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Letter from the Editor–in–Chief

I would like to welcome you to the Iranian Journal of Numerical Analysis
and Optimization (IJNAO). This journal has been published two issues per
year and supported by the Faculty of Mathematical Sciences at the Ferdowsi
University of Mashhad. The faculty of Mathematical Sciences with the cen-
ters of excellence and the research centers is well-known in mathematical
communities in Iran.
The main aim of the journal is to facilitate discussions and collaborations
between specialists in applied mathematics, especially in the fields of numer-
ical analysis and optimization, in the region and worldwide. Our vision is
that scholars from different applied mathematical research disciplines pool
their insight, knowledge, and efforts by communicating via this international
journal. In order to assure the high quality of the journal, each article is
reviewed by subject-qualified referees. Our expectations for IJNAO are as
high as any well-known applied mathematical journal in the world. We trust
that by publishing quality research and creative work, the possibility of more
collaborations between researchers would be provided. We invite all applied
mathematicians especially in the fields of numerical analysis and optimiza-
tion to join us by submitting their original work to the Iranian Journal of
Numerical Analysis and Optimization.
We would like to inform all readers that the Iranian Journal of Numerical
Analysis and Optimization (IJNAO), has changed its publishing frequency
from ”Semiannual” to a ”Quarterly” journal since January 2023. The four
journal issues per year will be published in the months of March, June,
September, and December. One of our goals is to continue to improve the
speed of both the review and publication processes, while try continuing to
publish the best available international research in numerical analysis and op-
timization, with the high scientific and publication standards that the journal
is known for.

Ali R. Soheili
Editor-in-Chief
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A generalized form of the parametric
spline methods of degree (2k + 1) for

solving a variety of two-point boundary
value problems

Z. Sarvari

Abstract

In this paper, a high order accuracy method is developed for finding the
approximate solution of two-point boundary value problems. The present
approach is based on a special algorithm, taken from Pascal’s triangle, for
obtaining a generalized form of the parametric splines of degree (2k + 1),
k = 1, 2, . . . , which has a lower computational cost and gives the better ap-
proximation. Some appropriate band matrices are used to obtain a matrix
form for this algorithm.

The approximate solution converges to the exact solution of order
O(h4k), where k is a quantity related to the degree of parametric splines
and the number of matrix bands that are applied in this paper. Some
examples are given to illustrate the applicability of the method, and we
compare the computed results with other existing known methods. It is
observed that our approach produced better results.

AMS subject classifications (2020): Primary 45D05, Secondary 42C10, 65G99.

Keywords: Boundary value problems; Parametric spline; Band matrices;
Pascal’s triangle.

1 Introduction

Spline function is a piecewise polynomial satisfying certain conditions of the
continuity of the function and its derivatives. In other words, a spline function
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579 A generalized form of the parametric spline methods...

S(x) of degree d is defined in a region [a, b] such that there exists a mesh
∆ = {a = x0 < x1 < x2 < · · · < xn−1 < xn = b} with hi = xi − xi−1 for
i = 1, 2, . . . , n. This function satisfies the following conditions:

(i) In each subinterval [xi, xi+1], i = 0, 1, . . . , n− 1, S(x) is a polynomial
of degree d.

(ii) S(x) and its first (d− 1) derivatives are continuous on [a, b].
The spline’s theory and application were thoroughly discussed by Ahlberg

Nilson, and Walsh [1] and Greville [9]. So far, different types of spline meth-
ods, such as approximating, interpolating, and curve fitting functions, have
been developed and used to solve a wide variety of differential equations; see,
for example, [2, 3, 14, 15, 17, 20, 22, 26, 25, 24, 31] and references therein.
One type of splines, considered in this paper, is the parametric splines de-
veloped to address some shortcomings of ordinary spline methods. These
splines, depending on a parameter τ > 0, are defined through the solution
of a differential equation in each subinterval. The arbitrary constants are
chosen to satisfy certain smoothness conditions at the joints. These splines
reduce to polynomial splines (ordinary splines) as τ → 0. The exact form
depends upon the manner in which the parameter is introduced. Therefore,
different types of parametric splines with distinct convergence orders can be
generated. Although, these methods obtained significant results, due to the
lengthy calculations, no attempt was made to extend parametric splines of
higher degrees. Note that using the word “degree”, in this paper, for para-
metric splines is only for numbering and ordering them. It does not have the
common meaning that is used for polynomials.

For the first time, this paper presents a general form of parametric splines
with the degree (2k + 1), k = 1, 2, . . . , which has a lower computational cost
and a higher-order of convergence than the usual methods using parametric
splines. Before going into details about the method, it seems necessary to
review some of the fundamental properties and definitions of these parametric
splines in the following subsection.

1.1 Parametric spline methods with the degree (2k + 1)

For simplicity, it is assumed that the subintervals are of equal length, so
h = hi = hi+1. The interval [a, b] is divided into n equal subintervals using
knots xi and the partition ∆ = {a = x0, x1, . . . , xn = b}, where xi = x0 + ih,
h = b−a

n and n is a positive integer. The parametric spline function S(x),
with the degree (2k+1), k = 1, 2, . . . , is obtained in the subinterval [xi−1, xi]
by solving the following differential equation and determining the constants
of integration:

S(2k)(x) + τ2S(2k−2)(x) = (S(2k)(xi) + τ2S(2k−2)(xi))(
x− xi−1

h
)

Iran. J. Numer. Anal. Optim., Vol. 13, No. 4, 2023, pp 578–603
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+(S(2k)(xi−1) + τ2S(2k−2)(xi−1))(
xi − x

h
).

This function of class C2k[a, b] depends on a parameter τ and reduces
to an ordinary spline function with the degree (2k + 1), as τ → 0. The
continuity of its derivatives at the grid points, that is, S(ν)

i−1(xi) = S
(ν)
i (xi),

ν = 1, 3, . . . , 2k−1, yields spline relations. Note that Si is the spline function
in the subintervals [xi, xi+1]. Using algebraic manipulation on these relations,
a differential relation, called “consistency relation”, is obtained in terms of u
and its derivatives at knots. In the parametric spline methods, the approx-
imate solution of a given boundary value problem (BVP) is determined by
solving the system defined by this consistency relation.

Now, to further explain how parametric splines are used to solve equa-
tions, we consider a simple second order BVP as follows:u′′(x) = f(x) + g(x)u(x), x ∈ [a, b],

u(a) = λ,
u(b) = γ,

(1)

where λ and γ are finite real constants and the functions f(x) and g(x) are
continuous on [a, b]. Such problems arise in the theory that describes the
deflection of plates and a number of other scientific applications [10].

The consistency relation associated with (1) in spline methods, is in terms
of ui and u′′i . Note that ui = u(xi) and u′′i = u′′(xi). A system of linear alge-
braic equations is generated by substituting discretized (1) in the mentioned
consistency relation. Finally, by solving this system, the approximate so-
lution of (1) is obtained. One can observe that, for k > 1, the number of
equations in this system is less than the number of unknowns; see, for exam-
ple, [2, 3, 4, 8, 7, 11, 13, 14, 16, 18, 20, 19, 21, 26, 25, 24, 30, 31] To obtain
the unique solution of the system, more equations, called “end conditions or
boundary formulas”, are needed.

When k is a large number, two problems are encountered. First, the
number of additional equations that must be defined to complete the afore-
mentioned system increases. Second, as the value of k increases, so does the
number of relations resulting from the derivative continuities of splines, and
consequently, the combination of them becomes more difficult.

In this paper, we present a method that allows us to obtain a general form
for the consistency relations of parametric spline methods of degree (2k+ 1)
without going through a lengthy and complex calculation process. For large
values of k, it does not face the drawbacks mentioned above, because, in the
proposed method, we do not need to obtain the spline function and use its
continuity properties and derivatives directly. This means that we do not
solve any differential equation. In fact, by providing a general pattern, both
the consistency relation and the required additional equations are obtained
without a need to generate many spline relations. Moreover, we transform
the desired algorithm into a matrix form by defining proper band matrices,

Iran. J. Numer. Anal. Optim., Vol. 13, No. 4, 2023, pp 578–603



581 A generalized form of the parametric spline methods...

which gives us more insight into the method and facilitates convergence study.
Furthermore, the convergence order of splines is improved by this general
formulation.

We apply our method to (1), which is in terms of u and u′′. However, the
method can be applied to more complex models of (1), such as the nonlinear
form or the system of these equations. It will be demonstrated in the nu-
merical results section. Our method along with Newton–Raphson method is
used to solve Bratu’s problem (Example (2)) as a nonlinear equation. Also,
our method is applied to solve problems such as Perturbed (Example (3))
and two-dimensional problems in the calculus of variations (Example (4)).

It should be noted that, if an equation other than (1) is considered, then
the execution process of the method, such as generating a consistency rela-
tion and additional equations, will be changed. Because they are produced
and defined according to the type of equation. In addition, while this paper
focuses on parametric splines with the degree (2k + 1), the extending of our
method can be probed for other types of splines as well, that is, nonpoly-
nomials, ordinary splines, and parametric splines with the degree of (2k),
k = 2, 3, 4, . . . .

The outline of this paper is as follows. In section 2, a comprehensive
description of the method is given. To demonstrate the efficiency and su-
periority of the presented method, we solve examples of linear, nonlinear,
perturb, and system of two-point BVPs and compare the obtained results
with the other quoted methods in section 3. Finally, some important con-
cluding remarks are given in section 4.

2 Derivation of the method

In this section, we describe our method in detail. As mentioned previously,
in the common form of the spline method, we need to generate a consistency
relation proportional to the type of BVP that we are going to solve numeri-
cally. This can be time-consuming and even complicated due to the numerous
calculations required, such as developing the spline function criterion, deter-
mining its coefficients, and computing successive derivatives. We provide a
generalized form for the consistency relation of all parametric spline methods
of degree (2k+1), while solving (1), without the need for long calculations. To
produce this relation, we find a specific pattern and then convert it to a matrix
form by using only the properties of band matrices, especially, the following
widely used a matrix C, which is (n− 1)× (n− 1)-dimensional and evident
in the majority of spline-based papers (see [8, 7, 13, 14, 18, 20, 19, 21, 31]):

(C)i,j =

 2, i = j,
−1, |i− j| = 1,
0, otherwise.

(2)

Iran. J. Numer. Anal. Optim., Vol. 13, No. 4, 2023, pp 578–603
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To shed light on the above-mentioned issues, we begin subsection 2.1
by evaluating some samples of the consistency relations associated with the
spline methods previously used by researchers and then identifying a general
pattern for our desired consistency relation. In subsection 2.2, we define its
matrix form. Subsections 2.3 and 2.4 are also dedicated to solving (1) and
developing boundary formulas according to the contents of the previous two
subsections.

2.1 The consistency relation

There are two types of coefficients in the consistency relations of spline meth-
ods: the coefficients of u and its derivatives. By studying the spline papers
(see the references on page 3), we find that just the coefficients of u follow a
certain pattern. The coefficients of u are of two kinds: known and unknown.
The first type of coefficients exists in the consistency relations of splines with
the degree (2k+ 1) in solving the BVPs of order (2k), while the second ones
can be seen in the consistency relations of the same splines in solving the
BVPs of order 2, 4, 6, . . . , 2k − 2, for k = 2, 3, 4, . . . (i.e., for k = 2, we have
spline with the degree 5 in solving BVP of order 2, for k = 3, we have spline
with the degree 7 in solving BVP of order 2 and 4, for k = 4, we have spline
with the degree 9 in solving BVP of order 2,4 and 6, etc.) We first establish
a pattern for known coefficients and then extend this to unknown ones.

In the following, we highlight them in the sample format. For convenience,
we consider the coefficients of u to be on the left side of the consistency
relation and assume that the coefficients of derivatives of u be on the right
side.

Sample 1 (k=1): The left side of the consistency relation of spline
method with the degree 3 in solving a BVP of order 2:

For i = 1, 2, . . . , n− 1:

1ui−1 − 2ui + 1ui+1 = · · · .

One can see this relation in [15, 29].
Sample 2 (k=2): The left side of the consistency relation of spline

method with the degree 5 in solving a BVP of order 4:
For i = 2, 3, . . . , n− 2,

1ui−2 − 4ui−1 + 6ui − 4ui+1 + 1ui+2 = · · · .

One can see this relation in [18].
Sample 3 (k=3): The left side of the consistency relation of spline

method with the degree 7 in solving a BVP of order 6:
For i = 3, 4, . . . , n− 3,

Iran. J. Numer. Anal. Optim., Vol. 13, No. 4, 2023, pp 578–603



583 A generalized form of the parametric spline methods...

1ui−3 − 6ui−2 + 15ui−1 − 20ui + 15ui+1 − 6ui+2 + 1ui+3 = · · · .

One can see this relation in [3, 11, 26].
Sample 4 (k=4): The left side of the consistency relation of spline

method with the degree 9 in solving a BVP of order 8:
For i = 4, 5, . . . , n− 4,

1ui−4 − 8ui−3 + 28ui−2 − 56ui−1 + 70ui
− 56ui+1 + 28ui+2 − 8ui+3 + 1ui+4 = · · · .

One can see this relation in references [2, 19].
Sample 5 (k=5): The left side of the consistency relation of spline

method with the degree 11 in solving a BVP of order 10:
For i = 5, 6, . . . , n− 5,

1ui−5 − 10ui−4 + 45ui−3 − 120ui−2 + 210ui−1 − 252ui
+ 210ui+1 − 120ui+2 + 45ui+3 − 10ui+4 + 1ui+5 = · · · .

One can see this relation in [20, 24].
Sample 6 (k=6): The left side of the consistency relation of spline

method with the degree 13 in solving a BVP of order 12:
For i = 6, 7, . . . , n− 6,

1ui−6 − 12ui−5 + 66ui−4 − 220ui−3 + 495ui−2 − 792ui−1 + 924ui
− 792ui+1 + 495ui+2 − 220ui+3 + 66ui+4 − 12ui+5 + 1ui+6 = · · · .

One can see this relation in [25].
By considering the above coefficients, we find that, regardless of their

sign, they are the same as the binomial coefficients or the entries in the rows
of Pascal’s triangle:

1

1 1

1 2 1
1 3 3 1

1 4 6 4 1
1 5 10 10 5 1

1 6 15 20 15 6 1
1 7 21 35 35 21 7 1

1 8 28 56 70 56 28 8 1
1 9 36 84 126 126 84 36 9 1

1 10 45 120 210 252 210 120 45 10 1

Iran. J. Numer. Anal. Optim., Vol. 13, No. 4, 2023, pp 578–603
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1 11 55 165 330 462 462 330 165 55 11 1

1 12 66 220 495 792 924 792 495 220 66 12 1
...

The correlation between the above-known coefficients of u and Pascal’s
triangle motivates us to find a similar correlation for the unknown ones that
we will deal with in this paper.

After studying the references such as [8, 14, 15, 16, 21, 22, 29, 30, 31] (Pre-
vious studies have only investigated 3rd-, 5th-, 7th-, and 9th-degree spline
methods. Higher degree splines have not been used yet), we find out to con-
sider the initial form for the consistency relations of spline methods with the
degree (2k + 1), k = 2, 3, 4, . . . in solving a BVP of order two as follows:

∗(ui−k + ui+k) + ∗(ui−k+1 + ui+k−1) + · · ·+ ∗(ui−1 + ui+1)

+ ∗ ui = −h2
(
β0u

′′
i + β1(u

′′
i−1 + u′′i+1) + · · ·+ βk(u

′′
i−k + u′′i+k)

)
,

where βj ’s are the coefficients which will be determined numerically during
the process of the method. We have displayed the vacancy of the unknown
coefficients of u with ∗. We intend to find a pattern for them, inspired
by Pascal’s triangle. For this purpose, we first consider the parameters as
α0, α1, α2, . . . , αk−1, for each k, and then we implement Pascal’s algorithm for
them. It should be mentioned that the numerical value of these coefficients
for each k is independent of the values for other k, so it is preferable to write
βj ’s and αj ’s with the exponent (k) as β(k)

j and α
(k)
j . However, to reduce

the complexity of the text, the exponent (k) could be removed from the
coefficients without disturbing the whole. Indeed, the number of coefficients,
which is indicated by an index in them, is affected by k.

Hence, we have the following Pascal’s algorithm for α0, α1, α2, . . . , αk−1:

αk−1, αk−2, . . . , α2, α1, α0, α1, α2, . . . , αk−2, αk−1

αk−1, αk−1 + αk−2, . . . , α1 + α0, α0 + α1, . . . , αk−2 + αk−1, αk−1

αk−1, 2αk−1 + αk−2, . . . , α2 + 2α1 + α0, 2(α1 + α0), α2 + 2α1 + α0, . . . , 2αk−1 + αk−2, αk−1

· · · .

According to the consistency relations of the mentioned references, the
third row of the above triangle, regardless of the signs, is the same as the
coefficients of u in the consistency relation of the spline method of degree
(2k + 1) for solving a BVP of second order as (1). We will demonstrate
that the next rows of this triangle are the coefficients of u in the consistency
relations of the spline methods of degree (2k+1) for solving BVPs of higher
orders (bigger than 2) in future research.

Thus, the following relation with the sign (−1)q+p for each phrase αpui±q,
can be defined as the desired consistency relation for k = 2, 3, 4, . . . :
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−αk−1(ui−k + ui+k) + (2αk−1 − αk−2)(ui−k+1 + ui+k−1)

+(−αk−1 + 2αk−2 − αk−3)(ui−k+2 + ui+k−2) + · · ·+ (2α0 − 2α1)ui

= −h2
β0u′′i +

k∑
j=1

βj(u
′′
i−j + u′′i+j)

 , i = k, k + 1, . . . , n− k. (3)

In the following, to verify the correctness of (3), we compare it to the
consistency relations developed in related papers. A quick review shows that
although the appearance of the coefficients in the consistency relations of
available references slightly differs from what we propose, they are identical
in content. In fact, the other authors have defined these coefficients in terms
of parameter τ :

Equation (3) for k = 2, is the consistency relation of parametric
spline with degree 5 (quintic spline):

− α1(ui−2 + ui+2) + (2α1 − α0)(ui−1 + ui+1) + (−2α1 + 2α0)ui

= −h2
[
β2(u

′′
i−2 + u′′i+2) + β1(u

′′
i−1 + u′′i+1) + β0u

′′
i

]
, i = 2, 3, . . . , n− 2.

One can compare it to the consistency relations in [16, 21, 30, 31].

Equation (3) for k = 3, is the consistency relation of parametric
spline with degree 7 (septic spline):

−α2(ui−3 + ui+3) + (2α2 − α1)(ui−2 + ui+2)

+(−α0 + 2α1 − α2)(ui−1 + ui+1) + (−2α1 + 2α0)ui

= −h2[β3(u′′i−3 + u′′i+3) + β2(u
′′
i−2 + u′′i+2) + β1(u

′′
i−1 + u′′i+1) + β0u

′′
i ],

i = 3, 4, . . . , n− 3.

One can compare it to the consistency relations in [14].

Equation (3) for k = 4, is the consistency relation of parametric
spline with degree 9 (nonic spline):

−α3(ui−4 + ui+4) + (2α3 − α2)(ui−3 + ui+3) + (−α3 + 2α2 − α1)(ui−2 + ui+2)

+(−α2 + 2α1 − α0)(ui−1 + ui+1) + (−2α1 + 2α0)ui

= −h2[β4(u′′i−4 + u′′i+4) + β3(u
′′
i−3 + u′′i+3) + β2(u

′′
i−2 + u′′i+2),

+β1(u
′′
i−1 + u′′i+1) + β0u

′′
i ] i = 4, 5, . . . , n− 4.

One can compare it to the consistency relations in [8, 7].
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2.2 The matrix form

To demonstrate the accuracy of the above cases, namely, the validity of our
claim about the correlation between the consistency relation of the parametric
spline of degree (2k + 1) and Pascal’s algorithm, we need to obtain a matrix
form for (3), dependent on k. For this purpose, we use a matrix C and the
following band matrices, which are (n− 1)× (n− 1)-dimensional and play a
major role in our method:

(A)i,j =



α0, i = j,
α1, |i− j| = 1,
...
αk−1, |i− j| = k − 1,
0, otherwise,

(4)

(B)i,j =



β0, i = j,
β1, |i− j| = 1,
...
βk, |i− j| = k,
0, otherwise.

Since the coefficients of the mentioned samples of consistency relations
can be observed in the rows of the consecutive multiplication of matrix C by
itself, it is expected that the coefficients of (3) is obtained from multiplying
matrix A by the matrix C. Therefore, for each k = 1, 2, . . . , the general
matrix form can be defined for (3) as follows:

(AC)k+1,∗V + h2(B)k+1,∗V
′′ = 0, i = k, k + 1, . . . , n− k. (5)

where k+1,∗ denotes (k + 1)th row of the above matrices. Proportional to k,
we also define the column vectors V and V ′′ as follows:

Vj =

{
ui−k+(j−1), 1 ≤ j ≤ 2k + 1,
0, 2k + 1 < j ≤ n− 1,

and

V ′′
j =

{
u′′i−k+(j−1), 1 ≤ j ≤ 2k + 1,

0, 2k + 1 < j ≤ n− 1,

where Vj and V ′′
j are the jth element of vectors V and V ′′, respectively.

Now, according to (5), we can obtain a set of parametric spline methods
by changing k, without need to know the nature of the elements of matrices A
and B. The numerical values of these elements are determined by expanding
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(5) in Taylor’s series around xi. For this purpose, we first rewrite (5) in the
following form:

(AC)k+1,1(ui−k + ui+k) + (AC)k+1,2(ui−k+1 + ui+k−1) + . . .

+(AC)k+1,k+1ui + h2((B)k+1,1(u
′′
i−k + u′′i+k) + (B)k+1,2(u

′′
i−k+1 + u′′i+k−1)

+ · · ·+ (B)k+1,k+1u
′′
i )

= 0, i = k, k + 1, . . . , n− k.

Note that in the above relation, we used the equalities
(AC)k+1,j = (AC)k+1,2k+(2−j) and (B)k+1,j = (B)k+1,2k+(2−j), 1 ≤ j ≤ k.
These are directly obtained from the definition of band matrices A, B and
C.

Now the local truncation error Ti, corresponding to Taylor’s series of (5)
can be obtained as

Ti =(AC)k+1,1(ui − khu′i +
(−kh)2

2!
u′′i + · · ·+ ui + khu′i +

(kh)2

2!
u′′i + . . . )

+ (AC)k+1,2(ui + (−k + 1)hu′i +
((−k + 1)h)2

2!
u′′i + . . .

+ ui + (k − 1)hu′i +
((k − 1)h)2

2!
u′′i + . . . ) + · · ·+ (AC)k+1,k+1ui

+ h2((B)k+1,1(u
′′
i − khu

(3)
i +

(−kh)2

2!
u
(4)
i + · · ·+ u′′i + khu

(3)
i

+
(kh)2

2!
u
(4)
i + . . . ) + (B)k+1,2(u

′′
i + (−k + 1)hu

(3)
i +

((−k + 1)h)2

2!
u
(4)
i

+ · · ·+ u′′i + (k − 1)hu
(3)
i +

((k − 1)h)2

2!
u
(4)
i + . . . ) + . . .

+ (B)k+1,k+1u
′′
i ).

On simplifying, we get

Ti = (2(AC)k+1,1 + 2(AC)k+1,2 + · · ·+ 2(AC)k+1,k + (AC)k+1,k+1)ui

+(k2(AC)k+1,1 + (k − 1)2(AC)k+1,2 + · · ·+ (k − (k − 1))2(AC)k+1,k

+2(B)k+1,1 + 2(B)k+1,2 + · · ·+ 2(B)k+1,k + (B)k+1,k+1)h
2u′′i

+ · · · .

Equations (2) and (4) give us 2
∑k

j=1(AC)k+1,j + (AC)k+1,k+1 = 0. There-
fore, the first term of the above truncation error, that is, the term with
coefficient ui, is removed. We can obtain classes of the method, namely
several orders of convergence, by utilizing the above truncation error and
eliminating the coefficients of the various powers of h for different choices
of αj ’s and βj ’s. However, since our goal is to obtain the highest order of
convergence, so we choose αj ’s and βj ’s that have the following conditions:

(i) They satisfy the following relation
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k∑
j=1

(k − (j − 1))2(AC)k+1,j + 2

k∑
j=1

(B)k+1,j + (B)k+1,k+1 = 0,

which eliminates the second term of the truncation error, that is, the term
with coefficient h2u′′i . The above relation can be written as follows:

α0 + 2

k−1∑
j=1

αj = β0 + 2

k∑
j=1

βj ,

because from the definition of matrices A and B, we have:

k∑
j=1

(k − (j − 1))2(AC)k+1,j = −α0 − 2

k−1∑
j=1

αj ,

2

k∑
j=1

(B)k+1,j + (B)k+1,k+1 = β0 + 2

k∑
j=1

βj .

In accordance with the papers related to splines, the following relation is
provided for α0 and β0:

α0 + 2

k−1∑
j=1

αj = 1 = β0 + 2

k∑
j=1

βj .

In other words,

α0 = 1− 2

k−1∑
j=1

αj , (6)

and

β0 = 1− 2

k∑
j=1

βj . (7)

For more details, the interested readers are advised to see [11, 16, 20, 19,
21, 22, 25] and other related papers.

(ii) The remaining unknown elements, namely the following (2k − 1) co-
efficients are chosen in such a way that the terms with coefficient h4u(4)i to
h4ku

(4k)
i , in the truncation error, are eliminated:

α1, α2, . . . , αk−1, β1, β2, . . . , βk.

Therefore the local truncation error associated with (5) is O(h4k+2),
k = 1, 2, . . . . Consequently, the proposed method is convergent of order
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O(h4k), k = 1, 2, . . . .

2.3 Spline solution

Now we discretize (1) as u′′i = fi+giui, i = 1, 2, . . . , n−1, at the grid points,
where fi = f(xi), gi = g(xi). As a result, the vector V ′′ can be rewritten as

V ′′
j =

{
fi−k+(j−1) + gi−k+(j−1)ui−k+(j−1), 1 ≤ j ≤ 2k + 1,
0, 2k + 1 < j ≤ n− 1.

If we substitute V ′′ in (5) for i = k, k + 1, . . . , n− k, then a system with
(n−2k+1) linear algebraic equations and (n−1) unknowns as u1, u2, . . . , un−1

is obtained. Note that u0 = λ and un = γ. It can be represented in the matrix
form as follows:

D̃U = R̃, (8)

where U = [u1, u2, . . . , un−1]
T is a column vector with (n − 1) elements.

Moreover, D̃ is a matrix of order (n− 2k+1)× (n− 1), indicated as follows:

D̃ = (AC) + h2BG,

with G = diag(g1, g2, . . . , gn−1). Matrices AC and B are also defined by
omitting the (k − 1) first and last rows of matrices AC and B, respectively.
In other words, for 1 ≤ i ≤ n− 2k + 1 and 1 ≤ j ≤ n− 1, we have

(AC)i,j = (AC)k+(i−1),j , (B)i,j = (B)k+(i−1),j .

Finally, the vector R̃ is given by

R̃i = −h2
2k+1∑
j=1

(B)k+1,jfj+i−2

+

−u0
(
(AC)k+1,1 + h2g0(B)k+1,1

)
, i = 1,

0, 2 ≤ i ≤ n− 2k,
−un

(
(AC)k+1,1 + h2gn(B)k+1,1

)
, i = n− 2k + 1.

2.4 Development of the boundary formulas

To obtain a unique solution for the system (8), we need (2(k − 1)) more
equations; thus, we define them in the following form:
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k+i+1∑
j=0

α̂i
juj + h2

4k−1∑
j=0

β̂i
ju

′′
j = 0, i = 1, 2, . . . , k − 1,

k+i+1∑
j=0

α̂i
n−jun−j + h2

4k−1∑
j=0

β̂i
n−ju

′′
n−j = 0, i = n− (k − 1), . . . , n− 2, n− 1.

In order to use the band matrices in the new system, that is, system
(8) along with the above equations, we use the following replacements for
j = 1, 2, . . . , i+ k:

α̂i
j = (AC)i,j , i = 1, 2, . . . , k − 1,

α̂i
n−j = (AC)i,n−j , i = n− (k − 1), . . . , n− 2, n− 1.

These replacements simplify the convergence analysis of the method. The
other unknown coefficients, β̂i

j ’s and β̂i
n−j ’s, are determined by considering

the local truncation error of order O(h4k+2) for the added equations and
using Taylor’s expansion of these equations for i = 1, 2, . . . , k − 1 around x0
(or for i = n− (k − 1), . . . , n− 2, n− 1 around xn).

On the other hand, from (2) and (4), we have (AC)i,j = (AC)n−i,n−j .
Consequently, α̂i

j = α̂n−i
n−j and β̂i

j = β̂n−i
n−j . Considering these justifications,

system (8) is converted to the following system:

DU = R, (9)

with

D = AC + h2B̂G, (10)

where the matrix B̂ is (n− 1)× (n− 1)-dimensional as the following form:

(B̂)i,j =

 (B̂)n−i,n−j = β̂i
j , 1 ≤ i ≤ k − 1, 1 ≤ j ≤ 4k − 1

(B)i,j , for other i, j.

(11)

For the column vector R with (n− 1) elements, we have

Ri =


−u0(α̂i

0 + h2g0β̂i
0)− h2(β̂i

0f0 +
∑4k−1

j=1 (B̂)i,jfj), 1 ≤ i ≤ k − 1,

R̃i−(k−1), k ≤ i ≤ n− k,

−un(α̂i
n + h2gnβ̂i

n)− h2(β̂i
nfn +

∑4k−1
j=1 (B̂)i,jfn−j), n− k + 1 ≤ i ≤ n− 1.

Finally, by solving the system (9), we obtain the solution vector U, the
elements of which are approximately equal to the solution of (1) at nodes
x1, x2, . . . , xn−1.
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3 Numerical results

In order to test the viability of the proposed method and to demonstrate
its convergence computationally, some BVPs including the cases of linear,
nonlinear, perturbed, and system are considered. We measure the accuracy
in the discrete maximum norm

∥E∥ = ∥U − Uexact∥ = max
1≤i≤n−1

|Ui − (Uexact)i|,

and the convergence rate for linear and perturbed cases

CR = log2(
∥En∥
∥E2n∥

),

where ∥En∥ and ∥E2n∥ are the maximum absolute errors on n and 2n grid
points, respectively. The results are listed in tables for different choices of n
and k. From the tables, we see that the quantity CR is close to 4k for each
k. In other words, by reducing the step size from h to h

l , the observed errors
are approximately reduced by a factor ( 1l )4k verifying the convergence order
of the presented method, that is, O(h4k), k = 1, 2, . . . . For example, in the
rows related to n = 16 and n = 64 from Table (1), it is observed that the
maximum absolute error is decreased by a factor ( 14 )4k when n = 16 is varied
to n = 64. Namely, we have

for k = 1 : (6.72 ∗ (10−9)) ∗ (1
4
)4∗1 ≃ 2.63 ∗ (10−11),

for k = 2 : (3.12 ∗ (10−15)) ∗ (1
4
)4∗2 ≃ 8.09 ∗ (10−21),

The outcomes indicate that our presented method produces more accurate
results in comparison with those obtained by other methods. It should be
mentioned that the computations associated with the examples in this paper
were performed using Mathematica 8.0. Run applications were done in just
a few minutes. The numerical results in tables were written just for some
values of k, but we could solve the examples for other values and the results
are quite satisfactory as was already expected.

In addition, we have used some plots to illustrate the behavior of the
numerical solutions. Furthermore, since B̂ is (n − 1) × (n − 1)-dimensional,
in (11) we should have 4k − 1 ≤ n − 1 and k − 1 ≤ n − 1, which results in
4k ≤ n. This can be seen in the results tables.

Example 1. We consider the following linear two-point BVP:

u′′(x)− u(x) = x2 − 2,
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u(0) = 0, u(1) = 1.

The exact solution is

u(x) = 2

(
sinh(x)
sinh(1)

)
− x2.

The corresponding maximum absolute errors and convergence rates in our
computed solutions are listed in Tables (1) and (2), respectively. Rashidinia,
Jalilian, and Mohammadi [21] solved this problem by using the nonpolyno-
mial quintic spline. Although their method is similar to ours for k = 2, the
only difference is that they used a lower order of convergence of the method,
see Table (3).

The graph of the exact and approximate solutions of Example (1) for
n = 20 and k = 1, 2, 3, 4, 5 is depicted in Figure (1).
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Figure 1: Plot of the exact and numerical solutions of Example (1) for k = 1, 2, 3, 4, 5

and n = 20

.

Example 2. We consider the following nonlinear BVP, the classical Bratu’s
problem:

u′′(x) + ηeu(x) = 0,

u(0) = u(1) = 0,

where η > 0. The exact solution is
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u(x) = −2 ln
(
cosh((x− 1

2 )
θ
2 )

cosh( θ4 )

)
,

where θ =
√
2η cosh( θ4 ). The Bratu’s problem has zero, one, or two solutions

when η > ηc, η = ηc, and η < ηc, respectively, where the critical value ηc
satisfies the equation 1 = 1

4

√
2ηc sinh( θ4 ) and it was evaluated in [5, 12] that

the critical value ηc is given by ηc = 3.513830719.
We have solved this example for η = 1, 2, and 3.51 using our method with

different values of k and tabulated the results in Tables (4), (5), and (6). Note
that, in this example, we have used the Newton–Raphson algorithm, just with
two iterations. Thus, there are errors related to the initial conjecture and
the number of iterations, in addition to the error of our method. Tables (7)
and (8) contain the comparison of our results and the results in [6, 13, 31].
The method in [31] is the same as our method for k = 2 with a lower order of
convergence. Note that, the mentioned references have presented the outputs
of their methods only for n = 10, so for the sake of comparison, in Table (7),
we have to show the results of our method only for this value of n. We can
use both k = 1 and k = 2 (according to condition 4k ≤ n ), but k = 2
provides better results. Thus, we display its maximum absolute error.

Figure (2) plots the graphs of analytic and approximate solutions of Ex-
ample (2) for n = 20, η = 1, and k = 1, 2, 3, 4, 5.
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Figure 2: Plot of the exact and numerical solutions of Example (2) for k = 1, 2, 3, 4, 5

and n = 20, η = 1

.
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Example 3. We consider the following singularly Perturbed BVP:

ϵu′′(x) = u(x) + cos2(πx) + 2ϵπ2 cos(2πx),
u(0) = u(1) = 0.

The exact solution is given by

u(x) =
exp(−(1−x)√

ϵ
) + exp(−x√

ϵ
)

1 + exp(−1√
ϵ
)

− cos2(πx).

The maximum absolute errors and convergence rates for ϵ = 1
16 are tabu-

lated in Tables (9) and (10), respectively. The results for this example from
[4, 8, 17, 22, 27] are listed in Table (11). Note that the method used in [4, 22]
is the same as our method for k = 2, but with a lower order of convergence.
The results of [8] are also the same as the results of our method for k = 4.

We observe from Figure (3) that the graphic of the approximate solution
of Example (3) for n = 20 and k = 1, 2, 3, 4, 5 coincides with the graphic of
the exact solution.
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Figure 3: Plot of the exact and numerical solutions of Example (3) for k = 1, 2, 3, 4, 5
and n = 20

.

Example 4. We consider a BVP in calculus of variations, that is, the prob-
lem of finding the extremal of the functional [23]:
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J [uI(x), uII(x)] =

∫ π
2

0

(
u′2I (x) + u′2II(x) + 2uI(x)uII(x)

)
dx,

with boundary conditions{
uI(0) = 0, uI(

π
2 ) = 1,

uII(0) = 0, uII(
π
2 ) = −1.

The exact solution is given by uI(x) = −uII(x) = sin(x). For this prob-
lem, the corresponding Euler–Lagrange equations are{

u′′I (x) = uII(x),
u′′II(x) = uI(x),

that is, a system of equations such as (1). It should be mentioned that in this
example, we compute ∥EuI

∥ and ∥EuII
∥, but one of them is displayed in Table

(12), because, the value of both norms is the same. This example has already
been solved by using cubic [29] and quintic [30] parametric spline methods,
namely, the same as our method for k = 1 and k = 2 (with a lower conver-
gence order), respectively. The sinc-Galerkin method [28] is also the other
method that has been used for solving the above problem. The mentioned
references have provided the numerical results only for n = 5, 10, 20, . . . , 50.
To make a proper comparison with these methods, we have shown our results
only for these values, in Table (13). We have selected k’s that apply to con-
dition 4k ≤ n and give the best outputs. For instance, for n = 50, we could
display the numerical results of our method for k = 1, 2, 3, . . . , 12, but since
k = 12 gives the best result, we display its maximum absolute error.

The numerical results of Example (4) for n = 20 and k = 1, 2, 3, 4, 5 are
plotted in Figure (4). Note that we have displayed this graph just for uI(x).
Similarly, it can be shown for uII(x).

4 Conclusion

A long process is needed to obtain the differential relations of spline-based
methods. Therefore, it is important to use a method that has considerably
less computational effort with high accuracy and improves the spline meth-
ods. In this paper, for the first time, a generalized form of methods based on
parametric splines of degree (2k+1), k = 1, 2, . . . , was introduced that has all
the mentioned properties. A very good accuracy of this method was demon-
strated for solving some linear, nonlinear, perturbed, and system of BVPs.
We mention some advantages of our method in the following remarks.

Remark 1. It is necessary to obtain the criterion of spline function in the
spline methods. For instance, in the parametric spline method, this criterion
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Figure 4: Plot of the exact and numerical solutions of Example (4) for k = 1, 2, 3, 4, 5

and n = 20

.

Table 1: Maximum absolute errors for Example (1).

n k = 1 k = 2 k = 3 k = 4 k = 5 k = 6 k = 7 . . .

4 1.66E−6 − − − − − −
8 1.07E−7 2.24E−12 − − − − −
12 2.13E−8 4.92E−14 1.13E−18 − − − −
16 6.72E−9 3.12E−15 2.43E−20 2.10E−25 − − −
20 2.76E−9 3.62E−16 1.19E−21 4.44E−27 1.74E−32 − −
24 1.33E−9 6.17E−17 9.97E−23 1.84E−28 3.64E−34 7.42E−40 −
28 7.18E−10 1.37E−17 1.21E−23 1.23E−29 1.34E−35 1.52E−41 1.77E−47
...
64 2.63E−11 8.09E−21 1.34E−28 5.35E−36 2.28E−43 1.02E−50 4.75E−58
128 1.64E−12 2.61E−23 8.75E−33 2.22E−41 6.07E−50 1.74E−58 5.16E−67
256 1.02E−13 9.71E−26 5.52E−37 8.84E−47 1.52E−56 2.76E−66 5.18E−76
512 6.43E−15 3.74E−28 4.03E−41 3.44E−52 3.73E−63 4.25E−74 5.01E−85
1024 4.02E−16 1.45E−30 6.27E−45 1.32E−57 9.02E−70 6.43E−82 4.75E−94
...
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Table 2: Convergence Rates, Example (1).

n k = 1 k = 2 k = 3 k = 4 k = 5 . . .

64 4.00 8.27 13.90 17.87 21.84
128 4.00 8.07 13.95 17.93 21.92
256 3.98 8.02 13.74 17.97 22.10
512 3.99 8.01 12.65 17.99 21.83

Table 3: Maximum absolute errors in [21] for Example (1).

n Second-order [21] Fourth-order[21] Sixth-order[21]
8 1.09E−4 5.22E−8 8.75E−11
16 3.06E−5 2.31E−9 5.74E−13
32 8.11E−6 1.34E−10 2.30E−14
64 2.09E−6 8.42E−12 3.68E−14

Table 4: Maximum absolute errors for Example (2), η = 1.

n k = 1 k = 2 k = 3 k = 4 k = 5 . . .

4 1.17E−5 − − − −
8 7.23E−7 1.78E−9 − − −
12 1.42E−7 1.72E−11 8.37E−13 − −
16 4.50E−8 5.50E−13 6.32E−15 5.89E−16 −
20 1.84E−8 4.20E−14 2.94E−16 3.08E−16 3.98E−16
24 8.89E−9 6.63E−15 2.22E−16 2.77E−16 2.91E−16
28 4.79E−9 1.38E−15 4.16E−16 4.99E−16 2.49E−16
32 2.81E−9 1.41E−15 5.82E−16 4.30E−16 4.44E−16
36 1.75E−9 3.33E−16 1.05E−15 6.10E−16 1.38E−16
...

Table 5: Maximum absolute errors for Example (2), η = 2.

n k = 1 k = 2 k = 3 k = 4 k = 5 . . .

