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Research Article

Solving fuzzy multiobjective linear bilevel
programming problems based on the

extension principle

A. Abbasi Molai

Abstract

Fuzzy multiobjective linear bilevel programming (FMOLBP) problems are
studied in this paper. The existing methods replace one or some determin-
istic model(s) instead of the problem and solve the model(s). Doing this
work, we lose much information about the compromise decision, and it does
not make sense for the uncertain conditions. To overcome the difficulties,
Zadeh’s extension principle is applied to solve the FMOLBP problems. Two
crisp multiobjective linear three-level programming problems are proposed
to find the lower and upper bound of its objective values in different levels.
The problems are reduced to some linear optimization problems using one
of the scalarization approaches, called the weighting method, the dual the-
ory, and the vertex enumeration method. The lower and upper bounds are
estimated by the resolution of the corresponding linear optimization prob-
lems. Hence, the membership functions of compromise objective values are
produced, which is the main contribution of this paper. This technique is
applied for the problem for the first time. This method applies all informa-
tion of a fuzzy number and does not estimate it by a crisp number. Hence,
the compromise decision resulted from the proposed method is consistent
with reality. This point can minimize the gap between theory and practice.
The results are compared with the results of existing approaches. It shows
the efficiency of the proposed approach.
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1 Introduction

A bilevel multiobjective programming problem (BL-MOPP) is applied to
model decentralized decision problems that contain the objectives at the
upper level, called leader, and the objectives at the lower level, called the
follower. The decisions are made in a hierarchical order from the upper
level to the lower level. The decision-makers in each level try to optimize
their objective functions. However, the decision in a level may be affected
by the objective values in another level. The objectives in both levels may
have confliction objectives, which should be optimized simultaneously. The
coefficients in the objective functions and constraints are determined by ex-
perts; see [3, 46]. In the most real-world situations, the possible values of the
coefficients are usually estimated imprecisely or vaguely by experts. These
values cannot be presented in terms of crisp values because we miss much
information. The most appropriate form to express the values is fuzzy sets.

Many researchers have been studied bilevel programming problems since
it was introduced by Von Stackelberg [36]. A class of algorithms and ap-
proaches was well designed to solve the problem like the Kuhn–Tucker method
[7, 8, 9, 16], the vertex enumeration method [9], the K-best approach [9, 2],
and the branch and bound procedure [14]. The BL-MOPPs were studied to
formulate the problems of the real-world, for example, the location planning
problem for stone industrial parks; see [5]. Their coefficients are expressed
by crisp numbers. On the other hand, the coefficients cannot usually be
expressed in terms of a real number in the uncertain conditions. Also, mul-
tilevel programming problems (MLPPs) in [15, 35, 34] were discussed for
hierarchical decentralized planning problems. An overview of bilevel pro-
gramming problem was provided by Colson, Marcotte, and Savard [13]. The
fuzzy approach for MLPP in [34] was extended to solve bilevel and three-level
nonlinear multiobjective programming problems by Abo-Sinna and Baky [2].
Interactive fuzzy programming was developed to solve fuzzy multilevel linear
programming problem in [29]. The balance space method was proposed for
the nonlinear multiobjective bilevel programming problem in [2]. The fuzzy
goal programming (FGP) algorithm was used to solve BL-MOPP in [6]. An
algorithm was designed based on FGP to solve MLPP in [9]. An FGP model
was proposed to solve BL-MOPP by Pramanik and Dey [4]. This model does
not follow the hierarchical structure of bilevel programming and does not
consider the upper level decisions, and it is as a single-level multiobjective
programming problem. In bilevel programming problems, the decisions of
leader should be dominant over that of followers. Mohamed [5] well devel-
oped an efficient method to solve the multiobjective programming problems
using FGP approach. Moitra and Pal [15] then extended the concept of FGP
approach to finding a satisfactory solution for bilevel programming problems.
Moreover, FGP approach was extended to solve a deterministic decentralized
BL-MOPP in [6] and MLPP in [4]. Due to the existence of uncertainty in
real-world situations, some or all parameters in objective functions and/or in
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constraints of the leader and/or the follower can be described by fuzzy num-
bers. Budnitzkia [5] designed a solution procedure to solve the linear fuzzy
bilevel programming using α-cuts of the fuzzy polytopes. Zhang and his
colleagues [17, 35, 37] utilized the extended solution concept and theorems
of bilevel programming and presented procedures to solve the fuzzy linear
bilevel programming (FLBP) in special cases of membership functions such
as the triangular and the general form [42, 43, 44, 45]. When the leader, the
follower, or both of them have multiple objectives, the fuzzy set technique
was applied to investigate FLBP problems by Zhang, Lu, and Dillon [46].
They also extended their previous research to the fuzzy multiobjective linear
bilevel programming (FMOLBP) problem and developed an approximation
branch-and-bound algorithm to solve the FMOLBP problem; see [46]. A new
definition proposed in [32, 35] implies that the upper level constraints con-
taining the second variable move to the lower level. This point changes the
nature of the problem; see [1, 8]. On the other hand, the method given in
[46] solves several crisp multiobjective nonlinear programming problems along
with many crisp objectives and constraints by the approximation branch and
bound method until the termination criterion holds. Hence, it will have high
computational complexity and we have to check the complementary slackness
conditions in each of the iterations, which is time-consuming.

Toksari and Bilim [13] focused on decentralized bilevel multiobjective frac-
tional programming problems (DBL-MOFPPs) with a single decision-maker
at the first level and multiple decision-makers at the second level, where the
coefficients are crisp numbers. They presented an FGP based on Jacobian
matrix for DBL-MOFPP. In the approach, membership functions of fuzzy
goals are constructed for all objectives at two levels, and they are linearized
by using the Jacobian matrix. Then the FGP approach is applied to ob-
tain the highest degree of each of the membership goals by finding the most
satisfactory solution for all decision-makers. This algorithm was applied for
the crisp problems based on FGP. Peric, Babic, and Omerovi [15] studied a
similar problem with crisp coefficients and presented a method based on the
FGP. The approaches fail to solve the proposed model of this paper due to its
fuzzy coefficients. Liu and Yang [18] proposed an interactive programming
method to obtain the compromise optimal solution of the multilevel multi-
objective linear programming problem with crisp parameters. The resolution
process is done in two stages: analysis and decision-making. If the objective
values were not satisfactory, then the decision-maker improves the values by
giving a concession to the unsatisfied values. When the satisfactory degree
in upper levels is mat, the problem of lower levels will be solved. The pro-
posed method in [18] was designed for the case that the coefficients are crisp
numbers. The proposed method cannot be applied to the proposed model
with fuzzy coefficients. Kamal et al. [19] applied crisp bilevel multiobjective
programming for production planning problems. Then an FGP algorithm
was designed to solve the problem. This approach cannot also be applied
to solve FMOLBP due to fuzziness of its coefficients. Abdelaziz and Mejri
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[23] formulated a shared inventory model as a bilevel programming problem.
Both emergency and backorders are considered in the model. The interaction
between decision-makers is done in an uncertain environment of probability
type. They designed a decentralized bilevel programming problem, where
the leader has multiple objectives. The numerical study was focused on the
simulation. We cannot use the approach to solve the proposed model with
fuzzy coefficients because the approach in [23] discusses with the uncertainty
of the probability type. Baky Eid, and El Sayed [3] extended the FGP to
solve BL-MOPP with fuzzy demands that are given as triangular fuzzy num-
bers. The FGP algorithm is applied to attain the highest degree of each of
the membership goals by minimizing their deviational variables and does not
present the membership functions of the objectives of leader and follower,
completely. In this paper, we will answer the following questions about the
proposed method in [3]:

1- How can we find the membership functions of objectives of leader and
follower instead of obtaining the highest degree of each of the membership
goals?

2- Finding the required goals is not always easy, especially, when the di-
mension of the problem increases. How can we overcome these difficulties?

The answers to the above questions are the motivations of this paper. In
this paper, we will consider the FMOLBP problem in a general case, where
all coefficients are fuzzy numbers. Zadeh’s extension principle [6, 40, 41] is
applied to solve the problem. In this approach, a pair of crisp multiobjective
linear three-level mathematical programming problem is formulated to com-
pute the lower and upper bounds of the α-level of the objective values. Then,
one of the scalarization methods, called weighting method, dual theory, and
vertex enumeration approach are applied to solve the crisp multiobjective
linear three-level programming problems. Finally, the membership function
of the fuzzy compromise objective value is derived numerically by enumer-
ating different values of α. This is the first contribution of the paper. In
this approach, the KKT conditions are not used because of its nonlinearity
nature. When the constraint functions at the upper level have an arbitrary
linear form, the K-best algorithm cannot always find the optimal solution;
see [31]. Hence, the most suitable method will be the vertex enumeration ap-
proach along with the weighting method and dual theory. These techniques
preserve the linearity property of the problem. In addition, the results of the
proposed approach are compared with the results of existing approaches. It
shows the efficiency of the proposed approach with respect to the existing
methods. This point is the second contribution of the paper.

The organization of this paper is as follows: Section 2 is formed of three
subsections. The notations and properties of fuzzy numbers are reminded.
Also, the weighting method is reviewed to solve multiobjective linear pro-
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gramming problem in the second subsection. In the third subsection, the
multiobjective linear bilevel programming problem is formulated and an ap-
proach is presented to solve it based on the weighting method, dual theory,
and vertex enumeration approach. Section 3 is divided into two subsections.
The first subsection formulates the FMOLBP problem. The second sub-
section designs a solution procedure to solve the problem based on Zadeh’s
extension principle. Section 4 designs an efficient algorithm to solve the prob-
lem of FMOLBP based on the results of Section 3. A numerical example is
presented to illustrate the algorithm in Section 5. Section 6 presents a com-
parison among the proposed algorithm and the existing methods to show the
efficiency of the proposed algorithm. Conclusions are presented in Section 7.

2 Preliminaries

This section provides the required preliminaries in terms of three subsections.
The preliminaries are about fuzzy numbers, weighting method in multiobjec-
tive linear programming problem, and multiobjective linear bilevel program-
ming.

2.1 Fuzzy numbers

Let R be the set of all real numbers, let Rn be n-dimensional Euclidean
space, and let x = (x1, . . . , xn), y = (y1, . . . , yn) ∈ Rn be two vectors, where
xi, yi ∈ R, i = 1, . . . , n. For any two vectors x, y ∈ Rn, we write x ≥ y if
and only if xi ≥ yi, for all i = 1, . . . , n. The notation “o” displays the zero
vector. Its dimension is determined in the context.

Assume X ⊆ R. In this paper, it is supposed that the set X is equal to R
or [0, 1]. If ã is a fuzzy subset of X with membership function µã : X → [0, 1],
then the α-level set of ã is as ãα = {x ∈ X | µã(x) ≥ α} for all α ∈ (0, 1] and
ã0 = cl({x ∈ X | µã(x) > 0}).

Definition 1. (a) Assume that FN(X) is the set of all fuzzy subsets ã of X
with µã satisfying the following conditions:
(i) There exists x ∈ X such that µã(x) = 1;
(ii) µã(λ.x+ (1− λ).y) ≥ min{µã(x), µã(y)} for all x, y ∈ X and λ ∈ [0, 1];
(iii) {x ∈ X | µã(x) ≥ α} = ãα is a closed subset for each α ∈ (0, 1];
(iv) The 0-level set ã0 is a compact subset of X.
(b) A triangular fuzzy number is a fuzzy number that is presented by ã =
(a1, a2, a3), where a1 ≤ a2 ≤ a3 and its membership function is as follows:
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µã(x) =


x−a1
a2−a1 if a1 ≤ x ≤ a2,
a3−x
a3−a2 if a2 ≤ x ≤ a3,
0 otherwise.

With regard to Definition 1, the α-level set ã can be written as ãα =
[ãLα, ã

U
α ]; see [40]. In the triangular case, the α-level set ã is as ãα = [a1 +

(a2 − a1).α, a3 − (a3 − a2).α]. If ã is a crisp number with the value m, then
its membership function is as follows:

µã(x) =

{
1 if x = m,

0 otherwise.
(1)

The set of all finite fuzzy numbers on R is denoted by FN∗(R).

Definition 2. Let ãi ∈ FN(R) for i = 1, . . . , n. We define ã = (ã1, . . . , ãn)
and µã : Rn → [0, 1] by µã(x) = min

i=1,...,n
µãi(xi), where x = (x1, . . . , xn) ∈ Rn,

and ã is called an n-dimensional fuzzy number on Rn. If ãi ∈ FN∗(R),
i = 1, . . . , n, then ã is called an n-dimensional finite fuzzy number on Rn.
Let FN(Rn) and FN∗(Rn) be the set of all n-dimensional fuzzy numbers
and the set of all n-dimensional finite fuzzy numbers on Rn, respectively.

2.2 Weighting method in multiobjective linear
programming (MOLP) problem

Consider a multiobjective linear programming (MOLP) problem

min z(x) = (z1(x), . . . , zk(x)), (2)
s.t. x ∈ X ⊆ Rn, (3)

where x ∈ Rn and X denote the decision-making variables and feasible set,
respectively. Moreover, Z : Rn −→ Rk and zi(x), i = 1, . . . , k, are real-valued
functions over X.

Definition 3 ([17]). The vector x∗ is said to be a Pareto optimal solution
(or compromise solution) if and only if there does not exist another x ∈ X
such that zi(x) ≤ zi(x∗) for all i and zj(x) ̸= zj(x

∗) for at least one j.

The weighting method for obtaining a Pareto optimal solution is to solve
the weighting problem formulated by taking the weighted sum of all of the ob-
jective functions of the original MOLP (1)–(3). Thus, the weighting problem
is defined by



Solving fuzzy multiobjective linear bilevel programming problems ... 7

min W.z(x) =

k∑
i=1

wi.zi(x), (4)

s.t. x ∈ X,
k∑
i=1

wi = 1, wi ≥ 0, for i = 1, . . . , k, (5)

where W = (w1, . . . , wk) is the vector of weighting coefficients assigned to
the objective functions, and it is assumed that W = (w1, . . . , wk) ≥ o. The
following theorem presents a relationship between the Pareto optimal solution
of problem (1)–(3) and the optimal solution of problem (2)–(5).

Theorem 1 ([17]). If x∗ ∈ X is an optimal solution of the weighting problem
(2)–(5) for some W > o, then x∗ is a Pareto optimal solution of the MOLP
(1)–(3). Conversely, if x∗ ∈ X is a Pareto optimal solution of the MOLP
(1)–(3), then x∗ is an optimal solution of the weighting problem (2)–(5) for
some W = (w1, . . . , wk) ≥ o.

2.3 Multiobjective linear bilevel programming(MOLBP)

First of all, throughout this paper, we assume that X = {x ∈ Rn|x ≥ o} and
Y = {y ∈ Rm|y ≥ o}. The MOLBP problem is formulated as follows:
For x ∈ X ⊆ Rn, y ∈ Y ⊆ Rm, F : X × Y −→ Rs, and f : X × Y −→ Rt, we
define

Z(c1, . . . , cs, d1, . . . , ds, c
′
1, . . . , c

′
t, d

′
1, . . . , d

′
t, A1, B1, A2, B2, k1, k2)

= min
x∈X

F (x, y) = (c1.x+ d1.y, . . . , cs.x+ ds.y)
T , (6)

s.t. A1.x+B1.y ≤ k1, (7)
min
y∈Y

f(x, y) = (c′1.x+ d′1.y, . . . , c
′
t.x+ d′t.y)

T , (8)

s.t. A2.x+B2.y ≤ k2, (9)

where

ci = (c1i, . . . , cni), c
′
j = (c′1j , . . . , c

′
nj) ∈ Rn, i = 1, . . . , s, j = 1, . . . , t,

di = (d1i, . . . , dmi), d
′
j = (d′1j , . . . , d

′
mj) ∈ Rm, i = 1, . . . , s, j = 1, . . . , t,

k1 = (k11, . . . , kp1) ∈ Rp, k2 = (k12, . . . , kq2) ∈ Rq, A1 = [aij ] ∈ Rp×n,
B1 = [bij ] ∈ Rp×m, A2 = [eij ] ∈ Rq×n, and B2 = [sij ] ∈ Rq×m.
Let S = {(x, y) ∈ X × Y |A1.x + B1.y ≤ k1, A2.x + B2.y ≤ k2} and
S(x) = {y ∈ Y | B2.y ≤ k2 − A2.x}. Denote by R(x) the set of the Pareto
optimal solutions of the lower level problem for any fixed x. Then we have
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the following definitions.

Definition 4 ([8]). For a fixed (x, y) ∈ S, if y is a Pareto optimal solution to
the lower level problem, then (x, y) is a feasible solution to problem (6)–(6).

Definition 5 ([8]). If (x, y) is a feasible solution to problem (6)–(6) and x is
a Pareto optimal solution to the upper level problem for fixed y, then (x, y)
is a Pareto optimal solution to problem (6)–(6).

We now apply the weighting method and rewrite problem (6)–(6) as fol-
lows:

Z(c1, . . . , cs, d1, . . . , ds, c
′
1, . . . , c

′
t, d

′
1, . . . , d

′
t, A1, B1, A2, B2, k1, k2)

= min
x∈X

W.F (x, y) =

s∑
i=1

wi.(ci.x+ di.y), (10)

s.t. A1.x+B1.y ≤ k1,
s∑
i=1

wi = 1, wi ≥ 0, for i = 1, . . . , s, (11)

min
y∈Y

W ′.f(x, y) =

t∑
i=1

w′
i.(c

′
i.x+ d′i.y), (12)

s.t. A2.x+B2.y ≤ k2,
t∑
i=1

w′
i = 1, w′

i ≥ 0, for i = 1, . . . , t, . (13)

For some fixed x ≥ o, the compromise solution of the lower programming can
be found by solving the following linear programming with a given weight
W ′ ≥ o.

min
y

t∑
i=1

w′
i.(c

′
i.x+ d′i.y), (14)

s.t. B2.y ≤ k2 −A2.x, (15)
t∑
i=1

w′
i = 1, w′

i ≥ 0, for i = 1, . . . , t, y ≥ o. (16)

Since c′i.x, for i = 1, . . . , t, are constant, we can ignore the terms. Hence, a
dual multiplier ui is considered for each constraint (15), the primal variables
are in terms of the vector of y, and other expressions are considered as con-
stant. Thus, we can get the dual of problem (14)–(16) according to the dual
definition for linear programming problems in [40] as follows:
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max
u

(k2 −A2.x)
T .u, (17)

s.t. BT2 .u ≥
t∑
i=1

w′
i.d

′
i, (18)

t∑
i=1

w′
i = 1, w′

i ≥ 0, for i = 1, . . . , t, u ≥ o, (19)

where u ∈ Rq is the dual multipliers. The following theorem converts
MOLBP problem (6)–(6) to a one-level programming problem with one ob-
jective function.

Theorem 2. The pair (x∗, y∗) is the compromise solution of problem (6)–
(6) if and only if there exists u∗ such that (x∗, y∗, u∗) is the solution of the
following program:

min F (x, y) =

s∑
i=1

wi.(ci.x+ di.y), (20)

s.t. A1.x+B1.y ≤ k1, (21)

BT2 .u ≥
t∑
i=1

w′
i.d

′
i, (22)

t∑
i=1

w′
i.(d

′
i.y)− (k2 −A2.x)

T .u = 0, (23)

t∑
i=1

w′
i = 1, w′

i ≥ 0, for i = 1, . . . , t, x, y, u ≥ o. (24)

Proof. The proof is similar to the proof of Theorem 1 in [33].

Let U = {u|BT2 .u ≥
∑t
i=1 w

′
i.d

′
i, u ≥ o} denote the feasible region to linear

programming (17)–(19). If U ̸= ∅, then the set U has at least one vertex and
at most finite vertices. Moreover, if there is an optimal solution to the linear
programming (17)–(19), then it must be one of the vertex points of set U (see
[28]). With attention to the above results, we can convert problem (20)–(24)
to a series of the following linear programming problems by obtaining all
vertices of U , denoted by Uv = {u1, u2, . . . , ur}, according to the method in
linear programming problem from [28].
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LP (up) : min
x,y

F (x, y) =

s∑
i=1

wi.(ci.x+ di.y), (25)

s.t. A1.x+B1.y ≤ k1, (26)
t∑
i=1

w′
i.(d

′
i.y)− (k2 −A2.x)

T .up = 0, (27)

t∑
i=1

w′
i = 1, w′

i ≥ 0, for i = 1, . . . , t, x, y ≥ o. (28)

We can solve the above LP (up) for p = 1, . . . , r. Let I ⊆ {1, . . . , r} denote
the Indices of problems that LP (ui), for i ∈ I, has an optimal solution. For
i ∈ I, let (xi, yi) be the optimal solution for problem LP (ui) and F (xk, yk) =
min{F (xi, yi)|i ∈ I}. Therefore, we have the following theorem.

Theorem 3. The pair (xk, yk) is an optimal solution for problem (20)–(24)
and a Pareto optimal solution for problem (6)–(6).

We are now ready to formulate and solve fuzzy multiobjective linear
bilevel programming.

3 Fuzzy multiobjective linear bilevel programming

In this section, the FMOLBP problem is formulated and a procedure is de-
signed to solve the problem based on Zadeh’s extension principle [6, 40, 41].

3.1 The formulation of FMOLBP

For x ∈ X ⊆ Rn, y ∈ Y ⊆ Rm, F̃ : X × Y −→ FN∗(Rs), and f̃ : X × Y −→
FN∗(Rt), the problem of FMOLBP is formulated by

Z̃ = min
x∈X

F̃ (x, y) = (c̃1.x+ d̃1.y, . . . , c̃s.x+ d̃s.y)
T , (29)

s.t. Ã1.x+ B̃1.y ≤ k̃1, (30)
min
y∈Y

f̃(x, y) = (c̃′1.x+ d̃′1.y, . . . , c̃
′
t.x+ d̃′t.y)

T , (31)

s.t. Ã2.x+ B̃2.y ≤ k̃2, (32)
x ≥ o, y ≥ o, (33)

where

c̃i = (c̃1i, . . . , c̃ni), c̃
′
j = (c̃′1j , . . . , c̃

′
nj) ∈ FN∗(Rn), i = 1, . . . , s, j = 1, . . . , t,
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d̃i = (d̃1i, . . . , d̃mi), d̃
′
j = (d̃′1j , . . . , d̃

′
mj) ∈ FN∗(Rm), i = 1, . . . , s, j = 1, . . . , t,

k̃1 = (k̃11, . . . , k̃p1) ∈ FN∗(Rp), k̃2 = (k̃12, . . . , k̃q2) ∈ FN∗(Rq),
Ã1 = [ãij ]p×n, ãij ∈ FN∗(R), B̃1 = [b̃ij ]p×m, b̃ij ∈ FN∗(R),
Ã2 = [ẽij ]q×n, ẽij ∈ FN∗(R), and B̃2 = [s̃ij ]q×m, s̃ij ∈ FN∗(R).
The feasible solution set of FMOLBP is defined as follows:

S = {(x, y) ∈ X × Y |Ã1.x+ B̃1.y ≤ k̃1, Ã2.x+ B̃2.y ≤ k̃2}. (34)

In an FMOLBP problem, for each (x, y) ∈ S, the value of the objective func-
tions F̃ (x, y) = (F̃1(x, y), . . . , F̃s(x, y)) and f̃(x, y) = (f̃1(x, y), . . . , f̃t(x, y))
of leader and follower is s-dimension and t-dimension fuzzy vectors, respec-
tively.

3.2 The solution procedure for the problem (29)–(33)

We will now consider problem (29)–(33). Let
µc̃1i , . . . , µc̃ni , µc̃′1j , . . . , µc̃′nj

, µd̃1i , . . . , µd̃mi
, µd̃′1j , . . . , µd̃′mj

, i = 1, . . . , s, j =

1, . . . , t, µk̃i1 , µk̃j2 , i = 1, . . . , p, j = 1, . . . , q, µãij , i = 1, . . . , p, j = 1, . . . , n,
µb̃ij , i = 1, . . . , p, j = 1, . . . ,m, µẽij , i = 1, . . . , q, j = 1, . . . , n, and µs̃ij ,
i = 1, . . . , q, j = 1, . . . ,m, denote the membership functions c̃1i, . . . , c̃ni,
c̃′1j , . . . , c̃

′
nj , d̃1i, . . . , d̃mi, d̃′1j , . . . , d̃′mj , i = 1, . . . , s, j = 1, . . . , t, k̃i1, k̃j2,

i = 1, . . . , p, j = 1, . . . , q, ãij , i = 1, . . . , p, j = 1, . . . , n, b̃ij , i = 1, . . . , p, j =
1, . . . ,m, ẽij , i = 1, . . . , q, j = 1, . . . , n, and s̃ij , i = 1, . . . , q, j = 1, . . . ,m,
respectively.

We have ṽ = {(v, µṽ(v)) | v ∈ S(ṽ)}, where ṽ is one of the parameters
c̃1i, . . . , c̃ni, c̃′1j , . . . , c̃′nj , d̃1i, . . . , d̃mi, d̃′1j , . . . , d̃′mj , i = 1, . . . , s, j = 1, . . . , t,
k̃i1, k̃j2, i = 1, . . . , p, j = 1, . . . , q, ãij , i = 1, . . . , p, j = 1, . . . , n, b̃ij , i =
1, . . . , p, j = 1, . . . ,m, ẽij , i = 1, . . . , q, j = 1, . . . , n, s̃ij , i = 1, . . . , q, j =
1, . . . ,m, and S(ṽ) is the support of ṽ. Denote the α-cuts of ṽ by

(ṽ)α = [(ṽ)Lα, (ṽ)
U
α ] = [min

v
{v ∈ S(ṽ) | µṽ(v) ≥ α},

max
v
{v ∈ S(ṽ) | µṽ(v) ≥ α}], (35)

where ṽ is one of the above fuzzy parameters. These intervals show that the
coefficients of objective function and constraints in problem (29)–(33) lie at
the α-level set. Here, we intend to obtain the membership function Z̃. To do
this, Zadeh’s extension principle [6, 40, 41] is used. Based on the extension
principle, µZ̃ can be written by
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µZ̃(z) = sup
ci, c

′
j , di, d

′
j ,

k1, k2, A1, B1,
A2, B2.

min{µc̃1i(c1i), . . . , µc̃ni
(cni), µc̃′1j (c

′
1j), . . . , µc̃′nj

(c′nj),

µd̃1i(d1i), . . . , µd̃mi
(dmi), µd̃′1j

(d′1j), . . . , µd̃′mj
(d′mj), µk̃i1(ki1),

µk̃j2(kj2), µãij (aij), µb̃ij (bij), µẽij (eij), µs̃ij (sij), for all i, j |
z = Z(c1, . . . , cs, d1, . . . , ds, c

′
1, . . . , c

′
t, d

′
1, . . . , d

′
t, A1, B1, A2, B2, k1, k2)},

(36)

where matrices ci = [cli]1×n, c
′
j = [c′lj ]1×n, di = [dli]1×m, d

′
j = [d′lj ]1×m,

i = 1, . . . , s, j = 1, . . . , t, k1 = [ki1]p×1, k2 = [kj2]q×1, A1 = [aij ]p×n,
B1 = [bij ]p×m, A2 = [eij ]q×n, and B2 = [sij ]q×m, are the supports of
c̃i, c̃

′
j , d̃i, d̃

′
j , i = 1, . . . , s, j = 1, . . . , t, k̃1, k̃2, Ã1, B̃1, Ã2, and B̃2, respectively.

