young’s inequalities, we obtain, for R sufficiently large, that

(Aw(\p?F)’ \Il)h + (A¢(\II7F)’ F)h
= (U —0"1 U (0 -7 D) 4 aAL(VE, V)

At At
+ — ([, T') — saAt(l, ¥) — — (¥, T)
Yq 711
1
> S|Pl + *|‘1’" A *||‘I’||0 *HF"_1|\(2)+04N|‘1’|§

At
+—IITlI3 - 72 ||‘1’||o — saAt|V[}
Vq
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1 1 _ 1 1 _
> |7 + " 7+ §|F\% + 50" Y2 4+ aAt V)]

At At
+ —[C[} = o—|V[; — saAt|P[}
Vq 274

1 At 1 At 1 1
> (2 - /- At \112 - - FQ At\IIQ *\I/n_12 711”—12
2 (3 2y % )| |n+(2+%)| [+ oAt T[7 + S h+5I0" s
1 At 1 At
> min{(= — — — saAt), (= + —)}R? + aAt|V|? + C(v" L Tt
(5=, 508, (5 + ) [ + O )
> 0. (73)

Observing that ¥, I is a fixed point of the function B, and taking into account
(69) and (73), it follows, for R sufficiently large, that

R[(Aw(q]’ F)? \I/)h + (A’Y(\I,, F)’ F)]
|(A¢(\II7F)’A’Y(\IjvrﬂsﬁxsE

(U, O)" + (T, T) = — <0. (74)
It comes from (70) that
(W, )" 4 (T, T) = [0 + D)2 > O + D) > B > o,

which contradicts (74). The contradiction establishes the existence of
U T e S x S" such that Ay (", I") = A, (¥", ™) = 0. In other words,

it confirms the existence of a solution U™, I' for the nth step of (A2%). O

4.2 Uniqueness of approximation

By selecting T = ¥ = ¥ — 02 in (56) and T =T =T} —T'} in (57), and
subsequently subtracting the corresponding fully-discrete approximations for

both ¥ and I, we arrive at the following equations:

1
~a (¥ ) (VE, V) =0, (75)
Vq -
A LD+ (@) = (1), (76)

Multiplying equation (75) by Ata and combining this result with equation
(76) results in

5
W[5 + Ata] U[F + JE[IT[§ + IT§ = (2, T). (77)
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By using Young’s inequality and (11), we have
1 8l
P2 +-L|T)3 < 0.
S0+ 2y <

This leads to the conclusion that U} = ¥% and I't —I'} for all n > 1, as

needed.

4.3 Existence of weak solution

Firstly, let us introduce the following definitions:

W(t) = (%)w + (t”A_t Dot et =1, (78)
T(t) = (%)Pn n (t”A’t Bl e ftaait] n>1, (79)

and
() =", U ()= te (tho1,tn], n>1, (80)
IH(t):=T" T (t):=T""' te€(ty_1,tn), n>1 (81)

Considering (78), (79), along with (80) and (81), we derive that

R e S A R R

ot At th—t  t—tn 1

tE (taorstn)  n>1, (82)

or rt-r- rt-r r-I-
ot At t,—t  t—ty_q

Leveraging the aforementioned information, we can reformulate the problem

te (ty1,ty) n>1. (83)

(A™A%) in the following manner:

R o R R
/ (—, X)ﬁdt+a/ (VI*, VX) dt:as/ (1, X)" dt, (84)
o Ot 0 0
R R R
or 1 1
—,th+—/ r*,th:—/ Ut X)dt. 85
|G e ot xa= = ot x) (55)

Theorem 5. Assuming that the conditions of Theorem 3 are met, there

exists a subsequence of U* T'* that solves (84) and (85) as i — 0 such that

U, 0F =) and  T,IF =4 in L0, R; L3(Q)),  (86)
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U0 = in L0, % HY(S)),
U0t o in L20,%; HY(Q)), (87)

I,T% =~  in L*(Sy)
ov 9y or oy

= 27 i 2(
5 5t and 5% g L= (Sw). (88)

Proof. The aforementioned convergence results stem from the bounds pro-
vided in (58), taking into account that the spaces L?(0,R; H(J)) and L?(Sx)
are reflexive Banach spaces. Additionally, the spaces L*(0,%; H(S))
and L°°(0,%R; L?(S)) serve as the dual spaces of L(0,%;(H(J))) and
LY(0,%; L?(S)), respectively. While these dual spaces are separable Banach

spaces, they are not reflexive. O

Theorem 6. Assuming that the conditions of Theorem 5 are satisfied, the
functions ¥, T" constitute a global weak solution in the following sense, for all
T e L2(0,R; HY(S)):

R o 3 " — " h

/0(57 T) dt+a/0 (Ve VT)dt—as/o (1, T)*dt, (89)
T orVdr+ — T)dt = — 1) dt. 90

|G~ [ == [Fw T (90)

Proof. If we substitute X = II"Y into (84), then we obtain that
R oy R R
/ (55 )" dt+a/ (VU VII'Y) dt = as/ (1, )" dt.
0 0 0

For any T € L2(0,%; HY(S)) and T € H(0, R; H'(S)), we have
R R h
OV hmh g OV e ) (Y ey F
/0(8t’HT)dt7/0 [(at,H(T T)) <8t,H(T T)||dt
R h
ov  _,~ ov .~
(G ) - (G w) e
+/§R ov (T — )Y ) dt
o \ot’
R
ov
s [ (G T)a
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=K1+ Ko+ K13+ K4

(91)
Utilizing (15), (13), (14), Holder’s inequality, and (58), provides that
v b0
= (3w ) (2w o)
=] [ (G -T) - (G mer -1
o bo(ov
< mr-)) - m(r —1))||dt
< [(at a-1) - (G -0
<on [C1%%), er - T
0
<Ch\| ||L2( T = Tll 20,0001 ()
SChHT_THLQ(O,%;Hl(%)) —0 as h—0. (92)

It can be deduced from (15), (13), (14), Holder’s inequality, and (86) that
o "o(ov
Kol = Y Y
oo = | [7[ (5 %) - (5 7))
R R h Ry
S/ <\Il, o(I1 T)) 3 (\II, oI T))‘dt
0 ot ot
~ ﬁ ~
+ ‘ (W(7§R>7 HhT(7§R>> - (\I,(7 %)anh’r('? %))‘

+‘<x11(-,0), HF‘T(-,O)Y— (\P(-, 0), TI"¥(, 0))‘
(")
d

|1 dt + Ch (-, R)|o T Y (-, R) 1

R
<cn [ wlol
0

+ ChJw (-, 0)[lo[TI" Y (-, 0) |1
< CR||® ||z 0.0:22 () | Tll a1 0,301 (3))

<ChHTHH1 (0,RHL(S) — 0 as h—0. (93)

To analyze the term K, 3, we proceed by utilizing (16), applying Holder’s

inequality, and considering (88), resulting in

R
=[G ar- dt|,|/ " — 1Y) d]

|| 5 ||L2 w [AT* = DY || 20,3311 ()
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h
< O[T = I)Y | 20,11 (3))- (94)

From (16) and the outcome of weak convergence as stated in (88), it can be
concluded for any T € L2(0, R; H*(3)) that

R Rid Rid
K1’4E/O (%7 T)dt:/o <aa—\f7 T)dt—>/0 (%—f, T)dt as h— 0.
(95)

Combining (91)—(95) and the denseness of H (0, %; H*(S)) in L2(0, R; H1(J))
yields for all T € L2(0,R; H*(J)), that

/0(815 ") dt—>/ 5‘t T)dt as h—0.

By applying Holder’s inequality, considering (14), and taking into account
(87), we obtain the following outcome for any T € L?(0,R; H*(3))

}d R R
/ (VOT, vII" ) dt / (Vot, V(thI)T)dtJr/ (VU VT)dt
0

0 0

< /%(V\Iﬁ, V(HE—I)T)dt—k/%(V\Iﬁ, V’r)dt‘

0 0

s Rid
S/ (VeT, v(I" —I)T)\dt+/ |(VUT, VTY)|dt
0 0

R R

< [wrhart - o¥haes [ ovt vl
0 0

< | L2 o, 11 (3 (T = D) Y] p20,: 11 (3)

®
+/ |(VUF, VY)|dt
0
R
— / (Vyp, VY)dt as h—0.
0
Now, if we set X = II"Y in (85), then we can determine that

R
ar 1
'ty dt+—/ rt, 1) 7/ (T, ")
/0 (8t ) Ya Jo (

For any Y € L?(0,®; H'(3)), it holds that

R R R
O hiyyhgy — o i / or
/0(675’HT) dt_/o <8t’(n I)T)dH— (G x)

=Ko 1+ Kap.
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By employing (16), Holder’s inequality, and taking into account (88), it can
be deduced that

R i
— ai h _ or h
Kaal=| [ (G @ =y = | [ (G ot =) a
0

I
< ||a||L2(%m)||(Hh = DY z2(0,3: 51 (3))
< O™ = DYl 20,058 (3))-

Derived from (16) and the outcome of weak convergence as stated in (88), it
can be concluded for any Y € L%(0,R; H'(S)) that

Rid Ris
/ (87F HET)dt—>/ <@ Y)dt as h— 0.
0 0

Ky o =
2,2 ata ata

)

Now, we have for all T € L*(0,%; H!(S)), that

R R R
/ (T, I )at = / (r+, " — I)T)dt+/ (T, Y)dt := K31+ K3.
0 0 0
(96)
Through the application of the Hélder inequality, considering (13), (58), and

taking into consideration (11), we can establish that
R
Kaal = | [ 0% (0 = 11| < A2y W o
0
< Ch||T||L2(O7§R;H1(<\\$)) — 0 as h—0. (97)

Consolidating (96)—(97) results in the following expression for all T €
L2(0,R; HY(S)):

® R
/ (rt, T)dt%/ (v, T)dt as h —0.
0 0
Similarly to (96), we can show that

R R
/ (U, T)dt%/ (¥, T)dt as h— 0.
0 0

Thus, the proof of (89) and (90) has been completed. O
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4.4 Error estimate of the approximation

Initially, we can rephrase (56) and (57) in the following form:
Find ¥"(-,R),I"(-,R) € H'(0,R; S) such that U° := P40 and I'? := P4?,

h
(%‘f, T) +a(VIT, VT) = as(1,T)" forall Y € S*,  (98)
or 1 1
—, Y )+ —(T", T)=—(Tt, T forall T € S*. (99
<3t ) vq( ) vq( ) (88)

Theorem 7. Assuming the validity of the results from Theorem 2, it follows

that

) — ¥ Lo o,msz2(3)) + 17 = T |l oo, min2(s)) + [1© — O F | 20,910 (3)
—+ ||’}/ — F+||L2(§‘9‘5R) é CAt

Proof. Let

Elzwh_\llv Ef:d)h—‘lﬂr;
Ey=~"-T, T{=~"-T". (100)

Then, based on (100), it follows that

ov
Ef—E =V -0t =(t—t,)—
I 1=V - (t t”)at’
NG
Ef —E =V -V~ =(t— tn,l)%—t, (101)
or
Ef —BEy=T-T"=(t—t,)—
2 2 ( )at7
r
Ey —Ey=T-T"=(t— tn_l)%t. (102)

By employing (100), (101), and (102), we obtain the ensuing set of inequali-
ties:
B |n < |Bafn + |7 — 07, (103)

|Erln < |Ef |n+ [0 — U |p,

|ES |n < [Baln + TF =T |5, (104)
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|Ba|n < |ES |n 407 =T 5.

Upon substituting Y = X into both (17) and (18) and subsequently sub-
tracting (98) from (17) and (99) from (18), we obtain the following result:

O, 4 N
0 X) ta(VET, VX) =0, (105)
0F, ) 1 1
— X |+ —(Ef, X)=—(Ef, X). 106
(% —(Bf. X) = (B, X) (106
By choosing X = E; in (105) and X = Ej in (106), we reach the following

expressions:

E
(88;, E+> +a(VEL", VEf) =0,

OF5 ) 1
E Ef, EY)= —(ET, E}).
(%2 B )+ (88, BY) = (5 B)

Upon utilizing (101), (102), applying Young’s inequality, considering (11),
(103), and taking into account (104), we can conclude that
[|E1\n + B3] + alEx [T + i||Ez||3
2dt

8E1
ot '’

0Fs

+ D
,UT — ) +(8t

1
S*||E+||2+*||E+||2 + (5 -1

0F,

= 0F,
8t

LUt — W)
)+(at

1
< CIE{[; + WI\EQ*II% -1
q

<C|E)} +C|oT -0~ |h+ |\E2|\O+C\F+ r—|?

0E

O
+ (e :

ot
Subsequently, through the utilization of (12), (100), and (11), we derive the

LU — ) (2T 1), (107)

following expression:

OFE, oYl _ 1 _

Ut o) < | 22|10t -0 — |t -2 1
(5 ) <15l In+ =] R (0s)
dF> 1

It — rt—1- — |7 =T |2
(S " n <2 ||0H o+ 551 13

+_1- St o172
8t h\F r |n+AtIF 5. (109)
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By substituting (108) and (109) into (107), we arrive at the ensuing inequal-

ity:
LB 4+ B3] + ol B+ L B2
2dt Yq
< OB+ o HEQHOMW e e L mw* T
T R \|r+ M) S S
At R At R

Multiplying the above outcomes by 2 and employing the Gronwall lemma,
while taking into account that E4(0) = E5(0) = 0, yield the following result:

R R
2

|E1|§+HE2H3+2@/ |E1|§dt+—/ || 2dt

0 Yq Jo
< CER/%H\I,-&- \Ij—|2_,’_‘1-\+ 1—\—|2+ 1 |\I/+ \I/_‘Q—l— 1 |F+ F_|2
=€ A h AL AL h

o _ _
1 2w = 2 — 1 (110)

The terms on the right-hand side of (110) can be bounded by applying The-

orem 3, leading to the determination that

e
/ U+ — 2 4+ T -T2t
0

N o,
=3 [T < v,

®
/0 Sl Rt R

—Z/ [[om — "2 4 0" — T 2]dt < C.
n 1

n=1
To bound the fifth and sixth terms on the right-hand side of (110), we employ
the Cauchy—Schwarz inequality and utilize the results of Theorems 3 and 2,
to find that

8wh tn 1
/[I vt - |h<cz/ F_up) <oa

0 n=1"tn-1
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root A 1
/0 [|ﬁ h|r+_r_|h§0(2/ Tt —T7]7)2 < CAt.
n=1

tn—1

This pertains to the subsequent outcome
R 9 R
Ey2 + |12 + Qa/ B [2dt + f/ |2t < CAL (111
0 Ya Jo
Therefore, based on (111), it follows that

1Bl Loo (0,322 (3)) T B2l oo 0,3:22 (9)) F B [ 22 (0,5 51 (9)) | B2 || L2 (5) < CAL.

5 Numerical results

This section delves into the numerical analysis of the microscale heat equa-
tion. An iterative method has been developed to solve the nonlinear equa-
tion system presented by the problem (A"4?). Additionally, it presents and
examines the numerical error outcomes for the Dirichlet non-homogeneous
boundary conditions applied to the microscale heat equation in one, two,

and three dimensions.

5.1 Numerical algorithm

We begin by presenting a practical algorithm designed to solve the nonlinear
algebraic system generated by the approximate problem (A"A*%) at each time
level: (AZ’M): Given {W™0 ™0} € [SP]2, then for k > 1 find {U™F IF} €
[S"]? such that for all T € S?

\Ifn’k _ \Pnfl h
<At, T) +a(VE™* VT) = as(1,T)", (112)
(Fn,k _ -1 T) n i(rn,k T) = i(\l,n,k T) (113>
At ) 'Yq 9 ’}/q 9 .

Initiating with ¥° = "0 and I'° = 1I"4°, and for n > 1, we initialize
U0 = gn=l and T = I'~!. Equations (112) and (113) can be refor-
mulated as a system of 2 x (J + 1) linear equations by testing (112) and
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(113) with basis functions ¢;,j = 0,...,J. For the numerical experiments,
we choose a tolerance TOL = 10~7 and define the stopping criteria based on

this tolerance. Now,
max { [§"F — gkt o rmk TR b < TOL, (114)

that is, for k satisfying (114), we set ¥" = @™k T = [k,

The programs were developed in MATLAB, and the resulting linear sys-
tems were addressed using the Gauss—Seidel iteration method. Although a
formal proof of the convergence of W™* T'™* towards U™, T for a fixed n
has not been established, practical observations have shown promising con-
vergence characteristics. It was observed that the iterative method consis-
tently achieved good convergence (requiring only a few iterations to meet the

stopping criteria at each time step).

5.2 Error computations

To evaluate the error, we introduce a slight alteration to Problem (A) by
incorporating source terms f(x,t) and h(x,t). This modification transforms
the system denoted by (4)—(5) into the following configuration: (A) Find
{t, 7} such that

b = Al + as + f(x,t),

1 1
ey =t — — + h(x,b).
q Yq

Hence, we propose the following fully-discrete finite element approximation
h,A
for (AP2"):
(ARAY): Given {U™0 T™0} € [S]2] then for k > 1 find {¥™F Tk} € [SP)2,
such that for all Y € S*
\I/n,k _ \I,n—l h
(At7 T) +a(V\IJ"’k, VYY) - as(l,T)ﬁ = (f(x,tn), T), (115)

kel ) 1 1
— T4+ =@ ) — (U™ 1) = (h(x,t,), T). (116
(5 ) = (D) = (hGxt), T). (110)
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5.2.1 One-dimensional error

In this section, we present two numerical examples that solve the system de-
noted by (115) and (116) under homogeneous Dirichlet boundary conditions
and given initial conditions. For all examples, for the sake of simplicity, we
set a = 1,7, = 1,5 = 0, with the spatial domain & = [0,1] and the time
duration ® = 1. The initial and boundary conditions, along with the source
terms f(z,t) and h(z,t), are determined based on the specific analytical so-
lution for each example. Initially, we divided the domain & = [0, 1] uniformly
into J intervals to create a square mesh. Let h = 1/J represent the mesh size
for the element, and let At = 1076 be the time step. The analytical solutions

are defined as follows:
(l) ¢ = exp(t + 1‘3),
(i) ¥ =1+ exp(0.5 %t + z?).

For this example, the errors in the L', L?, and L*®-norms are detailed in
Tables 1-2.

Table 1: Discrete L', L2, L°-norms error for Example (i)

lo— Iy =i

J Lt L2 L Lt L2 L
10  2.3E-02 &.1E-03 3.4E-02 5.4E-02 1.9E-02 8&.0E-02
20 5.5E-03 1.4E-03 &.6E-03 1.3E-02 3.3E-03 2.0E-02
25 3.5E-03 7.9E-04 5.5E-03 8.4E-03 1.9E-03 1.3E-02
40 1.3E-03 2.4E-04 2.2E-03 3.2E-03 5.7E-04 5.1E-03
50 8.6E-04 1.4E-04 1.4E-03 2.0E-03 3.2E-04 3.3E-03
100 2.1E-04 2.4E-05 3.4E-04 5.1E-04 5.7E-05 8.2E-04

5.2.2 Two-dimensional error

For a two-dimensional example involving the system described by (115) and

(116) with Dirichlet boundary conditions and an initial condition, the spatial
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Table 2: Discrete L', L2, L>-norms error for Example (ii)

Jo—v] Iy =1

J Lt L2 L ! L2 L
10 3.9E-03 14E-03 5.4E-03 8.0E-03 2.8E-03 1.1E-02
20 9.4E-04 2.3E-04 1.4E-03 1.9E-03 4.7E-04 2.8E-03
25  6.0E-04 1.3E-04 &.8E-04 1.2E-03 2.7E-04 1.8E-03
40 2.3E-04 4.0E-05 3.4E-04 4.7E-04 8.1E-05 7.0E-04
50 1.5E-04 2.3E-05 2.2E-04 2.9E-04 4.6E-05 4.4E-04
100 1.0E-05 1.3E-06 2.0E-05 2.1E-05 2.5E-06 4.0E-05

domain is simplified to & = [0,1] x [0, 1]. The time interval is set to [0, R] =
[0,1]. For ease of analysis, we select @ = 1, 7, = 1, and s = 0. The initial
and boundary conditions, along with the source terms f(z,y,t) and h(z,y,t),
should be chosen in line with the specific analytical solution pertinent to
each case. The time step selected for the computations is At = 1076, The

analytical solution be
(i) ¥ =exp(t +z +y),
(i) ¢ = exp(t + 22 +y°).

The errors in the L', L?, and L*-norms for the corresponding simulations

are provided in Tables 3-4.

5.2.3 Three-dimensional error

In this section, we introduce a three-dimensional example, considering the
system denoted by (115) and (116) with Dirichlet boundary and initial con-
ditions. For the purposes of this numerical example, we simplify the spatial
domain to & = [0, 1] x [0, 1] x [0, 1], with the time interval set to [0, %] = [0, 1].
We set the parameters a = 1, 7, = 1, and s = 0. The initial and boundary
conditions, along with the source terms f(z,y, z,t) and h(x,y, z,t), are to be
established based on the specific analytical solution for each example. The

time step is chosen as At = 107°. The analytical solution will be
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Table 3:

Discrete L1, L2, L>°-norms error for Example (i)

o -1
J L' L? L L' L? L*>
10 4.4E-04 5.4E-05 7.8E-04 1.0E-03 1.3E-04 1.8E-03
20  1.0E-04 6.1E-06 2.0E-04 2.4E-04 1.4E-05 4.6E-04
25 6.4E-05 3.0E-06 1.3E-04 1.5E-04 7.0E-06 2.9E-04
40  2.5E-05 T7.4E-07 5.0E-05 5.7E-05 1.7TE-06 1.2E-04
50 1.7E-05 3.9E-07 3.3E-05 3.6E-05 8.5E-07 T7.4E-05
100 7.4E-06 9.1E-08 1.7TE-05 2.1E-05 2.5E-07 4.4E-05
Table 4: Discrete L', L?, L>-norms error for Example (ii)
v v Tl
J Lt L? L Lt L2 L
10 9.6E-03 1.2E-03 1.8E-02 2.3E-02 2.8E-03 4.2E-02
20 22E-03 1.3E-04 4.6E-03 5.3E-03 3.2E-04 1.1E-02
25 14E-03 6.7E-05 2.9E-03 3.3E-03 1.6E-04 6.9E-03
40 5.4E-04 1.6E-05 1.1E-03 1.3E-03 3.8E-05 2.7E-03
50 3.4E-04 8.1E-06 7.4E-04 8.0E-04 1.9E-05 1.7E-03
100 7.6E-05 9.0E-07 1.7E-04 1.8E-04 2.1E-06 3.9E-04

Y =exp(t +x2 +y? + 22).

828

The errors in the L', L?, and L*-norms for the corresponding simulations

are detailed in Table 5.
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Table 5: Discrete L', L2, L>-norms error

Iy — ¥ Iy — Tl
J Lt L? L™ Lt L? L™
10 1.3E-02 5.4E-04 3.2E-02 3.0E-02 1.3E-03 7.5E-02
20 2.9E-03 4.1E-05 8.2E-03 6.7E-03 9.7E-05 1.9E-02
25 1.8E-03 1.8E-05 5.2E-03 4.1E-03 4.3E-05 1.2E-02
40 6.2E-04 3.2E-06 2.0E-03 1.4E-03 7.5E-06 4.6E-03
50 3.7E-04 1.4E-06 1.2E-03 8.5E-04 3.2E-06 2.9E-03
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This research paper deals with the numerical method for the solution of
high-order Fredholm integro-differential difference equations using Legen-
dre polynomials. We obtain the integral form of the problem, which is
transformed into a system of algebraic equations using the collocation
method. We then solve the algebraic equation using Newton’s method.
We establish the uniqueness and convergence of the solution. Numerical
problems are considered to test the efficiency of the method, which shows
that the method competes favorably with the existing methods and, in

some cases, approximates the exact solution.

AMS subject classifications (2020): 65C30, 65L06,65C03

Keywords: Collocation; Fredholm; Integro-differential; Linear and nonlin-

ear; Approximate solution.

1 Introduction

The theory of integral equations is one of the most important branches of
mathematics. Currently, considerable interest in mixed integro-differential
difference equations has been stimulated due to their numerous applications
in the areas of engineering, science, and medicine. In integro-differential dif-
ference equations, the unknown function appears to be under the integration
sign, and it may also include the derivatives and functional arguments of
the unknown function [28]. integro-differential difference equations can be
grouped into Fredholm integro-differential difference equations and Volterra
integro-differential difference equations. The upper bound of the integral
part of the Volterra type is variable, while it is a fixed number for that of the
Fredholm type [16].

Many numerical methods have been presented in open literature for solv-
ing integro-differential difference equations and integro-differential equations,
include the Adomian decompositions method by [19], the collocation method
[4, 2, 13], Hybrid linear multistep method [17, 6, 21], Homotopy analysis
method [18], Bernoulli matrix method [10], Differential transform method
[15], Shifted Legendre polynomials [23], Bernstein Polynomials Method [22],

Differential transformation [12], Chebyshev polynomials[24], Lucas series and
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polynomials [14], Optimal Auxiliary Function Method (OAFM) [30], Block
pulse functions operational matrices [26], and Spectral Homotopy Analysis
Method [8]. Ajileye and Aminu [5] presented the standard collocation method
to solve first-order Volterra integro-differential equations. Assuming an ap-
proximation solution, the class of integro-differential equations was restated
in terms of the derived polynomial. After solving for the unknown, we collo-
cated the resultant equation at many points within the range [0, 1], yielding a
system of linear algebraic equations. Ajileye et al. [7] introduced a collocation
method for the computational solution of the integro-differential equations
with Fredholm- Volterra fractional order. They first obtained the problem in
linear integral form, which they then converted into a set of linear algebraic
equations using standard collocation points.

This research paper considers the integro-differential difference equation
of the form

(e

M b
D Pu@y™ =" Q@) y™ (z—7) +g(x) +A/ K (x,t)y" (t —7)dr,
n=0 m=0 a
HAIES [avb] = [_171]7
(1)
with the initial condition

Y (@) = Y1, (2)

where g, P,Q € C([a,b,R), K € ([a,b]*,R), A and y,,,—; are known con-
stants. P, (z) =1, a > M.

2 Basic definitions

In this section, we define some basic terms that would be encountered in this

research.

Definition 1 (Integral equation [9]). Given an integral equation

v =u@)+ [ k(1) () ds, (3)
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then if

(i) k (t,8) = k(s,t), then it is symmetry.

(ii) k (t,s) = k(a+ b —t, a4+ b— s) is linear then the kernel is centrosym-
metric.

(iii) If k(t, s,y (s)) = k(t —s) g(s,y(s)) then the equation is called con-

volution integral equation and if g (s,y (s)) =y (s), it is called linear.

Definition 2 (Normed space [9]). Let X be a nonvector space over k. A

norm on z is a function ||-|] : X — X such that for all z,y € X and a € X
@) [zl =0,
(ii) ||z|| = 0 if and only if x = 0,
(iii) fJozl] = [ [|2[],
(iv) llz +yll <=l + [yl

A vector space X on which there is a norm is called a normed space.
Definition 3 (Banach space [9]). Banach space is a complete normed space.

Definition 4 (Lipschitzian continuity [9]). Let (X, ||-||) be a normed space.
A mapping T : X — X is L-Lipschitz if there exists L > 0 such that
[Tz — Tyl < Lz -yl forall z,y € X.

Definition 5 (¢- contraction [9]). Let (X, ||-]|) be a normed space. The map-
ping T : X — X is a g—contraction if ||[Txy — Txs|| < qllz1 — 22l ,q €
[0,1) fixed for all 21,25 € X.

Definition 6 (Strict g-contraction [9]). Let (X, ||-||) be a norm space. The

mapping T : X — X is strict g-contraction when
|T"xy — T 2| < q" ||z — 22|, forall z;,20 € X. (4)

Definition 7 (nth integration [20]). Let u(x) be an integrable function; then

oI () = s [ (@ =0 e )

oIt (uP(2)) = u (@) - > Fu (a). (6)
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Definition 8 (Legendre polynomial [1]). Legendre polynomial on the interval
[—1,1] can be determined with the aid of the recurrence formulas

2n+1 (2) n
L, (x) —
n+1 n+1

Lpti(x) = Lp—1(x), n=12..., (7)

where Lo(x) = 1, L1 () = z. In order to use these polynomials on the interval
€ [0,1], shifted Legendre polynomial is then defined by the recurrence
formula

@)~ s (o), )

where pg = 1, p1(z) = 22 — 1. The analytical form of degree n is defined as

pn+1( )

z": )tk T+ k+1) ,

Tn—k+ Dkt 1)2" ©

k=0
Theorem 1 (Banach’s fixed point theorem [25]). Let (X, ||-||) be a complete
norm space; then each contraction mapping 7' : X — X has a unique fixed
point « of T in X, such that T (z) = .

3 Methodology

This section considers the development of our method, which was achieved by
developing the integral form of the modeled (1) and obtaining the algebraic

equations using some lemmas.

Lemma 1. Let y € C([a,b],R) be the solution to (1) and (2), let K €
C ([a,b]*,R) , and let g and @ € C ([a,b],R). Then (1) and (2) are equivalent

to

o v )l (n)
o /( 2P, (1) 4™ (¢) dt
A ‘ a—1 b
+m /IO (x—1t) l ’ K (t,7)y"( )dT] dtM~ (10)

where
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a—1

1) =Y S+ o [ -0 g

n=0 0
Proof. Equation (10) can be written as

Y@ ( Z O (2) 4™ (2 Z Py () y™ (

Using [29] gives

where

Substituting (12) into (11) gives

M a—1
YD (@) = 3 Qu @)y (@) My — Y Pa(2) g™
m=0 n=0

b
—l—g(;v)—i—)\/ K (x,t)y" (t) atME,. (14)

Zo

Using (6) in (14) ,we have

n—1 J)i , 1 M T
ye) = 3T @+ g O [ =077 @ (0™ () My
i=0 m=0 " Zo

R T Y (n)
2 [ 0 ROy @
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+F?a)/ (z = )" Ver dT]dt‘MLﬂ

y(z)=H (z)+ ﬁ > / (=) Qu (t) ™ (t) dt M _,|
m=0" o
IEEEE U (n)
o _0/%< B Py (1) ™ (1) d

where )
— 7' 1 z o
H@) =Y Sut i | @0 gy
0 o
O
3.1 Method of solution
Let the solution to (10) be approximated by
y(z) =P(z)A, (16)
where
P(z)=1, Pi(z)==x
P(z) =[Py (z) P1(x)...Py(z)]
is the polynomial defined by
M m
(-D)"T(2n—-2m+1) gn—2m (17)

Pn(x):mzﬂJQ"F(m—&-1)F(n—m+1>r(”_2m+1) ’

where
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M
o (-1)™T(2n —2m + 1)
Q (n;m) 2nT (m+1)T(n—m+1)T(n—2m+1)’

m=0

M = floor (g) and A =[ag a;y ... ay]”
are constant to be determined.

