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Letter from the Editor–in–Chief

I would like to welcome you to the Iranian Journal of Numerical Analysis
and Optimization (IJNAO). This journal is published two issues per year
and supported by the Faculty of Mathematical Sciences at the Ferdowsi Uni-
versity of Mashhad. Faculty of Mathematical Sciences with three centers of
excellence and three research centers is well-known in mathematical commu-
nities in Iran.

The main aim of the journal is to facilitate discussions and collabora-
tions between specialists in applied mathematics, especially in the fields of
numerical analysis and optimization, in the region and worldwide.

Our vision is that scholars from different applied mathematical research
disciplines, pool their insight, knowledge and efforts by communicating via
this international journal.

In order to assure high quality of the journal, each article is reviewed by
subject-qualified referees.

Our expectations for IJNAO are as high as any well-known applied math-
ematical journal in the world. We trust that by publishing quality research
and creative work, the possibility of more collaborations between researchers
would be provided. We invite all applied mathematicians especially in the
fields of numerical analysis and optimization to join us by submitting their
original work to the Iranian Journal of Numerical Analysis and Optimization.

Ali R. Soheili
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Modified ADMM algorithm for solving
proximal bound formulation of

multi-delay optimal control problem with
bounded control

K.A. Dawodu

Abstract

This study presents an algorithm for solving optimal control problems with
the objective function of the Lagrange-type and multiple delays on both the
state and control variables of the constraints, with bounds on the control
variable. The full discretization of the objective functional and the multi-
ple delay constraints is carried out by using the Simpson numerical scheme.
The discrete recurrence relations generated from the discretization of both
the objective functional and constraints are used to develop the matrix op-
erators, which satisfy the basic spectral properties. The primal-dual residu-
als of the algorithm are derived in order to ascertain the rate of convergence
of the algorithm, which performs faster when relaxed with an accelerator
variant in the sense of Nesterov. The direct numerical approach for han-
dling the multi-delay control problem is observed to obtain an accurate
result at a faster rate of convergence when over-relaxed with an accelerator
variant. This research problem is limited to linear constraints and objec-
tive functional of the Lagrange-type and can address real-life models with
multiple delays as applicable to quadratic optimization of intensity mod-
ulated radiation theory planning. The novelty of this research paper lies
in the method of discretization and its adaptation to handle linearly and
proximal bound-constrained program formulated from the multiple delay
optimal control problems.
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2 Dawodu

1 Introduction

Optimal control problems (OCPs) with delays in state and/or control vari-
ables play important roles in the modeling of real-life scenarios. Time delay
effects in economical, physical, chemical, and biological processes involving
optimal control systems cannot be neglected, especially when they involve
the transmission of information between different parts of the system. These
hereditary effects of constant delays have been deliberated upon by Xue and
Duanin [27], Rihan and Anwar [21], Laarabi, Abta, and Hattaf, [14] and
Bashier and Patidar [1]. Gollman, Kern and Maurer [9] did extensive work
on mixed control-state inequality constraints with single delay on both state
and delay variables with the initial and terminal boundary conditions in a
general mixed form. Later, Gollmann and Maurer [10] extended their work
to multiple time delays in the control and state variables with mixed control-
state constraints. Olotu and Dawodu [18] and Olotu, Dawodu, and Yusuf [19]
worked on one-dimensional and generalized control problems, respectively,
with multiple delay constants and unbounded control variable (vector) using
modified alternating direction method of multipliers (ADMM), while their
earlier work in [17] on the delay proportional control system was done by the
method of Quasi-Newton embedded augmented Lagrangian functional.

The Douglas–Rachford (D-R) splitting method called the ADMM (Al-
ternating Direction Method of Multipliers) had been deployed by a plethora
of authors in solving OCPs; though very few have deployed it to solving
multi-delay OCPs with control bounds. The patronage is based on the fact
that ADMM enjoys the strong convergence properties of the method of mul-
tipliers and the decomposability property of dual ascent as in the works of
Boley [2], Boyd and Vandenberghe [4], Sun, Toh, and Yang [23], and Yao et.
al [28]; hence its relevance in solving decentralized and block-convex opti-
mization problems like the large-scaled power or distributed systems cannot
be overemphasized. Yao et al. [28] discovered that the ADMM could be
used as a tool in solving a vehicle routing problem structured as an inte-
ger programming problem provided; the quadratic penalty terms used in
ADMM can be reduced into simple linear functions. He and Yuan [13] and
He, Hong, and Yuan [12] worked on the proximal Jacobian decomposition
of the augmented Lagrangian method for the multiple-block separable con-
vex minimization problem. It was observed that it has a strong affinity for
ADMM.

Many authors have researched constrained convex quadratic problems
with simple bounds. Voglis and Lagaris [24] was among the early authors
that developed an algorithm for quadratic programming problems with box
constrained using the active set strategy with applications mainly to circus
tent, random and bi-harmonic problems. However, the scalability, simplicity,
and potential of the ADMM in solving large-scaled structured convex opti-
mization problems made it widely acceptable. The ADMM has the ability to
solve the primal-dual feasibility updates in parallel and is well amenable to
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Modified ADMM algorithm for solving proximal bound formulation of ... 3

the Gauss–Seidel accelerator or relaxation in order to improve its efficiency
and rate of convergence as in Nesterov [16].

Pasquale and Gerardo [20] also reviewed the main results on global op-
timality conditions for establishing the global minimization of a quadratic
problem with box constraints. However, Carreira-Perpiñán [5] worked on
the proximal bound-constrained quadratic problem subject to simple box
constraints. The ADMM algorithm was considered using the convex proxi-
mal operator by Moreau [15], Rockafellar [22], and Combettes and Pesquet
in [6]. The algorithm was found to be particularly efficient in solving a collec-
tion of proximal operators that share a same quadratic form with a high rate
of convergence and accuracy. Wu and Shang [25] further presented a global
optimization method for solving general nonlinear programming problems
subject to box constraints using a differential flow on the dual feasible space.
The criteria for the global optimality and existence of complete solutions to
the original problems were also given.

Xinmin et al. [26] researched the application of the ADMM algorithm
to the constrained quadratic optimization of intensity modulated radiation
theory planning. A graph form convex optimization model was formulated
as minh(y) such that y = Ax, 0 ≤ x ≤ ux, ly ≤ x ≤ uy, where the meaning
and conditions for the bounds were well-defined. This approach involves the
construction of a proximal operator and the formulation of the optimization
problem in the graph form of the ADMM algorithm. In the implementation
of the algorithm, a clinically acceptable solution was obtained with fewer
memory requirements when compared with other optimization solvers.

2 Statement of problem

The generalized form of the multiple delay OCP with bounded (box) control is
expressed below with quadratic continuous functional F and linear dynamical
function f .

2.1 Optimal control model

Considering the multi-delay OCP with bounded control below:

min J(x, u) =
1

2

∫ T

t0

F (t, x(t), u(t)) dt (1)

s.t. ẋ(t) ≤Ax+Bu+

d∑
j=1

αjx(t− rj) +
e∑

l=1

βlu(t− ql) (2)

IJNAO, Vol. 12, No. 1, (2022), pp 1-36



4 Dawodu

s.t. ẋ(t) ≤f(t, x(t), u(t), xh(t− rj), uh(t− ql)), j(l) = 1, 2, . . . , d(e), (3)
x(t0) =x0, (4)
x(t) =ϕ(t), t0 − r ≤ t ≤ t0, (5)
u(t) =ψ(t), t0 − q ≤ t ≤ t0, (6)

γ ≤ u(t) ≤ σ, (7)

where

x = (x1, x2, . . . , xn)
T ∈ Rn, ϕ = (ϕ1, ϕ2, . . . , ϕn)

T ∈ Rn,

u = (u1, u2, . . . , um)T ∈ Rm,

xh(t− rj) = (x(t− r1), x(t− r2), . . . , x(t− rd)) ∈ Rdn,

uh(t− ql) = (u(t− q1), u(t− q2), . . . , u(t− qe)) ∈ Rem,

ψ = (ψ1, ψ2, . . . , ψm)T ∈ Rm,

γ = (γ1, . . . , γm)T ∈ Rm,

σ = (σ1, . . . , σm)T ∈ Rm,

r = max{rj}dj=1, and q = max{ql}el=1.

2.2 Assumptions and properties of the model

The underlining assumptions and properties of the functions are stated below:
(i) The time interval I = [t0, T ] ⊆ R is a subset of real numbers R;

(ii) The state function x(t) : I → X of the optimal control system is abso-
lutely continuous on I provided the subset X is closed and bounded in
Rn;

(iii) The control function u(t) : I → U of the control system is piece-wise
continuous and Lebesgue measurable on I provided the subset U is
closed and bounded in Rm;

(iv) The numbers r1, r2, . . . , rd and q1, q2, . . . , qe are the known monotoni-
cally increasing positive delay constants for the state and control vari-
ables, respectively; that is, rj ≤ rj+1 for all rj ∈ R for j = 1, 2, . . . , d
and ql < ql+1 for all ql ∈ R for l = 1, 2, . . . , e;

(v) The initial (pre-shaped) functions φ(t) : [t0 − r, t0] → Rn and ψ(t) :
[t0 − q, t0] → Rm for the state and control variables, respectively, are
known and piecewise continuous;

(vi) The numbers r = max{rj}dj=1 and q = max{ql}el=1 represent the values
of the maximum delay constants for the state and control variables,
respectively;

IJNAO, Vol. 12, No. 1, (2022), pp 1-36



Modified ADMM algorithm for solving proximal bound formulation of ... 5

(vii) The cost functional F : [t0, T ] × Rn × Rm → R ∪ {∞} is nonlinear,
piecewise continuous and measurable;

(viii) The constraint functional f : [t0, T ]×R(1+d)n×R(1+e)m → Rn is linear
and piece-wise continuous;

(ix) There exist an admissible pair p = (x(·), u(·)) ∈ Ω := ([t0, T ],Rn) ×
([t0, T ],Rm) that satisfies (1)–(7) of the multi-delay OCP, where the
functional J(x(·), u(·)) is minimized by the the admissible triple Ω :=
(x(·), u(·), p(·)).

3 Methodology

A very simple discretization of (1) and (3) is obtained by means of the Simp-
sons and Euler numerical schemes, respectively. Recurrence relations gen-
erated are used in developing the respective large sparse matrix operators.
The augmented Lagrangian functional with relaxation parameter (factor) is
then used as an accelerator variant in the formulation of the modified ADMM
(M-ADMM) algorithm. The spectral and convergence analyses are carried
out to ensure the well-posedness of the algorithm.

3.1 Background and preliminaries

Suppose that the discrete time interval is given as Ik = [tk, tk+1] by letting
tk = t0 + kδ for k = 0, 1, . . . , N . Then the discretization operator, say fx,
maps each discrete point tk in the discrete time interval Ik ⊆ R into each
discrete (grid) point of the concatenated state vector x(k)i ∈ RnN for all i =
1, 2, . . . , n, while the operator, say fu, maps the points into each discrete point
of the concatenated control vector u(k)j ∈ Rm(N+1) for all j = 1, 2, . . . ,m. It
is then expressed as

fx : [t0, T ] ⊆ R −→ x
(k)
i ∈ x̄i, (8)

fu : [t0, T ] ⊆ R −→ u
(k)
j ∈ ūj , (9)

where x̄ = (x̄1, . . . , x̄n) ∈ RnN and ū = (ū1, . . . , ūm) ∈ Rm(N+1) for
x̄i = (x

(1)
i , . . . , x

(N)
i ) ∈ RN , and ūj = (u

(0)
j , . . . , u

(N)
j ) ∈ RN+1, respec-

tively. Considering the existence of multiple delay constants rj ∈ R (for
j = 1, 2, . . . , d) and ql ∈ R (for l = 1, 2, . . . , e) on the state and control vari-
ables, respectively. Then some basic Theorems are expressed below to aid in
the process of discretization.

IJNAO, Vol. 12, No. 1, (2022), pp 1-36



6 Dawodu

Theorem 1 (Rationality theorem). Given the real numbers rj , rj+1 > 0 for
rj < rj+1, then there exists a unique real number δ < 1 such that the ratios
of the numbers is a rational number Q.

Proof. Let the delay constants be arranged in an increasing manner; that is,
rj ≤ rj+1 and ql ≤ ql+1 for every j, l. It then implies that for every rj and
ql, there exist integers mj ∈ Z+ and ql ∈ Z+ such that

rj
mj

=
δql
δwl
∈ R, (10)

where δ is known as the step-length or interval length. This clearly shows
that the delays, for both the state and control variables, are integer multiples
of the step-length.

The proof of this transformation technique was suggested by Guinn [11]
to derive first-order necessary conditions for unconstrained OCPs with pure
state delays. To further elaborate on the assumptions above and the appli-
cations, we then introduce Theorem 2 below.

Theorem 2. Given any interval [a, b], there exists a step-length h ∈ R+ such
that each sub-interval is a constant multiple of the step-length.

Proof. Let the entire length of the interval l = b − a be partitioned into m
sub-intervals [rj−1, rj ] for j = 1, 2, . . . ,m. Then there exists h ∈ R with
rj = hvj for all vj ∈ Z+ such that the length of each sub-interval can be
written as lj = rj − rj−1.

lj
h

=
(rj − rj−1)

h
= nj + δj nj ∈ Z+, δj ∈ [0, 1).

Then,

(hvj − hvj−1)

h
= (vj − vj−1) = nj + δj nj ∈ Z+, δj ∈ [0, 1). (11)

Since vj − vj−1 ∈ Z+ then nj + δj ∈ Z+ such that δj = 0 or δj = 1 for all
j = 1, 2, . . . , d (by Theorem 1). Since δj = 1 ̸∈ [0, 1), then δj = 0 for all j =
1, 2, . . . , d. By slotting δj = 0 into (11), we then conclude that the length
of each sub-interval lj = (rj − rj−1) can be expressed as a multiple integer
vj ∈ Z+ of h expressed as rj = rj−1 + hnj , where vj − vj−1 = nj for all
j = 1, 2, . . . ,m.

The essence of Theorems 1 and 2 above is to establish the fact that there
exists a real number, referred to as step-length, h ∈ R that divides the entire
state and control delay constants with multiples of real positive integers.

Consequent to 1 and 2, the multiple state and control variables are pre-
sented as follows:

IJNAO, Vol. 12, No. 1, (2022), pp 1-36



Modified ADMM algorithm for solving proximal bound formulation of ... 7

x(k−vj) =


ϕ(tk−vj ), k − vj ≤ 0; k = 0, 1, 2, . . . , vj , t ∈ [t0 − r, t0], (known)
x(k−vj), k − vj > 0; k = (vj + 1), . . . , N, t ∈ [t0, T ], (unknown)

x(t0) = x0 given
(12)

and

u(k−wl) =

{
ψ(tk−wl

), k − wl < 0; k = 0, 1, 2, . . . , (wl − 1), t ∈ [t0 − q, t0], (known)
u(k−wl), k − wl ≥ 0 for k = wl, (wl + 1), . . . , N, t ∈ [t0, T ], (unknown)

(13)
where r = rd = max{rj}dj=1 and q = qe = max{ql}el=1 are the largest

delays on the state and control variables, respectively. In other words, the
discretized delay state and control variables are represented in the form below:

x(k−vj) =
(
x
(k−vj)
1 , x

(k−vj)
2 , . . . , x(k−vj)

n

)T

∈ Rn, for any j, (14)

u(k−wl) =
(
u
(k−wl)
1 , u

(k−wl)
2 , . . . , u(k−wl)

n

)T

∈ Rm, for any l, (15)

while x(t) and u(t) are estimated within their respective delay intervals by
the given delay functions ϕ(t) and ψ(t), respectively, such that ϕ(t) ≃ ϕ(t−k)
and ψ(t) ≃ ψ(t−k), where tk = t0 − kδ for k = 1, 2, . . . , vd, . . . , we if vd ≤ we.
However, the largest state and control delay vectors for each iterate k =
0, 1, . . . are represented below:

x̂ =
(
x(1−vj), x(2−vj), . . . , x(N−vj)

)T

∈ Rn(N−vj), for all j = 1, 2, . . . , d,

(16)

û =
(
u(−wl), u(1−wl), . . . , u(N−wl)

)T

∈ Rm(N+1), for all l = 1, 2, . . . , e.

(17)

3.2 Discretization of the objective functional

The objective function in (1) is of the form

min J(x, u) =
1

2

∫ T

t0

(xTPx+ uTQu) dt, (18)

where x = (x1, x2, . . . , xn)
T ∈ Rn, u = (u1, u2, . . . , um)T ∈ Rm, P ∈ Rn×n,

and Q ∈ Rm×m. The full discretization of the objective function (1) using
the Simpson integration formula gives

min J(x, u) ≃ 1

2

N−1∑
k=1

F (tk, x
(k), u(k)) (19)

IJNAO, Vol. 12, No. 1, (2022), pp 1-36



8 Dawodu

and when expanded, it can be expressed as the quadratic function

min
x̄,ū

1

2
x̄T P̄ x̄+

1

2
ūT Q̄ū+R, (20)

where R = δ
6 (x

(0))TPx(0) ∈ R and the concatenated state and control vari-
ables are x̄ = (x

(1)
1 , x

(2)
1 , . . . , x

(N)
n )T ∈ RnN and ū = (u

(0)
1 , u

(1)
1 , . . . , u

(N)
m )T ∈

Rm(N+1), respectively. However, the block-diagonal coefficient matrices
P̄ ∈ RnN×nN and Q̄ ∈ Rm(N+1)×m(N+1) are the block-matrix operators
of the objective functional stated below as

P̄ =



4δ
3 P 0 · · · · · · 0

0 2δ
3 P

. . . · · ·
...

... . . . . . . . . . ...

... . . . . . . 4δ
3 P 0

0 · · · · · · 0 δ
3P


and Q̄ =



δ
3Q 0 · · · · · · · · · 0

0 4δ
3 Q

. . . · · · · · ·
...

... . . . 2δ
3 Q

. . . · · ·
...

... · · ·
. . . . . . . . . ...

... · · · · · ·
. . . 4δ

3 Q 0
0 · · · · · · · · · 0 δ

3Q


The detailed derivation is in Appendix as in Olotu, Dawodu, and Yusuf [19].
However, in determining the properties of the derived matrix operators above,
the following definitions are then introduced.

Definition 1 (Sylvester criterion). A square (n×n) matrix is positive definite
if it is real, symmetric with all the eigenvalues (λi > 0; i = 1, 2, . . . , n) or the
leading principal minors (Mi > 0; i = 1, 2, . . . , n) are strictly positive.

Definition 2 (Corollary to Sylvester criterion). If the principal diagonal
entries aii are the only nonzero entries of a square (n× n) matrix such that
aij = 0 for i ̸= j, then the leading principal minors (Mi > 0; i = 1, 2, . . . , n)
are given by Mi =

∏i
j=1 ajj for i = 1, 2, . . . , n.

Definition 3. Every positive definite matrix is invertible.

Sequel to Definitions 1 and 2, the constructed matrix-operator P is symmetric
and positive definite since all the leading principal minors are strictly positive.
Consequently, by Definition 3, the matrix P is invertible.

3.3 Discretization of the constraints

The Euler numerical scheme in (21) below is used for the discretization of
the multi-delay constraints;

x(k+1) = x(k) + δfk, (21)
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where fk = f(tk, x
(k), u(k), x̂(k), û(k)) and expressed in terms of the RHS of

(3) as

fk = Ax(k) +Bu(k) +

d∑
j=1

αjx
(k−vj) +

e∑
l=1

βlu
(k−wl), k = 0, 1, 2, . . . , N − 1,

(22)
where x̂(k) = {x(k−v1), x(k−v2), . . . , x(k−vd)} and
û(k) = {u(k−w1), u(k−w2), . . . , u(k−we)}. Adapting (21) and (22) to (3) of the
OCP yields the recurrence relation below:

θx(k) − x(k+1) + ωu(k) ≤ −δ
d∑

j=1

αjx
(k−vj) − δ

e∑
l=1

βlu
(k−wl), (23)

where θ = (In + Aδ) ∈ Rn×n, ω = Bδ ∈ Rn×m, In ∈ Rn×n (identity) and
k = 0, 1, . . . , N −1. Slotting the various values of k into (23) forms the linear
inequality below:

Āx̄+ B̄ū ≤ Ēx̄h + F̄ ūh = C, (24)

where Ā is a multi-diagonal matrix with nN rows and nN columns (i.e.,
Ā ∈ RnN×nN ); B̄ is also a diagonal matrix with nN rows and m(N + 1)
columns (i.e., B̄ ∈ RnN×m(N+1)), and x̄ is the concatenated vector of the
state variable with dimension nN × 1 while ū is the concatenated row vector
of the control variable with dimension m(N + 1) × 1. The dimensions of
the matrices Ē, x̄h, F̄ and ūh are nN × n(vd + 1), n(vd + 1)× 1, nN ×mwe

and mwe × 1, respectively. The respective structures of the concatenated
vector-matrices are represented below:

Āx̄ =



−In 0 0 · · · · · · · · · · · · · · · · · · 0

θ −In 0 0
. . . . . . . . . . . . . . . ...

0 θ −In 0 0
. . . . . . . . . . . . ...

... . . . . . . . . . . . . . . . . . . . . . . . . ...

ᾱ1 · · · 0 θ −In 0
. . . . . . . . . ...

... . . . . . . . . . . . . . . . . . . . . . . . . ...

ᾱd · · · ᾱ1 · · · 0 θ −In
. . . . . . ...

0 ᾱd · · · ᾱ1 · · · 0 θ −In
. . . ...

... . . . . . . . . . . . . . . . . . . . . . . . . 0
0 · · · 0 ᾱd · · · ᾱ1 · · · 0 θ −In





x(1)

...
x(v1+1)

...
x(v2−v1)

...
x(vd−vd−1)

...
x(vd+1)

...
x(N−1)

x(N)



,
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B̄ū =



ω 0 0 · · · · · · · · · · · · · · · · · · 0

0 ω 0 0
. . . . . . . . . . . . . . . ...

... . . . . . . . . . . . . . . . . . . . . . . . . ...

β̄1 · · · 0 ω 0 · · ·
. . . . . . . . . ...

... . . . . . . . . . . . . . . . . . . . . . . . . ...

β̄e · · · β̄1 · · · 0 ω 0
. . . . . . ...

0 β̄e · · · β̄1 · · ·
. . . . . . . . . . . . ...

... . . . . . . . . . . . . . . . . . . . . . . . . ...
0 · · · 0 β̄e · · · β̄1 · · · 0 ω 0





u(0)

...
x(v1+1)

...
u(w2−w1)

...

...
u(we+1)

...
u(N)



,

Ēx̄h =



−θ · · · −ᾱ1 · · · −ᾱs · · · −ᾱd−1 −ᾱd

· · · · · · · · · · · · · · · · · · − ¯· · · 0

−ᾱ1 · · · −ᾱs · · · −ᾱd−1 −ᾱd 0
...

· · · · · · · · · · · · · · · · · · − ¯· · ·
...

−ᾱs · · · −ᾱd−1 −ᾱd · · · 0 · · ·
...

· · · · · · · · · · · · · · · · · · − ¯· · ·
...

−ᾱd−1 −ᾱd · · · 0 · · · · · · · · ·
...

−ᾱd · · · 0 · · · · · · · · · · · ·
...

0 · · · · · · · · · · · · · · · − ¯· · ·
...

... · · · · · · · · · · · · · · · − ¯· · · 0





x(0)

x(−1)

...
x(v2−v3)

...

...

...
x(vd−vd−1)

...
x(1−vd)

x(−vd)


and

F̄ ūh =



−β̄1 · · · −β̄2 · · · −β̄s · · · −β̄e−1 −β̄e
· · · · · · · · · · · · · · · · · · − ¯· · · 0

−β̄1 · · · −β̄s · · · −β̄e−1 −β̄e 0
...

· · · · · · · · · · · · · · · · · · − ¯· · ·
...

−β̄s · · · −β̄e−1 −β̄e · · · 0 · · ·
...

· · · · · · · · · · · · · · · · · · − ¯· · ·
...

−β̄e−1 −β̄e · · · 0 · · · · · · · · ·
...

−β̄e · · · 0 · · · · · · · · · · · ·
...

0 · · · · · · · · · · · · · · · − ¯· · ·
...

... · · · · · · · · · · · · · · · − ¯· · · 0





x(0)

u(−1)

...
u(w2−w3)

...

...

...
u(we−we−1)

...
u(1−we)

u(−we)



,
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where the delay coefficients ᾱk and β̄k are defined below as

[ᾱk] =

{
−δαk, 1 ≤ k ≤ d,
0 elsewhere (25)

and

[β̄k] =

{
−δβk, 1 ≤ k ≤ e,
0 elsewhere. (26)

However, the entries [āij ] ∈ Ā, [b̄ij ] ∈ B̄, [ēij ] ∈ Ē, and [f̄ij ] ∈ F̄ of the
various matrix structures are described below as follows:

[āij ] =


−In, i = j 1 ≤ i ≤ N,
θ, j = i− 1 2 ≤ i ≤ N,
ᾱk, j = i− 1− vk 2 + vk ≤ i ≤ N, k = 1, 2, . . . , d,
0 elsewhere,

(27)

[b̄ij ] =

ω, i = j 1 ≤ i ≤ N,
β̄k, j = i− wk 1 + wk ≤ i ≤ N, k = 1, 2, . . . , e,
0 elsewhere,

(28)

[ēij ] =

−θ, i = j = 1,
−ᾱk, j = vk + 1− i 1 ≤ i ≤ vk, k = 1, 2, . . . , d,
0 elsewhere,

(29)

[f̄ij ] =

−σ, i = j = 1,
−β̄k, j = wk + 1− i 1 ≤ i ≤ wk, k = 1, 2, . . . , e,
0 elsewhere.

(30)

It is imperative to note that the real symmetric and positive definite prop-
erties of the discretized matrices P̄, Q̄, Ā, and B̄ affect the well-posedness
of the algorithm and the selection of the optimal (relaxation and penalty)
parameters; hence the bases for the assumption.

3.4 Splitting method

The D-R splitting technique, also known as ADMM, is a special case of the
splitting technique and can be traced back to work done on monotone opera-
tors and operator splitting methods into the general Hilbert spaces. Eckstein
and Ferris [7] showed in turn that DR splitting is also a special case of the
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proximal point algorithm applicable to optimal control systems. Suppose
there exist two separable closed convex functions (or proximal operators)
f(x) and g(x) that are non-expansive and not necessarily symmetric. Then
the iterates of the D-R splitting algorithm for min f(x) + g(x) starting with
any ζ0 and repeating for k = 0, 1, . . . are stated as

ζk+1 ←− ζk + proxg(2x
k − ζk)− xk,

xk+1 ←− proxf (ζ
k+1),

where xk converges to the solution of 0 ∈ ∂f(x) + ∂g(x), if the solution
exists. The D-R Algorithm can be re-structured by introducing a new variable
wk = xk − ζk if when substituted into the D-R splitting Algorithm above, it
yields its equivalent iterates expressed below as

uk+1 ←− proxg(x
k + wk),

xk+1 ←− proxf (u
k+1 − wk),

wk+1 ←− wk + xk+1 − uk+1,

where x = proxf (u−w) satisfies 0 ∈ ∂f(x)+ ∂g(x). However, the equivalent
D-R Algorithm can be amended by introducing the Nesterov-type accelerated
variants or relaxation factor α ∈ [0, 2] in order to improve the rate of con-
vergence of the iterates. The relaxed iterates is arrived at by replacing uk+1

with αuk+1 + (1−α)xk in the sense of Nesterov [16]. The derived algorithm
is stated as

Initialize at any ζ0, x0, fixed α and repeat for k = 0, 1, . . . ,

uk+1 ←− proxg(x
k + wk),

xk+1 ←− proxf (αu
k+1 + (1− α)xk − wk),

wk+1 ←− wk + xk+1 − (1− α)xk − αuk+1,

where it is an over-relaxation for 1 < α < 2, under-relaxation for 0 <
α < 1 and reduces to its non-relaxed form if α = 1. The extension of
the splitting method in the computations of the updates of the dual and
adjoint variables of a separable convex constrained problem of the form
min f(x1) + g(x2) s.t. h(x1, x2) = 0 requires a sequential minimization of
the augmented Lagrangian functional Lρ(x1, x2, ζ); hence the name alternat-
ing direction method of multipliers (ADMM).
The three steps iterates (updates) for the ADMM algorithm are as follows:

xk+1 ←− argmin
x1

(
f(x1) + ζTh(x1, x

k
2) +

ρ

2
∥ h(x1, xk2) ∥22

)
, (31)

xk+1
2 ←− argmin

x2

(
g(x2) + ζTh(xk+1

1 , x2) +
ρ

2
∥ h(xk+1

1 , x2) ∥22
)
, (32)

ζk+1 ←− ζk + ρh(xk+1
1 , xk+1

2 ), (33)

IJNAO, Vol. 12, No. 1, (2022), pp 1-36



Modified ADMM algorithm for solving proximal bound formulation of ... 13

where ρ > 0 is the penalty parameter and xk+1
1 ≡ αxk+1

1 −(1−α)xk2 for any ac-
celerator variant α ∈ [0, 2] puts the algorithm in a relaxed mode. The ADMM
is a more general method for handling all kinds of convex optimization prob-
lems which includes the ℓ1− regularization of the for min

∑
i fi(w) + ||w||,

which other traditional methods such as gradient descent, Newton, an so
on cannot handle. The ease with which the ADMM can be implemented
in parallel for large-scaled data at a faster rate gives it an edge over other
algorithms.

3.5 Analysis on bounded control problems

In a general box constrained nonlinear programming problem

min {f(x) |x ∈ Ω ⊆ Rn}, (34)

where Ω = {x ∈ Rn | l ≤ x ≤ u} is a feasible space and a closed convex
subset of Rn, f(x) and a strongly convex quadratic function that is twice
continuously differentiable in Rn, l and u are the lower and upper bounds,
respectively. Carreira-Perpiñán [5] and Combettes and Pesquet [6] extended
the theory of proximal operator to a proximal bound-constrained quadratic
program (QP) (34) with the Lagrange formulation presented as

Lρ(x, z, ξ) = f(x) + g(z) +
ρ

2
∥ x− z + ξ ∥22 s.t. x = z, (35)

where z ∈ Rn is the slack (auxiliary) variable, ξ = λ
ρ ∈ Rn is the scaled dual

(adjoint) vector, ρ > 0 is the penalty parameter, and g(z) = µ
2 ∥ z − v ∥

2
2 is

the convex term (or indicator function for the nonnegative orthant).
The proximal M-ADMM formulation is then expressed in the form

xk+1 ←− proxf,ρ(z
k − ξk) = argmin

x

(
f(x) +

ρ

2
∥ x− zk + ξk ∥22

)
, (36)

zk+1 ←− proxg,ρ(x
k+1 − ξk) = argmin

z

(µ
2
∥ z − v ∥22) +

ρ

2
∥ xk+1 − z + ξk ∥22

)
s.t. l ≤ z ≤ u, (37)

ξk+1 ←− ξk + xk+1 − zk+1. (38)

However, there exist three possible cases of the location of the parabola
vertex of the objective functional upon which the optimal solution is deter-
mined. See sketches below for illustration. Each of the cases indicated in
Figures 1, 2, and 3 represents the locations of the parabola vertex z∗i within
the bounds, below the lower bound, and above the upper bound, respectively,
while Figure 4 represents the median of the three points. Therefore, the op-
timal solution defined on the feasible space is the median of each of the ith
component (i = 1, 2, . . . , N) of the three vectors; lower bound l, upper bound
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Figure 1: Vertex within bounds: li ≤
zi ≤ ui

Figure 2: Vertex below lower bound: zi ≤
li

Figure 3: Vertex above upper bound:
ui ≤ zi

Figure 4: Median points: M(li, zi, ui)

u, and the parabola vertex z∗i . The choice of the next iterate z̄ is determined
as follows:

z̄i =


M(z∗i , li, ui) = Min

[
Max(z∗i , li), ui

]
= Min

[
li, ui

]
= li, z∗i ≤ li,

M(l̄i, z
∗
i , ui) = Min

[
Max(li, z∗i ), ui

]
= Min

[
z∗i , ui

]
= z∗i , l̄i ≤ z∗i ≤ ui,

M(li, ui, z
∗
i ) = Min

[
Max(li, ui), z∗i

]
= Min

[
ui, z

∗
i

]
= ūi, z∗i ≥ ūi.

(39)

3.6 M-ADMM algorithm formulation

The original ADMM formulation is modified to accommodate both the state
and control variables before imposing the Karush–Khun–Tucker (KKT) op-
timality conditions. The Gauss–seidel accelerator variant is introduced to
improve the convergence properties of the algorithm as illustrated in the
convergence analysis below. The re-formulated compact convex quadratic
optimization problem is then stated as
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MinJ(x̄, ū) = 1

2
x̄TPx̄+

1

2
ūTQū+R (40)

s.t. G(x, u) = Āx̄+ B̄ū− C ≤ 0, (41)
γ̄ ≤ ū ≤ σ̄, (42)

σ̄ − û ≥ 0, (43)
−̄γ + û ≥ 0, (44)

where

x̄ = (x(1), x(2), . . . , x(N)) ∈ RnN , ū = (u(0), u(1), . . . , u(N)) ∈ Rm(N+1),

Ā ∈ RnN×nN , C̄ ∈ RnN , B̄ ∈ RnN×m(N+1),

P̄ ∈ RnN×nN , and Q̄ ∈ Rm(N+1)×m(N+1),

while γ̄ = (1/
√
N + 1(γ

(1)
1 , γ

(2)
1 , . . . , γ

(N+1)
1 , γ

(1)
2 , . . . , γN+1

m ) ∈ Rm(N+1) and
σ̄ = (1/

√
N + 1)(σ

(1)
1 , σ

(2)
1 , . . . , σ

(N+1)
1 , σ

(1)
2 , . . . , σN+1

m ) ∈ Rm(N+1) for all
γi ∈ γ and σi ∈ σ, respectively. In addition, P̄ and Q̄ are the real, symmetric,
and positive-definite matrix operators.

3.7 Proximal-bound formulation

In formulating the convex-proximal bound constrained program for the dis-
cretized multi-delay OCP in (40)–(42), the Carreira-Perpiñá approach [5]
is applied. Suppose that the control bound (42) is re-formulated into two
equations, σ̄ − ū ≥ 0 and −̄γ + û ≥ 0 such that

0 ≤ µ

2
∥ (σ − γ)︸ ︷︷ ︸

y

− (v1 + v2)︸ ︷︷ ︸
v

∥22

≤ µ

2
∥ σ̄ − ū− v1 ∥22 +

µ

2
∥ −̄γ + ū− ξ2 ∥22 +

µ

2
∥ y − v ∥22, (45)

where g(y) = µ
2 ∥ y − v ∥

2
2 is a control bound function defined for ū ≥ y

and γ̄ ≤ y ≤ σ̄; while v is the slack variable replacing the inequalities and µ
is the penalty parameter. Therefore, the associated augmented Lagrangian
functional for the quadratic formulation is expressed as

Lρ1,ρ2
(x̄, ū, z, v, y, ξ1, ξ2, µ) =

1

2
x̄TPx̄+

1

2
ūTQū+R+

µ

2
∥ y − v ∥22

+
ρ1
2
∥ Ax̄+Bū− C + z + ξ1 ∥22

+
ρ2
2
∥ ū− y + ξ2 ∥22

s.t. z, v ≥ 0 and γ̄ ≤ y ≤ σ̄, (46)
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with the M-ADMM iterations stated as

x̄k+1 ←− argmin
x̄

{1

2
x̄TP x̄+

ρ1

2
∥ Ax̄+Būk − C + zk + ξk1 ∥22

}
,

ūk+1 ←− argmin
ū

{1

2
ūTQū+

ρ1

2
∥ Ax̄k+1 +Bū− C + zk ∥22 +

ρ2

2
∥ ū− yk + ξk2 ∥22

}
,

zk+1 ←− argmin
z

{ρ1
2
∥ Ax̄k+1 +Būk+1 − C + z + ξk1 ∥22

}
s.t. z ≥ 0,

vk+1 ←− argmin
v

{µ
2
∥ y − v ∥22

}
s.t. v ≥ 0,

yk+1 ←− argmin
y

{µ
2
∥ y − v ∥22 +

ρ2

2
∥ ūk+1 − y + ξk2 ∥22

}
s.t. γ̄ ≤ y ≤ σ̄,

ξk+1
1 = ξk1 +

(
Ax̄k+1 +Būk+1 − C + zk+1

)
,

ξk+1
2 = ξk2 +

(
ūk+1 − yk+1

)
,

where x̄ and ū are the primal variables, λ is the Lagrange multiplier, ρ1, ρ2 >
0 are the penalty parameters, ∥·∥2 is the euclidean (spectral) norm of a vector
(matrix) argument, ξi = λi/ρi, i = 1, 2 are the scaled dual vectors, y is the
introduced auxiliary (slack) vector, and l+(z) is the indicator function for the
non-negative orthants defined as l+(y) = µ

2 ∥ y − v ∥
2
2 and ∞ otherwise.

3.8 Derivations of the update formulas

Applying the KKT optimality conditions on the augmented Lagrangian func-
tional (46) for the sequential minimization of the variables requires updating
all the critical variables as indicated in the ADMM iterations. Moreover
the update formulas of the adjoint variables will be accelerated using the
Gauss–Seidel relaxation factor α ∈ [0, 2] as clearly illustrated in the works
of Nesterov [16] and Ghadimi et al. [8]; though this work considers an over-
relaxation where α ∈ (1, 2].

State-update - x̄ : Setting ∂x̄L(x̄, ·) = 0 yields

x̄k+1 = −ρ1(P + ρ1A
TA)−1AT (Būk − C + zk + ξk1 ) (x̄− update), (47)

where (P + ρ1A
TA)−1 is invertible since P is real, symmetric, and positive

definite and ATA is positive semi-definite sequel to Definitions 1, 2, and 3.

Control-update - ū : Setting ∂ūL(x̄k+1, ū, ·k) = 0 and replacing Ax̄k+1 with
h(x̄k+1, ūk, α) = αAx̄k+1− (1−α)(Būk−C+zk) to relax the algorithm with
the relaxation factor yield

ūk+1 = −ρ(Q̄+ ρB̄T B̄)−1B̄T
[
α(Āx̄k+1 −C + zk)− (1− α)B̄ūk + vk

]
. (48)
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Auxiliary (Slack)-update - z̄ : Setting ∂zL(·k+1, z, ·k) = 0 and relaxing
the algorithm by replacing Ax̄k+1 with h(x̄k+1, ūk, α) yields

z∗ = −α(Ax̄k+1 +Būk+1 − C)− (1− α)[B(ūk+1 − ūk)− zk]− ξk1 . (49)

Therefore,

zk+1 =max
{
0, z∗

}
(50)

=max
{
0,−α(Ax̄k+1 +Būk+1 − C)− (1− α)[B(ūk+1 − ūk)− zk]− ξk1

}
.

Updating the parabola vertex - y : Setting ∂yL(·k+1, y, ·k) = 0 in the
derivation of the parabola vertex y in the box constraint yields

∂yL(·k+1, y, ·k) = µ(y − v)− ρ2(ū− y + ξ2) = 0 (51)

y∗ =
µvk+1 + ρ2(ū

k+1 + ξk2 )

(µ+ ρ2)
s.t. γ̄ ≤ y∗ ≤ σ̄, (52)

where for each component y∗i of y∗ = (y1, y2, . . . , yN ), the minimum of the
upward parabola is defined in the sub-interval [γ̄i, σ̄i] such that the solution is
the median [γ̄i, y

∗
i , σ̄i] of γ̄i, σ̄i and each component y∗i of the parabola vertex

derived above is specifically defined as

y∗i =
µvk+1

i + ρ2(ū
k+1
i + ξk2i)

(µ+ ρ2)
s.t. γ̄i ≤ y∗i ≤ σ̄i and element-wise for all i.

(53)
Therefore,

yk+1 = Min
[
γ̄,
µvk+1 + ρ2(ū

k+1 + ξk2 )

(ρ2 + µ)
, σ̄

]
, (54)

= Min[Max(γ̄, y∗), σ̄],

with the steps involving element-wise thresholding operations. Considering
the extension of the above concept of proximal bound operator on the OCP,
let the state variable x̄ ∈ RN belong to a set of admissible state functions
X (written x̄ ∈ X ⊆ R∞) and let the control variable ū ∈ R(N+1) belong
to the set of admissible control functions U (written ū ∈ U ∈ R∞). We
then assume that v(γ̄) = (x̄∗, γ̄) and v(σ̄) = (x̄∗, σ̄) are the points on the
state-control coordinates (x̄, ū) for which the control is bounded below and
above by γ̄ ∈ R(N+1) and σ̄ ∈ R(N+1), respectively. If there exists any
point on the ith component of the control vector (i = 1, 2, . . . (N + 1)), then
yi ∈

[
γ̄i, σ̄i

]
is such that v(yi) = (x̄∗i , yi) is the point on the (x̄, ū) trajectory

that prescribes the parabola vertex of the objective function f(x̄, ū) at its
minimum. Therefore, the median M of v(γ̄i), v(σ̄i) and the parabola vertex
v(yi) are defined as follows:
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(x̄∗i , y
∗
i ) =


Min

[
Max(v(γ̄i), v(yi)), v(σ̄i)

]
= v(yi), v(yi) ∈

[
v(γ̄i), v(σ̄i)

]
,

Min
[
Max(v(ūi), v(γ̄i)), v(σ̄i)

]
= v(γ̄i), v(yi) ≤ v(γ̄i),

Min
[
Max(v(γ̄i), v(σ̄i)), v(yi)

]
= v(σ̄i), v(yi) ≥ v(σ̄i),

(55)
where x̄ = x̄∗i and ū = y∗i are the optimal state and control variables, respec-
tively, within the feasible space. Therefore, at x̄ = x̄(k+1), the ū-update is
defined as

(x̄k+1), yk+1) =M
[
v(γ̄i), v(σ̄i), v(yi)

]
, element-wise for all i ∈ {1, 2, . . . , (N + 1)},

(56)
where v(yi) = (x̄∗i , y

∗
i ) ≡ (x̄∗i , y

k+1
i ) such that

yk+1
i =

µvk+1
i + ρ2(ū

k+1
i + ξk2i)

(ρ2 + µ)
, x̄∗i = x̄

(k+1)
i , ui = yi, for all i ∈ {1, 2, . . . , (N+1)}.

(57)
For further illustration on the analysis of the proximal bound and its effects

on the objective functional value, we then consider the figures below.
Suppose that (x̄∗, y∗) is the vertex parabola for which f(x̄, ū) is at minimum.
Then

F (x̄∗, y∗) ≤ F (x̄∗, ū), s.t. x̄∗ ∈ X, for all ū ∈ U and y∗ ∈
[
γ̄, σ̄

]
.

Assume that there exists a bound
[
γ̄, σ̄

]
⊆ U on the control variable, sim-

ply called bounded (box) constraint, for which the objective functional value
F (x̄, ū) is at minimum; then in the process of the algorithm, the three ex-
pected cases are stated as

F (x̄∗, y∗) =

 F (x̄∗, y∗), for all ū ∈
[
γ̄, σ̄

]
⊆ U Case I

F (x̄∗, γ̄), for all ū ≤ γ̄ ⊆ U Case II
F (x̄∗, σ̄), for all ū ≥ σ̄ ⊆ U Case III

(58)

Case I: γ̄ ≤ ū ≤ σ̄
In Figure 5, the vertex point (x̄∗, ūv) that falls within the control bound is
same as the optimal state-control trajectories (x̄∗, ū∗) such that F (x̄, ū∗) =
F (x̄, ūv). The functional Ω within the region of feasibility is then defined as

Ω∗ = {F (x̄∗, ūv) | x̄∗ ∈ X and ū ∈ [γ̄, σ̄]}. (59)

Case II: ū ≤ γ̄
In Figure 6, the vertex point (x̄∗, ūv) that falls below the lower control bound
is same as the optimal state-control trajectories (x̄∗, γ̄) such that F (x̄, ū∗) =
F (x̄, γ̄). The functional Ω within the region of feasibility is then defined as

Ω∗ = {F (x̄∗, γ̄) | x̄∗ ∈ X and ū ≤ γ̄ for all ū ∈ U} (60)
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Figure 5: Control within bounds: γ̄ ≤
ūv ≤ σ̄
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Figure 6: control below lower bound:
ūv ≤ γ̄

Case III: ū ≥ σ̄
In Figure 7, the vertex point (x̄∗, ūv) falls above the upper control bound
with optimal state-control trajectories given as (x̄∗, σ̄) such that F (x̄, ū∗) =
F (x̄, σ̄). The functional Ω within the region of feasibility is then defined as

Ω∗ = {F (x̄∗, γ̄) | x̄∗ ∈ X and ū ≥ σ̄ for all ū ∈ U}. (61)

Updating the scaled-dual variables - ξ1, ξ2 : It yields

ξk+1
1 = ξk1 + (Ax̄k+1 +Būk+1 − C + zk+1), (62)

and
ξk+1
2 = ξk2 + ūk+1 − yk+1. (63)

3.9 Primal-dual convergence

The convergence of the M-ADMM for the bounded control in terms of its
primal-dual feasibility requires deriving the primal-dual residuals and their
behaviors for large iterations.
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Figure 7: Control above upper bound:
σ̄ ≤ ūv

Theorem 3. Given the bounded control problem (40)–(42) with the mul-
tipliers for the linear and bounded control constraints given as λ1 and λ2,
respectively, then there exists a dual residual sk+1 = ρ1B

T
[
zk+1 − zk

]
−

ρ2
[
uk+1 − yk

]
that converges to zero for given penalty parameters ρ1 and ρ2

for the linear and control bounds, respectively.

Proof. Given the objective function pk = f(xk) + g(uk), linear inequality
constraint Ax+Bu ≤ C and y = σ−γ, the associated Lagrangian with slack
z is stated as

L(x̄, ū, z, λ1, λ2 : ρ1, ρ2) = f(x̄) + g(ū) + λT1 (Ax̄+Bū− C + z)

+
ρ1
2
∥ Ax̄+Bū− C + z ∥22 +

µ

2
∥ y − v ∥22

+λT2 (ū− y) +
ρ2
2
∥ ū− y ∥22

Applying the optimality conditions KKT to the Lagrangian function above
yields
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∂g(ū) +BT [λk1 + ρ1(Ax̄
k+1 +Bū− C + zk)] + λk2 + ρ2(ū− yk) = 0,

∂g(ūk+1) +BT
[
λk1 + ρ1 (Ax̄

k+1 +Būk+1 − C + zk+1)︸ ︷︷ ︸
rk+1
1

]
+ λk2

+ ρ2 (ū
k+1 − yk+1)︸ ︷︷ ︸

rk+1
2

−ρ1BT zk+1 + ρ1B
T zk + ρ2y

k+1 − ρ2yk = 0,

∂g(ūk+1) +BT
[
λk1 + ρ1r

k+1
1︸ ︷︷ ︸

λk+1
1

]
+ λk2 + ρ2r

k+1
2︸ ︷︷ ︸

λk+1
2

= ρ1B
T
[
zk+1 − zk

]
− ρ2

[
yk+1 − yk

]︸ ︷︷ ︸
sk+1

,

where the primal residuals are expressed as

rk+1
1 = Ax̄k+1 +Būk+1 − C + zk+1, (64)
rk+1
2 = ūk+1 − yk+1. (65)

If xk+1 = x∗ minimizes the convex function, then

∂g(ū∗) +BTλ∗1 + λ∗2 = 0 (66)

and setting uk+1 = yk+1 completes the proof by expressing the dual residual
as

sk+1 = ρ1B
T
[
zk+1 − zk

]
− ρ2

[
uk+1 − yk

]
. (67)

Let the state-control variables be concatenated as ŵ = (x̄, ū) with dimen-
sion nN +m(N +1)× 1, Â =

[
Ā, B̄

]
with dimension nN × (nN +mN +m),

and P̂ =

[
[c|c]P̄ 0̂

0̂T Q̄

]
with dimension (nN + mN + m) × (nN + mN + m).

This yields a re-formulated augmented problem of the form

Min1
2
ŵT P̂ ŵ +R s.t. Âŵ ≤ C, (68)

which results into Theorem 4, as an extension of Ghadimi et al. [8].

Theorem 4. Given a convex quadratic programming (QP) problem
min 1

2 ŵ
T P̂ ŵ+qT ŵ such that Âŵ ≤ b, where P̂ ∈ Rn×n, ŵ ∈ Rn, q ∈ Rn, Â ∈

Rm×n, and b ∈ Rm, then the optimal step-size for the QP is

ρ̄CAL =

[√
λmin

(
ÂP̂−1ÂT

)
λmax

(
ÂP̂−1ÂT

)]−1

(69)

and the convergence factor is
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ξ∗R̄ =

λmax

(
ÂP̂−1ÂT

)
−
√
λmin

(
ÂP̂−1ÂT

)
λmax

(
ÂP̂−1ÂT

)
λmax

(
ÂP̂−1ÂT

)
+

√
λmin

(
ÂP̂−1ÂT

)
λmax

(
ÂP̂−1ÂT

) . (70)

For α ∈ (1, 2], 0 < ξR < 1, P̂ is symmetric and positive definite and
λmin(ÂP̂

−1ÂT ) and λmax(ÂP̂
−1ÂT ) are the minimum and maximum eigen-

values of the matrix ÂP̂−1ÂT , respectively.

3.10 The Error dynamics of the relaxed Algorithm

Let us consider the augmented convex OCP in (68) with ℓ2-regularized esti-
mation, with the regularization parameters δ > 0, as stated below:

Min1
2
ŵT P̂ ŵ +R+

δ

2
||z||22 s.t. Âŵ + z − C = 0. (71)

The resulting relaxed ADMM iterations take the form

ŵk+1 = −
(
P̂ + ρÂT Â

)−1

ÂT
(
λk + ρ(zk − C)

)
(72)

zk+1 =
−
[
λk + ρ

(
α(Âŵk+1 − C)− (1− α)zk

)]
δ + ρ

(73)

λk+1 = λk + ρ
(
α(Âŵk+1 + zk+1 − C) + (1− α)(zk+1 − zk)

)
. (74)

Considering the convergence of the relaxed iterations, (72)–(74), it is imper-
ative to note that the relaxed iterations return the standard iterations of the
convex control problem by setting α = 1 and δ = 0 with the augmented vari-
able ŵk+1 = [x̂k+1 ûk+1]T . In characterizing the convergence of the relaxed
iterations, we then analyze the error dynamics of the ADMM to know how
the errors associated with ŵk or zk vanish. Making λk subject of formula in
(73) and inserting into (74) yield λk+1 = −δzk+1. Inserting the w-update
into the z-update and using the fact that λk = −δzk, we arrive at

zk+1 =
1

δ + ρ

[
δI + ρ

(
(1− α)I + α(ρ− δ)Â(P̂ + ρÂT Â)−1ÂT

)]
︸ ︷︷ ︸

E

zk

− αρ

δ + ρ

[
ρÂ(P̂ + ρÂT Â)−1ÂT − I

]
C. (75)

For z = z∗ a fixed-point of (75), that is,
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z∗ = Ez∗ − αρ

δ + ρ

[
ρÂ(P̂ + ρÂT Â)−1ÂT − I

]
C,

then the dual error ek+1 = zk+1− z∗ evolves as ek+1 = Eek and zk+1− z∗ =
E(zk − z∗) such that the z− update of the relaxed iterations above converge
if and only if the spectral radius of the error matrix E in the above linear
iterations is less than one. The eigenvalues of E can then be written as

ξR̂(α, ρ, λi(P̂ )) = 1− αρ(λi(P̂ ) + δ)

(ρ+ λi(P̂ ))(ρ+ δ)
, (76)

for ρ, δ and λi(P̂ ) ∈ R+ (i.e., positive) provided α ∈
(
1, 2(ρ+λi(P̂ ))(ρ+δ)

ρ(λi(P̂ )+δ)

)
.

To ascertain the upper bounds ρ and α that guarantee an improvement with
strictly smaller convergence factor compared to that of the classical ADMM
iterations, we take the derivatives ξ∗

R̂
with respect to the parameters ρ and

α given by (ρ∗, α∗) =argmin
ρ,α

max
i
|ξR̂(α, ρ, λi(P̂ ))| while that for the lower

bound of ξR̂ is ξ∗
R̂
= max

i
|ξR̂(ρ∗, α∗, λi(P̂ ))|. This yields the jointly optimal

step-size and convergence factor expressed as (ρ∗, ξ∗
R̂
), where the detail proof

of the convergence analysis can be seen in [8]. We then conclude that the over-
relaxed iterations are guaranteed to converge faster for all α ∈ (1, 2]. The
developed M-ADMM algorithm is stated below; see Appendix for flowchart.