Also Z(c1, . . . , cs, d1, . . . , ds, c′1, . . . , c′t, d′1, . . . , d′t, A1, B1, A2, B2, k1, k2) is de-
fined as follows:

Z(c1, . . . , cs, d1, . . . , ds, c
′
1, . . . , c

′
t, d

′
1, . . . , d

′
t, A1, B1, A2, B2, k1, k2)

= min
x∈X

F (x, y) = (c1.x+ d1.y, . . . , cs.x+ ds.y)
T ,

s.t. A1.x+B1.y ≤ k1,
min
y∈Y

f(x, y) = (c′1.x+ d′1.y, . . . , c
′
t.x+ d′t.y)

T ,

s.t. A2.x+B2.y ≤ k2. (37)

If the α-cuts of Z̃ at all α values are converted to the same point, then the ob-
jective functions are crisp numbers. Otherwise, they are fuzzy numbers. Ac-
cording to (36), µZ̃ is the minimum of µṽ(v) for v = ci, c

′
j , di, d

′
j , ki1, kj2, aij , bij ,

eij , sij , for all i, j. We need µṽ(v) ≥ α, for v = ci, c
′
j , di, d

′
j , ki1, kj2, aij , bij , eij ,

sij , for all i, j, and at least one µṽ(v) ≥ α, for v = ci, c
′
j , di, d

′
j , ki1, kj2, aij , bij ,

eij , sij , for all i, j, equal to α such that z = Z(c1, . . . , cs, d1, . . . , ds, c
′
1, . . . , c

′
t,

d′1, . . . , d
′
t, A1, B1, A2, B2, k1, k2) to satisfy µZ̃(z) = α. To compute the mem-

bership function µZ̃ , we intend to compute the left and right shape function
of µZ̃ . It is equivalent to finding Z̃Lα and Z̃Uα of the α-cuts of Z̃. Since Z̃Lα is
the minimum of Z(c1, . . . , cs, d1, . . . , ds, c′1, . . . , c′t, d′1, . . . , d′t, A1, B1, A2, B2,
k1, k2) and Z̃Uα is the maximum of Z(c1, . . . , cs, d1, . . . , ds, c′1, . . . , c′t, d′1, . . . , d′t,
A1, B1, A2, B2, k1, k2), we have

Z̃Lα = min{Z(c1, . . . , cs, d1, . . . , ds, c′1, . . . , c′t, d′1, . . . , d′t, A1, B1, A2, B2, k1, k2)

| (ṽ)Lα ≤ v ≤ (ṽ)Uα , where v = c1i, . . . , cni, d1i, . . . , dmi, c
′
1j , . . . , c

′
nj ,

d′1j , . . . , d
′
mj , aij , bij , eij , sij , ki1, kj2, for all i, j} (38)

and
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Z̃Uα = max{Z(c1, . . . , cs, d1, . . . , ds, c′1, . . . , c′t, d′1, . . . , d′t, A1, B1, A2, B2, k1, k2)

| ṽLα ≤ v ≤ ṽUα , where v = c1i, . . . , cni, d1i, . . . , dmi, c
′
1j , . . . , c

′
nj ,

d′1j , . . . , d
′
mj , aij , bij , eij , sij , ki1, kj2, for all i, j}. (39)

They can equivalently be rewritten as two problems below:

Z̃Lα = min
(ṽ)Lα ≤ v ≤ (ṽ)Uα ,where
v = c1i, . . . , cni, d1i, . . . , dmi,

c′1j , . . . , c
′
nj, d

′
1j , . . . , d

′
mj,

aij, bij , eij , sij , ki1, kj2, for all i, j.



min
x∈X

(c1x+ d1y, . . . , csx+ dsy)
T ,

s.t. A1x+B1y ≤ k1,
min
y∈Y

(c′1x+ d′1y, . . . , c
′
tx+ d′ty)

T ,

s.t. A2x+B2y ≤ k2,
(40)

and

Z̃Uα = max
(ṽ)Lα ≤ v ≤ (ṽ)Uα ,where
v = c1i, . . . , cni, d1i, . . . , dmi,

c′1j , . . . , c
′
nj, d

′
1j , . . . , d

′
mj,

aij, bij , eij , sij , ki1, kj2, for all i, j.



min
x∈X

(c1x+ d1y, . . . , csx+ dsy)
T ,

s.t. A1x+B1y ≤ k1,
min
y∈Y

(c′1x+ d′1y, . . . , c
′
tx+ d′ty)

T ,

s.t. A2x+B2y ≤ k2.
(41)

We can use the weighting method for the problem to find the compromise
solutions of problem (40). Hence, we can rewrite problem (40) as follows:

Z̃
L

α = max
(ṽ)Lα ≤ v ≤ (ṽ)Uα ,where
v = c1i, . . . , cni, d1i, . . . , dmi,

c′1j , . . . , c
′
nj, d

′
1j , . . . , d

′
mj,

aij, bij , eij , sij , ki1, kj2, for all i, j.



min
x∈X

s∑
i=1

wi(ci.x) +

s∑
i=1

wi(di.y),

s.t. A1x+B1y ≤ k1,
s∑
i=1

wi = 1, wi ≥ 0, for i = 1, . . . , s,

min
y∈Y

t∑
i=1

w′
i(c

′
i.x) +

t∑
i=1

w′
i(d

′
i.y),

s.t. A2x+B2y ≤ k2,
t∑
i=1

w′
i = 1, w′

i ≥ 0, for i = 1, . . . , t.

(42)
Since model (42) finds the minimum of all minimum objective values, we
should consider the objective function of leader in the best case, that is, we
set ci and di to their lower bound, in other words, (c̃i)Lα and (d̃i)

L
α, for each

i, respectively. Therefore, we can rewrite problem (42) as follows:
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Z̃
L

α = max
(ṽ)Lα ≤ v ≤ (ṽ)Uα ,where

v = c′1j , . . . , c
′
nj, d

′
1j , . . . , d

′
mj,

aij, bij , eij , sij , ki1, kj2, for all i, j.



min
x∈X

s∑
i=1

wi((c̃i)
L
α.x) +

s∑
i=1

wi((d̃i)
L
α.y),

s.t. A1x+B1y ≤ k1,
s∑
i=1

wi = 1, wi ≥ 0, for i = 1, . . . , s,

min
y∈Y

t∑
i=1

w′
i(c

′
i.x) +

t∑
i=1

w′
i(d

′
i.y),

s.t. A2x+B2y ≤ k2,
t∑
i=1

w′
i = 1, w′

i ≥ 0, for i = 1, . . . , t.

(43)

Notation 1. Assume that Ã = [ãij ]m×n is a fuzzy matrix with fuzzy com-
ponents. Then (Ã)Lα = [(ãij)

L
α]m×n and (Ã)Uα = [(ãij)

U
α ]m×n.

To obtain the minimum objective value, we should consider the values
of A1, B1, A2, B2, k1, and k2 in (Ã1)

U
α , (B̃1)

U
α , (Ã2)

U
α , (B̃2)

U
α , (k̃1)

L
α, and (k̃2)

L
α,

respectively, because we can obtain the largest feasible solution set, in this
case. Hence, the least value is found for the objective function. To this end,
problem (43) is converted to the following problem.

Z̃
L

α = min
(ṽ)Lα ≤ v ≤ (ṽ)Uα ,where

v = c′1j , . . . , c
′
nj, d

′
1j , . . . , d

′
mj,

for all j.



min
x∈X

s∑
i=1

wi((c̃i)
L
α.x) +

s∑
i=1

wi((d̃i)
L
α.y),

s.t. (Ã1)
U
αx+ (B̃1)

U
α y ≤ (k̃1)

L
α,

s∑
i=1

wi = 1, wi ≥ 0, for i = 1, . . . , s,

min
y∈Y

t∑
i=1

w′
i(c

′
i.x) +

t∑
i=1

w′
i(d

′
i.y),

s.t. (Ã2)
U
αx+ (B̃2)

U
α y ≤ (k̃2)

L
α,

t∑
i=1

w′
i = 1, w′

i ≥ 0, for i = 1, . . . , t.

(44)

With regard to Theorem 2, we can write the inner problem as follows:
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Z̃
L

α = min
(ṽ)Lα ≤ v ≤ (ṽ)Uα ,

where v = c′1j , . . . , c
′
nj,

d′1j , . . . , d
′
mj, for all j.



min
s∑
i=1

wi((c̃i)
L
α.x) +

s∑
i=1

wi((d̃i)
L
α.y),

s.t. (Ã1)
U
αx+ (B̃1)

U
α y ≤ (k̃1)

L
α,

s∑
i=1

wi = 1, wi ≥ 0, for i = 1, . . . , s,

t∑
i=1

w′
i(d

′
i.y)− ((k̃2)

L
α − (Ã2)

U
αx)

T .u = 0,

((B̃2)
U
α )

T .u ≥
t∑
i=1

w′
i.d

′
i,

t∑
i=1

w′
i = 1, w′

i ≥ 0, for i = 1, . . . , t.

(45)
Or equivalently, we can rewrite problem (45) as follows:

Z̃
L

α =min

s∑
i=1

wi((c̃i)
L
α.x) +

s∑
i=1

wi((d̃i)
L
α.y), (46)

s.t. (Ã1)
U
αx+ (B̃1)

U
α y ≤ (k̃1)

L
α, (47)

t∑
i=1

w′
i(d

′
i.y)− ((k̃2)

L
α − (Ã2)

U
αx)

T .u = 0, (48)

((B̃2)
U
α )

T .u ≥
t∑
i=1

w′
i.d

′
i, (49)

(d̃′i)
L
α ≤ d′i ≤ (d̃′i)

U
α , for all i = 1, . . . , t, (50)

s∑
i=1

wi = 1,

t∑
i=1

w′
i = 1, wi, w

′
j ≥ 0, for i = 1, . . . , s, j = 1, . . . , t,

x, y, u ≥ o. (51)

We can now remove the constraint (50) and equivalently rewrite problem
(46)–(51) as follows:
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Z̃
L

α =min

s∑
i=1

wi((c̃i)
L
α.x) +

s∑
i=1

wi((d̃i)
L
α.y), (52)

s.t. (Ã1)
U
αx+ (B̃1)

U
α y ≤ (k̃1)

L
α, (53)

t∑
i=1

w′
i((d̃

′
i)
L
α.y) ≤ ((k̃2)

L
α − (Ã2)

U
αx)

T .u ≤
t∑
i=1

w′
i((d̃

′
i)
U
α .y), (54)

((B̃2)
U
α )

T .u ≥
t∑
i=1

w′
i.(d̃

′
i)
U
α , (55)

s∑
i=1

wi = 1,

t∑
i=1

w′
i = 1, wi, w

′
j ≥ 0, for i = 1, . . . , s, j = 1, . . . , t,

x, y, u ≥ o. (56)

Let U = {u ≥ o | ((B̃2)
U
α )

T .u ≥
t∑
i=1

w′
i.(d̃

′
i)
U
α}. Assume that the vertex points

of U are denoted by the set as UV = {u1, . . . , ur}. Hence, we should solve at
most r linear programming problems as follows:

LP (uk) : Z̃
L

α,k =min

s∑
i=1

wi((c̃i)
L
α.x) +

s∑
i=1

wi((d̃i)
L
α.y), (57)

s.t. (Ã1)
U
αx+ (B̃1)

U
α y ≤ (k̃1)

L
α, (58)

t∑
i=1

w′
i((d̃

′
i)
L
α.y) ≤ ((k̃2)

L
α − (Ã2)

U
αx)

T .uk ≤
t∑
i=1

w′
i((d̃

′
i)
U
α .y),

(59)
s∑
i=1

wi = 1,

t∑
i=1

w′
i = 1, wi, w

′
j ≥ 0,

for i = 1, . . . , s, = 1, . . . , t, x, y ≥ o, (60)

where k = 1, . . . , r. Solving r linear programming problems LP (uk), we can
find the optimal solution of the problem for each α ∈ [0, 1] as it was mentioned
in Subsection 2.3. Finding the optimal values of variables x and y for each
α ∈ [0, 1], we can estimate values (c̃i)

L
α.x + (d̃i)

L
α.y for each α ∈ [0, 1] and

i = 1, . . . , s. Hence, we can obtain Z̃Lα .
We now focus on obtaining the Z̃Uα . To do this, the weighting method is
applied to the problem. Thus, problem (41) can be rewritten as follows:
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Z̃
U

α = max
(ṽ)Lα ≤ v ≤ (ṽ)Uα ,where
v = c1i, . . . , cni, d1i, . . . , dmi,

c′1j , . . . , c
′
nj, d

′
1j , . . . , d

′
mj,

aij, bij , eij , sij , ki1, kj2, for all i, j.



min
x∈X

s∑
i=1

wi(ci.x) +

s∑
i=1

wi(di.y),

s.t. A1x+B1y ≤ k1,
s∑
i=1

wi = 1, wi ≥ 0, for i = 1, . . . , s,

min
y∈Y

t∑
i=1

w′
i(c

′
i.x) +

t∑
i=1

w′
i(d

′
i.y),

s.t. A2x+B2y ≤ k2,
t∑
i=1

w′
i = 1, w′

i ≥ 0, for i = 1, . . . , t.

(61)
Since model (61) finds the maximum of all minimum objective values, we
should consider the objective function of leader in the worst case, that is,
we set ci and di to their upper bound, in other words, (c̃i)

U
α and (d̃i)

U
α ,

respectively.

Z̃
U

α = max
(ṽ)Lα ≤ v ≤ (ṽ)Uα ,where

v = c′1j , . . . , c
′
nj, d

′
1j , . . . , d

′
mj,

aij, bij , eij , sij , ki1, kj2, for all i, j.



min
x∈X

s∑
i=1

wi((c̃i)
U
α .x) +

s∑
i=1

wi((d̃i)
U
α .y),

s.t. A1x+B1y ≤ k1,
s∑
i=1

wi = 1, wi ≥ 0, for i = 1, . . . , s,

min
y∈Y

t∑
i=1

w′
i(c

′
i.x) +

t∑
i=1

w′
i(d

′
i.y),

s.t. A2x+B2y ≤ k2,
t∑
i=1

w′
i = 1, w′

i ≥ 0, for i = 1, . . . , t.

(62)
To obtain an upper bound (or a maximum) for the minimum objective value,
we should consider the values of components of the matricesA1, B1, A2, B2, k1,
and k2 in (Ã1)

L
α, (B̃1)

L
α, (Ã2)

L
α, (B̃2)

L
α, (k̃1)

U
α , and (k̃2)

U
α , respectively, because

we can find the smallest feasible region, in this case. Hence, the upper bound
is obtained for the objective function. Doing this work, problem (19) is con-
verted to the following problem.
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Z̃
U

α = max
(ṽ)Lα ≤ v ≤ (ṽ)Uα ,where

v = c′1j , . . . , c
′
nj, d

′
1j , . . . , d

′
mj,

for all j.



min
x∈X

s∑
i=1

wi((c̃i)
U
α .x) +

s∑
i=1

wi((d̃i)
U
α .y),

s.t. (Ã1)
L
α.x+ (B̃1)

L
α.y ≤ (k̃1)

U
α ,

s∑
i=1

wi = 1, wi ≥ 0, for i = 1, . . . , s,

min
y∈Y

t∑
i=1

w′
i(c

′
i.x) +

t∑
i=1

w′
i(d

′
i.y),

s.t. (Ã2)
L
α.x+ (B̃2)

L
α.y ≤ (k̃2)

U
α ,

t∑
i=1

w′
i = 1, w′

i ≥ 0, for i = 1, . . . , t.

(63)
We apply Theorem 2 for problem (3) and rewrite the problem as follows:

Z̃
U

α = max
(ṽ)Lα ≤ v ≤ (ṽ)Uα ,

where v = c′1j , . . . , c
′
nj,

d′1j , . . . , d
′
mj, for all j.



min

s∑
i=1

wi((c̃i)
U
α .x) +

s∑
i=1

wi((d̃i)
U
α .y),

s.t. (Ã1)
L
α.x+ (B̃1)

L
α.y ≤ (k̃1)

U
α ,

t∑
i=1

w′
i(d

′
i.y)− ((k̃2)

U
α − (Ã2)

L
α.x)

T .u = 0,

((B̃2)
L
α)
T .u ≥

t∑
i=1

w′
i.d

′
i,

s∑
i=1

wi = 1,

t∑
i=1

w′
i = 1,

wi, w
′
j ≥ 0, for i = 1, . . . , s, j = 1, . . . , t,

x, y, u ≥ o.
(64)

Let U = {u ≥ o | ((B̃2)
L
α)
T .u ≥

t∑
i=1

w′
i.(d̃

′
i)
U
α}. Suppose that the vertex

points of set U are denoted by a set UV = {u1, . . . , ur′}. Hence, we should
solve at most r′ linear programming problems as follows:
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LP (uk) :Z̃
U

α,k = min

s∑
i=1

wi((c̃i)
U
α .x) +

s∑
i=1

wi((d̃i)
U
α .y), (65)

s.t. (Ã1)
L
α.x+ (B̃1)

L
α.y ≤ (k̃1)

U
α , (66)

t∑
i=1

w′
i(d̃

′
i)
L
α.y ≤ ((k̃2)

U
α − (Ã2)

L
α.x)

T .uk ≤
t∑
i=1

w′
i(d̃

′
i)
U
α .y, (67)

s∑
i=1

wi = 1,

t∑
i=1

w′
i = 1, wi, w

′
j ≥ 0, for i = 1, . . . , s, = 1, . . . , t,

x, y ≥ o, (68)

where k = 1, . . . , r′. Finding the optimal values of variables x and y for each
α ∈ [0, 1], we can estimate values (c̃i)

U
α .x + (d̃i)

U
α .y for each α ∈ [0, 1] and

i = 1, . . . , s. Hence, we can obtain Z̃Uα . Having Z̃Lα and Z̃Uα , we can easily
compute the compromise vector Z̃. We will illustrate the process of obtaining
Z̃Lα , Z̃Uα , and Z̃ by a numerical example, in Section 5.

Remark 1. As it was considered the formulation of FMOLBP in Subsection
3.1 and the solution procedure for problem (29)–(33) in Subsection 3.2, the
fuzzy numbers can be arbitrary according to Definition 1(a) and there is
no restriction on the fuzzy number type. The solution procedure does not
depend on the form or type of fuzzy numbers.

In the next section, we design an efficient algorithm to solve the problem
of FMOLBP using the points in this section.

4 An algorithm for resolution of the problem of
FMOLBP as (29)–(33)

An efficient algorithm is designed to solve problem (29)–(33). This algorithm
produces the fuzzy compromise objective values of the problem as fuzzy com-
promise objective values in the leader and follower and fuzzy optimal weighted
objective value. The step-by-step algorithm is as follows:
Step 1. Determine the weight vectors W = (w1, . . . , ws) and W ′ =

(w′
1, . . . , w

′
t) such that

s∑
i=1

wi = 1,

t∑
i=1

w′
i = 1, and wi ≥ 0, w′

j ≥ 0, for

i = 1, . . . , s, j = 1, . . . , t.
Step 2. Determine the fuzzy parameters ṽ = {(v, µṽ(v)) | v ∈ S(ṽ)} of
problem (29)–(33), where ṽ is one of the parameters c̃1i, . . . , c̃ni, c̃′1j , . . . , c̃′nj ,
d̃1i, . . . , d̃mi, d̃′1j , . . . , d̃′mj , i = 1, . . . , s, j = 1, . . . , t, ãij , i = 1, . . . , p, j =

1, . . . , n, b̃ij , i = 1, . . . , p, j = 1, . . . ,m, ẽij , i = 1, . . . , q, j = 1, . . . , n, s̃ij ,
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i = 1, . . . , q, j = 1, . . . ,m, k̃i1, k̃j2, i = 1, . . . , p, j = 1, . . . , q, and S(ṽ) is the
support of ṽ.
Step 3. Create α-cuts of the fuzzy parameters ṽ as follows:

(ṽ)α = [(ṽ)Lα, (ṽ)
U
α ] = [min

v
{v ∈ S(ṽ) | µṽ(v) ≥ α},

max
v
{v ∈ S(ṽ) | µṽ(v) ≥ α}].

Step 4. Create the following system:((B̃2)
U
α )

T .u ≥
t∑
i=1

w′
i.(d̃

′
i)
U
α ,

u ≥ o.

Step 5. Select some discrete points for α from [0, 1] as αt = 0.1 × t for
t = 0, 1, . . . , 10 or αt = 0.25× t for t = 0, 1, 2, 3, 4. The selection depends on
the decision-maker or the required accuracy (it can be selected one of them
or another partition from [0, 1] for choosing the values of α ).
Step 6. Compute the vertex points of the system of Step 4 for values αt of
Step 5. Denote the vertex points by Uvαt

= {u1,αt , . . . , ur,αt}. If the system
of Step 4 is empty for each α ∈ [0, 1], then problem (29)–(33) has no com-
promise solutions. The feasible solution set is empty. End.
Step 7. Create the linear programming problem (57)–(60), for Uvαt

=
{u1,αt , . . . , ur,αt} and value αt. Solve r linear programming problems and
select the minimum objective value among them.
Step 8. Find the lower bound of α-cut of the fuzzy compromise objective
values of leader and follower or the fuzzy optimal weighted objective value
using Step 7, for values αt’s of Step 5.
Step 9. Create the following system:((B̃2)

L
α)
T .u ≥

t∑
i=1

w′
i.(d̃

′
i)
U
α ,

u ≥ o.

Step 10. Compute the vertex points of the system of Step 9 for values αt of
Step 5. Denote the vertex points by (U ′)vαt

= {(u′)1,αt , . . . , (u′)r
′,αt}. If the

system of Step 9 is empty for each α ∈ [0, 1], then problem (29)–(33) has no
compromise solutions. The feasible solution set is empty. End.
Step 11. Create the linear programming (65)–(68), for (U ′)vαt

= {(u′)1,αt , . . . ,

(u′)r
′,αt} and value αt. Solve r′ linear programming problems and select the

maximum objective value among them.
Step 12. Find the upper bound of α-cut of the fuzzy compromise objective
values of leader and follower or the fuzzy optimal weighted objective value
using Step 11, for values αt’s of Step 5.
Step 13. Create the fuzzy compromise objective values of leader and follower
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or the optimal weighted objective value by two Steps 8 and 12.
Step 14. End.

Some numerical examples are presented to illustrate the algorithm and
compare it with other existing approaches, in Sections 5 and 6. The compar-
ison shows the efficiency of the proposed algorithm.

5 Numerical example

In this section, we illustrate the proposed algorithm in Section 5 to solve
FMOLBP by a numerical example.

Example 1. Consider the following problem:

Z̃ =min
x∈X

F̃ (x, y) = (c̃1.x+ d̃1.y, c̃2.x+ d̃2.y)
T ,

s.t. Ã1.x+ B̃1.y ≤ k̃1,
min
y∈Y

f̃(x, y) = (c̃′1.x+ d̃′1.y, c̃
′
2.x+ d̃′2.y)

T ,

s.t. Ã2.x+ B̃2.y ≤ k̃2,

where c̃1 = [c̃11] = [(1, 2, 3)], d̃1 = [d̃11] = [(−1, 1, 2)], c̃2 = [c̃12] = [(2, 3, 5)],
d̃2 = [d̃12] = [(4, 5, 6)], c̃′1 = [c̃′11] = [(2, 3, 4)], d̃′1 = [d̃′11] = [(3, 4, 5)],

c̃′2 = [c̃′12] = [(−1, 0, 1)], d̃′2 = [d̃′12] = [(1.5, 2.3, 3.5)], Ã1 =

(
ã11
ã21

)
=(

(−3,−2,−1)
(−2,−1, 0)

)
, B̃1 =

(
b̃11
b̃21

)
=

(
(−1, 0, 1)

(1.5, 2.5, 3.5)

)
, k̃1 =

(
k̃11
k̃21

)
=

(
(5, 6, 7)
(6, 7, 9)

)
,

Ã2 = [ẽ11] = [(1, 1, 1)], B̃2 = [s̃11] = [(2.2, 3.4, 4.6)], and k̃2 = [k̃12] =
[(5, 6, 8)].
Step 1. The weight vectors are w1 = w2 = w′

1 = w′
2 = 0.5.

Step 2. The fuzzy parameters ṽ = {(v, µṽ(v)) | v ∈ S(ṽ)} of problem (29)–
(33) for this example are given above.
Step 3. The α-cuts of the fuzzy parameters of ṽ = (v1, v2, v3) can be com-
puted the following formulas: (ṽ)α = [(ṽ)Lα, (ṽ)

U
α ], where (ṽ)Lα = v1+(v2−v1)α

and (ṽ)Uα = v3 − (v3 − v2)α.
Step 4. The system corresponding to this step for this example is
U = {u ≥ o | (4.6− 1.2α).u ≥ w′

1(5− α) + w′
2(3.5− 1.2α)}.

Step 5. The selected values for α are as 0, 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7,
0.8, 0.9, and 1.
Step 6. The vertex points of set Uvα are easily obtained for each α =

0, 0.1, . . . , 1 as uα = 0.5(5−α)+0.5(3.5−1.2α)
(4.6−1.2α) . Moreover Uvα is singleton for each

α.
Step 7. The linear programming problem (57)–(60), for Uvα, and the value
α is created and the problem related to Z̃

L

α,k is as follows:
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LP (uk) :Z̃
L

α,k = min(w1(1 + α) + w2(2 + α))x+ (w1(−1 + 2α) + w2(4 + α))y,

s.t.

(
(−1− α)
(−α)

)
.x+

(
(−α+ 1)
(−α+ 3.5)

)
.y ≤

(
(5 + α)
(6 + α)

)
,

(w′
1(3 + α) + w′

2(1.5 + 0.8α))y ≤ ((5 + α)− x)uα
≤ (w′

1(5− α) + w′
2(3.5− 1.2α))y,

x, y ≥ o.

Step 8. The lower bound of α-cut of the fuzzy compromise objective values
of leader using Step 7, for values αt’s of Step 5, is solved. Its results display
in Table 1.
Step 9. The system corresponding to this step for this example is
U ′ = {u ≥ o | (2.2 + 1.2α).u ≥ w′

1(5− α) + w′
2(3.5− 1.2α)}.

Step 10. The vertex points of set (U ′)vα are easily obtained for each α =

0, 0.1, . . . , 1 as u′α = 0.5(5−α)+0.5(3.5−1.2α)
(2.2+1.2α) . Moreover (U ′)vα is singleton for

each α.
Step 11. The linear programming problem (65)–(68), for (U ′)vα, and the
value α is created, and the problem related to Z̃

U

α,k is as follows:

LP (uk) :

Z̃
U

α,k = min(w1.(3− α) + w2.(5− 2α)).x+ (w1.(2− α) + w2.(6− α)).y,

s.t.

(
(−3 + α)
(−2 + α)

)
.x+

(
(−1 + α)
(1.5 + α)

)
.y ≤

(
(7− α)
(9− 2α)

)
,

(w′
1(3 + α) + w′

2(1.5 + 0.8α))y ≤ ((8− 2α)− x).u′α
≤ (w′

1(5− α) + w′
2(3.5− 1.2α))y,

x, y ≥ o.

Step 12. The upper bound of α-cut of the fuzzy compromise objective values
of leader using Step 11, for values αt’s of Step 5, is solved. Its results display
in Table 1.
Step 13. The fuzzy compromise objective values of leader by two Steps 8
and 12 are created in Table 1. End.
Figure 1 displays the fuzzy objective values of leader using the data of Table
1. Using the data of columns 1, 2, and 3, the fuzzy objective values of follower
can be easily computed.

In the next section, the fuzzy compromise objectives of leader and follower,
for an example from [3] as a benchmark, are computed and compared with
other existing methods. It shows the efficiency of the proposed algorithm in
this paper.
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Table 1: Estimation of compromise vector Z̃ =
(
Z̃1, Z̃2

)
using

(
Z̃i

)L
α

and
(
Z̃i

)U
α

, for
i = 1, 2, with different α-level values.