Equation (16) can be written in the form

y(z) = X (z) DA, (18)

T
D (0;0 0 0 0
D (2;1) D (2;0) 0 0
Deven — . . (19)
D(N;5¥)D(N; 4 —1) D(N; 5 —2) --- D(NV;0)
(79) when N is odd, we have
N -1
X (LE) = ['T’ l,3 1:5 x2n+1]’ n= 07 (1) ’ Ta (20)
T
D (1;0) 0 0 0
D(3:1)  D(30) 0
Doda = ) (21)
D (N:¥52) D (N: ¥52) D (N: ¥52) -+ D (N:0)
Hence,
y™ (z) = X (z) DA (22)
writing
P(z)=X(z)D (23)
Lemma 2. Let y € C ([a,b],R) be defined by (18); then
I'(n+1) _
(m) __ -\t n-m
y\" () Tn—m+1) " "DA, (24)

Proof. Given

Iran. J. Numer. Anal. Optim., Vol. 14, No. 3, 2024, pp 833-874
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y(r) =z (z) DA,

then
dm
y () = PR (z) DA,
Y™ () = d” 2"DA, n=0(1) N.
dzm ’

We prove by induction, when
m=1, y = nz""'DA,

m=2, y? =n(n—1)2""2DA,

m =3, y® =n(n—1)(n—2)z" > DA

m=n, Y™ =(mn—-1))(n—2)---(n—m+1)z" "DA

:n(n—1)(n—2)-~-(n—m+1)(n—m)!$n_mDA

(n —m)!

_ T+l am
CT(n—m+1) DA (25)

which is the expected result.

Lemma 3. Let y € C ([a,b],R) be defined by (18), let K € C ([a,b]?,R) be
defined by K (z,t) = '/, and let

Vi = /bK(x,t)yL (t - 7)dt: (26)

then (26) is equivalent to

b
V (x;n) = / dvoutvvTu.. . utvadt,
a

L times
where
V(z;n) =2" M_4|,U = DA.
Proof. Let
b
Vi (2) = / K (2,8) y" (t — 7) dt.
a
Using (18)
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then
yl@a—7)=X(x—7)DA=2"|M_1]DA, n=0(1) N.

Hence
y" (z—7) = (z|M_|DA)"
= (2" [M_1|DA)*, n=0(1)N
= (zM_;DA) (2 [M_;| DA)” (2" [M_{| DA) - - - (2" [M_,| DA)”,

L times

b
Vi (z;n) = / 2PvoutvvTtou .. . utvae,
a

L times

where

V(z;n) =2" M_4|, U =DA.

Lemma 4. Let y(z) be approximated by (18); then (10) is equivalent to

M
S P (@) Im:nk”DA _ Z:O O (@) ml«km IM_,| DA

b
— A/ s YYuUTvvItu.. UTVdt =g (x).

L times

Proof. It holds that
y(x—7)=X(x)M_1DA,
y(x—7)=2"M_1DA, k=0(1)N,
and
y(z) = 2*DA, k=0(1) N.
Substituting y (z — 7) and y (x) in (1), we have

T(k+1) ., a Pk+1) 5.,
nz::opn (z) mxk DA — mz;on (z) mxk M_,| DA
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b
- A/ dHyuuTvvtu . UtV = g (x).
@ L times
(27)
Collocating (27) gives

(e

M
an () FI‘(k:i—i—l) k—npA — Z Qum (23) FF(LU k=m M_,| DA

Z k-nt1) P k—m+1)"
b
— /\/ L voutvvto . Utvdt = g (),
@ L times
F(z;) = W (z;) —g(x;) = 0, (28)
where
¢ rk+1) .,
W(:L’Z)fn;oPn(xz)r(k_n_i_l)xi DA
M
T(k+1) ..
- ) ————— k=™ |M_,| DA

b
- A/ dHVUUtvvtu . Ut Vdt = g (x).

L times

3.2 Uniqueness of the method

In this section, we assume that the solution to (1) and (2) exists. We then
establish the uniqueness of solution and present solutions from the method

of solution.

Theorem 2 (Uniqueness theorem). Let T : C ([a,b] ,R) — C ([a,b] ,R) be a
mapping, let y € C ([a, b] ,R) be the solution to (10), and let C ([a, b] ,R) be

a Banach space.

In order to apply the uniqueness of solution, we have to establish the
following:

i. Continuity of T,
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ii. T is a ¢ — contraction,

iii. T is strict contraction.
In order to prove the uniqueness theorem, we use the following hypothesis
[3):

H : sup | P, (
Z:OIEJ
Hs : —sup/ |K (t,s)|ds,
xzeJ

By Q=3 Qo).

Hy: ’y(m) (m)’ < Ly ly1 — yo| for all m > 0,
Hs: |yt —vg| < H" |y1 — |,

Hg : sup‘yN ’ = Cms
xeJ

Hy: Sup‘y%”‘ = (n,
xeJ

where J = [-1,1].

Theorem 3 (Continuity). Let T : C ([a,b] ,R) — C ([a,b],R) be a mapping,
let y € C([a,b],R) be a solution to (10) and let C ([a,b],R) be a Banach
space. If limp oo yn () = y(z), then T is continuous on C ([a,b],R) if
| Tyn — Ty| . — 0 as h — oo.

Proof. Tt holds that
[(Tyn) (z) — (Ty) (=)
a—1 T
St @0 ROl 0= 0]

I'(a) £

[ =" Qu )] [ () -y )] dt] M|

—_— 1'_ S LS S L .
() 7 V K (8,9)] |of (s ()|d]dt|M_1\

Using hypothesis H4, we have
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[(Tyn) (z) = (Ty) (z)]

Ln - ! a—1
: r(a);)/a (@ =)™ 1 Pu ()] |y — yl dt
Lm - ’ a—1
T LZ_ / (2 =) 1Qum ()] [yn — yldt] M|

|>\‘HL a—1 b
T / (=—1) M |K(t75)||yh(5)—y(8)|dsl dt |MZ,] .

Taking the supremum of both sides gives

sup [(Tyn) (z) = (Ty) (z)]

n

) 2 /: (@ =) sup [P (1)] sup lyn (t) —y (t)| dt

F

Z/ “_121619\Qm (t)]supyn () —y(t)ldt] M|

+ ?Lg /a (Ift)a— [sup/ |K (¢, s)|sup\yh( ) —y(s )|d5] dt|ML1|

zeJ

Using the hypothesis, we have

1 Tyn — Ty o
L,, P* @ ot
<= llyvn—vy oo/ r—t) dt
T () [ [ ) (
L Q /w a—1
Yl x—t dt M,l
T (o) | j (. —1) IM_4|
H |)\| L a—1
K* —y| M —1) dt
+ e K=ol [ e
(z —a)® P*Ly, (z —a) QP*Ly,
—_ — R TR OML _
- I(a+1) lyn = yllo + T(a+1) M1l = vl
HENIE MG,y
F(Ol—i—l) Yn Yl
1
<——  (P*L,, *IM_q| L, + HY [N K* |[ME -
fp(cH_l)( + Q" [M_y| Ly, + Al 71|)Hyh Yl oo

Since limy,_, o yn — y, hence

| Tyn — Tyl .. — 0 as h — oo.
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Therefore, T is continuous. O

Theorem 4 (g-contraction). Let T': C ([a,b] ,R) — C ([a,b],R) be a map-
ping and let C ([a,b] ,R) be a Banach space. Then T is g-contraction if

P*Ly 4 Q* Ly, [M_q| + HY |\ K*

q:m( MY ) < 1. (29)

Proof. Using Theorem 1, we have

Ty(@) = H (@) + s Z/% (=0 Qu (0™ (1) M|
1

s / LB, () 5™ (1) dt

[/ K (t,7)y dT‘| dt‘MLl‘

1
" I'(a)

T [
Then

@) @)
Z/ (o= 07 1Qun () ™ (1) — o™ (1)t M)

1 - ) )
+@ lz ~/1'0 (l’—t) |Pn (t)| ‘yg )(t) _yé )(t)’dt‘|

L
e e V K ()l (1) <T>|dT]

L ' -
SfZ/ (@ = )7 Qm (1) [yr — y2| dt [M_y|
«) =0 S
L a—1 T
n a—1
—t P, (t - dt
T n_o/xo (@ =) [P ()] ly1 — 2] ]

L / (z— 1) [ 1 @l () - e <ﬂ|d¢] dt [MZ,|

Taking the supremum of both sides gives
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sup |(Ty1) () — (Ty2) (x)]

zeJ
L, <L o
< S 2 — 1) sup|Qum (£)| sup |y1 — yo| dt [M_
“T(a Tg_:o/ﬂﬂo( ) 9368'@ ()‘$€8|y1 Yol dt | 1|
L a—1 T
+ == / z— )" tsup |P, ()| su — ol dt
F(a) nz::() 900( ) w€8| ()|w68|y1 y2| ]
‘)\|HL x .
+ (x—1) sup |K t T)\Sup|y1( ) —y2 (7)|dr| dt | M, |
F(a) o zeJ
1 P*L L
D Q=" M| 4+ HY |\ K |ME _
_F(a+1)<F(a)+Q T () Mol H D —1|> Iy = vell

Since q is T contraction, then

1

- (P*L, *Lm IM_1| + HY [N K*
F(a+1)( +Q M_1| 4+ H™ [A|

q= ME ) < 1. (30)

O

Theorem 5 (Convergence of solution). Let (C ([a,b],R),||-]|) be a norm
space, let y (z) and yy () be the exact and approximate solution of (10),
respectively. Then

|Hy — H|| o + Cn Py + G @5y, (M- 1|
1—g¢q

lyn = ylloo < (31)

where

1

—  (P*L, “L IM_1| + HY M| K*
I‘(a+1)( +Q IM_1| + Ry

q:

M- ).
Proof. Let H (t),Q (t), and P(¢) be expanded in Legendre polynomial. Then

lyn () —y (z)]
<|Hy (x) -H (x)l

1 @ o - -
+W2,/a (x—1t) 1‘Q%(t)ygv>(t)_gm(t)y( )(t)’dt|M,1|

Al
+W/ Sl [/ K (8,9)] [yn (s) L(s)!ds]dt|ML1|
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< [Hy (z) — H (z)|

- F(la)z / a0 0| 12 ) - B o)

+ F(la)iz:é/: (@ =) [P (1)) ‘y(m) —ym (t)(dt
o)

5w ﬁ [ @07t 10 015 0 - 0] ae

Al [ aa |t
*m/a @=1) 1[/ K (1) [v (5) = v ()] ds

< Hy (@)~ H @) + 17 Z/ (=02 [ @12 0~ P ()]t

T @] QN ) — Qu (1) dt M|

dt M, |

+FL(;) 3 /j(x_t)N1|Pn(t)|yN(t)—y(t)|dt

n=0
TR f:/m(:v—t)a1 yy (t)‘|QN(t)—Q (t)| dt |M_4|
F(a) =t Ja N m m _
/I (z =) Qm (&) lyw () — y ()| dt |M_,|

HL x ot b
+ I'(a) /a (x —t) [/a |K(t,3)||yN(8)—y(s)|ds] dt [ME, |

Taking supremum of both sides, we have

sup [yn (z) — y (v)]
x€J

< sup |Hy (z) — H (z)|
xzeJ

—|—F(1a)(§/z(a:—t) B sup’yN
n=0"a

a—1
Lm ’ a—1
- —t sup | Py (t)]s t) —uy(t)| dt
ry 2 [ @0 s P @l (0~ 0)

M
1 /I a-1 (n)

+ — r—t sup‘y
T 2= ), (#=0" suplx

sup [Py (8) = Fn (8)] dt
cJ

()| sup [Qy (t) — Quy ()] dt [M_4|
zeJ
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L

a—1 T
+ F(Z) ;}/a (z —t)"_lilelngm (t)\iléglyzv (t) —y ()| dt [M_,|

AL HE [ aet | [
+|F|(a) /a (z 1) [/a |K(t75)|2213|yN(5)—y(s)|ds] dt]Mfl|,

Therefore,

CmP’: ’ N-1
a

Ly P* |lyn — 9| /”” a-1
% ) lat
T T , @0

Cn :n * N-1
+F(a)/a (z— )NV dt M_y]

LnQ* ”yN - y” * a—1
=S — M_
s [y
N H" [lyn —yl
I' ()

+

)

OOK*/ (z —t)* " at|ME,

IHy — Hl oo + 7oty + Tt

| LuPr _ L.Q"  DIHIK
I'(a+1) T'(a+1) T'(a+1)

M_|
M_,|

lyn = ylloo < (32)

Hence, simplification of (32) gives the required result as follows:

|Hn — H|| o, + Cm Py + @5y, M 1]
1—gq ’

lyny =yl <

where

1

q:F(a—i—l)(

P*Ly, +Q Ly, [M_q| + HY N K* |[ME,]) .

3.3 Numerical examples

In this section, we present numerical examples to test the efficiency of the

method. The results are presented in tables as we consider Chebyshev’s

points.
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Problem 1. [27] Consider a third order Fredholm integro-differential differ-
ence equations
Y@ () =2y (@) +9" (x = 1) —ay (- 1)
1

—(x+1)(sin(x—1)+cosx)—0082+1+/ y(t—1)dt
1

subject to

with the exact solution

y(x) =sinz.

To show g-contraction for Problem 1, we have

Ty@)]Q;/w<xtf—Hy%wdt+F§@yAz< ey () de ML

)
ﬁ/o (z —t)” 1y(t)dt|M_1|+F(1a)/Om(x—t)f(t)dt
ﬁ/o (@ — )" [/_ty(s)ds} dt|[M_], (33)

Tyl

1 ’ 2 //
1 T
/O (x — 1)’ tyl()dt|M_1|+F(3)/0 (z—t) f(t)dt
(z—1)
0

N-1 [/_11 y1 (s) ds} dt [M_q], (34)

,1

3

~

‘ -

+ xr—t

—

3

~

xT

Tye (@) = 57 /Ox(x—t)%y;(t)dt—krzs)/o (@ —1)* g4 (t) dt |M_,|

W/ (z— ) tys ( )dt|M1|+F23)/0w($—t)f(t)dt
2 / (@ —1) U Q(S)ds]dtM_ﬂ, (35)

-
H&O/‘

e

T~ Toel < g5 [ (o= 07 I ) = 5 0]
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851 Numerical method for the solution of high order Fredholm ...

g | @0 @~ 0l
g | @0 0 = e (] ML
o / (x— 1) [/ 1 () — 2 ()] ds | dt MLy .(36)
Using Hy ’yl £) —ys™ ( )‘ ly1 — | gives
Ty, —Ty2w|
<F23)/ (2= )% 1| L [y1 — ol
+F§3)/ (&~ ° L g2 — ol dt ML
v ) "= 02 1] lyn (1) — o ()] de M|

(
1 x 1
+m/o (=" [/_1 ly1 (s) —y2 (s)|ds| dt [M_4].

Taking supremum of (37) gives

sup |T'y1 — Tys|
xzeJ

1 T
< —— xr —t)” sup |[t|su )| dt
<5 | @07 sl 0 - )
1 * 2 " "
+— r —1t) su t) — )| dt | M_
w7 =0 sl () o (] de MLy
1 i
| @t sup il sup o (0= ()] de ML
F( ) zeJ zeJ
1 x 9 1
toor [ (1) sup |y1 (s) —y2 (s)| ds| dt [M_4],
F( ) —1zeJ
Ty — Ty2|| o < lyr — v2lloo + = lyn — w2l My
1ﬂ( ) I'(4)
e I = el ML+ 2 g — gl IME
Y1 — Y2 -1 Y1 — Y200 —
I'(4) r'(4)
where .
K :/ |K (s,t)ds| = 2.
-1
Since K* = 2,

(37)

(38)

1/(39)

Iran. J. Numer. Anal. Optim., Vol. 14, No. 3, 2024, pp 833-874



Pantuvo, Ajileye, Taparki and Aduroja 852

1
T = Tl < | ga + La Mol 4 31MAl ]l = el

1
for g — contraction ﬂLl + Ly M_q|+3M_4| <1 (40)

To show the convergence of solution for Problem 1, we have

Tyx (2) = Hy (&) + %a) / @ — 0"ty () de

. / (z — )2~ gl () dt M|
@) Jo

+m/0 (2 — 1)ty (£) dt [M_4|

T /0 @) { / 11 un (s)ds} dt M|, (a1)

1 [ . /
*m/ (@ =) |t |yl () — ' (t)] dt
! ’ 2 7
+ﬂ/0 (@ =) lyx (t) —y" ()| dt [M_]
1 x
“rm/{) (.T—t)2 [t lyn (£) — y ()] dt M _4]|

v e[ 11 o () = ()] s dt M2

Using (Hy) ‘?Am) - yém)‘ < Ly ly1 — 2!,

Ly

Tyn (z) = Ty (z)| < |Hy (z) — H (z)| + T (o)

/0 (— )7 [t] [y — ] dt
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Ly
I'(3)

1/ )
—_— —1t)7 |t —y|dt  M_
g @0 o vl M

+% /0 (2~ 1)? [/11 v —y|ds] dt[M_y|, (43)

+ / (= )% |y — y|dt [M_4|
0

L T
< sup |Hy (z) — H ()] + ]'t/ (@ — )% sup |t| sup [y — y| dt
xeJ r (a) 0 xeJ xeJ

xT
/ (2 — )% sup |y — | dt [M_|
0 xeJ

e

1 x
+7/ (z — )% sup |t| sup lyn — y| dt [M_4]
0 zeJ xz€J

T 1
g [ -0 [/ supmeds] dt MLy, (44)
r 3) 0 1xzed

Ly
_ <|Hy - H Ly —
lynv =yl < IHN oo + T (4 lyn — ¥l

Lo 1

— M_ — — M_

*

K
+m lyn — yllo M1, (45)

1
wz/mw@mzz

-1

3|M_
T o = vl < bt ()~ 1 @),

©ST4— Ly — Ly |M_y|—3M_y|’

et S

I(4)|[Hy (2) - H (@) _ T(4)[|Hy (z) - H (z)]|
I'(4)-T(#)q - I4)(1-q

[Hy () = H ()|

- (1-q) ’ (40

since ¢ < 1, |lyny — yl|, exists. Furthermore since H is not affected by the

>

lyv =yl <

approximate solution, this implies that Hy — H = 0. Hence,
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lyn — vl <0, which shows that it converges.

Solving Problem 1 numerically gives the following solution.

Solution 1. Comparing with (1),l=r=0,b=1, a = —1, we have

(x): Py (z) =0, P (z) = —x,
2(@) =1, @Qi(x)=0, Qo(r)=
(x) —(z+1)(sin(zx — 1) + cos(x)) —cos2 + 1,
A=1 k(z,t) =1.
Using n = 3,
. I'(n+1) _
G (2) = ————2"""DA =0(1)N =
VO @) = ot DA, = 0N, m =3
I'(n+1) _
_ / — n m+1DA — 1N =1.
xy' () 7f‘(n—m—|—1)x , n=0(1)N, m
Using Lemma 1,
F'(n+1) _
@(z-1)= ——S=2"""|M_4|DA, n=0(1)N =2
Y (m ) F(n7m+1)x | 1| L 0() y  m )
I'(n+1) _
— —1)=———"~ "™ M_,|DA =0(1)N =1
ry (= 1) = et MDA 0= 0N, m

Using Lemma 4, then

1 1
/ (r—1)d /y )dt|M_;| DA
1

/ )0 t"dt [M_,| DA,
1

1

MIHH M_,| DA
-1

0 _
(@—1) _‘F(n—&—Q)
_T(n+1) T(n+1)
"T'(n+2) T(n+2)

(=1)""' |M_,| DA.

Taking N = 3 for illustration,

854
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855 Numerical method for the solution of high order Fredholm .

1000
. 1111
A=lap a1 az a3) , X(2)=[1 z 2* 2°], X(z;) = 1;Z§
3 9 27
1111
Using Lemma 2 with m = 3
0006
0006
e :{OOOG}DA, " z;) = DA,
y" (x) y" () 0006
0006
01 -2 3
0ol _2 1
—xy'(x):{o —x —2x° —SmS}DA, zy' (2;) = ° 5 0 | DA,
0-3-97
0-1-2-3
00212
002 -8
"z71:[0026x]DA, "y —1) = DA,
y' (@ = 1) Viw-n=|
002 0
1 -2 4 -8
1 —4 16 —64
—Iy(if—l):[fx —z? —z° —xﬂDA, wy (i —1)=1|2 5 2 8
3 9 27 Bl
-1 0 0 O
2-238 4
! 2-28 4
/y(t—l)dt: 3 DA
-1 2-28 -4
2-28 -4

Then
) 1
W = o2 (@) — 2y () + 9" (21 — 1) — 2y (21 — 1) — / y(t—1)dt,

-1
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4

-11 5 -7

=5 17 107

— 3 9 81
W=l 485
3 9 81
-3 1

SR w‘\
N

Applying the initial conditions,

100 0]
0100
WW = ,
0020

-8
3138 7]

GG = [0 100.33554

For solving
F(A) = WWA - GG =0,

using Newton Raphson’s method gives

_ —1060
A= {0 10 111167] ’
Substituting into the approximate solution gives
y3 () = —0.094232° + .

Solving at N = 5,7,10, and 12, we have

ys = —0.011455758752° + 0.15694753192* — 0.29238324532° +

y7 = 0.000079729494562" — 0.0010123993192° + 0.0077582489862°
+0.01453036551z* — 0.184766352° + x,

y10 = —0.000001697045863z° + 0.000011052999362"
—0.0000043698336482% — 0.00047602584122" + 0.000993812792125

+0.0089084545212° — 0.01420598521x* — 0.149147186723 + z,

y12 = 0.00000000056621688482:'2 — 0.000000024737226412:"
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Table 1: Results of Problem 1

T

exact

N=7

N =10

N =12

N =15

—-0.2
—0.4
—0.6
-0.8
-1.0

—0.19866933
—0.38941834
—0.56464247
—0.71735609
—0.84147098

—0.19874343
—0.39009317
—0.56719006
—0.72400265
—0.8555408

—0.19858323
—0.38863325
—0.56167599
—0.70961228
—0.82507367

—0.19867251
—0.38944734
—0.56475205
—0.71764214
—0.84207669

—0.1986693

—0.38941803
—0.56464128
—0.71735297
—0.84146437

Table 2: Absolute error for Problem 1

T

ERR; [27]

ERR~

ERRqo

ERR2

ERR5

-0.2
—-0.4
—0.6
—0.8
-1.0

2.37 x 107°
1.15 x 1074
8.13 x 1074
2.12 x 1073
4.82 x 1073

7.41 x 107°
6.75 x 10~*
2.55 x 1073
6.67 x 1073
1.41 x 102

8.61 x 10~
7.85 x 107%
2.97 x 1073
7.74 x 1073
1.64 x 1072

3.18 x 106
2.90 x 107°
1.10 x 1074
2.86 x 1074
6.06 x 10~*

3.0x 1078

3.10 x 1077
1.19 x 1076
3.12 x 1076
6.61 x 1076

—0.000000038376332852'° + 0.0000029376375132°

—0.000000093528570362° — 0.0002044367412" + 0.000021556030462°

+0.0083458044442° — 0.00030810529412* — 0.16628664232> + =,

Y15 = —7.406875094e — 132° + 1.298432652¢ — 1324

+0.00000000015641937712:'3 4 1.326069211e — 1122

—0.00000002504317927z'" — 0.00000000090957307422:'°

+0.000002760036704z” — 0.0000000022116615032"

—0.000198555331z" + 0.00000051038985552:5
+0.0083336286142° — 0.0000072951439112*

—0.16665766862> + .

Problem 2. [27] Let us consider the integro-differential difference equation

with variable coefficient

y"(x)ﬂy(x)—xy(x—1)+y’(x—1)+y(x—1):eﬂ+e+/

0

ty(t—1)
-1
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subject to the initial condition

with the exact solution is given by y () = e~

To show g-contraction for Problem 2 gives

Ty(x)zr(la)/ox (x—t)a_lty’(t)dt+r(1a)/0m (@ =)Ly (1) dt
ti | a0 amal - s [ nvoa
+F(1a)/0x(x_t)f(t)dt

T 0
+F(1a)/0 (z—t)N 1 [/lty(s)ds} dt|M_y], (47)

T @) = 55 | @0ttt s [ @ om @

v | @0 OaMal - o [
+F22>/Ow(x—t>f<t)dt

x 0
+F22)/0 (w— )N [/1ty1 (s)ds] dt M|, (48)

Tie(0) = 75 | @00+ s [ @0 @

v | 0B OEMA - o [
+F22)/:(x—t)f(t)dt

x 0
+r%2)/0 (x—t)N? [/ltyg (s) ds] dtM_4], (49)

Tys — Ty| < F;)/ (z— ) |t 1, (t) — vl (1) dt

1 x
+W/o (2 — ) [y1 (£) — ya (1)) dt
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x

‘ -

(@ =) [y1 (1) — o (£)] dt M4

x

(=) |y1 () — 2 ()] dt

w-n|f 01 11 (5) = 2 (9] s e M 50

+
—
S

+
=

+

—

(2)

Using (Hy) ‘y(m) ygm) (t)‘ < L |y1 — yo| gives

L [* 1 [
Ty, — Tyo| < —2 - - — - .
|Ty1 — Tys| (2)/ (=) |t| |lya yzldt+r(2)/0 (x—t)|y1 — ye|dt

L2
I'(2) Jo
L1
(2) Jo

e | 0 [/ o~ valds| el (51)

x

(. —1t) [y1 — yo| dt [ M_4|

xT

(x —1t) ly1 — yo| dt

\\

,1

Taking supremum of (51) gives

sup [Ty, — Tys|
xeJ

L xT
< ! / (x —t)sup |t|sup |y1 — yo| dt
F( ) zeJ zeJ

(x —t) sup\yl — yo| dt IM_4]

i),
T/ (x —t) {/ Sup|tsup|y1—y2d5] dt [M_1], (52)

1xzed T€

Iy Lo
1Ty — T2l < lv1 = ¥2lloe — 77y ly1 — v2ll oo M1
r'(3) I'(3)

K O
gy I~ el Mol B :[1 K (s,1)] ds = (53)

1Tyr — Tzl < ﬁ [Ly = Ly M| = K™ M ] ly2 — 2l » since K™ =1

1
< —I[Ly—Los|M_{| —|M_ —
< 1“3[ 1= Lo M| = [M_1]] ly1 — ol

1
for ¢ — contraction ¥ [L1— Ly [ M_q| — [ M_4]] < 1. (54)

To show the convergence of solution for Problem 2, we have
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T () = Hy () + s [ (o =07ty ()
F(la) / (z— ) Lyy (t)dt
i [ e 0T e e
F(la) / (x— )" yn (t) dt
bt [ a0t [ ] ane, - 6)

1 * a—1, 7/
Ty(:r):H(:r)—k@/o (x—0)" "ty (t)dt

(x =Dy () dt

‘ -

+

—

E‘H
— e

«
T

(@ =)y (1) dt M|

1 v a—1
_m (aj —t) y (t)dt
1 * a—1 0
+m (IE — t) |;/_1 ty (8) ds] dt |M71| ) (56)

Ty () =Ty ()| = |Hy (2) — H ()| + Fé)/ow (@ =) [t lyn (8) =y (t)] dt

sty [ @Ol -y 0]

b [ = Olohe (0 -y @]t

bt [ Dl (O v 0l

+F22) /Ow (z—1) [/01 It lyw (s) — y(s)|ds] dt [M_(57)

Using Hy = ’ygm) - yém)’ < Ly |y1 — y2|, we have

[Tn (a) =Ty (@) = [y (2) — H 0] + 1y [ o =0l lo = ol
1

+m/o (x—t)|yn —yldt
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L, [*
+W/o (x—1t)|lyn —y|dt [M_4]
1 x
+w/o (x —1t) lyny —yldt

- /O (e~ 1) [/01 ] Jyw — ds] at M1 .(58)

Taking supremum of both sides gives

sup [Ty () =Ty (@)] < sup [Hy (@) — H ()]

zeJ
L xr
+ n/ x — t)sup |t|su —yldt
F(Q) 0 ( )xerjl |x68|yN y|
1 xr
+7/ (x —t)sup |lyny — y|dt
(2) 0 zeJ
L x
— —t —y|dt | M_
+r(2 /0 (z )igglyzv yldt [M_4|
1 /x
+= = x —t)sup|yn —y|dt
£ J, sl =l
1 xT 0
i | @m0 [ swlsup i vl ds] de )
F<2) 0 —1xed zeJ
lyv =yl < |Hy — H|| +LII ol +LII =yl
YN — Yl = N 00 F(3) YN — Yllo I‘(3) YN — Yl 0o
L 1
_ M._ _
K*
— — M_

0
K* :/ K (s, )] ds = 1,

1

(1-T@3) L1 — L2 M_y| = [M_4|) [lyny — vl <I[Hyv — H,, (61)

I3[ Hy — H|l PO HN — Hllo _ [Hy — Hllo
['@)—Li— LMy =M = T'(@3)-I'@)g ~— 1-g¢

Since ¢ < 1, |lyn — yl|,, exists. Furthermore since H is not affected by the

. (62)

approximate solution, this implies that Hy — H = 0. Hence,
lyn — vl <0, which shows that it converges.

Solving Problem 2 numerically gives as follows.
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Solution 2. Comparing with (1),

PQ(‘T):L Pl(‘r):L Po(IL'):I’, Ql(l‘):l, QO(I):Ifla
glx)y=e"4e, L=0,A=1, k(z,t)=t

Hence,
I'(n+1) _
" — n mDA — 2 — 1 N
_ F(TL+ 1) n—m-+1 .
xy(x)—r(n_m+1)x DA, n=0(1)N,
r 1
xy(x—1) = (niﬁarnme_lDA, m=0, n=0(1)N,

Fn—m+1)

F'(n+1) _
"(z—1) = ————2""™M_;DA =1 =0(1)N

r 1
1) = (niﬂx7’_mM,lDA7 m=0, n=0(1) N

y(z- F'n—m+1)

0 0
/ty(t—l)dt:/ £(X (1)) dtM_ DA,

—1

n 0 n
) R VY it G i -
+2| ! n+2

M_;DA.

