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Research Article

Trainable fourth-order partial differential
equations for image noise removal

N. Khoeiniha*, S.M. Hosseini and R. Davoudi

Abstract

Image processing by partial differential equations (PDEs) has been an ac-
tive topic in the area of image denoising, which is an important task in
computer vision. In PDE-based methods for unprocessed image process-
ing, the original image is considered as the initial value for the PDE and the
solution of the equation is the outcome of the model. Despite the advan-
tages of using PDEs in image processing, designing and modeling different
equations for various types of applications have always been a challenging
and interesting problem. In this article, we aim to tackle this problem
by introducing a fourth-order equation with flexible and trainable coeffi-
cients, and with the help of an optimal control problem, the coefficients are
determined; therefore the proposed model adapts itself to each particular
application. At the final stage, the image enhancement is performed on the
noisy test image and the performance of our proposed method is compared
to other PDE-based models.

AMS subject classifications (2020): 35G25; 68U10; 90C90.

Keywords: Partial Differential Equations; Image Processing; Image Denois-
ing; Optimal Control.

*Corresponding author

Received 14 December 2020; revised 8 February 2021; accepted 6 April 2021

Negin Khoeiniha

Department of Applied Mathematics, Faculty of Mathematical Sciences, Tarbiat
Modares University, Tehran, Iran. e-mail: Neginkhoiniha@modares.ac.ir

Mohammad Hosseini
Department of Applied Mathematics, Faculty of Mathematical Sciences, Tarbiat
Modares University, Tehran, Iran. e-mail: hossei_ m@modares.ac.ir

Ramtin Davoudi
Department of Applied Mathematics, Faculty of Mathematical Sciences, Tarbiat
Modares University, Tehran, Iran. e-mail: R.davoudi@modares.ac.ir

235



236 Khoeiniha, Hosseini and Davoudi

1 Introduction

Image denoising is an important preliminary step in many computer vision
and image processing problems that can affect further processing, and has
been an open research area for a long time [28, 31, 38]. By considering the
image as a function I in R?, the aim of denoising an image is to extract the
clear image I from the noisy image Iy that has been degraded by the model
Iy = I + n, in which n is a noise function.

Various approaches for image denoising have been developed, such as
methods based on nonlocal means filters [4, 18], wavelets [8, 25], Perona and
Malik (PM) [29], block-matching, and three-dimensional filtering [6, 7, 26],
sparse representation [46], adaptive image filtering [1, 2], bilateral filtering
[35, 10], and so on.

In contrast to the discrete methods used in signal processing in the past,
which were the basis of digital image processing, in the past decades, con-
tinuous methods based on partial differential equations (PDEs) have become
an effective tool.

The first efforts of using PDEs in computer vision and image processing
tasks date back to the 1960s [11, 15]; however, these methods did not attract
much attention. In the 1980s, the importance of multi-scale descriptions of
images has been recognized. The importance of scale-space filtering in images
was introduced by Witkin [41] and then developed by Koenderink [17]. The
idea of their approach is to generate a family of scaled images I(x,y,t) by
convolving the original image Iy(z,y) with a Gaussian kernel G(z,y,t) of
variance t as follows:

I(l’,y,t) = Io(l',y) ® G((E,y,t)

The time variable ¢ is said to be the scale parameter, and the higher the
scale gets, it results in an image with reduced resolution; therefore, the noise
vanishes.

It was pointed out by Koenderink [17] that, I(z,y,t) is the fundamental
solution to the heat conduction equation as below, with the original image
Ip(x,y) as the initial condition and the conductance coefficient ¢, a real num-
ber:

It = c(Ipz + Iy).

Although the outcome of this equation is a less noisy image, the main
disadvantage of this approach is the fact that while smoothing, it blurs im-
portant image features; in other words, the Gaussian scale-space does not
respect the edges of objects in an image. Therefore, the scaled image loses
important details after the process.

In 1992, a method introduced by Perona and Malik on anisotropic diffu-
sion [29] drew great attention to PDE methods in image enhancement. In
fact, they designed the following equation, known as PM second-order PDE,
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to achieve a good balance between noise removal and retaining the edges of
objects in the image:

I = c(z,y,t) Lpe + Iyy).

In the above PDE, the conductance coeflicient function, ¢(z,y,t), is cho-
sen to decrease smoothing around the edges and reduce noise in other areas.
Following their model, many equations have been introduced on this basis;
see for instance [16, 39, 5].

Although the PM second-order PDE and its variances were successfully
applied in image denoising problems; these methods cause blocky effects on
the processed image. In [43], it is noted that the PM PDE is a second-order
model, and this feature guarantees its ability to reconstruct images with
discontinuities but is responsible for the blocky effect [45].

In recent years, many efforts have been made to resolve this problem in
the PM method, such as introducing different coefficients, different equa-
tions for processing, raising the order of the equation, and so on. One of the
innovative efforts to tackle the problems of second-order approaches was in-
spired by learning-based methods in machine learning [19]. Afterward, some
second-order learning PDEs (L-PDEs) were introduced that adopt a tech-
nique called PDE-based optimal control [14] and use training images to learn
the coefficients in the PDE, and once they are computed, then the PDE is
obtained and can be applied to test images.

In learning PDEs proposed in [19, 22, 23], the coefficient functions are
assumed to minimize a functional subject to some PDE constraints that are
designed according to the problem.

In these classes of approaches, the structure of the problem is considered,
and the learned coefficients will form the PDE according to the training
images. Thus, the most effort in obtaining a PDE is to prepare some in-
put/output training image pairs.

One of the other successful strategies in enhancing the performance of
second-order PDEs for image denoising is to design higher-order equations in
replace of quadratic ones [13, 21, 24]. In 2000, in a method proposed by You
and Kaveh, known as YK fourth-order PDE [42], the following equation was
introduced:

0l

O 92 (e (Iv21)) [21]). 0
where V2 denotes the Laplacian operator and conductance coefficient c; ()
in YK fourth-order PDE, is a function of the absolute value of the Laplacian

of the image intensity, that is,

1

C1 2 = ’
VD = e

(2)
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in which £ > 0 is the Laplacian threshold. The YK fourth-order PDE at-
tempts to remove noise and preserve edges by approximating an observed
image with a piecewise planar image [42].

In recent years, more PDE-based models have been developed, improving
the performance of the YK method. In 2016, Zhang and Ye [47] proposed
the adaptive fourth-order PDE for noise removal

ou 5  D?u 9\ Vu
pri = —div*(h(Vu, D u)‘D2 |) + pdiv((1 — h(Vu, D u))@)7
where h(Vu, D?u) is an edge detector chosen by
1
h(Vu, D*u) = (3)

1+ k1|V(Go @ u)|* + ko | D2(Go @ u)|* + 7

in which «v > 0 is a small constant to guarantee h < 1, k1 and ko are positive
constants, and p > 0 and A > 0 are parameters balancing the contribution
of the three terms in the objective function.

Later in 2018, Siddig et al. [33] introduced the following equation:

gu 4 D2 (“Tlgfﬂ“) 0, (z,t) € Qp = (0,T) x Q,
u( t) =0, (z,t) € (0,T) x 09,
—E =0, (x,t) € (0,T) x 09,
u(z0) = uo(x), z €Q,
where a(u) = ———-—— and G, (z) is the Gaussian filter with o as its

V1+|Go®@Vu|?

parameter. In these models (Siddig’s and Zhang’s PDEs), they tend to over-
come the disadvantages of YK and TV model while keeping the pros of PDE
algorithms.

The theoretical analysis in [9, 12], shows the advantages of fourth-order
equations over second-order ones. First, fourth-order diffusion reduces fluctu-
ation faster than second-order ones. Second, since the second-order PDE will
evolve toward a piecewise constant approximation in smooth regions, unlike
second-order PDE, fourth-order PDE will evolve toward and settle down to
a piecewise smooth image if the image support is infinite [44].

In this article, motivated by the previous efforts on solving second-order
equations’ problems, we propose a fourth-order PDE with trainable coeffi-
cients for image denoising to enhance the performance of the second-order
L-PDEs. To mention two advantages of this PDE, one should note the ad-
vantage of using fourth-order PDEs, and also the proposed PDE uses image
differential invariants up to fourth-order, which can detect more image fea-
tures compared to those of second-order PDEs. The results obtained from
our scheme are compared to the state-of-the-art previous models, such as
second-order learning-based PDEs [22], YK fourth-order PDE [42], and a
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more recent fourth-order PDEs, Siddig [33], and Zhang’s [47], on this topic.
The experimental results show that, in terms of subjective and objective
measures, the proposed model can outperform the pre-existing methods.

The rest of this article is organized as follows. Section 2 presents the
trainable fourth-order PDE with a detailed description of the solution of the
optimal control problem. Experimental results are presented in Section 3,
and the article is concluded in Section 4.

2 Proposed model

In this section, first, the formulation of the fourth-order PDE in our model
for noise reduction is presented and then an optimal control problem will be
introduced to assist in completing the PDE. Finally, the optimality conditions
will be investigated for the recommended model, which helps us to extract
enough information to solve the problem.

The framework of this article is based on the fourth-order noise removal
PDE models, and inspired by second-order learning PDEs mentioned in the
previous section we will consider flexible trainable coefficients for the pro-
posed PDE.

In this work, the typical notations in image processing and optimal control
literature are used. We denote f as the input image and I as the desired
output image. Moreover, € is an open bounded region of R?, 9 is its
boundary, the spatial variable (z,y) belongs to €2, ¢t € (0,T}) is the temporal
variable, 2 x (0,T) is named @, and I is its boundary. We then define the
set n as bellow and |p| is the length of string p in which p € n:

n={0,z,y, vy, 2, Yy, TTT, TTY, TYY, YYY, TTTT, TITY, TTYY, TYYY, Yyyy}

Changing the viewpoints of an object causes a geometric deformation,
which can be modeled by a two-dimensional Euclidean, similarity, affine,
or projective transformation group. Many methods have been designed to
correctly recognize planar objects, by extracting image invariant features for
the action of various two-dimensional transformation groups, and differential
invariants are one of them. We can express image differential invariants as the
functions of image partial derivatives, and they are widely used to describe
local image structures. Therefore, to construct our PDE, we used a set of
differential invariants up to fourth-order. We will use a set of differential
invariants that are more wildly used.

Thus, the main reason for using these types of partial derivatives to form
our equation is to create a model that can cover more image features com-
pared to second-order ones and therefore be more sensitive to edges in the im-
age. Furthermore, these differential invariants stay unchanged under various
two-dimensional transformations like rotation and translation [27]. Consider
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the fourth-order PDE below:
9 — u(t)"diff(1), in Q,
I(.’ﬂ,y,t) = Oa on Fa (4)
I(z,y,0)=f, in Q,

in which u(t) = [uo(t) - us (t)]T is the coefficient function and diff() in-
cludes the differential parts defined as

diffs(I) = Lppw L + 3Ly Iy 12 + 310y 1,2 I, + Iy, 1%,
Logwa L + 410y I, Lo + 6100y 121, + ALgry Ty 12 + Ty I, Y
()

The initial value for this equation is f, the noisy image, and the output
I(-) is the desired clear image. To obtain a workable equation, we need to
determine the coefficient function u(t), which is used to control the evolution
of I. We aim to attain a flexible system that can train the coefficients; then
the function u(t) would vary in different problems and be adapted according
to the given training images.

As mentioned previously, by using differential invariants in our model, the
PDE system (4) is rotationally invariant and the coefficient functions must
be independent of (x,y) so that (4) is shift-invariant as well.

Proposition 1. Considering equation (4), the control functions {u; }$_, must
be independent of (z,y).

Proof. Considering
D(I,u) := u(t)"diff(I), (6)

we then rewrite D(I,u) = D(I,x,y,t). Therefore, it is enough to prove the
independence of D of (z,y).

Due to the translation invariance of (4), when we change f(x,y) to f(x —
',y —vy'), I(z,y) changes to I(x — 2',y — y’) and we have

M-z y—y) =
: ot ) =D(I(x -2,y —y) z,y,1).

Then, by the conversion x — 2’ =z and y — ¢y = y, we get

% =D(I(z,y),z+ 2",y +y.0).

On the other hand,
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ol(z,y)
ot

= D(I(z,y),x,y,t),

= D(I,z+2',y+y.t)=D(l,z,y,t) forall (z/,y).

Hence, D is independent of (x,y), which indicates the independence of
the function u. O

2.1 Extracting the coefficient function

Attempting to solve the problem (4), we need to determine the coeflicients
u(t), which is done by an optimal control problem. Therefore we recollect
some necessary definitions in this field. We begin by assuming I € Hg (),
defined to be the closure of the infinitely differentiable functions compactly
supported in  in Hq(Q).

Definition 1. Considering the optimal control problem

min J (I, u)
st. T(I,u)=0 (7)
u € Ugg

where J : H}(Q) x L?(2) — R is called the objective function of the optimal
control problem and U,q € L?(2) is the admissible set, a nonempty set in
R™.

A vector @ € U,q is called an optimal control for (7), if J(I,u) < J(I,u)
for each u € U,q and I is called the optimal state associated with .

Definition 2 ([36]). Let U and V be normed vector spaces, let Uyq C U,
and let f: Uyqg — V, and consider some u € Uyq. Let h € U. If u+th € Uyyq
for sufficiently small ¢ > 0, and the limit

t—0 t ’

exists in V', then 0 f(u, h) is called the directional derivative of F' at u in the
direction h. If the directional derivative ¢ f(u, h) exists for each h, then the
map

5f(u,-) : U —=V,h—df(u,h),

is called the first variation of f at w. In addition, if the first variation con-
stitutes a bound linear operator, then it is called the Gateaux derivative of

7.

Definition 3 ([36]). Let X and Y be Banach spaces and let A: X — Y be
a bounded linear operator. The map
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A* Y = X* A (f) = foA,

is called the adjoint of A. For the optimal control problem (7), the adjoint
equation is of the form

D,T(I,u)"\ =V, J(y,u), (8)

and its solution A is the adjoint state.

Definition 4 ([36]). The function L(I,u,\): HZ(2) x L?(2) x HZ(2) = R
defined as bellow is called the Lagrangian function for the problem (7):

L(I,u, \) := J(I,u) — (T(I,u), \) (9)

where (-,-) denotes the inner product defined on HZ ().

Our motivation here is the optimal heating problem, which uses an op-
timal control problem to get the desired output from a heat equation. For
instance, in a transient heating problem, the goal is to reach a certain tem-
perature g by controlling the heating elements [30]. Likewise, our objective in
this article is to approximate the target clean noise-free image I by control-
ling the coefficient function. Therefore, a PDE-based optimal control problem
will be presented. As the first step, we need to prepare some input/output
training images (fx, Ix), where f, is the noisy image and I, is the clear im-
age. The final output of the equation needs to be close to the ground truth;
thus the coefficient functions must minimize the following functional:

K 6 T
St =53 [ 0 ' 53 e [utoar, (00

where K is the number of the training images, I;(7y) is the output image
determined from (4) at time ¢t = T when the initial value is f, and a; are
positive weighting parameters '. The first term of the functional J requires
the final output of our PDE to be close to the ground truth and the second
term is for regularization so that this optimal control problem is well-posed
and counteracts the tendency of the control to become locally bounded as J
approaches its minimum [36].
We have the following optimal control problem with PDE constrains:

. 0L — u(t)"diff(Iy), in Q,
minJ ({Ix =y, 0); s.t. Ii(z,y,t) =0, onT, (11)
Ii(z,y,0) = fr, in Q.

In addition, we consider an inequality constraint 0 < u(¢) for the problem
(11) to make sure that the coefficients are all positive. In the following, the

1 in this article, we fix a; = 10~7,43=0,...,6.
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necessary conditions for this problem (11) will be examined, so that we would
be able to solve the problem by proper numerical methods.

Lemma 1. Suppose that J(I,u) = fQ g(u, 1)dQ is of class C*, where g is a
smooth function. Then considering the function D(I,u) in (6) as

DJ . .
T = DI u)() + 6; (1, u)(Ty),
where D7} and gj are the adjoint operators of D; and gy, respectively, g—i
is the Gateaux derivative of J with respect to the control u, and A is the
adjoint state of (4).

Proof. We first define an operator ¢, mapping u to the solution of (4), and
set I = v (u). Now consider

4 1o P 200 = ()
e—0 £

where du is the perturbation of wu.
We have

DJ o JU utedu) — (1, u)
(Bur0Wa = lim -
1 J(p(u+ e.0u),u+ e.0u) — J(P(u),u)
= e
. JI +ed+o(e),u+edu)— J(I,u)
= lim
e—0 € (12)

~ [ (D@ + gr(u, D Gu))dQ

If we take A as the adjoint state of (11), then from the PDE constrains
of (11), we have

(Y ()i, M@ = (D(u, 9 (u)), A)g (13)
and
(Y(u+e.0u))e, Mg = (D(u+ e.0u, Y (u+ e.0u)), X)q. (14)

Now by subtracting (14) with (13), we have

((P(u+e.0u) = P(u), Ao
= (D(u+ e.0u, Y(u +e.0u)) — D(u,(u)), N (15)
= (e.Dy(u, I)(6u) + Dy(u, I)(¥(u + £.0u) — ¥(u), A) + o(e).

In this step, we divide both sides with &, and let ¢ — 0. Therefore
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(di, \)@ = (Du(u, I)(0u), N)q + (D1 (u, I)(d), N q- (16)
Integrating by parts implies
(d,Nels = (d,M)q = (3u, Dy (u, I)(N)q + (d, Di (u, I)(A).  (17)
Now, since A is the adjoint equation of the problem, we have
(d.Nels =0, (g7 (u, I)(T), d)q = (= — Dj (u, I)(A), d), (18)
and combining it with (16) yields
(97 (u, I)(T), d)q = (=Mt = Di(u, I)(A), d) = (du, Dy (u, )(A)).  (19)
Therefore we arrive at

% = 97 (u, 1)(T) + D (u, 1)().

O

Now, we investigate the conditions that the optimal vectors @ and I must
satisfy to be then determined, using numerical methods.

Theorem 1. Consider the optimal control problem (11), and suppose that
Upg = {u € Ly(Q);u, <u} (20)

is the admissible control set, where U,q C O C LQ(Q), O is an open subset
of L?(Q). In our case, u, = 0 and J : H}(Q) x L2(Q) — R is of class C*.
If u € U,y is an optimal control for (11) in the sense of Definition 1 with
corresponding state I and adjoint state \, then @ = (@i)g<;<¢ satisfies for
each 7 € {0,...,6} o

U; = Uq i, where Ly(I,u,\) > 0. (21)
In addition, by introducing the extended Lagrange function
L(I7u,)\,ﬂa)ZL(I,U7>\)+<’UJQ—U,M&>, (22)

and letting
Hq = maX{O, Lu(I7 u, A)}’

the 4-tuples (I, %, \, 1a) € (HZ(Q), L2(Q), H3(Q), L?(2)) satisfies
aJ

K
a—ui = QU — Z /Q /\kdiﬁ'i(lk)dﬂ — Mg, ©=0,...,6. (23)
k=1
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Proof. First note that, (20) implies that U, is convex. We have the following
optimality system which can be used to determine the optimal control 4 and
I:

(24)

Every solution to the general form of optimal control (7) must satisfy this
system [30].
Slightly rearranging the fourth optimal condition, we get
(LT, 2),0) gy < (LT, ), )

L2( L2(Q)"

It implies that @ is the solution to the optimal problem

min (L, (I, @, \), u>L2(Q) = minz Lo (I, 1, N)u;. (25)

u€Ugq

The components u; can be varied independently because of the form of U,gq,
such that the sum in (25) attains its min if and only if each summand is
minimal. Therefore,

Lu(I, ’U,i,j\)ﬂi = min Lu(I,ﬂl,;\)ul (26)

Now, (21) is a direct result of (26).

Moreover, according to the definition of L(I,u, A, pg) in (22), we have

VAL(Ia U, )\, Na) = V)\L(z, ﬂ,_j\),
ViL(I,u, A pa) = Vi L(1, 1, N), (27)
VuLl(I,u, N pg) = Vo L(I, 0, \) — pg.

Therefore, we continue the proof with the old form of Lagrangian for simplic-

ity. By Definition 4, the Lagrangian function for the optimal control problem
(11) is as follows:

K
LI} w) = J{ I B w) + Y / Me((Ik); = D(Ig,))dQ, (28)
k:lQ

where the multiplier Ay is the adjoint state. It can be seen that the first
optimality condition VL(7, %, A) = 0 is the PDE constraint in (11).

To find the adjoint state A\, we first perturb D(I)) with respect to I:
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D(Ix + €.01g,u) — D(Ig,u)

D  8(5y) oD 04(51k)>
=e. e — o)
: (aak)w or T B, ot ) TO® (20)
olrl
= e S 2 o),
p
pPEN
in which
op(lp) = —F7— =w (t). =57 = ) Ui—p—— 30
P =", o, =" om, -
Besides, for having Ly, (I,u, \), we perturb Ij in L:
le(I7u’)\) _th(...,Ik +8§Ik,) 7L(...,Ik,...)
e—0 3
. 1 ~ 2
:g%(ﬂ/((zk+5.51k)(x,y,Tf) = T y)do
Q

%/ In(z,y,Ty) — I (x,y))de

Q
[ Al +288), = D+ 258) = (1), - D(1)]Q)
Q

{O\

Il (
//\k 5Ik x y,Tf dQ /)\kz pa a;lk)d@ O( )

pEN

and 01 should satisfy
6, =0 onT,

5Ik:0 in Q.

Due to the boundary and initial conditions of I}, if we assume that A\ =0
on T', then upon integration by parts (with respect to ¢ in (I); and spatial
variables in 9/P!(61;,)), we have

Ly, (I,u,\) :/(Ik(ac,y,Tf) —fk(x7y))5lk(x,y,Tf)dQ+/()\k.élk)(sc,y,Tf)dQ
Q Q

/Ak 01,dQ — /Z i 271 Ug(;k))‘k) 01rdQ

pEN
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2o e) g’“’“’ 611dQ + O(e),

- / O+ T — TR0t —Tp) = Oy = 3 (=1)

Q PEN

where §(-) is the Dirac function. Finally, by considering the second optimality
condition L, (I,u,A) = 0, our argument yields the following system as the
adjoint equation for Ag:

P+ 5 (1) (op M), =0, in Q,

peN
>\k‘ 297 on F’ (31)
)\k(xay)Tf):Ik_Ik(Tf)? m Qa

fork=1,..., K.
Now by perturbing u; in L, we get Ly, (I, u, A)

L(,ul—l—e(Su“)—L(,ul,)

L, (I,u,\) =lim

e—0 9
—lim(ia- /T (u; + .6u;)>(t)dt — Lo, /T u?(t)dt
78—)0 25 ¢ 0 ! ’ ' 2 ¢ 0 i

K
_ ];/Q/\k((ul + &.0u;) (t) — ul(t))dif f(1)dQ)
[ T K
zo/(aiui.(Suz')(t)dt—/O (;/Q)‘kdiff(fk)dﬁﬁuidt,

Therefore, we get

K
Lui(I,u,)\):aiui—Z/ Ardiff; (I)dQ, i =0,...,6,
k=17%

where the function A is the solution to (31). Now we get back to the La-
grangian (22) of our model, we have

K
Lo, (I, u, N 1) = o — Z/ Ardiffy (1,)dQ — prai, i=0,...,6,
k=179

From Lemma 1, we have g—i = L,(I,u,A). Therefore we arrive at

K

DJ _ .
Du. = ;U — ; /Q A diff; (I)dQ — paiy, i=0,...,6. (32)

O
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In summary, we have the Gateaux derivative of the object function J with
respect to the control u,

DJ K
D = it = Z /Q Ardiff; (Ix)dQ — prai, i=0,...,6, (33)

where the adjoint state A is the solution to the PDE bellow:

8/\k 4 Z ( )|P|(O-p)\k)p =0,in Q,

peEN
A =0, on I (34)
)\k(xayan):Ik_Ik(Tf)7 in Q.

For more details and a more mathematically precise explanation, the in-
terested reader is referred to [36, 20]. Now that we have extracted enough
information from the optimality conditions, we can use numerical methods
to determine u for (11).

Now, we need to find the initial u(¢) as the starter of the numerical

method. At each time step, or ’“( ) is expected to be %’“ft) so that I tends

to the expected output Ij. On the other hand, we have 815—1@ = L(Ig,u).
Next, we aim to find u(t) to minimize

K ne K ., )
I;/Q(L(Ik,U)— ) dﬂ—;/ﬂ[pk(t) u(t) — di(t)] d9.

Therefore, the initial u(t) can be obtained by solving the following system:

P(t)u(t) = d(?), (35)

K
where we have P(t Z Jo pe@)pe(t)TdQ and d(t) = Z Jo P ()i (8) T dS2,

in which py(t) = diff( k) and di(t) = I’“Tl_kt(t)

Finally, with the help of the above u(t) and by considering the Gateaux
derivative (33), we can the perform Conjugate Gradient (CG) method [32, 34]
to solve the optimal control problem (11).

Our PDE framework is summarized in Algorithm 1. Once the coefficients
are learned, equation (4) is completed and can be applied on test images,
where the noisy image f is the input as the initial value and the output
I(Ty) is the desired denoised image.
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Algorithm 1 The framework to learn PDEs for image restoration

Input: Training image pairs (fx, Ix), k=1,...,K , Ty.
. Initialize u(t), ¢t € [0,T}), by solving (35).
while not converged do
Compute 387];’ 1=0,...,6 using (33).
Perform conjugate gradient method using 5%, [32, 34].
end while
return Coefficient functions u(t), t € [0,T%).

: Solve (4) using the result from previous step.

—_

3 Experimental Results

In this section, the application of our proposed PDE for image denoising is
demonstrated. The experiments are performed on gray-scale images. We
compare the results obtained from our PDE with the evolutionary previous
works, PM second-order PDE [29], YK fourth-order PDE [42], second-order
L-PDE [22], Zhang [47], and Siddig’s [33] fourth-order PDE approaches for
image denoising. For selecting the parameters in PM and YK method, we
chose the values that produce the most appealing results and the best result is
chosen as the output of the method. For all experiments, the grid sizes h = 1
and Ty = 5 are considered. All our experiments are performed in MATLAB
R2018b on an Intel(R) Core(TM) i5, 2.40 GHz, 8 GB RAM laptop.

For a quantitative comparison between the previous methods and our
scheme, the peak signal-to-noise ratio (PSNR)[44] and structural similarity
index (SSIM)[37] of the processed images are considered. It should be noted
that PSNR is most easily defined via the mean squared error (MSE). Given
a noise-free m x n monochrome image I and its noisy approximation f, MSE
is defined as:

1 m—1 n—1 o N
MSE = — I — .
D iy gy :0) = 1))
Then PSNR is obtained as follows:

max?]
ViISE (36)

= 20.log(max ) — 10.log,( (M SE).

Here, max I is the maximum possible pixel value of the image. It can
easily be seen that, the closer an image is to its ground truth, the higher its
PSNR is. Given similar assumptions, SSIM is defined as
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(QI_f—i- Cl)(QO']f +Cy)

SSIM = ,
(17 +u5 +C1)(0F + 07+ Co)

in which I and f are the mean values of I and f, o; and o + are the standard
deviation of them, 0% and O'J% are their variances, and oy is the variance of I
and f. For stabilizing the division with the weak denominator, C; = (K, L)2
and Cy = (KQL)2 are two variables and L is the dynamic range of pixel
values, K1 = 0.01 and K5 = 0. Like PSNR, the closer an image is to its
ground truth, the closer the SSIM will be to one.

For choosing images in our experiment, first, we used a group of images
containing 50 clear images and their noisy version, with additive white zero
mean, Gaussian white noise with the variance of 0.01, in various sizes, cate-
gorized in ten different classes including animals, sea, personal picture, city
view, nature images, and so on. These images are gathered from SIPI image
database [40], Berkeley image database [3], and Matlab’s image library. Four
pictures in each class were used for training the PDE, and one was used as
the test image and the same test image was used as the initial image for the
other denoising methods.

In Figures 1 and 2, the performance of our proposed method and the other
five denoising models are shown. First, “Lena” picture with size 512 x 512,
Figure 1(a) is the original clean image, Figure 1(b) is a noisy version of it with
additive white noise followed by Figures 1(c-g) showing the denoised images
by PM, YK, 2nd L-PDE, Zhang’s’s PDE, and Siddig’s model, respectively,
and Figure 1(h) is the denoised image with our proposed method. It can
be seen that compared to the other five methods, our fourth-order PDE
demonstrates better results in preserving edges while decreasing the noise of
the image. In Figure 2, the “City” image with size 850 x 480 is displayed
followed by Figure 2(b), its noisy version, and on Figures 2(c¢-g), the enhanced
form of it by the Pm, YK, 2nd order L-PDE, Zhang’s model, and Siddig’s
approach is shown, and in Figure 2(h), the result of our denoising model is
illustrated. It is vivid that the recommended PDE reduces noise without
blurring the image features or leaving any speckles.

The PSNR and SSIM values collected from denoising ten images with
additive white Gaussian noise with all the mentioned models are presented
in Table 1. Comparing the values obtained from discussed methods in each
image shows that our proposed scheme has the best performance among the
other methods, which is indicated by the higher PSNR and SSIM values.

In addition, to better investigate the performance of our suggested method
on more complex noises, the second group consisting of 50 images, in five
separate classes with unknown noise, meaning a combination of zero-mean
Gaussian white noise, Poisson noise, and the salt & pepper noise (d = 0.1)
is added to the images, such as aerial and texture images are chosen. This
group of images is also gathered from SIPI and Berkeley image databases
and pictures are taken by a Canon EOS 750D camera. Table 2 represents
the results of performing all the methods on our five image classes, which
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can be seen that our suggested model results in better outcomes. In training
the L-PDEs in [22] and our model for denoising the images with unknown
noise, we used more training images to learn the coefficients due to the more
complex noise in each image. In Figures 3 and 4, the noisy test image“Aerial”
and “Tile” are shown with their denoised versions and it is observed that our
model is superior in decreasing noise while preserving the image features.

Figure 1: Comparison of proposed scheme with five methods on “Lena” image with
added white Gaussian noise. (a) Original image; (b) Noisy image; (¢) PM second-order
PDE; (d) YK fourth-order PDE; (e) second-order L-PDE; (f) Zhang’s fourth-order PDE;
(g) Siddig’s model; (h) proposed fourth-order PDE
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(8) (h)

Figure 2: Comparison of proposed scheme with five methods on “City” image with
added white Gaussian noise. (a) Original image; (b) Noisy image; (¢) PM second-order
PDE; (d) YK fourth-order PDE; (e) second-order L-PDE; (f) Zhang’s fourth-order PDE;
(g) Siddig’s model; (h) proposed fourth-order PDE

In Figure 3, a noisy aerial image with unknown noise is shown and its
denoised forms are Figures 3(b-g). Even with the complex unknown noise,
the performance of our proposed quadratic model is better than the other
competitors. In Figure 4, a noisy tile image is presented. As expected from
the PSNR and SSIM values in Table 2, the recommended learning-based PDE
still yields better results in comparison to the other contestants.

Finally, we compare the average PSNR values resulted from all the mod-
els, in Figure 5. Comparing the average values obtained from each method
on both image groups with Gaussian and unknown noise, we can see that
the average values gained from our proposed PDE are larger than the other
approaches on both types of noises, which indicates that our scheme outper-
forms other models in both image categories.
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Table 1: PSNR and SSIM results for ten test images with additive white Gaussian

noise.

PM YK 2nd L-PDE  Zhang Siddig  Proposed
Lena 19.4755  20.8096 23.8938 27.7531 28.5738  30.4873
0.7527  0.8031 0.8093 0.8069  0.8421 0.9184
City 20.3853  20.7052 24.2705 28.2597 29.6089  29.1105
0.6908  0.7288 0.8041 0.8472  0.8133 0.8563
Text 18.0646 21.9834 23.9050 28.0671 28.5636  31.2598
0.7093  0.7313 0.8527 0.8530  0.8600 0.8697
Woman 19.8594  20.7346 23.0504 29.4682 30.1833  30.4666
0.6551  0.6995 0.8211 0.8873  0.8237 0.9030
Eiffel 19.1024 21.4389 24.1924 28.0046 30.1453  30.2713
0.6694  0.6890 0.7806 0.8074  0.8497 0.8901
Sea 20.2217  21.0962 23.9878 27.2673 27.5078  31.0694
0.7589  0.7854 0.8030 0.8364  0.7890 0.8751
Nightcity 19.8372 21.9698 25.2569 28.5490 28.6472  29.3441
0.7048  0.7589 0.8497 0.7573  0.8628 0.8638
Nature 20.2255  22.3523 24.6548 29.7069 29.6567  30.4155
0.6508  0.7001 0.7945 0.7886  0.8349 0.9153
Flowers 19.3536  20.9230 25.2612 28.9910 29.0531  29.9513
0.6461  0.6934 0.7914 0.8199  0.8276 0.8785
Trees 20.3819  22.1760 25.8949 28.6375 28.8983  30.5744
0.6835  0.7412 0.7364 0.8536  0.8619 0.9143

Table 2: PSNR and SSIM results for five test images with real unknown noise.

PM YK 2nd L-PDE  Zhang Siddig  Proposed
Truck 16.1163  17.2961 18.6548 19.9679 21.0791 22.5288
0.7001  0.7058 0.7413 0.7538  0.8103 0.8526
Aerial 15.9888 18.1222 18.9908 19.5223  20.9317 22.9611
0.6846  0.7140 0.7851 0.7987  0.8159 0.8794
Personal 16.6055 18.3664 19.0258 20.6046  21.6548 23.7669
0.6422  0.6988 0.7423 0.7642  0.7941 0.8682
Texture  15.4097 17.0267 18.9516 19.5583  20.9513 22.0304
0.7085  0.7631 0.7970 0.8155  0.8289 0.8437
Tile 16.2849  17.9806 18.9823 20.7140 21.1675 23.6656
0.6827 0.7125 0.7681 0.8155 0.8468 0.8549
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Figure 3: Comparison of proposed scheme with five methods on “Aerial” image with
real unknown noise. (a) Noisy image; (b) PM second-order PDE; (c) YK fourth-order
PDE; (d) second-order L-PDE; (e) Zhang’s fourth-order PDE; (f) Siddig’s model; (g)
proposed fourth-order PDE

4 Conclusion

In this article, we proposed a fourth-order PDE for image denoising with
trainable coefficients asserted by an optimal control problem. The experi-
mental results show improvements in performance in comparison to previous
approaches in the field of PDE-based methods for image denoising. Compared
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to previous methods, our scheme results in better outcomes, clearer image
with higher PSNR and SSIM. For future studies, we want to strengthen our
approach in the following areas. First, design a more general equation to
adapt better to different problems, more precisely, having an optimal con-
trol problem with controls depending on spatial variables as well. Second,
to introduce a region-based PDE with trainable coefficients, which leads to
having two controls for each region. Finally, finding a more suitable numeri-
cal method for solving the optimal control problem to have a faster and more
accurate numerical result.

(8)

Figure 4: Comparison of proposed scheme with five methods on “Tile” image with
real unknown noise. (a) Noisy image; (b) PM second-order PDE; (c) YK fourth-order
PDE; (d) second-order L-PDE; (e) Zhang’s fourth-order PDE; (f) Siddig’s model; (g)
proposed fourth-order PDE
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Giaussian noise Unknown noise
Method

Average PSNR

Figure 5: Comparison of average PSNR values in four methods
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Abstract

In this article, singularly perturbed differential difference equations having
delay and advance in the reaction terms are considered. The highest-order
derivative term of the equation is multiplied by a perturbation parameter
¢ taking arbitrary values in the interval (0, 1]. For the small value of ¢, the
solution of the equation exhibits a boundary layer on the left or right side
of the domain depending on the sign of the convective term. The terms
with the shifts are approximated by using the Taylor series approximation.
The resulting singularly perturbed boundary value problem is solved using
an exponentially fitted tension spline method. The stability and uniform
convergence of the scheme are discussed and proved. Numerical exam-
ples are considered for validating the theoretical analysis of the scheme.
The developed scheme gives an accurate result with linear order uniform
convergence.
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1 Introduction

A large number of mathematical models have appeared in different areas of
science and engineering that take into account not just the present state of
a physical system but also its past history. These models are described by
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certain classes of functional differential equations often called delay differen-
tial equations or differential difference equations (DDEs). The class of DDEs
with characteristics of delay/advance and singularly perturbed behavior is
known as singularly perturbed differential difference equations (SPDDEs).
The DDEs with delay or advance term play an important role in model-
ing many real life phenomena in bioscience, control theory, economics, and
engineering [5]. Some applications are the mathematical modeling of popu-
lation dynamics and epidemiology [19], physiological kinetics [4], blood cell
production [25], and so on.

In SPDDESs model process, the evaluation not only depends on the current
state of the system but also includes the past history. A number of model
problems in science and engineering take the forms of SPDDEs [32]; we list a
few of them: neuron variability model in computational neuroscience, optimal
control theory problems, and model describing the motion of sunflower.

For the perturbation parameter, when ¢ tends to zero, the smoothness of
the solution of the singularly perturbed problems deteriorates and it forms
boundary layer; see [6, 27]. In the case where ¢ is very small, standard numer-
ical methods such as FDM, FEM, and collocation method lead to oscillations
in the computed solutions. To handle the oscillation, a large number of mesh
points are required, which is not practical; see [32].

The solution methods of SPDDEs have received great attention in recent
years because of their wide applications. It is of theoretical and practical
interest to consider numerical methods for such problems [40]. Adilaxmi
et al. [1, 2] proposed the exponentially fitted nonstandard FDM and in-
tegration method using a nonpolynomial interpolating function. In articles
[21, 22, 23, 24], Lange and Miura developed asymptotic methods for solving
a class of SPDDEs. The authors extend the matched asymptotic method
initially developed for solving BVPs to obtain an approximate solution for
SPDDEs. In articles [9, 11, 12, 13], Kadalbajoo and Sharma developed e-
uniform numerical methods using fitted mesh techniques. Swamy, Phaneen-
dra, and Reddy [35] used the exponentially fitted Galerkin method for treat-
ing the problem. The authors in [36, 37] developed a fourth-order FDM with
an exponential fitting factor. Melesse, Tiruneh, and Deresecite [26] used the
initial value technique to treat the problem. They showed the applicability
of the scheme by considering different examples. Ranjan and Prasad [31]
used the modified fitted FDM for solving the problem. Sirisha, Phaneendra,
and Reddy [34] developed a finite difference scheme using the procedure of
domain decomposition. Kumar and Sharma [20] applied the B-spline collo-
cation method to approximate the solution of the SPDDEs. Mohapatra and
Natesan [28] applied the fitted mesh FDM using the equidistributed grid tech-
nique. In [40], Woldaregay and Duressa developed the exponentially fitted
FDM with Richardson extrapolation techniques.

Different authors in [3, 7, 8, 14, 15, 16, 17, 30] have applied the ten-
sion spline method for treating singularly perturbed reaction diffusion or
convection diffusion problems. To the best of the authors’ knowledge, the
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exponentially fitted tension spline method has not been developed for treat-
ing SPDDESs. Developing uniformly convergent schemes is an active research
area [33]. This motivates us to develop an accurate and uniformly convergent
scheme using the exponentially fitted tension spline method.

Notations: N denotes the number of mesh interval in the discretization,
C' denotes a positive constant independent of ¢ and N, and the norm |||
denotes the supremum norm.

2 Continuous problem

Consider a class of SPDDE of the form
—eu" (z)+a(z)v () +a(z)u(z—06)+w(@)u(z)+B(x)u(z+n) = f(z), x e,

with the interval conditions

(b(x)a T e [_6a 0]7
Y(z), =e[l,1+4mn],

where Q = (0,1), € € (0,1] is the singular perturbation parameter, and §
and 7n are delay and advance parameters satisfying d,17 < €. The functions
a(x),a(z),w(x), (z), f(z), d(x), and ¢(z) are assumed to be sufficiently
smooth and bounded for the existence of unique solution. The coefficient
functions a(x),w(z), and S(z) are assumed to satisfy

a(z) +w@) +B8(z)>at+w+B=10>0, forallzeQ,

where the constants «,w, and 8 are lower bounds of «a(z),w(z), and S(x),
respectively.

In the case when 4, = 0, equations (1)—(2) reduce to a singularly per-
turbed boundary value problem, in which for small ¢, it exhibits boundary
layer. The layer is maintained for ¢, # 0 but sufficiently small.

2.1 Properties of the continuous solution

In the case when §,n < ¢, using Taylor’s series approximation for the terms
with deviating, the argument is appropriate [38]. Using the Taylor series
approximation, we approximate

u(z — 8) ~u(x) — ou'(z) + (62/2)u” (x) + O(6%),

~ ! 2 " 3 (3)
u(@ +n) ~u(e) +nu'(x) + (7 /2)u”(x) + O(°).
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Replacing (3) in (1) gives
—cou(z) + p(z)u/ (z) + q(z)u(z) = f(z), z€Q, (4)

with the boundary conditions

where ¢, = &2 — (62/2)a — (7?/2)8, p(x) = a(z) — da(x) + nB(z), and q(z) =
a(z) + B(z) + w(x). For small values of ¢ and 7, (1)—(2) and (4)-(5) are
asymptotically equivalent, since the difference between these two equations is
O(83,m%). The differential operator L is denoted for the differential equation
in (4) and defined as

Lu(z) = —cou(z) + p(z)u/(z) + q(2)u(z).

The problem in (4)—(5) exhibits the regular boundary layer of thickness
O(ce), and the position of the boundary layer depends on the conditions: If
p(x) < 0, then the left boundary layer exists, and if p(x) > 0, then the right
boundary layer exists. In the case when p(z),z € Q, the change sign interior
layer will exist [10].

The problem obtained by setting c. = 0 in (4)—(5) is called the reduced
problem and given as

p(x)ug(z) + q(z)ug(x) = f(x), forall z € Q,
uo(0) =¢(0),  uo(1) # ¥(1).

For the right boundary layer case, it does not satisfy the right boundary
condition, and for the left boundary layer case, it is given as

(6)

p(x)ug(z) + q(z)ug(x) = f(x), forall z € Q,
ug(0) #¢(0),  uo(1) =1(1).
For small values of ¢, the solution u(x) of (4)—(5) is very close to the solution
uo(x) of (6) or (7).

Lemma 1 (The maximum principle [40]). For sufficiently smooth function
z on €, satisfying z(0) > 0, 2(1) > 0, and Lz(z) > 0, for all z € ©, implies
that z(z) > 0, for all z € Q.

(7)

Lemma 2 (Stability estimate). The solution u(x) of the continuous equation
(4)—(5) satisfies the bounded

[u(@)| < 07| £[|+ max{|6(0)], [4(1)[}- (®)

Proof. 1t is proved by the construction of barrier function and using the
maximum principle. Let us define barrier functions 9% (z) as 9% (x) =
0= £+ max{#(0),1(1)} & u(x). On the boundary points, we obtain
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9%(0) = 07| f [+ max{é(0), (1)} £ u(0) > 0,
9F(1) = 07 f ]|+ max{¢(0), (1)} £ u(1) = 0.

On the differential operator, we have

LY* (2) = — 0L () + p() 0 () + q(a) 04 (2)
= —c(0£u"(2)) + p(x) (0 £ ' (2)) + g(2) (07| fI|1+ max{e(0), (1)}
+ u(x))

=q(x) (07| fll+ max{g(0), ¢ (1)}) = f(=)
>0, since g(x) > 6 > 0.

By using the hypothesis of the maximum principle, we obtain 9 (x) >
0, for all z € ©, which implies the required bound. O
In the next lemma, we obtain a bound for the derivatives of solution.

Lemma 3. Derivatives of the solutions of the problem in (4)—(5) satisfy the
bound

[u® ()] < C(1+ca_kexp(_p*x)), zeQ, 0<k<A4,

Ce

for the left boundary layer problem and

—p*(1— 33)))

[u® (z)] < C(1+c-Fexp ( -
3

, €, 0<k<A4,

for the right boundary layer problem.

Proof. See [6]. O

3 Numerical scheme formulation

In this article, an exponentially fitted tension spline method is proposed for
solving equations (1)—(2). The exponential fitting factor is used to hinder the
influence of the perturbation parameter in the boundary layer region. The
theory of the asymptotic method is used for developing the exponential fitting
factor. We consider and treat the left and right boundary layer problems
separately.
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3.1 Exponentially fitted tension spline method

Let 0 =29 < 21 <3 < --- < zy = 1 be a uniform partition for [0, 1] such
that z; = ih, i = 0,1,2,..., N. A function S(z,7) = S() is a class of C?(),
which interpolates u(x) at the mesh points z; depending on the parameter
7, reduces to cubic spline in Q as 7 — 0, and is termed as a parametric cubic
spline function [17, 3]. In [z;,x;41], the spline function S(x) satisfies the
differential equation

xr —x;

+ (8" (i) = TS (i) ——,

(9)
where S(x;) = u(z;) and 7 > 0 is termed as a cubic spline in compres-
sion. Solving the linear second-order differential equation in (9) and deter-
mining the arbitrary constants from the interpolation conditions S(z;+1) =
w(wit1), S(w:) = u(w;), we get

Ti4+1 —

S"(x) —7S(x) = [9"(x;) — 7S (x4)] 7

h2 . AMax — Z; . by x; —x
S(z) “\Zsinh \ [MiJrl smh(%) + M; smh(%)]
— S [(is = Tt () + (0 = Tru(e)) (=)

where A = hr!/? and M; = u"(z;) for j =i+ 1,i.

Now, differentiating (10) and letting  — x;, on the interval [z;, z;41], we
obtain

S/ :M _ % [Mir(1— ﬁ) + M;(Acoth A — 1)](711)

and on the interval [x;_1,x;], we obtain
A

sinh)\)]'
(12)

ulw) Zul@icn) R coth A — 1) + My (1

(™) —

Equating the left- and right-hand derivatives at x; gives

u(w;) —u(xi-1) | b B _ A

— 0t [M;(Acoth A — 1) + M;_(1 sinh)\)]

u(@ipr) — u(g) o ho o A ' _ (13)
B —— [Miy1(1 Y /\) + M;(Acoth A — 1)],

i=1,2,...,N—1.

Rearranging, we obtain the tridiagonal system
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w(wi—1) — 2u(z;) + u(xigqr)
h? ’

M M1 +2Mo M+ My 1 = =1,2,...,N—1,

1
14)
where A; = & (5 — 1) and Ay = 5 (1 — Acoth A).

The condition of continuity given in (14) ensures the continuity of the first-
order derivatives of the spline S(x) at interior nodes.
Now, substituting —c. M; = f(z;) — p(z;)v'(x;) — g(xj)u(x;) for j =i — 1,4

and 7 + 1, we obtain

Lru(w) = = 35 [u(zioa) = 2u(e) + )] + Mlp(zioa) (i)

+ q(@im1)u(zi—1)] + 22 [p(z:)u’ (z:) + q(@;)u(@;)]
+ Mp(zip)u' (zig1) + q(@ig1)u(zi)]
:Alf(l'ifl) —+ 2)\2f((£1) —+ >\1f(1'i+1) —+ Tl(h), 7= ]., 2, ey N — ].7
(15)

where T (h) is the truncation error in the above discretization, one can see
the detail in [3], and it is given by
ht " ht (4) 6
Ti(h) = 3(—2/\1 + Ag)p(@i)u” (G) + ﬁ(l —12M)p(@i)ccu'™ () + O(R),
(16)
for any choice of A\; and Ao whose sum is 1/2, except Ay = 1/12 and Ay = 5/12.
For the choice A\ = 1/12, Ay = 5/12, we have

ch® (o)
Ti(h) = 210 % (Gi)s G € w1, ziga]- (17)

Next, we use the left-shifted, central, and right-shifted finite difference ap-
proximation as

—3u(zi—1) +4u(z;) — u(zit1)

u(zio1) = 5% + O(h),
u/(xi) :u($¢+1)2*hu(ll‘i—1) + O(hZ), and (18)
W i) =2 2 AR R VS

Substituting (18) in (15) leads to

Ce

—3ui—1 + 4u; — Ui+1)

h? 2h
Ujt1 — Uj— St — 4du; + ui—
+ 2/\2[]9(351‘)(%) +q(z)u] + Mp(zis) o L

+ q(zig1)uiv1] = M f(ziz1) + 2Xaf (2:) + A f(zig1) + T2 (h),
i=1,2,... N—1,

Lu; = — S [ui—1 — 2u; + uipa] + M [p(@i-1)( +q(zio1)ui—1]

(19)
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where u; denotes the approximation of u(z;) in the above discretization and
Ty(h) = O(h) + T (h).

3.1.1 Case I: Left boundary layer problem

In this case, the boundary layer occurs on the left side of the domain. From
the theory of singular perturbations, the zeros-order asymptotic solution of
(4)—(5) is given as [29]

= up(z @ —u exp (— ’ p(a;)_@ x c
) = wo(a)+ Z 00 —ua(0) exp (- [ (Z - L)) +0(c). 0

Using the Taylor series about = 0 for p(x) and ¢(x) and simplifying give
u(z) = uo(@) + (#(0) — uo(0)) exp(—p(0)z) + O(e:), (21)

where wg is the solution of the reduced problem. The domain [0,1] is dis-
cretized into IV equal number of subintervals, each of length h. Let 0 = xg <
r1 < Ty < --- < zxpy =1 be the points such that x; =ih, i =0,1,2,..., N.

Considering h small enough, the discretized form of (21) becomes
u(ih) =~ u; = ug(ih) + (¢(0) — uo(0)) exp(—p(0)(ip)), (22)
where p = h/c. and h = 1/N. Similarly, we write

uiy1 =uo((i + 1)h) + (¢(0) — uo(0)) exp(=p(0)((i + 1)p)),

wi =uo((i — DB) + (6(0) — uo(0)) exp(—p(O)((i — 1p)). )

In order to handle the influence of the perturbation parameter, the exponen-
tially fitting factor o is multiplied on the term containing c. as

CeO —3ui, + 4’LL¢ — U;
Lju; =~ 2721[%'71 = 2u; + w1 ] + Mifp(@i-1)( - 57 )
U; — Uj—
+q(imr)ui1] + 2xe[p(a) (—H—0) + q(zi)uj)

2h

3Ui - 4uz + ui—
+ M p(ip) (H 5T Y) + g(@ig1 )]

Z)\lf(l‘i_1) + 2/\2f($i) + /\1f(12i+1) + Tg(h), i=1,2,...,N —1.

(24)

Multiplying both sides of (24) by h, denoting c./h = p, and taking the limit
as h — 0, we obtain
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— lim ﬁ[ui_l — 2u; + Ufi-i—l] + A1 lim [p((z — 1)h)(—3ui_1 + 4u; — ui+1)]
h—0 p h—0

+ 22 lim [p(ih)(ui+1 — ui_l)] + A1 lim [p((z + 1)h)(3ui+1 — 4u,; + ui_l)] =0.
h—0 h—0
25)

—~

The expression in (25) simplifies to

. Ce01
lim
h—0 p

[ui—1 — 2u; +uip1] = }Lii%(h + A2)[p(0)(uiv1 —wi—1)].  (26)
Using the results in (22) and (23), we obtain
Aigb[uiﬂ = 2u; + ui—1] =(4(0) — uo(0)) exp(—p(0)ip)

x [exp(—=p(0)p) — 2+ exp(p(0)p)],

}lbig%)[uiﬂ — ui—1] =(6(0) — up(0)) exp(—p(0)ip) 27

x [exp(=p(0)p) — exp(p(0)p)]-
Using the result in (27) into (26), we obtain the exponential fitting factor as
o1 = p(0)p(A + Aa) coth(p(0) ). (28)

Hence, the required finite difference scheme becomes

CeO —SUZ‘, + 4’LLl' — Uy
Lju; =~ 221 [wi-1 = 2u; + ui1] + Aa[p(zi-1)( - 57 )
U — U;—
+q(@im1)uio1) + 22 [p(e) () + gz ui)

2h

3Ui - 4uz + ui—
+ M (i) (H 5T Y) + g1 )]

:>\1f(1‘i_1) + 2/\2f($z) + /\1f(.11i+1) + Tg(h), i=1,2,...,N —1,

(29)

with the boundary conditions ug = ¢(0) and uy = %(1). The bound of
truncation error T5(h) is derived in Theorem 1.