α (x∗, y∗) optimal
of problem re-
lated to Z̃

L

α

(x∗, y∗) optimal
of problem re-
lated to Z̃

U

α

Z̃1 Z̃2

(
Z̃1

)L
α
=

(c̃1)
L
α x+

(
d̃1

)L
α
y

(
Z̃1

)U
α
=

(c̃1)
U
α x+

(
d̃1

)U
α
y

(
Z̃2

)L
α
=

(c̃2)
L
α x+

(
d̃2

)L
α
y

(
Z̃2

)U
α
=

(c̃2)
U
α x+

(
d̃2

)U
α
y

0 (0,1.087) (0,3.636) -1.087 7.272 4.348 21.816
0.1 (0,1.138) (0,3.362) -0.9104 6.3878 4.6658 19.8358
0.2 (0,1.193) (0,3.115) -0.7158 5.607 5.0106 18.067
0.3 (0,1.25) (0,2.891) -0.5 4.9147 5.375 16.4787
0.4 (0,1.311) (0,2.687) -0.2622 4.2992 5.7684 15.0472
0.5 (0,1.375) (0,2.5) 0 3.75 6.1875 13.75
0.6 (0,1.443) (0,2.329) 0.2886 3.2606 6.6378 12.5766
0.7 (0,1.516) (0,2.171) 0.6064 2.8223 7.1252 11.5063
0.8 (0,1.593) (0,2.025) 0.9558 2.43 7.6464 10.53
0.9 (0,1.676) (0,1.89) 1.3408 2.079 8.2124 9.639
1.0 (0,1.765) (0,1.765) 1.765 1.765 8.825 8.825

Figure 1: Membership function of compromise vector Z̃ =
(
Z̃1, Z̃2

)
, where Z̃1 and Z̃2

are computed by
((

Z̃1

)L
α
,
(
Z̃1

)U
α

)
and

((
Z̃2

)L
α
,
(
Z̃2

)U
α

)
, respectively.
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6 Comparison with other existing methods

In this section, we present an example from [3, 4] as a benchmark to show the
efficiency of the proposed method in this paper with the existing methods.

Example 2. Consider the following problem:

min
x1,x2

 f̃11(x) = (x1 + 3̃x2 + 2̃x3 + 3̃x4)

f̃12(x) = (2̃x1 + 9̃x2 + 3̃x3 + 5̃x4)

f̃13(x) = (3̃x1 + 9̃x2 + 9̃x3 + x4)


s.t. min

x3,x4

(
f̃21(x) = (6̃x1 + 3̃x2 + 2̃x3 + 2̃x4)

f̃22(x) = (5̃x1 + 9̃x2 − 9̃x3 + 6̃x4)

)
s.t. 3̃x1 − x2 + x3 + 3̃x4 ≤ 4̃8,

2̃x1 + 4̃x2 + 2̃x3 − 2̃x4 ≤ 3̃5,

x1 + 2̃x2 − x3 + x4 ≤ 3̃0,

x1, x2, x3, x4 ≥ 0.

The fuzzy numbers in [3, 4] are assumed to be triangular fuzzy numbers and
given as follows:
2̃ = (0, 2, 3), 3̃ = (2, 3, 4), 4̃ = (3, 4, 5), 5̃ = (4, 5, 6), 6̃ = (5, 6, 7), 8̃ =
(6, 8, 10), 9̃ = (8, 9, 10), 3̃0 = (28, 30, 32), 3̃5 = (33, 35, 37), and 4̃8 = (45, 48, 49).

The problems related to Z̃
L

α and Z̃
U

α are as follows:

LP (uk) : Z̃
L

α,k =min
1

3
(1 + (2α) + (2 + α))x1 +

1

3
((2 + α) + (8 + α) + (8 + α))x2

+
1

3
((2α) + (2 + α) + (8 + α))x3 +

1

3
((2 + α) + (4 + α) + 1)x4,

s.t. 0.5((2α) + (−8− α))x3 + 0.5((2α) + (5 + α))x4

≤ ((45 + 3α)− (4− α)x1 + x2)u
k
1

+ ((33 + 2α)− (3− α)x1 − (5− α)x2)uk2
+ ((−32 + 2α) + x1 − (−2α)x2)uk3
≤ 0.5((3− α) + (−8− α))x3 + 0.5((3− α) + (7− α))x4,

x1, x2, x3, x4 ≥ 0,

where uk’s are the vertex points of the set
U = {u = (u1, u2, u3) ≥ o | u1 + (3 − α)u2 + u3 ≥ −2.5 − α, (4 − α)u1 +
(−2α)u2 − u3 ≥ 5− α} and
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LP (uk) : Z̃
U

α,k =min
1

3
(1 + (3− α) + (4− α))x1

+
1

3
((4− α) + (10− α) + (10− α))x2

+
1

3
((3− α) + (4− α) + (10− α))x3

+
1

3
((4− α) + (6− α) + 1)x4,

s.t. 0.5((−10 + 3α)x3 + (5 + 3α)x4)

≤ ((49− α)− (2 + α)x1 + x2)u
k
1

+ ((37− 2α)− 2α.x1 − (3 + α)x2)u
k
2

+ ((−28− 2α) + x1 + (3− α)x2)
≤ 0.5((−5− 2α)x3 + (10− 2α)x4),

x1, x2, x3, x4 ≥ 0,

where uk’s are the vertex points of the following set:
U = {u = (u1, u2, u3) ≥ o | u1 + (2α)u2 + u3 ≥ −2.5− α, (2 + α)u1 + (−3 +
α)u2 − u3 ≥ 5− α}.
In the above models, α ∈ [0, 1], w1 = w2 = w3 = 1

3 , and w′
1 = w′

2 = 0.5. The
compromise values f̃11, f̃12, f̃13, f̃21, and f̃22 are computed using the values
of (f̃11)

L
α, (f̃11)

U
α , (f̃12)

L
α, (f̃12)

U
α , (f̃13)

L
α, (f̃13)

U
α , (f̃21)

L
α, (f̃21)

U
α , (f̃22)

L
α, (f̃22)

U
α ,

and x∗i obtained from solving two models LP (uk). The optimal solutions
of problems related to ¯̃ZLα and ¯̃ZUα for different values α are presented in
Table 2. The values of leader and follower objectives for different values α
are showed in Tables 3 and 4, respectively.

Table 2: Optimal solutions of problems related to ¯̃ZL
α and ¯̃ZU

α for different values α.

α x∗ optimal of prob-
lem related to ¯̃ZLα

x∗ optimal of prob-
lem related to ¯̃ZUα

0 (11.25,0,0,0) (24.5,0,0,0)
0.25 (12.2,0,0,0) (21.66667,0,0,0)
0.5 (13.28571,0,0,0) (19.4,0,0,0)
0.75 (14.53846,0,0,0) (17.54545,0,0,0)
1 (16,0,0,0) (16,0,0,0)

A comparison among the proposed method and the methods in [3, 4] is
presented in Table 5.

As it is shown in Table 5, the results obtained from the proposed method
in terms of fuzzy numbers are more accurate than methods of finding a so-
lution with the highest membership degree. In the proposed method, the
decision-maker can consider all of the solutions in all the membership de-
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Table 3: Values of leader objectives for different values α.

α f̃11 f̃12 f̃13(
f̃11

)L
α

(
f̃11

)U
α

(
f̃12

)L
α

(
f̃12

)U
α

(
f̃13

)L
α

(
f̃13

)U
α

0 11.25 24.5 0 73.5 22.5 98
0.25 12.2 21.66667 6.1 59.58334 27.45 81.25001
0.5 13.28571 19.4 13.28571 48.5 33.21428 67.9
0.75 14.53846 17.54545 21.80769 39.47726 39.98077 57.02271

1 16 16 32 32 48 48

Table 4: Values of follower objectives for different values α.

α f̃21 f̃22(
f̃21

)L
α

(
f̃21

)U
α

(
f̃22

)L
α

(
f̃22

)U
α

0 56.25 171.5 45 147
0.25 64.05 146.25 51.85 124.5834
0.5 73.07141 126.1 59.7857 106.7
0.75 83.59615 109.6591 69.05769 92.11361

1 96 96 80 80

Figure 2: Fuzzy compromise objective values of leaders by the proposed approach

Table 5: Comparison among the proposed method and two other methods.

The method of
Baky Eid, and El
Sayed, in [3]

The method of
Pramanik and Dey
in [4]

The proposed method

f11 = 29 µ11 = 1 f11 = 37 µ11 = 0.902 f̃11 in Figure 2
f12 = 70.9483 µ12 = 0.917 f12 = 90 µ12 = 0.815 f̃12 in Figure 2
f13 = 88.2743 µ13 = 0.821 f13 = 108.25 µ13 = 0.692 f̃13 in Figure 2
f21 = 80.912 µ21 = 0.527 f21 = 78.25 µ21 = 0.496 f̃21 in Figure 3
f22 = 111.27 µ22 = 0.81 f22 = 105.5 µ22 = 0.795 f̃22 in Figure 3
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Figure 3: Fuzzy compromise objective values of followers by the proposed approach

grees. Moreover, the method of Pramanik and Dey in [4] did not follow the
basic concepts of bilevel programming. Also, the obtained compromise solu-
tions improve the compromise solutions in [3] for degrees 1, 0.917, 0.821, and
0.81, considerably. Moreover, the obtained compromise solution covers the
compromise solution in [3] for degree 0.578.

7 Conclusion

This paper showed how Zadeh’s extension principle can be efficiently applied
to solve the FMOLBP problem. Using the structure of bilevel programming
and concept of extension principle, two crisp multiobjective linear three-level
programming problems were designed to compute the lower and upper bound
of the α-level of the compromise objective value. Due to the strongly NP-
hardness and high computational complexity of the problem, there is no
efficient algorithm to solve it. The developed methods cannot completely
solve the problem. To overcome the deficiencies, a pair of crisp multiobjec-
tive linear three-level programming problems was proposed to construct the
compromise fuzzy objective functions of leader and follower. The main ad-
vantages of this method are access to fuzzy compromise objectives of leader
and follower with less computational complexity with respect to approaches
based on the rejection of solution and resolve model successively until find-
ing a satisfactory decision or based on FGP. The proposed method is based
on the weighting method, dual theory, and vertex enumeration approaches
that preserve the linearity of the model. A comparison among the proposed
method and the methods of Pramanik and Dey [4] and Baky Eid, and El
Sayed, [3] showed the efficiency of our method.
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Abstract

We find a solution of an unknown time-dependent diffusivity a(t) in a lin-
ear inverse parabolic problem by a modified genetic algorithm. At first,
it is shown that under certain conditions of data, there exists at least
one solution for unknown a(t) in (a(t), T (x, t)), which is a solution to the
corresponding problem. Then, an optimal estimation for unknown a(t) is
found by applying the least-squares method and a modified genetic algo-
rithm. Results show that an excellent estimation can be obtained by the
implementation of a modified real-valued genetic algorithm within an Intel
Pentium (R) dual-core CPU with a clock speed of 2.4 GHz.
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1 Introduction

This article considers helium diffusion kinetics, which is important for materi-
als in which helium measurements are made, particularly for thermochronol-
ogy (see [2, 4, 3]). Solutions of an inverse problem for the helium production-
diffusion equation are explored in this research article. This solution is a
time-temperature path derived from apatite fission-track length distribution
to characterize the response of apatite helium ages to thermal histories in-
volving partial retention. Mathematically, the helium production-diffusion
equation without any source of radiogenic production in a rectangle domain
Ω = {(x, y) : 0 < x < 1, 0 < y < 1} can be written as (see [2, 4, 3])

∂T

∂t
= a(t)(

∂2T

∂x2
+
∂2T

∂y2
), (x, y) ∈ Ω, t > 0, (1a)

T (x, y, 0) = f(x, y), (x, y) ∈ Ω, (1b)
T (0, y, t) = g0(y, t), 0 ≤ y ≤ 1, t ≥ 0, (1c)
T (1, y, t) = g1(y, t), 0 ≤ y ≤ 1, t ≥ 0, (1d)

∂T

∂y
(x, 0, t) = h0(x, t), 0 ≤ x ≤ 1, t ≥ 0, (1e)

∂T

∂y
(x, 1, t) = h1(x, t), 0 ≤ x ≤ 1, t ≥ 0, (1f)

where f(x, y), g0(y, t), g1(y, t), h0(x, t), and h1(x, t) are known functions and
a(t) is the time-dependent diffusivity and should be determined in this inverse
problem.

Here the special case h0 = h1 = 0 is considered, that is,

∂T

∂t
= a(t)(

∂2T

∂x2
+
∂2T

∂y2
), (x, y) ∈ Ω, t > 0, (2a)

T (x, y, 0) = f(x, y), (x, y) ∈ Ω, (2b)
T (0, y, t) = g0(y, t), 0 ≤ y ≤ 1, t ≥ 0, (2c)
T (1, y, t) = g1(y, t), 0 ≤ y ≤ 1, t ≥ 0, (2d)

∂T

∂y
(x, 0, t) =

∂T

∂y
(x, 1, t) = 0, 0 ≤ x ≤ 1, t ≥ 0, (2e)

together with an overspecified condition for fixed points x0, y0 ∈ (0, 1), as
Cannon considered in [7, p. 191],

a(t)
∂T

∂x
(x0, y0, t) = p(t) (t ≥ 0). (3)

Problem (1) in one-dimensional case arises from the heat conduction in a ma-
terial that is eroded or damaged. This erosion can be caused, for example,
by radioactive. Duo to the erosion, thermal characteristics of the material
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including its heat capacity, diffusivity, and conductivity change based on
the level of the erosion. These characteristics can be related to time, where
a(t) is the thermal diffusivity, which is the ratio between the thermal con-
ductivity and the heat capacity. Lesnic [14] investigated an inverse problem
for determining the temperature and the time-dependent thermal diffusivity
from various additional nonlocal information (see also [7, Chapter 13]). It
should be remarked that the inverse problem (1) with a(t) = 1 has been
investigated by several authors; see, for example, [5, 20, 8, 22, 23, 9] and for
a two-dimensional case [21]. Since solving inverse diffusivity problems using
evolutionary algorithms has not been investigated yet, the solution to these
problems using a modified genetic algorithm is considered in this article in
the hope that this effort triggers other authors’ motivation to examine new
artificial intelligence techniques.

2 General solution in term of Green’s functions

For Ω = (0, 1)× (0, 1) and Ω = [0, 1]× [0, 1], take

S1 = {x = (x, y) : x ∈ {0, 1}, 0 ≤ y ≤ 1},
S2 = {x = (x, y) : y ∈ {0, 1}, 0 ≤ x ≤ 1}.

Then ∂Ω = S1 ∪ S2. Consider the two-dimensional heat conduction problem
with nonhomogeneous boundary conditions

∂T

∂t
(x, t) = ∇2T (x, t), x ∈ Ω, t > 0, (4a)

T (x, 0) = f(x), x ∈ Ω, (4b)
T (x, t) = g(x, t), x ∈ S1, t ≥ 0, (4c)

∂T

∂y
(x, t) = h(x, t), x ∈ S2, t ≥ 0, (4d)

where x = (x, y) and

g(x, t) =

{
g0(y, t), x ∈ S1, x = 0,

g1(y, t), x ∈ S1, x = 1,
h(x, t) =

{
h0(x, t), x ∈ S2, y = 0,

h1(x, t), x ∈ S2, y = 1.

Here g0, g1, h0, h1, and f are known functions. It is known that (4) possesses
a unique solution provided the given initial and boundary data are continuous
functions; see, for example, [7, 10, 19]. The aim of this section is to find
a representation of the solution of (4). To this end, as in [7], define, for
x ∈ R, t > 0,
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K(x, t) =
1√
4πt

exp
(−x2

4t

)
, θ(x, t) =

∞∑
m=−∞

K(x+ 2m, t),

and define the function Φ(x, t) = K(x, t)K(y, t) for x = (x, y) ∈ R2, t > 0 by

Φ(x, t) =
1

4πt
exp
(
−||x||

2

4t

)
.

It is well known from [12, Chapter 7], that

T (x, t) = Φ ∗x f =

∫
R2

Φ(x− ξ, t)f(ξ)dξ (x ∈ R2, t > 0), (5)

where T (x, t) is a solution for a pure initial value problem in the equation

∂T

∂t
(x, t) = ∇2T (x, t),

T (x, 0) = f(x),

for x ∈ R2 and t > 0, provided that the function f(x) is bounded and also
(piecewise) continuous in R2. Now, we extend T (x, t) continuously to Ω,
and consider the following heat conduction problem in Ω with homogeneous
boundary conditions:

∂T

∂t
(x, t) = ∇2T (x, t), x ∈ Ω, t > 0, (6a)

T (x, 0) = f(x), x ∈ Ω, (6b)
T (x, t) = 0, x ∈ S1, t ≥ 0, (6c)

∂T

∂y
(x, t) = 0, x ∈ S2, t ≥ 0. (6d)

To solve problem (6), one can first extend f(x) to [−1, 1]× [−1, 1] such that
f is odd in x and even in y. Then we extend f periodically to R2 by

f(x+ 2m, y + 2n) = f(x, y), (n,m ∈ Z).

If we define, for x, ξ ∈ R, t > 0,

Θ±(x, ξ, t) = θ(x− ξ, t)∓ θ(x+ ξ, t),

then we can obtain from (5) for T (x, t) that

T (x, t) =

∫
Ω

Θ−(x, ξ, t)Θ+(y, η, t)f(ξ, η)dξdη. (7)

Now, define G by
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G(x, y, t; ξ, η) = Θ+(y, η, t)Θ−(x, ξ, t). (8)

Since θ(x, t) is an even function with respect to the variable x for all values
of t > 0, it is easy to observe for every ξ, η, t that

G(x, y, t; ξ, η) = 0, (x, y) ∈ S1,

∂

∂y
G(x, y, t; ξ, η) = 0, (x, y) ∈ S2.

So T (x, t), defined by (7), is, in fact, the solution of (6). This means that
the function G, defined by (8), is the Green function for problem (4), so that
the solution of (4) can be written (see [19, Chapter 6] or [13, Chapter 7]) by

T (x, t) =

∫
Ω

G(x, t; ξ)f(ξ)dξ

+

∫ t

0

dτ

∫
S1

∂G
∂n1

(x, t− τ ; ξ)g(ξ, τ)dη (9)

−
∫ t

0

dτ

∫
S2

(x, t− τ ; ξ)h(ξ, τ)dξ, (10)

where x = (x, y), ξ = (ξ, η), ξ ∈ S1 in (9), and ξ ∈ S2 in (10); and (∂/∂n1),
in (9), denotes the directional derivative on S1. Therefore, one can write the
solution T (x, y, t) of (4) in the following form:

T (x, y, t) =

∫
Ω

G(x, y, t; ξ, η)f(ξ, η)dξdη

− 2

∫
Ω

g0(η, τ)
∂θ

∂x
(x, t− τ)Θ+(y, η, t− τ)dηdτ

+ 2

∫
Ω

g1(η, τ)
∂θ

∂x
(x− 1, t− τ)Θ+(y, η, t− τ)dηdτ

− 2

∫
Ω

h0(η, τ)θ(y, t− τ)Θ−(x, ξ, t− τ)dξdτ

− 2

∫
Ω

h1(η, τ)θ(y − 1, t− τ)Θ−(x, ξ, t− τ)dξdτ.

Assuming that a(t) is given, one should note that under some suitable
hypotheses on the initial and boundary conditions, the existence of a unique
solution to (6) can be proved.

Theorem 1. Let τ > 0, Ω = (0, 1) and f ∈ L2(Ω). Suppose also that
a ∈ L∞((0, τ)) and a(t) ≥ 0, for almost every t ∈ (0, τ). Then there exists a
unique function u of (6) satisfying

T ∈ L2
(
(0, τ);H1

0 (Ω)
)
∩ C

(
[0, τ ];L2(Ω)

)
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and
∂T

∂t
∈ L2

(
(0, τ);H−1

0 (Ω)
)
,

where H1
0 (Ω) and H−1

0 (Ω) are the usual Sobolev spaces.

Proof. The proof of Theorem 1 follows from [16, Theorem 7.1] (see also [1,
15, 17, 18]).

Remark 1. If a is given and the assumptions of Theorem 1 hold, then one
can obtain a unique solution T = T (x, y, t; a) of (6). Hence some consistency
conditions, in boundary, should hold between a and u in (3). Consequently,
the coefficient a is uniquely determined.

Remark 2. One should note that Theorem 1 improves [3, Lemma 2.1].

3 Utilizing an appropriate transformation

Turn back to the main problem (2), in which u(x, y, t) and a(t) are unknown.
Denote by F the family of all continuous functions a : R → R such that
a(t) > 0, for all t ∈ R. For a ∈ F , let (see [7])

s = α(t) =

∫ t

0

a(τ)dτ (t ≥ 0).

Then α(0) = 0 and α′(t) = a(t) > 0, and thus s = α(t) is a nonnegative
invertible function with inverse t = β(s). By plugging

v(x, y, s) = u(x, y, β(s)),

ϕ0(y, s) = g0(y, β(s)), ϕ1(y, s) = g1(y, β(s)),

b(s) = a(β(s)), q(s) = p(β(s)),

problem (2) is rephrased in the following form:

vs = vxx + vyy, (x, y) ∈ Ω, s > 0, (11a)
v(x, y, 0) = f(x, y), (x, y) ∈ Ω, (11b)
v(0, y, s) = ϕ0(y, s), 0 ≤ y ≤ 1, s ≥ 0, (11c)
v(1, y, s) = ϕ1(y, s), 0 ≤ y ≤ 1, s ≥ 0, (11d)
vy(x, 0, s) = vy(x, 1, s) = 0, 0 ≤ x ≤ 1, s ≥ 0. (11e)

In this setting, the over-specified condition (3) implies that

b(s)vx(0, y0, s) = q(s) (s ≥ 0).

By [7, Chapter 13], the solution of (11) is represented as follows:
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v(x, y, s) =

∫
Ω

f(ξ, η)G(x, y, s; ξ, η)dξdη

− 2

∫ s

0

∫ 1

0

∂θ

∂x
(x, s− ζ)Θ+(y, η, s− ζ)ϕ0(η, ζ)dηdζ

+ 2

∫ s

0

∫ 1

0

∂θ

∂x
(x− 1, s− ζ)Θ+(y, η, s− ζ)ϕ1(η, ζ)dηdζ.

(12)

Applying the change of the variable ζ = α(τ) in (12), one obtains

u(x, y, t) =

∫
Ω

f(ξ, η)G(x, y, α(t); ξ, η)dξdη

− 2

∫ t

0

∫ 1

0

∂θ

∂x
(x, α(t)− α(τ))Θ+(y, η, α(t)− α(τ))g0(η, τ)dηa(τ)dτ

+ 2

∫ t

0

∫ 1

0

g1(η, τ)
∂θ

∂x
(x− 1, α(t)− α(τ))Θ+(y, η, α(t)− α(τ))dηa(τ)dτ.

(13)

For the sake of simplicity, from now on, let∫ t

τ

a =

∫ t

τ

a(ζ)dζ = α(t)− α(τ).

Using (13) and calculating ux(x, y, t), one writes ux(x, y, t) = J1 + J2 + J3,
where

J1 =

∫
Ω

f(ξ, η)
∂

∂x
G(x, y, α(t); ξ, η)dξdη,

J2 = −2
∫ t

0

∫ 1

0

∂2θ

∂x2
(x,

∫ t

τ

a)Θ+(y, η,

∫ t

τ

a)g0(η, τ)dηa(τ)dτ,

J3 = 2

∫ t

0

∫ 1

0

∂2θ

∂x2
(x− 1,

∫ t

τ

a)Θ+(y, η,

∫ t

τ

a)g1(η, τ)dηa(τ)dτ.

It is known that θt(x, t) = θxx(x, t) (see [7]), so

∂2θ

∂x2
(x,

∫ t

τ

a) =
∂θ

∂t
(x,

∫ t

τ

a) = − 1

a(τ)

∂

∂τ
θ(x,

∫ t

τ

a).

Since g0(y, 0) = g1(y, 0) = 0 and θ(x, 0) = 0 for x ̸= 0 (see [7]), integration
by parts yields that
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J2 = −2
∫ t

0

∫ 1

0

− ∂

∂τ
θ(x,

∫ t

τ

a)Θ+(y, η,

∫ t

τ

a)g0(η, τ)dηdτ

= −2
∫ t

0

∫ 1

0

θ(x,

∫ t

τ

a)
∂

∂τ

[
Θ+(y, η,

∫ t

τ

a)g0(η, τ)
]
dηdτ,

J3 = 2

∫ t

0

∫ 1

0

θ(x− 1,

∫ t

τ

a)
∂

∂τ

[
Θ+(y, η,

∫ t

τ

a)g1(η, τ)
]
dηdτ.

Now by applying the over-specified condition (3), we have

p(t)

a(t)
=

∫
Ω

f(ξ, η)
∂

∂x
G(x0, y0, α(t); ξ, η)dξdη,

− 2

∫ t

0

∫ 1

0

θ(x0,

∫ t

τ

a)
∂

∂τ

[
Θ+(y0, η,

∫ t

τ

a)g0(η, τ)
]
dηdτ

+ 2

∫ t

0

∫ 1

0

θ(x0 − 1,

∫ t

τ

a)
∂

∂τ

[
Θ+(y0, η,

∫ t

τ

a)g1(η, τ)
]
dηdτ.

(14)

Thus one obtains the following result.
Theorem 2. Suppose that the function f(x, y) is piecewise continuous on Ω,
that g0(y, t), g1(y, t), (∂/∂t)g0(y, t), and (∂/∂t)g1(y, t) are continuous func-
tions for 0 ≤ y ≤ 1, t ≥ 0, and that g0(y, 0) = g1(y, 0) = 0 for all y [or just
y = y0]. Then problem (2) possesses a unique solution (u, a) if and only if
the integral equation (14) has a unique solution a ∈ F .

4 Uniqueness and existence of solution for a certain
problem

Now, consider the problem

∂T

∂t
= a(t)(

∂2T

∂x2
+
∂2T

∂y2
), (x, y) ∈ Ω, t > 0, (15a)

T (x, y, 0) = 0, (x, y) ∈ Ω, (15b)
T (0, y, t) = 0, 0 ≤ y ≤ 1, t ≥ 0, (15c)
T (1, y, t) = g(y, t), 0 ≤ y ≤ 1, t ≥ 0, (15d)

∂T

∂y
(x, 0, t) =

∂T

∂y
(x, 1, t) = 0, 0 ≤ x ≤ 1, t ≥ 0, (15e)

and the overspecified condition

a(t)
∂T

∂x
(0, 0, t) = p(t), (t ≥ 0).

The solution of (15) is as follows:
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T (x, y, t) = +2

∫ t

0

∫ 1

0

g(η, τ)
∂θ

∂x
(x− 1,

∫ t

τ

a)Θ+(y, η,

∫ t

τ

a)dηa(τ)dτ.

The integral equation (14) becomes

p(t)

a(t)
=2

∫ t

0

∫ 1

0

θ(−1,
∫ t

τ

a)
∂

∂τ

[
Θ+(0, η,

∫ t

τ

a)g(η, τ)
]
dηdτ

=2

∫ t

0

∫ 1

0

θ(−1,
∫ t

τ

a)
[
−a(τ)Θ+

t g +Θ+gτ

]
dηdτ.

(16)

Moreover,

p′(t)a(t)− p(t)a′(t)
a(t)2

=2a(t)

∫ t

0

dτ

×
∫ 1

0

θt(−1,
∫ t

τ

a)
[
−a(τ)Θ+

t g(η, τ) + Θ+ ∂g

∂τ
(η, τ)

]
+ θ(−1,

∫ t

τ

a)
[
−a(τ)Θ+

tt g(η, τ) + Θ+
t

∂g

∂τ
(η, τ)

]
dη.

