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Letter from the Editor—in—Chief

I would like to welcome you to the Iranian Journal of Numerical Analysis
and Optimization (IJNAO). This journal has been published two issues per
year and supported by the Faculty of Mathematical Sciences at the Ferdowsi
University of Mashhad. The faculty of Mathematical Sciences with the cen-
ters of excellence and the research centers is well-known in mathematical
communities in Iran.

The main aim of the journal is to facilitate discussions and collaborations
between specialists in applied mathematics, especially in the fields of numer-
ical analysis and optimization, in the region and worldwide. Our vision is
that scholars from different applied mathematical research disciplines pool
their insight, knowledge, and efforts by communicating via this international
journal. In order to assure the high quality of the journal, each article is
reviewed by subject-qualified referees. Our expectations for IINAO are as
high as any well-known applied mathematical journal in the world. We trust
that by publishing quality research and creative work, the possibility of more
collaborations between researchers would be provided. We invite all applied
mathematicians especially in the fields of numerical analysis and optimiza-
tion to join us by submitting their original work to the Iranian Journal of
Numerical Analysis and Optimization.

We would like to inform all readers that the Iranian Journal of Numerical
Analysis and Optimization (IJNAO), has changed its publishing frequency
from "Semiannual” to a "Quarterly” journal since January 2023. The four
journal issues per year will be published in the months of March, June,
September, and December. One of our goals is to continue to improve the
speed of both the review and publication processes, while try continuing to
publish the best available international research in numerical analysis and op-
timization, with the high scientific and publication standards that the journal
is known for.

I am also proud to announce that the following professors have accepted the
journal’s invitation to join the Editorial Board of IJINAO in 2023

1- Professor Hamid Reza Karimi, Politecnico di Milano, Italy

2- Professor Davoud Mirzaei, University of Uppsala, Sweden

3- Professor Saman Babaie Kafaki, Semnan University, Iran

4- Professor Khaled Omrani, University of Tunis El Manar, Tunisia

5- Professor Angelamaria Cardone, Universita degli Studi di Salerno, Italy
6- Professor Ali Abdi, University of Tabriz, Iran.

Ali R. Soheili
Editor-in-Chief
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Applying the meshless Fragile Points
method to solve the two-dimensional
linear Schrodinger equation on arbitrary
domains

D. Haghighi, S. Abbasbandy*and E. Shivanian

Abstract

The meshless Fragile Points method (FPM) is applied to find the numerical
solutions of the Schrodinger equation on arbitrary domains. This method
is based on Galerkin’s weak-form formulation, and the generalized finite
difference method has been used to obtain the test and trial functions. For
partitioning the problem domain into subdomains, Voronoi diagram has
been applied. These functions are simple, local, and discontinuous poly-
nomials. Because of the discontinuity of test and trial functions, FPM
may be inconsistent. To deal with these inconsistencies, we use numerical
flux corrections. Finally, numerical results are presented for some exam-
ples of domains with different geometric shapes to demonstrate accuracy,
reliability, and efficiency.
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1 Introduction

Numerical methods are mainly used to solve partial differential equations
and have been studied, for example, the finite element method [1], finite vol-
ume method [4], and boundary element method [13] to discretize the spatial
dimension can be mentioned. In these methods, the accuracy of the method
may be affected by deforming the elements or meshes. Therefore, meshless
methods such as element free Galerkin [3] and meshless local Petrov—Galerkin
[2] were considered. In these methods, the trial and test functions must be
continuous, and usually, the trial functions in these methods are compli-
cated. Dong et al. [6] introduced a new meshless method in which test and
trial functions are considered as simple, local, and discontinuous polynomials.
Very recently, this method has been used to solve the two-dimensional hy-
perbolic telegraph equation [8]. This new method is called the Fragile points
method (FPM), which we will study in this article. This method is also used
for complex and irregular domains, which are discussed in this study.

Solving the Schrodinger equation is very important in quantum dynamic
calculations, and it has received a lot of attention as a model that describes
several important chemical and physical phenomena [11]. This equation is
derived from the vector wave equation for the electric field, which governs
the propagation of electromagnetic waves in an inhomogeneous medium [10].
Schrodinger equations are also applicable in underwater acoustics, optics,
and the design of optoelectronic devices [5].

We consider the two-dimensional time-dependent Schrédinger equation
with the form
ou

—ia(x, t) = V2u(x,t) + w(x)u(x, t), x € Q, (1)

with initial conditions
u(x,0) = g(x), 2)
and the boundary conditions
u(x,t) = hi(x,t), x€lp, Vun(x,t) = ha(x,t), xe€lny. (3)
In the above equation, w(x) is an arbitrary potential function.

In the rest of this paper, in Section 2, the process of obtaining test and
trial functions is described. In Section 3, the implementation of numerical
flux corrections is given. Some numerical results and examples are provided
in Section 4. Finally, the conclusions reached from using the FPM for the
two-dimensional linear Schrodinger equation are expressed in Section 5.

Iran. j. numer. anal. optim., Vol. 13, No. 1, pp 1-18



3 Applying the meshless Fragile Points method to solve the two-dimensional ...

2 Polynomial discontinuous trial and test functions

In this section, we describe the process of obtaining local, simple, discontin-
uous, polynomial, point-based trial and test functions. In order to divide the
domain into subdomains, we consider several scattered points in the domain
Q and its boundary 9Q2. This subdivision should be such that each subdo-
main contains only one point. Domain partitioning can be done in several
ways, for example, the Voronoi diagram partition, quadrilateral and trian-
gular partition (in 2D), tetrahedron and hexahedron partition (in 3D), and
so on. In this study, the Voronoi diagram method has been selected. In the
present FPM, only nonuniform or uniform points inside and on the domain
boundary are applied, and it is a meshless method.

The trial function up in the subdomain FEj that includes the point P,
can be written as

up(x,t) = uo(x,t) + (x — x0)Vu(x,t)|p,, x € Ep. (4)

In the above equation, ug is the value of u, at Py and xg denotes the coor-
dinate of the point P.

The gradient of Vu at Py is yet unknown. We employ the generalized
finite difference method to calculate Vu at Py in terms of the values of uy,
at several neighboring points of Fy. We name these neighboring points as
q1,92,---,q9m- In the following, to calculate the amount of the gradient of
Vu at Py, we minimize a weighted discrete L? norm J so that

J= i (Yl (xi = x0)" = (us - uo))2 w, (5)
=0

where w; denotes the value of weight function at ¢;, x; is the coordinate
vector of ¢;, and u; is the value of up, at ¢; (i = 1,2,...,m). For convenience,
we assume that w is constant. Due to the stationarity of J, we have

Vu = (ATA) " AT (0, — uoL), (6)
where
1 — %o Y1 — Yo u1 1
To — Xy Y2 — Yo Ug 1
= 5 Um = ) Im -
Tm — T0 Ym — Yo Um, 1 mx1

Also equation (6) can be expressed at point Py as follows:

Vu = Bug, (7)

Iran. j. numer. anal. optim., Vol. 13, No. 1, pp 1-18
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where
—-110 ...0 uo
_ _ ‘..: Ul
B:(ATA) 1AT 101 : ’ up= |
S || :
~10---0 1 Um,

mx(m+1)

Also by substituting (7) into (4), the relation between uj and ug will be
obtained as

up = Nug, for aHXEEo, N = [X_XO]B+[1a03-~-70]1><(m+1)- (8)

3 Numerical flux corrections

We can rewrite Schrodinger equation (1)—(3) using mixed form as follows:

o(x,t) = Vu(x,1), in Q,

—V.o(x,t) = i%(x,t) + w(x)u(x,t), in Q, )
u(x,t) = hi(x,t), in T'p,

on(x,t) = ha(x,t), n I'y.

By multiplying the first and second equations in (9) by the test functions 7
and v, respectively, and integrating it on the subdomain E,

/ oy - TdS) = / Vup(x,t) - 7dQ, (10)

E E

/ -V - ovdQ) = z/ 6—u(x, t)vdQ —I—/ w(x)u(x, t)rds, (11)
E g Ot E

using the Green formula and by summing these equations over all subdo-
mains, we have

/ op.TdQ = — / upV.rdQ + > / Gpn.rdl, (12)
Q Q oF

EeQ

/Uh.VudQ: Z/ &h.nydr+i/ @(x,t)yd9+/w(x)u(x,t)ydﬂ.
Q OF o Ot

EeQ Q
(13)

In the above equations, values &5, and 1 represent approximations o, and
up, on OE. These values are named numerical fluxes. To simplify (12) and
(13), we define the operators average and jump, where by these operators,

Iran. j. numer. anal. optim., Vol. 13, No. 1, pp 1-18
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we can manage the numerical fluxes. As regards, T' =T +T'p + Ty (T} is
the set of all internal boundaries of subdomains), using [6, Table 3.1 ], and
substituting the interior penalty numerical fluxes, we have

) /E Vi vrd2— 3 / ({Vun} V] + {Vo} [un]) dT

EeQ ecl',Ul'p 7€
n n
+ Z h—p/e[u] [up] dl = Z /e<hey—VV.n) hi(x,t)dl
eel,UT'p e€lp
+/ w(x)u(x, t)rdQd + Z vhe(x,t)dl’
Q ecln 7€
Ou
N Q.
+1 ot (x,t)vd

The above equation is the formula of FPM, which is called FPM-primal
method.

The method (matrix form) can be expressed as follows:
(K-—W)u-iCu=F. (14)

Using #-weighted scheme [12], the above equation can be written as follows:

un+1 n

—u

(K - W)(fu" + (1 - 0)u™) — iIC(——%x—

)= F". (15)

In (15), u*(x) = u(x, kAt), where At is the time step and 0 < 6 < 1. By
substituting values B instead of Vv and Vu, N instead of uj and v in the
formula of FPM-primal, the point stiffness matrices K, C, W and also the
right vector F will be achieved as follows:

W:/ N Nw(x)ds, C:/NTNdQ, KE:/BTB dQ, EeqQ,
E E E
(16)

-1
Ky = — /(BlTanNl + N{n;B,)dl' + hi /NlTNldF

-1
+4 /(BQTnQTN2 + N2 nyBy)dl' + hﬁ /N?der

e e

-1
+4 /(BQTmlTN1 + N2nyB,)dl' + ];—’ /NlTNQdF

e e

-1
+— /(BlTnQTNQ + N{n;By)dl' + hﬂ /NQTNldF, e € 0B NOE,,

Iran. j. numer. anal. optim., Vol. 13, No. 1, pp 1-18
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Kp=— /(BTnTN +NTnB)dI' + hi /NTNdF, e€lp, (17)

e Je

and it can also be written

Fy = /NThg(x, t)dT, eec Ty,
Fp = /(thT — B n)hy (x, t)dT, eeTp.

4 Numerical results

In this section, we will study some numerical examples, and using the results
obtained from the application of FPM on these examples, the accuracy and
stability of the method are investigated. All examples were done in MATLAB
software on a Core i5, 2.67 GHz CPU machine with 4 GB of memory. The
relative errors used in this section are defined as follows:

s~ ulle _ [V~ V|
LA e T TE— 1= 1.1
ol 2 [Vull2

Also we calculate the convergence orders in space and time via

log 10 (el> log 10 <61>

€2 €2
. \"2/) . \®2/

hl ’ Atl ’
log10 | — log10 ([ —
og O<h2) og O(At2>
such that h; and Aty correspond to e; and also ho and Aty correspond to

error es. In numerical examples, we consider errors e; and e as relative error
Tro.

C — order(space) = — order(time) =

Example 1. (a) We first consider (1) with potential function w(z,y) =1 —

— — — and exact solution u(z, y, t) = e z*y* in the region Q = [0,1] x [0, 1].
£ Yy

Boundary and initial conditions are obtained using the exact solution [7, 11].
In Table 1 relative errors are shown for the number of different points of
the domain that are uniformly distributed and all boundary conditions are
considered Dirichlet. This table shows the good accuracy and stability of the
method, and as the number of points increases, the accuracy of the method
improves. In addition, as shown in Figure 1, the relative errors decrease as
the number of points increases.

(b) Next, we consider the boundary conditions as follows:

u(0,y,t) = u(z,0,t) =0, Vun(l,yt) =2 u(z,1,t)=e 2>

Iran. j. numer. anal. optim., Vol. 13, No. 1, pp 1-18



7 Applying the meshless Fragile Points method to solve the two-dimensional ...

Table 1: Relative errors of the method for example 1(a) at 7' = 1 and At = 0.05 with
6 = 0.6 and uniform points.

h Number of parameters Errors CPU time (s) C-order
point

0.25 N =25 he =0.1 3.942832 x 1072 0.31 -
n=25 2523913 x 107!

0.1 N =121 he =0.1 5.73321 x 1073 0.63 2.1044
n=4 3.52258 x 1072

0.04 N =676 he=0.1  9.91802 x 10~* 9.34 1.9148
n=9 9.26574 x 1073

0.02 N =2601 he =0.1 4.30894 x 10~* 163s 1.2027
n=9 4.27138 x 1073

In Table 2, relative errors have been reported for the number of different
points that are uniformly and nonuniformly distributed over the domain.
Comparing the results, we find that in this example, how the points are dis-
tributed does not have much effect on the accuracy of the method. Also
Figure 2 shows error plots for N = 676 uniform and nonuniform points. Fig-
ures 3 and 4 demonstrate the appropriate accuracy of the FPM for different
times for z = 0.6, § = 0.51, At = 0.01, N = 121,h, = 0.1, and n = 4.
Therefore, according to these results, the method has appropriate accuracy
for different boundary conditions and is also convergent. In addition, as the
final time increases, accuracy is maintained and FPM is stable.

Compared to [15] and [16], the proposed method achieves almost the same
accuracy in much less time.

2.5
log10(N)

Figure 1: Relative errors for Example 1 at 7= 1 and A¢ = 0.05.

Iran. j. numer. anal. optim., Vol. 13, No. 1, pp 1-18
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Table 2: Relative errors of the method for Example 1(b) at T' =1, § = 0.51 and At = 0.01
for points with uniform and nonuniform distribution.

uniform points

h Number of points Errors CPU time (s) C-order

0.25 N =25 6.476626 x 1072 0.40 -
2.636926 x 107!

0.1 N =121 5.763461 x 1073 1.08 2.1864
3.419285 x 102

0.04 N =676 2.552031 x 1073 27.9 0.8891

1.216389 x 102

nonuniform points

Number of points Errors CPU time (s)
N=25 4.273177 x 1072 0.33
1.484748 x 107!
N =121 0.238729 x 10~3 0.94
9.161839 x 102
N =676 2.423225 x 1073 27.7

1.216389 x 1072

Iran. j. numer. anal. optim., Vol. 13, No. 1, pp 1-18
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Absolute error Absolute error

Figure 2: Comparison the absolute errors related to Example 1(b) for T'= 1, At = 0.01,
6 = 0.51, and N = 676 for uniform and nonuniform points.

Imaginary part
0.4 T T T T T T T T T

Exact solution
0.3+ o FPM solution

Figure 3: Comparison the imaginary parts of exact and numerical solutions related to
Example 1 for z = 0.6, At = 0.01, and N = 121.

Example 2. In this example, we consider (1) with N = 676 uniform points
in the domain Q = [0, 1] x [0, 1] such that

4o +4y? —dxr — 4y + 5% — 4B+ 2
(2 ’
ey, ) = oxp(~ ) WDIE

w(amy) =

Iran. j. numer. anal. optim., Vol. 13, No. 1, pp 1-18
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Real part
T

Exact solution
0.2+ o FPM solution

L L L L L L L L
o 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 4: Comparison the real parts of exact and numerical solutions related to Example
1 for z = 0.6, At = 0.01 and N = 121.

Table 3: Relative errors of the method for Example 2 with he = 0.1, § = 0.52, n = 11,
and At = 0.01.

Final time 0 r1 CPU time (s)
T=1 1.85272 x 10-%  1.18535 x 102 28.3
T=5 3.84086 x 10~*  2.00094 x 10~2 99.5
T=10 5.48035 x 10™*  2.10124 x 102 201.3
T=15 5.00376 x 107*  2.07114 x 102 281.5

With Dirichlet boundary conditions for At = 0.01, § = 0.52, and 8 = 2,
relative errors related to different final times are shown in Table 3. This table
shows the stability of the method over time. In the following, Figures 5 and
6 show the plots of imaginary and real parts of numerical and exact solutions
for N = 2601 uniform points with h, = 0.1 and 7 = 11. These figures indicate
that the method is also accurate for a large number of points. Also, the plot
of errors for N = 676 uniform and nonuniform points is provided in Figure
7. As this figure shows, under similar conditions, the error of the proposed
method is less for points with a uniform distribution.

Example 3. a) Now we solve the previous example in an L-shaped domain
that has the following boundaries:

Q= {0} x[0,1], €y ={0.36} x [0.52,1],

Iran. j. numer. anal. optim., Vol. 13, No. 1, pp 1-18
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Figure 5: Comparison of imaginary parts of the numerical and exact solutions for Ex-
ample 2 with n = 11, he = 0.1, § = 0.52, At = 0.01, N = 2601, and T = 1.
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Figure 6: Comparison of real parts of the numerical and exact solutions for Example 2
with 7 = 11, he = 0.1, = 0.52, At = 0.01, N = 2601, and T = 1.

Qs =[0,1] x {0}, Q4 =[0.36,1] x {0.52}.

Figure 8 shows the uniform distribution of N = 484 points in this domain. If
we consider the boundary conditions completely Dirichlet, then we have Table
4 for the number of different points of the domain that are uniformly selected.
As this table shows, according to the number of points, the numerical results
have good accuracy that is obtained in a short time. Figure 9 shows the
relation between the distance between points with uniform distributions with
relative errors.

b) Next, we consider a circular domain as follows:

0= {(m,y) ER?: /a2 + 942 < 1},
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Figure 7: Plot of error for Example 2 based on uniform points for 6 = 0.52 N = 676,

T =1, and At = 0.01.

and the equation is solved by FPM. Table 5 shows the relative error values
and convergence orders over time. According to this table, there is no need to
reduce the time step too much, because making it smaller does not have much
effect on accuracy, and we should improve the accuracy by changing other
parameters or the number of points. Also, due to the circular amplitude and
the number of points used, the relative errors obtained are acceptable and

are obtained in a short time.
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Figure 8: L-shaped domain related to Example 3(a) with N = 484 uniform points.

Example 4. In this example, we consider the time-dependent Schrodinger
(1)-(3) in (x,y) € Q = [0,7] x [0,7] with initial condition u(z,y,0) =

Iran. j. numer. anal. optim., Vol. 13, No. 1, pp 1-18
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Table 4: Relative errors of the method for Example 3(a) at 7 = 1 and At = 0.01,

0 = 0.65.

Number of points parameters Errors CPU time(s)
N =49 he=1  ro=4.796603 x 1073 0.69
n="75 r1 = 1.608921 x 107!
N =121 he =0.001 7y = 3.516616 x 103 1.20
n=190 7 =1.044712 x 107!
N = 484 he = 0.1 1o = 3.649402 x 107 12.60
n="15 r1 = 2.631145 x 1072
N = 1849 he =0.01 7o =3.196693 x 10~* 280.72
n =27 r1 = 1.131135 x 102
—— 1, =

-1.4

—-1.3 -1.2 -1.1 -1 -0.9

log10(h)

—0.8

Figure 9: Error curves with respect to the distance of selected points from the domain
to each other for example 3(a) with At = 0.01 and T = 1s.

Table 5: Relative error values and convergence orders over time for example 3(b) with

N = 529 uniform points, T'=1, § = 0.

65, he = 0.01, and n = 16.

Time step o r1 CPU time(s) C-order
At =0.08 1.261254 x 1072 6.019296 x 10~2 6.88 -

At =0.04 7.115889 x 10~3  4.330438 x 102 9.04 0.8257
At =0.02 3.882812 x 1073  3.440278 x 102 13.67 0.8739
At =0.01 3.042351 x 1073  3.105425 x 1072 23.26 0.3519

sin(z) sin(y) and Dirichlet boundary conditions that are zero on all sides,
with the given potential function as w(z,y) = 3, (z,y) € Q. The analytical

solution is as u(z,y,t) = e

sin(x) sin(y).

Iran. j. numer. anal.
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As you can see in Table 6, for a number of different points, the method
has the appropriate accuracy to solve this example. Also, Figures 10 and 11
demonstrate the plots for h, = 0,1, n = 3.8, and N = 676 nonuniform points
for T = 1s and T = 3s, respectively. These figures show the accuracy of
FPM for the case where the points are considered nonuniform. Compared to
[9], the proposed method reports better computational times and accuracy.

Table 6: Relative errors of the method for Example 4 at 7' =1, 6§ = 0.52, and At = 0.01.

14

h Number of parameters Errors CPU time (s) C-order
points
025 N=25 he=0.1  1.797325 x 10~2 0.41 -
n=1 1.185351 x 107!

0.1 N=121 he = 0.1 1.89251 x 1073 0.97 2.4566
n=27 1.92942 x 1072

0.04 N =676 he =01  6.002710 x 10~* 9.47 1.2532
n=238  4.150509 x 1073

002 N =260l h,=0.1  4.561287 x 10~ % 107 0.3962

6.729947 x 10~3

Real(Numerical)

Real(Exact)
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Figure 10: Plots for real parts of the numerical and exact solutions related to Example
4 for dt = 0.01, N =676, T =1, 0 = 0.54, n = 38, and he = 1

Example 5. For the last example, we consider Schrodinger equation with
the following exact solution and initial conditions:

u(e,y, 1) = € (sin(z) + cos(y)), ulz,y,0) = (sin(x) + cos(y)).

This equation is solved using the proposed method on the connected amoeba-
like domain according to Figure 12 with N = 100 points that are nonuni-
formly distributed in the domain. Table 7 shows relative errors and CPU

Iran. j. numer. anal. optim., Vol. 13, No. 1, pp 1-18
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Figure 11: Plots for imaginary parts of the numerical and exact solutions related to
Example 4 for At =0.01, N =676, T = 5s, 0 = 0.54, n = 38, and he = 1.

time related to different final times. Due to the nonuniform points and the
domain of the problem in this example, the accuracy of the method is ac-
ceptable. Also, plots related to numerical and exact solutions for T = 2s
are presented in Figure 13, which confirms the suitability of the method for
irregular domains.

Figure 12: Domain of the problem in Example 5 with N = 100 selected points that are
nonuniformly distributed.

Table 7: Relative errors of the method for Example 5 for " = 1, 5,10, 15, 20, At = 0.0097,
and 6 = 0.5.

T Parameters o T CPU time (s)
1 he =0.001 ,n =215 5.697623 x 103 9.610123 x 102 1.06
5 he = 0.001 , p =600 6.276758 x 1073 9.613064 x 102 3.22
10 ke =0.001,7n=>500 6.286391 x 102  9.620433 x 10~2 6.05
15 h,=0.001,7n=>550 6.282664 x 102 9.618269 x 102 8.69
20 h.=0.001,7n=0600 6.279557 x 1073  9.616465 x 1072 11.33

Iran. j. numer. anal. optim., Vol. 13, No. 1, pp 1-18
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Real(Numerical) Real(Exact)

Figure 13: Plots related to numerical and exact solutions for Example 5 with 6 = 0.5,
he = 0.001, n = 50,T = 2s and At = 0.0097.

5 Conclusion

In this paper, the meshless Fragile Points Method (FPM) is used to obtain
numerical solutions to the two-dimensional linear Schrodinger equation. This
method is based on Galerkin’s weak form, and the test and trial functions
are considered simple, local, and discontinuous polynomials. Numerical flux
corrections have been used to deal with inconsistencies due to the discon-
tinuity of trial functions. Finally, the efficiency, stability, and accuracy of
the method were evaluated with several numerical examples. In these nu-
merical examples, the accuracy and stability of the method were evaluated
both for a large number of points and for the case where the points were
selected nonuniformly. We also got good solutions for larger final times and
the problems with irregular domains.

According to the results of the tables and comparison of the curves ob-
tained by FPM with the exact curves, it can be seen that the method is stable
and has good accuracy. Also, the method does not have much computational
cost and depending on the number of points used, it will achieve numerical
solutions with good accuracy in a short time, which is an advantage over
the finite element. Other advantages of this method over other numerical
methods are described in detail in [14, Table 1 ].

Iran. j. numer. anal. optim., Vol. 13, No. 1, pp 1-18
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Research Article
Finding an efficient machine learning

predictor for lesser liquid credit default
swaps in equity markets

F. Soleymani

Abstract

To solve challenges occurred in the existence of large sets of data, recent
improvements of machine learning furnish promising results. Here to pro-
pose a tool for predicting lesser liquid credit default swap (CDS) rates in
the presence of CDS spreads over a large period of time, we investigate
different machine learning techniques and employ several measures such as
the root mean square relative error to derive the best technique, which is
useful for this type of prediction in finance. It is shown that the nearest
neighbor is not only efficient in terms of accuracy but also desirable with
respect to the elapsed time for running and deploying on unseen data.

AMS subject classifications (2020): Primary 91G80; Secondary 62J05.
Keywords: Credit default swap (CDS); machine learning; prediction; lig-

uidity; spread.

1 Introduction

1.1 Credit default swap

Using credit derivatives, participants of market can transfer credit risk for a
portfolio of credits. The most important kind of credit derivative is the credit
default swap (CDS) which consists of credit default index swap tranches,
credit default index swaps, basket swaps, and swaps with single names, [6,
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Chapter 1], [8]. To be more precise, CDS is a bilateral over-the-counter
(OTCQC) derivative contract that enables two counterparties to buy and sell
protection on the given reference entity. It inherits the traditional swap
format and consists of two legs: a) premium leg and b) severity leg. The
protection buyer pays regular fixed premium in return for receiving from the
protection seller and the loss payment in case the reference entity defaults,
see e.g. [22, Part 6], [26].

CDS is a basic building block for many other derivative contracts and
methods. In this way, it is closely linked to debit valuation adjustment (DVA)
and credit valuation adjustment (CVA). By assuming CDS contract as a
continuous process/observation, it can be defined as follows [20]:

CDS = C/o exp(t(—(h+1))) dt — h(1 — R)/O exp(—ht) exp(—rt) dt, (1)

where ¢, r, h, T and R are the CDS coupon, zero coupon interest rate,
hazard rate, maturity of the contact and the recovery rate, respectively. The
key driver of the CDS value is the hazard rate h = —¢/(R — 1), which shows
that the hazard rate is simply the CDS rate divided by the loss function.

CDS enables counterparties to manage and control credit exposure to a
reference credit entity. Under the contract, on one side, the protection buyer
(seller) pays (receives) a premium in return for credit loss compensation that
is received (paid) when the reference entity defaults. In essence, the CDS is
an insurance contract against reference entity default. Over the years, CDS
has evolved in many directions and structural variations were proposed to
adapt the contract to particular market needs, [4]. For example, the reference
obligations can be a single entity, index, and baskets of a few names or larger
pools.

To discuss about the applicability, a company proposes a strategic risk
indicator, CDS spreads, for its risk dashboard. If the CDS rate, which is the
price for insuring against the default of a client, went outside a specified range,
then mitigation steps can be performed to deal with the client’s increased risk,
[12]. Recalling that CDS is basically a form of insurance that the buyer of
say, a bond, buys from a financial institution, say a bank, against the bond’s
going “bad” (not paying in full.)

The CDS spread is the rate of payments that the buyer of the CDS makes
to the seller each year. To discuss further, say the value of the bond was
$1,000. A bank might charge an annual amount $10 per thousand if it felt
that the bond had a slightly less than 1% chance of going bad in the coming
year (because the $10 would include a commission.) If the buyer paid $10 or
1% (the credit default swap rate), the buyer would be purchasing the right
to sell back the bond to the bank for $1,000, no matter what the bond was
really worth. This would be the “swap.” And its purpose would be to protect
against credit default. Note that in practice, CDS contracts pay in regular
intervals - typically quarterly.
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In addition, quanto CDSs are designated in a given currency to furnish
protection when default of a certain entity, [23]. There are some instances,
such as for systemically important companies or for sovereign entities, when
an investor considers purchasing protection on a currency against the one,
at which the reference entity’ assets are denominated. It is known that in
different currency denominations quanto CDS spreads are differences in CDS
premiums of the same reference entity, [23].

1.2 Motivation

In this paper, predictive analysis based on machine learning (ML) [25] is
discussed for some active groups of liquid CDS rates given for various daily
rates, which are then employed to predict lesser liquid CDS. This is the main
motivation of the paper since this application can mostly be observed in the
equity or credit markets where the factor of liquidity drives specific tools into
certain categories, [21], [28, Chapter 9].

1.3 ML

ML uses statistical methods to train machines from a given data set. After
the learning, the systems produce optimized models that explain the data in
the best way and restrict the potential biases, further enabling better assess-
ments and decision making. Thus, such models are also broadly employed
for predictions. ML is based on acquiring a habit in terms of learning. In
fact, learning is considered as a process of progressive adaptation and the
ability to produce the right patterns in response to a given set of inputs, [15,
Chapter 6.

Here, an application of ML approach in financial mathematics is dis-
cussed, see the book [13, Part 18.8] for some background. It is shown how
we can predict lesser liquid CDS spreads over a list of actively traded and
liquid CDS spreads over several years of daily spreads.

ML is useful in finding patterns in contrast to traditional linear models,
[16, Chapter 1]. The methods and tools like the nearest neighborhood (NeN),
neural networks (NN), or decision trees (DT) suggest better flexibility in find-
ing complex relationships. In fact, prediction as a technique to approximate
outcome from supporting features basically recommends practical solutions
to economics and finance where the approximation could be very invaluable.
Inflation prediction, marketing campaign model testing, growth rates fore-
cast, or market data generation, are just few instances where ML becomes
a necessary tool in making decisions, [5, 27]. Additionally, reasonable CPU
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times and prediction ability too make ML a promising approach than the
traditional regression-like methods.

