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This paper presents a numerical solution for a time delay parabolic
problem (reaction-diffusion) containing a small parameter. The numerical
method combines the implicit Crank–Nicolson scheme for the time deriva-
tive on the uniform mesh and the central difference scheme for the spatial
derivative on the Shishkin-type meshes. It is shown to be second-order
uniformly convergent in time and space. Then Richardson extrapolation
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1 Introduction

In singularly perturbed delay partial differential equations (SPPDEs), a
small parameter affects the highest derivative of partial differential equations
(PDEs) and also contains more than one delay term in the time direction.
These SPPDEs have existence in subjects like physical/chemical science, bi-
ology, and ecology. Time delay (large) diffusion problems (the present time
depends upon the past) appear in mathematical models in population dy-
namics [13, 26, 17] and also in biological modeling [29].

Consider the following time delay reaction-diffusion initial-boundary-
value problems (IBVPs):

( ∂
∂s

+ Lε,s

)
z(y, s) = −b(y, s)z(y, s− γ) + f(y, s), (y, s) ∈ D,

z(y, s) = Θb(y, s), (y, s) ∈ �b,
z(0, s) = Θl(s), on �l = {(0, s) : 0 ≤ s ≤ S},
z(1, s) = Θr(s), on �r = {(1, s) : 0 ≤ s ≤ S},

(1)

where Lε,yz(y, s) = −εzyy(y, s) + p(y)z(y, s). Here = (0, 1), D = Π ×
(0, S], � = �l∪ �b∪�r. Moreover, γ > 0 is a given constant. This model (1) is
singularly perturbed, parabolic in nature with 0 < ε � 1. Moreover, �r and
�l are the right and the left sides of the domain D, and �b = [0, 1]× [−γ, 0].
The functions b(y, s) (b(y, s) > 0), p(y)(p(y) ≥ β > 0), the source term
f(y, s) on D and Θl(s), Θr(s), Θb(y, s) on �, are bounded, sufficiently
smooth functions. The assumption on the time S is S = mγ for m ∈ N .
We also assume that suitable compatibility conditions hold true on the given
boundary and initial data to ensure a unique solution for (1) that exhibits
boundary layers along with end points of y [1, 19]. These conditions are
Θb(0, 0) = Θl(0), Θb(1, 0) = Θr(0), and

dΘl(0)

ds
− ε

∂2Θb(0, 0)

∂y2
+ p(0)Θb(0, 0) = −b(0, 0)Θb(0, − γ) + f(0, 0),

dΘr(0)

ds
− ε

∂2Θb(1, 0)

∂y2
+ p(1)Θb(1, 0) = −b(1, 0)Θb(1, − γ) + f(1, 0).

Due to the small parameter ε involved in the problem (1), the classical
methods on equal step length for solving (1) fail to give accurate results. They
are mostly unstable and unacceptable [22, 27]. Hence, we choose the fitted
mesh idea through the nonuniform mesh as given in [14, 20, 22, 25, 27] and
the references therein. One can refer [1, 7, 10, 9, 11, 18, 16, 23] for some order
enhancing methods of IBVPs. Some articles are available, which discuss both
the analytical and the numerical techniques for SPPDEs in literature. Ansari,
Bakr, and Shishkin [1] numerically solved the problem (1) on the Shishkin
mesh. Das and Natesan [6] gave details of numerical results for the time delay
parabolic convection diffusion problem. Indeed, the methods discussed above

IJNAO, Vol. 12, No. 2, pp 250–276
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using numerical techniques are of first- or second-order accurate. Hence, order
enhancing techniques are needed for the problem (1), which is the main aim
of this work.

Richardson extrapolation through averaging the numerical solutions com-
puted on two embedded meshes provides a good approximation to the exact
solution. This helps to increase the accuracy and the order of convergence.
Mohapatra and Natesan [21] used the extrapolation technique for solving sin-
gularly perturbed delay BVPs while Shishkin and Shishkina [28] applied on
time dependent IBVPs of reaction-diffusion type. This technique is used in
[5] for convection-diffusion singularly perturbed parabolic problems on the
adaptive mesh. This article aims to get a fourth-order accurate solution for
(1) using the extrapolation technique. Initially, the central difference scheme
is used on Shishkin-type meshes and the Crank–Nicolson method on tempo-
ral direction on uniform mesh. Here, problem (1) is solved withM number of
mesh points in spatial and N number of mesh points in time direction. After
that (1) is solved by the above methods with 2M and 2N number of mesh
points. Then the rate of convergence increases from second- to fourth-order
globally by taking a proper combination of these two solutions.

The rest portion is arranged as follows. In Section 2, we describe the
continuous solution to the problem. Section 3 studies the construction of the
numerical schemes. In Section 4, we implement the post-process ideas and
the theoretical analysis. Section 5 presents the numerical results through
plots and tables. We denote C and the subscripted C’s as constants, which
are positive, independent of the small parameter (ε) and spatial and time
mesh sizes. The error is represented in the supremum norm (‖ · ‖∞). It is
defined as ||h||∞ = sup

(y,s)∈D

|h(y, s)| for any function h on the domain D.

2 Analytic solution and its behavior

As the perturbed parameter ε→ 0 in (1), the problem reduces as given below:{
∂z0(y, s)

∂s
+ p(y)z0(y, s) = −b(y, s)z0(y, s− γ) + f(y, s), (y, s) ∈ D,

z0(y, s) = θb(y, s), (y, s) ∈ �b.
(2)

It is clear that the solution to (1) has boundary layers on �l and �r. The
characteristics of (2) are the vertical lines y = C, which implies that boundary
layers arising in the solution are parabolic type. The operator

( ∂
∂s

+ Lε,y
)

in (1) satisfies the following lemma known as the maximum principle.

Lemma 1. Suppose thatΨ(y, s) ∈ C0(D)∩C2(D) satisfies
( ∂
∂s

+Lε,y

)
Ψ(y, s) ≥

0 in D and that Ψ(y, s) ≥ 0 on �. Then Ψ(y, s) ≥ 0 for all (y, s) ∈ D.
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Proof. The proof of this lemma is available in [1].

2.1 Solution decomposition

The continuous solution z(y, s) to (1) is decomposed as z = vr + vs. The
regular component vr expresses as vr(y, s) = vr0(y, s)+εvr1(y, s), (y, s) ∈
D, where vr0 and vr1 are the solutions to the following problem:

(vr0)s(y, s) + p(y)vr0(y, s) = −b(y, s)vr0(y, s− γ) + f(y, s), (y, s) ∈ D,
vr0(y, s) = Θb(y, s), (y, s) ∈ �b,( ∂
∂s

+ Lε,y

)
vr1(y, s) = −b(y, s)vr1(y, s− γ) + (vr0)yy, (y, s) ∈ D,

vr1(y, s) = 0, (y, s) ∈ Γ.
(3)

The regular component vr(y, s) satisfies the following problem:
( ∂
∂s

+ Lε,y

)
vr(y, s) = −b(y, s)v(y, s− τ) + f(y, s), (y, s) ∈ D,

vr(y, s) = θb(y, s), (y, s) ∈ �b,
vr(0, t) = vr0(0, s), on �l = {(0, s) : 0 ≤ s ≤ S},
vr(1, t) = vr0(1, s), on �r = {(1, s) : 0 ≤ s ≤ S},

(4)

and the singular component vs(y, s) satisfies the PDE
( ∂
∂s

+ Lε,y

)
vs(y, s) = −b(y, s)vs(y, s− γ), (y, s) ∈ D,

vs(y, s) = 0, (y, s) ∈ Γb,
vs(0, s) = Θl − vr0(0, s), on �l = {(0, s) : 0 ≤ s ≤ S},
vs(1, s) = Θr − vr0(1, s), on �r = {(1, s) : 0 ≤ s ≤ S}.

(5)

Now, we can write vs = vsl + vsr, where vsl is the boundary layer part on �l
and vsr is the boundary layer part on �r. Here vsl and vsr are defined by

( ∂
∂s

+ Lε,y

)
vsl(y, s) = −b(y, s)vsl(y, s− γ), (y, s) ∈ D,

vsl(0, s) = θl − vr0(0, s) (y, s) ∈ �l vsl(y, s) = 0, (y, s) ∈ �b
⋃

�r,( ∂
∂s

+ Lε,y

)
vsr(y, s) = −b(y, s)vsr(y, s− γ), (y, s) ∈ D,

vsr(1, s) = Θr − vr0(1, s), (y, s) ∈ �r vsr(y, s) = 0, (y, s) ∈ �l
⋃
�b.

(6)

Theorem 1. For all integers l > 0 and m > 0 with 0 ≤ l + 2m ≤ 8, vr and
vs, defined in (3) and (5), respectively, satisfy
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∥∥∥∥∥
∞

≤ C(1 + ε2−l/2), (y, s) ∈ D,

and∥∥∥∥∥ ∂l+mvr∂yl∂sm

∥∥∥∥∥
∞

≤ Cε−l/2
(
exp(−y

√
β/ε) + exp(−(1− y)

√
β/ε)

)
, (y, s) ∈ D,∥∥∥∥∥∂l+mvsl∂yl∂sm

∥∥∥∥∥
∞

≤ Cε−l/2
(
exp(−y

√
β/ε))

)
, (y, s) ∈ D,∥∥∥∥∥∂l+mvsr∂yl∂sm

∥∥∥∥∥
∞

≤ Cε−l/2
(
exp(−(1− y)

√
β/ε)

)
, (y, s) ∈ D.

Proof. One may refer [1] for the details.

3 Discretization

On [0, S], the uniform time step ∆s is used in the time direction such that
ΠNs = {sn = n∆s, n = 0, . . . , N, sN = S, ∆s = S/N}, Πps = {sj =
j∆s, j = 0, . . . , p, sp = γ, ∆s = γ/p}. Here, p represents the number of
mesh points in [−γ, 0] and N denotes the number of mesh points in temporal
direction on the interval [0, S]. The step size (∆s) satisfies p∆s = γ, where
p > 0 is an integer sn = n∆s, n ≥ −p.

3.1 Discretization of the spatial domain

Let ξ = min
{1
4
, ρ0

√
ε lnM

}
, where ρ0 ≥ 2/β is a mesh transition parameter.

We divide Π = [0, 1] into three subdomains as Π = Πl ∪ Πc ∪ Πr, where
Πl = [0, ξ],Πc = (ξ, 1− ξ], and Πr = (1− ξ, 1]. Without loss of generality, we
assume that M is even and that M ≥ 8.

Shishkin mesh(S-mesh)

One can find the construction of the S-mesh in [22, 27] briefly described as
follows: let us define S-mesh as ΠMy = {yi ∈ [0, 1], 0 ≤ i ≤M}, where
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yi =



4iξ

M
for 0 ≤ i ≤M/4,

2i(1− 2ξ)

M
for M

4
+ 1 ≤ i ≤ 3M

4
,

4iξ

M
for 3M

4
+ 1 ≤ i ≤M.

If ξ= 1

4
, then the mesh has equal step length and otherwise when ξ =

ρ0
√
ε lnM , the mesh is changing at near the end of �l and �r, where

yi − yi−1 = 4ξM−1. Therefore, the mesh is piecewise uniform.

Bakhvalov-Shishkin mesh (B-S-mesh)

The idea of constructing the B-S mesh is available in [4, 27]. The mesh is
constructed as follows:

yi =



2

β

(
− ln

(
1− 2(1− 1

M ) i
M

))
, for 0 ≤ i ≤M/4− 1,

yM/4−1 +
(yM/4+1 − yM/4−1

M/2 + 2

)(
i−M/4 + 1

)
for M

4
≤ i ≤ 3M

4
,

1− 2

β

(
− ln

(
1− 2(1− 1

M )M−i
M

))
for 3M

4
+ 1 ≤ i ≤M.

We define the numerical domain DM = ΠMy ×ΠNs on D and �M = ΠMy ×Πps
on �.

3.2 Semidiscretization

The Crank–Nicolson scheme for the time variable of (1) is given by
z−j = Θb(y,−sj) for j = 0, . . . p, y ∈ D,(
I + ∆s

2
Lε,y

)
zn+1 = ∆s

2

(
− bn+1zn−p+1 − bnzn−p + fn+1 + fn

)
+
(
I − ∆s

2
Lε,y

)
zn,

zn+1(0) = Θl(sn+1), zn+1(1) = Θr(sn+1),

(7)
where fn = f(y, tn), bn = b(y, sn), zn = z(y, sn) is the semidiscrete
approximation to z(y, s) of (1) at sn = n∆s. Let en+1 = zn+1− z̃n+1 be the
local truncation error of (7) and let z̃n+1 be the solution to
z̃−j = Θb(y,−tj) for j = 0, . . . p, x ∈ D,(
I + ∆s

2
Lε,y

)
z̃n+1 = ∆s

2

(
− bn+1z̃n−p+1 − bnz̃n−p + fn+1 + fn

)
+
(
I − ∆s

2
Lε,y

)
(z̃2)n,

z̃n+1(0) = Θl(sn+1), z̃n+1(1) = Θr(sn+1).
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Hence, the global error at sn is given by En = z(y, sn)− zn(y).

3.3 Bounds on the solution and its derivatives

Consider the global error En+1 = en+1 + REn, associated with the scheme
(7). The transition operator

R =

(
I +

∆s

2
Lε,y

)−1(
I − ∆s

2
Lε,y

)
,

is defined as follows: set zn = En as the initial data with null boundary
condition and zero source term f. After one time step of (7), let REn be

the solution obtained. Using this, we have En+1 =

M∑
k=0

Rn−kek+1. Thus, we

claim

||Rj ||∞ ≤ C for all j = 0, 1, . . . , n. (8)

Then it follows that sup
n∆s≤S

||En+1||∞ ≤ C(∆s)2. Hence, the scheme (7) is

second-order accurate. It may be noted here that (8) is a stability condition.
The details of this argument were given in [3, 8].

Lemma 2. If
∣∣∣∣ ∂i∂si z(y, s)

∣∣∣∣ ≤ C for all (y, s) ∈ D, for 0 ≤ i ≤ 3, then

the local error with the method (7) satisfies

‖en+1‖ ≤ C(∆s)3. (9)

Proof. It can be shown using the same argument discussed in [3].

Theorem 2. The global error estimate En associated with (7) is given by
‖En‖∞ ≤ C(∆s)2 for all n ≤ S/∆s.

Proof. See [8].

Theorem 3. The derivatives of z(y, s) satisfy the bounds∣∣∣∣∣ ∂l+mz∂yl∂sm

∣∣∣∣∣ ≤ Cε−l/2, (y, s) ∈ D for all l > 0,m > 0 with 0 ≤ l+ 2m ≤ 8.

Proof. Refer to [1] for the details.
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3.4 Totally finite difference scheme

The second-order approximation for the operator is given by

D+
y D

−
y ω

n
j =

2

hj + hj+1

(
ωnj+1 − ωnj
hj+1

−
ωnj − ωnj−1

hj

)
.

In time, the backward difference scheme is D−
s ω

n
j =

ωnj − ωn−1
j

∆s
, where ωnj =

ω(yj , sn). To solve (1), the Crank–Nicolson scheme for the time scale and the
central difference scheme for the space are combined as

2D−
t Z

n+1
i + LεZ

n+1
i = −bn+1

i Zn−p+1
i − bni Z

n−p
i + fni + fn+1

i − LεZ
n
i (10)

for 1 ≤ i < M.

Here,

LεZ
n
i = −εD+

y D
−
y Z

n
i + piZ

n
i , fni = f(yi, sn), bni = b(yi, sn), pi = p(yi).

After rearranging the terms in (10) and combining (7), the fully discrete
scheme is

1

2

(
r−i Z

n+1
i−1 + roiZ

n+1
i + r+i Z

n+1
i+1

)
= gMi , 1 ≤ i < M,

Zn+1
0 = Θl(sn+1), Zn+1

N = Θr(sn+1),

Z−j
i = Θb(yi,−sj) for j = 0, . . . , p and i = 1 ≤ i < M,

(11)

r−i = ∆s
(
− 2ε

ĥihi

)
, roi = ∆s

( 2ε

hi+1hi
+ bn+1

i

)
+ 1, r+i = ∆s

(
− 2ε

ĥihi+1

)
,

gMi =
∆s

2

(
− bn+1

i Zn−p+1
i − bni Z

n−p
i + fn+1

i + fni

)
+
(
1− ∆s

2
Lε

)
Zni

for 0 < i ≤M − 1.

The difference equation (11) at n + 1 time level forms a tridiagonal system
of M − 1 equations with the same number of unknowns. This system has
properties like r−i < 0, roi > 0, r+i < 0 for 1 ≤ i ≤ M − 1. The Thomas
algorithm [24] is used to solve the tridiagonal system.

3.5 Error analysis

Theorem 4. Let z be the analytical solution to (1) and let Z be the numer-
ical solution (11). Then on S-mesh, the error of the scheme (11) satisfies the
following estimate:

IJNAO, Vol. 12, No. 2, pp 250–276



258 Mohapatra and Govindarao

max
i,n

∣∣(z − Z)(yi, sn)
∣∣ ≤ C

(
(M−1 lnM)2 +∆s2

)
for i = 1, . . . ,M − 1.

On B-S-mesh, it satisfies

max
i,n

∣∣(z − Z)(yi, sn)
∣∣ ≤ C

(
M−2 +∆s2

)
for i = 1, . . . ,M − 1,

where Z(yi, sn) = Zni for (yi, sn) ∈ DM .

Proof. The proof is divided into various steps for each time level. On the
first interval s ∈ [0, γ] (the time discretization n varies from 0 to p), the term
f(y, s)− c(y, s)Θb(s, s− γ) in the right side of (1) is independent of ε. Now
since (yi, sn) ∈ DM

1 = ΠMy × [0, γ), using the convergence results given in [3]
and Theorem 2, we obtain on S-mesh

max
i,n

∣∣(z − Z)(yi, sn)
∣∣ ≤ C

(
M−2 ln2M + (∆s)2

)
for 0 < i < M.

Following a similar procedure done in [31, 30] for the error bounds on B-
S mesh, we consider the mesh generating function for B-S mesh ς(ξ) =

(2/β)ξχ(s), where χ(s) = − ln
(
1 − 2(1 − 1

M )(s)
)
. The mesh generating

function satisfies ς(ξ)′ ≤ CM , and assume that ε ≤ M−1. The spatial
mesh size hi on the layer region satisfies hi ≤ CM−1 and hi ≤ Cε, for
i = 0, 1, . . . , (M/4) − 1 and for i = (3M/4) + 1, . . . ,M . Now using the
bounds on the derivative of z given Theorem (3), we get on B-S-mesh,

max
i,n

∣∣(z − Z)(yi, sn)
∣∣ ≤ C

(
M−2 +∆s2

)
for i = 1, . . . ,M − 1,

Now, the term z(y, s) depends on z(y, s− γ), which is unknown for s ≥ γ.
So, the above process is not applicable for s ≥ γ. To get the error over
the interval [γ, 2γ], using the convergence results in [1] and Theorem 2, we
obtain the desired bound.

4 Post processing technique

To enhance the order for the difference scheme (10), we use the Richardson
extrapolation technique. First, we solve the discrete problems (11) on the
fine mesh D2M = Π

2M

y ×Π
2N

s with 2M and 2N mesh intervals in the spatial
and time direction respectively, where Π

2M

y is the Shishkin-type mesh and
is obtained by halving each mesh interval of Π

M

y with a fixed transition
parameter. Clearly, DM = {(yi, sn)} ⊂ D2M = {(yi, sn)}. Therefore, the
corresponding S-mesh is Π2M

y = {yi ∈ (0, 1), 0 ≤ i ≤ 2M} by
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yi =



2iξ

M
for 0 ≤ i ≤M/2,

i(1− 2ξ)

M
for M

2
+ 1 ≤ i ≤ 3M

2
,

2iξ

M
for 3M

2
+ 1 ≤ i ≤ 2M,

and the B-S-mesh is

yi =



2

β

(
− ln

(
1− 2(1− 1

2M ) i
2M

))
for 0 ≤ i ≤M/2− 1,

yM/2−1 +
(yM/2+1 − yM/2−1

M + 2

)(
i−M/2 + 1

)
for M

2
≤ i ≤ 3M

2
,

1− 2

β

(
− ln

(
1− 2(1− 1

2M ) 2M−i
2M

))
for i ≤ 3M

2
+ 1 ≤ 2M,

and sn − sn−1 = ∆s/2 for sn ∈ Π
2N

s . Now, from Theorem 4, the error is

(Z − z)(yi, sn) = C
(
(M−1 lnM)2 +∆s2

)
+ o
(
(M−1 lnM)2 +∆s2

)
,

= C(M
−1ξ

ρ0
√
ε
)2 + C∆s2 + o

(
(M−1 lnM)2 +∆s2

)
(12)

for (yi, sn) ∈ DM . Let Z(yi, sn) be the solution to (11) on the domain D2M .
From Theorem 4, we get

(Z − z)(yi, sn) = C
(
(2M)−2( ξ

ρ0
√
ε
)2 + (∆s2 )2

)
+ o
(
(M−1 lnM)2 + (∆s2 )2

)
(13)

for (yi, sn) ∈ D2M . Now, the elimination of o(M−2) term from (12) and (13)
leads to the following approximation:

z(yi, sn)−
1

3

(
4Z−Z

)
(yi, sn) = o

(
(M−1 lnM)2+∆s2

)
, (yi, sn) ∈ DM . (14)

Therefore, we use the extrapolation formula as

Zextp(yi, sn) =
1

3

(
4Z − Z

)
(yi, sn), (yi, sn) ∈ DM . (15)

Theorem 5. Let Zextp be the solution by extrapolation technique (15) and
let z be the solution to problem (1). Also, assume that

√
ε ≤M−1. Then we

have the following error bound on S-mesh∣∣∣z(yi, sn)− Zextp(yi, sn)
∣∣∣ ≤ C

(
M−4 ln4M +∆s4

)
for 1 ≤ i ≤M − 1.

Proof. The term in right side of (1), f(y, s) − b(y, s)Θb(y, s − γ) is inde-
pendent of ε in the interval [0, γ], where the time discretization parameter n
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varies from 0 to p. One can find the complete analysis of the extrapolation
technique in [28].

Since z(y, s) depends on z(y, s − γ), which is unknown for s ≥ γ, the
approach in [28] is not applicable in the interval [γ, 2γ] and s ≥ γ. Therefore
the following delay parabolic equation involving small parameter considered
on domain D2 = Π× (γ, 2γ):


( ∂
∂s

+ Lε,y

)
z(y, s) = −b(y, s)z(y, s− γ) + f(y, s), (y, s) ∈ D2,

z(y, s) = zb(y, s), (y, s) ∈ D1 = Π× (0, γ),
z(0, s) = Θl(s), z(1, s) = Θr(s), s ∈ [γ, 2γ],

(16)

where zb(y, s) is a continuous solution in D1. Applying the scheme for (16)
on D2 as given in (10), we have

2D−
t Z

n+1
i − εδ2yZ

n+1
i + piZ

n+1
i = −bn+1

i Zn−p+1
i − bni Z

n−p
i (17)

+fni + fn+1
i − LεZ

n
i ,

Zn0 = Θl(sn), ZnN = Θr(sn), sn ∈ [γ, 2γ],

Z−j
i = Zb(yi, sn), (yi, sn) ∈ DM

1 ,

where δ2y = D−
y D

+
y , fni = f(yi, sn), (yi, sn) ∈ DM

2 and Z1
b (·, ·) is the numerical

solution in DM
1 .

Decompose z in (16) on the domain D2 as z = wr + ws, where wr is
the smooth component and ws is the singular component. Again we write
wr = wr0 + εwr1, satisfying{

∂wr0(y, s)

∂s
+ p(y)wr0(y, s) = −b(y, s)wr0(y, s− γ) + f(y, s), (y, s) ∈ D2,

wr0(y, s) = z(y, s), (y, s) ∈ D1, wr0(0, s) = z(0, s), s ∈ [γ, 2γ],
(18)

and{( ∂
∂s

+ Lε,y

)
wr1(y, s) = −b(y, s)wr1(y, s− γ) + (wr0)yy, (y, s) ∈ D2,

wr1(y, s) = 0, (y, s) ∈ D1, wr1(0, s) = 0, wr1(1, s) = 0, s ∈ [γ, 2γ].
(19)

Therefore
( ∂
∂s

+ Lε,y

)
wr(y, s) = −b(y, s)wr(y, s− γ) + f(y, s), (y, s) ∈ D2,

wr(y, s) = z(y, s), (y, s) ∈ D1,
wr(0, s) = wr0(0, s), wr(1, s) = wr0(1, s), s ∈ [γ, 2γ].

(20)
Then, the singular component ws satisfies
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( ∂
∂s

+ Lε,y

)
ws(y, s) = −b(y, s)ws(y, s− γ), (y, s) ∈ D2,

ws(y, s) = 0, (y, s) ∈ D1, ws(0, s) = Θl(s)− wr0(0, s),
ws(1, s) = Θr(s)− wr0(1, s), s ∈ [γ, 2γ].

(21)

Write ws = wsl +wsr, where wsl is the left boundary layer component on �l
and wsr is the right boundary layer component on �r. Also, wsl and wsr are
satisfying the following PDEs:

( ∂
∂s

+ Lε,y

)
wsl(y, s) = −b(y, s)wl(y, s− γ), (y, s) ∈ D2,

wsl(0, s) = Θl − wr0(0, s) s ∈ [γ, 2γ], wsl(y, s) = 0, (y, s) ∈ D1l,( ∂
∂s

+ Lε,y

)
wsr(y, s) = −b(y, s)wr(y, s− γ), (y, s) ∈ D2,

wsr(1, s) = Θr − wr0(1, s), s ∈ [γ, 2γ], wsr(y, s) = 0, (y, s) ∈ D1r,

(22)
where D1l = (0, ξ) × [0, γ] and D1r = (1 − ξ, 1) × [0, γ]. Since, D2 ⊂ D, the
estimates given in Theorem 1, can be used for wr and ws. Decompose the
numerical solution Z to (17) as Z =Wr +Ws, where Wr is the smooth part
and Ws is the singular part. Thus(
D+
s +D−

s + Lε

)
Wr

n+ 1
2

i = −b
n+ 1

2
i Wr

n+ 1
2−p

i + f
n+ 1

2
i , (yi, sn+ 1

2
) ∈ DM

2 ,(23)

Wr
n
i = Zb(yi, sn), (yi, sn) ∈ DM

1 ,

Wr
n
0 = wr(0, sn), Wr

n
N = wr(1, sn), sn ∈ [γ, 2γ],

and therefore, Ws satisfies(
D+
s +D−

s + Lε

)
Ws

n+ 1
2

i = −bniW
n+ 1

2−p
i , (yi, sn+ 1

2
) ∈ DM

2 , (24)

Ws
n
i = 0, (yi, sn) ∈ DM

1 ,

Ws
n
0 = Θl(sn)− wr(0, sn),

Ws
n
N = Θr(sn)− wr(1, sn), sn ∈ [γ, 2γ].

Now, we write Ws =Wsl+Wsr, where Wsl is the boundary layer on �Ml and
Wsr is the boundary layers on �Mr . Hence Wsl and Wsr are defined by(
D+
s +D−

s + Lε

)
Wsl(yi, sn+ 1

2
) = −bniWsl(yi, sn+ 1

2−p
), (yi, sn+ 1

2
) ∈ DM

2 ,

Wsl(0, sn) = Θl − wr(0, sn) (yi, sn) ∈ �l, Wsl(yi, sn) = 0, (yi, sn) ∈ DM
1l ,(

D+
s +D−

s + Lε

)
Wsr(yi, sn+ 1

2
) = −bniWsr(yi, sn+ 1

2−p
), (yi, tn+ 1

2
) ∈ DM

2 ,

Wsr(1, sn) = Θr − wr(1, sn), (yi, sn) ∈ �r, Wsr = 0, (yi, sn) ∈ DM
1r ,
(25)

where DM
1l is the discretized domain of D1l and DM

1r is the discretized domain
of D1l. Similarly �Ml is the discretized domain of �l and �Mr is the discretized
domain of �r.

IJNAO, Vol. 12, No. 2, pp 250–276



262 Mohapatra and Govindarao

4.1 Error bound for Wr

Lemma 3. The local truncation error in DM
2 associated to the smooth com-

ponent satisfies(
2D−

s + Lε

)
(wr −Wr)(yi, sn)

= C
(
(M−1 lnM)2 +∆s2

)
+

ε

12
(yi − yi−1)

2 ∂
4wr
∂y4

(yi, sn− 1
2
)

+
1

12
∆s2

∂3wr
∂s3

(yi, sn) +O(M−4 +∆s4).

Proof. Using (20) and (23), we get(
2D−

s + Lε

)
(wr −Wr)(yi, sn)

= bni (z(yi, sn−p− 1
2
)− Zb(yi, sn−p− 1

2
)) +

( ∂
∂s

− 2D−
s

)
wr(yi, sn)

+
∂

∂s
wr(yi, sn−1)−+(Lε,y − Lε)wr(yi, sn− 1

2
).

Now, by using the estimate in Theorem 4 and Taylor’s expansion, the desired
result can be achieved. Refer to [8] for more details.

Let the function Ed(y, s), for d = 1, 2, satisfy the IBVPs (refer approach
of Kellar [12]):

( ∂
∂s

+ Lε,y

)
E1(y, s) =

ε

12

∂4wr(y, s)

∂y4
in D,

E1(y, s) = 0, (y, s) ∈ �b,
E1(0, s) = 0, E1(1, s) = 0, s ∈ [0,S],

(26)


( ∂
∂s

+ Lε,y

)
E2(y, s) =

1

12

∂3wr(y, s)

∂s3
in D,

E2(y, s) = 0, (y, s) ∈ Γb,
E2(0, s) = 0, E2(1, s) = 0, s ∈ [0,S].

(27)

Now Ed can be decomposed as Ed = ηd+ϑd, where ηd and ϑd are the regular
and singular layer parts of Ed. Now from Theorem 1, we have∥∥∥∥∥∂l+mηd∂yl∂sm

∥∥∥∥∥
∞

≤ C(1 + ε2−l/2) for 0 ≤ l + 2m ≤ 8.

One can get these bounds using a similar procedure as done in [1]. Taking
(y, s) ∈ D2, (26) and (27) reduce to the following IBVPs:
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( ∂
∂s

+ Lε,y

)
E1(y, s) =

ε

12

∂4wr(y, s)

∂y4
in D2,

E1(y, s) = E1γ , (y, s) ∈ D1,
E1(0, s) = 0, E1(1, s) = 0, s ∈ [γ, 2γ],
( ∂
∂s

+ Lε,y

)
E2(y, s) =

1

12

∂3wr(y, s)

∂s3
in D2,

E2(y, s) = E2γ , (y, s) ∈ D1,
E2(0, s) = 0, E2(1, s) = 0, s ∈ [γ, 2γ],

where E1γ(·, ·) and E2γ(·, ·) are the respective solutions in D1. Therefore,
the components ηd and ϑd, d = 1, 2, satisfy

( ∂
∂s

+ Lε,y

)
η1 =

ε

12

∂4wr(y, s)

∂y4
in D2,( ∂

∂s
+ Lε,y

)
η2 =

1

12

∂3wr(y, s)

∂s3
in D2,

ηd(y, s) = Edγ , (y, s) ∈ D1 for d = 1, 2,
ηd(0, s) = 0, ηd(1, s) = −ϑd(1, s), s ∈ [γ, 2γ],

( ∂
∂s

+ Lε,y

)
ϑd = 0 in D2

ϑd(y, s) = 0, (y, s) ∈ D1 for d = 1, 2,
ϑd(0, s) = 0, ϑd(1, s) = −ηd(1, s), s ∈ [γ, 2γ].

(28)

Lemma 4. The local truncation error in DM
2 associated with wr satisfies

(wr −Wr)(yi, sn) = C
(
(M−1 lnM)2 +∆s2

)
+ (yi − yi−1)

2η1 + η2∆s+O(M−4 +∆s2).

Proof. From Lemma 3 and (28), one can easily get(
2D−

s + Lε

)
((wr −Wr)(yi, sn) = C

(
(M−1 lnM)2 +∆s

)
+h2i

(( ∂
∂s

+ Lε,y

)
− (2D−

s + Lε)

)
η1

+∆s

(( ∂
∂s

+ Lε,y

)
− (2D−

s + Lε)

)
η2

+O(h4 +∆s4). (29)

Using the derivative bounds of ηd and from the Taylor’s expansion, it follows
that for d = 1, 2,∣∣∣∣∣h2i

(( ∂
∂s

+ Lε,y

)
− (2D−

s + Lε)

)
η1 +∆s

(( ∂
∂s

+ Lε,y

)
− (2D−

s + Lε)

)
η2

∣∣∣∣∣
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≤ C
(
h4 +∆s4

)
. (30)

Therefore, from (29) and (30), we have(
2D−

s + Lε

)
(wr −Wr)(yi, sn) ≤ C

(
(M−1 lnM)2 +∆s2 +

(
h4 +∆s4

))
,

and, by applying barrier functions and the discrete maximum principle as
done in [22], we obtain the following bound:∣∣∣(wr−Wr)(yi, sn)

∣∣∣ ≤ C
(
(M−1 lnM)2+∆s2

)
+h2i η1+η2∆s

2+O(h4+∆s4).

Lemma 5. The error associated with Wr after extrapolation satisfies

(wr −Wrextp)(yi, sn) ≤ C
(
M−4 +∆s4

)
for (yi, sn) D

M
2 .

Proof. From Lemma 4 on the fine mesh D2N
2 , we have

(Wr−wr)(yi, sn) = C
(
(2M)−2(ln 2M)2+

∆s2

4

)
+
h2i
4
η1+η2

∆s2

4
+O(M−4+∆s4). (31)

From the extrapolation formula (15), we can write

(wr −Wrextp)(yi, sn) = wr(yi, sn)−
(1
3
(4Wr −Wr)(yi, sn)

)
= −1

3

(
4(Wr − wr) + (Wr − wr)

)
(yi, sn).

By using Lemma 4 and (31), we obtain

−1

3

(
4(Wr − wr) + (Wr − wr)

)
(yi, sn) =

1

3

(
− C

(
(M−1 ln 2M)2 +∆s2

)
− h2i η1 − η2∆s

2

+ C
(
(M−1 lnM)2 +∆s2

)
+ h2i η1 + η2∆s

2

)
+O(M−4 +∆s4)

=O(M−4 +∆s4),

which is our desired bound.

Now, we define the function Fd = Fdl + Fdr, d = 1, 2, by the following
IBVPs:
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( ∂
∂s

+ Lε,y

)
F1l =

ρ0ε

3

∂4ws(y, s)

∂y4
, (y, s) in Dl = (0, ξ)× (0,S],( ∂

∂s
+ Lε,y

)
F1r =

ρ0ε

3

∂4ws(y, s)

∂y4
, (y, s) in Dr = (1− ξ, 1)× (0,S],

F1l(y, s) = 0, (y, s) ∈ [0, ξ]× (−γ, 0),
F1r(y, s) = 0, (y, s) ∈ [1− ξ, 1]× (−γ, 0),
F1l(0, s) = F1l(ξ, s) = 0, s ∈ (0,S],
F1r(1− ξ, s) = F1r(1, s) = 0, s ∈ (0,S],

(32)



( ∂
∂s

+ Lε,y

)
F2l =

1

12

∂3ws(y, s)

∂s3
, (y, s) in Dl = (0, ξ)× (0,S],( ∂

∂s
+ Lε,y

)
F2r =

1

12

∂3ws(y, s)

∂s3
, (y, s) in Dr = (1− ξ, 1)× (0,S],

F2l(y, s) = 0, (y, s) ∈ [0, ξ]× (−γ, 0),
F2r(y, s) = 0, (y, s) ∈ [1− ξ, 1]× (−γ, 0),
F2l(0, s) = F1l(ξ, s) = 0, s ∈ (0,S],
F2r(1− ξ, s) = F1r(1, s) = 0, s ∈ (0,S],

(33)
The solution Fd, d = 1, 2, to (32) and (33) satisfies the following bounds:∣∣∣∣∣∂l+mFd∂yl∂sm

∣∣∣∣∣
∞

≤ Cε−l/2
(
exp(−y

√
β/ε) + exp(−(1− y)

√
β/ε)

)
, (y, s) ∈ D.

In this context, by considering s ∈ (γ, 2γ), therefore (32) and (33) reduces to

( ∂
∂s

+ Lε,y

)
F1l =

ρ0ε

3

∂4ws(y, s)

∂y4
, (y, s) in Dl = (0, ξ)× (γ, 2γ),( ∂

∂s
+ Lε,y

)
F1r =

ρ0ε

3

∂4ws(y, s)

∂y4
, (y, s) in Dr = (1− ξ, 1)× (γ, 2γ),

F1l(y, s) = F1lγ(y, s), (y, s) ∈ [0, ξ]× (0, γ),
F1r(y, s) = F1rγ(y, s), (y, s) ∈ [1− ξ, 1]× (0, γ),
F1l(0, s) = F1l(ξ, t) = 0, s ∈ (γ, 2γ),
F1r(1− ξ, t) = F1r(1, s) = 0, s ∈ (γ, 2γ),

(34)

IJNAO, Vol. 12, No. 2, pp 250–276



266 Mohapatra and Govindarao

( ∂
∂s

+ Lε,x

)
F2l =

1

12

∂3ws(y, s)

∂s3
, (y, s) in Dl = (0, ξ)× (γ, 2γ),( ∂

∂s
+ Lε,y

)
F2r =

1

12

∂3ws(y, s)

∂s3
, (y, s) in Dr = (1− ξ, 1)× (γ, 2γ),

F2l(y, s) = F2lγ(y, s), (y, s) ∈ [0, ξ]× (0, γ),
F2r(y, s) = F2rγ(y, s), (y, s) ∈ [1− ξ, 1]× (0, γ),
F2l(0, s) = F2l(ξ, s) = 0, s ∈ (γ, 2γ),
F2r(1− ξ, s) = F1r(1, s) = 0, s ∈ (γ, 2γ),

(35)
where Fkl(·, ·), k = 1, 2, are the analytic solutions in [0, ξ]×(0, γ) and Fkr(·, ·),
k = 1, 2, are the analytic solutions in [1− ξ, 1]× (0, γ).

Lemma 6. For (yi, sn) DM
2 , the error associated with Ws satisfies

(Ws−ws)(yi, sn) = (M−1 lnM)2F1(yi, sn)+∆s2F2(yi, sn)+O
(
M−4 ln4M+∆s4

)
.

Proof. Write Ws =Wsl+Wsr, where Wsl and Wsr are defined in (25). Now
Ws−ws = (Wsl−wsl)+(Wsr−wsr), where the errorWsl−wsl is related to a
layer on Dl and Wsr −wsr on Dr. These errors can be estimated separately.
First, we estimate Wsl − wsl, from (22) and difference equation (25) and
follow the similar procedure of Lemma 4.

Next, we can estimate the error Wsr − wsr.

Lemma 7. For (yi, sn) D2
M , the error associated to Ws after extrapolation

satisfies ∣∣∣(ws −Wsextp)(yi, sn)
∣∣∣ ≤ C

(
M−4 ln4M +∆s4

)
.

Proof. From Lemma 6, we get

(Ws − ws) = (M−1 lnM)2F1(yi, sn) + ∆s2F2(yi, sn)

+O
(
M−4 ln4N +∆s4

)
for (yi, sn) D

M
2 , (36)

and

(ws −Ws) = ((2M)−1 ln 2M)2F1(yi, sn) +
∆s2

4
F2(yi, sn)

+O
(
M−4 ln4M +∆s4

)
(37)

for (yi, sn) ∈ D2M
2 . Eliminating the terms O(M−2) and ∆s2 from (36) and

(37), the required result is achieved.

Theorem 6 (Error after extrapolation in DM
2 ). Let Zextp be the extrapo-

lated solution (by technique (15)) for solving (11) on D2
M and D2M

2 . Let z
be the solution to (1). Assume that ε < M−2. Then we have the following
error bound associated with Zextp :
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∣∣∣ ≤ C

(
M−4 ln4M +∆s4

)
for 1 ≤ i ≤M − 1.

Proof. We have∣∣∣∣∣z(yi, sn)− Zextp(yi, sn)

∣∣∣∣∣ ≤
∣∣∣∣∣wr(yi, sn)−Wrextp(yi, sn)

∣∣∣∣∣
+

∣∣∣∣∣ws(yi, sn)−Wsextp(yi, sn)

∣∣∣∣∣
for all (yi, sn) ∈ DM

2 . Combining Lemmas 4 and 7, we can get the required
result.

Remark 1. The error bound on B-S-mesh in DM
2 is∣∣∣z(yi, sn)− Zextp(yi, sn)

∣∣∣ ≤ C
(
M−4 +∆s4

)
for 1 ≤ i ≤M − 1.

Remark 2.(Error after extrapolation in DM ) Let Zextp be the extrapo-
lated solution (by technique (15)) for solving (11) on D2

M and D2M
2 . Let z

be the solution to (1). Then we have the following error bound on S-mesh:∣∣∣z(yi, sn)− Zextp(yi, sn)
∣∣∣ ≤ C

(
M−4 ln4M +∆s2

)
for 1 ≤ i ≤M − 1,

similarly, on B-S-mesh∣∣∣z(yi, sn)− Zextp(yi, sn)
∣∣∣ ≤ C

(
M−4 +∆s4

)
for 1 ≤ i ≤M − 1.

5 Numerical experiments

The proposed scheme (10) is tested on two test problems in this section. In
this section, all the numerical results are obtained using MATLAB software
in 64 GB RAM workstation.

Example 1. Consider
zs − εzyy + 0.5z = −2e−1z(y, s− 1) + f(y, s), (x, t) ∈ (0, 1)× (0, 2],

z(y, s) = e−s+y/
√
ε + e−s+(1−y)/

√
ε, (y, s) ∈ [0, 1]× [−1, 0],

z(0, s) = e−s + e−s+1/
√
ε, z(1, s) = e−s+1/

√
ε + e−s, s ∈ [0, 2].

(38)

The exact solution for Example 1 is z(y, s) = e−s+y/
√
ε + e−s+(1−y)/

√
ε.

The maximum pointwise error before and after extrapolation given by

EM,∆s
ε = max

(yi, sn)∈DM
|z(yi, sn)− ZM,∆s(yi, sn)|
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and
EM,∆s
ε = max

(yi, sn)∈DM
|z(yi, sn)− ZM,∆s

extp (yi, sn)|.

The corresponding order of convergence is PM,∆s
ε = log2

(
EM,∆s

ε

E
2M,∆s/2
ε

)
. Here,

z(yi, sn) is the exact solution and ZM,∆s(yi, sn) and ZM,∆s
extp (yi, sn) are the

numerical solutions before and after extrapolation, respectively.

Example 2. Consider the test problem:
zs − εzyy +

(1 + y)2

2
z = s3 − z(y, s− 1), (y, s) ∈ (0, 1)× (0, 2],

z(y, s) = 0, (y, s) ∈ [0, 1]× [−1, 0],
z(0, s) = 0, z(1, s) = 0, s ∈ [0, 2].

(39)

Since the exact solution to (2) is not known, we use the idea of double
mesh principle to obtain the pointwise errors and to verify the ε-uniform
convergence. Define Z̃(yi, sn) as the numerical solution obtained on D̃2M =

Π̃2M
y × Π̃2N

s with 2M mesh intervals in space and 2N mesh intervals in the
s-direction, where Π̃2M

y is the Shishkin-type mesh as defined ΠMy with the
fixed transition parameter. For each ε, we calculate the maximum pointwise
error before and after extrapolation by ÊM,∆s

ε = max
(yi, sn)∈DM

|ZM,∆s(yi, sn)−

Z̃M,∆s(yi, sn)| and ÊM,∆s
ε = max

(yi, sn)∈DM
|ZM,∆s
extp (yi, sn) − Z̃M,∆s

extp (yi, sn)|,

respectively. The corresponding order of convergence is obtained by P̂M,∆s
ε =

log2

(
ÊM,∆s

ε

Ê
2M,∆s/2
ε

)
. Here, Z̃M,∆s

extp (yi, sn) is the extrapolation solution obtained

by the double mesh principle.
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Figure 1: Surface plots of the computed solution on S-mesh for Example 1.
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Figure 2: Solution plots of each time on S-mesh for Example 1.
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(a) Before extrapolation. (b) After extrapolation.

Figure 3: Error graphs of the computed solution on B-S mesh for Example 1.
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Figure 4: Surface plots of the computed solution on S-mesh for Example 2.
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Figure 9: Log-log plots on B-S mesh for Example 2.
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Figure 5: Solution plots on S-mesh for Example 2.

(a) Before extrapolation. (b) After extrapolation.

Figure 6: Log-log plots on S-mesh for Example 1.

(a) Before extrapolation. (b) After extrapolation.

Figure 7: Log-log plots on B-S mesh for Example 1.
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(a) Before extrapolation. (b) After extrapolation.

Figure 8: Log-log plots on S-mesh for Example 2.

Table 1: EM,∆s
ε and PM,∆s

ε generated on S-mesh using the proposed method for
Example 1.

M/∆s Extrapolation 1e-4 1e-6
Singular layer Regular layer Singular layer Regular layer

32/10 before 1.15e-2 6.42e-4 1.15e-2 6.42e-4
1.47 2.13 1.47 2.13

after 3.09e-4 1.52e-6 3.09e-4 1.52e-6
2.72 3.56 2.72 3.56

64/40 before 4.15e-3 1.46e-4 4.15e-3 1.46e-4
1.56 2.25 1.56 2.25

after 1.33e-6 1.10e-7 1.33e-6 1.10e-7
3.05 3.78 3.05 3.78

128/160 before 1.40e-3 3.07e-5 1.40e-3 3.07e-5
1.65 2.38 1.65 2.38

after 5.61e-6 9.33e-9 5.61e-6 9.33e-9
3.22 3.89 3.22 3.89

256/640 before 4.46e-4 5.90e-6 4.46e-4 5.90e-6
1.68 2.48 1.68 2.48

after 6.01e-7 6.28e-10 6.00e-7 6.28e-10
3.34 4.27 3.34 4.27

512/2560 before 1.38e-4 1.05e-6 1.38e-4 1.05e-6

after 5.91e-8 3.25e-11 5.91e-8 3.25e-11
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Table 2: EM,∆s
ε and PM,∆s

ε generated on B-S-mesh using the proposed method for
Example 1.

ε Extrapolation Number of intervals M
32/10 64/40 128/160 256/640 512/2560

1e− 6 before 4.9562e-3 1.3618e-3 3.4560e-4 8.6895e-5 2.1776e-5
1.8637 1.9783 1.9918 1.9965

after 5.3442e-4 4.4861e-5 3.0539e-6 1.9448e-7 1.2234e-8
3.5744 3.8767 3.9730 3.9906

1e− 8 before 4.9562e-3 1.3618e-3 3.4560e-4 8.6895e-5 2.1776e-5
1.8637 1.9783 1.9918 1.9965

after 5.3442e-4 4.4861e-5 3.0539e-6 1.9448e-7 1.2234e-8
3.5744 3.8767 3.9730 3.9906

1e− 12 before 4.9562e-3 1.3618e-3 3.4560e-4 8.6895e-5 2.1776e-5
1.8637 1.9783 1.9918 1.9965

after 5.3442e-4 4.4861e-5 3.0539e-6 1.9448e-7 1.2234e-8
3.5744 3.8767 3.9730 3.9906

Table 3: ÊM,∆s
ε and P̂M,∆s

ε generated on S-mesh using the proposed method for
Example 2.

N/∆s Extrapolation 1e-4 1e-6 1e-8
Inner layer Outer layer Inner layer Outer layer Inner layer Outer layer

32/10 before 9.021e-3 2.800e-3 9.021e-3 3.100e-3 9.021e-3 3.100e-3
1.633 2.001 1.418 2.015 1.418 2.015

after 1.850e-5 6.976e-6 3.344e-4 7.103e-6 3.344e-4 7.103e-6
3.788 3.982 2.704 3.970 2.704 3.970

64/40 before 2.907e-3 7.068e-4 3.374e-3 7.669e-4 3.374e-3 7.669e-4
1.911 2.001 1.528 2.000 1.528 2.000

after 1.339e-6 4.414e-7 5.132e-5 4.530e-7 5.132e-5 4.530e-7
3.878 4.06 3.037 3.925 3.037 3.925

128/160 before 7.729e-4 1.765e-4 1.169e-3 1.917e-4 1.169e-3 1.917e-4
1.418 2.002 1.633 2.000 1.6337 2.000

after 9.108e-8 2.631e-8 6.249e-6 2.981e-8 6.249e-6 2.981e-8
3.949 4.024 3.489 4.011 3.489 4.011

256/640 before 1.959e-4 4.404e-5 3.979e-4 4.793e-5 3.979e-4 4.793e-5
1.980 2.010 1.655 2.000 1.655 2.000

after 5.897e-9 1.617e-9 5.565e-7 1.848e-9 5.565e-7 1.848e-9
3.974 4.162 3.920 4.291 3.920 4.291

512/2560 before 4.909e-5 1.093e-5 1.263e-4 1.198e-5 1.263e-4 1.198e-5

after 3.752e-10 1.778e-11 3.675e-8 9.440e-11 3.675e-8 9.440e-11
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Table 4: ÊM,∆s
ε and P̂M,∆s

ε generated on B-S-mesh using the proposed method for
Example 2.

