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Letter from the Editor—in—Chief

I would like to welcome you to the Iranian Journal of Numerical Analysis
and Optimization (IJNAQO). This journal has been published two issues per
year and supported by the Faculty of Mathematical Sciences at the Ferdowsi
University of Mashhad. The faculty of Mathematical Sciences with the cen-
ters of excellence and the research centers is well-known in mathematical
communities in Iran.

The main aim of the journal is to facilitate discussions and collaborations
between specialists in applied mathematics, especially in the fields of numer-
ical analysis and optimization, in the region and worldwide. Our vision is
that scholars from different applied mathematical research disciplines pool
their insight, knowledge, and efforts by communicating via this international
journal. In order to assure the high quality of the journal, each article is
reviewed by subject-qualified referees. Our expectations for IJNAO are as
high as any well-known applied mathematical journal in the world. We trust
that by publishing quality research and creative work, the possibility of more
collaborations between researchers would be provided. We invite all applied
mathematicians especially in the fields of numerical analysis and optimiza-
tion to join us by submitting their original work to the Iranian Journal of
Numerical Analysis and Optimization.

We would like to inform all readers that the Iranian Journal of Numerical
Analysis and Optimization (IJNAO), has changed its publishing frequency
from "Semiannual” to a "Quarterly” journal since January 2023. The four
journal issues per year will be published in the months of March, June,
September, and December. One of our goals is to continue to improve the
speed of both the review and publication processes, while try continuing to
publish the best available international research in numerical analysis and op-
timization, with the high scientific and publication standards that the journal

is known for.

Ali R. Soheili

Editor-in-Chief
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Quantum solutions of a nonlinear

Schrodinger equation

S. Arfaouil’? and A. Ben Mabrouk?!:34:*;

Abstract

In the present paper, we precisely conduct a quantum calculus method
for the numerical solutions of PDEs. A nonlinear Schrédinger equation is

considered. Instead of the known classical discretization methods based
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Quantum NLS equation

on the finite difference scheme, Adomian method, and third modified ver-
sions, we consider a discretization scheme leading to subdomains according
to g-calculus and provide an approximate solution due to a specific value
of the parameter q. Error estimates show that g-calculus may produce effi-
cient numerical solutions for PDEs. The g-discretization leads effectively to
higher orders of convergence provided with faster algorithms. The numer-
ical tests are applied to both propagation and interaction of soliton-type

solutions.

AMS subject classifications (2020): Primary 35C08, 35Q55; Secondary 65L80,
81QO5.

Keywords: NLS equation; Quantum calculus; Numerical solution; Error

estimates.

1 Introduction

The present paper is devoted essentially to the development of a numeri-
cal scheme to approximate the solution of a Nonlinear Schrédinger (NLS)
equation in a quantum calculus framework. The aim crosses in fact the
restriction to the resolution of such an equation and goes further to show
that g-calculus may provide a good framework for numerical solutions of
PDEs in general. It is well known that a major literature on the numerical
solutions of PDEs is based on classical methods, such as finite difference,
finite elements and volumes, Fourier analysis, and recently wavelets. See
[7,5,9, 10, 11, 12, 16, 19, 28].

The NLS equation is strongly linked to the modeling of real physical
phenomena, such as Newton’s laws and energy conservation in classical me-
chanics, the behavior of dynamical systems, the description of a particle in a
nonrelativistic setting in quantum mechanics, and so on.Therefore, the NLS
equation attracted researchers from both theoretical and applied mathemat-
ics and physics. See [16, 19, 22, 28].

Originally, Schrodinger’s stated a linear form describing a moving particle

according to the model equation

Iran. J. Numer. Anal. Optim., Vol. 14, No. 2, 2024, pp 330-346



Arfaoui and Ben Mabrouk 332

8m2m

A+ T (= V() v =0, )

where 1 is known as a wave function, m is the particle mass, h is the Planck’s

constant, E is the energy, and V is a potential (see [13, 20, 23, 25, 29]).

Based upon the analogy between mechanics and optics, Schrodinger ap-
plied a perturbation method to show an equivalence between his wave func-
tion in mechanics and Heisenberg’s matrix. This gave rise next to the time
dependent model

FLZ
iy = =5 — A+ V(z)y) — Y*p in RY, (2)

known as the cubic NLS equation. Next, different variants and forms have
been developed and investigated by researchers in different fields (see [1, 4,
17, 24, 26]).

The present paper is devoted to the development of a numerical method

based on g-calculus to approximate the solution of a reduced NLS equation

in R written on the form

g+ Au+ f(u) =0, (z,t) € Qx (tg, +00),

u(zx,tg) = uo(x), x €, (3)
%(x,t) =0, (z,t) € 90 X (g, +00).

We consider a domain €2 in R, and ¢y is a real parameter fixed as the initial
time, u; is the first order partial derivative in time, A is the Laplace operator,
and — is the outward normal derivative. Moreover, 02 is the boundary of .
Also, Z = u(z,t) and ug = ug(z) are complex valued functions. In addition,

f is a nonlinear function of u assumed to be at least continuous.

In [15], the stationary solutions of problem (3) have been studied using
direct methods issued from the equation on the whole space. See also [14]. In
[6], a Lyapunov—Sylvester method has been applied to solve numerical NLS
and Heat equations.

The organization of the present work will be as follows. In section 2,
the g-calculus essential tools will be reviewed. Section 3 is devoted to the
presentation of our main method. The discrete quantum version of a cubic

NLS equation will be developed with the necessary analysis of convergence,
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333 Quantum NLS equation

stability, solvability, and consistency. Section 4 is the subject of numerical

experimentation due to our theoretical part. We conclude afterward.

2 Quantum calculus toolkit

One of the interesting fields of extensions of real analysis is the so-called g-
theory, which provides some discrete and/or some refinement of continuous
analysis in subspaces such as R,, which is composed of the discrete grid +¢",
n €Z,q € (0,1). Recall that for all x € R*, there exists a unique n € Z such
that ¢" ™! < |z| < ¢™, which guarantees some density of the set R, in R.

This section aims to introduce some basic concepts of g-theory. We
present some definitions, notations, and properties of g-derivatives, which
will be useful later. Backgrounds on g-theory may be found in [3, 21] and
the references therein.

For 0 < ¢ < 1, denote
R, ={%q¢", n€Z} and ]ﬁ;‘ =R} U{O}

We propose in this section to recall two basic functions that are applied

almost everywhere in ¢-theory and its applications. See, for example, [18].

Definition 1. The g-derivative of a function is defined by

f) )
D, f(z) = (1-qz ' 70
7'(0), else,

provided that f is differentiable at 0.

The operator D, is the g-analogue of the classical derivative, as indeed,

if f is differentiable, we get

lim D,f(x) = df(:c)

q—1 dzr

Many concepts of derivatives and integration rules have been extended for
the case of g-calculus.
The only drawback of the g-calculus is the fact that they remain applied

and investigated especially in harmonic functional analysis for the major part

Iran. J. Numer. Anal. Optim., Vol. 14, No. 2, 2024, pp 330-346



Arfaoui and Ben Mabrouk 334

of the literature. A first step ahead has been conducted by Koornwinder
and Swarttouw when studying Jackson’s third g-Bessel function. Their work
motivates researchers to develop different g-differential operators. Recently,
g-calculus returns to take place in PDEs. Indeed, consider, for example, an
elliptic equation

Au+ f(u,z) =0, (4)

where f is a suitable function, generally nonlinear in uw. We may search for
a numerical g-approximation by considering a grid points in R, instead of
finite difference/finite elements used usually. In g-theory, we already have a

g-analog of the Laplace operator expressed as
qu(g—'z) — (1 + q)u(@) + u(qz)

Aqu(z) = 3 .

For x = ¢" in ]R;‘, we get from (4),
g1 — (14 Q)un + qun—1 = —(1 = 9)*qq>" fn,

where u,, = u(q™) and f, is some discretization of f(u,z). We thus obtain a
recursive equation permitting to compute u,, recursively. More about appli-
cations of g-calculus in partial differential equations may be found in [3]. A

widely known example in ¢-theory is the Bessel type equation

Agu(z) = =N u(z),
u(0) =1, «/(0) =0,

(A € C), which has as unique solution a modified ¢g-Bessel function. In the
present paper, we will exploit the g-calculus to develop numerical solutions
of some PDEs.

3 The discrete NLS equation

In this section, we develop the details of our numerical method. For this aim,
we fix Q = [0,1] and t; = 0. Fix also a time step Ix = (1 — ¢)¢*, and for
k € N, we denote t; the kth instant. For n € N, we denote x,, = ¢", and

h, = (1 — q)¢"™ the nonuniform space step. Denote also u* = u(ty,z,) the

Iran. J. Numer. Anal. Optim., Vol. 14, No. 2, 2024, pp 330-346



335 Quantum NLS equation

net function and U¥ its numerical approximation (the solution of the discrete

problem). We discretize problem (3) as follows,

Z»Urlfﬂ — Uk n 2¢ qUF_, — (1 +qUf+UF,

A e - +f(UR) =0 (5)

By setting for n, k € N,

and ok ili_ k.

k 2q g
TL: 1 = TLZ’
1+qh?

n — m E’
the discrete problem (5) becomes
Untt = qopUn o + (1= (L+ Qop)Uy + op Uy + By (6)
where F¥ =il f(UF). Now, denote for k € N,
U= (lef )nen;
the infinite vector of the numerical solution at the time k. Denote also
Br=1-(1+0q)o,.
We get the following dynamical infinite matrix-vector system:
U = A U* + FF, (7)
where Ay is the infinite tridiagonal matrix with elements

1—-ok ok 0

got B of 0
0 qob g5 ob 0

Ay = 0 0 qgohphkok 0

. . k pk ~k °
: 'qanﬁnan

Infinite (especially tridiagonal) matrices are met in many fields and have been
applied widely. Finite forms are met in PDEs, such as finite difference meth-

ods, in numerical analysis. See, for instance, [2, 8]. In mathematics, infinite
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tridiagonal matrices are initially related to the so-called Jacobi operators (see
27]).

Note in problem (7) that a main difference with classical methods, such
as the finite difference method, is the possibility to relax one assumption on
boundary conditions. We only need such an assumption for one extremity of
the domain €.

Now, observe that, for each k, we get
1 -5 =1+ 05 > |65]° = |og],
and similarly,
B2 =1+ (L+@)*[631> > (1 +q)?|04* = (1 + 9)*|oy ],

which means that the matrix Ay is a dominant-diagonal matrix, which guar-
antees the solvability of our discrete scheme and leads to the following theo-

rem.
Theorem 1. The numerical problem (7) is uniquely solvable, for k > 2n+1.

In terms of the classical numerical schemes, such as the finite difference,
the assumption k& > n replaces the assumption [ = o(h?), where [ and h are
the time and space steps for the finite difference scheme.

To investigate the stability of the numerical scheme, we propose to apply
the Lyapunov criterion for stability, which states that a dynamical system
L(Ug,Uk—1,...) = 0 is stable in the Lyapunov sense if, for any bounded
initial solution Uy, the solution U,, remains bounded for all n > 0 uniformly

on n. Here, we will precisely prove the following result.

Lemma 1. The solution U* is bounded independently of k whenever the

initial solution U? is bounded.

Proof. We will proceed by recurrence on k. Assume firstly that [|[U°| < »,

for some 7 positive. It follows from the assumption k& > 2n 4 1 that

k 2q
ol < T =g

Therefore, using system (6), for & = 0, we obtain

Iran. J. Numer. Anal. Optim., Vol. 14, No. 2, 2024, pp 330-346
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Ul—qo'OU0 1+ (1= (1+q)o )UO+UOUO+1+FO

As UY is bounded, and the nonlinear function f is continuous, we deduce that
1is bounded. So, assume that U* is bounded independently of k. Using
system (6), we get

1+3q

UpH < —— IU’“|+|F’“\

Using the recurrence hypothesis and again the continuity of the nonlinear

function F, we deduce that

2(1+gq)

Uk+1<
o < 2

C,

where C' > 0 is a constant independent of k.

The consistency of the proposed method is evaluated by means of the
local truncation error arising from the discretization scheme. Assuming that

the solution w is sufficiently regular, we get the principal part as

L(u)(z,t) = 7%1: + 30 Ugzr + 0(lg + hp). (8)

It is clearly observable that the truncation operator L£(u) goes to 0 as n, k
go to co. This yields that the quantum numerical scheme is consistent at a

minimum order 1 in time and space.

To finish with the convergence of the numerical method, we apply the
Lax-Richtmyer equivalence criterion, which states that for consistent nu-
merical approximations, stability and convergence are equivalent. We thus

obtain the following lemma. O

Lemma 2. As the numerical scheme is consistent and stable, it is then

convergent.

Indeed, recall here that we have already proved in (8) that the used scheme
is consistent. Next, Lemma 1 yields the stability of the scheme. Consequently,

the Lax equivalence theorem guarantees the convergence.
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4 Numerical implementations

We propose in this experimental part to develop numerical examples to val-
idate the theoretical results developed in the previous sections. We will use

an Lo discrete norm to evaluate the error between the exact solutions and

X1 = (S 1),

for any vector (series) X = (X;) eventually in L?(C). Denote u* the net

the numerical ones as

function u(z,t*) and U* the numerical solution. We propose to compute the
discrete error

Er = max 1T — |, (9)

on the grid (z,), n > 0.
We take for the rest f(u) = |u|?u, which gives the original cubic NLS

equation. We next take the classical soliton-type solution

u(x,t) = \/?exp(i(;cx — 0t + @))sech(\/&(x —ct) + qb),
s
2
where a, ¢s, ¢, 0 = i a, ¢ and ¢ are some appropriate constants. For
t fixed, this function decays exponentially as |z| — co. It is a soliton-type
disturbance, which travels with speed ¢ and with a-governed amplitude. See
[5, 6, 10, 11, 12, 20, 22, 28, 29].

4.1 Propagation of a single soliton

In the first experimentation, we focus on a single-soliton-type particle. The
computations are done for 0 <z <1 and 0 <t < 1. We fix the ¢ parameter
to many different values according to the closeness to 0 or to 1. So, let
q € {q = é, i =1,...,7}. We also fix the soliton parameters a = 0.01,
qs = 1, ¢ = 0.1, and the phase parameters ¢ = ¢ = 0. Figures 1 and 2
illustrate two cases of the numerical solution for the propagation of a single

soliton issued from our quantum numerical scheme.
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339 Quantum NLS equation

Figure 1: Propagation of a single soliton, for ¢ = %.

0.144
0.143
0.142

3 0141
=2

0.139

0.138

3

Figure 2: Propagation of a single soliton, for ¢ = 5.

Tables 1 and 2 illustrate the error estimates between the numerical solu-
tion and the exact one for different values of the quantum parameter ¢, and
for different values of the maximal time index K. The space grid is fixed to
N number of points. Truncating in an order N for practice feasibility of the

system (7), we denote TrU% the truncated vector
TrUy = [UF, U, ..., U§]",
and TrE¥ the truncated vector
TrFy =[Fy, Ff,... . Fy]",

where the upper script 7 is for the transpose. We denote similarly, TTA{CV

the truncated matrix
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1—ok ok 0
qa’f f af 0
N 0 qgéc ﬂéc 05 0
TTAk =
0 0 goffB5 of 0
g0k By
The system (7) will be approximated by
TrUst™ = TrANTrUY + TrFY.
Table 1: Error estimates for a single soliton for N = 20
K =10
q q1 q2 a3 qa qs q6 qr7
Er 117107% 1.28107° 24110* 25210~* 2.1810~* 3.1110~* 2.87107*
K=15
q a1 a2 a3 44 a5 de a7
Er 201107%¢ 2.32107% 3.01107° 2.84107° 2.71107° 3.0110~° 2.77107°
K =20
q q1 q2 a3 q4 qs g6 qr7
Er 1271077 1441077 1.23107¢ 2.15107% 2.53107% 2.01107® 2.76107°
Table 2: Error estimates for a single soliton for N = 50
K=10
q 0 a2 a3 d4 ds de a7
Er 117e—5 128¢e—5 24le—4 252¢e—4 218¢—4 3.1lle—4 287e—4
K=15
q Ui a2 q3 d4 ds de a7
Er 20le—6 232e—6 3.0le—5 284e—-5 27le—5 3.0le—5 277¢e—5
K =20
q 0 a2 q3 q4 ds de a7
Er 127e—7 144e—7 123e—6 2.15e—6 2.53¢e—6 2.0le—5 2.76e—5
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It is notable from Tables 1 and 2 that the numerical quantum discrete
scheme converges with good error estimates. This encourages to application

such a discretization idea for solving more complicated problems.

4.2 Interaction of two solitons

We consider here two solitons traveling with the same speed but in opposite
directions in order to obtain the interaction phenomenon. The computations
are done as in the previous experimentation on the space domain Q, = [0, 1]
and a time space also I; = [0,1]. We fix the ¢ parameter as previously to

q€{q= é, i=1,...,7}. We also fix the soliton parameters as follows:
e For the first soliton, we put a =1, ¢s =2, c =4, p =0, and ¢ = 15.

e For the second soliton, we put a = 2,25, gs = 2, c = —4, ¢ = 0, and
¢=-7,5.

As in the previous experimentation, Tables 3 and 4 illustrate the error esti-
mates between the numerical solution and the exact one for different values
of the quantum parameter ¢, and for different values of the maximal time

index K. The space grid is fixed to a number N of points.

Table 3: Error estimates for two-interacted solitons for N = 20

K=10

q q q2 q3 q4 q5 d6 q7

Er 227e—5 245e—5 25le—4 2.7T6e—4 3.14e—4 3.44e—4 4.02¢e—4
K =15

q q q2 q3 q4 95 d6 q7

Er 21le—6 2.18¢—6 2.05¢—5 26le—5 285e¢—5 3.12¢—5 4.05e—5
K =20

q q1 q2 q3 q4 g5 d6 qr

Er 192e—7 202e—7 215e—6 244e—6 32le—6 3.32e—5 3.876e—5
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Table 4: Error estimates for two-interacted solitons for N = 50

K =10

q q1 q2 q3 q4 g5 de q7

Er 125e—5 134e—5 1.44e—4 22le—4 243e—4 23le—4 2.15e—4
K=15

q q1 q2 qs3 q4 g5 q6 qr

Er 1.15¢—6 127e—6 1.32¢—5 1.17e—5 1.95e¢—5 2.02¢e—5 2.33e—5
K =20

q q1 q2 q3 q4 g5 qe qr

Er 116e—7 13le—7 213e—6 223e—6 227e—6 247e—5 255¢—5

As in the previous case, we notice from Tables 3 and 4 that the numerical
quantum discretization yielded a very close approximated solution to the
exact one. This is clearly shown by the error estimates, where the maximum
error is estimated by 10~% over all the values of the quantum parameter ¢ in
two Tables 3 and 4. This finding motivates the use of a quantum numerical

scheme for more general and/or complicated PDEs.

Remark 1. We know that in the case of classical finite difference and finite
element methods, the error is generally estimated in the power of the space
step h = Ax, which in turn is related to the size N of the mesh or, equiva-
lently, the number of the discretization points. In these cases, we obtain an
error to the order h® or equivalently, the order N~%, for some exponent a.
In the new g-quantum case, we obtain an error to the order of ¢®~, which has
the form of a geometric sequence with a ratio ¢ in the interval (0, 1), which
therefore converges to 0 more rapidly than the previous sequence N~%. We
then gain a quick and more precise scheme. These facts make it unnecessary
to concretely develop the numerical comparisons, as we know in advance that
the classical schemes will give higher error, lower speed of convergence, and
higher running time. Mathematically, it is easy to see that for o, 8 > 0, it
holds that for all ¢ > 0, there exisits Ny € N, such that ¢°N N < ¢, for
all N > Ny. This means that, the g-quantum scheme, even at a lower order
B < « is better than the classical schemes. In other words, the ¢g-quantum
scheme does not necessitate calibrating the discretization to get higher or-

ders for convergence, consistency, and good stability, as it is done for the
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classical finite difference and finite element methods with implicit method,
Crank—Nicolson, centering/decentering method, higher regularity order finite

elements bases, and so on.

5 Conclusion

In the present paper, the principal aim was to test the efficiency of the quan-
tum calculus in the approximation of the solutions of PDEs. As a pro-
totypical example, we applied g-calculus to derive a numerical scheme for
the well-known cubic NLS equation. As expected, the g-calculus yielded
good approximations illustrated by low error estimates. The findings in the
present paper make therefore good motivation to continue to exploit quan-
tum calculus for the numerical (and also exact) solutions of different types
of PDEs. Comparisons with other models, such as finite difference, finite
volumes, and also wavelets as recent developments in mathematical analysis
are fascinating and motivating future extensions. Compared to the classical
finite difference scheme method, we may conclude theoretically that, in fact,
the present quantum scheme is more efficient, as it is based on geometric
sequences of time and space steps, which surely converge more rapidly than
arithmetic discretizations. Therefore, we expect that involving or including
hybrid schemes may induce the best results. Finally, an interesting question
raised from the present work may be formulated as follows: Given an infinite
matrix that is truncated in an order n. We know that at most in C, any
truncation has at most n eigenvalues. What can we expect for the original
linear operator defined by means of the infinite matrix? This gives rise to
possible chaotic behavior as a future study of the present case of matrices,

which are issued from parabolic, hyperbolic PDEs.
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In this article, we explore the discontinuous Galerkin finite element method
for two-parametric singularly perturbed convection-diffusion problems with
a discontinuous source term. Due to the discontinuity in the source term,
the problem typically shows a weak interior layer. Also, the presence of
multiple perturbation parameters in the problem causes boundary layers
on both sides of the boundary. In this work, we develop the nonsymmetric
discontinuous Galerkin finite element method with interior penalties to
handle the layer phenomenon. With the use of a typical Shishkin mesh, the
domain is discretized, and a uniform error estimate is obtained. Numerical
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1 Introduction
In this article, we consider a two-parametric singularly perturbed problem
with a discontinuous source term

—eu’ +eb(x)u +elx)u=f, xe€Q=(0,1),
u(0) = u(1) =0,

(1)

where 0 < €1, €2 < 1. In addition, the coefficient functions, b(z) and c(z),
are assumed to sufficiently smooth such that b(z) > by > 0, c(z) > co > 0,
and

1
7 = cla) — eab/ () > 70 >0, @)

where by, ¢, and 7y are positive constants and the source function, f(x),
has discontinuity of type I at some interior point say x = d. Moreover, we
also assume that [f](d) < C, where [f](d) = f(d+) — f(d—). Problems of
these types have several real-world applications, like transport phenomena
in chemistry, biology, financial mathematics, and so on. Several numerical
techniques are available in the literature on finite difference methods and
finite element methods; for example, see [1, 10, 14] for the finite element
method (FEM) and [3] for the finite difference method (FDM). Moreover, few
articles [7, 4] are available that deal with two-parametric singularly perturbed
boundary value problems, in which the authors have used various difference
schemes to establish uniform convergence. In [11], authors have studied the
superconvergence of non-symmetric interior penalty Galerkin FEM for two-
parametric singularly perturbed boundary value problems.

The FEM is one of the efficient numerical methods among all other nu-
merical methods to compute numerical solutions of differential equations.

Kadalbajoo and Yadaw [5] established a second-order convergence of FEM
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in maximum norm on Shishkin mesh for two-parametric convection-diffusion
problem. Brdar and Zarin [2] achieved uniform convergence of FEM in the
energy norm on Bakhvalov mesh, while Zarin [12] has proved uniform con-
vergence on exponentially graded mesh with FEM. In spite of these works,
no one has considered the two-parametric convection-diffusion problem with
discontinuous coefficients or source terms, which also predominately appears

in the modeling of real-world problems.

On the other way, the nonsymmetric interior penalty Galerkin (NIPG)
method uses penalty parameters to enforce both the continuity of the solution
and boundary conditions. Another interesting factor about the NIPG method
is to handle the unstructured mesh, discontinuous coefficients, and local mesh
refinements. Furthermore, an NIPG method can be made stable and coer-
cive in the sense of convergence by taking some user-chosen penalty param-
eters. Moreover, in other variants of the discontinuous Galerkin method like
symmetric interior penalty Galerkin method and incomplete interior penalty
Galerkin method, we have to choose penalty parameters, and it is a herculean

task to establish its coercivity.

Therefore, in this present work, we consider a two-parametric convection-
diffusion problem with a discontinuous source term and establish a second-
order convergence (superconvergence) of the NIPG method in the norm |||,

induced by the corresponding bilinear form.

The article is arranged in the following way: In Section 2, we study the
continuous problem and the bounds for different components of the exact
solution. Section 3 is all about the bilinear form with respect to the NIPG
method, its properties, and the existence and uniqueness of the weak solution.
Construction of the Shishkin-type mesh, error analysis, and establishment
of convergence results are introduced in Section 4. The numerical results
and discussions are kept in Section 5 that which supports our theoretical

conclusions.

Note: Throughout this paper, we have taken C as a generic constant,
which is free from perturbation parameters 1, €5, and the discretization

parameter, V.
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2 The continuous problem and bounds for the solutions

This section is designed to discuss the solution of the continuous problem
(1), their smooth and layer components, and their respective bounds. In
general, the solution to the reduced problem (1) does not satisfy the boundary
conditions. Therefore we have boundary and interior layers in the solution.
To handle these boundary and interior layers, let pg and p; be two solutions

of the characteristic equation:
—e1p? () 4 e2b(2)p(x) + c(x) = 0.

Moreover, po(z) < 0 and pi(x) > 0 describe the boundary layers at z = 0

and x = 1, respectively. Let

A\ = — /\r == i )
! max po (2), i 1 (2)

where \; and A, are defined as

—e9b(x) — \/e3b(x)? + dec(z)

h= wlél[ég] 2e1 ’
A\ — min —e9b(z) + /e3b(z)2 + 4610(l‘).
z€[0,1] 2e1

In that case, the problems are categorized on the basis of the relationship

between the perturbation parameters:

Case I. When €1 < g9 = 1, then \; = (’)(51_1) and A\, = O(1). It is
the case of singular perturbation problem with a only one perturbation pa-

rameter.

Case II. When g; < gy < 1, then \; = O(eae7?) and A, = O(e7?).
Clearly one can see that \; < A, which results a stronger boundary layer at

x = 1 than the boundary layer at x = 0.

Case ITI. When €2 < &1 < 1, then \; and A, both are of order O(e] /%),

and problem behaves like reaction diffusion problems.
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Further details about the category of the problems can be found in [11].
In this work, we discuss the a posteriori error estimation for the problem that

falls under the category of case I1.
Theorem 1. Let p € (0,1) be arbitrary and let
gam Hb/HLoc(Q) < k(1 -p).
Then, the following bounds for the derivatives of the exact solution holds:

‘uk(x)} < C(l + )\;fe—pAzz +)\éce—p)\z(d—m) + )\fe—pAr(z—d) + )\I:e—p)\r(l—gc))7

r e, for 0 <k <m.

Proof. The proof can be found in [6]. O

This motivates us to decompose the exact solution u of (1) into smooth

and layer components in the following way:
u=S+E1+E2+E.1+E.

such that the bounds satisfy the following relations:

|$* (@) < C, (3a)
|Efy(2)] < CAFe P, (3b)
|Bla(2)] < OAfe P02, (3¢)
|Er ()] < CxrePAremd), (3d)
|Era(x)] < Cxfe P00, (3¢)

forreQand 0 <k <m.

3 The NIPG method

Let Tn = I; = (xj-1,2;), j=1,2,--- ,N be a partition of the domain
Q. Define the broken Sobolev space of order k, H*(Q,Tn) = {v : v €
L2(Q),v|, € H*(I;), for all I; € Ty }. Definitions of the Sobolev norm and

seminorm are as follows:
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N 1/2 N 1/2
2
nme:(EJmmh) wmh:(iyﬁh).
=1 =1

We define the finite element space V' that are related to the partition T

as follows:
VN ={v:veL*(Q),v|, € P'(I)), forall I; € Ty}.
J

Here, P*(I ;) is the space of all polynomials of degree at most one on I;. It is
to note that the elements in V'V are allowed to be discontinuous across the

boundaries of each element I;.

The corresponding weak formulation of (1) can be read as follows: Find

uy € VN such that
B(uy,vy) = l(vy), forall vy € VV, (4)

where
B(u,v) = By (u,v) + Ba(u,v).

Also, By (u,v), Ba(u,v), and I(v) are defined for all u,v € H*(, Ty) as

N N

Buwo) =Y [ ewvde+ Y e (fulel e/ ()} - (') o(ay)
j=171 j=1

N

+>_ osfula)]v(;)
NJ_ N-1

Bs(u,v) = Z/] (e2b(z)u’ + c(z)u)dz + Z b(zj)[u(z;)]v(z;),

l(v) = i/lj fuda.

Here, 0;’s, j =0,1,2,---, N, are discontinuity-penalization parameters as-

sociated with the grid points z;. Jumps and averages are defined by

[w(z;)] =v(@}) —v(z;), =12, ,N—1,

o)) = S (o) — o)), G=1,2, N1,
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) — g -\ — S
where v(z}) = lim v(z) and v(z;) = lim v(z), and at the boundary nodes

T + T
T—=T; T

these are defined as

[v(zo)] = v(x0), {v(z0)} = v(wo), [v(zn)] = —v(zn), {v(zn)}=v(zN).

These notations can be seen in [8, 9, 15]. For any v € H2(£2, T), the norm
is defined by

N M N N
1
ol =1 3o 3w g+ 3 ol + 3 (0000 40 ) oGes) P
=1 Jj=1 j=1 7=0

Here, z; ; are the Gaussian points in the elements I; = (z;_1,;), and w; >0
are the weights for M points Gaussian quadrature rule. The coercivity of

bilinear form can be established by a simple calculation as in [8] as
B(v,v) = ||vl?
Using coercivity, one can establish the result,
lunlle < ClifllLz (o) ()

where uy is the solution of weak formulation (4). More details can be found
in [9]. Furthermore, the result (5) implies the uniqueness of the solution of
(4). Rank-nullity theorem in a finite-dimensional space and uniqueness give

the existence of the solution.

Lemma 1. Let u and uy be the solutions of (1) and (4), respectively. Then

the bilinear form defined in (4) satisfies Galerkin orthogonality property
B(u—uy,vy) =0, forallvy eV, (6)

Proof. Detailed proof can be found in [11]. O

4 Error analysis on Shishkin-type mesh

In this section, we introduce Shishkin-type mesh for the discretizing the do-

main of definition. Then, we apply the NIPG method on the introduced

mesh to avail the convergence result theoretically. Proceeding in this way,
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the domain, Q is divided into N subintervals as follows: Let Q1, 2, Q3,
Q,1, Qr2, and Q, 3 be subdomains such that

Y1 =10,00], Qo =1[00,d—0do), usz=I[d—0o,d], Q1 =I[dd+ 6],
Qr72:[d+51,1751], Qr’gi[lfal,l].

for some dy and &, defined by

. [d ¢ . d
50—m1n{8,)\llnN}, 51—m1n{8 )\—l N}

Here, § is a user defined parameter. Therefore, the mesh length of each

subdomain can be defined as

%/\ilnN, for €1 U 3,
4(d—260) for €
hy = N 2 (7)
%% In ]\f7 for Qr)l U Qr,?n
w, for ;9.

The following bounds can be obtained for the above step sizes:

CN-1 1HN)\;1, for Ql,l UQZ’37
h; <4 CN™1, for (22U Q, 2, (8)
CN='InNATY for Q, 1 U, 3.

Lemma 2. Let ST be the piecewise Lagrange’s interpolation of smooth com-

ponent S of the exact solution u of (1). Then, we have
s 7], < on -2

Proof. Using the definition of jump for the smooth part of the solution, as
S — ST is continuous across interelement boundaries. So, [(S — ST)(x;)] = 0,

it gives

N M
IS =T =0y h > ((5 = 87 (i) +Z/ (S —S")2dz. (9)
i=1  j=1

Now, we have to calculate the bounds for the two factors separately. We

make the use of result on interpolation error estimate in [13]
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N M N N
€1 Zhl Z ((S — SI)/({,EZ"]‘))2 S 061 Zh/?|5|%_]2([]) S CZh?
i=1 Jj=1

j=1 =1

<C(N(N"'InNXATP4+ N, (10)

Here, we have used A\;! < A;"' and bounds on the mesh lengths from (8). To
establish the result in Lemma 2, we have to find out the essential bound for

second term in (9)

N N z; N
SIS = 8lgagry <M [ I8 @l < O30S
j=1 j=1 Tj—1

J=1

C(N(N"'InNXN )P + N72), (11)
using (10) and (11) in (9). O

Lemma 3. Let E;; and E,; for i = 1,2 be the piecewise Lagrange’s inter-
polations of left and right layer components F; and E.., respectively. Then,

we have the following estimation:

(B = Bl || e gy SCNNT2 i=1,2,5=0,1,2.

|(Eri — E < CXNN72, i=1,2,s=0,1,2.

@0,

Proof. We will prove only the estimation for F; ; —El{ 1, and other estimations
for remaining part will be same.

Making the use of the Cauchy—Schwarz inequality gives us

1B = B ey S 1ED e onan ) + 1B @)

S 2B e g -
Here, we have used the stability property for special interpolant from Lemma
3.2 in [15]. Now we have to bound only ||(E171)5HLOO(Q\QL -

s Az s d s 2
1B e ve0) < A Jmax e TS CONNTPY < CANT

Here we have used pd > 2, which is the required estimate, we had to prove.
For estimations in the second part of the Lemma 2, we apply the same path

of approach as above. So we have done the proof of lemma. O
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Theorem 2. Let E! denote the piecewise Lagrange’s interpolations of layer
components of solution E. Therefore, the interpolation error of the layer

component satisfies

|E - E'|, < C(N"'InN)>
£

Proof. To establish the bound in this theorem, we express errors in terms
of left boundary layer, right boundary layer, and interior layer components;

that is,

12 = B, < [[Bur = Blul| | Erz = Bl | Era = Bi | 4] Brz = Era.
(12)

We derive the bounds for all the four terms in the right hand side of (12).

Taking the first term from (12) and using coercivity of bilinear form from

Section 3, we have

N M N
1By = B =e0 Y e (Bia—BL) (w:)) "+ / Y (Bia—El,) de.
=1 =1 7j=1 J

(13)
Now, we estimate the first term from (13) over the fine mesh region €; 1,

using classical result on interpolation error estimates

N/8 M N/8

€1 Z h; Z (Eux — E{J)’(%j)f <Ce Z h?(/

j=1

xj 2
Efflds )
j—1

Zj Zj
|E}"} |2dx) ( / d;v)
j Tj—1

j—1

N/8
J=1 z

N/8 ;i
< Céeq Z h?/ )\?e_gp’\l”“'dx
j=1

Tj—1

<C(N'InN)* (14)
N/8 N/8

2 I \2 4 i "2
S [ - s <ed o n [ B P
j=1"1i j=1 ZTj—1
N/8 x;
< C’Zh?/ A?e‘gp’\lﬁdm
=1 Je

j—1
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<C(N 'InN)* (15)

Using (14) and (15), we have established the first part of (12) for the finer
part of the domain €2; ;. In the same manner, we can establish the bound for
HEM — EZ{Q‘ |Er,1 — Er{l‘ and HET72 — ETI72H5 over §9, 0,1 and Q, 2,

respectively. Therefore, we can obtain

) )
e €

B2 — E{)QH&QM < O(N~'InN)?, (16a)
|Er1 — ELL . 0., < C(N"' I N, (16b)
|Erz = Erall,q , S C(NT'InN)? (16¢)

Now, we estimate HEl’l — ElI1 H over Q\ € 1. In this domain, we will derive
e

the bound for the error in maximum norm. Using the result in Lemma 3

N M N
€1 Z hl ij(El,l — El{l)/(iti,j)Q S CEl Z hj)\%]Vi4 S CN74.
i=N/8+1 j=1 j=N/8+1

Again, bound on the second term may be calculated using triangular inequal-

ity and stability property as

2 2
| Ex — E1{1HL2(Q\QH) < ||El,1||iz(g\9,,1) +< ||EI{1HL2(Q\QH)

2
< 2| Eiallze o)

SCZN:/

zj
e
J=N/8+17%i-1

—2PMiE e < ON~4.

With the help of above two estimations a conclusion can be made
2 _
| Eix — E£1||E7Q\QH < CN™*. (17)

Similar to (17), we can estimate the other remaining terms, and using (14)—

(17), we conclude the bound in Theorem 2. O

Theorem 3. Let u’ be the piecewise Lagrange’s interpolation of the exact
solution u of (1) on Gaussian points. Then interpolation error ( = u — u!
satisfies

I<ll. < CNT I N,
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Proof. Using the solution decomposition and the estimations from Lemma 2

and Theorem 2, we can conclude that

2
Il < 11S =S+ Y- > B — EL|. < C(N I N)2.
k=lri=1
O

Now, we conclude the bound for closeness error by means of Galerkin

orthogonality and coercivity. Therefore, we need the following theorem.

Theorem 4. Let u and uy be the exact and discrete solution of (1) and its

weak formulation (4), respectively. For u!, the piecewise Lagrange’s interpo-

I _ uy satisfies

lation of u, let xy = u
Ixll. < C(N~'InN)2.

Proof. Coercivity and Galerkin orthogonality give us

IxIIZ = B(x.x) = —B((, x)- (18)

From the definition, ¢ is continuous on interelement boundaries. That is,
[¢(z;)] = 0. So, Bi(¢, x) can be reduced to

N - N
BiG0=Ya [ =Y alC@e)  (9)

Now, we estimate the first term in (19),

; N <, 12 , N z; 1/2
¢Y'dx < (Zsl/ (C')2dx> (Z&n/ (X/)2dx>
<C(N"'InN)?[x]l. -

Second term in (19) can be estimated using Cauchy—Schwarz inequality and

the exact choice of discontinuity-penalization parameter o; = N,
N

iel{c/@j)}[xmn < (2;{<’<zj>}2)1/2<éaj[xupﬁ)

=0

1/2

< C(NT'nN)?[|x. -
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Using both these inequalities in (19), gives us
Bi(¢,x) < C(N"'InN)? |Ix]l. - (20)

Last but not the least is to estimate Ba((, x),

N T N xj
S [ b)) =Y e [ ba)nds
j=1"%i-1 j=1 Tj—1
Nz,
+3 [7 (elo) — eat (@)

We estimate the two terms of right side of above equation separately,

N 2
ZEQ / b(z)Cx dx
=1 e

i—1

3
<X Kllman

=1

3
Xl + 3 Wl ¥l )
i=1
< CO(N"'InN)? . -
Here, we have used

XNz, € COT N Y2 X | 2q, ) < Cler AT InN)Y2 X,

and results of Lemma 3.

Finally, the last term can be bounded as

N g,
3 / (c() — 2 (2))Cxdz| < CICl ey X0 2oy < CON I N)?[x] ..
j=17%i

Keeping in view of above two inequalities, we have
B3(¢,x) < C(N"'InN)? |Ix]l. - (21)

From (18), (20) and (21), we get the result of Theorem 4. O

Theorem 5. Let u and uy be the solutions of continuous problem (1) and
the discrete problem (4), respectively. Then the discretization error satisfies

the following estimates:
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|u—uy|, < C(N"'InN)>.

Proof. Applying triangular inequality on the estimation from Theorems 3

and 4, we get the desired result. O

5 Numerical results and their assessments

In this section, we consider two test problems to validate the theoretical

estimation established in the previous section.

Example 1. In this context, we have the first test problem:

—e1u” + e2(32% + 2)u' + Tu = f(x),
u(0) = u(l) =0,

where f(z) is defined by

322 +2, x<d,
flx) =
0.5z, x >d,

and d = 0.7.

The above test problem is a singularly perturbed convection-diffusion
problem with two parameters and discontinuity of type I in the source term
at an interior point x = d of the domain. The solution of the above test
problem exhibits boundary layers at both end points £ = 0, 1. In addition, a
layer at the point of discontinuity of source term x = d in the interior of the
domain is recorded. The curve of the computed solution along with the exact
solution is provided in Figure 1. The solutionprofile shows both the bound-
ary layers at x = 0 and x = 1 and also the interior layer at x = 0.7. Here,
0.7 is the point of discontinuity for f(z) in Example 1. The exact choice of
discontinuity-penalization parameter used for this is o; = IV, for all j, which
are discussed in Section 4.

Error and rate of convergence are examined for various values of dis-
cretization parameter N and the singular perturbation parameter £;. Two
parameters €1 and eq are related to each other by the relation e, < 3. For

the sake of convenience in our computation, we take the general case e = 3.
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The exact solution to the above test problem is not known. Hence for the
computational purpose, we determine errors for DG-norm by [|uy — uan||p-
We apply the double mesh principle to deduce the rate of convergence and

errors. Therefore, the following formula is applied

RN — log, ( H“N - U2N||DG )7
: HU2N*U4NHDG

and the consequence is mentioned in Tables 1 and 2. From these tables, it
is clear that the scheme is convergent with an order of convergence up to
2. In the study of [11], we see that if we change our domain discretization
from Shishkin mesh to Bakhvalov mesh and Bakhvalov mesh to exponential
mesh, then the rate of convergence increases gradually. In this regard, we
achieve comparatively better order of convergence, and numerically it will be

achieved to 2.

0.4 1

0.3

u(x)

0.2

0.1 4

—— Computed Solution
0.0 4 = Computed with 2N Grid Points

0.0 0.2 0.4 0.6 0.8 1.0
X

Figure 1: Computed and exact solution for Example 1 for N = 2048 and £ = 10~6.

Table 1: ||luy — uan|pe errors for Example 1

Number of intervals (N)
€2 64 128 256 512 1024 2048

1072 2.7829E-03 1.3574E-03 6.7059E-04 3.3331E-04 1.6617E-04 8.2964E-05
1073 3.7937E-03 1.8284E-03 8.9695E-04 4.4416E-04 2.2100E-04 1.1023E-04
10~*  5.3400E-03 2.5120E-03 1.2140E-03 5.9633E-04 2.9548E-04 1.4707E-04
1075 7.7506E-03 3.5276E-03 1.6647E-03 8.0656E-04 3.9677E-04 1.9676E-04
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Table 2: Convergence rates RN for Example 1

Number of intervals (N)

€2 128 256 512 1024 2048

1072 0.8902 0.9406 0.9705 0.9855 0.9928
1073 1.1069 0.8868 0.9140 0.9545 0.9774
10~* 1.7920 1.5795 1.0695 0.9100 0.9347

107° 1.4870 1.8389 1.8514 1.5312 1.0518

Example 2. The second test problem in this context is taken a

—e1u” + &3(Tx + 5)u’ + 3u = f(x),
u(0) = u(l) =0,

where f(z) is defined by

and d = 0.7.

The test problem given above in Example 2 is also regarded as two-
parametric convection-diffusion problem with discontinuous source term.
Due to the lack of an exact solution to the above problem, we use the double
mesh principle to conclude the error and rate of convergence of the obtained

numerical solutions. The rate of convergence is obtained by the following

PN Zlog, ( luy — uan|pe )
: [uan —U4N||DG

formula:

The same choice of discontinuity penalization parameter as in the previous
example is imposed here. The best possible relation between ¢; and &5 is
g1 = 3. Now, the error |[uxy — uan||pg and the rate of convergence P for
the computed solution for the test problem in Example 2 with different values

of discretization parameter IV are given below in Tables 3 and 4, respectively.
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The second-order convergence appears to be achieved up to the logarithmic
factor from Table 4.

Table 3: ||luy — uan|pe errors for Example 2

Number of intervals (V)
€2 64 128 256 512 1024 2048
1072  9.8446E-03 3.0845E-03 9.9633E-04 3.3445E-04 1.1108E-04 3.9958E-05
1073  4.0731E-02 2.0132E-02 8.8730E-03 3.5715E-03 1.4107E-03 5.3149E-04
107%  4.1807E-02 2.0444E-02 8.8440E-03 3.5894E-03 1.3849E-03 5.3839E-04
107> 4.1841E-02 2.0351E-02 8.8344E-03 3.5877E-03 1.4237E-03 5.2625E-04

Table 4: Convergence rates PN for Example 2

Number of intervals (V)

€2 128 256 512 1024 2048

1072 1.6742 1.6303 1.5748 1.5901 1.4751
1073 1.8166 1.8819 1.6128 1.3401 1.4083
1074 1.9320 1.8089 1.3009 1.3739 1.5630
107° 1.9397 1.8239 1.6000 1.5333 1.5359

5.1 Discussion

Several articles are available in the literature that deal with the convergence
and superconvergence of numerical solutions for problems with one and two
small parameters. However, in all the articles, problems with continuous
coefficients and source terms are discussed. In [11], authors have established
the superconvergence result of the discontinuous Galerkin method for a two-
parametric singular perturbation problem in which all the coefficients are
assumed to be continuous. In that, authors have used three types of meshes
usual Shishkin mesh, Bakhvalov mesh, and exponentially graded mesh for

domain discretization and shown their rate of convergence of order two by

Iran. J. Numer. Anal. Optim., Vol. 14, No. 2, 2024, pp 347-366



Ranjan and Gowrisankar 364

talking linear elements in its finite element space. The convergence results
on both the Bakhvalov mesh and exponentially graded mesh have a sharper
rate of convergence, that is O(N ~2), than the rate of convergence obtained
on the usual Shishkin mesh. In the present work, we attempt to obtain
the convergence result for two-parametric problem in which the source term
is discontinuous. The discontinuous Galerkin method is applied, and the

second-order convergence has been obtained up to the logarithmic factor.

6 Conclusion

In this article, we proposed and discussed uniformly convergent discontinuous
Galerkin FEM for two-parametric singularly perturbed problems with a dis-
continuous source term. The problem usually exhibits a weak interior layer
because of the discontinuous source term and the presence of the multiple
perturbation parameters gives rise to boundary layers on both sides of the
boundary. In order to address the layering phenomenon, we developed the
non-symmetric discontinuous Galerkin FEM with interior penalties through
this work. With the use of a typical Shishkin mesh, the domain is discretized,
and a uniform error estimate was obtained. The numerical experiments were

conducted to validate the theoretical conclusions.
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Abstract

In this paper, we introduce second derivative multistep collocation meth-
ods for the numerical integration of ordinary differential equations (ODEs).
These methods combine the concepts of both multistep methods and col-
location methods, using second derivative of the solution in the collocation
points, to achieve an accurate and efficient solution with strong stability
properties, that is, A-stability for ODEs. Using the second-order deriva-
tives leads to high order of convergency in the proposed methods. These
methods approximate the ODE solution by using the numerical solution in
some points in the r previous steps and by matching the function values
and its derivatives at a set of collocation methods. Also, these methods
utilize information from the second derivative of the solution in the colloca-
tion methods. We present the construction of the technique and discuss the

analysis of the order of accuracy and linear stability properties. Finally,
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some numerical results are provided to confirm the theoretical expecta-
tions. A stiff system of ODEs, the Robertson chemical kinetics problem,
and the two-body Pleiades problem are the case studies for comparing the

efficiency of the proposed methods with existing methods.

AMS subject classifications (2020): 65R20.

Keywords: Collocation; Linear stability; Ordinary differential equation;

Second derivative methods.

1 Introduction

This paper is devoted to introducing a new class of collocation methods
by using the second derivative of the solution for the numerical solution of

ordinary differential equations (ODEs) in the form

Y = f(y(t))a te [tOvT]v

y(to) = yo,

(1)

where the function f : RY — R? is sufficiently smooth, 39 € R? is a known
initial value, and the dimensionality of the system is shown by d.

One-step collocation methods for ODEs have been analyzed by many au-
thors (see [3] and references therein contained). As it is well known, the
collocation methods is a technique that the given equation is transformed to
an algebraic equation by representing the solution as a combination of basic
functions belonging to a chosen finite dimensional space, usually a piece-
wise algebraic polynomial, which enforces the integral equation at the chosen
collocation points.

Multistep methods play a crucial role in the numerical integration of
ODEs due to their ability to obtain the approximate solution of a high or-
der of convergence. Lie and Ngrsett [14] first introduced the idea of multi-
step collocation methods. In comparison with classical collocation methods,
these methods depend on more parameters while computational cost does
not exceed them, and these methods have high convergence order and strong

stability properties.
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In comparison with one-step methods, in view of computational cost and

precision of approximation, the multistep methods are more efficient [13].

Using higher order derivative can be a helpful way to achieve the inte-
gration methods will be more stable with high order convergency in both
onestep and multistep methods. Firstly, a class of second-order derivative
formulas is created, and the stability of these formulas was investigated by
Enright [7]. Following this work, successful implementation of second-order
derivatives has been developed in many literatures [4, 5, 6]. Also, second
derivative two-step collocation methods have been recently constructed in
[8]. These methods and all other traditional second derivative methods can
be considered as special cases of the class of second derivative general linear

methods (see, for instance, [1, 2, 4]).

We aim to provide a second derivative extension of the multistep colloca-
tion methods (SDMCMs) that use the second derivatives of the solution in
the collocation points. These methods combine the advantages of both mul-
tistep collocation methods and second derivative methods to obtain methods
with higher order accuracy and desired stability properties. In other word,
we derive a special case of multistep collocation methods, which fixed num-
ber r of previous time steps and first and second derivative of the solution
in m collocation points are used in the approximation of the solution in ev-
ery subinterval. The advantages of these methods are their ability to handle
stiff ODEs and their superior accuracy compared to multistep collocation

methods while the computational cost does not exceed.