1.4 Contribution

Here, we contribute by providing an ML-based model by comparing and
finding several well-known ML methods when there are many features for
the model which are CDS rates. As a matter of fact, we attempt in finding
the best model when the number of CDS rates are 5, 8, 10 over a period
of 5 to 10 years. ML is used because of the existence of large sets of data.
It is discussed and illustrated that the nearest neighbor prediction method
performs the best when the size of the original set of data is becoming larger
and larger. In the presence of such a complex large set of financial data, it will
be observed that the regression-type methods which are classical statistical
tools cannot anymore be employed to tackle such problems. This paper also
follows the recent works [21, 30]. In this paper, we show that ML furnishes
an efficient method to solve this challenge in finance.
The advantages of this study comprise:

¢ Considering many CDS spreads as features for the ML techniques to
do the prediction.

o By implementing and imposing several well-known ML predictions, we
obtain a method for predicting CDS rates.

¢ Furnishing insights into the applicability and accuracy of ML-based
economic models for predicting CDS rates.

1.5 Structure of the paper

After having an introductory discussion regarding the issues with CDS rates
and ML in this section, the remaining sections of this article are structured as
follows. In Section 2, predictive analytics (PA) is introduced, which comprises
different statistical methods from ML, predictive modeling, and data mining
which investigate historical and current facts to forecast the forthcoming
unknown events. Section 3 furnishes how the proposed procedure can be
applied on a large set of financial data. The sample size of the series is
more than thousands of observations. It is shown by way of illustration that
the proposed solution method for prediction is useful and provides promising
results. Several numerical experiments are investigated with implementation
details in Section 4 to confirm the applicability of the ML methods and to
compare with several well-known and state-of-the-art methods in literature
for prediction. Lastly, several concluding summaries are made in Section 5.
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2 Predictive analytics

PA is a term mostly employed in analytical and statistical methods, [25],
which forecasts the future by investigating the historical and current data.
The forthcoming occurrences and behavior of variables can be predicted by
the PA’s models and a score is furnished. A lower score shows a lower likeli-
hood of occurrence of the event and a higher score shows a higher likelihood
of occurrence of an event. Transactional and historical data patterns are
evaluated by such techniques for finding out the solution to many scientific
problems. These models are useful in recognizing the opportunities and risks
for each manager, employee, or customer, [11, 19].

Statistically speaking, the problem of prediction simplifies in finding
conditional distribution of a variable y considering other variables x =
(z1,29,...,%y,). Furthermore in the methodology of data science, variables x
are named as features. For the calibrated conditional distribution, generally
the prediction point y is the highest value (mean), [14].

It is well known that the most common tool is (linear) regression analysis.
ML recommends a better set of tools that could summarize usefully different
types of nonlinear relations in the economic data. A promising predictor in-
cludes deriving a function that minimizes an error function. Then, the target
of prediction methods is to obtain promising out-of-sample approximations
for unseen data. This process is not trivial and generally regressions are
known to be weak around out-of-sample predictions. This leads to overfitting
issues (especially for regression-like methods of higher orders), [7, Chapter
3.

Basically, the targets of a ML predictive modeling task are twofold: to
return a high-performing predictive model for operational use and an ap-
proximate of its performance, [9]. The process basically consists of the fol-
lowing stages: (a) Tuning, at which various combinations of methods and
their hyper-parameter values are calibrated, (b) Attaining an ultimate model
trained on all existing data by the best configuration, and finally (c¢) Perfor-
mance estimation.

3 Problem set-up

CDS indices are tradable products that permit investors to take short or long
credit risk positions in certain equity markets or segments thereof. Here it
is considered that the data are generally identically distributed and indepen-
dent.
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3.1 Data

Let us consider n number of CDSs which are served as features, see e.g. [31].
These CDS rates are fed from market but in this work we employ simulated
values based on a correlation matrix as follows:

A= (ai;) ij = i Gii=1, (2)

s

n+lxn+1"

where its entries are obtained via uniform distributions subject to the volatil-
ity vector V- = (v1,v2,...,0n41), 0 < v; < 1. Then the simulated data are
extracted from the covariance-variance matrix

CM = (Vi@ 5) 11 xng1 o ()
which is a symmetric positive definite (SPD) matrix. The financial data sets
can be constructed in the software system Wolfram Mathematica [1, 2] as
comes next:

SeedRandom[12] ;
volatility = Reverse@Sort@RandomReal[{0, 0.1}, n + 1];
crl = RandomReal[{0, 0.5}, {n + 1, n + 1}];
crl (1/2) (crl + Transposelcrl]);
crl = crl.Transposel[crl];
Table[crl[[i, i]] =1, {i, n + 1}];
cm = Table[volatility[[i]]*volatility[[j]]*crl[[i, jI]1,
{i, 1, Length[volatilityl}, {j, 1, Length[volatilityl}];

initial = RandomReal[{0.5, 1.5}, n + 1];
max = Number of days in the time period;
meanl = {0, 0, 0, 0};

mn = MultinormalDistribution[meanl, cm];
data2 = RandomVariate[mn, max];

datal = Prepend[data2, initiall;

data = Accumulate[datal];

We have chosen SeedRandom[12] on purpose to let readers reproduce the
financial data set. The data follow a multivariate normal (Gaussian) distri-
bution with mean vector 0 and variance matrix (3). We now divide the data
into several different scenarios:

e n =1>5,8,10 spreads.

e T = 5,10 years which roughly indicates 1825 and 3650 days, respec-
tively.

Financial set of data with higher dimensions and more features is a recent
problem. Usually, many sets of data have features with similar information.
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This can act as noise in the system and increase the complexity. Note that
if the data are fat then it states more features relative to observations or
tall, which states many observations relative to features. Figure 1 reveals a
sample set of data for n = 5,8, 10 spreads when T' = 5.

Figure 1: Five years CDS spreads for n = 5,8, 10, in top, middle, and bottom, respec-
tively.

3.2 The sub-sets

The aim of this subsection is to impose different prediction routines under
the ML environment to obtain a model and then employ it for out-of-sample
domain, [3, 21]. Here we first break the in-sample data (obtained from the
CDS markets in practice) into three famous sets known as (i) training, (ii)
validation and (iii) testing sets. The training, validation and testing subsets
are roughly 60%, 20% and 20%, of the whole original set, respectively.

Here the data type is in numerical vector format and only the first three
members of the training set is now given to illustrate how the prediction
routine is going to be incorporated (n = 10:)

Training set = {

{0.839768, 1.48679, 0.710729, 1.48696, 0.713219,
0.923109, 1.46489, 1.43977, 1.23923, 1.29405} -> 1.2654,

{0.961012, 1.48665, 0.78337, 1.54342, 0.696918, 0.958177,
1.51974, 1.45154, 1.25072, 1.3013} -> 1.26877,

{0.846854, 1.4823, 0.676574, 1.56933, 0.661563, 0.944591,
1.51674, 1.4319, 1.23782, 1.28701} -> 1.26747

};
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3.3 Predictors

The classification methods are needed for our purpose and we focus on pre-
diction methods. The predictor routines used for comparisons in this work
are given as follows:

e RF: Random forest is an ensemble learning method in regression and
classification that incorporates deriving a multitude of decision trees
(DT). To understand this further, the prediction of the forest is attained
by the mean-value tree predictions or getting the most common class.
Every DT is trained on a random subset of the set of training and
employs only a random subset of the features.

e DT: A DT is a flow chart-like network, in which each internal node
shows a test on a feature, each branch shows the test’s outcome, and
each leaf shows a probability density, value distribution or class distri-
bution.

e« GBT: The Gradient boosting tree is a technique of ML for classifica-
tion and problems that provides a prediction model as an ensemble of
trees. The training on the trees is done sequentially with the aim of
compensating for the weaknesses of previous trees. Basically the Light
Gradient Boosting Machine framework is used in the back end.

e LR: The linear regression forecasts the computational value y employing
a linear combination of numerical features x = {z1,x2,...,2,}. The
conditional probability P(y|x) is modeled based on

(y—f(@,l‘)) >’ (4)

P(y|z) x exp (— 5,2

with f(6,2) = x6.

e« NN: A neural network comprises stacked layers, each doing a simple
calculation. Then, the information layer by layer is processed from the
input layer to the output layer. A loss function is minimized to train
the NN on the training set employing gradient descent.

e NeN: Nearest neighbors is a kind of instance-based learning and it
chooses the averages of the values among the k nearest neighbors or
the commonest class in its simplest form. To generate short term fore-
casts, similar patterns of behavior are located with respect to NeN
by a distance measure that is normally the Euclidean distance. The
time evolution of these NeNs is exploited to obtain the required fore-
cast. Thus, the procedure employs only local information to predict and
makes no effort to fit a model to the whole time series at once. The
selection of the size (m) normally called the embedding dimension and
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of the number of neighbors (k) is a fundamental point of this routine,
[10]. Note that there is no training step during NeN.

¢ GP: The Gaussian method is via the assumption of a Gaussian process
for the model. This process is expressed by its covariance function and
it will estimate the parameters of this covariance function in the training
phase. Then, it is conditioned on the training data and employed to
infer the value of a new instance by a Bayesian inference.

Having a large set of data, we assign 20% of the data in each scenario for
the validation set. Typically this is employed when the data in the training
set and the data that we want to forecast arise from various resources. Using
this, the hyper-parameter selections are done by testing performance on data.

In addition, the predictors are set and trained on the target device CPU,
while we use 1234 as random seeding whenever required inside the predic-
tors. Our prediction routine can be obtained as a predictor function. As an
instance for the case of NeN when n = 10, T' = 5, it can be written in what
follows:

Input type: NumericalVector (length: 10)
Method: NearestNeighbors }
Number of training examples: 1095

PredictorFunction

To illustrate the results of comparisons, we furnish Table 1 for one run
in the case n = 5, T' = 5, which shows that number of training examples,
validation set examples, and test set instances, would be 1095, 365, and 366,
respectively. Here since we employ the built-in functions for the predictor
routines in Mathematica, so all the hyper-parameters have been assigned au-
tomatically based on the built-in optimization techniques to choose the best
hyper-parameters for the model corresponding to the training and validity
sets.

Predictors are compared with respect to their CPU times (seconds) in Ta-
ble 2. The time reported is based on the running CPU times for constructing
the models. A critical bottleneck in using the NN is its high computational
time for constructing the model. This restricts its applicability for the pur-
pose of our financial application in predicting lesser liquid CDS rates. In
other words, the larger the financial data set (of this type), the larger the
CPU time is. Therefore, it becomes requisite to improve and rely on alternate
predictors.

Meanwhile, the testing stage requires the comparison of the test vector to
all existing data points in the data set which might take a significant amount
of time.
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4 Benchmarking

The implementations in this paper were performed by Mathematica 12.0 [17,
Chapter 7] installed in a computer having Core i7-9750H with SSD memory
and 16 GB RAM. It is important to mention that the general results and
conclusion are obtained by shuffling the data set for 50 times and getting
means whenever required.

4.1 Implementation details

We can apply several predictive routines defined in Subsection 3.3 to attain
the forthcoming value in the out-of-sample domain (for unseen data). In
ML, the validity set is used to tune our model parameter settings and a test
set to evaluate the model’s performance on unseen events. The procedure
of prediction here using our ML methods on the list of large data sets is
incorporating a prediction function on the unseen data.

Table 1: Information of compared predictors for n =5, and T = 5.

Single Batch

Sub-method, eval}latlon evaluation Model Running
arameters time speed Loss memory| o (s)
P (ms/ |(example/ (kB)
example) ms)

Feature fraction=1/3,
RF Leaf size = 4, 8.4 12.9 —1.83+0.01| 605 1.3
Tree number = 100
Feature fraction=1,
Distribution smoothing = 1
Leaves number=60,
GBT Learning rate = 0.2, 4.04 44.0 +2.63 +£0.26| 723 10.93
Leaf size = 7
L1 regularization=0,
L2 regularization = 100.0,
Optimization method =
Normal equation
Network depth=2,
Max training rounds = 30
Neighbors number=2,
Distribution
NeN . 1.11 194. +0.5+049| 174 0.6
smoothing = 0.5,
Nearest method = k-D tree
Estimation method
=Maximum posterior,
Search method
= Simulated Annealing

DT 1.14 487. —1.43+0.08 121 0.6

LR

1.31 362. —2.61+0.03| 307 3.72

NN 2.98 25.1 —2.951+0.04| 471 38.1

GP 3.83 9.7 —0.98 +0.26| 6.3 5.6
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Table 2: Comparisons of running times for various routines to construct the model.

n |T|RF | DT |GBT|LR | NN |NeN| GP
515(11.3(0.6 10.93|3.7238.1| 0.6 | 5.6
815108(0.6|10.8|3.7(34.6| 0.6 | 5.2
1015 (1.20.69| 21.5 |3.79| 86. | 0.7 | 5.9
5(10] 1.4 {1.29| 13.0 |4.42| 85. |1.32|31.1
8 110{1.81{1.30{ 13.0 | 4.3 |158.|1.40|33.8
10(10|1.87|1.31| 17.2 |4.06| 419 | 1.41 |31.3

To compare various routines for prediction, two different measures are
employed as described below. The absolute error is calculated via

€= ”ppredict - pactualnooa (5)

where Dactual and Ppredics are the exact and predicted values, respectively.
Also, the root mean square relative error (RMSRE) of A predicted values
Dpredict Whose real values are pactual, is defined by

N

1
=Y~

i=1

7 7
ppredict ~ Pactual (6)

7
pactual

Here N is the length of each sub-sets. For this analysis, we compared the &
and e for each training, validity and test sets in each scenario. The routines
have not seen the test sets before and the accuracies that come from the
incorporation of the test sets are important to find the most useful algorithm
for prediction. The results based on a mean of over 50 shuffles on the original
set containing the training, validity, and test (prediction) sets, each time, are
gathered in Table 3. It is important to state that for some routines such
as NeN, there is no training part and its model representation is the entire
training dataset, [24, Chapter 7]. The training set in Table 3 for such methods
is in fact the calibration set.

Remark 1. Here it is noted that RF is an ensemble DT model based on
different feature selections and data set partitions that do not require cross-
validation. However, it is used in a similar fashion just like the other models.
This is mainly to check the robustness of the models when the input data
change. The more general the model, the less susceptible it would be to data
variation. And every model needs to be cross-validated and because of this
as well as having fair comparisons, we compute mean over 50 shuffles on the
original set.

Also note that KNN makes predictions using the training dataset directly.
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Table 3: Comparison of mean results among different methods.

€ €

Scenario Routine Training set Validity set Test set Training set Validity set Test set

0 RF  55x1072 44x1072 46x1072 93x1073 9.7x 1073 9.8 x 1073
Il DT 6.6x1072 65x1072 6.5x1072 1.0x 1072 1.1x10"2 1.1 x 1072
~ GBT 29x1072 39x1072 39x1072 32x1073 56x 1073 55x 1073
= LR  52x1072 50x1072 50x1072 1.3x1072 1.3x1072 1.3 x 1072
i NN 26x1072 24x1072 2.6x1072 40x 1073 48x 1073 4.9 x10~3
e NeN 3.1x1072 33x1072 34 x 1072 26x 1073 42x1073 43 x 1073

GP 24x1072 27x1072 26x1072 3.3x 10723 4.7x1073 47x10°3
o RF  26x1072 26x1072 26x1072 7.1x1073 7.2x1073 7.2x 1073
I DT 54x1072 51x1072 5.0x 1072 81x1073 89x 1073 89 x 1073
=~ GBT 1.9x1072 26x1072 2.6x1072 21 x1073 4.1x1073 4.1 x 1073
5 LR  44x1072 43x1072 43x1072 1.1x1072 1.1x1072 1.1 x 1072
I NN  17x1072 1.6x1072 1.7x 1072 2.7x 1073 3.4x 1073 3.4 x 1073
e NeN 1.6x1072 1.8x1072 1.8x 1072 20x1073 3.1x1073 3.1 x 1073

GP 1.7x1072 1.7x1072 1.7x1072 1.6x 1073 3.3x1073 33x10°3
0 RF 1.7x1072 1.7x1072 1.6 x1072 6.0x 1073 58 x 1073 5.8 x 102
[ DT 36x1072 32x1072 33x 1072 62x 1073 6.7x 1073 6.7 x 1073
~ GBT 12x1072 14x1072 1.3x1072 1.1x1073 21x1073 22x 1073
= LR 1.8x1072 1.7x1072 1.7x1072 46x 1073 4.7x 1073 4.7x 1073
= NN 70x1073 7.1x1073 7.3x1073 1.1x1073 1.5x1073 1.5x 1073
[ NeN 1.0x1072 1.0x1072 1.1x1072 1.4x1073 21x1073 2.1x 1073
S GP  1.7x1072 1.3x1072 1.5x 1072 20x 1073 23x 1073 2.4x 1073
o RF  50x1072 48x1072 5.0x 1072 9.5x 1072 9.7x 1073 9.7 x 1073
i DT 7.0x1072 6.6x1072 6.5x1072 99x1073 1.0x 1072 1.0 x 10~2
l GBT 35x1072 41x1072 42x1072 40x1073 5.6x 1073 5.6 x 1073
& LR  6.8x1072 6.6x1072 6.7x1072 1.5x1072 15x1072 1.5x 10~2
3 NN 27x1072 27x1072 28x 1072 40x 1073 4.7x 1073 4.7x 1073
[ NeN 1.9x1072 29x1072 2.8x 1072 1.8x 1073 38x 1073 34x 1073
S GP 27x1072 28x1072 29x1072 3.2x107% 4.4x1072% 44x10°3
o RF 3.7x1072 39x1072 39x1072 1.2x1072 1.2x1072 1.2x 1072
- DT 72x1072 72x1072 69x1072 1.1x1072 1.1x1072 1.1 x 1072
I GBT 25x1072 3.0x 102 3.0x 1072 34x 1073 49x 1073 4.9 x 103
& LR 65x1072 63x1072 6.3x1072 1.6x 1072 1.6 x 1072 1.6 x 10~2
oG NN 19x1072 21x1072 2.0x1072 33x10~3 40x10~3 3.9x 103
[ NeN 1.3x1072 1.9x1072 20x 1072 1.6x 1073 3.0x 1073 3.0 x 1073

GP 20x1072 20x1072 21x1072 25x1073 3.7x1073 3.7x10°3
) RF  31x1072 3.1x1072 32x1072 1.1x1072 1.1x1072 1.1 x 1072
~ DT 7.7x1072 7.1x1072 6.7x1072 89x 1073 9.6x 1073 9.5x 1073
I GBT 20x1072 21x1072 23x1072 1.7x1073 27x1073 2.7 x 1073
& LR 29x1072 28x1072 28x1072 80x 1073 81x10~3 80x 102
= NN 13x1072 1.1x1072 1.2x 1072 1.7x 1073 2.0x 1073 2.0x 1073
I NeN 86x1073 1.1x1072 1.1x 1072 1.1x1073 2.0x 1073 2.0 x 1073
2 GP  1.1x1072 1.0x1072 1.0x107% 1.7x 1073 1.9x 1073 1.9x 10~®

Iran. j. numer. anal. optim., Vol. 13, No. 1, pp 19-37



31

Finding an efficient machine learning predictor for lesser liquid credit ...

Actual and predicted test set values. Absolute errors
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Figure 2: NeN results on the test sub-set for one run of the scenario n = 10, and T' =5
in left and its associated log absolute errors in right. See the online colorful version for
further clarification.

4.2 Quantitative results

The large data sets considered for checking and comparing the presented
models have 1825 and 3650 members each comprising 5, 8 and 10 elements
respectively.

The results of comparisons for the unseen CDS rates (the test sets) are
provided in Table 3. We observe that all the predictors replicated the training
sets quite well. But it is observable that the best one by considering both the
numerical accuracy and CPU time is mostly NeN. In order to save space and
avoid providing repeated similar figures of comparisons, Figure 2 is provided
only for the scenario n = 10,7 = 5 to reveal that the NeN furnishes promising
prediction on the test (prediction) sub-set.

We visualize the scatter plot of the test values as a function of the pre-
dicted values in Figure 3 for one run. This illustrates again the point that
the size of the input financial data and their types have clear effect on the
choice of the predictors in ML. We have illustrated the prediction by CDS
data and revealed the application of non-regression tools as better techniques
in PA.

It is well known that data correlation is the way at which one data set
can correspond to another data set, [29]. And in ML, we can think of how
the features correspond with the output. Data visualization and correlation
may help decide, which ML method to use. Accordingly, Table 4 provides the
means of correlations for 50 runs of the shuffled data among the actual and
predicted values of different methods under several scenarios to also help in
obtaining the best method for our CDS problem. Noticing that small values
may not necessarily represent a bad correlation as long as the set of data
has a large statistically significant correlation. When we have datasets with
many features, the data correlation would be of clear importance.

Considering all the results given in Tables 1-4 reveal that NeN is the best
ML routine that can be considered for prediction of lesser liquid CDS rates
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under the format of the financial data described in Section 3 both in terms
of accuracy and the elapsed CPU time. NeN is a non-parametric non-linear
forecasting routine, which is mainly via pieces of time series, in the past, that
may have a resemblance to pieces in the future. This is useful in finance, see
also [18]. For NeN, no learning of is needed and all of the work happens at
the time a prediction is requested. Recalling that the number of neighbors
selected, the length of the series and the embedding dimension to perform
predictions are indicated automatically by the built-in routines inside our
programming language.

0.005

actual value

0.000—+——

actual value - predicted value

-0.005

- . . : ,
Taks Tapo i a0 115 120 125 130
predicted value predicted value

Figure 3: Comparison of perfect prediction line and predictions (left) and the residual
plot (right) in NeN routine for the scenario n = 10, and T = 5.

Table 4: Correlation between the actual and predicted values.

n T RF DT GBT LR NN NeN GP
) 5 0.97 0.96 0.99 0.95 0.99 0.99 0.99
8 5 0.97 0.96 0.99 0.93 0.99 0.99 0.99
10 5 0.97 0.97 0.99 0.98 0.99 0.99 0.99

5 10 0.97 0.96 0.99 0.92 0.99 0.99 0.99
8 10 0.97 0.97 0.99 0.95 0.99 0.99 0.99
10 10 0.97 0.98 0.99 0.98 0.99 0.99 0.99

Computational pieces of evidence from Table 3 reveal that NN, NeN and
GP have the best performance on the unseen test sets over 50 shuffles. How-
ever, accuracy is not the main factor in choosing the best routine when the
computational CPU times are different. Clearly the lower the CPU time of
training, the more useful method we have when the accuracies are almost
the same. Due to this and based on Table 2, the best performance belongs
to NeN in terms of computational time. Thus, we have found the NeN as
our model that could be performed automatically without any theoretical
assumptions through the process of progressive adaptation.
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This subsection is ended by pointing out that some other models such as
RNN and LSTM can also be used for comparisons that implicitly fit well with
time series data. For such routines, we remind that, e.g., LSTMs take longer
to train, require more memory to train, are easy to overfit, are sensitive
to different random weight initializations and dropout is much harder to
implement in LSTMs. Besides, our data are not stock prices and the NeN
already performed best in terms of running time as well as the accuracy.
Thus, comparisons to other solvers is no longer necessary.

4.3 Results on unseen data

Finally in this section, it is necessary to illustrate how the NeN as an efficient
ML technique for predicting lesser liquid CDS rates can be imposed on totally
new unseen data. Considering the NeN routine as the predictor, saved as
prediction previously and obtained when n = 10, and 7" = 10, then the
data for this verification are simulated as follows:

n2 = 10;

SeedRandom[12345] ;

volatility2 = Reverse@Sort@RandomReal [{0, 0.1}, n2];

crl2 = RandomReal[{0, 0.5}, {n2, n2}];

crl2 = (1/2) (crl2 + Transposel[crl2]);

crl2 = crl2.Transpose[crl2];

Tablel[crl2[[i, i1l = 1, {i, n}];

cm2 = Tablel[volatility2[[i]]l#*volatility2[[jl]l*crl2[[i, j11,
{i, 1, Length[volatility2]}, {j, 1, Length[volatility2]}];

initial2 = RandomReal[{0.1, 2.0}, n2];

max2 = 100;

mean2 = ConstantArray[0, n2];

mn2 = MultinormalDistribution[mean2, cm2];

data22 = RandomVariate[mn2, max2];

datal2 = Prepend[data22, initial2];

dataTest = Accumulate[datal2];

dataTest2 = RandomSample[dataTest];

Now we impose the prediction model from NeN on unseen data:
pdataTest = prediction[dataTest2];

Here for 101 unseen data, we obtain the results of predictions based on NeN
and plot them in Figure 4 (left), while the distribution for this unseen data
can be obtained as follows:

with the following probability density of the predicted values:

and illustrated in Figure 4 (right).
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) . ) Type: SmoothKernel
DataDistribution | A Data points: 101 ]

Input dimension: 1
Domain: {1.18, 1.26}
Bandwidth: 0.00315

/fL Domain: {{1.18, 1.26}}

InterpolatingFunction [ Output: scalar

| [x] 1.17755 <x <1.25855

0 True

124 500
123F w0l
122F 0L

1.21 20

120 10-

L L L L L L
20 40 60 80 100 1.05 1.10 1.15 1.20 1.25 1.30

Figure 4: Predicted values (left) and their data distribution (right) in NeN routine for
unseen data.

5 Conclusions and future work

Recently, there has been a proliferation of ML techniques and growing interest
in their applications in finance, where they have been applied to sentiment
analysis of news, trend analysis, and portfolio optimization. This paper has
explored the potential of ML to enhance the investment process. A prediction
model based on ML was discussed in equity markets when the numbers of
predictors/features which are CDS rates are high over a larger period of
time. This is especially relevant to finance where the ability of data groups
to forecast the values of lesser liquid tools is of high interest. The results
obtained in this work are useful as a model for predicting lesser liquids and
can be employed for further investigation of the dynamic relationship between
the VIX index and the CDS markets. When dealing with multidimensional
set of data, it is requisite to filter out non-correlated features. Instead, it
is better to use fewer highly correlated features to train a model. Taking
into account such consideration may help improve the robustness of the NeN
method, which is under study for further work in our team.
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A modified Liu-Storey scheme for
nonlinear systems
with an application to image recovery

AL Kiri, M.Y. Waziri*>~ and K. Ahmed

Abstract

Like the Polak-Ribiére-Polyak (PRP) and Hestenes-Stiefel (HS) meth-
ods, the classical Liu-Storey (LS) conjugate gradient scheme is widely be-
lieved to perform well numerically. This is attributed to the in-built capa-
bility of the method to conduct a restart when a bad direction is encoun-
tered. However, the scheme’s inability to generate descent search direc-
tions, which is vital for global convergence, represents its major shortfall.
In this article, we present an LS-type scheme for solving system of mono-
tone nonlinear equations with convex constraints. The scheme is based on
the approach by Wang et al. (2020) and the projection scheme by Solodov
and Svaiter (1998). The new scheme satisfies the important condition for
global convergence and is suitable for non-smooth nonlinear problems. Fur-
thermore, we demonstrate the method’s application in restoring blurry im-
ages in compressed sensing. The scheme’s global convergence is established
under mild assumptions and preliminary numerical results show that the
proposed method is promising and performs better than two recent meth-
ods in the literature.
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Signal processing; Convex constraint; Image de-blurring.

1 Introduction

In this paper, the following constrained system of nonlinear equations is con-
sidered:
F(z)=0, ze€d, (1)

where F' : R® — R" is a nonlinear mapping, which is continuous and mono-
tone, namely it satisfies the inequality

(F(z) = F(y)"(x —y) 20, Yo,y €R" (2)

Also, @ in (1) is nonempty, closed convex set, which is sometimes expressed
as
o={reR":u<z<uv} (3)

where u and v stand for the lower and upper bounds on the vector x. More-
over, when ® is expressed as (3), the problem in (1) is refereed to as box
constrained nonlinear system.

Several applications in science, engineering and other areas of human en-
deavour involve the system of equations represented in (1). For example, in
problem of radiactive transfer and transport theory [15], the popular Chan-
rasekhar integral equations is discretized and expressed as (1). Also, the
economic equilibrium problems studied in [5, 24], are reformulated as prob-
lem (1). In addition, some ¢; — norm regularized optimization problems in
signal and image processing [23, 46] are obtained by reformulating systems
of monotone nonlinear equations.

In order to solve (1), various iterative schemes have been proposed over
the years. Newton-type schemes [32] and their improved variants, the quasi-
Newton schemes [4, 17] are the most widely used due to their rapid con-
vergence properties. These methods, however, are not suitable for large-
dimension problems due to their huge matrix storage requirement. The con-
jugate gradient (CG) method, by virtue of its low memory requirement is the
proper choice for problems with large dimensions. The scheme was primarily
developed to solve the unconstrained optimization problem

min f(x), (4)

zeR"

where f : R" — R denotes a nonlinear mapping that is assumed to be
at least twice continuously differentiable and bounded below. The following
notations are used with respect to problem (4):

g = 9(xx) = V() gp—1=9(Tk-1), Yu—1 = gk — Gh—1-
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The scheme is implemented using the iterative formula
20 €R", Tpi1 =xk + Sk, Sk =awdr, k=0,1,.., (5)

where z;, denotes the k" iterate, aj, represents a step-size that is computed
using an appropriate line search technique, and dj, is the CG search direction
defined by

dr = =gk + Brdr—1, do = —go, (6)

and f is a scalar known as the CG (update) parameter, which defines each
CG scheme and influences its performance. As part of the conditions for
the sequence of iterative points {zj} generated via (5) and (6) to converge
globally, the following sufficient descent condition is required:

digr < —lgkll>, T>0. (7)

Due to the fine attributes of CG methods with the known fact that the first
order optimality condition for (4), namely, V f(z) = 0, is equivalent to (1)
with F' = Vf denoting the gradient of some nonlinear functions, different
adaptations of the scheme for solving (1) have been proposed over the years.
Search directions of these adaptations are defined as
dk:{ Fy, it k=0 @)
—Fy + Brdi—1, otherwise,

where Fy, = F(xy).