ε Extrapolation Number of intervals M
32/10 64/40 128/160 256/640 512/2560

1e− 6 before 1.3012e-2 3.5208e-3 9.2402e-4 2.3350e-4 5.8667e-5
1.8859 1.9299 1.9845 1.9928

after 5.4243e-4 4.6020e-5 3.1547e-6 2.0324e-7 1.2801e-8
3.5591 3.8667 3.9562 3.9889

1e− 8 before 1.3012e-2 3.5208e-3 9.2402e-4 2.3350e-4 5.8667e-5
1.8859 1.9299 1.9845 1.9928

after 5.4243e-4 4.6020e-5 3.1547e-6 2.0324e-7 1.2801e-8
3.5591 3.8667 3.9562 3.9889

1e− 12 before 1.3012e-2 3.5208e-3 9.2402e-4 2.3350e-4 5.8667e-5
1.8859 1.9299 1.9845 1.9928

after 5.4243e-4 4.6020e-5 3.1547e-6 2.0324e-7 1.2801e-8
3.5591 3.8667 3.9562 3.9889

The surface plots are plotted for ε = 10−2 and ε = 10−6 in Figure 1 for
Example 1 and Figure 4 for Example 2 on S-mesh, respectively. Figures 2 and
5 display the solution for different values ε with respect to time for Example
1 and Example 2, respectively. From these figures, one can visualize that the
boundary layers appear at y = 0 and y = 1. The error plots are given in
Figure 3 for Example 1 on the B-S mesh before and after extrapolation. These
graphs show that the error is less after extrapolation compared to before
extrapolation. To see the numerical convergence rate graphically, EM,∆s

ε are
plotted in the log-log scale before extrapolation in Figures 6(a), 7(a),8(a), and
9(a) and after extrapolation in Figures 6(b), 7(b),8(b), and 9(b). Moreover,
EM,∆s
ε and PM,∆s

ε by the proposed scheme for Example 1 are presented in
Tables 1 and 2 on S-mesh and B-S-mesh, respectively. Similar results for
Example 2 are shown in Tables 3 and 4. From these tables, one can conclude
that B-S-meshes are more accurate, and the rate of convergence is more
compared to the S-mesh. One can notice that the numerical results are well
by our theoretical findings.
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in the application of wave propagations
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Abstract

Sixth-order compact finite difference method is presented for solving the
one-dimensional KdV-Burger equation. First, the given solution domain
is discretized using a uniform discretization grid point in a spatial direc-
tion. Then, using the Taylor series expansion, we obtain a higher-order
finite difference discretization of the KdV-Burger equation involving spa-
tial variables and produce a system of nonlinear ordinary differential equa-
tions. Then, the obtained system of a differential equation is solved by
using the fourth-order Runge–Kutta method. To validate the applicability
of proposed techniques, four model examples are considered. The stabil-
ity and convergent analysis of the present method is worked by using von
Neumann stability analysis techniques by supporting the theoretical and
mathematical statements in order to verify the accuracy of the present so-
lution. The quality of the attending method has been shown in the sense
of root mean square error L2 and point-wise maximum absolute error L∞.
This is used to show, how the present method approximates the exact so-
lution very well and how it is quite efficient and practically well suited for
solving the KdV-Burger equation. Numerical results of considered exam-
ples are presented in terms of L2 and L∞ in tables. The graph of obtained
present numerical and its exact solution are also presented in this paper.
The present approximate numeric solvent in the table and graph shows
that the numerical solutions are in good agreement with the exact solution
of the given model problem. Hence the technique is reliable and capable
for solving the one-dimensional KdV-Burger equation.
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1 Introduction

Partial differential equations (PDEs) are the mathematical equations that
are significant in modeling physical phenomena that occur in nature. Ap-
plications of PDEs can be found in physics, engineering, mathematics, and
finance. Examples include modeling mechanical vibration, heat, sound vi-
bration, elasticity, and fluid dynamics [4]. Some applications in real life
phenomena appear as nonlinear fractional order of PDEs. The fractional
nonlinear PDE describes a variety of important physical phenomena, acous-
tics, elector-chemistry, materials science, fluid dynamics[2], optics, and visco-
elasticity [1]. The other type of nonlinear PDEs is also Korteweg-de Vries
Burgers’ equation. Korteweg-de Vries Burgers’ equation is a model mathe-
matical statement for a wide class of nonlinear wave models of fluid in an
elastic tube, liquid with small bubbles and turbulence [21]. This Burgers-
Korteweg-de Vries (Burgers-KdV) equation has wide applications in physics,
engineering, and fluid mechanics. The Poincaré phase plane analysis reveals
that the Burgers-KdV equation has neither nontrivial bell-profile travelling
solitary waves nor periodic waves [9].

The Burgers-KdV equation is the simplest form of the wave equation
containing the nonlinearity, in which dispersion and the dissipation term
occur [9]. It arises from many physical contexts, for example, the propagation
of glandular bores in shallow water [5, 18], the flow of liquids containing
gas bubbles [13], the propagation of waves in an elastic tube filled with a
viscous fluid [36], weakly nonlinear plasma waves with certain dissipate effects
[13, 16], and the cascading down the process of turbulence. It is also widely
used as a nonlinear governing model in the crystal lattice theory, the nonlinear
circuit hypothesis, and atmospheric dynamics [10].

Travelling waves or solitons as solutions to the Korteweg-de Vries equation
(KdV), which is a nonlinear partial differential of mathematical statement
four-third-order, have been of interest already for 150 years [37]. The Kdv
equation was discovered in 1895 by Korteweg and de Vries [23], but this
equation was forgotten for a long time. So that, the KdV equation is widely
recognized as a paradigm for the description of weakly nonlinear long waves
in many branches of physics and engineering. It describes how waves evolve
under the competing but comparable effects of weak nonlinearity and dy-
namic dispersion [37]. Random waves are an important subject of haphazard
PDEs [11]. The nonlinear problems are solved easily and elegantly without
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converting to linear form the problem by using the Adomian decomposition
method [22]. A feature common to all the traditional methods is that they
are using the transformations to reduce the equation into a more simple
mathematical statement and then solve it. Unlike classical techniques, the
nonlinear equations are solved easily and elegantly without transforming the
equation by using the Adomian decomposition method [21]. This wonder-
ful technique has many advantages over classical techniques [22]. Mainly, it
avoids the process of converting linear form and perturbation to find solutions
to a given nonlinear equation. It provides an efficient explicit solution with
high accuracy, minimal calculation, and avoidance of physically unrealistic
assumptions [21].

Many authors studied the exact and numerical solutions of the KdV equa-
tion. Wadati [34] first introduced and studied the stochastic KdV equations
and gave the diffusion of solutions to the KdV equation under Gaussian noise.
Xie firstly studied research on Wick-type stochastic KdV equation on white
noise spaces and showed the auto-Backlund transformation and the exact
white noise functional solutions in [16]. Furthermore, Chen and Xie [6, 8] and
Xie [7, 38] worked on some Wick-type stochastic wave equations using the
white noise analysis method. Recently, Ũgurlu and Kaya [14] gave the tanh
function method, Wazzan [35] showed the modified tanh-coth techniques,
and these methods have been applied to derive nonlinear transformations
and exact solutions of nonlinear PDEs in mathematical physics [18]. In those
driving analytical methods, there is time consumed and very tired because it
requires long computational time. To save our time and obtain an accurate
approximate solution of the KdV equation, we use numerical methods.

Different numeral techniques give accurate denotative solutions for the
KdV equation. To obtain the numerical solution of the KdV equations, the
same researcher was used the traditionally, mesh-dependent methods such
as the finite-difference method, finite element techniques, and boundary el-
ements method. However, these methods have a slow rate of convergence,
instability, low accuracy, and difficulty of implementation in complex ge-
ometries [4]. Even though the accuracy of the aforementioned methods is
promising, they require large memory and long computational time. Besides
funding, the methods are not suitable for higher-dimensional and problems
involving complex geometries. Hence, the treatment of mesh-size presents
several difficulties that have to be addressed to ensure the accuracy of the
solution, and efficiency of the method applied [4]. Indeed scientists in the
field of computational mathematics have been trying to develop numerical
techniques by using computers for further application of different model prob-
lems. From those techniques, higher-order difference schemes and differential
quadrature methods are more powerful techniques.

In many application areas, such as aeroacoustics [26] and electromagnetic
[29], the propagation of acoustic and magnetic force waves needs to be accu-
rately simulated over very long periods of time and far distances. Especially,
the nonlinear partial differential equation is derived that plays a role in a
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normal form, that is, in the first approximation, it determines the behavior
of all solutions for the original boundary value problem with initial condi-
tions from a sufficiently small neighborhood of equilibrium [20]. Therefore, in
order to reduce the accumulation of errors during this process, the numerical
algorithm must be highly accurate. To accomplish this goal, high-order com-
pact finite difference schemes have been developed for simulating the solution
of applications to wave propagation like [31, 32] and surface water modeling
[27, 28]. The investigation of numerical solutions for nonlinear partial differ-
ential equations plays an important role in mathematics, physics, and other
applied science areas.

High-order finite difference schemes can be classified into two main cate-
gories: explicit schemes and Pade-type or compact schemes. These hardcore
techniques compute the numerical derivatives directly at each grid by us-
ing large stencils, while compact schemes obtain all the numerical derivatives
along a grid line using smaller stencils for solving linear and nonlinear systems
of equations. Experience has shown that compact schemes are much more
accurate than the corresponding explicit scheme of the same order. Hence
motivating this performance of implicit (Pade-type) scheme, this paper aims
to construct an efficient and accurate sixth-order compact finite difference
numerical method for solving a one-dimensional KdV-Burger equation in the
application of wave propagation.

Statement of the problem

Consider a homogeneous KdV-Burger equations considered in [24] given by

Ut + aUUx + vUxxx = 0, (x, t) ∈ (0, b)× (0, T ), (1)

with initial and boundary conditions, respectively,

U(x, 0) = U0(x), 0 ≤ x ≤ b, (2)

U(0, t) = Uo(t), U(b, t) = Ub(t), 0 ≤ x ≤ T, (3)

where Uo(t) are Ub(t) are periodic smooth functions and 0 ⩽ T < ∞. Now
we define a mesh size h and 4t as constant grid points. They are defined
by drawing distant horizontal and vertical lines of distance “h” and “4t”,
respectively, in “x” and “t” directions. These lines are called grid lines, and
the point at which they interact is known as the mesh point. This fabric
topology point that lies at end of the domains, is called the boundary point.
Points that lie inside the region are called interior points. The goal is to
find the approximate solution of “U(x, t)” at the interior mesh points and to
investigate how it converges too. Thus to do this, first, we discretized the
solution domain concerning spatial direction as
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0 = x0 < x1 < x2 < · · · < xM = b,

where xj+1 = xj + h and j = 1(1)M . Moreover, M is the maximum number
of grid points in the x-direction. Thus, to accomplish our work, the present
paper is organized as follows. Section 2 is a description of numerical methods.
Sections 3 is stability, consistence, and convergence analysis. Section 4 is the
results of numerical experiments. Sections 5 is the discussion, and Section 6
is the Conclusion.

2 Description of proposed numerical method

2.1 Spatial discretization

In the high-order compact finite difference methods, the spatial derivatives
in the governing PDEs are not approximated directly by some finite differ-
ences. They are evaluated by some compact difference schemes. We assume
that U(x, t) is a sufficiently smooth function and has continuous higher-order
partial derivative on its domain. For the sake of simplicity, let U(xj , t) = Uj

and let ∂
ρU(xj , t)

∂xρ
= ∂ρxUj in which ρ ≥ 1, be ρth-order partial derivative

of U(x, t) concerning with spatial variable x. By using the Taylor series
expansion, we have

Uj+1 = Uj + h∂Uj +
h2

2!
∂2xUj +

h3

3!
∂3xUj +

h4

4!
∂4xUj + · · · , (4)

Uj−1 = Uj − h∂uj +
h2

2!
∂2xUj −

h3

3!
∂3xUj +

h4

4!
∂4xUj − · · · , (5)

Uj+2 = Uj + 2h∂Uj +
4h2

2!
∂2xUj +

8h3

3!
∂3xUj +

16h4

4!
∂4xUj + · · · , (6)

Uj−2 = Uj − 2h∂Uj +
4h2

2!
∂2xUi −

8h3

3!
∂3xUj +

16h4

4!
∂4xUj − · · · . (7)

Now subtracting (7) from (11), we obtain

∂Uj =
Uj+1 − Uj−1

2h
− h2

6
∂3xUj −

h4

120
∂5xUj − · · · . (8)

Hence from (10), we obtain the second-order central finite difference equation
for the first-order partial derivative of U(x, t) concerning spatial variable x
given by

δ(1)cx Uj =
Uj+1 − Uj−1

2h
+ T1, (9)
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where T1 = −h
2

6
∂3xUj =

h2

6
∂3xU(xj , t) is its local truncation error. Again

subtracting (9) from (8), we obtain

8h3

3
∂3xUj = Uj+2 − Uj−2 − 4h∂Uj −

32h5

120
∂5xUj −

128h7

5040
∂7xUj − · · · . (10)

Now substituting (10) into (10), we obtain

8h3

3
∂3xUj = Uj+2−Uj−2−4h

(
Uj+1 − Uj−1

2h
− h2

6
∂3xUj − · · ·

)
−32h5

120
∂5xUj−· · · .

Collecting like terms in the above difference equation, we obtain

∂3xUj =
Uj+2 − 2(Uj+1 − Uj−1)− Uj−2

2h3
− 7h2

60
∂5xUj −

31h4

2520
∂7xUj −· · · . (11)

Hence from (14), we obtain the second-order central finite difference equation
for third-order partial derivative of U(x, t) concerning spatial variable x, given
by

∂3xUj =
Uj+2 − 2(Uj+1 − Uj−1)− Uj−2

2h3
+ T2, (12)

where T2 = −7h2

60
∂5xUj is their local truncation error. Again substituting

(11) and (7) into (9), we obtain

δ(1)cx Uj =

(
Uj + h∂xUj +

h2

2!
∂2xUj +

h3

3!
∂3xUj + · · ·

)
2h

−

(
Uj − h∂Uj +

h2

2!
∂2xUj −

h3

3!
∂3xUj − · · ·

)
2h

+ T1,

δ(1)cx Uj =∂xUj +
h2

6
∂3xUj +

h4

120
∂5xUj +

h6

5040
∂7xUj +

h8

362880
∂8xUj + · · · ,

δ(1)cx Uj =∂xUj +
h2

6
∂3xUj +

h4

120
∂5xUj + T3, (13)

where T3 =
h6

5040
∂7xUj is their principal local traction error. Again substitut-

ing (11)-(9) into (15), we obtain

δ(2)cx Uj =
(Uj + 2h∂xUj + · · · )− 2 ((Uj + h∂xUj + · · · )− (Uj − h∂Uj − · · · ))

2h3

− (Uj + h∂xUj + · · · )
2h3

+ T2
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δ(2)cx Uj = ∂3xUj +
31h2

120
∂5xUj +

8h4

315
∂7xUj +

51h6

72576
∂9xUj + · · · .

Thus from this, we obtain the second-order difference equation given by

δ(2)cx Uj = ∂3xUj +
31h2

120
∂5xUj +

8h4

315
∂7xUj + T4, (14)

where T4 =
51h6

72576
∂9xUj is its principal local truncation error. Now using (2)

and applying the successive derivative on it in terms of spatial variable x,
we obtain the fifth- and sixth-order central difference scheme, and they are
given by

∂5xUj = δ(3)cx

(
δ(2)cx Uj

)
, (15)

∂7xUj = δ(3)cx

(
δ(3)cx

(
δ(1)cx Uj

))
. (16)

Now substituting (15) into (13), we obtain

δ(1)cx Uj = ∂xUj +
h2

6
∂3xUj +

h4

120
δ(3)cx

(
δ(2)cx Uj

)
+ T3,

δ(1)cx Uj = ∂xUj +
h2

6
δ(3)cx Uj +

h4

120
δ(3)cx

(
δ(2)cx Uj

)
+ T3,

∂Uj
∂x

= δ(1)cx Uj −
h2

6
δ(3)cx Uj −

h4

120
δ(3)cx

(
δ(2)cx Uj

)
− T3. (17)

Again substituting (15) and(16) into (14), we obtain

δ(2)cx Uj = ∂3xUj +
31h2

120
δ(3)cx

(
δ(2)cx Uj

)
+

8h4

315
δ(3)cx

(
δ(3)cx

(
δ(1)cx Uj

))
+ T4,

∂3xUj = δ(2)cx Uj −
31h2

120
δ(3)cx

(
δ(2)cx Uj

)
− 8h4

315
δ(3)cx

(
δ(3)cx

(
δ(1)cx Uj

))
− T4. (18)

Now substituting (17) and (18) into (2), we obtain semi-discretization of
the given governing PDE and the obtained nonlinear system of ordinary
differential equation (ODE) is

dUj
dt

+ aUj

(
δ(1)cx Uj −

h2

6
δ(3)cx Uj −

h4

120
δ(3)cx

(
δ(2)cx Uj

)
− T3

)
+ v

(
δ(2)cx Uj −

31h2

120
δ(3)cx

(
δ(2)cx Uj

)
− 8h4

315
δ(3)cx

(
δ(3)cx

(
δ(1)cx Uj

))
− T4

)
= 0.

This implies that

dUj

dt
=aUj

(
h2

6
δ
(3)
cx Uj +

h4

120
δ
(3)
cx

(
δ
(2)
cx Uj

)
− δ

(1)
cx Uj

)
(19)
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+ v

(
31h2

120
δ
(3)
cx

(
δ
(2)
cx Uj

)
+

8h4

315
δ
(3)
cx

(
δ
(3)
cx

(
δ
(1)
cx Uj

))
− δ

(2)
cx Uj

)
+ Tj ,

where Tj =

(
aUj
5040

∂7x +
51v

72576
∂9x

)
h6Uj is the jth terms of principal local

truncation errors with order of accuracy O
(
h6
)
. Hence by truncating this

local truncation error, our proposed scheme is

dUj

dt
=aUj

(
h2

6
δ
(3)
cx Uj +

h4

120
δ
(3)
cx

(
δ
(2)
cx Uj

)
− δ

(1)
cx Uj

)
+ v

(
31h2

20
δ
(3)
cx

(
δ
(2)
cx Uj

)
+

16h4

105
δ
(3)
cx

(
δ
(3)
cx

(
δ
(1)
cx Uj

))
− 6δ

(2)
cx Uj

)
,

dUj

dt
=
ah2Uj

6

(
Uj+2 − 2Uj+1 + 2Uj−1 − Uj−2

2h3

)
+
vh4

120

(
Uj+3 − 4Uj+2 + 5Uj+1 − 5Uj−1 + 4Uj−2 − Uj−3

2h3

)
− a

(
Uj+1 − Uj−1

2h

)
+ v

31h4

20

(
Uj+3 − 4Uj+2 + 5Uj+1 − 5Uj−1 + 4Uj−2 − Uj−3

2h3

)
− 6v

(
Uj+2 − 2Uj+1 + 2Uj−1 − Uj−2

2h3

)
+

128vh4

840

( 1

8h7
(Uj+5 − 4Uj+4 + 3Uj+3 + 8Uj+2 − 14Uj+1

+14Uj−1 − 4Uj−2 − 3Uj−3 + 4Uj−4 − Uj+5)
)
.

This implies that
dUj

dt
=
aUj

480h
(Uj+3 + 36Uj+2 − 315Uj+1 + 315Uj−1 − 36Uj−2 − Uj−3)

+
v

6720h3
(Uj+5 − 4(Uj+4 − Uj−4) + 2607(Uj+3 − Uj−3))

+ (−30568(Uj+2 − Uj−2) + 53326(Uj+1 − Uj−1)− Uj−5) ,

which implies that

dUj
dt

=
3aUj
160h

(0.1(Uj+3 − Uj−3) + 36(Uj+2 − Uj−2)− 315(Uj+1 − Uj−1))

+
0.5v

3360h3
(Uj+5 − Uj+5)

− v

3360h3
(2(Uj+4 − Uj−4) + 1303.5(Uj+3 − Uj−3))

− v

3360h3
(15284(Uj+2 − Uj−2) + 26663(Uj+1 − Uj−1)) ,

(20)

where j = 0, 1, 2, 3, . . . ,M − 1. From (20), the nonlinear system of the ODE
is given in the form of
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dU0

dt
=
3aU0

160h
(0.1(U3 − U−3) + 36(U2 − U−2)− 315(U1 − 315U−1))

+
0.5v

3360h3
(U5 − U−5)

− v

3360h3
(2(U4 − U−4) + 1303.5(U3 − U−3)− 15284(U2 − U−2)

+ 26663(U1 − U−1))

dU1

dt
=
3aU1

160h
(0.1(U4 − U−2) + 36(U3 − U−1)− 315(U2 − 315U−0))

+
0.5v

3360h3
(U6 − U−4)

− v

3360h3
(2(U5 − U−3) + 1303.5(U4 − U−2)− 15284(U3 − U−1)

+ 26663(U1 − U−0))

...
dUM−1

dt
=
3aUM−1

160h
(0.1(UM+4 − UM−6) + 36(UM+3 − UM−1)

− 315(UM+2 − 315UM ))

+
0.5v

3360h3
(UM+6 − UM−4)

− 1

3360h3
(2(UM+5 − UM−3) + 1303.5(UM + 4− UM−2))

+
1

3360h3
(15284(UM+3 − UM−1)− 26663(UM+1 − UM )) . (21)

Now by introducing the vectors U(t) = [U1(t), U2(t), U3(t), . . . , UM (t)]t in
(21), we can rewrite the system of equation in the matrix form given by

dU(t)

dt
= AH (U(t)) (22)

subject to discretized initial and nondiscretized boundary conditions given
by

U(xj , 0) = U0(xj), 0 ≤ xj ≤ b,

U(0, t) = U0(t), U(b, 0) = Ub(t), 0 ≤ t ≤ T, (23)

and where H is a nonlinear function of U which contains the entries hj give
by H(Uj) = hj(U1, U2, . . . , UM−1).
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2.2 Temporary discretization

Consider the discretization of time domain [0, T ] by using the equidistant
mesh-size with time step 4t given as

Dn = {tn+1 = tn +4t} , (24)

where 4t = T/N and n = 1(1)N , in which N is the Maximum number of
grid points in temporary (time) direction. Then the resulting system of Odes
in (22) can now be solved by using the classical fourth-order Runge–Kutta
method. This Runge–Kutta techniques integrate the value of U from n to
n+ 1 by using the operator given by

U0 = U(xj , t0), K1 = 4tAH(U0),

U1 = U0 + 1/2K0, K2 = 4tAH(U1),

U2 = U0 + 1/2K1, K3 = 4tAH(U2),

U3 = U0 + 1/2K2, K4 = 4tAH(U2),

Un+1 = Un + 1/6 (K1 + 2K2 + 2K3 +K4) , (25)

with both discretized initial and boundary conditions given by

U(xj , 0) = U0(xj), 0 ≤ xj ≤ b,

U(0, tn) = U0(tn), U(b, 0) = Ub(tn), 0 ≤ tn ≤ T,

where j = 1(1)M − 1 and n = 1(1)N − 1.

3 Stability, consistency, and convergence method

3.1 Stability of scheme

The stability of the proposed numerical method is investigated by using von
Neumann stability analysis. To do this, we assume that the nonlinear term
UUx of partial differential equation in (2) as linear by taking γ = Uj , where
γ is constant. Then without loss of generality, we obtain the linear system
of ODEs. Assume that γ = maxj(Uj) in (20), and we can inquire about
the eigenvalues of the M by M system of ODEs in (20). To obtain this
eigenvalue, as [3, 12, 22, 25] takes, we assume that a trial solution is

U(x, t) = φ(t)ϕ(x). (26)

Furthermore to investigate the stability of the proposed method by von Neu-
mann techniques, we assume that the trial function is defined by
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ϕ(x) = eiKP xj = eijhKP , (27)

where i =
√
−1 and KP = Pπ, P = 1, 2, 3, . . . ,M . Moreover, K is a Fourier

number or amplification factor. Now substituting (26) and (27) into (20), we
obtain
dφ(t)eijhKP

dt

=
3aγφ(t)

160h

(
0.1(eihKp(j+3) − eihKP (j−3)) + 4(eihkP (j+2) − eihKp(j−2))

)
−

3aγφ(t)

160h

(
15(eihKP (j+1) − eihKP (j−1))

)
+

0.5v

3360h3
(eihKp(j+5) − eihKp(j−5))

−
vφ(t)

3360h3

(
2(eihKp(j+4) − eihKp(j−4)) + 1303.5(eihKp(j+3) − eihKp(j−3))

)
−

vφ(t)

3360h3

(
15284(eihKp(j+2) − eihkp(j−2)) + 26663(eihkp(j+1) − eihkp(j−1))

)
.

Dividing both sides by eijhkp , this implies that

dφ(t)

dt
=
3aγφ(t)

160h

(
0.1(e3ihKp − e−3ihKp) + 4(e2ihKp − e−2ihKp)

)
− 3aγφ(t)

160h

(
15(eihKp − e−ihKp)

)
+

0.5v

3360h3
(e5ihKp − e−5ihKp)

− vφ(t)

3360h3
(
2(e4ihKp − e−4ihKa) + 1303.5(e3ihKp − e−3ihKp)

)
− vφ(t)

3360h3
(
15284(e2ihKp − e−2ihKp) + 26663(eihKp − e−ihKp)

)
.(28)

Since for any differentiable function φ(t), the Eigen-value problem of φ(t) is

dφ(t)/dt = λpφ(t)

for p = 1(1)M . Hence substituting this into (28), we obtain

λpφ(t) =
3aγφ(t)

160h

(
0.1(e3ihKp − e−3ihKp) + 4(e2ihKp − e−2ihKp)

)
− 3aγφ(t)

160h

(
15(eihKp − e−ihKp)

)
+

0.5v

3360h3
(e5ihKp − e−5ihKp)

− vφ(t)

3360h3
(
2(e4ihKp − e−4ihKp) + 1303.5(e3ihKp − e−3ihKp)

)
− vφ(t)

3360h3
(
15284(e2ihKp − e−2ihKp) + 26663(eihKp − e−ihKp)

)
.

Therefore this implies that
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λp =
3aγφ(t)

160h

(
0.1(e3ihKp − e−3ihKp) + 4(e2ihKp − e−2ihKp)

)
− 3aγ

160h

(
15(eihKp − e−ihKp)

)
+

0.5v

3360h3
(e5ihKp − e−5ihKp)

− v

3360h3
(
2(e4ihKp − e−4ihKa) + 1303.5(e3ihKp − e−3ihKp)

)
− v

3360h3
(
15284(e2ihKp − e−2ihKp) + 26663(eihKp − e−ihKp)

)
.(29)

From (29), using the Euler expiration into trigonometric form, we obtain

λp =
ia

1680h3
(
0.5 sin(5hKp)− 2 sin(4hKp) + (6.3γh2 + 1303.5) sin(3hKp)

)
+

iv

1680h3
(
(252γh2 − 15284) sin(2hKp) + (945γh2 − 26663) sin(hKp)

)
.

(30)

Hence from (30), we obtain the required Eigen-value. Real part of all Eigen-
values is zero. This shows that strictly Real(λp) ≤ 0 and so that, we have
|λp| < 1 for all values of variable ”p”. Thus the required condition is satisfied.
Therefore the obtained system of equation in (20) is stable.
Theorem 1. The difference mathematical statement given in (20) is sta-
bilized equation if and only if all eigenvalues of coefficient matrix of ob-
tained system of difference equation are simultaneously satisfy condition
Real(λa) ≤ 0.
Proof. The proof of this theorem is briefly given in [22].

3.2 Consistency of the scheme

Round-off errors and truncation errors occur when mathematical equations
are solved numerically. Rounding errors originate from the fact that com-
puters can only represent numbers (approximate solution) by using a fixed
and limited number of significant figures. Therefore, such numbers cannot
be represented exactly in different computer memories. The error introduced
by this limitation is called a round-off error. Truncation errors in numerical
investigation arise when approximations are used to estimate by using the
finite term for infinite quantity by truncating certain terms from the bound-
less series term. Note that in numerical computation, if we work to minimize
round-off error, then the truncation error is increased. Therefore it is diffi-
cult to avoid these errors in numerical computation. So that, in our work,
we must find the balancing (equilibrium) points and minimize both of them
simultaneously.

Generally, in all proposed numerical difference schemes, the accuracy of
solution for a given mathematical problem obtained by those methods de-
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pends on how small we make the step size, h, and time step 4t. Therefore, if
the local truncation error produced in a numerical scheme is near to zero for
which both h and 4t simultaneously approach to zero, then this numerical
method is called consistent.

Hence we have in-minding this, from our present proposed scheme in (20),
that the principal part of local truncation error (the derived local shortening
error) is

lim
j→∞

Tj = lim
j→∞

(
Uj
5040

∂7x +
51

12096
∂9x

)
h6Uj = 0.

Therefore from the above equation and the proposed theoretical-bounds of
truncation error, we have maxj ||Tj || ≤ O (h6). Hence this implies that
maxj ||Tj || 7−→ 0 as h 7→ 0. So that, our scheme is consistent with the order
of accuracy O (h6).

3.3 Convergence analysis

Stability plus consistency of the proposed scheme leads to the convergence of
the method. Hence our present system is both consistent and stable. So that,
the outline present method is convergent with six-order of convergence in the
spatial direction. To test the performance of this convergent and accuracy
of the proposed method, we use the maximum point-wise absolute error, L2

and L∞ norms. Theses norms are calculated by
L∞ = maxj |U(xj , tn)− Uj,n| and L2 =

√
1/M

∑M
j=0 |U(xj , tn)− Uj,n|,

where M is the maximum number of grid points, U(tj , tn) is exact and Uj,n
is an approximation solution of the KdV-Burger equation in (2) at the grid
point (xj , tn). If the exact solution of the model problem does not exist, then
we take the approximate solution U2j,2n u U(xj , tn) obtained at (xj , tn) by
taking double number of grid-point as an exact result, and we can compare
the error between them at specified grid points.

4 Results of numerical experiments

To test the validity of proposed method, we have considered the following
model problem.

Example 1. Consider that one-dimensional KdV equation given by

Ut + α
(
U2
)
x
+ βUxxx = 0

with periodic boundary conditions and the following initial condition:

(A) U0(x) = 3 a sech(G(x− c)) + 3 b sech2(P (x− d))
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a = 0.3, b = 0.1, c = 0.5, 0 ≤ x ≤ 2, 0 ≤ t ≤ 4,

β = 5.84× 10−4, α = 0.5, G = α
√
a/β, P = α

√
b/β,

(B) U0(x) = 3 a sech(G(x− c)),

a = 0.3, c = 0.5, 0 ≤ x ≤ 1, 0 ≤ t ≤ 4,

β = 10−4, G = 1/2
√
a/β,

(C) U0(x) =
2

3
a sech2(

(x− 1)√
108β

),

a = 0.5, 0 ≤ x ≤ 3, 0 ≤ t ≤ 4,

β = 10−4,

Example 2. Consider the one-dimensional KdV equation considered in [37]
given by

Ut + 6UUx + Uxxx = 0.

With analytical solution obtained in [37] given by

U(x, t) =
c

2
sech2(

√
c

2
(x− ct−D)),

where D is a constant of integration.

Example 3. Consider the KdV equation considered in [30] given by

Ut + (α+ βU)UUx + γUxx − δUxxx = 0,

where initial condition of this equation for γ = 0 and δ = −1 is given by

U(x, 0) = −α
β

(
1 + tanh

(
α

2
√
−6β

x

))
.

In [30], by letting β = 0, α = 2, γ = −5, and δ = −3, its analytical solution
is given by

U(x, t) =
1

3

(
sech2(

θ

2
) + 2 tanh(

θ

2
) + 2

)
,

where θ = − 1
3x+ 2

3 t.

Example 4. Consider that fractional KdV equation considered in [1] given
by

∂αU

∂tα
+ U

∂U

∂x
+
∂3U

∂x3
= F (x, t), (x, t) ∈ (0, 1).

Analytical solution obtained in [1] is given by

U(x, t) = tex,
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by assuming α = 0.9.

Table 1: Point-wise absolute error and root mean square error, for Example 1 (A) if
M = 61

provided grid points estimated error at provided grid point
x t L∞ L2

0.66667 3.9333 4.7839E − 03 1.1526E − 04
1.6667 3.9833 4.4147E − 05 3.1165E − 06
1.9667 3.9983 3.5070E − 05 2.300E − 06

2 4 2.4568E − 06 2.300E − 06

Figure 1: Graph of the physical behavior of the solution when β = 4.25 × 10−04 and
M = 61 with high-frequency oscillations for Example 1 (A).

5 Discussions

In this paper, sixth-order compact finite difference method is presented for
solving a one-dimensional KdV-Burger equation. At first stage, we discretized
the solution interval for concerning spatial variable. Next by applying the
Taylor series expansion, we discretization partial derivative of the model prob-
lem in (2) involving spatial variable, we obtain sixth-order finite difference
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Table 2: Point-wise absolute error and root mean square error, for Example 1 (B) if
M = 61

provided grid points estimated error at provided grid point
x t L∞ L2

0.333 3.967 4.7E − 04 1.3838E − 05
0.8333 3.9917 3.600E − 05 32.2569E − 06
0.9833 3.9992 3.532E − 06 1.3216E − 07

1 4 2.473E − 07 3.2814E − 08

Table 3: Point-wise absolute error and root mean square error, for Example 1 (C) if
M = 61

provided grid points estimated error at provided grid point
x t L∞ L2

1.333 3.8667 7.2E − 04 3.6786E − 05
3.333 3.9677 9.7E − 05 4.0591E − 06
3.9333 3.9967 6.25E − 07 5.1082E − 07

4 4 3.348E − 07 3.126E − 08

Table 4: Point-wise absolute error and root mean square error obtained by the present
method, for Example 2 using different step sizes h and time step
provided step size and time step Estimated Error at provided grid point

h 4t L∞ L2

0.1 0.5 8.128E − 04 2.1526E − 05
0.05 0.5 5.9148E − 05 7.6374E − 06
0.02 0.1 4.1139E − 05 5.2931E − 06
0.01 0.1 3.8425E − 06 9.2631E − 07

Table 5: Point-wise absolute error and root mean square error obtained by the present
method, for Example 3 with different step sizes h and time step
provided dance step size and time step Estimated Error at provided grid point

h 4t L∞ L2

0.1 0.04 1.3298E − 06 6.3691E − 07
0.1 0.03 5.1653E − 07 4.6334E − 07
0.1 0.02 4.623E − 07 4.211E − 07
0.1 0.01 1.975E − 07 8.091E − 08
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Figure 2: Graph of the physical behavior of the solution when β = 4 × 10−04 and
M = 61 with high-frequency oscillations for Example 1 (B).

Figure 3: Graph of the physical behavior of the solution when β = 10−04 and M = 61

with high-frequency oscillations for Example 1 (C).
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a) Surface of exact solution

b) Above-ground of approximation result

Figure 4: Graph of the physical behavior of the surface of the present numerical solution
with mesh sizes h = 0.01 and k = 0.01 for Example 2 which we compare it with the
surface of exact solution in [37]

scheme. Then, by rearranging these semi-discretized schemes and combin-
ing them into the remaining part of partial derivative in the model problem
concerning temporal variable without linearizing it. We obtain a system of
nonlinear ODEs. Then, we solve the obtained system by using the fourth-
order Runge–Kutta method. To demonstrate the competence of playacting
(to identify the applicability and validity of the present proposed scheme),
four model examples are solved by taking different values for step sizes h
and dispersion coefficients v, α, and β in the different solution domains. To
further verify this validity of the proposed method, the norm of errors be-
tween the numerical results for model problem in Example 1 subjected to
three different initial conditions associated with numerical results obtained
by dabbling mesh size (2M, 2N) taking as the exact solution, is summarized
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Figure 5: Graph of the physical behavior of the surface of the present numerical solution
with mesh sizes h = 0.05 and k = 0.01 for Example 3, which we compare it with the
solution in [30]

Table 6: Comparison of point-wise absolute error and root mean square error, for
Example 4 using different step sizes h and time step △t

provided step size and time step
result by present method Estimated Error at provided grid point

h 4t L∞ L2

1/10 1/20 4.5349E − 05 8.3691E − 06
1/30 1/20 5.1653E − 06 5.6334E − 06
1/50 1/20 3.5283E − 06 9.4184E − 07

Result by Method in [1]
1/10 1/20 1.5678E − 04 6.1032E − 04
1/30 1/20 7.8531E − 05 3.9868E − 05
1/50 1/20 1.6579E − 05 7.1991E − 06

in Tables 1–3 and Figures 1–3 for different disparate parameters and its so-
lution domain.

As it can be seen from these tables, the point-wise maximum absolute
errors (L∞) and root mean square error (L2) are rapidly decreases as the
value of x and t increase. This indicates that the vibration of the solution
line has to become overlapping and that the dispersion of the travelling wave
is equal. From those figures, also we can understand that, for different values
of β and initial conditions, we obtain differences in diametrical travelling
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Figure 6: Graph of the physical behavior and surface of the present numerical solution
with mesh sizes h = 0.01 and △t = 0.1 for Example 4, which we compare it with the
surface of exact solution in [1]

wave, and at a certain point in the assorted domain, the vibration line of the
travelling wave is overlapping. Hence, in this case, a numerical approximation
of Example 1 for different values of β, initial conditions, and the solution
interval is very well, and it gives different behaviors of the solution. From
Table 4 and Figure 4, we conclude that the present numerical resolution for
Example 2 is accurate than the quantitative result in [37]. Thus this not only
shows the solution given by the graphical form, but also as we saw from Table
4, if mesh-size decreases, both roots mean square error and point-wise error
of the present numerical result are rapidly decreased. So that, this shows
that the accuracy of the present acting method is increased and proves the
preexisting accuracy. Hence the approximate solution by the present method
for Example 2 is very well. Also, as we saw from Table 5 and Figure 5 that
the present numerical solution of Example 3 is accurate than the numeric
resolution in [30]. Because of, as it can be seen from the obtained error
norm of numerical results specified in Table 5, both roots mean square error
and maximum point-wise error are decreased. This shows the correcting and
proving the preexisting results in [30]. Hence our result is more accurate
than the event that exists in the literature. In addition to this, the present
techniques are also used to solve a fractional order KdV-Burger equation. As
it can be seen from the comparison of accuracy through the error norm for
numerical results given in Table 6, the quality of the present method is more
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superstar than the truth of solution in [1] for α = 0.9. Because of both L∞
and L2 rapidly decrease as h decreases to zero with a fixed time step 4t.

Therefore, depending on all accuracy of the present numerical results, the
proposed method validates and improves the accuracy of preexisting meth-
ods described in the literature. Also in this paper, both the theoretical and
numerical error bounds have been established. The obtained quantitative
results listed in the tables and graphs are also confirmed our established com-
putational rate of convergence and theoretical estimates of the error bound.

6 Conclusion

In this study, a new approach, which was called sixth-order compact finite
difference method, was presented to solve a one-dimensional KdV-Burger
equation. The comparison of results obtained by the present method acting
was more convenient, reliable, and effective than some methods listed in the
literature. An error analysis based on the von Neumann stability investigat-
ing was also developed for the present study. So that, as it can be seen from
both graphs and tables, the accuracy of the present method has improved
the inaccuracy of preexisting techniques in literature by decreasing the value
of h and 4t. As a summary, the accuracy of numerical results given in terms
of tables and graphs indicated that as the values of h and 4t decrease, the
errors drop-off more rapidly. Generally, this technique is a reliable acting
method and ables solving the one-dimensional KdV-Burger equation. Based
on the findings, this method is well approximate and gives better accuracy
of the numerical solution with both decreasing or some fixed step sizes h and
time step 4t. Therefore this method is a suitable technique to approximate
the exact solution of PDE very well.
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Abstract

In 1984, Abaffy, Broyden, and Spediacto (ABS) introduced a class of the
so-called ABS algorithms to solve systems of real linear equations. Later,
the scaled ABS algorithm, the extended ABS algorithm, the block ABS
algorithm, and the integer ABS algorithm were introduced leading to var-
ious well-known matrix factorizations. Here, we present a generalization
of ABS algorithms containing all matrix factorizations such as triangular,
WZ, and ZW . We present the octant interlocking factorization and show
that the generalized ABS algorithm is more general to produce the octant
interlocking factorization.
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1 Introduction

The basic ABS class of algorithms was first introduced by Abaffy, Broyden,
and Spedicato [1] for solving linear systems of equations. Let R and Rm×n

denote the set of real numbers and the set ofm×n real matrices, respectively.
Consider the system of linear equations
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Ax = b, x ∈ Rn, A ∈ Rm×n, b ∈ Rm, m ≤ n, (1)

where rank(A) is arbitrary. With A = [a1, . . . , am]T , the system is equiva-
lently written as

aTi x = bi, i = 1, . . . ,m. (2)

An ABS algorithm generates a sequence of approximations xi such that xi+1

is a particular solution of the first i equations and leads to the general solution
of a linear system by computing a particular solution and a matrix with rows
producing the null space of the coefficient matrix.

An ABS method starts with an arbitrary initial vector x1 ∈ Rn and a
nonsingular matrix H1 ∈ Rn×n. Given xi , a solution of the first i − 1
equations, and Hi a matrix with rows generating the null space of the first
i − 1 rows of the coefficient matrix, an ABS algorithm computes xi+1 as a
solution of the first i equations and Hi+1, with rows generating the null space
of the first i rows of the coefficient matrix. Below, we give the class of basic
ABS algorithms for solving systems of linear equations (13).

Algorithm 1 (Basic ABS algorithm).
(1) Give x1 ∈ Rn×n, arbitrary, H1 ∈ Rn×n, arbitrary and nonsingular. Set
i = 1 and r = 0.
(2) Compute τi = aTi xi − bi and si = Hiai.
(3) If (si = 0 and τi = 0), then let xi+1 = xi,Hi+1 = Hi and go to (6)
(the ith row of A is dependent on its first i− 1 rows). If si = 0 and τi 6= 0,
then stop (the ith equation and hence the system is incompatible).
(4) Compute the search vector pi by

pi = HT
i fi, (3)

where fi ∈ Rn is an arbitrary vector satisfying aTi HT
i fi 6= 0. Compute

αi =
τi
aTi pi

and
xi+1 = xi − αipi.

(5) (Update the null space generator) Update Hi by

Hi+1 = Hi −
Hiaiq

T
i Hi

qTi Hiai
, (4)

where qi ∈ Rn is an arbitrary vector satisfying sTi qi 6= 0, and let r = r + 1.
(6) If i = m, then Stop (HT

m+1 generates the null space of A and r is its
rank) else let i = i+ 1 and go to (2).

Here, we recall some properties of ABS algorithms; for more details, see
[3]. For simplicity, we assume that A ∈ Rm×n has full row rank.
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1. The system may be incompatible, which can be detected in step (3), when
si = 0 and τi = bi − aTi xi 6= 0.
2. Hiai 6= 0 if and only if ai is linearly independent of a1, . . . , ai−1.
3. If a1, . . . , ai are linearly independent, then the search vectors p1, . . . , pi
are linearly independent.
4. If a1, . . . , ai are linearly independent, then with Pi = (p1, . . . , pi), the im-
plicit factorization APi = Li holds, where Li is nonsingular lower triangular.
Different choices of the parameters H1, fi, and qi lead to different matrix
factorizations.

Theorem 1 (LX factorization). Let A ∈ Rn×n be a nonsingular matrix
and let H1 = I. Then, there exits an index set k1 < k2 < · · · < kn such
that eTkiHiai 6= 0, for k = 1, . . . , n, and the parameter choices fi = qi = eki
are well-defined. Let [n] = {1, . . . , n}, Bi = {k1, . . . , ki}, and Ni = [n]\Bi.
Then, we have the following properties:
(1) Every kth row of Hi+1 with k ∈ Bi is a null row.
(2) The vector pi has n− i zero components; its kith component is equal to
one.
(3) For each k ∈ Ni, the kth column of Hi+1 is the unit vector ek, while for
each k ∈ Bi, the kth column of Hi+1 has zero components in the jth position,
with j ∈ Bi, implying that only i(n − i) elements need to be computed for
Hi+1.

Proof. See [17].

Corollary 1 (LU factorization). Let A ∈ Rn×n be a strongly nonsingular
matrix (that is, the determinants of all the principal submatrices are nonzero)
and let H1 ∈ Rn×n be the identity matrix. Then
(1) the sequence {Hi}, where qi = ei

eTi Hiai
, is well-defined.

(2) the first i rows of Hi+1 are identically zero and the last n− i columns of
Hi+1 are equal to the last n− i columns of Hi.
(3) P = (p1, . . . , pn) is an upper triangular matrix.

Proof. See [3, Theorems 6.3 and 6.5].

The scaled ABS method produces a matrix factorization V TAP = L,
where L is a lower triangular matrix. Choices of the parameters H1, fi,
and qi determine particular methods within the class so that various matrix
factorizations are derived; see [1, 3, 4, 18, 16, 17, 19].

Obviously, the original system (13) is equivalent to the following scaled
system:

V TAx = V T b, (5)

where V, the scale matrix, is an arbitrary nonsingular m by m matrix. By
replacing ai with AT vi in Algorithm 1, a scaled ABS algorithm is obtained.
Chen and Zhou [5] proposed a generalization of the ABS algorithms, named
as extended ABS (EABS) class of algorithms, which differs from the ABS
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class of algorithms only in updating the Abaffian matrices Hi. The block
ABS algorithm was developed by Abaffy and Galantai [2]. Let n1, . . . , ns be
positive integer numbers such that n1 + · · ·+ ns = n. Consider a block form
of A as A = (AT1 , . . . , A

T
s )
T , where Ai ∈ Rni×n, for i = 1, . . . , s. The Block

ABS methods may be formulated as follows:
(1) Compute Si = HiA

T
i .

(2) Determine Fi ∈ Rn×ni such that FTi Si is nonsingular and set Pi = HT
i Fi.

(3) Update the Abaffian matrix Hi by

Hi+1 = Hi −HiA
T
i (Q

T
i HiA

T
i )

−1
QTi Hi, (6)

where Qi ∈ Rn×ni is an arbitrary matrix such that STi Qi is nonsingular. Es-
maeili, Mahdavi-Amiri, and Spedicato [7] presented the integer ABS class of
algorithms for solving linear Diophantine equations, developed conditions for
the existence of an integer solution, and determined all integer solutions [6].
An extension of the integer ABS algorithm using the scaled ABS algorithms
was developed by Spedicato et al. [16]. A new class of extended integer ABS
algorithms for solving linear Diophantine systems by computing an integer
basis for the null space while controlling the growth of intermediate results
was developed by Khorramizadeh and Mahdavi-Amiri [13]. Golpar-Raboky
and Mahdavi-Amiri [10, 11, 12, 14] presented new ideas for updating the
Hi leading to the development of a new class of extended integer ABS al-
gorithms. They also showed how to compute the Smith normal form of an
integer matrix using the scaled integer ABS algorithm [10].

For the (not necessarily independent) rows of Hi+1 to be a generator of
null space of the first i rows of A, the extended integer ABS algorithms can
always be tuned to produce an integer basis for the integer null space of the
coefficient matrix; see Esmaeili, Mahdavi-Amiri, and Spedicato [6].

2 Generalized ABS class of algorithms

The central problem of linear algebra is the solution of linear system of equa-
tions. Direct methods used to solve linear systems of equations are based on
factorizations of the coefficient matrix into factors to be easy for use in solv-
ing the equations. The Gaussian elimination with the corresponding matrix
decomposition, the LU decomposition, is the most useful method for solv-
ing linear equations. The method is well-defined if and only if A is strongly
nonsingular, that is, all principal submatrices, A(1 : k, 1 : k), for all k, are
nonsingular. The parallel implicit elimination (PIE) method and the WZ
factorization for solving large systems, suitable for parallel computers, have
been introduced by Evans [15].
Definition 1. Let [n] = {1, . . . , n} and let αi ⊂ [n], for i = 1, . . . , s. We say
α = {α1, . . . , αs} is an index set of [n] if and only if αi

⋂
αj = ∅, whenever

i 6= j, and ∪si=1αi = [n]. We denote the cardinality of α by |α|.
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Let |αi| = ni, for i = 1, . . . , s. Then, an index set α = {α1, . . . , αs}
is a block permutation vector, when the ith block size is equal to ni and
n =

∑s
i=1 ni.

Let A ∈ Rm×n and let α and β be two index sets of [n]. Let A(:, b)
denote the m × |b| submatrix of A containing the columns specified by b
and let A(αi, βj), the (i, j)th block of A, denote the |αi| × |βj | submatrix
of A composed of the rows specified by αi and the columns specified by
βj . If αi = βj , then A(αi, βj) is a principal submatrix of A and if αi =
βj = {1, . . . , k}, 1 ≤ k ≤ min{m,n}, then A(αi, βj) is a leading principal
submatrix of A.

Definition 2. Let A ∈ Rn×n, let t = {α1, . . . , αs} and β = {β1, . . . , βs} be
two index sets of n, and let A(αi, βj), 1 ≤ i, j ≤ s, denote the (i, j)th block
of A. Then,

A(α1, β1) ⊂ · · · ⊂ A(∪si=1αi,∪sj=1βj) = A (7)

is a nested submatrix sequence of A. We say A is (α, β)-block strongly
nonsingular if and only if A(∪ki=1αi,∪ki=1βi), for k = 1, . . . , s, are nonsingular.

Let Pα and Pβ denote the permutation matrices moving the rows and
columns of A based on the index sets α and β, respectively, and let

Aα,β = PTα APβ . (8)

Corollary 2. Let A ∈ Rn×n. Then A is (α, β)-block strongly nonsingular if
and only if Aα,β is strongly nonsingular.

Note that Theorem 1 provides a relationship between elimination methods
and the ABS method. The search vectors pi in step (4) of Algorithm 1
are aligned sequentially. The generalized elimination method and the ABS
method do not produce the same matrix factorizations, generally. In the
next section, we present a generalization of the ABS algorithms containing
all matrix factorizations produced by the generalized elimination method such
as triangular,WZ, and ZW . The generalized ABS method is more general to
produce some new matrix factorizations such as the SO and OS factorizations
which cannot be produced by the generalized elimination method.

Let A ∈ Rn×n, let α = {α1, . . . , αs} and β = {β1, . . . , βs} be two index
sets, and let Ai ∈ R|αi|×n be such that Ai = A(αi, :).

Algorithm 2 (Generalized ABS algorithm).
Input: A ∈ Rm×n, an arbitrary nonzero vector x ∈ Rm×n, an arbitrary
nonsingular matrix H1 ∈ Rn×n, and two index sets α = {α1, . . . , αs} and
β = {β1, . . . , βs}.
For i = 1, . . . , s do
(1) Compute Si = HiA(αi, :).
(2) Determine Fi ∈ Rn×βi such that FTi Si is nonsingular and set P (:, αi) =
HT
i Fi.

(3) Update the approximation for the solution by
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x(αi+1) = x(αi)− P (:, αi)di,

where di is the unique solution of the following nonsingular system:

A(αi, :)P (:, αi)di = ri,

and ri = A(αi, :)xi − βi.
(3) Update the Abaffian matrix Hi by

Hi+1 = Hi −HiA(αi, :)(Q
T
i HiA(αi, :))

−1
QTi Hi, (9)

where Qi ∈ Rn×αi is an arbitrary matrix so that STi Qi is nonsingular.
end for.
(4) Let P = (p1, . . . , pn) and compute C = AP.

Algorithm 2 provides a null space characterization for the matrix A. From
Algorithm 2, we have Hi+1aj = 0, for j ∈ ∪ik=1αk, where aTj is the jth row
of A. According to (8), Theorem 1 and Corollary 1, we have the following
results.

Theorem 2. Let A ∈ Rn×n, and let α = (α1, . . . , αs) and β = (β1, . . . , βs)
be two index sets. Then, A is (α, β)-block strongly nonsingular if and only
if I(:, b(i))THiA(t(i), :)

T , for i = 1, . . . , s, are nonsingular.

Theorem 3. Let Qi = I(:, βi), and let Hi+1 be defined by (9). Then, the
following properties hold:
(a) The jth row of Hi+1 is zero, for j ∈ ∪ik=1b(k).
(b) The jth column ofHi+1 is equal to the jth column ofH1, for j 6∈ ∪ik=1b(k).

Proof. See [3, Theorem 6.3].

Now, consider the following definition.

Definition 3. A ∈ Zn×n is a unimodular matrix if and only if |det(A)| = 1.

Note that, A is unimodular if and only if A−1 is unimodular.

Remark 1. Let A ∈ Zn×n. If A(αk, βk), for k = 1, . . . , s, are unimodular,
then Algorithm 2 produces an integer matrix factorizatin (B and C are integer
matrices).