Remark 3. Since Θ+(0, η, ·) = 2θ(η, ·) and Θ+
t (0, η, ·) = 2θt(η, ·), equation

(16) can be rephrased in the following forms:

a(t) =
p(t)

2

{∫ t

0

θ(−1,
∫ t

τ

a)

∫ 1

0

[θgτ − a(τ)θtg]dηdτ
}−1

=
p(t)

2

{∫ t

0

θ(−1,
∫ t

τ

a)

∫ 1

0

[θgτ + a(τ)θxxg]dηdτ

}−1

.

Lemma 1. If g = g(t), then one can write (16) in the following form:

a(t) =
p(t)

2

{∫ t

0

θ(1,

∫ t

τ

a)g′(τ)dτ

}−1

. (17)

Proof. If g = g(t), then

∂T

∂x
(0, 0, t) = 4

∫ t

0

θ(−1,
∫ t

τ

a)
{g′(τ)

2
+ a(τ)g(τ)

[
θx(1,

∫ t

τ

a)− θx(0,
∫ t

τ

a)
]}
dτ

= 2

∫ t

0

θ(−1,
∫ t

τ

a)g′(τ)dτ.

Corollary 1. Under the assumption that g = g(t) is continuously differen-
tiable and that g(0) = 0, problem (15) possesses a unique solution (u, a) if
and only if the nonlinear integral equation (17) possesses a unique positive
solution a(t) that is continuous for 0 ≤ t < T .
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Definition 1. Suppose that g = g(t) is continuously differentiable and that
g(0) = 0. For a positive continuous function a(t), that is, a ∈ F , define

(La)(t) = p(t)

2

{∫ t

0

θ(1,

∫ t

τ

a)g′(τ)dτ

}−1

.

Therefore, a is a solution of (17) if and only if a is a fixed point of the
operator L, that is, La = a. In the rest of this section, it is proved that under
certain conditions, L possesses a fixed point.

For a function h defined on [0, T ], let

∥h∥t = sup{|h(s)| : 0 ≤ s ≤ t}.

For a positive constant δ, if δ ≤ a(t) and δ ≤ b(t), then, using the mean value
theorem, one obtains

|(La)(t)− (Lb)(t)| ≤ |p(t)|
2

∣∣∣∫ t

0

θt(1, δ(t− τ))g′(τ)dτ
∣∣∣−2

×
∣∣∣∫ t

0

θt(1, γ)

[∫ t

τ

a(s)− b(s)ds
]
g′(τ)dτ

∣∣∣
≤ |p(t)|

2

∣∣∣∫ t

0

θt(1, δ(t− τ))g′(τ)dτ
∣∣∣−2

∥θt∥t∥a− b∥tt|g(t)|,

where
∫ t
τ
a ≤ γ ≤

∫ t
τ
b.

Corollary 2. Suppose for some r ∈ (0, 1) that

|tp(t)g(t)|
2

∣∣∣∫ t

0

θt(1, δ(t− τ))g′(τ)dτ
∣∣∣−2

∥θt∥t ≤ r (t ∈ [0, T ]). (18)

Then the mapping a 7→ La is a contraction.

The main result of this section will be obtained by using (17) and Corol-
laries 1 and 2.

Theorem 3. Suppose that p(t) and g = g(t) are continuously differentiable,
that g(0) = 0, and that, for some r ∈ (0, 1), (18) holds. Then (15) possesses
a unique solution (T, a).

5 Discretization of the problem

In this section, the following linear inverse parabolic problem is considered:



The time-dependent diffusion equation: An inverse diffusivity problem 43

∂T

∂t
(x, t) = a(t)(

∂2T

∂x2
+
∂2T

∂y2
), 0 < x, y < 1, 0 < t < tM , (19a)

T (x, y, 0) = f(x, y), 0 ≤ x, y ≤ 1, (19b)
T (0, y, t) = g0(y, t), 0 ≤ y ≤ 1, 0 ≤ t ≤ tM , (19c)
T (1, y, t) = g1(y, t), 0 ≤ y ≤ 1, 0 ≤ t ≤ tM , (19d)
T (x, 0, t) = h0(x, t), 0 ≤ x ≤ 1, 0 ≤ t ≤ tM , (19e)
T (x, 1, t) = h1(x, t), 0 ≤ x ≤ 1, 0 ≤ t ≤ tM , (19f)

with the overspecified conditions for the fixed points x0,y0 ∈ (0, 1),

T (x0, y0, t) = s(t), 0 ≤ t ≤ tM , (19g)

where f(x, y), g0(y, t), g1(y, t), h0(x, t), h1(x, t), and ϕ(t) are known functions
while a(t) and T (x, y, t) are unknown in this inverse problem.

Now we can solve problem (19) in the least-square method. Also, we can
consider the amount of difference between calculated values of the problem at
the location of sensor and measured temperatures, which come from sensor as
the cost function. When the cost function approaches to zero, the estimated
value for a(t) approaches to exact a(t). Let

f(G) =

m∑
j=1

(Tj − sj)2, (20)

where Tj , j = 1, 2, 3, . . . ,m, are calculated by solving the direct heat problem.
To do this, consider a prior guess for a(t). Also sj = s(tj), j = 1, 2, 3, . . . ,m,
are measured temperatures. Here, when (20) reaches its minimum, the esti-
mated value for a(t) is optimal.

Remark 4. In this article, we use an explicit finite difference approximation
to discretize problem (19) as follows:

Ti,j,s+1 = kas(r1Ti−1,j,s − 2r1Ti, j, s+ r1Ti+ 1, j, s+ r2Ti,j−1,s − 2r2Ti, j, s

+ r2Ti, j + 1, s) + Ti,j,s,

i = 1, . . . , N − 1, j = 1, . . . , N − 1, S = 0, . . . , N − 1,

Ti,j,0 =f(ih, jk), i = 1, . . . , N − 1, j = 1, . . . , N − 1,

T0,j,s =g0(jk, sw), j = 1, . . . , N − 1, s = 0, . . . , N − 1,

T1,j,s =g1(jk, sw), j = 1, . . . , N − 1, s = 0, . . . , N − 1,

Ti,0,s =h0(ih, sw), i = 1, . . . , N − 1, s = 0, . . . , N − 1,

T1,j,s =h1(ih, sw), i = 1, . . . , N − 1, s = 0, . . . , N − 1,

where x = ih, y = jk, and t = sw.
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6 Genetic algorithm

The genetic algorithm was introduced by Holland [11] and has been used
to solve a wide range of problems. This algorithm is a searching method
that has been inspired by Darwinian principles of biological evolution. This
algorithm utilizes an initial stochastic set of candidate solutions as an initial
population. Each individual of this set is a numeric vector that estimates a
possible solution to the problem. Then, genetic operators such as Mutation
and Recombination are successively applied to initial populations in order to
simulate a biological evolution. These operators push all populations toward
optimal solutions to the problems. After a predefined number of iterations
or termination conditions, the best individual in the population is considered
as an optimal solution to the problem.

In the classic genetic algorithms, the vectors are a binary string and
present a possible solution to the problem. Indeed there are many prob-
lems in which a real-valued vector is needed as an optimal solution. In this
article, a real-valued genetic algorithm (RVGA) is used to estimate unknown
a(t) in its corresponding time. The steps of our RVGA in this article are as
follows:

Step 1. A random set of real-valued vectors are generated as an initial pop-
ulation.

Step 2. Each individual in the population is evaluated by the fitness function.

Step 3. Some individuals are selected based on their fitness by Tournament
Selection.

Step 4. A recombination operator is applied to the selected individuals to
generate offsprings.

Step 5. The Mutation operation is applied to offspring.

Step 6. The offsprings are evaluated accordingly.

Step 7. The population is updated.

Step 8. Steps 3–7 are repeated, until the termination condition satisfies.

7 A modified real-valued genetic algorithm to estimate
unknown a(t)

In this research article, a modified genetic algorithm is presented to determine
unknown a(t). This algorithm employs a real-valued vector as a candidate
solution to the problem. In this algorithm, a new step is added to the proce-
dure of the original genetic algorithm after the Mutation operator to increase
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the capability of the algorithm for solving the problems of this article. In
the presented algorithm, the jth element of each vector is a real number that
estimates a(j ∗ .001) for j = 0, 1, 2, . . . , N − 1. Each vector is considered as
a chromosome in the population, and accordingly each element of chromo-
somes is considered as a gene. Therefore, gp,j is the jth gene of chromosome
of p. To reach an acceptable estimation for a(t), equation (20) should reach
its minimum. To meet this purpose, equation (20) is considered as the fit-
ness function of the algorithm. When the algorithm stops, a vector with the
lowest value of fitness is considered as the best solution of a(t). Then this
vector is interpolated to estimate a(t) as a polynomial function.

The steps of our presented real-valued genetic algorithm (RVGA) are as
follows:

Step 1. A random set of real-valued vectors is generated as the initial popu-
lation.

Step 2. Each individual in the population is evaluated by the fitness function.

Step 3. Some individuals are selected based on their fitness by Tournament
Selection.

Step 4. To apply the recombination operator on the pair of parents, we act
as follows:

gch1,j = α× gp1,j + (1− α)× gp2,j , j = 1, 2, 3, . . . , N − 1,

gch2,j = β × gp1,j + (1− β)× gp2,j , j = 1, 2, 3, . . . , N − 1,

Step 5. To apply the Mutation operator on the offsprings, a gene of each
offspring is selected randomly and a small random value is added to
it.

Step 6. Fitness of offsprings is evaluated.

Step 7. All other offsprings are moved toward the best offspring. Then a
small random value is added to a gene of each offspring selected
randomly to ensure the variety of the population.

Step 8. The population is updated.

Step 9. Steps 3–7 are repeated, until the termination condition satisfies.
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Table 1: Parameters of the real-valued genetic algorithm

Representation Real-valued vector
Recombination Arithmetic crossover

Recombination probability 100%
Mutation Add a random value to one gene

Mutation probability 1/n for each gene
Parents selection Best 4 out of random 10
Survivor selection All of the old generations

replaced with new offsprings
Number of offsprings 4

Population size 20
Initialization Random

Termination condition Number of generations

Table 1 shows the parameters of the RVGA and their roles.

8 Numerical results and discussion

The main purpose of this section is to show the capability of our presented
algorithm in the previous section for solving IPP. The capability of the algo-
rithm is investigated by an example of IPP as follows.

Example 1. In this example, for (x, y, t) ∈ (0, 1) × (0, 1) × (0, 1), consider
the IPP

∂T

∂t
(x, y, t) = a(t)(

∂2T

∂x2
+
∂2T

∂y2
), (22a)

T (x, y, 0) = (cos(πy) + sin(πx)), (22b)

T (0, y, t) = e−π
2t2 cos(πy), (22c)

T (1, y, t) = e−π
2t2(cos(πy) + sin(π)), (22d)

T (x, 0, t) = e−π
2t2(sin(πx) + 1), (22e)

T (x, 1, t) = e−π
2t2(cos(π) + sin(πx)), (22f)

and with the following overspecified condition

s(tj) = T (0.1, 0.1, tj) + σR, tj = (0.001)j, j = 0, 1, 2, . . . , 999.
(22g)

In this problem, the values of s(tj)’s are gained from the exact solution of the
problem. It is evident that in the real-world application of this algorithm,
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Table 2: Result of the execution of the modified RVGA, with 10 to 100 generations
when the noise of the measurement is on the s (overspecified condition).

Gen. Fitness Time(s) S
10 1.2936 371.1635 0.1821
20 1.1459 715.8062 0.2162
30 0.6429 1063.0171 0.0823
40 0.7662 1446.6704 0.0966
50 0.4227 2012.2701 0.0515
60 0.4109 2171.3517 0.0529
70 0.3383 2543.9981 0.0435
80 0.3379 2890.7852 0.0168
90 0.2945 3254.4581 0.0080
100 0.2407 3663.9104 0.0064

these values come from sensors. It is obvious that all sensors have a small
error of measurement. Therefore, to simulate these errors, a small random
value is added to s(tj)’s to have noisy data.

In this example, a(t) = 2t and

T (x, y, t) = e−π
2t2(cos(πy) + sin(πx)).

Remark 5. In this article, we use the following equation to calculate total
error S, in our numerical computations (see [6]):

S =
[ 1

(N − 1)

N∑
i=1

(âi − ai)2
] 1

2

,

where (N − 1) is the length of estimated vector (chromosome), âi, i =
1, 2, · · · , N, come from interpolated function, and ai, i = 1, 2, · · · , N, are
the exact values of a(t).

In this section, the population size of the algorithm is 20. Each chromo-
some in the population has 1000 genes (t = 0.001, 0.002, 0.003, . . . , 0.999).
Table 2 shows the result of the execution of the modified RVGA, with 10 to
100 generations when the noise (noisy data = input data+(0.00001)rand(1))
is on s. To study the ability of the algorithm to solve an IPP, we have
severally executed it while the noise of the measurement is on the different
functions. Table 3 illustrates the result of those executions. Also, Figures
1–6 show the executions.

Remark 6. One should note that by tending to the real value of a(t), the fit-
ness value (the difference of the calculated and measured values in the sensor
position) will be reduced (see (20)). Thus the total error S will decrease.
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Table 3: Result of the different executions when the noise of the measurement is on
the different functions.

Noisy data Gen. Fitness Time(s) S
s(tj) and f 100 0.1381 3551.8039 0.0216
s(tj) and g0 100 0.4914 3602.6282 0.0525
s(tj) and g1 100 0.3511 3649.0969 0.0385
s(tj) and h0 100 0.4028 3704.7115 0.0627
s(tj) and h1 100 0.3718 3679.4812 0.0373

Figure 1: The exact and approximated a(t) (Left) and the best chromosome (Right)
with the noisy data on condition (22g).

Figure 2: The exact and approximated a(t) (Left) and the best chromosome (Right)
with the noisy data on conditions (22g) and (22b).
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Figure 3: The exact and approximated a(t) (Left) and the best chromosome (Right)
with the noisy data on conditions (22g) and (22c).

Figure 4: The exact and approximated a(t) (Left) and the best chromosome (Right)
with the noisy data on conditions (22g) and (22d).

8.1 Computational time and accuracy comparison

To study computational time and accuracy efficiency, the example of this
section is solved by a general real-valued genetic algorithm. Table 4 shows
the execution of a general real-valued genetic algorithm for the number of
generations from 10 to 100. Also, Figures 7, 8, and 9 illustrate a comparative
study of execution time, fitness, and total error (S) between the modified
and general real-valued genetic algorithm, respectively.
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Figure 5: The exact and approximated a(t) (Left) and the best chromosome (Right)
with the noisy data on conditions (22g) and (22e).

Figure 6: The exact and approximated a(t) (Left) and the best chromosome (Right)
with the noisy data on conditions (22g) and (22f).
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Table 4: The execution of a general RVGA, with 10 to 100 generations when the noise
of the measurement is on the s (overspecified condition).

Gen. Fitness Time(s) S
10 3.0323 318.4011 0.3824
20 2.9706 672.6387 0.3792
30 1.4854 992.8147 0.2140
40 1.4103 1156.1270 0.2041
50 1.1419 1434.9134 0.2043
60 1.1557 1617.6324 0.1285
70 1.0357 1701.0975 0.1253
80 1.1049 1927.8542 0.1077
90 0.9340 2154.6946 0.1174
100 0.9267 2315.6700 0.0939
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Figure 7: Comparative execution time study between the modified and a general
RVGA.
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Figure 8: Comparative fitness study between the modified and a general RVGA.
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Figure 9: Comparative total error (S) study between the modified and a general RVGA.

It is evident from Figure 7 that the execution time of the modified and the
general RVGA increase steadily as the number of generations grows from 10
to 100. Compared to the general RVGA, the modified RVGA generally has a
higher run time due to an additional step. In contrast to the execution time,
there are significant improvements in the fitness values and accordingly, the
total errors (S) in the modified RVGA. This study suggests that the modified
algorithm is more suitable for the applications that need a higher amount of
accuracy.

9 Discussion

In Table 2, the amount of S (total error) significantly decreases while the
number of generations (iterations) is increasing from 10 to 100. Our ex-
periments showed that the amount of S fluctuates around 0.0064 after 100
generations. Therefore, an optimal solution can be obtained in problem (1)
with 100 generations while the noise of measurement is only on s (overspeci-
fied condition). Table 3 illustrates the results of the algorithm when the noise
of measurement is on one of the initial or boundary conditions in addition to
s. It is evident that, the amount of total error increases when the number of
noisy resources increases. Therefore, the amount of total error varies between
0.0216 and 0.0627.

10 Conclusion

1. The presented modified genetic algorithm is a capable method to find
unknown a(t) in an IPP even with noisy data.
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2. Results showed that an acceptable estimation can be obtained by the
presented algorithm with 100 generations within a CPU with a clock
speed of 2.4 GHz.

3. The presented algorithm is stable with respect to a small perturbation
in the input data.

4. The execution time of the presented algorithm is acceptable to be used
in real-world applications.
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Abstract
We use the Müntz Legendre wavelets and operational matrix to solve a
system of fractional integro-differential equations. In this method, the sys-
tem of integro-differential equations shifts into the systems of the algebraic
equation, which can be solved easily. Finally, some examples confirm-
ing the applicability, accuracy, and efficiency of the proposed method are
given.
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1 Introduction

The theory of fractional calculus and especially fractional differential equa-
tions has recently become a popular topic, and many natural phenomena are
modeled by it in [26, 21, 28, 11, 17, 2, 3]. The fractional integro-differential
equations (FIDEs) are generalized integro-differential equations. In general,
it is very difficult to obtain an exact solution for most FIDEs, so the use of
approximate methods seems necessary. Many studies have used approximate
methods to solve FIDE problems, such as Adomian decomposition method
[9, 18], variational iteration method [10, 29, 22], the generalized differential
transform method [1, 23], the homotopy perturbation method [36, 27], the
collocation method [12, 19, 14, 34, 16], and block-pulse functions (BPFs)
method [4, 7, 32, 33].

One type of the numerical methods that has been used effectively for
solving FIDEs is wavelets methods, which can be referred to in as Legendre

Received 28 July 2020; revised 17 October; accepted 4 November 2020
Yousef Barazandeh
Department of Mathematics, Lorestan University, Khorramabad, Iran.
e-mail: barazandeh.yu@fs.lu.ac.ir

55



56 Barazandeh

wavelets [35], Chebyshev wavelets [37], Haar wavelets [31], Bernoulli wavelet
[13, 30], and Müntz Legendre wavelets [5]. Consider the following nonlinear
system of FIDEs, where s, t ∈ [0, 1], 0 < p, q ≤ 1, and Dp and Dq represent
Caputo derivative:{

Dpy1(t) = f11(t, y1(t), y2(t)) +
∫ t
0
f12(s, y1(s), y2(s))ds,

Dqy2(t) = f21(t, y1(t), y2(t)) +
∫ t
0
f22(s, y1(s), y2(s))ds.

(1)

In this article, Müntz Legendre wavelets and operational matrix have been
used to obtain a numerical solution for relation (1).

The organization of the paper is as follows: In Section 2, some basic
results from the fractional calculus and the definition of Müntz Legendre
wavelets are given. In Section 3, a numerical method based on Müntz Leg-
endre wavelets for an approximation system of FIDEs and its convergence
analysis is presented. In Section 4, the mentioned method has been examined
by some examples. Finally, the conclusion is given in Section 5.

2 Preliminaries

In this section, some basic results from the fractional calculus and Müntz
polynomial are given.

2.1 Caputo derivative and Riemann–Liouville integral

Definition 1 (see [25]). The fractional derivative of f(t) in Caputo sense for
p, t ∈ [0, 1] is defined as

Dpf(t) =
1

Γ(1− p)

∫ t

0

(t− τ)−pf ′(τ)dτ,

where f(t) is an unknown function in an appropriate functional space and Γ
is the gamma function.

Definition 2 (see [25]). The Riemann–Liouville fractional integral of order
p can be defined as follows:

Ipf(t) =
1

Γ(p)

∫ t

0

(t− s)p−1f(s)ds.

Remark 1 (see [25]). The following relationships exist between Caputo
derivative and Riemann–Liouville integral:



Approximate solution for a system of fractional integro-differential ... 57

DpIpf(t) = f(t),

IpDpf(t) = f(t)−
n−1∑
m=0

f (m)(0+)

m!
tm, t ≥ 0, n− 1 < p < n. (2)

2.2 Müntz polynomial and Müntz Legendre wavelets

Theorem 1 (see [24]). The sequence {tλi}∞i=0,with 0 ≤ λ0 < λ1 < · · · → ∞
is fundamental in L2[0, 1] if and only if

∞∑
k=1

λk
−1 =∞.

The classical Müntz polynomial is represented as

N∑
k=0

akt
λk ,

where ak ∈ R.
The Müntz Legendre polynomial is an orthogonalized Müntz polynomial re-
spect to the Lebesgue measure in [0, 1]. Assume that Λn = {λ0, λ1, λ2, . . . , λn}
and that

Re(λk) > −
1

2
(k ∈ N0), λk ̸= λj (k ̸= j).

Then we can represent Müntz Legendre polynomial as follows (see [8, 20]):

Ln(t) =
n∑
k=0

ck,nt
λk , ck,n =

n−1∏
j=0

(λk + λj + 1)

n∏
j=0,j ̸=k

(λk − λj)
(n ∈ N0).

In this paper, we set λk = kγ and γ = 1.

Müntz Legendre wavelets are defined on [0, 1] as (see [5]):

φnm(t) =


√
2k−1(1 + 2mγ) + Lm(2k−1t− n− 1, γ),

n− 1

2k−1
≤ t < n

2k−1
,

0 otherwise,

where n = 1, 2, . . . , 2k−1, m = 0, 1, 2, . . . ,M − 1(k,M ∈ N), and Lm(t, γ) is
the well-known Müntz Legendre of order m, that in which λk = kγ.
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3 Approximation of function by using Müntz Legendre
wavelets

Any function y belonging to L2[0, 1] can be expanded by Müntz Legendre
wavelets as follows (see [5]):

y(t) ≃
∞∑
n=1

∞∑
m=0

anmφnm(t). (3)

Assume that

{φ1,0(t), . . . , φ1,M−1(t), φ2,0(t), . . . ,φ2,M−1(t), . . . ,

φ2k−1,0(t), . . . , φ2k−1,M−1(t)}

is a set of Müntz Legendre wavelets and that

X = span{φ1,0(t), . . . , φ1,M−1(t), φ2,0(t), . . . ,φ2,M−1(t), . . . ,

φ2k−1,0(t), . . . , φ2k−1,M−1(t)}.

Since X is a finite-dimensional function space of L2[0, 1], so y has the best
unique approximation ym′ ∈ X such that ||y − ym′ || ≤ ||y − x|| for all x ∈ X.
Moreover, there are unique coefficients anm such that

y(t) ≃ ym′ =

2k−1∑
n=1

M−1∑
m=0

anmφnm(t) = A
T

nmΦnm(t), (4)

where

Anm =
[
a1,0, . . . , a1,M−1, a2,0, . . . , a2,M−1, . . . , a2k−1,0, . . . , a2k−1,M−1

]T
,

Φnm(t) =
[
φ1,0(t), . . . , φ1,M−1(t), φ2,0(t), . . . , φ2,M−1(t), . . .

φ2k−1,0(t), . . . , φ2k−1,M−1(t)
]T
.

Equation (4) can be rewritten as

y(t) ≃ ym′(t) =

m′∑
i=1

aiφi(t) = A
T

m′Φm′(t), (5)

where

Am′ =
[
a1, . . . , aM , aM+1, . . . , a2M , . . . a2k−1(M+1), . . . , am′

]T
,
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Φm′ =
[
φ1(t), . . . , φM (t), φM+1(t), . . . , φ2M (t), . . . φ2k−1(M+1)(t), . . . , φm′(t)

]T
,

ai = anm, φi = φnm, i = (n− 1)M +m+ 1, m′ = 2k−1M.

Suppose that ti = 2i−1
2m′ , i = 1, 2, 3, . . . ,m′ are collocation points. We define

the Müntz Legendre wavelets Ψ as follows:

Ψm′×m′ =
[
Φ(

1

2m′ ) Φ(
3

2m′ ) Φ(
5

2m′ ) · · · Φ(
2m′ − 1

2m′ )
]
.

Theorem 2 (see [6]). Suppose that y(t) ∈ CM [0, 1]. that ym′(t) ∈ X is the
approximation of y(t) via wavelet, and that there exists D ∈ N such that
|y(M)(t)| < D for all t ∈ [0, 1]. Then

∥ey∥ = ∥y(t)− ym′(t)∥ ≤ D

M !2M(k−1)
.

Theorem 3. Suppose that in (1), fij (i, j = 1, 2) satisfies the Lipschitz
condition and yi

m′ is an approximate solution of yi(t) by the Müntz Legendre
wavelets method. If k,M →∞, then ∥ei∥ = ∥yi − yi

m′∥ → 0.

Proof. Let ri(t) (i = 1, 2) be perturbation terms and let ⌈pi⌉ = mi. we can
write yi

m′ and yi
m′ + ei as follows:

yi
m′ (t) =ri(x) +

mi−1∑
k=1

yi
(k)

k!
tk +

1

Γ(pi)

∫ t

0

(t− x)pi−1
fi1(x, y1

m′ (x), y2m′ (x))dx

+
1

Γ(pi)

∫ t

0

∫ x

0

(t− x)pi−1
fi2(s, y1

m′ (s), y2m′ (s))dsdx,

(6)

yi
m′ (t) + ei(t) =

mi−1∑
k=1

yi
(k)

k!
tk

+
1

Γ(pi)

∫ t

0

(t− x)pi−1
fi1(x, y1

m′ (x) + e1(x), y2
m′ (x)) + e2(x)dx

+
1

Γ(pi)

∫ t

0

∫ x

0

(t− x)pi−1
fi2(s, y1

m′ (s)

+ e1(s), y2
m′ (s) + e2(s))dsdx.

(7)
By subtracting (6) from (7) and employing the Lipschitz condition, we have

∥ei∥ ≤∥ri∥+
1

Γ(pi)
L1(∥e1∥+ ∥e2∥)

∫ t

0

(t− x)pi−1
dx

+
1

Γ(pi)
L1(∥e1∥+ ∥e2∥)

∫ t

0

∫ x

0

(t− x)pi−1
dsdx.

(8)
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By setting max{L1, L2} = L, |y(M)
i (t)| < Di(i = 1, 2), D = max{D1, D2}

and using Theorem 1, we can write

∥ei∥ ≤ ∥ri∥+ L(∥e1∥+ ∥e2∥)(
1

Γ(pi + 1)
+

1

Γ(pi + 2)
)

≤ ∥ri∥LD
1

M !2M(k−1)
(

1

Γ(pi + 1)
+

1

Γ(pi + 2)
).

(9)

Since k,M → ∞, then ∥ri∥ → 0. We can conclude that ∥ei∥ → 0 (i =
1, 2).

3.1 Operational matrix of the fractional integration

In this section, we review the fractional-order operational matrix of integra-
tion related to the Müntz Legendre wavelets. For this purpose, the required
definitions and lemmas are given from [30].

Definition 3. For m′ = 2k−1M and i = 1, 2, . . . ,m′, the set of BPFs is
defined as

b̂i(t) =

1,
(i− 1)

m′ ≤ t < i

m′ ,

0 otherwise.

We use the following properties of BPFs:

b̂i(x)b̂j(x) =

{
b̂i(x), i = j,

0, i ̸= j,

∫ x

0

b̂i(x)b̂j(x)dx =


1

m′ , i = j,

0, i ̸= j.

