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Letter from the Editor–in–Chief

I would like to welcome you to the Iranian Journal of Numerical Analysis
and Optimization (IJNAO). This journal has been published two issues per
year and supported by the Faculty of Mathematical Sciences at the Ferdowsi
University of Mashhad. The faculty of Mathematical Sciences with the cen-
ters of excellence and the research centers is well-known in mathematical
communities in Iran.
The main aim of the journal is to facilitate discussions and collaborations
between specialists in applied mathematics, especially in the fields of numer-
ical analysis and optimization, in the region and worldwide. Our vision is
that scholars from different applied mathematical research disciplines pool
their insight, knowledge, and efforts by communicating via this international
journal. In order to assure the high quality of the journal, each article is
reviewed by subject-qualified referees. Our expectations for IJNAO are as
high as any well-known applied mathematical journal in the world. We trust
that by publishing quality research and creative work, the possibility of more
collaborations between researchers would be provided. We invite all applied
mathematicians especially in the fields of numerical analysis and optimiza-
tion to join us by submitting their original work to the Iranian Journal of
Numerical Analysis and Optimization.
We would like to inform all readers that the Iranian Journal of Numerical
Analysis and Optimization (IJNAO), has changed its publishing frequency
from ”Semiannual” to a ”Quarterly” journal since January 2023. The four
journal issues per year will be published in the months of March, June,
September, and December. One of our goals is to continue to improve the
speed of both the review and publication processes, while try continuing to
publish the best available international research in numerical analysis and op-
timization, with the high scientific and publication standards that the journal
is known for.

Ali R. Soheili
Editor-in-Chief
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A three-free-parameter class of power
series based iterative method for

approximation of nonlinear equations
solution

O. Ogbereyivwe*, and O. Izevbizua

Abstract
In this manuscript, for approximation of solutions to equations that are

nonlinear, a new class of two-point iterative structure that is based on a
weight function involving two converging power series, is developed. For
any method constructed from the developed class of methods, it requires
three separate functions evaluation in a complete iteration cycle that is
of order four convergence. Also, some well-known existing methods are
typical members of the new class of methods. The numerical test on some
concrete methods derived from the class of methods indicates that they are
effective and competitive when employed in solving a nonlinear equation.

AMS subject classifications (2020): Primary 65H05; Secondary 41A25.

Keywords: Newton method, Iterative method, Power series, Weight func-
tion.

1 Introduction

One famous iterative method (IM) that is effective when used for the ap-
proximation of the solution s∗ of the nonlinear equation (NE) f(s) = 0 is the
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Newton Iterative Method (NIM) [18], expressed as

wk+1 = sk − u (sk) , (1)

where u (sk) = f(sk)
f ′(sk)

, k = 0, 1, 2, . . ., and |f ′ (sk)| ̸= 0. The convergence order
(CO) of the NIM is 2 with efficiency index (EI) 1.4142. Since the emergence
of the NIM, the plethora of techniques have been employed to modify it with
the motivation of enhancing its CO or EI when utilized to solve an NE. One
of such techniques that have been used is the weight function, which is a
power series based on the form:

w (θ(s)) = 1 +

m∑
i=1

αi(θ(s))
i (2)

or
w (θ(s)) = 1 +

m∑
i=1

αi(µ(s)− 1)i, (3)

where αi ∈ R, 1 ≤ m ≤ ∞ and θ (s) , µ (s) are often quotients of two real
functions involving the evaluations of f (·) or f ′ (·).

In order to acknowledge some good literature in this direction, we note
that, in the work of Khattri and Abbabandy [9], the NIM was adjusted and
used as a predictor and a corrector iterative function that involves the series
(2) to construct a one-parameter family of IM with CO four presented as

y(sk) = sk − 2
3u(sk),

sk+1 = sk − u(sk)
[
1 +

∑3
i=1 τi(v(s))

i
]
,

τ1 = 21
8 − α4, τ2 =

(
− 9

2 − 3α4

)
, τ3 =

(
15
8 − 3α4

)
,

(4)

where v(sk) = f ′(yk)
f ′(sk)

and α4is a real parameter that is free.

In a similar manner, the power series (2) was utilized in Chun [4] to
suggest the two-point IM

wk = sk − u(sk),

sk+1 = sk −
f(wk)

f ′(sk)

[
1 + 2

f(wk)

f(sk)
+

(
f(wk)

f(sk)

)2
]
.

(5)

Ghanbari [6] used a power series like the one of (2) given as

sk+1 = wk −
[
Af(sk)

2 +Bf(wk)f(sk) + Cf(wk)
2

Df(sk)2 + Ef(wk)f(sk) + Ff(wk)2

]
f(wk)

f ′(sk)
. (6)

To develop a class of three-free-parameter CO three, the IM is obtained as

Iran. j. numer. anal. optim., Vol. 13, No. 2, 2023,pp 157–169



159 A three-free-parameter class of power series ...

sk+1 = wk −
[
1 + (2 + α) tk + σt2k

1 + αtk + βt2k

]
f (wk)

f ′ (sk)
, (7)

where t = (wk)
f(sk)

and α, β, σ ∈ R. It was also shown in [6] that the class of
methods (7) has the methods presented by Ostrowski [14], Chun [4, 3], Kou,
Li, and Wang [10], and Chun and Ham [5] as concrete members.

In the work of Sharma and Bahl [16], the combination and power series
of the form (2) were utilized to construct a CO four method as

sk+1 = sk −
[
−1

2
+

9f ′(sk)

8f ′(yk)
+

3f ′(yk)

8f ′(sk)

]
f(sk)

f ′(sk)
. (8)

Ogbereyivwe and Ojo-Orobosa [13] employed a kind of the power series (2)
and an additional other weight function to put forward an iterative structure
of the form:

sk+1 = wk −

[
1 +

m∑
i=1

αiΦ(t, u)
i

]
G (u) , (9)

where t = f(wk)
f(xk)

and Φ(t, u) = t
1+u . This iterative structure was utilized in

developing a three-parameter family of IM of CO four.
In the separate work of Ahmad [1] and Babajee [2], the power series (3)

was used as a weight function to develop IMs with CO four presented as

sk+1 = sk − u(sk)

[
1− 3 (µ(sk)− 1)

4
+

9 (µ(sk)− 1)
2

8

]
, (10)

where µ(sk) = f ′(yk)
f ′(sk)

.
Also, Mahdu [11] used (3) to develop methods that utilize the same func-

tion evaluations to achieve order four presented as

sk+1 = sk − u(sk)
1

2
(3− µ(sk))

[
1− (µ(sk)− 1)

4
+ (µ(sk)− 1)

2

]
. (11)

Motivated by the above literature that uses the power series of the kinds
(2) or (3) as weight functions in developing some good IMs for obtaining s∗
of NE, we put forward a new class of power series-based IM that has some
existing class of IMs that are also power series based, as concrete members.
The method uses the quotient of two power series in the form of (3) as
weight functions as against one power series used in Ahmad [1] and Babajee
[2]. This technique led to the development of a class of three real and free
parameter IM for solving NE with CO four. The manuscript is organized in
the following sequence. Section 1 discusses some literature background, while
Section 2 puts forward the methodology. In Section 3, the convergence test
on the method is carried out. Section 4 presents the results of a numerical

Iran. j. numer. anal. optim., Vol. 13, No. 2, 2023,pp 157–169
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experiment on the developed method. The final section of the work includes
the conclusion and suggested areas for further research.

2 The method

Consider the IM (iterative method) that is based on the terminal and con-
vergent power series put forward as:

sk+1 = sk − u(sk)

[(
1 +

m∑
i=1

αi(µ(sk)− 1)i

)
/

(
1 +

m∑
i=1

βi(µ(sk)− 1)i

)]
,

(12)
where u(sk) = f(sk)

f ′(sk)
, µ (sk) = f ′(yk)

f ′(sk)
, αi and βi, i = 1, 2, 3, . . ., are free and

real parameters to be established. To illustrate the contribution of the IM
(12), the case of m = 3 is considered for investigation and its convergence
conditions. First, the following definitions are acknowledged.

Definition 1 (Asymptotic error, Asymptotic constant, and CO). Let Aj =
sj − s∗ be the IM error at the jth iteration, and suppose that the equation
Aj+1 = ηAρk+O(Aρ+1

j ) can be obtained from an IM by the use of the Taylor
expansions on the functions f(·). Then Aj+1 is called the Asymptotic error
equation, η is Asymptotic constant, and ρ is CO.

Definition 2 (Efficiency). If the equation Aj+1 = ηAρj +O(Aρ+1
j ) is derived

from an IM as described in Definition 1, then the value Eeff = ρ
1
τ (where

τ is total number of distinct functions f(·) in one IM cycle) is called the
efficiency index of the IM.

3 Method convergence investigation

The investigation on the convergence of the method put forward in (12) for
the case m = 3 is presented in this section. Firstly, the theorem that enables
us the establishment of the method’s convergence is stated and then followed
by its proof.

Theorem 1. Define f : D ⊂ R → R as a function that is real valued such
that it is differentiable for at least three times in the domain D. Suppose
that s∗ ⊂ D and that |f ′ (·)| ̸= 0 in D. Then for an initial guess s0 close to
s∗ in D, the sequence {sj}j≥0 , (sj ∈ D) of approximations, generated by the
class of IM in (12), where m = 3, converges to s∗ with CO four whenever the
free parameters αi and βi satisfy the following conditions: β1 − α1 +

3
4 = 0,

β2 − 1
16 (16α2 + 12α1 − 19) = 0 and β3 − 1

64 (64α3 + 48α2 − 36α1 + 54) = 0.

Iran. j. numer. anal. optim., Vol. 13, No. 2, 2023,pp 157–169



161 A three-free-parameter class of power series ...

Proof. Suppose in the Taylor expansion of f (s) and f ′ (s) about s∗ that we
set s=sk. Then the following expression can be obtained:

f (sj) = f ′ (s∗) (Aj +

4∑
n=2

cnA
n
j +O

(
A5
j

)
), (13)

and

f ′ (sj) = f ′ (s∗) (1 +

5∑
n=2

ncnA
n−1
j +O

(
A5
j

)
), j=0, 1, 2, . . . , (14)

where cn = 1
n!
fn(s∗)
f ′(s∗) , n ≥ 2.

Using (13) and (14), the series expansions of u(sk) and µ(sk) are, respec-
tively,

u(sk) = Ak−c2A2
k+
(
2c22 − 2c3

)
A3
k+
(
−4c32 + 7c2c3 − 3c4

)
A4
k+O(A5

k), (15)

and

µ(sk) =1 +
4

3
c2Ak +

(
4c22 −

8

3
c3

)
A2
k +

(
36c32 − 45c2c3 + 13c4

)
A3
k

+

(
80

3
c42 −

148

3
c22c3 +

48

27
c4 − 5c5

)
A4
k +O(A5

k).

(16)

From (15), we have

yk = Ak −
2

3
u(sk)

=
1

3
Ak +

2

3
c2A

2
k −

4

3
(c22 − c3)A

3
k +

2

3

(
4c32 − 7c2c3 + 3c4

)
A4
k +O(A5

k).

(17)

Using (17), the expansion of the function f(yk) is obtained as

f(yk) =
1

3
Ak +

7

9
c2A

2
k

+

(
4c22
9

− 4(c22 − c3)

3
+
c3
27

)
A3
k

+

(
c2

(
4

9
c22 −

8

9
(c22 − c3)

)
+

2

9
c2c3 +

2

3

(
4c32 − 7c2c3 + 3c4

))
A4
k

+O(A5
k),

(18)

and using (18), its derivative f ′(yk) is

Iran. j. numer. anal. optim., Vol. 13, No. 2, 2023,pp 157–169
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f ′(yk) =1 +
2

3
c2Ak

+

(
4

3
c22 +

1

3
c3

)
A2
k +

(
−8

3
c2
(
c22 − c3

)
+

4

3
c2c3 +

4

27
c4

)
A3
k

+

((
4

3
c22 −

8

3

(
c22 − c3

))
c3 +

8

9
c2c4 +

4

3
c2
(
4c32 − 7c2c3 + 3c4

))
A4
k

+O(A5
k).

(19)

From the expressions in (14) and (19), the Taylor expansion of the quo-
tient f ′(yk)

f ′(sk)
is

f ′(yk)

f ′(sk)
=1 +

4

3
c2Ak

+

(
4c22 +

8

3
c3

)
A2
k −

8

27

(
36c32 − 45c2c3 + 13c4

)
A3
k

+

(
80

3
c42 −

148

3
c22c3 +

32

3
c23 +

484

27
c2c4 − 5c5

)
A4
k

+O(A5
k).

(20)

Using (16), the expansion of the quotient of the two power series in (12)
is obtained as(
1 +

3∑
i=1

αi(µ(sk)− 1)i

)
/

(
1 +

3∑
i=1

βi(µ(sk)− 1)i

)

= 1− 4

3
(α1 − β1) c2Ak

+
4

9

(
4α2c

2
2 − 9β1c

2
2 + β2

1c
2
2 − 4β2c

2
2 + α1

(
(9− 4β1) c

2
2 − 6c3

)
+ 6β1c3

)
A2
k

+
8

27
(8α3c

3
2 − 36β1c

3
2 + 36β2

1c
3
2 − 8β3

1c
3
2 + · · ·

+ α1

(
4
(
9− 9β1 + 2β2

1 − 2β2
)
c32 + 3 (−15 + 8β1) c2c3 + 13c4

)
)A3

k

+
1

81
(1728α3c

4
2 + 256α4c

4
2 − 2160β1c

4
2 − 256α3β1c

4
2 + 3600β2

1c
4
2 + · · ·

+ 4 (−363 + 208β1) c2c4 + 9
(
32 (−3 + 2β1) c

2
3 + 45c3

)
)A4

k +O
(
A5
k

)
.
(21)

Now, substituting (15) and (21) into the iterative structure in (12), the
following error equation is obtained:

Iran. j. numer. anal. optim., Vol. 13, No. 2, 2023,pp 157–169
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sk+1 =s∗ +

(
c2 +

4

3
(α1 − β1) c2

)
A2
k

+
2

9
(
(
−9− 8α2 + 8α1 (β1 − 3) + 24β1 − 8

(
β2
1 − β2

))
c22

+ 3 (3 + 4α1 − 4β1) c3)A
3
k

+
1

27
((4(27 + 84α2 + 16α3 − 117β3 − 16α2β1 + 84β2

1 − 16β3
1

+ α1

(
117− 84β1 + 16β2

1 − 16β2
)
− 84β2 + 32β1β2 − 16β3)c

3
2

+ 3
(
−63− 64α2 + 168β1 − 64β2

1 + 8α1 (8β1 − 21) + 64β1
)
c2c3

+ (81 + 104α1 − 104β1) c4))A
4
k +O

(
A5
k

)
.

(22)
For the method (12) to attain order four convergence, the second and

third terms of (22) must be annihilated. This can be achieved when the
following set of equations are satisfied:

β1 = α1 +
3

4

β2 =
1

16
(16α2 + 12α1 − 9)

β3 =
1

64
(64α3 + 48α2 − 36α1 + 54) .

(23)

When the conditions in (23) are substituted in (22), the error equation is
obtained as

Ak+1 = s∗ −
(
−9c2c3 + c4

9

)
A4
k +O

(
A5
k

)
. (24)

Following Definition 1, the asymptotic error equation for the method (12)
is the expression on (24), and consequently, the CO is four.

Remark 1. By substituting the conditions (23) into (12), the class of three-
free-parameter IM for solving NE is obtained as

sk+1 = sk − u (sk)
[
1+

∑3
i=1 αi(µ(sk)−1)i

1+
∑3
i=1 βi(µ(sk)−1)i

]
,

β1 = α1 +
3
4 , β2 = 16α2+12α1−9

16 ,

β3 = 64α3+48α2−36α1+54
64 .

(25)

We emphasis here that, for any free choice of αi ∈ R in (25), a CO four
method with Eeff = 1.5867 can be constructed.

Remark 2. Obtaining suitable replacement function(s) for the weight func-
tion(s) used in [17, 13, 12, 15], and many other existing methods that were
developed via the weight function(s) technique, requires subjecting the re-
placement function(s) to satisfy certain conditions that involve its evaluation
and many times differentiation at some fixed points. These procedures are
tedious and cumbersome compared to the proposed three-parameter-based
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class of methods (25) that requires the arbitrary substitution of values for
the parameters. In fact, for any real values for the parameters, the method
works.

Remark 3. It is important to note that for m = 2 in (12), a subclass of
method (25) is obtained as

sk+1 = sk−u (sk)

(
1 + α1 (µ(sk)− 1) + α2 (µ(sk)− 1)

2

1 +
(
α1 +

3
4

)
(µ(sk)− 1) +

(
16α2+12α1−9

16

)
(µ(sk)− 1)

2

)
.

(26)
Some existing methods and their variants are particular members of the

class of methods in (26).

For instance, the method developed by Chun [4] is a concrete method of
(26).

Furthermore, when α1 = − 3
4 and α2 = 9

8 in (26), the CO four methods
by Ahmad [1] and Babajee [2] are rediscovered as

sk+1 = sk − u (sk)

(
1− 3

4
(µ(sk)− 1) +

9

8
(µ(sk)− 1)

2

)
. (27)

Again, for α1 = 3
4 and α2 = 0 in (26), the well-known Jarratt method in

[8] is rediscovered as

sk+1 = sk − u (sk)

(
1 + 3

4 (µ(sk)− 1)

1 + 3
2 (µ(sk)− 1)

)
. (28)

For some new IMs of the kind (26), the following cases are presented:
Case 1

If α1 = − 3
4 and α2 = 0, then the following iterative structure is discovered:

M1 : sk+1 = sk − u (sk)

(
1− 3

4 (µ(sk)− 1)

1− 9
8 (µ(sk)− 1)

2

)
.

Case 2
The substitution of α1 = 11

6 and α2 = 1
4 in (26) yields the method

M2 : sk+1 = sk − u (sk)

(
1 + 11

6 (µ(sk)− 1) + 1
4 (µ(sk)− 1)

2

1 + 31
12 (µ(sk)− 1) + 17

16 (µ(sk)− 1)
2

)
.

Case 3
Consider α1 = 4

3 and α2 = 0. Then a new method is obtained as

M3 : sk+1 = sk − u (sk)

(
1 + 9

16 (µ(sk)− 1)
2

1 + 3
4 (µ(sk)− 1)

)
.
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Remark 4. In order to illustrate some new methods of kind (25), the fol-
lowing IMs are constructed for some real values of αi:

Case 4
When α1 = α2 = α3 = 0, then the method M4 is constructed as

sk+1 = sk − u (sk)

(
1

1 + 3
4 (µ(sk)− 1)− 9

16 (µ(sk)− 1)
2
+ 27

32 (µ(sk)− 1)
3

)
.

Case 5
Consider the case α1 = α2 = α3 = 3

2 . Then the IM M5 is obtained as

sk+1 = sk − u (sk)

 1 + 3
2

(
(µ(sk)− 1) + (µ(sk)− 1)

2
+ (µ(sk)− 1)

3
)

1 + 9
4 (µ(sk)− 1) + 33

16 (µ(sk)− 1)
2
+ 21

8 (µ(sk)− 1)
3

 .
4 Numerical test

In this section, the methods derived from the developed class of methods are
subjected to numerical tests in order to verify their effectiveness when used
to obtain a solution to NE. The numerical results of the new methods are
compared with the results of some existing methods that are of CO four.
These include the method developed by Sharma and Bahl [16] (presented in
(8)) denoted by SBM, method developed by Ogbereyivwe and Ojo-Orobosa
in [13] (presented in (9)) with the parameters β = 2, η = σ = 0, denoted
by OOM, the method of Hafiz and Khirallah [7], denoted as HKM, the bi-
parameter method in Shams et al. [15] (given in (28)) with β = 1 and α = 2
and denoted as SEM, the methods in Ghanbari [6] (presented in (7)) obtained
by taking α = −2, β = 1, θ = 4 and α = −2, β = 1, σ = −1, and denoted as
GM1 and GM2, respectively. The metric used for comparison includes the
computational CO ρcoc is given by

ρcoc =
log10 |f (sk+1)| / |f (sk)|
log10 |f (sk)| / |f (sk−1)|

,

and |f (sk)|. All computation programs for the methods were written and
executed in the MAPLE 2017 software environment using Intel Celeron(R)
computer with a 2GB RAM processor. The error tolerance |f (sk)| ≤ 200−200

was used in terminating program execution. The computational outputs are
maintained at 2000 digits precision in all computations. The NE fi(s) =
0 used for the test and their respective solutions s∗ presented in 15 digits
precision are as given in Examples 1–5. For comparison, computation results
are presented in Tables 1 and 2.

Consider the following examples:

Example 1. [6] f1(s) = s2−es−3s+2 = 0, s∗ = 0.257530285439860 . . ..
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Example 2. [6] f2(s) = sin2(s)−s2+1 = 0, s∗ = 1.404491648215341 . . ..

Example 3. [13] f3(s) = arctan(s) = 0, s∗ = 0.

Example 4. [6] f4(s) = (s− 1)
3 − 2 = 0, s∗ = 2.259921049894873 . . ..

Example 5. [13] f4(s) =
√

1
s + 2 log10

(
ϵ/D
3.7 + 2.51

R
√
s

)
= 0, where ϵ

D = 10−4

and R = 105, s∗ = 0.004129319146099 . . ..

Table 1: Methods results comparison for Examples 1– 2

Methods s0 |f(s1)| |f(s2)| |f(s3)| |f(s4)| |f(s5)| ρcoc
SBM 5.3e− 4 7.1e− 18 2.3e− 73 2.7e− 295 − 4.0
HKM 7.3e− 3 3.4e− 16 1.6e− 66 7.1e− 268 - 4.0
SEM 5.9e− 3 1.7e− 13 1.1e− 55 1.7e− 224 - 4.0
OOM 1.7e− 2 2.9e− 11 2.5e− 46 1.4e− 186 - 4.0
GM1 2.8e− 4 3.4e− 19 7.5e− 79 1.7e− 317 - 4.0
GM2 -0.3 3.0e− 3 1.1e− 14 1.6e− 60 8.4e− 244 - 4.0
M1 1.6e− 4 4.8e− 20 4.8e− 82 4.3e− 330 - 4.0
M2 2.3e− 3 3.9e− 15 3.1e− 62 1.2e− 250 - 4.0
M3 7.3e− 5 2.3e− 21 2.5e− 87 3.1e− 351 - 4.0
M4 2.1e− 3 2.6e− 15 5.1e− 63 1.5e− 253 - 4.0
M5 2.4e− 3 4.0e− 15 3.3e− 62 1.6e− 250 - 4.0
SBM 5.3e− 2 4.5e− 7 2.8e− 27 4.0e− 108 1.8e− 431 4.0
HKM 3.7e− 2 6.2e− 8 5.0e− 31 2.1e− 123 6.3e− 493 4.0
SEM 1.2e− 2 1.5e− 9 4.1e− 37 2.2e− 147 1.7s− 588 4.0
OOM 1.0e− 2 1.6e− 5 1.7e− 20 2.2e− 80 3.6e− 320 4.0
GM1 6.1e− 2 1.0e− 6 1.1e− 25 1.1e− 101 1.4e− 405 4.0
GM2 2 1.4e− 2 2.8e− 9 3.9e− 36 1.6e− 143 4.7e− 573 4.0
M1 5.6e− 2 7.5e− 7 3.0e− 26 6.7e− 104 1.8e− 414 4.0
M2 6.1e− 2 1.2e− 6 1.9e− 25 1.3e− 100 2.9e− 401 4.0
M3 5.9e− 2 9.3e− 7 6.8e− 26 1.9e− 102 1.1e− 408 4.0
M4 2.7e− 2 2.1e− 9 9.8e− 38 5.1e− 151 3.6e− 604 4.0
M5 1.5e− 2 2.4e− 10 1.9e− 41 6.8e− 166 1.1e− 663 4.0

From the numerical results in Tables 1 and 2, we observe that all the par-
ticular methods constructed from the developed class of methods (25) solved
the test problems very well. Furthermore, the new methods’ computational
order of convergence displayed in the last column of Tables 1 and 2 agree
with the theoretical CO established in Section 3. The methods computation
results outputs are also highly competitive with the methods compared.

5 Conclusion

The new three-parameter class of IM put forward in this manuscript was
shown to have a capacity of approximating the solution of NE with CO
four requiring three evaluations of distinct functions in an iteration cycle.
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Table 2: Methods results comparison for Examples 3– 5

Methods s0 |f(s1)| |f(s2)| |f(s3)| |f(s4)| |f(s5)| ρcoc
SBM 6.8e− 3 2.3e− 12 1.1e− 59 2.2e− 296 - 4.0
HKM 4.7e− 3 3.7e− 13 1.1e− 63 2.3e− 316 - 4.0
SEM 4.7e− 3 5.0e− 13 6.8e− 62 3.2e− 312 - 4.0
OOM 6.1e− 2 1.5e− 7 1.6e− 35 2.6e− 175 - 4.0
GM1 9.3e− 3 1.6e− 11 2.2e− 55 1.1e− 274 - 4.0
GM2 −0.5 1.3e− 3 7.3e− 16 4.6e− 77 4.8e− 383 - 4.0
M1 9.2e− 3 1.1e− 11 2.4e− 56 1.2e− 279 4.0
M2 2.9e− 3 3.1e− 14 4.8e− 69 4.4e− 343 - 4.0
M3 3.1e− 3 4.4e− 14 2.7e− 68 2.2e− 339 - 4.0
M4 1.5e− 3 1.4e− 15 9.6e− 76 1.3e− 376 - 4.0
M5 3.1e− 3 4.5e− 14 3.2e− 68 5.6e− 339 - 4.0
SBM 2.5e− 1 2.5e− 5 3.8e− 21 2.0e− 84 1.3e− 337 4.0
HKM 1.5e− 1 1.8e− 6 4.8e− 26 2.2e− 104 1.0e− 417 4.0
SEM 8.2e− 1 7.2e− 2 4.0e− 7 3.0e− 28 1.0e− 112 4.0
OOM 4.6e− 1 7.5e− 4 1.0e− 14 4.0e− 58 8.5e− 232 4.0
GM1 2.9e− 1 5.7e− 5 1.3e− 19 3.3e− 78 1.4e− 312 4.0
GM2 3 3.2e− 2 1.1e− 8 1.5e− 34 5.9e− 138 1.3e− 551 4.0
M1 2.7e− 1 4.2e− 5 3.8e− 20 2.6e− 80 5.8e− 321 4.0
M2 3.5e− 2 2.3e− 9 4.4e− 38 5.8e− 153 1.7e− 612 4.0
M3 3.4e− 2 6.6e− 10 1.0e− 40 5.2e− 164 3.8e− 657 4.0
M4 9.6e− 2 9.4e− 8 1.2e− 31 3.5e− 127 2.2e− 509 4.0
M5 1.2e− 2 3.3e− 11 1.9e− 45 2.1e− 182 3.2e− 730 4.0
SBM 3.7e− 1 1.4e− 5 2.6e− 23 3.7e− 94 1.5e− 377 4.0
HKM 1.6e− 3 8.5e− 16 7.6e− 65 4.3e− 261 - 4.0
SEM Failed to converge
OOM 6.1e− 1 3.4e− 4 2.8e− 17 1.4e− 69 8.7e− 279 4.0
GM1 4.5e− 1 3.7e− 5 2.0e− 21 1.6e− 86 6.8e− 347 4.0
GM2 0.002 2.9e− 1 1.5e− 5 8.0e− 23 7.3e− 92 5.2e− 368 4.0
M1 4.1e− 1 2.9e− 5 7.8e− 22 4.3e− 88 4.0e− 353 4.0
M2 1.0509 8.1e− 4 2.4e− 16 1.9e− 66 7.4e− 267 4.0
M3 5.1e− 1 3.3e− 5 4.9e− 22 2.6e− 89 2.0e− 358 4.0
M4 1.2e− 1 1.4e− 7 1.9e− 31 8.1e− 127 2.4e− 508 4.0
M5 7.3e− 1 1.7e− 4 5.0e− 19 3.6e− 77 9.7e− 310 4.0

Several famous existing methods, such as Chun [4], Ahmad [1], Babajee [2],
Jarrat [8], and others, are typical members of the class of developed methods.
For future research, the implementation of the method developed herein in
Banach spaces may be considered.
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Abstract

This article investigates the activity regimes of a realistic neuron model
(as a slow-fast system). The authors study this model using the dynam-
ical systems theory, for example, qualitative theory methods of slow-fast
systems. The authors obtain the stability conditions of equilibria in leech
heart interneurons under defined pharmacological conditions and following
Hodgkin–Huxley formalism. Although in neuronal models, the membrane
is usually considered capacitance as a fixed parameter, the membrane ca-
pacitance parameter is assumed as a control parameter to guarantee the
existence of Hopf bifurcation using the Routh–Hurwitz criteria. The au-
thors investigate the transition mechanism between the silent phase and
tonic spiking mode. Furthermore, some simulations are provided using
XPPAUT software for analytical results.
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1 Introduction

Periodic orbits play an important role in nonlinear dynamical models, espe-
cially in computational neuroscience from the point of view of their topology.
Now one of the models that pay attention to researchers, is neuron models
whose topology is associated with specific and regular activities such as tonic
spiking, bursting, and resting.

Most neurons show potential membrane oscillations as endogenous or in
terms of external perturbations. Many kinds of activities on neuronal models
based on models following the formalism of Hodgkin–Huxley were described
in terms of the qualitative theory of fast-slow systems [1, 11]. Fast-slow
systems are a special class of dynamical systems with at least two distinct
time scales. The solutions of fast-slow systems possess features that are con-
strained to stay near the slow-motion manifolds, composed of equilibria and
periodic orbits of the fast subsystem. If both manifolds are transient for
the solutions of the corresponding neuron model, then it exhibits a burst-
ing behavior, a repetitive alternation of tonic spiking and quiescent periods.
Otherwise, the model indicates the tonic spiking activity if there is a stable
periodic orbit on the tonic spiking manifold, or it shows no oscillations when
solutions are attracted to a stable equilibrium state on the quiescent manifold
[12].

Classifying transition mechanisms between various regimes is a fundamen-
tal problem of the theory of dynamical systems and neuroscience. Real neu-
rons can show various types of firing patterns, such as tonic spiking, bursting
oscillations, and silent states, that are frequently observed in neuronal elec-
trophysiological experiments. We investigate the stability of the silent phase
and the existence of periodic solutions in the Leech heart interneuron model.

Malashchenko, Shilnikov, and Cymbalyuk [14] described that the leech
heartbeat is one of the best-studied invertebrate neuronal networks with
an identified function, a set of identified participating neurons, and well-
developed biophysically accurate models. It consists of a small number of
interneurons distributed over several ganglia. Those located in ganglia 3 and
4 are responsible for generating basic rhythm [2]. Here we focus on the dy-
namics of a single interneuron from either ganglion 3 or 4. The canonical
model has proved itself as a powerful tool for predicting phenomena.
This model has already been studied by Shilnikov and Cymbaluk [19] and
Wanga et al. [21]. They consider different parameters, for example, V shiftK2 or
El, gl, as a control parameter with different initial conditions and investigated
the existence of different codimension-one or two bifurcations. Researchers
found the parameter regimes in which bursting, tonic spiking, and silence are
stable. They located several kinds of multi-stability in which more than one
activity is stable, such as bi- stability in which bursting coexistent with tonic
spiking, bursting coexistent with silence, and tonic spiking with silence.

Cymbalyuk et al. [4] have examined the single heart interneuron model.
Using extracellular recording methods, they demonstrated that oscillator and
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premotor cardiac interneurons continue to burst when pharmacologically iso-
lated with bicuculline, albeit in certain preparations, the bursting is not
strong. They performed a bifurcation analysis of their model using the leak
conductance gl and reversal potential El as parameters. The bifurcation
diagram shows a narrow strip of parameter values, where bursting occurs,
separating large zones of tonic spiking and silence. Moreover, the authors
found multi-stability zones, which are regions where the major activities co-
exist. They propounded how robustness is achieved in this system, how
critical variables such as period and duty cycle may be controlled, and how
modulation may affect this control.

Shilnikov and Cymbalyuk [19] showed how two different codimension-
one bifurcations of a saddle-node periodic orbit with homoclinic orbits could
explain a scenario of transitions between tonic spiking and bursting activities
in neuron models following Hodgkin–Huxley formalism. They also found the
co-existence of tonic spiking and bursting modes, which are separated by
a saddle periodic orbit. This mechanism is based on a Lukyanov–Shilnikov
bifurcation for a saddle-node periodic orbit with noncentral homoclinic orbits.
They showed that as a bifurcation parameter is varied, the unstable periodic
orbit separates the basins of attraction of two co-existing modes: the tonic
spiking periodic orbit and bursting regime.

Cymbalyuk and Shilinkov [5] presented conditions under which this model
demonstrates another kind of bi-stability with two coexistent tonic spiking
modes. They developed a geometrical framework for Pontryagin’s averag-
ing method of singularly perturbed systems and located periodic orbits and
studied their bifurcations. Pontryagin’s averaging method gives a clear geo-
metrical interpretation of this mechanism. They showed that as a bifurcation
parameter is varied, the unstable periodic orbit separates the basins of attrac-
tion of two co-existing modes: tonic spiking regime coexisting with another
spiking regime.

Furthermore, by synchronization of Wanga et al. [21] in gap-junction,
coupled neurons with co-existing attractors of spiking and bursting firings are
investigated as the coupling strength gets increased for this model. Kolomiets
and Shilnikov [12] considered this model as an example to investigate generic
mechanisms of transition between distinct patterns of activity in it. They
considered neuronal bursting as a modular activity consisting of different
limiting branches corresponding to oscillatory and equilibrium regimes from
the fast subsystem, based on the Poincaré return map to analyze nonlocal
bifurcation to understand better and determine what makes bursting and
spiking attractors fluctuate their shape and stability.

The lipid bilayer of the cell membrane is a dielectric that creates a ca-
pacitance by separating charge inside and outside the cell. Such capacitance
behavior is represented in electrical equivalent circuit models of the cell mem-
brane with an electrical capacitor element [16]. The membrane-specific capac-
itance is considered constant and ubiquitous [6]. Moreover, myriad models
of excitable cells and axons incorporate a constant membrane capacitance
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[16]. However, the dielectric properties of living tissues exhibit frequency-
dependent behavior [7].
Howell et al. [10] checked out the effect of a frequency-dependent capacitance
on neuronal excitability. They found that the effect of dielectric dispersion
on the sinusoidal stimulation thresholds depended on the electrical properties
of the neuronal membrane. Moreover, dielectric dispersion increased action
potential conduction velocity. When analyzing the response qualities of brain
elements at various frequencies, it is necessary to account for the influence of
frequency-dependent capacitance . Furthermore, in this paper, we consider
the membrane capacity as a control parameter in the neuronal model. To the
best of our knowledge, this is the first work that shows how to occur Hopf
bifurcation in this model when the membrane capacitance parameter varies.

The concept of Hopf bifurcation, which is known as the Poincaré–
Andronov–Hopf bifurcation, seems complicated and abstract. However, this
theory applies to many real problems. Furthermore, the application of Hopf
bifurcation theory is quite wide. This theory is applied in tests of various
oscillations caused by wind gusts (which is very important in the field of con-
struction), LCR oscillations in electrical circuits, transitions among neuronal
activity regimes in neuronal models, periodic generation of nerve impulses in
the nervous system, as well as, for instance in epidemiological models that
describe fluctuations in the number of patients with an infectious disease.
Through experimental measurements, the researchers found that the mem-
brane capacity decreases with increasing frequency.

In many neuronal models, Hopf bifurcation occurs by changing various pa-
rameters. Using computer software, the Hopf bifurcation can be determined
in multidimensional dynamical systems that depend on certain parameters.
The presence of Hopf bifurcation is proved, and the bifurcation parameter
value is estimated using the Routh–Hurwitz criterion, which determines the
difference of this research.

This manuscript considers a model of a pharmacologically isolated heart-
beat interneuron when the membrane capacitance is the control parameter.
Then, the transition mechanism between the silent phase and tonic spiking
mode is investigated. Hopf bifurcation occurs when a periodic solution or
boundary cycle, which surrounds the equilibrium point, appears or disap-
pears with a change in the parameter value. This type of Hopf bifurcation
occurs where a pair of complex conjugate eigenvalues of the Jacobian matrix
passes through the imaginary axis while all other eigenvalues have negative
real parts. Furthermore, the existence of this type of Hopf bifurcation leads
limit cycle losing stability and disappearing when changing a control param-
eter. First, we find that such a region for the existence of periodic solutions
and Hopf bifurcation is being investigated. The type of bifurcation can be de-
termined analytically, but it is very complicated. However, using computers
(numerical experiments), we determine the type of bifurcation much faster
and easier. The trajectories of this model were obtained using Dormand–
Prince solvers, which are related to Runge–Kutta and are adaptive method
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of solving ODE. The integration and bifurcation analysis was performed uti-
lizing Mathematica and XPPAUT. These simulations present our theoretical
results.

The manuscript is organized as follows: first, we provide some necessary
preliminaries. Then we introduce the neuronal model and specify the pa-
rameters and the initial condition. In Section 3, we investigate a general
geometrical framework for the analysis of (equilibrium points of a system)
solutions to slow-fast dynamical systems. In the last section, we present some
simulations to illustrate analytical results.

2 Preliminaries

2.1 Routh–Hurwitz criterion for the existence of Hopf
bifurcation

In this section, an important criterion, which is known as the Routh–Hurwitz
criterion, is presented that gives necessary and sufficient conditions for all
roots of the characteristic equation that real parts of eigenvalues are nega-
tive. This criterion is stated in the next theorem; see [20, 17].

Theorem 1 (Routh–Hurwitz criterion). Consider a polynomial as follows:

αkx
k + αk−1x

k−1 + αk−2x
k−2 + · · ·+ α1x+ α0,

when α > 0, the polynomial has all roots with negative real parts if and only
if all the leading principal minors of the k × k matrix

A =


α1 α0 · · · 0
α2 α1 · · · 0
...

... . . . ...
α2k−1 α2k−2 · · · αk


are positive and αk > 0. We assume that αj = 0 if j < 0 or j > k.

Let us consider a system

ẋ = f(x, µ), x ∈ Rn, µ ∈ R1, (1)

with an equilibrium (x0, µ0) and f ∈ C∞.
There is another theorem, which shows the existence of Hopf bifurcation in
system (1).
Theorem 2. Assume that system (1) has an equilibrium (x0;µ0) at which
the following properties are satisfied:
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(SH1) Dxfµ0
(x0) has a simple pair of pure imaginary eigenvalues and other

eigenvalues have negative real parts.

Thus, there exists a smooth curve of equilibria (x(µ);µ) with x(µ0) = x0.
The eigenvalues λ(µ); λ̄(µ) of Dxfµ0

(x(µ)) which are imaginary at µ = µ0

vary smoothly with µ. In addition, if

(SH2) d(Re(λ(µ))/dµ ̸= 0,

then a simple Hopf bifurcation will occur.

Proof. See [8].

Moreover, researchers can apply n principal sub-determinants to obtain
a parameter value for Hopf bifurcation Theorem. It should be noted that
the characteristic polynomial of the Jacobian matrix J(µ) of system (1) is
denoted as follows:

P (λ;µ) = det(λIn − J(µ)) = p0(µ) + p1(µ)λ+ · · ·+ pn(µ)λ
n,

where every pi(µ) is a smooth function of µ, and pn(µ) = 1. We consider the
case p0(µ) > 0, because there is not any nonnegative real root. Let

Ln(µ) =


p1(µ) p0(µ) · · · 0
p2(µ) p1(µ) · · · 0

...
... . . . ...

p2n−1(µ) p2n−2(µ) · · · pn(µ)


where pi(µ) = 0 if i < 0 or i > n. Moreover, when p0(µ) > 0, according to
the Routh–Hurwitz criterion, the polynomial P (λ;µ) of λ has all roots with
negative real parts if and only if the following n principal subdeterminants
of Ln(µ) are positive:

• D1(µ) = det(L1(µ)) = p1(µ) > 0,

• D2(µ) = det(L2(µ)) = det

(
p1(µ) p0(µ)
p3(µ) p2(µ)

)
> 0,

...

• Dn(µ) = det(Ln(µ)) > 0.

Since Dn(µ) = pn(µ)Dn−1(µ) and for characteristic equation pn(µ) = 1, the
Routh–Hurwitz criterion conditions can be formulated as

p0(µ) > 0, D1 > 0, D2 > 0, . . . , Dn−1 > 0.
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Theorem 3. Suppose that there is a smooth curve of equilibria (x(µ), µ)
with x(µ0) = x0 for (1). Then conditions (SH1) and (SH2) for a simple
Hopf bifurcation are equivalent to the following conditions on the coefficients
of the characteristic polynomial P (λ;µ):

1. p0(µ0) > 0;D1(µ0) > 0; . . . ;Dn−2(µ0) > 0;Dn−1(µ0) = 0,

2. dDn−1(µ0)
dµ ̸= 0.

Proof. see [13].