Algorithm 2 produces a matrix factorization AP = C. Different choices
of the parameters Q, F, t and b lead to different matrix factorizations. For
αi = βi = i, Qi = Fi = ei, 1 ≤ i ≤ n, Algorithm 2 produces an LU
factorization. Next, we show how to choose the parameters in Algorithm
2 to compute the WZ and ZW factorizations. We also discuss the octant
interlocking factorization method and present two new factorizations named
as the OS and SO factorizations.
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3 Quadrant interlocking factorization

A direct method, called the WZ factorization, for solving linear systems of
equations Ax = b was introduced by Evans and Hotzopoulos [9]. Let A be
an n × n nonsingular matrix. The WZ factorization of [8] expresses A as
A =WZ, where W and Z have the following forms:

W =


• ◦ ◦ ◦ •
• • ◦ • •
• • • • •
• • ◦ • •
• ◦ ◦ ◦ •

 , Z =


• • • • •
◦ • • • ◦
◦ ◦ • ◦ ◦
◦ • • • ◦
• • • • •

 , X =


• ◦ ◦ ◦ •
◦ • ◦ • ◦
◦ ◦ • ◦ ◦
◦ • ◦ • ◦
• ◦ ◦ ◦ •

 , (10)

where the empty bullets stand for zero and the other bullets stand for possible
nonzeros.

The matrix W is called a unit W -matrix if in addition, wii = 1, for
i = 1, . . . , n, and wi,n−i+1 = 0, for i 6= (n + 1)/2, when n is odd. The
transpose of a (unit) W -matrix is called a (unit) Z-matrix and vise versa.
Moreover, Amatrix which is both a Z- and a W -matrix is called an X-matrix.

Note that, we assume that A is nonsingular and of an even size n (without
loss of generality) and that s = n

2 .

Theorem 4. Let A is an n×n matrix and let n be even. Then A has a WZ
factorization if and only if the nested submatrices A(1 : k, n − k + 1 : n, 1 :
k, n− k + 1 : n) are invertible, for k = 1, . . . , n/2.

Proof. See proof of of [15, Theorem 2].

Now, we show how to choose the parameters of the generalized ABS al-
gorithm to compute the WZ factorization.
Consider two index sets α = {α1, . . . , αs} and β = {β1, . . . , βs} such that
αk = βk = {k, n − k + 1} and Fk = Qk = [ek, en−k+1], for k = 1, . . . , s.
Then, P is a Z-matrix, C is a W -matrix, and Algorithm 2 leads to a WZ
factorization of A.

Remark 2. Let A ∈ Zn×n. If the nested submatrices A(1 : k, n − k + 1 :
n, 1 : k, n−k+1 : n) are unimodular, for k = 1, . . . , n2 , then A has an integer
WZ factorization.

Consider two equal index sets α = {α1, . . . , αs} and β = {β1, . . . , βs}
such that αk = βk = {s − k + 1, s + k} and Fk = Qk = [es−k+1, es+k], for
k = 1, . . . , s. Then, P is aW -matrix, C is a Z-matrix, and Algorithm 2 leads
to a WZ factorization of A.

Theorem 5. Let A ∈ Rn×n. Then A has a ZW factorization if and only if
the nested submatrices A(s − k + 1 : s + k, s − k + 1 : s + k) are invertible,
for k = 1, . . . , s.
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Remark 3. Let A ∈ Zn×n. If the nested submatrices A(s−k+1 : s+k, s−
k + 1 : s + k) are unimodular, for k = 1, . . . , s, then A has an integer ZW
factorization.

4 Octant interlocking factorization

Here, we first define octant matrices and then present the Octant Interlock-
ing Factorization (OIF). We provide the necessary and sufficient conditions
for the existence of OIF and show how to choose the parameters of the gen-
eralized ABS algorithm to compute the factorization.

Definition 4. We say A ∈ Rn×n is an octant matrix, if it has one of the
following structures:

S =


• • • • •
• • ◦ • •
• ◦ ◦ ◦ •
• • ◦ • •
• • • • •

 , O =


◦ ◦ • ◦ ◦
◦ • • • ◦
• • • • •
◦ • • • ◦
◦ ◦ • ◦ ◦

 , (11)

with the empty bullets standing for zero and the other bullets standing for
possible nonzeros. The matrices in (11) are called the S-matrix and the
O-matrix, respectively.

Definition 5. Let A ∈ Rn×n. We say that A has an octant interlocking
factorization, if A = BC such that B and C are octant matrices.

The transpose and the inverse of an S-matrix are an S-matrix and an O-
matrix, respectively, as well as the transpose and the inverse of an O-matrix
are an O-matrix and an S-matrix, respectively.

Note that, we assume that A ∈ Rn×n is nonsingular, that n is an even
number, and that s = n

2 .
Consider two index sets α = {α1, . . . , αs} and β = {β1, . . . , βs} such that
αk = {k, n − k + 1}, βk = {s − k + 1, s + k}, and Qk = Fk = [ek, en−k+1].
Then, C is an O-matrix and P is an S-matrix.

Now, let βk = {k, n − k + 1}, let αk = {s − k + 1, s + k}, and let Qk =
Fk = [es−k+1, es+k]. Then, P is an O-matrix and C is an S-matrix.

Theorem 6. Let A ∈ Rn×n. Then A has an OS factorization if and only if
the nested submatrices A(s− k+ 1 : s+ k, 1 : k, n− k+ 1 : n) are invertible,
for k = 1, . . . , s.

Remark 4. Let A ∈ Zn×n. If the nested submatrices A(s− k+1 : s+ k, 1 :
k, n− k + 1 : n), for k = 1, . . . , s, are unimodular, then A has an integer OS
factorization.
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5 Generalized ABS algorithm and matrix factorizations

An elimination method is a sequence of elementary row or column operations
to divide a matrix into parts with partial zeroing of columns or rows of the
matrix leading to a matrix factorization implicitly.

Let A ∈ Rn×n and let α = {α1, . . . , αs} and β = {β1, . . . , βs} be two in-
dex sets of n. Algorithm 2 computes a matrix factorization AP = C, with
parameter choices Qi = Fi = I(:, αi) and P (:, βi) = HT

i Fi as follows:

A(αi, :)H
T
k = 0, i = 1, . . . , k − 1,

and

C(αi, βk) = A(αi, :)P (:, βk) = A(αi, :)H
T
k I(:, αi) = 0, i = 1, . . . , k − 1.

This means that in the kth step the generalized ABS algorithm performs a
partial zeroing such that the elements of the submatrix C corresponding to
the columns specified by βk and the rows specified by αi, for i = 1, . . . , k−1,
turn to zero. Here, we set the parameters in Algorithm 2 to present the
associated matrix factorizations C = AP .

We consider different choices for α and β such that all the blocks A(αi, βj)
turn to be 1 × 1 and present the associated matrix factorizations. First, we
define two index sets. Let J = {j1, . . . , jn} with the Ji as follows:

ji =

{
i+1
2 if i is odd,
n− i

2 + 1 if i is even.
(12)

We define the index set K = {k1, . . . , kn} as follows. If n is an even number,
then define

ki =

{
n
2 − i+1

2 + 1 if i is odd,
n
2 + i

2 if i is even,
(13)

if n is an odd number, then define

ki =

{
n+1
2 − i

2 if i is even,
n+1
2 + i−1

2 if i is odd.
(14)

If αi = βi = i, then C is a lower triangular and P is an upper triangular
matrix. For αi = βi = n − i + 1, C is an upper triangular and P is a lower
triangular matrix. The different cases are noted in Figure 1

In Figure 2, we give a MATLAB code for Algorithm 2, where A ∈ Rn×n,
t = {t1, . . . , tn} and b = {b1, . . . , bn} are two index sets, and all the blocks
A(αi, βi) are 1× 1, for i = 1, . . . , n.
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Figure 1: Matrix factorizations associated with different index sets

Figure 2: MATLAB code for Algorithm 2
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6 Numerical illustrations

We give illustrations of our proposed algorithms to compute the QIF and
OIF factorizations. The algorithms were implemented usingMatlab R2020a.

Example 1. Consider the following matrix:

A =


1 1 1 1 1 1
1 2 3 4 5 6

1 3 6 10 15 21

1 4 10 20 35 56
1 5 15 35 70 126

1 6 21 56 126 252

 .

Let αk = βk = {s − k + 1, s + k}, for k = 1, 2, 3 and s = n
2 = 3. Then, the

generalized elimination algorithm, Algorithm 1, produces P as a W -matrix
and C as a Z-matrix, and we have a ZW factorization as follows:

P =


−1 0 0 0 0 0

−2 1 0 0 0 3
2 −1 1 0 2.5 −8

−1 0.3 0 1 −3 9
0.2 0 0 0 1 −4.8

0 0 0 0 0 1


and

C =


0.2 0.3 1 1 0.5 0.2
0 0.2 3 4 0.5 0

0 0 6 10 0 0

0 0 10 20 0 0
0 0.5 15 35 2.5 0

0.2 1.8 21 56 10.5 1.2

 .

Example 2. Let

A =


13.8966 15.3103 14.1873 2.3800 15.0253 10.9443
6.3420 15.9040 15.0937 9.9673 5.1019 2.7725

19.0044 3.7375 5.5205 19.1949 10.1191 2.9859

0.6889 9.7953 13.5941 6.8077 13.9815 5.1502
8.7749 8.9117 13.1020 11.7054 17.8181 16.8143

7.6312 12.9263 3.2522 4.4762 19.1858 5.0856

 .

Let αk = {s− k+1, s+ k} and βk = {k, n− k+1}, for k = 1, 2, 3 and s = 3.
By the generalized ABS algorithm, Algorithm 2, we have

P =


0 0 1 0 0 0

0 1.0000 −3.3515 −11.9955 0 0

1 −0.7279 4.0998 13.5268 −0.8931 0
0 0.0146 −0.8436 1.3279 −0.2703 1

0 0 −1.2767 −5.7630 1 0

0 0 0 1 0 0


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and

C =


14.1873 5.0185 −0.4413 −64.2317 1.7108 2.3800
15.0937 5.0633 0 0 −11.0731 9.9673

5.5205 0 0 0 0 19.1949
13.5941 0 0 0 0 6.8077

13.1020 −0.4537 0 0 2.9522 11.7054

3.2522 10.6245 −50.6286 −210.6023 15.0712 4.4762

 .

We realize that P is an O-matrix, that C is an S-matrix, and that AP = C.

7 Concluding remarks

We presented a generalized elimination approach for solving linear systems.
We established the necessary and sufficient conditions under which the pro-
posed method is applicable. We showed that different matrix factorizations
could be derived from the method such as the LU,WZ, and ZW factoriza-
tions. We also proposed the octant interlocking factorization to factorize a
nonsingular matrix into octant matrices. We presented a generalized ABS
algorithm and showed how to choose the parameters of the algorithm to com-
pute the WZ and the ZW factorizations as well as the octant interlocking
factorization of real and integer matrices.
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1 Introduction

Fractional calculus is one of the most popular calculus types having a
vast range of applications in many different scientific and engineering dis-
ciplines. The order of the derivatives in the fractional calculus might
be any real number that separates the fractional calculus from the ordi-
nary calculus where the order of derivatives are allowed to be only nat-
ural numbers. Fractional calculus is a highly efficient and useful tool in
the modeling of many sorts of scientific phenomena including image pro-
cessing, earthquake engineering, biomedical engineering, computational fluid
mechanics, and physics. Fundamental concepts of fractional calculus and
its applications to different research areas can be seen in the references
[3, 4, 2, 7, 6, 5, 9, 12, 10, 16, 19, 20, 24, 29, 31, 32, 34], amongst many others.
In recent years, many different basis functions have been used for solving
fractional equations, such as operational matrix of Chebyshev polynomials,
Block-pulse functions (BPFs), hybrid Bernoulli and Block-pulse functions,
and hybrid Legendre [1, 8, 15, 23, 27, 26, 30, 33].

In this paper, we employ hybrid functions consisting of a combination of
BPFs with orthonormal Bernstein polynomials (OBPs) to find the numerical
solution of the fractional equation

F (x, y(x), Dα1y(x), . . . , Dαky(x)) = 0, x ∈ [0, X], αi ≥ 0, i = 1, . . . , k,
(1)

with boundary or supplementary conditions

Zi(y(ξi), y
′
(ξi), . . . , y

(p)(ξi)) = di, i = 0, 1, . . . , p, (2)

where 0 ≤ p < max{αi, i = 1, . . . , k} ≤ p + 1, ξi ∈ [0, X], i = 0, . . . , p and
Zi, i = 0, . . . , p, are independent linear combinations of y(ξi), y

′
(ξi), . . . , y

(p)(ξi)
and y ∈ L2[0, X]. It should be noted that F can be nonlinear in general.

The fractional equations are used in a variety of fields including con-
tinuum mechanics, potential theory, geophysics, electricity and magnetism,
antenna synthesis, communication theory, mathematical economics, popu-
lation genetics, the particle transport problem in astrophysics, and reactor
theory. For the most part, it can be challenging to deduce the analytical
solutions to most of these equations. As a result, it is crucial to develop
some reliable and efficient ways to solve fractional differential equations. In
this paper, we introduce a new method based on a hybrid of Block-pulse
and orthonormal Bernstein functions. The present study’s primary goal is
to present and analyze a new stable algorithm for the numerical solution of
the fractional differential equation based upon the hybrid of Block-pulse and
orthonormal Bernstein functions (HBB method). To solve this problem, we
propose a mathematical formulation that takes advantage of the orthogo-
nality of BPFs and the OBPs properties to reduce the fractional differential
equation to an algebraic system. Convergence analysis of the method is
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discussed theoretically and numerically. Moreover, the applicability of the
method is examined by solving some fractional differential equations and the
Basset equation, which describes the unsteady motion of a sphere immersed
in a Stokes fluid.

The outline of this paper is as follows: In section 2, we briefly overview
some basic definitions for fractional calculus. In section 3, hybrid functions
are introduced; therefore we approximate functions by using hybrid func-
tions. In section 4, we present useful properties of hybrid functions such
as coefficient matrix and operational matrix of derivative to solve fractional
differential equations. In section 7, we present estimates for the error of the
best approximation of smooth functions by hybrid functions. In section 6,
we apply the proposed method to find an approximate solution to fractional
differential equations. Finally, numerical examples are presented to show the
effectiveness of the proposed method in section 7.

2 Fractional calculus

We give some basic definitions and properties of the fractional calculus theory,
which are used further in this paper.

Definition 1 (see [32]). The Riemann–Liouville fractional integral operator
of order α ≥ 0 is defined as

Jαf(x) =
1

Γ(α)

∫ x

0

(x− t)α−1f(t)dt =
1

Γ(α)
xα−1 ∗ f(x), α > 0, x > 0,(3)

J0f(x) = f(x). (4)

It has the following property:

Jαxγ =
Γ(γ + 1)

Γ(γ + 1 + α)
xγ+α, γ > −1.

Definition 2 (see [32]). The Caputo definition of fractional derivative oper-
ator is given by

Dαf(x) = Jm−αDmf(x) =
1

Γ(m− α)

∫ x

0

(x− t)m−α−1f (m)(t)dt,

where m− 1 < α ≤ m, m ∈ N, x > 0. For the Caputo derivative, we have

DαC = 0 (C is a constant),

Dαxj =

{
0 for j ∈ N ∪ 0 and j < dαe,
Γ(j+1)

Γ(j+1−α)x
j−α for j ∈ N ∪ 0 and j ≥ dαe or j ∈ N.

(5)
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3 Hybrid of Block-pulse and orthonormal Bernstein
functions

The orthonormal set of hybrids hji(x), j = 1, 2, . . . ,m and i = 0, 1, . . . , n,
where j is the order for BPFs, i is the order for OBPs, and x is the normalized
time, is defined on the interval [0, X) as

hji(x) =

{√
m bin(mx− γj) if X(j−1)

m ≤ x < Xj
m ,

0 otherwise,
(6)

where γj = X(1− j) and bin, i = 0, . . . , n are OBPs defined on [0, X]. Then

H(x) = [h10(x), . . . , h1n(x), . . . , hj0(x), . . . , hjn(x), . . . , hm0(x), . . . , hmn(x)]
T

= [H1(x), . . . , Hj(x), . . . , Hm(x)]T ,

is the m(n + 1) hybrid function vector. Here, the Bernstein polynomials
(BPs) of the nth degree are defined on the interval [0, X] as

Bin(x) =
1

Xn

(
n
i

)
xi(X − x)n−i, i = 0, 1, 2, . . . , n,

by using expansion of (X − x)n−i, we have

Bin(x) =

n∑
j=i

(−1)j−i(
1

Xj
)

(
n
i

)(
n− i
j − i

)
xj , i = 0, 1, 2, . . . , n,

where (
n
i

)
=

n!

i!(n− i)!
.

According to [25], BPs form a complete basis over the interval [0, X].

The explicit representation of the OBPs, denoted by bin(x) here, was
recently discovered by analyzing the resulting orthonormal polynomials after
applying the Gram–Schmidt process; see [13]

bin(x) = (
√

2(n− i) + 1)(X−x)n−i
i∑

k=0

(−1)k
1

Xn−k

(
2n+ 1− k
i− k

)(
i
k

)
xi−k.

In addition, it can be written in terms of the non-orthonormal Bernstein basis
functions as
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bin(x) = (
√
2(n− i) + 1)

i∑
k=0

(−1)k

(
2n+ 1− k
i− k

)(
i
k

)
(
n− k
i− k

) Bi−kn−k(x),

for i = 0, 1, . . . , n. By using the Taylor expansion, bin(x) can be represented
as [21]

bin = ZiTn(x), i = 0, . . . , n,

where Tn(x) = [1, x, x2, . . . , xn]T , Zi is a row vector of Taylor coefficients as

(Zi)j =
√
2(n− i) + 1

min{i,j}∑
k=max{0,j−n+i}

ρij−kβik, j = 0, . . . , n,

where
ρir = (−1)r

(
n− i

r

)
, r = 0, . . . , n− i,

βij = (−1)i−j
(
2n+ 1− i+ j

j

)(
i

i− j

)
, j = 0, . . . , i.

Thus b(x) = [b0n(x), b1n(x), . . . , bnn(x)]
T can be defined by

b(x) = ZTn(x), (7)

where Z is an (n+ 1)× (n+ 1) matrix whose ith row is Zi, i = 0, . . . , n.

Now, from (7) and (4), we have

Hj(x) =
√
mZTn(mx− γj), (8)

where

Tn(mx− γj) = [1,mx− γj , (mx− γj)
2, . . . , (mx− γj)

n]T ,

by using the binomial expansion of (mx− γj)
k, (8) can be expressed as

Hj(x) = ZΛjTn(x),

where

Λj =
√
m


1 0 0 0 · · · 0 0
γj m 0 0 · · · 0 0(

2
0

)
(γj)

2
(
2
1

)
(γj)m

(
2
2

)
m2 0 · · · 0 0

...
...

... . . . · · ·
...

...(
n
0

)
(γj)

n
(
n
1

)
(γj)

n−1m
(
n
2

)
(γj)

n−2m2
(
n
3

)
(γj)

n−3m3 · · ·
(
n
n−1

)
(γj)m

n−1
(
n
n

)
mn

 .

Therefore the hybrid function vector H(x) can be defined by
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H(x) = Γ̃T̃ (x), (9)

where T̃ (x) = [Tn(x), Tn(x), . . . , Tn(x)]
T is an m(n + 1) vector, and Γ̃ =

diag[Γ1,Γ2, . . . ,Γm] is an m(n+1)×m(n+1) coefficient matrix of the (n+
1)× (n+ 1) coefficient submatrix Γj = ZΛj .

3.1 Function approximation

Suppose that Ω = L2[0, X] and

{h10, . . . , h1n, . . . , hj0, . . . , hjn, . . . , hm0, . . . , hmn} ⊂ Ω

are the set of hybrid functions and that

Ωmn = span{h10, . . . , h1n, . . . , hj0, . . . , hjn, . . . , hm0, . . . , hmn}.

Let fmn be the best approximation of an arbitrary function f ∈ L2(Ω)
out of Ωmn, that is,

‖f − fmn‖2 ≤‖ f − g ‖2 for all g ∈ Ωmn.

Moreover, since fmn ∈ Ωmn, there exist unique coefficients c10, c11, . . . , cmn
such that

f(x) ' fmn(x) =
m∑
j=1

n∑
i=0

cjihji(x) =

m∑
j=1

CjHj(x) = CTH(x) = HT (x)C,

where C and H(x) are m(n+ 1) vectors as

C = [c10, . . . , c1n, . . . , cj0, . . . , cjn, . . . , cm0, . . . , cmn]
T = [C1, . . . , Cj , . . . , Cm]T ,

H = [h10, . . . , h1n, . . . , hj0, . . . , hjn, . . . , hm0, . . . , hmn]
T = [H1, . . . , Hj , . . . , Hm]T ,

and the hybrid function coefficients cji are obtained by

cji =
〈f, hji〉
‖hji‖22

.

Since the set of hybrid functions is a complete orthonormal system in Ω, then

‖hji‖2 =

∫ X

0

hji(x)hji(x)dx = 1.

Therefore
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cji = 〈f, hji〉 =
∫ X

0

f(x)hji(x)dx. (10)

4 Operational matrix of differentiation

We construct the operational matrices of differentiation for H(x). First, we
consider integer order derivatives of H(x). Hence

dH(x)

dx
= D(1)H(x),

where D(1) is the m(n+ 1)×m(n+ 1) operational matrix of first derivative
of Hybrid function. From (9), we have

dH(x)

dx
= Γ̃

dT̃ (x)

dx
= Γ̃Q̃T̃ (x) = Γ̃Q̃Γ̃−1H(x),

where Q̃ = diag[Q,Q, . . . , Q] is an m(n+1)×m(n+1) matrix that consists
the m submatrix Q(n+1)×(n+1) as

Q =


0 0 0 · · · 0 0
1 0 0 · · · 0 0
0 2 0 · · · 0 0
...
...
... · · ·

...
...

0 0 0 · · · n 0


(n+1)×(n+1)

.

Therefore we have
D(1) = Γ̃Q̃Γ̃−1. (11)

In general, we obtain
dnH(x)

dxn
= (D(1))nH(x),

where n ∈ N and the superscript, in D(1), denotes the matrix powers. Thus

D(n) = (D(1))n, n = 1, 2, . . . .

For the Caputo fractional derivative introduced in section 2, we denote frac-
tional order derivative of H(x) by

dαH(x)

dxα
= D(α)H(x),

where D(α) is an m(n+1)×m(n+1) operational matrix of fractional order
derivative of Hybrid function. From (9), we have
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dαH(x)

dxα
= Γ̃

dαT̃ (x)

dxα
,

where
dαT̃ (x)

dxα
= [

dαT (x)

dxα
,
dαT (x)

dxα
, . . . ,

dαT (x)

dxα
]T ,

and by using (3), we can specify the elements of d
αT (x)
dxα as

dαxk

dxα
=

{
0, 0 ≤ k < dαe,
Γ(k+1)

Γ(k+1−α)x
k−α, dαe ≤ k < n.

We can also approximate xk−α for k = dαe, . . . , n by hybrid functions as

xk−α '
m∑
j=1

n∑
i=0

pkjihji(x) = PTk H(x),

where Pk is an m(n+ 1) vector that we can obtain by (10) and (9) as

Pkji =

∫ X

0

xk−αhji(x)dx = Γ̃ji

∫ Xj
m

X(j−1)
m

xk−α+idx.

Therefore
D(α) = Γ̃Ψ̃P̃, (12)

where Ψ̃ = diag[Ψ,Ψ, . . . ,Ψ] is an m(n + 1) × m(n + 1) matrix with m
submatrix Ψ(n+1)×(n+1) as

Ψ = diag[0, . . . , 0,
Γ(dαe+ 1)

Γ(dαe+ 1− α)
, . . . ,

Γ(n+ 1)

Γ(n+ 1− α)
],

and P̃ = [P, P, . . . , P ]T is the m(n+1)×m(n+1) matrix with the (n+1)×
m(n+ 1) submatrix P , defined as

P =

p⌈α⌉10 p⌈α⌉11 p⌈α⌉12 · · · p⌈α⌉m(n−1) p⌈α⌉mn
...

...
... · · ·

...
...

pn10 pn11 pn12 · · · pnm(n−1) pnmn

 .

5 Convergence analysis

The purpose of this section is to obtain an estimate of the error norm of
the best approximation of a smooth function of two variables, on a certain
domain [0, X], by a bivariate polynomial. This estimate will be used for
comparisons in section 6, when analyzing the error of the numerical results.
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We assume that f =
∑m
j=1 fj is a sufficiently smooth function on [0, X]

and that p '
∑m
j=1 pj is the interpolating polynomial to f at points

xi, i = 0, 1, . . . , n, which are the roots of the (n+1)-degree shifted Chebyshev
polynomial on [0, X]. Then we have [17]

f(x)− P (x) =

m∑
j=1

(fj − Pj) =

m∑
j=1

(
f
(n+1)
j (ξ)

(n+ 1)!

n∏
i=0

(x− xi)),

where ξ ∈ Ij = [ (j−1)X
m , jXm ]. Therefore

| f(x)− P (x) |≤
m∑
j=1

max
x∈Ij

| f (n+1)
j (x) |

∏n
i=0(x− xi)

(n+ 1)!
. (13)

We assume that there is a real number γ such that

max
x∈Ij

| f (n+1)
j (x) |≤ γ. (14)

By replacing (14) in (13) and taking into account the estimates for Chebyshev
interpolation nodes [28], we obtain

| f(x)− P (x) |≤ γ
Xn+1

22n+1mn(n+ 1)!
. (15)

With the help of (15) we obtain the following result.

Theorem 1. Let fmn(x) = CTH(x) be the hybrid functions expansion of
the sufficiently smooth real function f in Ω, where

C = [c10(x), . . . , c1n(x), . . . , cj0(x), . . . , cjn(x), . . . , cm0(x), . . . , cmn(x)]
T ,

and
cji =

∫ X

0

f(x)hji(x)dx.

Then, there exists a real number γ′ such that

‖f − fmn‖2 ≤ γ′
Xn+1

22n+1mn(n+ 1)!
. (16)

Proof. Let Ωmn be the space of bivariate polynomials of degree ≤ n. As
shown in section 3, fmn is the best approximation of f in Ωmn, that is,

‖f − fmn‖2 ≤‖ f − g ‖2,

where g is any arbitrary polynomial in Ωmn. In particular, we have
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‖f − fmn‖22dx ≤
∫ X

0

| f(x)− pmn(x) |2 dx, (17)

where pmn is the interpolating polynomial of f . From (15) and (17), we
obtain

‖f − fmn‖22 ≤
∫ X

0

[γ
Xn+1

22n+1mn(n+ 1)!
]2dx = X[γ

Xn+1

22n+1mn(n+ 1)!
]2. (18)

From (18), we conclude that (16) is valid with

γ′ = γ
√
X.

Theorem 2. Suppose f ∈ L2[0, 1], n− 1 < α ≤ n. Then

‖ Dαf −Dαfmn ‖≤ 1

Γ(n− α+ 1)
γ′

Xn+1

22n+1mn(n+ 1)!
. (19)

Proof. By using (18) and [11], we have

‖ Dαf −Dαfmn ‖2 =‖ In−α(Dnf −Dnfmn) ‖2

=‖ 1

x1+α−nΓ(n− α)
(Dnf −Dnfmn) ‖2

≤ (
1

(n− α)Γ(n− α)
)2 ‖ Dnf −Dnfmn ‖2

≤ (
1

Γ(n− α+ 1)
)2 ‖ f − fmn ‖2 .

From (18), we get (19).

6 Solving fractional differential equations

In this section, in order to show the high importance of the proposed method,
we apply it to solve fractional differential equation (1) and (2). In order to
use hybrid functions for this problem, we approximate by hybrid functions
as

y(x) '
m∑
j=1

n∑
i=0

cjihji(x) = CTH(x), (20)

where C = [c10, . . . , c1n, . . . , cm0, . . . , cmn]
T is an unknown vector. Using (11)

and (12), we have

Dαjy(x) ' CTDαjH(x) ' CTD(αj)H(x), j = 1, . . . , k.
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By substituting these equations in (1) and (2), we get

F (x,CTH(x), CTD(α1)H(x), . . . , CTD(αk)H(x)) = 0, (21)

Zi(C
TH(ξi), C

TD(1)H(ξi), . . . , C
TD(p)H(ξi)) = di, i = 0, 1, . . . , p. (22)

To find the solution y, we first collocate (21) at m(n + 1) − (p + 1) points.
For suitable collocation points, we use

xi =
2i− 1

2m(n+ 1)
, i = 1, . . . ,m(n+ 1)− (p+ 1).

These equations together with (22) generate m(n + 1) algebraic equations,
which can be solved to find cji, j = 1, . . . ,m, i = 0, . . . , n. Consequently,
the approximate solution of the unknown function y, given in (20), can be
calculated.

7 Numerical examples

In this section, numerical results of some examples are presented. The abso-
lute errors of this method are compared with those of the existing methods
reported in [35, 14, 22]. The computations associated with these examples
were performed using Mathematica 9.0.

Example 1. Consider the fractional equation

√
xD

1
2 y(x) + exy(x) = x(

2√
π
+ ex), 0 < x ≤ 1, (23)

with the following initial conditions y(0) = 0. The exact solution of this
problem is y(x) = x. The numerical method developed in section 6 is applied
to (23) for m = n = 2, we approximate solution as

y(x) ' c10h10 + c11h11 + c12h12 + c20h20 + c21h21 + c22h22 = CTH(x).

Here, we have

Γ̃ =


3.16228 −12.6491 12.6491 0 0 0

−2.44949 29.3939 −48.9898 0 0 0
1.41421 −22.6274 56.5685 0 0 0

0 0 0 12.6491 −25.2982 12.6491
0 0 0 −29.3939 78.3837 −48.9898

0 0 0 26.8701 −79.196 56.5685

 ,
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Ψ̃ =


0 0 0 0 0 0
0 1.12838 0 0 0 0

0 0 1.50451 0 0 0
0 0 0 0 0 0
0 0 0 0 1.12838 0

0 0 0 0 0 1.50451

 ,

P̃ =


2.38514 0. 0.666667 0.672262 0.430222 0.236893
0.170367 0.263932 0.161905 0.415476 0.383286 0.235524

0.0283945 0.0879772 0.084127 0.262718 0.331263 0.235838

2.38514 0. 0.666667 0.672262 0.430222 0.236893
0.170367 0.263932 0.161905 0.415476 0.383286 0.235524

0.0283945 0.0879772 0.084127 0.262718 0.331263 0.235838

 ,

D
1
2 =


−1.89128 −2.09283 −0.709874 −0.930387 0.8335 1.12652

3.55781 2.26954 −0.830648 −5.58347 −11.7032 −9.57079
−1.93327 0.748753 3.02605 11.7513 18.4068 14.0581

−4.32293 −5.85992 −3.02074 −6.86047 −4.63714 −2.23512
12.9755 16.8594 8.1193 17.3836 9.48449 3.44875
−12.8079 −16.0982 −7.30845 −14.7689 −6.05866 −0.975538

 .

Finally, the obtained results are reported in Table 1. It shows that our
method has better accuracy with the piecewise constant orthogonal function
developed in [35].

Example 2. Consider the following fractional differential equation:

D
1
3 y(x) + x

1
3 y(x) =

3

2Γ(2.3)
x

2
3 + x

4
3 , 0 < x ≤ 1,

with the following initial conditions

y(0) = 0.

We know that the exact solution is y(x) = x. The maximum errors for
different values of x are listed in Table 1. It is shown that, we obtain the
error of order 10−16 for m = 2, n = 2. In the Haar wavelets method [14], the
error is 0.0014 obtained for m = 64, where m is the order of Haar wavelets.
Clearly, the results obtained by our method are better than those in [14] in
terms of accuracy if the exact solution is sufficiently smooth. Therefore, the
HBB method is a valid method in solving fractional differential equations.

Table 1: Numerical results for Examples 1 and 2 for m = 2 and n = 2.
x 0.1 0.3 0.5 0.7 0.9

Example 1 3.46945× 10−17 5.55112× 10−17 3.21965× 10−15 2.33147× 10−15 1.77636× 10−15

Example 2 1.38778× 10−17 5.55112× 10−17 1.5099× 10−14 1.55431× 10−15 1.27676× 10−15

Example 3. Consider the fractional equation

Dαy(x) = −y(x) + x2 +
2x2−α

Γ(3− α)
, 0 < x ≤ 1, (24)
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with the following initial conditions y(0) = 0. The accurate solution, in
this case, is given by y(x) = x2. For α = 0.25, 0.75 and m = n = 2, the
approximation solution for (24) is obtained by using the HBB method. The
absolute error of HBB method and fast wavelet collocation method (FWCM)
reported in [22] is shown in Table 2 when α = 0.25, α = 0.75, and m = n = 2.

The logarithm of absolute error for different values of m and n is shown in
Figures 1 and 2. Table 2 and Figures 1 and 2 confirm that the HBB method
approximates the solution of fractional differential equation uniformly.

Figure 1: The curves of the logarithm of the absolute errors of Example 3 for α = 0.25
and different value of m and n.
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Figure 2: The curves of the logarithm of the absolute errors of Example 3 for α = 0.75

and different value of m and n.

Table 2: The errors of Example 3 compared to [22]
x α = 0.25 α = 0.75

Current Method FWC method in [22] Current Method FWC method in [22]
0.03125 3.46945× 10−18 0.05958× 10−12 3.95517× 10−16 0.33012× 10−13

0.09375 2.77556× 10−17 0.04301× 10−12 4.02456× 10−16 0.34730× 10−13

0.18750 8.32667× 10−17 0.05390× 10−12 3.88578× 10−16 0.02296× 10−13

0.28125 1.38778× 10−17 0.02446× 10−12 3.88578× 10−16 0.19817× 10−13

0.37500 2.22045× 10−16 0.00394× 10−12 4.16334× 10−16 0.29393× 10−13

0.46875 6.15064× 10−14 0.06483× 10−12 5.55112× 10−16 0.22148× 10−13

0.56250 5.77316× 10−14 0.05401× 10−12 6.66134× 10−15 0.19428× 10−13

0.65625 5.54001× 10−14 0.00982× 10−12 8.88178× 10−15 0.17097× 10−13

0.75000 5.42899× 10−14 0.01798× 10−12 1.33227× 10−15 0.09103× 10−13

0.84375 5.45127× 10−14 0.03186× 10−12 1.77636× 10−15 0.11990× 10−13

0.93750 6.25614× 10−14 0.20128× 10−12 2.47315× 10−15 0.27533× 10−13

CPU time 3.65s 2.57s

IJNAO, Vol. 12, No. 2, pp 315–333



Hybrid of Block-pulse and orthonormal Bernstein functions for fractional ... 329

Example 4 (see [18]). Consider the following fractional Relaxation problem:

D
1
2 y(x) = −y(x), 0 < x ≤ 1, (25)

with initial condition y(0) = 1.
The exact solution of this equation is y(x) = Eα(−xα). Here Eα(x) is

called the Mittag–Lefler function,

Eα(x) =
∞∑
k=0

xk

Γ(αk + 1)
.

Table 3 shows a comparison of our method and the Taylor matrix method
presented in [18]. Clearly, the results obtained by the HBB method are in
agreement with other mentioned numerical method and in total this approach
has high accuracy.

Table 3: Comparison of our method for m = 3 and n = 8, and the Taylor matrix
method in [18] of Example 4

x Current Method Ref.[18]
0.0 3.4685× 10−16 0.0000
0.1 1.7745× 10−10 0.1000× 10−9

0.2 6.3421× 10−10 0.9000× 10−9

0.3 5.3461× 10−9 0.4000× 10−9

0.4 6.4326× 10−10 0.2000× 10−9

0.5 7.4902× 10−9 0.1000× 10−8

0.6 4.3721× 10−8 0.6000× 10−8

0.7 3.5684× 10−7 0.2400× 10−7

0.8 9.2341× 10−7 0.8400× 10−7

0.9 8.4563× 10−7 0.2480× 10−6

1.0 5.3475× 10−7 0.6740× 10−6

8 Conclusion

In this paper, we obtained operational matrices of the fractional derivatives
of a combination of OBPs and BPFs. Then by using these matrices, we
reduced the multi-order fractional differential equations to a system of alge-
braic equations that can be solved easily. The convergence analysis of the
HBB bases is given in section 7. The numerical solutions obtained using
the suggested method showed that numerical solutions are in very good co-
incidence with the exact solution. For future research, we will apply this
numerical method for solving nonlinear fractional integro-differential equa-
tions, nonlinear Volterra–Fredholm–Hammerstein integral equations, and so
on.
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Elzaki transform method for solving
deterministic modeling of terrorism

G. Adamu* and M.O. Ibrahim

Abstract

A deterministic mathematical model of terrorism with government inter-
vention was constructed from five compartments and subdivided into two
core and non-core groups. A non-core group is a general group G(t), while
the core group is susceptible S(t), moderate I(t), terrorism T (t), and re-
covered R(t). The Elzaki transform method with differential transform
to handle the nonlinear terms is employed to solve the model. The results
show that government intervention on susceptible groups proved to be 90%
effective in reducing terrorist threats since the group of susceptible in the
population appears to be at risk of adopting the ideology through different
means of contact. Also, due to the government intervention, the moderate
group reduces gradually in time.

AMS subject classifications (2020): 93A30, 65C20, 39A39.

Keywords: Modeling; Terrorism; Elzaki transform; Differential transform
and Intervention.

1 Introduction

Terrorism can be seen as extra-normal violence or a threat to intimidate
innocent civilians through imposing their ideology, religiosity, and political
objectives in a population. Global terrorism index 2020 defined terrorism
as a threatened, or actual use of illegal force and violence by a non-state
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actor to attain political, economic, religious, or social goals through fear, op-
pression or intimidation. This definition deduces that terrorism is not only
the physical act of an attack but also the mental blow it had on human-
ity for many years; see [18]. Government intervention strategies consist of
law enforcement. When violent extremists are investigated, prosecuted, and
imprisoned, rehabilitation involves psychological counseling and correcting
of their extremist views through religious education followed by vocational
training. The military strategy consists of when violent extremists are killed
or captured. Counter-terrorism, however, agrees that these strategies cannot
reduce the threat of terrorism solitarily in [26, 8].

Similarly, the authors of [24, 25] stated that governments intervention
could use an additional set of strategies collectively known as countering vio-
lent extremism and classified it into three programs: 1) Prevention program
which seeks to prevent the terrorist process from occurring, 2) disengagement
program, which attempts to stop or control terrorist from occurring, and 3)
terrorist recovery program, which attempts to change an individual extremist
belief to re-integrate them into the society. These programs frequently aim
to target convicted terrorist foot soldiers. Martcheva [22] discussed a mathe-
matical model as a system using mathematical tools and language. Castillo-
Chavez and Song [10] first developed transmission dynamics and spread of
terrorism via mathematical modeling, in which they incorporated the spread
of radical ideologies, fanaticism, recruitment, and terrorist activities. The
models of terrorism were first developed in [10]. A mathematical model of
the dynamic behavior of terrorism was developed in [1], and the authors con-
trolled to check the recruitment pool. The model is developed to control the
spread of terrorist ideologies in society. Furthermore, Santoprete [26] built
a model of countering violent extremism (CVE) for prevention programs. It
seeks to stop the radicalization process from occurring. According to [13],
it was stated that Elzaki strictly connected with the Laplace transform has
some advantages such as Elzaki over Laplace converges faster to the exact
solution.

Moreover, Akinola, Akinpelu, and Oladejo [6] applied the Elzaki decom-
position method for solving the epidemic model. The obtained result agreed
with the Adomian decomposition method, homotopy perturbation method,
variational iteration method, and differential transform method (DTM). Sule-
man et al. [31] used the Elzaki projected differential transform method to
investigate the numerical solution of the fractional-order of the HIV model.
According to [14], the Elzaki transform method (ETM) is a new integral
transform, which is based on the Fourier series to handle only linear dif-
ferential equations. Also, in [15, 23, 17, 16, 12, 9, 33], the Elzaki method
transforms the fundamental properties and their applications to differential
equations for the exact solution and analyzes boundary value problems via
the Elzaki transform. The ETM was introduced to facilitate the process of
solving ordinary and partial differential equations in the time domain. This
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method is incapable of handling nonlinear equations, because of the difficul-
ties that are caused by the nonlinear terms in [15, 23].

Furthermore, Kalavathi, Kohila, and Upadhyaya [21] presented the de-
generate Elzaki transform to examine some of its properties and relations.
Also, they investigated a scale preserving theorem for the degenerate Elzaki
transform and theoretical dual transform to the degenerate Laplace trans-
form. Aggarwal, Mishra, and Kumar [3] showed a comparative study of two
new integral transforms Mohand and Elzaki transforms, respectively. Also,
Anjum et al. [7] applied the ETM on the numerical solution for nonlinear
oscillators. Bhadane and Ghadle [9] solved a system of linear differential
equations using the ETM. Although, in [27], it was proposed a numerical
solution for a third-order ordinary differential equation, using the DTM and
ETM, then compared the results to see which method converges quickly to
the exact solution. Some new applications of the ETM were defined in [29]
for the solution to linear Volterra type integral equations. The results ob-
tained were compared with solutions of the Adomian decomposition method,
variational iteration method, method of successive approximation, Galerkin
method, and Laplace transform method. The authors developed dualities
in [2, 4] between the Elzaki transform and some useful integral transforms
and then developed equations with decay problems. Their results showed
that the Elzaki transform is in complete agreement with some useful meth-
ods. Therefore, in [31, 20, 35, 28, 32], it was worked a new technique of the
ETM for solving differential equations to an exact solution. Their obtained
results showed that Elzaki converges to the exact solution faster than any
other method. The Ezaki transform is a more powerful tool than the Laplace
transform, which can still serve as an auxiliary method to the Laplace trans-
form.

This study aims to modify the existing models in [1, 26, 24] by incorporat-
ing terrorist recovered groups and government intervention. Then we apply
the ETM to solve the model equations together with DTM, to linearize the
nonlinear term in the equations for numerical/exact solutions and compare
the result of the methods on a graph.

2 Materials and method

Mathematical modeling of terrorism with government intervention is built,
and then we apply numerical methods called ETM and DTM, respectively,
to solve the model equations.

2.1 Basic functions of ETM

A set of function f(t) of exponential order is defined by A as follows:
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A =

{
f(t) : ∃M,k1, k2 > 0, |f(t)| < M exp(

|t|
kj

), if t ∈ (−1)j [0,∞)

}
, (1)

where M is a real number and k1 and k2 are integer. Then the Elzaki
transform denoted by the operator E as the new integral equation is defined
by

E [f(t)] = T (u) = u

∞∫
0

f(t) exp

(
−t
u

)
dt, t ≥ 0, k1 ≤ u ≤ k2, 0 ≤ t ≤ ∞.

(2)

Theorem 1. Let T (u) be the Elzaki transform. Then f(t) is a function
taking the Elzaki f(t) as
E
[
f

′
(t)
]
= T (u)

u − uf(0).

E
[
f

′′
(t)
]
= T (u)

u2 − f(0)− uf ′(0).

E
[
f (n)(t)

]
= T (u)

un −
n−1∑
k=0

u2−n+kf
(k)
(0)

Proof. Suppose that E [f(t)] = u
∞∫
0

f ′(t) exp
(
− t
u

)
dt. Using integration by

part gives E [f ′(t)] = T (u)
u −uf(0) and E [f ′′(t)] = T (u)

u2 − f(0)−uf ′(0). The
last expression of the theorem can be proved by mathematical induction.

Therefore, Elzaki, Elzaki, and Elnour [17] stated the properties of Elzaki
transform of a function below:

Let T1(u) and T2(u) be the Elzaki transform of F1(t) and F2(t), re-
spectively. Then the Elzaki transform of [aF1(t) + bF2(t)] is given by
[aT1(u) + bT2(u)], where a and b are arbitrary constants, and the inverse
of Elzaki transform can be defined as f(t) = E−1(T (u)).

The Elzaki transform of some functions is useful when applying on differ-
ential equations as follows:

(1) If f(t) = 1, then E(1) = u
∞∫
0

exp
(
− t
u

)
dt = u2.

(2) If f(t) = t, then E(t) = u
∞∫
0

t exp
(
− t
u

)
dt = u3.

(3) If f(t) = t2, then E(t2) = u
∞∫
0

t2 exp
(
− t
u

)
dt = 2!u4.

(4) If f(t) = tn, n ∈ N, then E(tn) = u
∞∫
0

tn exp
(
− t
u

)
dt = n!un+2.

(5) If f(t) = exp(at), then E(exp(at)) = u
∞∫
0

exp(at) exp
(
− t
u

)
dt = u2

1−au .
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(6) If f(t) = cos(at), then E(cos at) = u
∞∫
0

cos at exp
(
− t
u

)
dt = u2

1−a2u2 .

(7) If f(t) = sin(at), then E(sin at) = u
∞∫
0

sin at exp
(
− t
u

)
dt = 2au4

1+a2u2 .

(8) If f(t) = t cos(at), then E(t cos at) = u
∞∫
0

t cos at exp
(
− t
u

)
dt = u(1−a2u2)

(1+a2u2)2 .

2.2 Advantages of Elzaki transform in comparison with
Laplace transform

In this subsection, the advantages of ETM, in comparison with the Laplace
transform method are as follows:

(a) The ETM has the capability of combining two powerful methods at the
same time, compared to the Laplace transform method.

(b) The Ezaki transform method is a powerful tool compared to the Laplace
transform, which can still serve as an auxiliary method to the Laplace
transform method.

(c) The ETM converges to exact solutions faster than the Laplace trans-
form method.

(d) The ETM is a new integral transform that does not require perturba-
tion.

2.3 Differential transform method (DTM)

There are many methods for solving differential equations. One of them is the
Taylor series. The new form of the Taylor series called DTM was proposed
by [34], and they applied it to solve mathematical problems in an electrical
circuit. The idea of DTM is to determine the root of the Taylor series of a
function by solving the induced recursive equation. In [19], it was developed
a mathematical model for the transmission dynamics of the Syphilis disease
and employed the DTM to handle the nonlinear systems. The DTM is a semi-
analytic technique that depends on the Taylor series. The Taylor polynomial
of degree n is defined by

Pn(x) =
n∑
k=0

1
k! [f

(k)(c)(x− c)k]. (3)
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Suppose that the function f has (n+1) continuous derivative on the interval
(c − r, c + r), for all r > o, and that limn→∞Rn(x) = 0, where Rn(x) is the
error between Pn(x) and the function f(x). Then the Taylor series expanded
about x = c converges to f(x); that is,

f(x) =
∞∑
k=0

1
k! [f

(k)(c)(x− c)k] , for all x ∈ (c− r, c+ r). (4)

Differential transform of the function f(x) for the kth derivative is given in
[5, 19] as

F (k) = 1
k! [

dkf(x)
dxk ]x=x0

, (5)

where f(x) is the original function and F (k) is the transformed function.
Using the ideas of [5, 19], the inverse differential transform of F (k) is defined
as

f(x) =
∞∑
k=0

(x− x0)
k F (k). (6)

Substituting (7) into (8) yields

f(x) =
n∑
k=0

(x− x0)
k 1
k!

[
dkf(x)
dxk

]
x=x0

. (7)

The basic idea of DTM is considered in Table 1.

Table 1: The fundamental operations of DTM
Original Function Transform Function
y(x) = u(x)±m(x) Y (k) = U(k)±M(k)
y(x) = αm(x) Y (k) = αM(k)

y(x) = du(x)
dx Y (k) = (k + 1)U(k + 1)

y(x) = d2u(x)
dx2 Y (k) = (k + 1)(k + 2)U(k + 2)

y(x) = dnu(x)
dxn Y (k) = (k + 1)(k + 2)k(k + n)U(k + n)

y(x) = 1 Y (k) = δ(k)
y(x) = x Y (k) = δ(k − l)
y(x) = xm Y (k) = δ(k −m)

y(x) = g(x)h(x) Y (k) =
k∑

m=0
H(m)G(k −m)

y(x) = exp (λx) Y (k) = λk

k!

y(x) = (1 + x)m Y (k) = m(m−1)···(m−k+1)
k!
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3 Formulation of the model

The flow diagram of terrorist network within a host community can be de-
duced in Figure 1.

Figure 1: Flow diagram of terrorist with government intervention
.

The model of terrorism with government intervention corresponding to
the flow diagram in Figure 1 is given by the deterministic system of nonlinear
differential equations as

dG
dt = Λ− γ + ϕR(t)− µG(t)− β1

(
A
N

)
G(t)C(t)

dS
dt = β1

(
A
N(t)

)
G(t)C(t)− µS(t)− β2

(
A
C(t)

)
S(t)I(t)

dI
dt = β2

(
A
C(t)

)
S(t)I(t)− (ω + µ+ δ)I(t)− β3(A)I(t)

dT
dt = β3AI(t)− (µ+ δ)T (t)− λT (t)
dR
dt = λT (t) + ωI(t)− µR(t)− ϕR(t)


. (8)

The model focuses on a population of interest T (t), which is divided into
noncore group G(t) and core group C(t) in [11]. The noncore group G(t)
is the general population, which the individuals in the group are at risk
of adopting the ideology. The noncore group is usually the source of the
recruitment pool, where the entire core group builds their members from.
The core group C(t) consists of susceptible group S(t), the moderate group
I(t), Terrorist group T (t), and recovered group R(t). The susceptible group
S(t) is individuals who have not yet been converted into the ideology but
have begun to walk around and fall into terrorist beliefs. Moderate group I(t)
includes individuals who have been transformed with beliefs to reinforce their
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terrorist views (Training stage). The terrorist groups T (t) are individuals
who have completely converted and have received training to become either
leaders or foot soldiers of the terrorist respectively. The recovered group R(t)
is individuals who are neutralized due to counter-terrorist/NGOs activities
applying to each group.

Table 2: Description of parameters of terrorism model equation (10)

Parameters Description
Λ Recruitment per-capital (birth/migration rate)
δ Death due to suicide attack or arrest by counter-terror activities
β1 Rate at which terrorists recruit their members

from general to moderate group
β2 Contact rate between susceptible and moderate groups
µ Natural death rates
β3 Contact rate between moderate and terrorist groups
A Probability the government measure intervention on each groups
γ Immigration rate
λ Rate at which individuals recover from the ideology
ω Probability that the moderate terrorists move to R(t)

due to government intervention
ϕ Rate at which terrorist individuals progress

from R(t) to G(t) after being certified by the counter-terrorist/NGO’s

Table 3: Description of variables of terrorism model equation (10)
Variables Description

G(t) Number of general group at time t
S(t) Number of partial-terrorist at time t
I(t) Number of moderate terrorist (indoctrinization) at time t
T (t) Number of terrorist at time t
R(t) Number of terrorist recovered at time t

We have
C(t) = S(t) + I(t) + T (t) +R(t). (9)

The total population is
N(t) = G(t) + C(t). (10)

Then β1, β2, β3 are parameters, which define the recruitment pool of each
subgroup with each other. Similarly, β1

(
A
N(t)

)
G(t)C(t) is the transition

rate from G(t)-S(t). The moderate group has more chances of recruiting,
since the group builds its members from S(t) and transfers them into the
terrorist group individuals. There will accept their duties and execute the
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mission given to them (to become complete terrorist at T (t)), in [11]. The
dynamics between S(t)-I(t) and the transfer rate from I(t)-T (t) within the
core are β2

(
A
C(t)

)
S(t)I(t) and β3AI(t), respectively.