Definition 4. Suppose that U = [u1, u2, . . . , um′ ]T and
V = [v1, v2, . . . , vm′ ]T . We define

U ⊗D = [u1v1, u2v2, . . . , um′vm′ ]T .

Lemma 1. Let B̂m′ = [b̂1, b̂2, . . . , ˆbm′ ]T , and suppose that f(t), g(t) ∈
L2[0, 1] can be written as f(t) = FT B̂m′(t) and g(t) = GT B̂m′(t)(FT =
[f1, f2, . . . , fm′ ], GT = [g1, g2, . . . , gm′ ]). Then

f(x)g(x) ≈ FT B̂m′(t)GT B̂m′(t) = (FT ⊗GT )B̂m′(t), (10)

f(x)2 ≈ (FT B̂m′(t))
2
= (FT )2B̂m′(t). (11)
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The Riemann–Liouville fractional integration of order α of BPFs can be
presented as (see [15]):

IpB̂m′(t) ≈ FpB̂m′(t), (12)

where Fp is the BPFs operational matrix with

Fp = (
1

m′ )
p 1

Γ(p+ 2)



1 f1 f2 · · · fm′−1

0 1 f1 · · · fm′−2

0 0 1 · · · fm′−3

0 0 0 · · · fm′−4

...
...

... . . . ...
0 0 0 · · · 1


,

in which fk = (k + 1)p+1 − 2kp+1 + (k − 1)p+1, k = 1, 2, . . . ,m′ − 1.
We now derive the operational matrix of fractional integration of Müntz
Legendre wavelets. The integration of Müntz Legendre wavelets Φm′(x) can
be expressed as

IΦm′(t) =

∫ t

0

Φm′(s)ds ≈ Pm′Φm′(t), (13)

where the m′-square matrix Pm′ is called Müntz Legendre wavelets opera-
tional matrix. Also

IpΦm′(t) ≈ Ppm′Φm′(t), (14)

where Ppm′ is called Müntz Legendre wavelets fractional integral operational
matrix.
The Müntz Legendre wavelets can be expanded into m′-set BPFs as

Φm′(t) ≈ Ψm′B̂m′(t). (15)

Considering (12), we can write (14) and (15) as

IpΦm′(t) ≈ IpΨm′B̂m′(t) = Ψm′IpB̂m′(t) ≈ Ψm′FpB̂m′(t),

Ppm′Φm′(t) ≈ IpΦm′(t) ≈ Ψm′FpB̂m′(t) ≈ Ψm′FpΨ−1
m′Φm′(t).

Finally, we conclude
Ppm′ ≈ Ψm′FpΨ−1

m′ .

4 Examples

In this section, some examples are solved by using the proposed method with
different parameters.
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Example 1. Consider{
D

1
2 y1(t) = Γ( 32 ) +

∫ t
0
[y1(s) + y2(s)]ds,

D
1
2 y2(t) = y1(t) + y2(t)− Γ( 32 ),

(16)

where y1(0) = 0, y2(0) = 0.

Exact solutions for system (16) are y1(t) =
√
t and y2(t) = −

√
t. Indeed

D
1
2 y1(t) ≈ GTm′Φm′(t), D

1
2 y2(t) ≈ HT

m′Φm′(t), (17)

where

GTm′ = [g1, g2, g3, . . . , gm′ ], HT
m′ = [h1, h2, h3, . . . , hm′ ].

By using the initial conditions and (2), (14), (15), and (17), we have{
y1(t) = I

1
2D

1
2 y1(t) + y1(0) ≈ GTm′P

1
2

m′Φm′(t) ≈ GTm′P
1
2

m′Ψm′B̂m′(t),

y2(t) = I
1
2D

1
2 y2(t) + y2(0) ≈ HT

m′P
1
2

m′Φm′(t) ≈ HT
m′P

1
2

m′Ψm′B̂m′(t).

(18)
Then, from (13) and (18), we obtain∫ t

0

y1(s)ds ≈
∫ t

0

GTm′P
1
2

m′Φm′(s)ds = GTm′P
1
2

m′

∫ t

0

Φm′(s)ds

≈ GTm′P
1
2

m′P1
m′Φm′(t) ≈ GTm′P1+ 1

2

m′ Ψm′B̂m′(t),

(19)

and similarly ∫ t

0

y2(s)ds ≈ HT
m′P1+ 1

2

m′ Ψm′B̂m′(t). (20)

By replacing (17)–(20) into (16), we obtain
GTm′Ψm′B̂m′(t)

= Γ( 32 )
[
1, 1, . . . , 1

]
1×m′B̂m′(t) + (GTm′P1+ 1

2

m′ Ψm′ +HT
m′P1+ 1

2

m′ Ψm′)B̂m′(t),

HT
m′Ψm′B̂m′(t)

= (GTm′P
1
2

m′Ψm′ +HT
m′P

1
2

m′Ψm′)B̂m′(t)− Γ( 32 )
[
1, 1, . . . , 1

]
1×m′B̂m′(t).

(21)
Relation (21) can be rewritten as follows:{

GTm′Ψm′ = Γ( 32 )
[
1, 1, . . . , 1

]
1×m′ +GTm′P1+ 1

2

m′ Ψm′ +HT
m′P1+ 1

2

m′ Ψm′ ,

HT
m′Ψm′ = GTm′P

1
2

m′Ψm′ +HT
m′P

1
2

m′Ψm′ − Γ( 32 )
[
1, 1, . . . , 1

]
1×m′ .

(22)
By solving the nonlinear system (22), we can obtain the matrices of coeffi-
cients G and H.
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In Figure 1, the exact and approximate solutions using the proposed method
(k = 6,M = 2) are plotted and the numerical values are given in Table 1.
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Figure 1: Exact and approximate solution of y1(t) and y2(t) in Example 1.

Table 1: Exact and approximate solution and absolute error (AE) for y1(t) and y2(t)
in Example 1.

t Ex. y1(t) Ap. y1(t) AE y1(t) Ex. y2(t) Ap. y2(t) AE y2(t)
2.3438e-02 1.5309e-01 1.5237e-01 7.2418e-04 -1.5309e-01 -1.5237e-01 7.2418e-04
1.0156e-01 3.1869e-01 3.1861e-01 7.8660e-05 -3.1869e-01 -3.1861e-01 7.8660e-05
1.7969e-01 4.2390e-01 4.2386e-01 3.3400e-05 -4.2390e-01 -4.2386e-01 3.3400e-05
2.5781e-01 5.0775e-01 5.0773e-01 1.9431e-05 -5.0775e-01 -5.0773e-01 1.9431e-05
3.3594e-01 5.7960e-01 5.7959e-01 1.3062e-05 -5.7960e-01 -5.7959e-01 1.3062e-05
4.1406e-01 6.4348e-01 6.4347e-01 9.5455e-06 -6.4348e-01 -6.4347e-01 9.5455e-06
4.9219e-01 7.0156e-01 7.0155e-01 7.3654e-06 -7.0156e-01 -7.0155e-01 7.3654e-06
5.7031e-01 7.5519e-01 7.5518e-01 5.9049e-06 -7.5519e-01 -7.5518e-01 5.9049e-06
6.4844e-01 8.0526e-01 8.0525e-01 4.8706e-06 -8.0526e-01 -8.0525e-01 4.8706e-06
7.2656e-01 8.5239e-01 8.5238e-01 4.1065e-06 -8.5239e-01 -8.5238e-01 4.1065e-06
8.0469e-01 8.9704e-01 8.9704e-01 3.5232e-06 -8.9704e-01 -8.9704e-01 3.5232e-06
8.8281e-01 9.3958e-01 9.3958e-01 3.0660e-06 -9.3958e-01 -9.3958e-01 3.0660e-06
9.7656e-01 9.8821e-01 9.8821e-01 2.6353e-06 -9.8821e-01 -9.8821e-01 2.6353e-06

Example 2. Consider
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Dpy1(t) =

1
3y1(t)y2(t) +

1
2y2

2(t) + 2y2(t)−
∫ t
0
[y1(s) + y2(s)]ds,

Dqy2(t) =
1
3y1(t)y2(t)− y1(t) + 1−

∫ t
0
[y1(s)− 2y2(s)]ds,

(23)

where y1(0) = 0, y2(0) = 0, and 0 < p, q ≤ 1.

Exact solutions for the above system when p = q = 1 are y1(t) = t2 and
y2(t) = t. The exact solutions of y1(t) and y2(t) for p, q ∈ (0, 1) are unknown.
Let

Dpy1(t) ≈ UTm′Φm′(t), Dqy2(t) ≈ V Tm′Φm′(t), (24)

where
UTm′ = [u1, u2, u3, . . . , um′ ], V Tm′ = [v1, v2, v3, . . . , vm′ ].

By using the initial conditions and (2), (14), (15), and (24), we have{
y1(t) = IpDpy1(t) + y1(0) ≈ UTm′Ppm′Φm′(t) ≈ UTm′Ppm′Ψm′B̂m′(t),

y2(t) = IqDqy2(t) + y2(0) ≈ V Tm′Pqm′Φm′(t) ≈ V Tm′Pqm′Ψm′B̂m′(t).

(25)
Then, from (10), (11), (13), and (25), we obtain

y1(t)y2(t) ≈ (UTm′Ppm′Ψm′B̂m′(t))(V Tm′Pqm′Ψm′B̂m′(t))

= (UTm′Ppm′Ψm′ ⊗ V Tm′Pqm′Ψm′)B̂m′(t),
(26)

y22(t) ≈ (V Tm′Pqm′Ψm′B̂m′(t))
2
= (V Tm′Pqm′Ψm′)

2
B̂m′(t), (27)∫ t

0

y1(s)ds ≈
∫ t

0

UTm′Ppm′Φm′(s)ds = UTm′Ppm′

∫ t

0

Φm′(s)ds

≈ UTm′Ppm′P1
m′Φm′(t) ≈ UTm′P1+p

m′ Ψm′B̂m′(t),

(28)

and in the same way ∫ t

0

y2(s)ds ≈ V Tm′P1+q
m′ Ψm′B̂m′(t). (29)

By replacing (24) and (26)–(29) into (23), we obtain

UTm′Ψm′B̂m′(t) = 1
3 (U

T
m′Ppm′Ψm′ ⊗ V Tm′Pqm′Ψm′)B̂m′(t)

+ 1
2 (V

T
m′Pqm′Ψm′)

2
B̂m′(t) + 2V Tm′Pqm′Ψm′B̂m′(t)

−UTm′P1+p
m′ Ψm′B̂m′(t)− V Tm′P1+q

m′ Ψm′B̂m′(t),

V Tm′Ψm′B̂m′(t) = 1
3 (U

T
m′Ppm′Ψm′ ⊗ V Tm′Pqm′Ψm′)B̂m′(t)

−UTm′Ppm′Ψm′B̂m′(t) +
[
1, 1, . . . , 1

]
1×m′B̂m′(t)

−UTm′P1+p
m′ Ψm′B̂m′(t) + 2V Tm′P1+q

m′ Ψm′B̂m′(t).

(30)

Relation (30) can be rewritten as follows:
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UTm′Ψm′ = 1
3 (U

T
m′Ppm′Ψm′ ⊗ V Tm′Pqm′Ψm′) + 1

2 (V
T
m′Pqm′Ψm′)

2

+2V Tm′Pqm′Ψm′ − UTm′P1+p
m′ Ψm′B̂m′(t)− V Tm′P1+q

m′ Ψm′ ,

V Tm′Ψm′ = 1
3 (U

T
m′Ppm′Ψm′ ⊗ V Tm′Pqm′Ψm′)− UTm′Ppm′Ψm′B̂m′(t)

+
[
1, 1, . . . , 1

]
1×m′ − UTm′P1+p

m′ Ψm′ + 2V Tm′P1+q
m′ Ψm′ .

(31)

By solving the nonlinear system (31), we can obtain the matrices of co-
efficients U and V . In Figure 2, the exact solutions for p = q = 1 and
approximate solutions for different values of p and q are plotted. In Fig-
ure 2, the approximate values are obtained by using the proposed method
(k = 5,M = 3), and also the numerical values are given in Tables 2 and 3.
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Figure 2: Numerical solution of y1(t) and y2(t) for different values p and q in Example
1.

Example 3. Consider{
Dpy1(t) = y21(t) + y22(t)−

∫ t
0
y1(s)ds,

Dqy2(t) = − 1
2y

2
2(t)− y1(t) + 1

2 +
∫ t
0
y1(s)y2(s)ds,

(32)

where y1(0) = 0, y2(0) = 1 and 0 < p, q ≤ 1.
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Table 2: Exact and approximate solution and absolute error (AE) for y1(t) in Example
1.

t Ex.[p = 1] Ap.[p = 1] AE[p = 1] Ap.[p = 0.85] Ap.[p = 0.7] Ap.[p = 0.55]
1.0417e-02 1.0851e-04 2.1680e-04 1.0829e-04 9.0701e-04 3.7273e-03 1.4986e-02
9.3750e-02 8.7891e-03 8.8949e-03 1.0582e-04 2.3452e-02 5.9316e-02 1.4077e-01
1.7708e-01 3.1359e-02 3.1460e-02 1.0172e-04 6.8756e-02 1.4291e-01 2.7310e-01
2.6042e-01 6.7817e-02 6.7913e-02 9.5890e-05 1.3193e-01 2.4150e-01 3.9923e-01
3.4375e-01 1.1816e-01 1.1825e-01 8.8208e-05 2.1044e-01 3.4943e-01 5.1564e-01
4.2708e-01 1.8240e-01 1.8248e-01 7.8552e-05 3.0242e-01 4.6286e-01 6.2076e-01
5.1042e-01 2.6053e-01 2.6059e-01 6.6793e-05 4.0627e-01 5.7884e-01 7.1406e-01
5.9375e-01 3.5254e-01 3.5259e-01 5.2791e-05 5.2059e-01 6.9495e-01 7.9567e-01
6.7708e-01 4.5844e-01 4.5848e-01 3.6398e-05 6.4402e-01 8.0916e-01 8.6627e-01
7.6042e-01 5.7823e-01 5.7825e-01 1.7458e-05 7.7524e-01 9.1976e-01 9.2690e-01
8.4375e-01 7.1191e-01 7.1191e-01 4.1961e-06 9.1295e-01 1.0253e+00 9.7893e-01
9.2708e-01 8.5948e-01 8.5945e-01 2.8742e-05 1.0558e+00 1.1248e+00 1.0240e+00
9.8958e-01 9.7928e-01 9.7923e-01 4.9161e-05 1.1656e+00 1.1950e+00 1.0543e+00

Table 3: Exact and approximate solution and absolute error (AE) for y2(t) in Example
1.

t Ex.[q = 1] Ap.[q = 1] AE[q = 1] Ap.[q = 0.85] Ap.[q = 0.7] Ap.[q = 0.55]
1.0417e-02 1.0417e-02 1.0416e-02 7.5926e-07 2.1272e-02 4.2951e-02 8.5180e-02
9.3750e-02 9.3750e-02 9.3743e-02 7.0114e-06 1.4078e-01 2.0576e-01 2.8594e-01
1.7708e-01 1.7708e-01 1.7707e-01 1.3592e-05 2.4035e-01 3.1438e-01 3.8446e-01
2.6042e-01 2.6042e-01 2.6040e-01 2.0462e-05 3.3126e-01 4.0256e-01 4.5249e-01
3.4375e-01 3.4375e-01 3.4372e-01 2.7585e-05 4.1619e-01 4.7775e-01 5.0415e-01
4.2708e-01 4.2708e-01 4.2705e-01 3.4929e-05 4.9638e-01 5.4348e-01 5.4588e-01
5.1042e-01 5.1042e-01 5.1037e-01 4.2466e-05 5.7259e-01 6.0188e-01 5.8140e-01
5.9375e-01 5.9375e-01 5.9370e-01 5.0169e-05 6.4530e-01 6.5441e-01 6.1329e-01
6.7708e-01 6.7708e-01 6.7703e-01 5.8012e-05 7.1488e-01 7.0223e-01 6.4344e-01
7.6042e-01 7.6042e-01 7.6035e-01 6.5975e-05 7.8160e-01 7.4628e-01 6.7336e-01
8.4375e-01 8.4375e-01 8.4368e-01 7.4034e-05 8.4566e-01 7.8743e-01 7.0429e-01
9.2708e-01 9.2708e-01 9.2700e-01 8.2170e-05 9.0727e-01 8.2650e-01 7.3726e-01
9.8958e-01 9.8958e-01 9.8950e-01 8.8310e-05 9.5195e-01 8.5492e-01 7.6385e-01

Exact solutions for the above system when p = q = 1 are y1(t) = sin(t)
and y2(t) = cos(t). The exact solutions of y1(t) and y2(t) for p, q ∈ (0, 1) are
unknown.
Let

Dpy1(t) ≈WT
m′Φm′(t), Dqy2(t) ≈ RTm′Φm′(t), (33)

where

WT
m′ = [w1, w2, w3, . . . , wm′ ], RTm′ = [r1, r2, r3, . . . , rm′ ].

By using the initial conditions and (2), (14), (15), and (33), we have{
y1(t) = IpDpy1(t) + y1(0) ≈WT

m′Ppm′Φm′(t) ≈WT
m′Ppm′Ψm′B̂m′(t),

y2(t) = IqDqy2(t) + y2(0) ≈ RTm′Pqm′Φm′(t) + 1 ≈ RTm′Pqm′Ψm′B̂m′(t) + 1,

(34)
Then, from (10), (11), (13), and (34), we obtain
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y1(t)y2(t) ≈ (WT
m′Ppm′Ψm′B̂m′(t))(RTm′Pqm′Ψm′B̂m′(t) + 1)

= (WT
m′Ppm′Ψm′ ⊗RTm′Pqm′Ψm′)B̂m′(t) +WT

m′Ppm′Ψm′B̂m′(t),
(35)

y21(t) ≈ (WT
m′Ppm′Ψm′)

2
B̂m′(t),

y22(t) ≈ (RTm′Pqm′Ψm′)
2
B̂m′(t) + 2RTm′Pqm′Ψm′B̂m′(t) + 1,

(36)

∫ t

0

y1(s)ds ≈
∫ t

0

WT
m′Ppm′Φm′(s)ds ≈WT

m′P1+p
m′ Ψm′B̂m′(t), (37)∫ t

0

y1(s)y2(s)ds ≈
∫ t

0

(WT
m′Ppm′Ψm′ ⊗RTm′Pqm′Ψm′)B̂m′(s)ds

+

∫ t

0

WT
m′Ppm′Ψm′(s)B̂m′(s)ds

= (WT
m′Ppm′Ψm′ ⊗RTm′Pqm′Ψm′)

∫ t

0

B̂m′(s)ds

+WT
m′Ppm′Ψm′

∫ t

0

B̂m′(s)ds

≈ (WT
m′Ppm′Ψm′ ⊗RTm′Pqm′Ψm′)

∫ t

0

Ψ−1
m′Φm′(s)ds

+WT
m′Ppm′Ψm′

∫ t

0

Ψ−1
m′Φm′(s)ds

≈ (WT
m′Ppm′Ψm′ ⊗RTm′Pqm′Ψm′)Ψ−1

m′Pm′Ψm′B̂m′(t)

+WT
m′P1+p

m′ Ψm′B̂m′(t).

(38)

By replacing (33)–(38) into (32), we obtain

WT
m′Ψm′ = (WT

m′Ppm′Ψm′)
2
+ (RTm′Pqm′Ψm′)

2

+2RTm′Pqm′Ψm′ −WT
m′P1+p

m′ Ψm′ +
[
1, 1, . . . , 1

]
1×m′ ,

RTm′Ψm′ = − 1
2 (R

T
m′Pqm′Ψm′)

2 −RTm′Pqm′Ψm′ −WT
m′Ppm′Ψm′

−(WT
m′Ppm′Ψm′ ⊗RTm′Pqm′Ψm′ +WT

m′Ppm′Ψm′)Ψ−1
m′Pm′Ψm′ .

(39)
By solving the nonlinear system (39), we can obtain the matrices of coef-
ficients W and R. In Figure 3, the exact solutions for p = q = 1 and
approximate solutions for different values of p and q are plotted. In Fig-
ure 3, the approximate values are obtained by using the proposed method
(k = 4,M = 6), and also the numerical values are given in Tables 4 and 5.
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Figure 3: Numerical solution of y1(t), y2(t) for different values p and q in Example 2.

Table 4: Exact and approximate solution and absolute error (AE) for y1(t) in Example
2.

t Ex.[p = 1] Ap.[p = 1] AE [p = 1] Ap.[p = 0.9] Ap.[p = 0.8] Ap.[q = 0.7]
1.0417e-02 1.0416e-02 1.0415e-02 1.6952e-06 1.6784e-02 2.6928e-02 4.2987e-02
9.3750e-02 9.3613e-02 9.3597e-02 1.5248e-05 1.2310e-01 1.6051e-01 2.0698e-01
1.7708e-01 1.7616e-01 1.7613e-01 2.8760e-05 2.1677e-01 2.6388e-01 3.1639e-01
2.6042e-01 2.5748e-01 2.5744e-01 4.2191e-05 3.0362e-01 3.5318e-01 4.0297e-01
3.4375e-01 3.3702e-01 3.3696e-01 5.5500e-05 3.8452e-01 4.3146e-01 4.7285e-01
4.2708e-01 4.1422e-01 4.1415e-01 6.8655e-05 4.5957e-01 4.9979e-01 5.2851e-01
5.1042e-01 4.8854e-01 4.8846e-01 8.1641e-05 5.2857e-01 5.5854e-01 5.7118e-01
5.9375e-01 5.5947e-01 5.5938e-01 9.4461e-05 5.9123e-01 6.0778e-01 6.0154e-01
6.7708e-01 6.2652e-01 6.2642e-01 1.0715e-04 6.4720e-01 6.4744e-01 6.1997e-01
7.6042e-01 6.8922e-01 6.8910e-01 1.1978e-04 6.9609e-01 6.7729e-01 6.2671e-01
8.4375e-01 7.4714e-01 7.4701e-01 1.3249e-04 7.3749e-01 6.9709e-01 6.2197e-01
9.2708e-01 7.9987e-01 7.9973e-01 1.4544e-04 7.7098e-01 7.0653e-01 6.0602e-01
9.8958e-01 8.3580e-01 8.3564e-01 1.5548e-04 7.9065e-01 7.0661e-01 5.8697e-01
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Table 5: Exact and approximate solution and absolute error (AE) for y2(t) in Example
2.

t Ex.[q = 1] Ap.[q = 1] AE[q = 1] Ap.[q = 0.85] Ap.[q = 0.7] Ap.[q = 0.55]
1.0417e-02 9.9995e-01 9.9989e-01 5.4234e-05 9.9972e-01 9.9927e-01 9.9815e-01
9.3750e-02 9.9561e-01 9.9556e-01 5.3356e-05 9.9152e-01 9.8413e-01 9.7089e-01
1.7708e-01 9.8436e-01 9.8431e-01 5.1034e-05 9.7364e-01 9.5657e-01 9.3023e-01
2.6042e-01 9.6628e-01 9.6624e-01 4.7223e-05 9.4758e-01 9.2039e-01 8.8251e-01
3.4375e-01 9.4150e-01 9.4146e-01 4.1891e-05 9.1427e-01 8.7751e-01 8.3059e-01
4.2708e-01 9.1018e-01 9.1014e-01 3.5016e-05 8.7448e-01 8.2939e-01 7.7641e-01
5.1042e-01 8.7254e-01 8.7251e-01 2.6593e-05 8.2892e-01 7.7726e-01 7.2155e-01
5.9375e-01 8.2885e-01 8.2883e-01 1.6622e-05 7.7829e-01 7.2227e-01 6.6736e-01
6.7708e-01 7.7940e-01 7.7940e-01 5.1134e-06 7.2329e-01 6.6547e-01 6.1505e-01
7.6042e-01 7.2455e-01 7.2456e-01 7.9178e-06 6.6465e-01 6.0790e-01 5.6571e-01
8.4375e-01 6.6467e-01 6.6469e-01 2.2457e-05 6.0308e-01 5.5059e-01 5.2032e-01
9.2708e-01 6.0017e-01 6.0021e-01 3.8493e-05 5.3936e-01 4.9452e-01 4.7980e-01
9.8958e-01 5.4904e-01 5.4909e-01 5.1503e-05 4.9063e-01 4.5390e-01 4.5307e-01

5 Conclusion

In this paper, we introduced the Müntz Legendre wavelets to approximate the
solution of a system of FIDEs and examined it by some numerical examples.
Calculated absolute errors for different values of k and M indicated that by
increasing k and M , the absolute errors decrease. The algorithm presented
here can be easily used for different types of FIDEs.
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Numer. Math. 143 (2019), 159–171.



70 Barazandeh

6. Biazar, J., and Ebrahimi, H. Chebyshev wavelets approach for non-linear
systems of Volterra integral equations, Comput. Math. with Appl. 63
(2012), 608–616.

7. Ebadian, A. and Khajehnasiri, A.A. Block-pulse functions and their ap-
plications to solving systems of higher-order nonlinear Volterra integro-
differential equations, Electron. J. Differ. Equ. 54 (2014), 1–9.

8. Esmaeili, S., Shamsi, M., and Luchko, Y. Numerical solution of frac-
tional differential equations with a collocation method based on Müntz
polynomials, Comput. Math. Appl. 62(3) (2011), 918–929.

9. Hashim, I. Adomian decomposition method for solving BVPs for fourth-
order integro-differential equations, J. Comput. Appl. Math. 193 (2006),
658–64.

10. He, J.H. Approximation analytical solution for seepage flow with frac-
tional derivatives in porous media, Comput. Methods Appl. Mech. Eng.
167 (1988), 57–68.

11. Hilfer, R. Applications of fractional calculus in physics, World Scientific,
Singapore, 2000.

12. Huang, L., Li, X.F., and Zhao, Y.L. Approximate solution of frac-
tional integro-differential equations by Taylor expansion method, Com-
put. Math. Appl. 62 (2011), 1127–1134.

13. Keshavarz, E., Ordokhani, Y., and Razzaghi, M. Bernoulli wavelet op-
erational matrix of fractional order integration and its applications in
solving the fractional order differential equations, Appl. Math. Model.
38 (2014), 6038–6051.

14. Khader, M.M. Numerical treatment for solving fractional Riccati differ-
ential equations, J. Egypt Math. Soc. 21 (2013), 32–37.

15. Li, Y.L. and Sun, N. Numerical solution of fractional differential equa-
tions using the generalized block pulse operational matrix, Comput.
Math. Appl. 62 (2011), 1046–1054.

16. Ma, X.H. and Huang, C.M. Spectral collocation method for linear frac-
tional integro-differential equations, Appl. Math. Model. 38 (2014),
1434–1448.

17. Meerschaert, M.M., Benson, D.A., and Bäumer, B. Multidimensional
advection and fractional dispersion, Phys. Rev. E 59 (1999), 5026–5028.

18. Mittal, R.C. and Nigam, R. Solution of fractional calculus and fractional
integro-differential equations by Adomian decomposition method, Int. J.
Appl. Math. Mech. 4 (2) (2008), 87–94.



Approximate solution for a system of fractional integro-differential ... 71

19. Mokhtary, P. and Ghoreishi, F. The L2-convergence of the Legen-
dre spectral Tau matrix formulation for nonlinear fractional integro-
differential equations, Numer. Algorithms 58 (2011), 475–496.