One of the CG adaptations that has gained attention of researchers in
the last decade is the three-term methods for solving (1). Wang et al. [35],
proposed a self-adaptive three-term nonlinear CG method for solving convex
constrained system of nonlinear equations. Search direction of the scheme
was obtained by employing an adaptive technique and under mild conditions,
its global convergence was established. Based on the hyperplane projection
scheme [32], Gao and He [9], proposed a three-term modified CG method
for solving (1). Due to its derivative-free and low storage requirement, the
method is also ideal for nonsmooth nonlinear problems. Motivated by the
works in [1, 13, 27, 47], Koorapetse and Kaelo [25] also proposed three-term
adaptation of CG projection methods for solving (1). The proposed methods
were proven to satisfy the global convergence condition and under suitable
assumptions, the authors showed that the schemes converge globally. For
more details see ([44, 37, 38, 39, 40, 31, 41, 11, 42, 10, 43, 12, 33, 26] ).

In this paper, our aim is to develop an efficient three-term adaptation of
the Liu-Storey (LS) [22] CG method for solving (1). Our inspiration comes
from the work of Wang et al. [36] and the projection method by Solodov
and Svaiter [32]. Apart from developing a new scheme that satisfies the
condition for global convergence, a notable contribution of this research is
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its application in restoring blurry images, which is a trend in compressed
sensing.

The paper is organized as follows: Some preliminaries leading to deriva-
tion of the proposed method are given in Section 2. The proposed method
and its convergence analysis are presented in Section 3. Numerical results
and their discussions are presented in Section 4, while application of the pro-
posed scheme is discussed in Section 5. Concluding remarks are made in
Section 6.

2 Preliminaries

In the remaining part of the article, ||z|| = V&Tz, stands for the ¢3 norm,
Fp_1 = F(xg_1), and sx_1 = x — xx—1. The following assumptions will be
required later in the article:

(i) The solution set ® is not empty, namely, there exists & € ® such that
F(z)=0.

(ii) The mapping F satisfies the Lipschitz continuity property; i.e, there
exists a positive constant L such that for all z,y € R", the following is
satisfied:

[1F(x) = F(y)|| < Lljz —y. 9)
We now introduce the projection operator. Let ® C R"™ be a nonempty,
closed and convex set. Then for each vector x € R", its projection onto @ is
given by

Pg(x) = arg min|lz —y|| : y € D.

Ps : R" — @ is referred to as the projection operator, with the nonexpansive
property given by,

|1Po(x) = Po(y)|| < llz—yll, Va,y€R",
for which, we can write

[Po(z) —yll < [lz—yl, Vye (10)

3 Motivation, algorithm and global convergence of the
new method

This section deals with motivation of the scheme, its algorithm and conver-
gence analysis. First, we introduce the spectral CG method, which is an
extension of the classical scheme for solving (4). By employing the spectral
gradient scheme by Barzilai and Bowein [2], Birgin and Martinez [3] devel-
oped a spectral CG (SCG) method with the following search direction:
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di = —0kgr + Brdi—1,
where the update parameter §j is defined by

(Okyr—1— sk—1)" gk
dgfﬂ/k—l

Br =

)

and 6, is the spectral parameter given as

T
9 _ Skflsk_l
k= T .
Sp—1Yk—1

The scheme is computationally efficient, but its search directions are generally
not descent directions, i.e, the scheme does not satisfy the inequality defined
in (7). Over the years, three-term SCG schemes that satisfy the condition (7)
have been developed. By modifying the classical PRP CG method [29, 30],
Li et al. [21] proposed a spectral three-term scheme with the following search
direction:

g — d TVRGE T BMPRP G, —vpyr—1 k> 1;
* —9k; it k= Oa

with

MPRP __ ngl/k—l Vg = g?dk—l ©>0
k = ’ - ’
elgf di—1] + llgr—1|1? elgf di—1| + llgr—1l1?

Simple inspection reveals that the method satisfies the sufficient descent con-
dition (7). Also, by employing standard assumptions, the authors proved
global convergence of the scheme for uniformly convex functions. Only re-
cently, Wang et al. [36] presented a spectral three-term modification of the
classical Conjugate Descent scheme [8] with search direction defined as

_ llgr Il dr—1— (g7 dr—1)gr .
R (L geve et o [ e
— 0k, if k=0,
where
_ Pk _ 2
Ve = ok = |Isk=1l", m >0, n2,n3 € (0,1).

min{n2s} _yk—1,n30K}

Now, like the classical PRP [29, 30] and HS [14] methods, the classical LS
[22] CG scheme is equipped with an in-built mechanism that addresses the
jamming phenomenon. So, like the others in the group, the scheme is numer-
ically effective. However, it does not satisfy the sufficient descent condition
(7). Motivated by this shortcoming of the LS scheme, the nice attributes
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of three-term methods discussed above and the spectral three-term scheme
by Wang et al. [36], we propose a spectral three-term adaptation of the LS
scheme [22] with the following search direction:

max{—d{_ | Fr_1,C1[|Tk—1llllde—1]l} - (11)

p —ve F + Flge_1di_1—Flde 1561 k> 1;
b=
—Fy, if k=0,

where

~ max{Ca|lsp—1/1% Caxn} N
b

= " k= St_10k—1, C1 >0, (o,¢3€(0,1), (12)

and
Yk—1 = Yh—1 + TSk—1, Yh—1 = Fp — Fr—1, 7>0.

Note: It can easily be deduced from (11) and (12) that

max{—dj_ Fr—1, CtlJr—1llldr—111} > CllFe—1llllde—1]l, (13)

and

max{Ca|lsk—1]|% (sxk } S (3Xk
Xk T Xk

Next, we obtain a bound for the spectral parameter ;. To achieve that, we
analyze two cases:

= (3. (14)

First case: If max{Ca||sr_1]|%,C3xx} = C2||sk—1]|?, then, by monotonicity of
F, and definition of g;_1, we have

Sk—1Tr—1 = Sj_1Yk—1 + 7 llsp—1]® = 7llsp—a > (15)
So, using (15) we have that

~ max{Cllsp—1]1%, Gsxr} _ Collsk—1]? < Gllse—1ll> ¢

Xk 85_1?31%1 = rllsk—1|? r
Second case: If max{(a||sx_1/%, (3xx} = (3Xk, then

_ max{Ca|lsk—1]1% (3xk } _ G3Xk
Xk Xk

= G3.

Therefore, setting xk = max{%, (3}, we see that 0 < v, < k.

Algorithm 1. Modified Liu-Storey Method (MLSTM)

Step 0: Choose a tolerance € > 0, initial guess g € ®, 8 > 0,p € (0,1),
0<¢<?2,0>0.Set k=0 and dy = —Fjp.

Step 1: Compute F(xy). If |F(zk)| < e, stop, if not, proceed to Step 2.
Step 2: Find zi = x + trdg, where
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tr = max{fp" :m=0,1,2,...},

for which
—F(l‘k + tkdk)Tdk > O'tkHdkHz, (16)

Step 3: If z;, € @ and || F(zy)|| < € stop, else determine

Tpt1 = Po [ — < (2x)] (17)
where
F(z)" (21, — 21)
1 (zr) I
Step 4: Obtain the direction di4+1 by (11) and (12).
Step 5: Set k = k+ 1. Go to Step 1.

k=

Lemma 1. Let the sequence {d;} be generated by (11) and (12). Then

Fldy < —7|F|?, 7>0. (19)

Proof. First, from (14) we have that v, > (5. This implies that —v; < —(s.
We now consider two cases:

1. For k = 0, by (11), it is obvious that F{'dy = — || Fo||?.

2. For k > 1, from (11) and (12), we have

(FLge—1)di_  Fy, — (df_ F) F g

FTde—’}/k Fk2+ -
: S S T[T
= —71c||Flc||2
< G| |l
Setting 7 = (3, we obtain the result in both cases. O

In the following Lemma, we prove that when the solution of (1) is not
attained, i.e., F'(z) # 0, then a stepsize tj, exists for which (16) is satisfied.

Lemma 2. Suppose condition (¢) in section 2 holds. Then, for every k > 0,
there exists a positive constant ¢;, such that (16) is satisfied.

Proof. Assuming that the statement is not true. It implies that a constant
ko exists for which (16) does not hold for each integer m > 0, namely

_F(Iko + Bpmdko)Tdko < O-Bpdek0||2'

By employing the continuity of F' with the fact that p € (0,1), letting the
integer m grow to infinity namely, m — oo, we obtain
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—F () dy, <0. (21)

From (19), we have
—F () diy > 7||F(21,)]]* > 0. (22)

Clearly (21) and (22) do not agree. So, a contradiction is obtained, which
establishes the proof. O

Lemma 3. Let the sequences {zj} and {z;} be generated by Algorithm 1,

then H H2
. p7 || F
ty > min< g, ————= ¢ . 23
"t {B (L+0)Ildkll2} (23)

Proof. By (16), we see that if ¢, = 8, then (16) is satisfied. Conversely, if
tr # B then t; = t—’* will not satisfy (16), i.e

t t
—F(xp + fdk)Tdk < a;kHdkHz. (24)

By Assumption (i) and (19), we can write
7| Fl| < —Fy dy
t t
= (F(zp + ;kdk) — F(xp)Tdy — F(z + ;kdk)Tdk

t
< L dy )2 —o——nd I2
p
ty,
= (L o) el

which ultimately yields the desired inequality and the proof is completed. [

Lemma 4. Let conditions (¢) and (47) in section 2 hold. Then the sequences
{zx} and {21} generated by Algorithm 1 are bounded and

lim tkHdk” =0. (26)
k — oo

Proof. First, we prove boundedness of the sequences {zj} and {zx}. Let
Z € ® be a solution of (1). Then by (2), we have

(xk — 2)T F(zk) = (x5 — 21 + 2 — )T F(21)

= (xr — 2) " F(z1) + (2 — )" F(2)
> (zp — z1)" Fzk) + (21 — )T F(2)
= (

T — Zk)TF(Zk).

(27)

Also from (10), (18), and the fact that 0 < ¢ < 2, we have
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|2kt — 2 = || Po(wr — spunF(2x)) — 7|
<ok — spnF (21) — &

= ll(@x = 2) — P (21)|I°

= |l — Z|* — 26uF (21)" (21, — &) + ]| F (z0) || (28)
< llow — 2I* — 26mF (2i) T (2 — 20) + pi | F (z) I
i (F'(21) " 2k — 21))?
= llor = 2|1 = <(2 =)
([ (252
< e — )%,
which consequently yields
k1 — 2| < llaw — 2|, VE=0. (29)

And in a recursive manner, (29) implies that ||z — Z|| < ||zo — Z||. So, the
sequence {||xx — Z||} is decreasing and convergent, which means that {xzy} is
bounded. Also, by assumption (i), (9) and (29) we have

1F (@)l = [|1F(xr) — F(Z)|| < Lllxk — #|| < Lllwo — Z.
Setting L|xzg — Z|| = m, we obtain that
[F ()| < 7. (30)
Also, from (16) and definition of zj, we get
F(z)" (wx — 2) = —teF () di 2 oti||di]|® = of|ax — 21> (31)
By employing (2) and the Cauchy-Schwartz inequality, we can write

F(zi)" (wr — 21) = (F(zk) — Fxx))" (2x — 21) + F(a)" (2 — 21)
<N F (i) lzk — 2l

By (30),(31) and (32) we can write

(32)

ollor — 2l* < |F(@i)lllzk — 2xll,

which leads to -
lzk — 2kl < =
o’

Hence, the sequence {z;} is also bounded. Now, the boundedness of {z},
implies that {||zx — Z||} is bounded, i.e., there exists w2 > 0 such that for any
Ted

llzi — Z|| < ma. (33)

Similarly, from (9) and (33), we have
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IE(ze)ll = [[F(zk) = F(2)|| < Lllzx — || < L.
Hence, setting m3 = Lo, we obtain
IF(l| < 7. (34)
Also, using (16), we have
o telldell* < 6 (F (2) " di). (35)
By combining (28) and (35), we obtain

|1 (2) 12
s(2-¢)
Now, by (29) we have that the sequence {||xy — Z||} is convergent, and also

by (34) {F(z)} is bounded. Hence, taking limits of both sides of (36) as k
approaches infinity, we have

o tilldlI* < (= 217 = llwns — 2)%). (36)

o? lim t3||di||* <0,
k — oo
which consequently leads to the desired result, i.e.,

lim #||dy|| = 0. (37)
k — oo

Lemma 5. Let the sequence of search directions {dy} be generated by Al-
gorithm 1. Then {d;} is bounded, namely, a constant ¥ > 0 exists such
that

lldell <9, Vk positive. (38)

Proof. From (11), (13), (30), and the Cauchy-Schwartz inequality, we obtain

ldill = ||=yFk + F 9 adio = B dy19s

max{—d}_, Fi_1,C||Jr-1lllde-1]}

< wellFull + % 15k—1 11— || + (| % (11751 [l]| de—1 |

B max{—d? | Fy_1,C||gk-1|l|lde-1]}
2| Filll|gk—1lllde—1]|

< Ve || Fr || + -

B = g o]

2| F,

— el + 224

< <n+ f) 1Fl
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< <n + f) . (39)

1

By setting ¢ = (/s + (:2—1) 7, the proof is established. O

The following theorem establishes global convergence of Algorithm 1.

Theorem 1. Given that conditions (¢) and (i¢) hold. Consider the sequences
{z} and {2} generated by Algorithm 1. Then

lim inf || Fi|| = 0.
k — o0

Proof. For the proof, we assume that the conclusion is not true. Then it
implies that a constant ¢ > o exists for which

|l > ¢ Vk=>0. (40)
Utilizing (19), (40) and Cauchy Schwartz inequality yields
ldell > re, Wk > 0. (41)

Similarly, by employing the inequalities (23), (39), (40), (41), and for all k
sufficiently large, we get

) 7| |2
tlldi ] = mm{ﬁ, p'k”} |

> min {BTC, (L'O_an)ﬁ} > 0.

Clearly, the second inequality in (42) contradicts (37). Therefore, we conclude
that lim infy, , » || Fx|| = 0. O

4 Numerical experiments and discussions

Here, we investigate the effectiveness of Algorithm 1 by comparing its per-
formance with the two methods presented in [16, 18]. The experiments
with all the three algorithms were conducted using the backtracking line
search (16). For the other two methods, which we label as M LSCD and
HCGP for simplicity, we set the parameters as they are used in the re-
spective papers. For Algorithm 1, we set p = 0.6, 8 = 1, ¢ = 1073,
¢ =16,7=1,( = 0.5,(o = 0.5,{3 = 0.6. Codes for the algorithms were
written using Matlab R2014a and run on a PC (2.30GHZ CPU, 4GB RAM).
The iteration is set to stop for all the methods when the number of iterations
exceed 1000 or whenever any of the following inequalities is satisfied:
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[ ()] < 1075,

|7 (1) || < 107°.
The following test problems were used to test the three methods.

Problem 4.1. This is a modification of the problem obtained from [34]. The
mapping F takes the form F(z) = (f1(x), f2(), ..., fu(z))T, where

filx) = (e*)? +3sina; —1, i=2,...,n—1,
with & = R”.

Problem 4.2. Exponential Function IT obtained from [19]. The mapping F'
takes the form F(z) = (f1(z), f2(2), ..., fu(z))T, where

filz) =€ =1, i=2,3,...,n,

fi(z) = 15 (™" + xi1 — 1),

with ® =R

Problem 4.3. Non-smooth Function obtained from[20]. The mapping F'
takes the form F(x) = (f1(x), f2(x), ..., fu(x))T, where

filx) =2x; —sin|z,|, i=1,2,...,n,

with ® = {xER":in <n, x;>0, i1,2,...,n}.
i=1
Problem 4.4. Strictly Convex Function obtained from [34]. The mapping
F takes the form F(x) = (f1(z), fa(), ..., fu(z))T, where

file)=¢e* -1, i=1,2,...,n,
with ® =R

Problem 4.5. Tridiagonal Exponential Function obtained from [23]. The
mapping F takes the form F(x) = (f1(x), fo(x), ..., fu(x))T, where

f1 (1’) =T — e(cosm}j&?)’

(cos ™) Lo g 1
i\r)=x; —e€ " 1= Lo, n —
fl( ) 2 (Cosln_1+wn) Y ] I I

folz) =z, —e n+1

with ® =R
Problem 4.6. Non-smooth Function obtained from [46]. The mapping F'
takes the form F(x) = (f1(x), f2(x), ..., fu(x))T, where
file) =x; —sin|z; — 1|, i=1,2,...,n,
with ® = {xER":in <n, z;>0, i1,2,...,n}.
i=1
Problem 4.7 The problem is obtained from [19]. The mapping F takes the
form F(z) = (f1(2), fo(2), - f(x))", where
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fl(x) =e't — 1a
file)=e*+x;1—1, i=2,...,n—1,
with ® = R}

Problem 4.8 Modified version of the non-smooth Function in Problem 4.6.
The mapping F takes the form F(x) = (f1(x), f2(x), ..., fu(x))T, where

filz) =x; — 2sin|a; — 1|, i=1,2,...,n,
with & = {xER":in <n, z;>0, i:1,2,...,n}.

i=1
For each of the above test functions, 24 numerical experiments were per-
formed with variables 1000, 10,000 50, 000, and the following starting points:
v = (1,1,.... DT 22 =(2,2,...,2)T, 23 = (3,3,...,3)T, z¢ = (4,4, ..., 4)7,
x5 = (5,5,...,5) 7,25 = (6,6,....6)T, 27 = (7,7,..., )T, 25 = (8,8,...,8)T..

MLSTM| |HCGP| A

Figure 1: Performance profile with respect to number of iterations

Furthermore, we adopt Dolan and Moré [6] performance profile in order
to present a graphical view of the performance of each of the three schemes
considered in the experiments. In line with this, three figures were plotted
with respect to three performance metrics, namely, number of iterations,
function evaluations and processing time. For each figure, the vertical — axis
corresponds to the percentage of the problems solved by any one of the al-
gorithms with the least value of any of the metric under consideration; the
right side, represents the percentage of problems solved successfully by each
algorithm. Also, the topmost curve in each figure corresponds to the algo-
rithm that solved the most problems in the experiments. It can be observed
from Fig. 1, that the M LSTM algorithm solved 78% of problems with least
number of iterations compared to the M LSCD and HCGP algorithms that
recorded 62% and 54% respectively. We have to note here, that this percent-
age values as shown in the figure, represent sums of the percentages recorded
by each algorithm with least number of iterations and the ties recorded for
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Figure 2: Performance profile with respect to function evaluation

Figure 3: Performance profile with respect to CPU time

the same metric. From Fig. 2 it is observed that the M LSTM algorithm
solved 65% of the problems with least function evaluations compared to the
HCGP and MLSCD algorithms that recorded 52% and 4% respectively.
As in the earlier case, here too the percentage values are sums of the val-
ues recorded by each algorithm with least function values and the ties it
recorded with any one or two other algorithms. Based on least processing
time metric, Fig. 3 indicated that the HCGP algorithm has an edge over
the MLSTM and M LSC D algorithms as it solved 45% of the problems with
minimum processing time, while the other two algorithms recorded 40% and
18% respectively. Moreover, it is observed that the topmost curve in all the
three figures corresponds to the M LST M algorithm. Hence, considering the
graphical representations in Figs 1, 2, and 3, and the above analysis, it can
be concluded that the M LSTM algorithm is more effective for solving the
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problem represented in (1) than the M LSCD and HCGP algorithms.

5 Application of the proposed scheme

Obtaining sparse solutions to ill-conditioned linear systems of equations is
the interest in most signal and image processing problems. Typically, this
involves minimizing the following ¢; — /5 norm problem

o1
mzlniHHx—wﬂg—F(SHxHh (43)

where 4 is a nonnegative parameter, z € R",w € R” is an observed value,
H € R¥"™(k < n) denotes a linear mapping, while ||z||; and ||z repre-
sents the ¢; and ¢y norms respectively. Clearly, (43) represents a convex
unconstrained optimization problem.

In order to solve (43), Figueiredo et al. [7] reformulated it as a convex
quadratic problem, where each vector z € R" is split into two parts and
written as

r=a—-b, a>0, b>0, abeR" (44)

with a; = (z;)+,b; = (—z;) 4, Vi=1,2,...,n and (.)4 = max{0,z}. Applying
the above representation to (43), we obtain

1
min || H(a — b) —wl||3 + deLa + selb, (45)

where e, = (1,1,...,1)T € R". Going by Figueiredo et al. [7], the problem
in (45) is reformulated as

1
min §ZTAZ + D%z, 2>0, (46)

which is a quadratic program problem with

_(a _ -y T . H'H —-HTH
z= (b)’ D—562n+<y), y=H'w, A= (—HTH o )
(47)
In [45], the quadratic program problem in (46) was reformulated and shown

to be equivalent to
F(z) = min{z, Az + D} = 0, (48)

where F' represents a vector-valued mapping. Also, since F' is monotone and
Lipschitz continuous (see [28, 45]), the M LST M scheme can conveniently be
applied to solve it.
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5.1 Image restoration experiment

Here, we conduct some experiments with the M LSTM scheme to further
demonstrate its effectiveness and application in image reconstruction. For
the experiments, four images are employed, which includes Barbera, Lena,
FEinstein, and Cameraman. As in the previous experiments, all codes are
generated on MATLAB R2014a with the same configuration and parameter
values set as applied in the earlier experiments. Also, we test performance
of the M LSTM method with the CGDESCENT [46] solver, which is used
in image restoration problems. The same values of the parameters used by
the author were also applied in the experiments. The performance of both
schemes are compared in terms of final objective function value (Obj), mean
square error (MSE), signal to noise ratio (SNR), which is given by

SNR =20 x log,, (x”I'> :

and the structural similarity index (SSIM), which computes the similarity
between original image and the restored one in each of the experiments con-
ducted. Results of the experiments conducted are presented in table 1, while
Fig. 4 displays the original, blurred, and reconstructed images obtained by
the MLSTM and CGDESCENT schemes. Fig. 4 reveals that the quality
of reconstructed images by the M LST M method for all the images consid-
ered, is somewhat better than that of CGDESCENT scheme. Also, table 1
showed that the M LSTM algorithm performed much better regarding Obj,
MSE, SNR and SSIM metrics than the CGDESCENT scheme. However,
the CGDESCENT scheme is much faster as it recorded less processing time
than the M LSTM algorithm. Hence, going by these results, it can be con-
cluded that the M LSTM algorithm is promising for reconstruction of the
images considered.

Table 1: Image restoration results for MLSTM and CGDESCENT

IMAGE SIZE MLSTM CGDESCENT
Obj MSE SNR™ PT SSIM Obj MSE SNR PT SSIM

BARBERA 256 x 256 1.523 x 10% 1.5267 x 10? 20.85 10.75 0.80 1.585 x 10° 2.0627 x 10? 19.55 1.45 0.75
LENA 256 x 256 1.448 x 10° 6.4566 x 10! 24.37 17.81 0.90 1.513 x 106 9.0025 x 10 22.93 1.81 0.87
EINSTEIN 256 x 256 1.012 x 106 7.0780 x 10! 21.39 10.33 0.86 1.045 x 10° 8.7884 x 10" 20.45 3.59 0.83
CAMERAMAN 256 x 256 1.430 x 10% 1.4128 x 10% 21.05 9.59 0.85 1.47 x 10° 1.78 x 10> 20.05 3.14 0.83

6 Conclusion

An efficient modified Liu-Storey scheme (M LSTM) for solving constrained
system of monotone nonlinear equations was presented in this article. The
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Original image Blurry image CGDESCENT

b/
v

CGDESCENT

Original image Blurry image MLSTM

Figure 4: Original and blurred images (First and second columns from the left). Restored
images by MLSTM and CGDESCENT methods (last two columns ).

scheme is ideal for large dimension problems as well as non-smooth functions
because it avoids computing derivatives and requires less memory to imple-
ment. Apart from inheriting numerical efficiency of the classical LS scheme,
the new method satisfies the important condition for global convergence. The
scheme’s global convergence was established by employing basic assumptions.
Also, numerical experiments conducted with some test problems indicate that
the proposed scheme is promising as it is competitive and more efficient com-
pared to the MLSCD and HCGP methods in [16, 18]. Furthermore, an
interesting novelty of the scheme is its application to solving the regularized
{1 morm problem in compressed sensing. By conducting some experiments
to recover blurry images, the scheme proved to be effective as it competes
with and produces better results than the popular CGDESCENT scheme in
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[46]. As a further research, we intend to explore application of the M LSTM
scheme and its modified version to other area of interest.
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An improvised technique of quintic
hermite splines to discretize generalized
Burgers—Huxley type equations

I. Kaur, S. Arora*and I. Bala

Abstract

A mathematical collocation solution for generalized Burgers—Huxley
and generalized Burgers—Fisher equations has been monitored using the
weighted residual method with Hermite splines. In the space direction,
quintic Hermite splines are introduced, while the time direction is dis-
cretized using a finite difference approach. The technique is determined
to be unconditionally stable, with order (h* 4+ At) convergence. The tech-
nique’s efficacy is tested using nonlinear partial differential equations. Two
problems of the generalized Burgers-Huxley and Burgers—Fisher equations
have been solved using a finite difference scheme as well as the quin-
tic Hermite collocation method (FDQHCM) with varying impacts. The
FDQHCM computer codes are written in MATLAB without transforming
the nonlinear term to a linear term. The numerical findings are reported
in weighted norms and in discrete form. To assess the technique’s appli-
cability, numerical and exact values are compared, and a reasonably good
agreement is recognized between the two.
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1 Introduction

Nonlinear partial differential equations nowadays turn out to be basic math-
ematical methodologies to study multifarious structures like turbulence in
fluid dynamics, convection-diffusion, flow through a shock wave roaming in
viscid fluid, number theory, continuous stochastic processes, and so on. The
diversity of physical phenomena in basic and applied sciences such as physics,
chemistry, biology, computer science, electronics, and so on can be preem-
inently described by these nonlinear equations. Various authors have used
these nonlinear partial differential equations in different fields such as hy-
drodynamics, solid mechanics, and so on; see [7, 9, 10, 11, 18, 25]. The
Navier—Stokes equation is a fundamental fluid dynamics equation that may
be simplified into a number of mathematical phenomena. By omitting the
pressure factor, the generalized Burgers—Huxley equation (GBHE) simplifies
this intricate equation. This equation explains how reaction, diffusion, and
convection processes interact. Special instances of the GBHE include gen-
eralized Burgers—Fisher equation (GBFE) and generalized Burgers equation.
These equations are widely studied in fluid dynamics, gas dynamics, traveling
wave solutions, and traffic flow. The one-dimensional GBHE, which refers to
nerve pulse transmission in nerve fibers and waves in fluid crystals, can be
written in the following form:

ou 0% s0u
5 S M %+f(u)v (z,t) € 2% (0,T]. (1)

The initial and boundary conditions are presented as
u(z,0) = g(x), (2)

U(O,t) = fl(t)v and u(]-vt) = f2(t)a (3)

where g(z), f1(t), and f2(t) are continuous functions in x and ¢, respectively.
Moreover, f(u) is a smooth function with a nonlinear nature that is defined
on 2 x (0,T). In the theory of traveling wave solutions, it is significant. For
f(u) = 0, equation (1) reduced to modified Burgers equation. On the other
hand, in [24], it has studied the generalized Burgers equation with f(u) # 0,
although in a different way than Burgers—Huxley and Burgers—Fisher. For the
GBHE, f(u) = Bu(1—u’)(u®—7) and for the GBFE, f(u) = Bu(1—u’), where
1,0, B, and 7 are real parameters. The viscosity factor ¢ is another distinction
between the Burgers equation and Burgers—Huxley equation. The viscosity
factor is typically assumed to be 1 in the Burgers—Huxley equation. However,
it plays a vital role in turbulence theory for the Burgers equation. A specific
nonlinear evolution equation is represented by the change in parameters.
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For example, equation (1) presents the modified Burgers equation to explain
wave propagation in nonlinear dissipative systems and various other physical
contexts, such as sound waves in a viscous medium, where 8 = 0. Therefore,
a significant study of GBHE with different case studies helps to analyze the
behavior of different nonlinear equations from a wide perspective.

Due to the wide applications of GBHE and GBFE, these equations are studied
extensively by many investigators. Hammad and El-Azab [13] have used a
collocation method with a 2N-order compact finite difference scheme, and
Kushner and Matviychuk [17] proposed finite-dimensional dynamics to find
the exact solution of Burgers—Huxley equation. Celik [8] proposed the Haar
wavelet method, whereas Alharbi and Fahmy [1] have proposed an ADM-
pade method to study the behavior of Burgers—Huxley equation. Javidi [16]
followed a spectral collocation method to solve the GBHE, whereas Saha
Ray and Gupta [21] followed a wavelet collocation for the same. The implicit
exponential finite difference method has been followed in [14] to find the
numerical solution to Burgers—Huxley equation.