4 1.58E−4 − − − −
8 9.55E−6 1.22E−7 − − −
12 1.87E−6 4.09E−10 3.32E−10 − −
16 5.92E−7 8.14E−11 2.38E−12 1.07E−12 −
20 2.42E−7 1.09E−11 3.06E−13 1.78E−14 3.88E−15
...
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Table 6: Maximum absolute errors for Example (2), η = 3.51.

n k = 1 k = 2 k = 3 k = 4 k = 5 . . .

4 5.55E−1 − − − −
8 2.88E−3 2.29E−4 − − −
12 5.51E−4 2.46E−5 9.43E−6 − −
16 1.73E−4 6.92E−7 9.35E−7 4.08E−7 −
20 7.08E−5 1.18E−8 4.85E−9 4.00E−8 1.74E−8
...

Table 7: Comparison of ∥E∥ for Example (2), η = 1 n = 10.

n Our method for k = 2 Method[31] Method[6]
10 1.44E−10 5.87E−10 8.89E−6

Table 8: Comparison of ∥E∥ for Example (2) with η = 1, 2 and 3.51.

Our method Method[13]
n η = 1 η = 2 η = 3.51 η = 1 η = 2 η = 3.51

8 1.78E−9(k= 2) 1.22E−7(k= 2) 2.29E−4(k= 2) 5.64E−9 4.53E−8 3.51E−5
16 5.89E−16(k= 4) 1.07E−12(k= 4) 4.08E−7(k= 4) 4.66E−11 1.76E−9 1.45E−7
32 4.30E−16(k= 4) 6.71E−15(k= 3) 9.32E−10(k= 2) 8.33E−13 2.13E−11 1.02E−9
64 4.71E−16(k= 6) 3.60E−15(k= 3) 1.37E−9(k= 2) 9.21E−15 2.87E−13 1.48E−11
128 2.22E−15(k= 6) 4.99E−16(k= 6) 1.37E−9(k= 2) − 2.47E−14 1.58E−13

Table 9: Maximum absolute errors for Example (3), ϵ = 1
16
.

n k = 1 k = 2 k = 3 k = 4 k = 5 k = 6 k = 7 . . .

4 1.15E−2 − − − − − −
8 6.65E−4 4.45E−5 − − − − −
12 1.29E−4 7.49E−8 5.02E−8 − − − −
16 4.07E−5 2.73E−8 4.75E−10 1.72E−11 − − −
20 1.66E−5 5.10E−9 1.50E−12 2.17E−13 2.45E−15 − −
24 8.01E−6 1.05E−9 1.03E−12 3.93E−15 3.53E−17 1.73E−19 −
28 4.32E−6 2.58E−10 2.17E−13 1.51E−17 7.65E−19 2.67E−21 6.76E−24
...
64 1.58E−7 9.10E−14 4.72E−18 2.66E−22 1.51E−26 8.18E−31 3.78E−35
128 9.87E−9 2.26E−16 3.28E−22 1.28E−27 5.36E−33 2.31E−38 1.02E−43
256 6.17E−10 9.47E−19 2.08E−26 5.21E−33 1.40E−39 3.95E−46 1.14E−52
512 3.86E−11 3.76E−21 1.29E−30 2.02E−38 3.43E−46 6.10E−54 1.12E−61
1024 2.41E−12 1.47E−23 7.92E−35 7.78E−44 8.25E−53 9.18E−62 1.05E−70
...
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Table 10: Convergence Rates, Example (3).

n k = 1 k = 2 k = 3 k = 4 k = 5 . . .

64 4.00 8.65 13.81 17.66 21.42
128 3.99 7.89 13.94 17.90 21.86
256 3.99 7.97 13.97 17.97 21.96
512 4.00 7.99 13.99 17.98 21.98

Table 11: Comparison of ∥E∥ for Example (3), ϵ = 1
16
.

n Method[8] Method[17] Method[4] Method[22] Method[27]
16 1.72E−11 1.22E−6 1.57E−5 4.07E−5 1.20E−4
32 1.52E−17 6.45E−9 8.79E−7 2.53E−6 7.47E−6
64 2.66E−22 3.40E−11 5.32E−8 1.58E−7 4.67E−7
128 1.28E−27 1.03E−12 3.30E−9 9.87E−9 2.90E−8

Table 12: Maximum absolute errors for Example (4).

n k = 1 k = 2 k = 3 k = 4 k = 5 k = 6 k = 7 . . .

4 2.76E−5 − − − − − −
8 1.72E−6 1.80E−10 − − − − −
12 3.41E−7 3.37E−12 5.75E−16 − − − −
16 1.08E−7 1.97E−13 1.03E−17 6.79E−22 − − −
20 4.44E−8 2.32E−14 4.72E−19 1.22E−23 3.53E−28 − −
24 2.14E−8 4.16E−15 3.74E−20 4.60E−25 6.41E−30 9.33E−35 −
28 1.15E−8 1.00E−15 4.37E−21 2.92E−26 2.16E−31 1.69E−36 1.37E−41
...
512 1.03E−13 3.66E−26 1.97E−38 5.96E−49 3.95E−59 2.75E−69 1.98E−79
...

Table 13: Comparison of ∥E∥ for Example (4).

n Our method Method[30] Method[29] Method[28]
5 1.12E−5(k= 1) − 1.12E−5 −
10 2.02E−11(k= 2) 6.70E−10 7.05E−7 2.72E−4
20 3.53E−28(k= 5) 7.07E−12 4.44E−8 8.69E−6
30 1.74E−42(k= 7) 8.10E−13 8.77E−9 5.65E−7
40 2.61E−63(k= 10) 1.55E−13 2.78E−9 5.47E−8
50 9.59E−67(k= 12) 4.21E−14 − 6.93E−9
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is obtained by solving a special ordinary differential equation. Or nonpolyno-
mial spline is a function with unknown coefficients that should be determined
accordingly. In all these cases, some time-consuming calculations are needed,
while the criterion and coefficients of no function are required in our method.
Remark 2. The continuity property of spline and its derivatives in grid
points plays a major role in all of the spline methods. One can use this
property to obtain the required spline relations. In this paper, instead of
using the properties of spline directly, to save time and reduce calculations, we
derived the consistency relations from a special algorithm and then obtained
its matrix form by defining some band matrices.
Remark 3. The approximate solution converges to the exact solution of
order O(h4k). It follows that ∥E∥ → 0 as h → 0. The convergence occurs
more quickly when k is a larger number. Indeed, the order of error is not
fixed and decreases by increasing the value of k. It is regarded as one of our
method’s advantages. In addition, since we have h = b−a

n , it concludes that
∥E∥ = O(( b−a

n )4k). This indicates that an increasing k is more effective than
that n in reducing error. It can be seen in the tables containing numerical
results.
Remark 4. We claim that the proposed method can be applied to solve other
similar differential equations in particular as u(2m)(x) = f(x) + g(x)u(x),
where m indicates a positive integer. This will be considered in our future
research. Moreover, because of the adequate flexibility and expandability of
this method, there is a possibility of achieving the generalized form of the
methods based on splines with the degree (2k), k = 1, 2, . . . .
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Abstract

In this paper, the standard collocation approach is used to solve multi-order
fractional integro-differential equations using Caputo sense. We obtain the
integral form of the problem and transform it into a system of linear alge-
braic equations using standard collocation points. The algebraic equations
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result is obtained. We establish the method’s uniqueness as well as the
convergence of the method. Numerical examples show that the developed
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Keywords: Integro-differential equations; Collocation method; Fredholm-
Volterra equations; Multi- order.

1 Introduction

Fractional calculus is one of the subfields of mathematics that looks at the
characteristics of the derivatives and integrals of noninteger orders. This
discipline examines the notion and method of solving differential equations
with fractional derivatives of unknown functions. In recent years, a signif-
icant amount of interest in fractional calculus has emerged as a result of
the fact that it may be used in a wide variety of fields of scientific inter-
est; see [9]. Some of the numerical methods for the solution of fractional
integro-differential equations developed in the literature include: Multi-order
fractional by [12, 5, 16], Collocation method by [1, 3], Least square method
by [13], Adomian decomposition method by [10], Chebyshev cardinal func-
tions by [8], Laplace decomposition method by [11, 18, 14], Taylor expan-
sion method by [7, 19], Haar wavelets by [4], Legendre Wavelets Method
[6], and variational iteration method by [17]. Collocation approach to first-
order Volterra integro-differential equations. The class of integro-differential
equations was reformulated to assume an approximate solution in terms of
the constructed polynomial. After solving for the unknown, we obtained a
system of linear algebraic equations by collocating the resulting equation at
various places within the range [0, 1] [2]. The Laplace Adomian decompo-
sition technique based on the Bernstein polynomial is employed to obtain
an approximate solution for solving Volterra integral and integro-differential
equations. Rani and Mistra [15] concluded that only orthogonal polynomi-
als such as Legendre, Chebyshev, or Jacobi polynomials can improve the
Adomian decomposition method.

In this research, we present efficient method for solving multi-order frac-
tional integro-differential equations with fractional derivatives of the form

Dβy(x) =

N∑
j=0

qj(x)D
αjy(x)+h(x)+

∫ b

0

k1(x, t)y(t)dt+

∫ x

0

k2(x, t)y(t)dt

(1)
subject to the initial condition

y(j)(aj) = λj , j = 0, 1, . . . , n− 1, n ∈ N, β > αN , (2)

where y(x) is the unknown function to be determined, Dαj and Dβ are
Caputo’s derivative, and h(x) is the force known prior. Moreover, k1(x, t) and
k2(x, t) are the Fredholm and Volterra integral kernel functions, respectively.
Also, qj(x) is the known function and aj and λj are known constants.
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2 Basic definitions

In this section, we present certain definitions and fundamental ideas of frac-
tional calculus for the purpose of the formulation of the problem that has
been presented.
Definition 1. The Caputo derivative with order α > 0 of the given function
f(x), x ∈ (a, b) is defined as [11]

C
xD

α
a y(x) =

1

Γ(m− α)

∫ x

a

(x− s)m−α−1y(m)(s)ds, (3)

where m− 1 ≤ α ≤ m, m ∈ N, x > 0.
Definition 2. Let (an) , n ≥ 0 be a sequence of real numbers. The power
series in x with coefficients an is an expression [11]

y(x) = a0 + a1x+ a2x
2 + a3x

3 + · · · aNxN =

N∑
n=0

anx
n = ϕ(x) A, (4)

where ϕ(x) = [1 x x2 · · · xN ], A = [a0 a1 · · · aN ]
T . Then

y(x, n) = xnA, n = 0(1)N, n ∈ Z+.
Definition 3 (Standard Collocation Method (SCM)). This method is used
to determine the desired collocation points within an interval, [a, b] and is
given by [1]

xi = a+
(b− a)i

N
, i = 1, 2, 3, . . . , N. (5)

Definition 4. Let y(x) be a continuous function. Then [3]

0I
β
x

(
C
0 D

β
xy(x)

)
= y(x)−

N∑
k=0

y(k)(0)

k!
xk, (6)

where m− 1 < β < 1.
Definition 5. Let p(s) be an integrable function. Then [3]

0I
β
x (p(s)) =

1

Γ(β)

∫ x

0

(x− s)β−1p(s)ds. (7)

Definition 6. The Riemann–Liouville derivative of order α > 0 with n−1 <
α < n of the power function f(t) = tp−α is given by [11]

Dαtp =
Γ(p+ 1)

Γ(p− α+ 1)
tp−α. (8)

Definition 7. A metric on a set M is a function d :M ×M −→ R with the
following properties, for all x, y ∈M [3],
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(a) d(x, y) ≥ 0,

(b) d(x, y) = 0 ⇐⇒ x = y,

(c) d(x, y) = d(y, x),

(d) d(x, y) ≤ d(x, z) + d(x, y).

If d is a metric on M , then the pair (M,d) is called a metric space.

Definition 8. Let (X, d) be a metric space. A mapping T : X −→ X is Lip-
schitzian if ∃ a constant L > 0 such that d(Tx, Ty) ≤ Ld(x, y) for all x, y ∈
X [3].

3 Mathematical background

In this section, we develop an enhanced method for the numerical solution
of multi-order fractional integro-differential equations. This method is based
on the collocation approach and also considered power series polynomials as
our basic function.

Theorem 1 (Banach’s fixed point theorem). Let (X, d) be a complete metric
space. It follows that each contraction mapping T : X −→ X has a unique
fixed point x of T in X, such that T (x) = x.

Lemma 1 (Integral form). Let y(x) be a solution to (1) subject to (2). Then
the integral form is

y(x) =W (x) +

N∑
j=0

1

Γ(mj − αj)

1

Γ(β)

×
∫ x

0

(x− s)β−1qj(s)

[∫ s

0

(s− t)mj−αj−1y(mj)(t)dt

]
ds

+
1

Γ(β)

∫ x

0

(x− s)β−1

(∫ b

0

k1(s, t)y(t)dt

)
ds

+
1

Γ(β)

∫ x

0

(x− s)β−1

(∫ s

0

k2(s, t)y(t)dt

)
ds, (9)

where

W (x) =

N∑
k=0

y(k)(0)

k!
xk +

1

Γ(β)

∫ x

0

(x− s)β−1h(s)ds.

Proof. Multiplying (1) by 0I
β
x (·) gives

0I
β
x

(
Dβy(x)

)
= 0I

β
x

 N∑
j=0

qj(x)D
αjy(x)


Iran. J. Numer. Anal. Optim., Vol. 13, No. 4, 2023, pp 604–626



Ajileye, Oyedepo, Adiku and Sabo 608

+ 0I
β
x (h(x)) + 0I

β
x

(∫ b

0

k1(x, t)y(t)dt

)

+ 0I
β
x

(∫ s

0

k2(s, t)y(t)dt

)
. (10)

Using (6) on (9) gives

y(x) =

N∑
k=0

y(k)(0)

k!
xk + 0I

β
x

 N∑
j=0

qj(x)D
αjy(x)


+ 0I

β
x (h(x)) + 0I

β
x

(∫ b

0

k1(x, t)y(t)dt

)

+ 0I
β
x

(∫ s

0

k2(s, t)y(t)dt

)
. (11)

Applying (3) and (7) to (11) gives

y(x) =

N∑
k=0

y(k)(0)

k!
xk +

1

Γ(β)

∫ x

0

(x− s)
β−1

×

 N∑
j=0

qj(x)
1

Γ(mj − αj)

∫ s

0

(s− t)
mj−αj−1

y(mj)(t)dt

 ds

+
1

Γ(β)

∫ x

0

(x− s)
β−1

h(s)ds

+
1

Γ(β)

∫ x

0

(x− s)
β−1

(∫ b

0

k1(x, t)y(t)dt

)
ds

+
1

Γ(β)

∫ x

0

(x− s)
β−1

(∫ s

0

k2(s, t)y(t)dt

)
ds. (12)

Substituting (4) into (12) gives

y(x) =

N∑
k=0

y(k)(0)

k!
xk +

1

Γ(β)

∫ x

0

(x− s)
β−1

×

 N∑
j=0

qj(x)
1

Γ(mj − αj)

∫ s

0

(s− t)
mj−αj−1 dmj

dtmj
(ϕ(t)) dtA

 ds

+
1

Γ(β)

∫ x

0

(x− s)
β−1

h(s)ds+
1

Γ(β)

∫ x

0

(x− s)
β−1

×

(∫ b

0

k1(x, t)ϕ(t)dt

)
dsA +

1

Γ(β)

∫ x

0

(x− s)
β−1
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×
(∫ s

0

k2(s, t)ϕ(t)dt

)
dsA. (13)

3.1 Method of solution

Collocating at xi in (13) gives

y(xi) =W (xi) +

N∑
j=0

1

Γ(mj − αj)

1

Γ(β)

∫ xi

0

(xi − s)β−1qj(s)

×
(∫ s

0

(s− t)mj−αj−1 d
mj

dtmj
(ϕ(t)) dt

)
ds A

+
1

Γ(β)

∫ xi

0

(xi − s)β−1

(∫ b

0

k1(s, t)ϕ(t)dt

)
dsA

+
1

Γ(β)

∫ xi

0

(xi − s)β−1

(∫ s

0

k2(s, t)ϕ(t)dt

)
ds A, (14)

where

W (xi) =

N∑
k=0

y(k)(0)

k!
xk +

1

Γ(β)

∫ x

0

(x− s)β−1h(s)ds.

Simplifying (14) gives

ϕ(xi)A =W (xi) +



∑N
j=0

1

Γ(mj − αj)

1

Γ(β)

∫ xi

0
(xi − s)β−1qj(s)

×
(∫ s

0
(s− t)mj−αj−1 d

mj

dtmj
(ϕ(t)) dt

)
ds

+
1

Γ(β)

∫ xi

0
(xi − s)β−1

×
(∫ b

0
k1(s, t) (ϕ(t)) dt+

∫ s

0
k2(s, t) (ϕ(t)) dt

)
ds


A.

(15)
Factorizing the values of A from (15) gives

ϕ(xi)−
∑N

j=0

1

Γ(mj − αj)

1

Γ(β)

∫ xi

0
(xi − s)β−1qj(s)

×
(∫ s

0
(s− t)mj−αj−1 d

mj

dtmj
(ϕ(t)) dt

)
ds −

1

Γ(β)

∫ xi

0
(xi − s)β−1

×
(∫ b

0
k1(s, t) (ϕ(t)) dt+

∫ s

0
k2(s, t) (ϕ(t)) dt

)
ds


A =W (xi). (16)
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Equation (16) can be in the form

V (xi)A =W (xi), (17)

where

V (xi) = ϕ(xi)−
N∑
j=0

1

Γ(mj − αj)

1

Γ(β)

∫ xi

0

(xi − s)β−1qj(s)(∫ s

0

(s− t)mj−αj−1 d
mj

dtmj
(ϕ(t)) dt

)
ds − 1

Γ(β)

∫ xi

0

(xi − s)β−1(∫ b

0

k1(s, t) (ϕ(t)) dt+

∫ s

0

k2(s, t) (ϕ(t)) dt

)
ds (18)

and
A =[a0 a1 · · · aN ]

T

multiply both sides of (17) by V −1(xi) gives

A =V −1(xi)W (xi). (19)

Lemma 2. Let y(t) be approximated by (10) and let

L(x) = 0I
β
x

 N∑
j=0

qj(x)D
αjy(x)

 . (20)

If qj(s) = spj , then

L(x;n) = Γ(n+ 1)Γ(n− αj + pj + 1)

Γ(n− αj + 1)Γ(β + n− αj + pj + 1)
x
β+n−αj+pj

i A. (21)

Proof. Applying (3) and (7) into (20) gives

0I
β
x

 N∑
j=0

qj(x)D
αjy(x)

 =

N∑
j=0

1

Γ(mj − αj)

1

Γ(β)

∫ xi

0

(x− s)β−1qj(s)[∫ s

0

(s− t)mj−αj−1y(mj)(t)dt

]
ds. (22)

Substituting (8) into (22) gives

0I
β
x

 N∑
j=0

qj(x)D
αjy(x)


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=

N∑
j=0

1

Γ(mj − αj)

1

Γ(β)

∫ x

0

(x− s)β−1Spj

[∫ s

0

(s− t)mj−αj−1

(
Γ(n+ 1)

Γ(n−mj + 1)
tn−mj

)
dt

]
ds A. (23)

Let s − t = (1 − v)s. Then t = vs =⇒ dt

dv
= s =⇒ dt = sdv. Substituting

them into (23) gives

0I
β
x

 N∑
j=0

qj(x)D
αjy(x)


=

N∑
j=0

Γ(n+ 1)

Γ(mj − αj)Γ(n−mj + 1)

1

Γ(β)

∫ x

0

(x− s)β−1Spj

[
Sn−αj

∫ 1

0

(1− v)mj−αj−1V n−mjdt

]
ds A. (24)

Simplifying (24), we get

L(x;n) = Γ(n+ 1)Γ(n− αj + pj + 1)

Γ(n− αj + 1)Γ(β + n− αj + pj + 1)
xβ+n−αj+pjA. (25)

Lemma 3. Let y(t) be approximated by (10) and let

E(x) = 0I
β
x

[∫ b

0

k1(s, t)y(t)dt+

∫ s

0

k2(s, t)y(t)dt

]
. (26)

If k1(s, t) = srtσ k2(s, t) = sgtv, then

E(x;n) =


br+n+1Γ(r + 1)

(σ + n+ 1)Γ(β + r + 1)
xβ+r +

Γ(g + v + n+ 2)

(v + n+ 1)Γ(β + g + v + n+ 2)
xβ+g+v+n+1

A. (27)

Proof. Applying (10) to (26) gives

0I
β
x

[∫ b

0

k1(s, t)y(t)dt+

∫ s

0

k2(s, t)y(t)dt

]

=
1

Γ(β)

∫ x

0

(x− s)β−1
0

[∫ b

0

k1(s, t)y(t)dt+

∫ s

0

k2(s, t)y(t)dt

]
ds.
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Substituting k1(s, t) = srtσ k2(s, t) = sgtv gives

0I
β
x

[∫ b

0

k1(s, t)y(t)dt+

∫ s

0

k2(s, t)y(t)dt

]

=
1

Γ(β)

∫ x

0

(x− s)β−1

(∫ b

0

srtσy(t)dt

)
ds

+
1

Γ(β)

∫ x

0

(x− s)β−1

(∫ s

0

sgtvy(t)dt

)
ds. (28)

Applying (4) to (28) and simplifying give

0I
β
x

[∫ b

0

k1(s, t)y(t)dt+

∫ s

0

k2(s, t)y(t)dt

]

=
1

Γ(β)

∫ x

0

(x− s)β−1

[
sr

bσ+n+1

σ + n+ 1

]
A ds

+
1

Γ(β)

∫ x

0

(x− s)β−1

[
sg

sv+n+1

v + n+ 1

]
A ds. (29)

Let x − s = (1 − u)x. Then s = ux =⇒ ds = xdu. Substituting them into
(29) gives

0I
β
x

[∫ b

0

k1(s, t)y(t)dt+

∫ s

0

k2(s, t)y(t)dt

]

=


bσ+n+1

Γ(β) (σ + n+ 1)

∫ 1

0
((1− u)x)

β−1
(ux)rx du +

1

Γ(β) (v + n+ 1)

∫ 1

0
((1− u)x)

β−1
(ux)g+v+n+1 x du

A. (30)

Solving (30) gives

E(x;n) =


bσ+n+1Γ(r + 1)

(σ + n+ 1)Γ(β + r + 1)
xβ+r +

Γ(g + v + n+ 2)

(v + n+ 1)Γ(β + g + v + n+ 2)
xβ+g+v+n+1

A.

Lemma 4. Let y(t) be approximated by (10) and let

C(x) = 0I
β
x (h(x)) . (31)

If h(s) = sm, then

C(x) =
Γ(m+ 1)

Γ(β +m+ 1)
xβ+m.
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Proof. Applying (7) to (31) gives

0I
β
x (h(x)) =

1

Γ(β)

∫ x

0

(x− s)β−1h(s) ds.

Substituting for h(s) gives

0I
β
x (h(x)) =

1

Γ(β)

∫ x

0

(x− s)β−1smds.

Let x− s = (1− u)x, s = ux =⇒ ds

du
= x =⇒ ds = xdu. Then

C(x) =
Γ(m+ 1)

Γ(β +m+ 1)
xβ+m. (32)

Lemma 5. Let y(x) be the solution of (1) and (2). Then the numerical
result gives

y(x) = ϕ(xi)V
−1(xi) W (xi), (33)

where

V (xi) =
Γ(n+ 1)Γ(n− αj + pj + 1)

Γ(n− αj + 1)Γ(β + n− αj + pj + 1)
x
β+n−αj+pj

i

+
br+n+1Γ(r + 1)

(σ + n+ 1)Γ(β + r + 1)
xβ+r

+
Γ(r + σ + n+ 2)

(σ + n+ 1)Γ(β + r + σ + n+ 2)
xβ+r+σ+n+1

and

W (xi) = −
N∑

k=0

y(k)(0)

k!
xki +

Γ(m+ 1)

Γ(β +m+ 1)
xβ+m
i .

Proof. Approximate solution of (11) is

y(x) = ϕ(x) A.

From (19) we have A =V −1(xi) W (xi) where

V (xi) =
Γ(n+ 1)Γ(n− αj + pj + 1)

Γ(n− αj + 1)Γ(β + n− αj + pj + 1)
x
β+n−αj+pj

i

+
br+n+1Γ(r + 1)

(σ + n+ 1)Γ(β + r + 1)
xβ+r

+
Γ(r + σ + n+ 2)

(σ + n+ 1)Γ(β + r + σ + n+ 2)
xβ+r+σ+n+1.
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Substituting for A in the approximate solution gives the numerical result

y(x) = ϕ(xi)V
−1(xi) W (xi).

4 Uniqueness of the solution

In this section, we establish the uniqueness of the method by introducing the
following hypothesis:

H1 : q∗ = max
x∈[0,1]

|q(x)| ,

H2 : k∗1 = max
x∈[0,1]

∫ b

0

|k1(x, t)| dt,

H3 : k∗2 = max
x∈[0,1]

∫ x

0

|k2(x, t)| dt,

H4 :
∣∣∣y(mj)

N − y(mj)
∣∣∣ ≤ Lmj

|yN − y| ,

H5 : u = max
xϵj

N∑
xϵj

Lmj

Γ(mj − α+ 1)
.

Lemma 6. [q-contraction] Let T : X −→ X be a mapping defined by Theo-
rem 1 for y1, y2 ∈ X. Then T is q-contraction if and only if

1

Γ(β + 1)

[
uq∗j

Γ(mj − αj + 1)
+K∗

1 +K∗
2

]
< 1.

Moreover, there exist a unique solution of T.
Proof. We have

(Ty1) (x) =W (x) +

N∑
j=0

1

Γ(mj − αj)

1

Γ(β)

∫ x

0

(x− s)β−1qj(s)

×
[∫ s

0

(s− t)mj−αj−1y
(mj)
1 (t)dt

]
ds+

1

Γ(β)

∫ x

0

(x− s)β−1

×

[∫ b

0

k1(s, t)y1(t)dt+

∫ s

0

k2(s, t)y1(t)dt

]
ds

and

(Ty2) (x) =W (x) +

N∑
j=0

1

Γ(mj − αj)

1

Γ(β)

∫ x

0

(x− s)β−1qj(s)
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×
[∫ s

0

(s− t)mj−αj−1y
(mj)
2 (t)dt

]
ds+

1

Γ(β)

∫ x

0

(x− s)β−1

×

[∫ b

0

k1(s, t)y2(t)dt+

∫ s

0

k2(s, t)y2(t)dt

]
ds

|(Ty1) (x)− (Ty2) (x)| =
N∑
j=0

1

Γ(mj − αj)

1

Γ(β)

∫ x

0

(x− s)β−1 |qj(s)|

×
[∫ s

0

(s− t)mj−αj−1
∣∣∣y(mj)

1 (t)− y
(mj)
2 (t)

∣∣∣ dt] ds
+

1

Γ(β)

∫ x

0

(x− s)β−1

×
[ ∫ b

0
|k1(s, t)| |y1(t)− y2(t)| dt

+
∫ s

0
|k2(s, t)| |(y1(t)− y2(t))| dt

]
ds.

Taking maximum of both sides and using H1 to H5 give

d (Ty1(x), T y2(x)) ≤
1

Γ(β + 1)

[
uq∗j

Γ(mj − αj + 1)
+K∗

1 +K∗
2

]
d(yN , y).

Since T is a contraction,

1

Γ(β + 1)

[
uq∗j

Γ(mj − αj + 1)
+K∗

1 +K∗
2

]
< 1.

5 Convergence analysis

In this section, we establish the convergence of the method by substituting
the approximate solution into (3.0). We have

yN (x) =W (x) +

N∑
j=0

1

Γ(mj − αj)

1

Γ(β)

×
∫ x

0

(x− s)β−1qj(s)

[∫ s

0

(s− t)mj−αj−1y
(mj)
N (t)dt

]
ds

+
1

Γ(β)

∫ x

0

(x− s)β−1

(∫ b

0

k1(s, t)yN (t)dt

)
ds

+
1

Γ(β)

∫ x

0

(x− s)β−1

(∫ s

0

k2(s, t)yN (t)dt

)
ds. (34)
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Subtracting (9) from (34) gives

EN (x) = yN (x)− y(x).

Hence

|EN (x)|

≤ 1

Γ(β)

∫ x

0

(x− s)β−1
N∑
j=0

1

Γ(mj − αj)
qj(s)

∣∣∣∣[∫ s

0

(s− t)mj−αj−1EN (t)dt

]
ds

∣∣∣∣
+

1

Γ(β)

∫ x

0

(x− s)β−1

[∣∣∣∣∣
∫ b

0

k1 (s, t)EN (t)dt

∣∣∣∣∣+
∣∣∣∣∫ s

0

k2 (s, t)EN (t)dt

∣∣∣∣
]
ds.

Therefore

∥EN (xi)∥∞
∥EN (t)∥∞

≤ 1

Γ(β)

∫ xi

0

(x− s)β−1

∣∣∣∣∣
[∑N

j=0
1

Γ(mj−αj)
qj(s)

[∫ s

0
(s− t)mj−αj−1dt

]
+
[∫ b

0
k1 (s, t) dt+

∫ s

0
k2 (s, t) dt

] ]∣∣∣∣∣ ds.
The method of solution converges.

6 Numerical examples

In this section, we present numerical examples to evaluate the effectiveness
and clarity of the method. A MAPLE 18 program is used to perform the
computations. Let yn(x) and y(x) be the approximate and exact solutions,
respectively. Error N = |yn(x)− y(x)| .

Example 1. [6] Consider the following multi-order Fractional integro-differential
equation:

D1.7y(x) = x2D1.5y(x)+xD0.5y(x)−
∫ x

0

(x− t) y(t)dt−
∫ 1

0

(x+ t) y(t)dt+f(x)

with this condition y′
(0) = y(0) = 0 and exact solution y(x) = x2 + x3, and

f(x) =
(

Γ(3)
Γ(1.5) +

Γ(3)
Γ(2.5)

)
x2.5+

(
Γ(4)
Γ(2.5) +

Γ(4)
Γ(3.5)

)
x3.5− Γ(3)

Γ(1.3)x
0.3− Γ(4)

Γ(2.3)x
1.3−

x4

12 − x5

20 − 7x
12 − 9

20 .

Solution 1. Comparing with (1) and (2), β = 1.7, α1 = 1.5, α2 = 0.5, k1(x, t) =
(x+ t) , k2(x, t) = (x− t).

Using N = 3 for illustration. Applying (6) gives
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y(x) =W (x) +
1

Γ(2− 1.5)

1

Γ(1.7)

∫ x

0

(x− s)1.7−1s2[∫ s

0

(s− t)2−1.5−1 Γ(n+ 1)

Γ(n− 2 + 1)
tn−2dt

]
dsA

+
1

Γ(1− 0.5)

1

Γ(1.7)

∫ x

0

(x− s)1.7−1

s

[∫ s

0

(s− t)1−0.5−1 Γ(n+ 1)

Γ(n− 1 + 1)
tn−1dt

]
ds A

− 1

Γ(1.7)

∫ x

0

(x− s)1.7−1
(
x

Γ(n+ 1)

Γ(n+m+ 1)
1m+n +

Γ(n+ 1)

Γ(n+m+ 1)
1m+n

)
+

(
x

Γ(n+ 1)

Γ(n+m+ 1)
xm+n − Γ(n+ 1)

Γ(n+m+ 1)
xm+n

)
 ds A, (35)

where
W (x) =

1

Γ(β)

∫ x

0

(x− s)β−1f(s)ds. (36)

Substituting f(s) into (36) gives

W (x) =
1

Γ(1.7)

∫ x

0

(x− s)1.7−1
(

Γ(3)

Γ(1.5)
+

Γ(3)

Γ(2.5)

)
s2.5 +

(
Γ(4)

Γ(2.5)
+

Γ(4)

Γ(3.5)

)
s3.5

− Γ(3)

Γ(1.3)
s0.3 − Γ(4)

Γ(2.3)
s1.3 − s4

12 − s5

20 − 7s
12 − 9

20

 ds. (37)

Simplify further

W (x) =

(
Γ(3)

Γ(1.5)
+

Γ(3)

Γ(2.5)

)
1

Γ(1.7)

∫ x

0

(x− s)1.7−1x2.5ds

+

(
Γ(4)

Γ(2.5)
+

Γ(4)

Γ(3.5)

)
1

Γ(1.7)

∫ x

0

(x− s)1.7−1x3.5ds

− Γ(3)

Γ(1.3)

1

Γ(1.7)

∫ x

0

(x− s)1.7−1x0.3ds

− Γ(4)

Γ(2.3)

1

Γ(1.7)

∫ x

0

(x− s)1.7−1x1.3ds

− 1

12Γ(1.7)

∫ x

0

(x− s)1.7−1x4ds− 1

20Γ(1.7)

∫ x

0

(x− s)1.7−1x5ds

− 7

12Γ(1.7)

∫ x

0

(x− s)1.7−1xds− 9

20

1

Γ(1.7)

∫ x

0

(x− s)1.7−1x0ds
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W (x) =

(
Γ(3)

Γ(1.5)
+

Γ(3)

Γ(2.5)

)
Γ(2.5 + 1)

Γ(1.7 + 2.5 + 1)
x1.7+2.5(

Γ(4)

Γ(2.5)
+

Γ(4)

Γ(3.5)

)
Γ(3.5 + 1)

Γ(1.7 + 3.5 + 1)
x1.7+3.5

− Γ(3)

Γ(1.3)

Γ(0.3 + 1)

Γ(1.7 + 0.3 + 1)
x1.7+0.3

− Γ(4)

Γ(2.3)

Γ(1.3 + 1)

Γ(1.7 + 1.3 + 1)
x1.7+1.3

− 12
Γ(4 + 1)

Γ(1.7 + 4 + 1)
x1.7+4 − 20

Γ(5 + 1)

Γ(1.7 + 5 + 1)
x1.7+5

− 7Γ(1 + 1)

12Γ(1.7 + 1 + 1)
x1.7+1 − 9

20

Γ(0 + 1)

Γ(1.7 + 0 + 1)
x1.7+0. (38)

Substituting (38) into (35) gives

y(x) = ϕ(xi)V
−1(xi) W (xi).

We obtain the result

y3 =

(
1.8956614056× 10−10 + 1.4273998650× 10−12x

+0.9999999968x2 + 1.0000000024x3

)
.

Table 1: Exact and approximate values of Example 1

x Exact N=3 N=4 N=6
0.25 0.0781250000 0.0781249983 0.0781249999 0.0781250000
0.5 0.3750000000 0.3749999996 0.3749999999 0.3750000000
0.75 0.9843750000 0.9843749992 0.9843749995 0.9843749999
1.0 2.000000000 1.9999999990 2.0000000000 2.0000000000

Table 2: Absolute Error for Example 1

x ERR3 ERR4 ERR6 [12]64 [6]7
0.25 1.7e-9 1.0e-10 0.0 2,45e-4 1.000e-5
0.5 4.0e-10 1.0e-10 0.0 1.375e-3 1.200e-5
0.75 8.0e-10 5.0e-10 1.0e-10 5.387e-3 2.13e-4
1.0 1.0e-9 0.0 0.0 4.166e-3 8.970e-4

Example 2. [5] Consider multi-order Fractional integro-differential equation
of the form
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D2y(x) = −D1.5y(x)− y(x) +

∫ 1

0

y(t)dt+ x− 1

2

with the condition y(0) = y
′
(0) = 1, and the exact solution is y(x) = x+ 1.

Solution 2. Comparing with (1) and (2), β = 2,∼ β = 1.5, h(x) = x− 1
2 .

Use N = 3 for illustration.
Write in the integral form

y(x) =W (x)− 1

Γ(2− 1.5)

1

Γ(2)

∫ x

0

(x− s)2−1[∫ s

0

(s− t)2−1.5−1 Γ(n+ 1)

Γ(n− 2 + 1)
tn−2dt

]
ds A

− 1

Γ(2)

∫ x

0

(x− s)2−1sndsA +
1

Γ(2)

∫ x

0

(x− s)2−1

[∫ 1

0

tndt

]
ds A (39)

where
W (x) =

1

Γ(2)

∫ x

0

(x− s)2−1

(
s− 1

2

)
ds (40)

y(x) =W (x) +
1

Γ(2)

∫ x

0

(x− s)2−1[
Γ(n+ 1)

Γ(n− 0.5)
sn+0.5

]
ds A

− 1

Γ(2)

∫ x

0

(x− s)2−1sndsA +
1

Γ(2)

∫ x

0

(x− s)2−1

[∫ 1

0

tndt

]
ds A

y(x) =W (x) +
Γ(n+ 1)Γ(n+ 1.5)

Γ(n− 0.5)Γ(n+ 3.5)
xn+4.5ds A

− Γ(n+ 1)

Γ(n+ 3)
xn+4A +

Γ(n+ 1)

Γ(n+ 4)
1n+5 A (41)

W (x) =
Γ(2)

Γ(4)
x5 − Γ(1)

2Γ(3)
x4 (42)

for n = 0(1)N . Applying (41) and (42) gives

y(x) = ϕ(xi)V
−1(xi) W (xi).
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we obtain the result

y3(x) =

(
1.0000000000 + 1.0000000000x+

8.8817841970× 10−16x2 + 2.2204460493× 10−16x3

)
.

Table 3: Exact and approximate values of Example 2

x Exact N=3 Absolute Error
0.2 1.2000000000 1.2000000000 0.00
0.4 1.4000000000 1.4000000000 0.00
0.6 1.6000000000 1.6000000000 0.00
0.8 1.8000000000 1.8000000000 0.00
1.0 2.0000000000 2.0000000000 0.00

Example 3. [5] consider fractional fredholm integro-differential equations of
the form

D1.5y(x) = D0.5y(x) +

∫ 1

0

exy(t)dt+ f(x),

where f(x) = ex − ex+1 with the condition y(0) = 0 and exact solution
y(x) = ex.

Solution 3. Comparing with (1) and (2), we have β = 1.5, α = 0.5,∼
k(x, t) = ex,∼ f(x) = ex − ex+1.

Write in the integral form

y(x) =W (x) +

N∑
j=0

1

Γ(mj − αj)

1

Γ(β)

∫ x

0

(x− s)β−1

[∫ s

0

(s− t)mj−αj−1 Γ(n+ 1)

Γ(n−mj + 1)
tn−mjdt

]
ds A

− 1

Γ(β)

∫ x

0

(x− s)β−1

[∫ 1

0

es tndt

]
ds A, (43)

where
W (x) =

1

Γ(β)

∫ x

0

(x− s)β−1f(s)ds. (44)

Use N = 3 for illustration.
Substituting for β = 1.5, α = 0.5, f(x) = ex − ex+1 in (43) and (44) gives

y(x) =W (x) +
1

Γ(1− 0.5)

1

Γ(1.5)

∫ x

0

(x− s)1.5−1[∫ s

0

(s− t)1−0.5−1 Γ(n+ 1)

Γ(n− 1 + 1)
tn−1dt

]
ds A
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+
1

Γ(1.5)

∫ x

0

(x− s)1.5−1

[∫ 1

0

es tndt

]
ds A

W (x) =
1

Γ(1.5)

∫ x

0

(x− s)1.5−1
(
es − es+1

)
ds

for n = 0(1)N . Applying Lemma 4 gives

y(x) =W (x) +
Γ(n+ 1)

Γ(n+ 0.5)

1

Γ(1.5)

∫ x

0

(x− s)1.5−1sn+1.5ds A

+
1

Γ(1.5)

∫ x

0

(x− s)1.5−1

[∫ 1

0

es tndt

]
ds A, (45)

where

W (x) =
1

Γ(1.5)

∫ x

0

(x− s)1.5−1 sn

Γ(n+ 1)
ds

− 1

Γ(1.5)

∫ x

0

(x− s)1.5−1 (s+ 1)n

Γ(n+ 1)
ds. (46)

Using (45) and (46) gives

y(x) = ϕ(xi)V
−1(xi) W (xi).

We obtain the result

y3 =

(
0.9990233401 + 1.0116982759x+
0.4050677749x2 + 0.3003042742x3

)
.