3.11 Algorithm: M-ADMM for proximal
bound-constrained program

Input parameters and operators ρ, α, A, B, C, ϵprim, ϵdual
Initialize x̄0, ū0, z0, ξ01 = λ01/ρ1, ξ

0
2 = λ01/ρ2

Set P ⪰ 0, Q ⪰ 0 (symmetric and positive definite)
For k = 0, 1, 2, . . . ,do
| Compute x̄k+1 using (47)
| Compute ūk+1 using (48)
| Compute z̄k+1 using (50)
| Compute ȳk+1 using (54) and set ūk+1

1 = yk+1
i , element-wise

for all i
| Update ξk+1

1 and ξk+1
2 using (62) and (63), respectively.

| Compute ||rk+1||22 and ||sk+1||22 using (64) and (67), respectively.
| If ||rk+1||22 ≤ ϵprim and ||sk+1||22 ≤ ϵdual
| | stop and return (output)
| else
| | repeat process
| end (If)
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end (for)
Return x̄k+1, ūk+1, zk+1, J∗, ξk+1

1 , ξk+1
2

3.12 Computational Complexity

Iteration complexity: Each step of the M-ADMM updates (iterations) isO(N)
with large computational efforts required. However, catching the Cholesky
factorization of the matrices (P + p1A

TA) and (Q + ρ1B
TB + ρ2I) in the

form RRT (with R the upper triangular) will make the computation more
effective, provided P and Q are real symmetric and positive definite. If P or
Q is dense, then the computation of the Cholesky factor is a one-time cost of
O
(
1
3N

3
)

while the linear system is O(N2) by solving the two triangular sys-
tems. However, if P or Q is large and (sufficiently) sparse, then computing
the Cholesky factor and solving the linear system are both possibly O(N).
The solution can be obtained in few iterations of the M-ADMM algorithm
when the CGM or L-BFGS iterative solver is deployed with a warm-start to
carry out faster convergence of the updates. In practice, the warm-start in
which the values of z = v and ξ1 = ξ2 = 0 are usually adopted.
Termination criteria: The earlier derived stopping criteria, in (64)–(67), can
be deployed with a tolerance range of 10−k (for k = 3, . . . , 6). Moreover,
the speed at which the M-ADMM converges depends significantly on the
quadratic penalty parameters by Boyd et al. in [3]. However, the primal
ϵPrim > 0 and dual ϵDual > 0 tolerances are selected as the termination
(stopping) criteria for the convergence of the M-ADMM, and their choices
depend on the relative ϵrel and absolute ϵabs criteria on account that the ℓ2
norms are in Rn and Rm, respectively. The selected primal and dual toler-
ances are so small such that the algorithm converges (terminates) whenever
||rk+1||2 ≤ ϵPrim and ||sk+1||2 ≤ ϵDual. Usually in literature, the values,
ϵrel = 10−3 and ϵabs = 10−3, are used as reasonable stopping criteria for
the ADMM algorithms and can be reduced to improve the accuracy. Stated
below are basic computations in literature as in [3].

ϵPrim =
√
nϵabs + ϵrel.max{||Axk+1||2, ||Buk+1||2, ||zk+1||2, ||C||2} (77)

ϵDual =
√
mϵabs + ϵrel.||ρu||2 (78)

4 Numerical experiments

In this section, the algorithm was implemented with numerical examples on
a Core i3 CPU. The quasi-Newton solver is interfaced with the M-ADMM
in obtaining the optimizer. The convergence factor of ADMM for varying
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tolerances and penalty parameters of the linear constraint is later illustrated.
These examples demonstrate that the M-ADMM method converges for an
over-relaxed factor α∗ ∈ [1.8, 2.0] for faster convergence.

Example 1. Consider the one-dimensional convex multi-delay bounded
OCP:

Minimize J(x(t), u(t)) =
1

2

∫ 1

0

[2x2(t) + u2(t)]dt

subject to ẋ(t) ≤ −2x(t) + 3u(t) + 2x(t− 0.1) + x(t− 0.2)

−x(t− 0.5) + u(t− 0.1)− 2u(t− 0.3)

x(0) = 1, t ∈ [0, 1],

x(t) = 2t2 + 1, t ∈ [−0.5, 0],
u(t) = 3t+ 2, t ∈ [−0.3, 0],
0 ≤ u(t) ≤ 2.

The discretized positive definite matrices P̄ (≻ 0) and Q̄(≻ 0) for the objective
functional, using δ = 0.1 for purpose of illustration, are, respectively, given
as

P̄ =



0.0889 0 · · · · · · 0

0 0.0444 0
. . .

...
...

. . . . . . . . .
...

...
. . . . . . 0.0889 0

0 · · · · · · 0 0.0222


and Q̄ =



0.0444 0 · · · · · · 0

0 0.0222 0
. . .

...
...

. . . . . . . . .
...

...
. . . . . . 0.0222 0

0 · · · · · · 0 0.0111


.

While the constraint coefficients are as given in subsection 3.3 using the
optimal relaxation parameter α∗ = 2.0. Table 1 demonstrates the various
effects of changing relaxation parameters (factors) on the convergence and
results of the M-ADMM algorithm measured by the iterative cycles. The
optimal relaxation factor is observed to be α∗ = 1.90.
Figures 8 and 9 show the effects of the varying penalty parameters ρ2 on the
rate of convergence of the M-ADMM algorithm for increasing relaxation fac-
tors α. Clearly, the lines overlap as the algorithm progresses. The optimum
values were also obtained at α∗ = 1.90, as shown in the simulation, indicating
an increase in the rate of convergence. Table 2 shows the results when the
algorithm was ran for various values of the step-length δ and tolerances for
fixed values of ρ1, ρ2, ρ3, and µ.

Figure 10 illustrates primal and dual convergences of the M-ADMM al-
gorithm using the optimal over-relaxation factor α = 2.00 while Figure 11
demonstrates the responses of the state-control variables and the objective
values for the chosen tolerance (Tol.=10−3). The objective values J∗ = 0.3824
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Tolerances 10−3 10−4 10−5 10−6

No. of iterations (k) (k) (k) (k)
α = 1.00 66 128 193 259
α = 1.20 55 107 160 216
α = 1.40 47 98 138 189
α = 1.60 42 80 122 170
α = 1.80 37 71 109 155
α∗ = 2.00 34 69 130 204

Table 1: Effects of varying relaxation factors on fixed penalty parameters (µ = 0.3, ρ1 =
0.1, ρ2 = 0.2, ρ3 = 0.3 : δ = 0.1)

Step-lengths δ = 0.10 δ = 0.05 δ = 0.01
Tolerances 10−3 10−4 10−3 10−4 10−3 10−4

||x|| 2.3788 2.3919 2.8830 2.9223 3.2970 3.6359
||u|| 0.8937 0.8933 0.9271 0.9263 0.9812 0.9796
||J ∗ || 0.3827 0.3900 0.3968 0.3982 0.3623 0.3730
ξ∗
R̄

0.5827 0.5827 0.0528 0.0528 0.0471 0.0471
ρ̄CAL 0.0557 0.0557 0.7379 0.7379 0.9383 0.9383
k 11 16 14 25 34 69

Time (secs) 0.0504 0.05623 0.0886 00305 0.3778 0.2057

Table 2: Summary of results at optimum relaxation parameter (µ = 0.3, ρ1 = 0.1, ρ2 =

0.2, ρ3 = 0.3, α∗ = 2.0)
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Figure 11: Optimal trajectories: State,
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were arrived at with the respective optimal state and control values 2.3788
and 0.8937 ∈ [0, 2], respectively.

Example 2. Considering the generalized multi-delay OCP with bounded
control:

MinJ(x, u) =
∫ 0.5

0

[
2x21 + x1x2 + x22 + u21 + u1u2 + u22

]
dt (79)

s.t. ẋ1(t) ≤2x1(t) + x2(t) + u1(t) + 3u2(t) + x1(t− 0.1) + x2(t− 0.1)

+ 2x1(t− 0.2) + x2(t− 0.2)− x1(t− 0.3) + 2u1(t− 0.1)

+ u2(t− 0.1) + u1(t− 0.3) + 2u2(t− 0.2),

ẋ2(t) ≤x1(t)− u1(t) + 2u2(t)− x1(t− 0.1) + x1(t− 0.2)

+ 2x2(t− 0.2)− x1(t− 0.3) + u2(t− 0.1) + u1(t− 0.2)

+ 3u2(t− 0.2), t ∈ [0, 0.5] (80)
x(0) =(1, 1), (81)
x(t) =(2t+ 1, t2 + 1), −0.3 ≤ t ≤ 0, (82)
u(t) =(2, 2 + t), −0.2 ≤ t ≤ 0, (83)

(1, 1) ≤ u(t) ≤ (2, 3), (84)
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where x(t) ∈ R2 and u(t) ∈ R2.
The problem is re-formulated into the format in (1)–(7) to make it amenable
to the M-ADMM algorithm. The coefficient matrices are defined below.

P =

[
4 1
1 2

]
, Q =

[
2 1
1 2

]
, A =

[
2 1
1 0

]
, B =

[
1 3
−1 2

]
, γ =

[
1
1

]
, σ =

[
2
3

]
,

α1 =

[
1 1
−1 0

]
, α2 =

[
2 1
1 2

]
, α3 =

[
−1 0
−1 0

]
, β1 =

[
2 1
0 1

]
, and β2 =

[
1 2
1 3

]
.

The coefficient matrices, P and Q, of the quadratic functional are sym-
metric, invertible (non-singular), and positive definite (i.e., P ≻ 0 and
Q ≻ 0) since their respective eigenvalues (λ1 = 1.585, λ2 = 4.4142) and
(λ1 = 1, λ2 = 3) are all positive. This ensures that the operators are well-
posed for the algorithm. The choice of the step-length δ = 0.1 was made
with N = 5 such that the coefficient matrices P and Q of the state and
control variables for the continuous-time problem yield the block matrices
P̄ ∈ R10×10 and Q̄ ∈ R12×12, respectively. The structures of their block
matrix operators, are as defined in (3.2). However, the recurrence relation
from the discretization of the constraint, as derived in (23), yields

θx(k) − x(k+1) + ωu(k) = −δ
3∑

j=1

αjx
(k−vj) − δ

2∑
l=1

βlu
(k−wl), (85)

where v = r3/δ = 3, w = q2/δ = 2 and the various associated matrices are
defined below:

θ = In +Aδ =

[
1.2000 0.1000
0.1000 1.0000

]
, ω = Bδ =

[
0.1000 0.3000
−0.1000 0.2000

]
,

with the formulated block-matrices Ā, B̄, and C are as defined in subsection
3.3. Table 3 shows the results in the first phase of the algorithm. The
M-ADMM was ran for various values of the relaxation parameter α evenly
spaced between 1.0 and 2.0 with a step-size of 0.05 for a fixed value of the
penalty parameters (ρ1 = 0.1, ρ2 = 0.2, ρ3 = 0.3, α∗ = 2.0) and tolerance
(Tol = 10−3) to ascertain the optimum relaxation factor (α∗) using the
number of iterations as the measure of convergence.

Table 4 also demonstrates the effects of some of the selected relaxation pa-
rameters (factors) on the optimum values of the optimization problem as the
tolerances decrease geometrically for fixed values of the penalty parameters.
Figures 12 and 13 show the rate of convergence of M-ADMM Algorithm using
the primal and dual residuals for increasing values of the iteration. Clearly,
both lines converge to zero as the algorithm progresses for the varying values
of α and ρ2 as shown in Figure 14, where the average elapsed time per/cycle
falls within a second when run on an Intel computer (Inspiron 15 Core i3).
The optimum values were obtained at α∗ = 2.0, as shown in the number of
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Step-lengths δ = 0.10 δ = 0.05 δ = 0.01
Tolerances 10−3 10−4 10−3 10−4 10−3 10−4

||x|| 14.5367 14.1757 0.138099 0.135782 0.138099 0.135782
||u|| 2.7139 2.7203 0.15 144 0.22 164
||J ∗ || 18.3905 18.6315 0.16 140 0.22 164
ξ∗
R̄

0.6910 0.6910 0.16 140 0.22 164
ρ̄CAL 0.1612 0.1612 0.16 140 0.22 164
k 117 138 0.16 140 0.22 164

Time (secs) 0.2678 0.3852 0.16 140 0.22 164

Table 3: Summary of results at optimum relaxation parameter
(ρ1 = 0.1, ρ2 = 0.2, ρ3 = 0.3, α∗ = 2.0)

Tolerances 10−3 10−4 10−5 10−6

No. of iterations (k) (k) (k) (k)
α = 1.00 239 467 703 940
α = 1.20 199 389 585 786
α = 1.40 175 345 523 700
α = 1.60 155 307 464 622
α = 1.80 140 277 419 562
α∗ = 2.00 127 253 383 514

Table 4: Effects of varying relaxation factors on fixed penalty parameters (ρ1 =

0.1, ρ2 = 0.2, ρ3 = 0.3 : δ = 0.1)

iterations per cycle, indicating a decrease in the rate of convergence. The
M-ADMM ran for various values of the step-length δ geometrically spaced
between 0.010 and 0.10 with a constant factor of 0.5 using the tolerances of
10−3 and 10−4. Figure 14 further illustrates the faster rate of convergence
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Figure 12: Dual convergence: ||dk||22 → 0,
µ and α∗ = 2.0

Figure 13: Primal-dual convergence:
||rk||2 → r∗, ||dk||22 → 0

of the M-ADMM with the optimal over-relaxation factor α = 2.00 compared
to the non-relaxed ADMM for which α∗ = 1. However, Figure 15 demon-
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strates the responses of the state-control variables and the objective values to
increasing iterations at chosen tolerance (Tol.=10−3), relaxation parameters
(ρ1 = 0.1, ρ2 = 0.2, ρ3 = 0.3) and optimal penalty parameter α∗ = 2.0. In
addition, the objective values are observed to increase with increasing values
of the state variables until the optimal objective value J∗ = 18.3905 was
arrived at with the respective optimum state and control trajectories stated
as

x∗ =

[
4.1416
13.9343

]
and u∗ =

[
1.0000
2.5230

]
while

[
||x∗||
||u∗||

]
=

[
14.5367
2.7139

]
and ||(1, 2)T || ≤ ||u∗|| ≤ ||(2, 3)T ||. Applying the formulas in (69) and
(70) yields the results for the calculated penalty parameter and conver-
gence factor as ρ̄∗ = 0.1612 and xi∗

R̄
= 0.6910, respectively, where

P̄ ∈ R(4N+2)×(4N+2) and Ā = [A,B] ∈ R2N×(4N+2).

5 Conclusion

The ADMM for strictly convex QP with a particular focus on the QPs arising
from discretized multi-delay OCP with bounded control was studied. A con-
vergence proof and a method of analysis of the problem were proposed that
allows the selection of the optimal relaxation parameter for the acceleration
of the algorithm for varying penalty parameters of the augmented Lagrangian
functional; while other parameters remain fixed. A major drawback of this
approach is that, the penalty parameters for both the linear and bound con-
straints cannot be derived simultaneously. In the future, we will extend the
computational framework to include the effects of both varying parameters in
the computational complexity of the algorithm. This research was limited to
OCP with linear constraints of non-fractional order. However, in subsequent
work, the scope of the work will be extended to convex constrained OCPs
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with coupled and/or nonlinear differential constraints with both integer and
(or) fractional order.
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Appendix

A. Derivation of P̄ and Q̄

By Simpson’s rule, if for each k = 1, 2, . . . , N2 − 1, f(t2k) appears in the
term corresponding to the interval [t2k−2, t2k] and f(t2k−1) appears in the
term corresponding to the interval [t2k, t2k+2] for k = 1, 2, . . . , N2 , then the
approximation of the integral in (18), given that F (t, x(t), u(t)) = xTPx +
uTQu, can be expressed as

I :=
1

2

∫ T

t0

F (t, x(t), u(t)) dt ≃
1

2

N−1∑
k=1

F (tk, x
(k), u(k)) (86)

≃
1

2

 δ
3

(
f (0) + 2

N
2
−1∑

k=1

f (2k) + 4

N
2∑

k=1

f (2k−1) + f (N)
) ,

where

f (0) = (x(0))TPx(0) + (u(0))TQu(0), (87)
f (2k) = (x(2k))TPx(2k) + (u(2k))TQu(2k), (88)

f (2k−1) = (x(2k−1))TPx(2k−1) + (u(2k−1))TQu(2k−1), and (89)
f (N) = (x(N))TPx(N) + (u(N))TQu(N). (90)

Substituting equations (87)–(90) into (86) yields

I ≈ δ

6
(x(0))TPx(0) +

1

2

[2δ
3

N
2 −1∑
k=1

(x(2k))TPx(2k) +
4δ

3

N
2∑

k=1

(x(2k−1))TPx(2k−1)

+
δ

3
(x(N))TPx(N)

]
+

1

2

[δ
3
(u(0))TPu(0) +

2δ

3

N
2 −1∑
k=1

(u(2k))TPu(2k)

+
4δ

3

N
2∑

k=1

(u(2k−1))TPu(2k−1) +
δ

3
(u(N))TPu(N)

]
. (91)

Expanding (91) for various values of k gives
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I ≈
δ

6
(x(0))TPx(0) + (x

(1)
1 , x

(2)
1 , . . . , x

(N)
n )



4δ
3
P 0 · · · · · · 0

0 2δ
3
P

. . . · · ·
...

...
. . . . . . . . .

...
...

. . . . . . 4δ
3
P 0

0 · · · · · · 0 δ
3
P





x
(1)
1

x
(2)
1
...
...

x
(N)
n )



+ (u
(0)
1 , u

(1)
1 , · · · , u(N−1)

m , u
(N)
m )



δ
3
Q 0 · · · · · · · · · 0

0 4δ
3
Q

. . . · · · · · ·
...

...
. . . 2δ

3
Q

. . . · · ·
...

... · · ·
. . . . . . . . .

...
... · · · · · ·

. . . 4δ
3
Q 0

0 · · · · · · · · · 0 δ
3
Q





u
(0)
1

u
(1)
1
...
...

u
(N−1)
m )

u
(N)
m )


expressed as

I ≈ min
x̄,ū

1

2
x̄T P̄ x̄+

1

2
ūT Q̄ū+R, (92)

where any elements p̄ij ∈ P̄ and q̄ij ∈ Q̄ are described as

[p̄ij ] =


4δ
3 P, i = j(odd) 1 ≤ i ≤ N − 1,
2δ
3 P, i = j(even) 2 ≤ i ≤ N,
2δ
3 P, i = j, i = N,
0 elsewhere

and

[q̄ij ] =


δ
3Q, i = j, i = 1, N,
4δ
3 Q, i = j(even) 2 ≤ i ≤ N,
2δ
3 Q, i = j(odd) 3 ≤ i ≤ N,
0 elsewhere.

B. Flowchart for the M-ADMM Algorithm

The diagram below (Figure 16) is the flowchart demonstrating the procedure
of the M-ADMM algorithm in handling the discretized optimal control (or
constrained optimization) problem with bounded (boxed) control. The left-
side of the flowchart is the M-ADMM subroutine, which is the outer loop
of Algorithm. However, the right-side of the flowchart is the optimization
solver, which in this case is the ”quasi-Newton solver” of the low-memory
BFGS type.
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Figure 16: Flowchart for M-ADMM with bounded control
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Numerical solution of a system of Volterra
integral equations in application to the
avian human influenza epidemic model
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Abstract

We propose an efficient multistage method for solving a system of linear
and nonlinear Volterra integral equations of the second kind. This numer-
ical method is based on the Gauss–Legendre quadrature rule that obtains
several values of unknown function at each step, and it will be shown that
the order of the convergence is O(M−4), where M is the number of the
nodes in the time discretization. The method has also the advantages of
simplicity of application, less computational time, and useful performance
for large intervals. In order to show the efficiency of the method, numerical
results for the avian human influenza epidemic model is obtained that is
comparable with the fourth-order Runge–Kutta method.

AMS subject classifications (2020): 45D05; 65R20.

Keywords: The avian human influenza epidemic model; system of Volterra
integral equations; Gauss–Legendre quadrature rule; convergence order.

1 Introduction

Numerical methods for solving a variety of system of Volterra integral equa-
tions (SVIE) are offered in many publications. Here readers may refer to
[1, 3, 7, 10] and others.
In this article, we introduce a multistage numerical method for solving SVIE,
and then the introduced method will be used to the avian human influenza
epidemic model, which recently has been described by Iwami, Takeuchi, and
Liu [6]. This mathematical model is proposed to interpret the spread of the
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avian influenza from the bird world to the human world. The avian influenza
has caused the death of millions of birds (almost 100% death) and it has
become a disease of great importance both for animal and human health.
Fortunately, there is still no evidence that the avian influenza virus can be
transmitted among humans [12], but this virus is unstable and lacks of gnomic
proofreading mechanism. Therefore the small errors, which occur when the
copies themselves, go undetected and uncorrected. Since the specifics of mu-
tations and evolution of the influenza viruses cannot be predicted, it is hardly
possible to know if or when a virus such as the avian influenza, might ac-
quire the properties needed to spread easily and sustainably among humans
[5]. However, experts warn about an occurrence of the so-called “mutant
the avian influenza”, which can be easily transmitted among humans with
potentially devastating consequence. The US Congressional Budget Office
has formally modeled the likely consequences of pandemic influenza and es-
timates that up to 2 million of the US population might die, with up to 40%
of all workers ill for as long as three or more weeks [11]. Thus, it is necessary
and urgent to investigate the transmission process of the avian influenza and
to take efficient measures to control the spread of the avian influenza.

2 Preliminaries

In this section, we introduce notations, definitions, and preliminaries facts,
which are used throughout this article. Consider SVIE

Y (t) = G(t) +

∫ t

0

K(t, s, Y t(s))ds, 0 ≤ s ≤ t ≤ T, (1)

where Y (t) = [y(1)(t), y(2)(t), . . . , y(n)(t)]t is the desired function,
G(t) = [g(1)(t), g(2)(t), . . . , g(n)(t)]t, and

K(t, s, Y t(s)) =


k1(t, s, y

(1)(t), y(2)(t), . . . , y(n)(t))
k2(t, s, y

(1)(t), y(2)(t), . . . , y(n)(t))
...
kn(t, s, y

(1)(t), y(2)(t), . . . , y(n)(t))

 ,

are the source functions (At is the transposed matrix of A). Let system (1)
is uniquely solvable. Necessary and sufficient conditions for the existence
and uniqueness of solution (1) can be found in [9]. Therefore we assume the
following conditions:
(I) The source function G(t) is continuous (i.e., each component is continu-
ous).
(II) The kernel K(t, s, U) is a continuous function for 0 ≤ s ≤ t ≤ T and
0 ≤∥ U ∥< ∞.
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(III) The kernel K satisfies the Lipschitz condition

∥ K(t, s, U)−K(T, s, V ) ∥≤ L ∥ U − V ∥,

where the norm is defined as ∥ U ∥= max
0≤i≤n

|ui(t)|.

3 Numerical procedure

Let Ih = {tm = mh,m = 0, 1, . . . ,M} with tM = Mh = T be a given uniform
mesh on [0, T ]. For given real numbers cj with 0 = c0 < c1 < · · · < cp = 1, we
choose the set of mesh points as Πh := {tm,j = tm + cjh,m = 0, 1, . . . ,M −
1, j = 0, 1, . . . , p}, where cj , j = 1, 2, . . . , p− 1, are the roots of the (p− 1)th
Legendre polynomial. The Legendre polynomials Pp−1(x) are orthogonal
with respect to the weight functions w(x) = 1 over the interval [−1, 1], that
is, ∫ 1

−1

Pm(x)Pn(x)dx = δnm,

where δmn is the Kronecker delta (see, for example, [8, 4] for Legendre poly-
nomials and [13] for funding roots of polynomials).

For simplicity, let p = 3 (c1 = 3−
√
3

6 , c2 = 3+
√
3

6 ) and let n = 2 (system
dimensional). Then we will have a multistep method with at least four order
of convergence, which one can generalize it by increasing the Legendre poly-
nomial degree.
Assume that y

(i)
m,j ≈ y(i)(tm,j), m = 0, 1, . . . ,M − 1, j = 0, 1, 2, 3 and that

Ym,j ≈ Y (tm,j) = [y(1)(tm,j), y
(2)(tm,j)]

t. Thus system (1) can be rewrite as

y(1)(tm,j) =g(1)(tm,j) +

∫ tm

0

k1(tm,j , s, y
(1)(s), y(2)(s))ds

+

∫ tm,j

tm

k1(tm,j , s, y
(1)(s), y(2)(s))ds, (2)

y(2)(tm,j) =g(2)(tm,j) +

∫ tm

0

k2(tm,j , s, y
(1)(s), y(2)(s))ds

+

∫ tm,j

tm

k2(tm,j , s, y
(1)(s), y(2)(s))ds, (3)

m = 0, 1, . . . ,M − 1, j = 1, 2, 3.

Note that Y0,0 = [y
(1)
0,0, y

(2)
0,0]

t = [g(1)(0), g(2)(0)]t, and suppose that approxi-
mations Y0,1, Y0,2, Y1,0, . . . , Yn,0, have been calculated in the previous steps.
Therefore the first integral in relations (2) and (3) can be estimated by using
the Gauss–Legendre quadrature rule,
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0

k1(tm,j , s, y
(1)(s), y(2)(s))ds =

m−1∑
i=0

∫ ti+1

ti

k1(tm,j , s, y
(1)(s), y(2)(s))ds

≈ h

2

m−1∑
i=0

[
k1(tm,j , ti,1, y

(1)
i,1 , y

(2)
i,1 ) + k1(tm,j , ti,2, y

(1)
i,2 , y

(2)
i,2 )

]
=: A1(m, j),

∫ tm

0

k2(tm,j , s, y
(1)(s), y(2)(s))ds =

m−1∑
i=0

∫ ti+1

ti

k2(tm,j , s, y
(1)(s), y(2)(s))ds

≈ h

2

m−1∑
i=0

[
k2(tm,j , ti,1, y

(1)
i,1 , y

(2)
i,1 ) + k2(tm,j , ti,2, y

(1)
i,2 , y

(2)
i,2 )

]
=: A2(m, j).

(4)

If j = 3, then the second integral in relations (2) and (3) can be similarly
approximated as∫ tm,3

tm

k1(tm,3, s, y
(1)(s), y(2)(s))ds

≈ h

2

[
k1(tm,3, tm,1, y

(1)
m,1, y

(2)
m,1) + k1(tm,3, tm,2, y

(1)
m,2, y

(2)
m,2)

]
,∫ tm,3

tm

k2(tm,3, s, y
(1)(s), y(2)(s))ds

≈ h

2

[
k2(tm,3, tm,1, y

(1)
m,1, y

(2)
m,1) + k2(tm,3, tm,2, y

(1)
m,2, y

(2)
m,2)

]
, (5)

and for j = 1, by using this quadrature rule, we obtain∫ tm,1

tm

k1(tm,1, s, y
(1)(s), y(2)(s))ds

≈ c1h

2

[
k1(tm,1, tm +

h

6
, y(1)(tm +

h

6
), y(2)(tm +

h

6
))

+k1(tm,1, tm +
2−

√
3

6
h, y(1)(tm +

2−
√
3

6
h), y(2)(tm +

2−
√
3

6
h))

]
,∫ tm,1

tm

k2(tm,1, s, y
(1)(s), y(2)(s))ds

≈ c1h

2

[
k2(tm,1, tm +

h

6
, y(1)(tm +

h

6
), y(2)(tm +

h

6
))

+k2(tm,1, tm +
2−

√
3

6
h, y(1)(tm +

2−
√
3

6
h), y(2)(tm +

2−
√
3

6
h))

]
.

(6)

Finally, for j = 2, we obtain
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tm

k1(tm,2, s, y
(1)(s), y(2)(s))ds

≈ c2h

2

[
k1(tm,2, tm +

h

6
, y(1)(tm +

h

6
), y(2)(tm +

h

6
))

+k1(tm,2, tm +
2 +

√
3

6
h, y(1)(tm +

2 +
√
3

6
h), y(2)(tm +

2 +
√
3

6
h))

]
,∫ tm,2

tm

k2(tm,2, s, y
(1)(s), y(2)(s))ds

≈ c2h

2

[
k2(tm,2, tm +

h

6
, y(1)(tm +

h

6
), y(2)(tm +

h

6
))

+k2(tm,2, tm +
2 +

√
3

6
h, y(1)(tm +

2 +
√
3

6
h), y(2)(tm +

2 +
√
3

6
h))

]
.

(7)

In relations (6) and (7), tm + 2±
√
3

6 h and tm + h
6 do not belong to the mesh

points Πh. Then we will have a problem to computing y(i)(tm + 2±
√
3

6 h) and
y(i)(tm + h

6 ), i = 1, 2. In order to overcome to this difficulty, we use the
Lagrange interpolation

y(i)(x) ≈ Pi(x) =

3∑
i′=0

Li′(x)y
(i)
m,i′ , Li′(x) =

3∏
j′=0
j′ ̸=i′

x− tm,j′

ci′ − cj′
,

for x = tm + 2±
√
3

6 h or x = tm + h
6 . Substituting these approximations into

(2), leads to the system of algebraic equations

y
(i)
m,1 =g(i)(tm,1) +Ai(m, 1) +

c1h

2

[
ki(tm,1, tm +

h

6
,P1(tm +

h

6
),P2(tm +

h

6
))

+ki(tm,1, tm +
2−

√
3

6
h,P1(tm +

2−
√
3

6
h),P2(tm +

2−
√
3

6
h))

]
,

y
(i)
m,2 =g(i)(tm,2) +Ai(m, 2) +

c2h

2

[
ki(tm,2, tm +

h

6
,P1(tm +

h

6
),P2(tm +

h

6
))

+ki(tm,2, tm +
2 +

√
3

6
h,P1(tm +

2 +
√
3

6
h),P2(tm +

2 +
√
3

6
h))

]
,

y
(i)
m,3 =g(i)(tm,3) +Ai(m, 3)

+
h

2

[
ki(tm,3, tm,1, y

(1)
m,1, y

(2)
m,1) + ki(tm,3, tm,2, y

(1)
m,2, y

(2)
m,2)

]
,

i = 1, 2. (8)

IJNAO, Vol. 12, No. 1, (2022), pp 37-53



42 Katani

This system can be solved by using an iterative method such as Newton–
Raphson method or by using a suitable software package such as Maple or
MATLAB

4 Convergence analysis

Theorem 1. The approximation method given by system (8) is convergent,
and its order of convergence is at least 4 for the functions ki and g(i) (i = 1, 2)
with at least fourth-order continuous derivatives.

Proof. Define Em,j = Ym,j − Y (tm,j), where Y (tm,j), Ym,j ∈ R2 denote,
respectively, the exact and approximate solutions of (1) at the point t = tm,j .
Subtracting (6) from (2) and (3) (for j = 1) leads to

Em,1 =Ym,1 − Y (tm,1)

=
h

2

m−1∑
i=0

[
K(tm,1, ti,1, Y

t
i,1) +K(tm,1, ti,2, Y

t
i,2)

]
+

c1h

2

[
K(tm,1, tm +

h

6
,P(tm +

h

6
))

+K(tm,1, tm +
2−

√
3

6
h,P(tm +

2−
√
3

6
h))

]
−
∫ tm

0

K(tm,1, s, Y
t(s))ds−

∫ tm,1

tm

K(tm,1, s, Y
t(s))ds,

where P(x) = [P1(x),P2(x)]. By adding and diminishing the terms

h

2

m−1∑
i=0

[
K(tm,1, ti,1, Y

t(ti,1)) +K(tm,1, ti,2, Y
t(ti,2))

]
,

and

c1h

2

[
K(tm,1, tm +

h

6
, Y t(tm +

h

6
)) +K(tm,1, tm +

2−
√
3

6
h, Y t(tm +

2−
√
3

6
h))

]
,

we can write

||Em,1|| ≤
h

2

m−1∑
i=0

[
||K(tm,1, ti,1, Y

t
i,1)−K(tm,1, ti,1, Y

t(ti,1))||

+||K(tm,1, ti,2, Y
t
i,2)−K(tm,1, ti,2, Y

t(ti,2))||
]

+
c1h

2

[
||K(tm,1, tm +

h

6
,P(tm +

h

6
))−K(tm,1, tm +

h

6
, Y t(tm +

h

6
))||
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+ ||K(tm,1, tm +
2−

√
3

6
h,P(tm +

2−
√
3

6
h))

−K(tm,1, tm +
2−

√
3

6
h, Y t(tm +

2−
√
3

6
h))||

]
+ (m+ 1)||e(G)||.

In the previous relation, e(G) is the upper bound of the Gauss–Legendre
integration error, that is,

||
h

2

m−1∑
i=0

[
K(tm,1, ti,1, Y

t(ti,1)) +K(tm,1, ti,2, Y
t(ti,2))

]
−

m−1∑
i=0

∫ ti+1

ti

K(tm,1, s, Y
t(s))ds||

+ ||
c1h

2

(
K(tm,1, tm +

h

6
, Y t(tm +

h

6
)) +K(tm,1, tm +

2−
√
3

6
h, Y t(tm +

2−
√
3

6
h))

)
−

∫ tm,1

tm

K(tm,1, s, Y
t(s))ds|| ≤ m||e(G)||+ ||e(G)||.

If ki ∈ C4([0, 1]) (i = 1, 2), then e(G) = 1
4320h

4k(4)(t, t̃, Y t(t̃)) where 0 < t̃ <
1; see [2].
In the following, by using the Lipschitz condition for the kernel K, we have

||Em,1|| ≤
hL

2

m−1∑
i=0

(||Ei,1||+ ||Ei,2||) +
c1hL

2

[
||P(tm +

h

6
))− Y t(tm +

h

6
))||

+ ||P(tm +
2−

√
3

6
h))− Y t(tm +

2−
√
3

6
h))||

]
+ (m+ 1)||e(G)||.

Let I(t) be the Lagrange interpolation error, that is, I(t) = Y t(t) − P(t).
Thus

||Em,1|| ≤
hL

2

m−1∑
i=0

(||Ei,1||+ ||Ei,2||)

+
c1hL

2

[
||I(tm +

h

6
))||+ ||I(tm +

2−
√
3

6
h))||

]
+ (m+ 1)||e(G)||.

Without loss of generality, assume max
j=1,2,3

||Em,j || = ||Em,1||. Then it is easy
to see that

||Em,1|| ≤ hL

m−1∑
i=0

||Ei,1||+ c1hL||I||+ (m+ 1)||e(G)||,

where I is the maximum error of the Lagrange interpolation. Finally, from
the Gronwall inequality [2], we conclude that
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||Em,1|| ≤ (c1hL||I||+M ||e(G)||) exp(Ltm).

This yields ||Em,1|| → 0 as h → 0 and for the functions k1, k2, and g with
at least fourth-order continuous derivatives, we have e(G) = O(h4) and I =
O(h4). So we expect the error generally to be at least O(h4) as the numerical
results confirm it.

5 Application

5.1 Description of the model

In this part, the introduced numerical method is applied to interpret the avian
human influenza epidemic model. Iwami, Takeuchi, and Liu [6] proposed the
following mathematical model to interpret the spread of the avian human
influenza epidemic

X ′ = η − bX − ωXY,

Y ′ = ωXY − (b+m)Y,

S′ = λ− µS − (β1Y − β2H)S,

B′ = β1SY − (µ+ d1 + ϵ)B,

H ′ = β2SH + ϵB − (µ+ α+ γ)H,

R′ = γH − µR. (9)

All birds and humans in the effective population are divided into six main
groups, respectively, including susceptible birds (X), birds infected with the
avian influenza (Y ), susceptible humans (S), humans infected with the avian
influenza (B), humans infected with mutant the avian influenza (H), and
humans recovered from mutant the avian influenza (R). It is assumed that
all birds infected with the avian influenza are dead or remain infected and
can never recover. The parameter η and λ are the birth rates for birds and
humans, respectively. The natural death rate is assumed to be b and µ for
birds and humans, respectively. Furthermore, m and d are the death rates
infected by wild the avian influenza, respectively, for birds and humans, and
α is the additional death rate induced by mutant the avian influenza. The
parameters ω and β1 are the rate at which the avian influenza is contracted
from an average infected bird, β2 is the transmission rate of mutant the avian
influenza in humans, γ is the recovery rate, and ϵ is the mutation rate.

In [6], it was investigated mathematical properties and qualitative anal-
ysis of the above model, also was defined the basic reproductive number for
infected birth with the avian influenza (“r0, which is the number of newly
infected birds that are produced from anyone infected bird when all birds are
susceptible”) and the basic reproductive number for infected humans with
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mutant the avian influenza (R0) as

r0 =
ηω

b(b+m)
, R0 =

λβ2

µ(µ+ α+ γ)
.

Finally, using some theorems, global analysis to spread of the avian influenza
and mutant influenza in the human world is obtained as follows:
“If r0 ≤ 1 and R0 < 1, then the avian influenza and mutant the avian
influenza cannot spread in the human world. On the other hand, if R0 > 1,
then mutant the avian influenza spreads in the human world. Moreover, if
r0 > 1, then both the avian influenza and mutant the avian influenza spread
in the human world.”
It must be pointed that all constants are positive in the system (9) and that
ϵ is sufficiently small. Moreover, b is sufficiently larger than µ (b ≫ µ), α is
less than d, and d is less than m (m > d > α) because of the differences of
the virulence [6].

5.2 Solution procedure

One can transfer the system (9) to the SVIE

X(t) = X(0) + ηt−
∫ t

0

(b+ ωY (s))X(s)ds,

Y (t) = Y (0) +

∫ t

0

(ωX(s)− b−m)Y (s)ds,

S(t) = S(0) + λt−
∫ t

0

(µ+ β1Y (s) + β2H(s))S(s)ds,

B(t) = B(0) +

∫ t

0

(β1S(s)Y (s)− (µ+ d+ ϵ)B(s))ds,

H(t) = H(0) +

∫ t

0

(β2S(s)H(s) + ϵB(s)− (µ+ α+ γ)H(s))ds,

R(t) = R(0) +

∫ t

0

(γH(s)− µR(s))ds. (10)

In this way, we can apply the multistage method for this SVIE. In order to
do it, set t = tn,i. Therefore

X(tn,i) =X(0) + ηtn,i −
∫ tn

0

(b+ ωY (s))X(s)ds−
∫ tn,i

tn

(b+ wY (s))X(s)ds,

Y (tn,i) =Y (0) +

∫ tn

0

(ωX(s)− b−m)Y (s)ds+

∫ tn,i

tn

(wX(s)− b−m)Y (s)ds,
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S(tn,i) =S(0) + λtn,i −
∫ tn

0

(µ+ β1Y (s) + β2H(s))S(s)ds

−
∫ tn,i

tn

(µ+ β1Y (s) + β2H(s))S(s)ds,

B(tn,i) =B(0) +

∫ tn

0

(β1S(s)Y (s)− (µ+ d+ ϵ)B(s))ds

+

∫ tn,i

tn

(β1S(s)Y (s)− (µ+ d+ ϵ)B(s))ds,

H(tn,i) =H(0) +

∫ tn

0

(β2S(s)H(s) + ϵB(s)− (µ+ α+ γ)H(s))ds

+

∫ tn,i

tn

(β2S(s)H(s) + ϵB(s)− (µ+ α+ γ)H(s))ds, (11)

R(tn,i) =R(0) +

∫ tn

0

(γH(s)− µR(s))ds+

∫ tn,i

tn

(γH(s)− µR(s))ds,

n = 0, 1, . . . , N − 1, i = 1, 2, 3.

Assume that Xn,i, Yn,i, . . . , Rn,i are approximation for exact solutions X(t),
Y (t), . . . , R(t) in the point tn,i. Similar to the previous section, we can ap-
proximate the integrals in the SIVE (11). Use two points Gauss–Legendre
for integration on the interval [0, tn]. Thus∫ tn

0

(b+ ωY (s))X(s)ds ≈ h

2

n−1∑
j=0

[(b+ ωYj,1)Xj,1 + (b+ ωYj,2)Xj,2] =: A1,∫ tn

0

(ωX(s)− b−m)Y (s)ds

≈ h

2

n−1∑
j=0

[(ωXj,1 − b−m)Yj,1 + (ωXj,2 − b−m)Yj,2] =: A2,

...∫ tn

0

(γH(s)− µR(s))ds ≈ h

2

n−1∑
j=0

[γHj,1 − µRj,1 + γHj,2 − µRj,2] =: A6.

Continuing the same process for other integrals leads to the system of alge-
braic equations

Xn,1 =X0 + ηtn,1 −A1 −
hc1
2

[
(b+ ωP2(tn +

2−
√
3

6
h))P1(tn +

2−
√
3

6
h)

+(b+ ωP2(tn +
h

6
))P1(tn +

h

6
)

]
,
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Xn,2 =X0 + ηtn,2 −A1

− hc2
2

[
(b+ ωP2(tn +

2 +
√
3

6
h))P1(tn +

2 +
√
3

6
h)

+(b+ ωP2(tn +
h

6
))P1(tn +

h

6
)

]
,

Xn,3 =X0 + ηtn,3 −A1

− h

2
[(b+ ωYn,1)Xn,1 + (b+ ωYn,2)Xn,2] ,

Yn,1 =Y0 +A2

+
hc1
2

[
(ωP1(tn +

2−
√
3

6
h)− b−m)P2(tn +

2−
√
3

6
h)

+(ωP1(tn +
h

6
)− b−m)P1(tn +

h

6
)

]
,

Yn,2 =Y0 +A2

+
hc2
2

[
(ωP1(tn +

2 +
√
3

6
h)− b−m)P2(tn +

2 +
√
3

6
h)

+(ωP1(tn +
h

6
)− b−m)P1(tn +

h

6
)

]
,

Yn,3 =Y0 +A2

− h

2
[(ωXn,1 − b−m)Yn,1 + (ωXn,2)Yn,2] ,

...
Rn,1 =R0 +A6

+
hc1
2

[
γP5(tn +

2−
√
3

6
h)− µP6(tn +

2−
√
3

6
h)

+γP5(tn +
h

6
)− µP6(tn +

h

6
)

]
,

Rn,2 =R0 +A6

+
hc2
2

[
(γP5(tn +

2 +
√
3

6
h)− µP6(tn +

2 +
√
3

6
h)

+γP5(tn +
h

6
)− µP6(tn +

h

6
)

]
,
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Rn,3 =R0 +A6

− h

2
[γHn,1 − µRn,1 + γHn,2 − µRn,2] , n = 0, 1, . . . , N − 1,

where

X(tn + hx) ≈ P1(tn + hx) =

3∑
j=0

Lj(tn + hx)Xn,j ,

Y (tn + hx) ≈ P2(tn + hx) =

3∑
j=0

Lj(tn + hx)Yn,j ,

...

R(tn + hx) ≈ P6(tn + hx) =

3∑
j=0

Lj(tn + hx)Rn,j ,

for the Lagrange polynomial Lj(tn + hx) =
3∏

m=0
m ̸=j

x−cm
cj−cm

and x = 2±
√
3

6 or

x = 1
6 .

In each step (n = 0, 1, . . . , N − 1), three values of unknowns functions can be
obtained by solving this system.

6 Numerical results and discussion

In this section, we present some numerical results to investigate the spread
of the avian influenza. The initial value of system (10) is fixed at X(0) = 10,
Y (0) = 2, S(0) = 100, B(0) = 0, H(0) = 0, and R(0) = 0. These amounts
are chosen from the region Ω := {(X,Y, S,B,H,R) : X > 0, Y > 0, S >
0, B = 0,H = 0, R = 0}, which denotes that there do not exist the infected
humans with the avian influenza and mutant the avian influenza.
Similar to [6], the parameters are fixed at b = 5, m = 5, λ = 3, µ = 0.015,
β1 = 0.2, ϵ = 10−3, d = 1, α = 0.06, and γ = 0.01. We will provide numerical
results of infected birds (Y ) with the avian influenza, infected humans (B)
with the avian influenza, and infected humans (H) with mutant the avian
influenza by choosing different constants η, ω, and β2.
The numerical experiments are carried out in Maple, and nonlinear systems
arising from the nonlinear integral equations are solved by Maple routine
fsolve.

Example 1. In system (10), let η = 26.5, ω = 2 and β2 = 0.003. Then
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r0 =
ηω

b(b+m)
= 1.06, R0 =

β2λ

µ(µ+ α+ γ)
≈ 7.1.

Figures 1 and 2:(a) describe the pandemic effect on the birds and the
human world. Figure 1:(a) describes an endemic in the infected birds just
after the occurrence of the avian influenza. According to the reported global
analysis from [6], Figure 1:(b) shows an initially pandemic of the avian in-
fluenza and afterward pandemic level would be decreased, and Figure 2:(a)
interprets that the infected humans with mutant the avian influenza outbreak
and eventually keep the relatively high level of the size. It suggests that the
mutant the avian influenza pandemic will occur if we do not take efficient
measures to control the spread of the avian influenza. Moreover, CPU times
of the computations are shown in the figures.

(a) (b)

Figure 1: (a) The bird rate infected with avian, T = 10,M = 100, CPU time=19.5s. (b)
The human rate infected with the avian influenza, T = 100,M = 1000, CPU time=408s.
r0 = 1.06, R0 ≈ 7.1.

Example 2. The parameters are the same as the previous example except for
β2 = 0.0015 (the transmission rate of mutant the avian influenza is reduced
by half). Therefore the basic reproduction number for the avian influenza
in the bird and human world, respectively, is equal to r0 = ηω

b(b+m) = 1.06,
R0 = β2λ

µ(µ+α+γ) ≈ 3.5.

Figures 2:(b) and 3:(a), respectively, show the endemic process in the bird
world after the morbidity of the avian influenza and the occurrence of the
pandemic of the avian influenza in the human world. Figure 3:(b) shows the
human rate infected with mutant the avian influenza. Since R0 is relatively
small, we do not have mutant the avian influenza pandemic and in this case,
we have only the avian influenza pandemic.
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(a) (b)

Figure 2: (a) The rate infected with mutant the avian influenza, T = 100,M = 1000,
CPU time=408s, r0 = 1.06, R0 ≈ 7.1. (b) The bird rate infected with the avian influenza,
T = 10,M = 100, CPU time=19.3s, r0 = 1.06, R0 ≈ 3.5.

Example 3. Let η = 30 and ω = 1.5; then r0 = 0.9 and R0 ≈ 7.1.

The numerical results for this example are shown in Figures 4 and 5. In
these figures, there are two pandemic for the avian influenza and mutant the
avian influenza even, when all the infected birds and humans with the avian
influenza were extinct.

(a) (b)

Figure 3: (a) The human rate infected with the avian influenza, (b) The rate infected
with mutant the avian influenza. T = 100,M = 1000, CPU time=398s. r0 = 1.06, R0 ≈
3.5.
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(a) (b)

Figure 4: (a) The bird rate infected with the avian influenza, T = 10,M = 100, CPU
time=18.2s. (b) The human rate infected with the avian influenza, T = 100,M = 1000,
CPU time=409s. r0 = 0.9, R0 ≈ 7.1.

From these numerical results similar to [6], we conclude the following
result:

• Elimination policy of the infected birds is not necessarily useful, because
the speed of spread of disease in the bird world is fast and their lifetime
is shorter than humans.

• For r0 < 1, the infected humans extinct, but there are some infected
humans for r0 > 1 (see Figures 1:(a), 3:(a), 4:(b)).

• If R0 is not large enough, then the outbreak of mutant influenza will
not occur (see Figures 2:(a), 3:(b), 5).

The numerical results for Examples 1–3 are comparable with the fourth-order
Runge–Kutta method [6] in the whole intervals. Moreover, the presented
method, in contrast to Runge–Kutta methods, did not need to computation
a lot of derivations, and the computation time for this method is short. Of
course, we can increase the convergence order of the method. Also, numerical
results are obtained for each time interval that is one of the other advantages
of the introduced method.
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Figure 5: The rate infected with mutant the avian influenza, T = 100,M = 1000, CPU
time=409s, r0 = 0.9, R0 ≈ 7.1.
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This article deals with an efficient approximation method named succes-
sive complementary expansion method (SCEM) for solving singularly per-
turbed differential-difference equations with mixed shifts. It is compared
with the method of matched asymptotic expansion (MMAE) and the pa-
rameter uniform upwind finite difference scheme for solving such a model.
The comparison shows, unlike the MMAE, the SCEM method requires no
matching procedure. It requires less computation when compared to the
upwind finite difference scheme on the Shishkin mesh. The error analy-
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1 Introduction

It is noteworthy to observe the wide use of differential equations involving
small parameters in a variety of disciplines from physics, chemistry, eco-
nomics to biology. A differential equation, in general, is said to be singularly
perturbed if its higher-order derivative gets multiplied with a small parameter
ε (0 < ε≪ 1) known as the perturbation parameter. In many mathematical
models, these types of equations contain some small delay and small advance
terms, which make them singularly perturbed differential-difference equa-
tions (SPDDE). Due to the presence of the perturbation parameter, these
problems exhibit boundary or interior layers. The development in solutions
to these problems both analytically and numerically is not a settled direc-
tion in mathematics. The massive use of these equations in many fields of
science and engineering leads many researchers to solve such problems more
efficiently. These equations usually arise in control theory [12], generation
of action potential in nerve cells by random synaptic inputs in dendrites,
modeling of activation of a neuron, and many more [25, 27].

Over the last few decades, many researches have been done on singularly
perturbed differential equations. One may refer to [1, 6, 5, 13, 14, 24] and
the references therein for different kinds of numerical methods. To mention
a few, Kadalbajoo and Sharma [10, 9] surveyed various asymptotic and nu-
merical methods for the solution of such problems. Lange and Miura [15, 16]
gave an asymptotic approach to solve SPDDE along with the turning point
problems. Sirisha, Phaneendra, and Reddy [26] used the idea of domain
decomposition and introduced the mixed finite difference method. Using
post-processing and grid distribution techniques, Mohapatra and Natesan
[19, 20, 21] formulated uniformly convergent numerical methods. Duressa
and Reddy [8] constructed a domain decomposition method and used a ter-
minal boundary point to the domain for decomposing it into two regions.
Melesse, Tiruneh, and Derese [18] used an initial value method for solving
these problems. A collocation method was proposed to solve these bound-
ary value problems using a modified B-spline basis function by Arora and
Kaur [2]. Rao and Chakravarthy [23] used an exponentially fitted tridiago-
nal finite difference method. Recently, Cengizci, Natesan, and Atay [4] used
an asymptotic numerical hybrid method for the singularly perturbed system
of two-point reaction-diffusion boundary-value problems. Mushahary, Sahu,
and Mohapatra [22] used a finite difference scheme for solving SPDDE.

Our main objective in this paper is to prove a successive complemen-
tary expansion method (SCEM) as an efficient alternative to the method of
matched asymptotic expansion (MMAE) for solving SPDDE. This method,
in general, applies to all the singularly perturbed problems that can be ap-
proximated by the MMAE. The main idea of SCEM is to use a correction
term for the approximation of the inner layer to complement the solution for
the entire domain. The quality of the approximation is improved by itera-
tively using corrections to the new terms for the inner layer. The ability to
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provide a uniformly valid approximation without any matching procedure is
the main advantage of using SCEM over MMAE.

In this work, some SPDDEs are taken into consideration, which exhibit
boundary layer behavior at the left-end of the interval. These problems
contain mixed shifts, that is, both the delay and the advance terms. The
complete description of the problem is given in section 2. At first, the model
is approximated asymptotically by the MMAE, and then we have used an
efficient asymptotic method as an alternative of widely used MMAE, that
is, the SCEM. This method was first introduced by Cousteix and Mauss
in [7, 17]. We have also approximated these problems by an upwind finite
difference scheme on the Shishkin mesh. The complete working principle of
the parameter uniform numerical scheme, MMAE, and SCEM, along with the
use of SCEM over MMAE, has been described in section 3. In the support
of the above-said methods, some numerical examples with their results are
discussed in section 4. The complete discussion with the conclusion is given
in the final section.