To solve the GBHE and GBFE, the present work proposes a quintic Hermite
collocation with the forward finite difference technique (FDQHCM). Quintic
Hermite collocation is a weighted residual approach with a Hermite basis,
whereas finite difference scheme is the variational method. Both approaches
are coupled to get numerical outputs that are compatible with numerical
codes and are stable.

2 Quintic Hermite collocation

Quintic Hermite collocation method [4, 6, 5] is one of the weighted residual
methods. Instead of Jacobi orthogonal polynomials, quintic Hermite inter-
polating polynomials are used as the foundation function in this approach.
Over the area Q, which is considered to be the union of intervals [x;_1, z;],
the solution function is approximated by an approximation function that uses
quintic Hermite interpolating polynomials as its basis.

Hermite interpolating polynomials, which are an extension of Lagrangian
interpolating polynomials, are of order 2k + 1, where k is a positive inte-
ger. Hermite interpolating polynomials, on the other hand, are superior
to Lagrangian interpolating polynomials in terms of applicability since they
interpolate both the function and its kth-order derivative. Furthermore, La-
grangian interpolating polynomials need a requirement of continuity at node
locations that are not required by Hermite interpolating polynomials. As a
result, quintic Hermite interpolating polynomials with k = 2 yield quintic
Hermite interpolating polynomials that interpolate the function as well as
its first- and second-order derivatives. Arora and Kaur [5] discussed the be-
havior and structure of quintic Hermite polynomials in depth. Let u?(z,t)
be the approximating function to be adjusted to eq. (1). Although the first-
and second-order derivatives are interpolated by quintic Hermite interpolat-
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ing polynomials, the boundary constraints are satisfied at boundary points.
The approximating function is

0-3 (R0

=1

0+ P(@)bi(t) + P(@)eilt)) (4)

where a;,b;, and ¢}s are continuous functions of 't’ and P;, P;, and P; are
smooth functions of 'z’ and expressed as

5 4 3
() - (z) v () g srsan
Pi@) =36 (22 )5 —15 (£ )4 +10 (2= )3 21 <<
Tj—Tj_1 Tj—Tj_1 Tj—Tj_1 ’ J-l =2 =25
0 elsewhere,
(@je1—2)° (zj41—2)* +4 (@j41—2)° 2i <2< s
B (@jr1—z)* ' (@jr1—=;)3 (zjp1—x;)% J=" ="+
Pi(z) = _3((;_732711))4 + 7((; j: 11))3 - ((‘/Ii_j;jjill))w Tj—1 < < @y,
0 elsewhere,
(@j11—2)° (Tjrr—2)* 4+ 0.5 z)® < <
- ) ((IJ+1 IJ))S ((I 1= 5) ((EJH I)) Ti =T =T+
i) = § 0.5y — 1)2 HO5 s xS <y,
0 elsewhere,
where
PZ(J?]) Z(Sji, i(xj :0, Pi (l‘]) :O7 i,j=1,2,...,6,
EZ(.’E]) :0, Zi(xj) :6ji7 =?7H<.’17j 207 Z,j: 1,27...,6,
Pi(xj):O, Pi(xj)zo, i (xj)zéﬂ, Z',j=1,2,...,6.

The points x;s are the node points or mesh points, which are taken
equidistant to get uniform mesh grid. The principle of collocation is ap-
plied between two consecutive node points, that is, on [z;, z;+1]. The details
are given in [2, 4, 5]. Therefore, to apply the principle of collocation, a new
variable £ is introduced within each sub-interval [z; z;1] in such a way that
as z varies from x; to x;11, £ varies from 0 to 1, and h is the length of
sub-interval [z; x;41]. To reduce the complexity of system of equations, the
interval length h is taken to be uniform. Therefore, after rearranging P;, P;,
and P;, quintic Hermite polynomials take the form as given in Table 1.

Table 1: Presentation of quintic Hermite splines

i H; H! HY

1 1-108 4+ 156% —6€° —3062 + 6053 30£1 —60¢ + 180€2 — 1203

2 h(f 663 4864 —36%)  h(1 — 18€2 4 3263 — 15¢%) h( 36¢ + 9662 — 60¢3)
3 (52 3¢3 + 364 — ¢5) %Z(% 9¢2 + 1263 — 5et) (2 — 18 + 362 — 20€3)
4 B (€3 — 264 + 69) 12 (362 — 863 + 5eY) B2 (6€ — 2462 + 20¢%)

5 (1053 15¢4 + 6¢€°) (3052 60£3 + 30£4) (605 — 180€2 + 120¢3)

6 h(—4€3 + 76 —3¢%) h(—12€% + 28€3 — 15¢%) h(—24¢ + 84£2 — 60€3)
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The values of quintic Hermite splines at * = 0 and = =1 are given in
Tables 2 and 3. It is analyzed from these tables that these polynomial are
either 0 or 1 at these points, which helps the approximating function to satisfy
the Dirichlet or Neumann type boundary conditions. These quintic Hermite
splines have the properties Hy(§) = H5(1 — &), H2(€) = —Hg(1l — &), and

H3(&) = Hy(1 = €).

Table 2: Presentation of quintic Hermite splines and its corresponding first- and second-

order derivatives at £=0

H 1 H, 0 Hj 0
Hy 0 H) h HJ 0
Hy 0 H, 0 HJ »?
Hy 0 H, 0 H} 0
Hs 0 H., 0 H! 0
He 0 H, 0 H} 0

Table 3: Presentation of quintic Hermite splines and its corresponding first- and second-

order derivatives at £=1

H_ 0 H, 0 Hj 0
Hy, 0 H, 0 HJ 0
Hy 0 H, 0 H} 0
Hy 0 H, 0 H} »
Hs 1 H, 0 H! 0
Hy 0 H, h H} 0

Therefore, equation (4) can be rewritten as

W) =Y Hu(€)ah,(b), (5)

where H,,(&)’s are quintic Hermite interpolating polynomials and a}, (t)'s are
continuous functions of 't with v being the number of sub-divisions. To apply
orthogonal collocation, zeros of fourth-order shifted Legendre polynomials
have been taken as collocation points. These polynomials give better results
on center as well as on average [2]. Therefore, the zeros of these polynomials
have been chosen as collocation points. The diagrammatic representation of
these splines is given in Figure 1. In Figure 2, the application of quintic
Hermite splines has been shown. Further details of collocation points and
the technique of quintic Hermite collocation are given in [5, 2].
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Figure 1: Diagrammatic behavior of quintic Hermite polynomials
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Figure 2: Diagrammatic representation of quintic Hermite collocation scheme

3 Implementation of FDQHCM

To implement the scheme of FDQHCM, equation (1) is discretized in time
direction using forward finite difference scheme with step-size At

Uj+1 — U5

At = Uggy — /,L’U,;S’U,w] + fja (6)

where f; is f(u;). Initial and boundary conditions can be discretized in the
following way at t = t;, up(z) = g(x); u;(0) = fi; and u;(1) = fo;, where
fi; = f1(t;) and fo; = fo(t;). By simplifying, equation (6) converts into

Ujp1 = Dtgyj — Atuu?um + Atf; + ujy. (7)
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After applying quintic Hermite collocation on the variable u; in the space
direction, equation (6) takes the following form:

6

6 6 é
ILAGEAUES-S S AGTANEIEL O DL AGEA)

m=1 m=1

x (;Hmaazn(tj)) ¥

At the kth collocation point, equation (8) can be written as

6 Ar S8 Al S P 6
Z Hkmazwjrl =3 Z Bkma:nyj — Mh( Z Hkmazw) X Z Akmazm-
m=1 rg:l m=1 m=1
+ Y Hymay, ; + Ot fi, 9)
m=1

m=1,2,...,6, k=2,34,5, j=12,...,n,

where Hy,, is the mth interpolating polynomial at kth collocation point and
Bim and Ay, are, respectively, the second-order and the first-order deriva-
tives of mth interpolating polynomial at kth collocation point. Also, az% j
is the mth collocation function at jth time step in 4" sub-domain and fy_;
is the discretized function f(u) at the jth time step and the kth collocation

point.

Hence, after implementation of quintic Hermite collocation with forward
finite difference scheme, collocation equations reduce to the following matrix
form:

H&j+1 :M1&j+(H@j)6(M2@j)+f+ K, (10)
where H = [H,, ()], My = [54Bm (&) + Hpn(&)], and My = [92A4,,(&)].
Moreover, K is obtained from the boundary conditions and f = [Atf ;].

Also, aj;1 and a; being the unknown collocation vectors at the (j + 1)th
and jth time steps, respectively. In collective form, left-hand side coefficient
matrix can be written as

J = Ma; + (Ha;)’ (Msa;) + f + K

and A = [(_lijl}.

Hence, in the combined form, equation (10) can be written as

A=H"'J (11)
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Details of these matrices are given in [5, 3]. In the case of the first and last
elements, the bandwidth is 4 x 5, whereas for the remaining elements, band-
width is 4 x 6. Therefore, after combining all the collocation equations, a
set of 4ne x 4ne equations appear, with ne being the total number of sub-
divisions. The discretized set of equations has been solved in MATLAB. For
initial approximation of @g, the initial condition of v at ¢ = 0 has been taken
at different collocation points. Then the loop was introduced to calculate a,
a2, and so on upto desired accuracy. The details of algorithm are mentioned
hereunder.

Algorithm:

The algorithm of the solution technique is

(i) Define the problem.

(ii) Apply the finite difference technique in the time direction.

(iii) Discretize the problem by applying quintic Hermite interpolating poly-
nomials in space direction.

(iv) Apply collocation points on the interpolating equations.

(v) Solve the collocation equations using the following code.

for ii=1:1:ti/j

P(:,ii) = B—mux A« (U1 + U + betax j.x U.x (1 — (Udetta)) « (U detta) —
gamma);

Z(:,1i) = inv(H) x P(:,1);

U0 = Z(:,ii);

end

4 Stability analysis

To study the stability of any partial differential equation, it is necessary that
it should be linear. In the case of nonlinear partial differential equations, it
is first linearized, and then the stability behavior is analyzed. Therefore, to
study the stability of equation (1), it is first linearized by taking ¥ = max(u?)
and f(u) = Buf, where f = maz((u® —1)(y —u?)), for all (z,t) € 2 x (0,T).
As given in [20], a method is said to be A-stable if the region of absolute
stability includes the region of Re(AAt) < 0.
The region of absolute stability for FDQHCM is the set of all complex num-
bers AAt such that

luj| <C  as t; = oo. (12)

Let A\;, 7 = 1,2,...,ne, be the set of eigenvalues of the coefficient matrix
a). .. The scheme of FDQHCM is said to be stable if Re(\;, At) < 0 for all

m,j"

values of i, 3,7, and §. Then
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6 6 6
At , YAN S ,
> Hu(€)ay, ;40 = w7 2 Hnl@ag ;= p—-v > H(€)a,
m=1

m=1 m=1

(13)

6 6 -

T Z Hm(g)a;ymj + A8 Z Hm(g)a;yn,jf?-
m=1 m=1

The stability of the given technique can be checked on a linear equation.
Therefore, equation (13) represents the quasi-linearized form of equation (8)
to check the stability of the given technique. From Figure 3, it is observed
that Re(\j, At) € [—1,0] for all values of p, 5,7, and §, which justifies the
stability of the numerical scheme.

08} B
0.6} B
0.4F B
02F b

0z} 4
04} i

Imginary part of Eigen Values
o

06} 4
08} 4

-1 -0.5 0 0.5 1
Real Part of Eigen Walues

Figure 3: Behavior of eigenvalues for coefficient matrix given in equation (13)

5 Convergence analysis

The operator £ defined by 8‘9—; in spatial and time domains, is positive def-
inite in L2(0, 1), the space of all real valued Lebesgue measurable functions
square integrable (0, 1), for all ¢ > 0. The definition given by [19] is quoted
here:

Consider a family of mathematical problems parametrized by singular pertur-
bation parameter e, where € lies in the semi open interval 0 < e < 1. Assume
that each problem in the family has the unique solution denoted by u. and that
each ug is approzimated by a sequence of numerical solutions (U, QN)j’\?:l,
where U, is defined on the QN , representing the set of points in R and N
is the discretization parameter. Then the numerical solutions U, are said
to converge to the exact solution u., if their exist a positive integer Ny and
positive numbers C and p, where Ny, C, and p are all independent of N and
e, such that for all N > Ny, we have

supo<e<1||Us — uel|gy < CN7P.

Iran. j. numer. anal. optim., Vol. 13, No. 1, pp 59-79



Kaur, Arora and Bala 68

Here p is the rate of convergence and C is the error constant.

Theorem 1 (Maximum Principle). [19] Let u(z) be a solution of an ad-
vection diffusion equation with «(0) > 0 and u(1) > 0. Then L(u(x)) > 0
for all x on the domain €2, L be the operator. Hence u(z) > 0 for all z in

Lemma 1. [5, 3] Let H be the space of all Hermite interpolating polynomials
of order 5 defined on the interval 0 < x < 1. Then

NE

|Hpn(z)] <6,  forall z €[0,1].

m=1

Theorem 2. [12] Let H be the space of all quintic Hermite interpolating
polynomials H of function u(z) defined on [a, b]. Then the rate of convergence
of quintic Hermite interpolation on [a, ] is of order 6. Moreover,

lu® (@) ~ HO(@)[| < Oyah®™",  n=01....5 (14)

where, the values of +, are given in [12].

Theorem 3. [5, 3] Let U(z,t;) be the quintic Hermite spline interpolate of
u(z,t) from the space H of all Hermite interpolating polynomials of order 5
defined on the interval 0 < z < 1 be the quintic Hermite spline interpolate
of u(x,t), such that P(z,t;) € C%([a,b]). Then the uniform error estimate
is given by

lu(z,t;) = Uz, ;)| < C(AE+ B, (15)

6 Numerical implementation

To check the applicability of FDQHCM, numerical results have been com-
pared to the analytic results. Stability of the proposed technique has been
checked by Lo-norm and Ls.-norm as follows:

Lo-norm, ||ullz = \/th:wi(u(fi,t) —uY(&,1))2, (16)

where w}s represents the weight function corresponding to the collocation
points and

Locemorm, - [[ul]ac = max, [u(€i,t) =7 (&, ), (17)

where u(§;,t) is the analytic solution and w”(§;,¢) is the numerical solution
obtained from FDQHCM.
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Problem 1. Consider the GBHE given in equation (1) with f(u) = fu(1 —
u®)(u® — 7). The exact solution to the given equation is

- 1/8
u(z,t) = (% + %tanh(al(m‘ - a2t))) : (18)

where a1 = ﬁ(—;ﬁ + 0/ pu? +45(1+0)) and
_ 2py—(140—) (—pt+y/ 2 +48(1+9))

2 = 2(1+9) :

The initial and boundary conditions can be derived from the exact solution.
From Tables 4-8, numerical values obtained from the FDQHCM have been
compared to the exact values and of the results obtained from literature

[13, 15, 23].

Table 4: Comparison of results for p =1, 8 =1, § = 1, and v = 0.001

z t Exact FDQHCM  Absolute Error [13] [23] (15]

0.1 0.05 0.000500019 0.0005000110 7.9750x10~% 7.7006x10~9 7.72768x10~9 1.9372x10~"
0.1 0.000500025 0.0005000137 1.1300x10~8 1.1268x107% 1.12968x10~8 3.8743x10~7
1 0.000500137 0.0005001205 1.6478x10~8 1.6863x10~8 1.68647x10~8 3.8750x 10~

0.5 0.05 0.000500069 0.0005000514 1.7607x1078 1.7284x10~8 1.73534x10~8 1.9373x10~7
0.1 0.000500075 0.0005000462 2.8837x10~% 2.8738x1078 2.88305x1078 3.8746x10~"
1 0.000500187 0.0005001405 4.6463x10~8 4.6841x10~8 4.68491x10~% 3.8753x10~°

0.9 0.05 0.000500119 0.0005001110 7.9760x10~° 7.7006x10~9 7.72823x10~2 1.9375x10~7
0.1 0.000500125 0.0005001137 1.1301x10~8% 1.1268x10~% 1.12980x10~8 3.8749x10~7
1 0.000500237 0.0005002205 1.6481x10~% 1.6863x10~® 1.68669x10~8 3.8756x 106

Table 5: Comparison of results for p =1, 8 =1, and 4 = 0.001

=2 0=3
x t Exact FDQHCM  Absolute Error Exact FDQHCM Absolute Error
0.1 0.05 0.0223614813 0.0223611210 3.60349x10~7 0.0793728109 0.0793714961 1.31479x10~°
0.1 0.0223617974 0.0223612705 5.26908x10~7 0.0793740199 0.0793720972 1.92270x10~6
1 0.0223674857 0.0223666991 7.86609x10~7 0.0793957760 0.0793929065 2.86954x10~6
0.5 0.05 0.0223634233 0.0223626133 8.09958x10~7 0.0793790070 0.0793760514 2.95560x 106
0.1 0.0223637393 0.0223623937 1.34559x10~6 0.0793802158 0.0793753057 4.91013x10~6
1 0.0223694271 0.0223672410 2.18610x10~% 0.0794019686 0.0793939936 7.97497x10~6
0.9 0.05 0.0223653650 0.0223650047 3.60299x10~7 0.0793852021 0.0793838875 1.31464x10~6
0.1 0.0223656810 0.0223651541 5.26903x10~7 0.0793864108 0.0793844882 1.92259x10~6
1 0.0223713683 0.0223705817 7.86614x10~7 0.0794081601 0.0794052905 2.86962x 106

It is observed that results obtained from the FDQHCM are at par with
[13] and are better than [15, 23]. It is also observed that the FDQHCM gives
error varying from 107 to 107° for varying values of u, 3,8, and 4. The
results obtained from the FDQHCM appear to be more consistent than of
[13]. In Table 9, Ly-norm and L..-norm have been calculated for p = =1,
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Table 6: Comparison of results for =1, 8 =1, and ¥ = 0.001

=14 =28
x ¢ Exact FDQHCM Absolute Error  Exact FDQHCM Absolute Error
0.1 0.05 0.1495399548 0.149537428 2.52679x10~°% 0.38670979 0.386702959 6.83447x10~F
0.1 0.1495423528 0.149538658 3.69481x10~6 0.38671673 0.386706734 9.99399x10~6
1 0.1495854975 0.149579985 5.51247x10~6 0.38684140 0.386826506 1.48943x10~°
0.5 0.05 0.1495506669 0.149544987 5.67995x10~° 0.38673162 0.386716259 1.53640x107°
0.1 0.1495530645 0.149543629 9.43545x10~% 0.38673855 0.386713032 2.55228x10~°
1 0.1495961998 0.149580879 1.53208x107° 0.38686318 0.386821783 4.13948x10~5
0.9 0.05 0.1495613768 0.149558851 2.52579x10~% 0.38675344 0.386746612 6.83197x10~6
0.1 0.1495637738 0.149560080 3.69379x10~6 0.38676037 0.386750381 9.99200x10~6
1 0.1496068999 0.149601387 5.51287x10~6 0.38688495 0.386870055 1.489155x10~°

Table 7: Comparison of results for p =1, 8 =1, § = 16, and ¥ = 0.001

x t Exact FDQHCM  Absolute Error
0.1 0.05 0.6218689 0.6218574  1.14208x107°
0.1 0.6218811 0.6218644 1.66988x107°
1 0.6221000  0.6220752  2.48186x107°
0.5 0.05 0.6218956 0.6218699  2.56702x10~°
0.1 0.6219078 0.6218651 4.26434x107°
1 0.6221265 0.6220576  6.89814x107°
0.9 0.05 0.6219223 0.6219108 1.14113x107°
0.1 0.6219344 0.6219178  1.66897x10~°
1 0.6221531  0.6221283  2.48109x10~°

Table 8: Comparison of results for p =0, 8 =1, § = 1, and 4 = 0.001

z ot Exact FDQHCM  Absolute Error (13] (23] [15]

0.1 0.05 0.000500030 0.00050001989 1.0286x10~% 1.0269x10~% 1.0303x10~% 1.8747x10~"
0.1 0.000500043 0.00050002762 1.5044x10~8 1.5027x10~% 1.5063x10~8 3.7493x10~"
1 0.000500268 0.00050024509 2.2466x10~8 2.2488x10~8 2.2488x10~% 3.7500x 10~

0.5 0.05 0.000500101 0.00050007775 2.3132x107% 2.3049x10~8 2.3138x10~8 1.8749x10~7
0.1 0.000500113 0.00050007495 3.8429x10~% 3.8324x10~% 3.8441x10~8 3.7498x10~7
1 0.000500338 0.00050027582 6.2443x10~8 6.2465x10~% 6.2465x10~% 3.7504x 106

0.9 0.05 0.000500172 0.00050016131 1.0283x10~8 1.0269x10~8 1.0303x10~8 1.8751x10~"
0.1 0.000500184 0.00050016904 1.5047x10~8 1.5027x10~8 1.5063x10~8 3.7502x10~7
1 0.000500409 0.00050038651 2.2464x10~8 2.2488x10~8 2.2488x10~8 3.7509x 106

4 = 0.001, and for § = 1,2, 3, respectively. Both the norms are lying within
the range of 1078 to 107°.

Table 9: La-norm and Leo-norm for p =1, 8 =1, and 4 = 0.001

t Lo — norm Loo-norm
6=1 6=2 6=3 6=1 0=2 0=3
0.1 6.328299x10~9 2.954021x10~7 1.077846x10~5 2.880650x 103 1.344790x10—% 4.906733x10~ 6
0.25 9.224090x 1079 4.305708x 107 1.571002x10~% 4.271075x10~8 1.993759x 106 7.274619x10~6
0.5 1.000496x10~8 4.669971x10~7 1.703806x10~% 4.645850x10~8 2.168583x10~6 7.911991x10~6
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From Figures 4-7, three-dimensional behavior of u(x,t) has been pre-
sented for p =g =1, 5 =0.001, and § = 1,2, 3, 4, respectively, which shows
that the values are lying between 0 and 1 for time ranging from 0 to 0.01.

5 0015
5001

50005

Figure 4: Three-dimensional behavior of u(z,t) for p =1, 8 =1, v = 0.001, and § = 1.

00224
0.0224
00224
= 0.0224
00224
00224

00224
o.o1

Figure 5: Three-dimensional behavior of u(z,t) for p =1, 8 =1, v = 0.001, and § = 2.

Problem 2. Consider the GBFE given in equation (1) for ¢ = 1 with f(u) =
Bu(1 —u’). The exact solution for the GBFE is

1/6
u(z,t) = (; + %tanh(ag,(x — a4t))) , (19)

where a3 = 2(%% and a4 = %
conditions can be obtained from the exact solution. From Tables 10-17,
numerical values obtained from the FDQHCM have been compared to the
exact values and the results obtained from [13, 23]. It is observed that results
obtained from the FDQHCM are at par with the results obtained from [13]
and are better than [22]. However, in Tables 10 and 17, results by [13] are
slightly better than the FDQHCM, but this is overcome by the simplicity of

. The initial condition and boundary
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Figure 7: Three-dimensional behavior of u(z,t) for p =1, 8 =1, v = 0.001, and § = 4.

the FDQHCM as compared to the technique of former. The absolute error
varies from 107! to 10~° for varying values of u, 3, and §. In Table 18, Lo-
norm and Ly,-norm have been calculated for 4 = 5 = 0.001 and § = 1,2, 3,
respectively.

Table 10: Comparison of results for = 0.001, 8 = 0.001, and § =1

z ot Exact FDQHCM Absolute Error [13] [22] [15]

0.1 0.001 0.499988 0.499988 9.999x10-10 5.8147x10~ 1! 1.01 x10~7 9.68763x10~ 6
0.005 0.499989 0.499989  6.999x10™° 2.6058x10710 4.38 x10~7 1.93753x10~6
0.01 0.499990 0.499990  1.100x10~8 4.4599x10~10 7.53 x10~7 1.93752x10~°

0.5 0.001 0.499938 0.499938 4.460x107'3 5.6241x10~'! 1.04 x10~7 9.68691x10~6
0.005 0.499939 0.499939  9.310x10~3 3.0621x10~1° 5.21 x10~7 1.93738x10~6
0.01 0.499940 0.499940 9.985x10~10 6.1867x10~10 1.04 x10~% 1.93738x10~5

0.9 0.001 0.499888 0.499888  9.980x10710 5.8135x10~11 1.01 x10~7 9.68619x10~6
0.005 0.499889 0.499889  6.998x1079  2.6053x10710 4.38 x10~7 1.93724x10~6
0.01 0.499890 0.499890  1.100x10~8 4.4591x10710 7.53 x10~7 1.93724x10~°
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Table 11: Comparison of results for = 0.001, 3 = 0.001
=2 5=3
T t Exact FDQHCM Absolute Error  Exact FDQHCM Absolute Error

0.1 0.001 0.70709535 0.70709535
0.005 0.70709676 0.70709677
0.01 0.70709853 0.70709855

0.5 0.001 0.70704821 0.70704821
0.005 0.70704962 0.70704962
0.01 0.70705139 0.70705139

0.9 0.001 0.70700106 0.70700106
0.005 0.70700248 0.70700249
0.01 0.70700424 0.70700426

4.65367x 10710 0.79369100 0.79369100 5.3640x 1010
1.02299x10~8 0.79369259 0.79369260 1.1100x10~8
1.54395x10~8 0.79369457 0.79369459 1.7813x10~8
2.5057x10710 0.79365131 0.79365131 4.9914x10~10
7.9174x10711 0.79365290 0.79365290 9.5943x10~ 1!
1.2627x 10711 0.79365489 0.79365489 4.1912x10~10
1.17716x1072 0.79361162 0.79361162 1.4294x10~°
1.07532x 1078 0.79361321 0.79361322 1.1675x10~8
1.57272x10~8 0.79361519 0.79361521 1.6992x10~8

Table 12: Comparison of results for = 0.001, 8 = 0.001, and § =4

x t Exact FDQHCM  Absolute Error [22]

0.1 0.001 0.84088843 0.84088843 1.37598x10~° 1.75 x10~8
0.005 0.84089011 0.84089012 1.25399x10~8 7.37 x10~"
0.01 0.84089221 0.84089223 1.82591x10~% 1.27 x10~

0.5 0.001 0.84085479 0.84085479  2.0918x107'° 1.75 x10~8
0.005 0.84085647 0.84085647 1.7133x107'9  8.77 x10~7
0.01 0.84085857 0.84085857 6.3821x1071°0 1.75 x10~

0.9 0.001 0.84082114 0.84082115 1.0779x1072  1.75 x1078
0.005 0.84082283 0.84082284  1.1838x10~8  7.38 x10~7
0.01 0.84082493 0.84082495  1.8053x10~%  1.27 x10~°

Table 13: Comparison of results for = 0.001 and 8 = 0.001

6=38

6=16

T t Exact

FDQHOCM

Absolute Error  Exact FDQHCM Absolute Error

0.1 0.001 0.91699941 0.91699941
0.005 0.91700124 0.91697903
0.01 0.91700353 0.91695864

0.5 0.001 0.91697903 0.91700124
0.005 0.91698086 0.91698086
0.01 0.91698315 0.91696048

0.9 0.001 0.91695864 0.91700353
0.005 0.91696048 0.91698315
0.01 0.91696277 0.91696277

8.421940x 1019 0.9576009 0.9576009 1.023x10~9
2.222702x1075 0.9576028 0.9576029 4.177x1078
4.491036x107% 0.9576052 0.9576053 4.778x10~8
2.221422x107° 0.9575897 0.9575897 2.435x10~8
3.297860x 10710 0.9575916 0.9575916 2.357x 1010
2.267573x1075 0.9575940 0.9575940 1.435x10~8
4.488876x107% 0.9575784 0.9575784  6.336x10~7
2.266323x10~° 0.9578803 0.9575803  2.227x 1078
1.947571x10~8 0.9575827 0.9575827 2.092x10~8
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Table 14: Comparison of absolute errors for 4 = 0.1 and 8 = —0.0025

§=2

[13] & [22] FDQHCM
1.76638x10~° 1.121x10~° 5.9667x10°

0.3 7.0917x1075 2.51379 x10~> 1.600x10~°% 2.1779x10~5 1.79797 x10~5 1.919x10~°

0.5 1.2556%1075 2.61751 x10~° 1.667x10~° 3.8540%x10~° 1.87212x10~5 2.001x10~°
0.5 0.1 6.4389%10~6 4.49179 x10~°% 2.904x10~° 2.0158x10~6 3.21358 x10~° 3.489x10~°

0.3 5.0445x1075 6.91014 x10~° 4.468x10~° 1.5604x10~5 4.94694x10~5 5.373x10~°

0.5 1.0433x10~% 7.24595%x10~5 4.687x10~° 3.2214x10~° 5.18702 x10~° 5.641x10~°
1.9529% 1075 1.75391 x10~5 1.154x10~° 6.1067x10~6 1.25646x10~° 1.393x10°
0.3 7.1767x1075 2.50111 x10~° 1.643x10~° 2.2305%x10~° 1.7920 x10~5 1.981x10~°
0.5 1.2709%x10~% 2.60482 x10~° 1.711x10~° 3.9456x10~5 1.86610 x10~° 2.065x10~°

=4
[13] [22]
1.26230x10~° 1.343x10°°

FDQHCM
1.9313x10-°

Table 15: Comparison of absolute errors for p = 0.1, 8 = —0.0025, and § = 8

z t FDQHCM [13] [22]

0.1 0.1 4.8295x10~7 7.65875x10~6 1.471x10°°
0.3 1.5645x107% 1.09129x10~° 2.107x10~°
0.5 2.6947x107% 1.13630 x10~° 2.203x107°

0.5 0.1 1.8448x10~7 1.95143 x10~° 3.832x107°
0.3 1.1484x1075 3.00445 x10~® 5.911x107°
0.5 2.2738x10°% 3.15019 x10~° 6.218x10~°

0.9 0.1 4.9302x1077 7.63553 x10~®> 1.533x107°
0.3 1.6078x1076 1.08887 x10~° 2.183x107°
0.5 2.7772x1076 1.13383 x10~° 2.280x10~°

Table 16: Comparison of absolute errors for 4 =1 and 8 =0

0=3 5=28
x t FDQHCM [13] FDQHCM [13]

0.1 0.0001 2.3559x10~ 10 5.7870x10~™ 8.59409x10~ 1T 2.7729x10~ 1!
0.0005 2.6056x107%  2.0870x107®  1.35615x10~%  1.0782x10~°
0.001  6.7400x10~7  4.5521x107°  3.86425x10~7  2.3520x10~°

0.5 0.0001 4.6311x10719 5.1671x10~!! 9.37x10~11 2.0409%x10~ 11
0.0005 2.6853x10710  1.7895x10~° 4.82443x10~ 10 9.4066x10~
0.001 4.8165x10710  4.0262x107° 2.49371x10~19  2.1163x10~°

0.9 0.0001 4.5141x1071° 5.3143x10~'1  1.40942x10~10 1.8090x10~!!
0.0005 2.9347x10~%  1.6546x10~° 1.7873x10~8  8.7305x10°°
0.001  7.5936x10~7  3.6150x107°  4.92825x10~7  1.9075%x10~°
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Table 17: Comparison of absolute errors for y =1 and g =1

5=1 0=2

x t FDQHCM FDQHCM [13] [22]

0.1 0.0001 1.2969x10~% 3.03026x10~10 4.4788x10~1° 1.55 x10°°
0.0005 5.9286x107°  9.30236x10~%  2.4700 x10~°> 7.62 x10~°
0.001  1.9592x107%  1.62366x10~¢  5.3872 x10~° 1.50 x10~%

0.5 0.0001 5.9153x10710 1.99555%x10~10 7.1278 x10~11 1.83 x10~°
0.0005 1.5519x10719 2.98812x10~10 2.0953 x10~° 9.14 x10~°
0.001  9.1902x107% 2.91233x10710 47151 x10~® 1.83 x10~*

0.9 0.0001 1.1642x1076  2.34912x1071°0 5.5348 x10~1° 2.07 x10~°
0.0005 5.3457x1075  9.77826x10~%  1.9314 x10~> 1.02 x10~*
0.001  1.7683x10™%  1.70078x10=¢  4.2211 x10~° 2.00 x10~*%

Table 18: La-norm and Loo-norm for p = 0.001 and 8 = 0.001

t Lo — norm Loo-norm
6=1 6=2 6=3 6=1 0=2 0=3
0.01 6.996123x10~Y 8.760110x 107 9.773331x10~2 4.937500x10~8 6.633549x10~% 7.056646x10~3
0.05 1.243733x10~8 1.776084x10~8 2.003356x10~% 6.687500x10~8 1.007198x10~7 1.096476x10~7
0.1 1.680553x10~8 2.385368x10~8 2.735586x10~% 7.375000x10~8 1.090978x10~7 1.229183x10~7

Both the norms are lying within the range of 1078 to 10~7. From Figures
8-11, three-dimensional behavior of u(x,t) has been presented for u = 8 =
0.001 and § = 1,2, 3,4, which shows that the values are lying between 0 and
1 for time ranging from 0 to 0.01.