2.2 Neuron model

Because a complete study of a neuronal model including all the currents iden-
tified experimentally is very complex, we study the dynamics of a reduction
of the canonical leech heart interneuron model. Depending on the parame-
ter values, the model may display several regimes, including tonic spiking,
bursting, and quiet phase. These regimes represent the intricacy of the dy-
namics of diverse membrane ionic currents acting on distinct time scales.
These neurons are particularly attractive for analysis in terms of the theory
of dynamical systems since their membrane ionic currents were measured via
voltage-clamp experiments and well described by a canonical model using
the Hodgkin–Huxley formalism. We focus on the dynamics of a single in-
terneuron when isolated pharmacologically from the rest of the network. In
these neurons, eight voltage-dependent ionic currents have been well identi-
fied and characterized [18, 9]. These currents are separated into four groups
and classified by their ionic specificity in Table 1. Moreover, “C.N.” is the
abbreviation of current names. The model equations for INa current were

Table 1: Ionic currents in leech heart interneuron model

Ion C.N. Description Method of quantify

Na INa
INaP

fast sodium current
persistent sodium current

Hodgkin–Huxley
Voltage clamp

K
IK1

IK2

IKa

delayed rectifier-like potassium current
persistent potassium current

fast transient potassium
Voltage clamp

Ca ICaF
ICaS

rapidly inactivating current
slowly inactivating current Voltage clamp

Na, K Ih hyperpolarization activated current Voltage clamp

borrowed from the original work by Hodgkin and Huxley, which adjusted
for leech kinetics. These currents are independent of the intracellular con-
centration of any particular ion. A canonical model of a single neuron was
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described by a system of 14 differential equations running at multiple time
scales which vary from a few milliseconds through seconds. As pointed out
before, a complete investigation of this concept would be exceedingly tough
and difficult. By blocking clusters of currents in live cardiac interneurons and
exploiting their distinctive characteristics, neuronal dynamics are simplified.
From the standpoint of the theory of dynamical systems, these distinctive
behaviors provide intriguing phenomena for investigation [19].
Shilnikov and Cymbalyuk [19] removed from the 14-D canonical model de-
veloped in [9] the equations and terms describing blocked currents: ICaF ,
ICaS , and Ih. For simplicity, they assumed that the partial block of outward
currents completely removes IK1, as well as IKA, and the current INaP is
ignored, whereas it reduces IK2. Now, the neuron can be described by the
model based on just two currents activation of IK2 as mK2 and inactivation
of INa as hNa and V as the membrane potential. Therefore the resulting
model described in [3] is as follows:

CV ′ = −(ḡK2m
2
K2(V − EK) + gl(V − El)

+ḡNaf(−150, 0.0305, V )3hNa(V − ENa)),

m′
K2 =

f(−83,0.018+V shiftK2 ,V )−mK2

τK2
,

h′Na = f(500,0.03391,V )−hNa
τNa

,

(2)

where the variables V , mK2, and hNa display as membrane potential, acti-
vation of IK2, and an inactivation of INa, respectively.
Moreover, f is a Boltzman function: f(x, y, z) = 1

(1+ex(y+z))
and other

Table 2: Electrical properties of the leech heart interneuron Model

Parameter Description Unit(s) Value
C Membrane capacitance nF B.P.
ḡNa Maximum conductance of INa nS 200
ḡK2 Maximum conductance of IK2 nS 30
gl Leakage conductance of current nS 8
ENa Sodium reversal voltage mV 45
EK2 Potassium reversal voltage mV -70
El Leakage reversal voltage mV -46

V shiftK2

Shift of the membrane potential
of half-inactivation of IK2

from its canonical value
mV -25.98

τNa Time constants of inactivation of INa S 0.0405
τK2 Time constants of activation of IK2 S 0.9

parameters are described in Table 2. As we noted before, we use C as a
bifurcation parameter or (B.P.) in system (2).
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3 Main results

Now, we replace the parameter values are given in Table 2 in system (2) and
compute its equilibrium points. These points are as follows:

q1 = (0.004327, 0.424776, 0), q2 = (−0.02793, 0.04831, 0.04788).

To investigate the dynamical behavior of equilibrium points, we need to
get the Jacobian matrix of system (2) at these points. For this aim, we obtain
the Jacobian matrix of system (2) as follows:


− 200z

(a+1)3
− 90000a(x−0.045)z

(a+1)4
− 30y2 − 8 − 60(x+ 0.07)y − 200(x−0.045)

(a+1)3

92.2222Ce−83(x−0.00798)

(e−83(x−0.00798)+1)2
−1.11111C 0

− 12345.7Ce500(x+0.03391)

(e500(x+0.03391)+1)2
0 −24.6914C

 ,

where (V,mK2, hNa) = (x, y, z) and a = e−150(x+0.0305). The Jacobian ma-
trix and the characteristic equation of system 2 at q1 and q2 are computed
below

• at q1

Aq1(C) =

 −13.4131 −1.89443 8.00404
22.5345C −1.11111C 0

−0.0000613486C 0 −24.6914C

 ,

Pq1(λ,C) = 1422.06C2 + (27.4349C2 + 388.782C)λ

+(13.4131 + 25.8025C)λ2 + λ3,

• at q2

Aq2(c) =

 16.7353 −0.121944 3.07555
4.24029C −1.11111C 0
−562.805C 0 −24.6914C

 ,

Pq2(λ, c) = 1476.9C2 + (1299.64C + 27.4349C2)λ

+(25.8025C − 16.7353)λ2 + λ3.

Now, we investigate the stability of equilibria by the Routh–Hurwitz cri-
terion. Therefore we need to compute Li(C), i = 1, 2 and find where the
coefficients of the characteristic polynomials are positive. In the following,
we denote the coefficients of Pqi(λ,C) by Pij , where j shows the power of λ
parameter. Hence the Routh–Hurwitz criterion holds for Pq1(λ,C) if
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P10 = 1422.06C2 > 0;

P11 = 27.4349C2 + 388.782C > 0;

P12 = 25.8025C + 13.4654 > 0;

P13 = 1 > 0;

• D1(C) = det(L1(C)) = p1(C) = 27.4349C2 + 388.782C > 0;

• D2(C) = det(L2(C))

= det

(
27.4349C2 + 388.782C 1422.06C2

1 25.8025C + 13.4654

)
> 0.

We have similar conditions for Pq2(λ,C) as follows:

P20 = 1476.9C2 > 0;

P21 = 27.4349C2 + 1299.64C > 0;

P22 = 25.8025C − 16.7353 > 0;

P23 = 1 > 0;

• D1(C) = det(L1(C)) = p1(C) = 27.4349C2 + 1299.64C > 0;

• D2(C) = det(L2(C))

= det

(
27.4349C2 + 1299.64C 1476.9C2

1 25.8025C − 16.7353

)
> 0.

By the above computations, we have the following theorem.

Theorem 4. Let q1 = (0.00433, 0.42478, 0) and q2 = (−0.02793, 0.04831, 0.04788)
be the equilibrium points of system (2). Then

1. q1 is unstable for 0 < C ≤ 1,

2. q2 is stable for C > 0.678033 and unstable for C < 0.678033.

Proof. It is trivial.

If we put C0 = 0.678033 at q2 = (−0.02793, 0.04831, 0.04788), then we
get the following relations:

P20(0.678033) = 1476.9(0.6780332) > 0;

P21(0.678033) = 27.4349(0.6780332) + 1299.64(0.678033) > 0;

D2(0.678033) = det

(
27.4349C2

0 + 1299.64C0 1476.9C2
0

1 25.8025C0 − 16.7353

)
= 707.889C2

0 + 31597.9C0 − 21749.9 ≃ 0;
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dD2(C)

dC

∣∣
C=C0

=
d(707.889C2 + 31597.9C − 21749.9)

dC

∣∣
C=0.678033

= 1415.778(0.678033) + 31597.9 ̸= 0.

Therefore, according to these results we can state the following theorem.

Theorem 5. Suppose that for C0 = 678033 and equilibrium point q = q2 of
system (2) the following relations satisfy:

1. P20(C0) = 1476.9C2
0 > 0;

2. P21 = 27.4349C2 + 1299.64C0 > 0;

3. D2(C0) ≃ 0;

4. dD2(C)
dC

∣∣
C=C0

̸= 0.

Then C0 is a simple Hopf bifurcation value for system (2) at the equilibrium
point q = q2.

4 Numerical simulation

In this section, several numerical simulations are presented to verify the effi-
ciency of our analytical results. In addition, we draw the bifurcation diagram
that shows periodic orbits crossing the plane V = −0.025. The simulation
parameter values are shown in Table 3. We study the stability of the system’s
equilibrium points for particular C parameter values satisfying Theorems 4
and 5.
If we consider the starting point p1 = (0.0043, 0.42, 0.0001) near equilib-

Table 3: C parameters values and initial values

C Initial value Figure
0.64 (0.004,0.413,0.001) Figure 1
0.685 (-0.0266,0.0478,0.0475) Figure 2
0.6 (-0.0266,0.0478,0.0475) Figure 3

rium point q1, for C = 0.64, then it is observed that the equilibrium point is
unstable; see Figure 1.
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(a) (b)

(c) (d)

Figure 1: (a). Phase portrait in the space (V,mK2, hNa) at (0.0043, 0.42, 0.0001) and
C = 0.64. (b), (c), and (d). Time history of the neuronal model in terms of V,mK2 and
hNa, respectively.

(a) (b)

(c) (d)

Figure 2: (a). Phase portrait in the space (V,mK2, hNa) at (−0.0266, 0.0478, 0.0475) and
C = 0.685. (b), (c), and (d). Time history of the neuronal model in terms of V,mK2

and hNa, respectively.
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Now suppose that the starting point p2 = (−0.0266, 0.0478, 0.0475) near
equilibrium point q2, for parameter C = 0.64. Then it is observed that the
equilibrium point is unstable; see Figure 2.

Therefore, by Theorem 5, C0 = 0.678033 is a Hopf bifurcation value

(a) (b)

(c) (d)

Figure 3: (a). Phase portrait in the space (V,mK2, hNa) at (−0.0266, 0.0478, 0.0475) and
C = 0.6. (b), (c), and (d). Oscillatory waveforms generated by the neuron model (2) in
terms of V,mK2 and hNa, respectively.

for equilibrium q2 of leech heart interneuron model. Furthermore, for
C0, the Jacobian matrix Aq2(C0) has a pair of pure imaginary eigenvalues
λ1;λ2 ≃ ±29.842209i, and a negative real eigenvalues λ3 = −0.762921.
We solved equation (2) by means of the fourth and fifth-order Runge–Kutta
(RK-45) method. To show the occurrence of Hopf bifurcation, we present
some numerical simulations. The related trajectories in the phase space
(V,mK2, hNa) and the oscillatory waveforms generated by the neuronal model
(2) for different values of parameter C are presented in Figures 3 and 4.
In Figure 5, we show that by considering a fixed point and changing C, the
periodic orbit at the bifurcation value disappeared. As it is illustrated in
Figure 4, the equilibrium point

q2 = (−0.02793, 0.04831, 0.04788)
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Figure 4: Comparison between phase portraits and oscillatory waveforms in (V, hNa)-
space for C = 0.645 and C = 0.72.

Figure 5: Bifurcation diagram of system (2)

is a stable focus when the membrane capacitance is bigger than C0. In this
case, through time, the amplitude of oscillatory waveforms will vanish. While
for C < C0, the equilibrium point q2 turns out to be an unstable focus
surrounded by a stable limit cycle.

This subsystem exhibits either tonic spiking, which corresponds to a stable
limit cycle or quiescence which corresponds to a stable equilibrium point.
Stability loss of the stable limit cycle in the fast subsystem gives rise to a
stable equilibrium through a supercritical Andronov–Hopf bifurcation. When
a stable limit cycle shrinks into an unstable equilibrium, then the equilibrium
becomes stable. That is, the equilibrium undergoes supercritical Andronov–
Hopf bifurcation.
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5 Conclusion

Since finding bifurcations, such as Hopf bifurcations in dynamical systems, is
not an easy task, mathematical researchers are looking for computer tools and
methods to observe Hopf bifurcations and estimate the number of bifurcation
parameters.

In this paper, a leech heart interneurons model has been considered when
membrane capacitance is the control parameter. Then by using the Routh–
Hurwitz criteria, the sufficient conditions have been examined such that under
which the system undergoes supercritical Andronov–Hopf bifurcation. Hence,
in this model, the transition between the silent phase and tonic spiking mode
was through Hopf bifurcation. Moreover, the authors introduced an interval
in the parameters space in which the system has a stable limit cycle in which
the neuron is in a tonic spiking mode. Numerical simulations were carried
out using the fourth and fifth-order Runge–Kutta method to support our
analytical results. In fact, by simulations and Hopf bifurcation theory, we
showed that the stable limit cycle could be disappeared.
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equation using rational radial basis

functions method
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We apply the rational radial basis functions (RRBFs) method to solve
the Allen–Cahn (A.C) equation, particularly when the equation has a so-
lution with steep front or sharp gradients. We approximate the spatial
derivatives by the RRBFs method. Then we apply an explicit, fourth-
order Runge–Kutta method to advance the resulting semi-discrete system
in time. It is well known that the A.C equation has a nonlinear stability
feature, meaning that the free-energy functional is reduced by time. The
presented method maintains the total energy reduction property of the A.C
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1 Introduction

In this paper, we examine the Allen–Cahn (A.C) equation as follows:

wt = νwzz − h(w), z ∈ [a, b], t ∈ (0, T ], (1)

with the initial condition

w (z, 0) = g(z), z ∈ [a, b], (2)

and Dirichlet boundary conditions as

w (a, t) = l (t) , w (b, t) = k (t) , t ∈ [0, T ], (3)

where the parameter ν is a positive constant and usually represents the in-
terfacial width. The term h(w) = H

′
(w) with H(w) = 1

4 (w
2 − 1)2 is a given

energy potential.
The A.C equation was initially given by Allen and Cahn [1] to illustrate

the motion of anti-phase boundaries in crystal solids. The A.C equation is
a specific type of nonlinear partial differential equation used extensively to
model various phenomena, such as crystal growth [3, 12], phase transitions
[6, 28], image analysis [2, 8, 20, 26], texture growth [9, 23, 24, 27], and surface
dynamics in material science [13, 21].

We know that the solution w(z, t) to the A.C equation has the feature
that the total energy ET (w) is reduced over time, and it is given as follows:

ET (w) =
∫ b
a

(
1
2ν|wz|

2 +H(w)
)
dz, (4)

and may be used to assess the accuracy of the rational radial basis functions
(RRBFs) method presented here.

In general, the analytical solution of the A.C equation is not available. So
many researchers tend to use numerical methods, such as finite difference [22],
finite element [11], Fourier spectral with periodic boundary condition [25],
and radial basis functions (RBFs) methods [29]. In recent years, researchers
have been interested in developing numerical methods that can preserve the
energy dissipation property of the A.C equations.

Among these methods, the meshless technique avoids mesh generation. It
uses scattered points instead of meshing the domain of the problem. For more
description, see [14, 15, 16, 30, 36, 38]. The RBFs methods are substantial
instruments for scattered points interpolation and solving partial differential
equations (PDEs). When the underlying function or the solution of PDE is
sufficiently smooth, RBFs methods can produce exponential accuracy, but if
the underlying function or the solution of PDE has steep gradients or discon-
tinuities, then the RBFs method may produce solutions with oscillation. In
such situations, the RRBFs method can be used to approximate derivatives of
functions and to solve PDEs [35]. RRBFs method approximating solutions in
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nonlinear spaces generated by RBFs is more computationally expensive than
the standard RBFs methods. For smooth problems, the accuracy obtained
from these methods may not be worth the additional computations. How-
ever, for problems with discontinuities and steep fronts, these methods will be
considerably more accurate, and the additional computations will be justified.

In 2009, the RRBFs method was used to interpolate functions with steep
gradients by Jakobsson, Andersson, and Edelvik [17]. Sarra and Bai [35] ex-
tended the method of Jakobsson et al. to interpolate discontinuous functions
and solve Burger’s equation. The RRBFs-based partition of unity interpola-
tion was used by De Marchi, Martinez, and Perracchione [4], and in [37], the
authors used the RRBFs method for solving the Sine-Gordon equation.

In this paper, we apply the RRBFs method for solving (1) with conditions
given in (2)–(3), particularly when the equation has a solution with steep
front or sharp gradients. We approximate the spatial derivatives by the
RRBFs method. Then we apply an explicit, fourth-order Runge–Kutta (RK4)
method to advance the resulting semi-discrete system in time.

This paper is organized as follows: In Section 2, we introduce the RBFs
and RRBFs methods. The method implementation is given in Section 3. We
analyze stability issues in Section 4. In Section 5, we present the results of
numerical examples. Section 6 is dedicated to the conclusion.

2 RBFs and Rational RBFs interpolation

2.1 RBFs interpolation

Let Γ ⊆ Rm be a bounded set, let Z = {zc1, . . . , zcN} ⊆ Γ be a set of N distinct
points, hereinafter referred to as centers, and let F = {f(zc1), . . . , f(zcN )} be
a set of function values. An RBF

ψ(z) = ψ (∥z − zc∥2 , ϵ) , z, zc ∈ Rm,

is a function of one variable r = ∥z − zc∥2 that is centered at zc, which ϵ is a
free parameter and called the shape parameter [10, 35]. Also, in this paper,
m = 1.

The inverse quadratic RBF

ψ(r) =
1

1 + (ϵr)2

is a strictly positive definite RBF that we use it in all examples.
The RBF interpolant takes the form
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p(z) =
N∑
j=1

cj ψ
(
∥z − zcj∥2 , ϵ

)
, (5)

which the coefficients cj are obtained by solving the linear system

Ac = f,

based on the interpolation conditions p (zci ) = fi, where f = [f(zc1), . . . , f(zcN )]
T .

The elements of the matrix A are of the form

aij = ψ
(
∥zci − zcj∥2 , ϵ

)
, i, j = 1, . . . , N. (6)

Moreover, A is a symmetric positive definite matrix and thus invertible.
The evaluation of the interpolant (5) at M points zj is done by multiplying
c by E, where the elements of the matrix E are of the form

eij = ψ
(
∥zi − zcj∥2 , ϵ

)
, i = 1, . . . ,M, j = 1, 2, . . . , N. (7)

The first and second derivatives of RBF interpolant are of the form

D(p(z)) =
N∑
j=1

cj D
(
ψ
(
∥z − zcj∥2 , ϵ

))
.

Thus

D(p(zci )) =
N∑
j=1

cj Dψ
(
∥zci − zcj∥2 , ϵ

)
,

that is,
Df ≃ EDc,

where the elements of ED are of the form

(ED)ij = Dψ
(
∥zci − zcj∥2 , ϵ

)
, i, j = 1, . . . , N,

and

D(D(p(z))) =
N∑
j=1

cj D
(
Dψ

(
∥z − zcj∥2 , ϵ

))
.

Thus

D(D(p(zci ))) =
N∑
j=1

cj D
(
Dψ

(
∥zci − zcj∥2 , ϵ

))
,

that is,
D(Df ) ≃ EDDc,

where the elements of EDD are of the form
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(EDD)ij = D
(
Dψ

(
∥zci − zcj∥2 , ϵ

))
, i, j = 1, . . . , N.

The following theorem [4] gives an error bound in terms of the power
function Pψ,Z , where Nψ(Γ) is the native reproducing kernel Hilbert space
corresponding to the symmetric positive definite RBF [10].

Theorem 1. Let ψ ∈ C(Γ × Γ) be a strictly positive definite RBF, and
suppose that Z = {zc1, . . . , zcN} ⊆ Γ is a set of distinct points and that p is
the interpolant to f ∈ Nψ(Γ). Then for all z ∈ Γ, we have

|f(z)− p(z)| ≤ Pψ,Z(z)∥f∥Nψ(Γ)
.

2.2 Rational RBFs interpolation

The RBFs interpolants have problems, such as ill-conditioning, especially
when the shape parameter tends to zero. These problems might lead to
inaccurate solutions, particularly when the functions with steep front or sharp
gradients are considered [33]. Moreover, when the functions have steep fronts
or sharp gradients, the rational RBFs method approximates them better than
the standard RBFs method [35]. These are the main reasons that we use
rational RBFs interpolants.

The RRBF interpolant of function f is given by

Q(z) = u(z)
v(z) ,

that satisfies in the interpolation conditions

Q(zck) = f(zck), k = 1, 2, . . . , N,

and u(z) and v(z) are the RBF interpolants

u(z) =
N∑
j=1

cuj ψ
(
∥z − zcj∥2 , ϵ

)
,

and

v(z) =
N∑
j=1

cvj ψ
(
∥z − zcj∥2 , ϵ

)
.

Let u = [u(zc1), . . . , u(zcN )]
T and v = [v(zc1), . . . , v(zcN )]

T
. By applying the

interpolation conditions, we have a system of equations that is underdeter-
mined. Thus in order for the rational interpolant to be defined uniquely, we
add an additional condition (for more descriptions, see [17, 35]), which leads
the native space semi-norms [10] of the RBF interpolants u(z) and v(z) to be
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minimized. By adding the condition, we will have a minimization problem
with the solution v, which is the eigenvector corresponding to the smallest
eigenvalue problem

Rv = λv,

where
R = diag

(
1/

(
f 2

∥f ∥22
+ 1

))(
DA−1D

∥f ∥22
+A−1

)
, (8)

and A is the RBF system matrix given in (6), f = [f(zc1), . . . , f(zcN )]
T , and

D = diag (f(zc1), . . . , f(zcN )). Moreover, division is elementwise and f 2 is an
elementwise squaring of the elements of the vector f. When v is found, u is
obtained by u = Dv. When u and v are found, we obtain the coefficients of
the RBF interpolants by solving two linear systems,

Acu = u and Acv = v. (9)

Now we evaluate the rational interpolant at M points zj by

Q =
Ecu

Ecv
, (10)

where division is elementwise, E is the RBF evaluation matrix (7), and Q =

[Q(z1), . . . ,Q(zM )]
T .

Now, we calculate the derivatives of the rational interpolant at N points
zci by applying quotient rule as below:

Q′
=

(Acv) . (EDc
u)− (Acu) . (EDc

v)

(Acv)
2 , (11)

Q′′
=

2(Acu).(EDc
v)2 + (Acv)2.(EDDc

u)

(Acv)3

−
(Acv).

(
2 (EDc

u) . (EDc
v) + (Acu) . (EDDc

v)
)

(Acv)3
, (12)

where Q′
=
[
Q′

(zc1), . . . ,Q
′
(zcN )

]T
, Q′′

=
[
Q′′

(zc1), . . . ,Q
′′
(zcN )

]T
, A is the

RBF system matrix, and ED and EDD are the first and second derivatives
of evaluation matrix at N points zci .

It is concluded from (9) and (10) that the RRBFs interpolant is made by
the RBFs interpolation matrix A. Therefore, we are able to provide error
bounds for the RRBFs interpolation [4]. For this purpose, we must consider
u and v as the values obtained by sampling some functions r and s ∈ Nψ(Γ),
respectively.

Proposition 1. Suppose that Γ ⊆ Rm, ψ ∈ C(Γ × Γ) is a strictly positive
definite RBF, and let Z = {zc1, zc2, . . . , zcN} ⊆ Γ be a set of distinct points
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and let Q be the RRBF interpolant to f ∈ Nψ(Γ). Moreover, let us suppose
r, s ∈ Nψ(Γ). Then for all z ∈ Γ, we have

|f(z)−Q(z)| ≤ 1

|v(z)|
(
|f(z)|∥s∥Nψ(Γ) + ∥r∥Nψ(Γ)

)
Pψ,Z(z).

So Proposition 1 gives the error bound for the RRBFs interpolant in terms
of data values and power function, as for the standard RBFs interpolant.

3 RRBFs method for solving A.C equation

Now, we use the RRBFs method to solve the A.C equation. In fact, we de-
velop RRBFs to study the A.C equation with Dirichlet boundary conditions.
In our method, we employ the derivatives of the RRBFs to approximate the
spatial derivatives. Then we apply an explicit, RK4 method to advance the
resulting semi-discrete system in time. In fact, we first approximate the
spatial derivatives at N centers zci at time tn, that is,

Wzz (z, t
n) =

[
Wzz (zc1, tn) ,Wzz (zc2, tn) , . . . ,Wzz (zcN , tn)

]T
,

of the A.C equation
wt = νwzz − h(w)

by the RRBFs method, which is given by computing (12) when

Wn =
[
W (zc1, tn) ,W (zc2, tn) , . . . ,W (zcN , tn)

]T
,

is considered instead of f. This leads to a system of ordinary differential
equations of the form

Wt = G(W, t).

Then we apply RK4 method to solve the above system of equations as follows:

K1 = ∆tG(Wn, tn),

K2 = ∆tG(Wn + 0.5k1, t
n + 0.5∆t),

K3 = ∆tG(Wn + 0.5k2, t
n + 0.5∆t),

K4 = ∆tG(Wn + k3, t
n +∆t),

Wn+1 = Wn + 1
6 (K1 + 2K2 + 2K3 + K4),

(13)

where tn = tn−1 + ∆t and ∆t is the time step size. Clearly, to obtain W1

initial value, W0 is required in the iterative computation. Using the initial
condition in (2), we have W0 =

[
g(zc1), g(zc2), . . . , g(zcN )

]T .
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To apply the Dirichlet boundary conditions (3), we directly replace
W (zc1, tn) with w(a, tn) = l(tn) and W (zcN , tn) with w(b, tn) = k(tn).

4 Stability issue

Since the RRBFs interpolant is constructed by using the standard RBFs inter-
polation matrix, the RRBFs method can also suffer from instability problems,
especially for ϵ→ 0. In fact, serious problems of ill-conditioning may occur by
choosing the wrong values of the shape parameter, particularly for infinitely
smooth RBFs. In order for the system matrix B to be well-conditioned, the
shape parameter ϵ must not be too small, but small shape parameters are
required to obtain better accuracy for the interpolation with RBFs. This
is known as the uncertainty principle. We choose the shape parameter ϵ so
that the collocation matrix B has a condition number, κ(B), in the range
1013 ≤ κ(B) ≤ 1015, in order to determine the proper value for ϵ [34]. These
bounds for the condition number are valid when using a computer that im-
plements double precision floating point arithmetic, but the bounds will be
different when using other floating point number systems.

5 Numerical results

In this section, we consider five numerical examples of the A.C equation to
validate the presented scheme. The accuracy and efficiency of the method
are confirmed by calculating L∞, L2, and RMS error norms as follows. We
also investigate energy dissipation property in our numerical experiments to
illustrate the efficiency of the presented method.

L∞ = ∥W − w∥∞,

L2 = ∥W − w∥2,

RMS =
√

1
N ∥W − w∥2,

where w and W are the exact and numerical solutions, respectively. Moreover,
in all numerical examples, we have used uniformly spaced centers

zci = a+
i− 1

N − 1
(b− a), i = 1, 2, . . . , N.

Also in the examples, we evaluate the total energy ET given in (4) using the
composite trapezoidal rule for integration.

Example 1. In this example, we examine the A.C equation with three large
gradients
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wt = νwzz + w − w3, z ∈ [−1, 1],

and with the initial and Dirichlet boundary conditions [18]

w(z, 0) = 0.5z − 0.5 sin(1.5πz), w(1, t) = −w(−1, t) = 1.

The results are obtained using ν = 10−5, k = ∆t = 0.01, shape parameter
ϵ = 6, and N = 100 centers. In Figure 1, we present the approximate solution
at time t = 10 and the space-time graph of the approximate solution. Table
1 shows the values of the energy at various times. It can be seen from Table
1 that energy reduces over time and that the RRBFs method resolves the
problem accurately.

Table 1: Energy of the A.C equation for Example 1 at several times.

Time (t) t = 0 t = 1 t = 2 t = 5 t = 10 t = 20
Energy (ET ) 0.3403 0.1941 0.0738 0.0017 7.6908e-04 7.6900e-04

Example 2. In this example, we examine the A.C equation

wt = νwzz + w − w3,

in the computational domain [−1, 1] × [0, 10] with the parameter ν = 10−6.
The initial condition is given by [31, 5]

w(z, 0) = 0.6z + 0.4 sin
(π
2
(z2 − 3z − 1)

)
,

and the Dirichlet boundary conditions are

w(1, t) = −w(−1, t) = 1.

We solve the problem with the RRBFs method with k = ∆t = 0.01, N = 100
centers, and the shape parameter ϵ = 6. We have obtained the solution up
to time t = 10. The graph of approximate solutions at times t = 0, 2, 4, 6, 10
and space-time graph for t ∈ [4, 10] are shown in Figure 2. As it is seen, the
solution has a steep front at different times. Table 2 shows the energy at
several times. It can be seen from Table 2 that energy reduces over time as
theory guarantees and that the RRBFs method resolves the problem accu-
rately.

Example 3. Consider the A.C equation

wt = νwzz + w − w3, z ∈ [0, 1], t ≥ 0
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(a) RRBFs solution at time t = 10.
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(b) Space-time graph.

Figure 1: Numerical results for the solution of Example 1.
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(a) RRBFs solution at time t = 0.

-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1

z

-2

-1.5

-1

-0.5

0

0.5

1

1.5

2

W
(z

,t)

(b) RRBFs solution at time t = 2.
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(c) RRBFs solution at time t = 4.
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(d) RRBFs solution at time t = 6.
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(e) RRBFs solution at time t = 10.
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(f) Space-time graph.

Figure 2: Numerical results for the solution of Example 2.
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Table 2: Energy of the A.C equation for Example 2 at several times.

Time (t) t = 0 t = 2 t = 4 t = 6 t = 10
Energy (ET ) 0.3161 0.0945 0.0154 5.3755e-04 7.1318e-05

with the initial and Dirichlet boundary conditions [7]

w(z, 0) = sin(7πz), w(0, t) = w(1, t) = 0.

For the numerical solution, we use N = 100 centers, ν = 0.0025, k = ∆t =
0.001, and the shape parameter ϵ = 8. The plots of the numerical solution
and the energy are shown in Figure 3. It can be seen that energy reduces
over time, as the theory guarantees. Compared with [7], better accuracy is
obtained.

Example 4. Consider the A.C equation

wt = wzz +
1

ν2
(w − w3),

in the region 0 ≤ z ≤ 15, where the parameter ν = 0.08, and the initial
condition is given by

w(z, 0) = 0.5− 0.5 tanh
(
z − 2

2
√
2ν

)
.

The analytical solution is given in [19] as

w (z, t) = 0.5− 0.5 tanh
(
z − 2− rt

2
√
2ν

)
,

where r = 3√
2ν
, we obtain the Dirichlet boundary conditions from the exact

solution and solve this problem with the RRBFs method with k = ∆t =
0.00001, N = 200 centers and the shape parameter ϵ = 2.25.

The graphs of exact and approximate solutions at time t = 0.04 are shown
in Figure 4. As it is seen, the solution has a steep front. Table 3 shows the
L∞, L2, RMS errors, and energy

ET (w) =

∫ b

a

(
1

2
|wz|2 +

1

4ν2
(w2 − 1)2

)
dz

at several times. It can be seen from Table 3 that the energy reduces over
time and that the RRBFs method resolves the problem accurately. Also, the
results of the method are well matched with analytical solutions.
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(b) RRBFs solution at time t = 5.
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(c) RRBFs solution at time t = 10.
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(d) RRBFs solution at time t = 40.
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Figure 3: Numerical results for the solution of Example 3.
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Table 3: Errors and energy of Example 4.

t L∞ L2 RMS Energy (ET )
0 0 0 0 509.2856

0.001 2.3112e-05 2.3259e-05 1.6447e-06 508.2498
0.005 5.8036e-04 1.2000e-03 8.2960e-05 504.0963
0.01 5.8573e-04 1.2000e-03 8.2963e-05 498.9173
0.04 7.8661e-05 1.6396e-04 1.1594e-05 467.8536
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(b) Pointwise error at t = 0.04.

Figure 4: Numerical results for the solution of Example 4.

Example 5. Consider the A.C equation

wt = wzz +
1

ν2
(w − w3),

with a forcing term h added by imposing analytical solution w(z, t) =
e−t cos(2πz) in the domain 0 ≤ z ≤ 1, where the parameter ν = 0.1 [32].
We obtain the Dirichlet boundary conditions from the analytical solution
and solve this problem with the RRBFs method with k = ∆t = 10−4/8,
N = 100 centers and the shape parameter ϵ = 8. The graphs of exact and
approximate solutions at time t = 0.1 are shown in Figure 5. Table 4 shows
the L∞, L2, RMS errors, and energy at several times. It can be seen from Ta-
ble 4 that the energy reduces over time and that the RRBFs method resolves
the problem accurately. Also, the results of the method are well matched
with analytical solutions and somehow better than the earlier works.
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Table 4: Errors and energy of Example 5.

RRBF RBF [32]
t L∞ L2 RMS ET L∞ L∞
0 0 0 0 19.2446 0 -

0.001 1.6671e-07 2.6333e-07 2.6333e-08 19.2374 2.1880e-06 -
0.005 1.7437e-07 3.7249e-07 3.7249e-08 19.2095 2.3599e-06 -
0.01 1.7140e-07 4.2040e-07 4.2040e-08 19.1766 2.3762e-06 8.3500e-06
0.1 1.1485e-05 8.0532e-05 8.0532e-06 18.8965 1.2587e-05 6.6300e-05
0.3 4.2165e-05 2.5234e-04 2.5234e-05 19.5199 6.5511e-04 -
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Figure 5: Numerical results for the solution of Example 5.

6 Conclusion

This paper investigated the application of the RRBFs method to find the nu-
merical solution of the A.C equation with Dirichlets’s boundary conditions,
especially when the equation has a solution with steep front or sharp gradi-
ents. The combination of RRBFs in space and RK4 in time gave accurate
and reliable solutions to the A.C equation. To illustrate the accuracy and ef-
ficiency of the presented method, we carried out five examples and presented
the corresponding graphs and tables, and compared the results with some
earlier works. Moreover, it can be observed that in the case where the an-
alytical solution exists, the numerical solutions described the good accuracy
of the method. These results support the assurance of using the method for
equation (1) when the analytical solution is not known. In addition, for all
examples, the energy dissipation law was investigated. In order to generalize
the RRBFs method implementation to higher dimensional time-dependent
PDEs, we need to localize the method with a modified partition of the unity
method. It is behind the scope of our paper, and we leave it to our further
work.
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Regularization of the generalized
auto-convolution Volterra integral

equation of the first kind

S. Pishbin*and A. Ebadi

Abstract

In this paper, a generalized version of the auto-convolution Volterra inte-
gral equation of the first kind as an ill-posed problem is studied. We apply
the piecewise polynomial collocation method to reduce the numerical solu-
tion of this equation to a system of algebraic equations. According to the
proposed numerical method, for n = 0 and n = 1, . . . , N − 1, we obtain a
nonlinear and linear system, respectively. We have to distinguish between
two cases, nonlinear and linear systems of algebraic equations. A double
iteration process based on the modified Tikhonov regularization method is
considered to solve the nonlinear algebraic equations. In this process, the
outer iteration controls the evolution path of the unknown vector Uδ

0 in the
selected direction ũ0, which is determined from the inner iteration process.
For the linear case, we apply the Lavrentiev m̃ times iterated regulariza-
tion method to deal with the ill-posed linear system. The validity and
efficiency of the proposed method are demonstrated by several numerical
experiments.
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1 Introduction

Auto-convolution equations have been investigated by mathematicians in var-
ious fields. Some of the applications of auto-convolution equations are in
spectroscopy, stochastic, and probability theory. In 1990, for a deeper un-
derstanding of mathematics and applied numerical analysis of stochastic [19],
inverse deconvolution problems were made as a class of problems in continu-
ous spaces. Auto-convolution Volterra integral equations (AVIEs) of the first
kind,

g(t) =

∫ t

0

u(t− s)u(s)ds, (1)

as an ill-posed problem, have been studied in [3, 5, 6, 9]. Conditions for the
compactness, injectivity, and weakly closed of the associated integral operator
in (1) have been studied in [9]. Also, the authors applied the Tikhonov regu-
larization for the nonlinear ill-posed problem (1) together with an approach
to defining different levels and degrees of ill-posedness in Hilbert spaces. In
[3], the authors have developed a local regularization theory for the nonlinear
inverse auto-convolution problem (1), which provides regularization methods
to preserve the causal nature of the auto-convolution problem. Also, they
investigated the convergence of the regularized solutions to the true solution
as the noise level in the data shrank to zero and supplied convergence rates
for the cases of both L2 and continuous data. For confluent hypergeometric
functions, a class of auto-convolution equations of the first kind was derived
in [23] and a further class of auto-convolution equations of the first kind with
Mittag-Leffler type functions as solutions was treated. In [5], the authors
have presented new results concerning the ill-posedness character of the non-
linear auto-convolution equation (1) and discussed quasi-solutions restricted
to specific (relatively) compact subsets together with limitations of Fourier
transform techniques for analyzing the auto-convolution problem. Some reg-
ularization methods and specific numerical approximations applied to the
first kind of integral equations as well as the equation (1) were also discussed
in [10, 11, 12, 7, 18, 2, 22, 3, 1, 24, 26, 28, 29, 30, 4, 13, 25, 16]. The auto-
convolution equation (1) is an interesting example of a nonlinear ill-posed
operator equation with interesting properties. We can consider important
properties from [9] in the following form:

The auto-convolution operator F : L2(0, 1) −→ L2(0, 1) is defined by

[F (u)](t) :=

∫ t

0

u(t− s)u(s)ds, 0 ≤ t ≤ 1,

with a domain

D(F ) := {u ∈ L2(0, 1) : u(t) ≥ 0 a.e. on [0, 1]}. (2)
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The operator F is continuous, weakly closed but not compact; see [9]. On
the other hand, for all u∗ ∈ D(F ), the Fréchet derivative of F as a compact
linear operator can be defined by

[F ′(u∗)u](t) := 2

∫ t

0

u∗(t− s)u(s)ds, 0 ≤ t ≤ 1,

and also, we have

∥F (u)− F (u∗)− F ′(u∗)(u− u∗)∥L2(0,1) ≤ ∥u− u∗∥2L2(0,1).

Using the Titchmarsh convolution theorem [20], the injectivity of the
auto-convolution operator F and solutions of (1) can be given by the following
theorem.

Theorem 1. [6] For any u ∈ L2(0, 1), let

ε(u) := sup{0 ≤ ϵ ≤ 1 : u(t) = 0 a.e. on [0, ϵ]}.

Then the auto-convolution equation (1) together with (2) has a unique solu-
tion if and only if ε(g) = 0. If u∗ ∈ D(F ) is the uniquely determined solution,
then it fulfills the condition ε(u∗) = 0.

In this paper, we consider the generalized AVIEs of the first kind as∫ t

0

K(t, s)u(t− s)u(s)ds = g(t), t ∈ I := [0, 1], (3)

where g,K are given functions and u(t) is unknown function. Recently, in
[8], the authors have studied an ill-posed inverse problem of auto-convolution
equation such that this inverse problem occurs in nonlinear optics in the con-
text of ultrashort laser pulse characterization. They applied an iterative
regularization approach, which is specifically adapted to the physical situ-
ation in pulse characterization, using a nonstandard stopping rule for the
iteration process of computing regularized solutions. In [27], an AVIE of the
second kind was solved by using the collocation method according to piece-
wise polynomials, and the (super) convergence of the mentioned method has
been studied. However, as far as we know, it seems to be an open problem
under what conditions we can consider for the kernel in the integral equation
(3) to investigate the solutions of this equation similar to Theorem 1.

Here, we consider the numerical collocation method based on piecewise
polynomials to solve (3). According to the proposed numerical method, we
have to distinguish between two cases, nonlinear and linear systems. Since the
auto-convolution problem (3) is ill-posed, for given g, the solutions u need
not be uniquely determined and mainly small perturbations in the right-
hand side g caused by noisy data may lead to arbitrarily large errors in
the solution. To overcome the negative consequences of ill-posedness, we
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consider a novel double iteration process from [21] and the Lavrentiev m̃
times iterated regularization method [14] to deal with the ill-posed nonlinear
and linear algebraic systems, respectively.

2 Collocation methods

Let Πh be a uniform partition of the interval I with grid points

tn = nh, n = 0, . . . , N,

and let h be the stepsize. We consider polynomial spline approximations
uh(t) of the exact solution u(t) in the spline space

S−1
m−1(Πh) = {v : v|σn ∈ πm−1(0 ≤ n ≤ N − 1)}, (4)

where v|σn is the restriction of v to the subinterval σn = [tn, tn+1], and
πm−1(m ≥ 1) denotes the set of real polynomials of degree not exceeding
m − 1. Let the collocation parameters be 0 < c1 < c2 < · · · < cm ≤ 1 and
let the collocation points be tnj = tn + cjh, j = 1, . . . ,m, n = 0, . . . , N − 1.
Hence, our collocation solution uh ∈ S−1

m−1(Πh) is determined by

g(t) =

∫ t

0

K(t, s)uh(t− s)uh(s)ds, (5)

where the collocation equation is satisfied for t = tnj , j = 1, . . . ,m, n =
0, . . . , N − 1. We consider the approximate solution on the subinterval σn as

uh|σn = unh(tn + sh) =

m∑
j=1

Lj(s)Un,j , s ∈ (0, 1], (6)

where Un,j := uh(tn + cjh) and

Lj(s) :=

m∏
i=1,i ̸=j

s− ci
cj − ci

, j = 1, . . . ,m.