Table 4: Exact and approximate values of Example 3

x Exact N=3 N=5 N=6
0.2 1.2214027580 1.2199681400 1.2213960720 1.2214031090
0.4 1.4918246980 1.4877329680 1.4918178290 1.4918249590
0.6 1.8221188000 1.8167324280 1.8221150110 1.8221190520
0.8 2.2255409280 2.2213811250 2.2255348760 2.2255409420
1.0 2.7182818280 2.7160936650 2.7182828500 2.7182817820

Example 4. [16] consider the initial value problem of equation

D2y(x) = x2D1.5y(x) + x
1
2D1.5y(x) + x

1
3 y(x) + f(x), 0 < x ≤ 1,

y(0) = 0, y
′
(0) = 0
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Table 5: Absolute error for Example 3

x ERR3 ERR5 ERR6 [5]N=18
0.2 1.4346180e-3 6.686e-6 3.51e-7 0.21823e-7
0.4 4.09173e-3 6.869e-6 2.61e-7 0.21586e-7
0.6 5.386372e-3 3.789e-6 2.52e-7 0.86325e-7
0.8 4159803e-3 6.052e-6 1.40e-8 0.12423-5
1.0 2.1881634e-3 1.022e-6 4.60e-8 0.83792e-5

f(x) = 6π1/2 − 8x7/2 − 16

5
x3 − x10/3π1/2.

The exact solution is
y(x) = π1/2x3.

Solution 4. Comparing with (1) and (2), we have β = 2, α1 = 1.5, α2 =
0.5, h(x) = 6π1/2 − 8x7/2 − 16

5 x
3 − x10/3π1/2 ∼.

Use N = 3 for illustration. Applying (6) gives

y(x) =W (x) +
1

Γ(2− 1.5)

1

Γ(2)

∫ x

0

(x− s)2−1 s2[∫ s

0

(s− t)2−1.5−1 Γ(n+ 1)

Γ(n− 2 + 1)
tn−2dt

]
ds A

+
1

Γ(1− 0.5)

1

Γ(2)

∫ x

0

(x− s)2−1 s1/2[∫ s

0

(s− t)1−0.5−1 Γ(n+ 1)

Γ(n− 1 + 1)
tn−1dt

]
ds A

+
1

Γ(2)

∫ x

0

(x− s)2−1 s1/3 [seq(sn, n = 0, . . . , N)] ds A, (47)

for n = 0(1)N , where

W (x) =
1

Γ(2)

∫ x

0

(x− s)2−1

(
6π1/2s− 8s7/2 − 16

5
s3 − s10/3π1/2

)
ds.

Simplifying (47) gives

y(x) =W (x) +
Γ(n+ 1)Γ(n− 1)Γ(3.5 + n)

Γ(n− 3)Γ(n− 0.5)Γ(5.5 + n)
x6.5+nA

+
Γ(n− 1)

Γ(n+ 0.5)
xn+2 A +

Γ(n+ 0.8)

Γ(n+ 2.8)
xn+3.8 A, (48)

W (x) =
6π1/2Γ(2)

Γ(4)
x5 − 8Γ(3.5)

Γ(5.5)
x6.5 − 16

5

Γ(3)

Γ(5)
x6 − π1/2Γ(3.3)

Γ(5.3)
x6.3 (49)
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Substituting (49) into (48) gives

y(x) = ϕ(xi)V
−1(xi) W (xi).

We obtain the result

y3 =

(
−0.778452e− 4x0 − 0.212739e− 4x+
0.12350293e− 2x2 + 1.7678381513x3

)
.

Table 6: Exact and approximate values of Example 4

x Exact N=3 N=5 N=7 N=10
0.1 0.0017725688 0.0017002159 0.0017710059 0.0017729787 0.0017721932
0.3 0.0478593564 0.0477585554 0.0478450493 0.0478592986 0.0478593029
0.5 0.2215710946 0.2212000441 0.2215300075 0.2215712791 0.2215710855
0.7 0.6079910837 0.6068809132 0.6079068083 0.6079913542 0.6079910989
0.9 1.2922026240 1.2896573940 1.2920556370 1.2922025970 1.2922026170

Table 7: Absolute error for Example 4

x ERR3 ERR5 ERR7 ERR10 [16]10

0.1 7.23529e-5 1.5629e-6 4.099e-7 3.756e-7 7.45873e-7
0.3 1.00801e-4 1.43072e-5 4.422e-6 5.35e-7 1.4833e-6
0.5 3.7105e-4 4.1087e-5 1.845e-7 9.1e-9 1.74701e-6
0.7 1.1101e-3 8.4275e-5 1.705e-7 1.52e-9 5.5116e-7
0.9 2.54523e-3 1.46987e-4 2.7e-8 7.0e-9 2.47276e-6

7 Discussion of results

In this section, we discuss the numerical results obtained from the solved
examples using the derived numerical method.

In Example 1, the approximate solution obtained as N = 3 gives
y3 = 1.8956614056 × 10−10 + 1.4273998650 × 10−12x + 0.9999999968x2 +
1.0000000024x3. Solving for N = 4 and N = 6, we obtained Table 1, which
shows the results obtained from solving Example 1. Table 2 shows the ab-
solute error of Example 1, and it indicates that as the values of N increase,
the error becomes smaller and more consistent across all values of x. For
instance, the least error of [12] at N = 64 is 2.45e − 4 while the least error
in our method is 0.00 at N = 6. This confirmed that our method performed
better.
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In Example 2, the approximate solution obtained at N = 3 gives y3(x) =
1.00000000 + 1.0000000000x + 8.8817841970 × 10−16x2 + 2.2204460493 ×
10−16x3, which shows that the result converges to the exact solution as dis-
played in Table 3.

In Example 3, the approximate solution at N = 3 gives y3(x) =
0.9990233401 + 1.0116982759x + 0.4050677749x2 + 0.3003042742x3. Solv-
ing N = 5 and 7, we obtained Table 4, which displays the results obtained at
x = 0.2 to 1.0 for various values of N and the exact solution. The absolute
error of Example 3 as shown in Table 5 indicates that as the values of N
increase, the error becomes smaller. For instance, the least error in [5] at
N = 18 is 0.21823e − 7 while the least error in our method at N = 6 is
1.40e−8. This shows that the numerical method developed is consistent and
converges faster.

In Example 4, the approximate solution at N = 3 gives y3(x) =
−2.5324187192× 10−13 + 6.5978333907× 10−12x− 1.0000000002x2

+1.0000000000x3. Solving at N = 5, N = 7, and N = 10, we obtained Table
6, which shows the results obtained at x = 0.1 to 0.9 for various values of N
and the exact solution. Table 7 shows the absolute error of problem 1, and it
indicates that as the value of N increases, the error becomes smaller. We also
compare our results with [16]. For instance, the least error in [16]at N = 10
is 5.5116e− 7 while the least error in our method is 2.7e− 8 at N = 7. This
clearly shows that our method performs better.

Hence, from the numerical results obtained, we can conclude that the nu-
merical method derived is efficient, consistent, and computationally reliable.

8 Conclusion

An enhanced numerical method was developed for the solution of multi-
order fractional integro-differential equations with initial conditions using the
collocation method. The numerical method derived is consistent, efficient,
and reliable. Maple code was used to implement the developed method.
Solved numerical examples showed that the method is reliable and suitable
for such kinds of problems.
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A robust uniformly convergent scheme for
two parameters singularly perturbed
parabolic problems with time delay

N.T. Negero

Abstract
A singularly perturbed time delay parabolic problem with two small pa-

rameters is considered. The paper develops a finite difference scheme that
is exponentially fitted on a uniform mesh in the spatial direction and uses
the implicit-Euler method to discretize the time derivative in the temporal
direction in order to obtain a better numerical approximation to the solu-
tions of this class of problems. We establish the parameter-uniform error
estimate and discuss the stability of the suggested approach. In order to
demonstrate the improvement in terms of accuracy, numerical results are
also shown to validate the theoretical conclusions and are contrasted with
the current hybrid scheme.
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1 Introduction

We deal with the following class of singularly perturbed parabolic initial-
boundary-value problems (IBVPs) on the domainD = Ωx × (0, T ], Ωx = (0, 1):

$ε,µu(x, t) ≡ ut − εuxx − µa(x, t)ux + b(x, t)u = w(x, t),

u(x, t) = ϕb(x, t), (x, t) ∈ Γb = [0, 1]× [−τ, 0],
u(0, t) = ϕl(t), Γl = {(0, t) : 0 ≤ t ≤ T},
u(1, t) = ϕr(t), Γr = {(1, t) : 0 ≤ t ≤ T},

(1)
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where w(x, t) = −c(x, t)u(x, t−τ)+f(x, t), (x, t) ∈ D. Here in this paper, Γ =
Γb ∪Γl ∪Γr with the parameters ε and µ such that 0 < ε ≤ 1, 0 ≤ µ ≤ 1, and
τ > 0 represents the delay parameter and the functions a(x, t), b(x, t), c(x, t), f(x, t),
ϕb(x, t), ϕl(t), and ϕr(t) are sufficiently smooth, bounded functions indepen-
dent of ε and µ with

a(x, t) ≥ α > 0, b(x, t) ≥ β > 0, c(x, t) ≥ ϑ > 0,

(x, t) ∈ D = [0, T ]× [0, 1] .

The type of singularly perturbed two-parameter problems changes depending
on the values of the perturbation parameters ε and µ; for µ = 0, the problem
is a reaction-diffusion problem, whereas, for µ = 1, it is a convection-diffusion
problem. It is well known that due to the presence of layers, classical numeri-
cal methods using a uniform mesh cannot properly approximate the exact so-
lution when the parameter decreases unless a large number of mesh-intervals
are utilized. However, even for lesser values of the perturbation parameters,
one can overcome this difficulty by employing the fitted operator technique,
which works without the prior location of the boundary layer. Time delay
parabolic differential equations have recently attracted increasing amounts
of attention due to their widespread use in many diverse application fields,
including material science, biosciences, medicine, control theory, economics,
and so on; see [20, 1, 10, 21, 23]. Many researchers have discussed the numer-
ical results of the solutions of one-parameter singularly perturbed parabolic
differential equations with time delay. For instance, one can refer to the
articles by Das and Natesan [3], Gowrisankar and Natesan [6], Kumar [7],
Woldaregay et al. [22], and Negero and Duressa [13, 14, 15, 16, 17].

In recent years, the development of a fitted numerical scheme for solving
singularly perturbed time-delay parabolic problems having two parameters
has received significant attention from a few authors. One such efficient fitted
numerical scheme is an upwind difference scheme, which is proposed for solv-
ing singularly perturbed time-delay parabolic problems having two parame-
ters in [5] by Govindarao, Mohapatra, and Sahu. They constructed a method
on the Shishkin type meshes (standard Shishkin mesh, Bakhvalov-Shishkin
mesh) and proved that the method is first-order accurate. Negero [12] con-
sidered the same problem in [5] and produced a second-order convergent
scheme using an exponentially fitted cubic spline scheme. Prior to Negero’s
[12] strategy, there were no developed numerical techniques for addressing
two-parameter singularly perturbed time-delayed parabolic problems based
on fitted operators. Kumar et al. [8] devised and analyzed a hybrid monotone
finite difference scheme for singularly perturbed IBVPs of the form (1). In
[8], a first-order uniformly convergent method is given for problem (1) using
a hybrid monotone finite difference scheme on a rectangular mesh, which is
a combination of a uniform mesh in time and a layer-adapted Shishkin mesh
in space. There were no established numerical methods for dealing with
two-parameter singularly perturbed time-delay parabolic problems based on
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fitted operators prior to Negero’s [12] strategy. Thus, the main aim of the
present study is to provide robust parameter uniform convergent numerical
methods based on exponentially fitted for the solution of problem (1).
Organization of the paper: In Section 2, the properties of the continuous
solution are given. In Section 3, we describe the construction of an exponen-
tially fitted finite difference discretization of problem (1). The stability and
uniform convergence analysis of the suggested technique are given in Section
4. Some numerical results that validate our theory are reported in Section 5.
Lastly, in Section 6, we present the conclusion of the paper.
Notations: The norm ∥·∥ is used to denote the maximum norm over the
domain D̄, defined as ∥g∥ = maxD̄ |g(x, t)| for a function g defined on some
domain D̄. In addition, C and its subscripts stand for positive constants
independent of the perturbation parameters ε, µ, and mesh sizes.

2 Properties of the continuous solution

The required compatibility conditions at the corner points are{
ϕb(0, 0) = ϕl(0),
ϕb(1, 0) = ϕr(0),

(2)



∂ϕl(0)

∂t
− ε

∂2ϕb(0, 0)

∂x2
− µa(0, 0)

∂ϕb(0, 0)

∂x
+ b(0, 0)ϕb(0, 0)

= −c(0, 0)ϕb(0,−τ) + f(0, 0),

∂ϕr(0)

∂t
− ε

∂2ϕb(1, 0)

∂x2
− µa(1, 0)

∂ϕb(1, 0)

∂x
+ b(1, 0)ϕb(1, 0)

= −c(1, 0)ϕb(0,−τ) + f(1, 0),

(3)

so that the data matches at the two corners (0, 0) and (1, 0). Let a, b, c, and
f be continuous on a domain D. Then (1) has a unique solution u ∈ C2 (D)
[9].

Lemma 1 (Continuous maximum principle). Let Φ(x, t) ∈ C2 (D)∩C0
(
D̄
)

and Φ(x, t) ≥ 0 for all (x, t) ∈ Γ = Γl ∪ Γb ∪ Γr. Then $ε,µπ (x, t) ≥ 0 in D
gives Φ(x, t) ≥ 0, for all (x, t) ∈ D̄.

Proof. Assume (θ∗, ζ∗) ∈ D such that Φ(θ∗, ζ∗) = min(x,t)∈D̄ Φ(x, t) and
Φ(θ∗, ζ∗) < 0. Then, it is easy to verify that $ε,µΦ(θ∗, ζ∗) < 0, which is a
contradiction. Thus, we have Φ(x, t) ≥ 0 for all (x, t) ∈ D̄.

Lemma 2. The solution u (x, t) of the continuous problem (1) is bounded
as

|u (x, t)− ϕb (x, 0) | ≤ Ct.

Proof. Refer to [8].
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Lemma 3. The bound on the solution u(x, t) of the continuous problem (1)
is given by

|u(x, t)| ≤ C, (x, t) ∈ D̄.

Proof. Refer to [8].

Lemma 4 (Uniform stability estimate). Let u(x, t) be the solution of the
continuous problem in (1). Then we have the bound

∥u(x, t)∥ ≤ β−1 ∥w∥+max {|ϕb|+max (|ϕl| , |ϕr|)} .

Proof. An application of Lemma 1 to the comparison function

χ± (x, t) =β−1 ∥g∥+max (|ϕb| , (|ϕl|+ |ϕr|))± u (x, t) , (x, t) ∈ D̄,

yields the required estimate.

Lemma 5. Let u(x, t) be the solution of problem (1), satisfying 0 ≤ i+2j ≤
4. Then u(x, t) satisfies the following bound:

∥∥∥∥ ∂i+ju

∂xi∂tj

∥∥∥∥ ≤ C


1

(
√
ε)

i when αµ2 ≤ εη,(
µ
ε

)i (µ2

ε

)j
when αµ2 ≥ εη,

where η ≈ min(x,t)∈D̄
b(x,t)
a(x,t) .

Proof. Refer to [8].

3 Numerical scheme formulation

3.1 Temporal discretization

The time interval [0, T ] is partitioned into a uniform step size as follows:

ΩM
t = {tm = m∆t,m = 0, 1, . . . ,M,∆t = T/M} , T = ks, s = ms∆t,

where k is a positive constant, ms is a positive integer, ∆t is the time step
size, and M is the number of mesh intervals.

Hence, the problem (1) is discretized by using the implicit Euler method
as follows:
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Um+1 (x)− Um (x)

∆t
− ε (Uxx)

m+1
(x)− µam+1 (x)

(Ux)
m+1

(x) + bm+1 (x)Um+1 (x) = wm+1 (x) ,

Um (0) = ϕl (tm) , 0 ≤ m ≤M,x ∈ Ωx,

Um (1) = ϕr (tm) , 0 ≤ m ≤M,x ∈ Ωx,

Um+1 (x) = ϕb (x, tm+1) , −(s+ 1) ≤ m ≤ −1, x ∈ Ωx,

(4)

where wm+1 (x) = −cm+1(x)Um+1−s (x)+fm+1 (x), 0 ≤ m ≤M,x ∈ Ωx and
Um+1(x) is the semidiscrete approximation to the exact solution u(x, tm+1)
of (1) at the (m + 1)th time level. Then, let us rewrite (4) in the following
operator form:

$Mε,µUm+1(x) = H (x, tm+1) ,

Um+1 (0) = ϕl (tm+1) , 0 ≤ m ≤M,

Um+1 (1) = ϕr (tm+1) , 0 ≤ m ≤M, x ∈ Ωx,

Um+1 (x) = ϕb (x, tm+1) , −(s+ 1) ≤ m ≤ −1, x ∈ Ωx,

(5)

where

$Mε,µUm+1(x) = −ε (Uxx)
m+1

(x)−µam+1 (x) (Ux)
m+1

(x)+qm+1 (x)Um+1 (x)

and

H (x, tm+1) =
1

∆t
Um (x)− cm+1(x)Um−s+1 (x) + fm+1(x),

1 ≤ m ≤M, x ∈ Ωx,

for qm+1 (x) =
1

∆t
+ bm+1 (x) .

Lemma 6 (Semidiscrete maximum principle). Let φm+1 (x) ∈ C2 (D) ∩
C0
(
D̄
)
. If φm+1 (0) ≥ 0, φm+1 (1) ≥ 0, and $Mε,µφm+1 (x) ≥ 0 for all x ∈ D,

then φm+1(x) ≥ 0 for all x ∈ D̄.

Proof. One can prove this lemma by the same procedure as the proof of
Lemma 1.

Lemma 7 (Local error estimate). Suppose ∂
iu (x, t)

∂ti
≤ C, (x, t) ∈ D̄×(0, T ],

0 ≤ i ≤ 2. The local truncation error defined as em+1 = u (x, tm) − Um(x),
associated to scheme (5) satisfies

∥em+1∥ ≤ C (∆t)
2
, m = 1, 2, . . . ,M.

Proof. See [2].

Lemma 8 (Global error estimate.). The global error Em+1 is estimated as
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∥Em+1∥ ≤ C (∆t) .

Proof. See [3].

At the (n + 1)th time level, the characteristics equation of the homoge-
neous part of the differential equation (5) can be

ελ2 (x) + µam+1 (x)λ (x)−
(
bm+1 (x) +

1

∆t

)
= 0. (6)

Then, the roots of (5) are

λ1 (x) =
−µam+1(x)

2ε
+

√(
−µam+1(x)

2ε

)2

+
ϱ∗

ε
> 0,

λ2 (x) =
−µam+1(x)

2ε
−

√(
−µam+1(x)

2ε

)2

+
ϱ∗

ε
< 0,

where ϱ∗ = bm+1 (x)+
1

∆t
. From these roots, it is possible to see the boundary

layer behavior of the solution in the neighborhood of x = 0 and x = 1. Let
ϱ0 = −maxx∈[0,1] λ1 (x) and ϱ1 = minx∈[0,1] λ2 (x). Then we have two cases
i) When µ2

ε → 0, as ε→ 0, ϱ0 ≈ ϱ1 =
√

ϱ∗
1

ε , where 0 < ϱ∗1 < ϱ∗.
ii) When ε

µ2 → 0, as µ → 0, = µ
ε ϱ

∗
2 and ϱ1 = 0, where 0 < ϱ∗2 < µam+1(x).

Next, we give the semidiscrete bound of the solution Um+1(x) of the problems
in (6).

Lemma 9. [8]For a fixed number 0 < p < 1 and for a certain order k, the
solution Um(x) of (5) satisfies the following derivative bound∣∣∣∣diUm(x)

dxi

∣∣∣∣ ≤ C
(
1 + ϱ−i

0 e−pϱ0x + ϱ−i
1 e−pϱ1(1−x)

)
, for 0 ≤ i ≤ k.

3.2 Fully discrete problem

In this section, we fully discretize the problem under consideration via an
exponentially fitted finite difference scheme for space derivative discretiza-
tion. On the space domain [0, 1], we introduce the equidistant meshes with
uniform mesh length h such that

ΩN
x = {xn = nh, n = 1, 2, . . . , N, x0 = 0, xN = 1, h = 1/N} ,

where h is the step size, and N is the number of mesh points in the space
direction. Using the theory applied in the asymptotic method developed
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in [18], we develop an exponentially fitted numerical scheme to solve the
singularly perturbed BVPs in (6). In the considered case, the boundary layer
is on the left side of the domain, so for the singularly perturbed problem of
(6), the zero-order approximation asymptotic solution is given as

Um+1(x) =Um+1
0 (x) +

(
ϕl (tm+1)− Um+1

0 (0)
)
exp

{
−
∫ x

0

(
µam+1 (x)

ε

)
dx

}
+O (ε) ,

(7)

where Um+1
0 (x) is the solution of the reduced problem in (6) obtained by

setting ε = 0 written asµam+1 (x)
d

dx
Um+1
0 (x)− qm+1 (x)Um+1

0 (x) = Gm+1 (x) ,

Um+1
0 (0) = ϕl (tm+1) .

(8)

Taking Taylor’s series expansion for a(x, tm) about x = 0 and taking their
first terms, (7) gives

Um+1(x) =Um+1
0 (x) +

(
ϕl (tm+1)− Um+1

0 (0)
)
exp

{
−
(
µam+1 (0)

ε

)
x

}
+O (ε) .

(9)

At the mesh xn = nh, (9) becomes

Um+1(nh) =Um+1
0 (nh) +

(
ϕl (tm+1)− Um+1

0 (0)
)
exp

{
−
(
µam+1 (x)

ε

)
(nh)

}
+O (ε) .

Therefore,

lim
h→0

Um+1(nh) = Um+1
0 (0) +

(
ϕl (tm+1)− Um+1

0 (0)
)
exp

{
−µam+1 (0)nρ

}
,

(10)
where ρ = µh

ε .
Now, we consider the derivative approximation of the problem in (1) and

(2) as

D−Un =
Un − Un−1

h
, D+Un =

Un+1 − Un

h
, D0Un =

Un+1 − Un−1

2h
, and

D+D−Un =
Un+1 − 2Un + Un−1

h2
,

and
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εσ (ρ, ε, µ)D+D−Um+1 (xn) + µam+1 (xn)D
0Um+1 (xn)

− qm+1 (xn)U
m+1 (xn) = G (xn, tm+1) ,

(11)

where σ (ρ, ε, µ) is a fitting factor.
Multiplying (11) by h and evaluating the limit as h→ 0 give

lim
h→0

[
σ (ρ, ε, µ)

ρ

(
Um+1
n+1 − 2Um+1

n + Um+1
n−1

)]

+
1

2
am+1 (nh)

(
Um+1
n+1 − Um+1

n−1

)
= 0.

(12)

Substituting (10) into (12) and taking a(x, t) = a constant with some manip-
ulation give the fitting factor as

σ (ρ, ε, µ) = am+1 (0) ρ
2 coth (

ρam+1(0)
2 ).

For the variable fitting factor, we define as

σn (ρ, ε, µ) = am+1 (xn)
ρ

2
coth (ρa

m+1 (xn)

2
). (13)

Hence, using (12) ,the resulting finite difference scheme can be given as

$N,M
ε,µ Un+1

m ≡
(
εσn (ρ, ε, µ)

h2
− 1

2
µam+1

n

)
Um+1
n−1

+

(
−2εσn (ρ, ε, µ)

h2
− qm+1

n

)
Um+1
n

+

(
εσn (ρ, ε, µ)

h2
+

1

2
µam+1

n

)
Um+1
n+1

=Hm+1
n

(14)

subject to the following conditions:
Um+1
0 = ϕl (tm+1) , 0 ≤ m ≤M,

Um+1
N = ϕr (tm+1) , 0 ≤ m ≤M,

U (xn, tm+1) = ϕb (xn, tm+1) , xn ∈ Ω̄N , − (℘+ 1) ≤ m ≤ −1,

(15)

where

Hm+1
n = H (xn, tm+1)

= − 1

∆t
Um (xn) + cm+1(xn)U

m−℘+1 (xn)− fm+1(xn).

The schemes in (14) and (15) can be rewritten as

$N,M
ε,µ Um+1

n ≡ Em+1
n Um+1

n−1 − Fm+1
n Um+1

n +Gm+1
n Um+1

n−1 = Hm+1
n , (16)
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where

Em+1
n =

εσn (ρ, ε, µ)

h2
− 1

2
µam+1

n ,

Fm+1
n =

2εσn (ρ, ε, µ)

h2
+ qm+1

n ,

Gm+1
n =

εσn (ρ, ε, µ)

h2
+

1

2
µam+1

n ,

Hm+1
n = − 1

∆t
Um (xn) + cm+1(xn)U

m−℘+1 (xn)− fm+1(xn).

From the entries Em+1
n , Fm+1

n , Gm+1
n of tridiagonal system of (16), it is evi-

dent that Em+1
n < 0, Gm+1

n < 0 and Em+1
n + Fm+1

n + Gm+1
n > 0. Thus the

system is an M-matrix, and therefore its inverse exists, and it is positive.
Hence, the tridiagonal system in (16) can be easily solved by any existing
methods.

4 Stability and uniform convergence analysis

Lemma 10 (Discrete maximum principle). Assume that ψm+1
n is any mesh

function that satisfies ψm+1
0 ≥ 0, ψm+1

N ≥ 0, and that $N,M
ε,µ is the discrete

operator of (16). Then $N,M
ε,µ ψm+1

n ≥ 0, for 1 ≤ n ≤ N − 1, implies that
ψm+1
n ≥ 0, for 0 ≤ n ≤ N .

Proof. Refer to [12].

Lemma 11 (Uniform stability estimate for discrete problem). Let Um+1
n be

any mesh function such that Um+1
0 = 0, Um+1

N = 0 on 0 ≤ n ≤ N . Then

∣∣Um+1
n

∣∣ ≤ max
∣∣$N,M

ε,µ Um+1
n

∣∣
q∗

+ Cmax {|ϕl(tm+1)| , |ϕr(tm+1)|} ,

where qm+1
n =

1

∆t
+ b (xn, tm+1) ≥ q∗ > 0.

Proof. Refer to [12].

Theorem 1. Let U (xn, tm+1) be the continuous solution of (1) and (2) and
let Um+1

n be the approximate solution of (16). Then, for sufficiently large N ,
the following error bound holds:∣∣$N,M

ε,µ

(
U (xn, tm+1)− Um+1

n

)∣∣ ≤ CN−2.

Proof. Consider the error bound in the spatial direction as
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ε,µ

(
U (xn, tm+1)− Um+1

n

)∣∣
=
∣∣$N,M

ε,µ U (xn, tm+1)− $N,M
ε,µ Um+1

n

∣∣
=

∣∣∣∣∣ε (Uxx)
m+1

(xn) + µam+1 (xn) (Ux)
m+1

(xn)

−
{
εσ (ρ, ε, µ)D+D−Um+1

n + µam+1
n D0Um+1

n

}∣∣∣∣∣
≤

∣∣∣∣∣εσ (ρ, ε, µ)
(
d2

dx2
−D+D−

)
Um+1
n + µam+1

n

(
d

dx
−D0

)
Um+1
n

∣∣∣∣∣
≤
∣∣∣∣ε [am+1 (xn)

ρµ

2
coth (ρµa

m+1 (xn)

2
)− 1

]
D+D−Um+1

n

∣∣∣∣
+

∣∣∣∣ε( d2

dx2
−D+D−

)
Um+1
n

∣∣∣∣+ ∣∣∣∣µam+1
n

(
d

dx
−D0

)
Um+1
n

∣∣∣∣ .

(17)

Now, (17) becomes∣∣$N,M
ε,µ

(
U (xn, tm+1)− Um+1

n

)∣∣
≤ Cµh2

d2Um+1
n

dx2
+ Cεh2

d4Um+1
n

dx4
+ Cµh2

d3Um+1
n

dx3
.

Using Lemma 9, we have∣∣∣∣∣$N,M
ε,µ

(
U (xn, tm+1)− Um+1

n

)∣∣∣∣∣
≤Cµh2

(
1 + ω−2

1 e−νω1x + ω−2
2 e−νω2(1−x)

)
+ Ch2

[
ε
(
1 + ω−4

1 e−νω1x + ω−4
2 e−νω2(1−x)

)
+ µ

(
1 + ω−3

1 e−νω1x + ω−3
2 e−νω2(1−x)

)]
.

As ε→ 0 both ω−i
1 e−νω1xm and ω−i

2 e−νω2(1−xm) approach zero for 0 ≤ i ≤ 4.
Thus, we obtain the following error bound:∣∣$N,M

ε

(
U (xn, tm+1)− Um+1

n

)∣∣ ≤ CN−2,

since h = N−1.

Under the hypothesis of Lemmas 11 and 10, the following error estimate
holds:

max
0≤n<N

∣∣U (xn, tm+1)− Um+1
n

∣∣ ≤ Ch = CN−2. (18)
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Theorem 2. Let u (x, t) be the exact solution of (1) and (2) and let Um+1
n

be the numerical solution of (16). For the discrete scheme, there exist a
constant C independent of ε, h and ∆t such that

max
0≤n≤N,0≤m≤M

∣∣u (xn, tm+1)− Um+1
n

∣∣ ≤ C
(
N−2 + (∆t)

)
.

for sufficiently large N .

Proof. The result follows from the error estimate given in Lemma 8 and
Theorem 1.

5 Numerical results

In this section, we illustrate the proposed scheme using two numerical ex-
amples of the form given in (1). We investigate the theoretical results in
this paper by performing experiments using the proposed scheme. The exact
solution of these two examples is not known. Thus, we use the double mesh
principle to evaluate maximum absolute errors EN,M

ε,µ and the corresponding
order of convergence pN,M

ε,µ as

EN,M
ε,µ = max

0≤n≤N,0≤m≤M

∣∣Um+1
n − U2m+1

2n

∣∣ , pN,M
ε,µ = log2

(
EN,M

ε,µ

E2N,2M
ε,µ

)
.

From these values, we obtain the ε-uniform error EN,M and the corresponding
ε-uniform order of convergence pN,M as

EN,M = max0≤n≤N,0≤m≤M EN,M
ε and pN,M = log2

(
EN,M

E2N,2M

)
,

where Un+1
m is the numerical solutions obtained by using N ×M mesh inter-

vals in space and time direction with mesh size h and ∆t, respectively.

Example 1. Consider the problem

∂u

∂t
− ε

∂2u

∂x2
− µ(1 + x)

∂u

∂x
+ u(x, t) = −u(x, t− τ)+16x2 (1− x)

2
,

(x, t) ∈ (0, 1)× (0, 2],

with {
u(0, t) = 0, u(1, t) = 0, t ∈ (0, 2] ,

u(x, t) = 0, (x, t) ∈ [0, 1]× [−τ, 0] .

Example 2. Consider the problem
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∂u

∂t
−ε∂

2u

∂x2
− µ

(
1 + x (1− x) + t2

) ∂u
∂x

+ (1 + 5xt)u(x, t)

= −u(x, t− τ) + x(1− x)
(
et − 1

)
, (x, t) ∈ (0, 1)× (0, 2],

with {
u(0, t) = 0, u(1, t) = 0, t ∈ (0, 2] ,

u(x, t) = 0, (x, t) ∈ [0, 1]× [−τ, 0] .

Table 1: Maximum pointwise errors (EN,M
ε,µ ) and rate of convergence (pN,M

ε,µ ) for Example
1.

µ = 10−4 N=32 N=64 N=128 N=256 N=512
ε ↓ M=16 M=32 M=64 M=128 M=256
10−0 5.7516e-03 3.6382e-03 2.1286e-03 1.1627e-03 6.0947e-04

0.66074 0.77332 0.87243 0.93185 -
10−2 1.0422e-02 5.4491e-03 2.7875e-03 1.4101e-03 7.0919e-04

0.93554 0.96705 0.98317 0.99155 -
10−4 1.0658e-02 5.5312e-03 2.8189e-03 1.4231e-03 7.1502e-04

0.94627 0.97246 0.98610 0.99298 -
10−6 1.0663e-02 5.5328e-03 2.8193e-03 1.4232e-03 7.1504e-04

0.94653 0.97267 0.98620 0.99304 -
10−8 1.0664e-02 5.5339e-03 2.8202e-03 1.4237e-03 7.1533e-04

0.94638 0.97250 0.98615 0.99296 -
10−10 1.0664e-02 5.5339e-03 2.8202e-03 1.4237e-03 7.1533e-04

0.94638 0.97250 0.98615 0.99296 -
10−12 1.0664e-02 5.5339e-03 2.8202e-03 1.4237e-03 7.1533e-04

0.94638 0.97250 0.98615 0.99296 -
EN,M 1.0664e-02 5.5339e-03 2.8202e-03 1.4237e-03 7.1533e-04
pN,M 0.94638 0.97250 0.98615 0.99296 -

(a) (b)

Figure 1: Surface plot of the numerical solution for Example 2 with N = 256,M = 128,
a ε = 10−1,µ = 10−12 b ε = 10−12,µ = 10−1
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Table 2: Maximum pointwise errors (EN,M
ε,µ ) and rate of convergence (pN,M

ε,µ ) for Example
1.

µ = 10−12 Number of mesh intervals N=M
ε ↓ 32 64 128 256 512
10−0 3.6218e-03 2.1253e-03 1.1619e-03 6.0925e-04 3.1225e-04

0.57919 0.87118 0.93138 0.96433 -
10−2 5.4110e-03 2.7780e-03 1.4077e-03 7.0860e-04 3.5549e-04

0.96185 0.98071 0.99030 0.99516 -
10−4 5.5307e-03 2.8187e-03 1.4231e-03 7.1501e-04 3.5838e-04

0.97243 0.98599 0.99300 0.99647 -
10−6 5.5315e-03 2.8189e-03 1.4231e-03 7.1502e-04 3.5839e-04

0.97254 0.98610 0.99298 0.99645 -
10−8 5.5315e-03 2.8189e-03 1.4231e-03 7.1502e-04 3.5838e-04

0.97254 0.98610 0.99298 0.99645 -
10−10 5.5315e-03 2.8189e-03 1.4231e-03 7.1502e-04 3.5838e-04

0.97254 0.98610 0.99298 0.99645 -
10−12 5.5315e-03 2.8189e-03 1.4231e-03 7.1502e-04 3.5838e-04

0.97254 0.98610 0.99298 0.99645 -
EN,M 5.5315e-03 2.8189e-03 1.4231e-03 7.1502e-04 3.5839e-04
pN,M 0.97254 0.98610 0.99298 0.99645 -

Table 3: Maximum pointwise errors (EN,M
ε,µ ) and rate of convergence (pN,M

ε,µ ) for Example
2.

µ = 10−4 N=32 N=64 N=128 N=256 N=512
ε ↓ M=16 M=32 M=64 M=128 M=256
10−0 2.1475e-04 1.0912e-04 5.4962e-05 2.7578e-05 1.3813e-05

0.97674 0.98941 0.99492 0.99749 -
10−2 2.1465e-03 1.1561e-03 6.0053e-04 3.0592e-04 1.5440e-04

0.89272 0.94496 0.97308 0.98648 -
10−4 2.6764e-03 1.4488e-03 7.5345e-04 3.8424e-04 1.9401e-04

0.88544 0.94327 0.97150 0.98588 -
10−6 2.6771e-03 1.4491e-03 7.5407e-04 3.8484e-04 1.9445e-04

0.88551 0.94239 0.97044 0.98486 -
10−8 2.6771e-03 1.4490e-03 7.5351e-04 3.8423e-04 1.9401e-04

0.88561 0.94336 0.97166 0. 98584 -
10−10 2.6771e-03 1.4490e-03 7.5351e-04 3.8423e-04 1.9401e-04

0.88561 0.94336 0.97166 0. 98584 -
10−12 2.6771e-03 1.4490e-03 7.5351e-04 3.8423e-04 1.9401e-04

0.88561 0.94336 0.97166 0. 98584 -
EN,M 2.6771e-03 1.4491e-03 7.5407e-04 3.8424e-04 1.9445e-04
pN,M 0.88551 0.94239 0.97269 0.98261 -
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Table 4: Maximum pointwise errors (EN,M
ε,µ ) and rate of convergence (pN,M

ε,µ ) for Example
2.

µ = 10−12 Number of mesh intervals N=M
ε ↓ 32 64 128 256 512
10−0 1.3372e-04 6.1251e-05 2.9166e-05 1.4212e-05 7.0123e-06

1.1264 1.0704 1.0372 1.0191 -
10−2 1.1701e-03 6.0326e-04 3.0645e-04 1.5447e-04 7.7560e-05

0.95578 0.97713 0.98833 0.99394 -
10−4 1.4466e-03 7.5262e-04 3.8382e-04 1.9386e-04 9.7408e-05

0.94267 0.97149 0.98541 0.99290 -
10−6 1.4522e-03 7.5525e-04 3.8509e-04 1.9444e-04 9.7702e-05

0.94321 0.97176 0.98587 0.99287 -
10−8 1.4522e-03 7.5527e-04 3.8510e-04 1.9445e-04 9.7705e-05

0.94318 0.97176 0.98583 0.99289 -
10−10 1.4523e-03 7.5527e-04 3.8510e-04 1.9445e-04 9.7705e-05

0.94328 0.97176 0.98583 0.99289 -
10−12 1.4523e-03 7.5527e-04 3.8510e-04 1.9445e-04 9.7705e-05

0.94328 0.97176 0.98583 0.99289 -
EN,M 1.4523e-03 7.5527e-04 3.8510e-04 1.9445e-04 9.7705e-05
pN,M 0.94328 0.97176 0.98583 0.99289 -

Table 5: Comparison of uniform error (EN,M ) for Example 1.

µ = 10−3 N=32 N=64 N=128 N=256 N=512
ε ↓ M=8 M=16 M=32 M=64 M=128
Proposed method
10−4 1.9859e-02 1.0660e-02 5.5318e-03 2.8190e-03 1.4232e-03
10−6 1.9905e-02 1.0684e-02 5.5439e-03 2.8245e-03 1.4251e-03
10−8 1.9905e-02 1.0684e-02 5.5440e-03 2.8252e-03 1.4262e-03
10−10 1.9905e-02 1.0684e-02 5.5440e-03 2.8252e-03 1.4262e-03
10−12 1.9905e-02 1.0684e-02 5.5440e-03 2.8252e-03 1.4262e-03
Method in [8]
10−4 4.3705e-2 1.6704e-2 7.3802e-3 3.7406e-3 1.8967e-3
10−6 4.3471e-2 1.6596e-2 7.3290e-3 3.7218e-3 1.8873e-3
10−8 4.3429e-2 1.6573e-2 7.3303e-3 3.7211e-3 1.8870e-3
10−10 4.4343e-2 1.6572e-2 7.3303e-3 3.7211e-3 1.8870e-3
10−12 4.4343e2 1.6572e-2 7.3303e-3 3.7211e-3 1.8870e-3
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Table 6: Comparison of uniform error (EN,M ) for Example 2.

µ = 10−3 N=32 N=64 N=128 N=256 N=512
ε ↓ M=8 M=16 M=32 M=64 M=128
Proposed method
10−4 4.5627e-03 2.6876e-03 1.4564e-03 7.5785e-04 3.8653e-04
10−6 4.5254e-03 2.6603e-03 1.4402e-03 7.4904e-04 3.8203e-04
10−8 4.5254e-03 2.6603e-03 1.4402e-03 7.4904e-04 3.8195e-04
10−10 4.5254e-03 2.6603e-03 1.4402e-03 7.4904e-04 3.8195e-04
10−12 4.5254e-03 2.6603e-03 1.4402e-03 7.4904e-04 3.8195e-04
Method in [8]
10−4 1.1161e-2 5.1087e-3 2.4749e-3 1.2214e-3 6.0706e-4
10−6 1.1008e-2 5.0450e-3 2.4437e-3 1.2073e-3 6.0036e-4
10−8 1.0941e-2 5.0426e-3 2.4442e-3 1.2071e-3 6.0016e-4
10−10 1.0940e-2 5.0428e-3 2.4442e-3 1.2071e-3 6.0016e-4
10−12 1.0940e-2 5.0428e-3 2.4442e-3 1.2071e-3 6.0016e-4

Table 7: Comparison of uniform error (EN,M ) for Example 1.