Figure 8: Three-dimensional behavior of u(z,t) for 4 = 0.001, 8 = 0.001, v = 0.001, and
6=1.
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Figure 9: Three-dimensional behavior of u(z,t) for 4 = 0.001, 8 = 0.001, v = 0.001, and

6=2.
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Figure 10: Three-dimensional behavior of u(z,t) for p = 0.001, 8 = 0.001, v = 0.001,
and § = 3.

Figure 11: Three-dimensional behavior of w(z,t) for p = 0.001, 8 = 0.001, v = 0.001,
and § = 4.
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7 Conclusions

The technique of the FDQHCM has been implemented successfully on the
GBHE and GBFE. The technique is a combination of the weighted residual
method and the finite difference method, which gives stability to the numeri-
cal results and is easily adaptable to computer codes. Numerical results have
been calculated for a vast range of parameters, even for those parameters not
been calculated earlier. The technique is found to be more consistent than

(13,

15, 22, 23]. It was also shown that the FDQHCM could be applied to

nonlinear partial differential equations of higher order too.
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Abstract

We suggest an a priori method by introducing the concept of Ap-
equitable efficiency. The preferences matrix Ap, which is based on the
partition P of the index set of the objective functions, is given by the
decision-maker. We state the certain conditions on the matrix Ap that
guarantee the preference relation <4, to satisfy the strict monotonicity
and strict P-transfer principle axioms.

A problem most frequently encountered in multiobjective optimization
is that the set of Pareto optimal solutions provided by the optimization pro-
cess is a large set. Hence, the decision-making based on selecting a unique
preferred solution becomes difficult. Considering models with A% -equitable
efficiency and A¥-equitable efficiency can help the decision-maker for over-
coming this difficulty, by shrinking the solution set.
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1 Introduction

A problem that sometimes occurs in classical multiobjective optimization is
that the set of efficient solutions is a large set. By using a priori methods,
we can generate finite sets of Pareto optimal solutions, which can help the
decision-maker in the task of selecting the most appropriate solution. A priori
methods are based on the preferences matrix, which evaluates how to com-
bine the objective functions by the decision-maker to introduce a preference
function. Note that in a priori methods, the preferences are expressed by
the decision-maker before the solution process (e.g., setting goals or weights
to the objective functions). The criticism about a priori methods is that it
is very difficult for the decision-maker to beforehand define and accurately
quantify his preferences; see [4].

The concept of equitable efficiency is a specific refinement of the Pareto
efficiency. While the Pareto efficiency assumes that the criteria are uncom-
parable (not measured on a common scale), the equitability is based on the
assumption that the criteria are comparable, impartial (anonymous), and
that the Pigou—Dalton principle of transfer holds. The impartiality axiom
makes the distribution of outcomes among the criteria more important than
the assignment of outcomes to specific criteria. Therefore models are the
equitable allocation of resources.

The equitable preference was first known as the generalized Lorenz dom-
inance [8, 10]. Kostreva and Ogryczak [6] and Kostreva, Ogryczak, and
Wierzbicki [7] are the first ones who introduced the concept of equitabil-
ity into multiobjective programming. They analyzed solution properties and
approaches to generating equitably efficient solutions. A complete prefer-
ence structure of equitability is derived by Bataar and Wiecek [1]. Further-
more, the concept of equitability in multiobjective programming is general-
ized within a framework of convex cones by Mut and Wiecek [11]. They
introduced the concept of A-equitable efficiency for solving the multiobjec-
tive optimization problems, where A is an arbitrary matrix with nonnegative
entries, and they also showed that the preference relation <.4 satisfies the
axioms of reflexivity, transitivity, and impartiality while the weak principle
of transfer requires a condition on the matrix A. Because the preference
relation <.4 does not satisfy the strict monotonicity and strict principle of
transfer axioms in general, the set of A-equitably efficient solutions does not
contain within the set of equitably efficient solutions and the set of Pareto
optimal solutions for the same problem. Foroutannia and Merati [3] stated
new conditions on the matrix A that guarantee to hold these axioms by the
preference relation <.4.

Let the partition P of the index set of objective functions be given by
the decision-maker according to the importance of the objective functions.
The equitable rational preference relation is extended to P-equitable rational
preference relations by Mahmodinejad and Foroutannia [9]. They showed
that the concept of P-equitably efficient solutions is a specific refinement
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of Pareto optimality by adding the P-impartiality and P-transfer axioms.
Moreover, they obtained the P-equitably efficient solutions by decomposing
the original problem into a collection of smaller subproblems and then solved
the subproblems by the concept of equitable efficiency.

The equitable optimization method is applied to problems such as portfo-
lio, location, telecommunications, and resource allocation [12, 13, 14, 15, 16].
It should be noted that some authors have used the term “fair” rather than
“equitable”.

In this paper, we investigate a priori technique for attaining the decision-
maker preferences by introducing the concept of Ap-equitable efficiency,
where the preferences matrix Ap is based on the partition P of the index
set of objective functions given by the decision-maker. The current study is
an extension of some results obtained in [3, 9, 11].

The paper is organized as follows. Terminology and basic concepts are
presented in Section 2. In Section 3, we introduce the concept of A p-equitable
efficiency and give some conditions that ensure that the preference relation
=eAap is a P-equitable rational preference relation. In Section 4, the concept
of A'L-equitably efficiency is examined to generate a subset of Pareto optimal
solutions, for r = 1,2,.... In addition, a numerical example is provided to
confirm the efficiency of this method. Finally, Section 5 concludes the paper.

2 Terminology and review of the equitable preference

Let R™ be the Euclidean vector space and let y',y” € R™. Then ¢y’ < y”
means y, <y fori=1,...,m and ¢ < y” means y; < y/ fori=1,...,m,
and also i’ < y” stands for iy’ < ¢ but 3 # y”.

Consider a decision problem defined as an optimization problem with m
objective functions. For simplification, we assume, without loss of general-
ity, that the objective functions are to be minimized. The problem can be
formulated as follows:

min (f1(z), fa(x),. .., fm(x)),
subject to x € X, (1)

where x denotes the vector of decision variables in the feasible set X and
f(x) = (fr(x), fa(z), ..., fm(x)) is the vector function that maps the feasible
set X into the objective (criterion) space R™. We refer to the elements of the
objective space as outcome vectors. An outcome vector y is attainable if it
expresses outcomes of a feasible solution, that is, y = f(z) for some z € X.
The set of all attainable outcome vectors is denoted by Y = f(X).

In the single objective minimization problems, we compare the objective
values at different feasible decisions to select the best decision. Decisions are
ranked according to the objective values of those decisions, and any decision
with the smallest objective value is called an optimal solution. Similarly, to
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make the multiobjective optimization model operational, one needs to assume
some solution concepts specifying what it means to minimize multiobjective
functions. The solution concepts are defined by the properties of the corre-
sponding preference model. We assume that solution concepts depend only
on the evaluation of the outcome vectors while not taking into account any
other solution properties not represented within the outcome vectors. Thus,
we can limit our considerations to the preferred model in the objective space
Y.

In the rest of the section, some basic concepts and definitions of preference
relations are reviewed from [3, 6, 9, 11]. Preferences are represented by a weak
preference relation with the notation, <, which allows us to compare pairs
of outcome vectors ¢ and y” in the objective space Y. We say ¢/ =< " if
and only if “y’ is at least as good as y”” or “y’ is weakly preferred to y””. In
other words, 3y’ < 3" means that the decision-maker thinks that the outcome
vector g is at least as good as the outcome vector 3”. From =, we can derive
two other important relations on Y.

Definition 1. Let ¢',3” € R™ and let < be a relation of weak preference
defined on R™ x R™. The strict preference relation, <, is defined by

y <y e 2y and not y" <y'), (2)

and read y' is strictly preferred to y”. Also the indifference relation, ~, is
defined by

/

Y~y e (Y 2y andy" < y'), (3)

and read g’ is indifferent to y”'.

Definition 2. Preference relations satisfying the following axioms are called
equitable rational preference relations:

1. Reflexivity: for all y € R™, y < y.
2. Transitivity: for all ¢/, y"”,y"”" € R™ ¢/ <¢y” and ¢’ <¢y"" = ¢ < y".

3. Strict monotonicity: for all y € R™, y — ee; < y for all € > 0, where ¢;
denotes the ith unit vector in R™, for all i € {1,2,...,m}.

4. Impartial: for all y € R™
(y17y23 s 7ym) = (y7(1)7y7'(2)7 s ay‘r(m))a
where 7 stands for an arbitrary permutation of components of y.

5. Strict transfer principle: for all y € R™ and for all ¢,5 € {1,2,...,m}
Yi > Y; = Y — €e; +ee; <y,

where 0 < e <y; —y;.
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A preference relation with the axioms reflexivity, transitivity, and strict
monotonicity is called rational preference relation. For y/,y” € Y, we say
that ¢y’ rationally dominates 3", and denote by y' <. ¢ if and only if 3y’ < "
for all rational preference relations <. An outcome vector y is rationally
nondominated if and only if there exist no other outcome vector y’ such
that ¢y’ rationally dominates y. Analogously, a feasible solution z € X is
an efficient or Pareto optimal solution to the multiobjective problem (1) if
and only if y = f(z) is rationally nondominated. It has been shown in [6]
that ¢ <, 3" if and only if ¥’ < y”. As a consequence, we can state that
a feasible solution z € X is a Pareto optimal solution to the multiobjective
problem (1) if and only if there exist no 2’ € X such that f;(z') < fi(z) for
1=1,2,...,m, where at least one strict inequality holds.

The set of all Pareto optimal solutions x € X is denoted by X g and called
the efficient set. The set of all rationally nondominated points y = f(z) € Y,
where x € Xp, is denoted by Yy and called the nondominated set.

The equitable rational preference relations allow us to define the concept
of equitably efficient solution.

Definition 3. Let ¢',y” € Y. We say that 3y’ equitably dominates 3", and
denote by v’ <. 3" if and only if ¢’ < 3" for all equitable rational preference
relations <. An outcome vector y is equitably nondominated if and only if
there exist no other outcome vector y’ such that 3y’ equitably dominates y.
Analogously, a feasible solution z is called an equitably efficient solution of the
multiobjective problem (1) if and only if y = f(z) is equitably nondominated.

The set of all equitably efficient solutions z € X is denoted by X.g and
called the equitably efficient set. The set of all equitably nondominated points
y= f(z) €Y, where z € X.g, is denoted by Y.y and called the equitably
nondominated set.

Definition 4. Let y € R™.

1. The function 6 : R™ — R™ is called an ordering map if and only if
0(y) = (61(y), 02(y), - -, Om(y)), where 01(y) > b2(y) = -+ = On(y) in
which 0;(y) = y,@ for i = 1,2,...,m, and 7 is a permutation of the
set {1,2,...,m}.

2. The function 6 : R™ — R™ is called a cumulative ordering map if and

only if O(y) = (01(y).02(y), .- -, 0m(y)), where 0;(y) = >=5_, 0;(y) for
i=1,2,...,m and the ordering map 6 is given by part (1).

Note that 6(y) = Af(y), where

100...0
110...0
111...1
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is an m x m lower-triangular matrix and relates it to the equitable preference.

A relationship between the weak equitable preference relation <. and the
Pareto relation has been established in [6]. The following proposition shows
finding nondominated points with respect to the weak equitable preference
relation <. can be done by means of Pareto preference.

Proposition 1. [6, Proposition 2.3] For any two vectors ¢, y” € Y, we have
Y Zey" & 0(y) S0(y") & A(Y) < AI(Y"),

where the ordering map @ and the cumulative ordering map 6 are given by
Definition 2.

Now, we review the concept equitably with respect to any matrix A, which
was introduced by Mut and Wiecek [11]. Assume that A = (a;;) is an m xm
matrix with real entries. Then the cumulative map A(f) : R™ — R™ is
defined by

A(0(y)) = Z a10;(y), Z az;0;(y), - - -, Z ap;0;(y)

Definition 5. Let ¢/, y"” € Y. We say that y’ A-equitably dominates y”, and
denote by y’ <.4 y” if and only if A(6(y")) < A(6(y")). An outcome vector y
is A-equitably nondominated if and only if there exist no other outcome vector
y’ such that 3y’ A-equitably dominates y. Analogously, a feasible solution x
is called an A-equitably efficient solution of the multiobjective problem (1) if
and only if y = f(z) is A-equitably nondominated.

The set of all A-equitably efficient solutions z € X is denoted by X.ag
and called the A-equitably efficient set. The set of all A-equitably nondomi-
nated points y = f(z) € Y, where z € X.ag, is denoted by Y. an and called
the A-equitably nondominated set.

Mut and Wiecek [11, Section 5] examined relationships between cone rep-
resentations and the axioms of preference relation <.4. They showed that
the relation <. satisfies the axioms of reflexivity, transitivity, and impar-
tiality while the weak principle of transfer requires the following condition
on the matrix A.

Weak transfer principle: For all y € R™ and for all é,j € {1,2,...,m}

Yi >y =y —€e; +eej 2y,
where 0 <€ <y; —y;.

Proposition 2. [11, Corollary 5.11] Let A = [a1, ag, ..., ap], where a;’s are
the columns of the matrix A, ¢ = 1,...,p. The weak principle of trans-
fer axiom for the generalized equitable preference <., is equivalent to the
condition
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ay Zag = -+ 2 ay,

on the matrix A.

The preference relation <. 4 does not satisfy the strict monotonicity and
strict principle of transfer axioms in general. Therefore the set of A-equitably
efficient solutions is not contained within the set of equitably efficient solu-
tions and the set of Pareto optimal solutions for the same problem. Foroutan-
nia and Merati extended the work done by Mut and Wiecek and stated new
conditions on the matrix A that guarantee to satisfy these axioms by the
preference relation <.4. They showed that the preference relation <. 4 is an
equitable rational preference relation if and only if

a12a22"'2am203

where q; is the ith column of the matrix A.

The concept of P-equitable rational preference relation has been intro-
duced by Mahmodinejad and Foroutannia [9]. They studied some theoretical
and practical aspects of the P-equitably efficient solutions and showed that
the set of P-equitably efficient solutions is contained within the set of efficient
solutions for the same problem.

Definition 6. Let M = {1,2,...,m} be the index set of objective functions
f = (f1,f2,--., fm) and let n be a positive integer such that n < m. A
collection P = {P, C M : k = 1,2,...,n} is called a decomposition of M,
and also it is said a partition of M if |J;_, P = M, and P, N P; = () for all
i # j, where 4,5 € {1,2,...,n} and Py is index set of objective functions in
class k.

Definition 7. Rational preference relations satisfying the following axioms
are called P-equitable rational preference relations:

1. P-impartiality: yp, ~ yrp, for any permutation 7 of components of
yp,, k=1,...,n.

2. Strict P-transfer principle:
Yi > Yj :>y—€€i+6€j <Y,
where 0 <e<y; —y;andi,j € Py fork=1,...,n.

When n = 1, that is, P, = {1,...,m}, each P-equitable rational pref-
erence relation becomes an equitable rational preference relation. For more
details on the P-equitable rational preference relation, the reader may refer
to [9].

Definition 8. Let y',y” € Y. We say that 3 P-equitably dominates ",
and denote by y' <pe y” if and only if 6(y}p, ) = 0(yp,) for k=1,...,n and
0(yp,) < 0(yp,) for some k € {1,...,n}. An outcome vector y is P-equitably
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nondominated if and only if there exist no other outcome vector y’ such that
y' P-equitably dominates y. Analogously, a feasible solution z is called an
P-equitably efficient solution of the multiobjective problem (1) if and only if
y = f(x) is P-equitably nondominated.

The set of all P-equitably efficient solutions x € X is denoted by Xpgr and
called the P-equitably efficient set. The set of all P-equitably nondominated
points y = f(x) € Y, where ¢ € Xpg, is denoted by Ypy and called the
P-equitably nondominated set.

3 The concept of Ap-equitable efficiency

In this section, we suggest an a priori method that is based on the pref-
erences matrix. The idea behind this is that the decision-maker classi-
fies the objective functions in different classes and determines a partition
P={P,CM:k=12,...,n} of {1,2,...,m} according to the importance
of objective functions. The decision-maker should give a preferences matrix
Ay, for objective functions in class Py for k = 1,2,...,n. We introduce the
matrix Ap = A1 § Ay § --- & A,, which is the direct sum of the matrices
A17A2, PN ,An7 that iS,

Ay 0 ... 0
0 Ay ... 0
Ap = .
00 .. 4,

The pairwise comparison matrix and its decompositions are one of the ways
which the decision-maker can use to provide a preference matrix Ay for objec-
tive functions in the class Py, (k =1,2,...,n). A pairwise comparison matrix
is used to compute for relative priorities of objective functions. The entry
(i,7) of a pairwise comparison matrix expresses the degree of the preference
of the ith objective over the jth objective. For more details, the reader is
referred to [5].
By the matrix Ap, the cumulative map Ap(f) : R™ — R™ is defined as

Ap(0(y)) = (A1(0(yp,)), A2(0(yp,)), - - - An(0(yp,))),

for y € Y, where yp, = (yj)jep, for k = 1,2,...,n. Note that Aj is a
| P;| % |P| matrix and |Py| is the cardinal of the set Pj.

Suppose that y',y"” € Y are two outcome vectors. Throughout this paper,
the following notations is used:

Ap(0(y) = Ap(0(y")) & Ar(0(yp,)) = Ax(0(yp,))  (k=1,2,...,n),
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Ap(0(y") < Ap(8(y")) & (Ap(0(y) = Ap(0(y")) and not Ap(0(y")) = Ap(0(y"))),

and also
Ap(0(y") = Ap(8(y")) & (Ap(8(y")) < Ap(0(y")) and Ap(8(y")) = Ap(0(y'))).

The following definitions are necessary for the solution concepts of this
paper.

Definition 9. Suppose that y',y” € Y are two outcome vectors. We say
that 3y’ Ap-equitably dominates y” if and only if Ap(6(y’)) < Ap(0(y")),
and that is denoted by ' <ca, y”. Also we say that y is an Ap-equitably
nondominated point if and only if there exit no y’ such that vy’ <ca, y. A
feasible solution x € X is an Ap-equitably efficient solution to the multiob-
jective problem (1) if and only if y = f(z) is an Ap-equitably nondominated
point.

The set of all Ap-equitably efficient solutions x € X is denoted by Xca, g
and called the Ap-equitably efficient set. The set of all Ap-equitably non-
dominated points is denoted by Y. 4, n and called the Ap-equitably nondom-
inated set.

Note that the relation <.4, becomes the equitable relation when A; =
A and P, = {1,2,...,m}. Moreover, if A is an arbitrary matrix and
Py = {1,2,...,m}, then Definition 5 holds. Also for Ay = Ajp,|x|py|
(k=1,2,...,n), Definition 8 holds.

Similar to the relation of Ap-equitable dominance, we can define the
relation of Ap-equitable indifference, ~.4,, and the relation of Ap-equitable
weak dominance, <.4,. We say that y' ~.4, 3" if and only if Ap(6(y")) =
Ap(0(y")), and also that ¢y’ <.a, y” if and only if Ap(0(y")) < Ap(0(y")).

It is clear that the preference relation <.4, satisfies the reflexivity, tran-
sitivity, and P-impartiality axioms. In continue, we express some conditions
that guarantee the relation <.4, is a P-equitable rational preference rela-
tion. Throughout this section, we assume that ef € R¥ is the unit vector
with the ith component equal to one and the remaining ones equal to zero,
where k=1,2,...and i € {1,2,...,k}.

Theorem 1. The strict monotonicity axiom for the preference <. 4, is equiv-
alent to the condition

a* >0  (i=1,2,...,|P), (4)
where af is the ith column of the matrix Ay and k =1,2,...,n.

Proof. We first prove that if the matrix A, satisfies condition (4), then
the strict monotonicity axiom holds for the preference <.4,. Let y € Y,
i€{1,2,...,m} and y =y — eel”, for € > 0. We show that y' <4, v, this
means that A4;(0(yp,)) = A;(0(yp,)) for j = 1,2,...,n and A;(0(yp,)) <
A;(0(yp,)), for some j € {1,2,...,n}. There exists an index k € {1,2,...,n}
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such that i € P,. For j € {1,2,...,n} — {k}, we have yp, = yp,, so

Aj(0(yp,)) = A;j(0(yp,)). Since yp, = yp, — eel Prl we have Yp, < Yp,-
Hence

Because af >0for j=1,2,...,|Px|, we obtain

| Pr| | P |

D ali0iyp) <Y akbi(yp)  (i=1,2,...,|P),
J=1 J=1

and there is i’ € {1,2,...,|Pg|} such that

| Py | | Py |

Zaz’J yPk < Zaz’j yPA

So, Ax(0(yp,)) < Ax(8(yp,)) and the proof is complete.
Conversely, suppose that the strict monotonicity axiom holds for the pref-

erence <.4,. For any k € {1,2,...,n}, we define the vector 37 € R™ such
that
= lPl +- 4 e‘jpi‘ for j <Py
P 0 otherwise,

for j =1,2,...,maxp=12, . |P and i =1,2,...,n. Let e € R™ be defined

as ep, = e‘l ’“‘ for k =1,2,...,n. The strict monotonicity property implies
that
Y —e <eap i, (j=1,2,..., max |Pgl),
k=1,2,....,n
which concludes that a? >0forj=1,2,...,|P;] and k =1,2,...,n. Hence,
the matrix Ap fulfills condition (4). O

Remark 1. If n =1 and P, = {1,2,...,m}, then Theorem 3.1 in [3] holds.

To establish the strict P-transfer principle for the preference <.4,, we
need the following statement.

Proposition 3. [3, Proposition 3.1] Let = (z1,22,...,2y,) and y =
(y1,Y2,---,Ym) be two vectors in R™ such that

ijSZyj (i=1,2,...,m),
j=1 j=1
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where the strict inequality holds at least once. Alsolet W = [w!, w?, ..., w™]
be a matrix m x m and let w’s be the columns of the matrix W for i =
1,....,m. If

then
m m
j=1 j=1

where the strict inequality holds at least once.

Corollary 1. Let z and y be vectors in R™. If w; > ws > --- > w,,, > 0

and
n n
Z%‘SZ% (n=1,2,...,m),
i=1 i=1
then
m m
Z Wi < Z Wiy
i=1 i=1
Proof. Let the matrix W = (w;;) be defined by wq; = w; for j =1,2,...,m
and w;; = 0 for ¢ = 2,...,m. Using Proposition 3, the proof is obvious. [

Theorem 2. The strict P-transfer principle for the preference <. 4, is equiv-
alent to the following condition:

k k k
1Za22"'2a|Pk\v (6)

where a?’

1,....n.

s are the columns of the matrix Ay, for ¢ = 1,2,...,|Px| and k =

Proof. Let y € Y, ijEPk, yi > yj, and ¢y =y —eel” —l—eej where 0 < e <
y; — y;. We show that 3’ <€AP y. This means that 4;(0(yp,)) = Ai(0(yr,))
for I =1,2,...,n and A;(0(y} l)) < A1(6(yp,)), for some [ € {1,2,...,11}. If
le{l,2,... ,n} — {k}, then y}gl =1Yyp, SO Al(ﬂ(y}l)) = A1(0(yp,))-

Let a € R be such that

a’f+a2a§+a2~~2afpk|+a20. (7)

| P

Since 7/ P, = YP, — ee'P’cl +e€e; " and the equitable preference =, satisfies the

strict transfer principle, we have 6(yp, ) < 6(yp,). Hence, by Proposition 3
and (7), we have

| Py [ Pr|
> (af, + )0y (yp,) Z (a¥, + )0, (yp,)  (s=1,2,...,|P:),

t=1
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where the strict inequality holds at least s. On other hand, ZLZ’“II 0:(yp,) =
| P

+ 0:(yp,) implies that
| Py | | Py |

Zalgtat(y}’k) <Za§t9t(ypk) (821’27"'7|P/€D7
t=1 t=1

where the strict inequality holds at least s. Hence, we have the desired result.
Conversely, suppose that the strict P-transfer axiom holds for the prefer-
ence =<.a,. We define the vector 37 € R™ such that

i = 26‘1&‘ + - —|—2€‘jP"‘ forj <P —1
B 0 otherwise,

for j=1,2,...,maxj=12,. n|Pland i =1,2,... n.
Let ¢/ € R™ be defined as e{;i = tePiI fori = 1,2,...,n and j =
1,2,...,max;=1,2, . n |P;|. The strict P-transfer property implies that
y—ed el <4, (Gj=12,..., maxn|Pi|),

i=1,2,...

which conclude the desired result. O

Remark 2. If n =1 and P, = {1,2,...,m}, then Theorem 3.2 in [3] and
Corollary 5.11 in [11] hold.

Theorems 1 and 2 imply that the preference relation <. 4, is a P-equitable
rational preference relation if and only if the matrix Ap fulfills conditions (4)
and (6), that is,

af > a5 > >afp, >0, (8)
fork=1,...,n.

Theorem 3. Suppose that the matrix Ap = A; ® Ay @ --- & A, satisfies
condition (8). If x € X is an Ap-equitably efficient solution of multiobjec-
tive problem (1), then it is a P-equitably efficient solution of multiobjective
problem (1). Moreover, Yea,.n C Ypn.

Proof. Suppose that x is an A p-equitably efficient solution to (1). If x is not
a P-equitable efficient solution to (1), then a feasible solution &’ must exist
such that the outcome vectors y = f(z) and y' = f(z') satisfy ' <p y, so
é(y})k) < 0(yp,) for k=1,...,n. Using Proposition 3, we deduce that

| P | Py |
> a0i(yp,) <Y akibilyp) (=12, |Pl),
=1 im1
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where the strict inequality holds at least once. Hence y' <., y, which
contradicts the equitable A p-efficiency of x. O

Remark 3. If n =1 and P, = {1,2,...,m}, then Theorem 3.3 in [3] holds.

Since the P-equitably efficient set is contained within the efficient set,
by applying Theorem 3, we can conclude Xea,r C Xpr C Xg, and hence
YeApN C Ypny C Yy

In general, the preference relation <.4, does not satisfy the strict mono-
tonicity and the strict P-transfer axioms. Also condition (8) is necessary
in Theorem 3. The truth of these statements is examined by the following
example.