Inserting (6) into (5), we obtain

g(tn,i) =

∫ tn,i

0

K(tn,i, s)uh(tn,i − s)uh(s)ds

=

∫ tn,i

tn

K(tn,i, s)u
0
h(tn,i − s)unh(s)ds

+

n−1∑
k=0

∫ tk,i

tk

K(tn,i, s)u
n−k
h (tn,i − s)ukh(s)ds
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+

n−1∑
k=0

∫ tk+1

tk,i

K(tn,i, s)u
n−k−1
h (tn,i − s)ukh(s)ds. (7)

System (7) for n = 0 is a nonlinear system, and for n = 1, . . . , N − 1, it is
a linear system. Then we have to distinguish between two cases, n = 0 and
n = 1, . . . , N − 1.

2.1 Double iteration process to solve ill-posed nonlinear
algebraic systems

Case I: n = 0. Now (7) becomes

g(cih) =

∫ cih

0

K(cih, s)u
0
h(cih− s)u0h(s)ds

=h

∫ ci

0

K(cih, sh)u
0
h((ci − s)h)u0h(sh)ds

=h

m∑
j,k=1

∫ ci

0

K(cih, sh)Lj(ci − s)Lk(s)ds u
0
h(cjh)u

0
h(ckh)

=h

m∑
j,k=1

α
(i)
jku

0
h(cjh)u

0
h(ckh) = h

m∑
j,k=1

α
(i)
jkU0,jU0,k, (8)

where
α
(i)
jk =

∫ ci

0

K(cih, sh)Lj(ci − s)Lk(s)ds.

Nonlinear system (8) can be written as

f(U0)−G0 = 0, or F (U0) = 0, (9)

where

U0 = (U0,1, . . . , U0,m)
T ∈ Rm, G0 = (g(c1h), . . . , g(cmh))

T
.

Let us assume that gδ is an available approximation of g satisfying

∥gδ − g∥ ≤ δ,

where δ is a given noise level.
Now, we consider a novel double iteration process from [21] to deal with

the ill-posed nonlinear algebraic equation system (9). The proposed method
combines the residual norm based algorithm and the modified Tikhonov’s
regularization method. For the outer iteration process, the evolution path
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of the unknown vector follows the searching direction determined from the
inner iteration process, and the process requires the path falls on the space-
time manifold such that the convergence rate can be guaranteed. For the
inner iteration, the direction of evolution ũ is determined by solving a linear
algebraic equation

BTBũ = BTF,

where B is the Jacobian matrix. For an ill-posed system, this linear algebraic
equation is very difficult to solve since the resulting leading coefficient matrix
is ill-posed in nature. The modified Tikhonov’s regularization method [15] is
adapted to solve the ill-posed linear algebraic equation. However, for ill-posed
problems to really find the solution of ũ may require too many iteration steps
for the modified Tikhonov’s regularization method, which makes the whole
numerical process not economical at all. Therefore, the inner iteration process
stops while the direction ũ makes the value of ã0 smaller than the selected
margin ãc or when the number of inner iteration steps exceeds the maximum
tolerance Ĩmax. For the outer iteration process, it terminates once the root
mean square error for the residual is less than the convergence criterion ε
or when the number of inner iteration steps exceeds the maximum tolerance
Ĩmax.

Now, first, we consider a perturbed version of the system (9) as

F δ(U δ0 ) = 0, (10)

where F δ(U δ0 ) = f(U δ0 )−Gδ0. Then, we proposed a double iteration process
for system (9) based on the following algorithm.

Remark 1. Let θ1 = (x1, . . . , xn)
T and let θ2 = (y1, . . . , yn)

T . Then the
root mean squared error (RMSE) is defined as

REMS(θ1, θ2) =

√√√√ 1

n

n∑
i=1

(xi − yi)2.

Remark 2. From [21], the value of ãc is suggested to be in the range of
2.5 to 4, and the value of Ĩmax actually depends on the selection of ãc such
that it is suggested to be in the range of 30,000 to 80,000. The selection
of ε depends on the system we want to solve. If the system is a well-posed
system, then the value of ε can be very small, and also, if the system is an
ill-posed system, then the value of ε should not be very big.
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Algorithm 1 Double Iteration Process (DIP)

Step 1. Give initial guess U δ,00 and ε , α, Ĩmax, ãc.

Step 2.Outer Iteration: For k = 0, 1, 2, . . . Repeat

Compute F δk = F δ(U δ,k0 ) and the Jacobian matrix Bk = B(U δ,k0 ).

Step 3. Inner Iteration: Give the initial guess of ũ as ũ0 =
BTk F

δ
k

||BTk F δk ||
,

For p = 1, 2, . . . , Ĩmax, solve ũp+1 by (BTk Bk+αI)ũp+1 = BTk F
δ
k +αũp,

Compute ṽp+1 = Bkũp+1,

ηp+1 =
||F δk ||

2||ṽp+1||2

((F δk )
T ṽp+1)2

,

(a) If ηp+1 ≤ ãc, then ηk = ηp+1, ũk = ũp+1, ṽk = ṽp+1 and one ter-
minates the inner iteration; otherwise, continue.

(b) If p = Ĩmax, then terminate the whole process.

Step 4. End of Inner Iteration:

Calculate rk = ||1− ηk
2
||,

U δ,k+1
0 = U δ,k0 − (1− rk)

(F δk )
T ṽk

||ṽk||2
ũk.

If RMSE ≤ ε or (b) is true, then the outer iteration process
stop; otherwise, continue.

End of Iteration Process.

2.2 The Lavrentiev regularization method to solve
ill-posed linear algebraic system

Case I: For n = 1, . . . , N − 1, we can rewrite system (7) as

g(tn,i) =h

∫ ci

0

K(tn,i, tn + sh)u0h((ci − s)h)unh(tn + sh)ds (11)

+ h

∫ ci

0

K(tn,i, sh)u
n
h(tn + (ci − s)h)u0h(sh)ds
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+ h

n−1∑
l=1

∫ ci

0

K(tn,i, tl + sh)un−lh (tn−l + (ci − s)h)ulh(tl + sh)ds

+ h

n−1∑
l=0

∫ 1

ci

K(tn,i, tl + sh)un−l−1
h (tn−l + (ci − s)h)ulh(tl + sh)ds.

Using (6), we have

h

m∑
j,k=1

∫ ci

0

K(tn,i, tn + sh)Lj(ci − s)Lk(s)dsU0,jUn,k (12)

+ h

m∑
j,k=1

∫ ci

0

K(tn,i, sh)Lj(s)Lk(ci − s)dsU0,jUn,k

= g(tn,i)− h

n−1∑
l=1

m∑
j,k=1

∫ ci

0

K(tn,i, tl + sh)Lj(ci − s)Lk(s)dsUn−l,jUl,k

− h

n−1∑
l=0

m∑
j,k=1

∫ 1

ci

K(tn,i, tl + sh)Lj(1 + ci − s)Lk(s)dsUn−l−1,jUl,k.

Linear system (12) can be written as

AnUn = Yn, (13)

where

Un = (Un,1, . . . , Un,m)
T ∈ Rm, Gn = (g(tn,1), . . . , g(tn,m))

T
,

and Yn = f̂(U0, . . . , Un−1)+Gn. Since U0, . . . , Un−1 have been determined in
the previous steps, then Yn is a definite m-dimensional vector. A perturbed
version of the discrete system (13) may be considered as follows:

(An + ᾱnI)U
δ
n = Y δn . (14)

Now , we apply the Lavrentiev m̃ times iterated regularization method [14]
for the fixed integer m̃ ≥ 1, and the regularization parameter ᾱn > 0 for the
equation (13), which determines U δn based on the following algorithm.

Further issues related to theoretical analysis of the Lavrentiev-iterated
method can be found in the references [14, 17].

3 Numerical results

Two examples are considered in this section, which provides evidence of the
effectiveness of the proposed numerical methods applied to the first-kind
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Algorithm 2 The Lavrentiev m̃ times iterated regularization method
Step 1. Give N , m̃.

Step 2.Outer Iteration: For n = 1, 2, . . . , N − 1 Repeat

Determine An and Y δn
Choose initial guess U δ,0n and ᾱn .

Step 3. Inner Iteration: For p = 1, 2, . . . , m̃,

solve U δ,pn by (An + ᾱnI)U
δ,p
n = ᾱnU

δ,p−1
n + Y δn

If RMSE(U δ,p, U δ,p−1) ↛ 0, then stop the iteration, change ᾱn, and consider
the inner iteration with the new ᾱn.
Step 4. End of Inner Iteration:

put U δn = U δ,m̃n

End of Iteration Process.
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Figure 1: Log[RMSE] versus the number of iteration steps with N = 4, δ = 0 for the
outer loop in Example 1 (left). The value of η never exceeds the critical value ãc = 2.5
in Example 1 (right).

auto-convolution equation. We produce the perturbed data gδ by adding
uniformly distributed noise from the interval [−δg, δg] to the discrete values
of g(t) for t = tn,i, n = 0, . . . , N − 1, i = 1, . . . ,m. All the computations were
performed by Wolfram Mathematica 10.0. �

Example 1. Consider the AVIE of the first kind as follows:
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Figure 2: Log[RMSE] versus the number of iteration steps with N = 8, δ = 0 for the
outer loop in Example 1 (left). The value of η never exceeds the critical value ãc = 2.5

in Example 1 (right).
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Figure 3: Log[RMSE] versus the number of iteration steps with N = 4, δ = 10−6 for the
outer loop in Example 1 (left). The value of η never exceeds the critical value ãc = 2.5
in Example 1 (right).

g(t) =

∫ t

0

cos(t− s)u(t− s)u(s)ds, t ∈ [0, 1], (15)

where g(t) = −2500e−t(t + t cos t − 2 sin t) and the exact solution u(t) =
50te−t.

Let m = 3, let N = 4, 8 and let the collocation parameters be c1 =
0.4, c2 = 0.6, c3 = 1. For n = 0, we have the following nonlinear system:

gδ(cih) = h

3∑
j,k=1

α
(i)
jkU

δ
0,jU

δ
0,k, i = 1, 2, 3, (16)
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Figure 4: Log[RMSE] versus the number of iteration steps with N = 8, δ = 10−6 for the
outer loop in Example 1 (left). The value of η never exceeds the critical value ãc = 2.5

in Example 1 (right).
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Figure 5: The absolute errors with N = 4, δ = 0 at the grid-points in Example 1 (left).
The absolute errors with N = 8, δ = 0 at the grid-points in Example 1 (right).

where

α
(i)
jk =

∫ ci

0

cos(cih− sh)Lj(ci − s)Lk(s)ds, i, j, k = 1, 2, 3.

For δ = 0, 10−6, we use the double iteration process (Algorithm 1) to solve
this problem with the initial guess U δ,00 = (1, 1, 1)T and the parameters
α = 0.1, Ĩmax = 30000, ãc = 2.5 and ϵ = 10−4. Figures 1–4 show that
for N = 4 and N = 8 with δ = 0, 10−6 the process terminates after 29 and 43
steps for the outer loop, respectively. Also, we observe that η never exceeds
the critical value ãc = 2.5, which once more shows that this method really
can guarantee the trajectory of the solution vector falls on the manifold. We
report the solutions of system (16) in Table 1 and use these values to solve
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Figure 6: The absolute errors with N = 4, δ = 10−6 at the grid-points in Example 1
(left). The absolute errors with N = 8, δ = 10−6 at the grid-points in Example 1 (right).
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Figure 7: Log[RMSE] versus the number of iteration steps with N = 4, δ = 0 for the
outer loop in Example 2 (left). The value of η never exceeds the critical value ãc = 2.5

in Example 2 (right).

the following linear system by the Lavrentiev m̃ times iterated regularization
method, for n = 1, . . . , N − 1:

h

3∑
j,k=1

∫ ci

0

cos[tn,i − (tn + sh)]Lj(ci − s)Lk(s)dsU
δ
0,jU

δ
n,k (17)

+ h

3∑
j,k=1

∫ ci

0

cos[tn,i − sh]Lj(s)Lk(ci − s)dsUδ
0,jU

δ
n,k

= gδ(tn,i)− h

n−1∑
l=1

3∑
j,k=1

∫ ci

0

cos[tn,i − (tl + sh)]Lj(ci − s)Lk(s)dsU
δ
n−l,jU

δ
l,k
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Figure 8: Log[RMSE] versus the number of iteration steps with N = 8, δ = 0 for the
outer loop in Example 2 (left). The value of η never exceeds the critical value ãc = 2.5

in Example 2 (right).

5 10 15 20
-10

-8

-6

-4

-2

0

Number of iteration steps for the outer loop

L
o
g
[R
M
S
E
]

5 10 15 20
0.5

1.0

1.5

2.0

2.5

Number of iteration steps for the outer loop

η

Figure 9: Log[RMSE] versus the number of iteration steps with N = 4, δ = 10−4 for the
outer loop in Example 2 (left). The value of η never exceeds the critical value ãc = 2.5

in Example 2 (right).

− h

n−1∑
l=0

3∑
j,k=1

∫ 1

ci

cos[tn,i − (tl + sh)]Lj(1 + ci − s)Lk(s)dsU
δ
n−l−1,jU

δ
l,k,

i = 1, 2, 3.

In Algorithm 2, we choose initial guess U δ,0n = (0, 0, 0)T , ᾱn = 0.01 and
m̃ = 20. The maximum absolute errors for N = 4, 8 and δ = 0, 10−6 have
been reported in Table 2. Also, Figures 5 and 6 show the absolute errors at
the grid-points for N = 4, 8 and δ = 0, 10−6.

Now, we consider a special case of (3) with K(t, s) = 1 from [3] as follows.

Example 2. [3] Consider the AVIE of the first kind as follows:
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Figure 10: Log[RMSE] versus the number of iteration steps with N = 8, δ = 10−4

for the outer loop in Example 2 (left). The value of η never exceeds the critical value
ãc = 2.5 in Example 2 (right).
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Figure 11: The absolute errors with N = 4, δ = 0 at the grid-points in Example 2 (left).
The absolute errors with N = 8, δ = 0 at the grid-points in Example 2 (right).

N = 4 N = 4 N = 8 N = 8

δ = 0 δ = 10−6 δ = 0 δ = 10−6

U δ0,1 4.52533 4.52527 2.37834 2.37832

U δ0,2 6.46103 6.46100 3.47984 3.47980

U δ0,3 9.68703 9.68729 5.50843 5.50838

Table 1: The solution of system (16) in Example 1

g(t) =

∫ t

0

u(t− s)u(s)ds, t ∈ [0, 1], (18)
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Figure 12: The absolute errors with N = 4, δ = 10−4 at the grid-points in Example 2
(left). The absolute errors with N = 8, δ = 10−4 at the grid-points in Example 2 (right).
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Figure 13: The absolute errors obtained by method 1 [3] with N = 50, r = 4, δ = 0 at
the grid-points in Example 2 (left). The absolute errors obtained by method 1 [3] with
N = 100, r = 4, δ = 0 at the grid-points in Example 2 (right).

N δ = 0 δ = 10−6

4 4.74× 10−2 4.74× 10−2

8 6.54× 10−3 1.83× 10−2

Table 2: The maximum absolute errors in Example 1

where g(t) = 3
10 t

5 − 3
2 t

4 + t3 + 3
4 t

2 + 1
16 t and the exact solution u(t) =

1− 3(t− 1
2 )

2.

In Example 2, assume that m = 2, N = 4, 8, δ = 0, 10−4, and the col-
location parameters as c1 = 0.6, c2 = 1. For n = 0, we solve the obtained
nonlinear system by the double iteration process (Algorithm 1) with the ini-
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Figure 14: The absolute errors obtained by method 1 [3] with N = 50, r = 4, δ = 10−4

at the grid-points in Example 2 (left). The absolute errors obtained by method 1 [3]
with N = 100, r = 4, δ = 10−4 at the grid-points in Example 2 (right).

tial guess U δ,00 = (1, 1)T and the parameters α = 0.1, Ĩmax = 30000, ãc = 2.5
and ϵ = 10−4. In what follows, for n = 1, . . . , N − 1, we solve the obtained
linear system by the Lavrentiev m̃ times iterated regularization method with
initial guess U δ,0n = (0, 0)T , ᾱn = 0.01 and m̃ = 20. The maximum absolute
errors for N = 4, 8 and δ = 0, 10−4 have been reported in Table 3.

N δ = 0 δ = 10−4

4 3.42× 10−2 3.56× 10−2

8 8.22× 10−3 9.76× 10−3

Table 3: The maximum absolute errors in Example 2

We also consider a local regularization technique from [3] by method 1 for
the auto-convolution integral equation of the first kind (18) and report the
maximum absolute errors for N = 50, 100, r = 4 and δ = 0, 10−4 in Table 4.

N δ = 0 δ = 10−4

50 3.42× 10−2 3.43× 10−2

100 1.71× 10−2 3.01× 10−2

Table 4: The maximum absolute errors obtained by method 1 [3] in Example 2

Similar to Example 1, in Figures 7–10, we show the number of the termi-
nation of the process in the outer loop and observe that η never exceeds the
critical value ãc = 2.5. Also, Figures 11 and 12 represent the absolute errors
at the grid-points for N = 4, 8 and δ = 0, 10−4. The absolute errors obtained
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by method 1 [3] with N = 50, 100, r = 4, δ = 0, 10−4 at the grid-points are
shown in Figures 13 and 14.

4 Conclusion

In this paper, we considered the numerical collocation method based on piece-
wise polynomials to solve the generalized version of the AVIE of the first kind
as an ill-posed problem. We obtained two ill-posed nonlinear and linear sys-
tems. The double iteration process and the Lavrentiev m̃ times iterated
regularization method have been considered nonlinear and linear systems,
respectively. Numerical examples demonstrated the validity and efficiency of
the proposed method. In our future work, we will investigate the existence,
uniqueness, and structure of the solution related to the generalized version
of the first-kind AVIEs similar to Theorem 1.
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The interpolated variational iteration
method for solving a class of nonlinear

optimal control problems

Mohammad Shirazian*

Abstract

Despite the variety of methods available to solve nonlinear optimal con-
trol problems, numerical methods are still evolving to solve these problems.
This paper deals with the numerical solution of nonlinear optimal control
affine problems by the interpolated variational iteration method, which was
introduced in 2016 to improve the variational iteration method. For this
purpose, the optimality conditions are first derived as a two-point bound-
ary value problem and then converted to an initial value problem with
the unknown initial values for costates. The speed and convergence of the
method are compared with the existing methods in the form of three ex-
amples, and the initial values of the costates are obtained by an efficient
technique in each iteration.
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Keywords: Optimal control problems; Interpolated variational iteration
method; Pontryagin’s maximum principle.

1 Introduction

One of the important problems in the field of engineering [13, 6], robotics
[14, 11], biology [1, 16], and so on, is finding the best control strategy to
use available resources optimally. In practice, most of these problems are
formulated nonlinearly, which in general do not have analytical solutions, and
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one must look for reliable numerical solutions for them. Generally, consider
the following nonlinear control system:

ẋ(t) = A(x(t)) +B(t)u(t), t ∈ [t0, tf ],
x(t0) = x0, x(tf ) = xf ,

(1)

where x(t) and u(t) are n- and m-vector of state and control functions, re-
spectively. The aim is to minimize the objective functional

J [x, u] =
1

2

∫ tf

t0

(xT (t)Q(t)x(t) + uT (t)R(t)u(t))dt, (2)

subject to the dynamical system (1). Moreover, Q(t) is a positive semi-
definite real matrix, and R(t) is a positive definite real matrix.

There are two approaches to solving this problem. One is the direct
method of parameterizing the state and control functions and solving a non-
linear optimization problem. The other is the indirect method of using opti-
mality conditions, derived by the Pontryagin maximum principle (PMP) or
Hamilton–Jacobi–Bellman equation [3, 15]. The main topic of our discussion
in this paper is the optimality conditions derived by PMP, which results in
the following two-point boundary value problem (TPBVP) as

ẋ(t) = A(x(t)) +B(t)u(t),

λ̇(t) = −Q(t)x(t)−ATx (x(t))λ(t),

x(t0) = x0, x(tf ) = xf , (3)

where λ(t) is an n-vector of co-state functions, ATx (x(t)) = ∇xA
T (x(t)), and

the optimal control is given by

u(t) = −R−1BT (t)λ(t). (4)

In 2012, Berkani, Manseur, and Maidi [4] used the variational iteration
method (VIM) to solve this problem, for which the control variable can be
calculated in terms of state variables. They then turned the problem into a
variational problem and solved it with VIM. It is noteworthy that the VIM is
an analytical-approximate method for solving initial value problems (IVPs),
which was introduced by He [8] in 1999, and many researchers developed
the method to increase its efficiency and validity in recent years [20, 5]. For
solving (3), the author and Effati [24] used a combination of the shooting
method with VIM. However, the time-consuming and complex integration of
nonlinear functions reduces its efficiency, at each iteration.

Matinfar and Saeidy [17] applied a modified VIM (MVIM) that uses
He polynomials. Simultaneously, Saberi Nik, Effati, and Yildirim [22] used
a differential transformation method along with differential transformation
polynomials to solve (3). A comparison between the existing methods,
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MVIM, Homotopy perturbation method (HPM), and Adomian decomposi-
tion method was done in 2016 by Jafari. Ghasempour, and Baleanu [9].

Mirhosseini-Alizamini and Effati [19] extended the VIM for optimal delay
control problems. In 2020, the author and Effati [25] used the successive
approximation method (SAM) to solve (3), which has a very good computa-
tional speed but does not guarantee the convergence for problems with large
domains.

An improvement of VIM, called Interpolated VIM (IVIM) introduced by
Salkuyeh and Tavakoli [23], interpolates the VIM with the well-known spline
functions, which make the method suitable for approximating all types of
L2[t0, tf ] solutions, especially for control and state functions. This property
motivates us to apply the IVIM for solving optimal control problems. This
method has low computational time in comparison with VIM since it uses an
approximation for integration. It also maintains accuracy and convergence.

This paper is organized as follows. In Section 2, the basic ideas of IVIM
are briefly described. Then, the application of IVIM for solving nonlinear op-
timal control problems (NOCPs) is explained in Section 3. Several numerical
examples are illustrated in Section 4, which show the accuracy and efficiency
of the proposed method compared to the existing ones.

2 Basic ideas of the interpolated variational iteration
method

As stated earlier, the VIM is an analytical-approximate iterative method
for solving IVPs [8]. To explain this method, consider the following one-
dimensional IVP

ẏ(t) = f(t, y(t)), t ∈ [0, T ],
y(0) = y0,

(5)

where y(·) ∈ R and f satisfies the Lipschitz condition:

|f(t, y(t))− f(t, ỹ(t))| ≤ L|y(t)− ỹ(t)|, (6)

for any t ∈ [0, T ] and for some Lipschitz constant L > 0. We make the
following iterative formula, which is known as the VIM main formula:

ym+1(t) = ym(t)+

∫ t

0

Λ(s, t) (ẏm(s)− f(s, ym(s))) ds, m = 0, 1, 2, . . . , (7)

where Λ(s, t) is known as a Lagrange multiplier [2, 28], and y0(t) should be
chosen such that it satisfies y0(0) = y0. The VIM formula produces a se-
quence of functions {ym(t)}, which converges to the exact solution of (5),
under suitable conditions and does not require any linearization or pertur-
bation. Due to the attractiveness of the method for calculating accurate
solutions, many researchers have used it to solve difficult problems such as
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dispersive optimal solitons [7], coupled Burgers’ equation [26], fractional op-
tion pricing [18], fractal Fisher’s equation [27]. However, the integration of
nonlinear function f(t, y(t)) in all these researches may greatly reduce the
speed of the method or lead to the failure of the method. To overcome this
problem, first, we apply the integration by parts for (7) to get:

ym+1(t) = Gm(t)−
∫ t

0

Hm(s, t)ds, (8)

where
Gm(t) = (1 + Λ(t, t))ym(t)− Λ(0, t)ym(0),

and
Hm(s, t) =

∂Λ

∂s
(s, t)ym(s) + Λ(s, t)f(s, ym(s)).

Now, we interpolate ym(t) by first order B-spline functions [12], at equidis-
tance points ti, i = 1, . . . , n on [0, T ]. For any i = 2, 3, . . . , n − 1, let us
define

Bi(t) =
t− ti−1

h
χ[ti−1,ti)(t) +

ti+1 − t

h
χ[ti,ti+1)(t),

and
Bn(t) =

t− tn−1

h
χ[tn−1,tn)(t),

where χA is the characteristic function defined on a set A. Its value is 1 on
A and is 0 otherwise. It is obvious from the definition that Bi(ti) = 1 and
Bi(tj) = 0, for j ̸= i. Then, we employ the interpolant

ŷm(t) =

n∑
i=2

ym(ti)Bi(t).

Thus, ŷm(ti) = ym(ti), for i = 2, . . . , n. Now, we substitute the interpolant
ŷm into (7) and after some simplifications, we arrive at

ym+1(ti) = ŷm+1(ti)

= Gm(ti)− h

i−1∑
r=2

Hm(tr, ti)−
h

2
(Hm(t1, ti) +Hm(ti, ti)) . (9)

This is the main formula of IVIM, which overcomes the nonlinear integration
of VIM and will be used as a tool for solving NOCPs in the next section.

Now, we state the convergence of VIM and IVIM sequences as the next
two theorems, which were proved in [23].

Theorem 1. Let f be a continuous function on [0, T ]. If ym(t) ∈ C1([0, T ])
for m = 0, 1, 2, . . ., then the VIM sequence (7) converges to the exact solution
of (5).
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Theorem 2. Let f be a two times continuously differentiable function. If
the VIM sequence (7) is to the exact solution of (5), then so is the IVIM
sequence (9).

3 The application of IVIM for solving NOCPs

For the sake of simplicity, we rewrite the TPBVP in (3) as

ẋ = F(t, x, λ),

λ̇ = G(t, x, λ),
x(t0) = x0, x(tf ) = xf , (10)

where

F(t, x, λ) = A(x(t))−B(t)R−1BT (t)λ(t),

G(t, x, λ) = −Q(t)x(t)−ATx (x(t))λ(t).

This nonlinear TPBVP has no analytical solution in general. Thus, re-
searchers are looking for reliable and almost accurate solutions to it. The
technique we are studying here is IVIM, which was described in Section 2.
Given that the above problem is TPBVP, we first convert it to an IVP as
follows [24]:

ẋ = F(t, x, λ),

λ̇ = G(t, x, λ), t ∈ [t0, tf ]
x(t0) = x0, λ(t0) = α,

(11)

where α is an n-vector unknown variable. This variable could be identified
after sufficient iterations of IVIM.

As Section 2, we create the VIM correction functional as follows:

xm+1(t) = xm(t) +

∫ t

t0

Λ1(t, s) {ẋm(s)−F(s, xm(s), λm(s))} ds, (12)

λm+1(t) = λm(t) +

∫ t

t0

Λ2(t, s)
{
λ̇m(s)− G(s, xm(s), λm(s))

}
ds, (13)

with x0(t) = x0, λ0(t) = α and m ≥ 0. To determine general multipliers
Λ1(t, s) and Λ2(t, s), we restrict the variations for F and G, that is, δF̃ =

δG̃ = 0. Therefore, the optimal multipliers become Λ1(t, s) = Λ2(t, s) = −1.
Compared with (8), consider G1(t) and H1(t) corresponding to x(t) and

G1,m(t) = (1 + Λ1(t, t))xm(t)− Λ1(0, t)x0,

H1,m(s, t) =
∂Λ1

∂s
(s, t)xm(s) + Λ1(s, t)F(s, xm(s), λm(s)).
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Similarly, consider G2(t) and H2(t) corresponding to λ(t) and

G2,m(t) = (1 + Λ2(t, t))xm(t)− Λ2(0, t)α,

H2,m(s, t) =
∂Λ2

∂s
(s, t)xm(s) + Λ2(s, t)G(s, xm(s), λm(s)).

For a given n ∈ N, assume ti = t0 + (i − 1)h, i = 2, 3, . . ., where h =
tf−t0
n−1 .

Then, the B-spline interpolants of xm+1(t) and λm+1(t) become

x
(h)
m+1(t) =

n∑
i=2

x̂m+1(ti)Bi(t),

λ
(h)
m+1(t) =

n∑
i=2

λ̂m+1(ti)Bi(t),

where the coefficients are calculated as

xm+1(ti) = x̂m+1(ti)

= G1,m(ti)− h

i−1∑
r=2

H1,m(tr, ti)−
h

2
(H1,m(t1, ti) +H1,m(ti, ti)) ,

(14)
λm+1(ti) = λ̂m+1(ti)

= G2,m(ti)− h

i−1∑
r=2

H2,m(tr, ti)−
h

2
(H2,m(t1, ti) +H2,m(ti, ti)) ,

(15)

for any i = 2, 3, . . . , n. We call these two equations as the IVIM main formu-
las. The convergence of the IVIM is a straightforward conclusion of Theorems
1–2, which we state in the next theorem.
Theorem 3. Let F and G be two times continuously differentiable functions
with respect to their first variable and let they satisfy the Lipschitz condition.
If xm(t), λm(t) ∈ C1([t0, tf ]), then the IVIM of (14)–(15) is convergent to
the exact solutions of (11), say x∗(t, α) and λ∗(t, α). Accordingly, x∗(t, α∗),
λ∗(t, α∗) are the exact solution of (10) when α∗ is the real root of x∗(tf , α) =
xf .
Proof. Since F and G are continuous on [t0, tf ], and xm(t), λm(t) ∈ C1([t0, tf ]),
Theorem 3 guarantees the convergence of the VIM formulas (12)–(13) to
the exact solution of (11). Besides, since F and G are two times contin-
uously differentiable functions, Theorem 4 ensures that the IVIM is con-
vergent to the exact solution of (11), say x∗(t, α) and λ∗(t, α). Clearly,
for every α, x∗(t0, α) = x0 and λ∗(t0, α) = α. Then, from (10), we have
x(tf ) = xf = x∗(tf , α). Therefore, to get the exact solution of (10), one
should solve x∗(tf , α) = xf for some appropriate real α.
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Theorem 4. Under the assumptions of Theorem 3, the sequences {um(t)}
and {Jm} defined by

um(t) = −R−1BT (t)λm(t), (16)

Jm =
h

2
(L(x0, um(t1)) + L(xm(tf ), 0)) + h

n−1∑
i=2

L(xm(ti), um(ti)), (17)

converge to the optimal control and optimal objective value, respectively,
where L(x, u) = 1

2 (x
TQx+ uTRu).

Proof. Taking limit from (16) and putting α = α∗ yield

u∗(t) := lim
m→∞

um(t) = −R−1BT (t) lim
m→∞

λm(t)

= −R−1BT (t)λ∗(t, α∗),

where u∗(t) is the optimal control function, since x∗(t, α∗) and λ∗(t, α∗) are
the exact solutions of extreme conditions in (10).

Now, taking limit from (17), as n,m → ∞, and using the trapezoidal
integration rule result in

lim
m→∞

lim
n→∞

Jm,n

= lim
m→∞

lim
n→∞

h

2
(L(x0, um(t1)) + L(xm(tf ), 0)) + h

n−1∑
i=2

L(xm(ti), um(ti))

= lim
m→∞

∫ tf

t0

L(xm(t), um(t))dt

= lim
m→∞

1

2

∫ tf

t0

(
xm(t)Q(t)xm(t) + um(t)TR(t)um(t)

)
dt

=
1

2

∫ tf

t0

(
lim
m→∞

xm(t)Q(t) lim
m→∞

xm(t) + lim
m→∞

uTm(t)R(t) lim
m→∞

um(t)
)
dt

=
1

2

∫ tf

t0

(
x∗(t, α∗)Q(t)x∗(t, α∗) + u∗(t)TRu∗(t)

)
dt

= J∗.

It follows that J∗ is the optimal objective value and the proof is completed.

Now, we present an algorithm to summarize our proposed method. We
choose the stopping criterion

Ēm =

∣∣∣∣Jm − Jm−1

Jm

∣∣∣∣ < ϵ, (18)
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which maintains the accuracy of the objective value for any sufficiently small
tolerance limit ϵ > 0.

Algorithm of IVIM for solving nonlinear OCPs

Step 1. Let m := 1, x0(t) := x0, λ0(t) := α and ϵ > 0.
Step 2. Calculate state and costate functions, xm+1(t, α) and λm+1(t, α),
through the IVIM formulas (14)–(15).
Step 3. Solve xm+1(tf , α) = xf for α, to get α∗.
Step 4. Find the suboptimal control um+1(t, α

∗) and the suboptimal objec-
tive value Jm+1, by (16)–(17).
Step 5. If Ēm+1 < ϵ, then goto Step 6; otherwise let m := m+ 1 and goto
Step 2.
Step 6. Stop the Algorithm. um+1(t) and Jm+1 are the desired optimal
control and objective value.

Remark 1. If the state function has free final condition, then the costate
final condition λ(tf ) = 0 must be applied. Therefore, to calculate α in Step
3, the equation λm+1(tf , α) = 0 must be used instead of xm+1(tf , α) = xf .

4 Illustrative examples

In this section, we give two nonlinear examples to illustrate the reliability
and efficiency of our proposed method. In the first example, we describe the
algorithm process in detail. Also, we present the second the third example
to compare the method with some other existing methods. Since there are
no exact solutions for these three examples, we use criterion (18) to stop
the algorithm and check the accuracy of the method. Besides, we use the
Maple “dsolve” package as a reliable solution for comparison. The codes
were developed using symbolic software Maple 18 on a machine with Intel
Core 2 Due Processor 2.53 GHz and 4 GB RAM.

Example 1. Consider the following nonlinear control system [24, 25]:

ẋ =
1

2
x2(t) sinx(t) + u(t), t ∈ [0, 1],

x(0) = 0, x(1) = 0.5,

under which the following objective functional should be minimized:

J =

∫ 1

0

u2(t)dt.

Conforming to (3), we have
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ẋ(t) =
1

2
x2(t) sinx(t)− 1

2
λ(t), (19)

λ̇(t) = −λ(t)x(t) sinx(t)− 1

2
λ(t)x2(t) cosx(t), t ∈ [0, 1] (20)

x(0) = 0, x(1) = 0.5, (21)

and the control function is u(t) = − 1
2λ(t). We substitute the final state

condition x(1) = 0.5, by λ(0) = α to get

ẋ(t) =
1

2
x2(t) sinx(t)− 1

2
λ(t),

λ̇(t) = −λ(t)x(t) sinx(t)− 1

2
λ(t)x2(t) cosx(t), t ∈ [0, 1],

x(0) = 0, λ(0) = α,

where α is an unknown real variable. In view of (11), F and G are the right-
hand sides of (19)–(20), respectively. They are analytic functions with respect
to x and λ, and they satisfy the Lipschitz condition (6), with LF = 9/16 and
LG = 5/16, whenever |x| ≤ 0.5 and λ ≤ 1. Hence, Theorem 3 guarantees the
convergence of both VIM and IVIM formulas. The VIM formulas (12)–(13)
become

xm+1(t) =xm(t)−
∫ t

0

{ẋm(s)− 1

2
x2m(s) sinxm(s) +

1

2
λm(s)}ds,

λm+1(t) =λm(t)−
∫ t

0

{λ̇m(s) + λm(s)xm(s) sinxm(s)

+
1

2
λm(s)x2m(s) cosxm(s)}ds,

x0(t) =0, λ0(t) = α, m ≥ 0.

Now, interpolating VIM at tj = 0, 12 , 1, the IVIM formulas (14)–(15) give
the following results, after the first iteration:

x1(tj) = 0, −1

4
α− 1

128
α2 sin(1

4
α), − 1

64
α2 sin(1

4
α)− 1

2
α− 1

32
α2 sin(1

2
α),

λ1(tj) = α, α− 1

16
α2 sin(1

4
α)− 1

128
α3 cos(1

4
α),

α− 1

8
α2 sin(1

4
α)− 1

64
α3 cos(1

4
α)− 1

8
α2 sin(1

2
α)− 1

32
α3 cos(1

2
α).

The final state condition, x1(1) = 0.5, results in

− 1

64
α2 sin(1

4
α)− 1

2
α− 1

32
α2 sin(1

2
α) = 0.5, (22)
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Table 1: Calculation of α for n = 3 and m = 1, Example 1.

α Objective functional
−0.9659445089 0.2146370242
−1.023796574 0.2387946125

which obtains two real roots. These real roots along with their corresponding
objective values are summarized in Table 1. We suggest choosing the parame-
ter α, which gives a better objective value, that is, α = −0.9659445089. This
parameter could be a good starting point for root-finding iterative methods,
such as Newton, at the next iteration of the IVIM.
Table 2 shows the results of IVIM procedure up to m = 5 iterations with
n = 10 nodes.

Table 2: Simulation results for n = 10, Example 1.

m Jm Ēm CPU time α
1 0.22264786 - 0.000 -0.9717459824
2 0.23465678 5.1177E-02 0.016 -0.9985940802
3 0.23541609 3.2254E-03 0.078 -0.9997821239
4 0.23513137 1.2109E-03 0.359 -0.9991493164
5 0.23512939 8.4519E-06 2.266 -0.9991493164

To compare the IVIM with two recent methods, VIM [24] and Modal
series [10], we summarize their results in Table 3 after five iterations with the
same stopping criterion (18), with ϵ = 2×10−5. Clearly, the IVIM converges
rapidly, in contrast with VIM and Modal series, since it reaches a better
tolerance limit. Also, the suboptimal control and state of the proposed VIM
and Modal series methods are demonstrated in Figure 1.

Table 3: Comparing results of IVIM, VIM, Modal series, Example 1.

Method Jm Ēm
IVIM (m=5) 0.2351 8.5E-06
VIM (m=5) 0.2353 1.7E-03

Modal series method (m=5) 0.2346 1.3E-03

Example 2. Consider the nonlinear control system described by

ẋ1 = x2 + x1x2,
ẋ2 = −x1 + x2 + x22 + u,
x1(0) = −0.8, x2(0) = 0,

(23)

and the objective functional
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Figure 1: Suboptimal state and control functions, Example 1.

J =
1

2

∫ 1

0

(x21 + x22 + u2)dt. (24)

One can obtain the optimality conditions as

λ̇1 = −(x1 + λ1x2 − λ2),

λ̇2 = −(x2 + λ1(1 + x1) + λ2(1 + 2x2),
ẋ1 = x2 + x1x2,
ẋ2 = −x1 + x2 + x22 − λ2,
x1(0) = −0.8, x2(0) = 0,

and the optimal control law as u = −λ2. Since x1(t) and x2(t) are free at
t = 1, we use the Remark 1 and put λ1(1) = λ2(1) = 0.

Now, due to the polynomial nature of the system and their validity in the
assumptions of Theorem 3, we apply the proposed algorithm for ϵ = 10−3

to get an accurate optimal objective value. It is worth noting that for some
iterations, m = 2, solving λ1,m(1, α) = 0 and λ2,m(1, α) = 0, results in
different values of α. In these cases, as shown in Table 4, we clearly select
the vector α that yields the minimum objective functional, that is, α1 =
−1.227402971 and α2 = 0.5053886518.

Table 4: Calculation of α for m = 2, Example 2.

α1 α2 Objective functional
-1.227402971 0.5053886518 0.4113400952
4.538547207 -1.207206466 2.664175385
1.875104138 -1.907110672 4.484594474
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Table 5: Simulation results for different iterations, Example 2.

m VIM SAM IVIM
(Itr.) Jm Ēm Time Jm Ēm Time Jm Ēm Time
1 0.8533 - 0.031 0.5357 - 0.015 0.8560 - 0
2 0.4108 1.1E-0 0.031 0.7575 2.9E-1 0.031 0.4113 1.1E-0 0.015
3 0.4325 5.0E-2 0.046 0.9930 2.4E-1 0.063 0.4340 5.2E-2 0.078
4 0.4395 1.6E-2 0.125 0.6750 4.7E-1 0.046 0.4413 1.7E-2 0.124
5 0.4422 6.1E-3 1.544 0.3503 9.3E-1 0.094 0.4443 6.9E-3 0.296
6 0.4430 1.8E-3 45.693 0.4245 1.7E-1 0.078 0.4453 2.3E-3 1.279
7 - - >1800 0.6025 3.0E-1 0.078 0.4456 6.1E-4 7.504

Then, one can use these α1 and α2 as initial guesses for solving λ1,3(1, α) =
0 and λ2,3(1, α) = 0. This technique greatly improves system speed and
reduces computational complexity.

The objective values, relative errors and the CPU time of the algorithm
iterations are summarized in Table 5. Moreover, to clarify the reliability
of the algorithm, we compare the results with VIM [24] and SAM [25]. As
shown in Table 5, SAM has a divergent behavior, and although it has less
computational time than the other two methods, it does not reach the desired
tolerance limit. Also, the VIM requires more than 1800 seconds of computa-
tional time for m = 7 and does not reach the desired tolerance. This is while
the IVIM reaches the desired tolerance limit after m = 7 iterations, and it
only takes 7.504 seconds of CPU time.

From the beginning of the algorithm, if we considered ϵ = 5× 10−3, both
IVIM and VIM would get the desired solutions after m = 6 iterations, but
IVIM in 1.279 seconds and VIM in 45.693 seconds of CPU time, which clearly
shows the speed of convergence of IVIM.