µ = 10−9 N=32 N=64 N=128 N=256 N=512
ε ↓ M=8 M=16 M=32 M=64 M=128
Proposed method
10−4 1.9853e-02 1.0658e-02 5.5313e-03 2.8189e-03 1.4231e-03
10−6 1.9856e-02 1.0659e-02 5.5315e-03 2.8189e-03 1.4231e-03
10−8 1.9856e-02 1.0659e-02 5.5315e-03 2.8189e-03 1.4231e-03
10−10 1.9856e-02 1.0659e-02 5.5315e-03 2.8189e-03 1.4231e-03
10−12 1.9856e-02 1.0659e-02 5.5315e-03 2.8189e-03 1.4231e-03
Method in [8]
10−4 4.3708e-2 1.6705e-2 7.3807e-3 3.7407e-3 1.8967e-3
10−6 4.3816e-2 1.6749e-2 7.4017e-3 3.7489e-3 1.9008e-3
10−8 4.3817e-2 1.6750e-2 7.4019e-3 3.7490e-3 1.9008e-3
10−10 4.3817e-2 1.6750e-2 7.4019e-3 3.7490e-3 1.9008e-3
10−12 4.3817e-2 1.6750e-2 7.4019e-3 3.7490e-3 1.9008e-3

Table 8: Comparison of uniform error (EN,M ) for Example 2.

µ = 10−9 N=32 N=64 N=128 N=256 N=512
ε ↓ M=8 M=16 M=32 M=64 M=128
Proposed method
10−4 4.5499e-03 2.6744e-03 1.4477e-03 7.5307e-04 3.8398e-04
10−6 4.5651e-03 2.6830e-03 1.4523e-03 7.5527e-04 3.8513e-04
10−8 4.5652e-03 2.6831e-03 1.4523e-03 7.5529e-04 3.8514e-04
10−10 4.5652e-03 2.6831e-03 1.4523e-03 7.5529e-04 3.8514e-04
10−12 4.5652e-03 2.6831e-03 1.4523e-03 7.5529e-04 3.8514e-04
Method in [8]
10−4 1.1053e-2 5.0755e-3 2.4578e-3 1.2132e-3 6.0309e-4
10−6 1.1046e-2 5.0765e-3 2.4625e-3 1.2161e-3 6.0456e-4
10−8 1.1100e-2 5.0838e-3 2.4627e-3 1.2161e-3 6.0457e-4
10−10 1.1093e-2 5.0782e-3 2.4639e-3 1.2162e-3 6.0457e-4
10−12 1.1092e-2 5.0775e-3 2.4640e-3 1.2162e-3 6.0457e-4
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Figure 2: Log-Log plot of the maximum error on left (a) for Example 1 with µ = 10−4

and on right (b) for Example 2 with µ = 10−4.

We have demonstrated maximum pointwise errors (EN,M
ε,µ ) and the rate

of convergence (pN,M
ε,µ ) for Example 1 using scheme (16) by fixing µ = 10−4 in

Table 1 and µ = 10−12 in Table 2 with various values of ε. Similarly, Tables 3
and 4 have presented the result obtained for Example 2. The results given in
Tables 1–4 clearly indicate that the proposed numerical method is accurate
of order O

(
N−2 +∆t

)
, which approves the hypothetical result predicted in

the theory. Numerical solutions obtained by the presented numerical scheme
(16) for Example 2 have been shown in Figure 1 (a), (b), and it shows the
effects of the two parameters ε and µ on the steepness of the layer of the
solutions. From Figure 1 (a), we confirm the nonoccurrence of both left and
right boundary layers near x = 0 and x = 1 for µ → 0 as ε becomes large.
Similarly, from Figure 1 (b), we confirm the occurrence of left boundary
layers near x = 0 for µ = 1 as ε becomes small. The graphs between N and
maximum pointwise errors of Examples 1 and 2 are plotted as the log-log
scale, respectively, in Figure 2 (a) and (b). From these two graphs, one can
observe that the numerical scheme converges ε-uniformly as the perturbation
parameter goes very small. The comparison of our numerical results with
that of [8] is presented in Tables 5–8. From these tables, we can confirm the
improved accuracy of our proposed numerical method.

6 Conclusion

A singularly perturbed parabolic differential equation exhibiting boundary
layers was considered. The considered problem contains two small pertur-
bation parameters multiplied by the highest order derivative a term of the
equation and a large delay parameter on the time variable. An exponentially
fitted operator numerical scheme was proposed for solving the problem. First,
the equation was approximated by equivalent singularly perturbed parabolic
partial differential equations using the implicit Euler method in the time
direction. Inducing an exponential fitting factor for a term with the per-
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turbation parameter ε and determining its value, a fully discrete numerical
scheme was developed using implicit Euler in temporal discretization and
the central finite difference method for spatial discretization. The uniform
stability and uniform convergence of the scheme were established. It was
shown that the scheme is accurate and converges uniformly with the order
of convergence O

(
N−2 + (∆t)

)
.
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1 Introduction

Viral hepatitis is a major health problem worldwide, comparable to that
posed by other major communicable diseases, such as human immunode-
ficiency virus (HIV), tuberculosis, malaria, or, more recently, coronavirus
disease 2019 (COVID-19). In this work, we are interested in viral hepatitis
C (HCV).
Hepatitis C is an inflammation of the liver caused by the hepatitis C virus.
The virus can cause both acute and chronic hepatitis. According to the fact
sheet of the World Health Organization (WHO) updated on October 2017
for hepatitis C, 71 million people have been estimated for chronic hepatitis C
infection in the whole world, and approximately 399,000 people die each year
from hepatitis C [28]. Until today, researchers could not develop a vaccine
or effective treatment that heals hepatitis C at 100% [25].

The hepatitis C virus is transmitted by exposure to contaminated blood
resulting from bringing the blood of an infected person into contact with
that of a person likely to be contaminated directly (transfusion) or indirectly
(equipment of contaminated injection for example). In 2016, WHO intro-
duced global targets, for the care and management of HCV, a 90% reduction
in new cases of chronic hepatitis C, a 65% reduction in hepatitis C deaths,
and treatment of 80% of eligible people with chronic hepatitis C infections
[30]. In Algeria, the president of the “SOS hepatitis association”, spoke in an
interview about the need to draw up a national plan against viral hepatitis,
which will aim to improve prevention, care, and the availability of drugs.
He also mentioned that the prevention of viral hepatitis poses a problem
in Algeria because there is no real prevention against these viral infections,
especially at the dentist. It is obvious to know that the majority of con-
taminations by these viruses are done during dental care. Therefore, raising
awareness against viral hepatitis “B” and “C” is very important to detect
these diseases, especially since they are silent. Indeed, better prevention re-
quires better knowledge of the modes of transmission and the populations
at risk in order to improve education and teach the appropriate protective
measures. The last century has seen the emergence and rapid development
of mathematical modeling, which plays an important role in assessing and
anticipate the impact of Public Health programs.

Over the last decade, a large number of mathematical models have been
developed to simulate, analyze, and understand the dynamics of a population
of hepatitis C. In a related research work, Martcheva and Castillo-Chavez
[19] proposed a model to study the role of a chronic infectious stage on the
dynamics of HCV over the long term. Incorporating the immune class in [10],
in [32], the latency period was merged. In [4], the authors showed both the
effect of processing and immigration. Another model describes the effect of
isolating chronically infected people [15]. Several studies have been carried
out in [11, 20, 23, 21, 22, 33] showing the impact of HCV treatment in drug
users on the prevalence of the disease. The optimal control theory has been
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used to understand the efforts made to prevent the spread of the disease by
different measures and strategies [1, 31, 34].

Our aim in this article is to understand how hepatitis C disease can evolve,
by highlighting the role of sterilization of infected material, modeled by or-
dinary differential equation (ODE), unlike the model of Miller et al. [24],
which targets the population of drug users. Therefore a single mode of con-
tamination which plays the role of a vector of the disease and a single host.
Our new model SIR-MI consists of taking into account other causes of con-
tamination, such as dental equipment, toilet equipment, needles, tattooing,
and piercing equipment in interaction with a mixed human population, and
then we resolve this model.
On the other hand, wavelet theory plays an important role in many areas of
mathematics and applied sciences, for instance, signal analysis in medicine,
image processing, signal processing, data compression, statistics, and numer-
ical methods [7, 18]. In recent years, wavelets based on orthogonal polyno-
mials have been used in many researches to solve different problems such as
ODE, partial differential equations, fractional differential equations, optimal
control, and variational calculus [2, 9, 8, 26, 27], and this is due to orthogo-
nality property. We propose the Jacobi wavelets method with general indices
(α, β) in this work in order to obtain computational solutions. This method
generalized other methods like Legendre wavelets and Chebyshev wavelets.
The Jacobi wavelets method reduces an ODE to a system of algebraic equa-
tions by using the operational matrix of the derivative of Jacobi wavelets. In
our numerical simulations, we have found that using the operational matrix
of derivative simplifies the implementation of the method compared to us-
ing the operational matrix of integration [3]. Then, we apply the decoupling
and quasi-linearization technique (DQLT) combined with the Jacobi wavelets
method to solve the underlying problem.
In this paper, we propose, in section 2, a mathematical model SIR-MI that
describes the dynamics of a population of hepatitis C. Section 3 will concern
the mathematical analysis of the proposed model. Section 4 is devoted to
explaining the different steps that lead to the implementation of the Jacobi
wavelet method combined with DQLT. In Section 5, we apply the proposed
method to simulate the model SIR-MI. Finally, Section 6 presents our con-
clusions.

2 Model formulation

In order to understand the effect of sterilization of the material on the trans-
mission and dynamics of hepatitis C, we propose a mathematical model SIR-
MI developed by Miller et al. [24] with five compartments. That is, let NH

be the total population of humans, which is subdivided into three subclasses:
SH (susceptible), IH (infected), RH (recovered). The total population of NM

material is divided into two subclasses: MU (uninfected), MI (infected).
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The graphical representation of the proposed model is shown in Figure 1.
in Figure 1.

Figure 1: The compartmental model diagram.

The model SIR-MI is given by the following system of ordinary differential
equations

::::::
ODEs:

:



dSH

dt
(t) = λH − βSH(t)MI(t)

MI(t) +MU (t)
− µHSH(t),

dIH
dt

(t) =
βSH(t)MI(t)

MI(t) +MU (t)
− λIH(t)− (τ + µH) IH(t),

dRH

dt
(t) = λIH(t)− µHRH(t),

dMU

dt
(t) = λM − αMU (t)IH(t)

SH(t) + IH(t)
+ θMI(t)− kMU (t),

dMI

dt
(t) =

αMU (t)IH(t)

SH(t) + IH(t)
− θMI(t)− kMI(t),

SH(0) = SH0
, IH(0) = IH0

, RH(0) = RH0
,MU (0) =MS0

,MI(0) =MI0 ,
SH0

, IH0
, RH0

,MU0
,MI0 > 0,

(1)
with ,

λM = kNM ̸= 0.

4

Figure 1: The compartmental model diagram.

The model SIR-MI is given by the following system of ODEs:



dSH

dt
(t) = λH − βSH(t)MI(t)

MI(t) +MU (t)
− µHSH(t),

dIH
dt

(t) =
βSH(t)MI(t)

MI(t) +MU (t)
− λIH(t)− (τ + µH) IH(t),

dRH

dt
(t) = λIH(t)− µHRH(t),

dMU

dt
(t) = λM − αMU (t)IH(t)

SH(t) + IH(t)
+ θMI(t)− kMU (t),

dMI

dt
(t) =

αMU (t)IH(t)

SH(t) + IH(t)
− θMI(t)− kMI(t),

SH(0) = SH0 , IH(0) = IH0 , RH(0) = RH0 ,MU (0) =MS0 ,MI(0) =MI0 ,
SH0 , IH0 , RH0 ,MU0 ,MI0 > 0,

(1)
with

λM = kNM ̸= 0.
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The parameters used in our model are defined in Table 1.

Table 1: Definitions of parameters used in model.

Parameters Description
λH birth rate of susceptible
µH natural mortality rate of the human population
β rate of interaction between susceptible humans and infected material
τ mortality rate due to the disease
λ disease cure rate
λM birth rate of uninfected material
α interaction rate between infected humans and uninfected material
k rejection rate of infected or non-infected material
θ sterilization rate of infected material

3 Mathematical Analysis of the Model

In this section and in the first moment, we will apply the theorem of Cauchy–
Lipschitz to demonstrate the existence and the uniqueness of the solution of
the system (1). Then we will study the behavior of this solution by going
through the calculation of the points of equilibrium as well as the stability of
these points. However, first, we note that the population of material NM (t)
is constant.
Indeed,

NM (t) =MI(t) +MU (t) ⇐⇒ dNM

dt
(t) =

dMU

dt
(t) +

dMI

dt
(t).

So

dMU

dt
(t) +

dMI

dt
(t) = λM − k (MI(t) +MU (t)) ,

dNM

dt
(t) = 0.

We show that the human population is not constant. So we have

NH (t) = SH(t)+ IH(t)+RH(t) ⇐⇒ dNH

dt
(t) =

dSH

dt
(t)+

dIH
dt

(t)+
dRH

dt
(t).

Then

dSH

dt
(t) +

dIH
dt

(t) +
dRH

dt
(t) = λH − µH (SH(t) + IH(t) +RH(t))− τIH(t),

dNH

dt
(t) = −τIH(t).
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3.1 Existence and uniqueness of a positive solution

To study the existence and uniqueness of the solution of problem (1), we need
to apply the Cauchy–Lipschitz theorem.
Our model (1) is a system of nonlinear, autonomous first-order differential
equations that can be written as the following Cauchy problem:{

X ′ (t) = F (X (t)) , t ∈ [0, T ] ,
X (0) = X0,

(2)

with

X (t) =


SH (t)
IH (t)
RH (t)
MU (t)
MI (t)

 and F (X (t)) =


f1 (X (t))
f2 (X (t))
f3 (X (t))
f4 (X (t))
f5 (X (t))

 ,

where
f1 (X (t)) = λH − βSH(t)MI(t)

NM
− µHSH(t), (3)

f2 (X (t)) =
βSH(t)MI(t)

NM
− λIH(t)− (τ + µH) IH(t), (4)

f3 (X (t)) = λIH(t)− µHRH(t), (5)

f4 (X (t)) = λM − αMU (t)IH(t)

SH(t) + IH(t)
+ θMI(t)− k(t), (6)

f5 (X (t)) =
αMU (t)IH(t)

SH(t) + IH(t)
− θMI(t)− kMI(t). (7)

We recall that the norm Norm(·) in the space of continuous functions
from I to R5 (denoted by C

(
I,R5

)
) is defined by

Norm (F ) = max
t∈I

∥F (t)∥2 ,

with ∥·∥2 is the usual Euclidean norm in R5.
We are now able to state the following result.

Theorem 1. The differential problem (1) admits a unique solution
(SH(t), IH(t), RH(t),MU (t),MI(t))

T ∈ R5 for all t ∈ [0, T ] .

Proof. To demonstrate that the Cauchy problem (1) admits a unique solu-
tion, it suffices to show that the vector function F of the equivalent problem
(2), is Liptschizian.

Let t ∈ [0, T ] , X1, X2 ∈ R5. Then
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∥F (X1(t))− F (X2(t))∥ = max


|f1 (X1 (t))− f1 (X2 (t))| ,
|f2 (X1 (t))− f2 (X2 (t))| ,
|f3 (X1 (t))− f3 (X2 (t))| ,
|f4 (X1 (t))− f4 (X2 (t))| ,
|f5 (X1 (t))− f5 (X2 (t))| .

We assume that at any instant t ∈ [0, T ], the human population NH(t) =
SH(t) + IH(t) is between two real numbers strictly positive Nmin and Nmax.

We will examine each of the components |fi (X1 (t))− fi (X2 (t))|, i =
1, . . . , 5. Therefore

|f1 (X1 (t))− f1 (X2 (t))|

=

∣∣∣∣−βSH1
(t)MI1(t)

NM (t)
− µHSH1

(t) +
βSH2

(t)MI2(t)

NM (t)
+ µHSH2

(t)

∣∣∣∣
≤ β

NM (t)
|−SH1

(t)MI1(t) + SH2
(t)MI2(t)|+ µH |−SH1

(t) + SH2
(t)| .

By adding and subtracting the term SH1
MI2 , we have

|f1 (X1 (t))− f1 (X2 (t))|

≤ β

NM (t)
SH1(t) |−MI1(t) +MI2(t)|+ β

MI2(t)

NM (t)
|−SH1(t) + SH2(t)|

+µH |−SH1
(t) + SH2

(t)| .

Since SH1 ≤ Nmax and MI2

NM
≤ 1, then

|f1 (X1 (t))− f1 (X2 (t))| ≤
(

β

NM (t)
Nmax + β + µH

)
∥X1(t)−X2(t)∥ .

For (4) and following the same reasoning, we find

|f2 (X1 (t))− f2 (X2 (t))|

≤
(

β

NM (t)
Nmax + β + λ+ τ + µH

)
∥X1(t)−X2(t)∥ .

The linearity of terms in (5) leads to

|f3 (X1 (t))− f3 (X2 (t))| ≤ (λ+ µH) ∥X1(t)−X2(t)∥ .

From (6), we have
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|f4 (X1 (t))− f4 (X2 (t))| ≤
α

NH(t)
|−MU1(t)IH1(t) +MU2(t)IH2(t)|

+θ |MI1(t)−MI2(t)|+ k |−MU1
(t) +MU2

(t)| .

By adding and subtracting the term MU1IH2 , we have

|f4 (X1 (t))− f4 (X2 (t))| ≤
α

NH(t)
MU1(t) |−IH1(t) + IH2(t)|

+
α

NH(t)
IH2(t) |−MU1(t) +MU2(t)|

+θ |MI1(t)−MI2(t)|+ k |−MU1
(t) +MU2

(t)| .

Knowing MU1
≤ NM , NH(t) ≥ Nmin and IH2

NH(t)
≤ 1, we arrive at

|f4 (X1 (t))− f4 (X2 (t))| ≤
(
αNM (t)

Nmin
+ α+ θ + k

)
∥X1(t)−X2(t)∥ .

Finally, from (7) and following the previous steps, we have

|f5 (X1 (t))− f5 (X2 (t))| ≤
(
αNM (t)

Nmin
+ α+ θ + k

)
∥X1(t)−X2(t)∥ .

Therefore, we have

∥F (X1(t))− F (X2(t))∥ ≤ C ∥X1(t)−X2(t)∥ ,

with

C =max
(

β

NM (t)
Nmax + β + µH , β

NM (t)
Nmax + β + λ+ τ + µH , λ+ µH ,

αNM (t)

Nmin
+ α+ θ + k

)
.

3.2 Equilibrium points

In this subsection, we will look for points of equilibrium E0 and E1 (Theorem
2) and study their stabilities. We limit ourselves to the stability of the point
E0. The stability of the point E1 will be made numerically.
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The basic reproduction rate R0

Understanding how an epidemic develops once it has appeared is crucial if
we are to hope to control it. To do this, various models have been developed,
which highlight the crucial role played by the R0 parameter, describing the
average number of new infections due to a sick individual. As one can imag-
ine, if this number is less than 1, then the epidemic will tend to die out, while
it may persist or even spread to the entire population if R0 > 1 ([12]).

We recall, for a given matrix A, that Sp(A) represents the spectrum of A
and that the spectral radius of the matrix A, denoted ρ(A), is defined by

ρ(A) = max {|λ| , λ ∈ Sp(A)} .

The disease-free point is

(SH =
λH
µH

, IH = 0, RH = 0,MU = NM ,MI = 0).

We consider different infected populations of the model. That is,

dIH
dt

(t) =
βSH(t)MI(t)

NM
− λIH(t)− (τ + µH) IH(t)

and

dMI

dt
(t) =

αMU (t)IH(t)

SH(t) + IH(t)
− θMI(t)− kMI(t).

To be able to calculate R0, we use two matrices F and V , where the
matrix F represents the appearance of new infected; that is, what comes from
other compartments and which enters the infected compartment following an
infection,

F (IH ,MI) =

 0
βSH

NM
αMU

NH
0

 .

The matrix V represents all those who leave the compartments of the
infected and those who come there for any other reason,

V (IH ,MI) =

(
−λ− (τ + µH) 0

0 −θ − k

)
.

We have

Iran. J. Numer. Anal. Optim., Vol. 13, No. 4, 2023, pp 646–671



655 Numerical nonlinear model solutions for ...

−FV −1 =

 0
βλH

NM (k + θ)µH
αNMµH

(λ+ τ + µH)λH
0

 .

The matrix −FV −1 represents the next generation matrix. The basic
reproduction rate is given by

R0 = ρ(−FV −1).

After calculating the eigenvalues of the matrix −FV −1, we find

λ1 =
√

βα
(λ+τ+µH)(k+θ) and λ2 = −

√
βα

(λ+τ+µH)(k+θ) .

We then conclude

R0 =

√
βα

(λ+ τ + µH) (k + θ)
. (8)

The calculation of equilibrium points

Theorem 2. The system (1) admits two equilibrium points E0 and E1, for
strictly positive parameters. They are given indeed as follows.

1. If R0 < 1, then the point E0 exists and it is given by

E0 =

(
λH
µH

, 0, 0, NM , 0

)
.

2. If

R0 > 1 and αβ + αµH > (k + θ) (τ + λ) ,

then the endemic point E1 exists and it is given by

E1 = (S∗
H , I

∗
H , R

∗
H , NM −M∗

I ,M
∗
I ),

with

S∗
H =

λH − (τ + µH + λ) I∗H
µH

,

I∗H =
βαλH − λH (k + θ) (λ+ τ + µH)NM

αβ (τ + µH + λ) +NM (λ+ τ + µH) (αµH − (k + θ) (τ + λ))
,

R∗
H =

λ

µH
I∗H ,

M∗
U = NM −M∗

I ,

M∗
I =

αµHNMI
∗
H

((αµH − (k + θ) (τ + λ)) I∗H + λH (k + θ))
.
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Proof. The equilibriums of the system (1) are given by the solutions of the
following system of algebraic equations:

λH − βS∗
HM

∗
I

NM
− µHS

∗
H = 0,

βS∗
HM

∗
I

NM
− λI∗H − (τ + µH) I∗H = 0,

λI∗H − µHR
∗
H = 0,

λM − αM∗
UI

∗
H

S∗
H + I∗H

+ θM∗
I − kM∗

U = 0,

α

SH + IH
M∗

UI
∗
H − (k + θ)M∗

I = 0.

(9)

As the population of the material is constant NM = MU +MI , then the
system (9) is reduced to the following four equations:

λH − βS∗
HM

∗
I

NM
− µHS

∗
H = 0, (10)

βS∗
HM

∗
I

NM
− λI∗H − (τ + µH) I∗H = 0, (11)

λI∗H − µHR
∗
H = 0, (12)

and
α(NM −M∗

I )I
∗
H

S∗
H + I∗H

− (k + θ)M∗
I = 0. (13)

The sum of (10) and (11) gives

S∗
H =

λH − (τ + µH + λ) I∗H
µH

. (14)

From (12), it is clear that

R∗
H =

λ

µH
I∗H . (15)

To determine M∗
I , we replace (14) in (13) and obtain

M∗
I =

αµHNMI
∗
H

((αµH − (k + θ) (τ + λ)) I∗H + λH (k + θ))
. (16)

Substituting (14) and (16) into (11), we find(
βα (λH − (τ + µH + λ) I∗H)

((αµH − (k + θ) (τ + λ)) I∗H + λH (k + θ))
− (λ+ τ + µH)NM

)
I∗H = 0.

(17)
According to (17), we distinguish two cases:
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Case I I∗H = 0, we then find

SH =
λH
µH

, RH =MI = 0 et MU = NM .

Hence the existence of the first equilibrium point E0 is as follows:

E0 =

(
λH
µH

, 0, 0, NM , 0

)
.

Case II I∗H ̸= 0, we have

βα (λH − (τ + µH + λ) I∗H)

((αµH − (k + θ) (τ + λ)) I∗H + λH (k + θ))
− (λ+ τ + µH)NM = 0.

We can easily write the last equation in the form

BI∗2H +AI∗H = 0

with{
A = βα (τ + µH + λ) + (λ+ τ + µH)NM (αµH − (k + θ) (τ + λ)) ,
B = −λH (k + θ) (λ+ τ + µH)NM + βαλH .

Hence,

I∗H =
βαλH − λH (k + θ) (λ+ τ + µH)NM

αβ (τ + µH + λ) + (λ+ τ + µH)NM (αµH − (k + θ) (τ + λ))
.

(18)

Then, the existence of the endemic point E1 is given by

E1 = (S∗
H , I

∗
H , R

∗
H , NM −M∗

I ,M
∗
I ),

with

S∗
H =

λH − (τ + µH + λ) I∗H
µH

,

I∗H =
βαλH − λH (k + θ) (λ+ τ + µH)NM

αβ (τ + µH + λ) + (λ+ τ + µH)NM (αµH − (k + θ) (τ + λ))
,

R∗
H =

λ

µH
I∗H ,

M∗
U = NM −M∗

I ,

M∗
I =

αµHNMI
∗
H

((αµH − (k + θ) (τ + λ)) I∗H + λH (k + θ))
.
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The positivity of the equilibrium points

It is clear that the point E0 is positive (belong to the positive orthant) without
condition. It then remains to show that the point E1 is positive. This
amounts to showing that S∗

H , I
∗
H , R

∗
H ,M

∗
I are positive.

1. The positivity of S∗
H is according to (14).

It is clear that the denominator of S∗
H is positive, so it suffices to study

the positivity of the numerator

λH − (τ + µH + λ) I∗H =
λHαµH + λH (k + θ)µH

αβ + αµH − (k + θ) (τ + λ)

=
S1

S2
.

As the numerator S1 is positive, then it remains to show that S2 is
positive; that is,

αβ + αµH > (k + θ) (τ + λ) .

2. The positivity of I∗H is according to (18). We let

I∗H =
A

B
.

We write A as a function of R0 defined in (8),

A = αλHβ
R2

0 − 1

R2
0

.

Therefore A is positive if R0 > 1.

We write B as a function of R0,

B ≥ αβ (λ+ τ)
R2

0 − 1

R2
0

.

We note that B is positive if R0 > 1.

3. The positivity of R∗
H is according to (15). We note that R∗

H is positive
if I∗H is positive.

4. The positivity of M∗
I is according to (16). We let

M∗
I =

M1

M2
.
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It is clear that M1 is positive if I∗H is positive. Then, M∗
I is positive if

M2 is positive. Indeed

M2 > 0 =⇒ C1

C2
> 0,

withC1 = αµH (λ+ τ + µH) (αβ + αµH − (k + θ) (τ + λ))
+λH (k + θ) (αβµH + (τ + µH + λ)αµH) > 0,

C2 = αβ (τ + µH + λ) + (λ+ τ + µH) (αµH − (k + θ) (τ + λ)) > 0.

We then deduce that M2 is positive if

αβ + αµH > (k + θ) (τ + λ) ,

and therefore M∗
I is positive if I∗H is positive and if

αβ + αµH > (k + θ) (τ + λ) .

3.3 Stability

The stability of the equilibrium point [5] results from the stability of the
Jacobian matrix of the system (10), (11), (12), (13) ( i.e., its eigenvalues
must be negative), which is given by

J(SH , IH , RH ,MI)

=



−βMI

NM
− µH 0 0 −βSH

NM
βMI

NM
−λ− (τ + µH) 0

βSH

NM
0 λ −µH 0

−α(NM −MI)IH

(SH + IH)
2

α(NM −MI)SH

(SH + IH)
2 0

−αIH
SH + IH

− (k + θ)


Theorem 3. It holds that E0 is locally asymptotically stable (the solutions
must approach an equilibrium point under initial conditions close to the equi-
librium point) if and only if

R0 < 1.

Proof. The Jacobian matrix at point E0 is given by
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J(E0) =



−µH 0 0 − βλH
NMµH

0 − (λ+ τ + µH) 0
βλH
NMµH

0 λ −µH 0

0
αNMµH

λH
0 − (k + θ)



=


−A 0 0 −B
0 −C 0 B
0 D −A 0
0 E 0 −F

 .

We calculate the characteristic polynomial of J(E0),

det(J(E0)−XI3) = − (X + µH)
2
(kλ+ kτ + kµH + θλ

+θτ − αβ + θµH + (θ + λ+ τ + µH + k)X +X2
)

= − (X + µH)
2
P (X).

We have the first eigenvalues

X1 = X2 = −µH < 0,

and
P (X) = A+BX + CX2,

with

A = kλ+ kτ + kµH + θλ+ θτ + θµH − αβ,

B = (θ + λ+ τ + µH + k) ,

C = 1.

Let us use Descartes’ rule [16] to show that the coefficients of the poly-
nomial P do not change signs.

It is clear that B and C are positive. It only remains to show that A is
positive or equivalently

1−R0 > 0.

So, A is positive if R0 < 1.

According to Descartes’ rule, the polynomial does not admit any positive
root. Hence, the stability of the point E0.
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4 Method of resolution

4.1 Jacobi wavelets

The Jacobi polynomials J (α,β)
m (α > −1, β > −1) are orthogonal polynomials

on the interval [−1, 1] ([13, 29]) with the weight function

ω(x) = (1− x)
α
(1 + x)

β
, (19)

where m is a positive integer, which represents the degree of the polyno-
mial. These polynomials belong to the weight space L2

ω ([−1, 1]). The Jacobi
polynomials can be represented by the recursive formula given by

J (α,β)
m (x)

=
(α+ β + 2m− 1)

[
α2 − β2 + x(α+ β + 2m)(α+ β + 2m− 2)

]
2m (α+ β + 2m− 2) (α+ β +m)

J
(α,β)
m−1 (x)

− (α+m− 1) (β +m− 1) (α+ β + 2m)

m (α+ β + 2m− 2) (α+ β +m)
J
(α,β)
m−2 (x), (20)

where
J
(α,β)
0 (x) = 1, J (α,β)

1 (x) =
α+ β + 2

2
x+

α− β

2
. (21)

As the Jacobi polynomials are orthogonal with respect to the weight func-
tion ω, then〈

J (α,β)
n , J (α,β)

m

〉
L2

ω

= h(α,β)m δn,m, for all n,m ∈ N, (22)

where

h(α,β)m =
∥∥∥J (α,β)

m

∥∥∥2 =
2α+β+1Γ (α+m+ 1)Γ (β +m+ 1)

(2m+ 1 + α+ β)m!Γ (α+ β +m+ 1)
, (23)

δn,m represents the Kronecker symbol, Γ is the Euler gamma function, and
⟨·, ·⟩L2

ω
denotes the inner product of L2

ω ([−1, 1]).

The Jacobi wavelets are defined by

ψ(α,β)
n,m (x) =

 2
k+1
2√

h
(α,β)
m

J
(α,β)
m

(
2k+1x− 2n+ 1

)
, n−1

2k
≤ x < n

2k

0, otherwise,
(24)

where k ∈ N, n = 1, . . . , 2k represents the number of decomposition levels,
m = 0, 1, . . . ,M is the degree of the Jacobi polynomials (M ∈ N∗). The
coefficient 2

k+1
2√

h
(α,β)
m

is for normality.
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4.2 Decomposition in Jacobi wavelets basis

Since the Jacobi wavelets family
{
ψ
(α,β)
n,m

}
n = 1, . . . , 2k

m ≥ 0

forms an orthonor-

mal basis in L2
ω ([0, 1]), we can express all functions f in L2

ω ([0, 1]) as a unique
linear combination of elements of this basis:

f(x) =

2k∑
n=1

∞∑
m=0

cn,mψ
(α,β)
n,m (x) , (25)

where cn,m =
〈
f, ψ

(α,β)
n,m

〉
L2

ω([0,1])
. From the point of view of the numerical

analysis, we take the truncated sum (its projection on finite space)

f(x) =

2k∑
n=1

M∑
m=0

cn,mψ
(α,β)
n,m (x). (26)

Let
C =

[
c1,0, . . . , c1,M , c2,0, . . . , c2,M , . . . , c2k,0, . . . , c2k,M

]T
,

and let

Ψ(α,β) =
[
ψ
(α,β)
1,0 , . . . , ψ

(α,β)
1,M , ψ

(α,β)
2,0 , . . . , ψ

(α,β)
2,M , . . . , ψ

(α,β)

2k,0
, . . . , ψ

(α,β)

2k,M

]T
.

(27)
We can find the following matrix notation:

f(x) = CTΨ(α,β) (x) . (28)

In this case, the Ψ(α,β) are called the 2k(M + 1) Jacobi wavelets vector and
C is a 2k(M + 1) vector.

The operational matrix of derivative

The derivative of the Jacobi wavelets vector Ψ(α,β) from (27) can be expressed
by [17]

dΨ(α,β) (x)

dx
= D(α,β)Ψ(α,β)(x),

where D(α,β) denotes the 2k (M + 1) × 2k (M + 1) operational matrix given
by
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D(α,β) =


F (α,β) 0 . . . 0

0 F (α,β) . . . ...
... . . . . . . 0
0 . . . 0 F (α,β)

 ,

F (α,β) is (M + 1)× (M + 1) matrix, where its (i, j)th element is given by

F
(α,β)
i,j =

 2k+1

√
h
(α,β)
j−1√

h
(α,β)
i−1

γ
(α,β)
i−1,j−1, if i > j

0, otherwise,
(29)

in which h(α,β)i−1 and h(α,β)j−1 are defined from (23), and γ(α,β)i−1,j−1 are given by

γ
(α,β)
i−1,j−1 =

Γ (i+ β)

2Γ (i+ α+ β)

(2 (j − 1) + α+ β + 1)Γ (α+ β + j)

Γ (α+ j)
(30)

×

 i−1∑
d=j−1

(−1)
d−j−1 (2 (d+ 1) + α+ β) Γ (α+ d+ 1)

Γ (β + d+ 2)

 .

4.3 Description of the solution method

In this subsection, we describe how to apply the Jacobi wavelets to solve
ODEs. Then, we use the DQLT with Jacobi wavelets method to solve a set
of nonlinear differential equations. In the end, we present the formula of
errors calculation.

Linear first order differential equation

Consider the linear first order differential equation with initial condition{
f ′(x) + a(x)f(x) = g(x), x ∈ ]0, 1] ,
f(0) = f0,

(31)

where f0 is arbitrary constant. To solve the problem (31), we decompose
f(x) in the Jacobi wavelets basis

{
ψ
(α,β)
n,m

}
n=1,...,2k

m=0,...,M

by estimating (28),

f(x) = CTΨ(α,β) (x) , (32)

where C denotes the solution vector of the problem. Then, we have

f ′(x) = CTD(α,β)Ψ(α,β) (x) . (33)
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Now, by substituting (32)–(33) into problem (29), we get the following alge-
braic system:

CT (D(α,β) + a(xi)I)Ψ
(α,β) (xi) = g(xi), i = 1, . . . , nc, (34)

where I is the identity matrix and nc is the number of collocation points.
We have to insert the initial condition

f0 = CTΨ(α,β) (0) . (35)

Equations (34) and (35) generate 2k(M +1) set of linear algebraic equations,
which can easily be solved for the unknown C by using one of the method
of resolution an algebraic system. Consequently, f(x) given in (32) will be
easily calculated.

Set of nonlinear differential equation

To solve a set of nonlinear differential equations, we will use the DQLT to
transform this problem by iterative steps into a set of decoupled and lin-
earized differential equations, where each equation can be written as the
problem (31). Then we use the Jacobi wavelets method described in the pre-
vious subsection. Let us consider a set of p nonlinear differential equations.
This iterative technique can be defined by

Given initial profilef (0)1 , f
(0)
2 , . . . , f

(0)
p ,

(f ′1(x))
(l+1)

+ a1(x)f
(l+1)
1 = g1

(
x, f

(l)
1 , f

(l)
2 , . . . , f

(l)
p

)
,

(f ′2(x))
(l+1)

+ a2(x)f
(l+1)
2 = g2

(
x, f

(l+1)
1 , f

(l)
2 , . . . , f

(l)
p

)
,

...(
f ′p(x)

)(l+1)
+ ap(x)f

(l+1)
p = gp

(
x, f

(l+1)
1 , f

(l+1)
2 , . . . , f

(l)
p

)
,

(36)

where f (l+1)
i and f (l)i are the approximations of the solution fi at the current

and the precedent iteration, respectively. At each iteration, we apply the
Jacobi wavelets method to solve p linear differential equation. Then, for
(l + 1)th iteration, we can calculate the decoupling error using the following
formula:

EDQLT = max
(
∥f l1 − f l+1

1 ∥2, ∥f l2 − f l+1
2 ∥2, . . . , ∥f lp − f l+1

p ∥2
)
. (37)

The procedure is terminated when the error of decoupling is sufficiently small.
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Error estimation

Since the ODEs solutions are only known at collocation points, the most
appropriate norm is the euclidean norm if the exact solution is given. The
accuracy of the proposed method is estimated by

error = ∥f(x)− fex(x)∥2 =

√√√√ nc∑
i=1

|f(xi)− fex(xi)|2, (38)

where fex is the analytic solution, f is the approximate solution, and nc the
number of collocation points.

5 Numerical simulations of model SIR-MI

In this section, we will study the stability of the point E1 numerically. Then,
we simulate our model to see the importance of studying the effect of the
sterilization parameter infected material and management on the evolution
of the human population. We apply the Jacobi wavelets with DQLT, which
makes it possible to numerically evaluate the solutions of the ODEs and to
build their graphs. We conclude our section with a discussion of the results
obtained.

5.1 The study of the stability of the second equilibrium
point E1

The following table gives us the biological parameters that verify the condi-
tions of existence and stability of the second point of equilibrium E1:

Table 2: The parameters verifying the stability of E1.

Equilibrium point E1 = (1622, 9920, 1668, 18172, 11828)
Parameter λH β µH λ λM τ α k θ

Value 230 0.23 0.05116 0.086 1500 0.011 0.6 0.05 0.3

1. For the conditions of existence, we have

(R0 = 1.6313) > 1, (39)

and
(αβ + αµH = 0.1687) > ((k + θ)(τ + λ) = 0.0339). (40)
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Hence, we have the existence of the point E1.

2. For stability, the Jacobian matrix of system (34) at point E1 after
substitution of the parameters given in Table 2 is given by

J (E1) =


−0.1418 0 0 −0.0124
0.0907 −0.1482 0 0.0124

0 0.0860 −0.0512 0
−1.5836 2.5875 0 −0.5778

 .

The eigenvalues of J(E1) are


vp1 = −0.0512,
vp2 = −0.6842,
vp3 = −0.0918 + 0.0515i,
vp4 = −0.0918− 0.0515i.

The eigenvalues of J(E1) have a negative real part, hence, the asymp-
totic stability of the second equilibrium point E1.

Figure 2: The convergence of the system toward E1.

(A) (B)

Figure 3: Evolution of human and material sub-populations
:::::::::::::
subpopulations:

(A) : represents the human sub-populations
::::::::::::::
subpopulations, (B) : represents

the material sub-populations
:::::::::::::
subpopulations.


vp1 = −0.0512,
vp2 = −0.6842,
vp3 = −0.0918 + 0.0515i,
vp4 = −0.0918− 0.0515i.

The eigenvalues of J(E1) have a negative real part, hence, the asymp-
totic stability of the second equilibrium point E1.

We notice
::::
note

:
that the solutions obtained in Figure 2. all

::
All

:
converge

towards the equilibrium point E1 when t → +∞. Figure 3 . shows that the
five subpopulations converge after a fairly large time to the second equilib-
rium point E1.

In the sequel
::::
what

:::::::
follows, we carried out simulation experiments with the

parameters illustrated by Table (3)
:
3.

21

Figure 2: The convergence of the system toward E1.

We note that the solutions obtained in Figure 2. All converge towards
the equilibrium point E1 when t→ +∞.

Figure 3 shows that the five subpopulations converge after a fairly large
time to the second equilibrium point E1.

In what follows, we carried out simulation experiments with the parame-
ters illustrated by Table 3.
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Figure 2: The convergence of the system toward E1.
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vp2 = −0.6842,
vp3 = −0.0918 + 0.0515i,
vp4 = −0.0918− 0.0515i.

The eigenvalues of J(E1) have a negative real part, hence, the asymp-
totic stability of the second equilibrium point E1.

We notice
::::
note

:
that the solutions obtained in Figure 2. all

::
All

:
converge

towards the equilibrium point E1 when t → +∞. Figure 3 . shows that the
five subpopulations converge after a fairly large time to the second equilib-
rium point E1.

In the sequel
::::
what

:::::::
follows, we carried out simulation experiments with the

parameters illustrated by Table (3)
:
3.

21

Figure 3: Evolution of human and material subpopulations: (A) represents the human
subpopulations, (B) represents the material subpopulations.

Table 3: Variations in estimated values of biological data.