Example 1. Let

X =Y ={(y1,92): yi +y5 < landys >y}

Ifn=1, Ap = [01 (1)], ay = [11/22} and € = 1/2, then y — %62 ReAp Y

and y — %62 + %el feAp y. Hence, the preference relation =<.4, does not
necessarily satisfy the strict monotonicity and the strict P-transfer axioms.
Also, we have

-1 -1
Yy = {(yl,yz):y%+y§=1,—1<y1 <ﬁ,ﬁ <y2<0},
Yean = {(y1,92): 5 +y3 =1,-1<y1 <0,0< yp < 1}.

Moreover Ypn = {(;—%, &—%)} Hence, Yoa,n € Ypy and Yea,n € Y.
Note that Definition 9 permits one to express Ap-equitable efficiency for
problem (1) in terms of the standard efficiency for the multiobjective problem

with objectives A (0(fpr(x))):
min{Ap(8(f(z))): x € X}. (9)

Theorem 4. A feasible solution x € X is an Ap-equitably efficient solution
to the multiobjective problem (1) if and only if it is an efficient solution to
the multiobjective problem (9).

Proof. The proof is trivial by Definition 9. O

Remark 4. If n =1 and P; = {1,2,...,m}, then [11, Corollary 5.3] holds.
Also, if Ay = Ajp,x|p,| for all k =1,2,...,n, then [9, Theorem 3.2] holds.

4 The concept of AZ-equitably efficiency

In this section, we investigate the inclusion relations among As-equitably
efficient set, P-equitably efficient set, and efficient set. Then, we introduce
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the concept of A¥-equitable efficient to generate a subset of efficient solu-
tions, which aims to offer a limited number of representative solutions to the
decision-maker.

Let Ap=A10A,®---®A,and Bp =B & B, &---® B, betwomxm
matrices. The combined cumulative map (Apo Bp)(#) : R™ — R™ is defined
by

(Apo Bp)(0(y) = Ap (0(Bp(0(v))))

fory e Y. If ¢,y € Y, using the combined cumulative map, then we can
say that y' (Ap o Bp)-equitably dominates y” if and only if

Ap (0(Bp(0(y')))) < Ap (0(Bp(0(y")))) ,

and that is denoted by ¥’ <c(apoBp) ¥”. Also we say that y is an (Ap o
Bp)-equitably nondominated point if and only if there exit no 3’ such that
Y <e(apoBp) Y- A feasible solution 2 € X is an (Ap o Bp)-equitably efficient
solution to the multiobjective problem (1) if and only if y = f(z) is an
(Ap o Bp)-equitably nondominated point.

In order to make calculations easier, we present a condition on the matrix
Bp whereby the vector Bp(6(y)) is decreasing for every outcome vector y €
Y.

Proposition 4. The condition

B B .
rit Z2rahy; =12 Pl), (10)
where riljk = lebﬁ fori=1,2,...,|P]—1and k=1,2,...,n, is equiva-

lent to the statement that By (0(yp,)) is decreasing for all y € R™.
Proof. Put 0p,11(yp,) = 0, by the Abel summation

| P | | P
bi’cjej (yPk) = Z Tgk (93 (ypk) =041 (yPk ))a
j=1 =1
we obtain the desired result. O

By the above proposition, we conclude that 6(Bp(0(y))) = Bp(6(y)) and
(Ap o Br)(0()) = Ar (0(Br(0(1))) = (ApBr)(0(y)),
where ApBp is the product of the matrices Ap and B,, and also
ApBp = A1By ® A3By ® -+ & A, By,. (11)

It follows from what has been said above that the relation X4 ,0pp) 18
equivalent to the relation <.4,p,, when the matrix Bp satisfies condition
(10).
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In continue, we study the relationship between A p-equitably efficient so-
lutions and (Ap o Bp)-equitably efficient solutions. To do this, we require
the following statements.

Proposition 5. Let A = (a1,as9,...,a;,) and B = (by,ba,...,by) be two
m x m matrices, where a; and b; are the jth column of the matrices A and
B, respectively. If D = AB = (di1,ds, . ..,dn), where d; is the jth column of
the matrix D, then the following statements hold:

i) If a; > 0 and b; > 0 for all j = 1,2,...,m, then d; > 0 for all
J j J
i=12...,m.

(ii) If a; > 0 for j=1,2,...,mand b; > b1 for j =1,2,...,m — 1, then
dedj+1 forj:1,2,...,m—1.

(iii) If rfj = Zizl a;r and rfj = Zi:1 b;r are decreasing with respect to
i for all j =1,2,...,m, and also ifr;?j >0 fori,j=1,2,...,m, then

Tfj = Ei::l d;x, is decreasing with respect to ¢ for all j =1,2,...,m.

Proof. (i) We have

m

dj = (Z aikbkj>
k=1

The condition b; > 0 implies that by; > 0 forall 5 =1,2,...,m and b; > 0
for some k' € {1,2,...,m}. Also, axr > 0 concludes that a;zx > 0 for any
i=1,2,...,mand ayp > 0 for some ¢’ € {1,2,...,m}. Thus a;,bx; > 0 for
any 7,k =1,2,...,m and a;by; > 0, which means that d; > 0.

(i) The condition b; > b;y1 implies that by; — by(j41) = 0 for all k& =
1,2,...,m and bpj — by (j41) > 0 for some k" € {1,2,...,m}. Also, ap >
0 concludes that a;r > 0 for any ¢ = 1,2,...,m and a;g > 0 for some
i" € {1,2,...,m}. Thus a(bx; — byj+1)) = 0 for 4,k = 1,2,...,m and
Qi k! (bk/j — bk’(j+1)) > 0, which means that

i=1

m

m
Zaikbkj P Zaik‘bk(j+l) (Z = 1a27"'7m)a
k=1

x>
—

and the strict inequality holds when ¢ = ¢'. Hence d; > dj4q for j =

1,2,...,m—1.

(4i7) Since rfj is decreasing with respect to i for j = 1,2, ..., m, we obtain
n n
Zbit>zb(i+l)t (n:1,2,...,m).
t=1 t=1

For all j € {1,2,...,m}, we set w; = Zi:l Qg = 7";3-. Using Corollary 1, we
see that
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mj mJ
D> awbiu>) > aubgi:
t=1 k=1 t=1 k=1
Therefore
j m j m
> D aubin =) > aubi
k=1t=1 k=1t=1
and
J
Z d(z+1
k=1 k=1
for all j =1,2,...,m. This completes the proof of part (7). O

Theorem 5. Let Ap = A1 AP --- DA, and Bp=B1®Byd---P B,
be two m x m matrices. We have the following statements.

(i) If the matrix Ap satisfies condition (4) and the matrix Bp satisfies
condition (8), then the matrix ApBp fulfills condition (8). Thus, the
preference relation <.(a,p,) is a P-equitable rational preference re-
lation. Moreover, if the matrix Bp satisfies condition (10), then the
preference relation =.(4,0p,) is @ P-equitable rational preference rela-
tion.

(ii) If the matrices Ap and Bp satisfy condition (10) and also if the matrix
Ap fulfills condition (4), then the matrix ApBp satisfies condition (10).

Proof. By using relation (11) and Proposition 5, we obtain the desired results.
O

Theorem 6. Let Ap = A1 DAy ®---DA,and Bp =B, ®By®--- D B,
be two m x m matrices. Also let the matrix Ap satisfy condition (4) and the
matrix Bp satisfy condition (8). If ¢’ and y” are two outcome vectors, then

Y <eBp ¥ =Y <e(apBr Vs
Y ZeBp V' =Y Zearnr) V-

Hence Y, (4, Bp)N C Yen,n, which implies that Xo 4., g C Xeppr. More-
over if the matrix Bp satisfies condition (10), then Yy (4 ,05,)n C Yen,n and
Xe(apoBp)E C XeBpE-

Proof. Let y',y" € Y and y' <cp, y". Then By(0(yp,)) = Br(0(yp,)) for
k=12,....,nand By(0(yp,)) < Bw(0(yp,)) for some ke {1,2,...,n}.
Hence
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| Py | Py
Zb (Y, Zb (i=1,2,...,|Pl and k =1,2,...,n),
and there exists i’ € {1,2,...,|Py|} such that
[Py | | Py |

Zb Zb i (W)

Now according to condition (4), we have a¥, > 0 for i = 1,2,...,|P:| and
k=1,2,...,n, and there exists ¢’ € {1,2,...,|Py|} such that at,i, > 0. This
implies that

| Py

P
> (ABr)i0; (Y, ) Z (AxBr)t05(yp,)

j=1

(t=1,2,...,|Pc|and k =1,2,...,n),

and the strict inequality holds when k = k" and ¢t = ¢'. Therefore ¥’ <.(a,B,)
y"'. Moreover, suppose that the matrix Bp fulfills condition (10). Since the
preference relations <¢(a,Bp) and <c¢(apoBp) are equivalent, the proof is
complete. O

Let Ap=A1 AP ---P A, be an m X m matrix and let r = 1,2,....
The cumulative map A% () : R™ — R™ is defined as

Ap(0(y)) = (ApoApo---0 Ap)((y)),

r—times

for y € Y. If conditions (10) and (4) are satisfied by the matrix Ap, then

Ap(0(y)) = (ApAp ... Ap)(0(y)).

r—times

The following statement states the relationship among A',-equitable effi-
cient solutions, P-equitable efficient solutions, and efficient solutions to mul-
tiobjective problem (1).

Corollary 2. Suppose that the matrix Ap satisfies conditions (8) and (10).
Then YEA;-HN C Yearn C Ypy C Yn. Moreover, XeA;,“E C Xearp C
Xpr C XE.

Proof. The first inclusion follows by replacing A’ instead of Bp, in Theorem
6. Also, by applying Theorem 3, we deduce the second inclusion. O

By using Corollary 2, we conclude the following statement for P; =

{1,2,...,m}.
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Corollary 3. Suppose that the matrix A satisfies conditions (8) and (10).Then
Yoartiny C Yearny C Yen C Y. Moreover, X gqr+15 C Xearg C Xep C Xg.

Condition (8) in the above results are necessary. To investigate this fact,
we give the following example.

Example 2. Let Y and Ap be defined as in Example 1. Although condition
(10) holds, condition (8) does not hold, and we have

-1 -1
YA“@N:YN: {(ylayQ)y%+y§_171<yl < ﬁaﬁ <y2<0}5

YVasrsiony = {(y1,y2): yi + 45 =1,-1 < y1 < 0,0 <y < 1},

N

1
1/6144"'+ZN = {(ylayQ): y% +y§ = 170 g Y1 < 570 g Y2 x 1}7

Yasrssoy = {(y1,—y1): i + 93 = Lyp =i},
for r=0,1,2,.... We observe that Corollary 2 does not hold.

According to Corollary 2, we offer an algorithm to compute the A’p-
equitably efficient solutions to the multiobjective problem (1).

Algorithm 1

Input: Consider the feasible solution X and the objective functions f as in
problem (1). Determine a partition P = {Py, P5,...,P,} of {1,2,...,m}, a
matrix Ap, and an integer r € {1,2,...}, according to the decision-maker.
Step 1: Put X; = X and k£ = 1.

Step 2: Solve the following multiobjective problem

min{ A% (0(f(z))) : z € X} (12)

Step 3: If k = r, stop. Otherwise, put X1 = X 41 p and k =k + 1, go to
Step 2.
Output: The set X, is Alb-equitably efficient set.

In the first iteration of Algorithm 1, the Ap-equitably efficient solutions
to the multiobjective problem (1) are computed. Then these solutions are
gradually reduced in the next iterations. Finally, the A-equitably efficient
solutions are obtained in the last iteration.

In the following example, we investigate Corollary 2 and Algorithm 1
and show that A>-equitably efficient sets are reducing when r is increasing.
For this purpose, a large number of random solutions are generated for the
scalable test function. From this large set of solutions, efficient solutions,
P-equitably efficient solutions, and Ap-equitably efficient solutions are cal-
culated for r = 1,2, 3.

Example 3. The test problem considered is the F1 (see [2])
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0.8

04

Figure 1: Efficient solutions, P-equitably efficient solutions, and Al,-equitably efficient
solutions of the F'1 problem (2 variables and 6 objectives) for r = 1,2, 3.

min y = {fi(z), fo(z), f3(x), fa(x), fs(x), fs(x)}

zER?
fi(@) = af + (2 +1)
fa(z) = (21 — 0.5)% + (22 4+ 0.5)?
fs(z) = (1 — 1) + 23
fa(w) = (x1 + 1) + a3
f5(x) = (21 = 0.5)* + (22 — 0.5)
fo(x) = af + (w2 — 1)?

In Figure 1 from 3000 random solutions, 1804 solutions (blue point) are
efficient. Let P, = {1,2,3}, P» = {4,5,6}, and

1 0 0 1 0 0
A =105050|, A,=10504 0],
0.4 0.4 0.2 0.4 0.3 0.2

be given by the decision-maker. We obtain 230 P-equitably efficient solutions,
144 Ap-equitably efficient solutions, 44 A%-equitably efficient solutions, and
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34 A3-equitably efficient solutions, which are shown by yellow plus sign, red
circles, green square, and cyan star, respectively, in Figure 1.

We assume that the matrix Ap satisfies conditions (8) and (10). Using
the results above, we can define infinite order dominance as follows:

‘<6Af§’ = U ‘<6A}'3 )
reN

where N = {1,2,...}. This means that,
Y <eAss Yy ey =ear, y" (for somer € N).

Definition 10. The outcome vector y is A% -equitably nondominated if and
only if there exist no other outcome vector y’ such that 3" <. As Y. Anal-
ogously, a feasible solution z is called an A¥-equitably efficient solution to
the multiobjective problem (1) if and only if y = f(z) is AF-equitably non-
dominated.

Corollary 4. If the matrix Ap satisfies conditions (8) and (10), then
YEA}O;,QN = ﬂTENYEA;;N and }/;A%ON C Ypy C Yn. Moreover, XeA%?E -
Xpp C Xg.

Proof. By applying Definition 10 and Corollary 2, the proof is trivial. O

Corollary 4 indicates that to reduce Pareto optimal solutions and P-
equitably efficient solutions, we can use A¥-equitably efficient solutions.

For n =1 and P; = {1,2,...,m}, by applying Corollary 4, we conclude
the following statement.

Corollary 5. Suppose that the matrix A satisfies conditions (8) and (10).
Then Yeacon = [),en Yearny and Yeaoeon C Yoy C Y. Moreover, Xoaeop C
X C XE.

reN

5 Conclusion

In this paper, we focused on a new concept of rational A p-equitable efficiency
for solving the multiobjective optimization problems, where the preferences
matrix Ap is given by the decision-maker. This concept was obtained by
rational preference relations on the certain cumulative vector Ap(6(y)) for
y € Y. We examined some conditions that ensure the preference relation
=eAp is a P-equitable rational preference relation. Moreover, we expressed
the concept of Ar-equitable efficiency to generate a subset of Pareto optimal
solutions for » = 1,2,.... Also, we proved that the Ap-equitably efficient
sets are decreasing with respect to r and that the intersection of these sets
is the AP -equitably efficient set. Furthermore, an experiment was carried
out on randomly generated solutions in order to better compare the efficient
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solutions, the P-equitably efficient solutions, and the A%-equitably efficient
solutions. This experiment indicated that the size of the A’-equitably effi-
cient sets is considerably smaller than the size of the efficient set.
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A family of eight-order interval methods

for computing rigorous bounds to the
solution to nonlinear equations

M. Dehghani-Madiseh

Abstract

One of the major problems in applied mathematics and engineering
sciences is solving nonlinear equations. In this paper, a family of eight-
order interval methods for computing rigorous bounds on the simple zeros
of nonlinear equations is presented. We present the convergence and er-
ror analysis of the introduced methods. Also, the introduced methods
are compared with the well-known interval Newton method and interval
Ostrowski-type methods. Finally, we propose a technique based on the
combination of the newly introduced approach with the extended interval
arithmetic to find all of the roots of a nonlinear equation that are located
in an initial interval.

AMS subject classifications (2020): 65G30; 34G20

Keywords: Interval arithmetic, Nonlinear equations, Rigorous bounds, Con-
vergence analysis.

1 Introduction

The main motivation for this study is to enclose the simple root x* of the
nonlinear equation

f(z) =0, (1)

by a bounded interval, where f : D C R — R is a real-valued nonlinear
function on the open interval D.

Nonlinear problems are of interest to engineers, physicists, and many
other scientists because most systems are inherently nonlinear in nature.
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Up to now, many modified methods for solving nonlinear equations have
been developed to improve the local order of convergence of some classical
methods, such as Newton, Chebyshev, Potra-Ptak, and Ostrowski methods;
see [19, 18,7, 8, 6, 3, 4, 9, 10, 14, 2, 23, 5, 13].

An optimal eight-order method for solving nonlinear equation (1) pro-
posed by Bi, Ren, and Wu [2] that is based on King family [14], is given
by

yn =Tp — ]{/(27;))7
— _ Qf(l'n)_f(yn) f(yn)
Zn = Yn = 5f(a) 57 (yn) T (an)? (2)

Tnir = 20— hlpn) FES,

where p,, = ;g;:% and h is a real-valued function with ~A(0) = 1, »’(0) = 2 and
|h(0)| < oo. Iterative method (2) with eight-order of convergence is very fast
compared with many other methods. Solving the problems in floating-point
arithmetic is inevitably associated with round-off errors, and so the obtained
solution to the problem is accompanied by some errors. Interval analysis is a
tool for bounding the errors and providing rigorous bounds on the solution to
the problems. The interval extension of the Newton method with quadratic
convergence [24, 16], the interval extensions of the Ostrowski method and
modified Ostrowski method, respectively, with fourth-order and sixth-order
of convergence [1, 11], and the interval extension of the n-step Traub method
with (n + 1)-order of convergence [21], are examples of the interval methods
that give rigorous bounds on the solution to the nonlinear equations.

In this work, we present an interval extension of (2), which has an eight-
order of convergence and gives rigorous and outstanding results, that is, in-
terval enclosures with sharp bounds that contain the exact solution. Also, we
introduce a technique based on combining the new method and the extended
interval arithmetic for enclosing all simple roots that are located in an initial
interval. In contrast, many root-finding methods can only find one root of
the function in the given initial interval.

Here, we use boldface letters to denote intervals. The set of real intervals
is denoted by IR = {x = [x,X] : x < X}. The midpoint and width of an
interval number x = [x,X| are defined by m(x) = *}* and w(x) = X — x,
respectively. The absolute value of x is |x| = max{|z| : € x}. The interval
extension of real-valued function g is denoted by its corresponding uppercase

and bold letter G.

2 Description of the methods

Many modified methods for solving nonlinear equation (1) with a high-order
of convergence are based on the well-known Newton method. So, we first
give a brief description of the interval Newton method.
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2.1 Interval Newton method

The idea of the interval Newton method for the first time was discussed
in [24, 16]. Suppose that the real differentiable function f in (1) has the
inclusion of monotonic interval extension F’(x) of its derivative f/(z) and
that xq is an initial point. Then the interval Newton method is

f(m(xn))

() }Nx,, n=0,1,.... (3)

Xp+1 = {m(xn) -
Recursive relation (3) produces a sequence {x,} of interval numbers. If the

initial interval x¢ contains a zero z* of f(x) and 0 ¢ F/(x¢), then all iterates
contain x* and the method converges to z*.

Theorem 1. [17] Let f be a real rational function of a single real variable
x with rational extensions F and F’ of f and f’, respectively, such that f
has a simple zero y in an interval [x7, z5] for which F([z1,x2]) is defined and
F'([x1,22]) is defined and does not contain zero. Then there is an interval
%o C [21,x2] containing y and a positive real number K such that

W(Xpt1) < K(W(xn))27

therein {x,} is the produced interval sequence by (3).

2.2 Main results and convergence analysis

In this subsection, a new interval method is introduced to obtain sharp en-
closures for the simple zeros of nonlinear equations. First, for theoretical
considerations, we present the following lemmas.

Lemma 1. [17, 1] For real numbers a and b and interval numbers x and y,
we have

(i) w(ax + by) = |a|w(x) + [blw(y),

(i) w(xy) < [x|w(y) + [y|w(x).

Lemma 2. [17] Every nested sequence {x;} converges and has the limit
ﬂzozlxk.

Lemma 3. [17] If F is a natural interval extension of the real-valued rational
function f with F(x) defined for x C x¢, where x and x( are intervals, then
there exists a constant L such that

w(F(x)) < Lw(x).

Now we introduce the interval extension of (2) as follows:
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Vo = N(xn) Nxp,
Zy = R(Xn7 yn) N Xn, (4)
Xn+1 = S(XnaYNaZn) N Xn,

where

2/ (m(x)) — f(m(y)) F(m(y))
2/ (m(x) 57 (m(y) F(x) |

fm@) . R
HOSG 7 Fmog)

in which H is the interval extension of the continuous rational function h.

R(x,y) =m(y) -

S(x,y,2) = m(z) —

Now we are ready to present the theoretical analysis of the proposed
method (4).

Theorem 2. Assume that f: D C R — R is continuously differentiable and
that 0 ¢ F'(xq) for a given xo C D. If xq contains a zero z* of f(x), then so
do all x;, for k =1,2,..., defined by (4). Furthermore, the intervals x; form
a nested sequence converging to x*.

Proof. Using the Taylor expansion around z € xg, we have

0= f(z*) = f(z) + (2" — ) f' (&),

for some &; between x and x*. Because f/(£1) # 0, we obtain

@
T ey )
which f/(&1) € F'(xo) yields
@ @)

Since = € xq is arbitrary, so in particular for z = m(xg), and taking into
account that x* € xg, we obtain

f(m(xo

= {m(xo) — F/x,

} N Xg = N(Xo) N X0 = Yo-

Now again using the Taylor theorem, for y € yo, we can write

fly) = f=") + (y —27) (&),

for some &, between y and z*. Since f/(&) # 0 and taking into account that
f(z*) =0, we get
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f(&2)
As previously mentioned, method (2) is based on the King family. King [14]
proposed the following formula for approximating f/(y,):

f(@n) +7f(yn)
f(@n) +Bf(yn)’
with v = 8 — 2 to achieve a fourth-order of convergence. Let & and & be

sufficiently close to = and y, respectively. Whereas in method (2), f = —%,
and using (10), we have

=y —

f/(yn) ~ f/(zn) (10)

2f(z) = 5f(y)

Substituting (11) into (9) yields
ey AW 2@ - I ) (1)

T &) YT 20 @) =51y (&)

Indeed f'(&1) € F/(x¢) and (12) holds for any x € x¢ and y € yo, in particular
for z = m(xg) and y = m(yp). So, we obtain

2f(m(x0)) = f(m(yo)) f(m(yo))
2f(m(x0)) = 5f(m(yo)) F'(xo0)

Now for z € zg, by the Taylor theorem, we have

f(z) = f@@) + (z = 27) f'(83), (13)

for some &3 between z and z*. Using the Taylor expansion for h(u) around

z* € {m()’o)—

}HXQ = R(Xo,yo)ﬂXO = Zy.

zero with p = %, we get

h(p) = h(0) + puh/(0).
Since h(0) = 1 and A/(0) = 2, we obtain

f(2)
f@)’

h(p) = 1+2

and so

f*(2)

fl@)

Because z is arbitrary, we can assume that z and z* are sufficiently close
together and so f(z)h(p) = f(2). Now using (13), we obtain

f(2)h(p) = f(2) +2
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e 1)
T .

Indeed f'(&3) € F'(zo) and (14) holds for any = € x¢ and z € 2z, in particular
for x = m(xp) and z = m(zp). Therefore, since z* € x¢, we obtain

f(m(z0))
F’(z0)

By continuing this process, we see that

x* e {m(zo) — H(jio)

} Nxo = S(X0,¥0,2%0) NXg = X3.

et exp,  k=0,1,.... (15)

Now by formula (4), it is obvious that xx+1 C x for k =0, 1, ..., which means
that {x;} is a nested sequence. By Lemma 2, this sequence is convergent to
a =N ,xy. Since z* € x, for all k, then 2* € a. On the other hand, m(z,)
is not contained in S(x,, y», z,) unless f(m(z,)) = 0. Since m(z,) € z, C x,,
we conclude that w(x,41) < w(x,). Therefore a = z*. O

Note that procedure (4) stops when some stopping criteria are fulfilled,
such as w(x,,) < € for a tolerance € or x,,4+1 = X,,. The computational scheme
of the proposed interval method (4) for enclosing the simple roots of a given
nonlinear equation f(x) = 0 is presented in Algorithm 1.

Algorithm 1 The new interval method (4) for enclosing roots of nonlinear
equation f(z) =0

1: procedure INTERVAL ROOT-FINDING(f, Xq, tol)
2: n =20;
while w(x,,) >= tol do
Compute N(x,,) from (5);
v =intersect(N(xy,),x,);
Compute R(x,,y,) from (6);
7, =intersect(R(Xn,¥n), Xn);
Compute S(X,,, ¥n,z,) from (7);
Xn+1 =intersect(S(Xn, ¥n,Zn), Xn);
10: n=n++1;
11: end while
12: return x,
13: end procedure

Theorem 3. Suppose that f : D C R — R is continuously differentiable and
that 0 ¢ F/(x¢) for a given xg C D. If 2* € x¢, then x;, contains a unique
root of f(z), for k =0,1,.... Furthermore, if S(xg,yx,2zx) Nxx = 0 for some
k, then f(z) # 0 for all z € xo.
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Proof. Let x* € xg. By Theorem 2, we conclude that z* € x, for all k, which
is unique because 0 ¢ F/(x;) C F/(xo).

Now suppose S(xx,¥r,2zx) N X = 0 for some k, but z* € %y is a root of
f(z), so by Theorem 2, we conclude that z* € x, for all n. Particularly
x* € X1 = S(Xk, Yk, Zk) N Xi, which is a contradiction. O

Theorem 3 is in the category of verification methods. By verifying its
assumptions with the aid of a computer, we can detect when a certain interval
does not contain a root.

Theorem 4. Let f: D C R — R be continuously differentiable and have
a simple zero 2 in Xo. If 0 ¢ F'(x¢), then the interval method (4) has an
eight-order of convergence, that is, there exists a positive real number C' such
that

W(xat1) < C(wlxa))®.
Proof. Since Xp+1 C S(Xpn, Yn,2n) 80 W(Xpt1) < w(S(Xn,¥n,2n)). By the
mean value theorem, we can write

f(m(zp)) = f'(m)(m(z,) — %),
for some 7; between m(z,) and z*. Thus we get

£ () () = )

S(ery'mzn) = m(Zn) - H(/]n) F/(Zn)

Therefore, from (16) and Lemma 1, we obtain

W(S(Xn, ¥, 2n)) < [H(fin)||m(z,) — x*\lf’(m)lvv(ﬁ) +
w(H(fin)) [m(20) — 2*||f' ()| gy |- (A7)
Because 2* € z,,, it is obvious that
m(z,) — 2| < w(zn). (18)

On the other hand, we can write

2f(m(xn)) = f(m(yn)) f(m(yn))
2f(m(xn)) = 5f(m(yn)) F'(xn) -

Using the mean value theorem, we have

fm(yn)) = f'(n2)(m(yn) —2*),  and  f(m(x,)) = f'(13)(m(xs) —z")

Zp g m(Yn) - (19)

*

for some 7y between m(y,) and z* and some 73 between m(x,) and z
Because

m(yn) — 27| < w(yn) Sw(xn)  and  |m(xn) — 2" < w(xn), (21)
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so using (20) and (21), we obtain

[f(m(yn )| < [f(n2)[w(yn), (22)

12f(m(xn)) = f(m(yn))| < 2|f(m(xn))] + [f(m(yn))] (23)
=2|f' (ns)lm(xn) — 2| + [ ' (n2)|[m(yn) — ="
< 2| (ns)lw(xn) + | (n2) [w(xn) < Crw(xn),

where C; is an upper bound for 2|f'(ns3)| + |f'(n2)]. On the other hand,
Theorem 1 yields

w(yn) < Ca(w(xa))?, (24)
for a positive constant Cy. So by (22) and (24), we obtain
[f(m(yn)] < C3(w,(x0))%, (25)

in which Cj is an upper bound for Ca|f’(n2)|. Using Lemma 3, we have

F/(Xn)) < C4W(Xn). (26)

Now from (19) and Lemma 1, we can write

2/ (m(xn)) — f(m(yn))| 1

wian) < gt LRI iy, )) ().
Moreover, using (23), (25), and (26) yields
W) < Cy(wlxa)* 1)
where Cs is an upper bound for 1 f(m(xf)l)%ﬁ“(m(yn))L By Lemma 3 and (27),
we get
W) < W) < Calur(x,)" (28)

Therefore, from (18), (27) and (28), we have
L) () = L ()l () < Colwlxa)®s (29

in which Cg is an upper bound for C2|f’(n1)||H(fin)|- Now by Lemma 3,
there exists a positive constant C7 such that

w(H(fin)) < Crw(fin). (30)

Using Lemmas 1 and 3 and (27), we obtain
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B | w(F@) | Cewlm)
() =¥ ) = TFmGe)] = Ty = 0 G

where Cy is a positive constant and Cy is an upper bound for % From
(30) and (31), we can write

w(H(jin)) < Cro(w(xn))*, (32)

in which Cy9 = C7Cy. Using (18), (27), and (32), we obtain

_ N 1
w(H(fn))m(z,) — 2 Hf/(??l)l\ml < Cri(w(xn))®, (33)
where C1; is an upper bound for C5C'q |f’(n1)||ﬁ| Finally, since w(x,41) <
w(S(Xn,¥n,2n)), by (17), (29), and (33), we conclude that w(x,+1) <
C(w(x,))®, where C = Cg + C1;. O

As one can see, the new interval method (4) with three-step has an eight-
order of convergence, while some other interval methods with the same num-
ber of steps have a lower order of convergence; for some of them, see [1, 21].