Figure 2 shows the solutions after m = 7 algorithm iterations, in compar-
ison with “dsolve” package of Maple as the exact solutions.

Example 3. Consider the optimal maneuvers of a rigid asymmetric space-
craft given by [21]

ẋ1(t) = −I3 − I2
I1

x2(t)x3(t) +
1

I1
u1(t),

ẋ2(t) = −I1 − I3
I2

x1(t)x3(t) +
1

I2
u2(t), (25)

ẋ3(t) = −I2 − I1
I3

x1(t)x2(t) +
1

I3
u3(t),

with the boundary conditions

x1(0) = 0.01 r/s, x2(0) = 0.005 r/s, x3(0) = 0.001 r/s,

x1(100) = x2(100) = x3(100) = 0 r/s, (26)
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Figure 2: The optimal trajectories and control of Example 2.

where x1, x2, and x3 are angular velocities of the spacecraft, u1, u2, and u3
are control torques, I1 = 86.24, I2 = 85.07, and I3 = 113.59 kg m2 are the
spacecraft principle inertia. The controls ui(t), i = 1, 2, 3, should be chosen
to minimize the following quadratic performance index:

J [x, u] =
1

2

∫ 100

0

(u21(t) + u22(t) + u23(t))dt, (27)

In view of (1)–(2), we have:

A(x(t)) =

− I3−I2
I1

x2(t)x3(t)

− I1−I3
I2

x1(t)x3(t)

− I2−I1
I3

x1(t)x2(t)

 .
Also, B(t) = diag(

1

I1
,
1

I2
,
1

I3
), Q(t) = O3×3, and R(t) = I3×3. Then, the

optimality conditions become

ẋ1(t) = −I3 − I2
I1

x2(t)x3(t)−
λ1(t)

I21
,
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ẋ2(t) = −I1 − I3
I2

x1(t)x3(t)−
λ2(t)

I22
,

ẋ3(t) = −I2 − I1
I3

x1(t)x2(t)−
λ3(t)

I23
,

λ̇1(t) =
I1 − I3
I2

x3(t)λ2(t) +
I2 − I1
I3

x2(t)λ3(t),

λ̇2(t) =
I3 − I2
I1

x3(t)λ1(t) +
I2 − I1
I3

x1(t)λ3(t),

λ̇3(t) =
I3 − I2
I1

x2(t)λ1(t) +
I1 − I3
I2

x1(t)λ2(t),

with the boundary conditions (26), and the optimal control laws are given
by

u∗i (t) = −λi(t)
Ii

, i = 1, 2, 3, t ∈ [0, 100]. (28)

By using the proposed algorithm with ϵ = 10−6, we reach the desired solution
after m = 6 iterations.

Table 6: Simulation results for n = 10, Example 3.

m Jm Ēm α1 α2 α3

1 0.00468914 - 0.7314359 0.3851119 0.1356719
2 0.00468570 7.3285E-04 0.7453951 0.3581385 0.1272553
3 0.00468711 2.9978E-04 0.7437911 0.3617697 0.1281838
4 0.00468791 1.7023E-04 0.7437022 0.3619104 0.1291345
5 0.00468782 1.9383E-05 0.7437007 0.3619099 0.1290549
6 0.00468781 7.9781E-07 0.7437039 0.3619034 0.1290513

The simulation results along with the estimation of unknown parameters
αi, i = 1, 2, 3, are given in Table 6.

Table 7: The maximum error of x1(t) in comparison to HPM [21], Example 3.

m HPM IVIM
(Itr.) Max Error CPU time Max Error CPU time
2 7.3102E-05 7.328 9.7727E-06 0.031
3 9.2612E-06 12.542 5.7522E-07 0.109
4 1.9301E-06 18.664 4.4215E-08 0.188
5 2.2560E-07 36.729 3.7427E-08 0.655
6 3.1420E-08 46.401 1.6156E-08 3.994

To compare the solutions with HPM [21], we have summarized the maxi-
mum error of x1(t) in both methods compared to “dsolve” package of Maple
as the exact solution, In Table 7. As is evident, the IVIM is faster and
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more accurate than HPM, so as to reach the error of 5 × 10−8, HPM needs
m = 6 iterations with 46.401 seconds of calculation time, but IVIM, needs 4
iterations with 0.188 seconds of calculation time.

Figure 3: The optimal states x1(t),x2(t), and x3(t), Example 3.

Figures 3–4 show the optimal states and controls of IVIM for m = 6
iterations compared to “dsolve” solutions. The maximum errors of our pro-
posed method are 1.6156×10−8, 1.0231×10−8, and 1.39963×10−8, for state
functions x1, x2, and x3, respectively, and 3.4660× 10−7, 6.8377× 10−7, and
2.1526× 10−7, for control functions u1, u2, and u3, respectively. Meanwhile,
only 3.994 seconds are needed to perform this operation.

5 Conclusions

In this paper, the interpolated VIM was used to solve NOCPs. This method
used basic spline functions as interpolants, which is desirable for the approxi-
mate calculation of state and control functions. This method did not require
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Figure 4: The optimal controls u1(t),u2(t), and u3(t), Example 3.

complex analytical integrations and therefore was faster than VIM. Further-
more, the convergence range of the IVIM was wider, compared to the new
SAM. In each iteration of the method, the co-state initial value was quickly
calculated with an efficient technique described in the Examples section. Fi-
nally, the efficiency and reliability of the method were discussed, and the
“dsolve” package of Maple 18 was used as the exact solution to check the
validity of the method.
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A robust method for optimal control
problems governed by system of Fredholm

integral equations in mechanics

A. Ebrahimzadeh

Abstract

This essay considers an optimal control problem (OCP) governed by a
system of Fredholm integral equations (FIE). In this paper, collocation
approach with utilizing Lagrange polynomials is introduced to transform
the OCP into a nonlinear programming problem (NLP). An efficient op-
timization method in Mathematica software is utilized to solve NLP. The
convergence analysis is discussed, which show the theoretical structure
behind the propounded technique under some assumptions. In this es-
say, computational outcomes are given to demonstrate the adaptability,
forthrightness, and relationship of the calculations manufactured. A prac-
tical real-world problem involving hanging chain in classical mechanic is
also dissolved utilizing the approach proposed.

AMS subject classifications (2020): 49M25, 90C30.

Keywords: Collocation method; Lagrange polynomials; Optimal control;
System of Fredholm integral equation; Convergence analysis.

1 Introduction

The mathematical formulations of most physical and mechanical engineering
models lead to FIE. FIEs occur in different real world models like the mass
dispensation of polymers in polymeric melt, linear forward modeling, signal
processes etc [7, 26]. The OCPs inclusive integral equations are a different
class of OCPs that have a substantial role in population dynamics, econ-
omy, heat conduction, continuum mechanics, electrical power centers, water
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resource management, and mass transport [13, 19]. In particular, optimal
control of systems managed by FIE is significant in usages like the OCP
regarding the Ornstein-Uhlenbeck process which arises from statistical com-
munication theory [18]. In recent years, many methods for solving OCPs of
FIE, whether direct or indirect, have been proposed. One can read about
this subject in references [2, 1, 8, 10, 16, 20, 24].
ProblemB: Determine the optimal control vector u∗ and the correspond-
ing optimal state vector x∗ for a category of OCPs governed by a system of
nonlinear FIEs described as follows:

min J(x, u) =

∫ T

0

F (t, x1(t), · · · , xn(t), u1(t), · · · , um(t))dt, (1)

subject to

xj(t) = yj(t)+

∫ T

0

Kj(t, s, x1(s), · · · , xn(s), u1(s), · · · , um(s))ds, j = 1, · · · , n,

(2)
where x = [x1, x2, · · · , xn]T ∈ ℜn, u = [u1, u2, · · · , um]T ∈ ℜm, F ∈
C([0, T ],ℜn,ℜm) and Kj ∈ C([0, T ], [0, T ],ℜn,ℜm).
Many researchers have been solved and carefully examined non-linear system
of FIEs by utilizing orthogonal basis functions. For example, see the refer-
ences [3, 4, 21, 22]. The orthogonal nature causes the solution of the prelimi-
nary problem to transmute into an algebraic system of equations. More ever,
by utilizing an operational matrix of integral or derivative of these functions,
the computational convolution of the problem is substantially diminished.

For dissolving the mentioned problem, the Lagrange polynomials and
Gauss–-Legendre (GL) quadrature rule are used. A robust direct approach
is established to transform the problem B into a NLP. This method is based
on the expansion of control and state functions with Lagrange polynomials
together with the GL integration method. We have utilized Wolfram Math-
ematica 12 for obtaining the solution of the NLP. Convergence analysis and
related theorems are discussed in details. The reliability of the approach is
investigated numerically by dissolving some illustrative examples. The OCP,
which modeled the problem of classical mechanics for power lines are also
described and solved by propounded approach.

The remaining structure of our article is given as follows: In Section
2, by using approximation of control and state variables, we obtain a NLP
corresponding to problem B and also discuss about the method of solving
the resulted NLP. Convergence analysis is given in Section 3. In Section 4,
we demonstrate the efficiency of the propounded method to several examples
and show the computational results of the method. Finally, in Section 5,
concluding comments and future extensions are summarized.
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2 Proposed method

Consider the problem B in equations (1) and (2). In this section, by utilizing
the properties of Lagrange polynomials and GL integration, the considered
OCP is changed to a NLP, then the function NMinimze in Wolfram Mathe-
matica software is used to solve the resulted NLP.

2.1 Discretization of problem B

Firstly, we approximate the control function u(t) and corresponding state
function x(t) over the interval [0, T ] by the following linear combination of
the Lagrange polynomials

xj(t) ≈ xjN (t) =

N∑
i=0

xjiQi(t) = Xj
TQ(t), j = 1, · · · , n, (3)

and

uk(t) ≈ ukN (t) =

N∑
i=0

ukiQi(t) = Uk
TQ(t), k = 1, · · · ,m, (4)

where Q(t) = [Q0(t), Q1(t), · · · , QN (t)]T , Xj = [xj0, xj1, xj2, · · · , xjN ]T and
Uk = [uk0, uk1, uk2, · · · , ukN ]T , in which xji and uki for i = 0, 1, · · · , N ,
j = 1, · · · , n and k = 1, · · · ,m are the unknown coefficients and, Qi(t) are
the Lagrange polynomials which are defined as follows:

Qi(t) =
∏

0 ≤ s ≤ N
s ̸= i

t− ts
ti − ts

=
w(t)

(t− ti)w′(ti)
, (5)

where w(t) =
∏N
s=0(t − ts) and ti, for i = 0, 1, 2, · · · , N , are the zeros of

Legendre polynomials [11] transformed to the interval [0, T ]. The transfer is
done according to the interval in which the problem is defined. By discritizing
the FIE given in Eq (2) by using (3) and (4) and collocation nodes tq ,we
obtain for j = 1, · · · , n and q = 0, · · · , N

xjN (tq) = y(tq) +

∫ T

0

Kj(tq, s, x1N (s), · · · , xnN (s), u1N (s), · · · , umN (s))ds.

(6)
For using GL quadrature formula, a simple linear transmutation must be
produced with the following form

s =
T

2
(µ+ 1), (7)
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Then, the dynamical system (2) is converted to

xjN (tq) = y(tq) +
T

2

∫ 1

−1

Kj(tq,
T

2
(µ+ 1), x1N (

T

2
(µ+ 1)), · · · , xnN (

T

2
(µ+ 1)),

u1N (
T

2
(µ+ 1)), · · · , umN (

T

2
(µ+ 1)))dµ.

(8)

We apply the GL quadrature for approximating the integral given in Eq (8)

xj(tq) = y(tq) +
T

2

N∑
l=0

wlKj(tq,
T

2
(µl + 1), x1N (

T

2
(µl + 1)), · · · , xnN (

T

2
(µl + 1)),

u1N (
T

2
(µl + 1)), · · · , umN (

T

2
(µl + 1))),

(9)

where wl is defined as follows:

wl =
2

(1− (µl)2)(P
′
N+1(µl))

,

in which PN+1 is the Legendre polynomial of order N +1 [11]. By using GL
quadrature and equations (3) and (4), we can approximate the cost functional
in equation (1) as follows:

J(x, u) =

∫ T

0

F (t, x1(t), · · · , xn(t), u1(t), · · · , um(t)) dt ≈ T

2
(10)

∫ 1

−1

F

(
T

2
(µ+ 1), x1N

(
T

2
(µ+ 1)

)
, · · · , xnN

(
T

2
(µ+ 1)

)
, u1N

(
T

2
(µ+ 1)

)
, · · · , umN

(
T

2
(µ+ 1)

))
dµ ≈ T

2

N∑
l=0

wlF

(
T

2
(µl + 1), x1N

(
T

2
(µl + 1)

)
,

, · · · , xnN
(
T

2
(µl + 1)

)
, u1N

(
T

2
(µl + 1)

)
, · · · , umN

(
T

2
(µl + 1)

))
.

Eventually, the OCP governed by a system of FIE in problem B has been
reduced to a NLP by (10) as objective functional and (9) as constraints. We
call this NLP as problem BN .
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2.2 Optimization algorithm

In this paper, for solving NLP, which we call as problem BN , given in equa-
tions (9) and (10), the Nminimize function in Wolfram Mathematica has
been utilized. Nminimize find global optimum numerically. This function
implement several algorithms for solving optimization problems according to
the kind of optimization problem. Now by solving this NLP and determining
the vectors Xj and Uk for j = 1, · · · , n and k = 1, · · · ,m, we can find a
numerical solution of problem B given in equations (1) and (2).

3 Convergence analysis

We suppose that the finite set, PN , consists of all Lagrange polynomials from
degree less than or equal to N . The set of PN is linearly independent and
a basis of the vector space for polynomials of degree at most equal to N . If
F(t) is a function in L2[0, T ], F(t) has a best estimation F0 ∈ PN , so we
possess [17]

∀ g ∈ L2[0, T ] : ||F − F0||2 ≤ ||F − g||2. (11)

Suppose Sn ∈ PN , then there is coefficients sl, l = 0, 1, · · · , N , whereas

Sn =

N∑
i=0

slQl(t) = STQ(t), (12)

where S = [s0, s1, · · · , sN ], and Q(t) = [Q0(t), Q1(t), · · · , QN (t)].

Theorem 1. Let F ∈ L2[0, 1] be estimated by Lagrange polynomials {Qi}Ni=0

that is, FN :=
∑N
i=0 CiQi(t). If eN is absolutely error of FN , then ||F −

FN ||2 ≤ L
(N+2)! and limN→∞ eN = 0 and by increasing N ; the errors quickly

tends to zero. L is a constant.

Proof. The proof is given in [23].

Theorem 1 indicates the accuracy estimation of Lagrange polynomials.

Definition 1. The vectors x(t) ∈ ℜn and u(t) ∈ ℜm are called admissible,
if they satisfy in equation (2). The set of admissible pairs {(x, u)}, for j =
1, · · · , n, is defined as follows:

ψ = {(x(t), u(t))
∣∣∣xj(t) = yj(t) +

∫ T

0

Kj(t, s, x1(s), · · · ,

xn(s), u1(s), · · · , um(s))ds}. (13)

Define U as the admissible control functions. Let

xN = (x1N , x2N , · · · , xnN ), uN = (u1N , u2N , · · · , umN ), (14)
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then we have

xjN (t) = XT
j Q(t), j = 1, · · · , n; uiN (t) = UTi Q(t), i = 1, · · · ,m, (15)

and

ψN =
{
(xN (t), uN (t))

∣∣∣xjN (t) = y(t) +

∫ T

0

Kj(t, s, x1N (s),

· · · , xnN (s), u1N (s), · · · , umN (s))ds
}
. (16)

The proof of the following theorem is given by utilizing of the same argument
in [25], but some revisions are given according to the problem of our paper.

Theorem 2. Assume J∗
i = infψi J and J∗ = infψ J and J∗ is finite and

unique, then the following relation is hold.

J∗
1 ≥ J∗

2 ≥ · · · J∗
r ≥ · · · ≥ J∗ = infψJ(x, t). (17)

Proof. From the definition of ψi, the following relation is hold

ψ1 ⊂ ψ2 ⊂ ψ3 · · · ⊂ ψN ⊂ · · · ⊂ ψ. (18)

According to (18), {J∗
i } is a non-increasing sequence that is bounded from

below, so it is convergent to J∗.

Remark 1. The computational distance can be transmuted from [0, T ] to
any ideal interval via an affine alteration.

Lemma 1. Suppose that ti and wi for 1 ≤ i ≤ N are GL nodes and weights
respectively, Let f(t) be Rimann integrable. Then [9]∫ 1

−1

f(t)dt = lim
N→∞

N∑
i=1

f(ti)wi. (19)

Theorem 3. Assume that x∗ ∈ ℜn is exact state solution of equation (2)
with u∗ ∈ ℜm as exact control functions, let x∗N and u∗N be numerical solu-
tions of

xjN (tq) = y(tq) +

∫ T

0

K(tq, s, x1N (s) · · · , xnN (s), u1N , · · · , umN ))ds. (20)

Also assume that the function K(t, s, x1(s), · · · , xn(s), u1(s), · · · , um(s)) sat-
isfies Lipschitz condition with respect to variables x and u as follows:

||K(t, s, x1(s), · · · , xn(s), u1(s), · · · , um(s))

−K(t, s, x′1(s), · · · , x′n(s), u′1(s), · · · , u′m(s))||2
≤ LK{||x1(s)− x′1(s)||2 + · · ·+ ||xn(s)− x′n(s)||2 + ||u1(s)− u′1(s)||2
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+ · · ·+ ||un(s)− u′m(s)||2}, (21)

where LK is Lipschitz constant. Then we have:

||x∗(tp)− x∗N (tp)||2 ≤
(

A
(N + 1)!

)
, (22)

where A is a constant which is non-dependent to N .

Proof. We have for j = 1, · · · , n,

||x∗j (t)− x∗jN (t)|| ≤ ||
∫ T

0

K (t, s, x∗1(s), · · · , x∗n(t), u∗1(s), · · · , u∗m(s)) ds

−
∫ T

0

K (t, s, x∗1N (s), · · · , x∗nN (s), u∗1N (s), · · · , u∗mN (s)) ds||2

≤
∫ T

0

||K (t, s, x∗1(s), · · · , x∗n(t), u∗1(s), · · · , u∗m(s)) ds

−K (t, s, x∗1N (s), · · · , x∗nN (s), u∗1N (s), · · · , u∗mN (s)) ds||2

≤ LK

∫ T

0

||x∗1(s)− x∗1N (s)||2 + · · ·+ ||x∗n(s)− x∗nN (s)||2

+ ||u∗1(s)− u∗1N (s)||2 + · · ·+, ||u∗m(s)− u∗mN (s)||2ds

= LK

n∑
i=1

∫ T

0

||x∗i (s)− x∗iN (s)||2ds

+ LK

m∑
i=1

∫ T

0

||u∗i (s)− u∗iN (s)||2ds

(23)

≤ LKT

n∑
i=1

||x∗i (s)− x∗iN (s)||2 + LKT

m∑
i=1

||u∗i (s)− u∗iN (s)||2

(24)

≤ 2LKT

(∑n
i=1 Li

(N + 1)!

)
+ 2LKT

(∑m
i=1 L

′

i

(N + 1)!

)

≤ 2LKT

(N + 1)!

(
n∑
i=1

Li +

m∑
i=1

L
′

i

)
≤ A

(N + 1)!
.

(25)

In (25) A = 2LKT
(∑n

i=1 Li +
∑m
i=1 L

′

i

)
, so by increasing N for j =

1, 2, · · · , n, ||x∗j (t)− x∗jN (t)|| goes to zero.
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4 Numerical experiments

In this section, the proficiency of the proposed technique is shown by applying
to some given numerical examples of OCP for systems governed by FIE.

Example 1. Observe the following OCP

min J(x(t), u(t)) =

∫ 1

0

(x(t)− 0.8182− 2.7273t2)2 + (u(t)− t2)2dt, (26)

subject to

x(t) = t2 +

∫ 1

0

(t2 + u(s))x(s)ds, (27)

with the exact solutions, u∗(t) = t2 and x∗(t) = 0.8182 + 2.7273t2.

By exerting the propounding method, the approximate solutions are
approximately x∗(t) = 0.8182 − 8.78094 ∗ 10−15t + 2.7273t2 and u∗(t) =
1.47439 ∗ 10−6 + 1.t2. The optimal value of J∗ for N = 2 is 1.20133 ∗ 10−11.

Example 2. Investigate the following minimization problem

J(x1(t), x2(t), u(t)) =

∫ 1

−1

(x1(t)−t2+1)2+(x2(t)−1+t2)2+(u(t)−sin(t))2dt,

(28)
subject to FIE system

x1(t) = t2 − 1 +

∫ 1

−1

t3u(s) (x1(s) + x2(s)) ds,

x2(t) = 1− t2 +

∫ 1

−1

(s− u(s))(x1(s) + x2(s))ds.

The precise optimal solutions of this OCP are x∗1(t) = t2 − 1, x∗2(t) = 1− t2

and u∗(t) = sin(t).

After dissolving with the propounded approach, we obtain the following
result

x1
∗(t) = −1 + 5.55112× 10−17t+ t2,

x2
∗(t) = 1 + 5.55112× 10−17 − 1t2

u∗(t) = −1.50469× 10−24 + 0.902957t− 1.11022× 10−16t2,

which approximates the exact functions with good approximation. The
Maclaurin series of sine function is sin(x) = x− x3

3! +
x5

5! − · · · . As we can see
in the approximate control function u∗(t) = −1.50469× 10−24 +0.902957t−
1.11022 × 10−16t2, the constant sentence and the coefficient of sentence in-
cludes x2 is approximately equal to zero. The optimal value of objective
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function for different value of N is given in Table 1. The numerical results
of this example with sinc wavelet for k = 5 and N = 10, 20 given in [16]
are reported in Table 1, which is comparable with our method. The value of
the objective function for N = 2 is more accurate than its value for N = 3,
because for N = 2, the quadratic functions of the state are approximated
with better accuracy. The plot of approximate function u∗(t) for N = 3 is
given in Figure 1. The plots of the absolute error of state functions x1 and
x2 for N = 3 are demonstrated in Figures 2 and 3.

Table 1: Optimal value of J∗ for Example 2

N 2 3
J∗ 8.55969× 10−33 1.07179× 10−31

N [16] 10 20
J∗ 6.88× 10−12 6.88× 10−12

Figure 1: The approximate function of u∗ in Example 2
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Figure 2: The absolute error of x∗
1 in Example 2

Figure 3: The absolute error of x∗
2 in Example 2

Example 3. Consider the following OCP governed by FIE systems

min
∫ 1

0

(x1(t)− t) +
(
x2(t)− t2

)
+
(
u(t)− e−t

)
subject to

x1(t) = t− e−t

4
+

∫ 1

0

u(t)x1(s)x2(s)ds,

x2(t) = t2 − e−t

5
+

∫ 1

0

u(t)x1
2(s)x2(s)ds

The exact solution of this OCP is x1∗(t) = t, x2∗(t) = t2 and u∗(t) = e−t.
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The approximate and exact optimal control and state functions for N = 2
are shown in Figure 4, 5 and 6, respectively. The optimal values of J∗ for
different values of N are given in the Table 2.

Figure 4: The exact and approximate optimal control for N = 2 in Example 3

Figure 5: The exact and approximate optimal state x1(t) for N = 2 in Example 3
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Figure 6: The exact and approximate optimal state x2(t) for N = 2 in Example 3

Table 2: Optimal value of J∗ for Example 3

N 2 3 4
J∗ 1.10430× 10−7 5.40995× 10−10 1.11407× 10−12

Example 4 (Hanging chain). In this example, we investigate a problem
from classical mechanics, which appears in power lines. If a flexible chain
is hung from two points, it forms a U shape that is called a catenary curve.
The resulting shape of the chain depends on the mass distribution along the
chain. Consider the following FIE from [14],

x(s) = g

∫ L

0

G(s, t)ϕ(t)dt, (29)

Here, x(s) and ϕ(s) are demonstrated the displacement of the chain and the
mass density of the chain respectively. g is the gravitational constant and

G(s, t) =

{
s(L−t)
T0L

0 ≤ s ≤ t
t(L−s)
T0L

t ≤ s ≤ L
(30)

In (30), T0 is the constant tension. In this example, we are looking for
the mass density distribution as the control function ϕ(t) that leads to a
prescribed shape x(t) as its corresponding state. Therefore, the OCP problem
is given as the minimization of the cost functional

J(x, u) =

∫ L

0

(
g(tL2 − t3)

6T0
− x(t)

)2

+ (ϕ(x)− x)
2
dx (31)
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subject to equation (29). The optimal control and state solutions are
ϕ∗(x) = x and x∗(t) = g(tL2−t3)

6T0
. In this example, we consider the following

parameters as L = 1, g = 9.8, T0 = 1. By applying the proposed algorithm
for N = 3, the graphs of the exact and approximate controls and trajectories
are given in figures 7 and 8. The optimal value of J∗ is 3.59596× 10−4. The
graph of error for control and state function is given in figures 9a and 9b.

Figure 7: The exact and approximate optimal control in Example 4

Figure 8: The exact and approximate optimal state in Example 4
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(a) The error of state function in Example 4

(b) The errors of control function in Example 4

Figure 9

Example 5. Find the optimal control u∗ and corresponding optimal state
x∗ that minimize objective function

min J =

∫ 1

0

(x1(t)− sin(t))2 +
(
x2(t)− e−3t

)2
+ (u(t)− t)

2
dt

subject to

x1(t) = h1(t)−
∫ 1

0

(
−t(u(s))2x1(s) + tu(s)x2(s)

)
ds,

x2(t) = h2(t)−
∫ 1

0

(t(u(s) + 1)x1(s) + t2u(s)x2(s))ds.
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where h1(t) = − sin(5t) − 23 cos(5)
125 t + 2 sin(5)

15 t + 107
1125 t −

4e−3

9 t and h2(t) =

e−3t+ 2cos(5)
5 t− sin(5)

25 t− t
5−

4e−3

9 t2+ t2

9 . The exact solutions are x∗1(t) = sin(t),
x∗2(t) = e−3t and u∗(t) = t. Figures 10, 11 and 12 are the graph of exact and
approximate solutions for N = 3 and N = 5, respectively.

Figure 10: The precise and proximate optimal control in Example 5

Figure 11: The accurate and proximate optimal state x1 in Example 5

Figure 12: The accurate and proximate optimal state x2 in Example 5
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Example 6. Find the optimal solutions that minimize objective function

min J =

∫ 1

0

(
x1(t)− (t+ et)

)2
+
(
x2(t)− et

)2
+ (x3(t)− (1 + cos(t)))2 +

(
u(t)− et

)2
dt

subject to

x1(t) +

∫ 1

0

3su(t)x2(s)ds = t+ 4et,

x2(t)−
∫ 1

0

6tesx1(s)− t2x3(s)ds = et − 3t(e2 + 1) + t2(sin(1) + 1)

x3(t)−
∫ 1

0

(4(x3(s)− 1) + x2(s)ds = cos(t)− (e+ 4 sin(1)) + 2

The exact solutions of this example are x∗1(t) = t + et, x∗2(t) = et, x∗3(t) =
1+cos(t) and u∗(t) = et. The absolute errors of u∗, x∗1, x∗2 and x∗3 for N = 3,
N = 4 and N = 5 are represented in Tables 3 and 4.

Table 3: Absolute errors of control and state functions in Example 6

N t = 0 t = 0.25 t = 0.5 t = 0.75 t = 1
3 7.51115× 10−4 2.45764× 10−4 4.67421× 10−4 2.56842× 10−4 9.41652× 10−4

Ex1
4 3.99592× 10−5 7.55614× 10−6 5.88693× 10−7 9.47055× 10−6 486114× 10−5

5 1.83038× 10−6 9.19475× 10−7 8.9541× 10−7 9.96471× 10−7 2.13043× 10−6

3 4.91524× 10−4 2.60616× 10−4 5.32509× 10−4 3.01636× 10−4 5.72133× 10−4

Ex2
4 2.49372× 10−5 1.28883× 10−5 1.78345× 10−7 1.4376× 10−5 2.98331× 10−5

5 1.05009× 10−6 1.08341× 10−6 1.13318× 10−6 1.15422× 10−6 1.19212× 10−6

3 3.36834× 10−4 1.04755× 10−4 3.23772× 10−4 9.70093× 10−4 3.05991× 10−4

Ex3
4 6.42153× 10−6 3.47200× 10−6 9.92872× 10−6 4.26175× 10−6 8.97689× 10−6

5 6.20439× 10−7 6.10935× 10−7 5.82297× 10−7 5.87852× 10−7 5.74393× 10−7

3 4.34033× 10−4 2.24118× 10−4 6.13891× 10−4 2.32091× 10−4 5.65502× 10−4

Eu 4 1.93484× 10−5 1.40343× 10−5 7.62504× 10−7 1.68747× 10−5 2.46499× 10−5

5 8.13269× 10−7 1.17233× 10−6 1.16398× 10−6 1.27319× 10−6 9.68081× 10−7

Table 4: Absolute errors of objective functions in Example 6

N 3 4 5
J∗ 1.01824× 10−7 2.36092× 10−10 4.34198× 10−13

5 Conclusion

The FIEs have rich physical and Engineering backgrounds. These equations
got superior fondness across plenty of disciplines and broadly utilized in dy-
namical machinery with chaotic or quasi-chaotic treatment. In this article, a
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robust and efficient numerical approach based on Lagrange polynomials and
collocation approach is applied to obtain the solutions of OCP governed by
FIE system. At last, the prescribed problem is converted to a NLP. The re-
sulted NLP is solved by optimization algorithm. The preciseness of Lagrange
collocation approach can be readily concluded from the ameliorated results of
our presented approach. The propounded approach can be extended for the
approximation of solutions in OCPs involving FIE with fractional [5, 6, 12, 27]
and singular [15] kernels, however some modifications will be needed in the
method and convergence analysis.
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Fitted scheme for singularly perturbed
time delay reaction-diffusion problems
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Abstract

In this article, we constructed a numerical scheme for singularly perturbed
time-delay reaction-diffusion problems. For the discretization of the time
derivative, we used the Crank-Nicolson method and a hybrid scheme, which
is a combination of the fourth-order compact difference scheme and the cen-
tral difference scheme on a special type of Shishkin mesh in the spatial di-
rection. The proposed scheme is shown to be second-order accurate in time
and fourth-order accurate with a logarithmic factor in space. The uniform
convergence of the proposed scheme is discussed. Numerical investigations
are carried out to demonstrate the efficacy and uniform convergence of the
proposed scheme, and the obtained numerical results reveal the better per-
formance of the present scheme, as compared with some existing methods
in the literature.
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1 Introduction

Delay differential equations play a crucial role in the mathematical modeling
of various practical phenomena and are widely applicable in fields such as
biosciences, control theory, economics, material science, medicine, robotics,
etc. [17, 16, 15]. If we restrict the delay differential equations to a class
in which the highest order term is multiplied by a small parameter ε, then
we call it singularly perturbed delay differential equations of the retarded
type. Nowadays, there has been a growing interest in the study of singularly
perturbed delay differential equations due to their occurrence in many prac-
tical models, for instance, Hutchinson’s equation which is a model for the
evolution of the population in mathematical ecology[1] and, the Wazewska-
Czyzeska and Lasota equation that describes the survival of red blood cells
in animals [27].

The solutions of singularly perturbed time-delayed problems are funda-
mentally different from those problems without time delay because small
lags can have large effects. The solution of delay differential equations re-
quires knowledge of both the current state and the state at a certain time
in the past. Finding the solution to singularly perturbed delay differential
equations using classical numerical methods fails to give stable and accurate
results because of the presence of the perturbation parameter ε.

Many researchers have treated time-dependent singularly perturbed parabolic
partial differential equations,with or without time-delay: to mention some
[3, 4, 14, 12, 2, 10, 20, 21, 22, 23, 28]. However, time-delayed reaction diffu-
sion problems have not been extensively investigated. Authors in [13] solved
singularly perturbed time-delay parabolic partial differential equations of the
reaction-diffusion type. The problem is discretized by a hybrid scheme on a
generalized Shishkin mesh in the spatial direction and the implicit Euler
scheme on a uniform mesh in the time direction, and to increase the order
of convergence in the time direction, Richardson extrapolation is applied.
The authors in [12] studied a similar problem with [13]. The scheme uses
the Crank-Nicolson scheme for the time variable, and the spatial variable is
discretized by the tension spline scheme on a non-uniform Shishkin mesh.

Recently, in [19] Crank-Nicolson method for the time derivative on the
uniform mesh and the central difference scheme for the spatial derivative on
the Shishkin-type meshes is used for the problem in [13], and to enhance the
order of convergence Richardson extrapolation technique is used. Also, in [7]
singularly perturbed delay parabolic reaction-diffusion problem with mixed
type boundary condition is solved. The problem is discretized by the implicit
Euler method on a uniform mesh in the time and the extended cubic B-spline
collocation method on a Shishkin mesh in the space variable.

In real-world applications, higher-order methods are preferred to their
lower-order counterparts since they provide better accuracy at a lower com-
puting cost. This paper aims to design a uniformly convergent scheme with
a higher order of convergence in both space and time variables or singularly
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perturbed time delay reaction-diffusion problems. To discretize the problem,
a similar approach to [14] is applied, that is, the Crank-Nicolson scheme for
the discretization of the time derivative, and for the spatial variable, a hy-
brid scheme on a special type of Shishkin mesh is used, which is gradually
condensing starting from the center of the domain to both the right and left
boundary layers.

In this article, we considered the following singularly perturbed time-
delay parabolic partial differential equation of the reaction-diffusion type of
the form:

(
∂

∂t
+ Lε,x)u(x, t) = −b(x, t)u(x, t− τ) + f(x, t), (x, t) ∈ D (1)

subject to the initial and interval conditions:

u(x, t) = ϕb(x, t), for (x, t) ∈ Γb, (1a)

and boundary conditions:

u(0, t) = ϕl(t) on Γl = {(0, t) : 0 ≤ t ≤ T}, (1b)

u(1, t) = ϕr(t) on Γr = {(1, t) : 0 ≤ t ≤ T}, (1c)

where
Lε,xu(x, t) = −εuxx(x, t) + a(x, t)u(x, t),

0 < ε << 1 and τ > 0 is the delay parameter. Also, D = Ωx × Ωt =
(0, 1) × (0, T ] and Γ = Γl ∪ Γb ∪ Γr, Γb = [0, 1] × [−τ, 0], Γl and Γr are the
left and the right sides of the rectangular domain D corresponding to x = 0
and x = 1, respectively. The functions a(x, t), b(x, t), f(x, t), ϕb, ϕl and ϕr
are assumed to be sufficiently smooth and bounded and satisfying,

a(x, t) ≥ α > 0, b(x, t) ≥ β > 0, (x, t) ∈ D.

For the existence and uniqueness of the solution of (1), see [1]. Under the
above assumptions the solution of (1) exhibits boundary layers along x = 0
and x = 1.

The article is organized as follows: In Section 2, we provide some prop-
erties of the analytical solution and its derivatives. In Section 3, temporal
semi-discretization, spatial discretization, and the derivation of the scheme
are discussed. In Section 4, we investigate the uniform convergence of the
fully discrete scheme. Numerical results and discussion are presented in Sec-
tion 5. Finally, in Section 6, the conclusion of the paper is provided.

Notation : Throughout this paper, C denotes a generic positive constant
that is independent of ε and mesh sizes. Also ||.|| denotes the standard
supremum norm, which is defined as ||f || = Sup

(x,t)∈D
|f(x, t)|, for a function f

defined on some domain D.
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2 Analytical results

In this section, the analytical aspects of the solution of problem (1) and its
derivatives are studied.

Lemma 1 (Maximum principle). Let Φ(x, t) ∈ C2,1(D) and assume that
Φ(x, t) ≥ 0 on Γ.

Then
(
∂
∂t +Lε,x

)
Φ(x, t) ≥ 0, ∀(x, t) ∈ D imply that Φ(x, t) ≥ 0, ∀(x, t) ∈ D.

Proof. Let the point (x∗, t∗) ∈ D, such that Φ(x∗, t∗) = minΦ(x, t) and
assume that Φ(x∗, t∗) < 0. Clearly, (x∗, t∗) /∈ Γ these implies that (x∗, t∗) ∈
D.

The function Φ(x, t) attains its minimum at (x∗, t∗), then Φx = 0,Φt = 0
and Φxx ≥ 0 at (x∗, t∗) . Therefore, from (1), it is easy to observe that

(
∂

∂t
+ Lε,x)Φ(x, t) ≤ 0,

which is a contradiction as ( ∂∂t + Lε,x)Φ(x, t) ≥ 0. Hence Φ(x, t) ≥ 0 for all
(x, t) ∈ D.

Lemma 2. The solution u of (1) satisfies the following bounds,

|| ∂
i+ju

∂xi∂tj
|| ≤ Cε−i/2, for 0 ≤ i+ 2j ≤ 8. (2)

Proof. See [13].

In the proof of the error analysis, sharper bounds of the solution and its
derivatives are required so that the solution u is decomposed into a regular
component v, and a singular component w, as follows:

u = v + w,

for more detail see [1, 18].

Lemma 3. The solution u of (1) satisfies the following bounds,

|| ∂
i+jv

∂xi∂tj
|| ≤ C(1 + ε2−i/2), (3)

|| ∂
i+jw

∂xi∂tj
|| ≤ Cε−i/2(exp(−

√
αx/

√
ε) + exp(−

√
α(1− x)/

√
ε)), (4)

for (x, t) ∈ D, 0 ≤ i+ 2j ≤ 8.

Proof. The proof of this Lemma is described in [1].
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3 Numerical scheme

3.1 Temporal semi-discretization

On the time domain [0, T ], we use uniform mesh with step size ∆t, such
that ΩMt = {tj : tj = j∆t,∆t = T

M , for j = 0, 1, ...,M}, T = yτ, τ = mτ∆t,
where y andmτ are positive integer, andM is the number of mesh intervals in
[0, T ]. To descretize the time variable for problem (1), we use Crank-Nicolson
method, given by

u−j(x) = ϕb(x,−tj), for j = 0, 1, 2, ...,mτ, 0 ≤ x ≤ 1,(
I + ∆t

2 Lε,x
)
uj+1(x) =

(
I − ∆t

2 Lε,x
)
uj(x) + ∆t

2

[
F j(x) + F j+1(x)

]
,

uj+1(0) = ϕl, u
j+1(1) = ϕr, for j = 1, 2, ...,M − 1,

(5)
where F j(x) = f(x, tj)− b(x, tj)u(x, tj−mτ

) and, uj+1(x) = u(x, tj+1) is the
semi-discrete approximation to the exact solution u(x, t) of (1) at the time
level tj = j∆t. The local truncation error of the semi-discrete method (5) is
given by

ej+1 = u(x, tj+1)− ũj+1(x),

where ũj(x) is the solution evaluated after one step of the semi-discrete
scheme (5) taking the exact value u(x, tj) instead of uj as the initial data.
Re-write (5) in the form

(
I + ∆t

2 Lε,x
)
ũj+1(x) = gj(x), x ∈ Ωx,

ũj+1(0) = ϕl, ũj+1(1) = ϕr,
(6)

where gj(x) = ∆t
2

(
F j(x) + F j+1(x)− Lε,xuj(x)

)
+ u(x, tj).

For the stability of the Crank-Nicolson method, one can refer to [6, 8].

Lemma 4. Suppose that
∣∣∣∣ ∂i∂tiu(x, t)∣∣∣∣ ≤ C, (x, t) ∈ D, i = 0, 1, 2, 3, the

local error associated to scheme (5) satisfies:

||ej+1|| ≤ C1(∆t)
3, ȷ = 1, 2, ...,M. (7)

Proof. Using Taylor’s series expansion,

u(x, tj+1)− u(x, tj)

∆t
= ut(x, tj+1/2) +O((∆t)2),

= −Lε,xu(x, tj+1/2) + F (x, tj+1/2) +O((∆t)2),

(8)

where F (x, tj+1/2) = −b(x, tj+1/2)u(x, tj+1/2−mτ
) + f(x, tj+1/2) and
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f(x, tj+1/2) =
f(x, tj+1) + f(x, tj)

2
+O((∆t)2),

a(x, tj+1/2) =
a(x, tj+1) + a(x, tj)

2
+O((∆t)2),

b(x, tj+1/2) =
b(x, tj+1) + b(x, tj)

2
+O((∆t)2).

From the above, we obtain

Lε,xu(x, tj+1/2) = Lε,x
u(x, tj+1) + u(x, tj)

2
+O((∆t)2).

Clearly, the local error ||ej+1|| is the solution of the following BVP:
(
I + ∆t

2 Lε,x
)
ej+1 = O((∆t)3),

ej+1(0) = 0, ej+1(1) = 0.
(9)

Next, using the maximum principle for the operator
(
I + ∆t

2 Lε,x
)

proves

the result, for more detail please refer [6].

All the results in the above insure the second order convergence of the
scheme (5). The global error of the time semi-discretization is given by

Ej = u(x, tj)− uj(x) =

j∑
k=1

ek.

Theorem 1 (Global error estimate). The global error estimate at tj is

||Ej || ≤ C(∆t)2, j = 1, 2, ...,M.