The time 40 years
I.C SH IH RH MU MI

Value 60000 30000 20000 10000 20000
Parameter λH β µH λ λM τ α k θ

Value 230 0.072-0.6 0.01-0.05116 0.006-0.235 1500 0.011 0.1-0.6 0.05 0.17-0.4

5.2 The impact of equipment sterilization on disease
progression

Table 3:
:::::::::
Variations

::
in

:::::::::
estimated

::::::
values

:::
of

::::::::
biological

::::::
data.

The time I.C SH Value 60000 Parameter λHβµHλλMταkθ Value 230
0.072-0.6 0.01-0.05116 0.006-0.235 1500 0.011 0.1-0.6 0.05 0.17-0.4Variations

in estimated values of biological data.
The time 40 years

I.C SH IH RH MU MI

Value 60000 30000 20000 10000 20000
Parameter λH β µH λ λM τ α k θ

Value 230 0.072-0.6 0.01-0.05116 0.006-0.235 1500 0.011 0.1-0.6 0.05 0.17-0.4

Figure 4: Evolution of human sub-populations
:::::::::::::
subpopulations

:
for different

values of θ.

5.2 The impact of equipment sterilization on disease
progression

For different values of θ = 0.2, 0.3, 0.4, we seein Figures 4.
:
,
:::
in

::::::
Figure

:::
4,

the positive effect played by the sterilization parameter to reduce the num-
ber of infections. This shows that better compliance with universal hygiene
rules and recommendations disinfection of non-disposable

:::
for

::::::::::
disinfection

:::
of

::::::::::::
nondisposable

:
medical equipment and the development of equipment for use

single should allow in the long term a quasi-disappearance of the infections.

5.3 The impact of the transition rate from IH to RH

For different values of λ = 0.01, 0.015, 0.02, the curves obtained in Figures 5
.

:::::
Figure

::
5
:
have made it possible to understand the important role of good

care for infected people. Being infected with HCV does not protect against
the risk of a new infection, which could worsen the medical situation, the

:
.

:::
The

:
development of a better therapeutic strategy can significantly improve

the quality of life of people infected with hepatitis C.

22

Figure 4: Evolution of human subpopulations for different values of θ.

For different values of θ = 0.2, 0.3, 0.4, we see, in Figure 4, the positive
effect played by the sterilization parameter to reduce the number of infec-
tions. This shows that better compliance with universal hygiene rules and
recommendations for disinfection of nondisposable medical equipment and
the development of equipment for use single should allow in the long term a
quasi-disappearance of infections.
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5.3 The impact of the transition rate from IH to RH

Figure 5: Evolution of human sub-populations
:::::::::::::
subpopulations

:
for different

values of λ.

6 Discussions and Conclusion
World Health Organization recommendations

:::::::::::
recommends that countries de-

velop national strategies to reduce the burden of disease associated with hep-
atitis C are hampered by weak or lacking national surveillance systems and
unreliable estimates of the burden of hepatitis C morbidity.

In this work, we described and mathematically analyzed the dynamics of
hepatitis C. The different numerical simulations were presented to see the be-
havior of the model at infinity,

:::
and the results obtained show

::::::
showed

:
that the

trends related to the prevention and management of infection considerably
influence the subpopulations. We also apply

::::::
applied

:
the Jacobi wavelets

method associated with the decoupling and quasi-linearization technique
::::::
DQLT to obtain a numerical solution

:
,
:
which gave a very satisfactory results.

Due to the lack of data, our model has not been validated for the case of
Algeria, nevertheless

:
.
::::::::::::
Nevertheless the results of this modest work constitute

the bases of a work to be continued and improved for a much more in-depth
study.
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Figure 5: Evolution of human subpopulations for different values of λ.

For different values of λ = 0.01, 0.015, 0.02, the curves obtained in Figure
5 have made it possible to understand the important role of good care for
infected people. Being infected with HCV does not protect against the risk of
a new infection, which could worsen the medical situation. The development
of a better therapeutic strategy can significantly improve the quality of life
of people infected with hepatitis C.

6 Discussions and Conclusion

World Health Organization recommends that countries develop national
strategies to reduce the burden of disease associated with hepatitis C ham-
pered by weak or lacking national surveillance systems and unreliable esti-
mates of the burden of hepatitis C morbidity.

In this work, we described and mathematically analyzed the dynamics of
hepatitis C. The different numerical simulations were presented to see the
behavior of the model at infinity, and the results obtained showed that the
trends related to the prevention and management of infection considerably
influence the subpopulations. We also applied the Jacobi wavelets method
associated with the DQLT to obtain a numerical solution, which gave a very
satisfactory results.

Due to the lack of data, our model has not been validated for the case of
Algeria. Nevertheless the results of this modest work constitute the bases of
work to be continued and improved for a much more in-depth study.
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1 Introduction

In recent works, science and engineering researchers found that the use of
fractional calculus in modeling gives a more realistic description of various
complex phenomena with long-range temporal cumulative memory. Frac-
tional order operators have nonlocal and memory features. Therefore, these
two important properties simulate and describe a variety of engineering and
scientific problems with memory characteristics and inheritance more appro-
priately than integer order differential equations, such as finance [30], physics
[36], and hydrology [3], by using fractional differential equations. Many an-
alytical methods have been used to solve fractional differential equations,
such as the Green function method, Fourier, Laplace, and Mellin transform
methods [24]. The complexity of integral and fractional differential operators
and also the nonobservance of many properties expected in classic calculus
encouraged researchers to study effective and reliable numerical methods for
solving fractional differential equations. These numerical methods mainly
include finite element and finite difference methods, spectral methods, and
so on [31, 9, 8, 29, 34, 11, 1, 13, 22, 5, 23, 19]. In solving fractional or-
der differential equations, two basic features that make classical methods
not efficient and accurate are that fractional order operators have nonlocal
properties and the other is the singularity of the solutions of fractional equa-
tions. Therefore, spectral methods based on ordinary polynomials, which
have high accuracy for solving problems with smooth solutions (see, for ex-
ample, [33, 12]), are not suitable for solving fractional differential equations
with nonsmooth solutions since they do not have high expected accuracy.
Concerning the numerical solution of partial differential equations dependent
on time, one of the most common approaches is to use the finite difference
approximation together with the spectral approximation for time and spatial
derivatives, respectively. One of the main drawbacks of this approach is that
the temporal discretization error may overcome the spatial discretization er-
ror, and the unknowns have to be solved simultaneously at all times [20]. As
emphasized above, fractional differential equations mostly have nonsmooth
solutions. It is also possible to encounter coefficients in terms of the given
fractional equation in a nonsmooth case. On the other hand, in most of
the spectral-introduced solving methods, in order to achieve high accuracy,
they raise unrealistic assumptions. For instance, one of the assumptions in
most of them is the smoothness of the unique regular solution of the frac-
tional differential equation at the initial time t = 0 [32, 21, 35, 16]. So far,
very few works have been done to solve fractional differential and integral
equations with nonsmooth solutions, numerically, some of which can be seen
in [15, 25, 26]. Due to their high accuracy, spectral methods have become
one of the first choices researchers study to solve fractional differential equa-
tions with nonsmooth solutions. Among these techniques, we can refer to
the methods available in [37, 38, 7]. Analytical and numerical studies indi-
cate the exponential convergence of these methods for nonsmooth solutions
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in certain situations, and by using specific techniques, though, the exact so-
lution of fractional time differential equations does not generally follow the
mentioned form [27, 14].

This paper is organized as follows: fractional Hahn functions and their
properties are defined in section 2, and also, function approximation and the
operational matrix of fractional integration are introduced. In section 3, our
proposed method is described. An error analysis is presented in section 4,
and finally, some numerical examples are depicted in section 5.

2 Fractional-order shifted Hahn functions approximation

The main goal of this section is to introduce a new class of fractional basis
functions, which are defined using shifted Hahn polynomials (SHPs) and
applied to calculating their operational matrix of fractional integration.

Definition 1. For given constants σ1, σ2 > −1, and M ∈ N, Hahn polyno-
mials on [0,M ] are defined as [17]

hk(x;σ1, σ2,M) =

k∑
i=0

(−k)i(k + σ1 + σ2 + 1)i(−x)i
(σ1 + 1)i(−M)ii!

, k = 0, 1, 2, . . . ,M,

(1)
where (·)i is the Pochhammer notation, which is defined as{

(ζ)0 = 1,

(ζ)i = ζ(ζ + 1) · · · (ζ + i− 1), i ∈ N, for ζ ∈ R+.
(2)

Remark 1. The relationship between Stirling numbers and Pochhammer
notation is as follows:

(−k)i = (−1)i
i∑

l=0

S
(l)
i kl, (3)

where S(l)
i are Stirling numbers of the first kind defined as

S
(l)
i =

i−l∑
r=0

(−1)r
(
i− 1 + r

i− l + r

)(
2r − l

i− l − r

)
s
(r)
i−l+r,

in which s(l)i are Stirling numbers of the second kind in the form

s
(l)
i =

1

l!

l∑
r=0

(−1)l−r

(
r

l

)
ri.
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Now, by using (3) in (1) and the changing of variables as x = Mt
L , we can

achieve the following standard polynomial form of SHPs on [0, L] as

hk(t;σ1, σ2,M,L) = hk(
Mt

L
;σ1, σ2,M)

=

k∑
i=0

i∑
l=0

(−1)i
(−k)i(k + σ1 + σ2 + 1)i

(σ1 + 1)i(−M)ii!
× S

(l)
i (

M

L
)ltl

=

k∑
i=0

i∑
l=0

∆i,k,lt
l,

for k = 0, 1, 2, . . . ,M , where ∆i,k,l = (−1)i (−k)i(k+σ1+σ2+1)i
(σ1+1)i(−M)ii!

× S
(l)
i (ML )l.

SHPs are orthogonal on [0, L] via the inner product in the following form
[28]:

⟨f, g⟩ω̃ :=

M∑
r=0

f(
L

M
r)g(

L

M
r)ω̃(r), (4)

where ω̃(r) is a real nonnegative weight function defined by

ω̃(x;σ1, σ2,M) =

(
σ1 + x

x

)(
σ2 +M − x

M − x

)
. (5)

The orthogonal relationship of SHPs is as follows:

⟨hk, hj⟩ω̃ :=

{∑M
r=0 hk

2
( L
M r, σ1, σ2,M,L)ω̃(r), k = j,

0, k ̸= j.
(6)

To define fractional-order shifted Hahn functions (FOSHFs), t is substituted
by tα in SHPs such that α is a positive real number. Therefore, FOSHFs can
be defined in the following form:

hαk (t;σ1, σ2,M,L) =

k∑
i=0

i∑
l=0

(−1)i
(−k)i(k + σ1 + σ2 + 1)i

(σ1 + 1)i(−M)ii!
× S

(l)
i (

M

L
)ltαl

=

k∑
i=0

i∑
l=0

∆i,k,lt
αl, k = 0, 1, 2, . . . ,M.

(7)

Proposition 1. FOSHFs are orthogonal on [0, L] via the inner product in
the following form:

⟨f, g⟩αω̃ :=

M∑
r=0

f((
L

M
r)

1
α )g((

L

M
r)

1
α )ω̃(r), (8)
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where ω̃(r) is defined in (5).

Proof. Replacing f, g by hαk , hαj in (8) and then using the orthogonality prop-
erty (6), the assertion is available.

Definition 2. Associated with the FOSHFs, the orthonormal FOSHFs can
be defined as

Hα
k (t;σ1, σ2,M,L)

=
1√

⟨hαk (t;σ1, σ2,M,L), hαk (t;σ1, σ2,M,L)⟩αω̃
hαk (t;σ1, σ2,M,L). (9)

2.1 Function approximation

For an integer m ≥ 0, the Sobolev space Hm
ω̃ [a, b] is

Hm
ω̃ [a, b] = {u ∈ L2

ω̃[a, b] : 0 ≤ j ≤ m, u(j)(x) ∈ L2
ω̃[a, b]},

where L2
ω̃ is the space of all square-integrable functions with respect to the

weight function ω̃. Indeed, Hm
ω̃ [a, b] is defined as the vector space of functions

u ∈ L2
ω̃ [a, b] such that all derivatives of u of order up to m can be represented

by functions in L2
ω̃ [a, b].

Goertz and Öffner described the expansion of a function by Hahn polynomi-
als and concluded that the series expansion of a function by Hahn polynomi-
als converges pointwise under some assumptions (for more details, see [10]).
Therefore, any function u(t) ∈ L2

ω̃[0, L] can be expanded in terms of FOSHFs
basis. In practice, only the first (M + 1) terms of FOSHFs are considered.
Hence

u(t) ≃
M∑
i=0

uiHα
i (t;σ1, σ2,M,L) = uM (t) = UTH(α)(t;σ1, σ2,M,L), (10)

where UT = [u0, u1, . . . , uM ] is the vector of FOSHFs coefficients, which can
be derived as

ui =
〈
u(t),Hα

i (t;σ1, σ2,M,L)
〉α
ω̃

:=

M∑
r=0

u((
L

M
r)

1
α )Hα

i ((
L

M
r)

1
α ;σ1, σ2,M,L)ω̃(r), i = 0, 1, . . . ,M,(11)

and H(α)(t;σ1, σ2,M,L) is the vector of FOSHFs defined as follows:

H(α)(t;σ1, σ2,M,L) := [Hα
0 (t;σ1, σ2,M,L),Hα

1 (t;σ1, σ2,M,L),
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. . . ,Hα
M (t;σ1, σ2,M,L)]T . (12)

For simplicity, from now on, H(α)(t;σ1, σ2,M,L) is presented by H(α)
M (t).

Similarly, any two variables function f(x, t) ∈ L2
ω̃([0, L] × [0, T ]) can be

approximated by the FOSHFs as follows:

f(x, t) ≃
M∑
i=0

N∑
j=0

fi,jHα
i (x;σ1, σ2, N, L)H

β
j (t;σ1, σ2, N, L)

=: fM,N (x, t) = (H(α)
M (x))TFH(β)

N (t), (13)

where F = [fi,j ] is an (M + 1)× (N + 1) matrix that its entries are

fi,j =

M∑
r1=0

N∑
r2=0

u((
L

M
r1)

1
α , (

T

N
r2)

1
β )Hα

i ((
L

M
r1)

1
α ;σ1, σ2,M,L)

Hβ
j ((

T

N
r2)

1
β ;σ1, σ2, N, T )ω̃(r1)ω̃(r2), (14)

for i = 0, 1, . . . ,M and j = 0, 1, . . . , N .

Theorem 1. Let M,N ∈ N, Λ = [0, L] × [0, T ] and let f ∈ H2
ω̃(Λ). Sup-

pose that fM,N (x, t) = (H(α)
M (x))TFH(β)

N (t) is the best approximation of
f in Ω = span{Hα

i (x;σ1, σ2,M,L)Hβ
j (t;σ1, σ2, N, T )| i = 0, 1, . . . ,M, j =

0, 1, . . . , N}. We will have

∥f(x, t)− fM,N (x, t)∥2L2
ω̃(Λ) ≤

LM+2TM+2

22(M+N+1)(M + 1)!(N + 1)!
F̃,

where F̃ = max(x,t)∈Λ |∂
M+Ng(x,t)
∂xM∂tN

| such that g(x, t) = f(x
1
α , t

1
α ).

Proof. Let ϕM,N (η, ξ) be the interpolation polynomial of g(η, ξ) = f(η
1
α , ξ

1
α )

at (M + 1)(N + 1) shifted Chebyshev points in Λ. Then

|g(η, ξ)−ϕM,N (η, ξ)| ≤ 1

2M+N (M + 1)!
(
L

2
)M+1(

T

2
)N+1 max

(η,ξ)∈Λ
|∂

M+Ng(η, ξ)

∂ηM∂ξN
|.

If F̃ = max(η,ξ)∈Λ |∂
M+Ng(η,ξ)
∂ηM∂ξN

| and η = xα, ξ = tβ are sets, then we get

|g(xα, tβ)− ϕM,N (xα, tβ)| ≤ 1

2M+N (M + 1)!
(
L

2
)M+1(

T

2
)N+1F̃. (15)

It is obvious that ϕM,N (xα, tβ) ∈ Ω. So, since fM,N (x, t) is the best approx-
imation of f concerning L2 − norm, we have

∥f(x, t)− fM,N (x, t)∥2 ≤ ∥f(x, t)− ϕM,N (x, t)∥2
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= (

∫ L

0

∫ T

0

(f(x, t)− ϕM,N (x, t))2dtdx)
1
2 .

Thus, from (15) the assertion is derived.

2.2 FOSHFs operational matrix of fractional integration

Here, an operational matrix of fractional integration for FOSHFs is going to
be obtained. Note that the Riemann–Liouville fractional integration of order
β for a function f is defined as

Iϑf(x) =
1

Γ(ϑ)

∫ x

a

(x− t)ϑ−1f(t)dt, x > a, ϑ ≥ 0. (16)

For this special type of fractional integration, there are some particular prop-
erties. The most useful of which is

Iϑxγ =
Γ(γ + 1)

Γ(γ + ϑ+ 1)
xϑ+γ . (17)

Using the above concepts, the following lemma states the FOSHFs oper-
ational matrix of fractional integration.

Lemma 1. The fractional integration of order β of the vector H(α)
M (t) can

be expanded by itself as follows:

IϑH(α)
M (t) ≃ PϑH(α)

M (t), (18)

where Pϑ = [pkj ](M+1)×(M+1), which is called the FOSHFs operational ma-
trix of fractional integration with

pkj =

M∑
r=0

k∑
i=0

i∑
l=0

j∑
i1=0

i1∑
l1=0

ω̃(r)∆i,k,l∆i1,j,l1

Γ(αl + 1)

Γ(αl + ϑ+ 1)
(
L

M
r)

ϑ+lα
α +l1 .

Proof. According to (12), we have

IϑH(α)
M (t) =



IϑHα
0 (t;σ1, σ2,M,L)

IϑHα
1 (t;σ1, σ2,M,L)

...
IϑHα

k (t;σ1, σ2,M,L)
...

IϑHα
M (t;σ1, σ2,M,L)


. (19)
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By using (7), Proposition 1, the linear property of operator I, and (17) for
each entry in (19), we will have

IϑHα
k (t;σ1, σ2,M,L) =

k∑
i=0

i∑
l=0

∆i,k,lI
βtαl

=

k∑
i=0

i∑
l=0

∆i,k,l
Γ(αl + 1)

Γ(αl + ϑ+ 1)
tϑ+lα

≃
M∑
j=0

pkjHα
j (t;σ1, σ2,M,L), k = 0, 1, . . . ,M,

where

pkj = ⟨
k∑

i=0

i∑
l=0

∆i,k,l
Γ(αl + 1)

Γ(αl + ϑ+ 1)
tϑ+lα,Hα

j (t;σ1, σ2,M,L)⟩αω̃ (20)

=

M∑
r=0

ω̃(r)

k∑
i=0

i∑
l=0

∆i,k,l
Γ(αl + 1)

Γ(αl + ϑ+ 1)
(
L

M
r)

ϑ+lα
α Hα

j ((
L

M
r)

1
α ;σ1, σ2,M,L)

=

M∑
r=0

k∑
i=0

i∑
l=0

ω̃(r)∆i,k,l
Γ(αl + 1)

Γ(αl + ϑ+ 1)
(
L

M
r)

ϑ+lα
α Hα

j ((
L

M
r)

1
α ;σ1, σ2,M,L),

where ∆i,k,l =
∆i,k,l√

⟨hα
k (t;σ1,σ2,M,L),hα

k (t;σ1,σ2,M,L)⟩αω̃
. substituting (7) in (20)

instead of Hα
j ((

L
M r)

1
α ;σ1, σ2,M,L) finishes the proof.

3 Description of method

The main aim of this section is to approximate the solution of the following
equation:

Dϑ
t u(x, t) = −au(x, t) + b

∂u(x, t)

∂x
+ c

∂2u(x, t)

∂x2
+ f(x, t), (21)

subject to the initial and boundary conditions

u(x, 0) = g(x), u(0, t) = λ(t), u(L, t) = η(t) for 0 ≤ x ≤ L, 0 ≤ t ≤ T.

Let
∂2u(x, t)

∂x2
≃ (Hα

M (x))T UHβ
N (t). (22)

Applying the integration operator Iϑ on both sides of (22) and using the
operational matrix of integration (18), for ϑ = 1 and ϑ = 2, respectively,
yield
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∂u(x, t)

∂x
≃ (Hα

M (x))T (P)T UHβ
N (t) + xh(t), (23)

u(x, t) ≃ (Hα
M (x))T (P2)T UHβ

N (t) + xh(t) + λ(t), (24)

in which the function h(t) is calculated by putting x = L in (24) and then
applying the final condition u(L, t) = η(t) as follows:

h(t) =
1

L
(η(t)− λ(t)− (Hα

M (L))T (P2)T UHβ
N (t)).

Therefore (25) and (24) can be rewritten as follows:

∂u(x, t)

∂x
≃ (Hα

M (x))T (P2)T UHβ
N (t)

+
1

L
(η(t)− λ(t)− (Hα

M (L))T (P2)T UHβ
N (t)), (25)

u(x, t) ≃ (Hα
M (x))T (P2)T UHβ

N (t)

+
x

L
(η(t)− λ(t)− (Hα

M (L))T (P2)T UHβ
N (t)) + λ(t). (26)

By substituting (22), (25), and (26) in (21), we get

Dα
t u(x, t) ≃ −a[(Hα

M (x))T (P2)T UHβ
N (t)

+
x

L
(η(t)− λ(t)− (Hα

M (L))T (P2)T UHβ
N (t)) + λ(t)]

+ b[(Hα
M (x))T (P2)T UHβ

N (t)

+
1

L
(η(t)− λ(t)− (Hα

M (L))T (P2)T UHβ
N (t))]

+ c(Hα
M (x))T UHβ

N (t) + f(x, t)

= (Hα
M (x))TAHβ

N (t), (27)

where

A = −a(P2)T U + a
X
L
(Hα

M (L))T (P2)T U

+ b(P)T U − b
∞
L
(Hα

M (L))T (P2)T U + cU + K1,

and K1, X, and 1 are the matrix and vector coefficient of FOSHF-approximation
related to the following relations:

k1(x, t) = f(x, t)− a(
x

L
(η(t)− λ(t)) + λ(t)) +

b

L
(η(t)− λ(t))

≃ (Hα
M (x))T K1Hβ

N (t),

x ≃ (Hα
M (x))T X,
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1 ≃ (Hα
M (x))T 1.

Again, by applying the integration operator Iϑt on both sides of (27) and
using the operational matrix of integration Pϑ, we will have

u(x, t) ≃ (Hα
M (x))TAPϑHβ

N (t) + g(x). (28)

Equalizing the right sides of (26) and (28), we get

(Hα
M (x))T [(P2)T U−X

L
(Hα

M (L))T (P2)T U−APϑ]Hβ
N (t) = (Hα

M (x))T K2Hβ
N (t),

where K2 is the matrix coefficient of FOSHF-approximation related to the
following relation:

k2(x, t) = g(x)− x

L
(η(t)− λ(t))− λ(t) ≃ (Hα

M (x))T K2Hβ
N (t).

Thus
(P2)T U − X

L
(Hα

M (L))T (P2)T U − APϑ(t) = K2,

which can be rewritten as

BU + CUD = E, (29)

where B = (I − X
L (Hα

M (L))T )(P2)T ,

C = [aI − a
LX(Hα

M (L))T + b
L1(Hα

M (L))T ](P2)T − bPT − cI, D = Pϑ, and
E = K1P

ϑ + K2. Equation (29) is a matrix equation with the unknown
matrix U . It can be solved by the global GMRES method. After solving the
equation, by placing the obtained matrix U in (24), the approximate solution
of the problem is obtained.

4 Error analysis

In this section, the convergence of the introduced method in a Sobolev space is
considered. An upper bound is derived for the absolute error of the proposed
method. To this end, some bounds are obtained for the approximations of
different parts of the mentioned equation. First, the basic definitions and
concepts related to Sobolev spaces are from the books [4, 18], with a slight
change in symbols.

Let Λ be an open subset of Rn and let L2
ω̃(Λ) be the space of all square-

integrable functions concerning the weight function ω̃. For an integer m ≥ 0,
the Sobolev space Hm

ω̃ (Λ) is

Hm
ω̃ (Λ) = {u| u ∈ L2

ω̃(Λ), ∂
νu ∈ L2

ω̃(Λ) for all |ν| ≤ m},
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where ∂ν is called the distributional derivatives and defined as the following
form:

∂νu =
∂|ν|u

∂xν1
1 ∂x

ν2
2 · · · ∂xνn

n
, |ν| = ν1 + ν2 + · · ·+ νn.

For all u, ν ∈ Hm
ω̃ (Λ), the inner product is given as

⟨u, ν⟩Hm
ω̃ (Λ) = ⟨u, ν⟩L2

ω̃(Λ) +
∑

1≤|ν|≤m

⟨∂νu, ∂νν⟩L2
ω̃(Λ).

The corresponding norm and seminorm are defined as

∥u∥Hm
ω̃ (Λ) = (∥u∥2L2

ω̃(Λ) +
∑

1≤|ν|≤m

∥∂νu∥2L2
ω̃(Λ))

1
2 ,

|u|Hm
ω̃ (Λ) = (

∑
|ν|=m

∥∂νu∥2L2
ω̃(Λ))

1
2 .

It is obvious to see that if m ⩾ 0, then ∥u∥L2
ω̃(Λ) ⩽ ∥u∥Hm

ω̃ (Λ). In a special
case, for m = 0, it yields ∥u∥Hm

ω̃ (Λ) = ∥u∥L2
ω̃(Λ). Also, for m = 0, we have

|u|Hm
ω̃ (Λ) = ∥u∥L2

ω̃(Λ).
Suppose that u ∈ Hm

ω̃ (Λ) and Pα,β
M,N are the orthogonal projection opera-

tor, where Λ = [0, L]× [0, T ] and

Pα,β
M,Nu :=

M∑
i=0

N∑
j=0

ui,jHα
i (x;σ1, σ2, N, L)H

β
j (t;σ1, σ2, N, L).

In other words, Pα,β
M,Nu = uM,N (x, t) = (H(α)

M (x))TUH(β)
N (t).

In the following, for simplicity and brevity, M = N , α = β, and PM :=
Pα,β
M,N are stated. According to [6], for all u ∈ Hm

ω̃ (Λ), we have

∥u− PMu∥Hj
ω̃(Λ) ≤ CMρ(j)−m|u|Hm;M

ω̃ (Λ), 0 ≤ j ≤ m, (30)

where C is a constant independent of M and only depends on m,

ρ(j) =

{
0, j = 0,

2j − 1
2 , j > 0,

and

|u|Hm;M
ω̃ (Λ) = (

m∑
k=min(m,M+1)

2∑
i=1

∥Dk
i u∥2L2

ω̃
)

1
2 .

Theorem 2. Suppose that u(x, t) ∈ Hm
ω̃ (Λ), m ⩾ 0 and that uN,M (x, t) is

the best approximation of u. Then

∥u(x, t)− uN,M (x, t)∥L2
ω̃(Λ) ⩽ ∥u(x, t)− uN,M (x, t)∥Hj

ω̃(Λ)(Λ)
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⩽ CMρ(j)−m|u|Hm;M
ω̃ (Λ), 0 ≤ j ≤ m. (31)

Proof. Considering this fact that ∥ · ∥L2
ω̃(Λ) ⩽ ∥ · ∥Hm

ω̃ (Λ), inequality (30), and
the uniqueness of the best approximation, the proof of the theorem is easily
done.

Lemma 2. Suppose that the assumptions of Theorem 2 are true, that
u(x, t) ≃ uM,N (x, t) = (H(α)

M (x))TUH(β)
N (t), and that Pϑ is the FOSHF-

operational matrix of fractional integration. Then

∥Iϑxu(x, t)− (H(α)
M (x))TPT

ϑUH(β)
N (t)∥L2(I)

≤ Lϑ

Γ(ϑ+ 1)
CMρ(j)−m|u|Hm;M

ω̃ (Λ), 0 ≤ j ≤ m.

Proof. According to (16), we have

∥Iϑxu(x, t)− (H(α)
M (x))TPT

ϑUH(β)
N (t)∥L2

ω̃(Λ)

= ∥Iϑxu(x, t)− IϑxuM,N (t)∥L2
ω̃(Λ)

= ∥Iϑx (u(x, t)− uM,N (x, t))∥L2
ω̃(Λ)

= ∥ 1

Γ(ϑ)

∫ x

0

(x− ξ)ϑ−1(u(ξ, t)− uM,N (ξ, t))dϑ∥L2
ω̃(Λ)

=
1

Γ(ϑ)
∥xϑ−1 ∗ (u(x, t)− uM,N (x, t))∥L2

ω̃(Λ). (32)

Now, by using this fact that ∥f ∗ g∥ρ ≤ ∥f∥1.∥g∥ρ, and Theorem 2, respec-
tively, we get

∥Iϑxu(x, t)− (H(α)
M (x))TPT

ϑUH(β)
N (t)∥L2

ω̃(Λ)

≤ Lϑ

ϑΓ(ϑ)
∥u(x, t)− uM (x, t)∥L2

ω̃(Λ)

≤ Lϑ

Γ(ϑ+ 1)
CMρ(j)−m|u|Hm;M

ω̃ (Λ), 0 ≤ j ≤ m. (33)

To get an error bound for derived approximation in the proposed method,
which has been introduced in section 3, without losing the generality, we
suppose that

∂2u(x, t)

∂x2
≃ (H(α)

M (x))TUH(β)
N (t) =: ϕM,N (x, t), (34)

∂u(x, t)

∂x
≃ (H(α)

M (x))TWH(β)
N (t) = φM,N (x, t), (35)
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u(x, t) ≃ (H(α)
M (x))TVH(β)

N (t) =: ψM,N (x, t). (36)

As it can be seen from the process of the presented method in section 3 that
relation (26) has appeared in applying the operator I2x on the sides of (34)
and (36) can be derived by expanding (26) in terms of FOSHFs basis. It is
easy to see that

∥u(x, t)− ψM,N (x, t)∥L2
ω̃(Λ) = ∥I2x

∂2u(x, t)

∂x2
− I2xϕM,N (x, t)∥L2

ω̃(Λ). (37)

So, considering (37) and applying Lemma 2, the following corollary is ob-
tained.

Corollary 1. If relation (34) is true, then

∥u(x, t)−ψM,N (x, t)∥L2
ω̃(Λ) ≤

L2

Γ(3)
CMρ(j)−m|∂

2u(x, t)

∂x2
|Hm;M

ω̃ (Λ), 0 ≤ j ≤ m.

(38)

Consider the main equation (21) and the presented method in section 3,
by substituting (34)–(36) on the right side of (21) and applying the operator
Iϑt on it, we get

u(x, t) ≃ −aIϑt ψ(x, t) + bIϑt φ(x, t) + cIϑt ϕ(x, t) + Iϑt f(x, t) + g(x). (39)

On the other hand, we have

u(x, t) = −aIϑt u(x, t) + bIϑt
∂u(x, t)

∂x
+ cIϑt

∂2u(x, t)

∂x2
+ Iϑt f(x, t) + g(x). (40)

Putting the right side of (39) and (40) as equivalent, we define perturbation
term as follows:

RM,N (x, t) := −aIϑt (u(x, t)− ψM,N (x, t)) + bIϑt (
∂u(x, t)

∂x

− φM,N (x, t)) + cIϑt (
∂2u(x, t)

∂x2
− ϕM,N (x, t)). (41)

Theorem 3. Suppose that, u(x, t) ∈ Hm
ω̃ (Λ) for m ⩾ 0 is the exact solution

of (21). If ψM,N (x, t) is the approximate solution, obtained by applying the
presented method, then RM,N (x, t) −→ 0 as M, N −→ ∞.

Proof. According to (41), we have

∥RM,N (x, t)∥L2
ω̃(Λ) ≤ |a|∥Iϑt (u(x, t)− ψM,N (x, t))∥L2

ω̃(Λ)

+ |b|∥Iϑt (
∂u(x, t)

∂x
− φM,N (x, t))∥L2

ω̃(Λ)

+ |c|∥Iϑt (
∂2u(x, t)

∂x2
− ϕM,N (x, t))∥L2

ω̃(Λ). (42)
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Now, by applying Lemma 2 in approximations (34)–(36), respectively, we get

∥Iϑt (u(x, t)− ψM,N (x, t))∥L2
ω̃(Λ)

≤ Tϑ

Γ(ϑ+ 1)
CMρ(j)−m|u|Hm;M

ω̃ (Λ), 0 ≤ j ≤ m, (43)

∥Iϑt (
∂u(x, t)

∂x
− ϕM,N (x, t))∥L2

ω̃(Λ)

≤ Tϑ

Γ(ϑ+ 1)
CMρ(j)−m|∂u

∂x
|Hm;M

ω̃ (Λ), 0 ≤ j ≤ m, (44)

∥Iϑt (
∂2u(x, t)

∂x2
− ϕM,N (x, t))∥L2

ω̃(Λ)

≤ Tϑ

Γ(ϑ+ 1)
CMρ(j)−m|∂

2u

∂x2
|Hm;M

ω̃ (Λ), 0 ≤ j ≤ m. (45)

So, by using (43)–(45) in (42), it yields

∥RM,N (x, t)∥L2
ω̃(Λ) (46)

≤ Tϑ

Γ(ϑ+ 1)
CMρ(j)−m(|a||u|Hm;M

ω̃ (Λ) + |b||∂u
∂x

|Hm;M
ω̃ (Λ) + |c||∂

2u

∂x2
|Hm;M

ω̃ (Λ)).

Hence, it is concluded that RM,N (x, t) −→ 0 as M, N −→ ∞.

5 Numerical results

In this section, the introduced method in section 3 is utilized to approximate
the solutions to problems. It should be mentioned that the maximum of
absolute error is the infinity norm of the error function and

L∞ = max
1≤j≤N

|e(xj , T )|.

All numerical experiments have been performed using MATLAB R2017a on
a Core(TM)2 laptop with 4GB RAM and a speed of 2.00 GHz.

Example 1. Consider the following time-fractional diffusion differential
equation:

Dϑ
t u(x, t) = −u(x, t) + ∂2u(x, t)

∂x2
+ f(x, t), 0 < ϑ < 1, (x, t) ∈ [0, 1]× [0, 1],

(47)
where f(x, t) = sin(πx)(1 + tϑ

Γ(ϑ+1) ) +
π2tϑ

Γ(ϑ+1) ), subject to the initial and
boundary conditions:

u(x, 0) = 0, u(0, t) = 0, u(1, t) = 0.
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The exact solution is u(x, t) = tϑ

Γ(ϑ+1)sin(πx). Table 1 shows the L∞-norm
of absolute error for fixed N = 1 and some M and β in comparison to [2]. In
Figure 1, the L∞-norm of absolute error for fixed N = 1, ϑ = 0.9, and some
M = 4, 5, . . . , 10 is shown, which demonstrates that the approximate solution
converges to the exact solution as M increases. Finally, Figure 2 shows the
absolute error functions for fixed N = 1, ϑ = 0.9, and some M = 6, 8, 10.
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Figure 1: L∞-norm of the absolute error function for fixed N = 1, ϑ = 0.9, and some
M = 4, 5, . . . , 10 (Example 1)
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Figure 2: Absolute error functions for fixed N = 1, ϑ = 0.9, and M = 6, 8, 10 (Example
1)

Example 2. Consider the following inhomogeneous fractional-order Burger’s
equation:
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Table 1: L∞-norm of absolute error for fixed N = 1 and some M and β in comparison
to [2] (Example 1)

M ϑ = 0.25 [2] ϑ = 0.5 [2] ϑ = 0.75 [2]

4 2.301e-3 1.690e-3 2.389e-4 4.979e-3 2.287e-4 2.918e-3
6 3.638e-5 5.764e-4 3.721e-6 3.331e-5 3.589e-6 2.752e-5
8 4.517e-7 1.761e-6 4.621e-8 1.754e-7 4.455e-8 1798e-7

10 7.101e-10 3.127e-9 7.263e-10 8.428e-10 7.003e-10 8.116e-10

Dϑ
t u(x, t) =

∂2u(x, t)

∂x2
− ∂u(x, t)

∂x
+ f(x, t), 0 < ϑ ≤ 1, (x, t) ∈ [0, 1]× [0, 1],

(48)
where f(x, t) = 2t2−ϑ

Γ(3−ϑ)+2x−2, subject to the initial and boundary conditions:

u(x, 0) = x2, u(0, t) = t2, u(1, t) = 1 + t2.

The exact solution is u(x, t) = x2 + t2. Figures 3 and 4 show the absolute
error functions after solving the problem by using the presented method with
M = 2, N = 4, α = 1, β = 0.5 for the fractional-order derivative ϑ = 0.5
and M = 2, N = 2, α = 1, β = 1, and ϑ = 1, respectively.
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Figure 3: Absolute error function for M = 2, N = 4, α = 1, β = 0.5, and ϑ = 0.5
(Example 2)
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Figure 4: Absolute error function for M = 2, N = 2, α = 1, β = 1, and ϑ = 1 (Example
2)

Example 3. Consider the following transformed time-fractional Black–
Scholes model with homogeneous boundary conditions:

Dϑ
t u(x, t)−

σ2

2

∂2u(x, t)

∂x2
− (r − σ2

2
)
∂u(x, t)

∂x
+ ru(x, t) = f(x, t),

0 < ϑ ≤ 1, (x, t) ∈ (0, 1)× (0, 1], (49)

where

f(x, t) =
6t3−ϑ

Γ(4− ϑ)
(x5 − x4)− (t3 + 1)[

σ2

2
(20x3 − 12x2)

+ (r − σ2

2
)(5x4 − 4x3)− r(x5 − x4)],

subject to the initial and boundary conditions:

u(x, 0) = x5 − x4, u(0, t) = 0, u(1, t) = 0.

The exact solution is u(x, t) = (t3+1)(x5−x4). Let r = 0.02 and let σ = 0.8.
Figure 5 shows the absolute error function obtained by applying the presented
method for ϑ = 0.5 α = 1, β = 0.5, M = 5, and N = 6. Also, Figure 6 shows
the absolute error after solving the problem by using the presented method
with M = 5, N = 3, α = 1, and β = 1 for ϑ = 1.
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Figure 5: Absolute error function for ϑ = 0.5 α = 1, β = 0.5, M = 5, and N = 6
(Example 3)
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Figure 6: Absolute error function for ϑ = 0.5 α = 1, β = 1, M = 5, and N = 3 (Example
3).