3.1.2 Case II: Right boundary layer problem

In this case, the boundary layer is on the right side of the domain. From
the theory of singular perturbations, the zeros-order asymptotic solution of
(4)—(5) is given as [29]

= ug(x @ —u exp (— 1 p(m)_@ x c
) = w(a)+ B () —wo() exp (= [ (B2 S ar)+0(e). G0
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Using the Taylor series about « = 1 for p(x) and ¢(x) and simplifying, we
obtain

u(@) =uo(x) + ((1) — uo(1)) exp (= p(1)(1 — 7)) + O(ce),  (31)

where wg is the solution of the reduced problem. The domain [0,1] is dis-
cretized into IV equal number of subintervals, each of length h. Let 0 = zg <
1 < Ty < --- < zxpy =1 be the points such that x; =ih, i =0,1,2,..., N.

Considering h is small enough, the discretized form of (21) becomes

u(ih) ~ u; = ug(ih) + (Y (1) — uo(1)) exp(=p(1)(1/cc —ip)),  (32)

where p = h/c. and h = 1/N. Similarly, we write

i1 =uo((i+ 1)h) + (¢(1) —uo(1)) exp(—p(1)(1/cc — (i +1)p)),
i1 =uo((i — 1)h) + (¢ (1) —uo(1)) exp(—p(1)(1/cc — (i = 1)p)).

Using the similar procedure as the left boundary layer case, we obtain the
exponential fitting factor as

(33)

oo = p(1)p(A1 + A2) coth(w). (34)

Hence, the required finite difference scheme becomes

—3ui—1 + 4u; — Ujq1

CO
L%ui =— T;[Ui_l — 2u; + ui+1] + A1 [p(a:i_l)( oh )
Uj — Ui—
(@i )uim1] + 2 [p(a) (— =) 4 () ug]

2h

St — 4du; + ui—
+ A [p(wir1)( + o 1) + q(wi01)uig1]

=M f(io1) + 20 f(2) + A f(@igr) +T3(h), i=1,2,...,N -1,

(35)

with the boundary conditions ug = ¢(0) and uy = ¥(1).

3.2 Stability and uniform convergence

In this section, we discuss the uniform stability and convergence for the right
boundary layer problems. Similarly, one can do it for the left boundary layer
case. First, we prove the discrete comparison principle for the scheme in (35)
for the existence of the unique discrete solution.

We observe that the nonzero entries of the coefficient matrix of L}If-cui are
given by
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=02 3p(zi-1)  p(xit1) p(s)
Tijie1 == —5 ~ A ( on ~ an T q(ri1)) — X h
2c.09 2p(zi—1)  2p(xig1)
Qi :7 — Ai( A - A )+ q(xi), (36)
CeO plzi- 3p(i p(z;
@i it1 :*;722*>q( (2h ) + (2h+1) +Q(xi+1))+)\2%~
For each i = 1,2,..., N — 1 and for arbitrary values of h and c., we have

Qi i—1 < 0, Qi i1 < 0, and Q5 > 0.

Lemma 4 (Discrete comparison principle). Assume that, for a mesh func-
tion w;, there exists a comparison function v; such that L'u; < Ltv,;, i =
1,2,...,N —1and if ug < wvg and uy < vy, then u; <wv;, i =0,1,2,..., N.

)

Proof. The matrix associated with operator L% is of size (N + 1) x (N + 1)
and where for ¢ = 1 and i = N — 1, the terms involving ug and uy have been
moved to the right-hand side. It is easy to see that the matrix of coeflicients
is diagonally dominant and has nonpositive off-diagonal entries. Hence, the
matrix is an irreducible M matrix. See the details of proof in [18]. O

Lemma 5 (Discrete uniform stability estimate). The solution of the discrete
scheme in (29) satisfies the bound

Jusl < 07| Liuall + max{luol, lunl}. (37)

Proof. Let r = 07 Y||L%u;|| + max{ug,un}, and define the barrier function
19} by 19?[ =r + u;. On the boundary points, we obtain

193 =r+up = 07| Lhu|| + max{ug, un} £ ¢(0) >0,

9% =r+uy = 07| L, || + max{ug, un } £ 4(1) > 0.
On the discretized spatial domain z;, 0 < i < N, we obtain

Lhot = =%
RYi —

[(r+ui—1) —2(r £ug) + (r £ uip1)]

h2
M pla (R A 2 ) 2 i),

+ q(xi—1)(r £ui—1)] + 222 [p(x;)( (r+ Ui+1)2;L(T + ui_l))

(r£uip1) —4(r£u;) +3(r £u—1)
2h

+ q(x) (r £ ;)] + A [p(wig1)(

+ q(@it1) (r £ wigr)]
=Ng(zi—1) + 2Xa2q(zi) + Mq(zi01)] (07| L || + max{uo, un})
+ [Alf(.’L‘ifl) + 2)\2f(l’z) + Alf(l‘i+1)] >0, sinceq; >0 > 0.

)

From Lemma 4, we obtain 19? > 0, for all z; € QV. Hence, the required
bound is obtained. O
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Now for z > 0, Cy and C5 are constants, and we have

2 2 (h/c.)? W2

z
< th(z) — 1 < Cy——— d =
Ch 172(:0 (2) 7C22+17 an th/CE+1 e

z+ (38)

giving that

p(L)p _ °
e [p(1)p(A1 + A2) coth(T) —1]D* D u(z;)| < i [|[w ()], (39)
since A1 + A2 < 1/2. We obtain the bound
jeslu"(e0) — oD D (e =es [p(Lp( + Ao) coth(PD2) — 1) D*D=u(z)
+c. (u"(mi) — D+D_u(aci))|
L or |u” (1) || + Ceeh®||u™ ()]
—_ h + CE 1 £ 1 .

(40)

Now, let us denote the right-shifted, central, and left-shifted finite differ-
ences, respectively, as

i—1 — 4u; + 3u; i1 — Ui
Dfu(z;) _dint §h+ u+1’ DO%(z;) = %, and
L

Using Taylor’s series approximation, we obtain the bound
| (i-1) = D u(zi1)|<Ch[lu"(O) |,
W/ (z;) — DPu(z;)|<CR? ||[u(¢)]|, and (41)
|/ (i41) = Du(a;—1)| <Ch[u"(C)

9
where [[u”(Q)]| = maxzy <o, <oy [u” (@) and [ (C)|| = maxz <o <oy [u™ (24)]-

The next theorem gives the truncation error bound for the proposed
scheme.

Theorem 1. Let u(z;) and u; be the solution of (4)—(5) and (29), respec-
tively. Then, the following error estimate holds:

|Lu(z;) — Liu;| < Ch(1+ 3 exp (- M)) (42)

Ce

Proof. Consider the truncation error bound in the above discretization
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|Lu(z;) — Ly | <|Lu(x;) — LMu(zs)| + |L u(z) — L
SHTl(h)H + ‘csu"(ﬂci) — caoD+D_u(xi)’

+ iy — DPu(a)|[+[uj — Du(z;)|

+ [ufyy — DMu()].

(43)

Using the bounds in (40), (41), and (43) and using
Ti(h) < Ch*(=2X1 + Ag)|[u”” ()] + Cech* (1 — 1220)|[u™ (G) |,

we obtain

Ch?
[Lu(a:) — L] <5="— (o) | + c.CR (@) | + M Chlla" ()
€

h+
+ XCh2[[u” (Q)]| + Ch* (=21 + Ao)|[u” (G)

+ Cech* (1= 12X1) [[u™(¢) -

Using the bounds for the derivatives of the solution in Lemma 3 gives

2

|Lu(z;) — Lju;| Shcf% (1+ c;Qe(#f”)) +CR2e.(1+ 05_46(#57%»))
T Ol (14 22 ()Y ontag (14 et (FE)

+ ORY (=2 + M) (1 + ¢ %e(F572))

+Ceht(1 - 120) (1 4 e FE))
el

—p*(1—=;)

R R A )

+cg

—p*(A—xy) —p*(A—xy)

+Ch/\1(1+c;2e( = ))+Ch2>\2(1+c;3e( e ))

+ OB (=20 + M) (1 4 e %e(F2))

+ Ch*(1 — 12)) (c- + c;%(w*i‘””))
—p*(1—w;)

<Ch(1+ c;?’e( e )), since c2® > ¢

O

Lemma 6. For a fixed number of mesh numbers N and for ¢, — 0, it holds

—a(x;) —a(l—x;)
: exp (=) : exp (=)
lim max ——=—~>=0, lim max ————=—> =0, (44)
ce—01<i<N—-1 ct ce—01<i<N-—-1 c

form=1,2,3,..., where x; =ih,h =1/N, foralli=1,2,... N — 1.

Proof. See [39). O
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Theorem 2. Let u(x;) and u; be the solution of (4)—(5) and (29), respec-
tively. Then it satisfies the error bound

sup |lu(z;) — ]| < Ch. (45)
0<cx1

Proof. Using the result in Lemma 6 into Theorem 1 and using the result in
Lemma 5, we obtain the required bound. O

4 Numerical results and discussion

In this section, we consider examples to illustrate the theoretical analysis of
the proposed scheme.

Example 1. Consider the problem from [28]
—eu () + (1+ e(ﬁ))u’(x) +zeu(r — ) + 2%u(x) + (1 — e “u(z +n) = -1
with interval conditions u(xz) =1, —§ <z < 0,and u(z) = -1, 1 <z < 1+n.
Example 2. Consider the problem from [28]

—eu"(z) +u'(z) — 2u(x — 6) + 5u(z) —u(z +n) =0

with interval conditions u(z) =1, —§ <z < 0and u(z) = -1, 1 <z < 1+4.
The exact solution is given as

(L4 em2)e™® — (14 e™1)e™2"

ez —em™m

u(z) = )

where

—(=1=264n) + /(-1 =25 + )2 — 4(c + 62 + n2/2)
2(e + 92 +n%/2) ’

—(=1=26+n) = /(-1 —25 + n)? —4(c + 6% + n?/2)
2(e + 62 +n%/2)

mi1 =

ma =

Example 3. Consider the problem from [28]

—eu’(z) —u/(x) + 2u(z — 6) + bu(z) —u(z +n) =0
with interval conditions u(z) =1, =6 <z <0and u(z) =0, 1 <z <1+n.
The exact solution is given as

6m1x+m2 _ 6m1+m2m

u@) =

where
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N —(1+25+1) + /(L +26+7)2 —4(c — 52 +12/2)
b 2e— 0% +n2/2) ’

 —(142541) — /(1 +26+1)2 — 4(e — 62 + n2/2)
2= 2(e — 62 +12/2) '

Example 4. Consider the problem
—eu'" (x)—(1+exp(—2?))u' (x) —zu(z—8) —zu(z)— (1.5—exp(—z))u(z+n) = 1
with interval conditions u(z) =1, =6 <z <0and u(z) =1, 1 <z <1+4n.

Since, the exact solution of the variable coefficient problems is not known,
we applied the double mesh technique to calculate the maximum absolute
error.

Let U denote the computed solution of the problem on N number of
mesh points and let U?Y denote the computed solution on a double number
of mesh points 2N by including the mid-points z;41/5 = %Jm into the
mesh points. The maximum absolute error is given by

EN

e,0m — m?X|UzN - U(CL'Z)|, or Eé\,lé,n = mZaX|UzN - Ui2N|7

and the e-uniform error is calculated using BV = maxe s, |Eé\' 5m | The rate of

: : N _ N 2N
convergence of the scheme is calculated using Tosy = log, (Ee’é’n/EE@n), and

the e-uniform rate of convergence is calculated using r" = log, (EN JE*N )

Table 1: Example 1, maximum absolute error of the scheme for A\; = 1/12, A2 = 5/12.

el N =25 26 27 28 29 210

20 9.4299e-04  5.6749e-04  3.0865e-04  1.6056e-04  8.1847e-05  4.1316e-05
1.4597e-03  6.2724e-04  2.9779e-04  1.4502e-04  7.1636e-05  3.5613e-05
1.5547e-03  8.9197e-04  4.0302e-04  1.5441e-04  7.2554e-05  3.5885e-05
2.6082e-03  1.0350e-03  4.1282e-04  2.3469e-04  1.0215e-04  3.9059e-05
3.0394e-03  1.5279e-03  6.7558e-04  2.6400e-04  1.0473e-04  5.9369e-05
—10 3.0383e-03  1.5588e-03  7.8897e-04  3.8892e-04 1.7038e-04  6.6326e-05
3.0377e-03  1.5585e-03  7.8910e-04  3.9701e-04 1.9905e-04  9.7666e-05
—14 3.0376e-03  1.5584e-03  7.8907e-04  3.9699e-04  1.9911e-04  9.9709e-05
—16 3.0376e-03  1.5584e-03  7.8906e-04  3.9699e-04  1.9911e-04  9.9708e-05
3.0376e-03  1.5584e-03  7.8906e-04  3.9699e-04 1.9911e-04  9.9708e-05
—20 3.0376e-03  1.5584e-03  7.8906e-04  3.9699e-04  1.9911e-04  9.9708e-05

[
© o K N

NNDNDNNNDNNDNDNDND
| |
- =
3 S

EN 3.0376e-03  1.5584e-03  7.8906e-04  3.9699e-04 1.9911e-04  9.9708e-05
rN 0.9629 0.9819 0.9910 0.9955 0.9978 -

Four examples with their solution exhibiting a boundary layer are con-
sidered. Examples 1 and 2 have the boundary layer on the right side of the
domain and Examples 3 and 4 have it on the left side of the domain. For
the detail, one can observe in Figure 1, the layer formation of the solutions
for different values of . In Figure 2, the influence of the delay parameter
on the solution profile is given by considering different values of the delay
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Figure 1: Boundary layer formation for different values of e and § = 0.6¢,n = 0.5¢, (a)
Example 1, (b) Example 2, (¢) Example 3 and (d) Example 4.

0 01 02 03 04 05 06 07 08 03 1 0 01 02 03 04 05 06 07 08 09 1

(a) (b)

Figure 2: Solution profile for different values of delay parameter for e = 272, (a)
Example 2, (b) Example 4.

parameter for ¢ = 272. The maximum absolute error of the proposed scheme
for Ay = 1/12 and Ay = 5/12 is given in Tables 1-4, for different values of the
perturbation parameter €. One observes that as € — 0 in each column, the
maximum absolute error becomes stable and uniform. This indicates that
the proposed scheme is uniformly convergent. In the last two rows of these
tables, the uniform error and uniform rate of the convergence of the scheme
are given. In Table 5, the rate of convergence of the scheme is given for dif-
ferent values of e ranging from 272 to 2720, It is observed that the scheme
gives a linear order uniform convergence. In Tables 6-8, the comparison of
the proposed scheme with the result in [28] is given. As we observe, the uni-
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Table 2: Example 2, maximum absolute error of the scheme for A\; = 1/12, A2 = 5/12.

el N =2° 26 27 28 29 210

20 7.4098e-04  3.7006e-04  1.8494e-04  9.2446e-05 4.6218e-05  2.3108e-05
272 2.1452e-03  1.0603e-03  5.2699e-04  2.6277e-04 1.3121e-04  6.5561e-05
3.3473e-03  1.5615e-03  7.5382e-04  3.7142e-04  1.8438e-04  9.1872e-05
4.4315e-03  2.1468e-03  9.3461e-04  4.3381e-04  2.0955e-04  1.0317e-04
6.2230e-03  2.7096e-03  1.1361e-03  5.5377e-04  2.4090e-04  1.1169e-04
—10 6.2230e-03  3.2715e-03  1.6132e-03  6.9087e-04  2.8575e-04  1.3957e-04
—12 6.3987e-03  3.2747e-03  1.6565e-03  8.3275e-04  4.0708e-04  1.7359e-04
6.4018e-03  3.2751e-03  1.6567e-03  8.3326e-04  4.1787e-04  2.0915e-04
—16 6.4025e-03  3.2752e-03  1.6568¢-03  8.3329e-04  4.1788¢-04  2.0915e-04
—18  6.4025e-03  3.2752e-03  1.6568e-03  8.3329e-04  4.1788e-04  2.0915e-04
—20 6.4025e-03  3.2752e-03  1.6568e-03  8.3329e-04  4.1788e-04  2.0915e-04

N
[
o D &

NDNDNDNDNDNDNDND
|
—
IS

EN 6.4025e-03  3.2752e-03  1.6568e-03  8.3329e-04  4.1788e-04  2.0915e-04
rN 0.9671 0.9832 0.9915 0.9957 0.9986 -

Table 3: Example 3, maximum absolute error of the scheme for \; = 1/12, A2 = 5/12.

el N =25 26 27 28 29 210

20 9.7173e-04  4.7967e-04  2.3842e-04  1.1886e-04  5.9346e-05  2.9652e-05
272 2.2582e-03  1.0918e-03  5.3781e-04 2.6712e-04 1.3311e-04  6.6445e-05
2—4 4.1684e-03  1.9446e-03  9.3525e-04  4.6062e-04  2.2884e-04  1.1409e-04
2-6 9.0197e-03  3.4155e-03  1.3580e-03  3.1052e-04  2.0955e-04  1.5427e-04
2-8 1.3302e-02  6.2951e-03  2.4966e-03  9.1533e-04  3.7245e-04  1.7575e-04
2710 1.3600e-02 7.2675e-03  3.6950e-03  1.6616e-03  6.4185e-04  2.3339e-04
2712 1.3615e-02 7.2783e-03  3.7679e-03  1.9170e-03  9.4973e-04  4.2126e-04
2714 1.3618¢-02 7.2804e-03  3.7690e-03  1.9182e-03  9.677le-04  4.8587e-04
2716 1.3619e-02  7.2809¢-03  3.7690e-03  1.9183e-03  9.6778¢-04  4.8607e-04
2718 1.3619e-02  7.2809e-03  3.7690e-03  1.9183e-03  9.6778e-04  4.8607e-04
2720 1.3619e-02  7.2809¢-03  3.7690e-03  1.9183e-03  9.6778¢-04  4.8607e-04

EN 1.3619e-02  7.2809e-03  3.7690e-03  1.9183e-03  9.6778e-04  4.8607e-04
rN 0.9034 0.9499 0.9744 0.9871 0.9935 -

form error and uniform rate of convergence of the proposed scheme is better
than that of in [28].

5 Conclusion

This article dealt with the numerical treatment of SPDDEs having shifts on
the reaction terms. The solution of the considered problem exhibited the
boundary layer on the left or right side of the domain as € — 0. The terms
involving the shift were approximated using the Taylor series approximation.
The exponentially fitted tension spline method was used for treating the
resulting singularly perturbed boundary value problem. The first derivative
terms were approximated using left-shifted, central, and right-shifted finite
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Table 4: Example 4, maximum absolute error of the scheme for A\; = 1/12, A2 = 5/12.

el N =2° 26 27 28 29 210

20 1.9784e-04  9.7513e-05 4.8442e-05 2.4139e-05 1.2049e-05 6.0194e-06
22 3.7410e-04  2.0860e-04  1.0982e-04 5.6313e-05  2.8509e-05  1.4342e-05
2=%  1.4674e-04 1.6633e-04 1.2390e-04  7.2396e-05  3.8825e-05  2.0070e-05
26 1.4706e-03  3.3509e-04  4.4397e-05 4.6273e-05 3.5377e-05  2.0784e-05
278 2.0794e-03  1.0391e-03  3.9571e-04 8.8140e-05 1.1611e-05  1.2172e-05
2710 2.0806e-03 1.0780e-03  5.4814e-04 2.6668e-04  1.0074e-04 2.2328e-05
2712 2.0806e-03 1.0780e-03  5.4844e-04  2.7658¢-04 1.3881e-04  6.7101e-05
2-14  2.0806e-03 1.0780e-03  5.4844e-04 2.7658e-04  1.3888e-04  6.9589e-05
216 2.0806e-03 1.0780e-03  5.4844e-04  2.7658¢-04  1.3888e-04  6.9589¢-05
2718 2.0806e-03 1.0780e-03  5.4844e-04 2.7658¢-04  1.3888e-04  6.9589e-05
2720 2.0806e-03 1.0780e-03  5.4844e-04  2.7658e¢-04  1.3888e-04  6.9589e-05
EN  2.0806e-03 1.0780e-03  5.4844e-04  2.7658¢-04  1.3888e-04  6.9589e-05
rN 0.9486 0.9750 0.9876 0.9939 0.9969 -

Table 5: Example 1, (r¥; ,) of the scheme for Ay =1/12, A5 = 5/12.

el N =2° 26 27 28 29
Example 1
2-12 0.9628 0.9819  0.9910 0.9960 1.0272
2-14 0.9629 0.9819 0.9910 0.9955 0.9978
2-16 0.9629 0.9819 0.9910 0.9955 0.9978
2-18 0.9629 0.9819 0.9910 0.9955 0.9978
2-20 0.9629 0.9819 0.9910 0.9955 0.9978
Example 4
2-12 0.9486 0.9750 0.9876  0.9946  1.0487
2-14 0.9486 0.9750 0.9876  0.9939  0.9969
2-16 0.9486 0.9750 0.9876  0.9939  0.9969
2-18 0.9486 0.9750 0.9876  0.9939  0.9969
2-20 0.9486 0.9750 0.9876  0.9939  0.9969

Table 6: Comparison of uniform error and uniform rate of convergence of Example 1.

el N =2° 26 27 28 29 210
Propose Scheme

EN  3.0376e-03  1.5584e-03  7.8906e-04  3.9699¢-04 1.9911e-04  9.9708e-05

rN 0.9629 0.9819 0.9910 0.9955 0.9978 -
Result in [28]

EN  89743e-02  4.6893e-02  2.4148e-02  1.5602e-02  7.5110e-03  3.5319e-03

rN 0.9364 0.9575 0.6302 1.0547 1.0886 -

difference approximation. The stability of the scheme was investigated using
the comparison principle and solution bound. The uniform convergence of
the scheme was proved, and it gave the first-order uniform convergent. The
performance of the scheme was compared with some published articles and
it gave an accurate result.
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Table 7: Comparison of uniform error and uniform rate of convergence of Example 2.

el N =25 26 27 28 29 210
Propose Scheme

EN  6.4025e-03  3.2752e-03  1.6568e-03  8.3329¢-04  4.1788e-04  2.0915e-04

rN 0.9671 0.9832 0.9915 0.9957 0.9986 -
Result in [28]

EN  1.0273e-01  6.1537e-02  3.8643e-02  2.2077e-02  1.2395e-02  7.0772e-03

rN 0.7393 0.6712 0.8074 0.8328 0.8085 -

Table 8: Comparison of uniform error and uniform rate of convergence of Example 3.

el N =25 26 27 28 29 210
Propose Scheme

EN  1.3619e-02  7.2809e-03  3.7690e-03  1.9183e-03  9.6778e-04  4.8607e-04

rN 0.9034 0.9499 0.9744 0.9871 0.9935 -
Result in [2§]

EN  9.6126e-02 5.7165e-02  3.3247¢-02  1.8984e-02  1.0685¢-02  5.9444e-03

rN 0.7498 0.7819 0.8084 0.8293 0.8459 -
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Abstract

Forward-backward sweep method (FBSM) is an indirect numerical method
used for solving optimal control problems, in which the differential equation
arising from this method is solved by the Pontryagin’s maximum principle.
In this paper, a set of hybrid methods based on explicit 6th-order Runge—
Kutta method is presented for the FBSM solution of optimal control prob-
lems. Order of truncation error, stability region, and numerical results of
the new hybrid methods were compared with those of the 6th-order Runge—
Kutta method. Numerical results show that new hybrid methods are more
accurate than the 6th-order Runge-Kutta method and that their stability
regions are also wider than that of the 6th-order Runge-Kutta method.
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1 Introduction

Numerical methods used for solving optimal control problems (OCPs) are
generally divided into two categories, direct and indirect methods. Indirect
methods solve an OCP numerically based on the Pontryagin’s maximum
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principle. The Pontryagin’s maximum principle was proposed in 1954 by
Pontryagin, a Russian mathematician. In the indirect method, an OCP is
converted into a two-point boundary-value problem (TPBVP). The forward-
backward sweep method (FBSM) is one of indirect numerical methods, which
was first proposed in 2007 in a book entitled as “Optimal Control Applied
to Biological Models” written by Lenhart and Workman [13]. In 2009, Sil-
veira et al. [23] suggested six methods for classifying skin lesions in medical
images and concluded that the FBSM performs better than the other meth-
ods. In 2012, McAsey, Moua, and Han [16] proved the convergence of the
FBSM. In 2015, Moualeu et al. [17] used the FBSM to treat and control a
type of tuberculosis with unknown cases in Comeroon. In 2015, Rose in his
thesis [20] reported that the FBSM is more accurate than the direct shooting
method and optimization method of MATLAB . In 2015, Sana et al. [22] used
trapezoidal and Euler methods, instead of Runge—Kutta method through the
FBSM to solve an OCP, compared them with the 4th-order Runge—Kutta
method and concluded that trapezoidal and Runge—Kutta methods have the
same performance in solving the OCP. Indeed, the performance of these
two methods was improved by increasing step length compared to the Euler
method; see [21]. In 2017, Lhous et al. [15] proposed a discrete mathematical
model and optimal control to reduce the divorce rate. They used the Pon-
tryagin’s maximum principle and FBSM. They informed the people of the
community about advantages of marriage and disadvantages of divorce, and
in this way, they were able to reduce the divorce rate. In 2018, Kheiri and
Jafari [11] proposed a general formulation for a fractional optimal control
problem (FOCP), in which state and co-state equations are given in terms
of left fractional derivatives. They used an improved FBSM, by the Adams-
type method to solve the FOCP . In 2019, Duran, Candelo, and Ortiz [3]
used a modified FBSM for reconfiguring unbalanced distribution systems. In
2019, Kongjeen et al. [12] proposed a modified FBSM for analyzing electrical
charge of microgrids. In 2020, Ameen, Hidan, and Mostefaoui [1] proposed a
mathematical model for studying the relationship between fish consumption
and the prevalence of chronic heart disease (CHD). They used an improved
FBSM based on a predictor-corrector method and concluded that eating fish
reduces the risk of CHD and its mortality. In 2020, Bhih et al. [2] pro-
posed a new model of rumor on social media and determined three optimal
controls theoretically minimizing the number of spreader users, fake pages,
and related costs. They used the FBSM to solve their optimization system
in a duplicate process. In 2021, Ebadi et al. [9, 8] presented hybrid meth-
ods to numerically solve the OCP by the FBSM. They concluded that their
proposed methods are more accurate than the FBSM in the presence of the
explicit Runge-Kutta methods.

In this work, we present new hybrid methods for the FBSM solution of
OCP. The paper is organized as follows: In Section 2, new methods and their
order of truncation errors are presented. Stability analysis of the methods
discussed in Section 3. We review the OCP, FBSM, and its convergence in



New class of hybrid explicit methods for numerical solution of ... 285

Sections 4 — 6. The results and final conclusions are presented in Sections 7
and 8, respectively.

2 Hybrid methods and order of truncation errors

Hybrid methods used for solving stiff differential equations are mostly effi-
cient and have better response than other numerical methods. Consider the
following initial value problem (IVP):

' = f(t,x), z e R", x(ty) = w0, to <t <ty, (1)

where f : [to,t;] X R™ — R™. There are several explicit and implicit meth-
ods for solving such problems, but hybrid methods are more accurate than
Runge-Kutta and backward differential formulas methods and have a wide
range of stability; see [7, 5, 6, 4, 10]. Let us consider IVP in the form of (1).
Linear k-step methods of the following form have 2k + 1 arbitrary parameter:

Tpt1 = 01 Tp+0oTp_1+- - FZn_pp1 +r{Bofas1+B1fn+ +Befn—kt1},

(2)
where fn+1 = f(tn + hyxn+1)7 fnfm = f(tn - mhyxnfm) and fn = f(tnaxn>
form =1,2,...,k— 1. For increasing order of k-step methods in the form of
(2), a linear combination of the slopes is used at several points between ¢,
and ¢,41, where t,,41 = t, +h in which h is the step length on [t,tf]. Then,
the modified form of (2) with m slopes is given by

k k m
Tpy1 = Zajxn—j+1 + h25jfn—j+1 + hZMjfmrvﬁ (3)
Jj=1 7=0 7j=1

where «;, 3;, and p; are 2k +m+ 1 arbitrary parameters; see [10]. Methods
of form (3) with m off-step points are called hybrid methods, where

O<wv; <1, v;eR, j7=12,...,m,
and herein, we set k =1 and m = 4. Hence, we write (3) as

Tpy1 =Q1 Ty (4)
+ h{ﬁOfnJrl + Blfn} + h{ﬂlfnJrvl + p2 frtoy + 13 fryos + N4fn+v4}v
where a1, as, B, f1, and v;s are arbitrary parameters and v; is not equal to

Oor1fori=1, 2,3, 4. Expanding each term in (4), in Taylor’s series about
tn, we can obtain a family of the 6th-order methods if the equations
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Table 1: Values of v;s in cases No. 1, 2, 3, 4, and 5 of new proposed methods

v; case 1 case 2 case 3 case 4 case 5

vy 2.020e+00 2.020e+00 2.020e+00 2.020e+00 2.020e+00
Vg 4.000e-01 2.000e-01 4.000e-01 4.000e-01 1.000e-01
v3 -2.000e-01 -3.000e-01 -2.000e-01 -2.000e-01 -2.000e-01
vg | -1.840e+00 | -1.540e+00 | -1.440e+00 | -1.140e+00 | -1.840e+00

Table 2: Values of v;s in cases No.

6, 7, 8,9, and 10 of new proposed methods

v; case 6 case 7 case 8 case 9 case 10

U1 2.020e+00 2.090e+00 2.020e+00 | 2.020e+00 2.020e+00

Vg 4.000e-01 4.000e-01 3.000e-01 3.000e-01 4.000e-01

v3 -2.000e-01 -5.000e-01 -3.000e-01 -2.000e-01 | -2.0000e-01

vg | -1.840e4+00 | -1.840e+400 | -1.840e+00 | -9.540e-02 -5.240e-01
a1 = 1,

Bo+pP1+c1+catces+cea=1,

Bo + c1v1 + cav2 + c3vs + cavs = 3,
2(Bo + 103 + c2v3 + 303 + cqv}) = §,
+(Bo 4 103 + cov3 + 30§ + c4v}) = 35,
%%(ﬁo +c1 vf;— 62v§5+ 63v§5+ 641}42 =,
@(ﬁo + 107 + covy 4 c3v3 + cqvy) = 720"
=5 (Bo + c1vf + 208 + ¢30§ 4 c408) = =555

=0

are satisfied, where the principal term of the truncation error is

%cm?xm (tn) +0(h®), ¢z =1 —"T7(Bo + c1v] + cavy + c3v5 + cav]).
In this paper, the coefficients of (4) are proposed and obtained by searching
and using coefficients that are more stable than the explicit Runge-Kutta
methods. Values of v; are determined with a wide stability region by searching
for the interval of [-2.5, 2.5]. The v; values are presented in ten cases as shown
in Tables 1 and 2. They are called as the new proposed methods in this

paper:
Tpp1 = Tn+h{B1 frt 11 frto, T 12 frvs T 13 fros T4 frtos +Bofrnra}, (5)

where fr11 = f(tn+h,2ag1), fore, = ftn ik, 2np,), and fr, = f(tn, vn)
fori =1,2,3,4. Note that 11, Tn+,, and x, are numerical approximations
according to the exact values of the solution z(t) at tp,41 = tn + h, tnio, =
t, + v;h. For converting (5) into explicit methods at each step, the values of
Zpt+1 and Zp4,, are predicted and used on right-hand side of the proposed
methods using the 6th-order explicit Runge-Kutta (RK6) method, respec-
tively, as follows:
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Tyl = Ty + 180 (9k§1 + 64ks + 49k5 + 49ke + 9]417),

ki = hf(zn,yn),

ko = hf(z, +h yn+k1)

ks = hf(fﬂ + 3h Un + 57 (8]€1 + 2]€2 + 8k3),
ks = hf(@n + 157 — V21), yp + ksn),

ksh = 5355 (3(3V/21 = T)ky — 8(7 — V21)ky + 48(7 — V/21)k3)
Faip(~3(21 Y2k, ©
kg = hf(zn + 257+ V21), yn + 1o55 (—5(231 + 5921 ky
—40 ( + V21)ky + ken)
ken = —320(/21)k3 + 3(21 + 121+/21) kg + 392(6 + v/21)ks5),
kr = hf(zy + h,yn + 155 (15(22 + TV/21)ky + 120k
+40(7/21 — 5)k3 + ko),
krp = —63(3¢/21 — 2)ky — 14(49 + 9¢/21) ks 4 70(7 — &/21)k.

En—i-l T, + %(le + 64ks3 + 49k5 + 49k¢ + 9]€7) (7)

v;ih
—(9k1 + 64ks; + 49ks; + 49ke; + 9k7;), i=1,2,3,4.

Tt = Tn F g4

Tn+1 = xn_"h{ﬁl.fn_’_/’élfn—i-vl +/’[’2fn+vg +/’[’3fn+v3 +/’(‘4fn+v4+60fn+l}? (8)

where ks;, ks;, kei, k7, © = 1,2,3,4, can be obtained by using the method 6
in which h is replaced by v;h and

Jnr1 = f(tn + D, 20 41), Jntw, = ftn + Uih7x7l+vi)7 Jn = f(tn, ).

Now suppose that the order of (8) is 6 similar to (6). Thus, the difference
between exact and numerical solutions would be as follows:

E(tpsm) — Tngm = Crh 2PV (t,) + O(h®). (9)
The difference operator associated with the 6th-order (8) can be written as
E(tpy1) — Tpyp1 = CHTzD(t,) + O(h®),

where C' is the error constant of (8). Therefore, we have the following theo-
rem.

Theorem 1. Given that (8) is of order p, then, p is equal to 6.

Proof. Suppose that i = 1,2, 3,4 and that z,, is exact. According to (7) and
(8), one can write
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4

x(tn+1) — Tn+1 th Mi[f(thrvw x(tnﬂu)) - f(thrvwEnJrvi)]
=1

+ hBolf (tntr, 2(tns1)) = f(tngr, Tnga)]
+ ChPz P (t,) + O(hPH1).
Considering the properties of the IVPs in (1), some values such as 7,, and

71 belong to intervals of (Ty4v,, Z(tnto,)) and (Tpi1, 2(tnt1)), respectively.
Thus, we can write

_ P _
o, ®(tngo;) = ftnos Tngo,) = a%(tn+vmnn+vi)(x(tn+vi) — ZTntm)

[, 2(tns1)) = f(tng1, Tngr) = %(tn-&-la Mn+1) (@ (Ent1) — Tnt1)-

Therefore, using (9), we have

4
2tnt1) = Tasr =h Y 15 | $ (o oo (@ltnra) = Tt
i=1

+ hBo [%(trH»lv Nnt1)(@(tny1) — §n+1):|
+ ChPz P (t,) + O(hP+).

Applying (9) to this, we have
4
2(tni1) = Tngp1 =h Y i [%(tnﬂw77n+vi)cvih633(6)(tn) + O(h6+1)}
i=1

+hBo {%(tnﬂaﬁnﬂ)clh%(e) (tn) + O(hmﬂ)}
+ ChPa®(t,) + O(hP*1)

- {Z Hi [7 n+vi» 77n+vz)Cvihﬁ_m—lm(pl)(t")} }

+ht {60 [67( n+1a77n+1)01h6 r (pl)(tn):|

+Ca M (L) } + O(h®).

Thus, it can be concluded that the order of (8) is 6. O

3 Stability analysis of the new methods

In this section, stability analysis is done on new methods. Dahlquist test
problem is considered to investigate stability region of the methods presented
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in this study. Applying the Dahlquist test problem to (5) and inserting p = 6,
the following equations can be obtained:

- = (mh)* (mh)® (mh)* (mh)® (mh)°
w”*’”(1+mh+ T T TR TR TR R

(10)
m= 17 VU1, V2, U3, V4,

where h = h\ and i; € R. Now, let us consider the new hybrid method
presented in this work:

Tni1 = Tn+h{B1fu+Bo fnyr+u1 [ ogor T2 f o H13 f gy 14 f ot}
(11)
Substituting (10) into (11), the following equation is obtained:

)2 )3 7,\4 \5 56
ST P OO S N N )

4 0:h)2 o3 o)A
+7L{xn2ui <1+(viﬁ)+ ( ;}'L) + ( lgf:) + ( 14}'1)
(v;h)®  (v;h)®
)b

_|_

Inserting x,, = r™ into (11) and dividing it by ™, we can obtain
prtl = pn {1 + arh + ash? + ash® + ash* + ash® + agh® + a77z7} .

=r=1+a1h+ah®+ agl_LS + ash* + ash® + a6E6 + a7fL7,

4 4
ay 2514-504—2#@', as :50+Z(Uiﬂi),
i=1

i=1

4 4
1= (o + S0Im)), as= g0+ D (uPne),
i=1 i=1

1 . 1 .
as = ﬂ(ﬂo + Z(vfui)% a6 = ﬁ(ﬁo + Z(”?Nz‘))v
i=1

=1
1 4
a7 = 720 (50 + ;:1 (vz /J'z))a

which is a stability polynomial of (11). Figure 1 compares the stability
region of methods 1 and 2 with that of the 6th-order Runge-Kutta (RK6)
method (note that method ¢ means that the new method related to the case
i,7=1,2,3,4). As can be clearly seen, the stability region of the proposed
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Figure 1: (a) Stability region of the method 1 and RK6 method. (b) Stability region
of the method 2 and RK6 method.
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Figure 2: (a) Stability region of the method 3 and RK6 method. (b) Stability region
of the method 4 and RK6 method.

methods 1 and 2 is much wider than that of the RK6 method. Stability region
of the proposed methods 3 and 4 is presented in Figure 2 and is compared with
that of the RK6 method. According to Figure 2, methods 3 and 4 presented
in this paper have a wider range of stability than the RK6 method, showing
the efficiency of the proposed methods. Methods 5 and 6 are compared with
RK6 method in terms of stability region in Figure 3. As demonstrated in
Figure 3, the proposed methods 5 and 6 have a wider stability region than
the RK6 method, showing that the efficiency of the proposed methods is
higher than the RK6 method.

Figure 4 compares the stability region of methods 7 and 8 with that of the
RKG6 method. As can be seen, methods 7 and 8 have a wider range of stability
than the RK6 method. Figure 5 also shows the superiority of the methods
proposed in this paper over the RK6 method. As depicted in Figure 5, the
width of stability region of methods 9 and 10 is higher compared to the RK6
method.
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Figure 3: (a) Stability region of the method 5 and RK6 method. (b) Stability region

of the method 6 and RK6 method.
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Figure 4: (a) Stability region of the method 7 and RK6 method. (b) Stability region

of the method 8 and RK6 method.
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Figure 5: (a) Stability region of the method 9 and RK6 method. (b) Stability region

of the method 10 and RK6 method.
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4 Optimal control problems

An OCP includes a cost function J(z,u), a set of state variables, z € X,
and a set of control variables, u € U. An OCP is solved to find a piecewise
continuous control u(t), to¢ < t < ty, and the associated continuous state
variable z(t), in order to minimize the given objective function. For more
explanation, we need a few definitions.

Definition 1 (Lagrange and Bolza problems). The basic problem in La-
grange form is

J(z,u) = /t fg(t,x(t),u(t))dt. (12)

Adding another term to functional (12), the Bolza problem is obtained:

J(z,u) = h(ty,z(ty)) +/ ' g(t, x(t), u(t))dt.

to
An OCP is .
s
maxJ:/ g(t, x(t), u(t))dt, (13)

u to

' (t) = f(t, x(t), u(t)),

x(tg) = xo.
Note that min{J} = — max{—J}; see [19].

Definition 2 (Hamiltonian). Consider the OCP (13). The function H (¢, z, u, A)
is called as the Hamiltonian function and is equal to

H(t,z,u,\) = g(t,z,u) + M\f(t,z,u)
where A is an adjoint variable.

Theorem 2 (Pontryagin Maximum Principle). Consider the OCP (13). Sup-
pose that g(¢,z,u) and f(¢,z,u) are both continuously differentiable func-
tions in their three arguments and concave in  and w. If u* is a control with
associated state x* and A is a piecewise differentiable function such that u*,
x*, and A together are satisfied
0H
GutAfu=0& — =0,
ou
0OH
N=—(gs+ M) &N =——,
(9= + Afe) pe
)‘(tf) =0,

At) > 0,
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on tg <t < ty, then
J(x*u*) > J(z,u),

for any admissible pair (z,u).

Proof. We refer readers to [13]. O

Theorem 3. [13]. Let the set of controls for problem (13), be Lebesgue
integrable functions and let to < ¢ < t; in R. Suppose that f(¢,z,u) is
concave in u and there exist constants ¢y, ca,c3 > 0,¢4 and S > 1, such that

F(t,2,u) = alt,z) + B(t, 2)u,
|f(t 2, u)| < er(L+ [2| + [u]),
|f(t, @, u) = f(t, 2, u)| < colzy — 2|(1+ Jul),
g(t,z,u) < 03|u|5 — ¢4,

for all t with t9g <t <ty , z1,z2,u €R.
Then there exists an optimal pair (z*, v*) maximizing J, with finite J(z*, u*).

5 Forward-backward sweep method

For numerically solving the OCP (13) using the indirect method, an algorithm
is introduced according to the literature [13]. For solving such problems
numerically first, an algorithm that generates an approximation to an optimal
piecewise continuous control v*, must divide the time interval of [to,?s] into
pieces with specific points of interest tog = b1,b2,...,bn,bnyy1 = ty; and
these points will usually be equally spaced. Approximation will be a vector
U = (u1,ug,...,un+1), where u; = u(b;). Any solution to the above OCP
must also be satisfied:

)\/_—687];’, )\(tf)—o,
H
%—:0 at u*
i

The third equation, namely, optimality condition, can usually be manipu-
lated to find a representation of u* in terms of ¢,z, and A. Then, the first
two equations form a TPBVP. The generalized problem can be solved us-
ing indirect methods, which are numerical techniques used for solving. The
FBSM is one of these methods. A rough outline of the algorithm is given
below.
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ﬁ
Here, 7 = (r1,22,...,xn+1) and A = (A1, Ag,...,An41) are the vector
approximations for the state and adjoint.

1. Make an initial guess for U over the interval.

2. Using the initial condition 21 = 2(to) = a and the value for i, solve 2
forward in time according to its differential equation in the optimality
system.

3. Using the transversality condition Ayy1 = A(ty) = 0 and the values

_>
for @ and 7, solve X backward in time according to its differential
equation in optimality system.

%
4. Update @ by entering the new 7 and X values into the characteriza-
tion of the optimal control.

5. Check convergence. If values of variables in this iteration and the last
iteration are negligibly close, then the current values are considered as
output solutions. If values are not close, then return to Step 2.

6 Convergence of FBSM

For notational simplicity, we express the problem as finding (x(t), A(¢), u(t))
such that

, x(to) = o,
)+ AOk2(t x(t), ult), Alty) =0,
).

Here, zp € R™ and ty < ty are the given real numbers. For a convergence
analysis of the FBSM, we will make the following assumptions:
(T) The functions of f, ki, ko, and k3 are Lipschitz continuous with re-
spect to their second and third arguments, with Lipschitz constants of
Ly,Ly,, Li,, L,. Moreover, A = ||A|e and H = ||k2]/cc < 00.

Theorem 4. Under the assumptions (T, if

co =L, {lexp(Ly(ty —to)) — 1} + Ly, {(Lk, + ALk,)

X (ey = o) = fexp(Ly(ty — o) + 1| < 1.

then the FBSM is convergent, that is, as n — oo,

_ ) ) — ™
e z(t) — (t)\+torgta§xtf|k(t) A (t)|+tolgg§xtf u(t) — ™ (t)] = 0.

Proof. We refer the reader to [16]. O
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7 Numerical results

In this section, examples of various types of OCPs are solved using the pro-
posed methods, and their numerical results are compared with those of the
FBSM using the RK method of order 6 (FBSM—RKG6). One of the most
important OCPs is the linear regulator problem, which is generally defined
as follows.

Example 1. Let E, Q(t), and R(t) be symmetric and nonnegative definite
matrices of appropriate dimensions. The so-called linear regulator problem
(with a linear state-space description) involves a cost functional of the form

F(u) = %xT(tf)Ea:(tf) + %/t f[:L'TQ(t)x(t) +ul () R(t)u(t)]dt.

For example, we consider an OCP as follows [16]:

min % /0 ) + u(t) e

u

st 2’ (t) = —z(t) + u(t), =(0)=1.

The Pontryagin’s maximum principle can be used to construct an analytic
solution

Ht 2,u,\) = %(x(t)Q Fu(®)?) + M—2(t) + ut),

H
LI — U+ A=0=u" =)\
ou
OH
!/
A 5 x4+ A A1)=0

Together with the state equation, the result will be the following linear dif-
ferential algebraic system:
2 (t) = —a(t) +ut), z(0)=1,
(@) =At) —z(t), A1)=0, u(t)=—-A).
The solution is
V2 cosh(v/2(t — 1)) — sinh(v/2(t — 1))
V2 cosh(v/2) + sinh(v/2) ’
sinh(v/2(t — 1))
V2 cosh(v/2) + sinh(v/2) '

Optimal value of the objective functional is J = 0.1929092981. The final
values of the state and optimal are z(1) = 0.2819695346 and 0, respectively,

x*(t) =

u*(t) =
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Figure 6: (a) Optimal state and control values of Example 1 FBSM—RKS6. (b) Optimal
state and control values of Example 1 (new proposed method)

and the initial value of the co-state is A(0) = 0.3858185962. Numerical results
of the problem are shown in Figure 6 with h = % and in Tables 3 and 4.

Numerical results presented in Tables 3 and 4 indicate that each of new ten
suggested methods calculates the amount of control variable values much
more accurately than the FBSM—RK6 method. Figure 6 also indicates that
the new suggested method is exactly based on figure of analytical answer.
For avoiding overstatement in this paper, one of the diagrams was selected
and drawn. The rest of figures are similar to each other. Approximate
performance index is calculated for the proposed method, and the results
are presented in Tables 5 and 6. According to the results, the precision
of performance index of new proposed methods is more than that of the
FBSM—RK6 method by two digits. The Pontryagin’s Theorem is also used
to solve linear-quadratic problems.
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Table 3: Error of control values in Example 1 for FBSM—RK6 and new proposed

Methods

t h FBSM_RK6 case 1 case 2 case 3 case 4 case 5
0.90 % 3.0520e-4 7.3292e-5 | 2.5423e-5 | 7.2638e-5 | 7.2172e-5 | 1.4836e-5
0.90 % 5.3457e-5 2.1141e-5 | 1.5067e-5 | 2.1006e-5 | 2.0916e-5 | 4.1655e-6
0.90 1é0 2.6278e-5 1.0962e-5 | 1.4606e-6 | 1.0895e-5 | 1.0850e-5 | 2.5154e-6
0.90 | =55 1.3036e-5 5.5876e-7 | 8.4673e-7 | 5.5537e-6 | 5.5314e-6 | 1.3740e-6
Table 4: Error of control values in Example 1 for FBSM—RK6 and new proposed
methods

t h FBSM_ RK6 case 6 case 7 case 8 case 9 case 10
0.90 % 3.0520e-4 6.7372e-5 | 1.1476e-4 | 3.9201e-5 | 2.9350e-5 | 7.1123e-5
0.90 % 5.3457e-5 1.9984e-5 | 1.5321e-5 | 5.6249e-7 | 1.3363e-6 | 2.0701le-5
0.90 11@ 2.6278e-5 1.0386e-5 | 7.1974e-6 | 1.6043e-7 | 1.1054e-6 | 1.0742e-5
0.90 | 555 1.3036e-5 5.2998e-6 | 3.4747e-6 | 1.9879e-7 | 6.7022e-7 | 5.4774e-6

Table 5: Errors of the performance index approximation in Examplel

h FBSM RK6 case 1 case 2 case 3 case 4 case H

5—10 4.0877e-4 2.8316e-5 | 4.7743e-5 | 2.7735e-5 | 2.7293e-5 | 4.3302e-5
Téo 1.9310e-4 6.8092e-6 | 3.0969e-5 | 6.5235e-6 | 6.3012e-6 | 2.8836e-5
200 9.2656e-5 4.877e-7 1.8338e-5 | 3.4612e-7 | 2.3451e-7 | 1.7294e-5
1000 1.8014e-5 2.6262e-7 | 4.0178e-6 | 2.9075e-7 | 3.1314e-7 | 3.8123e-6

Table 6: Errors of the performance index approximation in Example 1

h FBSM RK6 case 6 case 7 case 8 case 9 case 10

5—10 4.0877e-4 2.3141e-5 | 1.0728e-4 | 6.1400e-5 | 5.4438e-5 | 2.6399e-5
1%0 1.9310e-4 4.2415e-6 | 6.0399e-5 | 3.7814e-5 | 3.4359e-5 | 5.8643e-6
200 9.2656e-5 7.9113e-7 | 3.2969e-5 | 2.1765e-5 | 2.0043e-5 | 1.8678e-8
1000 1.8014e-5 5.1760e-7 | 6.9304e-6 | 4.7036e-6 | 4.3604e-6 | 3.5590e-7
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Table 7: Control values errors in Example 2 by using FBSM—RK6 and new proposed
methods

t h FBSM—-RK6 case 1 case 2 case 3 case 4 case b
0.70 % 8.2317e-3 1.3560e-4 | 3.7467e-4 | 1.3073e-4 | 1.3148e-4 | 3.1883e-4
0.70 % 8.1160e-4 3.7614e-5 | 6.5252e-5 | 3.6716e-5 | 3.6772e-5 | 5.6347e-5
0.70 11@ 4.0487e-4 1.9678e-5 | 3.1791e-5 | 1.9236e-5 | 1.9258e-5 | 2.7488e-5
0.70 | 555 1.0203e-4 1.0221e-5 | 1.5522e-5 | 1.0001e-5 | 1.0010e-5 1.3409-5

Example 2. Consider the following OCP [18]:

min,, [, S2(t)? + La(tyu(t) + Lu(t)?dt
st. o' (t) = 1a(t) + u(t), z(0) = 1.

For solving the above example, using the FBSM and proposed methods, we
should apply the Pontryagin’s Theorem as follows:

H(t, 2, 0) =2a(t)? + Sa(t)ult) + Su(t)? +A(Ge(t) +u))
OH . . 1
By =0 at wu S ut=-\— 23:,

0H 10 1 1
N=——=—-——z—-u—2-\ X1)=0.
ar = sttt MY

Analytical solutions are as follows [18]:

tanh(1 —¢) + .5) cosh(1 — t)
cosh(1) ’

w(t) = — ¢

«/,n _cosh(l —1)
v = cosh(1)

The state variable at the end point is z(1) = 6.4805427366388¢ — 1. Variable
control endpoint is u(1) = —3.24027136831e — 1. Optimal value of the ob-
jective function is J* = 0.3807970779. The proposed methods of Example 2
were determined as follows in MATLAB environment:

Table 8: Control values errors in Example 2 by using FBSM—RK6 and new proposed
methods

t h FBSM—-RK6 case 6 case 7 case 8 case 9 case 10
0.70 % 8.2317e-3 9.8758e-5 | 8.1761e-4 | 4.4379e-4 | 3.9543e-4 | 1.2035e-4
0.70 5% 8.1160e-4 3.0223e-5 | 5.6542e-5 | 8.1127e-5 | 8.5984e-5 | 3.4750e-5
0.70 @ 4.0487¢e-4 1.5985e-5 | 7.3752e-5 | 3.9860e-5 | 3.5044e-5 | 1.8260e-5
0.70 | =55 2.0203e-4 8.3745e-6 | 3.6430e-5 | 1.9590e-5 | 1.7183e-5 | 9.5155e-6
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Figure 7: (a) Optimal state and control values of Example 2 by using FBSM—RKE6.