0
/ "t dtM_ ;DA =

-1

Substituting into the approximate solution gives

ys (x) = —0.13634834727 + 0.5894427982% — x + 1,

ys () = — 0.0134885103z° — 0.0135768498z* — 0.0370560278z>
+0.5562698742% — 2 + 1,

y7 (x) = —0.000626560072x" 4 0.001708003722° — 0.00668594072°

+0.0477358013z* — 0.1816963723 + 0.4924164092% — = + 1,

Y10 (r) = —0.0000001915115612' — 0.000004172552832 + 0.00002751113152°

—0.0001732220352" + 0.0013709829525 — 0.008419361 7425
+0.04136481292* — 0.1659144442° + 0.50037855322 — 1z + 1,

Iran. J. Numer. Anal. Optim., Vol. 14, No. 3, 2024, pp 833-874



863 Numerical method for the solution of high order Fredholm ...

Table 3: Results of Problem 2

xT; exact N=5 N=7 N =10 N =12 N =15

—0.2  1.2214028 1.2225298 1.2212289 1.2214114 1.2214032 1.2214027
—0.4 1.4918247 1.4911653 1.4917137 1.4918302 1.4918249 1.4918247
—0.6 1.8221188 1.8075506 1.82332 1.8220587 1.822116  1.8221189
—0.8 2.2255409 2.1738442 2.2304976 2.2252932 2.2255296  2.2255412
—1.0 2.7182818 2.5932376 2.7308691 2.7176529 2.718253  2.7182825

Table 4: Absolute error for Problem 2

T; ERRq3[27] N=3 N=7 N =10 N =12

—0.2 2.27x107% 3.266 x 1072 1.739 x 107  8.600 x 1075  4.000 x 10~7
—0.4 1.43x107° 1.121 x1072 1.110x10™* 5.500 x 1075  2.000 x 10~7
—0.6 1.57x107* 1.953 x 1072 1.201 x 10~® 6.010 x 10~° 2.800 x 10~©
—0.8 6.49x107* 2.151 x 1072 4.957x 1073 2.477 x 107% 1.130 x 107°
—1.0 1.65x1073 7.509 x 1073 1.259 x 1072 6.289 x 10~* 2.880 x 10~°

Y12 (x) = 0.000000004186497942'2 — 0.00000002163977112*! 4 0.0000002443491712*°
—0.000002829660022° + 0.00002494592682° — 0.00019724667127
+0.001388045222° — 0.008337283712° + 0.04165282162* — 0.1666321382>
+0.5000173722% — x + 1,

Y15 (r) = —5.30985676e 13 x1° + 1.49454482¢ 12 — 1.60904091e 10213
40.0000000020263017922 — 0.00000002514169952* + 0.000000276291033°
—0.000002754107962° + 0.0000247983934x° — 0.000198437964"
+0.001388907232° — 0.008333247762° + 0.04166696662* — 0.1666674152>
40.4999996242% — x + 1.

Problem 3. [11] Consider the third-order nonlinear Fredholm integro-
differential difference equation
0

1 1
u” (x)+§u"+xu’ (x)+2u (x — 1)+§xu ()+u(x—1)= e+/ tu? (t — 1) dt
-1

with the following initial condition
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1 1

— 1. = _ =

w(O) = 1w (0) = 50" (0) = 5,

the exact solution
u(zx)=e 2
To show g-contraction for Problem 3, we have
1 v 11 1 ¢ ael, ,
T = — -1 t)dt + —— -1 tu' (t)dt
w@) = gy [ @0 g Ot s [ = )

2 1 1 i a—1
W/o (x— £ o/ (1) dEML 1+2F(a)/0 (= £ b (1) dt

tr [ @ @ant s s e poa
ﬁ /0 [ / (s)ds} dtM_1, (63)
Tuy (& ﬁ/o dt+rz3)/0x(x—t)2t%(t)dt
+%/0 (o= 07l () ML+ s /Oz(x—t) tus (1) dt
+r})/:(x—t)2 L (t) dtM 1+F23)/Ox(x—t)f(f)dt
+F23/0w(zt)2 Uoltul()ds]dtM ) (64)
Tus ) = o [ =0 Jut @+ s [ - 0P g
tig [ @m0t @ant s s [0 0 a
+F2)/Ow(ac—t) 2 () dtM 1+F23)/01(x—t)f(t)dt
_|_23)/0E(1:—t)2 Uolt%()ds]dtm . (65)

T =Tl < g5 [ o= 071 (0~ 0]

1 ¥ ’ ’
+m/o (SU-t)Q |t||U1 (t) — Uy (t)‘dt
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1 “ ! !
@ / (2 — 1)? ul, (£) — o ()] dEML_

Y6 /0 (= |t Jux () — ua (8)] dt
v (o — )2 (1) -z ()] MLy

vt |07 [ b ) = 3 ) as] a0

Using Hy = ’y(m) yém) (t)’ < Ly |y1 — yo|, gives

L, [* L,
g—)/ (@ — )2 Jur — ua dt +
0

Tu; —T
o el = e

w3

/ (2 — 02 [t] [ur — | dt
0

Lm “ 2
“rm/{) (.’I;—t) |U1_U2|dtM71
+L/z(x—t)2|t||u — up|dt

T'(3) Jo b

1 z 2
+F(3>/0 (I’*t) |U17U2|dtM_1

L2 x 9 0

—t t — ds| dtM_;. 67

v L 0t | [l as) e (67)

Taking supremum of (67) gives

sup |Tuy — Tus|

xzeJ
L, /I 2
< r —t) sup |u; — uo|dt
= F( ) o ( ) 168‘ 1 2‘
m ” 2
+— x —t)" sup |t|sup |u; — us| dt
F(S)/O ( ) zGJl |m€J| ! 2|
+L—m/w(x—t)2s,u luy — up| dt [M_4|
T (3) Jy pey
1 T
m/ (z—t) ilé;}|t|iup|u1—uQ|dt
1 xT
+ / (z — t)? sup |uy — uz| dt [M_4|
) zeJ
T 9 0
+F( )/0 (x—1) {/151618|t|5161p|u1—m|ds dt  M_4|, (68)

1Ty — Tya|| o
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L, @ L., &
<l [ @ot7dt g -l [ @0
: e :

®)
=l [ (o= 0 de M
T (3) Y1 — Y2ll00 ; -1
1 ¥ 2
— — — )" dt
gl [ @
1 * 2
—_— - —t)"dt |M_
g Il [ @ty
L2K* * 2
+— I —y2|oo/ (z —1)"dt [M_q], (69)
oy Il [ =07

Ly Lo
Ty, — T < Ly — 2 Ny —

Lo 1
_ M_ _

1
_— — M_
L?’K*
—_— — M_

0
K* :/ |K (s,t)|ds =1,
~1

1
1Ty1 — Tyl o Sm [L1 4 Lo+ Ly [M_y | + 1+ [M_y| 4+ L M_1[] ls1 — 92l

1
for g-contraction, o) [Li+ Lo+ Lo M_q| + 14 M_ |+ L* M_;|] < 1.
(70)

To show the convergence of solution for Problem 3, we have

1 v oz—l1 7 L v T — a—1 u/
w @) =y @)+ s [ @0 Gk e+ s [ @0 iy 0

2 ‘ a—1 7 1 r a1
iy J, @m0 Ml g [ o 0
L ‘ a—1
+m/0 (—1)"  un (t)dt M_]
1 ¢ a—1 0 2
+mA ($—t) |:/1tUN (S) d8:| dt|M_1|7 (71)
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y(x) = H(37> I‘(la) /OT (SL‘ — t)a—l %’U/H (t) dt + ﬁ /OT (x _ t)a—l tu' (t) dt
2 ' by L ! a—1
+W/o (&=t u (t)dt‘Mlem/o (@ — ) tu(t) dt
1 ¢ a—1
+F(a)/0 (x—1)" w(t)dt M|
1 ® w1 0 ,
+m/0 (x —1t) |:/_1tu (s) ds] dt | M_4], (72)

Applying hypothesis (Hy) ‘ygm) - yém)‘ < Ly |y1 — ye| forallm > 0, we

have

lyn () =y (@)

<|Hy (z) — H (x)| + FL(Z) /OI (2 — )% luy — u| dt

Ln * 2
—_— —t)7 |t — u|dt
R ACEDRIe

Lm * 2
+ (l’—t) |’U,N—’U,‘dt‘M,1|

1 xr
+7/ (. —t)° |t| lun — ul dt
0

+rL(Z) /0 (x — 1) U_Ol It] |un — ul ds} dt [M_q]. (74)
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Taking supremum of both sides gives

sup [y~ () — y (2)]

xeJ
Ln * 2
<sup|Hy (z) — H (z)| + (x —t)" sup luy — u|dt
zeJ F(S) 0 zeJ
4 Lm /m( t)? sup |¢| sup | | dt
— T — up [t|sup |luy —u
F(S) 0 xeJ zeJ
g [ = sl — ulde M|
—_— xr — sup (uy —u _
r®) Jo ves :
1 /x 2
+ = x —t)" sup|t|sup |uy — u|dt
P(3) 0 ( ) ac€J| |z€J| |
b [ @0l —ulde M|
—_— xr — sup (uny —u —
r®) Jo ves :
L2 x 5 0
+ /(x—t) [/ sup |t|sup luy — u|ds| dt [ M_1],  (75)
F(3) 0 —1zed zeJ
L
lex = lloe < 1Hx = Hlloo + 555 luw = g
Lo Lo
=2 _luy — 2 luy —ul . M_
My lun u||oo+r(4) lun — ull oo My
e e =l + el =l M
T () 1N T oo T gy 1 T Hlee B
L?’K*
+m lun — ull oo M1, (76)

0
K* :/ K (s, )] ds = 1,

—1

L L L
L= vy + 1y + iy M-

e o M-l + i |M—1|]
3 3| Hy — H]l,
©=T3—L;—Ly—Ly|M_q| —1— |M_y| + L2 |M_,|
U3 ||Hy — Hll., _ T3|[Hy —Hl. _ [Hy—H
- '3 —T'3q - I'dl-q 1—gq

[un = ull

||°°. (77)

Since ¢ < 1, |jun — u||,, exists. Furthermore since H is not affected by the

approximate solution, this implies that Hy — H = 0. Hence,
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lyn — vl <0, which shows that it converges.

Solving Problem 3 numerically gives as follows.

Solution 3. Using N = 2 for illustration

A=Jag oy aQ]T, X=[1z 332],

1-7 72 1-1 1
01 —2r 01 -2
M_,(7) = ,when 7 =1,M_; = ,
00 1 00 1
00 0 00 0
(000 , 001
u"(z:) = 1000], 5u"(z:)=|001],
000 001
(001 02 —4
ziu' (x;) = O%% sriu () =102 =2 1|,
02 0
000 . 1-11
u(@i—1)= |75 1 7/tu2(t—1)dt: ~11
111 ! 10 0
2 2 2

Solving A using Newton’s Raphson’s method gives

-1 1
A=|1 — —|.
.
Substituting into the approximate solution gives
1 1
ya () =1— §x—|— §m2,

which converges to the exact solution.

4 Discussion of results

In this section, we discussed the results obtained from the solved problems

using our developed method and the advantages of the new method over the
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existing methods in the literature. We also established the uniqueness and

convergence of the solution.

Theorem 2 was used to establish the uniqueness of the method by first
establishing that T is continuous, T is g-contraction, and T is strict con-
traction using some hypothesis. Theorem 3 shows the proof for continuity.
Theorem 4 proves the g-contraction. Using the theorem, we proved that the

result is a g-contraction, which shows the uniqueness of the method.

Theorem 5 was used to show the convergence of the solution, and it was

established that the method converges.

Problem 1: The approximation gives y3(r) = —0.09423z3 +x, and solving
at N = 5,7,10,12 and 15, we obtained Table 1, which shows the result
obtained from solving Problem 1 at z; = —0.2 to —1.0 at various values of
N and the exact solution. Table 2 shows the error of Problem 1, and it
indicates that as our N increases, the error result becomes more consistent,
particularly when N = 12 and N = 15. It can be seen that the error is small
and more consistent across all values of x; and the values of N considered.
For instance, the least error in [27] at N = 15 is 2.37 x 10~° while the least
error in our method is 0.10 x 1078 at N = 15, this clearly shows that our

method performed better.

Problem 2: The approximation gives
ys(x) = —0.1363483472° + 0.589442798z% — x + 1,

and solving at N = 5,7,10,12 and 15, we obtained Table 3, which shows the
result obtained from solving Problem 2 at z; = —0.2 to —1.0 at various values
of N and the exact solution. Table 4 shows the error of Problem 2, and it
indicates that as our N increases, the error result becomes more consistent,
particularly when N = 12 and N = 15. It can be seen that the error is small
and more consistent across all values of x; and the values of N considered.
For instance, comparing the error of [27] at N = 15 and that of our method

at N = 12, this clearly shows that our method performs better.

Problem 3: The approximation gives ys () =1 — %x + §x2, which shows

that the results converge to the exact solution.

Iran. J. Numer. Anal. Optim., Vol. 14, No. 3, 2024, pp 833-874



871 Numerical method for the solution of high order Fredholm ...

The numerical method is observed to be consistent and converges faster to
the exact solution, as shown in Problems 1, 2, and 3. It is also observed that

as NN increases, the solution gets better. Hence the stability of the method.

Hence, from the results obtained, one may simply conclude that the nu-
merical method derived is more efficient and computationally reliable than

the existing methods in the literature.

5 Conclusion

In conclusion, a new numerical method for solving high-order integro-differential
difference equations using Legendre polynomials with some conditions solved
Fredholm differential difference equations. Our method has proven to be ef-
fective and efficient when compared to other methods of solution. In some
of the examples, the result gave the exact solution, and for others, as we
increase our value of N, the result approaches the exact solution so fast af-
ter a few iterations. The comparison of results also shows that our method
performed favorably. All of the computations in this paper were performed
using MATLAB 15.

References

[1] Abbas, S. and Mehdi, D. A new operational matrixz for solving fractional
order differential equations, Comput. Math. Appl. 59 (2010), 1326-1336.

[2] Adesanya, A.O., Yahaya, Y.A. Ahmed, B. and Onsachi, R.O. Numer-
ical solution of linear integral and integro-differential equations using
Boubakar collocation method, Inter. J. Math. Anal. Optim. Theory Appl.
2 (2019), 592-598.

[3] Ahmed, A.H., Kirtiwant, P.G. and Shakir, M.A. The approzimate solu-
tions of fractional integro-differential equations by using modified ado-
mian decomposition method, Khayyam J. Math. 5 (1) (2019), 21-39.

Iran. J. Numer. Anal. Optim., Vol. 14, No. 3, 2024, pp 833-874



Pantuvo, Ajileye, Taparki and Aduroja 872

[4] Ajileye, G. and Aminu, F.A. A numerical method using collocation ap-
proach for the solution of Volterra-Fredholm integro-differential equa-
tions, African Scientific Reports 1 (2022), 205-211.

[5] Ajileye, G. and Aminu, F.A. Approximate solution to first-order integro-
differential equations using polynomial collocation approach, J. Appl.
Computat Math. 11 (2022), 486.

[6] Ajileye, G. Amoo, S.A. and Ogwumu, O.D. Hybrid block method al-
gorithms for solution of first order initial value problems in ordinary
differential equations, J. Appl. Comput. Math. 7(2018) 390.

[7] Ajileye, G., James, A.A., Ayinde, A.M. and Oyedepo, T. Collocation
approach for the computational solution of Fredholm-Volterra fractional
order of integro-differential equations, J. Nig. Soc. Phys. Sci. 4 (2022),
834.

[8] Atabakan, Z.P., Nasab, A.K., Kiligman, A. and Eshkuvatov, Z.K. Nu-
merical solution of nonlinear Fredholm integro-differential equations us-
ing spectral homotopy analysis method, Math. Probl. Eng. 9 (7) (2013)
674364.

[9] Berinde, V. Iterative approzimation of fized points, Romania. Editura
Efemeride, Baia Mare, 2002.

[10] Bhraway, A.H. Tohidi, E. and Soleymani, F. A new Bernoulli matriz
method for solving high order linear and nonlinear Fredholm integro-
differential equations with piecewise interval, Appl. Math. Comput. 219
(2012), 482-497.

[11] Biazar, J. and Gholami, P.M. Application of variational iteration method
for linear and nonlinear integro-differential-difference equations, Int.
Math. Forum5 (2010), 3335-3341.

[12] Darania, P. and Ebadian, A. A method for the numerical solution of the
integro-differential equations, Appl. Math. Comput. 188 (2007), 657—668.

[13] Elmaci, D. and Baykus Savasaneril, N. The Lucas Polynomial solution
of linear Volterra-Fredholm integral equations, Matrix Sci. Math. 6(1)
(2022), 21-25.

Iran. J. Numer. Anal. Optim., Vol. 14, No. 3, 2024, pp 833-874



873

[14]

[17]

Numerical method for the solution of high order Fredholm ...

Elmaci, D. and Baykus Savasaneril, N. Solutions of high-order linear
Volterra integro-differential equations wvia Lucas polynomials, Montes
Taurus J. Pure Appl. Math. 5 (1) (2023), 22-33.

Ercan, C. and Kharerah, T. Solving a class of Volterra integral system
by the differential transform method, Int. J. Nonlinear Sci. 16 (2013),
87-91.

Gulsu, M. and Ozturk, Y. On the numerical solution of linear Fredholm-
Volterra integro-differential Difference Equations with Piecewise Inter-
vals, Appl. Appl. Math. Comput. 7(3) (2012), 556-557.

James A.A. and Ajileye, G., Ayinde A.M. and Dunama, W. Hybrid-block
method for the solution of second order non-linear differential equations,
J. Adv. Math. Comput. Sci. 37(12) (2022), 156-169.2456-9968.

Karakoc, S.B.G., Eryilmaz, A. and Basbuk, M. The approzimate solu-
tions of Fredholm integro-differential difference equations with variable
coefficients via homotopy analysis method, Math. Probl. Eng. (2013)
Article ID: 261645.

Khan, R.H. and Bakodah, H.O. Adomian decomposition method and
its modification for nonlinear Abel’s integral equations, Comput. Math.
Appl. 7 (2013), 2349-2358.

Matar, M.M. Nonlocal integro-differential equations with arbitrary frac-
tional order, Konuralp J. Math. 4(1) (2016), 114-121.

Mehdiyeva, G. Ibrahimov, V. and Imanova, M. On the construction
of the multistep methods to solving the initial-value problem for ODE
and the Volterra integro-differential equations, IAPE, Oxford, United
Kingdom, 2019.

Oyedepo, T., Ayinde, M.A., Adenipekun, A.E. and Ajileye, G. Least-
squares collocation Bernstein method for solving system of linear frac-

tional integro-differential equations, Int. J. Comput. Appl. 183(22)
(2021), 0975-8887.

Iran. J. Numer. Anal. Optim., Vol. 14, No. 3, 2024, pp 833-874



Pantuvo, Ajileye, Taparki and Aduroja 874

[23]

(28]

[29]

[30]

Oyedepo, T., Ayoade, A.A. Ajileye, G. and Ikechukwu, N. J. Legen-
dre computational algorithm for linear integro-differential equations,
Cumhuriyet Science Journal 44(3) (2023), 561-566.

Oyedepo, T., Ishola, C.Y., Ayoade, A.A. and Ajileye, G. Collocation
computational algorithm for Volterra-Fredholm integro-differential equa-
tions, Electron. J. Math. Anal. Appl. 11(2) (2023), 1-9.

Palais, R.S. A simple proof of the Banach contraction principle, J. Fixed
Point Theory Appl. 2 (2007) 221-223.

Rahmani, L., Rahimi, B. and Mordad, M. Numerical solution of
Volterra-Fredholm integro-differential equation by block pulse functions
and operational matrices, Gen. Math. Notes 4 (2) (2011), 7-48.

Taiwo, O.A., Alimi, A.T. and Akanmu, M.A. Numerical solutions for
linear Fredholm integro-differential difference equations with variable co-

efficients by collocation methods, JEPER 1 (2) (2014), 175-185.

Volterra, V. Theory of functionals and of integral and integro-differential

equations, Dover Publications, 2005.

Yalcinbas, S. and Akkaya, T. A numerical approach for solving linear
integro-differential-difference equations with Boubaker polynomial bases,
Ain Shams Eng. J. 3(2) (2012), 153-161.

Zada, L., Al-Hamami, M., Nawaz, R., Jehanzeb, S., Morsy, A., Abdel-
Aty, A. and Nisar, K.S. A new approach for solving Fredholm integro-
differential equations. Inform. Sci. Lett. 10(3) (2021), 407-415.

Iran. J. Numer. Anal. Optim., Vol. 14, No. 3, 2024, pp 833-874



Iranian Journal of Numerical Analysis and Optimization
Vol. 14, No. 3, 2024, pp 875899

https://doi.org/10.22067/ijnao.2024.86362.1375 Y
https://ijnao.um.ac.ir/
Research Article a

BY NC

A pseudo—operational collocation

method for optimal control problems of
fractal —fractional nonlinear

Ginzburg—Landau equation

T. Shojaeizadeh*, E. Golpar-Raboky* and Parisa Rahimkhani

Abstract

The presented work introduces a new class of nonlinear optimal control
problems in two dimensions whose constraints are nonlinear Ginzburg—Landau
equations with fractal—fractional (FF) derivatives. To acquire their ap-
proximate solutions, a computational strategy is expressed using the FF

derivative in the Atangana—Riemann—Liouville (A-R-L) concept with the
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Mittage-Leffler kernel. The mentioned scheme utilizes the shifted Jacobi
polynomials (SJPs) and their operational matrices of fractional and FF
derivatives. A method based on the derivative operational matrices of SJR
and collocation scheme is suggested and employed to reduce the problem
into solving a system of algebraic equations. We approximate state and
control functions of the variables derived from SJPs with unknown coef-
ficients into the objective function, the dynamic system, and the initial
and Dirichlet boundary conditions. The effectiveness and efficiency of the
suggested approach are investigated through the different types of test

problems.

AMS subject classifications (2020): Primary 35R30; Secondary 65M32, 35K20.

Keywords: Fractal—fractional (FF) derivative; Shifted Jacobi polynomials
(SJPs); Operational matrices; Nonlinear Ginzburg—Landau equation; Opti-

mal control problem.

1 Introduction

The Ginzburg—Landau equation is one of the most studied nonlinear partial
differential equations in physics and engineering. This equation describes di-
verse types of phenomena, including superconductivity, Bose-Einstein, super-
fluidity, nonlinear waves, second-order phase transitions, condensation, liquid
crystals, and strings in field theory [1]. There are many numerical and analyt-
ical schemes for solving this equation, for instance, see [10, 12, 18, 20, 25, 31].

Atangana [2] introduced the idea of FF derivation. The FF derivatives
have been found very useful in many science and engineering applications.
Since the fractals can be realized in nature as a fractal process or fractal
media, it is interesting to derive the fractal or FF equations. The fractional
partial differential equations appear in chaotic dynamics [32], long-range dis-
sipation [22], and material science [26]. Fractional integrals and derivatives
are a robust framework that can be applied to describe processes with various
levels of complexity [11].

The fractional generalization of the Ginzburg-Landau equation was intro-

duced in [30]. This equation can be used to describe the dynamical processes
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in a medium with fractal dispersion and capture some long-range interactions
of a system that can not be captured by traditional integer order differen-
tial equations. It is well has been evaluated from different aspects of this
equation [29, 19, 28, 33]. Recently, Ding et al. studied higher-order numer-
ical algorithm for the two-dimensional nonlinear spatial fractional complex
Ginzburg—Landau equation [6].

Orthogonal polynomials have been extensively employed in solving op-
timal control problems involving fractional partial differential equations
[4, 5,9, 23, 27].

In [15] a numerical method for solving the model of the nonlinear
Ginzburg—Landau equation in a FF sense is presented.

Regarding numerical methods for the FF equations, the critical step is
the approximation of the fractional or FF derivatives.

Although, some approximate schemes for solving the FF model of non-
linear Ginzburg—Landau equation have been presented, for the first time
we propose a scheme for solving the optimal control problem of FF nonlin-
ear Ginzburg—Landau equation. The method uses SJPs for its numerical
solution.

Using the FF derivative in the A-R-L concept and fractional deriva-
tives in Caputo and Atangana-Baleanu-Caputo sense, optimal control of FF
advection-diffusion-reaction equations is provided. These classes of problems
are solved an operational matrix with high accuracy. Here , we consider the
following optimal control problem:

. . N 2 2 - 2
(P) urenl}?d j(Ya 11) = HY(S,t)*Y(S,t) HLi(e,f) Q) +e€ ||u(3;t)*u(57t) ”Li(e,f)(ﬂ)
(1)

with a nonlinear FF dynamic equation

FFA(/)[DOC’By(Sv t) - (Tl + iul)y85(37t> + (7“2 + iMQ)‘Y(& t)|QY(37t)
- (T(S) + i,LL(S))y(S, t) = f(87 t) + u(87 t)’ (2)

on the domain (s,t) € Q with the initial condition

¥(5,0) = v(s), (3)

and the boundary conditions
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y(0,1) = k(s), y(1,t) =g(s), (4)

where, © := [0,1] x [0,1]. In the above relations, the state variables
y(s,t) and the control variables u(s,t) are undetermined complex functions
y(s,t), u(s,t), v, k and g are complex determined functions, r1,73, 11 and,
pe are known constants and r(s) and, p(s) are real functions; in addi-
tion, € in the transition process is the weight of the control action, and
Ups = {u € L2(Q) : u1 < u < ug,up,us € RU +oo} has determined the
collection of admissible controls. Here, ¥ D*# denotes the FF derivative
operator of order (o, 3) € (0,1) in the A-R-L sense with Mittag—Leffler non-
singular kernel [2, 3].

In the presented plan, we solve it by converting the main problem into a
system of algebraic equations. For this aim, the functions y and u are ap-
proximated by SJPs with unknown coefficients. By substituting these ap-
proximations into the objective function, a nonlinear algebraic equation with
unknown coefficients is derived. By substituting the mentioned approxima-
tions in the dynamic system and the initial and boundary conditions and
utilizing the FF derivative operational matrix of SJPs, we derive a system
of nonlinear algebraic equations. Finally, by using Lagrangian multipliers,
we connect the algebraic equations obtained from the nonlinear FF dynamic
equation and the initial and boundary conditions with the algebraic equation
created by the objective function, and the optimal solution is achieved using

the constrained extremum method.

2 Fractal-Fractional calculus

Here, we describe the definitions and basic features of FF calculus in the

Atangana-Riemann-Liouville- Caputo sense.

Definition 1. [13]. The two-parameter Mittag-Lefler function is defined as

follows:
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where ¢,n € RT, and ¢ € R. Please remember that for n = 1 it is considered

as E¢(t) = E¢1(1).

Definition 2. [2, 3]. The FF derivative of the continuous function z(s, ) of

order (a, ) in the A-R-L sense with Mittag-Leffler kernel is defined by

FFM a8 _ (o) a/t —a(t—1)°
oD z(s,t) = =i 2(8,7)Eq( o Ydr,  (6)

where (a, ) € (0,1), c(a) =1 —a + ﬁ and

0z(s,t) lim z(s,t + At) — z(s,t). )

os A115—>0 (t+ At)ﬁ — B

Remark 1. The aforementioned definition can be expressed as follows:

cla)t=8 ¢ —a(t—1)°
FEM ODta’ﬁz(s,t)B((l)t_ a)gt /0 z(s,T)Ea(il(t_a) yir. (8)

Corollary 1. [14]. Let a, 8 € (0,1) and r € N{J{0}. Then, we have

FEM a B c(a)ritr—A+1 —at®
ODt U = ﬂ(l —Ot) EO&,T+1(1 —Ol)' (9)

3 The shifted Jacobi polynomials and their properties

The well-known SJPs on [0, 1] can be defined by the following explicit analytic
formula: [4, 16]

V() =3 alk, (10)
k=0
where
; i fitetrfrk) (it f
m) = (-1) 7 , : (11)
k i—k

i € NU{0}, e, f > —1,e+f # —1. Concerning the weight function w®f(t) =
t/(1 — )¢ on [0, 1] for SJPs, the orthogonality condition is Demonstrated by

1
/ bge,f)(t)bgevf)(t)w(e’f) (t)dt = )\iéijv (12)
0
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that d;; is Kronecker’s delta function and

Ti+e+D)I(i+f+1)
(2i+e+f+D(i+e+ f+1IGE+1)

i =

Any assumed function y € Li(e,f) [0,1] in (n+1) terms of SJPs can be written

as follows
n
)~ >y D (1) 2T, (), (13)
where
Y = [y07 Y, -y yn]T7
A e, e, e T

oa(t) 2 [0 (1), 60 (@), o b )] (14)

and

:7/ O W @D (t)dt, i=0,1,--- ,n

In the same way, a bivariate function y(s, t) € L2, ;) () can be expanded by
the SJPs as

ZZym b ()l (1) £ ©F, ()Y @i (1), (15)
1=0 5=0

where the entries of the unknown matrix ¥ = [y;;] (coefficients matrix of

(m+1) x (n+ 1) dimensional) are obtained from the following equation

1 1,1 . .
vim | vt oW O 0wt (o)l D ot (16)
Aidj Jo Jo !
fori=0,1,---,m, j=0,1,---,n. The first-order derivative of the vector
®,,(t) can be expressed by [8, 7, 21]

AP (t)

=DWo, 1
o (t) (17)

where, D is the (n4 1) x (n + 1) operational matrix of derivative given by
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Ci(i,5), i>7,
DY = (d;;) = , (18)
0, otherwise,
where
Ci(i,§) = (itetf+Dli+et+f+2);(G+et2)ijl(+et+f+1)

(-7 —DIT2j+e+ f+1)

—i+1l+jitj+et+f+2,j+e+1
X3F2 ;1
jte+2, 2j4+e+ f+2,

For example, for even n we have

C1(2,0) C1(2,1)
C1(3,0) C1(3,1) C1(3,2) ...

o o o o
o o o ©

DM —

Cl(n,O) C’l(n,l) Cl(n,2) Cl(mn— 1) 0

Remark 2. [8]. Recall that the shifted factorial (a),, is defined by

I(a+n)

T

and the hypergeometric function x3F5 is defined by

—n, a, b

- n —N)n
B G| 2 emanle=m)

(nlc—a—0),"

¢, l+a+b—c—n,
Remark 3. Generally, the r-derivative operational matrix of SJPs of ®,,(t)
can be given by:

4T, (t)

=D" 1
e D (1), (19)

where r € N and D™ denotes the r—th power of DW.
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Theorem 1. [24]. Assume that «, 5 € (0,1). The FF derivative of order
(o, B) in the A-R-L sense of ®,,(¢t) in (14) is achieved as:

FEM — DxPg (1) ~ B@D o, (1), (20)

that BE(®F) = [ez(-?’ﬁ)} is called FF derivative operational matrix of the SJPs,

and its entries for 1 < 4,7 < n+ 1 are yielded as follows

i—1 j—1 oo
. ) ) B
j m 0r=01=0

iy (J_l)m'l"(e-i-l)l" =B+ f+m+r+2)
Fal+m+1)IT(ad—F+e+f+m+r+3)

; (21)

(i—1)

in which 7y, and 7r(] b

are presented in (11).