2 Description of the problem

Consider the following SPDDE with mixed shifts terms:



εy′′(x) + a(x)y′(x) + b(x)y(x− δ)

+c(x)y(x) + d(x)y(x+ η) = f(x), 0 < x < 1,

y(x) = ϕ(x), on − δ ≤ x ≤ 0,

y(x) = γ(x), on 1 ≤ x ≤ 1 + η,

(1)

where a(x), b(x), c(x), d(x), f(x),ϕ(x),γ(x) are bounded and continuously dif-
ferentiable functions on (0, 1). Here, ε is the singular perturbation parameter
with 0 < ε ≪ 1. The parameters δ and η are the delay and advance terms,
respectively, with 0 < δ = o(ε); 0 < η = o(ε). Now for the terms of (1) con-
taining the delay and the advance operators, we shall use the Taylor’s series
approximation in the neighborhood of the point x, that is,{

y(x− δ) ≈ y(x)− δy′(x),

y(x+ η) ≈ y(x) + ηy′(x).
(2)

The application of (2) converts (1) to the following form:{
εy′′(x) + α(x)y′(x) + β(x)y(x) = f(x), 0 < x < 1,

y(0) = ϕ(0), y(1) = γ(1),
(3)
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where α(x) = a(x) − δb(x) + ηd(x) and β(x) = b(x) + c(x) + d(x). Assume
α(x) ≥ λ > 0 and β(x) > 0 for some constant λ. Since the parameters δ and
η are of o(ε), so the use of Taylor’s series approximation and the conversion
of (1) to (3) is valid.

3 Description of the methods

3.1 Asymptotic approximation

Any two functions ψ(x, ε) and ξ(x, ε) are said to be asymptotically identical
to ρ(ε) if their difference is less than ρ(ε) in the domain Ω,

ψ(x, ε)− ξ(x, ε) = o(ρ(ε)). (4)

Here, ρ(ε) is an order function and ξ(x, ε) is the asymptotic approximation
of ψ(x, ε). The general form of asymptotic expansion is

ψ(x, ε) =

n∑
i=0

δi(ε)ψi(x, ε), (5)

where δi(ε), i = 0, 1, . . ., is an asymptotic sequence and ψi(x, ε) is of o(ρ(ε)).
If δi(ε) satisfies δi+1(ε)= o(δi(ε)), then the expansion is called generalized
asymptotic expansion. If the expansion is of the form

ψ(x, ε) = E0ψ =

n∑
i=0

δ
(0)
i (ε)ψ

(0)
i (x, ε), (6)

then it is said to be regular asymptotic expansion. Here, E0 is an outer
expansion operator. So, we conclude ψ(x, ε)− E0ψ(x, ε) = o(ρ(ε)).

3.2 Method of matched asymptotic expansion (MMAE)

In many cases, the functions are not regular in the domain of consideration Ω.
So, (6) is only valid upon one finite part of the region Ω. Let that restricted
region be named Ω0 ⊂ Ω. Now, the other part of the region (inner region),
that is, Ω1 is located near the boundary layer where the solution undergoes
a rapid change to satisfy the boundary conditions. For the inner region,
we need to introduce a new variable(stretching variable or boundary layer
variable) x=x− x0

ξ(ε)
. Here, x0 is the point where the rapid change of the

solution occurs and ξ(ε) is the order of the thickness of the boundary layer.
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Now, similarly as in (6), we can construct an asymptotic expansion for the
function in Ω1,

ψ(x, ε) = E1ψ =

n∑
i=0

δ
(1)
i (ε)ψ

(1)
i (x, ε). (7)

Both the expansion operators E0 and E1 have the same order, that is, o(ρ(ε)).
So, we have ψ(x, ε) − E1ψ(x, ε) = o(ρ(ε)). The valid approximation of the
solution thus can be written as

ψmmae(x, ε) = E0ψ(x, ε) + E1ψ(x, ε)− E0E1ψ(x, ε). (8)

In MMAE, we calculate two different results separately with two different
variables for both the inner and outer layers. Then, to obtain the uniformly
valid approximation for the entire domain, we need to subtract the region
where both the approximations overlap. For this purpose, we need to develop
a matching procedure by the limiting process [3].

3.3 Successive complementary expansion method
(SCEM)

As the functions that we consider are not regular in the entire domain Ω, after
calculating the solution for the outer region Ω0 through the expansion E0 as
in (6), we need to extend the solution through a complementary function for
the entire domain. This complementary function depends upon the variable
x. The general form of the asymptotic expansion in SCEM can be formulated
as

ψscem(x, x, ε) =

n∑
i=0

δi(ε)(ψ
out
i (x, ε) + ψin

i (x, ε)). (9)

Here, ψout
i (x, ε) is the same as the outer region solution that has been ob-

tained by MMAE before. The outer solution depends upon x but not upon
ε but the complementary function depends both upon x and ε. As in the
MMAE method, SCEM does not require any matching procedure.

3.4 Finite difference scheme

In this section, we first construct a piecewise uniform Shishkin mesh. The
Shishkin mesh is distinguished from other piecewise uniform meshes in terms
of its choice of the transition parameter τ defined as τ = min

(
1
2 ,

ε
α lnN

)
.
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Now, we divide each of the intervals [0, τ ] and [τ, 1] into N/2 equal sub-
intervals. The theory of Shishkin mesh demands as N → ∞ the number of
sub-intervals in each interval should be bounded below.

ΩN =

{
x(i) = hi, i ≤ N/2,
x(i) = Hi, i > N/2,

(10)

The coarse part of Shishkin mesh has spacing H =
2(1− τ)

N
and the fine

part has spacing h =
2τ

N
. Now, let us denote hi = xi − xi−1. The forward

and central difference operators are denoted as

D+ =
Yi+1 − Yi
hi+1

, D+D− =
2

hi + hi+1

[
Yi+1 − Yi
hi+1

− Yi − Yi−1

hi

]
.

Now (3) takes the form

εD+D−Yi + α(x)D+Yi − β(x)Yi = f(x),

y(0) = Y (0), y(1) = Y (1), (11)

for any mesh function Y (xi) = Yi. So, for the domain, in (10), we get the
following system of equations:

P−
i Yi−1 − P 0

i Yi + P+
i Yi+1 = PN

i , (12)

where

P−
i =

2ε

hi(hi + hi+1)
,

P 0
i =

2ε

hi(hi + hi+1)
+

2ε

hi+1(hi + hi+1)
+
α(x)

hi+1
+ β(xi), (13)

P−
i =

2ε

hi+1(hi + hi+1)
+
α(x)

hi+1
.

The matrix associated here is an M -matrix. For detailed analysis of the
proposed scheme one can refer [11].

4 Results and discussion

Even though much work has been done by the MMAE method, there is no
specific theory that can describe the method in a proper way. So, we need to
discuss the working principle of both MMAE and SCEM by some illustrative
examples. The proposed SCEM is found efficient in solving examples of the
type (1), which possess the left-end boundary layer. The approximated exact
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solution of SPDDE of the form (1) with constant coefficients is given by

y(x) = C1e
M1x + C2e

M2x, (14)

where
C1 =

1− eM2

eM1 − eM2
, C2 = 1− C1,

M1 =
−α(x) +

√
α(x)2 − 4β(x)

2ε
, M2 =

−α(x)−
√
α(x)2 − 4β(x)

2ε
.

Example 1. Consider the following problem with a delay term:{
εy′′(x) + y′(x) + 2y(x− δ)− 3y(x) = 0,
y(x) = 1, −δ ≤ x ≤ 0, y(1) = 1.

The solution of this problem possesses a rapid change near the point x = 0
when ε→ 0+. This region is said to be the boundary layer or the inner layer.
So, this possesses a left-end boundary layer. The other region, which is far
away from the boundary layer, is said to be the outer region. In case of
the outer region, there is no record of any unusual behavior of the solution.
We will solve this problem employing MMAE and SCEM and the proposed
numerical scheme. For the given example using Taylor’s series expansion of
the form (2) in the neighborhood of x, we have

ε∗y′′(x) + y′(x)− 1

1− 2δ
y(x) = 0, where ε∗ =

ε

1− 2δ
. (15)

Now, the equation has converted to a second order singularly perturbed prob-
lem, which can be solved by both MMAE and SCEM.

4.1 For MMAE

In MMAE, for the outer region solution, which is far away from x = 0, we
take x = 1. Now, the asymptotic approximation for the outer region can be
written as

y(x) ≈ y0(x) + ε∗y1(x) + (ε∗)2y2(x) + · · · . (16)

Substituting (16) in (15), we reach at

ε∗[y′′0 (x) + ε∗y′′1 (x) + (ε∗)2y′′2 (x) + · · · ] + [y′0(x) + ε∗y′1(x) + (17)

(ε∗)2y′2(x) + · · · ]−
(

1

1− 2δ

)
[y0(x) + ε∗y1(x) + (ε∗)2y2(x) + · · · ] = 0.

For ε = 0, model (17) is reduced to
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y′0(x)−
(

1

1− 2δ

)
y0(x) = 0. (18)

The solution of (18) is easily found to be y0(x)=A exp

(
x

1− 2δ

)
. Here,

A ∈ R and imposing the outer boundary layer condition (at x = 1) we get
our required outer solution as

y0(x) = exp

(
x− 1

1− 2δ

)
. (19)

To obtain the solution for the inner layer, we need to introduce the stretching
variable x = x

ε . The solution obtained in the inner region that depends upon
the variable x, is denoted by Y (x). By the use of this stretching variable, we
are able to stretch the thin layer near the boundary. Now by applying the
chain rule, we get

d

dx
=

1

ε

d

dx
. (20)

Using (20) in (15), we have

(ε∗)−1 d
2Y (x)

dx2
+ (ε∗)−1 dY (x)

dx
− 1

(1− 2δ)
Y (x) = 0. (21)

Now, multiplying (21) with ε∗, we have

d2Y (x)

dx2
+
dY (x)

dx
− ε∗

(1− 2δ)
Y (x) = 0. (22)

Equation (22) is a regularly perturbed differential equation, and to obtain the
solution for the inner region, we need to use the asymptotic approximation
of the form

Y (x) ≈ Y0(x) + ε∗Y1(x) + (ε∗)2Y2(x) + · · · . (23)

We are only doing the expansion for the first term. So, we can make our
calculations for ε = 0. Now, we have

Y ′′
0 (x) + Y ′

0(x) = 0. (24)

On solving (24) and using the boundary condition for the inner layer (at
x = 0), we arrive at

Y0(x) = 1 + C(e−x − 1). (25)

Clearly, there are no other conditions, so that we can obtain the value of the
constant C. Here is the situation where the matching procedure of MMAE
works. We have already found out two different solutions, that is, (19) and
(25) for two different regions, but, it is obvious that they belong to the same
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approximation. Followed by this matching idea [3], we conclude

lim
x→0

y0(x) = lim
x→∞

Y0(x). (26)

Thus, we get C = 1 − exp

(
1

2δ − 1

)
. So, the solution of our inner region

becomes

Y0(x) = exp

(
− x

)
− exp

(
1

2δ − 1
− x

)
+ exp

(
1

2δ − 1

)
. (27)

As we have calculated the solutions for both the outer and inner regions, now
we can find out the composite solution to our equation. For this, we need to
add the solutions of both the regions and subtract the common limit between
them. As per (8), we have

y ≈ y0(x) + Y0(x)− y0(0
+), (28)

y ≈ y0(x) + Y0(x)− Y0(∞).

Using (28), we obtain the composite MMAE solution as

ymmae ≈ exp

(
x− 1

1− 2δ

)
+ exp

(
−x
ε

)
− exp

(
1

2δ − 1

)
− x

ε
. (29)

4.2 For SCEM

The uniformly valid composite expansion in general form of SCEM can be
written as

yscem(x, x, ε) =

n∑
i=0

δi(ε)[yi(x) + Yi(x)]. (30)

As we are only interested in solving our problem for x = 0, so we get

y0scem(x, x, ε) = [y0(x) + Y0(x)]. (31)

Here, y0(x) is the same outer region solution that has been obtained for
MMAE in (20). The outer region solution remains the same as the solution
here showing no unusual behavior in accordance with the boundary condi-
tions. Using (20) in (31), we get

yscem = exp

(
x− 1

1− 2δ

)
+ Y0(x). (32)

Substituting value of yscem in (15), we have
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ε∗y′′0scem(x, x, ε) + y′0scem(x, x, ε)− 1

1− 2δ
y0scem(x, x, ε) = 0. (33)

This follows

ε∗
d2

dx2

[
exp

(
x− 1

1− 2δ

)
+ Y0(x)

]
+

d

dx

[
exp

(
x− 1

1− 2δ

)
(34)

+Y0(x)

]
− 1

1− 2δ

[
exp

(
x− 1

1− 2δ

)
+ Y0(x)

]
= 0.

Using the chain rule for the solution of Y0(x) in terms of x, we have

ε∗
[(

1

1− 2δ

)2

exp

(
x− 1

1− 2δ

)
+

1

(ε∗)2
Y ′′
0 (x)

]
+

[(
1

1− 2δ

)
(35)

exp

(
x− 1

1− 2δ

)
+

1

ε∗
Y ′
0(x)

]
− 1

1− 2δ

[
exp

(
x− 1

1− 2δ

)
+ Y0(x)

]
= 0.

Multiplying ε∗ in (35), the resulting equation will be

ε∗2
[

1

1− 2δ

]2
exp

(
x− 1

1− 2δ

)
+ Y ′′

0 (x) + ε∗
[

1

1− 2δ

]
exp

(
x− 1

1− 2δ

)
+Y ′

0(x)− ε∗
[

1

1− 2δ

][
exp

(
x− 1

1− 2δ

)
+ Y0(x)

]
= 0, (36)

which is regularly perturbed ordinary differential equation, and for ε∗ = 0,
it will be reduced to

Y ′′
0 (x) + Y ′

0(x) = 0. (37)

Now, the solution of the above equation is given by

Y0(x) = C1 + C2e
−x. (38)

For a uniformly valid SCEM solution, y0scem must satisfy the following
boundary conditions:

x = 0 ⇒ x =
x

ε
= 0 ⇒ y0scem(0, 0, ε) = y0(0, ε) + Y0(0, 0, ε) = 1 (39)

⇒ Y0(0, 0, ε) = 1− y0(0, ε),

x = 1 ⇒ x =
x

ε
= 1 ⇒ y0scem(1,

1

ε
, ε) = y0(1, ε) + Y0(1,

1

ε
, ε) = 1

⇒ Y0(1,
1

ε
, ε) = 1− y0(1, ε).

Using the boundary conditions in (38), we get
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Figure 1: Comparison of solutions with different values of ε for Example 1.

C2 =

exp

(
−1

1− 2δ

)
− 1

exp

(
−1

ε∗

)
− 1

, C1 = −C2 exp

(
−1

ε∗

)
. (40)

Now, using (40) and (39) in (32), we get the composite SCEM solution as

yscem =exp

(
x− 1

1− 2δ

)
−
[
exp( −1

1−2δ )− 1

exp(−1
ε∗ )− 1

]
exp

(
−1

ε∗

)
+

[
exp( −1

1−2δ )− 1

exp(−1
ε∗ )− 1

]
exp

(
−x
ε∗

)
. (41)

After getting the approximation to the exact solution by both SCEM and
MMAE, it is quite obvious that SCEM is more adaptable. The immense
advantage of SCEM is that it gives the uniformly valid approximation to the
exact solution without any matching procedure. The error in comparison
with the approximated exact solution for both SCEM and MMAE is given
in Table 1 for different values of ε. The result is proved to be valid for any
value of N . Here for the computational purposes, the nodal points and the
values of η and δ are kept fixed to N = 32 and η = 0.1ε = δ.

Example 2. Consider the following problem having an advance term:{
εy′′(x) + y′(x)− 3y(x) + 2y(x+ η) = 0,
y(0) = 1, y(x) = 1, 1 ≤ x ≤ 1 + η.

This problem has a rapid change near x = 0. Now using Taylor’s Series
expansion in the neighborhood of x, the above problem reduces to

ε∗y′′(x) + y′(x)− 1

1 + 2η
y(x) = 0, where ε∗ =

ε

1 + 2η
. (42)
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ε L∞error inMMAE L∞error inSCEM
0.0001 0.00003676 0.00003676
0.0005 0.00018374 0.00018374
0.0010 0.00036728 0.00036728
0.0050 0.00182533 0.00182533
0.0100 0.00361593 0.00361593
0.0500 0.01598307 0.01598307
0.1000 0.02552850 0.02556347
0.3000 0.02853413 0.03217078
0.4000 0.06644741 0.03539967
0.6000 0.15664433 0.04561360
0.8000 0.24352992 0.05726515
1.0000 0.32059406 0.06915099

Error in Upwind
0.04450943
0.04428418
0.04401059
0.04209958
0.04025378
0.03472166
0.03481582
0.03427254
0.03541439
0.03723168
0.03825982
0.03877738

Table 1: Numerical results with different values of ε for Example 1.
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Figure 2: Comparison of solutions with different values of ε for Example 2.

The one-term SCEM and MMAE approximations for (42) are given as follows:

ymmae =

[
1− exp

(
−1

1 + 2η

)]
exp

(
−x
ε∗

)
+ exp

(
x− 1

1 + 2η

)
,

yscem = −
[
exp( −1

1+2η )− 1

exp(−1
ε∗ )− 1

]
exp

(
−1

ε∗

)
+

[
exp( −1

1+2η )− 1

exp(−1
ε∗ )− 1

]
exp

(
−x
ε∗

)
+exp

(
x− 1

1 + 2η

)
.

Example 3. Consider the following problem having mixed shifts:
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ε L∞error inMMAE L∞error inSCEM
0.0001 0.00003676 0.00003676
0.0005 0.00018367 0.00018367
0.0010 0.00036699 0.00036699
0.0050 0.00181786 0.00181786
0.0100 0.00358632 0.00358632
0.0500 0.01533655 0.01533655
0.1000 0.02377291 0.02379587
0.3000 0.01783685 0.02658575
0.4000 0.04058107 0.02660582
0.6000 0.09131635 0.02829255
0.8000 0.13551419 0.03009785
1.0000 0.17029574 0.03133850

Error in Upwind
0.04448748
0.04417452
0.04379147
0.04101098
0.03808839
0.02519028
0.01688285
0.01728136
0.02334674
0.03160623
0.03671486
0.04028387

Table 2: Numerical results with different values of ε for Example 2.

{
εy′′(x) + y′(x)− 2y(x− δ)− 5y(x) + y(x+ η) = 0,
y(x) = 1, −δ ≤ x ≤ 0 y(x) = 1, 1 ≤ x ≤ 1 + η.

This problem has a rapid change near x = 0. By the use of Taylor’s Series
expansion for both the delay and shift terms as in (2), we have

ε∗y′′(x) + y′(x)−
[

6

1 + 2δ + η

]
y(x) = 0, where ε∗ =

ε

1 + 2δ + η
.

The one-term SCEM and MMAE approximations are given by

ymmae =

[
1− exp

(
−6

1 + 2δ + η

)]
exp

(
−x
ε∗

)
+ exp

(
6(x− 1)

1 + 2δ + η

)
,

yscem = −
[
exp( −6

1+2δ+η )− 1

exp(−1
ε∗ )− 1

]
exp

(
−1

ε∗

)
+

[
exp( −6

1+2δ+η )− 1

exp(−1
ε∗ )− 1

]
exp

(
−x
ε∗

)
+exp

[
6(x− 1)

1 + 2δ + η

]
.

The comparison of errors of this example for both the proposed methods and
the method prescribed in [10] for N = 8 and N = 256 are given in Tables
4 and 5, respectively. These comparison results confirm the efficiency of the
proposed method.
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Figure 3: Comparison of solutions with different values of ε for Example 3.

ε L∞error inMMAE L∞error inSCEM
0.0001 0.00022006 0.00022006
0.0005 0.00109602 0.00109602
0.0010 0.00218145 0.00218145
0.0050 0.01050670 0.01050670
0.0100 0.02012147 0.02012147
0.0500 0.07770075 0.07770075
0.1000 0.12342561 0.12345914
0.3000 0.16404633 0.18962499
0.4000 0.16021248 0.19825547
0.6000 0.15178975 0.20931461
0.8000 0.21056755 0.21768491
1.0000 0.26983417 0.22335443

Error in Upwind
0.05991807
0.05951004
0.05900561
0.05517982
0.05086176
0.03679054
0.03402622
0.01593674
0.01255964
0.00894834
0.00694484
0.00562079

Table 3: Numerical results with different values of ε for Example 3.

ε L∞error inMMAE L∞error inSCEM
10−1 0.10596702 0.10597709
10−2 0.01882187 0.01882187
10−3 0.00209815 0.00209815
10−4 0.00021228 0.00021228
10−5 0.00002125 0.00002125
10−6 0.00000212 0.00000212

Error in [10]
0.12011566
0.18727108
0.20429729
0.20614146
0.20632746
0.20634608

Table 4: Comparison of maximum error with N = 8 for Example 3.
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ε L∞error inMMAE L∞error inSCEM
10−1 0.10685019 0.10685019
10−2 0.01976044 0.01976044
10−3 0.00218116 0.00218116
10−4 0.00022045 0.00022045
10−5 0.00002206 0.00002206
10−6 0.00000220 0.00000220

Error in [10]
0.00775036
0.00799076
0.00963304
0.00984236
0.00986365
0.00986578

Table 5: Comparison of maximum error with N = 256 for Example 3.

5 Conclusion

In this work, the well-known MMAE and a parameter uniform numerical
scheme, that is, the upwind scheme in Shishkin mesh were compared with
the proposed relatively new method, that is, SCEM, for solving singularly
perturbed differential-difference equation with mixed shifts. It was observed
that both MMAE and SCEM provide highly accurate approximations to the
exact solution for comparatively small values ε. Similarly, comparison results
confirmed that the numerical scheme, which gives better results for higher
values of N , at the same time, MMAE and SCEM give higher-order accuracy
for comparatively smaller values of N . It is observed that we do not require
any matching procedure in SCEM as required for MMAE, and the boundary
conditions are satisfied exactly for all values of the perturbation parameters.
These properties make SCEM more flexible and a better alternative while
solving singularly perturbed differential equations.
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This article considers a nonlinear inverse problem of the Ostrovsky–Burgers
equation by using noisy data. Two B-Splines with different levels, the
quintic B-spline and septic B-spline, are used to study this problem. For
both B-splines, the stability and convergence analysis are calculated, and
results show that an excellent estimation of the unknown functions of the
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(ut + buxxx + uux − auxx)x = γu+ f(x, t). (1)

Equation (1) was appeared in modeling internal waves in the ocean or surface
waves in a shallow channel with an uneven bottom under the effects of the
interfacial friction (see [11, Chapter 1] and [16, 22]). In (1), the positive
constants γ and a are the rotation and friction coefficients, respectively. The
function f denotes the external force and b is the dispersion coefficient, which
its sign is related to the type of dispersion. Ignoring the dissipation term uxx,
(1) leads to the Ostrovsky equation

(ut + buxxx + uux)x = γu, (2)

which was derived by Ostrovsky in 1978 [18] to model weakly nonlinear sur-
face and internal waves in a rotating ocean; see also [9, 10]. It was also
demonstrated in [17] that the nonlinear oblique magneto-acoustic waves in
a rotating plasma can be described by (2). A model of the propagation of
long internal waves in a deep rotating fluid can be found in [7]. If one con-
siders the limit of no high-frequency dispersion b = 0, the resulting equation
is called the Ostrovsky–Hunter equation [4]. When γ = 0, (1) turns into the
Korteweg-de Vries-Burgers equation

ut + buxxx + uux − auxx = f(x, t), (3)

which is the dissipated version of the KdV equation (a = 0) modeling the
propagation of weakly nonlinear dispersive long waves in some contexts [19].
It is worth noting that despite the similarity of structures of (2) and the KdV
equation, the Ostrovsky equation, unlike the KdV equation, is nonintegrable
by the method of the inverse scattering transform [10].

In the present paper, we study numerically equation (1) in the domain
(x, t) ∈ [0, 1]× [0, T ] with the final time T , the initial condition

u(x, 0) = p(x), x ∈ [0, 1] (4)

and boundary conditions

u(0, t) = f1(t), ux(0, t) = f2(t), t ∈ [0, T ], (5)

u(1, t) = g1(t), ux(1, t) = g2(t), uxx(1, t) = g3(t), t ∈ [0, T ], (6)

where p(x), g1(t), g2(t), g3(t), and f(x, t) are continuous known functions,
while f1(t), f2(t), and the wave amplitude u(x, t) are unknown, which remain
to be determined. There are different methods to obtain numerical solutions
of the dissipative KdV-type equations.

There are different methods to obtain numerical solutions of the dissipa-
tive KdV-type equations. Bhatta [2] found numerical solutions of (3) using
the modified Bernstein polynomials (B-polynomials). In [14], soliton solu-
tions of the KdVB equation were found by using two numerical methods,
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finite difference and a semi-analytic method with the Adomian decomposi-
tion. A spectral method based on Lagrange polynomials was used in [24]
to approximate solutions of boundary-value problems associated with (3).
The classical radial basis functions (RBFs) collocation (Kansa) method for
the numerical solution of (3) was formulated in [12]. A spectral collocation
method based on differentiated Chebyshev polynomials was elaborated in
[15] to obtain numerical solutions of (3). Chen and Wu [5] presented the MQ
quasi-interpolation method to find the numerical solutions of (3). The local
discontinuous Galerkin method was tested in [23] to study the Kuramoto–
Sivashinsky equation.

Here, we consider two numerical methods to find the solutions of (1),
the collocation method based on septic B-spline basis functions and quintic
B-spline basis functions.

It is known that the use of B-splines has many different features and is
effective in numerical works. One of the most important features is that
the conditions on the continuity of functions are built-in and have smooth
interpolation functions. On the other hand, as the support of each B-spline
is embedded only on a few sub-intervals, the resulting matrix related to the
discretized equation will be tightly banded.

Moreover, if one combines with collocation, then the solution procedure
will be clear and short. In the present work, we provide the combination
of the finite difference in t and the quintic B-spline collocation method in
x, and employ the Tikhonov regularization method to solve the associated
ill-conditioned system, which gives an efficient explicit solution that has high
accuracy with the minimal computational effort for the inverse problem (1)
and (4)–(6).

This paper is arranged as follows. In Section 2, a description of the septic
B-splines collocation method, the uniform convergence, and the stability are
explained. The quintic B-splines collocation method and its convergence and
the stability are explained in Section 3. The numerical results are presented
in Section 4, and finally, Section 5 completes this paper with some concluding
remarks.

2 Septic B-spline collection method

To apply the Septic B-spline collection method, region of the solution of
the problem is restrained over 0 ≤ x ≤ 1. Space interval [0, 1] is separated
into uniformly sized finite elements of length h by the knots xm like that
0 = x0 < x1 < · · · < xN = 1. Lengths of these finite elements are h = 1−0

N =
(xm+1 − xm) for m = 0, 1, 2, . . . , N − 1.
Problem (1)–(6) will be solved with the over-specified conditions

u(κ, t) = h1(t), ux(κ, t) = h2(t), uxx(κ, t) = h3(t), (7)
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where t ∈ [0, T ] and 0 < κ < 1 is a fixed number. A spline is a function that
is piecewise-defined by polynomial functions and possesses a high degree of
smoothness at the places, where polynomial pieces connect. A B-spline is a
spline function that has minimal support to the given degree, smoothness,
and domain partition. We define the septic B-spline Bj(x) for j = −3(1)N+3
by the following relations:

Bj(x) = h−7



(x− xj−4)
7, x ∈ [xj−4, xj−3),

(x− xj−4)
7 − 8(x− xj−3)

7, x ∈ [xj−3, xj−2),

(x− xj−4)
7 − 8(x− xj−3)

7

+28(x− xj−2)
7, x ∈ [xj−2, xj−1),

(x− xj−4)
7 − 8(x− xj−3)

7

+28(x− xj−2)
7 − 56(x− xj−1)

7, x ∈ [xj−1, xj),

(xj+4 − x)7 − 8(xj+3 − x)7

+28(xj+2 − x)7 − 56(xj+1 − x)7, x ∈ [xj , xj+1),

(xj+4 − x)7 − 8(xj+3 − x)7

+28(xj+2 − x)7, x ∈ [xj+1, xj+2),

(xj+4 − x)7 − 8(xj+3 − x)7, x ∈ [xj+2, xj+3),

(xj+4 − x)7, x ∈ [xj+3, xj+4),

0, otherwise.

(8)

The set

Ω = {B−3(x), B−2(x), B−1(x), B0(x), . . . , BN (x),

BN+1(x), BN+2(x), BN+3(x)}

forms a basis for the approximate solution, which will be defined over the
interval [0, 1]. Thus ϖ = Span(Ω) is a subspace of C2[0, 1] and ϖ is N + 7-
dimensional. The values of Bj and its derivatives may be tabulated as in
Table 1.

Now let U(x, t) ∈ ϖ be the B-spline approximation to the exact solution
u(x, t) in the form

U(x, t) =

N+3∑
j=−3

cj(t)Bj(x), (9)

where cj(t) are time-dependent parameters determined from boundary con-
ditions and collocation condition.

By substituting the trial function (8) into equation (9), the nodal values of
U,U

′
, U

′′
, U

′′′
, U (4), and U (5) are obtained in terms of the element parameters

cm by
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Table 1: Values of Bj(x) and its derivatives at the nodal points.
x xj−4 xj−3 xj−2 xj−1 xj xj+1 xj+2 xj+3 xj+4

Bj(x) 0 1 120 1191 2416 1191 120 1 0

B′
j(x) 0 7

h
392
h

1715
h 0 −1715

h
−392
h

−7
h 0

B′′
j (x) 0 42

h2
1008
h2

630
h2

−3560
h2

630
h2

1008
h2

42
h2 0

B′′′
j (x) 0 210

h3
1680
h3

−3990
h3 0 3990

h3
−1680
h3

−210
h3 0

B
(4)
j (x) 0 840

h4 0 −7560
h4

13440
h4

−7560
h4 0 840

h4 0

B
(5)
j (x) 0 2520

h5
−10080

h5
12600
h5 0 −12600

h5
10080
h5

−2520
h5 0

Um = cm−3 + 120cm−2 + 1191cm−1 + 2416cm + 1191cm+1 + 120cm+2 + cm+3,

U ′
m =

7

h
(−cm−3 − 56cm−2 − 245cm−1 + 2451cm+1 + 56cm+2 + cm+3),

U ′′
m =

42

h2
(cm−3 + 24cm−2 + 15cm−1 − 80cm + 15cm+1 + 24cm+2 + cm+3),

U ′′′
m =

210

h3
(−cm−3 − 8cm−2 + 19cm−1 − 19cm+1 + 8cm+2 + cm+3),

U (4)
m =

840

h4
(cm−3 − 9cm−1 + 16cm − 9cm+1 + cm+3),

U (5)
m =

2520

h5
(−cm−3 + 4cm−2 − 5cm−1 + 5cm+1 − 4cm+2 + cm+3).

(10)

2.1 Numerical discretization

Let us consider a uniform mesh (xi, tj) to discretize the region [0, 1]× [0, T ].
More precisely, each (xi, tj) is defined by xi = ih, i = 0, 1, 2, . . . , N and
tj = jk for j = 0, 1, 2, . . . , where h and k are mesh sizes in the space and
time directions, respectively (see [8]). Suppose that un is linearly interpolated
between two time levels n and n+1 by using the Crank–Nicolson formula and
then its time derivative is discretized by the forward finite difference formula:

u =
un+1 + un

2
, un

t =
un+1 − un

k
, (11)

where un = u(x, tn) and u0 = u(x, 0) = p(x). Substituting the above approx-
imation into equation (1) and discretizing in time variable, we have

uxt = γu+ auxxx − buxxxx − uuxx − u2
x + f(x, t),

so

IJNAO, Vol. 12, No. 1, (2022), pp 73-109



78 Ghanadian, Pourgholi, and Tabasi

un+1
x − un

x =
k

2

[
γun+1 + γun + aun+1

xxx + aun
xxx − (uuxx)

n+1 − (uuxx)
n

−
(
u2
x

)n+1 −
(
u2
x

)n − bun+1
xxxx − bun

xxxx

+f(x, tn+1) + f(x, tn)] .

The nonlinear term is linearized by using the quasi-linearization formula as
given below:

f
(
un+1, un+1

x

)
= f(un, un

x) + (un+1 − un)
∂fn

∂u
+ (un+1

x − un
x)

∂fn

∂ux
.

Thus, we have

(uuxx)
n+1

= un+1un
xx + unun+1

xx − (uuxx)
n

and (
u2
x

)n+1
= 2ux

n+1ux
n −

(
u2
x

)n
.

Now, we obtain by rearranging the terms that

θ1u
n+1 + θ2u

n+1
x + θ3u

n+1
xx − θ4u

n+1
xxx + θ5u

n+1
xxxx

= θ6u
n + un

x + θ4u
n
xxx − θ5u

n
xxxx + θ7(f(x, tn+1) + f(x, tn)),

(12)

where

θ1 =
k

2
(un

xx − γ) , θ2 =
7

h
(1 + kun

x) , θ3 =
42

h2

(
k

2
un

)
θ4 =

210

h3

(
k

2
a

)
, θ5 =

840

h4

(
k

2
b

)
, θ6 =

k

2
γ, θ7 =

k

2
.

By replacing the approximate solution U with u, and using the nodal
values U and the derivatives of U , we deduce from equation (10) at the knots
in equation (12) the following difference equation in the variable c:

A∗cn+1
i−3 +B∗cn+1

i−2 + C∗cn+1
i−1 +D∗cn+1

i + E∗cn+1
i+1 + F ∗cn+1

i+2 +G∗cn+1
i+3

= H(xi, tn) +H(xi, tn+1),
(13)

where

A∗ = θ1 − θ2 + θ3 + θ4 + θ5,

B∗ = 120θ1 − 56θ2 + 24θ3 + 8θ4,

C∗ = 1191θ1 − 245θ2 + 15θ3 − 19θ4 − 9θ5,

D∗ = 2416θ1 − 80θ3 + 16θ5,

E∗ = 1191θ1 + 245θ2 + 15θ3 + 19θ4 − 9θ5,
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F ∗ = 120θ1 + 56θ2 + 24θ3 − 8θ4,

G∗ = θ1 + θ2 + θ3 − θ4 + θ5,

H(xi, tn) = θ6(ci−3 + 120ci−2 + 1191ci−1 + 2416ci + 1191ci+1 + 120ci+2 + ci+3)

+

(
7

h

)
(−ci−3 − 56ci−2 − 245ci−1 + 2451ci+1 + 56ci+2 + ci+3)

+ θ4

(
210

h3

)
(−ci−3 − 8ci−2 + 19ci−1 − 19ci+1 + 8ci+2 + ci+3)

− θ5

(
840

h4

)
(ci−3 − 9ci−1 + 16ci − 9ci+1 + ci+3)

+ θ7f(xi, tn),

and
H(xi, tn+1) = θ7f(xi, tn+1), 0 ≤ i ≤ N.

System (13) consists of (N + 1) linear equations with (N + 7) unknowns,

(c−3, c−2, c−1, c0, . . . , cN , cN+1, cN+2, cN+3)
T .

To have a unique solution to the above system, we are required the over-
specified conditions (7). Suppose that κ = xs, 1 ≤ s ≤ N − 1, then

u(xs, t) = h1(t), ux(xs, t) = h2(t), uxx(xs, t) = h3(t), (14)

where t ∈ [0, T ]. If we consider m = s in (10), then we have

h1(tn+1) = cn+1
s−3 + 120cn+1

s−2 + 1191cn+1
s−1 + 2416cn+1

s + 1191cn+1
s+1 + 120cn+1

s+2 + cn+1
s+3 ,

h2(tn+1) =
7

h

(
−cn+1

s−3 − 56cn+1
s−2 − 245cn+1

s−1 + 2451cn+1
s+1 + 56cn+1

s+2 + cn+1
s+3

)
,

h3(tn+1) =
42

h2

(
cn+1
s−3 + 24cn+1

s−2 + 15cn+1
s−1 − 80cn+1

s + 15cn+1
s+1 + 24cn+1

s+2 + cn+1
s+3

)
,

g1(tn+1) = cn+1
N−3 + 120cn+1

N−2 + 1191cn+1
N−1 + 2416cn+1

N + 1191cn+1
N+1 + 120cn+1

N+2 + cn+1
N+3,

g2(tn+1) =
7

h

(
−cn+1

N−3 − 56cn+1
N−2 − 245cn+1

N−1 + 2451cn+1
N+1 + 56cn+1

N+2 + cn+1
N+3

)
,

g3(tn+1) =
42

h2

(
cn+1
N−3 + 24cn+1

N−2 + 15cn+1
N−1 − 80cn+1

m−1 + 15cn+1
N+1 + 24cn+1

N+2 + cn+1
N+3

)
.

Hence, we derive that
AC = B, (15)

is a system of (N + 7) linear equations with (N + 7) unknowns, where

A[1, s+ 1] = A[1, s+ 7] = A[3, s+ 1] = A[2, s+ 7] = A[N + 5, N + 7]

= A[3, s+ 7] = A[N + 5, N + 1] = A[N + 6, N + 7]

= A[N + 7, N + 1] = A[N + 7, N + 7] = −A[N + 6, N + 1] = 1,

and
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A[N + 7, N + 2] = A[N + 7, N + 6] = A[1, s+ 2] = A[1, s+ 6] = 120,

A[N + 7, N + 3] = A[N + 7, N + 5] = A[1, s+ 3] = A[1, s+ 5] = 1191,

A[N + 7, N + 4] = A[1, s+ 4] = 2416,

A[2, s+ 6] = −A[2, s+ 2] = −A[N + 6, N + 2] = A[N + 6, N + 6] = 56,

A[N + 6, N + 5] = −A[N + 6, N + 3] = −A[2, s+ 3] = A[2, s+ 5] = 245,

A[3, s+ 2] = A[3, s+ 6] = A[N + 5, N + 2] = A[N + 5, N + 6] = 24,

A[3, s+ 3] = A[3, s+ 5] = A[N + 5, N + 3] = A[N + 5, N + 5] = 15,

A[3, s+ 4] = A[N + 5, N + 4] = −80.

Therefore, we have

A =



0 . . . 1 120 1191 2416 1191 120 1 0 . . .
0 . . . −1 −56 −245 0 245 56 1 0 . . .
0 . . . 1 24 15 −80 15 24 1 0 . . .
A∗ B∗ C∗ D∗ E∗ F ∗ G∗ 0 . . .
0 A∗ B∗ C∗ D∗ E∗ F ∗ G∗ 0 . . .
... . . . . . . . . . . . . . . . . . . . . . . . .
0 . . . A∗ B∗ C∗ D∗ E∗ F ∗ G∗ 0
0 . . . A∗ B∗ C∗ D∗ E∗ F ∗ G∗

0 . . . 1 24 15 −80 15 24 1
0 . . . −1 −56 −245 0 245 56 1
0 . . . 1 120 1191 2416 1191 120 1


(N+7)×(N+7)

,

with

C =
(
c
(n+1)
−3 , c

(n+1)
−2 , c

(n+1)
−1 , c

(n+1)
0 , . . . , c(n+1)

s ,

. . . , c
(n+1)
N , c

(n+1)
N+1 , c

(n+1)
N+2 , c

(n+1)
N+3

)T

,

B =
(
B

(n)
−3 , B

(n)
−2 , B

(n)
−1 , B

(n)
0 , . . . , B(n)

s , . . . , B
(n)
N , B

(n)
N+1, B

(n)
N+2, B

(n)
N+3

)T

,

and

B
(n)
−3 = h1(tn+1), B

(n)
−2 =

(
h

7

)
h2(tn+1), B

(n)
−1 =

(
h2

42

)
h3(tn+1),

B
(n)
i = H(xi, tn) +H(xi, tn+1), B

(n)
N+1 =

(
h2

42

)
g3(tn+1),

B
(n)
N+2 =

(
h

7

)
g2(tn+1), B

(n)
N+3 = g1(tn+1),
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where 0 ≤ i ≤ N . We notice that the matrix A is ill-conditioned, so we obtain
the solution of system (15) by using the Tikhonov regularization method.

2.2 The initial vector c0

By the initial condition (4) combined with the boundary and over-specified
conditions (7), the initial vector c0 can be written as the following expressions:

u(xs, t0) = c0s−3 + 120c0s−2 + 1191c0s−1 + 2416c0s + 1191c0s+1 + 120c0s+2 + c0s+3

= h1(t0),

ux(xs, t0) =
7

h

(
−c0s−3 − 56c0s−2 − 245c0s−1 + 2451c0s+1 + 56c0s+2 + c0s

)
= h2(t0),

uxx(xs, t0) =
42

h2

(
c0s−3 + 24c0s−2 + 15c0s−1 − 80c0s + 15c0s+1 + 24c0s+2 + c0s+3

)
= h3(t0),

u(xi, t0) = c0i−3 + 120c0i−2 + 1191c0i−1 + 2416c0i + 1191c0i+1 + 120c0i+2 + c0i+3

= p(xi),

where 0 ≤ i ≤ N and

uxx(xN , t0) =
42

h2

(
c0N−3 + 24c0N−2 + 15c0N−1 − 80c0m−1 + 15c0N+1 + 24c0N+2 + c0N+3

)
= g3(t0),

ux(xN , t0) =
7

h

(
−c0N−3 − 56c0N−2 − 245c0N−1 + 2451c0N+1 + 56c0N+2 + c0N+3

)
= g2(t0),

u(xN , t0) = c0N−3 + 120c0N−2 + 1191c0N−1 + 2416c0N + 1191c0N+1 + 120c0N+2 + c0N+3

= g1(t0).

This yields an (N + 7)× (N + 7)-system of equations of the form of

AC0 = β, (16)

where

A[1, s+ 1] = A[1, s+ 7] = A[3, s+ 1] = A[2, s+ 7] = A[N + 5, N + 7]

= A[3, s+ 7] = A[N + 5, N + 1] = A[N + 6, N + 7]

= A[N + 7, N + 1] = A[N + 7, N + 7] = −A[N + 6, N + 1] = 1,

and
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A[N + 7, N + 2] = A[N + 7, N + 6] = A[1, s+ 2] = A[1, s+ 6] = 120,

A[N + 7, N + 3] = A[N + 7, N + 5] = A[1, s+ 3] = A[1, s+ 5] = 1191,

A[N + 7, N + 4] = A[1, s+ 4] = 2416,

A[2, s+ 6] = −A[2, s+ 2] = −A[N + 6, N + 2] = A[N + 6, N + 6] = 56,

A[N + 6, N + 5] = −A[N + 6, N + 3] = −A[2, s+ 3] = A[2, s+ 5] = 245,

A[3, s+ 2] = A[3, s+ 6] = A[N + 5, N + 2] = A[N + 5, N + 6] = 24,

A[3, s+ 3] = A[3, s+ 5] = A[N + 5, N + 3] = A[N + 5, N + 5] = 15,

A[3, s+ 4] = A[N + 5, N + 4] = −80.

Thus, we have

A =



0 . . . 1 120 1191 2416 1191 120 1 0 . . .
0 . . . −1 −56 −245 0 245 56 1 0 . . .
0 . . . 1 24 15 −80 15 24 1 0 . . .

1 120 1191 2416 1191 120 1 0 . . .
...

0 1 120 1191 2416 1191 120 1 0 . . .
... . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . .
0 . . . 1 120 1191 2416 1191 120 1
0 . . . 1 24 15 −80 15 24 1
0 . . . −1 −56 −245 0 245 56 1
0 . . . 1 120 1191 2416 1191 120 1


(N+7)×(N+7)

,

C0 =



c0−3

c0−2

c0−1

c00
...
c0N

c0N+1

c0N+2

c0N+3


(N+7)×1

, β =



h1(t0)
(h7 )h2(t0)

(h
2

42 )h3(t0)
p(x0)
vdots
p(xN )

(h
2

42 )g3(t0)
(h7 )g2(t0)
g1(t0)


(N+7)×1

.

Finally, the solution of (16) can be obtained by using the Tikhonov regular-
ization method.

2.3 Convergence analysis

Here, we are going to check the convergence of our algorithm. Suppose that
U(x) =

∑N+3
j=−3 cjBj(x) is the B-spline collocation approximation of u(x),
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where u(x) is the exact solution of (1) with the over-specific conditions (7)
and initial condition (4). Due to round off errors in computations, we can
assume that Û(x) is the computed spline for U(x) in such a way that Û(x) =∑N+1

j=−2 ĉjBj(x), where

Ĉ = (ĉ−3, ĉ−2, ĉ−1, ĉ0, . . . , ĉN , ĉN+1, ĉN+2, ĉN+3).

Following (15) for Û , we have

AĈ = B̂,

where

B̂ = (h1(tn+1), h2(tn+1), h3(tn+1), τ̂0, τ̂1, . . . , τ̂N , g3(tn+1), g2(tn+1), g1(tn+1)),

and

τ̂i = θ6(ci−3 + 120ci−2 + 1191ci−1 + 2416ci + 1191ci+1 + 120ci+2 + ci+3)

+

(
7

h

)
(−ci−3 − 56ci−2 − 245ci−1 + 2451ci+1 + 56ci+2 + ci+3)

+ θ4

(
210

h3

)
(−ci−3 − 8ci−2 + 19ci−1 − 19ci+1 + 8ci+2 + ci+3)

− θ5

(
840

h4

)
(ci−3 − 9ci−1 + 16ci − 9ci+1 + ci+3)

+ θ7 (f(xi, tn) + f(xi, tn+1)) .

Consequently, we have
A(C − Ĉ) = (B − B̂).

The following lemma will be important in our analysis.

Lemma 1. If {B−3, B−2, B−1, B0, . . . , BN , BN+1, BN+2, BN+3} is the septic
B-spline, then ∣∣∣∣∣∣

N+3∑
j=−3

Bj(x)

∣∣∣∣∣∣ ≤ 7456, x ∈ [0, 1]. (17)

Proof. At any node xi, we have from Table 1 that

∣∣∣∣∣∣
N+3∑
j=−3

Bj

∣∣∣∣∣∣ ≤
N+3∑
j=−3

|Bj | = 1 + 120 + 1191 + 2416 + 1191 + 120 + 1 = 5040.

For any point x in each sub-interval [xj−1, xj ], we have analogously that
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N+3∑
j=−3

|Bj | ≤ 7456.

This proves the lemma.

To obtain a suitable estimate for the error

∥u(x)− U(x)∥∞ ,

we need to bound the error terms
∥∥∥u(x)− Û

∥∥∥
∞

and
∥∥∥Û − U(x)

∥∥∥
∞

separately.
To do so, we recall the following theorem.

Theorem 1. Suppose that g(x) ∈ C8[0, 1] and |g8(x)| ≤ L, for all x ∈ [0, 1].
Assume that

∆ = {0 = x0 < x1 < · · · < xN = 1},

is the partition of [0, 1] of step size h. If S∆(x) is the unique spline function
interpolate g(x) at nodes x0, x1, . . . , xN ∈ ∆, then there exist a constant
λj ≤ 2 such that we have for all x ∈ [0, 1], that

∥gj(x)− Sj
∆(x)∥∞ ≤ λjLh

8−j , j = 0, . . . , 7,

where ∥ · ∥ represents the L∞-norm.

Proof. See [1] for a proof.

Now first we find a bound on ∥B − B̂∥∞. Following [20, Theorem 7] and
applying Theorem 1, there exists W = WL > 0 such thatwwwB − B̂

www
∞

≤ W
(∣∣∣U(x)− Û(x)

∣∣∣+ ∣∣∣U ′
(x)− Û

′
(x)

∣∣∣+ ∣∣∣U ′′
(x)− Û

′′
(x)

∣∣∣
+
∣∣∣U ′′′

(x)− Û
′′′
(x)

∣∣∣+ ∣∣∣U (4)(x)− Û (4)(x)
∣∣∣)

≤ WLλ0h
8 +WLλ1h

7 +WLλ2h
6 +WLλ3h

5 +WLλ4h
4.

Thus we can get
∥B − B̂∥∞ ≤ W1h

4, (18)

where
W1 = WL(λ0h

4 + λ1h
3 + λ2h

2 + λ3h+ λ4).

Since the matrix A is ill-conditioned, we have from the Tikhonov regulariza-
tion solution that(

C − Ĉ
)
=

[
ATA+ α

(
R(2)

)T

R2

]−1

AT
(
B − B̂

)
,

after taking the L∞-norm,
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www

∞
≤

wwwww
[
ATA+ α

(
R(2)

)T

R2

]−1

AT

wwwww
∞

wwwB − B̂
www

∞
≤ W2h

4,

(19)
where

W2 = W1

wwwww
[
ATA+ α

(
R(2)

)T

R2

]−1

AT

wwwww
∞

.

Now we observe that

U(x)− Û(x) =

N+3∑
i=−3

(ci − ĉi)Bi(x).

By taking the L∞-norm and using (17) and (19), we have

wwwU(x)− Û(x)
www

∞
=

wwwww
N+3∑
i=−3

(ci − ĉi)Bi(x)

wwwww
∞

≤ ∥(ci − ĉi)∥∞


N+3∑
i=−3

Bi(x)


≤ 7456W2h

4.
(20)

Theorem 2. The time discretization process (11) that we use to discretize
equation (1) in time, is convergent of the first order.

Proof. See [21]

Theorem 3. Let u ∈ C8[0, 1] be an exact solution of (1) such that∣∣∣∣∂8u(x, t)

∂x8

∣∣∣∣ ≤ L,

for all x and t. If U(x, t) is the numerical approximation by our method of
u, then

∥u(x)− U(x)∥∞ ≤ O(k + h4).

Proof. We have from Theorem 1 that

∥u(x)− U(x)∥∞ ≤ λ0Lh
8. (21)

Equations (20) and (21) imply that

∥u(x)− U(x)∥∞ ≤
wwwu(x)− Û(x)

www
∞

+
wwwÛ(x)− U(x)

www
∞

≤ λ0Lh
8 + 7456W2h

4 = Υh4,

where Υ = λ0Lh
4 + 7456W2. Therefore we deduce from Theorem 2 that
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∥u(x)− U(x)∥∞ ≤ ρ(k + h4),

where ρ is a finite positive constant independent of k and h. This completes
the proof.

2.4 Stability analysis

In this section, we will investigate the stability by applying the Von-Neuman
stability analysis. Without loss of generality and for the sake of simplicity,
we assume in equation (1) that f(x, y) = 0. On the other hand, as we
have linearized the nonlinear term uux by considering u as a constant k1 in
equation (1), then the equation can be rewritten by

(ut + buxxx + k1ux − auxx)x = γu. (22)

Substituting the approximation (11) into equation (22), by discretizing in
time we have that

−P1u
n+1 + un+1

x + P2u
n+1
xx − P3u

n+1
xxx + P4u

n+1
xxxx

= P1u
n + un

x − P2u
n
xx + P3u

n
xxx − P4u

n
xxxx.

If k
2 = τ , then

P1 = τγ, P2 =
42

h2
τk1 P3 =

210

h3
τa, , P4 =

840

h4
τb. (23)

In terms of unknown time parameters ci, the equation can be written from
(10) by

x1c
n+1
i−3 + x2c

n+1
i−2 + x3c

n+1
i−1 + x4c

n+1
i + x5c

n+1
i+1 + x6c

n+1
i+2 + x7c

n+1
i+3

= x8c
n
i−3 + x9c

n
i−2 + x10c

n
i−1 + x11c

n
i + x12c

n+1
i+1 + x13c

n+1
i+2 + x14c

n+1
i+3

where

x1 = −P1 − 1 + P2 + P3 + P4,

x2 = −120P1 − 56 + 24P2 + 8P3,

x3 = −1191P1 − 245 + 15P2 − 19P3 − 9P4,

x4 = −2416P1 − 80P2 + 16θ4,

x5 = −1191P1 + 245 + 15P2 + 19P3 − 9P4,

x6 = −120P1 + 56 + 24P2 − 8P3,

x7 = −P1 + 1 + P2 − P3 + P4,

(24)
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x8 = P1 − 1− P2 − P3 − P4,

x9 = 120P1 − 56− 24P2 − 8P3,

x10 = 1191P1 − 245− 15P2 + 19P3 + 9P4,

x11 = 2416P1 + 80P2 − 16θ4,

x12 = 1191P1 + 245− 15P2 − 19P3 + 9P4,

x13 = 120P1 + 56− 24P2 + 8P3,

x14 = P1 + 1− P2 + P3 − P4.