(b) Optimal state and control values of Example 2 by using new proposed method
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Table 9: Errors of the performance index approximation in Example 2

h FBSM—-RK6 case 1 case 2 case 3 case 4 case 5
% 5.5920e-4 7.6989e-5 | 2.1442e-5 | 7.6139e-5 | 7.6159e-5 | 1.2794e-5
@ 2.9187e-4 2.9588e-5 1.9712e-5 | 2.9168e-5 | 2.9173e-5 1.5522e-5
20 1.5038e-4 1.1235e-5 | 1.3437e-5 | 1.1026e-5 | 1.1027e-5 | 1.1376e-5
1000 3.0605e-5 1.8661e-6 | 3.0719e-6 | 1.8246e-6 | 1.8246e-6 | 2.6652e-6

Numerical results presented in Tables 7 and 8 indicate that each of the new
ten suggested methods calculates the amount of control variable values much
more accurately than the FBSM—RK6 method. Figure 7 also indicates that
the new proposed method is exactly based on figure of analytical answer. For
simplicity of reporting the results, one of diagrams was selected and drawn.
The rest of figures are similar to each other. Numerical results presented in
Tables 9 and 10 indicate that the estimated performance index of the new
methods is more precise than those of the FBSM—RK6 methods.

Example 3. Consider the following OCP for a fixed T [14]:

T t
min [ ([ st)an+ ()

st 2'(t) = —z(t) +u(t), =z(0)=a.

For converting the problem into the standard form, we can add another state
and obtain two-dimensional system as follows:

x1(t) = z(t),

n(t) = [ (),

We redefine z(t) := [z1(t), z2(t)]T. Thus, we have an OCP of the form:

Table 10: Errors of the performance index approximation in Example 2

h FBSM—-RK6 case 6 case 7 case 8 case 9 case 10
% 5.5920e-4 6.9979e-5 | 1.027e5-4 | 3.6537e-5 2.7287e-5 | 7.4275e-5
@ 2.9187e-4 2.6081e-5 | 6.0153e-5 2.7391e-5 2.2764e-5 | 2.8242e-5
0 1.5038e-4 9.4814e-6 | 3.3603e-5 | 1.73105e-5 | 1.4995e-5 | 1.0565e-5
1000 3.0605e-5 1.5153e-6 | 7.0964e-6 3.8519e-6 3.3889¢-6 | 1.7326e-6
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Figure 8: (a) Optimal state and control values of Example 3 using FBSM—RK6. (b)
Optimal state and control values of Example 3 using new proposed method

Analytical solution of the problem is

H=(zy+ u2) + Ai(—z1 4+ u) + Aoxq,
o0H
ou

s.t.,

T
rrhin/o (z2(t) +u(t)?)dt
i (t) = —a(t) + u(t),
zy(t) = 21(t),
z(0) = [a, 0]

1
= 75/\1, M(T) =X (T) =0,

oH
8:52

— =2u+X =0atu" =u*
OH
AN =——— =X — A, A= —
=A1 B 1 25
=M(t)=—t—=T)—1+eD),
X 1 1

= —]_’

(1+t—T—et=D),

Numerical results for Example 3 are obtained and shown in Figure 8 and
Tables 11 and 12.

Table 11: Control values errors in Example 3 using FBSM—RK6 and new proposed

method
t h FBSM—-RK6 case 1 case 2 case 3 case 4 case b
0.80 % 1.3027e-3 4.3609e-5 | 1.9320e-4 | 4.5033e-5 | 4.5546e-5 | 1.7794e-4
0.80 % 2.4376e-4 1.6351e-6 | 2.9366e-5 | 1.8584e-6 | 1.9768e-6 | 2.7439e-5
0.80 ﬁ 1.2086e-4 4.1195e-7 | 1.4147e-5 | 2.2016e-7 | 5.8037e-7 | 1.3244e-5
0.80 | 555 6.0174e-5 1.0924e-7 | 6.9448e-6 | 1.6251e-7 | 1.9287e-7 | 6.5116e-6
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Table 12: Control values errors in Example 3 by using FBSM—RK6 and new proposed
methods

t h FBSM—-RK6 case 6 case 7 case 8 case 9 case 10
0.80 % 1.3027e-3 5.4085e-5 | 3.2411e-4 | 2.1473e-4 | 2.0072e-4 | 4.8041e-5
0.80 % 2.4376e-4 3.5454e-6 | 5.1626e-5 | 3.4084e-5 | 3.1524e-5 | 2.3610e-6
0.80 11@ 1.2086e-4 1.3566e-6 | 2.5050e-5 | 1.6529e-5 | 1.5263e-5 | 7.6572e-7
0.80 | 555 6.0174e-5 5.7899e-7 | 1.2340e-5 | 8.1415e-6 | 7.5122e-6 | 2.8398e-7

Numerical results presented in Tables 11 and 12 indicate that each of the
new ten suggested methods calculates the amount of control variable values
much more accurately than the FBSM—RK6 method. Figure 8 also indicates
that the figure of the new proposed method is quite matched on real answer
and is much better than the FBSM—RK6 method. For simplicity of reporting
the results, one of diagrams was selected and drawn. The rest of figures are
similar to each other.

8 Conclusion

A new class of the 6th-order explicit hybrid methods was presented for which
the 6th-order Runge-Kutta method is used as a predictor scheme to gain
whole method of the same order, and the order of truncation errors was in-
vestigated for the explicit hybrid Runge-Kutta methods. The stability of
the methods was discussed, and the results revealed that the stability re-
gions of the proposed methods are wider compared to the 6th-order explicit
Runge-Kutta method. Finally, three examples of OCPs were solved using
MATLAB, FBSM scheme, and the presented methods and numerical results
related to given examples were presented in Tables 3-12. According to the
findings, it can be concluded that the new explicit hybrid methods have a
good performance in accuracy and performance index approximation com-
pared to the RK6 method.
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Abstract

As an important duality result in linear optimization, the Goldman—Tucker
theorem establishes strict complementarity between a pair of primal and
dual linear programs. Our study extends this result into the framework of
linear fractional optimization. Associated with a linear fractional program,
a dual program can be defined as the dual of the equivalent linear program
obtained from applying the Charnes—Cooper transformation to the given
program. Based on this definition, we propose new criteria for primal and
dual optimality by showing that the primal and dual optimal sets can be
equivalently modeled as the optimal sets of a pair of primal and dual lin-
ear programs. Then, we define the concept of strict complementarity and
establish the existence of at least one, called strict complementary, pair
of primal and dual optimal solutions such that in every pair of comple-
mentary variables, exactly one variable is positive and the other is zero.
We geometrically interpret the strict complementarity in terms of the rel-
ative interiors of two sets that represent the primal and dual optimal sets
in higher dimensions. Finally, using this interpretation, we develop two
approaches for finding a strict complementary solution in linear fractional
optimization. We illustrate our results with two numerical examples.
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1 Introduction

A mathematical optimization problem is specified as a (primal) linear frac-
tional program (LFP) when a linear fractional function (i.e., ratio of two
affine functions) is optimized subject to a set of linear constraints on the given
variables.! The linear fractional optimization frequently appears in a wide
variety of real-world applications, including information theory, numerical
analysis, game theory, cutting stock problems, shipping schedules, macroeco-
nomic planning model, and so on. More details can be found in [1, 11, 24, 25]
and references therein. It is also applied in the measurement of efficiency by
data envelopment analysis; see, for example, [10, 15, 22, 26, 27, 28, 29, 30, 31]
among others. Therefore, considerable research interest has been devoted to
this branch of optimization.

The literature on the duality of linear fractional optimization associate
various duals to the primal LFP. Chadha [7] suggested a dual in the form of a
linear program (LP) and proved some duality statements directly. However,
the constant scalars in the numerator and denominator of the primal objective
function are assumed to be absent in their work. Chadha and Chadha [8]
extended Chadha’s results to the general case, where the constant scalars
are taken into account. An interesting note regarding their impressive work
is that their results can be deduced in an alternative way from the duality
of linear optimization. In fact, an indirect approach for constructing a dual
program is to transform the primal LFP into an equivalent problem that its
dual can be constructed in the classical way; see [25]. By using this approach,
it can be verified (as in Section 2) that the dual program proposed in [8] is
nothing else than the dual of the equivalent LP resulting from applying the
well-known transformation of Charnes and Cooper [9] to the primal LFP.

Though demonstrating the common complementary slackness condition
between the primal LFP and its dual, Chadha and Chadha [8] did not inves-
tigate the strict complementarity between them. Furthermore, to the best
of our knowledge, no other research exists on such investigation. Motivated
by these, we extend an important duality result proved by Goldman and
Tucker [12] from linear optimization to linear fractional optimization. The
so-called Goldman—Tucker theorem establishes the strict complementarity
between a pair of primal and dual LPs. It states that at least one, so-called
strict complementary, pair of primal and dual optimal solutions exists such
that the sum of each pair of complementary variables is positive. That is, in
every pair of complementary variables, exactly one variable is positive and
the other is zero; see, for example, [20] for more details on the theory and
applications of strict complementarity in linear optimization.

L If the given objective function is optimized with no restrictions on the values of its
variables, then the optimization problem is called unconstrained. Useful information on
approaches developed for solving unconstrained optimization problems can be found in
[3, 16, 21], among others.
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As a complementary to the work of Chadha and Chadha [8], this paper
shows that the primal and dual optimal sets can be equivalently modeled as
the optimal sets of a pair of primal and dual LPs. Using this fact, we propose
new criteria for primal and dual optimality in terms of the belongingness of
these LPs’ objective vectors to the binding polyhedral cones at primal and
dual feasible solutions. Then we define the strict complementary slackness
condition for an LFP and demonstrate the existence of a strict complemen-
tary solution. We also show that any strict complementary solution induces
unique optimal partitions for the sets of indices of nonnegative decision vari-
ables.

To deal with the problem of finding a strict complementary solution, we
equivalently represent the primal and dual optimal sets by two nonnegative
polyhedral sets in higher dimensions, which are described only by equality
defining constraints.? Then we geometrically interpret the strict complemen-
tarity by proving that any pair of relative interior points of these polyhedral
sets is a strict complementary solution, and vice versa. Based on this inter-
pretation, we turn the problem under consideration to the equivalent problem
of identifying a maximal element of a nonnegative polyhedral set. Exploiting
the recent work of Mehdiloozad et al. [20], who have addressed the latter
problem, we develop two linear optimization approaches for finding a strict
complementary solution.

The remainder of this paper is organized as follows. Section 2 provides
the necessary background needed for the rest of the paper. Section 3 pro-
poses new criteria for primal and dual optimality and illustrates them with
a numerical example. Section 4 establishes the strict complementarity for
LFPs. Section 5 proposes an LP for finding a maximal element of a non-
negative polyhedral set and, thereby, develops two approaches for finding a
strict complementary solution. Section 6 illustrates these approaches by a
numerical example. Section 7 contains concluding remarks and suggestions
for future research. Appendix A provides the GAMS (General Algebraic
Modeling System) code of our proposed approaches.

2 Background

2.1 Notation

Let R? denote the d-dimensional Euclidean space, and let ]R‘_f_ denote its non-
negative orthant. We denote sets by uppercase calligraphic letters, vectors by
boldface lowercase letters, and matrices by boldface uppercase letters. We

2 A polyhedral set is said to be nonnegative if it is a subset of the nonnegative orthant
of Fuclidean space. By the “defining constraints” of such a polyhedral set, we refer to
the constraints imposed other than the nonnegativity conditions.
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denote the cardinality of a set S by Card (S). By convention, all vectors
are column vectors. The superscript T denotes the transpose of a vector or
matrix.

Vectors 0 and 1 are vectors all components of that are equal to 0 and 1,
respectively. The dimensions of these vectors are clear from the context in
which they are used. For simplicity, the notation (a;b) € R4 is used to
show the column vector obtained by adding vector b € R? below the vector
a € R?. For vectors a,b € R?, the inequality a > b (resp., a > b) means
that a; > b; (resp., a; > b;) foralli=1,...,d.

Matrix 0 is the matrix all components of that are equal to 0, and matrix
I is the identity matrix. The dimensions of these matrices are clear from the
context in which they are used. We denote the ith (i = 1,...,d) row and the
jth (j =1,...,d") column of a d x d’ matrix A by a’ and a;, respectively. In
particular, we use the notation e; to denote the jth column of the identity
matrix of size d x d, that is, e; = (0,..., l,...,O)—r cRiforj=1,...,d.

jth

Recall from [23] that the relative interior of a subset X' of R, denoted by
ri (X), is defined as the interior we get when X is regarded as a subset of its
affine hull, denoted by aff (X). Formally,

ri (X) = {x° € X: N (x°) Naff (X) C X for some £ > 0},

where N: (x°) = {x € R?: ||x — x°|| < &}.

Recall also from [20] that any convex (and, in particular, polyhedral) sub-
set of Ri is called a nonnegative convex (polyhedral) set. Additionally, any
element of a nonnegative convex set is said to be maximal, if the number of
its positive components is maximum. We denote the support of a nonnega-
tive vector a € R% by supp (a), that is, supp (a) = {i € {1,...,d} : a; > 0}.
We also denote by me (X)) the set of all maximal elements of X, that is,

me (X) = argrenﬁx Card (supp (x)).

2.2 Linear fractional program

A function of variables is said to be linear fractional if both its numerator
and denominator are affine functions of the given variables. A mathematical
optimization problem that optimizes a linear fractional objective function
subject to a set of linear constraints is called as a linear fractional program
(LFP). Formally, the general form?® of the primal LFP is defined as

3 The standard form of the primal LFP results from (1) by replacing the inequality sign
“<”in (1b) by the equality sign; see [1, Section 1.3].
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c'x+a
max f(x)= dx1 5 (1a)
subject to
Ax <b, (1b)
x>0, (1c)

where x € R" is the vector of decision variables, ¢ € R™ and d € R" are,
respectively, numerator and denominator vectors of objective function, a € R
and 8 € R are objective scalars, A is an m X n constraint matrix, and b € R™
is the right-hand side vector.

Let S denote the feasible set of program (1), which is clearly a polyhedral
set in R™. To ensure that the function f is well-defined on S, it is assumed
that its denominator maintains a constant sign on S. Without loss of gener-
ality, we assume that d "x+ 8 > 0 for all x € S. Then the objective function
f is both quasi-convex and quasi-concave over S and, therefore, every local
maximum is a global maximum (see, e.g., [3]). To guarantee the occurrence
of finite optimality for program (1), we also assume that S is regular (i.e.,
nonempty and bounded).

An effective approach for solving program (1) is to transform it into an
equivalent LP by the well-known Charnes—Cooper transformation [9]. In fact,
if we define t = m and X = tx, then multiplying both sides of (1b) by ¢
converts program (1) to the following LP:

max c¢' X4 ot (2a)
subject to

Ax —bt <0, (2b)
d'x+pt=1, (2c)
% >0,t>0. (2d)

Let S be the feasible set of program (2). Because t > 0 for all (x;t) € S,*
the following implication between the feasible solutions of programs (1) and
(2) is established:

- 1
(x;t)eS = ?’ces,t>0. (3)

Especially, if (x*;¢*) is an optimal solution to program (2), then t%)‘c* is an
optimal solution to program (1) (see, e.g., [1, p. 57]).

4 Indeed, if t = 0 for some (x;t) € S, then it follows from (2b)—(2c) that Ax < 0 and
% # 0. This means that the vector x is a recession direction of the feasible set S, thereby
contradicting the regularity assumption. Therefore, t > 0 for all (%;t) € S.
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2.3 Dual of linear fractional program
To state the dual to LFP (1), let the vector y € R™ be dual to (2b) and the

scalar z be dual to (2c). Then, by the duality of linear optimization, the dual
to LP (2) is stated as follows:®

min g (y;z) =z (4a)

subject to

ATy +dz>c, (4b)
—b'y+ 8z =a, (4c)

y > 0, z sign free. (4d)

Observe that program (4) is nothing else than the LP introduced in [8]
as the dual of program (1). We denote by D the feasible set of this program.

Throughout this paper, LP (4) is defined to be the dual of LFP (1).
The next three theorems demonstrate the duality relationships between pro-
grams (1) and (4).

Theorem 1 (Weak duality). [8] For any x € S and any (y; z) € D, we have
fx) <g(y;2)

Theorem 2 (Optimality criterion). [8] If the feasible solutions x € S and
(y;2) € D satisfy f(x) = ¢g(y;2), then they are optimal solutions to pro-
grams (1) and (4), respectively.

Theorem 3 (Strong duality). [8] If x* is an optimal solution to program (1),
then there exists some optimal solution (y*;z*) to program (4) such that

fx) =g(y"52").

The following result gives a necessary and sufficient optimality condition,
called complementary slackness condition (CSC), in terms of the complemen-
tarity of the primal and dual feasible solutions.

Theorem 4. [8] Feasible solutions x* € § and (y*;z*) € D are optimal if
and only if they fulfill the following conditions:

V*TX* _ u*Ty* _ 0’ (5)
where u* = b — Ax* and v* = ATy* +dz* —c.

From Theorem 4, the pairs (:cj,vj), j =1,...,n, and (ui,yi), 1 =
1,...,m, are called complementary variables.

5 Note that the inequality constraint —b 'y + B8z > « has been replaced with its equality
form in program (4), because the optimal value of its corresponding dual variable in
program (2), t, is always positive.
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3 Our criteria for primal and dual optimality

In this section, we propose new criteria for the optimality of LEP (1) and its
dual (4), and present their geometrical interpretations.

Denote by f* the optimal objective value of program (1), and let d* = f*d
and 8* = f*B. Then the set of all optimal solutions of program (1) can be
defined by conditions (1b)—(1c) and the additional equality requiring that the
objective function of program (1) to be equal to f*. Equivalently, this set is
stated as follows:

Xt = {XGR": (c—d*)Tx:—a—i—ﬁ*, AX§b7X20}.
Similarly, an equivalent statement of the optimal set of program (4) is
{(y;Z*) ER™:bly=—a+p Aly>c—d" y> 0}7

where z* denotes the optimal objective value of program (4) and is equal to
f*. Observe that the last components of all optimal solutions of program (4)
are equal to z*. Therefore, without losing anything, we can remove the last
dimension of the optimal set of program (4) by projecting it onto the space
of y-variables. This results the following set:

y*:{yeRm:bTy:—a+ﬁ*7ATy2c—d*,y20},

which will be loosely referred to as the optimal set of program (4).

It is clear that the nonempty optimal sets X* and )* are polyhedral
subsets of R’ and R, respectively. The next result shows that these sets
are interestingly the optimal sets of the LP

max (c—d*)'x

subject to (6)
(1b) — (1c),

and its dual
min bTy (7a)
subject to
ATy 2 Cc— d*7 (7b)
y > 0. (7¢)

Theorem 5. Let Fj and Fj, be the optimal sets of programs (6) and (7),
respectively. Then, 75 = X* and Fj = V*.

Proof. Let x € X* and y € Y*. Then x and y are, respectively, feasible
solutions to LPs (6) and (7) such that (c — d*)—r % = b'y. By the optimality
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criterion theorem of linear optimization, it follows that x € 7 and y € F},.
Therefore, X* C Fp and Y* C Fj,.

Conversely, let X € 75 and y € F},. By the strong duality theorem of

linear optimization, we have (c —d*) ' % = b'y. Because X* # @ and X* C

Fp, the weak duality theorem of linear optimization implies that —a 4 8* <
b'y. Similarly, it follows from V* # @ and Y* C Fj, that (c — d*)—r X
—a + f*. Consequently, we have (¢ — d*)T X =b'y = —a + B*. Therefore,
X € X* and y € Y*, which, respectively, imply /5 C X* and Fj, C V*. [

IN

Associated with any feasible solution of an LP, the binding cone is defined
as the convex cone generated by the gradients of all constraints that are
binding (active) at that solution. Recall from linear optimization that a
feasible solution to an LP is optimal if and only if its corresponding binding
cone includes the gradient of the objective function. Based on this fact, we
apply Theorem 5 to provide necessary and sufficient geometrical conditions
for feasible solutions of LFP (1) and its dual (4) to be optimal.

Let x* be a feasible solution to LFP (1), and let G} denote the union of
the gradients of all binding constraints at x*, that is,
J

Gp = {(ai)—r e R”: a'x* :bi}u{—ej e R": z¥ :0}.

Furthermore, denote by B} the binding polyhedral cone generated by G5,
that is, B}, = cone (Q}Z), where the operator “cone” denotes the conical hull.
Because the feasible regions of programs (1) and (6) are equal, x* is a feasible
solution of LP (6). Therefore, the next corollary follows immediately from
Theorem 5.

Corollary 1. Let x* € S. Then, x* € X* if and only if ¢ — d* € B}.

Similarly, let (y*;z*) be a feasible solution to program (4). Additionally,
assume that B}, = cone(G},), where

Q,’f) = {aj e R™: ajTy* =Cj —d;} U{ei cR™: y: :O}.
Then we obtain the following corollary as a consequence of Theorem 5.
Corollary 2. Let (y*;z*) € D. Then, y* € Y* if and only if b € Bj,.

We now present a numerical example verifying Corollaries 1 and 2.

Example 1. Consider the following LFP:
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4
2 fl,xg) =5

9
fleyx) =5

[ =5

fOur) =g

1 2 3 4 o

Figure 1: Multiple optimal solutions of program (8)

6x1 4+ 3x2 4+ 6
max f(x1,x2) = m (8a)
subject to
2x1 + x9 < 6, (8b)
—2z1 + 29 < 2, (8¢)
x1, 22 > 0. (8d)

A graphical approach for finding optimal solution(s) of two-dimensional
LFPs is to rotate the level-line around its focus point in positive direction
(i.e., counterclockwise).® Figure 1 illustrates an application of this approach
to program (8). The feasible region of program (8) in two dimensions x;
and x5 is the bounded polyhedral set OABC (shaded in gray), and the focus
point is F' = (—1,0). Therefore, the optimal objective value of program (8)
is f* = %. Additionally, the set of all optimal solutions to program (8) is
the segment AB, which is stated below as all convex combinations of the two
extreme points A and B of the feasible region:

X ={x* e R%: (27,23) = A (0,2) + (1= X) (1,4), A € [0,1]}.

Table 1 presents the geometrical investigation of the proposed condition
of primal optimality in Corollary 1 at four extreme points O, A, B, and
C, and one nonextreme point P of the feasible region of program (8). As
expected, the condition holds at the optimal points A, B, and P, but not at
the nonoptimal points O and C.

The dual to program (8) is the following LP:

6 More details on graphical solution of LFPs involving only two variables can be found
in [1, Chapter 3].
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Table 1: The proposed criterion of primal optimality for program (8)

X fx) c—f(x)d Gy Belongingness of ¢ — f (x)d to B}
1
Ao fx)d
o)t ) ()G —
5 N -2 -1 1
Bp
—19
1
0 =2 —9 -1 c—Jjx)d
) (1) ()0) IS
2 3 3 1 0 5 R 7
-1+
Bp
4
1 =2 —9 c—flx)d
o (1) ) S
8 : 3 1 -2 ~1 1
71,
1"63;
IR RN ——
4 ’ 3 VARNE -2 11 1
—14
4
. 3 . 0 0 9 ¢ f(x)dq
0 ° : -1\l 2 i ]
_ _ 5
—19
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min z (9a)
subject to
2y; — 2y + 5z > 6, (9b)
1+ Y2 +222>3, (9¢)
—6y; — 2y2 + 52 = 6, (9d)
y1,y2 > 0, z sign free. (9¢)

By Theorem 3, the optimal objective value of the dual program (9) is
equal to that of the primal LFP (8), so z* = %. By Theorem 4, y7 = 0 for
any optimal solution (yi,y3) of (9) because the point A is an optimal solution
to program (8) for which the inequality constraint (8b) is strict. Additionally,
both constraints (9b) and (9¢) must be binding at optimality because point
B with both positive components is an optimal solution to program (8).
Taking these into account, it follows from the constraints of program (9)
that y3 = & for any optimal solution. Therefore, (yi,y3,2*) = (0,3%,3) is
the unique optimal solution of LP (9). The stated facts are observable from
Figure 2, which draws the feasible region of program (9) in three dimensions
Y1, Y2, and z as the section LM N K of the two-dimensional hyperplane H =

{(y;2) e R3: — 6y — 2y + 5z = 6}.

M

— Wl 8
\
=

Figure 2: Unique optimal solution of program (9)

Observe that projecting the unique optimal solution of program (4) onto

the space of y-variables follows that Y* = {(O, %)T} As an illustration to
Theorem 5, Figure 3 shows the singleton set }* to be the optimal extreme
point of the following LP:
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min  6y; + 2y (10a)
subject to
-2
2y1 = 2 2 =, (10b)
1
Y1+ y2 > 3 (10c)
Y1,92 = 0. (10d)

Figure 3: Representing V* as the unique optimal solution of program (10)

Table 2 geometrically investigates the proposed condition of dual opti-
mality in Corollary 2 at the two extreme points M and N of the feasible
region of program (9). While the condition is met by the optimal point N,
it is not true at the nonoptimal point M. This verifies that the projection of
the optimal point N onto the space of y-variables is in }*.

Remark 1. Corollary 1 suggests a geometrical approach for finding optimal
solution(s) of program (1). It states that the optimality of any feasible point
in § is equivalent to satisfying the condition given in Corollary 1. Therefore,
taking into account the fact that the finite optimum must occur at some
extreme points of &, optimal solution(s) of program (1) can be found by
examining the proposed condition only at extreme points of S. (A similar
approach for finding optimal solution(s) of program (4) can be devised based
on Corollary 2.) It is important to note that this graphical approach does
not require the enumeration of all extreme points of the feasible region.
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Table 2: The proposed criterion of primal optimality for program (8)

y z [ Belongingness of b to Bp,
9 b

3 By
v (@) 00 E) )
0 7 1 1 -2 5 5 4 4 : 1 2 3 4 5 6

=
/N
wi= o
~—
ol

(1)-0)(

4 Strict complementarity

4.1 Strict complementary solution

By Theorem 4, the CSC requires only that the product of each pair of com-
plementary variables is zero at optimality. Therefore, not only one of the
complementary variables must be zero at optimality, but also both are al-
lowed to take simultaneously zero optimal values. It means that the CSC
does not imply the positivity of pairwise sum of the complementary vari-
ables. If such positivity holds for a pair of optimal solutions for the primal
LFP and its dual, then in every pair of complementary variables, exactly
one variable is positive and the other is zero. Calling this property as strict
complementarity, we present the following definition.

Definition 1. Feasible solutions x** € S and (y**; 2*°) € D satisfy the strict
complementary slackness condition (SCSC), if they fulfill the following con-
ditions in addition to the conditions given in (5):

X4V >0, ut 4y > 0. (11)

It is clear that feasible solutions to programs (1) and (4) that satisfy the
SCSC are optimal. We refer to such a pair of solutions as a strict comple-
mentary solution and denote it by (x**,y**). By the next result, we prove
the existence of such a strict complementary solution.

Theorem 6. The following statements are true:



318 Mehdiloo, Tone and Ahmadi

(i) Any strict complementary solution to LPs (6) and (7) is a strict com-
plementary solution to programs (1) and (4).

(ii) There exists at least one strict complementary solution to LFP (1) and
its dual (4).

Proof. Part (i) Let (x*°,y*°) be a strict complementary solution to LPs (6)
and (7). Then, by the definition of strict complementary in linear optimiza-
tion, x** and y** are, respectively, optimal solutions to these LPs, such that

V*STX*S _ u*sTy*s _ 07 x5 L v > 0’ u*s + y*s > 07 (12)

where u*® and v** are, respectively, the slack vectors added to the inequality
constraints in X* and Y*.

By Theorem 5, x** and (y*®; 2**) are optimal solutions to programs (1)
and (4), respectively. Furthermore, it follows from (12) that these solutions
meet the SCSC in the sense of Definition 1. Therefore, (x*¢,y*?) is a strict
complementary solution to programs (1) and (4).

Part (i) Because a finite optimum occurs for LPs (6) and (7), the Goldman—
Tucker theorem implies the existence of a strict complementary solution to
these LPs, which is a strict complementary solution to programs (1) and (4)
by part (i) of the theorem. O

4.2 Optimal partitions

Let (x**,y**) be a strict complementary solution to programs (1) and (4).
Then, the supports of vectors x*° and v*° are disjoint and their union is
equal to the index set {1,...,n}. Similarly, the supports of vectors y** and
u*® form a partition for the index set {1,...,m}. Formally, we can write

supp (x**) Nsupp (v**) = @, supp (x**) Usupp (v**) = {1,...,n};

*S *5 *S *S (13)
supp (u**) Nsupp (y**) = @, supp (u**) Usupp (y**) = {1,...,m}.

We call the above partitions as the optimal partitions induced for pro-
grams (1) and (4). By the next result, we show that these partitions, being
independent from the given strict complementary solution, are unique.

Theorem 7. The optimal partitions induced for programs (1) and (4) as in
(13) are the same across all strict complementary solutions and are, therefore,
unique.

Proof. By contradiction, let (x!,y') and (x?,y?) be two distinct strict com-
plementary solutions such that a:jl > 0 and xf =0 for some j € {1,...,n}.
Then, v; =0and 1152. > 0. Because both optimal sets of programs (1) and (4)
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are convex, 1(x!',y') + (x% y?) must be an optimal solution such that
$(u! + u?) and 1(v' + v?) are, respectively, its primal and dual slack
vectors. For this solution, we have the contradiction (with the CSC) that
%(le + x?) > 0 and %(vﬂl + vf) > 0. Therefore, the optimal partition of
{1,...,n} is unique. The uniqueness of the optimal partition of {1,...,m}

follows from a similar argument. O

It is worth noting that the optimal partitions can be useful in situations,
where knowing the positivity of a variable in some optimal solution of an LFP
is concerned with. For example, while the slack-based measure (SBM) model
of Tone [26] is used for the measurement of efficiency in the field of data
envelopment analysis, the global reference set (peer group) of an inefficient
decision making unit can be identified by the optimal partition of the index
set of intensity vector.”

4.3 Geometrical interpretation

We begin this section by recalling the following definition from [4].

Definition 2. Let S € R%. A subset ST of R4 is a representing set for
S, if its projection onto the space of x-variables is exactly S, that is, x € S
if and only if there exists some s € R? such that (x;s) € ST:

S= {xeRd: (x;8) € ST for someseRd'}.

By adding slack vectors to the inequality constraints of X'* and )*, we
define the following nonnegative polyhedral sets:

Xt = {(x;u) ER"™™: (c—d")'x=—-a+ ", Ax+u=>b, x>0, uZO},
V= {(y;v) ER’”+”:bTyz—oH—ﬁ*,ATy—V:c—d*,yzO,VEO}.

By Definition 2, X** and Y*T are polyhedral representing sets for X*
and Y*, respectively. The next result shows that projecting the relative
interiors of these representing sets gives the strict complementary solutions
of programs (1) and (4).

Theorem 8. It follows that (x**,y**) is a strict complementary solution to
LFP (1) and its dual (4) if and only if (x*;u*®) € ri (X*T) and (y**;v*®) €
ri (Y*H).

7 For more details on the concept of global reference set and its identification, the reader
may refer to [17, 18, 19].
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Proof. Let (x**;u*®) € ri (X*") and let (y**;v**) €ri(Y*). By [20, The-
orem 4.1 ], the relative interior of a nonnegative polyhedral set with equal-
ity defining constraints consists of its maximal elements. It follows that
(x**;u**) € me (X*") and (y**;v**) € me (Y*T). By the Goldman-Tucker
theorem, (x**, y**) is thus a strict complementary solution to LPs (6) and (7).
By part (i) of Theorem 6, it follows that (x**,y*®) is a strict complementary
solution to programs (1) and (4).

Conversely, let (x**,y**) be a strict complementary solution to pro-
grams (1) and (4). Then, similar to the proof of Theorem 6, it can be proved
that (x**,y*®) is a strict complementary solution to LPs (2) and (4). O

To illustrate the concept of strict complementarity, we return back to
Example 1. Adding the nonnegative slack variables u; and wus to (8b) and
(8¢) obtains the following representing set for X'*:

Xt = {(X/\;u)‘) € Ri: (zi‘,xg‘,ui‘,ug‘) =(1-X4-2X4)\0), € [0,1]}.

Similarly, adding the nonnegative slack variables v; and v to (10b) and
(10c) results the following representing set for Y*:

et = {(y;v) ERL: (y1,y2,v1,02) = (0,%70,0)}.

Consider the midpoint P = (%,3) of the line segment AB in Figure 1.
This point is associated with the vector (x% : u%) = ((%, 3) T, O)T), which
is a maximal element and, therefore, a relative interior point of the set X**.
Furthermore, consider the point (0, 1) in Figure 3 that is associated with the
single element (y;v) = ((07 %)T ;0) of the set Y*T. Clearly, (x%,y) is a
strict complementary solution to programs (8) and (9).

Note that (x*,y) is a strict complementary solution for all A € (0,1).
However, this is not true for A = 0, 1. This is because in either of these two

cases, pairwise sum of the complementary variables is not positive.

5 Finding a strict complementary solution

5.1 Finding a maximal element of a nonnegative
polyhedral set

Consider the following nonempty polyhedral set in R?:

P = {xeRd: Px+Qy+Rz=t, x,y >0, zsign free},
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where x € R%, y € R®, and z € R/ are the vectors of variables, P, Q, and R
are, respectively, matrices of coefficients of orders ¢ x d, ¢ X e, and ¢ x f, and
t € R is a constant vector.

Mehdiloozad et al. [20] developed a general convex optimization program
for finding a maximal element of a nonnegative convex set. As a consequence
of their Theorem 3.2, the following result develops an LP for finding a max-
imal element of P.

Theorem 9. Let (x“‘7 X2, y*, z*, w*) be an optimal solution to the following
LP:
max 1'x!
subject to
P (x' +x*) + Qy + Rz = tw,
1>x!>0, x%,y >0, zsign free, w > 1.

(15)

Then - (x'* +x2*) € me (P).

Proof. By [20, Definition 2.5], the characteristic cone of the nonnegative poly-
hedral set P is Cp = {zd+1 (T) x € P, vg41 > O}. To find a maximal

element of P, this cone is incorporated into the convex program proposed in
[20, Theorem 3.2]. This leads to the following LP:

max 1'x!+w!

subject to

P(x1+x2) +Qy+Rz:t(w1+w2),

1>x!'>0,x%y >0, z sign free, 1 > w' >0, w? > 0.

Because the maximization linear program (16) is feasible and its objective
function is upper bounded by d + 1, it has a finite optimal solution, namely,
(X1*7 X2*, y*’ Z*, ,wl*7 ,w2*) .

By the assumption, we have P # &. Hence, it follows from [20, Theo-
rem 3.2] that w'* = 1. Tt is clear that program (15) is derived from pro-
gram (16) by replacing w! with its optimal value and using the variable
substitution w = w' 4+ 1. This implies that any optimal solution of pro-
gram (15) gives an optimal solution to program (16). Namely, if we define
x' = x!* x¥ =x*,y =y, 2 =2z w' =1, and w? = w* — 1, then
(x¥,x*,y’,2',w! , w?) is an optimal solution to program (16). Therefore,
the statement of the theorem follows from [20, Theorem 3.2 |. O
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5.2 Our proposed approaches

Though Theorem 6 demonstrates the existence of a strict complementary
solution for programs (1) and (4), it does not specify how to identify such a
solution. To deal with this issue, we develop two approaches in this section
by applying Theorem 9. The GAMS code of these approaches is provided in
Appendix A.

5.2.1 First approach

From Theorem 8, any pair of relative interior points of X** and Y** deter-
mines a strict complementary solution to programs (1) and (4). By Theo-
rem 9, we develop the following two LPs to find such relative interior points:

max 1 'x'+1Tu!

subject to

[(C _:*)T OIT] (S iﬁz) = (O‘;B*> wp, (17)

1 2
1> <§1> >0, (ﬁz) >0, wp > 1.

max 1'y'4+17v!

subject to
bT OT 1 + 2 —a+ *
[AT _I] (zl +z2 =\ c_ dé Wp, (18)

1 2

y y
> > > > 1.
1 <V1> 0, <V2> 0, wp 1

Let (x'*,x*,u u?, w}p) and (y'*,y**, y™, y*, w}) be optimal solu-
tions to programs (17) and (18), respectively. Then, it follows from Theo-
rem 9 that

(x";u) = i* (x!* +x*;u + u*) € me (A1), (19a)
P
S 1
() = ey ) eme (7). (10
D

Therefore, taking into account [20, Theorem 4.1] and Theorem 8, it follows
from (19) that (xri,y“) is a strict complementary solution to programs (1)
and (4).
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5.2.2 Second approach

Our first approach of identifying a strict complementary solution requires the
knowledge of the optimal objective value of program (1). In this section, we
propose an alternative approach that is exempt from this requirement. We
exploit the fact that the optimality of feasible solutions to a pair of primal and
dual LPs follows from the equality of their corresponding objective function
values. Specifically, we consider the following set:

W ={(xy) e R c'x+at =z,
AX <bt,d"x+pt =1,
—b'y+p8z=0a, ATy +dz>c,
x>0,t>0,y >0, z sign free}.

(20)

By the projection lemma,? it follows that W* is a nonnegative polyhedral
set in R/"". By adding slack vectors @ and v to the inequality constraints
of this set, we obtain the following set:

W = {(xy;wv) € R cTx+at — 2 =0,
Ax+u—bt=0,d"x+ 8t =1,
b'y+8z=a, ATy +dz—v=c,

x,v>0,y,u>0,t>0, z sign free}.
(21)

By Definition 2, W*t is a polyhedral representing set for W*. Let
(x;y;0;v) € W*T. Then (x;y; @; v) satisfies (21) with some scalars t and 2.
The set W* is defined by conditions (2b)—(2d) and (4b)—(4d) and the addi-
tional equality requiring that the objective function of LP (2) to be equal to
the objective function of its dual (4). By the optimality criterion theorem of
linear optimization, it follows that (X,t) and (y, z) are optimal solutions to
LPs (2) and (4), respectively. Additionally, t and v are their corresponding
slack vectors added to inequalities (2b) and (4b), respectively. Consequently,
we have 1 (x;1) € X*t and (y;v) € Y**. Based on this, the next result
shows that any maximal element of W** determines two relative interior
points of X** and Y*T, and therefore a strict complementary solution to
programs (1) and (4).

Theorem 10. Let (X™°;y™°; 0™, v™®) € me (W*T) satisfy (21) with some
scalars t™° and z™¢. Then ( tr},e x™me yme) is a strict complementary solution
to programs (1) and (4).

8 The projection lemma states that the projection of a polyhedral set onto the space
of any subset of its characterizing variables is a polyhedral set; see, for example, [6,
Corollary 2.4].
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Proof. Let (x™¢;y™e; ™ v¢) be a maximal element of W*T that satis-
fies (21) with some scalars t™° and 2™°. Then & (X™% ™) € me (X*¥)

and (y™°;v™®) € me (Y*1). Therefore, by [20, Theorem 4.1], the statement
follows from Theorem 8. O

Based on Theorem 9, we develop the following LP to find a maximal
element of W*T:

max 1'x'+1Tal+1Ty!+17v!

subject to

c"0 0 O PR a -1 0
X +X

A? I 0 0| (0 —b 0 0
00-b" 0 R 0 8 o (22)
AT0 0 I 0 d c

x! %2

al a?

1> - >0, y? >0, t>0, zsign free, w > 1.
V1 V2

Let ()‘(1*, x2* Al a?, y, y2 v v e o w*) be an optimal solution
to program (22), and define

1
_ 7()—(1*+)—(2*;y1*+y2*;1—11*_~_1—12*;vl* +V2*>.

w*
By Theorem 9, we have (X™¢;y™e ame; vhe) e me(W*T). If
tme = L_ then it follows by Theorem 10 that (%™, y™) =
(% (il* + 5(2*) , wi (yl* + yz*)) is a strict complementary solution to pro-

grams (1) and (4).

6 Numerical example

In this section, we illustrate our proposed approaches of finding strict com-
plementary solutions with a numerical example, taken from [1, 14].

Example 2. Consider the following LFP:
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T, 4+ 229 + 3523+ x4+ 1
2x1 + 2x9 + 3.5x3 + 314 + 4
subject to
2x1 + x9 4 3x3 + 314 < 10,
T+ 229 + 23+ x4 < 14,

L1, T2, T3, T4 Z 0.

max

(23)

The dual of program (23) is the following LP:

min z

subject to
2014+ Y2+ 222>1,
Y1+ 2y + 222> 2,
3y1+  y2+3.52 > 3.5,
3y1+ Y2+ 3z2>1,

—10y; — 14ys + 4z =1,
y1,y2 > 0, z sign free.

(24)

Let us add primal slack variables u; and ug to program (23), and dual
slack variables vy, v, v3, and vy to the inequality constraints of program (24),
to turn their inequality constraints to equalities. We use our proposed ap-
proaches to find a strict complementary solution to the above pair of pro-
grams. Running the modified version of the GAMS code provided in Ap-
pendix A results that the joint optimal objective value of programs (23) and
(24) is equal to 0.857. Furthermore, the strict complementary solution ob-
tained from both of our proposed approaches is

@i =0, ab=1071, 23=12, 25;=0, ul=0, u}=0;

vy =1.071 v3 =0 vs =0, vy =2071, y; =0.143 y; =0.071.

7 Concluding remarks

An indirect approach for establishing duality results in linear fractional op-
timization is based on applying the well-known transformation of Charnes
and Cooper [9]. This approach converts a primal LFP into an equivalent
LP and then defines the dual of the obtained LP as the dual of the primal
LFP. An advantage of using this approach is that it allows exploiting the
duality results of linear optimization for establishing duality statements in
linear fractional optimization.

In this paper, we show that the dual program derived from the above
approach is the same dual program suggested in [8]. Based on this version of
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duality, we provide new criteria for primal and dual optimality as our first
contribution. We equivalently represent the primal and dual optimal sets
as the optimal sets of a pair of primal and dual LPs. By this representa-
tion, it follows that a primal (resp., dual) feasible solution is optimal if and
only if its binding polyhedral cone contains the objective vector of the corre-
sponding primal (resp., dual) LP. This condition not only is (theoretically)
necessary and sufficient for the optimality of any general LFP, but also is a
new geometrical tool for solving two- and three-dimensional LFPs.

As our second contribution, we introduce the concept of strict comple-
mentarity into the framework of linear fractional optimization. We prove the
existence of a strict complementary solution and show that all such solutions
induce unique optimal partitions for the sets of indices of nonnegative vari-
ables. To geometrically interpret the strict complementarity, we equivalently
represent primal and dual optimal sets by two nonnegative polyhedral sets
that are described only by equality constraints. Then we prove that each pair
of relative interior points of these representing sets is a strict complementary
solution, and vice versa. By this result, we deal with the problem of identify-
ing a strict complementary solution. Specifically, we turn this problem to the
equivalent problem of identifying a maximal element of a nonnegative poly-
hedral set. Then, by applying the technique of finding a maximal element of
a nonnegative polyhedral set, we develop two linear optimization approaches
with different strategies for finding a strict complementary solution in linear
fractional optimization.

Our first approach identifies a strict complementary solution by solving
two LPs and requires knowing the optimal objective value of the given LFP.
In contrast, our second approach involves solving a single (but larger) LP
and does not need the per-knowledge of the optimal objective value. As our
proposed approaches are linear optimization based, they allow for applying
the ordinary simplex algorithm of linear optimization to identify a strict com-
plementary solution in linear fractional optimization. Nonetheless, regarding
the preference on using the proposed approaches, note that each of the LPs
developed in our first approach has less number of constraints than the LP
of our second approach. Therefore, the use of our first approach is particu-
larly recommended in situations, where only primal or dual part of a strict
complementary solution needs to be found. For example, while the SBM
model of Tone [26] is used for the measurement of efficiency in the field of
data envelopment analysis, the global reference set of an inefficient decision
making unit can be identified by either the primal or dual part of a strict
complementary solution. However, solving the primal SBM model is recom-
mended because the number of its constraints are mostly less than that of
its dual.

The approaches developed in our paper open up a number of further
research avenues. First, it should be interesting to extend the results pro-
posed in linear optimization literature on the use of strict complementarity
for post-optimality analysis [5, 13] to linear fractional optimization. Second,
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an interesting method for finding a strict complementary solution in linear
optimization is to apply the so-called Balinski-Tucker tableau [2]. From our
contribution, it is found that this method can be used to generate (indirectly)
a strict complementary solution in linear fractional optimization. Therefore,
it is worth exploring modification of the Balinski—-Tucker method so that a
strict complementary solution is directly obtained.

Appendix A

The following computer program written in GAMS identifies a strict com-
plementary solution for the primal LFP (8) and its dual (9). Making this
program applicable for any LFP in the general form of (1) just requires
modifying “Sets”, “Table A(i,j)”, “Parameters”, “Alpha,” and “Beta” in
Lines 1-23.

1 Sets

2 i row number of matrix A /i1%i2/
3 j column number of matrix A  /ji1*j2/;
4

5 Table A(i,j)

6 i1 j2
7 il 2 1
8 i2 -2 1;
9

10 Parameters

11 b/il 6
12 i2 2/
13 c/j1 6
14 j2 3/
15 d/jt 5
16 j2 2/;
17

18 Scalars

19 Alpha

20 Beta;

21

22 Alpha=6;

23 Beta =5;

24

25 File ProgSC / Results.txt /;
26 Put ProgSC;

27

28 * Kk *
29 #*Stage 1: Solving program (3)
30

31 Free Variables

32 Theta;

33

34 Positive Variables

35 xbar (j)

36 t

37

38 Scalar

39 ThetaStar;

40

41 Equations
42 0Obj
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43 Con1

44 Con2;

45

46 Obj. . Theta =E= Sum(j, c(j)*xbar(j)) + Alphaxt;

47 Conl(i).. Sum(j, a(i,j)*xbar(j)) =L= b(i)*t;
48 Con2.. Sum(j, d(j)*xbar(j)) + Betaxt =E= 1;
49

50 Model MainLFP / 0bj, Conl, Con2 /;

51

52 Put /'Finding the Optimal Obj. Value (ThetaStar)';

53 Put /' /s

54 Option LP=CONOPT;
55 Solve MainLFP using LP Maximizing Theta;

56 Put 'Obj = ':>6; Put Theta.L:<10:3;
57 ThetaStar=Theta.L;

58 Put /' '/
59

60 *End of Stage 1

61

62

63 k% sk ok sk ok sk s ok sk sk sk ok sk ke sk sk ok sk ok
64 *First approach: Solving program (18)

65

66 Positive Variables

67 xbar1(j)

68 xbar2(j)

69 ubari (i)

70 ubar2(i)

71 yi(i)

72 y2(i)

73 v1(j)

74 v2(j)

75 wl

76 w2

7 P

78

79 Free variable

80 q;

81

82 xbar2.up(j) =
83 wubar2.up(i) = 1;
84 y2.up(i) = 1;
85 v2.up(j) = 1;
86 w2.up = 1;

[y

87

88 Parameters

89 XbarStar
90 tStar

91 UbarStar
92 YStar (i)
93 zStar

94 VStar(j);
95

96 Equations

97 ObjP

98 ConP1
99 ConP2
100 ConP3
101 0ObjD

102 ConD1
103 ConD2
104 ConD3;
105

106 ObjP.. Theta =E= Sum(j, xbar2(j)) + Sum(i, ubar2(i)) + w2;
107 ConP1(i).. Sum(j, a(i,j)*(xbari(j)+xbar2(j))) - b(i)*p

+ ubaril(i)+ubar2(i) =E= 0;
108 ConP2.. Sum(j, d(j) *(xbari(j)+xbar2(j))) + Betaxp
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- wil+w2 =E= 0;

109 ConP3.. Sum(j, c(j) *(xbarl(j)+xbar2(j))) + Alpha*p
- (wl+w2)*ThetaStar =E= 0;

110

111 0bjD. . Theta =E= Sum(i, y2(i)) + Sum(j, v2(j)) + w2;

112 ConD1(j).. Sum(i, a(i,j)*(y1(i)+y2(i))) + d(j)*q - v1i(j)
- v2(j§) - c(j)*(wi+w2) =E= 0;

113 ConD2. . -Sum(i, b(i) *(y1(i)+y2(i))) + Betaxq
- Alpha*(wl+w2) =E= 0;

114 ConD3. . q - ThetaStar*(wi+w2) =E= 0;

115

116 Models Primal_SCSC / ObjP , ConP1, ConP2, ConP3 /

117 Dual_SCSC / 0bjD , ConD1, ConD2, ConD3 / ;

118

119 Solve Primal_SCSC using LP Maximizing Theta;

120 XbarStar(j) = (xbarl.L(j)+xbar2.L(j))/(wl.L+w2.L);

121 tStar = p.L/(wl.L+w2.L);

122 UbarStar(i) = (ubaril.L(i)+ubar2.L(i))/(wl.L+w2.L);

123

124 Solve Dual_SCSC using LP Maximizing Theta;

125 YStar(i) = (y1.L(i)+y2.L(i))/(wl.L+w2.L);

126 zStar = q.L/(wl.L+w2.L);

127 VStar(j) = (v1.L(j)+v2.L(j))/(wl.L+w2.L);

128

129 Put / /'Finding a SC Solution via Approach I';

130 Put /' s

131 Put ' Primal Dual '/

132 Put ' '/

133 Loop(j,

134 Put 'x(':>5; Put ord(j):<>3:0; Put ')= ':3; Put (XbarStar(j)/tStar):<10:3;

135 Put 'v(':>5; Put ord(j):<>3:0; Put ')= ':3; Put Vstar(j):<10:3;

136 Put /;

137 );

138 Put /;

139 Loop(i,

140 Put 'u(':>5; Put ord(i):<>3:0; Put ')= ':3; Put (UbarStar(i)/tStar):<10:3;

141 Put 'y(':>5; Put ord(i):<>3:0; Put ')= ':3; Put Ystar(i):<10:3;

142 Put /;

143 )

144 Put ' A

145

146 *End of First approach

147

148

149 % KA KKK KA KKK K

150 *Second approach: Solving program (22)

151

152 Equations

153 0bjPD

154 ConPD ;

155

156 0bjPD. . Theta =E= Sum(j, xbar2(j)) + Sum(i, ubar2(i)) + Sum(i, y2(i))

+ sum(j, v2(j)) + w2;

157 ConPD. . Sum(j, c(j)*(xbari(j)+xbar2(j))) + Alphaxp - q =E= 0;

158

159 Model PD_SCSC / 0bjPD, ConP1, ConP2, ConD1, ConD2, ConPD/ ;

160

161 Solve PD_SCSC using LP Maximizing Theta;

162 XbarStar(j) = (xbarl.L(j)+xbar2.L(j))/(wl.L+w2.L);

163 UbarStar(i) = (ubarl.L(i)+ubar2.L(i))/(wl.L+w2.L);

164 Ystar(i) = (y1.L(i)+y2.L(i))/(wl.L+w2.L);

165 Vstar(j) = (v1.L(j)+v2.L(j))/(wl.L+w2.L);

166

167 Put / /'Finding a SC Solution via Approach II';

168 Put /' v

169 Put ' Primal Dual '/;

170 Put ' /;
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171 Loop(j,

172 Put 'x(':>5; Put ord(j):<>3:0; Put ')= ':3; Put (XbarStar(j)/tStar):<10:3;
173 Put 'v(':>5; Put ord(j):<>3:0; Put ')= ':3; Put Vstar(j):<10:3;

174 Put /;

175 )

176 Put /;

177 Loop(i,

178 Put 'u(':>5; Put ord(i):<>3:0; Put ')= ':3; Put (UbarStar(i)/tStar):<10:3;
179 Put 'y(':>5; Put ord(i):<>3:0; Put ')= ':3; Put Ystar(i):<10:3;

180 Put /;

181 );

182 Put ' A

183

184 *End of Second approach

185 *xx* *%
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Solving quantum optimal control
problems by wavelets method

M. Rahimi, S.M. Karbassi* and M.R. Hooshmandasl

Abstract

We present the quantum equation and synthesize an optimal control proce-
dure for this equation. We develop a theoretical method for the analysis of
quantum optimal control system given by the time depending Schrédinger
equation. The Legendre wavelet method is proposed for solving this prob-
lem. This can be used as an efficient and accurate computational method
for obtaining numerical solutions of different quantum optimal control
problems. The distinguishing feature of this paper is that it makes the
method, previously used to solve non-quantum control equations based
on Legendre wavelets, usable by using a change of variables for quantum
control equations.
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1 Introduction

With the advent of the twentieth century, the inability of classical physics in
the fields of relativity and microscopy led to the outburst of quantum physics.
After the development of quantum physics, the issue of quantum control
was inspired by experimental advances and issues raised in sciences such as
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quantum chemistry, quantum optics, quantum information, and atomic and
molecular physics [7, 10, 24, 27, 34]. Recently, classical control methods such
as optimal control, robust control, Lyapunov control, and feedback control
for quantum systems have been studied and expanded [5, 16, 19, 20, 22, 25].
In quantum control, the main goal is to effectively control the system from
an initial state to a desired final state using external control fields. However,
control in quantum systems is at the beginning of the road, and further
research is needed. In particular, optimal control in quantum systems is of
particular importance as one of the most widely used issues [3, 9, 12, 15, 17,
23, 26, 31].