20. Mokhtary, P., Ghoreishi, F., and Srivastava, H.M. The Müntz-Legendre
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Abstract

In this paper, some monotonicity-preserving (MP) and positivity-preserving
(PP) splitting methods for solving the balance laws of the reaction and
diffusion source terms are investigated. To capture the solution with high-
accuracy and resolution, the original equation with reaction source term
is separated through the splitting method into two sub-problems including
the homogeneous conservation law and a simple ordinary differential equa-
tion (ODE). The resulting splitting methods preserve monotonicity and
positivity property for a normal CFL condition. A trenchant numerical
analysis made it clear that the computing time of the proposed methods
decreases when the so-called MP process for the homogeneous conserva-
tion law is imposed. Moreover, the proposed methods are successful in
recapturing the solution of the problem with high-resolution in the case
of both smooth and non-smooth initial profiles. To show the efficiency of
proposed methods and to verify the order of convergence and capability of
these methods, several numerical experiments are performed through some
prototype examples.
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1 Introduction

Balance laws appear in many different areas such as fluid dynamics, gas
dynamics, chemical reactions [13, 19, 1, 14, 29, 35, 37]. These equations are
hyperbolic and are sometimes called inhomogeneous conservation laws in the
literature on physics. In particular, these equations are described as follows:ut + g(u)x = f(u),

u0(x) = u(x, 0), x ∈ I,
(1)

where g(u) and f(u) are smooth functions of u and I is the computational
domain. The characterization and design of high-order and high-resolution
schemes is a challenging task in the numerical analysis [12, 19, 1, 24, 25, 26,
29, 4]. The main goal of this paper is, therefore, to design schemes with
high-accuracy and resolution to obtain the true solution of the balance laws
including reaction and diffusion terms [19, 14, 7]. One way to deal with such
problems is to split the original problem into two sub-problems and then solve
each problem independently by applying an appropriate technique, which is
sometimes called the fractional step approach [5, 28, 29, 32]. To this end, the
problem (1) splits into the following sub-problemsP1 : ut + g(u)x = 0,

P2 : ut = f(u).

In other words, the original problem (1) splits into the homogeneous conser-
vation law P1 and the ODE problem P2. Mathematically, each sub-problem
is computationally solved by a standard numerical scheme. However, solving
the initial value sub-problem P1 by a suitable numerical approach such as
high-resolution shock-capturing methods, and then considering its solution
as an initial profile for the sub-problem P2 will eventually lead to the solu-
tion of the original problem as we solve sub-problem P2 with an ODE solver
such as Runge-Kutta (RK) or multi-step methods. For a semi-discrete dis-
cretization such as linear multi-step methods, we can study the global error
propagation [10]. This procedure is regarded as a simple method to deal
with this problem and often produces good results. Also, using this process
the high-resolution methods such as the total variation diminishing (TVD),
weighted-ENO (WENO) and MP methods can be applied directly for solving
the homogeneous conservation law P1 [1, 29].

In the past few decades, some numerical methods for evaluating the solu-
tion of the balance laws have been applied. For instance, Strang [4] proposed
a splitting method for solving the balance law equations. Hundsdorfer and
Verwer in [19] investigated one-step and multi-step methods using a splitting
method to solve the advection-reaction equations. Moreover, they analyzed
and extended the operator splitting method for a wide range of balance laws
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including advection-diffusion-reaction equations in one- and two-dimensional
spaces [1]. LeVeque in [29] introduced an analysis of numerical methods for
solving balance equations. In [23], the corrected operator splitting method
for solving nonlinear parabolic equations of a convection-diffusion type has
been presented. Langseth et al. in [28] studied the order of convergence
for operator splitting for balance laws. In [35], an A-stability achievement
for operator splitting type time integration methods applied to advection-
diffusion-reaction equations with possibly indefinite source terms has been
achieved. Nuri et al. obtained the numerical behavior of a modified Burger’s
equation using cubic B-spline collocation finite element method after split-
ting the equation with Strang splitting technique in [40]. Holly and Polatera
in [18] presented a numerical method to model the contaminant dispersion in
two-dimensional tidal currents. In fact, they applied the high-order bi-cubic
Hermite interpolation with characteristics to obtain the true solution in the
presence of the advection part as well as the well-known Crank-Nicolson
scheme for the diffusion part. One of the methods of discretization of the
homogeneous conservation laws is the use of MP methods. Some numeri-
cal schemes with the monotonicity-preserving property are provided in the
references [15, 5, 9, 2, 15, 17, 31, 17]. Suresh and Huynh [5] proposed an
accurate MP scheme to homogeneous conversation laws. In the MP scheme,
starting with an original numerical flux computed by any high-order scheme,
a local interval is computed by enlarging the first-order MP interval. Then,
the original numerical flux is preserved or replaced based on the relation
between the original numerical flux and this local [8, 6, 16, 2, 13, 5]. This
process is, however, capable of preserving the monotonicity property and, in
contrast to conventional TVD methods, maintains the accuracy of solution
in the extremum points. The MP scheme has a simple algorithm to achieve
a high-order of accuracy. Moreover, this scheme is widely applied to solve
hyperbolic partial differential equations [1, 6, 2, 15, 16, 5]. In this paper,
we focus on designing the MP splitting schemes based on the idea of the
MP scheme for solving balance laws. This process has some advantages in-
cluding preserving monotonicity and positivity with high-accuracy, having a
high speed of implementation due to the MP process [5], higher resolution at
discontinuous points and yielding accurate results in the smooth region.

The outline of this paper is as follows. Details on the construction of
the operator splitting schemes are presented in Section 2. In Section 3, the
construction of the MP process for homogeneous conservation laws will be
described in detail. The main results for the MP and PP splitting process
for balance laws will be discussed in Section 4. To examine the constructed
methods, some numerical experiments are given in Section 5, and finally,
some concluding remarks are given in Section 6.
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2 Operator splitting schemes

Here, we discuss the discretization of the problem (1) corresponding to sub-
problems P1 and P2. For this reason, we consider two types of the operator
splitting schemes. The first type is the so-called basic splitting scheme and
is applied to the sub-problems P1 and P2 as follows:

d

dt
u∗(t) = L

(
t, u∗

)
(t), for tn < t ≤ tn+1, u∗(tn) = un, (2)

d

dt
u∗∗(t) = F

(
t, u∗∗

)
(t), for tn < t ≤ tn+1, u∗∗(tn) = u∗(tn+1), (3)

where un stands for the approximating u(tn), L
(
t, u(t)

)
denotes the dis-

cretized homogeneous operator for conservation laws and F
(
t, u(t)

)
is the

operator for reaction source term. Finally, the solution of the problem (1) is
obtained as we set un+1 := u∗∗(tn+1) in the interval [tn, tn+1]. Also, the basic
splitting scheme for the sub-problems P1 and P2 provides an error bound for
the solution of order O(∆t) [19, 4], where ∆t is the splitting time step. The
second type is the Strang splitting method and is implemented as follows:

d

dt
u∗(t) = L

(
t, u∗

)
(t), tn < t ≤ tn+ 1

2
, u∗(tn) = un,

(4)
d

dt
u∗∗(t) = F

(
t, u∗∗

)
(t), tn < t ≤ tn+1, u∗∗(tn) = u∗(tn+ 1

2
),

(5)
d

dt
u∗∗∗(t) = L

(
t, u∗∗∗

)
(t), tn+ 1

2
< t ≤ tn+1, u∗∗∗(tn+ 1

2
) = u∗∗(tn+1),

(6)
where the operators L

(
·, u(·)

)
and F

(
·, u(·)

)
are the same as those in basic

splitting scheme. The final solution of the problem (1) is obtained by setting
un+1 = u∗∗∗(tn+1). Strang splitting method introduces an order O(∆t2)
[19, 29, 40]. The homogeneous conservation laws in the sub-problem P1

are discretized via step-size ∆x = xj+ 1
2
− xj− 1

2
in a uniform grid and is

defined by the points xj = j∆x, j = 1, 2, ..., N , with cell boundaries given by
xj+ 1

2
= xj +

∆x
2 in the conservation form

duj(t)

dt
= − 1

∆x

(
fj+ 1

2
− fj− 1

2

)
,

where fj± 1
2

are numerical fluxes. Our aim is to calculate un+1
j at time level

tn+1. It is worth noting that the algorithm for solving equation involving
time is based on the well-known three-stage, third-order TVD-RK3 method
[15, 36, 5]. Consider f̂j± 1

2
as the original numerical fluxes which are approxi-

mations of the point value u
(
xj± 1

2
, t
)

at the time level tn. We use an original
numerical flux with a five-point stencil. Since, we need at least five points
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Table 1: The constant coefficients βl for k = 3, 4, 5.
k β−5 β−4 β−3 β−2 β−1 β0 β1 β2 β3 β4 β5

3 − 1
140

5
84 − 101

420
319
420

107
210 − 19

210
1

105

4 1
630 − 41

2520
199
2520 − 641

2520
1879
2520

275
504 − 61

504
11
504 − 1

504

5 − 1
2772

61
13860 − 703

27720
371
3960 − 7303

27720
20417
27720

15797
27720 − 4003

27720
947

27720 − 17
3080

1
2310

to distinguish between extremum and discontinuity points. Therefore, one
choice is to consider the original numerical flux of order O(∆x5) as follows:

f̂j+ 1
2
=

1

60

(
2gj−2 − 13gj−1 + 47gj + 27gj+1 − 3gj+2

)
. (7)

Furthermore, to increase spatial accuracy, the original numerical fluxes of the
(2k + 1)-th order in the following form

f̂j+ 1
2
=

k∑
l=−k

βlgj+l, k = 3, 4, 5,

can be used. The constant coefficients βl are shown in Table 1. Moreover,
compact numerical schemes are relatively high-order with a small stencil.
However, these numerical schemes can be applied as another choice [15]. This
process produces some oscillations in the numerical solution as the above-
mentioned numerical fluxes are assembled. To overcome this difficulty, we
will discuss the monotonicity property for homogeneous conservation laws in
the next section to obtain accurate numerical schemes inspired by the process
of MP as proposed in [5].

3 Construction of the MP process for conservation laws

In this section, we will study the construction of the MP process for conser-
vation laws with numerical flux (7). To this end, the numerical flux (7) is
considered to be the original numerical flux f̂j+ 1

2
. Because of this, some oscil-

lations near the discontinuous points are produced as we utilize the numerical
flux f̂j+ 1

2
. Therefore, we limit the numerical flux endowed with MP process

in such a way that the oscillations near the discontinuous points are damped.
To construct an MP process for the numerical flux (7), some definitions are
required. The first definition is the minmod function for n arguments as
follows:

minmod
(
z1, z2, ..., zn

)
= s.min

(
| z1 |, | z2 |, ..., | zn |

)
,
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where

s =
1

2

(
sign(z1)+sign(z2)

)
×
∣∣∣∣12(sign(z1) + sign(z3)

)
...
1

2

(
sign(z1) + sign(zn)

)∣∣∣∣ .
The second one is the interval

[
min(z1, z2, ..., zn),max(z1, z2, ..., zn)

]
denoted

by I
[
z1, z2, ..., zn

]
. The third one is the local curvature

dMM
j+ 1

2
= minmod

(
dj , dj+1

)
,

where
dj = uj+1 − 2uj + uj−1.

For simplicity of notation, we omitted the superscript n, e.g., unj denoted by
uj . We consider the original numerical flux of five-order in the formula (7).
Then, this original numerical flux is maintained or replaced according to the
following limiting procedures. More precisely, if we suppose uj ≤ f̂j+ 1

2
≤

uj+1 some simple calculations will show that the derived solution, un+1
j , lies

somewhere between uj−1 and uj , which yields MP-property. Therefore, these
ensure that f̂j+ 1

2
lies between uj and uUL as follows:

uUL = uj + α
(
uj − uj−1

)
,

where α ≥ 2. According to the above-mentioned assumptions, we derive a
first-order MP interval I[uj , uMP ], where uMP is defined in the following
form

uMP = uj + minmod
(
uj+1 − uj , α

(
uj − uj−1

))
.

For simulation, the condition for which the original numerical flux f̂j+ 1
2

lies in I[uj , u
MP ], is equivalent to(

f̂j+ 1
2
− uj

)(
f̂j+ 1

2
− uMP

)
≤ µ,

with a tolerance µ = 10−10. For f̂j+ 1
2
∈ I[uj , u

MP ] the accuracy of the
MP method decreases to the first order in the vicinity of the extremum
points. To increase accuracy in the vicinity of the extremum points, the
intervals I[uj , uj+1] and I[uj , u

UL] were enlarged as I
[
uj , uj+1, u

MD
]

and
I
[
uj , u

UL, uLC
]
, respectively, where

uMD =
1

2

(
uj + uj+1

)
− 1

2
dMM
j+ 1

2
,

and
uLC =

1

2

(
3uj − uj−1

)
+

4

3
dMM
j− 1

2
.
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Two intervals I
[
uj , u

UL, uLC
]

and I
[
uj , uj+1, u

MD
]

enlarge only for the
local non-monotonicity numerical data, and degenerate to I[uj , u

UL] and
I[uj , uj+1] for the local monotonicity numerical data [5]. In practice, we
replace dMM

j+ 1
2

with dM4
j+ 1

2

and define

dM4
j+ 1

2
= minmod

(
4dj − dj+1, 4dj+1 − dj , dj , dj+1

)
.

Intersection I[umin, umax] of the two intervals I[uj , uUL, uLC ] and I[uj , uj+1, u
MD]

can be computed by

umin = max
[
min

(
uj , uj+1, u

MD
)
,min

(
uj , u

UL, uLC
)]
,

umax = min
[
max

(
uj , uj+1, u

MD
)
,max

(
uj , u

UL, uLC
)]
,

which indicate the local interval I[umin, umax] for the MP process. The nu-
merical original flux is replaced by the nearest bound of the interval if the
original numerical flux is outside of the interval. Therefore, we have

fj+ 1
2
= f̂j+ 1

2
+ minmod

(
umax − f̂j+ 1

2
, umin − f̂j+ 1

2

)
.

Summarizing the above scenario, accuracy and monotonicity are preserved,
which means the MP process is of high-order and high-resolution in the case of
the smooth and non-smooth initial profiles, respectively. In comparison with
the other existing methods such as the fifth-order weighted-ENO (WENO5)
and the third-order essentially nonoscillatory (ENO3), the speed of the MP
algorithm is of high rate, which makes the MP algorithm an efficient and
effective procedure to solve the homogeneous conservation laws [5]. It is
well-known that the MP scheme has higher accuracy and less dissipation
compared with the mentioned schemes [1, 6, 5]. Moreover, the high-order
WENO methods may not have monotonicity property but the MP scheme
preserves monotonicity property [1]. Therefore, due to the mentioned reasons,
we consider the MP method to discretize the homogeneous conservation laws
part in the splitting process.

4 Main results

4.1 Monotonicity preserving

In this section, we determine results for the basic splitting (2), (3) and the
Strang splitting (4)−(6) with the above mentioned MP process for the homo-
geneous conservation laws part. These schemes are called the MP basic split-
ting scheme and the MP Strang splitting scheme, respectively. We state the
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following theorem which determines the condition of monotonicity-preserving
on the MP basic splitting scheme.

Theorem 1. The MP basic splitting scheme is monotonicity-preserving un-
der the CFL condition ν ≤ 1

1+α , where ν is CFL number.

Proof. Suppose that the sub-problem (2) is computed with the TVD-RK3
method in time and the MP scheme of five-order in space. Therefore, we
suppose that uj−1 ≤ f̂j− 1

2
≤ uj , and uj ≤ f̂j+ 1

2
≤ uUL. For increasing data,

these two assumptions imply that (uUL − uj−1) ≤ (α+ 1)(uj − uj−1). After
applying the relation (uUL − uj−1) ≤ (α+ 1)(uj − uj−1), we will have

0 ≤ (f̂j+ 1
2
− f̂j− 1

2
) ≤ (uUL − uj−1) ≤ (α+ 1)(uj − uj−1). (8)

Multiplying −ν and then adding uj to the relation (8), we will obtain

(1− ν(1 + α))uj + ν(α+ 1)uj−1 ≤ u∗ ≤ uj ,

where u∗ = uj−ν(f̂j+ 1
2
− f̂j− 1

2
) is the first step of the TVD-RK3 method. To

hold uj−1 ≤ u∗ ≤ uj , the inequality uj−1 ≤ (1− ν(1 + α))uj + ν(α+ 1)uj−1

must be satisfied, which in turn yields

ν(α+ 1)(uj − uj−1) ≤ (uj − uj−1).

Therefore, we have ν(α + 1) ≤ 1. Since the second and third steps of the
TVD-RK3 method are combinations of the first step and uj with positive
weights, the final step u∗(tn+1) is also monotonic. Consequently, the first
step of the basic splitting scheme under the CFL condition ν(α + 1) ≤ 1 is
monotonicity-preserving. The sub-problem (3) is computed with the TVD-
RK3 method with initial condition u∗∗(tn) = u∗(tn+1) and also the TVD-
RK3 method is monotonic; It is well known that if sub-problems is solved
by a high resolution or a monotonicity-preserving method, then the split-
ting methods (such as the basic splitting, Strang splitting and dimension
splitting schemes) are monotonicity-preserving and convergent to the correct
solution of original equation [4, 1, 29]. however, the MP basic splitting is
monotonicity-preserving under the CFL condition ν ≤ 1

1+α .

Here, we present the following theorem to estimate the error of the MP
basic splitting method.

Theorem 2. Suppose (2), (3) are computed with TVD-RK3 in time and the
MP process of five-order in space. Then, in the absence of the splitting error,
the global order of the error can be introduced as O(∆t3) +O(∆x5).

Proof. The computation of equation (2) with initial data un yields approx-
imations u∗(tn+1) with an order error of the form O(∆t3) + O(∆x5) [5].
More pointedly, the evaluation of equation (3) with TVD-RK3 method would
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result in local error of O(∆t3) in time [36]. Consequently, Due to the
stability of sub-schemes the global order of the error can be obtained as
O(∆t3) +O(∆x5), when the splitting error is neglected.

Also, to make sure that the convergency of the MP basic splitting method
is held, we state the following lemma.

Lemma 1. The MP basic splitting scheme is convergence to the true solution
of original equation (1).

Proof. As was mentioned above, subproblem (2) is computed with a high-
resolution method in space (i.e., the MP process of five-order) and the method
of TVD-RK3 in time with initial condition u∗(tn) = un in interval [tn, tn+1],
while the subproblem is solved in interval [tn, tn+1] only by the TVD-RK3
method with monotone initial data u∗∗(tn) = u∗(tn+1). Therefore, because
sub-problems are solved using high-resolution methods (we know that high-
resolution methods converge to the correct solution of the problem [29]) and
the use of the well-known basic splitting method, also, because there is consis-
tency between the approximation of the splitting method (2), (3) with the so-
lution of original equation (1), the convergence of basic MP splitting method
to the true solution of original equation (1) is guaranteed [4, 1, 29, 4].

4.2 Positivity preserving

Next, we will investigate positivity property for the basic splitting (2), (3)
sophistically in detail. We consider the case that the solutions u(x, t) of the
basic splitting (2), (3) are nonnegative for all times t ≥ 0.

In the following, we state a lemma for positivity property of the basic
splitting (2), (3) obtained using the MP method and the TVD-RK3 method.

Lemma 2. The MP basic splitting scheme will be positivity-preserving under
the CFL condition ν ≤ 1

1+α .

Proof. Suppose that for t > 0 the problem (2) is solved with initial condition
u∗(tn) = un ≥ 0 in interval [tn, tn+1] using the MP process in space and
the TVD-RK3 method in time. Therefore, the solution of the MP method
is monotonicity-preserving under the CFL condition ν ≤ 1

1+α . However, the
problem (3) is solved in interval [tn, tn+1] by the TVD-RK3 method with
monotone initial data u∗∗(tn) = u∗(tn+1). Since the TVD-RK3 method with
positive weights is positivity-preserving, therefore, un+1 := u∗∗(tn+1) ≥ 0.
As a result, the MP basic splitting is positivity-perserving under the CFL
condition ν ≤ 1

1+α .

It is interesting to note that, the above-mentioned results are also valid
for the MP Strang splitting method, i.e., the MP Strang splitting method
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is convergent to the true solution of original equation (1) and also preserves
monotonicity and positivity under the CFL condition ν ≤ 1

1+α .

4.3 The case for diffusion source term

In this section, we study the MP splitting process for balance laws with
diffusion source term in the following form

ut + f(u)x = η uxx, (9)

where f(u) is the flux function, and η denoting the diffusion coefficient. By
applying the basic splitting method, the equation (9) is divided into two
sub-problems as follows:

u∗t + f(u∗)x = 0, for tn ≤ t ≤ tn+1, u∗(x, tn) = u(x, tn),
(10)

u∗∗t = η u∗∗xx, for tn ≤ t ≤ tn+1, u∗∗(x, tn) = u∗(x, tn),
(11)

where u∗ and u∗∗ stand for concentration in the case of homogeneous conser-
vation law and the diffusion process, respectively. Executing the MP process,
equation (10) can simply be solved by using the initial condition of equation
(9). The solution of this problem can be regarded as an initial condition for
equation (11). Using the Crank-Nicolson method [8, 23], equation (11) can
be numerically solved through an initial condition derived from the previ-
ous step. Consequently, the solution to the original problem (9) is obtained.
It turns out that the proposed process can stably and consistently estimate
the true solution of the problem (9). This process can, however, be ap-
plied to solving a wide variety of balance laws with possibly nonlinear source
terms. As it is well-known, the effective and applicable strategy for solving
the considered problem turns out to be implemented by the MP process.
This method is a robust and powerful technique for treating balance laws.
Moreover, it may be used in investigating problems involving diffusion source
terms. To shed light on this issue, we will present the following remark which
is, in essence, similar to the one given by Lemma 1.

Remark 1. It is notable that the proposed method is not only able to
treat problems in the presence of reaction source terms, but also robustly
and rigorously reconstructs the true solution as some diffusion source terms
are imposed. Indeed, the proposed method can therefore retrieve the true
solution of the original equation (9) by means of splitting method like what
is mentioned in Lemma 1. This consideration makes us assert that this
method can actually guarantee the convergency of the solution to the original
equation (9).
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5 Numerical results

In this section, some test problems are provided to show the efficiency and
effectiveness of the MP splitting schemes. In all tests, α = 4 and µ = 10−10

are considered. Meanwhile, all tests were performed by MATLAB routine
codes.

Test 1. Consider the following equation

ut +
(
au
)
x
= −βu, a = 1 and β = 1, 0 ≤ x ≤ 1,

with initial condition

u0(x) = sin4
(
πx
)
,

and the periodic boundary conditions, u(0, t) = u(1, t), at final time
tf = 1. The results of the MP basic splitting scheme and the MP
Strang splitting scheme are demonstrated with ∆t

∆x= 0.05 and ∆t
∆x = 0.4

in tables 2 and 3, respectively. The numerical results confirm the good
efficiency and accuracy of the MP splitting schemes for this test. It
is worth emphasizing that the numerical results for large CFL number
∆t
∆x = 0.4 are also satisfactory.

Test 2. We solve

ut +
(
au
)
x
= −βu, a = 1 and β = 10, 0 ≤ t ≤ 1

2
,

with initial condition given by

u0(x) = 1000 cos
(
πx
)2
,

and the periodicity conditions in the boundaries on the interval [0, 1],
at final time tf = 1

2 and discrete points N = 40. Numerical solution of
the advection-reaction equation with the MP basic splitting method for
∆t
∆x = 0.4 is depicted in Figure 2. From this figure, one can deduce that
the proposed method is successful in retrieving the exact solution in a
careful manner. Moreover, in comparison with the third order TVD
basic splitting scheme [1], our proposed method is not only able to re-
cover the true solution of the problem accurately, but also it preserves
the accuracy of the numerical solution at extremum points. This situ-
ation also happens for other test problems mainly because the spatial
part of the homogeneous problem is discretized by the MP-process. Yet
the lack of such property in the third order TVD-scheme makes its effi-
ciency unsatisfactory. Furthermore, we consider the advection-reaction
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equation as follows:

ut +
(
au
)
x
= −βu, a = 1 and β = 1, (12)

with initial condition

u0(x) =
(
sin
(
πx
))100

, (13)

and the periodicity conditions in the interval [0, 1], at final time tf =
2 and discrete points N = 64. Numerical solution of the advection-
reaction equation (12)-(13) with the MP basic splitting method for
∆t
∆x = 0.2 is illustrated in Figure 1. In this test, we can deduce that the
numerical solution of the MP basic splitting method, which preserves
nonlinear stability such as monotonicity and positivity. To be more
precise, this test is given specifically to confirm the positivity property
of the MP basic splitting for CFL condition ν ≤ 1

1+α (as shown in
Lemma 2) and it shows the MP basic splitting method is monotonicity-
preserving for this CFL condition (as shown in Theorem 1).
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Figure 1: Numerical solution of the advection-reaction equation (12)-(13) with the MP
basic splitting scheme at final time tf = 2 and N = 64, ∆t

∆x
= 0.2.

Test 3. Consider the following equation governed by



Monotonicity-preserving splitting schemes for solving balance laws 85

ut +
(
au
)
x
= −βu, a = 1 and β = 1,

with the initial condition

u0(x) = sign(x),

and the periodic boundary conditions in the interval [0, 2]. The results
are shown at final time tf = 1 in Figure 6. We get a good behavior for
the MP Strang splitting scheme (even for CFL= 0.4). It is obvious that
the MP Strang splitting scheme produces sharp results in the vicinity
of the shock.

Test 4. Let us take the equation

ut +
(
au
)
x
= u

(
1− u

)
, a = 1,

with the initial condition

u0(x) = exp
(
− 0.01x2

)
,

and the periodic boundary conditions in the interval [0, 2]. The results
of the MP Strang splitting scheme are illustrated in Figure 4 with ∆t

∆x =
0.4, at final time tf = 1 and N = 100. However, for the final time
tf = 1 and discrete points N = 100, the MP Strang splitting scheme
is compared to the nonstandard finite difference (NSFD) scheme [33],
which is stable and also is of first-order in time and space as follows:

un+1
j − unj
ϕ(∆t)

+
unj − unj−1

ϕ(∆x)
= unj−1

(
1− un+1

j

)
,

where ϕ(h) = exp(h) − 1, and ∆t = ∆x is an imperative condition to
hold this scheme. We find that the MP Strang splitting scheme has a
good resolution and convergence. Moreover, the result obtained by the
MP Strang splitting scheme is free of the spurious oscillations.

Test 5. We apply the MP Strang splitting scheme to the equation

ut +
(1
2
u2
)
x
= u

(
1− u

)
, (14)

with the initial value

u0(x) =

{
0.1 + 0.1 sin

(
2πx

)
, if 0 ≤ x ≤ 1,

0.1, else,
(15)
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and the periodic boundary conditions in the interval [0, 2]. The nu-
merical solution is depicted at tf = 1.5 in Figure 5. We can see that
the MP Strang splitting scheme can solve high-accuracy and resolution.
Obviously, the dissipation of the MP Strang splitting scheme is much
small.
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Figure 2: Numerical solution of the advection-reaction equation with the MP basic
splitting scheme (left), the third order TVD basic splitting scheme (right) at final time
tf = 1

2
and N = 40, ∆t

∆x
= 0.4 in Test 2.

Table 2: Estimated L2-errors and L2-orders for advection-reaction equation with the
MP basic splitting scheme in Test 1.

N ∆t
∆x = 0.05 ∆t

∆x = 0.4

L2-error L2-order L2-error L2-order

20 6.13e−04 - 7.64e−04 -
40 2.06e−05 4.89 5.43e−05 3.96
80 6.58e−07 4.96 4.98e−06 3.45
160 2.15e−08 4.94 5.64e−07 3.14

Test 6. In this test, we apply the MP basic splitting scheme mentioned in
subsection 4.3 to the equation

ut +
(1
2
u2
)
x
= η uxx, η = 1, (16)

with the initial condition

u0(x) = sin(x), (17)
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Table 3: Estimated L2-errors and L2-orders for advection-reaction equation with the
MP Strang splitting scheme in Test 1.