Now we substitute cnm = Aζn exp(imβh), where i =
√
−1, A is amplitude, h

is the step length and β is the mode number. We get

ζ =
X1 + iY1

X2 + iY2
,

where

X1 = (x8 + x14) cos(3βh) + (x9 + x13) cos(2βh) + (x10 + x12) cos(βh) + x6,

X2 = (x7 + x1) cos(3βh) + (x2 + x6) cos(2βh) + (x3 + x5) cos(βh) + x4,

Y1 = (x14 − x8) sin(3βh) + (x13 − x9) sin(2βh) + (x12 − x10) sin(βh),

Y2 = (x7 − x1) sin(3βh) + (x6 − x2) sin(2βh) + (x5 − x3) sin(βh).

(25)

Hence, we have from (25) and (24) that X1 = X2. Setting

ρ = 2 sin(3βh) + 112 sin(2βh) + 490 sin(βh),

φ = P3(2 sin(3βh) + 16 sin(2βh)− 38 sin(βh)),
(26)

we have that
Y1 = ρ+ φ, Y2 = ρ− φ.

To get the stability, we need to prove |ζ| < 1, that is,

X2
1 + (ρ+ φ)2 < X2

1 + (ρ− φ)2. (27)

To this end, it is enough to show that 4ρφ < 0. If we rewrite (26) by

ρ = 8 sin(βh)(cos2(βh) + 28 cos(βh) + 61),

φ = 8P3 sin(βh)(cos(βh) + 5)(cos(βh)− 1),

then we obtain

4ρφ = 256P3 sin
2(βh)(cos2(βh)+28 cos(βh)+61)(cos(βh)+5)(cos(βh)− 1).

By the positivity of the constants, P3 > 0. The functions sin2(βh), cos2(βh)+
28 cos(βh) + 61, and cos(βh) + 5 are positive, but cos(βh) − 1 is negative,
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so 4ρφ < 0. Hence, we obtain that the seventh order B-spline collocation
method is unconditionally stable.

3 Quintic B‑splines collocation method

In this section, we are going to solve the inverse problem (1) by a new mod-
ification of the quintic B-splines collocation method with the over-specified
conditions

u(κ, t) = h1(t),

ux(κ, t) = h2(t),
(28)

where t ∈ [0, tf ] and 0 < κ < 1 is a fixed number.

We define the quintic B-spline Bi(x) for j = −2(1)N +2 by the following
relation:

Bj(x) = h−5



(x− xj−3)
5, x ∈ [xj−3, xj−2),

(x− xj−3)
5 − 6(x− xj−2)

5, x ∈ [xj−2, xj−1),
(x− xj−3)

5 − 6(x− xj−2)
5 + 15(x− xj−1)

5, x ∈ [xj−1, xj),
(xj+3 − x)5 − 6(xj+2 − x)5 + 15(xj+1 − x)5, x ∈ [xj , xj+1),
(xj+3 − x)5 − 6(xj+2 − x)5, x ∈ [xj+1, xj+2),
(xj+3 − x)5, x ∈ [xj+2, xj+3),
0, otherwise.

(29)

We note that the set

Ω = {B−2(x), B−1(x), B0(x), . . . , BN (x), BN+1(x), BN+2(x)},

forms a basis for an approximate solution that will be defined over the
interval [0, 1]. Hence, the set ϖ = Span(Ω) is a subspace of C2[0, 1] and ϖ
is N + 5-dimensional. The values of Bj and its derivatives are tabulated in
Table 2. Let U(x, t) ∈ ϖ be the B-spline approximation to the exact solution
u(x, t) in the form

U(x, t) =

N+2∑
j=−2

cj(t)Bj(x), (30)

where cj(t) are time-dependent parameters determined by the boundary and
collocation conditions.

Substituting the trial function (29) into (30), the nodal values of U , U ′,
U ′′, U ′′′ , and U (4) are obtained in terms of the element parameters cm by
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Table 2: Values of Bj(x) and its derivatives at the nodal points.
x xj−3 xj−2 xj−1 xj xj+1 xj+2 xj+3

Bj(x) 0 1 26 66 26 1 0

B′
j(x) 0 5

h
50
h 0 −50

h
5
h 0

B′′
j (x) 0 20

h2
40
h2

−120
h2

40
h2

20
h2 0

B′′′
j (x) 0 60

h3
−120
h3 0 120

h3
−60
h3 0

B
(4)
j (x) 0 120

h4
−480
h4

720
h4

−480
h4

120
h4 0

Um = cm−2 + 26cm−1 + 66cm + 26cm+1 + cm+2,

U ′
m =

5

h
(−cm−2 − 10cm−1 + 10cm+1 + cm+2),

U ′′
m =

20

h2
(cm−2 + 2cm−1 − 6cm + 2cm+1 + cm+2),

U ′′′
m =

60

h3
(−cm−2 + 2cm−1 − 2cm+1 + cm+2),

U (4)
m =

120

h4
(cm−2 − 4cm−1 + 6cm − 4cm+1 + cm+2).

(31)

3.1 Numerical discretization

To discretize the equation, similar to the previous section, we use (31) in

uxt = γu+ auxxx − buxxxx − uuxx − ux
2 + f(x, t),

and obtain

un+1
x − un

x =
k

2

[
γun+1 + γun + aun+1

xxx + aun
xxx − (uuxx)

n+1 − (uuxx)
n

−
(
u2
x

)n+1 −
(
u2
x

)n − bun+1
xxxx − bun

xxxx

+f(x, tn+1) + f(x, tn)] .

The nonlinear term is also linearized by rearranging terms as given below:

θ1u
n+1 + θ2u

n+1
x + θ3u

n+1
xx − θ4u

n+1
xxx + θ5u

n+1
xxxx =

θ6u
n + un

x + θ4u
n
xxx − θ5u

n
xxxx + θ7(f(x, tn+1) + f(x, tn)),

(32)

where
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θ1 =
k

2
(un

xx − γ) , θ2 =
5

h
(1 + kun

x), θ3 =
20

h2

(
k

2
un

)
, θ4 =

60

h3

(
k

2
a

)
,

θ5 =
120

h4

(
k

2
b

)
, θ6 =

k

2
γ, θ7 =

k

2
.

Again, by replacing the approximate solution U with u, and using the
nodal values U and the derivatives of U , we obtain from equation (31) at the
knots in equation (32) the following difference equation in the variable c:

A∗cn+1
i−2 +B∗cn+1

i−1 + C∗cn+1
i +D∗cn+1

i+1 + E∗cn+1
i+2 = H(xi, tn) +H(xi, tn+1),

(33)
where

A∗ = θ1 − θ2 + θ3 + θ4 + θ5,

B∗ = 26θ1 − 10θ2 + 2θ3 − 2θ4 − 4θ5,

C∗ = 66θ1 − 6θ3 + 6θ5,

D∗ = 26θ1 + 2θ2 + 2θ3 + 2θ4 − 4θ5,

E∗ = θ1 + θ2 + θ3 − θ4 + θ5,

H(xi, tn) = θ6 (ci−2 + 26ci−1 + 66ci + 26ci+1 + ci+2)

+

(
5

h

)
(−ci−2 − 10ci−1 + 10ci+1 + ci+2)

+ θ4

(
60

h3

)
(−ci−2 + 2ci−1 − 2ci+1 + ci+2)

− θ5

(
120

h4

)
(ci−2 − 4ci−1 + 6ci − 4ci+1 + ci+2)

+ θ7f(xi, tn),

and
H(xi, tn+1) = θ7f(xi, tn+1), 0 ≤ i ≤ N.

System (33) contains (N + 1) linear equations with (N + 5) unknowns,

(c−2, c−1, c0, . . . , cN , cN+1, cN+2)
T
.

To have a unique solution to the above system, we are required the over-
specified condition (28). Assume that κ = xs, 1 ≤ s ≤ N − 1. Equation (6)
holds and moreover

u(xs, t) = h1(t), ux(xs, t) = h2(t),

where t ∈ [0, T ]. If we consider m = s in (31), then we have
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h1(tn+1) = cn+1
s−2 + 26cn+1

s−1 + 66cn+1
s + 26cn+1

s+1 + cn+1
s+2 ,

h2(tn+1) =
5

h

(
cn+1
s−2 + 10cn+1

s−1 − 10cn+1
s+1 − cn+1

s+2

)
,

g1(tn+1) = cn+1
N−2 + 26cn+1

N−1 + 66cn+1
N + 26cn+1

N+1 + cn+1
N+2,

g2(tn+1) =
5

h

(
cn+1
N−2 + 10cn+1

N−1 − 10cn+1
N+1 + cn+1

N+2

)
.

Consequently,
AC = B, (34)

is a system of (N+5) linear equations with (N+5) unknown functions where

A[1, s+ 1] = A[1, s+ 5] = A[2, s+ 1] = A[N + 4, N + 5] = A[2, s+ 5]

= A[N + 4, N + 1] = A[N + 5, N + 5] = A[N + 5, N + 1] = 1,

A[N + 5, N + 2] = A[N + 5, N + 4] = A[1, s+ 2] = A[1, s+ 4] = 26,

A[N + 5, N + 3] = A[1, s+ 3] = 66,

A[N + 4, N + 2] = A[2, s+ 2] = −A[N + 4, N + 4] = −A[2, s+ 4] = 10,

A[2, s+ 3] = A[N + 4, N + 3] = 0.

Thus, we can write the matrix A as

A =



0 . . . 1 26 66 26 1 0 . . .
0 . . . 1 10 0 −10 1 0 . . .

A∗ B∗ C∗ D∗ E∗ 0 . . . . . .
...

0 A∗ B∗ C∗ D∗ E∗ 0 . . .
... . . . . . . . . . . . . . . .
... . . . . . . . . . . . . . . .
0 . . . A∗ B∗ C∗ D∗ E∗

0 . . . 1 10 0 −10 1
0 . . . 1 26 66 26 1


(N+5)×(N+5)

,

with

C =
(
c
(n+1)
−2 , c

(n+1)
−1 , c

(n+1)
0 , . . . , c(n+1)

s , . . . , c
(n+1)
N , c

(n+1)
N+1 , c

(n+1)
N+2

)T

,

B =
(
B

(n)
−2 , B

(n)
−1 , B

(n)
0 , . . . , B(n)

s , . . . , B
(n)
N , B

(n)
N+1, B

(n)
N+2

)T

B
(n)
−2 = h1(tn+1), B

(n)
−1 =

(
h

5

)
h2(tn+1), B

(n)
i = H(xi, tn) +H(xi, tn+1),

B
(n)
N+1 =

(
h

5

)
g2(tn+1), B

(n)
N+2 = g1(tn+1),
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where 0 ≤ i ≤ N . We note that A is an ill-conditioned matrix, so we obtain
the solution of system (34) by using the Tikhonov regularization method.

3.2 The initial vector c0

From the initial condition (4) the boundary and over-specified conditions (28)
the initial vector c0 can be obtained as the following expressions:

u(xs, t0) = c0s−2 + 26c0s−1 + 66c0s + 26c0s+1 + c0s+2,

ux(xs, t0) =
5

h

(
c0s−2 + 10c0s−1 − 10c0s+1 + c0s+2

)
= h2(t0),

u(xi, t0) = c0i−2 + 26c0i−1 + 66c0i + 26c0i+1 + c0i+2 = p(xi), 0 ≤ i ≤ N,

ux(xN , t0) =
5

h

(
c0N−2 + 10c0N−1 − 10c0N+1 + c0N+2

)
= g2(t0),

u(xN , t0) = c0N−2 + 26c0N−1 + 66c0N + 26c0N+1 + c0N+2 = g1(t0).

This gives an (N + 5)× (N + 5)-system of equations of the form of

AC0 = β, (35)

where

A[1, s+ 1] = A[1, s+ 5] = A[2, s+ 1] = A[N + 4, N + 5] = A[2, s+ 5],

= A[N + 4, N + 1] = A[N + 5, N + 5] = A[N + 5, N + 1] = 1,

A[N + 5, N + 2] = A[N + 5, N + 4] = A[1, s+ 2] = A[1, s+ 4] = 26,

A[N + 5, N + 3] = A[1, s+ 3] = 66,

A[N + 4, N + 2] = A[2, s+ 2] = −A[N + 4, N + 4] = −A[2, s+ 4] = 10,

A[2, s+ 3] = A[N + 4, N + 3] = 0,

Thus, we have

A =



0 . . . 1 26 66 26 1 0 . . .
0 . . . 1 10 0 −10 −1 0 . . .

1 26 66 26 1 0 . . . . . .
...

0 1 26 66 26 1 0 . . .
...

... . . . . . . . . . . . . . . .

... . . . . . . . . . . . . . . .
0 . . . 1 26 66 26 1
0 . . . 1 10 0 −10 1
0 . . . 1 26 66 26 1


(N+5)×(N+5)

,
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C0 =



c0−2

c0−1

c00
...
c0N

c0N+1

c0N+2


(N+5)×1

, β =



h1(t0)
(h5 )h2(t0)
p(x0)

...
p(xN )

(h5 )g2(t0)
g1(t0)


(N+5)×1

.

Finally the solution of (35) can be obtained by using the Tikhonov regular-
ization method.

3.3 Convergence analysis

Similar to the Convergence of the previous part, first we need to recall the
following lemma.

Lemma 2. The B-splines {B−2, B−1, B0, . . . , BN , BN+1, BN+2} satisfy the
following inequality:∣∣∣∣∣∣

N+2∑
j=−2

Bj(x)

∣∣∣∣∣∣ ≤ 186, (0 ≤ x ≤ 1). (36)

Proof. We have from Table 2 at any node xi, that

∣∣∣∣∣
N+2∑
i=−2

Bi

∣∣∣∣∣ ≤
N+2∑
i=−2

|Bi| = 120.

Similarly, we have for any point x in each sub-interval [xi−1, xi] that

N+2∑
j=−2

|Bj | ≤ 186.

Theorem 4 ([6, 13]). Suppose that f(x) ∈ C6[0, 1] and |f6(x)| ≤ L, for all
x ∈ [0, 1]. Assume that

∆ = {0 = x0 < x1 < · · · < xN = 1},

is the partition of [0, 1] of step size h. If S∆(x) is the unique spline function
interpolates f(x) at nodes x0, x1, . . . , xN ∈ ∆, then there exist a constant λj
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such that we have for all x ∈ [0, 1] thatwwwf j(x)− Sj
∆(x)

www
∞

≤ λjLh
6−j , j = 0, 1, . . . , 5.

where ∥ · ∥ represents the L∞-norm.

By using the ideas of [20] and Theorem 4, there exists W = WL > 0 such
that

wwwB − B̂
www

∞
≤ W

(∣∣∣U(x)− Û(x)
∣∣∣+ ∣∣∣U ′

(x)− Û
′
(x)

∣∣∣+ ∣∣∣U ′′
(x)− Û

′′
(x)

∣∣∣
+
∣∣∣U ′′′

(x)− Û
′′′
(x)

∣∣∣+ ∣∣∣U (4)(x)− Û (4)(x)
∣∣∣)

≤ WLλ0h
6 +WLλ1h

5 +WLλ2h
4 +WLλ3h

3 +WLλ4h
2.

Thus we can get wwwB − B̂
www

∞
≤ W1h

2, (37)

where W1 = WL
(
λ0h

4 + λ1h
3 + λ2h

2 + λ3h+ λ4

)
. Since the matrix A is

an ill-conditioned matrix, we have from the Tikhonov regularization solution
that (

C − Ĉ
)
=

[
ATA+ α

(
R(2)

)T

R2

]−1

AT
(
B − B̂

)
.

After taking the infinity-norm we find from (37) that

∥∥∥C − Ĉ
∥∥∥
∞

≤

∥∥∥∥∥
[
ATA+ α

(
R(2)

)T

R2

]−1

AT

∥∥∥∥∥
∞

∥∥∥B − B̂
∥∥∥
∞

≤ W2h
2, (38)

where
W2 = W1

www[ATA+ α(R(2))TR2]−1AT
www

∞
.

Now we see that

U(x)− Û(x) =

N+2∑
i=−2

(ci − ĉi)Bi(x).

Using (36) and (38), we have after taking the L∞-norm that

∥∥∥U(x)− Û(x)
∥∥∥
∞

=

∥∥∥∥∥
N+2∑
i=−2

(ci − ĉi)Bi(x)

∥∥∥∥∥
∞

≤ ∥(ci − ĉi)∥∞


N+2∑
i=−2

Bi(x)


≤ 186W2h

2,

(39)
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Theorem 5. Let u(x, t) ∈ C6[0, 1] be the exact solution of (1) such that∣∣∣∣∂6u(x, t)

∂x6

∣∣∣∣ ≤ L.

Assume that U(x, t) is the numerical approximation by our methods, then

∥u(x)− U(x)∥∞ ≤ O(k + h2).

Proof. We have from Theorem 4 that

∥u(x)− U(x)∥∞ ≤ λ0Lh
6, (40)

Equations (39) and (40) imply that

∥u(x)− U(x)∥∞ ≤
wwwu(x)− Û(x)

www
∞

+
wwwÛ(x)− U(x)

www
∞

≤ λ0Lh
6 + 186W2h

2 = Υh2,

where Υ = λ0Lh
4 + 186W2 and U(x, t) is the approximate solution by our

present method. Then by Theorem 2 and the above considerations, we have

∥u(x)− U(x)∥∞ ≤ ρ(k + h2),

where ρ is a finite positive constant independent of k and h. This completes
the proof.

3.4 Stability analysis

Similar to the previous section, we use the Von-Neuman stability analysis.
We assume again in equation (1) that f(x, y) = 0. On the other hand, as we
have linearized the nonlinear term uux by considering u as a constant k1 in
the equation (1), then the equation can be rewritten by

(ut + buxxx + k1ux − auxx)x = γu. (41)

If we substitute the approximation (11) into the equation (41) and discretize
it in time, we obtain that

−P1u
n+1 + un+1

x + P2u
n+1
xx − P3u

n+1
xxx + P4u

n+1
xxxx

= P1u
n + un

x − P2u
n
xx + P3u

n
xxx − P4u

n
xxxx.

If k
2 = τ , then we have
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P1 = τγ, P3 =
60

h3
τa, P2 =

20

h2
τk1, P4 =

120

h4
τb. (42)

In terms of unknown time parameters ci, the equation can be written from
(31) by

A∗cn+1
i−2 +B∗cn+1

i−1 + C∗cn+1
i +D∗cn+1

i+1 + E∗cn+1
i+2

= F ∗cni−2 +G∗cni−1 +H∗cni + I∗cn+1
i+1 + J∗cn+1

i+2 ,

where

A∗ = −P1 − 1 + P2 − P3 + P4,

B∗ = −26P1 + 10 + 2P2 + 2P3 − 4p4,

C∗ = −66P1 − 6P2 + 6P4,

D∗ = −26P1 − 10 + 2P2 − 2P3 − 4P4,

E∗ = −P1 − 1 + P2 + P3 + P4,

F ∗ = P1 + 1− P2 + P3 − P4,

G∗ = 26P1 + 10− 2P2 − 2P3 + 4P4,

H∗ = 66P1 + 6P2 − 6P4,

I∗ = 26P1 − 10− 2P2 + 2P3 + 4P4,

J∗ = P1 − 1− P2 − P3 − P4.

(43)

If we substitute cnm = Aζn exp(imβh), where h is step length, A is amplitude,
i =

√
−1, and β is mode number, then we get that

ζ =
X1 + iY1

X2 + iY2
,

where

X1 = (F ∗ + J∗) cos(2βh) + (G∗ + I∗) cos(βh) +H∗,

X2 = (A∗ + E∗) cos(2βh) + (B∗ +D∗) cos(βh) + C∗,

Y1 = (J∗ − F ∗) sin(2βh) + (I∗ −G∗) sin(βh),

Y2 = (E∗ −A∗) sin(2βh) + (D∗ −B∗) sin(βh).

We have from (43) that X2 = −X1 and

Y1 = sin(2βh)(−2− 2P3) + sin(βh)(−20 + 4P3),

Y2 = sin(2βh)(−2 + 2P3) + sin(βh)(−20− 4P3).

To show the stability, we need to prove |ζ| < 1, that is,

X2
1 + Y 2

1 < X2
1 + Y 2

2 (44)
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We prove that Y 2
1 − Y 2

2 < 0, but we see that

Y 2
1 − Y 2

2 = 256P3 sin
2(βh)(cos(βh)− 1)(cos(βh) + 5).

As all arbitrary constants are positive, then P3 > 0. Moreover, the functions
sin2(βh) and cos(βh) + 5 are positive but cos(βh) − 1 is negative, so Y 2

1 −
Y 2
2 < 0. Hence, we obtain that the quintic B-spline collocation method is

unconditionally stable.

4 Numerical result and illustrations

In this section, we will give some examples to investigate the applicability of
our methods that we described in the previous sections. In general, there are
two error sources for an inverse problem. The first one is the unavoidable bias
deviation, known as deterministic error, and the second one is the variance
caused by the enhancement of error estimation, known as stochastic error.
The global impact of deterministic and stochastic errors is studied in the
mean squared error or the total error as in [3]. Next, by considering the total
error S defined by

Sf1 =

[
1

N − 1

N∑
s=1

(f1(ts+1)− f∗
1 (ts+1))

2

] 1
2

,

Sf2 =

[
1

N − 1

N∑
s=1

(f2(ts+1)− f∗
2 (ts+1))

2

] 1
2

,

we will compare the exact and the approximate solutions, where f1 and f2
are exact values, f∗

1 and f∗
2 are the estimated values, and the number of

estimated values is denoted by N .
We should remark that there are no previous numerical results related to

the nonlinear inverse problem (1) and (4)–(6) in the literature to compare our
results, and one may use the other numerical methods to study this problem.

Example 1. In our first example, we consider the nonlinear inverse problem
(1) and (4)–(6), where a = 1, b = 5, and γ = 3 with the initial data

u(x, 0) = sin(x),

and the external force

f(x, t) = cos(t+ x) +
3

2
sin(t+ x) + cos2(t+ x)− sin2(t+ x).

An exact solutions of this problem is u(x, t) = sin(x+ t) with
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u(0, t) = f1(t) = sin(t), ux(0, t) = f2(t) = cos(t).

Table 3: Comparison between exact and numerical solutions of Example 1 for u(0.1, t),
|u(0.1, t)− u∗(0.1, t)|, by the Quintic and Septic B-spline methods with N = 30, 50, 100.

N=30 N=50 N=100
t Quintic Septic Quintic Septic Quintic Septic

0.1 4.8e− 04 4.2e− 06 8.7e− 04 6.5e− 06 1.4e− 03 8.5e− 06
0.2 7.3e− 04 4.4e− 06 9.0e− 04 4.9e− 06 1.8e− 03 3.7e− 08
0.3 1.0− 03 1.6e− 06 1.7e− 03 1.9e− 06 2.3e− 03 2.0e− 06
0.4 1.4e− 03 1.5e− 05 2.2e− 03 6.9e− 06 3.0e− 03 5.5e− 06
0.5 1.7e− 03 1.0e− 05 2.7e− 03 1.8e− 08 3.5e− 03 5.3e− 08
0.6 1.9e− 03 1.1e− 05 2.9e− 03 3.2e− 06 3.8e− 03 3.3e− 06
0.7 2.3e− 03 1.8e− 05 3.3e− 03 4.1e− 05 4.3e− 03 2.2e− 06
0.8 2.6e− 03 3.0e− 06 3.7e− 03 2.0e− 06 4.7e− 03 3.6e− 06
0.9 2.8e− 03 2.4e− 06 3.9e− 03 3.6e− 06 4.9e− 03 1.4e− 07
1 3.0e− 03 1.3e− 06 4.2e− 03 2.0e− 06 5.2e− 03 2.1e− 06
Su 5.9758e− 05 1.0042e− 06 8.7071e− 05 1.0093e− 06 1.1311e− 04 1.0143e− 06

Table 4: Comparison between exact and numerical solutions of Example 1 for
f1(t), |f1(t) − f∗

1 (t)|, by employing the Quintic and Septic B-spline methods with
N = 30, 50, 100.

N=30 N=50 N=100
t Quintic Septic Quintic Septic Quintic Septic

0.1 0.9e− 04 1.9e− 05 1.1e− 04 5.9e− 05 1.2e− 04 1.9e− 06
0.2 2.4e− 04 2.2e− 05 2.4e− 04 3.5e− 06 2.8e− 04 7.3e− 08
0.3 3.9e− 04 3.1e− 05 3.4e− 04 8.5e− 08 4.6e− 04 5.0e− 08
0.4 6.4e− 04 3.4e− 05 5.1e− 04 9.4e− 06 6.6e− 04 1.4e− 07
0.5 3.2e− 04 2.8e− 05 6.2e− 04 1.3e− 05 4.0e− 04 2.0e− 07
0.6 1.0e− 03 2.7e− 05 7.2e− 04 3.6e− 06 4.6e− 04 1.8e− 07
0.7 1.2e− 03 2.3e− 05 8.7e− 04 4.7e− 06 5.2e− 04 4.5e− 08
0.8 1.3e− 03 2.2e− 05 9.6e− 04 2.4e− 07 5.6e− 04 3.3e− 08
0.9 1.4e− 03 1.4e− 05 1.0e− 03 3.7e− 06 6.1e− 04 4.3e− 08
1 1.6e− 03 1.5e− 06 1.1e− 03 3.7e− 06 6.5e− 04 4.6e− 07
Sf1 3.1833e− 05 1.1633e− 06 2.3106e− 05 1.1575e− 06 1.3381e− 05 9.8944e− 07

Tables 3–5 show the total error S for some values of N for each method.
In Figures 1 and 2, we plotted the total error S as a function of N . Also
we took κ = N−1, T = 1, ∆t = 0.001, and the noisy data (input data +
0.001× rand(1)).
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Table 5: Comparison between exact and numerical solutions of Example 1 for f2(t),
|f2(t)− f∗

2 (t)|, by the Quintic and Septic B-spline methods with N = 30, 50, 100.
N=30 N=50 N=100

t Quintic Septic Quintic Septic Quintic Septic
0.1 4.9e− 03 1.9e− 03 3.6e− 04 6.3e− 03 1.2e− 02 7.9e− 06
0.2 1.2e− 02 2.3e− 03 8.1e− 03 4.9e− 03 1.9e− 02 5.2e− 04
0.3 1.7e− 02 3.5e− 03 1.3e− 02 3.7e− 03 2.6e− 02 4.2e− 04
0.4 2.3e− 02 4.1e− 03 2.2e− 02 2.5e− 03 3.3e− 02 1.0e− 04
0.5 2.8e− 02 3.7e− 03 2.8e− 02 2.4e− 03 4.0e− 02 1.5e− 04
0.6 3.4e− 02 4.0e− 03 3.4e− 02 9.1e− 04 4.6e− 02 8.3e− 05
0.7 3.9e− 02 3.6e− 03 4.1e− 02 1.2e− 03 5.2e− 02 4.6e− 04
0.8 4.3e− 02 3.9e− 03 4.6e− 02 3.7e− 04 5.6e− 02 1.7e− 05
0.9 4.7e− 02 3.3e− 03 5.1e− 02 3.1e− 04 6.1e− 02 5.1e− 05
1 5.2e− 02 3.5e− 03 5.5e− 02 3.0e− 04 6.5e− 02 2.3e− 05
Sf2 9.6783e− 04 7.7698e− 05 0.0012 8.3921e− 05 0.0013 1.5842e− 06

Figure 1: Plots of variation u(x, t) of Example 1 by using the Quintic B-spline method
when N = 30, 50, 100.

Example 2. In this example, we consider the inverse problem (1) and (4)–
(6), where a = 1, b = 3 and γ = 0.5. The initial data is

u(x, 0) = sech(x),

while
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Figure 2: Plots of variation u(x, t) of Example 1 by using the septic B-spline method
when N = 30, 50, 100.

f(x, t) =− 142sinh(t− x)2

cosh(t− x)3
+

sinh(t− x)2 − 6sinh(t− x)3 + 2sinh(t− x)2

cosh(t− x)4

+
120sinh(t− x)4

cosh(t− x)5
+

23

cosh(t− x)
+

5sinh(t− x)− 1

cosh(t− x)2
,

is the external force. An exact solution of this problem is u(x, t) = sech(x−t)
such that

u(0, t) = f1(t) = sech(−t),

ux(0, t) = f2(t) =
sinh(t)

cosh(t2)
.

Tables 6 and 7 give the numerical results for conditions u(0, t) and ux(0, t),
respectively. To explain the accuracy of our methods, some illustrations are
presented in Figures 3–6. Table 8 shows the numerical values of u(x, t) at
point x = 0.1. Figures 7 and 8 also present the comparison between the
numerical and exact values of u(x, t). Also we take κ = 0.03, T = 1,∆t =
0.001 and the noisy data (input data + 0.001× rand(1)).
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Table 7: Comparison between exact and numerical solutions of Example 2 for f2(t),
|f2(t)− f∗

2 (t)|, by the Quintic and Septic B-spline methods with N = 100.
Quintic B-spline Septic B-spline

t f2(t) f∗
2 (t) |f2(t)− f∗

2 (t)| f2(t) f∗
2 (t) |f2(t)− f∗

2 (t)|
0.1 0.099172 0.021154 7.801727e− 02 0.099172 0.102857 3.685425e− 03
0.2 0.193493 0.118409 7.508375e− 02 0.193493 0.197758 4.265252e− 03
0.3 0.278678 0.208712 6.996601e− 02 0.278678 0.282586 3.907888e− 03
0.4 0.351456 0.292363 5.909310e− 02 0.351456 0.355666 4.210337e− 03
0.5 0.409814 0.356937 5.287678e− 02 0.409814 0.413920 4.105471e− 03
0.6 0.453029 0.414228 3.880057e− 02 0.453029 0.457373 4.344355e− 03
0.7 0.481503 0.454315 2.718771e− 02 0.481503 0.486087 4.583750e− 03
0.8 0.496500 0.479423 1.707765e− 02 0.496500 0.500676 4.175531e− 03
0.9 0.499829 0.495907 3.922220e− 03 0.499829 0.500025 1.958806e− 04
1 0.493554 0.499845 6.290468e− 03 0.493554 0.492724 8.303327e− 04
Sf2 - - 0.0018 - - 1.3344e− 04

Execution time (second) 40.079962 45.367252
Condition Number of Matrix A 1.4332e+ 20 4.1816e+ 19

Table 6: Comparison between exact and numerical solutions of Example 2 for f1(t),
|f1(t)− f∗

1 (t)|, by the Quintic and Septic B-spline methods with N = 100.
Quintic B-spline Septic B-spline

t f1(t) f∗
1 (t) |f1(t)− f∗

1 (t)| f1(t) f∗
1 (t) |f1(t)− f∗

1 (t)|
0.1 0.995021 0.997416 2.394818e− 03 0.995021 0.995007 1.369526e− 05
0.2 0.980328 0.982549 2.220868e− 03 0.980328 0.980312 1.635728e− 05
0.3 0.956628 0.958612 1.984447e− 03 0.956628 0.956613 1.456806e− 05
0.4 0.925007 0.926788 1.780935e− 03 0.925007 0.924991 1.596319e− 05
0.5 0.886819 0.888307 1.488184e− 03 0.886819 0.886804 1.534899e− 05
0.6 0.843551 0.844734 1.183566e− 03 0.843551 0.843534 1.641813e− 05
0.7 0.796705 0.797546 8.406108e− 04 0.796705 0.796696 9.782520e− 06
0.8 0.747700 0.748193 4.927829e− 04 0.747700 0.747694 6.334825e− 06
0.9 0.697795 0.698057 2.627784e− 04 0.697795 0.697795 3.326556e− 08
1 0.648054 0.647956 9.857496e− 05 0.648054 0.648057 2.488186e− 06
Sf1 - - 5.0435e− 05 - - 5.0706e− 07

Execution time(second) 40.079962 45.367252
Condition Number of Matrix A 1.4332e+ 20 4.1816e+ 19

Figure 3: Comparison between exact and numerical values of (a) u(0, t) and (b)
ux(0, t) of Example 2 by the Quintic B-spline method.
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Figure 4: Comparison between exact and numerical values of (a) u(0, t) and (b) ux(0, t)
of Example 2 by the septic B-spline method.

Figure 5: Comparison between exact and numerical values of u(x, t) of Example 2 by
the quintic B-spline method.

Figure 6: Comparison between exact and numerical values of u(x, t) of Example 2 by
the septic B-spline method.
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Table 8: Comparison between exact and numerical values of u(0.1, t) of Example 2
by the Quintic and Septic B-spline methods with N = 100.

Quintic B-spline Septic B-spline
t u(0.1, t) u∗(0.1, t) |u(0.1, t)− u∗(0.1, t)| u(0.1, t) u∗(0.1, t) |u(0.1, t)− u∗(0.1, t)|

0.1 1.000000 0.996042 3.958350e− 03 1.000000 1.000008 8.493153e− 06
0.2 0.995021 0.991131 3.889610e− 03 0.995021 0.994971 4.942389e− 05
0.3 0.980328 0.976786 3.542139e− 03 0.980328 0.980355 2.729571e− 05
0.4 0.956628 0.953011 3.616572e− 03 0.956628 0.956594 3.413866e− 05
0.5 0.925007 0.922351 2.656163e− 03 0.925007 0.925047 3.991245e− 05
0.6 0.886819 0.884390 2.429210e− 03 0.886819 0.886839 1.991189e− 05
0.7 0.843551 0.841742 1.808390e− 03 0.843551 0.843521 2.948822e− 05
0.8 0.796705 0.795713 9.927146e− 04 0.796705 0.796733 2.729211e− 05
0.9 0.747700 0.747000 7.002802e− 04 0.747700 0.747675 2.541404e− 05
1 0.697795 0.697668 1.267156e− 04 0.697795 0.697777 1.739320e− 05
Su - - 9.9114e− 05 - - 8.2254e− 07

Figure 7: Plot of variation u(0.1, t) of Example 2 by the Quintic B-spline method with
N = 100.

Figure 8: Plot of variation u(0.1, t) of Example 2 by the septic B-spline method with
N = 100.

Example 3. In our last example, we solve the inverse problem (4) and (4)–
(6), where a = 1, b = 2, γ = 0.5 and the initial data is given by
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u(x, 0) = cos(x),

The force function is

f(x, t) =
5 cos(t− x)

2
+ sin(t− x)− cos(t− x)2 + sin(t− x)2,

The function u(x, t) = cos(x− t), is an exact solution of this problem. Thus
u(0, t) = f1(t) = cos(−t) and u(1, t) = f2(t) = − sin(−t). Tables 9 and 10
give the numerical results for u(0, t) and ux(0, t), respectively. To explain the
accuracy of our methods, some illustrations are presented in Figures 9–12.
Table 11 shows the numerical values of u(x, t) at point x = 0.1. Figures 13
and 14 also present the comparison between the numerical and exact values
of solution u(x, t). Also we take κ = 0.03, T = 1, ∆t = 0.001, and the noisy
data (input data+0.001× rand(1)).

Table 9: Comparison between exact and numerical values for f1(t) of Example 3 by
applying the Quintic and Septic B-spline methods with N = 100.

Quintic B-spline Septic B-spline
t f1(t) f∗

1 (t) |f1(t)− f∗
1 (t)| f1(t) f∗

1 (t) |f1(t)− f∗
1 (t)|

0.1 0.995004 0.996818 1.813881e− 03 0.995004 0.994960 4.446296e− 05
0.2 0.980067 0.981816 1.749680e− 03 0.980067 0.980097 3.086339e− 05
0.3 0.955336 0.957039 1.702169e− 03 0.955336 0.955366 2.917672e− 05
0.4 0.921061 0.922675 1.613838e− 03 0.921061 0.921150 8.917805e− 05
0.5 0.877583 0.879143 1.560911e− 03 0.877583 0.877252 3.307205e− 04
0.6 0.825336 0.826760 1.424698e− 03 0.825336 0.824996 3.394589e− 04
0.7 0.764842 0.766191 1.349309e− 03 0.764842 0.764432 4.104127e− 04
0.8 0.696707 0.697931 1.224282e− 03 0.696707 0.696210 4.966064e− 04
0.9 0.621610 0.622693 1.082930e− 03 0.621610 0.621069 5.406920e− 04
1 0.540302 0.541248 9.459846e− 04 0.540302 0.539825 4.770495e− 04
Sf1 - - 4.6373e− 05 - - 3.8840e− 06

Execution time(second) 40.562310 41.030530
Condition Number of Matrix A 1.4332e+ 20 1.3648e+ 19

Table 10: Comparison between exact and numerical values for f2(t) of Example 3 by
applying the Quintic and Septic B-spline methods with N = 100.

Quintic B-spline Septic B-spline
t f2(t) f∗

2 (t) |f2(t)− f∗
2 (t)| f2(t) f∗

2 (t) |f2(t)− f∗
2 (t)|

0.1 0.099833 0.038846 6.098711e− 02 0.099833 0.103929 4.095972e− 03
0.2 0.198669 0.139510 5.915962e− 02 0.198669 0.194482 4.186958e− 03
0.3 0.295520 0.238522 5.699784e− 02 0.295520 0.292183 3.337169e− 03
0.4 0.389418 0.335087 5.433175e− 02 0.389418 0.378289 1.112973e− 02
0.5 0.479426 0.427911 5.151492e− 02 0.479426 0.466016 1.340928e− 02
0.6 0.564642 0.516943 4.769963e− 02 0.564642 0.546380 1.826272e− 02
0.7 0.644218 0.599703 4.451437e− 02 0.644218 0.692126 4.790832e− 02
0.8 0.717356 0.677664 3.969196e− 02 0.717356 0.774241 5.688534e− 02
0.9 0.783327 0.748561 3.476550e− 02 0.783327 0.846131 6.280393e− 02
1 0.841471 0.810553 3.091790e− 02 0.841471 0.902065 6.059395e− 02
Sf2 - - 0.0016 - - 5.1323e− 04

Execution time (second) 40.562310 41.030530
Condition Number of Matrix A 1.4332e+ 20 1.3648e+ 19
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Figure 9: Comparison between exact and numerical values of (a) u(0, t) and (b)
ux(0, t) of Example 3 by the Quintic B-spline method.

Figure 10: Comparison between exact and numerical values of (a) u(0, t) and (b)
ux(0, t) of Example 3 by the septic B-spline method.

Figure 11: Comparison between exact and numerical values of u(x, t) of Example 3
by the Quintic B-spline method.
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Figure 12: Comparison between exact and numerical values of u(x, t) of Example 3
by the septic B-spline method.

Table 11: Comparison between exact and numerical values of u(0.1, t) of Example 3
by the Quintic and Septic B-spline methods with N = 100.

Quintic B-spline Septic B-spline
t u(0.1, t) u∗(0.1, t) |u(0.1, t)− u∗(0.1, t)| u(0.1, t) u∗(0.1, t) |u(0.1, t)− u∗(0.1, t)|

0.1 1.000000 0.996544 3.455663e− 03 1.000000 0.999902 9.781401e− 05
0.2 0.995004 0.991605 3.399369e− 03 0.995004 0.995019 1.462144e− 05
0.3 0.980067 0.976735 3.331920e− 03 0.980067 0.980016 5.030518e− 05
0.4 0.955336 0.952079 3.257457e− 03 0.955336 0.955342 5.215045e− 06
0.5 0.921061 0.917956 3.104844e− 03 0.921061 0.921182 1.214016e− 04
0.6 0.877583 0.874601 2.981736e− 03 0.877583 0.877510 7.290696e− 05
0.7 0.825336 0.822554 2.781252e− 03 0.825336 0.825410 7.484661e− 05
0.8 0.764842 0.762264 2.577809e− 03 0.764842 0.764753 8.910966e− 05
0.9 0.696707 0.694359 2.347544e− 03 0.696707 0.696628 7.884439e− 05
1 0.621610 0.619528 2.082224e− 03 0.621610 0.621652 4.249717e− 05
Su - - 9.5839e− 05 - - 2.8097e− 06

Figure 13: Plot of variation u(0.1, t) in Example 3 by the Quintic B-spline method
with N = 100.
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Figure 14: Plot of variation u(0.1, t) in Example 3 by the Septic B-spline method
with N = 100.

5 Conclusion

In this paper, we have successfully employed the septic B-spline and the
quintic B-spline method to estimate unknown boundary conditions in an
inverse problem related to the Ostrovsky–Burgers equation (1) and (4)–(6).
We have discussed the convergence rate of our methods and have shown
the rate of the septic B-spline method is O(k + h4), while O(k + h2) is
the convergence rate for the quintic B-spline method. The stability of both
methods was investigated. By comparing the numerical results, we showed
that the accuracy and stability of the septic B-spline method are more than
the ones for the quintic B-spline method. Since the associated coefficient
matrix in the septic B-spline method and quintic B-spline method are usually
ill-conditioned, we have used the Tikhonov regularization method to obtain
a stable numerical approximation of the solution. The results are collected
by using the MATLAB 7.10(R2016a), tested on a personal computer with
Intel(R) Core(TM)2 Duo-CPU and 4-GB RAM.
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1 Introduction

Many problems in science and engineering applications such as mixed or
mixed-hybrid finite element discretization of partial differential equations in
computational fluid dynamics [13, 18, 31, 32, 41] and constrained optimiza-
tion [29, 42, 43] eventuate in systems with multiple right-hand sides as[

A B
ϵBT 0

] [
X
Y

]
=

[
F1

F2

]
, (1)

where A ∈ Rn×n is a symmetric positive definite matrix, B ∈ Rn×m has a
full column rank, X ∈ Rn×s, Y ∈ Rm×s, F1 ∈ Rn×s, and F2 ∈ Rm×s. To
convenience, we denote system (1) as follows:

AX = B, (2)

where X = [X (1), . . . ,X (s)] and B = [b(1), . . . , b(s)]. Under the assumptions
mentioned above, the coefficient matrix A is nonsingular.

Several efficient iterative methods have been proposed during the recent
decades to solve the saddle point problems, such as the Uzawa method
[11, 12, 45], the Hermitian and skew-Hermitian splitting (HSS) iteration
methods [3, 5, 9, 35, 37], SOR-type schemes [7, 19, 20, 26, 40, 47] and
Krylov subspace methods [1, 2, 10, 21, 33, 34], and so on. In order to im-
prove the efficiency of standard iterative solvers, many preconditioners have
been presented in the literature, for example, block diagonal preconditioners
[28, 38], constraint preconditioners [6, 25], block triangular preconditioners
[4, 14, 36, 44], parametrized block triangular preconditioners [24], and HSS
preconditioners [5, 9, 22, 30].

In this paper, we study the preconditioned global BiCG (PGl-BiCG)
method [23] and preconditioned global GPBiCG (PGl-GPBiCG) method [46]
for solving the linear systems with multiple right-hand sides (1). We concen-
trate on the use of the indefinite preconditioner

P =

[
I B

ϵBT 0

]
. (3)

This choice has been shown to be particularly effective on problems associated
with constrained nonlinear programming [25, 27, 31]. In addition, in [33],
the authors have shown that there is a tight connection between short term
recurrence methods such as BiCG and the indefinite CG method used in [27].
More precisely, they are equivalent for a special choice of auxiliary vector,
with which BiCG simplifies. In this paper, we discuss the convergence of the
PGl-GPBiCG method and present two bounds for the residual norm of the
method, which guarantee convergence.

The outline of the paper is as follows. In Section 2, we mention some
properties of indefinite preconditioner. In Section 3, we review the PGl-
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BiCG method. In Section 4, we describe the PGl-GPBiCG method to solve
the system (1). Section 5 is devoted to the convergence analysis of the global
GMRES method. In Section 6, we study some theoretical properties of the
convergence of the PGl-GPBiCG method. In Section 7, numerical experi-
ments confirm the described theoretical results. In Section 8, we present our
conclusions.

Throughout this paper, we use the following notations. Inner product
for two n × s matrices X and Y is defined as ⟨X,Y ⟩F = tr(XTY ), where
tr(Z) denotes the trace of the square matrix Z. The associated norm is the
Frobenius norm denoted by ∥ · ∥F . We will use the notation ⟨·, ·⟩2 for the
usual inner product in Rn, and the related norm will be denoted by ∥ · ∥2.
For a matrix V ∈ Rn×s, the block Krylov subspace Kk(A, V ) is defined by
Kk(A, V ) = span{V,AV,A2V, . . . , Ak−1V }. Moreover, Z ∈ Kj(A, V ) means
that Z =

∑j−1
i=0 ξiA

iV , where ξi ∈ R, for i = 0, . . . , j − 1. Finally, 0s, Is, and
0l×s will denote the zero, the identity, and zero matrices in Rs×s, Rs×s, and
Rl×s, respectively. For brevity, we use the MATLAB-like notation [v;w] to
represent the vector [vTwT ]T .

2 Properties of the indefinite preconditioner

In this work, we use the global version of GPBiCG (Gl-GPBiCG)[46] for the
solution of nonsymmetric saddle point problems with multiple right-hand
sides (2). This method without a good preconditioner converges very slowly
when applied to saddle point problems with multiple right-hand sides. In
order to accelerate the convergence, we use the indefinite matrix P (defined
in (3)) as a right preconditioner for the Gl-GPBiCG algorithm applied to the
problem (1):

AP−1

[
X̃

Ỹ

]
= B,

[
X
Y

]
= P−1

[
X̃

Ỹ

]
, (4)

where

P−1 =

[
I −Π 1

ϵB(BTB)−1

(BTB)−1BT − 1
ϵ (B

TB)−1

]
, AP−1 =

[
G S
0 I

]
,

with Π = B(BTB)−1BT , G = A(I − Π) + Π, and S = 1
ϵ (A− I)B(BTB)−1.

Once an approximate solution [X̃k; Ỹk] is determined, an approximate solu-
tion to the unpreconditioned problem is recovered as [Xk;Yk] = P−1[X̃k; Ỹk].
Choosing the vector [X̃0; Ỹ0] = [0;F2] as the starting approximate solution,
the initial residual is given by

R0 =

[
F1

F2

]
−AP−1

[
X̃0

Ỹ0

]
=

[
F1 − 1

ϵ (A− I)B(BTB)−1F2

0

]
=

[
R

(1)
0

0

]
,
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so that the second block component of R0 is identically zero. Problem (4)
can thus be reformulated as determining an approximation [X̄k; Ȳk] to the
solution [X̄; Ȳ ] of the system

AP−1

[
X̄
Ȳ

]
= R0, (5)

so that [X̃k; Ỹk] = [X̃0; Ỹ0] + [X̄k; Ȳk]. In addition, for every [U ; 0] ∈
R(m+n)×s, we have

AP−1

[
U
0

]
=

[
GU
0

]
and P−1

[
U
0

]
=

[
(I −Π)U

(BTB)−1BTU

]
. (6)

In [33], the authors proved the following proposition for showing that the
matrix G does have a full set of eigenvectors Z and for giving a bound for
condition number of Z.

Proposition 1. Let us assume that the matrix G = A(I − Π) + Π has
n − m nonunit eigenvalues λi, i = 1, . . . , n − m. Let Z2 be an orthonormal
basis of span{Π} and let the columns of Y1 ∈ Rn×(n−m) be eigenvectors of
(I − Π)A(I − Π) corresponding to all its nonzero eigenvalues. Then there
exists an eigenvector matrix in the form Z = [Z1, Z2] of A(I − Π) + Π such
that

κ(Z) ≤ (1 + ∥γ∥)2 with ∥γ∥ ≤ ∥A∥2
mini |λi − 1|

, (7)

where Λ = diag(λi) and γ = ZT
2 AY1(Λ− I)−1.

The following proposition shows that the eigenvalues of G = A(I−Π)+Π
belong to a real positive interval when A is a symmetric positive definite
matrix.

Proposition 2. Let τ be an eigenvalue of G = A(I − Π) + Π. Then either
τ = 1 or τ is a nonzero eigenvalue of (I −Π)A(I −Π).

Proof. The proof is similar to that of Proposition 5 in [31].

3 The preconditioned global BiCG method

In this section, we employ the PGl-BiCG method [23] to solve system (4).
Let X0 ∈ Rn×s be an initial guess with the residual R0 = B −A−1X0 and
let R̃0 be an arbitrary n × s matrix. At step k, the residual Rk generated
by this algorithm is such that, Rk − R0 lies in the right matrix Krylov sub-
space Kk(A,AR0) and Rk is F-orthogonal to the left matrix Krylov subspace
Kk(AT , R̃0) = span{R̃0,AT R̃0, . . . ,ATk−1

R̃0}.
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For solving (1) by preconditioned Global Biconjugate Gradient (PGl-
BiCG) algorithm by using the preconditioner P (defined in (3)) and equations
(4) and (5), we choose [X̃0; Ỹ0] = [0;F2] as an initial guess. So, R0 =

(
R

(1)
0
0

)
.

As in [33], we set R̃0 = P−1R0 =
( (I−Π)R

(1)
0

(BTB)−1BTR
(1)
0

)
, P0 = R0, P̃0 = R̃0, and we

obtain R̃k = P−1Rk =
( (I−Π)R

(1)
k

(BTB)−1BTR
(1)
k

)
and P̃k = P−1Pk =

( (I−Π)P
(1)
k

(BTB)−1BTP
(1)
k

)
.

Therefore, the iterates R̃k and P̃k can be computed explicitly from Rk and
Pk, and the auxiliary “tilde” recurrence can be omitted. Now, by using the
relations (6) and ignoring from the last m rows of the matrices that are
zero matrices, we can summarize the PGl-BiCG algorithm for solving (2) as
follows:

Algorithm 1: The right PGl-BiCG algorithm for solving (1)

1. Set
[
X̃0

Ỹ0

]
=

[
0

F2

]
and

[
X̄0

Ȳ0

]
=

[
0

0

]
.

2. Compute R
(1)
0 = F1− 1

ϵ
(A−I)B(BTB)−1F2 and set R0 =

[
R

(1)
0
0

]
and P0 =

[
P

(1)
0

P
(2)
0

]
=[

R
(1)
0
0

]
3. for k = 0, 1, 2, . . . until convergence
4. αk =

<R
(1)
k

,(I−Π)R
(1)
k

>F

<GP
(1)
k

,(I−Π)P
(1)
k

>F

5. X̄k+1 = X̄k + αkP
(1)
k , Ȳk+1 = Om×s

6. R
(1)
k+1 = R

(1)
k − αkGP

(1)
k , R

(2)
k+1 = 0

7. βk =
<R

(1)
k+1

,(I−Π)R
(1)
k+1

>F

<R
(1)
k

,(I−Π)R
(1)
k

>F

8. P
(1)
k+1 = R

(1)
k+1 + βkP

(1)
k , P

(2)
k+1 = 0

9. end
10. X̃k+1 = X̃0 + X̄k+1, Ỹk+1 = Ỹ0 + Ȳk+1,
11. Xk+1 = (I − Π)X̃k+1 + 1

ϵ
B(BTB)−1Ỹk+1, Yk+1 = (BTB)−1BT X̃k+1 −

1
ϵ
(BTB)−1Ỹk+1

In practical implementation of Algorithm 1, we can factorize B as B = QR
and use the relation (BTB)−1 = R−1R−T . We also note that the cost of
solving with R is very low due to the particular structure and sparsity of the
matrix.

From Algorithm 1, the first block of residuals and first block of matrix
directions can be expressed as follows:

R
(1)PGl−BiCG

k = Rk(G)R
(1)
0 , P

(1)PGl−BiCG

k = Pk(G)R
(1)
0 , (8)

where Rk(t), Pk(t) ∈ Pk,Pk is the set of polynomials pk(t) of degree k with
scalar coefficients satisfying pk(0) = 1. The polynomials Rk(t) and Pk(t) are
related together with the recurrence formulas as follows:
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Rk+1(t) = Rk(t)− αktPk(t), (9)
Pk+1(t) = Rk+1(t) + βkPk(t). (10)

4 The preconditioned global GPBiCG method

In the PGl-GPBiCG method [46], the matrix residual satisfies

Rk = Hk(A−1P )Rk(A−1P )R0, (11)

where Rk is defined as above and Hk is an accelerating scalar polynomial,
which is computed as the following recurrence:

H0(t) = 1, G0(t) = ζ0,

Hk(t) = Hk−1(t)− tGk−1(t), (12)
Gk(t) = ζkHk(t) + ηkGk−1(t), k = 1, 2, . . . .

If the PGl-GPBiCG algorithm is written for system (5) with R0 =

[
R

(1)
0

0

]
,

then the relation (11) can be written as

Rk =

[
Hk(G)Rk(G)R

(1)
0

0

]
, (13)

and for solving (1.2), the PGl-GPBiCG algorithm can be summarized as
Algorithm 2.