Proof. see [11].

3.2 Spatial discretization

In this section, we discretized problem (5), using a hybrid scheme. First, we
define a special type of Shishkin mesh to discretize the domain Ωx, then the
required scheme can be constructed.
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3.2.1 Shishkin mesh

For N ≥ 2k, for integer k ≥ 2, the fitted mesh Ω
N

x is constructed by dividing
the domain Ωx = [0, 1] in to three subintervals such that

Ω
N

x = [0, σ] ∪ [σ, 1− σ] ∪ [1− σ, 1].

Consequently, the mesh points and the transition parameter σ are defined as
described in [14, 26]. Let, L = L(N) satisfying,

ln(lnN) ≤ L ≤ lnN and exp(−L) ≤ L

N
.

Then, the location of the transition point is

σ = min
{
1

4
, η
√
εL

}
, (10)

where η ≥ 4/
√
α. Moreover, mesh points in the spatial direction is given by

xi =


4σ
N i, for i = 1, 2, ..., N4 ,

σ + r( iN − 1/4)3 + 4σ( iN − 1/4), for N
4 + 1, N4 + 2, ..., N2

1− xN−i, for i = N
2 + 1, N2 + 2, ..., N.

(11)

where the coefficient r is determined from xN/2 = 1/2 .
Let h max = max

∀i
hi, where hi = xi − xi−1, i = 1, 2, ..., N , from (11) it

is clear that the maximum mesh width hmax always correspond to hN
2

and
hN

2 +1 of the domain ΩN , that is,

h max = hN
2
= hN

2 +1 ≤ CN−1.

In the coarse part [σ, 1− σ], the mesh width satisfies the following,

hi+1 ≤ CN−1, (12)
|hi+1 − hi| ≤ CN−2, (13)

for more detail see [26].

3.2.2 Derivation of the scheme

We use a hybrid scheme which is a combination of the central difference
scheme and the fourth-order compact difference scheme to approximate the
semi-discrete problem (5), where the coefficients are determined to make the
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scheme exact for polynomials up to degree four and satisfy the normalization
condition, q−i + qci + q+i = 1, for i = 1, 2, ..., N − 1.

LNε Ũ
j+1
i ≡ r−i,jŨ

j+1
i−1 +rci,jŨ

j+1
i +r+i,jŨ

j+1
i+1 = Q(gji ) = q−i g

j
i−1+q

c
i g
j
i +q

+
i g

j
i+1,
(14)

where

r−i,j =
∆t

2
r̃−i,j + q−i , rci,j =

∆t

2
r̃ci,j + qci , r+i,j =

∆t

2
r̃+i,j + q+i ,

and the coefficients r̃−i,j , r̃ci,j , r̃+i,j ,q−i , qci and q+i will be determined later. The
development of the method is based on computing the local truncation error
as follows:

Ti,ũj+1 = LNε (ũj+1
i )− LNε (Ũ j+1

i )

= LNε (ũj+1
i )−Q

((
I +

∆t

2
Lε,x

)
ũj+1
i

)
= r−i,j ũ

j+1
i−1 + rci,j ũ

j+1
i + r+i,j ũ

j+1
i+1 − q−i (ũ

j+1
i−1 +

∆t

2
Lε,xũj+1

i−1 )

− qci (ũ
j+1
i +

∆t

2
Lε,xũj+1

i )− q+i (ũ
j+1
i+1 +

∆t

2
Lε,xũj+1

i+1 ).

(15)

Let’s denote the local truncation error corresponds to the discretization of
the spatial variable by T xi,ũ, and Ti,ũj+1 represent, Ti,ũj+1 = ∆t

2 T
x
i,ũ

T xi,ũ = T 0
i ũ+ T 1

i ũ
′ + ...+ T 6

i ũ
6 +O(h5max), (16)

where

T 0
i = (r̃−i,j + r̃ci,j + r̃+i,j)− (q−i a

j+1
i−1 + qci a

j+1
i + q+i a

j+1
i+1 ),

T 1
i = (hi+1r̃

+
i,j − hir̃

−
i,j)− (hi+1q

+
i a

j+1
i+1 − hiq

−
i a

j+1
i−1 ),

T 2
i = (h2i+1r̃

+
i,j + h2i r̃

−
i,j)− 2ε− (h2i+1q

+
i a

j+1
i+1 + h2i q

−
i a

j+1
i−1 ),

...

T ki =
hki+1

k!
r̃+i,j + (−1)k

hki
k!
r̃−i,j + q+i

(
hk−2
i+1

(k − 2)!
ε−

hki+1

k!
aj+1
i+1

)
+ (−1)kq−i

(
hk−2
i

(k − 2)!
ε− hki

k!
aj+1
i−1

)
, for k = 3, 4, 5, 6.

The truncation error is said to be of order p if T xi,ũ = O(hpmax) as hmax → 0,
for i = 1, 2, ..., N − 1. The method is constructed under the conditions,
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T ki = 0, k = 0, 1, 2,

T ki = O(h4max), k = 3, 4.
(17)

Therefore, the local truncation error T xi,ũ can be written in the form,

T xi,ũ = T 3
i ũ

′′′
+ T 4

i ũ
4 +

(
1

5!
(h5i+1r̃

+
i,j − h5i r̃

−
i,j) +

ε

3!
(h3i+1q

+
i − h3i q

−
i )

)
ũ5

+

(
1

6!
(h6i+1r̃

+
i,j + h6i r̃

−
i,j) +

ε

4!
(h4i+1q

+
i + h4i q

−
i )

)
ũ6.

(18)

As a result, to fulfill the condition stated in (17), the coefficients are deter-
mined as follows:

r̃−i,j =

(
−2ε

hi(hi + hi+1)
+ q−i a

j+1
i−1

)
,

r̃+i,j =

(
−2ε

hi+1(hi + hi+1)
+ q+i a

j+1
i−1

)
,

r̃ci,j =

(
2ε

hihi+1
+ qci a

j+1
i

)
, 1 ≤ i ≤ N − 1.

(19)

The coefficients q+i , qci and q−i , i = 1, 2, ..., N − 1 are defined in two different
ways,
(i) For the inner layer region, i.e (0, σ) ∪ (1− σ, 1), the coefficients are given
by

q−i =
1

6
−

h2i+1

6hi(hi + hi+1)
,

q+i =
1

6
− h2i

6hi+1(hi + hi+1)
,

qci =
h2i + h2i+1 + 3hihi+1

6hihi+1

(20)

(ii) For the outer layer region [σ, 1 − σ], depending on the maximum step
length(hmax) and ε, the coefficients are defined in two different cases. Define
ã = (a+ 2

∆t ), γ is a positive constant independent of ε and ∆t,
Case-1 When γh2max||ã|| ≤ ε, the coefficients q+i , qci and q−i , are defined by
(20)
Case-2 When γh2max||ã|| ≥ ε, the coefficients q+i , qci and q−i , are given by

q−i = 0, qci = 1, q+i = 0. (21)
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Remark 1. The coefficients q+i , qci and q−i are determined by the fourth order
compact difference scheme in the boundary layer region, and in the regular
region when γh2max||ã|| ≤ ε. While in the regular region these coefficients
are determined by central difference scheme when γh2max||ã|| ≥ ε. For more
detail see [3, 14, 8, 5, 24, 25].

3.2.3 Stability and error analysis

To estimate the ε− uniform convergence of the proposed scheme, we decom-
pose the approximate solution of (14) into regular and singular components,

Ũ = Ṽ + W̃ .

Now, the truncation error of the method (14) can be decomposed as

|Ti,ũj+1 | ≤ |Ti,ṽj+1 |+ |Ti,w̃j+1 |, (22)

where |Ti,ṽj+1 | and |Ti,w̃j+1 | are the errors corresponding to the regular com-
ponent ṽj+1 and the singular component w̃j+1, respectively.

Lemma 5. Let N ≥ N0, where N0 is the smallest positive integer such that

4η2

3
(||a||+ 2/∆t) <

N2
0

L∗2
, (23)

where L∗ = L(N0). Then for any N ≥ N0, the coefficients

r−i,j < 0, rci,j > 0, r+i,j < 0 and r−i,j+r
c
i,j+r

+
i,j ≥ 0, for i = 1, 2, ..., N−1.

Proof. From (20) and (21) it is clear that q−i ≥ 0, qci > 0, and q+i ≥ 0, then
to show r−i,j < 0, r+i,j < 0 and rci,j > 0, we have

r−i,j =
∆t

2

(
−2ε

hi(hi + hi+1)
+ q−i

(
aj+1
i−1 +

2

∆t

))
,

r+i,j =
∆t

2

(
−2ε

hi+1(hi + hi+1)
+ q+i

(
aj+1
i+1 +

2

∆t

))
,

rci,j =
∆t

2

(
2ε

hihi+1
+ qci

(
aj+1
i +

2

∆t

))
.

(24)

Using (20) and (21), the mesh width and the condition (23) proves r−i,j < 0,
r+i,j < 0 and rci,j > 0, then from (24), we obtain
r−i,j + rci,j + r+i,j > 0, for i = 1, 2, ..., N − 1.

Remark 2. From Lemma 5 it is clear that the matrix associated with the
discrete operator LNε defined in (14) is an irreducible M-matrix and so has
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a positive inverse. The operator LNε in (14) satisfies the following maxi-
mum principle on DN,M . Hence, the scheme (14) is uniformly stable in the
maximum norm.

Lemma 6. Let Φ satisfies Φ ≥ 0 on ΓN,M . Then LNε Φ ≥ 0 on DN,M implies
that Φ ≥ 0 at each point of DN,M .

Proof. The proof follows using Lemma 5 and Remark 2.

Lemma 7. Let ũn+1 be the solution of (5) and Ũn+1 be the solution of
discrete scheme (14). Then the global error satisfies

||ũn+1(xi)− Ũn+1
i || ≤ C∆t(L/N)4. (25)

Proof. For uniform mesh i.e σ = 1/4, classical analysis can be used to prove
the convergence of the scheme. So, we only consider the case σ = σ0

√
εL.

Case-1 Inner region [0, σ] ∪ [1 − σ, 1], hi = hi+1 = σ0
√
εN−1L, from the

truncation error in (18), we have

T xi,ũ ≤ C∆tε

(
|hi+1 − hi|(hi+1 + hi)

2

∣∣∣∣∣∣∣∣d5ũn+1

dx5

∣∣∣∣∣∣∣∣
[xi−1,xi+1]

+ (h4i + h4i+1)

∣∣∣∣∣∣∣∣d6ũn+1

dx6

∣∣∣∣∣∣∣∣
[xi−1,xi+1]

)
.

(26)

Using Lemma 3, we can get

T xi,ṽ ≤ C∆t(L/N)4 and T xi,w̃ ≤ C∆t(L/N)4 (27)

Therefore, (22) gives
T xi,ũ ≤ C∆t(L/N)4.

Case-2 Outer region [σ, 1− σ], determined by the relation between hmax and
ε
(i) When γh2max||ã|| ≤ ε

T xi,ũ ≤ C∆tε

(
|hi+1 − hi|(hi+1 + hi)

2

∣∣∣∣∣∣∣∣d5ũn+1

dx5

∣∣∣∣∣∣∣∣
[xi−1,xi+1]

+ (h4i + h4i+1)

∣∣∣∣∣∣∣∣d6ũn+1

dx6

∣∣∣∣∣∣∣∣
[xi−1,xi+1]

)
.

(28)

Using (3), (12) and (13), we obtain the bound of the truncation error with
respect to the regular component ṽ is,

T xi,ṽ ≤ C∆tN−4. (29)

Similarly for the singular component w̃ using (4), (12) and (13), we obtain
the bound of the truncation error with respect to singular component w̃,
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T xi,w̃ ≤ Cε−2∆tN−4(exp(−
√
αx/

√
ε) + exp(−

√
α(1− x)/

√
ε))

≤ C∆t(L/N)4,
(30)

since (
exp(−

√
αx/

√
ε) + exp(−

√
α(1− x)/

√
ε)
)
≤ Cexp(−a(x, t)L),

and
exp(−L) ≤ L/N.

(ii) When γh2max||ã|| ≥ ε, Assume L−4 ≤ C∆t,

T xi,ũ ≤ C∆tε

(
|hi+1−hi|

∣∣∣∣∣∣∣∣d3ũn+1

dx3

∣∣∣∣∣∣∣∣
[xi−1,xi+1]

+(h2i+h
2
i+1)

∣∣∣∣∣∣∣∣d4ũn+1

dx4

∣∣∣∣∣∣∣∣
[xi−1,xi+1]

)
.

(31)
Using Lemma 3, (12) and (13), we obtain the bound of the truncation error
with respect to regular component ṽ and layer component w̃ as follows

T xi,ṽ ≤ Cε∆tN−2.

Since γh2max > ε,
T xi,ṽ ≤ CN−4 (32)

and

T
x
i,w̃ ≤ Cε∆t

∣∣∣∣∣∣∣∣d2wdx2

∣∣∣∣∣∣∣∣
[xi−1,xi+1]

≤ C∆t
(
exp(−

√
αx/

√
ε) + exp(−

√
α(1 − x)/

√
ε)
)

≤ C∆t(L/N)
4
.

(33)

Hence, from (32), (33) and (22), we get

T xi,ũ ≤ Cε∆t(L/N)4. (34)

Therefore, taking the estimate in case (i) and case (ii) then the truncation
error estimate of the scheme (14) is given by

T xi,ũ ≤ Cε∆t(L/N)4. (35)

Finally, combining the uniform stability result and (35), concludes the proof.

4 The full discrete scheme

A combination of time and the spatial semi-discretization gives the full dis-
crete scheme. Let U ji be the numerical approximation for u(xi, tj) then the
fully discrete scheme on the mesh DN,M is of the form
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U−j(xi) = ϕb(xi,−tj), for j = 0, 1, 2, ...,mτ, and 0, 1, 2, ..., N,

LN,Mε U j+1
i ≡ r−i,jU

j+1
i−1 + rci,jU

j+1
i + r+i,jU

j+1
i+1 = q−i G

j
i−1 + qciG

j
i + q+i G

j
i+1,

U j+1
0 = ϕl(tj+1), U j+1

N = ϕr(tj+1),

for i = 1, 2, ..., N − 1 and j = 1, 2, ...,M − 1.
(36)

Where

LNε,xU
j+1
i = −LNε,xU

j
i − 2

U j+1
i − U ji

∆t
+ F j(xi) + F j+1(xi),

Gji = U ji +
∆t

2

[
F j(xi) + F j+1(xi)− LNε,xU

j
i

]
,

and the coefficients r−i,j , rci,j , r+i,j , q−i , qci and q+i , are described in subsection
3.2.2.
The next theorem is for the ε− uniform convergence of the proposed scheme
(36).

Theorem 2. Let u be the exact solution of (1) and U ji be the approximate
solution of (36). Under the hypothesis of Lemma (5). Then the global ε−
uniform error estimate of the scheme (36) satisfies the following bound

||u(xi, tj)− U ji ||DN,M ≤ C

(
(∆t)2 + (L/N)4

)
, 1 ≤ i ≤ N and 1 ≤ j ≤M,

where L is as described in section 3.2.1.

Proof. Case-1 For t ≤ τ, the delay term u(x, t − τ) is not dependent on ε,
since the right hand side of problem (1) is −b(x, t)ϕ(x, t − τ) + f(x, t). Let
D
N,M

τ = ΩNx × ΩMτ , where ΩMτ denotes the uniform mesh elements of [0, τ],
then the global error estimate on DN,M

τ can be computed as follows

||u(xi, tj)− U ji ||DN,Mτ

≤ ||u(xi, tj)− ũji ||DN,Mτ

+ ||ũji − Ũ ji ||DN,Mτ

+ ||Ũ ji − U ji ||DN,Mτ

.
(37)

The combination of (7) and Lemma 3.2.3 result,

||u(xi, tj)− U ji ||DN,Mτ

≤ ||Ũ ji − U ji ||DN,Mτ

+ C∆t

((
∆t
)2

+
(
L/N

)4)
. (38)

Taking the stability of the fully discrete method, we conclude that

||Ũ ji − U ji ||DN,Mτ

≤ ||u(xi, tj−1)− U j−1
i ||

D
N,M
τ

. (39)

Now from (38) and (39) results a recurrence relation for the global error, so
that
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||u(xi, tj)−U ji ||DN ≤ C

(
(∆t)2+(L/N)4

)
, 1 ≤ i ≤ N and 1 ≤ j ≤M. (40)

Case-2 When t ≥ τ, in this case the delay term u(x, t−τ) depends on ε. The
proof is done following the approach given in [1, 25]. The solution U(xi, tj)

found on D
N,M

τ is denoted by Uτ(xi, tj).To determine the estimate of the
global error on D

N,M

2τ = ΩN × ΩM2τ, where ΩM2τ denotes the uniform mesh
with mτ mesh elements used on [τ, 2τ],

|LN,Mε (u(xi, tj)− U ji )| = q−i b
j
i−1

(
Uτ(xi−1, tj−mτ

)− u(xi−1, tj−mτ
)
)
+ q−i Ej

+ qci b
j
i

(
Uτ(xi, tj−mτ

)− u(xi, tj−mτ
)
)
+ qciEj

+ q+i b
j
i+1

(
Uτ(xi+1, tj−mτ

)− u(xi+1, tj−mτ
)
)
+ q+i Ej

+ Ti,ũj ,

(41)

where Ej and Ti,ũj are the local error associated to the Crank-Nicolson
method and the method in (14) respectively. Then using the bound (40),

|LN,Mε (u(xi, tj)− U ji )| ≤ ||Ej ||+ |Ti,ũj |+ ||u(xi, tj)− U ji ||DN

≤ C

(
(∆t)2 + (L/N)4

)
,

1 ≤ i ≤ N and 1 ≤ j ≤M.

By introducing barrier functions and applying the discrete maximum princi-
ple over DN,M

2τ , we found

||u(xi, tj)− U ji ||DN,M2τ
≤ C

(
(∆t)2 + (L/N)4

)
, 1 ≤ i ≤ N and 1 ≤ j ≤M,

Lastly, by applying an induction argument we can get the required estimate.

5 Numerical results and discussion

To test the performance of the proposed scheme, we applied it to three differ-
ent problems of the form (1). The maximum absolute errors (point-wise) and
the rate of the convergence are calculated and tabulated. For those problems
whose exact solution is unknown, the maximum absolute error is calculated
using the formula:

EN,Mε = max
0≤i,j≤N,M

|UN,M (xi, tj)− U2N,2M (x2i, t2j)|.
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where UN,M (xi, tj) denote the numerical solution obtained by N mesh inter-
vals in the spatial direction and M mesh intervals in the time direction, such
that M = T/∆t. The corresponding rate of convergence rate is given by the
formula:

RN,Mε = log2
(
EN,Mε

E2N,2M
ε

)
.

Also, the ε− uniform maximum point -wise error EN,M is given by the for-
mula:

EN,M = max
ε
EN,Mε .

and the corresponding ε−uniform rate of convergence RN,M is given by the
formula:

RN,M = log2
(
EN,M

E2N,2M

)
.

Example 1. Consider the following reaction-diffusion problem [9]:

ut − εuxx +
1

2
u(x, t) = −2e−1u(x, t− 1) + f(x, t), (x, t) ∈ (0, 1)× (0, 2],

u(x, t) = e
−
(
t+ x√

ε

)
+ e

−
(
t+

(1−x)√
ε

)
, (x, t) ∈ [0, 1]× [−1, 0],

u(0, t) = e−t + e
−
(
t+ 1√

ε

)
, u(1, t) = e

−
(
t+ 1√

ε

)
+ e−t, t ∈ [0, 2].

The exact solution of problem (1) is u(x, t) = e
−
(
t+ x√

ε

)
+ e

−
(
t+

(1−x)√
ε

)
.

Table 1: Computed EN,∆t and RN,∆t for Example 1

ε ↓ N →64 128 256 512 1024
∆t → 0.25 0.25/2 0.25/22 0.25/23 0.25/24

20 7.4762e-04 1.5843e-5 3.7666e-5 9.3469e-06 2.3224e-06
2.2385 2.0725 2.0107 2.0027

2−2 1.0284e-03 2.4731e-04 6.1734e-5 1.5411e-5 3.8514e-6
2.0560 2.0022 2.0021 2.0005

2−4 7.8737e-4 1.9537e-4 4.8763e-5 1.2199e-5 3.0495e-6
2.0108 2.0024 1.9990 2.0001

2−6 5.6837e-4 1.4103e-4 3.5236e-5 8.8022e-6 2.2004e-6
2.0108 2.0009 2.0011 2.0001

2−8 5.6713e-4 1.4042e-4 3.5088e-5 8.7639e-6 2.1905e-6
2.0139 2.0007 2.0013 2.0003

2−10 5.8228e-04 1.4152e-04 3.5095e-05 8.7677e-06 2.1907e-06
2.0407 2.0117 2.0010 2.0008

...
...

...
...

...
2−20 5.8228e-04 1.4152e-04 3.5095e-05 8.7677e-06 2.1907e-06

2.0407 2.0117 2.0010 2.0008
EN,�t 5.8228e-04 1.4152e-04 3.5095e-05 8.7677e-06 2.1907e-06
RN,�t 2.0407 2.0117 2.0010 2.0008
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Table 2: Computed EN,∆t and RN,∆t for Example 1, to show the order of convergence
of space variable

ε ↓ N →32 64 128 256 512
∆t → 0.25 0.25/4 0.25/42 0.25/43 0.25/44

20 7.4762e-04 3.7666e-05 2.3324e-06 1.4570e-07 9.1115e-09
4.3110 4.0134 4.0007 3.9992

2−2 1.0284e-03 6.1735e05 3.8514e-06 2.4071e-07 1.5047e-08
4.0582 4.0026 4.0000 3.9998

2−4 7.8752e-04 4.8772e-05 3.0501e-06 1.9063e-07 1.1915e-08
4.0132 3.9991 4.0000 3.9999

2−6 5.7001e-04 3.5282e-05 2.2070e-06 1.3793e-07 8.6217e-09
4.0140 3.9988 4.0001 3.9999

2−8 5.9289e-04 3.6752e-05 2.2962e-06 1.4374e-07 8.9838e-09
4.0119 4.0005 3.9977 4.0000

2−10 1.0075e-03 6.2749e-05 3.9321e-06 2.4595e-07 1.7804e-08
4.0050 3.9962 3.9989 3.7881

2−12 1.1750e-03 7.2942e-05 4.5593e-06 2.8753e-07 1.7959e-08
4.0098 3.9999 3.9870 4.0009

2−14 1.1750e-03 7.2942e-05 4.5593e-06 2.8753e-07 1.7959e-08
4.0098 3.9999 3.9870 4.0009

2−16 1.1750e-03 7.2942e-05 4.5593e-06 2.8753e-07 1.7959e-08
4.0098 3.9999 3.9870 4.0009

EN,�t 1.1750e-03 7.2942e-05 4.5593e-06 2.8753e-07 1.7959e-08
RN,�t 4.0098 3.9962 3.9870 3.7881
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(a) ε = 2−8, N = 64,∆t = 0.25
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(b) ε = 2−16, N = 64,∆t = 0.25

Figure 1: Surface plot of numerical solution of Example 1
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Figure 2: Log-log plot of Example(1)

Example 2. Consider the following reaction-diffusion problem [1, 12, 13]:

ut − εuxx +
1 + x2

2
u(x, t) = −u(x, t− 1) + t3, (x, t) ∈ (0, 1)× (0, 2],

with
u(x, t) = 0, (x, t) ∈ [0, 1]× [−1, 0], u(0, t) = 0, u(1, t) = 0, t ∈ (0, 2].

Table 3: Computed EN,∆t and RN,∆t for Example 2

Method ε ↓ N →128 256 512 1024 2048
�t → 0.25 0.25/2 0.25/22 0.25/23 0.25/24

present 100 2.7387e-04 6.7253e-05 1.6808e-05 4.2019e-06 1.0505e-06
2.0258 20004 2.0001 2.0000

10−2 1.6900e-02 4.2067e-03 1.0448e-03 2.6493e-04 9.2519e-05
2.0062 2.0095 1.9795 1.5178

10−4 1.9293e-02 4.8267e-03 1.2067e-03 3.0157e-04 9.3848e-05
1.9989 2.0000 2.0005 1.6841

10−6 1.9357e-02 4.8428e-03 1.2067e-03 3.0275e-04 9.3848e-05
1.9989 2.0048 1.9999 1.6895

10−8 1.9358e-02 4.8432e-03 1.2111e-03 3.0280e-04 9.3833e-05
1.9989 1.9998 1.9999 1.6902

10−10 1.9358e-02 4.8432e-03 1.2111e-03 3.0280e-04 9.3833e-05
1.9989 1.9998 1.9999 1.6902

10−12 1.9358e-02 4.8432e-03 1.2111e-03 3.0280e-04 9.3833e-05
1.9989 1.9998 1.9999 1.6902

EN,�t 1.9358e-02 4.8432e-03 1.2111e-03 3.0280e-04 9.3833e-05
RN,�t 1.9989 1.9998 1.9999 1.6902

[12] EN,�t 2.39e-01 1.28e-01 6.60e-02 3.35e-02 1.71e-02

[13] EN,�t 2.78e-01 1.42e-03 7.13e-02 3.58e-02 1.79e-02

Example 3. Consider the following reaction-diffusion problem [13, 12]:
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Table 4: Computed EN,∆t and RN,∆t for Example 2, to show the order of convergence
of space variable

ε ↓ N →32 64 128 256 512
�t → 0.25 0.25/4 0.25/42 0.25/43 0.25/44

100 3.3960e-04 2.1010e-05 1.3131e-06 8.2068e-08 5.1299e-09
4.0147 4.0001 4.0000 3.9998

10−2 2.1214e-02 1.3267e-03 8.2918e-05 5.1824e-06 3.2390e-07
3.9991 4.0000 4.0000 4.0000

10−4 2.4127e-02 1.5092e-03 9.4330e-05 5.8957e-06 3.6848e-07
3.9988 3.9999 4.0000 4.0000

10−6 2.4192e-02 1.5136e-03 9.4608e-05 5.9131e-06 3.6957e-07
3.9984 3.9999 4.0000 4.0000

10−8 2.4192e-02 1.5137e-03 9.4615e-05 5.9136e-06 3.6960e-07
3.9984 3.9999 4.0000 4.0000

10−10 2.4189e-02 1.5137e-03 9.4615e-05 5.9135e-06 3.6970e-07
3.9982 3.9999 4.0000 3.9996

EN,�t 2.4192e-02 1.5137e-03 9.4615e-05 5.9136e-06 3.6970e-07
RN,�t 3.9982 3.9999 4.0000 3.9996
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(a) ε = 10−2, N = 64,∆t = 0.25
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Figure 3: Surface plot for numerical solution for Example 2

Figure 4: Log-log plot of Example 2

Iran. j. numer. anal. optim., Vol. 13, No. 2, 2023,pp 262–284



Amsalu Ayele, Andargie Tiruneh and Adamu Derese 280

ut − εuxx = −2e−1u(x, t− 1), (x, t) ∈ (0, 1)× (0, 2],

with

u(0, t) = e−t, u(1, t) = e−(t+1/
√
ε), t ∈ (0, 2],

u(x, t) = e−(t+1/
√
ε), (x, t) ∈ [0, 1]× [−1, 0].

(42)

u(x, t) = e−(t+x/
√
ε) is the exact solution of the problem.

Table 5: Computed EN,∆t and RN,∆t for Example 3

Method ε ↓ N →128 256 512 1024 2048
∆t → 0.25 0.25/2 0.25/22 0.25/23 0.25/24

present 100 3.9168e-05 8.2891e-05 1.9790e-05 4.9090e-06 1.2254e-06
2.2404 2.0665 2.0112 2.0022

10−2 6.7565e-04 1.6837e-04 4.2083e-05 1.0517e-05 2.6290e-06
2.0047 2.0003 2.0005 2.0001

10−4 6.8750e-04 1.6903e-04 4.2110e-05 1.0518e-05 2.6291e-06
2.0241 2.0051 2.0013 2.0002

10−6 6.8750e-04 1.6903e-04 4.2110e-05 1.0518e-05 2.6291e-06
2.0241 2.0051 2.0013 2.0002

10−8 6.8750e-04 1.6903e-04 4.2110e-05 1.0518e-05 2.6291e-06
2.0241 2.0051 2.0013 2.0002

10−10 6.8750e-04 1.6903e-04 4.2110e-05 1.0518e-05 2.6291e-06
2.0241 2.0051 2.0013 2.0002

10−12 6.8750e-04 1.6903e-04 4.2110e-05 1.0518e-05 2.6291e-06
2.0241 2.0051 2.0013 2.0002

EN,�t 6.8750e-04 1.6903e-04 4.2110e-05 1.0518e-05 2.6291e-06
RN,�t 2.0241 2.0051 2.0013 2.0002

[12] EN,�t 9.29e-03 4.43e-03 2.17e-03 1.07e-03 5.32e-04

[13] EN,�t 1.49e-02 7.75e-03 3.95e-03 2.00e-03 1.00e-03

The fitted mesh technique applied in these computations, described in
subsection (3.2.1), is uniform in the inner region, whereas in the outer region
the mesh gradually condenses more and more from the center to both left
and right ends of the interval. In Example 3 because of the boundary values
there is no boundary layer on Γr, even though we use the same mesh tech-
nique for this computation, it is possible to reshuffle the mesh appropriate
to each specific example, for further description of this special characteristic,
see [1]. In Tables 1 and 2, 3 and 5, for examples 1,2 and 3 respectively,
the maximum absolute error and rate of convergence for different values of
perturbation parameter ε and mesh numbers are presented, in all the case
we observed that the computed ε− uniform errors EN,∆t decreases monoton-
ically as the number of mesh points increases, this ensures that the proposed
scheme converges ε− uniformly. The orders of convergence RN,∆t is also in-
dependent of the perturbation parameter ε. To visualize the numerical order
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Figure 5: Solution graph for Example 3

Figure 6: Log-log plot of Example 3

of convergence, the maximum point-wise errors are plotted in log-log scale in
figures 2, 4 and 6. The effect of the perturbation parameter on the boundary
layer behavior of the solution is also shown in figures 1, 3 and 5. The numer-
ical result displayed in tables 2 and 4 reflects the actual theoretical order of
convergence of the spatial variability of the proposed scheme.

6 Conclusion

Singularly perturbed time delay parabolic partial differential equation of
reaction-diffusion type of the form (1) is considered. To get an approximate
solution to this problem, we used a hybrid scheme which is a combination
of a fourth-order compact difference scheme and a central difference scheme
based on a special type of Shishkin mesh in space variable, and the Crank-
Nicolson method on uniform mesh in the time variable. The proposed scheme
is ε− uniform convergent of order O((∆t)2 + (L/N)4). Further, numerical
experiments are carried out to demonstrate the performance of the proposed
scheme. The numerical results clearly show the high accuracy and order of
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convergence of the proposed scheme as compared to results available in the
literature.

References

[1] Ansari, A., Bakr, S. and Shishkin, G. A parameter-robust finite differ-
ence method for singularly perturbed delay parabolic partial differential
equations, J. Comput. Appl. Math. 205 (2007), 552–566.

[2] Babu, G. and Bansal, K. A high order robust numerical scheme for sin-
gularly perturbed delay parabolic convection diffusion problems, J. Appl.
Math. Comput. 68 (2021), 363–389.

[3] Clavero, C. and Gracia, J.L. High order methods for elliptic and time
dependent reaction–diffusion singularly perturbed problems, Appl. Math.
Comput. 168 (2005), 1109–1127.

[4] Clavero, C. and Gracia, J.L. On the uniform convergence of a finite dif-
ference scheme for time dependent singularly perturbed reaction-diffusion
problems, Appl. Math. Comput. 216 (2010), 1478–1488.

[5] Clavero, C. and Gracia, J.L. A high order hodie finite difference scheme
for 1d parabolic singularly perturbed reaction–diffusion problems, Appl.
Math. Comput. 218 (2012), 5067–5080.

[6] Clavero, C., Gracia, J. and Jorge, J. High-order numerical methods for
one-dimensional parabolic singularly perturbed problems with regular lay-
ers, Numer. Methods Partial Differential Equations 21 (2005), 149–169.

[7] Gelu, F.W. and Duressa, G.F. A uniformly convergent collocation
method for singularly perturbed delay parabolic reaction-diffusion prob-
lem, Abstr. Appl. Anal. 2021 (2021).

[8] Govindarao, L. and Mohapatra, J. A second order numerical method
for singularly perturbed delay parabolic partial differential equation, Eng.
Comput.

[9] Govindarao, L., Mohapatra, J. and Das, A. A fourth-order numerical
scheme for singularly perturbed delay parabolic problem arising in popu-
lation dynamics, J. Appl. Math. Comput. 63 (2020), 171–195.

[10] Govindarao, L. and Mohapatra, J. Numerical analysis and simulation of
delay parabolic partial differential equation involving a small parameter,
Eng Comput 37 (2019), 289–312.

[11] Kadalbajoo, M.K. and Awasthi, A. Crank–nicolson finite difference
method based on a midpoint upwind scheme on a non-uniform mesh

Iran. j. numer. anal. optim., Vol. 13, No. 2, 2023,pp 262–284



283 Fitted scheme for singularly perturbed time ...

for time-dependent singularly perturbed convection–diffusion equations,
Int. J. Comput. Math. 85 (2008), 771–790.

[12] Kumar, P.M.M. and Kanth, A.R. Computational study for a class of
time-dependent singularly perturbed parabolic partial differential equation
through tension spline, Comput. Appl. Math. 39 (2020), 1–19.

[13] Kumar, S. and Kumar, M. High order parameter-uniform discretization
for singularly perturbed parabolic partial differential equations with time
delay, Comput. Math. Appl. 68 (2014), 1355–1367.

[14] Kumar, M. and Rao, S.C.S. High order parameter-robust numerical
methodfor time dependent singularly perturbed reaction–diffusion prob-
lems, Computing 90 (2010), 15–38.

[15] Longtin, A. and Milton, J.G. Complex oscillations in the human pupil
light reflex with mixed and delayed feedback, Math. Biosci. 90 (1988),
183–199.

[16] Mackey, M.C. and Glass, L. Oscillation and chaos in physiological control
systems, Science 197 (1977), 287–289.

[17] Mallet-Paret, J. and Nussbaum, R.D. A differential-delay equation aris-
ing in optics and physiology, SIAM J. Math. Anal. 20 (1989), 249–292.

[18] Miller, J. ORiordan, E. and Shishkin, G. Fitted numerical methods for
singular perturbation problems, rev. edn, 2012.

[19] Mohapatra, J. and Govindarao, L. A fourth order optimal numerical
approximation and its convergence for singularly perturbed time delayed
parabolic problems, Iranian Journal of Numerical Analysis and Optimiza-
tion (2021).

[20] Negero, N.T. and Duressa, G.F. Uniform convergent solution of singu-
larly perturbed parabolic differential equations with general temporal-lag,
Iran. J. Sci. Technol. Trans. A Sci. 46 (2022), 507–524.

[21] Priyadarshana, S., Mohapatra, J. and Govindrao, L. An efficient uni-
formly convergent numerical scheme for singularly perturbed semilinear
parabolic problems with large delay in time, J. Appl. Math. Comput. 68
(2021), 2617–2639.

[22] Priyadarshana, S., Mohapatra, J. and Pattanaik, S.R.Parameter uni-
form optimal order numerical approximations for time-delayed parabolic
convection diffusion problems involving two small parameters, J. Com-
put. Appl. Math. 41 (2022).

[23] Sahu, S.R. and Mohapatra, J. Numerical investigation of time delay
parabolic differential equation involving two small parameters, Eng. Com-
put. 38 (2021), 2882–2899.

Iran. j. numer. anal. optim., Vol. 13, No. 2, 2023,pp 262–284



Amsalu Ayele, Andargie Tiruneh and Adamu Derese 284

[24] Salama, A. and Al-Amery, D. Asymptotic-numerical method for singu-
larly perturbed differential difference equations of mixed-type, J. Appl.
Math. Inform. 33 (2015), 485–502.

[25] Salama, A. and Al-Amery, D. A higher order uniformly convergent
method for singularly perturbed delay parabolic partial differential equa-
tions, Int. J. Comput. Math. 94 (2017), 2520–2546.

[26] Vulanović, R. A higher-order scheme for quasilinear boundary value prob-
lems with two small parameters, Computing 67 (2001), 287–303.

[27] Wazewska-Czyzewska, M. and Lasota, A. Mathematical models of the
red cell system, Matematyta Stosowana 6 (1976), 25–40.

[28] Yadav, S. and Rai, P. A higher order scheme for singularly perturbed
delay parabolic turning point problem, Eng. Comput. 38 (2020), 819–
851.

How to cite this article
Amsalu Ayele, M., Andargie Tiruneh, A. and Adamu Derese, G., Fit-
ted scheme for singularly perturbed time delay reaction-diffusion prob-
lems. Iran. j. numer. anal. optim., 2023; 13(2): 262-284.
https://doi.org/10.22067/ijnao.2022.76652.1161

Iran. j. numer. anal. optim., Vol. 13, No. 2, 2023,pp 262–284

https://doi.org/10.22067/ijnao.2022.76652.1161.


Iranian Journal of Numerical Analysis and Optimization
Vol. 13, No. 2, 2023, pp 285–316
https://doi.org/10.22067/ijnao.2022.78723.1181
https://ijnao.um.ac.ir/

How to cite this article
Research Article

Modified Runge–Kutta method with
convergence analysis for nonlinear

stochastic differential equations with
Hölder continuous diffusion coefficient

A. Haghighi

Abstract

The main goal of this work is to develop and analyze an accurate trun-
cated stochastic Runge–Kutta (TSRK2) method to obtain strong numeri-
cal solutions of nonlinear one-dimensional stochastic differential equations
(SDEs) with continuous Hölder diffusion coefficients. We will establish
the strong L1-convergence theory to the TSRK2 method under the local
Lipschitz condition plus the one-sided Lipschitz condition for the drift co-
efficient and the continuous Hölder condition for the diffusion coefficient
at a time T and over a finite time interval [0, T ], respectively. We show
that the new method can achieve the optimal convergence order at a finite
time T compared to the classical Euler–Maruyama method. Finally, nu-
merical examples are given to support the theoretical results and illustrate
the validity of the method.

AMS subject classifications (2020): 65C30; 65L07; 65L04

Keywords: Stochastic differential equation; Strong convergence; Truncated
methods; Hölder continuous coefficient.

1 Introduction

Consider the scalar stochastic differential equation of Itô type

dx(ξ) = a(x(ξ))dξ + b(x(ξ))dW (ξ), ξ ∈ [0, T ], (1)
x(0) = x0 ∈ R,
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where T > 0 and a, b : R → R are Borel measurable functions and W (ξ)
is a one-dimensional Wiener process. We refer the reader to [5, 16, 24, 26]
for an overview of stochastic differential equations (SDEs) and their applica-
tions. We assume that the drift coefficient a satisfies the one-sided Lipschitz
and local Lipschitz conditions and that the diffusion coefficient b satisfies the
Hölder continuity condition. Such applications exist in finance, for example,
the Aït–Sahalia-type interest rate model [1, 4] and the Cox–Ingersoll–Ross
model [6], and in biology, for example, the stochastic SIS epidemic model
[7] and laser emission models in chemical physics [16]. Since these equations
can be very complicated and analytical solutions are not always possible,
numerical methods have become an efficient tool for computing approximate
solutions for SDEs. Many numerical methods have been developed for SDEs
under the global Lipschitz and linear growth conditions; see, for example,
[24, 16, 29]. In particular, derivative-free stochastic Runge–Kutta (SRK)
methods for strong approximations have been proposed [3, 27, 8]. How-
ever, Hutzenthaler, Jentzen, and Kloeden [13] have shown that the classical
Euler–Maruyama (EM) and Milstein methods do not converge strongly to
the solution of (1) when the global Lipschitz and linear growth conditions of
the drift or diffusion coefficients are perturbed.

In recent years, an increasing number of numerical methods have been
developed for solving nonlinear SDEs without global Lipschitz conditions.
These methods include implicit methods [25, 23, 9], the tamed numerical
methods, the first of which was presented in Hutzenthaler et al. [14, 28, 12],
and the stopped EM method [19]. However, the use of implicit or drift-
implicit numerical methods requires the solution of a nonlinear algebraic
equation at each time step and thus can be very inefficient. Moreover, the
tamed methods may lead to inaccurate results due to the perturbation of the
flow by changing the drift and diffusion coefficients even at moderately small
step sizes [30]. Recently, Mao [21] proposed the truncated EM method for a
strong approximation of the nonlinear SDEs under the local Lipschitz con-
dition and the Khasminskii-type condition. After that, the Lq-convergence
rates and stability properties of the truncated EM method have been stud-
ied by some researchers [22, 11]. Yang et al. [32] investigated the strong
convergence of the truncated EM method for one-dimensional SDEs with
superlinearly growing drifts and the Hölder continuous diffusion conditions.
Then, several new techniques of the partially truncated EM method were
proposed in [33] to determine the optimal convergence rate. The authors
also investigated the stability of these methods.