4 Convergence analysis

Here in two dimensions, the convergence analysis of SJPs expansion is ex-
plored. Set
W (s, 1) = weH (s)weN (1), (22)

where w7 (2) = 2f(1 - 2)¢, z € [0,1].

n+m+1
Theorem 2. Suppose 7 € C™T"+1(Q) and | W%(s,t) |< A, for
:E’n m —1 3

0<i<n+m+1 LetY = span{bge’f)(s) b&e’f)(t), 0<i<m, 0<j<n},
be a vector subspace with finite dimension of L?(Q). If S, (s,t) is a unique
best approximation of 7 out of ) obtained from the proposed method, then

the error upper bound satisfies the following relation:

1 1
19(5.8) = Smn(s:Ollz2 :/ / (S5, 1) = S (5, £)) 2D (5, £) st
wie o Jo
A22(m+n+1)
< —
(n+m+1)!
(23)

Proof. From Maclaurin’s expansion for (s, t), we have

1 0 0
+ )" (gs, Eot), & € (0,1),

S — N -y
St =0l )+ T e T
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where
n+m k
1
E k—sf—i—tg) $(0,0).
k=0

Thusly

1 0

m(S* + tg)n-l-m-i-lg(fos,fot”, 50 c (07 ]_)

R — =
(1) = o(s,6)] = | o+t

Since Synn(s,t) is the best approximation of (s, t), we acquire

Cx . Cx 2 < _ 2
19 = SmalPye  Shr=plPpe

By the definition of the L?-norm and binomial expansion (s + t& )"+,

we will have

I'S(s.8) = (s, 1) 172
we, f)

Lot 1 o) 9 i .
:/0 /0 i ) S s P s, s

1 1 n+m+1
e aa
0o Jo (n+m+1) i ds" T o

=0
S(&os, Eot)|PW I (s, t)dsdt

1n+m+1 n+m+1 n+m+1
_(n+m+1'2/ / i

<n+m+1

. )s”+m+1_itisn+m+l_jtjW(e’f)(s,t)dsdt.
J

Since, 0 < s,t < 1, we have

n+m+1 n+m-+1 n+m-+ 1
IS —ol”L2 weeH — ”+m+1)'2 fo fo i=0 ggo ( i
n+m-+1 .
( , W el (s, t)dsdt
J
_ A222(7n+n+1)
- (ntm+1)!2

which is the desired result.
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Corollary 2. If S(s,t) is an infinity differential function on €, then

IS (s, t) — %m"(s’t)”Li\;(e,f) — 0 as n,m — oo

5 Expression of the proposed approach

In the present section, we will solve the introduced problem in Egs. (1)-(4)
numerically. For this purpose, we first decompose the complex state and
control variables and functions of the problem in their real and imaginary

parts as follows

y(S,t) = yl(sat) + iyZ(Sat)v U(S,t) = ul(svt) + iuZ(Svt)v
(s, t) = 01(s,t) + iga(s, 1), v(s) = v1(8) + iva(s), (24)
g(t) = g1(t) +iga(t), k(t) = k1(t) + ika2(2),

where, y;(s,t),9;(s,t),u;(s,t),v;(s), g;(t) and k;(t) are real functions for j =
1,2. Thus, the called problem can be illustrated in a coupled system of

nonlinear FF differential equations as

FEM - DPyy (s,8) = r1y145(5, 1) + p1yass (s, t)
+r2(y1%(5,8) + y22(5,0)y1 (s, 1) — p2(y1?(s, 1) + y2°(5,1) )ya(s, t)
—r(s)y1(s, 1) + p(s)y2(s,t) = ui(s,t) + fi(s, 1),
FEM - D*Pys(s,t) — 11y (s, 1) — iy gs(s, )
+r2(y1%(5,8) + y22(5,))y2(5,1) + p2(y1?(s,1) +y2°(5,) )y (s, )
—r(s)y1(s,t) — p(s)yi(s,t) = ua(s,t) + fa(s, 1),

(25)
for ¢ = 1,2 with the initial conditions
yi(57 0) = Ui(s)a (26)
and the boundary conditions
7 O7t =9 t )
5(0,6) = gi(t) o
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Now, the state and control variables are approximated in terms of the S.JPs

as follows for k = 1,2

y(s,t) ~ ®L (5)Y @, (1), (28)
ug(s,t) ~ ®L (5)U,®, (1), (29)

where the vectors ®,,(s) and ®,,(¢) are introduced in Eq. (14), and Y =
(y*;), and Uy, = (ufj) are the unknown coefficients matrices of (m + 1) x
(n+ 1) dimensional. Set

B(s,t) 2 [b5D ()b (1), .. 0D ()bl (1) | .

T
65T ()b D (1), bl ()bl (1) (30)
Considering Eq. (15), we can write Egs. (28) and (29) as follows:
y(s,t) ~ O (s)Yy®,(t) = BT (s, t)vec(Yy), (31)
and
ug(s,t) ~ &L (s)Up®@, (t) = BT (s, t)vec(Uy), (32)
where k = 1,2, and
k k k kT
vec(Yi) = [Ybos - Yo | oo | Ubns - Uim]
vec(Uy) = [ulgo,...,u’:no | ub ,ufnn]T
The following results are obtained from Eqs. (28) and (20):
FEM Dby (s.1) ~ T ()Y, E*D o, (1). (33)

Also, from Remark 3 and two times derivative with respect to s on both sides
of Eq. (28) yields

Yras(5,1) = @1 ()(DP) Y, 8, (8). (34)

Regarding relations Eqs. (26)—(27) and Eq. (31), for k = 1,2
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Inserting Eqgs. (31)—(34) into Eq. (25) gives

Z1(5,.) £ B(s.) [ (BT © Lvgr) = 11 (s @ (D)) = 1(s) 4 r2((Bs, Hyvec(¥n))*
+ (B(s, ree(Y2))?) Jvee(Yr) + (1 (In1 ® (D)) + puls)
— w2 ((B(s, tyvee(Y1))? + (B(s, t)vec(Yz))Q))vec(Yz) - vec(Ul)] ~ fi(s,t) ~ 0,
Za(s,t,) 2 B(s, 1) [((E@*W ® Ims1) — 11 (Ins1 ® (DYT) — r(s) + r2((B(s, t)vec(Y1))?
+ (Bls, tyvec(Y2))?) Jvee(Ya) — (1 (Ins1 @ (DE)T) = pu(s)
— 2 ((B(s, t)yvec(Y1))? + (B(s, t)vec(Yz))Z))vec(Yl) - vec(Uz)] ~ fa(s,t) >0,
(36)
where, I,,+1 and I, are identity matrices of m + 1 and n + 1 orders,

respectively and ® represents Kronecker’s product [17]. Finally, from Egs.

(35) and (36), a system of 2(m+1)(n+ 1) algebraic equations can be written
as for k =1,2:

Cgfjézk(gi,nj):o, 1=2,....m, j=2,...,n+1,
H 2 B(&,. 0)vec(Yy) — vi(&) = 0 =1 m
My & B(0,n;)vec(Yy) — kx(n;) =0, j=2,...,n+1,
N £ B(1,nj)vec(Yy) — gr(n;) =0, J=2,...,n+1,
(37)
where
2(2—1
& = = (1 — cos( (z2m)7r))’ i=1,....,m+1,
20 — )7
n; = = (1 — cos( (2n) ), ji=1,...,n+1
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Then, the performance index of the examined problem is approximated using

SJPs. First, the desired function is approximated as:
Ji(s,t) = OF ()Y@ (t), k=1,2. (38)
Inserting Eqgs. (28), (29), and (38) into Eq. (1), we get
T (ysu) = Im,n (Y1, Yz, Up, Up)
— [ [0 ™¥160(0) = 60 D1 () 6005 Y16 (0) = 600(5) T1600 ()]
wie ) (s, t)dsdt
1 1 —~ -~
[ @m0 (0) = 6 (9) Vabn (D) (6 (5) Yaon (1) = 6 () Yaih (1))
0 0
W(e’f)(s,t)dsdt
1 1
2 T - TAI n m T 1Pn - Pm TAI n T
+ ([ ] [@n 00600 = 60 B () (@ () Va0 (8) = b0 (2) a6 (1)
W(e’f)(s,t)dsdt
! ! T Ty T Ty T
[ ] [6m) 026n(0) = () Va6 ()6 () Uaon (1) = () T (0))” ]
9 9

weeH (s, t)dsdt) .

Because expressions fol fol(gbm(s)T?lgbn(t))QW(e’f)(s, t)dsdt, fol fol(gbm(s)T
Yot ()2WED (s, t)dsdt, [} [ (dm ()T Ui ()W) (5, t)dsdt, and

fol fol (6 (8)TUshy, (£))2W(F) (5, t)dsdt do not have any effective role in min-
imization due to being positive, so according to Eq. (12), the above equation
is expressed as follows

Jmn((Y1,Y2,U0q,Uyp)) = vec(Yl)T(Tn ® Tim)vec(Y1) + vec(Yg)T(Tn ® YTm)vec(Y2)

(39)
— 2vec(Y1) T (Tn ® To)vec(Y1) — 2vec(Y2)T (Tr @ Tom)vee(Ya) (40)
+ 2[vec(U) T (Th, ® Tin)vec(Ur) + vec(Ua) T (T, @ Yo )vec(Us) (41)
— 2vec(T) T (Tn @ T )vec(Ur) — 2vec(Ua)T (Tr @ Ton)vec(Us)], (42)

where
Ty = diag(Ao, - .., Ak)-

The discussed optimal control problem has now transformed into a finite-
dimensional optimization. To solve the obtained optimization problem, we

employ the Lagrangian multipliers scheme. First define

j*(ya ’LL) =~ J*(YlaY%Ul)UZ) Z) = Jmﬂl(YleZlevU?) + ETC7 (43)
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where
C= [621,23 cee 7C21,n+1| s |C71n,27 s acrln,n—i-1|622,23 )
C il 1Ch o, 7C72n,n+1|7121|7;22|M1|M2|'/\71|J\72:| :
and

T
Y=lae... (2(m+1)(n+1):| ;

where the Lagrange multipliers vector is denoted with 3. Now the optimality

conditions for k = 1,2 are derived from the following equations:

Ovec(Yy) ’
Avec(Uy) ’
0T (y.u) _

1)y '

The above system of algebraic equations can be solved by Newton’s iterative
method or by using Matlab software packages. The numerical solutions of
y(s,t) and u(s,t) are specified by determining Y and Uy and placing them
in Egs. (31) and (32), respectively.

6 Illustrative examples

In this section, using some test problems, the accuracy and efficiency of
the described method in Section 5 have been investigated. To achieve this
goal, the maximum absolute error (MAE) and root mean square (RMS) are
calculated. All calculations and results have been done using the Fmincon
package in MATLAB software. The accuracy of the obtained results from
the proposed method is calculated using MAE and RMS, which is defined as
follows:

MAE = n) — FEnn)l,
lggﬁnﬁgﬁJﬂfm) f (&)l
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m—+1n+1
RMS = (m—&——n—i-l ;;U &ismy) — (51777])| ),

where f represents the numerical solution of f in the collocation points of
(&,m;). Note that in all test problems, the first 29 terms of the infinite series

in the Mittag-Leffler functions are used in numerical calculations.

Example 1. Consider the following objective function:
/ / (s5,t) — t*e™)? — 2(u(s,t) — (1 + 2i)t* + (1 +4)t'?
— 82(1 +is)th)e! )2W(e’f)(s,t))dsdt, (44)

where € = 1. Subject to the following nonlinear time FF Ginzburg—Landau

equation [14]:

6 MDYy (s, 1) — (14 20)yss(s,8) + (L+0)|y(s, )Py (s, 1) — s*(L+is)y(s, 1)
= f(svt) + U(S,t),

where

c(a)dlt® =P —at® is
) = (G Fa s (725 ))ei

The exact solution of state and control functions is mentioned below,

u(s,t) = (14 20)t* + (1 +i)t'? — s2(1 +is)th)e'

From the analytical solution of y(s,t), we acquire the initial and boundary
conditions. For the computational solution of this example, we have used
the introduced method in Section 5 with values of m = n. For some choices
(a, B) and (e, f) = (0,0), MAE and RMS values of state and control variables
are shown in Figures 1 — 4. AE graphs for state and control variables with
m=n="7, a=0.250=0.85and (e, f) = (0,0) are depicted in Figure 5.
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Figure 1: The RMS of the presented method for the state and control functions with
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«10 x40
3 \ oo2fy
A\ A oot \
4 25 o \ N
s / ‘\ - \ _ \ JCLILT AN
= & S A
2 |/ N\ e 2 \ 2 A\ % 001 N\
13 N g 2 0.005 2
W wis w w
—— 0.005
1 Te— _
05 0 0 —
4 5 8 7 8 4 5 [ 7 8 4 5 e U 8 4 5 © T 8

The number of collocation points The number of collocation peints The number of collocation peints The number of collocation peints
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Figure 5: Numerical solution (SJPs) and error function (AE) surfaces of y(s,t) (left)
and u(s,t) (right) with (m=n=7) in Example 1.

Example 2. Consider the problem of optimal control with ¢ = 107! as

follows:
1 '
J(y,u) = / / ((y(&t) — t?sin(t)e)? — e (u(s, t) — (5it*sin(t)
0o Jo
+ 2t5sin3(t) — itsin(t)e %)) 2WED (s, t))dsdt, (45)
with the nonlinear time FF dynamical system: [14]
FEM DBy (s 1) — Biyss(s, t) +2|y(s, )2y (s, t) —ie Py (s, t) = f(s,t) +u(s,t),

where,

a

c(a)t*—"# [e%e] -« 18
F(s,1) = (5855 TrZo(—1)F(2k + 3)(2k + 2)t2* B o 14(7257))e™

The exact solution of state and control functions is mentioned following,
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y(s,t) = t*sin(t)e’,

u(s, t) = (5it?sin(t) + 2t°sin3(t) — it?sin(t)e™")e'.

From the analytical solution of y(s,t), we acquire the initial and boundary
conditions. For the computational solution of this example, we have used the
introduced method in section 5 with values of m = n. For some choices («, 3)
and (e, f) = (0.5,0.5), MAE and RMS values of state and control functions
are shown in Figures 6 — 9. AE graphs for state and control functions with

m=n="7a=0.750=0.25and (e, f) = (0.5,0.5) are depicted in Figure

10.
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Figure 6: The RMS of the presented method for the state and control functions with
a = 0.35 and 8 = 0.35 in Example 2.
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Figure 7: The RMS of the presented method for the state and control functions with
a = 0.65 and 8 = 0.35 in Example 2.
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Figure 9: The RMS of the presented method for the state and control functions with
a=0.75 and 8 = 0.45 in Example 2.

Figure 10: Numerical solution (SJPs) and error function (AE) surfaces of y(s,t) (left)
and u(s,t) (right) with (m=n=7) in Example 2.

Example 3. Consider the problem of optimal control with € = 1.1 as follows

/ / s,t) — itPe”tFN2 _ 2(y(s,t) —ie " (2t%e ! + 3itde”

(25 4+ 1+ 3is?)t3e ™)) 2w (s, t))dsdt, (46)

Iran. J. Numer. Anal. Optim., Vol. 14, No. 3, 2024, pp 875-899



Shojaeizadeh, Golpar-Rabok and Rahimkhani

with the FF dynamical system: [14]

894

(I)?FMDD“By(Svt) - 2y55(57 t) + 3i|y(s,t)\2y(s,t) - (28 +1+ 3i52)y(57 t) = f(sr t) + U(S,t),

where,

f(s,t) = i(

c(a)t*=?
B(l—c)

Yoo (=1 (k +3)(k + 2)(k + 1)t* Eq pra(

The exact solution of state and control functions is mentioned following,

y(S, t) — ,L't.3€—(t-i-is)7

u(s,t) = ie @ (23t + 3it%e 73 — (2s + 1 + 3is?)t3e ).

e

at
e’

The homogeneous initial and boundary conditions are obtained from the

analytic solution of y(s,t). For the numerical solution of this example, we

have used the introduced method in section 5 with values of m = n. For some
choices (a, 8) and (e, f), MAE and RMS values of state and control variables
are shown in Figures 11 — 14. AE graphs for state and control functions with

m=n="7, a=0.25,0=0.25and (e, f) = (0,1) are depicted in Figure 15.
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Figure 11: The RMS of the presented method for the state and control functions with
a =0.25 and 8 = 0.25 in Example 3.
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7 Conclusion

In this paper we introduced a novel class of optimal control with the nonlinear
Ginzburg—Landau equation. To express this new class, we have used the FF
derivative in the A-R-L sense with Mittag-Leffler non-singular kernel. For
the numerical solution of this class of optimal control problems, an efficient
method based on the shifted Jacobi polynomials has been proposed. To
transform the main problem into a system of nonlinear algebraic equations,
we have used the FF derivative operational matrix of SJPs and the collocation
method. By presenting three numerical examples, we have investigated and

evaluated the accuracy of the mentioned scheme.
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A numerical computation for solving delay and neutral differential ...

gineering, infectious diseases, bacteriophage infection’s spread, population
dynamics, epidemiology, physiology, immunology, and neural networks.
The use of orthonormal polynomials is the key advantage of this method
because it reduces computational cost and runtime. Some examples are
provided to demonstrate the effectiveness and accuracy of the suggested
strategy. The method’s accuracy is reported in terms of absolute errors.
The numerical findings are compared to other numerical approaches in the
literature, particularly the regular Legendre wavelets method, and show
that the current method is quite effective in order to solve such sorts of

differential equations.

AMS subject classifications (2020): Primary 34K40; Secondary 65L05, 40C05.

Keywords: Generalized Legendre wavelets; orthonormal polynomials delay

differential equations; neutral differential equations; accuracy.

1 Introduction

Delay differential equations are important in the mathematical and physical
modelling of real-world problems such as human body control and multi-
body control systems, electric circuits, the dynamical behavior of a system in
fluid mechanics, chemical engineering [18, 33], infectious diseases, bacterio-
phage infection’s spread [9], population dynamics, epidemiology, physiology,
immunology, neural networks, and the application of Legendre wavelet for
solving differential pharmacology.

For solving nonlinear differential equations with proportional delays, there
are several numerical techniques, like the Runge-Kutta—Fehlberg methods
[25], Adomian decomposition method [8, 14, 26], Hermite wavelet-based
method [32], Aboodh transformation method [1], power series method [5],
decomposition method [34], differential transform method [22], Iterative vari-
ational approach [19], Pade’s series-based approach and power method [35],
spectral method [2], variable multistep methods [21], quasilinearization tech-
nique [28], polynomial least squares method [10], homotopy perturbation
method [31], first kind Bessel’s functions [39, 40], Legendre polynomials of
shifted form [41, 44], and the first Boubaker polynomial approach [12]. More-
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over, solving equations of nonlinear ordinary differential type using colloca-
tion methods with the use of Bessel polynomials are studied in [38, 42, 43]. In
addition, numerous numerical approaches, such as the One-leg-method [36]
and Chebyshev polynomials [30], have been employed to approximate the
solutions of neutral differential equations. Giimgiim, Ozdek,. and Ozaltun
[16, 17] have presented Legendre wavelet solutions of both high order non-
linear ordinary delay differential equations and neutral differential equations
with proportional delays. Nisar et al. [24] presented the efficient and signifi-
cant solutions to a nonlinear fractional model. Zhang et al. [45] investigated
the multiple solitons, lump solitons, and interaction with two stripe soli-
ton solutions, for the fractional gCBS-BK equation. Amer and Olorode [3]
presented a numerical evaluation of a novel slot-drill enhanced oil recovery

technology for tight rocks.

In this paper, we use our suggested generalized Legendre wavelet ap-
proach (GLW M) [13] to solve delay and neutral differential equations with

proportionate delays of different orders in the following form:

3 Q 2 r
SO TRy By (= mpg (1) + DY Seat)y ™) (8,58)y ) (rst) = A1),
p=0 g=0 r=0 s=0
Q<3 (1)
with the initial conditions
y(P)(O) = O‘p p= O ) 1 ) 2) (2)

where the given continuous functions R,q(t), Srs(t),h (t) and the variable
delays 7pq(t) on 0 < t < 1, d,5 and 7,5 constants are assigned to indicate

proportional delays.

The mechanism of our suggested method is reducing computational cost
and runtime with the use of orthonormal polynomials. We provide vari-
ous examples to demonstrate the effectiveness and accuracy of the suggested
strategy. We reported the method’s accuracy in terms of absolute errors.
The numerical findings are compared to other numerical approaches in the

literature, particularly the regular Legendre wavelets method (RLW M), and
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manifest that the current method is quite effective in order to solve such sorts

of differential equations.

2 Definitions and preliminaries

2.1 Legendre wavelet and its properties

Considering a single function “mother wavelet” (t), from which wavelets
represent a family of functions by dilating and transforming this single func-

tion. This family of continuous wavelets [15] has the following form:

_ 1 t—0>
vus®) =l 20 (22)). Wb R, at0. (@)

a

The Legendre wavelets on the interval [0, 1) is defined by

k N .
m+L22L,,(25 —n), nl <t < ntl
bam(t) = 4 VT2 22 L = 2 ()

0 otherwise,
for which k is positive integer, n =1, 2,..., 2*"! and # = 2n — 1, the order
of the Legendre polynomial is denoted by m =0, 1, 2, ... , M and the

normalized time is denoted by ¢t. The Legendre polynomials acquired in the

above definition are defined as follows:

Lo(t)=1,

Lit) =t , (5)
2m +1 m

Ly (t) = t Ly(t) — —— Lyu_1(t), =1,23, ...,

alt) = TE L)~ 2 Luat), m 3

which are orthogonal over [—1, 1] with weighting function w(t) = 1, for more
details (see [4]). After shifting the Legendre polynomials by ¢ = 2z — 1, the
shifted Legendre polynomials L, (x) = L} (2¢ — 1) that are orthogonal on
[0,1) can be denoted as follows:

- (m + s)la*®

xT) = —ymts T
L) = Y (-1 T

s=0
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2.2 Generalized Legendre wavelet expansion

In this subsection, we offer a generalization for the Legendre wavelets method,
denoted by GLW M [13], for solving delay and neutral differential equations
with proportionate delays of different orders defined as in (1). The proposed
GLW M on the interval [0,1) are defined by

k
1 5 k ~ n—1 n+1 .
w0,y = Ve pmlptt=n), e St <R

0 otherwise

for which k is positive integer, n = 1, 2 ,..., g ', n > 3 and
n = 2n — 1 and the order of the Legendre Polynomial is denoted by m =
0,1,2, ..., M and the normalized time is denoted by ¢.

3 Discussion and results

3.1 Function approximation

A function f(¢) defined on [0,1) may be expanded as infinite series of the

type seen below:

f(t) = Z Z Cn,m 1/J“n,m7 (7)

n=1m=0

where Cnym =< f7 w#n,’m > = fol f(t) wun,nb(t) dt .

After trimming, (7) can be written as follows:

uEt o

FO =YY cam Wam(t) = CTW (1), (®)

n=1 m=0

where

— T
C= [01,0,6171, <o C1ILM5C2,05,C2,1 -+ C2 M 5 oo Cpk—1 gCpk—1 15+« Cpb—1 pf

and
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U(t) =

T
”w
1/J1,01/)“1,1 s ’(/}ﬁ]u s %ﬁoﬂ’% s ’(/}5,]\/[ s ka—l,owﬁk—lJ s ¢5k—17M:| .

3.2 Generalized Legendre wavelet operational matrix of

differentiation

The gth derivative of the vector ¥(t), defined in (6) can be obtained by

d4
—U(t) = DIU(¢t
() = Drr) 0
where D? is the gth power of the u*~'(M + 1) x u*~1(M + 1) operational

matrix of differentiation D, defined in [23] as follows:

FO--0

0 F -
D= :
-0

F=p"x
0 0 0 0 0
V3 0 0 0 0
0 V3v5 0 0 0
N4i 0 VBT 0 0
2M +1 0 VBV2M +1...V2M —1v/2M +10 }M is odd
0 V3vV2M ¥ 1 0 ... V2M —12M +1 0 }M is even

3.3 The use of the operational differentiation matrix

To address the problem presented in (1) and (2), we first find the approxi-
mated solution considering the truncated series in (8), utilizing generalized

Legendre wavelets as
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Y

“chnmw nm ):CT\II(t), (10)

n=1 m=0
where the coefficients ¢, ,,, are to be determined. Using (9) to approximate

the pth derivative as

y(1) = 0T () =T D). (1)

Substituting (10) and (11) into (1) implies that

) (12)
+3 D Snu(O)CT D (8,5t) CTD W (rst) = h(t) , Q< 3.

We need p*~1(M + 1) equations to determine the unbeknown coefficients
Cn,m of the vector C. The first three equations are derived using the initial
conditions (2), (3), and (4) as

y(0)=CTD ¥ (0),
y® (0)=CTDP ¥ (0), p=1,2.

and pF~'(M + 1) — 3 equations are obtained by substituting the first
(W"~1(M + 1)) — 3 roots of shifted Legendre polynomial P,k-1(p11)(t) in
(12).

Then, using MATLAB, we can solve the obtained system of nonlinear

equations and the approximated solution in (10) is obtained.

3.4 Convergence criteria of the proposed GLWM

In this subsection, we discuss the theoretical analysis of the convergence of

our approach to solve (1).
We want to prove that y(t) = >° > cum¥h () defined in (10) using
n=1m=0
the GLWM converges to y(t).
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907 A numerical computation for solving delay and neutral differential ...

Let L2(R) be the Hilbert space. We have shown that 19, (t) =

k
m + 32 Ly, ("t — 7)) forms an orthonormal basis [13].

Let y(t) = Z hnih () be a solution of (1) such that hy; = (y(t), ¥4 (1))
forn=11in Wthh (., .) denotes the inner product.

Let we denote ¢ (t) = ¢*(t) and a; = (y(t), YH(¢))

)= {y(0), () ¥ ().

i=1

Consider the sequences of partial sums

n—1 m—1
W= S0 )l W = 3 ;0%
i=1 7=t

Then,
(y(t), Wi <y Zaj Pr (2, > ZO‘J ) J)>
n—1
aj o Z ‘CVJ|
j=1
Moreover,

2

n—1
| Waey = W I = || D oy 9#(t5)

n—1 n—1
<Z a; P (L) Z @ W(tj)>

n—1 n—1 n—1
=Y S way @) v = > i
i=m j=m i=m

As n — o0, by Bessel’s inequality, we get that Z | o |7 is convergent, it
yields that {W,,_1} is a Cauchy sequence and it converges to W (say).

Now, we have
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<W —y(),9"(t;) > = <Wyk(ty) > — <y(t),¥"(t;) >
= < nh—{{.loWn_l s ¢#(tj) > =

= lim <W,_1, ’(/)/L(tj) > =y

n—00
n—1
- nhanolo < Zaj wu(tj) ; @/}M(tj) > oy
=1

= Oéj—Oéj:O,

which is satisfied only in the case if y(¢t) = W. Thus, y(t) = > a; ¥*(t;).

3.5 Error bound

Suppose that the function y(¢) defined in [0, 1] is m times continuously

differentiable function. Then there exists a mean error bound for the ap-

'uk—l M
proximation of Y Y cum ¥H(t) = CTWH(t) to y(t) as follows [37]:
n=1 m=0
T ! (m)
lv=CTor@) | < o su, [0

mlp™ 0,1

“w
approximate y(t) to the polynomial CTW#(t) of mth degree, taking into con-

We divide the interval [0, 1] into subintervals {ﬁﬂﬁcl ) ﬁtl] So we can

sideration a minimum error for these subintervals. Therefore, we can utilize

the maximum error estimation for this polynomial that insets y(¢), that is,
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909 A numerical computation for solving delay and neutral differential ...

|y — CTore) | = / (t) — CTyR(e) 2 dt
0

=2 /2:1 [y(t) — CTypH(t)] 2 dt

14

ket 22
# *
<Y o, 0 -y ) dt
n=1 uk
k—1 2771,
< Z/M [~ sup ’y(m)(t) (]2 dt
= 22—;2 mlpmk e

1
1
< ——  sup ’y(m) t ’2dt
/0 [m!,umk teo, 1] @

1 2

_ . (m)

= sup ‘y t ‘
m!umk tefo, 1] (*)

3

where y*(t) denotes the mth order interpolation of y(t). Taking the square

roots of both sides yields the desired outcome.

4 Numerical examples

In this section, we demonstrate the advantage and high accuracy of our pro-
posed GLWM by applying it to various conventional delay differential equa-
tions. All the numerical test examples of our program were carried out by
MATLAB R2015a.

Example 1. Assume the equation of the second-order neutral differential

form through proportional delays shown below [17]:

The exact solution of this initial value problem is given by y(t) = t2.
We first apply the GLWM for M =2,k =1,u = 3.
For this choice of M, k, i, the function approximation for y(t) will take

the summation form,
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pTt oM 1

2
y(t) ~ Z ch,mw;,m(t) = Z Z Cn,m¢z,m t) = cry, (14)

n=1 m=0 n=1m=0
where 03><1 = [6170 C1,1 C1,2 ]T and \Ifgxl(t) = wq)o(t)
where the generalized Legendre wavelets wul’m(t) ,
case, are given by

<
i—‘t
—
—
~
—_
<
N}
—
~
N

o =] 0<t<s
? 0, otherwise,
B (t) = 3¥2(3t—1), 0<t< 2
o 0, otherwise,
g {FEE-D =D 0<i<h
v 0, otherwise.
Thus, y(t) and y(%) can be approximated as
V2V3 3v2 V15 3 1
y(t) = cio D) + Cl,lT(St* 1) + c2 W (5(3t71)2 _ 5)’
¢ V2v3 3V2 .t Vit 3.t ., 1
y(i) - a0y + 01717(35*1) + 61,2W (5(3571) 75).

To calculate the first and second derivatives of y(t), we use the 3 x 3

operational matrix of differentiationP and P? in the form

0 0 0 00
P =1|3/3 , P? = 0 00
0 3V150 9v/450 0

as follows:

y'(t) = c113V/3Y4 o + €123V 159,

2v/3 3v/2
= 01,13\/3\[2\[ + c1,23\/15\2—f(3t —1),

2v3
y//(t) = c1,29v45 wlf,o =c1,2 9v45 \/;f ,

and hence y”(£) =c12 9V45 @ .

Using these approximations, (13) takes the form
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61,29@€ﬁ = %(61,0 ‘/52‘/3 + 01,137\/5(315 ~D+eip %(%(Bt —1)2 - %)
V2v/3 3vV2 _t V15,3t 5 1
+ (c1,0 5 + 61,17(35 -1) +61’2W(5(35 -1)° - 5) (15)
+ cl,lsﬁ\/i\/g + 01,23\/ﬁ¥(3% —1)

1 33
+ 510 9\/45g — 2t 1

It should be noted that in order to find the unknown coefficients,
c1,0 €1,1 1,2, we need three equations. Two equations are obtained from

the initial conditions in (13) as follows:

LVRE o wE VB
10— L1 1,2\/§f7

2v3 3v2
C1713\/§g — 01,23\/ﬁ\72f=0.

We can gain the third equation by inserting the first root of third-order shifted
generalized Legendre polynomial, given by ¢ = 0.07513, in (15). Solving this

3x3 nonlinear system gives

Csx1=[c10 c11 c12)”

= [0.12096245643373 0.104756560175784 0.027048027531119]T.