Theoretical concepts of new proposed methods, SDMCMs, is discussed
in details in Section 2. In Section 3, the order condition of the proposed
method is obtained. Section 4 is dedicated to analyzing the linear stability
properties of SDMCMs with respect to the linear basic test equation. The
proposed methods with two and three steps and one and two collocation
parameters are constructed in Section 5. Finally, Section 6 presents several
numerical examples in order to validate the effectiveness of proposed methods

and experimentally verify the order of convergence.
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2 Construction of method

Let us divide the interval I := [tg, T] to the finite set of subintervals [t,, tn41]

forn=0,1,...,N — 1 by introducing a uniform mesh A in the form
In={to+nh|n=0,1,....N, h>0, Nh=T —tp}.

Also, consider the abscissa vector ¢ = [cy, ¢a, . .., |’ and define the colloca-
tion parameters by ¢, ; := t,, +c;h. The multi-step continuous approximation
to the solution of (1) is defined by

Pt +5h) = 3 ou(s)ms + B (4506 F(Pltas)
k=0 j=1

£ 3 (G (9Pt ®

J=1

Ynt1 =P(tns1),

with s € (0,1] and the function g is the second derivative of unknown func-
tion y(t) and is defined by ¢(-) = f'(-)f(:). Also, for the implementation
of the method, the approximate solution in the initial interval [tg,¢,—1] is
needed where can be computed by an arbitrary method with sufficiently
high order convergency . The method is defined by the coefficient functions
wi(s), ¥;(s), x;(s),5=1,...,m, k=0,1,...,r — 1, which are polynomials
of degree 2m + r — 1. The interpolation conditions for P(t, + sh) at the

points t,_;, lead to
P(tn—i) = Yn—i, i:O,l,...,r—l, (3)

and collocating the both sides of (1) and its derivative in the collocation

points t, ; is written in the form

Pltn) = f(P(tni)), P'(tni) = g(P(tns)), i=1,2,....m. (4)

The coefficient polynomials of method are determined by conditions (3) and
(4), which lead to

er(—i) = ik, ¥;(=1) =0, x;(=1) =0, (5)
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and
@h(ci) =0, i(ci) = dijy Xj(ci) =0, ©
erlci) =0, ¥i(ci) =0, xj(a)=0dy,

where 6;5, 4,7 = 1,2,...,m, is the usual Kronecker delta. The construction

of these polynomials is obtained by the Hermite-Birkhoff interpolation [18].
To find the unique polynomial that satisfies these conditions, the polynomials

vr(s), ¥;(s), and x;(s) can be formulated in the form

2m—+r—1 2m—+r—1 2m—+r—1

Z (I)[k] S‘ ’ d)_] Z \If ' , Z X[J]S.
(7)

Now, the result of setting s = —k, k = 0,1,...,r — 1, in (7) and setting
s=¢;, t=1,2,...,m in the first and second derivatives of the polynomials,
leads to a linear system for coefficient of the polynomials. The coefficient

matrix A € RE7m+7)x@m+7) ig given by

10 0 0 ... 0
) e (~1y2mtr?
1! 2! 3! S 2mAr=1)!
1 (— r-|-1)1 (— 7-1-1)2 (— 7-1-1)3 (=r41)2mtr=1
21 31 T @mtr—1)1
ol g 2mtr—2
A= 0 1 1r 2! t (2m+r 2)!
Cin 2 2rm—2
0 1 10 2! (27+m 2)!
ol 2mtr—3
0 0 1 0 (@m+r—3)!
. ol C2m~;»7'73
00 1 i o Gmia

and the vectors in the right hand of linear system of equations are defined
by u[ | eER", k=1,2,...,7, v%] eR™ j=1,2,...,m as
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0, i£k ,
(Kly, — ’ ’ Uy, —
u,-); = Vi )i =
(ul¥) {17 RN {

By solving the systems

Aol = [ul**V 0,,,0,,]T, k=0,1,...,
Al =0,,v¥ 0,7, j=1,2,...,
Al =10,,0,,vEIT,  j=1,2,...,

the coefficients of the polynomials are determined.

i #
1=7.
r—1,
m,
m?

372

Now, the conditions for applying the poising condition [9] are established.

Poising condition is a criterion that determines whether the given set of data

points can be interpolated using the Hermite—Birkhoff interpolation. By us-

ing this condition, it can be shown that the solution of the interpolation prob-

lems can be determined uniquely. For this purpose, the following theorems,

which are needed to check the uniqueness of the solution of the Hermite—

Birkhoff interpolation, are mentioned [9]:

Let k and n be natural numbers, and define the matrix

E=legl, i=1....k j=0,1,...,

n—1

)

as a matrix with k£ rows and n columns having elements

€ij =0 or 17

which are such that

E €5 = N.

2%

We shall also assume that the matrix E has no zero rows. Also, suppose that

{x;}%_| is an increasing real number as
T < To < - < Tk
Also, the set of ordered pairs is considered by

e={(0,7) | e; =1}
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The interpolation problem is described by the reals x; and the “incidence

matrix” E in the form
FO () =y for (i,j) €e. )

The matrix FE has a structure where each row corresponds to a different in-
terpolation point, and the columns represent the derivatives at those points.
It is appropriate to see (9) from the point of view of a Hermite—Birkhoff inter-

polation problem which we show it in an abbreviated form by HB-problem.
Definition 1. When the conditions
P(z) € mp_1, PY(x;)=0, forall(i,j)eE,

are established, then the HB-problem (9) is poised, and as a result, P(x) = 0,

equivalently, the matrix F is called poised if the related interpolation problem

has a unique solution for any set of constants y(j )

.77, in which the problem is

independent of choosing of the ordered interpolation points x;, zo, ..., Tk.
Define
k l
M= eg, M= iy, jl=01..n-1
i=1 §=0

It is shown by Schoenberg [18] that a necessary condition for poising of E is
M >1+1, 1=0,1,...,n—1,
and these inequalities are recognized as Polya conditions.

Definition 2. Let the incidence matrix E be with k rows. Let f; be the
column index of the first one that appears in the row ¢. Moreover, E is called
a pyramid matrix if, for each i, ¢; = 1 implies ¢;;; = 1 for f; < j' < j,
and there is some value of 1 < ¢ < k so that f; > fo > --- > f; and
Ji < fir1 < < S

The necessary condition for poising the matrix F with respect to the
ordering points x; < z3 < -+ < x, is declared by Ferguson [9] in the next

theorem.
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Theorem 1. If F is a pyramid matrix with & rows, satisfying the Polya

conditions, then F is poised with respect to the ordering x1 < 22 < -+ < xj.

Now, we show that our interpolation problems (5)—(6) have unique so-
lution or equivalently the conditions hold true for the given interpolation

problem. For these problems, the interpolation points can be considered by
—r+l<—Tr+2<---<-1<0<1 << < Cp-

So, the matrix E with m + r rows and 2m + r columns can be defined by

[1000---0
1000---0

E={1000---0

0110---0
0110---0
Thus, we have
mozrv mlzmv m2:mv m3:0a'°'7mn*1:03
My=r, Mi=r+m, Ms=2m-+r, ..., Mp_1=2m+r=n.

By considering the numbers Mj, since
Mo >=1, Ml >=2, Mg, >=3, ..., Mn,1 >=n.
the Polya condition is satisfied for the matrix E. Also, by considering

f1:0, f2:07 ceey fTZO, fv"+1:17 ceey fr-l—mzlv

according Definition 2, one can see that the matrix F is a pyramid matrix.
Thus, by Theorem 1, it is concluded that E is poised with respect to the
ordering points —r+1 < —r+2 <. < -1<0<c¢; < ¢y < -+ < ¢p. Thus,

satisfying these conditions guarantees a unique and smooth interpolating
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polynomial that satisfies the given data (5)—(6). In the other word, the

matrix A is nonsingular.

When a nonlinear ODE is integrated by implicit (first derivative) meth-
ods, the approximation of the stage values leads to solving a nonlinear alge-
braic system of equations, which can be solved by Newton’s iterative methods.
Thus, the Jacobian matrix df/dy is usually computed. Therefore, computing
the second derivative function g := (0f/0y)f(y) does not impose any addi-
tional computational cost. It should be mentioned that in the application
of these methods, the Jacobian matrix dg/dy is approximated by (9f/0y)?,

which is a piecewise constant approximation.

3 Continuous order conditions

In this section, we investigate continuous order conditions for the method
(2). We know that the collocation polynomial P(t,, + sh) provides a uniform
approximation of order p to y(t, + sh), s € [0,1]. For this end, the approx-
imate solution P(t,, + sh) is replaced by y(t, + sh) in (2), where y(t) is the
exact solution of (1). Then by subtracting the both sides of the obtained

relation, the discretization error is obtained in the form

m

(t + 5h) =y(tn +50) — 3 ou(S)y(tas) — B> 05(9) (b))
k=0 j=1

) (10)
— 1> X3 (8)g(y(tn),
j=1

where s € [0,1] and n = 1,2,..., N — 1. By expanding local discretization
error in Taylor series around the point t,, and collecting terms with the same

powers of h we have the following theorem.

Theorem 2. Assume that the function f(y) is sufficiently smooth. Then

the method (2) has uniform order p if the following conditions are satisfied:
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r—1
D en(s) =1,
k=0

r—1 m
> ker(s) + > wi(s) =s, (11)
k=0 j=1

%

Z%(S) +jz: (%(5)(:{1)! +Xj(3)(ici_2)!> = %,

—

r—1 K
Z( i!)

k=0

where s € [0,1], ¢ = 2,3,...,p. Moreover, the local discretization error (10)

takes the form
e(ty + sh) = hPHEO,(s)y P+ (t,) + O(hPH?), (12)

in which
ght1 r-1 (—k)P+!

T ©k(s)

RS =Rl

- (¢)” &
5 (w0 o).

The set of order conditions (11) leads to a linear system of p + 1 equa-
tions in 2m + r unknowns. The unknowns of this system are the coefficient
polynomials of the proposed method.

Therefore, considering p at most equal to 2m + r — 1 guarantees that the

linear system (11) is compatible. This leads to the following result.

Remark 1. The maximum attainable uniform order of convergence for the

new method (2) is 2m +r — 1.

In the following, the necessary conditions for zero-stability of the new
method are investigated. For this end, the method is applied to the simple

ODE 3’ = 0, where the recurrence relation is obtained in the form

r—1
Yn+1 = Z ekynfkv
k=0

where 0, = ¢p(1). Thus, the characteristic polynomial of this recurrence

relation is
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r—1
pw) = b,
k=0

Therefore, the constructed method is zero-stable if and only if —1 < 0; <1
fori=1,2,...,r—1.

4 Linear stability analysis

We now focus our attention on the linear stability properties of the SDMCMs
(2) with respect to the standard basic test equation of Dahlquist

Y =y, (14)

where A is a complex number with negative real part. Let us consider the

vectors and matrices
A= [Y;(e)]f= € R™>™, A= [xle)]lz, € R,
UT = [¢1(1)]T € Rmv wT = [XZ(]-)]T € Rm?
(15)
(CP(C))]‘J' = [SDJ(CZ)] € Rmxr’ ] = 07 ]-a sy T — ]-7 1= ]-a 27 cee, M,
P(tn +ch) = [P(tn + cih)] ;-

Theorem 3. Applying the new method (2) to the basic test equation (14)

leads to the recurrence relation in the form

Yn+t1 Mui(z) 0 Yn
= , (16)
e L 0. |4,

where z := Ah and
Mi1(z) = (1) + (20T + 22w”) Q7 1p(c) € RM*T,
Q=1, —zA—z2A c R™*™,
Proof. First, the new constructed method (2) is applied to the test equation

(14), and then both sides of the obtained equation are collocated at points

¢;, 1=1,...,m. Thus the algebraic relation is obtained in the form
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t +Cz Z‘Pk Cz Yn— k+)\hz’¢}j Cz nJ +)‘2hQZXj Cl (t J)’

j=1

(17)
fori=1,...,m. Also, the approximated solution in the next step is obtained
by

m

Yni1 = z_j Pk(D)yn—k + MY (1) Pt ;) + NB* Y x; (1) P(tn;), (18)
k=0

j=1 j=1

forn=7r—1,r,..., N — 1. By the notations introduced in (15), the relations

(17)—(18) can be written in the matrix form as

P(t, + ch) = (c)y\") + 2AP(t, + ch) + 2>AP(t,, + ch),

Yni1 = o(1)y'" + 20T P(t,, + ch) + 22w” P(t,, + ch). e
Thus by setting Q = I — 24 — 22 A, the first relation in (19) leads to
P(t, +ch) = Q" p(c)yy),
where substituting it in (19) for computing y,,+1 leads to
gt = (1) + (207 + 220T)Q 7 e(0))y1): (20)

This relation is equivalent by the first row of (16) and the proof is complete.
O

The coefficient matrix in (16) is shown by R(z) € Cr+Dx(+1) "and it is
called the stability matrix of the method. So the stability function is obtained
by

p(w, z) = det(wl — R(2)). (21)

The stability properties of (2) with respect to the standard test equation (14)
are dependent on the corresponding stability function p(w, 2).

Now, by multiplying the stability function (21) by its denominator, the
stability polynomial of the method is obtained, which will be shown by the
same symbol p(w, z). Therefore, the stability properties of the corresponding
methods depend on the obtained polynomial p(w, z). The region of absolute
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stability, A, is defined to be a region of the complex z-plane such that the
roots of p(w, z) = 0 lie within the unit circle whenever z lies in the interior
of the region. To obtain the region of absolute stability, we use the bound-
ary locus method [15]. Inserting w = e, the roots of stability polynomial

describe the bound of stability region.

5 Construction of A-stable SDMCMs

In this section, we focus our attentions on two steps and three steps con-
tinuous methods, (r = 2,3) with one and two collocation parameters. The
polynomials of the methods are constructed by solving the linear system (8).
Also, one can construct these polynomials by solving the system of order
conditions (11) by p = 2m +r — 1. Then, by considering the stability matrix
(16), collocation parameters in the interval [0, 1] are determined in order to

achieve A-stability.

5.1 Construction of SDMCMs with r =2 and m =1

In this subsection, we first investigate two step new methods with r = 2 and
one collocation parameter of order p = 2m + r — 1 = 3. The coefficients of

these methods are

s3—3¢s? +3c%s+ 3¢ +3c+1

Pl = 3c2+3c+1 )
= At

U1(s) = (_Szngzgfz;; icfr Ds

ya(s) = St 1)s® — (3¢ + 1)s — 3¢® — 20)

2(3c2+3c+1)

The stability polynomial of the method is written in the form

3
p(w,2) =3 i)’
i=1
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1
T 6c2+6c+2

+ ((—204 +4c% —2)22 + (8¢3 — 8¢)z — 1262 — 4)w2

(((04 +2¢3 + A2 + (—4c® — 6% — 2¢)z + 662 + 6¢ + 2) wd

+ ((04 — 263 4+ )22 4 (4¢3 4+ 6¢2 — 2¢)z + 6¢% — 6¢ + 2)w).

By performing an advanced search based on the boundary locus method, we
find that there are some A-stable methods within this class of methods, for
example, when the collocation parameter c lies in the interval [0.578, 1], the
obtained method is the A-stable of order 3. For example, by choosing ¢ = 1,
an A-stable method of order 3 is obtained where the polynomials of methods

are in the form

s3—3s2+3s+7 —s3 4352 — 3s

vo(s) = ;opi(s) = —————,
7 7

—53 4352 +4s 353 — 252 — 5s

dils) = — T (e = T

5.2 Construction of SDMCMs with r =2 and m = 2

In this subsection, we describe the construction of the method with r = 2
and two collocation parameters. The polynomials of method are of degree
5 and can be obtained by solving the system of order condition (11) with
p=2m+1r — 1 = 5. The stability polynomial of the method is obtained in

the form
3 .
pw,2) = 3 pi(2)w,
i=1

where p;(z) are polynomials of degree 2. By an extensive computer searching,
we could not found A-stable methods for ¢1,co € [0, 1], but in some cases, an

extensive stability region (near to A-stability) can be observed.

For example, choosing ¢ = [%, 1] leads to method of order 5 with un-
bounded stability region, where its stability region is plotted in Figure 1,

and its coefficients are determined by

15 45 5 45 6
1y P P2 03 a0 s
#o(s) 1827 T 182° Tt T ase® Tort
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L5 4, 5 45 6
P1(s) = 1ot 1535 T 1g° 5

4 182 91
bls) = %1245 + 39712 gsg 39516 + 19912 ;
Pa(s) = ;1;; %52 %s3 %34 _ 19118557
a6 = ot 1+ 1 i g

_-M9 25, 3, 281, 43
X2(8) = e s+ 3615 ~ 55 " 31° tort

Also, the stability polynomial of this method is

plw,z) = 525(182% — 15023 4 72722 — 21202 + 2912)w?
5o ((—7222 — 7682 — 2044)w + 22 + 82 + 32).

real(z)

Figure 1: Stability region (Shaded region) of method with r =2, m =2 and ¢ = [%, 1].

5.3 Construction of SDMCMs with r =3 and m =1

We now consider 3-step SDMCMs with one collocation parameter of order
p = 4. Solving the system of order condition (11) corresponding to p = 4,
we obtain the family of methods of order 4 depending on the parameter c.

We apply the boundary locus method on the stability polynomial p(w, z), in
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order to determine the values of the free parameters ¢ € [0, 1] achieving A-
stability. We obtained when ¢ belongs in [0.619, 1], the constructed methods

are A-stable. Choosing, for example, for ¢ = we obtain the three-step

7
10°
formula of uniform order p = 4 with coefficients given by

7 8l 11 19
A B . TN |
pols) =1+ 58 = 125" = 175% + 17

4 42, 12, 13,
Prls) = —pst e T gt T g5

1 3, 13, 7,
#2(5) = 155~ 170° ~ 1m0 T 1o
239, 1., 6,

Vils) = g5t 555~ g5 T g

129, 8, 11,
Xa(s) = =5 = 75 T s S T i

5.4 Construction of SDMCMs with r =3 and m = 2

We now present the construction for SDMCMs of uniform convergence order
6 with » = 3 and m = 2. First, by solving the order conditions (11), the
polynomials of a method of degree 6 are determined depending on the pa-
rameters ¢; and co. The stability polynomial of the method is obtained in

the form
4 .
p(w,2) = 3 pile,
i=1

where p;(z) are polynomials of degree 2. We apply the boundary locus
method on the stability polynomial p(w, z), in order to determine the val-
ues of the free parameters cj,co € [0,1] achieving A-stability. The range
of (¢1,¢2) in the domain [0, 1] x [0,1], which leads to A-stable methods, is
plotted in Figure 2.

For example, by choosing ¢ = [%, 1], an A-stable method of order p = 6 is

obtained, where coefficients are

1321655 — 2156455 — 331235 + 10125953 — 8763952 + 32517s + 219758
wols) = 219758 ’
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—14672s% 4+ 255365° 4+ 307865 — 10376853 + 9130852 — 34104s

i) = 219758 '
() 145658 — 397255 + 2337s% + 25095 — 366952 4 1587s
S) = 5
vz 219758
n(s) 7750455 4+ 2040055 — 3054565* + 7076853 + 25387252 — 652485
S) = 5
! 109879
b (s) —8338455 — 11604s° + 3231865 — 12014353 — 21188752 + 1596625
s) = s
2 109879
() 274455 — 680s% — 11128s% 4 829653 + 752052 — 8480s
S) = y
X 9989
(s) 3332056 4 12944s° — 116167s* 4 33872s% 4 7602552 — 536385
xX2(8) = .

219758

08

0.6

04

0.2

€

Figure 2: Acceptable (c1,c2) pairs for A-stability of SDMCMs with r = 3, m = 2.

6 Numerical eexperiments

In this section, we present numerical results arising from the application
of the SDMCMs in order to confirm the theoretical expectations, show the
efficiency and accuracy of the new method, and validate the order of these
methods in the integration of stiff systems. In what follows, we describe the

details of the implemented methods:

e Method 1: A-stable SDMCM of convergence order 3 with r = 2, m =

1, and collocation parameter ¢ = 1.

Iran. J. Numer. Anal. Optim., Vol. 14, No. 2, 2024, pp 367-390



Fazeli

384

e Method 2: SDMCM of convergence order 5 with r =2, m = 2, and

collocation parameters ¢; = 1—50, co = 1.

¢ Method 3: A-stable SDMCM of convergence order 4 with r = 3, m =

1, and collocation parameter ¢ = 1.

e« Method 4: A-stable SDMCM of convergence order 6 with r = 3, m =

2, and collocation parameters ¢ = [, 1].

Also, we compared the results with the method in [6, 8], by the implementa-
tion of the method.

¢ Method 5: Second derivative two-step collocation method with m = 1,

p=4m =4, c= % and ¢ = 1, introduced in [8].

¢ Method 6: Two-step almost collocation method with m = 2, p =

2m =4, ¢ = [4, 3], introduced in [6].

Computational experiments are done by applying the methods to the follow-

ing problems:

P1.

P2.

P3.

The nonlinear stiff ODE
Y1 (t) = —10004y () + 10000y (t)?, y1(0) = 1

yo(t) = yi(t) — y2 () (1 + y2(1)*),  v2(0)

)

L

with ¢ € [0,1]. The exact solution is [y () y2(t)]T =[e™* e~!]7.

The Robertson chemical kinetics problem [13]

yi(t) = —0.04y1 (t) + 10%y(t)ys(t), y1(0) =1,
Yo (t) = 0.04y1 (t) — 10%y(t)ys(t) — 3 x 107y2(t)?, y2(0) = 0,
Y5 =3 x 107ys(t)?, y3(0) =0,

with ¢ € [0,1000].

The Pleiades problem [16] is a celestial mechanics problem of seven

stars in the plane of coordinates z; and y; and masses m; = ¢ for i =

1,2,...,7. The problem consists of a system of 14 special second-order

differential equations rewritten to a first-order form, thus providing a
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system of ODEs of dimension 28. The formulation and data have been

taken from [11]. The problem is in the form
2= f(Z), Z(O) = 20, Z,(O) = 26’

with 2 € R™ and 0 < t < 3. By considering z = (27,y7)7,
x,y € R7, the function f : R — R is given by f(z) = f(x,y) =

£ =" myay — ) rl?,
i

fi(2) - ij(yj - yi)/rfj/Q, i=1,2,...,7,
J#i

with m; = ¢ and
rig = (zi—x;)* + (i — ;).

We convert this problem to a first-order form by defining w = 2/, which

leads to a system of 28 nonlinear differential equations of the form

(w) - <}U<z>>’

where (27, wT)T € R?® and 0 < ¢ < 3. The initial values are

0 2o = (3,3,-1,-3,2,-2,2)7,
20\ | vo vo = (3,-3,2,0,0, —4,4)T
<wo> a2 |7 ) a2, =1(0,0,00,01.75 1,57,
Yo vy = (0,0,0,—-1.25,1,0,0)T.

Table 1 presents the reference solution at the end of the integration

interval, which is reported in [16].

In our numerical experiments, we apply Method 1- Method 4 to the given test
problems with the fixed step sizes h = T'/N for several integer values of N.
The global error of the methods at the endpoint of the interval of integration
is listed by Err. Also, to verify theoretical results on the order of accuracy,
we compute a numerical estimate to the order of accuracy of the methods

by the formula log, (|| Erry(z)||/|| Erry 2(x)|), where Erry(z) and Erry, jo(x)
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Table 1: Reference solution at the end of the integration interval

1 =0.3706139143970502

y1 = -3.943437585517392

T2 = 3.237284092057233

Y2 = -3.271380973972550

T3 = -3.222559032418324

ys =5.225081843456543

4 = 0.6597091455775310

ya =-2.590612434977470

x5 = 0.3425581707156584

ys = 1.198213693392275

26=1.562172101400631

ys = -0.2429682344935824

7 = -0.7003092922212495

y7 = 1.091449240428980

x} = 3.417003806314313

Yy = —3.741244961234010

xh = 1.354584501625501

yh = 0.3773459685750630

= —2.590065597810775

ys = 0.9386858869551073

vy = 0.3667922227200571

Ty = —1.155815100160448

yt = —0.3474046353808490

rg = —0.8072988170223021

Y = 2.344915448180937

x/
3
xly = 2.025053734714242
5
/
6
/

xzr = 0.5952396354208710

yh = —1.947020434263292

386

are the errors at the endpoint of the interval of integration corresponding to

the step sizes h and h/2, respectively. we observed that the expected order

was achieved. Also, by comparing results by methods introduced in [6, 8],

one can see that the results are compatible with Method 5 and the solution

by this new method is more precise than the results of Method 4 while the

computational cost for the new method is less.

In problems P2, the reference solutions reported in [10] are used for com-

puting the global error. The obtained results are reported in Table 2.
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Table 2: The results of the methods for problem P1.

N 4 8 16 32 64

Method 1 Err | 2.22x 107  340x107° 4.64x 10~  6.04 x 10~7  7.71 x 1078
p(h) 2.71 2.87 2.94 2.97

Method 2 Err | 2.12x 1077  838x107° 293 x 1071 9.66 x 1072 3.10 x 1073
p(h) 4.66 4.84 4.92 4.96

Method 3 Err | 1.95x107°  1.92x 107¢ 139 x 10=7  9.30 x 1072  5.99 x 10710
p(h) 3.35 3.78 3.91 3.96

Method 4  Err | 3.96 x 1079 1.01 x 1071 1.93 x 1072 3.33 x 10~ 5.46 x 10716
p(h) 5.31 5.70 5.86 5.93

Method 5 Err | 1.17x 1073 6.14x 107 258 x 1076  1.01 x 1077  5.96 x 102
p(h) 4.26 4.57 4.67 4.59

Method 6  Err | 1.51 x 1073  1.74x 107% 1.49x107° 1.08x107¢ 7.08 x 1078
p(h) 3.11 3.54 3.79 3.93
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Table 3: The results of SDMCMs for problem P2

N 500 750 1000 1250 1500
Method 1 Err | 441 x107° 1.69x 107 822 x 1076 4.62x 1076 2.85x 107
p(h) 2.37 2.50 2.58 2.69
Method 2 Err | 341 x 1077 741 x107% 217x 1078 8.07 x 1072  4.46 x 107
p(h) 3.76 4.27 4.42 4.64
Method 3 Err | 1.99 x 1076 824 x 1077 399 x 1077 216 x 1077 7.81 x 1078
p(h) 3.07 3.25 3.36 3.54
Method 4  Err | 7.86 x 1078 1.67 x 107® 526 x 107% 1.58 x 107% 5.42 x 10710
p(h) 4.84 4.97 5.37 5.90
Table 4: The results of SDMCMs for problem P3
h 1x1073 1 x1073 1x1073 & x 1073
Method 1 Err | 1.99x 1071 249 x 1072 3.13x 1073 3.90 x 10~4
p(h) 2.99 2.99 3.00
Method 2 Err | 7.32x107% 231 x107% 721 x1077 247 x 1078
p(h) 4.98 4.99 5.00
Method 3 Err | 539 x 1072 252 x 1073 124 x10~* 6.67 x 10~*
p(h) 4.41 4.34 4.22
Method 4  Err | 215 x 107 371 x 1077 6.02x 1072 9.46 x 101!
p(h) 5.86 5.94 5.99

7 Conclusion

We have introduced a new family of SDMCMs.

The constructed r-step

method with m collocation parameters has a uniform order 2m + r — 1.

Examples of SDMCMs up to order 6 with the property of A-stability were

constructed. The accuracy and efficiency of constructed methods were ver-

ified by solving some stiff problems. SDMCMs are efficient in solving stiff
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problems, which are confirmed by numerical experiments. Future work will
be in the investigation of G-simplecticity of SDMCMs [12, 17].
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schemes, indicated that they have convergence order (CO) four in scalar
space and retain the same number of CO in vector space. The numerical
experiments conducted on the schemes when used to decide the solutions
of some real-life nonlinear models show that they are good challengers of

some well-known and robust existing iterative schemes.

AMS subject classifications (2020): Primary 65H05; Secondary 41A25.

Keywords: Jarratt scheme, Iterative scheme, Rational approximation poly-

nomial, Nonlinear equation, System of nonlinear equation.

1 Introduction

A challenging task in the area of numerical computing is that of determin-
ing the solution of a scalar nonlinear equation I'(x) = 0 and the system of
nonlinear equation I'(X) = 0. This is because, plethora of real life situa-
tions or systems, are often modeled into either scalar nonlinear or system
of nonlinear equations. For instance, More [8] presented a compiled phys-
ical problems that are mostly modeled in the form of system of nonlinear
equations. Problems in chemical equilibrium were modeled into nonlinear
equations and studied by Shacham and Kehat [15]. Systems of nonlinear
equations were applied to modeled problems in kinematics syntheses, neuro-
physiology, economics, and combustion engineering, which were considered
and studied by Grosan and Abraham [3]. The nonlinear global positioning
system problems modeled into nonlinear systems, were extensively exploited
and solved by Yaseen, Zafar, and Alsulami [19]. More literature on phys-
ical occurrences or phenomena that are modeled into systems of nonlinear
equations can be found in [6, 7, 9].

In order to have better insight of the problems that are modeled into non-
linear equations, the solutions of the models are usually desired to be known.
Unfortunately, there is no general algebraic formula for solving all types of
nonlinear equations. Consequent upon this, iterative schemes are designed to
fill this gap. While many researchers have developed several schemes for deal-

ing with the solutions of scalar nonlinear or system of nonlinear equations,
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some of the schemes suffered some setbacks such as low convergence order
(CO) and efficiency, non-convergence, divergence from true solution, break-
down, or inability to directly extend the schemes for solving scalar nonlinear
equations to solving multidimensional nonlinear system and still conserving

their CO.

The Jarratt scheme (JS) [4] presented as

[ () +30(ys) | T(wa)
6L (yi) — 21 (2) | T ()’

Ti+1 = Ty ’L'ZO,].,Q,..., (1)

where y; = x; — %II:,((?)) is one of the famous classical iterative scheme that is

efficient, converges to solution with high CO, and can directly be extended
to multidimensional form and still retain its CO. Many JS families have been
put forward in literature. One of such families is that due to Behl, Kanwar,

and Sharma [1] and presented as follows:

(7 — 22q1q2 — 27¢3)T" (;) 4 3(q7 + 10q1g2 + 53 )1 ()] T'(z:)

2l (w) + 321" (y:)] [3(q1 + @2)1 (vi) — (@1 + 5g2)1" (x4)] (2;

where ¢; € R such that q; # g2 and ¢1 # —3¢2. Kanwar, Kumar, and Behl

Tit+1 = T —

[5] modified the family of the iterative scheme in (2) to deal with problems

in multivariate case. Their scheme reads as follows:

2
Yi=X, — gM(Xz)

Xiy1=Xi — % (1] +3¢2N (X)) (3(qn + @2)N(X;) — (g1 + 5g2)I)] " 3)

X [(¢f — 22q1q2 — 2743)1 + 3(qF + 10q1q2 + 55) N (X;)] M(X;),
N(X;) =T'(X;)"'T'(Y),  M(X;) =T"(X;)"'T"(Xy),

where [ is an identity matrix corresponding to the nonlinear system dimen-
sion.

In [2], another JS family was designed and analyzed using complex dy-
namics techniques to investigate whether behind the JS in the developed
family. There are other JS variants that are computationally better in sta-
bility and numerical performance. After analysis, their work concluded that

JS performed best among all the concrete members of the developed family.
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Deriving motivation from the schemes put forward in (2) and (3), we
propose two new families of Jarratt and Jarratt-variant schemes for solving
nonlinear equations in this paper. The new families of schemes were derived
based on the bi-variate rational approximation polynomial of degree two in
both its numerator and denominator. The derived families of the schemes
are of high CO and optimal as conjectured by Traub [18].

This paper is arranged as follows: Section 2 is meant for the development
of the two families and their theoretical convergence analysis. Furthermore,
some typical members of the families are noted in this section. Section 3
represents the extension of the families to multivariate cases and their con-
vergence criteria. In Section 4, the application of some identified members
of the developed families of iterative schemes to solve some real-life models

is presented. Finally, the concluding remarks are made in Section 5.

2 The iterative schemes

We begin by acknowledging the following fundamental concepts.

Definition 1. [18, 10] Let z, be the solution of I'(z) = 0 and d; = |z; — x|
the error at ith iteration point of an iterative scheme ¥ (x;). If an equation
of the form d;y; = Qd? + O(d]™) can be derived from (z;) via the Taylor
expansions of the functions I'(-) and functions derivatives I''(-) it contains,
then d;; is known as the iterative scheme asymptotic error equation, 7 is

CO, and 2 is asymptotic constant.

Definition 2. [18, 10] The efficiency of an iterative scheme 1 (z;) is the value
n%, where T is the sum of all different functions assessment in one iteration

cycle.

Definition 3. [14] The computational CO (7)coc) of an iterative scheme ¢(z;)

is the value obtained by using the formula

log wy

(4)

nCOC ~ )
log wo

[(z:)
D(zi—1) |’
three consecutive iteration results of ¥ (x;).

,and x;_o, ;1 together with z; are last

1)
)

2

her _ _ | D(ziz
wihere wp = Wo = T(zi_
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The formulas in Definitions 1, 2, and 3 can easily be modified to handle

cases in vector form.

2.1 The Jarratt’s family (JF)

We consider the weighted scheme presented as follows:

[(z;)

Tip1 =2 — Poo [I(2:), 1" (1)) T(2;)’

where

Poo [T (24), T ()]
aa [ (@) = D)) + T () fon (U () = D)) + D' ()] ©)
ag [T () — F/(yz’)]Q +T"(yi) [az (T () — T (y:)) + TV (y3)]

is a bi-variate rational approximation polynomial of degree two in its numer-

ator and denominator, a;(i = 1,2,3,4) € R are free parameters such that not

alla; =0and y = x; — %15,((?_)). To determine the contribution of the scheme

(5), some conditions are set on the parameters so as to ensure its convergence

when implemented to solve scalar nonlinear equations.

Theorem 1. Suppose that I' : D C R — R is a scalar function that is

sufficiently differentiable in D such that IV(-) # 0 in D. Furthermore, let

zx € D be a simple solution of I'. If xg is in the neighborhood of z,, then

the sequence of solution approximations {z;},~ ,(z» € D) produced by the

family of the scheme in (5), will converge to a:: with CO four subject to the
_ 4a1-3 3—12(1116+16a2'

conditions that az = === and a4 =

Proof. Applying the Taylor’s expansion on I'(z) and I”(z) around the solu-

tion z, and setting x = x;, then

4
di+ Y cnd? +0(d)

n=2

T (z;) =T (x,) . i=0,1,2,...,  (7)

and

I (2)) = T’ ()

4
1+ Z ne,dit + 0 (df)] , (8)

n=2
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holds for ¢,, = % Fl(j()q(qm)) ,n > 2.

Using the expansions in (7) and (8), the expression for y; is as follows:

2 I'(z;) 2cy 5 3(c3 2(4c3 — Teges + 3cy)

—¢3) 3 4
P =2 — 5 *d —d; - d; d;
Vi= T sy T3h Tt 3 * 3
n 4(4ch — 10c3c3 +§c§ + 5cgcy — 265)(15’ + o).
(9)
Now, the Taylor’s expansion for I'(y;) is
T'(y:) :}di n Teo Ty 8c2 N 37cs e 2(10c3 — 16¢ac3 + 9c4) i
3 9 9 27 9 (10)
4 (12¢5 — 27¢3c3 4 8¢5 4 12¢0¢4 — 6
I ( Co C3C3 C3 CoCy 05) d? n O(d?)’

9

and for I'(y;), follow the next equation:

2 4¢3 —8¢c3
F/(yz) =1+ gdz + 23 d2 < 3 + 40263) d3

4(4ch — 8cacs + 263 + 3eacy)
+ 3
4 (863 — 20c303 + 9026% + 1OC§C4 — 3c3cq — 4CQC5)
3

d4

47 +O(dy).
(11)
The use of the expansions in (7), (8), and (11), enables the deduction of
the expansion of the the weight function P o [IV(2;), IV (y;)] in (6) as follows:

['(z;)
()

Poo (), T ()]

1 {2(9+ 8a, + 16a3 + 8a3 — 8ay (2 + az) — 8ay)cs

+ d?
+ 3(—3 + 4&1 — 4&3)03

1 [4(—27 — 49a3 — 52a3 — 16a3 — 4as(13 + 4az) o

27 4o+ 27(=3+day — das)es )

1

81 ((8(81 + 127as + 210a3 + 144a} + 32a3 — - - + 9(4 — bay + 5az)cs) d?
+O(dY).

(12)

The substitution of (12) into (5) yields
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L(=:)
— . / . / . v
zip1 =x; — Pao [TV (2:), T (yi)] T (z2)
—3 4 4ay — 4
=2, —d; —d; + <M> d?
3
2((9 + 8az + 16as + 8a3 — 8a1(2 + a3) — 8aa)c3 + 3(—3 +4a1 — 4az)cz \ 3
+ 9 d;
(4(—27 — 49a3 — 52a2 — 16a3 — - - - + 27(—3 + da1 — 4as)ca \ 4
+ d;
27
8(81 + 127ag + 210a2 + 144a3 — --- + 9(4 — a1 + 5as)c
+<(( 2 S T ( ! 3)‘"’)d?+o(cl§-").

(13)
The expression in (13) will reduce to equation of order four if the next

set of equations hold:

—3+4ay —4a3z =0,

(14)
9 + 8ay + 16a3 + 8aj — 8a; (2 + az) — 8ay = 0.
The equations in (14) are satisfied when
a 4(11 -3
3=
4
oy — 3 —12a1 + 16as (15)
e 16 '
Consequently, by the application of (15) in (13), it reduces to
10 — 4ay + 16az)c3 — 9
1 [4(—121 4 16a7 + ay (48 — 64ay) — 208as)c5 -
108\ 72(—13 + 4a; — 16a2)c2cs — 324cacq + 27(—82 +¢5) )
+ 0 (df).
(16)

By Definition 1, the equation in (16) is the error equation of the scheme

in (5) and therefore, has minimum CO four. O

Remark 1. When the conditions in (15) are substituted into the scheme
in (5) and after some simplification, a new two-free-parameter family of the
Jarratt scheme (JF) is presented as follows:

I'(z)
INEHE

Tig1 =2 + Poo [T (25), T (ys)] (17)
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where P o [IV(x;),I"(y;)] expression is

Poo [ (), T ()]

__16@ﬂvwo—rmmf+vwomuvua—v@»+wwm)(w)
| (234 12a1 — 16a9) T (25)? + 2 (9 — 20a1 + 16a) T (z)T (i) |

+ (=31 4 28a; — 16a2I"(y;)?)

The JF require one I'(+) and two I(-) evaluations in one cycle of iteration
and by Definition 2, the family has E.I = 1.5874.

2.1.1 The JF Particular cases

Here, for some specific values of a; and as imposed on the scheme in (17), a
particular case of the developed JF can be put forward. Some typical cases

are provided next.

Case 1: For a; = % and ap = 0, the famous JS is rediscovered as follows:

I (x;) + 31" (y;) ] ()
21 () — 61 (y:) | TV (i)

Tip1 =i+ { (19)

Case 2: For a1 = 3 and ap = £, a new IS (JF}) is put forward as follows:

i1 =T — | = . 2
A [8 " 81V (y:)? | TV (z:) (20)
Case 3: For a3 = az = 1, a new scheme (JFy) is formed as follows:
Iné i2_1—1/ iF/ i T/ 7;2 T i
o — 16 [ D@ TEIT@ WP @)y

Case 4: For a; = az = 0, a new scheme (JF3) is constructed as follows:

16" (y:)? } I(xi)
SF’(xi)2 — 18F’(x1)F’(yz) + 311_‘/(:%)2 F’(mi) '

%Hm{ (22)
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2.2 The Jarratt-variant family (JVF)

Here an iterative scheme that is a variant of the Jarratt’s scheme family put

forward in (17) is presented as follows:

Tiy1 = x; — Roo [TV (), T (ys)] ?:EZ;’ (23)
where
1(n, \2 e T (v: o /‘Ti 2
R272 [F/(xz),r/(yz)] _ r (yl) +b,T ( Z)F (yl) + bl ( ) (24)

T (yi)? 4 b3l (2:)T" (yi) + bal” (w4)? |

is a degree two rational polynomial and b;(i = 1,2, 3,4) € R are free param-
eters and not all equal zero. Next, the convergence condition for the IS (23)

is investigated.

Theorem 2. Under the hypothesis made on the function I'(x) in Theorem
2

1, the IS in (23) will be of CO four when by = 2% b3 = 2(1 + b;) and

by = _1%21’1 provided b; # —2.

Proof. Assume that the expansions in (7)—(11) holds. Then

I (z;)
I(z5)

Ra o [F/(l’i)» F,(yi)}

[ 1+4b1+b2 d
1+b3+by) *

1
~ 30 (34 Tbg — ba(5 + b3 — 3bs) + 11bs 4 b1 (—1 + 3b3 + Tbs)) d2
2((9 4 34b3 + 33b3 + 42by + 90b3by 4 6563 — b2 (15 + Tb3
1 | +38bs — 9b2 + 6b3(5 + ba)) + b1 (—7 + 9b2 — 6by + 33b3 2 (25)
4+ — 7

963 + b3(—6 + 34b4)))c§ + 3(—3 — 7b3 + b1 (1 — 3bz — 7ba)
+ b2(5 4+ b3 — 3b4) — 11b4)(1 + b3 + b4)C3)

1 — (—4(27 + 130b3 + 23163 4 144b3 4 -+ — ba (19 + 2263 + - - 4
276% \ 2362 (5 + 3bs) + - - + 6ba(5 + b — 3bs) — 11ba)(1 + bs + ba)%cs)) )
+O(d?).

where § = 1 + bg + bs.

Our expectation here, is to reduce the error equation in (25) to order four.

This suffices to solving the following set of equations:
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by + by — by — by = 0,
4by — bg + 3by = —3, (26)
2b1 + 3by = —1.

The solution set satisfying (26) is

54 by

—-1-2b
3 7 '

3

by = by = 2(1 + bl), by = (27)

The substitution of (27) in (25) produces

F’({El) CQ((10+3b1)C% - 3(2+b1)63) 4 5

/ . / . = . : S
o [0, ()] 2 = i+ Tixan ! +0(d)

(28)

When (28) is substituted in (23), we have
N 02((1O+3b1)c§ —3(2+b1)03) 4 5
- : ’). 2
g1 =27+ ( 32+ 1) d; +0(d3) (29)

From Definition 1, the equation (29) indicates that the IS in (23) has CO
four. 0

Remark 2. When the parameters be and b3 are as defined in (27), then the
scheme in (23) will reduce to a new one-parameter JVF of schemes that are
of CO four and presented as follows:

3L (yi)? + 3611 ()T (i) + (5 + by)I () (i)

1807 (ya)2 + 6(1 + b)T ()T (ys) — (1 + 2b0)T ()2 | T ()
(30)

Ti41 = T4

Again, the family in (30) requires three assessment of functions in an
iteration cycle. Therefore, F.I = 1.5874.

2.2.1 Some JV family concrete members

Here, for specific values for by, a particular case of (30) can be put forward.
Consider the following cases:
Case 1: Put by = —4 in (30). A new scheme (JVF) of CO four is
obtained as follows:
B 5T (24)% — 301 ()T () + 9T ()% | T'(x4)
17T ()% — 4217 ()T () + 91" (y:)? ] T (24)

Tiy1 = T4 (31)
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Case 2: For by = —5 in (30), a new scheme (JV Fy) of CO four is deter-
mined as follows:

_ I (y;) (T () — 51 () ()
T/ (y:)? — 8T ()T (y:) + 3T ()2 | T/ (i)

Tit+1 = T4 (32)

3 Extension of the families to n-dimensional form

In this section, the developed JF and JVF schemes were extended to solving
the n-dimensional system of nonlinear equations I'(X) = 0, where I : © C
R™ — R" describes the dimension of the nonlinear system. Next, we show
that the JF and JVF retain their CO when extended to solve n-dimensional
nonlinear systems of equations. We define X, = (:cg),xg), . ,xi"))T as
the solution of the I'(X) = 0, and for an initial iteration starting point
Xy = (x(()l),ng), .. .,zén))T close to X, the equivalence of the developed

families of schemes in n-dimensional form are as follows:

Scheme (17) (nJF):

Xi1 =X, — A 'B[M(X,)], (33)
where
BT ! as(I — N(X:))2+
A= | +26,N(X;)| B=|-16 | (a1 (N(X;) = N(X)?) | |, (34)
+ BN (X;)? +  N(X)Y)

b1 =12a7 — 16as — 3, (2 = —20a; + 16as + 9, (B3 = 28a; — 16as — 31,
and
Scheme (23) (nJVF):

Xiy1=X; — G 'H[M(X,)], (35)
where
3N(X;)? B 3N(X,)
G= +6(1+b1)N(X1) s H = +3b1N(XZ) s (36)
—(1420)1 + (54+b1)I
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respectively.
We note that the (i + 1)th iteration error of (33) and (35) is E;11 =
QE! + 0 (Ef“), is known as the error equation and 7 is the CO. Ob-
n
serve that E] = (Ei(l), Ei(Q), e ,Ei(n)) . Next, we prove that the families of
methods in (17) and (23) retain their CO in R™ space.

Theorem 3. Assume that I' : A C " — R"™ is Frechet differentiable and
that () # 0 in the convex set A contains the solution X, of I'(X) = 0.
For an initial guess X close to X, the scheme in (33) will form a sequence

{X;};2, of numerical results that converges to X, with order four.

Proof. The Taylor’s expansion of I'(X) around X; up to the fourth order is
1
: : 5
(X)) =D(X;) + Z Hf(k)(Xi)(X - X)) +0 (||X — Xl ) ; (37)
k=1

where T'*)(-) is the kth-Frechet derivative of I'(-).
Let E; = X; — X, be error at ith iteration point. Set X = X, in (37).

Then
4

o) = 3 |0 O )| o (IEd7) . e9)

k=1

Pre-multiplying the equation in (38) by I'(X;)~!, we obtain
: 1
_ k 5
M) = B+ 3 [0 4 0e) T0 00 (8] + 0 (1817) . 9
k=2 ’

By applying (38) into the first step of the iteration cycle V; = X; —
2M(X;), we get

Vi X;= 2 (‘Ei "2 [<—1>k,§lr<xi>-1r“f) (X0) (E»’“] e (IIEZ-||5)> |

k=2
(40)
Consequently,
(Vi — Xi)?
= gEf - SF(XZ-)*T“(Xi)Ei3
+ %F(Xi)*l [AD""(X;) + 3T (X,)T(X,) ~'I7(X,) ] B} + O <||EZ-||5> ,
(41)
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4
(V- X,)° = ——7E3 + ST E O (IB°) (42)
and
16
(¥ - X)' = - B+ O (IE°). (43)

The Taylor’s expression of I'(Y;) around X; is obtained as follows:

4
=5 [Fr e - X0 o (I - X))
k=1

A little simplification on (33), while taking note that M (X;) = I''(X;)I'(X;),
we have
AT(X;)Eip1 = AU(X;)E; — BT(X;). (45)

Using (38) and (44), the next expansions were obtained:
AT (X)) E;
=—16I""(X;)E; + 2(11 — 4ay)T(X;)*T" (X;) E?
+ g (4(5a1 — 2)(4 4 a2)I"(X;)* + (4a1 — 1T (X)) (X))

4 [9(28a; — 16ay — 131)I"(X;)? + 3(92a1 — 32as

— 4
8L\ —161)I17 (XTI (X)T(X;) + (dag — 1D)I'(X;)2 T (X))
o (IEIP)
(46)
and
BI'(X;)E;
= — 16" (X;)E; + 2(11 — 4a))T(X;)*T(X,) E?
+ g (4(5a1 — 2)(4 + a2)I"(X;)? + (4a; — 1T (X)I(X;))
9 [108(5a; — 4ay — 6)I"(X;)? + 24(23a; — 8ay — 38) -
8L\ x I(X,)I' (XD (X;) + (32a1 — ODIV(X;)2T) (X)) |
+0(IEI) .
(47)

When (46) and (47) are substituted into the right hand side of (45), we
get
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6(2a; — 8ay — 5 (X;) — TV (X, 2 (i) X;

AT (X;)Eixq :3 (2a 2 = ST (%) (%) E}
27 + 18T(X;)I (X)) (X;) (48)
+0 (IEP) -

The error equation in (48) implies that the IS in (33) is of CO four. O
Theorem 4. Assume that the hypothesis on the function I'(X) holds as in

Theorem 3. Then the scheme in (35) will produce sequence of numerical

results that converge to X, with CO four.

Proof. The proof follows the manner of the proof of Theorem ??7. Conse-

quently, its error equation in R" space is

1 19010 4+ 361)T7(X;)? — 18(2 + by )T/(X )T (X)) (X;)

GF/(Xi)E¢+1 =— ‘ E;l
54 + (24 b)Y (X)) (X;)
+o (IE]°).
(49)
O

4 Numerical experiments results

This section presents the experimentation of some concrete forms of the de-
veloped JF and JVF on the solution of nonlinear and systems of nonlinear
equations. The numerical results obtained were compared with the results
of some existing competitors that are also Jarratt’s variants. To verify the
theoretical CO of the JF, JV, nJF, and nJVF obtained in Sections 2 and 3,

we use the computational CO (1) given in Definition 3.