The intervention rate A is bounded in an interval 0 ≤ A < 1, which is
the measure of intervention on each compartment. The intervention rate A
is the military/NGO’s activities, which aimed at reducing the recruitment
pool/threats, respectively. Due to the intervention, some individuals will
move to a recovered group. After some time, individuals who received either
jail time or certified repentance and others will fall back to G(t). It is assumed
that recovery from terrorism is not permanent, since it deals with ideology,
marginalization and poverty. Moreover, Λ is the birth/migration rate, γ is
the immigration rate, µ is the natural death from each compartment, δ is
terrorist induced death rate due to military intervention or by suicide, while
λ is the rate at which individuals recover from the ideology due to intervention
and ϕ is the rate at which terrorist individuals progress from R(t)-G(t) after
being certified by the counter-terrorist/NGO’s.

3.1 Assumptions of the model

From the model formulated, it is assumed that A is the intervention rate,
while C(t) is equal to 1, (C(t) = 1). Similarly, it is assumed that N(t) = 1.
The recovered rate of individual terrorists in this model is not permanent
since their behavior is dynamics. This means individual terrorists can change
after being integrated into society can be re-engaged. Also, A is assumed
to be a probability that not all individuals terrorists the intervention will
capture (some will hide). The rate at which an individual leaves the terrorist
group to enter the recovered group is λ, where ϕ is the fraction at which
terrorists successfully move to the general group due to the intervention by
the government. Susceptible, moderates and terrorists are assumed to have
frequent contacts with the general group.

Finally, the age limit of an individual ranges from five years and above
while everybody in the population has the same average natural death rate
µ.

3.2 Solution of the model using ETM and DTM

Consider the nonlinear differential equation corresponding to the model dia-
gram as

dG

dt
= Λ− γ + ϕR− (µ+ β1A)G, (11)
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dS

dt
= β1AG− µS − β2(A)SI, (12)

dI

dt
= β2(A)SI − (ω + µ+ δ + β3A)I, (13)

dT

dt
= β3AI − (µ+ δ + λ)T, (14)

dR

dt
= λT + ωI − (µ+ ϕ)R. (15)

So, using (14)-(15) gives the following equations:

dG

dt
= L1 + ϕR− L2G, (16)

dS

dt
= L3G− µS − L4IS, (17)

dI

dt
= L4IS − L5I, (18)

dT

dt
= L6I − L7T, (19)

dR

dt
= λT + ωI − L8R, (20)

where

L1 = Λ− γ,
L2 = µ+ β1A,
L3 = β1A,
L4 = β2A,

L5 = ω + µ+ δ + β3A,
L6 = β3A,

L7 = µ+ δ + λ,
L8 = µ+ ϕ.

Applying the ETM on both sides of equations (16)–(20) gives

E

(
dG

dt

)
= E{L1 + ϕR− L2G}, (21)

E

(
dS

dt

)
= E{L3G− µS − L4IS}, (22)

E

(
dI

dt

)
= E{L4IS − L5I}, (23)

E

(
dT

dt

)
= E{L6I − L7T}, (24)
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E

(
dR

dt

)
= E{λT + ωI − L8R}. (25)

Suppose that E [G(t)] = T1(u), that E [S(t)] = T2(u), that E [I(t)] = T3(u),
that E [T (t)] = T4(u), that E [R(t)] = T5(u) and that L1 in (21) is a con-
stant. Then using the ETM properties of constant on L1 yields E(L1) =

u
∫∞
0
L1 exp(

−t
u )dt = u

{
lim
t→∞

(
L1 exp(

−t
u ) + uL1

)}
= u2L1 as E(L1) =

u2L1.
Applying the DTM on the nonlinear part in (22) and (23) implies

E

(
dS

dt

)
= E{L3G− µS − L4An}, (26)

E

(
dI

dt

)
= E{L4An − L5I}, (27)

where Ao =
k∑

m=0
S(m)I(k −m), which is defined by the DTM and the poly-

nomial as
A0 = S0I0,
A1 = S0I1 + S1I0,
A2 = S0I2 + S1I1 + S2I0,
A3 = S0I3 + S1I2 + S2I0,
A4 = S0I4 + S1I3 + S2I2 + S3I2 + S4I0,

 (28)

Subsequently [
T1(u)

u
− uG0

]
= L1[u

2] + ϕ[T5(u)]− L2[T1(u)], (29)

[
T2(u)

u
− uS0

]
= L3[T1(u)]− µ[T2(u)]− E[L4An], (30)[

T3(u)

u
− uI0(0)

]
= E[L4An]− L5[T3(u)], (31)[

T4(u)

u
− uT0(0)

]
= L6[T3(u)]− L7[T4(u)], (32)[

T5(u)

u
− uR0(0)

]
= λ[T4(u)] + ω[T3(u)]− L8[T5(u)], (33)

with the initial conditions

G(0) = G0(t) = G0 = 100,
S(0) = S0(t) = S0 = 50,
I(0) = I0(t) = I0 = 15,
T (0) = T0(t) = T0 = 25,
R(0) = R0(t) = R0 = 10,

 for t ≥ 0. (34)
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By simplifying and collecting the same terms of (29)–(33), we have[
1

u
+ L2

]
T1(u)− ϕT5(u) = u2L1 + uG0, (35)

[
1

u
+ µ

]
T2(u)− L3T1(u) = E[L4An] + uS0, (36)[

1

u
+ L5

]
T3(u) = E[L4An] + uI0, (37)[

1

u
+ L7

]
T4(u)− L6T3(u) = uT0, (38)[

1

u
+ L8

]
T5(u)− ωT3(u)− λT4(u) = uR0. (39)

Solve equations (35)–(39), for T1(u), T2(u), T3(u), T4(u), and T5(u). Then
truncate An at S0, I0, using (28) and applying the ETM. Subsequently, the
DTM is employed to handle the nonlinear terms in (22) and (23), and we
solved the system with the help of Maple 17 software (Intel (R) Celeron (R)
CPU@ 1.10GHZ , (RAM) 4.00GB), which gives the following results:

T1(u) =
1

(1 + uL8)(uL2 + 1)(1 + uL7)(uL5 + 1)
(((uλL6 + uωL7) + ωϕEuL4(An)

+ u2L8L1L5L7 + (((L1 +R0ϕ+G0L8)L5 + L1L8 + ϕωI0)L7

+(ϕλT0 + L1L8)L5 + ϕλL6I0)u
3

+ ((R0ϕ+ L5G0 +G0L8 + L1)L7 + (L1 +R0ϕ+G0L8)L5

+ (λT0 + ωI0)ϕ+ L1L8)u
2

+ (L1 +G0L7 +R0ϕ+ L5G0 +G0L8)u+G0)u
2) (40)

T2(u) =(((1 + ((L3ϕω + L2L8L5)L7 + L3ϕλL6)u
4 + (((L8 + L2)L5 + L2L8)L7

+L3ϕω + L2L8L5)u
3 + ((L8 + L5 + L2)L7 + (L8 + L2)L5 + L2L8)u

2

+(L5 + L2 + L7 + L8)u)EL4(An)

u(u5L3L8L1L5L7 + (((L1 +R0ϕ+G0L8)L3 + L8L2S0)L5

+ L3(L1L8 + ϕωI0))L7

+L3((ϕλT0 + L1L8)L5 + ϕλL6I0))u
4 + (((L3G0 + S0(L8 + L2))L5

+(L1 +R0ϕ+G0L8)L3 + L8L2S0)L7

+((L1 +R0ϕ+G0L8)L3 + L8L2S0)L5 + L3(L1L8 + (λT0 + ωI0)ϕ))u
3

+((S0L5 + L3G0 + S0(L8 + L2))L7

+(L3G0 + S0(L8 + L2))L5 + (L1 +R0ϕ+G0L8)L3 + L8L2S0)u
2

+(S0L7 + S0L5 + L3G0 + S0(L8 + L2))u+ S0))u)/
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((1 + uL8)(uL2 + 1)(1 + uL7)(uL5 + 1))
(41)

T3(u) =
(EL4(An) + uI0)u

uL5 + 1
(42)

T4(u) =
u2(EL4(An)L6 + (L5T0 + L6I0)u+ T0)

(1 + uL7)(uL5 + 1)
(43)

T5(u) =
1

(1 + uL7)(uL5 + 1)(1 + uL8)
(u2(λL6 + ωL7)u+ ω)EL4(An)

+ ((L5R0 + ωI0)L7 + λ(L5T0 + L6I0))u
2

+ (R0L7 + λT0 + L5R0 + ωI0)u+R0)). (44)

Thus the initial condition and parameters are
G(0) = 100, S(0) = 50, I(0) = 15, T (0) = 25, R(0) = 10, Λ = 600, ϕ =
0,0022, ω = 0.015, λ = 0.008, A = 0.7, β1 = 0.0035, β2 = 0.000005, β3 =
0.00045, δ = 0.0036, µ = 0.000034247 and γ = 0.7.

Applying the conditions above on (40)–(44) gives

T1(u) =100u2 + 599.0035754u3 − 1.90652029u4 + 0.00605328738u5

− 0.0000189756893u6 + · · · ,
T2(u) =50u2 + 0.4708656101u3 + 1.886410919u4 − 0.00606738403u5

+ 0.0000192353168u6 + · · · ,
T3(u) =14u2 − 0.2800526593u3 + 0.005228652322u4

− 0.00009762023033u5 + 0.000001822593812u6 + · · · ,
T4(u) =25u2 − 0.2847812124u3 + 0.003197551982u4

− 0.00003499897343u5 + 3.65259688510−7u6 + · · · ,
T5(u) =10u2 + 0.3886565195u3 − 0.007974537753u4

+ 0.0001361224536u5 − 0.000002327546774u6 + · · · .

Take the inverse of the Elzaki transform to solve the induced recursive equa-
tion of G(t) = E−1(T1(u)), S(t) = E−1(T2(u)), I(t) = E−1(T3(u)), T (t) =
E−1(T4(u)), and R(t) = E−1(T5(u)).
Then using Maple 17 software to solve the above expression, the closed form
of the solution when k = 4 can be written as

G(t) =100 + 599.0035t− 0.95326t2 + 0.001008t3 + 7.9065× 10−7t4 + · · · ,
S(t) =50 + 0.02628t+ 0.0839t2 − 0.000009706t3 + 5.667× 10−10t4 + · · · ,
I(t) =15− 0.28005t+ 0.00261t2 − 0.00001626t3 + 7.594× 10−8t4 + · · · ,
T (t) =25− 0.2847t+ 0.00159t2 − 0.0000058t3 + 1.5219× 10−8t4 + · · · ,
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R(t) =10 + 0.3886t− 0.00398t2 + 0.0000226t3 − 9.698× 10−8t4 + · · · ,

Furthermore, the DTM is also employed to solve (16)–(20) numerically
and compare the result on the graph with that of Elzaki transform. The
initial condition and the parameter values are
G(0) = 100, S(0) = 50, I(0) = 15, T (0) = 25, R(0) = 10, Λ = 600, ϕ =
0,0022, ω = 0.015, λ = 0.008, A = 0.7, β1 = 0.0035, β2 = 0.000005, β3 =
0.00045, δ = 0.0036, µ = 0.000034247 and γ = 0.7.
Also, using the transformation in Table 1, for (16)–(20), gives

G (k + 1) =
L1 (k) + ϕR (k)− L2G (k)

k + 1
, (45)

S (k + 1) =

L4

k∑
m=0

S (m) I (k −m) + L3G (k)− µS (k)

k + 1
, (46)

I (k + 1) =

L4

k∑
m=0

S (m) I (k −m)− L5I (k)

k + 1
, (47)

T (k + 1) =
L6I (k)− L7T (k)

k + 1
, (48)

R (k + 1) =
λT (k) + ωI (k)− L8R (k)

k + 1
. (49)

Applying the initial condition in (45) to (49) and using Maple 17 software,
we have

G (t) =

4∑
m=0

G (k) tk

= 100 + 599.2905t− 0.09373t2 + 0.0000069105t3 + 1.1743× 10−8t4 + · · · ,

S (t) =

4∑
m=0

S (k) tk

= 50 + 0.02658t+ 0.08389t2 − 0.000009522t3 − 1.8694× 10−9t4 + · · · ,

I (t) =

4∑
m=0

I (k) tk

= 15− 0.27975t+ 0.002608t2 − 0.00001605t3 + 7.24869× 10−8t4 + · · · ,

T (t) =

4∑
m=0

T (k) tk

= 25− 0.29031t+ 0.0016837t2 − 0.000006498t3 + 1.87567× 10−8t4 + · · · ,

R (t) =

4∑
m=0

R (k) tk

= 10 + 0.3886t− 0.003965t2 + 0.000022338t3 − 9.3485× 10−8t4 + · · · .
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4 Numerical simulation

The simulations were carried out using the following variables and parameters
for initial conditions. The final time was t = 5 years. Computations were
run in Maple 17 software (Intel (R) Celeron (R) CPU@ 1.10GHZ , (RAM)
4.00GB) for analyzing. Therefore, the variable and parameter values of source
are
G(t) = 100, S(t) = 50, I(t) = 15, T (t) = 25, R(t) = 10, Λ = 600 [26], δ
= 0.0036 [24], β1 = 0.0035 [24], β2 = 0.000005 [24], β3 = 0.00045 [24], µ =
0.000034247 [24], λ = 0.008 [26], A = 0.1, 0.7,0.9 varies, γ = 0.7 [26], ω =
0.015 and ϕ = 0.0022.

Figure 2: Comparison graph between ETM and DTM on general group in time.

Figure 3: Comparison graph between ETM and DTM on susceptible in time.
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Figure 4: Comparison graph between ETM and DTM on moderate group in time.

Figure 5: Comparison graph between ETM and DTM on terrorist group in time.

Figure 6: Comparison graph between ETM and DTM on recovered group in time.
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Figure 7: Graph of susceptible group in time with different rate of government inter-
vention A.

5 Discussion of results

The ETM was introduced to determine the approximate numerical solution
of a system of ordinary differential equations. Maple 17 software was used
for simulations. Government intervention on susceptible groups proved to
be effective in reducing terrorist threats since the susceptible group in this
research is seen to be at risk of adopting the ideology through contact. sim-
ilarly, this can be deduced from Figure 3 with different rates of intervention
A.
The graph in Figure 2 for five years, showed that ETM and DTM agreed
with each other without any significant difference in comparison. Similarly,
this can be deduced from Figure 3 where the two methods also agreed on
the comparison. Figure 4 shows the comparison graph between ETM and
DTM on the moderate group against time, which is gradually reduced due to
government intervention. From the graph, this can be seen when time dura-
tion continues after 5 years, the methods for analytic solution may not agree
with each other due to control on moderate terrorist since it is dynamics.
Furthermore, a similar scenario can be deduced from Figure 5 on the com-
parison between ETM and DTM. This can also be observed from the graph
in Figure 6, where the effect of the comparison showed no significant differ-
ence between ETM and DTM on the recovered group. Finally, Figures 2–3
showed that both methods are more effective, more powerful, and accurate
for solving a system of differential equations for an approximate solution, but
Elzaki transform converges faster than DTM.
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6 Conclusion

A mathematical model of terrorism with government intervention was de-
veloped to reduce the recruitment pools within the five compartments. The
ETM and DTM were tested and solved the governing differential equations
compared to the results on the graph. Government intervention on suscep-
tible groups proved to be 90% effective as well as a moderate group. The
susceptible and moderate group in this study appears to be exposed to adopt-
ing the ideology through contact. The ETM was employed to solve the model
with Maple 17 software and applied DTM to decompose the nonlinear term
since some differential equations have difficulty finding analytic/exact solu-
tions. Finally, a plan to incorporate other issues would be addressed in the
future study.
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1 Introduction

A small parameter leads to singular perturbation problems (SPPs) in a va-
riety of science and engineering problems in fluid mechanics, elasticity, aero-
dynamics, magneto-hydrodynamics, optimal control, and other domains of
fluid motion [1]. WKB difficulties, the modeling of steady and unsteady vis-
cous flow problems having big Reynolds numbers, magneto-hydrodynamics
duct problems with high Hartman numbers, and so on are few notable ex-
amples. The numerical solutions to SPPs are often nontrivial because of the
rapid development or decay (boundary/interior layer behavior) of solutions
to dissipative problems. Here, we include a few references related to the in-
terior layer problems. The authors in [2, 3, 5, 11, 16, 24, 25] provided a full
theoretical, analytical, and numerical discussion of this topic. The authors
of [8, 9] provided an informative overview of SPPs on layers in their survey
publications. In [10], for the Emden–Fowler type equations, the author pro-
posed a finite element collocation technique based on cubic B-splines. Farrell
[4] provides a uniformly convergent scheme for the SPP with a turning point
problem. Geng, Qian, and Li [6] suggested an approach based on the re-
producing kernel method and the asymptotic expansion technique. Miller,
O’Riordan, and Shishkin [12] explained how to solve convection-diffusion
and reaction-diffusion problems using conventional techniques on Shishkin
meshes. Natesan, Vigo-Aguiar and Ramanujam [13] split the region into two
subdomains, the layer domain and the regular domain, and then resolved the
layer problem with the fitted operator method and the regular problem with
the finite difference technique. Navnit [14] proposed a fourth-order numerical
approach for solving an SPP using an adaptive cubic spline. The same au-
thor in [15] proposed a general scheme for the solution of nonlinear SPP using
an adaptive cubic spline. The author in [19] developed a nonuniform mesh
optimal B-spline collocation method for the numerical solution of a singular
two-point boundary value problem describing electro hydrodynamic flow of a
fluid in a circular cylindrical conduit. In [20], two B-spline collocation meth-
ods were proposed to solve a class of nonlinear derivative dependent singular
boundary value problems. Ramos [22] presented a locally analytical tech-
nique for solving SPPs with internal and boundary layers, as well as turning
points.

With this motivation, in this paper, a higher order finite difference method
on a uniform mesh for solving SPP turning point problems with an interior
layer is proposed.

2 Statement of the problem

Consider a second-order SPP of the form

εw′′(t) + P (t)w′(t) +Q(t)w(t) = f(t), −1 ≤ t ≤ 1, (1)
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with boundary conditions

w(−1) = α and w(1) = β, (2)

where 0 < ε � 1 is a positive perturbation parameter, α and β are finite
constants, and P (t), Q(t), and f(t) are considered to be suitably smooth
functions. Based on the coefficient P (t), the solution to (2) has a layer or
turning point behavior. The presence of a turning point in the solution to
the problem makes it substantially more difficult to handle a boundary or
inner layer. In this paper, we examine at the situation where a problem’s
turning point results in a solution with an interior layer. Under assumptions

P (0) = 0, P ′(0) ≥ 0, Q(t) ≤ Q0 < 0, for all t ∈ D = [−1, 1],

|P ′(t)| ≥ |P ′(0)|
2

, for all t ∈ D = [−1, 1],

the given turning point problem has a solution with interior layers at t = 0.

3 Adaptive spline

With grid points ti in [a, b], consider a mesh such that {Ω : a = t0 < t1 <
t2 < · · · < tN = b, where h = ti− ti−1 for i = 1, 2, . . . , N}. A function ψ(t, τ)
interpolates w(t) at the grid points ti, depends on a variable, and leads to a
cubic spline ψ(t) in [a, b] as τ → 0, named as an adaptive spline; see [7, 23].
The function ψ(t, τ) satisfies the equation

εψ′′(t, τ)−pψ′(t, τ) =
t− ti−1

h
(εMi − pmi)+

ti − t

h
(εMi−1 − pmi−1) , (3)

where ti−1 ≤ t ≤ ti, ψ′(t, τ) = mi, and ψ′′(t, τ) = Mi. Solving (3) and using
the interpolatory conditions ψ(ti−1, τ) = wi−1 and ψ(ti, τ) = wi, we have
ψ(s, τ) = Ai + Bieτz − h2

τ3

[
1
2τ

2z2 + τz + 1
] (

Mi − τ
hmi

)
+
h2

τ3

[
1

2
τ2(1− z)2 + τ(1−z) + 1

](
Mi−1 −

τ

h
mi−1

)
, (4)

where

Ai (e
τ − 1) = −xi + xi−1e

τ − h2

τ3

[(
τ2

2
+ τ + 1

)
− τeτ

](
Mi −

τ

h
mi

)
−h

2

τ3

[(
τ2

2
− τ + 1

)
− τ

](
Mi−1 −

τ

h
mi−1

)
,
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Bi (eτ − 1) = xi − xi−1e
τ +

h2

τ3

[
(
τ

2
+ 1)− τeτ

]
(Mi −

τ

h
mi)

+
[
(
τ

2
− 1)− τ

]
(Mi−1 −

τ

h
mi−1),

τ = Ph
ε , and z = s−si−1

h . The spline function ψ(t, τ) on [ti, ti+1] is acquired
with replacing i by (i+ 1) in (11). Utilizing the first or second derivative
continuity conditions of ψ(t, τ) at t = ti, we get the following relationship:(

Mi+1 −
τ

h
mi+1

)[
e−τ (

τ2

2
+ τ + 1)− 1

]
+ (Mi −

τ

h
mi)

[
e−τ

(
τ2

2
− τ − 2

)
+

(
−τ

2

2
− τ + 2

)]
+
(
Mi−1 −

τ

h
mi−1

)[
e−τ − 1 + τ − τ2

2

]
= − τ

2

h3
[
e−τwi+1 −

(
1 + e−τ

)
wi + wi−1

]
. (5)

Furthermore, the below relations are given for the adaptive splines:

(i) mi−1 = −h (A1Mi−1 +A2Mi) +
1

h
(wi − wi−1) ,

(ii) mi = h (A3Mi−1 +A4Mi) +
1

h
(wi − wi−1) ,

(iii)
θ h

2τ
Mi−1 = − (A4mi−1 +A2mi) +B1

(wi − wi−1)

h
,

(iv)
θ h

2τ
Mi = (A3mi−1 +A1mi) +B2

(wi − wi−1)

h
,

where
A1 =

1

4
(1 + θ) +

θ

20
, A2 =

1

4
(1− θ)− θ

20
,

A3 =
1

4
(1 + θ)− θ

20
, A4 =

1

4
(1− θ) +

θ

20
,

B1 =
1

4
(1− θ) , B2 = −1

2
(1 + θ) , and θ = coth

(τ
2

)
− 2

τ
.

We also obtain

A2Mi+1 + (A1 +A4)Mi +A3Mi−1 =
1

h2
[wi+1 − 2wi + wi−1] . (6)

Remark: In the limiting case when τ → 0, we have

A1 = A4 =
1

3
, A2 = A3 =

1

6
, B1 =

1

2
, B2 = −1

2
, θ = 0,

θ

τ
=

1

6
,

and (8) reduces to the ordinary cubic spline scheme.
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4 Description of the procedure

At the mesh point ti, the suggested approach can be discretized by the
convection-diffusion equation (2) as

ε Mi = f(ti)− P (ti)wi
′(t)−Q(ti)w(ti). (7)

The above equations shall be replaced by (8), and by approximating the first
order derivatives of t at the mesh points t1, t2, . . . , tN−1 as

w′
i−1 ≈ −wi+1 + 4wi − 3wi−1

2h
, w′

i+1 ≈ 3wi+1 − 4wi + wi−1

2h
,

w′
i ≈

(
1 + 2ηh2Qi+1 + ηh [3Pi+1 + Pi−1]

2h

)
wi+1 − 2η [Pi+1 + Pi−1]wi

−
(
1 + 2ηh2Qi−1 − ηh [Pi+1 + 3Pi−1]

2h

)
wi−1 + η h [fi+1 − fi−1],

we get the tridiagonal system

Liwi−1 + Ci wi + Uiwi+1 =Wi for i = 1, 2, . . . , N − 1, (8)

where

Li =− ε− 3

2
A3 Pi−1 h

− (A1 +A4)Pih
[
1 + 2ηh2Qi−1 − ηh (Pi+1 + 3Pi−1)

]
+
A2

2
Pi+1 +A3 Qi−1h

2

Ci =2ε+ 2A3 Pi−1 h− 4 (A1 +A4) Pih
2
i η[Pi+1 + Pi−1]

− 2A2 Pi+1h+ 2 (A1 +A4) Qih
2

Ui =− ε− A3

2
Pi−1 h + (A1 +A4)Pih

[
1 + 2ηh2Qi−1 + ηh (3Pi+1 + Pi−1)

]
+

3

2
A2ηPi+1h+A2Qi+1h

2

Wi = h2 [(A2 − 2η (A1 +A4) Pih) fi+1 + 2 (A1 +A4) fi]

+ h2 [(A3 + 2η (A1 +A4) Pih) fi−1] .

The tridiagonal system (10) is solved for i = 1, 2, . . . , N − 1, to obtain the
approximations w1,w2, . . . , wN−1 of the solution w(t) at t1, t2, . . . , tN−1.
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5 Truncation error

Developed local truncation error associated with the scheme in (10) is

Ti (h) =ε [1− (2 (A1 +A4) +A2 +A3)]h
2w′′ + ε (A3 −A2)h

3w′′′

+

[
A2 +A3

2
− 4ηε (A1 +A4)−

1

6
[2 (A1 +A4) +A2 +A3]

]
Pih

4w′′′

+
ε

12
[1− 6 (A2 +A3)]h

4wiv

− 1

12
(A3 −A2)

[
Piw

iv + 2 (P ′
i +Qi)w

′′′ + 6 (P ′′
i +Q′

i)w
′′

+2 (P ′′′
i + 3Q′′′

i )w
′] + [2Q′′′

i w − 2f ′′′]h5 +O
(
h6
)
.

Thus for different values of A2, A3, A1 + A4 in the scheme, (10) indicates
different orders.
Remarks:
(i) If A2 = A3, for any choice of arbitrary A2,A1+A4 with (A1 +A4)+A2 =
1
2 and for any value of η , then the method is obtained for second order.
(ii) For A2 = A3 = 1

12 , (A1 +A4) =
5
12 , and η = − 1

20ε , the fourth-order
method is derived.

6 Convergence

The convergence analysis of the proposed method is discussed in this section.
The system of equations (10) in the matrix form with the boundary conditions
is

(D + F )W +G+ T (h) = 0, (9)

where

D = [−ε, 2ε, − ε] =


2ε −ε 0 0 . . . 0
−ε 2ε −ε 0 . . . 0
0 −ε 2ε −ε . . . 0
. . . . . . . . . . . . . . . . . .
. . . . . . . . . . . . . . . . . .
0 . . . . . . 0 −ε 2ε


and

F = [z̃i, ṽi, w̃i] =


ṽ1 w̃1 0 0 . . . 0
z̃2 ṽ2 w̃2 0 . . . 0
0 z̃3 ṽ3 w̃3 . . . 0
. . . . . . . . . . . . . . . . . .
. . . . . . . . . . . . . . . . . .
0 . . . . . . 0 z̃N−1 ṽN−1


in which
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z̃i =− 3

2
A3 Pi−1 h − (A1 +A4)Pih

[
1 + 2ηh2Qi−1 − ηh (Pi+1 + 3Pi−1)

]
+

A2

2
Pi+1h+A3 Qi−1h

2

ṽi =2A3 Pi−1 h− 4 (A1 +A4) Pih
2η [Pi+1 + Pi−1] − 2A2 Pi+1h

+ 2 (A1 +A4) Qih
2

w̃i =− A3

2
Pi−1 h + (A1 +A4)Pih

[
1 + 2ηh2Qi−1 + ηh (3Pi+1 + Pi−1)

]
Pi

+
3

2
A2Pi+1h+A2Qi+1h

2 for all i = 1, 2, 3, 4, . . . , N − 1,

and
G = [q1 − z̃1α, q2, q3, . . . , qN−1 − w̃N−1β] ,

in which

qi =h
2 [(A2 − 2η (A1 +A4) Pih) fi+1 + 2 (A1 +A4) fi]

+ h2 [(A3 + 2η (A1 +A4) Pih) fi−1] for all i = 2, . . . , N − 1,

T (h) =0(h6), A2 = A3 =
1

12
, (A1 +A4) =

5

12
, η = − 1

20ε
,

W = [W1,W2,W3, . . . ,WN−1]
T
, T (h) = [T1, T2, . . . , TN−1]

T
,

O = [0, 0, . . . , 0]
T
.

Let w = [w1, w2, . . . , wN−1]
T ∼=W satisfy the equation

(D + F )w +G = 0. (10)

Let E = [e1, e2, . . . , eN−1]
T
= w−W , where ei = wi−Wi, i = 1, 2, . . . , N−1,

is the discretization error. Using (9) and (10), we obtain

(D + F )E = T (h). (11)

Let |Q(s)| ≤ ξ1 and |P (s)| ≤ ξ2, where ξ1 and ξ2 are positive constants. If
ζi,j is the (i, j)th element of F , then

|ζi,i+1| = |w̃i| ≤ ε
(
h (A2 + (A1 +A4)) ξ1 + h2A2ξ2 + 4 (A1 +A4) ηh

2ξ21
)

+
(
2h3 (A1 +A4) ηξ1ξ2

)
for all i = 1, 2, . . . , N − 2,

|ζi,i−1| = |z̃i| ≤ ε
(
h(A2 + (A1 +A4))η1 + h2A2η2 + 4 (A1 +A4) ηh

2ξ21
)

+
(
2h3 (A1 +A4) ηξ1ξ2

)
for all i = 2, 3, . . . , N − 1.

Hence, for sufficiently small h, we have

|ζi,i+1| ≤ ε for all i = 1, 2, . . . , N − 2, (12)
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|ζi,i−1| ≤ ε for all i = 2, 3, . . . , N − 1. (13)

Therefore, (D + F ) is irreducible (see [27]).
Let the sum of the values of the ith row of (D + F ) be Si. Then

Si = ε−A2h

2
(Pi+1 − 3Pi−1)+h (A1 +A4)Pi+h

2 (A2Qi−1 + 2 (A1 +A4)Qi)

+h2 (A1 +A4) ηPi (3Pi−1 + Pi+1)−2h3 (A1 +A4) ηPiQi−1 for i = 1,

Si = h2 (Qi−1 + 2 (A1 +A4)Qi +A2Qi+1)+2h3 (A1 +A4)Piη (Qi+1 −Qi−1)

for all i = 2, 3, . . . , N−2,

Si = ε+
A2h

2
(Pi−1 − 3Pi+1)−h (A1 +A4)Pi+h

2 (A2Qi−1 + 2 (A1 +A4)Qi)

−h2 (A1 +A4) ηPi (3Pi+1 + Pi−1)− 2h3 (A1 +A4) ηPiQi−1

for i = N − 1.

Let ξ1∗ = min
1≤i≤N

|P (ti)|, let ξ∗1 = max
1≤i≤N

|P (ti)|, let ξ2∗ = min
1≤i≤N

|Q(ti)|, and
let ξ∗2 = max

1≤i≤N
|Q(ti)|.

Since ε is very small and ε ∝ o(h), for suitable small h, (D + F ) is mono-
tone (see [26, 27]). Hence, (D + F )

−1
exists and (D + F )

−1 ≥ 0. Thus from
(14), we get

||E|| ≤ ||(D + F )−1||||T ||. (14)

Let (i, k)th element of (D + F )
−1 be (D + F )

−1
i,k , and define

||(D + F )−1|| = max
1≤i≤N−1

N−1∑
k=1

(D + F )
−1
i,k , and ||T (h)|| = max

1≤i≤N−1
|T (h)|.

(15)
Since (D + F )

−1
i,k ≥ 0 and

∑N−1
k=1 (D + F )

−1
i,k S̄k = 1, for all i = 1, 2, . . . , N −

1, hence

(D + F )
−1
i,1 ≤ 1

S̄1
<

1

h2 [(A2 + 2(A1 +A4)) ξ2∗ − 4(A1 +A4)ψξ21 ]
, (16)

(D + F )
−1
i,N−1 ≤ 1

S̄N − 1
<

1

h2 [(A2 + 2(A1 +A4)) ξ2∗ − 4(A1 +A4)ψξ21 ]
.

(17)
Furthermore, for all i = 2, 3, . . . , N − 2,

N−2∑
k=2

(D + F )
−1
i,k ≤ 1

min
2≤k≤N−2

S̄k
<

1

h2 [2 (A2 + (A1 +A4)) ξ2∗ ]
. (18)

By utilizing (15)–(18) and using (14), we have
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||E|| ≤ O(h4). (19)

Hence, the method given in (10) is fourth-order convergent for

A2 = A3 =
1

12
, (A1 +A4) =

5

12
, and η = − 1

20ε
.

7 Numerical examples

Three examples with internal layer behavior are examined in this part to
explain the concept computationally. These problems were chosen because
they have received considerable attention in the literature. The numerical
rate of convergence is computed using the formula given by Doolan, Miller,
and Schilders [3] as RN =

log(EN)−log(E2N)
log(2) .

Example 1. [17] Consider

εw′′(t) + 2tw′(t) = 0, t ∈ (−1, 1),

with w(−1) = −1 and w(1) = 1.

Thus w(t) = erf
(

t√
ε

)
is the exact solution to the problem.

Table 1 shows the computed solution’s maximum absolute errors (MAEs).
Figure 1 graphically depicts the numerical and exact solutions. The error
plot in the solution of this example is shown in Figure 4.

Example 2. [21] Consider

εw′′(t) + 2(2t− 1)w′(t)− 4w(t) = 0, t ∈ (0, 1),

with w(0) = 1 and w(1) = 1. Hence

w(t) = −
e

1
2ε

− (1−2t)2

2ε

(
2e

(1−2t)2

2ε
√
2πterf

(
1−2t√

2ε

)
− e

(1−2t)2

2ε
√
2πerf

(
1−2t√

2ε

)
− 2

√
ε

)
e

1
2ε

√
2πerf

(
1√
2ε

)
+ 2

√
ε

is the exact solution to the problem.
The MAE of the solution is shown in Tables 2 and 3. Figure 2 shows

the layer profile of the numerical and exact solutions. The error plot in the
solution of this example is shown in Figure 5.

Example 3. [17] Consider

εw′′ + tw′ − w = 0, −1 ≤ t ≤ 1,

with w(−1) = 1 and w(1) = 2.
The exact solution is
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w(t) =
2
√
ε
(
t+ 3e−

t2−1
2ε

)
+
(
e

1
2ε

√
2πterf

(
1√
2ε

)
+ 3e

1
2ε

√
2πerf

(
t√
2ε

))
2e

1
2ε

√
2πerf

(
1√
2ε

)
+ 4

√
ε

.

The MAE is shown in Table 4. Figure 3 shows the layer profile of the nu-
merical and exact solutions. The error plot in the solution of this example is
shown in Figure 6.

Table 1: MAE of the solution of Example 1
ε ↓ N = 25 N = 26 N = 27 N = 28 N = 29 N = 210

present method
2−5 1.1881(-4) 7.3536(-6) 4.5818(-7) 2.8613(-8) 1.7889(-9) 1.1198(-10)
2−6 4.8395(-4) 2.9414(-5) 1.8231(-6) 1.1455(-7) 7.1558(-9) 4.4732(-10)
2−7 0.0019(-0) 1.1881(-4) 7.3536(-6) 4.5818(-7) 2.8613(-8) 1.7890(-9)
2−8 0.0065(-0) 4.8395(-4) 2.9414(-5) 1.8231(-6) 1.1455(-7) 7.1558(-9)
2−9 0.0203(-0) 0.0019(-0) 1.1881(-4) 7.3536(-6) 4.5818(-7) 2.8613(-8)
2−10 0.0957(-0) 0.0065(-0) 4.8395(-4) 2.9414(-5) 1.8231(-6) 1.1455(-7)
RN 3.8757 3.7514 4.0403 4.0120 3.9923
Results in [17]
2−5 3.3962(-1) 4.9291(-1) 6.1199(-1) 7.0727(-1) 7.8166(-1) 8.3818(-1)
2−6 2.6635(-1) 4.2332(-1) 5.5588(-1) 6.6268(-1) 7.4724(-1) 8.1197(-1)
2−7 1.7078(-1) 3.3962(-1) 4.9291(-1) 6.1199(-1) 7.0727(-1) 7.8166(-1)
2−8 9.5121(-2) 2.6635(-1) 4.2332(-1) 5.5588(-1) 6.6268(-1) 7.4724(-1)
2−9 2.9280(-2) 1.7078(-1) 3.3962(-1) 4.9291(-1) 6.1199(-1) 7.0727(-1)
2−10 1.1065(-1) 9.5121(-2) 2.6635(-1) 4.2332(-1) 5.5588(-1) 6.6268(-1)

Total elapsed time with maximum number of subintervals 210 is 0.086497 sec.

Table 2: MAE of the solution of Example 2
ε ↓ N = 25 N = 26 N = 27 N = 28 N = 29 N = 210

present method
2−5 8.6799(-6) 5.4123(-7) 3.3837(-8) 2.1151(-9) 1.3232(-10) 8.7138(-12)
2−6 2.4578(-5) 1.5331(-6) 9.5748(-8) 5.9831(-9) 3.7396(-10) 2.3510(-11)
2−7 6.7327(-5) 4.3399(-6) 2.7061(-7) 1.6919(-8) 1.0576(-9) 6.6184(-11)
2−8 1.9559(-4) 1.2289(-5) 7.6654(-7) 4.7874(-8) 2.9916(-9) 1.8699(-10)
2−9 5.6901(-4) 3.3663(-5) 2.1700(-6) 1.3531(-7) 8.4593(-9) 5.2878(-10)
2−10 0.0015(-0) 9.7794(-5) 6.1444(-6) 3.8327(-7) 2.3937(-8) 1.4958(-9)
R−N 3.9490 3.9924 4.0028 4.0010 4.0003
Results in [18]
2−5 5.9701(-3) 3.3654(-3) 1.7391(-3) 8.7449(-4) 4.3697(-4) 2.1822(-4)
2−6 5.3525(-3) 3.2322(-3) 1.7219(-3) 8.7336(-4) 4.3719(-4) 2.1834(-4)
2−7 1.1177(-2) 2.9851(-3) 1.6827(-3) 8.6953(-4) 4.3725(-4) 2.1848(-4)
2−8 2.5867(-2) 2.6763(-3) 1.6161(-3) 8.6093(-4) 4.3668(-4) 2.1860(-4)
2−9 4.7842(-2) 5.5886(-3) 1.4925(-3) 8.4134(-4) 4.3477(-4) 2.1862(-4)
2−10 7.5829(-2) 1.2934(-2) 1.3381(-3) 8.0805(-4) 4.3046(-4) 2.1834(-4)

Total elapsed time with maximum number of subintervals 210 is 0.089720 sec.
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Table 3: MAE of the solution of Example 2
ε ↓ N = 25 N = 26 N = 27 N = 28 N = 29 N = 210

Present method
2−6 2.4578(-5) 1.5331(-6) 9.5748(-8) 5.9831(-9) 3.7396(-10) 2.3510(-11)
2−8 1.9559(-4) 1.2289(-5) 7.6654(-7) 4.7874(-8) 2.9916(-9) 1.8699(-10)
2−10 0.0015(-3) 9.7794(-5) 6.1444(-6) 3.8327(-7) 2.3937(-8) 1.4958(-9)
2−12 4.4958(-3) 7.5528(-4) 4.8897(-5) 3.0722(-6) 1.9163(-7) 1.1969(-8)
2−14 3.4263(-3) 1.7659(-3) 3.7764(-4) 2.4449(-5) 1.5361(-6) 9.5817(-8)
RN 0.9562 2.2253 3.9492 3.9924 4.0028
Results in [21]
2−6 3.630(- 3) 1.475(-3) 5.047(- 4) 1.508(- 4) 4.146(- 4) 1.089(- 4)
2−8 3.987(- 3) 1.952(- 3) 9.168(- 4) 3.733(- 4) 1.272(- 4) 3.789(- 5)
2−10 7.147(- 3) 1.979(- 3) 9.814(- 4) 4.866(- 4) 2.297(- 4) 9.359(- 4)
2−12 5.562(- 3) 3.583(- 3) 9.837(- 4) 4.898(- 4) 2.444(- 4) 1.215(- 4)
2−14 4.045(- 3) 2.778(- 3) 1.794(- 3) 4.908(- 4) 2.446(- 4) 1.222(- 4)

Table 4: MAE of the solution of Example 3
ε ↓ N = 25 N = 26 N = 27 N = 28 N = 29 N = 210

present method
2−5 1.3020(-5) 8.1184(-7) 5.0756(-8) 3.1727(-9) 1.9854(-10) 1.3311(-11)
2−6 3.6866(-5) 2.2996(-6) 1.4362(-7) 8.9747(-9) 5.6092(-10) 3.5138(-11)
2−7 1.0099(-4) 6.5099(-6) 4.0592(-7) 2.5378(-8) 1.5863(-09) 9.9321(-11)
2−8 2.9338(-4) 1.8433(-5) 1.1498(-6) 7.1811(-8) 4.4873(-09) 2.8046(-10)
2−9 8.5352(-4) 5.0495(-5) 3.2550(-6) 2.0296(-7) 1.2689(-08) 7.9318(-10)
2−10 2.2657(-3) 1.4669(-4) 9.2166(-6) 5.7490(-7) 3.5906(-08) 2.2437(-09)
RN 3.9491 3.9924 4.0029 4.0010 4.0003
Results in [18]
2−5 1.0203(-2) 5.5017(-3) 2.7453(-3) 1.3449(-3) 6.6344(-4) 3.2928(-4)
2−6 9.1104(-3) 5.3503(-3) 2.7665(-3) 1.3581(-3) 6.6733(-4) 3.3030(-4)
2−7 7.9110(-3) 5.1014(-3) 2.7508(-3) 1.3726(-3) 6.7246(-4) 3.3172(-4)
2−8 2.2330(-2) 4.5552(-3) 2.6751(-3) 1.3832(-3) 6.7905(-4) 3.3366(-4)
2−9 4.6794(-2) 3.9555(-3) 2.5507(-3) 1.3754(-3) 6.8632(-4) 3.3623(-4)
2−10 7.7601(-2) 1.1165(-2) 2.2776(-3) 1.3376(-3) 6.9162(-4) 3.3953(-4)
Results in [17]
2−5 1.0111(-1) 1.3778(-1) 1.6169(-1) 1.7746(-1) 1.8802(-1) 1.9520(-1)
2−6 5.3820(-2) 8.5843(-2) 1.0677(-1) 1.2048(-1) 1.2958(-1) 1.3573(-1)
2−7 2.2863(-2) 5.0556(-2) 6.8889(-2) 8.0847(-2) 8.8730(-2) 9.4011(-2)
2−8 5.6850(-3) 2.6910(-2) 4.2921(-2) 5.3386(-2) 6.0238(-2) 6.4792(-2)
2−9 2.0288(-2) 1.1431(-2) 2.5278(-2) 3.4445(-2) 4.0424(-2) 4.4365(-2)
2−10 2.9876(-2) 2.8425(-3) 1.3455(-2) 2.1461(-2) 2.6693(-2) 3.0119(-2)
Total elapsed time with maximum number of subintervals 210 is 0.090109

sec.
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Figure 1: Numerical and exact solution of Example 1 for ε = 2−10, h = 2−7.

Figure 2: Numerical and exact solution of Example 2 for ε = 2−10, h = 2−7.

Figure 3: Numerical and exact solution of Example 3 for ε = 2−10, h = 2−7.
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Figure 4: Log-Log scale for Example 1

Figure 5: Log-Log scale for Example 2

Figure 6: Log-Log scale for Example 3
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8 Conclusion

In this paper, for solving singularly perturbed two-point boundary value prob-
lems with an interior layer, a higher-order finite difference approach was
proposed. To derive the discretization equation, an adaptive cubic spline ap-
proach has been extended for a singularly perturbed boundary value problem
with interior layers. It was produced by substituting nonstandard finite dif-
ferences in the first-order derivatives of w(t). The tridiagonal solver discrete
consistent embedding was used to solve the discretization equation. Conver-
gence was evaluated in the proposed method. To demonstrate the method,
numerical problems have been solved, when ε is either small or large as com-
pared to the mesh size h. To justify the method, numerical results were
compared with the results taken by the methods given in [17, 18, 21]. For
the layer behavior, the solutions were graphically displayed, and we discov-
ered that the numerical solution closely matches the exact solution. This
technique is simple to compute and requires little computational effort.
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1 Introduction

Image processing is an extensively utilized and rapidly growing area in com-
puter science enriched with various applications, including image restoration
[4], medical visualization [7], industrial inspection [27], law enforcement [50],
and so on. Recently, various techniques have been proposed in image pro-
cessing, which aims to recover the underlying true image from its degraded
observation, including image denoising models [19, 49, 40, 47], image deblur-
ring models [22, 17], image inpainting models [38, 15], image deconvolution
models [28, 2], and so on. Image denoising is one of the most fundamental
problems in image processing and computer vision. In the past few decades,
many image denoising models have been introduced in the literature, such
as variational models [39, 45], wavelet transform based models [32], nonlocal
means filters [48], curvelet transform based models [29], bilateral filters [3],
and so on. Variational models have been widely used in image denoising
due to their capability in image feature preservation [33, 21, 43, 42, 44]. TV
regularization proposed by Rudin, Osher, and Fatemi [30] (the ROF model)
is a successful example of variational models. Many different papers have
reported the efficiency of TV regularization [37, 13, 8, 9, 36, 18, 46]. Assume
that Γ ⊂ Rd is a continuous domain and that s : Γ → R is a d-dimensional
image in continuous domain Γ. The continuous TV semi-norm of s is defined
as

TV(s) = sup
{∫

Γ

s divυ dx
∣∣∣ υ ∈ C1

c (Γ,Rd), ||υ||∞ ≤ 1
}
=

∫
Γ

|Ds| dx,

where | · | is the Euclidean norm and |Ds| denotes the variation-measure of
the distributional derivative Ds, which is a vector-valued Radon measure.
For smooth function s, we have Ds = ∇s. Therefore, TV is the integral of
its gradient magnitude:

TV(s) =

∫
Γ

|∇s| dx.

In TV regularization, the space of functions of bounded variation (BV) is
considered as an appropriate class for image restoration. The TV semi-norm
defines the norm ||s||BV := ||s||L1 + TV(s) on the space of BV functions.
Although TV regularization-based techniques have become one of the most
widely used regularizers due to their edge-preserving ability, they leave some
form of staircase artefacts in the smooth regions of the image. To alleviate
the staircase effect, several high-order methods have been proposed in the
literature [12, 34, 14, 35, 25]. One technique to overcome this drawback is
total generalized variation (TGV) regularization [5]. In most algorithms, the
TV and TGV regularizations are discretized using a finite-differences scheme.
For this reason, denoised images produced by these approaches cannot be
efficiently interpolated using standard interpolation models. Several types of
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research have been conducted as a remedy to this drawback [24, 26]. Shannon
interpolation has been recently utilized in [1] for total variation-based image
restoration leading to image improvements in terms of restoration accuracy.

In the present work, a new hybrid total generalized variation model is
studied for image denoising in which the regularization term is considered to
be a combination of TGV regularization and a symmetrized derivative regu-
larization term based on l1-norm, and the data fidelity term is characterized
by the l2-norm. Furthermore, in our approach, Shannon interpolation is used
rather than a finite-differences scheme yielding efficient images in terms of
restoration accuracy. Quantitative and qualitative evaluations indicate that
the proposed method significantly outperforms several current state-of-the-
art methods in staircase effect suppression and restoration accuracy. We
employ the primal-dual algorithm presented in [11] to provide a global min-
imizer to the new proposed variational model.

The outline of the paper is organized as follows. In Section 2, we present
the necessary definitions and basic properties of TGV model and Shannon
interpolation. In Section 3, our proposed method and some necessary ana-
lytical discussions are presented. Section 4 contains the numerical algorithm.
In Section 5, we present the convergence analysis for the proposed model.
Section 4 is devoted to numerical experiments. Finally, Section 7 contains
some concluding remarks.

2 Preliminaries

In this section, we first introduce some notations used throughout this pa-
per, and then we briefly review the concepts of TGV regularization [5] and
Shannon interpolation [1].

2.1 Notations

1. Ω = IN1
× IN2

is a discrete domain of size N1 ×N2, where

IN1
= {0, 1, 2, . . . , N1 − 1}, IN2

= {0, 1, 2, . . . , N2 − 1}.

2. u ∈ RΩ is a discrete gray-level image with size N1 ×N2.
3. For d ≥ 1, Γ ⊂ Rd is a continuous domain.
4. L1

loc(Γ) is the set of locally Lipschitz integrable functions s : Γ → R.
5. λ0 and λ1 are fixed positive parameters.
6. Sym2(Rd) is the vector space of symmetric 2-tensors defined by

Sym2(Rd) =
{
η : Rd × Rd → R

∣∣∣ η is 2-linear and symmetric
}
.
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7. C2
c (Γ, Sym

2(Rd)) is the space of 2-times continuous differentiable func-
tions with compact support from Γ to Sym2(Rd).
8. C2

c ([0, N1]× [0, N2], Sym
2(R2)) is the space of 2-times continuously differ-

entiable functions with compact support from [0, N1]× [0, N2] to Sym2(R2).

2.2 TGV regularization and Shannon interpolation

For s ∈ L1
loc(Γ), the TGV functional of order 2 with weight λ is defined as

[5]
TGV2,λ(s) = sup

{∫
Γ

s div2υ dx
∣∣∣ υ ∈ C2

c (Γ, Sym
2(Rd)), ||υ||∞ ≤ λ0,

||divυ||∞ ≤ λ1

}
, (1)

where λ = (λ0, λ1), (divυ)i =
d∑
j=1

∂υij
∂xj

, and div2υ =

d∑
i=1

∂2υii
∂x2i

+
∑
i<j

2
∂2υij
∂xi∂xj

.

Moreover, the infinity norms of υ and the vector field w, where w = divυ,
are defined as

||υ||∞ = sup
{( d∑

i=1

|υii(x)|2 + 2
∑
i<j

|υij(x)|2
)1/2 ∣∣∣ x ∈ Γ

}
,

||w||∞ = sup
{( d∑

i=1

|wi(x)|2
)1/2 ∣∣∣ x ∈ Γ

}
.

In second-order TGV regularization model, the space of bounded generalized
variation functions of order 2, defined as

BGV2,λ(Γ) =
{
s ∈ L1(Γ)

∣∣∣ TGV2,λ(s) <∞
}
,

is considered as an appropriate class for image restoration. The Fenchel dual
formulation of (2) for d = 2 and u ∈ RN1×N2 can be written as [6, 20]

TGV2,λ(u) = min
p∈(R2)N1×N2

λ0||ξ(p)||1 + λ1||∇u− p||1, (2)

where ∇u and ξ(p) stand for the gradient and symmetrized derivative oper-
ators, respectively, which can be formulated as

∇u = [∂+x u ∂+y u]
T , ξ(p) =

[
∂−x p1

1
2 (∂

−
x p2 + ∂−y p1)

1
2 (∂

−
x p2 + ∂−y p1) ∂−y p2

]
,

where (∂+x u)(i, j) = u(i + 1, j) − u(i, j), (∂+y u)(i, j) = u(i, j + 1) − u(i, j),
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(∂−x p1)(i, j) = p1(i, j)− p1(i− 1, j), and (∂−y p1)(i, j) = p1(i, j)− p1(i, j − 1)
((∂−x p2)(i, j) and (∂−y p2)(i, j) can be formulated similarly) are discrete first-
order derivatives [5].