Along with the development of analytical control methods in quantum
systems, numerical methods have also been developed. Numerical methods
that have been considered in solving classical equations and problems are also
studied [3, 11, 18, 28]. One of the most useful numerical methods for solving
differential problems is wavelets-based numerical method [2, 14, 21, 29, 33].
This article tries to provide a useful way to solve optimal quantum control
based on wavelets method.

Let H be a finite- or infinite-dimensional Hilbert space of a quantum system
and let U denote the state of this system. Then the Schrodinger equation
can be found as follows [13, 32]:

. oV

ih T HU, (1)
where ¥ € H is the state variable, h is the Planck constant, and H is a
self-adjoint Hamiltonian operator in H.

In every physical system, energy is an important quantity. In quan-
tum systems, Hamiltonian H is corresponding to energy, then we can write
He; = Fie;,i = 1,...,N, where E; are eigenvalues, e; are eigenvectors of
the physical system concerned, and N is the dimension of H. In this paper,
we suppose that e; is an orthogonal basis; then we expand a state vector ¥

as follows:
N
U= Z Vie;.
i=1

The population of energy states of level 7 are the quantities |¢;
When a quantum system is operated by an external field, the Schrédinger
equation in (1) is modified as

2.

OV
ih—- = (Ho+ Ek: Hyup ()0,

where Hy : H — H, which is the internal Hamiltonian, and the Hamiltonian
linear operator Hy : H — H describes the coupling of the system to external
fields ug(¢). In this paper, for simplicity, we consider a quantum system with
one control, and set k = 1. Then we can write
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ih%f = (Ho + Hyu(t))V.

The design of controls in quantum systems is considered for energy-
efficient population transfer. These controls perform the desired transmission
and in addition optimize a specific performance index. The specific energy
performance index considered in this section is shown below:

T
minJ[u]:/O u?(t)dt.

This cost function for control has been widely used in the literature on optimal
control of quantum systems as a part of various objective functions. It is a
measure of the energy expended to create a control field.

The main object of this paper is to present an efficient numerical algorithm
based on the Legendre wavelets methods to solve the following optimal control
problems of the form:

min Ju] = /O 20,
subject to the dynamical quantum systems
iU = (Hy + Vu(t)) .
The initial condition for the above equation is
W(0) = o

It is worthy to note that V = H;.

2 The hat function

In this section, we introduce a family of basic functions, namely, the hat
functions. An n-set of the hat functions is defined on the interval [0,T] as
follows:

t_(jk_kl)k7 (.7 - 1)k
e ]
hj(t): (]-‘rk) t’ (jk‘)gt

0, 0.W.
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B0k _k<t<T
h/n—l(t) — { k ’ — — Y
0, o.w.
where k = L. For hat functions, we can write h;(jk) = 6;;, where § is the
Kronecker delta. By the definition of the hat functions, we can expand any

function like g(t) € L?[0,T] as follows:

n—1
g(t) = Y gihi(t) = GTH(t) = H(t)G, (2)
j=0

where
G é [907917 cee 7gn71}

and
H(t) £ [ho(t), ha(t), ... b1 ()]

When we use the hat functions for the g(t), it can be observed that

g; =g(jk), j=0,1,...,n—1. (3)

Now, we introduce another family of basic functions, namely, Legendre
wavelet functions. The set of these functions is an orthogonal set on the
interval [0,1] with the weight function w(t) = 1. If Py(¢) is the Legendre
polynomials of degree k that are orthogonal on the interval [—1, 1] with re-
spect to the weight function w(t) = 1, then we can write Legendre wavelets
as follows [2, 14]:

(4)

2k + 125 P (2" — 20+ 1), t €[5, 55,
wik(t) =
O7 o.w.

In fact, wix(t) = w(l, k,n,t), where [ = 1,2,...,2" and n is an arbitrary
positive integer.

For any arbitrary function, like g(¢) defined over [0, 1] and square-integrable
over [0, 1], we can expand g(t) by the Legendre wavelets as follows:

g(t) = > > anwi(t).

1=1 k=0
By approximating the above infinite series, we can write

2" K-1

g(t) = > apwi(t) = ATW(1), (5)

=1 k=0

where A and W (t) are k = 2"K column vectors.
For the index Ik, we can write j = k(I — 1) + k+ 1. Then a;; = a; and
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wy, = w;. Thus (5) can be written as

k
g(t) = " ajw;(t) = ATW (),
=1

where

Aé[al,azw--,a;;]T

and
W (t) £ [wi(t), wa(t),. .., wi(t)]. (6)

Now by taking t; = ﬁ as the collocation points into (6), we can write

P 2 W(0), W( Ly way

It can be simplify verified that the Legendre wavelets can be expanded in k
in terms of the hat function by using (2) and (3) as follows:

W)~ Py H(t). (7)

Theorem 1. Suppose that f(t) ~ FTH(t) and that g(t) ~ GT H(t). Then
F(t)g(t) = STH(t), (®)

where S;; = (F.G);; = F;;G;; denotes pointwise product of F' and G.

Proof. By applying (2) and (3) for f(¢) and g(t), we can write

n—1 k—1
g(t) = GTH(t) = g;h;(t) = D> g(ik)h;(D),
§=0 §=0
n—1 k—1
FO) = FTHE) =Y fh;(8) = > fR)hs ().
Jj=0 Jj=0
Then by using the point wise product, we have
k-1
F)g(t) = ) f(ik)g(ik)h;(t) = DTH(t),
§=0
which completes the proof. O

Corollary 1. Suppose that g(t) ~ GT H(t) by hat functions. Then, for any
integer number n > 2, we have

(@)™ ~ 195,915, 97 JH(). 9)
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Proof. For n =2 by Theorem 1, we have

(9()? =[98, 63, - --» 95 JH(®);

then by induction for n > 2, we have
(g(t)" ~ 96,91 g7, 1H(?),

which completes the proof.
O

Theorem 2. Suppose that g(t) ~ ATW (t) and f(t) ~ BTW (t) by Legendre
wavelets. Then we can write

F(Hg(t) ~ QTP LW (), (10)

where AT = AT P,

Fxcho B? = BTP}%XIA€7 and Q = Al.Bl.

Proof. By Theorem 1 and equation (7), we have
g(t) = ATW(t) ~ ATP, H(t) = A] H(¢),

f(t) = BYW(t) = BBy, H(t) = BYH(),

and then
f()g(t) = (Ar.B)"H(t) = QTH(t) =~ Q" P W (t).
O

In Theorem 1, the multiplication of two functions is obtained according to
the hat functions, and in Theorem 2 by using Theorem 1, the multiplication
of two functions is obtained according to the Legendre wavelets. If g(t) ~
ATW (t) by the Legendre wavelets, then by Theorem 2 and Corollary 1, we
can write

(g(t)" = [af', a3 ... @l P W (). (11)

3 Analysis of the proposed method

In previous works, using Legendre wavelet, numerical solutions for non-
quantum control equations have been obtained. In this section, we try to
implement one of these methods, which is based on the Legendre wavelet,
for quantum control equations. To overcome this problem, first change of
variables to make the equation usable is performed.

In this section, we consider the quantum control systems of the form
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T
min Ju] = / u?(t)dt,
0
subject to the dynamical system
iU = (Ho + Vu(t)), (12)

with the initial condition ¥(0) = Uy.
First, we introduce a change of variables that generalizes

U = ¢ Hoty
such that for (12), we obtain
Z‘(_Z'Hoe—iHotw + €_iH0t(b) _ (HO + Vu(t))e_iHot:E N Hoe_iHot.’E + e—z’HUtjj
= Hope oty 4 Vu(t)e Holy,

Thus we can write
i = etHotyy(t)e oty

By considering E(t) = etHotVe~Hot " equation (12) can be written as
& = E(t)u(t)z(t), (13)

and the new initial condition is z(0) = W¥y.
By the Legendre wavelets for the derivative of the state variable & and the
control variable u(t), we can write

i~ XTW(t) (14)
and
u(t) ~ UTW (1), (15)
where
UT = [ul,uQ,...,uk]
and
XT = [21,20,..., 7).

We can apply integration on both sides of (14) and considering the initial
condition

z(t) ~ XTQW (t) + Uy.

Let 1 be the coefficients vector of the unit function. Then
w(t) = (XTQ + Yon )W (t). (16)

Now (16) can be written as
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z(t) ~ ATW(t) = [a1, a2, ..., a;]W(t). (17)
In this part, by applying (11) and (9) for the above approximation, we have

(2(O)" = [}, ap, ...l PoL W) ~ [a7, ag, .., a2 H (),

and also for (15), we have

(u(t)" = [af,ay, ..., af]P- LW (t) =~ [af, a5,...,af]H(t).  (18)

We can also approximate E(t) by Legendre wavelets as
E(t) ~ ETW(t), (19)

where
ET = [61,62, .. .,6];].

In this part, by using (8) and (10) for E(t)u(t)z(t), we have
E(tyu(t)x(t) = [e1ia1, éxtias, . .., e3P L W (1)
~ [€~1U~1f1, €~2’UTQ£E~2, N ,é;ﬂ]}"fé]H(t)
= ATH(1), (20)

also by using (18) for n = 2, we have

(u(t)? = [a3, a5, ..., @) P_ LW (t) = [af, a3, ..., @ H(t) = AT H(t). (21)

Now by using (21), the index J can be written as

J~ JU] = ATQ, (22)
where
T T T
Q= [/ ho(t)du/ hl(t)dt,...,/ h;_,(t)dt]. (23)
0 0 0
By applying (20) for (13) and (12 ), we can write
T -1
XT AP ~0. (24)

In this part, by Lagrange multiplier method for minimization index J in (22)
subject to systems of algebraic equation (24), we can write

JX, UL =JU + X" = AP L L=AJQ+ X" —A\PTLL, (25)

where
L= [Ll,Lg,...,LE]T.
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Hence L is the vector of Lagrange multiplier.
For minimizing by the Lagrange method, the necessary conditions are

0J

ax =0

aJ

9J _ 26
o0 0, (26)
oJ

57 =0

By the Newton iteration method, we can solve equations of (26) for X, U,
and L. Then the approximation of z(¢) and u(t) can be determined by (17)
and (15).

4 Proposed algorithm

The object of this algorithm is designed to solve the Schrédinger equation:
Input: T (final time), N( dimension of H), Hy, and H; .

Stepl: Make a change of variable ¥ = e~ #Ho!z in dynamical system (12) to
obtain (13).

Step2: Define z(t),u(t), and E(t) by (17),(15), and (19), respectively.
Step3: Write the index J as (22) and (23).

Step4: Compute dynamical system (13) by applying (20) to the form (24).
Step5: Compose new index J[X, U, L] as (25) by (24) and (23).

Step6: Solve equation systems in (26) and obtain X and U.

Step7: Compute z(t) and u(t) by (17) and (15).

Step8: Compute ¥ = e~ oty

Output: The approximate solution u(t) and .

5 Numerical experiments

Example 1. In this example, we consider the two-level system i = (Hy +
Vu(t))¥, where ¥ € C? as follows:

o E1 0 . 0 V12
me(in) V=)
The concept of optimal control of two-level quantum systems was presented

in [1, 3, 4, 6, 8, 11, 13, 30]. In the most of these researches, optimal control
is constructed on the basis of geometric arguments. If we suppose F; = 2,
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FEy = —2, and v12 = 2+3i, then we can obtain the numerical results as follows:

Table 1: Approximate and exact value of u(t) in Example 1 for different values of ¢.

t approximate of u(t) exact of u(t) error
1 -0.0359 -0.0459 0.0120
5 -0.0496 -0.0578 0.0102
10 0.1010 0.0999 0.0051
15 -0.0922 -0.0878 0.0016
20 0.0663 0.0594 0.0119
25 0.0286 0.0066 0.0220
30 -0.0630 -0.0635 0.0020

Table 2: Approximate and exact value of z(t) in Example 1 for different values of t.

t  approximate of ¢;(t) exact of ¢1(t) approximate of ¥o(t) exact of ¢o(t) error of ¢1(t) error of ¥,(t)

1 1.0097 1.0078 0.0690 0.0590 0.0109 0.0190
5 0.9869 0.9769 0.2664 0.2564 0.0108 0.0190
10 0.8666 0.8766 0.4681 0.4764 0.0110 0.0113
15 0.7197 0.7297 0.6656 0.6756 0.0120 0.0160
20 0.5513 0.5413 0.8645 0.8445 0.0110 0.0230
25 0.3033 0.3133 0.9270 0.9470 0.0120 0.0220
30 0.0830 0.0737 1.0105 1.0005 0.0123 0.0130
0.15

Exact and approximate solutions

0 5 10 15 20 25 30 35

Figure 1: Plots of approximate and exact results of control variable for Example 1
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Exact and approximate solutions for x(t)

Figure 2: Plots of the approximate and exact results of state variable for Example 1

IS

o
®

e
o

o
~

o
o

Exact and approximate solutions of population
o

0.2 I I I I I I
0 5 10 15 20 25 30 35

Figure 3: Plots of the approximate and exact results of population for Example 1

We solved the above problem by our proposed algorithm with n = 2 and
K =10 or k = 40. The stopping condition is |u*(t) — u(t)] < 5 x 1072,
where v*(t) and u(t) are approximate and exact results of control variable,
respectively, and by the stopping condition, we have 73 iterations. The plots
of the approximate and exact values of w(t) is shown in Figure 1. The plots
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of the approximate and exact values of 11 (¢) and 15(¢) are shown in Figure
2. The plots of the approximate and exact values of |1 (¢)|? and |1)2(t)|? are
shown in Figure 3.

Approximation and exact results of control variable u(t) and their absolute
errors for different ¢ are presented in Table 1. In fact, because the index J(t)
in each step depends on the control variable, so by approximating the control
variable in each step, the index J(t) is also approximated. Approximation
and exact results of state variables 1 (t) and ¥9(t) and their absolute errors
for different ¢ are presented in Table 2. The above results show that using
the algorithm and method mentioned numerically is very useful and efficient.
The main advantage of this method is to provide a simple solution based on
classical numerical methods in the field of optimal quantum control. In [32],
an index similar to the index used in this article has been used and numerical
and graphical results have been obtained. Carefully in these results, it is
observed that the solutions obtained in this article have been obtained with
less repetition and more accuracy.

Example 2. In this example, we consider the three-level system i¥ = (Ho+
Vu(t))¥, where ¥ € C? as follows [32]:

E1 0 0 0 V12 V13
Ho = 0 E2 0 y V= UTQ 0 V23
0 0 E3 /Uikg ’U;S O

The concept of optimal control of three-level quantum systems were presented
in [3, 4, 13, 32]. In the most of these works, the optimal control is constructed
on the basis of geometric arguments. If we suppose Fy =2, Fs =0, E3 = 6,
vi2 = ¢+ 1, v13 = 4, and va3 = 2 + 3i, then we can obtain the numerical
results as follows:

Table 3: Approximate and exact values of u(t) in Example 2 for different values of ¢.

t approximate of u(t) exact values of u(t) error

2 0.0074 0.0074 3.3x107¢
10 0.0029 0.0029 5.2 x 1074
20 -0.0107 -0.0105 2.0x 107
30 -0.0002 -0.0001 1.1 x 1074
40 0.0062 0.0062 3.3x107*
50 -0.0032 -0.0032 2.3 %1074

60 0.0060 0.0063 4.1x 1074




Solving quantum optimal control problems by wavelets method

345

Table 4: Approximate and exact values of U in Example 2 for different values of ¢.

t  approximate of approximate of approximate of error of error of error of

1 (t) Pa(t) ¥s(t) Pit) () s(t)
2 1.0188 -0.1011 0.0731 0.0200  0.0220  0.0220
10 0.9837 -0.3944 0.2748 0.0140  0.0154  0.0220
20 0.9016 -0.6478 0.5012 0.0210  0.0141  0.0123
30 0.7168 -0.7977 0.6782 0.0220  0.0215  0.0144
40 0.5713 -0.6806 0.8288 0.0180  0.0125  0.0214
50 0.3356 -0.4449 0.9638 0.0000  0.0112  0.0124
60 0.0799 -0.0525 0.9767 0.0225 0.0114  0.0126

0.015

g oot 1

k]

12}

5

= 0.005 1

3

i)

E o 1

g

g

T -0.005 R

el

5

g

5 001 .

-0.015
0

70

Figure 4: Plots of approximate and exact results of control variable for Example 2
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Exact and approximate solutions for state variable

70

Figure 5: Plots of the approximate and exact results of state variable for Example 2
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Figure 6: Plots of the approximate and exact results of population for Example 2

We solved the above problem by our proposed algorithm with n = 2 and
K =10 or k = 40. The stopping condition is |u*(t) — u(t)] < 5 x 1074,
where v*(t) and u(t) are approximate and exact results of control variable,
respectively, and by the stopping condition, we have 97 iterations. The plot
of the approximate and exact values of w(t) is shown in Figure 4. The plots
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of the approximate and exact values of 1 (t), ¥2(¢), and ¥3(t) are shown in
Figure 5. The plots of the approximate and exact values of |1 (¢)|?, |12(t)|?
and [13(t)|? are shown in Figure 6.

Approximation and exact results of control variable u(t) and their absolute
errors for different ¢ are presented in Table 3. Approximation and exact
results of state variables 11 (t), 12(t), and v5(t) and their absolute errors
for different ¢ are presented in Table 4. Figures and tables obtained above
show that the numerical method used in this paper is simpler and more
useful than other methods. In [32], an index similar to the index used in
this article has been used, and numerical and graphical results have been
obtained. Investigating these results carefully, it can be observed that the
solutions obtained in this article endure less repetition while having more
accuracy.

6 Conclusion

Today, the issue of quantum optimal control is one of the most widely used
issues in many basic sciences and engineering. At the same time, numerical
methods are one of the most useful solutions to these problems. In this paper,
a numerical method based on wavelets was proposed to solve the problem of
optimal quantum control. This method was benefited by using topics related
to applied mathematics in the field of classical equations and presented usable
in the field of quantum systems. The above results showed that using the
algorithm and method mentioned numerically is very useful and efficient.
The merit of this method is to provide a simple solution based on classical
numerical methods in the field of optimal quantum control.
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Singularly perturbed robin type boundary
value problems with discontinuous source
term in geophysical fluid dynamics
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Abstract

Singularly perturbed robin type boundary value problems with discontinu-
ous source terms applicable in geophysical fluid are considered. Due to the
discontinuity, interior layers appear in the solution. To fit the interior and
boundary layers, a fitted nonstandard numerical method is constructed.
To treat the robin boundary condition, we use a finite difference formula.
The stability and parameter uniform convergence of the proposed method
is proved. To validate the applicability of the scheme, two model problems
are considered for numerical experimentation and solved for different values
of the perturbation parameter, €, and mesh size, h. The numerical result
is tabulated, and it is observed that the present method is more accurate
and uniformly convergent with order of convergence of O(h).

AMS subject classifications (2020): 45D05, 42C10, 65G99.

Keywords: Singularly perturbed problem; Robin type boundary value prob-
lems; Discontinuous source term; Nonstandared fitted method.

1 Introduction

Singular perturbation problems model convection-diffusion processes in ap-
plied mathematics that arise in diverse areas, including linearized Navier—
Stokes equation at high Reynolds number and the drift-diffusion equation
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of semiconductor device modeling, heat and mass transfer at high Pe’clet
number, and so on; see [6, 13, 18, 19]. The novel aspect of the problem
under consideration is that we take a source term in the differential equa-
tion that has a jump discontinuity at one or more points in the interior
of the domain. This gives rise to an interior layer in the exact solution
of the problem, in addition to the boundary layer at the outflow boundary
point. Problems with discontinuous data were treated theoretically, in the
case of the solution of the convection—diffusion with Dirichlet case problem;
see [9, 10]. Authors of [2, 8, 14] discussed a self-adjoint Dirichlet type problem
with a discontinuous source term. Authors [14, 15, 17] have examined two
parameter singularly perturbed boundary value problems for second-order
ordinary differential equations with discontinuous source term. Authors of
[5, 7] discussed fitted nonstandard finite difference methods for singularly
perturbed second-order ordinary differential equations. Singularly perturbed
delay differential equation was examined by Mohapatra and Natesan [12] on
an adaptively generated grid. Recently, Shandru and shanthi [3] presented a
fitted mesh method to solve singularly perturbed robin type boundary value
problems with discontinuous source terms. Indeed, still, there is a room to
increase the accuracy and show the parameter uniform convergence because
the treatment of singular perturbation problem is not trivial distributions and
the solution is pended on perturbation parameter, ¢ and mesh size, h; see [6].
Due to this, the numerical treatment of singularly perturbed boundary value
problems is need improvement. Therefore, it is important to develop a more
accurate and convergent numerical method for solving singularly perturbed
boundary value problems under consideration.

2 Definition of the problem

Consider the following singularly perturbed problem with Robin boundary
condition of the form

Ly() = ey (@) + alw)y/(2) - ba)y() = f(z), =€ Q- UQT. (1)
Subject to boundary conditions

{Lly(O) = a1y(0) — Brey’(0) = )
Loy(1) = aoy(l) + Boy'(1) =

where a1,81 > 0, a1 + 81 > 0, as > 0,82 > 0, and € > 0 is a small
parameter. The functions a(z) and b(x) are smooth on €, such that a(z) >
a > 0 and b(xz) > b > 0. Furthermore, the notations for the domain are
Q=1(0,1), Q= =(0,d), and QF = (d,1), where d € Q stands for the jump
in the source function. Boundary value problem of the governing problem
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under consideration is a model confinement of a plasma column by reaction
pressure and geophysical fluid dynamics; see [4].

The solution y(x) of (1)—(2) has a boundary layer near x = 0 due to the
perturbation parameter, € and interior layer due to the discontinuous source
term.

3 Properties of continuous solution

The differential operator for (1) is given by

d? d
LEE&‘@‘FG%*@

and it satisfies the following minimum principle for boundary value problems.
The following lemmas [6] are necessary for the existence and uniqueness of
the solution and for the problem to be well-posed.

Lemma 1 (Continuous minimum principle). Suppose that the function
y € CHQ) N C*(Q~uNt) satisfies L1y(0) > 0, Loy(1) > 0, and Ly(x) <
0, for all z € Q= UQT and [y/](d) < 0. Then, y(z) >0 for all z € Q.

Proof. For the proof, we refer to [3]. O

Lemma 2 (Stability result). Consider the boundary value problem (1)—(2)
subject to the conditions a(z) > a > 0 and b(x) > b > 0. If y € CY(Q) N
C?(Q~UQ™), then

Iy llo< € max{| L1y(0) [, | Lay(1) || Ly lo-yor }-

Proof. For the proof, see[3]. O

Lemma 3. For each integer k satisfying 0 < k < 4, the solution of (1)—(2)
satisfies the bounds || y(*) laviay < Ce™k.

Proof. For the proof, see [3]. O

Lemma 4. Let y. be the solution of (P.). Then, for £k =0,1,2, 3,
|y (2) |< C(1 + e Fexp(—2x))  for all z € [0,1].
€

Proof. For the proof, see [1]. O
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4 Formulation of the method

The theoretical basis of the nonstandard discrete numerical method is based
on the development of the exact finite difference method. The author of [11]
presented techniques and rules for developing nonstandard finite difference
methods for different problem types. In Mickens’s rules, to develop a dis-
crete scheme, the denominator function for the discrete derivatives must be
expressed in terms of more complicated functions of step sizes than those used
in the standard procedures. These complicated functions constitute a general
property of the schemes, which is useful while designing reliable schemes for
such problems.

For the problem of the form in (1)-(2), in order to construct the exact
finite difference scheme, we follow the procedures used in [1].
Let us consider the following singularly perturbed differential equation of the
form

ey () + a(z)y' (x) = b(x)y(z) = f(2). 3)

The constant coefficient homogeneous problems corresponding to (3) are
ey’ (z) + ay'(z) — by(z) = 0, (4)
ey’ (z) +ay'(x) = 0, ()

where a(z) > a and b(z) > b. Two linear independent solutions of (4) are
exp(A1z) and exp(Agx), where

—a ++Va? + 4eb

5 (6)

A2 =
We discretize the domain [0, 1] using the uniform mesh length Az = h such
that QY = {x; = 29 +ih,1,2,..., N,z = 0,25y = 1,h = %}, where N de-
notes the number of mesh points. We denote the approximate solution to y(x)
at the grid point z; by Y;. Now our main objective is to calculate the differ-
ence equation, which has the same general solution as the differential equation
(4) has at the grid point z; given by Y; = A; exp(A1z;) + Ag exp(Aaz;). Using
the theory of difference equations and the procedures used in [1], we have

Yi—1 exp(Mzi—1) exp(Aewi—1)
det | Y; exp(Aiz;)) exp(hox;) | =0. (7)
Yip1 exp(Mi@iv1) exp(Aa@is1)

Simplifying (7), we obtain

ah hv/a? + 4eb ah
- eXp(?E)Yi—l + 2COSh(T)Yi - eXP(*Q*E)YH—l =0, (8
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which is an exact difference scheme for (4).
After doing the arithmetic manipulation and rearrangement on (8), for the
constant coefficient problem (5), we get

Yio1—-2Y;+Yi Yign - Y
€
() 1)

a

—0. (9)

h h
The denominator function becomes ¥? = e (exp <a) - 1). Adopting
a €

this denominator function for the variable coefficient problem, we write it as

v = % (exp (hji) - 1) , (10)

where W2 is the function of ¢, a;, and h.
By using the denominator function ¥? in to the main scheme, we obtain the
difference scheme as

Yip1 —2Y;+Y; 4 Yipr - Y

LYY, =¢ + a; —b;Y; = f;. (11)
¢ 2 h

This can be written as three term recurrence relation as

EYi 1+ FY,+GYi1=H;, 1=12,...,N—1, (12)

where EZ:%,F,L: _d}?;—%—bi, Gi:%—&—%,andHi:fi.
To treat the b(;undary coﬁdition, we use the forward finite difference formula
for ¢ = 0 and the backward difference formula for ¢ = N, respectively, for the
first derivative term.
That is, for i = 0, from (2), we have a1y(0)—B1ey(, = p implies a1yo—PB1ey) =
p, which yields

pie pie

(a1 + T)yo - Tyl =D, (13)

Similarly, for i = N, from (2), we have azy(N) + B2y = ¢ implies azyn +
B2y = g, which yields

(a2 + Py — Pow1 =4 (1)
Therefore, Equation (1) with the given boundary conditions (2), can be solved
using the schemes in (12), (13), and (14) which gives the N x N system of
algebraic equations.
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5 Uniform convergence analysis

In this section, we need to show that the discrete scheme in (12) satisfies
the discrete minimum principle and uniform convergence. Let us define the
forward, backward, and second-order central finite difference operators as

Y-,
h

Yi— Y

D*Y; — D-Y;
- = RN

DY, = .

, DY, = , 0%Y; =D'D7Y; =
Lemma 5 (Discrete Minimum principle). Let V; be any mush function that
satisfies v9 > 0, vy >0, and L"v; <0,i=1,2,...,N —1. Then v; >
0,i=1,2,...,N.

Proof. The proof is obtained by contradiction. Let j be such that V; =
min V;, and suppose that V; < 0. Clearly, j ¢ {0,N}, V11 —V; >0, and
V; — V;—1 < 0. Therefore,

€ a;
L"V; =gz Vit =2V + Vi) + SE (Vi = V) =BV
3 a;
:@[(VJ‘H = Vi) = (V; = V-l + ﬁ(vjﬂ = Vj) — bV
J
>0,
where the strict inequality holds if V;; —V; > 0. This is a contradiction and
therefore V; > 0. Since j is arbitrary, we have V; >0, ¢=1,2,...,N. O

We proved above that the discrete operator L" satisfies the minimum
principle. Next, we analyze the uniform convergence analysis.

Using the Taylor series expansion, the bound for y(z;—1) and y(x;11) at
x; are as

y(wio1) = y(w:) = hy'(20) + Gy (20) = 5y (@) + Gry@ (@) + O(?),
y(xip1) = y(x;) + hy'(z;) + %,y”(l‘i) + %y(g) (@) + %y(‘l)(l‘i) + O(h®).

We obtain the bound for

{ |D*Dy(xi)| < Cly” (wi)l, (15)
ly" (i) — DT D y(a;)| < Ch2|y™ (z;)|.
Similarly, for the first derivative term, we have

|y (xi) = DT y(@:)| < Chly™® (), (16)

where |y(k) ('Tl)| = Sup-quE(Io,ﬁN) |y(k) (xz)‘v k= 27 3a4-

Theorem 1. Let the coefficients functions a(z) and the source function f(x)
in (1)—(2) of the domain Q be sufficiently smooth, so that y(x) € C*[0,1].
Then, the discrete solution Y; satisfies
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z€(0,1) €

Proof. We consider the truncation error discretization as

ILN (y; — Yi)| =|LNy; — LVY),
+D7h2
<Cley{ + ayy; — {e——=5—vi + ;D" y;}|,

Yi) + ai(y;‘ - D+yi)|,

B2
<Cely! — D"D™y;| + C’s|(— —1)DT D y;| + Chly!|,

DtD~h?

<Ceh?|y M |+Chly)'| + Chlyé’l,
§C5h2|yz )| + Chly{|.

We use the estimate E|$—z — 1| < Ch, which can be derived from (10).

ih
Indeed, define p = a—,p € (0,00) .Then,
€
h? 1
= 1| =ah|———
gz = |eXp(p) -1
By simplifying and writing the above equation explicitly, we obtain

— 2l = aihQ(p).

_exp(p) —p—1
Q)= explp) = 1)

and we obtain that the limit is bounded as

lm Q)= 5. Tim Q) =0.

p—0 p—>00

Hence, for all p € (0,00), we have Q(p) < C. So, the error estimate in the
discretization is bounded as

1LY (y; — Ya)| < CeR?[y™| + Chlyl). (17)

From (17) and boundedness of derivatives of solution in Lemma 4, we obtain

(1e=en (722))]
coil (1 tew (724))

\LN (y(z;) — Y3)| <Ceh?
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(4o (752))
E+e “exp

€
+Ch‘ <1+€_2exp<_zxi> ’

<Ch |1+ sup <e>(p(35)>
2€(0,1) €

since e 73 > 2. O

<Ch?

Most of the time during analysis, one encounters with exponential terms
involving divided by the power function in €, which are always the main
cause of worry. For their careful consideration while proving the e-uniform
convergence, we prove the following lemma.

Lemma 6. For a fixed mesh and for ¢ — 0, it holds

exp( =%
lim  max <p(5)>—0,7n—LZ&“W
50 1<i<N-1 em

—a(l—z;)
lim  max (ﬂm(a)>=o,7n=Lz&”q

e—01<i<N—1 gm
where z; = ih,h = +,i=1,2,...,N — 1.

Proof. Consider the partition [0,1]:={0=29 <z < - - <zny_1 <y =
1}. For the interior grid points, we have

—ax; —axy —ah
exp - exXp - exp ?
< =

max

1<i<N-1 em - em em
—a(l —x;) —a(l—xn_1) —ah
exp| ———— exp| ——— exp | —
€ € €
max < = ,
1<i<N-1 gm em em

as t1=1—axn_1 = h.
Then, applying L’Hospital’s rule m times gives

exp | — m |
€ r m)!

im — /7 - im "~ fim — "
o em T:%IEOO exp(ahr) r:?ﬂo@ (ah)™ exp(ahr)

O

Theorem 2. Under the hypothesis of boundedness of discrete solution (i.e.,
it satisfies the discrete minimum principle), Lemma 6, and Theorem 1, the
discrete solution satisfies the following bound:
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sup max|y; — Y;|< ON~L. (18)
0<e<1 *

Proof. Results from boundedness of solution, Lemma 6, and Theorem 1 give
the required estimates. O

6 Numerical examples and results

To validate the established theoretical results, we perform numerical experi-
ments using the model problems of the form in (1)—(2).

Example 1. Consider the following problem:

{y() y'(z) = f(z), z€Q UQ*,
y(0) —ey'(0) =1, y(1)—y'(1) =1,

where

0.7, 0<az<0.5,
flx) =
—0.6, 05<az<l.

Example 2. Consider the following problem:
{ Y (@) + o5y (@) = f(x), zeQ uQt,
y(0) —ey'(0) =1, y(1)—y'(1) =1,

where

l+z, 0<z<0.5,
fz) =
4, 05<z <L

Having y; = yjN (the approximated solution is obtained via the fitted operator
finite difference method) for different values of h and ¢, the maximum errors.
Since the exact solution is not available, the maximum errors (denoted by
EN) are evaluated using the double mesh principle [6], for fitted operator
finite difference methods using the formula

EYN .= max —y2N
€ 0<j<n |yj y2j

Furthermore, we will tabulate the e-uniform error

The numerical rate of convergence is computed using the formula [6]

N _ log(EY) —log(EZY)
: log(2)
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and the e-uniform rate of convergence is computed using

v _ log(EY) —log(E2Y)

i log(2)

Table 1: Maximum absolute errors for different values of € and number of mesh size,
N for Example 1.
€ N=32 N=64 N=128 N=256 N=512
10-%  2.0313e-02 1.0156 e-02 5.0781e-03  2.5391e-03  1.2695e-03
107®  2.0313e-02 1.0156 e-02 5.0781e-03  2.5391e-03  1.2695e-03
10712 2.0313e-02 1.0156 e-02 5.0781e-03 2.5391e-03  1.2695e-03
10716 2.0313e-02 1.0156 e-02 5.0781e-03 2.5391e-03  1.2695e-03
10720 2.0313e-02 1.0156 e-02 5.0781e-03  2.5391e-03  1.2695¢-03

EN  2.0313e-02  1.0156 e-02 5.0781e-03  2.5391e-03  1.2695¢-03
RN 1.0001 1.0000 1.0000 1.0001

o4 [ . . . . . . T : :

N=32 N=32
~0.09 —+— N=64 | —+— N=64
—6— N=128 -2 —S— N=128
. 1p B |

Numerical Solution
Numerical Solution

L L L L L L L L L L L L L L L L L L
° 0 01 02 03 0.4 05 06 07 08 09 1 0 0.1 0.2 0.3 0.4 05 06 07 08 09 1
X X

Figure 1: Behavior of numerical solution at ¢ = 275 and different values of N for
Examples 1 and 2, respectively.

Table 2: Comparison of maximum absolute errors and order of convergence for Example
1 at number of mesh points N.

€ N=64 N=128 N=256 N=512 N=1024
Present method
EN 1.0156e-02  5.0781e-03  2.5382¢-03  1.2467e-03  5.5910e-04
RN 1.0000 1.0000 1.0257 1.0257
Method in [3]
EN 2.5658e-02  1.4128e-02 7.5359e-03  3.8225e-03  1.7536e-03

RN 0.8605 0.90671 0.9793 1.1242
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Table 3: Maximum absolute errors for different values of € and number of mesh size,
N for Example 2.

€ N=32 N=64 N=128 N=256 N=512
1077 8.3431e-02  4.1854e-02 2.0962e-02 1.0489e-02  5.2329¢-03
1078 8.3431e-02  4.1854e-02  2.0962e-02  1.0489e-02  5.2329¢-03
10712 8.3431e-02  4.1854e-02  2.0962e-02  1.0489e-02  5.2329¢-03
10716 8.3431e-02  4.1854e-02  2.0962e-02  1.0489e-02  5.2329¢-03
10720 8.3431e-02  4.1854e-02  2.0962e-02  1.0489e-02  5.2329¢-03

En 8.3431e-02  4.1854e-02 2.0962e-02 1.0489e-02  5.2329e-03
RN 0.9952 0.9976 0.9989 1.0032

Table 4: Comparison of maximum absolute errors and order of convergence for Example
2 at number of mesh points N.

€ N=64 N=128 N=256 N=512 N=1024
Present method
EN 4.1854e-02  2.0960e-02 1.0408¢-02 4.7906e-03  2.0192¢-03
RN 0.9977 1.0099 1.1194 1.2464
Method in [3]
EN 9.6698¢-01 5.8056e-01 3.2795¢-01 1.7313e-01  8.1501e-02
RN 0.7364 0.8239 0.0.9216 1.0870

0.014, 0.04
N=32
—+— N=64
—S— N=128(]

Error

0.005
0]

Figure 2: Pointwise absolute error plot at ¢ = 275 and different values of N for
Examples 1 and 2, respectively.

7 Discussion and conclusion

This study introduced a uniformly convergent numerical method based on
nonstandard finite difference method for solving singularly perturbed second-
order ordinary differential equations of Robin type boundary value problems
with discontinuous source term. Due to discontinuity in the source term,
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——— O(1IN) O(1/N)
—8— =107 —B— =10
10 =108
e 10712 —h— 10712
—— 10716 —0— 1010
—0— =102 —— =100

10

Maximum pointwise error
Maximum pointwise error
e
S}

107 L
10 10° 10
N- Number of mesh points N- Number of mesh points

2 10° 10

Figure 3: e-uniform convergence with NSFDM in Log-Log scale for Examples 1 and 2,
respectively.

there is an interior layer occurring. To fit the interior and boundary layer, a
suitable nonstandard finite difference method on uniform mesh is constructed.
The numerical results are tabulated in terms of maximum absolute errors,
numerical rate of convergence, and uniform errors (see Tables 1-4) and com-
pared with the results of the previously developed numerical methods existing
in the literature (Tables 2 and 4). Furthermore, to see the position of the
boundary layer, we plot the behavior of the numerical solution (see Figure
1), as the number of mesh points increases, the maximum pointwise errors
decrease (see Figure 2) and the e-uniform convergence of the method was
shown using the log-log plot (see Figure 3). Unlike other fitted operator fi-
nite difference methods constructed in standard ways, the method that we
presented in this paper is fairly simple to construct.
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Two new approximations to
Caputo—Fabrizio fractional equation on
non-uniform meshes and its applications
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Abstract

We present two numerical approximations with non-uniform meshes to the
Caputo—Fabrizio derivative of order o (0 < v < 1). First, the L1 formula is
obtained by using the linear interpolation approximation for constructing
the second-order approximation. Next, the quadratic interpolation ap-
proximation is used for improving the accuracy in the temporal direction.
Besides, we discretize the spatial derivative using the compact finite differ-
ence scheme. The accuracy of the suggested schemes is not dependent on
the fractional a. The coefficients and the truncation errors are carefully
investigated for two schemes, separately. Three examples are carried out
to support the convergence orders and show the efficiency of the suggested
scheme.
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1 Introduction

In recent years, some approximations have been proposed for the fractional
derivative of order «, such as Grimwald—Letnikov, Lubich, and Caputo ap-
proximations [15, 16, 24, 28, 30, 27]. The schemes that are proposed until
now to discretize the Caputo fractional derivative have been limited to the

*Corresponding author

Received 5 May 2021; revised 21 June 2021; accepted 8 July 2021

Zoliekha Soori

Faculty of Mathematics, K. N. Toosi University of Technology, P. O. Box: 16765-3381,
Tehran, Iran. e-mail: zsoori@mail.kntu.ac.ir

Azim Aminataei
Faculty of Mathematics, K. N. Toosi University of Technology, P. O. Box: 16765-3381,
Tehran, Iran. e-mail: ataei@kntu.ac.ir

365



366 Soori and Aminataei

accuracy of order 2—a (0 < o < 1) on uniform meshes. One disadvantage of
previously proposed methods is that when o ~ 1, its accuracy may lead to
poor accuracy. Thus, in this point of view, the numerical solutions of high
dimensional partial fractional differential equations require a large number of
computations. Besides, from the truncation error estimate of the methods on
uniform meshes verify that the accuracy is dependent on the fractional order
a. We are able to overcome these difficulties using Caputo—Fabrizio fractional
derivative with a non-singular kernel. Afterward, we will obtain the second
and third-orders accuracy in time that is independent of the fractional order
.

Let us consider the following time fractional diffusion and advection equa-
tions, respectively:

2
t
FDMu(X,t) = % + f(z,t), 2€Q, 0<t<T,
t
opu(x )= 8Dy pe ), we0 0<i<T 1)

in which D¢ is the ath Caputo-Fabrizio fractional derivative defined by

t—s

M(O‘)/OU’(X,s)exp(—al_a)dS» O<a<l, (2)

—

where M («) is a normalization function such that M(0) = M (1) = 1.

In 2015, Caputo and Fabrizio [7] suggested a new definition of fractional
derivative based on the exponential kernel. They considered two different
representations for the temporal and the spatial variables. It is important
and interesting that this approach describes the behaviour of classical vis-
coelastic materials, electromagnetic systems, thermal media, and so on. An-
other interesting property of this definition is that it opens up new avenues
in the mechanical phenomena, related to plasticity, fatigue, damage, and
electromagnetic hysteresis [7].

Recently, studies of Caputo—Fabrizio fractional derivatives have been car-
ried out by some authors. Authors of [6] investigated the existence of a
solution for two high-order fractional integro-differential equations including
the Caputo—Fabrizio derivative. Atangana and Alqahtani [4] considered a
numerical approximation of the space and time Caputo—Fabrizio fractional
derivative in connection with ground water pollution equation. In [18], the
authors presented a Crank-Nicolson finite difference scheme to solve frac-
tional Cattaneo equation by a new fractional derivative. Furthermore, they
analyzed the stability and convergence order of the scheme. The main aim of
[9] is to prove the existence and uniqueness of the flow of water within a con-
fined aquifer with Caputo—Fabrizio fractional diffusion for the spatial and the
temporal variables. In [12], the authors applied the Ritz method with known
basis functions for a type of Fokker—Planck equation with Caputo—Fabrizio
fractional derivative. In 2017, Mirza and Vieru [21] proposed the fundamen-
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tal solutions to time-fractional advection-diffusion equation without singular
kernel. They applied the Laplace transform and Fourier transforms with re-
spect to the temporal variable and the space coordinates, respectively. In
[19], the authors constructed the shifted Legendre polynomials operational
matrix in order to solve problems with left-sided Caputo—Fabrizio opera-
tor. A second-order scheme for the space fractional diffusion equation with
Caputo-Fabrizio is provided in [26]. The main aim of [10] is to solve two
problems in nonlocal quantum mechanics wherein the nonlocal shrodinger
equation has been transformed to an ordinary linear differential equation.
Other interesting papers in the field of the Caputo—Fabrizio derivative are
found in [1, 2, 3, 5, 8, 11, 13, 14, 20, 22, 23, 25, 17].

The main goal of this paper is to derive two new formulas to approxima-
tion the Caputo—Fabrizio derivative of order o (0 < o < 1). For this pur-
pose, we use the linear and the quadratic interpolation approximations on
non-uniform meshes for obtaining the second and the third orders accuracy.
Besides, we discretize the spatial derivative using the compact finite differ-
ence scheme. The advantages of the present paper are in the following two
aspects, that is, the obtained accuracy is independent of the fractional o and
gives a new high-order accuracy to the time fractional derivative in Caputo—
Fabrizio’s sense on non-uniform meshes. In this paper, much attention is
paid to the numerical aspects. To our knowledge, our interest in Caputo—
Fabrizio derivative is due to the necessity of using a model describing the
behaviour of classical viscoelastic materials, thermal media, electromagnetic
systems, and so on. In fact, the original definition of fractional derivative
appears to be particularly convenient for those mechanical phenomena, re-
lated to plasticity, fatigue, damage and with electromagnetic hysteresis. In
fact, the Caputo—Fabrizio derivative fits to describe material heterogeneities
and structures with different scales. Hence, we have focused on non-uniform
meshes.

The rest of the paper is organized as follows. In Section 2, the derivation
of the new method on any non-uniform meshes for the Caputo—Fabrizio frac-
tional derivative of order a (0 < o < 1) in both cases of the second and the
third order is developed. Three examples are given in Section 3 to support
the theoretical analysis. Finally concluding remarks are given in Section 4.

2 Derivation of new method on non-uniform meshes

2.1 The second-order approximation

In this section, we focus our attention on deriving the new fractional numer-
ical differentiation formula in details. By Caputo—Fabrizio fractional deriva-
tive, we have
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FDXU(t)|4=t, = 1 /t u'(s)exp (—a s )ds
0 ¢ =k l—« 0 l—«
1 < /tk , t,— s
= u'(s)exp (— « ds, (3)
1—o¢kz::1 ey ( l—a)

where 0 = tg < t1 < ... < ty = T. We denote the time step by 7, =
tn_tn—l, 1§77,SN, and let TMax = MaX1< <N T]-

To explain the process of deriving formula, we apply the linear interpola-
tion polynomial using points (tk_l,u(tk_l)) and (tk,u(tk)) for approximat-
ing u/(s) as follows:

Iy put) = ulty) + (¢ — ) L) = ulte-1)

tp —tp—1
= u(tkfl)tk —! + 'Uz(tk)t — tkil (4)
Tk Tk
and
(I () = L) —ultn) 5)

Tk

Then, the interpolation error formula is given by

u” (&)

u(t) — I pu(t) = o1

(t—tp—1)(t—tr), t€[thor,ti], & € (th—1,tr),
1<k<n. (6)

Now, substituting (5) into (3), we obtain the L1 formula as follows:

1 2 u(ty) — ulty— b t, — S
o D u(t)|e=t, = Z (fh) = ults-1) / exp (—a——)ds
tr—1

11—« Th l1—«
k=1

1 n
o > (uk — uk—1) M}, (7)
k=1

- o —th_
where M = 2 (exp (— at25) —xp (—a2752) ).
Lemma 1. For any 1 <n < N, we have M}’ > 0 and M&_l > M.

Proof. Note that =% (t,, —tx) > =% (t, —tx—1) for 0 < o < 1 and exp(z) is

l-—«
a monotone increasing function. Thus one can verify that

)—exp(—oztn_tk_l)>>0.

11—«

M£:1<exp(—a

Tk

tn_tk
11—«

From the mean value theorem for integrals, we have
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1 [t tn — s g
MpP=— exp (— a—= ds =exp ( — a—= € (tg—1,tk)-
A 7_k/tk1 p ( l—a) p ( 1—a)’ §k € (tk—1,1tk)
Clearly, exp ( — a%) is a monotone increasing function, then the second
statement of the lemma follows immediately. O

Theorem 1. Suppose u(t) € C2[0,T]. For any 0 < a < 1, it holds that

1 |u,/(t)| 2
R < — max T .
| (u(tk))| =7 to<t<t, S max (8)

Proof. From (2) and (6), we get

R(u(ty)) = — [Z / ' <u<s>nl,ku<s>>/exp<at”_s)ds}
k=1

l—« tho1

n

— 1 Z [(u(s) — 1T pu(s)) exp ( — oztn — S) i

11—« 1—a’/'te—
k=1
=0
_/tk (u(s) = gu(s))e (—atn_s) < ds
ey Lk P l-a’l-«a

B — n tr U,H(Z/k) tn—S
—(1_0[)2{; 5 (s —l-1)(s—ti)exp (—a )ds}

th_1 l—«

@ |UN(V)|T]§/tn eXp(_atnis)dS
to «

“(1l-a? 2 4 1-
<l=o
a W) 4 1-«
. VE (to,tn € (to_1, tr).
7(1_04)2 ] Tmax a v (0 ) Vi (k 1 k)
This proves the desired formula. O

We apply the time step over the non-uniform mesh defined as [29]
Twn=(N+1=n)u, 1<n<N, (9)

where p = %

2.2 The third-order approximation

Adding an additional point (tk,g, u(tk,g)) for k > 2, we obtain a quadratic
interpolation function Il ru(t) of u(t) as follows:
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1 |:’U,(tk) — u(tk,l) B 'I.L(tkfl) — ’U,(tkg):|
b — tp—o b — tr—1 th—1 — tp—2
X (t — tk)(t — tkfl)

H27ku(t) = Hl,ku(t) +

1 [u(tk) — u(tk,l) _ u(tk,l) — u(tkz):|
Tk + Th—1
X (t—tg)(t —th—1), tE [tp_1,tx],

= Hl,ku(t) +
Tk Tk—1

/ u(tk) - u(tkfl)

(I pu(t)) = T—k+(2t—(tk+tk,1)),4tu(tk).
(10)
For simplicity in what follows, we define:
Ay, = 1 Up — Ug—1  Up—1 — Ug—2 7
Tk + Th—1 Tk Tk—1
and
u/// .
u(t) — My pu(t) = é’?") (t — too)(t — tr1)(t — to),
te [tk—l,tk]a Nk € (tk_g,tk), 2<k<n. (11)

We substitute (10) into (2) to obtain a new approximation of the Caputo—
Fabrizio derivative as follows:

1 & [ th, — s
CF Mo _ / n
o Diu(t)|e=t, = 1_@};/tklu(s)exp(—al_a)ds

/ 1 (Hmu(s))/exp (- atn — S)ds

to l1-—a

X
—

[ ] =
Q

k=2 th—1 ’
1 UL — U /tl tn, — S
= - d
o [ e
n th
U — Uk —
+3 [ 4 Aug(25 — (th1 + )]
7]
k=2 tr—1 k
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_ 1 iuk_uk_l/tk ex (_atn—s)ds
C1l-a Tk o P l-«a
k=1 k-1
t, — s
+ Au/ (25 — (tp—1 +tg)) exp (— a— ds
th“ (ter + ta)) exp ( law
:gF Diu(t)le=t,, ZBkAtuka (12)

where

By =2(a—1) {exp (- a%) —exp(— atn_tkl)}

+a7k{exp(—at":ik)+exp(—at"__t’“1)} (13)

Moreover, FD¢ is the L1 method for non-uniform time grid in Section 2,
where, we define

o Dfu(t)|e=t, =6 Dfu(t)]e=t, Z By Ayug, (14)

wherein, we define a new operator Du(t), which is the new fractional nu-
merical differentiation operator for the Caputo—Fabrizio fractional derivative
CF]D)oc
o De.

The following lemma states the property of coefficients Bj’.

Lemma 2. For any o (0 < o < 1), let

tn — Tk

B,?_2(a—1){eXP(_O‘ 1_a)‘eXp(_o‘%1—tZ_1)}

t, —t tn — ti—
—l—om{exp(—a _;)—l-exp(—og1_];1)}7 2<k<n.