3 Test problems

In this section, we give some numerical examples to illustrate the performance
of the new approach proposed in Section 2. The new method is compared
with the interval Newton method, interval Ostrowski method, and interval
modified Ostrowski method. In all examples, the procedures are stopped
when w(xy) < 10716, We utilize INTLAB [22] to compute the verified results
on the computer. We study the following examples:

1
fi(e) = aresina® —1) = Jr +1, 2} ~ 0.5948100683983692,

fox)=In(z? +2+2)—2+1,  z}~~4.1525907367571583,
fa(z) =2® —e® —3x+2, a3~ 0.25753028543986079,
fa(x) = arctan(z) + = — 8, ) ~ 6.58002470991429699,
fs(z) =2 —1/z, xz = 1.

The first two examples are taken from [2] and the latest is taken from [15].
For all examples, we use rational function h as follows:

In Figure 1, one can see the graphs of five functions fy, fo, f3, f1, and f5,
respectively, over the initial intervals x§ = [0.4,1], x3 = [3.5,5], x§ = [0.1, 2],
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fl(.tcgsz arcsin(z? — 1) — iz +1 fo(x) =In@® +z+2) —x+1 Sf;;(m) =a?—e" —3x+2

0.4
o o
0.2
0.5 5
[0}
-0.2 -1 -10
0.4 0.6 0.8 1 3.5 4 4.5 5 0.5 1 1.5 2
x) = arctan(z) +x — 8 fo(@) =2 —1/z
2 Sa(x) () 05
)
2
-0.5
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5 6 7 8 9 0.6 0.8 1 1.2

Figure 1: Graphs of functions f1, f2, f3, f1, f5

xg = [5,9], and xj = [0.5,1.2]. By this figure, in addition to obtaining
an intuitive view of the functions, we can understand the behavior of the
functions for computing the following parameter:

pe = max|f(z)]. (34)

In the tables below, one can see the results obtained by implementing the
interval Newton method, the interval Ostrowski method, the interval mod-
ified Ostrowski method, and the new method (4) introduced in this paper.
The third and fourth columns of the tables show, respectively, the tolerance

parameters 0 = #’;’Z)‘l} and py introduced by (34). Note that in some
tables, mark "—” in the last step shows that the method fails in solving the

problem.

As the first example for fi(z) = arcsin(2? — 1) — 22+ 1, we present the
obtained results by the mentioned methods in Tables 1-4. The presented
results in these tables show that the new method (4) achieves the desired
result with less number of iterations and higher accuracy. Also, the interval
Ostrowski method fails in solving the problem.

Tables 5-8 show the results obtained by executing different methods for
enclosing the root of fo(z) = In(2? + o +2) — 2 + 1. It can be seen that the
new method (4) successes in the least number of iterations. Also, the interval
Ostrowski method fails in solving the problem.

For the third function f3(z) = 22 — e® — 3z + 2, the reported values in
Tables 9-12 show that only the new method (4) successes in getting the result
and the other methods fail.
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Tables 13-16 display the results obtained by executing four methods for
enclosing the root of fy(z) = arctan(x) + = — 8. As one can see, the interval
Ostrowski method has failed to obtain a result, and the new approach gives
better results than the other methods.

The results of different methods for obtaining appropriate enclosures for
the positive root of f5(x) = x — 1/x have been displayed in Tables 17—-20.
The interval Newton method does not yield any result. Whereas the new

approach yields the exact root of the function.

Table 1: Results of the interval Newton method for f;(z) = arcsin(z? — 1) — %x +1

ko xg O Pk

1 [0.40000000000000002, 0.66396313641487115] 2.64 x 1071 747 x 1072
2 [0.56560254826011236, 0.66396313641487115] 9.84 x 1072 7.47 x 1072
3 [0.59018815218397114, 0.59856980551945871]  8.38 x 10—3 3.98 x 1073
4 [0.59480310218157917, 0.59481912020532601] 1.60 x 10~° 8.63 x 1076
5 [0.59481096839332148, 0.59481096840342751] 1.01 x 10~ 5.36 x 10~12
6 [0.59481096839836900, 0.59481096839836911]  2.22 x 10716 ¢

7 [0.59481096839836911, 0.59481096839836911] 0 0

Table 2: Results of the interval Ostrowski method for fi(z) = arcsin(z? — 1) — %x +1

ko xg O Pk
1 [0.54158214865149934, 0.63394129754193074] 9.24 x 1072 4.19 x 1072
2 [M77478728793232, 0.59485799844400755] 8.32 x 1075 4.98 x 10~5
3 [0.59481096839836756, 0.59481096839837055] 3.11 x 10715 133 x 1071
4 N R N

Table 3: Results of the interval modified Ostrowski method for fi(z) = arcsin(z? — 1) —

%1’ +1
ko oxy O Pk
1 [0.58885410911304559, 0.59936304066316770]  1.05 X 10~2 4.83x 1073
2 [0.59481096839549719, 0.59481096840132608] 5.83 x 10712 3.13x 10712
3 [0.59481096839836922, 0.59481096839836933] 2.22 x 10716 1.11 x 10716
4 [0.59481096839836933, 0.59481096839836933] 0 1.11 x 10716
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Table 4: Results of the new method (4) for fi(z) = arcsin(z? — 1) — %ac +1

Xy, o, Pk

W N =

[0.58015286826057066, 0.60890961953980971] 2.88 x 102 1.50 x 1072
[0.59481096839720404, 0.59481096839958292]  2.38 x 10712 1.29 x 1012
[0.59481096839836911, 0.59481096839836911] 0 0

Table 5: Results of the interval Newton method for fo(z) =In(2? + 2 +2) —x +1

Xk Ok Pk

T W N | 3

[4.09482718955130400, 4.17132082850488750] 1.83 x 102  3.47 x 1072
[4.15231696283340760, 4.15292802943720400] 1.47 x 107*  2.03 x 1074

[4.15259073289156170, 4.15259074074274000] 1.90 x 1072 2.40 x 1079
[4.15259073675715750, 4.15259073675715840]  4.28 x 10716 4.44 x 10716
[4.15259073675715840, 4.15259073675715840] 0 0

Table 6: Results of the interval Ostrowski method for fo(z) = In(z? +z+2) — 2 +1

Xk Ok Pk

k
1
2
3

[4.14427225093898070, 4.15515943057456380] 2.62 x 10~2  5.01 x 103
[4.15259073560489430, 4.15259073791874480]  5.57 x 10719 6.10 x 10710
[4.15259073675715840, 4.15259073675715840] 0 0

Table 7: Results of the interval modified Ostrowski method for fo(z) = In(2? + = +2) —

r+1
ko xp Ok Pk
1 [4.15136705154255560, 4.15297239536206850]  3.87 X 10~* 7.37 x 10742
2 [4 15259073675715750, 4.15259073675715840]  4.28 X 10716 444 x 10716
3 - -

Table 8: Results of the new method (4) for fo(z) = In(z?2 + 2 +2) —z + 1

k  xp O Pk
1 [4.15167922809522590, 4.15321948581378480] 371 x107% 549 x10°*
2 [4.15259073675715840, 4.15259073675715840] 0 0
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Table 9: Results of the interval Newton method for f3(z) = 22 — e® — 3z + 2

X 5k Pk
[0.10000000000000001, 0.76487534371627797]  6.65 x 1071 1.86
[0.17953909948997981, 0.30082399330312792] 1.21 x 107! 2.97 x 107!
[0.25663052647850410, 0.25844642836458781] 1.82 x 1073 3.46 x 103
02575302
[

0.25753027894621072, 0.25753029191301735]  1.30 x 1078 2.45 x 1078
0.25753028543986067, 0.25753028543986073]  1.11 x 10716 4.44 x 10716

ST W N |

Table 10: Results of the interval Ostrowski method for f3(z) = 2 — e® — 3z + 2

X, O Pk
[0.10000000000000001, 0.31655239623745746]  2.17 x 10~ 1 6.05 x 10~ 1
[0 25752321108442017, 0. 25753842849505237] 1.52 x10~° 3.08 x 1075
[0 25753028543986073, 0.25753028543986078]  1.11 x 10716 0

> W N |

Table 11: Results of the interval modified Ostrowski method for f3(z) = 22 —e® — 3z +2

ko xp O Pk
1 [0.24154741311026207, 2.00000000000000000] 8.79 x 10~ 7.39
2 [0.25749104640972659, 0.39675078835778121] 1.39 x 1071  5.20 x 1071
3 [O 25753043640242368, 0.25753384076872499]  3.40 x 10=¢  1.34 x 107
4 _ _

Table 12: Results of the new method (4) for f3(z) = 22 — e® — 3z + 2
ko x O, Pk
1 [0.22110828457567316, 0.27623770073133980] 5.51 x 1072  1.38 x 10~}
2 [0.25753028543982470, 0.25753028543989787]  7.32 x 10~*  1.40 x 10713
3 [0.25753028543986078, 0.25753028543986078] 0 0
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Table 13: Results of the interval Newton method for f4(z) = arctan(z) + = — 8

X Ok Pr
[6.5762681889199976482, 6.5869858860385530619]  1.62 X 1073 7.11x 1073
[6.5800246452848929479, 6.5800247578416417582] 1.71 x 1078 6.60 x 1078
]
]

[6.5800247099142961105, 6.5800247099142978868]  2.69 x 10716 1.77 x 1071°
[6.5800247099142969986, 6.5800247099142969986] 0 0

IS R

Table 14: Results of the interval Ostrowski method for f4(z) = arctan(z) +x — 8

Xk Ok Pk
[6.5799958235806119689, 6.5800370828300822623]  6.27 X 10°6 2.95 x 1075
[6.5800247099142961105, 6.5800247099142969986]  1.34 x 10716 8.88 x 10716

W N = o

Table 15: Results of the interval modified Ostrowski method for f4(z) = arctan(z)+x—8

ko oxy O, P
1 [6.58002464620058002967 645800248588084278012] 323x107% 1.52x 1077
2 [6.5800247099142969986, 6.5800247099142969986] 0 0

Table 16: Results of the new method (4) for fa(x) = arctan(z) + z — 8

ko xp Ok Pk
1 [6.58002470877136946837 6.5800247104028359857] 247 x 10710 1.16 x 1079
2 [6.5800247099142969986, 6.5800247099142969986] 0 0

Table 17: Results of the interval Newton method for f5(z) =z — 1/z

E xp o pr
1T — —
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Table 18: Results of the interval Ostrowski method for fs(z) =2 — 1/x

L g Pk

1 [0.99046958119024919309, 1.0128785276723828446] 2.21 x 102 2.55 x 102
2 [0.99999998563107095347 1.000000014532778092} 2.89 x 10—8 2.90 x 108
3 [1.000000000000000000, 1.000000D00000000222] 2.22 x 10716 3.33 x 10716
4 [1.000000000000000222, 1.000000000000000222] 0 3.33 x 1016

Table 19: Results of the interval modified Ostrowski method for f5(z) =z —1/z

k  xi O Pk

1 [0.99900511706023975567, 1.0007695812111181421] 1.76 x 10~3  1.99 x 103

2 [1.000000000000000000, 1.000000000000000222] 2.22 x 10716 3.33 x 10716

3 [1.000000000000000222, 1.000000000000000222] 0 3.33 x 10716
Table 20: Results of the new method (4) for fs(z) =z — 1/

k Xk 51@ Pk

1 ]0.99968995513425429333, 1.0004281041560696419] 7.37 x 10~ 8.56 x 10~ 7

2 [1.0000000000000000000, 1.000000000000000222] 2.22 x 10716 3.33 x 10716

3 1 0 0

4 Enclosing the roots using extended interval arithmetic

In this section, we want to introduce a technique that can find all the roots
of a nonlinear equation f(z) = 0 located in a wide initial interval. Many
root-finding methods in floating-point arithmetic can only find one root of
the function in a given interval. Our technique is based on combining the
new method (4) introduced in this paper and the extended interval arithmetic
[12, 17].

For a continuously differentiable function f(x), if X9 contains more than
one zero of f(x), then o € F/(xg), and the discussed theorems in Section 2
will not be applicable. Using the extended interval arithmetic, this problem
can be handled. As said in [17], the definition of interval division can be

extended as follows:

[CL, b]/[ca d] = [av b](l/[q d])a
where

1[e,d] ={1/y :y € [¢,d]}.

If 0 ¢ [c,d], the we are using the ordinary interval arithmetic. If 0 € [c, d],
leaving aside the case ¢ = d = 0, then the extended interval arithmetic
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»f f(x) = sinh(z) — 22 tan(z)

- L L L L
-1 -0.5 0 05 1 15

Figure 2: Graph of function f(z) = sinh(z) — 22 tan(z)

specifies the following cases:

[1/d,+0o0) ife=0<d,
1/[e,d] = { (—o00,1/c]U[1/d,+00) if c<0<d,
(—o0,1/(] ifc<d=0.

Now if the initial interval xq is such that 0 € F/(x¢), then the quotient

f(mid(x0))
F’(x0)

N(xp) with the finite interval xq yields two disjoint intervals y;; and yis.
First, for y11, if 0 ¢ F/(y11), then we take y;; as the initial point for the new
method (4), otherwise again by computing N(y;;) and then intersecting it
with y;1, we obtain two other intervals. By repeating this process, we find
some intervals that contain a simple zero of f(z) and F/ over them does not
contain zero. The process for yi, is similar. Considering these intervals as
initial points for the new method (4), we find all roots of f(z) on the initial
interval xg. A similar idea previously has been used for the interval Newton
method; see [17].

in (5) splits into two unbounded intervals. Thereafter intersecting

For an example, we consider f(z) = sinh(z) — z? tan(x) on the initial
interval xg = [—1, 1.5]. The graph of this function on x¢ = [—1, 1.5] is shown
in Figure 2. We have 0 € F/(xq) = 10%[—4.9097,0.3056]. Using the extended
interval arithmetic, we obtain

f(mid(x))
F/(x)
— (—o0, 0.24225490053166] U [0.25048201511344, +00).

N(x¢) = m(xp) —

Intersecting N(xg) with xg, we get

y1 = [—1,0.24225490053166] U [0.25048201511344, 1.5].
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Indeed F’([—1,0.24225490053166]) and F’(]0.25048201511344,1.5]) contain
zero, too. We repeat the above process by putting xo = [—1,0.24225490053166]
and xo = [0.25048201511344, 1.5], separately. Doing this work several times,
we obtain three appropriate intervals, and then we apply the new method
(4) on these intervals. The obtained results are shown in Table 21.

As one can see, in a few iterations, all three roots of f(x) = sinh(z) —
z? tan(z) in xo = [—1,1.5] have been enclosed with sharp bounds and high
accuracy.

Table 21: Results of the new technique in Section 4 for f(z) = sinh(z) — 22 tan(z)

X O, Pk

x11=[0.87539095698495750, 0.93264721412667118] 5.73 x 1072 9.89 x 10~2
x12=[0.90196399818943263, 0.90196401144268923] 1.33 x 1078 2.08 x 10~8
x13=[0.90196400520858955, 0,90196400520858966] 222 x 10716 444 x 10716

x21=[-0.00000014204496225, 0.00000008340020063]  2.25 x 10~7  1.42 x 107”7
X20=107°0[-0.20045735325692, 0.46773382426614] 6.68 x 10751 4.68 x 107!
x31=[-0.90414914681585001, -0.90027520645356984] 3.87 x 1073 6.51 x 102
x32=[-0.90196400520858988, -0.90196400520858899]  8.88 x 1076  1.33 x 10715

N =N = W N | 3

5 Concluding remarks

In this work, a new family of numerical methods for enclosing the simple roots
of the nonlinear equations was proposed. We showed that the new methods
have an eight-order of convergence and also that the convergence analysis of
the methods was studied. Some numerical examples were presented to show
the feasibility and effectiveness of the new method proposed in Section 2.
Also, we proposed a technique based on combining the new method (4) with
the extended interval arithmetic to find all the roots of a nonlinear equation
located in an initial interval. Finally, a numerical example for testing this
technique was presented.
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Numerical method for solving fractional

Sturm—Liouville eigenvalue problems of
order two using Genocchi polynomials
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Abstract

A new numerical scheme based on Genocchi polynomials is constructed
to solve fractional Sturm—Liouville problems of order two in which the
fractional derivative is considered in the Caputo sense. First, the differen-
tial equation with boundary conditions is converted into the corresponding
integral equation form. Next, the fractional integration and derivation op-
erational matrices for Genocchi polynomials, are introduced and applied
for approximating the eigenvalues of the problem. Then, the proposed
polynomials are applied to approximate the corresponding eigenfunctions.
Finally, some examples are presented to illustrate the efficiency and accu-
racy of the numerical method. The results show that the proposed method
is better than some other approximations involving orthogonal bases.
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1 Introduction

The purpose of solving the Sturm-Liouville problem is to find the eigenval-
ues and eigenfunctions of a set of equations, which have many applications
in mathematics and physics. The description of the vibrations of a string
or a quantum mechanical oscillator is modeled as Sturm—Liouville equations
[2, 3, 9]. For more information about the application of Sturm-Liouville
problems, we refer to [4, 5, 9, 10, 14] and references therein. With the ad-
vent of fractional calculus [8, 20, 24|, the use of fractional derivatives in
Sturm-Liouville equations led to a new class of equations, which are known
as fractional Sturm-Liouville problems. Various types of fractional order
derivatives are defined [11, 12, 18, 21, 33], but most researchers use Caputo’s
concept for Sturm-Liouville equations because Caputo fractional derivative
is more compatible with practical application in physics and engineering
[22, 23, 25, 26, 30]. The analytical solution to Sturm-Liouville problems
is usually not computable. This problem has limited the application of these
equations in various fields. In simpler cases, the analytical solutions to this
equation can be expressed in terms of specific functions, such as Mittag-Leffler
functions, which have their own complexities in terms of calculations. So, in
most cases, scientists seek to find numerical methods to solve Sturm—Liouville
problems.
In this study, we consider the following fractional Sturm—Liouville prob-
lem:
§D2y() + (r(@) — q(@))y(x) =0, 0<z <1, (1)

where ¢(z) and r(z) are real value continuous functions and r(x) # 0 for
z€[0,1], 1 < a <2, and DY denotes the fractional Caputo derivative and
the boundary conditions are as follows:

cy(1) +dy'(1) = 0,

where a, b, ¢ and d are real constants and a? + b% # 0, ¢ + d? # 0.

The authors in [2] established sufficient conditions for the existence and
uniqueness of solutions for various classes of initial and boundary value
problems for fractional differential equations involving the Caputo fractional
derivative. Also, the existence and uniqueness of the solution for a fractional
Sturm—Liouville boundary value problems based on the Banach fixed point
theorem were proved in [15]. We also refer to [6, 13, 34] for more studies on
the existence and uniqueness of the solution for boundary value problems of
types (1) and (2).

A wide range of numerical methods has been used to solve problems (1)
and (2) [1, 4, 5, 7, 18, 19]. The Laplace transform method is applied to
convert (1)—(2) to the equivalent integral equation with a weakly singular
kernel in [31]. Then, the authors applied a piecewise Lagrange integration
method to solve the corresponding integral equation numerically. Inspired
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by their work, we apply the Genocchi polynomials approximation method to
the problem (1)—(2).

Genocchi polynomials, which were introduced in [32], are very impor-
tant and useful polynomials. These polynomials share some great advan-
tages with Bernoulli and Euler polynomials for approximating an arbitrary
smooth function [32]. Genocchi polynomials were applied for solving integer-
order delay differential equations [16], fractional optimal control problems
[28], and fractional pantograph equation [16]. The numerical solutions ob-
tained by Genocchi polynomials are comparable or even more accurate com-
pared to some well-known existing methods. In this study, motivated by
these advantages, we define and successfully apply the operational matrices
of Genocchi polynomials to approximate the eigenvalues and the correspond-
ing eigenfunctions of the Sturm-Liouville problem (1) and (2). First, a new
approach for calculating the fractional derivative, integration, and product
operational matrices is introduced, and then the operational matrices are ap-
plied for problems (1) and (2). The structure of the paper is as follows: In
Section 2, we recall some definitions and results related to fractional calculus.
In Section 3, we construct the new numerical method. Some illustrative ex-
amples are provided in Section 4. Finally, the conclusion is given in Section 5.

2 Preliminaries

In this part, the definition of fractional calculus, Genocchi polynomials, and
their attributes are explained.

2.1 Fractional calculus

The Riemann-Liouville fractional integral oI5 of order 0 < o < 1 is presented
with (see [29])

ﬁ Jo (@ = s)*"tu(s)ds, o >0,

u(x), a=0.

ol u(r) = { 3)

One of the fundamental attributes of the operator o3 is

F(ﬁ + 1) ,6+a.

Ia.’l'}ﬁ = —T
0w T(B+1+a)

The Caputo fractional derivative of order @ > 0 is determined as [29]
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dr 1

§Du(@) =0 L ula) = s [ e s 9

where n is an integer (n — 1 < a < n) and u(™ € L'[0, 1].

The main relationship between the Riemann-Liouville integral operator
and Caputo fractional derivative is as follows:

6 D oI} u(x) = u(w),

n—1 r
ol § DY u(z) = u(x) — Z u(r)(OJr)x— (n—1<a<n), (6)
= 7l

where u(") € L'[0,1], 7=0,1,...,n— 1.

2.2 Genocchi polynomials and properties

The Genocchi numbers g,, and the Genocchi polynomials G,,(z) are defined
as the coefficients of the exponential generating functions as follows:

2 =
et + 1 = T;)gnﬁa |t‘ < , (7)
2tert > tn
m=;Gn(x)m, [t < . ®)

The Genocchi polynomial G,,(x) is a polynomial given by

- n n n
Gn(‘r)zzﬁ}/kxk7 Ve = (k)gnk? n=12.... (9)
k=0

The Genocchi polynomials have interesting properties, some of which are as
follows:

! _2(=1)"n!m!
/0 Gn(2)Gp(z)de = ng_,_n, n,m > 1, (10)
%Gn(x) =nGp_1(z), n>1, (11)
Gn(1)+ G,r(0) =0, n>1. (12)

The set of Y = {G1(z),Ga(x),...,Gn(x)} C L?[0,1] is a linearly indepen-
dent set (see[16]). Any f(x) € L?0,1] has a unique best approximation in
Span(Y), as fn(z), which can be represented by Genocchi polynomials as
follows:
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N
f@) = fn(@) = enGa(z) = CTG(x), (13)

n=1
where C = [c1,¢a, ...,cn]T is the coefficient vector and G = [G1(z), Ga(z),

..,Gp(2)]" is the Genocchi polynomials vector. The property of the best
approximation requires

(f(x),G(2)" = CT(G(z),G(x)),
and then
T = (f(x),G(x))" W1, (14)

where

(f(2),G(x)) = [(f(2),G1(x)), (f(2), G2(2)) ... {f(x), Gn ()],

and W = (G(z), G(x)) is an N x N symmetric matrix, and by (10) its entries
are calculated as follows:

Wi = (Gal@). Gon(o) = [ Gn(x)Gm(x)dxzmgm+n. (15)

The following lemma provides the upper bound for the error of function
approximation by Genocchi polynomials.

Lemma 1. Suppose that f(z) € CN*1[0,1] is approximated by truncated
Genocchi polynomials fx(z) in (13). Then

R

I5) = v @l < e s (16)

where R = max,c[o,1) |fV T ()]

Proof. We refer the reader to [17]. O

2.3 Genocchi operational matrices

By (11), the derivative of G(x) can be expressed as follows:

%G(w) = DG(x), (17)

where
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[000... 0 00
200... 0 00O
030... 0 00O

000...N—100
[000... 0 NOJ

is called the operational matrix of integration for Genocchi polynomials. It

is obvious that
d’ﬂ

dxm

- G(x) =D"G(2). (19)

The operational matrix for fractional order derivative of order o in Caputo
sense is defined as follows:

§D2G(x) = D*G(x), (20)
where D¢ is an N x N matrix. By using (14), we can write
D = QW (21)

where Q% = (D*G(z),G(x)) is an N x N matrix whose entries are defined
by

5 = (D°Gi(@),Gy(w)

7kk| k @
< T(k+1-a) E:” >
J k! 22
Z Z mik / htr—a g (22)
Nk+1-—a)

_ TPk S
*Zgr(kﬂ—a)(kwurl—a)’ r=

It is obvious that the first n — 1 rows for Q® are equal to zero, where n — 1 <
a<n.

The operational matrix for fractional order Riemann—Liouville integration
of order a, (0 < a < 1) is defined as follows:

I°G(z) = P*G(z), (23)
where P is an N x N matrix. By using (14), we can write
P = VoW, (24)

where V¥ = (T1*G(z), G(x)) is an N x N matrix whose entries are defined by
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Vi = (I°Gy(z),Gj(x))

’ykk' k+a
< Tk+1+a) Z”
%7”‘3' / k+r+o
d
ZZ T(k+1+a) v

ZZ Vkﬂk'
e T(k+1+a)(k+r+1+a)

(25)

The product of two Genocchi vectors can be expressed by Genocchi vector
as follows: _
G(x)GT (z)C = CG(x), (26)

where C is called the operational matrix for the product. By using (14), the
product operational matrix C can be defined as follows:

C=SW (27)

where S = (G(z)G” (2)C, G(x)). The entries of S are determined as

Si; = <(G(x)GT(x)C)i, Gj(x)>

N N
- <Gi(x)ZCka(x),Gj(a:)> =3 craie, (28)
k=0 k=1
where
1
Qijk :/ Gz(x)Gk(x)Gj(CU)dl'
: (20)

_ ZJ: Zk: Qe hal
r+s+t+1°
3 Method of solution

In this section, we apply Genocchi polynomials to solve problem (1). Consider
the fractional Sturm-Liouville problem (1) with the boundary conditions
(2). The following Lemma converts this problem to the equivalent integral
equation.

Lemma 2. The function y(z) is a solution for the fractional Sturm-Liouville
problem (1)—(2) if and only if y(z) satisfies the following fractional integral
equation:
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y(x) = g(@) [ha oIy f(@)yey +h2 D oIy f(2)],q] — oLy f(2),  (30)

where f(z) = (Ar(x) — q(z))y(x) and

oI = s | “@— 00 f)t.

The operator D in (30) is the classical derivative operator and g(z), h1, and
ho are defined considering the values of a, b, ¢, and d as follows:

g(x):#;fac, =1, hQ:%, ifa£0, c40,
g(m)z%, 1:2, ho=1, ifa#0, d#0,
g(w):%, hlzg, hi=1,  ifb#0, d#0,
g(@z%, hy =1, m:%, i£b£0, c£0.  (31)

Proof. We refer to [31].
O

To solve the Sturm-Liouville problem (1)—(2), we apply the Genocchi
polynomials method to the integral equation (30). First, we approximate
y(z), r(z), and g(x) in (30) by the truncated Genocchi polynomials (13) as
follows:

y(x) ~ CTG(z), r(z)~RTG(x), q(z)~QTG(x). (32)
To apply (32) in (30), we first approximate the elements in (30) as follows:

f(@) = y(@)(Ar () — q(z))
~ CTG(z)(AGT ()R — GT(2)Q) (33)
=7 (Af{ - Q) G(z) = CTFG(z),
where R and Q are the product operational matrices corresponding to the

vectors R and @, respectively, and F = AR — Q. By (33), the fractional
integration part of (30) can be written as follows:

oI f(x) ~ CTFyI¢G(z) = CTFPYG(x), (34)

where P? is the operational matrix for fractional integration of order «. The
other part of (30) can be represented as

D oI% f(x) ~ CTFP*DG(z) = CTFP*DG(z), (35)
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where D is the operational matrix for regular derivative of order one.

Substituting (32), (33), (34), and (35) in (30) and neglecting the trunca-
tion errors yield

cTG(z) = OT { [hlﬁpa + thP“D] G()GT - ﬁpa} G(z).  (36)
The property of linear independency for Genocchi polynomials requires
(I-A(\)C =0, (37)

where _ B _
AT = [nFPe + hQFPO‘D} G(1)GT — FP*, (38)
and I is the N x N identity matrix.

To have nontrivial solutions for (1) and (2) we have to find nonzero solu-
tions for (37). Therefor, we need to solve the following root-finder problem:

det (I— A()\)) =0, (39)

which can be done by mathematical softwares such as MATLAB and Maple.

After computing eigenvalues, we approximate the eigenfunction y; () cor-
responding to the eigenvalue A; by solving the following linear system:

(I—A(N))C = 0. (40)

Since det(I — A(X;)) = 0 and A; is the simple root, then we set Cy = ¢
and solve (40) to find Ck, k = 1,2,..., N — 1 with respect to ¢. Then the
eigenfunction y;(t) is obtained by

N
yit) = > CroGrl(t),  i=0,1,.... (41)
k=1
By using an appropriate auxiliary condition (for example, y;(0) = 1 or

v (0) = 1), y;(t) can be determined uniquely.

4 Numerical results

In this section, we present some illustrative examples and show the efficiency
of the proposed method.