The Shannon interpolate U : R2 → R of the discrete image u is defined
as [1]

U(x, y) =
1

N1N2

N1
2∑

α=−N1
2

N2
2∑

β=−N2
2

εN1
(α) εN2

(β) û(α, β) e2πi(
αx
N1

+ βy
N2

), (3)

where û(α, β) =

N1−1∑
k=0

N2−1∑
l=0

u(k, l) e−2πi( αk
N1

+ βl
N2

) is the 2-dimensional discrete

Fourier transform (DFT) of u, and εN1
(α) and εN2

(β) are the weighting terms
[1] formulated as

εN1
(α) =

{
1/2 if |α| = N1

2 ,
1 otherwise,

εN2
(β) =

{
1/2 if |β| = N2

2 ,
1 otherwise.

3 Proposed model

Let U : R2 → R be the Shannon interpolate of u ∈ RΩ defined in (7). For the
case d = 2 in (2), we define the second-order Shannon interpolation based
TGV regularization with weight λ as

STGV2,λ
∞ (u) = sup

{∫
[0,N1]×[0,N2]

U(x, y) div2V (x, y) dxdy
∣∣∣ V ∈

C2
c ([0, N1]× [0, N2], Sym

2(R2)), ||V ||∞ ≤ λ0, ||divV ||∞ ≤ λ1

}
, (4)

where λ = (λ0, λ1). The integral in (4) is generally difficult to compute but
it can be easily approximated using the Riemann sum as

STGV2,λ
n (u) = max

{ 1

n2
〈U, div2nν〉RN1×N2

∣∣∣ ν ∈ (R4)N1×N2 , ||ν||∞ ≤ λ0,

||divnν||∞ ≤ λ1

}
, (5)

where n ≥ 2 in practice, div2n is the discrete second-order divergence operator
corresponding to the continuous operator div2, and

1

n2
〈U, div2nν〉RN1×N2 =

1

n2

∑
(k,l)∈Ωn

U(
k

n
,
l

n
) div2nν(k, l),
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in which div2nν(k, l) = div2V (
k

n
,
l

n
) and

Ωn = InN1
× InN2

= {0, 1, 2, . . . , nN1 − 1} × {0, 1, 2, . . . , nN2 − 1}.

In order to compute STGV2,λ
n (u), we need to obtain its Fenchel dual for-

mulation. For this purpose, we first introduce the discrete gradient operator
∇n, the discrete symmetrized gradient operator ξn, the discrete first-order
divergence operator divn, and the discrete second-order divergence opera-
tor div2n in the following. To distinguish between the two cases divnp and
divnν, where p ∈ (R2)nN1×nN2 and ν ∈ (R4)N1×N2 , we use the notations
∇∗
np := −div1np and ξ∗nν := −div2nν (∗ denotes the adjoint operator). As

a result, div2n in (3) will be denoted as div1n(div2n(ν)) from now on.

Let U : R2 → R be the Shannon interpolate of u ∈ RΩ defined in
(7). The continuous gradient operator ∇U is formulated as ∇U(x, y) =

[Dx(U(x, y)) Dy(U(x, y))]
T [5, 1] in which

Dx(U(x, y)) =
2πi

N1N2

N1
2∑

α=−N1
2

N2
2∑

β=−N2
2

α

N1
εN1(α) εN2(β) û(α, β) e

2πi( αx
N1

+ βy
N2

),

(6)

Dy(U(x, y)) =
2πi

N1N2

N1
2∑

α=−N1
2

N2
2∑

β=−N2
2

β

N2
εN1(α) εN2(β) û(α, β) e

2πi( αx
N1

+ βy
N2

).

(7)

For (k, l) ∈ Ωn, the discrete gradient operator∇n : RN1×N2 −→ (R2)nN1×nN2

can be derived as [1]

∇nu(k, l) = ∇U(
k

n
,
l

n
). (8)

For p = [p1 p2]
T ∈ (R2)nN1×nN2 and (k, l) ∈ Ωn, the discrete first-order

divergence operator div1n : (R2)nN1×nN2 −→ RN1×N2 is defined as

div1n(p(k, l)) = div1n1
(p(k, l)) + div1n2

(p(k, l)) (9)

[5], where ̂div1n1
(p)(α, β) = D̂∗

x(p1)(α, β) and ̂div1n2
(p)(α, β) = D̂∗

y(p2)(α, β),
for (α, β) ∈ Ω̂ = ÎN1 × ÎN2 , are formulated as [1]
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D̂∗
x(p1)(α, β) = 2πi

α

N1



p̂1(α, β) if |α| < N1

2 , |β| <
N2

2 ,

1
2 (p̂1(α, β)− p̂1(−α, β)) if α = −N1

2 , |β| <
N2

2 ,

1
2 (p̂1(α, β) + p̂1(α,−β)) if |α| < N1

2 , β = −N2

2 ,

1
4

∑
s1=±1

∑
s2=±1

s1p̂1(s1α, s2β) if (α, β) = (−N1

2 ,−
N2

2 ),

(10)

D̂∗
y(p2)(α, β) = 2πi

β

N2



p̂2(α, β) if |α| < N1
2
, |β| < N2

2
,

1
2
(p̂2(α, β) + p̂2(−α, β)) if α = −N1

2
, |β| < N2

2
,

1
2
(p̂2(α, β)− p̂2(α,−β)) if |α| < N1

2
, β = −N2

2
,

1
4

∑
s1=±1

∑
s2=±1

s2p̂2(s1α, s2β) if (α, β) = (−N1
2
,−N2

2
).

(11)

For V =

[
V11 V12

V12 V22

]
∈ C2

c ([0, N1] × [0, N2], Sym
2(R2)), the first-order con-

tinuous divergence operator div2 can be written as [5]

div2V (x, y) =

[
Dx(V11(x, y)) +Dy(V12(x, y))

Dx(V12(x, y)) +Dy(V22(x, y))

]
,

where Dx and Dy are defined as (6) and (7). Now, the discrete first-order
divergence operator div2n : (R4)N1×N2 −→ (R2)nN1×nN2 can be derived as

div2nν(k, l) = div2V (
k

n
,
l

n
), (12)

for ν ∈ (R4)N1×N2 and (k, l) ∈ Ωn. For p ∈ (R2)nN1×nN2 and (α, β) ∈
Ω̂ = ÎN1

× ÎN2
, the symmetrized gradient operator ξn : (R2)nN1×nN2 −→

(R4)N1×N2 is given by [5]

ξ̂n(p)(α, β) =

 D̂∗
x(p1)(α, β)

1
2 (D̂

∗
y(p1)(α, β) + D̂∗

x(p2)(α, β))

1
2 (D̂

∗
y(p1)(α, β) + D̂∗

x(p2)(α, β)) D̂∗
y(p2)(α, β)

 ,
where D̂∗

x(p1), D̂∗
x(p2), D̂∗

y(p1), and D̂∗
y(p2) are defined similar to (10) and

(11). For (k, l) ∈ Ωn, ξnp(k, l) is obtained by taking the inverse Fourier
transform as

ξnp(k, l) =

[
ξn1

p(k, l) ξn3
p(k, l)

ξn3
p(k, l) ξn2

p(k, l)

]
, (13)
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where ξn1
p(k, l) is achieved as

ξn1
p(k, l) =

1

N1N2

N1
2∑

α=−N1
2

N2
2∑

β=−N2
2

D̂∗
x(p1)(α, β) e

2πi( αk
N1

+ βl
N2

),

and ξn2
p(k, l), ξn3

p(k, l) can be formulated similarly.
The discrete functional STGV2,λ

n in (3) is equivalent to Fenchel dual for-
mulation

STGV2,λ
n (u) = min

p∈(R2)nN1×nN2

λ0
n2

||ξn(p)||1 +
λ1
n2

||∇nu− p||1, (14)

where ∇n and ξn are defined as (8) and (13), respectively. The analytical
process for establishing this Fenchel dual formulation of (3) is exactly based
on the lines of [5] and [20] (except the factor 1

n2
in (3) and the change on

the operators). For this reason, we do not bring the proof here and we refer
the reader to the mentioned references. Now, we concentrate on the new
Shannon interpolation based the hybrid TGV (SHTGV) model defined as

SHTGV2,λ
n (u) = STGV2,λ

n (u) + γ ||ξn(∇n(u))||1,

where γ > 0 is a fixed positive parameter, STGV2,λ
n (u) is defined as (14),

and ξn(∇n(u)) can be easily formulated by substituting ∇n(u) with p in
the procedure of deriving ξn in (13). The concerned variational problem is
established in the form

min
u

||u− u0||22 + SHTGV2,λ
n (u), (15)

where u is the desired restored image and u0 is the observed data. According
to our experience, the fixed value γ = 0.01 is suitable and does not need to
be tuned. Therefore, one can say that no additional parameter is introduced
with the new model.

4 Numerical algorithm

We use the primal-dual algorithm (Algorithm 1) presented in [11] to provide
a minimizer of the variational problem (9). This primal-dual algorithm is
particularly efficient in finding a solution to the saddle-point problem

min
x∈X

max
y∈Y

〈Kx, y〉Y + F (x)−G(y), (16)

where X and Y are Hilbert spaces, K : X −→ Y is a linear and continuous
mapping, and F : X −→ (−∞,∞] and G : Y −→ (−∞,∞] are proper,
convex, and lower semi-continuous functionals. In order to adapt the opti-
mization problem (9) to Algorithm 1, we need the corresponding saddle-point
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Algorithm 1 The first-order primal-dual algorithm presented in [11].
1. Set k = 0, choose the initial estimates x0 ∈ X, y0 ∈ Y , x̄0 = x0, and
positive parameters τ and σ such that στ |||K|||2 < 1 (||| · ||| denotes the
induced l2-norm).
2. Calculate xk+1, yk+1, and x̄k+1 using the following equations:

yk+1 = (I + σ ∂G)−1(yk + σ K x̄k),
xk+1 = (I + τ ∂F )−1(xk − τ K∗ yk+1),
x̄k+1 = 2xk+1 − xk.

3. Stop or set k = k + 1 and go back to step 2.

structure of this optimization problem, which is formulated as (see for details)

min
u∈RN1×N2

p∈(R2)nN1×nN2

max
w∈(R2)nN1×nN2

ν∈(R4)N1×N2

q∈(R4)N1×N2

||u− u0||22 +
λ1
n2

〈∇nu− p, w〉+ λ0
n2

〈ξn(p), ν〉

+ γ〈ξn(∇nu), q〉 − I{||·||∞≤1}(w)− I{||·||∞≤1}(ν)− I{||·||∞≤1}(q).
(17)

Using the saddle-point structure (17), x, y, the functionals F and G, and the
mapping K in saddle-point problem (16) are obtained as

x = (u, p), y = (w, ν, q), F (x) = F (u, p) = ||u− u0||22,

G(y) = G(w, ν, q) = I{||·||∞≤1}(w) + I{||·||∞≤1}(ν) + I{||·||∞≤1}(q),

K =


λ1
n2

∇n −λ1
n2
I

0
λ0
n2
ξn

γξn∇n 0


From [1, Proposition 7], we have |||∇n||| ≤ nπ

√
2. Moreover, some com-

putations yield |||ξn||| ≤ nπ
√
2. Therefore, an upper bound for the induced

l2-norm of K can be easily achieved as

|||K|||2 <
2π2((λ1

n2 )
2 + (λ0

n2 )
2)n2 + 4π4γ2n4 + (λ1

n2 )
2

2

+
( (2π2((λ1

n2 )
2 + (λ0

n2 )
2)n2 + 4π4γ2n4 + (λ1

n2 )
2)2

4

+
−16π4n4((λ1

n2 )
2(λ0

n2 )
2 + (λ1

n2 )
2γ2)− 32π6γ2(λ0

n2 )
2n6

4

)1/2
.

Now the primal-dual algorithm for solving (9) can be formulated as (see [11]
for more details),
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uk+1 = argmin
u

{||u−u0||22+
λ1
n2

〈∇nu−p, w〉+γ〈ξn(∇nu), q〉+
1

2τ
‖u−uk‖22}

=
uk + τ

λ1
n2

div1n(w
k+1)− τγdiv1n(div2n(q

k+1)) + 2τu0

1 + 2τ
, (18)

pk+1 = argmin
p

{λ1
n2

〈∇nu− p, w〉+ λ0
n2

〈ξn(p), ν〉+
1

2τ
‖p− pk‖22}

= pk + τ (
λ1
n2

wk+1 +
λ0
n2

div2n(ν
k+1)), (19)

wk+1 = argmax
w

{λ1
n2

〈∇nu− p, w〉 − I{||·||∞≤1}(w)−
1

2σ
‖w − wk‖22}

= Pλ1(w
k + σ

λ1
n2

(∇nū
k − p̄k)), (20)

νk+1 = argmax
ν

{λ0
n2

〈ξn(p), ν〉 − I{||·||∞≤1}(ν)−
1

2σ
‖ν − νk‖22}

= Pλ0
(νk + σ

λ0
n2

(ξn(p̄
k))), (21)

qk+1 = argmax
q

{γ〈ξn(∇nu), q〉 − I{||·||∞≤1}(q)−
1

2σ
‖q − qk‖22}

= Pγ(q
k + σγ (ξn(∇nū

k))), (22)

where

Pλ1(w̄) =
w̄

max(1, |w̄|)
, Pλ0(ν̄) =

ν̄

max(1, |ν̄|)
, Pγ(q̄) =

q̄

max(1, |q̄|)
,

and τ and σ are positive constants. Algorithms 2 is the adapted algorithm
to solve (9) (see [11] for details).
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Algorithm 2 The adapted algorithm for solving the SHTGV model.
1. Set k = 0, choose the initial estimates u0 ∈ RN1×N2 , p0 ∈
(R2)nN1×nN2 , w0 ∈ (R2)nN1×nN2 , ν0 ∈ (R4)N1×N2 , q0 ∈ (R4)N1×N2 ,
ū0 = u0, p̄0 = p0, and positive parameters τ , σ such that στ |||K|||2 < 1,
where

|||K|||2 < 2π2((
λ1
n2 )2+(

λ0
n2 )2)n2+4π4γ2n4+(

λ1
n2 )2

2

+
(

(2π2((
λ1
n2 )2+(

λ0
n2 )2)n2+4π4γ2n4+(

λ1
n2 )2)2

4

+
−16π4n4((

λ1
n2 )2(

λ0
n2 )2+(

λ1
n2 )2γ2)−32π6γ2(

λ0
n2 )2n6

4

)1/2
.

2. Calculate uk+1, pk+1, wk+1, νk+1, qk+1, ūk+1, and p̄k+1 using the following
equations:

wk+1 = Pλ1
(wk + σ

λ1
n2

(∇nū
k − p̄k)), where Pλ1

(w̄) =
w̄

max(1, |w̄|)
,

νk+1 = Pλ0(ν
k + σ

λ0
n2

(ξn(p̄
k))), where Pλ0(ν̄) =

ν̄

max(1, |ν̄|)
,

qk+1 = Pγ(q
k + σγ(ξn(∇nū

k))), where Pγ(q̄) =
q̄

max(1, |q̄|)
,

uk+1 =
uk + τ

λ1
n2

div1n(w
k+1)− τγdiv1n(div2n(q

k+1)) + 2τu0

1 + 2τ
,

pk+1 = pk + τ(
λ1
n2
wk+1 +

λ0
n2

div2n(ν
k+1)),

ūk+1 = 2uk+1 − uk, p̄k+1 = 2pk+1 − pk.
3. Stop or set k = k+1 and go back to step 2.

5 Convergence analysis

In this section, we establish the convergence of the primal-dual algorithm
used for solving (9). Here, we only give the basic proof frameworks and do
not repeat the lengthy proving process in [11]. For this purpose, we first
prove the existence of the solution to the variational problem (9) through the
following theorem, which proof is similar to the proof of Theorem 1 in [23].

Theorem 1. There exists a solution to optimization problem (9).

Proof. Using the compactness property of BV(Ω), for every bounded and
minimizing sequence {uk}k∈N ⊂ BV(Ω), there exists a subsequence {uki}i∈N ⊂
{uk}k∈N converging to some u∗ ∈ BV(Ω). According to [5], the functions
||∇nu − p||1, ||ξn(p)||1, and ||ξn(∇n(u))||1 are proper, convex, and lower
semi-continuous, and the same conclusion holds for their weighted sum
SHTGV2,λ

n (u). Moreover, {||Auki − u0||22}i∈N is bounded. Therefore, we
yield

||Au∗−u0||22+SHTGV2,λ
n (u∗) ≤ lim

i→+∞
inf (||Auki −u0||22+SHTGV2,λ

n (uki)).
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As a result, we can conclude the existence of the solution to optimization
problem (9).

Now the convergence theorem is exhibited in the following result.

Theorem 2. For positive parameters σ and τ, where στ |||K|||2 < 1, the
sequence {uk, pk, wk, νk, qk} generated by Algorithm 2 converges to a solution
of (9).

Proof. Based on Theorem 1, there exists a solution to optimization problem
(9). For this reason, the set of saddle-points of (17) is non-empty. According
to [5], the functions ||∇nu − p||1, ||ξn(p)||1, and ||ξn(∇n(u))||1 are proper,
convex, and lower semi-continuous functions. Moreover, σ and τ in Algorithm
2 satisfy στ |||K|||2 < 1. As a result, conditions (a), (b), and (c) of Theorem
1 in [11] hold. Therefore, we can conclude that Algorithm 2 is an application
of the original primal-dual algorithm in [11] and converges to a solution of
(9).

6 Experimental results

We compare the experimental results of our model with the current state-of-
the-art models: isotropic TV (ITV), upwind TV [10] (UTV), Condat TV [16]
(CTV), TGV [5], Shannon TV [1] (STV), and the Huber variant of Shannon
TV [1] (HSTV). The experiments are conducted on test images illustrated
in Figure 1. All test images are corrupted by additive white Gaussian noise
of standard deviations 0.18 and 0.23. All the reconstruction processes are
carried out using MATLAB R2015b on a PC with AMD A10-4600M APU
with Radeon(tm) HD Graphics, 2.3-GHz Inter Core processor, and 4GB of
RAM under Windows 8.

As discussed in [1], in practice, choosing the oversampling factor as n = 2
or n = 3 is enough. We set the oversampling factor n = 2 in STV, HSTV, and
the new proposed SHTGV model. For the case n = 3 in STV, HSTV, and
the new proposed SHTGV model, we observed that the convergence speed is
decreased while no remarkable change is made in comparison with the case
n = 2.

The restoration quality is measured by the peak signal to noise ratio
(PSNR) [31] and the structural similarity index measure index [41]. The
best result for each comparison item is highlighted in bold type font (see
Table 2). The restored results are illustrated in Figures 2, 3, 4, 5, 6, and 7.
For each model and test image, the results corresponding to parameters that
provide the highest PSNR value are presented here.

The results of the ITV, UTV, CTV, STV, and HSTV models obviously
illustrate staircasing effect in the affine regions. Although the TGV model
is capable of suppressing the staircasing artifacts, the denoised results using
this approach indicate that it sometimes leads to undesired edge blurring.
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Moreover, the performance of the TGV model reveals that some regions con-
tain an obvious staircasing effect. Our proposed model not only substantially
alleviates the staircasing artifacts, but also sharply preserves important im-
age features. Moreover, the reconstructed edges and details by our model
are more distinct in comparison with other variational models. For example,
zoomed-in regions in Figures 2 and 3 illustrate that the UTV model leaves
some small white noise particles in denoised results. The ITV model performs
to some extent better than the UTV model in noise removal, but some details
and edges are not well reconstructed during the denoising process. The CTV
model outperforms both the UTV and ITV models in restoration accuracy
and noise removal. However, the results of the ITV, UTV, and CTV models
obviously suffer from the staircasing artifacts. Although the STV and HSTV
models have better performance in preserving edges and details in compari-
son with the ITV, UTV, and CTV models, they achieve results with obvious
staircasing effect, while the staircasing effect is less sharp compared with the
ITV, UTV, and CTV models. The denoised results by the TGV model in-
dicate that this regularization scheme sometimes produces denoised results
with blurred edges. The denoised results using the proposed model illustrate
that this new scheme is capable of eliminating the staircasing effect and pre-
serving the edges at the same time. In fact, the ITV, UTV, CTV, STV, and
HSTV models cannot compete with our model in staircasing effect suppres-
sion, as observed in the denoised results of Figure 2. TGV model is capable
of eliminating the staircasing effect to some extent, but it yields denoised
results with blurred edges. As a result, we can conclude that TGV model
cannot compete with our model in edge preservation. The same conclusion
holds for denoised results in Figures 4, 5, and 6.

The ITV, UTV, CTV, and TGV regularization models are discretized
using a finite-difference scheme, while the STV, HSTV, and SHTGV mod-
els are based on the concept of Shannon interpolation. For this reason, the
images generated by means of ITV, UTV, CTV, and TGV schemes cannot
be efficiently interpolated using standard interpolation models. To support
this claim, croppings of the restored results are magnified with factor 3 using
bicubic interpolation method, which reveals that interpolating the restored
results of the ITV, UTV, CTV, and TGV models yield images with unwanted
artifacts, while the results of the STV, HSTV, and SHTGV models are in-
terpolated without creating artifacts. Since the proposed model outperforms
both STV and HSTV models in staircase artifacts suppression, the staircas-
ing artifacts are remarkably alleviated in interpolated results of our model.
Moreover, the edges and details in interpolated results of our model are more
distinct in comparison with the STV and HSTV models.
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Figure 1: The test images used in our numerical experiments. First row, from left to
right: Bird, Parrot, and Lena. Second row, from left to right: Clown, MRI1, and MRI2.
Third row, from left to right: MRI3, MRI4, and MRI5. Forth row, from left to right:
MRI6 and MRI7.
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Figure 2: Performance comparison of Lena test image with additive white Gaussian
noise of standard deviation 0.18. First row, from left to right: reference image, noisy
image, restored results by ITV, UTV, and CTV. Second row, from left to right: restored
results by STV, HSTV, TGV, and SHTGV. Images in the third and fourth rows are the
corresponding zoomed-in regions of images in the first and second rows, respectively.
Images in the fifth and sixth rows are croppings of the restored results of the Lena test
image in the first and second rows magnified with factor 3 using the bicubic interpolation
method. Fifth row, from left to right: reference image, resampling of the reference image,
ITV, UTV, and CTV. Sixth row, from left to right: resampling of and STV, HSTV,
TGV, and SHTGV.
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Figure 3: Performance comparison of MRI1 test image with additive white Gaussian
noise of standard deviation 0.18. First row, from left to right: reference image, noisy
image, restored results by ITV, UTV, and CTV. Second row, from left to right: restored
results by STV, HSTV, TGV, and SHTGV. Images in the third and fourth rows are the
corresponding zoomed-in regions of images in the first and second rows, respectively.
Images in the fifth and sixth rows are croppings of the restored results of MRI1 test
image in the first and second rows magnified with factor 3 using bicubic interpolation
method. Fifth row, from left to right: reference image, resampling of the reference
image, ITV, UTV, and CTV. Sixth row, from left to right: resampling of and STV,
HSTV, TGV, and SHTGV.
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Figure 4: Performance comparison of MRI2 test image with additive white Gaussian
noise of standard deviation 0.18. First row, from left to right: reference image, noisy
image, restored results by ITV, UTV, and CTV. Second row, from left to right: restored
results by STV, HSTV, TGV, and SHTGV. Images in the third and fourth rows are the
corresponding zoomed-in regions of images in the first and second rows, respectively.
Images in the fifth and sixth rows are croppings of the restored results of MRI2 test
image in the first and second rows magnified with factor 3 using bicubic interpolation
method. Fifth row, from left to right: reference image, resampling of the reference
image, ITV, UTV, and CTV. Sixth row, from left to right: resampling of and STV,
HSTV, TGV, and SHTGV.
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Figure 5: Performance comparison of Bird test image with additive white Gaussian
noise of standard deviation 0.18. First row, from left to right: reference image, noisy
image, restored results by ITV, UTV, and CTV. Second row, from left to right: restored
results by STV, HSTV, TGV, and SHTGV. Images in the third and fourth rows are
the corresponding zoomed-in regions of images in the first and second rows, respectively.
Images in the fifth and sixth rows are croppings of the restored results of Bird test image
in the first and second rows magnified with factor 3 using bicubic interpolation method.
Fifth row, from left to right: reference image, resampling of the reference image, ITV,
UTV, and CTV. Sixth row, from left to right: resampling of and STV, HSTV, TGV,
and SHTGV.
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Figure 6: Performance comparison of Parrot test image with additive white Gaussian
noise of standard deviation 0.18. First row, from left to right: reference image, noisy
image, restored results by ITV, UTV, and CTV. Second row, from left to right: restored
results by STV, HSTV, TGV, and SHTGV. Images in the third and fourth rows are the
corresponding zoomed-in regions of images in the first and second rows, respectively.
Images in the fifth and sixth rows are croppings of the restored results of Parrot test
image in the first and second rows magnified with factor 3 using bicubic interpolation
method. Fifth row, from left to right: reference image, resampling of the reference
image, ITV, UTV, and CTV. Sixth row, from left to right: resampling of and STV,
HSTV, TGV, and SHTGV.
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Table 1: Comparison of different models in terms of PSNR and SSIM with additive
white Gaussian noise of standard deviation 0.18.

Image MRI1 MRI2
Model PSNR / SSIM / Optimal λ PSNR / SSIM / Optimal λ
ITV 25.30 / 0.7810 / 0.15 25.33 / 0.7687 / 0.15
UTV 24.76 / 0.7566 / 0.18 24.80 / 0.7463 / 0.18
CTV 25.64 / 0.7898 / 0.14 25.64 / 0.7792 / 0.14
STV 26.14 / 0.8113 / 0.25 26.06 / 0.7996 / 0.25
HSTV 26.07 / 0.7965 / 0.25 26.00 / 0.7936 / 0.26
TGV 26.01 / 0.7824 / (0.4, 0.1) 26.10 / 0.7759 / (0.5, 0.1)

SHTGV 26.39 / 0.8210 / (0.45, 0.28) 26.34 / 0.8139 / (0.45, 0.28)
Image Bird Parrot
Model PSNR / SSIM / Optimal λ PSNR / SSIM / Optimal λ
ITV 25.50 / 0.7348 / 0.15 25.33 / 0.7428 / 0.15
UTV 25.03 / 0.7109 / 0.18 24.80 / 0.7127 / 0.18
CTV 25.78 / 0.7438 / 0.14 25.63 / 0.7522 / 0.14
STV 26.09 / 0.7563 / 0.25 25.73 / 0.7464 / 0.24
HSTV 26.04 / 0.7509 / 0.26 25.68 / 0.7349 / 0.24
TGV 26.03 / 0.7416 / (0.17, 0.11) 25.46 / 0.7584 / (0.15, 0.29)

SHTGV 26.29 / 0.7693 / (0.45, 0.25) 25.84 / 0.7620 / (0.42, 0.21)

Table 2: Comparison of different models in terms of PSNR and SSIM with additive
white Gaussian noise of standard deviation 0.23.

Image MRI1 Parrot
Model PSNR / SSIM / Optimal λ PSNR / SSIM / Optimal λ
ITV 24.10 / 0.7480 / 0.2 24.17 / 0.7111 / 0.2
UTV 23.55 / 0.7053 / 0.23 23.63 / 0.6603 / 0.23
CTV 24.42 / 0.7454 / 0.18 24.46 / 0.7086 / 0.18
STV 24.90 / 0.7762 / 0.33 24.56 / 0.7146 / 0.32
HSTV 24.84 / 0.7608 / 0.33 24.51 / 0.7020 / 0.32
TGV 24.75 / 0.7439 / (0.26, 0.14) 24.30 / 0.7117 / (0.19, 0.36)

SHTGV 25.03 / 0.7551 / (0.5, 0.5) 24.62 / 0.7178 / (0.4, 0.28)
Image Lena Clown
Model PSNR / SSIM / Optimal λ PSNR / SSIM / Optimal λ
ITV 24.49 / 0.6701 / 0.21 22.42 / 0.6308 / 0.19
UTV 24.03 / 0.6393 / 0.25 21.97 / 0.6035 / 0.22
CTV 24.67 / 0.6759 / 0.19 22.67 / 0.6443 / 0.18
STV 24.69 / 0.6818 / 0.33 22.89 / 0.6563 / 0.31
HSTV 24.68 / 0.6814 / 0.34 22.89 / 0.6533 / 0.31
TGV 24.77 / 0.6916 / (0.21, 0.17) 23.00 / 0.6471 / (0.23, 0.13)

SHTGV 24.83 / 0.6926 / (0.5, 0.3) 23.10 / 0.6645 / (0.6, 0.37)
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Table 3: Comparison of different models in terms of PSNR and SSIM with additive
white Gaussian noise of standard deviation 0.18.

Image MRI3 MRI4
Model PSNR / SSIM / Optimal λ PSNR / SSIM / Optimal λ
ITV 24.57 / 0.7567 / 0.15 25.60 / 0.6891 / 0.15
UTV 24.06 / 0.7354 / 0.18 25.17 / 0.6676 / 0.18
CTV 24.91 / 0.7671 / 0.14 25.83 / 0.6966 / 0.14
STV 25.28 / 0.7810 / 0.25 26.16 / 0.7161 / 0.25
HSTV 25.25 / 0.7739 / 0.25 26.11 / 0.7096 / 0.26
TGV 24.99 / 0.7470 / (0.29, 0.09) 26.11 / 0.6988 / (0.16, 0.12)

SHTGV 25.44 / 0.7893 / (0.4, 0.2) 26.38 / 0.7231 / (0.4, 0.2)
Image MRI5 MRI6
Model PSNR / SSIM / Optimal λ PSNR / SSIM / Optimal λ
ITV 25.96 / 0.6351 / 0.16 23.30 / 0.6245 / 0.14
UTV 25.50 / 0.6173 / 0.19 22.86 / 0.6057 / 0.16
CTV 26.19 / 0.6413 / 0.15 23.58 / 0.6288 / 0.13
STV 26.43 / 0.6541 / 0.26 23.89 / 0.6285 / 0.22
HSTV 26.39 / 0.6429 / 0.26 23.86 / 0.6178 / 0.22
TGV 26.22 / 0.6174 / (0.17, 0.11) 23.67 / 0.5766 / (0.24, 0.08)

SHTGV 26.53 / 0.6444 / (0.4, 0.2) 24.06 / 0.6291 / (0.4, 0.2)
Image Lena Clown
Model PSNR / SSIM / Optimal λ PSNR / SSIM / Optimal λ
ITV 25.45 / 0.7028 / 0.15 23.55 / 0.6866 / 0.14
UTV 25.02 / 0.6800 / 0.19 23.08 / 0.6587 / 0.16
CTV 25.67 / 0.7133 / 0.14 23.82 / 0.6979 / 0.13
STV 25.70 / 0.7189 / 0.25 23.99 / 0.7083 / 0.23
HSTV 25.69 / 0.7160 / 0.25 23.99 / 0.7053 / 0.23
TGV 25.77 / 0.7277 / (0.17, 0.11) 24.16 / 0.7028 / (0.18, 0.09)

SHTGV 25.84 / 0.7283 / ((0.42, 0.23) 24.24 / 0.7149 / (0.44, 0.25)
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Figure 7: Performance comparison of denoised results of MRI7 with additive white
Gaussian noise of standard deviation 0.18. First row, from left to right: reference image,
noisy image, restored results by ITV (optimal λ = 0.17, PSNR = 25.63, SSIM = 0.7555),
UTV (optimal λ = 0.16, PSNR = 25.79, SSIM = 0.7639), and CTV (optimal λ = 0.17,
PSNR = 25.63, SSIM = 0.7555). Second row, from left to right: restored results by
STV (optimal λ = 0.26, PSNR = 25.87, SSIM = 0.7774), HSTV (optimal λ = 0.26,
PSNR = 25.81, SSIM = 0.7507), TGV (optimal λ = (0.17, 0.11), PSNR = 25.84, SSIM
= 0.7113), and SHTGV (optimal λ = (0.46, 0.22), PSNR = 25.99, SSIM = 0.7525).

7 Conclusion

In this paper, a new hybrid TGV model was presented for image denoising.
This model incorporated the advantages of Shannon interpolation, TGV reg-
ularization, and a symmetrized derivative-based l1-norm regularized term.
In comparison with some state-of-the-art techniques, experimental results
illustrated that the proposed model substantially alleviates the staircasing
effect and sharply preserves important image features. In fact, the recon-
structed edges and details by our model were more distinct in comparison
with several current state-of-the-art variational models. As we mentioned in
the paper, most variational models were discretized using a finite-difference
scheme, which cannot be efficiently interpolated using standard interpola-
tion models. In this paper, we observed the efficiency of applying Shannon
interpolation instead of the finite-differences schemes in the structure of vari-
ational models. Shannon interpolation applied in this paper was based on
the Fourier transform. Designing a more powerful structure for Shannon in-
terpolation based on the curvelet transform instead of Fourier transform will
be considered as our future research.
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1 Introduction

Optimization is an art that finds the best solution among the set of solu-
tions, and the optimization techniques are tools that converge to the optimal
solutions by searching the solution space. Finding the best solution to math-
ematical problems has been a challenge for researchers, especially in compli-
cated problems in the field of engineering. Therefore, convergence to the best
solution in the least time with high accuracy has always been interesting to
researchers in the field of optimization. Among the optimization tools, meta-
heuristic algorithms are widely being used for a large number of real-world
engineering problems due to their acceptable accuracy and low time con-
sumption. Their popularity derives from the following aspects. Firstly, all
of these optimization techniques have some fundamental theories and math-
ematical models proven to be reasonable, which come from the real world
and are inspired by all kinds of physical phenomena or biological behaviours
[26, 7]. Secondly, metaheuristics are usually able to solve NP-hard problems
with a high number of decision variables. They are very flexible and versatile
since one can change the structures and parameters of algorithms to obtain
better solutions. Thirdly, metaheuristic algorithms can effectively escape lo-
cal optima, which is very valuable for multimodal engineering problems that
have many local optima in their structures. In addition, their variants can be
developed by absorbing the advantages of other algorithms to improve the ac-
curacy of solutions in a reasonable time. Most metaheuristic algorithms can
solve different types of problems. Some of them are inherently powerful be-
cause of efficient operators and other types of them have been well-hybridized
by the classical algorithms [35]. These problems are divided into various cat-
egories, which are included constrained and unconstrained in terms of prob-
lem structure, discrete and continuous in terms of solutions, and single or
multiobjective in terms of objective function [27]. Generally, metaheuristics
are divided into two categories such as single-solution-based and population-
based algorithms. In single-solution-based algorithms, the searching process
starts with one candidate solution, whereas in population-based algorithms,
the optimization process performs using a set of solutions (i.e., population).
Population-based metaheuristics have advantages over single-solution. These
are as follows:

1. The searching process starts with several random solutions as the initial
population.

2. population-based metaheuristics can share the information with each
other around the search space that, most of the time, leads to escape
from local optimal.

3. The exploration capability of population-based metaheuristics has had
better than single-solution-based techniques.
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In a general view, population-based metaheuristics are classified into
seven categories, including biology-based algorithms, physics-based algo-
rithms, social-based algorithms, chemistry-based algorithms, math-based al-
gorithms, sport-based algorithms, and music-based algorithms [1]. Biology-
based algorithms are divided into three categories of evolution-inspired al-
gorithms, swarm intelligence algorithms, and artificial immune systems [21].
The evolution-inspired algorithm is a generic population-based metaheuristic
that is inspired by biological evolution that includes crossover, mutation, and
selection. The second category is swarm-intelligence-based algorithms. These
algorithms are based on the interaction of swarm with each other. Swarm-
based algorithms are easier to implement than evolutionary-based algorithms
due to including a less number of operators (i.e., selection, crossover, muta-
tion). Apart from this, there are some advantages of swarm-based algorithms,
which are as follows:

Swarm-based algorithms use the flow of information among solutions dur-
ing iterations, whereas evolutionary-based algorithms do not use the infor-
mation of the previous generations.

Swarm-based algorithms have few input parameters as compared to evo-
lutionary techniques.

Swarm-based algorithms utilize less memory space for reaching the best
optimal solutions [3, 36].

The artificial immune systems algorithm was introduced in [11]. These
algorithms mimic the principle of the biological immune system, including the
negative selection algorithm, clonal selection algorithm, the immune network
model, and danger theory.

Solving the test functions has been used for comparing metaheuristics.
Test functions include classical test functions, constrained engineering de-
sign problems, and CEC functions. Classical test functions have been solved
in several dimensions using metaheuristics that are the most practical and
simple type of test function. Constrained engineering design problems are
real-world engineering problems that are the proper criterion for compar-
ing metaheuristics. CEC test functions are classified into complicated test
functions that have always been a challenge to metaheuristics.

In the remainder of this study, in Section 2, the literature review will be
explained. The concepts and operators of crocodile hunting strategy (CHS)
are explained in Section 3. Then in Section 4, the CHS is investigated in
various aspects. In that section, the classical benchmark functions and con-
strained engineering design problems are solved using the CHS algorithm and
compared with other well-known metaheuristics. Finally, in Section 5, the
conclusion and discussion will be presented.
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2 Literature review

Swarm intelligence of nature-inspired algorithms includes intensive tech-
niques that mimic the social behavior of groups of animals. The power of
swarm intelligence algorithms was appeared by Kennedy and Eberhart by
developing the particle swarm optimization (PSO) algorithm [24]. The main
idea of the PSO algorithm is inspired by the social behavior of the bird pop-
ulation. Ant colony optimization (ACO) [13] is inspired by the collective
behavior of the ants, namely finding the shortest path from nest to food
sources. Termite algorithm [29] is based on the behavior of termites. The
shuffled fog-leaping algorithm [16] stems from the search for food by the frog
group. Monkey search simulates a monkey that climbs trees and looks for
food [34]. Cuckoo search [42] simulates the forced child parasitic behavior
in combination with the levy flying behavior of some birds and fruit flies.
The main idea of the firefly algorithm (FA) [41] is inspired by the optical
connection between fireflies. Migrating birds optimization [14] simulates the
process of the social evolution of birds. The fruit fly optimization algorithm
[37] is inspired by the foraging behavior of fruit flies. Artificial bee colony
[2] simulates the strategy of bees to find food from the nest to source food.
Dolphin echolocation (DE) [23] is based on the behavior of dolphins in hunt-
ing, in which the dolphin finds its prey using the distance between its click
and prey. The main idea of the bat algorithm [43] is based on the distance
between the reflection of the bat’s sound to source food. In social spider
optimization [10], the spider receives and analyzes vibrations published on
the web to determine the potential direction of a food source. Grey wolf
optimizer [18, 33] is a nature-inspired metaheuristic algorithm that simulates
the behavior of gray wolfs and the hierarchy of leadership in their hunting.
Bird mating optimizer [4] is inspired by the mating strategies of bird species
during the mating season. The tree-seed algorithm [25] is based on the rela-
tion between trees and their seeds. Moth-flame optimization [31] simulates
the spiral motion of butterflies around the flame. Whale optimization algo-
rithm [32] simulates the bubble net hunting method that is performed from
humpback whales. Crow search algorithm [5] is modeled based on finding
the food of other birds and stealing it by crows. The grasshopper optimiza-
tion algorithm [40] is a nature-inspired metaheuristic algorithm that mimics
the movement of Grasshoppers groups to find food sources. Queuing search
algorithm [45] is inspired by human activities in queues. Pathfinder algo-
rithm [44] is modeled by the collective movement of the animal group and
mimics the leadership hierarchy of swarms to find the best food area or prey.
The main inspiration of Harris hawks optimization [19] is the cooperative
behavior and chasing style of Harris’ hawks in nature called surprise pounce.
The squirrel search algorithm [20] imitates the dynamic foraging behavior
of southern flying squirrels and their efficient way of locomotion known as
gliding. Marine predators algorithm [17] is inspired by widespread foraging
strategies, namely Lévy and Brownian of predators in the ocean.
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In this study, the new algorithm called CHS (crocodile optimization al-
gorithm) is investigated using two kinds of benchmark functions. This algo-
rithm was first proposed by Balavand [6] to find the optimum binary solution
of a feature clustering method. The CHS is based on the swarm intelligence
of crocodiles in hunting that simulates the behavior of crocodiles in the hunt-
ing of fishes— dividing crocodiles into different groups and creating the right
strategy while hunting is the main idea of this algorithm. These creatures
are divided into two groups when they are hunting fish. These groups include
the chasers and the ambushers. These groups try to direct the fish to the
attacking area by using the information flow and proper cooperation. After
arriving prey in the attacking area, all members of the groups attack the fish
and catch them. The details of how to encircle and attack by two groups will
be explained in the next sections.

3 Crocodile optimization algorithm (CHS)

In this section, the optimization algorithm called CHS optimization algorithm
is investigated, which was first used as one of the steps of feature clustering
in [6]. The CHS is placed in the population-based algorithm that can solve
optimization problems using swarm intelligence of crocodiles in hunting. Like
other algorithms in this field, the CHS algorithm with exchanging information
and creating an information flow through the collaboration of the members,
converges to the optimum solution. This algorithm is based on the behavior
of crocodiles that simulates the hunting strategy of crocodiles. Dinets [12]
divided crocodiles into two kinds of chasers and ambushers when hunting.
The chasers, which are bigger than other crocodiles, follow and chase fishes
toward the shore with a powerful splash of their tail without catching them.
Ambushers, which are smaller and more agile, wait in the shallow and try
to snatch the fish. According to [12], crocodiles have a complicated strategy
to snatch prey. According to the bottom section of Figure 1, the ambushers
swim in a circular pattern around prey and take turns cutting through the
center of the gradually shrinking circle, snatching the prey. According to the
top section of Figure 1, chasers direct prey toward ambusher and attacking
area [12]. In the following, the behaviors of the two groups will be simulated
in mathematical equations.

3.1 Initializing

Like other metaheuristic algorithms, before entering the main phases, the
initializing phase is done. In the initializing phase, several initial solutions
are randomly generated. Indeed, these randomized solutions constitute the
initial population of crocodiles. These solutions are generated with uniform
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random distribution between the lower and upper bounds. These solutions
are generated according to the following equation:

x = LB + r × (UB − LB) . (1)

After determining initial parameters such as the number of population, the
number of max iterations, the lower bound of variables, and the upper bounds
of variables, random solutions (x) are generated based on (2), where LB and
UB are lower and upper bounds of the problem, respectively. Also, r is a
uniform random variable that is generated between zero and one. Then these
solutions are evaluated based on the objective function. In fact, in operators
of CHS, the solutions are evaluated based on the objective function. If a
better solution is found, then it is replaced instead of the best solution. The
better solution has the minimum objective function value, which is known as
the best solution (xprey).

Figure 1: Crocodiles hunting strategy
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3.2 Chasing the prey

In this section, the behavior of the chasers is simulated. As mentioned be-
fore, the population is divided into two sections. Hence, each section makes
up 50 percent of the population. The group of chasers includes the first 50
percent of the solutions. Accordingly, the second part of 50 percent of the
population includes ambushers. These two groups are randomly divided into
two groups of chasers and ambushers. The idea behind simulating the be-
havior of chasers is based on the distance between prey and crocodiles that
simulates the behavior of chasers. As previously mentioned, the chasers are
another group of hunters that follow the prey without catching it and direct
the prey to the shore and shallow area. The following equations are proposed
to simulate this behavior:

di,t =
∣∣∣xtprey − xi,tchaser

∣∣∣ , for all i, (2)

{
xi,t+1
chaser =

(
xi,tchaser − β.d

)
for all i ( ln(it)

ln(maxit) × r) ≥ 0.5, (a)

xi,t+1
chaser = |β − (β.d) | for all i ( ln(it)

ln(maxit) × r) < 0.5. (b)
(3)

Here xtprey denotes the prey position at iteration t and xi,tchaser indicates the
position of the chaser ith at iteration t. The coefficient β has a uniform dis-
tribution that changes between [−3, 3]. This r is a random number between
zero and one. Also, it is the global iteration number and i is local iteration
number in inner loops. These intervals have been obtained experimentally
after successive iterations of the algorithm. According to (3), d is the distance
between the prey and ith chaser. According to (3), two states occur: First,
if it
maxit × r ≥ 0.5, then (3)(a) is implemented, which means that each chaser

in the first group moved toward the prey with a positive coefficient, and if
it

maxit × r < 0.5, then a random search is done. In brief, (3) shows that by an
intelligent approach, in the initial iterations, (3)(b) is more implemented, and
a random search is done. In the last iterations, (3)(a) is more implemented,
and the chasers close to prey by random approach.

3.3 Attacking to prey

The final position of the prey is where the ambushers are waiting to catch the
prey. Indeed, the ambushers camouflage in the final position and the chasers
try to direct the prey to this place or the attacking area. In order to simulate
the attacking phase, it is assumed that attackers are forced to update their
position according to the following equations:

di,t =
∣∣∣xtprey − xi,tambusher

∣∣∣ , for all i, (4)
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A =
apc+ apa+ xprey

3
, (5){

xi,t+1
ambusher =

(
d.cos (2rπ) + xtprey

)
, for all i (p) ≥ 0.5, (a)

xi,t+1
ambusher =

(
xi,tambusher − β(A− xi,tambusher)

)
, for all i (p) < 0.5, (b)

(6)
in which p = ln(it)

ln(maxit) × r Here xi,tambusher shows the position of ith ambusher
at iteration t and d denotes the distance between the ambushers and the prey.
Moreover, apc is the average position of chasers, apa is the average position
of ambushers, and xprey is best position or prey position. Crocodiles update
their position according to the positions of the prey or average of the position
of all groups. In this way, if ( ln(it)

ln(maxit) × r) < 0.5, then (8)(a) is implemented
that means that each ambusher swims around the prey with a rotational
motion, and if ( ln(it)

ln(maxit) × r) ≥ 0.5, then ambushers update their position
according to the average of the position of all groups of chasers, ambushers,
and the position of prey. How to calculate the average position of all groups
is shown in (7).

3.4 Flowchart and pseudocode of the CHS

Given that the CHS algorithm is implemented in MATLAB software 2019b,
in order to provide more explanation of the structure of the programming
of the CHS algorithm, the pseudocode is presented as Algorithm 2, and the
flowchart is shown in Figure 3. According to the pseudocode, after deter-
mining the initial parameters, such as the number of population, the maxi-
mum number of the iteration, the number of population of each group of the
crocodiles, the lower and upper bound of the decision variable, and so on,
the initializing phase is done. In the initializing phase, to create the number
of the population, the random solutions are generated based on the uniform
distribution that all of the solutions are between the lower and upper bounds
of the objective function. These random solutions are evaluated based on
the objective function. Before entering the main phases, the population is
divided into two groups. Fifty percent of the population includes chasers,
and the other fifty percent includes ambushers’ population. It is assumed
that the solution with the minimum objective value is the best solution, and
other members of the population are considered crocodiles. Therefore, the
population number is equal to npop = nc + ng, which is always an even
number. Because the number of the population is halved, the number of all
members of the population is always an even number.

In the following pseudocode, the first phase is performed based on (3)
for each solution of the chasers population. Then each solution is evaluated
based on the objective function. In this phase, if a better solution is found,
then it will be replaced by the best solution. In the second phase, for each
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solution of the ambusher’s population, (8) is performed and each solution
is evaluated. In this phase, a better solution will be replaced instead of
the best solution. According to the flowchart, after passing all phases of
the algorithm, the stopping Criteria’s are checked, if the stopping Criteria’s
are satisfied, then the best solutions, along with the objective value, will be
reported. Otherwise, the number of iterations is added to a unit, and from
the first phase, all steps are repeated.

3.5 Exploration and exploitation

In designing a metaheuristic algorithm, the balancing of the two criteria of ex-
ploration and exploitation increases the efficiency of the algorithm [3, 36, 28].
The experiences show that in the initial iterations, the ability of exploration
should be increased, and in the final iterations, the power of exploitation
should be increased. This means that in the initial iterations, the different
parts of the solution space should be searched, and in the last iterations, the
optimal solution should be searched more accurately. This rule has been ob-
served in the CHS algorithm. In this way, in the exploitation phases, small
mutations occur, and in the exploration phases, longer mutations occur. The
CHS is divided into two phases, and in each phase, there is the main equa-
tion. Equation (3) is the main equation of the first phase and (8) is the
second one. In the first iterations, part (b) of the main equations is more
implemented because, in most solutions, the value of

(
ln(it)

ln(maxit) × r
)
is less

than 0.5 in most cases. Therefore (b) is implemented in most times that (b)’s
increase the power of exploration. Whereas in the last iterations, part (a) of
(3) and (8) is implemented because in most cases the value of

(
ln(it)

ln(maxit) × r
)

is greater than 0.5 that increase the power of exploitation.

4 Evaluation of the CHS algorithm

In this section, two types of test functions are used to evaluate the efficiency
of the CHS algorithm. The first category includes classical benchmark func-
tions, and second category includes constrained engineering design problems.
In addition, several well-known metaheuristics are used to compare with the
CHS algorithm. In the following, classical test functions will be explained
and metaheuristics will be compared using test functions. Then, the compar-
ative results of metaheuristics will be shown in the constrained engineering
design problems.
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Algorithm 1 The pseudocode of the CHS
set initial parameters
best solution=+∞
Initializing
For each population
Generate random position between lower and upper bounds
Evaluation of random position
Update the best solution and current solution
End for
update the best solution
dividing the population into the chasers and ambushers
Main loop
While nfe ≤ maxnfe
-First phase
For each population of chasers
If

(
ln(it)

ln(maxit)
× r

)
> 0.5

Implementing (3)(a)
Else if

(
ln(it)

ln(maxit)
× r

)
≤ 0.5

Implementing (3)(b)
end if
Update the best solution and current solution
End for
-Second phase
For each population of ambushers
If

(
ln(it)

ln(maxit)
× r

)
> 0.5

Implementing (8)(a)
Else if

(
ln(it)

ln(maxit)
× r

)
≤ 0.5

Implementing (8)(b)
end if
Update the best solution and current solution
End for
It=it+1
End while (main loop)
Report the best solution
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Figure 2: The flowchart of the CHS

4.1 Classic test functions

In Table 1, 20 well-known test functions are shown, which are used to evaluate
the CHS algorithm. In this table, the code of each test function, the name of
each function, the lower and upper bounds of each function, the dimensions
investigated, the formula, the minimum value of each function, and the type
of each function in terms of unimodal and multimodal are shown, respectively.
According to Table 1, there are six unimodal and 14 multimodal functions. In
particular, unimodal functions are useful tools for benchmarking exploitation.
In contrast, multimodal functions have many local optima and are suitable
tools to evaluate the ability to the exploration of metaheuristics.

In Table 4, perspective views of the classic test functions are displayed. In
this study, the number of function evaluations (NFE) is used for the stopping
criteria. The value of NFE is equal to NFE = maxit × npop that maxit
denotes a maximum of iteration, and npop denotes the number of population
of the algorithm. For the functions, f1–f12, the value of NFE is 50,000, and
for f13–f20, the value of NFE is 180,000. Because the functions f1–f12 are
investigated in two dimensions, and the functions f13–f20 are investigated in
thirty dimensions. Given that as the dimensions increase, it becomes harder

IJNAO, Vol. 12, No. 2, pp 397–425



408 Balavand

Table 1: Benchmark functions (NF= number of functions, D= dimension,
U=unimodal, M = multimodal)

NF Function Range D Formulation Min type
(f1) Beale [−4.5, 4.5] 2 f (x) = (1.5− x1 + x1x2)

2
+ (2.25− x1 + x1x

2
2)

2
+ (2.625− x1 + x1x

3
2)

2 0 U
(f2) Bird [−2π, 2π] 2 f (x) = sin (x1) .