It holds that
By>B;, >--->B!>B; ;>--->B}>0
Proof. To prove our statement, we apply the error representation of the trape-

zoidal formula. For this purpose, we consider the function —2a exp (—atl"_—*as)
on the interval [tx_1,t;]. Then
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ty _ _
BZ:—Q@[/ exp(—atln S)dS—Lk(exp(—atn tk)
th—1

—« 2 l—«a

1 Tty — S\\/
— —2a(~ ) (exp (—al =)
2
a o tn — &k
=-_= _ —a SRy e (b te).
6(170)2@(1)( ag ), &k € (tr—1,tk)
Since exp( - ozﬁ[—‘j) > 0 and %ﬁ > 0, these imply that B} > 0 for
2 < k < n. Besides, exp ( — oztli—_;) is a monotone increasing function with
respect to s on [0,7] and this completes the proof. O

Theorem 2. Suppose u(t) € C3[0,T]. For any 0 < o < 1, it holds that

" t n t
o 0L W02

— (1
(1—a)? to<t<ty 8 to<t<t, 12 1—a] ™ (15)

mwmmz[

Proof. To prove this, we see from (2), (6), and (11) that

mmm»=1EQLZ7M$—HmMﬁWmN—a?:§wS
+ kz/t k (u(s) — Mz 5u(s))" exp (- O‘t1n__of>ds}
=2 k—1
=1 i ! [(u(s) —I,1u(s)) exp (— atln_—;) z(l)
=0
— /t 1(u(s) — Tl 1u(s)) exp (- O‘tln:;) 1 fads]

Lt {é/t (u(s) ~ Ty u(s))’ exp (— a2 1"
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« |u" (&1)] 72 i1 t, — S
< — — d
(1—a)2[ 2 4/t0 exp (= ag—)ds

T1

[u" (V)| T2 tn [
6 4 (k-1 7k) ) exp(—al_a

+ )ds ,

< l—a

o

&1 € (Lo, t1), v € (to, tn).

The second term of last inequality results by the following remark in [29]:

2
Remark 1. With regard to max; <s<¢, |(s —tx)(s — txy—1)| = T is obtained
at s =1 + 73, consequently we have:

(s = thma)(s = tio1)(s = 1) = (bt + 5 — tis)

ks el

2
T T;
(Th—1 + Ek) < Zk(Tk—l + Tk).

Besides, we know that 7p7q; = maxi<;<ny 7. This proves (15).

3 Numerical applications of the examples

In the current section, the efficiency of the suggested scheme for the time
Caputo—Fabrizio fractional diffusion and advection equations are presented
on three numerical examples in one dimension. The accuracy and the stability
of the suggested scheme in the paper for different values of M and N are
tested. In order to carry out our numerical examples, we have used the Maple
18 software with a PC of 4 GHz CPU and 6 GB memory. The accuracy of
the proposed scheme is measured by the following error norm

_ . _ N
e(N,M) = | Joax lu(z, ty) —ug |

We denote the numerical convergence orders by

e(N/2, M)
te =1 —_— .
e =1 (501 )
Example 1. Suppose 0 < o < 1. Let u(t) = sin(4t). The exact solution is
obtained from the definition of the Caputo-Fabrizio (2) without the variable
x. Denote e(N) = |u(ty) — un]|-
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Table 1: Numerical convergence orders in temporal direction for Example 1

1o N The second-order The third-order

e(N) Rate e(N) Rate

0.5 5 5.6188 x 102 — 2.0699 x 10~2 —
10 1.5043 x 102 1.9012 2.3793 x 1072 3.2100
20 3.9207 x 102 1.9399 2.6437 x 10~*  3.1699
40 1.0028 x 1073 1.9671 3.1297 x 10~°  3.0785
80  53722.x 10~*  1.9827 3.6530 x 1076 3.0989

09 5 3.4485 x 103 — 5.9336 x 102 —
10 9.3840 x 10~*  1.8777 7.9779 x 1073 2.8946
20 2.4994 x 10~*  1.9086 1.0192 x 1073 2.9886
40  6.4364 x 107°  1.9572 1.2836 x 10~%  2.9892
80 1.6314 x 1075 1.9801 1.5964 x 1075  3.0073

From Table 1, this fact is extracted that the computational orders of our
schemes are independent of the fractional order a. This means that with
changing values «, the computational orders do not change and the orders
of convergence of these two cases the second-order and three-order schemes
should be 2 and 3, respectively.

Example 2. Consider the time fractional diffusion equation [29]

SDou(,t) = L8 4 f(at), O<a<1, 0<t<I,
u(x,0) = u¥(z), 0<z<1, (16)
u(0,t) = ®(t), u(l,t) =), 0<t<I1

The exact solution of (16) is u(z,t) = sin(mz)t>.

obtained by substituting u(z,t) into (16).

The functions can be

2
Remark 2. For discretizing the term 9 gg’t), we apply the fourth-order

CFD scheme as follows:

0%u(x,t) 52 4
th:xi = @u(azi,t) + O(h%).

Now, we consider the fourth-order approximation of the second derivative
of u at point x; as follows:

0%u(z,t) | 52 "
in — 2 Uy
O 1+ 462"

where u}’ denotes the numerical solution at (x;,t,). Then, a difference scheme
using third-order formula can be obtained as
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HIDP ) = 02ul + Hf', 1<i<M-—1, 1<n<N,  (17)
uy = D(tn), ul =¢(tn), ,1<n<N, (18)
U :uo(gji)v O<7’<Ma (19)
where
2. n 1
diul = E(@UH_% - (535112_5)
Moreover

Yo — 15 (Vig1 +10v; + 1), 1<i< M —1,
’ i, i=0or M.

It can be seen that

h2
Mo — <1+na§>vi, 1<isM-1

Lemma 3. (See [31]). consider the function g(z) € CS[z;_1,2;41], and let
£(s) =5(1—s)® —3(1 — 5)°. Then

9" (®iy1) +10g" (i) + " (zi-1)
12
_ 9(@is1) — 29(zi) + g(wia) | B
h2 360

/0 [6°(z: — sh) + g%(z; + sh)]&(s)ds.

Having seen Tables 2 and 3, we observe that the third-order scheme pro-
duces better results than the second-order scheme. In the Caputo’s sense, the
accuracy of the presented method is dependent on «. In this case, the com-
putational orders for & = 0.4,0.6 and 0.8 are 1.6,1.4 and 1.2, respectively,
when the theoretical order is 3 — «, whereas the accuracy of the presented
method is not dependent on the fractional . Table 4 illustrates the error
and CPU time of the third-order and the second-order schemes. Having seen
Table 4, we conclude that the third-order scheme produces more accurate
results than the second-order scheme. Besides, the third-order scheme needs
fewer temporal grid size and less CPU time for bigger V.

Figure 1 exhibits the solution curves at final time 7' = 1 for different
values of @« = 0.1,0.5 and 0.9 with M = N = 50 for Example 2. Figure 2
shows the comparison of the absolute errors wherein the third-order scheme
is more accurate than the second order-scheme. The plots of absolute error
and the numerical solution for o = 0.1 with M = N = 50 for Example 2 are
shown in Figure 3.
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Table 2: Numerical convergence orders in temporal direction with M = 50 for Example

2

« N  The second-order The third-order
e(N, M) Rate e(N, M) Rate
0.25 5 3.6444 x 10~ 4% — 1.9185 x 10~ % —
10 9.9230 x 10° 1.8768 3.0437 x 107°  2.6561
20  2.5987 x 107° 1.8299 4.4476 x 1076 2.7747
40  6.6615 x 1076 1.9639 5.4377 x 10~7  3.0320
0.5 5 1.1051 x 10~3 — 5.2234 x 10~4 —
10 29975 x 1074 1.8823 7.9398 x 107°  2.7206
20  7.8515 x 107° 1.9327 1.1188 x 107> 2.8272
40  2.0126 x 107° 1.9639 1.5315 x 107¢  2.8689
0.75 5 2.6813 x 10~3 - 9.2499 x 10~ -
10 7.2606 x 10~* 1.8848 1.2632 x 107%  2.8724
20 1.8975 x 1074 1.9360 1.6398 x 107> 2.9455
40  4.8687 x 107° 1.9625 2.2262 x 1076 2.8809

Table 3: Numerical convergence orders in temporal direction with M = 50 for Example

2

« N  The second-order The third-order
e(N, M) Rate e(N, M) Rate
0.4 5 7.4249 x 1074 — 3.7053 x 10~¢ —
10 2.0170 x 104 1.8802 5.7480 x 107°  2.8434
20 5.2738 x 107° 1.9353 8.0087 x 1076 2.8434
40 1.3679 x 107° 1.9469 1.2630 x 10~7  2.6647
0.6 5 1.5958 x 1073 — 6.9588 x 10~ -
10 4.3238 x 1074 1.8839 1.0289 x 10~*  2.7577
20 1.1306 x 104 1.9352 1.3961 x 10~®  2.8816
40  2.8973 x 107° 1.9643 1.7908 x 10~¢  2.9627
0.8 5 3.1781 x 1073 — 0.4828 x 10~4 —
10  8.6131x 1074 1.8836 1.2325 x 1074 2.9437
20 2.2530 x 10~ 1.9347 1.5675 x 10~°  2.9751
40  5.7678 x 107° 1.9658 1.9745 x 106 2.9889
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Table 4: The errors and CPU time (seconds) of the third-order and the second-order
schemes for Example 2

! The third-order (M = 50) The second-order (M = 50)
N e(N, M) CPU(s) N e(N, M) CPU(s)
0.7 8 9.3694 x 10~ 0.03 5  8.6414 x 102 0.09
24 1.1214 x 10—+ 0.06 12 7.2084 x 1075 0.1
72 1.2902 x 10~°  13.10 24 9.6323 x 106 5.75
0.8 8 1.3174x 1073 0.06 5  9.4828 x 1074 0.09
24 1.5769 x 10—+ 0.09 10 1.2325 x 10~* 0.1
72 1.8033 x 1075 14.30 20 1.5675 x 1075 3.86
0.9 8 1.9637 x 1073 0.07 4 16778 x 1073 0.07
24 2.3611 x 104 0.09 8 1.7168 x 10~* 0.09
72 27014 x 107°  14.53 16 1.9223 x 1075 3.05

01 02 03 04 05 06 07 08 09 10 01 02 03 04 05 06 07 08 09 10

*  Numerical Exact *  Numerical Exact

0.84

0.6

01 02 03 04 05 06 07 08 09 10

= Numerical Exact

Figure 1: The solution curves at T = 1 with M = N = 50 for Example 2
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Figure 2: Comparison of the absolute errors for the second-order (left) and the third-
order (right) schemes with M = N = 50 for Example 2

Numerical sulution

Absolute error

Figure 3: Plots of the absolute error (left) with M = N = 50 and the numerical solution
(right) for Example 2

Example 3. Consider the time fractional advection equation [29]

SDeu(, ):a"(mt)jtf(xt) 0<z<l1 0<t<1,
u(z,0) = u¥(z), 0<z<1, (20)
u(0,t) = (1), u(l,t) =¢(t), 0<t<L

6u(wt)

Remark 3. For discretizing the term , we apply the fourth-order CFD

scheme [29] as follows:
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Table 5: Numerical convergence orders in temporal direction with o = 0.5 and M = 50
for Example 3

N The second-order The third-order
e(N, M) Rate e(N, M) Rate
5 1.3158 x 10~3 — 5.7401 x 10~3 —
10 3.4968 x 1073 1.9118 8.8998 x 10~*  2.6892
20 9.0919 x 1074 1.9434 1.2614 x 10~*  2.8187
40 2.3234 x 1074 1.9683 1.7195 x 107> 2.8750
du(x,t) 0 n

|i,n - h2 ui .

Difference scheme using third-order formula can be obtained as

ASFDO U] = dzul + Af,1<i<M—1, 1<n<N, (21)
ug = P(tn), ul =ptn), ,1<n<N, (22)
ud =ul(z;), 0<i< M, (23)
where
0zv; = i(v —Vi—1)
7V 2]1 1+1 1—1)s
and

Avs — (Vi v+ vi), 1<i<M-1,
! Vi, t=0or M.

It can be seen that

h2
Av; = <I+65§>vi, 1<i<M-1

Like Remark 2 but with slight change, we consider the fourth-order ap-
proximation of the first derivative of u at point x; as follows:

ou(z,t) 0z 4
r=x; — 75 o i,t h . 24
e e = g ) + O (24)

The exact solution of (20) is u(x,t) = sin(7z)t>. Functions can be obtained
by substituting u(z,t) into (20).
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The second-order The third-order

0.8 0.8

0.6 0.6

0.4+ 044

0.24 0.24

01 02 03 04 05 06 07 08 09 10 01 02 03 04 05 06 07 08 09 10

®  Numerical Exact ®  Numerical Exact

Figure 4: The solution curves at T =1 with M = 50, N = 40 for Example 3

Table 5 confirms that the numerical convergence orders in both the
second-order and the third-order schemes are close to theoretical results.
Having seen Table 5, we conclude that the third-order produces better re-
sults for e(N, M) than that the second-order both in error and accuracy. In
[29], the accuracy of the presented method is dependent on «. In this case,
the computational orders for « = 0.5 is 1.5 with the theoretical order of 3—a,
whereas the accuracy of our schemes is not dependent on the fractional a.
Figure 4 illustrates the plot of numerical solution and exact solution with
a=0.5,M =50 and N = 40 at final time T"= 1 for Example 3.

4 Conclusions

In the current paper, we have obtained two new fractional numerical differen-
tiation formulas to approximate the time Caputo—Fabrizio fractional deriva-
tive of order @ (0 < a < 1) on non-uniform meshes. First, the linear and
quadratic interpolation approximations are considered for the integrand wu(t)
because of obtaining the new formulas. Then, a fourth-order CFD scheme
is employed for spatial discretization. This difference scheme is led to the
third-order (second-order) and the fourth-order accuracy in the temporal and
the spatial variables, respectively. Numerical results are carried out to sup-
port the convergence orders and show the efficiency of the suggested scheme.
What distinguishes this paper from our previous studies is its accuracy as-
pect because the accuracy of the suggested schemes is not dependent on the
fractional a.
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Application of Newton—Cotes quadrature
rule for nonlinear Hammerstein integral
equations
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Abstract

A numerical method for solving Fredholm and Volterra integral equations
of the second kind is presented. The method is based on the use of the
Newton—Cotes quadrature rule and Lagrange interpolation polynomials.
By the proposed method, the main problem is reduced to solve some non-
linear algebraic equations that can be solved by Newton’s method. Also,
we prove some statements about the convergence of the method. It is
shown that the approximated solution is uniformly convergent to the exact
solution. In addition, to demonstrate the efficiency and applicability of the
proposed method, several numerical examples are included, which confirms
the convergence results.
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Keywords: Fredholm integral equation; Volterra integral equation; Newton—
Cotes quadrature rule; Lagrange interpolation; Convergence.

1 Introduction

Integral equations have lots of applications in science and engineering. Fred-
holm integral equations arising in the theory of signal processing, which is a
subfield of mathematics, information, and electrical engineering. In physics,
the solution of such integral equations allows for experimental spectra to be
related to various underlying distributions, for example, the mass distribu-
tion of polymers in a polymeric melt. They also prevalently appear in linear
forward modeling and inverse problems. Also, Volterra integral equations
arise in many scientific applications such as the population dynamics, the
spread of epidemics, and semi-conductor devices. It was also shown that
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Volterra integral equations can be derived from initial value problems; see
[21]. Therefore, providing effective methods for solving such equations is
consequential. Fredholm and Volterra integral equations have been exten-
sively studied in many papers, and numerical methods have been widely
used to solve such equations, for instance, Newton—Kantorovich and Haar
wavelets for nonlinear Fredholm and Volterra integral equations [1], hat ba-
sis functions for the system of linear and nonlinear integral equations [2],
Haar wavelets for nonlinear Fredholm integral equations [3], alternative Leg-
endre polynomials for nonlinear Volterra-Hammerstein integral equations [5],
operational matrix approach for nonlinear Volterra-Fredholm integral equa-
tions [4], cubic spline method for Fredholm integral equations [6], implicitly
linear collocation method for nonlinear Volterra equations [7], Chebyshev ap-
proximation for nonlinear Fredholm-Volterra integral equations [9], Cheby-
shev collocation method for the class of Fredholm integral equations with
highly oscillatory kernels [10], collocation-type method for Hammerstein in-
tegral equations [12], Sinc-collocation method for nonlinear Fredholm integral
equations with weakly singular kernel [15], triangular functions for nonlin-
ear Volterra-Fredholm integral equations [13], wavelets-Galerkin method and
wavelets precondition for first kind Fredholm integral equations [14], spec-
tral collocation method for Fredholm integral equations on the half-line [16],
hybrid Legendre Block-Pulse functions for the system of nonlinear Fredholm—
Hammerstein integral equations [17], single-term Walsh series for nonlinear
Volterra-Hammerstein integral equations [18], piecewise constant functions
method for nonlinear Fredholm-Volterra integral equations [19], and so on.
The existence and uniqueness of such equations were discussed in [8, 11].

In this work, we consider the Fredholm and Volterra integral equations of
Hammerstein type

b
u(z) = v(x) +/ k(z, ) (t,u(t))dt, x € la,b,

(@) = v(z) + / " (@ ot ut)dt, € o b,

where v € L?[a,b] and x € L?[a,b]? are known functions, 1 is a given non-
linear function defined on [a, b], and u is unknown to be determined.

2 Method of solution

In this section, first, we describe the Newton—Cotes quadrature rule.
Let the interval [a,b] be partitioned into n sub-intervals, by n equally
spaced points. That is,

r9=a, z;=ux9+1h, fori=0,1,...,n, (1)
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Tpn—=x9 _ b—a
n n °

where the step size h is defined by h =

The Newton—Cotes quadrature rule for a function f defined on [a, b] with
known values at equally spaced points z;, i = 0,1,...,n, is as follows:

b n
[ f@de =Y wnf, (2)
a 1=0

for the set of weights {w;}!" ;. Now consider the Lagrange basis polynomials

Li(t) = H?:O,j;éi(%) and let p,(t) be the interpolation polynomial in the

Lagrange form for the given data points (to, f (o)), (t1, f(t1)), .-, (tn, f(tn)).

Then
b b
/ F(t)dt ~ / pn ()t
b n
-/ (qu»zxt)) dt
a 1=0
n b
—ST ) [ bt
>0
1=0

where w; = f: I;(t)dt.

Note that we take the Lagrange interpolation points ¢; to be the same
as the points x; for the Newton—Cotes quadrature rule. Now consider the
following Fredholm and Volterra integral equations of the second kind

b
u(z) = v(x) —|—/ k(z, ) (t, u(t))dt, x € [a,b], (4)

u(z) =v(z) + /I k(z, t)Y(t,u(t))dt, =€ la,b]. (5)

These can be written as

b
u(z) = v(x) +/ k(z,t)U(t)dt, (6)

£
&
I

v(z) + /9«’ K(z, )W (t)dt, (7)

where U(t) = (¢, u(t)). By considering u,(z) as an approximation for u(x),
we can turn equations (6) and (7) into the following equations:
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b
un(x) = v(x) +/ k(z, 1)U, (t)dt, (8)
un(z) = v(z) + / " (s ) (1), )
where W, () = ¥(t, un(t)), which immediately implies
b
W, (1) = (w(t) +f n(t,an(x)dx) , (10)
t
U, (t) =1 <t,u(t) —|—/ /{(t,x)\Iln(x)dx> . (11)
Using quadrature formula (2) to evaluate the integral part of (10), we obtain
b n
/ k(t,z)U, (x)dx = Zwm(t, i)V, (x;)
@ i=0
= wiklt, 2:) Wy 4, (12)
i=0

where ¥, ; = ¥, (z;) and w; = f: I;(t)dt. Similarly, using the Lagrange in-
terpolation for the integrand of (11) gives

= ‘ wi(t)n(t,xi)\lln,i, (13)

where w;(t) = fat l;(z)dx and ¥, ; = U, (x;). Substituting (12) into (10) and
(13) into (11), we obtain

U, (t) = (t, v(t) + Y wiklt, :c)\Ifn> (14)

=0

and
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respectively. Evaluating (14) and (15) at the points t = z;, j = 0,1,...,n
(the points for Newton—Cotes quadrature rule), respectively, gives

U,; =1 (xj7 viz;)+ Zwm(mj, xl)\Ian> , J=0,1,...,n, (16)

=0

and

Wn,j :7/} (I]ay(‘r])+Zwl,]‘%(‘r]7x1)\ljn,i> 3 .] :Ovla"'vnv (17)

i=0

where w; ; = w;(z;) = f(f] l;(x)dx. Nonlinear systems of algebraic equations
(16) and (17) can be solved by numerical methods such as Newton’s method.
By solving the above systems, the values ¥,, ;, ¢ =0,1,...,n, will be known.
Finally, by substituting (12) into (8) and (13) into (9), we find the numerical
solutions of the integral equations (4) and (5) by

n

un(x) = v(x) + Zwm(x,ti)\lfn,i (18)

=0
and .
un(x) = v(r) + Zwi(x)ﬁ(x, )V, (19)
=0
respectively, where t; = z;, 1 =0,1,...,n.

3 Convergence of the method

In this section, we analyze the convergence of the prescribed method in Sec-
tion 2, which enables us to control the estimated errors. First, we provide an
interpolation polynomial error bound, which is given in the following theo-
rem.

Theorem 1. [20] Suppose that f € C"*l[a,b], and let p, be a polyno-
mial of degree < n that interpolates the function f at n + 1 distinct points
X0, L1, ..., &y € [a,b]. Then for each z € [a, b], there exists a point (, € [a, ]
such that

()

f(@) = pal(z) = (n+1)! FOC,), (20)

where m(x) = (z — z;).

Theorem 2. In the case of equally spaced interpolation points o = a and
x; = xg +ih, for i =0,1,...n, where h = ”‘Ta, we have
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|m(z)| < —h"HL, (21)

Proof. Suppose © € [r;,x;11]. Then for the first i terms of 7(x), that is
H;;%)(x —x;) = (r —xo)(x — x1)...(x — z;-1), and due to equally spaced
points z;, we have
|z — 2ij| < Tig1 — @i
—(G+Dh, j=1,2,...,i (22)
Thus 4 A
L5z — ) < (i 4+ 1)!A (23)
For the next two terms of m(x), that is (x — 2;)(x — 2;11), and using the

2
simple identity af < (#) , we can write

(= z)(@ — wip)| = (@ — i) (@ip1 —2) (v S < wiga)
()
2
- (24)

For the n — 4 — 1 remaining terms of 7(z), that is II}_; ,(z — z;) = (z —
Tiy2)(® — xiys) ... (x — z,), we may proceed as follows:
|z —zirjl =zipj —x (2 <2 <wipa)
<z — Xo
= (i+)h, j=23,....n—i. (25)
Thus
n n! n—i—1
o —2j)| < TS h : (26)
Therefore combining (23), (24), and (26) leads to

()| = Mo (2 — 24)]

n!
—pntt 27
1 (27)

IN

O

Theorem 3. Suppose that x € C"*1[a, b]? and that 1 in (4) is a function in
C™*1a,b] with n > 0. If u(z), the exact solution, and u, (), the approximate
solution defined by (18), are both in C"*'[a,b], then u,(z) is uniformly
convergent to u(z).

Proof. From (6) and (18), for every = € [a, b], we have
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b

u(z) —up(x) = /

a

_ / ’ (n(gc,t)\ll(t) _ En: /i(m7ti)\11n}ili(t)> dt, (28)

=0

n b
Ko OB~ 3 winle )i (= [ L(0)d0)
i=0 @

but Y0 o k(x,t;)V, ;1 (t) interpolates r(z,t)¥(t) at the points ¢;, i =
0,1,...,n, (t;, = x;, the points for Newton—Cotes quadrature rule). If we
set F(x,t) = k(x,t)P(t), from (28) and Theorem 1, then

b T n+1
) =) = [ (T Gt @) it Gt (29

where 7(t) = II% o(t — ¢;). Since ,u € C"*'[a,b], there is some M; >
0 with [T+ ()| < M, for all t € [a,b], where U(t) = (¢, u(t)). Also
k € C™*1a,b)?; thus there is some My > 0 with |%(x,t)\ < M, for all
2,t € [a,b]. Then F(x,t) = s(z,t)(t), necessitates that |&F (z,¢)] < M

for a real number M and for all x,¢ € [a,b]. Therefore from (27) and (29),
we obtain

IN

b n—+1
)~ 100 < gy [ (PO G .0 )

(n+
— oM _
b—a) 1 (h = b—a

PTCEY n)
< % (b_a)w, (30)

n

IN

where we used (n + 1)n" 1 > np"™t = n"*+2 to get the last inequality. We

note that
<b—a>"+2 (b—a)2( b—a>”
< 1+ .
n n n

Thus from (30), we obtain

M [(b—a\’ b—a\"
0< —u,(z)| < = 1 . 31
< fute) —uale)] < 7 (1) (14257 (31)
It is clear to see that )
bf
lim ( “) =0, (32)
n— 00 n
b— n
lim <1+ “> = ebe, (33)
n— oo n

Considering the limit of the both sides of (31) as n approaches infinity and
using (32)—(33), yield
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lim wu,(x) = u(z), for everyz € [a, b];
n—oo
that is, u,(z) is uniformly convergent to u(x). O

As a result of Theorem 3 and from (30), it is also clearly seen that

b—a

|u(z) — up ()] = O(h"+?), where h = (34)

n

4 Tllustrative examples

In this section, we apply the method proposed in Section 2 to some test
examples. All numerical calculations are performed by Maple 13.

4.1 Fredholm integral equation

Example 1. Consider
'l
M@:fwﬁ/imf@ﬁ,OSxSL
0

with exact solution u(z) = x.

For this example, by solving the nonlinear system (16) for n = 4, we have
Wy =0, ¥y =0.0625, U 5 =0.25 ¥y3=0.5625 Wy =1.

Also the nodes x; and the weights w; of the Newton—Cotes quadrature rule
for the same n are

1 1 3
to=0,1t, ==ty =~ tg= .ty =1
0 5 U1 472 273 474 )
7 16 2 16 7
wp=—7, W] = —, Wy = —, W3 = —, Wy = —.
0790t T 42T 15T T 45 M T 90

Substituting the values of x;, w; and Wy, for i =0,...,4 into (18), we have
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ug(z) =v(z) + iwm(m,ti)\l&m
=0

:£I+ %(%x x 0) x 0

+ %(%x X i) x 0.0625
2 1 1

+ 1—5(555 X 5) x 0.25
%(%x x %) x 0.5625

+ %(%x x1)x1

:(L‘7

which is the exact solution of Example 1

Example 2. [9] Consider
1
u(z) =ex+1-— / (x4 t)e*Pdt, 0<z<1,
0

with the exact solution u(x) = .

The absolute error |u,(z) — u(z)| of Example 2 for n = 2,4, 6 is shown in
Table 1.

Table 1: Absolute error of Example 2

x n=2 | n=4 | n=6 | method of [9] (N =7)
0.0 | 1.7e—3 | 3.8e—6 | 6.0e—9 2.5e—6
0.2 | 1.5e—3 | 3.2e—6 | 5.2¢—9 7.3e—6
04 | 1.2e—3 | 2.6e—6 | 4.4e—9 7.9e—6
0.6 | 1.0e—=3 | 2.1e—6 | 3.6e—9 2.5e—6
0.8 | 7.7e—4 | 1.5e—6 | 2.8e—9 3.9e—6
1.0 | 5.3e—4 | 9.6e—7 | 2.0e—9 2.6e—6

Example 3. [1] Consider

with exact solution u(z) = e®.

The absolute error |u,(z) — u(z)| of Example 3 for n = 2,4, 6 is shown in
Table 2.
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Table 2: Absolute error of Example 3

x n=2 | n=4 | n=6 | method of [1] (N = 16)
0.1 | 1.0e—4 | 1.5e—7 0.0 4.3e—4
0.2 | 1.1le—4 | 1.7e=7 | 1.0e—9 3.3e—7
0.3 | 1.2e—4 | 1.8e—7 0.0 7.9e—4
0.4 | 1.4e—4 | 2.0e—7 0.0 2.9e—4
0.5 | 1.be—4 | 2.3e—7 | 1.0e—9 1.2e—3
0.6 | 1.7e—4 | 2.5e—7 0.0 7.1le—4
0.7 | 1.8e—4 | 2.8e—7 | 1.0e—9 5.4e—7
0.8 | 2.0e—4 | 3.1e—=7 | 1.0e—9 1.3e-3
0.9 | 2.3e—4 | 3.4e—7 | 1.0e—9 4.8e—4

Example 4. [12] In this example, the proposed method in Section 2 is used to
solve an integral equation reformulation of the nonlinear two-point boundary
value problem

"

u (t) —exp(u(t)) =0, te(0,1), u(0)=wu(l)=0.

This problem has the unique solution

u(t) = —In(2) + 21n

where c is the only solution of @ = /2, and may be reformulated as the
1

integral equation

u(zr) = /o k(z,t)exp(u(t))dt, = €]0,1],

where

(s t) = {—t(l —z), t<uz,

—z(1—1t), t>ux.

The uniform norm ||u,, — u|| = sup{|u,(t) — u(t)|, t € [0,1]} of Example
4 for n = 5,9 is shown in Table 3.

Table 3: Numerical results of Example 4
n | ||u, —u|| (presented method) | ||lu, —u|| (method of [12])
5.94e—3 5.19e—4
9 2.19e—3 1.28e—4

ot
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4.2 Volterra integral equation

Example 5. [5] Consider

with the exact solution u(x) = e~*.

For this example, we define e, (z) = |u, (z) — u(z)|. The maximum norm
[len]loo = max{|e,(x;)|, z; = 1%4¢,4 =0,1,...,10} for n = 1,3,5,7,9 is
presented in Table 4.

Table 4: Numerical results of Example 5

n | |len]lo (presented method) | ||en||loo  (method of [5])
1 1.174e—1 6.282e—2
3 5.235e—4 1.001e—3
5 3.829¢—6 8.294e—6
7 2.020e—8 3.913e—8
9 1.000e—10 1.163e—10

Example 6. [18] Consider
x
u(z) =1 +sin®z — 3/ sin(z — t)(u(t))?dt, 0<z <1,
0

with exact solution u(z) = cosx.

The absolute error |u,(z) — u(z)| of Example 6 for n = 3,5,7,9 is shown
in Table 5.

Table 5: Absolute error of Example 6

x n=3 | n=5 | n="7 n=9 | method of [18] (m = 60)
0.2 | 4.6e—3 | 8.4e—5 | 8.4e—7 | 6.3e—9 0.0

04 | 3.8¢e—3 | 2.2e—5 | 4.2e—7 | 3.9¢—9 1.0e—5

0.6 | 2.1e=3 | 1.0e—6 | 1.1e—7 | 5.0e—10 1.0e—5

0.8 | 3.4e—3 | 6.3e—5 | 6.1le—7 | 3.9e—9 2.0e—5

1.0 | 1.1e=3 | 2.2e—5 | 2.9e—7 | 2.1e—9 1.0e—-5

Example 7 (Constructed by author). Consider

wx)=e " —e“(x+1)+ [ "Tut)dt, —1<zx<1. (35)
—1
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To calculate the error in the interval [—1,1], we define the error function

en(x) as
x

en(@) = un(z) — v(z) - / (2, ) un ()t
-1
Actually, on the right-hand side of the above equation, we put the ap-
proximated solution w,,(x) instead of the exact solution u(z) for (4). Now the
absolute error |e,(x)| of Example 7 for n = 2,3,5,7,9 and some z € [-1,1]
is shown in Table 6.

Table 6: Absolute error of Example 7

x ea(x) es(x) es(x) er(x) eg(x)
-1.0 0.0 0.0 0.0 0.0 0.0
-0.8 | 2.0e—3 | 3.4e—4 | 2.3e—4 | 5.7¢e—6 | 1.0e—9
-0.6 | 1.0e—2 | 1.2e—3 | 4.5e—4 | 6.9¢—6 | 1.0e—9
-0.4 | 2.86—2 | 2.2e—3 | 4.4e—4 | 3.6e—T7 | 1.2¢—9
-0.2 | 5.2e—2 | 2.5e—3 | 4.2e—4 | 1.2e—5 | 9.0e—10
0.0 | 7.4e—2 | 1.6e—3 | 6.4e—4 | 1.9¢—5 | 3.0e—9
0.2 | 7.3e—2 | 5.9¢—5 | 9.4e—4 | 3.2¢e—5 | 6.1e—9
0.4 | 2.0e—2 | 3.7e—4 | 9.0e—4 | 1.8e—5 | 9.2e—9
0.6 | 1.0e—1 | 1.5e—3 | 7.1le—4 | 6.9¢e—6 | 2.1e—8
0.8 | 2.9e—1 | 2.2e—4 | 1.4e—3 | 3.8e—5 | 6.9¢—8
1.0 | 44e—1 | 1.3e—3 | 1.4e—3 | 5.1e—5 | 2.2e—7

Example 8. Consider
u(z) = —— - ————x2+1+/' (zt + 1) (u(t)?dt, 0<z<1.
0

Similar to Example 7, to calculate the error in the interval [0,1], we define
the error function e, (z) as

en(x) = up(z) —v(z) — /Ow r(2, ) (un (t))2dt.

Now the absolute error |e,(z)| of Example 8 for n = 2,3,5,7 and some
x € [0, 1] is shown in Table 7.

5 Conclusion

In this work, the Newton-Cotes quadrature rule together with the Lagrange
interpolation were used to transform Fredholm and Volterra integral equa-
tions to a system of algebraic equations. As shown in Section 4, via some
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Table 7: Absolute error of Example 8

x es(x) es(x) es(x) er(x)
0.0 0.0 0.0 0.0 0.0
0.1 | 4.7e—4 | 9.5e—3 0.0 0.0

0.2 | 1.1e—=3 | 2.7e—2 | 1.0e—10 | 1.0e—10
0.3 | 1.4e—3 | 4.0e—2 | 1.0e—10 | 3.0e—10
04 | 1.1e—-3 | 4.1e—2 | 1.0e—10 | 2.0e—10
0.5 | 44e—4 | 3.1e—2 | 1.0e—10 0.0

0.6 | 9.4e—4 | 1.9e-2 0.0 2.0e—9
0.7 | 3.4e—3 | 1.7e—2 0.0 8.0e—9
0.8 | 74e—3 | 3.2e—2 | 1.0e—9 1.0e—8
0.9 | 1.2e—2 | 5.1le—2 | 1.0e—9 | 4.0e—8
1.0 | 1.6e—2 | 5.7e—2 | 3.0e—9 7.7e—8

test examples, as n increases, the error decreases. The calculated errors in
the test examples were compatible with the presented error bound in (30).
It was stated that a high accuracy is achieved even by using a small number
of n. Also the method can be extended to solve a system of such equations.
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Abstract

The utilization factor (UF) measures the ratio of the total resources’
amount required to the availability of resources’ amount during the life
cycle of a project. In 1982, in the journal of Management Science, Kurtu-
lus and Davis claimed that “If two resource-constrained problems for each
type of resource have the same UF’s value in each period of time, then each
problem is subjected to the same amount of delay provided that the same
sequencing rule is used (If different tie-breaking rules are used, a different
schedule may be obtained)”. In this paper, with a counterexample, we show
that the claim of authors cannot be justified.
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1 Brief description

For the resource-constrained project scheduling problem (RCPSP) in single-
project environments, several resource measures and distributions have been
proposed in the literature. Notable among them are resource factor, re-
source strength, resource density, and resource constrained-ness (see, e.g.,
(2, 3]). However, the related RCPSP’s measures are not suitable for the
multi-project environments [4]. Hence, for the multi-project environments,
some resource measures such as average loading factor, average resource load-
ing factor (ARLF), and average utilization factor (AUF) are proposed for
resource-constrained multi-project scheduling problems (RCMPSPs).

The AUF is more widely used than the others, and first, we describe it
as blow (for more details, see, e.g., [4, 5]):
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The AUF measures the degree of dependency for each of the required
resources. As the AUF considers the ratio of the amount of resource required
to the level of available resource, it is complementary to the ARLF.

To explain more, suppose that CP; is the length of the critical path of
project i (¢ =1,..., M) in the RCMPSP subject to
CP<CPy <--- < CPy.
Define
S1=CP,5% =CP,—CPy,...,5y =CPy — CPy_1.

Then the total required resource of type k on Lth interval, that is, [a,b] =
[CPp_1,CPp] is defined as

b M N
WSL,k:E E E Tk Xijt,

t=a i=1 j=1
where

1 if activity j in project ¢ at time t is active,
Xiji =

0 otherwise,

the amount of required resource of type k for the activity j of the project 4
is denoted by 751, and N; is the number of activities in the project i.

The AUF for the resource k (AU Fy) is defined as

M
1 W, i
AUF, = — Y~ 5k
"7 M & Ry x|Si]

where Ry is the total amount of renewable resource k per unit of time
(k€ R ={1,...,K}). Hence, the value of AUF for the RCMPSP with
K resources is determined by

AUF = {max{AUF,,..., AUFg}}.

When AUF} > 1, it can be concluded that the resource k is constrained
in the RCMPSP [4].

For addressing the AUF measure, a related measure, that is, the utiliza-
tion factor (UF) is needed to discuss: The UF measures the ratio of the total
amount of resources required to the amount of available resources during the
life cycle of a project [1]. Hence, for a particular type of resource in a project,
if UF < 1, then it is clear that there is no resource constraint and that the
early schedule is optimal [4].
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2 Main problem

In 1982, Kurtulus and Davis [4, p.163] claimed that “If two resource-
constrained problems for each type of resource have the same UF’s value
in each period of time, then each problem is subjected to the same amount of
delay provided that the same sequencing rule is used (If different tie-breaking
rules are used, a different schedule may be obtained)”.

It is worth noting that the above statement is the main basis of many
types of research in multi-project environments.

In the following example, we show that such a claim cannot be justified.

Example 1. Consider two projects P; and P, in Figure 1. They have the
same UF distribution during their life cycles (see Figures 2 and 3). In the
following, we show that even if the priority rule and the tie-breaking rule in
the scheduling of these projects are the same, then the yielded schedules are
not necessarily identical.

(a) Project P,

(b) Project P,

Figure 1: Two example project networks
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Without loss of generality, we consider the case where |R| = 1. Let
R, = 3. Moreover, assume that the priority rule and the tie-breaking rule
are the GRD' and the LPT?, respectively. In other word, they are formulated
as (see, e.g., [6])

GRD: max =d; Tk

and
LPT: max=d;
J
where d; indicates the processing time of activity j and r;; is the amount of
required resource k in the activity j.
The resource distribution for projects P; and P is shown in Figures 2a
and 2b, respectively.

4 —
F |
s | B | E D G
5 2
2
& A c
0 L L L 1 1 1 ]
o 1 2 3 4 5 6 7 8 9
(a) Project P1
4
—— [ D ———————
s B G
52
2
& A c
0 L L L 1 1 1 ]
0 1 2 3 4 5 6 7 8 9
(b) Project P2

Figure 2: Resource distribution for projects P; and P»

Since the amount of available resources and resource distribution for both
P, and P, are the same, then the corresponding amount of the UFs is the
same. Now, by applying the same priority rule (i.e., the GRD rule) and the
same tie-breaking rule (i.e., the LPT rule), from Figure 3a, it is observed
that the schedule for P; is optimal (T'=8), while for P», as Figure 3b shows,
the schedule’s makespan is not optimal and equals 9 (i.e., T=9). Hence, the
authors claim in [4] cannot be verified.

1 Greatest Resource Demand (GRD)
2 Longest Processing Time (LPT)
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4 ~
e e ————————————————————————————
- B E D G
52
&
A c [F |
0 L L L 1 1 ]
0 1 2 3 4 5 6 7 8 9
(a) Feasible (optimal) solution for project F1
4r
s B D
g 2
&
A c P
0 L L L L L L
0 1 2 3 4 5 6 7 8 9
(b) Feasible solution for project P2
Figure 3: Feasible solution for projects P and Pz
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Abstract

This paper studies the linear optimization problem subject to a system of
bipolar fuzzy relation equations with the max-product composition oper-
ator. Its feasible domain is briefly characterized by its lower and upper
bound, and its consistency is considered. Also, some sufficient conditions
are proposed to reduce the size of the search domain of the optimal solution
to the problem. Under these conditions, some equations can be deleted to
compute the minimum objective value. Some sufficient conditions are then
proposed which under them, one of the optimal solutions of the problem is
explicitly determined and the uniqueness conditions of the optimal solution
are expressed. Moreover, a modified branch-and-bound method based on a
value matrix is proposed to solve the reduced problem. A new algorithm is
finally designed to solve the problem based on the conditions and modified
branch-and-bound method. The algorithm is compared to the methods in
other papers to show its efficiency.
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1 Introduction

Sanchez [31] has firstly studied Fuzzy Relation Equations (FREs) and their
associated problems. Then, many researchers investigated them from a the-
oretical standpoint and in view of applications [26, 28, 32].

*Corresponding author

Received 4 November 2020; revised 6 July 2021; accepted 21 July 2021

Samaneh Aliannezhadi

School of Mathematics and Computer Sciences, Damghan University, P.O.Box 36715-
364, Damghan, Iran. e-mail: s.aliannezhadi@std.du.ac.ir

Ali Abbasi Molai
School of Mathematics and Computer Sciences, Damghan University, P.O.Box 36715-
364, Damghan, Iran. e-mail: a_ abbasimolaiQdu.ac.ir

407



408 Aliannezhadi and Abbasi Molai

Various approaches were designed to solve a system of FREs such as
the algebraic method [21], the matrix pattern method [25], the universal
algorithm [27], and the improved Lichun and Boxing’s method [39]. A com-
prehensive review of their resolution methods has been expressed in [7] and
references therein. An extended kind of FREs is a system of fuzzy Relation
Inequalities (FRIs), which its solution set can be completely determined by
finding its minimal solutions and maximum solution similar to FREs [16].
Their applications can be seen in the supply chain [38] and Peer-to-Peer data
transmission network system [22, 36, 4].

The above FREs and FRIs are increasing in each of the variables. In some
applications, for example, in an application of product public awareness in
revenue management, we need variables with a bipolar characterization [9].
Some researchers introduced such bipolarity effects with the max-min compo-
sition operator in the application [9]. Li and Jin [19] showed that checking the
consistency of the system of bipolar max-min FREs is NP-complete. There-
fore, the resolution of the linear optimization problem with constraints of
bipolar FREs will be NP-hard. Yang [37] proposed a bipolar path approach
to finding the complete solution set of the system. The characterization of the
solvability of bipolar max-product FREs was investigated with the standard
negation [5] and the product negation [6].

The optimization of objective functions with FRE constraints is an inter-
esting research topic [8, 14, 17, 24, 29, 30, 33, 34, 35]. Fang and Li [8] firstly
studied the linear programming problem provided to a system of the max-
min FREs. They proposed an algorithm based on the branch-and-bound
method with the jump-tracking technique for its resolution. The algorithm
was extended to the problem with the max-product composition operator
in [24]. Wu, Guu, and Liu, [35] improved their approach by designing an
efficient procedure. In the procedure, the branch-and-bound method was ap-
plied based on an upper bound for its optimal objective value. Hence, the
procedure checks much fewer nodes to find the optimal solution with respect
to Fang and Li’s approach. A necessary condition has been given to find an
optimal solution to the problem with the max-min [34] and the max-product
[14] composition operator. Then, the necessary condition was extended for
fuzzy relation programming problem with the max-strict-t-norm composi-
tion [33]. Three rules were presented to simplify the process of finding the
optimal solution based on the necessary condition [34]. Li and Fang [17] in-
vestigated the resolution and optimization of a system of FREs with Sup-T
composition, and they generalized the most known results in literature and
provided a unified framework for the resolution and optimization of the Sup-
T equation. Recently, fuzzy relation programming was extended to optimize
separable functions in [15]. Different kinds of fuzzy relation programming
have appeared like the max-min fuzzy relation programming problem with
the addition-min FRIs [4], linear optimization with the addition-min FRIs
[12], and fuzzy relation lexicographic programming [40]. Recently, Zhou et
al. [41] considered the problem of optimizing a nonlinear objective function
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subject to a system of bipolar FREs with the max-Lukasiewicz triangular
norm composition. They equivalently converted the problem to a 0-1 mixed
nonlinear integer programming problem. It is NP-hard, and its resolution has
high computational complexity. To increase the efficiency of algorithms, re-
searchers focused on special classes of the bipolar fuzzy relation programming
problems. Two important classes from the problem are linear [9, 20, 23, 3]
and geometric [1, 2] with bipolar FRE constraints. For the first time, Freson,
De Baets, and De Meyer [9] formulated the system of bipolar max-min FREs.
They obtained the solution set of each of its equations. Using this point, they
determined the solution set of a system of bipolar max-min FREs. This set
can be characterized by a finite set of maximal and minimal solution pairs.
They then studied the linear optimization problem subject to the system with
a potential application of product public awareness in revenue management.
They also found its optimal solutions based on the structure of the solution
set of the system. Li and Liu [20] considered the problem with the max-
Lukasiewicz t-norm. They converted the problem into a 0-1 integer linear
optimization problem and solved it by using integer optimization techniques.
However, the techniques may involve a high computational complexity. To
overcome the point, Liu, Lur, and Wu [23] used the useful property that each
component of an optimal solution can either be the corresponding component
of lower or upper bound value and they proposed a simple value matrix with
some simplification rules to reduce the dimensions of the original problem.
To improve computational efficiency, some other rules were presented for
more reduction of the dimensions of the problem with the max-parametric
Hamacher composition operator in [3]. With regard to the above points, a
modified branch-and-bound method was designed for the resolution of the
problem in [3].

In this paper, the problem with the max-product operator is investigated.
Its simplification procedures are completely different from the rules in [23, 3].
The motivations of this paper are the answers to the following questions:
1- How do we can detect and remove the redundancy constraints in the bipo-
lar FRE system?
2- What are the sufficient conditions of optimality for a feasible solution to
the original problem?
3- What are the sufficient conditions for the uniqueness of the optimal solu-
tion to the original problem?
4- How can we design an efficient algorithm to solve the original problem
with respect to the answers to questions 1 and 27
To find the answers to the above questions, two characteristic matrices are
defined based on the components of lower and upper bound vector. Some
sufficient conditions are presented to remove some equations. Moreover, some
sufficient conditions are proposed which under them, one of the optimal so-
lutions of the problem is determined. Then, the sufficient conditions for the
uniqueness of the optimal solution are expressed. Furthermore, a modified
branch-and-bound method based on a value matrix is designed to solve the
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reduced problem. A new algorithm is proposed to solve the original problem
based on the conditions and modified branch-and-bound method.

The structure of this paper is organized as follows: Section 2 introduces
the linear optimization problem subject to bipolar max-product FREs. We
also investigate the characterizations of its feasible domain. In Section 3,
the optimality conditions are presented for a feasible solution to the problem
and some theorems are given to simplify and reduce the problem. Section 4
proposes an algorithm to solve the problem. Some numerical examples are
presented to illustrate the algorithm in Section 5. A comparative study is
done with other methods to show the efficiency of the algorithm in Section
6. Finally, conclusions are given in Section 7.

2 Linear programming problem with bipolar
max-product FREs

This section is divided into two subsections. In the first subsection, the
linear programming problem subject to bipolar FREs is formulated. The
characterizations of its feasible domain are finally illustrated in the second
subsection.

2.1 Formulation of the problem

Let AT = (a;;) and A~ = (a;;) be two m x n fuzzy relation matrices with
0< a;;,a;j < 1lforeachi eI =1{1,2,...,m}and j € J={1,2,...,n}

Also, assume that b = (by,...,b,)T € [0,1]™ and that ¢ = (c1,...,¢,) is a
vector of cost coeflicients, where ¢; > 0 for each j € J. In this paper, the
following programming problem is considered:

min  Z(x) = chxj, (1)

st. AtoxVA o-z=hb, (2)
where * = (x1,...,2,)T € [0,1]" is the vector of decision variables to
be determined and —z denotes the negation of z, that is, -z = (1 —
r1,...,1 — 2,)T. The operator of “o” represents the max-T;, composi-

tion, where T, denotes the product operator. Moreover, S(AT, A~ b) =
{z €[0,1]" | AT oz V A~ o -z = b}, which consists of a set of solution vec-
tors x € [0,1]" such that

max max{a;;.mj,a;j.(l—mj)}:bi forall i € I. (3)
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Problem (1)—(2) with the real cost coefficients can be converted to a prob-
lem with nonnegative cost coefficients in a similar method to Subsection 3.3
in [9]. Hence, without loss of generality, we assume that ¢; > 0 for each
jed.

2.2 The structure of the feasible domain of problem

(1)—(2)

A system of bipolar max-T, FREs AT oz V A~ o =2 = b is called consistent
if its solution set, that is, S(A", A™,b), is nonempty. Otherwise, it is in-
consistent. Now, we focus on the system of bipolar max-T,, FREs (3), when
S(AT,A™,b) # 0.

Lemma 1. A vector z € [0,1]" is a solution for the system of bipolar max-
T, FREs (3) if and only if max{a” LA (1—a;)} < b forall i €1
and j € J, and for each ¢ € I, there exists an index j; € J such that

max {a;;i Ly Qg (1- xh)} =b;.
Proof. 1t is obvious. O

Remark 1. For any and b; Wlth 1€l and j € J, it is assumed that

0} = 0. Also, if aij = 0, then we

’Lj’ ’L]’

if a; =

*’
aij

. b;
define min{ =
Lemma 2. For any a”, i;»and b; with ¢ € I and j € J, the mequahty of

max {a” a5 (1 — )} < b; holds if and only if max{ P <

mln{ ,1}. Especially, if max {am Ty a;;. (1 —x)) )} < b= 0 then at least

u
one of two statements a;; = 0 or a;; = 0 holds. According to Remark 1,

ij
max{a” zj, a;;. (1 — )} < b =0 1f and only if max{l — bf 0} <z, <

min

Proof. The proof will be divided into four cases as follows:
Case 1. a;;- # 0 and a;; # 0.

+ g —
Case 2. a;; = a;; = 0.

Case 3. a;;- =0 and a;; # 0.

Case 4. a;;- # 0 and a;; =
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Case 1. It is obvious that the inequality max{a” &, a;. (1 — z;)} < b
holds if and only if aij.x] < b; and a;;.(1 —x;) < b If b; # 0, then the

recent inequalities can equivalently be rewritten as 1 — 2 < ab;' . On
ij ij
the other hand, according to the assumption, we have 0 < z; < 1. The
. < mi bi
< min{ 7,

Whenever b; = 0, the inequalities imply z; <0 anc{ﬂ:zzj > 1 which do noé]hold
for any z; € [0,1].
Case 2. Since a;; = a;; = 0 and b; > 0, the inequality of max{a” zj,a;;-(1—

zj)} < b holds if and only 1f wj € [0 1].  On the other hand, we have

af’

quently, the result 1s also true 1n thls case
Case 3. Since a = 0, then min{% +,

We now have the followmg subcases: 1. bi = 0 and 2. b; # 0. In the
first subcase, we have max{1l — :37 = 1, that is, max{l — 2
ij

ij
z; < min{ b 1} implies that ; = 1. On the other hand, the inequal-
w

ity max{aZJ iy a. (1= z;)} < b; = 0 holds if and only if a;-(1— ;) =
0. This implies that z; = 1. In the second subcase, the inequality of
max {a” zj,a;;. (1 - zj)} < b; holds if and only if a;;-(1—x;) < b;, which is
equivalent to max{1l — %, 0} < zj. On the other hand, we have 0 < z; < 1.

< 1 = min{4 +‘,

Remark 1. Hence, the result 1s true in both subcases. O
Whenever S(AT, A=, b) # ), the lower and upper bound on the solution

set for the system of equations (3) can be determined using the following
lemma.

Lemma 3. [1] The vector of & = (i#1,...,%,)7 is the lower bound on the
solution set of equations (3), where &; =

ij
j € J. Also, the vector of & = (&1,...,2,)7 is the upper bound on the
solution set of equations (3), where &; = mm{ b

Furthermore, if there exists j € J such that for each i €1, a;; < b, then

Z; = 0 and if there exists 7 € J such that for each i € I, ajj < b;, then
&; = 1, that is, maz 0 = 0 and min () = 1 are defined.

Lemma 4. [1] Assume that S(AT, A7,b) # 0 and that its lower and upper
bound are ¥ and , respectively. If there exists jo € J such that &;, = &,
then z;, = &, = &j, for all x € S(AT,A7,b). Also, the solution set of
system (2) (or (3)) is the same to the following system:

j€J—{jo}

max max{a axj,azj.(l—zj)} =b; foralliel—T,
Tj <zj; < .”Ej forall j € J— {jo}; Tj, = Tj, = JAS]'D,
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where 7; and #; for all j € J are defined on the basis of system (2) (or (3))
and I = {i € I|max{a;; .xj,,a; (1 —x;,)} = b} and I # 0.