Example 4. Consider the following time-fractional equation:

Dϑ
t u(x, t) = −au(x, t) + b

∂u(x, t)

∂x
+ c

∂2u(x, t)

∂x2
= f(x, t),

0 < ϑ ≤ 1, (x, t) ∈ (0, L)× (0, T ], (50)

subject to the initial and boundary conditions:

u(x, 0) = x
5
2 , u(0, t) = 0, u(L, t) = L

5
2 e−t,
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where in the case of ϑ = 1 and the function f is chosen as f(x, t) =

−e−t 5
2 (x

3
2 + 3

2

√
x), the exact solution is u(x, t) = e−tx

5
2 . It is notable that

in other cases of 0 < ϑ < 1, the exact solution is unknown. Figure 7 shows
the absolute error functions obtained by applying the presented method for
ϑ = 0.5, α = 0.5, β = 1, M = 5, and N = 4, 6, 8. Also, Figure 8 shows
the L∞-norm of the absolute error function for fixed M = 5, ϑ = 0.5, and
some N = 2, 3, . . . , 8, which demonstrates that the L∞-norm of the absolute
error function converges to zero as N increases. Finally, Figure 9 depicts
approximate solutions for different 0 < ϑ ≤ 1, M = 5, N = 7, which shows
that as ϑ→ 1, the approximate solution converges to the exact solution when
ϑ = 1.
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Figure 7: Absolute error functions for ϑ = 0.5, α = 0.5, β = 1, M = 5, and N = 4, 6, 8.
(Example 4)
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Figure 9: Approximate solutions for different 0 < ϑ ≤ 1, M = 5, N = 7. (Example 4)

6 Conclusion

In this paper, a new orthogonal system of nonpolynomial basis functions,
named FOSHFs, has been introduced and used to solve a class of fractional-
time partial differential equations with nonsmooth solutions. For introducing
the method, an operational matrix of fractional order integral of Hahn func-
tions has been used for the first time as basis functions here. Furthermore,
the convergence of FOSHFs approximation has been proved. In numerical
examples, the obtained results have demonstrated the efficiency and conver-
gence of the proposed method for the cases of nonsmooth solutions.
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Abstract

The aim of this article is to present a new method based on Lucas poly-
nomials and residual error function for a numerical solution of fractional
Bagley–Torvik equations. Here, the approximate solution is expanded as
a linear combination of Lucas polynomials, and by using the collocation
method, the original problem is reduced to a system of linear equations.
So, the approximate solution to the problem could be found by solving this
system. Then, by using the residual error function and approximating the
error function by utilizing the same approach, we achieve more accurate
results. In addition, the convergence analysis of the method is investi-
gated. Numerical examples demonstrate the validity and applicability of
the method.
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1 Introduction

Fractional differential equations have important rules in many fields of sci-
ence and engineering. For example, in viscoelasticity [4, 3], economic growth
model and finance [5, 16], biology [24], control theory [8, 14, 20, 21], dynam-
ics of particle [29], electrical circuits [8], and vibration [25], some issues can
be modeled as fractional differential equations.
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The fractional Bagley–Torvik equation was originally introduced in 1983
to describe the motion of an immersed plate in a Newtonian fluid [30] as

m
d2

dx2
U(x) + 2A

√
ηr

d
3
2

dx
3
2

U(x) + cU(x) = 0,

where m, and A are the mass and area of the plate, respectively, r is the
fluid density, c is the spring of stiffness, and η is viscosity. The solution of
the Bagley–Torvik equation has been studied by researchers for the past two
decades. In [26] authors applied the Adomian decomposition method for the
solution of Bagley–Torvik equation. El-Gamel and Abd-El-Hadi [9] presented
the Legendre-collocation method to approximate the solution of fractional
Bagley–Torvik equations. Zolfaghari et al. [34] studied an application of the
enhanced homotopy perturbation method to find the approximate solution of
Bagley–Torvik equation. In [32], an integral transform method is considered
for solving Bagley–Torvik equation. Srivastava, Shah, and Abass [28] pro-
posed a numerical method for studying Bagley–Torvik equations based on the
Gegenbauer wavelet together with block pulse function. In [10], authors pre-
sented Chelyshkov–Tau as an effective tool for solving Bagley–Torvik equa-
tion. Cenesiz, Keskin, and Kurnaz [6] solved Bagley–Torvik equations by
using the generalized Taylor collocation method. Authors of [15] utilized hy-
brid functions approximation, which consists of the block pulse function and
Bernoulli polynomials, for the numerical solution of Bagley–Torvik equations.
Zahra and Van Daele [33] used a discrete spline function and nonstandard
Grunwald–Letnikov and weighted and shifted Grunwald–Letnikov difference
operators to propose the solution to Bagley–Torvik equations. El-Gamel and
Abd-El-Hadi [9], by using Legendre basis functions, reduced Bagley–Torvik
equation to a system of linear equations and by solving this system presented
a numerical solution to the Bagley–Torvik equation. Authors of [27] intro-
duced the numerical solution of Bagley–Torvik based on reproducing kernel
Hilbert space. In [31], generalized Bessel functions of the first kind are applied
for the numerical solution of the fractional Bagley–Torvik equation.

The outlines of the article are as follows: In section 2, we briefly introduce
the Caputo fractional derivative, Fibonacci, and Lucas polynomials and de-
scribe their properties. In section 3, we construct a numerical method for a
solution of fractional Bagley–Torvik equations using Lucas polynomials and
residual error function. In section 4, the convergence analysis of the pro-
posed method is studied. The numerical results for some problems are given
in section 5, and at the end, we have a brief conclusion.

2 Basic definitions and requirements

Definition 1. If α > 0, then the Caputo fractional derivative operator of
order α is defined as
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Dαf(x) =
1

Γ(m− α)

∫ x

0

(x− t)(m−α−1)f (m)(t)dt,

where m− 1 < α ≤ m.

The Caputo derivative has linear property and

Dα(c) = 0, c is a constant.

Dα(xk) =

{
Γ(k+1)

Γ(k−α+1)x
k−α if k ≥ ⌈α⌉, k ∈ N,

0 if k < ⌈α⌉, k ∈ N0,

where N0 = {0, 1, 2, . . .} and N is the set of natural numbers.
The Fibonacci polynomials Fn(x) and and Lucas polynomials Ln(x) are

defined by recursive relations as

F0(x) = 0, F1(x) = 1,

Fn(x) = xFn−1(x) + Fn−2(x), n ≥ 2,

and

L0(x) = 2, L1(x) = x,

Ln(x) = xLn−1(x) + Ln−2(x), n ≥ 2,

respectively. Here we remark that Fibonacci and Lucas polynomials are the
special case of Chebyshev polynomials (see [22]). Lucas polynomials have
explicit form as

Ln(x) =

⌊n
2 ⌋∑

i=0

n

n− i

(
n− i

i

)
xn−2i, n ≥ 1,

where ⌊x⌋ is the largest integer less or equal to x. According to [18], the
first derivative of Lucas polynomials can be evaluated using the Fibonacci
polynomials as

L′
n(x) = nFn(x). (1)

Continuing this approach by repeating derivation on both sides of (1) gives

L(k)
n (x) = nF (k−1)

n (x), k ≥ 2.

If u(x) is a continuous function, then we can approximate u(x) by a linear
combination of Lucas polynomials as

u(x) ≈
m∑
j=0

ajLj(x) = L(x)A,
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where L = [L0(x), L1(x), . . . , Lm(x)] and A = [a0, a1, . . . , am]T . Moreover,
for the kth derivation of u(x), we have the approximation

u(k)(x) ≈
m∑
j=0

ajL
(k)
j (x).

Therefore, as mentioned in [11], the approximation for the kth (k ≥ 2) deriva-
tion of u(x) can be formulated as

u(k)(x) ≈ nF(x)Dk−1A,

where
F = [F0(x), F1(x), . . . , Fm(x)],

D(m+1)×(m+1) =

 0 . . . 0
... d
0

 ,

and d is an m×m matrix, which is defined as

di,j =

{
i sin (j−i)π

2 if j > i,
0 if j ≤ i.

Further details about Lucas polynomials and application of Lucas polynomi-
als for solving problems arising in engineering, such as ordinary and partial
differential equations, can be found in [1, 2, 7, 12, 11, 13, 18, 19].

3 Construction of method

Consider the fractional Bagley–Torvik equation

A D2f(x) +B D
3
2 f(x) + C f(x) = g(x), x ∈ [0, 1], (2)

with initial conditions

f(0) = f0, f ′(0) = f ′0,

or boundary conditions

f(0) = f0, f(1) = f1.

By using the Caputo fractional derivation, (2) can be rewritten as

A D2f(x) +
B

Γ( 12 )

∫ x

0

(x− t)−
1
2 f ′′(t)dt + C f(x) = g(x). (3)
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Let the approximate estimation for the solution of (2) have the following
form:

f(x) ≈
M∑
j=0

αjLj(x). (4)

Now, by collocating at the nodes {xi : i = 1, . . . ,M − 1}, where 0 < x1 <
· · · < xM−1 < 1, and utilizing (3), we get

A

M∑
j=0

αjL
′′
j (xi)+

B

Γ( 12 )

M∑
j=0

αj

∫ xi

0

(xi− t)−
1
2L′′

j (t)dt+C

M∑
j=0

αjLj(xi) = g(xi).

(5)
Also, initial and boundary conditions lead to

M∑
j=0

αjLj(0) = f0,

M∑
j=0

αjL
′
j(0) = f ′0, (6)

and
M∑
j=0

αjLj(0) = f0,

M∑
j=0

αjLj(1) = f1, (7)

respectively. Hence, the combination of (5) together with (6) or (7) gives a
system of linear equations as

Uλ = b,

where, for initial conditions,

b = [g(x1), . . . , g(xM−1), f0, f
′
0]

T ,

Ui,j =


AL′′

j−1(xi) +
B

Γ( 1
2 )

∫ xi

0
(xi − t)−

1
2L′′

j−1(t)dt +CLj−1(xi)

if 1 ≤ i ≤M − 1,
Lj−1(0) if i =M,
L′
j−1(0) if i =M + 1,

and for boundary conditions,

b = [g(x1), . . . , g(xM−1), f0, f1]
T ,

Ui,j =


AL′′

j−1(xi) +
B

Γ( 1
2 )

∫ xi

0
(xi − t)−

1
2L′′

j−1(t)dt +CLj−1(xi)

if 1 ≤ i ≤M − 1,
Lj−1(0) if i =M,
Lj−1(1) if i =M + 1.

For example, if M = 2, by using Chebyshev–Gauss–Lobatto nodes, U has
the following structure:
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UI =

2C C
2 2A+ 2

√
2 B√

π
+ 9C

4

2 0 2
0 1 0


and

UB =

2C C
2 2A+ 2

√
2 B√

π
+ 9C

4

2 0 2
2 1 3

 .
Therefore, by solving the obtained system of linear equations, the approxi-
mate solution of the fractional Bagley–Torvik equation is determined. Here,
we present a more accurate method using the residual error function [7, 17]
for the solution of the fractional Bagley–Torvik equation. If we display the
error of approximation (4), as

e(x) = f(x)−
M∑
j=0

αjLj(x),

then the error function satisfies the fractional differential equation

A D2e(x) +B D
3
2 e(x) + C e(x) = R(x), (8)

where

R(x) =g(x)−A

M∑
j=0

αjL
′′
j (x)−

B

Γ( 12 )

M∑
j=0

αj

∫ x

0

(x− t)−
1
2L′′

j (t)dt (9)

− C

M∑
j=0

αjLj(x). (10)

The above fractional differential equation is accompanied with initial condi-
tions

e(0) = e′(0) = 0, (11)

or the boundary conditions

e(0) = e(1) = 0. (12)

Now, we propose the approximate solution to (8)–(12) using Lucas polyno-
mials as

e(x) ≈
N∑
j=0

βjLj(x), N > M.

By using the idea described above, we can get the an approximation for error
function e(x). So, we obtain a better approximation
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f(x) ≈
M∑
j=0

αjLj(x) +

N∑
j=0

βjLj(x)

for the numerical solution of the fractional Bagley–Torvik equation.

4 Convergence analysis

In this section, we argue about the convergence of the proposed method. For
this aim, first, some requirements are given.

Lemma 1. [1] Assume that f(x) is an infinitely differentiable at x = 0. Then
f(x) can be represented by using Lucas polynomials as

f(x) =

∞∑
i=0

∞∑
j=0

(−1)jδif
(i+2j)

j!(i+ j)!
Li(x),

where
δi =

{
1
2 if i = 0,
1 if i ̸= 0.

Lemma 2. [1] For every i ≥ 0, the Lucas polynomials can be bounded as

|Li(x)| ≤ 2σi,

where σ is the golden ratio.

Theorem 1. [1] Let f(x) be defined on [0, 1], and there is a positive con-
stant A such that |f (i)(0)| ≤ Ai, i ≥ 0. Moreover, suppose that f(x) has a
representation

f(x) =

∞∑
i=0

ciLi(x), (13)

and that e(x) =
∑∞

i=M+1 ciLi(x) is an error of approximation function f(x)
by Lucas polynomials of degree M . Then

|ci| ≤
Ai cosh(2A)

i!

and the series (13) is convergent and

|e(x)| < 2eAσ cosh(2A)(Aσ)M+1

(M + 1)!
.

In the following theorem, we discuss the convergence of the presented
method of the previous section.
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Theorem 2. Let f(x) be an infinitely differentiable at x = 0, and there
is a constant A > 0 such that |f (i)(0)| ≤ Ai, i > 0. If e(x) is defined as
e(x) = f(x)−

∑M
i=0 aiLi(x) and has a representation

e(x) =

∞∑
i=0

biLi(x),

then the proposed method has the error estimation

|E(x)| < 2eAσ cosh(2A)(Aσ)N+1

(N + 1)!
.

Proof. According to the previous section, the approximation

f(x) ≈
M∑
i=0

aiLi(x) +

N∑
i=0

biLi(x)

] has the error E(x) = e(x)−
∑N

i=0 biLi(x). Also,

e(i)(x) = f (i)(x)−
M∑
j=0

ajL
(i)
j (x).

Since Lj(x) is a polynomial of degree j, so L(i)
j (x) has the following repre-

sentation:

L
(i)
j (x) =

{
αj0 + αj1x+ · · ·+ αjj−i

xj−i if j ≥ i,
0 if j < i.

Therefore
L
(i)
j (0) =

{
αj0 if j ≥ i,
0 if j < i.

If we set P = max{|L(i)
j (0)| : i, j = 0, . . . ,M}, then for i = 1, . . . ,M by

using Theorem 1, we get

|e(i)(0)| < Ai +

M∑
j=0

Aj cosh(2A)P
j!

< (A+ cosh(2A)PeA)i.

Moreover, for i ≥ M + 1, we have |e(i)(0)| ≤ Ai. If we apply Theorem 1 for
the function e(x) = f(x)−

∑M
i=0 aiLi(x), then

|E(x)| ≤ 2eAσ cosh(2A)(Aσ)N+1

(N + 1)!
,
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where
A = A+ cosh(2A)PeA.

5 Numerical results

In this section, some examples are presented to show the accuracy of the pro-
posed method. These examples consist of initial and boundary conditions.
Also, to show the accuracy and validity of the proposed method, we have a
comparison between our approach and a number of other methods. In com-
putations, we utilize Chebyshev–Gauss–Lobatto nodes as collocation points,
and all of the computations have been performed in MAPLE 18 software.

Example 1. Consider fractional Bagley–Torvik equation

D2f(x) +D
3
2 f(x) + f(x) = x3 + 7x+ 1 +

8x
3
2

√
π

with the initial conditions f(0) = 1 and f ′(0) = 1. This problem has the
exact solution f(x) = x3 + x + 1. Here we take M = 6 and N = 10. We
compare the Lucas collocation method (LCM) and Lucas collocation method
combined with residual error function (LCM-REF) with the Chelyshkov–Tau
method [10] and Legendre collocation method [9]. Results are given in Table
1. Absolute errors of LCM and LCM-REF are listed in Table 2 and plotted
in Figure 1.

Table 1: Comparisons of the presented methods for Example 1

x Exact solution LCM-REF LCM Chelyshkov–Tau [10] Legendre collocation [9]

0.1 1.101000 1.101000 1.101000 1.101000 1.101000
0.25 1.265625 1.265625 1.265625 1.265625 1.265625
0.5 1.625000 1.625000 1.625000 1.625000 1.625000
0.75 2.171875 2.171875 2.171875 2.171875 2.171875
1 3.000000 3.000000 3.000000 3.000000 3.000002

Table 2: Absolute errors of the presented methods for Example 1

x 0.1 0.3 0.5 0.7 0.9

LCM 8.90000E-48 1.22000E-47 1.67000E-47 2.23000E-47 3.28000E-47
LCM-REF 8.72634E-48 1.06045E-47 1.19949E-47 1.30881E-47 1.39519E-47

Example 2. In this example, we study the fractional Bagley–Torvik equation
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Figure 1: The plot of absolute errors of LCM and LCM-REF for Example 1

D2f(x) +
8

17
D

3
2 f(x) +

13

51
f(x) =

x−
1
2

89250
√
π
(48p(x) + 7

√
xq(x)),

where

p(x) =16000x4 − 32480x3 + 21280x2 − 4746x+ 189,

q(x) =3250x5 − 9425x4 + 264880x3 − 44,

with the boundary conditions f(0) = 0, f(1) = 0. This problem has the
exact solution

f(x) = x5 − 29

10
x4 +

76

25
x3 − 339

250
+

27

125
x.

We examine the proposed method with M = 6, N = 10. In Table 3, a
comparison between absolute errors of Lucas collocation method combined
with residual error function (LCM-REF), Chelyshkov-Tau method [10], Harr
wavelets method [23], and Bessel collocation method [31] is given. In Figure 2,
the plot of the exact solution and approximate solution, which is obtained by
the combination of the Lucas collocation method and residual error function,
is displayed.

Example 3. Consider the fractional Bagley–Torvik equation

A D2f(x) +B D
3
2 f(x) + C f(x) = g(x),
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Table 3: Comparisons of LCM-REF for Example 2

x LCM-REF Chelyshkov–Tau [10] Harr wavelets [23] Bessel collocation [31]

0.1 2.69915E-48 5.92720E-14 6.49908E-7 1.0800E-2
0.2 3.21281E-48 1.18400E-13 6.35657E-7 8.9595E-3
0.3 3.72702E-48 1.77249E-13 3.71584E-7 3.7797E-3
0.4 4.23527E-48 2.35568E-13 9.48220E-7 1.4413E-7
0.5 4.71891E-48 2.17578E-13 1.59573E-6 1.0001E-3
0.6 5.20793E-48 2.92504E-13 1.05494E-6 6.6150E-8
0.7 5.69369E-48 3.82671E-13 6.34678E-7 1.2599E-3
0.8 6.20644E-48 3.82256E-13 1.88690E-6 1.2800E-3
0.9 6.54825E-48 2.90107E-13 3.13999E-6 2.0656E-8

Figure 2: The plot of exact and LCM-REF solutions for Example 2

with the initial conditions f(0) = 0, f ′(0) = 0. This problem has the exact
solution

f(x) =

∫ x

0

G3(x− τ)g(τ)dτ =
1

A

∞∑
k=0

(−1)k

k!
(
C

A
)kx2k+1E

(k)
1
2 ,2+

3k
2

(−B
A

√
x),

where G3(x) is three-term Green’s function, which is defined as

G3(x) =
1

A

∞∑
k=0

(−1)k

k!
(
C

A
)kx2k+1E

(k)
1
2 ,2+

3k
2

(−B
A

√
x),
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and Eλ,µ is the Mittag-Leffler function with two parameters λ and µ, and

E
(k)
λ,µ(y) =

∞∑
j=0

(j + k)!yj

j!Γ(λj + λk + µ)
, k = 0, 1, 2, . . . .

Let A = 1, B = 1
2 , C = 1

2 , and g(x) = 8. For this case, we chooseM = 30 and
N = 40. Numerical comparisons of the proposed methods with Chelyshkov–
Tau method [10], Legendre collocation method [9], and generalized Taylor
collocation method [6] are listed in Table 4. In Table 5, absolute errors of
LCM and LCM-REF are displayed. Figure 3 exhibits the comparison of
analytical and LCM-REF solutions of this example. The plot of absolute
errors of LCM and LCM-REF is illustrated in Figure 4.

Table 4: Comparisons of the presented methods for Example 3

x Exact solution LCM-REF LCM Chelyshkov-Tau [10] Taylor-collocation [6] Legendre collocation [9]

0.1 0.036487 0.036486 0.036483 0.036453 0.036485 0.036471
0.2 0.140639 0.140636 0.140632 0.140575 0.140634 0.140615
0.3 0.307484 0.307480 0.307473 0.307403 0.307476 0.307434
0.4 0.533284 0.533278 0.533269 0.533252 0.533271 0.533225
0.5 0.814756 0.814749 0.814739 0.814860 0.814735 0.814661
0.6 1.148837 1.148828 1.148816 1.149069 1.148805 1.148733
0.7 1.532565 1.532555 1.532541 1.532870 1.532521 1.532424
0.8 1.963029 1.963018 1.963002 1.963440 1.962974 1.962874
0.9 2.437334 2.437322 2.437305 2.437829 2.437455 2.437134

Table 5: Absolute errors of the presented methods for Example 3

x 0.1 0.3 0.5 0.7 0.9

LCM 4.23327E-6 1.16836E-5 1.82885E-5 2.41776E-5 2.93789E-5
LCM-REF 1.78503E-6 4.92605E-6 7.71291E-6 1.01973E-5 1.23905E-5
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Figure 3: The plot of exact and LCM-REF solutions for Example 3

Figure 4: Absolute errors of LCM and LCM-REF for example 3
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6 Conclusion

A new numerical method using Lucas polynomials was proposed to solve the
fractional Bagley–Torvik equation. In this approach, we expanded the exact
solution as a finite linear combination of Lucas polynomials. Then, by us-
ing Chebyshev–Gauss–Lobatto nodes as collocation points, the approximate
solution was obtained. To improve the results, we applied the residual error
function, and the error function was estimated by Lucas polynomials. So we
can improve the results and get a more accurate approximation. Numeri-
cal tests and comparisons with other numerical methods indicated that this
method is reliable and has acceptable accuracy.
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Singularly perturbed two-point boundary
value problem by applying exponential

fitted finite difference method

N. Kumar*, R. Kumar Sinha and R. Ranjan

Abstract

The present study addresses an exponentially fitted finite difference method
to obtain the solution of singularly perturbed two-point boundary value
problems (BVPs) having a boundary layer at one end (left or right) point
on uniform mesh. A fitting factor is introduced in the derived scheme
using the theory of singular perturbations. Thomas algorithm is employed
to solve the resulting tri-diagonal system of equations. The convergence of
the presented method is investigated. Several model example problems are
solved using the proposed method. The results are presented with terms of
maximum absolute errors, which demonstrate the accuracy and efficiency
of the method. It is observed that the proposed method is capable of
producing highly accurate results with minimal computational effort for a
fixed value of step size h, when the perturbation parameter tends to zero.
From the graphs, we also observed that a numerical solution approximates
the exact solution very well in the boundary layers for smaller value of ε.

AMS subject classifications (2020): Primary AMS 65L10; Secondary 65L11, 65L12,
65L20.

*Corresponding author

Received 22 June 2023; revised 12 August 2023; accepted 14 August 2023
Narendra Kumar
Department of Mathematics, National Institute of Technology Patna, Patna - 800005,
India.
e-mail: narendra.ma18@nitp.ac.in

Rajesh Kumar Sinha
Department of Mathematics, National Institute of Technology Patna, Patna - 800005,
India.
e-mail: rajesh@nitp.ac.in

Rakesh Ranjan
Department of Science and Technology, Bihar, Government Polytechnic, Lakhisarai,
Lakhisarai- 811311, India.
e-mail: 90.ranjan@gmail.com

711

https://doi.org/10.22067/ijnao.2023.83070.1283
https://ijnao.um.ac.ir/
https://orcid.org/0000-0001-5735-545X


Kumar, Kumar Sinha and Ranjan 712

Keywords: Singular perturbation problem; Stability and convergence; Fi-
nite difference method.

1 Introduction

Singular perturbation problems are of mainly deal in fluid mechanics and
other areas of practical/applied mathematics. The solution of the singularly
perturbed boundary value problems (BVPs) has a multi-scale nature. The
solution varies rapidly in some parts of the domain and varies slowly in some
other parts of the domain. The numerical solution of singular perturbation
problems (SPPs) is far from trivial, because of the boundary layer behav-
ior of the solution. There are many physical situations in which the sharp
changes occur inside the domain of interest, and the narrow regions across
which these changes take place are usually referred as Navier–Stokes flow
problems, involving high Reynolds number [4, 17, 28], mathematical models
of liquid crystal materials and chemical reactions, control theory, and elec-
trical networks [6, 7, 30]. These quick shifts can be managed by fast scales,
magnified scales, or stretched scales, but not by slow scales. The domain of
integration is typically divided into two subdomains, with a distinct scheme
being applied to each subdomain as a common approach to solving this type
of problem. In recent years, a large number of analytical methods have
been proposed (see [22, 21, 2, 20, 19, 11, 16, 29]. Numerical methods based
schemes with and without fitting factors on boundary value techniques and
initial value techniques are given in [9, 1, 12, 13, 23, 14]. Phaneendra and
Lalu[24] presented Gaussian quadrature for two-point singularly perturbed
BVPs with the exponential fitting with a layer at one endpoint, dual bound-
ary layers, and internal boundary layers. In this paper, the given BVP is
reduced into an equivalent first-order differential equation with the pertur-
bation parameter as a deviating argument. Then, the Gaussian two-point
quadrature technique with exponential fitting is implemented to solve the
first-order equation with deviating parameters. Mishra and Saini [18] stud-
ied the Liouville–Green transform to solve a singularly perturbed two-point
BVP with a right-end boundary layer. Articles [3, 5, 8, 9, 31] proposed differ-
ent numerical approaches combining fitted mesh methods and fitted operator
methods employed by several researchers for solving SPPs, whereas Kadal-
bajoo and Kumar [10] presented a detailed outline on the numerical methods
for solving SPPs. Indeed these existing numerical methods are mostly based
on fitted operator techniques or use reasonable theoretical information re-
garding the solutions, which forms a limitation of these approaches. An
efficient method of numerical integration for a class of singularly perturbed
two-point BVPs at one endpoint (either left or right) has been presented in
[25]. Ranjan, Prasad, and Alam [27] developed a simple method of numerical
integration for a class of singularly perturbed two-point BVPs at one end-
point (either left or right). Ranjan and Prasad [26] proposed a fitted finite
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difference scheme for solving singularly perturbed two-point BVPs having
boundary layer at left or right endpoints. Madhu Latha, Phaneendra, and
Reddy [15] presented a numerical solution of SPP using numerical integration
with an exponential fitting factor.

In view of the wealth of literature on SPPs, we raise the question of
whether there are other ways to attack SPPs, namely ways that are very
easy to use and ready for computer implementation. In response to this
need for a fresh approach to SPPs, we propose and illustrate in this paper
a fitted finite difference technique for singularly perturbed two-point BVPs
with a boundary layer on the left (or right) end of the underlying interval.
Numerical experience with several linear examples is described.

The paper is organized as follows: Section 2 presents the description of the
presented new effective method to solve a second-order singularly perturbed
two-point BVP. In Section 3, the convergence of the presented method is
investigated. To demonstrate the accuracy and efficiency of the presented
method, numerical experiments are carried out for several model test prob-
lems, and the results are shown in tables in Section 4. Finally, the discussions
and conclusions are presented in the last section 5.

2 Statement of the problems

Consider the singularly perturbed two-point BVPs of the following type:

ε v′′(t) + r(t)v′(t) + s(t)v(t) = ψ(t) on Ω = [0, 1], (1)

subject to the boundary conditions and interval conditions,

v(0) = α, v(1) = β, (2)

where ε is a small positive perturbation parameter (0 < ε << 1). Further-
more, the functions r(t), s(t), andψ(t) are continuously differentiable func-
tions in [0, 1], where α and β are constant. In the scenario where we assume
that r(t) ≥ M > 0 holds true for the entire interval [0, 1], with M repre-
senting a positive constant, the boundary layer is expected to occur in the
vicinity of t = 0. On the other hand, if we consider that r(t) ≤M < 0 holds
throughout the interval [0, 1], with M being a negative constant, then the
boundary layer is anticipated to be located near t = 1.
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2.1 Description of the method for left-end boundary
layer problems

In this subsection, we describe the proposed method for the solution of the
problem (1)–(2) having boundary layer at left-end point of the interval con-
sidered.

The solution of (1) with (2) is of the following form (see . 22–261[22]):

v(t) = v0(t) +
r(0)

r(t)
(α0 − v0(0)) e

−
∫ t
0 (

r(t)
ε − s(t)

r(t) )dt + o(ε), (3)

where v0(t) denotes the simplified problem’s solution:

r(t)v′0(t) + s(t)v0(t) = ψ(t), v0(1) = β. (4)

By considering the Taylor series expansions of r(t) and s(t) around the point
t = 0 up to their respective first terms, we can simplify (3) as follows:

v(t) = v0(t) + (α0 − v0(0)) e
−( r(0)

ε − s(0)
r(0) )t + o(ε). (5)

Taking the limit as h → 0 and applying (3) to the point t = ti = ih, i =
0, 1, 2, . . . , N , we obtain

lim
h→0

v(ih) = v0(0) + (α0 − v0(0)) e
−
(

r2(0)−εs(0)
r(0)

)
iρ
+ o(ε), (6)

where ρ = h/ε, the first and second-order approximations have been used as
below:

v′i =
3vi+1 − 2vi − vi−1

4h
, (7)

v′′i =
vi+1 − 2vi + vi−1

h2
. (8)

Substituting (7) and (8) in (1), we have

ε

[
vi+1 − 2vi + vi−1

h2

]
+ ri

[
3vi+1 − 2vi − vi−1

4h

]
+ sivi = ψi. (9)

Introducing the fitting factor σ (ρ) into the aforementioned approach, we
obtain the following result:

σε

[
vi+1 − 2vi + vi−1

h2

]
+ ri

[
3vi+1 − 2vi − vi−1

4h

]
+ sivi = ψi. (10)
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The determination of the fitting factor σ(ρ) aims to ensure that the solution of
the difference scheme described in (10) achieves uniform convergence towards
the solution of (1) with (2).

By multiplying (10) by h and considering the limit as h −→ 0, the result
of (10) is as follows:

σ

ρ
[vi+1 − 2vi − vi−1] +

r(0)

4
[3vi+1 − 2vi − vi−1] = 0. (11)

Let µ = r2(0)−εs(0)
r(0) . By using (6), we get

limh→0 (v(ih− h) + v(ih+ h)− 2v(ih)) = (α0 − v0(0)) e
−µiρ

(
eµρ + e−µρ − 2

)
,

limh→0 (3v(ih+ h)− 2v(ih)− v(ih− h)) = (α0 − v0(0)) e
−µiρ

(
3e−µρ − 2− eµρ

)
.

By using the above equations in (11), we get

σ (ρ) =
r(0)ρ

2
coth

((
r2(0)− εs(0)

)
ρ

2r(0)

)
− r(0)ρ

4
, (12)

which is a required fitting factor σ (ρ) .
Finally, from (11) with the value of σ(ρ) given by (12), we obtain the following
three-term recurrence relationship:

Pivi−1 −Qivi +Rivi+1 = Hi (i = 1, 2, 3, . . . , N − 1), (13)

where
Pi =

σε
h2 − ri

4h ,
Qi =

2σε
h2 + 2ri

4h − si,
Ri =

σε
h2 + 3ri

4h ,
Hi = ψi.

Equation (13) generates an (N − 1) equations system involving (N − 1) un-
determined ranging from v1 to vN−1. These (N−1) equations together with
the boundary conditions equation (2), are sufficient to solve the obtained
tri-diagonal system with the help of an efficient solver called the Thomas al-
gorithm, commonly called as the “Discrete Invariant Imbedding algorithm”.

2.2 Description of the method for right-end boundary
layer problems

In this subsection, we will describe the proposed method for the solution of
the problem (1)–(2) having boundary layer at right-end point of the interval
considered.

Iran. J. Numer. Anal. Optim., Vol. 13, No. 4, 2023, pp 711–727



Kumar, Kumar Sinha and Ranjan 716

The solution of (1) with (2) is of the following form . 22–261[22]):

v(t) = v0(t) +
r(0)

r(t)
(α0 − v0(1)) e

−
∫ t
0 (

r(t)
ε − s(t)

r(t) )dt + o(ε), (14)

where y0(t) denotes the simplified problem’s solution:

r(t)v′0(t) + s(t)v0(t) = ψ(t), v0(1) = β. (15)

By considering the Taylor series expansions of r(t) and s(t) around the point
t = 0 up to their respective first terms, we can simplify (14) as follows:

v(t) = v0(t) + (α0 − v0(0)) e
−( r(1)

ε − s(1)
r(1) )t + o(ε). (16)

Taking the limit as h → 0 and applying (3) to the point t = ti = ih, i =
0, 1, 2, . . . , N , we obtain

limh→0 v(ih) = v0(0) + (α0 − y0(0)) e
−
(

r2(1)−εs(1)
r(1)

)
iρ
+ o(ε), (17)

where ρ = h/ε.
After multiplying (10) by h and taking the limit as h → 0, (10) converts

into the following form:

σ

ρ
[vi+1 − 2vi − vi−1] +

r(0)

4
[3vi+1 − 2vi − vi−1] = 0. (18)

Let µ = r2(0)−εs(0)
r(0) . By using (17), we get

limh→0 (v(ih− h) + v(ih+ h)− 2v(ih)) = (α0 − v0(1)) e
−µiρ

(
eµρ + e−µρ − 2

)
,

limh→0 (3v(ih+ h)− 2v(ih)− v(ih− h)) = (α0 − v0(1)) e
−µiρ

(
3e−µρ − 2− eµρ

)
.

By substituting the aforementioned equations into (18), we get

σ (ρ) =
r(0)ρ

2
coth

((
r2(1)− εs(1)

)
ρ

2r(1)

)
− r(0)ρ

4
, (19)

which is a required fitting factor σ (ρ) for right-end boundary layer problem.

3 Convergence analysis

This section focuses on the analysis of the convergence of the method.

Definition 1 (Consistency). Let

ϕi[v] = Lhv(ti)− Lϕv(ti), i = 1, 2, . . . , N.
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In this context, v denotes a smooth function defined on the interval I = [0, 1],
and Lh represents the discrete difference operator. Consequently, the differ-
ence equation (13)–(2) exhibits consistency with the corresponding differen-
tial equation (1)–(2), if

|ϕi[v]| → 0 as h→ o.

The quantities ϕi[v], i = 1, 2, 3 . . . , N is called the local truncation (or local
discretization) errors.

Definition 2. The differential equation (13)–(2) is said to possess local pth-
order accuracy when, for suitably smooth data, there exists a positive con-
stant C that remains independent of h and ε such that

max1≤i≤N |ϕi[v]| ≤ Chp.

The agreement between the differential equation (13)–(2) and (1)–(2),
along with its locally second-order accuracy, is established through the lemma
provided below.

Lemma 1. If v ∈ C2(I), then

|ϕi[v]| ≤ maxti−1≤t≤ti+1

{
rih

4
|v′′i |

}
+O(h2), i = 1, 2, 3, . . . , N − 1.

Proof. By definition,

ϕi = σε

{
vi+1 − 2vi + vi−1

h2
− v′′i

}
+

{
3vi+1 − 2vi − vi−1

4h

}
,

ϕi = σε

{
h2

12
vivi +

h4

360
vvii + · · ·

}
+ ri

{
h

12
v′′i +

h2

3!
y′′′i + · · ·

}
,

|ϕi| = max
ti−1≤t≤ti+1

{
σεh2

12
|vivi |

}
+ max

ti−1≤t≤ti+1

{
rih

4
|v′′i |

}
,

|ϕi| ≤ max
ti−1≤t≤ti+1

{
rih

4
|v′′i |

}
+O(h2),

|ϕi| ≤ O(h). i = 1, 2, 3, . . . , N − 1.

As a result, the intended outcome is attained.

We will now examine the proposed method’s convergence across the entire
interval range 0 ≤ t ≤ 1. We write the tridiagonal system (13) in the matrix-
vector form

WV = D, (20)

where W = (aij), 1 ≤ i, j ≤ N − 1 is a tridiagonal matrix of order N − 1
with
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ai,i−1 = σε− rih

4
,

ai,i = −2σε− 2hri
4

+ sih
2,

ai,i+1 = σε+
3hri
4
,

and D = (di) is a column vector with di = h2ϕi for i = 1, 2, 3, . . . , N −1 with
local truncation error ϕi:

|ϕi| ≤ O(h). (21)

We also have
WV̄ − ϕ(h) = D, (22)

where V̄ = (V̄0, V̄1, V̄2, V̄3, . . . , V̄N )t and ϕ(h) = (ϕ1(h), ϕ2(h), ϕ3(h), . . . , ϕN (h))t

stands for the local truncation error and the real solution, respectively. (20)
and (22) give us

W (V̄ − V ) = ϕ(h). (23)

Thus the error equation is
WE = ϕ(h), (24)

where E = V̄ −V = (e0, e1, e2, . . . , eN )t. If S∗
i is the total of the components

in the ith row of W , then

S∗
1 =

∑N−1
j=1 a1,j =

−σε
h2 − r1

4h + s1,

S∗
N−1 =

∑N−1
j=1 aN−1,j =

−σε
h2 − 3rN−1

4h + sN−1,

S∗
i =

∑N−1
j=1 ai,j = si = Bi0.

Since 0 < ε << 1, The matrix W is irreducible and monotone for sufficiently
small h. As a result, W−1 must exist and contain nonnegative elements.
Therefore, we have from (24) that

E =W−1ϕ(h), (25)
∥E∥ ≤ ∥W−1∥∥ϕ(h)∥. (26)

Let āki represent the (ki)th components of W−1. Since āki ≥ 0, we have
from the operations on matrices:

N−1∑
j=1

ākiS
∗
i = 1, k = 1, 2, . . . , N − 1. (27)

Therefore, its follows

N−1∑
j=1

āki ≤
1

min0≤i≤N−1S∗
i

=
1

Bi0
≤ 1

|Bi0|
, (28)
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for some i0 between 1 and N − 1, and Bi0 = qi.
Therefore, from (21), (25), and (27), we get

ej =

N−1∑
i=1

ākiϕi(h), j = 1(1)N − 1, (29)

which implies
ej ≤

O(h)

|qi|
, j = 1(1)N − 1. (30)

Consequently, by applying the definitions and (29), we obtain:

∥E∥ = O(h).

This implies that the purposed method is the first-order rate of convergence
on uniform mesh. As above, we can apply the same procedure for showing
the purposed method is of first-order rate of convergence on uniform mesh
for the right layer problem.

4 Numerical illustrations

The effectiveness of the purposed method has been demonstrated by imple-
menting it on the three linear SPPs at left-end boundary layer as well as
one problem involving a right-end boundary layer and presented the compu-
tational results in the tables in terms of the maximum absolute errors EN

ε .
These examples have been chosen because they have been widely discussed in
literature. For various values of mesh point N and perturbation parameter ε,
the EN

ε are defined by EN
ε = max

0≤i≤N−1
[|v(ti)− vi|], where v(ti) and vi denote

the exact and approximate solution, respectively. The double mesh principle
is used to calculate the rate of convergence defined as rNε = log2

(
EN

ε

E2N
ε

)
. The

purposed method is capable of achieving uniform results, when perturbation
parameter ε tends to 0 for any fixed value of the mesh size h.

Example 1. First, consider the following homogeneous SPP from [15]:

εv′′(t) + v′(t)− v(t) = 0, t ∈ [0, 1],

with boundary condition v(0) = 1 and v(1) = 1.
The exact solution is given by

v(t) =
(em2 − 1)em1t + (1− em1)em2t

em2 − em1
,

where m1 =
(−1 +

√
1 + 4ε)

2ε
and m2 =

(−1−
√
1 + 4ε)

2ε
.

Iran. J. Numer. Anal. Optim., Vol. 13, No. 4, 2023, pp 711–727



Kumar, Kumar Sinha and Ranjan 720

The maximum absolute errors for various values of N and singular per-
turbation parameter ε are presented in Table 1 for example 1. It can be easily
observed from Table 1 that the maximum absolute errors tends uniformly,
when the singular perturbation parameter ε tends to 0, for any fixed value of
N = 1/h. Also, rates of convergence presented in Table 1 show that the pur-
posed scheme is capable of producing almost first-order accurate uniformly
convergent solution. In Figure 1, we present our solution and the exact solu-
tion for various values of ε and a fixed value of N . Clearly, as shown in the
figure, the numerical solution and the exact solution are very close within the
boundary layers for smaller values of ε.

Example 2. Consider the following non-homogeneous SPP involving a con-
stant term f(t) [25, 15]:

εv′′(t) + v′(t) = 2, t ∈ [0, 1],

with boundary condition v(0) = 1 and v(1) = 1. The exact solution is given
by v(t) = 2t+ 1−et/ε

et/ε−1
.

The maximum absolute errors for various values of N and singular per-
turbation parameter ε are presented in Table 2 for example 2. It can be easily
observed from Table 2 that the maximum absolute errors tends uniformly,
when the singular perturbation parameter ε tends to 0, for any fixed value
of N = 1/h. In Figure 2, we present our solution and the exact solution for
various values of ε and a fixed value of N . Clearly, as shown in the figure, the
numerical solution and the exact solution are very close within the boundary
layers for smaller values of ε.

Example 3. Consider the following non-homogeneous SPP involving a vari-
able term f(t) [25, 15]:

εv′′(t) + v′(t) = 1 + 2t, t ∈ [0, 1],

with boundary condition v(0) = 1 and v(1) = 1. The exact solution is given
by v(t) = 1−e−t/ε

1−e1/ε
(2ε− 1) + t(t+ 1− 2ε).

The maximum absolute errors for various values of N and singular per-
turbation parameter ε are presented in Table 3 for example3. It can be easily
observed from Table 3 that the maximum absolute errors tends uniformly,
when the singular perturbation parameter ε tends to 0, for any fixed value of
N = 1/h. Also, rates of convergence presented in Table 3 show that the pur-
posed scheme is capable of producing almost first-order accurate uniformly
convergent solution. In Figure 3, we present our solution and the exact solu-
tion for various values of ε and a fixed value of N . Clearly, as shown in the
figure, the numerical solution and the exact solution are very close within the
boundary layers for smaller values of ε.
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Example 4. Lastly, consider the following homogeneous SPP at right-end
boundary layer [25, 26, 15]:

εv′′(t)− v′(t)− (1 + ε)v(t) = 0, t ∈ [0, 1],

with boundary condition v(0) = 1+exp(−(1+ε)/ε) and v(1) = 1+1/e. The
exact solution is given by v(t) = e(1+ε)(t−1)/ε + e−t.