4.1 Numerical experiments with scalar nonlinear models

This subsection provides some numerical experiments conducted on the de-

veloped schemes when applied to solve some physical problems modeled into

nonlinear equations.
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Model application 1 (Chemical engineering, [11]). To determine the
concentration of a chemical mixture at time z in a mixed reactor, it can be

obtained by using the nonlinear equation
Iy (z) = =0.75exp(—0.052) + 1 = 0. (50)

The nonlinear equation solution is —5.7536414490.. ..
Model Application 2 (Chemical Reactor, [11, 12]). In a chemical reac-
tor, the fractional species conversion x can be determined by the nonlinear

equation

822 (4 — x)?
(2 —2)(6 — 3x)2
The solution to the nonlinear equation is 0.2777575428. . ..

Ty(z) = —0.186 = 0. (51)

Model Application 3 (Projectile model, [17]). The nonlinear model

governing an electron movement between two parallel plates is

s(z) = % +2—05cosz =0, (52)

Its solution is —0.3094661392. . ..

Model Application 4 (Structural engineering, [17]). The nonlinear
model that described stresses encountered by finite structures in underground
is: .

F4(x):_i+smx(:(7)rsx+m —o. (53)

The nonlinear model solution is 0.4160444988S. . ..

Model Application 5 (Population model, [16, 11]). The population

dynamics is described by using the differential equation
P'() = 5P(x) + (54)

where P(z) is time  population, ¢ is population birth rate, and u repre-
sent rate of immigration. The model solution is

P(x) = Pyexp(dz) + % (exp(dx) — 1), (55)

where Py is initial population. A problem may arise to find to find the birth
rate 0 at the end of first year given that Py = 100000, = 435000, and
1564000 is population added at the end of the year. This amounts to solving
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the nonlinear equation

4
Ts(5) = P(6) = — 355000 (exp(8) — 1) — 1000000 exp(8) + 1564000 = 0. (56)

The solution of the nonlinear equation in (56) is 0.1009979296 . . ..

The obtained numerical experimentation results when the developed JF
and JVF members were applied to solve the nonlinear models above were
presented in Tables 1 and 2. The computation results in terms of the num-
ber of iterations (), residual error |I'(z)|, the total number of arithmetic
operations with functions Ny, and computational order of convergence 7.0,
were compared with results by some existing schemes taken from [1] (see (2))
using g1 = 0,¢g2 = 0 and denoted as (BS), while from [5](see (3)), taking
q1 = 50,q2 = 1—10 and denoted as (KS). The mpmath-PYTHON was utilized
in designing computational program and I'(x;) < 10719 used as program
terminal criterion. To reduce truncation error, all computations were set to
1000 decimal places accuracy. The expression S.Te—U represents 5.7 x 10~V
where S, T,U € R.

Table 1: Numerical results on models 1-2

Model I8 2o N Np |T(zit1)] Meoe | o N Np  |T(xit1)]  7eoc
BS 5 80 3.3e-111 4.0 6 96 1.3e-323 4.0

KS 4 84 1.5e-180 4.0 4 84 1.5e-136 4.0

JS 4 60 2.7e-178 4.0 4 60 T7.5e-134 4.0

JFy 4 64 8.4e-148 4.0 4 64 7.9e-104 4.0

JFy 4 84 5.7e-117 4.0 5 105 5.6e-295 4.0

I (2) JFy 50 4 76 1.5e-138 4.0 | 10.0 5 95 7.1e-307 4.0
JVFy 4 92 1.1e-169 4.0 4 92 5.8e-126 4.0

JVFy 4 80 9.3e-197 4.0 4 80 9.9e-135 4.0

BS 5 80 2.4e-101 4.0 5 80 5.1e-101 4.0

KS 5 105 3.3e-269 4.0 5 105 1.2e-196 4.0

JS 5 75 5.4e-257 4.0 5 75 1.1e-193 4.0

JFy 5 80 2.2e-187 4.0 5 80 2.1e-147 4.0

JFy 5 105 1.8e-113 4.0 5 105 2.4e-103 4.0

Iy (2) JFs; 01 5 95 5.8e-139 4.0 78 4 76 7.6e-141 4.0
JVEFy 5 115 1.7e-241 4.0 5 115  9.5e-173 4.0

JVF, 5 100 2.0e-139 4.0 5 100 2.2e-278 4.0
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Table 2: Numerical results on models 3-5

Model 18 2o N Nr |T'(zit1)] Meoe | o N Nr  |[T'(zit1)]  Neoe
BS 4 64 1.6e-187 4.0 4 64 7.5e-154 4.0

KS 4 84 7.8e-289 4.0 4 84 1.6e-193 4.0

JS 4 60 2.0e-286 4.0 4 60 6.0e-193 4.0

JFy 4 64 2.1e-251 4.0 4 64 1.5e-179 4.0

JFy 4 84 4.3e-219 4.0 4 84 5.8e-162 4.0

Is(z) JFy  -07 4 76 2.2e-250 4.0 |05 4 76 3.0e-222 4.0
JV Fy 4 92 6.2e-275 4.0 4 92 1.2e-188 4.0

JV Fy 4 80 2.4e-304 4.0 4 80 5.9e-222 4.0

BS 4 64 2.6e-192 4.0 5 80 1.9e-131 4.0

KS 4 &4 9.6e-203 4.0 4 84 3.8e-106 4.0

JS 4 60 1.2e-202 4.0 4 60 2.6e-105 4.0

JFy 4 64 2.5e-200 4.0 5 80 1.3e-372 4.0

JFy 4 &4 4.6e-196 4.0 5 105 2.2e-307 4.0

Ty(z) JF3 00 4 76 1.2e-209 4.0 [ 09 5 95 1.7¢-388 4.0
JV Fy 4 92 4.9e-202 4.0 4 92 7.0e-103 4.0

JV F, 4 80 2.4e-202 4.0 4 80 1.5e-178 4.0

BS 5 80 9.7¢-218 4.0 6 96 2.0e-258 4.0

KS 5 105 4.4e-391 4.0 5 105 1.7e-149 4.0

JS 5 75 3.7¢-387 4.0 5 75 2.6e-147 4.0

JFy 5 80 6.2¢-304 4.0 6 96 1.2e-415 4.0

JFy 5 105 1.3e-227 4.0 6 126 1.2e-259 4.0

Ts(z) JF3 1.5 5 9 14e-418 4.0 | 3.0 5 95 1.7¢-131 4.0
JV Fy 5 115  4.2e-351 4.0 5 115  3.7e-124 4.0

JV F, 5 100 1.4e-132 4.0 5 100 3.8e-272 4.0

4.2 Numerical experiments with nonlinear multivariate

models

This subsection put forward the experiments performed on some specific
forms of the JF and JV to solve some nonlinear multivariate models. In
all computational experiments, 100 digits floating point arithmetic and
1T (X5)

gram designed in sympy PYTHON environment. Methods performance was

oo <1075 as halting criteria were utilized in the computational pro-

compared based on the number of iterations (INV), function residual error

IT(X;41)]|, computational order of convergence 7., efficiency E, and total
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approximate computational cost TC'C'. In this case, the total computational

cost TCC of a scheme is estimated as follows:
TCC = F/cr+Fc+PMMC-‘rPMVC—‘rPSMc-f—Mfc—‘y-ASMc-i—ASVC, (57)

where I'y,, T'c, PMM¢, PMVe, PSMc, MIc, ASMc, ASVe are approximate
computational cost of evaluations in the matrix I, vector I', product of ma-
trix with matrix (PM M), product of matrix with vector (PMV), product
of scalar with matrix (PSM), matrix inverse M I, addition or subtraction
of matrices ASM, and addition or subtraction of vectors (ASV), respec-
tively. Here, we assumed that the cost of evaluating arithmetic operations of
functions in matrices and vectors is equal. The costs associated with these

operations are presented in Table 3.

Table 3: Cost of matrices operations

Operations Cost
I’ m?
r m
PMM 2m3 — m?
PMV 2m? —m

PSM mz3
wr o

ASM m?
ASV m

In Table 4, information on the approximate number of computational
operations evaluations in one cycle of thevarious schemes are given, while
Table 5 provides the respective scheme’s total approximate computational

cost TCC expressed as a function of the dimension m of the system of equa-

tions.
Table 4: Schemes cost of matrices operations evaluations
Methods I I PMM PMV PSM MI ASM ASV
nBS 2 1 1 2 3 2 2 2
nkKS 2 1 4 2 7 2 3 2
nJS 2 1 1 2 3 2 2 2
nJF; 2 1 3 2 2 2 1 2
nJFs 2 1 4 2 4 2 4 2
nJF3 2 1 4 2 4 2 2 2
nJVy 2 1 4 2 6 2 4 2
nJFs 2 1 4 2 3 2 3 2
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Table 5: Methods order and T'CC

Methods  Order TCC
nBS 4 ﬁmg’ +11m? +m
nKS 4 %mg’ +12m2 +m
nJs 4 D3 +10m2 +m
nJFy 4 2Zm3 4 6m? +m
nJFy 4 Lm3 +10m? +m
nJFs3 4 Bm3 4+ 8m? +m
nJVi 4 Byd+12m2+m
nJF 4 2m3 +8m*+m
EBS EKS HIS HIF1
0.01 EIF2 BIF3 MV mIV2
. 0.008
2
S 0.006
=
w
o | |‘|‘
[=14] B
Q |
= 0.002 I _
0 I: IIII Il- ] ™ T T
2 3 4 5
m
Figure 1: Schemes efficiency dynamics for m =2,...,5

In line with Definition 1, we estimate the efficiencies of the schemes by
E = nWIC. Figures 1 and 2 show the dynamics of the schemes efficiencies
as the size m changes. From Figures 1 and 2, we observe that the schemes
efficiencies follow the order JS > BS > JF, > JF3 > JVo > JFy, > JVi >
KS when m = 2 to m = 5, and it retains this results for the case m = 10
to m = 30. The numerical results in Tables 6 and 7 verify these results.
Although the compared schemes BS and K.S have good efficiencies, they
failed to converge to solutions for most problems tested. This is an indication
that they have low stability compared to the developed schemes.

Model Application 6 (Chemical equilibrium [7]). The following set of
nonlinear equations I'¢(X) = 0 describes the chemical equilibrium system

that involves the combination of carbon oxide (1), oxygen (x2), Hydrogen
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Figure 2: Schemes efficiency dynamics for m = 10,...,30

(x3), Nitrogen (z4), and x5 a factor depicting the moles number of a product

formed for each mole of consumed propane.

T + 2129 — 35 = 0,
T1 + 22172 + 2273 + psTo — pTs + p1oT3 + prr1Ts + poTary = 0,

23273 + 2p573 — 875 + pexs + prrazs = 0,

(58)
poTaty + 225 — 4ps = 0,
x1 (w2 4+ 1) + prox3 + w223 + psT2 + psa3
+ 25 — 1+ pexs + praaxs + poTary = 0,
Where p = loaplO = 0193’/)6 = 0‘0\3%97,p7 = 0‘0\9%487[)8 = 0‘003%1799,p9 =
MJ%%’ P10 = W. The model exact solution X, in the domain

A = (—1,1) x (33.5,35.5) x (—1,1) x (—0.8,1.8) x (—1,1) approximated to
20 decimal places using the initial start points

XY = (0.6,33.6,0.6,1.5,—0.7)" and X{* = (-0.2,33.0,0.9,1.0,—0.3)" is
X, = (0.0031...,34.5979...,0.0650. ..,0.8593. ..,0.0369...)7.

Model Application 7 (Combustion problem [9]). The modeled combus-
tion problem at a temperature of 3000°C in system of nonlinear equations

I'7(X) = 0 was given as follows:
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—(1.0e—15) + xo + 226 + x9 + 2210 =0, —(3.0¢—5) + x3+ x5 =0,
— (5.06—5) +x1 + x3 + 225 4+ 228 + 9 + 210 = 0,

— (5.0e=5) + @4 + 227 = 0, —a? + (0.5140437e—T)zs5 = 0,
— 222 4 (0.100006932e—6)z6 = 0,  —a2 + (0.7816278¢—15)x7 = 0,
— x123 + (0.1496236e—6)xs = 0, —x129 + (0.6194411e—T)x9 = 0,

— m123 + (0.2089296e—14)x19 = 0.

The solution to the model is

X, = (1.47e—7,2.26e—7,1.51e—5,6.27e—11,
4.20e—7,1.01e—6,4.99e—6, 1.48¢—5,5.37e—7, 3.60e—6)T, when X" = (0.1,
0.4,0.2,0.3,0.1,0.6,0.7,0.5,0.1,0.4)7 and X{¥ = (0.1,0.1,0.1,0.1,0.1,0.1,
0.1,0.1,0.1,0.1)” were used as iteration starting points.

Model Application 8 (Economics model [3]). Consider the modeling

in economics that can be scaled up to n-dimensions and reads as follows:

n—1 n—j—1
dwi=—1 |zi+ Y xixi+j] tn=-1, 1<j<n—1. (59
i=1 =1

Here, we set n = 4 to generate a system of nonlinear equations I's(X) = 0
and used X(()l) = cos (%) and XéQ) = (Jﬁ) as starting points in two different
applications. The model solutions is
X, =(1.4464...,1.9730...,—-4.4194...,0.2262.. .)T.

Application 9 (Boundary value problem (BVP) [13]). Let the BVP
I +6>(T)°+1=0, I(0)=0, I'(1)=0. (60)

The interval [0, 1] is partitioned such that 29 =0 < 21 <22 <+ < Typ—1 <
Tm, Tiv1 = T3 + h, h= %

Define FO = F(l‘o) = O, Fl = F(.’L’l) s mel = F($m,1),rm = F(l‘m) =
1. By discretizing the problem using finite difference such that

e A v Fipp =20+ 1

"=
2h ’ h? ’

(61)

the problem becomes

2

6
Tigr =20 +Timy + = (i T ) +h*=0, i=1,2,3,...,m—1. (62)
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For m = 10 and 6 = 2, the problem was solved by using X, =
{0,0,...,0}" as initial start point and applying |T'(X;)| < 1075 as stop-
ping condition. The problem solution is

X, =1(0.605...,0.101...,0.128...,0.144...,0.149...,0.144 .. .,
0.128...,0.101...,0.605...)T.

The computation results obtains on Applications 6 to 9 are presented in
Tables 6 and 7.

Table 6: Numerical results on Applications 6 -7

Model 1S XQ N ||F (wH»l)” Mcoc TCC E
nBS Failed
nKS Failed
nJS 3 7.4e07 40 2015 1.00069
nJF 4 1.1e22 4.0 4287 1.00032
nJF» 4 26e18 4.0 5687 1.00024
Te(X) nJF; XV 4 10e24 40 5487  1.00025
nJV I 3 1.4e-09 4.0 4415 1.00031
nJVFy 3 97e08 4.0 4115 1.00031
nBS Failed
nKS Failed
nJS 4 17e17 4.0 2687 1.00052
nJF 4 42019 4.0 4287 1.00032
nJF» 4 20el5 4.0 5687 1.00024
Te(X) nJF; X 4 38e17 40 5487 1.00025
nJV I 3 3807 4.0 4415 1.00031
nJV F, 4 43e21 4.0 5487 1.00025
nBS Failed
nkKS Failed
nJS 31 1.8e25 4.0 50850 1.00002726
nJF 32 1.0e25 4.0 90123 1.00001538
nJFy 33 3.4e25 4.0 122045 1.00001135
I/(X) nJF; XV 32 50e25 4.0 115211 1.00001203
nJV I 29  2.0e25 4.0 110094 1.00001259
nJVFy 31 1.6e25 4.0 111610 1.00001242

4.3 Results discussion

From the results in Tables 1, 2, 6, and 7, the new schemes put forward solved
all the presented models with good precision and consistent CO. The 7o
obtained for all the developed schemes are in agreement with the theoretical
order of convergence derived in Sections 2 and 3. On the other hand, the

methods of Behl, Kanwar, and Sharma [1] (nBS) and Kanwar, Kumar, and
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Table 7: Numerical results on Applications 7 -9

Model 15 XO N ||F (Z‘H_l) || Tcoc TCC E
nBS Failed
nKkKS Failed
nJsS 29 22e-25 4.0 47570  1.00002914
nJF 31 22025 4.0 87306 1.00001588
nJF, 33 1.1e25 4.0 122045 1.00001136
I(X) nJF; X 31 46e25 4.0 111610 1.00001242
nJV Iy 26 4.6e-26 4.0 98705 1.00001404
nJVF, 29  1.4e-29 4.0 104410 1.00001328
nBS Failed
nkKS Failed
nJs 9 8810 4.0 3396  1.00041
nJF 6 62021 40 3416  1.00040
nJFy 6  45e21 40 4568  1.00030
Is(X) nJF; XV 10 12022 40 7293 1.00019
nJV i 6  20ell 40 4760  1.00029
nJVF, 9  6.1e07 40 6564  1.00021
nBS Failed
nkKS Failed
nJs 16 23e-18 4.0 6037  1.00023
nJF 5  1.6e-07 4.0 2847  1.00049
nJF, 16 2.0e-17 4.0 12181  1.00011
Ts(X) nJF; X 26  31e09 40 18963  1.00007
nJV i 17 1.0e-10 4.0 13487  1.00010
nJVF, 9  39e-07 40 6564  1.00021
nBS Failed
nkS 6  1.3e-05 4.0 45252  1.00003064
nJs 6  1.3e05 4.0 18036  1.00007687
nJF 6  1.3e05 4.0 33588 1.00004127
nJ F, 6  1.3e-05 4.0 44289  1.00003130
To(X) nJF; X 6 13e05 40 43308 1.00003201
nJV Iy 6  1.3e05 4.0 45252  1.00003064
nJVF, 6 1.3e05 4.0 43308  1.00003201

Behl [5] (nKS) failed to converge in most of the problems used for compu-
tational experiments. This is an indication that the developed families of
iterative schemes are more stable. Furthermore, results show that the clas-
sical JS performed better than all its variants in the two developed families
in terms of convergence and efficiency. This coincides with the findings of
Cordero, Segura, and Terregros [2], that among the members of JS families,
the JS is the best.
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Conclusion

We have successfully developed two new families of JS and its variants to
decide the solution of scalar nonlinear and system of nonlinear equations.
The parameters contained in the structures of the developed families can
assume any real values subject to some simple conditions to obtain infinitely
many special forms that have CO four when utilized to solve problems in
both scalar and vector space. In fact, the famous Jarrat IS (JS) is a special
form of one of the families. The computational experiments conducted on the
new schemes show that they are good competitors to some existing schemes

that are also JS variants.

For further work, the complex dynamical and chaotic behavior of the

developed schemes can be considered.
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Abstract

Software testing is a crucial step in the development of software that guar-
antees the dependability and quality of software products. A crucial step
in software testing is test case minimization, which seeks to minimize the
number of test cases while ensuring maximum coverage of the system being
tested. It is observed that the existing algorithms for test case minimization
still suffer in efficiency and precision. This paper proposes a new optimiza-
tion algorithm for efficient test case minimization in software testing. The
proposed algorithm is designed on the base parameters of the metaheuristic
algorithms, inspired by scientific principles. We evaluate the performance
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literature. Our experimental results show that the proposed algorithm is
highly effective in reducing the number of test cases while maintaining high
coverage of the system under test. The algorithm outperforms the existing
optimization algorithms in terms of efficiency and accuracy. We also con-
duct a sensitivity analysis to investigate the effect of different parameters
on the performance of the proposed algorithm. The sensitivity analysis
results show that the performance of the algorithm is robust to changes in
the parameter values. The proposed algorithm can help software testers
reduce the time and effort required for testing while ensuring maximum

coverage of the system under test.

AMS subject classifications (2020): Mathematics Education 97-XX; Computer Sci-
ence 97P10, 97P40, 97P80.

Keywords: Metaheuristic optimization; Test cases minimization; Software

engineering; Nature inspired algorithm.

1 Introduction

Software testing is a crucial step in the creation of software that tries to
guarantee the dependability and quality of software products. Test case re-
duction, which seeks to lower the number of test cases necessary to obtain
maximum coverage of the system under test, is one of the crucial jobs in
software testing. The cost and work associated with software testing can be
considerably decreased by test case minimization, which can also increase the
process’s effectiveness and efficiency.

Test case minimization includes selecting a subset of test cases from a
bigger set of test cases to realize the same scope. The chosen subassemblies
must be able to distinguish all absconds and disappointments of the frame-
work beneath the test. The test case diminishment preparation is frequently
done physically, which can be time-consuming and error-prone.

To computerize the method of test case minimization, different optimiza-
tion calculations have been created [21]. These calculations utilize scientific
and computational methods to produce an ideal subset of test cases that ac-

complish the most extreme scope with the least number of test cases. A few of
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the well-known optimization calculations utilized for test case minimization
incorporate genetic algorithm (GA) [2], Ant colony optimization (ACO) [32],
particle swarm optimization (PSO) [14], and simulated annealing. The work
presented in [17] gives a description of the use of search-based techniques in

test suite reduction with a detailed systematic review.

Whereas reduction in the testing time, lower testing expenses, increased
testing efficiency, and higher-quality software products are some of the ad-
vantages of test case minimization. Test case minimization can also help
identify redundant and unnecessary test cases, which can be removed from

the test suite to further improve the efficiency of the testing process.

The existing optimization algorithms for test case minimization have some
limitations in terms of efficiency and accuracy. Therefore, there is a need for
an innovative optimization algorithm that can overcome these limitations,
provide a more efficient, and accurate solution for test case minimization in

software testing.

The utilization of metaheuristic calculations for test case minimization
can offer assistance to overcome the impediments of conventional optimiza-
tion calculations, such as thorough look and covetous calculations. Meta-
heuristic calculations are planned to handle complex optimization issues with
expansive look spaces and nonlinear objective capacities, making them well-
suited for test case minimization. However, based on the particular needs
and demands of the software development project, the goals of test case
minimization utilizing metaheuristic algorithms can change. The goals can
incorporate lessening the number of test cases, diminishing the testing time,
making strides in the proficiency of the testing handle, moving forward the

quality of the program item, and lessening the fetching of testing.

This gives rise to the motivation to work on the optimization of the test
cases in software engineering. This inspiration for test case minimization
utilizing metaheuristic calculations is to optimize the choice of test cases to
decrease the number of test cases, guaranteeing that the chosen test cases
accomplish the most extreme scope of the framework beneath the test. By
lowering the cost and labor needed for software testing, these fewer test cases

increase the efficacy and efficiency of the testing process.
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The motivation behind the development of optimization algorithms for
software testing stems from the need to address the challenges posed by the
complexity of modern software, the demand for efficient resource utilization,
the drive for higher software quality, the acceleration of development cycles,
and the imperative to reduce testing costs. These algorithms offer a strategic
and automated approach to testing that aligns with the dynamic nature of
contemporary software development practices.

As software applications become increasingly intricate, with intricate in-
teractions and dependencies, traditional manual testing methods struggle to
provide adequate coverage and efficiency. Optimization algorithms aim to
address these challenges by automating and improving the test case selec-
tion process. One key motivation is the need for effective resource utiliza-
tion. Software testing can be resource-intensive, requiring significant time
and human effort. Optimization algorithms help streamline this process by
intelligently selecting a subset of test cases that provide maximum coverage
and effectiveness. This efficiency not only saves time but also ensures that
testing resources are allocated to the most critical areas of the software.

With such a motivation, the main contributions of the proposed meta-

heuristic algorithm for test case minimization are as follows:

1. The proposed algorithm produces an ideal subset of test cases that

accomplishes the greatest coverage with the least number of test cases.

2. The algorithm is outlined to handle complex optimization issues with
expansive look spaces and nonlinear objective capacities, making it

more proficient than conventional optimization algorithms.

3. The proposed algorithm takes into account various factors such as code
coverage, test suite size, and execution time to generate an optimal test
suite that achieves maximum coverage with the minimum number of

test cases.

4. The proposed algorithm can be customized to fulfill the particular de-

mands and needs of the software development project.

5. The proposed algorithm is evaluated on a benchmark suite of test cases

from the literature.
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The rest of the paper is arranged in the subsequent section, highlighting
important modules as the background-related work is presented in Section
2. The description of the proposed metaheuristic algorithm is presented in
Section 3. In Section 4, the experimentation results of the proposed algorithm
are presented. Later, a comparative study is presented in Section 5. Finally,
the paper gives the key summarization of the work and is presented in Section
6.

2 Literature review

In the past, there has been significant work done on test case minimization
using metaheuristic algorithms in the field of software engineering. There are
several works on test case prioritization using particle swarm optimization,
where the authors propose a test case prioritization technique using PSO. The
PSO algorithm is used to select the most critical test cases for early execution,
reducing the testing time and effort required [33, 31, 20]. However, there are
many other works that focus on the reverse aspect, that is, generation of
the test cases using the PSO algorithm. One such work is demonstrated
in [29], where the PSO-based search technique is applied with an improved
combined function to generate test cases for the critical paths. Another work
that gives the comparative study on metaheuristic algorithms for test case
generation is presented in [28]. The authors present the details of using the
various optimization algorithms and their fitness functions to generate the

test cases.

Some of the authors have also focused on the method of hybridization
to minimize the number of test cases. One such work is proposed in [9],
where the authors used the collective information of the two metaheuristic
algorithms to minimize the feature description size. Another work by the
authors of [8] presents the study on the test case selection, and reduction
using Quantum PSO. Also, the work using the PSO for regression testing
and its test case minimization is presented in [34]. This paper proposes a
comparative analysis approach for test case selection for regression testing

using PSO. The PSO algorithm is used to optimize the selection of test cases
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based on various criteria, such as coverage and fault detection capability,

while minimizing the size of the test suite.

One of the works published on test case prioritization used the PSO with
the modified conditional criteria for test case minimization and selection is
[25]. A recent work [15] presents the multi-objective modified PSO algorithm
for the reduction of the test suite. In an overall assessment of the work done
on PSO-based test case selection, it is found that the authors claimed that
in terms of increasing the effectiveness and efficiency of the testing process,
PSO had demonstrated encouraging results. Additionally, while retaining
complete coverage of the system under test, PSO algorithms can consider-
ably minimize the number of test cases needed for software testing. Indeed,
in critical analysis, it is observed that PSO can become trapped in local op-
tima, limiting its ability to explore the entire search space. This can lead to
suboptimal solutions and reduce the effectiveness of the test suite. Also, PSO
can become computationally expensive as the number of test cases increases.
This can limit its scalability and make it impractical for larger software sys-
tems. In addition, the performance of PSO is highly sensitive to the choice of
parameters, such as the number of particles, the maximum number of itera-
tions, and the inertia weight. Poor parameter settings can lead to suboptimal
performance and slow convergence. Thus, the PSO may not be found to be
suitable for all types of software systems or test scenarios. Its effectiveness
may depend on the nature of the system under test and the objectives of the

testing process.

Some of the authors have used the ACO algorithm for the minimization of
the test cases. One such work is reported in [24], where the authors used the
complete graph to represent all the test cases in the test suite. An empirical
analysis of using the ant systems for multi-faceted test case prioritization
is presented in [26]. The authors validated their proposed approach on a
freely available widely used benchmark dataset, called software infrastructure
repository. Also, there is a work from early 2017, where the authors used the
ACO approach for regression test case prioritization [11]. The authors here
used the epistatic test case segment approach for multiobjective search-based

regression test case prioritization reflects the correlation between genes in
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the evolution process. Furthermore, the approach is validated on the three

benchmarks and found satisfactory on industry standards.

In the literature, there are some other optimization algorithms as well that
were used for the minimization and prioritization of the test cases [16]. On
this, the work on using test case minimization with GA is presented in [30].
The creators utilized the center concept of the GA to construct an algorithm
called Test Reduce to discover an optimized and negligible set of test cases
for Internet applications. The modified strategy for test case minimization
in the COTS method using the GA was employed by the authors of one of
the research works [10]. To maximize fitness values in test suit development,
the authors applied the GA in the boundary value analysis and partitioning
testing.

Besides this, one of the papers proposes a hybrid approach that combines
GA and Fuzzy logic for the minimization of the test cases. The authors used
the GA to filter out and find the set of candidate test cases. Whereas, the
fuzzy logic is used to select the optimal subset of test cases that minimize

the size of the test suite while maximizing the fault detection ability [19].

In many other works, the literature suggests the use of the various other
metaheuristic algorithms that were used in the optimization of the test data
in a variety of applications. On this, the use of the gravitational search al-
gorithm is also found useful in one of the articles for the test case minimiza-
tion [6]. The authors here utilized the discrete and combinatorial gravita-
tional look calculation to illuminate the test case prioritization and minimiza-
tion. The try is carried out in a controlled environment with the benchmark
dataset, and the results are compared with the GA. In comparison, it is found

valuable within the ideal choice of the test cases.

On a similar aspect, the data optimization and prioritization using the
novel BAT algorithm is proposed in [7]. The authors used the two-step
procedure to enhance the work and modified the traditional BAT algorithm
with the inclusion of the new objective function. The algorithm is tested on
the dataset with different evaluation criteria. Later, the author presented
the comparative analysis with the existing algorithms and found that the

proposed approach is performing well.
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Some of the authors used the hybrid approach as well for the minimization
of the test cases. This hybridization is seen in many aspects by collaborat-
ing the multiple metaheuristic algorithms to form a new objective function.
On a similar theme, the authors of [9] showed the hybridization of the two
metaheuristic algorithms named molecule swarm and positioned firefly calcu-
lation for the program test case minimization. Some of the authors also used
the standalone firefly algorithm [18] for the test case minimization. How-
ever, on comparative, analysis of these two variants suggests that the hybrid
algorithm results are better than the use of the standalone method.

The writing moreover depicts the utilization of a half-breed technique for
fault detection and combinatorial optimization procedures for configuration-
aware basic testing [1] and the minimization utilizing the test code closeness
and evolutionary search [27].

In an overall assessment of test case minimization, it is found that it is
an important problem in software engineering that aims to reduce the size
of the test suite while maintaining its effectiveness in detecting faults in the
software system. To address this issue, analysts have connected different
metaheuristic algorithms, such as GA, PSO, and ACO, to optimize the test
suite. Some authors also explored the design framework of the novel design
of the metaheuristic algorithm for software mutation testing in a controlled
environment [4].

The previous contributions on test case minimization using metaheuris-
tic algorithms have shown promising results in improving the efficiency and
effectiveness of the testing process as also discussed in [12] presenting with
a detailed decade review. These approaches have minimized the count of
test cases that were actually required for software testing while maintain-
ing maximum coverage of the system under test. The contributions have
also highlighted the importance of considering the limitations of these al-
gorithms, such as limited scalability, sensitivity to parameter settings, and
limited diversity of solutions.

The comparative study of the related works used for the software test
case minimization is presented in Table 1. The table presents the summa-
rized results of the reviewed works and highlights the advantages and the

limitations of the studies.
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Table 1: Comparative study of the related works on software test case minimization

Reference Optimization Approach

Advantages

Limitations

Genetic Algorithms

16, 30, 10, 19
(6, 30, 10,19 | (O

Automatically explores

diverse test cases

May get stuck in
- local minima, especially for

complex landscapes

Handles discrete

search spaces

High computational cost

for large-scale problems

Captures interactions

between test cases

Difficult to interpret results

Particle Swarm

[33, 31, 20, 34, 29]
Optimization (PSO)

Efficient for continuous and

discrete spaces

Sensitive to parameter tuning

Simplicity in implementation

Convergence to

suboptimal solutions

Ability to escape local minima

“Slow convergence

[7] BAT optimization

Global search capability

Slow convergence for

certain problem landscapes

Molecule Swarm and

Versatility in handling

Comparative studies

[9] - - Parameter sensitivity
Firefly Optimization various objectives
Provides a probabilistic
[18] Firefly Optimization - P -Slow convergence
framework
Inspired by natural Limited scalability for
24, 26, 11] Ant Colony foraging behavior large problem instances
e Optimization (ACO) Robustness to changes Convergence highly
in the environment dependent on parameters
Handles discrete and
- -Slow convergence
combinatorial problems
Synergy between exploration Increased complexity
(28, 9] Hybrid algorithms and and exploitation in implementation

Improved global search capability

Inherit limitations of

individual algorithms

Enhanced convergence

characteristics

-Slow convergence

3 Proposed metaheuristic optimization algorithm

The main requirement for an optimization algorithm in software test case

minimization is to reduce the number of test cases required to test a system

while still ensuring that the system’s functionality is thoroughly tested. This

is important because testing is a crucial step in software development, and

reducing the number of test cases required can save time and resources. In

addition to reducing the number of test cases, the optimization algorithm

should also ensure that the remaining test cases provide maximum coverage

of the system’s functionality. This means that the algorithm should be able

to identify the most critical and relevant test cases, rather than just selecting

them randomly or based on simple criteria such as code coverage.

Furthermore, the optimization algorithm should be able to handle large

and complex software systems and be efficient enough to provide results in
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a reasonable amount of time. This is important because testing can be a
time-consuming process, and any optimization algorithm used should not
significantly increase the overall testing time.

Based on this, here we developed a new metaheuristic optimization algo-
rithm called the Physics-informed particle decay Algorithm (PPDA), based
on the nature of the physics to study the decay of the particles. The proposed

approach is new in terms of idea and objective function.

3.1 Physics-informed particle decay algorithm (PPDA)

The PPDA is a metaheuristic optimization algorithm that is inspired by
principles from physics, specifically regarding stability and particle decay.
PPDA simulates the behavior of particles, where each particle represents
a potential solution to the optimization problem being solved. The basic
flowchart of the proposed PPDA algorithm is shown in Figure 1.

The concept of stability is important in PPDA | as it helps to ensure that
the particles converge toward a good solution. The particles in PPDA are
attracted toward the energy valleys, which represent the best solutions to
the optimization problem. The valley itself represents a stable state, while
the particles represent the energy fluctuations that occur in the system. The
proposed algorithm uses the concept of stability to ensure that the particles
move and converge toward the best solution.

The different modes of decay in PPDA are also important for the algo-
rithm’s performance. In physics, particle decay refers to the process by which
a particle breaks down into smaller particles or other forms of energy. In the
proposed algorithm, particle decay is used to simulate the process by which
particles move toward each other.

There are several modes of particle decay in PPDA | each of which repre-
sents a different behavior of the particles. For example, the mode of “attrac-
tive decay” causes the particles to move toward each other and converge to
the best solution. On the other hand, the mode of “repulsive decay” causes
the particles to move away from each other and explore different areas of the

search space.
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3.1.1 Background preliminaries for PPDA

The base of the proposed algorithm is particle physics. In particle physics, the
process of colliding two particles to generate new particles is known as particle
collision. Particle collisions are used to study the properties of subatomic
particles, such as quarks and leptons, and to probe the fundamental forces
of nature. In a particle collision, two particles are accelerated to very high
speeds using particle accelerators, such as the large hadron collider at CERN.
When the particles collide, they can create a shower of new particles that are
detected by particle detectors.

The collision itself is a physical reaction that involves the exchange of
energy and momentum between the colliding particles. Depending on the
energy of the colliding particles and the angle of the collision, different types
of particles can be generated. One type of particle collision is known as elastic
scattering, in which the colliding particles bounce off each other without
generating any new particles. Inelastic collisions, on the other hand, can
generate new particles, such as mesons and baryons.

The collision can also generate antiparticles, which are particles that have
the same mass as their corresponding particles but have opposite charges.
For example, a collision between a proton and an antiproton can generate a

shower of particles, including pions, kaons, and other mesons.

Thus, we can see the two forms of the particles in the universe, that is,
stable and unstable particles. Stable particles are particles that do not decay
into other particles, while unstable particles decay into other particles after
a certain amount of time.

Stable particles include fundamental particles such as electrons, neutri-
nos, and photons, as well as composite particles such as protons and neutrons.
These particles have lifetimes that are much longer than the age of the uni-
verse and do not decay spontaneously. On the other hand, unstable particles,
have lifetimes that are shorter than the age of the universe and decay into
other particles through various physical processes.

Furthermore, as a fundamental feature of these particles, unstable parti-
cles emit energy through disintegration or decay. When an unstable particle

decays, it transforms into one or more other particles, releasing energy in the
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process. The decay of an unstable particle can occur through various physical
processes, depending on the nature of the particle and the forces that govern
its behavior. During the decay process, the unstable particle loses energy,
which is released in the form of radiation, such as « rays, or particles, such as
electrons or positrons. This energy can be measured and used to study the
properties of the unstable particle and the forces that govern its behavior.

The decay rate of an unstable particle is described by its half-life, which
is defined as the amount of time it takes for half of the particles in a sample
to decay. The half-life of a particle can range from fractions of a second to
billions of years, depending on its nature.

However, determining the stability of a particle involves considering var-
ious factors, including the count of neutrons (Ne) and protons (Ze) in the
nucleus, and the Ne/Ze ratio is one of the most crucial factors. The balance
between the strong nuclear force, which binds protons and neutrons together,
and the electromagnetic force, which repels positively charged protons, deter-
mines the stability of a nucleus. If the number of neutrons and protons is such
that the strong force is greater than the electromagnetic force, the nucleus
is stable. However, if the strong force is not strong enough to overcome the
electromagnetic force, the nucleus is unstable and may undergo radioactive
decay.

The Ne/Ze ratio is a key aspect in determining a nucleus’s stability. It is
the ratio of the number of neutrons to the number of protons in the nucleus.
In general, a stable nucleus has a Ne/Ze ratio that is close to 1. If the
Ne/Ze ratio is too high or too low, the nucleus is unstable and may undergo
radioactive decay. For light nuclei, the stable Ne/Ze ratio is close to 1:1.
However, as the atomic number increases, the stable Ne/Ze ratio increases
slightly. In addition to the Ne/Ze ratio, the size of the nucleus also plays a
role in its stability. Larger nuclei tend to be less stable than smaller nuclei

and may undergo radioactive decay to become more stable.

There are three sorts of emissions that define the particle’s level of stability
during the decay process, that is, « decay, B decay, and v decay [22]. All
three decay particles are emitted from the nucleus, which can result in a
change in the Ne/Ze ratio of the nucleus. In « decay, a nucleus emits an

« particle, which consists of two protons and two neutrons. This emission
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reduces the number of protons (Ze) and neutrons (Ne) in the nucleus by 2
and 4, respectively. As a result, the Ne/Ze ratio of the nucleus decreases,

making it more stable.

In 8 decay, a neutron in the nucleus is changed into a proton or vice
versa, and the nuclear material emits an electron (3 particle), antineutrino,
or positron (positron emission). Depending on the type of 8 decay, this alters
the number of protons and neutrons in the nucleus, causing the Ne/Ze ratio

to either rise or fall.

In v decay, a nucleus in an excited state emits a ~ ray, which is a high-
energy photon. Moreover, v decay does not change the number of protons or
neutrons in the nucleus, and thus, it does not directly affect the Ne/Ze ratio.
However, v decay can occur as a result of a or 8 decay, which may change
the Ne/Ze ratio.

Within the proposed approach, we have utilized the standards of the decay
process through different particles that can serve as a starting point for the
planning of the modern metaheuristic algorithm in which the arrangement
candidates’ execution can be improved by utilizing the thought that particles

have the inclination to reach a steady position.

3.1.2 Mathematical foundation of PPDA

The mathematical structure of the proposed optimization algorithm uses the
previously defined concept and preliminaries. The first step of the proposed
algorithm is the initialization, wherein in the search space, the solution can-
didates (4;) are assumed to be particles with changing degrees of solidness
and expected to be a particular locale of the universe as appeared in supposed
to be particles with varying degrees of stability and assumed to be a specific

region of the universe as shown in the following equation (1):
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Al JAb A2 Al Am

A, AL A2 AL AR
Aol 3 2 W

A Al A2 AT Am

A, | AL A2 AL AT

where the symbolic representation of the used variables is defined as the total
number of particles given by variable n, the problem dimension is represented
by m, Ag is deciding the beginning position of the ith candidate for jth
decision variable.

Moreover, the mathematical form of the decision variable is shown by the
following equation (2):

Al = A7

7,min ¢

+ Ry (Al

7,maxt

- f4~z?‘,mini)7 (2)

where A’ Cand A’

7, min ¢ 7, max 1

speaks to the lower and upper bounds of the jth
variable within the ith candidate and the R, is the irregular generator within
the extend [0, 1].

The core difference between neutron-rich and neutron-poor particles is
then calculated using the objective function set for each particle utilizing
the analysis with the Enrichment Level of Neutron (NEL) of the particles.
NEL of a particle can be calculated using the formula given in the following

equation (3): (Ne— Ze)
(Ne+ Ze)’ ®)

where Ne represents the number of neutrons in the nucleus, and Ze represents

NEL =

the number of protons in the nucleus.

The NEL value indicates the neutron excess or deficiency in the nucleus
relative to the number of protons. If the NEL value is positive, it indicates a
neutron excess, meaning there are more neutrons than protons in the nucleus.
A positive NEL value suggests a tendency towards neutron-richness. If the
NEL value is negative, it indicates a neutron deficiency, meaning there are
fewer neutrons than protons in the nucleus. A negative NEL value suggests

a tendency towards proton-richness.
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Whereas the following equation (4) gives the computation of the core

difference between neutron-rich and neutron-poor particles using NEL:

CD = Zi:l NELi’ (4)

n

where C'D is the core difference between neutron-rich and neutron-poor parti-

cles, NEL; is the NEL for ith particle, and n is the total number of particles.

Thus, if the NEL of a particle is discovered to be more than the CD, that
is (NEL; > CD), the associated particle is assumed to have the next Ne/Ze

proportion, and the rot handle is expected to be utilizing «, 3, or v plans.
Next, in the third phase, we will predict the particle’s stability levels
based on the objective function evaluated using the following equation (5):

NEL; — Br, .
Li = T D 17 ) 5
=S el (5)
where L; is the ith particle stability level, By, is the particle’s best stability
level, W, is the particle’s worst stability level, and n is the total number of

particles in the system.

Furthermore, to calculate the stability of the system (SS), we generate a
value in the interval of 0 to 1, probably with a random selection. In case the
predicted particle stability level (L;) is higher than the selected SS, that is,
(L; > SS) then o and 7 decay are to be considered.

Based on the theory of particle physics for « decay, it is observed that the
« rays were emitted to enhance the particle’s stability. Using the same theory
in the proposed algorithm as a position-updating technique to generate the
new solution particle, two o values were generated, that is, a; and as. The

generated «; values are given by the following equation (6):
ay € [177‘}7 Qo € [15051]7 (6)

where o is for the number of emitted rays, r is a random number in between
1 to n, and as is the number of to-be-emitted a rays. These emitted rays
are considered as the decision variables to generate the new particle, which

is given by the following equation (7):

AP = Ay(Ap, (A])), (7)
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where i € [1,n], j = ag, A7~ is the new particles generated in the sample
space, A; is the ith particle’s current position in the sample space, Ap, is the
particle’s position with the leading soundness level, and A{ is the jth choice

particle for the transmitted beam.

Aside from the a decay, there is also a = decay in which  rays are
emitted to strengthen the stability of the excited particles. In the proposed
algorithm, this is considered as another particle’s position-updating process
to generate the new particles. On a similar pattern, like for a decay, here also
we use two values of «y, that is, 73 and 5. Here, =y signifies the number of
emitted photons, and 72 in the range of [1, 1] denotes the information on the
photons to be examined in the particles. Thus, these photons in the particles
are considered to be the decision variable in the sample space, where the
old particle is replaced with the neighboring particle. Finally, the distance
between the particle of interest and other leftover particles is calculated as we
do in the K-nearest neighbor algorithm. Here we select the nearest particle

having the value of £ = 1 and is given by the following equation (8):

min(DistF) = \/(Xs — X1)2 + (Yo — Y7)2, (8)

where i € [1,n], j € [l,n—1], Distk is the distance between the ith particle
and the neighbor & particles, and the pair (X;,Y;) is the particles coordinate

in the sample space.

Using the above information, the second particle generating process is

given by using the following equation (9):
A7 = Ai(An(4)), ()

where i € [1,n], j = y2, A?ew” is the new particles generated in the sample
space, A; is the ith particle’s current position in the sample space, Ay is the
1th particles neighborhood position vector, and Ag is the jth decision particle

in space (emitted ray).

It is to be noted here that if the particle’s stability level (L;) is lower than
the SS, that is, (L; < S5), then the 8 decay is then thought to occur with

increasingly unstable particles with lower stability levels.
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Now, the mathematical representation of the particle position update via

reaching towards the stability band is given by the following equation (10):

(a.ABL — b.Ac)

Upd
AP = A L. ;
3

(10)

where i € [1,n], AYPdeter

and A; are the updated and current positions of the
ith particle, a and b are the two numbers randomly chosen from the interval
of [0,1] and controls the particle’s movement, and A¢ is the position of the
center of the particle in space and is given by the following equation (11):
Ao = iz i (11)
n
Another position overhauling preparation is carried out for particles utilizing
[ rot, in which a controlled development towards the particle or a candidate
with the leading solidness level (Ap,) and a neighboring particle (Ay) is
performed, while the particle’s stability level has no bearing on the movement
process. This strategy points to extending the misuse and investigation levels

of the calculation which is given by the following equation (12):
AUPdater — A, 4 (c.Ap, —d.Ay), (12)

where i € [1,n], AUP%"*> and A; are the updated and current positions of the
1th particle, ¢, and d are the two numbers randomly chosen from the interval
of [0,1] and control the particle’s movement, and Ag,, Ax have their usual

meaning as discussed earlier.

When the NEL of a particle is discovered to be lower than the CD, that
is, (NEL; < CD), this indicates that the particle has a lower value of Ne/Ze
ratio. It means that the particle tends to emit positrons in order to come
closer to the stability band. Using a similar concept in the proposed algo-
rithm, the new particle position is updated by using the following equation
(13):

Avrdate — Ao 4o, (13)

where i € [1,n], AYpPdate

and A; are the updated and current positions of the
ith particle, e is the numbers randomly chosen from the interval of [0, 1] and

control the particle’s movement.
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Finally, after the execution of the proposed algorithm completely, at the
end, we are with any one of the solution steps, that is, (1) if (NEL; >
CD), the algorithms return two newly generated particle positions for each
of the particles as given by (10) and (12), and (2) if (NEL; < CD), the
algorithms return a single new particle position as given by (13). Hence, in
an overall analysis, three processes for updating positions are included in the
algorithm. Whereas one position upgrading method happens in arrangement
candidates, where abuse is fulfilled, two of these methods happen in choice
factors, where the investigation is performed. This technique’s problematic
aspect is that while the exploration phase may direct the program to locally
optimal answers, the other phase aims to fine-tune the prior solutions to find

the best candidate globally.

3.1.3 Algorithmic design of the proposed methodology

The description of the proposed algorithm in the pseudo-code is presented
in Algorithm 1. The given code provides the detailed flow of the algorithm
step-by-step. At the end of the algorithm, the return is in the form of the
particle positioning with the best stability prediction.

4 Experimentation results

4.1 Dataset for experimentation

To test the performance of the proposed algorithm we used the dataset from
the open-source platform, which was having the test cases of size 100. The
structure of the dataset is composed of several attributes, which were given

as follows:
o Test ID
o Test cases
¢ Pre-Conditions

o Precedence
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Algorithm 1: Pseudo-code of the proposed approach

Input: Initialize the population of particles randomly within the
search space

Input: Evaluate the fitness of each particle in the population using
NEL

Output: Particle with best stability level

Data: Set the global best position and fitness value as the position
and fitness of the best particle.

while iteration — count < Mazx;ieration dO

Compute the CD of the particle

Compute the particle’s best stability level Ap,

for i € [1,n] do

Compute the stability of the ith particle (L;)

Compute the NEL; of the ith particle

if NEL; > CD then
| Compute the SS of the particle

if L; > SS then
Generate o1 and asg
for j € [1,a2] do
L compute AT = A;(Ag, (A)))
Generate v; and v,
Determine neighboring particle (Ay)
for j € [1,v:] do
L compute A" = Ai(AN(Ag))
else if L; < SS then
Find the center of the particle (A¢)
compute A,E-deatel = A; + M
Find the neighboring particle (Ax)
compute Agjpdatez = A; + (c.Ap, —d.An)
if NEL; < CD then
L compute A"P — A; +¢;

Return the particle with stability level (Ag, )
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o Pags/Fail

The downloaded dataset is in the form of the comma separated file having
attribute information. The sample structure of the used dataset is given in

Figure 2.

4.2 Parameters value for optimization algorithms

The various optimization algorithms that were used in the experimentation

will be having some parameter values that is shown in Table 2.

Table 2: Optimization algorithms used in experimentation with their parameter values

Algorithm | Parameter 1 | Value 1 | Parameter 2 Value 2 | Parameter 3 | Value 3 | Parameter 4 | Value 4
ACO Alpha 0.5 Beta 1 Evaporate 0.1 -
GA Population 100 Crossover 0.8 Mutation 0.05 - -
PSO Swarm 100 Inertia wt 0.7 Personal Coff. | 2.0 Social Coff. 1.5
. A Knowledge Knowledge Knowledge

GSK Population 100 0.5 0.9 10

factor ratio rate
WSO Moment 0.7 Modality 0.6 Movement 0.3 Search Coff. 0.5
TOA Team size 100 T factor 0.4 random num 0.2 -

. Reproduction

CHIO Population 100 0.4 Case age 0.3 -

rate

4.3 Result computation

To evaluate the performance of the proposed algorithm here ten benchmark
test functions were used. These functions are known as Bukin function,
cross-in-tray function, Easom function, Goldstein-price function, Himmel-
blau’s function, Levi function, six-hump camel function, Schaffer’s function,
Weierstrass function, and Xin-She Yang function. These test functions cover
a range of characteristics, such as multimodality, irregularity, and high di-
mensionality, allowing researchers to assess the performance of metaheuristic
algorithms in different problem landscapes.