Hence, the approximate solution of [17, Example 1] using our proposed
GLW M is obtained as

y(t) =CTw
= [0.12096245643373 0.104756560175784 0.027048027531119]T><
@
22 (3t - 1)
B (G6t-17-3)

Along with the absolute errors compared to the exact solution, the esti-

mates of the approximation can be evaluated at the locations in the prescribed

interval, 0 < ¢ < 2 and summarized in the table (Table 1) below.
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Table 1: Approximate solution and the absolute error of in [17, Example 1] using our
GLWM for M =2;k=1;p=3

t | Exact solution | Approximate solution | Absolute error
0.1 0.01 0.009999999999990999 9.0015e-15
0.2 0.04 0.03999999999999143 8.5733e-15
0.3 0.09 0.08999999999999162 8.3786e-15
0.4 0.16 0.1599999999999916 8.4176e-15
0.5 0.25 0.2499999999999913 8.6902e-15
0.6 0.36 0.3599999999999908 9.1964e-15

0.35F 4
0.30

=+ Exact
-+ Present method

t

Figure 1: Approximate solution against the exact solution for Example 1

In Table 2 below, absolute error comparisons between the proposed ap-
proach GLWM and the RLW M for the same M (M = 2) and other nu-
merical methods, namely, the Runge-Kutta method of two-stage order-one
case (RKM) [25], One-leg # method with = 0.8 [36], variational iteration
method (VIM) with n = 6 [11], homotopy perturbation method (HPM) with
n = 6 [7], reproducing kernel Hilbert space method (RKHSM) with n = 100
[20], Legendre—Gauss collocation method (LCM) with n = 10 [6], homotopy
analysis method (HAM) with n = 6 [29] are provided. Also, we present

solutions on this interval for comparison because the numerical approaches

mentioned previously produced solutions in the same range. From Table 1,

Figure 1, and Table 2, we can presume that the current method is more ac-
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913 A numerical computation for solving delay and neutral differential ...

curate, effective, and promising when compared to other numerical methods,

particularly with the normal Legendre wavelet method.

Table 2: Comparison of the absolute error of the suggested method with other numerical
methods

t | Present method | RLWM[17] One-leg § | RKM|[25]
GLWM (M = 2) (M =2) | Method|36]
0.1 9.0015e-15 3.43e-11 6.10e-03 1.00e—03
0.2 8.5733e-15 7.79-11 2.58e-02 2.02e—-03
0.3 8.3786e-15 1.98e-10 6.47e-02 3.07e—03
0.4 8.4176e-15 3.26e-10 1.37e-01 4.17e—03
0.5 8.6902e-15 4.62e-10 2.81e-01 5.34e—03
t VIM RKHSM HPM HAM LCM

n=6[11]|n=100[2 | n=6[7] | n=61[20] | n =10 [6]
0.1 | 1.67e—04 | 9.57e—06 | 1.67e—04 | 2.25¢—08 | 6.59e—17
0.2 | 7.15e—04 | 1.95¢—04 | 7.15e—04 | 9.81c—08 | 1.37e—17
0.3 | 1.73e—03 | 2.94e—04 | 1.72e—03 | 2.44e—07 | 5.67e—18
0.4 | 3.30e—03 | 3.93e—04 | 3.30e—03 | 4.90e—07 | 6.98¢—17
0.5 | 5.55e—03 | 4.92e—04 | 5.55¢—03 | 8.69¢—07 | 2.13e—17

Example 2. Consider the following equation of the first order neutral dif-

ferential form through proportional delay [17]:

Y (t) = —y(t) + 0.1y(0.8t) + 0.5y (0.8t) + (0.32t — 0.5)e " + et 0<t <1

(16)

The exact solution of this initial value problem is given by y(t) = te™*.
We first apply the GLWM for M =4,k =1, = 3.
For this choice of M, k, i1, the function approximation for y(¢) will take

the summation form:

pt M 1 4
~ Z Z Cn,mw;;,m(t) = Z Z Cn mwn m CT\I} (17)

n=1 m=0
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T
where Csx1 =[c10 c1,1 c12 ¢1,3 c¢1,4] and
T

Usa(t) = [80() 91000 @120 ¥1a() @1a0) |

where the generalized Legendre wavelets wim(t),m =0,1,2,3,4, which in

this case, are given by

’l/)“ (t) _ ?7 0 S t < %7
o 0, otherwise,
) = 2(3¢ - 1), 0<t< 2
b 0, otherwise,
) = VI (33t-1)°-1), 0<t< 2
b2 0, otherwise,
W) = V2 (3t —1) (5(3t —1)2 — 3), 0<t< 2
3 0, otherwise,
. 36 (35(3t — 1)* — 30(3t — 1) + 3), 0<t< 2
VYra(t) = .
0, otherwise.

So, we can approximate y(t) and y(0.8t) as

y(t) =c1 0? + a1 1£( 3t—1)+ cLQ@(?,(?,t -1)%-1)
+ cl,g‘%ﬁ(?ﬁ —1)(5(3t — 1) = 3)
+ 1 431\?(35(& —1)* =303t —1)* +3),
y(0.81) :cm? +ews 3*2[( 3(0.81) — 1) + 01,2@ (3(3(0.8) — 1)2 — 1)
+ 01,3@(3(0.&‘) —1)(5(3(0.8t) — 1)2 — 3)
3\/6

+era—r (35(3(0.8t) —1)* = 30(3(0.8t) — 1)* + 3).

In order to approximate the first derivative of y(t), we use the 5 x 5

operational matrix of differentiation P in the form
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915 A numerical computation for solving delay and neutral differential ...

0 0 0 0 0
3v3 0 0 0 0

P = 0 3V15 0 0o 0],
3V7 0 335 0 0
0 3v27 0 3v630

as follows:

y'(t) = <C1,13\/§ + 01,33\ﬁ) Yo+ (CLQ?’\/B + ClAg\/ﬁ) Yia
—+ 01733\/5'1/11112 + 61,43\/@1#;3'

Using these approximations, (16) takes the form
6
(c113V3 + C1,33\ﬁ)§ + (c1,23V15 + €1,43V27) ( \[(3t -1))
+¢1.33V35 (@(3(& -1)2 - )) + ¢1,43V63 (f( t—1)(5(3t —1)% — 3))

610\2[ +c1 13\2/5(3 1)+Cl72@(3(3t— 1)2 - 1)
=~ | +e13 Y2 (3t - 1)(5(3t — 1)* - 3)
o125 (35(3t — 1) — 30(3t — 1) + 3)
[ 108 + 11 22(3(0.8) — 1) + 1,30 (3(3(0.8t) — 1)2 — 1)
+0.1 | 461,32 (3(0.8t) — 1)(5(3(0.8t) — 1)2 — 3)
| +era 2B (35(3(0.8) — 1)1 — 30(3(0.8t) — 1) + 3)
[ (113V3 + c1.53V7) % + (1,23VT5 + ¢1.43v27) (22(3(0.80) — 1))
405 | +¢1.53v35 (@( (3(0.8t) — 1)2 — 1))
| +e1.43V/63 ( (3(0.8t) — 1) (5(3(0.8t) — 1)? — 3))

+ (032t —0.5)e” """ 4+ e .
(0.32t — 0.5)e 8¢ t (18)

Note that in order to determine the unknown coefficients
€10 €11 Ci2 C1,3 C1,4, we need five equations. One equation is ob-
tained from the initial conditions in (16) as follows:

V6 3v2 V30 V42 3v6

A - =0.
5 C1,1 9 C1,2 B €1,3 B +cCi4 B

€1,0

The second, third, fourth, and fifth equations are obtained by inserting the

smaller four roots of the sixth-order shifted generalized Legendre polynomial,
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that are given by t; = 0.03127, to = 0.1538, t3 = 0.3333, ¢4 = 0.5128 | in
(18).
Solving this nonlinear 5 x 5 system gives
Csx1 = [01,0 C1,1 C12 €13 Ci14 ]T
= [0.17673294249913 0.07841472133705 0.01644085313212
0.00146577426114 0.00009124056578]T.
Hence, the approximate solution of Example 2 using our proposed GLW M
is obtained as
y(t) = CTw
= [0.17673294249913 0.07841472133705 0.01644085313212
0.00146577426114 0.00009124056578}T

: B :
2
32(3t - 1)
* A (BBE-1)? 1)

VA2 (3¢ — 1) (5(3t —1)2 — 3)

4
| 30 (35(3t — 1)* — 30(3t — 1)? + 3)

~—

Along with the absolute errors compared to the exact solution, we can

evaluate the approximation at the locations in the prescribed interval, 0 <

2

t < % and summarized in the table (Table 3) below.

Table 3: Comparison of the absolute error for Example 2 of the suggested method with

other numerical methods

t | suggested method | RLWM [17] One-leg 6 Two-stage Variational | RKHSM HPM
GLWM (M =4) Method|36] order-one iteration | n =100 (7] | n=6 [7]
(M =4),p=3 Runge-Kutta method
method [25] n=06 [11]
0.1 6.44e-07 1.19e—05 4.65e—03 8.68e—04 1.30e—03 1.42e—04 1.06e—03
0.2 3.78e-06 2.01e—05 1.45e—02 1.49e—03 2.14e—03 1.17e—04 | 1.35e—03
0.3 2.50e-06 2.40e—05 2.57e—02 1.90e—03 2.63e—03 9.45e—04 1.18e—03
0.4 3.33e-06 2.15e—06 3.60e—02 2.16e—03 2.84e—03 7.59e—04 7.61le—04
0.5 5.88e-06 2.76e—05 4.43e—02 2.28e—03 2.83e—03 6.03e—04 2.32e—04
0.6 1.35e-05 2.13e—05 5.03e—02 2.31e—03 2.67e—03 4.73e—04 | 2.98e—04

In Table 3 and Figure 2, absolute error comparisons between the proposed
approach GLW M and the RLWM for the same M (M = 2) and other
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T

-~ Present method
——RLWM[32]

-9-Method[29]
—&Method(5)

- Method[36)
RKHSM[38]
——HPM[37]

Figure 2: Absolute error for Example 2 using the presented method against the other
methods listed in Table 3

numerical methods, Runge-Kutta method of two-stage order-one case (RKM)
[26], One-leg & method with § = 0.8 [36], Variational iteration method (VIM)
with n = 6 [11], Homotopy perturbation method (HPM) with n = 6 [7],
Reproducing Kernel Hilbert space method (RKHSM) with n = 100 [20],
Legendre-Gauss collocation method (LCM) with n = 10 [6], Homotopy
analysis method(HAM) with n = 6 [29] are provided.

We can presume that the current method is more effective and promising
when compared to other numerical solutions, particularly with the normal
Legendre wavelet method. Moreover, the absolute errors compared to the
exact solution, we can evaluate the approximation at the locations in the
prescribed interval, 0 < t < %, for two values of y = 3 , u = 4 and
summarized in the next table, Table 4, given as.

As, one can see the absolute error is improved as we increase the values

of the parameter p .

Example 3. Consider the following third order nonlinear equation with pro-

portional delay [16]:

YO+ -2 =0, 0<t<L. )

y(0)=0, y'(0)=1, y"(0) =0,

with the exact solution of the type y(t) = sin ().
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Table 4: Comparison of the absolute error for Example 2 of our proposed method GLWM

in two cases p =3, p=4.

t Present method Present method
GLWMM =4), p=3 | GLWM(M =4), pn=4
0.1 6.44e-07 7.52 e-07
0.2 3.78e-06 1.49e-08
0.3 2.50e-06 8.55e-07
0.4 3.33e-06 1.64e-06
0.5 5.88e-06 2.43e-05

We first apply the GLWM for M =5,k=1,u = 3.

For this choice of M, k , pu, the function approximation for y(¢) will

take the summation form:
1 5
chn,mwnm ZZ n,m¢nm ):CT\I/, (20)
n=1 m=0 n=1m=0

— T
where Cﬁxl = [0170 C1,1 C12 C1,3 C1,4 Ci, 5] and

T
Uoxa(t) = [W0(0) 04100 200 05t Wa() Wist) |
where the generalized Legendre wavelets are 1/1“1,m(t) , m=20,1,2, 3,4, 5.

So, we can approximate y(t) and y(¢/2) as

y(t) :cm\f + 13\2—[(:% —1)+eip \2‘%(3(3:5 —1)2-1)
+ 13 \ZT(&& —1) (5(3t —1)* = 3)
+ 1 43‘@(35(315 —1)* =303t —-1)2+3)
+ 15 \ﬁiﬁ (63(3t —1)° — 70(3t — 1)® + 15(3t — 1)) ,
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V6 3v/2 V30

Y(t/2) =105 + e (3(t/2) = 1) + a2~ (B6(t/2) — 1) - 1)
+ 01,3@(3@/2) —1)(5(3(t/2) = 1)* = 3)
+ c1,4¥(35(3(t/2) —1)* = 30(3(t/2) — 1)> + 3)
+ c1’5\§—§6 (63(3(t/2) — 1)° — 70(3(¢/2) — 1)® + 15(3(¢/2) — 1)) .

To approximate the first, second, and third derivatives of y(t), we use the

6 x 6 operational matrix of differentiation P in the form

0 0 0 0 0 0
3vV3 0 0 0 0 0
P 0 3vV15 0 0 0 0
37 0 3v3 0 0 0f°
0 3v27 0 3v63 0 0
3vI1 0 3V55 0 3v990
0 0 00
0 0 0 00
P2 9v/45 0 0 0 00
0 9v/15/35 0 o 00|’
0 0 9v35v63 0 00
0 9V15vB5+9v27v99 0 9v63v9900
and
P3 =
0 0 0 000
0 0 0 000
0 0 0 000
27v/35V/45 0 0 000 |’
0 27v/15v/35V/63 0 000
27/45+/55 + 27/81v/99 + 27+/7/63/99 0 27+/35v63v99 0 0 0
as follows:
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y/(t) = (61713\/§ + 61,33\/? + 61753\/ﬁ> io + (01,23\/ﬁ + 61743\/ﬁ) ’l/)il

+ (61733& + 61,53\/%> wlfg + 01,43\/@ 1#1573 +ci15 3@1&54
6
= <01$13\/§ + 01’33\/? + 61’53\/ﬁ> £
3
(Cl 23\/>+ C1 43\/>) ( f(?)t — 1))

(Cl 33\/>+ Cc1 53\/>) <\/7( 3t - 1) 1))
+ ¢1,43V63 <\/>(3t —1)(5(3t—1)2 — 3))

+ ¢1.53V99 <3\[(35(3t —1D* =303t —1)2 + 3)) ,

Y (t) = (c1729\/475) P+ (01739\/£\/ﬁ + e (gx/%\/ﬁ + 9@@)) iy

+ (61,49\/@\/%) (UAPEE 01,59@\/@1/)?,3
— (c0a9VB) Y2 4 (c020VEBVTE + cr5 (9IS + VTG0 )

(3\[( t— 1)) + (01,49\/@@) <\<f>0(3(3t N 1))

2

SONRNCINGE (\ﬁm — (G- 1) - 3)) 7

() = (e1,527VB5VS + e 5 (27V/55V5 + 27V/BIVOD + 27V TVEBVE9) ) wlg

(
+ (01,427\/@\/%\/ﬁ> 1/)1 1 (Cl 527\/>\/7\/>>
- (01,327\/%/?5%1 5 (27\F\ﬁ+ 27V81V99 + 27[W\ﬁ>)
)
)

ol%

+ (c1,427\/&x/£\/ﬁ ( (3t —1 )

+(c1,527\/@\/£\/5 ( (3(3t — 1)2 1)).

Using these approximations, (19) takes the form
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(e1,527V/35V/A5 + 15 (27V/55V/45 + 27V/E1V99 + 27V7TVE3V99) ) ?
+ (e1,427V63V/35VT5) ( 32 (51 - 1>>
+ (017527\/@\/%\/@> (@(3(& —1)2 - 1)) +1

010\2[4-6113\[( (t/2)—1)+012r( (3(t/2)_1) )
+er 32 (3(/2) — 1)(5(3(t/2) — 1)% = 3)

o7 o1 38(35(3(¢/2) — 1)* — 30(3(t/2) — 1)* +3)
15488 (63(3(1/2) — 1)° — T0(3(t/2) — 1)® + 15(3(1/2) — 1))
= 0.

(21)

Note that in order to determine the unknown coefficients
€0 €1 Ci2 €13 14 C15 , we need six equations. Three equa-

tions are obtained from the initial conditions in (19) as follows:

V6 3v2 2v/30 2/42 24/6 8/66

C1,0— — C1,1 +ci2 —C1,3 +ci4 —Cl 55— =
2 2 4 4 16

(01 13\f—|—01 33VT + ¢ 53\/>) £ _ <C1 ,3V15 + ¢ 43\/>) <3f>
(Cl 33V35 + ¢y 53\ﬁ> <M> —cy, 13V63 (2\/>>

+c 53\/7 (24\[> = 1,

(c129f)f—(c139Wf+c15(9WW+9Wf))<{)

(01 49\/>\/>) <2W> ci, 59v99/63 <2f> =0.

The fourth, fifth, and sixth equations are obtained by inserting the smaller
three roots of the seventh order shifted generalized Legendre polynomial,
t; = 0.02251,t2 = 0.1129,t5 = 0.2538, in (21).

Solving this nonlinear 6 x 6 system gives
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Cox1 = [01,0 C11 €12 €13 Ci4 C15 ]T
= [0.26223389730166 0.14684295578193 —0.00438943865859
—0.00071526649488 0.00001058352043 0.00000106184998 ]T.

Hence, the approximate solution of Example 3 using our proposed GLW M

is obtained as

y(t) = CTw
= [0.26223389730166 0.14684295578193 —0.00438943865859

—0.00071526649488 0.00001058352043  0.00000106184998] T

V6
2

32 (3¢ 1)
30 (3(3¢—1)2 — 1)
VA2 (3t - 1) (5(3t — 1)% - 3)
36 (35(3¢ — 1)* —30(3t — 1)2 + 3)
| 486 (63(3¢ — 1)° — 70(3t — 1)3 +15(3t — 1) ) |

Along with the absolute errors compared to the exact solution, we can
evaluate the approximation at the locations in the prescribed interval, 0 <

t < 2, and summarized in the table (Table 5) below.

Table 5: Numerical results and the absolute error for Example 3 for our proposed

method GLWM using fifth- and sixth-order polynomials (M =5, 6)

t Exact solution | Approximate solution M =5 | Absolute Error | Approximate solution M = 6 | Absolute Error
Present method GLW M Present method GLW M
(M=5pu=3k=1) (M =6,p=3k=1)
0.1 | 0.09983341665 0.09983341651 1.369¢-10 0.09983341665 1.969¢-12
0.2 | 0.1986693308 0.198669332 1.2394¢-09 0.1986693307 9.529%-11
0.3 | 0.2955202067 0.2955202026 4.0622¢-09 0.2955202072 5.532¢-10
0.4 | 0.3894183423 0.3894183507 8.4262e-09 0.3894183404 1.956e-9
0.5 | 0.4794255386 0.4794258702 3.3162e-07 0.4794255601 2.152e-8
0.6 | 0.5646424734 0.5646445308 2.0574e-06 0.5646427814 3.08e-7

In Table 6, absolute error comparisons between the proposed approach
GLW M and the RLW M and other numerical methods is shown.

Example 4. Assume the following equation of the second order nonlinear

differential form through proportional delay [16]:

Y (t) 4+ 2 y(t) — y*(t) + y(t?/8) = sin t —sin®t +sin(t?/8), 0<t <1,

y(0)=0,  ¥(0)=1,
(22)
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Table 6: Comparison of the absolute errors with other numerical methods

Absolute Error Absolute Error Absolute Error Absolute Error | Decomposition Adomian
for present method | for present method for Legendre for Legendre Method decomposition
GLWM GLWM wavelets method | wavelets method E13 [34] Method E9 [14]
(M =5) (M =6) RLWM RLWM
(n=3k=1) (n=3k=1) (M =5) (M = 6)
0.1 1.369¢-10 1.969¢-12 2.54e-09 5.37e-10 0.0 1.02e-15
0.2 1.2394e-09 9.529-11 3.24e-09 1.39¢-09 0.0 5.28e-13
0.3 4.0622¢-09 5.532¢-10 2.11e-08 1.59¢-09 0.0 2.02¢e-11
0.4 8.4262¢-09 1.956e-9 1.44e-08 7.06e-09 0.0 2.69¢e-10
0.5 3.3162e-07 2.152e-8 1.21e-07 3.52e-09 2.61e-09 2.00e-09
0.6 2.0574e-06 3.08e-7 1.42e-07 3.27e-08 1.04e-08 1.03e-08
with the exact solution of the form y(¢) = sin t. Comparison between

approximate solution and the absolute error of [16, Example 3] using our
GLWM for M =5,6;k = 1; u = 3 is listed (in Table 7) below. Also, compar-
ison between the absolute error for Example 4 of the present method with
the RLWM of [16, Example 3] is listed in Table 8.

Table 7: Approximate solution and the absolute error of [16, Example 3] using our
GLWM for M=5, 6; k =1; p=3

t | Exact Solution | Approximate solution | Approximate solution
M=5;k=1; p=3 M=6;k=1;p=3
0.1 | 0.09983341665 0.09983341629 0.09983341679
0.2 | 0.1986693308 0.1986693294 0.1986693306
0.3 | 0.2955202067 0.2955202132 0.2955202065
0.4 | 0.3894183423 0.3894183346 0.3894183434
0.5 | 0.4794255386 0.4794255315 0.4794255352
0.6 | 0.5646424734 0.5646429917 0.5646425129

Along with the absolute errors compared to the exact solution, we can

evaluate the approximation at the locations in the prescribed interval, 0 <
1
29
below.

t < 3, for two values of p = 3, u = 4 and summarized in the table (Table 9)

Example 5. Consider the following third order nonlinear differential equa-

tion with proportional delay [27]:
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Table 8: Comparison of the absolute error for Example 4 of the present method with
the RLWM of [16, Example 3]

t | Present method | RLWM [13] | RLWM [16] RLWM [16]
GLWMM =5, M =6, M=5k=0 M=6,k=0
w=3k=1 =3 k=1

0.1 3.562e-10 1.3936e-10 | 8.963065387¢-09 | 3.389353381e-10

0.2 1.414e-9 1.846e-10 | 2.720358344¢-08 | 3.618011279¢-09

0.3 6.549e-9 1.6084e-10 | 2.394278514¢-08 | 3.060617093e-09

0.4 7.734e-9 1.1379e-9 | 6.937304025¢-08 | 7.998320783¢-09

0.5 7.082e-9 3.3891e-9 | 1.053035117e-07 | 7.465058682¢-09

0.6 5.183e-7 3.9459e-8 | 1.310158346¢-07 | 1.884611267e-08

Table 9: Comparison of the absolute error for Example 4 of our proposed method GLWM

in two cases p =3, u=4

t | Present method | Present method | Present method | Present method
GLWM GLWM GLWM GLWM
(M=5),u=3 (M=5),u=4 (M=6),u=3 (M=5),p=4
0.1 3.562e-10 2.158e-10 1.3936e-10 2.9452e-11
0.2 1.414e-9 5.474e-10 1.846e-10 6.4737e-11
0.3 6.549e-9 1.051e-9 1.6084e-10 1.5656e-10
04 7.734e-9 7.761e-9 1.1379e-9 2.8361e-10
0.5 7.082e-9 2.619e-7 3.3891e-9 3.3032e-8

y"(t) = —y(t) —y(t —0.3) 4793 o<t <1,

a (23)
y(O) =0, y’(O) = -1, y”(O) =1

with the exact solution of the form y(t) = e~
We first apply the GLWM for M =9,k =1, = 3.
For this choice of M,k,u, the function approximation for y(t) will take the

summation form,

phl M 1 9
chn,mwz,m(t)zzz n,mwnm t):CT\IJ, (24)

n=1 m=0

_ T
where Ciox1 =[c10 €11 €12 €1,3 €14 €15 C16 C1,7 C18 C19]" and
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L L L L T
Wie) W) i) i) v
Viox1(t) = | " u “
Vais(t) Yie(t) ¥qq(t) ¢18(t) V10(t)
where the generalized Legendre wavelets are 1/)“17m(t), m= 0,1,2,...,9.

Thus, y(t) and y(t — 0.3) can be approximated as

y(t) :Cl,O\gg +a 1%(:% ~D+a 2\?0(3(& —1)2-1)
+ e 3‘/47(315 —1)(5(3t — 1) = 3)
+e 43*/6 (35(3t — 1)* — 30(3t — 1)® + 3)
+e1 5 */% (63(3t —1)° — 70(3t — 1)® + 15(3t — 1))
+ c1,6 g (231(3t — 1)® — 315(3¢ — 1)* +105(3t — 1)* — 5)
+ 01,733@ (429(3t — 1) — 693(3t — 1)° + 315(3t — 1)> — 35(3t — 1))
+c18 \/ﬁ(6435(3t —1)® —12012(3t — 1)® + 6930(3t — 1)*

256

V114

L (12155(3¢ — 1) — 25740(3t — 1)7
256( 55(3 ) 5740(3 )

—1260(3t — 1)* 4+ 35) + c19 <

(t—03) =C1 0? +c1 1%( (t—03) — 1)+0172

+ cl,g%ﬁ(s(t —0.3) = 1)(5(3(t — 0.3) — 1)* = 3)

+18018(3t — 1)° — 4620(3t — 1)® + 315(3t — ))),
/36
4

ﬂ(3(3(t -03)-1)%-1)

+ c1,431—‘§(35(3(t —0.3) — 1)* = 30(3(t — 0.3) —1)% 4 3)
V66
16

6
+c16 \g? (231(3(t — 0.3) — 1)° — 315(3(t — 0.3) — 1)*

+105(3(t —0.3) —1)> = 5)
3v10

Ty

+c15—+

(429(3(t — 0.3) — 1)7

s
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—693(3(t — 0.3) — 1) + 315(3(t — 0.3) — 1)® — 35(3(t — 0.3) — 1) )

V102
+e1s5ee (6435(3(t — 0.3) — 1)® — 12012(3(t — 0.3) — 1)°

+6930(3(t — 0.3) — 1)* — 1260(3(t — 0.3) — 1) + 35)

12155(3(t — 0.3) — 1)? — 25740(3(t — 0.3) — 1)"+
18018(3(t — 0.3) — 1)® — 4620(3(t — 0.3) — 1)*
+315(3(t — 0.3) — 1)

I

In order to approximate the first, second, and third derivatives of y(t),

we use the 10 x 10 operational matrix of differentiation P in the form

0 0 0 0 0 0 0 0 0 0
3vV3 0 0 0 0 0 0 0 0 0
0 3vV15 0 0 0 0 0 0 0 0
3v7 0 3V3 0 0 0 0 0 0 0
b 0 3v27 0 3v63 0 0 0 0 0 0
3WVIT 0 355 0  3V99 0 0 0 o of’
0 3v39 0 3v91 0 3/143 0 0 0 0
3vVI5 0 3v75 0 3VI35 0 3V19% 0 0 0
0 3v/61 0 3119 0 3V18 0 3v/255 0 O
319 0 3V95 0 3V171 0 3v247 0 33230
P? =1.0e+ 03
0 0 0 0 0 0 0 0 00
0 0 0 0 0 0 0 0 00
0.060 0 0 0 0 0 0 0 00
0 02062 0 0 0 0 0 0 00
0.2700 0 0.4226 0 0 0 0 0 00
i 0 07238 0 0.7108 0 0 0 0 00|’
0.6814 0 1.3061 0 1.0708 0 0 0 00
0 1.6301 0 2.0289 0 1.5029 0 0 00
1.3359 0 27382 0 28944 0 20069 0 00

0 29897 0 4.0479 0 39033 0 2582900

and
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P3 =1.0e+05

0 0 0 0 0 0 0 000
0 0 0 0 0 0 0 000
0 0 0 0 0 0 0 000
0.0107 O 0 0 0 0 0 000
0 0.0491 O 0 0 0 0 000
i 0.0940 0 0.1261 O 0 0 0o o000 |’
0 03187 0 0.2550 O 0 0 000
0.3953 0 0.6945 0 0.4486 O 0 000
0 11453 0 12636 0 07200 0 000

1.1651 0 22579 0O 2.0655 0 1.0821000

as follows:

v (t) =(c1,13V3 4 ¢1,33V7 + ¢1,53V11 4 ¢1,73V15 + 61,93\/E)¢f,0
+(C1,23\/ﬁ + 01743\/ﬁ +c1,6 3v/39 + C1,83V5T)wf,1
+(C1,33\/£ + 61,53\/% + 01,73\/% + c1,93\/%)¢’f’2
+(c1,43V63 + ¢1,63V91 + q,s&/ﬁ)lﬁﬁg
+(c1.,5 3V99 + ¢1,73V135 + C1,93ﬁ)wi4

+(c1,63\/m + 01,83\/@)1#’1‘,5 + (01,73@ + c1,93\/2477)1l)'1"6
+(Cl,83\/ﬁ)wi7 + (01,93\/@)7#?’8

:(01,13\/§+ 61733\/?4- 61753\/ﬁ+ c1,7 3\/ﬁ + 01,93\/E)?
+(c1,2 3V15 + ¢1,43V27 + c1,6 3V39 + ¢1 83\/7)(£(3t -1))
Her33VE -+ e1 53V + 1.7 3VTE + 1 3VED) (L (3(31 — 12 — 1)

+(c1,43V63 + ¢1,63V91 + ¢1,83V119) (£(3t —1)(5(3t — 1)2 = 3))

+ (c1,53\/®+ c1.73v/135 + c1793\/ﬁ) (%(35(37& 1)t 303t — 1) + 3))
(01 63V143 + c1 83@) V66 (63(3t — 1)° — 70(3t — 1)® + 15(3t — 1))

+ (cl,73\/ﬁ + c1,93\/ﬁ) £ (231(3t — 1)% — 315(3t — 1)* + 105(3¢ — 1)? — 5)
(c1 83@) 3v10 (429(3t — 1)7 — 693(3t — 1)® + 315(3¢ — 1)® — 35(3t — 1))
(q 93\/37) F (6435(3t — 1)8 — 12012(3¢ — 1)°

+6930(3t — 1)* — 1260(3t —1)% +35)
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¥ (t)

y//l (t)

6
= (c1,227\/5 +¢1.4270 + ¢1,6189V/13 + c1,8324\/17) %
3v2
n (c1,345\/21 +e1,5126v/33 + ¢1,7243V/45 + c1,9396\/57> —(3t —1
V30
+ (141895 + ¢1,6162V/65 + ¢1,5297V/8 ) (T(S(?)t 12 1))

+ (€1,581V77 + ¢1,7198V105 + ¢1 9351\/F) (@(& —1)(Bt—1)% - 3))

+ (€1,7117V165 + 1 9270\/ﬁ> V66 (63(3t — 1)° — 70(3t — 1)® + 15(3t — 1))

+ (01 699VI1T7 + c1 8234@) (£(35(3t —1)% - 3003t —1)% + 3))
¥ (q 8135\/5) ® (231(3¢ — 1)° — 315(3¢ — 1)" + 105(3 — 1)* — 5)

+(a 9153@) 3\ﬁ (429(3t — 1)7 — 693(3t — 1)® + 315(3¢t — 1)® — 35(3t — 1))

=1.0e 4+ 05
(0.0107¢ 5 + 0.0940¢; 5 + 0.3953¢ 7 + 1.1651¢; ) 22
+(0.0491cy 4 + 0.3187Tcy 6 + 1.1453¢; ) (22 (3¢ — ))
+(0.1261¢y 5+ 0.6945¢, 7 + 2.2579¢1 o) (L0 (3(3t — 1)% — 1))
+(0.25501 6 + 1.2636¢1 8) (Y2 (3t — 1)(5(3t — 1)2 — 3))
+(0.4486¢1 7 4 2.0655¢1 9) ( £Y8(35(3t — 1)* — 30(3t — 1)% + 3))
+(0.7200¢, 5) Y6 (63(3 — 1) — T0(3t — 1)® + 15(3 — 1))
+(1.0821cy ) 3% (231(3t — 1)6 — 315(3 — 1)* + 105(3¢ — 1)2 — 5)

Using these approximations, (24) takes the form

1.0e + 05

(0.0107¢1 3 + 0.0940¢; 5 + 0.3953¢1 7 + 1.1651¢; 9) %0

+(0.0491cy 4 + 0.318Tcy 6 + 1.1453¢ ) (242 (3t — 1))
+(0.1261¢y 5+ 0.6945¢, 7+ 2.2579¢; o) (L0 (3(3t — 1)% — 1))
(0.2550¢1 6 + 1.2636¢1 g) (L2 (3t — 1)(5(3t — 1) — 3))
(0.4486¢1 7 + 2.0655¢1 o) (28 (35(3t — 1)4 — 30(3t — 1) + 3))
(0.7200¢1 5) 8 (63(3t — 1)° — T0(3t — 1)* + 15(3t — 1))
(1.0821c1,9) ¥ f (231(3t — 1)6 — 315(3 — 1)* + 105(3¢ — 1)2 — 5)

N
N
N
N
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V6 3v2 V30
Lo + 01,17(375 -1)+ 61,27(3(375 —1)2-1)

+ c1,3@(3t —1)(5(3t —1)2 = 3)
+ c1,4¥(35(3t —1)* =303t —1)2+3)
+ cl,s‘%?" (63(3t — 1)5 — 70(3¢t — 1)® + 15(3t — 1))

V78
+e1,6-o— (231(3t — 1)% — 315(3t — 1)* + 105(3t — 1)? — 5)

=- 32
3v10
+enr (429(3t — 1)" — 693(3t — 1)® + 315(3¢ — 1)® — 35(3t — 1))
V102
+ens (6435(3t — 1)® — 12012(3¢ — 1)® + 6930(3t — 1)*

V114
—1260(3t — 1)? + 35) + c1,0 ( 556

(12155(3t — 1)? — 25740(3t — 1)7

+18018(3t — 1)® — 4620(3t — 1) + 315(3t — 1)))

01,0§ + c171¥(3(t —0.3)—1)+ cl,Q@(:a(:s(t —03)—1)2-1)

+ 01,3?(3(25 —0.3)—1)(5(3(t—0.3) —1)2 —3)

+ cl,4¥(35(3(t —0.3) = 1)* —30(3(t— 0.3) — 1)2 + 3)

+ c1,5‘{—6:f (63(3(t — 0.3) — 1)° — 70(3(t — 0.3) — 1) + 15(3(¢t — 0.3) — 1))
+ cl,e‘g—? (231(3(¢t — 0.3) — 1)® — 315(3(¢t — 0.3) — 1)*

- Vi
+105(3(t — 0.3) — 1)2 — 5) + c1,73320

(429(3(¢t — 0.3) — 1)7

—693(3(t — 0.3) — 1)® + 315(3(¢t — 0.3) — 1) — 35(3(t — 0.3) — 1))
V102

(&
-|—1,82

(6435(3( — 0.3) — 1)® — 12012(3(¢ — 0.3) — 1)°
+6930(3(t — 0.3) — 1)* — 1260(3(t — 0.3) — 1)? + 35)

12155(3(t — 0.3) — 1)? — 25740(3(¢t — 0.3) — 1)7+

V114
+ero | e | 18018(3(t —0.3) — 1) — 4620(3(¢ — 0.3) — 1)*+
315(3(¢t — 0.3) — 1)
+6(7t+0'3), (25)
Note that to determine the unknown coefficients

1,0, C1,1, C1,2, C1,3, C1,4, C1,5, C1,6, C1,7, C1,8, C1,9, We need ten equations.