The maximum absolute errors for various values of N and singular per-
turbation parameter ε are presented in Table 4 for Example 4. It can be
easily observed from the Table 4 that the maximum absolute errors tends
uniformly, when the singular perturbation parameter ε tends to 0, for any
fixed value of N = 1/h. Also, rates of convergence presented in Table 4 show
that the purposed scheme is capable of producing almost first-order accurate
uniformly convergent solution. In Figure 4, we present our solution and the
exact solution for various values of ε and a fixed value of N . Clearly, as
shown in the figure, the numerical solution and the exact solution are very
close within the boundary layers for smaller values of ε.

Table 1: Computational results in terms of maximum absolute errors for various values
of N and ε and the rate of convergence rNε for Example 1

N 16 32 64 128 256 512
ε = 10−5 0.0112 0.0057 0.0029 0.0014 0.0007 0.0003

rNε 0.9745 0.9749 1.0506 1.0000 1.2224
ε = 10−6 0.0112 0.0057 0.0029 0.0014 0.0007 0.0003

rNε 0.9745 0.9749 1.0506 1.0000 1.2224
ε = 10−7 0.0112 0.0057 0.0029 0.0014 0.0007 0.0003

rNε 0.9745 0.9749 1.0506 1.0000 1.2224
ε = 10−8 0.0112 0.0057 0.0029 0.0014 0.0007 0.0003

rNε 0.9745 0.9749 1.0506 1.0000 1.2224
ε = 10−9 0.0112 0.0057 0.0029 0.0014 0.0007 0.0003

rNε 0.9745 0.9749 1.0506 1.0000 1.2224

Table 2: Computational results in terms of maximum absolute errors for various values
of N and ε for Example 2

N 16 32 64 128 256 512
ε = 10−5 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
ε = 10−6 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
ε = 10−7 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
ε = 10−8 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
ε = 10−9 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
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Table 3: Computational results in terms of maximum absolute errors for various values
of N and ε and the rate of convergence rNε for Example 3

N 16 32 64 128 256 512
ε = 10−5 0.0586 0.0303 0.0154 0.0079 0.0039 0.0019

rNε 0.9516 0.9764 0.9630 1.0184 1.0375
ε = 10−6 0.0586 0.0303 0.0154 0.0077 0.0039 0.0019

rNε 0.9516 0.9764 1.0000 0.9814 1.0375
ε = 10−7 0.0586 0.0303 0.0154 0.0078 0.0039 0.0019

rNε 0.9516 0.9764 0.9814 1.0000 1.0375
ε = 10−8 0.0586 0.0303 0.0154 0.0078 0.0039 0.0019

rNε 0.9516 0.9764 0.9814 1.0000 1.0375
ε = 10−9 0.0586 0.0303 0.0154 0.0078 0.0039 0.0019

rNε 0.9516 0.9764 0.9814 1.0000 1.0375

Table 4: Computational results in terms of maximum absolute errors for various values
of N and ε and the rate of convergence rNε for Example 1

N 16 32 64 128 256 512
ε = 10−5 0.0112 0.0057 0.0029 0.0014 0.0007 0.0003

rNε 0.9745 0.9749 1.0506 1.0000 1.2224
ε = 10−6 0.0112 0.0057 0.0029 0.0014 0.0007 0.0003

rNε 0.9745 0.9749 1.0506 1.0000 1.2224
ε = 10−7 0.0112 0.0057 0.0029 0.0014 0.0007 0.0003

rNε 0.9745 0.9749 1.0506 1.0000 1.2224
ε = 10−8 0.0112 0.0057 0.0029 0.0014 0.0007 0.0003

rNε 0.9745 0.9749 1.0506 1.0000 1.2224
ε = 10−9 0.0112 0.0057 0.0029 0.0014 0.0007 0.0003

rNε 0.9745 0.9749 1.0506 1.0000 1.2224
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Figure 1: Computational solution of the given Example 1 for the fixed value N = 100
and various values of ε
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Figure 2: Computational solution of the given Example 2 for the fixed value N = 100
and various values of ε
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Figure 3: Computational solution of the given Example 3 for the fixed value N = 100
and various values of ε
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Figure 4: Computational solution of the given Example 4 for fixed value of N = 100 and
various values of ε

5 Conclusion

We have derived an exponentially fitted finite difference tridiagonal scheme
for solving singularly perturbed two-point BVPs at one endpoint (left or
right). We have carried out the convergence analysis for the proposed scheme
and performed the numerical experiments on four example problems (three
left-end and one right-end problems) for various values of N = 1/h and
perturbation parameter ε, which show that the scheme is of almost first-
order accurate. The computational results in terms of maximum absolute
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error are presented in Tables 1–4. It is easily observed from the tables that
the proposed method is capable of producing highly accurate results for a
fixed value of mesh size h, when the perturbation parameter ε tends to 0.
The maximum absolute errors are becoming uniform for any fixed values of
N when ε → 0. Furthermore, one can easily observe from Tables 1, 3, and
4 that the proposed exponential fitted finite difference scheme is capable of
producing first-order accurate uniformly convergent solution for any fixed
value of mesh size h = 1/N when perturbation parameter ε tends to 0.
In Figures 1–4, we present our solution and the exact solution for various
values of ε and a fixed value of N . Clearly, as shown in the figures, the
numerical solution and the exact solution are very close within the boundary
layers for smaller values of ε. Notably, the novelty of our method lies in its
independence from both deviating arguments and fitted meshes [15].
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bolic equation known as a sine-Gordon equation. The proposed equation
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1 Introduction

Nonlinear partial differential equations have wide applications in different
branches of science and engineering, which helps to understand the diversity
of physical phenomena in a logical manner. The nonlinear wave equations
such as Klein–Gordon and sine-Gordon equations have wide applications in
optics, plasma physics, quantum mechanics and fluid mechanics, and so on.
Finding the analytic solution to these problems is a tedious task due to
the complexity of the nonlinear terms. The numerical approximation of the
solution in terms of the discrete set of points is often desirable by researchers
due to the simplicity of the numerical computations.

The derivation of the Klein–Gordon equation is a generalization of the
Schrödinger equation. It was named after the physicists Oskar Klein andWal-
ter Gordon. They together in 1926, proposed that relativistic electrons can
be described by the Klein–Gordon equation during the research for the equa-
tion describing de Broglie waves. Schrödinger considered the Klein–Gordon
equation as a quantum wave equation [18, 19]. Klein–Gordon equation plays
a significant role in many scientific applications, such as nonlinear optics and
quantum field theory, and solid state physics. Klein–Gordon equation in one
dimension can be considered as

∂2y

∂t2
− β

∂2y

∂ξ2
+ f1(y) = f2(ξ, t), (1)

where (ξ, t) ∈ (ξa, ξb) × (0, T ), f1(y) is nonlinear force, and β is a constant.
The sine-Gordon equation is a special case of (1) for f1(y) = sin(y) and
f2(ξ, t) = 0. Interestingly, the sine-Gordon equation was discovered sepa-
rately in 1939 by Frenkel and Kontorova while studying the propagation of
slip in an infinite chain of elastically bound atoms lying over a fixed chain.
Later it was found that sine-Gordon is a special case of Klein–Gordon equa-
tion. The sine-Gordon equation in one dimension can be described as

∂2y

∂t2
− ∂2y

∂ξ2
+ sin(y(ξ, t)) = 0, (2)

and the initial and boundary conditions can be described as

y(ξ, 0) = ϕ1(ξ) and yt(ξ, 0) = ϕ2(ξ),

y(ξa, t) = ϕ3(t) and y(ξb, t) = ϕ4(t).
(3)

The present problem of the equation is a continuum model for waves in me-
chanical systems, coupled-pendulum, the study of the domain wall dynamics
in magnetic crystals, magnetic-flux propagation in large Josephson junctions,
propagation of crystal dislocations in solids, propagation of ultra-short op-
tical pulses in optical fibers, as a nonlinear effective field theory for strong
interactions in particle physics, and so on; see [8, 16, 18, 19, 28, 37].
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A variety of numerical techniques have been developed by different re-
searchers to study the behavior of nonlinear sine-Gordon equation, such
as finite difference method, inverse scattering method, auxiliary equation
method, spectral method, pseudo-spectral method, tanh-sech method, Ado-
mian decomposition method, sine-cosine method, Jacobi elliptic functions,
Backlund transformation, Riccati equation expansion method, homotopy per-
turbation method, and variational iteration method [15, 18, 33, 32, 40].

Method of characteristics and a leapfrog finite difference scheme [3, 24]
were the first two methods developed to obtain the numerical solution of
sine-Gordon equation. Strauss and Vázquez [36] developed a leapfrog finite
difference, an implicit, energy-conserving scheme for the Klein–Gordon equa-
tion.

Apart from these, other numerical methods have also been developed for
the solution of sine-Gordon equations, which include pseudospectral meth-
ods and spectral methods. Pseudospectral methods include the split-step
Fourier scheme [1, 2, 41] and spectral methods include energy-conserving,
wavelet spectral method, Fourier scheme, Legendre spectral element method,
and multiresolution analysis method based on Legendre wavelets [27]. Finite
element methods is based on a collocation scheme using Legendre–Gauss–
Lobatto points [29], cubic B-splines [31] and Petrov–Galerkin scheme [5].

In the present study, the Bessel collocation method (BCM) has been fol-
lowed to study the behavior of the nonlinear sine-Gordon equation. The
Bessel polynomials of degree n have been taken as base polynomials. To
discretize the time direction, the temporal variable has been split by the
introduction of a continuously differentiable function. It converts the wave
equation into a system of equations involving one linear and the other non-
linear equation.

The present manuscript has been divided into six sections starting from
introduction. The BCM has been described in section 2. The explanation of
collocation points as well as the implementation of the collocation technique
has been described in sections 3 and 4, respectively. Convergence analysis
has been discussed in section 5, whereas the numerical application has been
given in section 6.

2 Bessel collocation method (BCM)

The collocation method belongs to the general class of approximate methods,
known as weighted residual methods. In this method, the residual is set
orthogonal to the weight function. In an orthogonal collocation, the trial
function y(ξ, t) is represented in a series of known polynomials with unknown
coefficients [13, 22, 38]. The residual is set equal to zero at the collocation
points.

On the basis of the implementation of the trial function, the collocation
technique can be classified into three categories. If the trial function satisfies
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the differential equation ℓV(y) = 0 with volume V , then it is termed as inte-
rior collocation. If the trial function satisfies the boundary ℓB(y) = 0, where
B is the boundary adjoining volume V , then it is termed as boundary collo-
cation. If the trail function satisfies neither the equation nor the boundary
and is adjusted to both, then it is termed as a mixed collocation.

The choice of base function is the first important step in the technique of
collocation. In the present study, Bessel polynomials of order n have been
chosen as a trial function, and the technique is called the BCM.
During the study of problems in dynamic astronomy to solve the Kepler’s
problem, a German astronomer Bessel in 1824, introduced Bessel polyno-
mials, which are the solution to a second order boundary value problem.
These polynomials can be written in terms of limit confluent hypergeomet-
ric function 0F1. The details of these hypergeometric functions are given in
[7, 25, 34, 39]:

Jn(ξ) =
ξn

2nn!
0F1(−;n+ 1;−1

4
ξ2). (4)

The Bessel coefficients also follow from the power series expansion for small
values of ξ

lim
ξ→0

0F1(−;n+ 1;−1

4
ξ2) = 1,

lim
ξ→0

ξ−nJn(ξ) =
1

2nn!
,

which shows that as ξ → 0, the Bessel coefficient Jn(ξ) approaches to 1
2nn! .

The first order derivative of the Bessel function is defined as

d

dξ
(ξnJn(ξ)) = ξnJn−1(ξ),

d

dξ
(ξ−nJn(ξ)) = −ξ−nJn+1(ξ).

3 Collocation points

The next step is the choice of collocation points. It is an important part of
the collocation technique. In this study, instead of taking the uniform points,
the zeros of orthogonal polynomials, such as Jacobi polynomials, have been
taken as collocation points. Legendre and Chebyshev polynomials are special
cases of Jacobi polynomials, and the zeros of these orthogonal polynomials are
preferably taken as collocation points. Runge’s divergence formula also states
that nonuniform collocation points give less error as compared to uniform
collocation points.

Theorem 1. [26] If Qn(ξ) form a simple set of real polynomials and w(ξ) > 0
on a ≤ ξ ≤ b, then the necessary and sufficient condition that the set Qn(ξ)
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is orthogonal with respect to the w(ξ) over the interval a ≤ ξ ≤ b is that∫ b

a

w(ξ)xkQn(ξ)dξ = 0, k = 0, 1, 2, 3, . . . , (n− 1).

Theorem 2. [26] If the simple set of real polynomials Qn(ξ) is orthogonal
with respect to the weight function w(ξ) > 0 on the interval a ≤ ξ ≤ b, then
the zeros of Qn(ξ) are distinct and lie in the interval a ≤ ξ ≤ b.

Since Qn(ξ) is a polynomial of degree n, then it has exactly n roots,
multiplicity counted, such that the roots are distinct and all lie in a ≤ ξ ≤ b.

Usually, the collocation points are selected from the Legendre or Cheby-
shev polynomials, and these polynomials are also particular cases of Ja-
cobi polynomials. The details of the collocation points are given elsewhere
[4, 6, 11, 12, 14, 17, 20, 35]. The zeros of Chebyshev polynomials have been
taken as collocation points:

ξj = cos
(π(j − 1)

n

)
, j = 1, 2, . . . , n+ 1.

The Chebyshev collocation points have been transformed from the interval
[−1, 1] to [ξa, ξb] using one to one correspondence.

4 Implementation of BCM

To discretize the given problem, BCM is applied in space direction. To
apply BCM, (2) has been split in time direction. For this purpose, a new
continuously differentiable function z(ξ, t), differentiable with respect to t has
been introduced:

∂y

∂t
= z(ξ, t), (ξ, t) ∈ (ξa, ξb)× (0, T ),

∂z

∂t
=
∂2y

∂ξ2
− sin(y(ξ, t)), (ξ, t) ∈ (ξa, ξb)× (0, T ).

(5)

To apply BCM on a system of equations defined by (5), the two functions
y(ξ, t) and z(ξ, t) have been approximated in terms of Bessel polynomials as

y(ξ, t) =

n+1∑
i=1

Ji(ξ)ci(t),

z(ξ, t) =

n+1∑
i=1

Ji(ξ)di(t),

(6)

where Ji(ξ) are ith order Bessel polynomials. To simplify (6), the Bessel
polynomials can be rewritten as suggested by [10, 42, 43, 44, 45, 46, 47, 48]:
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y(ξ, t) =

n+1∑
i=1

ξi−1Rci(t),

z(ξ, t) =

n+1∑
i=1

ξi−1Rdi(t),

(7)

where R is a square matrix of order (n+ 1)× (n+ 1) and ci(t) and di(t) are
the unknown coefficients of t, which are to be determined.

For n being an odd integer, R is defined as

R =



1
0!0!20

0 0 0 . . . 0 0

0 1
0!1!21

0 0 . . . 0 0

−1

1!1!22
0 1

0!2!22
0 . . . 0 0

0 −1

1!2!23
0 1

0!3!23
. . . 0 0

1
2!2!24

0 −1

1!3!24
0 . . . 0 0

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.
.
.
.

(−1)
n−1
2

(n−1
2

)!(n−1
2

)!2n−1
0

(−1)
n−3
2

(n−3
2

)!(n+1
2

)!2n−1
0 . . . 1

0!(n−1)!2n−1 0

0
(−1)

n−1
2

(n−1
2

)!(n+1
2

)!2n
0

(−1)
n−3
2

(n−3
2

)!(n+3
2

)!2n
. . . 0 1

0!n!2n



However, for n being an even integer, the matrix R can be written as

R =



1
0!0!20

0 0 0 . . . 0 0

0 1
0!1!21

0 0 . . . 0 0

−1

1!1!22
0 1

0!2!22
0 . . . 0 0

0 −1

1!2!23
0 1

0!3!23
. . . 0 0

1
2!2!24

0 −1

1!3!24
0 . . . 0 0

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.
.
.
.

0
(−1)

n−2
2

(n−2
2

)!(n
2

)!2n−1
0

(−1)
n−4
2

(n−4
2

)!(n+2
2

)!2n−1
. . . 1

0!(n−1)!2n−1 0

(−1)
n
2

(n
2

)!(n
2

)!2n
0

(−1)
n−2
2

(n−2
2

)!(n+2
2

)!2n
0 . . . 0 1

0!n!2n



At jth collocation point, (7) can be written as

y(ξj , t) =

n+1∑
i=1

ξi−1
j Rci(t), j = 1, 2, . . . , n+ 1,

z(ξj , t) =

n+1∑
i=1

ξi−1
j Rdi(t), j = 1, 2, . . . , n+ 1.

(8)

Now, rewrite (8) in a matrix form at jth collocation point

[yj ] = [X][ci(t)], [zj ] = [X][di(t)], (9)
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where X = [ξi−1
j ]R and yj represents the value of y at jth collocation point.

We have
[X]−1[yj ] = [c], [X]−1[zj ] = [d]. (10)

Substituting collocation coefficients from (10) in (7) results in

y(ξ, t) =

n+1∑
i=1

ξi−1X−1yi,

z(ξ, t) =

n+1∑
i=1

ξi−1X−1zi.

(11)

The first and second order derivatives of y(ξ, t) with respect to ξ can be
obtained as

∂y

∂ξ
=

n+1∑
i=1

(i− 1)ξi−2X−1yi,

∂2y

∂ξ2
=

n+1∑
i=1

(i− 1)(i− 2)ξi−3X−1yi.

(12)

Using the discretized forms of y(ξ, t) and z(ξ, t) in (5) leads to the following
system of equations:

dyj
dt

= zj ,

dzj
dt

= β

n+1∑
i=1

Bjiyi − sin(yj),
(13)

where j = 2, 3, . . . , n.
In the above coupled form of equations, Aji and Bji are first and second order
discretized forms of derivatives of y(ξ) with respect to ξ at jth collocation
point, respectively. Boundary conditions for both y(ξ, t) and z(ξ, t) configura-
tions assumed to be y(a, t) = y1 = ya, y(b, t) = yn+1 = yb, z(a, t) = z1 = za,
and z(b, t) = zn+1 = zb. The matrix representation of (13) of sine-Gordon
can be written as: [

dY
dt
dZ
dt

]
=

[
I O
O B

] [
Z
Y

]
− F. (14)

In the above system of equations, there are n − 1 collocation equations and
two boundary conditions for each function y(ξ, t) and z(ξ, t), respectively. It
results in 2(n−1) collocation equations in total and four boundary conditions.
There is no effect of boundary conditions in the matrix representation of (14)
as they are in scalar form and get merged into F . Moreover, O represents
the zero matrix, and I represents the identity matrix in relation (14). Also,
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O =


0 0 0 . . . 0
0 0 0 . . . 0
...
...
... . . .

...
0 0 0 . . . 0


(n−1)×(n−1)

, I =


1 1 1 . . . 1
1 1 1 . . . 1
...
...
... . . .

...
1 1 1 . . . 1


(n−1)×(n−1)

,

Y =


y2
y3
...
yn


(n−1)×1

, Z =


z2
z3
...
zn


(n−1)×1

,

B =


B(2, 2) B(2, 3) B(2, 4) . . . B(2, n)
B(3, 2) B(3, 3) B(3, 4) . . . B(3, n)

...
...

... . . . ...
B(n, 2) B(n, 3) B(3, 4) . . . B(n, n)


(n−1)×(n−1)

,

and
F =

[
O
F̄

]
for the Klein–Gordon equation F̄ can be represented as

F̄ =


sin(y2)
sin(y3)

...
sin(yn)


(n−1)×1

The matrix representation corresponds to a nonlinear system of 2(n − 1)
equations form block matrix structure (14). The left-hand side includes the
column vector of time derivatives of functions y and z, respectively, and the
right-hand side does not include any product with the inverse of a coefficient
matrix, which helps to reduce the stiffness of the system of equations. The
system of ordinary differential equations is solved using MATLAB with the
ode23s module.

5 Convergence analysis

Theorem 3. [26] If {Qn(ξ)} represents for simple set of polynomials and if
Y(ξ) is a polynomial of degree m, then there exist constants ak such that

Y(ξ) =

m∑
k=0

akQk(ξ).

The ak’s are functions of k and any parameter involved in Y(ξ).
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Theorem 4. [25]There exists a unique polynomial Pn(ξ) of degree n, which
assumes prescribed values at n+ 1 distinct points ξ0 < ξ1 < · · · < ξn.

Theorem 5. [25] Given any interval a ≤ ξ ≤ b, real number ε > 0 and any
real valued continuous function f(ξ) on a ≤ ξ ≤ b, there exists a polynomial
P (ξ) such that

|| f(ξ)− P (ξ) ||< ε.

To study the convergence behavior of orthogonal collocation scheme, the
definition given by [21] is quoted here:
Consider a family of mathematical problems parametrized by singular pertur-
bation parameter ε, where ε lies in the semiopen interval 0 < ε ≤ 1. Assume
that each problem in the family has a unique solution denoted by yε, and that
each yε is approximated by a sequence of numerical solutions

{
(Yε,Ω

N )
}∞
N=1

,
where Yε is defined on the ΩN representing the set of points in R, and N
is the discretization parameter. Then the numerical solutions Yε are said to
converge to the exact solution yε, if there exists a positive integer N0 and
positive numbers G and p, where N0, G, and p are all independent of N and
ε, such that for all N ≥ N0

sup0<ε≤1

∣∣Yε − yε
∣∣
ΩN ≤ GN−p.

Here p is the rate of convergence and G is the error constant. It shows that
the rate of convergence in the case of the collocation technique depends upon
the number of collocation points.

Let y(ξ, t) be the exact solution, and let yh(ξ, t) be the approximate so-
lution. The absolute error between the exact and approximate solution is
calculated as

Ea =| y(ξ, t)− yh(ξ, t) | . (15)

The error in terms of L2-norm and L∞-norm has been calculated with re-
spect to the weight function w(ξ) such that

||y − yh||22 =

n+1∑
i=1

|wi(ξ)(y − yh)
2
i |, (16)

where y(ξ, t) represent analytic solutions and yh(ξ, t) represent approximate
solutions [22]. The error between exact and numerical values has been shown
by e = y − yh.

L2-norm is said to converge to the exact solution if ||y − yh||2 → 0 as
n→ ∞. Thus

||e||2 = ||y − yh||2, (17)

Similarly, in L∞-norm for ||y − yh||, it has been taken as

||y − yh||∞ = max |(y − yh)i|, i = 1, 2, 3, . . . , n+ 1, (18)

||e||∞ = ||y − yh||∞. (19)
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6 Numerical examples

To verify the applicability of BCM, the scheme has been applied on different
nonlinear hyperbolic equations.
Example 1. Consider the sine-Gordon nonlinear hyperbolic equation from
the generalized (2) coupled form of two interacting configurations y(ξ, t) and
∂y
∂t (ξ, t) = z(ξ, t):

∂2y

∂t2
=
∂2y

∂ξ2
− sin(y),

by defining
∂y

∂t
= z,

∂z

∂t
=
∂2y

∂ξ2
− sin(y),

with respect to the initial conditions

y(ξ, 0) = 4 tan−1(exp(gξ)),

z(ξ, 0) = −4cg
exp(gξ)

(1 + exp(2gξ)) .

Then exact solutions of the above equations have been obtained as

y(ξ, t) = 4 tan−1(exp(g(ξ − ct))),

where ξ ∈ [−3, 3], g = 1

(1−c2)
1
2
, and c = 0.5, and boundary conditions can be

extracted from the exact solution [9, 23, 30].
The values of y(ξ, t) are calculated for different numbers of collocation

points and compared with the exact solution in Table 1. The numerical
values have been presented for a fixed value of ξ = 0 and different values
of time in Table 1. The numerical results are found to be enough close to
the exact solution. It is also observed that no particular change occurs in
numerical values after 25 collocation points. A graphical representation of
experimental results with respect to the time and collocation points has been
presented in Figure 1.

A comparison of error in terms of L2-norm and L∞-norm at different
numbers of collocation points has also been given in Table 2 for different
values of time.

A graphical representation of error in terms of L2-norm and L∞-norm
at 25 and 31 collocation points with respect to the time values have been
presented in Figures 2 and 3, respectively. It can be analyzed from Figures
2 and 3 that error decreases with the increase in collocation points. From
these figures, it can also be analyzed that the decrease in error is not so large
and almost similar at 25 and 31 collocation points.
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Numerical results have also been compared with [9, 23, 30] and have been
discussed in Table 3. It is observed that the results obtained by BCM are
better and give less error.

Example 2. The sine-Gordon nonlinear hyperbolic equation from the gener-
alized (2) in coupled form of two interacting configurations y(ξ, t) and z(ξ, t)
with respect to the initial conditions

y(ξ, 0) = 0,

z(ξ, 0) = 4sech(ξ),

the exact solution of equation has been obtained as

y(ξ, t) = 4 tan−1(t.sech(ξ)),

z(ξ, t) = 4
sech(ξ)

1 + t2sech2(ξ)
.

The boundary conditions have been taken from the exact solutions [9, 23, 30].

The numerical values calculated at 17 and 19 collocation points have been
compared with the exact values and are presented in Table 4 for fixed ξ = 0.5
but at different values of the time. It has been observed from Table 4 that the
numerical results are close enough to the exact solutions. It is also observed
that no particular change in numerical values occurs after 17 collocation
points. The graphical representation of numerical values with respect to the
time and collocation points has been presented in Figure 4.

A comparison of error in terms of L2-norm and L∞-norms at 17 and
19 collocation points has been given in Table 5 at different time levels. The
graphical representation of error in terms of L2-norm and L∞-norm at 17 and
19 collocation points with respect to the time has been presented in Figures
5 and 6, respectively. It is observed from Figures 5 and 6 that at 17 and 19
collocation points, it does not make much difference in numerical results, but
if still count the difference at 19 collocation points, it shows better results
than 17 collocation points.

A comparison of numerical results with [9, 23, 30] has been discussed in
Table 6 and found to be close enough to be accepted.

7 Conclusion

The given nonlinear sine-Gordon equation has been solved successfully by us-
ing the BCM over Chebeshev collocation points. By the above analysis, the
proposed method of BCM is proved to have some desired and popular fea-
tures, such as high order accuracy and preserving energy conservation. Con-
sistency and convergence of the computational technique have been obtained
by computing the results of numerical solutions with analytic solutions. Error
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analysis in terms of L2- and L∞-norms with respect to the weight function
employed showed that the Bessel collocation approach is very stable, and the
results obtained by this approach are consistent and convergent.

Table 1: Comparison of absolute error (Ea) of Example 1 at ξ = 0 for different numbers
of collocation points

t Ea at 8 Ea at 16 Ea at 25 Ea at 31
collocation collocation collocation collocation

points points points points
0.1 1.2362e-02 3.6988e-04 1.3449e-07 4.0068e-07
0.2 2.4923e-02 7.4329e-04 9.8035e-07 1.9933e-07
0.3 3.7862e-02 1.1126e-03 2.8106e-06 1.9219e-06
0.4 5.1315e-02 1.4626e-03 5.2349e-06 1.9219e-06
0.5 6.5366e-02 1.7749e-03 7.3092e-06 5.0514e-06
0.6 8.0030e-02 2.0225e-03 7.9431e-06 1.6903e-06
0.7 9.5257e-02 2.1711e-03 6.4173e-06 1.3360e-06
0.8 1.1093e-01 2.1925e-03 2.7694e-06 5.4602e-06
0.9 1.2689e-01 2.0728e-03 2.1323e-06 5.0533e-06
1.0 1.4291e-01 1.8073e-03 6.8670e-06 6.3394e-06

Table 2: Comparison of error for y(ξ, t) of Example 1 at different collocation points

t At 25 At 31
collocation collocation

points points
||e||∞ ||e||2 ||e||∞ ||e||2

0.1 6.7963e-07 4.3658e-07 1.2869e-06 0.0000e-00
0.2 2.4566e-06 1.2844e-06 3.5131e-06 1.2717e-07
0.3 4.7272e-06 1.9502e-06 4.9638e-06 1.1174e-07
0.4 6.7848e-06 2.5348e-06 6.4823e-06 1.6430e-07
0.5 7.3091e-06 3.7359e-06 7.1190e-06 2.9715e-07
0.6 7.9430e-06 5.3058e-06 7.7593e-06 2.8624e-07
0.7 6.8875e-06 6.2351e-06 7.9344e-06 1.3433e-07
0.8 7.9192e-06 5.8165e-06 8.1705e-06 0.0000e-00
0.9 9.8062e-06 4.2143e-06 8.1533e-06 2.8093e-07

Table 3: Comparison of ||e||2 and ||e||∞ calculated by Bessel collocation for y(ξ, t) with
different techniques of Example 1

t Dehgan & Shokri [9] Mittal & Bhatia [23] Shukla & Tamsir [30] Bessel collocation
||e||∞ ||e||2 ||e||∞ ||e||2 ||e||∞ ||e||2 ||e||∞ ||e||2

0.25 4.95e-06 1.76e-05 4.90e-05 3.66e-05 9.61e-06 5.67e-06 4.44e-06 1.46e-07
0.50 8.42e-06 4.31e-05 7.55e-05 9.00e-05 1.10e-05 8.39e-06 7.38e-06 2.97e-07
0.75 1.65e-05 8.25e-05 1.43e-04 1.60e-04 1.26e-05 1.05e-05 7.99e-06 0.00e-00
1.00 2.51e-05 1.27e-04 2.10e-04 2.27e-04 1.44e-05 1.24e-05 1.49e-05 2.81e-07
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Table 4: Comparison of absolute error (Ea) of Example 2 at ξ = 0.5 for different numbers
of collocation points.

t Ea at 8 Ea at 16 Ea at 17 Ea at 19
collocation collocation collocation collocation

points points points points
0.1 4.6603e-06 1.0754e-10 4.4239e-10 5.3072e-11
0.2 2.9466e-05 8.3158e-10 6.1702e-11 2.3970e-10
0.3 6.5426e-05 2.2862e-09 1.1462e-09 6.9454e-10
0.4 7.9905e-05 3.3772e-09 2.5359e-09 1.1188e-09
0.5 5.2043e-05 3.7229e-09 3.3682e-09 1.4447e-09
0.6 4.2174e-05 3.7595e-09 3.1963e-09 1.4496e-09
0.7 3.7627e-05 3.0807e-09 2.0244e-09 1.0735e-09
0.8 3.1964e-05 7.4804e-10 3.7364e-10 4.0962e-10
0.9 2.4734e-05 3.0871e-09 1.3676e-09 4.7658e-10
1.0 3.1170e-05 6.9712e-09 3.3311e-09 1.5792e-09

Table 5: Comparison of error for y(ξ, t) of Example 2 at different collocation points

t At 17 At 19
collocation collocation

points points
||e||∞ ||e||2 ||e||∞ ||e||2

0.1 3.6956e-10 2.0235e-10 1.2951e-10 7.3902e-11
0.2 7.5355e-10 4.0045e-10 4.6931e-10 2.9364e-10
0.3 2.5508e-09 1.6149e-09 1.3351e-09 8.3540e-10
0.4 4.2276e-09 2.6935e-09 1.9375e-09 1.2585e-09
0.5 4.5143e-09 3.0129e-09 2.0691e-09 1.4681e-09
0.6 3.0879e-09 2.4971e-09 1.5904e-09 1.3228e-09
0.7 2.2236e-09 1.4627e-09 1.2266e-09 9.1829e-10
0.8 2.2897e-09 1.1368e-09 8.0804e-10 5.1226e-10
0.9 4.4816e-09 2.4093e-09 1.5020e-09 7.6839e-10

Table 6: Comparison of ||e||2 and ||e||∞ calculated by Bessel collocation for y(ξ, t) with
different techniques of Example 2

t Dehgan& Shokri [9] Mittal& Bhatia [23] Shukla& Tamsir [30] Bessel collocation
||e||∞ ||e||2 ||e||∞ ||e||2 ||e||∞ ||e||2 ||e||∞ ||e||2

0.25 5.89e-06 3.91e-05 2.32e-05 1.18e-05 5.46e-06 2.43e-06 9.06e-10 5.64e-10
0.50 2.01e-05 1.30e-04 4.11e-05 4.19e-05 7.39e-06 5.54e-06 1.88e-09 1.44e-09
0.75 3.63e-05 2.35e-04 1.02e-04 7.78e-05 7.78e-06 6.45e-06 1.02e-09 6.87e-10
1.00 5.07e-05 3.27e-04 1.64e-04 1.30e-04 8.75e-06 7.84e-06 2.54e-09 1.53e-09

Iran. J. Numer. Anal. Optim., Vol. 13, No. 4, 2023, pp 728–746



741 Numerical study of sine-Gordon...

Figure 1: Graphical representation of y(ξ, t) of Example 1

Figure 2: Graphical representation of comparison of error in form of L2-norm with
respect to time and number of collocation points of Example 1

Figure 3: Graphical representation of comparison of error in form of L∞-norm with
respect to time and number of collocation points of Example 1
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Figure 4: Graphical representation of y(ξ, t) of Example 2

Figure 5: Graphical representation of comparison of error in form of L2-norm with
respect to time and number of collocation points of Example 2

Figure 6: Graphical representation of comparison of error in form of L∞-norm with
respect to time and number of collocation points of Example 2

References

[1] Ablowitz, M.J., Herbst, B.M. and Schober, C.M. Numerical simula-
tion of quasi-periodic solutions of the sine-Gordon equation, Phys. D

Iran. J. Numer. Anal. Optim., Vol. 13, No. 4, 2023, pp 728–746



743 Numerical study of sine-Gordon...

87 (1995), 37–47.

[2] Ablowitz, M.J., Herbst, B.M. and Schober, C.M. On the numerical solu-
tion of the sine-Gordon equation, J. Comput. Phys. 131 (1997), 354–367.

[3] Ablowitz, M.J., Kruskal, M.D. and Ladik, J.F. Solitary wave collisions,
SIAM J. Appl. Math. 36 (1979), 428–443.

[4] Abramowitz, M. and Stegun, I.A. Handbook of mathematical functions
with formulas and mathematical tables, with corrections Superintendent
of Documents. National Bureau of Standards Applied Mathematics Se-
ries, No. 55 U. S. Government Printing Office, Washington, D.C., 1965,

[5] Argyris, J. and Haase, M. An engineer’s guide to soliton phenomena:
application of the finite element method, Comput. Meth. Appl. Mech.
Eng. 61(1) (1987), 71–122.

[6] Arora, S., Dhaliwal, S.S. and Kukreja, V.K. Solution of two point bound-
ary value problems using orthogonal collocation on finite elements, Appl.
Math. Comput. 171 (2005), 358–370.

[7] Bailey, W.N. Generalized Hypergeometric Series, Cambridge Tracts in
Mathematics and Mathematical Physics, No. 32 Stechert-Hafner, Inc.,
New York, 1964,

[8] Barone, A., Esposito, F., Magee, C.J., and Scott, A.C. Theory and ap-
plications of the sine-Gordon equation, Riv. Nuovo Cimento. 1 (1971),
227–267.

[9] Dehghan, M. and Shokri, A. A numerical method for one-dimensional
nonlinear Sine-Gordon equation using collocation and radial basis func-
tions, Numer. Methods. Partial. Differ. Eq. 24(2) (2008), 687–698.

[10] Evans, W.D., Everitt, W.N., Kwon, K.H. and Littlejohn, L.L. Real or-
thogonalizing weights for Bessel polynomials, J. Comput. Appl. Math.
49 (1993), 51–57.

[11] Everitt, W.N. and Markett, C. On a generalization of Bessel functions
satisfying higher-order differential equations, J. Comput. Appl. Math.
54 (1994), 325–349.

[12] Ferguson, N.B. and Finlayson, B.A. Transient chemical reaction analysis
by orthogonal collocation, Chem. Eng. J. 1(4) (1970), 327–336.

[13] Finlayson, B.A. Packed bed reactor analysis by orthogonal collocation,
Chem. Eng. Sci. 26 (1971), 1081–1091.

[14] Gautschi, W. Numerical Analysis, Second Edition, Springer-Verlag, New
York, 2012.

Iran. J. Numer. Anal. Optim., Vol. 13, No. 4, 2023, pp 728–746



Arora and Bala 744

[15] Ilati M. and Dehghan, M. The use of radial basis functions (RBFs)
collocation and RBF-QR methods for solving the coupled nonlinear sine-
Gordon equations, Eng. Anal. Bound. Elem. 52 (2015), 99–109.

[16] Jianga, C., Sun, J., Li, H. and Wang, Y. A fourth-order AVF method for
the numerical integration of sine-Gordon equation, Appl. Math. Comput.
313 (2017), 144–158.

[17] Koornwinder, T.H. Orthogonal polynomial with weight function (1 −
x)α(1 − x)β +Mδ(x − 1) + Nδ(x − 1), Can. Math. Bull. 27(2) (1984),
205–214.

[18] Kumar, D., Singh, J., Kumar and S., Sushila Numerical computation of
Klein–Gordon equations arising in quantum field theory by using homo-
topy analysis transform method, Alex. Eng. J. 53 (2014), 469–474.

[19] Martin-Vergara, F., Rus, F. and Villatoro, F.R. Padé numerical schemes
for the sine-Gordon equation, Appl. Math. Comput. 358 (2019), 232–243.

[20] McLachlan, N.W. Bessel functions for engineers, University of Illinois,
Oxford University Press, London, England. 1961.

[21] Miller, J.J.H., O’Riordan, E. and Shishkin, G.I. Fitted Numerical meth-
ods for singular perturbation problems, error estimate in the maximum
norm for linear problems in one and two dimensions, World Scientific,
1996.

[22] Mishra, P., Sharma, K.K., Pani, A.K. and Fairweather, G. Orthogonal
spline collocation for singularly perturbed reaction diffusion problems in
one dimension, Int. J. Numer. Anal. Model. 16(4) (2019), 647–667.

[23] Mittal, R.C., and Bhatia, R. Numerical solution of nonlinear Sine-
Gordon equation by modified cubic B-Spline collocation method, Int. J.
Partial Differ. Equ. 2014 (2014), 1–8.

[24] Perring, J.K. and Skyrme, T.H.R. A model unified field equation, Nucl.
Phys. 31 (1962), 550–555.

[25] Prenter, P.M. Splines and variational methods, Wiley-Interscience [John
Wiley & Sons], New York-London-Sydney, 1975.

[26] Rainville, E.D. Special functions, Reprint of 1960 first edition. Chelsea
Publishing Co., Bronx, N.Y., 1971.

[27] Saray, B.N., Lakestani, M. and Cattani, C. Evaluation of mixed Crank-
Nicolson scheme and tau method for the solution of Klein-Gordon equa-
tion, App. Math. Comput. 331 (2018), 169–181.

[28] Scott, A.C., Chu, F.Y.F. and McLaughlin, D.W. The soliton: A new
concept in applied science, Proc. IEEE 61 (1973), 1443–1483.

Iran. J. Numer. Anal. Optim., Vol. 13, No. 4, 2023, pp 728–746



745 Numerical study of sine-Gordon...

[29] Shan, Y., Liu, W. and Wu, B. Space-time Legendre-Gauss-Lobatto col-
location method for two-dimensional generalized sine-Gordon equation,
Appl. Numer. Math. 122 (2017), 92–107.

[30] Shukla, H.S. and Tamsir M. Numerical solution of nonlinear Sine–
Gordon equation by using the modified cubic B-spline differential quadra-
ture method, Beni-Seuf Univ. J. Basic Appl. Sci. 7 (2018), 359–366.

[31] Shukla, H.S., Tamsir, M. and Srivastava, V. K. Numerical simulation
of two dimensional sine-Gordon solitons using modified cubic B-spline
differential quadrature method, AIP Adv. 5(1) (2015), 017121.

[32] Sirendaoreji A new auxiliary equation and exact travelling wave solutions
of nonlinear equations, Phys. Lett. A 356(2) (2006), 124–130.

[33] Sirendaoreji Auxiliary equation method and new solutions of Klein–
Gordon equations, Chaos Solitons Fractals 31(4) (2007), 943–950.