It’s worth noting that each test function has its own mathematical formu-
lation and specific properties, making them suitable for evaluating different

aspects of optimization algorithms. Also, each of the test functions is con-
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sidered to have a fixed dimension of size 50. The set value of the global best
is selected as 0 for all the test functions to make uniformity.

Here, we have utilized 100 partitioned optimization runs to calculate the
cruel, the standard deviation, and the vital number of objective work as-
sessments in order to assess the performance. The method utilizes a halting
criterion with a tolerance of 1x 10712 for the globally optimal values of the al-
leged problems and a maximum of 50,000 evaluations of objective functions.
To evaluate the performance of the proposed algorithm, all the tests were
conducted with a fixed population of size 50. The iteration-wise convergence
of the proposed algorithm with respect to the time taken is shown in Figure
3. The theoretical convergence of the NEL and the CD with +ve and -ve
values on the iteration count of 50 is shown in Figure 4.

The fitness values recorded by using the dataset with the proposed algo-
rithm are given in Table 3. The table shows the result of the calculation of

fitness values computed on the basis of per epoch size.

Table 3: Result of the proposed algorithm on the dataset giving fitness values

Iteration count | Test Case | Fitness function
1 10 5.9488¢(-010)
5 18 7.1491e(-010)
10 27 1.7217e(-009)
15 38 4.1091e(-009)
20 46 6.0999¢(-009)
25 55 6.1999¢(-009)
30 62 8.2628¢(-007)
35 70 8.2101e(-007)
40 85 9.998e(-007)
45 93 9.9974e(-007)
50 100 9.998e(-007)

The experimentation result of the proposed algorithm on the selected
ten benchmark test functions is presented in Table 4. All the benchmark
test functions on the proposed algorithm are evaluated by using the three

parameters, that is, mean, standard deviation, and the best value.
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Figure 1: Flowchart of the proposed PPDA algorithm.
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TEST TEST EXPECTED ACTUAL

TESTID TESTCASE PRE-CONDITIONS ~ TESTSTEPS PRECEDENCE  TE5T TEST EXPECIED ACTUIM passirai
0 ToapfopIMI=tE20S koad finctonaiy None  Enter Invalid URL H 8  NaN NaN NaN NaN
- through URL
i1 [OADgoz:  (esLPage Reload withour None NaN H 3 NaN NaN NaN NaN
b crashes
Test 404 Error for Invalid
2 LOAD_003 o v None NaN L 7 NaN NaN NaN NaN
. Choose city from
3 SELECT CITY_001 Test City Choice using Icons LoAp ooy Clioose ofy fiom ™ 4 NaN NaN NaN NaN
Test Search City using Choose city by
4 SELECT CITY_002 Ll LoAD_001 e ™ 6 NaN NaN NaN NaN
95  BOOK EVENT o3 'estAdd &Removeperson o6 evenT 001 NaN % 6 NaN NaN NaN NaN
~ = functionality = =
9%  BOOK_EVENT 004 Test choice of seats BOOK_EVENT_003 NaN H 7 NaN NaN NaN NaN
97 EVENT_CONFIRM_001 Test transfer to Payment Init  BOOK_EVENT_004 NaN H 4 NaN NaN NaN NaN
Test transfer to Confirmation
88 EVENT_CONFIRM_002 Bigo aftor bayment  PAY_PORTAL_003 NaN H 4 NaN NaN NaN NaN
2 HELP_001  Test help link functionality HOME_001 NaN L 5 NaN NaN NaN NaN

Figure 3: Performance analysis of the proposed algorithm in between

Figure 2: Sample description of the dataset used for experimentation.
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Figure 4: Convergence of the NEL and CD on the iteration count 50
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Table 4: Performance analysis of the proposed algorithm with ten benchmark functions

Benchmark Function Parameters | Experimented value
Mean 0.11958
Bukin Function Std. Dev 1.15982
Best 3.24853
Mean 20.8456
Cross-in-Tray Function Std. Dev 4.12124
Best 9.05642
Mean 27.5468
Easom Function Std. Dev 11.2619
Best 8.4653
Mean 12.5887
Goldstein-Price Function Std. Dev 3.8911
Best 4.5997
Mean -2.805118
Himmelblau’s Function Std. Dev 3.131312
Best 3.584428
Mean 13.1087
Levi Function Std. Dev 7.7724
Best 19.4376
Mean 0.0898
Six-Hump Camel Function | Std. Dev -0.7126
Best 0.7126
Mean 5.47 x 10713
Schaffer Function Std. Dev 5.47 x 10712
Best 0
Mean 1.53 x 10793
Weierstrass Function Std. Dev 1.41 x 10793
Best 1.18 x 10796
Mean 1.25 x 10793
Xin-She Yang Function Std. Dev 1.12 x 10793
Best 6.96 x 10796
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5 Comparative analysis

The comparative analysis of the proposed algorithm with the other bench-
mark metaheuristic algorithms like ACO, GA, and PSO on the ten selected
benchmark functions is presented in Table 5. We explored some recent works
on the optimization of the problems and selected few named, as gaining-
sharing knowledge-based algorithm (GSK) [23], war strategy optimization
(WSO) [5], teamwork optimization algorithm (TOA) [13], and Coronavirus
herd immunity optimizer (CHIO) [3]. The comparative analysis using some

recently proposed metaheuristic algorithms is also presented in Table 5.

Table 5: Comparative analysis of the proposed algorithm with other metaheuristic op-

timizations on ten benchmark functions

Parameters ‘ Experimented value
Benchmark P 1
Functions POl Aco GA | PSO GSK WSO TOA CHIO
Algorithm
Buki Mean 0.11958 0.0452 0.0845 0.1045 0.6424 0.7594 0.4645 0.8215
ukin
Functi Std. Dev 1.15982 0.8875 0.8952 0.9973 0.0353 0.5204 0.5329 0.9762
mction
Best 3.24853 1.2975 2.0128 2.9861 1.5612 1.8345 2.4699 2.9164
Mean 20.8456 12.5465 14.5612 17.7789 11.9246 12.3320 15.4976 18.5564
Cross-in-Tray
Functi Std. Dev 4.12124 2.2498 2.8167 3.4242 1.7783 1.9201 2.1286
mction
Best 9.05642 5.1971 7.1267 8.9462 2.5610 3.8848 5.5585
E Mean 27.5468 17.5641 20.5731 23.1973 17.2564 21.5645 20.0843 23.4997
asom
Puncti Std. Dev 11.2619 8.8891 10.0245 11.1189 8.1469 10.1213 11.0046 11.1873
mction
Best 8.4653 5.2307 6.7239 7.8912 4.3469 4.8501 5.4321 6.0197
Mean 12.5887 9.1327 10.8123 11.7831 7.8873 8.8213 9.4631 9.9799
Goldstein-Price
Puncti Std. Dev 3.8911 1.0891 1.9921 2.5618 1.2390 2.0049 2.7391 3.7721
mction
Best 4.5997 2.2080 3.0891 4.1129 1.9951 2.5739 3.0852 3.7894
Mean -2.805118 | -4.1978 -3.331946 | -2.913354 -5.3349 -4.0167 -2.4223 -2.8521
Himmelblau’s
Puncti Std. Dev 3.131312 0.1974 1.079641 2.139734 0.5216 1.0841 1.9898 2.0173
mction
Best 3.584428 0.1941 1.943137 | 2.139424 1.0409 1.9744 2.3367 3.0889
Levi Mean 13.1087 9.1346 11.4621 1.7921 7.2252 8.5545 10.1446 9.8878
evi
l“l\ " Std. Dev 7.7724 4.9134 6.1389 7.5134 4.4464 5.1973 6.5565 5.8552
mction
Best 19.4376 12.9434 | 16.4673 18.9124 10.2881 12.4652 17.8446 15.5550
Mean 0.0898 1.1913 0.1843 0.0661 0.9979 0.6732 0.2212 0.1101
Six-Hump Camel
PFuncti Std. Dev -0.7126 -1.7349 -0.9943 -0.7112 -1.2333 -1.1249 -0.9999 -0.4156
mction
Best 0.7126 1.9431 0.9937 0.6574 0.7449 0.7552 0.7449 0.8510
Schaffer” Mean 5.47E-13 9.77E-13 | 7.87E-13 6.34E-13 9.44E-13 | 8.14E-13 | 6.49E-13 | 5.11E-13
chaffer’s
Puncti Std. Dev 5.47E-12 7.71E-12 | 6.89E-12 6.07E-12 8.11E-12 | 7.57E-12 | 6.04E-12 | 6.01E-12
unction
Best 0 1.6972 0.9234 0.0569 0.6646 0.7411 1.1012 1.6887
Weicrst Mean 1.53E-03 | 3.33E-03 | 2.89E-03 | 1.943E-03 | 2.84E-03 | 2.41E-03 | 1.72E-03 | 1.50E-03
cierstrass
Puncti = Std. Dev 1.41E-03 2.61E-03 | 1.99E-03 1.65E-03 2.43E-03 | 1.90E-03 1.99E-03 | 1.57E-03
unction
Best 1.18E-06 | 4.81E-06 | 3.11E-06 | 2.01E-06 4.71E-06 | 3.11E-06 | 1.53E-06 | 1.96E-06
Xinsl Mean 1.25E-03 | 2.55E-03 | 2.012E-03 | 1.95E-03 1.53E-03 | 2.84E-03 | 2.61E-03 | 1.47E-03
in-She
Std. Dev 1.12E-03 2.56E-03 | 1.99E-03 1.24E-03 1.55E-03 | 1.72E-03 1.30E-03 | 1.24E-03
Yang Function
Best 6.96E-06 | 4.75E-06 | 5.09E-06 | 6.66E-06 4.21E-06 | 5.01E-06 | 5.78E-06 | 6.11E-06

To test the significance of the proposed model, the statistical analysis is

also computed and compared. To do this, the well-known statistical mea-
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sure test named Kolmogorov—Smirnov (KS) test is used in this work. The
KS test is a nonparametric test that is used to determine if a sample comes
from a specific distribution. It is particularly useful for assessing whether
a sample follows a particular theoretical distribution, such as a normal dis-
tribution. The test is based on the cumulative distribution function of the
empirical distribution and the theoretical distribution being tested. The KS
test statistic, denoted as D, is the maximum absolute difference between the
empirical distribution function of the sample and the cumulative distribu-
tion function of the theoretical distribution. If the calculated test statistic is
greater than the critical value from the KS distribution table (or the p-value
is less than the significance level), then the null hypothesis will be rejected.
The experimentation results of the KS test are presented in Table 6. The
KS test results are given in Table 6, and since the test’s p-value is less than
0.05, the hypothesis regarding the data’s normal distribution is satisfied. As

a result, nonparametric statistical tests can be used for more research.

Table 6: The KS test values showing the significance of proposed method

Existing Algorithms
Algorithm | Data type
ACO GA PSO GSK ‘WSO TOA CHIO
p q Best 8.22E-06 | 8.22E-06 | 8.22E-06 | 6.45E-06 | 8.22E-06 | 7.19E-06 | 7.84E-06
TOpose;
Al ! ith Mean 1.65E-04 | 1.93E-04 | 1.65E-04 | 1.65E-04 | 2.01E-04 | 1.99E-04 | 1.65E-04
oritnm
8 SD 2.12E-02 | 2.12E-02 | 1.96E-02 | 2.76E-02 | 2.12E-02 | 2.12E-02 | 2.76E-02

6 Conclusion

In conclusion, the proposed metaheuristic algorithm based on the physics in-
formed particle decay principle, specifically for test case minimization, shows
promising potential. By leveraging concepts from physics, such as particle
stability and different modes of decay, the algorithm offers a unique approach

to optimize test case generation and reduce redundancy.

The algorithm’s utilization of physics principles allows for the generation
of stable particles that represent high-quality test cases, while unstable par-

ticles can decay and be replaced by new particles to explore different areas of
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the search space. This enables the algorithm to efficiently converge towards
optimal or near-optimal solutions.

Through the use of the proposed algorithm, the test case minimization
process can benefit from the inherent properties of particles in physics, such
as stability and decay. This approach can enhance the efficiency of test case
generation by reducing the number of redundant or irrelevant test cases,
leading to improved resource utilization and reduced testing time.

Also, the proposed metaheuristic algorithm for test case minimization,
validated on ten benchmark functions, has demonstrated its effectiveness and
potential in optimizing the generation and selection of test cases. The algo-
rithm has been evaluated and compared against well-known mathematical
functions, which serve as standard test cases for assessing the performance
of optimization algorithms.

The results of the validation process indicate that the proposed meta-
heuristic algorithm performs well in terms of minimizing the test case suite
while maintaining the required coverage and effectiveness. The algorithm
has shown competitive performance in terms of convergence towards optimal
or near-optimal solutions, as well as the ability to handle different types of
objective functions.

Through the use of metaheuristic techniques, the algorithm has success-
fully explored the search space and identified high-quality test cases that
meet the specified criteria. The algorithm’s ability to adapt and evolve over
iterations has been instrumental in achieving good performance across the
benchmark functions.

The validation of ten benchmark functions has provided insights into the
algorithm’s strengths and weaknesses. The algorithm’s robustness and gen-
eralization capabilities have been evaluated by testing its performance on
various types of objective functions. The results indicate that the algorithm
is capable of effectively minimizing test cases across different problem do-
mains.

Future work will still need to be done in order to evaluate the algorithm
on a larger variety of benchmark functions and real-world test situations. The
algorithm’s performance can also be increased by refining its parameters and

taking into account knowledge particular to the situation. The work could
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be extended with the design of the nonconvex objective function in place of
the convex function. Introducing nonconvexity can make the optimization
problem more challenging, as it increases the likelihood of multiple local

minima.
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Abstract

We derive a deterministic mathematical model that scrutinizes the dy-
namics of cholera pathogen carriers and the hygiene consciousness of in-
dividuals, before the illness, during its prevalence, and after the disease’s
outbreaks. The dynamics can effectively help in curtailing the disease, but
its effects had less coverage in the literature. Boundedness of the solu-
tion of the model, its existence, and uniqueness are ascertained. Effects
of cholera pathogen carriers and hygiene consciousness of individuals in
controlling the disease or allowing its further spread are analyzed. The
differential transformation method is used to obtain series solutions of the

differential equations that make the system of the model. Simulations of
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the series solutions of the model are carried out and displayed in graphs.
The dynamics of the concerned state variables and parameters in the model
are interpreted via the obtained graphs. It is observed that higher hygiene
consciousness of individuals can drastically reduce catching cholera disease
at onset and further spread of its infections in the population, this in turn,

shortens the period of cholera epidemic.

AMS subject classifications (2020): Primary 92D30; Secondary 92B05.

Keywords: Differential transform; carriers; simulation; hygiene conscious-

ness; series.

1 Introduction

Mathematical modeling can be defined as the process of selecting and utilizing
relevant mathematical ideas to scrutinize and portray situations in a better
way to understand and apply safer decisions about physical phenomena, and
the entire real-life problems. Models are believed to aid in understanding var-
ious ways phenomena and real-life problems operate. This includes epidemic

processes, and it helps in designing effective control strategies [1].

The world has witnessed a remarkable improvement in hygiene, sanitary
measures, and effective treatment of infectious diseases. This has drastically
reduced the threat of diseases like cholera in many countries. In addition
to this, many studies, experiments, and theories that were carried out and
developed now and in the past have aided in reducing cholera mobility [8].
A report from “acap” stated that “there have been 93,932 suspected cholera
cases, that caused 3,293 deaths from these cases in Nigeria and that 5,343
confirmed cholera cases with 156 deaths in Niger Republic as of October
2021,

Due to poor sanitation systems, the shortage of good drinking water,
and the high density of the population, Africa become a victim of cholera
outbreaks, leading to a higher risk of outbreaks, and the spread of the disease.
This coupled with shifting priority to COVID-19 resulted in the diversion of

most resources and attention to it, leaving other health problems. This in-
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turn caused lapses in the entire health sector and affected the process of

contact tracing and thorough management of cholera [27].

1.1 Cholera

Cholera is an illness caused by gram-negative, nearly comma-shaped bacillus
bacteria called Vibro cholerae. The sickness’s symptoms are mostly, severe
gray color diarrhea, with flecks of mucus, extreme thirst, drop in blood pres-
sure, abdominal pain, and kidney failure [29]. It usually comes with vomiting
and can dehydrates the patient in quite short period of time if prompt treat-
ment measures are not taken. Its outbreaks usually comes after natural and
artificial catastrophes that disrupt the public strong sanitation service sys-
tems. The disease is still a threat and problem to global public health [26],
especially in developing countries.

Mishandling faeces and vomit of infected individuals easily trigger spread
of the disease. This is so because Vibro cholerae bacteria that pass through
the human digestive system are more infective and stubborn to control by
human body immunity than others. Among its crucial characteristics is that
it can survive even with limited oxygen and iron [17]. It has been estimated
that (though, depending on the individual’s age, stomach acidity and blood
group), an individual has to ingest up to a dose range of 103 to 10% Vibro
cholerae bacteria cells, before developing cholera disease. The disease’s in-
cubation period ranges (that is, from ingestion of Vibro cholerae bacteria to
cholera infection) from 12 hours to 5 days [11, 20]. The range is pegged at,
from 18 hours to 5 days, in [24]’s study (as cited in [12]). Vibro cholerae’s
mechanism of causing cholera was described by [25] that usually start with
surviving the stomach acidity, shedding its flagellum, swim deep into in-
testine mucus. It colonizes and secretes a toxin that stimulates intestine
mucosal cells to pump body water due to osmosis. This leads to dehydrating
the patient.

The onset outbreak of cholera is usually caused by the consumption of
contaminated water. The subsequent spread of the disease can be through

contaminated food, contact with cholera patients and unhygienic handling of
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faeces, and vomit of cholera patients. Most mathematical models on cholera
we visited, have not categorically scrutinized cholera pathogens since the
pathogens cannot on their own spread without human contribution. It is
hence vital to study the dynamics of Vibro cholerae as causative agents or
pathogens that cause cholera disease [28].

Cholera is an extremely virulent disease that affects all ages and economic
classes of a nation. It has been estimated that about two billion people
drink water from sources that may be contaminated with faeces and that
1.3 billion people are at risk of cholera disease in cholera endemic areas and
regions of the world [29]. 75% of cholera pathogens carriers, manifest no
symptoms but spread the pathogen to their immediate environment through
faeces for a period of 7-14 days, of ingesting the pathogens by the carriers
[13]. People with low gastric acidity are at high risk of catching cholera.
Therefore transmission of the disease in such a class of people is rampant
[1]. The study intends to apply mathematical modeling to best portray the
transmission thresholds of the infections by Vibro cholerae in the host, and

the magnitudes it attains so as to get the best ways to eradicate it.

1.2 Related literature

Elhia et al. [10] proposed a mathematical model on the global stability of
the SIR cholera epidemic model that dealt with two infectious stages and
treatment of cholera. They carried out an analysis of the model’s global
stability, obtained Ry, and illustrated the analytical results numerically.

A mathematical model on the controls of cholera, including hygiene con-
sciousness as a control strategy and a compartment of the model was formu-
lated in [21].

Mathematical models on the dynamics of individuals who ingested cholera
pathogens but have not developed any symptoms of cholera disease are very
rare. These categories of individuals unknowingly spread the pathogens of
the disease in the environment. This in turn causes the spread of the dis-
ease. Therefore, incorporating all possible and necessary compartments in a

mathematical model, will surely warrant a chance to determine the essential
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dynamics it entails. This will also help in determining the basic mechanisms
of transmission of the disease. Its outbreak and ways individuals can be in-
fected by the disease. It can also help in exploring various ways of its spread,

methods of controlling it, and what can make it escalate or persist.

These motivate us to formulate a deterministic mathematical model of
cholera by marrying [21]’s SICRB cholera model with [10]’s SIUTR cholera
model, to come up with SICUTRB deterministic mathematical model of
cholera, in order to investigate the dynamics, spread, and control measures of
cholera disease, especially through hygiene consciousness. The model has two
incidences, linear and nonlinear. The linear incidence represents the human-

to-human transmission of cholera, and the nonlinear is the logistic response

_B_

to the increase in the cholera pathogen B, and ¢ is represented by vl #T%.

Differential transform method (DTM) is a numerical-analytical (others
call it semi-analytical) technique. It is used in solving linear and nonlinear,
ordinary and partial differential equations, usually with known initial values.
It is carried out by obtaining the approximate series solutions of the equa-
tions. It was first used by [30] in solving linear and nonlinear initial value
problems in electrical circuit analysis. Pukhov earlier proposed differential
transform by computing the image of a transformed function using differen-
tial operations, in his work ’Differential Transformations of Functions and
Equations’ published in 1980. Zhou pioneered using the method to solve the

initial value problem [5].

The method is an iterative procedure for getting analytic Taylor series
solutions of differential equations by iterations [4, 31]. In other words, DTM
solves an induced recursive equation from a given differential equation by
determining coefficients of the Taylor series of the concern function [2]. Its
analytical solutions can be constructed in the form of polynomials, whose
obtained solutions can be presented in terms of convergence series. This in
turn makes it easier to compute especially nonlinear equations. Application of
the method reduces the bulk computation and helps arrive at more accurate
approximate answers while solving linear and nonlinear differential equations.
In recent years, the method has been employed in solving one-dimensional

planar Bratu’s problem, differential-difference equations, delay differential
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equations, differential-algebraic equations, and integro-differential systems
[32].

Some basic definitions and properties of DTM as obtained in related lit-
erature, such as [2, 3, 14, 18, 19, 23], are as follows: The transformation of

the bth derivative of a function with one variable is

b
Gl = ;[d;’tg)}t_to. (1)

Here g(t) is the original function, while G[b] is the transformed function,

and the inverse transformation is given as
oo
b
g(t) =Y Gt —to)". (2)
b=0

By Taylor series, the inverse transformation of (1) can be obtained as

Some functions and their respective differential transformations are dis-

played in Table 1.

2 Model formulation

State variables and parameters used in the model are described in Tables 2

and 3, respectively.
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Table 1: Some functions and their respective differential transforms

Original Function Transformed Function
g(t) = f(t) £ h(t) G[b] = F[b] + HI[b]

g(t) =mf(t) G[b] = mF[b] m is a constant
g(t) =1 G[b] = o[b]
g(t) =t G[b] = 0[b — 1]
o) = FOR®) Gl = FlalHb—d]
5

g(t) = e Glb] = W
g(t) = ¢ el =5
gty = 40 Gl = (b+1)G[b + 1]

10
g(t) = e G = (b+1)(b+2)G[b+ 2]

" B g = 1, ifb=a
g(t) = ¢ Glb] = o(b >—{07 e

where ¢ is the Kronecker delta

g(t)=(1+1t)" G[b]:a(a_l)”'(a’_b‘f'l)

b!
. 6 . [bm
g(t) =sin(0t +a) G[b = i (5 +a
b
g(t) = cos(Ot + o) G[b] = %cos <b; + a)

Table 2: State variables description

Variable Description

Susceptible Individuals

Infected Individuals

Hygiene Conscious Individuals
Untreated Vibro cholerae Carries
Infected Individuals Under Treatment

Recovered Individuals

W H T Q~ N\

Concentration of Vibro cholerae Bacteria in Food

and Water Consume by the Human Population
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Table 3: Parameters description

456

State Variables Description Value  Reference
& Parameter
S Susceptible Individuals 900 Estimated
Infected Individuals 50 Calculated
C Hygiene Conscious Individuals 500 Estimated
U Untreated Vibro cholerae Carries 25 Calculated
T Infected Individuals Under Treatment 22 Estimated
R Recovered Individuals 3 Calculated
B Concentration of Vibro choleraeBacteria in Food 600 Estimated
q Recruitment rate of human population 0.104  Estimated
0 Per capital natural human death rate 0.0101 [10]
vy Rate of ingesting Vibro Cholerae bacteria from 0.5 [21]
contaminated food and water consume
by the human population
v Rate of getting Vibro cholerae bacteria 0.03 [21]
through human to human interaction
0 Recovery rate of hygiene individuals 0.38 [21]
h Hygiene consciousness of individuals 0.6 Estimated
Rate of Vibro cholerae decrease 0.78 Estimated
n Rate at which infected individuals increase 10 [6]
Vibro cholerae bacteria in the environment
f Rate of freedom from Vibro cholerae 0.7 Estimated
by the hygiene conscious individuals
k Concentration of cholera pathogen that yields 50% 10° [6]
chance of individual developing cholera disease
g1 Progression of recovery of treated individuals 0.08 Estimated
to untreated Vibro cholerae carriers
g2 Rate of interruption of treatment 0.2 [10]
r1 Recovery rate of untreated Vibro Cholerae carriers 0.8 Estimated
7o Recovery of treated cholera patients 0.9 Estimated
€ Disease induced death rate for individuals in 7 class  0.105  Estimated
I Disease induced death rate for individuals in U class 0.1 Estimated
o Disease induced death rate for individuals in T" class  0.08 Estimated
m Rate of movement of the infected class 0.4 [10]
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(o

‘- f8+AC
R

Figure 1: Schematic diagram of the model

2.1 Basic assumptions of the model

The following basic assumptions are used in formulating the model. They
serve as conditions under which the model will be meaningful and work effi-

ciently.
1. A homogeneous human population is used.

2. Infected individuals are classified into under-treatment and untreated

healthy Vibro cholerae carriers.

3. State variables and parameters of the model are positive and remain

positive.

4. Only few cholera pathogen carriers develop severe cholera disease
(about 75% of cholera infected individuals are healthy cholera pathogen

carriers) during a cholera outbreak.

5. Recovery of severe cholera patients is through treatment and asymp-

tomatic cholera pathogen carriers can heal untreated.
6. Recruitment into the population is through birth and immigration while
the exit is through migration and natural and disease-related deaths.

These assumptions were used to draw the flow diagram in Figure 1, then

used to derive the model’s system of differential equations, as follows:
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ds

= =0~ 068 = (1= h)ws ST =08, (5)
dI
E=ul¢S+(1—h)z;QSI—(6+a+r1+r2+h)1, (6)
dC
== (0+ [ +0)C, (7)
dU
o = A=n)ml+ 0+ )C+gT = (G +m+r+ut+g)U,  (8)
dT
EZTTH[+91U—(5+O&+QQ+T2)T, (9)
R
i (r1+ro)l + 1T + (r1 +72)U — OR, (10)
dB
— = —hpnl - BB. (11)

2.2 Existence and uniqueness of solution of the model

Formulated mathematical models need to undergo a surety test to ascertain
the existence and uniqueness of their solution. Using Lipschitz criteria as in
the definition of basic terms, the existence and uniqueness of a solution of
the model are established as follows:

Theorem 1 stated below, is from Derrick and Grossman (1981), also available
in [9, 16], together with Theorem 2 are adopted to prove the existence and

uniqueness of solution of the model.

Theorem 1. Suppose that D! denotes the region

|t —to |<1, Il a—ap||<m,
a:(a1,a2,...,an), aO:(a/107a'20;-~-aan0)7
and that
lg(a1,t) — glaz, )| < pllar — az||. (12)

If the pair (ai,t) and (ag,t) belong to D!, where p is a positive constant,
then there is a constant § > 0 such that there exist a unique continuous
vector solution a(t) of the system in the interval ¢ — ¢y < §. This condition

is satisfied provided that

Iran. J. Numer. Anal. Optim., Vol. 14, No. 2, 2024, pp 449-474



459 Dynamics of Cholera Pathogen Carriers and Effect of Hygiene ...

0g;

= =1,2,...
at]v ? )& 9

is continuous and bounded in D!, (where 7 represents equations in the system

and j represents the compartments).

Now, considering the region 0 < w < R. Bounded solution of the system
of equations (5)—(11) will be looked for in the same region whose partial
derivatives satisfy 6 < w < R, where § and w are positive constants, as in

the theorem that follows.
Theorem 2. Let D denotes the region 0 < w < R. Then the system of
equations (5)—(11) has a unique solution if it is established that

ol;

— 1 =1,2,3,4,5,6,7
6t]7 ? 9 Sy Dy Ty Uy My by

are continuous and bounded in D.

The proof of the existence and uniqueness of solution of model two system

of equations (5)—(11) are as follows:

Proof. Let

I = q—v16S — (1 — h)veSI — 68,

lo=v10S+ (1 —h)voSI — (6 +e+7r1 +ro+h)I,
ls=hl—(0+f+0)C,
li=0—7)mI+ 0+ f)C+ goT — (5 + 71+ 72+ p+ 1)U,
Is=1mml+qU— (6 +a+g2+1m)T,

leg = (r1+7r2)l +roT + (11 +72)U — IR,

I; = (1—h)nl — BB.

Partial derivatives with respect to each state variables of the system (5)—

(11) are obtained as follows:

For 4,

ol ol

8—‘51’ :‘—’U1¢)—(1—h)’l}21—5|<00, ‘611 :|—(1—h)’[}25|<00,
o[ (ol _|oh|_ (o] _[au| o

oc| |oUu| |oT| |OR| |0B| '
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Similarly, for I, I3, l4, l5, lg, and l7, all have the absolute values of their

partial derivatives less than infinity. O

Solution of the system of equations (5)—(11) exists and is unique in R”

since all the partial derivatives are bounded and defined.

2.3 Boundedness of solutions of the model

Let Py be the human population of the model represented by equations

(5)-(10). The variables and parameters used are nonnegative.

Theorem 3. All solutions of equations (5)—(10) of the model are bounded

in RS, and solution to equation (11) is bounded in R..

Proof. Let
Py=S+I1+C+U+T+R (13)

Differentiating (13) with respect to t gives
dPy dS dI dC dU dT dR

a Catata T atw T a
Simplifying (14) gives

dc%:q_‘ss_(g_me‘S)I—(fS)C—(M+5)U—(a+6)T—5R. (15)

Taking and using any p > 0, multiplying the p by (13), then adding the result

to respective sides of (15), and simplifying, thus we have

p(Pu)=p(S+I+C+U+T+R),

dpP
— t PP == (6= p)S —(e=m+5—p)— (5= p)C ~ (u+ 35— p)U
—(a+d—p)T — (6 — p)R.
Let

Ag=(6-p)S—(e=m+b—p)I—=(6—p)C—(p+6—p)U—(a+6—p)T—(6—p)R
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with
p=min{d,e —m+ 0,6, p+ 3, a+ 4,06},

which means that p is the minimum value of §. Hence § — p < 0. Similarly,
p is the minimum values of ¢ — m + 9, u + 6, and a + 6. This implies
e—-m+d6—p<0,u+d—p<0,and a+d§—p<0.
Therefore
dPy
—— +pPg=q—A
dt + pLH q q

but A, < 0. Taking A, = 0 gives

dP,
— T PPu <4 (16)

Now, using the differential inequality theorem from Gronwall (1919) and
the Brikhoff and Rota version as used in [7, 15, 21, 22|, (16) gives

APy
Y0 Py 1
G =4 —rPm (17)

Separating the differential inequality (17) gives

dP,
—— 1 < (18)
q —pPu
Integrating the both sides of (18) gives
1
—=In(q—pPu) <t+c (19)
p
Solving (19) in terms of ¢ gives
1
—t— ;ln (g —pPu) <c. (20)

Evaluating (20) at t = 0 and Py = Py (0) gives
1
g~ pPu(0) < c. (21)
Substituting (21) into (19) gives
1 1
it pPa) 0+ (<2 hata - pPu(0). (22)

Multiplying (22) by —p gives
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In(g — pPg) < —pt +1In(q — pPu(0)). (23)
Taking exponent of (23) gives
q—pPr < e (¢ - pP(0)) (24)

as t — oo,

e Pt 0.
Also,
e " (q— pPu(0)) =0,
q—pPg <0,
so Py < %. All state variables and parameters of the model are positive.
Hence the sum Py is greater than zero. Therefore

0<pPy<d.
1)

This cumulatively implies the system of equations (5)—(10) is bounded and

its solutions enter into the region
th{(S,LC,U,ﬂR)eRi ;0<Png}. (25)
p

Hence, the solution of equations (5)—(10) is bounded and belongs to feasible
region Hy. On the other hand, the nonhuman population is described by

equation (11). Its boundedness is sought as follows.

Let Pp denote the number of cholera pathogens, so that equation (11)
can be written as

dPp
YB _ (1~ hyyl - BPg.
7 (1—=h)nl — BPp

From (13) dstH < q — pPy. Since Py < %, then from the same (13), it
implies that I < %.

Therefore ip
B q
— < =(1—-h)n—pBP
d = ,0( )77 BPp
holds and can be written as
dP
B < dt. (26)
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Integrating the both sides of (26) gives

—%ln ((1;7(1—h)—/3PB) <t+a. (27)
Evaluating (27) at t = 0 and Pp = Pp(0) gives
—% In (qp"u —h) - ﬂPB(O)> <1 (28)

Substituting (28) into (27) gives
1. (an ) 1 (qn )
(T —n)—pPs) <t—-m(La—n)—8Ps(0)). (29
S (L) - pre) <e- g (Da-n-ra). (@)
Multiplying both sides of (29) by —3 gives

In (qp"(l —h)— ﬁPB) <-Bt+In (qp”u —h) - BPB(O)) . (30

Taking exponent of both sides of (30) gives

@(1 —h)—pBPg < e—ﬂt+1n(%(1—h)—ﬁPB(0))
p —_ )

which can be written as

an —pt (1
;(1_h)—ﬁPB§e p (p(l—h)—BPB(O))-

Then, as t — oo, e %% — 0, and also, e =5 (%(1 —h)— BPB(O)) — 0.
it is obtained that
qmn

Py < 20 (1= h),
= Pp — %}(1 —h).

Therefore

an
0< Pp < (1 h).
5 < g, (1=h)

The nonhuman population equation solution is hence bounded and enters the
region

Hb:{BeR+,O<PB<ZZ(1—h)}. (31)

Altogether, the feasible solutions of the system of equations (5)—(11) are

bounded and enter the region
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H={(8.1.C.UTR €RY B R, S1LOUT R B >0

q qn
0<Pyg<*0<P <1—h}. 32
H P B ﬁ( ) ( )

O

3 Results of the model using DTM

Gi=6+e+ri+re+h,
Ga=0+pu+r+ra+g,
Gs=0+a+gs+r2,
Gy=64+0+F,

Gs =0+ f,

Ge =n—nh,

G7 =v19,

Gg = vy — vah,
Gy = mr,
Gi9 =m —mr.

The system of ordinary differential equations of the model is now written as

dii(tt) =q — Grs(t) — Gss(t)i(t) — ds(1), (33)
dil(tt) = Grs(t) + Gss(t)i(t) — Gri(t), (34)
) _ hife) - Gaett), (35)

d%(tt) = Ghoi(t) + Gsc(t) + got1, (t) — Gaul(t) (36)
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dt;it) — Goi(t) + gru(t) — Gt (1), (37)
d:lg‘t) = Gsc(t) +riu(t) +roty () — or(t), (38)
D1 _ Gitt) — o) (39)

Let S(b), I(b), C(b), U(b), T(b), R(b), and B(b) denote the differential
transformation of s(t), i(t), c(¢t), u(t), t1(t), r(t), and by (t), respectively. Ap-
plying the fundamental operations of DTM provided in Table 1, the following

recurrence relations are obtained:

b
SO+ = <qL<b, 0) — (Gr +)S(b) — G . (S(@) (b - a))> ., (40)
a=0

Ib+1) = b%l <G7S + GSZ I(b— a) Gll(b)> . (41)
Clo+1) = 5= (HI(b) = GC(B)), (42)

U(b+1) = 5 (GroT () + GsC) + 92T() ~ GoU ), (43
T(h+1) = bi L (Gol(B) + 0 U(b) ~ GsT(h)), (49)

R(b+1) = b 1 (G5C(b) + U (b) +1r2T'(b) — 6R(D)), (45)
Blb+1) = 5 (Gel () ~ BBO)). (16)

Substituting the initial conditions

s(0) = 900, i(0) = 50, ¢(0) = 500, u(0) = 25, t1(0) = 22, r(0) = 3, b1(0) =
600

and the values of the parameters

g =0.1,6 =0.0101, v; = 0.5, v = 0.03, 8 = 0.38, h = 0.6, 8 = 0.8, n = 10,
f=0.7491=008,9g0=02,7 =08, 70 =09, e =01, u = 0.1, « = 0.08,
m = 0.4, 7 = 0.5, ¢ = 0.000599,

into DTM conditions (40) to (46). Using Maple 18, we obtain
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S(1) = —549.25955,
C(1) = —515.05,
5(2) = —2099.094692,
C(2) = 406.6573675,
S(3) = —4396.37805,

C(3) = 171.4405043,

S(4) = —2483.196769,
C(4) = 421.4651895,
S(5) = 15561.71779,
C(5) = —18.24762974,
S(6) = 56847.30013,
C(6) = —1581.934929,
T(1) = —14.1822,
T(2) = 70.7014731,
T(3) = 59.23884417,
T(4) = 152.6203129,
T(5) = —13.8564008,
T(6) = —523.3916988,

b
s(t) =) t"S(b)
a=0

I(1) = 419.76455,
U(1) = 507.1475,

1(2) = 1596.031182,
U(2) = —716.84851,
1(3) = 3121.246753,
U(3) = 709.150619,
I(4) = 613.668424,
U(4) = —129.7781802,

(5) = —15852.50219,
U(5) = 170.74677881,
1(6) = —50505.80978,

~

U(6) = —585.9512738,
R(1) = 579.7697,
R(2) = —84.577827,
R(3) = —23.26776309,
R(4) = 201.506551,
R(5) = 97.33658518,
R(6) = 17.2393537,

R(7) = —378.3539126,

Sy

(1
B(2
B(3
B4
B(5
B(6
B(7

)
)
)
)
)
) =
) =

= 900 — 549.25955¢t — 2099.094692t* —

466

320
3230.1164,
7650.80193,
1095.82663,
210.966696,
—42301.46807,
—110607.3974,

The series solutions of the transformed equations b ranges from 1 to 6 or 7:

4396.37805¢3

— 2483.196769t* + 15561.71779t + 56847.300135 +

b
t)=> t"I(b)
a=0

+ 613.668424t* — 15852.50219t° — 50505.80978t° +

b
t)=> t'C(b)
a=0

= 50 + 419.76455¢ + 1596.031182¢% 4 3121.246753t°

=500 — 515.05¢ + 406.6573675t% + 171.4405043¢>

+ 421.4651895t* — 18.24762974¢t% — 1581.934929¢% + - - - |

b
u(t) => U
a=0

b) = 25 + 507.1475¢ — 716.84851¢> + 709.150619¢>

— 129.7781802¢* + 170.74677881t> — 585.9512738t5 +
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b
t(t) = Z T (b) = 22 — 14.1822t + 70.7014731¢* + 59.23884417¢>
a=0
+ 152.6203129t* — 13.8564008t° — 523.39169885 4 - - -
b
r(t) =Y t"R(b) = 3+ 579.7697t — 84.577827¢> — 23.26776309t°
a=0

+201.506551¢* + 97.33658518> + 17.2393537t°
— 378.3539126t" + - - -,

7
bi(t) =Y t"B(b) = 600 + 330t + 3226.6364¢> + 7662.06045¢”
b=0

+10960.11186t* + 214.6803636t> — 42259.50383¢°
—110607.3974¢t7 + - - - .

The Maple 18 plots of s(t), i(¢), c(t), u(t), t1(t), r(t), and by (¢t) are displayed
in Figures 2-6.

4 Conclusion

The model proposed how hygiene consciousness of individuals influences the
susceptible and infected individuals. A high rate of h, which is hygiene con-
sciousness of individuals, increases number of susceptible individuals while
the low rate of h decreases their number, for details, see Figures 3, 4 and
5. The untreated Vibro Cholerae carriers, are seen physically as healthy, be-
cause they do not manifest any symptoms of cholera, but spread the pathogen
without knowing. The rate of freedom of individuals from Vibro Cholerae was
determined by their hygiene consciousness (see Figure 6). In Figure 3, the
number of susceptible individuals reduced from 900 to about 100 individuals
in less than a week, infection reduced to zero in about half of a week, the
peak of the infection is 350 out of 900 susceptible individuals when the rate of
hygiene consciousness is 63%. While the number of susceptible individuals re-
duced from 900 to 90 individuals, in about two weeks’ time, infection reduced
to zero in two weeks, while the peak of infection is 200 out of 900 susceptible

individuals, when the rate of hygiene consciousness is 82%. The number of
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susceptible individuals dropped from 900 to 400 individuals, in about a week,
infection reduced from 50 to zero individuals in the same period, peak of the
infection is 50 out of 900 susceptible, when the rate of hygiene consciousness
is 99%, as in Figure 5. Reduction of hygiene consciousness results in the pro-
longation of the cholera illness period to about two weeks and the maximum

number of infected individuals reach 200.

1600

1400

g1
)
4

0 05 25

15
Time in Weeks

Susceptible — Infected
—— Hygiene Conscious  —— Untreated V. cholerae Carriers
—— Infected Under Treatment —— Recovered

—— V. cholerac Population

Figure 2: Combined dynamics of the seven compartments of the model plotted against

time.

Dynamics of Hygiene Consciousness, ath = 0.63

1000

800

200

Susoeplible Ifected & Hygieme Consdous Individuds

0

0 01 02 06 07 03

03 04
Time in Weeks

[—— Susceptible —— Infected —— Hygiene Conscious|

Figure 3: Dynamics of hygiene consciousness, its effect on susceptible and infected
individuals at h = 0.63. As higher hygiene consciousness is maintained, number of

individuals susceptible to cholera drastically reduced, and cholera infection stopped.
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Dynamics of Hygiene Consciousness. ath=0.82

. 1000

5

800

600

400

Susceptible [nfected & Hygiene Conseions Indiwdual

0 03 1 L3 2
Time in Weeks

Infected = Hygiene Cmscious‘

Susceptibles

Figure 4: Dynamics of hygiene consciousness, its effect on susceptible and infected
individuals at h = 0.82. Maintaining higher rate of hygiene consciousness, will make the
number of individual susceptible to cholera reduced drastically and cholera spread and

infection stopped immediately.
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Dynamics of Hygiene Consciousness at h=0.99

=
2

=
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2
2
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2
3

Susceptible Infected & Hygiene Conscons Individuds

——
0 02 04 06 08 1
Time in Weeks
[ Susceptible —— Infected —— Hygiene Conscious |

Figure 5: Dynamics of hygiene consciousness, its effect on susceptible and infected
individuals at h = 0.99. Applying and maintaining about 100% hygiene consciousness,
in societies, will within just about 10 days, make the number of susceptible individuals

to approach zero as well as the rate of cholera infection.

= u - '
= = = =
2 2 2 2

Hygene C mscious Individuals & Untreated Vibrio Cholerae Carviers
= N 1
2

=
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05 1 1.3 2
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Figure 6: Effect of hygiene consciousness on untreated Vibrio cholerae bacteria carriers.
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Drug release from a two-layer stent

coating considering the viscoelastic
property of the arterial wall: A

mathematical and numerical study

E. Azhdari* and A. Emami

Abstract

Atherosclerosis is one of the most common diseases in the world. Med-
ication with metal stents plays an important role in treating this disease.
There are many models for delivering drugs from stents to the arterial
wall. This paper presents a model that describes drug delivery from the
stent coating layers to the arterial wall tissue. This model complements
the previous models by considering the mechanical properties of the arte-

rial wall tissue, which changes due to atherosclerosis and improves results
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for designing stents. The stability behavior of the model is analyzed, and
a number of numerical results are provided with explanations. A compar-
ison between numerical and experimental results, which examine a more

accurate match between the in vivo and in vitro, is shown.

AMS subject classifications (2020): 65M06.

Keywords: Stent coating; Viscoelastic; Mathematical model; Numerical

simulation.

1 Introduction

Atherosclerosis is a condition in which plaques made up of cholesterol, fat,
cellular waste, calcium, and fibrin (a type of insoluble coagulation protein)
form inside the arteries and block them [21] (see Figure 1). Methods used to
reduce the severity of atherosclerosis include bypass grafting (BG), coronary

skin intervention, and less invasive balloon angioplasty [12].

Figure 1: Atherosclerosis. Source: Intermountain Medical Center
https://healthcare-in-europe.com/en/news/potential-breakthrough-in-determining-

who-s-at-risk.html

Recently, though, a new procedure called stent-based delivery has been
introduced that claims to help open blocked vessels and prevent restenosis
[3, 28]. The bare metal stent is the first type of stent that is used as a scaffold
to prevent restenosis of blood vessels (see Figure 2). Another kind of stent
that is used to open blocked vessels and prevent restenosis is a drug-eluting

stent [20]. In drug-eluting stents, the drug is gradually removed from the
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stent, which makes the drug enter the vessels with sufficient concentration in
a timely manner and a biologically active state. This helps keep the arteries
smooth and open and allows blood to flow well. Clinical evidence shows
that drug effectiveness depends on release rate, drug diffusion rate, drug
distribution in tissue, stent design, and so on. Therefore, it is necessary to
study the relationship between stent design and the release and retention of

eluted drugs.

Figure 2: Stent. Source: Image by brgfx on Freepik.com
https://bjbas.springeropen.com/articles/10.1186 /s43088-023-00382-9 /figures/1

Recently, researchers have studied different types of drug delivery based
on stents, including spreading the drug from a metal stent surface as a Dirich-
let condition [15, 22], single-layer coating of the drug on the metal wire
[11, 16], and also multi-layer coating [14, 24]. For example, Sarifuddin and
Mandal [24] have studied the benefits of replacing a single-layer coating with
a multi-layer coating along with transfer, which includes better control over
drug delivery. Multi-layer coating with different drug forms or release kinet-
ics can provide better control over the drug transfer and treatment process.

Atherosclerosis can affect the thickest arterial layer in advanced stages,
and this effect can cause a significant change in the mechanical properties
of the arterial wall tissue [10]. All of the above studies have examined drug
transfer from stents to arterial wall tissue, regardless of the viscoelastic prop-
erties of the arterial wall tissue. The model we present is based on a model
presented in [24] and has the potential to help stent designers reduce adverse
patient outcomes. The present study aims to investigate more precisely the
drug delivery through a two-layer stent coating to the arterial wall tissue tak-

ing into account the mechanical properties of the arterial wall tissue. More-
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over, the model presented in this paper better agrees with the experimental
results than the previous models.

The paper is organized as follows: Section 2 presents a brief clinical per-
spective of the work. Section 3 describes the model, including the model
geometry, a mathematical description of the equations governing drug deliv-
ery from the stent coating to the arterial wall tissue, and initial, boundary,
and interface boundary conditions. The stability behavior of the model is an-
alyzed in Section 4. Numerical simulations for drug delivery from stent layers
to the arterial wall tissue are given in Section 5. Finally, some discussions

and conclusions are mentioned in Sections 6 and 7.

2 Clinical perspective

Atherosclerosis is one of the most serious and common cardiovascular diseases
in the artery wall. This disease causes blockage of the lumen and reduces
blood flow. Surgical techniques, such as coronary artery BG and percu-
taneous coronary intervention, are techniques used to reduce the severity of
advanced atherosclerotic stenosis in the coronary artery. Balloon angioplasty
was considered a less invasive intervention to open the blocked lumen. Clin-
ical observations show that balloon angioplasty is associated with restenosis.
The advent of bare metal stents has revolutionized balloon angioplasty by
reducing the risk of restenosis. However, after several decades of using these
types of stents, internal restenosis, that is, re-narrowing of the lumen, was
seen again, which was a major defect. Therefore, the drug-eluting stent
was invented to overcome the restenosis within the stent after implantation.
Atherosclerosis mainly affects the intima, but the periphery, which is the
thickest arterial layer, can be affected in advanced stages. This causes a
significant change in the mechanical properties of the arterial wall. Several
authors have studied mathematical models for drug delivery in cardiovas-
cular tissues. Most of these studies focus on drug diffusion while ignoring
the mechanical properties of the arterial wall. In this paper, we study the
effect of the mechanical properties of the arterial wall, which has not been
considered in the models that are used to deliver drugs from two-layer stents

to the arterial wall.
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3 Mathematical model

This section describes the mathematical model of the problem, which consists
of four parts: geometry of the model (Section 3.1), description of the drug in
the stent coating layers (Section 3.2), description of the drug in the arterial
wall tissue (Section 3.3), and interface boundary conditions (Section 3.4).
The governing equations describe the release of the drug from stent coating
layers Sp (inner layer) and Sy (outer layer) into the arterial wall tissue V. The
parameters used in the model are demonstrated in Table 1 with the relevant

descriptions and units.

Table 1: The values used in the model for the parameters.