Three equations are obtained using the initial conditions in (23) as follows:
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6 3 2\/ 22 246 8./66
c1,0%E — e11 32 40 o 2400 — 0 g A gy 200 ¢ SBYE0

2678 48/T5 128+/102 128114 _
te16%35 — €733 TC8 T 0 —CL97 955 = U,

(e1, 13V3 + 133VT + e153V11 + e173V15 + ¢ 93\/7) 26
— (c1,23V15 + €1,43V27 + ¢1,63v/39 + ¢1,83V/51)
+ (01’33\/>+ c1.53v55 + ¢1.73V75 + 01’93\/>) 2
— (€1,43V/63 + ¢1,63V/91 + ¢; §3V/119) (2T\/E>
+ (€1,53v99 + ¢1,73v/135 + ¢1,93V/171) (%)
(
=

w
£ 5
N——

%
o
N——

— (c1,63V143 + ¢1 g3V/IBT) BYEE 4 (¢ 13v/195 + ¢4 93v/247) L6178
¢1,53v/255) S510 1 (¢1,93v/323) 1250102 —

(¢1227V/5 + ¢1,4270 + ¢1,6189V/13 + ¢ 83241/17) LB

— (c1.845V/2T + €1,5126V/33 + ¢1,7243V/5 + €1,9396V/57) (242

+ (e14189V5 + ¢1,6162V/85 + 1,5297V5) (2420 )
— (e1,581V/TT + 1 7198v/105 + 1 9351/133) ( 42
+ (e1,699VTIT + €1,5234V/153) (288 — (e17117VI65 + €1,9270v/209) {58
+ (c1,8135v/221) 18YT8 _ (¢; 41531/285) 4810 — 1,

The reminder seven equations are obtained by inserting the smaller three
roots of the 1lth-order shifted Legendre polynomial, t; = 0.008698,tc =
0.04498, t3 = 0.1069,t4 = 0.1889,t5 = 0.2837,ts = 0.383,t; = 0.4778, in (25).

Solving this nonlinear 10 x 10 system gives

Ciox1 = [61,0 C1,1 €12 €1,3 C1,4 Ci15 C16 C1,7 C1,8 C1,9 ]T

= [0.59593988797141 —0.113848030223 0.00976752484854
—0.00054936985920 0.00002304551981  —0.00000077145558
0.00000002149144 —0.00000000051302 0.00000000001061

0.00000000000022 ]T

Hence, the approximate solution of Example 3 using our proposed GLW M

is obtained as
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y(t) = CcTw
= [0.59593988797141 —0.113848030223 0.00976752484854
—0.00054936985920 0.00002304551981 —0.00000077145558

0.00000002149144 —0.00000000051302 0.00000000001061 0.00000000000022 ]T
~ /5 _
2
3¥2 (31— 1)
V30 (33t —1)2 — 1)
@ (3t — 1) (5(3t — 1)2 — 3)
% (35(3t — )% — 30(3t — 1)2 + 3)

* \{—6:6 (63(St — 15 — 703t — 1)3 + 15(3t — 1) )
VT8 (231(3t ~1)6 — 3153t — 1)4 + 1053t — 1)2 — 5 )

3y10 (429(3t —1)7 — 693(3t — 1) + 315(3t — 1)3 — 35(3t — 1) )

V102
256

(12155(3t —1)9 — 25740(3t — 1)7 + 18018(3t — 1)® — 4620(3t — 1)3 + 315(3t — 1) ) ]

(6435(3t —1)8 — 12012(3t — 1)6 4 6930(3t — 1)% — 1260(3t — 1)2 + 35)

114
L 256

Along with the absolute errors compared to the exact solution, we can eval-
uate the approximation at the locations in the prescribed interval, 0 < ¢t < %

and summarized in the table (Table 10) below.

Table 10: Approximate solutions of [27, Example 3| using the RLWM and GLW M for
M=9

t Exact Solution Approximate Approximate
solution of solution of
RLWM GLWM
M=9k=0 M=9%k=1Lu=3
0.1 | 0.9048374180359596 | 0.9048374180282546 | 0.9048374180356493
0.2 | 0.8187307530779818 | 0.8187307530802117 | 0.8187307530782875
0.3 | 0.7408182206817179 | 0.740818220690352 | 0.7408182206816675
0.4 | 0.6703200460356393 | 0.6703200460269125 | 0.6703200460363143
0.5 | 0.6065306597126334 | 0.6065306597153067 | 0.6065306597129507
0.6 | 0.5488116360940264 | 0.5488116361078827 | 0.5488116360935682

In Table 11, absolute error comparisons for [27, Example 3] of the
present method with the RLWM, Hermite Polynomial Collocation Method,
H-CLSM, H-DLSM, Chebyshev Polynomial Collocation Method, C-CLSM
and C-DLSM are as follows:
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Table 11: Comparison of the absolute error for [27, Example 3] of the present method
with the RLWM, Hermite Polynomial Collocation Method, H-CLSM, H-DLSM, Cheby-
shev Polynomial Collocation Method, C-CLSM and C-DLSM.

t | Absolute | Absolute Absolute Absolute | Absolute Absolute Absolute | Absolute

error of error of error of error of error of error of error of error of
GLWM | RLWM Hermite H-CLSM | H-DLSM | Chebyshev | C-CLSM | C-DLSM
M =9, M =9, | Polynomial Polynomial

n=3, k=0 Collocation Collocation

k=1 Method Method

0.2 | 3.06e-13 | 2.23e-12 6.20e-09 3.38e-10 | 1.38e-12 3.70e-07 3.05e-09 | 3.53e-12
0.4 | 6.75e-13 | 8.73e-12 5.76e-08 4.85e-09 | 7.33e-12 2.38e-06 9.42e-09 | 5.78e-11
0.6 | 4.58e-13 | 1.39e-11 1.79e-07 1.07e-08 | 1.77e-11 5.97e-06 2.68e-08 | 1.78e-10

5 Conclusion

As demonstrated in this study, the current method produces more accurate
findings than the other methods, especially the regular Legendre wavelets
method. This method has a substantially lower maximum absolute error than
the other numerical and semi-analytical ones for, simply solving, the delay
and neutral differential equations with proportion at delays of different orders
using our suggested GLW M | as demonstrated in this paper. We hope to see
the same accuracy in the author’s future research of fractional differential
equations based on the accurate results derived from these polynomials in

this work.

Acknowledgment

We express our sincere thanks to the anonymous referees for valuable sug-

gestions that improved the final manuscript.

References

[1] Aboodh, K.S., Farah, R.A., Almardy, I.A. and Osman, A.K. Solving de-

lay differential equations by Aboodh transformation method, International

Iran. J. Numer. Anal. Optim., Vol. 14, No. 3, 2024, pp 900-937



933

A numerical computation for solving delay and neutral differential ...

Journal of Applied Mathematics & Statistical Sciences, 7(2) (2018), 55—
64.

Ali, I., Brunner, H. and Tang, T. A spectral method for pantograoh-type
delay differential equations and its convergence analysis, J. Comput.
Math. 27(2-39) (2009), 254-265.

Amer, H. and Olorode, O. Numerical evaluation of a mnovel Slot-Drill
Enhanced Oil Recovery Technology for Tight Rocks, SPE J. 27(4) (2022),
2294-2317.

Balaji, S. Legendre wavelet operational matriz method for solution of
fractional order Riccati differential equation, J. Egypt. Math. Soc., 23
(2) (2015), 263-270.

Benhammouda, B., Leal, H.V. and Martinez, L.H. Procedure for exact
solutions of nonlinear Pantograph delay differential equations, British
Journal of Mathematics and Computer Science, 4(19) (2014), 2738-2751.

Bhrawy, A.H., Assas, .M., Tohidi, E. and A. Alghamdi, M. Legendre—
Gauss collocation method for neutral functional-differential equations
with proportional delays, Adv. Differ. Eq., 63, (2013) 1-16.

Biazar, J. and Ghanbari, B. The homotopy perturbation method for solv-
ing neutral functional-differential equations with proportional delays, J.
King Saud Univ. Sci., 24 (2012), 33-37.

Blanco-Cocom, L., Estrella, A.G. and Avila-Vales, E. Solving delaydif-
ferential systems with history functions by the Adomian decomposition

method, Appl. Math. Comput. 218 (2012), 5994-6011.

Bocharova, G.A. and Rihanb, F.A. Numerical modeling in biosciences
using delay differential equations, J. Comput. Appl. Math. 125 (2000),
183-199.

Caruntu, B. and Bota, C. Analytical approximate solutions for a gen-
eral class of nonlinear delay differential equations, Sci. World J. (2014),
631416.

Iran. J. Numer. Anal. Optim., Vol. 14, No. 3, 2024, pp 900-937



El-Shazly and Ramadan 934

[11]

[13]

[15]

[16]

Chen, X. and Wang, L. The variational iteration method for solving a
neutral functional- differential equation with proportional delays, Com-
put. Math. Appl., 59 (2010), 2696-2702.

Davaeifar, S. and Rashidinia, J. Solution of a system of delay differential
equations of multipantograph type, J. Taibah Univ. Sci. 11 (2017), 1141—
1157.

El-Shazly, N.M., Ramadan, M.A. and Radwan, T. Generalized Legendre
wavelets,definition, properties and their applications for solving linear
differential equations, Egyptian Journal of Pure and Applied Science,
62(1) (2024), 20-32.

Evans, D.J. and Raslan, K.R. The Adomian decomposition method
for solving delay differential equations, Int. J. Comput. Math., 82(1)
(2005), 49-54.

Gu, J.S. and Jiang, W.S. The Haar wavelets operational matrix of inte-
gration, Int. J. Syst. Sci., 27 (7) (1996), 623—-628.

Giimgiim, S., Ozdek, D.E. and Ozaltun, G. Legendre wavelet solution
of high order nonlinear ordinary delay differential equations, Turk. J.
Math. 43 (2019), 1339-1352.

Giimgiim, S., Ozdek, D., Ozaltun, E.G. and Bildik, N. Legendre wavelet
solution of neutral differential equations with proportional delays,J. Appl.
Math. Comput. 61 (2019), 389-404.

Ha, P. Analysis and numerical solutions of delay differential-algebraic

equations, Ph. D, Technical University Of Berlin, Berlin, Germany, 2015.

Khader, M.M. Numerical and theoretical treatment for solving linear and
nonlinear delay differential equations using variational iteration method,
Arab Journal of Mathematical Sciences, 19(2) (2013), 243-256.

Lv, X. and Gao, Y. The RKHSM for solving meutral functional-
differential equations with proportional delays, Math. Methods Appl.
Sci., 36 (2013), 642—649.

Iran. J. Numer. Anal. Optim., Vol. 14, No. 3, 2024, pp 900-937



935

[21]

[22]

[23]

[27]

[28]

[30]

A numerical computation for solving delay and neutral differential ...

Martin, J.A. and Garcia, O. Variable multistep methods for delay differ-
ential equations, Math. Comput. Model. 35(2002), 241-257.

Mirzaee, F. and Latifi, L. Numerical solution of delay differential equa-
tions by differential transform method, Journal of Sciences (Islamic Azad
University), 20(78/2) (2011), 83-88.

Mohammadi, F. and Hosseini, M.M. A new Legendre wavelet operational
matriz of derivative and its applications in solving the singular ordinary
differential equations, J. Frankl. Inst., 348 (2011), 1787-1796.

Nisar, K.S., Ilhan, O. A., Manafian, J., Shahriari, M. and Soybasg, D.
Analytical behavior of the fractional Bogoyavlenskii equations with con-

formable derivative using two distinct reliable methods, Results i Phys.
22 (2021), 103975.

Oberle, H.J. and Pesch, H.J. Numerical treatment of delay differential
equations by Hermite interpolation, Numer. Math. 37 (1981), 235-255.

Ogunfiditimi, F.O. Numerical solution of delay differential equations
using the Adomian decomposition method, nt. J. Eng. Sci. 4(5)(2015),
18-23.

Pushpam, A.E.K. and Kayelvizhi, C. Solving delay differential equa-
tions using least square method based on successive integration technique,
Mathematical Statistician and Engineering Applications, 72(1) (2023),
1104-1115.

Ravi-Kanth, A.S.V. and Kumar, P.M.M. A numerical technique for solv-
ing nonlinear singularly perturbed delay differential equations, Math.
Model. Anal. 23(1) (2018), 64-78.

Sakar, M.G. Numerical solution of neutral functional-differential equa-
tions with proportional delays, Int. J. Optim. Control Theor. Appl., 7(2)
(2017), 186-194.

Sedaghat, S., Ordokhani, Y. and Dehghan, M. Numerical solution of
delay differential equations of pantograph type via Chebyshev polynomials,
Commun. Nonlinear Sci. Numer. Simul., 17 (2012), 4815-4830.

Iran. J. Numer. Anal. Optim., Vol. 14, No. 3, 2024, pp 900-937



El-Shazly and Ramadan 936

[31] Shakeri, F. and Dehghan, M. Solution of delay differential equations
via a homotopy perturbation method, Math. Comput. Model. 48(2008),
486-498.

[32] Shiralashetti, S.C., Hoogarand, B.S. and Kumbinarasaiah, S. Hermite
wavelet based‘ method for the numerical solution of linear and nonlinear
delay differential equations, International Journal of Engineering Science
and Mathematics, 6(8) (2017), 71-79.

[33] Stephen, A. G. and Kuang, Y. A delay reaction-diffusion model of the
spread of bacteriophage infection, Society for Industrial and Applied
Mathematics, 65(2) (2005), 550-566,

[34] Taiwo, O.A. and Odetunde, O.S. On the numerical approximation of
delay differential equations by a decomposition method , Asian Journal
of Mathematics & Statistics, 3(4)(2010), 237-243.

[35] Vanani, S.K. and Aminataei, A. On the numerical solution of nonlinear
delay differential equations, Journal of Concrete and Applicable Mathe-
matics, 8(4)(2010), 568-576.

[36] Wang, W. and Li, S. On the one-leg-methods for solving nonlinear neutral
functional differential equations, Appl. Math. Comput., 193(1) (2007),
285-301.

[37] Yousefi, S.A. Legendre scaling function for solving generalized Emden—
Fowler equations, Int. J. Inf. Syst. Sci. 3 (2007), 243—-250.

[38] Yiizbage, S. A numerical approach for solving a class of the nonlinear
Lane-Emden type equations arising in astrophysics, Math. Method. Appl.
Sci. 34 (2011), 2218-2230.

[39] Yiizbasgi, S. An efficient algorithm for solving multi-pantograph equation
system, Comput. Math. Appl. 64 (2012), 589-603.

[40] Yiizbage, S. A numerical approzimation based on the Bessel functions of
first kind for solutions of Riccati type differential-difference equations,
Comput. Math. Appl., 64 (2012), 1691-1705.

Iran. J. Numer. Anal. Optim., Vol. 14, No. 3, 2024, pp 900-937



937

[41]

[42]

[43]

[44]

[45]

A numerical computation for solving delay and neutral differential ...

Yiizbase, S. Shifted Legendre method with residual error estimation for
delay linear Fredholm integro-differential equations, J. Taibah Uni. Sci.
11(2)(2017), 344-352.

Yiizbagi, S. A numerical scheme for solutions of a class of nonlinear
differential equations, J. Taibah Uni. Sci. 11 (2017), 1165-1181.

Yiizbage, S. and Sahin, N. On the solutions of a class of nonlinear ordi-
nary differential equations by the Bessel polynomials, J. Numer. Math.
20(1) (2012), 55-79.

Yiizbag:, S. and Sezer, M. Shifted Legendre approzimation with the resid-
ual correction to solve pantograph-delay type differential equations, Appl.
Math. Model. 39 (2015), 6529-6542.

Zhang, M., Xie, X., Manafian, J., Ilhan, O.A. and Singh, G. Characteris-
tics of the new multiple rogue wave solutions to the fractional generalized

CBS-BK equation, J. Adv. Res. 38 (2022), 131-142.

Iran. J. Numer. Anal. Optim., Vol. 14, No. 3, 2024, pp 900-937



Iranian Journal of Numerical Analysis and Optimization
Vol. 14, No. 3, 2024, pp 938969 p—

https://doi.org/10.22067/ijnao.2024.87481.1418 N

https://ijnac.um.ac.ir/

Research Article a
BY NC

Extending quasi-GMRES method to solve

generalized Sylvester tensor equations via

the Einstein product

M.M. Izadkhah*

Abstract

This paper aims to extend a Krylov subspace technique based on an in-
complete orthogonalization of Krylov tensors (as a multidimensional exten-
sion of the common Krylov vectors) to solve generalized Sylvester tensor
equations via the Einstein product. First, we obtain the tensor form of
the quasi-GMRES method, and then we lead to the direct variant of the
proposed algorithm. This approach has the great advantage that it uses
previous data in each iteration and has a low computational cost. More-
over, an upper bound for the residual norm of the approximate solution
is found. Finally, several experimental problems are given to show the

acceptable accuracy and efficiency of the presented method.

AMS subject classifications (2020): 15A69,6 5F08, 65F10.

*Corresponding author

Received 04 Aprail 2024; revised 01 June 2024; accepted 16 June 2024
Mohammad Mahdi Izadkhah

Department of Computer Science, Faculty of Computer and Industrial Engineering,

Birjand University of Technology, Birjand, Iran. e-mail: izadkhah@birjandut.ac.ir

How to cite this article

Izadkhah, M.M., Extending quasi-GMRES method to solve generalized Sylvester tensor
equations via the Einstein product. Iran. J. Numer. Anal. Optim., 2024; 14(3):
938-969. https://doi.org/10.22067/ijnao.2024.87481.1418

938


https://doi.org/10.22067/ijnao.2024.87481.1418
https://ijnao.um.ac.ir/
https://orcid.org/0000-0002-6728-5528
https://doi.org/10.22067/ijnao.2024.87481.1418

939

Extending quasi-GMRES method to solve generalized Sylvester ...
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1 Introduction

As a common notation in the research literature, tensors are written in calli-
graphic font, for example, A. For a positive integer N, an Nth order tensor
(in some literature N-mode tensor, e.g., [6]) A = (ai,...in)(1 < 45 < 1,5 =
1,...,N) is a multidimensional N-way array with I (I = I;I5---Iy) entries
[25]. Let RI1>**IN be the set of Nth order tensors of size I; x - - X Iy over
the real field R. The tensor O € RI*XIN with all entries zero denotes the

zero tensor.

In this paper, we suggest an efficient iterative method to solve the gener-

alized Sylvester tensor equation
Axn X xpr B+Cxy X *py D = F, (1)

Iy X XTI XTIy XX T KiX-xXKpyxKpX- XK
where A,C € R N xh N B,D e Rt M X Mo F €
RIvxxInxKixxKu gre known tensors, and X € RIvX - xInxKix- XKy
7
is an unknown tenor to be determined. We denote the Einstein product by

*n, which will be described in detail in Section 2.

Tensor equations arise from various fields of science and engineering mul-
tidimensional applications, including signal processing, data mining, thermal
radiation, information retrieval, and three-dimensional (3D) microscopic heat
transfer problems in heat transfer, and so many other modern applications
in machine learning [31, 32, 33, 34, 39, 44].

Tensor equations involving the Einstein product have been studied in
[7, 15, 38], which have many applications in continuum physics, engineering,
isotropic, and anisotropic elastic models [26]. For example, Wang and Xu [41]
introduced some iterative methods for solving different types of these tensor
equations. Huang, Xie, and Ma [23] proposed the Krylov subspace methods
to solve a class of tensor equations via the Einstein product. Huang and Ma
[22] presented an iterative algorithm to solve the generalized Sylvester tensor

equation. In [21], they also presented the global least squares methods based
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on tensor form to solve the tensor equation (1). Liang, Zheng, and Zhao
[30] discussed the tensor inversion and its applications for solving the tensor

equations via the Einstein product.

The high order Sylvester tensor equation via the Tucker product of tensors

is as follows:
XX1A1+XX2A2+"‘+XXNAN:D7 (2)

where A; € RIi*li j =1,2,...,N, D € RIv*"*IN are known, and X €

RItXxIN ig unknown. The product xj will be defined in the next Section.

Recently, Li, Wang, and Zhang [29] proposed a modified conjugate resid-
ual method to solve the generalized coupled variant of (2), and Dehdezi and
Karimi [11] extended the conjugate gradient squared method and the con-
jugate residual squared method to obtain their iterative solutions. Zhang,
Ding, and Li [45] mainly focused on proposing the tensor form of the gen-
eralized product-type biconjugate gradient method to solve the generalized
Sylvester quaternion tensor equations (2). Heyouni, Movahed, and Tajaddini
[20] used the Hessenberg process instead of the Arnoldi process to generate a
basis of the Krylov subspace and then proposed an iterative method to solve
the real tensor equation. In addition, Zhang and Wang [44] introduced the
CGNR and CGNE methods for the third-order Sylvester tensor equation (2).

Let us contemplate the following partial differential equation (see, e.g.,
(3, 21]):
~Au+cT'Vu=f, inQ=10,1",
u=0, on 0f).

The use of the finite-difference discretization together with a second-order
convergent scheme for the convection term leads us to a linear system that is
expressed in the form (2). Chen and Lu [9] established the projection method
to solve the tensor equation (2). They also applied the Kronecker product
preconditioner to accelerate the convergence of the iterative method. Later,
Beik, Movahed, and Ahmadi-Asl [6] derived the Krylov subspace methods to
solve the Sylvester tensor equation (2) in the case of 3-mode tensors. Shi,
Wei, and Ling [37] investigated the backward error and perturbation bounds

for the tensor equation (2) for the 3-mode tensors.
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The high order Sylvester tensor equation, which uses the Einstein product,

is defined in [38] and is given by
Axy X+ X xy B=C, (3)

where A € RO XInxTixexIn B e R X TarxJi XX Iu

C e RIv<xInxixxdu gnd X e RIv<xInxJixexJu Tt s noteworthy
that the Sylvester tensor equation given in (3) comes from the discretiza-
tion of the linear partial differential equation by the finite difference, finite

element, and spectral methods in high dimension [19, 27, 28, 26].

Recently, Sun et al. [38] investigated the generalized inverses of ten-
sors via the Einstein product. Using the generalized inverses of tensors,
they also gave the general solutions of the tensor equation (3). Behera and
Mishra [4] derived further results on generalized inverses of tensors via the
Einstein product. Later, Wang and Xu [41] considered the iterative algo-
rithms for solving the tensor equation (3). Moreover, Dehdezi and Karimi
[12] presented an extended version of a gradient-based iterative method for
solving large multilinear systems via the Einstein product. They introduced
a new preconditioner to accelerate the convergence rate of the new iterative
methods. As the gradient-based and the gradient-based least-squares algo-
rithms, Dehdezi [10] derived iterative methods for the Sylvester-transpose
tensor equation as (1). Erfanifar and Hajarian [16] also proposed a method

for solving the nonlinear tensor equation
X+ AT 5y X P xn A=T
along with the Einstein product.

Brown and Hindmarsh [8] and then Jia [24] analyzed an incomplete gener-
alized minimal residual method for solving large unsymmetric linear systems
with low computational cost, which is a truncated version of the generalized
minimal residual method (GMRES) [35]. Later, Saad and Wu [36] extracted
a direct form of the incomplete generalized minimal residual method, abbrevi-
ated by DQGMRES, using QR decomposition of the Hessenberg matrix that
appeared in the incomplete GMRES method. This motivates us to present
an effective high order iterative algorithm as the DQGMRES method based
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on the tensor format to solve the generalized Sylvester tensor equation (1)
via the Einstein product.

The outline of this paper is as follows. In Section 2, we concisely recall
some definitions and properties of tensor operators that are useful in the
rest of the paper. In Section 3, we derive the tensor form of the DQGM-
RES method for solving the generalized Sylvester tensor equation (1) via
the Einstein product. In Section 4, we analyze the convergence properties
of the proposed method and find an upper bound for the residual norm of
the approximate solution. Moreover, in Section 5, we report some numeri-
cal experiments on solving (1) using the presented method to illustrate its

effectiveness and accuracy. Finally, a conclusion is drawn in Section 6.

2 Preliminaries

In this section, some preliminary definitions, and a number of technical lem-

mas are given, which will be used in what follows.

Definition 1. [38] Let N, M, L be the positive integers, let
A € RIv<XInxEaxxEu and let B € REv<xKuxJix-xJr The Einstein

product of two tensors A and B is defined by the operation %, via

K K1
(A*M B)il"'ile"'jL = E E : a’il"'iNkl"'kakl"'kz\/Ijl”'jL' (4>
ky=1 ki1=1

Thus A xp; B € Riv<xInxJix-XJL gpd the associative law of this tensor

product holds.

For ./4 = (ail...ile..

RJlX"-XJ]wXIlX---XIN

ag) € RIVCXINS TG et B = (by, iy jroejn ) €
be a tensor with b;,...50 51 jn = Gj1ejinir-ing- W call
B the transpose of A and denote it by AT

When N = M = 1, the tensor equation (1) reduces to

AXB+CXD =F, (5)

which is the generalized Sylvester matrix equation and arises frequently from

the areas of systems and control theory [13, 14]. According to the repre-
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sentation (5), the tensor equation (1) is called generalized Sylvester tensor

equation.

Definition 2. [38] Let A = (a;,...ini,.iy ) € RIVCXINXI0CXIN - The trace
of A is defined as

In Iy
=3 Gnininine (6)

in=1 i1=1

The inner product of two tensors X, Y € Rt X xXInXJix--XJm jg defined

as

l N
(X, ) = tr(Y" >y X) = Z Z Z ZIZI Angredm Yiveingredme

Jm=1 Ji=lin=1 i1=1
(7)

Therefore, the tensor norm induced by the inner product (7) is acquired as

J1  In
Al = V(X X) = Z DD IR Z|$n dingvegnl® (8)
Jm=1 J1=lin=1 i1=1

which is called the tensor Frobenius norm.
Let us set I = LiIs...In and, similarly, J = J1Jo...Jy, K =
KlKQ...KM, and L = LlLQLM

Definition 3. The transformation ®;; : RIv< - XInxJixxXJIn _y RIXJT with

®;7(A) = A is defined component-wisely as
(A)ir“ile“'jN - (A)Stv

where A € RIVCXInxTixexIn - f e RIXT g = iN"'Z;]vV:_ll ((ip -1) szzV:erl Iq)’
) N—1{,. N
and t = jny + szl ((Jp —-1) Hq:p+1 JQ)'

Routine computations verify that the tensor equation (1) is equivalent to

the following large system of linear equations:
Mz =0, (9)
with z = vec(®Prx (X)), b = vec(Prx(F)), and

M=BT"®A+D"®C,
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where A = ®17(A)), B=®xk(B)), C = ®;,(C)), and D = P (D)).

The notation ® represents the Kronecker product and the operator “vec”
corresponds to a vector; see [17] for more details. The system of linear
equations (9) is consistent if and only if (1) is consistent, which means that
the coefficient matrix M needs to be nonsingular. In this study, it is assumed
that the tensor equation (1) has a unique solution.

The jth frontal slice of an Nth order tensor X € RI1>*I~ (also known
as the column tensor of X) is denoted by

X::"':j
—~—"  forj=1,2,..., 1y,

(N—1)—times

which is a tensor in R71**I~¥-1 and is obtained by fixing the last index.