[34] Sneddon, I. N. Special functions of mathematical physics and chemistry,
Oliver and Boyd, Edinburgh-London; Interscience Publishers, Inc., New
York, 1956.

[35] Stempak, K. A weighted uniform Lp-estimate of Bessel functions: a note
on a paper of K. Guo: “A uniform Lp estimate of Bessel functions and
distributions supported on Sn−1” [Proc. Amer. Math. Soc. 125 (1997),
no. 5, 1329–1340; MR1363462 (97g:46047)], Proc. Amer. Math. Soc.
128(10) (2000), 2943–2945.

[36] Strauss, W. and Vazquez, L. Numerical solution of a nonlinear Klein-
Gordon equation, J. Comput. Phys. 28 (1978), 271–278.

[37] Tasbozan, O., Yagmurlu, N.M.,Ucar, Y. and Esen, A. Numerical solu-
tions of the Sine-Gordon equation by collocation method, Sohag J. Math.
3(1) (2016), 1–6.

[38] Villadsen, J.V. and Stewart, W.E. Solution of boundary value problem
by orthogonal collocation, Chem. Eng. Sci. 22 (1967), 1483–1501.

[39] Watson, G.N. A treatise on the theory of Bessel functions, Cambridge
University Press, Cambridge, England; The Macmillan Company, New
York, 1944.

[40] Wazwaz, A.M. New travelling wave solutions to the Boussinesq and the
Klein–Gordon equations, Commun. Nonlinear Sci. Numer. Simul. 13(5)
(2008), 889–901.

[41] Wingate, C. Numerical search for a ϕ4 breather mode, SIAM J. Appl.
Math. 43 (1983), 120–140.

Iran. J. Numer. Anal. Optim., Vol. 13, No. 4, 2023, pp 728–746



Arora and Bala 746

[42] Yüzbaşı, Ş. A numerical approach for solving a class of the nonlin-
ear Lane–Emden type equations arising in astrophysics, Math. Methods
Appl. Sci. 34(8) (2011), 2218–2230.

[43] Yüzbaşı, Ş. A numerical approach for solving the high-order linear singu-
lar differential-difference equations, Comput. Math. Appl. 62(5) (2011),
2289–2303.

[44] Yüzbaşı, Ş. A numerical approximation based on the Bessel functions of
first kind for solutions of Riccati type differential-difference equations,
Comput. Math. Appl. 64(6) (2012), 1691–1705.

[45] Yüzbaşı, Ş. Bessel collocation approach for solving continuous population
models for single and interacting species, Appl. Math. Model. 36 (2012),
3787–3802.

[46] Yüzbaşı, Ş., Şahin, N. and Sezer, M. A Bessel polynomial approach
for solving linear neutral delay differential equations with variable coef-
ficients, J. Adv. Res. Appl. Math. 3(1) (2011), 81–101.

[47] Yüzbaşı, Ş., Şahin, N. and Sezer, M. Bessel matrix method for solving
high-order linear Fredholm integro-differential equations, J. Adv. Res.
Appl. Math. 3(2) (2011), 23–47.

[48] Yüzbaşı, Ş., Şahin, N. and Sezer, M. Numerical solutions of systems
of linear Fredholm integro-differential equations with Bessel polynomial
bases, Comput. Math. Appl. 61(10) (2011), 3079–3096.

How to cite this article
Arora. S and Bala. I, Numerical study of sine-Gordon equations using Bessel
collocation method. Iran. J. Numer. Anal. Optim., 2023; 13(4): 728-746.
https://doi.org/10.22067/ijnao.2023.81484.1229

Iran. J. Numer. Anal. Optim., Vol. 13, No. 4, 2023, pp 728–746

https://doi.org/10.22067/ijnao.2023.81484.1229.


Iranian Journal of Numerical Analysis and Optimization
Vol. 13, No. 4, 2023, pp 747–762
https://doi.org/10.22067/ijnao.2023.78096.1165
https://ijnao.um.ac.ir/

How to cite this article
Research Article

Optimal control analysis for modeling
HIV transmission

K. R. Cheneke

Abstract

In this study, a modified model of HIV with therapeutic and preventive
controls is developed. Moreover, a simple evaluation of the optimal control
problem is investigated. We construct the Hamiltonian function by way
of integrating Pontryagin’s maximal principle to achieve the point-wise
optimal solution. The effects obtained from the version analysis strengthen
public health education to a conscious population, PrEP for early activation
of HIV infection prevention, and early treatment with artwork for safe
life after HIV infection. Moreover, numerical simulations are done using
the MATLAB platform to illustrate the qualitative conduct of the HIV
infection. In the end, we receive that adhering to ART protective prone
people, the usage of PrEP along with different prevention control is safer
control measures.
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merical simulation.

1 Introduction

Human immunodeficiency virus (HIV), the cause of HIV infection, has no
curative medication until now [2]. Moreover, the long-time existence of the
virus in the body leads to a serious infection called acquired immunodefi-
ciency syndrome (AIDS) disease [6]. However, optimal controls are the ef-
fective way to combat HIV transmission and progression in the community
[2, 6]. Public health education, condom, and anti-retrovirus therapy are the
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major measures taken by both governmental and nongovernmental institu-
tions to stop further progression and transmission of HIV in the populations
[1, 3, 12, 4, 5, 7, 8, 9]. Moreover, effective pre-exposure prophylaxis (PrEP)
is the drug used to prevent the survival of HIV in the human blood [14].
On the other hand, the abstinence of sexual practices through the activation
of public health education reduces the fate of acquiring HIV from poten-
tially infectious individuals. Mathematical models are very important tools
to describe the behavior of biological events. Particularly, with the great
contribution of Pontryagin’s Maximum Principle (PMP) in the construction
of optimal control problems, the nature of biological dynamics is studied in-
tensively [13, 14, 15, 18, 19, 20, 10, 22, 23]. Based on the works done in [12],
the motivation of this study is due to the significant contribution of pub-
lic health education and prophylaxis in controlling the transmission of HIV
infection among human individuals. Particularly, abstinence due to consol-
idated public health education builds positive awareness toward controlling
oneself, whereas prophylaxis helps to prevent the progression of HIV in the
human body. Mathematical models are important tools to control infections
[24, 11, 27, 26, 16, 17]. In this study, we have included prophylaxis, antiretro-
viral therapy (ART), and prevention for controlling the transmission of HIV
infection by modifying the model studied in [12].

2 Formulation of model

In this study, a mathematical model is formulated by classifying the total
population into compartments of (i) Susceptible individuals (S), (ii) Individ-
uals on Pre-exposure prophylaxis (E), (iii) HIV infected with primary stage
(P), (iv) Not on treatment HIV infected individuals (J), (v) HIV Undetectable
individuals (U), and (vi) On treatment HIV infected individuals (I).

Moreover, the subsequent assumptions are considered in the modeling of
the infection (i) a new susceptible individuals becomes susceptible at recruit-
ment rate of λ, (ii) individuals in S transfer to E due to taking PrEP at the
rate of ρ; (iii) transmission rate of HIV infection from individuals in P to S is
β1 and transmission rate of HIV infection from I to S is β2; (iv) individuals
transfer from P to I at progression rate of ξ; (v) individuals transfer from P
to J at transfer rate of η; (vi) individuals transfer from J to I at transfer rate
of γ; (vii) individuals in the compartment J die due to infection at the rate
ζ; (viii) individuals transfer from I to U due to adherence to ART at trans-
ferring rate of θ; (ix) individuals transfer from U to I due to default using of
ART at the rate of ϕ; (x) natural induced death rate of all people is µ; (xi)
AIDS induced death rate is δ; (xii) in this study, standard incidence rate is
applied; (xiii) PrEP engagement effort is u3; (xiv) Condom using effort is u1;
(xv) ART using effort is u2.

The pictorial representation of the deterministic model with control mea-
sures is given in Figure 1.
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Figure 1: Schematic diagram of HIV transmission dynamics.

The deterministic model of population dynamics subject to HIV infection
in the presence of control measures is given by

dS

dt
= λ− (1− u1)S (β1P + β2I + β3J)

N
+ ψE − (u3ρ+ µ)S,

dE

dt
= u3ρS − (µ+ ψ)E,

dP

dt
=

(1− u1)S (β1P + β2I + β3J)

N
− (ξ + η + µ)P,

dJ

dt
= ηP − (γ + ζ + µ)J,

dI

dt
= ξP + γJ + ϕU − (u2θ + µ+ δ) I,

dU

dt
= u2θI − (ϕ+ µ)U,

(1)

with initial conditions: S(0) ≥ 0, E(0) ≥ 0, P (0) ≥ 0, J(0) ≥ 0, I(0) ≥
0, U(0) ≥ 0, 0 ≤ ui ≤ 1, i = 1, 2, 3, 4.

3 Analysis of the model without control

3.1 Invariant region

Theorem 1. The solution of model (1) is invariant in the region Ω proper-
subset of six-dimensional space over the set of nonnegative real numbers such
that

Ω = {(S,E, P, J, U, I) ∈ R6
+ : N(0) ≤ λ

µ
}. (2)

Proof. The equations of model (1) gives the subsequent equation:
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dN

dt
= λ− µN − δI − ζJ,

which implies
dN

dt
≤ λ− µN.

Applying mathematical procedures, the preceding inequality gives

N(t) ≤ λ

µ
−
(
λ

µ
−N(0)

)
e−µt,

which implies, as time t varies, the total population size is bounded for all
time t, with the given initial condition.

3.2 Nonnegative property

Theorem 2. All solution variables of model (1) without control are nonneg-
ative in the stated invariant region of the solution.

Proof. Consider the first equation of model (1) without control. Then

dS

dt
= λ− S (β1P + β2I + β3J)

N
+ ψE − µS, (3)

which implies
dS

dt
≥ −S (β1P + β2I + β3J)

N
− µS. (4)

Solving the preceding inequality, we get

S(t) ≥ S(0)e−µt−
∫ t
0

(β1P (ξ)+β2I(ξ)+β3J(ξ))

N(ξ) dξ. (5)

Hence, based on the initial condition, the susceptible population size is non-
negative for all time t.

3.3 Basic reproduction number

The basic reproduction number R0 of model (1) without control is the average
number of infected individuals produced by typical infectious individuals in
the susceptible population during the entire period of infection. Based on the
techniques applied, we compute basic reproduction numbers from model (1)
without control as follows. Let F and V be the Jacobian matrices obtained
from model (1) as given below:

Iran. J. Numer. Anal. Optim., Vol. 13, No. 4, 2023, pp 747–762



751 Optimal control analysis for modeling ...

F =


β1 β2 β3 0
0 0 0 0
0 0 0 0
0 0 0 0

 , V =


ξ + η + µ 0 0 0

−η γ + ζ + µ 0 0
−ξ −γ δ + µ −ϕ
0 0 0 ϕ+ µ

 .

The spectral radius ρ
(
FV −1

)
computed from next-generation matrix

FV −1 of foregoing matrices is given by

ρ
(
FV −1

)
=

β1
ξ + η + µ

+
β2η

(ξ + η + µ)(γ + ζ + µ)

+
β3(ξµ+ ξγ + ξζ + ηγ)

(δ + µ)(ξ + η + µ)(γ + ζ + µ)
.

Therefore, by the definition, we obtain

R0 =
β1

ξ + η + µ
+

β2η

(ξ + η + µ)(γ + ζ + µ)

+
β3(ξµ+ ξγ + ξζ + ηγ)

(δ + µ)(ξ + η + µ)(γ + ζ + µ)
.

3.4 Global stability of disease-free equilibrium

Theorem 3. The global stability of a disease-free equilibrium point is de-
scribed as a steady state where the trajectory of solution shows the tendency
of moving toward it for all time t.

Proof. To show the global stability of disease-free equilibrium, we incorporate
the method applied in the works of [21]. Next, from the computed matrices
for construction of next-generation, we obtain

F =


β1 β2 β3 0
0 0 0 0
0 0 0 0
0 0 0 0

 , V =


ξ + η + µ 0 0 0

−η γ + ζ + µ 0 0
−ξ −γ δ + µ −ϕ
0 0 0 ϕ+ µ

 .

Moreover, the rate of change of variables (P, J, I, U) at disease-free equilib-
rium can be written as 

dP
dt
dJ
dt
dI
dt
dU
dt

 ≤ (F − V )


P
J
I
U

 .

Therefore, by the comparison method applied in [21], we justify that
model (1) without control has a globally asymptotically stable disease-free
equilibrium.
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4 Extension to control problem

The deterministic model of population dynamics subject to HIV infection, in
the presence of control measures, is given by

dS

dt
= λ− (1− u1)S (β1P + β2I + β3J)

N
+ ψE − (u3ρ+ µ)S,

dE

dt
= u3ρS − (µ+ ψ)E,

dP

dt
=

(1− u1)S (β1P + β2I + β3J)

N
− (ξ + η + µ)P,

dJ

dt
= ηP − (γ + ζ + µ)J,

dI

dt
= ξP + γJ + ϕU − (u2θ + δ + µ) I,

dU

dt
= u2θI − (ϕ+ µ)U,

(6)

with initial conditions S(0) ≥ 0, E(0) ≥ 0, P (0) ≥ 0, J(0) ≥ 0, I(0) ≥
0, U(0) ≥ 0, 0 ≤ ui ≤ 1, i = 1, 2, 3.
To study the optimal levels of the controls, we define the Lebesgue measurable
control set U as

U = {(u1, u2, u3) : 0 ≤ u1 ≤ 1, 0 ≤ u2 ≤ 1, 0 ≤ u3 ≤ 1, 0 ≤ t ≤ tf}. (7)

Our goal is to find the optimal controls that minimize objective functional J
given by

J = min
(u1,u2,u3)

∫ tf

0

c1P + c2I + c3J +
1

2

(
w1u

2
1 + w2u

2
2 + w3u

2
3

)
, (8)

where cj , j = 1, 2, 3 and wi , i = 1, 2, 3 are constants. The expressions
0.5wiu

2
i , i = 1, 2, 3 are costs associated with controls. The form of cost is

quadratic because we assumed it to be nonlinear in nature [24]. Also, for
four optimal controls u∗1, u∗2, u∗3, we have

J(u∗1, u
∗
2, u

∗
3) = min{J(u1, u2, u3) : u1, u2, u3 ∈ U},

where U = {(u1, u2, u3) : 0 ≤ u1 ≤ 1, 0 ≤ u2 ≤ 1, 0 ≤ u3 ≤ 1}. Furthermore,
u1, u2andu3 are measurable controls.
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4.1 Existence of optimal control solution

Theorem 4. The optimal control solution of a control problem exists if the
following Fleming’s and Rishel’s conditions are satisfied:

(i) The set of all solutions to optimal control problem and objective func-
tional must be nonempty.

(ii) The state system is a linear function of controls with coefficients de-
pendent on state variables and time.

(iii) The integrand in objective functional is convex and bounded above by
d1(|u1|2+|u2|2+|u3|2)d−d2 ≤ c1P+c2I+c3J+

1
2

(
w1u

2
1 + w2u

2
2 + w3u

2
3

)
, d1 >

0 and d > 1.

Proof. We employ the method from to demonstrate the existence of opti-
mal control. The condition (i) is satisfied if the state system has bounded
coefficients. Additionally, the state system operates in accordance with
controls, satisfying requirement (ii). The integrand in the objective func-
tional is used to demonstrate condition (iii). Moreover, c1P + c2I + c3J +
1
2

(
w1u

2
1 + w2u

2
2 + w3u

2
3

)
is convex on U as any constant, linear and quadratic

are convex. Furthermore, assume that there are d1, d2 > 0, and d > 1 satisfy-
ing d1(|u1|2+|u2|2+|u3|2)d−d2 ≤ c1P+c2I+c3J+

1
2

(
w1u

2
1 + w2u

2
2 + w3u

2
3

)
, d1 =

min {wi, i = 1, 2, 3}, d = 2, and d2 is the half of coefficient of control func-
tions. Therefore, the optimal solution exists.

4.2 The Hamiltonian and optimality system

The PMP stated the necessary conditions that are satisfied optimal pair.
Hence, by this principle, we obtain the Hamiltonian function (H) defined as
[24]

H(x, u, t) =c1P + c2I + c3J +
1

2

(
w1u

2
1 + w2u

2
2 + w3u

2
3

)
+ λ1

dS

dt
+ λ2

dE

dt
+ λ3

dP

dt
+ λ4

dJ

dt
+ λ5

dI

dt
+ λ6

dU

dt
,

where λi, i = 1, 2, 3, 4, 5, 6 are the adjoint variable corresponding to state
variables S,E, P, J, I, and U , respectively, and to be determined using the
PMP for the existence of optimal pairs.

Theorem 5. Let S,E, P, J, I, U be optimal state variables and let optimal
control ui, i = 1, 2, 3 be the optimal controls. Then there exist costate vari-
ables λ1, λ2, λ3, λ4, λ5, andλ6 that satisfy
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dλ1
dt

= −∂H
∂S

,
dλ2
dt

= −∂H
∂E

,

dλ3
dt

= −∂H
∂P

,
dλ4
dt

= −∂H
∂J

,

dλ5
dt

= −∂H
∂I

,
dλ6
dt

= −∂H
∂U

,

with transversality or final time conditions λ1(tf ) = λ2(tf ) = λ3(tf ) =
λ4(tf ) = λ5(tf ) = λ6(tf ) = 0, where H is the Hamiltonian function. More-
over, the optimal controls u∗1, u∗2, and u∗3 are u∗1 = min{0,max{βSI(λ2−λ1)

(w1N) , 1}}
and u∗2 = min{0,max{αI(λ4−λ2)

(w2N) , 1}}, over the constraints 0 ≤ u1 ≤ 1, 0 ≤
u2 ≤ 1.

Proof. The PMP gives the standard form of adjoint equation with transver-
sality conditions. Now, differentiating the Hamiltonian function with respect
to state variables, we have

dλ1
dt

= −∂H
∂S

=(1− u1)
(β1P + β2I + β3J)N − S (β1P + β2I + β3J)

N2
(λ1 − λ3)

+ u3ρ (λ1 − λ2) + µλ1,

dλ2
dt

= −∂H
∂E

=ψ (λ2 − λ1) + µλ2,

dλ3
dt

= −∂H
∂P

=− c1 +
(1− u1) (β1SN − S (β1P + β2I + β3J))

N2
(λ1 − λ3)

+ ξ (λ3 − λ5) + η (λ3 − λ4) + µλ3,

dλ4
dt

= −∂H
∂J

=
(1− u1) (β3SN − S (β1P + β2I + β3J))

N2
(λ1 − λ3)

+ γ (λ4 − λ5) + (ζ + µ)λ4,

dλ5
dt

= −∂H
∂I

=− c2 +
(1− u1)(β2SN − S(β1P + β2I + β3J))

N2
(λ1 − λ3)

+ u2θ(λ5 − λ6) + (δ + µ)λ5,

dλ6
dt

= −∂H
∂U

= ϕ(λ6 − λ5) + µλ6.

Furthermore, the characterization of optimal controls u∗1, u∗2 and u∗3 shows
that

∂H

∂u1
=
∂H

∂u2
=
∂H

∂u3
= 0.

Hence, optimal controls over 0 ≤ u1 ≤ 1, 0 ≤ u2 ≤ 1, 0 ≤ u3 ≤ 1 are given by

u∗1 = u1 =
S (β1P + β2I + β3J) (λ3 − λ1)

w1N
,
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u∗2 = u2 =
θI (λ5 − λ6)

w2
,

u∗3 = u3 =
ρS (λ1 − λ2)

w3
.

Therefore, the bounds of the optimal control variables are given by

u∗1 =


S(β1P+β2I+β3J)(λ3−λ1)

w1N
if 0 < S(β1P+β2I+β3J)(λ3−λ1)

w1N
< 1,

0 if S(β1P+β2I+β3J)(λ3−λ1)
w1N

≤ 0,

1 if 1 ≤ S(β1P+β2I+β3J)(λ3−λ1)
w1N

,

u∗2 =


θI(λ5−λ6)

w2
if 0 < θI(λ5−λ6)

w2
< 1,

0 if θI(λ5−λ6)
w2

≤ 0,

1 if 1 ≤ θI(λ5−λ6)
w2

,

u∗3 =


ρS(λ1−λ2)

w3
if 0 < ρS(λ1−λ2)

w3
< 1,

0 if ρS(λ1−λ2)
w3

≤ 0,

1 if 1 ≤ ρS(λ1−λ2)
w3

.

In a compact form, the optimal controls can be written as
u∗1 = min{0,max{S(β1P+β2I+β3J)(λ3−λ1)

w1N
, 1}},

u∗2 = min{0,max{ θI(λ5−λ6)
w2

, 1}},
u∗3 = min{0,max{ρS(λ1−λ2)

w3
, 1}}.

Moreover, the optimality system of the optimal control problem can be
written as

dS

dt
=λ− (1− u1)S (β1P + β2I + β3J)

N
+ ψE − (u3ρ+ µ)S,

dE

dt
=u3ρS − (µ+ ψ)E,

dP

dt
=
(1− u1)S (β1P + β2I + β3J)

N
− (ξ + η + µ)P,

dJ

dt
=ηP − (γ + ζ + µ)J,

dI

dt
=ξP + γJ + ϕU − (u2θ + δ + µ) I,

dU

dt
=u2θI − (ϕ+ µ)U,

dλ1
dt

=(1− u1)
(β1P + β2I + β3J)N − S (β1P + β2I + β3J)

N2
(λ1 − λ3)

+ u3ρ (λ1 − λ2) + µλ1,
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dλ2
dt

=ψ (λ2 − λ1) + µλ2,

dλ3
dt

=− c1 +
(1− u1) (β1SN − S (β1P + β2I + β3J))

N2
(λ1 − λ3)

+ ξ (λ3 − λ5) + η (λ3 − λ4) + µλ3,

dλ4
dt

=
(1− u1) (β3SN − S (β1P + β2I + β3J))

N2
(λ1 − λ3)

+ γ (λ4 − λ5) + (ζ + µ)λ4,

dλ5
dt

=− c2 +
(1− u1)(β2SN − S(β1P + β2I + β3J))

N2
(λ1 − λ3)

+ u2θ(λ5 − λ6) + (δ + µ)λ5,

dλ6
dt

=ϕ(λ6 − λ5) + µλ6,

with λ1(tf ) = λ2(tf ) = λ3(tf ) = λ4(tf ) = λ5(tf ) = λ6(tf ) = 0, S(0) =
S0, P (0) = P0, J(0) = J0, I(0) = I0, U(0) = U0.

4.3 Numerical simulations and discussion

4.3.1 Analysis using the numerical methods

In this study, the numerical methods are involved in simulating the general
results of the analytical findings that give real meaning to both the mathe-
matical and biological communities. Furthermore, the parameter values used
in the simulation are either taken from the literature or assumed, as given
in Table 1. Also, w1 = 50, w2 = 20, w3 = 30, c1 = 5, c2 = 25, T = 20, S(0) =
1000,H(0) = 0,W (0) = 300, I(0) = 500, U(0) = 0, A(0) = 0.
Moreover, MATLAB software is applied in the simulation process. Fractional
derivatives and stochastic findings are widely applied as reviewed in this pa-
per. Hence, we incorporate both forward and backward sweep methods of
fourth-order Runge–Kutta method to simulate the results. The applied con-
trol strategies are as follows:
Strategy 1: Using together control measures u1 and u2.
Strategy 2: Using together control measures u1 and u3.
Strategy 3: Using together control measures u2 and u3.
Strategy 4: Using together control measures u1, u2, and u3.
Moreover, we have used the parameters given in Table 1 to simulate subse-
quent numerical solutions.
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Table 1: Parameter/constants value.

Parameter/constants Value
λ 200
β1 0.9915
β2 0.75
β3 0.9815
ξ 0.5
µ 0.02
η 0.5
ζ 0.1
ϕ 0.09
θ 0.5
δ 1
ρ 0 .1
γ 0.1
ψ 0.001

Based on the aforementioned control strategies, the following numerical
simulations are performed.

Figure 2: Primary HIV infected population.
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Figure 3: HIV not tested population.

Figure 4: HIV infected and on treatment individuals.

Figure 5: Control functions effect illustration.
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Figure 6: Adjoint variables condition descriptions.

4.3.2 Numerical results and discussion

This study develops and analyzes a mathematical model of HIV with the best
possible control measures. The conceptual diagram for population dynamics
is shown in Figure 1. The inclusion of the intervention with control serves
to emphasize the significance of control measures in minimizing the effects of
HIV infection. The numerical simulation results are shown in Figure 2 and
show how a successful combination of control methods lowers the number
of newly infected people. The numerical results in Figure 3 show that a
reduction in the number of people who have not begun ART is shown when
an intervention with control functions is present. Figure 4 shows a simulation
of the number of HIV-positive people who are now receiving treatment. The
results show that the intervention with three control groups dramatically
lowers the number of people infected with HIV. When applied correctly, u1
and u2 are effective from the beginning to the end of initiation, as seen in
Figure 5, where the applied control functions are simulated. Control u3, on
the other hand, makes a smaller contribution to regulating HIV infection
dynamics because of its limited availability. In Figure 6, the adjoint variable
is simulated to show that the transversal requirement has been satisfied.

5 Conclusion

According to the results of analytical and numerical simulations, adopting
the best control measures to stop the further progression and transmission
of HIV dynamics is more successful if done before the HIV infection even
begins to spread. Additionally, maintaining ART and protecting those who
are susceptible are considered the most crucial ways to lessen the effects of
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HIV infection. Intervention with pre-exposure prophylaxis contributes less
to lowering the risk of HIV infection since it is less affordable and accessible.
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Abstract

The fuzzy-C-means (FCM) algorithm is one of the most famous fuzzy clus-
tering algorithms, but it gets stuck in local optima. In addition, this algo-
rithm requires the number of clusters. Also, the density-based spatial of the
application with noise (DBSCAN) algorithm, which is a density-based clus-
tering algorithm, unlike the FCM algorithm, should not be pre-numbered.
If the clusters are specific and depend on the number of clusters, then it can
determine the number of clusters. Another advantage of the DBSCAN clus-
tering algorithm over FCM is its ability to cluster data of different shapes.
In this paper, in order to overcome these limitations, a hybrid approach
for clustering is proposed, which uses FCM and DBSCAN algorithms. In
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this method, the optimal number of clusters and the optimal location for
the centers of the clusters are determined based on the changes that take
place according to the data set in three phases by predicting the possibility
of the problems stated in the FCM algorithm. With this improvement, the
values of none of the initial parameters of the FCM algorithm are random,
and in the first phase, it has been tried to replace these random values to
the optimal in the FCM algorithm, which has a significant effect on the
convergence of the algorithm because it helps to reduce iterations. The
proposed method has been examined on the Iris flower and compared the
results with basic FCM algorithm and another algorithm. Results shows
the better performance of the proposed method.

AMS subject classifications (2020): 68T10, 62H30.

Keywords: Clustering; Fuzzy clustering; DBSCAN.

1 Introduction

Clustering is one of the important techniques of knowledge discovery in
databases. Density-based clustering algorithms are one of the main meth-
ods for clustering in data mining. The density-based spatial of application
with noise (DBSCAN) algorithm is a clustering method that is based on den-
sity. This algorithm has the ability to discover clusters of different sizes and
shapes from a large amount of data and performs well against noise [3, 6].
Another method that has received a lot of attention is the fuzzy method.
In these methods, unlike deterministic clustering that, any data belongs to
exactly one cluster; the data can belong to several clusters [7]. Although
the approach adopted by both algorithms is widely accepted to deal with
clustering problems, due to the weakness in each and in order to achieve a
better method for data clustering, various methods have been used. In all
methods, it has been tried to find values that are as close as possible to an
exact answer.

2 Related works

Wei and Xie [10], after a better analysis of the slower convergence speed,
introduced a new competitive learning-based rival checked fuzzy c-means
clustering algorithm. In the method proposed by Xue, Shang, and Feng
[12], a fuzzy rough semi-supervised outlier detection is used, which is able to
minimize the sum squared errors of the clustering. Maraziotis [4], for gene
expression profile clustering, proposed a novel semi-supervised fuzzy cluster-
ing algorithm (SSFCA). Abdellahoum et al. [1] presented a new version of
fuzzy clustering based on the ABC algorithm, namely ABC − SFCM. For
detecting the malicious behavior in wireless sensor networks, Shamshirband
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et al. [8] presented a hybrid clustering method, namely a density-based fuzzy
imperialist competitive clustering algorithm. Mekhmoukh and Mokrani [5]
introduced an improved fuzzy-C-means (FCM) using particle swarm opti-
mization based on the outlier rejection and level set. The results of this
method were compared with related works, which showed more effectiveness.
Zhang et al. [13] proposed a variant of FCM for image segmentation, which
has reduced the complexity of the algorithm compared to similar types. Alo-
moush et al. [2] proposed a method for choosing cluster centers to avoid
getting stuck in local optimum.

3 Preliminaries and definitions

Here we present some necessary algorithms.

3.1 Clustering

Clustering is a process by which a set of objects can be separated into distinct
groups. Each release is called a cluster. Members of each cluster, according
to characteristics which, are very similar to each other, but instead, the
degree of similarity between the clusters is the lowest [9]. Although most
clustering algorithms or methods have the same basis, there are differences
in the method of measuring similarity or distance, as well as choosing labels
for objects in each cluster. There are methods: for example, discriminative
clustering, hierarchical clustering, model-based clustering, fuzzy clustering
and density-based clustering. Here We deal with the last two methods: fuzzy
clustering and density-based clustering. By combining these methods, we try
to provide a new method for clustering.

3.2 FCM clustering algorithm

As mentioned in fuzzy clustering, unlike classical clustering, where each input
sample belongs to only one cluster, one sample can belong to more than one
cluster. Actually the basic idea in fuzzy clustering is to assume that each
element can be placed in several clusters with different degrees of membership
[7]. As a result, we can have clusters that are more consistent with reality.

One of the basic fuzzy clustering algorithms is FCM. In the FCM algo-
rithm, we try to optimize the following objective function [11]:

Jm =

c∑
i=1

n∑
k=1

uik
mdik

2 =

c∑
i=1

n∑
k=1

uik
m∥xk − vi∥2,
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where m is a real number greater than one. Moreover, uik is the degree of
membership of the kth data in the ith cluster, dik is the measure of similarity
in the next n space, xk represents the kth data, and vi is the center of the
ith cluster. The complete procedure of the algorithm is as follows:

Algorithm 1 FCM algorithm
Input: Data set, number of clusters, max − iter, threshold (minimum ob-
jective function improvement value), and m (the value for exponentiation of
matrix U)
Output: Cluster centers, objective function values and matrix U

1. Initialization: Randomly determine the value of each data belonging to
the desired cluster, put it in the matrix U , set the value of the iter,
and the value of the objective function to zero.

2. Calculate new centers for each cluster.

3. Calculate the distance from the data to the cluster centers.

4. Calculate the value of the objective function in terms of distance values.

5. Calculate the matrix U in terms of the values obtained from the previ-
ous steps.

6. Calculate imp (the difference between the value of the objective func-
tion in the new step and in the previous step) and set iter = iter+1, if
imp ≥ threshold and iter ≤ max−iter, then repeat step 2; otherwise,
the algorithm terminates.

As mentioned, FCM clustering performs well when working with over-
lapping data and performs well with noise-free data. Since they cannot dis-
tinguish between data points and noise, it leads to the center, which may
gravitate toward the outliers. Also, it may be located at a local optimum.
To improve the algorithm, we use the DBSCAN algorithm. In which follows,
the DBSCAN algorithm is presented.

3.3 DBSCAN algorithm

In density-based clustering algorithms, points with high density are identified
and placed in a cluster. One of the famous algorithms cited in this field
to DBSCAN, which was presented by Ester and colleagues in 1996. This
algorithm has the ability to identify remote points [3]. In the DBSCAN
algorithm, there are two parameters, the radius (Epsilon) and the minimum
points in a cluster (MinPoints). Each data point has a distance from other
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points. Any point whose distance to an assumed point is less than Epsilon is
considered a neighbor of that point. Any given point that has MinPoints of
neighbors is the center of the cluster.
The way that the algorithm works is that the algorithm first selects a sample
(which is a point in the vector space) and according to the radius Epsilon, the
neighbor looks for this point in space. If the algorithm is able to find at least
as many points as MinPoints within the specified Epsilon radius, then all
those points together belong to a cluster. The algorithm then looks for one
of the points adjacent to the current point to look again at that point with the
Epsilon radius. The other neighbor points are searched, and if the number of
serious new neighbor points is found again, then this algorithm again places
all those new points in the same cluster with the previous points. If it does
not find a new point in the neighborhood, then this cluster is complete. To
find other clusters at other points, it randomly selects another point and
starts finding neighbors and forming a new cluster for that point. If the
algorithm is within the desired radius of a point but does not find enough
samples, then the DBSCAN algorithm identifies this point as outlier data
and does not assign it to any cluster. It should make all the clusters and
check all the points to be able to identify whether it is an outlier or not. The
algorithm continues in the same way to find other clusters that have at least
as much as MinPoints in their radius and are clustered. Finally, those that
are not assigned to any cluster are identified as outlier data. This continues
until all points have been checked [3, 6].

4 Proposed method

To improve the fuzzy clustering method, changes are made in three phases:

1. In the FCM clustering method, as stated, the value of each data be-
longing to the desired cluster is randomly determined and placed in
the matrix U . In the proposed method, first, the data set is clustered
through the DBSCAN algorithm. Since the number of clusters must
be given to the FCM algorithm as input, the initial cluster number is
determined in this way. Then, the distance between each data to the
centers of the clusters obtained from the DBSCAN algorithm is calcu-
lated. In the next step, these distances are reversed and normalized.
To help improve the convergence of the algorithm, the above values are
placed in the matrix U to determine the value belonging of each data to
the clusters. The points that are closer to the cluster centers get more
value. As a result, better convergence is achieved, and the number of
iterations also becomes less.

2. Similar to the idea of the simulated annealing method, changes are
applied to the number of clusters. In this way, in the range of +k/2
and −k/2, a value is randomly selected and added to the number of
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clusters. If the number of clusters increases, then centers are randomly
selected from the data, and if the number of clusters decreases, then
some centers are randomly deleted. In the event that the objective
function is improved by changing the number of clusters, results will
be updated.

3. The cluster centers are moved to find the optimal centers. In the pro-
posed method, the primary centers are obtained with the DBSCAN
algorithm. Considering the criteria of the DBSCAN algorithm, in data
density clustering, several data may be close to each other, but accord-
ing to the changes in the value of data dimensions from the first to the
last data, it is more appropriate that this data should not be placed
in a cluster. For this reason, in the second and third phases of the
proposed algorithm, the number and location of the cluster centers are
changed to reach the optimal centers. These changes increase in the
first iteration and decrease in subsequent iterations. The process is as
follows: in the first iteration, based on the data diameter and the angle
that is randomly determined, the transfer value is determined. In the
next iterations, a coefficient from the diameter of the data determines
that the amount of displacement is based on this coefficient takes place,
and this displacement will be reduced. At each stage, based on the new
centers, the matrix U and the objective function are calculated, and if
improved, results will be replaced.

In the proposed method, different aspects of clustering and different ways
of improving these methods were studied and investigated. Then, according
to the weaknesses of the FCM algorithm, based on the changes made in
three phases in the proposed method, the algorithm was improved with new
methods from three points of view. In each point of view, different aspects
of clustering are considered:

1. In the first phase of improvement, combine the algorithm with DBSCAN
algorithm. In addition to solving the basic problem of the algorithm in
determining the number of clusters, it is tried to make the initialization
of the matrix U in a completely intelligent and accurate way by making
changes. Because by conducting tests, we found that the initial values
have a significant effect on the convergence and accuracy of the algo-
rithm result, and if this value is done with the random method used in
the FCM algorithm, then the number of repetitions will increase.

2. In the second phase, it was tried to find the optimal value for the
number of clusters with a creative method. In the FCM algorithm, due
to the unknown number of clusters, this value should be given as an
initial parameter to the algorithm.

3. In this method, the initial value for the location of the centers is done
according to the criteria of the DBSCAN algorithm. According to this
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fact, in the third phase of the proposed method, it is tried to find the
best place for the centers of the clusters with a new method, which has
a significant effect on reaching the optimal solution.

The proposed method is summarized in Figure 1. Here, IMP is the improve-
ment value of the objective function, NC is the number of clusters, and C is
the centers of the clusters.

Figure 1: The proposed method

The general routine of the algorithm is given in Algorithm 2 as follows:
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Algorithm 2 Proposed algorithm MODFCM
Input: Data set, number of clusters, max − iter, threshold (minimum ob-
jective function improvement value), and m (the value for exponentiation of
matrix U)
Output: Cluster centers, objective function values, and matrix U

1. Initialization:

(a) Call the DBSCAN algorithm and determine the number of clusters
in the data set.

(b) Calculate the distance of each data to the centers obtained from
the DBSCAN algorithm and construct the matrix U with the pro-
posed method.

(c) Set iter and the value of the objective function to zero.

2. Obtain the optimal number of clusters using the second phase of the
proposed method, update the new results and go to the next step.

3. Initialize f by calculating the diameter of the data set.

4. Initialize s by randomly choosing an angle.

5. Set d = f ∗ cos(s) and displace all centers by d.

6. Calculate the distance of the data to the centers of the new clusters
and the value of the objective function in terms of the distance values.

7. Calculate the values of the matrix U according to the values obtained
from the previous steps.

8. If the objective function is improved, then update new results and go
to the next step; otherwise, go to step 10.

9. Set f = .9f . If f ≥ 5, then go to step 4; otherwise, go to the next step.

10. Calculate the new centers for each cluster, the distance of the data to
the centers of the clusters, and the value of the objective function in
terms of the distance values.

11. Calculate the values of the matrix U according to the values obtained
from the previous steps.

12. Calculate imp (the difference between the value of the objective func-
tion in the new step and in the previous step), and set iter = iter + 1.
If imp ≥ threshold and iter ≤ max − iter, then repeat step 10;
otherwise, the algorithm terminates.
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5 Experimental results

Two sets of tests have been performed on the FCM algorithm and the pro-
posed MODFCM algorithm on the Iris flower with four features. Different
similarity measures in the solution clustering problems are used. Here, the
Euclidean distance criterion is used due to its high efficiency. Also, the eval-
uation of the results obtained from the clustering of the data set with the
DBSCAN algorithm and the direct transfer of the results to the FCM al-
gorithm was performed. The algorithm was named DBSCAN − FCM. We
analyze the convergence and the iterative process of algorithms. The conver-
gence and the iterative process for these algorithms are shown in Table 1. As
we can see from Table 1, the convergence speed of the proposed MODFCM
algorithm is faster than the FCM algorithm and DBSCAN−FCM algorithm.
This shows that the proposed MODFCM algorithm improves the convergence
speed. Further analysis reveals that the proposed MODFCM algorithm can
reduce the required clustering time effectively and improve the efficiency of
the data processing.

Table 1: Comparison table of algorithms

Algorithm Objective function Number of iterations
FCM 12.469286 15

DBSCAN− FCM 14.169376 19
MODFCM 9.589957 19
MODFCM 9.589961 15

In the second experiment, the GENETIC algorithm and RAND index
were used, and the performance of two algorithms was evaluated. The results
show that although both algorithms reach the final solution, the speed of the
proposed algorithm is increased because the algorithm is converged in fewer
iterations. In addition, the RAND index in the first population generated was
evaluated for both algorithms. It was about 0.67 for the proposed algorithm
in most iterations, but the same amount for FCM was about 0.41. The
evaluation diagram of two algorithms, FCM and MODFCM, are given in
Figures 2 and 3, respectively. As a result shows, the proposed algorithm
MODFCM has a better performance in achieving the desired clustering.
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Figure 2: Evaluation of the performance of the FCM algorithm with RAND index

Figure 3: Evaluation of the performance of the MODFCM algorithm with RAND index

6 Conclusion

Today, there are many methods for data clustering, each of which has advan-
tages and disadvantages. Methods can be achieved by combining algorithms
to improve the results by covering each other’s weaknesses. In this article,
the FCM algorithm and the DBSCAN algorithm were combined. One of
the advantages of the proposed algorithm in all the experiments compared
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to FCM is that we do not face the problem of determining the number of
clusters. The algorithm was improved by determining the optimal number
of clusters. In addition, to increase the quality of clustering, optimal cen-
ters were also obtained. In total, by making these changes in the proposed
method, it was found that by evaluating the objective function in both algo-
rithms, the improvement of the objective function in the proposed algorithm
with the same number of iterations has better performance than the FCM
algorithm and the speed of convergence increases.
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