5 Convergence analysis of the global GMRES method

In this section, we consider the block linear system GY = C, where G ∈ Rn×n

and Y,C ∈ Rn×s, and we recall some convergence properties of the global
GMRES method, which is needed in what follows. We consider the case
where the matrix G is diagonalizable. Let G = ZDZ−1, where D is a diagonal
matrix whose elements are the eigenvalues λ1, . . . , λn and Z is the eigenvector
matrix. In [8], the following upper bounds for the Frobenius norm of the kth
residual Rk = C − GYk of the global GMRES method was given. Here
R0 = C −GY0 denotes the residual corresponding to the initial solution Y0.

Theorem 1. [8] Let Pk be the set of polynomials of degree less or equal than
k, and let κ2(Z) = ∥Z∥2∥Z−1∥2. Then we have the following results:

∥Rk∥F ≤ κ2(Z)∥R0∥F min
p∈Pk;p(0)=1

( max
λ∈Sp(G)

|p(λ)|), (14)
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Algorithm 2: The right PGl-GPBiCG algorithm

1. Set
[
X̃0

Ỹ0

]
=

[
0

F2

]
and

[
X̄0

Ȳ0

]
=

[
0

0

]
.

2. Compute R
(1)
0 = F1 − 1

ϵ
(A− I)B(BTB)−1F2 and set R0 =

[
R

(1)
0
0

]
,

3. Set P0 = R
(1)
0 , T−1 = W−1 = P−1 = U−1 = 0n×s, β−1 = 0

4. for k = 0, 1, 2, . . . until convergence
5. Pk = R

(1)
k + βk−1(Pk−1 − Uk−1)

6. αk =
<R

(1)
k

,(I−Π)R
(1)
0 >F

<GPk,(I−Π)R
(1)
0 >F

7. Yk = Tk−1 −R
(1)
k − αkWk−1 + αkGPk

8. Tk = R
(1)
k − αkGPk

9. ζk = <Yk,Yk>F<GTk,Tk>F−<Yk,Tk>F<GTk,Yk>F
<GTk,GTk>F<Yk,Yk>F−<Yk,GTk>F<GTk,Yk>F

10. ηk = <GTk,GTk>F<Yk,Tk>F−<Yk,GTk>F<GTk,Tk>F
<GTk,GTk>F<Yk,Yk>F−<Yk,GTk>F<GTk,Yk>F

(if k = 0, then ηk = 0, ζk = <GTk,Tk>F
<GTk,GTk>F

11. Uk = ζkGPk + ηk(Tk−1 −R
(1)
k + βk−1Uk−1)

12. Zk = ζkR
(1)
k + ηkZk−1 − αkUk

13. X̄k+1 = X̄k + αkPk + Zk, Ȳk+1 = Om×s

14. R
(1)
k+1 = Tk − ηkYk − ζkGTk R

(2)
k+1 = 0

15. βk = αk
ζk

<R
(1)
k+1

,(I−Π)R
(1)
0 >

<R
(1)
k

,(I−Π)R
(1)
0 >

16. Wk = GTk + βkGPk

17. end
18. X̃k+1 = X̃0 + X̄k+1, Ỹk+1 = Ỹ0 + Ȳk+1,
19. Xk+1 = (I − Π)X̃k+1 + 1

ϵ
B(BTB)−1Ỹk+1, Yk+1 = (BTB)−1BT X̃k+1 −

1
ϵ
(BTB)−1Ỹk+1

where Sp(G) is the set of eigenvalues of matrix G.

Theorem 2. [8] Let the initial residual R0 be decomposed as R0 = Zβ,
where β is an n × s matrix whose columns are denoted by β(1), . . . , β(s).
Then

∥Rk∥2F ≤ ∥Z∥22
eT1 (V

T
k+1D̃Vk+1)−1e1

,

where

D̃ = diag{
s∑

i=1

|β(i)
1 |2, . . . ,

s∑
i=1

|β(i)
n |2} and Vk+1 =

1 λ1 · · · λk
1

...
...

...
1 λn · · · λk

n

 .

The coefficients β
(i)
1 , . . . , β

(i)
n are the components of the vector β(i), and e1 is

the first unit vector of Rk+1.
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From the fact that the eigenvalues of the matrix G = A(I − Π) + Π are
positive, the min-max problem in the bound of Theorem 1 can be explicitly
solved. Denoting by λmin and λmax the (positive) extreme eigenvalues of the
matrix G, the following asymptotic bound holds:

∥Rk∥F ≤ κ2(Z)∥R0∥F (
√
κ− 1√
κ+ 1

)k, (15)

where κ = λmax

λmin
stands for the ratio of the extremal (real) eigenvalues of the

matrix G = A(I −Π) + Π (and so it is not its condition number!)[34].

6 Convergence behavior of PGl-GPBiCG

In this section, we propose an upper bound for the residual norm of the
PGl-GPBiCG method. First, we derive an upper bound for the Frobe-
nius norm of the kth residual RPGl−BiCG

k of the preconditioned global
BiCG method. Using the steps 6 and 8 of Algorithm 1 and defining
R̄

(1)
k+1 = [R

(1)
0 R

(1)
1 . . . R

(1)
k ], where R

(1)
i , i = 0, . . . , k, are the first block

of the PGl-BiCG residual matrices, we can easily show that

GR̄
(1)
k = R̄

(1)
k T̂k − 1

αk−1
R

(1)
k ĒT

k ,

with ĒT
k = [0s, . . . , 0s, Is] ∈ Rs×ks and T̂k = L̂kΛ̂

−1
k Ûk, where

L̂k =



Is
−Is Is

−Is
. . .
. . . Is

−Is Is

 , Ûk =



Is −β0Is
. . . . . .

. . . . . .
Is −βk−2Is

Is

 ,

Λ̂k = diag[α0Is, . . . , αk−1Is], and αi and βi, i = 0, 1, . . . , k, are scalars
obtained from the PGl-BiCG algorithm. In addition, T̂k is an invert-
ible tridiagonal block matrix such that ĒT

k T̂
−1
k Ē1 = αk−1Is, where ĒT

1 =
[Is, . . . , 0s, 0s] ∈ Rs×ks.

By assuming that the matrix R̄
(1)
k+1 is of full rank and (R̄

(1)
k+1)

+ =

((R̄
(1)
k+1)

T R̄
(1)
k+1)

−1(R̄
(1)
k+1)

T , as in [39], an upper bound for the norm of the
first block of the residual of PGl-GPBiCG can be stated in the following
theorem.

Theorem 3. Suppose that GR̄
(1)
k = R̄

(1)
k T̂k− 1

αk−1
R

(1)
k ĒT

k with ĒT
k T̂

−1
k Ē1 =

αk−1Is, and V̂ = [Iks 0ks×s](R̄
(1)
k+1)

+. If the matrix R̄
(1)
k+1 is of full rank,
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then for any polynomial p(t) of degree not exceeding k with p(0) = 1, we
have

∥R(1)PGl−BiCG

k ∥F ≤ ∥N̄k∥F ∥ p(G)R
(1)
0 ∥F , (16)

where N̄k = In − (R̄
(1)
k −R

(1)
k F̄T

k )V̂ with F̄T
k = [Is, Is, . . . , Is] ∈ Rs×ks.

Proof. The proof is similar to that of Theorem 1 in [39].

Now, we attempt to obtain an upper bound for the residual norm of
the PGl-GPBiCG method. As in [39], we define the parameters ζ̄j+1 = ζj ,
η̄j+1 = ηj , and matrices

Hj+1 = Hj(G)R
(1)PGl−BiCG

k , Gj+1 =
1

ζj
Gj(G)R

(1)PGl−BiCG

k , j = 0, . . . , k.

Using the relations (12), the iterates Hj and Gj can be computed by the
recurrence formulas:

H1 = R
(1)PGl−BiCG

k , G1 = R
(1)PGl−BiCG

k ,

Hj+1 = Hj − ζ̄jGGj , (17)

Gj+1 = Hj+1 +
η̄j+1

ζ̄j+1
ζ̄jGj , j = 1, 2, . . . , k.

By assuming that ζ̄j ̸= 0, j = 1, . . . , k + 1, we have
Hj+1, Gj+1 ∈ Kj+1(G,R

(1)PGl−BiCG

k ). Moreover, we obtain

Hk+1 = R
(1)PGl−GPBiCG

k . (18)

Under the assumption that all the generated coefficients ζj are not zero and
the grade µ of R(1)PGl−BiCG

k with respect to G is not less than k, the recurrence
formulas (17) determine the matrices

H̄k = [H1,H2, . . . , Hk] and Ḡk = [G1, G2, . . . , Gk],

whose matrix columns Hj and Gj , j = 1, . . . , k, are linear independent.

As in [39], by defining γj+1 = ζ̄j η̄j+1ζ̄
−1
j+1, for j = 1, 2, . . . , k, the relations

(17) can be written as follows:

GḠk = H̄kL̄kΛ̄
−1
k − ζ̄−1

k Hk+1Ē
T
k , H̄k = ḠkŪk, (19)

where Λ̄k = diag[ζ̄1Is, . . . , ζ̄kIs], ĒT
k = [0s, . . . , 0s, Is] ∈ Rs×ks,
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L̄k = L̂k, and Ūk =



Is −γ2Is
Is

. . .

. . . −γkIs
Is

 . (20)

Combining two equations in (19), we get

GH̄k = H̄kS̄k − ζ̄−1
k Hk+1Ē

T
k , (21)

with S̄k = L̄kΛ̄
−1
k Ūk and ĒT

k S̄
−1
k Ē1 = ζ̄kIs, where ĒT

1 = [Is, 0s, . . . , 0s] ∈
Rs×ks.

By assuming that the matrix H̄k+1 is of full rank and that H̄+
k+1 =

(H̄T
k+1H̄k+1)

−1 H̄T
k+1, similar to Theorem 3, we can present the following

theorem for the PGl-GPBiCG method.

Theorem 4. Let GH̄k = H̄kS̄k − ζ̄−1
k Hk+1Ē

T
k with ĒT

k S̄
−1
k Ē1 = ζ̄kIs, and

let V̄ = [Iks 0ks×s]H̄
+
k+1. If the matrix H̄k+1 is of full rank, then for any

polynomial p(t) of degree not exceeding k with p(0) = 1, we have

∥R(1)PGl−GPBiCG

k ∥F ≤ ∥M̄k∥F ∥ p(G)R
(1)PGl−BiCG

k ∥F , (22)

where M̄k = In − (H̄k −Hk+1F̄
T
k )V̄ with F̄T

k = [Is, Is, . . . , Is] ∈ Rs×ks.

Proof. The proof is similar to that of Theorem 1 in [39].

Now, based on the above observations, we state the following theorem for
bounding the residual norm of the PGl-GPBiCG method.

Theorem 5. With the notation of Theorems 3 and 4 for R0 =

[
R

(1)
0

0

]
and

assuming that G = A(I −Π) + Π is diagonalizable, the right preconditioned
global GPBiCG residual satisfies

∥RPGl−GPBiCG
k ∥F ≤ (κ2(Z))2∥N̄k∥F ∥M̄k∥F ∥R0∥F (

√
κ− 1√
κ+ 1

)2k, (23)

where κ = λmax

λmin
stands for the ratio of the extremal (real) eigenvalues of

matrix G = A(I −Π) + Π.
In addition, with the notation of Theorem 2 and R

(1)
0 = βZ, we have

∥RPGl−GPBiCG
k ∥F ≤ κ2(Z)∥N̄k∥F ∥M̄k∥F

∥Z∥2√
(eT1 (V

T
k+1D̃Vk+1)−1e1)

(

√
κ− 1√
κ+ 1

)k,

(24)
where D̃ and Vk+1 are defined in Theorem 2.

So, the convergence is guaranteed.
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Proof. Since the inequality (22) holds for any polynomial p(t) of degree not
exceeding k with p(0) = 1, the use of the residual polynomial of the global
GMRES (pGl−GMRES

k (G)) method in (22) implies that

∥RPGl−GPBiCG
k ∥F ≤ ∥M̄k∥F ∥ pGl−GMRES

k (G)R
(1)PGl−BiCG

k ∥F
≤ κ2(Z)∥M̄k∥F ∥ R

(1)PGl−BiCG

k ∥F (
√
κ−1√
κ+1

)k,

The second inequality follows from (15). Now, from the fact that (16) also
holds for any polynomial p(t) of degree not exceeding k with p(0) = 1, we
get

∥R(1)PGl−GPBiCG

k ∥F ≤ κ2(Z)∥N̄k∥F ∥M̄k∥F ∥ pGl−GMRES
k (G)R

(1)
0 ∥F (

√
κ−1√
κ+1

)k.

(25)
This together with the inequality (15) implies that

∥R(1)PGl−GPBiCG

k ∥F ≤ (κ2(Z))2∥N̄k∥F ∥M̄k∥F ∥R(1)
0 ∥F (

√
κ−1√
κ+1

)2k. (26)

Since R
(2)
k = 0, so we have the inequality (23).

Finally, due to Theorem 2, the inequality (25) yields the inequality given
in (24).

7 Numerical results

In this section, we illustrate the efficiency of the PGl-GPBiCG method for
solving system (1). All the numerical experiments were performed in MAT-
LAB R2017b with PC-Intel(R) Core(TM) i7, CPU 3.60 GHz, 16.00 GB of
RAM. In all the examples, the starting guess was taken to be zero. The
stopping criterion

∥Rk∥F
∥R0∥F

≤ 10−9

was used.

Example 1. In this example, a set of 6 problems was taken from the Univer-
sity of Florida Sparse Matrix Collection[17] as the matrix A. These matrices
with their generic properties are given in Table 1. Also, we consider ϵ = 1,
B = rand(n,m), F1 = rand(n, s), and F2 = rand(m, s), where the func-
tion rand(l, k) creates an l × k random matrix with coefficients uniformly
distributed in [0, 1].

We compare the Frobenius norm of the residuals (RES), the number of
iterations (Iter), and the CPU time in seconds (CPU) required for conver-
gence of the PGl-GPBiCG and PGl-BiCGSTAB methods for s = 5, 10, 20.
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Matrix Property
order nnz spd

1 gr_30_30 900 7744 yes
2 nos3 960 15844 yes
3 1138_bus 1138 4054 yes
4 bcsstm11 1473 1473 yes
5 Dubcova1 16129 253009 yes
6 bodyy4 17546 121550 yes

Table 1: Test problems information

The results obtained by these algorithms are presented in Table 2. As can
be seen, the methods are similar in terms of the Frobenius norm of residu-
als (∥ Rk ∥F ), the number of iterations of the PGl-GPBiCG method is less
than that of the PGl-BiCGSTAB method and the CPU time required for
convergence in the PGl-GPBiCG method is similar or lower than that in the
PGl-BiCGSTAB method except, for examples, nos3 with s = 10, 20.

PGl-BiCGSTAB PGl-GPBiCG
Matrix \ s 5 10 20 5 10 20

Iter 47 49 49 38 38 38
gr_30_30 CPU 0.02 0.04 0.07 0.02 0.03 0.06

RES 1.1082e-07 3.4408e-07 6.3886e-07 2.6191e-07 4.2295e-07 6.1987e-07
Iter 192 183 193 167 180 172

nos3 CPU 0.16 0.17 0.23 0.16 0.24 0.30
RES 2.7939e-07 7.3530e-07 8.0708e-07 3.9410e-07 7.6350e-07 1.0669e-06
Iter 8364 4011 5393 2793 2677 2543

1138_bus CPU 9.61 6.02 10.72 4.23 4.84 6.33
RES 4.8730e-06 6.4503e-06 9.1015e-06 3.2011e-06 5.1722e-06 1.0123e-05
Iter 335 381 441 216 335 250

bcsstm11 CPU 0.98 1.20 1.72 0.59 1.05 1.11
RES 4.0741e-07 2.0770e-07 4.6741e-07 4.0252e-07 5.4683e-07 2.0180e-07
Iter 105 99 99 85 85 86

Dubcova1 CPU 30.48 35.21 40.87 24.62 31.08 37.33
RES 1.2814e-06 2.1262e-06 3.1051e-06 1.5025e-06 2.1308e-06 3.2268e-06
Iter 182 194 170 165 166 165

bodyy4 CPU 68.18 80.66 80.75 62.54 69.50 79.63
RES 1.5969e-06 2.1782e-06 3.2651e-06 1.6013e-06 2.3639e-06 3.1067e-06

Table 2: Numerical results for Example 1 with s = 5, 10, 20

Example 2. In this example, we consider the Stokes equation [16, 15] as

−ν∆u+▽p = f̃, in Ω (27)
▽ · u = g̃, in Ω

u = 0, on ∂Ω∫
Ω

p(x)dx = 0,
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where Ω = (0, 1) × (0, 1) ⊂ R2, ∂Ω is the boundary of Ω, ν is the viscosity
scalar, and u and p denote the velocity and the pressure, respectively. By
discretizing (27), we obtain the system of linear equations as[

A B
−BT 0

] [
U
P

]
=

[
F1

−F2

]
,

in which

A =

[
I ⊗ T + T ⊗ I 0

0 I ⊗ T + T ⊗ I

]
∈ R2q2×2q2 , B =

[
I ⊗ F
F ⊗ I

]
∈ R2q2×q2 ,

where T and F are tridiagonal matrices given by

T =
ν

h2
· tridiag(−1, 2,−1) ∈ Rq×q, F =

1

h
· tridiag(−1, 1, 0) ∈ Rq×q,

and ⊗ denotes the Kronecker product. Also, h = 1
q+1 is the discretization

mesh size. We set n = 2q2 and m = q2. Hence, the total number of variables
is n +m = 3q2. We choose the right-hand side such that the exact solution
of saddle point problem is a matrix of ones. For this example, we test three
different ν’s, that is, ν = 0.01, 0.1, 1 and q = 16, 32.

In Table 3, we list the Frobenius norm of the residuals (RES), the number
of iterations (Iter), and the CPU time in seconds (CPU) required for the
convergence of the PGl-GPBiCG and PGl-BiCGSTAB methods with ν =
1, 0.1, 0.01, q = 16, 32, and s = 5. As expected, the number of iterations of
PGl-GPBiCG is less than that of PGl-BiCGSTAB. The CPU time obtained
for PGl-GPBiCG is smaller than the one for PGl-BiCGSTAB except for
ν = 0.01 and q = 16.

PGl-BiCGSTAB PGl-GPBiCG
ν \ q 16 32 16 32

Iter 38 74 23 47
0.01 CPU 0.03 2.16 0.03 1.97

RES 1.7694e-06 6.4937e-06 2.3360e-06 6.6436e-06
Iter 70 222 44 80

0.1 CPU 0.04 3.10 0.03 2.20
RES 9.3235e-07 1.8710e-05 4.2220e-06 2.3113e-05
Iter 83 828 37 82

1 CPU 0.05 6.70 0.04 2.21
RES 5.5359e-05 2.7881e-04 3.5071e-05 2.3870e-04

Table 3: Numerical results for Example 2 with ν = 0.01, 0.1, 1

In Figure 1, we display the convergence history of the PGl-GPBiCG and
PGl-BiCGSTAB algorithms for Stokes problem with s = 5, q = 16, 32, and

IJNAO, Vol. 12, No. 1, (2022), pp 111-129



124 Taherian and Toutounian

ν = 0.01, 0.1, 1, respectively. In these figures, the horizontal axis is the
number of iterations (iters) and the vertical axis is the logarithm of the
Frobenius norm of residuals (log10 ∥ Rk ∥F ). The results show that whatever
v becomes lower, the methods are smoother. Moreover, the PGl-GPBiCG
method is more effective and smoother than the PGl-BiCGSTAB method.

(a) ν = 1, q = 16 (b) ν = 1, q = 32

(c) ν = 0.1, q = 16 (d) ν = 0.1, q = 32

(e) ν = 0.01 q = 16 (f) ν = 0.01, q = 32

Figure 1: Convergence history of the PGl-GPBiCG algorithm for Stokes problem with
s = 5 and different values of ν and q.

Finally, we compare the numerical results obtained by the Gl-GPBiCG
method with the preconditioner (3) and the preconditioner given in [1],
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Pϵ,α,Q =

[
A B
ϵBT αQ

]
with Q = I. For q = 16, 32, 64, ν = 1, α = 0.05, 0.1, 0.5, 1, 10, and s = 5
the numerical results are given in Table 4. As expected, the preconditioner
discussed in this paper needs less CPU time than the preconditioner given in
[1] except for q = 64 and α = 0.5, 1, 10.

PGl-GPBiCG PGl-GPBiCG
(pre. in [1]) (pre. (3))

q \ α 0.05 0.1 0.5 1 10
Iter 196 88 25 22 35 37

16 CPU 0.66 0.35 0.11 0.10 0.14 0.04
RES 2.7200e-04 6.6880e-05 4.2144e-05 7.7757e-05 6.2674e-05 3.5071e-05

Iter 276 109 38 35 53 82
32 CPU 17.10 6.87 2.50 2.35 3.53 2.21

RES 0.0013 6.1728e-04 1.5556e-4 2.5773e-04 1.3334e-04 2.3870e-04

Iter 318 162 56 56 91 201
64 CPU 315.67 162.91 60.20 60.15 94.10 128.57

RES 0.0060 0.0017 0.0021 0.0014 2.5978e-04 0.0015

Table 4: Numerical results for Example 2 with α = 0.05, 0.1, 0.5, 1, 10

8 Conclusion

In this paper, we applied the Gl-GPBiCG method to solve the nonsymmetric
saddle point problems with multiple right-hand sides. By using the indefinite
preconditioner (3), we accelerated the convergence rate of the method. Also,
we studied some theoretical properties of the PGl-GPBiCG method and pre-
sented two bounds for the residual norm of the method, which guarantee the
convergence. As expected, the experimental results showed that the number
of iterations (Iter) of the PGl-GPBiCG method is less than that of the PGl-
BiCGSTAB method. The CPU time (CPU) of the PGl-GPBiCG method
is sometimes more than that of the PGl-BiCGSTAB method because of the
existence of parameters ζj and ηj . In addition, the PGl-GPBiCG method is
more effective and smoother than the PGl-BiCGSTAB method.
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Multiple interpolation with the
fast-growing knots in the class of entire

functions and its application

I. Sheparovych

Abstract

The conditions for the sequence of complex numbers (bn,k) are obtained,
such that the interpolation problem g(k−1)(λn) = bn,k, k ∈ 1, s, n ∈ N,
where |λk/λk+1| ≤ ∆ < 1, has a unique solution in some classes of entire
functions g for which Mg(r) ≤ c1 exp ((s− 1)N(r) +N(ρ1r)), where N(r)
is the counting function of the sequence (λn), ρ1 ∈ (∆; 1), and c1 > 0.
Moreover, these results have been applied to the description of the solution
of the differential equation f (s)+A0(z)f = 0 for which (λn) is zero-sequence
and the coefficient A0 is an entire function from the mentioned class.
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Keywords: Interpolation problem; Entire function; Solution of differential
equation.

1 Introduction

Let (bn,k) be an arbitrary sequence of complex numbers and let (λk) be a
sequence of distinct complex numbers without finite limit points. Set N(r) =
r∫
0

n(t)
t dt, where n(r) is equal to the number of points of the sequence (λk)

in the disk |z| < r. Note that N(r) =
∑

|λk|≤r

log r
|λk| . Let g(z) be an entire

function, and let Mg(r) = max {|g(z)| : |z| = r}.
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Hel’fond [11] and Kaz’min [14] considered an interpolation problem
g(λk) = bk, k ∈ N, with interpolation knots in λk = qk−1 and |q| > 1.
From their results, the next theorem follows.

Theorem A (Kaz’min). Let λk = qk−1, |q| > 1. Then for every sequence
(bk) such that

lim
k→∞

|q|−
(k−1)

2 |bk|1/k ≤ r1, r1 ∈ (∆; 1),

the interpolation problem g(λk) = bk has a unique solution in the class of
entire functions g, that satisfy the condition

lnMg(r) ≤
ln2 ρ1r

2 ln |q|
+

ln r

2
+ c2

for each ρ1 > r1 and some c2 > 0 (here and farther ci are positive constants).

The aim of this paper is to consider the interpolation problem

g(k−1)(λn) = bk,n, k ∈ {1, . . . , s}, n ∈ N, (1)

where s ∈ N and the sequence (λn) satisfies the condition

|λn/λn+1| ≤ ∆, n ∈ N, (2)

for some ∆ ∈ (0; 1). It should be noted that in the case when s = 2, the
problem was solved in [21] and the next assertion was proved.

Theorem B. Let (λk) be a sequence of complex numbers satisfying condition
(2). Then for every sequences (bn,1) and (bn,2) such that for some q ∈ (∆; 1),

|bk,1| ≤ c1 exp (2N (q|λk|)) , |λk||bk,2| ≤ c2 exp (N (|λk|) +N (q|λk|)) , k ∈ N,

the interpolation problem g(λk) = bk,1, g
′(λk) = bk,2, k ∈ R has a unique

solution in the class of entire functions g that satisfy the condition

Mg(r) ≤ c3 exp (N(r) +N(ρ1r))

for each ρ1 ∈ (q; 1). The interpolation function has the form

g(z) =

∞∑
k=1

(
−L′′(λk)bk,1

L′3(λk)

L2(z)

z − λk
+

bk,2
L′2(λk)

L2(z)

z − λk
+

bk,1
L′2(λk)

L2(z)

(z − λk)
2

)
,

where L(z) =
∞∏
j=1

(
1− z

λj

)
.

In this article, this result is generalized. We prove the following theorem.
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Theorem 1. Let (λk) be a sequence of nonzero numbers satisfying condition
(2) for some ∆ ∈ (0; 1), then for every sequences (bk,n) , k ∈ 1, s, n ∈ N,
such that

|bn,k| ≤ c1k!|λn|−k
exp (kN (|λn|) + (s− k)N (q|λn|)) , (3)

where q ∈ (∆; 1) and c1 > 0, the interpolation problem (1) has an unique
solution in the class of entire functions g, such that

Mg(r) ≤ c2 exp((s− 1)N(r) +N(ρ1r)) (4)

for each ρ1 ∈ (q; 1) and some c2 > 0.

To prove this, we construct the function g by the known methods used in
[5, 15, 16, 21]. The function has the form

g(z) =

∞∑
n=1

s∑
k=1

Ls(z)

(s− k)!(z − λn)k

s−k∑
i=0

Ci
s−kbn,iγs,s−k−i(λn), (5)

where L(z) =
∞∏
k=1

(1− z/λk) and γs,j(z) =
(

(z−λn)
s

Ls(z)

)(j)
.

2 Preliminaries

We need some lemmas.

Lemma 1. [21] Let (λk) be a sequence of distinct complex nonzero numbers,
satisfying condition (2) for some ∆ ∈ (0; 1). Then there exists a constant
c > 1 such that n(ρ2r) ≤ n(r) + c for each ρ2 ≥ 1 with ρ2∆ ≤ 1, and for
every ρ1, 0 < ρ1 ≤ ρ2, the inequality

N(ρ2r) ≤ N(ρ1r) + c log
ρ2
ρ1

+ n(r) log
ρ2
ρ1

(6)

is fulfilled.

Lemma 2. If (λk) is a sequence of distinct complex nonzero numbers such

that the series
+∞∑
k=1

1/ |λk| is convergent and L(z) =
∞∏
k=1

(1− z/λk), then for

l ≥ 2, it holds that

L(l)(λk)

L′(λk)
=

l

l − 1

∞∑
n=1,n ̸=k

l∑
j=2

L(j−1)(λk)

L′(λk)

(−1)j(l − j)!

(λk − λn)l−j+1
. (7)

IJNAO, Vol. 12, No. 1, (2022), pp 131-144



134 Sheparovych

Proof. In [2, 13], there is the relation L′′(λk)
L′(λk)

= 2
∞∑

n=1,n ̸=k

1
λk−λn

, (it was

justified in [21]). Now we argue similarly. The next relationships

L(z) =

∞∑
i=1

1

i!
L(i)(λk)(z − λk)

i,
L(z)

(z − λk)
=

∞∑
i=1

1

i!
L(i)(λk)(z − λk)

i−1,

(
L(z)

z − λk

)(s)

=

∞∑
i=s+1

1

i(i− s− 1)!
L(i)(λk)(z − λk)

i−s−1,

(
L(z)

z − λn

)(s)

=

s∑
j=0

(−1)j(s− j)!L(j)(z)(z − λn)
−s+j−1,

are true. So, by differentiating l − 1 times the equality L′(z) = L(z)
z−λk

+
∞∑

n=1,n ̸=k

L(z)
z−λn

, we obtain

L(l)(z) =

(
L(z)

z − λk

)(l−1)

+

∞∑
n=1,n ̸=k

(
L(z)

z − λn

)(l−1)

=

∞∑
i=l

1

i(i− l)!
L(i)(λk)(z − λk)

i−l

+

∞∑
n=1,n ̸=k

1

(z − λn)l

l−1∑
j=0

(−1)j(l − j − 1)!L(j)(z)(z − λn)
j

=
1

l
L(l)(λk) + o(z − λk)

+

∞∑
n=1,n ̸=k

1

(z − λn)l

l−1∑
j=0

(−1)j(l − j − 1)!L(j)(z)(z − λn)
j

=
1

l
L(l)(λk) + o(z − λk)

+

∞∑
n=1,n ̸=k

l∑
j=1

(−1)j−1(l − j)!

(z − λn)l−j+1
L(j−1)(z), z → λk.

Furthermore, for z → λk, the next equality

(l − 1)L(l)(λk)

lL′(λk)
=

∞∑
n=1,n ̸=k

l∑
j=2

(−1)j(l − j)!

(λk − λn)l−j+1

L(j−1)(λk)

L′(λk)

holds, which completes the proof of Lemma 2.
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Lemma 3. If a sequence (λk) satisfies condition (2) for some ∆ ∈ (0; 1),
then the next inequality is true∣∣∣∣L(j)(λk)

L′(λk)

∣∣∣∣ ≤ c(j)

(
k

|λk|

)j−1

, j ∈ N\{1}.

Proof. From (7), we can obtain

∣∣∣∣L(j)(λk)

L′(λk)

∣∣∣∣ ≤ c(j)

 ∞∑
n=1,n ̸=k

1

|λk − λn|

j−1

, j ≥ 2. (8)

Indeed, for j = 2, we have

∣∣∣∣L′′ (λk)

L′ (λk)

∣∣∣∣ ≤ 2

∣∣∣∣∣∣
∞∑

n=1,n ̸=k

1

λk − λn

∣∣∣∣∣∣ ≤ 2

∞∑
n=1,n ̸=k

1

|λk − λn|
.

Let us use the induction to obtain (8). Assume that (8) is true for j ≤ l and
prove it for j = l + 1:

∣∣∣∣∣L(l+1) (λk)

L′ (λk)

∣∣∣∣∣ ≤ l + 1

l

∣∣∣∣∣∣
∞∑

n=1,n ̸=k

l+1∑
j=2

(−1)
j+1 L(j−1) (λk)

L′ (λk)

(l + 1 − j)!

(λk − λn)
l−j+2

∣∣∣∣∣∣
=

l + 1

l

∣∣∣∣∣∣
∞∑

n=1,n ̸=k

(−1)
l L

(l)(λk)

L′(λk)

1

(λk − λn)
+

l∑
j=2

(−1)
j+1 L(j−1) (λk)

L′(λk)

(l + 1 − j)!

(λk − λn)
l−j+2

∣∣∣∣∣∣
≤

l + 1

l

∣∣∣∣∣L(l)(λk)

L′(λk)

∣∣∣∣∣
∞∑

n=1,n ̸=k

1

|λk − λn|

+
l + 1

l

l∑
j=2

(l + 1 − j)!

∣∣∣∣∣L(j−1)(λk)

L′(λk)

∣∣∣∣∣
∞∑

n=1,n ̸=k

1

|λk − λn|l−j+2

≤ c(l)

 ∞∑
n=1,n ̸=k

1

|λk − λn|

l

+

l∑
j=2

(l + 1 − j)!c(j − 1)

∑
n ̸=k

1

|λk − λn|

j−2 ∑
n ̸=k

1

|λk − λn|l−j+2

≤ c(l)

 ∞∑
n=1,n ̸=k

1

|λk − λn|

l
l+1∑
j=2

(l + 1 − j)! ≤ C(l)

∑
n ̸=k

1

|λk − λn|

l

.

Thus, using a simple mathematical calculation, we have (c3 := c(j))
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L′(λk)

∣∣∣∣ ≤ c3

(
1

|λk|

k−1∑
n=1

1

1− |λn/λk|
+

∞∑
n=k+1

1

|λn| (1− |λk/λn|)

)j−1

≤ c3

|λk|j−1

(
k−1∑
n=1

1

1−∆
+

∞∑
n=k+1

|λk|
|λn|(1−∆n−k)

)j−1

≤ c3

|λk|j−1

(
k − 1

1−∆
+

∞∑
n=k+1

∆n−k

)j−1

≤ c4

(
k

|λk|

)j−1

,

where c4 := c4(j,∆).

Lemma 4. If a sequence (λk) satisfies condition (2), then for γs,j(z) :=(
(z−λn)

s

Ls(z)

)(j)
, j ∈ 0, s− 1, where L(z) =

∞∏
n=1

(
1− z

λn

)
, the inequalities

|γs,0(λn)| ≤ c3|λn|s exp(−sNλ(|λn|) + cs), (9)

|γs,l(λn)| ≤ c4s(s+ 1) . . . (s+ l − 1)|λn|s−l
nl exp(−sN(|λn|) + cs) (10)

are fulfilled.

Proof. First, we prove (9). By the known equality (see, for example, [20])
log |λkL

′(λk)| = N(|λk|) +O(1), k ∈ N, we have∣∣λ−s
n γs,0(λn)

∣∣ = 1

|λnL′(λn)|s
= exp(−sN(λn) +O(s)), n ∈ N.

Furthermore, let us prove (10). Since L(z) =
∞∑
i=1

1
i!L

(i)(λn)(z − λn)
i and

L′(z) =
∞∑
i=1

i
i!L

(i)(λn)(z − λn)
i−1, we have

L(z)− (z − λn)L
′(z) = −

∞∑
i=2

i− 1

i!
L(i)(λn)(z − λn)

i,

(
L(z)− (z − λn)L

′(z)
)(l)

= −
∞∑
i=l

i(i− 1) . . . (i− l + 1)(i− 1)

i!
L(i)(λn)(z − λn)

i−l.

Then
γs,1(z) =

(
(z − λn)s

Ls(z)

)′
= s

(z − λn)s−1

Ls+1(z)
(L(z)− (z − λn)L

′(z))

=− s
(z − λn)s+1

Ls+1(z)

∞∑
i=2

i− 1

i!
L(i)(λn)(z − λn)

i−2

=− s
(z − λn)s+1

Ls+1(z)

(
1

2!
L′′(λn) +

2

3!
L′′′(λn)(z − λn) + · · ·

)
=− s

(z − λn)s+1

2Ls+1(z)
(L′′(λn) +O(z − λn)), z → λn;
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γs,1(λn) = −
sL′′(λn)

2! (L′(λn))
s+1

= −
s

2! (L′(λn))
s

L′′(λn)

L′(λn)
.

Thus,

γs,2(z) =

((
z − λn

L(z)

)s)′′
= −

(
s

(
z − λn

L(z)

)s+1 ∞∑
i=2

i− 1

i!
L(i)(λn)(z − λn)

i−2

)′

= s
(s+ 1)(z − λn)s+2

Ls+2(z)

( ∞∑
i=2

i− 1

i!
L(i)(λn)(z − λn)

i−2

)2

− s
(z − λn)s+1

Ls+1(z)

∞∑
i=3

(i− 1)(i− 2)

i!
L(i)(λn)(z − λn)

i−3;

γs,2(λn) =
s(s+ 1)

(2!)2 (L′(λn))
s+2

(
L′′(λn)

)2 −
2sL′′′(λn)

3! (L′(λn))
s+1

=
s

2 (L′(λn))
s

(
(s+ 1)

2

(
L′′(λn)

L′(λn)

)2

−
2L′′′(λn)

3L′(λn)

)
.

Continuing the process, we can obtain (by mathematical induction) a general formula,
for l ≥ 1,

γs,l(λn) =(−1)ls(s+ 1)(s+ 2) . . . (s+ l − 1)
(L′′(λn))

l

2l (L′(λn))
s+l

+ (−1)l−1C2
l s(s+ 1)(s+ 2) . . . (s+ l − 2)

(L′′(λn))
l−2 L′′′(λn)

(2!)23! (L′(λn))
s+l−1

+ · · ·

−
s

(l + 1)

L(l+1)(λn)

(L′(λn))
s+1

.

It is not difficult to show that (by Lemma 3)

∣∣γs,l(λn)
∣∣ ≤c4

s(s+ 1) . . . (s+ l − 1)nl

|λn|l|L′(λn)|s

≤c4s(s+ 1) . . . (s+ l − 1)|λn|s−lnl exp(−sN(|λn|) + cs).

3 Proof of Theorem 1

Proof of Theorem 1. First, we will prove the uniqueness. Assume to the con-
trary that for some sequences (bn,k) with the properties (3) in the class (4),
there exist two different entire functions g = f1 and g = f2 that solve problem
(1). Then the function f = f2 − f1 has zeros of order mk ≥ s at all points
λk and satisfies the condition (2) for some ρ1 < 1. This implies from the
Jensen inequality lnMf (r) ≥ sN(r) + O(1) that N(r) ≤ N(ρ1r) + c0. This
is a contradiction, because N(r) − N(ρ1r) → +∞, if ρ1 < 1 and r → +∞.
Thus uniqueness is proved.
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Now, we will prove that the function g of form (5) satisfies condition (4).
Since (see [20, 18, 19]) for every n ∈ N, r ∈ [0;+∞), and ε > 0,

max

{∣∣∣∣ L(z)

z − λn

∣∣∣∣ : |z| ≤ r

}
≤ c(ε)

ML((1 + ε)r)

r + |λn|
, (11)

and

exp (N(λn)) =
|λn|n
n∏

k=1

|λk|
, exp (N (q|λn|)) =

(q|λn|)n−1

n−1∏
k=1

|λk|
= qn−1 |λn|n

n∏
k=1

|λk|
,

q ∈ (∆; 1), applying Lemmas 2, 3, and 4 and conditions (3), (9), and (10),
we obtain (1 ≤ k ≤ s; 0 ≤ i ≤ s− k)∣∣Ci

s−kbn,iγs,s−k−i(λn)
∣∣ ≤ c4i!C

i
s−ks(s+ 1) . . . (s+ s− k − i− 1)|λn|kns−k−i

× exp (cs− (s− i)N (|λn|) + (s− i)N (q|λn|))

≤ c4
(s− k)!(2s− k − i− 1)!

(s− k − i)!(s− 1)!
|λn|kns−k−iq(s−i)(n−1).

Thus, by (11) and the equality lnML(r) = N(r)+O(1), r ∈ [0;+∞), (see, for
example, [21]), for each k ∈ 1, s and some s ∈ N, one has (with ρ2 := (1+ ε))

Ik,n :=

∣∣∣∣∣ Ls(z)

(z − λn)k

s−k∑
i=0

Ci
s−kbn,iγs,s−k−i(λn)

∣∣∣∣∣
≤
∣∣Ls−k(z)

∣∣∣∣∣∣ Lk(z)

(z − λn)k

∣∣∣∣s−k∑
i=0

Ci
s−k|bn,iγs,s−k−i(λn)|

≤ c4 exp ((s− k)Nλ(r) + kNλ(ρ2r) + cs)

(
|λn|qn

r + |λn|

)k
(s− k)!

(s− 1)!

×
s−k∑
i=0

q−s+i(nqn)s−k−i (2s− k − i)!

(s− k − i)!
.

Furthermore, suppose that |λm| ≤ r < |λm+1|,that |z| ≤ r, and that
ρ1 = ρ2q. Then m = n(r) and(

|λn|qn

r + |λn|

)k

≤
(
|λn|qn

r

)k

≤
(
|λn|qn

|λm|

)k

≤
(
qn∆m−n

)k
= ∆mk

( q

∆

)nk
,

So, proceeding from Lemma 1,
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exp ((s− k)Nλ(r) + kNλ(ρ2r) + cs)
(

|λn|qn
r+|λn|

)k
≤ exp

(
(s− k)Nλ(r) + kNλ(ρ1r) + km ln 1

q + cs
)
∆mk

(
q
∆

)nk
≤ exp ((s− k)Nλ(r) + kNλ(ρ1r) + cs)

(
∆
q

)(m−n)k

for m > n. Hence, if m > n, then

Ik,n ≤c4 exp ((s− k)Nλ(r) + kNλ(ρ1r) + cs)

(
∆

q

)(m−n)k
(s− k)!

(s− 1)!

×
s−k∑
i=0

q−s+i(nqn)s−k−i (2s− k − i)!

(s− k − i)!
.

If m < n, then

exp ((s− k)Nλ(r) + kNλ(ρ2r) + cs)
(

|λn|qn
r+|λn|

)k
≤ exp

(
(s− k)Nλ(r) + kNλ(ρ1r) + km ln 1

q + cs
)
qkn

= exp ((s− k)Nλ(r) + kNλ(ρ1r) + cs) qk(n−m)

and
Ik,n ≤ c4 exp ((s− k)Nλ(r) + kNλ(ρ1r) + cs)

×qk(n−m) (s−k)!
(s−1)!

s−k∑
i=0

q−s+i(nqn)s−k−i (s+s−k−i)!
(s−k−i)! .

Therefore, since nqn−1 ≤ 1 for n ≥ n0 and

m∑
n=1

(
∆

q

)(m−n)k

≤ 1

1− (∆/q)
k
≤ q

q −∆
,

∞∑
n=m+1

qk(n−m) ≤ qk

1− q
,

s∑
k=1

1

(s− 1)!

s−k∑
i=0

(2s− k − i)!

(s− k − i)!
≤ 2s2Γ(s− 1)

(s+ 1)!Γ(2s− 1)
=: c(s),

we have

|g(z)| ≤
∞∑

n=1

s∑
k=1

∣∣∣∣ Ls(z)

(s− k)!(z − λn)k

∣∣∣∣s−k∑
i=0

Ci
s−k|bn,iγs,s−k−i(λn)|

=

m∑
n=1

s∑
k=1

In,k
(s− k)!

+

+∞∑
n=m+1

s∑
k=1

In,k
(s− k)!
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≤ c5

s∑
k=1

1

(s− 1)!
exp ((s− k)N(r) + kN(ρ1r) + cs)

×

(
m∑

n=1

(
∆

q

)(m−n)k s−k∑
i=0

q−s+i(nqn)s−k−i (2s− k − i)!

(s− k − i)!

+

∞∑
n=m+1

qk(n−m)
s−k∑
i=0

q−s+i(nqn)s−k−i (2s− k − i)!

(s− k − i)!

)
≤ c(s,∆) exp ((s− 1)N(r) +N(ρ1r)) .

Remark: If (λk) satisfies (2), then class (4) can be defined by the con-
dition

Mg(r) ≤ c2 exp (sN(ρ3r)) (12)

for every ρ3 ∈ ( s
√
ρ1; 1).

This statement follows from a similar one in [21, Remark 3].

4 One application to the differential equations

Multiple interpolation can be applied to the problem of oscillation of linear
differential equations of higher order, in particular, of equations of the form

f (s) +As−1(z)f
(s−1) + · · ·+A1(z)f

′ +A0(z)f = 0,

where Ai(z)(i ∈ 0, s− 1; s ∈ N\{1}) are analytic functions. Many papers are
devoted to this one and adjoining problems. See, for example, [3, 17, 7, 12,
9, 8].

Let us consider the equation

f (s) +A0(z)f = 0. (13)

Problem. Let (λk) be a given sequence of distinct complex numbers
having no finite limit points and satisfying (2). Does there exist an entire
function A0(z) such that the differential equation (13) possesses a solution f
with the zero-sequence (λk)? How does Mf (r) increase?

Note, that in [21] that problem was considered for the case s = 2. The
following statements were proved.

Corollary 1. Let (λk) be a sequence of complex numbers satisfies a condition
(2) for some ∆ < 1. Then there exists an entire function A0(z) such that
f ′′ + A0(z)f = 0 possesses a solution f , an entire function with the zero-
sequence (λk), and
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lnMf (r) ≤ N(r) + c3 exp (2N(ρ3r))

for each ρ3 ∈ (ρ1; 1).

Corollary 2. If (λk) satisfies (2) for some ∆ < 1, then there exists an entire
function A0(z) such that f ′′ + A0(z)f = 0 possesses a solution f with the
zero-sequence (λk) and

|A0(z)| ≤ c2 exp (4N(R1r))

for each R1 ∈ (ρ1; 1) and all r > 0.

Following [2], we can set the solution of (13) in the form f(z) = L(z)ew(z),
where L is an entire function with the simple zeros at points λn (for example,
L(z) =

∞∏
n=1

(1− z/λn)), w is some entire functions from the class (4) (or

(12)). It is not difficult to see (for the case s = 2, it was proved in [21, 9])
that f = Lew is a solution of (13) with zero sequence (λn), if w is a solution
of the multiple interpolation problem

w(k+1)(λn) = bn,k, k ∈ {0, . . . , s− 2}, n ∈ N,

where

bn,0 =w′(λn) = − L′′(λn)

2L′(λn)
,

bn,1 =w′′(λn) = −L′′′(λn)

3L′(λn)
+

(
L′′(λn)

2L′(λn)

)2

,

...
bn,k =w(k+1)(λn)

=− 1

(k + 2)L′(λn)
×

L(k+2)(λn) +

k−2∑
j=0

Cj
k−2w

(j+2)L(k−j)(λn)

+

k−1∑
j=0

Cj
k

(
2L(k+1−j)w(j+1) + L(k−j)(w′2)(j)

)
(λn)

 .

(14)

This problem leads to (1) if we put g(z) = w′(z). From (14), applying
Lemmas 2 and 3, we have the next inequality

|bn,k| ≤ c4

(
n

|λn|

)k+1

for every k ∈ 0, s− 1 and n ∈ N. Thus, bn,k, k ∈ 0, s− 1, satisfy the
conditions (3) of Theorem 1, which proves the existence of the function w
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from the class (4), and consequently, the existence of solution f = Lew of
equation (13).

Therefore, in analogue of Corollaries 1 and 2, the next assertion is true.

Theorem 2. Let (λk) be a sequence of complex numbers satisfying condition
(2) for some ∆ < 1. Then there exists an entire function A0(z) such that for
every s ≥ 2, equation (13) possesses an entire solution f with the sequence
of zeros (λk) and for every ρ1 ∈ (q; 1) and all r > 0, we have

lnMf (r) ≤ c2 exp((s− 1)N (r) +N(ρ1r))

or
lnMf (r) ≤ c2 exp(sN(ρ3r))

for every ρ3 ∈ (ρ1; 1) and all r > 0.

In addition, A0(z) = − f(s)(z)
f(z) satisfies the growth estimate

MA0(r) ≤ c3(s) exp
(
s2N(ρ3r)

)
for every ρ3 ∈ (ρ1; 1) and all r > 0.

5 Conclusion

Problems of multiple interpolation in the classes of entire functions have been
investigated in the works of many authors, for example [15, 16, 5, 10, 6, 1, 4].

In this article, there was shown that interpolation problem (1) has the
unique solution in class (3) when interpolation knots grow fast (satisfy con-
dition (2)).

Applying counting function (N(r)) of the sequence (λn) in the definition
of the mentioned classes is the peculiarity of this result.

Also, the obtained result was applied to the oscillation problem of the
differential equation f (s) + A0(z)f = 0. So, there was shown existing an
entire function A0(z) such that the previous differential equation possesses a
solution f with the zero-sequence (λk) and there was found growth order of
f .
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Fitted numerical method for singularly
perturbed semilinear three-point

boundary value problem

M. Gebeyehu, H. Garoma∗ and A. Deressa

Abstract

We consider a class of singularly perturbed semilinear three-point boundary
value problems. An accelerated uniformly convergent numerical method is
constructed via the exponential fitted operator method using Richardson
extrapolation techniques to solve the problem. To treat the semilinear
term, we use quasi-linearization techniques. The numerical results are tab-
ulated in terms of maximum absolute errors and rate of convergence, and
it is observed that the present method is more accurate and ε-uniformly
convergent for h ≥ ε, where the classical numerical methods fail to give a
good result. It also improves the results of the methods existing in the lit-
erature. The method is shown to be second-order convergent independent
of perturbation parameter ε.
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1 Introduction

Singularly perturbed differential equations are typically characterized by the
presence of a small positive parameter ε multiplying some or all of the highest
order terms in differential equations. Such types of problems arise frequently
in mathematical models of different areas of physics, chemistry, biology, en-
gineering science, economics, and even sociology.

Boundary value problems including nonlocal conditions, which connect
the values of the unknown solution at the boundary with values in the in-
terior, are known as nonlocal boundary value problems. The study of this
kind of problem was initiated by Il’in and Miseev [18, 19], motivated by the
work of Bitsadze and Samarskii [4] on nonlocal linear elliptic boundary value
problems. These problems have been used to represent mathematical mod-
els of a large number of phenomena, such as problems of semiconductors
in electronics, the vibrations of a guy wire of a uniform cross-section, heat
transfer problems, problems of hydromechanics, catalytic processes in chem-
istry and biology, the diffusion-drift model of semiconducting devices, and
some other physical phenomena; see [1, 17, 25]. The existence and unique-
ness of the solutions to nonlocal boundary value problems have been studied
by many authors [3, 20]. Some approaches for the numerical solution of sin-
gularly perturbed nonlocal boundary value problems have been proposed in
[2, 6, 7, 11, 12, 13, 16, 21, 26]. Uniformly convergent numerical methods
of order second and high for solving different singularly perturbed problems
have been studied in [5, 9, 10, 14, 23, 27]. What makes the problem under
consideration challenging is that, it contains the perturbation parameter in
both diffusion and convection terms, that it contains semilinear source term,
and that it has three-point nonlocal boundary condition. To the best of our
knowledge, the problem under consideration has not been done using the ex-
ponentially fitted operator method. Motivated by the paper [8], we develop a
uniformly convergent numerical method for solving the singularly perturbed
problem under consideration.

2 Definition of the problem

Consider the following singularly perturbed problem of the form

Ly := ε2y′′(x) + εa(x)y′(x)− f(x, y(x)) = 0, 0 < x < l, (1)

with the given conditions
y(0) = A, (2)

L0y := y(l)− ϕ(y(l1)) = 0, 0 < l1 < l, (3)
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where ε, 0 < ε ≪ 1 is the perturbation parameter, A is a given constant, and
the functions a(x) ≥ a > 0 and f(x, y) are sufficiently smooth on [0, l] and
[0, l]×R, respectively. Moreover 0 < b ≤ ∂f

∂y ≤ β < ∞ and |dϕdy | ≤ k < 1.
The solution of y(x) of (1)–(3) has boundary layers at x = 0 and x = l

for ε near 0.
Equations of this type arise in mathematical problems in many areas of

mechanics and physics. Among these are the Navier–Stokes equations of
fluid flow at high Reynolds number, mathematical models of liquid crystal
materials and chemical reactions, shear in second-order fluids, control theory,
electrical networks, and other physical models [23, 24].

To obtain the numerical solution to (1)–(3), the well-known Newton’s
quasi-linearization techniques were used. This technique allows us to linearize
the semilinear problem into a linear problem, whose solution y(p)(x) with a
proper initial guess y(0) will converge to the original solution y(x).

So, after applying quasi-linearization technique for f(x, y(x)), we rewrite
(1)–(3) in the form

Ly := ε2y′′(x) + εa(x)y′(x)− b(x)y(x) = R(x), x ∈ Ω = (0, l), (4)

with the given conditions
y(0) = A, (5)

L0y := y(l)− ϕ(y(l1)) = 0, 0 < l1 < l, (6)

where b(x) = ∂f
∂y (x, ηy(x)), 0 < η < 1, and R(x) = f(x, ηy(x))− ηy(x)b(x).

In this article, we analyze an exponentially fitted operator scheme with
Richardson extrapolation techniques on uniform mesh for the numerical so-
lution of (4)–(6). Uniform convergence is proved in the discrete maximum
norm. Finally, we formulate the algorithm for solving the discrete problem
and give the illustrative numerical results.

3 Properties of continuous solution

The following lemmas are necessary for the existence and uniqueness of the
solution and for the problem to be well-posed.

Lemma 1. Let y(x) be the solution of (1)–(3). If a ∈ C1[0, l], then the
following inequality

∥y∥∞ ≤ C0 (7)

holds, where C0 = (1−γ)−1(|A|+|B|+b−1∥R∥∞), B = ϕ(0, ) R(x) = f(x, 0),
and ∥y∥∞ = max[0,l] |y(x)|.

Proof. For proof refer [8].