1]

We first consider the special case of b; = 0 for ¢ € I. Since
max {ajj.xj, a;- (1- xj)} is always nonnegative, the following inequality
;"j.xj, a;;-(1 —x;)} < b; can be converted into the equation
+
ij

max{a

max {a gy a. (1= z])} = b;. We now express the following lemma.

Lemma 5. Let b; = 0 for ¢ € I. A vector x is a solution for ith equation
of the system (3) if and only if max{1 — 2 0} < z; < min{ f+ 1} for each

: ai;’ i
jedJ.

Proof. Considering Remark 1, the proof can be easily obtained by the proofs
of Lemmas 1 and 2. O

Lemma 6. [1] Suppose that S(AT, A=, b) # (), and that its lower and upper
are &; and &;, respectively. Then the solution set of system (2) (or (3)) is
the same to the following system:

{maxmax{a;.xj,aij.(l —z;)}=0b foralliel— I,
Jjed

jjnggi‘j fOI‘aﬂjEJ,

where Iy = {i € I|b; = 0}. Also, &; and &;, for all j € J, are defined on the
basis of system (2) (or (3)).

Furthermore, if b; = 0 for each ¢ € I, then we can easily obtain the
solution set of equations (3) and an optimal solution for problem (1)—(2).
These points are expressed in the following corollary.

Corollary 1. If b = 0 in the constraint part of problem (1)—(2), then we
have
S(AT, A7, b) ={z | Z <2 < &} and 2* = ¥ is an optimal solution to problem

(1)-(2).

Proof. Tt can be easily seen that S(AT,A7,b) = {x | # < z < %} with
regard to Lemmas 3 and 5. The proof is completed by showing that z* = &
is an optimal solution of problem (1)-(2). Since & € S(AT,A™,b), ¢ > 0,
and the problem is minimization, then % is an optimal solution of problem
(1)—(2). O

Without loss of generality, from now on, we will assume that &; < &;, for
each j € J, and b; > 0, for each i € I.
a,.+.,a.7.
Remark 2. In this paper, if aj'j = a;; = 0, then we define o= 0.

ig T g
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Figure 1: Illustration of function f(z;) = ma:v{a aj,a;.(1—z;)}

Lemma 7. For any a”, and b; with ¢ € I and j € J, the equatlon of

z]7

“<p <
ij
a;}. Also, its solution set is determined with regard to the following

_ b .
4> then S(a} ais ;s bi )= {mln( T]’l)}’

then S(a}; b)—{max<1—;’7,0 ;

ij

max{w T, A (1—x;) } = b; has a solution if and only it =

max{a;
cases:

Case 1: Ifa <b; <ai

@50 1]

Case 2: Ifa <b; <a;

17 ’Lj’ zg’

Case 3: If +a - < b; < min {a”, ”} then
S(aj, a5;,bi) = {max (1 — ab]o) , min ( b” , 1) }
Proof. For given a>,a

B ” € [0,1], and b; > 0, the range of the function of

max {a}.x;, a5 (1 — x; } and the solution set of S(a;,a;;,b;) can be ob-

served from Figure 1 and determined, easily. O

Note that the vectors of & and & are only the lower and upper bound on the
solution set of equations (3), respectively. They are not necessarily feasible
solutions to the system of equations (3). Moreover, we have S(AT, A=, b) C
{z | # < x < Z}. Considering Lemmas 3 and 7, each equation in system (3)
can be satisfied by #; or £;. In order to store these facts, the characteristic
matrices of QT and Q~ are defined below.

Definition 1. Define two characteristic matrices Qt = (qw)mm and Q~ =
(qij)mm such that for each 7 € I and j € J, we have

L Uit afay =0 4 o= JU e (l—d) = b,
4;; = . ana  ¢;; = .
0 otherwise, 0 otherwise.

Also, a series of index sets is defined as follows.
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Definition 2. () [1] For the matrix @™, define
I;'(z):{iel | j =& andq?'j:l} andJi"'(:r):{jeJ|wj:§:j andq;‘;:l}.
Also, for the matrix ~, define

ID(@)={i€el|x;=2; and q;; =1} and J; (z) ={j € J | x; = &; and q;; = 1},
for each i € I and j € J. Furthermore, let I;(x) = I;“(x) U I (x), for each
jed.

(%) Let Ij+ = If(:ic), J;r = J;r(i), let I = I;(:E), and let J; = J; (&), for
eachi el and j € J.

Considering Lemmas 2 and 7 and the above concepts, we present a nec-
essary and sufficient condition for the solution of system (3) (or (2)).

Theorem 1. A vector z € [0, 1]™ is a solution for the system of bipolar max-
T, FREs At ox VA  o—z=bifand only if # <z < & and | [;(z) = 1.
jed
Proof. With regard to Lemma 1, we show that £ <z < & and (J I;(z) =1
jeJ
if and only if max {a;"j.:ﬂj,ai_j. (1-— :cj)} < b;, foralli € I and j € J, and for
each ¢ € I there exists an index j; € J such that

max {a;;-i.xji, a; - (1— mj)} = b;. Considering Lemmas 2 and 3, all the in-

equalities max{a;;-.xj,a;j.(l —xj)} < b;, fori € I and j € J, hold if and

only if # < z < z. We now focus on proving |J I;(z) = I. The equality
jeJ
is true if and only if for each i € I, there exists an index j; € J such that
max{a;"ji.xji,ai_ji.(l —xji)} — b;. Since I(x) = If(x) U I (x), for each
j € J,wehave |J I(x) =1 if and only if |J (Ij'(z)ulj_(x)) = I. Moreover,
JjeJ jeJ - ’
we have LejJ(I;r(x) U I; (z)) = I if and only if for each i € I there exists an
J
index j; € J such that (z;, = &, & q:; =1)or (zj, = &j, & q;;, = 1), with re-
gard to Definition 2. By Definition 1 and Lemma 7, it can easily be seen that
for each i € I, there exists an index j; € J such that (z;, = 2, & ql‘; =1)or

(zj, = %j, & q;;, = 1) if and only if max {a;g-i.xji,a;ji. (1- xj)} =b. O

For each j € J, label the values of £; and &; with boolean variables of
y; and —y;, respectively. The following theorem is used to determine the
consistency of system AT oxV A” o~z =b.

Theorem 2. A system of bipolar max-7, FREs AT oz VA~ o -2 = b
is consistent if and only if its characteristic boolean formula C = A C; is
iel
well-defined and satisfiable, where C; = V y; V. 'V ;.
jeJgt JjeJ;
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Proof. With regard to Definitions 1 and 2, the proof is similar to the proof
of Theorem 2.5 in [18] O

Theorem 3. Let & and Z be the lower and upper bound, respectively. Then
Ij(x)QI;rUIj_, for all z € S(AT, A ,b), foralljeJ

Exactly, we have I; (:v):f;r (when x; = 2;) or I;(z)=I; (when z; = i;) or
Ij((E) = @ (Whel’l Zi’j < Z; < i'j)

Proof. The proof is obtained from Definitions 1 and 2. O

We are now ready to present some theorems to simplify problem (1)—(2)
in the next section.

3 Some optimality sufficient conditions for problem

(1)—(2)

This section studies some optimality conditions for problem (1)—(2). One of
its optimal solutions is found under the conditions. Moreover, some sufficient
conditions are proposed to guarantee its uniqueness, and a closed form is
proposed to determine it. In this section, it is assumed that S(A™, A=, b) # 0.
The following lemma presents a useful property of the optimal solution of
problem (1)—(2).

Lemma 8. Consider the optimization problem of (1)—(2). Then there exists

an optimal solution z* = (%,...,2%)T such that for each j € J either T; =&
or x; = Ij.
Proof. The proof is similar to the proof of Lemma 4 in [20]. O

Some theorems are first presented to reduce the search domain of the
optimal solution of problem (1)—(2). The dimensions of the matrices of Q*
and @~ can be reduced using these theorems.

Theorem 4. Let T;, = {i € I\ {i1} | J;" D J;" & J; D J; }, for iy € I. If
for vector x, where & < z < &, ma max{Tp(ajj,xj),Tp(a;j, 1—z;))}=b
holds for ¢ = i1, then for each ¢ € T},, we have

mag maz{Ty(af, 2;), Tp(ag, (1= 2;))} = bi
Proof. If for the vector =, where © < x < Z, the following equality

maz mam{Tp(azLj,xj),Tp(ai_j,(l —xz;))} = b; holds for i = 4y, then there

exist some j; € J such that max{Tp(anijl),Tp(a;jl,(1 —zj,))} = by
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Since these equalities hold only at the values of #;,, for j; € J; (z), or Z;,,
for j; € Jfl(:c), then j; € Jfl(:c) UJ;, (x) # 0. Also, with regard to Definition
2, Ji(x) € J;" and J; (z) C J;,. On the other hand, for each i € T;,, we
have J;" D J;-and J; D J;-. Therefore, for each i € T, J+( ) C J;" and

J; (x) € J; because J;' (z) C Jt, J (x) € J;, JF C JF, and J; C J;,
for each i € T;,. Since j; € J;f (x) U J; (), J+( ) C J;", and J (z ) cJ,
for each ¢ € T;,, then it is concluded that (j; € J+( ) and j; € J;7) or
(j1 € J; (x) and j; € J; ). So, we can write (r;, = &;, and ngl =1)
or (zj, = &j, and g; = 1), for each i € T;,. With regard to Definition
1, Tp(a m’zﬁ) = b; or Tr(a;; ,(1 — x;,)) = b;, for each i € T;,. Thus,
the equality max{7},(a ”1,1:]1) Tp(a;;,, (1 —=5))} = b; holds true for each
i € T;,. Since < z < & and max{T,(a m,m]l) Tp(a;,, (1 —xj))} = b;, for
each i € T;,, then the equality ma maz{T,(a;; ai25), Tela;, (1 —x;))} = b;

219

holds true for each i € T;, O

The following corollary is a direct result of Theorem 4.

Corollary 2. Under the conditions of Theorem 4, all the equations with
numbers i € T}, can be removed from the matrices of Q% and Q~ once % and
Z have been obtained.

In the next theorem, an equivalent system with system (2) is presented.

Theorem 5. A binary vector v € {0,1}" induces a solution z = & + Vu
for the system of bipolar max-T, FREs AT ox V A~ o —x = b if and only if
(QT — Q7 )u+Q e, > em, where V=diag(# — Z) and ey, is a k-dimensional
vector with the unit components.

Proof. The proof is similar to the proof of Theorem 3 in [20]. O

Lemma 9. If there exists a pair ¢ € I and k € J such that q;;:q;k =1,
then the reduced system of (Q* — Q" )u+ Q 'e, > ¢/, ; and the system
of (QT — Q7 )u+Q e, > e, have the same solution set, where the matrices
of QY', @', and el_1 are obtained by removing the ith row of the matrices
of QF, Q~, and e,,, respectively.

Proof. Let SQY,Q,u) = {ue {O I (Q+ )U+Q en > ey} and
S, Q7 u) ={ue{0,1}" | (@ =Q7u+Q ey > €}, ,}, where Q*',

Q‘l, and e/, _; are obtained from Q*, @, and e,, by removing their row of
i, respectively. We will now show S(Q*,Q~,u) = S(Q*',Q~",u). Consider
the ith equation of system (2). Since ¢t =q;, = 1 and uy, € {0, 1}, the ith in-
equality of (QT—Q 7 )u+Q e, > em, or equivalently QT u+Q ™ (e, —u) > e,
is automatically satisfied. Therefore, S(QT,Q,u) = S(Qt, Q" ,u). O

Theorem 6. If there exists a pair ¢« € I and k& € J such that q;;:qi_kzl,
then we can remove the ith row in the computation of the minimum objective
value.
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Proof. Tt is obvious from Lemma 9 and Theorem 4 in [20]. O

Now, some sufficient conditions are presented to determine one of the
optimal solutions of problem (1)—(2). First of all, we express the following
definition.

Definition 3. Define two index sets I; and Iy as follows:

I = UIj_ and L=T\1I.
jeJ

Corollary 3. If I, = (), then z* = & is an optimal solution of problem

(1)~(2).

Proof. If |J I ; =1, then & is a feasible solution for the system of equations
jeJ
(2). Hence, we can assign Z; to x} due to ¢; > 0, for each j € J. O

If the vector of & is a feasible solution of problem (1)—(2), then & is
an optimal solution due to ¢; > 0, for each j € J. Otherwise, we have
to construct a solution z* with elements z; = &; or ] = I; such that
U Ij(z*) = I and the value of Z(z*) is the minimum objective value. With
JjeJ
regard to these points, we present the following theorems.

Theorem 7. If there exists an index k € () J;% such that the following
i€ly

conditions are satisfied
1. forall j € U JF, cu(dr — 2x) < cj(&; — &) and

i€ly
2 I \If € U,

=

J#k
then there exists an optimal solution z* = (z7);jes for problem (1)-(2) as
follows:

Ty ifj=k,

xi = for all j € J. (4)

Z; otherwise,

Proof. We show that z* is an optimal solution of problem (1)—(2). It is
enough to show that i) * € S(A',A™,b) and i) Z(z*) < Z(x), for each
r € S(AT,Ab).
i) With regard to the structure of vector z* and I,/ \I;” C | I, the following
=
ik
equalities hold:

Uz = U v =Jr) v (5)
JjeJ jeJ jeJ
J#k
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On the other hand, k € () J;" implies that Il D =1\ | I . Therefore,
i€l JjeJ

o) =r (6)
JjeJ
With regard to the expressions of (5) and (6), it is concluded that |J I;(z*) =
jeJ
I. Since # < 2* < & and |J I;(z*) = I, the vector z* is a feasible solution
JET
for the system of equations (3) with regard to Theorem 1.
ii) For each z € S(AT, A~,b) and x # z*, we have x;, = Iy, or there exists
an index j € (J J;7 \ {k} such that z; = ;.
i€ls
If z, = &, then there exists an index j' € J\ {k} such that z;; = Z; due
to x # x*. Hence, we have Z(z*) < Z(z*) + ¢ (&;s — &) < Z(x). If there
exists an index j € |J J;7 \ {k} such that z; = #;, then Z(x) > Z(z*) with
i€ly
regard to the condition 1 in Theorem 7. O

we have

Note that the optimal solution introduced in the relation (4) is not nec-
essarily unique with regard to condition 1 in Theorem 7 and ¢; > 0, for each
j € J. Considering Theorem 7, some sufficient conditions are expressed in
Lemma 10 that under them, problem (1)—(2) has a unique optimal solution
and the optimal solution is explicitly determined.

Lemma 10. If for each j € J\ U J;", ¢; > 0 and there exists an index

i€ls
k€ (N J; such that the conditions
i€y

L forallje U J\{k}, ce(@r — &) < ¢;(&; — &), and
i€ly

2. I;\IF c UI;
€T
ik

are satisfied, then the optimization problem of (1)—(2) has a unique optimal
solution of 2* = (z7}) e as relation (4).

Proof. Since the assumptions of Theorem 7 hold, problem (1)-(2) has an
optimal solution as the relation (4). We now show its uniqueness. By the
assumptions of £; < ; and ¢; > 0, for each j € J, the condition 1 in Lemma
10 implies that ¢; > 0, for each j € (J J;"\ {k}. This point implies that c; >
i€ly
0, for each j € J\ {k}, with regard to the assumption for all j € J\ U J;",
i€ls
¢; > 0. For each z € S(A*,A™,b) and = # z*, we have z;, = &, or there
exists an index j € |J J;7 \ {k} such that z; = &;. If ), = 2y, then there
1€ls
exists an index j' € J\ {k} such that z;; = &;; due to = # x*. Hence, we
have Z(z*) < Z(x*) + ¢j(&5 — Z;7) < Z(x) due to the condition 1. If there
exists j € |J J;" \ {k} such that z; = &;, then Z(z) > Z(x*) due to ¢; > 0,
i€ly
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for each j € J\ {k}. This shows the uniqueness of optimal solution z* for
problem (1)—(2). O

The lemmas, theorems, and corollaries of this section are firstly applied to
reduce the size of the original problem. If all of the components of the optimal
solution of problem (1)—(2) were not determined, then we have to solve the
reduced problem. To do this, we will explain the modified branch-and-bound
method to find the rest of its components in the next section.

4 A procedure for the resolution of problem (1)—(2)

We first define a simple value matrix in this section. Applying the value ma-
trix and some points, the branch-and-bound method with the jump-tracking
technique is modified to solve problem (1)—(2). Finally, an algorithm is pro-
posed for the resolution of problem (1)—(2).

4.1 Modified branch-and-bound method

In this subsection, we rewrite the objective function (1) as follows:

n n n n n
Z(x) = g CiT; — E c;Z; + E ¢y = E cilxy — &) + E C;Z;.
=1 j=1 =1 j=1 j=1

Now, the optimal solutions of problem (1)—(2) are the same with the optimal
solutions of the following problem:

min  Z(z) = ch(acj - Zj), (7)

st.  AtoxzVA o-z=b, (8)
z € [0,1]". 9)

_ n
It is necessary to recall that Z(z*) = Z(z*) + > c¢;&;. Therefore, we try
j=1

to find the optimal solution of problem (7)—(9). Since Z < z < &, for each
z € S(AY,A7b) and ¢ > 0, we have Z(z) > 0 and Z(z) > 5 ¢;i; for
jeJ
each z € S(AT, A™,b). As it was stated before, if & € S(AT, A~,b), then we
can set & as an optimal solution. Otherwise, we have & ¢ S(AT, A~,b). In
order to find the optimal solution of problem (1)-(2) (or (7)—(9)) according
to Lemma 8, we have to set some &; instead of &;, 7 € J, in the vector &
such that the new vector #* satisfy all equations (8)—(9) and minimize the
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objective function (7). To do this, we first express a useful property of the
objective function (7).

Proposition 1. Let z = () e be a vector in S(A™, A=, b) where z; = &,
and zp = & for two indices t and k such that ¢ # k and vectors & and &
are lower and upper bounds of system (8)—(9), respectively. Construct two
new vectors 2’ = (2})jes and 2 = (27) e such that v; = #; and 2, = 2y,
for each j € J\ {t}, and z}| = 3} and 27 = x;, for each j € J\ {k}. If
ce(®r — 1) < ci(Z¢ — 34), then Z(2") < Z(').

Proof. 1t is obvious. O

It is necessary to recall the importance of the form of problem (7)—(9) with
respect to problem (1)—(2). With regard to Proposition 1, if ¢y & > ¢3¢, then
we could not conclude that Z(z”) > Z(2') or Z(2") < Z(2'), but problem
(7)—(9) gives us more information. If ¢y (& — ) < (&, — &), then we have
Z(x") < Z(x"). We use the useful property of the objective function (7) to
present a modified branch-and-bound method to solve problem (1)—(2). First
of all, we consider the following remark.

Remark 3. Rearrange the rows of matrices Q+ and @~ such that the first
|Iz| rows in these matrices are the rows i € I. More precisely, transfer all
rows i € I to the top |I2] of the rows of the matrices Q@ and Q.

According to Lemma 8, there exists an optimal solution z* = (27);es
such that either 27 = &; or ] = &; for each j € J. Hence, it is concluded
that Ij(a:*):Ij'.*' or Ij(z*)=1;, for each j € J, with regard to Theorem 3.
Since I (x*):[f or Ij(xz*)=1;, for each j € J, we hereinafter focus on these
columns. To do this, the following value matrix is defined based on problem

(7)-(9)-

Definition 4. Define the value matrix of M=(m;;)mx2n, Where

ci(&; — ;) if ¢f =1, 0 if ¢ =1,
m;25j—1 = j( ! ]) q” . and mi2; = q” .
00 otherwise, oo otherwise,

foreachi €I and j € J.

We will employ the branch-and-bound method with the jump-tracking
technique to solve problem (1)—(2) using the value matrix M. Since &; and &;,
for each j € J, cannot be selected simultaneously along a branch, we should
modify the branch-and-bound method. We consider three modifications on
this method similar to [1] as follows:

1. If we choose &; (or Z;) to branch from one node to another node, then
we never use &; (or ;) to branch further on the current node.
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2. Under the stated conditions below, we cannot branch further on Node
k.
2.1. We have reached to the last row of the matrix M.
2.2. The selected variables along Node 0 to Node k together with &;,
for each j € J\ Jg, satisfy all the equations, where
Ji = {j € J|z; has been selected along the branches from Node 0 to Node k}.
2.3. We do not have any candidate for satisfying an equation with
regard to modification 1.

3. If we cannot branch further on Node k under the conditions 2.1 and
2.2, then we assign Z; to z; for each j € J \ Jj.

Note that if we cannot branch further on Node k with the value of Z; under
the conditions 2.1 and 2.2, then Zj, represents the objective value of problem
(7)-(9) for the obtained vector x along Node 0 to Node k. Then the total of
Z along the branches from Node 0 to Node k can be calculated as follows:

Total Zy, = Zy, + chi"j, (10)
jeJ

where total Zj, represents the objective value of problem (1)—(2) for the ob-
tained vector x.

In problem (7)—(9), each equation 4, for ¢ € I, of its constraints can be
satisfied by &;, for j € J, or &, for j € J;’. In this case, the ith equation
may be satisfied without imposing any extra cost to the objective function.
On the other hand, each equation 4, for i € I5, can only be satisfied by Z;,
for j € Jf , that is, we have to expend extra cost for satisfying each equation
i, for ¢ € I5. Since each equation %, for ¢ € Iy, is satisfied with extra cost,
we start the modified branch-and-bound method from row(s) i € I5. In this
case, the ith equation, for ¢ € I;, may be satisfied with the expended cost for
i € Iy or without imposing any extra cost to the objective function. Hence,
we expect that the visited nodes of the modified branch-and-bound method
can be decreased when we consider Remark 3.

We are now ready to design an algorithm to solve problem (1)-(2) based
on the obtained results up to now.

4.2 An algorithm for the resolution of problem (1)—(2)

Algorithm 1. Consider the optimization problem (1)—(2).

Step 1. Compute the lower and upper bound of & and Z applying Lemma
3.

Step 2. If b =0 and #; < Z;, for each j € J, then S(AT,A7,b) ={z |z <
x < &} and * = & is an optimal solution of problem (1)—(2) with regard to
Corollary 1 and stop!
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Step 3. If #; < &;, for each j € J, and b; > 0, for each 7 € I, then go to
Step 4. Otherwise, use Lemmas 4 and 6.
Step 4. Compute the matrices of QT and @™, the index sets of I;’ and

I, for each j € J, and the index sets of Ji+ and J; , for each i € I using
Definitions 1 and 2.

Step 5. Check the consistency of bipolar max-T, FREs (2) using Theorem
2. If it is inconsistent, then stop! Otherwise, go to Step 6.

Step 6. Perform the process of problem reduction as follows:

6.1. Compute two index sets I; and I using Definition 3.

6.2. If Iy = (), then z* = ¥ is an optimal solution of problem (1)—(2)
with regard to Corollary 3 and stop!

6.3. If the conditions of Lemma 10 are satisfied, then the unique
optimal solution x* of problem (1)—(2) can be obtained by relation (4) and
stop!

6.4. Check the conditions of Theorem 7. If the conditions are satisfied,
then there exists an optimal solution z* according to relation (4) and stop!

6.5. Check the conditions of Theorem 4. If the conditions are satisfied,
then remove all the equations with numbers i € T}, from the matrices of Q™
and @~ with regard to Corollary 2.

6.6. If there exists a pair ¢ € I and k € J such that q;;:qi_kzl, then
we can remove the row of 7 in the computation of the minimum objective
value with regard to Theorem 6.

Step 7. If QT=Q =0, then assign #; to z} and go to Step 10.

Step 8. Rearrange the rows of the matrices Q* and Q~ according to Remark
3. Also, generate the value matrix of M using Definition 4.

Step 9. Employ the modified branch-and-bound method with the jump-
tracking technique on the matrix M to solve the optimization problem of
(1)-(2).

Step 10. Produce the optimal solution and the optimal value of problem
(1)-(2). End.

5 Numerical examples

We now illustrate Algorithm 1 by the following examples.

Example 1. Consider the following optimization problem:

min 1 + 3z + 223 + 54 + 825 + Txg,s (11)
st. AtoxVA o-w=0b, (12)
x € [0,1]°,

where
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0.4 0.1 0.250.29 0.18 0.07
0.320.16 0.23 0.1 0.2 0.48
At — 0.08 0.05 0.02 0.1 0.03 0.06
0.15 0.3 0.17 0.2 0.140.05 |’
0.09 0.2 0.03 0.04 0.15 0.24

0.49 0.58 0.6 0.37 0.75 0.54

0.21 0.4 0.19 0.27 0.12 0.04
0.150.32 0.8 0.14 0.22 0.2
0.1 0.08 0.05 0.18 0.07 0.06
0.170.04 0.15 0.07 0.3 0.2
0.11 0.1 0.03 0.14 0.14 0.07
0.24 0.52 0.47 0.5 0.33 0.25

b = (0.3,0.24,0.09,0.18,0.12,0.6)T, and x = (1,22, 73,74, 5, 26) . Now,
we apply Algorithm 1 to solve the optimization problem of (11)—(12).

Step 1. The lower and upper bound of & and Z are as follows:

# = (0.1,0.25,0.7,0.5,0.4,0.1)7 and & = (0.75,0.6,1,0.9,0.8,0.5)T".

Step 2. Since the conditions of Corollary 1 do not hold, we go to Step 3.
Step 3. In this example &; < Z;, for each j € J and b; > 0, for each ¢ € I.
Therefore, we go to Step 4.

Step 4. Applying Definition 1, the matrices of QT and Q~ are obtained as
follows:

123456 123456

1 /100000 1 /010000

2 (100001 2 (011000
QT=31000100|andQ =3 |[100100
41010100 41000011
51010011 5 [ooo0000

6 \001010 6 \000000

Also, the index sets of If and [, for all j € J can be computed as
follows:
It = {12}, I = {45}, I = {6}, I = {3,4}, I’ = {5,6}, I =
2,5}, Iy = {3}, Iy = {12}, Iy = {2}, Iy = {3}, I5 = {4}, and
Iy ={4}.

Moreover, we can compute the index sets of J;‘ and J;, for all i € I, as
follows:
Ji = {1 I = {16}, g = {4}, I = {24}, JF = {2,5.6}, J& =
Step 5. The bipolar max-T, FREs of AT oz V A~ o~z = b is consistent
according to Theorem 2. So, we go to Step 6.
Step 6. Perform the process of problem reduction as follows:
6.1. Two index sets I; and I are as follows: I} = {1,2,3,4} and I» = {5,6}.
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Since the optimization problem of (11)-(12) cannot be reduced by Steps
6.2-6.4, we go to Step 6.5.
6.5. In this example, T} = {2}, that is, J;* C J5 and J; C J; . Applying
Corollary 2, the second row of two matrices QT and @~ can be removed.
6.6. Since q;4 = @3, = 1, the third equation can be eliminated from our
consideration with regard to Theorem 6.

The matrices of @ and @~ cannot be reduced further. So, we go to Step
7.
Step 7. Since QT # ) and Q= # 0, we go to Step 8.
Step 8. With regard to Remark 3, the matrices of QT and Q™ can be
updated as follows:

123456 123456
5 /010011 5 /000000
Qt=6 (001010 |and@Q =6 [ 000000
11100000 1{o10000
4\010100 4\000011

For the updated matrices of Q1 and @, the value matrix of M can be
generated as follows:

1 2 3 4 5 6
00 00 105w oo oo 320 2.8
M = 00 00 o0 00 0600 o0 3200 o0 0

0.65 o0 oo 0 0000 0000 0000 00 00
o0 00 1.0500 o0 0 200 o0 0 oo 0

Step 9. We are now ready to use the modified branch-and-bound method
with the jump-tracking technique on the matrix M. We begin with the first
equation, that is, i = 1. The set of {&q, 5,2} introduces three candidates
to satisfy the first equation. Therefore, we have to branch from Node 0 in
Figure 2. If we select &5 (Node 1), then the value of Z; is 1.05. Note that
Zo cannot be used for further branching on Node 1. Also, if we select 5
(Z6), then we have Zy = 3.2 (Z3 = 2.8). Furthermore, we never use 5 (ig)
to branch further on Node 2 (Node 3). Here, Node 1 is selected to branch
further because of the least objective value.

Move to the second row of the matrix M. Since the set of {Z3, &5} contains
two candidates to satisfy the second equation, we have two branches from
Node 1 as it has been illustrated in Figure 2. If Z3 (Node 4) is selected, then
the value of Z, is 1.65. If &5 (Node 5) is considered, then we have Z5 = 4.25.
Now, we can branch further on four Nodes 2, 3, 4, and 5 but Node 4 is chosen
with regard to the least objective value.

Move to the third row of the matrix M. The set of {#1,%2} contains two
candidates to satisfy the third equation, but &5 cannot be used to branch
further on Node 4 because &5 has been chosen along Node 0 to Node 4
(modification 1). Therefore, the set of {1} contains the only candidate to
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Figure 2: The modified branch-and-bound method

satisfy the third equation here. If #; (Node 6) is selected, then it is concluded
that Z6 =2.3.

Since &1, %2, and 3 together with &4, 5, and &g satisfy all the equa-
tions, we do not branch further on Node 6 with regard to modification 2.2.
Therefore, considering modification 3, the vector z=(%1, &2, 23, ¥4, ¥5,46)"
is a solution with the objective value of 2.3 for the equivalent problem. Since
the value of Zg is less than Zs, Z3, and Z5, we can stop further branching
on all Nodes 2, 3, and 5. Thus, the total of Zg can be computed as follows:

6

Total Zg=Zs+ Y ¢ji; = 2.3+ 8.65 = 10.95. Every node is stopped further
j=1

branching. Hence, the optimal solution can be obtained from Node 6, that
is, 7 = 0.75, 25 = 0.6, 5 = 1, 2} = 0.5, zf = 0.4, and z§ = 0.1 with the
total of Zg = 10.95.

Step 10. The optimal objective value is 10.95 and the optimal solution is
vt = (af, 25, 2%, 25, 2%, 28)T = (0.75,0.6,1,0.5,0.4,0.1)T".

If we do not apply Remark 3 to solve this example, we need to consider 25
nodes. Considering Remark 3, we need only six nodes to solve this example.

Example 2. Consider the following optimization problem:

min 2x1 + dwy + 3x3 + 44 + 25 + 676, (13)
st. AtoxzVA o-x=0b, (14)
z € [0,1]°,

where
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0.7 0.3 0.96 0.66 0.8 0.05
0.310.540.34 0.3 0.36 0.45
0.06 1 0.040.625 0.03 0.08
0.15 0.15 0.19 0.225 0.16 0.03 |’
0.6 0.08 0.07 0.06 0.13 0.4
0.3 0.050.09 0.07 0.11 0.19

AT =

0.11 0.4 0.19 0.27 0.12 0.04
0.14 0.24 0.09 0.14 0.22 0.2
A — 0.1 0.08 0.050.18 0.8 0.8
0.2 0.04 0.15 0.3 0.110.05 |’
0.11 0.4 0.320.14 0.14 0.07

0.03 0.2 0.06 0.02 0.04 0.07

b = (0.6,0.27,0.5,0.18,0.24,0.12), and = = (1,22, 73,74, 5, 26)" . Now,
we apply Algorithm 1 to solve the optimization problem of (13)—(14).

Step 1. The lower and upper bound of & and Z are as follows:

# = (0.1,0.4,0.25,0.4,0.375,0.375)7 and & = (0.4,0.5,0.625,0.8,0.75,0.6)7".
Step 2. Since the conditions of Corollary 1 do not hold, we go to Step 3.
Step 3. In this example, &; < Z;, for each j € J and b; > 0, for each i € I.
Therefore, we go to Step 4.

Step 4. Applying Definition 1, the matrices of QT and Q~ are obtained as
follows:

123456 123456

1 /001010 1 /000000

2 (010011 2 (000000
QT=31010100|and@ =3 |000011
41000100 41100100
51100001 51011000

6 \100000 6 \010000

Also, the index sets of If and [, for all j € J can be computed as
follows:
If_ = {5,6}, I;_ = {2,3}, I;_ = {1}, II = {3,4}, Ig_ = {1,2}, Ig_ =
{2,5}, Iy = {4}, I, = {5,6}, Iy = {5} 1y = {4} Iy = {3}, and
Iy ={3}.

Moreover, we can compute the index sets of J;‘ and J;, for all i € I, as
follows:
J = 1{3,5}, J& ={2,5,6}, J& ={2,4}, J = {4}, JI = {1,6}, Jf =
{1}, Jy =Jy =0, Jy ={5,6}, J; ={1,4}, J; ={2,3}, and J; = {2}
Step 5. The bipolar max-T, FREs of AT oz V A~ o ~x = b is consistent
according to Theorem 2. So, we go to Step 6.
Step 6. Perform the process of problem reduction as follows:
6.1. Two index sets I; and I are as follows: I} = {3,4,5,6} and I» = {1, 2}.
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6.2. The condition of Substep 2 is not satisfied for this problem.

6.3. The conditions of this substep hold for this problem. Since for each
Jj€J—=Uen =11,...,6} — (JFUJSH) = {1,4}, we have ¢; = 2 > 0 and
cg =4>0. Also, for k € (;c;, = {5}, the following conditions are satisfied:
1 forallj € Uiy, J;¥ — {5} = {2,3,6}, we have ¢5(5 — &5) = 0.225 <
¢j(Zj — ;).

2. I; — I ={3} C UjEJ,#E) I ={3,4,5,6}.

Therefore, according to Lemma 10, the unique optimal solution of the prob-
lem is as follows: * = (0.1,0.4,0.25,0.4,0.75,0.375) with the optimal objec-
tive value Z* = 7.55

6 Comparison of the proposed algorithm with the
methods in other papers

In this section, we compare the proposed algorithm with the methods in other
papers [9, 20, 23, 3] to solve problem (1)—(2) with regard to the obtained
results from Examples 1 and 2 in Section 5.

As it is seen in Figure 2, Algorithm 1 solves the problem of Example 1
only in six nodes by the branch-and-bound method. Also, Algorithm 1 solves
Example 2 without using the branch-and-bound method. Its optimal solution
is found in Substep 6.3 by Lemma 10.

Freson, De Baets, and De Meyer [9] discussed problem (1)—(2) with the
max-min composition operator. They designed an algorithm to solve the
problem. Its Step 1 checks the necessary condition (46) in [9]. Its compu-
tational cost is O(mn). Step 2 constructs vectors g™ and s~ taking supre-
mum and infimum from m maximal solutions which its computational cost
is O(mn). Step 3 generates all elements of set B and keeps those that satisfy
constraints (30) in [9]. To generate all the elements of B according to relation
(48) in [9], we firstly need to produce the set ({0, 1} J{b;, b;|i = 1,...,m})™.
Its computational cost is O((2m+2)™). Then we must check whether each its
element belongs to [s7, g™] or not? Its computational cost is O(n(2m +2)").
Now, we must check whether each element B satisfies constraints (30) in
[9] or not? The computational cost of this work is O(mn) for each ele-
ment of the set B. If we check all the elements of set B, then its com-
putational cost is O(mn(2m + 2)™). So, the computational cost of Step 3 is
T3 = O(n(2m+2)"+mn(2m+2)") = O(mn(2m+2)™). Step 4 selects the el-
ements in B[ D with the highest value for the objective function. To do this,
we must check the objective function for |B () D| elements which its computa-
tional cost is O(|B () D|) < O((2m+2)™). Therefore, the computational com-
plexity of the given algorithm in [9] is Tr = O(mn(2m+2)™). For an instance
of the problem with the dimensions m = n = 6 like Examples 1 and 2, its
computational complexity is Tr = O(6 x 6 x (2 x 6+2)5) = 271063296 x O(1).
This point implies that (2 x 6 + 2)% = 7529536 elements are produced and
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its feasibility is checked in m equations of n-variable. Then the optimizer is
found by computing the objective function values in the feasible vectors.

In [20], problem (1)—(2) is discussed with the max-Lukasiewicz t-norm
composition. Li and Liu [20] directly converted the problem to a 0-1 integer
linear optimization problem without its simplification and reduction. If we
apply their method to solve the problem of Example 1, we should consider
the following 0-1 integer programming problem:

Z =min 8.65 4 0.65u; + 1.05uy + 0.6us + 2u4 + 3.2us + 2.8ug,

121000 0\ [uw 0
11100 1| [u 1
10000 0 |]u 1

Stolo 1 o111 w2 1|
001 001 1 |[us 1
00 101 0/ \u 1
u€{0,1}°

If we apply Algorithm 1 of this paper for Example 1, we should solve the
following problem with smaller dimensions:

Z =min 8.65 + 0.65u; + 1.05uy + 0.6uz + 2ug + 3.2us + 2.8ug,

Uy
01001 1 U9
00101 O us
1-100 0 O Ug |
0101-1-1 Uus -1
Ug

s.t.

u € {0,1}°.

If we apply Li and Liu’s method to solve the problem of Example 2, we should
consider the following 0-1 integer programming problem:

Z =min 7.175 + 0.6u; + 0.5uz + 1.125u3 + 1.6us + 0.375us5 + 1.35ug,

00 101 0\ /u 1
01 001 1 s 1
01 01-1-1]/us 1

St 10 000 0 wlZ =1
1 -1-100 1 us 1
1 1000 0/ \ug 0
u € {0,1}°

If we apply Algorithm 1 of this paper for Example 2, we directly obtain
the unique optimal solution of the problem of Example 2 without using the
branch-and-bound method and 0-1 integer programming problem.
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In [3], problem (1)—(2) was discussed with the max-Hamacher ¢-norm com-
position with some rules to simplify the problem. The rules are completely
different from the proposed procedures of this paper for simplification. The
rules in [3] are not applicable for the problem in Example 1. Hence, if we
use the given algorithm in [3] for Example 1, the branch-and-bound method
should be applied on the matrix M as follows:

1 2 3 4 5 6
0.65 oo o 0 0000 OO0 0000 00 00
0.65 oo oo 0 oo 0 ocooco oooo 2800
M= oo 0 0o 00 oo 20 oo 00X (15)
o0 oo 1.050c0 00 0 200 o0 0 oo 0
o0 oo 10500 owoo owoo 3200 2.8
o0 00 o oo 0600 oo 3200 00 00

If we use Algorithm 1 for Example 1, the branch-and-bound method should
be applied on the matrix M as follows:

1 2 3 4 5 6
oo oo 10500 oo oo 3200 28
M= 0o 0 o0 oo 0600 oo 3200 00 00 (16)
0.65 oo oo 0 0000 0000 0000 00 00
o0 oo 10500 owoo 200 o0 0 co 0

Also, the rules in [3] are not applicable for the problem in Example 2. Hence,
if we use the given algorithm in [3] for Example 2, the branch-and-bound
method should be applied on the matrix M as follows:

1 2 3 4 5 6
oo oo 112500 o0 oo 0.375 o0 00 00
oo oo 0500 oo oo oo oo 0370 1.35
M = oo 0o 0.500 oo oo 1600 co 0 oo 0 (17)
oo 0 00 00 oo oo 160 o0 00 o0 00
0600 o0 0 o 0 00 00 oo oo 1.3500
0600 o0 0 00 00 00 0 00 00 00 00

If we use Algorithm 1 for Example 2, its optimal solution is directly found in
Substep 6.3 without using the branch-and-bound method and M = ().

In [23], problem (1)—(2) was discussed with the max-Lukasiewicz com-
position with some rules to simplify the problem. The rules are completely
different from the proposed procedures of this paper for simplification. If we
apply the method in [23] for the problem of Example 1 with the max-product
composition, rule 3 in [23] can be used for its simplification. Applying the
equivalent form of the rule 3 for problem (1)-(2), the forth row of the matrix
M in the relation (15) is removed and the branch-and-bound method should
be employed on the 0-1 integer programming equivalent to the following value
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matrix:
1 2 3 4 5 6
0.65 oo oo 0 0000 0000 0000 000
M= 0.65 oo oo 0 o0 0 ocooco oooo 2.8 (18)
oo 0 00 00 00 00 20 00 00 00 00
00 00 10500 oo ocwoo 320 28
00 0 00 o0 0600 o0 3200 o0

If we use Algorithm 1 for Example 1, the branch-and-bound method should
be applied on the matrix M in the relation (16) and considering Remark 3,
we need only six nodes to solve this example. If we apply the method in
[23] for the problem of Example 2 with the max-product composition, rule
3 in [23] can be used for its simplification. Applying the equivalent form
of rule 3 in [23], the third row of the matrix M in relation (17) is removed
and the branch-and-bound method should be employed on the 0-1 integer
programming equivalent to the following value matrix:

1 2 3 4 5 6
oo o00oo 112500 o0 oo 0.375 o0 00 00
oo 0o 0.500 oo oo oo 037 oo 1.35
M = (19)
oo 0 00 00 oo oo 160 00 0 00 0
0600 o0 0 oo 0 00 00 oo oo 1.35
0600 o0 0 00 00 00 0 o0 0 00 00

If we use Algorithm 1 for Example 2, its optimal solution is directly found in
Substep 6.3 without using the branch-and-bound method and M = ().

The other preferences of the proposed algorithm with respect to the pre-
sented algorithms in [9, 20, 23, 3] for the resolution of problem (1)—(2) are
as follows. The proposed algorithm introduces two new classes of problem
(1)—(2) with the max-product composition operator, which can directly be
solved only by Substep 6.3 or Substep 6.4. The optimal solution of these
classes of the problem satisfying conditions of Substep 6.3 or Substep 6.4
can be obtained by the relation (4) without applying the branch-and-bound
method or using rules repeatedly. The classes have not been introduced in
[9, 20, 23, 3]. Other proposed rules in Step 6 of Algorithm 1 are different
from the given rules in [23, 3]. In [9, 20], the authors have not used the
rules of simplification to reduce the original problem. Since the algorithms
in [20, 23, 3] and the proposed algorithm are based on the branch-and-bound
algorithm, the algorithms are convergent. The algorithm in [9] checks all the
possible feasible solutions to find the optimal solution.
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7 Conclusions and future works

The linear optimization problem with the bipolar max-product FREs was
studied in this paper. The characterizations of its feasible domain were in-
vestigated. Some simplification operations were proposed to delete some
equations. With regard to these operations, the size of the original problem
was reduced. Then, some sufficient conditions were presented to determine
one of the optimal solutions to the problem and its uniqueness. Moreover, a
value matrix was defined based on the characteristic matrices of the feasible
domain of the problem. Then, the branch-and-bound method was modified
to solve the reduced problem with regard to the value matrix. An algorithm
was finally designed to solve the problem and compared with other methods
to show the efficiency of the proposed algorithm. In future work, the linear
optimization problem will be developed by supposing fuzzy linear systems
with bipolar fuzzy numbers based on references [10, 11].
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Abstract

Since the introduction of the finite element approach, as a numerical solu-
tion scheme for structural and solid mechanics applications, various for-
mulation methodologies have been proposed. These ways offer differ-
ent advantages and shortcomings. Among these techniques, the stan-
dard displacement-based approach has attracted more interest due to its
straightforward scheme and generality. Investigators have proved that the
other strategies, such as the force-based, hybrid, assumed stress, and as-
sumed strain provides special advantages in comparison with the classic
finite elements. For instance, the mentioned techniques are able to solve
difficulties, like shear locking, shear parasitic error, mesh sensitivity, poor
convergence, and rotational dependency. The main goal of this two-part
study is to present a brief yet clear portrait of the basics and advantages of
the direct strain-based method for development of high-performance plane
finite elements. In this article, which is the first part of this study, assump-
tions and the basics of this method are introduced. Then, a detailed review
of all the existing strain-based membrane elements is presented. Although
the strain formulation is applicable for different types of structures, most
of the existing elements pertain to the plane structures. The second part
of this study deals with the application and performance of the reviewed
elements in the analysis of plane stress/strain problems.
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1 Introduction

Numerical methods are proved to be powerful and effective computational
tools for analysis of complicated and practical engineering problems. Ac-
cording to different features of scientific activities and in demand of spe-
cial requirements, many diverse numerical techniques are developed in the
past decades, such as the finite element method, finite difference technique,
boundary element method, and discrete element approach. Each of these
various numerical methods have their own advantages and shortcomings, but
the finite element methods gain more popularity due to their strong math-
ematical bases and inherent capabilities, which result in increasing applica-
tion of this scheme in different fields of science and especially engineering
fields [5, 6, 28, 39, 40, 42, 43, 78, 79]. Therefore, various formulation tech-
niques are developed in the past decades and there are thousands of finite
elements available for analysis of dissimilar types of problems and structures
[8, 13, 21, 22, 41, 53].

Among the available approaches for finite element formulation, the most
well-known and widely applicable one is the displacement-based technique.
This method, which sometimes is called with different terms, such as, the
classical or stiffness approach, is the first scheme that was used for the de-
velopment of finite elements; see [80]. Clear and straightforward process and
applicability to different types of problems and structures are the promi-
nent advantages of the displacement-based formulation for structural and
mechanical applications. However, this process has various shortcomings.
For instance, inaccuracy and discontinuity of stresses, which are secondary
parameters in stiffness approach, are a vital deficiency in structural applica-
tions, where stress is a decisive parameter in the design practice; see [33, 52].
It should be noted that this problem can partly be solved by using higher
order formulations, which leads to the application of internal nodes, and
increases computational costs, and reduces the numerical efficiency of the
analysis [23, 36, 54, 55]. Another common problem of displacement-based
finite elements in various locking phenomena, such as, shear and membrane
locking, which necessitate special treating, which sometimes requires con-
siderable time and effort and reduces the efficiency of the method [54, 55].
Moreover, in severely nonlinear problems, the displacement-based elements
usually necessitate utilization of very fine meshes, which is inappropriate
from the efficiency standpoint [46, 47, 74]. To remedy the mentioned and
other shortcomings of the displacement approach, other finite element for-
mulations, such as the force-based, hybrid or mixed, assumed stress, and
assumed strain has been developed. Fortunately, these new procedures have
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their own advantages and shortcomings. For example, the force-based for-
mulation performs very well in the linear and nonlinear analysis of frame
structures and also provides an appropriate platform for the development of
advanced frame elements [3, 34, 56, 57, 73, 76]. It is reminded that the force
formulation approach is limited to skeletal structures and that its application
for continuous structures is very difficult if not impossible.

Although each method has different merits and limitations, some of the
approaches have received more attention from researchers, while the others
have remained less treated. One of these techniques that has received less
attention despite its promising performance, is the strain-based or assumed
strain approach [17, 25, 35, 38]. Therefore, the main purpose of this study is
to introduce basics of the strain-based formulation. The strain formulation
method can be classified in three distinct groups, namely free formulation,
assumed natural strain method, and direct approach.

The free formulation method is based on the kinematic decomposition,
in which the element displacements are decomposed in two basic and higher-
order parts [25, 38]. The basic part represents the rigid body motions and
constant strain state, which is necessary for the convergence criteria. On the
other hand, the higher-order terms improve accuracy of the finite element
by establishing proper rank of the stiffness matrix. The conditions of force
and energy orthogonality result in the algebraic formulation of the stiffness
matrix, which satisfies the individual element test. It is noteworthy that
the strain functions in this method are dependent on displacements one; see
[19]. The second method for the development of strain-based elements is the
assumed natural deviatoric strain (ANDES) approach [27]. In this technique,
the independent strain function is applied, which includes basic and higher-
order parts. The deviation of strain from the constant strain is represented
by the higher-order part of the strain function. In this way, the higher-order
part is selected so that the integral of higher-order strain through the element
equals zero. Therefore, ANDES technique satisfies the individual element test
[27].

The third method is the direct formulation approach, in which Taylor
series for the strain field is used to approximate the strain field [63]. The
resulting elements from this approach lead free from the shear locking and
parasitic shear error. The strain states in this approach can be divided into
rigid body motions, constant strain, and higher-order strain states. The rigid
body modes and constant strain states guarantee the convergence of result-
ing element. The higher-order terms have a parametric form that can be
optimized to obtain efficient elements. The optimization is performed by en-
forcing different optimal conditions. Some of these optimal conditions will
be discussed in the coming sections. It is important to note that the opti-
mization process of the finite element templates is a relatively complicated
task that requires innovation [63].

As mentioned, the strain-based formulation itself can be categorized in
three different subdivisions. In this study, only the direct method is covered.
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After the presentation of the formulation basics, a detailed review of the
existing assumed-strain membrane elements is presented. This article is the
first part of a two-part study. In the second part, numerical comparison of
the reviewed elements is performed. This article is organized in the following
order: Section 2 presents basis steps for the development of the plane elements
with the assumed strain approach. Other important optimal criteria for
assume strain elements are introduced in Section 3. The existing triangular
membrane elements are reviewed in Section 4, and Section 5 discusses the
available quadrilateral plane elements. In Section 6, some of the accessible
strain-based elements for the other types of structures are briefly introduced.
Finally, Section 7 presents the concluding remarks of the article.

2 Basics of the formulation

In the assumed strain formulation, the element strain field is approximated
by an assumed mathematical function. As mentioned, like any other form
of the finite element formulation, there are different types of assumed strain
formulation [4, 20, 26, 37]. However, in this study, only the direct strain-
based formulation will be discussed [63]. The following formulation steps
pertain to development of plane finite elements. Needless to say, the pre-
sented process can be simply applied to the other types of elements with only
slight modifications. The main reasons behind narrowing the scope of the
present review are the availability of the relatively large number of existing
strain-based elements developed based on the various types of strain-based
formulation. These researches made the current study very lengthy. More-
over, the growing interest from the structural analysis community toward
the direct method in recent years, and also the valuable experiences of the
authors in this field, which should be exposed to the younger analysts.

In the case of plane problems, the strain field consists of three components,
namely e, €y, and 7,,. Based on the Taylor expansion, each function can
be approximated by a polynomial function of arbitrary order. Therefore, the
strain components are approximated as follows:

2 2
en (2,9) = (2)o + (2,0) 02 + (c2,9) o + (ex,30)g (%) + (em,m0) o (@9) + (e yn)y (%) + -
2 2
ey (@, y) = (ey), + (sy,2) 0@ + (cy,y) o¥ + (ey,22), (TT) + (ey,zy), (@¥) + (sy,99), (yT) +o
oy @0 9) = (rap), + (aye) o2 + (ay,) v + (veae), (%) + (ayey)y @) + Gayun) () +-- -

W
Here “,” indicates differentiating with respect to its following variable. More-
over, the subscript “o” indicates the value of the strain gradient at the origin
of the coordinate system. The coefficients with the subscript “o” are called
strain states. Selection of diverse polynomials with a different number of
terms and various orders results in finite elements with a different number
of degrees of freedom, as well as, the specific properties. Due to the impor-
tance of the constant strain states for the convergence of the resulting finite
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element, the selection of the constant and linear terms for strain components
is necessary. Selection of the higher-order terms would increase the accuracy
and the convergence rate of the resulting finite element, but instead reduces
its numerical efficiency. As it was mentioned previously, it is possible to ap-
ply different optimal criteria, such as pure plain bending test, for improving
performance of the resulting finite element. However, such optimal condi-
tions are optional, and the only necessity is to include the constant terms
in the opted assumed strain field. However, similar to the classical formu-
lation, it is suggested not to give any priority to each of the coordinates, (z
or y). In addition, if the analytical estimation of the strain field is available,
then the terms of the approximated field can be selected based on the known
analytical solution.

Nevertheless, after choosing the desired terms, the assumed strain field
can be optimized by applying any desired optimal condition [38, 63, 71].
The most common criteria are compatibility and equilibrium conditions [63,
71]. The compatibility of the strain field is achieved provided that the next
relationship exists between the strain components [71]:

%, | 0%y _ 0%y
oy 02® Oxdy’

(2)

It is obvious that in the general case, for the satisfaction of the compatibility
or any other criteria; it might be needed that some strain states be dependent
on each other. Therefore, imposing the optimized condition results in the
dependency of some strain states to each other and therefore, it reduces
the number of independent strain states [27]. As it will be shown later,
the number of independent strain states is equal to the number of required
degrees of freedom for the element.