Despite the strength of explicit methods in terms of computational cost,
there is still a drawback. As mentioned in [16, 2], explicit methods may have
to use very small step sizes if the SDEs to be solved are stiff. Although under
the classical global Lipschitz condition, there are some classes of explicit
methods with extended stability regions that are well suited for solving stiff
problems, especially those whose eigenvalues are close to the negative real
axis. For example, Komori and Burrage [17] have developed strong first-
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order SROCK methods for Itô and Stratonovich SDEs. However, they are
still far from accurate numerical algorithms suitable for highly nonlinear stiff
SDEs with explicit methods.

In this paper, we will bring all these ideas together. Based on Mao’s
truncation strategies [21, 22, 18], we derive a stochastic two-stage truncated
Runge–Kutta method for nonlinear SDEs with the superlinearly growing drift
coefficient and the continuous Hölder diffusion coefficient. The proposed
scheme is explicit and includes some free parameters that can extend the
accuracy of the results and stability regions. To the best of the author’s
knowledge, truncated SRK is the only truncated Runge–Kutta method with
the relevant results for a strong approximation of solutions of SDEs with
Hölder diffusion coefficients. We will study the strong convergence of the
proposed method under the local Lipschitz condition plus the one-sided Lip-
schitz condition for the drift term and the continuous Hölder condition for the
diffusion term at a time T and over a finite time interval [0, T ], respectively.
We show that the new method can achieve the optimal order of convergence
compared to the classical EM method at a finite time T without any restric-
tion on the step size. To show the effectiveness of our methods, we simulate
some stiff SDEs with several Hölder parameters α ∈ [0, 12 ).

The rest of the paper is organized as follows. In Section 2, we describe
some relevant assumptions that must be satisfied for the drift and diffusion
coefficients, as well as results for solving the original SDEs. In Section 3, we
first present mathematical notations and preliminary results for truncated
methods. We then develop the two-stage truncated stochastic Runge–Kutta
(TSRK2) method, which is the main goal of the paper. In this section, we
present convergence results of the new method at time T and give several
technical lemmas. In Section 4, we study the convergence rate over a finite
interval [0, T ]. Numerical results and conclusions are given in Sections 5 and
6, respectively.

2 Mathematical preliminaries

Let (Ω,F ,P) be a complete probability space with right continuous and
increasing filtration {Fξ}0≤ξ≤T , where F0 contains all P-null sets. Let
{W (ξ)}0≤ξ≤T be a one-dimensional standard {Fξ}0≤ξ≤T -adapted Wiener
process on the probability space. For z1, z2 ∈ R, we use z1∨z2 = max{z1, z2}
and z1∧z2 = min{z1, z2}. If B is a set, then its indicator function is denoted
by IB , namely, IB(z) = 1 if z ∈ B and 0 otherwise. For any fixed p ∈ [1,∞),
we frequently make use of the Young inequality

zp1z2 ≤ pδ

q
zq1 +

q − p

qδp/q−p
z
p/q−p
2 , for all z1, z2 ∈ R+, (2)
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for any δ > 0 and q ∈ [p,∞). To construct the new method, we now make
assumptions about a and b.

Assumption 1. Suppose that there exist real positive constants K1 and ρ
such that

|a(z1)− a(z2)|2 ≤ K1(1 + |z1|ρ + |z2|ρ)|z1 − z2|2, (3)

for all z1, z2 ∈ Rd.

From (3) we can conclude that the drift coefficient a satisfies the local
Lipschitz condition: For any u > 0, there exists Ku > 0 such that

|a(z1)− a(z2)| ≤ Ku|z1 − z2|, (4)

for all z1, z2 ∈ R with |z1| ∨ |z2| ≤ u.

Assumption 2. We assume that the drift coefficient a satisfies the one-
sided Lipschitz condition and the diffusion coefficient b satisfies the Hölder
continuity condition: Real constants H1,H2 ∈ R+ and 0 ≤ α < 0.5 exist
such that

(z1 − z2)(a(z1)− a(z2)) ≤ H1|z1 − z2|2, (5)
|b(z1)− b(z2)| ≤ H2|z1 − z2|

1
2+α, (6)

for all z1, z2 ∈ R.

Clearly, from Assumption 2, it is easy to verify that

za(z) ≤ H1|z|2 + |z||a(0)| ≤M1(1 + |z|2), (7)
|b(z)| ≤ H2|z|0.5+α + |b(0)| ≤M2(1 + |z|), (8)

for all z ∈ R, where M1 = 0.5
(
|a(0)|2 ∨ [2H1 + 1]

)
and M2 = H2(0.5 + α) ∨[

H2(0.5− α) + |b(0)|
]
. The relation (8) shows that the coefficient function b

satisfies the linear growth condition.
In this work, we use C for the generic positive real constant that depends

on p, T , α, x0, and so on but are independent of the time step size ∆ and R,
and whose values can change between occurrences.

Remark 1. Under Assumption 2, for all p ∈ (2,∞), there is a positive
constant C such that

za(z) +
p− 1

2
|b(z)|2 ≤ C(1 + |z|2), for all z ∈ R. (9)

To construct the numerical method, we first estimate the growth rate of a
as follows. We choose a strictly increasing continuous function ν : R+ → R+

such that ν(r) → ∞ as r → ∞ and
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sup
0<|z1|∨|z2|≤r

|a(z1)− a(z2)|
|z1 − z2|

∨ sup
|z|≤r

|a(z)| ≤ ν(r), for all r ≥ 1. (10)

We see that ν−1 : [ν(0),∞) → (0,∞) as the inverse function of ν is also a
strictly increasing continuous function. From Assumption 1, we observe that

sup
0<|z1|∨|z2|≤r

|a(z1)− a(z2)|
|z1 − z2|

≤
√
K1(1 +

√
2rρ/2),

sup
|z|≤r

|a(z)| ≤ |a(0)|+
√
K1r(1 + rρ/2). (11)

Therefore, we can set ν(r) = ηνr
1+ρ/2 for all r ≥ 1 with ην =

√
2K1 + |a(0)|.

Yang et al. [32] proved the existence and uniqueness of the strong solution
of the scalar SDE (1) with Hölder continuous diffusion coefficients presented
in the following theorem. They proved the theorem based on [31, Yamada–
Watanabe theorem] and [10, Lemma 3.2].

Theorem 1. Let Assumptions 1 and 2 be satisfied. Then the SDE (1) with
initial value x(0) = x0 ∈ R has a unique global solution x(t). Moreover, for
all p > 0, there is a positive constant C that depends on T , p, and x0 such
that

E
(

sup
0≤ξ≤T

|x(ξ)|p
)
≤ C, (12)

where E denotes the probability expectation under the probability measure
P.

For any real number R > |x(0)|, we define a stopping time

τR = inf{t ≥ 0 : |x(t)| ≥ R}. (13)

Lemma 1. Let Assumptions 1 and 2 hold. Fix any p ∈ (0,∞). Then, for
any real number R > |x(0)|, we have

P(τR ≤ T ) ≤ C

Rp
, (14)

where C stands for the generic positive real constant here in independent of
R.

Proof. By replacing ξ by τR ∧ T in (12), we see

E|x(τR ∧ T )|p ≤ C. (15)

Then, by Markov’s inequality, we have

RpP(τR ≤ T ) ≤ E(|x(τR)|pIτR≤T ) ≤ E(|x(τR ∧ T )|p) ≤ C, (16)

which completes the proof.
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In the following sections, we consider numerical methods on a uniform
mesh tn = n∆ for n = 1, . . . , N with ∆ = T/N for some N ∈ N.

3 An explicit two-stage truncated Runge–Kutta method

In this section, we develop an explicit two-stage truncated Runge–Kutta
scheme for the nonlinear SDE (1) with a superlinearly growing drift coef-
ficient and a continuous Hölder diffusion coefficient. It is worth mentioning
that in this regard, we adopt the idea of constructing the truncating functions
of Mao [22] and Li, Mao, and Yin [18] to construct the new method. First,
we outline some notations and preliminary results of the truncated methods,
which will be used in the following sections. Further details can be found
in the literature [21, 22, 11]. Let h : (0, 1] → (0,∞) be a strictly decreasing
function such that for a constant ĥ ≥ 1

h(1) ≥ ν(1), ∆1/4h(∆) ≤ ĥ, lim
∆→0+

h(∆) = ∞, for all ∆ ∈ (0, 1]. (17)

For example, we can consider h(∆) = ηh∆
−ϵω with ηh ≥ ην for any ϵ ∈

(0, 1/4ω), where ω > 0. For a given step size ∆ ∈ (0, 1], let κ∆ : R → R
denote the truncation mapping defined by κ∆(z) := (ν−1(h(∆))∧ |z|) z|z| , for
all z ∈ R. We set z

|z| = 0 if z = 0. It can be easily deduced

|κ∆(z1)| ≤ |z1|, |κ∆(z1)− κ∆(z2)| ≤ 2|z1 − z2|, for all z1, z2 ∈ Rd.
(18)

Accordingly, we define the truncated coefficient by

a∆(z) := a(κ∆(z)), (19)

for all z ∈ R. It is obvious from (3), (10) and (18) that

|a∆(z)| ≤ ν
(
ν−1(h(∆))

)
= h(∆), for all z ∈ Rd, (20)

and
|a∆(z1)− a∆(z2)|2 ≤ 4K1

(
1 + |z1|ρ + |z2|ρ

)
|z1 − z2|2, (21)

for all z1, z2 ∈ R.

Remark 2. From (10) and (18) it can be deduced for all z ∈ R and∆ ∈ (0, 1]
that

|a∆(z)| ≤ |a∆(z)− a(0)|+ |a(0)| ≤ ν(ν−1(h(∆))|κ∆(z)|+ |a(0)|
≤ Ch(∆)(1 + |z|). (22)

Also, from (8) we can easily write
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|b(z)|2 ≤ C(1 + |z|2). (23)

In fact, relations (22) and (23) are the same inequalities (2.5) and (2.6)
presented in Remark 2.1 in [33], which play a fundamental role in determining
the optimal convergence rate of the partially truncated EM methods.

The truncated function a∆ preserves the relation (9) in Remark 1 for all
∆ ∈ (0, 1]. We describe this in the following lemma.

Lemma 2. Let Assumption 2 holds. Then for all p > 2, there is a constant
K2 such that for all ∆ ∈ (0, 1]

za∆(z) +
p− 1

2
|b(z)|2 ≤ K2(1 + |z|2), for all z ∈ R, (24)

where K2 = 5
2

(
M1 ∨

[
M1

ν−1(h(1))

]
∨
[
(p− 1)M2

2

])
.

Proof. For any z ∈ R with |z| ≤ ν−1(h(∆)) from (7) and (8), we have

za∆(z) +
p− 1

2
|b(z)|2 = za(z) +

p− 1

2
|b(z)|2

≤
(
M1 ∨ [(p− 1)M2

2 ]
)
(1 + |z|2). (25)

Furthermore, for any z ∈ R with |z| > ν−1(h(∆)), we can write

za∆(z) +
p− 1

2
|b(z)|2 ≤ν−1(h(∆))

z

|z|
a
(
ν−1(h(∆))

z

|z|

)
+ (p− 1)M2

2 (1 + |z|2)

+
( |z|
ν−1(h(∆))

− 1
)
ν−1(h(∆))

z

|z|
a
(
ν−1(h(∆))

z

|z|

)
≤M1

|z|
ν−1(h(∆))

(
1 + [ν−1(h(∆))]2)

)
+ (p− 1)M2

2 (1 + |z|2)

≤M1|z|
( 1

ν−1(h(1))
+ |z|)

)
+ (p− 1)M2

2 (1 + |z|2)

≤5

2

(
M1 ∨

[ M1

ν−1(h(1))

]
∨
[
(p− 1)M2

2

])
(1 + |z|2)

(26)

The inequalities (25) and (26) imply the required assertion (24) easily.

Next, we construct our numerical algorithm TSRK2 to approximate the
exact solution (1). For any given step size ∆ ∈ (0, 1], define
Y (t0) = x0

Z∆(tn) = Y∆(tn) + ∆θa∆(Y∆(tn)),

Y∆(tn+1) = Y∆(tn) + ∆
(
α1a∆(Y∆(tn)) + α2a∆(Z∆(tn))

)
+ b(Z∆(tn))∆Wn,

(27)
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for n = 0, 1, . . . , N , where tn = n∆ and ∆Wn := W (tn+1) −W (tn). Here
θ ∈ R and α1, α2 ∈ [0, 1] with α1 +α2 = 1 are free parameters of the TSRK2
procedure. As an example, for θ = 0, we obtain the explicit truncated EM
method [21]. Thus, the presented class of TSRK2 methods turns out to be
a generalization of the truncated EM method. It is worth noting that when
the truncated function a∆ is replaced by a, the TSRK2 method with α1 = 0,
α2 = 1, and θ = 0.5 is the SRK scheme DDIRDI1 [3] and reduces to the
midpoint rule when applied to an ordinary differential equation.

We now form a continuous-time version of the TSRK2 procedure (27).
To do this, we first for any fixed step size ∆ ∈ (0, 1] set

Y∆(ξ) =

∞∑
n=0

Y∆(tn)I[tn,tn+1)(ξ), Z∆(ξ) =

∞∑
n=0

Z∆(tn)I[tn,tn+1)(ξ), for all ξ ≥ 0.

y∆(ξ) = Y∆(ξ)+

∫ ξ

tn

(
α1a∆(Y∆(ζ))+α2a∆(Z∆(ζ))

)
dζ+

∫ ξ

tn

b(Z∆(ζ))dW (ζ),

(28)
or equivalently

y∆(ξ) = x0 +

∫ ξ

0

(
α1a∆(Y∆(ζ)) + α2a∆(Z∆(ζ))

)
dζ +

∫ ξ

0

b(Z∆(ζ))dW (ζ).

(29)

3.1 Moment bound of the TSRK2 method

In this subsection, we will state a new result showing the uniform bounded-
ness of the solutions of the TSRK2 method (27). First, the following lemma
shows how to conclude that the values Y∆(ξ) and Z∆(ξ) are close to y∆(ξ)
with respect to the Lp-norm.

Lemma 3. For any p̃ > 0 and any T > 0, there is a positive constant number
Cp̃ such that for every step size ∆ ∈ (0, 1]

E|y∆(ξ)−Y∆(ξ)|p̃∨E|y∆(ξ)−Z∆(ξ)|p̃ ≤ Cp̃∆
p̃/2(h(∆))p̃, for all ξ ∈ [0, T ].

(30)

Proof. We first prove the lemma for any p̃ ≥ 2. In this case, for a given
ξ ∈ [0, T ], there is an unique n ≥ 0 such that tn ≤ ξ < tn+1. By (28) and
from the Hölder inequality, [20, Theorem 7.1], (8), and (20), one can conclude

E|y∆(ξ)− Y∆(ξ)|p̃ ≤3p̃−1
(
α1∆

p̃−1E
∫ ξ

tn

∣∣a∆(Y∆(ζ))∣∣p̃dζ (31)
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+ α2∆
p̃−1E

∫ ξ

tn

∣∣a∆(Z∆(ζ))
∣∣p̃dζ +∆

p̃−2
2 E

∫ ξ

tn

∣∣b(Z∆(ζ))
∣∣p̃dζ)

≤3p̃−1
(
α1∆

p̃(h(∆))p̃ + α2∆
p̃(h(∆))p̃

+ 2p̃−1M2∆
p̃/2
(
1 + E|Z∆(tn)|p̃

))
Moreover, for every ζ ∈ [0, T ], we can find a unique positive integer k such
that tk ≤ ξ < tk+1. So, by (20) and (27), we have

E|Z∆(ζ)−Y∆(ζ)|p̃ = E|Z∆(tk)−Y∆(tk)|p̃ = |θ|p̃∆p̃E|a∆(Y∆(tk))|p̃ ≤ |θ|p̃∆p̃(h(∆))p̃.
(32)

On the other hand, by relations (8), (29), and (32) and the Doob martingale
inequality, we have

E|y∆(ξ)|p̃ ≤3p̃−1
(
|x0|p̃ + E

∫ ξ

0

∣∣a∆(Y∆(ζ))∣∣p̃dζ + α2E
∫ ξ

0

∣∣a∆(Z∆(ζ))
∣∣p̃dζ

+ T
p̃−2
2 E

∫ ξ

0

∣∣b(Z∆(ζ))
∣∣p̃dζ) ≤ C

(
1 + (h(∆))p̃ +

∫ ξ

0

E|Z∆(ζ)|p̃dζ
)

≤C
(
1 + (h(∆))p̃ +

∫ ξ

0

E|Z∆(ζ)− Y∆(ζ)|p̃dζ +
∫ ξ

0

E|Y∆(ζ)|p̃dζ
)
.

(33)

From (32) and (33), we can conclude

sup
0≤u≤ξ

E|Y∆(u)|p̃ ≤ sup
0≤u≤ξ

E|y∆(u)|p̃ ≤ C
(
1+(h(∆))p̃+

∫ ξ

0

sup
0≤u≤ζ

E|Y∆(u)|p̃dζ
)
.

By the Gronwall’s inequality, we can deduce

sup
0≤ξ≤T

E|Y∆(ξ)|p̃ ≤ C
(
1 + (h(∆))p̃

)
. (34)

So, from (32), (34), and (17), we can write

sup
0≤ξ≤T

E|Z∆(ξ)|p̃ ≤ 2p̃−1|θ|p̃∆p̃(h(∆))p̃+2p̃−1 sup
0≤ξ≤T

E|Y∆(ξ)|p̃ ≤ C
(
1+(h(∆))p̃

)
.

(35)
By inserting (35) in (31), we have

E|y∆(ξ)−Y∆(ξ)|p̃ ≤ C
(
∆p̃(h(∆))p̃+∆p̃/2+∆p̃/2(h(∆))p̃

)
≤ C∆p̃/2(h(∆))p̃.

(36)
To prove the lemma for any p̄ ∈ (0, 2), fix a number p̃ ≥ 2. Then by the
Hölder inequality, we can write
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E|y∆(ξ)− Y∆(ξ)|p̄ ≤
(
E|y∆(ξ)− Y∆(ξ)|p

)p̄/p̃
≤
(
C∆p̃/2(h(∆))p̃

)p̄/p̃
= Cp̄∆

p̄/2(h(∆))p̄. (37)

So, from (32), (36), and (37) the proof of theorem is complete.

Lemma 4. Let Assumption 1 and 2 hold. Then, we have

sup
0≤∆≤1

sup
0≤ξ≤T

E|y∆(ξ)|p ≤ C, for all p > 0. (38)

Proof. Let us fix ∆ ∈ (0, 1] and ξ ∈ [0, T ]. Using the Itô formula from (29)
for any p > 2, we can write

|y∆(ξ)|p ≤|x0|p +
∫ ξ

0

p|y∆(ζ)|p−2y∆(ζ)b(Z∆(ζ))dW (ζ)

+

∫ ξ

0

p|y∆(ζ)|p−2

(
y∆(ζ)

(
α1a∆(Y (ζ)) + α2a∆(Z∆(ζ))

)
+
p− 1

2
|b(Z∆(ζ)|2

)
dζ,

for all ξ ∈ [0, T ]. Since α1 + α2 = 1, we have

|y∆(ξ)|p ≤|x0|p + Γ1(ξ) + Γ2(ξ) + Γ3(ξ)

+

∫ ξ

0

p|y∆(ζ)|p−2y∆(ζ)b(Z∆(ζ))dW (ζ), (39)

where

Γ1(ξ) :=

∫ ξ

0

p|y∆(ζ)|p−2
(
Z∆(ζ)a∆(Z∆(ζ)) +

p− 1

2
|b(Z∆(ζ))|2

)
dζ,

Γ2(ξ) :=

∫ ξ

0

p|y∆(ζ)|p−2
(
y∆(ζ)− Z∆(ζ)

)
a∆(Z∆(ζ))dζ, (40)

Γ3(ξ) := α1

∫ ξ

0

p|y∆(ζ)|p−2y∆(ζ)
(
a∆(Y∆(ζ))− a∆(Z∆(ζ))

)
dζ.

By the facts that p|y∆(ζ)|p−2y∆(ζ)b(Z∆(ζ)) is Fζ−measurable, we have

E|y∆(ξ)|p ≤ E|x0|p + E(Γ1(ξ)) + E(Γ2(ξ)) + E(Γ3(ξ)). (41)

Next, we try to estimate the values E(Γ1(ξ)), E(Γ2(ξ)), and E(Γ3(ξ)) in
(41). By the relations (20), (24), and (27) and the special form of Young’s
inequality (2), which reads
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zp−2
1 z2 ≤ p− 2

p
zp1 +

2

p
z
p/2
2 , for all z1, z2 ≥ 0, (42)

we can approximate Γ1(ξ) as follows:

E(Γ1(ξ)) ≤E
∫ ξ

0

(
(p− 2)|y(ζ)|p + 2K

p/2
2 (1 + |Z∆(ζ)|2)p/2

)
dζ

≤(2K2)
p/2T + 23p/2−1K

p/2
2 T |θ|p∆p(h(∆))p

+ (p− 2)

∫ ξ

0

E|y∆(ζ)|pdζ + 23p/2−1K
p/2
2

∫ ξ

0

E|Y∆(ζ)|pdζ. (43)

For Γ2(ξ), with the help of Young’s inequality (42), relations (10) and (20)
and Lemma 3, we obtain

E(Γ2(ξ)) ≤ (p− 2)

∫ ξ

0

E|y∆(ζ)|pdζ + 2(h(∆))p/2
∫ T

0

E|y∆(ζ)− Z∆(ζ)|p/2dζ

≤ (p− 2)

∫ ξ

0

E|y∆(ζ)|pdζ + 2TCp/2(h(∆))p∆p/4. (44)

For Γ3(ξ), the Young inequality as well as (10), (18), and (20) yields

E(Γ3(ξ)) ≤ α1E
∫ ξ

0

(
(p− 2)|y∆(ζ)|p + 2|y∆(ζ)|p/2

∣∣a∆(Y (ζ))− a∆(Z∆(ζ))
∣∣p/2)dζ

≤ α1(p− 1)

∫ ξ

0

E|y∆(ζ)|pdζ + α1(h(∆))p
∫ T

0

∣∣κ∆(Y (ζ))− κ∆(Z∆(ζ))
∣∣pdζ

≤ α1(p− 1)

∫ ξ

0

E|y∆(ζ)|pdζ + 2α1|θ|pT (h(∆))2p∆p

≤ (p− 1)α1

∫ ξ

0

sup
0≤u≤ζ

E|y∆(u)|pdu+ 2|θ|pα1T ĥ
2. (45)

Inserting (43)–(45) into (41), we have

E|y∆(ξ)|p ≤ C
(
1 +

∫ ξ

0

sup
0≤u≤ζ

E|y∆(u)|pdζ
)
.

Therefore, we can write

sup
0≤u≤ξ

E|y(u)|p ≤ C
(
1 +

∫ ξ

0

sup
0≤u≤ζ

E|y(u)|pdζ
)
.

It can be deduced from the Gronwall’s inequality that

sup
0≤u≤ξ

E|y(u)|p ≤ C,
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for a positive constant number C independent of ∆. For 0 < p̂ ≤ p, according
to the Lyapunov inequality, (38) still holds, which completes the proof of the
lemma.

Remark 3. For every ξ ∈ [0, T ], there is a single integer n ≥ 0 such that
tn ≤ ξ < tn+1. From (17) and (27) we can deduce that

E|Z∆(ξ)|p = E|Z∆(tn)|p ≤ 2p−1
(
E|Y∆(tn))|p +∆p|θ|pE

∣∣a∆(Y∆(tn))∣∣p)
≤ 2p−1

(
E|Y∆(tn)|p +∆3p/4|θ|pĥp

)
.

Therefore, by Lemma 3 we can write

sup
0≤∆≤1

sup
0≤ξ≤T

E|Z∆(ξ)|p ≤ C. (46)

In addition to (13), for any real number R > |x(0)|, we define two other
stopping times

θ
(1)
R := inf{t ≥ 0 : |Y∆(t)| ≥ R}, θ

(2)
R := inf{t ≥ 0 : |Z∆(t)| ≥ R}. (47)

Lemma 5. Let Assumption 1 and 2 hold. Fix any p ∈ (0,∞). Then, for
any real number R > |x(0)|, we have

P(θ(1)R ≤ T ) ∨ P(θ(2)R ≤ T ) ≤ C

Rp
,

where C stands for the generic positive real constant here in independent of
R.

Proof. The proof of this lemma is similar to that of Lemma 1. Namely,
replacing ξ by θ(1)R ∧ T in (38), we see

E|y∆(θ(1)R ∧ T )|p ≤ C.

Then, by Markov’s inequality we have

RpP(θ(1)R ≤ T ) ≤ E(|y∆(θ(1)R )|pI
θ
(1)
R ≤T ) ≤ E(|y∆(θ(1)R ∧ T )|p) ≤ C.

Moreover, it follows from Remark 3 that E|Z∆(θ
(2)
R ∧ T )|p ≤ C. Therefore,

as above

RpP(θ(2)R ≤ T ) ≤ E(|Z∆(θ
(2)
R )|pI

θ
(2)
R ≤T ) ≤ E(|Z∆(θ

(2)
R ∧ T )|p) ≤ C,

which completes the proof.
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3.2 Convergence of the new method at time T

In this section, we study the effectiveness of the method TASK2 in solving
problem (1) and obtain the corresponding convergence results at finite time
T . Using the method of Yamada and Watanabe, for each δ ∈ [1,∞) and
ϵ ∈ (0,∞), we choose a nonnegative continuous function χδϵ : [0,∞) → R
such that [15, 31]:

• χδϵ(ξ) ≤ 2
x ln(δ) , if ξ ∈ [ϵ/δ, ϵ], χδϵ(ξ) = 0 otherwise;

•
∫ ϵ
ϵ/δ

χδϵ(ξ)dξ = 1.

Moreover, we approximate the function ξ :→ |ξ| by the function ϖδϵ defined
by

ϖδϵ(ξ) :=

∫ |ξ|

0

∫ ζ1

0

χδϵ(ζ2)dζ2dζ1, for all ξ ∈ R. (48)

Below we outline some properties of the ϖδϵ function that will be used in the
following sections. Further details can be found in the literature [32, 33].

Lemma 6. Let δ ∈ [1,∞) and let ϵ ∈ (0,∞). Then for all ξ ∈ R

1. |ξ| ≤ ϖδϵ(ξ) + ϵ,

2. 0 ≤ |ϖ′
δϵ(ξ)| ≤ 1,

3. ϖ′′
δϵ(ξ) = χδϵ(|ξ|) ≤ 2

|ξ| ln δ I{ϵ/δ≤|ξ|≤ϵ},

4. ϖ′
δϵ(ξ)
ξ > 0, for all ξ ∈ R \ {0}.

Remark 4. Since supξ∈R|ϖ′
δϵ(ξ)| ≤ 1, under Assumption 2, we can easily

conclude
ϖ′
δϵ(z1 − z2)(a(z1)− a(z2)) ≤ H1|z1 − z2|, (49)

for all z1, z2 ∈ R; see [32].

Define the stopping time β∆,R := τR ∧ θ
(1)
R ∧ θ

(2)
R , where τR and θ

(i)
R

for i = 1, 2, are defined by (13) and (47), respectively. Then, the moment
deviation between x(ξ ∧ β∆,R) and y∆(ξ ∧ β∆,R) is estimated as follows.

Lemma 7. Consider the initial problem (1), which satisfies Assumptions
1 and 2. Suppose that R > |x0| is a real number and that ∆ ∈ (0, 1] is
sufficiently small such that ν(−1)(h(∆)) ≥ R. Then there exists a constant
C such that

E|e∆(ξ ∧ β∆,R)| ≤

{
C
(
− 1

ln(∆) +∆
1
4 (h(∆))

1
2

)
, if α = 0,

C
(
∆

1
2h(∆)

)2α
, if 0 < α < 0.5,

(50)

where
e∆(ξ) := x(ξ)− y∆(ξ), for 0 ≤ ξ ≤ T.
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Proof. We note for 0 ≤ ζ ≤ ξ ∧ β∆,R that |Y∆(ζ)| ≤ R and |Z∆(ζ)| ≤ R.
Therefore, we conclude by the condition ν(−1)(h(∆)) ≥ R and the definition
of the truncation function a∆ in (19) that

a∆(Y∆(ζ)) = a(Y∆(ζ)) and a∆(Z∆(ζ)) = a(Z∆(ζ)).

It therefore follows from the Itô formula that

E|e∆(ξ ∧ β∆,R)| ≤ϵ+ E
(
ϖδϵ(e∆(ξ ∧ β∆,R))

)
(51)

=ϵ+ E
∫ ξ∧β∆,R

0

ϖ′
δϵ(e∆(ζ))

[
a(x(ζ))− α1a(Y∆(ζ))− α2a(Z∆(ζ))

]
dζ

+
1

2
E
∫ ξ∧β∆,R

0

ϖ′′
δϵ(e∆(ζ))

[
b(x(ζ))− b(Z∆(ζ))

]2
dζ := ϵ+Π1 +Π2.

In what follows, we attempt to estimate the values Π1 and Π2 in (51). Since
α1 + α2 = 1, by re-arranging we get that

Π1 ≤E
∫ ξ∧β∆,R

0

ϖ′
δϵ(e∆(ζ))

[
a(x(ζ))− a(y∆(ζ))

]
dζ

+ E
∫ ξ∧β∆,R

0

∣∣ϖ′
δϵ(e∆(ζ))

∣∣∣∣a(y∆(ζ))− a(Y∆(ζ))
∣∣dζ

+ α2E
∫ ξ∧β∆,R

0

∣∣ϖ′
δϵ(e∆(ζ))

∣∣∣∣a(Y∆(ζ))− a(Z∆(ζ))
∣∣dζ.

By Assumption 1, Lemma 6, and Remark 4 we can write

Π1 ≤H1E
∫ ξ∧β∆,R

0

|e∆(ζ))|dζ

+
√
K1E

∫ ξ∧β∆,R

0

(
1 + |y∆(ζ)|ρ + |Y∆(ζ)|ρ

) 1
2
∣∣y∆(ζ))− Y∆(ζ)

∣∣dζ
+ α2

√
K1E

∫ ξ∧β∆,R

0

(
1 + |Y∆(ζ)|ρ + |Z∆(ζ)|ρ

) 1
2
∣∣Y∆(ζ))− Z∆(ζ)

∣∣dζ.
So, by the Hölder inequality, Lemmas 3 and 4, we have

Π1 ≤ H1E
∫ ξ∧β∆,R

0

|e∆(ζ))|dζ + C∆
1
2h(∆). (52)

As for Π2, it follows from Assumption 2 and Lemmas 3 Lemma 6 that

Π2 ≤ H2
2E
∫ ξ∧β∆,R

0

(
x(ζ)− Z∆(ζ)

)1+2α 1

|e∆(ζ)| ln δ
I{ϵ/δ≤|e∆(ζ)|≤ϵ}dζ

≤ 22αH2
2 ϵ

2αT

ln(δ) +
22αH2

2δ

ϵ ln(δ) E
∫ ξ

0

∣∣y∆(ζ)− Z∆(ζ)
∣∣1+2α

dζ
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≤ 22αH2
2T
[ ϵ2α
ln(δ) +

δ

ϵ ln(δ)

](
∆

1
2h(∆)

)1+2α
. (53)

Substituting (52) and (53) in (51) and by the Gronwall inequality, we have

E|e∆(ξ ∧ β∆,R)| ≤ C
(
ϵ+∆

1
2h(∆) +

ϵ2α

ln(δ) +
δ

ϵ ln(δ)
(
∆

1
2h(∆)

)1+2α
)
.

In the case when α = 0, we set δ = ∆− 1
8 and ϵ = − 1

ln(∆) , which implies

E|e∆(ξ ∧ β∆,R)| ≤ C
(
− 1

ln(∆)
+ ∆

1
4 (h(∆))

1
2

)
. (54)

If we take δ = 2 and ϵ = ∆
1
2h(∆) for the case where α ∈ (0, 0.5), then we

have
E|e∆(ξ ∧ β∆,R)| ≤ C

(
∆

1
2h(∆)

)2α
. (55)

The inequalities (54) and (55) prove the desired.

Theorem 2. Let conditions in Assumptions 1 and 2 be fulfilled and let p > 1.
Let R∆ :=

(
∆

1
2h(∆)

)−1/(p−1) for any ∆ ∈ (0, 1]. If there is a positive real
number ∆∗ ∈ (0, 1] such that

ν−1(h(∆)) ≥ R∆, for all ∆ ∈ (0,∆∗]. (56)

Then, there exists a positive constant C independent of ∆ such that

E|e∆(T )| ≤

{
C
(
− 1

ln(∆) +∆
1
4 (h(∆))

1
2

)
, if α = 0,

C
(
∆

1
2h(∆)

)2α
, if α ∈ (0, 12 ).

(57)

Proof. We first divide the left side of (57) as below:

E|e∆(T )| = E|e∆(T )I{β∆,R>T}|+ E|e∆(T )I{β∆,R≤T}| (58)

By Young’s inequality (2), Theorem 1, and Lemmas 4 and 5, we obtain

E|e∆(T )I{β∆,R≤T}| ≤
∆

1
2h(∆)

p
E|e∆(T )|p +

p− 1

p
(
∆

1
2h(∆)

)1/(p−1)
P(β∆,R ≤ T )

≤ C∆
1
2h(∆). (59)

Since ν−1(h(∆)) ≥ R∆, substituting (59) in (58) by Lemma 7, we obtain the
result of the theorem.

Remark 5. This theorem shows that the TSRK2 method has an order of
convergence close to α for α ∈ (0, 0.5). This is theoretically almost opti-
mal if we recall that the classical EM method has a convergence order of
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α. However, the condition (56) could sometimes make the TSRK2 method
impractical; see [33] for more details.

In what follows, we use the mathematical techniques developed by Yang
and Huang [33] to remove the imposed condition (56). In this context,
we replace the condition ∆1/4h(∆) ≤ ĥ by the more general condition
∆1/2h(∆) ≤ ĥ for all ∆ ∈ [0, 1]. Without limiting generality, for simplic-
ity, we use here h(∆) = ηh∆

− 1
2 with ηh > 0.

Lemma 8. Let Assumptions 1 and 2 be satisfied. If h(∆) = ηh∆
− 1

2 with
ηh > 0, then for every ∆ ∈ (0, 1] and every p > 0, it holds that

sup
0<∆≤1

E
[

sup
0≤ξ≤T

|y∆(ξ)|p
]
≤ C, (60)

and(
sup

0≤ξ≤T
E|y∆(ξ)− Y∆(ξ)|p

)
∨
(

sup
0≤ξ≤T

E|y∆(ξ)− Z∆(ξ)|p
)
≤ C∆

p
2 , (61)

for all real positive number T .

Proof. We fix ∆ ∈ (0, 1] and use the same notation as in the proof of Lemma
4. By using the Itô formula, we can write that for any p > 2,

sup
0≤ξ≤T

|y∆(ξ)|p ≤|x0|p + Γ1(T ) + Γ2(T ) + Γ3(T )

+ sup
0≤ξ≤T

∣∣∣∫ ξ

0

p|y∆(ζ)|p−2y∆(ζ)b(Z∆(ζ))dW (ζ)
∣∣∣. (62)

So, by the Burkholder–Davis-Gundy inequality and the linear growth condi-
tion property of b in (8), we have

E
(

sup
0≤ξ≤T

|y∆(ξ)|p
)
≤|x0|p + Γ1(T ) + Γ2(T ) + Γ3(T ) (63)

+ 8pM2E
([

sup
0≤ξ≤T

|y∆(ξ)|p
∫ T

0

|y∆(ξ)|p−2
(
1 + |Z∆(ξ)|2

)
dξ
]1/2)

.

In what follows, we estimate the values E(Γ1(T )), E(Γ2(T )), and E(Γ3(T ))

in (63) with the more general condition h(∆) = ηh∆
− 1

2 . For E(Γ1(ξ)), we
obtain from (43)

E(Γ1(ξ)) ≤ C
(
1 +

∫ T

0

E|y∆(ζ)|pdζ +
∫ T

0

E|Y∆(ζ)|pdζ
)
. (64)

As for Γ2(ξ), we obtain by Young’s inequality (42) that
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E(Γ2(ξ)) ≤(p− 2)

∫ T

0

E|y∆(ζ)|pdζ + 2E
∫ T

0

|y∆(ζ)− Z∆(ζ)|
p
2 |a∆(Y∆(ζ))|

p
2 dζ

≤C∆− p
4

∫ T

0

(E|y∆(ζ)− Z∆(ζ)|p)
1
2 (1 + E|Y∆(ζ)|p)

1
2 dζ

+ (p− 2)

∫ T

0

E|y∆(ζ)|pdζ. (65)

Since (h(∆))2p∆p ≤ η2ph ĥ
p, following an approach very similar to that used

in (45), we can show that

E(Γ3(ξ)) ≤ C
(
1 +

∫ T

0

E|y∆(ζ)|pdu
)
. (66)

For any ζ ∈ [0, T ], there is a unique integer n ≥ 0 such that tn ≤ ζ ≤ tn+1.
Then we can write

E|Z∆(ζ)− Y∆(ζ)|p = E|Z∆(tn)− Y∆(tn)|p = ∆p|θ|pE|a∆(Y∆(tn))|p

≤ C∆
p
2 (1 + E|Y∆(tn)|p) = C∆

p
2 (1 + E|Y∆(ζ)|p), (67)

and

E|y∆(ζ)− Y∆(ζ)|p =E|y∆(ζ)− Y∆(tn)|p ≤ C∆
p
2

(
α1∆

p
2E
[
|a∆(Y∆(tn))|p

]
+ α2∆

p
2E
[
|a∆(Z∆(tn))|p

]
+ E

[
|b(Z∆(tn))|p

])
. (68)

Therefore, by Remark 2 and relations (67) and (68) we can obtain

E|y∆(ζ)− Y∆(ζ)|p ≤ C∆
p
2

(
1 + E|Y∆(tn)|p + E|Z∆(tn)|p

)
≤ C∆

p
2 (1 + E|Y∆(ζ)|p). (69)

From (67) and (69) we can simply conclude

E|y∆(ζ)− Z∆(ζ)|p ≤ C∆
p
2 (1 + E|Y∆(ζ)|p). (70)

Substituting (64)–(66) and (70) into (63) and applying Young’s inequality
that is

z1z2 ≤ z21
2δ

+
δz22
2
, for all z1, z2 ∈ R, for all δ > 0, (71)

with δ = 8pM2, we can write

E
(

sup
0≤ξ≤T

|y∆(ξ)|p
)
≤C
(
1 +

∫ T

0

E|y∆(ζ)|pdζ +
∫ T

0

E|Y∆(ζ)|pdζ
)
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+
1

2
E
(

sup
0≤ξ≤T

|y∆(ξ)|p
)

+ 32p2M2
2E
(∫ T

0

|y∆(ξ)|p−2
(
1 + |Z∆(ξ)|2

)
dξ
)

≤1

2
E
(

sup
0≤ξ≤T

|y∆(ξ)|p
)

+ C
(
1 +

∫ T

0

E|y∆(ζ)|pdζ +
∫ T

0

E|Y∆(ζ)|pdζ
)
,

which implies

E
(

sup
0≤ξ≤T

|y∆(ξ)|p
)
≤ C

(
1 +

∫ T

0

E
[
sup

0≤s≤ξ
|y∆(s)|p

]
ds
)
.

Then, the Gronwall inequality implies the relation (60) for p > 2. For p̄ ∈
(0, 2], (60) still holds as desired due to the Lyapunov inequality. Moreover,
(61) is obtained directly by substituting (60) into (69) and (70) , which
completes the proof.

Theorem 3. Consider the initial problem (1) that satisfies Assumptions 1
and 2. Let ν(r) = ηhr

1+ρ̄ and h(∆) = ηh∆
− 1

2 in which ρ̄ ≥ ρ
2 . Then there

exists a constant C such that

E|e∆(T )| ≤

{
C
(
− 1

ln(∆) +∆
1
4

)
, if α = 0,

C∆α, if 0 < α < 0.5.
(72)

Proof. We split the left side of (72) into two parts

E|e∆(T )| = E|e∆(T )I{β∆,R≤T}|+ E|e∆(T )I{β∆,R>T}|. (73)

Using the Young inequality, we have

E|e∆(T )I{β∆,R≤T}| ≤
∆

1
2

ρ̄+ 2
E|e∆(T )|ρ̄+2+

ρ̄+ 1

ρ̄+ 2
∆− 1

2(ρ̄+1)P(β∆,R ≤ T ). (74)

For any R > |x0|, by Lemmas 1 and 5, we can write

Rρ̄+2P(β∆,R ≤ T ) ≤ C,

which follows that
P(β∆,R ≤ T ) ≤ C

Rρ̄+2
. (75)

If we substitute (75) into (74) and use Theorem 1 and Lemma 8, we get

E|e∆(T )I{β∆,R≤T}| ≤ C
(
∆

1
2 +

∆− 1
2(ρ̄+1)

Rρ̄+2

)
.
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By choosing R = ν−1(h(∆)) = ( ηhην∆
− 1

2 )
1

1+ρ̄ , we have

E|e∆(T )I{β∆,R≤T}| ≤ C∆
1
2 . (76)

In what follows, we try to estimate the second terms in (73). Since R =
ν−1(h(∆)), if 0 ≤ ζ ≤ β∆,R, then |Y∆(ζ)| ∨ |Z∆(ζ)| ≤ ν−1(h(∆)) for all
∆ ∈ [0, 1]. By the definition of the truncated function (19), a∆(|Y∆(ζ)|) =
a(|Y∆(ζ)|) and a∆(|Z∆(ζ)|) = a(|Z∆(ζ)|). Using the same notation as in the
proof of Lemma 7, according to the Itô formula we get

E|e∆(ξ ∧ β∆,R)| ≤ ϵ+Π1 +Π2, (77)

where Π1 and Π2 are defined in (51). According to Assumption 1, Lemma 6,
and Remark 4 as well as the Hölder inequality the following equation holds
for Π1

Π1 ≤H1

∫ ξ

0

E|e∆(ζ ∧ β∆,R))|dζ

+
√

K1

∫ ξ∧β∆,R

0

(
1 + E|y∆(ζ)|ρ + E|Y∆(ζ)|ρ

) 1
2 (E

∣∣y∆(ζ))− Y∆(ζ)
∣∣2) 1

2 dζ

+ α2

√
K1E

∫ ξ∧β∆,R

0

(
1 + E|Y∆(ζ)|ρ + E|Z∆(ζ)|ρ

) 1
2 (E

∣∣Y∆(ζ))− Z∆(ζ)
∣∣2) 1

2 dζ.