Definition 4. The operator x, stands for the n-mode matrix product of a
tensor X € RIVX " *IN with a matrix A € R7*!» as X’ x,, A,,, which is an Nth

order tensor of size It X Io X -+ I,_1 X J X I41--- X In. For each element,

we have ,
(X X Aiyoi ajinrin = D Tigeovin iy - (10)
in=1
Definition 5. The operator x,, (for n =1,2,..., N) represents the n-mode

(vector) product of a tensor X € R11* >IN with a vector v € RI» is indicated
by X'x,v, which is an (N — 1)th order tensor of size Iy X Iy X -+ 1,1 X

Iyy1 -+ X Iny. The elements are defined as follows:
I,
(XXnv)i1i2“'in_1in+1"-i1\7 = E Litig-in Vi -
in=1

Based on Definitions 4 and 5, one can establish some simple calculation
rules for the matrix and the vector k-mode products representations; see [25]

for further details.

Lemma 1. If X € Rl xIn - A € R/-*Ix and v € R7*, then
X Xk A>_<k’U = X;(k(ATU)

We can see the validity of the following proposition in [25], which is useful

for our development.
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Proposition 1. If X € Rl xIn A ¢ R/x*Ix and B € RP+*Jx then
(X Xk A) X B=X X (BA)

Proposition 2. Let X € R1'* %I~ be an Nth order tensor and v = e; such

that e; is the jth column of the identity matrix I (IN) | Then
X;NU:/Y::-”:j; j:1,2,...,IN.

Consider two N-mode tensors X and ). We define X&) product for
N = 1,2,..., by beginning 1-mode tensor as a vector and developing the
2-mode tensor as a matrix. In point of fact, the X1 and K@) products are

naturally written in the following forms:
RO Y =Ty, x,yeRh,

and
XRPY=xTy, xeRN*2 YR

In general case, the ®(Y) product between two tensors X € Rt 12X In-1xIy
and Y € RIxI2xIn-1xIN is defined as an Iy x Iy matrix whose (,7)th

element is

[XmMﬂ = (X RV Y)Y, N=2,3,..

ij
The following proposition from [6] presents some constructive relations for
the XN+D product and the X; vector product, which are useful for the

convergence analysis of the proposed method.

Proposition 3. Suppose that B € RI1>*12XInXm ig ap (N +1)-mode tensor
with the N-mode column tensors Bi,Ba,..., B, € RIXIXIN and 2 =

(21,22,--,2m)T € R™. For an arbitrary (N + 1)-mode tensor A with N-

mode column tensors A, As, ..., A, we have the following statements:
ARNHYD (B n12) = (A R(N+1) B) , (11)
and
(B yi12) RVHD A = .7 (B RN+ A) . (12)
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In the spirit of the fact that [|X]|? = tr(X X) x) = X ®N+D X' and

also using Proposition 3, the next proposition is acquired.

Definition 6. The set of N-mode tensors Vi, Vs, ..., V,, € RIxxl2xIn ig

called orthonormal if
<VzaV7>:O7 Za]:1a2a7m(l#j)a

and (V;,V;) =1fori=1,2,...,m.

Remark 1. Suppose that A is a given (N 4 1)-mode tensor with the col-
umn tensors A, As, ..., Ay € RIVXI2XIn Tf the set of N-mode tensors

A1, As, ..., A, is orthonormal, then
AR g = m),

Proposition 4. Let X € RI1*12XXIN he an N-mode tensor, and let v €
RI~. Then,
125 pol| < [ X][][v]l2-

Remark 2. In the case that the frontal slices of a tensor F € RI1xlz2xxIy

is orthonormal, then for v € R/~ Remark 1 concludes

[FXnol = vz

3 Tensor form of the quasi-GMRES method

By using given tensors A, C € RIv< X Inxlix-xIn B D ¢ REX X K X Euxx K

we define the following linear operator:

L Rllx---xINxlemeM - RllxmxINxlemeM

9

as
X'—)[,(X) Z:A*NX*MB+C*NX*MD.

Based on the above definition, the generalized Sylvester tensor equation (1)
is stated as L(X) = F.
Thanks to the above discussion, the kth tensor Krylov subspace associated

with the linear operator £ and a tensor V € RIvX X InxKix--x K jg defined
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as

Ki(L,V) = span{V, L(V),... LTV},
where £1(V) = L(L71(V)) and LO(V) = V.

First, we introduce a useful alternative to the well-known Arnoldi process
by truncating the orthogonalization process [24]. In this way, we achieve
a strategy with low computational cost and a small truncation parameter
m. It is emphasized that the truncation parameter m for the kth tensor
Krylov subspace must be satisfied 2 < m < k. Here, we start with the tensor
form of the incomplete orthogonalization process (IOP__BTF), described by
Algorithm 2.

Algorithm 2: IOP_BTF

1. Input: Given tensors A,C € RIvX>XInxTixxIn
B,D € RE1xxKuxKixxKn and Y @ RIV< X InxKixx Kar

2. Set 8= ||V| and Vy =V/0
3. For given k, define (k + 1) x k matrix Hj,, and set Hj, = 0;
4. for j=1,2,...,k do

5. Compute W; = L(V;)

6

7

8

9

for i =max{1l,j—m+1},...,j do
hij = (W;, Vi)
W; =W, — hi;V;
end
10.  Compute hjy1; = [|[Wj]| and V; 1 = %
11. end

12. Output: Tensors V;, for j =1,2,...,k + 1 and matrix Hy.

It is plain to verify that the IOP__BTF strategy produces the locally or-
thonormal basis Vi, Vs, ..., Vi (only the last m tensors V;’s are orthonormal)
for the tensor Krylov subspace K (L, V) [35].

Let Hy, = [hij](lﬂ_l)xk be the matrix whose nonzero entries are those
computed in lines 7 and 10 of Algorithm 2. We denote Hj as the matrix
obtained from Hj by deleting its last row. Note that the Hessenberg matrix
H,, has a band structure with a bandwidth m + 1. Assume that V is the
(M + N + 1)-mode tensor with the frontal slices Vi, Va, ..., Vi obtained by
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Algorithm 2 with the truncation parameter m. Beik, Movahed, and Ahmadi-
Asl [6] have proven the following statement for the Arnoldi BTF process

L0V, LVE)] = Vi X (Nmi1) HE (13)

which is also satisfied for the IOP__BTF strategy in Algorithm 2.

Here, we briefly recall how the well-known GMRES method can be ex-
tended based on the basis of the tensor form. Let Xy € RIvx > InxKix-xKyu
be a given initial tensor guess for the exact solution of (1) with the corre-
sponding residual tensor Ry = F — L(Xy) € RIv>xInxEuoxxKu — For
the approximate solution Xj computed at the kth iterative step of the GM-
RES_BTF method [23], we consider

X € X+ Kr(L,Ro),

and

F = L&) = i F = L(X)]. 14
IF - L) =, min - F ~ £()] (14)

So, the quasi-GMRES method (QGMRES) consists of performing the IOP_ BTF
and constructing Xj, = Xo+ Vi, X (M+N+1)Yk, where y is obtained as the con-
dition (14) holds true; see [23] for more details.

As Saad and Wu mentioned in [36], the dimension of the Krylov subspace
in the GMRES method increases by one at each step, which makes the pro-
cedure impractical for large dimensions. There are two standard remedies
to this problem. The first is to restart the algorithm. In a simple way, the
dimension is fixed, and the algorithm is restarted as many times as neces-
sary, defining the initial vector defined as the latest approximation from the
previous outer iteration. An alternative is to truncate the long-recurrence of
the Arnoldi process as described in the IOP__BTF strategy in Algorithm 2.

Following the incomplete GMRES method presented by Brown and Hind-
marsh [8], we now describe the QGMRES method based on the tensor format
(QGMRES_BTF) in Algorithm 3.
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Algorithm 3: QGMRES_BTF
1. Input: Given tensors A,C € Ry InxTixxIn

KixX--xKpyxKix--xK Iy X XTI N X Ty XX T
B,D € RX: w X K M and F € R N xS M

truncation parameter m, and initial guess Xy € R XX I XK x K

2. Compute Ro = F — L(X), set 8 = ||Rol| and V1 = R/
3. For given k, define (k + 1) x k matrix Hy, and set Hy =0
4. for j=1,2,...,k do

5. Compute W; = L(V;)

6. fori=max{l,j—m+1},...,jdo

7. hij = (W;, Vi)

8. W; =W, — hi;V;

9. end

10.  Compute hji1,; = [|[W;|| and V11 = hjvfii,

11. end

12. Solve the problem y), = argmin, g | Hyy — Bei|

—_
w

. Compute X} = Xy + ]}k?(M+N+1)yk

—_
>~

. Output: Approximate solution Xj.

Constructing of Vj,1 and its first frontal slice as Vi = Ro/f, yields
Ro = f/kﬂ X (m+N+1)(Be1), where ey is the first column of the identity matrix
I%++1D By using Lemma 1 and also making use of (13), the residual tensor
Ry, for the QGMRES__BTF approximate solution X}, generated by Algorithm
3 is given by

Rie = Ro — Vi1 X(wen+1) HiL )X (M4 N+1)Yks
= Ver1 X u4n+1) [Ber — Hiyg)-

The norm of the residual tensor R}, is then formulated as

IRkl = 1Vis1 X (ar+n+1) [Ber — Hiyl |, (15)

where, as before in Algorithm 3, y;, minimizes the norm ||Be; — Hyyl|o over
all vectors y in R*. This approach does not minimize the actual norm of
the residual tensor over Xy + Ki (L, Ro). This idea leads us to minimize the

norm |Be; — Hyyll2 by the QR factorization method. We implement the
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direct variant of the QGMRES idea motivated from [36] by using the Givens

rotation matrices to transform Hj, and Be;, to get

= Ry, _
Rk = ( 0 > 5 and gk = (71a727"'57k+1)T? (16)

respectively, in which Ry is an upper triangular matrix. Actually, we con-

struct the following unitary matrix of order k + 1
Qi = Q-+ QoY (17)

where the (k + 1) x (k+ 1) Givens rotation matrices

JG-1)
Ci S; Ci S; .
Q; = = , 1=1,2,...k, (18)
—8; C; —S; G
J(k—i)

are used with ¢? + s? = 1 in which ™) indicates the identity matrix of order
n. We now construct the following pre-multiplication operations on the kth

column of Hy:

0
tk—m,k
Pl—m+1,k th—m+1,k
Q1 Qg Qg . = i . (19)
hik ik
Ptk Ptk

By adopting Q, in the kth column of the result vector in (19), we get
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0 0
te—m,k te—m k
Cr Sk . .
: = : ’ (20)
—Sk Ck
ik Lik
i1,k 0
with ¢, = —= and s, = _Menik  Ror elements of Jr, we have
Vet Vi g
the recurrence relations ;41 = —sgpyr and v; = cgyk, with the initial term
m =B

Then, for any vector y € R*, one has

Ber — Hrylls = [|Qr(Ber — Hiy)ll3
= llgr — Ruyl)3
= o1 |® + llgr — Reyll3- (21)

The minimum of the left-hand side is reached when the second term on
the right-hand side of (21) has disappeared. Since Ry is nonsingular, the
minimum of (21) is obtained by y, = R;lgk, in which g is the vector
obtained by removing the last element 741 from gi. We therefore have
1Ber — Hryrll2 = |yrsl-

Following the above discussion and making use of Lemma 1, we obtain

Xe = Xo + Vi X N41Vk
= Xo + Vixn+1(R;, o)
=X+ (Vi xn+1 By D)X N1k
= Xo + PrXNt19k
= Xo + Peo1Xn 1061 + WPs
= Xp—1 + %Pk
where Py = Vj x N+1 R,;T with the frontal slices P;’s. By using Proposition

1, we conclude that V, = Py x ~n+1 BT, and straightforward computations

yield
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P1 =V /ti,
Py = (Vo — t12P1)/ta2,

k-1
P =t (Vk - Z tikpz) )

i=k—m

where t;; for i = k —m,...,k — 1,k are the elements of the kth column of
the upper triangular matrix Ry in (20). We can describe the DQGMRES
algorithm based on the tensor format (DQGMRES_BTF) for solving the
generalized Sylvester tensor equation (1) via the Einstein product as done in
Algorithm 4.

Algorithm 4: DQGMRES_ BTF

1. Input: Given tensors A,C € RIvx>XInxTix-xIn
B,D € REVC-xKuxKixxKu and F e RIXXInxJixxTu
truncation parameter m, and initial guess Ay € RI XX N X Kaxx K
2. Compute Rog = F — (Axy Xo *xp B+ C*xn Xoxm D), 71 = | Roll,
V1 =Ro/m
3. for k=0,1,... until convergence do
4. Compute h;,i = max{1l,k —m+1},...,k, and V41 as in lines 2 to 10

© ° N oo

11.

12.
13.
14.
15.

of Algorithm 2

Update the QR factorization of Hj, according (19) and (20): i.e.
Apply Q;,i =k —m,...,k—1, to the kth column of Hj,

Compute the rotation coefficients ¢ and sj

Apply rotation Qy, to the last column of Hj, and to gy; i.e. compute

Ve+1 = —SkVk, Yk = CkVk

tkk =4/ hey1n +tig
k-1
Pr = (Vk - > tikpz) [tk

i=k—m

X = Xip—1 + 7Pk

If |yk+1]| is small enough the Stop

End

Output: Approximate solution X}, for (1)
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4 Convergence analysis of the QGMRES__ BTF method

We prove here some convergence results for the DQGMRES__BTF method.
The next theorem provides a representation of the residual tensor Ry of the
DQGMRES_ BTF method.

Lemma 2. Let V; be an (M + N + 1)-mode tensor with column tensors
V; for i = 1,2,...,k which is generated by Algorithm 2 and Qy the unitary
matrix specified in (17). The residual tensor Ry of the DQGMRES_BTF
method is then given by

Rie = Vet 1 V41 X (M4N+1) QX (M4 N4+1)€ht15 (22)
where i1 is the last element of g in (16).

Proof. As discussed earlier in (16), the kth residual iterate of the DQGM-
RES_ BTF method has the following form:

Ric = Ro — LVi) X (M4 N+1)Yk
= f)k+1 >2(M+N+1)(661 - Hkyk)
= Vi1 X (a4 n+1) (Qk Gk — Riyn)-
In view of (21), one can see that y;, minimizes the 2-norm of g, — Ryy over y

and thus annihilates all components of the right-hand side gi except the last

one, which is equal to vxy1eg+1. Now, it follows that

Ri = ]}k+1 >_<(M+N+1)(Q£(7k+lek+1))~
Finally, making use of Lemma 1 completes the proof of the lemma. O

Next, we present a suitable upper bound for the residual norm of the
DQGMRES_ BTF method, which depends on the specific parameter com-
puted in the proposed Algorithm 4 in a cost-effective way. For this purpose,

we prove the following Lemma.

Lemma 3. The residual Ry obtained by the DQGMRES_BTF algorithm
with the truncation parameter m for the generalized Sylvester tensor equa-

tions of the form (1) satisfies the following inequality:
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||RkH < |’Yk+1\m.
Proof. From Lemmas 1 and 2, we have

Ry = ’Yk-i-lf}k-i-l >_<(M+N+1)(Q£€k+1)~

Let ¢ = Q{ek_l’_l be the unit vector with components 71,72, ...,Mk+1. Then

by using Proposition 4, we get

IREl = [kt 1 Ve X (p4n+41) 4]l
m+1 k+1
< el ( SVl + | D mvi )
i—1 —
rma1 /2 k41
<hmnl | [ D_m|  + D mllvil
Li=1 1=m-+2
rmal 71/2 k1 1/2
<l [ [322 Wm[z ﬁ]
Li=1 1=m-+2

< Vg1 VE—m+1,

where the last inequality follows by the Cauchy—Schwarz inequality and
lgll2 = 1. O

The next corollary is come to the conclusion by Lemma 3 together with
the useful relation between the last elements ;1 and 7, of gx and gx_1,

respectively; that is, yx+1 = —SkVk-

Corollary 1. Let Ry be the residual tensor of the DQGMRES_ BTF kth

iterate. Then

[Ri|l < |s182- - sil|Rol|VE —m +1,

where s;’s are defined as (18).

An extension of the Gram—Schmidt orthogonalization process based on
the tensor format concludes the following lemma for the linear independent

tensors V; for i = 1,2,...,k, which are generated by Algorithm 2.

Lemma 4. Suppose that Vi, is an (M + N + 1)-order tensor with the
k+1 frontal slices V; for i = 1,2,...,k+ 1 obtained by using the IOP_ BTF
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Algorithm 2. Then, there is an (k 4+ 1) x (k + 1) nonsingular matrix U such
that f}k+1 = .7:"k+1 X (m+nN+1) U, where ﬁk+1 is an (M 4+ N + 1)-order tensor
with the k + 1 orthonormal frontal slices F; for i = 1,2,...,k + 1; that is,

}119+1 (M+N+1) j‘k+1 — Jk+1) (23)

Proof. The proof is a direct result of the tensor form of the Gram—Schmidt

orthogonalization process described in [35]. O

In the last theorem of this section, an inequality is found that can be
usefully applied in the convergence analysis of the DQGMRES__BTF method.
This is a comparison of the residual tensor obtained after k steps of using
the DQGMRES_ BTF method with that of the GMRES_BTF method [9].

Theorem 1. Assume that Vjq is an (M + N + 1)-order tensor with k + 1
frontal slices V; for ¢ = 1,2,...,k + 1 obtained by using the IOP_BTF
Algorithm 2, f)kﬂ = ﬁk+1 X (M+N+1) U7T, where ]:-k;Jrl is satisfied (23) and
U7 is nonsingular. Let RE and RkG be the residual obtained after k steps of
using DQGMRES_BTF and GMRES_BTF methods, respectively. Then

IR < ma(U)IRE, (24)
where k9(U) is the condition number of the matrix U.
Proof. Consider the subset of Ky1(L, V1) given by
N={R:R=Ven1 X(men+nt; t = Ber — Hyy; y € RF}.

Denote by y the minimizer of ||fe; — Hyy|2 over y and t;, = Be; — Hyy.
Thus, Lemma 2 concludes that ’Rg = 1}k+1>?(M+N+1)tk. For any member
R € N, there exists t such that R = Fjyq X (M+N+1) UT X yy1t, which is
defined by Lemma 1, it is equivalent to R = fk+1>_<(M+N+1)(Ut). Hence,

Proposition 3 yields Ut = Fj4 1 KM+N+1D R Since U is nonsingular, thus
t = Uil(-/—:vk—&-l g(IVI+N+1) R)
From the unitary property of J‘Ekﬂ, we deduce that

IREI = 1Utkl2 < [[Ull2 |t l2- (25)
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Note that ||t |2 is the minimum of the 2-norm of 3e; — Hyy over y. Therefore,

[tr]l2 = U (Fppy RATHENHD R 2y
< U (Fppy ROHNHD )|
< U Fpr RAMHNFED R

It is convenient to obtain || Fyy1 RMTN+D RI| = |R|, and then

Itell2 < U 2RI, forall R € N
< UM RE-

Consequently, equation (25) is revealed as

IRQ|| < [[U]|2[ U2 RE |
= ko (U)|RE -

The result is now concluded. O

5 Numerical results

In this section, we present some numerical results to illustrate the effective-
ness and accuracy of the proposed DQGMRES_BTF method for solving
several types of the generalized Sylvester tensor equation (1) via the Einstein
product. To this end, we compare the DQGMRES__BTF method with the
CGNR__BTF method given in [10], the CGNE_ BTF method proposed in [12]
as the tensor format of the CGNR and CGNE algorithms in [35], respectively.
We compare also our results with those of the RNSD__BTF method proposed
in [5]. All computations were performed using double-precision floating-point
arithmetic in MATLAB codes. The computer we used is a system with the
specification Intel(R) Core(TM) i3 CPU 2.13GHz, 4G RAM, and 64-bit op-
erating system. In all examples, we choose zero tensor Xy = O as the initial
guess. It must be emphasized that no preconditioning was used for any of

the test problems. We consider the stopping criterion

[Rel _ 156

FRR = <
[ Roll
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where Ry is the residual tensor corresponding to the approximate solution
X; that is,

Rk :f—A*NXk*MB—C*NXk*MD.
If the stopping criterion mentioned above does not apply, then we consider
the maximum number of iterations Max-Iter = 1000 in each example. In all

tensor computations, we get help from the MATLAB Tensor Toolbox, devel-

oped by Bader and Kolda [1, 2] to implement MATLAB.

Example 1. [7, 23] Consider the 3D Poisson problem

—V2u=f inQ={(ry,2),0<uz,y,2<1},
v =10, on Of)

(26)

where f is a given function and

0 N 0%v N 0%v
0z oy? o 022

Several problems in physics and mechanics are modeled by (26), where
the solution v means, for example, temperature, electromagnetic potential, or
displacement of an elastic membrane fixed at the boundary. Now, we consider
an approximation of the unknown function v(z,y, z) in (26) corresponding
to the uniform mesh step sizes, namely, Az in the z-direction, Ay in the
y-direction, and Az in the z-direction, satisfy Az = Ay = Az = h = ﬁ
By the standard central finite difference formulas for the three dimensions,

we obtain the following difference relationship:
3
6Vijk —Vie1,5.k = Vit 1,4,k — Vij—1k ~Vijt1k ~Vijk—1—Vijkt1 = b fijh. (27)

Hence, the higher order tensor representation of the 3D discretized Poisson

problem (26) as described in (27) is given by
AN *3 V= ]:, (28)

where the Laplacian tensor Ay € RYXNXNXNXNXN anq P, F € RVXNXN
Both V and F are discretized on the unit cube. The entries on the tensor

block (/_lN)l(iﬁf) of Ay in (28) follow a seven-point stencil as
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6
h3’

T 1(2,4,6 T (2,4,6 1
((AN)&,gW))aflﬁ,y =(( N)é’ﬁ’v))aﬂﬁﬁ = -3

T 1(2,4,6 T 1(2,4,6 1
((AN)&’BW))QHB_LV = (<AN)(0¢,6,7))11,B+177 -

T 1(2,4,6 T 1(2,4,6 1
(AN 5 ap-1 = (AN TE a1 = =15

i 2,4.6
(AN)E N apn = o5

for o, 8,7y = 2,..., N—1. We use the notation (AN)I(?T;if) = An(,1,:,m, 5 n)

for the block tensors of Ay. For different grids N = 4,6,8, the iteration
number and the CPU time of the CGNR_BTF and the CGNE_BTF meth-
ods are reported in Table 1, compared with the proposed DQGMRES_BTF
method with the truncation parameter m = 5. The corresponding conver-
gence histories of the numerical results are depicted in Figures 1 and 2 with
the truncation parameter m = 10 of the DQGMRES BTF method for N = 8
and N = 10, respectively. These results show that the DQGMRES_BTF al-

gorithm is more effective and less expensive than the other solvers.

Table 1: Results of the iteration number (Iter) and CPU time (Time) for Example 1

with different Grids and the truncation parameter m = 10.

Methods | CGNE_BTF CGNR_BTF DQGMRES_BTF
Grid Time  Iter Time  Iter Time Tter
4x4x4| 0.1635 6 0.1626 6 0.0126 6
6x6x6 | 59706 19 5.9789 19 0.1311 19
8x8x8 | 677331 38 67.5701 38 0.5693 26

Example 2. Let us consider Sylvester tensor equation,
Axy X + X % B=C, (29)

where various cases for the coefficient tensors A and B are given by

(a) A =tenrand([4 24 2]), B = tenrand([5 3 5 3]),
(b) A= tenrand([64 6 4]), B = tenrand([8 5 8 5]),
(¢) A= tenrand([105 10 5]), B = tenrand([12 6 12 6]).
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The iteration number and CPU time of the CGNR_BTF, CGNE_BTF,
and RNSD_BTF methods are reported in Table 2, compared with the pro-
posed DQGMRES_ BTF method with the truncation parameter m = 5 for
cases (a)-(b). The corresponding convergence histories of the numerical re-
sults are depicted in Figure 3 with the truncation parameter m = 5 of the
DQGMRES__BTF method. Theses results show that the DQGMRES__BTF
algorithm is more effective and less expensive than the other methods. If
we apply the DQGMRES_BTF algorithm, we obtain the more efficient ap-
proximate solution of Example 2. The result curves for case (c) are de-
picted in Figure 4. These results confirm the acceptable convergence of
the proposed DQGMRES__BTF method. In other words, we can say that
the proposed method is efficient for solving this type of tensor equation
equipped with the Einstein product for small truncation parameters. The
corresponding convergence histories of the numerical results for large-size
A = tenrand([20 10 20 10]) and B = tenrand([10 10 10 10]) are depicted
in Figure 5 with the truncation parameter m = 5 of the DQGMRES_BTF
method and superior property of the DQGMRES__BTF method is observed
compared to those of the CGNR_ BTF method.

Table 2: Results of iteration number (Iter) and CPU time (Time) for Example 2.

Methods | RNSD_BTF CGNE_BTF CGNR_BTF DQGMRES_BTF
Time  Iter Time  Iter Time  Iter Time Iter
case (a) | 1.8173 t 0.9166 200 0.6954 151 0.1387 29
case (b) | 17.7077  § 14.6543 416 6.8674 195 1.0540 29
case (¢) | 54.3223  § 41.6364 121 16.6119 303 2.8529 21

According to Definition 3, one can reduce the Sylvester tensor equation
(29) to the associated Sylvester matrix equation and then solve it by the
block QGMRES method [18]. We present the numerical results of applying
the block QGMRES method to the reduced matrix equation and compare
them with those of the DQGMRES_BTF method with the small truncation
parameter m = 5. The advantage of the DQGMRES__BTF method is the
short elapsed CPU time. We use the global conjugate gradient method [18]
to solve the minimization problem in the block QGMRES method with inner
max-iter=1000. As the conclusion, in the case I; = 10,1, = 6,.J; = 10, .Jy =
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107! T T T T T T T
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1072 CGNE_BTF 3
—6&— RNSD_BTF

log(IIR IR,

10_7 1 1 1 1
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107! F T T T T T T T T T
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Iteration Number

Figure 3: Comparison of convergence histories for case (a) (Up) and case (b) (Down) in

Example 2 with the truncation parameter m = 5.

4, the results of Figure 6 (Up) have been obtained. It seems we have a better
number of iterations for the block QGMRES, but the elapsed time is worse
than the DQGMRES-BTF methods as depicted in Figure 6 (Down).
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Figure 4: Comparison of convergence histories for case (¢) in Example 2 with the trun-

cation parameter m = 5.
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Figure 5: Comparison of convergence histories in Example 2 with the truncation pa-

rameter m = 5.

Example 3. Consider generalized Sylvester tensor equation

A*NX*MB'FC*NX*MD:‘Fv
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Figure 6: Comparison of the convergence behavior (Up) and the elapsed times (Down)
for the block QGMRES and DQGMRES__BTF methods in Example 2 with the trunca-

tion parameter m = 5.

where A = tenrand([6 6 6 6]), B = tenrand([8 8 8 8]), C = tenrand([6 6 6 6]),
D = tenrand([8 8 8 §]).

In Table 3, we report the numerical results of the iteration number and the
CPU time of the CGNR_ BTF and CGNE_ BTF methods, compared to the
proposed DQGMRES_BTF method with the different truncation parameters
m. The convergence curves of the numerical results are depicted in Figure 7
with the truncation parameter m = 5 of the DQGMRES_ BTF method. The
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effectiveness of the DQGMRES__BTF method and the less elapsed time are
shown in Table 3 and Figure 7.

Table 3: Results of iteration number (Iter) and CPU time (Time) for Example 3 with
various truncation parameters m in the DQGMRES__BTF method.

Methods Time(Iter)
CGNR_BTF 11.8351(70)
CGNE_BTF 32.6890(191)

DQGMRES_ BTF

m=5 2.7033(16)
m=10 2.8392(16)
m=15 2.5292(15)
107 t¢ T T T T T T T T T
—=%— DQGMRES_BTF
—&— CGNR_BTF
CGNE_BTF
10%F 3
<
ix 10°F 3
e
108 F 3
10_7 1 1 1 1 1 1 1 1 1
0 10 20 30 40 50 60 70 80 90 100

Iteration Number

Figure 7: Comparison of convergence histories for Example 3 with the truncation pa-

rameter m = 5.
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6 Conclusion

In this paper, we proposed an iterative method for solving generalized
Sylvester tensor equations via the Einstein product using the tensor form
of the QGMRES method. We present some useful results on tensor com-
putations and propose a direct variant of the QGMRES method to utilize
previous data and practical implementation of the method. Also, some re-
sults proved to illustrate a prior convergence behavior of the new method.
In the numerical results of the experimental problems, we observed that the
presented method has more efficiency and accuracy properties with low com-

putational cost compared to the other tensor equation solvers such as CGNR,
CGNE, and RNSD methods.
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Abstract

The Barzilai-Borwein method offers efficient step sizes for large-scale un-
constrained optimization problems. However, it may not guarantee global
convergence for nonquadratic objective functions. Simulated annealing-
based on Barzilai-Borwein (SABB) method addresses this issue by in-
corporating a simulated annealing rule. This work proposes a novel
step-size strategy for the SABB method, referred to as the SABBm
method. Furthermore, we introduce two stabilized variants: SABBstab and
SABBmstab. SABBstab combines a simulated annealing rule with a sta-

bilization step to ensure convergence. SABBmstab builds upon SABBstab,
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incorporating the modified step size derived from the SABBm method.
The effectiveness and competitiveness of the proposed methods are demon-

strated through numerical experiments on CUTEr benchmark problems.
AMS subject classifications (2020): Primary 65K05; Secondary 90C06, 90C30.

Keywords: Unconstrained optimization; Barzilai-Borwein method; Simu-

lated annealing method; Stabilized BB method.

1 Introduction

Researchers have shown considerable interest in unconstrained optimization
problems due to their significant theoretical importance and practical ap-
plicability in the field of optimization. Its applications span various fields,
including engineering, physics, finance, machine learning, and more. Further-
more, it is applicable for addressing a range of problems, including parameter
estimation, function fitting, optimization of cost functions, and various oth-
ers. The general form of an unconstrained optimization problem is

min f(x), (1)

where f : R™ — R is continuously differentiable. The iterative formula in the

classical steepest-descent method [6] for the problem (1) is of the form
Tp41 = Tk + agdy, (2)

where the search direction dj € R" is determined as the negative gradient of
f at xy as
dy = =V f(z), ®3)

and the step size ay is determined by
oy = argminf(zy + ady). (4)

The above method is simple. However, it performs poorly as it exhibits linear
convergence and is influenced by ill-conditioning [1]. Barzilai and Borwein

[3] introduced two novel step sizes to be utilized together with the direction
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of the negative gradient. Equation (2) requires less computation than (3),
and the algorithm was also less sensitive to ill-conditioning. The step size ay

of the Barzilai-Borwein (BB) method [3] is given by

T
_ Sp—15k-1
oy = A=1%hmL (5)
Sp—1Yk-1
or T
- Sk_1Yk—1
ap = T 5 (6>
Yp—1Yk—1

where sp_1 = xp — Tp—1, Ys—1 = V[ — Vfr—1. This approach has
an R-superlinear convergence rate for a two-dimensional strictly convex
quadratic objective function, and it outperforms the linearly convergent clas-
sical steepest-descent technique [6]. Subsequently, Raydan [20] established
the global convergence of this method for n-dimensional strictly convex
quadratic objective functions. The R-linear convergence rate was demon-
strated by Dai and Liao [7]. On the other hand, Fletcher [11] contended
that R-linear convergence is only anticipated in general cases. It is further
confirmed that the BB method does not guarantee global convergence when
the objective function is nonquadratic unless it is integrated with certain

globalizing schemes.