The other conventional optimal condition is the equilibrium. It was
proved that if the equilibrium equation is satisfied within an element, then it
can be included in the Trefftz formulation [27]. The equation of equilibrium
for the plane problems is defined as follows:

do 0Ty,
= + Y+ F, =0,
{ ox Jy (3)

doy OTay _
dy + oz +Fy _0’

where F, and Fy are the body forces in the z and y directions, respectively.
Also, 0., 0y and 7., are normal and shearing stresses, respectively. To
rewrite the equilibrium equation in terms of strain, it is necessary to relate
the stresses to the strains. For the plane problems, the coming relations
connect stresses and strains:

0z = 2Ge, + Meg +&y),
oy =2Gey + Mex +&y), (4)
Ty = GYay-
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In the previous equations, G and v are the shear modulus and Poisson’s ratio,

respectively. Indeed A is called the Lame constant and is equal to %

for the plane stress condition. In the case of plane strain, this constant is
equal to W?—%) Here, FE stands for modulus of elasticity. Substituting
equations (4) in the equilibrium equation results in the following relations:

()

{(2G+A)%ﬁ; +A%E + G2+ F, =0,

A= 4 (2G+ N + G2 L Fy =0,

Yy oy ox

It is noteworthy that imposing the optimized conditions, such as; compati-
bility and equilibrium, is not necessary steps for developing a plane element
based on assumed strain approach, and as it will be shown in the coming sec-
tion, there are finite elements, which do not consider these criteria [71, 72].
However, enforcing these conditions to the assumed strain field improves the
performance of the resulting element. As mentioned previously, the inclusion
of the optimized condition makes some of the strain states to be depended
on the other ones. When the dependent strain states are determined, the
assumed strain field is rewritten in terms of the independent ones. The next
step is to calculate the associated displacement field. For this purpose, the
strain-displacement formulas are utilized:

Ex = %7
€y = Gy (6)

Yoy = %(%Z +29).

In these relations, u and v are displacements in the z and y directions,
respectively. Based on these qualities, the displacements in z and y directions
are derived by integrating normal strain components with respect to their
associated coordinates:

v(z,y) = [eydy + fa().

Here, f; and f5 are the results of integrating shear strain with respect to
the coordinates and imposing the rigid body modes condition. In the case
of plane problems, three rigid body modes exist in the displacement field,
namely u,, v,, and 7,, signifying the rigid body displacements in z and y
directions and the rigid body rotation, respectively. As it was mentioned, the
existence of these terms is the necessary convergence condition. Accordingly,
these modes are also counted among the independent strain states that can
be arranged in a vector arrangement indicated by S. This vector is called
strain state vector, which consists of the independent strain states. They
are the coefficients of the strain field approximations in (1), as well as, the
rigid body modes. The strain state vector is somehow equivalent to the
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nodal displacement vector in the traditional displacement-based approach.
By using the matrix notation, which is traditionally used in finite element
formulation in structural engineering applications, it is possible to relate the
displacement and strain fields to the strain state vector in the subsequent
forms:

U=N,S+T, (8)
e =DB,S +¢. 9)

In these equations, Ns; and Bj represent the displacement and strain inter-
polation matrices, respectively. The particular response of the displacement
and strain fields, that is, U and &, depend on the body forces. The next
relation can be established between the vectors of nodal displacements and
the strain states:

D=AS+D=D+D. (10)

Here, D and D are the nodal displacement vectors and the displacements
due to body forces. Also, A is a geometric matrix including of the nodal dis-
placement interpolation matrices. It is possible to construct the subsequent
relations between the displacement and strains’ fields of the element with the
nodal displacement vector using (10) as follows:

U=N,S+U=N,(A"'D)+U=(N,A)D+U=ND+U, (11)
e=BS+e=B,(A"'D)+e=(B;A"')D+&=BD +¢. (12)

Assuming the body forces to be negligible in comparison with the applied
external loads, the strains and displacements due to body forces, € and U,
are neglected.

The final step of the formulation is to derive the element stiffness matrix
and the nodal force vector. Among different approaches for this purpose,
the minimization of the total potential energy is the most common approach.
The total potential energy functional can be established as follows:

1
=2 /oTs v — /UTF dV — DT P,. (13)

In this equation, P.,; and F' stand for the external nodal and the body
forces, respectively. The element stiffens matrix and nodal force vector are
derived by establishing the stationary of the following functional:

g% =AT (/ BSTDmBde> A D-A"T (/ NSTde) —Poyy = KD—P =0. (14)

Therefore, the element stiffness matrix and the nodal force vector are
derived in the following form:
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K=AT </ BSTDmBde> ATt = ATTK AT (15)

P=P,+AT </ NSTde> , (16)

where, D,, is the material matrix:

lv 0
D, = vl 0 |. (17)
O

It is noteworthy that for plane problems, which is the main subject of this
study, the volume integral in the above-mentioned equations simply trans-
forms into an area integral considering the constant unit thickness for the
plane structures.

3 Required optimal criteria

As mentioned previously, in order to achieve an optimal and efficient for-
mulation, it is possible to impose different criteria on the assumed strain
field. Two of these criteria, compatibility and equilibrium, are defined in the
previous section. In this section, two other required criteria for the optimal
performance of assumed strain elements are defined.

3.1 Pure bending test

To achieve optimal performance in flexural behavior, Felippa [18, 26] utilized
the pure bending test. In this experiment, an Euler—Bernoulli beam is dis-
cretized by rectangular (or triangular) elements and loaded by the constant
bending moments. To study in-plane bending along z and y axes, the two
beams depicted in Figures 1 and 2 are considered.

M, ’ M,

Figure 1: Pure bending test in the zy plane

The stored elastic energy due to the constant moments, M, and M,, in
part of the beams meshed with one rectangular element (or two triangular
elements) is derived according to the following relations:
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exrac 6aM12/'
Uyt = Eb3h’ (18)
2
Uea:act _ 6bMZI 19
Y " Ea3h’ (19)
X My ' M,
-Mhl(:

beam cross section

Figure 2: Pure bending test in the zy plane

Based on this test, an element can present bending behavior exactly,
provided that it can compute precise elastic stored energy. In other words,
the ratio of the energy calculated according to the results of element analysis
to the exact stored elastic energy should be equal to 1. For this purpose, the
element stored energy, based on finite element responses, is computed using
the coming equations:

1
pelment — iDg;KDbx, (20)
etemen 1
Ugtement = 2D, K Dy, (21)
In these relations, Dy, and Dy, are the nodal displacement vector of the

element and K is the element stiffness matrix. Therefore, the previously
mentioned flexural energy ratios are derived as follows:

l:]’element
T

"o = ~ezact (22)
Uelement
Y
’f’y = exact (23)
Uy t

If r, or ry is equal to 1, the element passes the pure bending test and is
able to represent exact bending behavior. If these ratios are greater or less
than 1, then the element is over-stiff or over-flexible, respectively. Moreover,
if the energy ratios are equal to 1 for any aspect ratio (a/b), then the element
is optimal in bending behavior. Finally, the element suffers from shear locking
on the condition that @ >> bresultsinr, >> 1lorifb >> aleads tor, >> 1.

To study this test for the strain-based formulation, it is required to in-
vestigate the exact strain fields of the elements under pure bending. In the
following, only the case of M, will be discussed. The same reasoning goes
for M, as well. The exact stress components of the beam subjected to the
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pure bending M, are as follows:

12M,
Oy = — bshya

Oy = 0, (24>

Toy = 0.

Therefore, the element stress field can be demonstrated by the linear function
of y for o, in the subsequent form:

0z = a1 + 02y,
oy =0, (25)

Tzy = 0.
Based on the Hook’s law, the corresponding strain field is as follows:

Ex = %+%y:ﬂl +B2y7
T Y (26)
Toy = 0.

From the previous relations, it can be concluded that a strain-based element
would surely pass the pure bending test, provided that the constant and
linear terms for the normal strains are included in the assumed strain field.

3.2 Rotational invariance

Because the finite elements may be rotated with the different angles and
be placed in various locations in the structural meshes used for the analysis
of the diverse problems, their characteristics must not change due to the
rotation. Such an element is called a rotational invariant. Assuming that
the coordinate system zy is rotated to a new form, which is indicated by
2’y’. The displacements’ components in this new coordinate system can be
related to those of the initial coordinate system by using the following simple
transformations:

v = ucos f + vsin 6, (27)
v’ = —usin @ + vcos 6. (28)

In this relation, 6 is the rotation angle from zy system to the new z’y’ coor-
dinates. Based on this relation, having the rigid body motions, uy and vy in
the original coordinate, it is possible to calculate the correct value of u(, and
vy, in the 2%y’ coordinates, by using equations (27) and (28). Regarding the
rotational invariance property, it is required to consider the strain field with
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a complete order. In other words, some incomplete interpolation polynomi-
als produce strain states that are not invariant with rotation. Therefore, the
rotational invariance can be guaranteed with the inclusion of all strain terms
with a given order. For instance, the rotational mapping of a constant strain
state is as follows:

gl = £,c08%0 +&,8in°0 +7ysinf cosb | (29)
5; = e,8in%0 +e,c08%0 —Yxysin 6 cost , (30)
Yoy = (€2 — €y)sin 20 + 7,yc0526 . (31)

Based on these relations, a strain-based element can represent the constant
strains with respect to any system of the coordinates, only on the condition
that its formulation takes into account all three cases of the constant strain
states. Although, the completeness of the assumed strain field guarantees
rotational invariance of the element, the elements with incomplete strain
fields are not necessarily rotational dependent.

4 Triangular membrane elements

To the author’s best knowledge, there are thirteen strain-based triangular el-
ements formulated by using direct strain-based formulation. In this section,
thirteen triangular membrane elements proposed based on the assumed-strain
approach are briefly reviewed. These studies are arranged in historical order.
Most of the available triangular element has similar geometry, a three-node
triangle with three degrees of freedom at each node. However, in this con-
figuration, the incorporation of the drilling degrees of freedom improves the
performance of the element in bending analysis, but more recent works uti-
lized different distribution of degrees of freedom provide better results. In
addition, as it will be demonstrated, in the most of the existing elements,
the equilibrium conditions are not imposed on the assumed strain fields. Ac-
cording to the outcomes of the more recent elements, considering the equilib-
rium conditions improve the accuracy and convergence rate of the suggested
strain-based elements. More details about these elements are provided in the
following descriptions. To facilitate understanding and reproducing of the
elements by readers, the main details are presented in a table format.

4.1 Sabir (1985)

The first researcher that utilized the assumed strain approach to develop
more powerful membrane elements is Sabir. In one of his early works, he [71]
proposed a three-node triangular element with three-degrees of freedom at
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each node. The assumed strain components satisfied the compatibility equa-
tion, but the equilibrium equations were not satisfied. The drilling degree of
freedom for the element was defined by the subsequent relation:

1 /0v Ou

Details of the element formulation are presented in Table 1.

4.2 Sabir and Sfendji (1995)

Sabir and Sfendji [72] suggested a four-node triangular element by assumption
of the linear normal strains and constant shear strain. The selected strain
field satisfied the compatibility condition, but the equilibrium equations were
not imposed on this strain field. Therefore, the strain state vector consisted
of eight independent unknown coefficients. Three nodes were located at the
vertexes of the triangle, and the fourth node was placed in the middle of one
side. Each node had two translational degrees of freedom. Consequently,
the element possessed eight degrees of freedom totally. This geometry made
the element appropriate to be used as transitional element in finite element
meshes. They compared the performance of their suggested element with
standard displacement-based element by using few simple numerical problems
[72]. Their attained results showed better performance of this triangular
strain-based element. Table 2 presents details of this element.

4.3 Tayeh (2003)

In 2003, Tayeh [75] developed new strain-based elements for analysis of the
plane structures. In contrast to the previous works by Sabir, he utilized
higher-order terms and assumed an incomplete second-order field for the
element (see Table 3). It is evident that some coefficients in this assumed
strain field are common between different strain components. Tayeh provided
no clear reason for this selection, but he stated indirectly that this strain field
was selected in order to satisfy the compatibility condition. Similar to the
element proposed by Sabir and Sfendji [72], the assumed strain field did not
satisfy equilibrium equations.
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Table 1: Details of the triangular element proposed by Sabir [71]
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Ref | Properties

Geometry

Geometry

Strain field

£z (T,y) = (596)0 + (Ex,y)oy + (53;,1)055
ey (@,9) = (ey), + (Eya) @ + (Exy) ¥
Yy (-777 y) = ('Ya:y)o + (%cy,w)ow + ('nyﬂc)oy

e
% Strain state vec- | .S ={u, vo 7o (£2), (gy), (Vay),
Lg tor (Co)y (Ena)g (ayw)o}”
wn Nodal displace— D= {Dgi_Q Dgi_l Dgi ng_Q
ment vector D3j,1 ng D3k72 ngfl de}T
000100yx O
Strain interpola- | B, = |000010yx 0
tion matrix 00000100z+y
10-y20% ay w;yz y—;
Displacement Ne= 1012 0y2 925302 Ty %2
interpolation 001 000 —=z y v
matrix B
Geometric ma-| A = [NSi N, Nsk]l
trix

4.4 Belarbi and Bourezane (2005-first triangular

element)

As mentioned previously, most of the available triangular strain-based plane
elements have the geometry similar to the one in Table 1. In fact, many of
these elements attempted to improve the performance of element suggested
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Table 2: Details of the triangular element proposed by Sabir and Sfendji [72]

Ref | Properties Geometry
Geometry
Ex (.Z‘, y) = (EI)O + (Ew,y)oy
g Strain field gy (x,y) = (gy), + (Eya) T
ié:' Yoy (T,Y) = (’me)o
5 Strain state vec- | S ={u, v, 7o (£2), T(z—:y)o
N tor (’wa)o (€$7y)0 (Ey,m)o}
E Nodal displace— D= {DQi—l Dgi D2j—1 D2j D2k—1 ng
® | ment vector Doy Dy}t
% 000100y0
» | Strain interpola- | B, = |0000100
tion matrix 00000100
-
_ y _y
Displacement N, = 10—y a0 2 xiJz 2
interpolation _0 Lx 0yg—5 zy
matrix
Geometric ma-| A = [NSZ- Nsj N, Nsl]T
trix

by Sabir [71]. In one of these research works, Belarbi and Bourezane [9]
proposed a new element by incorporating Poisson’s ratio in the assumed
strain field. They suspected that unsatisfactory performance of the element
proposed by Sabir might be due to the existence of coupling terms in the
direct strains. Therefore, they included the Poisson’s ratio in their assumed
strain-field (see Table 4). Like the previous strain-based triangular elements,
the utilized strain field in this study satisfied the compatibility condition, but
the equilibrium equations were not considered in this formulation.
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Table 3: Details of the triangular element proposed by Tayeh [75]
Ref | Properties Geometry
Geometry Same as Table 1
x (2,y) = (€2), + (€ay)o¥y + (Ewyyy)oyfz
Strain field &y ($7 y) = (Ey)o + (Ey,z)ox - (Eﬂmyy)o%
Yy (l‘, y) = (’ywy)o + (5y,mz)om + (5y,xm)oy
2 2
—(ex), T + (€y2), 1
Strain state vector | S = {u, v, 7o T(EI)O (ey)y, (Vay)y (zy),
i~} (ava)o (EI7ZUZ/)0}
= |Nodal displace-|Same as Table 1
< |ment vector
> 2
= 000100 y O yTQ
Strain interpola- | Bs = [000010 0 =« —%
tion matrix 000001_§%x+y
10-yz04% @y 2%2—% wg —|—y?
Displacemgnt Ny=|01 2 0y z _ﬁ2_ z %-y -y
1nterPolat10n 001000 % —z 7%+y%,%,%_
matrix

Geometric matrix

Same as Table 1

4.5 Belarbi and Bourezane (2005- second triangular

element)

In 2005, Belarbi and Bourezane [10] performed another study and proposed
a triangular strain-based element with the geometry similar to their previous
work, but with a different strain field. They assumed linear variation of
normal strain with respect to the perpendicular direction for this element,
while the incomplete second-order field was assumed for shear strain. Once
again, the three-node nine-degrees of freedom geometry was considered for
this element. Further details of the element are provided in Table 5.

4.6 Rezaiee-Pajand and Yaghoobi (2014- first triangular

element)

Rezaiee-Pajand and Yaghoobi [65] proposed a five-node triangular element
with a complete linear strain field, which its geometry and details are pre-

sented in Table 6.

In the assumed strain field, there are nine strain states and three rigid
body modes, which totally become twelve strain states. The selected strain
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Table 4: Details of the first triangular element proposed by Belarbi and Bourezane [9]

Ref | Properties Geometry
Geometry Same as Table 1
Ex (xv y) = (5:6)0 + (5z,y)oy - (Ex,z)oxl_?u
_(Ey,x)omy
> | Strain field ey (z,y) = (gy), + (eya) @ — (Exa) Y F~
% _(637721)0?!1/
§ Yy (:L'a y) = (f)/ry)o + (gz,m)om + (gz,m)oy
5 |[Strain  state[S={u, vo 7o (c2), (gy), (Vay)y (Ezy),
2 vector (€y,2), (EWE)O}T
= Nodal dis- | Same as Table 1
= |placement
& | vector
A 000100 y —vo ==
Strain interpo- | Bs = |000010 —vy 2= —*
lation matrix 000001 O 0 z+vy
2 2 2 2
plsplacement Ne=101 2z 0y . = Ty =
interpolation 001 000 —r y 2y
matrix -
Geometric ma- | Same as Table 1
trix

components satisfy the compatibility requirement. In addition, Rezaiee-
Pajand and Yaghoobi enforced equilibrium conditions in this strain field.
They found that the necessary condition for satisfaction of the equilibrium
criteria is that some strain states be dependent to others. Therefore, they
selected the two dependent strain states, and as a result; ten independent
strain states remained. In agreement with the number of independent strain
states, the resulting element needs ten degrees of freedom. Rezaiee-Pajand
and Yaghoobi considered a triangular element with six nodes, as depicted in
Table 6. It is evident, four of these nodes have two translational degrees of
freedom, while the other two only have one translational degree of freedom
perpendicular to the corresponding side of the element.

The displacements of mid-side nodes, which are perpendicular to the el-
ement sides, can be connected to the displacements of the nodes in z and y
direction, by using the following relationship:

w=u-sin(a) +v-cos(a). (33)

In which, « is the angle between the degree of freedom normal to the side
and the z axis. In this case, due to the difference in the number of degrees
of freedom at the nodes, the geometrical matrix is a bit dissimilar to the
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Table 5: Details of the second triangular element proposed by Belarbi and Bourezane
[10]

Ref | Properties Geometry
Geometry Same as Table 1
Ex (x,y) = (‘gz)o + (€w,y)oy
Strain field gy (2,y) = (gy), + (Eya) T

Yy (€,9) = Vay)y + Vayae) y 22 + Vey,aa) Y
Strain  state[S ={uo, vo 1o (£2), (€y), (Vay), (Czy),

(@)

Lo

o | vector (Ey)o (Vayaa)o}”

E Nodal dis- | Same as Table 1

¢ | placement

8 vector

- 000100y0 0

5 | Strain interpo-[Bs = (00001002 0O

7 | lation matrix 00000100 a%+y?

— P4 3

= 10—yx0%1:y2—% %3

A |Displacement [Ny, = (01 z 0 Y % —% Ty 2% .
interpolation z2—y
matrlijx 001000 -z y 5
Geometric ma- [ Same as Table 1
trix

previously reviewed finite elements (see Table 6). Here, the first sub-matrices
are derived by replacing the node coordinates in the matrix N; while for
the last two sub-matrices, a different relation was utilized (see Table 6).

Despite its irregular degrees of freedom, the numerical evaluations showed
that the performance of this element is better than many of the previous
membrane elements. There are different reasons for the better performance
of this element. First, all the components of its strain field had the complete
term for a linear approximation. Moreover, the equilibrium equations are
imposed on the assumed strain field, and the independent strain states are
excluded from the strain state vector. The later property provides also the
advantage of reducing the number of degrees of freedom in the element. These
investigators realized that the geometry of the element and its node locations
also had significant effects on its performance. This influence resulted in a
new series of more accurate elements, which will be discussed in the coming
sections [58, 59, 61, 62].
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Table 6: Details of the first triangular element proposed by Rezaiee-Pajand and
Yaghoobi [65]
Ref | Properties | Geometry
Geometry

Rezaiee-Pajand and Yaghoobi [65]

A
—®x
Ex (CL‘, y) = (‘C:T)o + (5m7m)ol’ + (Eac,y)oy
Strain field ey (2, y) = (ey), + (Eyw),z + (Eyy) ¥
Yy (.T, y) = (%cy)o + ('Yzy,x)ox + ('Yzy,y)oy
Strain state | S ={u, vo 1o (2), (6y), (Vay), (Cxa), (Exy),
vector (eya), (eyw)o}”
Nodal dis- | D ={D2i—1 Da2; Dsj—1 D3zj Dox—1 Dz Dy_1 Dy
placement D,, D,}T
vector
Strain  in- | B
terpolation 000100 x Yy 0 0
matrix =1000010 0 0 T Yy
(2G+N)y A A (2G+N)z
OOOOOIfT’ —Ag — Ay — 264N
Displacement N, ;
interpola- 1 0-yz0dz % xy - (& +3) 0 ‘
tion matrix 01 2 0y 2 0 —x? (ZC + 1) Ty % — (ZG;G)‘)IZ
Geometric N Nsj Ny Ngy No, Ngn]
matrix

|:bln cos(a) xgcos(a) —ygsin(a)
zgsin (a) Yscos (a) w _ w
( _ 2G+>\ (2G+N)ys* )Sin (a)

(o) sin(0) — (12 (35+ 1) oo
(xﬁyﬁ)mb( a) - (yﬁ2 (% + %)) sin (a)
(y% - 2G+)\ (264 Nzs ) cos (a) B=m,n
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4.7 Rezaiee-Pajand and Yaghoobi (2014- second
triangular element)

In another study, Rezaiee-Pajand and Yaghoobi [66] utilized the complete
linear strain field of the previous study, but with a different element geom-
etry. In this work, they proposed a seven-node triangular element, which is
depicted in Table 7. Six of the ten required degrees of freedom were allo-
cated at the vertex nodes, which had two translational degrees of freedom
each. Three mid-side nodes had only one translational degrees of freedom
perpendicular to their sides, and the last degree of freedom was a drilling one
at the center node. The first three sub-matrices for nodes 4, j, and k of the
geometric matrix, A, are derived by replacing the coordinates of these nodes
in the displacement interpolation matrix. For the three mid-side nodes, the
respective sub-matrix is computed by using the equation given in Table 6
for Nyg. Finally, the last sub-matrix, IN,,, is derived from the next equality
presented in the last row of Table 7, after the geometric matrix. The authors
developed this formulation for geometrical nonlinear analysis of plane struc-
tures. For this purpose, they took advantage of the co-rotational formulation
[54, 3]. For this purpose, a local coordinate system, which its origin was
located at the center of the element, was considered. This coordinate system
translates and rotates with the element. Then, the element was formulated
in this new system. Since the nonlinear analysis was not in the scope of this
study, for further information about the co-rotational formulation, one can
refer to references [54, 66].

4.8 Rebiai (2018)

In a more recent attempt to propose three-node nine-degree of freedom trian-
gular element, Rebiai [48] suggested a new strain-based element with incom-
plete second-order strain field. This strain field satisfies the compatibility
condition, but the equilibrium conditions were not fulfilled within the ele-
ment. In fact, Rebiai did not intend to impose the equilibrium equations,
(Please see Table 8).

4.9 Rezaiee-Pajand, Gharaei-Moghaddam, and
Ramezani (2019- first triangular element)

In one of the most-recent studies, Rezaiee-Pajand, Gharaei-Moghaddam, and
Ramezani [58] suggested new triangular elements. They utilized the complete
linear strain field, which was the same as the previous studies by Rezaiee-
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Table 7: Details of the second triangular element proposed by Rezaiee-Pajand and
Yaghoobi [66]

Ref

Properties

Geometry

Rezaiee-Pajand and Yaghoobi [66]

Geometry

L x

Strain field

Same as Table 6

Strain state
vector

Same as Table 6

Nodal dis- D= {Dgi_l DQi D2j_1 D2j D2k—1 ng Dl
placement D,, D, D,}T
vector
Strain  in- | Same as Table 6
terpolation
matrix
Displacement| Same as Table 6
interpola-
tion matrix
Geometric | A= [Ny Noj Nop Nap Nog Noy Ny ]’
matrix
o (2G+N)y
Ngp=10 0 1 0 0 0 =g~
_(2G+Nz,  (2G+N)y, . (2G+N)zp
2G 2G 2G

Pajand and Yaghoobi [65, 66]. Moreover, they also imposed the equilibrium
condition to specify the dependent strain states. The differences between
these new elements and previous ones are in the geometry of the elements.
In their first element, the authors assumed a five-node triangular element,
with three vertex and two mid-side nodes (see Table 9). Each node has two
translational degrees of freedom.

As mentioned previously, it has been proved through extensive investi-
gations, that configuration of the nodes and distribution of the degrees of
freedom have been influential in the performance of the resulting elements
[65, 66]. Numerical studies showed that the last presented element provided
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Table 8: Details of the triangular element proposed by Rebiai [48]

Ref | Properties Geometry

Geometry Same as Table 1
ex (2,9) = (e2), + (€a,y) ¥ + (2,yy) o ¥°
Strain field ey (@) = (8y), + (ey,a) @ + (Ez,yy) &>

g Yoy (T, Y) = (Yay), + 2(51,yy)0x2 + 2(517?!9)092 + 4(ea,yy) ,TY
E Strain state | S ={uo vo 1o (€2), (ey), (Vay)p (Ez,w), (Ey.z),
& | vector (Ceyy) 3T
é Nodal  dis- | Same as Table 1
placement
vector
000100y0 42
Strain inter- | Bs = [0000100x  z?
polation ma- 00000100 2(x+y)?
trix )
10-yxz0% axy 7% %+zy2
Displacement Na=1012 0y LT gy 2% + yz?
lnterpolatlon 001000 —z y 22 — g2
matrix -
Geometric Same as Table 1
matrix

very accurate responses, especially for the elements under the bending loads.
Something that might be questionable about the geometry of this element
was the arbitrariness in the selection of the sides with mid nodes. To show
that this selection did not have considerable effect on the performance of the
element, the authors solved a numerical example with different locations of
the mid-side nodes, and the results were identical. Moreover, the main idea
behind this selection was to produce a powerful finite element for transitional
purposes. To demonstrate this fact, Rezaiee-Pajand, Gharaei-Moghaddam,
and Ramezani [58] investigated the performance of this element as a transi-
tional element in numerical example and compared its behavior with standard
displacement-based transitional elements. The results showed superiority of
the mentioned element.

4.10 Rezaiee-Pajand, Gharaei-Moghaddam, and
Ramezani (2019- second triangular element)

After presenting the previous element, Rezaiee-Pajand, Gharaei-Moghaddam,
and Ramezani [58] considered another configuration for the complete linear
strain field. In this element, the authors considered the well-known three node
nine-degree of freedom triangular element and added an internal node with
one translational degree of freedom in an arbitrary direction. This element
geometry is demonstrated in Table 10. By using (33), the displacement of the
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Table 9: Details of the first triangular element proposed by Rezaiee-Pajand, Gharaei-
Moghaddam, and Ramezani [58]

Ref | Properties | Geometry
Geometry
=Dy
v
=
0,
g
5
g
o] x
E
&b Strain field | Same as Table 6
= Strain state | Same as Table 6
'§ vector
z Nodal dis- | D = {DQi—l Dy; D2j—1 D2j Dok—1 Do, Do—1 Dy
5 placement Dap1 Dom}T
—g vector
@ 000100 T y 0 0
g Strain in- | B,= |000010 0 0 = y
E terpqlation 000001 ,% ,%x *%y _ (QGg)\)m
X matrix
-% Displacement N i
g interpola- _|10-yz0}% £ _ QG Ty -2 (&5 +1) . 0 .
tion matrix 01 2 0y2 0 -2 (& +3) Ty Y — Gorie
Geometric A= [Nsi Nsj Ngi Ny NS,,,JI
matrix

internal node can be connected to the displacements in x and y directions.
The internal node of the element can be removed by the static condensation
approach, and therefore, the element becomes a three-node nine-degrees of
freedom triangular element, which is a common element in general finite el-
ement programs. This element provided surprisingly accurate results under
different types of loading and especially shear loading, in which many of the
available elements failed to provide the exact response in the case of distorted
mesh [58]. In addition to the fast convergence and high accuracy, this ele-
ment was highly insensitive to the mesh distortion. Numerical examinations
demonstrated that the direction of internal degree of freedom did not have
any noticeable effect on the accuracy and performance of the element [58].
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Table 10: Details of the second triangular element proposed by Rezaiee-Pajand,
Gharaei-Moghaddam, and Ramezani [58]

Ref | Properties Geometry

Geometry

| o> Dyz
\ ')Dau

e X

9" | Strain field | Same as Table 6
E Strain state | Same as Table 6
= vector
T | Nodal dis- | D={Doi-1 Dz Dzj-1 Daj Dox1 Do D1 Dy
% | placement | Doy—1 Doy }T
Eo vector
@ 000100 T Y 0 0
g Strain in- | Bs={000010 0 0 T y
< ati QG+Ny A Dy 2G+Mz
3 terpglatlon 000001 —EE22 Ay Ay pe
= matrix
8 Displacement Ng

1 P 2 Y 2 —
E|imtemola | rooya0 -0t auy pGhed) 0
E 1o MANX =101 25 0 ys % 0 (1) wpys 2 - QG
T 001 00 0 (2G+Nys _ (2G+N)zs (2G+Nys _ (2G+Mzp
8 e 2G 2G 2G 2G -
‘B B =4) k
N N T
CEO Geometric A= [Nsi Ni; Nsi Nsl}

matrix

Ny = |sin(a) cos(a) axcos(a) —ysin(a) asin(a)  ycos (a)
-mco;(a) _ ytsig(a) (%2 _ (2G;ré)yz2> sin (a)

+3)) cos (a)
+ 3)) sin (a)

(zu)sin (a) — (z% (
(z1y1) cos (a) — (y12 (2

2 2
(% — 7(2(;;%)“” ) cos (a)

S8

4.11 Rezaiee-Pajand, Gharaei-Moghaddam, and
Ramezani (2019- third triangular element)

In another study, Rezaiee-Pajand, Gharaei-Moghaddam, and Ramezani [59]
formulated a higher-order strain-based assuming complete second-order nor-
mal strains and linear shear strains (see Table 11). After imposing the equi-
librium and compatibility conditions on the assumed strain field, seven de-
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pendent strain states were excluded and eleven independent strain states
remained.

Table 11: Details of the third triangular element proposed by Rezaiee-Pajand,
Gharaei-Moghaddam, and Ramezani [59]

Ref | Properties | Geometry
Geometry

&2 (@) = (20)y + (€2) @ + (E2) ¥ + (Eva), (5)
el (o) + Eou), ()

gy (T,Y) = (8y), + (Eya) ) + (Eyy) ¥ + (y.2a), (:>
H(eyay), (@Y) + (eypy), (%)

Yy ('/Ev y) = (rwa)u + ('\/LyL)O‘L + (rylﬂy,y)oy

Strain state | S ={uo vo 70 (e2), (8y), (Vay)y (Cvz), (Ex), (Eya),
vector (eyw), (5z,yy)o}T

Nodal dis- | D ={D2i—1 Dai Daj—1 Daj Dop—1 Do D; Dp D,y
placement Doy D2p}T

Strain field

Rezaiee-Pajand et al. [59]

vector
Strain  in- | By
Iﬁrrtplation 000100 = y 0 0 §2+ 2(2*5%)
atrix 000010 0 0 = y 5t mem
0000017(2(;;:»1, Yy 7(2(1‘2;)\),1 0
Displacement Ny
interpola- _ [1 0—ya0l D —CER2 ) (G 0 ’ %S(ZG*M) + ‘”gf}
tion matrix 01z 0ye 0 —a2(42)  ay % - 7&(;;}?)11 7%(25;,\) + ygl
Geometric | A= [Ny Nyj Nog Tuy Tory Tony Noo
matrix T, = [0 01000 (26245\)y _(26‘24(—;)\)3; (2G;g\)y _(2G;E;A)w _my]

The selected geometry of the element is demonstrated in Table 11. As it
can be seen, the element had seven nodes and eleven degrees of freedom in
agreement with the independent strain states.
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4.12 Rezaiee-Pajand, Gharaei-Moghaddam, and
Ramezani (2020- fourth triangular element)

Rezaiee-Pajand, Gharaei-Moghaddam, and Ramezani [61] utilized the as-
sumed strain of their previous study [59] to formulate another higher-order
strain-based element. The difference of this element with the previous one is
the geometry of the element, which is demonstrated in Table 12.

Table 12: Details of the fourth triangular element proposed by Rezaiee-Pajand,
Gharaei-Moghaddam, and Ramezani [61]

Ref | Properties
Geometry

[61]

Strain Same as Table 11
field
Strain Same as Table 11
state
vector
Nodal dis- D= {D3i72 D3i71 Dgz‘ D3j72 D3j71 Dgz D3k72
placement | Dsz_1 Dsr Doy_1 Do }T

vector
Strain Same as Table 11
interpo-
lation
matrix
Displacement Same as Table 11
interpo-
lation
matrix
Geometric | Ag = [Ny Tu; Nuj Toj Nog Tog Nog N Ny N
matrix

Rezaiee-Pajand et al.
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4.13 Rezaiee-Pajand, Ramezani, and Gharaei-
Moghaddam (2020- fifth triangular element)

Since it was expected that using higher-order strain fields improves the accu-
racy of the elements, Rezaiee-Pajand, Ramezani, and Gharaei-Moghaddam
[62] formulated a seven-node triangular element using complete second-order
strain field (see Table 13). In this element formulation, the compatibility and
equilibrium conditions were again satisfied.

Table 13: Details of the fifth triangular element proposed by Rezaiee-Pajand,
Ramezani, and Gharaei-Moghaddam [62]

Ref | Properties
Geometry

)

0
ey (2,y) = (gy), + (ey,2) T + (Eyy) ¥ + (Eyaa), (%)
(

& | Strain field 2
= +(eyay), (2y) + (Eyy), 7)
= . 22
s Vay (x7 y) - (ny)o + (711/,@)0$ + (’me,y)oy + (’yzy>x1)0 (7)
2
g Yy
g “F(A/wy,:lzy)o (Ty) + (,Y"”yﬂyy)o ( 5 )
£ Nodal dis- [ D={Dzi—1 Dz Dsyj-1 Dzj Da-1 Do Da-y Dy
T
- placement Dom—1 Doy Doy—1 D2y Dip—1 Dapt
% vector
B Strain in- | By
. 2 P
k= terpolation 000100 = y 0 0 %L— %Z_ A 0
3 = . Gy
matrix 000010 0 2 =y =) » .
] 000001 Ky 2y 2y Ko oy ke o

Displacement N,

i 10 unl)’i—’““\’ vy —(%H) 0 (ER) yER)

lntcrpola- LH v 0yd 2SRy gy Lo e ‘1( o u(w

2G 2 2G 6(2G+A) 2

tion matrix

Geometric | Ag = [Nei Noj Nop Ny Nopy Nop Noo]”
matrix
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5 Quadrilateral membrane elements

The existing quadrilateral strain-based membrane elements are reviewed in
this section. In contrast with the triangular elements, which are mostly
developed by the assumption of linear or second-order strain-field, higher-
order strain fields were utilized in the formulation of quadrilateral elements.
In the quadrilateral elements, there are two common configurations. The
first one is a four-node twelve-degrees of freedom quadrilateral element, and
the second common geometry is a five-node ten-degrees of freedom element.
More details are provided in the following.

5.1 Sabir and Sfendji (1995)

Like the triangular elements, the first quadrilateral element is proposed by
Sabir [72]. In 1995, Sabir and Sfendji suggested a rectangular strain-based
finite element with linear strain field.

Once again, they assumed strain components satisfy compatibility con-
dition, but the equilibrium equations are not fulfilled. Due to the existence
of ten strain states, ten degrees of freedom are required. Therefore, Sabir
and Sfendji considered the five-node rectangular element depicted in Table
15. Each node of this element has two translational degrees of freedom.

5.2 Tayeh (2003)

Another rectangular element was proposed by Tayeh [75]. He utilized an
incomplete fourth-order approximation for normal strains and incomplete
second-order assumption for the shear strain (see Table 15).

In agreement with these twelve strain states, a four-node rectangular ele-
ment with three degrees of freedom at each node was considered. It should be
noted that this element and the previous one proposed by Sabir and Sfendji
had rectangular geometry, according to the original articles [72, 75], but
based on the basics of strain- formulation, the effect of the geometry only
entered in geometric matrix, A. So, by using the nodes of a general quadri-
lateral shape in construction of this matrix; the mentioned elements can have
a general quadrilateral geometry.
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Table 14: Details of the Rectangular element proposed by Sabir and Sfendji [72]
Ref | Properties
Geometry

 mm—

E Strain field | Same as Table 2
; Strainstate | S ={uo vo 7o (2), (€4), (Vay)y, (€xyw)y (€y),
S | vector (ay)o  (Vayy)o)”
%) Nodal dis- | D ={Dsi—1 D2 Dsj—1 Dsj Dat_1 Doy Doy
. placement Doy Doyt Do }T
I~ vector
'E 000100y000
3 Strain in- | By= 0000100200

terpolation 00000100xy

matrix )

2 z
Displacement N = 10—y 0 % MIQ 2J 02 %
interpola- 01z 0y 3 —% oy 5= 0

tion matrix
Geometric | A= [Ny; Ns;j Ny Ny NSm]l
matrix

5.3 Belarbi and Maalem (2005)

In 2005, Belarbi and Maalem [12] suggested an improved strain-based rect-
angular element by the assumption of linear normal strains and constant
shear strain. The element geometry and distribution of nodes and degrees of
freedom are the one proposed by Sabir and Sfendji.
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Table 15: Details of the Rectangular element proposed by Tayeh [75]
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Ref | Properties

Geometry

Strain field

€2 (2,Y) = (e2), + (€0),¥ + (Ex,uy)Y° + (Exoyyy) ,2Y°

Ey (:U,y) = (Ey)o =+ (5y,x)0x - (5ac,yy)ox2 - (5z¢xyyy)gyxd
e

Yy (*T> y) = ("/zy)o + (sz,x)om + (’Yzy,y)oy - (Ez,y)07

2
_(Ey,z)o%

Strain state

Tayeh [75]

S={uo vo 1o (), (&y)y (Vay), (;ﬂcy)o (eya),

vector (ALuya)y (Vay), (Eown)y  (Ezayyy)o)
Nodal dis- | D = {DSi—Q D31 Ds; D3j72 DS]’—I DSj D3
placement | Dsp_y Ds, Dsj—y Ds—y Ds}"
vector
Strain  in- | By ‘
terpolation (000100 y 0 00 ¢* axy?
matrix — (000010 0 =z 00—22—2%
2 2

1000001 —-% % zy 0O 0
Displacement Ny
. r 3 2 2 2,3
11.1terpola-‘ 10-yz0¥ 3xy ] ,%,% 02 w zy? zzzz
tion matrix | = | g1 Oy%—%—z Ty 2 2 x

2 2 3
(00 1000 -2 —p 24y & 3 _9py 30u

Geometric
matrix

A= [Ny Nyj N Ny

5.4 Rezaiee-Pajand and Yaghoobi (2012- first
quadrilateral element)

The first strain-based generalized quadrilateral plane element, which its strain
field satisfies both compatibility and equilibrium conditions, is proposed by
Rezaiee-Pajand and Yaghoobi [63]. They [65, 66] took advantage of the lin-
ear strain field that they had used for development of triangular elements
(see Table 6 ). After imposing the equilibrium criteria and determination
of dependent strain states, ten independent strain states remain for the re-
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Table 16: Details of the Rectangular element proposed by Belarbi and Maalem [12]
Ref | Properties
Geometry Same as Table 14

€z (2,y) = (€2) , + (ay) oy + (x,2) T

§ Strain field ey (2,y) = (ey), + (ey,2), T + (Ey,y) ¥
g Yey (2, ) = ('Yzy)o
% Strain state | S ={uo vo 1o (€2), (ey), (Vzy)p (Ez,), (z,2),
CEG vector (eya)y (Eyw) )}
- Nodal  dis- | Same as Table 14
g placement
s vector ]
=] 000100yx00
% |Strain inter- | B, = 000010002:4
polation ma- 0000010000
trix )
1:2 ]
Displacement | Ns = 10-yz 03 xy2 Ty 02J
interpolation 01 2 0y 3 —% 0 ay %
matrix
Geometric Same as Table 14
matrix

quired ten degrees of freedom. Rezaiee-Pajand and Yaghoobi considered the
generalized five-node quadrilateral element, which is depicted in Table 17.

In another study, Rezaiee-Pajand and Yaghoobi [64] investigated the per-
formance of two special rectangular variants of the generalized quadrilateral
element. In the first element, the fifth node was located in its center, while
this node was moved to the middle of one side in the next element. In this
study, they showed that these strain-based elements were less sensitive to
mesh distortion in comparison with their displacement-based counterparts.
Moreover, they displayed that strain-based elements were completely free
from shear parasitic errors.

5.5 Rebiai and Belounar (2013- first quadrilateral
element)

A four-node rectangular strain-based element with incomplete fourth-order
normal strains was proposed by Rebiai and Belounar [49]. The authors as-
sumed linear shear strains for this element. This strain field, had twelve
independent strain states. Regarding this field, it seems that there was no
clear and rational basis behind this selection. Therefore, this field was prob-
ably the result of the trial-and-error process to attain the best performance
of the resulting element. Rebiai and Belounar developed this element for ax-
isymmetric, as well as, elastoplastic analysis of structures. For the nonlinear
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Table 17: Details of the first quadrilateral element proposed by Rezaiee-Pajand and
Yaghoobi [63]

Ref | Properties Geometry

Geometry

——»x

Strain field | Same as Table 6
Strain state | Same as Table 6
vector
Nodal dis- | D = {D2i—1 D,; D2j—1 D2j Dop—1 Doy Dy_y
placement Dy Dop1 ng}T

vector
Strain in- | Same as Table 6
terpolation
matrix
Displacement Same as Table 6
interpola-
tion matrix
Geometric | A={Ny;; N,; Ny Ny Ny}’
matrix

Rezaiee-Pajand and Yaghoobi [63]

analysis, they took advantage of the Mohr—Coulomb yield criteria and the
initial stress and strain methods [49]. They showed that the strain-based
elements provided reliable and accurate results in nonlinear problems.

5.6 Rebiai and Belounar (2014- second quadrilateral
element)

In another research work, Rebiai and Belounar suggested another variant of
their previous element [50]. In this new element, they considered the strain
field of their previous study [50], but added new linear term to the shear
strain and changed the dependent term of the normal strains.
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Table 18: Details of the first quadrilateral element proposed by Rebiai and Belounar
[49]

Ref Properties
Geometry

Dy
A

Sk
Dy — Dy

Ex (1‘7 y) = (595)0 + (Ez,y)oy + (ez,z)ox + (ez,yy)on
+2(Ewwyy’y)oxy3
gy (z,y) = (8y), + (€2,2),®
Strain field +2 (eyy) ¥ — (Exyy) 22
_2(5z,xyyy)oyx3
VYay (37: y) =2 (’ny)o + Q(Sx,y)ox + Q(Ez,z)oy +2 (Ey,y)oy
+2(€x,yy) Y = 2(Ex,yy) 0T + 2 (Vay,2) 2
Strainstate | S={uo vo 7o (2), (gy), (Vay)y (C2y)y (C2a),
vector (Cuw)y Toya)y (Eopy)s (Ewaypy)y”
Nodal dis- | D = {DSFQ D31 Ds; D3j72 DS]’—I D3j D32
placement | Dsj—1 Dsx Dsi—a Ds—y Ds3}T
vector

Rebiai and Belounar [49]

[000100y = 0 0 o2 2xy°
Strain in- | Bs= (000010 0 z 2y 0 —xz2 —2z%

terpolation 0000022z 2y2y2x2y—2x O

matrix

Displacement N,

. 2 2

interpola- 10 —yz0yay T2 42 0 ay® + 42 2293

tion matrix 2 2

= 0131:0y:/v%2 zy y? 2?2 —2?y—=2 —23y
0010000 0 —yax—x—y-— 2wy —3z%y?

Geometric A= [Nsl- Nsj Ny, NSJ T

matrix

Similar to their previous study, Rebiai and Belounar utilized this element
for both linear and materially nonlinear analysis. In their numerical evalua-
tions, they included different yield criteria, such as, Tresca, Von Mises and
Mohr-Coulomb. Once more, the attained results demonstrated the superi-
ority of strain formulation in comparison with classical displacement-based
elements.
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Table 19: Details of the second quadrilateral element proposed by Rebiai and Belounar

[50]

Ref Properties

Geometry Same as Table 18

€2 (2,Y) = (€2)y + (Ea,y) ¥ + (€),2 + (€a,yy)¥°
+2(ex,2yy),2Y°

Strain field gy (@,y) = (gy), + (Eyw), @ + (Eyy) Y — (811;,?}:”)()@2

=) ;

% *2(57c~acyyy)oygv5

§ Vxy (32', Z/) =2 (’Yzy)o + [2(7zy)o + 2(5y,z)o + (ey,y)o]y

% +2[(5z,y)o + (5;1,/)0 + (’wa,z)o]x

M Strain state | S ={uo, vo 7o (e2), (€y); (Vay)y, (Ezy), (Eyz),
= vector (Ey,y)o ('wa,w)o (Efl:,yy)o (E:E,:I;yyy)o}T

= Nodal dis- | Same as Table 18

fg placement

° vector

0001z O y 000 32 2x°
Strain in- | Bs= 0000 1 0 0 zy 0 —22—-22%

terpolation 0000222y +22zx2yy2x O 0

matrix

Displacement Ng

iI'ItCTPOIa-. 10-yz L; v +y zy % % 0 zy? 2%

tion matrix | = | 51 , 0224y a % zy % 2% —z2y —ady?
0010 = -y 0 0 —% z —2zy —3z%y°

Geometric Same as Table 18

matrix

5.7 Rebiai, Saidani, and Bahloul (2015- Third
quadrilateral element)

In the following of his previous researches, Rebiai, Saidani, and Bahloul [51]
suggested another strain-based quadrilateral element for linear dynamic anal-
ysis of the plane problems. They utilized the general form of the strain field,
which was used in their previous studies, but with slight modifications (see
Table 20). The element geometry and its strain state and nodal displace-
ment vectors were similar to the previous element proposed by Rebiai and
Belounar [50]. The difference between these two membrane elements was in
their strain and displacement interpolation matrices. Application of this new
element for dynamic analysis of the plane problems proved acceptable accu-
racy of the assumed strain method for the dynamic problems. They utilized
the lumped mass matrix for the element.
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Table 20: Details of the quadrilateral element proposed by Rebiai, Saidani, and Bahloul

51

| I]{ef Properties

Geometry | Same as Table 18

o (2,y) = (€2), + (gy), + (Eny) ¥ + (€y) 2 + (Em-,yy)on
+2(ez,ayyy) oY

ey (x,y) = (Ey)o + (6y,2) 0T + (€y,9) Y — (Ez,yy) T

2
Strain

5 field _2(5z¢wyyy)o?ﬁ3
= Yay (2,Y) =2 (Yay), + [Z(Wy)o +2(ey ), + (53/9)0] Y
i +2 [(5:t,y)o + (Ey)o + ('me,m)o] L
3 Strain S={uo vo 1o (2), (&y), (Vay), (xy), (Eya),
< T
é state () (Vaya)y (Ezyy)y (Ezayyy)o)
vector
Nodal dis- | Same as Table 18
placement
vector
000lz+1 0 3 000 g2 2zy°
Strain B,=|0000 1 0 0 2y 0 —2%2-22%
interpo- 10000 2z 2y+2222yy2x O 0
lation
matrix
10—yx§+xy2+ymg2;% % 0 zy? 2?3
Displacementh =101 2 022+y 2 L ay L 2? —a?y —ady?
interpo- 0010 = -y 0 0 —% 2 —2zy —3a%y?
lation -
matrix
Geometric | Same as Table 18
matrix

5.8 Rezaiee-Pajand and Yaghoobi (2015- fourth
quadrilateral element)

In most of these formulations, there is no rational basis for the selection of
the assumed strain field. However, Rezaiee-Pajand and his colleagues pro-
posed application of the concept of Taylor expansion for this purpose. In an
attempt to develop second order strain-based elements, Rezaiee-Pajand and
Yaghoobi [67] suggested the complete second-order strain field (see Table 21).
Excluding these dependent coeflicients from the total strain states, fourteen
independent strain states were remained. Accordingly, in this element, the
four vertex nodes had three degrees of freedom, namely two displacement and
one in-plane rotation, and the internal node had two translational degrees of
freedom.



Review of the strain-based formulation for analysis of ..., Part I 471

5.9 Rezaiee-Pajand and Yaghoobi (2015- fifth
quadrilateral element)

Rezaiee-Pajand and Yaghoobi also proposed another second-order element, in
which the assumed strain field was the same as the one presented in Table 21.
In addition, the equilibrium criteria were imposed only on the linear terms
of the strain components [67]. Therefore, only two strain states were charac-
terized as dependent ones, and eighteen independent strain states remained.
To generate an element with eighteen degrees of freedom, they considered a
nine-node generalized quadrilateral element, which is demonstrated in Table
22. Each node of this element had two translational degrees of freedom.

5.10 Hamadi, Ayoub, and Maalem (2016)

In 2016, Hamadi, Ayoub, and Maalem [31] independently proposed a new
quadrilateral finite element. This element is indeed the same as the element
previously proposed by Rezaiee-Pajand and Yaghoobi [63], restricted to rect-
angular shapes.

5.11 Rezaiee-Pajand and Yaghoobi (2018- sixth
quadrilateral elements)

In order to analyze geometrically nonlinear plane structures, Rezaiee-Pajand
and Yaghoobi [63] modified their five-node quadrilateral element by the co-
rotational approach [70]. Their findings showed that the strain-based for-
mulation can provide accurate results for geometrically nonlinear analysis
of structures. Besides, it did not show any sensitivity to the aspect ratio
and mesh distortion. To sum up, the summary of the reviewed elements is
presented in Table 23.

6 Other types of strain-based elements

Since the focus of the present study is on the membrane elements, only the
available strain-based elements were reviewed in the previous sections. How-
ever, the advantages of strain formulation persuade researchers to have taken
advantage of this approach in the development of finite elements for other
types of structures. In order to provide a brief introduction to the appli-
cation of assumed strain technique for the proposition of the different finite
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Table 21: Details of the fourth quadrilateral element proposed by Rezaiee-Pajand
and Yaghoobi [67]

Ref Properties
Geometry

Baeay

ez (2, y) = (e ) + (g2 T) T+ (&, y)gy + (Ew,ww)omz
F(Eaay) Y + (Cxyy) 5
(ey

N

Strain field €y (z,y) = (Ey)o g L) ot (Ey,y)gy + (Eu,u) 12

+(ey,ay) o2y + (Eyuy) 5 )
’Y:py (‘T7 y) = (me‘/)o + (FY-'E.U,I)OI + (7’“]71/) + ('Yzy,;r:r)a%
+(Eazy + Eyaa),TY + (%y,yy)o%
Strain state | S ={uo v, 7o (€a), (Ey)n (’ny)n (EWC)D (Exy)f?

vector (eya)y (Cyw)y (Exwy)y (Eawy)y (Eyay)y (Eyas),}
Nodal dis- | D ={Dsj_2 Dsi—1 Ds; Dsj_o Dsj_1 Ds; Dsp_o
placement | Dsx_1 Dz Dsi—o Dsi—1 D3 Doy Dop}T

Rezaiee-Pajand and Yaghoobi [67]

vector

Strain  in- | B

terpolation | _[000100 w w00 e E gl 0 e

matrix 000001 268y 2y 2y ”:—ﬂa gt - AR o bt yzfé*fz R

Displacement N,

interpola- [‘” TROARERY R e R e )
01z 0y% “GRa oy G -2 -G ey - B B - sy

tion matrix

Geometric | A= [N Ts; Nsj Ts; Nsp Tsp, Nsp Ty Ns,n}

matrix T,=[001000 zgg*y ; - ’gg* 4 2y 20y _2QHA (7 —a?) Y 2T (a? — ) ]

elements, a short review of the other works is presented in this section. Need-
less to say, for more details, it is necessary to refer to the original references,
which are cited in the following paragraphs.