[[
exp [1− cos(x2)]

2
]
+ cos (x2)

]
.exp

[
1− sin(x1)

2
]
+ (x1 − x2)

2 -106.76 M
(f3) Booth [−10, 10] 2 f (x) = (x1 + 2x2 − 7)

2
+ (2x1 + x2 − 5)

2 0 M

(f4) Carrom- Table [−10, 10] 2 f (x) =

 [−cos2(x1) .cos
2(x2) ].exp

[∣∣∣∣∣ 1−
√

x2
1+x2

2
π

∣∣∣∣∣
]2

30

 -24.157 M

(f5) Cross-in-tray [−10, 10] 2 f (x) = −0.0001.

[∣∣∣∣sin (x1) .sin (x2) .exp [∣∣∣∣100−
(√

x2
1+x

2
2

)
π

∣∣∣∣] + 1

∣∣∣∣]0.1 -2.0626 M

(f6) Cross-Leg -Table [−10, 10] 2 f (x) = − 1∣∣∣∣∣∣sin(x1) .sin(x2) .exp

∣∣∣∣∣∣100−
(√

x2
1+x2

2

)
π

∣∣∣∣∣∣
 +1

∣∣∣∣∣∣
0.1 -1 M

(f7) Crowned cross [−10, 10] 2 f (x) = 0.0001

[∣∣∣∣sin (x1) .sin (x2) .exp [∣∣∣∣100−
(√

x2
1+x

2
2

)
π

∣∣∣∣] + 1

∣∣∣∣]0.1 0.0001 M

(f8) Easom [−100, 100] 2 f (x) = −cos (x1) .cos (x2) .exp(
[
−(x1 − π)

2 − (x2 − π)
2
]

-1 U
(f9) Himmelblau [−5, 5] 2 f (x) = (x21 + x2 − 11)

2
+ (x1 + x22 − 7)

2 0 M
(f10) Matyas [−10, 10] 2 f (x) = 0.26

(
x21 + x22

)
− 0.48x1x2 0 U

(f11) Pen-holder [−11, 11] 2 f (x) = −exp

[
−
∣∣∣∣cos (x1) .cos (x2) .exp [∣∣∣∣1−√x2

1+x
2
2

π

∣∣∣∣]∣∣∣∣]−1

-0.9635 M

(f12) Six-hump-camel [−5, 5] 2 f (x) =
(
4− 2.1x21 +

x4
1

3

)
x21 + x1x2 +

(
4x22 − 4

)
x22 -1.0316 M

(f13) Ackley [−35, 35] 30 f (x) = −20exp
[
−0.2

√
1
n

∑n
i=1 x

2
i

]
− exp

[
1
n

∑n
i=1 cos (2πxi)

]
+ 20 + exp (1) 0 M

(f14) Griewank [−600, 600] 30 f (x) =
∑n
i=1

x2
i

4000 −
∏n
i=1 cos

(
xi√
i

)
+ 1 0 M

(f15) Michalewicz [0, π] 30 f (x) = −
∑n
i=1 sin (xi)sin

2m
(
ix2

i

π

)
-29.630 M

(f16) Rastrigin [−5.12, 5.12] 30 f (x) = 10n+
∑n
i=1

[
x2i − 10cos(2πxi)

]
0 M

(f17) Rosenbrock [−100, 100] 30 f (x) =
∑n−1
i=1 100(xi+1 − x2i )

2
+ (xi − 1)

2 0 M
(f18) Sphere [−100, 100] 30 f (x) =

∑n
i=1 x

2
i 0 U

(f19) Step [−5.12, 5.12] 30 f (x) =
∑n
i=1 (xi + 0.5)

2
0 U

(f20) Quartic [−1.28, 1.28] 30 f (x) =
∑n
i=1 ix

4
i + rand(0, 1) 0 U

to reach the optimal solution; accordingly, it should give more time to the
algorithms for reaching better solutions. Therefore, the value of NFE in
the functions of f13–f20 is greater than f1–f12. In order to validate the results,
the CHS algorithm is compared with four well-known high-performance algo-
rithms that are ACO, DE, genetic algorithm (GA), and PSO. Table 2 shows
the results of the study on classical functions in two dimensions. Among
these functions, there are three unimodal and nine multimodal functions. In
addition, in Tables 2 and 3, three indicators of the best cost, the average of
the best costs, and the standard deviation of the best costs have been used
to investigate the performance of the CHS algorithm in the functions f1–f12.
The average of the best cost is calculated based on A =

∑maxit
i=1 bestcosti

maxit that
bestcosti is the value of the best cost in ith iteration. Also, the standard
deviation of the best cost is calculated based on std = std(bestcosts), in
which bestcosts is the vector of the best costs. In Table 3, the best cost, the
average of the best costs, and the standard deviation of the best costs are
calculated. In this table, the functions of Ackley, Griewank, Michalewicz,
Rastrigin, Rosenbrock, Sphere, Step, and Quartic are investigated in the
thirty dimensions. The Ackley function has plenty of local minimal, and a
large hole is located in the middle of this function. The Griewank function
has a lot of local minimal. The specific structure of the Michalewicz function
makes that this function becomes a hard function. The Rastrigin function is
a high multimodal function, but its local minima are distributed regularly.
The well-known function of Rosenbrock is a hard function that converging
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Table 2: Comparative results of the CHS with ACO, DE, GA, and PSO in two-
dimensional benchmark functions.

Function parameters ACO DE GA CHS PSO
Best 3.7285E-15 0.0000E+00 5.3573E-09 0.0000E+00 0.0000E+00

f1 Mean 3.0446E-04 1.7499E-04 1.4618E-04 2.8217E-03 6.1959E-04
Variance 3.6041E-03 1.4767E-03 2.3619E-03 3.9028E-02 9.8299E-03
Best -1.067E+02 -1.067E+02 -1.067E+02 -1.067E+02 -1.067E+02

f2 Mean -1.0657E+02 -1.0670E+02 -1.0671E+02 -1.0670E+02 -1.0675E+02
Variance 2.3277E+00 6.2301E-01 6.1592E-01 8.0510E-01 1.4927E-01
Best 0.0000E+00 0.0000E+00 6.6867E-05 0.0000E+00 0.0000E+00

f3 Mean 1.1495E-03 1.3656E-02 2.1538E-04 6.3135E-03 1.9529E-03
Variance 2.0576E-02 1.8990E-01 1.7110E-03 1.0428E-01 5.6387E-02
Best -2.4157E+01 -2.4157E+01 -2.4157E+01 -2.4157E+01 -2.4157E+01

f4 Mean -2.4152E+01 -2.4154E+01 -2.4154E+01 -2.4146E+01 -2.4154E+01
Variance 9.7867E-02 6.5639E-02 5.5639E-02 2.5004E-01 7.9855E-02
Best -2.0626E+00 -2.0626E+00 -2.0626E+00 -2.0626E+00 -2.0626E+00

f5 Mean -2.0625E+00 -2.0624E+00 -2.0625E+00 -2.0626E+00 -2.0626E+00
Variance 2.2683E-03 2.9736E-03 3.3138E-03 5.8323E-04 1.0088E-03
Best -8.4778E-02 -8.4778E-02 -8.4778E-02 -1.0000E+00 -8.4778E-02

f6 Mean -7.4230E-02 -7.3789E-02 -7.3789E-02 -1.0000E+00 -5.7640E-02
Variance 2.7300E-02 2.7295E-02 2.7295E-02 0.0000E+00 3.6339E-02
Best 2.3790E-01 1.1795E-03 1.7427E-02 1.0000E-04 1.0000E-04

f7 Mean 4.4454E-01 3.2020E-02 2.8825E-02 1.0092E-03 6.1287E-02
Variance 9.1072E-02 1.0853E-01 6.8593E-02 2.8750E-02 1.6701E-01
Best -1.0000E+00 -1.0000E+00 -1.0000E+00 -1.0000E+00 -1.0000E+00

f8 Mean -9.9294E-01 -9.4630E-01 -9.4630E-01 -9.8772E-01 -9.8969E-01
Variance 7.2850E-02 2.1878E-01 2.1878E-01 8.9564E-02 9.2793E-02
Best 0.0000E+00 7.8886E-31 7.8886E-31 7.8886E-31 7.8886E-31

f9 Mean 5.5989E-03 1.2939E-02 1.3149E-02 1.4854E-02 5.6025E-03
Variance 7.2871E-02 1.6169E-01 1.7269E-01 1.4631E-01 1.2813E-01
Best 3.6536E-14 1.0988E-70 1.0988E-70 0.0000E+00 9.3840E-83

f10 Mean 2.9606E-04 8.5572E-04 8.5572E-04 6.5336E-06 6.4553E-04
Variance 3.8089E-03 1.1494E-02 1.1494E-02 2.0661E-04 1.4383E-02
Best -9.6353E-01 -9.6353E-01 -9.6353E-01 -9.6353E-01 -9.6353E-01

f11 Mean -9.6345E-01 -9.6352E-01 -9.6352E-01 -9.6347E-01 -9.6353E-01
Variance 1.0913E-03 1.1988E-04 1.2088E-03 5.8280E-04 2.5529E-05
Best -1.0316E+00 -1.0316E+00 -1.0316E+00 -1.0316E+00 -1.0316E+00

f12 Mean -1.0303E+00 -1.0311E+00 -1.0307E+00 -1.0301E+00 -1.0308E+00
Variance 3.5421E-02 5.7551E-03 1.7266E-02 3.3696E-02 2.3828E-02

to its optimal global solution has always been a challenge for metaheuris-
tics. The sphere function is unimodal and convex. The Step function is the
same as the Sphere function, with the difference that its center is moved.
The Quartic function is a unimodal function that is always a hard function
among convex functions.

The search history of the CHS algorithm in Ackley, Michalewicz, Ras-
trigin, and Quartic is shown in Table 5. This table shows that the CHS
algorithm uses exploration to search almost all local optimizations, and after
approaching the global solution, it has searched for better solutions around it.
The results obtained in Table 2 show that, in all test functions, the CHS algo-
rithm has a superior performance and reaches the optimal global solution. Ac-
cording to this table, except for f8, the CHS has had a good performance, and
in functions f6, f7, f10, the CHS has had the best performance compared to
other metaheuristics in terms of best costs. The results in Table 3 show the ef-
ficiency of the algorithms in the test functions f13 to f20. Based on this table,
the performance of the CHS algorithm has been better than other algorithms
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Table 3: Comparative results of the CHS with ACO, DE, GA, and PSO in three-
dimensional benchmark functions.

Function parameters ACO DE GA CHS PSO
Best 4.4409E-15 1.5099E-14 4.0861E-02 8.8818E-16 1.5099E-14

f13 Mean 3.4812E-01 1.3290E+00 8.8208E-01 4.3144E-03 3.1990E-01
Variance 2.0814E+00 4.0717E+00 1.9128E+00 1.3531E-01 1.4827E+00
Best 9.8573E-03 0.0000E+00 5.9285E-02 0.0000E+00 1.2321E-02

f14 Mean 2.2289E+00 7.7930E+00 1.5710E+00 3.6101E-03 6.6917E-01
Variance 2.5471E+01 4.4016E+01 1.1665E+01 8.9211E-02 1.0457E+01
Best -1.5282E+01 -2.8588E+01 -2.9588E+01 -2.4338E+01 -2.5882E+01

f15 Mean -1.4375E+01 -2.5639E+01 -2.8840E+01 -2.3855E+01 -2.5667E+01
Variance 1.0662E+00 3.5141E+00 2.2322E+00 1.8568E+00 1.5003E+00
Best 8.9546E+00 3.5499E+01 2.5984E-02 0.0000E+00 3.6813E+01

f16 Mean 3.5185E+01 7.8142E+01 1.2294E+01 1.2679E+00 4.1114E+01
Variance 6.3628E+01 5.0830E+01 3.1570E+01 1.7385E+01 2.4295E+01
Best 2.3585E+01 2.7599E+01 1.8210E+02 1.5166E+00 2.3434E+01

f17 Mean 7.7561E+07 2.2186E+08 9.5396E+06 3.7934E+06 8.7383E+06
Variance 1.1298E+09 1.6832E+09 2.0580E+08 1.5632E+08 2.8500E+08
Best 5.9710E-107 8.2297E-28 1.5372E-02 0.0000E+00 3.2359E-40

f18 Mean 2.3492E+02 8.6412E+02 1.5473E+02 1.6111E+01 6.0851E+01
Variance 2.7076E+03 5.0574E+03 1.2821E+03 5.5154E+02 1.1066E+03
Best 2.7733E-32 1.7133E-30 6.2775E-05 2.9041E-07 0.0000E+00

f19 Mean 5.8458E-01 2.0791E+00 2.4766E-01 9.7130E-02 1.8939E-01
Variance 6.9647E+00 1.2470E+01 2.4888E+00 1.4607E+00 2.9788E+00

f20 Best 1.6655E-03 9.6106E-03 1.9030E-02 3.5024E-05 4.3593E-03
Mean 2.6485E-01 9.6546E-01 7.6241E-02 2.1654E-03 6.1895E-02

Variance 3.8147E+00 7.1113E+00 7.0836E-01 6.8662E-02 1.3975E+00

in terms of the best solution in the functions f13, f14, f16, f17, f18, f20. Further-
more, the CHS algorithm has reached the optimal solution in f14, f16, f18, f20,
and the difference between the optimal solution and the obtained result in
the functions f13, f15, f17, f19 is low. The extreme convergence of the CHS al-
gorithm in multimodal functions f13, f14, f16, f17 and the unimodal functions
f18, f19 , f20 are quite evident in Table 6. In total, among the 20 classic func-
tions, the CHS algorithm has reached the optimal solution in 17 functions,
where among 17 functions, 12 functions are multimodal and five of them are
unimodal. Also, in the six functions, the CHS algorithm has had better re-
sults compared to the other algorithms. In all of the classical test functions
except for f9, in terms of the best solution, none of the algorithms is able
to provide a better solution than the CHS. These results indicate a good
balance between the exploration and exploitation in the CHS algorithm.

4.2 Constrained engineering design problems

In recent years, constrained engineering design problems have been used in
various papers to examine the performance of metaheuristic algorithms. For
example, six constrained engineering design problems to evaluate the crow
search algorithm were used in [5], five constrained engineering design prob-
lems were used to evaluate the league championship algorithm in [22], eight
constrained engineering design problems to examine the mine blast algorithm
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Table 4: Perspective view for benchmark functions
Beale(f1) Bird(f2) Booth(f3) Carrom-table(f4)

Cross-in-tray(f5) Cross-leg-table(f6) Crowned cross (f7) Easom(f8)

Himmelblau(f9) Matyas(f10) Pen-holder(f11) Six-hump-camel(f12)

Ackley(f13) Griewank(f14) Michalewicz(f15) Rosenbrock(f16)

Rastrigin(f17) Sphere(f18) Step(f19) Qartic(f20)
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Table 5: Search history of the CHS
f13 f15

f16 f20

were used in [39], and seven constrained engineering design problems were
solved with water cycle algorithm in [15]. In this section, four constrained
engineering design problems, including a three-bar design problem, pressure
vessel design problem, Tension/compression spring design, and welded beam
design problem, are used to study the performance of the CHS algorithm.
Creating an effective balance in searching between acceptable and unaccept-
able solutions is one of the challenges in solving engineering design problems.
Various strategies have emerged to handle unacceptable areas in evolutionary
computing. Transferring constraints to the objective function with a penalty
factor and transforming the optimization problem into an unstrained prob-
lem [9] is the basic idea of the penalty function. Additive penalty functions
[9, 30] will be used to solve this problem in this paper, which is one of
the famous methods. In order to investigate the performance of the CHS
algorithm, several indicators are used, including the values of the decision
variables, the constraint values, and the best solution. In order to compare
the performance, the following four optimization algorithms were used:

1. FA (firefly algorithm)

2. Harmony Search (HS)

3. SFLA (shuffled frog-leaping algorithm)

4. Teaching-learning-based optimization (TLBO)
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Table 6: Compare performance algorithms
f13 f14

f15 f16

f17 f18

f19 f20
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Table 7: Comparative results of the CHS with FA, HS, SFLA, and TLBO in three-bar
truss design problem.

Parameters FA CHS HS SFLA TLBO
x1 7.886774424E-01 7.886783330E-01 7.880650859E-01 7.865946407E-01 7.886790873E-01
x2 4.082417630E-01 4.082392461E-01 4.099765093E-01 4.141648543E-01 4.082371275E-01
g1 -1.114419668E-11 -1.532325600E-09 4.653166741E-12 6.646239115E-12 -1.276911088E-08
g2 -1.464109036 -1.464111898 -1.462138552 -1.457394322 -1.464114312
g3 -5.358909643E-01 -5.358881039E-01 -5.378614480E-01 -5.426056785E-01 -5.358857010E-01

Best Value 2.638958434E+02 2.638958436E+02 2.638961174E+02 2.638990472E+02 2.638958451E+02

The three-bar truss design problem Minimizing the volume of a statis-
tically loaded three-bar truss with respect to stress limits (σ) [38] is the main
objective in the three-bar truss design problem. The mathematical model of
the problem is based on the following equation:

Minf (x) = (2
√
2x1 + x2)× l

s.t.

g1 (x) =

√
2x1 + x2√

2x21 + 2x1x2
p− σ ≤ 0,

g2 (x) =
x2√

2x21 + 2x1x2
p− σ ≤ 0,

g3 (x) =
1√

2x2 + x1
p− σ ≤ 0,

0 ≤xi ≤ 1, i = 1, 2,

l = 100 cm, p = 2
kN

cm2
, σ = 2

kN

cm2
. (7)

This problem has two continuous decision variables and three unequal
constraints. In Figure 3, the three-bar truss design is represented schemati-
cally. Figure 4 shows the convergence rate of the CHS algorithm in finding
an optimal solution to the three-bar truss design problem.

Figure 3: The three-bar truss design problem
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The results of Table 4 show that there are no significant difference between
decision variables, constraints values, and the best solutions. The best result
is related to the FA algorithm, and then the CHS algorithm outperforms HS,
SFLA, and TLBO. The amount of NFE for solving this problem is assumed
24,000, and the results of the decision variables and the best solution are
equal to

X∗ = (0.7886783, 0.4082392) ,

f(X∗) = 263.8958436.

Figure 4: Convergence rate of the CHS for finding best solution of three-bar truss
design problem

The Pressure vessel design problem As shown in Figure 5, in the design
of a pressure vessel, a cylindrical pressure tank is used that has two joints in
two cylindrical heads. The purpose of this problem is to minimize the weight
of the pressure vessel, including the weight of the shell and the welding lines.
The mathematical model of this problem is shown as follows:

Minf (x) = 0.6224x1x3x4 + 1.7781x2x
2
3 + 3.1661x21x4 + 19.84x21x3

s.t.

g1 (x) = −x1 + 0.0193x3 ≤ 0,

g2 (x) = −x2 + 0.00954x3 ≤ 0,

g3 (x) = −πx23x4 −
4

3
πx33 + 1, 296, 000 ≤ 0

g4 (x) = x4 − 240 ≤ 0,

0 ≤ xi ≤ 100, i = 1, 2,

10 ≤ xi ≤ 200, i = 3, 4.

(8)
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Table 8: Comparative results of the CHS with FA, HS, SFLA, and TLBO in Pressure
vessel design problem.

Parameters FA CHS HS SFLA TLBO
x1 0.8750(14× 0.0625) 0.8125(13× 0.0625) 1(16× 0.0625) 1.1875(19× 0.0625) 0.8125(13× 0.0625)
x2 0.4375(7× 0.0625) 0.4375(7× 0.0625) 0.5000(8× 0.0625) 0.5625(9× 0.0625) 0.4375(7× 0.0625)
x3 4.533678756E+01 4.209844560E+01 5.121941472E+01 5.896226415E+01 4.209844560E+01
x4 1.402538467E+02 1.766365958E+02 8.895572796E+01 4.004432558E+01 1.766365958E+02
g1 3.330669074E-16 2.220446049E-16 -1.146529598E-02 -4.952830189E-02 -1.744160372E-13
g2 -4.987046632E-03 -3.588082902E-02 -1.136678361E-02 3.330669074E-16 -3.588082902E-02
g3 0 0 -1.304185484E-03 0 -3.213062882E-08
g4 -9.974615329E+01 -6.336340416E+01 -1.510442720E+02 -1.999556744E+02 -6.336340416E+01

Best Value 6.090526202E+03 6.059714335E+03 6.466011401E+03 7.050673234E+03 6.059714335E+03

Based on this equation, (x1 or Ts) and (x2 or Th) show the thickness of
the shell and the thickness of the head, respectively. (x3 or R) represents
the inner radius, and (x4 or L) shows the cylindrical section of the vessel.
In order to solve this mixed-integer problem (MLP), the variables Ts and
Th are rounded, which are a coefficient of 0.0625, and R and L are continuous
variables. Figure 6 shows the convergence rate of the CHS algorithm to find
the best solution to this problem.

In order to solve this problem, the algorithms are implemented with NFE
= 180,000. Based on Table 5, the CHS and TLBO algorithms have had better
performance than the FA, HS, and SFLA algorithms. The values of decision
variables and the value of the objective function at the best solution are

X∗ = (0.8125, 0.4375, 42.0984456, 176.6365958) ,

f(X∗) = 6059.7143350.

Figure 5: Pressure vessel design problem

Tension/compression spring design optimization problem The ob-
jective of this problem is to minimize tension/spring weight with a linear
constraint and three nonlinear constraints [8]. Based on the following equa-
tion, the diameter of the wire (x1), the mean diameter of the coil (x3), and
the number of active coils (x2), are the decision variables of this problem:

Minf (x) = (x3 + 2)x2x
2
1
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Figure 6: Convergence rate of the CHS for finding the best solution of pressure vessel
design problem

s.t.

g1 (x) = 1− x32x3
71, 785x41

≤ 0,

g2 (x) =
4x22−x1x2

12, 566 (x2x31 − x41)
+

1

5108x21
− 1 ≤ 0,

g3 (x) = 1− 140.45x1
x22x3

≤ 0,

g4 (x) =
x1 + x2
1.5

− 1 ≤ 0,

0.05 ≤ x1 ≤ 2, 0.25 ≤ x2 ≤ 1.3, 2 ≤ x3 ≤ 15. (9)

The schematic representation of the problem is shown in Figure 7. Figure 8
shows the convergence rate of the CHS algorithm in finding the optimal so-
lution to the three-tension/compression spring design optimization problem.

Figure 7: Tension/compression spring structure

In order to evaluate the performance of the algorithms in this problem,
the value of NFE is considered 60,000. The comparative results in Table 6
show that the best performance is related to the CHS algorithm. The FA and
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Figure 8: Convergence rate of the CHS for finding best solution of Tension/compression
spring design optimization problem

Table 9: Comparative results of THE CHS with FA, HS, SFLA, and TLBO in
Tension/compression spring design optimization problem.

Parameters FA CHS HS SFLA TLBO
x1 5.184988445E-02 5.184055530E-02 5.978313881E-02 5.743674882E-02 5.196149787E-02
x2 3.605990697E-01 3.603732438E-01 5.845192287E-01 5.114076090E-01 3.633072944E-01
x3 1.106499114E+01 1.107782927E+01 4.591474470 5.841058341 1.091284592E+01
g1 5.184988445E-02 -2.220446049E-16 -5.553424742E-08 -2.220446049E-16 -5.536883352E-08
g2 0 -2.220446049E-16 -5.749327642E-07 -3.330669074E-16 -1.695190543E-08
g3 -4.061383701 -4.060945295 -4.352426075 -4.280629258 -4.066606162
g4 -7.250340306E-01 -7.251908006E-01 -5.704650883E-01 -6.207704281E-01 -7.231541385E-01

Best Value 1.266570321E-02 1.266565028E-02 1.377015419E-02 1.322883405E-02 1.266658115E-02

TLBO algorithms have comparative results that show a better performance
than HS and TLBO. The decision variables and the value of the objective
function at the best solution are

X∗ = (0.051840, 0.360373, 11.077829) ,

f(X∗) = 0.0126657.

The welded beam design problem The aim of this problem is to minimize
the cost of the welded beam based on the shear stress τ , bending stress in
the beam σ, buckling load on the bar pc, and end deflection on the beam δ.
Based on (10), the decision variables are the weld thickness (x1), the weld
length (x2), the height of the bar (x3), and the thickness of the bar (x4). In
Figure 9, the welded beam design problem is shown schematically. Figure
10 shows the convergence rate of the CHS algorithm in finding the optimal
solution to this problem. Equation (10) shows that this problem has two
linear and five nonlinear unequal constraints as follows:
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Minf (x) =1.10471x21x2 + 0.004811x3x4(14 + x2)

s.t.

g1 (x) =τx − τmax ≤ 0,

g2 (x) =σx − σmax ≤ 0,

g3 (x) =x1 − x4 ≤ 0,

g4 (x) =1.10471x21 + 0.04811x3x4 (14 + x2)− 5 ≤ 0,

g5 (x) =0.125− x1 ≤ 0,

g6 (x) =δx − δmax ≤ 0,

g7 (x) =p− pc (x) ≤ 0, (10)

where

τ (x) =

√
(τ)

2
+ 2ττ

x2

2R
+ (τ)

2
,

τ =
p√

2x1x2
, τ =

MR

j
, M = P

(
L+

x2
2

)
,

R =

√
x22

4
+

(
x1 + x3

2

)2

, δ (x) =
4PL3

Ex33x4
,

J =2

[
√
2x1x2

{
x2

2

12
+

(
x1 + x3

2

)2
}]

, σ (x) =
6PL

x4x23
,

Pc (x) =
4.013E

√
x2
3x

6
4

36

L2

(
1− x3

2L

√
E

4G

)
,

P =6000 lb, L = 14 in, E = 30e6 psi,

G =12e6 psi, σmax = 30, 000 psi,

τmax =13, 600 psi,

δmax =0.25 in, 0.1 ≤ x1 ≤ 2, 0.1 ≤ x2 ≤ 10,

0.1 ≤x3 ≤ 10, 0.1 ≤ x4 ≤ 2.
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Figure 9: The welded beam design problem

Figure 10: Convergence rate of the CHS for finding best solution of Welded beam
design problem

Based on Table 7, with NFE = 60, 000, each of the three algorithms,
the FA, CHS, and TLBO algorithms, have had the same results in the values
of decision variables, constraint values, and best solutions that have outper-
formed HS and SFLA. The decision variables and the value of the objective
function at the best solution are

X∗ = (0.2057296, 3.4704887, 9.0366239, 0.2057296) ,

f(X∗) = 1.7248523.
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Table 10: Comparative results of The CHS with FA, HS, SFLA, and TLBO in Welded
beam design problem.

Parameters FA CHS HS SFLA TLBO
x1 2.057296398E-01 2.057296398E-01 2.350586911E-01 2.058573368E-01 2.057296398E-01
x2 3.470488665 3.470488665 3.166035310 3.468820796 3.470488665
x3 9.036623910 9.036623910 8.363477126 9.033820685 9.036623910
x4 2.057296398E-01 2.057296398E-01 2.401792830E-01 2.058573368E-01 2.057296398E-01
g1 0 0 -1.177816867E-02 -1.818989404E-12 0
g2 -7.275957614E-12 -7.275957614E-12 -6.404832093E-04 0 -2.182787284E-11
g3 6.695199950E-12 6.659200968E-12 -5.120591985E-03 8.307909916E-12 6.767586491E-12
g4 -3.432983785 -3.432983785 -3.335285590 -3.432642630 -3.432983785
g5 -8.072963979E-02 -8.072963979E-02 -1.100586911E-01 -8.085733680E-02 -8.072963979E-02
g6 -2.355403226E-01 -2.355403226E-01 -2.343765145E-01 -2.355358357E-01 -2.355403226E-01
g7 0 0 -3.061301599E+03 -9.953428131 0

Best Value 1.724852309 1.724852309 1.852177649 1.725311383 1.724852309

5 Conclusion

In this study, the CHS (crocodile optimization algorithm) was investigated
as a swarm intelligence algorithm. The CHS algorithm was classified as the
population-based algorithm that simulates the behavior of the crocodiles in
finding food. Crocodiles have proper strategies while hunting. In this way,
when hunting, the population is divided into two groups: the chasers and
the ambushers. The chasers direct the prey to the attacking area without
catching it, and the ambushers hide in the attacking area and attack fishes
in the attacking area. Using this strategy, the prey was directed to the at-
tacking area and eventually was hunted by the ambushers and chasers. In
designing the CHS, two main equations were proposed for each group. The
structure of the algorithm was designed in such a way that explorations are
done in the first iterations, and exploitations are done in the last iterations.
In order to evaluate the efficiency of the CHS algorithm, 20 classical test
functions and four constrained engineering design problems were used. In
classical benchmarks, 12 classic test functions were in two dimensions and
eight classic test functions were investigated in 30 dimensions. In sum, it can
be said that in the classical test functions, the CHS algorithm shows a better
performance than the other algorithms in terms of convergence rate in less
iteration and the exploration and exploitation capability. In addition, in con-
strained engineering design problems, the CHS algorithm was outperformed
and able to produce good results. This performance showed that there is
a good balance between exploration and exploitation in the CHS algorithm
and that the equations are correctly designed.
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1 Introduction

Scientists are interested in nonlinear problems because most engineering, bi-
ology, mathematics, physics, and other science problems are naturally non-
linear. The standard nonlinear equation system is represented by

F (x) = 0, (1)

where F : Rn → Rn is a nonlinear map. The space Rn denotes the n-
dimensional real space, ‖ · ‖ is the Euclidean norm, and Fk = F (xk) is used
throughout this paper. Further applications of problem (1) can be found
in chemical equilibrium systems [16] and signal and image processing [25].
The Chandrasekhar H-equation that arises in the theory of radioactive heat
transfer is a nonlinear integral equation that can be discretized into non-
linear equations [20]. Iterative methods for solving these problems include
the Newton and quasi-Newton methods [4, 21, 26, 14], Levenberg–Marquardt
methods [15, 13, 12], matrix-free methods [17, 1, 8], and tensor methods [2].
Typically, the iterative formula for solving these methods is given by

xk+1 = xk + αkdk, k = 0, 1, . . . , (2)

where xk+1 represents a current iterate, xk is the previous iterate, αk is a step
length, and dk is the search direction can be calculated by solving system of
linear equations as follows:

Fk + F ′
kdk = 0, (3)

where F ′
k is the Jacobian matrix of Fk at xk. One of the most important

requirements of the line search is to reduce the function values sufficiently
[9, 11], as shown below:

‖Fk+1‖ ≤ ‖Fk‖. (4)

Irrespective of how appealing the Newton and quasi-Newton approaches
are, the Jacobian matrix or its approximation can be calculated at each
iteration, making them unsuitable for solving large-scale problems. Due to
the drawbacks of these methods, the double direction technique has been
proposed [6], with the following iterate:

xk+1 = xk + αkdk + α2
kbk, (5)

where dk and bk are search directions, respectively.

Suppose that f is a merit function defined by

f(x) =
1

2
‖F (x)‖2. (6)
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Then problem (1) is analogous to the unconstrained optimization problem
described below:

min f(x), x ∈ Rn, (7)

where f : Rn → R, and condition (4) is equivalent to

f(xk + αkdk) ≤ f(xk). (8)

The iterative method generating the sequence {xk} that satisfies (4) is called
the norm descent method [9]. If dk is a descent direction of f at xk, then con-
dition (8) holds for all αk > 0 small enough. The Newton method (NM) with
line search is norm descent. Nonetheless, dk might not be a descent direction
of f at xk for quasi-Newton methods, even if the approximation of the Ja-
cobian matrix Bk is positive definite and symmetric. Li and Fukushima [14]
proposed an approximately norm-descent line search approach. However, the
proposed method is not norm descent, but they established a global conver-
gence theorem under the assumption that Jacobian is uniformly nonsingular.

The concept of the double direction approach was suggested by Duranović-
Miličić [6] by using a multi-step iterative scheme and curve search to generate
new iterates. However, in [7], another double direction algorithm was also
presented to minimize nondifferentiable functions. Motivated by the work
presented in [7], Petrović and Stanimirović [19] suggested a double direc-
tion model for solving unconstrained optimization problems. They used the
acceleration parameter γk to approximate the Hessian matrix, that is,

52f(xk) ≈ γkI, (9)

where I is the identity matrix, and the sequence of iterates {xk} is gener-
ated using (5). The attractive feature of the scheme in [19] is that the two
directions presented in their work are derivative-free. Therefore, it enables
their method to solve large-scale problems. However, the literature is infre-
quent to study derivative-free double direction methods for solving nonlinear
equations. Based upon the idea presented in [19], Halilu and Waziri used
the scheme in (5) to propose a method for solving a system of nonlinear
equations using a double direction approach. They used the acceleration
parameter γk > 0 in their work to approximate the Jacobian matrix, that is,

F ′
k ≈ γkI, (10)

where I is an identity matrix and the acceleration parameter is derived as

γk+1 =
yTk yk

(αk + α2
kγk)y

T
k dk

. (11)

The method’s global convergent is proved by assuming that the Jacobian of
F is positive definite and bounded. The double direction scheme is justified
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by the fact that scheme (5) contains two corrections. If one of the iterative
corrections fails, then the system will be corrected by the second.

The implementation of double direction is additionally enhanced by
Petrović [18], where the double step length scheme for the unconstrained
optimization problem is presented as

xk+1 = xk + αkdk + βkbk, (12)

where αk and βk are two different step lengths. The numerical results indi-
cated the approach is quite effective compared to the double direction method
in [19]. The authors in [8] incorporated the concept in (12) and transformed
the double step length method for solving (1) to improve the numerical re-
sults and global convergence properties of the double direction scheme. The
numerical results exhibited that the method in [8] is more reasonable than
the method in [10] because it converges faster. Furthermore, the method
[8] is globally converged using the line search proposed in [14]. Motivated
by the work in [8], Halilu and Waziri [11] presented an inexact double step
length method for solving (1). The attractive feature of this method is that
it has a double step length and a single direction that satisfies the decent
properties independent of line search. Despite the good convergence prop-
erties of the method in [10], its numerical performance is defined as weaker.
Therefore, motivated by this reason, we aim to develop a globally converged
derivative-free method with a line search to solve a system of nonlinear equa-
tions without calculating the Jacobian matrix.

Table 1: Authors’ contribution table
Author’s Name Derivative-free Matrix-free Double Direction Global Convergence Application

Duranović-Miličić [6] ✓ ✓ ✓ ✓
Halilu and Waziri [10] ✓ ✓ ✓ ✓
Duranovic-Milicic [7] ✓ ✓ ✓ ✓

Musa, Waziri, and Halilu [17] ✓ ✓
Abdullahi, Waziri, and Halilu [1] ✓ ✓ ✓ ✓
Petrović and Stanimirović [19] ✓ ✓ ✓ ✓

Kanzow et al. [12] ✓ ✓
Halilu and Waziri [11] ✓ ✓ ✓ ✓ ✓

Yuan and Lu [26] ✓ ✓
Waziri et al. [23] ✓ ✓ ✓

Halilu and Waziri [8] ✓ ✓ ✓ ✓
Li and Fukushima [14] ✓ ✓
Halilu and Waziri [9] ✓ ✓ ✓ ✓

petrović [18] ✓ ✓ ✓ ✓
This article ✓ ✓ ✓ ✓ ✓

The research gap between the existing method and this article is described
in Table 1 above. The table clearly shows that only the proposed method
is derivative-free, matrix-free, double direction method, globally convergent,
and can be applied to solve discretized Chandrasekhar’s integral equation
among the listed articles.

We now describe how the paper is structured. The proposed method’s
algorithm will be presented in section 2. Section 3 illustrates the convergence
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results. Section 4 contains a list of numerical experiments and applications
of the proposed method to Chandrasekhar’s integral equation, which arises
in radiative heat transfer. Section 5 concludes the paper.

2 Main result

In this section, we present the algorithm of our method. We suggest that the
dk and bk in (5) are defined as follows:

dk = −γ−1
k Fk (13)

and
bk = −Fk, (14)

where γk > 0 is an acceleration parameter. By substituting (13) and (14)
into (5), we obtain

xk+1 = xk − (αk + α2
kγk)γ

−1
k Fk. (15)

The acceleration parameter can be obtained using Taylor’s series expansion
below:

Fk+1 ≈ Fk + F ′(ψ)(xk+1 − xk). (16)

By multiplying (16) through by θk, we have

θkFk+1 ≈ θkFk + θkF
′(ψ)(αk + α2

kγk)dk, (17)

where θk > 0 and ψ satisfies the conditions ψ ∈ [xk, xk+1] and

ψ = xk + ζ(xk+1 − xk), 0 ≤ ζ ≤ 1. (18)

Taking ζ = 1 in (18), obtain ψ = xk+1.
We like to make Jacobian approximations via

θkF
′(ψ) ≈ γk+1I. (19)

Using (17) and (19), it is easy to confirm that

γk+1sk = θkyk, (20)

where sk = (αk + α2
kγk)dk, yk = Fk+1 − Fk, and θk =

sTk sk
yTk sk

(see [24]).

The proposed acceleration parameter is defined by multiplying yTk on both
sides of (20)

γk+1 =
‖sk‖2‖yk‖2

(αk + α2
kγk)

2(yTk dk)
2
. (21)
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Our proposed scheme is given by equation (22) below based on (13) and (15):

xk+1 = xk + (αk + α2
kγk)dk. (22)

Algorithm 1 Modification of the double direction approach (MDFDD)
Input: Given x0, γ0 = 1, ϵ = 10−5, ϕ1 > 0, ϕ2 > 0, and r ∈ (0, 1), set k = 0.
Step 1: Compute Fk.
Step 2: If ‖Fk‖ ≤ ϵ, then stop; otherwise, proceed to Step 3.
Step 3: Calculate search direction dk = −γ−1

k Fk.
Step 4: Set xk+1 = xk + (αk + α2

kγk)dk, where αk = rak with ak being the
smallest nonnegative integer a such that

f(xk+(αk+α
2
kγk)dk)− f(xk) ≤ −ϕ1‖αkFk‖2−ϕ2‖αkdk‖2+ τkf(xk). (23)

Let {τk} be a given positive sequence such that
∞∑
k=0

τk < τ <∞. (24)

Step 5: Compute Fk+1.

Step 6: Determine γk+1 =
‖sk‖2‖yk‖2

(αk + α2
kγk)

2(yTk dk)
2
.

Step 7: Consider k = k + 1 and go to Step 2.

3 Convergence Analysis

We present how the proposed Algorithm 2 (MDFDD) converges globally in
this section. Let us start by defining the level set

Ω = {x|‖F (x)‖ ≤ ‖F (x0)‖}. (25)

However, we require the following assumptions:

Assumption 1. However, we state the following assumptions:

1. There exists x∗ ∈ Rn such that F (x∗) = 0.

2. F is continuously differentiable in some neighborhood say Q of x∗ con-
taining Ω.

3. The Jacobian of F is bounded and positive definite on Q. That is, there
exist positive constants H > h > 0 such that

‖F ′(x)‖ ≤ H for all x ∈ Q, (26)
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and
h‖d‖2 ≤ dTF ′(x)d for all x ∈ Q, d ∈ Rn. (27)

Remark 1. We make the following remark:
Assumption 1 implies that there exist constants H > h > 0 such that

h‖d‖ ≤ ‖F ′(x)d‖ ≤ H‖d‖ for all x ∈ Q, d ∈ Rn, (28)

h‖x− y‖ ≤ ‖F (x)− F (y)‖ ≤ H‖x− y‖ for all x, y ∈ Q. (29)

Since γkI approximates F ′
k along sk, the following assumption can be

made.

Assumption 2. γkI is a good approximation to F ′
k, that is,

‖(F ′
k − γkI)dk‖ ≤ ε‖Fk‖, (30)

where ε ∈ (0, 1) is a small quantity [26].

Lemma 1. Suppose that Assumption 2 holds, and let {xk} be generated by
the MDFDD algorithm. Then dk is a sufficient descent direction for f(xk)
at xk, that is,

▽f(xk)T dk < c‖Fk‖2, c > 0. (31)

Proof. From (13), we have

▽f(xk)T dk = FTk F
′
kdk

= FTk [(F ′
k − γkI)dk − Fk]

= FTk (F ′
k − γkI)dk − ‖Fk‖2,

(32)

by the Cauchy–Schwarz inequality, we have

▽f(xk)T dk ≤ ‖Fk‖‖(F ′
k − γkI)dk‖ − ‖F (xk)‖2

≤ −(1− ϵ)‖F (xk)‖2.
(33)

This lemma is true for ε ∈ (0, 1).
We can conclude from Lemma 1 that the norm function f(xk) is a descent

along dk, which means that ‖Fk+1‖ ≤ ‖Fk‖ is true.

Lemma 2. Suppose that Assumption 1 holds, and let {xk} be generated by
the MDFDD algorithm. Then {xk} ⊂ Ω.

Proof. From Lemma 1, we have ‖Fk+1‖ ≤ ‖Fk‖. Furthermore, for all k,

‖Fk+1‖ ≤ ‖Fk‖ ≤ ‖Fk−1‖ ≤ · · · ≤ ‖F0‖.

This means that {xk} ⊂ Ω.
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Lemma 3 (see [26]). Suppose that Assumption 1 holds, and let {xk} be
generated by the MDFDD algorithm. Then there exists a constant m > 0
such that for all k,

yTk sk ≥ h‖sk‖2. (34)

Lemma 4. Suppose that Assumption 1 holds and that {xk} is generated by
the MDFDD algorithm. Then

lim
k→∞

‖αkdk‖ = lim
k→∞

‖sk‖ = 0 (35)

and
lim
k→∞

‖αkFk‖ = 0. (36)

Proof. By (23) for all k > 0

ϕ2‖αkdk‖2 ≤ ϕ1‖αkFk‖2 + ϕ2‖αkdk‖2

≤ ‖Fk‖2 − ‖Fk+1‖2 + τk‖Fk‖2.
(37)

By summing the above inequality, we have

ϕ2

k∑
i=0

‖αidi‖2 ≤
k∑
i=0

(
‖Fi‖2 − ‖Fi+1‖2

)
+

k∑
i=0

ηi‖Fi‖2,

= ‖F0‖2 − ‖Fk+1‖2 +
k∑
i=0

τi‖Fi‖2,

≤ ‖F0‖2 + ‖F0‖2
k∑
i=0

τi,

≤ ‖F0‖2 + ‖F0‖2
∞∑
i=0

τi.

(38)

From the level set and the fact that {τk} satisfies (24), then the series
∞∑
i=0

‖αidi‖2 converges. This implies (35). Using the same logic as above,

but this time with ϕ1‖αkFk‖2 on the left, we obtain (36).

Lemma 5. Suppose that Assumption 1 holds, and let {xk} be generated by
the MDFDD algorithm. Then there exists a constant m1 > 0 such that for
all k > 0,

‖dk‖ ≤ B. (39)

Proof. From (13) and (21), we have
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‖dk‖ =

∥∥∥∥∥− (yTk−1sk−1)
2Fk

‖yk−1‖2‖sk−1‖2

∥∥∥∥∥
≤ ‖Fk‖‖sk−1‖2‖yk−1‖2

‖sk−1‖2‖yk−1‖2

≤ ‖F0‖.

(40)

Choosing B = ‖F0‖, we have (39).

Theorem 1. Suppose that Assumption 1 holds, and let {xk} be generated
by the MDFDD algorithm. Assume further, for all k > 0,

αk ≥ λ
|FTk dk|
‖dk‖2

, (41)

where λ is some positive constant. Then

lim
k→∞

‖Fk‖ = 0. (42)

Proof. From Lemma 5, we have (39). Also, from (35) and the boundedness
of {‖dk‖}, we have

lim
k→∞

αk‖dk‖2 = 0. (43)

From (41) and (43), we have

lim
k→∞

|FTk dk| = 0. (44)

Also, from (13), we have

FTk dk = −γ−1
k ‖Fk‖2, (45)

‖Fk‖2 = ‖ − FTk dkγk‖
≤ |FTk dk||γk|.

(46)

Since

γ−1
k =

(yTk−1sk−1)
2

‖yk−1‖2‖sk−1‖2
≥ h2‖sk−1‖4

‖yk−1‖2‖sk−1‖2
≥ h2‖sk−1‖2

H2‖sk−1‖2
=

h2

H2
,

then
|γ−1
k | ≥ h2

H2
.

Therefore from (46), we have

‖Fk‖2 ≤ |FTk dk|
(
H2

h2

)
. (47)
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As a result,

0 ≤ ‖Fk‖2 ≤ |FTk dk|
(
H2

h2

)
−→ 0. (48)

Hence,
lim
k→∞

‖Fk‖ = 0. (49)

4 Numerical experiments

The first part of this section provides numerical results to demonstrate the
efficacy of the proposed method by comparing it with existing methods.

• IDFDD: Algorithm 1 proposed in [10].

• IDSL: Algorithm 1 proposed in [11].

The MDFDD method is used in the second part to solve the problem of
Chandrasekhar’s integral equation in radiative heat transfer. The computer
codes used were written in MATLAB 9.4.0 (R2018a) and ran on a computer
with a 1.80 GHz CPU processor and 8 GB RAM.

4.1 Experiment of some nonlinear systems of equations

In the experiments, we implemented the three algorithms using the same
line search (23), with ϕ1 = ϕ2 = 10−4, r = 0.2, and τk =

1

(k + 1)2
. The

iteration is set to stop for the three methods if ‖Fk‖ ≤ 10−5 or when the
number of iterations overreaches 1000, but there is no xk meeting the stopping
criterion. The numerical effects of the three methods are shown in Tables 3–9,
where “ITRN,” “CTM(S),” and “IP” represent the total number of iterations,
CPU time (in seconds), and initial points, respectively. In addition, ‖Fk‖
represents the residual value at the stopping point. The symbol “-” indicates
failure due to a memory requirement or when some iterations exceed 1000.
We tested the three methods on the current seven test problems, each with a
different set of initial points and dimensions (n values). The experiment was
carried out with the dimensions 100, 1,000, 2,000, 10,000, 50,000, and 100,000
to demonstrate the comprehensive numerical experiments of the MDFDD,
IDFDD, and IDSL methods. Table 2 contains the starting points for the test
problems.

The experiments made use of the following test problems:
Problem 1 [8]
F1 = x1 − ecos(

x1+x2
n+1 ),
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Table 2: Initial points used in test problems

INITIAL POINTS (IP) VALUES
IP1

(
1
2 ,

1
2 , . . . ,

1
2

)T
IP2

(
1
5 ,

1
5 , . . . ,

1
5

)T
IP3

(
3
2 ,

3
2 , . . . ,

3
2

)T
IP4

(
2
5 ,

2
5 , . . . ,

2
5

)T
IP5

(
0, 12 ,

2
3 , . . . , 1−

1
n

)T
IP6

(
1
4 ,

−1
4 , . . . ,

(−1)n

4

)T
IP7

(
1, 12 ,

1
3 , . . . ,

1
n

)T .

Fi = xi − e
cos

(
xi−1+xi+xi+1

n+1

)
,

Fn = xn − e
cos

(
xn−1+xn

n+1

)
, i = 2, 3, . . . , n− 1.

Problem 2 [11]
Fi(x) = xi(1 + xixn−2xn−1xn)− 2 + (1− x2i ), i = 1, 2, . . . , n.

Problem 3 [24]
Fi(x) = xi − xi

(
sinxi − 11

50

)
+ 2, i = 1, 2, . . . , n.

Problem 4 [10]
F1(x) = (x21 + x22)x1 − 1,
Fi(x) = (x2i−1 + 2x2i + x2i+1)xi − 1,
Fn(x) = (x2n−1 + x2n)xn, i = 2, 3, . . . , n− 1.

Problem 5 [10]
Fi(x) = 2xi − sin |xi|, i = 1, 2, . . . , n.

Problem 6 [11]
F (x) = Ax+ b1,

where A =



2 −1
−1 2 −1

. . . . . . . . .
. . . . . . −1

−1 2

, and b1 = (ex1 − 1, . . . , exn − 1)T .

Problem 7 [8]
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F (x) = Bx+ b2,

where B =



2 −1
0 2 −1
. . . . . . . . .

. . . . . . −1
−1 2

, and b2 = (sinx1 − 1, . . . , sinxn − 1)T .