Variable/Parameter Description ‘ Value ‘ Reference ‘
Umax maximum velocity (cm/s) 14 (24, 29]
Pt tissue density (g/cm?) 1.06 [5]
1t viscosity (g/cms) 0.0072 [5]
Vil filtration velocity (cm/s) 5.8 x 1076 (25]
P permeability (cm?) 2x 10714 [5]
D, tissue diffusivity (cm?/s) 3.65 x 1078 (6]
D, coating (Sy) diffusivity (cm?/s) 1x107° [6]
D, coating (S2) diffusivity (cm?/s) 1x107° [6]
D, viscoelastic diffusion coefficient (g/(cmsPa)) | 5 x 10711 | Ref. model
By tissue-binding capacity (mM) 1.3 [13]
Kp constant (mM) 0.136 [13]
D, Damkohler number 2700 [27]
0 lumen radius (c¢m) 0.15 12, 30]
r thickness of coating (S1) (cm) 0.0025 [24]
ro thickness of coating (S2) (ecm) 0.0025 [24]
T thickness of wall (em) 0.05 12, 30]
T relaxation time (s) 0.5 Ref. model
To relaxation time (s) 0.1 Ref. model
K Young modulus (M Pa) 0.0001 Ref. model
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3.1 Geometry of the model

This section describes the model’s geometry using a special stent shape with
a half-embedded metal piece and a two-layer coating. To simplify the calcula-
tions, a two-dimensional figure has been used instead of a three-dimensional
one (see Figure 3). Also, S1 and S show the inner and outer layers of the
stent coating, and V shows the arterial wall tissue. The boundary between
lumen and arterial wall tissue is called I';. T'y, is a boundary between arte-
rial wall tissue and other arterial wall tissue. The boundary between arterial
wall tissue and perivascular wall is called I',. Moreover, I'g, v is an inter-
face boundary between arterial wall tissue and the inner layer of the stent
coating. The interface boundary between the inner and outer layers of the
stent coating is called I's,  s,, and finally, the interface boundary between the

outer layer of the stent coating and the metal part of the stent is called I'g.

[y
I, ) )
Iy Arterial wall tissue
v Us,v
Lgl FS| 52 ]‘_‘.ll?

So FS
I I

(a) (b)

Figure 3: A schematic of the geometric shape of the problem

3.2 Description of the drug in the stent coating layers

In this section, we will study the release of the drug from the stent coating
layers. The drug is first loaded solidly into the stent coating. As the stent
coating comes into contact with the fluid and the fluid enters the layers
through their boundaries, the layer’s pores open. The fluid contacts the
drug, and the drug begins to release. The drug released along the stent

coating layers is described by the following non-dimensionalized equations:
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ag—:’ = —V.J., in Sy x (0,Ty], m=12, (1)

where ¢, m = 1,2 are the concentrations of the drug in the stent coat-

ing (S, m = 1,2), respectively, J

Cm

= f%ch is the flux of the drug
concentration in the stent coating (S,,,m = 1,2), and T is the final time.

The parameters Pe,,,m = 1,2 are the Peclet numbers for the coating layers

defined by Pe,, = RBUU ,m=1,2, where D,,,m = 1,2 are the diffusion coef-

ficient of the drug in coating layers S,,,m = 1,2, respectively, and Ry = 7

and Uy = Urg‘“‘ in which rg and Upax denote the luminal radius and the

maximum velocity at the inlet, respectively.

At time t = 0, we assume that the amount of drug released after contact-

ing the loaded drug with the fluid in the stent coating is as follows:

em(0) =1, m=1,2. (2)

We assume a non-flux boundary condition on the I'g, that J.,.n = 0 because
the drug is impermeable to the metal part of the stent, where 7 is the exterior
unit normal. The drug enters the inner stent coating via boundary condi-
tions from the outer stent coating and then enters the arterial wall tissue
through the inner stent coating. Section 3.4 describes the interface boundary

conditions.

3.3 Description of the drug in the arterial wall tissue

The equations used to describe the distribution of the drug in the wall are

as follows:

Convection is caused by the flow of interstitial fluid within the porous
arterial wall, and the continuity equation can be written in dimensionless form
in two-dimensional form. The Brinkman equation provides more accurate

results because it combines the linear momentum and mass conservation of
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fluids in large pores and channels with the Darcy equation for regions with
unresolved pores [7]. Therefore, the Brinkman equation is used as follows:
0 1
a% + (VY)Y = —VP 4 V(Y + (W)7)
Vv=0 in V x (0,7,

1
_ v,
ReK, (3)

where Re = pt[ibiotRO and K, = %’% in which Py is the Darcy permeability.
Here, v is the velocity vector for the tissue domain, p; is the density, p; is
the viscosity, and P is the pressure.

To complete the equation (3), the following boundary and initial con-
ditions are given: We assume the initial condition v(0) = 0 and boundary

conditions on the boundaries I';,I", and I',, (see Figure 3), as follows:

v=0 onlI,
v = (g, vy) = (0, Vyirr) on Ty, (4)
P=0 onl,,
where V¢ is the filtration velocity of plasma.
A drug that does not bind to tissue receptors is known as a free drug, the
concentration which is indicated by c;. Its equation in the arterial wall tissue
is as follows:

8ct - 3bt
T V.Je, 5

where J., = f(Pietht + ﬁoVU — vey) is the free drug mass flux, and o

in V% (0,Ty], (5)

is the response of arterial wall tissue to strain caused by drug molecules.

Moreover, Pe; is the Peclet number for tissue defined by Pe; = Rl%lt]”, where

D, is the diffusion coefficient of the drug in the arterial wall tissue. Also,

D, = RBUU, where D,, is the viscoelastic diffusion coefficient. Finally, b; is

the concentration of a drug that attaches to tissue receptors in the arterial

wall and is known as a bound drug, which is described by the following

equation: %
aTt = kact(Bar — b)) — kab, in V x (0,Ty], (6)
where k, = K["]'ifo and kg = K{’J'—OR" in which K, and K, are the aggregation

and disintegration rate constants, respectively, where K, = 224 and K, =

BIW'T2
K.Kp.
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The second sentence of .J., in equation (5), which is iva, describes the
mechanical behavior of the arterial wall tissue. In other words, it describes the
arterial wall as a barrier that prevents the drug from entering the wall. Using
the same symbols used in [8] for stress and viscoelastic diffusion coefficient,

the model from [4]

0 0
o+ Ta—j = —k(c —|—7'0£) in V x(0,Ty], (7
is similar to the equation used by [19]. Also,  is the Young modulus, and 7

and 7, are the relaxation time.

The initial and boundary conditions are taken into account to complete
the equations (5) and (7). As in the initial time, there is no free drug and

bound drug in the arterial wall, so we have

c(0) = b:(0) = 0. (8)

Due to the fact that the free drug does not cross the arterial walls (T',,UT,)
as well as the boundary between the lumen and the tissue of the arterial wall

(T;), there is a boundary condition J;,.n = 0 on the boundaries T'; UT,, UT,.

3.4 Interface boundary conditions

Aside from the initial and boundary conditions, Systems (1), (3), (5), and
(7) are completed by the interface boundary conditions between the first and
second layers of the stent coating (I's,,s,) and the second layer of the stent

coating and the arterial wall (I's, ) as follows:

Jey -
Jey -
Jey .= Ajci on g, v,

= —Ayca onIl'g, s,

n
n *JCQ.I/ on FSl,Sza

Joyn=—Je,.vonlg v,

where A; and As are partition coefficients.
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4 Energy estimates

In this section, we obtain an upper bound for the energy estimate, which is

defined as follows:

t t
() = 1)+ [ [9e(Pds+ [ letlr, wore, e

where c(t) = (c1(t),ca(t),ci(t)) and || - || represent the usual norm in L?(Q)
(Q =51US U V), which is induced by the corresponding inner product (-, -)
[1]. After solving (7), we get the following equation:

t
o= E(T—U — 1)/ e%(sft)ct(s)ds + ﬁe%ct(()) - ﬁct +e7 o(0). (10)
0 T T

T T

Replacing (6) in (5) to get

Oc 1 1

aitt = V(FQtVCt + EVU — VCt) — kaCt(BM — bt) + kdbt- (11)
The weak formulation of the differential problem (1) and (11) is defined as
follows: Find c(t) € H'(S1) x H'(S2) x H'(V) such that 9¢(t) € L?(S)) x

L%(S5) x LA(V), ¢(0) = (1,1,0), and

dc 1
(a(t)’u) = Z (_ﬁvch vu’t) + (A2627u1)1—‘51‘s2 - (Alclvul)rsl,v
i=1,2,t v

1
_(AQCQ,UQ)FSLSZ — ((FVO' — VCt),VUt) + (Alc1, ut)rslyv

*(kaCt(BM — bt), ’U,t) + (kdbt; ’U,t), (12)

where (ug,u2,u;) € (H'(S1) x HY(S2) x HY(V)).
Replacing (10) in (12) by considering o(0) and ¢;(0) as a constant to get

Oc 1
(a(t)vu) = Z (7P€‘vci7vui) + (A2627u1)rsl,52 - (Alclvul)rsl,v

i=1,2,t

t
K To 1(s—
~(Asca ta)r, o, + (1 - 7)/0 20 (Ve,(5), Vug(s))ds
KTo
+D77_(v0t, Vut) + (VCt, Vut) + (Alcl, Ut)FSLV
—(kact(BM — bt), ut) + (kdbt, Ut). (13)
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(c1(t), ca(t), ct(t)) is a solution to the variational

485
Theorem 1. If ¢(t) =
problem (13), then
1
E(c(t)) < 3 £(c(0))e?, (14)
where ¢ = % is a time independent positive constant, with ¢, =
L o —€2),+2A1,245} and
Az

22(

mln{l’ Pey? Pey? Pe,

2
2¢7

1
Oma = max{ (5 [Vl Fw (z) = 2ka Bar + 2kadllbe] e 1)), 265 As,
2

K To Ay
(1—--2),2¢A }
3 17 5.2
D,t T 2¢3
where €1, €5, €3 # 0 are positive constants and (%@ - 5= = e%) > 0.
A o

Proof. In (13), replace uy,us, and u; with ¢1, ¢y and ¢, respectively, to get

Qat” ()| = P 0 IVeal® + (Asea, er)rs, s, — Arllarllts,
1=1,2,¢
t
_ 2 KT L(s—t) 2
Aallalf, o, + (1= 72) [ 0Tl s
+ (VCt, VCt) + (Alcla ct)l—‘slyv
— bt), Ct) + (kdbt7ct). (15)

7(kact(BM

Using the Cauchy Schwarz inequality and since kg = Kpk, assuming § > 1

such that ¢; > 6 =)
1 8 2 2 A2 2
saleor < 3 1P+ daollal, o, + Bl
—A 2 —A 2
1||01Hrsl,v 2lleallps, s,

t
=) [ e ivara
0

JrD‘,T
1
+6 || Ve pHV”QLw(Lm)HCtHQ+€3A1H01||rs v
5
ALl — FoBarllcal® + kadlbel ooyl
+462 ||Ct||r51,V aBarllcel|” + kad|[be]| Lo (o) lles
3
—€3) > 0 and (éHvH%w(Lw) — ko B +

KTo
D,T1

Let €, > 0 such that (55
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10 9 1 9 1 KTy 9 9 9
ey Ve, — 2 2y v A
ol + 2 5 IVall + (5~ s = DIVal + Al

1
+Aallealtg, 5, < (T IVIIE= (o) = RaBar + Kad|lbrlloe (o)) llec ]
2

Ay
e dleall, o, + glealRs,

t
+D’;(1f%)/o e (57| Vey(s) ] 2ds
teEA el , e (16)
341N, v 4€§ tliiTs, v"

Multiplying (16) by two and taking integration to get

1
¢min

using the Gronwall lemma [9] to obtain (14).

E(c(t) < ——&(c(0) + & / E(c(s))ds,

O

The estimation we obtained in Theorem 1 allows us to determine the

uniqueness of the solution (13) and its stability for a limited time.

5 Numerical simulations

COMSOL 5.3 Multiphysics is utilized for meshing and numerical results.
The arterial wall and coating layers are meshed, as shown in Figure 4. The
following modules in the COMSOL are used:

e Brinkman equations in order to calculate the velocity and pressure of

the arterial wall;

o Coefficient form partial differential equation (c¢) in order to calculate

the drug concentration in the coating layers and arterial wall tissue.

To make sure that the numerical results do not depend on the mesh size,

we consider the following meshes:

e Mesh 1: 1642 elements;
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Figure 4: Computational meshes in the domain

Table 2: Different errors for free drug concentration in arterial wall.

h L L? HT
0.001 1.3x 10712 154 x 10~ 381 x10~10
0.01 22x10712 214 x 10711 588 x 10710
0.1 3.6 x10712  356x10~1  7.43 x 1010

e Mesh 2: 3132 elements;
e Mesh 3: 6162 elements;
e Mesh 4: 12340 elements.

The adequacy of the mesh density has been investigated using convergence
tests. By considering two different meshes, the solutions’ convergence and the
mesh’s independence have been investigated. To illustrate this claim more
clearly, Figure 5 and Table 2 show the comparison among different meshes for
the average drug concentration in arterial wall tissue. Of note, the reference
solution is defined by hmax = 1 x 1074, According to this figure, the changes
among the meshes are almost unrecognizable, suggesting that the numerical
results do not depend on the mesh size.

Based on Figure 6, the velocity vectors affect both the distribution and

retention of the drug. This result indicates the boundary condition for the
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0.01r
0.009¢
0.008¢
0.007f
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0.004
0.003¢
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0.001}

Average concentration c_t

0 1 2 3 4 5
Time

Figure 5: Average drug concentration (c;) in the arterial wall.

interface boundary between the lumen and the arterial wall tissue. The
velocity vector is indicated by an arrow. These results are consistent with
the results in [28].

%107

Figure 6: Dissemination of the velocity vector

The filtration velocity used in [24], which is derived from experimental
results performed on animals [25], is similar to the amounts obtained in [17,

23, 30]. Figure 7 shows the low effect of filtration velocity on the average
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drug concentration in arterial wall tissue for 1.8 x 107%(cm/s) and 5.8 x
10=%(cm/s).

0.010¢

—V_filt=5.8e-6
—V_filt=1.8¢-6

A\

0 1 2 ) 3 4 5 0.88 0.89 0.9 0.91 0.92
Time Time

(a) (b) zoom of (a) around t=0.9

0.01]
0.009
0.008]
0.007
0.006
0.005
0.004
0.003]
0.002
0.001

—V_filt=5.8¢-6
—V_filt=1.8¢-6

Average concentration c_t
Average concentration c_t

Figure 7: The effect of filtration velocity (V) on the average drug concentration c; in

the arterial wall tissue.

The release of drug concentration from the stent coating layers into the
arterial wall tissue during 300 seconds has been demonstrated in Figure 8. As
shown in Figure 8, the drug concentration enters from the inner layer of the
stent coating due to the interface boundary condition on I'g, 1. Over time,
the drug concentration enters from the inner layer of the stent coating and

increases in the arterial wall tissue.

The local concentration of the free and bound drug, which is indicated by
a red point (see Figure 9 (f)), is illustrated in Figure 9. According to these
figures, the concentration of free drug increases for a certain period of time
and then diminishes (Figure 9 (a) and (c)), although the bound drug goes
up to reach a steady state (Figure 9 (b) and (d)). By comparing the rate of
drug release from the inner and outer layers of the stent, it can be seen that
a faster release leads to a higher concentration of the free and bounded drug
in the arterial wall. For further explanation, we need to point out that the
rapid diffusion in the inner layer compared to the outer layer has a higher
concentration in the arterial wall tissue, which is around 0.16 in the inner
layer (Figure 9 (a)) and around 0.12 in the outer layer (Figure 9 (c)). This is
because the inner layer is closer to the arterial wall. Moreover, Figure 9 (e)
shows the role of convective flow in drug delivery to (at the reference point)

the arterial wall tissue. It is clear that convection contributes significantly to
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Figure 8: Dissemination for different times
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drug delivery, which must be taken into account in order to achieve better

results.

The behavior of mean drug concentration in the inner and outer layers
of the stent for different diffusion coefficients is shown in Figure 10. This
figure shows that the reduction of the diffusion coefficient in the inner and
outer layers of the stent makes the drug enter the arterial wall tissue with a
delay from the stent. This enables the stent designers to deliver the required
amount of drug to the arterial wall tissue.

The average free drug in arterial wall tissue is depicted in Figure 11.
This figure shows that the drug concentration tends to increase from zero to
maximum and diminishes afterward. It is interesting to note that in the case
of fast release of the inner layer (D; = 1x 10™%m?/s) and slow release of the
outer layer (Dy = 1 x 10~ em?/s), this maximum is higher than in the case
of slow release of the inner layer (D; = 1 x 10~ em?/s) and slow release of
the outer layer (Dy = 1 x 10~ em?/s).

The arterial wall tissue has a viscoelastic property, which significantly
affects drug delivery. As a result, we presented this effect in Figure 12. It
can be seen that the higher the viscoelastic diffusion coefficient, D,,, the less
drug is observed in the arterial wall tissue. In other words, the tissue of the
arterial wall has a barrier property against drug delivery.

In order to validate the application of the model presented in this paper,
in Figure 13, we compare the numerical results obtained for the free drug
concentration in the arterial wall with the in-vivo experimental data (Sari-
fuddin and Mandal [24], Tzafriri et al. [26], and Mongrain et al. [18]). It
is clear that considering the viscoelastic properties of the arterial wall can
affect the transfer of free drugs from the stent coating layers to the arterial
wall. These results indicate that the proposed model is congruent with the
models proposed in Sarifuddin,Tzafriri,Mongrain, although they did not take
into account the viscoelastic properties of the arterial wall. In other words,
the model presented in this paper is more consistent with the experimental
results than other models since the viscoelastic property, which is one of the
mechanical properties of the arterial wall tissue that acts as a barrier, has
been considered. Figure 13 illustrates the advantages of this article compared

to the previous ones.
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Figure 9: The effect of the diffusion coefficient of the layers of stent coating on free and

bound drug concentration and the effect of convection on free drug concentration in the

arterial wall tissue.
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Figure 10: The effect of diffusion coefficients on the drug in coating layers
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Figure 11: The average concentration of free drug in arterial wall tissue (the effect of

diffusion coefficients on drug in coating layers)
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Figure 12: The influence of D, on the concentration of free drug in arterial wall tissue
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Figure 13: Comparison between experimental data and the model presented for drug

delivery from stent coating layers into the arterial wall
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6 Discussion

In order to discuss the transfer of drugs from a half-embedded two-layer coat-
ing stent into arterial walls with viscoelastic properties, the following points
can be specified. In Figure 5, the independence of numerical results from the
mesh size is discussed. The effect of the velocity vectors on the distribution
and retention of the drug is shown in Figure 6, which corroborates the results
in [28]. The effect of filtration velocity on the average drug concentration in
arterial wall tissue is shown in Figure 7. An increase in time indicates a
rise in the concentration of the drug in the tissue of the arterial wall, which
can be seen in Figure 8. As Figure 9 demonstrates, the concentration of the
bound drug increased and reached a steady state, while the concentration of
the free drug went up for some time but then decreased. In addition, faster
release results in higher concentrations of free and bound drugs in the arterial
wall. Because the inner layer is closer to the arterial wall, the rapid diffusion
of the inner layer is greater than the concentration of the outer layer in the
arterial wall tissue. Additionally, convection significantly contributes to drug
delivery. Figure 10 shows that the reduction of the diffusion coefficient in
the inner and outer layers of the stent makes the drug enter the arterial wall
tissue with a delay, which allows the stent designers to determine the amount
of drugs required for the arterial wall tissue. When the inner layer is faster
than the outer layer, compared with slow release in both layers, the maxi-
mum drug concentration is higher, which is observed in Figure 11. Figure
12 illustrates that the viscoelastic property of arterial wall tissue acts as a
barrier against drug transmission, which is not discussed in similar works. F'i-
nally, a comparison between the experimental data and the proposed model
for drug delivery from the stent coating layers to the arterial wall, which

exhibits greater agreement than other models, is presented in Figure 13.

7 Conclusion

Considering the mechanical properties of the arterial wall due to atheroscle-

rotic changes provided a deeper understanding of the stent’s performance. It
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enabled a better agreement between the mathematical model and the experi-
mental results. A mathematical model is presented to consider the transport
of drugs from the stent layers to the arterial wall and describes the convective
flow due to the flow of interstitial fluid in the arterial wall tissue as well as the
viscoelastic property of the arterial wall. Presenting an upper bound for the
energy estimate determines the uniqueness of the solution and its stability for
a limited time. Finally, the numerical simulation verifies the agreement be-

tween the mathematical model, numerical results, and experimental results.
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uniqueness of the global positive solution for our suggested system. The
implementation and analysis of an applicable optimal control issue are as
follows. The methods of optimal control theory are applied in this work
to demonstrate the existence of optimal control, and with necessary op-
timality conditions, we discover the explicit expression of optimal control
that minimizes the negative impacts of this infectious disease on countries.
We provide numerical simulations at the conclusion to demonstrate the

efficacy of our chosen strategy.

AMS subject classifications (2020): 49J15, 92B05, 93A30, 93C10

Keywords: Spatio-temporal Model; EG.5 Virus; Optimal Control; Mathe-

matical Model.

1 Introduction

The COVID-19 pandemic swept into our world suddenly, causing global dis-
ruption and emphasizing the need for cutting-edge scientific methods to un-
derstand and stop the spread of the disease. Among these methods, quanti-
tative analysis and optimal control are essential for understanding the spatio-
temporal spread of the virus and formulating powerful strategies to fight the
epidemic.

Since the discovery of the first cases in December 2019, the epidemic
has wreaked havoc on the economy, society, and public health worldwide.
The disease quickly crossed international borders, confounding health agen-
cies and efficiencies around the world. Scientists and researchers have used
mathematical techniques to study the dynamics of the spread of COVID-19
and formulate customized public health policies in this fight against an im-
placable foe (see [15, 9, 2, 12, 1, 14, 16, 23, 11, 10, 7, 8, 21, 18, 3]). Although
the pandemic might appear to be a distant recollection for some, the coron-
avirus persists in its spread, with a surge in new cases attributed to emerging
mutant strains. One such mutation, known as EG.5, has gained prominence
in Europe since its initial detection earlier this year (2023). Recently, the
world health organization (WHO) has classified it as a “variant of interest”

in response to the escalating global case numbers.
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EG.5 virus represents a subcategory of the Omicron variant of COVID-
19 and exhibits a close genetic relationship with other globally circulating
variants. It signifies a modified form of the virus. Its prevalence has surged
on a global scale, rising from 7.6% of COVID-19 cases in late June to 17.4%
by the close of July (2023), prompting the WHO to designate it as a matter
of particular concern. Health authorities worldwide are currently conducting
investigations into this novel virus. Similar to its predecessors, this fresh
variant has undergone multiple mutations. Scientists are tirelessly working to
grasp its attributes, encompassing its transmissibility, severity, and potential
implications for vaccine efficacy. Presently, the public is strongly encouraged
to persist in adhering to safety protocols, including mask-wearing, practicing
social distancing, and receiving vaccinations, in order to mitigate the virus’s
propagation.

In addition, it is necessary to model and predict the spread of the virus
and develop effective control strategies by offering theoretical models that
take into account the complex interactions between people, the environment,
and the properties of the virus itself. This mathematical study makes it
possible to understand the spatio-temporal transmission of viruses. These
mathematical models, like epidemiological models, provide a framework to
analyze and predict disease progression in a specific population. Additionally,
they enable quantification of the impact of various control methods such as

social isolation, mask use, and vaccination on virus spread.

However, to maximize the effectiveness of control strategies, an optimal
control-based strategy must be used. The goal of the latter is to select the
best preventive measures considering limitations and available resources to
reduce the spread of disease. This method combines mathematical analysis
with optimization techniques to pinpoint actions that will have the greatest
impact on reducing case incidence, mortality and the strain on the healthcare

system.

In this article, the optimal management of the spatio-temporal transmis-
sion of EG.5 virus is reviewed together with current developments in the field
of mathematical analysis. We look at the spread of the disease as described
by the epidemiological model. We also move from optimal control strategies

that we can implement in our spatio-temporal model to create effective pub-
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lic health regulations that take into account the specific characteristics of the
disease, available resources, and ethical considerations. In order to evaluate

the outcomes of treatments and to support intelligent decision making.

2 Background

However, merely simply simulating how the virus spreads will not be enough
to stop a pandemic. This is where it is important to have good control.
The goal of optimal control is to consider the limitations and resources
at hand and identify proper management methods to reduce virus spread
[4, 13, 6, 17, 20]. Determining the timing and level of containment mea-
sures, vaccination campaigns, managing medical resources, or even adapting
screening and research strategies are some possible solutions.

The researchers conducted an evaluation of various interventions, employ-
ing a combination of mathematical analysis and optimal control techniques to
identify the most effective approaches for reducing viral transmission. In one
study [15], the authors introduced a model featuring two distinct controls.
The first control demonstrated an increase in the proportion of individuals
adopting virus-preventive measures, coupled with a decrease in those not
doing so. These changes were attributed to media campaigns and direct
community engagement efforts. The second control illustrated that limiting
social interactions effectively lowered disease transmission risk, subsequently
reducing the number of infected individuals. In another study [9], the authors
aimed to develop a multi-regional model by incorporating four alternative
strategies as controls. The first control represented awareness campaigns in

9

the region “j,” with a focus on disseminating health precautions to protect
individuals from viral infections. The second control addressed health and
security measures to restrict movement between regions “j” and “r.” The
third control involved promoting quarantine measures for exposed individ-
uals within the same regions, while the fourth aimed to eliminate infected
animals.

We will examine a spatio-temporal mathematical model, which is based on
the one we used in [15]. To gain deeper insights into the virus’s temporal and

spatial propagation dynamics, our analysis will incorporate a spatial variable.
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This integration involves introducing a diffusion term utilizing the Laplace
operator (well explained in [24]). Furthermore, we will conduct an optimal
control investigation to enhance our understanding. The management of the
spatio-temporal transmission of EG.5 virus will then be examined, with a
focus on the role of mathematical analysis and optimal control in evaluating
the efficacy of current interventions, exploring novel avenues, and offering
recommendations based on reliable quantitative data. By understanding the
potential impact of this study, we will be better prepared to meet the future

challenges linked to this world pandemic.

3 Model formulation

The progression of the EG.5 virus in a human population can be explained

by the SEIHR model that we suggest, which is shown in Figure 1. It is clear

Figure 1: Diagram depicting the evolution of the EG.5 virus.

that the EG.5 virus is described in the following temporal dynamic system:

%Lft) = A — [ E(t) + a2I(1)] S(t) — dS (1),

dEdgf(t) = [ E(t) + aal(1)] S(t) — (d+ B) E (1),
%et)ZBE(t)—(dMﬁn)I(t% @
dH (1)

==l (t) = (d+ &+ 0) H (D),

dfzt(t) — OH (t) — dR (1)

The different compartments of our spatio-temporal model are listed below,

Table 1, indicating their descriptions (see [15]). It is clear that the temporal
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Table 1: The description of the different compartments of our model.

Compartment Description

S The number of people likely to be infected by the virus.
E The number of infected people who are symptomless.

1 The number of infected people showing symptoms

H The number of hospitalized people

R The number of the recovered people

dynamic system (1) cannot adequately describe how the virus spreads over
the area. We advocate using the Laplacian operator to close this gap. To be

specific, we add the followings to the deterministic epidemic EG.5 mode:

% =dsAS (t,2) + A = (1 —u) [01B(t,2) + a21(t,2)] S(t,2) — dS (¢, 2),

- (? 2 dpAB (t,2) + (1= w1 B(t,2) + 0l (t, )] S(t,2) — (d+ B) B (t,2),
d1§7Z) =diAI(t,2) + BE (t,2) —(d+d1+n) (¢ 2), )
dH 5:’ 2 4y A (t,2) 40l (6,2) — A+ 62+ 0) H (1,2),

ngZ’Z) =drAR(t,2) +0H (t,2) —dR(t,2).

The initial conditions and no-flux boundary conditions are expressed as
follows:

S(0,2) = So, E(0,2) = Eo, I(0,z)=1Io, H(0,2) = Hp, R(0,z) = Ro, 2€. (3)

Here, Q represents a bounded domain within R? with smooth boundary
denoted as 92. One needs to add the equation

05 _OE_ol_OH_OR_, . coicon o

where v represents the outward unit normal vector on the boundary 02, and
0 corresponds to the outward normal derivative on 0f).

Additionally, we have a control function u : [0;tf] x Q@ — [0; 1], which

is designed to decrease the count of infected individuals while concurrently

increasing the count of susceptible individuals. This is achieved through the

implementation of measures aimed at reducing social interactions, conducting
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security campaigns to inhibit migration, and promoting health precautions
to minimize virus transmission.

Our objective is to optimize both the count of individuals affected by the
illness and the cost of the treatment program. To achieve this, we formulate

the problem as follows: Minimize the cost functional represented by

ty b
C(S,E,],H,R7u) = / / G,](t7Z)dtdZ+ 5”111(15,2)”%2([0’,#]) (5)
QJo

subject to the controlled system (2).
Additionally, we define U,4 as the set of admissible controls, characterized
by
Ups ={u € L*(Q),0<u<1 ae onQ@}, (6)

where Q@ = [0,¢7] x ©, with Q representing a bounded region within R?
featuring a smooth boundary 0f2. Further details about the parameters of

our spatio-temporal model can be found in Table 2.

Table 2: The description of the parameters of our spatio-temporal model (2).

Symbol  Description

A Recruitment rate

d Natural mortality rate

ag Virus transmission rate between an infected person without symptoms and a person users
s Virus transmission rate between an infected person with symptoms and a person users
Jé] Rate of infected person without symptoms

1 Infected viral mortality rate

d2 Viral mortality rate of an infected person during hospitalization

n Hospitalized people rate

0 Recovered rate

dg Diffusion of susceptible individuals

dp Diffusion of infected people without symptoms

dy Diffusion of infected people with symptoms

dy Diffusion of hospitalized people

dr Diffusion of recovered people

4 Existence and uniqueness of global solution

In this part, we demonstrate that our model (2) has a strong global solution.
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We consider M () = (L2())°

9 D
Hlan{ue:LxQ);GZ<:L2«n mxlazéjLﬂQ)},
u 0%u 0*u  0*u
H?(Q) = HY(Q): —, — Lo(Q2 he Hil
and H?(Q) {ue Q) 952" 052’ 0udy’ Dyds € Lo( )} the Hilbert

spaces.
Let L? (O,tf;H 2((2)) be the space of all strongly measurable functions
v:[0,tf] — H?(Q) such that

ty
|10t < .
0

Additionally, we define L (O,tf;Hl(Q)) as the set of all functions v :
[0,¢] — H'(Q) that satisfy

sup ([[o(t, 2) ||l a1 (@)) < o
tef0,ty]

The norm in L (O,tf; Hl(Q)) is given by
||’U||Loo(07tf;Hl(Q)) = inf{m e Ry :u(t, 2)||ar (o) < m} )

Our spatio-temporal model (2) can be expressed in the following form

y(t, z)
ot

where Yy = (ylay27y37y4ay5) = (S7EalaH7R) and f = <f17f27f3af47f5) is
defined by

= Ay(t, z) + f(t, y(t, 2)), (7)

fi=A—(1—u) [y + azys]y1 — dyi,
fa=(1—u) a1y + a2ys]y1 — (d+ B) vz,
f3 = By2 — (d+ 01+ n)ys,
Ja=mnys — (d+ 02+ 0) ya,

f5 = Oys — dys.

For all k € {1,2,3,4,5}

0
S = didyi + fuly(t,2)).

Let A denote the linear operator, mapping from D(A) C M(Q), defined as
follows:
Ay = (dsAyr, dpAys, drAys, dy Ays, drAys)
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with

y € D(A) = {y — (Y1, Y, Y3, yar ys) € (H2(9))”:

Oy1  Oya  Oys  Oys  Oys
—=——=T=-—"=_"=0 on 00;.

ov ov ov ov ov

Theorem 1. Consider a bounded region €2 in R? with a sufficiently smooth
boundary. Assuming nonnegativity constraints for y2 on Q (for k € {1,2,3,4,5}),
as well as nonnegative parameters A, d, oy, as, 5,91,02,7, and 6, and an ad-
missible control u € U,y with an initial condition

y? € D(A), the system (2) possesses a unique strong nonnegative solution

y € WH2([0,t4]; M(R)), satisfying the following properties:
2 .72 00 gl oo
Y1,Y2,Y3,Y4,Ys5 € L (Oatva (Q)) nL (Oatf7H (Q)) nL (Q)

Moreover, there exists a constant My > 0, independent of the control u, such
that for all ¢ € [0,¢f] and all k € {1,2,3,4,5}

W
ot

” Ykl 20,0, 1200y + N0l 1) + 1Ykl Lo () < Mo- (8)
£2(Q

Proof. Since the operator A possesses characteristics of dissipation, self-
adjointness, and the capacity to generate a Cj semigroup of contractions
on M(Q) [22], it is readily apparent that the function f represented as
(f1, f2, f3, f4, [5) maintains Lipschitz continuity concerning the variable y
denoted by (y1,¥2,¥s, ¥4, Ys), and this continuity remains uniform with re-
spect to ¢ within the interval [0,¢;]. Consequently, the system possesses a
unique strong solution y € W12 ([0,¢]; M(2)) with

ye € L* (0,15 H*()) for all k€ {1,2,3,4,5}. (9)
We prove now that for all k € {1,2,3,4,5},yx € L>=(Q).
Set ¢ = max{”kaLm(Q)) N8l ey B € {1,2,3,4,5}}, and let
Ui(t, 2) = yu(t,2) = ct = 4R oo 0 -

It is clear that the function Uy satisfies the system
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W - dkAUk(t’Z) + fk(tvy(ta Z)) —c, tE€ [Oatf])

Ui(0,2,2") =y — ||y12HL°°(Q) :

This system admits a unique strong solution defined by

Uut2) = (0 (5 = [l ) + [ T =) (ilota)) = ) o

where I'(¢) is an infinitesimal semigroup related to the operator diA.
0

It comes that Ug(t,z) <0, so yp < ct + ||kaLOO(Q).

Using the similar manner, we can prove that function Vi (¢, z) = yx (¢, 2) +

| <

)
ct + Hy,gHLw( is nonnegative. So, yp > —ct then |yx (¢, 2),

= [l L= (Q)
ct + Hy,gHLm(Q), which implies that

yr € L=(Q) V(t,z) € [0,t5] x Q, for k € {1,2,3,4,5}. (10)
Now, we establish that y, € L> (0,¢7; H'(Q)) for all k € {1,2,3,4,5}. Con-
sider k € {1,2,3,4,5}, and start from the equation

8yk: (ta Z)

ot - dkAyk(t’ Z) = fk(t’y(taz))a (ta Z) € [07tf] x .

We have

/ / (8yk (t.z) dkAyk(t’Z)>2dzds _ /Ot/ﬂ(fk(tvy(taz))f deds.

By employing Green’s formula, we arrive at

//(ay’“) dzds+dz/0t/Q(Ayk)2dzds
dek/ / 9 xAykdzds+/t/ (Fo (£ 90))? d=ds
~d [ ViR = a [ [V dz+/ [ () .

Since y{ € H*(Q2) and Ykl (@) are bounded independently of u, it follows
that
ye € L™ (035 H'(Q)), for k € {1,2,3,4,5}. (11)

Based on (9), (10), and(11), it is determined that the inequality presented in
(8) holds.
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Furthermore, we conclude that the solution (y1, y2, ¥3, ¥4, ¥5) remains non-
negative using arguments similar to those employed for the Field-Noyes equa-

tions in [19]. Consider the set

IT={(y1, 2,3, 94,95) : 0 <y, < D for k € {1,2,3,4,5}},

and define the convex functions Fj over II as Fj (y1,y2,¥3, Y4,Y5) = —Yk-

This leads to the following relationships:

V (F1)- (=y1) - fly,—o = —A <0,
V(Fz)- (=y2) - fly,mo = — (1 —w) a2y1ys <0,
V (F3) - f\yszo =V (=y3) flyy—o = —By2 <0,
V (Fy) (=ya) - fly,—0 = —nys <0,
V (F5) (=ys) - flysmo = —0ya < 0.

Y4
Ys

As shown in [19], the set II is positively invariant. O

5 Existence of an optimal control

In this part, we aim to establish the presence of an optimal control for mini-
mizing cost function (5) subject to the reaction diffusion system outlined in
(2)—(4) with u € Ugq. The primary outcome we seek to demonstrate in this

section is as follows.

Theorem 2. Given the assumptions outlined in Theorem 1, the optimal

control problem (2)—(5) possesses an optimal solution denoted as (y*, u*).

Proof. Since u and y;, are uniformly bounded in L>=(Q) for k € {1,2,3,4,5},
the infimum of the cost function is ensured. Let C* = inf,cp,, C(y,u). Con-
sider a minimizing sequence {u,} C U,q such that nEIJIrlOOC (Y™, u,) = C*,
where (y7', y%, v, yy, y2) is the solution of the system (2)—(3) corresponding

to the control w,. This leads to the following system:
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dyt
it
Y2
t
dis
A
Y4
t

ays
dt

=dsAyt + A — (1 —uy) [1yd + asyi]yy — dyt,

=dpAyy + (1 — up) [o1ys + o2ys]yi — (d+ B) y5,

= diAys + Byy — (d+ 61 +n)ys, (12)
=dpAy; +nyy — (d+ 02+ 0) i,

= dpAyg + 0yy — dys,

Oyt _ Oys _ Oys _ Oyi _ Oyg
where v v Jv dv dv on Q
Given that H'(€)) is compactly embedded in L?(Q), we can conclude
that y?(¢,2) is compact in L?(Q) for k € {1,2,3,4,5}.
Additionally, we need to establish that {y}'(¢,z),n > 1} is equicontinuous

in C ([0,ts], L*(2)).

a n
The boundedness of % in L2(Q) implies the existence of a positive

constant h such that

< hl|t — x|

| w? @iz [ p)? @)

Q

Hence, by the Ascoli-Arzela Theorem (see [5]), we can confirm that y is
compact in C ([0,¢5], L?(€2)). Consequently, yy — y; uniformly in L*()
with respect to t.

Considering the boundedness of Ay} in L?(Q), there exists a subsequence,
denoted again as Ay?, that converges weakly in L?(Q). Therefore, for all

distributions ¢,

/@Ay?:/ywwé/yz&p:/ PAYL.
Q Q Q Q
Oy, i

This implies that Ay? — Ay; weakly in L?(Q). Furthermore, ot — ot
weakly in L?*(Q), and yp — y; weakly in L2 (O,tf;HQ(Q)) and yp — yj
weakly in L> (0,t5; H'()) .

Since yTy5 —yiys = (Y7 — y1) Y5 +ui (y5 — y3), we deduce that yi'ys —
yiys in L2(Q). As a result, u, — u* in L?(Q). Furthermore, since U,y is a
closed set, it follows that u* € U,yq.

By taking the limit as n — oo in (12), we can establish that y* is a

solution to (7) associated with «*. Thus,
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PR b * b * 2
C ) = [ it deds + 3 (9
ty b 9
< liminf/ ayy (¢, z)dtdz + 3 [u"(t, 2)||72(q)
0

. tr n b n 2 *

< lim ayy (¢, z)dtdz + 5 [u”™(t, 2)|[72q) = C-
0

This confirms that C reaches its minimum at (y*, u*). O

6 Necessary optimality conditions

In this section, we will delve into the optimality conditions for problem (2)-
(5) with u € Ugq and provide insights into the characterization of the optimal
control. Consider an optimal pair denoted as (y*,u*), and let u¢ = u* + eu,
where € > 0, represents a control function satisfying u € L?(Q) and u € Ugq.
We denote the corresponding solutions of (2) associated with the controls u*

anil u* as y° = (yi,v5, ¥5, ¥4, ¥5) and y = (y71, 3, Y3, Y1, Y3 ), respectively. We
pu

—d— (1 —u*) (a1v5 + azvl) —(1—u*)ayy} — (1= u*) agy} o 0

(1 —w) (a1vd +o2v3)  (L—w¥) ey — (@+8) (1-w*)agy] 0 0

G = 0 B —(d+681+n) 0 0
0 0 n —(d+3d62+m) O

0 0 0 0 —d

and
(Y3 + ay3) yi
— (Y3 + a2y3) yi
pP= 0
0
0

We have the following theorem.

Theorem 3. The mapping y : Uysg — WH2([0,t4], M(Q2)) for k € {1,2,3,4,5}
is Gateaux differentiable with respect to u*. For any u € Ugq, yj, (u*) u = Yy,
consequently, Y = (Y7,Ys,Y5,Yy, Ys) represents the unique solution to the
problem given by

Yy
i AY + GY +uP  subject to Y(0,z) = 0.
£ %
Proof. We define Y? = % for k € {1,2,3,4,5}. By subtracting the

systems corresponding to y; and y;, we derive the following equation:
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8Y6 € € € : €
5 = AY® + G°Y* 4+ uP subject to Y*(0,2) =0, forallze€
with
—d — (1 — u®) <a1y§+o¢2y§) —(lfu‘g)alyf —(lfue)azyf 0 0
(1 =) (a1v3 + a2u3)  (1—uf)ayw§ — (d+B) (1—u)agyf 0 0
G® = 0 8 —(d+61 +n) 0 0
0 0 n —(d+3d3+m) 0
0 0 0] 0 —d

Let (T'(¢),t > 0) be the semi-group generated by A. The solution to this
system can be expressed as

Ye(t,2) = /t [(t — 2)G°Y*(x, z)dx + /t T'(t — z)uPdz.

0 0
Since the coefficients of the matrix G¢ are uniformly bounded with respect
to €, we can apply Gronwall’s inequality to establish that Y, is bounded in

L?3(Q). Consequently, y5 — y; in L*(Q). Taking the limit as ¢ — 0, we

obtain

oY .

i AY + GY +uP subject to Y (0,z) =0, forall ze Q.
Applying a similar approach, we conclude that Y7 — Y;* as ¢ = 0. O

Consider the adjoint variable ¢ = (q1, g2, ¢3, 94, ¢5), and let G* represent
the adjoint of the Jacobian matrix G. The dual system associated with our

problem can be defined as follows:

_% ~Ag—G*q=D"Dy¢ subject to q(ts,z) =0, (13)

where
00000
00000
D=[100100 and ¢ =
00000
00000

S O 2 o O

Lemma 1. Under the conditions of Theorem 1, if (y*,u*) represents an
optimal pair, then there exists a unique strong solution denoted as q €
Wh2([0,t], M(2)) for the dual system (13). Specifically, the components
qr € L2 (0,t5; H*(Q)) N L™ (0,53 H'(2)), where k = {1,2,3,4,5}.
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Proof. This lemma can be established by introducing a change of variable
t' =ty —t and employing a similar manner as demonstrated in the proof of
Theorem 3. O

By employing linkages between the state and adjoint equations, objective
functional, and standard optimality approaches, we are able to characterize
the control optimal and get the necessary conditions for the optimal control

problem.

Theorem 4. If there exists an optimal control u* and its corresponding so-
lution y* € W12([0,t¢]; M(Q)), then the optimal control u* can be expressed

as

(2 — q1) (a1y3 + a2y3) yf)) ) (14)

u* = min (umax, max (O, 2

Proof. Let (y*,u*) be an optimal pair. Let u® = u*+ch € Uyq with h € L?(2)
and y° be the corresponding state solution. We get

C' (u*) (h) = lim * (C (u?) — C (u"))

e—=0 ¢

tf
2
9%€</ / 4w3@ﬁ+m//q ))Wﬁ)
ty
h%< / /“Ck %>ddt+ /‘/ ym+m2dma
e—

: ys—vs . ys(u+eh) —y3
lim =2—>2 = lim =Y 1 =
Since 613%) Ego 35 1m y3 y3 and y35,y3 €

L>(Q), it follows that C' is Gateaux dlfferentlable w1th respect to u*, and

ty ty
:/ /aYgdzdter/ /hu*dzdt
0 Q 0 Q

tf 1
2/ <D¢7DY>dt+/ (bu™, h) 2 (g dt.

0 0

we obtain

If we put h = v — u*, then

ty 1
C'(u*) (v—u*) = / (DY, DY )dt + / (bu™, v —u*) 2 dt-
0 0

Since

Iran. J. Numer. Anal. Optim., Vol. 14, No. 2, 2024, pp 500-521



515

Mathematical analysis and forecasting of controlled ...
ty ty
/ (D, DY )dt = / (D*Dy,Y) dt
0 0
ty aq
= ——Aq—G*q,Y>dt
[
b)Y
:/ <q,—AY—GY>dt
o ot

t
= / (P*q,v — u*>L2(Q) dt,

and U,y is convex. Therefore, C’ (u) (v —u) > 0 for every v € Uyq, which is
equivalent to
gf (P*q + bu*,v — u*>L2(Q) dt > 0 for every v € Uygq.

So, bu* = —P*q, thus u* = (g2 = 1) (@193 + 0205) i
) ) - b

we have that (14) holds. O

. Since u* € Ugg,

7 Numerical simulation and presentation of the results

To achieve the interest of optimal control and evaluate the precision of our
spatio-temporal model with and without control, we carried out a numerical
simulation of our optimal control problem in the context of modeling the
spread of disease. We adopt a rigorous methodological approach. Our op-
timality system is formulated by state equations with initial and boundary
conditions (2)—(4), adjoint equations with transversality conditions (13), and
a characterization of optimal control (14). To solve this system, we use the
forward-backward scanning method in an iterative process. The temporal
discretization of the state equations is carried out using the explicit Euler
method, while the adjoint equations are solved retroactively in time. The
space considered, representing a city = 50Km?, is initially (t = 1 day)
populated randomly in the city, and it is assumed that the epidemic began
to spread randomly in different areas of the city. The results will be presented

as follows.

The values of the parameters connected to our spatio-temporal model

with and without control are presented in Table 3.
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Table 3: Parameters for the model without and with control.

Parameters Values
(A, d, a1, s, 8,01,02,m,68) (0.06,0.125,0.65,0.65,0.5,0.0001,0.001,0.05,0.02)
(ds,dg,dr,dm,dR) (0.2,0.2,0.2,0.2,0.2)

Figure 2: The behavior of compartments E and I without control

Before the enforcement of control measures, a pervasive presence of
asymptomatic infections was observed in multiple locations throughout the
region, suggesting a widespread dissemination of the epidemic within the city.
Figure 4 illustrates a persistent high percentage of asymptomatic cases, con-
sistently standing at 11% of the total population over time. This phenomenon
played a role in the formation of a substantial cluster of symptomatic indi-
viduals across the city, comprising 31% of the total population. The visual
representation underscored the extensive transmission of the infection in var-

ious areas of the city.
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Figure 3: The behavior of compartments E and I with control

After the enforcement of stringent control measures, a noticeable trans-
formation has taken place in the landscape of the epidemic. These measures,
which strategically aimed to curtail the widespread prevalence of asymp-
tomatic infections in various locations across the region, including crucial
components such as reducing social interactions, conducting safety campaigns
to discourage migration, and promoting health precautions to minimize virus
transmission. The proactive interventions have resulted in a significant de-
crease in the overall percentage of asymptomatic cases, plummeting from the
initial 11% to a mere 0.2%. Consequently, there has been a substantial reduc-
tion in the number of symptomatic individuals, with the affected population
now comprising only 0.3% of the total. This positive development indicates
the effectiveness of the implemented controls in containing the spread of the
disease and alleviating its impact on the population. The newly established
situation reflects a more controlled and manageable scenario, underscoring
the success of the measures in restricting the transmission of the infection

within the city.
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Figure 4: The percentage distribution of compartments S, E, and I relative to the total

population
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8 Conclusion

The spatio-temporal model used in this work captures population size, move-
ment models, and social relationships that are important in the evolution of
EG.5 virus transmission, and as our study suggests, we now understand the
role and potential of controls using intervention strategies, such as advocacy
campaigns, creating social barriers, and focused testing on, to prevent the
spread of the virus while reducing associated costs and societal disorders.

In conclusion, our analysis of this spatio-temporal epidemiological model
contributes to well-known decision analyses and important mechanisms of
epidemic development. This approach has the potential to combine rigorous
mathematical analysis with real data to determine effective targeted ther-
apies, ultimately supporting global efforts to combat the virus and protect
humanity wall. Finally, to be more accurate and effective models, we can im-
prove these models by combining other factors such as age, socio-economic
characteristics and behavioral models. Additionally, efforts should be made
to improve the data collection system and to develop reports that will pro-
vide modern, reliable data for accurate sampling, so that we can develop a

reduction strategy epidemic and protect human health.
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Abstract

There are various techniques for separating natural gas liquid (NGL)
from natural gas, one of which is refrigeration. In this method, the temper-
ature is reduced in the dew point adjustment stage to condense the NGLs.
The purpose of this paper is to introduce a methodology for optimizing the
NGLs production process by determining the optimal values for specific
set-points such as temperature and pressure in various vessels and equip-
ment. The methodology also focuses on minimizing energy consumption
during the NGL production process. To do this, this research defines a
multi-objective problem and presents a hybrid algorithm, including a ge-
netic algorithm (NSGA II) and artificial neural network (ANN) system. We
solve the defined multi-objective problem using NSGA II. In order to de-
sign a tool that is a decision-helper for selecting the appropriate set-points,
the ability of the ANN algorithm along with multi-objective optimization
is evaluated. We implement our proposed algorithm in an Iranian chemical
factory, specifically the NGL plant, which separates NGL from natural gas,
as a case study for this article. Finally, we demonstrate the effectiveness of
our proposed algorithm using the nonparametric statistical Kruskal-Wallis

test.
AMS subject classifications (2020):

Keywords: Natural gas liquid (NGL); Multi-objective optimization; Artifi-
cial neural network; NSGA II.