From Theorem 1 and Lemma 8 we can thus conclude

Π1 ≤ C

∫ ξ

0

E|e∆(ζ ∧ β∆,R))|dζ + C∆
1
2 . (78)

As for Π2, it follows from (6) and Lemmas 6 and 8 that

Π2 ≤ H2
2E
∫ ξ∧β∆,R

0

(
x(ζ)− Z∆(ζ)

)1+2α 1

|e∆(ζ)| ln δ
I{ϵ/δ≤|e∆(ζ)|≤ϵ}dζ

≤ 22αH2
2 ϵ

2αT

ln(δ) +
22αH2

2δ

ϵ ln(δ) E
∫ ξ

0

∣∣y∆(ζ)− Z∆(ζ)
∣∣1+2α

dζ

≤ C
( ϵ2α
ln(δ) +

δ∆1/2+α

ϵ ln(δ)
)
. (79)

Substituting (78) and (79) into (77) and applying Gronwall’s inequality yield

E|e∆(ξ ∧ β∆,R)| ≤ C
(ϵ+ ϵ2α

ln(δ) +
δ∆1/2+α

ϵ ln(δ) + ∆1/2
)
.

In what follows we divide the proof into two cases α = 0 and α ∈ (0, 12 ). In
the case when α = 0, we set δ = ∆− 1

4 and ϵ = 1
4 , implying

E|e∆(ξ ∧ β∆,R)| ≤ C
(
− 1

ln(∆)
+ ∆

1
4

)
. (80)
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In the case where α ∈ (0, 12 ), we set ∆ = 2 and ϵ = ∆
1
2 , which implies

E|e∆(ξ ∧ β∆,R)| ≤ C∆α. (81)

From (77), (80), and (81) the proof follows directly.

4 Convergence rate over a finite interval

Sometimes we need to approximate path-dependent quantities, for example,
the value of the European barrier option value. In these cases, we need a
stronger convergence result such as

lim
∆→0

E
(

sup
0≤ξ≤T

|x(ξ)− y∆(ξ)|
)
= 0.

Lemma 9. Consider the initial problem (1), which satisfies Assumptions
1 and 2. Suppose that R > |x0| is a real number and that ∆ ∈ (0, 1] is
sufficiently small such that ν(−1)(h(∆)) ≥ R. Then for all 0 ≤ ξ ≤ T , a
constant C exists such that

E
(

sup
0≤ζ≤ξ

|x(ζ)− y∆(ζ)|
)
≤

C
(

1
ln(∆−1) +∆

1
4 (h(∆))

1
2

) 1
2

, if α = 0,

C
(
∆

1
2h(∆)

)4α2

, if α ∈ (0, 12 ).

(82)

Proof. By the Itô formula, we can write

|e∆(ξ ∧ β∆,R)| ≤ε+
(
ϖδ,ϵ(e∆(ξ ∧ β∆,R))

)
=ϵ+

∫ ξ∧β∆,R

0

ϖ′
δ,ϵ(e∆(ζ))

[
a(x(ζ))− α1a∆(Y∆(ζ))− α2a∆(Z∆(ζ))

]
dζ

+
1

2

∫ ξ∧β∆,R

0

ϖ′′
δ,ϵ(e∆(ζ))

[
b(x(ζ))− b(Z∆(ζ))

]2
dζ + Sδ,ϵ,∆(ξ),

where, for ξ ≥ 0

Sδ,ϵ,∆(ξ) =

∫ ξ∧β∆,R

0

ϖ′
δ,ϵ(e∆(ζ))

(
b(x(ζ))− b(Z∆(ζ))

)
dW (ζ). (83)

Since ν(−1)(h(∆)) ≥ R, if 0 ≤ ζ ≤ ξ ∧ β∆,R, we have |Y∆(ζ)| ∨ |Z∆(ζ)| ≤
ν(−1)(h(∆)), which gives a∆(Y∆(ζ)) = a(Y∆(ζ)) and a∆(Z∆(ζ)) = a(Z∆(ζ)).
If we use the same technique as in the proof of Lemma 7 and apply Assump-
tion 1, then we have

|e∆(ξ ∧ β∆,R)| ≤ε+H1

∫ ξ∧β∆,R

0

|e∆(ζ))|dζ (84)
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+
√
K1

∫ ξ∧β∆,R

0

(
1 + |y∆(ζ)|ρ + |Y∆(ζ)|ρ

) 1
2
∣∣y∆(ζ))− Y∆(ζ)

∣∣dζ
+ α2

√
K1

∫ ξ∧β∆,R

0

(
1 + |Y∆(ζ)|ρ + |Z∆(ζ)|ρ

) 1
2
∣∣Y∆(ζ))− Z∆(ζ)

∣∣dζ
+

22αH2
2ε

2α

ln(δ) ξ

+
22αH2

2δ

ε ln(δ)

∫ ξ∧β∆,R

0

∣∣y∆(ζ)− Z∆(ζ)
∣∣1+2α

dζ + Sδ,ϵ,∆(ξ).

By the Hölder’s inequality and Lemmas 3 and 4, we have

E
(

sup
0≤u≤ξ

|e∆(u ∧ β∆,R)|
)
≤ε+H1

∫ ξ

0

E
(

sup
0≤u≤ζ

|e∆(u ∧ β∆,R)|
)
dζ + C∆

1
2h(∆)

+
22αH2

2ε
2α

ln(δ) ξ +
22αH2

2δ

ε ln(δ) E
∫ ξ

0

∣∣y∆(ζ)− Z∆(ζ)
∣∣1+2α

dζ

+ E
(

sup
0≤u≤ξ

|Sδ,ϵ,∆(u)|
)
. (85)

Next, we try to estimate the value E
(
sup0≤u≤ξ|Sδ,ϵ,∆(u)|

)
in (85). By the

Burkholder–Davis–Gundy inequality and Lemma 6, we can write

E
(

sup
0≤u≤ξ

|Sδ,ϵ,∆(u)|
)
≤4

√
2E
(∫ ξ∧β∆,R

0

|ϖ′
δϵ(e∆(ζ))|2

∣∣b(x(ζ))− b(Z∆(ζ))
∣∣2dζ) 1

2

≤2α+
5
2H2E

(∫ ξ∧β∆,R

0

|x(ζ)− x∆(ζ)|1+2αdζ
) 1

2

+ 2α+
5
2H2E

(∫ ξ∧β∆,R

0

|x∆(ζ)− Z∆(ζ)|1+2αdζ
) 1

2

.

In fact, by Assumption 2 we have∣∣b(x(ζ))− b(Z∆(ζ))
∣∣2 ≤ H2|x(ζ)− Z∆(ζ)|1+2α

≤ 2αH2|x(ζ)− x∆(ζ)|1+2α + 2αH2|x∆(ζ)− Z∆(ζ)|1+2α.

Therefore, by Lemma 3 we have

E
(

sup
0≤u≤ξ

|Sδ,ϵ,∆(u)|
)
≤C
(
∆

1
4

√
h(∆)

)1+2α

+ 2α+
5
2H2E

(∫ ξ∧β∆,R

0

|x(ζ)− x∆(ζ)|1+2αdζ
) 1

2

.(86)

In the rest, we divide the proof into two cases.
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Case 1: Suppose that α = 0. In this case, according to Lemma 7 and from
the relation (86), it follows that

E
(

sup
0≤u≤ξ

|Sδ,ϵ,∆(u)|
)
≤ C

(
∆

1
4

√
h(∆) +

( 1

ln(∆−1)
+ ∆

1
4 (h(∆))

1
2

) 1
2

)
. (87)

Substituting (87) into (85) and choosing δ = ∆− 1
8 and ε = −1/ ln(∆), we get

E
(

sup
0≤u≤ξ

|e∆(u ∧ β∆,R)|
)
≤H1

∫ ξ

0

E
(

sup
0≤u≤ζ

|e∆(u ∧ β∆,R)|
)
dζ

+ C

(
∆

1
2h(∆) + ∆

1
4 (h(∆))

1
2 − 1

ln(∆)
+ ∆

3
8h(∆)

+
( 1

ln(∆−1)
+ ∆

1
4 (h(∆))

1
2

) 1
2

)
,

which implies

E
(

sup
0≤u≤ξ

|e∆(u ∧ β∆,R)|
)
≤H1

∫ ξ

0

E
(

sup
0≤u≤ζ

|e∆(u ∧ β∆,R)|
)
dζ

+ C
( 1

ln(∆−1)
+ ∆

1
4 (h(∆))

1
2

) 1
2

. (88)

Case 2: Suppose α ∈ (0, 12 ). In this case from (86) we have

E
(

sup
0≤u≤ξ

|Sδ,ϵ,∆(u)|
)
≤C
(
∆

1
4

√
h(∆)

)1+2α

+ 2α+ 5
2 H2E

((
sup

0≤u≤ξ
|e∆(ξ ∧ β∆,R)|

) 1
2
(∫ ξ∧β∆,R

0

|e∆(ζ)|2αdζ
) 1

2

)
.

By Young’s inequality and Lemma 7 we have

E
(

sup
0≤u≤ξ

|Sδ,ϵ,∆(u)|
)
≤C

((
∆

1
4

√
h(∆)

)1+2α

+
(√

∆h(∆)
)4α2

)

+
1

2
E
(

sup
0≤u≤ξ

|e∆(ξ ∧ β∆,R)|
))
. (89)

Inserting (89) in (85) and by choosing ε = ∆
1
2h(∆) and δ = 2, we get

E
(

sup
0≤u≤ξ

|e∆(u∧β∆,R)|
)
≤ 2H1

∫ ξ

0

E
(

sup
0≤u≤ζ

|e∆(u∧β∆,R)|
)
dζ+C

(√
∆h(∆)

)4α2

.

(90)
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Hence, by using the Gronwall inequality on (88) and (90) we have the required
assertion.

Theorem 4. Let ν(r) = ηhr
1+ρ̄ and h(∆) = ηh∆

−ωϵ in which ρ̄ ≥ ρ
2 , and

ϵ ∈
(
0,min

{ 1

4ω
,

3

4− 2ω

})
,

for any ω ∈ (0, 2). Let Assumptions 1 and 2 hold, and also let ∆∗ be suffi-
ciently small such that ∆ 1−2ωϵ

4 ≤ 1
ln ∆−1 for all ∆ ∈ (0,∆∗]. Then

E
(

sup
0≤ζ≤T

|x(ζ)−y∆(ζ)|
)
≤

C
(

1
ln(∆−1)

) 1
2

, if α = 0,

C
(
∆2α2(1−2ωϵ) +∆

1−ϵ
2

)
, if α ∈ (0, 12 ).

(91)

Proof. For any R > |x0|, we can decompose the left side of (91) into two
parts as below:

E
(

sup
0≤ζ≤T

|x(ζ)−y∆(ζ)|
)
≤ E

(
sup

0≤u≤ξ
|e∆(u∧β∆,R)|

)
+E
(

sup
0≤ζ≤T

|e∆(ζ)|I{β∆,R≤T}

)
.

(92)
Let p > 1 + 1+ρ̄

2ωϵ be fixed. By the Young inequality, that is

z1z2 ≤ δ

p
zp1 +

p− 1

pδ1/(p−1)
z
1/(p−1)
2 , for all z1, z2 ∈ [0,+∞), for all δ > 0,

and Lemmas 1 and 5, we can deduce

E
(

sup
0≤ζ≤T

|e∆(ζ)|I{β∆,R≤T}

)
≤δ
p
E
(

sup
0≤ζ≤T

|e∆(ζ)|p
)
+

p− 1

pδ1/p−1
P(β∆,R ≤ T )

≤Cδ
p

+
p− 1

pδ1/p−1Rp
. (93)

By choosing
δ = ∆(1−ϵ)/2, R = ∆−(1−ϵ)/2(p−1),

we see that ν(−1)(h(∆)) ≥ R. Therefore, by substituting (93) into (92) and
applying Lemma 9, we have

E
(

sup
0≤ζ≤T

|x(ζ)−y∆(ζ)|
)
≤

C
((

1
ln(∆−1) +∆

1−2ωϵ
4

) 1
2 +∆

1−ϵ
2

)
, if α = 0,

C
(
∆2α2(1−2ωϵ) +∆

1−ϵ
2

)
, if α ∈ (0, 12 ),

which completes the proof of the theorem.
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Figure 1: The supremum convergence norm (95) in [0, 2] as a function of step size ∆ for
Example 1 with ϵ = 0.0001, ω = 0.5, and α = 0.

5 Numerical experiments

In Section 3, we derived TSRK2 methods with free parameters α1, α2, and
θ. In this section, we follow [17] and set them to below:

α1 = α2 =
1

2
and θ =

ω1

ω0
, (94)

in which ω0 = 1.9 and ω1 = 0.8184. We confirm the performance of the new
method in terms of accuracy and stability in contrast to the truncated EM
method [21, 32] and the modified partially truncated EM method [33]. In
this context, we investigate

E
(

sup
0≤ζ≤T

|x(ζ)− y∆(ζ)|
)
≈ 1

2000

2000∑
i=1

max
n=1,...,M

∣∣x(i)(tn)− y
(i)
∆ (tn)

∣∣, (95)

for a given ∆ = T/N to measure the accuracy of the methods.

Example 1. Consider the following SDE with Hölder continuous diffusion
coefficient

dx(ξ) =
(
λ1x(ξ)− λ2x

3(ξ)
)
dξ + µ|x(ξ)| 12+αdW (ξ), ξ ∈ [0, T ], (96)

x(0) = x0 ∈ R,

where λ1 ∈ R and λ2, µ ∈ R+.

The drift and diffusion coefficients are a(z) = λ1z − λ2z
3 and b(z) =

µ|z| 12+α, respectively. We can easily show that, for z1, z2 ∈ R,
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Figure 2: The supremum convergence norm (95) in [0, 2] as a function of step size ∆ for
Example 1 with ϵ = 0.0001, ω = 0.5, and α = 0.25.

|a(z1)− a(z2)|2 ≤ K̃1(1 + |z1|4 + |z2|4)|z1 − z2|2,

where K̃1 := 3max{λ21, 94λ22}. In other words, Assumption 1 is satisfied with
ρ = 4. Moreover, we have

(z1 − z2)(a(z1)− a(z2)) ≤ λ1(z1 − z2)
2, |b(z1)− b(z2)| ≤ µ|z1 − z2|

1
2+α.

That is to say, Assumption 2 is fulfilled. Concerning (10), we set ηh = 4
√
K̃1.

Then, we have

sup
0<|z1|∨|z2|≤r

|a(z1)− a(z2)|
|z1 − z2|

≤ ηh
(1 + r2

2

)
≤ ηhr

3,

and
sup
|z|≤r

|a(z)| ≤ (|λ1|+ λ2)r
3 ≤ ηhr

3,

for all r ≥ 1. To apply Theorem 4, we set ν(r) = ηhr
3 and h(∆) = ηh∆

−ωϵ.
We can therefore conclude that the truncated Runge–Kutta solution (27)
satisfies

E
(

sup
0≤ζ≤T

|x(ζ)− y∆(ζ)|
)
≤

C
(

1
ln(∆−1)

) 1
2

, if α = 0,

C
(
∆2α2(1−2ωϵ) +∆

1−ϵ
2

)
, if α ∈ (0, 12 ).

Let us now test the efficiency of the TSRK2 method for problem (96) in
comparison with the truncated EM method [21] and the modified partially
truncated EM method [33] for different values of the Hölder parameter α.
Since we do not know the exact solution of (96), we search for a numerical
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Figure 3: The supremum convergence norm (95) in [0, 2] as a function of step size ∆ for
Example 1 with ϵ = 0.0001, ω = 0.5, and α = 0.45.

solution with ∆ = 2−18 using the truncated EM method and use it instead
of the exact solution. Figures 1–3 show simulations of (95) for the TSRK2
method with parameters (94), the truncated EM method, and the modified
partially truncated EM method with ω = 0.5. Here we take λ1 = −1.5,
λ2 = 10, and µ = 1.5 as parameters of (96) and apply the methods over
0 ≤ ξ ≤ 2 with step sizes, ∆ = 2i−2 for i = 1, 2, . . . , 9. In these figures, the
error of the methods is plotted as a function of seven-step sizes ∆ in log10
for different values of α (0, 0.25 and 0.45, respectively).

Figure 1 shows that, compared to the reference curve 0.5 log10(− 1
ln(∆) ),

the TSRK2 method gives better convergence results than the truncated EM
method and the modified partially truncated EM method for step size 2−5 ≤
∆ ≤ 2−1. However, for sufficiently small ∆ (e.g., ∆ ∈ (0, 2−5]), all methods
have the same slope values as in Theorem 4. Increasing the value of the
Hölder parameter α, it can be seen in Figures 2 and 3 that for the step size
2−5 ≤ ∆ ≤ 2−1, the TSRK2 method has a better convergence rate than
the other methods compared to the reference line with slope 1/2, but for
sufficiently small ∆ ≤ 2−6, all methods have the same convergence rate close
to 0.5 as in Theorem 4. The simulation results clearly show that the TSRK2
method confirms the convergence results stated in Theorem 4 and that the
new method is the most efficient method in terms of accuracy compared to
the truncated EM method and the modified partially truncated EM method.

Example 2. Consider the scalar nonlinear Itô SDE with a one-dimensional
Wiener process

dx(t) =
(
λ1x(ξ)− λ2x

5(ξ)
)
dξ + µ|x(ξ)| 12+αdW (ξ), t ∈ [0, T ],

x(0) = 1, (97)
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Figure 4: The supremum convergence norm (95) in [0, 2] as a function of step size ∆ for
Example 2 with ϵ = 0.1, ω = 0.5, and α = 0.

where λ1 ∈ R and λ2, µ ∈ R+.

The drift and diffusion coefficients are a(z) = λ1z − λ2z
5 and b(z) =

µ|z| 12+α, respectively. We can easily show that, for z1, z2 ∈ R,

|a(z1)− a(z2)|2 ≤ K̃2(1 + |z1|8 + |z2|8)|z1 − z2|2,

where K̃2 := 3max{λ21, 254 λ22}. In other words, Assumption 1 is satisfied with
ρ = 8. Moreover, we have

(z1 − z2)(a(z1)− a(z2)) ≤ λ1(z1 − z2)
2, |b(z1)− b(z2)| ≤ µ|z1 − z2|

1
2+α.

Concerning (10), we set ην = 4
√
K̃2. Then, we conclude

sup
0<|z1|∨|z2|≤r

|a(z1)− a(z2)|
|z1 − z2|

≤ ηh
(1 + r4

2

)
≤ ηhr

5,

and
sup
|z|≤r

|a(z)| ≤ (|λ1|+ λ2)r
5 ≤ ηhr

5,

for all r ≥ 1. To apply Theorem 4, we set ν(r) = ηνr
5 and h(∆) = ην∆

−ωϵ.
Figures 4–6 show the simulation of (95) of the TSRK2 method for equa-
tion (97) as a function of step size ∆ for Hölder α = 0, α = 0.25, and
α = 0.45, respectively. Since there is no explicit solution, we use the trun-
cated EM solution with ∆ = 2−18 as a suitable approximation to the exact
solution. Here we take λ1 = −15, λ2 = 20, and µ = 3 as stiff parame-
ters of (97) and apply the methods over 0 ≤ ξ ≤ 2 with different step sizes
∆ ∈ {2−3, 2−4, · · · , 2−10}.
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Figure 5: The supremum convergence norm (95) in [0, 2] as a function of step size ∆ for
Example 2 with ϵ = 0.1, ω = 0.5 and α = 0.25.

Figure 4, corresponding to α = 0, shows that the TSRK2 method gives
better convergence results than the truncated EM method and the modified
partially truncated EM method, especially for the step size 2−6 ≤ ∆ ≤ 2−3,
compared to the reference curve 0.5 log10(− 1

ln(∆) ). For the step size ∆ = 2−3,
for example, the new method has an error of 0.8655, while the truncated EM
method and the modified partially truncated EM method reach an error of
4.9260 and 25.1876, respectively. It should be emphasized that the modified
partially truncated method EM is not applicable for ∆ ≥ 2−2. However, for
sufficiently small ∆ (e.g., ∆ ≤ 2−6), all methods have the same slope values
as in Theorem 4.

In Figures 4 and 5, we present the supremum norm of the methods for
larger values of α = 0.25 and α = 0.45, respectively. These figures also show
that the new method has a better convergence rate compared to the other
methods mentioned, especially when the step sizes are not very small.

6 Conclusion

In this work, we have developed an explicit TSRK2 scheme for nonlinear
one-dimensional Itô-SDEs with one-sided Lipschitz and local Lipschitz drift
conditions and continuous Hölder diffusion condition. We proved the mo-
ment boundedness and convergence properties of the approximate solutions
at a time T and in a finite time interval [0, T ], respectively. We have demon-
strated the efficiency of the new method using some numerical examples with
different Hölder parameters α ∈ [0, 12 ) and compared our method with the
truncated EM method and the modified partially truncated EM method in
terms of their strong convergence performance. The numerical simulations
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Figure 6: The supremum convergence norm (95) in [0, 2] as a function of step size ∆ for
Example 2 with ϵ = 0.1, ω = 0.5 and α = 0.45.

we performed confirmed the theoretical convergence results and also showed
that the TSRK2 method is robust to changes in the Hölder parameters of
the SDEs.
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Two-layer shallow water formula
with slope and uneven bottom solved

by finite volume method

U. Habibah*, , I.R Lina, and W.M Kusumawinahyu

Abstract

This paper proposes a numerical approach to solve a two-layer shal-
low water formula with a slope and uneven bottom. The finite volume
method (FVM) is applied to solve the shallow water model because the
method is suitable for computational fluid dynamics problems. Rather
than pointwise approximations at grid points, the FVM breaks the domain
into grid cells and approximates the total integral over grid cells. The
shallow water model is examined in two cases, the shallow water model in
the steady state and the unsteady state. The quadratic upstream interpo-
lation for convective kinetics (QUICK) is chosen to get the discretization
of the space domain since it is a third-order scheme, which provides good
accuracy, and this scheme proves its numerical stability. The advantage of
the QUICK method is that the main coefficients are positive and satisfy
the requirements for conservativeness, boundedness, and transportation.
An explicit scheme is used to get the discretization of the time domain.
Finally, the numerical solution of the steady state model shows that the
flow remains unchanged. An unsteady-state numerical solution produces
instability (wavy at the bottom layer). Moreover, the larger slope results
in higher velocity and higher depth at the second layer.
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1 Introduction

A flow with constant density where the horizontal scale is much bigger than
the vertical scale is called shallow water. Shallow water is a thin layer of
fluid of constant density in hydrostatic equilibrium, surrounded by a solid
surface below and a free surface above, and is likely in contact with another
low-inertia fluid. The simplest and most useful models in geophysical fluid
dynamics are single-layer models because they can explain the rotational ef-
fect with a simple structure without considering the effects of complex strat-
ification. We can investigate the effect of the layers by adding a layer to
them. The two-layer in the geometry of shallow water is not only a layered
liquid model, but also it is an excellent model of a wide range of ocean and
atmospheric phenomena; see [23].

One way to depict fluid flow is as a multilayer flow, where one layer
flows on top of another. This difference in a layer is caused by temperature
differences, which lead to different densities. Ocean water can be viewed as a
fluid with two layers. The temperature of the water in the first layer, which is
sunlight-exposed water, is greater than the temperature of the second layer,
which is below the first layer; see [23].

Shallow water flow in two layers, especially its exact and numerical so-
lution, is an interesting subject to be studied. They particularly find the
best-governing equation that can describe physical phenomena.

The two-layer fluid flow model over the inclined and flat bottom was
investigated in [17]. The model utilized a non-Newtonian fluid. They used
the flow of mud in the water to illustrate the model. Then, this model was
solved analytically and numerically. The McCormack’s scheme was used to
obtain the numerical solution since this scheme is suitable for systems that
meet the hyperbolic conservation law, and it has second-order accuracy. The
numerical simulation of stratified fluid, supposed to be two-layer shallow
water flows through a channel with irregular geometry, was studied in [5].
They proposed extensions of the Q-schemes of van Leer and Roe to get the
numerical solution of the model. The central upwind was used to solve the
two-layer shallow water equations [10].

Furthermore, the fluid flow model with inclined and uneven bottom was
developed in [25]. In this model, it was assumed that the fluid had a single
layer and flowed in horizontal and vertical directions. The constructed model
was completed analytically and numerically using the finite difference method
by applying periodic boundary conditions. A numerical scheme stability
analysis was also performed using the Fourier analysis developed by Von
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Neumann. The stability analysis revealed that the flow was stable, which
means that the error of a numerical solution will not grow infinitely with
time.

The analytical and numerical methods were developed quickly to find the
best solution for the model. The analytical method is the best method to find
the solution of the mathematical model since this method does not have any
errors that appear from the truncation of the method itself. Unfortunately,
analytical methods sometimes require some complex calculations and are very
difficult to solve. To handle this problem, numerical methods can be used
to approximate the solutions of the governing equations. The classical finite
difference method, in which derivatives are approximated by finite difference,
is a well-known method to approximate the solution. Discontinuities become
a problem when they occur in the solution. Such a method can be used as
well with certain treatments near discontinuities in the solution. The finite
volume method (FVM) is a method based on an integral form instead of the
differential equation. Rather than pointwise approximations at grid points,
the FVM breaks the domain into grid cells and approximates the total integral
over grid cells. This integral is divided by the volume of the cell. These values
are changed at each step by the flux passing through the edges of the grid
cells. The main problem is to determine the proper numerical flux function
that properly approximates the correct flux [11].

The study of the two-layer shallow water system (flat bottom) analyt-
ically and numerically was investigated in [3]. For an analytical solution,
they considered a relaxation approach, which offers greater decoupling and
accessible eigenstructures. The numerical solution of a two-layer shallow wa-
ter equation using the FVM with an explicit scheme was investigated in [7].
Then, Swartenbroekx, Zech, and Soares-Frazao [22] predicted the bed load
transport induced by dam break waves by proposing two-dimensional (2D)
two-layer shallow water equations, where the upper layer was made of clear
water, and the lower layer was made of a dense mixture of water and moving
grains. The governing equation of the model was solved by applying Harten–
Lax–Van Lear Finite Volume Scheme and a well-balanced Roe method [9].
Recently, Muhammad [13] simulated the flowing fluid using the FVM via
OpenFOAM.

On the other hand, the flat-bottomed shallow hydraulic analogy of the
Gibraltar Strait was developed with wind stress in mind [6]. In this model,
the flow was assumed to be quasi-horizontal. The y component was ignored
,and the density was uniform in each layer. The model was numerically
solved using the FVM based on the Roe-Riemann scheme approach. Chi-
apolino and dan Saure [8] also derived a two-layer shallow water flow model
with some limitations by ignoring the vertical velocity component and as-
suming that the velocity is uniform across the cross-sections of each layer.
This model was solved numerically using the Godunov scheme, which is an
approximation of the Riemann problem at each cell boundary. A method
for the numerical solution of the nonlinear regularized long wave equation
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was studied in [20]. They [19] proposed an implicit method for the time
discretization based on the θ-weighted and finite difference methods, while
the spatial discretization is described with the help of the finite difference
scheme derived from the local radial basis function method (the local collo-
cation method). The localized meshless collocation method was studied in
[16, 15]. A new weighted essentially non-oscillatory (WENO), a finite dif-
ference Hermite RBF-WENO scheme, and a modified weighted essentially
non-oscillatory (WENO) scheme are procedures for solving hyperbolic con-
servation laws were studied in [18, 1, 2].

The study conducted in [4] obtained a numerical solution of the advection-
reaction-diffusion equation using the FVM. In the FVM, the integral form
is used to discretize the equation. The discretization of space used the
Quadratic Upwind Interpolation for Convective Kinematics (QUICK) scheme,
while the discretization of time used an explicit, implicit, or Crank Nicolson
scheme.

In this paper, we solve numerically a mathematical formula of a two-
layer shallow water flow with slope and uneven bottom by using the FVM
with a QUICK scheme to discretize the space domain and explicit scheme
to discretize the time domain. The new one in this article is how to find a
solution of the model when the bottom of the shallow water is not flat. The
FVM is used to solve the model because this method is suitable for compu-
tational fluid dynamics problems. The QUICK method is chosen since it is a
third-order scheme that provides good accuracy, and this scheme have been
proven its numerical stability. The advantages of this method are that the
main coefficients are positive and satisfy the requirements for conservative-
ness, boundedness, and transportiveness [24]. A numerical simulation of the
solutions is presented to describe the behavior of this model.

The organization of this work is as follows: Section 2 derives the governing
equations of the models in steady and unsteady states. In Section 3, the
FVM is constructed as a numerical solution with the QUICK scheme for
discretization. Section 4 provides numerical simulations of the shallow water
flows with several given parameters. Finally, Section 5 ends up with a brief
conclusion.

2 Governing equations

The governing equation of the two-layer shallow water with slope and the
uneven bottom is described in Figure 1. It is a non-dimensional form after
deriving from continuity and momentum equations of shallow water equa-
tions. For detailed calculating, revisit [12]. The equation reads as follows:

∂

∂t
(η1 − η2) +

∂

∂x
(u1(η1 − η2)) = 0, (1)
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Figure 1: Two-layer shallow water flow with incline and uneven bottom [12].

∂η2
∂t

+
∂

∂x
(u2(η2 − b)) = 0, (2)

∂u1
∂t

+ u1
∂u1
∂x

= −g cos θ∂η1
∂x

+ g sin θ, (3)

∂u2
∂t

+ u2
∂u2
∂x

= (g′ − g) cos θ∂η1
∂x

− g′ cos θ∂η2
∂x

+ g sin θ. (4)

We introduce the non-dimensional variables as follows:

x = Lx̃, z = Hz̃, t =
L

U
t̃, η1 = Hη̃1,

η2 = Hη̃2, b = Hb̃, q1 = UHq̃1, q2 = UHq̃2,

and

U = (Hg′)

1

2 , L =
U2

g
, γ =

g′

g
,

where U is a typical velocity, L is typical length, and T is a typical time scale,
and H is mean height. The two-layer shallow water with slope and uneven
bottom in non-dimensional form is

∂η1
∂t

− ∂η2
∂t

+
∂u1η1
∂x

− ∂u1η2
∂x

= 0, (5)

∂η2
∂t

+
∂u2η2
∂x

− ∂u2b

∂x
= 0, (6)

∂u1
∂t

+
∂

∂x

(
u21
2

)
= −cos θ

γ

∂η1
∂x

+ sin θ, (7)
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∂u2
∂t

+
∂

∂x

(
u22
2

)
=

(
1− 1

γ

)
cos θ∂η1

∂x
− cos θ∂η2

∂x
+ sin θ. (8)

We call the bottom layer as layer one, and the upper layer as layer two.
We introduce the variables used in each layer, p1(x, t) and p2(x, t) are pressure
forces in layers one and two. The upper layer has a pressure force p1(x, t),
which is lower than the pressure force at the bottom layer p2(x, t). Then,
η1(x, t) is the free-surface movement vertically while η2(x, t) is the distance
between layers one and two’s interface height, where η2(x, t) < z < η1(x, t)
and b(x) < z < η2(x, t). The thickness of the water columns is h1(x, t)
and h2(x, t). The uneven bottom topography is b(x), where, in general,
h2(x, t) = η2(x, t)− b(x), for the flat bottom η2(x, t) = h2(x, t), and θ is the
slope of the bottom surface. Moreover, γ = g′/g, where g is the gravitational
force, and g′ = g(ρ2−ρ1ρ1

) is the reduced gravity, while ρ2 and ρ1 are density in
layers one and two. The proposed model, (1)–(4), is a powerful model of many
geophysically interesting phenomena as well as being physically realizable in
the laboratory [23].

2.1 Steady-state two-layer shallow water flow

In this part, shallow water is assumed to be in a steady state. This means at
every point, the mass fluxes over the depth and energy are constant [14]. It
is assumed that the height and water debit are constant with respect to time
[21]. Equations (5)–(8) become

∂u1η1
∂x

− ∂u1η2
∂x

= 0, (9)

∂u2η2
∂x

− ∂u2b

∂x
= 0, (10)

0 = −cos θ
γ

∂η1
∂x

+ sin θ, (11)

0 =

(
1− 1

γ

)
cos θ∂η1

∂x
− cos θ∂η2

∂x
+ sin θ, (12)

where x ∈ [0,K] in which K is a constant at the boundary space domain.
The equation system (9)–(12) is a function of spatial variable, such that the
initial conditions for the equation system (9)–(12) are given as follows:

η1(x, 0) = tan θx+A sin(3x), (13)
η2(x, 0) = tan θx+A sin(3x)− 3, (14)

b(x) = tan θx+K tan θ +A(cos(5x)− sin(3x))− 4, (15)

and the boundary conditions are given by
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η1(0) = tan θ(0) + A sin(3(0)), (16)
η2(0) = tan θ(0) + A sin(3(0))− 3, (17)
η1(K) = tan θ(K) +A sin(3(K)), (18)
η2(K) = tan θ(K) +A sin(3(K))− 3, (19)
∂η1
∂x

=
∂η2
∂x

= tan θγ, (20)

where A is wave amplitude.
The steady state of (9)–(12) can be applied to river at rest conditions.

It seems that the river consists of two-layers. The temperature of the first
layer will be lower than the temperature of the second layer when the river
is exposed to sunshine. As a result, the first layer pressure is lower than
the second layer pressure. The layers compete with one another when the
interface between the two layers varies from position to position (wavy).
Similarly, on an uneven base, generally, topography and bottom layer will
exert forces on one another. Because it is in a steady state, the bottom
shape is unevenly followed by the first and second levels. We will show this
in numerical simulations.

2.2 Unsteady-state two-layer shallow water flow

For an unsteady state two-layer shallow water flow, it is assumed that the
flow of shallow water at the upper free-surface, the gravitational force, is
imposed on the fluid as the restoring force. Because we consider hydrostatic
balance, the changes of surface velocity, and height are quite small around
the depth of the h surface wave at constant conditions [23]. The depth of
the fluid is as much as the displacement or movement of the free surface. We
linearize (5)–(8) by defining new variables to describe the displacement of
the fluid at rest; that is,

h1(x, t) = H1 + h′1(x, t) = H1 + (η′1(x, t)− η′2(x, t)), (21)
h2(x, t) = H2 + h′2(x, t) = H2 + (η′2(x, t)− b(x)), (22)
u1(x, t) = u′1(x, t), (23)
u2(x, t) = u′2(x, t). (24)

Equations (21)–(24) are substituted into (5)–(8). Then, the variable fol-
lowing the derivation of steady state two-layer shallow water flow is non-
dimensionalized. We obtain the following equations:

∂η1
∂t

− ∂η2
∂t

= 0, (25)

∂η2
∂t

+
∂u2
∂x

− ∂u2b

∂x
= 0, (26)
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∂u1
∂t

= −cos θ
γ

∂η1
∂x

+ sin θ, (27)

∂u2
∂t

=

(
1− 1

γ

)
cos θ∂η1

∂x
− cos θ∂η2

∂x
+ sin θ, (28)

where x ∈ [0,K], t ∈ [0, L], with the initial conditions of the flow is stationary
and the speed of the water remains along the channel

η1(x, 0) = tan θx+A sin(3x), (29)
η2(x, 0) = tan θx+A sin(3x)− 3, (30)
b(x) = tan θx+K tan θ +A(cos(5x)− sin(3x))− 4, (31)
u1(x, 0) = u2(x, 0) = 0, (32)

and the boundary condition is assumed that the flow is not moving, so that
the velocity is equal to zero. The boundary condition of unsteady state two-
layer shallow water flow is periodic functions as follows:

η1(0, t) = tan θ(0) +A sin(3(0)), (33)
η2(0, t) = tan θ(0) +A sin(3(0))− 3, (34)
η1(K, t) = tan θ(K) +A sin(3(K)), (35)
η2(K, t) = tan θ(K) +A sin(3(K))− 3, (36)
∂η1(0, t)

∂x
=
∂η2(0, t)

∂x
= tan θγ + 3A cos(3(0)), (37)

u1(0, t) = u2(0, t) = 0, (38)

where x > 0 and t > 0.

3 Finite volume method (FVM)

The FVM is a technique using integral form rather than differential equations.
Pointwise estimates at grid points are preferred. The domain is divided into
grid cells by the FVM, which then approximates the entire integral over the
grid cells. This integral is divided by the volume of the cells. The value
changes at each step depending on the flow passing through the edges of the
grid cells. The main problem is determining the appropriate numerical flow
function that is directly close to the true flow [11].

By following the procedure in [24], we integrate the governing equations
for steady and unsteady state, (9)–(12) and (25)–(28), respectively, along
control volume and time. Furthermore, we use QUICK scheme to discretize
space domain and explicit scheme to discretize time domain.

Here, we summarize the procedure of the proposed method as follows:

Iran. j. numer. anal. optim., Vol. 13, No. 2, 2023,pp 317–335



325 Two-layer shallow water formula with slope and ...

1. Grid generation
The first step in the FVM is to divide the domain into discrete control
volumes. Let us place a number of nodal points in the space between
A and B. The boundaries (or faces) of control volumes are positioned
mid-way between adjacent nodes. Thus each node is surrounded by a
control volume or cell. It is common practice to set up control volumes
near the edge of the domain in such a way that the physical boundaries
coincide with the control volume boundaries.

2. Discretisation
The key step of the FVM is the integration of the governing equation
(or equations) over a control volume to yield a discretized equation at
its nodal point P .

3. Solution of equations
The resulting system of linear algebraic equations is then solved to
obtain the distribution of the solution at nodal points.

3.1 Steady-state FVM

To solve (9)–(12) by using the FVM, first, we integrate (10) with respect to
Control Volume (CV) as follows:∫

CV

(
∂u2η2
∂x

− ∂u2b

∂x

)
dV = 0. (39)

This is the equation related to the first layer of shallow water flow. Since the
model of two-layer shallow water flow has one dimension in space, the CV
can be described as in [24]. Then (39) becomes

A (u2e − u2w) (η2e − η2w) = A (u2e − u2w) (be − bw) , (40)

where index e is the east face and w is the west face. By applying QUICK
discretization, we transform the control face to be nodal and after simplifying
(40). Then we get

1

8
η2WW − 7

8
η2W +

3

8
η2P +

3

8
η2E =

1

8
bWW − 7

8
bW +

3

8
bP +

3

8
bE . (41)

Equation (41) can be written as a linear equation of the system by substi-
tuting i = 2, 3, . . . , N − 1 and applying initial and boundary condition such
that we have
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0 0 · · · 0 0 0 0

−7

8

3

8

3

8
0 · · · 0 0 0 0

1

8

−7

8

3

8

3

8
· · · 0 0 0 0

...
...

...
...
. . . 0 0 0 0

0 0 0 0 · · ·
1

8

−7

8

3

8

3

8

0 0 0 0 · · · 0
1

8

−7

8

3

8





η22
η23
η24
...

η2K−2

η2K−1


=



F2

F3

F4

...
FK−2

FK−1


, (42)

with



F2

F3

F4

...
FK−2

FK−1


=



−
6

8
bi−1 +

1

8
∆xT1 +

3

8
bi +

3

8
bi+1 +

6

8
η2i−1 −

1

8
∆x tan(θ)γ

1

8
bi−2 −

7

8
bi−1 +

3

8
bi +

3

8
bi+1 −

1

8
η2i−2

1

8
bi−2 −

7

8
bi−1 +

3

8
bi +

3

8
bi+1

...
1

8
bi−2 −

7

8
bi−1 +

3

8
bi +

3

8
bi+1

1

8
bi−2 −

7

8
bi−1 +

3

8
bi +

3

8
bi+1 −

3

8
η2i+1


,

where T1 = tan θ+A(5 sin(−5(0))−3 cos(−3x(0))). The methods for solving
a system of linear equations can be used to determine the value of η2i, for
example, Thomas’s algorithm.