In the case of plate bending analysis, Belounar and Guenfoud [15] pro-
posed a four-node rectangular plate element by assumption of linear curva-
ture and second-order shear strains. The assumed strain field for the element
only satisfies the compatibility condition. They showed that this element is
more efficient than the corresponding displacement-based element. In 2014,
Hamadi et al. [30] developed a rectangular element for plate bending anal-
ysis, based on the Kirchhoff theory, and compared its performance with the
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Table 22: Details of the fifth element proposed by Rezaiee-Pajand and Yaghoobi [67]

Ref Properties

Geometry

Strain field Same as Table 21

=
L. [Strain state [S={uo vo 7o (e2), (ey)y (Vay), (a,a),
< | vector (tey)y (eya)y (Byy)y (Ezea), (Czay), r
S (Cowy)y  (eyaa)y (eyay)y (Eyyy)y (Yoyaz)y (Yaywy)o)
% Nodal dis- | D = {Dzifl DQZ‘ D2j71 ng D2k71
z placement Doy, Doy—1 Dy Dam—1 Dom Dap—1 Doy
% vector D2p71 Dgp D2q71 ng Dgrfl DQT}T
~ |Strain inter- | Bs
. \ 2
5 | polation ma- 000100 =z y 0 0 Zay% 000 0 0
. . 2
E trix =|o00010 0 0 y 000 Zay¥ 0 0
- 2 2
$ . 000001 =-2CFA, Az Ay 2080, 0 0 ayay 0 0 2 ¥
= Displacement | Ng
N 3 H 2
r:qé interpolation _l10-yzo0 % % _ 262¥§)\y2 oy 0— G2+G>\yz
matrix - x G+, 2
01 2 Oy 35 0 DTeR Ty
3 2 2 3 3
0 Emruo Loo0n
ﬁ72G+>\x2 0 713 0 :c2y ny ﬁ ﬁ 0
2 2G 6 2 2 6 6 }
Geometric | A= [Ns; Ns; Ns, Ns; Ns,, Ns, Ns, Ns, Ns,]
matrix

displacement-based formulation. They showed the superiority of strain-based
formulation in removing the shear locking problem. Another thin plate el-
ement, based on assumed strain approach, is proposed by Abderrahmani,

Maalam, and Hamadi [1].

In this study, they utilized higher-order strain

field in comparison with the previous elements. In another study, Abder-
rahmani et al. [2] formulated a new strain-based sector element for linear
analysis of circular thin plates in 2017. Many years before this study, an-
other sector strain-based element was proposed by Belarbi and Charif [11].
In 2018, the first triangular plate element, based on assumed strain approach,
is proposed by Belounar, Benmebarek, and Belounar [14]. In this study, the
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Table 23:  Summary of the existing strain-based plane elements reviewed in this article

Numbgr Numbgr Other
No. | Element, Geometry of of Assumed strain field Drilling -
features
node: dof
Normal Shear Optimal
strain strain criteria
1 Sabir [71] Triangular 3 9 Complete Complete Compatibility| yes -
linear linear
2 [ Sabir and Sfendji | Triangular | 4 3 Tncomplete | constant “ompatibility| no Can be used as
172 linear transitional ele-
ment
3 Tayeh [75] Triangular 3 9 Incomplete Incomplete Compatibility| yes -
second-order | second-order
4 Belarbi and | Triangular 3 9 Complete Incomplete Compatibility| yes Poisson’s ratio is
Bourezane [9] linear linear included in the
element
5 |Belarbi  and | Triangular | 3 9 Tncomplete | Incomplete | Compatibility| 3 B
Bourezane [10] linear second-order
6 Rezaice- Triangular 6 10 Complete Complete Compatibility| no Can be used as
and Ve linear linear Equilibrium transitional ele-
[65] ment
7 | Rezaice Pajand | Triangular | 7 0 Complete Complete Compatibility E
and  Yaghoobi linear linear Equilibrium
[66]
8 Rebiai [48] Triangular 3 9 Incomplete Complete Compatibility| yes -
second-order | second-order
9 | Rezaice-Pajand, | Triangular | 5 10 Complete Complete Compatibility| no Can be used as
Gharaei- linear linear Equilibrium transitional ele-
Moghaddam, ment
and  Ramezani
58]
10 | Rezaiee-Pajand, | Triangular 4 10 Complete Complete Compatibility| yes -
Gharaei- linear linear Equilibrium
Moghaddam,
and  Ramezani
5]
T1 | Rezaice-Pajand, | Triangular | 7 11 Complete Complete Compatibility| yes |-
Gharaei- second-order | linear Equilibrium
Moghaddam,
and  Ramezani
12 o Triangular | 4 11 Complete Complete Compatibility| yes N
Gharaei- second-order | linear Equilibrium
Moghaddam,
and  Ramezani
[61]
13 | Rezaiee-Pajand, | Triangular 7 14 Complete Complete Compatibility| yes -
Ramezani, second-order | second-order | Equilibrium
and Gharaei-
Moghaddam
62
T4 | Sabir and Sfendji | Rectangular | 5 0 Complete Complete - no E
[72) linear linear
15 | Tayeh [75] Rectangular |4 12 Incomplete Incomplete ves -
fourth-order | second-order
16 | Belarbi and | Rectangular | 5 10 Complete Constant -
Maalem [12] linear
17 | RezaicePajand | Quadrilateral | 5 0 Complete Complete Compatibility| no E
and  Yaghoobi linear linear Equilibrium
63]
18 | Rezaiee-Pajand | Rectangular |5 10 Complete Complete Compatibility| no -
and  Yaghoobi linear linear Equilibrium
164]
19 | RezaicePajand | Rectangular | 5 0 Complete Complete Compatibility| no Can be used as
and  Yaghoobi linear linear Equilibrium transitional ele-
[64] ment
20 | Rebiai and Be- | Quadrilateral | 4 12 Incomplete Complete Compatibility| yes -
lounar [49] fourth-order | linear
21 Quadrilateral | 4 12 Tncomplete | Complete Compatibility| yes -
] fourth-order | linear
22 | Rebiai, Saidani, | Quadrilateral | 4 2 Tncomplete | Complete Compatibility| y N
and Bahloul [51 fourth-order | linear
23 | Rezaiee-Pajand | Quadrilateral | 5 14 Complete Complete Compatibility| yes -
and  Yaghoobi second-order | second-order | Equilibrium
167]
24 | Rezaice Pajand | Quadrilateral | 9 8 Complete Complete Compatibility| yes |-
and  Yaghoobi second-order | second-order
67]
25 | Hamadi, Ayoub, | Rectangular |5 10 Complete Complete Compatibility| no
and Maalem [31] linear linear Equilibrium

authors took an advantage of linear strain components and evaluated the
performance of this element in analysis of both thin and thick planes.
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One of the first applications of the strain formulation in finite element
analysis dates back to 1972 when Ashwell and Sabir [7] proposed a rectangu-
lar cylindrical shell element. Later, in 2004, Djoudi and Bahai [24] developed
a strain-based shell element, which included openings and cut-outs. They
utilized this element to perform vibration analysis of shell structures, and
concluded that the strain-based element is more economic than the conven-
tional displacement-based elements. In a comparative study, Hamadi et al.
[32] investigated the performance of strain-based shell elements in comparison
with the displacement-based elements. This study can be considered an ex-
tension of their previous research about plate elements [30]. In 2015, Mousa
and Djoudi [45] performed vibration analysis on circular cylindrical shells
with oblique ends, by using a new strain-based triangular shell element. For
this element, they assumed linear curvature and third-order normal in-plane
strains. The most-recent strain-based shell element is a flat triangular hybrid
element proposed by Rezaiee-Pajand and Yaghoobi [69]. Trefftz functional
was used in this element to formulate independent internal and boundary
fields. It must be noted that this work is not the only available hybrid
strain-based element and there are other similar studies in the literature.
For instance, To and Liu [77] also proposed a triangular shell element, based
on the Hellinger-Reissner hybrid strain formulation. Moreover, the hybrid
formulation was also utilized for other types of structures. For example, in
2017, Rezaiee-Pajand and Yaghoobi [68] developed a hybrid plane element
with assumed strain field.

In addition to the plate and shell element, the assumed strain approach
was also utilized for developing three-dimensional finite elements. Belounar
and Guerraiche [16] formulated a 3D eight-node brick element by assump-
tion of linear strains. In this formulation, only compatibility criterion was
imposed to the assumed strain field. Guerraiche, Belounar, and Bouzidi [29]
proposed another variant of this element by using a different assumed strain
field. In this new element, they included Poisson’s ratio of the material in
the strain field of the element. In the most-recent study, Messai, Belounar,
and Merzouki [44] suggested a nine-node brick element with linear assumed
strain field. In one of the most recent studies in this field, Rezaiee-Pajand,
Gharaei-Moghaddam, and Ramezani [60] utilized strain-based formulation
and developed a cracked plain element for analysis of cracked structures with
open stable cracks.

7 Discussion and conclusion

In this article, which is the first part of a two-part study, the basic formula-
tion steps of the assumed strain approach for developing plane elements were
presented. In addition, twenty-five of the available strain-based membrane
elements were reviewed, using the unified notations. The reviewed elements
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were categorized into two groups of triangular and quadrilateral elements.
According to the available literature, most of the accessible elements were
formulated by using strain fields, which do not satisfy the equilibrium equa-
tions. Moreover, in many of these elements, the assumed strain field seems
to be resulted from the trial-and-error process. Because no clear justification
was provided by the authors for their selections. Despite this fact, in some
cases, especially the elements proposed by Rezaiee-Pajand and his colleagues,
the concept of Taylor expansion was considered in the selection of assumed
strain components, and in many of these elements, both compatibility and
equilibrium criteria were imposed. It is known for the researchers that utiliz-
ing incomplete polynomials for strain field might lead to incapability of the
element to include Poisson’s effect of strain states. Therefore, in some cases
the authors tried to consider those strain fields with complete polynomial
approximation. It is worth mentioning that the other elements, which do not
consider this limitation, can also provide accurate results.

According to the presented review and in some cases, the same elements
were proposed by different authors, independently. Therefore, this is one of
the main motivations of the present study to provide a comprehensive ref-
erence to be used by authors, which helps prevent such duplicate element
formulation. In addition, it seems that most of the researchers who worked
in this field only followed their own research line and did not take advantage
of the other’s experiences. Accordingly, there are many unanswered ques-
tions about the performance of the strain-based elements that remain to be
answered. For instance, it is widely known that some patterns for distri-
bution of the element degrees of freedom resulted in the singular geometric
matrix, which was shown by A. In addition, it was concluded that distribu-
tion of the degrees of freedom between the element nodes had a considerable
effect on the element performance. Despite these indications, it is not clear
how to prevent this problem and choose an optimal configuration. Due to
these warnings, the application of the higher-order strain fields for membrane
elements requires further investigation. According to these points, in the sec-
ond part of this study, extensive numerical investigations will compare the
performance of the reviewed membrane elements.
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1 Introducton

Among different formulation methods for the development of membrane finite
elements, the assumed strain approach is proved to be very effective in re-
moving problems such as shear parasitic error, mesh sensitivity, and different
locking phenomena [28]. Therefore, various authors utilized this scheme to
develop strain-based plane elements [6]. These finite elements were reviewed
in the first part of this study. The main objective of the second part is to
evaluate the numerical performance of the reviewed elements and study the
effect of different assumptions and criteria on the performance of assumed
strain formulation. For this purpose, the results attained by the reviewed
elements for a series of benchmark problems are presented. Based on the
obtained results by the reviewed membrane elements, a short discussion is
provided after each problem. Moreover, according to the overall outcomes,
the existing strain-based plane elements are ranked according to their differ-
ent advantages and shortcomings. This ranking can be used to detect the
most suitable assumptions and configurations to achieve a robust plane finite
element. It should be noted that in the present paper, only the performance
of the strain-based membrane elements in the analysis of linear problems is
investigated. This is mainly because even the finite elements developed for
nonlinear applications first should pass the upcoming benchmark tests to be
considered as robust and powerful elements. It is also reminded that most
of the reviewed research works evaluated the performance of their suggested
elements in the analysis of linear problems. However, it is obvious that the
reviewed element can also be used for the analysis of nonlinear problems and
some of the previously published pursued this issue. The interested readers
can refer to references [14, 26| for further information in this regard.

Tables 1 and 2 present a list of the elements used for comparison.

As it can be seen, an abbreviation is used for each element, which is se-
lected based on the following order. The first part of the abbreviation is
taken from the authors’ names. The second part of the abbreviation starts
with a letter that indicates the geometric shape of the element. Accordingly,
“T7, “Q”, and “R” stand for triangular, quadrilateral, and rectangular, re-
spectively. This letter is followed by a number that indicates the number
of degrees of freedom. If the drilling degrees of freedom are used in the
formulation of an element, then the letter “D” comes after the previously
mentioned number. Finally, if two or more elements with the same geometry
and number of nodes are proposed by the same authors, then roman numer-
als distinct those elements. For instance, based on this abbreviation method,
the triangular element proposed by Belarbi and Bourezane, which has nine
degrees of freedom and includes drilling degrees of freedom is called “BB-
T9D”, and since two different elements with the same abbreviation in this
convention exist, they are distinguished from each other by roman numerals
as “BB-T9D-I” and “BB-T9D-II".
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Table 1: List of triangular plane elements used for comparison
No. Abbreviation Description of the element Reference
Triangular Elements

1 S-T9D Three-node nine-degree of freedom triangular [28]
element with drilling proposed by Sabir

2 SS-T8 Four-node eight-degree of freedom triangular [29]
element proposed by Sabir and Sfendji

3 T-T9D Three-node nine-degree- of freedom triangular [30]
element with drilling proposed by Tayeh

4 BB-T9D-I First three-node nine-degree of freedom trian- 2]
gular element with drilling proposed by Belarbi
and Bourezane

5 BB-T9D-II Second three-node nine-degree of freedom tri- 3]
angular element with drilling proposed by Be-
larbi and Bourezane

6 RY-T10 Six-node ten-degree of freedom triangular [25]
element proposed by Rezaiee-Pajand and
Yaghoobi

7 RY-T10D Seven-node ten-degree of freedom triangular [26]
element with drilling proposed by Rezaiee-
Pajand and Yaghoobi

8 R-T9D Three-node nine-degree of freedom triangular [13]
element with drilling proposed by Rebiai

9 RGR-T10 Five-node ten-degree of freedom triangular el- [17]
ement proposed by Rezaiee-Pajand et al.

10  RGR-T10D Four-node ten-degree of freedom triangular ele- [17]
ment with drilling proposed by Rezaiee-Pajand
et al.

11  RGR-T11D-I Seven-node eleven-degree of freedom triangu- [18]
lar element with drilling proposed by Rezaiee-
Pajand et al.

12 RGR-T11D-  Four-node eleven-degree of freedom triangu- [19]

1I lar element with drilling proposed by Rezaiee-

Pajand et al.

13 RGR-T14 Seven-node fourteen-degree of freedom trian- [22]

gular element proposed by Rezaiee-Pajand et
al.

In addition to the reviewed membrane elements, which are formulated by
the assumed strain approach, results of three common displacement-based
elements namely four-node and eight-node isoparametric quadrilateral ele-
ments (Q4 and Q8) and linear strain triangular element (LST) are provided
in some problems to compare the performance of the strain-based formulation
with them.
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Table 2: List of quadrilateral plane elements used for comparison

No. Abbreviation Description of the element Reference
Quadrilateral Elements

1 SS-R10 Five-node ten-degree of freedom rectangular el- [29]
ement proposed by Sabir and Sfendji

2 T-R12D Four-node twelve-degree of freedom rectangu- [30]
lar element with drilling proposed by Tayeh

3 BM-R10 Five-node ten-degree of freedom rectangular el- [4]
ement proposed by Belarbi and Maalem

4 RY-Q10 Five-node ten-degree of freedom quadrilat- [23]
eral element proposed by Rezaiee-Pajand and
Yaghoobi

5 RY-R10-1 First five-node ten-degree of freedom rectan- [24]
gular element proposed by Rezaiee-Pajand and
Yaghoobi

6 RY-R10-II  Second five-node ten-degree of freedom rectan- [24]
gular element proposed by Rezaiee-Pajand and
Yaghoobi

7 RB-R12D Four-node twelve-degree of freedom rectangu- [14]

lar element with drilling proposed by Rebiai
and Belounar
8 RB-Q12D Four-node twelve-degree of freedom quadrilat- [15]
eral element with drilling proposed by Rebiai
and Belounar

9 RSB-Q12D  Four-node twelve-degree of freedom quadrilat- [16]
eral element with drilling proposed by Rebiai
et al.

10 RY-Q14D Five-node fourteen-degree of freedom quadri- [27]

lateral element with drilling proposed by
Rezaiee-Pajand and Yaghoobi

11 RY-Q18 Nine-node eighteen-degree of freedom quadri- 8]
lateral element proposed by Rezaiee-Pajand
and Yaghoobi

2 Numerical evaluation

In this section, several benchmark problems are solved to evaluate the perfor-
mance of the strain-based elements, which were reviewed in the first part of
this study. It should also be noted that in the following benchmark problems,
consistent units are used for various quantities. Accordingly, the problems
are presented in a dimensionless format. Moreover, it should be noted that
except for the elements proposed by the authors themselves, the results of
the other elements are taken from the related references, and many of the re-
viewed references did not report the results for some of the following problem.
Therefore, in some problems, the results of some elements are not reported.
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2.1 Cantilever beam with distorted mesh

One of the available tests to examine the performance of the membrane ele-
ments in the coarse distorted meshes, under both bending and shear loadings,
is the cantilever beam, which is depicted in Figure 1 [6, 26].

P=150 P=150
b
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Figure 1: Cantilever beam with distorted quadrilateral mesh

This figure illustrates the geometric characteristics, loading, and utilized
meshes for quadrilateral elements. The modulus of elasticity and Poisson’s
ratio of this beam are 1500 and 0.25, respectively, and its thickness is equal to
1. The utilized mesh for analysis using triangular elements is demonstrated
in Figure 2. As it is evident, each quadrilateral element is divided by a dashed
line into two triangular elements.

Figure 2: Triangular mesh for analysis Cantilever beam with distorted mesh

The analytical vertical displacements at point A under the shear and
bending loadings are equal to 102.60 and 100, respectively. The attained
results by Q4, Q8, and other strain-based elements are listed in Table 3. In
fact, this test measures the performance of different elements for the analysis
of structures with distorted meshes under bending and shear loading condi-
tions. According to the results, almost all the strain-based elements, except
T-T9D, provide acceptable accuracy. The most accurate quadrilateral ele-
ment is RY-Q10 and BM-R10. Among the triangular elements, RGR-T10D,
RGR-T11D-I, and RGR-T11D-IT show the highest accuracy. An interesting
finding is that, in general, the accuracy of the strain-based elements under
flexural loading is higher. However, there are exceptions such as RY-Q18.
Another important finding is the unexpectedly poor performance of T-T9D,
which is the second weakest element after Q4. The attained results by RGR-
T10 and RGR-T10D, which have the same assumed strain field and their
differences are only in distribution and type of degrees of freedom, verify this
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conjecture that inclusion of drilling degrees of freedom in the plane elements,
improves their accuracy under in-plane bending.

Table 3: Deflection of point A of the cantilever beam with distorted mesh

Load P Load M
Element Displacement Relative Displacement Relative
Error (%) Error (%)

. Q4 50.70 50.58 45.70 54.30
% Q8 101.50 1.07 99.70 0.30
£ SS-R10 97.91 4.51 98.57 1.43
< T-RI2D 93.28 9.08 96.11 3.89
= BM-R10 101.77 0.81 99.93 0.07
j‘é RY-Q10 102.79 0.18 100.00 0.00
= RB-R12D 98.83 3.67 97.30 2.70
< RB-QI12D 99.35 3.17 99.19 0.81
5; RY-Q14D 104.16 1.52 101.66 1.66

RY-Q18 103.52 0.89 101.48 1.48

LST 101.05 1.51 98.30 1.70
& S5-T9D 100.08 2.45 97.82 2.18
g SS-T8 100.89 1.67 98.36 1.64
QE) T-T9D 79.87 22.15 83.05 16.95
7: RY-T10D 100.58 1.96 100.00 0.00
% R-T9D 100.98 1.57 99.86 0.14
&0 RGR-T10 103.65 1.02 98.50 1.50
£ RGR-T10D 101.83 0.75 100.00 0.00
=  RGR- 103.92 1.29 100.70 0.70

T11D_1I

RGR- 101.58 0.99 100.99 0.99

T11D_1II

RGR-T14 103.72 1.09 101.03 1.03
Analytical Solution  102.60 - 100.00 -

2.2 Cantilever beam under parabolic shear loading

To investigate the performance of the elements in the analysis of structures
under distributed surface traction, the cantilever beam demonstrated in Fig-
ure 3 is analyzed [5, 12, 26].

This beam is made of an elastic material with the modulus of elasticity and
Poisson’s ratio equal to 3000 and 0.25, respectively and its thickness is taken
one unit. The beam is loaded by the parabolic distributed traction at its free
end, which is equal to 40 units. This benchmark problem also evaluates the
efficiency of elements in the analysis of structures using coarse meshes. As it
is evident in Figure 3, the beam is discretized by four quadrilateral elements.
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Figure 3: Cantilever beam under parabolic shear loading

In the case of triangular elements, eight elements are used, which the utilized
mesh is demonstrated in Figure 4. However, results of some of the reviewed
elements are reported for the regular mesh.

Figure 4: Triangular mesh for analysis Cantilever beam under parabolic shear loading

Table 4 presents the obtained responses by the mentioned membrane ele-
ments for deflections at the tip of the beam. Felippa reported the near-exact
tip deflection of the beam equal to 0.35601 [7].

Based on the reported results, RGR-T10 and RY-Q14D are the most accu-
rate elements in this problem with only 0.03 percent error in their estimations.
Similar to the previous problem, T-T9D has the worst performance with 25
percent error, and again the RY-Q10 is among the most accurate quadri-
lateral elements. As it can be seen, RGR-T14 is among the most accurate
elements. This was expected, since as mentioned in the respective reference,
an important feature of the complete second-order assumed strain-filed is
its ability in providing accurate responses for the problems with distributed
loading [22].

2.3 Cook’s skew beam

Cook trapezoidal beam is one of the most fundamental tests for checking
shear displacements in non-rectangular geometry [6]. Figure 5 demonstrates
this beam under uniformly distributed tip loading. This beam has a unit
thickness and is made of a material whose Young’s modulus and Poisson’s
ratio are 1 and %, respectively.

Many researchers also implement this benchmark to challenge the con-
vergence of their elements. Here, four different meshes, namely 2x2, 4x4,
8x8, and 16x16, are used. These meshes are demonstrated in Figure 6. The
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Table 4: Tip deflection of cantilever beam under parabolic shear

Element Vertical Dis- Relative
placement Error (%)
Q4 0.21290 40.20
. Q8 0.34790 2.28
% _SSRI0 0.34070% 4.30
= T T-R12D 0.31328 12.00
< BM-RI0 0.34604% 2.80
% RY-QI0 0.35280 0.90
£ _RY-RIOI 0.32724% 8.08
=  RY-RIO-II 0.33027% 7.23
T RB-R12D 0.34120% 4.16
& RSB-QI2D 0.33470% 5.99
RY-Q14D 0.35590 0.03
RY-Q18 0.35230 1.04
LST 0.34770 2.33
= T-T9D 0.26701 25.00
£ BB-T9D-I 0.27822% 21.85
£ RY-TO0 0.35031% 1.60
®  TRY-T10D 0.34680 2.59
< RGR-TI0 0.35610 0.03
% TRGR-T10D 0.34680 2.59
£ TRGR-T11DI 0.35850 0.70
&  TRGR-T1ID-I 0.35713 0.31
RGR-T14 0.35555 0.13
Near-exact solution 0.35601

* The results are attained from a regular mesh

Ay

44

Figure 5: Cook’s skew beam
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results of the point C' deflection are presented in Table 5. It should be noted
that the near-exact solution for this problem is reported equal to 23.96 [21].

Outcomes of this problem are again in complete agreement with the find-
ings of previous numerical examples, and once more, the RGR-T11D-I and
RGR-T11D-II are among the best-performing elements. The other elements,
which provide accurate estimations, are RY-Q10, RGR-T10, and R-T9D. It
is somehow unexpected that R-T9D can compute a very accurate response
by a coarse 4x4 mesh. One of the elements that have relatively fast con-
vergence is RGR-T14. As it is evident, the convergence trend of different
elements is not similar. While most of the elements converge to the exact
response asymptotically from below, the RGR-T11D-I element approaches
the accurate response from above. Also, there are elements, such as RY-
T10 and RY-T10D, which show non-uniform convergence behavior, and even
RY-Q14D goes beyond the response. Nevertheless, most of the strain-based
elements demonstrate reasonable accuracy and convergence in this bench-
mark problem.

Figure 6: Utilized meshes for analysis of Cook’s skew beam

2.4 Thick curved beam

To appraise the ability of finite elements, especially triangular ones, in the
analysis of structures with curved geometry, many of the previous researchers
have evaluated the performance of their proposed element in solving the
curved beams, which is demonstrated in Figure 7 [5, 26, 32]. This beam is
loaded by the shear load P = 600 at its tip.

The module of elasticity, poison’s ratio, and thickness of this beam are
1000, 0, and 1, respectively. As depicted in Figure 7, four quadrilateral
elements are used to mesh this structure. In the case of triangular elements,
eight elements are used as demonstrated in Figure 8.
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Table 5: Deflection of point C of the Cook’s beam

Mesh
Element 2%2 4x4 8x8 16x16
Q4 11.80 18.29 22.08 23.43
SS-R10 17.06 30.64 30.64 30.65
T-R12D 14.85 17.25 19.88 21.80
Quadrilateral RY-Q10 25.65 24.27 24.01 23.96

elements RB-Q12D 17.87 23.37 23.38 23.50
RY-Q14D 27.61 30.48 31.85 32.44

RY-Q18 23.45 23.70 23.86 23.92
S-T9D 18.25 20.32 22.18 22.18
SS-T8 17.86 20.15 21.21 21.46
T-T9D 12.45 15.09 18.44 20.13

BB-T9D-I 18.52 21.36 22.45 23.69
BB-T9D-II  18.58 23.88 23.88 23.88

RY-T10 20.94 23.84 24.18 24.13
Triangular RY-T10D 25.82 27.19 27.23 27.09
elements R-T9D 18.78 23.94 23.94 23.94

RGR-T10 21.18 23.03 23.69 23.95
RGR-T10D 19.06 22.85 23.14 23.87

RGR- 26.00 24.39 24.01 23.97
T11D-I
RGR- 23.37 23.42 23.93 23.97
T11D-II
RGR-T14 23.64 23.73 23.85 23.96
Near-exact Solution 23.96
P
A
- 10 — 5 =

Figure 7: Thick curved beam with quadrilateral mesh

The exact vertical displacement of point A under the applied load is equal
to 90.10. The attained results by different elements are presented in Table
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Figure 8: The triangular mesh for analysis of thick curved beam

6. It is evident that the RGR-T11D-I element provides the most accurate
estimation with only 0.24% error. After this element, RGR-T10 with the
relative error of 0.79% is in the second place. It is interesting to note that
among the quadrilateral elements, the performance of Q8 is better than the
strain-based elements. Nonetheless, the error of most of the strain-based
elements is less than 5 percent, which for the utilized coarse mesh is negligible
by any set of standards. This problem shows that the elements formulated
by the assumed strain approach are a suitable option for efficient analysis of
curved structures, and can compete with isoparametric elements in terms of
accuracy and convergence.

Table 6: Deflection of point A of thick curved beam

Load P
Element Vertical Dis- Relative
placement Error (%)

Q8 88.60 1.66

SS-R10 98.71 9.56
Quadrilateral RY-Q10 86.92 3.53
elements RY-Q14D 87.00 3.44

RY-Q18 86.45 4.05

RY-T10 87.15 3.27

RY-T10D 87.47 2.92

RGR-T10 89.39 0.79
Triangular ~ RGR-T10D 84.62 6.08
elements RGR-T11D-I  89.88 0.24

RGR-T11D-  88.30 2.00

II

RGR-T14 83.79 7.00

Analytical Solution 90.10
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2.5 Thin curved beam

To investigate the effect of the shear lock-in curved structures and also the
convergence rate to achieve the precise response, a thin curved beam test is
available. The modulus of elasticity, Poisson’s ratio, and thickness of this
structure, which is demonstrated in Figure 9 are 107, 0.25, and 0.1, respec-
tively [31, 32]. This beam is loaded by a unit vertical force at its tip.

Figure 9: Thin curved beam

Three different meshes are used to analyze this structure, namely 1x6,
2x12, and 4x24. These meshes are named based on the number of quadri-
lateral elements used in them. Needless to say, for analysis using triangular
elements, each quadrilateral element is divided into two triangular elements.
For instance, 1x6 is demonstrated in Figure 10.

Figure 10: The used 1x6 mesh for analysis of thin curved beam

The main purpose of solving this problem is to compute the tip deflection
of the beam under applied load and therefore, investigate the effect of the
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locking problem on the performance of the strain-based elements. The exact
vertical displacement at the tip is reported to be equal to 0.08734[23]. Table
7 presents the obtained results by some of the strain-based elements.

Table 7: Deflection of point A of thin curved beam

Mesh
Element 1x6 2x12 4x24
Deflection Relative Deflection Relative Deflection Relative
Error Error Error
(%) (%) (%)
Quadrilateral RY-Q10 -0.08901 1.91 -0.08844 1.26 -0.08846  1.28
elements RY-Q14D -0.08748 0.16 -0.08898 1.87 -0.08925 2.19
RY-Q18 -0.08745 0.12 -0.08840 1.21 -0.08850 1.33
RY-T10 0.05634  35.49 0.08491  2.78 0.08815  0.93

RGR-T10 -0.06305 27.81 -0.08493 2.76 -0.08609 1.43
Triangular ~ RGR-T10D -0.06486 25.74 -0.08501  2.67 -0.08650  0.96
elements RGR-T11D -0.08291 5.07 -0.08434 3.43 -0.08691 0.49

RGR-T11D -0.08265 5.36 -0.08656 0.89 -0.08622 1.28

RGR-T11D -0.08712 0.25 -0.08713 0.24 -0.08728 0.07
Analytical Solution -0.08734

It is evident that the mentioned triangular elements, except the RGR-
T11D-I and IT and RGR-T14, face the locking problem in the coarsest mesh
and behave too stiffly. In contrast, these elements provide an acceptable
response. In the coarsest mesh, these elements do not lock and have a maxi-
mum error of 5.36%. This error reduces to 0.07% in the finest mesh. It should
be noted that the quadrilateral elements provide more accurate estimations
in the coarse mesh. However, in the case of the finest utilized mesh, they
tend to become a bit more flexible and therefore, predict responses higher
than the exact values.

2.6 McNeal’s beam

McNeal and Harder proposed this benchmark to examine the sensitivity of
the elements to the mesh distortion and the trapezoidal locking phenomenon
[9]. The geometry of this beam and the rectangular, parallelogram, and
trapezoidal meshes used for analysis by quadrilateral elements are depicted
in Figure 11. The utilized meshes for triangular meshes are demonstrated in
Figure 12.

Modulus of elasticity, Poisson’s ratio, and thickness of the structure are
107, 0.3, and 0.1, respectively. Two modes of loading are assumed, as depicted
in Figure 10. The derived responses by the strain-based elements are listed in
Table 8. This test is a difficult problem for many of the displacement-based
membrane elements since they demonstrate high sensitivity to the trapezoidal
meshes. For example, the powerful Q8 element with all of its capabilities
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Figure 11: McNeal’s beam and utilized quadrilateral meshes

Figure 12: The utilized triangular meshes for analysis of McNeal’s beam

faces fatal error for both modes of loading in trapezoidal mesh. However,
as it is evident from the results presented in Table 7, most of the strain-
based elements have no problem in this case. Although SS-R10 and S-T9D
are exceptions, they suffer from trapezoidal locking severely. It is interesting
to note that the RGR-T11D-II provides very accurate estimations for the
shear loading without any problem due to locking, while most of the other
elements face the trapezoidal locking under shear loading. In the flexural
loading, RGR-~T14 can capture the exact response in all the utilized meshes.

2.7 Higher-order patch test

The beam, which is demonstrated in Figure 13, is the next numerical example
that evaluates the performance of plane strain-based elements.

This beam, which has a geometric ratio of 10, is made of the elastic
material with a modulus of elasticity and Poisson’s ratio equal to 100 and 0,
respectively. The thickness of the beam is taken as 1. Two different types of
meshes, namely regular and distorted, which are demonstrated in Figure 14,
are used.
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Table 8: Normalized tip deflection of the McNeal’s beam

Load P Load M
Element Rectang Parallelo Trapezoi Rectang Parallelo Trapezoi
ular gram dal ular gram dal
mesh mesh mesh mesh mesh mesh
Q4 9.30 3.58 3.06 9.34 3.14 2.21
Q8 95.12 9194 85.43  100.00 75.94  9.32

SS-R10 4.62 3.61 0.00 1177 10.07  0.37
QuadrilateraRY-Q10 99.30  99.42  99.42  100.00 100.00 100.00
elements RB-QI12D 99.26  98.69  98.78  99.63  99.26  99.26

RSB-Q12D 100.00 97.59  97.78  100.00 98.89  98.89

RY-Q14D 98.33 9874  98.79  98.88  99.11  99.19

RY-Q18 100.00  100.00 100.00 100.00 100.00 100.00

LST 98.3 97.05  96.12  99.34 9940  99.22

S-T9D 4.75 3.63 0.05 11.82 10.13  0.04

BB-T9D-I 94.42 8740 83.35 9483 9442 9521

BB-T9D-II 96.40  95.04 98.82 98.94 9879 9881

RY-T10 99.44 9430 92.11 100.00  100.00 100.01
Triangular RY-T10D 99.43  94.94 9231 100.00  100.00 100.00
elements  R-T9D 99.63  97.87  97.87  99.62  99.25  99.25

RGR-T10 99.41  99.52  99.92  100.00 99.95  100.00

RGR-T10D 99.33  94.12  90.56  100.00 99.98  100.00

RGR- 104.34 102.48 104.99 100.79 100.56 100.94
T11D-I
RGR- 100.00 100.00 100.30 107.40 108.80 106.90
T11D-IT
RGR-T14 0.994 0.995 0.995 100.00 100.00 100.00
Analytical Solutions 0.1081 0.0054
H
P=1 P=1
« >
%
> -+
P=1 P=1
10

Figure 13: Higher-order patch test

This test examines the performance of the elements under pure bending
and considering the simple support conditions. The attained results by the
strain-based elements are listed in Table 9. It is evident that all of the
elements can compute the exact response regardless of the utilized mesh.
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Figure 14: Utilized regular and distorted meshes

Table 9: Maximum displacements of the higher-order patch test

Regular mesh Distorted mesh
Element Max U Max V Max U Max V
RY-Q10 -0.600 1.500 -0.600 1.500
RY-R10-I -0.600 1.500 -0.600 1.500
RB-R12D -0.600 1.500 -0.600 1.500
Quadrilateral RB-Q12D -0.594 1.493 -0.592 1.484
elements RSB-Q12D -0.590 1.500 -0.590 1.490
RY-Q14D -0.600 1.500 -0.600 1.500
RY-Q18 -0.600 1.500 -0.600 1.500
RY-T10D -0.600 1.500 -0.600 1.500
RGR-T10 -0.600 1.500 -0.600 1.500
Triangular ~ RGR-T10D -0.600 1.500 -0.600 1.500
elements RGR-T11D-I -0.600 1.500 -0.600 1.500
RGR-T11D-IT  -0.600 1.500 -0.600 1.500
RGR-T14 -0.600 1.500 -0.600 1.500
Analytical Solution -0.600 1.500 -0.600 1.500

2.8 Thick-walled cylinder

The cylindrical plane strain test of the thick wall under uniform internal
pressure is the eighth problem, which investigates the effect of the Poisson’s
locking on the performance of strain-based elements [1]. Due to symmetry,
only a quarter of this cylinder will be analyzed. This structure and utilized
mesh are depicted in Figure 15.
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Figure 15: Thick-walled cylinder and used mesh

The elastic modulus of the material is 1000, and it is solved for different
values of Poisson’s ratio varying from 0.3 to 0.4999. The derived results by
different elements are presented in Table 10. According to the outcomes, the
assumed strain approach results in elements free from the Poisson’s locking.

Table 10: Normalized radial displacement of the thick-walled cylinder at the inner
radius

Poisson’s ratio

Element 0.3 0.49 0.499 0.4999

RY-Q10 0.9799 0.9789 0.9790 0.9794

Quadrilateral RY-Q14D 1.1805 1.1839 1.1841 1.1846

elements RY-Q18 0.9360 0.9576  0.9593 0.9599
BB-T9D-I 0.9743

Triangular ~ RGR-T11D-1 1.01869 1.0356 1.0361 1.0365

elements RGR-T11D-II  1.02838  1.04484 1.04545 1.04604
RGR-T14 1.07564  1.07724 1.07726 1.07527

Analytical Solution [12] 0.00506  0.00506 0.00504 0.00458

2.9 Theoretical slender beam

The beam depicted in Figure 16, with a length of 100 is made of an elastic
material with Young’s modulus and Poisson’s ratio of 106 and 0.3, respec-
tively. This structure is used to investigate the shear effect on the slender
plane problems. This structure is analyzed using two different meshes. The
obtained results for tip displacements of the beam are listed in Table 11.
RGR-T10 has the best performance among the reported elements. It is evi-
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Figure 16: Extremely slender cantilever beam

dent that Q4 suffers from the locking problem and therefore, cannot compute
the exact response even using a fine mesh.

Table 11: Tip displacements of slender cantilever beam

Displacements
Element Mesh Ux x100 Uy
e 1x100 2.0222 2.6965
E 2x200 2.1280 2.8371
= TRY-QIO I1x100 3.0046 4.0067
< 2x200  2.9991 3.9982
% RY-RIOI I1x100 3.0046 4.0067
2 2x200  2.9991 3.9982
=  RY-RIO-II I1x100 3.0000 4.0002
= 2x200  2.9987 3.9976
& RY-Q4D 1x100  3.0000 4.0067
2x200 3.193 4.2581
RY-Q18 I1x100 2.9983 3.9967
2x200  2.9989 3.9980
RY-T10 1x100  3.0000 4.0001
@ 2x200  2.9992 3.9986
£ “RGR-T10 1x100 3.0000 4.0000
£ %200 3.0000 40000
¢ TRGR-T10D I1x100 2.9845 3.9767
= 2x200 2.9944 3.9975
® “RGR- 1x100  3.0001 4.0003
=2 T11D-I
= 2x200  3.0001 4.0001
RGR- I1x100  3.0002 4.0002
T11D-II
2x200  3.0001 4.0000
RGR-T14 1x100 3.0012 4.0131
2x200  3.0007 4.0043

Analytical Solution 3 4
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2.10 Cantilever beam with distortion parameter

A distorted mesh is a finite element mesh that some of its elements deviate
vastly from the equilateral triangle and symmetric quadrilateral shapes. To
study the influence of the distortion on the behavior of the strain-based el-
ements and prove their superiority in comparison with displacement-based
elements, the beam showed in Figure 17 is analyzed by using two quadrilat-
eral or four triangular elements [6].

-]

20 M=2000

5.0 5.0

Figure 17: Cantilever beam with distortion parameter and utilized meshes

Table 12: Tip deflection of the cantilever beam with distortion parameter

E
Element 0 0.5 1 2 3 4 4.9
Q4 28.00 21.00 14.10 9.70  8.30 720  6.20
Q8 100.00 99.90 99.30 89.39 59.70 32.01 -
QuadrilateralRY-Q10 100.00 100.00 100.00 100.00 100.00 100.00 100.00
elements RY-Q14D 99.80 100.00 100.10 100.70 101.20 102.8 -
RY-Q18 96.60 97.60 98.50 100.4 105.30 116.8 -
S-T9D 45.08 45.33 45.84 47.96 49.15 49.47 -
BB-T9D-I 96.02 96.60 97.04 97.40 97.26 96.90 -
BB-T9D-II 96.02 96.60 97.04 97.40 97.26 96.90 -
RY-T10D 100.00 100.00 100.00 100.00 100.00 100.00 100.00
Triangular R-T9D 100.00 97.72 98.15 98.64 99.20 98.76 -
elements RGR-T10 100.00 100.00 100.00 100.00 100.00 100.00 100.00
RGR-T10D 100.00 100.00 100.00 100.00 100.00 100.00 100.00
RGR-T11D-I  99.96 99.98 99.94 99.96 99.95 99.89 99.91
RGR-T11D-IT 100.00 100.00 100.00 100.00 99.95 99.91 99.89
RGR-T14 100.00 100.00 100.00 100.00 104.90 114.70 114.73
Analytical Solution 100

The beam is made of a material with a modulus of elasticity and Poisson’s
ratio equal to 1500 and 0.25, respectively and its thickness is taken equal
to 1 unit. A distortion parameter, e, controls the shape of the elements.
The thickness of the beam is taken equal to 1. This beam is reanalyzed by
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increasing distortion parameter, and the attained results for tip deflection are
listed in Table 12. As it can be seen, the strain-based elements are completely
insensitive to the mesh distortion, and increasing the distortion parameter
has no remarkable effect on their performance, while the accuracy of Q4 and
Q8 diminishes rapidly by the increase in the distortion parameter. Another
interesting finding of this numerical example is the poor performance of S-
T9D, which is one of the first suggested strain-based elements.

2.11 Cantilever shear wall

An important purpose of formulating efficient elements is to analyze practical
structures with coarser meshes and consequently fewer degrees of freedom.
Therefore, in order to investigate the efficiency of the strain-based elements
in practical problems, two shear walls are examined with the strain-based
elements. In the first problem, the shear wall shown in Figure 18 is analyzed
[24].
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Figure 18: The shear wall and the utilized meshes

The modulus of elasticity and Poisson’s ratio of the wall are 2x107 and
0.2, respectively. Here, to reevaluate the accuracy and efficiency of strain
formulation, the conventional element Q8 is brought for comparison. Fur-
thermore, to investigate the convergence, two finer meshes have been used.
The normalized responses are provided in Table 13.

Based on the results presented in Table 13, the RGR-T14 element demon-
strates the best performance among the compared elements. Two interesting
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outcomes are the lower accuracy of Q8 and the inability of RY-Q14D, which
becomes too flexible when using finer meshes. As it can be seen, all the
reported strain-based elements except RGR-T10D have less than 5 percent
error in their estimations when a coarse 1x5 meshes are used. Once again,
this finding demonstrates the high efficiency of the assumed strain approach.

Table 13: Tip deflection of the cantilever beam with distortion parameter

Element Mesh
1x5 2x10 4%20
Q8 62.17 80.10 89.17
RY-R10-1 95.91 97.13 98.24
Quadrilateral RY-R10-IT 95.87 96.99 98.19
elements RY-Q14D 95.86 127.16  138.61
RY-Q18 96.23 97.04 97.76
RY-T10 96.86 97.53 98.35
RGR-T10 96.62 97.78 98.12
Triangular RGR-T10D 89.60 95.63 95.89
elements RGR-T11D-I 96.21 98.56 99.01
RGR-T11D-II  98.01 98.86 99.45
RGR-T14 98.85 99.14 99.76
Near-exact solution 0.002570

2.12 Coupled shear walls

In the last numerical example, two coupled shear walls are analyzed to study
the performance of the elements in the presence of opening. This structure,
which is demonstrated in Figure 19, is made of the elastic material with mod-
ulus of the elasticity and Poisson’s ratio equal to 2x10” and 0.2, respectively
[11].

The thickness of this structure is assumed 0.4. Lateral loads with an in-
tensity of P = 500 are applied to each story level of the left shear wall. The
structure is analyzed using two meshes consisting of 48 and 192 quadrilateral
elements (96 and 384 triangular elements). To achieve a near-exact solution,
the coupled wall is analyzed using 26880 eight-node isoparametric elements
(Q8). The obtained results for lateral displacements at different story levels
are reported in Table 14. It is evident that the RGR-T11D-II element pro-
vides the most accurate estimations. Based on the reported results for Q8
element, most of the strain-based membrane elements are more accurate and
efficient. However, there is an exception about RY-Q14D, which becomes too
flexible by using finer meshes and fails to converge to the exact response.
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Figure 19: The Coupled shear wall and the utilized meshes a) applied lateral load b)
coarse mesh with 48 elements c¢) fine mesh with 192 elements

3 Discussion

The performance of the existing strain-based plane elements reviewed in the
first part of this study was evaluated using a series of benchmark problems
in the previous section. First, a cantilever beam with distorted mesh was an-
alyzed. The attained results showed low sensitivity of strain-based elements
to mesh distortion compared to the classical displacement-based element,
such as, Q4, Q8, and LST. Based on the reported results, the triangular
elements are less sensitive than quadrilateral ones. In the next problem,
the performance of the strain-based elements in the analysis of structures
under distributed surface tractions with coarse mesh was evaluated. Once
again, the superior performance of strain-based formulation in comparison
with the displacement-based approach is demonstrated. It is also found that
the higher-order elements provide better responses than others. However,
the part of this better performance can be attributed to the larger num-
ber of degrees of freedom. To test the convergence trend of the elements,
Cook’s skew beam was analyzed using different plane elements. The derived
results proved faster convergence of strain-based elements. However, their
convergence trend is not uniform, that is, some elements converge to the ex-
act solution form below and some other approaches the exact response from
above.

The next two problems were devoted to assessing the performance of
strain-based membrane elements in the analysis of structures with curved
geometry. As it was expected, the triangular elements demonstrate better
accuracy and faster convergence. It should be noted that some of the quadri-
lateral elements provided more accurate estimations than triangular ones in
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Table 14: Lateral story displacements of the coupled shear wall
Lateral displacement
Element Number Number of Story 2 Story 4 Story 6 Story 8
of ele- degrees-of-
ments  freedom

Q8 48 440 0.56 1.53 2.59 3.64
192 1348 0.68 1.82 3.02 4.16
RY-R10-I 48 264 0.77 2.07 3.40 4.71
192 844 0.78 2.07 3.44 4.71
QuadrilateraRY-R10-IT 48 216 0.69 1.88 3.13 4.28
elements 192 668 0.74 2.00 3.32 4.65
RY-Q14D 48 348 0.90 2.62 4.61 6.63
192 962 1.14 3.22 5.49 7.70
RY-Q18 48 540 0.76 2.03 3.36 4.61
192 1700 0.80 2.13 3.51 4.81
RY-T10 96 402 0.71 1.92 3.18 4.38
384 1272 0.80 2.12 3.50 4.79
RGR-T10 96 396 0.76 2.03 3.29 4.54
384 1252 0.85 2.26 3.63 4.96
Triangular RGR-T10D 96 348 0.73 1.94 3.19 4.45
elements 384 1018 0.82 2.14 3.55 4.86
RGR- 96 530 0.75 2.07 3.26 4.63
T11D-1I
384 1800 0.83 2.25 3.56 5.02
RGR- 96 444 0.78 2.15 3.35 4.66
T11D-II
384 1442 0.88 2.31 3.67 5.19
RGR-T14 96 732 0.69 1.96 3.05 4.18
384 2404 0.85 2.21 3.48 4.99
Near-exact solution 0.90 2.38 3.91 5.35

the coarse mesh. However, in the case of the finest utilized mesh, they tend
to become a bit more flexible and therefore, predict responses higher than
the exact values. To show the insensitivity of the strain-based formulation to
trapezoidal locking, the McNeal’s beam was analyzed. In fact, the trapezoidal
locking is generally a problem for quadrilateral displacement-based elements,
such as, Q4 and Q8. Once more, utilization of strain-based quadrilateral
elements removes this problem and results in highly accurate responses irre-
spective of the mesh type. Another problem, which tested the performance
of the strain-based elements with respect to mesh distortion was the higher-
order patch test. The results of this numerical test proved considerable the
insensitivity of the strain-based element to mesh distortion. The effect of dis-
tortion extent on the accuracy of the element responses was also investigated
in the tenth studied problem. In this part, a cantilever beam loaded with a
bending moment at its free end was reanalyzed considering different distorted
meshes. Based on the attained results, elements, such as, RY-Q10, RY-T10D,
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RGR-T10, and RGR-T10D are completely insensitive to the mesh distortion
irrespective of its extent. The other element, however, showed some deviation
from the exact responses by introducing severe mesh distortion.

Another problem that occurs for the classical plane elements is the Pois-
son’s locking phenomenon, in which the finite elements face difficulty in pre-
dicting accurate responses for the structures made of nearly incompressible
material. Solving a thick-walled cylinder under internal pressure for dif-
ferent values of Poisson’s ratio, it is shown that higher-order strain-based
elements are free from this locking phenomenon. To assess the influence of
shear loading of the responses of strain-based elements for slender structures,
a theoretically very slender cantilever beam with two different meshes was
analyzed. Again, the elements such as RGR-T10, which the equilibrium con-
ditions were applied on their assumed strain field, provided the most accurate
estimations.

Finally, two problems tested the ability of the reviewed strain-based ele-
ments in the analysis of practical problems. For this purpose, two multistory
single and coupled shear wall structures were analyzed to study the conver-
gence and numerical efficiency of the strain-based formulation. The results
of the single shear wall showed the fast convergence, as well, high accuracy of
the strain-based element in coarse meshes compared to the classical elements.
The coupled shear wall test provided a rough measure for evaluating the nu-
merical efficiency of the studied elements by comparing the accuracy of the
responses, as well as, the total number of degrees-of-freedom for two different
types of meshes. It should be noted that by efficiency, the authors mean the
number of elements and degrees of freedom required for a specific level of
accuracy. From the numerical results in section 2, it is evident the strain-
based elements provide enough accurate estimations with coarser meshes,
in comparison with the classical displacement-based elements. However, to
achieve a better judgment about the efficiency of the elements, the issue of
computational time should also be investigated, which is not pursued in the
present study and require further investigation in future research works.

4 Conclusion

Based on the performed review, many of the existing strain-based membrane
elements were formulated by using linear assumed strain fields. On the other
hand, most of the limited elements with higher-order strain fields were devel-
oped using incomplete higher-order polynomials, which do not provide any
clear justification for the selected polynomial terms. Another interesting find-
ing from the first part of this study was that in many of the available plane
elements, the equilibrium criterion is not imposed on the assumed strain field.
Moreover, it was shown that the inclusion of drilling degrees of freedom would
improve the performance of resulting elements under in-plane bending. In
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this part, several well-known benchmark problems were solved using the ex-
isting strain-based membrane elements and common displacement-based el-
ements such as Q4, Q8, and LST. The obtained results clearly demonstrated
the superiority of the strain-based formulation in accuracy and efficiency
against displacement-based membrane elements. Various problems such as
mesh sensitivity, shear, trapezoidal, and Poisson’s locking were investigated,
and the attained results showed that almost all the plane elements formulated
by the assumed strain approach are free from these shortcomings, and even
can compute response practical problems using a coarse mesh of elements.
Therefore, the strain-based elements completely fit in the definition of robust
finite elements. It must be added that the recently proposed higher-order tri-
angular plane elements such as RGR-T11D-I, RGR-T11D-II, and RGR-T14
are among the best-performing elements in all the analyzed benchmark prob-
lems. This shows the merit of using higher-order assumed strain fields and
imposing equilibrium equations to the opted strain components. The men-
tioned advantages make assumed strain formulation an interesting alternative
for developing robust finite elements of different types, such as plates, shells,
and solids.
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