1 Introduction

Natural gas extracted from underground sources can contain varying amounts
of heavier hydrocarbon liquids, including ethane, propane, butanes, and nat-
ural gasoline, collectively known as Natural Gas Liquids (NGL). Due to their
added value and transportation requirements, NGLs are consistently sep-
arated from the treated feed gas. The utilization of NGLs has extended
across different sectors, with ethane serving as a feedstock for petrochemi-
cal plants and propane and butanes being marketed as liquefied petroleum
gas (LPG). Additionally, the heavier fraction of raw gas (C5%) can be used

as a blending stock for gasoline. NGLs are characterized as the liquid-state
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heavier hydrocarbons of natural gas under atmospheric conditions. In a typ-
ical natural gas refining plant, various components of NGLs are separated
one by one from the natural gas stream by applying a series of fractionation
columns, namely demethanizer, deethanizer, depropanizer, and debutanizer.
However, process industries face significant operational challenges related to
monitoring and controlling these processes. Factors such as outlet chiller
temperatures, column pressures, by-pass flows, and control schemes affect
the recovery rate, energy consumption, and economic benefits of different

NGL extraction methods.

The majority of investigations on problems in gas processing plant focused
on different kinds of controlling systems (see [3, 5]), methods of preventing
product loss with special attention to the environmental aspects, and en-
ergy consumption (see [7, 20, 2]). Some studies have examined the dynamic
conditions of the process (see [6, 15]), but determining optimal set-points in
terms of energy consumption, and NGL quality has received less attention.
It should be noted that the set-point of the the controlled variable is not a
single point and can change in a certain range. Designing a tool to determine
the optimal set-point is important for making operational decisions because
there are numerous set-points in such processes, and even small changes in
them can result in significant variations in energy consumption and product
quality. On the other word, the main objective of such tools is to define the
optimal set-points for the multiple control loops in the process, aiming to

maximize the profits while saving energy.

Addressing this complex optimization problem, data-driven model ap-
proaches offer the ability to simplify large-scale process models and perform
optimization (see [27, 14]). Among the various approaches that utilize mul-
tivariate statistics and machine learning, partial least squares [23], artificial
neural network (ANN) [21], support vector regression [10], and Gaussian pro-
cess regression [1] have been widely implemented in constructing surrogate
models in numerous research fields. Most of these methods build predictive
models using the correlations among different variables (spatial correlations).

By leveraging the computational power of ANNs, industries can achieve
efficient and effective optimization, leading to improved process performance,

reduced costs, and increased productivity. The application of ANNs in the
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industrial sector provides a powerful tool for addressing complex optimization
problems. Through their ability to simplify large-scale process models and
capture relationships among variables, ANNs enable efficient optimization
and predictive modeling in various research fields, ultimately contributing
to improved industrial processes and outcomes. Controlling production in
industrial factories to achieve optimal conditions in terms of product quality
and energy consumption poses a significant challenge, given the longevity of
factories. The complexity of chemical plants, characterized by numerous set-
points, further exacerbates this challenge. This prompts the exploration of
the possibility of designing a tool that can determine the best set-points based
on the process condition, aiding operators in their decision-making. Addition-
ally, the feasibility of specifying set-points solely using recorded data, such
as process data sheets and laboratory results, is investigated. The primary
objective of this paper is to assess the capability of ANNs in determining
optimal set-points, considering both the quantity and quality of products as
well as energy consumption. So far, there are some research based on ANN
in chemical engineering (e.g., see [4, 17, 18, 19, 24, 9, 22, 25]). Also, some
research works consider the optimization of NGL production based on a ge-
netic algorithm (see [16]). In this work, for an NGL optimization process,
a multi-objective model is introduced. Then, an ANN is combined with a
genetic algorithm, named NSGA 1I, to solve it.

In the rest of the paper, first, we describe the process under investigation in
section 1. Then we explain the simulation process briefly. In section 2, we
will discuss the optimization methodology, and finally, the numerical results
for a real case study, NGL production plant in Iran, will be presented in

section 3.

1.1 Process description

The extraction of natural gas from wells yields a mixture of various hydrocar-
bons, including heavier components that tend to liquefy. Referred to as NGL,
these liquids can be categorized based on their vapor pressures, such as low

vapor pressure (condensate), intermediate vapor pressure (natural gasoline),
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and high vapor pressure (LPG). Commonly found NGL components include
ethane, propane, butane, isobutene, and natural gasoline. Several methods
are employed to separate NGL from natural gas, including absorption, refrig-
eration, and cryogenic turbo-expansion. In this study, the focus is on a spe-
cific Iranian NGL plant designed using the refrigeration method. According
to this approach, the natural gas stream undergoes cooling to approximately
-32°C, causing the NGL within the mixture to condense into a liquid phase
and separate from the natural gas. Figure 1 illustrates the process block
diagram. To prevent ice crystallization in the dew point adjustment section,
the feed streams, saturated with water, require the separation of the aqueous
phase from the organic phase. The dew point adjustment section facilitates
temperature reduction to facilitate NGL condensation; however, it may also
result in the entrapment of lean hydrocarbons in the NGL product. The sta-
bilization section is responsible for separating these hydrocarbons from the

NGL products, guided by an increase in NGL temperature.

Lean Gas

feeds o} Dehydration Dew point Stabilization |—NGLs
Adjustment

Figure 1: NGL production block diagram

1.2 Process simulation

In this section, we briefly explain the simulation process of NGL production.
The process simulation will be explained based on design and operational

conditions.
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1.2.1 Process simulation based on design condition

This study employs an ANN algorithm, a data-driven approach, to analyze
process variables; however, certain data from the plant’s distribution con-
trol system (DCS) were unavailable. To overcome this limitation and avoid
time-consuming data recording, a process simulation was utilized as a vir-
tual representation of the actual process to generate the required data. The
simulation incorporated design condition data such as feed and production
specifications, equipment parameters, and mechanical information. To eval-
uate the simulation accuracy, a comparison was made between the simulated
product flow values and the design values, which are presented in Tables 1 and
2. These simulation results were then utilized for both training and testing
the ANN model. Subsequently, a detailed explanation of the NGL process
simulation is provided. The Aspen Plus simulator was used for simulating
the NGL production process (Figure 2), which includes the specification of
binary parameters of various thermodynamic models. The Peng—Robinson
model was specifically employed as the thermodynamic model. In Figure 2,
stream (1) represents the high-pressure gas feed, while stream (2) represents
the liquid feed, both of which combine in the V-1101 separator. Additionally,
glycol is injected into the inlet stream of the E-1101 exchanger (stream 4).

Table 1: Design conditions for NGL plant feed and production

Parameter Units Inlet Gas | Inlet Liquid | Lean Gas Outlet | Lean Gas Outlet
Phase — Vapor Liquid Vapor Liquid
Temperature °C 41 36 —40.9 22
Pressure bara 42 42 39.5 21
Average MW - 23 50 19 45
Mole Flows | kmol/hr 14360 409 1604 2722

Table 2: Simulation precision

Parameter Lean Gas Outlet (kmol/hr) | NGL Outlet (kmol/hr)
Design condition 1604 2722
Simulation result 1596 2734

precision% 99.5 99.6
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Figure 2: NGL production block diagram

This operation causes that water phase changing in E-1101 from gas to
liquid occurs more quickly and prevents hydration. The V-1102 separator is
employed to separate glycol solution (referred to as rich glycol) from hydro-
carbons, a process commonly known as dehydration. As the hydrocarbons
pass through the pre-chiller and chiller, their temperature undergoes a signif-
icant decrease of approximately -32°C. These heat exchangers enable a phase
change by facilitating heat transfer between the hydrocarbons and liquid
propane (used as a refrigerant). Specifically, heavy hydrocarbons transition
into the liquid phase, while the liquid propane absorbs heat from the hy-
drocarbons and transitions into the gas phase. To prevent hydration, glycol
is injected into these exchangers since the complete removal of water in the
preceding stage is impractical. The outlet stream of the chiller now com-
prises three phases, including a gas phase. The effective operation of the
pre-chiller and chiller is vital for maintaining product quality and minimiz-
ing energy consumption. The propane compression cycle incorporates three
large electro-compressors, emphasizing the importance of energy efficiency
through precise equipment set point tuning and operational strategies. This
aspect is known as dew point adjustment. A V-1103 separator is used to
separate the liquid phases (oily and aqueous) from the gas phase. Since the
gaseous stream from V-1103, representing the light hydrocarbon fraction, is

at a low temperature, it is directed to the E-1502 exchanger to pre-cool the
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hydrocarbon stream. The liquid phases are directed to V-1104, where the
NGL and the aqueous solution, which includes water and glycol, are sepa-
rated. To achieve the stabilization of the NGL product, it is necessary to
remove the trapped light hydrocarbons in the liquid NGL at a lower pressure
than the feed pressure. For this purpose, the NGL stream passes through a
valve, where the pressure is reduced to half of the feed pressure. The T-1101
distillation column is responsible for the stabilization of the NGL. Distilla-
tion, a process involving selective boiling and condensation, is employed to
separate the components or substances within a liquid mixture. The reboiler
supplies the necessary energy for the evaporation of light hydrocarbons, such
as methane and ethane. The NGL enters the top of the column and then
flows down to the lowest tray, while the heat from the reboiler causes the
evaporation of light hydrocarbons, ensuring the desired stabilization of the
NGL product.

1.2.2 Process simulation based on operation condition

Considering the stable composition of the feeds in the plant, it is noted that
while the temperature, pressure, and flow rates may undergo changes, the feed
flow remains constant. In order to observe the influence of temperature and
pressure variations on energy consumption patterns, it is preferable to assume
a constant feed flow rate. Figures 3 and 4 illustrate the impact of pressure
fluctuations on the vapor stream outlet of the V-1103 separator, specifically
for methane and ethane. These figures are based on fixed values of pre-chiller
and chiller set-points, as well as a feed temperature of -5°C, a pre-chiller
temperature of -32°C, and a chiller temperature of 44°C. The results depicted
in the figures demonstrate that an increase in pressure prompts the transition
of methane into the liquid phase, consequently escalating the reboiler duty
during the stabilization process. On the other hand, the desired effect of
pressure variation is the transfer of other hydrocarbons such as ethane into
the liquid phase, enriching the production of NGL with heavy hydrocarbons
without incurring additional energy consumption. As a result, this leads to

a reduction in reboiler duty.
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As mentioned, we try to apply the ANN’s ability to determine the set-

points, based on which the high-quality and quantity of production with low

energy consumption can be achieved. Due to this goal, according to the

principles of the Monte Carlo method (see [13]) in different feed pressures

and temperatures, the set-point of the pre-chiller, chiller, and the distillation

column (the set-point of the tenth tray of distillation column adjust the

reboiler duty), as the inputs (Table 3), are randomly changed and the variable

shown in Table 4, as the output, are recorded.
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Table 3: Set-point criteria (oC')

pre-chiller —9 < Temperature < —2
chiller —36 < Temperature < —28
tenth tray of distillation column —8 < Temperature < —2

Table 4: Output variable

Output Type unit

NGL flow Mass flow kg/hr

lean gas flow Mass flow kg /hr
pre-chiller duty Power w
chiller duty Power w
reboiler duty Power W

CH4 in NGL stream Mass fraction -

CH4 in lean gas stream Mass flow -
C2H6 in NGL stream Mass flow -
C2HG6 in lean gas stream Mass flow -

2 Algorithm framework

With the advancements in computer science, a wide range of software has
been developed for simulation and optimization across various fields, includ-
ing chemical engineering. However, most of these software programs rely
on basic or “white box” models as their foundation. White box models are
derived from basic knowledge and physical insight into the process. These
models are primarily developed for the planning and designing of processing
units and therefore describe the ideal state and steady-state of the process.
While white box modeling or analytical modeling can effectively extrapolate
the properties of a process, developing these models requires significant tech-
nical expertise and a considerable investment of time and effort. One of the
main challenges in these types of modeling is determining the appropriate

model parameters. In practice, the mechanisms underlying the system being
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modeled are often incomplete or imprecise, making it difficult to accurately
capture the true nature of the system. Additionally, because systems can
change unpredictably over time, even well-designed models may not perfectly
reflect the real world.

In addition, such direct modeling is often not possible. For example, in-
dustrial processes are typically extremely complex, and accurate analytical
modeling can be challenging or even infeasible. In such cases, black box
modeling is often a practical solution. Black box models rely on data from
the process itself to establish an input-output relationship and describe the
behavior of the system. Data-driven models are particularly effective in ac-
curately capturing the actual conditions of a process unit, as they are built
using measured data. It is worth noting that with the increasing use of DCS
in factories, a wealth of data is now available for potential use in developing
data-driven optimization methods.

An ANN is a simplified model of the natural nervous system and has
the ability to learn, like the brain, by processing experimental data [11]. In
fact, by performing calculations on numerical data or examples, the grids
learn general rules, and therefore, they are referred to as smart systems. The
advantage of the neural network in comparison with simulation software is
direct learning of data without the need to estimate their statistical charac-
teristics. A neural network, regardless of any initial hypothesis and previous
knowledge of the relationships between the parameters studied, is able to find
the relationship between the set of inputs and outputs to predict any output
corresponding to the desired input.

In this paper, we consider a multi-objective optimization problem and use
a genetic algorithm as an optimization method.

A distinguishing feature of our approach, in comparison to similar works,

is the use of an ANN to evaluate the target values.

2.1 Objective functions

Clearly, the amount of produced NGL and its quality will vary by chang-

ing the set-point of pre-chiller, chiller and tenth tray of distillation column.
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Therefore, determining the appropriate set-points in a variety of feed condi-
tions can be an optimization problem in this process. The objective functions
that we consider in this paper are the NGL flow, lean gas flow, the pre-chiller
duty, chiller duty, reboiler duty and the amount of methane and ethane in
NGL and lean gas, which should be maximized or minimized according to
Table 5.

Table 5: Problem objective functions

NGL flow

lean gas flow

Maximize
mass fraction of ethane in NGL flow

mass fraction of methane in lean gas flow

mass fraction of methane in NGL flow

mass fraction of ethane in lean gas flow

Minimize | pre-chiller duty
chiller duty

reboiler duty

To evaluate the objective functions value, we use an ANN model.

2.2 Variables and constraints

The variables and their upper and lower bounds are considered in Table 3.

2.3 Genetic algorithm

Here, our optimization problem is a multi-objective problem, and we use a
version of the genetic algorithm for multi-objective problems, namely NSGA
IT (see [8]), to obtain its solution. The specifications of the used genetic
algorithm are shown in Table 6.

It should be noted that during the various implementations of the algorithm,
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the values reported for the parameters in Table 6 are the most appropriate

values.

Table 6: the parameters of NSGA-II

Parameter -
Population Size 50
Selection Method Randomly
Crossover Method Arithmetic
Probability of Crossover 0.7
Number of Crossover Points 2
Mutation Method Gaussian
Probability of Mutation 0.4
Mutation Rate 0.02
Number of Iteration 100

2.4 Artificial neural network

In this research, in order to evaluate the objective functions (cost functions)
during the NSGAII, we use an ANN [11]. The specifications of the used ANN

are shown in Table 7. For convenience, the hybrid algorithm is shown in the

Table 7: The parameters of ANN

Data division Random
Training function Levenberg-Marquardt
Performance Mean squared error
The percentage of data used for training 80%
The number of hidden layers )
Calculations MATLAB

flowchart, Figure 5.
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3 Computational results and discussion

Our goal in this article is to evaluate the ability of ANN in determining
optimal set-points for the NGL factory. No process knowledge or complex
modeling is required to implement the ANN. This is a black box modeling
specification. ANN has the ability to solve complex optimization problems
based on a set of data. As described in Section 1.2.2, in each of the different
conditions of feed, the amount of pre-chiller, chiller, and tenth tray distillation
column set-points were randomly changed 100 times in Aspen Plus software,
and the changes in product characteristics and energy consumption were
recorded. It should be noted that in operating conditions, the temperature
and pressure of the feed are always changing, but in most of the time, the
set-points are constant. Based on this recorded information, the ANN was

able to identify the optimal set-points for the pre-chiller, chiller, and tenth

Iran. J. Numer. Anal. Optim., Vol. 14, No. 2, 2024, pp 522-544



Sabeghi, Kiani Talaei, Ghanbari and Ghorbani-Moghadam 536

tray distillation column under various feed conditions, which are presented
in Tables 8-13. Each of these tables represents a pressure change from 30

to 45 Bar at a constant temperature, consistent with the factory’s design
conditions.

Table 8: Results of applying hybrid algorithm

when the temperature of input feed is 20
with six different values for its pressure

feed Temperature, Pressure 20,30 20,33 20, 36 20,39 20,42 20,45
Tpch —2.4558 —8.1039 —2.8469 —3.4545 —8.1039 —2.8469
Tch —34.739 —28.007 —28.089 —28.324 —28.007 —28.089
Tr —2.176 —6.973 —7.997 —4.066 —6.973 —7.997
NGL Flow(kg/hr) 51068.32 48476.67 49697.35 50486.30 51320.65 52172.75
Lean Gas Flow(kg/hr) 75581.7377 | 78279.2254 | 77061.5338 | 76277.0166 | 75440.0092 | 74596.1124
Pch-duty(w) —2992828.8 | —2569350.7 | —1789626.3 | —1940885.5 | —2803750.5 | —1924607.6
Ch-duty(w) —5279878.9 | —3233329 | —4092233.5 | —4033362 | —3235192.5 | —4104263.6
R-duty(w) 1628711.5 1127823.2 1198274.1 1474674.4 1440698.7 1506065.4
NGL (Methane) 0.02981 0.03417 0.03486 0.03128 0.03366 0.03443
NGL (ethane) 0.2981 0.2306 0.239 0.2466 0.2518 0.2576
Lean (Methane) 0.7099 0.6837 0.6936 0.7027 0.7085 0.7156
Lean (Methane) 0.2104 0.2205 0.2149 0.2097 0.2057 0.2011

Table 9: Results of applying hybrid algorithm when the temperature of input feed is 25
with six different values for its pressure

feed Temperature, Pressure 25,30 25,33 25,36 25,39 25,42 25,45
Tpch —6.18338 —8.7039 —3.4545 —8.1039 —2.8469 —6.1833
Tch —28.137 —28.216 —28.324 —28.007 —28.089 —28.137
Tr —5.587 —6.865 —4.066 —6.973 —7.973 —5.587
NGL Flow(kg/hr) 47212.595 48637.763 49587.753 50533.892 51478.857 52037.833
Lean Gas Flow(kg/hr) 79556.8129 | 78132.8698 | 77188.3086 | 76241.8668 | 75300.9841 | 74751.2638
Pch-duty(w) —2539579.1 | —3106388.4 | —2362577.7 | —3202990.2 | —2423875.9 | —2946120.6
Ch-duty(w) —3568959.3 | —3169936.6 | —4032455.1 | —3231098.3 | —4096165.8 | —3573937.9
R-duty(w) 1080486.7 1145095.2 1367966.3 1337918.5 1404682.4 1609338.3
NGL (Methane) 0.03323 0.03406 0.03148 0.03380 0.03455 0.03226
NGL (ethane) 0.2216 0.2313 0.2396 0.2456 0.2521 0.2576
Lean (Methane) 0.6739 0.6850 0.6946 0.7013 0.7092 0.7157
Lean (ethane) 0.22596 0.21999 0.2146 0.2102 0.2053 0.2011
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Table 10: Results of applying hybrid algorithm when the temperature of input feed is
30 with six different values for its pressure

feed Temperature, Pressure 30,30 30,33 30,36 30,39 30,42 30,45
Tpch —8.7039 —7.4553 —7.7454 —2.6906 —2.8408 —8.5214
Tch —28.216 —35.99 —28.249 —28.037 —35.648 —35.320
Tr —6.865 —6.865 —5.555 —4.081 —3.88 —17.59
NGL Flow(kg/hr) 47379.997 53543.9022 49673.5941 50363.0825 | 55608.3122 | 56407.8474
Lean Gas Flow(kg/hr) 79400.8129 | 73240.2306 77111.0292 76431.8586 | 71190.8946 | 70395.6043
Pch-duty(w) —3201496.2 | —2970380.75 | —3363020.30 | —2684177.7 | —2642137.9 | —3601514.4
Ch-duty(w) —3174206.3 | —4637885.7 | —3327603.1 | —4108695.4 | —5345604.1 | —4393631.2
R-duty(w) 1037903.7 1656311.4 1305177.2 1455658.1 2139106 2072962.8
NGL (Methane) 0.0343 0.0334 0.0327 0.0313 0.0302 0.0335
NGL (ethane) 0.2220 0.2586 0.2394 0.2455 0.2766 0.2807
Lean (Methane) 0.6745 0.7289 0.6945 0.7013 0.7515 0.7570
Lean (ethane) 0.2257 0.1993 0.2146 0.2103 0.1834 0.1791

Table 11: Results of applying hybrid algorithm when the temperature of input feed is
35 with six different values for its pressure

feed Temperature, Pressure 35,30 35,33 35,36 35,39 35,42 35,45
Tpch —8.1564 —2.3367 —2.7848 —4.375 —3.9652 —4.4152
Tch —28.147 —35.39 —33.948 —28.470 —35.809 —28.974
Tr —5.019 —3.748 —2.199 —2.146 —4.550 —2.586
NGL Flow(kg/hr) 47237.1015 52964.270 52951.511 50512.7140 | 55776.8986 | 52361.6583
Lean Gas Flow(kg/hr) 79560.0112 | 73835.9236 73847.042 76293.1329 | 71037.8673 | 70395.6043
Pch-duty(w) —3370471 —2424978.4 —2689324 —3219069.8 | —3104113.9 | —3369385.6
Ch-duty(w) —3251258.3 | —5364446.5 | —5056929.11 | —3907831.5 | —5190935.7 | —3996550.7
R-duty(w) 1103174 1745392.4 1832591.2 1562914.2 2122881.6 1794971
NGL (Methane) 0.0327 0.0307 0.0293 0.0296 0.0308 0.0296
NGL (ethane) 0.2216 0.2563 0.2588 0.2468 0.2771 0.2620
Lean (Methane) 0.6741 0.7253 0.7262 0.7036 0.7526 0.7203
Lean (ethane) 0.2259 0.2013 0.1995 0.2093 0.1828 0.1989

For our comparisons, in different temperatures, we used the Kruskal—

Wallis nonparametric statistical hypothesis test [26]. We considered the null

and alternative hypotheses as follows:

Hy : pog = pos = 130 = H35 = [ao = [4s,

(1)
Hy : piog # pas # 3o 7 [as 7 fao 7 [as,

where p; (i = 20,25,30,35,40,45) is the mean value of the results due
to NSGA II in different temperature of the input feed. According to the
Kruskal-Wallis, since the p-value (p-value is defined as probability under the

assumption of the null hypothesis; see the detail on p-value in [12]) is bigger
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Table 12: Results of applying hybrid algorithm when the temperature of input feed is

40 with six different values for its pressure

feed Temperature, Pressure 40, 30 40,33 40, 36 40,39 40,42 40,45
Tpch —7.4888 —3.9254 —2.3948 —2.0129 —8.6673 —8.9663
Tch —35.992 —34.847 —28.417 —34.945 —28.043 —31.298
Tr —2.560 —4.184 —5.282 —2.272 —6.759 —3.335
NGL Flow(kg/hr) 52157.4104 | 52706.1927 | 49822.8637 | 54399.9901 | 51437.3716 | 53811.6187
Lean Gas Flow(kg/hr) 74661.0344 | 74113.3967 | 77001.8408 | 72426.5602 | 75392.4430 | 73018.6954
Pch-duty(w) —3318042.2 | —2955805.4 | —3029352.5 | —2956612.1 | —4321120 | —4337468.1
Ch-duty(w) —4636169.8 | —5019948.5 | —4216945.8 | —5349044.9 | —3148542.7 | —3646772.6
R-duty(w) 1706350.2 1689083.7 1327406.6 2029210.2 1452874.3 193927.7
NGL (Methane) 0.0299 0.0312 0.0325 0.0290 0.0334 0.03
NGL (ethane) 0.2498 0.2545 0.2399 0.2686 0.2518 0.2678
Lean (Methane) 0.7182 0.7224 0.6956 0.7401 0.7091 0.7336
Lean (ethane) 0.2064 0.2028 0.2141 0.191 0.2054 0.1922

Table 13: Results of applying hybrid algorithm when the temperature of input feed is

45 with six different values for its pressure

feed Temperature, Pressure 45,30 45,33 45,36 45,39 45,42 45,45
Tpch —2.4418 —3.4545 —8.1039 —3.4545 —8.1039 —2.2458
Tch —35.745 —28.324 —28.007 —28.324 —28.007 —34.739
Tr —4.438 —4.066 —6.973 —4.066 —6.973 —2.176
NGL Flow(kg/hr) 52171.1324 | 48612.0988 | 49693.756 | 50603.0594 | 51429.8852 | 55661.4816
Lean Gas Flow(kg/hr) 74662.7311 | 78212.3323 | 77134.2149 | 76226.8468 | 75394.6536 | 71170.3579
Pch-duty(w) —2740606.2 | —3288061.8 | —4223594.7 | —3614717.7 | —4506176.1 | —3466013.3
Ch-duty(w) —5408302.9 | —4033571.1 | —3229535.1 | —4031765.8 | —3233724.1 | —5306934
R-duty(w) 1612112.6 1260970.7 1235050.4 1476449.4 1441966.1 2265692.4
NGL (Methane) 0.0315 0.0317 0.0339 0.0312 0.0336 0.0286
NGL (ethane) 0.2490 0.2314 0.2386 0.2465 0.2517 0.2778
Lean (Methane) 0.7170 0.6858 0.6935 0.7031 0.7089 0.753
Lean (ethane) 0.2069 0.2198 0.2150 0.2095 0.2055 0.1816

than 0.05, Hy is accepted. Thus, at the a = 0.05 level of significance, there is
evidence to conclude that the mean value of our proposed algorithm is equal
in different temperatures.

NGL and lean gas are the factory productions that sales to the Petro-
chemical and Gas Company. Each of these customers has quality restrictions
when purchasing products. In this article, considering that the selected set-
points are in the operational range of the factory, the quality restrictions of
the products are satisfied.

Table 14 shows the comparison between the factories fixed set-points

(=5°C for pre-chiller and reboiler and —30°C' for chiller) and the optimal
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Table 14: The comparison between the current operating set-points and the optimal

set-points

Production Stream | Variables plant setpoint | Optimal Setpoint | Difference (%)
NGL flow (kg/hr) 49767 47380 4.80

NGL Methane Mass Fraction | 0.03 0.03 -5.86
Ethane Mass Fraction 0.24 0.22 5.77
lean flow (kg/hr) 77014 79401 -3.10

Lean Gas Methane Mass Fraction | 0.70 0.67 3.03
ethane Mass Fraction 0.22 0.23 -3.99

Total Energy (mw) 8.23 7.41 9.92

set-points in terms of production rate, product quality, and energy consump-
tion in feed conditions with temperature 30 and pressure 30. The amount
of difference in this table is calculated relative to the plant set-point values.
In this comparison, about 9.9% less energy is used for optimal set-points.
This is equivalent to 0.817 MW and also equivalent to 13.8 tons per day of
carbon dioxide emissions. However, under optimal conditions, the amount
of NGL production is lower (about 4.8%) compared to the current operating
set-points, which is the opposite for light gas (about —3.1%). As mentioned
above, the purpose of this paper is to evaluate the ability of ANN to deter-
mine the optimal set-points in terms of quantity and quality of products and
energy consumption so this study can be the basis for the next study at a
higher level (managerial perspective) to determine the set-points in terms of

profitability and reduce production costs.

In the used neural network, we considered five neurons in the hidden
layer and based on that, the results of Tables 8-13 were obtained. The
performance of the designed network for all cases is desirable. The neural
network performance and regression diagrams for the data, when the input
feed temperature is 44, are shown in Figures 6 and 7, respectively. It should
be noted that by changing the number of neurons in the hidden layer and
even changing the number of layers, the performance of the network did not

change much. The same was true for the other cases.
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4 Conclusions and future suggestions

In this paper, we have tried to determine the best amount of set-points in the
NGL production process by considering several objective functions, including
the amount of NGL, lean gas, the energy consumption of pre-chiller, chiller,
and reboiler, and the amount of ethane and methane in NGL and lean gas.
This is done using the NSGA-II algorithm and an ANN. The contribution of
the presented method is its ability to adapt to any process, its capacity for
upgrades, and its utilization of available plant data for machine learning. If
there are no sufficient data in the plant, then we can use a simulation just
for generating data to train and test the ANN. We used the non-parametric
statistical Kruskal-Wallis test to analyze the performance of our algorithm.
The obtained results showed that the mean value of our proposed algorithm

is equal at different temperatures.

The purpose of this paper is to assess the capability of ANN in identifying
the optimal set-points that result in high-quality products, reduced energy
consumption, and increased efficiency. This study lays the foundation for fur-
ther research at a managerial level, which will determine the set-points based
on profitability and cost-effectiveness. Additionally, there are two crucial
materials used in the process, namely propane and ethylene glycol. Propane
is utilized to cool the gas in the pre-chiller and chiller, while ethylene glycol is
used to prevent the hydrate phenomenon. Future studies should investigate
the factors that contribute to propane wastage and optimize its usage, as
well as explore ways to minimize the use of ethylene glycol, thereby provid-
ing further opportunities for optimization and can be considered in future

research.
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Abstract

In the 1990s, the united nations development programme (UNDP) in-
troduced the human development index (HDI) to determine the develop-
ment degrees of countries. One deficiency in the HDI calculation is the use
of equal weights for its sub-indicators. Many scholars have tried to solve
this problem using a data envelopment analysis (DEA) method, particu-

larly the one enhanced by weight restrictions. Indeed no specific method

*Corresponding author

Received 04 May 2023; revised 23 February 2024; accepted 24 February 2024
Ensie Hajinezhad

School of Mathematics, Iran University of Science and Technology, Tehran, Iran. e-mail:

e.hajinezhad@gmail.com

Haniye Hajinezhad
Department of Mathematics, Payame Noor University, Tehran, Iran. e-mail:

H.Hajinezhad@pnu.ac.ir

Mohammadreza Alirezaee
School of Mathematics, Iran University of Science and Technology, Tehran, Iran. e-mail:

mralirez@iust.ac.ir

How to cite this article
Hajinezhad, E., Hajinezhad, H. and Alirezaee, M.R., A new bi-level data envelopment

analysis model to evaluate the Human Development Index. Iran. J. Numer. Anal.

545


https://doi.org/10.22067/ijnao.2024.82197.1252
https://ijnao.um.ac.ir/
https://doi.org/10.22067/ijnao.2024.82197.1252

Hajinezhad, Hajinezhad and Alirezaee 546

has been yet suggested to determine the parameters of the weight restric-
tions. In this paper, we use four DEA /benefit of the doubt (BoD) models
enriched by the assurance regions type I (AR-I) constraints to assess human
development; we aim to objectively determine the AR-I bounds. Therefore,
we consider a basis as the accepted human development values and propose
a bi-level optimization problem to extract the AR-I bounds in such a way
that the efficiency scores are almost the same as the basic values. On the
other hand, the HDI is a globally accepted index that shows small changes
year by year. So, if the UNDP decides to apply a BoD model for calculat-
ing the HDI instead of the traditional method, then it is better than the
scores obtained by the BoD model, showing small changes in comparison
with the HDI, at least in the first few years. Therefore, the HDI values are
considered as the basis. Moreover, the objectively achieved AR-I bounds
provide us with an insight into the way the sub-indicators affect the de-
velopment scores. The bounds can be modified by the experts opinions, in

the future.

AMS subject classifications (2020): 91B06; 90C29

Keywords: Human development index (HDI); Data envelopment analysis
(DEA), Benefit of the doubt (BoD); Assurance regions type I (AR-I); Bi-
level optimization problem (BOP).

1 Introduction

In the 1990s, the united nations development programme (UNDP) introduced
the human development index (HDI) [87] to show that people’s capabilities
should be measured not only by economic advances but also by human well-
being. The HDI is an incorporation of three important dimensions of human
development: a long and healthy life, education, and standards of living.
The sub-indicators used for the assessment of these dimensions, respectively,
are, expected years of life at birth, mean of years of schooling for adults
and expected years of schooling for children, and gross national income per
capita.

Since the introduction of the HDI, it has been criticized from different

aspects [47, 46, 42]. One main criticism is the arbitrariness that is caused
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by subjective choices in the HDI construction. To solve this problem, many
authors proposed the use of the data envelopment analysis (DEA) technique
[58, 27, 21, 7, 61, 60]. The method used in most papers is to construct an
index by applying the benefit of the doubt (BoD) approach, which is a DEA

model considering only desirable attributes.

DEA is a nonparametric method for evaluating the performance of
decision-making units (DMUs), where each DMU consumes multiple inputs
to produce multiple outputs. Since the appearance of the first DEA model,
it has been extended and developed vastly. One of the most important de-
velopments is the introduction of weight restrictions, which limit the total
flexibility in choosing the weights by the DMUs. These weight restrictions
also increase the discrimination power of the DEA models. So, a DEA model
with weight restrictions seems to be a suitable model for evaluating the HDI
(see Section 2.2). However, the parameters associated with the weight restric-
tions are arbitrarily determined. Blancard and Hoarau [9] suggested that the
arbitrariness of choosing these parameters should be eliminated. So, in this
paper, we focus on a procedure that objectively determines the parameters

of the weight restriction constraints.

Here, we use four BoD approaches (like Mariano, Ferraz, and Oliveira
Gobbo [60]), namely, the traditional, the multiplicative, the slacks-based
measure (SBM), and the range-adjusted measure (RAM) approaches. We
enrich these BoD models with the constraints of the assurance regions type
I (AR-I) [83]. Our proposed procedure is to consider a set of values as the
basis and then objectively determine the bounds of the AR-I constraints in
such a way that the enriched BoD model produces the basis. This proce-
dure is somewhat inspired by the work of Edirisinghe and Zhang [31], where
input/output selection is endogenously performed by an iterative procedure
that seeks the maximum correlation between the DEA-based performance
scores and the stock returns. Also, it is somehow similar to the approach
used in Alrezaee, Hajinezhad, and Paradi [2], in which the returns to scale
are extracted from the data by using a method based on data mining. The
key question is how to select the basis. To answer this question, we have
reviewed those research papers that used DEA to solve the problem of equal

weights for evaluating the HDI (see Section 2.2). In some papers, the scores
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obtained by the DEA models were compared with the HDI [58, 27, 28, 56];
in cases where there were large differences, the reasons were explained. Now,
two ambiguities arise: 1) why did the researchers refuse to justify small differ-
ences? 2) why does it seem that a small difference between the two rankings
is desirable?

On the other hand, if the UNDP decides to shift the HDI evaluation from
geometric average to a BoD model, then the HDI values and rankings may
change dramatically, which is not usual; by the current evaluation method,
the ranking will change a little between two consecutive years, because of the
nature of the HDI sub-indicators; except for gross national income per capita,
the changes in other sub-indicators are very slow from year to year. So, it
would be wise to manipulate the BoD approach in such a way that its results
make the lowest changes in the human development values or the rankings in
comparison with the last year. Since the UNDP’s HDI has such a property,
we consider it as the basis and try to extract the required information for
setting up the BoD model to obtain efficiency scores that are closest to the
basis. By using the proposed method, the effects of the sub-indicators on
the calculation of human development values are determined and can be

manipulated by the experts’ opinions.

To objectively determine the bounds of the AR-I constraints, we propose
a bi-level optimization problem (BOP) in which the upper-level is the min-
imization of the differences between the bases, namely, the UNDP’s HDI
values and the enriched BoD scores; the lower-level is a linear multi-objective
optimization problem derived from the integration of the enriched BoD model
for all units. The proposed model is NP-hard. To search for a globally optimal
solution for the proposed BOP, we apply a nested approach; the upper-level
is optimized by a genetic algorithm (GA) that is enhanced by two local search
methods. Also, the lower-level linear multi-objective optimization problem
is transformed into N linear optimization problems, which are solved via an
exact method. However, the final solution of the BOP is the one which pro-
duces the scores that are closest to the UNDP’s HDI values, solutions with
the objective function (of the upper-level) less than a determined value are
saved in BestSet during the process of solving the BOP. If the final solution

is not desirable, then a solution from BestSet can be applied. Of course, the
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bounds can be manipulated according to the experts’ opinions, and they can
be gradually modified each year.

It is worthwhile to note that shifting from a traditional performance as-
sessment system that uses fixed equal weights to a more complicated one,
namely, a DEA model, could be difficult from the approval aspect. For ex-
ample, suppose that a DEA model is used instead of the arithmetic average
to evaluate the performance of bank branches. The DEA model may pro-
duce efficiency scores that are substantially different from the results of the
traditional model. Moreover, it may show big changes in comparison with
the last assessment. As a result, it is difficult for the managers to accept the
new rankings. For this reason, it is advisable to apply the proposed BOP
to extract the AR-I bounds in such a way that the DEA results do not dif-
fer dramatically from the results of the traditional method. However, the
bounds could be manipulated by the experts’ opinions and also be changed
in the future. Moreover, considering a set of rankings as the base and apply-
ing the proposed BOP for extracting the parameters of weight restrictions
are helpful in cases where the experts cannot define the parameters explicitly
but are able to determine a ranking of the units.

The contributions of this research can be described as follows:

1) We propose a multi-objective BOP to objectively determine the AR-
I bounds in the enriched BoD models, and we apply their results for

evaluating human development values.

2) The proposed BOP represents a road to shift slowly from the traditional
evaluation of the HDI (or any index) to a BoD approach (or any DEA

model) with the least changes in the efficiency values or rankings.

3) This structure, which is used for initializing the parameters of a BoD
model, can be applied to objectively determine all parameters that

appeared in the DEA models.

This paper is organized as follows. Section 2 reviews the literature related to
DEA, the HDI, and BOP. In Section 3, the BoD approaches for evaluating
the human development are reviewed. In Section 4, the BOP is proposed for

tuning the AR-I bounds. We propose an approach to solve the BOP model
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in Section 5. In Section 6, the numerical results of the proposed method are

presented. The last section is devoted to a brief conclusion.

2 Literature review

This section reviews the literature related to DEA method.

2.1 Data envelopment analysis

The origins of DEA date back to Farrell’s seminal paper [34]. Charnes,
Cooper, and Rhodes [17] developed Farrell’s idea and presented a model
that is able to measure the efficiencies of units having multiple inputs and
multiple outputs. This first model of DEA is called CCR. It has inspired
several extensions, most notably the BCC model of Banker, Charnes, and

Cooper [5] and the additive model of Charnes et al. [16].

The most well-known advantage of the DEA models is the flexibility in
choosing weights. As a result of this, a DMU that is determined to be in-
efficient cannot argue that its inefficiency is due to the weights selected for
its inputs and outputs. However, this full flexibility has been criticized from
different aspects (see [3, 65]). Although the DMUs may have their own cir-
cumstances and objectives in general, they are assumed to be homogeneous.
So, it is not sensible that the weights significantly differ from one DMU to
another [71]. To resolve this problem, weight restriction is introduced to en-
sure that all inputs and outputs are considered and that higher weights are

assigned to the more important ones.

Now, let us mention the most prominent weight restriction constraints
in the DEA literature. The most straightforward weight restriction is to set
simple numerical limits on each of the weights [30, 69]. This may lead to

infeasible linear programming.

Thompson et al. [83] proposed the concept of assurance regions type I

(AR-I), which incorporates into the model the relative importance of the
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inputs/outputs. Moreover, they introduced assurance regions type II (AR-

IT), which is the relative value of inputs to outputs.

It should be noted that applying the AR-II constraints may cause infea-
sibility. The Cone-Ratio (CR) technique, developed by Charnes et al. [20]
in 1989, is the most well-known weight restriction that acts on the data and
transforms them [82]. AR-I and CR are related in the sense that an AR-I
constraint can be represented as a CR one. However, CR is more general
than AR-I.

Wong and Beasley [91] presented a weight restriction based on virtual

inputs/outputs which limited the importance of input ¢ to DMUj .

The DEA literature is vast, leading to numerous conducted reviews. Liu,
Lu, and Lu [52] delved into the evolving landscape of DEA research, em-
ploying a network clustering method to identify four distinct research fronts,
shedding light on key areas such as bootstrapping, undesirable factors, cross-
efficiency, and network DEA. Building on this, Zhou et al. [96] offered a
comprehensive overview of DEA’s origins, popular models, applications, and
its evolving trends through a bibliometric analysis. Complementing these
works, Camanho and D’Inverno [13] provided a historical overview of DEA,
discussing its main models, recent developments, and successful applications,
emphasizing its relevance in organizational management and public policy.
Furthermore, Krmac and Mansouri Kaleibar [49] conducted a systematic re-
view of DEA’s applications in port efficiency evaluation, revealing its po-
tential as a valuable tool for assessing future port performance, while also
identifying research gaps. Emrouznejad et al. [33] contributed to the dis-
course by outlining recent theoretical developments and novel applications of
DEA, showcasing its versatility across diverse fields. Liu et al. [53] reviewed
the areas in which DEA has been applied. They concluded that the top
five industries addressed by researchers were banking, healthcare, agricul-
ture, transportation, and education. The applications of DEA are surveyed
on the field of banking [64], healthcare [44], agriculture [50], transportation
[59], and education [81].
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2.2 The human development index and DEA

DEA was originally proposed in the microeconomic environment to measure
the performance of schools, hospitals, and so on. It is also well-suited for
the evaluation of macroeconomic performance [55]. When DEA is extended
to analyze social performance, the concepts of “input” and “output” are not
considered in the same sense as their traditional sense of DEA; instead, they

are considered desirable and undesirable attributes, respectively, [67].

The first applications of DEA to the evaluation of macroeconomic perfor-
mance can be found in [63, 39]. In this area, researchers have used DEA to
construct a composite index and to measure the efficiencies of countries or
regions in generating welfare [61]. The most important advantage of using
DEA is that the arbitrariness in weighting the sub-indicators is eliminated,
and they are determined endogenously [45]. In fact, the DEA model is used
to retrieve some information on appropriate weighting hidden in the perfor-
mance of a country; the relatively strong (poor) performance of the country
in one indicator shows that its policies consider that dimension as more (less)

important than the others [21].

For constructing an index, the DEA approach with only the desirable
attributes is alternatively called the BoD (benefit of the doubt). This was
originally proposed by Melyn and Moesen in 1991 [63]. In the BoD approach,
all the indicators or sub-indicators are considered as outputs, along with a
dummy input equal to 1 for all the units. Unlike the original HDI calculated
by the equal weights, the HDI obtained using the BoD approach applies the
most advantageous weights for each country or region [10]. A good review of
the BoD approach and the different weight restrictions, which can be used in
it, is provided by Cherchye et al. [21].

The first application of the BoD approach for recalculating the HDI dates
back to the work of Mahlberg and Obersteiner [58]. They stated two reasons
for using the DEA method.

(a) The HDI should be evaluated against the best performance of the other

countries.
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(b) The weights of the sub-indicators should be determined directly from

the data and independently for each country.

Initially, they used an output-oriented CCR model. Then, to improve the dis-
crimination of the efficient countries, a BoD approach with AR-I constraints
was applied; they examined three different arbitrary intervals for the AR-I
constraints. The ranking of countries resulting from this method and the
ranking obtained by the UNDP had a correlation of 0.83. Although, in some
cases, there were significant differences. They believed that the main reason
for such differences was the weights expertly assigned to the sub-indicators
of the HDI.

Despotis [27] presented a method for evaluating the HDI based on a modi-
fied DEA model. In this method, a BoD approach is used, and then, by using
a goal linear programming model, common weights for all the countries are
obtained. Thus, a new estimate of the HDI is achieved, which improves com-
parability. According to Despotis [28], when the HDI is used to evaluate the
human development of countries, the sub-indicators of life expectancy, edu-
cation, and standards of living are considered as means for achieving social
welfare. Although this approach is accepted, human development could also
be considered differently; standards of living improve the sub-indicators of
life expectancy and education. In such cases, the competency of countries
in converting income into a higher quality of life can be modeled and evalu-
ated. Thus, to evaluate the human development of countries, Despotis used
a DEA model with variable returns to scale in which the sub-indicator of
standards of living was the input and the sub-indicators of life expectancy
and education were the outputs.

Lee, Lin, and Fang [51] presented a fuzzy multi-objective DEA model
to evaluate the performance of countries based on the human development
perspective. In their approach, like Despotis’ model [28], the efficiencies of
all countries were maximized using a common set of weights.

In 2010, the UNDP changed the method of measuring the HDI [88]. One
of these changes was the use of geometric averages instead of arithmetic av-
erages, which eliminated compensation among the HDI sub-indicators. How-
ever, the problem of equal weights has remained unresolved. To solve this

problem, Zhou et al. [95, 93] used two BoD approaches in the multiplicative
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form [18, 19] to calculate the best and the worst efficiency scores. Then,
the convex combination of these two efficiency scores was regarded as the
efficiency of the country under study.

In some DEA results, the optimal weights of some sub-indicators may be
equal to 0. To resolve this problem, Zhou et al. applied the weight restriction
proposed by Wong and Beasley [91] and set the parameters arbitrarily. Tt
should be noted that by using the logarithmic transformation, the multiplica-
tive model is changed into the additive model. Also, Blancard and Hoarau [8]
used a similar BoD approach with the same weight restriction to evaluate the
HDI. One of the drawbacks of their approach is that the weight parameter in
the convex combination of the best and worst efficiency scores significantly
affects the value and rank of the HDI [40]. In addition, the multiplicative
models in [95, 93, 8] are not scale-invariant, which is problematic for lineariz-
ing the model because the values of sub-indicators lie between 0 and 1 (see
Section 3).

Hatefi and Torabi [40, 41] used a set of common weights to recalculate
the HDI of Asian and Pacific countries. To do so, they used a one-stage
optimization model to calculate the common weights in such a way that the
maximum deviation from the full efficiency score was minimized. The draw-
back of this model is that the weights of the sub-indicators are substantially
influenced by the countries that have poor performance [84]. By using the
dual of the proposed model, Hatefi and Torabi [41] performed an analysis to
improve the performance of countries with low HDI values.

Tofallis [85] applied a multiplicative DEA model. The model involves an
extra factor that absorbs the effect of multiplying any sub-indicator by a con-
stant. The method proposed in [85] is somewhat similar to Despotis’ model
[27, 28]. Firstly, the DEA model is applied to all countries. Subsequently, a
set of common weights is estimated by using the least squares regression.

Puyenbroeck and Rogge [89] compared groups instead of individuals to
cope with the problems caused by intermediate steps in the construction of
the HDI. They used a BoD approach with weight restrictions to analyze the
HDI levels in seven regions. The method they utilized to limit the weights
was based on the work of Wong and Beasley [91], with the difference that

only the unit under study was considered.
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Mariano, Sobreiro, and Rebelatto [61] provided a valuable review of the
research works that used DEA to recalculate the HDI. They highlighted
twenty gaps in this field. To address the lack of systematic studies con-
sidering the advantages and challenges of applying different DEA approaches
to the evaluation of the HDI, Mariano, Ferraz, and Oliveira Gobbo [60] com-
pared multiple BoD approaches, including the traditional, the multiplicative,
the SBM, the RAM, weight restrictions, common weights, and tiebreaker
methods. For the weight restriction, they used the method proposed by
Puyenbroeck and Rogge [89]. The analysis was done for raw and normalized
data by using social network analysis (SNA) and the information derived

from the model itself. Finally, they made the following useful suggestions:

e The normalized data are preferable because of avoiding the outliers.

e The nonradial models are more appropriate because they do not gen-

erate false efficiencies.

e To improve the results, it is recommended that weight restrictions be
considered in the DEA model.

A group of researchers has investigated the efficiency of countries or regions
in transforming the minimum possible units of resources into the maximum
possible levels of the sub-indicator of quality of life [4, 66]; it can be seen as
the sustainable HDI [9, 15].

2.3 Bi-level optimization problems

Multi-level and bi-level optimization problems have emerged as important
research areas in mathematical programming [80]. These optimization prob-
lems are widely used in the modeling of real-world problems in which there
are many decision-makers at different levels. A BOP is a special case of multi-
level optimization problems (MOPs) with two levels, where the upper-level is
optimized subject to the best solution of the lower-level. The first formulation
of BOPs goes back to the work of Bracken and McGill [12]. Later, Candler
and Norton [14] proposed the term “bi-level programming” in a technical re-

port. Since then, many researchers have focused on this area of optimization.
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MOPs and BOPs have been applied to various fields, including supply chain
management [68], energy-efficient scheduling [92], and robot motion planning
[97]. Recently, BOPs have been applied to solve parameter tuning problems,
where the procedure of algorithm configuration is designed by using a BOP
[78, 62].

BOPs are strongly NP-hard [76]. Many studies have been dedicated
to solving BOPs using classical methods such as the Karush—-Kuhn—Tucker
(KKT) approach [6, 74], descent methods [90], and the penalty function meth-
ods [57]. However, in the case of complex BOPs, evolutionary techniques are
more suitable. For a review of solution methodologies, we refer the reader
to [76, 22]. Ome of the most popular evolutionary algorithms for solving
BOPs is the nested methods, where the lower-level optimization problem is
solved completely corresponding to any given upper-level decision [77]. The
upper-level optimization is handled using an evolutionary algorithm, and the
lower-level is handled by using a classical method or an evolutionary one.
As generalizations of BOPs, multi-objective BOPs have been considered by

a number of researchers [75, 70, 26].