Lemma 2. Let yε be the solution of (Pε). Then, for k = 0, 1, 2, 3, 4,
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| y(k)ε (x) |≤ C

(
1 + ε−k

(
exp

(
−c0x

ε

)
+ exp

(
−c1(l − x)

ε

)))
, x ∈ [0, l],

(8)
holds fore the solution y(x) provided that ∂f

∂y − εa′(x) ≥ b and ∂f
∂x ≤ C

for x ∈ [0, l] and |y| ≤ C, where c0 = 1
2 [
√

a2(0) + 4b + a(0)] and c1 =
1
2 [
√
a2(l) + 4b− a(l)].

Proof. For proof refer [8].

4 Formulation of numerical scheme

We subdivide the domain Ω = [0, 1] into N equal number of subintervals, each
of length h. In this article, we develop the fitted operator finite difference
method to find a numerical solution to the problem (4). We use the theory
in the asymptotic method for developing the exponential factor.

In order to evaluate the fitting factor, we divide both sides of (4) by ε,
and we obtain

Ly(x) ≡ εy′′(x) + a(x)y′ + p(x)y(x) = g(x), 0 < x < ℓ,

y(0) = A,

L0y := y(ℓ) = θ, 0 < ℓ1 < ℓ,

(9)

where p(x) = − b(x)
ε , g(x) = R(x)

ε , and θ = φ(y(ℓ1)).

4.1 Left end boundary layer problem

The boundary layer occurs on the left side of the domain, that is, near x = 0.
To find the numerical solution of (9), we use the theory applied in the asymp-
totic method for solving singularly perturbed boundary value problems. From
the theory of singular perturbations given by O’Malley [24] and using Tay-
lor’s series expansion for a(x) about x = 0 and restriction to their first terms,
we get the asymptotic solution as

y(x) = y0(x) +
a(0)

a(x)
(A− y0(0))e

−
∫ x
0

(
a(x)
ε − p(x)

a(x)

)
dx +O(ε), (10)

where y0(x) is the solution of the reduced problem (obtained by setting ε = 0)
of (9) given by a(x)y′0(x) + p(x)y0(x) = g(x), with y(0) = A and y0(ℓ) = θ,
where θ = φ(y(l1)).

By taking Taylor series expansion for a(x) and p(x) about the point “0”
and simplifying them, we obtain
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y(x) = y0(x) + (A− y0(0))e
−
(

a(0)
ε − p(0)

a(0)

)
x +O(ε). (11)

Now we divide the interval [0, 1] into N equal subinterval of mesh size h = 1
N

so that xi = ih, i = 0, 1, 2 . . . , N . From (11), we have

y(ih) = y0(ih) + (A− y0(0))e
−
(

a(0)
ε − p(0)

a(0)

)
ih +O(ε).

Taking limit as h → 0 on both sides, we have

lim
h→0

y(ih) = y0(0) + (A− y0(0))e
−
(

a(0)
ε − p(0)

a(0)

)
iρ +O(ε). (12)

Also, we discretized xi+1 = (i+ 1)h = ih+ h from (11), we obtain

y(ih+ h) = y0(ih+ h) + (A− y0(0))e
−
(

a(0)
ε − p(0)

a(0)

)
ih+h +O(ε).

Taking limit as h → 0 on both sides, we have

lim
h→0

y(ih+ h) = y0(0) + (A− y0(0))e
−
(

a(0)
ε − p(0)

a(0)

)
iρ+ρ +O(ε). (13)

Similarly for xi−1 = (i− 1)h = ih− h from (11), we have

y(ih− h) = y0(ih− h) + (A− y0(0))e
−
(

a(0)
ε − p(0)

a(0)

)
ih−h +O(ε).

Taking limit as h → 0 on both sides, we have

lim
h→0

y(ih− h) = y0(0) + (A− y0(0))e
−
(

a(0)
ε − p(0)

a(0)

)
iρ−ρ +O(ε). (14)

To handle the effect of the perturbation parameter, artificial viscosity (expo-
nentially fitting factor σ(ρ)) is multiplied on the term containing the pertur-
bation parameter as

εσ(ρ)y′′i + a(xi)y
′
i + p(xi)yi = g(xi), (15)

with boundary conditions y(0) = A and y(ℓ)=θ. Next, we consider the
difference approximation of (9) on a uniform grid Ω

N
= {xi}Ni=0 and denote

h = xi+1 − xi.

Using the Taylor series expansion for y(x) about the point xi, this can be
written as

y(xi − h) ≈ yi−1 = yi − hy′i +
h2

2!
y′′i +O(h3), (16)

y(xi + h) ≈ yi+1 = yi + hy′i +
h2

2!
y′′i +O(h3). (17)
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For any mesh function yi, from (16) and (17), we obtain the following finite
difference operator: 

D−yi =
yi−yi−1

h ,

D+yi =
yi+1−yi

h ,

D0yi =
yi+1−yi−1

2h ,

D+D−yi =
yi+1−2yi+yi−1

h2 .

(18)

Then, applying the central and forward finite difference formula for the second
and the first derivative, respectively, on (9), we get

εσ(ρ)(D+D−y(xi)) + a(xi)(D
+y(xi)) + p(xi)y(xi) = g(xi). (19)

Using the difference operator in (19), we have

LN
ε yi = gi, (20)

with boundary conditions y(0) = A and y(ℓ) = θ.

From (19), we have

εσ(ρ)

(
yi−1 − 2yi + yi+1

h2

)
+a(xi)

(
yi+1 − yi

h

)
+p(xi)yi = g(xi), 1 ≤ i ≤ N

2
,

(21)
where ρ = h

ε .

Multiplying (21) by h, considering h small, and truncating the term
(g(xi)− p(xi)yi)h, we get

σ

ρ

(
yi−1 − 2yi + yi+1

)
+ a(xi)

(
yi+1 − yi

)
= h(g(xi)− piyi). (22)

By evaluating the limit of (22) as h approaches to zero and limh→0 h(gi −
piyi) = 0, we get

σ = −a(0)ρ
limh→0(yi+1 − yi)

limh→0(yi+1 − 2yi + yi−1)
. (23)

Substituting (12), (13), and (14) into (23) for solving the fitting parameter
σ and simplifying it, we obtain

σ1 =
ρa(0)

4

 (1− e−(
a2(0)−εb(0)

a(0)
ρ))

sinh2[(a
2(0)−εb(0)

2a(0) ρ)]

 . (24)
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4.2 Right end boundary layer problem

The boundary layer occurs on the right side of the domain, that is, near x = 1.
Assume that Ω

N denotes the partition of [0, ℓ] into N subintervals such that
0 = x0, x1, . . . , xN = 1 with xi = ih, h = 1

N i = 0, 1, 2, . . . , N . To find the
numerical solution of (9), we use the theory applied in the asymptotic method
for solving singularly perturbed boundary value problems. Assume that the
problem has the right layer. From the theory of singular perturbations given
by O’Malley [24] and using Taylor’s series expansion for a(x) about x = 1
and restriction to their first terms, we get the asymptotic solution as

y(x) = y0(x) +
a(1)

a(x)
(θ − y0(1))e

−
∫ 1
x

(
a(x)
ε − p(x)

a(x)

)
dx +O(ε), (25)

where y0(x) is the solution of the reduced problem (obtained by setting ε = 0)
of (9) given by a(x)y′0(x)+p(x)y0(x) = g(x), with y0(1) = θ. By taking Taylor
series expansion for a(x) and b(x) about the point “1” and simplifying them,
we obtain

y(x) = y0(x) + (θ − y0(1))e
−
(

a(1)(1−x)
ε

)
+O(ε). (26)

Now we divide the interval [0, 1] into N equal subintervals of mesh size h = 1
N

so that xi = ih, i = 0, 1, 2 . . . , N . From (26), we have

lim
h→0

y(ih) = y0(0) + (θ − y0(1))e

(
−a(1)( 1

ε−iρ)
)
+O(ε). (27)

Also, we discretization xi+1 = (i+ 1)h = ih+ h From (26), we have

lim
h→0

y(ih+ h) = y0(0) + (θ − y0(1))e

(
−a(1)( 1

ε−iρ)
)
+O(ε). (28)

Similarly for xi−1 = (i− 1)h = ih− h, we have

lim
h→0

y(ih− h) = y0(0) + (θ − y0(1))e

(
−a(1)( 1

ε−iρ)
)
+O(ε). (29)

Now we consider the second-order upwind finite difference scheme from (15).
We have

εσ(ρ)

(
yi−1 − 2yi + yi+1

h2

)
+ ai

(
yi − yi−1

h

)
+ piyi = gi. (30)

Multiplying (30) by h, considering h small, and truncating the term (g(xi)−
p(xi)yi)h, we get

σ

ρ

(
yi−1 − 2yi + yi+1

)
+ ai

(
yi − yi−1

)
= h(gi − piyi). (31)
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By evaluating the limit of (31) as h approaches to zero and using limh→0 h(gi−
piyi) = 0, we get

σ = −a(1)ρ
limh→0(yi − yi−1)

limh→0(yi−1 − 2yi + yi+1)
. (32)

Substituting (27), (28), and (29) into (32) for solving the fitting parameter
σ and rearranging it, we obtain

σ2 =
ρa(1)

4

 (e−(
a2(1)−εb(1)

a(1)
ρ) − 1)

sinh2[(a
2(1)−εb(1)

2a(1) ρ)]

 . (33)

Case (1): For the left layer, from the discrete form of (4) on the domain
[1, N

2 ], we have
ε2y′′i + εaiy

′
i − biyi = Ri. (34)

Using the central and forward finite difference formula on (34), we have

ε2σ1(ρ)

(
yi−1 − 2yi + yi+1

h2

)
+ εai

(
yi+1 − yi

h

)
− biyi = Ri.

Hence, the required finite difference scheme becomes(
ε2σ1(ρ)

h2

)
yi−1 +

(
−2ε2σ1(ρ)

h2
− ε

ai
h

− bi

)
yi +

(
ε2σ1(ρ)

h2
+ ε

ai
h

)
yi+1 = Ri.

(35)
The numerical scheme in (35) can be written as a three-term recurrence
relation by

Eiyi−1 + Fiyi +Giyi+1 = Hi, 1 ≤ i ≤ N

2
, (36)

where

Ei =

(
ε2σ1(ρ)

h2

)
, Fi =

(
−2ε2σ1(ρ)

h2
− ε

ai
h

− bi

)
,

Gi =

(
ε2σ1(ρ)

h2
+ ε

ai
h

)
, Hi = Ri.

Case (2): For the right layer, from the discrete form of (4) on the domain
(N2 , N − 1], we have

ε2y′′i + εaiy
′
i − biyi = Ri. (37)

Using the central and backward finite difference formula on (37), we have

ε2σ2(ρ)

(
yi−1 − 2yi + yi+1

h2

)
+ εai

(
yi − yi−1

h

)
− biyi = Ri.
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Hence, the required finite difference scheme becomes(
ε2σ2(ρ)

h2
−ε

a(xi)

h

)
yi−1+

(
−2ε2σ2(ρ)

h2
+ε

ai
h
−bi

)
yi+

(
ε2σ2(ρ)

h2

)
yi+1 = Ri.

(38)
The numerical scheme in (38) can be written as a three-term recurrence
relation by

Eiyi−1 + Fiyi +Giyi+1 = Hi,
N

2
< i ≤ N − 1, (39)

where

Ei =

(
ε2σ2(ρ)

h2
− ε

ai
h

)
, Fi =

(
−2ε2σ2(ρ)

h2
+ ε

ai
h

− bi

)
,

Gi =

(
ε2σ2(ρ)

h2

)
, Hi = Ri.

Next, in order to treat the boundary conditions, the following equations are
obtained: For i = 1, (36) becomes

F1y1 +G1y2 = H1 − E1A. (40)

For i = N − 1, (36) becomes

EN−1yN−2 + FN−1yN−1 +GN−1yN = HN−1. (41)

From (6) and (41), we obtain

EN−1yN−2 + FN−1yN−1 +GN−1ϕ(yN
2
) = HN−1. (42)

Therefore, the problem in (1) with given boundary conditions in (2)–(3), can
be solved using the scheme (36), (39), (40), and (42), which forms an N ×N
system of algebraic equations.

5 Uniform convergence analysis

In this section, we need to show the discrete scheme in (36) and (39) satisfies
the discrete minimum principle and uniform convergence.

Lemma 3 (Discrete Minimum Principle). Let Yi be any mesh function that
satisfies Y0 ≥ 0, YN ≥ 0 and LεYi ≤ 0, i = 1, 2, 3, . . . , N − 1. Then Yi ≥ 0,
for i = 0, 1, 2, . . . , N .

Proof. The proof is by contradiction. Let j be such that Yj = mini Yi, and
suppose that Yj ≤ 0. Clearly, j /∈ {0, N}. Yj+1 − Yj ≥ 0 and Yj − Yj−1 ≤ 0.

IJNAO, Vol. 12, No. 1, (2022), pp 145-162



154 Gebeyehu, Garoma and Deressa

Therefore,

LN
ε Yj =ε

(
Yj+1 − 2Yj + Yj−1

h2

)
+ aj

(
Yj+1 − Yj

h

)
+ pjYj ,

=
ε

h2
(Yj+1 − 2Yj + Yj−1) +

aj
h
(Yj+1 − Yj) + pjYj ,

=
ε

h2
((Yj+1 − Yj)− (Yj − Yj−1)) +

aj
h
(Yj+1 − Yj) + pjYj ,

≥0,

(43)

where the strict inequality holds if Yj+1 − Yj > 0. This is a contradiction,
and therefore Yj ≥ 0. Since j is arbitrary, we have Yi ≥ 0, for i =
0, 1, 2, . . . , N .

We proved above that the discrete operator LN
ε satisfies the minimum

principle. Next, we analyze the uniform convergence analysis.

Theorem 1. Let y(xi) and Yi be, respectively, the exact solution of (9)
and numerical solutions of (20). Then for sufficiently large N , the following
parameter uniform error estimate holds:

|LN (y(xi)− Yi)| ≤ Ch

(
1 + ε−4 max

1≤i≤N−1

(
exp

(
−a(l − xi)

ε

)))
. (44)

Proof. Let us consider the local truncation error defined as

LN (y(xi)− Yi) = εσ2(ρ)(y
′′(xi)−D+D−y(xi)) + a(xi)(y

′(xi)−D−y(xi)),
(45)

where εσ2(ρ) =
ρa(1)

4

[
(e

−(
a2(1)−εb(1)

a(1)
ρ)
−1)

sinh2[(
a2(1)−εb(1)

2a(1)
ρ)]

]
, since ρ = h

ε .

For fixed N = 1
h , taking the limit for ε → 0, we obtain

lim
ε→0

εσ(ρ) = lim
ε→0

ρa(1)

4

 (e−(
a2(1)−εb(1)

a(1)
ρ) − 1)

sinh2[(a
2(1)−εb(1)

2a(1) ρ)]

 = Ch,

where C is constant independent of h and ε.
Using Taylor series expansion, the bound for y(xi−1) and y(xi+1) at xi is

obtained as{
y(xi−1) = y(xi)− hy′(xi) +

h2

2! y
′′(xi)− h3

3! y
(3)(xi) +

h4

4! y
(4)(xi) +O(h5),

y(xi+1) = y(xi) + hy′(xi) +
h2

2! y
′′(xi) +

h3

3! y
(3)(xi) +

h4

4! y
(4)(xi) +O(h5).

We obtain the bound for{
|D+D−y(xi)| ≤ C|y′′(xi)|,
|y′′(xi)−D+D−y(xi)| ≤ Ch2|y(4)(xi)|.

(46)
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Similarly, for the first derivative term, we have

|y′(xi)−D+y(xi)| ≤ Ch|y′′(xi)|, (47)

where |y(k)(xi)| = supxi∈(x0,xN ) |y(k)(xi)|, k = 2, 3, 4.
Using the bounds in (46) and (47), we obtain

|LN (y(xi)− Yi) ≤ Ch3|y(4)(xi)|+ C|y′′(xi)|.

Now, using the bounds for the derivatives of the solution in Lemma (2), we
have

|LN (y(xi)− Yi)| ≤ Ch3

(
1 + ε−4 exp

(
−a(l − xi)

ε

))
+ Ch

(
1 + ε−2 exp

(
−a(l − xi)

ε

))
≤ Ch

(
1 + ε−4 max

1≤i≤N−1
exp

(
−a(l − xi)

ε

))
since ε−4 ≥ ε−2.

Lemma 4. For a fixed mesh and for ε → 0, it holds

lim
ε→0

max
1≤i≤N−1

exp

(
−axi

ε

)
εm

= 0, m = 1, 2, 3, . . . ,

lim
ε→0

max
1≤i≤N−1

exp

(
−a(1−xi)

ε

)
εm

= 0, m = 1, 2, 3, . . . .

Proof. Consider the partition [0, 1] := {0 = x0 < x1 < · · · < xN−1 < xN =
1} for the interior grid points, we have

max
1≤i≤N−1

exp

(
−axi

ε

)
εm

≤
exp

(
−ax1

ε

)
εm

=

exp

(
−ah

ε

)
εm

,

max
1≤i≤N−1

exp

(
−a(1− xi)

ε

)
εm

≤
exp

(
−a(1− xN−1)

ε

)
εm

=

exp

(
−ah

ε

)
εm

,

as x1 = 1− xN−1 = h. The repeated application of L’Hospital’s rule gives

lim
ε−→0

exp

(
−ah

ε

)
εm

= lim
r= 1

ε→∞

rm

exp(ahr)
= lim

r= 1
ε→∞

m!

(ah)m exp(ahr)
= 0.
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Theorem 2. Let y(xi) and Yi be the exact solution of (9) and numerical
solutions of (20), respectively. Then, the following error bound holds

sup
0<ε<<1

|(y(xi)− Yi)| ≤ Ch. (48)

Proof. By substituting the results in Lemma (4) into Theorem (1) and ap-
plying the discrete minimum principle, we obtain the required bound.

Richardson extrapolation
Here, we apply the Richardson extrapolation technique to accelerate the rate
of convergence of the proposed scheme. Richardson Extrapolation is a conver-
gence acceleration technique, which involves a combination of two computed
approximations of solution. From (48), we have

y(xi)− Yi ≤ Ch, (49)

where y(xi) and Yi are exact and approximate solutions, respectively, and C
is constant independent of ε and h. Let Ω2h be the mesh obtained by bisecting
each mesh interval in Ωh and denote the approximation of the solution on
Ω2h by Y 2h

i . From (49), we have

y(xi)− Yi
∼= Ch+Rh, xi ∈ ΩN , (50)

So, this works for any h
2 ̸= 0 gives

y(xi)− Yi
2h ∼= C

h

2
+R2h, xi ∈ Ω2h, (51)

where the remainders, Rh and R2h are O(h2). Equations (50) and (51) lead
to

y(xi)− (2Y 2h
i − Yi) ∼= Ch2,

which gives that
Y ext
i = 2Y 2h

i − Yi (52)

is also an approximate solution. The total truncation error for the approxi-
mate solution in (52) becomes

sup
0<ε<<1

|(y(xi)− Yi)| ≤ Ch2. (53)
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6 Numerical example and results

To validate the established theoretical results, we perform numerical experi-
ments using the model problems of the form in (1)–(3).

Example 1. Consider the model singularly perturbed boundary value prob-
lem

ε2y′′(x) + ε(1− x

2
)y′(x)− (1 + x2 + 2y − exp(−y)) = 0, 0 < x < 1,

subject to the boundary conditions

y(0) = 0, ϕ(y) = cos(
πy

4
) + 2, l1 =

1

2
.

Having yj ≡ yhj (the approximated solution obtained via fitted operator
finite difference method) for different values of h and ε, the maximum errors.
Since the exact solution is not available, the maximum errors (denoted by
Eh

ε ) are evaluated using the double mesh principle for fitted operator finite
difference methods using formula

EN
ε := max

0≤j≤N
|yhj − y2h2i |.

Furthermore, we will tabulate the ε-uniform error

EN = max
0<ε≤1

EN
ε .

The numerical rate of convergence and the ε-uniform rate of convergence are
computed using the formulas

RN =
log(EN )− log(E2N )

log(2)
.

ε N = 16 N = 32 N = 64 N = 128 N = 256
10−4 3.3238e-03 8.4445e-04 2.1268e-04 5.3355e-05 1.3361e-05
10−8 3.3238e-03 8.4445e-04 2.1268e-04 5.3355e-05 1.3361e-05
10−12 3.3238e-03 8.4445e-04 2.1268e-04 5.3355e-05 1.3361e-05
10−16 3.3238e-03 8.4445e-04 2.1268e-04 5.3355e-05 1.3361e-05
10−20 3.3238e-03 8.4445e-04 2.1268e-04 5.3355e-05 1.3361e-05
EN 3.3238e-03 8.4445e-04 2.1268e-04 5.3355e-05 1.3361e-05
RN 1.9767 1.9893 1.9950 1.9976

Table 1: Maximum absolute errors and rates of convergence for Example 1.
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N = 16 N = 32 N = 64 N = 128 N = 256
Present
EN 3.3238e-03 8.4445e-04 2.1268e-04 5.3355e-05 1.3361e-05
RN 1.9767 1.9893 1.9950 1.9976

Method in [8]
EN 0.01388073 0.00955129 0.00550127 0.00314426 0.00176922
RN 0.69 0.75 0.81 0.91

Table 2: Comparison of maximum absolute errors and rate of convergence for Example
1 at different number of mesh points.

N = 16 N = 32 N = 64 N = 128 N = 256
After
EN 3.3238e-03 8.4445e-04 2.1268e-04 5.3355e-05 1.3361e-05
RN 1.9767 1.9893 1.9950 1.9976

Before
EN 6.1832e-02 3.2578e-02 1.6711e-02 8.4619e-03 4.2576e-03
RN 0.9245 0.9631 0.9817 0.9909

Table 3: Maximum absolute errors and rate of convergence before and after Richardson
extrapolation for Example 1 at different number of mesh points.
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Figure 1: ε-uniform convergence of exponentially fitted operator method in log-log
scale before and after Richardson Extrapolation, respectively.

7 Discussion and conclusion

This study introduced an accelerated exponentially fitted finite difference nu-
merical method for solving singularly perturbed semilinear differential equa-
tions with nonlocal boundary conditions. The behavior of the continuous
solution of the problem was studied and shown that it satisfies the continu-
ous stability estimate and the derivatives of the solution are also bounded.
The numerical scheme was developed on the uniform mesh using exponential
fitted operator method in the given differential equation. The stability of the
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Figure 2: The ε-uniform convergence of the method in log-log scale before and after
extrapolation at the same plot for Example 1.

developed numerical method was established, and its uniform convergence
was proved. To validate the applicability of the method, a model problem
was considered for numerical experimentation for different values of the per-
turbation parameter and mesh points. The numerical results were tabulated
in terms of maximum absolute errors, numerical rate of convergence, and
uniform errors (see Table 1) and to show the performance of our scheme
after Richardson extrapolation, we compared both the maximum absolute
error and the rate of convergence of the scheme before and after Richardson
extrapolation (see Table 3). To visualize our result more, we plotted the log-
log plot of maximum absolute error before and after Richardson in different
plane and in the same plane in Figures 1 and 2, respectively. The method
was shown to be ε-uniformly convergent with the order of convergence O(h2).
The performance of the proposed scheme was investigated by comparing it
with prior study (see Table 2). The proposed method gave more accurate,
stable, and ε-uniform numerical results.
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Connected bin packing problem on
traceable graphs

A. Nejoomi and A. Dolati∗

Abstract

We consider a new extension of the bin packing problem in which a set of
connectivity constraints should be satisfied. An undirected graph with a
weight function on the nodes is given. The objective is to pack all the nodes
in the minimum number of unit-capacity bins, such that the induced sub-
graph on the set of nodes packed in each bin is connected. After analyzing
some structural properties of the problem, we present a linear time approx-
imation algorithm for this problem when the underlying graph is traceable.
We show that the approximation factor of this algorithm is 2 and this fac-
tor is tight. Finally, concerning the investigated structural properties, we
extend the algorithm for more general graphs. This extended algorithm
also has a tight approximation factor of 2.
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1 Introduction

The bin packing problem (BPP) has been studied extensively in the literature
due to its numerous applications and its intriguing combinatorial structure.
The BPP consists of packing a given set of items with different weights into
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a minimum number of same bins so that the total weight packed in any bin
does not exceed the capacity. The BPP is known to be NP-hard [9].

Various extensions of the BPP have been studied in the literature. In the
BPP with conflicts [12], any two conflict items must not be packed in a same
bin. The BPP with precedence constraints [6] requires that the set of given
precedences among the items is satisfied. The aim in BPP with fragile objects
[2] is to pack the given weighted fragile items into the minimum number of
bins, such that the total weights of each bin do not exceed the fragility of
the most fragile item in the bin. Böhm et al. [3] introduced the colored
BPP in which each item has a color. As additional condition to the capacity
constraint, we require that no two items of the same color are packed into a
bin consecutively.

There are huge number of algorithms for the BPP in the literature.
Among these methods, some basic and simple algorithms were mostly con-
sidered by many researchers.

• The next fit (NF) algorithm. Consider the items sorted in any prede-
fined order. In each round, if an item fits inside the current bin, then
the item is packed inside it. Otherwise, the current bin is closed, a new
bin is opened, and the current item is packed inside the new current
bin. The running time can be bounded by O(n log(n)), where n is the
number of items. The NF algorithm is a 2-approximation algorithm;
see [13].

• The first fit (FF) algorithm. Suppose that the items are sorted in any
order. In this order, the next item is always packed into the first bin,
where it fits. The running time can be bounded by O(n log(n)), where
n is the number of items. The FF algorithm is a 1.7-approximation
algorithm; see [8].

• The first fit decreasing (FFD) algorithm. Sort the items in non-
increasing order of their sizes and then apply the first fit algorithm.
Same as FF, the running time is bounded by O(n log(n)), where n is the
number of items. Dosa [7] showed that FFD(I) ≤ 11/9OPT (I) + 6/9
and that this bound is tight.

In the connected variant of BPP, connected bin packing problem (CBPP),
we consider the items as the nodes of a graph. For each instance of the CBPP,
a graph G = (V,E) and a set of infinite number of unit capacity bins are
given. Each node v ∈ V is characterized by the weight w(v). Like BPP, the
total weight packed in any bin could not exceed the unit. In this extension
of BPP, each pair of nodes belonging to the same bin must be connected. In
other words, the induced subgraph on the set of nodes packed in each bin is
connected. The aim is to pack of the nodes in a minimum number of bins.

The CBPP arises in many real-world applications. When we need to pack
a large number of spatial objects into a small number of contiguous regions
[1], we have a CBPP.
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Clearly, the basic BPP is a special case of the CBPP, in which the graph
G is a complete graph. Since the BPP is strongly NP-hard, by restriction,
the CBPP is also strongly NP-hard. By similar conclusions, the CBPP does
not admit an approximation algorithm with a ratio smaller than 3

2 .
In other view, the CBPP is related to the balanced connected partition-

ing problem [4]. Then the CBPP can be seen as a variant of problem of
partitioning a weighted graph to connected subgraphs of almost uniform size
[11]. In this problem, the aim is to partition a given node weighted graph
with integer weights in a minimum (or maximum) number of connected com-
ponents. When the underlying graph is a tree, then the problem could be
handled by the O(n6) time algorithm [10].

The “covering problem with capacitated subtrees” [5] is another related
problem, in which vertices of a graph have to be covered by rooted subtrees.

The rest of the paper is organized as follows. In Section 2, we give a
formal definition of the CBPP and some complexity issues. In Section 3, we
present some approximation algorithms for the CBPP on traceable graphs
and some general graphs.

2 Preliminaries and approximation

In this Section, after a formal definition of the CBPP and preliminaries, we
give some structural properties of the problem.

Definition 1. Let G = (V,E) be an undirected graph with a weight function
w : V → [0, 1] on its nodes. The aim is to pack all the nodes in the minimum
number of unit capacity bins, such that the set of nodes packed in each bin
induces a connected subgraph (see Figure 1, for example).

For a given CBPP (i.e., a graph G = (V,E) with a weight function w :
V → [0, 1]) and any partition of nodes S = {S1, S2, . . . , Sm}, we define
the merged graph GS = (VS , ES) associated with S as follows: We merge
elements of each subset Si in the single node vSi

after deleting edges among
them and merge the resulting multiple parallel edges in a single edge. The
weight of each merged nodes, denoted by WS(·), is the sum of weights of
nodes merged in it (i.e., for all Si ∈ S, WS(vSi) =

∑
v∈Si

w(v)).

Theorem 1. Suppose that a graph G = (V,E) with a weight function w :
V → [0, 1] is given. Let B = {B1, B2, . . . , Bm} be a feasible solution and
let GB = (VB, EB) be the corresponding merged graph. If for each edge
(vi, vj) ∈ EB, WB(vi) +WB(vj) ≥ 1 and GB has a maximal matching of size
⌊m

2 ⌋, then m ≤ 2m∗ − 1, where m∗ is the size of optimal packing.

Proof. Suppose that M is such matching. Then

for all (i, j) ∈ M, WB(vi) +WB(vj) ≥ 1.
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Figure 1: A CBBP example: Feasible and infeasible solutions

We have two cases:

• If m is an even number, then M is a maximum matching and

m∗ Trivial Upper Bound
≥ ⌈

∑
k∈V

WB(vk)⌉ ≥
∑

(i,j)∈M

(WB(vi) +WB(vj)) >
m

2
.

• If m is an odd number, then M is a matching of size m−1
2 and covers

m− 1 nodes. If we denote the uncovered node by v, then at least m−1
2

bins are needed for packing G− v. Also,

m∗ >
m− 1

2
→ m∗ ≥ m− 1

2
+ 1 → m ≤ 2m∗ − 1.

Now, we investigate a trivial feasible solution to a CBPP instance that
the underling graph is union of two disjoint subgraphs and a cutting edge.
Suppose that two corresponding feasible solutions to CBPP’s on this sub-
graphs are given. A trivial feasible solution to the CBPP on a hole graph is
the union of the given subsolutions. In the following theorem, we prove some
results for this solution.

IJNAO, Vol. 12, No. 1, (2022), pp 163-171



Connected bin packing problem on traceable graphs 167

Theorem 2. Suppose that G1 = (V1, E1) and G2 = (V2, E2) are two disjoint
connected graphs with weight functions w1 and w2 in [0, 1] and that B∗

1 and
B∗

2 are optimal packings for them, respectively. Let G = (V,E) be a graph
with V = V1 ∪ V2 and E = E1 ∪E2 ∪ {(x, y)}, where x ∈ V1 and y ∈ V2. Let
B∗ be an optimal packing for G. Then

|B∗| ≥ |B∗
1 |+ |B∗

2 | − 1.

Proof. If x and y are packed separately in B∗, then the proof is trivial.
Hence we suppose that they are packed in Be, where e = (x, y). Let |B∗| =
k1+k2+1, where k1 and k2 are the number of bins used for packing G1−Be

and G2 −Be, respectively. Therefore,

k1 ≥ |B∗
1 | − 1,

k2 ≥ |B∗
2 | − 1,

so
|B∗| = k1 + k2 + 1 ≥ |B∗

1 |+ |B∗
2 | − 1

This result can be extended as the following theorem.

Theorem 3. Suppose that G1 = (V1, E1) and G2 = (V2, E2) are two disjoint
connected graphs with weight functions w1 and w2 in [0, 1] and that B1

and B2 are feasible packings with approximation factor of α1 and α2 for
them, respectively. Let G = (V,E) be any graph with V = V1 ∪ V2 and
E = E1 ∪ E2 ∪ {(x, y)}, where x ∈ V1 and y ∈ V2. Then B = B1 ∪ B2 is a
feasible packing with approximation factor of αmax = max{α1, α2}.

Proof. Let B∗, B∗
1 , B

∗
2 are optimal packings of G,G1, G2, respectively. By

Theorem 2,
|B∗| ≥ |B∗

1 |+ |B∗
2 | − 1.

On the other hand, |B1| ≤ α1|B∗
1 | and |B2| ≤ α2|B∗

2 |. Without loss of
generality, suppose that α1 ≥ α2. Then we have

α1|B∗| ≥ α1|B∗
1 |+

α1

α2
α2|B∗

2 | − 1.

Thus
α1|B∗| ≥ |B1|+

α1

α2
|B2| − 1 ≥ |B1|+ |B2| − 1.

Corollary 1. The complete graph G0 = (V0, E0) and the tree T = (VT , ET )
with weight functions w0 and wT in [0, 1] are given. Let B0 is a packing for
the corresponding BPP with weight function w1 obtained from the decreasing
first fit algorithm. Let BT be an optimal packing for a CBPP on T and let

IJNAO, Vol. 12, No. 1, (2022), pp 163-171



168 Nejoomi and Dolati

G = (V,E) be any graph with V = V0 ∪ VT and E = E0 ∪ ET ∪ {(x, y)},
where x ∈ V0 and y ∈ VT . Then B = B0 ∪ BT is a feasible packing with
approximation factor of α = 3

2 .

Above theorems can be extended to any constant number of subgraphs.

Theorem 4. Suppose that for i = 1, . . . , k, a connected graph Gi = (Vi, Ei)
with a weight function wi in [0, 1] and an optimal packing B∗

i are given. Let
G = (V,E) be a graph with V =

∪k
i=1 Vi and E =

∪k
i=1 Ei ∪ {ET }, where

G < ET > is any subtree of G with exactly one node form each Vi. Let B∗

be an optimal packing for G. Then

|B∗| ≥
k∑

i=1

|B∗
i | − k + 1.

Theorem 5. Suppose that for i = 1, . . . , k, a connected graph Gi = (Vi, Ei)
with a weight function wi in [0, 1] and a feasible packing Bi with approxima-
tion factor of αi are given. Let G = (V,E) be a graph with V =

∪k
i=1 Vi and

E =
∪k

i=1 Ei∪{ET }, where G < ET > is a subtree of G with exactly one node
form each Vi. Then B =

∪k
i=1 Bi is a feasible packing with approximation

factor of αmax = maxki=1 αi.

3 CBPP on traceable graphs

A Hamiltonian path is a path that visits each node of the graph exactly once.
A traceable graph is a graph possessing a Hamiltonian path. In this section,
we consider a CBPP on traceable graphs.

Lemma 1. Let G = (V,E) be a weighted traceable graph with weight func-
tions w in [0, 1] and a Hamiltonian path P = {v1, v2, . . . , vn}. We use the
next fit algorithm for the BPP with items {v1, v2, . . . , vn} in this order. The
obtained packing B is a feasible packing for G with approximation factor 2.
This approximation factor is tight.

Proof. Obviously, GB has a Hamiltonian path and so a maximal matching
of size ⌊ |B|

2 ⌋. By Theorem 1, the obtained packing B is a feasible packing
for G with approximation factor 2. Figure 2 shows a tight example in which
the Hamiltonian path {1, 2, . . . , 2k + 1} is given, where ϵ > 0 is a very small
number.

Corollary 2. The traceable graph G0 = (V0, E0) and the tree T = (VT , ET )
with weight functions w0 and wT in [0, 1] are given. Let B0 be a packing for
the CBPP obtained from next fit algorithm. Let BT be an optimal packing
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Figure 2: Tight-Example

for the CBPP on T and let G = (V,E) be a graph with V = V0 ∪ VT and
E = E0 ∪ ET ∪ {(x, y)}, where x ∈ V0 and y ∈ VT . Then B = B1 ∪ B2 is
a feasible packing with approximation factor of α = 2. This approximation
factor is tight.

Proof. The proof is clear.

Figure 3: Tight-Example

Lemma 2. Suppose that G1 = (V1, E1) and G2 = (V2, E2) are two disjoint
connected traceable graphs with weight functions w1 and w2 in [0, 1]. Let B1

and B2 be two feasible packings obtained by the next fit algorithm for G1 and
G2 on their Hamiltonian path, respectively. Let G = (V,E) be a graph with
V = V1∪V2 and E = E1∪E2∪{(x, y)}, where x ∈ V1 and y ∈ V2. If B∗ is an
optimal packing for the CBPP on G and B = B1 ∪B2, then |B∗| ≥ ⌊ |B|

2 ⌋+1.

Proof. Let B∗
1 and B∗

2 be optimal packings for G1 and G2, respectively. With
a justification like Theorem 1, we could show that

|B∗
1 | ≥ ⌊ |B1|

2 ⌋+ 1,
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|B∗
2 | ≥ ⌊ |B2|

2 ⌋+ 1.
So by Theorem 2, we have
|B∗| ≥ |B∗

1 |+ |B∗
2 | − 1 ≥ ⌊ |B1|

2 ⌋+ ⌊ |B2|
2 ⌋+ 1 ≥ ⌊ |B|

2 ⌋+ 1.

Theorem 6. Suppose that a sequence of pair-wise disjoint connected trace-
able graphs {Gi = (Vi, Ei)}mi=1 is given. For each i = 1, . . . ,m, a weight
function wi : Vi → [0, 1] associated with graph Gi and a Hamiltonian path Pi

is given. We assume that BPi
is a feasible packing obtained by the next fit

algorithm for Gi on its Hamiltonian path Pi. Let G = (V,E) be any graph
with V =

∪m
i=1 Vi, for all i Ei ⊂ E and let the merged graph GS = (VS , ES)

be a tree, where S = {V1, V2, . . . , Vm}. If B∗ is an optimal packing for the
CBPP on G and B =

∪m
i=1 BPi , then |B∗| ≥ ⌊ |B|

2 ⌋+ 1.

4 Conclusion and future works

In this paper, we considered a generalization of the classical BPP, CBPP, in
which, in addition to capacity constraints, a set of connectivity constraints
has to be satisfied. The CBPP is a strongly NP-hard problem.

Suppose that G1 = (V1, E1) and G2 = (V2, E2) are two disjoint node
weighted graphs and that G = G1 ∪ G2 ∪ (x, y), where x ∈ V1 and y ∈ V2.
In this paper, we introduced a trivial feasible solution to the CBPP on G
from solutions to CBPP’s on G1 and G2 and proved some good results for
the approximation factor of this solution, and we extended them. Then we
presented a linear time approximation algorithm for this type of problems
with approximation factor 2, when this disjoint graphs are traceable.

In perspective, our findings can be a starting point to tackle the CBPP.
It would be interesting to try to design some approximation algorithms and
lower bounds for the CBPP. Finally conclusion and some suggestions for more
researches are given in this section.
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1 Introduction

As an effective statistical tool, multiple regression is widely and increasingly
used in econometrics, engineering, social sciences, and so on. Generally, in
a multiple regression model, the relationship between several independent
(predictor) variables with a dependent (response) variable is investigated.
The model is formulated by

y = Xβ + ϵ, (1)

where y = (y1, . . . , yn)
⊤ ∈ Rn is a vector of observations on the response

variable, X = (x1, . . . ,xn)
⊤ ∈ Rn×p is a matrix of observations on the

predictor variables, β = (β1, . . . , βp)
⊤ is a vector of unknown regression co-

efficients, and ϵ = (ϵ1, . . . , ϵn)
⊤ is a vector of error terms with E(ϵ) = 0 and

E(ϵϵ⊤) = σ2In, where In is the unit matrix of order n and σ2 is an unknown
constant. The ordinary least-squares estimator (OLSE) of β is given by

β̂ = argmin
β

(y −Xβ)⊤(y −Xβ)

= S−1X⊤y,

where S = X⊤X. In regression models with intercept β0, we can simply
rewrite (1) by considering β = (β0, β1, . . . , βp)

⊤ and X = (1,X).

Some difficulties often appear in the regression analysis, such as collinear-
ity between explanatory variables as well as outliers’ existence in the data
set. Generally, in the regression modeling an outlier is an observation point
that fails to track the linear pattern of the data [10]. Outliers corrupt the
OLSE; this fact motivated the researchers to investigate robust estimations
[9]. As another problem in regression analysis, one may encounter with mul-
ticollinearity in the data set that is defined as the existence of nearly linear
dependency among columns of the design matrix X [7]. In this situation,
the matrix S = X⊤X has one or more small eigenvalues which causes the
OLSE to perform poorly [8]. One effective approach to detect the outliers in
a data set is the least trimmed squares (LTS) [9] in which the sum of smallest
h-squared residuals is minimized rather than the complete sum of squares.
Here, h is a prespecified threshold value and denotes the number of normal
or good observations that are not outliers. If zi ∈ {0, 1} is the indicator
demonstrating whether the ith observation is ordinary (nonoutlier) or not,
then the model can be formulated by

min
β,z

ψ(β, z) = (y −Xβ)⊤X(y −Xβ)

s.t. z⊤e = h,
zi ∈ {0, 1}, i = 1, 2, . . . , n,

(2)
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where Z is a diagonal matrix with the diagonal elements z = (z1, z2, . . . , zn)
⊤,

and e = (1, . . . , 1)⊤ ∈ Rn.
Let A be an arbitrary nonsingular matrix. Denoted by Kp(A), the p-

norm condition number of A defined by κp(A) = ∥A∥p∥A−1∥p [12]. When
A is positive definite and p = 2, then we get the spectral condition number,
which can be determined as the ratio of the largest eigenvalue to the smallest
eigenvalue of the matrix A [12]. As known, the condition number is an
important factor to check the existence of the multicollinearity [12]. Based
on this fact, Roozbeh, Babaie-Kafaki, and Naeimi Sadigh [8] developed an
extension of the optimization model (2) to simultaneously control presence
of the outliers and the multicollinearity in the data set; that is,

min
β,z

ψ(β, z) = (y −Xβ)⊤Z(y −Xβ) + µκ(X⊤ZX)

s.t. z⊤e = h,
zi ∈ {0, 1}, i = 1, 2, . . . , n,

(3)

in which κ(·) stands for the spectral condition number and µ > 0 is called the
penalty parameter. Here, the corresponding estimator is called the modified
LTS counter multicollinearity (MLTSCM) estimator. In model (3), the addi-
tional term κ(X⊤ZX) > 0 has been embedded as a penalty for generating
inappropriate values for z1, z2, . . . , zn and decreases the condition number of
the final model to combat multicollinearity problem.

Here, we deal with a modified version of the regression model (3) with
less computational cost in the objective function. This work is organized
as follows. In Section 2, we introduce a penalized regression method. The
method is then combined with the LTS method in Section 3, to combat the
sparsity of the model. In Section 4, we deal with our approximate version of
the mixed-integer nonlinear programming model (6) using a simple estimation
of the spectral condition number. In Section 5, we provide some numerical
experiments to show effectiveness of our model. Finally, concluding remarks
are presented in Section 6.

2 Least absolute shrinkage and selection operator
methodology

The amount of data we are faced with keeps growing. From around the late
1990s, wide data sets emerged, in which the number of variables far exceeds
the number of observations. This was mainly due to our increasing ability to
measure a large amount of information automatically [6].

Penalized regression can perform variable selection and prediction in a
“Big Data” environment more effectively and efficiently in contrast to the
other methods. Initially proposed by Tibshirani [11], the LASSO (least ab-
solute shrinkage and selection operator) is based on minimizing mean squared
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error, which is based on balancing the opposing factors of bias and variance
to build the most predictive model. In fact, LASSO shrinks the regression
coefficients toward zero by penalizing the regression model with an ℓ1-norm
penalty term, that is, the sum of the absolute value of the coefficients. LASSO
regression is a simple technique to reduce model complexity and usually pre-
vent over-fitting which may result from simple linear regression.

In the case of LASSO regression, the penalty term is embedded to force
the coefficient estimates with minor contributions to the model to be exactly
set to zero. This means that, LASSO can be also seen as an alternative to the
subset selection methods for performing variable selection in order to reduce
complexity of the model.

Ordinary least squares (OLS) regression chooses the coefficients by mini-
mizing the residual sum of squares (RSS) as follows:

min
β
RSS = min

β
(y − ŷ)⊤(y − ŷ) = min

β


n∑

i=1

yi − p∑
j=1

xijβj

2
 ,

where (xi1, . . . , xip) can be called x⊤
i . LASSO is an extension of the OLS,

which adds a penalty to the RSS, being equal to sum of the absolute values of
the nonintercept beta coefficients multiplied by the parameter λ that slows
(when λ < 1) or accelerates (when λ > 1) the penalty. Therefore, the
following optimization problem should be solved in LASSO problem:

min
β


n∑

i=1

yi − p∑
j=1

xijβj

2

+ λ

p∑
j=1

|βj |

 .

Figure 1 shows the constraint area of the LASSO method for p = 2, in
which elliptical contours of the function are shown by the full. They are
centered at the OLSE. The constraint region is the rotated square. LASSO
solution is the first place that the contours touch the square, and this will
sometimes occur at a corner, corresponding to a zero coefficient. LASSO
is frequently used in practice since the ℓ1 penalty allows us to shrink some
coefficients to zero, that is, to produce sparse estimation models that are
highly interpretable.

It is notable that increasing λ will increase bias and decrease variance.
Likewise, decreasing λ reduces bias and increases variance. A big part of
the building, the best models in LASSO deal with the bias-variance tradeoff.
Bias refers to how correct (or incorrect) the model is. A very simple model
that makes a lot of mistakes is said to have a high bias. A very complicated
model that does well on its training data is said to have a low bias. There are
several ways to choose the optimal λ, such as AIC, BIC, Cp, and so on [10].
For this purpose, one of the most popular methods is the cross validation
(CV) method.

IJNAO, Vol. 12, No. 1, (2022), pp 173-186



A heuristic algorithm to combat outliers and multicollinearity in regression ... 177

β̂OLS

β̂LASSO

RSS

β1

β2

Figure 1: Constraint region of LASSO.

In order to find the optimal value of λ, a range of λ values is tested and
the optimal value is chosen using CV, which involves

• separating the data into a training set and a test set;

• building the model in the training set;

• estimating the outcome in the test set using the model from the training
set;

• calculating mean squared error (MSE) in the test set.

There are different types of cross validation method like Leave-P-Out,
Leave-one-out, k-fold, standard k-fold, Monte Carlo, and so on [2]. One of
the most important methods is the k-fold CV, which is one way to improve
over the holdout method. The data set is divided into k subsets, and the
holdout method is repeated k times. Each time, one of the k subsets is used
as the test set and the other k−1 subsets are put together to form a training
set. Then, the average error across all k trials is computed. The advantage
of this method is that it matters less how the data gets divided. Every data
point gets to be in a test set exactly once, and gets to be in a training set k−1
times. The variance of the resulting estimate is reduced as k is increased. The
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disadvantage of this method is that the training algorithm has to be rerun
from scratch k times, which means it takes k times as much computation to
make an evaluation. A variant of this method is to randomly divide the data
into the test and the training set k different times. The advantage of doing
this is that you can independently choose how large each test set is and how
many trials you average over.

3 Sparse least trimmed squares method

As discussed, LASSO offers interpretable models but is not robust with re-
spect to the outliers. The breakdown point of LASSO is 1

n (see [1] for more
details); that is, only one single outlier can make the LASSO estimator com-
pletely unreliable. Therefore, robust alternatives are needed. In this situa-
tion, Alfons, Croux, and Gelper [1] suggested the sparse LTS estimator as
follows:

min
β,z

ψ(β, z) =
{
(y −Xβ)⊤Z(y −Xβ) + hλ

∑p
j=1 |βj |

}
s.t. z⊤e = h,

zi ∈ {0, 1}, i = 1, 2, . . . , n,

where λ is a penalty parameter. They showed that the breakdown point of
this estimator is n−h+1

n .

4 A penalized nonlinear mixed-integer programming
model in linear regression

As known, the condition number is an effective tool to check the existence
of multicollinearity [12]. The OLSE performs poorly in the presence of mul-
ticollinearity. Also, the existence of multicollinearity may lead to wide con-
fidence intervals for the individual parameters or their linear combinations,
and can produce estimators with wrong signs.

As known, if ai, i = 1, . . . , n denotes the ith column of A, then, for any i
and j, it can be seen that

κp(A) ≥
∥ai∥p
∥aj∥p

(4)

(see [12, Theorem 2.2.25]). Hence, we can write

κp(A) ≥
max

i=1,...,n
∥ai∥p

min
j=1,...,n

∥aj∥p
=def Ψp(A). (5)
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Now, based on the above inequality, it is reasonable to select a set of h ap-
propriate observations of the data that makes the computationally low cost
term Ψp(X

⊤ZX) as small as possible. Hence, we propose the computation-
ally low cost approximation κp(A) ≈ Ψp(A) and then, propose the following
approximation of model (3):

min
β,z

ψ(β, z) = (y −Xβ)⊤Z(y −Xβ) + µΨ(X⊤ZX)

s.t. z⊤e = h,
zi ∈ {0, 1}, i = 1, 2, . . . , n.

(6)

Here, the corresponding estimator is called the approximate LTS counter
multicollinearity (ALTSCM) estimator. As seen, the given optimization
model illustrates an NP-hard mixed-integer (having both continuous (β) and
(discrete) integer (z) variables) nonlinear programming problem for which the
classical methods are not practically efficient [4]. Note that in complexity
theory, NP-hardness is viewed as strong evidence that a problem is not poly-
nomially solvable [4]. As known, metaheuristic algorithms have attracted
special attention in developing efficiently robust computational procedures
for solving a vast variety of such problems. Among them there is the sim-
ulated annealing (SA) algorithm [4]. SA is a local search algorithm capable
of escaping from local optima by use of random hill-climbing moves in the
search process. It is very efficient in practice and well-developed in theory.
Motivated by these, here we use the SA algorithm to approximately compute
ALTSCM.

5 Numerical experiments

In this section, we investigate computational efficiency of the given estimator
firstly on a real data set and then, on a simulated data set.

5.1 A real data set related to the riboflavin vitamin B2
production in Bacillus subtilis

To illustrate usefulness of the suggested strategies, we consider the data set
about riboflavin vitamin B2 production in Bacillus subtilis, which can be
found in R package “hdi” [5]. Riboflavin is one of the B vitamins, which are
all water soluble. Riboflavin is naturally present in some foods, added to some
food products, and available as a dietary supplement. This vitamin is an es-
sential component of two major coenzymes, flavin mononucleotide (FMN; also
known as riboflavin-5’-phosphate), and flavin adenine dinucleotide (FAD).
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Figure 2: LASSO plots for the riboflavin data set.

There is a single real valued response variable, which is the logarithm of
the riboflavin production rate. Furthermore, there are p = 4088 explanatory
variables measuring the logarithm of the expression level of 4088 genes. There
is also one rather homogeneous data set from n = 7 samples that were hy-
bridized repeatedly during a fed batch fermentation process, where different
engineered strains and strains grown under different fermentation conditions
were analyzed. There is one rather homogeneous data set from n = 71 sam-
ples that were hybridized repeatedly during a fed batch fermentation process,
where different engineered strains and strains grown under different fermen-
tation conditions were analyzed. In Figure 2, the 10-fold cross-validation and
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Figure 3: Outlier detection plots for the riboflavin data set.

the coefficients estimation diagrams for different values of the penalty param-
eter are depicted. We plotted Figure 2 to find the best value of the LASSO
parameter (λn), which minimizes the CV criterion. As seen in Figure 2, the
minimal mean squared error, estimated by CV, is achieved at λn = 0.01. The
LASSO method selects 53 variables. Figure 3 produces the diagnostic plots
for a sequence of regression models, such as submodels along a robust sparse
least trimmed squares regression models for a grid of values for the penalty
parameter. In the normal Q-Q plot of the standardized residuals, a reference
line is drawn through the first and third quartiles. The index number of ob-
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servations with the largest distances from that line are identified by a label
(the observation number). In the plots of the standardized residuals versus
their index or the fitted values, horizontal reference lines are drawn at 0 and
±2.5. The index number of observations with the largest absolute values of
the standardized residuals is identified by a label (the observation number).
For the regression diagnostic plot, the robust Mahalanobis distances of the
predictor variables are computed via the minimum covariance determinant
(MCD) based on only those predictors with nonzero coefficients. Horizontal
reference lines are drawn at ±2.5 and a vertical reference line is drawn at
the upper 97.5% quantile of the chi-squared distribution with p degrees of
freedom, where p denotes the number of predictors with nonzero coefficients.
The index number of observations with the largest absolute values of the
standardized residuals and/or largest robust Mahalanobis distances are iden-
tified by a label (the observation number). According to Figure 3, it is clear
that there exist some outliers in the data and so, it is necessary to use the
robust methods same as the sparse LTS and ALTSCM methods for modeling
the data.

We reported the results for the three methods listed in Table 1, in which
we numerically calculated RSS = (y − ŷ)⊤(y − ŷ) and R2 = 1 − SSE/Syy
with ŷ = Xβ̂ and Syy =

∑n
i=1 zi(yi − ȳ)2. They are measures for the error

and goodness of prediction, respectively. It is clear that the penalized mixed-
integer method performs better than the other methods according to the
goodness of fit criteria.