N ∆t
∆x = 0.05 ∆t

∆x = 0.4

L2-error L2-order L2-error L2-order

20 6.10e−04 - 6.42e−04 -
40 2.04e−05 4.90 2.46e−05 4.70
80 6.50e−07 4.98 1.18e−06 4.38
160 2.04e−08 4.99 8.81e−08 3.80
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Figure 3: Numerical solution of the advection-reaction equation with the MP Strang
splitting scheme at final time tf = 1 and N = 200, ∆t

∆x
= 0.4 in Test 3.

and the boundary conditions u(−4, t) = u(4, t) = 0 in the interval
[−4, 4]. The results of the MP basic splitting scheme are illustrated in
Figure 6 with ∆t

∆x = 0.4, at final time tf = 4 and N = 100. We can
deduce that numerical solution given by the MP basic splitting scheme
nicely converges to the true solution.

Test 7. Now we consider the one-dimensional modified Burger’s equation
(MBE) in the following form

ut + uβ(u)x − ηuxx = 0, 0 ≤ x ≤ 1, t ≥ 1, β = 2, (18)
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with the initial condition

u(x, t0 = 1) =
x

1 + 1
c e

x2

4η

, t ≥ 1, 0 ≤ x ≤ 1, 0 ≤ c ≤ 1, (19)

and the boundary conditionsu(0, t) = u(1, t) = 0,
ux(0, t) = ux(1, t) = 0,
uxx(0, t) = uxx(1, t) = 0.

To apply the MP basic splitting, we split the original equation (18) into
two the sub-problems P1 and P2 as follows:

P1 : ut +
(
uβ+1

β+1

)
x
= 0,

P2 : ut = ηuxx.

Then, we get the solution of the MP basic splitting scheme mentioned in
subsection 4.3 in the interval [0, 1]. The results of the MP basic splitting
scheme are illustrated in Table 4 with ∆t = 0.01, ∆x = 0.0625, η =
0.01, c = 0.5, at final time tf = 2. From Table 4 with these parameters,
we can see that the MP basic splitting scheme error norms L∞ and
L2 are in general better than the proposed methods in references [34,

40]. MATLAB code of the MP process for this test is placed in the
Appendix.

Table 4: A comparison of the MP basic splitting scheme error norms L∞ and L2 with
the proposed methods in references [34, 40].

Schemes L∞-norm L2-norm

S∆t[40] 7.4741e− 04 3.2033e− 04
[34] 7.5978e− 04 3.4748e− 04
MP basic splitting scheme 2.2677e− 04 1.4944e− 04

6 Conclusion

In this paper, the MP splitting schemes for solving balance laws are proposed.
The MP splitting schemes are introduced to preserve the monotonicity and
positivity properties of the numerical scheme for balance laws with linear and
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Figure 4: Numerical solution of the advection-reaction equation with the MP Strang
splitting method (left), the NSFD method (right ) at final time tf = 1 and N = 100 in
Test 4.

nonlinear source terms. In these methods, the homogeneous conservation
laws step is discretized by the fifth order MP method, and the reaction step
and time integration are discretized by the third-order TVD-RK3 method.
The numerical results for balance laws as well as the case for diffusion source
term are also provided results that verify the applicability and efficiency of
the proposed schemes. It is worth studing the MP procedure to the interface
problems that have a wide application in science and engineering [11].
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APPENDIX: MATLAB code of the MP process

function [fplus] = MP(u)
B1 = 1/60;
B2 = 4/3;
alpha =4.0;
eps = 10^-10;
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Figure 5: Numerical solution of the problem (14)-(15) with the MP Strang splitting
method at final time tf = 1.5 and N = 100, ∆t

∆x
= 0.4 in Test 5.

fhat =B1*(2 *u(1)-13*u(2)+47*u(3)+27*u(4)-3*u(5));
uMP = u(3)+DMM((u(4)-u(3)),alpha*(u(3)-u(2)));
if ((fhat-u(3))*(fhat-uMP)<=eps)

fplus=fhat ;
else
DJM1 = (u(1)-2*u(2)+u(3));
DJ = (u(2)-2*u(3)+u(4));
DJP1 = (u(3)-2*u(4)+u(5));
DM4JPH = DM4(4*DJ-DJP1,4*DJP1-DJ,DJ,DJP1);
DM4JMH = DM4(4*DJ-DJM1,4*DJM1-DJ,DJ,DJM1);
uUL = u(3)+alpha*(u(3)-u(2));
uAV = 0.5*(u(3)+u(4));
uMD = uAV-0.5*DM4JPH;
uLC = u(3)+0.5*(u(3)-u(2))+B2*DM4JMH;
umin = max(min(min(u(3),u(4)),uMD),min(min(u(3),uUL),uLC));
umax = min(max(max(u(3),u(4)),uMD),max(max(u(3),uUL),uLC));
fplus = fhat+DMM(umin-fhat,umax-fhat);
end
return
function A=DM4(W,X,Y,Z)
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Figure 6: Numerical solution of the problem (16)-(17) with the MP basic splitting
method at final time tf = 4 and N = 100, ∆t

∆x
= 0.4 in Test 6.

A=0.125*(sign(W)+sign(X))*abs((sign(W)+sign(Y))*(sign(W)+sign(Z)))*
min(min(abs(W),abs(X)),min(abs(Y),abs(Z)));
return
function B=DMM(X,Y)
B = 0.5*(sign(X)+sign(Y))*min(abs(X),abs(Y));
return
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Abstract

The article deals with constructing a Toeplitz-like preconditioner for linear
systems arising from finite difference discretization of the spatial fractional
diffusion equations. The coefficient matrices of these linear systems have an
S+L structure, where S is a symmetric positive definite (SPD) matrix and
L satisfies rank(L) ≤ 2. We introduce an approximation for the SPD part
S, which is called PS , and then we show that the preconditioner P = PS+L
has the Toeplitz-like structure and its displacement rank is 6. The analysis
shows that the eigenvalues of the corresponding preconditioned matrix are
clustered around 1. Numerical experiments exhibit that the Toeplitz-like
preconditioner can significantly improve the convergence properties of the
applied iteration method.
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1 Introduction

In this article, we aim to propose a Toeplitz-like preconditioner for solving
the linear system resulting from a finite difference approximation of an initial-
boundary value problem of the spatial fractional diffusion equations (FDEs)
that were introduced in [4]. In this article, the authors show that applying
the finite difference method to the FDEs leads to the following linear system:

Ax = b, (1)
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where the coefficient matrix of the linear system (1) is a dense Toeplitz-like
matrix. As we see in [4], the coefficient matrix of (1) can be rewritten as the
sum of a symmetric positive definite matrix S and a low rank matrix L, that
is, A = S + L (for more details, see [4, 2]). The matrix S has the following
structure:

S = ηIn +GD1G
T +GTD2G, (2)

where η > 0, G is a Toeplitz matrix, and D1 and D2 are diagonal matrices
with positive diagonal elements (more details are available in Section 2). In
[4], the authors proposed a preconditioner by replacing G with its Strang’s
circulant approximation and two matrices D1 and D2 by their scalar (identity
matrix) approximation. They showed the superlinear convergence of their
preconditioner, when D1 and D2 are scalar identity matrices. In [2], we
introduced a preconditioner based on the approximation of S defined in (2),
and we proved that the proposed preconditioner is strong even though D1

and D2 are not a multiple of the identity matrix. In the following, we give
some definitions about Toeplitz-like matrices.

Toeplitz-like matrices are defined by means of a displacement operator.
Given an n × n matrix A, we consider the down-shift matrix of order n,
Zn =

(
e2 e3 · · · en 0n

)
, and the displacement operator ∇ defined by

∇(A) = A− ZnAZTn . (3)

We define the displacement rank of matrix A as rank(∇(A)). The matrix
A is said to have the Toeplitz-like structure if its displacement rank is low
compared with its order n, that is, rank(∇(A)) = m≪ n. If the displacement
rank of A is m, then we can rewrite ∇(A) as ∇(A) = CDT , where C,D ∈
Rn×m. Two matrices C and D are called the generators of the matrix A.

Throughout this article, we use the following notations: Capital letters,
boldface lowercase letters, and regular lowercase letters denote matrices, vec-
tors, and scalars, respectively. Moreover, In denotes the identity matrix of
order n, while Jn denotes the n×n exchange matrix Jn = antidiag(1, 1, . . . , 1).
We denote by ej the jth column of identity matrix, and 0 denotes the zero
vector of proper dimensions.

The organization of this article is as follows. In Section 2, we present
the new preconditioner for the discretized linear systems arising from FDEs.
Some computational remarks are given in Section 3. Numerical experiments
are provided in Section 4 to prove the performance of our preconditioner.
Finally, in Section 5, some concluding remarks are provided.

2 Preconditioning technique

The finite difference discretization of FDEs was developed in [4]. By intro-
ducing
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a
(α)
i = (i+ 1)1−α − i1−α, i = 0, 1, 2, . . . ,

g
(α)
0 =

a
(α)
0

Γ(2− α)
, g

(α)
k =

a
(α)
k − a(α)k−1

Γ(2− α)
, k = 1, 2, 3, . . . ,

and

a = − 1

Γ(2− α)


a
(α)
0

a
(α)
1
...

a
(α)
n−1

 , g =


g
(α)
1

g
(α)
2
...

g
(α)
n

 , (4)

the authors showed that the coefficient matrix of resulting linear system by
finite difference discretization of FDEs possesses A = S+L ∈ Rn×n structure,
where

S = ηIn +G(α)D+G
(α)T +G(α)TD−G

(α), (5)
L = c1ag

T + c2Ja(Jg)
T , (6)

in which η > 0, D± = diag(d±,1, d±,2, . . . , d±,n) with d±,i > 0, c1, c2 ≥ 0,
and

G(α) =


g
(α)
0 0 · · · 0

g
(α)
1 g

(α)
0 · · · 0

... . . . . . . ...
g
(α)
n−1 · · · g

(α)
1 g

(α)
0

 ∈ Rn×n. (7)

For simplicity, in the rest of the the superscript, (α) will be ignored. We see
that the matrix S is a symmetric positive definite and that L is a matrix with
low rank, that is, rank(L) ≤ 2. Denote by d±,min and d±,max the smallest
and the largest elements of D±, respectively. Letting d̄± =

d±,max+d±,min

2 , in
[2], we used the following preconditioner :

PS = ηIn + d̄+GG
T + d̄−G

TG. (8)

This preconditioner is an approximation of S. We can replace S in A by PS ,
obtaining so-called TL preconditioner

P = PS + L (9)

for the matrix A.

Theorem 1. If P is defined as (9), then P−1A =M+N , where M is similar
to P−1

S S and rank(N) ≤ 2.

Proof. We can extend S = span{g, Jg} to an orthonormal basis of Rn. Let
V =

(
v1 v2 · · · vn

)
be the matrix representation of such orthonormal basis,

such that v1 = g
∥g∥2

and v2 = Jg+hg
∥Jg+hg∥2

, where h = − (Jg)T g
∥g∥2

2
. Suppose that V
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is partitioned as V =
(
V1 V2

)
, where V1 =

(
v1 v2

)
and V2 =

(
v3 v4 · · · vn

)
.

From (6), we see that LV2 = 0. We have

V TP−1
S LV =

(
V T1
V T2

)
P−1
S L

(
V1 V2

)
=

(
V T1 P

−1
S LV1 0

V T2 P
−1
S LV1 0

)
. (10)

If we define K = I2 + V T1 P
−1
S LV1 and

Q = V

(
I2 −K−1V T1 0

−V T2 P−1
S LV1K

−1V T1 0

)
V T ,

then

(I + P−1
S L)−1 = V

[
I + V TP−1

S LV
]−1

V T

= V

[
I +

(
V T1 P

−1
S LV1 0

V T2 P
−1
S LV1 0

)]−1

V T

= V

(
K−1 0

−V T2 P−1
S LV1K

−1 In−2

)
V T

= I +Q.

We note that QV2 = 0. By this assumption, we can prove our assertion in
the following

P−1A = (PS + L)−1(S + L) = (I + P−1
S L)−1P−1

S S(I + S−1L)

= (I + P−1
S L)−1P−1

S S(I + P−1
S L)(I + P−1

S L)−1(I + S−1L). (11)

In (11), if we define M = (I + P−1
S L)−1P−1

S S(I + P−1
S L), then

P−1A = M(I +Q)(I + S−1L)

= M +N,

where N = M(S−1L+Q+QS−1L). We see that M is similar to P−1
S S. It

can be easily verified that NV2 = 0. Hence rank(N) ≤ 2.

Theorem 2. [2] If λ ∈ σ(P−1
S S), then |1 − λ| < k < 1, where k = 1

η̂+1 < 1

with η̂ = η

2κ∥G̃∥2
2

and κ = max{d+,max+d+,min

2 ,
d−,max+d−,min

2 }.

Based on Theorems 1 and 2, the eigenvalues of the preconditioned matrix
P−1A are clustered around one, and thus Krylov subspace methods with the
proposed preconditioner coverage very quickly.

Remark 1. The main differences between our proposed preconditioner P
and the proposed preconditioner in [2] PS are as follows:

1- PS is an approximation of S in (5), while P consists of two parts. The
first part PS is an approximation of the matrix S and the second one
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is the matrix L (the rest of the matrix A). Hence, we expect that P is
more accurate than PS .

2- In the next section, in order to show the computational efficiency of pre-
conditioner P , we prove that P has the Toeplitz-like structure, and its
generators will be computed precisely. By using them, we can use fast
algorithms to compute P−1. Hence, in comparison with the circulant
approximation of PS in [2], the P−1 is computed straightforward.

In Section 4, numerical experiments show that the efficiency of the proposed
preconditioner P .

3 Some computational results

In this section, we show that the matrix P defined in (9) has the Toeplitz-
like structure, and we construct its generators. To this end, we define the
following temporary vectors:

ḡ =
(
g0 g1 · · · gn−1

)T
t̄ =

(
g1 g2 · · · gn−1

)T
. (12)

The following relations can be easily deduced from (4) and (12)

a− g =
1

Γ(2− α)


−a0 − (a1 − a0)
−a1 − (a2 − a1)

...
−an−1 − (an − an−1)

 = ZTa+ anen, (13)

ḡ = g0e1 + Zg, (14)

ZT ḡ = g − gnen =

(
t̄
0

)
. (15)

We use the following lemmas in our subsequent discussion.

Lemma 1. Let G be the n × n matrix defined in (7). Then the following
relations hold:

(i) ∇(GGT ) = ḡḡT ,

(ii) ∇(GTG) = e1ḡ
TG+GT ḡeT1 − ḡT ḡe1e

T
1 − JZT ḡḡTZJ ,

(iii) ∇(PS) = ηe1e
T
1 +d̄+ḡḡ

T+d̄−(e1ḡ
TG+GT ḡeT1−ḡT ḡe1eT1−JZT ḡḡTZJ).

Proof. The matrix G can be partitioned as

G =

(
g0 0
t̄ G1

)
, (16)
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where G1 = G(2 : n, 2 : n) is a lower triangular Toeplitz matrix, so the
displacement structure of GGT can be viewed as

∇(GGT ) = GGT − ZGGTZT

=

(
g0 0
t̄ G1

)(
g0 t̄T

0 GT1

)
−
(

0 0
G1 0

)(
0 GT1
0 0

)
. (17)

Now, by a straightforward computation, part (i) of the lemma can be verified.
For part (ii), first we know that

ḡTG =
(
ḡT ḡ t̄TG1

)
. (18)

Therefore,

∇(GTG) = GTG− ZGTGZT (19)

=

(
g0 t̄T

0 GT1

)(
g0 0
t̄ G1

)
−
(

0 0
GT1 J t̄

)(
0 G1

0 (J t̄)T

)
(20)

=

(
ḡT ḡ t̄TG1

GT1 t̄ −J t̄t̄TJ

)
. (21)

It gives that

∇(GTG) =
(
ḡT ḡ t̄TG1

0̄ 0̄

)
+

(
ḡT ḡ 0̄
GT1 t̄ 0̄

)
−
(
ḡT ḡ 0̄
0̄ 0̄

)
−
(
0 0
0 J t̄T t̄J

)
= e1ḡ

TG+GT ḡeT1 − ḡT ḡe1e
T
1 − JZT ḡḡTZJ. (22)

We note that ∇(I) = e1e
T
1 , so

∇(PS) = ηe1e
T
1 + d̄+∇(GGT ) + d̄−∇(GTG)

= ηe1e
T
1 + d̄+ḡḡ

T + d̄−(e1ḡ
TG+GT ḡeT1 − ḡT ḡe1e

T
1 − JZT ḡḡTZJ),

which completes the proof of (iii).

Lemma 2. If we define the auxiliary vectors h1 = d̄−(Jg) − c2Z(Jg) and
h2 = c1g − d̄+(Zg), then the following relations hold:

(i) c2
[
(Ja)(Jg)T − Z(Ja)(Jg)TZT

]
−d̄−JZT ḡḡTZJ = (c2−d̄−)(Ja)(Jg)T+

Z(Ja)hT1 + e1(d̄−an + d̄−gn)(Jg)
T + d̄−(gn(Jg)− g2ne1)eT1 ,

(ii) c1
[
(a)(g)T − Z(a)(g)TZT

]
+ d̄+ḡḡ

T = (d̄+ − c1)(Za)(Zg)T + ahT2 +
e1(a0d̄+ + d̄+g0)(Zg)

T + (d̄+g0(Zg) + d̄+g
2
0e1)e

T
1 .

Proof. We see that
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c2
[
(Ja)(Jg)T − Z(Ja)(Jg)TZT

]
− d̄−JZT ḡḡTZJ

= c2
[
(Ja)(Jg)T − Z(Ja)(Jg)TZT

]
− d̄−

[
J(g − gnen)(g − gnen)TJ

]
By (15)

=
[
c2(Ja)− d̄−(Jg)

]
(Jg)T − c2Z(Ja)(Jg)TZT

+ d̄−gne1(Jg)
T + d̄−gn(Jg)e

T
1 − d̄−g2ne1eT1

= J
[
c2a− d̄−(a− ZTa− anen)

]
(Jg)T − c2Z(Ja)(Jg)TZT By (13)

+ d̄−gne1(Jg)
T + d̄−gn(Jg)e

T
1 − d̄−g2ne1eT1

= (c2 − d̄−)(Ja)(Jg)T + Z(Ja)hT1 + e1(d̄−an + d̄−gn)(Jg)
T

+ (d̄−gn(Jg)− d̄−g2ne1)eT1 .

In the similar way, we can prove part (ii) as follows:

c1
[
(a)(g)T − Z(a)(g)TZT

]
+ d̄+ḡḡ

T

= c1
[
(a)(g)T − Z(a)(g)TZT

]
+ d̄+(g0e1 + Zg)(g0e1 + Zg)T By (14)

= Z
[
d̄+g − c1a

]
(Zg)T + c1ag

T + d̄+
[
g20e1e

T
1 + g0e1(Zg)

T + g0Zge
T
1

]
= Z

[
(d̄+ − c1)a− d̄+ZTa− d̄+anen

]
(Zg)T + c1ag

T By (13)
+ d̄+

[
g20e1e

T
1 + g0e1(Zg)

T + g0Zge
T
1

]
= (d̄+ − c1)(Za)(Zg)T + ahT2 + e1(a0d̄+ + d̄+g0)(Zg)

T

+ (d̄+g0(Zg) + d̄+g
2
0e1)e

T
1 .

Theorem 3 indicates that P in (9) has the Toeplitz-like structure, and we
can use a superfast solver to compute P−1.

Theorem 3. The matrix P defined in (8) is a Toeplitz-like matrix and its
displacement operator is

∇(P ) =(c2 − d̄−)(Ja)(Jg)T + (d̄+ − c1)(Za)(Zg)T + Z(Ja)hT1

+ ahT2 + e1h
T
3 + h4e

T
1 , (23)

where h1 and h2 are defined in Lemma 2, and

h3 = (d̄−an + d̄−gn)(Jg) + d̄+(a0 + g0)Zg + ηe1 + d̄−G
T ḡ,

h4 = d̄−gn(Jg)− g2ne1 + d̄+g0(Zg) + d̄+g
2
0e1 + d̄−G

T ḡ − d̄−ḡT ḡe1.

Proof. We have P = PS + L. Hence

∇(P ) =∇(PS) +∇(L) = ∇(PS) + c1((a)(g)
T − Z(a)(Zg)T )

+ c2(Ja(Jg
T )− ZJa(ZJg)T ). (24)

By part (iii) of Lemma 1, we can rewrite (24) as follows:
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∇(P ) = ηe1e
T
1 + d̄+ḡḡ

T + d̄−(e1ḡ
TG+GT ḡeT1 − ḡT ḡe1e

T
1 − JZT ḡḡTZJ)

+c1((a)(g)
T − Z(a)(Zg)T ) + c2(Ja(Jg

T )− ZJa(ZJg)T )
= c2

[
(Ja)(Jg)T − Z(Ja)(Jg)TZT

]
− d̄−JZT ḡḡTZJ

+c1
[
(a)(g)T − Z(a)(g)TZT

]
+ d̄+ḡḡ

T

+ηe1e
T
1 + d̄−(e1ḡ

TG+GT ḡeT1 − ḡT ḡe1e
T
1 )

Parts (i) and (ii) of Lemma 2 and the above equations imply that

∇(P ) =(c2 − d̄−)(Ja)(Jg)T + Z(Ja)hT1 + e1(d̄−an + d̄−gn)(Jg)
T

+ (d̄−gn(Jg)− g2ne1)eT1 + (d̄+ − c1)(Za)(Zg)T + ahT2

+ e1(a0d̄+ + d̄+g0)(Zg)
T + (d̄+g0(Zg) + d̄+g

2
0e1)e

T
1

+ ηe1e
T
1 + d̄−(e1ḡ

TG+GT ḡeT1 − ḡT ḡe1e
T
1 )

=(c2 − d̄−)(Ja)(Jg)T + Z(Ja)hT1 + (d̄+ − c1)(Za)(Zg)T + ahT2

+ e1
(
(d̄−an + d̄−gn)(Jg) + d̄+(a0 + g0)Zg + ηe1 + d̄−G

T ḡ
)T

+
(
d̄−gn(Jg)− g2ne1 + d̄+g0(Zg) + d̄+g

2
0e1 + d̄−G

T ḡ − d̄−ḡT ḡe1
)
eT1

=(c2 − d̄−)(Ja)(Jg)T + (d̄+ − c1)(Za)(Zg)T

+ Z(Ja)hT1 + ahT2 + e1h
T
3 + h4e

T
1 .

We showed that our preconditioner P has the Toeplitz-like structure and
its displacement rank of P (rank(∇(P ))) is 6. So we can use fast and sta-
ble Levinson like algorithms [5] to compute P−1r in O(n2) operations. For
Krylov subspace iteration methods such as preconditioned GMRES [10], high
quality preconditioning plays a crucial role in accelerating the convergence
speed of the Krylov subspace iteration methods. Instead of O(n2) operations
to apply our preconditioner in each iteration, Circulant preconditioners re-
quire only O(n log(n)) operations in each step. Significant reduction of total
iterations (and total CPU time) by using our preconditioner in numerical
experiments show the efficiency of our preconditioner.

4 Numerical experiments

The GMRES(20) (restarts every 20 inner iterations) with the proposed pre-
conditioner is applied to solve the linear system (1). We choose the right-hand
side such that x∗ = (1, 2 . . . , n)T is the exact solution, that is, b = Ax∗. The
stopping criterion in the numerical experiments is ∥rk∥2/∥b∥2 < 1e−7, where
rk is the residual vector of the linear system after k iterations and b is the
right-hand side. For all experiments, the initial guess is chosen as the zero
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Table 1: Numerical results for Example 1

α n I PC PS TL
Iter CPU Iter CPU Iter CPU Iter CPU

0.7 210 81 23.5113 6 0.6189 4 0.4012 1 0.3001
211 † - 7 2.1718 5 1.6312 1 0.9017
212 † - 7 7.9142 5 5.1305 1 2.7321
213 † - 8 9.8320 5 6.3483 1 5.9821
214 † - 11 14.8639 7 9.6407 1 8.9231

0.9 210 † - 13 1.4921 8 1.2134 1 0.5743
211 † - 21 9.5901 13 5.8513 1 1.2401
212 † - 29 46.2163 17 26.2245 1 3.5421
213 † - † - † - 2 7.3142
214 † - † - † - 2 10.6893

vector. All the numerical experiments are run in MATLAB on a desktop with
the configuration: Intel(R) Core(TM) CPU Q9450 2.66 GHz and 8.00 GB
RAM. In the following tables, “I” represents the GMRES method without
preconditioning technique. We use PC to denote the circulant preconditioner
[4], PS to denote preconditioner in [2], and TL to present the proposed pre-
conditioner defined in (9). Also the “Iter” denotes the number of iterations,
“CPU” denotes the total CPU time in seconds for solving the problem, and n
denotes the size of our linear system. In the tables, † indicates no convergence
within 100 iterations.

Example 1. In this example, we consider

D+ = diag{0, ( 1

n− 1
)1−α, (

2

n− 1
)1−α, . . . , 1} (25)

D− = diag{1, (n− 2

n− 1
)1−α, (

n− 3

n− 1
)1−α, . . . , 0}, (26)

and c1 = c2 = 2.

Example 2. In this example, D± are random diagonal matrices with diag-
onal entries taken independently at random from [0, 1] and c1 = c2 = 2.

The numerical results of Examples 1 and 2 are shown in Tables 1 and 2,
respectively. Tables 1–2 show clearly the fast convergence of the TL precon-
ditioner. We see that TL preconditioner is more effective in both CPU time
and the number of iterations than PS and PC preconditioners.

In what follows, we compare the eigenvalues of A and P−1A for Example
1, the results are shown in Figures 1 and 2. As we see the eigenvalues of
preconditioned matrix P−1A are clustered around 1.
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Table 2: Numerical results for Example 2

α n I PC PS TL
Iter CPU Iter CPU Iter CPU Iter CPU

0.7 210 94 0.5931 6 0.6907 4 0.4455 1 0.2517
211 † - 7 1.7012 5 1.3259 1 0.8993
212 † - 7 8.2302 5 6.4216 1 2.3263
213 † - 9 11.4134 6 8.1983 1 7.3129
214 † - 11 14.3921 7 11.0214 2 10.9386

0.9 210 † - 30 2.3102 17 1.7492 1 0.4352
211 † - 41 14.0561 25 10.9318 1 1.3107
212 † - 75 47.5169 44 20.9312 1 4.3563
213 † - † - † - 2 9.8311
214 † - † - † - 2 14.0968
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Figure 1: Eigenvalues of P−1A (left) and A (right) for Example 1, with α = .9 and
n = 210.

5 Concluding remarks

In this article, the preconditioned GMRES method with Toeplitz-like struc-
ture was employed to solve the discretized linear systems arising from FDEs.
The displacement structure of the Toeplitz-like preconditioner was computed
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Figure 2: Eigenvalues of P−1A (left) and A (right) for Example 1, with α = .9 and
n = 212.

precisely. The efficiency of the proposed preconditioner was proved even
though the diffusion coefficients are not constants. Numerical experiments
have demonstrated the efficiency of the proposed preconditioner.