3 Some BoD approaches used to evaluate the HDI

Here, the different BoD approaches addressed in this work are represented (for
more details; see Mariano, Ferraz, and Oliveira Gobbo [60]). We utilize the
multiplier form of the BoD models in the subsequent sections. Additionally,
for a clearer comprehension of the models, we present the envelopment forms.
Suppose that F;, H;, and G; are the sub-indicators of education, health, and
standards of living, and represent the outputs for country j (j = 1,2,..., N),
respectively, and assume that Wg, Wy, and W are the weights of the sub-
indicators of education, health, and standards of living, respectively. Also,
E,, H,, and GG, are the respective sub-indicators related to the DMU under
evaluation. Moreover, v is a scalar value being free in sign. A dummy input
equal to 1 is considered for all units, and N is the number of countries
under evaluation. For the envelopment form, suppose that Sg, Sy, and
S are nonnegative slacks of the education, health, and standards of living,

respectively, and that A; is the importance value of benchmark j for the
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Table 1: Traditional BoD

Traditional BoD in multiplier form Traditional BoD in envelopment form
min %u =0 max blo =0
Subject to: Subject to:
Wg - Eo+ Wy -Ho+Wg-G, =1, S NE; > E,,
—v+Wg-Ej+Wg-H; +Wg-G; <0, forall j, | Y \;H; > H,,
Wg,Wg,Wg > 0. Y NG > G,

XA =1

Aj > 0.

country under analysis. The traditional BoD approach [63] is the output-
oriented BCC model. The traditional BoD approach 57 is the output-oriented
BCC model. The multiplier and envelopment forms are as follows:

The multiplier and envelopment forms of the multiplicative BoD ap-
proach, which are similar to the model presented by Tofallis [85], are as

follows:

Table 2: Multiplicative BoD

Multiplicative BoD in multiplier form Multiplicative BoD in envelopment form
Max Ef, =e¥ x EXV” X Hgv"‘ X G})’VG Min Ef, =0
Subject to: Subject to:
, OxIT; A
Wg+Wy+Wg =1, —5 = = E,,
e x EWE x BV 5 GWe <1, forall j % -,
W, Wi, We > 0. &lLY _g,,
YA=1
Aj:SE,SH, 8¢ > 0.

Applying the natural logarithm to the objective function and the con-

straints, the multiplicative BoD in Table 2 are linearized as follows:

Table 3: Linearized Multiplicative BoD

Linearized Multiplicative BoD in multiplier form
Max In(Ey) = v+ Wgn(E,)
+WyIn(H,) + W In(G,)

Linearized Multiplicative BoD in envelopment form
Min In(Ey) = In(f)

Subject to:

Wg + Wy +Weg =1,

v+ WgIn(E;) + Wy In(H;) + WgIn(G;) <0, for all j,
Wg, Wy, Wg > 0.

Subject to:

In(0) + 3=, n(E;)A; — In(Sp) = In(E,),
In(0) + 3, n(H;)\; — n(Sg) = In(H,),
In(0) + 3, n(G,)A, ~ In(S) = In(Go).
>iN=1,

Aj;In(Sg),In(Sx),In(Se) > 0.
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The multiplier and envelopment forms of the SBM-BoD model, which
are based on the output-oriented SBM model (Tone [86]), are as follows.

Note that, as the slack related to the input is zero, the input term has been

removed, and the inverse of the objective function is maximized.

Table 4: SBM-BoD

SBM-BoD in multiplier form

SBM-BoD in envelopment form

Mingy =v—WgE, = Wi H, — WaG,
Subject to:

v—WgE; —WgH; —WgG; > 1, for all j,
Wg > 53

3E,’

1
WH 2 3H,°’

1
We = 352

Mawﬁzl—ﬁ—%(%’j-{—%-ﬁ-%
Subject to:

> NEj — Sk = E,,

> AjHj — Sy = H,,

Zj NG — Sa =G,

2N =1,

Aj»SE,SH,Sa > 0.

Finally, the RAM-BoD model, derived from the output-oriented RAM
model (Aida et al. [1]), is scale and translation invariant. It is represented

in the multiplier and envelopment forms as follows:

Table 5: RAM-BoD

RAM-BoD in multiplier form RAM-BoD in envelopment form
MazEf, = v+ WgEy+ WyH, + WgG, MinEf,=1—-5(32 + 2% + 32)
Subject to: Subject to:
U-‘y—WE'E]‘-i-WH'H]'-i-WG'GjSl, forallj, Zj)\jEj_SE:Em
W > 54—, 2 AiHj = S = Ho,
We > 35—, > 2Gj — Sa = G,
Wa > 5= SN =1,

i, S, SH,Sa > 0.

Here, Rg, Ry, and R are the ranges of education, health, and standards
of living in the N countries, respectively. It is worth noting that %(% +
;—g + 1%) represents the range-adjusted inefficiency of the country under
evaluation.

We enrich the aforementioned BoD models by using the AR-I restrictions

(1)

Wg
L < — <Us,
1S, S0
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Wg
Lz < e < Us, (2)

where L1, U1, Lo, and Us are constant and nonnegative values. From here
on, we refer to RAM-BoD mode (Table 5) with the AR-I constraints (1)—
(2) as the enriched RAM-BoD model or enriched model (Table 5). The
parameters of the AR-I constraints could be determined by experts’ opinions.
However, to avoid problems associated with the application of the BoD model
instead of the traditional assessment system, we objectively determine the
unknown AR-I parameters in such a way that the ranking of the UNDP is
reproduced by the enriched BoD models. To this end, we propose a BOP.
This provides a useful tool to better understand the relative effects of sub-
indicators in calculating the HDI values and manipulating them later. The

BOP is explained in the next section.

4 The proposed BOP

In this section, the HDI values presented by the UNDP are considered an
acceptable base. It should be noted that the HDI classifications are based on
fixed cutoff values. We set up the BoD model (each of the models in Tables 1,
3, 4, and 5) with the AR-I parameters (constraints (1)—(2)) in such a way that
it results in the base values. To do so, we determine the unknown bounds of
the AR-I constraints by using a BOP, where the upper-level is to minimize
the total difference between the enriched BoD scores and the HDI values;
the lower-level is a multi-objective optimization problem for evaluating the
BoD efficiency scores corresponding to each country subject to that BoD
constraints and also the AR-I constraints with variable bounds. In other
words, the upper-level optimizes the values of unknown AR-I parameters in
the lower-level based on the upper-level objective function, while the lower-
level maximizes the efficiency scores under the parameters assigned by the
upper-level, subject to the BoD and AR-I constraints.

We want to reproduce the HDI values by the enriched BoD model (each
of the models in Tables 1, 3, 4, and 5); so, in the best case, we obtain
Efi = HDI; for t = 1,...,N. Thus, the upper-level objective function is

defined as the minimization of the sum of absolute differences between the
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efficiency scores (E f;) and the HDI values (H D1I;) for countries t = 1,..., N:

N
min z =Y |EF, — HDI|. (3)
t=1

Here, the decision variables of the upper-level are constrained as follows:

0<Ly<UY, (4)
0< LY <UY. (5)

It should be noted that if the ranking is considered as the base, then the
upper-level objective function is changed to the absolute difference between

the two rankings.

The efficiency scores Ef;, for (¢t = 1,2,..., N), are the responses of the
lower-level multi-objective optimization problem to the upper-level decision
on the AR-I variable bounds. The lower-level problem can be one of the BoD
approaches in Tables 1, 3, 4, or 5. We consider the RAM-BoD model in Table
5 to explain the BOP. The objectives of the lower-level, similar to the model

in Table 5, are as follows:

max Eft:Ut+WEtEt+WHth+WGth, t:1,2,...,N. (6)

In equations (6), the index ¢ is considered for the aforementioned weights,
because the weights of all N countries are included in a single model. The
variables vy, Wg,, Wg,, and W, are the decision variables of the lower-level
optimization problem, where, similar to the model in Table 5, the weights for
a country must be assigned in such a way that the following constraints are

satisfied:

Ve + Wi, B+ Wi Hy + We,G; <1, j=1,2,... N, t=1,....N, (7)
WEtzﬁ, t=1,....N, (8
WHtZﬁ, t=1,...,N, (9)
WG,,Zﬁ’ t=1,...,N. (10)
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Next, we have to consider the AR-I constraints. The relationships between
the decision variables of the two levels of the BOP are expressed by the

following inequalities:

W,

L}’SWEth{’, t=1,...,N, (11)
Hy

v WEt v

Ly < o2t <UF, t=1...N. (12)
Gy

The constraints (11)—(12) are similar to the AR-I constraints (1)—(2) ex-
cept that the bounds (LY, Uy, LY, and UY) are considered as variables. The
combination of equations (3)—(12) is our proposed BOP model for evaluat-
ing the bounds of the AR-I constraints in the enriched model in Table 5, to
achieve the maximum alignment with the UNDP’s HDI. The BOP for the
enriched BoD models in Tables 1, 3, and 4 is the same.

By solving the proposed BOP, we obtain the bounds L{, U7, Lj, and Uy,
and also the weights Wq,, Wy, Wg,, and v, fort = 1,..., N. We replace the
bounds of the AR-I constraints in the enriched model in Table 5, namely, L1,
Ui, Lo, and Us in constraints (1)—(2), with the optimized variable bounds LY,
U?, Ly, and UJ, respectively. Thus, we obtain the enriched RAM-BoD model
with objectively determined bounds. These bounds enable us to analyze the
effects of sub-indicators on the evaluation of the HDI values.

Let us note that it is necessary to consider both objective functions (equa-
tions (3) and (6)) in a bi-level structure. If our BOP is considered with (3)
as the only objective function or the objective functions of the two levels are
merged in some way, then applying the optimized AR-I bound variables to
the enriched model in Table 5 could produce efficiency scores that are differ-
ent from the ones obtained from the BOP model and are also so far from the
UNDP’s HDI values.

The objective functions and the constraints of the BOP are linear or at
least convex. So, the proposed BOP model is a convex bi-level multi-objective
optimization problem. Therefore, it seems effective to change the lower-level
optimization problem into the constraints of the upper-level optimization
problem by using the KKT optimality conditions. However, since the lower-
level is a multi-objective optimization problem, the number of constraints

regarding the KKT conditions is so large that it is even too difficult to find a
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feasible solution. Hence, we use a nested approach in which the upper-level
is managed by a GA, and the lower-level optimization problems are solved
exactly. The methods we apply to solve the proposed BOP are described in

the following section.

5 Solving the proposed BOP

In this section, we propose a nested approach to solve our proposed BOP;
the upper-level is handled by a GA, which is described in the following sub-
section; by replacing the optimized upper-level decision variables (the op-
timized variable bounds of the AR-I constraints), the lower-level problem
changes to a linear multi-objective optimization problem, which in turn can
be transformed into N linear single-objective optimization problems. In fact,
these linear optimization problems are the enriched model in Table 5 for

o=1,2,...,N, and they are solved exactly.

5.1 The GA heuristic

GAs are heuristic search algorithms that can be applied to an extensive range
of optimization problems. For the first time, the basic theoretical concepts
of GAs were developed by Holland [43] in 1975. These probabilistic search
techniques imitate the natural evolution process to find the best or the nearly
best solution. A candidate solution is represented as a chromosome, and the
optimization problem is formulated as the fitness function. A GA starts with
a random population of chromosomes that evolves using nature-inspired op-
erators: selection, crossover, mutation, and replacement. A more exhaustive

overview of GAs can be found in [48].

In our GA, we seek the best solution to the upper-level optimization
problem (3)-(5). So, we consider a chromosome as an array of length 4
whose numbers show the lower and upper bounds for equations (11)—(12).
The population is of the fixed size P = 20. By considering the maximum

value 5 for the upper bound, each chromosome is randomly initialized in
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the interval [0,5]. After producing a chromosome (bounds), the Evaluate
algorithm is run; the chromosome is checked to be feasible regarding the
constraints (4)—(5). If any bound is negative, then its value is fixed to 0, and
if the lower bound is greater than its respective upper bound, then it is fixed
to be one-half of the value of the upper bound.

Once the feasibility of the solution is ensured, its values are replaced in
equations (11)—(12). We have already mentioned that solving the lower-level
multi-objective optimization problem (6)—(12) with the fixed AR-I bounds
is equivalent to solving the enriched model in Table 5 with those fixed AR-I
bounds, for o = 1,2,..., N. So, by using the current solution, we set the AR-I
bounds in the enriched model in Table 5 and evaluate Ef, foro=1,2,... N.
If it is feasible, then the fitness function (equation (3)) is calculated. However,
the determined bound variables may cause infeasibility. We use the GAMS
(with CPLEX solver) to solve the enriched model in Table 5. In case of
infeasibility, we modify the bound variables in a way that provides wider

intervals for the corresponding proportion of weights, as follows:

. Wg Wg
LY =min —*, U{ = max —-,
t WHt t WHt
. Wg Weg
LY =min —*, Uy = max —-.
t Gy t WGt

Subsequently, the enriched model in Table 5 with the modified bounds
for o = 1,..., N is solved again. If the feasibility is achieved, then the GA
proceeds; otherwise, the value of the first cell of the chromosome that is
not considered yet is decreased (or increased) by 10% if it shows the lower
(or upper) bound. Then, the enriched model in Table 5 with the newly
determined bounds is solved. This proportional increase or decrease in the
bounds is repeated until the feasibility is achieved.

For any produced solution, the FEwvaluate algorithm is run. Parents are
chosen by using a binary tournament; two pools of members are formed,
where each one consists of two randomly selected members. The best member
of each pool is a parent. The crossover operator randomly takes the bounds of
equations (11) and (12) from the two parents to produce a single child. By the

probability of 0.3, a child is mutated; a cell in the chromosome is randomly
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selected, and its value is changed to its respective upper or lower bound. Also,
we propose two methods to locally seek solutions. If the mutation is not done,
then the child is subject to the local search (LS); one of the methods is chosen
with equal probability. The worst member of the population (considering the
objective function (3)) is replaced by the new child. This process is repeated
until the best fitness function is not improved within M iterations. Here, we
set M = 10.

During the running of the GA, the best solutions are saved; we consider
the solution with the lowest fitness function during the random initialization
of the population, then the produced solutions whose fitness functions are
lower than that, enter BestSet. After the termination of the GA, BestSet is
sorted and the first, middle, and last members are selected to be improved
by using local search methods. Ultimately, the solution with the best fitness
function is selected as the final solution. However, the other members of
BestSet are possible solutions, one of which may be selected by the expert if

it seems to be more sensible.

5.2 The LS methods

To improve a solution to the upper-level optimization problem, we use two
LS methods. During the first LS method (LS1), each bound is increased
(or decreased) by « percent while the fitness function (calculated by the
Evaluate algorithm) improves. In the second LS method (LS2), each lower
bound is increased (or decreased) together with its respective upper bound
by a percent while the fitness function (calculated by the Evaluate algorithm)
improves. In LS2, the distance between the upper bound and its respective
lower bound remains fixed. During the running of the GA, we use the LS
methods with o = 10%. After the termination of the GA, LS1, LS2, and then
LS1 are run with o = 10%. Next, LS1 and then LS2 are run with o = 1%
for the selected solution of BestSet.
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6 Numerical results and their analysis

To examine the proposed BOP model, we use the UNDP data of 2019. A
summary of the HDI and its sub-indicators (from the UNDP data) for 189

countries is presented in Table 6.

Table 6: Summary of the HDI and its sub-indicators for 189 countries (the UNDP data
of 2019)

Education | Life expectancy | Standards of living | HDI
Mean 0.659 0.811 0.714 0.722
Median 0.682 0.832 0.732 0.740

We solve the proposed BOP model by applying the heuristic GA; the
optimized variable bounds of the AR-I constraints for the different enriched

BoD models are obtained in Table 7.

Table 7: The optimized bounds of the AR-I constraints for the different enriched BoD

models

LY Uy L3 Uy
Traditional BoD in Table 1 2.9737 | 2.9934 | 1.0271 | 1.0285
Multiplicative BoD in Table 3 | 2.2988 | 2.3123 | 0.9091 | 0.9146
SBM-BoD in Table 4 1.7715 | 2.6488 | 0.8487 | 2.2152
RAM-BoD in Table 5 0.6985 | 0.7023 | 0.9911 | 1.0019

It is worthwhile to note that all three solutions selected from BestSet
almost converge to the best solution, presented in Table 7, by using the local
search methods. For the traditional enriched BoD model, the weight of the
education sub-indicator is 2.9 times that of the health sub-indicator. For
the enriched BoD models other than the RAM, the weight of the education
sub-indicator is at least 1.8 times that of the health sub-indicator. Except
for the enriched SBM-BoD model, the bounds for the other enriched BoD
models show that the weights of the education and income sub-indicators are

almost equal.
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We use these AR-I bounds to enrich the BoD models. The correlation
between the rankings obtained from the HDI values and the efficiency scores
resulting from the BoD models with and without AR-I constraints are rep-

resented in Table 8.

Table 8: The correlation between the rankings from the HDI values and the BoD models

+AR -1
Traditional 0.538 0.997
Multiplicative | 0.997 0.997
SBM 0.999 0.999
RAM 0.998 0.998

As evident in Table 9, the strong correlations between BoD models
and HDI rankings—excluding the traditional BoD model without AR-I
constraints—indicate that BoD models are generally suitable for assessing
the human development of countries. Nevertheless, Tables 8 and 9 reveal
specific differences among these models in detail.

Table 9 presents a summary of the errors: the absolute values of differ-
ences between the efficiency scores (E) and the HDI values are (|HDI — E|),
and the absolute values of differences between the rankings based on the
HDI values (Rppr) and the rankings based on the efficiency scores (Rg) are
(|IRapr — Rg|). Moreover, the errors of the BoD models without the AR-I
constraints are represented.

As mentioned before, the classification of countries is based on the fixed
cutoff points of the HDI: low (less than 0.550), medium (0.550-0.699), high
(0.700-0.799), and very high (0.800 or greater). So, the objective function of
the proposed BOP is to minimize the changes in human development values.
To further investigate the results, we represent the number of changes in the
classification of countries in comparison with the UNDP’s HDI in Table 10.

Regarding Tables 7-10, we discuss some points.

o The fitness function of the BOP is the sum of the values of |[HDI-E|.
So, the best enriched BoD model to reproduce the basis is the SBM,

and the worst one is the RAM. Also, the best and worst errors for
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Table 9: A summary of the errors of the BoD models without and with the AR-I

constraints

BoD model Weight restriction Average | Median | Min | Max Sum
|HDI — E| 0.171 0.141 | 0.041 | 0.606 | 32.285

. |Rg — Rupr| | 39.196 29 0 184 7408

Traditional

+AR-1 |[HDI — E| 0.019 0.016 0 0.050 | 3.512

|RE — Rupil 2.900 2 0 17 548
|[HDI — E| 0.105 0.093 | 0.037 | 0.260 | 19.824

S |Rp — Rypi| | 12.847 10 0 45 | 2428

Multiplicative

+AR-1 |HDI — E| 0.019 0.018 0 0.049 | 3.683

|Rg — Rupil 2.847 2 0 17 538

|[HDI — E| 0.028 0.0131 0 0.062 | 5.346

SBM |RE — Rupil 1.249 1 0 8 236
+AR-I |[HDI — E| 0.012 0.007 0 0.048 | 2.186

|RE — Rupil 1.661 1 0 7 314
|[HDI — E| 0.096 0.079 0 0.289 | 18.134

RAM |Re — Rupil 2.730 2 0 10 516
+AR-I |[HDI — E| 0.095 0.079 0 0.289 | 17.968

|RE — Rupil 2.529 2 0 9 478

misclassification are obtained by the enriched SBM and the RAM with
or without AR-I constraints, respectively (Table 10).

It is evident from Tables 9 and 10 that the enriched traditional and
multiplicative BoD models show the most improvements in becoming
aligned with the UNDP’s HDI in comparison with their original models.
This is because of the wide feasibility region in the original BoD model

that is limited by the AR-I constraints in an optimal way.

After considering the AR-I constraints, the errors of misclassification
(Table 10) obtained for the SBM-BoD model show notable improve-
ment. However, the changes in the RAM-BoD model are not consider-
able.

It seems that applying the AR-I constraints to the SBM-BoD model
makes the errors of the human development values slightly better; how-
ever, it makes the errors of the rankings rather worse. Although, the

changes in the new rankings do decrease misclassifications (Table 10).

Tables 9-10 show as the results of the BoD model without the AR-
I constraints get farther away from the UDNP’s HDI, the optimized
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upper and lower bounds of the AR-I constraints get closer to each other

(in the traditional BoD), and vice versa (in the SBM-BoD).

Table 10: The number of changes in the human development classification by using the

BoD models with or without AR-I constraints

Traditional Multiplicative SBM RAM
+AR-I +AR-I +AR-I +AR-I
112 12 102 14 27 6 79 79

7 Discussion

The proposed bi-level optimization framework for the DEA model serves as a
versatile structure for initializing parameters within the DEA context. While
parameters can often be determined through expert opinions, real-world sce-
narios may demand a more gradual transition from traditional ranking meth-
ods to DEA-based approaches. For instance, organizations such as banks
might initially possess baseline efficiencies derived from conventional meth-
ods and seek a seamless transition to DEA methods. This gradual transition
allows for the calculation of subsequent efficiencies with bearable and accept-
able changes, ensuring a smooth adoption process without drastic disruptions
to existing operations. One important aspect to consider is the potential
challenge of translating certain constraints that can be introduced to DEA
models into meaningful relationships among inputs, outputs, or DMUs. In
such cases, establishing a baseline efficiency scores, if attainable, proves valu-
able. The computational time required to solve the bi-level DEA model grows
as the number of DMUs, inputs, and outputs increases. Nonetheless, as the
lower-level optimization is linear and the upper level is managed by a heuris-
tic, the computational complexity remains linear. Furthermore, the bi-level
optimization is solved once, and subsequently, using the obtained parame-
ters, the DEA model is employed to assess DMUs. It is important to note
that solving the bi-level DEA model is challenging because it falls under NP-
hard problems, leading to difficulties with local optima. The effectiveness of

the heuristic method in navigating these challenges hinges on thoughtful de-
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sign and proper initialization of parameters. Employing a greedy search for
parameter initialization is a common strategy that can enhance the model’s

efficiency and effectiveness.

8 Conclusion

In the 1990s, the UNDP introduced the HDI. This is currently measured as
the geometric average of three sub-indicators. One of the drawbacks of this
method is the use of equal weights for the three sub-indicators. To resolve
this problem, it is suggested that a DEA model be employed, particularly one
that is enriched by weight restrictions. In this paper, we considered multiple
BoD models enriched by the AR-I constraints. We suggested a novel objective
method for determining the parameters associated with the AR-I constraints.
The proposed method was based on a BOP, and by considering a basis, it
sought the best bounds in such a way that the results of the enriched BoD
model were able to reproduce the basis. It should be noted that because of the
nature of its sub-indicators, the UNDP’s HDI usually shows small changes in
comparison with last year’s assessment. To maintain this quality for the new
method of assessing human development and to make it more acceptable,
the UNDP’s HDI was fixed as the basis. According to our numerical results,
the scores obtained by the enriched SBM-BoD model were similar to those
obtained by the UNDP’s HDI. Except for the enriched RAM-BoD, which
could not be aligned with the UNDP’s HDI, the effect of the education sub-
indicator on the evaluation of human development was determined to be

much more than that of the health sub-indicator.
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Modeling individual mobility’s impact on COVID-19 transmission

Abstract

This research explores the influence of individual mobility on COVID-19
transmission, utilizing a temporal mathematical model to clarify disease
spread and vaccination dynamics across diverse regions. Employing a com-
putationally efficient two-patch configuration that emphasizes regional in-
teractions, our study aims to guide optimal disease control strategies. The
introduced SEIR-V model with a two-patch setup estimates the vaccination
reproduction number, R,, while equilibrium points and system stability
are identified. Visualizations from numerical simulations and sensitivity
analyses illustrate key parameters affecting the vaccination reproduction
number and COVID-19 control measures. Our findings underscore system
responsiveness, emphasizing the intricate relationship between R,,, migra-

tion rates, and disease prevalence.

AMS subject classifications (2020): Primary 39A12; Secondary 92C60, 92D30.

Keywords: COVID-19; Metapopulation; Global stability; Local stability;

Vaccination reproduction number.

1 Introduction

In December 2019, a coronavirus emerged in Wuhan, China, transmitted from
animals to humans [22]. The outbreak escalated rapidly, with 44 reported
cases in China by January 3, 2020 [29]. The virus swiftly spread nationwide,
prompting the declaration of a state of epidemic in March 2020, exacerbated
by global human migration and travel between cities [18, 20]. The facilitation
of worldwide travel and commerce contributed to the rapid global dissemi-
nation, resulting in over 585 million reported cases and 6.4 million reported
deaths as of August 2022 [28]. Consequently, a multitude of researchers have
been captivated by the dynamics of COVID-19 dissemination [16, 6, 7, 9, 12].

The investigation focused on the movement patterns of individuals across
a network during the global spread of COVID-19 in 203 countries [13].
Researchers observed that human mobility, particularly through cities and
tourism, significantly contributed to the virus’s dissemination, supported by

Arino and others who affirmed that epidemic spread increases during trans-
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portation [2]. Numerous epidemiologists, including Baister et al. [4], Ahmad
et al. [1], McCarthy et al. [21], and Iyaniwura et al. [15] employed metapop-
ulation models to explore COVID-19 transmission dynamics. These models
considered diverse scenarios, such as studying individual mobility and social
interactions in major cities, investigating vaccination strategies in a prison
setting, and using hybrid gravity-metapopulation modeling to analyze the
spread between different regions. Other studies delved into specific regions
like Ireland and formulated generalized n-patch SEIR epidemiological models

to devise effective control strategies against the disease [14, 19].

This paper introduces metapopulation modeling to investigate the impact
of individual mobility on the spread of COVID-19, building upon our previ-
ous model [7]. Our focus is on developing a temporal mathematical model to
describe COVID-19 transmission with vaccination, aiming to optimize disease
control strategies within and between different regions. Using a two-patch
configuration (n = 2), we address the complexities of calculations, ensuring
the boundedness and positivity of solutions. We calculate the vaccination re-
production number (R,) for the two-patch metapopulation and analyze the
local and global stability of the disease-free equilibrium (DFE), establishing
that if R, > 1, then the disease becomes endemic. Sensitivity analysis and
numerical simulations further explore the impact of key parameters on Rv,
confirming the existence and stability of the endemic equilibrium. Addition-
ally, we examine the influence of migration rates on COVID-19 transmission

between the two patches.

The paper’s structure unfolds as follows: Section 2 revisits the previously
introduced and analyzed model. In Section 3, we introduce the metapopula-
tion model. Section 4 proposes the SEIR-V model with a two-patch configu-
ration for COVID-19, estimating the vaccination reproduction number (R,).
We identify equilibrium points and conduct stability analysis for the dynamic
system of COVID-19 propagation. Section 5 presents numerical simulations
and sensitivity analyses to illustrate theoretical results. Finally, Section 6

encapsulates our conclusions.
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2 Baseline model

We first recall the model introduced and analyzed in [7], which describes the
transmission dynamics of COVID-19. In this model, the population is sub-
divided into seven distinct groups: susceptible individuals (.9), exposed but
not yet infectious individuals (E), vaccinated individuals (V'), asymptomatic
infectious individuals (I,), symptomatic and hospitalized infectious individ-
uals (1), individuals who have succumbed to the disease (D), and those who
have recovered (R).

It is assumed that there is no vertical transmission of the disease so that
all births occur into the susceptible human class, at the rate u > 0. Moreover,
we assume that the total human population /N remains constant; thus, birth
and death rates are equal.

Hence, the normalized reduced system is given by

S'(t) =p—(aan+ a2 (1 =) S (t) (Lo (t) + L (1)) — pS (t)

E'(t) = (aan+az(1=n))S(t) (Lo (t) + Is () — (b1 + B2+ n+ A3) E (1),
Vi) =X S &)+ A3E(t) + Aaly (1) — Do+ A5+ ) V (1),

I, (t) = BiE () — (1 + s+ ) La (1)

IL(t) = BE(t) = (2 + 6+ 1) Ls (1),

R(t) = la () + 721 () + AV () = yR(E) — pR (1),

(1)

where

aq is the infection rate of confined susceptible and as is the infection rate
of unconfined susceptible such as a; < as.

7 is the confinement rate within the population.

(Bi)i=1 o are infected-infectious rates.

v is the reinfection rate after recovery from a first infection.

(7Vi)i=1 o are the recovery rates.

(Ai);=1,3,4 are the vaccination rates.

Ao is the rate of vaccine ineffectiveness.

A5 is the vaccine effectiveness rate.
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¢ is the COVID-19 mortality rate.

w1 is the natality rate.
The study of the model is detailed in [7]. For this model (1), the vacci-

nation reproduction number is given by

— (O‘177+042 (1*77)) (2)
(1 A+ p) (2 +6+p)
(Bi(ya+8+u)+ B2 (1 + A+ 1) Ao+ A5+ p) (v + 1)
Br+Be+p+A3) (Ma+As+pm) (v +p)+ 2 (v +As+ )

3 Metapopulation model

In works [4, 1, 21, 15, 14, 2, 19, 3], a comprehensive system of differential
equations is developed to characterize human mobility. Within this model,
subpopulations are identified based on their origin and their current location.
Building upon the model detailed in the preceding section, we expand it
by introducing the concept of a neighborhood wherein interactions occur

between infected and non-infected individuals.

Consider a network comprising p nodes. Within this network, individuals
are characterized by two key attributes: the node of origin, signifying their
residence, and the node they currently occupy at time . We assume that
the total human population N; in each node remains constant and strictly
positive, and the transition rates from one pathological state to another also
remain the same for all patches. Furthermore, we suppose that birth occurs
in the resident node while deaths take place in any node where the human is

present.

The population in the patch i, is divided into compartments of suscepti-
ble (S;), exposed (E;), vaccinated(V;), asymptomatic infectious (I, ;), symp-
tomatic and hospitalized infectious (Is;), death (D;), and the recovered as

(R;).

The total number of individuals in the patch ¢ size at time ¢ is defined by
N; = 85;(t) + Ei(t) + Vi(t) + La,i(t) + Ls,:(t) + Ri(t) + D;(t),

and the total population is given by
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We adopt a methodology akin to that employed by Arino and van Den
Driessche [3]. Migration is observed between any pair of patches, transpiring

at the specified rates:

o @fj migration rate of susceptible individuals from the patch i to the

patch 7,

. (pg migration rate of infected individuals (noninfectious) from the patch
i to the patch 7,

. @}; migration rate of vaccination individuals from the patch ¢ to the

patch j,

. gol]; migration rate of asymptomatic infectious individuals from the

patch ¢ to the patch j,

o <p{ £ migration rate of symptomatic infectious individuals from the patch

i to the patch 7,

o 905 migration rate of recovered and immunized infectious individuals

from the patch ¢ to the patch j,
where
s E 1% I, I, R
O =P =i = i =i =i = 0.

Hence, the metapopulation system of differential equations that will model

the dynamics of coronavirus spread is the system given by
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dSZ X p
P /l];\]f —(aami+as (1 —m)) e+ 1ss)Si + > QO?;;SJ'
J=1(G%4)
p
—( > (p%) Si — (4 A1) Si + N2V + Ry,
J=1(j#1)
dFE; p B
o = eamitan(1=m) (laq + Isq) Si+ >0 95
J=1(j#1i)
p
- ( > @5) Ei — (B1+ Ba + p+ A3) Ei,
J=1(j#1)
dV; P
0 =S, + A3E; + /\4Ia7,; + . Z . @;/ZVJ
J=1(3#1%)
p
- ( Yoo | Vi- Qe+ A+ )V,
J=1(j#1)

dl, ; P I P I
o =Bt 3 gitlag— | X @i [ Lag = (At ) L,
J=1(5#4) J=1(5#4)

dl, ;
Tt’ = BoE; — (v2+ 0+ ) Iy s,
dR; P
FTa Ylai+v2lei +AsVit Y @ER;
i=1G#0)
p
- ( > %B}) Ri — (v +p) R,
J=1(j#1)
dD;
— = 6-[5 iy
dt '

with initial conditions

S;(0)>0,  E;(0) >0, B (0)>0,
Vi (0) >0, I, (0) >0, P 1. (0) >0,
Is,i (0) >0, le Isﬂ' (0) > 0, R; (0) > 0,

fori=1,p.

4 Two-patch SEIR-V model for COVID-19

To enhance the realism of our study, we confine our investigation to a two-

patch model, undertaking a rigorous mathematical analysis of its dynamics.
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The diagram of the transmission of COVID-19 in two-patch is shown in
Figure 1.

Figure 1: Diagram of the proposed two-Patch SEIR-V Model.

The SEIR-V two-Patch model is formulated as follows:
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ds
ditl =puny —c1 (Lgn +Is1) S1+ 05 So — (@fz + CO) S14+ Vi + Ry,
dSQ S S
W = ung2 — C2 ([(1,2 + 1372) S2 + (/712S1 — ((,021 + CO) SZ + >\2‘/2 + FYRQa
dE
7; =c1 (Iaq + Is1) S1 4 05 B2 — (915 + ¢3) Fu,
dFE:
T; =co (Ia2 + Ls;2) S2 + o By — (9] + ¢3) Eo,
A% v %
- AMS1+ AsEy + Mdoq + 0% Vo — (oY +ca) Vi,
dVs v 1%
o= A1S2 + A3 By + Malg 2 + (Vi — (‘P21 + 04) Va,
dl,
dt’l = BBy + ohi o0 — (90{3 + Cs) I, 1,
dl,
dt’2 = 1Bz + i3l — (@é‘i + 05) Ia2,
dl
d(tJ = BoEy — cols 1,
dIs 2
= = by — Is )
7 Boliy — cels 2
dR1 R R
T Yilag +v2Ls1 + AsVi + @5 Ry — (ofh + ¢7) Ra,
dRQ R R
H Yida2 +v2ls2 + AsVo + 15 Ry — (‘le + 07) R,
(3)
with initial conditions
Si (O) > Oa
E;(0) 20, Ey (0)+ E2(0) >0,
Vi(0) >0, @)
I,.:(0) =0, I,1(0)+ 1,2 (0) >0,
Is; (0) >0, Isq (0) + 5,2 (0) > 0,
Ri (O) > Oa

for i = 1,2. Here
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N N
ny = Wlarn@ - W27

ca= o+ X5 +p),

Co = (/J/—i_)‘l))
cs =71+ M+ p,
¢ = (a1m+az(1—m)), (5)

c6 =72 +0+ i,
c2 = (camz + a2 (1 —1m2)),

cr=(v+p).
c3 =P+ Bo + p+ As,

4.1 Boundedness and positivity of solutions

We consider the following zone of biological interest:

Q= {(517527E13E27V13‘/27Ia,laja,Qvls,lajs,QaRlaRZ) S R}f : (6)

0<Zsi+2Ei+ZW+ZIa,i+ZI&i+ZRi<17i:172}~

Theorem 1. Consider system (3) with initial conditions (4).

The set  is an attracting and positively invariant with respect to model
(3), with S;,V;, R; (z = ﬁ), remaining positive. The total population in
each patch is assumed to be constant, and all their pathological states are

also bounded.
Proof. Under initial conditions (4):

e In the event that E4 becomes zero at t; before Fy becomes zero, then
at t1, we have

dFE;
W =C1 (Ia71 + 1871) Sl + @2ElE2 > 0.
This demonstrates that E; is a nondecreasing function of ¢ at ¢;. Hence,

F stays nonnegative. Analogously, the same holds for Fs.

o In the event that I, ; becomes zero at some time ¢y before I, o becomes
zero, then at to, we have

dlg 1

i BBy + i1, 2 > 0.

This demonstrates that I,; is a nondecreasing function of ¢ at t.

Hence, 1,1 stays nonnegative. Analogously, the same holds for I, ».
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o In the event that I, ; becomes zero at some time t3 before I, o becomes
zero, then at t3, we have

dls
dt

= BoEy > 0.

This demonstrates that I, ; is a nondecreasing function of ¢ at t3.

Hence, I, stays nonnegative. Analogously, the same holds for I, .

e Suppose now that at some time t4, Sy (t4) = 0 before Sy goes to zero.
Then at t = t4, from system (3), we have

s, Ny

7 PN + 5182 + AVi + Ry > 0,

ds N
which implies that d—tl > 0 when Wl is strictly positive.

Thus, there is no time ¢4 such that Sy (t4) = 0. Therefore, S; stays pos-
itive for ¢ > 0 when the initial condition Sy (0) > 0. Using comparable

reasoning, we deduce the positivity of Ss.

o Likewise at some time t5, V; (¢t5) = 0 before V5 goes to zero. Then at ¢

= t5, from system (3), we have

dv;
5 = NS+ A B+ Mala e Ve > 0,

d
which implies that % > 0 because S7 (t) > 0 for ¢ > 0.

Thus, there is no time ¢5 such that V; (t5) = 0. Therefore, V; stays

positive. Using comparable reasoning, we deduce the positivity of V5.

o Likewise at some time tg; R (tg) before Rs goes to zero. Then at ¢

= tg, from system (3), we have

dR
dit1 = Yilon +72Ls1 + AsVi+ 031 Ry > 0,

d
which implies that % > 0 because V; (t) > 0 for t > 0.

Thus, there is no time tg such that R; (tg) = 0. Therefore, R; stays

positive. Using comparable reasoning, we deduce the positivity of Rs.
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Since the positive set (2 is invariant under system (3) and the total population
in each patch (NN;) =12 is assumed to be constant, and all their pathological

states are also bounded. O

4.2 Disease-Free Equilibrium

The DFE (disease-free equilibrium) of system (3) is expressed as

T
& = (5155007 V0000 R B ) (7)
where
gr — wkaks (n1 (dl + dg) + dlng)
! ds (ds + dy + da) ’
g _ phzks (dany + (da + d3) n2)
2 ds (d3 + di + do) ’
Ve A1 ((,0¥1 + C4) pkoks (n1 (d1 + dg) + dlng)
! kods (ds + di + do)
M@y g, kaks (dony + (do + ds) no)
ds (ds + dy + da) ’
Vi — )\1s0¥2/ik2/€3 (n1 (d1 +ds) + ding)
2 kods (ds + dy + d2)
A1 (90}/2 + 04) pkoks (dany + (dz + ds) n2)
kods (dg +di + dg) ’
R — As A1 kgpkoks (n1 (d1 + d3) + dl’ng)
! koksds (ds + di + d2)
/Lkgk3>\5)\1 ((pglkg + @51]%) (d2n1 + (dg + d3) ng)
koksds (pfh + c7) (ds + dy + dy) ’
R — pkaks A As (90}/2]‘13 + 90{?'27434) (n1 (d1 + ds3) + ding)
2 koksds (‘Pé{l + 67) (dg +di + dg)
)\5)\1]@5#1@]@'3 (dgﬂl + (dz + d3) nz)
k2k3d3 (d5 + d1 + dg) ’
and

di = YA1Asks + A Aokspl) + kskags,,
dy = YA Ask7 + A Aokspls + kakspts, (8)
ds = kskap + Ap (A5 + c7) (ke + k7 + cacr)
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and

ko = i + pYaca + 93y ca,

ks = 2 + piher + o5ier,

ky = (031 + ca) (955 + cr) + olapd,
ks = (12 + ca) (ofh + c7) + ofhed,
ke = @31 (¢35 +c7) + 98 (oo +ca)
kr = oYs (o + c7) + off (0% +ca) -

The existence of the DFE £ remains unaffected by any prerequisites regard-

ing positive operational data.

4.3 Vaccination reproduction number R, of two-patch

metapopulation

In this subsection, we present the method used for our SEIR-V model to esti-
mate the vaccination reproduction number R,. This method is proposed by
Diekmann, Heesterbeek, and Metz [26] and elaborated by Van Den Driessche
and Watmough [27, 25], which gives a way of determining R, for an ordi-
nary differential equation compartmental model by using the next-generation

matrix.

Let X = (E1,E2,In1, 102,151, IS7Q)T. Then the system can be written as

dX
X _F v,
where
c1 (g1 +1Is1) 51
co (In2 4+ 1Is2) Sa
0
F(X) = 0 :
0
0
and
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—pf Ea + (9011?2 + Cs) £y
— By + (5 + c3) Es
—B1E1 — @it las+ (01s +c5) Lan
—B1Es — @i8la1 + (055 +c5) Lap
—B2E1 + cels 1
—BoEs + cels 2

The basic reproduction number, R,, is calculated by next generation tech-

nique. The F' and V matrices at the DFE & is given as follows:

00c1SF 0 ¢1SF 0
00 0 255 0 255
p_OFX)| _ 000 0 0 0
0X gz OO 0O 0 0 o0 [’
00 0 0 0 0
00 0 0 0 0
and
oB ez —ph 0 0 00
—pt, OB+ 0 0 00
oV | B0 ente —ei 00
0X g 0 =B —¢is ehites 00
—Bs 0 0 0 ¢ 0
0 —Bs 0 0 0c
Therefore, the next generation matrix is
st myst sy aitsr asp o
maSy maSy  2giigy  clotenlge o ag
Pyl 0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
where
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m1=cl<(c3+¢£)<52+c5ﬁ1>+w>’

ko Cs k1 csky

E I
_ 2 (B2 5P Prpis
m2_02<k0 (06+k1)+63k1 ’
P21

E I
, 21 @ csP1 ﬁl‘pﬁ
ms = C1 ( ko (CG + k}l ) + Cgkl )
B (cs+ta) (B2 | cshr Biets
my = Co ( ko o + ke + ok )

and

ko = c3plh + csphy + €3,

k1 = cspis + cspni + 3.
The reproduction number, R,, is the spectral radius of the next generation
matrix, which is given by

1 pkoks
 2d3(ds + dy + dy

R, ) ((dl + n1d3) mi + (dg + nzdg) My

+\/((d1 + nldg) my — (dg + Tleg) m4)2 + 4m2m3 (dl + ?’leg) (d2 + n2d3)> ,

where (¢;) and (d;) are defined in (5) and (8), respectively.

4.4 Model analysis

Theorem 2. If R, < 1, then the DFE & is locally asymptotically stable

and unstable otherwise.

Proof. System (3) has a unique DFE point £F in the set £, given in (7).

The eigenvalues of the Jacobian matrix at the DFE point £; are given by

pP1 = P2 = —Cg,
p3 = —(W{EQ+<P§1+C3),
P4 = —C3,

_ Io I,
ps = — (C5 + 15 + @21) )
P6 = —Cs,
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where (p;);_; 1, are roots of
P(Z) =254 Cs2° + C4Z* + C3Z° + 0o Z° + C1 Z + C.

By using Lienard—Chipart criteria, the DFE point & is locally asymptotically
stable if the coefficients C5, Cy, C3, Cy, C1, and Cj are positive and their
Hurwitz’s determinants are positive. It shows that the positivity of Hurwitz
determinants is very complicated to achieve. However, the computational
cost can be reduced by using the simplified version mentioned in [5, 17].
That is, the coefficients that must be computed are C5, Cy, C5, Co, C1, and
Cy only. Note that C5, Cy, and C3 are needed because the simplified version
of Lienard—Chipart criteria still require |Hy| = C5Cy — C5 > 0 [11].

Indeed, we employed formal calculation software (Maxima Version 5.42.1)

to establish that if R, <1, then all (C;),_55 and |Hz| are positive. O

Theorem 3. If R, < 1, then the the DFE &; is globally asymptotically

stable in €.

Proof. Since for i = 1,2, we have

Sl < ST7S2 < 557

dE
<= (efh ) Byt B Ba + e1Silan + 15 L,
dFE
d—; < BB — (o5 4 ¢3) Ba + 285100 + 2S5 1 o,
dl,
WJ g ﬁlEl - (30{3 + 05) Ia,l + Qpé(ija,2v
il (10)
d(f < B1Ex+ pislan — (@é‘i + Cs) 1,2,
dIs 1
- < E - Is 9
7 BoEy — celsn
dIs 2
= < PBoFy —cgls o,
dt BaEo — cs 2

Defining an auxiliary linear system using the right-hand side of system (10),

we have
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dE;
dt
dEs
dt
dl,
dt
dI,
dt
dl
dt
dl, o
dt

= — (pfs +c3) By + <P2ElE2 + C1szz,1 + 6131‘;5,17

= 9011%51 - (8051 + 03) By + Czsékfag + C2S§fs,2,

= BB — (‘P{% + 05) I~a,1 + @é‘ifa,%
= B1Ey + 90{3[(1,1 - (Wﬁ‘i + C5> Ta,27
= BoE — 5675717
= ByEs — 661:;,27

or, in other words,

dt
— (¢t5 +c3
ol
B
0

Ba
0

So,

d /o ~ — AT
- (El Ey I Ino s Is,z)

) P51 €157 0 St 0

— (o5 +c3) 0 oS5 0 ¢S3

0 —(elstes)  ofls 0 0

B 015 —(@éHCs) 0 0

0 0 0 —cg 0

Bs 0 0 0 —cg
dE; dE,
dEs dE>
d | gy | e
dt dl,o dlg 2
dj;,l dfs,l
dfs,2 dfs@-
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We have R, < 1 <= o (F — V) <0, where o (F — V) is the spectral abscissa
of the matrix F' — V (see the proof of Theorem 2 [26]). So, when R, < 1,

the eigenvalues of (F' — V') are with negative real parts. Thus all nonnegative

solutions of (11)

t—s+

are such that

tim (Bv, Bo Do Tz o, I ) = (0,0,0,0,0,0).

oo

Iran. J.
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By a standard comparison principle (see [24, Theorem B.1]) and the non-
negativity of (E1, Ea, 141,102,151, 1s,2), we conclude that when R, < 1, all
nonnegative solutions of (3) satisfy

lim (E17E27Ia,17la,2315,1718,2> = <0a070707070)' (12>

t—+o00

Since (12) is satisfied, (3) is an asymptotically autonomous system [see [8,

Theorem 2.5]] with limit affine system

dsS
dTl = 1+ 95,55 — (95, + o) S1 + AaVi + YRy,
45 _ 5,5 § So + AoV
o Mt 1 — (5] + co) S2 + A2Va + YR,
A%
71 =51+ oy Vo — (<,0¥2 + 04) 1,
t
st (13)
T =M+ elaVi = (eh ) Vo,
dR
= AsVit el R — (pfh +er) Bu,
dR
d7t2 = >\5V2 + QD{%QRl — (5051 + 07) RQ.

It is easy to verify from (13) that

lim (S17527V1>V27R17R2):(Sikasgavl*a‘é*a T,R;)

t—> 400

The globally asymptotic stability of the DFE & is then proved if R, < 1. O

The presence of endemic equilibrium, characterized by positive infective
numbers, has barely been discussed here. Although their existence has not
been formally proven, numerical simulations suggest a globally asymptoti-
cally stable equilibrium when R, > 1. Investigating the system’s persistence
properties under the condition R, > 1 would be a valuable avenue for further

exploration.

Lemma 1. [30] Let ¢, : X — X be a semiflow and let Xy C X be an open
set. Define 90Xy = X \ Xy and My = {z € 90Xy : ¢z € 0Xp,t > 0} . Assume

the following conditions:

1. ¢:Xo C Xy and ¢; has a global attractor A.
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2. There exists a finite sequence M = {M;, ..., M} } of disjoint, compact,

and isolated invariant sets in 90X such that

a) Q

b)

(¢) M; is isolated in X.
(d) Ws (M;) N Xo = 0, where W (M;) = {x € Xo: w(x) C M;} for
each 1 <7 <k.

( ( ) = Uzen,w (-T) - UleMi.
(

No subset of M forms a cycle in 0Xj.

Then ¢; is uniformly persistent with respect to (Xo, 9Xy), that is, there exists
6 > 0 such that

lim inf d(¢ix,0Xp) =6 for x € Xy.
t—>+o00

Therefore, we have the following result.

Theorem 4. If R, > 1, then system (3) is uniformly persistent, namely,

there exists a constant @ > 0 such that

lim infS;(t) >0, lim infE;(t) >0, lim infV;(¢) > 6,
t—+o0 t— 400

t— 400
lim infl,,;(t) >0, lim infl,;(¢t)>6, lim infR,;(t) >0
t—s 400 t—+00 t—r+o0

for any initial conditions satisfying (4).
Proof. Choose

X =0
XO = {(SlaSQ7E17E2a V17V27Ia,1aIa,2aIs,lals,QaRl)RQ) eX
E1+Ey>0,Ig1+1Io2>0,I1 4+ 12 >0},

and
0Xo =X\ Xo
= {(81.82, 1, B2, Vi, Va, Lot Lz, Lo, I, B, Ra) € X
Ei=Ey=I1,1=l,2=I;1=1I32= 0}~
Let ¢; be the semi flow induced by the solutions of system (3).

We have proved in Theorem 1 that ¢; Xy C Xy and ¢; is ultimately

bounded in Xj; so there always exists a global attractor for ¢;. It is obvious
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that &; is the unique boundary equilibrium on 90Xy, which implies that &;
is globally stable on 0Xy. Moreover, (S1,Ss,,V1,Va, Ri, Ry) converges to
(ST, 8%, Vi*, V5, RY, R3) on 0X.