5.2 A simulated data analysis

To examine the performance of the proposed estimators, we perform a sim-
ulation data study. For this purpose, the following model is considered with
n = 55, p = 450, and h = 41 (see [3] for more details):

y = Xβ + ϵ,

where

β = (β1,β2)
⊤, β1 = (−1.5, 2, 2.5, 4,−3, 5)⊤, β2 (444×1) ∼

i.i.d.

N (0, 1),

x1, . . . ,x450 ∼ N450(1450, I450),

ϵ = (ϵ1, ϵ2)
⊤, ϵ1 (h×1) ∼ N (0, 1), ϵ2 ((n−h)×1) ∼

i.i.d.

t2(8),

where tm(δ) is the noncentral t-student distribution with m degrees of free-
dom and noncentrality parameter δ.

We produced the first h and the last n−h error terms as random variables
from dependent normal and independent noncentral t-student distributions,

IJNAO, Vol. 12, No. 1, (2022), pp 173-186



A heuristic algorithm to combat outliers and multicollinearity in regression ... 183

Method LASSO Sparse LTS ALTSCM

Effective genes Estimation Effective genes Estimation Effective genes Estimation

Intercept 0.6712 Intercept 0.3093 Intercept –
ARGF_at -0.1911 CHED_at -0.0895 ABH_at 0.0124
DNAJ_at -0.1364 CSBA_at 0.0546 ALD_at 0.0124
GAPB_at 0.0380 CTAA_at 0.0336 AMYC_at 0.0205
LY SC_at -0.2977 DEAD_at -0.1260 ARGB_at -0.0132
PKSA_at 0.0236 MREBH_at -0.0819 ARGF_at -0.0177
PRIA_at 0.0982 SPOIISB_at 0.0248 ARGG_at -0.0133
SPOIIAA_at 0.0224 THIK_at -0.2799 ARGH_at -0.0160
SPOV AA_at 0.2652 XKDI_at 0.0001 BIOB_at -0.0133
THIK_at -0.0051 XKDS_at 0.0988 CARA_at -0.0140
XHLB_at 0.1608 Y CDH_at -0.0018 CARB_at -0.0145
Y ACN_at -0.0404 Y CGM_at -0.0257 GAPB_at 0.0130
Y BFI_at 0.1329 Y CGP_at -0.0168 GSIB_at -0.0129
Y CDH_at -0.0067 Y CKJ_at -0.0761 NDK_at -0.0129
Y CGO_at -0.0057 Y DAR_at -0.0175 PAND_at -0.0128
Y CKE_at 0.0092 Y DBM_at -0.3054 PBUX_at 0.0140
Y CLB_at 0.1994 Y FLL_at -0.0542 PHRI_r_at -0.0128
Y CLF_at -0.0533 Y HCB_at -0.1021 PTSG_at -0.0120
Y DDH_at -0.0176 Y HCL_at -0.0850 SIGY _at -0.0155
Y DDK_at -0.1142 Y HDO_at -0.0762 SSPA_at -0.0122
Y EBC_at -0.5347 Y JBJ_at -0.1005 Y BGB_at -0.0139
Y FHE_r_at 0.1451 Y JCJ_at 0.2446 Y CDH_at -0.0307
Y FII_at 0.0100 Y KUH_at 0.2855 Y CGM_at -0.0183
Y FIO_at 0.1588 Y ORB_i_at 0.0519 Y CGN_at -0.0206
Y FIR_at 0.0441 Y QET_at -0.0217 Y CGO_at -0.0207
Y HDS_r_at 0.1452 Y RZI_r_at 0.0109 Y CIC_at -0.0229
Y KBA_at 0.1108 Y TGB_at -0.0203 Y DDH_at -0.0131
Y KV J_at 0.0237 Y UIA_at 0.0113 Y FMH_r_at -0.0164
Y LXW_at 0.0731 Y V BY _at 0.0420 Y HDS_r_at 0.0166
YMFE_at 0.0183 YWQD_at -0.0098 Y HFH_r_at 0.0178
Y OAB_at -0.8123 Y XEL_at -0.0442 Y HZA_at -0.0396
Y PGA_at -0.0102 Y XLD_at -0.0389 Y OEBat -0.0122
Y QJT_at 0.0415 Y XLE_at -0.1714 Y OPSat 0.0149
Y QJU_at 0.2320 Y OQX_i_at 0.0155
Y RV J_at -0.0547 Y PUD_at 0.0349
Y TGB_at -0.0390 Y PUF_at 0.0248
Y UID_at 0.0134 Y PUG_at 0.0208
Y URQ_at 0.0245 Y RPE_at -0.0150
Y XLD_at -0.2005 Y RZI_r_at 0.0173
Y XLE_at -0.1068 Y TGA_at -0.0168
Y Y BG_at -0.0781 Y TGB_at -0.0191
Y Y DA_at -0.1042 Y TGC_at -0.0129

Y TGD_at -0.0198
Y TIA_at -0.0290
Y USA_at -0.0126
Y XLC_at -0.0204
Y XLD_at -0.0270
Y XLE_at -0.0270
Y XLF_at -0.0194
Y XLG_at -0.0216

RSS 594.0313 25.6582 0.1487
R2 0.6519 0.9093 0.9458

Table 1: Results of the proposed estimators for the riboflavin data set
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respectively. Such data generating method makes the outliers to appear on
one side of the true regression hyperplane, corrupting the nonrobust estima-
tors by tending them to the outliers.

In Table 2, we have reported the results. To save space, the estimations of
nonzero coefficients are just reported in Table 2. Also, the outliers are shown
in Figure 4. As seen, ALTSCM is again preferable to the other methods.

 

  

Figure 4: Outlier detection plots for the simulated data set.
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Method LASSO Sparse LTS ALTSCM
Parameters

β1 0.00000 0.00000 -1.44790
β2 0.00000 0.00000 1.98652
β3 2.08386 2.69022 2.48500
β4 3.83184 3.47647 4.01102
β5 -3.01472 -2.03737 -2.99656
β6 2.27159 2.87485 4.94529
RSS 4203.47 2850.05 4.71450
R2 0.14287 0.41885 0.93325

Table 2: Results of the proposed estimators for the simulated data set

6 Conclusions

We dealt with a computationally low cost nonlinear mixed-integer optimiza-
tion model to combat both the outliers and multicollinearity effects in the
high dimensional regression. Suggesting an approximation for the condition
number, our model also has a simple (LTS-based) structure. We used the
simulated annealing algorithm to solve the model effectively. Computational
tests showed that the given estimator (ALTSCM) is practically promising.
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Heuristic solutions for interval-valued
games

R.K. Gupta∗ and D. Khan

Abstract
When we design the payoff matrix of a game on the basis of the available
information, then rarely the information is free from impreciseness, and as
a result, the payoffs of the payoff matrix have a certain amount of ambi-
guity associated with them. In this work, we have developed a heuristic
technique to solve two persons m× n zero-sum games (m > 2, n > 2), with
interval-valued payoffs and interval-valued objectives. Thus the game has
been formulated by representing the impreciseness of the payoffs with in-
terval numbers. To solve the game, a real coded genetic algorithm with
interval fitness function, tournament selection, uniform crossover, and uni-
form mutation has been developed. Finally, our proposed technique has
been demonstrated with a few examples and sensitivity analyses with re-
spect to the genetic algorithm parameters have been done graphically to
study the stability of our algorithm.

AMS subject classifications (2020): 45D05; 42C10; 65G99.

Keywords: Two persons zero sum game; Interval-valued payoffs; Genetic
Algorithm; Order relations.

1 Introduction

In this paper, an effort has been made to solve two persons m× n zero-sum
games (m < 2, n < 2), with interval-valued payoffs and interval-valued ob-
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jectives. A payoff matrix with interval-valued payoffs has been considered.
Normally, when we design the payoff matrix of a game on the basis of the
available information, then rarely the information is free from impreciseness/
vagueness, and as a result, the payoffs of the payoff matrix have a certain
amount of ambiguity associated with them [8]. Due to this reason, the payoff
received by a player as the result of interaction between any of his strate-
gies with any strategy of his competitor is assumed to be interval-valued.
Out of the several types of researches done on games, a large fraction has
been based on two-person games like Blackwell’s work considering vector pay-
offs [4], Zeleny’s investigation on games with multiple payoffs, and so on [32].
Nishizaki and Sakawa [25] worked on two persons zero sum games with multi-
ple goals. Since the end of the last century, especially in the last two decades,
researchers have given more emphasis on multiobjective games, considering
impreciseness in payoffs and goals. In the majority of these researches, the
impreciseness has been represented and dealt with the help of the fuzzy ap-
proach. Researchers like Aubin [1, 2], Butnariu [5, 6], Campos [7], Nishizaki
and Sakawa [26], Bector and Chandra [3], Vijay et al. [31], Cunlin and Qiang
[11], Dutta and Gupta [12], Gong and Hai [15], Chandra and Aggarwal [10],
Li [18, 19], Roy and Mondal [28], Jiang et al. [17], Qiu et al. [27], Madandar
et al. [21] have all significantly contributed to the researches on the fuzzy
games.

However, in the case of fuzzy approach, the user arbitrarily defines the
shapes of fuzzy numbers. It is assumed that the constraints, objectives, and
parameters are fuzzy sets and that the membership functions are known to
the user/decision-maker. However, sometimes the user or the decision-maker
is unable to specify the membership function accurately and hence, has to
resort to an arbitrary approach. On the other hand, while dealing with impre-
ciseness using interval numbers, one can be absolutely sure that the interval
results will always contain the exact result irrespective of whether its upper
boundary and lower boundary are overestimated. No scope for subjectivity is
present in this case. Thus in a way, the interval approach has some distinct
advantages over the fuzzy approach. Because of this, in this paper, we have
dealt with the impreciseness with the help of the interval approach; that is,
the imprecise payoffs have been represented by interval numbers. The ob-
jective function of the game is also interval-valued. In this paper, a genetic
algorithm (GA) based heuristic technique of solving two persons zero sum
games with interval-valued payoffs and objectives has been proposed, that is,
to solve the game a real coded GA with interval fitness function, tournament
selection, uniform crossover, and uniform mutation has been developed. GA
is a widely popular heuristic search and optimization technique, first devel-
oped by Prof. J. H. Holland, University of Michigan. Currently, there are
several textbooks on GAs by authors like Goldberg [14], Michalewicz [24],
Sakawa [29], Gen and Cheng [13] and others. While implementing GA to
solve the game, for selection operation and also for finding the best chromo-
some in each generation, we have used the concepts of interval arithmetic
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and order relation of interval number. The contributions of researchers like
Ishibuchi and Tanaka [16], Chanas and Kuchta [9], Sengupta and Pal [30],
Mahato and Bhunia [22] in defining ordered relations of interval-valued num-
bers are worth mentioning.

2 Concepts of interval numbers and their comparisons

Let K = [kL, kR] = {x : kL ≤ x ≤ kR, kL, kR, x ∈ R} be an interval-valued
number, where kL and kR are the left and right boundaries of K, respectively.
Also, assume that K = ⟨kC, kr⟩ = {x : kCkr ≤ x ≤ kC + kr, , x ∈ R}, where
kC = (kL + kR)/2 and kr = (kR − kL)/2, are perspectively the center and
radius of the interval, and R is the set of real numbers. If there are two
closed interval numbers K and G(= [gL, gR]) and ∆ ∈ (+,−, 0, 1) is a binary
operation on the set of real numbers, then the binary operation on interval
K and G is defined by K∆G = {k∆g : k ∈ K and g ∈ G}. In the case of
division, it is assumed that 0 /∈ G. Thus,

(i) K +G = [kL + gL, kR + gR],

(ii) K −G = [kL − gR, kR − gL],

(iii) λK =

{
[λkL, λkR] if λ ≥ 0,

[λkR, λkL] if λ < 0,
where λ is a real number.

(iv) K ×G = [kL, kR]× [gL, gR]

=

{
[Min(kLgL, kLgR, kRgL, kRgR),Max(kLgL, kLgR, kR, gL, kRgR)],

[kLgL, kRgR], only if kL ≥ 0 and gL ≥ 0.

Considering the optimistic decision making for maximization problems, the
order relation ≥omax between the intervals K and G is defined as

(v) K ≥omax G if and only if kL ≥ gL,

(vi) K > omaxG if and only if K ≥omax G and K ̸= G.
Considering the pessimistic decision-making for minimization problems,
the order relation >pmax between the intervals K = [kL, kR] = ⟨kC , kr⟩
and G = [gL, gR] = ⟨gc, gr⟩ may be defined as

(vii) K >pmax G if and only if kC > gC , when intervals K and G are either
disjoint or partially overlapping.

(viii) K >pmax G if and only if kC ≥ gC and kr < gr when interval K is
contained in interval G.
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3 Methodology and formulation

A popular and simple case of game theory is two persons zero sum game
in which it is assumed that two players are involved, each having a finite
number of strategies, and the algebraic sum of the gains and losses of those
two players is equal to zero, that is, due to the interaction of any pair of
strategies of the competitive players (say A and B), the amount received by
one player is exactly equal to the losses of the other player. This can be
illustrated with the following the m× n matrix:

M =

a11 · · · a1n
... . . . ...

am1 · · · amn


where M ∈ Rm×n is an m×n real payoff matrix of player A. Here RU is the
U -dimensional Euclidean space and aij is the payoff of player A, when player
A plays the strategy i and player B plays the strategy j.
A mix strategy of player A is given by the vector x in Rm

+ , that is, nonnegative
orthant of Rm, such that

x
∼
tem = 1 where em =


1
1
...
1


m×1

and x
∼
=


x1

x2

...
xm


m×1

≥ 0
∼
.

Thus if Sm is the strategy space of player A, then Sm = {x
∼
∈ Rm

+ , x
∼
t em = 1}.

Similarly, the strategy space of player B is given by Sn = {y
∼
∈ Rn

+, y∼
t en =

1}.
Here, the vector y

∼
denotes a mix strategy of player B such that y

∼
t en = 1.

If player A plays the mix strategy x
∼

and B plays the mix strategy y
∼

, then
the expected payoff of player A is given by xtMy =

∑m
i=1

∑n
j=1 aijxiyj .

The player A’s mix strategy x
∼
# is said to be his optimal strategy if x

∼
t M y

∼
# ≤

x
∼
# M y

∼
# for all x

∼
∈ Sm, where y

∼
# is B optimal strategy.

Similarly, the player B’s strategy y
∼
# is said to be optimal strategy if

x
∼
#t

M y
∼
≥ x

∼
#t

M y
∼
# for all y

∼
∈ Sn.

Thus player A’s objective is to determine the optimum values of xi’s in such
a manner that it can maxi-min its expected payoff for any values of the
elements of the vector y that player B chooses.
Hence from player A’s point of view, the game can be expressed by the

IJNAO, Vol. 12, No. 1, (2022), pp 187-200



Heuristic solutions for interval-valued games 191

following problem:

Max Z(x
∼
) =

n

Min
j=1

m∑
i=1

aijxi (1)

subject to x
∼
t em = 1

x
∼
t ≥ 0

∼
.

From B’s side, we have

Min U(y
∼
) =

m

Max
i=1

n∑
j=1

aijyj (2)

subject to y
∼
ten = 1.

However, as discussed in the introduction section in real-life situation, the
payoffs are generally imprecise, and here we have represented them by
interval-valued numbers, that is, aij = [aijL , aijR ].
Thus

m∑
i=1

aijxi =

m∑
i=1

[aijL , aijR ]xi =

[
m∑
i=1

aijLxi,

m∑
i=1

aijRxi

]
.

Hence (1) becomes

Max Z(x
∼
) =

n

Min
j=1

[
m∑
i=1

aijLxi,

m∑
i=1

aijRxi

]
,

subject to x
∼
tem = 1

x
∼
t ≥ 0

∼
.

From B’s point of view, the problem is

Min U(y
∼
) =

m

Max
i=1

 m∑
j=1

aijLyj ,

m∑
j=1

aijRxj


subject to y

∼
ten = 1

y
∼
t ≥ 0

∼
.

4 Solution procedure

We have developed a real-coded GA for solving the interval-valued game.
The main algorithm and the broad working principle of GA are widely pop-
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ular and are available in several books and journal papers. Hence, we do not
present it here anymore. However, the finer details of its basic components
like “representation of chromosome”, “initialization of population”, “evalu-
ation function”, “Selection process”, and “Genetic operators (crossover and
mutation)” are explained below in brief. Furthermore, here we explain the
GA developed for solving the problem from player A’s side. For solving the
problem from player B’s side, an almost similar approach is adopted.
In the problem formulated by us, from player A’s side, there are “m” (≥ 2)
continuous decision variables (each representing the probabilities with which
each of the “m” strategies is played by player A). Hence the ith chromosome
is represented by a real row matrix Xi(A) = [Xi1, Xi2, . . . , Xim, ], where
Xi1, Xi2, . . . , Xim (such that

∑m
j=1 Xij = 1 & 0 ≤ Xij ≤ 1 for all j =

1, 2, . . .m, ) represent the decision variables, x1, x2, . . . , xm, respectively, of
the problem.
After representing the chromosomes, the population size (popsize) numbers
of chromosomes have been initialized.
In this problem, for each chromosome, the first component (gene), that is,
Xi1, is initialized by randomly generating a real number between 0 and 1.
Then, Xi2 is initialized by randomly generating a real number between 0
and (1 − Xi1). Similarly, Xi3 is initialized by randomly generating a real
number between 0 and 1− (Xi1 +Xi2), and so on, until the value of the
last component is taken as Xim = {1 −

∑m−1
j=1 Xij}. For each component

of each chromosome, random numbers have been selected by using uniform
distribution.

In the evaluation function, the fitness value for each chromosome (i.e.,
a potential solution) is calculated. In our work, the fitness value for each
chromosome is considered to be the value of the objective function corre-
sponding to it. Using the selection operation, the below-average solutions
are eliminated from the population for the next generation. In this work,
the tournament selection scheme of size two with replacement has been im-
plemented. In this selection scheme, at first, two chromosomes are randomly
selected. Then out of these two chromosomes, the better chromosome (i.e.,
one having the better fitness value) is finally selected for the next generation.
The selection of a better chromosome is made on the basis of definitions (vii)
and (viii) (discussed under section 2) of order relations between two interval
numbers as the objective function of optimization problem be interval valued.
Once the selection process is complete, the surviving chromosomes become
eligible to take part in crossover operation, in which at the time two parent
chromosomes get involved to generate offspring. These offspring possess the
features of both the parent chromosomes. Here we have denoted the prob-
ability of crossover by pobcross. In this work, the crossover operation (as
shown in Figures 1 and 2) is done in the following manner:
At first, pobcross* popsizeis is found and its integral value is stored in variable
V .
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(i) Then two chromosomes Xi(A) and Xq(A) are randomly selected from
the population for crossover. For creating the rth (r = 1, 2, . . . ,m)

component X
/
ir and X

/
qr of the two offspring, the following procedure

is adopted.

(ii) A real number “hr” is randomly generated between 0 and |Xir −Xqr|.

(iii) If Xir > Xqr, then X
/
ir = Xir − hr and X

/
qr = Xqr + hr.

Otherwise, if Xir < Xqr, then X
/
ir = Xir + hr and X

/
qr = Xqr − hr.

The above steps [(i) –(iii)] are repeated for V/2 times. Let the parent chromo-
somes be Xi(A) and Xq(A), as shown below in Figure 1: Now if it is assumed

Figure 1: The parent chromosomes

that Xi1 < Xq1, Xi2 > Xq2, and Xim < Xqm, then the child chromosomes
X

/
1 (A) and X

/
q (A) will be given by (as shown below in Figure 2): By apply-

Figure 2: The child chromosomes

ing the mutation operation to a single chromosome, random variations have
been injected into the population. The objective of mutation is to push the
population slightly towards a better path. Here uniform mutation has been
used and the probability of mutation has been denoted by pobmute.
If the elements (genes) Xiw and Xit of chromosome Xi are selected for mu-
tation, then |Xiw −Xit| = b(say) is first calculated. Then the modified value
of Xiw and Xit are given by

X ′
iw =

(
Xiw +∆(b), if Xit > Xiw,
Xiw −∆(b), if Xit < Xiw,

and X ′
it =

(
Xit +∆(b), if Xiw > Xit,
Xit −∆(b), if Xiw < Xit,

IJNAO, Vol. 12, No. 1, (2022), pp 187-200



194 Gupta and Khan

where w ∈ {1, 2, . . . ,m}, t ∈ {1, 2, . . . ,m}, and ∆(b) = a is a random real
number between [0, b].

5 Numerical example

We have considered three examples and solved them with the proposed GA.
Except for Example 3, in the other two examples, the payoffs are considered
as interval-valued. However, in Example 3, they are considered as fixed (by
taking identical values for the left boundaries and right boundaries of the
intervals).The values of the parameters considered in these examples are all
feasible, although they have not been selected from any case study. In each of
the examples, 20 independent runs have been performed by the proposed GA,
of which the best value of the game has been taken and the corresponding
mix strategies of both the players are determined and displayed in Tables 1–6.
The following values of GA parameters are used in this work: popsize = 100,
pobcross = 0.95, pobmute = 0.15, maxgen = 1000.

Example 1.

M1 =

 [2, 7, 3, 3] [0, 8] [−3,−1]
[−5,−1] [0, 0] [0, 2]

[−1.5,−0.5] [−6,−2] [0.25, 3.75]



Mixed Strategy of player A i.e.x
∼

Value of the game in interval Expected value of the game, i.e.,
form [Obj L, Obj R] center value of [Obj L, Obj R]

x
∼
=

0.4038460.230769
0.365385

 [−1.120192, 1.427885]
[−2.192308, 2.500000] 0.153846
[−0.611539, 0.919231]

Table 1: Solution for player A

Mixed strategy of player B, i.e., y
∼

Value of the game in interval Expected value of the game, i.e.,
form [Obj L, Obj R] center value of [Obj L, Obj R]

y
∼
=

0.1538460.230769
0.615385

 [−1.1738462, 1.430769]
[−1.769231, 1.461538] −0.153846
[−0.076923, 0.769231]

Table 2: Solution for player B

Example 2.

M2 =

[1, 5] [−2, 6] [7, 9]
[3, 7] [7, 7] [3, 5]
[4, 8] [0, 1] [3, 3]


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Mixed strategy of player A, i.e., x
∼

Value of the game in interval Expected value of the game, i.e.,
form [Obj L, Obj R] center value of [Obj L, Obj R]

x
∼
=

0.2254900.598039
0.176471

 [2.725490, 6.725490]
[3.901961, 5.549020] 4.725490

Table 3: Solution for player A

Mixed strategy of player B, i.e., y
∼

Value of the game in interval Expected value of the game, i.e.,
form [Obj L, Obj R] center value of [Obj L, Obj R]

y
∼
=

0.6078430.039216
0.352941

 [−6.450980,−3.000000]
[−6.294117,−3.156863] −4.725490

Table 4: Solution for player B

Example 3.

M3 =

[5, 5] [7, 7] [4, 4] [10, 10][4, 4] [3, 3] [7, 7] [2, 2]
[7, 7] [2, 2] [5, 5] [6, 6]


Mixed strategy of player A, i.e., x

∼
Value of the game in interval from Expected value of the game, i.e.,
[Obj L, Obj R] center value of [Obj L, Obj R]

x
∼
=

0.5483870.290323
0.161290

 [5.032258, 5.032258] 5.032258

Table 5: Solution for player A

Mixed strategy of player B, i.e., y
∼

Value of the game in interval from Expected value of the game, i.e.,
[Obj L, Obj R] center value of [Obj L, Obj R]

y
∼
=


0.354839
0.225806
0.413955
0.000000

 [−5.032258,−5.032258] −5.032258

Table 6: Solution for player B

6 Sensitivity analysis

The outcome of this work is heavily dependent on the stability, convergence,
and efficiency of the algorithm proposed by us. Hence, to study this stability,
by considering Example 1, the sensitivity of the “expected value of the game”
(from player A’s point of view) have been analyzed graphically with respect
to GA parameters like pobcross, pobmute, maxgen and pobsize separately,
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keeping the other parameters at their original values. Figures 3–6 reveal that
the result of Example 1, obtained by the GA proposed by us, is stable over
a large range of the GA parameters mentioned above.

Figure 3: Expected value of the game for player A vs popsize

Figure 4: Expected value of the game for player A vs maxgen

Figure 3 shows that when pobcrossis fixed at 0.95, pobmuteat 0.15 and
maxgenat 1000, then the expected value of the game is fairly stable when
the popsizeis equal to or above 43. Similarly, it is evident from Figure 4
that when pobcross, pobmute and pobsize are kept at their original values,
then once the value of maxgen goes above 452 mark. Moreover, the expected
value of the game becomes perfectly horizontal and thus confirms that it is
perfectly stable. Similarly, from Figures 5 and 6, it is clear that the expected
value of the game is stable when the value of pobcrossis greater or equal to
0.72 and the value of pobmuteis greater or equal to 0.1.
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Figure 5: Expected value of the game for player A vs pobcross

Figure 6: Expected value of the game for player A vs pobmute

7 Conclusion

In this paper, a heuristic technique has been developed to solve two per-
sons m × n zero sum games (m > 2, n > 2), with interval-valued payoffs
and interval-valued objectives. It is a well-known fact that during the design
phase of the payoff matrix of a game rarely the available information is free
from impreciseness. Because of this impreciseness, the payoffs of the pay-
off matrix have a certain degree of ambiguity present in them. To address
this impreciseness-driven ambiguity in payoffs and goals, since the end of the
last century, several types of research have been done in two persons zero
sum games with the help of fuzzy approach. However, as discussed in the
“Introduction” section of this paper, the interval approach has some distinct
advantages over the fuzzy approach. While dealing with impreciseness us-
ing the interval approach, one can be absolutely sure that the interval result
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will always contain the exact result irrespective of whether its upper bound-
ary and lower boundary are overestimated. Hence, in this work, we have
addressed the said impreciseness with the help of interval-valued numbers
and thus formulated the game with interval-valued payoffs and objectives.
To solve the game, a real coded GA with interval fitness function, tourna-
ment selection, uniform crossover, and uniform mutation has been developed.
Finally, a few numerical examples have been solved with the help of the de-
veloped GA and to study the stability of the GA, sensitivity analyses with
respect to different GA parameters have been done and shown graphically.

References

1. Aubin, J.P. Mathematical Methods of Game and Economic Theory,7.
North-Holland Publishing Co., Amsterdam-New York, 1979.

2. Aubin, J. P. Cooperative fuzzy game, Math. Oper. Res. 6 (1981), no. 1,
1–13.

3. Bector, C.R. and Chandra, S. Fuzzy Mathematical Programming and Fuzzy
Matrix Game, Springer-Verlag, Berlin, Heidelberg, 2005.

4. Blackwell, D. An analog of the minimax theorem for vector payoffs, Pacific
J. Math. 6 (1956), 1–8.

5. Butnariu, D. Fuzzy games: a description of the concept, Fuzzy Sets and
Systems 1 (1978), no. 3, 181–192.

6. Butnariu, D. Stability and Shapley value for an n-persons fuzzy game,
Fuzzy Sets and Systems 4 (1980), no. 1, 63–72.

7. Campos, L. Fuzzy linear programming models to solve fuzzy matrix games,
Fuzzy Sets and Systems 32(3) (1989), 275–289.

8. Cevikel, A.C. and Ahlatçıoğlu, M. Solutions for fuzzy matrix games, Com-
put. Math. Appl. 60(3) (2010), 399–410.

9. Chanas, S. and Kuchta, D. Multiobjective programming in the optimization
of interval objective functions-A generalized approach, Eur. J. Oper. Res.
94 (1996) 594–598.

10. Chandra, S. and Aggarwal, A. On solving matrix games with pay-offs of
triangular fuzzy numbers: Certain observations and generalizations, Eur.
J. Oper. Res. 246(2015) 575–581.

11. Cunlin, L. and Qiang, Z. Nash equilibrium strategy for fuzzy non-
cooperative games, Fuzzy Sets and Systems 176 (2011), 46–55.

IJNAO, Vol. 12, No. 1, (2022), pp 187-200



Heuristic solutions for interval-valued games 199

12. Dutta, B. and Gupta, S.K. On Nash equilibrium strategy of two-person
zero-sum games with trapezoidal fuzzy payoffs, Fuzzy Inf. Eng. 6 (2014),
no. 3, 299–314.

13. Gen, M. and Cheng, R. Genetic algorithms and engineering optimization,
John Wiley & Sons Inc., 2000.

14. Goldberg, D.E. Genetic algorithms: Search, optimization and machine
learning, reading, MA: Addison Wesley, 1989.

15. Gong, Z. and Hai, S. The interval-valued trapezoidal approximation of
interval-valued fuzzy numbers and its application in fuzzy risk analysis, J.
Appl. Math. (2014) 1–22.

16. Ishibuchi, H. and Tanaka, H. Multiobjective programming in optimization
of the interval objective function, Eur. J. Oper. Res. 48 (1990) 219–225.

17. Jiang, W., Xie, C., Luo, Y. and Tang, Y. Ranking Z-numbers with an
improved ranking method for generalized fuzzy numbers, J. Intell. Fuzzy
Syst. 32(2017) 1931–1943.

18. Li, D.F. An effective methodology for solving matrix games with fuzzy
payoffs, IEEE Transaction 43 (2013) 610–621.

19. Li, D.F. Linear programming models and methods of matrix games with
payoffs of triangular fuzzy numbers. Studies in Fuzziness and Soft Com-
puting, 328. Springer, Heidelberg, 2016.

20. LotfiKatooli, L. and Shahsavand, A. A reliable approach for terminating
the GA optimization method, Iranian Journal of Numerical Analysis and
Optimization, 7(1), (2017), 83–105.

21. Madandar, F., Haghayeghi, S. and Vaezpour, S.M. Characterization of
Nash equilibrium strategy for heptagonal fuzzy games, Int. J. Anal. Appl.,
16 (3) (2018) 353–367.

22. Mahato, S.K. and Bhunia, A.K. Interval-arithmetic-oriented interval
computing technique for global optimization, AMRX Appl. Math. Res.
Express 2006, Art. ID 69642, 19 pp.

23. Mazraeh, H.D. and Pourgholi, R. An efficient hybrid algorithm based
on genetic algorithm (GA) and Nelder Mead (NM) for solving nonlin-
ear inverse parabolic problem, Iranian Journal of Numerical Analysis and
Optimization 8 (2018), 119–140.

24. Michalewicz, Z. Genetic algorithms + data structure= evaluation pro-
grams, Berlin: Springer Verlag, 1996.

25. Nishizaki, I. and Sakawa, M. Two-person zero-sum games with multiple
fuzzy goals, J. Fuzzy Theory Systems 4 (3) (1992), 289–300.

IJNAO, Vol. 12, No. 1, (2022), pp 187-200



200 Gupta and Khan

26. Nishizaki, I. and Sakawa, M. Fuzzy and multiobjective games for conflict
resolution, Studies in Fuzziness and Soft Computing, 64. Physica-Verlag,
Heidelberg, 2001.

27. Qiu, D., Xing, Y. and Chen, S. Solving fuzzy matrix games through a
ranking value function method, Journal of Mathematics and Computer
Science (JMCS) 18 (2018) 175–183.

28. Roy, S.K. and Mondal, S.N. An approach to solve fuzzy interval valued
matrix game, Int. J. Oper. Res. 26(3) (2016), 253–267.

29. Sakawa, M. Genetic algorithms and fuzzy multiobjective optimization,
Operations Research/Computer Science Interfaces Series, 14. Kluwer Aca-
demic Publishers, Boston, MA, 2002.

30. Sengupta, A. and Pal, T.K. Theory and methodology on comparing in-
terval numbers, Eur. J. Oper. Res.127 (2000) 28–43.

31. Vijay, V., Chandra, S. and Bector, C.R. Matrix games with fuzzy goals
and fuzzy payoffs, Omega: The International Journal of Management 33
(2005) 425–429.

32. Zeleny, M. Games with multiple payoffs, Internat. J. Game Theory 4
(1975), no. 4, 179–191.

How to cite this article
Gupta, R., Khan, D. Heuristic solutions for interval valued games. Iranian
Journal of Numerical Analysis and Optimization, 2022; 12(1):187 -200. doi:
10.22067/ijnao.2021.71321.1048

IJNAO, Vol. 12, No. 1, (2022), pp 187-200



Iranian Journal of Numerical Analysis and Optimization
Vol. 12, No. 1, (2022), pp 201-227
DOI:10.22067/ijnao.2021.68926.1016
https://ijnao.um.ac.ir/

How to cite this article
Research Article

Using Mott polynomials operational
matrices to optimize multi-dimensional

fractional optimal control problems

S.A. Alavi∗, A.R. Haghighi, A. Yari and F. Soltanian

Abstract

We offer a method for solving the fractional optimal control problems of
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1 Introduction

Over the last years, many researchers have developed fractional calculus and
its applications in physics, chemistry, engineering, and so on; see [2, 7, 8,
12]. A fractional dynamic system (FDs) is a system whose dynamics are
expressed by fractional differential equations, and a fractional optimal control
problem (FOCP) is an optimal control problem for an FDs [4, 26]. The
theory of optimal control is an area in mathematics that has been developing
for years, but the theory of fractional optimal control is a new area. Several
authors studied this field [1, 3, 9, 22]. Some applications of FOCPs are given
in [10, 19]. In most papers, one-dimensional FOCPs are considered where
the problem is only with one state, one control variable, and one fractional
differential equation [14, 15, 28]. In recent years, the use of different methods
for solving optimal control problems has been considered by some researchers.
A new numerical approach for solving FOCPs, including state and control
inequality constraints using new biorthogonal multiwavelets, was made by
Ashpazzadeh, Lakestani, and Yildirim [6]. In this paper, we consider FOCPs
in the Caputo sense with multi-dimensional variables. In this method, the
state and the control vectors do not necessarily have only one dimension.

An FOCP can be defined with respect to different definitions of fractional
derivatives. Most important types of fractional derivatives are the Riemann–
Liouville and the Caputo. In this paper, we consider the multi-dimensional
FOCP as follows:
Determinate states X(t) ∈ Rn and controls U(t) ∈ Rk, which

Min J(t,X(t), U(t)) =

∫ 1

0

f(t,X(t), U(t))dt, (1)

subject to

Dαxi(t) = gi(t,X(t), U(t)), 0 < α ≤ 1, 0 < t ≤ 1, i = 1, . . . , n, (2)

and satisfy the initial condition

X(0) = X0, (3)

where

X(t) = [x1(t), . . . , xn(t)]
T , U(t) = [u1(t), . . . , uk(t)]

T , (4)

X0 = [x0,1(t), . . . , x0,n(t)]
T , and also f, gi : [0, 1]×Rn×Rk → R are poly-

nomial functions. The above problem reduces to a standard optimal control
problem, when α = 1.

The main purpose is to generalize the Mott operational matrix to frac-
tional calculus. In the present work, we use Mott polynomials (MPs) for
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solving FOCPs. The method consists of expanding the solution by MPs with
the unknown coefficients. The properties of MPs are used to evaluate the
unknown coefficients and find an approximate solution for X(t) and U(t)
in the problem. Also, illustrative examples are included to demonstrate the
applicability of the new approach.

This article is organized as follows. Section 2 presents some of the pre-
liminaries in fractional calculus. Section 3 describes the MPs and function
approximation. We make an operational matrix for fractional integration,
derivative, and multiplication by MPs in Section 4. In Section 5, we apply
the MPs to solve multi-dimensional FOCPs. In Section 6, the convergence
of the proposed method is discussed. In Section 7, the numerical examples
are simulated to demonstrate the high performance of the proposed method.
Finally, Section 8 concludes our work.

2 Some preliminaries in fractional calculus

This section provides some basic definitions of the fractional calculus.

Definition 1. We define from [11] Cµ =
{
f(t) : f(t) > 0 for t > 0, f(t) =

tpf1(t) where p > µ, f1 ∈ C[0,∞)
}

and Cn
µ =

{
f(t) : f (n)(t) ∈ Cµ

}
, where

n ∈ N and µ ∈ R.

Definition 2. The Riemann–Liouville fractional integral operator of order
α ≥ 0 of a function f ∈ Cµ, µ ≥ 1, is defined as [11]

0I
α
t f(t) =


1

Γ(α)

∫ t

0
(t− s)α−1f(s)ds, α > 0, t > 0,

f(t), α = 0,
(5)

and for n − 1 < α ≤ n, n ∈ N, t > 0, f ∈ Cn
−1, the fractional derivative of

f(t) in the Caputo sense is defined as

c
0D

α
t f(t) = In−αDnf(t)

=


1

Γ(n− α)

∫ t

0
(t− s)n−α−1 dn

dsn
f(s)ds, n− 1 < α < n, n ∈ N,

f (n)(t), α = n, n ∈ N,

(6)

where Dn is the nth-order derivative.

Definition 3. For f ∈ Cµ, µ ≥ −1, α, β ≥ 0, we have [27]

0I
α
t t

γ =
Γ(γ + 1)

Γ(γ + α+ 1)
tγ+α, (7)
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and for n − 1 < α ≤ n, n ∈ N, t > 0, f ∈ Cn
µ , µ ≥ −1, also, we have the

following properties:

1. c
0D

αIαf(t) = f(t),

2. Iα c
0D

αf(t) = f(t)−
n−1∑
j=0

f (t) (0+)
xk

k!
,

3. c
0D

βf(t) = Iα−βDαf(t).

3 MPs

The MP sn(t) is defined by (see [21, 23, 25])

sn(t) = (−1)n
(
t

2

)n

(n− 1)!

h(n
2 )∑

k=0

(
n

k

)
(−1)k

t−2k

(n− 2k − 1)!
, (8)

where

h
(n
2

)
=


n

2
if n is even,

n

2
− 1

2
if n is odd.

From the above definition, it is obvious that s0(t) = 1 ̸= 0. For this reason
sn(t) is a Sheffer set [29]. The first few MPs are

s0(t) = 1,

s1(t) = −1

2
t,

s2(t) =
1

4
t2,

s3(t) =
3

4
t− 1

8
t3,

s4(t) = −3

2
t2 +

1

16
t4,

s5(t) = −15

2
t+

15

8
t3 − 1

32
t5.

Now we define the vector Ar, for r = 0, 1, . . . , n. If r is odd, then for i =
0, 1, . . . , n,
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Ar = bir , (9)

bir =

{
0, i = 2l, l ∈ N ∪ {0},
cir otherwise, (10)

cir =

(
−1

2

)r

(r − 1)!

(
r
ki

)
(−1)ki

(r − 2ki − 1)!
,

ki = βj , βj − 1, . . . , 0,

βj =
r − 1

2
− j, j = 0, 1, . . . ,

r − 1

2
. (11)

If r is even, then for i = 0, 1, . . . , n,

Ar = b′ir , (12)

b′ir =

{
0 i = 2l + 1, l ∈ N ∪ {0},
c′ir otherwise, (13)

c′ir =

(
−1

2

)r

(r − 1)!

(
r
ki

)
(−1)k

′
i

(r − 2k′i − 1)!
,

k′i = β′
j , β

′
j − 1, . . . , 0,

β′
j =

r

2
− j, j = 0, 1, . . . ,

r

2
. (14)

Hence, Sr(t) = ArTr(t) for (r = 0, 1, . . . , n), here Tr(t) = [1, t, . . . , tr]T .
Then, we define an (r + 1) × (r + 1) lower triangular matrix A such that
A = [A0, A1, . . . , Ar]

T and Ai(i = 0, 1, . . . , n) is a row vector of order r.
As a result,

φn(t) = ATn(t), (15)

where

φn(t) =
[
s0(t), s1(t), . . . , sn(t)

]T
. (16)

3.1 Function approximation

We recall here a theorem that was stated and proved in [20]. Suppose that
H = L2[0, 1] is a Hilbert space and that {s0, s1, . . . , sn} is the MPs of degree
n on the interval [0, 1]. We define Y = Span{s0, s1, . . . , sn}. Let f be an
arbitrary element in H. Since Y is a finite-dimensional subspace of the space
H, the function f has the best unique approximation on Y like fn ∈ Y , that
is, there exists fn ∈ Y such that
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∥f − fn∥2 ≤ ∥f − y∥2, for all y ∈ Y, (17)

where ∥f∥2 =
√

⟨f, f⟩ and ⟨·, ·⟩ denotes the inner product. Since fn ∈ Y ,
therefore fn is a linear combination of the spanning basis of Y ; that is, there
exist n+ 1 coefficients

C = [c0, c1, . . . , cn] ∈ R (18)

such that

f(t) ≃ fn(t) =

n∑
j=0

cjsj(t) = CTφn(t), (19)

where

∥f − fn∥2 → min .

(20)

Then C can be obtained by

C = Q−1⟨f(t), φn(t)⟩, (21)

where

Q = ⟨φn(t), φn(t)⟩ =
∫ 1

0

φn(t)φn(t)
T dt. (22)

Theorem 1. [20] Let X be an inner product space and let M ̸= ∅ be a
convex subset that is complete in the metric induced by the inner product.
Then for every given x ∈ X, there exists unique y ∈ M such that

δ = inf
ỹ∈M

∥x− ỹ∥ = ∥x− y∥. (23)

4 Mott operational matrices

4.1 Mott operational matrix of the fractional integration

In this section, we describe the MPs operational matrix of fractional integra-
tion of the vector φn. The operational matrix can be approximated as

Iαφn(t) ≃ Pφn(t), (24)
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where P is the (n + 1) × (n + 1) Riemann–Liouville fractional operational
matrix of integration. We construct P as follows:

Iαsi(t) = (−1)i
(
1

2

)i

(i− 1)!

h( i
2 )∑

k=0

(
i

k

)
(−1)k

Iαti−2k

(i− 2k − 1)!

= (−1)i
(
1

2

)i

(i− 1)!

h( i
2 )∑

k=0

(
i
k

)
(−1)k

(i− 2k − 1)!
ti−2k+α Γ(i− 2k + 1)

Γ(i− 2k + α+ 1)
.

(25)

Now we approximate ti−2k+α by n+ 1 terms of the Mott basis

ti−2k+α ≃
n∑

j=0

bjsj(t), (26)

where

bj = Q−1
j

∫ 1

0

ti−2k+αsj(t)dt

= (−1)j
(
1

2

)j

(j − 1)!

h( j
2 )∑

L=0

(
j
L

)
(−1)L

(j − 2L− 1)!
× 1

i− 2k + α+ j − 2L+ 1
.

(27)

Therefore we have

Iαsi(t) ≃
n∑

j=0

Bijsj(t), (28)

where

Bij =(−1)i+j

(
1

2

)i+j

(i− 1)!(j − 1)!

h( i
2 )∑

k=0

h( j
2 )∑

L=0

(
j

L

)(
i

k

)
(−1)k+L 1

(i− 2k − 1)!(j − 2L− 1)!

× 1

i+ j − 2L− 2k + α+ 1
, (29)

and

Qj =
〈
sj(t), sj(t)

〉
=

∫ 1

0

sj(t)sj(t)
T dt. (30)
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Finally, we obtain

P =

B00 . . . B0n

... . . . ...
Bn0 . . . Bnn

 , (31)

where P is called the MPs operational matrix of fractional integration.

4.2 Mott operational matrix of the fractional derivative

In this section, we describe the MPs operational matrix of fractional deriva-
tive of the vector φn(t). The operational matrix can be approximated as

c
0D

α
t φn(t) ≃ Tφn(t), (32)

where T is the (n+1)×(n+1) operational matrix of the fractional derivative.
We construct T as follows:

c
0D

α
t φn(t) =

1

Γ(n− α)

∫ t

0

(t− s)n−α−1 dn

dsn
φn(s)ds

=
1

Γ(n− α)
tn−α−1 ∗ φ(n)

n (t),

where ∗ denotes the convolution product and

φ(n)
n (t) = Dnφn(t).

Therefore we have

Dαφn(t) =
1

Γ(n− α)
tn−α−1 ∗Dnφn(t)

=
Dn

Γ(n− α)
tn−α−1 ∗ φn(t) =

Dn

Γ(n− α)
tn−α−1 ∗ATn(t)

=
ADn

Γ(n− α)
tn−α−1 ∗ [1, t, . . . , tn]

=
ADn

Γ(n− α)
[tn−α−1 ∗ 1, tn−α−1 ∗ t, . . . , tn−α−1 ∗ tn]

= ADn[Dα1, Dαt, . . . , Dαtn]

= ADn

[
0!

Γ(1− α)
t−α,

1!

Γ(2− α)
t1−α, . . . ,

n!

Γ(n− α+ 1)
tn−α

]
= AKDnT̄n,
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where K is an (n+ 1)× (n+ 1) matrix where the entries are given by

Ki,j =


i!

Γ(i+ 1− α)
, i = j,

0, i ̸= j,
i, j = 0, 1, . . . , n,

and

T̄n = [t−α, t1−α, . . . , tn−α]T .

Now we approximate tn−α by n+ 1 terms of the Mott basis

tn−α ≃ ETφn(t),

where

E = Q−1

∫ 1

0

tn−αφn(t)dt = Q−1

∫ 1

0

tn−αATn(t)dt

= Q−1A

∫ 1

0

tn−α[1, t, . . . , tn]dt

= Q−1A

[
1

n− α+ 1
,

1

n− α+ 2
, . . . ,

1

n− α+ n

]T
,

and

Q = ⟨φn, φ⟩ =
∫ 1

0

φn(t)φn(t)
T dt

=

∫ 1

0

ATn(t)Tn(t)
TAT dt = A

∫ 1

0

Tn(t)TndtA
T = AHAT ,

where H is the well-known Hilbert matrix

H =



1
1

2

1

3
· · · 1

n+ 1
1

2

1

3

1

4
· · · 1

n+ 2
...

...
... . . . ...

1

n+ 1

1

n+ 2

1

n+ 1
· · · 1

2n+ 1


.

Finally, we obtain

c
0D

α
t φn(t) ≃ Tφn(t),

where

T = AKDnE. (33)
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Moreover, T is called the MPs operational matrix of fractional derivative.

4.3 The operational matrix of multiplication

The following property of the product of two Mott function vectors will be
also used:

CTφn(t)φn(t)
T ≃ φn(t)

T C̃T , (34)

where C̃ is the (n+1)×(n+1) multiplication operational matrix. To illustrate
the calculation procedure, we let

CTφn(t)φn(t)
T =

[
c0(t), c1(t), . . . , cn(t)

]
.

Now we approximate CTφn(t)φn(t)
T as follows:

ci(t) ≃
n∑

j=0

c̃ijsj(t) = C̃T
i φn(t), (35)

where

C̃i = [c̃i0, c̃i1, . . . , c̃in]
T . (36)

Using (21), we obtain

cki =

〈
n∑

j=0

c̃ijsj(t), sk(t)

〉
=

n∑
j=0

c̃ijdjk(t), j, k = 0, . . . , n, (37)

where cki =
〈
ci(t), sk(t)

〉
and

djk =
〈
sj(t), sk(t)

〉
. (38)

Therefore

CT
i = C̃T

i D, (39)

and

Ci = [c0i , c
1
i , . . . , c

n
i ]

T , (40)

where D = [djk] is a matrix of order (n + 1) × (n + 1) given by (38). Also,
C̃T

i in (39) is given by
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C̃T
i = CT

i D
−1. (41)

Hence, we get the operational matrix of multiplication as

C̃0 = [c̃ij ]0≤i,j≤n. (42)

5 MPs for solving multi-dimensional FOCPs

Using Theorem 1, we can approximate the state functions xi(t) and the
control functions uj(t) as

xi(t) ≈ CT
i φn(t), i = 1, . . . , n, (43)

uj(t) ≈ BT
j φn(t), j = 1, . . . , k, (44)

where Ci, Bj ∈ R(m×1)×1. By using (32) and (43), we can write

Dαxi(t) ≈ CT
i Dαφn(t), i = 1, . . . , n.

As a result, problem (1)–(4) reduces to

Minimize

∫ 1

0

f(t, CT
1 φn(t), . . . , C

T
n φn(t), B

T
1 φn(t), . . . , B

T
k φn(t))dt,

subject to

CT
i Tφn(t) = gi

(
t, CT

1 φn(t), . . . , C
T
n φn(t), B

T
1 φn(t), . . . , B

T
k φn(t)

)
,

with the initial conditions

CT
i φn(0) = x0,i, i = 1, . . . , n. (45)

Since functions f, gi are polynomials, we get the following approximations:∫ 1

0

f(t,X(t), U(t))dt ≈ F (C1, . . . , Cn, B1, . . . , Bk), (46)

gi(t,X(t), U(t)) ≈ Gi(C1, . . . , Cn, B1, . . . , Bk)φn(t), i = 1, . . . , n,
(47)

where F,Gi : R
(m+1)×n × R(m+1)×k → R1×(m+1). For each i = 1, . . . , n, we

can generate algebraic equations from (47) as follows:
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G̃i,j =

∫ 1

0

(CT
i T −Gi(C1, . . . , Cn, B1, . . . , Bk)φn(t)Bjn(t))dt = 0,

j = 0, . . . , n− 1,

and from (45), we set G̃i,n = CT
i φn(0)− x0,i.

Finally, the FOCP (1)–(4) has been reduced to a parameter optimization
problem, which can be stated as follows:

Find Ci and Bj that

Min F (C1, . . . , Cn, B1, . . . , Bk)

s.t. G̃i,j(C1, . . . , Cn, B1, . . . , Bk) = 0,

i = 1, . . . , n, j = 0, . . . , k.

We define the Lagrange function for the above problem as

L(C1, . . . , Cn, B1, . . . , Bk, λ̃1, . . . , λ̃n)

= F (C1, . . . , Cn, B1, . . . , Bk) +

n∑
i=1

k∑
j=0

λ̃i,jG̃i,j(C1, . . . , Cn, B1, . . . , Bk),

and consider the necessary conditions for the extremum and obtain the cor-
responding system of algebraic equations

∂L

∂Ci
= 0,

∂L

∂λ̃i

= 0, i = 1, . . . , n,

∂L

∂Bj
= 0, j = 1, . . . , k.

These equations can be solved for Ci, Bj , and λ̃i by Newton’s iterative
method. Then, we get the approximate value of the state functions xi(t)
and the control functions uj(t) from (43) and (44), respectively.

6 Error estimation and convergence analysis

In the following theorem, the error estimation for the approximated functions
will be expressed in terms of Gram determinant. For any given elements
x1, x2, . . . , xn in a Hilbert space H, the Gram determinant of these elements
is defined as follows [20]:
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G(x1, x2, . . . , xn) =

∣∣∣∣∣∣∣∣∣
⟨x1, x1⟩ ⟨x1, x2⟩ . . . ⟨x1, xn⟩
⟨x2, x1⟩ ⟨x2, x2⟩ . . . ⟨x2, xn⟩

...
... . . . ...

⟨xn, x1⟩ ⟨xn, x2⟩ . . . ⟨xn, xn⟩

∣∣∣∣∣∣∣∣∣ . (48)

Theorem 2. Suppose that H is a Hilbert space and that Y is a closed
subspace of H such that dimY < ∞ and y1, y2, . . . , yn is any basis for Y . Let
x be an arbitrary element in H and let y0 be the unique best approximation
to x out of Y . Then from [20]

∥x− y0∥22 =
G(x, y1, y2, . . . , yn)

G(y1, y2, . . . , yn)
, (49)

where

G(x, y1, y2, . . . , yn) =

∣∣∣∣∣∣∣∣∣
⟨x, x⟩ ⟨x, y1⟩ . . . ⟨x, yn⟩
⟨y1, x⟩ ⟨y1, y1⟩ . . . ⟨y1, yn⟩

...
... . . . ...

⟨yn, x⟩ ⟨yn, y1⟩ . . . ⟨yn, yn⟩

∣∣∣∣∣∣∣∣∣ . (50)

The following theorems illustrate that by increasing the number of MPs
the error tends to zero.

Theorem 3. Let f be an arbitrary element in H. Then the function f has
the best unique approximation on Y like fn ∈ Y ; that is,

there exists fn ∈ Y s.t. for all y ∈ Y : ∥f − fn∥2 ≤ ∥f − y∥2, (51)

where ∥f∥2 =
√

⟨f, f⟩ and ⟨·, ·⟩ denotes the inner product. Since fn ∈ Y ,
therefore fn is a linear combination of the spanning basis of Y ; that is, there
are n+ 1 coefficients

C = [c0, c1, . . . , cn] ∈ R, (52)

such that

f(t) ≃ fn(t) =

n∑
j=0

cjsj(t) = CTφn(t), (53)

where

∥f − fn∥2 → min .