Table 3: Numerical outcomes of MDFDD, IDFDD, and IDSL methods for
problem 1

MDFDD IDFDD IDSL
Dimension IP ITRN CTM(S) ‖Fk‖ ITRN CTM(S) ‖Fk‖ ITRN CTM(S) ‖Fk‖

100 IP1 6 0.009 7.44E-06 60 0.031 8.35E-06 41 0.015 9.86E-06
IP2 11 0.020 2.67E-06 60 0.023 9.48E-06 42 0.013 7.83E-06
IP3 6 0.013 9.57E-06 58 0.022 7.93E-06 40 0.022 7.72E-06
IP4 7 0.009 7.55E-06 60 0.020 8.73E-06 42 0.015 7.21E-06
IP5 7 0.023 7.17E-06 59 0.023 8.78E-06 41 0.014 7.88E-06
IP6 8 0.024 7.36E-06 61 0.018 8.49E-06 42 0.026 9.23E-06
IP7 10 0.027 6.68E-06 61 0.019 7.64E-06 42 0.023 8.3E-06

1,000 IP1 3 0.005 4.35E-07 96 0.057 8.59E-06 45 0.031 7.51E-06
IP2 3 0.005 5.13E-07 96 0.077 9.76E-06 45 0.051 8.52E-06
IP3 3 0.007 2.09E-07 94 0.056 8.17E-06 43 0.029 8.41E-06
IP4 3 0.005 4.6E-07 96 0.058 8.98E-06 45 0.057 7.84E-06
IP5 3 0.009 3.17E-07 95 0.057 8.8E-06 44 0.035 8.34E-06
IP6 3 0.007 6.38E-07 97 0.058 8.74E-06 46 0.055 7.03E-06
IP7 3 0.011 5.66E-07 97 0.092 7.98E-06 45 0.051 9.17E-06

10,000 IP1 3 0.017 1.38E-10 111 0.486 9.05E-06 48 0.239 8.14E-06
IP2 3 0.035 1.63E-10 112 0.492 7.81E-06 48 0.206 9.24E-06
IP3 3 0.022 6.64E-11 109 0.477 8.6E-06 46 0.266 9.13E-06
IP4 3 0.034 1.46E-10 111 0.485 9.45E-06 48 0.182 8.51E-06
IP5 3 0.037 1E-10 110 0.483 9.23E-06 47 0.232 9.01E-06
IP6 3 0.021 2.03E-10 112 0.500 9.2E-06 49 0.182 7.63E-06
IP7 3 0.034 1.8E-10 112 0.490 8.42E-06 48 0.206 9.97E-06

50,000 IP1 3 0.103 4.96E-13 114 1.948 8.88E-06 50 0.752 8.92E-06
IP2 3 0.087 5.96E-13 115 1.985 7.66E-06 51 0.778 7.09E-06
IP3 2 0.072 8.87E-06 112 1.910 8.44E-06 48 0.718 1E-05
IP4 3 0.113 4.96E-13 114 1.949 9.28E-06 50 0.748 9.32E-06
IP5 3 0.101 2.99E-13 113 1.934 9.05E-06 49 0.903 9.87E-06
IP6 3 0.093 6.95E-13 115 1.978 9.03E-06 51 0.752 8.36E-06
IP7 3 0.079 5.96E-13 115 1.933 8.27E-06 51 0.760 7.65E-06

100,000 IP1 2 0.082 6.57E-06 115 4.097 9.54E-06 51 1.465 8.83E-06
IP2 2 0.116 7.75E-06 116 4.347 8.23E-06 52 1.534 7.02E-06
IP3 2 0.104 3.14E-06 113 3.826 9.07E-06 49 1.392 9.9E-06
IP4 2 0.108 6.95E-06 115 3.872 9.97E-06 51 1.497 9.23E-06
IP5 2 0.104 4.76E-06 114 3.852 9.73E-06 50 1.473 9.77E-06
IP6 2 0.095 9.65E-06 116 3.923 9.71E-06 52 1.536 8.27E-06
IP7 2 0.099 8.57E-06 116 3.827 8.89E-06 52 1.537 7.57E-06

From Tables 3–9, we can observe that the three methods are trying
to solve (1). However, the improvement and effectiveness of the proposed
method are pretty straightforward. The tables indicated that modifying
the IDFDD method in the proposed scheme is a good improvement. The
MDFDD method remarkably outperforms the IDFDD and IDSL methods
for nearly all the problems assessed since it has the least number of iter-
ations, which are far below the number of iterations for the IDFDD and
IDSL methods. Moreover, the proposed method has less CPU time than the
IDFDD method. However, the MDFDD method has a higher CPU time than
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Table 4: Numerical outcomes of MDFDD, IDFDD, and IDSL methods for
problem 2

MDFDD IDFDD IDSL
Dimension IP ITRN CTM(S) ‖Fk‖ ITRN CTM(S) ‖Fk‖ ITRN CTM(S) ‖Fk‖

100 IP1 13 0.026 6.15E-06 26 0.022 7.35E-06 37 0.010 8.96E-06
IP2 20 0.036 9.95E-06 19 0.014 9.06E-06 28 0.012 9.49E-06
IP3 15 0.043 5.55E-06 30 0.022 7.09E-06 43 0.021 7.75E-06
IP4 18 0.018 4.46E-06 27 0.018 9.54E-06 33 0.017 8.71E-06
IP5 20 0.024 6.27E-06 64 0.041 9.19E-06 34 0.009 8.09E-06
IP6 11 0.017 5.10E-06 30 0.023 7.61E-06 38 0.012 9.29E-06
IP7 23 0.043 6.62E-06 39 0.024 6.34E-06 43 0.021 9.82E-06

1,000 IP1 19 0.062 2.86E-07 28 0.020 9.52E-06 40 0.013 9.72E-06
IP2 17 0.040 7.93E-06 22 0.025 7.51E-06 32 0.025 7.21E-06
IP3 20 0.072 5.27E-06 32 0.032 9.18E-06 46 0.028 8.4E-06
IP4 16 0.050 6.52E-06 30 0.024 7.91E-06 36 0.027 9.45E-06
IP5 18 0.062 8.70E-06 71 0.054 7.79E-06 34 0.027 7.27E-06
IP6 12 0.045 5.73E-06 32 0.020 9.85E-06 42 0.039 7.06E-06
IP7 24 0.065 6.80E-06 43 0.018 5.72E-06 43 0.032 9.51E-06

10,000 IP1 33 0.300 5.24E-06 31 0.174 7.89E-06 44 0.153 7.38E-06
IP2 41 0.345 3.48E-06 24 0.143 9.72E-06 35 0.131 7.82E-06
IP3 14 0.208 7.43E-06 35 0.129 7.61E-06 49 0.185 9.11E-06
IP4 35 0.269 3.35E-06 33 0.174 6.55E-06 40 0.101 7.17E-06
IP5 17 0.220 6.73E-06 70 0.209 8.45E-06 33 0.119 9.98E-06
IP6 14 0.207 4.16E-07 35 0.119 8.17E-06 45 0.141 7.65E-06
IP7 29 0.350 5.4E-06 44 0.157 8E-06 46 0.137 7.38E-06

50,000 IP1 37 0.719 2.83E-06 33 0.443 7.23E-06 46 0.389 8.08E-06
IP2 45 0.792 2.38E-07 26 0.339 8.91E-06 37 0.334 8.57E-06
IP3 16 0.594 2.96E-06 37 0.461 6.97E-06 51 0.472 9.99E-06
IP4 43 1.100 9.23E-07 34 0.433 9.38E-06 42 0.408 7.86E-06
IP5 14 0.629 4.38E-06 73 0.825 8.01E-06 33 0.281 9.93E-06
IP6 14 0.515 8.34E-06 37 0.556 7.48E-06 47 0.435 8.39E-06
IP7 32 1.103 8.78E-06 45 0.527 8.09E-06 48 0.447 7.49E-06

100,000 IP1 36 1.114 8.69E-06 34 0.759 6.54E-06 47 0.786 8E-06
IP2 50 1.775 8.2E-07 27 0.645 8.06E-06 38 0.650 8.48E-06
IP3 11 0.595 7.05E-07 37 0.865 9.86E-06 52 0.873 9.89E-06
IP4 42 1.368 5.53E-06 35 0.760 8.49E-06 43 0.697 7.78E-06
IP5 17 1.597 6.23E-06 72 1.480 8.15E-06 33 0.578 9.92E-06
IP6 21 1.756 3.55E-06 38 0.833 6.77E-06 48 0.775 8.3E-06
IP7 34 2.416 6.9E-06 46 1.029 9.52E-06 49 0.823 7.3E-06
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Table 5: Numerical outcomes of MDFDD, IDFDD, and IDSL methods for
problem 3

MDFDD IDFDD IDSL
Dimension IP ITRN CTM(S) ‖Fk‖ ITRN CTM(S) ‖Fk‖ ITRN CTM(S) ‖Fk‖

100 IP1 16 0.034 8.52E-06 32 0.012 9.96E-06 37 0.010 8.32E-06
IP2 12 0.033 9.99E-06 31 0.023 8.84E-06 26 0.015 7.7E-06
IP3 20 0.044 2.25E-06 35 0.021 6.42E-06 41 0.008 8.47E-06
IP4 17 0.021 1.76E-06 32 0.025 8.45E-06 36 0.017 7.56E-06
IP5 20 0.045 6.07E-06 34 0.012 6.95E-06 40 0.020 7.81E-06
IP6 10 0.023 1.06E-06 28 0.016 7.37E-06 35 0.017 8.38E-06
IP7 17 0.030 7.24E-06 31 0.023 7E-06 35 0.007 8.61E-06

1,000 IP1 22 0.071 6.32E-06 35 0.047 8.26E-06 40 0.015 9.02E-06
IP2 15 0.039 4.47E-06 34 0.048 7.33E-06 29 0.012 8.35E-06
IP3 26 0.074 2.66E-07 37 0.044 8.32E-06 44 0.047 9.19E-06
IP4 24 0.038 3.26E-06 35 0.032 7.01E-06 39 0.030 8.2E-06
IP5 28 0.051 7.39E-07 36 0.049 9.28E-06 43 0.040 8.83E-06
IP6 12 0.037 3.85E-06 30 0.026 9.54E-06 38 0.033 9.09E-06
IP7 13 0.082 4.29E-06 33 0.036 7.05E-06 38 0.028 7.25E-06

10,000 IP1 26 0.295 6.95E-06 38 0.200 6.85E-06 43 0.114 9.78E-06
IP2 24 0.345 1.95E-06 36 0.194 9.5E-06 32 0.168 9.05E-06
IP3 37 0.506 3.4E-06 40 0.181 6.9E-06 47 0.211 9.97E-06
IP4 27 0.319 9.21E-06 37 0.178 9.09E-06 42 0.118 8.89E-06
IP5 30 0.263 9.76E-06 39 0.164 7.73E-06 46 0.166 9.64E-06
IP6 17 0.331 9.04E-06 33 0.136 7.92E-06 41 0.139 9.86E-06
IP7 21 0.256 7.66E-06 35 0.166 8.76E-06 41 0.154 7.64E-06

50,000 IP1 29 0.760 6.52E-06 39 0.506 9.81E-06 46 0.477 7.5E-06
IP2 29 0.941 7.04E-06 38 0.520 8.7E-06 34 0.334 9.92E-06
IP3 40 1.244 5.85E-06 41 0.529 9.87E-06 50 0.618 7.65E-06
IP4 28 0.823 3.9E-06 39 0.540 8.32E-06 44 0.491 9.74E-06
IP5 35 0.871 3.34E-06 41 0.540 7.08E-06 49 0.575 7.4E-06
IP6 22 0.825 6.22E-06 35 0.488 7.25E-06 44 0.433 7.56E-06
IP7 24 1.087 8.32E-06 37 0.486 7.99E-06 43 0.446 8.36E-06

100,000 IP1 36 2.601 8.24E-06 40 0.985 8.88E-06 47 0.888 7.43E-06
IP2 33 2.573 6.18E-06 39 1.132 7.88E-06 35 0.727 9.82E-06
IP3 43 2.423 9.86E-07 42 1.332 8.94E-06 51 1.080 7.57E-06
IP4 34 2.529 5.42E-06 40 0.998 7.54E-06 45 0.887 9.65E-06
IP5 42 2.712 9.63E-06 42 1.056 6.41E-06 50 0.924 7.32E-06
IP6 20 1.531 2.37E-06 36 0.904 6.56E-06 45 0.862 7.49E-06
IP7 24 1.634 5.4E-06 38 0.980 7.23E-06 44 0.825 8.27E-06
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Table 6: Numerical outcomes of MDFDD, IDFDD, and IDSL methods for
problem 4

MDFDD IDFDD IDSL
Dimension IP ITRN CTM(S) ‖Fk‖ ITRN CTM(S) ‖Fk‖ ITRN CTM(S) ‖Fk‖

100 IP1 37 0.061 9.93E-06 45 0.018 8.01E-06 45 0.011 8.46E-06
IP2 32 0.066 9.00E-06 47 0.029 8.47E-06 46 0.023 8.83E-06
IP3 36 0.053 8.51E-06 53 0.032 8.04E-06 54 0.025 9.45E-06
IP4 37 0.067 7.28E-06 47 0.030 8.34E-06 41 0.019 8.61E-06
IP5 33 0.056 8.14E-06 49 0.030 9.87E-06 51 0.026 8.19E-06
IP6 41 0.044 6.93E-06 49 0.022 9.01E-06 52 0.010 7.39E-06
IP7 26 0.029 7.11E-06 41 0.022 8.36E-06 44 0.027 9.03E-06

1,000 IP1 33 0.084 9.83E-06 46 0.036 1E-05 50 0.040 9.31E-06
IP2 32 0.090 9.25E-06 48 0.030 9.59E-06 49 0.039 7.86E-06
IP3 46 0.102 5.74E-06 53 0.043 7.68E-06 59 0.043 7.05E-06
IP4 28 0.063 7.2E-06 47 0.052 8.51E-06 47 0.017 9.56E-06
IP5 40 0.080 9.51E-06 52 0.059 9.66E-06 50 0.018 8.99E-06
IP6 37 0.101 8.49E-06 49 0.032 9.95E-06 55 0.052 7.38E-06
IP7 24 0.052 7.93E-06 43 0.032 9.41E-06 48 0.038 7.61E-06

10,000 IP1 36 0.657 9.61E-06 48 0.212 8.89E-06 53 0.189 9.81E-06
IP2 40 0.567 3.06E-06 50 0.215 9.42E-06 54 0.227 9.17E-06
IP3 58 0.594 9.09E-06 53 0.234 8.38E-06 64 0.216 9.44E-06
IP4 39 0.761 9.19E-06 50 0.235 9.73E-06 50 0.190 9.54E-06
IP5 51 0.718 7.54E-06 54 0.283 1E-05 51 0.244 8.49E-06
IP6 49 0.751 5.9E-06 54 0.254 7.38E-06 58 0.190 7.3E-06
IP7 34 0.341 9.06E-06 43 0.221 9.2E-06 48 0.165 8.37E-06

50,000 IP1 36 2.321 6.59E-06 48 0.698 9.53E-06 56 0.595 7.59E-06
IP2 39 1.581 7.05E-06 53 0.770 9.97E-06 54 0.666 8.81E-06
IP3 68 2.331 9.27E-06 55 0.810 8.88E-06 63 0.670 8.29E-06
IP4 34 1.625 5.01E-06 51 0.752 9.55E-06 51 0.537 8.47E-06
IP5 53 2.435 9.69E-06 55 0.795 8.83E-06 53 0.638 7.7E-06
IP6 48 2.340 8.73E-06 54 0.834 9.04E-06 61 0.676 9.28E-06
IP7 38 1.301 2.77E-06 44 0.655 8.59E-06 50 0.560 8.04E-06

10,0000 IP1 41 4.922 9.92E-06 49 1.467 9.82E-06 54 1.132 9.69E-06
IP2 46 4.246 9.16E-06 53 1.650 9.8E-06 59 1.311 9.21E-06
IP3 73 4.694 5.2E-06 55 1.908 9.38E-06 63 1.342 9.92E-06
IP4 46 4.739 6.53E-06 52 1.455 8.6E-06 55 1.113 9.46E-06
IP5 59 5.184 3.46E-06 56 1.598 8.14E-06 58 1.240 9.03E-06
IP6 53 3.656 9.1E-06 55 1.586 8.23E-06 61 1.309 8.11E-06
IP7 39 2.125 5.45E-06 44 1.418 9.99E-06 51 1.079 7.92E-06
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Table 7: Numerical outcomes of MDFDD, IDFDD, and IDSL methods for
problem 5

MDFDD IDFDD IDSL
Dimension IP ITRN CTM(S) ‖Fk‖ ITRN CTM(S) ‖Fk‖ ITRN CTM(S) ‖Fk‖

100 IP1 19 0.026 2.41E-06 48 0.031 9.76E-06 37 0.023 9.63E-06
IP2 16 0.015 5.8E-06 45 0.015 8.7E-06 35 0.007 7.63E-06
IP3 16 0.037 6.63E-06 53 0.033 8.1E-06 41 0.008 7.85E-06
IP4 13 0.026 1.27E-06 48 0.036 7.74E-06 37 0.007 7.61E-06
IP5 14 0.032 2.97E-06 51 0.032 8.6E-06 39 0.012 9.66E-06
IP6 6 0.007 7.47E-07 48 0.027 7.65E-06 33 0.014 8.53E-06
IP7 12 0.029 8.6E-06 44 0.019 7.78E-06 34 0.012 7.58E-06

1,000 IP1 14 0.042 3.31E-06 53 0.035 7.83E-06 41 0.025 7.31E-06
IP2 10 0.036 5.19E-06 49 0.054 9.18E-06 38 0.019 8.27E-06
IP3 17 0.041 6.63E-06 57 0.048 8.55E-06 44 0.039 8.51E-06
IP4 19 0.040 3.13E-06 52 0.060 8.17E-06 40 0.013 8.26E-06
IP5 9 0.028 4.13E-06 55 0.057 9.45E-06 43 0.036 7.66E-06
IP6 9 0.039 2.42E-07 52 0.030 8.07E-06 36 0.018 9.25E-06
x7 11 0.052 9.45E-06 44 0.040 7.8E-06 34 0.019 7.6E-06

10,000 IP1 13 0.237 5.88E-07 57 0.215 8.26E-06 44 0.108 7.93E-06
IP2 15 0.333 6.48E-06 53 0.171 9.69E-06 41 0.112 8.97E-06
IP3 16 0.202 1.66E-06 61 0.192 9.02E-06 47 0.159 9.23E-06
IP4 13 0.150 7.8E-06 56 0.254 8.62E-06 43 0.132 8.95E-06
IP5 19 0.402 3.93E-06 60 0.225 7.63E-06 46 0.213 8.36E-06
IP6 13 0.213 3.62E-06 56 0.252 8.52E-06 40 0.093 7.02E-06
IP7 13 0.211 2.74E-07 44 0.153 7.8E-06 34 0.079 7.6E-06

50,000 IP1 10 0.618 1.34E-07 60 0.664 8.1E-06 46 0.398 8.69E-06
IP2 12 0.552 4.71E-06 56 0.604 9.51E-06 43 0.349 9.83E-06
IP3 12 0.465 5.39E-06 64 0.722 8.85E-06 50 0.422 7.08E-06
IP4 17 1.063 2.64E-06 59 0.689 8.46E-06 45 0.441 9.81E-06
IP5 17 0.961 5.8E-06 62 0.693 9.86E-06 48 0.379 9.17E-06
IP6 11 0.534 5.8E-06 59 0.655 8.36E-06 42 0.332 7.69E-06
IP7 12 0.682 1.68E-06 44 0.500 7.8E-06 34 0.287 7.6E-06

100,000 IP1 11 1.156 7.49E-06 61 1.299 8.71E-06 47 1.125 8.61E-06
IP2 9 0.684 4.11E-06 58 1.145 7.77E-06 44 0.871 9.73E-06
IP3 14 1.359 7.52E-06 65 1.336 9.51E-06 51 0.805 7.01E-06
IP4 10 1.360 7E-06 60 1.480 9.09E-06 46 0.873 9.71E-06
IP5 15 1.204 4.48E-06 64 1.405 8.05E-06 49 0.877 9.08E-06
IP6 17 1.563 1.77E-06 60 1.206 8.99E-06 43 0.699 7.62E-06
IP7 11 1.106 1.63E-06 44 1.113 7.8E-06 34 0.520 7.6E-06
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Table 8: Numerical outcomes of MDFDD, IDFDD, and IDSL methods for
problem 6

MDFDD IDFDD IDSL
Dimension IP ITRN CTM(S) ‖Fk‖ ITRN CTM(S) ‖Fk‖ ITRN CTM(S) ‖Fk‖

100 IP1 27 0.205 8.46E-06 52 0.128 9.42E-06 38 0.073 8.21E-06
IP2 20 0.195 6.73E-06 47 0.104 7.62E-06 35 0.072 8.98E-06
IP3 44 0.264 8.86E-06 60 0.132 9.66E-06 40 0.068 8.38E-06
IP4 31 0.319 7.88E-06 51 0.115 9.37E-06 37 0.068 9.22E-06
IP5 34 0.264 4.6E-06 55 0.123 9.69E-06 40 0.071 7.5E-06
IP6 24 0.239 5.94E-06 47 0.116 8.84E-06 35 0.061 9.78E-06
IP7 22 0.213 7.94E-06 45 0.106 7.77E-06 37 0.067 9.35E-06

1,000 IP1 31 2.441 9.82E-06 54 1.154 9.19E-06 41 0.664 8.53E-06
IP2 25 2.532 8.98E-06 50 1.092 9.64E-06 38 0.608 9.09E-06
IP3 59 2.687 8.13E-06 57 1.178 8.11E-06 43 0.697 8.2E-06
IP4 31 2.273 8.28E-06 53 1.135 8.6E-06 40 0.638 9.51E-06
IP5 45 2.836 8.66E-06 55 1.133 9.24E-06 43 0.680 8.2E-06
IP6 25 2.066 8.18E-06 49 1.047 7.81E-06 38 0.614 9.21E-06
IP7 22 2.083 6.55E-06 45 0.988 7.83E-06 37 0.587 9.37E-06

2,000 IP1 26 5.618 4.72E-06 56 3.854 7.96E-06 42 2.135 8.42E-06
IP2 25 6.920 9.43E-06 52 3.626 8.66E-06 39 2.011 8.95E-06
IP3 59 8.466 7.28E-06 59 4.029 9.91E-06 44 2.260 8.07E-06
IP4 27 6.605 8.86E-06 55 3.972 8.4E-06 41 2.090 9.39E-06
IP5 43 7.773 7.29E-06 60 4.223 9.13E-06 44 2.283 8.13E-06
IP6 27 7.955 6.38E-06 51 3.586 7.86E-06 39 1.978 8.99E-06
IP7 25 8.424 6.73E-06 45 3.235 7.83E-06 37 1.891 9.37E-06

Table 9: Numerical outcomes of MDFDD, IDFDD, and IDSL methods for
problem 7

MDFDD IDFDD IDSL
Dimension IP ITRN CTM(S) ‖Fk‖ ITRN CTM(S) ‖Fk‖ ITRN CTM(S) ‖Fk‖

100 IP1 17 0.226 9.74E-06 34 0.080 7.68E-06 31 0.053 9.24E-06
IP2 23 0.253 5.6E-06 41 0.099 8.19E-06 36 0.063 9.62E-06
IP3 26 0.221 8.98E-06 45 0.102 7.32E-06 40 0.067 7.41E-06
IP4 16 0.175 8.8E-06 38 0.082 7.76E-06 34 0.063 7.14E-06
IP5 22 0.174 6.76E-06 42 0.110 9.28E-06 38 0.076 7.42E-06
IP6 24 0.168 8.55E-06 44 0.100 7.63E-06 39 0.088 8.13E-06
IP7 21 0.164 5.67E-06 42 0.094 9.17E-06 38 0.073 7.26E-06

1,000 IP1 17 1.582 8.61E-06 35 0.743 8.31E-06 31 0.497 9.65E-06
IP2 24 1.553 9.77E-06 44 0.940 9.98E-06 40 0.646 7.28E-06
IP3 28 1.807 4.01E-06 48 1.012 8.61E-06 43 0.687 7.64E-06
IP4 22 1.580 7.03E-06 41 0.870 9.4E-06 37 0.592 7.62E-06
IP5 25 1.827 7.8E-06 46 1.024 8.31E-06 41 0.657 8.08E-06
IP6 25 1.422 7.42E-06 47 1.046 9.26E-06 42 0.670 8.73E-06
IP7 28 1.849 8.2E-06 46 1.069 8.51E-06 41 0.655 8.27E-06

2,000 IP1 18 5.262 7.49E-06 36 2.459 7.66E-06 32 1.656 8.08E-06
IP2 28 5.929 8.16E-06 46 3.167 7.43E-06 41 2.121 7.21E-06
IP3 31 6.115 6.11E-06 49 3.397 8.82E-06 44 2.235 7.54E-06
IP4 27 6.253 9.63E-06 42 2.907 9.64E-06 38 1.995 7.54E-06
IP5 30 7.231 5.2E-06 47 3.298 8.55E-06 42 2.194 8.01E-06
IP6 31 6.675 4.99E-06 48 3.387 9.5E-06 43 2.283 8.64E-06
IP7 25 6.070 5.32E-06 47 3.219 8.77E-06 42 2.188 8.22E-06
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the IDSL method due to the computation of double direction in the MDFDD
methods.

Figures 1–2 display the interpretation of the numerical results of each of
the three methods using Dolan and Moré [5] performance profiles. We achieve
this by plotting fraction p(τ) of problems for each method within τ of the
smallest number of iterations and CPU time. As shown in Figures 1 and
2, the curves representing the MDFDD method remain above the IDFDD
and IDSL methods in number iterations. Furthermore, it is above the curve
representing the IDFDD method for the CPU time. Therefore, the proposed
method outperforms the IDFDD and IDSL methods in fewer iterations and
is thus the most efficient method. Finally, from the results in Tables 3–9, it
is evident that the MDFDD method successfully solves problem (1).
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Figure 1: Performance profile with respect to the number of iterations

4.2 Application in integral equations

Chandrasekhar and Breen [3] computed H-equation as the solution of the
nonlinear integral equation that gives the complete nonlinear equations tech-
nique. The nonlinear integral equation arising in radiative heat transfer prob-
lem is given by

H(x) = 1 + c
x

2
H(x)

∫ 1

0

H(y)

x+ y
dy, (50)
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Figure 2: Performance profile with respect to the CPU time (in second)

with parameter c ∈ [0, 1] and H : [0, 1] → R is an unknown function.

Equation (50) can be written as

H(x) =

[
1− c

2

∫ 1

0

xH(y)

x+ y
dy

]
= 1. (51)

By multiplying both sides of (51) with
(
1− c

2

∫ 1

0
xH(y)
x+y dy

)−1

, we have

F (H)(x) = H(x)−
(
1− c

2

∫ 1

0

xH(y)

x+ y
dy

)−1

= 0, (52)

which is called the Chandrasekhar H-equation [23]. However, (52) can be
discretized by using the midpoint quadrature formula∫ 1

0

f(µ)dµ = h

n∑
j=1

f(µj), (53)

for µj = (j − 0.5)h, 0 ≤ j ≤ 1, and h = 1
n .

As a result, we have the following system of nonlinear equations:
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Fi(x) = xi −

1− c

2n

n∑
j=1

µixj
µi + µj

−1

i = 1, 2, . . . , n, j = 1, 2, . . . , n,

(54)

which is known as the discretized Chandrasekhar H-equation that can be
solved by using some iterative methods. If the initial point x0 = (1, 1, 1, . . . , 1)T ,
then the system in (54) has a solution for all c ∈ (0, 1). However, the hardest
part of the problem (54) is that the Jacobian is singular at c = 1. Therefore
as c approaches 1, the Jacobian approaches the singularity point. Since our
method is derivative-free, then it has the advantage to solve problem (54)
even when c approaches 1.

To highlight the performance of the MDFDD approach furthermore, we
conduct some numerical experiments by comparing it with the classical NM,
IDFDD method [10], and IDSL method [11]. The iteration is also set to
terminate when ‖xk+1 − xk‖ + ‖Fk‖ ≤ 10−5 or when the iterations exceed
1000, but no point of xk satisfying the stopping criterion. We have tried the
three methods with the starting point of x0 = (1, 1, 1, . . . , 1)T . Furthermore,
we use the dimensions (n values) 100 to 20,000 to show the performance of
each of the three methods.

Table 10: Numerical results of discretized Chandrasekhar H-equation

NM IDFDD IDSL MDFDD
Dimension ITER TIME ITER TIME ITER TIME ITER TIME

100 12 0.078 - - 38 0.029 13 0.015
500 15 0.785 - - 41 0.017 14 0.015

c=0.1 1000 15 3.056 - - 42 0.018 11 0.018
10000 20 1747 - - 45 0.150 12 0.141
20000 - - - - 46 0.219 20 0.349
100 13 0.111 - - 38 0.009 9 0.009
500 15 0.789 - - 41 0.022 17 0.029

c=0.9 1000 18 3.729 - - 42 0.026 15 0.024
10000 - - - - 45 0.231 15 0.215
20000 - - - - 46 0.216 14 0.377
100 13 0.111 - - 38 0.012 12 0.011
500 17 0.874 - - 41 0.032 17 0.020

c=0.99 1000 18 3.733 - - 42 0.019 12 0.018
10000 - - - - 45 0.123 11 0.125
20000 - - - - 46 0.218 13 0.285
100 13 0.112 - - 38 0.019 13 0.014
500 17 0.883 - - 41 0.013 16 0.018

c=0.999 1000 18 3.766 - - 42 0.025 16 0.029
10000 - - - - 45 0.130 13 0.176
20000 - - - - 46 0.318 12 0.282

The numerical results of the methods used to solve Chandrasekhar H-
equation with different values of parameter c, are shown in Table 10. The
table clearly indicates that the proposed method outperformed the NM be-
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cause the NM failed when the number of dimension increased. This is due
to the fact that as c approaches 1, the Jacobian approaches the singularity
point. Moreover, the CPU time (in second) of the NM is higher than other
methods because it solved the Jacobian matrix at each iteration. From Table
10, we can also observe that the IDFDD method has totally failed because it
has poor numerical performance, as we have made mentioned earlier in the
introduction section of this article. Although, the IDSL method solved prob-
lem (54) completely, but it has more number of iterations than the MDFDD
method. This shows that our method has effectively solved the discretized
Chandrasekhar H-equation with the least number of iterations and CPU time.

5 Conclusion

In this article, numerical comparisons were made using a set of large-scale
test problems. Furthermore, Tables 3–9 and Figures 1–2 showed that the pre-
sented method is practically quite efficient because it has fewer iterations than
the IDFDD and IDSL methods. Furthermore, we have successfully used the
proposed method to deal with experiments on the Chandrasekhar H-equation
in radiative heat transfer. The experiments were carried out and reported
in Table 10 with different c values, demonstrating a better efficiency for the
MDFDD method. The numerical results showed that the employed method
solved the discretized integral equation with fewer iterations and CPU time
than the NM, IDFDD, and IDSL methods. Future research includes apply-
ing the MDFDD scheme to solve the discretized three-dimensional nonlinear
Poisson problem.
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On a class of Bézier-like model for
shape-preserving approximation

B. Nouri and J. Saeidian*

Abstract

A class of Bernstein-like basis functions, equipped with a shape param-
eter, is presented. Employing the introduced basis functions, the corre-
sponding curve and surface in rectangular patches are defined based on
some control points. It is verified that the new curve and surface have
most properties of the classical Bézier curves and surfaces. The shape
parameter helps to adjust the shape of the curve and surface while the
control points are fixed. We prove that the proposed Bézier-like curves
can preserve monotonicity and that Bézier-like surfaces can preserve axial
monotonicity. Moreover, the presented curves and surfaces preserve bound
constraints implied by the original data.
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1 Introduction

In computer-aided geometric design (CAGD) and computer graphics, curves
are often constructed by the following relation:
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C(t) =

n∑
i=0

Fi(t)Pi, t ∈ [a, b] ⊆ R, n ∈ N, (1)

where the real functions {Fi} are known as blending functions, {Pi} ⊆ Rs
are control points (s ≥ 2), and the polyline constructed by control points is
called the control polygon. One of the most important blending functions
are the Bernstein polynomials, which in turn lead to well-known classical
Bézier curves. They have a simple structure and are widely used in many
engineering and technology fields.

In a classical Bézier curve, once the control points are fixed, the shape
of the curve cannot be changed. This is a drawback that reduces the shape
adjustment and therefore limits their applicability. In order to overcome this
deficiency, many researchers have tried to construct basis functions equipped
with shape parameter(s) to create new curves whose structures and properties
are similar to the Bézier curves, besides they also have the shape adjustment
property [6, 13, 16, 17, 19, 21, 22, 23, 30]

In curves with shape parameter(s), by changing the parameter(s), the
curve either approaches to the control polygon [17, 18, 19], or moves away
from it [20, 31]. Another difference between parameter based curves origi-
nates from their construction, some basis functions are defined by a recur-
sive formula [23, 22, 5, 20, 32], while others are based on a general formula
[17, 19, 16, 18, 24, 8].

Here, we propose a new family of parameter based blending functions
by using square roots of polynomials. Thus we call them sq-basis functions.
The new blending functions are generated from three initial basis functions
employing a recursive relation. This is a procedure that could be traced back
in the literature [5, 22, 23, 32]. The corresponding Bézier-like curves, which in
turn are referred to sq-curves, are in common with the classical Bézier curves
in many features such as geometric invariance, endpoint interpolation, formal
symmetry, and convex hull property. The sq-basis functions are equipped
with one shape parameter, which can adjust the shape of the curve, and they
would either move closer to or away from the control polygon. In the sq-
curves with three control points, by altering the shape parameter, one would
see a family of curves traveling from the control polygon to the straight line
joining the first and last control point. In comparison to previously defined
blending functions with the same structure, sq-curves show a higher rate of
change by employing just one shape parameter, and this could be considered
as an advantage. The construction could be extended to surfaces [11, 14],
which share the most common features of Bézier surfaces.

Once we have a suitable model for data approximation, one can apply it
in a shape-preserving approximation. Shape-preserving approximation is de-
fined to be a method of constructing a curve (surface), which also preserves
the shape implied by the data. It is known as an essential curve/surface
design technique in CAD/CAM and geometric design. Convexity, mono-
tonicity, positivity, and boundedness are the most important shape features,
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which have extensively been studied in literature [1, 2, 3, 25, 27, 28, 29]. The
proposed Bézier-like curves and surfaces prove to be a promising approxima-
tion tool that preserves the monotonicity and the boundedness implied by
the data set.

The present paper is outlined as follows. In Section 2, the new blending
functions are defined and their properties are studied. The corresponding
curves and surfaces are defined in Section 3. Section 4 studies the shape-
preserving properties of the new curves and surfaces.

2 New blending functions

The classical Bernstein functions have a number of important features that
makes them a suitable basis for constructing control point based curves. Non-
negativity, partition of unity, symmetry in some sense, and their end point
values are among the most cited properties of classical Bernstein functions.

Here we address a general representation for a class of blending functions
that have similar properties to Bernstein polynomials. We present a special
case that uses the square root of quadratic (sq) polynomials.

Definition 1. Based on a real valued shape parameter ν, the sq-starting
basis functions are defined as follows:

b2,0(t) =
1

2
− t+ φ(t),

b2,1(t) = 1− 2φ(t), (2)

b2,2(t) = t− 1

2
+ φ(t),

where 0 ≤ t ≤ 1, 0 < ν ≤ 1, and

φ(t) =

√
(1− ν) (t2 − t) +

1

4
.

We generate the sq-basis functions of order n (n ≥ 3) with the recursion
relation of the classical Bernstein basis functions [9] as follows:

bn,i(t) = (1− t)bn−1,i(t) + tbn−1,i−1(t), t ∈ [0, 1], (3)

where i = 0, 1, 2, . . . , n. For k = −1 or k > n, we set bn,k(t) = 0.
The sq-basis functions of order n = 3 can be expressed as

b3,0(t) = t2 − 3

2
t+

1

2
+ (1− t)φ(t),

b3,1(t) = −t2 − 1

2
t+ 1 + (−2 + 3t)φ(t), (4)
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Figure 1: The sq-basis functions with different values of ν.

b3,2(t) = −t2 + 5

2
t− 1

2
+ (1− 3t)φ(t),

b3,3(t) = t2 − 1

2
t+ tφ(t).

Figure 1 shows the sq-basis functions generated with n = 2, 3, 4, 5 and differ-
ent values of ν.

Theorem 1. The sq-basis functions generated by (2) and (3) have the fol-
lowing properties:

(a) Nonnegativity: bn,i(t) ≥ 0 for i = 0, 1, 2, . . . , n.

(b) Partition of unity (Normalization):
∑n
i=0 bn,i(t) = 1.

(c) Symmetry: bn,i(t) = bn,n−i(1− t) for i = 0, 1, 2, . . . , n.

(d) End-point values:

bn,i(0) =

{
1, i = 0,

0, i 6= 0,
bn,i(1) =

{
1, i = n,

0, i 6= n,
(5)
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b′n,i(0) =


−n+ ν, i = 0,

n− 2ν, i = 1,

ν, i = 2,

0, o.w.,

b′n,i(1) =


n− ν, i = n,

2ν − n, i = n− 1,

−ν, i = n− 2,

0, o.w.

(6)

Proof. Mathematical induction is used to prove this theorem.
(a) Nonnegativity is obvious from (2) and (3).

(b) From (2), we obtain
∑2
i=0 b2,i(t) = 1. Now suppose that the equality is

true for m. Then according to recurrence relation(3) and the inductive
hypothesis, we obtain

m+1∑
i=0

bm+1,i(t) = (1− t)

m+1∑
i=0

bm,i(t) + t

m+1∑
i=0

bm,i−1(t) = 1− t+ t = 1.

(c) The sq-starting basis functions are symmetrical. Assume that the sq-
basis functions of order m are symmetrical. Then from this inductive
hypothesis and recurrence relation (3), one has

bm+1,i(1− t) = (1− (1− t))bm,i(1− t) + (1− t)bm,i−1(1− t)

= tbm,m−i(t) + (1− t)bm,m−i+1(t) = bm+1,m−i+1(t).

(d) From (2), we have

b′2,0(t) = −1 + φ′(t),

b′2,1(t) = −2φ′(t), (7)
b′2,2(t) = 1 + φ′(t),

where
φ′(t) =

(1− ν) (2t− 1)

2
√

(1− ν) (t2 − t) + 1
4

.

By a simple deduction from (2) and (7), we conclude that the results
in (5) and (6) hold for n = 2.
Suppose that the properties at the endpoints hold for the sq-basis func-
tions of order m. Then

bm+1,i(0) = bm,i(0) =

{
1 i = 0,

0, i 6= 0,

bm+1,i(1) = bm,i(1) =

{
1 i = m,

0, i 6= m,
(8)

which can be obtained by the inductive hypothesis and (3).
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From (3), we have

b′m+1,i(0) = −bm,i(0) + b′m,i(0) + bm,i−1(0), (9)
b′m+1,i(1) = −bm,i(1) + bm,i−1(1) + b′m,i−1(1). (10)

From (8) and the inductive hypothesis and by using relation (9), the
following results are obtained:

(i) For i = 0, b′m+1,0(0) = −bm,0(0) + b′m,0(0) = −1 − (−m+ ν) =
− (m+ 1) + ν,

(ii) For i = 1, b′m+1,1(0) = −bm,1(0)+b′m,1(0)+bm,0(0) = (m+ 1)−2ν,

(iii) For i = 2, b′m+1,2(0) = −bm,2(0)+b′m,2(0)+bm,1(0) = 0+ν+0 = ν,

(iv) For i 6= 0, 1, 2, b′m+1,i(0) = 0.

Similarly, from (10), the following results are deduced:

(i) For i = m+ 1, b′m+1,m+1(1) = (m+ 1)− ν,

(ii) For i = m, b′m+1,m(1) = − (m+ 1) + 2ν,

(iii) For i = m− 1, b′m+1,m−1(1) = −ν,
(iv) For i 6= m− 1,m,m+ 1, b′m+1,i(1) = 0.

3 sq-curves and sq-surfaces

The sq-basis functions can be considered as blending functions to construct
Bézier-like curves. Here we present the sq-curves and also extend the idea to
surfaces.
Definition 2. Given control points {Pi}ni=0 ⊆ R2, for 0 ≤ t ≤ 1, 0 < ν ≤ 1,

rn(t) =

n∑
i=0

bn,i(t)Pi, (11)

is called a sq-curve, where {bn,i(t)}ni=0 (n ≥ 3) are the sq-basis functions
defined in (2) and (3).

From Theorem 1, the sq-curve introduced in (11) has the following prop-
erties:
(a) Geometric property at the endpoints: From the properties at the end-

points of the sq-basis functions, we obtain

rn(0) = P0, rn(1) = Pn,

r′n(0) = (ν) (P2 − 2P1 + P0) + n (P1 − P0) ,

r′n(1) = (−ν) (Pn − 2Pn−1 + Pn−2) + n (Pn − Pn−1) .
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Figure 2: sq-curve with different values of ν.

(b) Symmetry: The symmetry property of the sq-basis functions leads us
to

rn(t;P0, P1, . . . , Pn) =

n∑
i=0

bn,i(t)Pi =

n∑
i=0

bn,n−i(1− t)Pi

=

n∑
j=0

bn,j(1− t)Pn−j = rn(1− t;Pn, Pn−1, . . . , P0).

(c) Geometric invariance: As rn(t) is an affine combination of the control
points, so the shape of the sq-curve is independent of the choice of
coordinate system.

(d) Convex hull property: Because of the nonnegativity and normalization
properties of the sq-basis functions, one concludes that the sq-curve
must be inside the convex hull of its control polygon.

Figure 2 shows two specific curves generated by sq-curves, in which the
control points are fixed and values of ν are set to ν = 0.01, 0.2, 0.4, 0.6, 0.8, 1,
respectively, from outside to inside. One can see that the sq-curves are to
approach the control polygon as the shape parameter decreases.

3.1 Comparison with existing basis functions

The construction of a suitable set of blending function has attracted a great
deal of interest among scientists. The main goal of most papers in this filed
is to construct parameter based blending functions, which by altering this
parameter(s), one can make most changes in the corresponding parametric
curve (1). Some works focus on a specific application, and others studied
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the structure and construction strategies. Here, we aim to emphasize on
advantages of the sq-basis functions. As the sq-basis functions are generated
recursively, we compare them with those who have a recursion formula.

Figure 3 represents a visual comparison. Figure 3(a) shows the sq-curves;
Figure 3(b) represents the curves constructed in [32]; and the curves proposed
in [23] are depicted in Figures 3(c) and 3(d), for different values of shape
parameters. Compared to [32], the rate of change in sq-curves is greater than
changing the corresponding shape parameter. The curves generated in [23]
show a good rate of change for different values of shape parameters, but this
is achieved by employing two separate parameters. In the sq-curves, this
much of flexibility is gained by altering just one shape parameter.

In [20], no curve can be constructed for three control points because the
starting basis functions have four members. Authors in [5, 6, 22, 23] employed
three starting basis functions, but several shape parameters were used to
make further changes to the curves. However, in the case of sq-curves, the
same changes are gained with just one parameter. In some works [31, 15, 4],
only four [15, 4] or five [31] bases were presented, and curves with fewer
control points cannot be represented by these basis functions. For more
control points, the continuity conditions are checked.

Generally, among the Bézier-like curves, which aim to present curves that
move from the convex combination of the first and last control points to the
control polygon by altering shape parameter, the sq-curves serve as a good
choice and compete well with the other bases.

3.2 sq-surface

The corresponding sq-surfaces can be constructed by a tensor product ap-
proach. Given control points {Pi}ni=0 ⊆ R3, the surface represented by

S (s, t) =

m∑
i=0

n∑
j=0

Pi,jbm,i (s) bn,j (t) , 0 ≤ s, t ≤ 1, (12)

is called a sq-surface, in which bm,i(s) and bn,j(t) are the sq-basis functions.
Figure 4 shows that different surfaces can be obtained by altering the

shape parameter when the control net is fixed.
From the properties of the sq-basis functions, it is easy to verify the

following properties of the corresponding sq-surfaces:

(a) Interpolation at the corner points: S (s, t) passes through corner points
P0,0, Pm,0, P0,n, and Pm,n. In fact, we have S (0, 0) = P0,0, S (1, 0) =
Pm,0, S (0, 1) = P0,n, and S (1, 1) = Pm,n.

(b) Nonnegativity: It is obvious that bm,i (s) bn,j (t) is nonnegative for all
m,n, i, j and s, t ∈ [0, 1].
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(a) sq-curves (b) Curves constructed in [32]

(c) ν = −1, µ = −1,−0.6,−0.2, 0.2, 0.6, 1 (d) ν = 1, µ = −1,−0.6,−0.2, 0.2, 0.6, 1

Figure 3: Comparison of sq-curves with curves proposed in [32] and [23]

Figure 4: Shape of sq-surfaces with different shape parameters.
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(c) Partition of unity:
m∑
i=0

n∑
j=0

bm,i (s) bn,j (t) =

m∑
i=0

bm,i (s)

n∑
j=0

bn,j (t) = 1, 0 ≤ s, t ≤ 1.

Proof of this is due to the partition of unity of the sq-basis functions.

(d) Convex hull property: The surface lies in the convex hull of its control
points, since S (s, t) is the linear combination of its control points with
positive coefficients that sums to 1 (partition of unity).

(e) Affine invariance: This means that the surface defined by control points
that are an affine transformation of all control points is the same surface
that is obtained by applying the same transformation to the surface’s
equation. As S (s, t) is an affine combination of the control points, so
the shape of the sq-surfaces is independent of the choice of coordinate
system.

(f) Boundaries of surface: The four surface boundaries are exactly the four
sq-curves defined by the boundary edges of the surface as follows:

S (0, t) =

n∑
j=0

P0,jbn,j (t) , S (1, t) =

n∑
j=0

Pm,jbn,j (t) ,

S (s, 1) =

m∑
i=0

Pi,nbm,i (s) , S (s, 0) =

m∑
i=0

Pi,0bm,i (s) .

4 Shape-preserving approximation by sq-curves and
sq-surfaces

The sq-curves preserve monotonicity and the sq-surfaces are axially mono-
tonicity preserving. The newly defined models preserve boundedness in both
two-dimensional and three-dimensional data. Here we state these facts in a
detailed discussion.

4.1 Monotonicity preservation of sq-curves

Here, we present a proof of the monotonicity preservation of the sq-basis
functions and sq-curves.

Definition 3. A system of functions (g0, . . . , gn) is monotonicity preserving
if for any λ0 ≤ λ1 ≤ · · · ≤ λn in R, the function

∑n
i=0 λigi is increasing.
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The following result, which characterizes monotonicity preserving sys-
tems, appears in [7, Proposition 2.3].
Proposition 1. Let (g0, . . . , gn) be a system of functions defined on an
interval [a, b]. Let vi :=

∑n
j=i gj for i ∈ {0, 1, . . . , n}. Then (g0, . . . , gn)

is monotonicity preserving if and only if v0 is a constant function and the
functions vi are increasing for i = 1, . . . , n.

We obtain the following result using the previous proposition.
Proposition 2. The sq-basis functions (bn,0, bn,1, . . . , bn,n) defined by (2)
and (3) are monotonicity preserving.
Proof. Let us consider sq-basis functions (2) with n = 2. Using Proposition
1, (b2,0, b2,1, b2,2) is monotonicity preserving if v0 is a constant function and
the functions v1 and v2 are increasing. Moreover,

v0 =

2∑
j=0

b2,j(t) = 1

and

v1 =

2∑
j=1

b2,j(t) = b2,1(t) + b2,2(t) =
1

2
+ t− φ(t) ⇒ v′1(t) = 1− φ′(t).

The function φ(t) is a convex function in the interval [0, 1], so the decreasing
function −φ′(t) takes its minimum at t = 1. Thus we have v′1(1) = ν, so
v′1(t) ≥ 0 for all t ∈ [0, 1]. Therefore the function v1(t) is increasing. We
have

v2 =

2∑
j=2

b2,j(t) = b2,2(t) = t− 1

2
+ φ(t) ⇒ v′2(t) = 1 + φ′(t).

Again, employing the convexity of φ(t), one observes that the increasing
function φ′(t) takes its minimum at t = 0. Since v′2(0) = ν results in v′2(t) ≥
0, for all t ∈ [0, 1], so we can conclude that v2(t) is an increasing function.

Suppose that the sq-basis functions (bn−1,0, bn−1,1, . . . , bn−1,n−1) is mono-
tonicity preserving. Then using Proposition 1, (bn,0, bn,1, . . . , bn,n) is mono-
tonicity preserving if v0 is a constant function and the functions vi are in-
creasing for i = 1, . . . , n.

We have

v0 =

n∑
j=0

bn,j(t) = 1

and
vi =

n∑
j=i

bn,j(t) ⇒ v′i(t) =

n∑
j=i

b′n,j(t). (13)
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By combining formulas (3) and (13), we have

v′i(t) = −
n∑
j=i

bn−1,j(t) + (1− t)

n∑
j=i

b′n−1,j(t) +

n∑
j=i

bn−1,j−1(t) + t

n∑
j=i

b′n−1,j−1(t)

= bn−1,n +

−
n−1∑
j=i

bn−1,j(t) +

n−1∑
j=i

bn−1,j(t)

+ bn−1,i−1(t)

+(1− t)

n∑
j=i

b′n−1,j(t) + t

n∑
j=i

b′n−1,j−1(t)

= bn−1,i−1(t) + (1− t)

n−1∑
j=i

b′n−1,j(t) + t

n−1∑
j=i−1

b′n−1,j(t). (14)

Since (bn−1,0, bn−1,1, . . . , bn−1,n−1) is monotonicity preserving, we deduce

n−1∑
j=i

b′n−1,j(t) ≥ 0,

n−1∑
j=i−1

b′n−1,j(t) ≥ 0. (15)

Now, from (14) and (15), for t ∈ [0, 1], it is obvious that v′i(t) ≥ 0.

The sq-curve is a curve in R2 plane, so we need the following statement
to assure the monotonicity preservation of sq-curves. The proof is straight-
forward.

Proposition 3. Let (g0, . . . , gn) be a system of functions that is monotonic-
ity preserving. If {Pi}ni=0 ⊆ R2 is the monotone data, then the function∑n
i=0 Pigi is increasing.

4.2 Monotonicity preservation of sq-surfaces

The sq-surfaces (12), defined on rectangular patches, are axially monotonicity-
preserving. To verify this assertion, we state our reasoning based on some
known results from the literature.

Given two strictly increasing sequences of abscissas α = (α0, α1, . . . , αm)

and β = (β0, β1, . . . , βn) and control points
{( αi

βj
cij

)}j=0,...,n

i=0,...,m
, we define the

control net p : [α0, αm]× [β0, βn] → R to be the unique function that satisfies
the interpolation conditions p (αj , βj) = cij , for all i = 0, 1, . . . ,m, and j =
0, 1, . . . , n, and is bilinear on each rectangle Rij = [αi, αi+1]× [βj , βj+1].

A bivariate function g is increasing in a direction d = (d1, d2) ∈ R2, if
g (x+ λd1, y + λd2) ⩾ g (x, y) , λ > 0. In particular, the control net p can be

IJNAO, Vol. 12, No. 2, pp 449–466



On a class of Bézier-like model for shape-preserving ... 461

increasing in a direction d. This case has been characterized by Floater and
Peña [10] in the following way.

Lemma 1. The control net p is increasing in the direction d = (d1, d2) ∈ R2

if and only if for i = 0, 1, . . . ,m− 1 and j = 0, 1, . . . , n− 1,

d1∆1ci,j+l + d2∆2ci+k,j ≥ 0, k, l ∈ {0, 1} ,

where∆1cij := (ci+1,j − ci,j) / (αi+1 − αi) and∆2cij := (ci,j+1 − ci,j) / (βj+1 − βj).

Given a sequence (cij)
0≤j≤n
0≤i≤m, we have Λ1cij : ci+1,j − ci,j for i =

0, 1, . . . ,m − 1 and j = 0, 1, . . . , n − 1 and Λ2cij : ci,j+1 − ci,j for i =
0, 1, . . . ,m− 1 and j = 0, 1, . . . , n− 1.

Remark 1. As a consequence of Lemma 1, we have that the control net p is
increasing in theX-axis direction d = (1, 0) if and only if for i = 0, 1, . . . ,m−1
and j = 0, 1, . . . , n−1, Λ1cij ≥ 0. Analogously, the control net p is increasing
in the Y -axis direction d = (0, 1) if and only if for i = 0, 1, . . . ,m − 1 and
j = 0, 1, . . . , n− 1, Λ2cij ≥ 0.

Theorem 2. If the control net p is increasing in the X-axis direction d =
(1, 0) or in the Y -axis direction d = (0, 1), then so is sq-surface S (s, t).

Proof. Suppose that the control net p is increasing in the X-axis direction
d = (1, 0). Then for i = 0, 1, . . . ,m − 1 and j = 0, 1, . . . , n − 1, we have
Λ1cij ≥ 0. We show that, in this case, S (s, t) is increasing in the direction
d = (1, 0). Therefore,

S (s, t) =

m∑
i=0

n∑
j=0

αiβj
cij

 bm,i (s) bn,j (t) , 0 ≤ s, t ≤ 1.

The surface S (s, t) in the direction d = (1, 0) for specified y = γ is a curve
that is obtained from the collision of the plane y = γ and the surface S (s, t),
so

m∑
i=0

n∑
j=0

βjbm,i (s) bn,j (t) = γ ⇒
m∑
i=0

bm,i (s)

n∑
j=0

βjbn,j (t) = γ

⇒
n∑
j=0

βjbn,j (t) = γ.