Let My = {&;} and M = {M;}, then Uzen,w () = M7 and no subset
of M forms a cycle in 0Xj.

If R, > 1, then & is unstable in Xy. Therefore, conditions (2 — ¢) and
(2—d) of Lemma 1 are satisfied. Then ¢; is uniformly persistent with respect
to (Xo,0Xy), that is, there exists # > 0 such that

lim inf d(¢ix,0Xp) 20 for z € X,.
t—+o00

We have thus shown that if R, > 1, then the disease is endemic. O

5 Numerical simulation

In this section, we extend our exploration into the numerical simulation
of COVID-19 transmission within a two-patch framework, leveraging well-
established methodologies commonly employed in epidemiological studies.
Building upon the model detailed and examined in Section 4, our objective
is to unravel the intricate dynamics of COVID-19 transmission influenced by

migration, vaccination, and medical unavailability.

In a prior study [7], we investigated disease transmission dynamics in the
absence of migration in a single patch. In the current work, which builds
upon our earlier research, we now consider the pivotal role of migration—
representing the movement of individuals between patches. Migration rates,
denoted by @12 and a1, exert a substantial influence on the overall trans-

mission dynamics.

To ground our simulations in real-world scenarios, we integrate data from
Table 1 into our analysis. Additionally, we set migration rates from the
patch 1 to the patch 2 (o7, ©5%, ©%, ©l5, ©) at 0.001 and migration
rates from the patch 2 to the patch 1 (93, v, ©¥, @i, k) at 0.005.
These rates underscore the interconnectedness of patches and contribute to

the comprehensive understanding of disease spread across different regions.
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Table 1: The operational parameters of the simulation consist of two categories: those
characterizing the population and the disease remain the same across all patches,

whereas parameters reflecting the behavior of individuals vary from one patch to another

Parameters  Description Z)i:lrug;y)
N Population size 100000
N; Population size in patch 1 (Most populated patch). 75000
N> Population size in patch 2 (Least populated patch). 25000
7] Recruitment rate. 3.38e-05
a; Infection rate for unconfined persons. 0.01-0.3
a Infection rate for confined persons. 0.01-0.3
1 The confinement rate in patch 1. 0.2-0.5
12 The confinement rate in patch 2. 0.2-0.5
B Rate of an exposed becoming asymptomatic infected. 0.092
f> Rate of an exposed becoming symptomatic infected.  0.05
A1 Vaccination rate of susceptible. 0.01-0.03
Ao The ineffectiveness rate of the vaccine 0.001765
As Vaccination rate of exposed persons. 0.00167
A4 Vaccination rate of asymptomatic infected. 0.0167
As The effectiveness rate of the vaccine. 0.008

y Rate of a recovered becoming susceptible. 0.0099
V1 The recovery rate of asymptomatic people 0.01

y2 the recovery rate of symptomatic people 0.0005
o COVID-19 death rate. 0.0055

Our simulation parameters encompass scenarios without migration re-
strictions, incorporating measures such as containment and vaccination strate-
gies. The outcomes of these simulations gauged through R, and other perti-
nent metrics, offer valuable insights into the potential efficacy of interventions

aimed at curtailing the virus’s propagation.

Subsequently, we delve into an analysis of the sensitivity of key parame-
ters to the vaccine reproduction number R,. Following this, we meticulously
scrutinize the theoretical results previously obtained, aiming to provide em-

pirical substantiation and validate the accuracy of our theoretical framework.
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This multifaceted approach enhances our understanding of the practical im-
plications of proposed interventions and reinforces the robustness of our the-

oretical foundation.

5.1 Sensitivity analysis of the main parameters on R,

To effectively mitigate the impact of COVID-19 and reduce associated fatali-
ties, understanding the relative importance of various parameters influencing
its progression is crucial. The vaccination reproduction number, R, [10],

stands out as a key determinant in the transmission dynamics of COVID-19.

Our investigation employs sensitivity analysis on R,, within the framework
of our model (3). This analysis aims to discern the individual importance of
each parameter, shedding light on influential factors in disease transmission.
The derived sensitivity indices offer insights into how a state variable changes

relative to variations in specific parameters.

Sensitivity analysis, a widely used technique, involves computing the first-
order partial derivatives of model output concerning input parameters. This
process can be conceptualized as calculating gradients in a multidimensional
reference parameter space [23], providing valuable information on the model’s

responsiveness to slight changes in input parameters.

The normalized forward sensitivity index of R,,, denoted as I]f‘”, quantifies
the sensitivity with respect to a given parameter p and is defined by the

expression:

OR, p
IHe = —— =,
P op R,

This index facilitates a quantitative assessment of how alterations in individ-

ual parameters influence the value of R,, a pivotal metric for understanding
disease transmission. By leveraging explicit formulas for each parameter af-
fecting R,, as detailed in reference [31], we gain precise insights into the im-
pact of specific parameters on R,,. Such sensitivity analysis proves invaluable
in prioritizing interventions and control measures to effectively curtail the
spread of the disease, enabling a more targeted and comprehensive approach
to managing COVID-19.
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Table 2: Local sensitivity indices for R,, concerning parameters in the proposed model are
computed at the baseline parameter values provided in Table 1. Parameters exhibiting
the highest sensitivity are highlighted in bold

Parameters a a, m 7, B1 B2 M

Sensitivity Index 0.11 0.89 -0.11 -0.00006 -0.34 0.37 -0.18

Parameters Ay Az Aa A 14 121 Y2

Sensitivity Index 0.032 -0.016 -0.018 0.066 0.079 -0.11 -0.059
Iq

Parameters o3 95 P P21 (%3]

Sensitivity Index 0.15 0.0003 0.008 0.002 0.009

Parameters 1 T P12 (2 ar
Sensitivity Index ~ -0.15  -0.006  -0.008  -0.009  -0.009

Table 2 highlights the parameters most responsive to changes in the vac-
cination reproduction number (R,), with the transmission probability of
unconfined individuals (as) and the transition rate from exposed to symp-
tomatic infected (f82) exhibiting the highest sensitivity. The vaccination rate
(A1) and the transition rate from exposed to asymptomatic infected (51)
closely follow in significance. A 10% increase (or decrease) in ag or By leads
to corresponding 8.9% and 3.7% changes in R,, respectively, as denoted by
If’lv = +0.89 and I,ﬁ“ = +40.37. Conversely, a 10% increase in \; or 1
corresponds to a 1.8% and 3.4% decrease in R,, respectively, indicated by
I = —0.18 and I} = —0.34.

The local analysis emphasizes the importance of implementing effective
containment measures for managing the transmission probability (as) and
the transition rate from exposed to symptomatic infected. This involves
stringent containment measures, the use of physical barriers, and adherence
to social distancing guidelines. Additionally, vaccination efforts, represented
by the rate (A1), play a crucial role in reducing the spread of the disease. By
strategically controlling these parameters, a significant reduction in COVID-

19-related deaths can be achieved.
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5.2 The stability of the DFE

In this subsection, we will confirm the theoretical results obtained earlier

through numerical simulations for the following parameter values (per day):
a1 =0.010 ; ap =0.0655 ; m; =0.20 ; 2 =0.25 ; A\ = 0.01817.
The existence and stability conditions in Theorem 2 are satisfied
R, =0.8375 < 1.

Hence, system (3) has a DFE,
* * * * * * * * * * * * «T
50 - [Slv S27 Ela E27 Vla ‘/Qa a,ly *a,2y *s,10 +s,2 > 1 RQ]
= [0.1915, 0.0385, 0, 0, 0.3326, 0.0713, 0, 0, 0, 0, 0.2861, 0.0573}T.

Therefore, the DFE & is stable. This also implies that the disease is eradi-
cated, as depicted in Figures 2 and 3.

Furthermore, if we increase the values of the most sensitive parame-
ters such as vy = 0.0653, ag = 0.1295, n; = 0.20, ny = 0.30 and
A1 = 0.00117, through direct calculation, the vaccination reproduction num-
ber R, = 6.4251 > 1. Consequently, according to Theorem 2, the DFE is

unstable, and the model (3) has an endemic equilibrium.

Patch 1 Patch 2
08 . . | 02 ‘
———Busceptible
a7
Vaccinated 5
UL ENUN.: WU S— Recovered | O :
Z05 : L . Eeis
3 s : :
204 i 1
i) : 0.1
S e L A e e
=3 \ : :
: 1 g
02 HE s i o o i i 1 :
" 0.05 ...........................
01 1 S8 eSS RS S BhAaS Eaa
0 0 ;
o] 1000 2000 3000 4000 5000 0 1000 2000 3000 4000 5000
Timne (in Day) Titne (in Day)

Figure 2: The proposed model has only one DFE &, which is asymptotically stable
when R, < 1.
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Infected states
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107 Patch 1 10" Patch 2
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i D I Ty e
1t :
1
05 R
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.
Pl :
0 : ; v 0 v
0 1000 2000 3000 4000 5000 0 1000 2000 3000 4000
Time (in Day) Time (in Day)

5000

Figure 3: The proposed model has only one DFE £}, which is asymptotically stable

when R, < 1.

5.3 The existence and stability of the endemic

equilibrium of the model

Now, we deal with the existence of endemic equilibrium of model (3). Con-

sider the following parameter values (per day):

a1 = 0.0653, ap = 0.1295, 1 = 0.20, 12 = 0.30, A; = 0.00117.

Hence, we obtain

System (3) has an endemic equilibrium,

* %k *k *k * %k *k %k k * %k
51 :[51>527E1aE2»V1 , Vo,

R, =6.4251 > 1.

I**

a,l»

I**

s,1»

I**

a,2»

= [1.06636 — 01, 2.3693e — 02, 6.0569e — 04, 6.4518e — 06,

1.6194e — 02, 3.0613e — 03, 2.0238e — 03, 8.2520e — 05,
T
5.0185e — 03, 5.3556e — 05, 1.5170e — 02, 2.7128e — 03] .

Figures 4 and 5 illustrate the stability of &;*.

ko ko
Is.,2? Rl )

Ry )"
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Figure 4: Illustration of the stability of £3*.
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Figure 5: Illustrates the stability of £5*.
By adjusting the key operational parameters to yield varying values of R,
greater than 1, we have

R, = [3.7816, 4.6628, 5.5440, 6.4251, 7.3063, 8.1875]" .

We observe in Figure 6, the endemic equilibrium point along with standard
deviations for each disease state,
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SD = [3.64006 — 02, 7.1634e — 03, 3.8114e — 05, 4.1860e — 07,
4.1299e — 03, 8.3947e — 04, 1.2731e — 04, 5.2295e — 06,
T
3.1569¢e — 04, 3.4790e — 06, 3.1924e — 03, 6.5984e — ()4] .

These standard deviation values for each disease state indicate that the data
points in a set are closely clustered around the mean, suggesting low vari-
ability.

Additionally, numerical simulations in Figure 6 show that the solutions
with different values of R, converge to the same endemic equilibrium, where

the initial values are

Sy (0) = 7.1970e — 01, S, (0) = 2.3990e — 01, Ej (0) = 8.2500e — 04,

B, (0) = 2.7500e — 04, V; (0) = 2.7975¢ — 02, V3 (0) = 9.3250e — 03,

1,1 (0) = 3.7500e — 04, I, 5 (0) = 1.2500¢ — 04, I, (0) = 3.7500¢ — 04,
)

Is 2 (0) = 1.2500e — 04, R; (0) = 4.5000e — 04, Rs (0) = 1.5000e — 04.

T SR . : S— ...................... ..................... v —— el
] ; : ; : :
(40 S } .................... ...................... ..................... ...................... .......... =
; 2 : .
9 ! i o+ & ! L J + i T i I *
0

*x % *x *% *x *% *% o *x *x Kok Kok
STOST BB VTVl lp I L RTORp

Figure 6: Standard deviation values for each disease state for £;*.
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Certainly, there is a possibility that the endemic equilibrium remains
stable given the specified parameters. This leads us to an intriguing question:
if the vaccination reproduction number R,, exceeds 1, then the model (3) with

migration allows for a locally asymptotically stable endemic equilibrium.

5.4 The effect of migration rate on the transmission of
COVID-19 in the two patches

For migration rate values ranging from 0 to 0.01, we observe the results in

Figure 7.

Vaccination reproduction nutber R

(=]
)
g

=
[l
=
k=]

0.008

0.007

0.006
0.005 §

0.004 §

0.003 b

0002

The migration between patch Z and patch 1

0.001

0 g
0 0.001 0002 0003 0004 0005 0005 0007 0008 0.009 0.01
The migration between patch 1 and patch 2

Figure 7: The migration rate effect on R, .

The numerical simulations presented in Figure 7 underscore the endemic
nature of the disease. As the migration rate diminishes from the more popu-
lated patch 1 to the less populated patch 2, and concurrently rises from the
patch 2 to the patch 1, the vaccine reproduction number Rv demonstrates
a proportional increase. This observation validates the outcomes of the sen-

sitivity analysis performed on Rv. Theoretical insights, coupled with these
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numerical simulations, emphasize the intricate relationship between COVID-
19 prevalence across diverse patches and the corresponding migration rates.
These findings contribute to a comprehensive understanding of the dynamics,
suggesting that the prevalence is intricately tied to the patterns of migration

between distinct patches.

6 Conclusion

In conclusion, the findings from sensitivity analysis shed light on the nuanced
interplay between key parameters and the vaccination reproduction number
(Ry,) in the context of COVID-19 dynamics. Notably, the transmission rate
of unconfined individuals (a3 ) and the transition rate from exposed to symp-
tomatic infected individuals (f82) emerge as pivotal factors influencing the
increase in R,. Robust containment measures targeting these aspects, such
as stringent protocols, physical barriers, and adherence to social distancing
guidelines, are imperative for effective disease control. Furthermore, the vac-
cination rate (A1) and the transition rate from exposed to asymptomatic
infected individuals (1) closely follow in significance. A 10% increase or
decrease in aip or o corresponds to substantial changes in R,,, emphasizing
the sensitivity of the system. Conversely, a 10% increase in A\; or §; leads to
a notable decrease in R,. These results provide actionable insights into the
impact of parameter variations on the vaccination reproduction number.
For adequate operational data, the stability of DFE &; suggests the poten-
tial for disease eradication. However, elevating the values of sensitive param-
eters leads to an increase in R, to 6.4251, surpassing the critical threshold
of 1. This instability of &; indicates the presence of an endemic equilib-
rium, as per Theorem 2. The theoretical framework aligns with numerical
simulations, as depicted in Figures 2 and 3, underscoring the importance of
both analytical and computational approaches in understanding the system
behavior. The low standard deviation values across different disease states
suggest that the data points are closely clustered around the mean, indicat-
ing limited variability. Additionally, numerical simulations in Figures 4 and
5 further affirm the endemic nature, demonstrating that varying values of

R, > 1 converge to the same endemic equilibrium.
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We conclude the simulation by highlighting the complex relationship be-

tween COVID-19 prevalence across distinct patches and the corresponding

migration rates, offering valuable insights into the dynamic nature of the

disease and guiding strategies for effective disease management.
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Abstract

The hyperbolic partial differential equation (PDE) has important practical
uses in science and engineering. This article provides an estimate for solving
the Goursat problem in hyperbolic linear PDEs with variable coefficients.
The Goursat PDE is transformed into a second kind of linear Volterra in-
tegral equation. A convergent algorithm that employs Taylor polynomials
is created to generate a collocation solution, and the error using the maxi-
mum norm is estimated. The paper includes numerical examples to prove

the method’s effectiveness and precision.
AMS subject classifications (2020): 45D05, 34K28, 45L05, 30KO05.

Keywords: Hyperbolic partial differential equations; Goursat problem; Volterra

integral equation; Collocation method; Taylor polynomials.

1 Introduction

Partial differential equations (PDEs) are commonly used to address problems
in various fields, such as engineering, physics, and finance. These equations
are crucial in the study of various phenomena such as electric currents, grav-
ity, heat transfer, water wave movement, fluid mechanics, electromagnetism,
elasticity, quantum mechanics, population dynamics, stock and option pric-
ing, chemical reaction-diffusion, as well as in the modeling of Schrédinger’s
equation.

A second-order linear hyperbolic PDE with two variables for w(e, n) has

the form

0w 9w 9w Ow Ow
gw gl p% L g%
5 * Boean * o + +

A v
on? Oe on

+Fu+G=0, (1)

where B2 — 4AC > 0, and A,B,C,D,E,F, and G are functions of the
variables € and 7. By a suitable change of the independent variables, we
shall show that any equation of the form (1) can be reduced to the canonical
form or normal form of the hyperbolic equation called the Goursat problem

Ow(t,s) Ow(t,s)
ot ' 0Os > @)

0?w(t, s)
O0tos

= ¢ <t357w7
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615 Goursat problem in hyperbolic PDEs solved by taylor collocation method

Equations (1) and (2) are hyperbolic PDEs and appear frequently in the study
of ecological and cosmological phenomena [26]. To accurately simulate these
events, it is important to develop efficient and reliable methods for solving
these equations. Several numerical techniques have been proposed for this
purpose, including finite difference methods [14, 4], finite element methods
[2], Taylor matrix method [7, 6], Legendre multi-wavelet Galerkin method [28,
27], rational Chebyshev method [10], modified variational iteration method
[1], and Chebyshev wavelet scheme [13].

The numerical solution of Goursat problem (2) has been investigated by
many authors. For instance, Scott [25] considered the homogeneous Goursat
problem (3) with the coefficients depending on the same variable. Evans
and Sanugi [12] proposed a nonlinear trapezoidal formula based on geometric
means. Day [9] used the Runge-Kutta method to approximate the solution
of (2). Pandey [24] presented a novel exponential finite difference to obtain
a numerical solution of (2). Drignei [11] developed an algorithm to find the

quadruple solution to a Goursat problem in a triangular domain.

In this paper, we consider a collocation solution of the linear Goursat

problem of the second-order with variable coefficients

D%w(t, s) _
~Htds a(t,s) +b(t, s) +c(t, s)w(t,s) = f(t,s), (3)

w(0,5) = a(s),w(t, 0) = B(t), (0) = B(0), (t,5) € [0, X] x [0,Y],

Ow(t, s) Ow(t,s)
ot s

where a, b, ¢, and f are smooth functions through the domain of discussion.

For the existence and uniqueness of the solution, see [15].

The Goursat PDE (3) is converted to the linear Volterra integral equation
(VIE) of the second kind

z

w(T,2) =g(7,2) + /T k1(t, 2)w(t, z)dt Jr/ Kao(T, 8)w(T, s)ds

0

+ /OT /OZ Oli3(t, s)w(t, s)dsdt, (4)

where g, k1, ko, and k3 are defined in (7). Moreover, the special case of (4) for
k1 = ko = 0 is considered in [19]. We develop the collocation method intro-
duced in [3, 16, 17, 18] to solve (4). This method is based on approximating

the exact solution of a given integral equation with a suitable function be-
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longing to a chosen finite-dimensional space (8) such that the approximated
solution satisfies the integral equation on collocation points (9). An impor-
tant aspect of this method is that the number of subintervals and the degree
of Taylor polynomials can be changed to get the best possible result. It is
also easy to implement, and the approximate solution is based on iterative
formulas without needing to solve any algebraic equations.

The paper is organized as follows: In section 2, the converting of PDE
to the two-dimensional VIE. In Section 3, the approximating solution of (6)
in each collocation point by a Taylor polynomial. The convergence analysis
is investigated in section 4. Numerical examples are provided in section 5 to

illustrate the theoretical results. Finally, a conclusion is given in section 6.

2 Converting PDE to two-dimensional VIE

In this section, we study the technique that will convert PDE (3) to an
equivalent VIE (4).
Integrating both sides of (3) with respect to s yields

dw(t,z)  Ow(t,0) +/ a(t,s)aw(t’s)ds+/ b(t,s)aw(t’s)ds
0 ot 0 Js

ot ot
+/ c(t,s)w(t,s)ds:/ f(t,s)ds
0 0
which implies

/Oz 1t 8)ds :6wétt, z) 8w t 0) / &u t S)d bt 2wt 2)
9b( )

—b(t,0)w(t,0) — / w(t,s)ds + /OZ c(t, s)w(t, s)ds.
()

Integrating again both sides of (5) with respect to ¢ yields

/OT /OZ f(t,s)dsdt =w(r,2) — w(0,2) — w(r,0) + w(0,0)

// 09 o

+/0 b(t, z)w (t,z)dt—/o b(t,0)w(t, 0)dt
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617 Goursat problem in hyperbolic PDEs solved by taylor collocation method

//ab” dsdt+// (t, s)w(t, s)dsdt.

/ / f(t,8)dsdt =w(T, 2) — a(z) — 8(7) + w(0,0)
+/O a(r, s)w (Tsd8+/ b(t, z)w(t, z)dt
_/Z a(0, s)a(s )ds—/oTb(t,O)ﬁ(t)dt

//aats s)dsdt
/ abt‘s dsdt+// (t, s)w(t, s)dsdt,

which is equivalent to the following 2D-VIE:

Hence,

z

w(r, z) =g(7,2) + /OT k1(t, 2)w(t, z)dt —|—/ Ko (T, $)w(T, s)ds

0
+ /OT /OZ k3 (t, s)w(t, s)dsdt, (6)
where
k1(t, z) : = =b(t, z),
ko(T,8) : = —a(T, s),
H3(t75) - 8a((9tt7 S) abgg S) - ( 75)7

g(1,2) : = a(z) + B(7) — w(0,0) + /OZ a(0, s)a(s)ds
’ b(t,0)5(t)dt + /T /Z f(t, s)dsdt. (7)

+
S—

3 Taylor collocation method

In this section, we approximate solutions of 2D-VIE (6) in the space
S;:ll)(HMM) ={v:vn,m=vlp,,, €Tp-1,m=0,1,...,N-1;m=0,1,...,M—1} (8)

of the real bivariate polynomial spline functions of degree (at most) p—1 in
7 and z. Its dimension is NMp?. Here, Iy = {r; = ih,i =0,1,..., N} and
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Iy = {z; = jk,j =0,1,..., M} denote, respectively, uniform partitions of
the intervals [0, 7] and [0, Z] with the step-sizes given by h = L and k = Z.

These partitions are define a grid for D

Oy oy =0n Xy = {(7h, 2m),0 <n < N,0<m < M}. (9)
Set the subintervals

on =[Tn;Tnt1),n=0,1,...,N —=2; on_1 =[Tn-1,7TN],

6m - [zm;zm+1)7m:071,...,M—2; 5M*l = [ZMflsz}v
and Dy, :=0p X 0y foralln=0,1,..., N-1;m=0,1,...,M — 1.

To define the collocation solution, we use the Taylor polynomial on each
rectangle D, p,;n = 0,1,...,N —1;m = 0,1,...,M — 1. Note that the
solution w of (6) is known at point (0,0): w(0,0) = g(0,0).

First, we approximate w in the rectangle Dy ¢ by the polynomial

p—1 L
1 9"Mw(0,0) ; .
- il ) g
vo,0(T, 2) = Z T orion 7'z (1,2) € Do, (10)
1+35=0
O 9w(0.0 yiti
where 9™w(0,0) is the exact value of Y at point (0, 0).

OTi027 011027
Differentiating equation (6) j-times with respect to z and i-times with
respect to 7, we obtain

OHIw(1,2) _ o) 40)
Torios o1 02 9(m)
J =1 .o i1 .
NN L g o lu(r, 2)
+Z (l)( n )871'*1*" [82 nl(T’Z)] Mozl
1=0n=0
j-1 i o o
™ 1\ 0* " §I—1-1 B’7+lw(7,z)
+Z (l) (7]) 9ri—n {mfw(ﬂ', 2):| ool
1=0n=0
j—li-1 . o .
Gy i1y O [ ] o)
+ ( l >< n >87—i*1*71 azjflflmg(q—’z) 9ozl (11)
=0 n=0
Second, we approximate w in the rectangles D, g,n =1,...,N — 1 by the
polynomials

p—1 AN
1 9" 0,,.0(7a,0) y
Un,0(7—7 Z) = Z T‘ﬂw(’r — Tn) 27 ; (T7 Z) c Dn,07 (12)
i+35=0
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619 Goursat problem in hyperbolic PDEs solved by taylor collocation method

where ¥y, o is the exact solution of the integral equation:

On,0(7, 2) =9(7,2) +/ K2(T, 8)0n,0(T, s)ds
0
DI
1 [Tet1 [ T
+Z/ / H3(t,8)vg70(t,8)d8dt+/ / K3 (t, 8)0n,0(t, s)dsdt,
£=0"7¢ 0 ™ JO

T

1(t, 2)veo0(t, Z)dt+/ K1 (t, 2)n,0(t, 2)dt (13)

Tn

Te+1

i+ig i
and 6(;"1-’732"’0) is the exact value of W at point (7,,0).

Differentiating equation (13) j-times with respect to z and i-times with
respect to 7, we obtain

Ot by, o(T, 2) :8§i)35j)g(7' 2)

01923
J i—-1 . . i—1— N
g\ /i — 1\ 9~ 1—m G-0) oty o(T, 2)
+ Z (l)( n )87'2'*1*" [82 Fa (T, Z)] OTm0z!
1=0n=0
j—1 i . . i i .
=1\ i\ 011 [ 9i—1-l 0"y, o(T, 2)
+ Z ( l )(77> ori—n [87;1*1*1 r2(7,2) o9z
=0 n=0
j-li-1 i—1— ji—1—1 +15
j—1 gi=1-n [ HJ Ot oy o(T, 2)
+ ( l )( n )87'"*1*” [8z1*1*1n3(77 ?) atmozt

=0 0

3
Il

(14)

Third, we approximate w by vy, », in the rectangles Dy, ,,,,n =0,1,...,N =1
and m=1,...,M — 1 such that

p—1 PN
1 00, i (Th, 2m) . ,
Unn (T, 2) = Z i) (‘;TT@; (T = 1) (2= 2m)! 5 (7,2) € Dy
i+j=0

(15)

where ¥y, ,,, is the exact solution of the integral equation:

O (T, 2) =9(T, 2 +Z/

m—1 Zpt+1 z
+ Z/ Ko (T, s)vn,p(T,s)der/ K2 (T, 8)0n m (T, 5)ds

T

1(t, 2)vem (¢, Z)dt+/ k1(t, 2)0n,m(t, 2)dt

Tn

Te+1

p=0 " %» Zm
n—1m-—1 Teq1 Zpt1

+ Z Z / / 3(t, 8)ve p(t, s)dsdt
£=0 p=0
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Te41 [z
+Z/ / k3(t, 8)ve,m (L, s)dsdt
Zm
_ T [Fpt1
+ Z/ / k3(t, s)Un,p(t, s)dsdt
p=0 Y70 /2

+// K3 (t, $)On,m (¢, 8)dsdt,

ARk Un,0 (Tn>2m) -
01927

(16)

and is the exact value of 2 — é; -2 at point (7o, 2m)-
Differentiating equation (16) j-times with respect to z and é-times with

respect to 7, we obtain

O 0y (7, 2)

T 1
OTi0z9 (17)
= 0107 9(r, 2)
joi-1 . s
J - (j l) a" Un,m(Tvz)
B ()0, o 8] S
1=0 =0
(-1 - [ gim1- 0" i (7, 2)
" ZZ ( >(77> ori=n [523 7he(72) ATz
=0 n=0
j—1i-1 . i—1 j—1—1 +15
J— 0 o M0y m (T, 2)
" ;%( )( )aﬂln [aza‘ll“?’(T’ Z)] ornazt

4 Convergence analysis

We consider the space L>°(D) with the norm
[l oo (py = Inf{C ER: [po(7,2)| < C for ace. (,2) € D} < 0o,

The following lemmas will be used in proving the convergence of the presented
method.

Lemma 1 (Taylor’s theorem for functions of two independent variables).
Let f be p times continuously differentiable on D = [a,b] x [¢,d] and let
(70, 20) € D. Then for all (7, 2) € D, we have
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621 Goursat problem in hyperbolic PDEs solved by taylor collocation method
p—1 .
1 0" f(79, 20) i i
— Y JNe0) .\
fn2)= 2 G gpga (T ) =)
i+75=0
L 9" f(m,21) i j
_ _ J
LD = = e U N Rt

where

{7197+(19)Toe [a,b)], pe 1)

z1=0z+ (1 —0)z € [c,d],

Lemma 2 (Gronwall-type inequality [21]). Let w(r,z) and p(7, z) be non-
negative continuous functions in = [a,b] X [¢,d], and let p(7, z) be nonde-

creasing in each of the variables in 2 and satisfy the following inequality:
w(r, z) <p(7,2) + I'i/ w(t, z)dt + H/ w(r, s)ds
a c

-l—li/ / w(t, s)dsdt, (1,2) € Q,

where k is positive constant. Then there exists a positive constant v such
that
w(r, 2) < vp(T, 2).

Lemma 3 (Discrete Gronwall-type inequality [5]). Let {x;}7_, be a given

nonnegative sequence and let the sequence {e,} satisfyeg < pg and

n—1
En SPO‘FZ@E;‘» n>1,
j=0
with pg > 0. Then
n—1
En < Po €Xp L7 I n > 1.
§=0

Lemma 4 (Discrete Gronwall-type inequality of two variables [23]). Let wi, m,
be a given nonnegative sequence, and let by, bo, b3 and 8 be independent of h

and k and strictly positive. If the sequence w, ,, satisfies
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n—1m-—1
wnmghblzwgm—&—kzbganp—i—hkbgzngp—i—,é’, (18)
p=0 £=0 p=0
foralln=0,1,...,Nym=0,1,..., M, then
wn,m < Bexp(v(Nh + Mk)), (19)

where ~ = 1 (bl by + /(b T 02)% 1 4b3) .

Lemma 5. Let g, x1,k2, and k3 be p times continuously differentiable on
their respective domains. Then, there exists a positive number a(p) such
that foralln=0,1,..., N—1, m=0,..., M—1,andi+j =0,1,...,p, we
have

H e <a(p)

OTi0z7

L*°(Dy,m)

where 99 (7, 2) = w(7, 2) for (7,2) € Dy0.
+37 5
Proof. Let ait] = HﬁHLW(Dmm).
First, we have for all i +j =0,1,...,p,

o o tiy
agld <max{ || =——
’ oTtdzI

,i—i—j:O,l,...,p}:al(p). (20)
L>°(Do,0)

Second, for i 4+ j = 0, from (13), we have foralln=1,...,N —1

Te+1 z
0+0 <C + C1,1 Z / Z ag dt + C1,1 / 0+Odt + co 2 / O+Od$
Tn 0

a+B=0

Te+1
+c3,2 Z / / Z CL? det +c3,2 / / 0+0d8dt

a+5=0

and for i+ j=1,...,p, from (14), we have foralln=1,...,N — 1,

J 1 j—14i—1

+1 +1 +1

attd <c+6125 E a, +621E E a, +033§ E apy
=0 n=0 =0 n=0 =0 n=0

where, the constants ¢, ci,1,¢1,2,¢2,1,C2,2, €32, and c3 3 are positive and inde-
pendent of N and M.

Hence, for alli+5=0,1,...,p
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623 Goursat problem in hyperbolic PDEs solved by taylor collocation method

n—1 p—1 J

“” <c+cllhz Z a£0ﬁ+01222a:ﬁl+011h2a0+l

§0a+f30 1=0 =0

+czlzZa + cg, k:Za"'H)

=0 n=0
n—1 p—1 j—14—1

“ngzhk‘Z Z a?oﬂ—&—chZa”H+032hka2ﬁ)07
=0 n=0

£=0 a+p5=0 n=
which implies that

n—1 p— i+j—1

1
Zﬂ <c—|—clhz anH—l—cQ Z al (21)
£=0 n+1=0 n+1=0

where Cl1 =1¢C1,1 -+ 6372]{5, Co = C1,2 =+ Cl,lh + C2.1 -+ 6272]6 -+ C3.3 + 6372}1]@.
Now, we consider the sequence T, = max{a’'d,i+j = 0,...,p}, n =

0,1,...,N — 1, from (21), we obtain

i+j—1

H']<c—l—clp hZF§+CQ Z al
n+1=0

Using Lemma 3 with the following notations

n—1
it+J 2
Eitj = a’n7ojv Po=2C¢C + a1p h Z Ff? kn-‘rl = C2,
§=0

we obtain

n—1 i+j—1
azn—t_g < c+ cpoh, Z Fg exXp Z C2
£=0 n+1=0
n—1
< cexp(p?ca) + c1p® exp(pPez) h Z I,
£=0

Cc3 C4q

which implies that

n—1

I, <ecs —|—C4hZF§.
£=0

Again, using Lemma 3, foralln=0,1,...,.N—landi+j=0,...,p
’ﬂ <T, <csexp(acy).

NG S (22)
az(p)
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Third, for ¢ + j = 0, from (16), we have for all n = 0,1,...,
1,...,M—1,

b

n—1 p—1

1
0 a+B=0

624

N-—-1,m=

m—1 p—
a?j,g <c+ci1h E E agthrcLlha + o2k E a0+0+c 2ka0+0

£€=0 a+8=0 p=
n—1m—-1 p—1

+632hkzz Z a0+0+032hk2 Z a0+0

£=0 p=0 a+pB=0 £=0 a+B=0
m—1 p—1

+ c32hk Z a0+0 + c3 ghkan sl
p=0 a+pB=0

and for i+ j =1,...,p, we have from (17) that

] ] Jj—14i—1
Z+j <c—|—01222a"” +62122a”+l +03322a"+l.
=0 n=0 =0 n=0 =0 n=0
Hence, for allt 4+ 5 =0,1,...,p,
n—1 p—1 i+7—1 i+5—1
Zﬂ <c+c 1hz Z a +0172 Z a"“ +ci1h Z a’ﬂjnll
£=0 n+1=0 n+1=0 n+1=0
m—1 p—1 i+j—1 i+j—1
+C2,2]€Z Z a"+l+021 Z CLn—H + ca 2k Z aZj;,lL
p=0 n+1=0 n—+1=0 n+1=0
n—1m-1 p—1 n—1 p—1
+Cg’2hk'z Z Z a -‘1-63 Qhkz Z a"H
=0 p=0 n+i=0 =0 n+1=0
m—1 p—1
+Cg Qhk Z Z a"‘H
p=0 n+1=0
i+j—1 i+j—1
+c33 Z a”“ + c32hk Z a?fnll.
n+1=0 n+1=0

i i4+i=0,....,p},n=0,1,...,

Consider, the sequence I'y, ,,, = max{a,"7,,
1;m=0,1,...,M — 1. Then by (23), we have

n—1 m—1
ag% SC + hbl,l Z F&m + kbLg Z Fn,p
£=0 p=0

N —
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625 Goursat problem in hyperbolic PDEs solved by taylor collocation method

n—1m-—1 i+j—1
+hkbiz Y Y Tep,+bia y alh, (24)
£=0 p=0 n+1=0

where by 1 = (1,1 + ¢3,2k)p?, b1 = (c22 + c32h)p?, b1 3 = c32p°
and b1,4 =c12+ Cl,lh +c21 + 0272k +c3,3 + C3)2hk.

Using Lemma 3 with the following notations

it
Eitj = an7m7

n—1 m—1 n—1m-—1
po=c+hbi1 Y Tem+kbio Y Tn,+hkbisd Y Te,p,
£=0 p=0 £=0 p=0

kpii = b1,

we obtain from (24) that

n—1 m—1
apth < cexp(pbia) +hbyyexp(pbia) Y Tem +kbiaexp(pbia) Y Ty
— ————

N o £=0 b p=0

n—1m-—1

+hkbgexp(pbia) > Y Tep
N—— —
b =0 p=0

It follows that, for all n =0,1,.... N —=1;m=0,1,...,. M — 1,

n—1 m—1 n—1m—1
Ty <bs+hby Y Tem+kby Y Thp+hkby Y > Te,.
£=0 p=0 £=0 p=0

Using Lemma 4, we obtain, for all n =0,1,...,.N —1,m =0,1,...,N — 1,
that

Lpom <bsgexp(y1(Nh+ ME)) < byexp(yi(a+ b)), (25)
—_——
az(p)
where y; = % (b1 +bo + /(b1 +b2)2 + 4b3) .
Hence, from (20), (22), and (25), by setting
O[(p) = Inax {al(p)v a?(p)a ad(p)} )
the proof of Lemma 5 is completed. O
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Theorem 1. Let g, k1, k2, and k3 be p times continuously differentiable
on their respective domains Then equations (10), (12), (15) define a unique
approximation v € S 1 (HN M), and the resulting error function e(r,z) =

w(T, z) —v(r, z) satisfies
lell Lo (p) < C(h+ k)*,

where C' is a finite constant independent of h and k.

Proof. Define the error e(7,2) on Dy, by €nm/(7,2) = w(7,2) — Upm(T, 2)
foraln=0,1,..., N—1land m=0,1,...,.M — 1.

The proof is split into three steps.

Claim 1. There exists a constant C; independent of h and k such that
leo,0llL(Dy o) < Ci(h+ k)P,

Let (7, 2) € Dy . By using Lemma 1, we obtain from (10) that

0w Wik
sl < Y o | o
ZJFJ =p
Hence, by Lemma 5, we have
!
eoo(r ) <o) Y ahthd = “Piny gy (26)
i+j=p ! P
~——
Cy

Claim 2. There exists a constant Cs independent of A and k such that
len,ollLe (D, o) < Ca(h+ k)P,

foralln=1,...,N —1. Let (7, 2) € D, o, we have from (13) that
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w(T,2) — Op 0(T, 2) :/OZ Ko (T, 8)(w(T, $) — D 0(T, 8))ds
n—1

Te41
+ Z/ k1(z,t)eg,o(t, 2)dt

=077

4:/Zﬁ@¢xw@¢)—ﬁmduznﬁ

n—l e oz
+Z/ / k3(t, s)ee o(t, s)dsdt
EZO Tg 0

+ /Tn /0 k3(t, s)(w(t,s) — Ono(t, s))dsdt.

Hence,
n—1 n—1
w(T,2) = Bm0(7,2)] <Y hiillecollLo (e + 3 Phkllec oll L (De o)
£=0 £=0

+ H/ lw(t, z) — On0(t, 2)|dt

n

+ n/ lw(T, ) — O 0(T,s)|ds
0

+H/‘/|Mug—mw@gmwu
Tn 40

where x = max{||x;| L= (p),i = 1,2,3}. Then by Lemma 2, we have

n—1 n—1
w(T,2) = Dno(,2)| < | D hislleolloepeo) + 3 Pknllec ollL=(peo) | v
§=0 £=0
= —

which implies, by using Lemma 1, that

llen.ollLoe(D,.0) < llw = Onoll + [[9n,0 — vaoll

1
<Zh)‘1||650||L°° (Deo) T Z i

ll
2+Jp‘7

3‘+Jvn0

J
Ori02 hK.

Hence, by Lemma 5, we obtain
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n—1

a(p)
wo) S D Iallegollnpeg) + =+ B
=0

Then, by Lemma 3, we have

p
lenolloe (D) < ; ) exp(TA) (h + k)P,
—
Cy

Claim 3. There exists a constant C3 independent of h and k such that
HemmHLO"(Dn,m) < C3(h + k)P,

foralln =0,1,...,N—1land m =1,...,M — 1. Let (7,2) € Dy, . Then

from (16) we have

n—1 m—1
|w (7, 2) = On,m (7, 2)| < Z hi|legmll + Z ktllenll
£=0 p=0
n—1m-—1
+ D> hkrlleg, |l + Z hkk|eg.m|| + Z hkrl|en, |
£=0 p=0

+r / Wt 2) — B (£, 2)|dt
TZ
+ K/ |w (T, 8) = O m (7, 8)|ds
+k / |w(t, 8) — O m (¢, s)|dsdt.

Then by Lemma 2,

n—1 m—1

|w(T, 2) = O (T, 2)| < Z he(l+k)vleeml + Z kEr(1+h)ven,ll
£=0 N————— —0 SN——
/\2 P /\3
n—1m-—1
S kel
£=0 p=0

which implies, by using Lemma 1, that
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||€n,m||L°°(Dn,o) <lw = Dl + ||1A’n,m — Unml|

n—1 m—1 n—1m—1

< Z hAslleg,mll + Z kXslen,pll + Z Z hkAallec||

£=0 p=0
1 10590, mll ..
— | —=—==— || h"K’.
T2 H 971020 ‘
i+j=p
Hence, by Lemma 5, we obtain
n—1m-—1
llen,ml < Z hzlleemll + Z kAs|lenoll + Z Z hkAalec||
=0 p=0 (27)
a(p)
Using Lemma 4, we obtain
a(p
lenmll < ](9| ) exp(v3(T' + Z))(h + k)P, (28)
C3
where 3 = % ()\2 + A3 + \/()\2 + /\3)2 + 4)\3) .
Thus, the proof is completed by taking C' = max{C1, Cs,C5}. O

5 Numerical examples

The method presented in this paper is used to find numerical solutions to
some illustrative examples. Our results are compared with the exact solu-
tions by calculating the absolute error function |e, | = |w — vpm| for all
n=20,1,....N—1land m =0,1,...,M — 1, where w and v are the exact
and approximate solution, respectively. The values of errors are computed
for different values of p, N, M and collected in Tables 1, 3, and 4, which are
displayed in Figure 1 for Example 1. In Table 5, the presented method is
compared with the numerical results obtained by using the Chelyshkov poly-
nomials method (2D-CPs) [20] and the two-dimensional block-pulse functions
method (2D-BPFs) [22]. Moreover, the exact and approximate solution over

the region ([0,1] x [0,1]) are displayed in Figure 2 for Example 2. The re-
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sults in these examples confirm the theoretical estimates and suggest that

the experimental order of convergence (EOC) is p (see Table 2).

Example 1. Considering the Goursat problem, which is linear and homoge-
neous in hyperbolic PDE [9],

2
36 w(t,s)  Owl(t,s) n ow(t, s)

0s0t - ot Os + W(t, 8)’ (t7 S) € [07 1] X [Oa 1]a

with initial conditions w(t,0) = e’ and w(0, s) = e*. This equation is equiv-

alent to the linear two-dimensional VIE defined as follows:

2 1
w(T, z) 25(67 +e’) - 3

+% </0Tw(t7z)dt + /Ozw(T, s)ds + /OT /OZ w(t, S)det) - (29)

The exact solution is w(r,2) = €717,
The numerical results for p = 3,4 and h = k = 0.05,0.025 of the Taylor

collocation method are presented in Table 1 and Figure 1.

Table 1: Comparison between the approximate and the exact solution for Example 1

(1,2) N=M=20p=3 N=M=20p=4 N=M=40,p=3
(0.1,0.1) 1.62¢ — 05 1.57¢ — 05 4.05¢ — 06
(0.2,0.2) 3.82e — 05 3.65e — 05 9.47e — 06
(0.3,0.3) 6.67e — 05 6.37e — 05 1.66e — 05
(0.4,0.4) 1.05e — 04 9.89¢ — 05 2.59e — 05
(0.5,0.5) 1.56e — 04 1.44e — 04 3.80e — 05
(0.6,0.6) 2.21e — 04 2.0le — 04 5.35¢ — 05
(0.7,0.7) 3.04¢ — 04 2.74e — 04 7.34e — 05
(0.8,0.8) 4.11e — 04 3.66e — 04 9.86e — 05
(0.9,0.9) 5.48e — 04 4.82e — 04 1.30e — 04
(1.0,1.0) 1.99¢ — 03 6.39¢ — 04 3.38¢ — 04

CPU time/sec 30.81 47.25 742.68

Example 2. Consider the linear nonhomogeneous Goursat problem [8]

D2w(t, s)

Z A2 422
pn dts — t7s* +w(t,s), (t,s) €10,1] x [0,1],
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631 Goursat problem in hyperbolic PDEs solved by taylor collocation method

Figure 1: Plot of the absolute error function for Example 1; left: h = k = 0.05, right:h =
k = 0.025.

Table 2: EOC for Example 1

2) (4.4) (8,8) (16,16) (32,32) (64,64)
p=2 / 1.45 1.71 1.85 1.94 1.96
/ 2.40 2.69 2.84 2.92 2.96

with initial conditions w(t,0) = e’ and w(0, s) = e*. This equation is equiv-

alent to the linear two-dimensional VIE defined as follows:
7323 T [F
w(r,z) =€ + e +122% — 5 +/ / w(t, s)dsdt.
0o Jo

The exact solution is w(7,z) = 7222 + ™=,

The numerical results for p = 3 and h = k = 0.05,0.025 of the Taylor

collocation method are presented in Table 3 and Figure 2.

Example 3. Consider the PDE with variable coefficients

20} (09) S W
R
ttswt,s)+ f(ts),  (ts)e[0,1] x [0,1],

with initial conditions w(t,0) = cos(t) +e’ and w(0, s) = cos(s) + 1+ s2. This

equation is equivalent to the linear two-dimensional VIE:
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Table 3: Comparison between the approximate and the exact solution for Example 2

(1,2) N=M=20p=3 N=M=40,p=3
(0.1,0.1) 3.64¢ — 07 4.80¢ — 08
(0.2,0.2) 1.77¢ — 06 2.29¢ — 07
(0.3,0.3) 4.77e — 06 6.13e — 07
(0.4,0.4) 1.00¢ — 05 1.28¢ — 06
(0.5,0.5) 1.83¢ — 05 2.32¢ — 06
(0.6,0.6) 3.07e — 05 3.93e — 06
(0.7,0.7) 4.85¢ — 05 6.21e — 06
(0.8,0.8) 7.32e — 05 9.36e — 06
(0.9,0.9) 1.06e — 04 1.36¢ — 05
(1.0,1.0) 1.76¢ — 03 2.28¢ — 04

CPU time/sec 27.71 701.59

(a) Exact solution (b) Approximate solution

Figure 2: Numerical results of Example 2.

w(r,z) =g(7,2) + /OT(t2 + 2)w(t, z)dt + /OZ(T + s3)w(T, s)ds

+ /OT /;(-2 — ts)w(t, s)dsdt,

where g(7,2z) is chosen so that the exact solution is w(r,z) = cos(T + z) +

e + 2.
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The numerical results for p = 3 and h = k = 0.05,0.025 of the Taylor

collocation method are presented in Table 4.

Table 4: Comparison between the approximate and the exact solution for Example 3

(1,2) N=M=20p=3 N=M=40,p=3
(0.1,0.1) 1.32¢ — 05 1.66¢ — 06
(0.2,0.2) 2.84¢ — 05 3.73¢ — 06
(0.3,0.3) 4.72e — 05 6.54e — 06
(0.4,0.4) 7.13¢ — 05 1.05¢ — 05
(0.5,0.5) 1.03e — 04 1.62e — 05
(0.6,0.6) 1.46¢ — 04 2.44¢ — 05
(0.7,0.7) 2.07e — 04 3.64e — 05
(0.8,0.8) 2.98¢ — 04 5.47e — 05
(0.9,0.9) 4.44e — 04 8.47¢ — 05
(1.0,1.0) 1.04e — 03 1.89¢ — 04

CPU time/sec 62.96 1207.40

Example 4. Consider the linear nonhomogeneous Goursat problem

Q%ult,s)  Oult,s) Oult,s)
dsot Ot  Os —u(t,s)+ f(t,s), (ts)€][0,1] x[0,1],

with initial conditions u(t,0) = e! and u(0, s) = ¢2*. This equation is equiv-

alent to the nonlinear two-dimensional VIE of the first kind [22]:

é(eﬂr'z — T TTE g TR = /T /Z 2e" 23 (t, 5)dsdt.
o Jo

It is also equivalent to the following linear 2D-VIE of the second kind:

u(r, z) = g(1,2) — /OT u(t, z)dt — /OZ u(T, s)ds — /OT /OZ u(t, s)dsdt,

where u = w? and g(7, 2) is chosen such that the exact solution is u(r, z) =
e‘r+2z.

In Table 5, the numerical results for p = 3 and N = M = 64 of the
Taylor collocation method are compared with the numerical results obtained
by using 2D-CPs [20] and 2D-BPFs [22].
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Table 5: Comparison of the absolute errors of Example 4

(27%,27%) | 2D-BPFs [22] | 2D-CPs [20] | Present method
1=1 1.0e -1 3.5e — 5 6.1e — 6
1=2 4.6e — 2 2.0e —6 2.6e — 6
1=3 2.9e -2 1.5e — 5 1.3e — 6
1=4 23e—2 1.2e — 5 72e -7
1=29 2.0e — 2 5.9e — 5 3.7e =7
1=206 3.1e — 2 9.6e — 5 1.9e -7

6 Conclusion

In this paper, a collocation approach was presented that involves utilizing
Taylor polynomials to find the solution to a two-dimensional linear VIE of
the second kind, which is a conversion of a hyperbolic linear PDE Goursat
problem. The method’s convergence and error were investigated, and several
numerical examples were provided to demonstrate its efficiency and accuracy.
The results showed that the method is convergent with a high level of preci-
sion, and the numerical results match the theoretical estimates. It is recog-
nized that this approach can be expanded and used to solve three-dimensional

Goursat problems in linear hyperbolic equations of the third-order

3

837w+ i 1/}..87“+Z¢.67w+¢w_p
87’187’287’3 ”87’,-877 - ZaTi o

i,7=1,1<j

where v¥; ;,94,,1 < j,1,5 = 1,2,3,9 and F are given real functions.
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