Example 1. Consider the following fractional eigenvalue problem:

§DY(x) + My(z) =0, 0<z<1,

y(0) = y(1) = 0. “2)
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Table 1: Eigenvalues for a = 2, Example 1.

proposed method

method of [31]

exact value N =25 error N = 800 error
A1 9.86960440108936  9.869604401089359  2.58e-28 9.86960440 1.09e-9
A2 39.4784176043574  39.47841760435743  5.22e-19 39.47841760 4.36e-9
A3 88.8264396098042  88.82643960980423 1.62e-15 88.82643963 2.02e-8
Aq 157.913670417430 157.9136704174555 2.58e-11 157.91367057 1.53e-7
As 246.740110027234  246.7401100283036 1.07e-9 246.74011064  6.13e-7
A6 355.305758439217  355.3057578574429 5.82e-7 355.30575850  6.08e-8
A7 483.610615653379  483.6106104947717 5.16e-6 483.61061573 7.66e-8
g 631.654681669719  631.6551696075792 4.88e-4 631.65468191 2.40e-7

Table 2: Eigenvalues for different values of a, Example 1 ( N = 20).

a=1.95 a=1.9 a=1.85 a=1.8
A1 9.66077186263  9.51414296571 9.44013733938  9.45685703307
A2 36.4045254812  33.5956740224  30.9825046888 28.4768769642
A3 80.3290382609 73.0390014094  66.9448021792  62.2003971381
A4 140.076253643 124.418589764 110.360397400  97.0631636666
As 216.597587060 191.145884721 170.311838185 155.450547906
A6 308.346500930  267.943639675  232.015405069 196.595011516

130

This corresponds to the case a # 0 and ¢ # 0 in (31). Then, we set
a=c=1,b=d=0,h; =1, hg =0, and g(z) = z. For a = 2, (42)
is converted to the classical Sturm—Liouville problem corresponding to the
eigenvalues \,, = (n7)2.

In this example, we use the auxiliary condition y;(0) = 1 to approximate
the eigenfunctions. In Table 1, the numerical results are compared with the
results of [31]. Table 2 represents the approximated eigenvalues obtained
by this method. The results in Tables 1 and 2 clearly show that the pro-
posed algorithm is accurate. Figure 1 shows the first four eigenfunctions for
a =185, 1.9, 1.95, 2 and N = 15. In Figure 2, the graphs of same order
eigenvalues are compared for different values of a.

Example 2. For the second example, we solve the following eigenvalue prob-
lem:

A

C Nna
D )+ —=
0 ;cy( ) (1 CE)Q

0<x <1,
(43)

(nm/In2)? + 1/4, and the
nmn(l4x)
In2

¢y, is constant coefficient [31]. The entries are chosen hy = 1, he = 0, and
g(x) = x. We use the auxiliary condition y;(0) = 1 to compute four first
eigenfunctions of Example 2, which are plotted in Figure 3. Tables 3 and 4
represent the numerical results obtained for Example 2, which were compared
with the results in [31].

For o = 2, the eigenvalues of (43) are \,, =

corresponding eigenfunctions are y,(x) = ¢,v/1+ xsin( )7 where
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=2 o=195
03] 034
024 024
014 014
04
04
-0.14
o4
0 02 04 06 08 1 0 02 04 06 08 1
x x
— A — ) Ay — — A — hy—— Ry
o=19 o=185
025
0.2 020
015
014 0.10-
005
o]
0
-0.05
-0.14
0 02 04 0.6 08 1 0 02 04 0.6 08 1
x x
— A — A, hy——12, — A —h, hy——1,
o=18
025
020
015
0.10
005
0
005
0 02 04 06 08 1
x
[—n—n—r—1]

Figure 1: First four eigenfunctions for different values of o, Example 1.

Example 3. For the next example, we solve the following eigenvalue prob-
lem:
§D%y(x) + (A + 10sin7x)y(z) = 0, 0<z<1,

y(0) =0, y(1) = 0. )
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132

0 02 04

0 0.2 04 0.6 0.8 1
x

—— o2 0=195 " o0=1.9 T 0=185 — 0=18

—— o2 07195 0=1.9 T 0o=185 — 0=1.8

0.10

0.054

-0.05

-0.104 . .

0 0.2 04

0.6 0.8 1

— o2 —— V=195 —— 19— a=1.85 — o-13]

Figure 2:

First four eigenfunctions for Example 1.

Table 3: Eigenvalues for a = 2, Example 2.

exact value

proposed method

method of [31]

N =25

error N = 500 error

A1 20.7922884552238  20.7922884552238
A2 82.4191538208953  82.4191538208952
A3 185.130596097014  185.130596097016
A4 328.926615283581 328.926615287143
As 513.807211380596  513.807211123754
A6 739.772384388058  739.772393148381
A7 1006.82213430597  1006.82198782297
Ag 1314.95646113432 1314.95690886405
Ag 1664.17536487313  1664.19294987497
Ao 2054.47884552238  2054.28429017518

2.70e-17 20.79228809 3.65e-7
6.85e-14 82.41914815 5.67e-6
1.91e-12 185.13056780 2.83e-5
3.56e-9 328.92652741 8.79e-5
2.57e-7 513.80700157 2.10e-4
8.76e-6 739.77196118 4.23e-4
1.46e-4 1006.82137649  7.58e-4
4.48e-4 1314.95521911 1.24e-3
1.76e-2 1664.17346838 1.90e-3
1.95e-1 2054.47611287  2.73e-3

Setting hy = 1, ho = 0, and g(x) = z, we use the proposed method to

solve (44). With N = 20 and 40 digits for computation in Maple software,
some first eigenvalues are listed in Table 5 for different values of «.

We use the auxiliary condition y,(0) = 1 to compute four first eigen-
functions of Example 3, which are plotted in Figure 4 for different values of

Q.

Example 4. Consider the following eigenvalue problem:
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Table 4: Eigenvalues for different values of o, N = 20, Example 2.

a=1.95 a=1.9 a=1.85 a=1.8
A1 20.6677971198  20.7298859439  21.0420113791 21.7289820388
Aa 75.7710019802  69.4887851211 63.3252982915 56.9307959084
A3 167.652678491 153.001698048 141.496620930 134.502772594
A4 291.242134899  257.628271127  226.249088945 193.872634358
As 451.065004856  398.913421123  358.715501294  345.306193742
A6 641.015025258  554.923522781  474.802195243  379.243396666
A7 867.315229409 752.921297326  669.708580955 2260.68651346

Ag 1122.28888722
Ao 1414.21783814

956.431286954
1212.08349835

798.315596410
1084.45731615

3571.46938188
8833.11202980

Ao 1732.91424589 1458.60978678  1178.69721277  80410.2798175
I8 A
0.254
0.10
0.204 005
0.154 o
010 0.05
0.054 010
o T T T T 1 T T T T 1
o 02 04 0.6 08 1 o 02 04 0.6 08 1
¥ x
— 02— 0195 — 019 —o- 185 — o018 — 02— o195 —— 19— o185 —a-18
A A,
0.10
0.15
0.08
0.10
0.06
0.04 0.05
0.02
0
0
002 -0.05
0.04
0.10
0.06
-0.15
0.08
’.‘Y 0.‘2 U,‘4 U‘é O‘X ]‘ o U‘,Z 0‘4 0‘(} 0.‘8 |‘
X v
—— o2 —— o195 ——o=19 —— o=1.85 — o=13] [—o= 0=1.95 — 0=1.9 — 0=1.85 — 0=1.8

Figure 3: First four eigenfunctions for Example 2.

ngy(m) + (2X\e” — 5sinmx)y(z) =0,
y(0) =y'(0) #0, y(1) = 0.

0<z<l1,
== (45)

Weseta=1,b=—-1,c=1,and d = 0. Then hy = 1, ho = 0 and
g(x) = (z +1)/2 (see (33) ). With N = 25 and 40 digits for computation,
some first eigenvalues are presented and compared in Table 6 for different
values of a.
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Table 5: Eigenvalues of Example 3 (N = 20).

134

a =2 a = 1.95 a=1.9 a=1.8
A1 18.3200943208 18.1463655269  18.0384472376 18.0792788380
A2 46.2367305574  43.1880344976  40.4110340394  35.3810395900
A3 95.3857838965  86.8856296038  79.5840346405  68.6611728543
A4 164.391065891 146.560791927  130.915815214  103.643270952
As 253.178225348  223.035468745  197.577387685 161.771332663
A6 361.722182212  314.767445388  274.375010614  203.160705578
A7 490.014088674  423.155049789  367.477687375  305.476138569
Ag 637.940873962  546.469154163  468.674770446  315.791118150
)\l
0.15
0.25
0.10
0.20 005
0.15 0
0.10 0.05
0.05 0.10
0 -0.15
0 02 04 ) 0.6 08 1 0 02 04 . 0.6 08 1
— o2 —— 0195 a-19 — o-185——a-18 — 02— 0195 — o 19— o185 ——a=-138
A3
0.10
0.06
0.05 0.04
0.02
0 0
0.02
0.05 0.04
0.06
0.10
o 02 04 0.6 08 1 0 02 04 0.6 08 1
—— 02— o=195 —— o=19 —— o185 — o=18] [—o22— 0195 —0=19 —o=1.85 — =138

Figure 4: First four eigenfunctions for Example 3.

We use the auxiliary condition y1(1) = 1 and yj(1) = =1, i # 1 to
compute four first eigenfunctions of Example 4, which are plotted in Figure
5.

Example 5. Consider the following forth-order eigenvalue problem: [27]

@ (t) — (0.02620' (1)) 4 (0.0001t* — 0.02)v(t) = X v(t),
v(0) =2"(0) =0, ov(1)=12"(1)=0.

0<t<5,

(46)

The eigenvalues of this problem are the square of the eigenvalues of the
following second order Sturm-Liouville problem (see [27]):
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Table 6: Eigenvalues of Example 4.

proposed method, N = 25

a =2

a=1.95

a=1.9

a = 1.85

a=1.8

A1 2.6213001864
Ao 8.3495214073
A3 20.160277342
A4 37.779499263
As 61.245497320
A6 90.568134413
A7 125.75080891
Ag 166.79492842

2.5785602459
7.7826681845
18.278658822
33.634640153
53.803913449
78.731592840
108.37362381
142.69052813

2.5408885358
7.2770461324
16.631507344
30.049170175
47.432736730
68.678948337
93.720958762
122.48797531

2.5083120348
6.8263714594
15.191185649
26.945962302
41.977052803
60.132525229
81.357289626
105.53364534

2.4809701676
6.4250121537
13.934739577
24.258034906
37.309595288
52.854782758
70.931030267
91.272428145

method of [31], N = 800

a=2 a=1.95 o =1.85
A1 2.62130018 2.57856033 2.50831250
A2 8.34952147 7.78266742 6.82636707

A3 20.16027739
A4 37.77949944
As 61.24549782

18.27866231
33.63463032
53.80393654

15.19120752
26.94588552
41.97727381

0.34
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0.3
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0.14
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x

0.6 0.8

1 0

02 04
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Figure 5: First four eigenfunctions for Example 4.

—u” (t) 4+ 0.01t2u(t) = X u(t),
u(0) =0, u(b) =0.

0<t<5,

By taking the variable change t = 5z, the following problem is achieved:

(47)
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Y (x)+(25\ — 6.2522)y(z) = 0,
y(0) =0, y(1) =0.
Taking hy = 1, ho = 0, g(z) = o, 7(x) = 25, and ¢(x) = 6.252%, with N =
25 and 40 digits for computation in Maple software, some first eigenvalues

are presented and compared with the results of [27] in Table 7. We use the
auxiliary condition y}(0) = 1 to compute four first eigenfunctions of Example

0<z<1,
=t (48)

5, which are plotted in Figure 6.

Table 7: Eigenvalues of Example 5.

proposed method

(27]

A1 0.215050864368 0.2150508644
Ao 2.754809934683 2.7548099347
A3 13.21535154056 13.2153515406
A4 40.95081975918 40.9508197592
As 99.05347806596 99.0534780635
A6 204.3557315637 204.355732268
A7 377.4304091791 377.430420689
Ag 642.5918663327 642.590868170

5 Conclusion

In this paper, the eigenvalues of the second-order fractional Sturm—Liouville
problem were approximated by using Genocchi polynomials. The opera-
tional matrix for fractional integration, fractional derivative, and product
was evaluated. Then, the operational matrices were applied to the fractional
Sturm-Liouville problem to convert it into a homogeneous system of lin-
ear equations. The eigenvalues of the coefficient matrix corresponded to the
eigenvalues of the main Sturm—Liouville problem. The presented illustrative
examples verified that the proposed method generated more accurate approx-
imations compared to the results, which were reported in other papers. Like
other methods in the literature, the results were accurate for lower indices
but not very accurate for higher indices. After computing the eigenvalues,
the corresponding eigenfunctions were approximated by applying an auxil-
iary condition. The results were in good agreement with the exact solutions
or the results of other papers.
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thermo-bioconvection of nanofluid

containing gyrotactic microorganisms
saturated in porous square cavity
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Abstract

This paper focuses on the result of inclined angle on bioconvection
of porous media bounded by cavity wall square enclosure filled with
both nanofluid and gyrotactic microorganisms passing through the media
with pores. The dimensionless velocity, temperature, concentration, and
mass transformation equations are solved by using the weighted residual
Galerkin’s finite element method. The result of the inclination angle from
d = 0° to § = 180° in a square cavity is interpreted. The outcomes of incli-
nation on various key parameters, such as Rayleigh number, bioconvective
Rayleigh number, Peclet number, Brownian motion, and the ratio of buoy-
ancy, are discussed. Furthermore, the mean Nusselt number, Sherwood
number, and density number are discussed at vertical walls.

AMS subject classifications (2020): Primary

Keywords: Nanofluid, Inclination angle, Buoyancy ratio, Peclet number,
Square cavity, Bioconvection.

*Corresponding author

Received 16 May 2022; revised 15 June 2022; accepted 20 June 2022

Jamuna Bodduna
Department of Engineering Mathematics, Research Scholar, Koneru Lakshmaiah Edu-
cation Foundation, Hyderabad, India. e-mail: jamunabodduna@gamil.com

Chandra Shekar Balla
Department of Mathematics, Chaitanya Bharathi Institute of Technology, Hyderabad,
India. e-mail: shekar.balla@gmail.com

M P Mallesh
Department of Engineering Mathematics, Koneru Lakshmaiah Education Foundation,
Hyderabad, India. e-mail: malleshmardanpally@gmail.com

141


https://doi.org/10.22067/ijnao.2022.76732.1146
https://ijnao.um.ac.ir/
https://orcid.org/0000-0002-2102-4453
https://orcid.org/0000-0002-2102-4453

Bodduna, Balla and Mallesh 142

1 Introduction

The present problem is dealing with the nanofluid flow through the porous
square cavity with temperature difference, which has a wide range of applica-
tions in recent years, such as geophysics, geothermal energy utilization, and
many technologies. The bioconvection of the nanofluid containing gyrotactic
microorganisms has a wide range of practical applications, such as chemical
catalytic converters, buried electronic cables, pollutant dispersion in aquifers,
food industrial forms, and so on. These types of many areas of applications
are documented in these references [10, 24, 14, 15, 31].

The properties and utilization of the nanofluid were first introduced by
Choi and Eastman [11] at ASME annual meeting. Many people have de-
scribed the properties of nanofluids, such as [13, 30, 24, 23, 26]. In many
electronic devices, like computers, boilers, converters, and so on, the angle of
inclination to the surface affects the gravity force on the fluid, temperature
gradient, and velocity of the fluid flow. In [32], the author expressed the free
convection of the composite wall enclosure. Kuyper et al. [20] studied the
effect of inclined angle on different flows in square cavity walls. Kuznetsov
[21] explained the microscopic convection motion of the oxytactic microor-
ganisms due to the temperature effect. Shermet and Pop [28] expressed that
the result of the thermal movement of microorganisms in the nanofluid hav-
ing gyrotactic microorganisms is a closed porous square cavity. Aziz, Khan,
and Pop [5] presented the flow behavior of the nanofluid with gyrotactic mi-
croorganisms on a flat plate. At viscous dissipation, the behavior of oxytactic
microorganisms in porous square cavities was discussed [2, 3]. Jamuna and
Balla [17] discussed the behavior of the heat source and sink of the gyrotac-
tic microorganisms in the square cavity. The activation energy effect on the
gyrotactic microorganisms was discussed in [18]. The influence of Soret and
Dufour on free convection of the fluid flow in the inclined four-side closed
walls was explained in [8]. The MHD double-diffusion in the porous square
enclosure with radiation and chemical reaction and the outcome inclination
of the porous square cavity filled with gyrotactic microorganisms with the
heat transformation was discussed in [6, 7]. Nanofluid movement in an in-
clined square cavity with gyrotactic microorganisms at MHD free convection
was reported in [27].

The effect of angle movement of the square adiabatic wall on mixed con-
vection of the nanofluid was explored in [16]. Aounallah et al. [4] explained
the turbulent flow behavior of the nanofluid in an inclined square cavity on
free convection, and Sheremet, Grosan, and Pop [27] investigated the free
convective flow of nanofluid in inclined four-sided chamber with gyrotactic
microorganisms. Tsai, Li, and Lin [29] discussed the inclination of the plate
shield, and Aboueian-Jahromi, Hossein Nezhad, and Behzadmehr [1] studied
the steady flow in inclined cylinders.

Rajarathinam and Nithyadevi [25] examined the movement of Cu-water
nanofluid in inclined cavity walls with pores. The thermosolutal Maragoni
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effects of the bioconvective fluid flow with gyrotactic microorganisms on in-
clined sheets were explained in [19]. Recently, Varol, Oztop, and Koca [34]
explained different fluids’ laminar flow in the different inclined enclosures.

Since, from the above literature survey, we note that many authors con-
centrated on the inclined angle of different geometries with convection of
nanofluid with gyrotactic microorganisms. The novelty of this paper con-
tains the square-shaped cavity enclosure with fluid containing nanoparticles
and gyrotactic microorganisms. Galerkin’s finite-element method is used to
solve the nondimensional governing equations.

2 Mathematical modeling

We consider the bioconvection flow in an inclined two-dimensional porous
four-sided square cavity of dimension L containing nanofluid with gyrotactic
microorganisms. Let us assume that § is the inclination angle of the cavity
wall with the horizontal surface. The vertical walls are maintained in various
temperatures To and Ty, respectively ( Ty >T¢ ). The remaining walls were
kept perfectly insulated. The direction of gravity force g acts opposite to the
vertical axis (Y-axis).

The steady-state Darcy—Boussinesq approximation governing equations
are

ou Ov
T =0 (1)
iy~ _Op c—C 1-C T-T, Aplgsins, (2
Eu-—a—[(pp—pf)( - min)_( - min)pfﬁ( - C>+7n p]gsm ’ ()
B 0P N OO Y (1= Vo B(T— Aplacoss
kvi Ay [(op=p)(C—Chin) = (1= Cumin) pr B(T =T ) +ynAplg cos 6, (3)
T 9T T 0T 0COT  aCoT
oz oy " ox2  Oy? BYoz o " oy oy )
Dr Ty Iy
Tc Oz oy’
oC oC 0’C  9*C Dy 0°T 0°T
Uar +'U8*y = Dm(@ + TyQ) + f(ﬁ + 873/2)’ (5)
0 - on 0 - on
a—x(un—i—un—Dn%)—l—a—y(vn—i—vn—Dna—y)—O. (6)

Here v is the mean volume for microorganisms, Ap = peeyi — py is the
density difference of cell, T is the cold wall temperature, T is the hot wall
temperature, a, is porous medium thermal diffusivity, C' is the concentra-
tion of nanoparticles, C is nanoparticles average density, Cyi, is minimum
concentration of oxygen essential for microorganisms, C), is specific heat at
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constant pressure, D,, is microorganisms diffusion coefficient, D is the Brow-
nian diffusion constant, Dt is the thermophoretic diffusion coefficient, n is
motile density number of microorganisms, ¢ is the gravity force, chemotaxis
constant is b, and the maximum speed of cell swims is weo. The average
swimming velocities of microorganisms are u and v given as

- bwcoC  _ bwe0C
U= ——, U=—r—. (7)
AC Ox AC 0y
Consider dimensional stream function ¢). Then u and v in x and y directions

are considered as u = % and v = aw by introducing the boundedless vari-

ables X = 7, Y = 4, ¥ = d’ 0 = T 7TC =5 C“““ ,and N = 2, where
ng is the microorgamsm averaged den51ty
Substituting above unbounded variables into equation (1)—(7), then we

get the following partial differential equations:

0?v  9*VU 0¢ 0¢ 06 06
WJFW =Ra Nr(a—Xcosé—a—sté) Ra(a—XCOS(S a—ysmé) -
+ Ra Rb(a—N 0— on ),
3% €05 5y sin
ov 90 0¥ 96 %0 9%0 0 00  0¢ 00
(b o3 ~ o o) =(55 + 2) + No(o2 2+ 22 20
Y 0X 0X9Y 0xX 9y 0X 90X JY 9Y 9)
+ N2 ) + (5
0X oy’ v

(VO _0VOs D P Nt o 00
Y 0X 0X oY 0X?2 oY? Nb OX?2 oyz2"’
OV ON OUON PrPe, 8¢ 9%°¢. Pr 9°N 0°N
axay ovox T s ‘axz tave) T seloxe Tavr)r (D

(10)

_ gKB(1—Co)ATL _ YApno — Qm — bwc —

where Ra = T » Bb = aieyars Le = Pe= "7, Nb=

TDBAC 7D7 (T —Tc) K _ by _ _(pp=ps)Co _
, Nt = o To , Pr= prag Sc = i Dn ,and Nr = P B(I-Co)AT"

The dimensionless form of conditions at boundary is expressed in Figure

We have ¥ = 0 for all sides,
¢:1’9:1’N:13tX:07
0=1,0=0,N=1at X =1,

¢=1, gg_o PeN§2 = 9% at Y =0, and

dp 00 ON
ov oy oy 0

Local solid Nusselt number, Sherwood number of nano particles and Sher-
wood microorganism are defined as

Nuy = —(%)X:O,h Shy = _(%)X:O,ly and Nny = —(gﬂ)xzo,1-
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+

Nanoparticles

Microorganisms

Porousmedia

Figure 1: Physical geometry and coordinate system.

The average quantities of Nusselt number, nanoparticle Sherwood num-
ber, and microorganism Sherwood number is defined as

Ntgug =) Nuy dY,
Shavg =f, Shy dY,
Nnigug =f, Ny dY.

3 Numerical method

To find the numerical solution to (8)—(11), partial differential equations with
boundary conditions Galerkin’s weighted residuals finite element method are
solved with the help of MATLAB [9]. In this method, a two-dimensional
field is divided into small triangular parts, in which each part is named an
element. Over each element, assume a piecewise trial function.

Let W, 6, ¢, and N be approximated by ¥ = 322 W&, 0 = 327 6;&;,
¢ = Z?:l ¢:&, and N = Z§:1 N;&;, where & is the linear interpolating
functions over each triangular element. The FEM model matrix is as follows:

(LM [LE2] [L2] (L] ({9} {M'}
[L21] [L22] [L22] L2 {7} | _ [{M?}
(L3 [L22] [L2] (L] [ {C} | — ({M°}]
(LA [L*2] [L2] [L4]] [{N} {M*}

9, 0¢; 0¢; 9
L' = ffge[ﬁai + ﬁaﬁ,}dazdy,
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L'? = —Ra [, (555 cosd — & 55t sind) dX dY,
L'3 = RaNr [[, (&5 cosd — €; 95 sind) dX dY,

oY
LY = RaRb [, (&5 cosd — & 55 sind) dX dY,
M' =0,
L =0,

22 _ oW o O&; oV o 8¢ 2¢; 9¢; 9¢; 9¢; 00 + O&; 90 ¢ 9&;
L2 =[] 1575 53 — §x%i % Taxax T oy oy — Ntlax&iax T av&iay)dXdY,

L = —Nb [fo [2%65% + $2¢5¢]dX dY,
L* =0, M? =0,

L*'=0
32 _ Nt o¢; O€; a¢; €5
L __mffae[axﬁ+ ayaTi]dXdY’
33 oV 09 _ 9w 94 o¢; 9¢; | 0&; BE;
I8 = ffolle (2% - S5 38) + 554 5% + S o¥laxay

LY =0, L* =0,

43 _ PePr (9¢; 085 8¢, 9§;
LY = [Jo, =" (5% o3 + v o) dX Y,

LM = [f, [Jke; 06 — Jhe, % 4 Pr(06 0y | 08 98] g gy
M* =o0.

To linearize the system of equations, the functions are incorporated, which
are assumed to be known. After applying the boundary conditions, a matrix
of system of linear equations is formed, which is solved by using the Gauss—
Seidel iteration method. The convergence of the solution is assumed when the
relative error for each variable between two consecutive iterations is observed
below the convergence criteria such that [¢p"T1 — ™| < 1075, where n is the
number of iterations and 1 stands for ¥, 6, C.

To choose the grid size, the grid independence test is performed for
21 x 21,41 x 41,61 x 61,71 x 71,81 x 81,91 x 91 grid sizes. The grid in-
dependence test reveals that the grid size 81 x 81 is sufficient to study in the
the bioconvection phenomena.

Table 1: Accuracy test of mean Nusselt numbers with the literature.

Authors Ra =10 | Ra =100 | Ra = 1000
Varol, Oztop, and Pop [33] - - 13.564
Cross, Bear, and Hickox [12] - - 13.470
Manole [22] - 3.118 13.637
Sheremet and Pop [28] 1.079 3.115 13.667
Present results 1.081 3.1271 13.715
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4 Result and discussion

The present equations (8)—(11) are numerically investigated and analyzed in
the porous square cavity filled with nanofluid and gyrotactic microorganisms
at different inclination angles. The numerical investigation is carried out with
the following parameters considered Rayleigh number (Ra = 25), bioconvec-
tion Rayleigh number (Rb = 15), Lewis number (Le = 1), Peclet number,
thermophoresis parameter, Brownian parameter, buoyancy ratio parameter,
Schmidt number 0.1, Prandtl number 6.9, and inclination angle (6 = 30°)
unless when it is mentioned. Streamlines are presented in Figure 2 for var-
ious values of inclination angle (§). When 6 = 0°, the cells moved in the
clockwise direction in the square enclosure. The absolute maximum of the
stream function is |¥y.] = 1.56. At 30°, inclination angle the maximum
stream function value is |Up,ax| = 2.0435, and the rotation of the cell moves
in the same direction. The inclination angle increased to 90°, and the veloc-
ity of the fluid flow is reduced. At 120°, the intensity of the flow increased to
| ¥ max| = 2.0421. In this, the cell moves to the center regime with the inten-
sity of the gravitational force. At 150° inclination angle, the flow strength
is low and the cell moves near to corners of the left down wall and right
top walls. At 180°, the fluid flow velocity is less with the strength of cell
| W max| = 1.5629.

Isotherms are demonstrated in Figure 3 for various inclination angles from
0° to 180°. At inclination 30°, the temperature distribution is indicating the
stratified diagonally. At 180°, isotherms are parallel to the vertical walls,
which shows the transfer of heat in the mode of heat conduction.

Nanoparticle isoconcentrations of the fluid for various angles are expressed
in Figure 4. At 0° to 30° inclination angle, the nanoparticle volume fraction
was raised near the bottom cavity wall. When the square enclosure was
moved from angle 90° to 120°, the nanoparticle isoconcentration decreased.
When the angle is 120° to 150°, again the concentration of nanoparticles
increases. When the angle of inclination is inclined from 150° to 180°, the
concentration of nanoparticles is decreased. In these all angles, the cell is
divided into two different parts: one is formed near the bottom adiabatic
wall and the other part is formed as a semi-opened vertex close to the top
adiabatic wall.

Figure 5 displays isoconcentrations of microorgnisms for the various incli-
nation angles. At 0° to 30° inclination angle, two types of cells are formed:
one cell is near the bottom adiabatic wall and the cell moves from the cold
wall to the hot wall, the second is an open semi vertex formed at the top
cavity wall, and it moves from the hot wall to the cold wall. When the
inclination varies from 0° to 180°, the movement of cells in the isoconcentra-
tions of microorganisms and nanoparticle volume fraction is the same. The
concentration of microorganisms’ maximum value is found at § = 30°, 120°.

In Figure 6, the effect of Rb and Nt on average Nusselt number, Sher-
wood numbers of nanoparticles, and Sherwood number of microorganisms is
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Figure 2: Streamlines for the inclination angle § = 0° — 180°

discussed. Moreover, Rb increases Nigyg and Shgyg from 0° < 6 < 90°, 90°
< 0 < 180°, and it reaches high. Indeed, at 0°, 90°, and 180° the average
Nusselt number and average Sherwood number values are low. Also, Rb in-
creases Nngqyg from 0° to 180°. In addition, Nt increases Nugyy from 0° to
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Figure 3: Isotherms for the inclination angle § = 0° — 180°

180°, and it shows wavy behavior, and Shgyg and Nng.g are also increased
with the increase of thermophoresis parameter.
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Figure 4: Isoconcentration of nanoparticle volume fraction for the inclination angle
6 =0° —180°

5 Conclusion

The effect of porous square cavity inclination with the horizontal surface with
nanofluid and gyrotactic microorganisms was analyzed with the streamlines,
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Figure 5: Microorganism isoconcentrations for the inclination angle § = 0° — 180°

isotherms, nanoparticle volume fraction, and microorganism isoconcentration
from 0° to0180°.

1. The velocity of the nanofluid flow is high at the angle 30°, 120° and in
the remaining angles, the flow intensity is low.
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Figure 6: Representation of (a) Average Nusselt number (b) Average nanoparticle Sher-
wood number (c) Average Microorganism Sherwood number for angle versus Rb and
angle versus Nt

2. The temperature distribution of the nanofluid is affected by the square
cavity inclination.

3. Nanoparticle isoconcentration and microorganism isoconcentrations
are high at the 30° and 120°, and at the remaining angles, the value is low.
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4. Thermophoresis parameter increases Ntgyg, Shavg, and Nng,g from

0° <9 <180°. Also, Nt increases Nugyg from 0° < § < 180°, but at 0° and
180°, the value is low. 5. Bioconvection Rayleigh number increases Nugyg,
Shavg, and Nngyg.
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