(54)

Then C can be obtained by
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C = Q−1⟨f(t), φn(t)⟩, (55)

where

Q = ⟨φn(t), φn(t)⟩ =
∫ 1

0

φn(t)φn(t)
T dt. (56)

Theorem 4. Suppose that f(t) ∈ L2[0, 1] is approximated by fn(t) as

fn(t) =

n∑
i=0

ciβi(t) = CTφn(t), (57)

where C and φn(t) are defined respectively in (55) and (16). Then

lim
m→∞

∥f(t)− fn(t)∥L2[0,1] = 0. (58)

The error vector eIα of the operational matrix is given by

eIα = [eIα0 , eI
α
1 , . . . , eI

α
n ]

T = Pφn(t)− Iαφn(t). (59)

From (49) and Theorem 2, we have∥∥∥∥∥∥ti−2k+α −
n∑

j=0

bjsj

∥∥∥∥∥∥
2

=

(
G(ti−2k+α, si(t), s1(t), . . . , sn(t))

G(s0(t), s1(t), . . . , sn(t))

)
. (60)

Hence, according to (59) and (28), we have

∥eIαi ∥2 =

∣∣∣∣∣∣Iαsi(t)−
n∑

j=0

Bijsj(t)

∣∣∣∣∣∣
2

≤

[(
−1

2

)i+j

(i− 1)!(j − 1)!

]

×
h( i

2 )∑
k=0

h( j
2 )∑

L=0

(
j

L

)(
i

k

)
(−1)k+L 1

(i− 2k − 1)!(j − 2L− 1)!

× 1

i+ j − 2L− 2k + α+ 1

∣∣∣∣∣∣ti−2k+α −
n∑

j=0

bjsj

∣∣∣∣∣∣
2
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≤

[(
−1

2

)i+j

(i− 1)!(j − 1)!

]

×
h( i

2 )∑
k=0

h( j
2 )∑

L=0

(
j

L

)(
i

k

)
(−1)k+L 1

(i− 2k − 1)!(j − 2L− 1)!

× 1

i+ j − 2L− 2k + α+ 1

×
(
G(ti−2k+α, s0(t), s1(t), . . . , sn(t))

G(s0(t), s1(t), . . . , sn(t))

) 1
2

. (61)

By considering Theorem 4 and using (61), one can conclude that by in-
creasing the number of the Mott bases the vector eIα tends to zero.

7 Numerical examples

To demonstrate the applicability of the numerical scheme, we apply the
present method for the following illustrative examples.

Example 1. [16] Consider the following two-dimensional FOCP:

Min J [u, x] =
1

2

∫ 1

0

(x2(t) + u2(t))dt,

s.t. Dαx(t) = −x(t) + u(t),

x(0) = 1.

Our aim is to find the pair (x(t), u(t)), which minimizes the performance
index J . The exact optimal solution of this problem for α = 1 is as follows:

x(t) = cosh(
√
2t) + β sinh(

√
2t),

u(t) = (1 +
√
2β) cosh(

√
2t) + (

√
2 + β) sinh(

√
2t),

β = −cosh(
√
2) +

√
2 sinh(

√
2)√

2 cosh(
√
2) + sinh(

√
2)

.

In Tables 1 and 2, the absolute errors of our proposed method and the
method presented in [16] for α = 1 are given. We see that the absolute
errors of our approach are less than that of the method presented in [16].
Moreover, in Table 3, we show the comparison of the approximate optimal
value of objective functional for α = 1. It can be seen that the approximate
value J tends to J∗ = 0.1929092980931791356.

IJNAO, Vol. 12, No. 1, (2022), pp 201-227



216 Alavi, Haghighi, Yari and Soltanian

Table 1: Comparison of the absolute errors of approximate optimal state for Example
1

t Present Method Method in [16]

0.1 6.23e-9 2.11e-5
0.2 4.60e-10 9.71e-6
0.3 8.94e-9 4.08e-7
0.4 1.01e-9 5.76e-7
0.5 9.33e-9 5.66e-6
0.6 3.89e-10 9.25e-6
0.7 8.67e-9 8.35e-6
0.8 9.96e-10 4.34e-6
0.9 5.83e-9 2.59-6

Table 2: Comparison of the absolute errors of approximate optimal control for Example
1

t Present Method Method in [16]

0.1 1.1e-7 6.74e-6
0.2 1.57e-7 3.17e-6
0.3 3.49e-9 5.92e-7
0.4 1.41e-7 7.10e-7
0.5 3.84e-9 2.01e-6
0.6 1.38e-7 2.71e-6
0.7 9.80e-9 2.11e-6
0.8 1.50e-7 8.59e-7
0.9 1.08e-7 8.93-8

Table 3: Comparison of the approximate optimal value of J for Example 1
n Present Method Method in [16]

J error of J J[16] error of J [16]

7 0.1929092980931 7.6e-15 0.192909308499 1.04e-8
8 0.1929092980931 7.6e-15 0.192909298458 3.64e-10
9 0.1929092980931 4.5e-18 0.192909298107 1.41e-11

Example 2. [13] Consider the following two-dimensional FOCP:

Min J [u, x] =
1

2

∫ 1

0

(x2
1(t) + x2

2 + u2(t))dt,

s.t. Dαx1(t) = −x1(t) + x2(t) + u(t),

Dαx2(t) = −2x2(t),

x1(0) = x2(0) = 1.

At α = 1, the exact solutions are
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x1(t) = 0.018352e
√
2t + 2.48165e−

√
2t − 3e−2t

2
,

x2(t) = e−2t,

u(t) = 0.044305e
√
2t − 1.0279322e−

√
2t +

e−2t

2

In Tables 4–6, the absolute errors when α = 1 and n = 3, 4, 6 are demon-
strated, and in Figure 1 (a-c), the results for α = 0.9 and n = 3, 4, 6 are
plotted. In Table 7, the comparison of our numerical results for the minimum
values of J with different values of α at n = 6, 7, 8 with the results obtained
in [24] is tabulated. In Figure 2 (a-c), we show that when α tends to 1, the
approximate solutions tend to the exact solutions. In [13], a reasonable result
was achieved with a large number of approximations (n = 64, 128), while in
the present work, we achieve a satisfactory result with at most six elements
of the Mott basis, which demonstrates the efficiency of the new method even
when the number of approximations is not so great.

Table 4: Absolute errors of x1(t) for α = 1 at various choices of n for Example 2
n

t 3 4 6

0.1 6.2546× 10−4 7.4441× 10−4 1.5002× 10−5

0.2 4.5464× 10−3 9.0972× 10−4 8.3446× 10−6

0.3 3.9041× 10−3 1.4174× 10−5 1.0492× 10−5

0.4 1.1462× 10−3 7.5444× 10−4 5.1504× 10−6

0.5 1.9425× 10−3 8.7140× 10−4 1.2149× 10−5

0.6 4.0841× 10−3 3.1893× 10−4 1.0835× 10−6

0.7 4.3836× 10−3 5.3794× 10−4 1.2403× 10−5

0.8 2.2303× 10−3 1.0500× 10−3 5.0792× 10−6

0.9 2.7809× 10−3 3.6221× 10−4 1.6075× 10−5

Table 5: Absolute errors of x2(t) for α = 1 at various choices of n for Example 2
n

t 3 4 6

0.1 1.8817× 10−4 1.0437× 10−3 1.3953× 10−5

0.2 1.0761× 10−2 1.4093× 10−3 7.5730× 10−6

0.3 1.0648× 10−2 1.3573× 10−4 9.8425× 10−6

0.4 4.7251× 10−3 1.0583× 10−3 4.5687× 10−6

0.5 3.0146× 10−3 1.3381× 10−3 1.1291× 10−5

0.6 9.3023× 10−3 5.9271× 10−4 1.2293× 10−6

0.7 1.1462× 10−2 6.9627× 10−4 1.1414× 10−5

0.8 7.3019× 10−3 1.5621× 10−3 4.8958× 10−6

0.9 4.9714× 10−3 6.4096× 10−4 1.4835× 10−5
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Table 6: Absolute errors of u(t) for α = 1 at various choices of n for Example 2
n

t 3 4 6

0.1 6.6070× 10−4 2.3079× 10−4 5.0375× 10−6

0.2 1.7968× 10−4 3.1360× 10−4 2.7248× 10−6

0.3 7.8105× 10−4 3.1989× 10−5 3.5467× 10−6

0.4 9.3073× 10−4 2.3164× 10−4 1.6400× 10−6

0.5 6.1527× 10−4 2.9416× 10−4 4.0622× 10−6

0.6 1.9916× 10−5 1.3128× 10−4 4.4423× 10−7

0.7 7.0047× 10−4 1.5236× 10−4 4.1084× 10−6

0.8 1.0445× 10−3 3.4459× 10−4 1.7637× 10−6

0.9 5.7713× 10−4 1.4011× 10−4 5.3528× 10−6

Table 7: Values of J when α approaches to 1, for Example 2
PresentMethod Method of [29]

α n = 6 n = 7 n = 8 n = 6 n = 7 n = 8

0.6 0.329 09 0.329 09 0.329 10
0.7 0.351 62 0.351 62 0.351 62
0.8 0.376 27 0.376 27 0.376 27 0.378 33 0.377 56 0.377 17
0.9 0.403 08 0.403 08 0.403 08 0.403 98 0.403 66 0.403 46
0.99 0.429 00 0.429 00 0.429 00 0.429 09 0.429 05 0.429 04
0.9999 0.431 95 0.431 95 0.431 95 0.431 96 0.431 96 0.431 96
1 0.431 98 0.431 98 0.431 98 0.431 99 0.431 98 0.431 98

Example 3. [1, 5, 22] Consider the following FOCP:

Min J [u, x] =
1

2

∫ 1

0

(x2(t) + u2(t))dt,

s.t. Dαx(t) = tx(t) + u(t), 0 ≤ α ≤ 1,

x(0) = 1.

This problem has the exact solution J = 0.4842676962287272. In Figure
3 (a,b), the obtained results of the variables x(t) and u(t) are plotted for
different values of α. In Figure 4 (a,b), the comparison between the exact
solutions and the proposed method is plotted for n = 8 and α = 1. In
Table 8, the comparison of our numerical results for the minimum values of
J for α = 1, 0.99 at n = 5 with the results obtained in [18, 24] is tabulated.
Obviously, our estimated results are in good agreement with them.
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Figure 1: The behavior of the approximate solutions of Example 2 for n = 3, 4, 6 and
α = 0.9, with exact solution. (a)x1(t), (b)x2(t), (c)u(t).
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Figure 2: The behavior of the approximate solutions of Example 2 for n = 6 and
α = 0.9, 0.99, 1. (a)x1(t), (b)x2(t), (c)u(t).
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Table 8: The estimated values of J for different values of α and n = 5 for Example 3
α Present Method Method of [24] Method of [18]
1 0.484267 0.484268 0.484268

0.99 0.483461 0.483468 0.483463
0.9 0.475874 0.476067 0.475883
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Figure 3: The behavior of the approximate solutions of Example 3 for n = 8 and
α = 0.75, 0.85, 0.95, 1, with exact solution. (a)x(t), (b)u(t).
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Figure 4: Comparison between the exact solutions and the proposed method of Exam-
ple 3 for n = 8 and α = 1. (a)x(t), (b)u(t).

Example 4. [30] In this example, the vibration of a spring-mass-damper sys-
tem subjected to an external force is considered. In particular, the response
to harmonic excitations, impulses, and step forcing functions is examined. In
many environments, rotating machinery, motors, and so on cause periodic
motions of structures to induce vibrations into other mechanical devices and
structures nearby. On summing the forces, the equation for the forced vibra-
tion of the system in Figure 5 is obtained. It is common to approximate the
driving forces F (t)
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mẍ(t) + cẋ(t) + kx(t) = F (t),

where m, c, and k are fixed numbers. Also F (t) represents the control force
derived from the action of an actuator force represented by F (t) = bu(t),
where b is a fixed number. The linear regulator problem has a specific ap-
plication in the vibration suppression, and the performance index for this
problem is defined as

Figure 5: (a) Schematic of the forced mass–damper system assuming no friction on
the surface and (b) free body diagram of the system of part (a) for Example 4

J =
1

2

∫ tf

t0

(x2(t) + au2(t))dt,

where t0 and tf are initial and final times, respectively. We introduce the
usual state variable notation {

x1 = x,
x2 = c

0D
α
t x(t).

Then, the equation of motion in a order can be written as{ c
0D

α
t x1(t) = x2,

c
0D

α
t x2(t) = − k

m
x1 −

c

m
x2 +

b

m
u.

By selecting t0 = 0, tf = 1, c = 2, and m = a = b = k = 1, the boundary
conditions for this example are considered as{

x(0) = c
0D

α
t x(t)(0),

x(1) = c
0D

α
t x(t)(1),
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or {
x1(0) = x2(0) = 1,
x1(1) = x2(1) = 0.

For α = 1, we obtain the following exact solutions:

x1e(t) =[
1393

95
e−

167
152 t +

676

219
e

167
152 t](sin

76

167
t)

+ [
1574

423
e−

167
152 t − 1151

423
e

167
152 t](cos

76

167
t),

x2e(t) =[
2838

613
e

167
152 t − 12872

723
e−

167
152 t](sin

76

167
t)

+ [
1021

395
e−

167
152 t − 626

395
e

167
152 t](cos

76

167
t),

ue(t) =[
16157

890
e

167
152 t − 1134

443
e−

167
152 t](sin

76

167
t)

− [
2547

461
e

167
152 t +

2591

1263
e−

167
152 t](cos

76

167
t),

and Je = 13.00484741498823, where x1e(t) = x(t). In Table 9, the results
of J for different values of α and n are listed. It is seen that with the increase
in the number of the Mott basis, the approximate value of J converges to
the exact solution. Also Tables 10–12 demonstrate the approximation of
x1(t), x2(t), and u(t) for different values of n with α = 1. Figure 6 (a-d)
illustrates the behavior of state variables x1(t), x2(t), control variable u(t)
and performance index J , respectively, for n = 7 and for different values of
α with the exact solutions. Table 13 demonstrates the approximation of J ,
for n = 8 and different values of α. Also in Table 14, the absolute errors of
J, x1(t), x2(t), and u(t) for Example 4 are calculated at various choices of n
and α = 1.

Table 9: Approximate solutions of J for different values of α and n for Example 4
α

n 1 0.99 0.9

3 13.01904761904762 12.644 81 10.531 56
5 13.0048478586403 12.638 42 10.209 67
7 13.00484741498875 12.649 19 10.210 82
9 13.00484741498822 12.654 24 10.220 66
11 13.00484741498823 12.656 99 10.227 68
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H]

Table 10: Absolute errors of x1(t) for α = 1 at various choices of n for Example 4
n

t 5 7 11

0 0 0 0
0.1 8.0624× 10−6 2.8936× 10−9 3.3240× 10−13

0.2 8.9073× 10−6 3.8441× 10−9 2.0139× 10−13

0.3 1.5140× 10−6 5.1600× 10−9 5.0016× 10−13

0.4 1.1564× 10−5 2.6349× 10−9 8.2645× 10−13

0.5 1.2533× 10−5 7.1014× 10−9 3.1086× 10−15

0.6 4.7572× 10−6 1.6704× 10−9 8.1934× 10−13

0.7 4.5973× 10−6 5.2971× 10−9 4.8572× 10−13

0.8 7.9685× 10−6 3.1233× 10−9 1.9929× 10−13

0.9 3.9680× 10−6 2.7298× 10−9 3.1830× 10−13

1 1.3322× 10−15 1.2212× 10−15 4.4409× 10−16

Table 11: Absolute errors of x2(t) for α = 1 at various choices of n for Example 4
n

t 5 7 11

0 0 0 0
0.1 7.8816× 10−5 2.6708× 10−8 1.0362× 10−11

0.2 6.2887× 10−5 6.7790× 10−8 1.4781× 10−11

0.3 1.2314× 10−4 4.6618× 10−8 1.1712× 10−11

0.4 6.2434× 10−5 8.3958× 10−8 5.3897× 10−12

0.5 4.2027× 10−5 7.2681× 10−9 1.6518× 10−11

0.6 1.003× 10−4 8.4910× 10−8 5.3266× 10−12

0.7 7.2908× 10−5 3.2740× 10−8 1.1480× 10−11

0.8 8.3314× 10−6 6.6651× 10−8 1.4331× 10−11

0.9 5.8537× 10−5 1.7511× 10−8 9.9403× 10−12

1 7.7715× 10−16 1.2212× 10−15 7.7716× 10−16

Table 12: Absolute errors of u(t) for α = 1 at various choices of n for Example 4
n

t 5 7 11

0 3.9149× 10−3 4.0395× 10−6 1.2538× 10−9

0.1 9.5758× 10−3 1.5795× 10−6 2.1342× 10−10

0.2 1.3556× 10−3 6.0445× 10−7 2.8410× 10−11

0.3 1.7251× 10−4 1.1567× 10−6 2.5282× 10−10

0.4 8.5641× 10−4 2.3114× 10−7 2.8751× 10−10

0.5 1.0077× 10−3 1.1500× 10−6 3.2260× 10−11

0.6 3.5723× 10−4 3.5077× 10−7 3.0539× 10−10

0.7 5.0337× 10−4 1.0067× 10−6 2.0282× 10−10

0.8 8.2804× 10−4 6.34× 10−7 8.3564× 10−11

0.9 1.5161× 10−4 1.3112× 10−6 2.4373× 10−10

1 1.1831× 10−3 3.307× 10−6 1.1912× 10−9
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Table 13: Approximation values of J for n = 8 and different values of α
α = 1

n

1 13.004 847 414 988 234 117 130 714 182 4
0.99 12.676 065 068 414 313 965 482 218 517 6
0.9 10.416 927 546 051 989 730 195 819 221 4
0.8 9.004 530 163 410 743 299 622 066 577 65
0.7 8.363 433 733 210 117 712 725 797 350 86

Table 14: Absolute errors of J, x1, x2, u for α = 1 and different values of n
error

n error of J error of x1 error of x2 error of u
11 7.6085× 10−16 4.846× 10−13 1.04× 10−11 2.792× 10−10

9 7.5908× 10−15 3.974× 10−12 7.744× 10−11 1.9× 10−9

8 3.8474× 10−15 2.729× 10−10 4.563× 10−9 9.6× 10−8

7 5.2381× 10−12 3.908× 10−9 5.603× 10−8 1.024× 10−6

5 4.4365× 10−7 7.474× 10−6 7.234× 10−5 9.419× 10−4
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Figure 6: The behavior of the approximate solutions of Example 4 for n = 7 and
α = 0.88, 0.90, 0.99, 1, with exact solution. (a)x1(t), (b)x2(t), (c)u(t), (d)J.
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8 Conclusions

In this paper, a new numerical method has been derived to find the approxi-
mate solutions of the multi-dimensional FOCPs; this numerical method uses
MPs. The Mott fractional integration matrix reduced the FOCP into an
equivalent integral problem. By using the Mott fractional derivative and
multiplication matrix, we can transform the equivalent functional integral
equation problem into an algebraic system of equations, where this new prob-
lem is most easy to solve. Some examples are presented to demonstrate the
validity and applicability of the new method. MATLAB (2018) is used for
computations in this study.
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Abstract
In this paper, we use a novel technique to solve the nonlinear fractional
Volterra-Fredholm integro-differential equations (FVFIDEs). To this end,
the Legendre wavelets are used in conjunction with the quadrature rule for
converting the problem into a linear or nonlinear system of algebraic equa-
tions, which can be easily solved by applying mathematical programming
techniques. Only a small number of Legendre wavelets are needed to obtain
a satisfactory result. Better accuracies are also achieved within the method
by increasing the number of polynomials. Furthermore, the existence and
uniqueness of the solution are proved by preparing some theorems and
lemmas. Also, error estimation and convergence analyses are given for the
considered problem and the method. Moreover, some examples are pre-
sented and their results are compared to the results of Chebyshev wavelet,
Nyström, and Newton–Kantorovitch methods to show the capability and
validity of this scheme.
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1 Introduction

Fractional calculus has been applied in physics in recent years, although it has
a long history in mathematics. Most of the physical phenomenon can be mod-
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eled by using fractional calculus [34, 10]. Applications of fractional differen-
tial equations and fractional integral equations create a wide area of research
for many researchers [3, 4, 12, 11]. It has been applied to model the non-
linear oscillation of earthquakes, fluid-dynamic traffic, frequency-dependent
damping behavior of many viscoelastic materials, continuum and statistical
mechanics, solid mechanics, economics, signal processing, and control theory.
To better analyze these systems, it is required to obtain the solution of these
equations. However, mostly, finding the analytical solution of these equa-
tions cannot be possible, so considering more accurate numerical solutions
can be helpful. In the literature, there are various techniques for solving
fractional ordinary differential equations (FODEs), fractional partial differ-
ential equations (FPDEs), fractional integro-differential equations (FIDEs),
and dynamic systems with fractional derivatives, such as analytical and semi-
analytical methods (homotopy analysis method, Adomian’s decomposition
method, etc.) [1, 13, 14, 15, 17, 39, 35] and numerical methods (finite differ-
ence schemes, collocation method, Tau method, etc.) [6, 36, 16, 19, 30, 5, 22].

We can find some other famous methods for the numerical solutions of
these kinds of equations. For example, spline collocation [29], analytical
Lie group approach [28], fractional differential transform [25], least-squares
[20], rationalized Haar function [27], exp-function method [8], and many oth-
ers. In [32], a novel Legendre wavelet Petrov–Galerkin method was pre-
sented for fractional Volterra integro-differential equations. The Chebyshev
wavelet method [23] has been used to nonlinear fractional Volterra-Fredholm
integro-differential equations (FVFIDEs) with mixed boundary conditions.
Approximate solutions of Volterra-Fredholm integro-differential equations of
fractional order based on the Sinc-collocation method have been discussed
in [2]. In [24], the Nyström and Newton–Kantorovitch methods were de-
scribed for solving FVFIDEs with mixed boundary conditions. Systems
of integro-differential equations [37] have been solved by using the spectral
second kind Chebyshev wavelets scheme. Also, nonlinear Volterra integro-
differential equations of fractional order have been solved numerically using
the Euler wavelet method [38]. The reliable modification of the Laplace Ado-
mian decomposition method [9] has been applied to solve nonlinear Volterra-
Fredholm integral equations. Haar wavelet bases have been employed for solv-
ing the integro-differential equation [7]. In [18], hybrid Bernstein block-pulse
functions have been used for solving systems of fractional integro-differential
equations.

Orthogonal polynomials and functions apply to different problems be-
cause of their appropriate attributes. These functions and methods such as
collocation, Galerkin, and Tau, are applied to reduce the solutions of different
problems to the solutions of a system of algebraic equations. In this work,
the Legendre wavelets are implemented to obtain an approximate solution
for nonlinear FVFIDEs. We consider the fractional FVFIDEs in a Banach
space as follows:
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C
0 D

α
xy
)
(x) + V y(x) + Fy(x) = g(x), m− 1 < α ≤ m, m ∈ N, (1)

where C
0 D

α
x is in the Caputo sense fractional derivative, g(x) is a given con-

tinuous function, x ∈ J = [a, b], y(x) is unknown function, and

V y(x) =

∫ x

a

k1(x, ξ)N1(y(ξ)) dξ, Fy(x) =

∫ b

a

k2(x, ξ)N2(y(ξ)) dξ,

in which ki : J×J → R, i = 1, 2, are continuous functions andNi : J×R → R,
i = 1, 2 are Lipschitz nonlinear continuous functions. Equation (1) is subject
to the following mixed boundary conditions:

m∑
j=1

[
λijy

(j−1)(a) + ηijy
(j−1)(b)

]
= γi, i = 1, 2, . . . ,m. (2)

The main characteristic of this technique is that it reduces these prob-
lems to a system of algebraic equations. This approach is based on converting
the FVFIDEs into mixed Volterra-Fredholm integral equations through inte-
gration, approximating various terms involved in the equation by truncated
Legendre wavelet series and using the operational matrices to eliminate the
integral, derivation, and product operations.

The rest of the paper is organized as follows: In section 2, some es-
sential mathematical preliminaries and definitions of fractional calculus are
introduced. In section 3, the properties of Legendre wavelets and function
approximations are discussed. In the next section, the Gauss quadrature
Legendre wavelet method (GQLWM) is constructed for solving FVFIDEs.
In section 5, we study the convergence and error analysis of our algorithm.
The existence and uniqueness of the solution are investigated in section 6. In
section 7, the proposed method is applied on two examples to demonstrate
the efficiency and accuracy of the present method. At last, a brief conclusion
is given in section 8.

2 Basic definitions and notations of the fractional
calculus

In this section, some definitions and properties of the fractional calculus,
which will be used, are presented. For more details, see [21, 26, 31, 33].

Definition 1. The Gamma function is intrinsically tied with fractional cal-
culus. The definition of the gamma function is given by

Γ(α) =

∫ ∞

0

e−ξξα−1dξ, Re(α) > 0.
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Definition 2. A real function g(x), x > 0, is said to be in the space Cθ,
θ ∈ R if there exists a real number p > θ such that g(x) = xpg1(x), where
g1(x) ∈ C [0,∞) and it is said to be in the space Ck

θ , k ∈ N
⋃
{0} if and only

if g(k) ∈ Cθ.
Definition 3. The Riemann-Liouville fractional integral operator of order
α > 0 of a function g ∈ Cθ, θ ≥ −1, is defined as

0I
α
x g(x) =

1

Γ(α)

∫ x

0

(x− ξ)
α−1

g(ξ)dξ.

Some properties of the Riemann-Liouville fractional integral are as fol-
lows:

1. 0I
0
xg(x) = g(x),

2.
(
0I

α
x 0I

β
x g
)
(x) =

(
0I

β
x 0I

α
x g
)
(x) =

(
0I

α+β
x g

)
(x),

3. 0I
α
x (x− µ)

λ
= Γ(λ+1)

Γ(α+λ+1) (x− µ)
α+λ, α ≥ 0, λ > −1.

Similar to the integer-order integration, the Riemann-Liouville fractional in-
tegral is a linear operator, which means that

0I
α
x

(
m∑
i=1

cifi(x)

)
=

(
m∑
i=1

ci

)
0I

α
x fi(x),

where {ci}mi=1 are constants.
Definition 4. The fractional derivative of g(x) in the Caputo sense is defined
as

C
0 D

α
x g(x) = 0I

n−α
x g(n)(x),

for n− 1 < α ≤ n, n ∈ N, x > 0, and g ∈ Cn
−1.

The relation between the Riemann-Liouville operator and Caputo opera-
tor is given by the following lemma.
Lemma 1. If n− 1 < α ≤ n, n ∈ N, then C

0 D
α
x 0I

n−α
x g(x) = g(x) and

0I
n−α
x

C
0 D

α
x g(x) = g(x)−

n−1∑
k=0

g(k)(0+)
xk

k!
, x > 0.

3 Legendre wavelets and functions approximation

3.1 Properties of Legendre wavelets

Wavelets are a family of functions constructed from the dilation and trans-
lation of a single function called the mother wavelet. When the dilation
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parameter a and the translation parameter b vary continuously, we have the
following family of continuous wavelets as

Ψa,b(x) = |a|− 1
2Ψ

(
x

a
− b

a

)
, a, b ∈ R, a ̸= 0.

If we restrict the parameters a and b to discrete values as a = a−k
0 , b =

nb0a
−k
0 , a0 > 0, b0 > 0 and n and k are positive integers, then the following

family of discrete wavelets will be obtained

ψk,n(x) = |a0|
k
2ψ(ak0x− nb0),

where ψk,n(x) form a wavelet basis for L2(R). In particular, with a0 = 2 and
b0 = 1, ψk,n(x) form an orthonormal basis.
Legendre wavelets ψn,m(x) = ψ(k, n̂,m, x) have four arguments; n̂ = 2n− 1
for n = 1, 2, . . . , 2k−1, k ∈ Z+, m as the order of Legendre polynomials and
x, which is the normalized time. They are defined on the interval [0, 1) by

ψn,m(x) = ψ(k, n̂,m, x) =

{
2

k−1
2 (2m+ 1)

1
2L∗

m(x), n̂−1
2k

≤ x < n̂+1
2k
,

0, otherwise,
(3)

where m = 0, 1, . . . ,M − 1, n = 1, 2, . . . , 2k−1, the dilation and translation
parameters are a = 2−k and b = n̂2−k, respectively. Moreover, L∗

m(x) =
Lm(2kx − n̂) are shifted Legendre polynomials on interval [0, 1), which are
orthogonal with respect to the weight function w(x) = 1. Also, Lm’s can be
determined by the following recurrence formulas:

L0(x) = 1, L1(x) = x,

Lm+1(x) =

(
2m+ 1

m+ 1

)
xLm(x)−

(
m

m+ 1

)
Lm−1(x), m = 1, 2, . . . .

3.2 Function approximation by Legendre wavelets

A function y(x), which is square integrable in [0, 1), may be expressed in
terms of the Legendre wavelet as

y(x) =
∑
n∈N

∑
m∈N

∪
{0}

yn,mψn,m(x), (4)

where yn,m = ⟨y(x), ψn,m(x)⟩ and < ·, · > denotes the inner product. If the
infinite series in (4) is truncated, then one obtains
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y(x) ≃
2k−1∑
n=1

M−1∑
m=0

yn,mψn,m(x) = Y TΨ(x), (5)

where the coefficient vector Y and the Legendre wavelet function vector Ψ(x)
are given by

Y = [y1,0, y1,1, . . . , y1,M−1, y2,0, y2,1, . . . , y2,M−1, . . . , y2k−1,0, y2k−1,1, . . . , y2k−1,M−1]
T ,

(6)
Ψ(x) = [ψ1,0(x), ψ1,1(x), . . . , ψ1,M−1(x), . . . , ψ2k−1,0(x), ψ2k−1,1(x), . . . , ψ2k−1,M−1(x)]

T .

(7)

Similarly, we can approximate the functions ki(x, ξ) ∈ L2([0, 1]× [0, 1]) as

ki(x, ξ) = Ψ(x)
T
KiΨ(ξ), (8)

where Ki, i = 1, 2 are 2k−1M × 2k−1M matrices.

4 GQLWM for solving FVFIDEs

Let us consider the nonlinear FVFIDE with mixed boundary conditions given
by (1)–(2). To approximate the functions y(x) and g(x) by y(x) = Y TΨ(x)
and g(x) = GTΨ(x), assume that

N1(y(ξ)) = u(ξ), N2(y(ξ)) = v(ξ), (9)

where u(ξ) and v(ξ) are as follows:

u(ξ) = UTΨ(ξ), v(ξ) = V TΨ(ξ), (10)

in which UT and V T are defined similarly as in (6). Applying the operator
0I

α
x on both sides of (1), results in

y(x)−
n−1∑
k=0

y(k)(0+)
xk

k!
=

1

Γ(α)

∫ x

0

(x− τ)
α−1

g(τ)dτ

− 1

Γ(α)

∫ x

0

(x− τ)
α−1

∫ τ

0

k1(τ, ξ)u(ξ)dτdξ

− 1

Γ(α)

∫ x

0

(x− τ)
α−1

∫ 1

0

k2(τ, ξ)v(ξ)dτdξ.

Replacing the exact solution y(x) by Y TΨ(x) and using their approximations
by (5), (8)–(10), one gets
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Y TΨ(x)−
n−1∑
k=0

Y TΨ(k)(0+)
xk

k!

=
1

Γ(α)

∫ x

0

(x− τ)
α−1

GTΨ(τ)dτ

− 1

Γ(α)

∫ x

0

(x− τ)
α−1

∫ τ

0

Ψ(τ)
T
K1Ψ(ξ)UTΨ(ξ)dτdξ

− 1

Γ(α)

∫ x

0

(x− τ)
α−1

∫ 1

0

Ψ(τ)
T
K2Ψ(ξ)V TΨ(ξ)dτdξ. (11)

Collocating (11) in M2k−1 Legendre wavelet-Gauss collocation points xj ,
j = 1, 2, . . ., M2k−1, on interval [0, 1], we arrive at the following system:

Y TΨ(xj)−
n−1∑
k=0

Y TΨ(k)(0+)
xkj

k!

=
1

Γ(α)

∫ xj

0

(xj − τ)α−1GTΨ(τ)dτ

−
1

Γ(α)

∫ xj

0

(xj − τ)α−1

∫ τ

0

Ψ(τ)TK1Ψ(ξ)UTΨ(ξ)dτdξ

−
1

Γ(α)

∫ xj

0

(xj − τ)α−1

∫ 1

0

Ψ(τ)TK2Ψ(ξ)V TΨ(ξ)dτdξ. (12)

In a similar way, the mixed boundary conditions (2) are approximated as
follows:

m∑
j=1

[
λijY

TΨ(j−1)(0) + ηijY
TΨ(j−1)(1)

]
= γi, i = 1, 2, . . . ,m. (13)

Now, we use the quadrature rule to approximate the integral involved in
this equation, which has zero error integration for polynomial integrands of
degree less than or equal to 1 +M2k with M2k−1 Legendre-Gauss nodes.
To do this, M2k−1 intervals [0, xj ] are transferred to a fixed interval [−1, 1]
through the transformations τ = (xj/2 )(s + 1). Applying the Gaussian
quadrature, system (12) is converted to

Y TΨ(xj)−
n−1∑
k=0

Y TΨ(k)(0+)
xkj

k!

=
1

Γ(α)

∫ xj

0

(xj − τ)α−1GTΨ(τ)dτ

−
1

Γ(α)

xj

2

M2k−1∑
l=1

wl

(xj
2
(1− sl)

)α−1
∫ σ

0

[Ψ(σ)]TK1Ψ(ξ)UTΨ(ξ)dξ

−
1

Γ(α)

xj

2

M2k−1∑
l=1

wl

(xj
2
(1− sl)

)α−1
∫ 1

0

[Ψ(σ)]TK2Ψ(ξ)V TΨ(ξ)dξ, (14)
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where σ =
xj

2 (sl+1)) and wl for l = 1, 2, . . . ,M2k−1 are the weight functions
on [−1, 1]. Taking into account (9)–(10) and using collocation points xj ,
j = 1, 2, . . . ,M2k−1, one obtains

N1(Y
TΨ(xj)) = UTΨ(xj), N2(Y

TΨ(xj)) = V TΨ(xj). (15)

Combining (13)–(15), the main problem is reduced to a system of nonlinear
algebraic equations. By solving this system, the unknown values Y T will be
obtained, and by relation (5), the approximate solution of system (1) will be
determined.

5 Convergence and error analysis

In this section, we will obtain an estimation for the error bound of our numeri-
cal method. Also, its convergence analysis will be discussed. For this purpose,
assume that L∗

m(x) = Lm(2x−1) and that Λ(x) = [L∗
0(x), L

∗
1(x), . . . , L

∗
N (x)]

T .
So, the function y(x) ∈ L2[0, 1] can be expressed in terms of the Legendre
polynomials basis Λ(x) as

y(x) =

N∑
n=0

lnL
∗
n(x) = LTΛ(x),

where L = [l0, l1, . . . , lN ]
T .

Lemma 2. Suppose that y ∈ Cm+1[0, 1] and that S = span {L∗
0, L

∗
1, . . . , L

∗
N}

is a vector space. If LTΛ(x) is the best approximation of y(x) out of S, then
the error bound of presented method is as follows:

∥∥y − LTΛ
∥∥
2
≤
√
2χ2m+3Mm+1

(m+ 1)!
√
2m+ 3

,

in which Mm+1 = max
{∣∣fm+1(x)

∣∣ : 0 ≤ x ≤ 1
}

and χ = max{1− ξ, ξ}.

Proof. The Taylor polynomials, implies that

Ty(x) = y0(ξ) + (x− ξ)y′(ξ) +
(x− ξ)

2

2!
y′′(ξ) + · · ·+ (x− ξ)

m

m!
y(m)(ξ),

where ξ ∈ (0, 1). Therefore, there exists λ ∈ (0, 1) such that

|y(x)− Ty(x)| ≤

∣∣∣∣∣ (x− ξ)
m+1

(m+ 1)!
y(m+1)(λ)

∣∣∣∣∣ .
Since LTΛ(x) is the best approximation of y(x), one obtains
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∥∥y − LTΛ
∥∥2
2
≤ ∥y − Ty∥22 =

∫ 1

0

|y(x)− Ty(x)|2dx

≤
∫ 1

0

∣∣∣∣∣ (x− ξ)
m+1

(m+ 1)!
y(m+1)(λ)

∣∣∣∣∣
2

dx

≤
M2

m+1

[(m+ 1)!]
2

∫ 1

0

(x− ξ)
2m+2

dx ≤
2χ2m+3M2

m+1

(2m+ 3)[(m+ 1)!]
2 ,

and the proof is completed.

Theorem 1. Assume that y ∈ Cm+1[0, 1] and that its approximation by
the Legendre wavelets is ỹ(x) = Y TΨ(x). Then, its mean error bound is as
follows:

∥y − ỹ∥2 ≤ 2(m+1)(1−k)
√
2Mm+1

(m+ 1)!
√
2m+ 3

.

Proof. Dividing [0, 1] to 2k−1 subintervals Ik,n = [(n− 1)/2k−1 , n/2k−1 ],
n = 1, 2, . . . , 2k−1 with the restriction that ỹ is a polynomial of degree less
than m+ 1 and also using Lemma 2, we get

∥y − ỹ∥22 ≤
∫ 1

0

|y(x)− ỹ(x)|2dx

=

2k−1∑
n=1

∫ n

2k−1

n−1

2k−1

|y(x)− ỹ(x)|2dx

≤
2k−1∑
n=1

[√
2M̄n2

(1−k)(2m+3)
2

(m+ 1)!
√
2m+ 3

]2
=

2(1−k)(2m+3)+1

[(m+ 1)!]
2
(2m+ 3)

2k−1∑
n=1

M̄2
n

≤
2(1−k)(2m+2)+1M2

m+1

[(m+ 1)!]
2
(2m+ 3)

,

where M̄n = max
{∣∣y(m+1)(x)

∣∣ , x ∈ Ik,n
}

, which completes the proof.

Lemma 3. Suppose that for y(x) ∈ [0, 1), there exists βy ∈ R such that
|y(x)| ≤ βy. Then, the sum of Legendre coefficients of y(x) defined in (5) is
absolutely convergent if |yn,m| ≤

√
21−kβy.

Proof. The function y(x) ∈ L2[0, 1] can be expressed as the Legendre wavelet
basis as defined in (5). For m ≥ 0, we have
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|yn,m| = | < y, ψn,m > | =
∣∣∣∣∫ 1

0

y(x)ψn,m(x)dx

∣∣∣∣ ≤ ∫ 1

0

|y(x)||ψn,m(x)|dx

≤ βy

∫ 1

0

|ψn,m(x)|dx = βy

∫
In,k

|ψn,m(x)|dx

= βy2
k−1
2 (2m+ 1)

1
2

∫
In,k

|Lm(2kx− 2n+ 1)| dx.

Setting s = 2kx− 2n+ 1, one obtains

|yn,m| ≤ βy2
−k−1

2 (2m+ 1)
1
2

∫ 1

−1

|Lm(s)|ds.

The Hölder’s inequality implies that

|yn,m| ≤ βy2
−k−1

2 (2m+ 1)
1
2

2√
2m+ 1

=
√
21−kβy.

This means that the series
2k−1∑
n=1

M−1∑
m=0

yn,m is absolutely convergent as k →

∞.

Theorem 2. The series solution ỹ(x) =
∑2k−1

n=1

∑M−1
m=0 yn,mψn,m(x) defined

by (5) is convergent with respect to L2-norm on [0, 1] if the sum of absolute
values of the Legendre coefficients

∑2k−1

n=1

∑M−1
m=0 |ynm| for continuous function

y(x) forms a convergent series.

Proof. Let L2(R) be a Hilbert space and let ψn,m defined in (3) form an
orthogonal basis with ψn,m(x) = ∆j(x) and δj =< ỹ(x),∆j(x) >. Define a
sequence of partial sums {Sn} as

Sn(x) =

n∑
j=0

δj∆j(x).

Now, for every ϵ > 0, there exists Nϵ > 0 such that for every n > m > Nϵ,

∥Sn(x)− Sm(x)∥22 =

∫ 1

0

∣∣∣∣∣
n∑

l=m+1

δl∆l(x)

∣∣∣∣∣
2

dx ≤
n∑

l=m+1

|δl|2
∫ 1

0

|∆l(x)|2dx

=

n∑
l=m+1

|δl|2.

Using Lemma 3,
∑∞

l=0 |δl|2 is absolutely convergent. Hence, according to the
Cauchy criterion, we have
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n∑
l=m+1

|δl|2 < ϵ2.

So, ∥Sn(x)− Sm(x)∥2 ≤
√
ϵ2 = ϵ. Thus, the sequence of partial sum of the

series is a Cauchy sequence. Therefore, it convergent with respect to L2-norm
and this completes the proof.

6 Existence and uniqueness

In order to study the uniqueness of the solution, we consider the FVFIDEs
(1) in an operator form as(

C
0 D

α
xy
)
(x) = g(x)−K1N1y −K2N2y, (16)

where

K1N1y =

∫ x

a

k1(x, ξ)N1(y(ξ)) dξ, K2N2y =

∫ b

a

k2(x, ξ)N2(y(ξ)) dξ.

Applying the operator 0I
α
x on both sides of (16), one obtains

y(x) = f(x) + 0I
α
x [g(x)−K1N1y −K2N2y] ,

where f(x) =
∑n−1

k=0 y
(k)(0+)xk/k! . This equation can be written as T y = y,

where T is as follows:

T y(x) = f(x) + 0I
α
x [g(x)−K1N1y −K2N2y] .

Let (C [0, 1], ||∞||) be a Banach space of all continuous functions with the
norm ||h||∞ = maxx|h(x)|. Also, the operators N1 and N2 satisfy the Lips-
chitz condition on [0, 1] with Lipschitz constants J1 and J2 as

|N1ỹ(x)−N1y(x)| ≤ J1 |ỹ(x)− y(x)| , |N2ỹ(x)−N2y(x)| ≤ J2 |ỹ(x)− y(x)| .

In the following theorem with these assumptions, we show that the FV-
FIDEs (1) have a unique solution.

Theorem 3. Suppose that the nonlinear operators N1 and N2 satisfy the
following relation

J1∥N1∥∞ + J2∥N2∥∞ < Γ(α+ 1).

Then the FVFIDE (1) has a unique solution.

Proof. Let T : C [0, 1] → C [0, 1] be defined as
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T y(x) = f(x) +
1

Γ(α)

∫ x

0

(x− ξ)
α−1

[g(ξ)−K1N1y(ξ)−K2N2y(ξ)] dξ.

Suppose that ỹ, y ∈ C [0, 1]. Then for every positive x, we have

T ỹ(x)− T y(x)

=
1

Γ(α)

∫ x

0

(x− ξ)
α−1

[K1N1y(ξ)−K1N1ỹ(ξ) +K2N2y(ξ)−K2N2ỹ(ξ)] dξ.

Therefore, one obtain

|T ỹ(x)− T y(x)|

≤ 1

Γ(α)

∫ x

0

|x− ξ|α−1 [|K1| |N1y(ξ)−N1ỹ(ξ)|+ |K2| |N2y(ξ)−N2ỹ(ξ)|] dξ

≤ 1

Γ(α)

∫ x

0

|x− ξ|α−1 [|K1| J1 |ỹ(ξ)− y(ξ)|+ |K2| J2 |ỹ(ξ)− y(ξ)|] dξ

≤ 1

Γ(α)

∫ x

0

|x− ξ|α−1 [∥K1∥∞J1 + ∥K2∥∞J2]∥ỹ(ξ)− y(ξ)∥∞ dξ

≤ |x|α

Γ(α+ 1)
(∥K1∥∞J1 + ∥K2∥∞J2) ∥ỹ(ξ)− y(ξ)∥∞

≤ 1

Γ(α+ 1)
(∥K1∥∞J1 + ∥K2∥∞J2) ∥ỹ(ξ)− y(ξ)∥∞.

Hence,
∥T ỹ(x)− T y(x)∥∞ ≤ L∥ỹ(ξ)− y(ξ)∥∞,

where L = [1/Γ(α+ 1) ] (∥K1∥∞J1 + ∥K2∥∞J2). Since L < 1, by the con-
traction mapping theorem, this problem has a unique solution in C [0, 1].

7 Numerical examples

In this section, to demonstrate the capability and accuracy of our method, we
apply it to some examples and compare the quality of the computed solutions
with some other well-known methods. In order to demonstrate the error, we
will calculate the maximum absolute error (MAE) by the following formula:

MAE = max
0≤x<1

{|y(x)− ỹ(x)|} .

Also for comparison, in Example 2, the root-mean-square error (RMSE) is
calculated. This error is as follows:

RMSE =

√∫ 1

0

[y(x)− ỹ(x)]
2
dx.
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Example 1. Consider the following nonlinear FVFIDEs:(
C
0 D

√
7

2
x y

)
(x)−

∫ x

0

1 + 2ξ

1 + y(ξ)
dξ−

∫ 1

0

(1 + 2ξ)y(ξ)dξ = g(x),

subject to the boundary conditions y(0) = 0 and y(1) = 2 in which

g(x) =
2x2−

√
7

2

Γ
(
3−

√
7
2

) − ln(x2 + x+ 1) + 1− e2.

The exact solution of this problem is y(x) = x2+x. Numerical results for
Example 1 are indicated in Table 1, which show that the results of our method
are better than the results obtained in [24, 23] by the Chebyshev wavelet
method (CWM), Nyström and Newton–Kantorovitch methods, respectively.
Table 2 analyzes the exact solution y and the approximate solutions of this
algorithm by CWM and GQLWM. One can see that the present method has
excellent accuracy with respect to CWM. Table 3 shows the maximum ab-
solute error between the exact and approximate solutions for various choices
of M and k. The outcomes reveal that the results of GQLWM by using
only a small number of bases are very promising and superior to CWM and
Nyström and Newton–Kantorovitch methods. Furthermore, we compare the
absolute error functions for different values of k and M in Figure 1. These
results confirm that with increasing the amounts of k and M , the error will
be decreased.

(a) k = 1 (b) k = 2

Figure 1: Error history of the presented method for various values for M and k of
Example 1.
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Table 1: Comparison between our method, CWM [23] and method in [24] for Example
1.

x 0.1 0.3 0.5 0.7 0.9

k = 3, n = 160 7.81E − 06 1.55E − 05 1.65E − 05 1.27E − 05 5.07E − 06
Error [24] k = 3, n = 320 1.92E − 06 3.84E − 06 4.10E − 06 3.15E − 06 1.25E − 06

k = 3, n = 640 4.65E − 07 9.31E − 07 9.92E − 07 7.65E − 07 3.04E − 07

Error [23] for k = 1, M = 19 3.47E − 12 6.08E − 12 6.21E − 12 4.68E − 12 1.84E − 12

k = 2, M = 4 2.93− 06 1.01E − 05 1.99E − 06 1.08E − 05 4.27E − 06
k = 3, M = 5 8.17E − 09 5.11E − 10 5.05E − 11 6.78E − 10 9.48E − 09

GQLWM k = 4, M = 6 1.69E − 23 4.22E − 20 9.91E − 21 7.06E − 20 4.45E − 23

k = 1, M = 10 1.01E − 12 4.67E − 13 1.00E − 12 4.71E − 13 1.02E − 12
k = 1, M = 19 1.16E − 28 2.11E − 30 8.86E − 29 3.35E − 30 1.30E − 28

Table 2: The numerical solution of Example 1.

x y(exact) y(CWM) y(GQLWM)

0.0 0.00 0.00000000000000000001 0.00000000000000000000
0.1 0.11 0.11000000000347509219 0.10999999999999999999
0.2 0.24 0.24000000000518991700 0.23999999999999999999
0.3 0.39 0.39000000000608906284 0.38999999999999999999
0.4 0.56 0.56000000000639391977 0.55999999999999999999
0.5 0.75 0.75000000000621724965 0.74999999999999999999
0.6 0.96 0.96000000000562994250 0.95999999999999999999
0.7 1.19 1.19000000000468149700 1.18999999999999999999
0.8 1.44 1.44000000000340880150 1.43999999999999999999
0.9 1.77 1.71000000000184060200 1.70999999999999999999
1 2.00 1.99999999999999999990 2.00000000000000000000

Table 3: Maximum absolute error between the exact and approximate solutions for
various choices of M and k for Example 1.

M 4 7 10 13 16 19

k = 1 4.41E − 04 4.06E − 08 1.03E − 12 4.02E − 16 3.01E − 23 1.57E − 28
MAE k = 2 7.68E − 05 9.41E − 10 3.05E − 15 3.96E − 21 2.55E − 27 1.61E − 34

k = 3 5.46E − 06 8.23E − 12 3.39E − 18 5.49E − 25 4.42E − 32 2.02E − 39

Example 2. Consider the following nonlinear fractional integro-differential
equation: (

C
0 D

α
xy
)
(x) = g(x) +

∫ 1

0

xξ[y(ξ)]
2
dξ, y(0) = 0,

where 0 < α ≤ 1 and g(x) is as follows:

Case 1. [23] g(x) = 4
3Γ
(
3
4

)−1
x

3
4 − 1

4x with α = 1
4 and exact the solution is

y(x) = x.
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Case 2. [23] g(x) = 64
15Γ

(
3
4

) √
2

π x
9
4 − 1

8x with α = 3
4 and the exact solution is

y(x) = x3.

Case 3. [40] g(x) = 1− 1
4x with α = 1 and the exact solution is y(x) = x.

We apply our method to this example with various values of M and k,
and the results are presented in Tables 4 and 5. The maximum absolute error
of y(x) by GQLWM for k = 1 with different values of M has been compared
to the error of CWM [23] for cases 1 and 2. These results demonstrate the
validity and capability of GQLWM with respect to CWM. The graphs of
absolute error functions for different values of M and k with α = 1/4, α = 1,
and α = 3/4 are given in Figures 2, 3, and 4, respectively. These figures reveal
that the error will be decreased when M is increased. Table 5 compares the
RMSE of GQLWM with the results in [40] for different values of k and M
when α = 1. This table reveals that, for a certain value of k, as M increases,
the accuracy increases. Also, for a certain value of M , as k increases, the
accuracy increases as well. Therefore, GQLWM for solving this problem is
very effective and more accurate with respect to CWM and the method in
[40].

Table 5: RMSE for some k and M of GQLWM and the second kind Chebyshev wavelet
method [40] for Example 2 (case 3).

Method in [40] GQLWM
M 2 2 6 10 14

k = 3 2.970E − 07 2.348E − 09 4.236E − 11 1.003E − 12 1.320E − 13
k = 4 1.861E − 08 7.391E − 10 9.863E − 13 4.002E − 15 7.5691E − 17
k = 5 1.164E − 09 8.541E − 12 8.786E − 16 9.251E − 18 2.015E − 20

(a) k = 1 (b) k = 2

Figure 2: Error history of the presented method for various values for M and k of
Example 2 with α = 1

4
.
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Table
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=
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=
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G

Q
LW

M
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(a) k = 1 (b) k = 2

Figure 3: Error history of the presented method for various values for M and k of
Example 2 with α = 3

4
.

(a) k = 1 (b) k = 2

Figure 4: Error history of the presented method for various values for M and k of
Example 2 with α = 1.

8 Conclusion

In this paper, the GQLWM, which is an efficient technique for the numerical
solution of nonlinear FVFIDEs, has been proposed. Using this method, the
system of nonlinear FVFIDEs was reduced to a system of algebraic equa-
tions. The numerical solution of the resulted system was approximated by
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the Gauss quadrature formula with respect to the Legendre weight func-
tion. By solving this nonlinear system, the numerical solution was obtained.
Moreover, the convergence, error analysis, existence, and uniqueness of the
proposed method were discussed. It was evident that, for a certain value of
k, as M increases, the accuracy of the GQLWM is increased. Also, for a
certain value of M , as k increases, the accuracy is increased, as well. The
method was applied to two examples, and the obtained results were com-
pared to some other well-known methods. This comparison showed that the
GQLWM is a suitable and powerful technique for solving the nonlinear FV-
FIDEs. In the end, we note that the method can be easily extended and
applied to multi-dimensional integral equations or systems of FVFIDEs eas-
ily with some modifications. We also believe that it shall not be difficult to
extend this approach to nonlinear equations of general form, which will be
the subject of future researches.
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