Furthermore, similar to the first layer, the discretization equation of the
second layer is obtained by integrating (9) with respect to CV∫

CV

(
∂u1η1
∂x

− ∂u1η2
∂x

)
dV = 0. (43)

Discretization QUICK is applied to (43) by following the procedure in [24]
and applying initial and boundary conditions. Then, we arrive at a system
of linear equations as follows:

3

8

3

8
0 0 · · · 0 0 0 0
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8

3

8

3

8
0 · · · 0 0 0 0

1

8

−7

8

3

8

3

8
· · · 0 0 0 0

...
...

...
...
. . . 0 0 0 0

0 0 0 0 · · ·
1

8

−7

8

3

8

3

8

0 0 0 0 · · · 0
1

8

−7

8

3

8





η12
η13
η14
...

η1K−2

η1K−1


=



G2

G3

G4

...
GK−2

GK−1


, (44)

with
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
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G3

G4

...
GK−2

GK−1


=



−
6
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η2i−1 +

1

8
∆x tan(θ)γ +

3

8
η2i +

3

8
η2i+1 +

6

8
η2i−1 −

1

8
∆x tan(θ)γ

1

8
η2i−2 −

7

8
η2i−1 +

3

8
η2i +

3

8
η2i+1 −

1

8
η1i−2

1

8
η2i−2 −

7

8
η2i−1 +

3

8
η2i +

3

8
η2i+1

...
1

8
η2i−2 −

7

8
η2i−1 +

3

8
η2i +

3

8
η2i+1

1

8
η2i−2 −

7

8
η2i−1 +

3

8
η2i +

3

8
η2i+1 −

3

8
η1i+1


.

The value of η1i can be obtained by the methods for solving system of linear
equations.

3.2 Unsteady-state FVM

For unsteady-state two-layer shallow water flow, we integrated (25)–(28) with
respect to CV and time. The procedure to get the integration (25)–(28) with
respect to CV in the unsteady state, shallow water flow is similar to the
procedure to calculate the integral of the governing equation in the steady
state. We apply QUICK discretization. The difference is we integrate the
governing equation with respect to time, and apply an explicit scheme for
discretization. First, we integrate (25) to yield∫ t+∆t

t

∫
CV

(
∂η1
∂t

− ∂η2
∂t

)
dV dt = 0. (45)

The result of the integration of (45) is

(η1P − η1
0
P )A∆x− (η2P − η2

0
P )A∆x = 0, (46)

where η1,P and η2,P are the height of surface at node P and time t+∆t, η01,P
and η02,p are the height of surface at node P and time t. By simplifying (46)
and writing the index P becomes i, we get the height of the first layer

η1
n+1
i = η1

n
i + η2

n+1
i − η2

n
i , (47)

where the subscribe n denotes time t, and n + 1 denotes time t + ∆t. We
apply the procedure in [24] for the rest of (26)–(28), so that we obtain

η2
n+1
i = η2

n
i − ∆t

∆x

(
1

8
u2
n
i−2 −

7

8
u2
n
i−1 +

3

8
u2
n
i +

3

8
u2
n
i+1

)
(
1−

(
1

8
bi−2 −

7

8
bi−1 +

3

8
bi +

3

8
bi+1

))
. (48)
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u1
n+1
i = u1

n
i − ∆t

∆x

cos θ
γ

(
1

8
η1
n
i−2 −

7

8
η1
n
i−1 +

3

8
η1
n
i +

3

8
η1
n
i+1

)
+ sin θ∆t. (49)

u2
n+1
i = u2

n
i +

∆t

∆x

(
1− 1

γ

)
cos θ

(
1

8
η1
n
i−2 −

7

8
η1
n
i−1

3

8
η1
n
i +

3

8
η1
n
i+1

)
−∆t

∆x
cos θ

(
1

8
η2
n
i−2 −

7

8
η2
n
i−1 +

3

8
η2
n
i +

3

8
η2
n
i+1

)
+ sin θ∆t. (50)

The explicit solver is easily programmed, yet the time step t must be
limited to stabilize the scheme. Experience has shown that we can simply
enforce the Von Neumann criteria for the single step algorithm,∣∣∣∣∆t∆x

∣∣∣∣ < 1

2
. (51)

4 Numerical simulation

Numerical simulation aims to illustrate movement of shallow water flows
based on the numerical scheme obtained in the previous section. Numerical
simulations are performed under the environment of MATLAB R2018a based
on MacOS MOJAVE version 10.14.6, which the processor is 1.6 GHz Intel
Core i5. Numerical solutions of steady-state of two-layer shallow water flow
are calculated at x ∈ [0, 5] by taking ∆x = 0.1 and γ = 1 [17]. Figure 2
depicts two shallow water layers at rest, where the water velocity is zero and
there is no time-dependent flow movement. Changes at the bottom surface
are followed by depth changes at the first and second chamber levels. When
we increase the slope, the depth of the second layer is higher than the first
layer. The two-layer shallow water flow conditions remain stable for each
slope of (θ). Negative sign of slope has physical interpretation, that is, water
flows from the left side to the right side. Figure 3 shows the velocity profiles
of steady-state of two-layer shallow water flow at t = 0.025.

Table 1: Comparison of the CPU run times of the proposed method depends on the
slopes.

θ = −10 θ = −30 θ = −60
1,376413 second 1,536349 second 1,544937 second

Furthermore, the numerical simulation for unsteady-state two-layer shal-
low water flow can be seen in Figures 4 and 5. The parameter (γ), slope (θ),
and space domain for the simulation are chosen with the same values for the
steady-state. The time domain is t ∈ [0, 0.1] with ∆t = 0.001. The simulated
water wave height and velocity are calculated when t = 0.025 and t = 0.1.
The height profile of unsteady-state two-layer shallow water flow at t = 0.025
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Figure 2: The numerical solution of steady-state of two-layer shallow water flow with
θ = 100, θ = 300, and θ = 600.

Figure 3: The velocity profiles of steady-state of two-layer shallow water flow at t =

0.025.

is shown in Figure 4, while the velocity profiles of unsteady-state of two-layer
shallow water flow at t = 0.025 is shown in Figure 5.

Figure 4: The height profiles of unsteady-state two-layer shallow water flow at t = 0.025.
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Figure 5: The velocity profiles of unsteady-state of two-layer shallow water flow at
t = 0.025.

The numerical solution for unsteady shallow water produces instability
(see Figure 5). It is because there is a compressive force between the layers.
Similarly, if the liquid’s bottom is not flat, the bottom layer and topography
tend to push against one another. This type of force, known as form drag.
Moreover, in Figure 5, when the slope is increased, the depth of the second
layer is higher than the first layer, and the second layer has a more wavy
shape than the first layer. In Figure 5, the flow has bigger velocity when
the slope of bottom layer is increased. From Table 2, the velocity at layer
one increases when the slope is increased. Similarly, the velocity at layer
two increases when the slope is increased see Table 3. The last row in each
Tables 2 and 3 shows the rate of velocity u1 and u2. The CPU run times of
the proposed method is written in Table 1.
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Table 2: Comparison of velocity u1 depends on the slopes.

u1 at θ = −10 u1 at θ = −30 u1 at θ = −60

0,01 0,01 0,01
0,01 0,01 0,01

0,010000047 0,010000156 0,010000486
0,010000042 0,01000014 0,010000435
0,010000035 0,010000115 0,010000356
0,010000025 0,010000084 0,010000257
0,010000015 0,010000049 0,010000148
0,010000004 0,010000013 0,01000004
0,009999994 0,00999998 0,009999941
0,009999986 0,009999953 0,009999861
0,00999998 0,009999934 0,009999804
0,009999976 0,009999924 0,009999775
0,009999977 0,009999924 0,009999776
0,00999998 0,009999934 0,009999806
0,009999986 0,009999954 0,009999864
0,009999995 0,009999982 0,009999946
0,010000005 0,010000015 0,010000046
0,010000015 0,010000051 0,010000154
0,010000026 0,010000086 0,010000263
0,010000035 0,010000117 0,010000361
0,010000043 0,010000141 0,010000439
0,010000047 0,010000157 0,010000489
0,010000049 0,010000162 0,010000504
0,010000047 0,010000156 0,010000485
0,010000042 0,010000139 0,010000431
0,010000034 0,010000114 0,010000351
0,010000025 0,010000082 0,010000251
0,010000014 0,010000047 0,010000142
0,010000003 0,010000011 0,010000034
0,009999993 0,009999979 0,009999936
0,009999985 0,009999952 0,009999857
0,009999979 0,009999933 0,009999801
0,009999976 0,009999923 0,009999774
0,009999977 0,009999924 0,009999776
0,00999998 0,009999935 0,009999809
0,009999986 0,009999956 0,009999868
0,009999995 0,009999984 0,009999951
0,010000005 0,010000017 0,010000051
0,010000016 0,010000053 0,01000016
0,010000027 0,010000088 0,010000268
0,010000036 0,010000118 0,010000366
0,010000043 0,010000142 0,010000442
0,010000047 0,010000157 0,01000049
0,010000049 0,010000162 0,010000504
0,010000047 0,010000155 0,010000483
0,010000042 0,010000138 0,010000428
0,010000034 0,010000112 0,010000346
0,010000024 0,01000008 0,010000245
0,010000013 0,010000045 0,010000136
0,010000003 0,010000009 0,010000028

0,01 0,01 0,01
0,510000685 0,51000228 0,510007164
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Table 3: Comparison of velocity u2 depends on the slopes.

u2 at θ = −10 u2 at θ = −30 u2 at θ = −60

0,01 0,01 0,01
0,009999236 0,009999431 0,009999728
0,009999233 0,009999349 0,009999664
0,009999146 0,00999918 0,009999542
0,009999225 0,009999147 0,009999474
0,009999545 0,009999439 0,009999622
0,010000052 0,010000062 0,01000004
0,010000542 0,01000064 0,010000417
0,010000821 0,010000851 0,010000502
0,010000857 0,010000764 0,010000407
0,010000736 0,010000576 0,010000283
0,01000055 0,01000039 0,010000182
0,010000354 0,010000236 0,010000106
0,010000169 0,010000109 0,010000049

0,01 0,010000001 0,010000001
0,009999849 0,009999904 0,009999958
0,009999721 0,009999815 0,009999917
0,009999628 0,00999974 0,00999988
0,009999584 0,009999691 0,009999852
0,009999598 0,009999681 0,009999842
0,009999659 0,009999714 0,009999853
0,009999739 0,00999977 0,009999879
0,009999804 0,009999822 0,009999904
0,009999833 0,009999847 0,009999917
0,009999824 0,009999841 0,009999915
0,009999795 0,009999816 0,009999902
0,00999977 0,009999793 0,009999889
0,009999785 0,009999802 0,009999893
0,00999987 0,00999988 0,009999935
0,01000004 0,010000044 0,010000027
0,010000262 0,010000256 0,010000145
0,010000465 0,010000426 0,01000023
0,01000058 0,010000443 0,010000214
0,010000494 0,010000344 0,010000159
0,010000353 0,010000229 0,010000102
0,010000189 0,010000116 0,01000005
0,010000014 0,010000006 0,010000002
0,009999831 0,009999893 0,009999953
0,009999641 0,009999768 0,009999897
0,009999446 0,00999962 0,009999826
0,009999266 0,00999945 0,009999736
0,009999147 0,009999283 0,009999632
0,009999163 0,009999199 0,009999553
0,009999371 0,009999324 0,009999592
0,009999739 0,009999699 0,009999808
0,010000128 0,010000137 0,010000082
0,010000397 0,010000409 0,010000239
0,0100005 0,010000471 0,010000259

0,010000565 0,010000492 0,010000257
0,01 0,01 0,01

0,509997101 0,509997386 0,509998561
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5 Conclusion

In this research, we offered a numerical solution for a two-layer shallow water
flow with slope and uneven bottom for both steady-state and unsteady-state.
The QUICK and explicit schemes were used to determine the numerical so-
lution through the FVM. The steady-state numerical solution yielded stable
results, while unsteady-state numerical solutions produced unstable results.
The momentum that can be added to or taken from a flow, is what leads
to this instability. This happened when there are differences in the position
or surface wave shape between the first and second layers. The layers exert
a compressive force on one another. Similar to this, if the fluid’s bottom is
not flat, the bottom layer and the topography will generally exert forces on
one another. Moreover, the simulations yielded the larger slope resulted in
higher velocity and higher depth at second layer.
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A Introduction

Mathematical modeling of most problems in mechanics, mathematical biol-
ogy, and economics are expressed as integral equations. Skeletal or striated
muscles are one of the three types of muscles in the body. They connect to
bones and control body movements, maintain body posture, protect internal
organs, support the entry and exit points of the body, and regulate body
temperature. The steady activation of a skeletal muscle is a phenomenon
with complex and subtle physiological processes that can be described by
Volterra integral equations (VIEs) [5, 8, 10]. The motor units (MUs) develop
a skeletal muscle; each MUs contains a motoneuron (MN) and the muscle
fibers it innervates. Electrical signals, coming from higher motor centers and
propagating to the motoneurons along with a network of nerve fibers, com-
pose the input of MUs. In this problem, MUs are ordered according to their
maximal (tetanic) contraction forces t. Consider the muscle force f(t) as a
function of the last recruited MU for an arbitrary but fixed network. Clearly,
f(t) is an increasing function of t. As mentioned in [5, 8], the muscle force
f(t) can be stated with the following VIE:

f(t) =

∫ t

a

k(s, f(s), f(t))ds. (1)

Equation (1) is a subclass of VIEs and can be called non-standard VIEs
because, in addition to f(s), its kernel also includes f(t). Let ρ be a density
function that represents the MU population. Suppose that tmin and tmax be
the tetanic forces of the weakest and strongest MUs and let

∫ tmax
tmin

ρ(s)ds be
the number of MUs in the pool. The VIE for (1) takes the form [5]

f(v) =

∫ v

tmin

K(f(v), f(u))h(u)du, v ∈ [tmin, tmax], (2)

where
K(f(v), f(u)) = 1− c exp

(
− α

f(v)− f(u)

f(u) + ∆

)
,

and h(v) = vρ(v), α > 0, ∆ > 0, and 0 < c < 1. The integral equation (2)
governs the activation of a muscle, and it is not clear whether this equation
has a solution or not. Because ρ is a strictly positive function almost every-
where, the function H(t) =

∫ t
tmin

h(s)ds is strictly increasing on the interval
[tmin, tmax] and hence invertible. H(t) represents the force of the muscle
when all MUs up to level t produce their tetanic force and H(tmax) = Fmax.
Now, by considering the change of variable u = H−1(x), the VIE (2) can be
reduced to

f(v) =

∫ H(v)

H(tmin)

K(f(v), f(H−1(x)))dx, v ∈ [tmin, tmax]. (3)
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Then by assuming H(v) = t and equivalently v = H−1(t), the integral equa-
tion (3) can be written as

Y (t) =

∫ t

0

(
1− c exp

(
− α

Y (t)− Y (x)

Y (x) + ∆

))
dx, t ∈ [0, T ], (4)

where Y (t) = f(H−1(t)) and T = Fmax. Finally, the muscle force function
can be obtained as f(t) = Y (H(t)). The existence and uniqueness of a non-
negative solution of the VIE (4) are studied in [5].
The main purpose of this paper is to develop a computational method based
on the linear barycentric rational interpolants (LBRIs) and associated inte-
gral operational matrix to approximate the problem of steady activation of
a skeletal muscle (1). The LBRIs were introduced by Berrut [2] and then
generalized by Floater and Hormann [4]. The family of Floater–Hormann
(FH) interpolants has no real poles and has a high order of convergence for
enough smooth functions. Furthermore, the FH interpolants offer a better
choice than the polynomial interpolants, which are ill-conditioned and yield
Runge’s phenomenon in the case of equispaced interpolation nodes. Also,
the LBRIs can be applied to approximate derivatives and integrals of a given
function [1, 6]. Due to the attractive features of the LBRIs, many researchers
are interested in developing numerical methods based on such interpolants to
solve functional equations such as differential equations [13, 11], Volterra and
Fredholm integral equations [3, 7], and integro-differential integral equations
[1].
The paper is organized as follows: In Sections B and C, the LBRIs and
the corresponding integral operational matrix are described, respectively. In
Section D, the numerical technique for solving the VIE (1) based on the inte-
gral operational matrix is introduced. In Section E, the convergence analysis
of the proposed method is provided. In Section F, the obtained numerical
results are reported. Finally, a brief conclusion is given in Section G.

B The LBRIs

Let n ∈ N, let f : [a, b] → R, let Ω = {a ≤ t0 < t1 < · · · < tn ≤ b} be a set of
nodes on the interval [a, b], and let f(tj), j = 0, 1, . . . , n be the corresponding
given data. The LBRIs can be defined as follows:

In(t) =

n∑
j=0

f(tj)ϕj(t), (5)

where

ϕj(t) =

wj
t−tj∑n
i=0

wi
t−ti

, j = 0, 1, . . . , n, (6)
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are barycentric cardinal basis functions with the following features:

•
n∑
j=0

ϕj(t) = 1,

• ϕj(ti) = δij , i, j = 0, 1, . . . , n,

where δij is the Kronecker delta. Also, the nonzero real numbers {wj}nj=0 are
barycentric weights independent of f(tj). Floater and Hormann [4] proposed
a family of LBRIs by introducing wj as

wj = (−1)j
min(j,n−d)∑
i=max(j−d,0)

( i+d∏
k=i,k ̸=j

1

| tj − tk |

)
, j = 0, 1, . . . , n, (7)

where 0 ≤ d ≤ n is an integer parameter. Using the barycentric weights (7),
the LBRI (5) can be rewritten as follows [4]:

In(t) =

n−d∑
j=0

λj(t)pj(t)

n−d∑
j=0

λj(t)

, λj(t) =
(−1)j

(t− tj) . . . (t− tj+d)
, j = 0, 1, . . . , n− d,

(8)
where pj(t) is the polynomial of degree at most d interpolates f(t) at local
nodes {xj+k}dk=0. In [4], it is proved that the interpolant (8) has no real
poles.
Theorem 1. [4] Let f ∈ Cd+2[a, b]. Then

∥f(t)− In(t)∥∞ ≤ Chd+1,

where

C = (1 + γµ)


(b− a)∥f

(d+2)∥∞
d+2 , (n− d) odd,(

(b− a)∥f
(d+2)∥∞
d+2 + ∥f(d+1)∥∞

d+1

)
, (n− d) even,

µ = max
1≤i≤n−2

min
(
ti+1 − ti
ti − ti−1

,
ti+1 − ti
ti+2 − ti+1

)
,

γ =

{
1, d = 0,
0, d > 1,

, h = max
0≤i≤n−1

(ti+1 − ti).

Similar to the one-dimensional LBRIs (6), one can define two-dimensional
LBRIs. For this purpose, two-dimensional barycentric rational basis func-
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tions can be defined as

ψij(t, s) = ϕi(t)ϕj(s), i, j = 0, 1, . . . , n,

where {ϕi(t)}ni=0 are the basis functions (6). The basis functions {ψij(t, s)}
have the following properties:

•
n∑
i=0

n∑
j=0

ψij(t, s) = 1,

• ψij(tk, sl) = δikδjl.

According to the Lagrange property, any two-dimensional function f(t, s)
can be approximated as

f(t, s) ≃
n∑
i=0

n∑
j=0

f(ti, sj)ψij(t, s). (9)

Also, by using the barycentric weights defined in (7), the two-dimensional
LBRI (9) can be rewritten in the form of the two-dimensional FH interpolants
as

In(t, s) =

n−d∑
i=0

n−d∑
j=0

λi(t)λj(s)pi,j(t, s)

n−d∑
i=0

n−d∑
j=0

λi(t)λj(s)

, (10)

where

λi(t) =
(−1)i

(t− ti) . . . (t− ti+d)
,

λj(s) =
(−1)j

(s− sj) . . . (s− sj+d)
, i, j = 0, 1, . . . , n,

in which pi,j(t, s) is the polynomial that interpolates f at local nodes
{(ti+k, sj+l)}dk,l=0. In the following, by applying Theorem 1, the error bound
of the two-dimensional Floater–Hormann interpolant (10) is estimated.

Theorem 2. Let f(t, s) ∈ Cd+2([a, b]× [a, b]). Then

∥f(t, s)− In(t, s)∥∞ = O(hd+1).

Proof. Suppose that

Ωt = {a ≤ t0 < t1 < · · · < tn ≤ b},
Ωs = {a ≤ s0 < s1 < · · · < sn ≤ b},
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and let {(ti, sj)}ni,j=0 be the interpolation nodes on [a, b]× [a, b]. Then

f(t, s) = In(t, s), for all (t, s) ∈ Ωt × Ωs.

Now, the error interpolation can be written as

f(t, s)− In(t, s) =

n−d∑
i=0

n−d∑
j=0

λi(t)λj(s)(f(t, s)− pij(t, s))

n−d∑
i=0

n−d∑
j=0

λi(t)λj(s)

, (11)

for any (t, s) ∈ [a, b] × [a, b] − Ωt × Ωs. By extending the Newton form of
polynomial interpolant error and using the commuting property of the divided
differences described in [9], the Newton error formula for a two-dimensional
polynomial interpolation can be represented as

f(t, s)− pij(t, s) =πd+1(t)[ti, ti+1, . . . , ti+d, t]f

+ πd+1(s)[sj , sj+1, . . . , sj+d, s]f (12)
− πd+1(t)πd+1(s)[sj , sj+1, . . . , sj+d, s][ti, ti+1, . . . , ti+d, t]f,

where πd+1(t) =
∏d
r=0(t − ti+r) and πd+1(s) =

∏d
r=0(s − sj+r). Replacing

(12) in (11) yields

f(t, s)− In(t, s) =

n−d∑
i=0

(−1)i[ti, ti+1, . . . , ti+d, t]f∑n−d
i=0 λi(t)

+

n−d∑
j=0

(−1)j [sj , sj+1, . . . , sj+d, s]f∑n−d
j=0 λj(s)

(13)

−

n−d∑
i=0

n−d∑
j=0

(−1)i+j [ti, ti+1, . . . , ti+d, t][sj , sj+1, . . . , sj+d, s]f

n−d∑
i=0

n−d∑
j=0

λi(t)λj(s)

.

To complete the proof, it is enough to compute an upper bound for the
numerators and a lower bound for the denominators of the used quotient
in (13). In [4], the upper bounds for the numerator of the first and second
quotients applied in (13) are derived. Moreover, the following inequalities
hold [4]:
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∣∣∣ n−d∑
i=0

λi(t)
∣∣∣ ≥ 1

(1 + γµ)d!hd+1
,
∣∣∣ n−d∑
j=0

λj(s)
∣∣∣ ≥ 1

(1 + γµ)d!hd+1
, (14)

where γ and µ are defined in Theorem 1. Now, it is enough to get an upper
bound on the numerator of the third quotient in (13). Let n − d be odd.
Following the proof of Theorem 2 in [4], one can get

n−d∑
i=0

n−d∑
j=0

(−1)i+j [ti, ti+1, . . . , ti+d, t][sj , sj+1, . . . , sj+d, s]f

= −
n−d∑
i=0

n−d−1∑
j=0
j even

(−1)i(sj+d+1 − sj)[ti, ti+1, . . . , ti+d, t][sj , sj+1, . . . , sj+d+1, s]f

=

n−d−1∑
i=0
i even

n−d−1∑
j=0
j even

(ti+d+1 − ti)(sj+d+1 − sj)

× [ti, ti+1, . . . , ti+d+1, t][sj , sj+1, . . . , sj+d+1, s]f,

and therefore∣∣∣ n−d∑
i=0

n−d∑
j=0

(−1)i+j [ti, ti+1, . . . , ti+d, t][sj , sj+1, . . . , sj+d, s]f
∣∣∣

≤
n−d−1∑
i=0
i even

n−d−1∑
j=0
j even

|ti+d+1 − ti||sj+d+1 − sj |
((d+ 2)!)2

∣∣∣ ∂2d+4

∂td+2∂sd+2
f
∣∣∣

≤ (d+ 1)2(b− a)2

((d+ 2)!)2

∥∥∥ ∂2d+4

∂td+2∂sd+2
f
∥∥∥
∞
. (15)

Let n− d be even. In a similar manner, by following the proof of Theorem 2
in [4], the following result is obtained:

n−d∑
i=0

n−d∑
j=0

(−1)i+j [ti, ti+1, . . . , ti+d, t][sj , sj+1, . . . , sj+d, s]f

=

n−d−2∑
i=0
i even

n−d−2∑
j=0
j even

(ti+d+1 − ti)(sj+d+1 − sj)

× [ti, ti+1, . . . , ti+d+1, t][sj , sj+1, . . . , sj+d+1, s]f

−
n−d−2∑
i=0
i even

(ti+d+1 − ti)[ti, ti+1, . . . , ti+d+1, t][sn−d, sn−d+1, . . . , sn, s]f
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−
n−d−2∑
j=0
j even

(sj+d+1 − sj)[tn−d, tn−d+1, . . . , tn, t][sj , sj+1, . . . , sj+d+1, s]f

+ [tn−d, tn−d+1, . . . , tn, t][sn−d, sn−d+1, . . . , sn, s]f,

and therefore∣∣∣ n−d∑
i=0

n−d∑
j=0

(−1)i+j [ti, ti+1, . . . , ti+d, t][sj , sj+1, . . . , sj+d, s]f
∣∣∣

≤ (d+ 1)2(b− a)2

((d+ 2)!)2

∥∥∥ ∂2d+4

∂td+2∂sd+2
f
∥∥∥
∞

+
b− a

d!(d+ 2)!

∥∥∥ ∂2d+3

∂td+2∂sd+1
f
∥∥∥
∞

+
b− a

d!(d+ 2)!

∥∥∥ ∂2d+3

∂td+1∂sd+2
f
∥∥∥
∞

+
1

((d+ 1)!)2

∥∥∥ ∂2d+2

∂td+1∂sd+1
f
∥∥∥
∞
. (16)

Finally, by using the relations (14), (15), and (16), the desired result can be
obtained as follows:
• If n− d is odd, then

∥∥∥f(s, t)− In(s, t)
∥∥∥
∞

≤ (1 + γµ)(b− a)

d+ 2

(∥∥∥ ∂d+2

∂td+2
f
∥∥∥
∞

+
∥∥∥ ∂d+2

∂sd+2
f
∥∥∥
∞

)
hd+1

+
(1 + γµ)2(b− a)2

(d+ 2)2

∥∥∥ ∂2d+4

∂td+2∂sd+2
f
∥∥∥
∞
h2d+2.

• If n− d is even, then

∥∥∥f(t, s)− In(t, s)
∥∥∥
∞

≤ (1 + γµ)(b− a)

d+ 2

(∥∥∥ ∂d+2

∂td+2
f
∥∥∥
∞

+
∥∥∥ ∂d+2

∂sd+2
f
∥∥∥
∞

)
hd+1

+
1 + γµ

d+ 1

(∥∥∥ ∂d+1

∂td+1
f
∥∥∥
∞

+
∥∥∥ ∂d+1

∂sd+1
f
∥∥∥
∞

)
hd+1

+
(1 + γµ)2(b− a)2

(d+ 2)2

∥∥∥ ∂2d+4

∂td+2∂sd+2
f
∥∥∥
∞
h2d+2

+
(1 + γµ)2

(d+ 1)2

∥∥∥ ∂2d+2

∂td+1∂sd+1
f
∥∥∥
∞
h2d+2

+
(1 + γµ)2(b− a)

(d+ 1)(d+ 2)
h2d+2

×

(∥∥∥ ∂2d+3

∂td+2∂sd+1
f
∥∥∥
∞

+
∥∥∥ ∂2d+3

∂td+1∂sd+2
f
∥∥∥
∞

)
.
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C Integral operational matrix

In this section, a brief review of the integral operational matrix based on the
barycentric rational basis functions described in [14, 12] is provided. Suppose
that Φ(t) is an (n+ 1)× 1 vector as follows:

Φ(t) = [ϕ0(t), ϕ1(t), . . . , ϕn(t)]
T , (17)

where ϕi(t), i = 0, 1, . . . , n, are defined in (6). The integration of vector Φ(t)
in (17) can be expressed as∫ t

a

Φ(s)ds =
[ ∫ t

a

ϕ0(s)ds,

∫ t

a

ϕ1(s)ds, . . . ,

∫ t

a

ϕn(s)ds
]T
. (18)

Using (5), any elements of the vector (18) can be estimated as∫ t

a

ϕi(s)ds ≃
n∑
j=0

pijϕj(t) = PiΦ(t), i = 0, 1, . . . , n. (19)

where

Pi = [pi0, pi1, . . . , pin], i = 0, 1, . . . , n.

Replacing (19) in (1) yields∫ t

a

Φ(s)ds ≃
[
P0Φ(t),P1Φ(t), . . . ,PnΦ(t)

]T
= PΦ(t),

in which

P =
[
P0,P1, . . . ,Pn

]T
.

Hence, the operational matrix of integration can be defined as follows.

Definition 1. Let Φ(t) be the vector stated in (17). The operational matrix
of integration P, based on the barycentric basis functions, can be represented
as ∫ t

a

Φ(s)ds ≃ PΦ(t),

where P = (pij) and pij can be computed as

pij =

∫ tj

a

ϕi(s)ds, i, j = 0, 1, . . . , n.
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Remark 1. Let A be an (n+ 1)× (n+ 1) matrix. Using (10), the function
ΦT (t)AΦ(t) can be approximated as follows:

ΦT (t)AΦ(t) ≃
n∑
j=0

ΦT (tj)AΦ(tj)ϕ(t).

Due to the Lagrange property of the basis functions (6), one can get

ΦT (t)AΦ(t) ≃ ÂΦ(t), Â = [A00, A11, . . . , Ann],

where Â is a row vector composed of the diagonal elements of matrix A.

D Description of the numerical method

In this section, an operational matrix-based method will be discussed to
solve the nonlinear VIE (1). For this purpose, by using (5), the function f(t)
is approximated as

f(t) ≃ fn(t) =

n∑
i=0

f(ti)ϕi(t) = FTΦ(t), (20)

where

F = [f(t0), f(t1), . . . , f(tn)]
T ,

is the unknown vector and should be determined to compute the approximate
solution of the problem. At first, using (20), the function k(s, fn(s), fn(t)) is
estimated respect to the variable s as

k
(
s, fn(s), fn(t)

)
≃ K(t)TΦ(s), (21)

where

K(t) =
[
k
(
s0, fn(s0), fn(t)

)
, k
(
s1, fn(s1), fn(t)

)
, . . . , k

(
sn, fn(sn), fn(t)

)]T
,

and si = ti, i = 0, 1, . . . , n. From (20) and according to the Lagrange
property of the basis functions ϕi(t), i = 0, 1, . . . , n, the vector K(t) can be
rewritten as

K(t) =
[
k
(
s0, f(s0), fn(t)

)
, k
(
s1, f(s1), fn(t)

)
, . . . , k

(
sn, f(sn), fn(t)

)]T
.

Again using (5), each component of the vector K(t) is approximated as
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k
(
si, f(si), fn(t)

)
≃ KT

i Φ(t), i = 0, 1, . . . , n, (22)

where

Ki =
[
k
(
si, f(si), f(t0)

)
, k
(
si, f(si), f(t1)

)
, . . . , k

(
si, f(si), f(tn)

)]T
.

Substituting (22) into (21) yields

k
(
s, fn(s), fn(t)

)
≃ ΦT (t)KTΦ(s), (23)

where K is a (n+ 1)× (n+ 1) matrix and Kij = k(si, f(si), f(tj)). Now, by
substituting (20) and (23) into (1), one can obtain

FTΦ(t)− Φ(t)TKT

∫ t

a

Φ(s)ds = 0.

Using the integral operational matrix defined in Definition 1, we arrive at

FTΦ(t)− Φ(t)TKTPΦ(t) = 0. (24)

Finally, applying Remark 1 leads to the following nonlinear algebraic system:

FT − Â = 0, (25)

where Â is a row vector constructed of the diagonal elements of the matrix
KTP. Thus, the unknown vector F can be computed by solving the nonlinear
system of algebraic equations (25).

E Convergence analysis

In this section, the convergence analysis of the proposed numerical scheme
is presented. To this end, we utilize the following norms to measure the
approximation error:

∥v(t)∥∞ = max
t∈[a,b]

v(t), for real function v : [a, b] → R,

∥V (t)∥∞ = max
1≤i≤k

∥vi(t)∥∞, for vector function V (t) = [v1(t), v2(t), . . . , vk(t)]
T ,

vi : [a, b] → R.

Lemma 1. Let Φ(t) be the vector defined in (17) with the weights (7). Then,∥∥∥ ∫ t

a

Φ(s)ds− PΦ(t)
∥∥∥
∞

= O(hd+1).
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Proof. By integrating from the vector Φ(t), one obtains∥∥∥ ∫ t

a

Φ(s)ds− PΦ(t)
∥∥∥
∞

= max
0≤i≤n

∣∣∣ ∫ t

a

ϕi(s)ds− PiΦ(t)
∣∣∣, (26)

where Pi is the ith row of the integral operational matrix P. According to
(19) and Theorem 1, one can get∥∥∥ ∫ t

a

ϕi(s)ds− PiΦ(t)
∥∥∥
∞

≤hd+1(1 + γµ)

×


(b− a)

∥ϕ(d+2)
i ∥∞
d+2 , (n− d) odd(

(b− a)
∥ϕ(d+2)
i ∥∞
d+2 +

∥ϕ(d+1)
i ∥∞
d+1

)
, (n− d) even

(27)

Substituting (27) into (26), the desired result is obtained as∥∥∥ ∫ t

a

Φ(s)ds− PΦ(t)
∥∥∥
∞

≤ Chd+1,

where

C = (1 + γµ)


(b− a)∥Φ

(d+2)∥∞
d+2 , (n− d) odd(

(b− a)∥Φ
(d+2)∥∞
d+2 + ∥Φ(d+1)∥∞

d+1

)
, (n− d) even

and

Φ(d)(t) = [ϕ
(d)
0 (t), ϕ

(d)
1 (t), . . . , ϕ(d)n (t)]T , ∥ Φ(d)(t) ∥∞= max

0≤i≤n
|ϕ(d)i (t)|.

Lemma 2. Consider A an (n+1)×(n+1) matrix, and let Φ(t) be the vector
defined in (17) with the weights (7). Then,

∥ΦT (t)AΦ(t)− ÂΦ(t)∥∞ = O(hd+1),

where Â is a row vector composed of the diagonal elements of the matrix A.

Proof. As mentioned in Remark 1, we have

ΦT (t)AΦ(t) ≃ ÂΦ(t).

Finally, by applying the weights (7) and using Theorem 1, the desired result
is acquired.
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Theorem 3. Let f ∈ Cd+2[a, b], let k ∈ Cd+2([a, b],R,R), and let the kernel
k satisfy the following Lipschitz condition:

|k(s, y1, z1)− k(s, y2, z2)| ≤ L(|y1 − y2|+ |z1 − z2|),

for all (s, y1, z1), (s, y2, z2) ∈ [a, b]× R2.

Also, consider fn(t) = FTΦ(t) the approximate solution of (1) such that F
is obtained from solving the nonlinear system of algebraic equations (25) and
2L(b− a) < 1. Then

∥f(t)− fn(t)∥∞ → 0, as n→ +∞.

Proof. The residual function of the VIE (1) can be computed as follows:

RESn(t) = fn(t)−
∫ t

a

k
(
s, fn(s), fn(t)

)
ds. (28)

Now, by subtracting relation (24) from (28) and utilizing equation (25), the
residual function RESn(t) can be rewritten as

RESn(t) = (FT − Â)︸ ︷︷ ︸
0

Φ(t)−
∫ t

a

(
k
(
s, fn(s), fn(t)

)
− ΦT (t)KTΦ(s)

)
ds

−ΦT (t)KT
(∫ t

a

Φ(s)ds− PΦ(t)
)
− (ΦT (t)KTPΦ(t)− ÂΦ(t)).

Therefore

∥RESn(t)∥∞ ≤ (b− a)
∥∥∥k(s, fn(s), fn(t))− ΦT (t)KTΦ(s)

∥∥∥
∞

+∥ΦT (t)KT ∥∞
∥∥∥ ∫ t

a

Φ(s)ds− PΦ(t)
∥∥∥
∞

+∥ΦT (t)KTPΦ(t)− ÂΦ(t)∥∞,

Employing Theorem 2, and Lemmas 1 and 2 leads to the following relation:

∥RESn(t)∥∞ = O(hd+1). (29)

Let En(t) = f(t)− fn(t). Substituting f(t) = fn(t)+En(t) into the VIE (1),
one can obtain

fn(t) + En(t) =

∫ t

a

k
(
s, fn(s) + En(s), fn(t) + En(t)

)
ds. (30)

Employing the residual function (28) and relation (30) yields the following
equation:
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En(t) =

∫ t

a

(
k(s, fn(s) + En(s), fn(t) + En(t))− k(s, fn(s), fn(t))

)
ds

−RESn(t).

Therefore

|En(t)| ≤
∫ t

a

∣∣∣k(s, fn(s) + En(s), fn(t) + En(t))− k(s, fn(s), fn(t))
∣∣∣ds

+|RESn(t)|.

Finally, applying the Lipschitz condition yields

|En(t)| ≤ L

∫ t

a

(|En(s)|+ |En(t)|)ds+ |RESn(t)|,

and consequently

∥En(t)∥∞ ≤ ∥RESn(t)∥∞
1− 2L(b− a)

.

From (29) and 2L(b− a) < 1, the desired result is obtained as

∥En(t)∥∞ → 0 as h→ 0.

F Numerical results

In this section, the proposed method is applied based on the integral opera-
tional matrix to approximate the solution of the VIE (4). Consider tmin = 10,
tmax = 20, c = 0.9, α = 1.14, and ρ(t) = 1

t , t ∈ [tmin, tmax]. To get the nu-
merical results, the equidistant nodes are employed on the interval [0, 10],
and the algorithm associated with the proposed method is implemented us-
ing Maple 2015 software on a Core (TM) i7 PC with 2.70 GHz of CPU and 16
GB of RAM. Here, the fsolve command is used to solve the nonlinear system
(25). Also, the rate of convergence of the numerical method is determined
based on the following formula:

Ratio =
log(∥En∥∞)− log(∥En′∥∞)

log(h)− log(h′) , (31)

where h and h′ are defined in Theorem 1. Because the exact solution of
(4) is unknown, we use the error of residual function to verify the efficiency
and high accuracy of the proposed method. So, to commutating the rate of
convergence of the method, the absolute error En(t) in (31) is replaced by
the error of residual function RESn(t).
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Figure 1 depicts the approximation solution Yn(t) and the residual function
|RESn(t)| with n = 20 and d = 18 for different values of ∆.

Figure 1: Graphs of Y (t) and |RESn(t)| with n = 20 and d = 18

Table 1 reports the numerical results for the VIE (4) for ∆ = 2, 5, and
10.

Table 1: Numerical results with n = 20 and d = 19

t |RESn(t)|
∆ = 2 ∆ = 5 ∆ = 10

0.0 0.000000 0.0000000 0.0000000

1.0 3.98e− 9 9.53e− 13 1.67e− 16

2.0 3.90e− 9 9.46e− 13 1.66e− 16

3.0 3.82e− 9 9.34e− 13 1.65e− 16

4.0 3.75e− 9 9.23e− 13 1.64e− 16

5.0 3.69e− 9 9.14e− 13 1.63e− 16

6.0 3.64e− 9 9.05e− 13 1.62e− 16

7.0 3.60e− 9 8.97e− 13 1.63e− 16

8.0 3.56e− 9 8.80e− 13 1.72e− 16

9.0 3.51e− 9 8.80e− 13 2.21e− 16

10 2.44e− 9 4.74e− 13 3.33e− 16

CPU time (s) 2.121 2.043 2.184
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Table 2 represents the residual function error and the convergence rate
for different values of d. According to this table, one can infer that the order
of convergence is ≈ 4 for d = 3 and ≈ 3 for d = 2. So, the numerical results
in Table 2 confirm the theoretical results stated in Theorem 3.

Table 2: Numerical results for ∥RESn(t)∥∞ with ∆ = 10

n h d = 3 Ratio CPU time(s) d = 2 Ratio CPU time(s)

4 2.50000 1.91e− 4 − 0.343 1.01e− 3 − 0.341

8 1.25000 2.09e− 5 3.19 0.562 1.38e− 4 2.87 0.515

16 0.62500 1.67e− 6 3.65 1.373 1.86e− 5 2.89 1.357

32 0.31250 1.20e− 7 3.80 5.538 2.46e− 6 2.92 5.491

64 0.15625 7.80e− 9 3.94 27.690 2.90e− 7 3.08 27.082

As it is clear from the graphical and tabulated results, the proposed
method can be successfully employed to solve the VIEs (1).

G Conclusion

In this paper, the problem of the steady activation of a skeletal muscle has
been investigated. Applying the numerical technique based on the integral
operational matrix of the LBRIs, the approximate solution of the nonlin-
ear VIE governing the problem was obtained. One of the advantages of the
proposed method is that the FH interpolants are infinitely smooth rational
interpolants and involve polynomial interpolants when d = n, n − 1. More-
over, without using collocation points, the VIE (1) is reduced to a system of
nonlinear algebraic equations. Numerical results confirmed the obtained the-
oretical results of Theorem 3. Thus, the method can be successfully employed
to approximate the nonlinear VIEs with acceptable accuracy and computa-
tional times.
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