Therefore t is fixed and the curve on plane y = γ is as follows:

n∑
j=0

bn,j (t)

[
m∑
i=0

(
αi
cij

)
bm,i (s)

]
, 0 ≤ s ≤ 1. (16)

IJNAO, Vol. 12, No. 2, pp 449–466



462 Nouri and Saeidian

Now from Proposition 3, one observes that
∑m
i=0

(
αi
cij

)
bm,i (s) is increas-

ing for any j, which lead us to the conclusion that the curve (16) would be
increasing. Because the value of γ was arbitrary, the surface S (s, t) is in-
creasing in the direction d = (1, 0). One can prove the desired result in the
direction d = (0, 1), in a similar way.

Example 1. The set of data presented in Table 1 is generated from the
function

F (x, y) = ln(x2 + y2). (17)

We have
{( xi

yj
F (xi,yj)

)}j=0,...,6

i=0,...,6
as a data set in a three-dimensional space.

These provide us 49 control points. By these control points, we have a
control net p, which is increasing in the X-axis direction d = (1, 0) and in
the Y -axis direction d = (0, 1). Figure 5 is the visual model of monotone
surfaces in the X-axis direction and in the Y -axis direction that are obtained
by control points and (12) with different values of free parameter ν. The
error rate of monotone surfaces has been reported.

Table 1: Data generated from the function F (x, y) = ln(x2 + y2)
y x

20 40 60 80 100 200 300
20 6.6846 7.6009 8.2940 8.8247 9.2496 10.6066 11.4120
40 7.6009 8.0709 8.5564 8.9872 9.3588 10.6359 11.4252
60 8.2940 8.5564 8.8818 9.2103 9.5178 10.6828 11.4468
80 8.8247 8.9872 9.2103 9.4572 9.7050 10.7451 11.4763
100 9.2496 9.3588 9.5178 9.7050 9.9035 10.8198 11.5129
200 10.6066 10.6359 10.6828 10.7451 10.8198 11.2898 11.7753
300 11.4120 11.4252 11.4468 11.4763 11.5129 11.7753 12.1007

4.3 Bound preservation of the sq-model

Suppose that we have a discrete data that is generated from a bounded
phenomenon, either in a two-dimensional space or in dimension three. When
we attempt to visualize the data using approximation methods, it is natural
to expect the approximation to adhere to the boundedness [26, 25]. The sq-
curves and sq-surfaces fulfill the convex hull property, which is the powerful
feature that guarantees the bound-preserving approximation. Actually this
is a feature that is in common for all Bézier-like model with convex hull
property. When we approximate a data with a Bézier-like model, the curve
or surface lies in the convex hull of the control points. If we set the data to
be the control points, then the curve (surface) would be entirely inside the
control polygon (control net), which guarantees the boundedness.
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Figure 5: Axial monotonicity-preserving approximation with different shape
parameters and the error functions
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5 Conclusion

We presented Bézier-like parametric curves and surfaces through introducing
a new class of blending functions with one shape parameter. These curves and
surfaces, in addition to covering many properties of classical Bézier models,
can be adjusted in a shape by altering the shape parameter when the control
points are fixed. It is been verified that the newly defined sq-models can
be successfully used for monotonicity-preserving approximation. The bound
preservation property of the sq-models has also been reviewed.

Note that the introduction of shape parameter not only brings an ad-
vantage to the shape modification of the Bézier-like curves but also provides
an optimized parameter for the shape optimization design of the Bézier-like
ones. Hence, the research on how to utilize the SDABWO [12] to solve the
model of curve shape optimization, which takes the shape parameter as the
optimization variables, could be addressed in future works.
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1 Introduction

A differential game is an extension of optimal control theory that describes a
conflict situation between some players, who seek their maximum or minimum
own payoffs under a dynamical system. It has arisen in practical problems
from economics to engineering applications in recent years [29, 30, 44, 11, 15,
31].

One of the most important and crucial solution concepts in game theory is
the Nash equilibrium, in which players have no incentive to deviate from their
original plans [23] and is classified into the following two cases in differential
games based on the information of the state of the game that players know
at different times of game:

• The players have no information during the game and only know the
game state at the initial time. This kind of equilibrium is known as
open-loop Nash equilibrium.

• The current game state is known to players. Such equilibrium is often
called feedback Nash equilibrium.

The main approaches to computing the open-loop Nash equilibrium in differ-
ential games are indirect methods and direct methods. In indirect methods,
the nonzero-sum differential game is reduced to a system of two-point bound-
ary value problems (TPBVPs) by using the necessary optimality conditions
of the Pontryagin’s maximum principle that can be solved analytically or nu-
merically [5]. In direct approaches that are optimization based methods, dif-
ferential game problem is transferred to mathematical programming [12, 20].
However, the drawback of direct approaches is that there is no guarantee
that the solution obtained is feasible for the original problem [27, 42].

Regarding the indirect methods, most researchers have focused on a spe-
cial kind of differential game, namely linear-quadratic dynamic games that
the state equation of the game is linear with respect to control and state
variables, and both are quadratic in the performance indices. For this kind
of differential game, the systems of TPBVPs are linear in general, and hence
the open-loop Nash equilibrium can be obtained analytically based on solv-
ing Riccati equations [14, 17]. Indeed in practice, we face with differential
games that their systems of TPBVPs are nonlinear generally. Therefore,
using suitable numerical methods is necessary [35].

To the best of our knowledge, there are a few research works carried out
to compute open-loop Nash differential games in nonlinear case. In [27], a
pseudospectral method based on Chebyshev polynomials was applied for find-
ing the players’ open-loop strategies in nonlinear differential games. In [24],
by Riccati equations, the open-loop Nash equilibrium of differential games in
polynomial case was obtained. In [9], the coordinate transformation approach
was extended for computing open-loop Nash equilibrium, and complementar-
ity theory was applied for a class of zero-sum differential games to be solved
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in [43]. In [32], a combined quasilinearization method with exponential Bern-
stein functions was introduced for a numerical solution to TPBVPs.

There are several methods for solving differential equations numerically,
such as spectral methods [8], shooting and multiple shooting methods [25],
variational iteration method [16], and homotopy analysis method [1] that
each of which has its own implementation. Spectral methods are based on the
weighted residual method that has high accurate results in solving differential
equations and are classified into three methods, namely collocation, Galerkin,
and Tau methods [19, 22, 34, 41].

The Tau method is one of the most accurate spectral methods for a nu-
merical solution to differential equations of different kinds [39, 3, 38, 18].
The goal of this paper is to propose an implementation of the Bernoulli Tau
method (BTM), in which the solution functions are defined by means of a
truncated Bernoulli series expansion, to compute the open-loop Nash equi-
librium in nonlinear differential games with finite horizons.

The remainder of the paper is organized into the following sections. In
Section 2, the nonzero-sum nonlinear differential games are defined, and the
extraction of the systems of TPBVPs from Pontryagin’s maximum principle is
described. In Section 3, the Tau approach based on the Bernoulli polynomials
is introduced and applied for computing the open-loop strategies of these
differential games. In Section 4, some numerical examples are presented
to validate the accuracy and applicability of the present method. Finally,
conclusions are presented in section 5.

2 Problem statement

A family of nonzero-sum nonlinear differential games with finite horizon is
described in the following definition.

Definition 1. A nonzero-sum nonlinear differential game is defined as follows
[6]:

max
ui(·)

Ji(ui(·), u−i(·)) =
∫ T

0

Ki(t, x(t), u1(t), u2(t), . . . , um(t)) dt +Φi(x(T )),

ẋ(t) = f(t, x(t), u1(t), u2(t), . . . , um(t)), (1)
x(0) = x0 ∈ R,

where ui(t) ∈ Ui ⊂ R is the player i’s control (strategy), x(t) ∈ R is the
state vector of the differential game, and M = {1, 2, . . . ,m} is the set of
players. The functions Ki(t, x(t), u1(t), u2(t), . . . , um(t)) and Φi(x(T )), i =
1, 2, . . . ,m, are continuously differentiable functions that describe the player
i’s running payoff and terminal payoff, respectively. The goal of this differ-
ential game for each player i, i = 1, 2, . . . ,m, is to maximize his payoff by
choosing a suitable strategy ui(t) ∈ Ui ⊂ R.
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For differential game (1), the open-loop Nash equilibrium is described as
follows.

Definition 2. The control actions u⋆i (·), i = 1, 2, . . . ,m, are considered as a
Nash equilibrium for differential game (1), if the following inequalities hold:

Ji(u
⋆
i (·), u⋆−i(·)) ⩾ Ji(ui(·), u⋆−i(·)), for all ui ∈ Ui,

where ui is the ith player’s strategy and u−i state the other players’ strategies,
that is, u−i = uj , j 6= i.

For deriving the first-order optimality necessary conditions of nonlinear
differential game (1) and characterizing an open-loop strategy, the Hamilto-
nian functions are defined as follows:

Hi(t, x, ui, u−i, λi) = Ki(t, x, ui, u−i) + λi f(t, x, ui, u−i), i = 1, 2, . . . ,m,

where the variables λi, i = 1, 2, . . . ,m, are the adjoint functions.
Pontryagin’s maximum principle provides a set of optimality conditions

for control actions to construct an open-loop strategy in nonlinear differential
game (1) as follows:

·
x(t) = f(t, x(t), u1(t), . . . , um(t)), x(0) = x0, (2)
·
λi(t) = −∂Hi

∂x
(t, x(t), ui(t), u−i(t), λi(t)), λi(T ) =

∂Φi(x(T ))

∂x
, (3)

∂Hi

∂ui
(t, x(t), ui(t), u−i(t), λi(t)) = 0, i = 1, 2, . . . ,m. (4)

An expression for ui(t) , i = 1, 2, . . . ,m, with respect to x(t) and λi(t) can
be obtained by solving the algebraic equations (4) as follows:

ui = Ψi(t, x(t), λi(t)).

This expression is replaced in (2) and (3) to obtain the system of TPBVPs
based on x(t) and λi(t) , i = 1, 2, . . . ,m, as follows:

·
x(t) = f(t, x(t),Ψ1(t),Ψ2(t), . . . ,Ψm(t)),
·
λi(t) = −∂Hi

∂x
(t, x(t),Ψi(t),Ψ−i(t), λi(t)),

x(0) = x0,

λi(T ) =
∂Φi(x(T ))

∂x
,

(5)

where Ψi = Ψi(t, x(t), λi(t)), i = 1, 2, . . . ,m.
This system of differential equations with split boundary conditions is

nonlinear generally, which makes it difficult or impossible to be solved ana-
lytically. Therefore, using an appropriate numerical approach is required.
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3 The Bernoulli Tau method for nonlinear differential
games

In this part, an efficient formulation of the Tau method for a numerical
solution to the system of TPBVPs is established by obtaining the open-loop
strategy of nonlinear differential game (1).

The Tau method is a highly accurate spectral method for differential
equations to be solved numerically. Implementing this method is based on
expanding the solution functions f(t) of differential equations in terms of suit-
able basis polynomials such as Bernoulli [40, 33], Jacobi [4, 28], and Bernstein
polynomials [21] as follows:

f(t) =

∞∑
i=0

fi Pi(t),

where fi and Pi(t), i = 0, 1, 2, . . ., are unknown coefficients and basis poly-
nomials, respectively [7].

In practice, we use only a finite number of these basis polynomials, mean-
ing that fn(t) =

∑n
i=0 fi Pi(t) is a numerical approximation of the exact

solution f(t).
In this paper, the Bernoulli polynomials are considered as basis polynomi-

als, in which the definition and properties of these polynomials in a function
approximation are stated below.

Definition 3. Bernoulli polynomials of order n are defined on [0, 1] by (see
[26])

βn(t) =

n∑
i=0

(
n

i

)
αn−it

i,

where αi, i = 0, 1, . . . , n, are Bernoulli numbers and defined as

t

et − 1
=

∞∑
i=0

αi
ti

i!
.

The first few Bernoulli numbers are

α0 = 1, α1 =
−1

2
, α2 =

1

6
, α4 =

−1

30
, . . . ,

with α2i+1 = 0, for i = 1, 2, 3, . . ..

The first seven Bernoulli polynomials are

β0(t) = 1, β1(t) = t− 1

2
, β2(t) = t2 − t+

1

6
, β3(t) = t3 − 3

2
t2 +

1

2
t,

β4(t) = t4 − 2t3 + t2 − 1

30
, β5(t) = t5 − 5

2
t4 +

5

3
t3 − 1

6
t,
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β6(t) = t6 − 3t5 +
5

2
t4 − 1

2
t2 +

1

42
.

A complete basis is formed by these polynomials over the interval [0, 1].

Any function f(t) belonging to L2[0, 1] can be approximated by Bernoulli
functions as follows:

f(t) ≈ fn(t) =

n∑
i=0

fiβi(t).

To apply the Tau method based on the Bernoulli polynomials for solving
the system of TPBVPs (5), for simplification matters and without loss of
generality, we consider T = 1, and then the unknown functions x(t) and
λi(t), i = 1, . . . ,m, can be approximated as finite expansions of Bernoulli
polynomials as follows:

x(t) ≈ xn(t) =

n∑
j=0

ajβj(t) = ATβ(t)

λi(t) ≈ λni (t) =

n∑
j=0

bijβj(t) = BTi β(t), i = 1, 2, . . . ,m ,

where AT = [a0, a1, . . . , an] and BTi = [bi0, bi1, . . . , bin], i = 1, . . . ,m, are the
vectors of unknown coefficients and β(t) = [β0(t), β1(t), . . . , βn(t)]

T is the
vector of Bernoulli polynomials.

The residual functions are defined by substituting these expansions in the
differential equations of the system of TPBVPs (5) as follows:

R0(t) = ẋn(t)− f(t, xn(t),Ψn1 (t),Ψ
n
2 (t), . . . ,Ψ

n
m(t)),

Ri(t) = λ̇ni (t) +
∂H

∂xn
(t, xn(t),Ψni (t),Ψ

n
−i(t)), i = 1, . . . ,m.

Then, multiplying these residuals by βj(t), j = 0, 1, . . . , n − 1, integrating
over the interval [0, 1], and setting equal to zero, together with the boundary
values, the following system of (m+1)(n+1) algebraic equations is created,
which Newton’s iteration method can be applied to solve it and to determine
the unknown vectors AT and BTi , i = 1, . . . ,m:

∫
1

0
R0(t)Bj(t)dt = 0,∫

1

0
Ri(t)Bj(t)dt = 0,

xn(0) = x0,

λni (1) =
∂Φi(x

n(1))

∂xn
.
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By the following theorem, the convergence analysis and the error upper bound
for the mentioned approximation obtained by the Bernoulli polynomials is
discussed.

Theorem 1. Suppose that x(t) and λi(t), i = 1, . . . ,m, belong to Cn+1[0, 1]
and that Sn = span{β0(t), β1(t), . . . , βn(t)}. If ATβ(t) ∈ Sn and BTi β(t) ∈
Sn, i = 1, 2, . . . ,m, are the best approximations of x(t) and λi(t), i =
1, . . . ,m, respectively, then

‖x(t)−ATβ(t)‖L2[0,1] ≤
C

(n+ 1)!
√
2n+ 3

and

‖λi(t)−BTi β(t)‖L2[0,1] ≤
Ci

(n+ 1)!
√
2n+ 3

, i = 1, 2, . . . ,m,

where C = max
t∈[0,1]

|x(n+1)(t)| and Ci = max
t∈[0,1]

|λ(n+1)
i (t)|, i = 1, 2, . . . ,m.

Proof. The proof will be done for the first inequality and the other inequalities
can be proved in a similar manner.

Since x(t) ∈ Cn+1[0, 1], there exists C ∈ N such that for every t ∈ [0, 1],
we have |xk(t)| ≤ C, k = 0, 1, . . . , n + 1, and x(t) can be expanded into the
Taylor formula as

x(t) =

n∑
k=0

x(k)(0)

k!
tk +

x(n+1)(ξ)

(n+ 1)!
tn+1 = x̃(t) +

x(n+1)(ξ)

(n+ 1)!
tn+1,

where x̃(t) =
n∑
i=0

x(k)(0)

k!
tk and ξ ∈ [0, t]. Hence, we have

|x(t)− x̃(t)| = x(n+1)(ξ)

(n+ 1)!
tn+1.

Because ATβ(t) is the best approximation of x(t) out of Sn, x̃(t) ∈ Sn, and
considering the above equality, it is concluded that

‖x(t)−ATβ(t)‖L2[0,1] ≤ ‖x(t)− x̃(t)‖L2[0,1] =

∥∥∥∥x(n+1)(ξ)

(n+ 1)!
tn+1

∥∥∥∥
L2[0,1]

=

(∫ 1

0

∣∣∣∣x(n+1)(ξ)

(n+ 1)!
tn+1

∣∣∣∣2 dt
) 1

2

≤ C

(n+ 1)!

(∫ 1

0

t2n+2dt

) 1
2
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=
C

(n+ 1)!
√
2n+ 3

,

and this completes the proof.

Remark 1. It should be noted that for practical use of Bernoulli polynomi-
als on the interval [a, b], it is necessary to shift the defining domain by the
following variable substitution and construct the shifted Bernoulli polynomi-
als:

t =
x

b− a
− a

b− a
.

4 Numerical illustrations

In this part, three differential game problems are presented to illustrate the
accuracy and efficiency of the proposed approach. Example 1 is a linear-
quadratic differential game that its exact solution can be obtained. By this
example and comparing it with the exact solution, we can verify and validate
the proposed approach. Example 2 is also a linear quadratic differential game
with attainable exact solution. In this example, we compare the results of
the proposed method with the Chebyshev pseudospectral method (CPM)
presented in [27]. Example 3 is a differential game arising from an economic
model with a nonlinear system of TPBVPs that the exact solution is not
available. To check the performance of the proposed method for this problem,
a residual function is defined.

All the computations associated with the proposed method have been
performed by Maple 17 software with 32 digits precision on a Core (TM) i7
PC with 2.70GHz of CPU and 16GB of RAM.

Example 1. For this differential game, the state equation is [13]

ẋ(t) = u1(t) + u2(t), x(0) = 1,

and two players’ performance indices are

min
u1

J1 =

∫ 1

0

(−x2(t) + u21(t))dt,

min
u2

J2 =

∫ 1

0

(2x2(t) + u22(t))dt+ x2(1).

The exact open-loop Nash equilibrium of this differential game is [13]

u∗1 = −1

e
+ e−t,

u∗2 =
1

e
− 2e−t.
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Hence, the exact values of players’ performance indices are

J∗
1 = −0.32975303263305,

J∗
2 = 1.9344880850240.

The system of TPBVPs for the mentioned game is stated as

ẋ(t) = −λ1(t)
2

− λ2(t)

2
,

λ̇1(t) = 2x(t),

λ̇2(t) = −4x(t),

x(0) = 1,

λ1(1) = 0, λ2(1) = 2x(1).

The values of performance indices obtained by the proposed approach and
the comparison of the analytical solutions are shown in Table 1. Also, the
approximate solutions and the exact solutions with n = 10 together with
absolute errors are plotted in Figure 1.

Table 1: Comparison of optimal payoff functionals J1 and J2 obtained by
BTM with the exact solutions and also the CPU time(s) for Example 1.
n J1BTM J2BTM |J1BTM − J∗

1 | |J2BTM − J∗
2 | CPU time(s)

4 −0.32975302954236861650 1.93448814833633875533 3.09× 10−9 5.23× 10−8 0.124
6 −0.32975303263303305145 1.93448808502434431993 1.35× 10−14 2.27× 10−13 0.156
8 −0.32975303263304656749 1.93448808502406878964 1.69× 10−20 2.84× 10−19 0.218
10 −0.32975303263304656750 1.93448808502406878929 8.17× 10−27 1.37× 10−25 0.328

Example 2. For this differential game, the state equation is [13]

ẋ(t) = 2x(t) + u1(t) + u2(t), x(0) = 1,

and two players’ performance indices are

min
u1

J1 =

∫ 3

0

(x2(t) + u21(t))dt,

min
u2

J2 =

∫ 3

0

(4x2(t) + u22(t))dt+ 5x2(3).

The exact open-loop Nash equilibrium of this differential game is [13]

u∗1 = −e−st +
1

e3
e−2t,

u∗2 = −4e−3t −
1

e3
e−2t.

Hence, the exact values of players’ performance indices are

J∗
1 = 0.3140381912,
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Figure 1: Plots of the approximate solutions and the analytical solutions
together with absolute errors with n = 10 for Example 1.

J∗
2 = 3.4136123279.

The system of TPBVPs for the mentioned game is stated as

ẋ(t) = 2x(t)− λ1(t)

2
− λ2(t)

2
,

λ̇1(t) = −2x(t)− 2λ1(t),

λ̇2(t) = −8x(t)− 2λ2(t),

x(0) = 1,

λ1(3) = 0, λ2(3) = 10x(3).

IJNAO, Vol. 12, No. 2, pp 467–482



A numerical treatment based on Bernoulli ... 477

The values of performance indices obtained by the proposed approach and
the comparison of the analytical solutions are shown in Table 2. Besides, to
compare the BTM results with an existing approach, the results obtained by
the CPM [27] are shown in Table 3.

Table 2: Comparison of optimal payoff functionals J1 and J2 obtained by
BTM with the exact solutions and also the CPU time(s) for Example 2.
n J1BTM J2BTM |J1BTM − J∗

1 | |J2BTM − J∗
2 | CPU time(s)

10 0.31403763402282 3.41361478021289 5.57× 10−7 2.45× 10−6 0.437
15 0.31403819123820 3.41361232797387 1.07× 10−14 4.58× 10−14 0.640
20 0.31403819123819 3.41361232797391 8.77× 10−24 3.85× 10−23 1.154

Table 3: Comparison of optimal payoff functionals J1 and J2 obtained by
CPM with the exact solutions for Example 2.
n J1CPM J2CPM |J1CPM − J∗

1 | |J2CPM − J∗
2 |

10 0.3140689582 3.4134809955 0.0000307670 0.0001313324
15 0.3140381906 3.4136123306 6.1× 10−10 2.7× 10−9

20 0.3140381912 3.4136123279 5.2× 10−15 2.2× 10−14

Table 2 indicates that in the same situation in terms of the number of basis
functions, the results obtained by the proposed method are more accurate
than the results obtained by the CPM in this example.

Example 3. The following differential game describes the competition be-
tween two players in an effort for harvesting a natural renewable resource.
The state equation of this game is expressed as

ẋ(t) = 0.1x(t)− 0.001x2(t)− x(t)u1(t)− x(t)u2(t), x(0) = 1.

The players’ payoffs are given by

J1(u1, u2) =

∫ 1

0

(3x(t)u1(t)−
1

2
u21(t))dt,

J2(u1, u2) =

∫ 1

0

(2x(t)u2(t)−
1

2
u22(t))dt,

where the value x(t) > 0 is the resource level and the amounts u1(t) ≥ 0 and
u2(t) ≥ 0 are the players’ efforts for harvesting this resource, all at time t.
Moreover, 1

2
u21 and 1

2
u22 indicate the costs for harvesting at effort levels u1

and u2, respectively [9].

Remark 2 (see [35]). By the linearity of the state equation of this differential
game with respect to the control variables ui, i = 1, 2, and the concavity of
integrand of performance index Ji, i = 1, 2, with respect to ui, i = 1, 2,
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(because ∂2Ji
∂u2i

= −1 < 0, i = 1, 2), it yields that the open-loop strategy
exists and is unique for this dynamic game regrading the Filippov–Cesari
existence theorem [10].

The nonlinear system of TPBVPs extracted from Pontryagin’s maximum
principle for this differential game is stated as follows:

ẋ = 0.1x− 5.001x2 + x2λ1 + x2λ2,

λ̇1 = −9x− 0.1λ1 + 8.002xλ1 − xλ21 − xλ1λ2,

λ̇2 = −4x− 0.1λ2 + 7.002xλ2 − xλ22 − xλ1λ2,

x(0) = 1,

λ1(1) = 0, λ2(1) = 0.

The numerical results for various amounts of n are presented in Table 4. It
is worth mentioning that since the exact solution to this differential game is
not available, to check the accuracy and validity of the proposed method for
the differential game under consideration, the error of residuals is defined as
follows:

‖Res‖2 =

∫
1

0

(R2
1(t) +R2

2(t) +R2
3(t))dt,

where Ri(t), i = 1, 2, 3, are the residuals defined in the previous section.

Table 4: Optimal payoff functionals J1 and J2 for Example 3 with error
norms and also the CPU time(s).
n J1BTM J2BTM ‖Res‖2 CPU time(s)
6 0.946161437829 0.452174552034 3.74× 10−5 3.931
8 0.946161294373 0.452174505059 5.44× 10−7 12.683
10 0.946161293220 0.452174504702 7.27× 10−9 35.334
12 0.946161293210 0.452174504699 9.16× 10−11 92.486

It is notable that due to the nonlinearity of the system of TPBVPs for this
example and also the process of implementing the Tau method, we expect
that it consumes more time than the previous examples to be solved. Table
4 verifies this matter.

5 Conclusions

In this paper, a formulation of the Bernoulli Tau method (BTM) was es-
tablished efficiently for approximating the open-loop Nash equilibrium in
nonlinear differential games over a finite time horizon. Using this approach,
the system of TPBVPs extracted from Pontryagin’s maximum principle was
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reduced to a system of algebraic equations by expanding the solution func-
tions in terms of Bernoulli polynomials, which can be solved numerically to
determine the unknown coefficients. At last, three examples were presented
and solved by this approach to validate the applicably and accuracy of the
present method. The approximate solutions were obtained with an excellent
agreement with the exact solutions.
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Abstract
In this paper, a class of second-order singularly perturbed interior layer

problems is examined. A nonpolynomial mixed spline is used to develop
the tridiagonal scheme. The developed method is second as well as fourth-
order accurate based on the parameters. Error analysis is also carried
out. The method is shown to converge point-wise to the true solution with
higher accuracy. Linear and nonlinear second-order singularly perturbed
boundary value problems have been solved by the presented method. Five
numerical illustrations are given to demonstrate the applicability of the
proposed method. Absolute errors are given in tables, which show that our
method is more efficient than previously existing methods.
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1 Introduction

Second-order singularly perturbed boundary-value problems (SPBVPs) have
gained more importance for two reasons. Firstly, they occur in many areas of
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science and engineering, like combustion, control theory, nuclear engineering,
fluid mechanics, chemical reactor theory, and so on. Secondly, the occurrence
of sharp boundary-layers as ϵ, the coefficient of the highest order derivative,
approaches zero, makes it difficult for standard numerical methods. The ap-
proximate solution to boundary-value problems (BVPs), in which the highest
derivative is multiplied with a small positive parameter, is described here. It
is a well-known fact that the solution to the SPBVP exhibits a multiscale
character. There are a number of methods available in the literature for
solving SPBVPs [3, 4, 5, 6, 7, 8, 9, 10, 12, 13, 14, 18]. Some other recent
methods for solving nonlinear problems are given in [15, 16, 17].
We consider second-order SPBVPs of the form

ϵz(2)(x) = G(x, z, z′), r ≤ x ≤ s, (1)

with

z(r) = η0, z(s) = ηn, (2)

where 0 < ϵ � 1 is a parameter multiplied by the highest derivative,
G(x, z, z′) are continuously differentiable functions on [r, s], and η0 and ηn
are constants.
Consider the following assumptions, for r < x < s and −∞ < z < z′ <∞:
(i) G is continuous,
(ii)∂G∂z and ∂G

∂z′ exist and are continuous,
(iii)∂G∂z > 0 and | ∂G∂z |≤ D, for an arbitrary constant D.

The above assumptions from [11] confirm the existence and uniqueness of
the solution to the BVP (1).
Here, we develop a method using a nonpolynomial spline for solving the gen-
eralized form of second-order SPBVPs. We use three-point finite difference
approximations, which gives in place of give the accuracy of order four. When
we implement the method, a tridiagonal system is obtained and solved using
MATLAB.
The paper is organized as follows: In Section 2, the derivation of the numeri-
cal method is presented. The obtained scheme is applied to the second-order
SPBVPs in Section 3. Error analysis of the method is discussed in Section
4. Numerical results are given in Section 5 to prove the efficiency of the
proposed scheme. Finally, concluding remarks are presented.

2 Nonpolynomial mixed spline

Let the interval [r,s] is divided into n equal parts as r = x0 < x1 < x2 <
· · · < xn = s, by introducing

xi = r + ih, where h = (s− r)/n, i = 0, 1, . . . , n.
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Let

Ri(x) = aie
δ(x−xi) + bi[sin(δ(x− xi)) + cos(δ(x− xi))] + ci, (3)

be a function defined on [r,s], which becomes an ordinary quadratic spline as
parameter δ −→ 0 and δ > 0.

To evaluate ai, bi, and ci, we let

Ri(xi) = zi, Ri(xi+1) = zi+1, R
(2)
i (xi) =

1

2
(Si + Si+1), 0 ≤ i ≤ n. (4)

Using the above conditions, we get

ai =
zi+1 − zi

ζ
− 1

2θ2
[
eθ − 1

ζ
− 1]h2(Si + Si+1),

bi =
zi+1 − zi

ζ
− 1

2θ2
[
eθ − 1

ζ
]h2(Si + Si+1),

ci =
zi+1 + (2 + ζ)zi

ζ
+

1

2θ2
[
2eθ − 1

ζ
− 1]h2(Si + Si+1),

where ζ = −2 + sin θ + cos θ + eθ and θ = λh.
Using the first derivative continuity condition, Rki−1(xi) = Rki (xi), k = 0, 1,
the following scheme is obtained:

ϕzi−1 + ξzi + ψzi+1 = h2(ϕ1Si−1 + ξ1Si + ψ1Si+1), 1 ≤ i ≤ n− 1, (5)

where

ϕ =
sin θ + eθ + cos θ

2
,

ξ =
2 + sin θ − eθ − cos θ

2
,

ψ = 1,

ϕ1 =
(2 sin θ − 1)eθ + cos θ − sin θ

4θ2
,

ξ1 =
sin θeθ − sin θ

2θ2
,

ψ1 =
eθ − sin θ − cos θ

4θ2
.

Remark: Our scheme reduces to [2] when

(ϕ, ξ, ψ, ϕ1, ξ1, ψ1) = (1,−2, 1,
1

4
,
1

2
,
1

4
).
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Error

After expanding (5), using the Taylor series, we obtain the truncation error
(TE) as follows:

ti = (ϕ+ ξ + ψ)zi + (−ϕ+ ψ)hz′i + h2[
ϕ+ ψ

2!
− (ϕ1 + ξ1 + ψ1)]z

(2)
i

+h3[
−ϕ+ ψ

3!
− (−ϕ1 + ψ1)]z

(3)
i + h4[

ϕ+ ψ

4!
− (

ϕ1 + ψ1

2!
)]z

(4)
i

+h5[
−ϕ+ ψ

5!
− (

−ϕ1 + ψ1

3!
)]z

(5)
i + h6[

ϕ+ ψ

6!
− (

ϕ1 + ψ1

4!
)]z

(6)
i

+h7[
−ϕ+ ψ

7!
− (

−ϕ1 + ψ1

5!
)]z

(7)
i +O(h8), 1 ≤ i ≤ n− 1. (6)

For various values of coefficients obtained in (5), we obtain the second-
order method as well as the fourth-order method. For ϕ1 + ξ1 + ψ1 = 1 and
ϕ1 = ψ1, we obtain the second-order method. The TE for (ϕ, ξ, ψ, ϕ1, ξ1, ψ1) =
(1,−2, 1, 1/6, 4/6, 1/6) is given as follows:

ti = − 1

12
h4z

(4)
i +O(h5), 1 ≤ i ≤ n− 1.

For (ϕ, ξ, ψ, ϕ1, ξ1, ψ1) = (1,−2, 1, 1/12, 10/12, 1/12), we obtain a higher or-
der method, that is, fourth-order. The TE is as follows:

ti = − 1

120
h6z

(6)
i +O(h7), 1 ≤ i ≤ n− 1.

3 Implementation of the scheme

We consider the second-order SPBVP of the generalized form (1) as

ϵz(2)(x) = G(x, z, z′), r ≤ x ≤ s.

In particular, we take the linear second-order SPBVP as follows:

ϵz(2)(x) = −p(x)z′(x)− q(x)z(x) + g(x), r ≤ x ≤ s. (7)

Now, implementing the scheme (5) on problem (7), we get the method, which
is of second-order accuracy as follows:

ϵϕzi−1 + ϵξzi + ϵψzi+1 =h2(ϕ1Gi−1 + ξ1Gi + ψ1Gi+1), 1 ≤ i ≤ n− 1,
(8)

where ϕ1 = ψ1 and ϕ1 + ξ1 + ψ1 = 1. The method of fourth-order accuracy
is given as follows:
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ϵϕzi−1 + ϵξzi + ϵψzi+1 =h2(ϕ1Gi−1 + ξ1G̃i + ψ1Gi+1), 1 ≤ i ≤ n− 1,
(9)

where (ϕ1, ξ1, ψ1) = (1/12, 10/12, 1/12) and

Gi = G(x, zi, z
′
i),

Gi−1 = G(x, zi−1, z
′
i−1),

Gi+1 = G(x, zi+1, z
′
i+1),

G̃i = G(x, zi, z̃
′
i),

in which

z′i =
zi+1 − zi−1

2h
,

z′i−1 =
−3zi−1 + 4zi − zi+1

2h
,

z′i+1 =
zi−1 − 4zi + 3zi+1

2h
,

z̃′i =
zi+1 − zi−1

2h
− h

20
(Gi+1 −Gi−1).

Using the above approximations, we obtain an expression for the second-order
method as follows:

(ϕϵ− 3

2
hϕ1pi−1 −

1

2
hξ1pi +

1

2
hψ1pi+1 + h2ϕ1qi−1)zi−1

+ (ϵξ + 2hϕ1pi−1 − 2hψ1pi+1 + h2ξ1qi)zi

+ (ϵψ − 1

2
hϕ1pi−1 +

1

2
hξ1pi +

3

2
hψ1pi+1 + h2ψ1qi+1)zi+1

= h2(ϕ1gi−1 + ξ1gi + ψ1gi+1), 1 ≤ i ≤ n− 1. (10)

Similarly for the fourth-order method, it reads as follows:
[
ϵϕ−

3

2
h(ϕ1 −

ξ1h

20
pi)pi−1 −

1

2
hξ1pi +

1

2
h(ψ1 +

ξ1h

20
pi)pi+1

+ h2(ϕ1 −
ξ1h

20
pi)qi−1

]
zi−1

+
[
ϵξ + 2hϕ1pi−1 − 2h(ψ1 +

ξ1h

20
pi)pi+1 + h2ξ1qi

]
zi

+
[
ϵψ −

1

2
h(ϕ1 −

ξ1h

20
pi)pi−1 +

1

2
hξ1pi +

3

2
h(ψ1 +

ξ1h

20
pi)pi+1

+ h2(ψ1 +
ξ1h

20
pi)qi+1

]
zi+1

= h2
[
(ϕ1 −

ξ1h

20
pi)gi−1 + ξ1gi + (ψ1 +

ξ1h

20
pi)gi+1

]
, 1 ≤ i ≤ n− 1. (11)
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4 Convergence

Here, we discuss the error analysis of higher order method, that is, fourth-
order. In the matrix form, (11) can be written as

MZ = U, (12)

where M = (mi,j) is the tridiagonal matrix whose entries are given by (11)
and U = [u1, u2, . . . , un−1]

T is given as

u1 =h2[(ϕ1 −
hξ1
20

p1)g0 + ξ1g1 + (ψ1 +
hξ1
20

p1)g2]

− (ϵϕ− 3

2
h(ϕ1 −

hξ1
20

p1)p0 −
1

2
hξ1p1 +

1

2
h(ψ1 +

hξ1
20

p1)p2

+ h2(ϕ1 −
hξ1
20

p1)q0)y0,

ui =h
2[(ϕ1 −

hξ1
20

pi)gi−1 + ξ1gi + (ψ1 +
hξ1
20

pi)gi+1], 2 ≤ i ≤ n− 2,

un−1 =h2[(ϕ1 −
hξ1
20

pn−1)gn−2 + ξ1gn−1 + (ψ1 +
hξ1
20

pn−1)gn]

− (ϵψ − 1

2
h(ϕ1 −

hξ1
20

pn−1)pn−2 +
1

2
hξ1pn−1 +

3

2
h(ψ1 +

ξh
20
pn−1)pn

+ h2(ψ1 +
hξ1
20

pn−1)qn)yn,

and Z = [z1, z2, . . . , zn−1]
T . We also have

MZ̃ = U + T, (13)

where Z̃ = [z̃1, z̃2, . . . , z̃n−1]
T and T = [t1, t2, . . . , tn−1]

T .
Also ti = [z̃i − zi]

T , i = 1, 2, . . . , n− 1, is the local TE. From (12) and (13),
we have

M(Z̃ − Z) = T,
ME = T,
E = Z̃ − Z.

Now we calculate the sum of elements of each row of the matrix M as

Sumi =

{
ϵξ + ϵψ + 3

2h(ϕ1 −
hξ1
20 p1)p0 +

1
2hξ1p1

− 1
2h(ψ1+

hξ1
20 p1)p2 + h2ξ1q1 + h2(ψ1 +

hξ1
20 p1)q2, i=1,

Sumi =

{
ϵϕ+ ϵξ + ϵψ

+h2((ϕ1 − hξ1
20 pi)qi−1 + ξ1qi+(ψ1 +

hξ1
20 pi)qi+1), 2 ≤ i ≤ n − 2,
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Sumi =

{
ϕϵ+ ϵξ + 1

2
h(ϕ1 − hξ1

20
pn−1)pn−2 − 1

2
hξ1pn−1

− 3
2
h(ψ1+

hξ1
20
pn−1)pn + h2(ϕ1 − hξ1

20
pn−1)qn−2 + h2ξ1qn−1, i=n-1.

Furthermore,

Sumi ≥ h2(ξ1q1 + ψ1q2 −
3

40
ξ1p0p1 −

1

40
ξ1p1p2) +O(h3), i=1,

Sumi ≥ h2(ϕ1qi−1 + ξ1qi + ψ1qi+1), 2 ≤ i ≤ n − 2,

Sumi ≥ h2(ϕ1qn−2 + ξ1qn−1 −
3

40
ξ1pnpn−1−

1

40
ξ1pn−1pn−2) +O(h3), i=n-1.

Let 0 < K ∈ Z+ be the minimum of | pi | and | qi |. For sufficiently small h,
we can say that

Sum1 ≥ h2[(ξ1 + ψ1 −
1

10
ξ1)K],

Sumi ≥ h2[(ϕ1 + ξ1 + ψ1)K], 2 ≤ i ≤ n − 2,

Sumn−1 ≥ h2[(ϕ1 + ξ1 −
1

10
ξ1)K].

Therefore, we get

1

Sum1
≤ 1

h2[( 9
10ξ1 + ψ1)K]

,

1

Sumi
≤ 1

h2[(ϕ1 + ξ1 + ψ1)K]
, 2 ≤ i ≤ n − 2,

1

Sumn−1
≤ 1

h2[(ϕ1 +
9
10ξ1)K]

.

Furthermore,

1

Sumi
≤


1

h2[( 9
10 ξ1+ψ1)K]

, i=1
1

h2[(ϕ1+ξ1+ψ1)K] , 2 ≤ i ≤ n − 2
1

h2[(ϕ1+
9
10 ξ1)K]

, i=n-1.

The matrixM is monotone, irreducible and diagonally dominant for suiciently
small h. Therefore, M−1 exist and is positive. Hence,

‖E‖ = ‖M−1‖‖T‖.

Let M−1 = (m∗
i,j). Then by [19], we get
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n−1∑
i=1

m∗
i,jSumi = 1, 1 ≤ j ≤ n− 1.

Therefore,

m∗
i,j ≤

1

Sumi
,

‖M−1‖ = max
1≤i≤n−1

n−1∑
j=1

|m∗
i,j | ≤

n−1∑
i=1

1

Sumi

= [
1

h2( 9
10ξ1 + ψ1)K

+
1

h2(ϕ1 + ξ1 + ψ1)K
+

1

h2(ϕ1 +
9
10ξ1)K

],

‖Ti‖ = max
1≤i≤n−1

n−1∑
i=1

|Ti|, 1 ≤ i ≤ n− 1.

Finally,

‖E‖ = ‖M−1‖‖T‖ ≤ 1

h2K
[

1
9
10ξ1 + ψ1

+
1

ϕ1 + ξ1 + ψ1
+

1

ϕ1 +
9
10ξ1

]‖T‖.

As the fourth-order method, ‖T‖ = O(h6) using (6). Then

‖E‖ ≤ 1

h2K
[

1
9
10ξ1 + ψ1

+
1

ϕ1 + ξ1 + ψ1
+

1

ϕ1 +
9
10ξ1

]O(h6) = O(h4).

Hence, the error is of order four. For the second-order method, ‖T‖ = O(h4)
using (6). Then ‖E‖ = O(h2). We can prove the convergence of the second-
order method by following the above procedure.

5 Numerical illustrations and discussion

To check the applicability of the developed method to existing problems, we
solve three linear and one nonlinear problem of the type (1). The maximum
absolute errors (MAEs) are tabulated in Tables 1–8. We have also solved the
heat flow problem in Example 5.

Example 1. Consider the nonlinear SPBVP from [18] as

ϵz(2)(x) + 2z′(x) + ez(x) = 0, 0 ≤ x ≤ 1, (14)

with

z(0) = z(1) = 0.

The analytical solution is
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z(x) = ln

(
2/(1 + x)

)
− e−2x/ϵ ln 2.

The results of our method along with comparison are given in Table 1. Also
we have tabulated the MAE in Table 2.

Table 1: Comparison of approximate solution of Example 1 with the method
of [18] for ϵ = 10−3 and n = 1000
x Presented

method
[18] Analytical solu-

tion
0.001 0.5933418 0.6913641 0.5983404
0.010 0.6835355 0.6825219 0.6831968
0.020 0.6736751 0.6726859 0.6733446
0.030 0.6639109 0.6629456 0.6635884
0.040 0.6542413 0.6532992 0.6539264
0.050 0.6446647 0.6437448 0.6443570
0.100 0.5981091 0.5972949 0.5978370
0.300 0.4309488 0.4304523 0.4307829
0.500 0.2877780 0.2874905 0.2876821
0.700 0.1625668 0.1624234 0.1625189
0.900 0.0513068 0.0512663 0.0512933
1.000 0.0000000 0.0000000 0.0000000

Table 2: MAE of Example 1 for (ϕ1, ξ1, ψ1) = (1/12, 10/12, 1/12)
n \ ϵ 2−2 2−4 2−6 2−8

16 3.010× 10−2 5.450× 10−2 3.950× 10−2 3.208× 10−1

32 2.900× 10−2 2.010× 10−2 8.300× 10−2 1.275× 10−1

64 2.870× 10−2 1.600× 10−2 4.430× 10−2 3.280× 10−2

128 2.860× 10−2 1.550× 10−2 1.310× 10−2 7.760× 10−2

256 2.860× 10−2 1.540× 10−2 5.300× 10−2 4.150× 10−2

Example 2. Consider the linear SPBVP from [14, 18] as

ϵz(2)(x) + z′(x) = 1 + 2x, 0 ≤ x ≤ 1, (15)

with

z(0) = 0, z(1) = 1.

The analytical solution is

z(x) = x(x+ 1− 2ϵ) +
(2ϵ− 1)(1− e−x/ϵ)

(1− e−1/ϵ)
.
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The results of our method have been compared with the methods of [14, 18]
in Table 3. We have also tabulated the MAE in Table 4.

Table 3: Comparison of the approximate solution of Example 2 with the
methods of [14, 18] for ϵ = 10−3 and n = 1000
x [18] [14] Presented

method
Analytical
solution

0.001 -1.0009970 -0.6311195 -0.6293169 -0.6298573
0.010 -0.9918800 -0.9898546 -0.9878740 -0.9878747
0.020 -0.9815600 -0.9796000 -0.9776400 -0.9776400
0.030 -0.9710400 -0.9691000 -0.9671600 -0.9671600
0.040 -0.9603199 -0.9584000 -0.9564800 -0.9564800
0.050 -0.9493999 -0.9475000 -0.9456000 -0.9456000
0.100 -0.8918000 -0.8900000 -0.8882000 -0.8882000
0.300 -0.6114000 -0.6100000 -0.6086000 -0.6086000
0.500 -0.2510000 -0.2500000 -0.2490000 -0.2490000
0.700 0.1894000 0.1900000 0.1906000 0.1906000
0.900 0.7098000 0.7099999 0.7102000 0.7102000
1.000 1.0000000 1.0000000 1.0000000 1.0000000

Example 3. Consider the two-parameter SPBVP from [20] as

−ϵdz(2)(x) + ϵcz
′(x) + z(x) = cos(πx), 0 ≤ x ≤ 1, (16)

with

z(0) = 0, z(1) = 0.

The analytical solution is

z(x) = A cos(πx) +B sin(πx) + Ceλ1x +De−λ2(1−x),

where

A =
ϵdπ

2 + 1

ϵ2cπ
2 + (ϵdπ2 + 1)2

, B =
ϵcπ

ϵ2cπ
2 + (ϵdπ2 + 1)2

,

Table 4: MAE of Example 2 for (ϕ1, ξ1, ψ1) = (1/12, 10/12, 1/12)
n \ ϵ 2−2 2−4 2−6 2−8

16 8.8950× 10−7 4.7391×10−4 5.6800×10−2 4.6880×10−1

32 5.5531× 10−8 2.8359×10−5 7.3000×10−3 2.2370×10−1

64 3.4736× 10−9 1.7529×10−6 5.2469×10−4 5.8100×10−2

128 2.1708× 10−10 1.0925×10−7 3.1398×10−5 7.5000×10−3

256 1.3640× 10−11 6.8234×10−6 1.9407×10−6 5.3738×10−4
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Table 5: Comparison of the approximate solution of Example 3 with the
method of [20] for n = 128
ϵc [20] Presented

method
[20] Presented

method
ϵd = 10−2 ϵd = 10−2 ϵd = 10−4 ϵd = 10−4

10−3 9.2993×10−7 2.6109×10−8 1.3294×10−3 2.7811×10−4

10−4 1.1557×10−7 2.5996×10−8 3.6708×10−4 2.7239×10−4

10−5 3.4933×10−8 2.5984×10−8 2.8085×10−4 2.7148×10−4

10−6 2.6878×10−8 2.5983×10−8 2.7232×10−4 2.7138×10−4

10−7 2.6072×10−8 2.5982×10−8 2.7147×10−4 2.7139×10−4

C = −A 1 + e−λ2

1− eλ1−λ2
, D = A

1 + eλ1

1− eλ1−λ2
,

λ1 =
ϵc −

√
ϵ2c + 4ϵd
2ϵd

, λ2 =
ϵc +

√
ϵ2c + 4ϵd
2ϵd

.

The results of our method along with comparison are given in Table 5.

Example 4. Consider the SPBVP from [14, 18] as

ϵz(2)(x) + z′(x)− z(x) = 0, 0 ≤ x ≤ 1, (17)

with

z(0) = 1, z(1) = 1.

The analytical solution is

z(x) =
(em4 − 1)em3x + (1− em3)em4x

em4 − em3
,

where

m3 =
−1 +

√
1 + 4ϵ

2ϵ
, m4 =

−1−
√
1 + 4ϵ

2ϵ
.

The results of our method have been compared with methods [14, 18] in Table
6. We have also tabulated the MAE in Table 7.

Example 5. Consider the heat flow problem of viscous incompressible fluid
over a stretching plate from [1] as

z(2)(x) + Pr[1− e−x]z′(x) + ϵ[z(x)z(2)(x) + [z′(x)]2] = 0, 0 ≤ x ≤ 1,(18)

with

z(0) = 1, z(1) = 0,
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Table 6: Comparison of approximate solution of Example 4 with the methods
of [14, 18] for ϵ = 10−3 and n = 1000
x [18] [14] Presented

method
Analytical
solution

0.001 0.6003270 0.6007916 0.6011354 0.6007918
0.010 0.3712379 0.3716054 0.3719728 0.3719724
0.020 0.3749439 0.3753111 0.3756784 0.3756784
0.030 0.3787160 0.3790830 0.3794502 0.3794502
0.040 0.3825260 0.3828929 0.3832599 0.3832599
0.050 0.3863742 0.3867410 0.3871079 0.3871079
0.100 0.4062043 0.4065697 0.4069350 0.4069350
0.300 0.4962382 0.4965853 0.4969323 0.4969323
0.500 0.6062278 0.6065307 0.6068334 0.6068334
0.700 0.7405963 0.7408182 0.7410400 0.7410400
0.900 0.9047471 0.9048374 0.9049277 0.9049277
1.000 1.0000000 1.0000000 1.0000000 1.0000000

Table 7: MAE of Example 4 for (ϕ1, ξ1, ψ1) = (1/12, 10/12, 1/12)
n \ ϵ 2−2 2−4 2−6 2−8

16 1.9745× 10−6 4.1185×10−4 3.8100×10−2 2.9880×10−1

32 1.2290× 10−7 2.4523×10−5 5.0000×10−3 1.4300×10−1

64 7.6864× 10−9 1.5138×10−6 3.6087×10−4 3.7300×10−2

128 4.8037× 10−10 9.4320×10−8 2.1567×10−5 4.8000×10−3

256 3.0033× 10−11 5.9003×10−9 1.3326×10−6 3.4706×10−4

where Pr is the Prandtl number, which can take different values. Problem
(18) in [1] is perturbed by the small parameter ϵ with the first part consisting
of the terms independent of ϵ and the second part involving ϵ. Here, we take
the first part of (18) as

z(2)(x) + Pr[1− e−x]z′(x) = 0, 0 ≤ x ≤ 1, (19)

with

z(0) = 1, z(1) = 0.

The MAE of (19) is calculated using the double mesh principle due to the un-
availability of an exact solution. The MAEs are given in Table 8 for Pr=1.5.
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Table 8: MAE of Example 5
n 16 32 64 128 256 512 1024
Second-order
method for
(ϕ1, ξ1, ψ1) =
(1/6, 4/6, 1/6)

2.1451×
10−5

2.7598×
10−6

3.4967×
10−7

4.3996×
10−8

5.5172×
10−9

6.9075×
10−10

8.6421×
10−11

Fourth-order
method for
(ϕ1, ξ1, ψ1) =
(1/12, 10/12, 1/12)

7.1156×
10−6

9.5771×
10−7

1.2409×
10−7

1.5788×
10−8

1.9909×
10−9

2.4996×
10−10

3.1305×
10−11

6 Conclusion

In this paper, we solved second-order SPBVPs using a tridiagonal scheme
obtained by a nonpolynomial spline. The presented method is based on a
lower degree spline that could reduce computational time and is more feasible
working. The error obtained in the developed scheme (5) is of order two as
well as four depending upon the choice of parameters. Point-wise convergence
and MAE are given in Tables 1–8. Here, linear, nonlinear, and two-parameter
perturbed problems are being solved. Comparison with the result of [14, 18,
20] was given in Tables 1,3,5, and 6, which proves the efficiency of the method
and also shows that our method is better than these existing methods.
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