The first nonmonotone line search framework for Newton’s methods was
presented by Grippo, Lampariello, and Lucidi [13], which has been applied
in a number of later papers on nonmonotone line search techniques (see
[4, 14, 16, 26]). Furthermore, nonmonotone line search approaches are also
used by certain spectral gradient methods for optimization problems (see
[23, 25]). Although these techniques are often effective, they do have cer-
tain drawbacks. Specifically, in the nonmonotone line search technique, the
maximum value discards any good function value generated in an iteration.
Furthermore, as shown in [13, 22], the selection of integer M (M > 0) can
have a significant impact on the numerical performance of nonmonotonic line
search algorithms. Dai and Zhang [8] created an adaptive nonmonotone line
search to overcome these two shortcomings, which is utilized in conjunction
with the two-point gradient approach for optimization problems. A novel

nonmonotone line search technique was later proposed by Zhang and Hager
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[24], which is shown by numerical experiments to perform better than both
monotone and traditional nonmonotone strategies.

Kirkpatrick, Gelatt, and Vecchi [15] first used the Simulated Annealing
(SA) method initially introduced by Metropolis et al. [17], for addressing
combinatorial optimization problems. Numerous authors have thoroughly
examined the later SA approach for both discrete and continuous optimiza-
tion issues. The SA approach is popular among researchers because it is
capable of avoiding trapping in local minima. However, for large-scale prob-
lems, it is not acceptable because of the enormous computing cost.

Numerous hybrid algorithms that combine the SA method with other op-
timization techniques have been published, owing to their theoretical guaran-
tee of convergence, enhanced performance in numerous real-world situations,
and ease of implementation. Dong, Li, and Peng [10] presented a hybrid
method that combines the BB method and the SA method. This nonmono-
tonic technique is called the Simulated Annealing-Based Barzilai-Borwein
(SABB) method. Global convergence is also established under certain mod-
erate assumptions in their research.

Numerous researchers have observed that the BB method might produce
steps that deviate iterations too far from the optimal solution. Furthermore,
it fails to converge even for strongly convex functions. The stabilized BB
method, as proposed by Burdakov, Dai, and Huang [5], is a stabilized ver-
sion of the BB method. The approach involves constraining the distance
between each pair of consecutive iterates, a strategy that frequently reduces
the number of BB iterations. In [5], the global convergence of this approach
is also demonstrated for strongly convex functions with Lipschitz gradients.
Barzilai and Borwein [3], followed by Raydan [20], demonstrated global con-
vergence for the case of a strictly convex quadratic function, irrespective of
the number of variables involved.

While SABB outperforms other similar algorithms, such as the adaptive
two-point step-size gradient algorithm by Dai and Zhang [8] and the Barzilai—
Borwein gradient method (GBB) by Raydan [21], it can generate too long
steps, which may lead to the discarding of significant intermediate iterates.
Motivated by this challenge, we introduce some novel variants of the SABB

method.
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In this paper, we first briefly discuss some existing methods to solve un-
constrained optimization problems in Section 1. Then, in Section 2, we pro-
pose a modified version of the SABB method referred to as the SABBm
method and two stabilized versions of the SABB method referred to as
SABBstab and SABBmstab, respectively. In Section 3, we present the nu-
merical results obtained through rigorous experimentation and analysis. This
section provides valuable insights into the effectiveness and efficiency of the
proposed variants. Finally, Section 4 provides a concise summary of the con-
clusions derived from our extensive research findings. Within this section, we
deliberate on the significance of each variant and its implications concerning

unconstrained optimization problems.

1.1 Simulated annealing-based Barzilai-Borwein
(SABB) method

When applied to nonquadratic objective functions, the original BB technique
does not provide global convergence. To tackle this problem, the BB method
was combined with the SA approach and introduced as the SABB method by
the authors [10]. In order to approve the BB step, the method incorporates
an SA criterion. If the BB step is deemed unacceptable, then an Armijo
line search method is employed. Under certain mild conditions, the global
convergence of the SABB technique is established. The BB step of the SABB
method given by Dong, Li, and Peng [10] is

ST S
o . k—1°k—1
Q= MaX § Qmin, M § Emax, T k-1 ) (7)
Sp—1Y

where sy_1 = T — Tk—1,Yk—1 = V[ — Vfr—1 and auin, @max > 0 are two

fixed parameters.
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1.2 Stabilized BB (BBstab) method

Occasionally, the BB approach produces excessively long steps, causing the
iterates to deviate too far from the optimal solution. The objective function
might not converge even if it is strongly convex. In that situation, a basic
modification can make it convergent, and the stabilized version preserves the
rapid local convergence of the BB method as the number of stabilization steps
is established to be finite. The step size of the stabilized BB method given
by Burdakov, Dai, and Huang [5] is

o = min{aEB, aitab} (8)
where
BB Sp_15k—1
ofE = Sim1%l ©)
Sp—1Yk—1

with s 1 =2k — @k—1,96—1 = Ve = Vi1 = gk — gr—1, and

D
agtab = , (10)
llgx—1ll

where D > 0 is a parameter to be chosen in a particular way.

2 Variants of the SABB method

In this section, we introduce our proposed variants of the SABB method.
The step-size selection strategy within SABB is critical for achieving efficient
convergence towards the minimum. Therefore, the proposed SABB variants

are distinguished by their step-size selection criteria.

2.1 Modified SABB (SABBm) method

Mu and Liu [18] employed a BB method to solve the unconstrained optimiza-
tion subproblem arising within the Augmented Lagrangian Method (ALM)
for large-scale binary quadratic programming. This choice leverages the BB

method’s low computational cost and effectiveness in achieving near-optimal
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solutions, making the resulting ALM approach a viable option for these large-
scale problems. Here, we propose a new step size for the SABB method,
which is a modified version of the step size given in [18]. The step size of our
method has an additional parameter exp(d), where d € (0,1). The inclusion
of exp(d) and &'min in the SABB step size is motivated by their demonstrated
effectiveness. They enable the modified step size to achieve the same results
in fewer iterations and with reduced computation time. Here we introduce a
new step for the SABB technique, which is presented as

exp(d)&minag if k=0,
QEABBm — ( )

2
exp(d)&tmin min {amax,max {amin, s ll2 }} ifk>1,

-
S Yk

where aupin, max > 0 are two fixed parameters, sy = 11—k, Yk = V frr1—
V f&, € is the given parameter, the chosen parameters d,o € (0,1), and i

is the smallest nonnegative integer [ satisfying

flan + &V ) < f(ag) + o€V T oV fi, (12)

- sl
Q) = — 1IN  Omax, MAX ¢ Fmin;, — :
Sk Yk

The approach used in (12) to obtain the value of [, is inspired by the

where

nonmonotone line search framework developed by Grippo, Lampariello, and

Lucidi [13]. We now propose the SABBm as follows:

2.1.1 Convergence of SABBm method

To establish global convergence, we require the following remarks and as-

sumptions.

Remark 1. Armijo line search: let my be the smallest integer that satisfies
f(ar = 0mV fi) < fr — 6™ ||V fi]|* where § € (0,1). Then af4PB™ = 5™+,

Assumption 1. The set Zy = {z € R" : f(x) < f(zo) + (1 — ) 1Ton} is

bounded and closed.
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Algorithm 5: SABBm method
1: Give an initial point zg € R". Let € > 0, 0 < amin < Qmax < 00,

0 € (Umin, ¥max)s Lo > 0,¢,7,&,d,0 € (0,1),n € Z4. Set k:=0 and
aSABBm

= exp(d)¢"aq
2: If ||V fx]| < €, then stop
3: Compute 2z = zp — a%ABBmek
and Afy = f(zx) = (fi = caf® PPV fil?) 1
4: Let pp, = e Tk and pick a random number 7y € (e_”, e n
5: If pr, > 7y, let xp 41 = 2z and go to step 7.
6: Otherwise, let a%ABBm be a step size determined by the Armijo line
search and xx41 = x5 — aEABBmek.
7: Compute a%i]me using (11).
8 Let Tiy1 =Tk;k =k + 1 and go to step 2.

Lemma 1. The step size afABB™ in the SABBm method satisfies the con-

dition aEABBm > «, for all k>0, where a > 0 is a constant.

Proof. There are two cases for the step size of the SABBm method: one
is by the Armijo line search, while the other is by (11). In the case of
the Armijo line search method from [19], by the property of termination in
finite steps, there exists an integer N > 0 such that a%ABBm > 6V, for all
k > 0. In the second case, from (11), it is clear that afABBm > Qmin. Let

a = min{0", amin}. The result is obtained, and this concludes the proof. []

Lemma 2. If Assumption 1 holds, then the SABBm method is well defined,
and the sequence generated by the SABBm method is {zx} C Zy.

Af
Proof. In Algorithm 5, we consider py = eiTikrk, and if pg > ri, then Afy <
—T} Inrg, which implies

f(Zk) S fk - CQEABBWHV‘}%‘P - Tk In Tk.

Let

1 if pp >y,

Mk
0 otherwise.
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Then, the functional value sequence {fi} generated by SABBm satisfies
frr1 < fro = caf BBV £ |2 — Ty . (13)

Since e~ < 1, < e 7 and (e‘",e*ﬂ C (0,1), we have Inry, < —1 < 0.
Again since, 0 < py, € {0,1} and Ty > 0, we have —uTy Inry > 0. Hence,

SABBm
k

if the step size « is determined by the Armijo line search method, we

get
fra1 < fo — ca MBIV £ (14)

Thus, one can conclude that (14) implies (13). Therefore, based on the
termination property within a finite number of steps of the Armijo line search
[19], the method is well defined.
By (13), we get
fer1 < fro = caf BBV [ |2 — T oy,
< fe = Tk Inry

< fi — T lnrg(as pp = 1 if pg > ri; otherwise pp = 0)
k
=fo—> Tilnr;
i=1

k
= fo—=Y +'Tolnr;

i=1

k
< fo—Ton Yy ¥
i=1
<fo+ (1 =7)""Ton
for all k > 0. Therefore, {zx} C Zp. O

Here is the proof of the global convergence of the SABBm method.

Theorem 1. Under Assumption 1, limy_,o ||V f(x)|| = 0, where the se-

quence {xy} is generated by the SABBm method.

Proof. By Lemma 2, we have {z;} C Zy. Since Zj is compact, the sequence
{zx} is convergent. By (13), for k >0

fr1 < fo — caPP IV fl | — g T In
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< fr = PPV fi]? = Ty Iy,
where =Ty Inr, > 0 and pg € {0,1}. Combining this with Lemma 1, we get
ca|| V fill? < coaf PPV fil > < fe — frgr — T Inry. (15)

Summarizing (15) from k& = 0 to K, we get

K K
CO(ZHkaHQ SfO_fK—&-l_ZTklnrk- (16)

k=0 k=0
By Assumption 1 and the continuity of f(x) on Zy, f(x) > S holds for all
x € Zy, where 8 < oo is a real number. Therefore, by taking limits on (16)

as K — oo, we obtain

ZHkaH2 = Z”kaﬂz
k=0

k>0
- fo—frs1 =250 T Inmy
(670
fo—frr1 = Y s Tolnry,
- CcCxx
< fo—Frrr+Tond 40 o

ca
< fo— frs1+ (1 —v)"nT,
- co

< (fo—B+ 1 —7)""nTy)/co

2.2 Stabilized SABB (SABBstab) method

The method proposed here combines the SABB method from [10] with the

BBstab method from [5], resulting in a modified version of the BBstab method

[5]. Two-step size values, namely o*BB and a3!?, are computed using (7)

and (10), respectively, and their minimum value is used as the required step

SABBstab
A .

size « Note that it utilizes two distinct initial values zg and
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instead of that of SABB and SABBm. We now present the SABBstab algo-

rithm.

Algorithm 6: SABBstab method
1: Give two initial points zg,z; € R™ such that z¢ # z; and a scalar

A>0. Let € >0,¢€(0,1),0 < min < Omax < 00,

01 € [Omin, Omax), To > 0,7 € (0,1),n € Z4. Set k:=1

If |V frl| < e, then stop

Compute 2 = o — iV fr and Afy, = f(2x) — (fx — car||V fil?)

_Afk . 1
Let pr = e T+ and pick a random number 7 € (6*”, e

If pi, > 1 let 41 = 2 and go to Step 6. Otherwise, let akBB be a step
size determined by the Armijo line search and ;41 =z — akBBka.

i
6: Compute aP) = max {amin, min {amax, :#ﬂ}}, where

k
Y
_ B _ _ stab _ _ A
Sk = Tpt1 — Tk, Yr = Vi1 — Vi and Compute offfy = 1=
7. Compute ag41 = min{affl, O‘Zt-ﬁ?

8 Let Txy1 =Tk k =k + 1 and go to first Step 3.

2.2.1 Convergence of SABBstab Method

Assumption 2. There exist positive constants A; < As, and the function

f:R™ = R!is twice continuously differentiable such that
A Vo? < 0T V2 f(x)v < Ag||v||? for all z,v € R™.
Assumption 3. For some p > 0 and L > 0, the following property holds:
[V2f(z) = V2 f(2")|| < Lz —a*| forall z€ B,(z"),

where L is a Lipschitz constant, p is a radius, and B,(z*) = {« € R" :

[l — | < p}.

If Assumptions 1, 2, and 3 hold, then our proposed method SABBstab is
well defined by the Lemma 2. Note that in Algorithm 6, if i1 = o', then
it is convergent, according to [5, Theorem 3.2] method, and if a1 = a],?fl,

then it is convergent, according to [10, Theorem 1].
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2.3 Modified stabilized SABB (SABBmstab) method

In this section, we present a stabilized version of the SABBm method termed
SABBmstab, which is our main proposal. Similar to the previous method,
this approach also utilizes two different initial values, o and z;. In this

method, we propose to choose
oy = min{a*BBm, a1}

We now present the SABBmstab algorithm below.

Algorithm 7: SABBmstab method
1: Give initial points zy,x; € R" such that x¢ # x; and a scalar A > 0.

Let € > 0,c € (0,1),0 < @pin < Qax < 00,
1 € [Qmin, max), Lo > 0,7 € (0,1),n € Z4. Set k:=1

2: If ||V fi|| < €, then stop

3: Compute v apVfr and Afy = f(z) — (fk — Cak||1vfk||2)

4: Let pr = e Tr and pick a random number 7 € (e‘”7 e

5: If pp > 7y let xp1 = 2z and go to step 6. Otherwise, let a,]fB be a step
size determined by the Armijo line search and zp+1 = 2 — o'V fx.

6: Compute a1 = min{affme, ozszf , where oszlBBm is computed
from (11) and o) = ﬁ.

7: Let Tpy1 = vTk; k = k+ 1 and go to Step 2.

Note that in the SABBmstab method, we only replace the step size of
the SABBstab with the step given in (11). Since SABBstab is convergent,

SABBmstab method is also convergent.

3 Numerical experiments

In this section, we perform numerical experiments to showcase the effective-
ness of all variants of the SABB method. In our entire study, we discuss two
types of algorithms. The performances of the proposed methods SABBm,
SABBstab, and SABBmstab are compared with the performance of the SABB

method described in the research [10]. For all our experiments, we imple-
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mented the algorithms using RStudio. The computations were performed
on a laptop equipped with an Intel(R) Core(TM) i3 CPU at 3.20 GHz and
4GB of memory. We focus on demonstrating the performance differences be-
tween stabilized and nonstabilized variants of SABB. The algorithms SABB
and SABBm are terminated when the number of iterations exceeds 3000, or
|V fx]| < 1075, In the stabilized version, we compute two step sizes in each
iteration and choose their minimum. The step-size computation becomes a
time-consuming task; therefore, we terminate the algorithms SABBstab and
SABBmstab when the iterations exceed 10°, or ||V fx]| < 1076, In all four
methods, if the above termination criteria fail, then we claim that the method
fails, and we reflect it in Table 2 as “F".

We observe that the selection of ag, amin, and amax plays a crucial role
in the computation. Similarly, for the SABBstab and SABBmstab methods,
along with these three values, the selection of the second initial value x4
plays a crucial role in the convergence of these methods. For these two
methods, we need the value of A also, which we compute using the formula
A = |jzg — xp—1| for K =1,2,...,n. To identify suitable parameters for our
methods, we solved instances of different dimensions available in the CUTEr
library and observed that the accuracy in our computation is much better
when we set 2739 < amin < amax < 2% ap = 27 min + Qmax), Y =
0.99, Ty = 1000, c = 10—, and n = 20.

The test functions reflected in Table 1 are taken from the CUTEr library
[2, 12]. Table 2 presents the numerical results, where IP(n) denotes the
problem serial number with the dimension of the problem. We have taken
the dimension from 2 to 500. In the columns under the methods such as
SABB, SABBm, SABBstab, and SABBmstab, three computations are men-
tioned, such as feval, iter, and cput, which represent the number of function
evaluations, the number of iterations, and CPU time (measured in seconds),

respectively.
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Table 1: Test functions
IP Function Name IP Function Name
1 | Extended Freudenstein and Roth Function: 40 | Extended BD1 function (Block Diagonal):
2 | Extended Trigonometric Function: 41 | Extended Maratos Function:
3 | Extended Rosenbrock Function: 42 | Perturbed quadratic diagonal Function:
4 | Generalized Rosenbrock Function: 43 | Extended Wood Function:
5 | Extended White and Holst function: 44 | Quadratic QF1 Function:
6 | TRIDIA function (CUTE): 45 | Extended quadratic penalty QP1 Function:
7 | Extended Beale function: 46 | Extended quadratic penalty QP2 Function:
8 | Extended Penalty function: 47 | Quadratic QF2 Function:
9 | ARGLINB function (CUTE): 48 | Extended quadratic exponential EP1 function:
10 | FLETCHCR function (CUTE): 49 | POWER function (CUTE):
11 | ARWHEAD function (CUTE): 50 | ENGVALI function (CUTE):
12 | EG2 function (CUTE): 51 | EDENSCH function (CUTE):
13 | Partial Perturbed Quadratic function (CUTE): | 52 | CUBE function (CUTE):
14 | Almost Perturbed Quadratic function: 53 | Extended quadratic exponential EP1 function:
15 | NONDIA function (CUTE): 54 | Perturbed Tridiagonal Quadratic function:
16 | Staircase 1 function: 55 | Staircase 2 function:
17 | LIARWHD function (CUTE): 56 | DQDRTC function (CUTE):
18 | Extended Freudenstein and Roth Function: 57 | Perturbed Tridiagonal Quadratic function:
19 | BDQRTIC function (CUTE): 58 | BIGGSBI Function (CUTE):
20 | NONDQUAR function (CUTE): 59 | Extended DENSCHNB Function (CUTE):
21 | Broyden Tridiagonal function (CUTE): 60 | Generalized Quartic Function:
22 | ARGLINC function (CUTE): 61 | Diagonal 8 Function:
23 | BDEXP function (CUTE): 62 | Full Hessian FH3 Function:
24 | NONSCOMP function (CUTE): 63 | SINCOS Function:
25 | QUARTC function (CUTE): 64 | HIMMELH Function (CUTE):
26 | Extended DENSCHNF Function (CUTE): 65 | Raydan 1 Function:
27 | DIXON3DQ Function (CUTE): 66 | Raydan 2 Function:
28 | COSINE Function (CUTE): 67 | DIXMAANA Function:
29 | Diagonal 7 Function: 68 | DIXMAANB Function:
30 | Diagonal 9 Function: 69 | DIXMAANC Function:
31 | HIMMELBG Function (CUTE): 70 | DIXMAAND Function:
32 | Diagonal 1 Function: 71 | DIXMAANF Function:
33 | Diagonal 2 Function: 72 | DIXMAANH Function:
34 | Diagonal 3 Function: 73 | Extended TET Function (Three Exponential Terms):
35 | Generalized Tridiagonal 1 Function: 74 | Diagonal 4 Function:
36 | Extended Tridiagonal 1 Function: 75 | Diagonal 5 Function:
37 | Generalized PSC1 Function: 76 | Extended Himmelblau Function:
38 | Extended PSC1 Function: 77 | Generalized White and Holst Function:
39 | Full Hessian FH2 Function:
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Table 2: Test results
1P (n) SABB SABBm SABBstab SABBmstab
feval  iter cput feval  iter cput feval iter cput feval iter cput
1(2) 573 142 0.1159 53 12 0.0131 545 136 0.1844 48 12 0.0153
2(2) 873 217 0.3042 97 23 0.0291 681 170 0.4070 72 18 0.0565
3(2) 12005 3000 4.4121 3001 749 0.9078 38297 9574 25.9366 5172 1293 3.4904
4(2) 12005 3000 5.3538 3001 749 1.3600 38297 9574 25.1429 5172 1293 3.1331
5(2) 12005 3000 5.9533 3653 912 1.7136 39965 9991 28.1861 5396 1349 3.7478
6(2) 641 159 0.1028 521 129 0.0807 665 166 0.1515 540 135 0.1224
7(2) 3489 871 0.9035 3229 806 0.7592 400001 100000 5.4008 400000 100000 2.1504
8(2) 1157 288 0.2649 941 234 0.2008 1189 297 0.9345 972 243 0.3556
9(2) 20 4 0.0168 24 5 0.0161 33 8 0.0491 32 8 0.0130
10(10) 1906 503 3.2912 1886 198 3.0315 5 1 0.0181 4 1 0.0150
11(10) 104 25 0.2370 116 28 0.2753 385 96 2.1929 308 77 0.9040
12(10) 12005 3000 10.8701 12005 3000 10.1288 53605 13401 1.6342 43408 10852 1.3426
13(10) 249 61 0.9032 201 49 0.6771 213 53 1.0810 168 42 0.8606
14(10) 529 131 0.5164 429 106 0.3814 441 110 0.6078 356 89 0.5343
15(10) 6789 1696 4.3888 6209 1551 3.9080 51641 12010 2.5466 50620 12655 1.8658
16(10) 2244 560 2.7465 2503 625 3.2653 1813 1203 7.0123 56936 14234 1.7390
17(10) 1593 397 0.7971 1561 389 0.8241 3641 910 2.1399 3568 892 2.0244
18(40) 383 96 1.6555 445 112 2.2936 F F F F F F
19(40) 606 152 3.4532 797 200 4.4500 4001 1000 5.0125 1700 425 1.5056
20(40) | 12001 3000 _ 55.9570 | 11999 _ 3000 _ 1.2208 5001 2000 3.1065 8000 2000 3.4526
21(40) 171 42 1.8844 167 41 1.8661 F F F F F F
22(40) 1324 332 56.2828 11999 3000 10.4524 1957 489 35.0812 1840 460 23.7643
23(40) 12005 3000 2.2816 12005 3000 2.3259 32001 8000 15.1335 32000 8000 13.5988
24(40) | 11972 3000  20.2500 | 11982 3000 _ 21.5313 5001 2000 2.2935 5000 2000 2.0169
25(40) 1377 343 3.5877 1373 342 3.2536 8001 2000 2.1647 8000 2000 1.7061
26(40) 104 25 0.3547 108 26 0.3713 4001 1000 2.4536 264 66 10.2070
27(40) 1467 368 3.5020 1398 351 3.0541 5 1 0.0238 4 1 0.0369
28(40) 225 55 0.6246 165 40 0.4936 4001 1000 1.8497 4000 1000 1.9239
29(40) 44 10 0.1541 44 10 0.1378 4001 1000 1.5144 1628 407 41.7341
30(40) | 11997 3000  29.1681 | 11982 _ 3000 _ 28.9967 2001 1000 1.2257 4000 1000 1.1827
31(40) 12005 3000 32.1075 12005 3000 32.4967 32001 8000 8.7434 32000 8000 8.7530
32(40) 12003 3000 6.6654 340 84 11.8590 F F F F F F
33(40) 224 55 8.7581 236 58 3.8310 4001 1000 3.0450 4000 1000 3.0237
34(40) | 12003 3000  2.8101 228 56 2.8166 621 155 30.4833 520 205 38.2410
35(40) 113 27 3.0366 109 26 2.4956 F F F F F F
36(40) 1209 301 20.4789 1425 355 23.4677 40001 10000 11.3231 40000 10000 12.7731
37(40) 12003 3000 8.3764 12003 3000 8.2833 40001 10000 25.0045 40000 10000 25.0573
38(40) 57 13 1.4227 57 13 1.4582 1249 312 1.7140 1248 312 1.7120
39(40) 953 240  12.6938 | 1377 346 18.4661 F 3 F F F 7
40(40) 300 74 5.5401 304 75 5.8676 F F F F F F
41(40) 64 15 0.9178 64 15 0.9510 F F F F F F
42(40) 196 48 2.1041 288 71 2.6848 7201 1800 31.1102 7188 1797 27.9218
13(40) 3456 885  51.5088 | 6748 1731 1.6669 4001 1000 3.2047 4000 1000 2.1038
44(40) 247 61 1.9867 291 72 1.9010 817 204 8.7129 812 203 8.4563
45(40) 112 27 1.3176 96 23 1.0800 1469 367 32.8439 1464 366 33.5307
46(40) 247 62 3.4999 477 121 6.5672 5 1 0.1461 4 1 0.1123
47(40) 334 83 3.0507 335 83 2.9854 4001 1000 49.9540 4000 1000 49.8391
48(40) 313 77 5.7917 325 50 5.8702 7085 1771 28.6868 7072 1768 27.9670
49(50) 6503 1630 12.5130 7159 1796 11.1532 5 1 0.0179 4 1 0.0170
50(50) 2461 614 7.5193 1125 280 3.3699 797 199 3.6244 780 195 3.6969
51(50) 433 107 1.8298 421 104 1.7742 749 187 4.4861 736 184 4.4655
52(50) | 11996 3000  28.3663 | 11998 3000  28.9950 5 1 0.0229 4 1 0.0181
53(50) a1 9 1.8297 a1 9 1.0646 37 9 1.9401 36 9 1.2722
54(50) 436 108 24.9522 412 102 27.8671 1981 495 4.1695 1976 494 1.6517
55(50) 2346 588 6.9273 2375 595 7.4707 5 1 1.0590 4 1 0.7714
56(50) 158 39 10.1396 169 42 6.9630 9013 2253 2.7833 9012 2253 3.6513
57(50) 327 81 11.9068 327 51 7.0950 1341 335 1.1654 1340 335 1.2965
58(50) 1286 322 40.9906 | 1223 306 25.9469 5 1 0.0379 4 1 0.0302
59(100) 657 163 5.8164 533 132 4.3743 657 164 8.2231 532 133 6.4424
60(100) 561 139 7.0155 453 112 4.9969 397 99 7.3207 320 80 6.3334
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Table 2 Continued...

61(200) 357 88 17.6759 289 71 10.9239 405 101 32.2711 328 82 22.8033
62(200) 25 5 1.5282 80 19 4.6503 21 5 1.7963 48 12 3.9969
63(200) 569 141 33.5531 101 99 22.7348 1413 353 2.1739 1156 289 1.6964
64(200) 621 154 24.6155 505 125 20.2527 645 161 39.3083 524 131 31.9428
65(200) 12005 3000 5.3382 12005 3000 5.5383 2533 633 1.6214 2100 525 1.1722
66(200) 1449 361 39.0737 1057 263 28.5491 893 223 35.2179 732 183 28.7968
67(300) 45 10 16.0129 45 10 16.3452 261 65 19.8307 260 65 21.2720
65(300) 37 s 12.1318 37 3 12.1640 193 123 13.9275 192 123 1.1385
69(300) 37 8 11.2262 37 8 11.6436 929 232 7.1460 928 232 7.2529
70(300) 72 17 23.1260 72 17 23.8315 1881 470 15.0397 1876 469 15.0572
71(300) 968 241 35.4163 981 244 35.2606 4001 1000 41.7712 4000 1000 39.0339
72(300) 589 147 24.1729 683 171 27.5352 F F F F F F

73(500) 109 26 1.0931 121 29 19.6553 77 19 16.0448 76 19 35.9698
74(500) 33 7 4.4168 56 13 4.8235 5 1 0.7420 4 1 0.5555
75(500) 40 9 13.7751 40 9 8.7212 5 1 1.0040 4 1 0.6785
76(500) 136 33 26.7670 136 33 17.6005 2893 723 12.9185 2884 721 9.4026
77(500) 61 14 1.0407 61 14 52.2529 4525 1131 1.0296 4516 1129 24.5784

In Table 3, we present the number of problems for which the method
achieves the least iter, the least cput, and the least feval, respectively. The
observations from Table 3 lead to the conclusion that the SABBm method
exhibits superior performance compared to SABB, and SABBmstab outper-
forms SABBstab in the stabilized version. We also observe that for problems
10,14, 27,46,49, 52, 55,58, 74, and 75, the stabilized versions SABBmstab and
SABBstab exhibit superior performance in terms of iterations, function eval-

uations, and time.

Table 3: Least table

Metric SABB SABBm SABBstab SABBmstab
feval 31 33 1 23
iter 34 36 14 19
cput 17 30 8 22

We employed the performance profile of Dolan and Moré [9] to compare
the performance of the proposed methods. We construct the performance
profile graphs for three key metrics: function evaluations (feval), number
of iterations (iter), and CPU time (cput). Figure 1 illustrates the function
evaluations performance profile. Figure 2 depicts the performance profile
for number of iterations, and Figure 3 shows the performance profile of CPU
time. Across all three metrics (Figures 1-3), SABBm is almost the top curve,

indicating its superior efficiency compared to the other methods.

Iran. J. Numer. Anal. Optim., Vol. 14, No. 3, 2024, pp 970-990




Sharma and Kumar Nayak 986

o o
w
‘

o
o
T

sabb
——msabb
—sabbstab
msabbstab
0 . . . . n n

2 4 6 8 10 12

o
o

Figure 1: Performance profile for functional evaluations.
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Figure 2: Performance profile for number of iterations.
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Performance profile graph of Cputime

—*—— Sabb
——— Sabbm
011 ——— Sabbstab
0 ‘ ) ‘ ‘ ;abbmstab
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Figure 3: Performance profile for CPU time.

4 Conclusion

This study proposes three novel variants of the SABB algorithm for solving
unconstrained optimization problems. These variants hybridize the BBStab
and SABB approaches. The performance of the proposed methods is eval-
uated on a set of 77 benchmark problems from the CUTEr library (details
in Table 2). The results reveal that SABBm emerges as the most efficient
algorithm in terms of function evaluations, iterations, and CPU time. How-
ever, SABBstab and SABBmstab outperform SABBm in a small subset of

problems regarding the number of iterations and computational time.
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