Nevertheless, it is interesting that to propose the possible Toeplitz-like
preconditioner for two-dimensional FDEs, and then examine the efficiency of
the proposed preconditioner.
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A high-order algorithm for solving
nonlinear algebraic equations

A. Ghorbani∗ and M. Gachpazan

Abstract

A fourth-order and rapid numerical algorithm, utilizing a procedure as
Runge–Kutta methods, is derived for solving nonlinear equations. The
method proposed in this article has the advantage that it, requiring no
calculation of higher derivatives, is faster than the other methods with the
same order of convergence. The numerical results obtained using the devel-
oped approach are compared to those obtained using some existing iterative
methods, and they demonstrate the efficiency of the present approach.
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Keywords: Order of convergence; Newton–Raphson method; Householder
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1 Introduction

The development of numerical techniques for solving nonlinear (algebraic
or transcendental) equations (NEs) is a subject of considerable interest. A
vast amount of research work has been invested in the study of the NEs.
Solution of these equations can be obtained using classical numerical methods
as Newton–Raphson method (NRM) or the Householder iteration method
(HIM); see [6]. There are many articles that deal with NEs, for example,
[1, 2, 3, 4, 5]. A more extensive list of references as well as a survey on
the progress made on this class of problems may be found in [8]. However,
in order to establish a more accurate algorithm, one has to calculate higher
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order derivatives, for example, like the HIM, which can be considered a serious
drawback.

Here, we establish a fourth-order fast algorithm for finding an accurate
solution of the NEs with the advantage that there is no calculation of higher
derivatives. Moreover, the merit in this method can be observed due to high
exactness, lesser number of iterations, and lesser value of errors as compared
to the other existing methods. The examples analyzed here reveal that the
developed algorithm is effective to solve the NEs.

2 Basic idea of the new algorithm

Consider the nonlinear algebraic equation

f(x) = 0. (1)

We assume that α is a simple zero of (1), that f is a C2 function on an
interval containing α, and that λ is an initial guess sufficiently close to α.
Also we suppose that |f ′(α)| > 0. Using Taylor’s series around λ for (1), we
have

f(λ) + (x− λ)f ′(λ) + 1

2
(x− λ)2f ′′(λ) + 1

6
(x− λ)3f ′′′(λ) + · · · = 0. (2)

We can rewrite (2) in the following form:

x = c+N(x), (3)

where
c = λ− f(λ)

f ′(λ)
(4)

and
N(x) = −1

2
(x− λ)2 f

′′(λ)

f ′(λ)
. (5)

The NRM is then given by

xn+1 = xn −
f(xn)

f ′(xn)
, (6)

where x0 is the initial guess. The iteration (6) will converge to α if the
starting point x0 is close enough to α. This process has the second-order
convergence.

The HIM is given by (see [6])

xn+1 = xn −
f(xn)

f ′(xn)
− f2(xn)f

′′(xn)

2f ′3(xn)
. (7)
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The iteration (7) with the third-order convergence will converge to α if
the starting point x0 is close enough to α.

As observed in the above-mentioned methods, for obtaining a more ac-
curate solution of α, we have to take n, order iteration, as large as possible,
or go forward with the calculation of higher derivatives. In order to remove
these demerits, here we look for a scheme without computing higher order
iterations/derivatives that contain high accuracy. To illustrate the idea be-
hind the developing algorithm, we construct an iterative procedure in the
following form:

xn+1 = xn +Ak1 +Bk2, (8)

where
k1 =

f(xn)

f ′(xn)
, (9)

k2 =
f(xn + Ck1)

f ′(xn)
. (10)

In (8)–(10), the coefficients A, B, and C are constants to be determined
later. We note that the NRM (6) can be obtained from (8) for the values
A = −1 and B = C = 0.

Now, we want to determine the constants of A, B, and C so that the
formula (8) is similar to the formula (7) of accuracy. From (8), therefore,
using Taylor’s expansion, we have

xn+1 = xn + (A+B +BC)
f(xn)

f ′(xn)
+BC2 f

2(xn)f
′′(xn)

2f ′3(xn)
. (11)

Comparing (7) and (11) and equating the coefficients with identical terms,
we get {

A+B +BC = −1,
BC2 = −1. (12)

The solutions of (12) allow us to suggest different iterative methods (of
at least third-order) for solving the NEs of (1). Two solutions for the system
(12) are A = 0, B = − 3+

√
5

2 , C = 1−
√
5

2 , and A = B = C = −1. Thus, sub-
stituting the later solution into (8)–(10), we will have the following iterative
algorithm: 

xn+1 = xn − [k1 + k2],

k1 =
f(xn)

f ′(xn)
,

k2 =
f(xn − k1)
f ′(xn)

.

(13)

Now, if, according to the definition f ′(x) = limh→0
f(x+h)−f(x)

h , we esti-
mate the value of first derivative by placing h ≃ − f(xn)

f ′(xn)
as
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f ′(x) ≈
f ′(xn)

(
f(xn)− f

(
xn − f(xn)

f ′(xn)

))
f(xn)

, (14)

then we will have

xn+1 = xn − [k1 + k2],

k1 =
f2(xn)

f ′(xn)
(
f(xn)− f

(
xn − f(xn)

f ′(xn)

)) ,
k2 =

k1f(xn − k1)
f(xn)

.

(15)

Now the second algorithm could be gained by substituting the former
solution into (8)–(10) as 

xn+1 = xn −
3 +
√
5

2
k2,

k1 =
f(xn)

f ′(xn)
,

k2 =
f(xn + 1−

√
5

2 k1)

f ′(xn)
.

(16)

Remark 1. As we know well, these kinds of algorithms need a good initial
guess to work. This shortcoming can be readily removed by finding subinter-
vals on x that contain sign changes of f(x) (observe the appendix section).
Remark 2. From (15) and (16), we can comprehend that in each iteration
of the algorithm (15), we need to perform four function evaluations, and for
the algorithm (16), there are three function evaluations. However, the fast
convergence of these methods often compensates for these defects.

3 Analysis of convergence

Before proving the convergence of the algorithms (15) and (16), here the
following definition is given.
Definition 1. Let en = xn−α be the truncation error in the nth iterate. If
there exist a number β ≥ 1 and a constant c ̸= 0 such that

lim
n→∞

|en+1|
|en|β

= c, (17)

then β is called the order of convergence of the method.
Now, we consider the convergence of the algorithms (15) and (16).
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Theorem 1. Consider the nonlinear algebraic equation f(x) = 0. Suppose
that f is sufficiently differentiable. Then the convergence of the algorithm
(16) is at least of order 3.

Proof. Let α be a simple zero of f(x). Since f(x) is sufficiently differentiable,
by expanding f(x), f ′(x), f ′′(x), and f ′′′(x) around α, we get

f(xn) = f ′(α)
[
en + d2e

2
n + d3e

3
n + d4e

4
n + d5e

5
n + · · ·

]
,

f ′(xn) = f ′(α)
[
1 + 2d2en + 3d3e

2
n + 4d4e

3
n + 5d5e

4
n + 6d6e

5
n + · · ·

]
,

f ′′(xn) = f ′(α)
[
2d2 + 6d3en + 12d4e

2
n + 20d5e

3
n + 30d6e

4
n + 42d7e

5
n + · · ·

]
,

f ′′′(xn) = f ′(α)
[
6d3 + 24d4en + 60d5e

2
n + 120d6e

3
n + 210d7e

4
n + 336d8e

5
n + · · ·

]
,

(18)
where dn = 1

n!
f(n)(α)
f ′(α) , n = 2, 3, . . ., and en = xn − α. We can rewrite (16) as

follows:
en+1 = en +Bf

(
xn + C

f(xn)

f ′(xn)

)
, (19)

or using Taylor’s series as

en+1 = en+B

[
(1 + C)f(xn) +

C2

2

(
f(xn)

f ′(xn)

)2

f ′′(xn) +
C3

6

(
f(xn)

f ′(xn)

)3

f ′′′(xn)

]
,

(20)
where B = − 3+

√
5

2 and C = 1−
√
5

2 . By a simple operation, from (18) and
(20), we acquire

lim
n→∞

|en+1|
|en|3

= 4d22 + (
√
5− 3)d3 =

6f ′′2(α) + (
√
5− 3)f ′(α)f ′′′(α)

6f ′2(α)
, (21)

which shows that the algorithm (16) is at least a third-order convergent
method and this ends the proof.

Theorem 2. Under the assumptions of Theorem 1, the convergence of the
algorithm (15) is at least of order 4.

Proof. Consider the above expansions of f(x), f ′(x), f ′′(x), and f ′′′(x). Pro-
ceeding as before, we obtain

lim
n→∞

|en+1|
|en|4

= d32 + d4 =
3f ′′3(α) + f ′2(α)f (4)(α)

24f ′3(α)
, (22)

which shows that the algorithm (15) is at least a fourth-order convergent
method and thus the theorem is proved.
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4 Numerical implementations

The test problems given in this section demonstrate the effectiveness of the
developed algorithms to solve the NEs. Meanwhile, the results obtained using
the algorithms proposed in this work, (15) and (16) are compared to those
obtained using the HIM and a fourth-order method presented in [7]. All
calculations have been carried out by using the symbolic calculus software
Maple 17 to 2500 significant decimal digits.

Example 1. Solve the following NE:

x− cos(x) = 0, x0 = 2. (23)

Example 2. Solve the following NE:

x− 2− e−x = 0, x0 = 2. (24)

Example 3. Solve the following NE:

sin2(x)− x2 + 1 = 0, x0 = −2. (25)

Example 4. Solve the following NE:

x2 − (1− x)5 = 0, x0 = 1. (26)

The numerical results of Examples 1–4 can be observed in Table 1. In
Table 1, we list the value of absolute error f(xn) (labeled as |f(xn)|) when
n = 1, 2, 3, 4, 5 for the above examples.

From the numerical results of these cases analyzed here, it is easy to
conclude that the proposed algorithms are effective and accurate for solving
NEs. Moreover, unlike HIM, the developed approaches require just first-order
derivative per step.

5 Conclusions

The presented algorithms in this article give rapid convergent approxima-
tions. They have the advantage of giving an accurate solution with fewer
iterations than the other existing methods.
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Table 1: The numerical results obtained from solving the above investigated examples
using the algorithms (15) and (16), HIM, and the method of [7] for few iterations.

Algorithm |f(x1)| |f(x2)| |f(x3)| |f(x4)| |f(x5)|
Example 1

HIM 7.6−3 7.7−6 7.8−12 8.0−24 8.5−48

Algorithm (16) 1.1−1 5.0−5 5.6−15 7.7−45 2.0−134

Method of [7] 9.9−4 1.2−14 2.4−58 4.1−233 3.3−932

Algorithm (15) 1.2−4 5.1−19 1.6−76 1.4−306 9.4−1227

Example 2
HIM 9.2−4 4.1−8 8.1−17 3.1−34 4.5−69

Algorithm (16) 1.3−6 1.9−21 5.8−66 1.7−199 4.2−600

Method of [7] 7.9−8 9.3−33 1.9−132 2.9−531 1.6−2126

Algorithm (15) 4.1−8 3.2−34 1.1−138 1.5−556 5.5−2228

Example 3
HIM 3.8−1 3.2−2 3.0−4 2.9−8 2.7−16

Algorithm (16) 1.6−1 5.6−4 3.3−11 7.0−33 6.7−98

Method of [7] 6.9−2 2.2−6 2.8−24 7.3−96 3.5−382

Algorithm (15) 3.6−2 4.8−8 1.7−31 2.6−125 1.3−500

Example 4
HIM 2.2−1 2.1−2 3.0−4 6.1−8 2.6−15

Algorithm (16) 5.1−2 6.0−5 1.3−13 1.1−39 8.7−118

Method of [7] 1.6−2 4.4−8 2.4−30 2.0−119 1.0−475

Algorithm (15) 2.9−4 2.3−15 9.9−60 3.3−237 4.1−947

Appendix

Maple code of the algorithm (15) for finding a simple zero of f(x) := fun with
the initial guess x0 := x0 = (a, b) up to dgt digits, where ftol determines
the tolerance.

fRoots := proc(fun,x0,ftol,dgt)
local m, n, p, r, i, j, k1, k2, f, Df, df, idx, num, fnrm, it;
if dgt<=abs(log10(ftol)) then

error " Number of digits must be greater than log of ftol"
end if;
idx := [`$`(x0[1]+ii/2,ii = 0 .. 2*(x0[2]-x0[1]))];
f := unapply(fun,x);
Df := diff(f(x),x);
df := unapply(Df,x);
num := 2*(x0[2]-x0[1]);
m := 0;
for i to num-1 do

if signum(f(idx[i])) <> signum(f(idx[i+1])) then
m := m+1;
p[m] := [idx[i], idx[i+1]];
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end if
end do;
if not type(p,table) then error " f(x) contains no sign changes " end if;
for j from 1 to m do

r[0] := 1/2*(p[j][1]+p[j][2]);
fnrm : =1: it := 0:
for n from 0 while (fnrm > ftol) do

k1 := evalf(f(r[n])^2/(df(r[n])*(f(r[n])-f(r[n]-f(r[n])/df(r[n])))),dgt);
k2 := evalf(k1*f(r[n]-k1)/f(r[n]),dgt);
r[n+1] := evalf(r[n]-k1-k2,dgt);
fnrm := abs(evalf((f(r[n+1])),dgt));
it := it+1;

end do;
printf(" x[0] = %g \n Itration = %d \n |f(x)| = %e
x = %a \n\n",r[0],it,fnrm,r[it]);
end do;
end proc:

For example, one can use the above code to solve the NE ln(x+1)+x-1
(with root x = 0.557145598997611416858672000001) by the following:

fRoots(ln(x+1)+x-1,[0,10],10^(-10),30);
x[0] = 0.75
Itration = 2
|f(x)| = 6.839800e-26
x = .557145598997611416858671958351
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Computation of eigenvalues of fractional
Sturm–Liouville problems

E.M. Maralani, F.D. Saei∗, A.A.J. Akbarfam and K. Ghanbari

Abstract
We consider the eigenvalues of the fractional-order
Sturm–Liouville equation of the form

−cDα
0+

◦Dα
0+

y(t) + q(t)y(t) = λy(t), 0 < α ≤ 1, t ∈ [0, 1],

with Dirichlet boundary conditions

I1−α
0+

y(t)|t=0 = 0 and I1−α
0+

y(t)|t=1 = 0,

where q ∈ L2(0, 1) is a real-valued potential function. The method is used
based on Picard’s iteration procedure. We show that the eigenvalues are
obtained from the zeros of the Mittag-Leffler function and its derivatives.
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1 Introduction

Fractional Sturm–Liouville Problems (FSLPs) are generalizations of the clas-
sical Sturm–Liouville Problems in which the ordinary derivatives are replaced

∗Corresponding author
Received 12 January 2020; revised 2 September 2020; accepted 29 December 2020
Elnaz Massah Maralani
Department of Mathematics, Tabriz Branch, Islamic Azad University, Tabriz, Iran. e-
mail: stu.massah.elnaz@iaut.ac.ir
Farhad Dastmalchi Saei
Department of Mathematics, Tabriz Branch, Islamic Azad University, Tabriz, Iran. e-
mail: dastmalchi@iaut.ac.ir
Ali Asghar Jodayree Akbarfam
University of Tabriz, Tabriz, Iran. e-mail: akbarfam@tabrizu.ac.ir
Kazem Ghanbari
Sahand university of Technology, Tabriz, Iran. e-mail: kghanbari@sut.ac.ir

117



118 Maralani, Saei, Akbarfam and Ghanbari

by fractional derivatives or derivatives of fractional order. As an introduc-
tion, the interested reader may wish to consult the great variety of works on
the subject, starting with books such as [14, 20, 23]. Several authors have
considered the numerical FSLP, for example Al-Mdallal [2, 24] applied the
Adomian decomposition method for solving fractional Sturm–Liouville prob-
lems. Abbasbandy and Shirzadi [1] applied the homotopy analysis method
for solving fractional Sturm–Liouville problems. Also in [8], the eigenvalue
problems for the fractional ordinary differential equations have been inves-
tigated with different classes of boundary conditions including the Dirichlet,
Neumann, and so on. They explained that choosing α = 2 leads to the
classical ones of the second-order differential equations. When the order α
satisfies 1 < α < 2, the eigenvalues can be finitely many; see [9, 22]. It has
been applied to many fields in science and engineering, such as viscoelas-
ticity, anomalous diffusion, fluid mechanics, biology, chemistry, acoustics,
control theory, and so on. In the applications mentioned above, a class of
integro-differential equations with singularities, fractional differential equa-
tions have been involved; see [11, 16, 15, 17, 21, 18, 20, 5]. In [25], the
authors have considered a regular fractional Sturm–Liouville problem (RF-
SLP) of two kinds RFSLP-I and RFSLP-II of order ν ∈ (0, 2) with the
fractional differential operators both of Riemann–Liouville and Caputo type,
of the same fractional-order µ = ν/2 ∈ (0, 1). It was proved that the reg-
ular boundary-value problems RFSLP-I & -II are indeed asymptotic cases
for the singular counterparts SFSLP-I & -II. The inverse Laplace transform
method for obtaining analytical solutions of the FSLPs and eigenvalues has
been investigated in [10]. The reproducing kernel method has also been used
to calculate the eigenvalues of the FSLPs. Dehgan and Mingarelli [6, 7] have
investigated the general solution of three- or two-term fractional differential
equations of mixed Caputo/Riemann–Liouville type in the case of Dirichlet
boundary conditions. From a numerical viewpoint, we also refer the reader
for fractional differential equations to [2, 3, 4, 12, 24]. Particularly, the
boundary value problem is of the form

− cDα
0+ ◦D

α
0+y(t) + q(t)y(t) = λy(t), 0 < α ≤ 1, t ∈ [0, 1], (1)

I1−α0+ y(t)|t=0 = 0, and I1−α0+ y(t)|t=1 = 0.

For each 1/2 < α < 1, it is proved that there is a finite number of real
eigenvalues, an infinite number of nonreal eigenvalues, that the number of
such real eigenvalues grow without bound as α → 1−. Also, they expressed
asymptotically behavior of the eigenvalues as a function of α in the following
form:

λn(α) ∼ (
nπ

sin( π2α )
)2α, α→ 1−.

This corresponds exactly with the well-known classical asymptotic estimate
λn → n2π2 as n→∞; see [6, 7]. The remaining structure of this paper is or-
ganized as follows: In the next section, we review the Mittag-Leffler function
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and Laplace transform of the Riemann–Liouville and the Caputo fractional
derivatives. In section 3, we discuss the zeros of the iterative method with
two examples. In section 4, we discuss the analysis of the iterative method.
The last section includes our conclusions.

2 Preliminaries

We recall some definitions in fractional calculus. We refer the reader to [6]
for further details.

Definition 1. The left and the right Riemann–Liouville fractional integrals
Iαa+ and Iαb− of order α ∈ R+ are defined by

Iαa+f(t) :=
1

Γ(α)

∫ t

a

(t− s)α−1f(s)ds, (a, b], (2)

and
Iαb−f(t) :=

1

Γ(α)

∫ b

t

(s− t)α−1f(s)ds, [a, b),

respectively.

Here Γ(α) denotes Euler’s gamma function. The following property is
easily verified.

Lemma 1. For a constant C, we have Iαa+C = (t−a)α
Γ(α+1) · C.

Definition 2. The left and the right Caputo fractional derivatives cDα
a+ and

cDα
b− are defined by

cDα
a+f(t) := In−αa+ ◦Dnf(t) =

1

Γ(n− α)

∫ t

a

(t− s)n−α−1f (n)(s)ds, t > a,

(3)
and for t < b,

cDα
b−f(t) := (−1)nIn−αb− ◦Dnf(t) =

(−1)n

Γ(n− α)

∫ b

t

(s− t)α−n+1f (n)(s)ds, (4)

respectively, where f is sufficiently differentiable and n− 1 ≤ α < n.

Definition 3. The left and the right Riemann–Liouville fractional derivatives
Dα
a+ and Dα

b− are defined by

Dα
a+f(t) := Dn ◦ In−αa+ f(t) =

1

Γ(n− α)
dn

dtn

∫ t

a

(t− s)n−α−1f(s)ds, t > a,

(5)
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and for t < b,

Dα
b−f(t) := (−1)nDn ◦In−αb− f(t) =

(−1)n

Γ(n− α)
dn

dtn

∫ b

t

(s− t)n−α−1f(s)ds, (6)

respectively, where f is sufficiently differentiable and n− 1 ≤ α < n.

2.1 The Mittag-Leffler function

The function Eα(z) is defined by

Eα(z) :=

∞∑
k=0

zk

Γ(αk + 1)
(z ∈ C, R(α) > 0), (7)

which was introduced by Mittag-Leffler [20]. In particular, when α = 1 and
α = 2, we have

E1(z) = ez, E2(z) = cosh(
√
z).

The generalized Mittag-Leffler function Eα,β(z) is defined by

Eα,β(z) =

∞∑
k=0

zk

Γ(αk + β)
(z, θ ∈ C, R(α) > 0), (8)

of course, when β = 1, Eα,β(z) coincides with the Mittag-Leffler function
(18):

Eα,1(z) = Eα(z).

Two other particular cases of (3) are as follows:

E1,2(z) =
ez − 1

z
, E2,2(z) =

sinh(
√
z)√

z
.

Further properties of this special function may be found in [11].

Theorem 1 (see [22]). If α < 2, β is an arbitrary real number, µ is such
that
πα
2 < µ < min{π, πα}, and c is a real constant, then

|Eα,β(z)| ≤
c

1 + |z|
(µ ≤ |arg(z)| ≤ π), |z| ≥ 0, z ∈ C.



Computation of eigenvalues of fractional Sturm–Liouville problems 121

2.2 Laplace transform

Definition 4 (see [22, 19]). The Laplace transform of a function f(t) defined
for all real numbers t ≥ 0, t stands for the time, is the function F (s) that is
a unilateral transform defined by

F (s) = L{f(t)} :=
∫ ∞

0

e−stf(t)dt,

where s is the frequency parameter.

Definition 5 (see [22, 19]). The convolution of f(t) and g(t) supported on
only [0,∞) is defined by

(f ∗ g)(t) =
∫ t

0

f(s)g(t− s)ds, f, g : [0,∞)→ R.

Property 1 (see [22]). The Laplace transform of the convolution of f(t) and
g(t) is given by following relation:

L{(f ∗ g)(t)} = L{f(t)} × L{g(t)}.

Property 2 (see [6, 22]). The Laplace transform of the derivatives of the
Mittag-Leffler function reads as follows:∫ ∞

0

e−sttαk+β−1E
(k)
α,β(±λt

α)dt =
k!sα−β

(sα ∓ λ)k+1
, (Re(p) > |a| 1α ).

Property 3 (see [13, 22]). The Laplace transform of the Riemann–Liouville
fractional derivative is obtained as

(L0D
α
t y)(s) = sα(Ly)(s)−

n−1∑
k=0

sn−k−1Dk(0I
n−α
t y)(0), n− 1 < α ≤ n, n ∈ N.

If 0 < α ≤ 1, then (L0D
α
t y)(s) = sα(Ly)(s)− (0I

n−α
t y)(0).

Property 4 (see [13, 22]). The Laplace transform of the Caputo fractional
derivative is obtained as

(Lc0D
α
t y)(s) = sα(Ly)(s)−

n−1∑
k=0

sα−k−1(Dky)(0), n− 1 < α ≤ n, n ∈ N.

If 0 < α ≤ 1, then (Lc0D
α
t y)(s) = sα(Ly)(s)− sα−1y(0).
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3 Iterative method

If we take the Laplace transformation of equation (1), then we get the fol-
lowing equation:

L{y(t)} = sα

λ+ s2α
I1−α0+ y(t)|t=0 +

sα−1

λ+ s2α
Dα

0+y(t)|t=0 +
1

λ+ s2α
L{h(t)},

where h(t) := q(t)y(t). We use the inverse Laplace transform

y(t) =c1t
α−1E2α,2(−λt2α) + c2t

αE2α,α+1(−λt2α)
+ t2α−1E2α,2α(−λt2α) ∗ h(t),

(9)

in which, specifying the constants in (2) by setting, without loss of generality,
c1 = 0 and c2 = 1 are given constants and ∗ is the convolution symbol. We
consider the following iterative method:

ym(t) = tαE2α,α+1(−λt2α) +
∫ t

0

(t− s)2α−1E2α,2α(−λ(t− s)2α)q(s)ym−1(s)ds.

Example 1. For simplicity, first we assume that q(s) = 1 and that

y0(t) = tαE2α,α+1(−λt2α).

Then we get

y1(t) =t
αE2α,α+1(−λt2α)

+

∫ t

0

(t− s)2α−1E2α,2α(−λ(t− s)2α)sαE2α,α+1(−λs2α)ds.

To calculate the integral term, we apply the following method:

L−1(L{
∫ t

0

(t− s)2α−1E2α,2α(−λ(t− s)2α)sαE2α,α+1(−λs2α)ds})

=
1

1!
t3αE

(1)
2α,α+1(−λt2α).

Thus
y1(t) = tαE2α,α+1(−λt2α) +

1

1!
t3αE

(1)
2α,α+1(−λt2α).

Now, we calculate y2(t) as follows:

y2(t) = y1(t) +
1

2!
t5αE

(2)
2α,α+1(−λt2α),

as the same way, we get
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y3(t) = y2(t) +
1

3!
t7αE

(3)
2α,α+1(−λt2α).

Finally, after the iteration, we have the following relation:

ym(t) =

m+1∑
k=0

1

k!
t(2k+1)αE

(k)
2α,α+1(−λt2α). (10)

By choosing some terms from the approximate solution and calculating their
zeros, the same results are obtained from [7] as follows:

y3(t) =t
αE2α,α+1(−λt2α) +

1

1!
t3αE

(1)
2α,α+1(−λt2α)

+
1

2!
t5αE

(2)
2α,α+1(−λt2α) +

1

3!
t7αE

(3)
2α,α+1(−λt2α).

For example, if we take three terms with the boundary conditions

I1−α0+ y(t)|t=1 =
1

Γ(1− α)

∫ t

0

(t− s)−αy(s)ds = 0,

then we get

I1−α0+ y3(t)|t=1 =L−1(L{ 1

Γ(1− α)

∫ t

0

(t− s)−αsαE2α,α+1(−λs2α)ds

+
1

Γ(1− α)

∫ t

0

(t− s)−α 1

1!
s3αE

(1)
2α,α+1(−λs2α)ds

+
1

Γ(1− α)

∫ t

0

(t− s)−α 1

2!
s5αE

(2)
2α,α+1(−λs2α)ds

+
1

Γ(1− α)

∫ t

0

(t− s)−α 1

3!
s7αE

(3)
2α,α+1(−λs2α)ds})|t=1 = 0.

Using the inverse Laplace transform implies

I1−α0+ y3(t)|t=1 = L−1{ s
2α−2

s2α + λ
}+ L−1{ s2α−2

(s2α + λ)1+1
}

+ L−1{ s2α−2

(s2α + λ)2+1
}+ L−1{ s2α−2

(s2α + λ)3+1
} = 0

=
[
tE2α,2(−λt2α) + t2α+1E

(1)
2α,2(−λt2α) + t4α+1E

(2)
2α,2(−λt2α)

+ t6α+1E
(3)
2α,2(−λt2α)

]
t=1

= 0.

Therefore, the zeros of the above relation yield eigenvalues.

For the case of q(s) = 0, we refer the reader to [6, 7].
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Table 1: The eigenvalues λn of the FSLP of Example 1

k α 0.88 0.92 0.96 0.98 0.99 1
10 λn 10.71568699 10.55992405 10.66410923 10.78678886 10.86333576 10.94942560

27.42039814 31.48842150 35.71275308 38.01570185 39.23145940 40.49542871
39.66187430 51.88983922 67.66694524 77.14409122 82.33647923 87.85647119

20 λn 10.71568686 10.55992405 10.66410923 10.78678886 10.86333576 10.94942560
27.51414362 31.51192899 35.71778637 38.01801903 39.23303636 40.49650499
60.83896648 66.90351096 76.82733019 82.94041507 86.28709241 89.83417215
86.83800089 108.6657324 131.4598304 144.4575545 151.4897515 158.9183593
107.4785323 147.2884927 199.9559706 231.8456925 238.3472917 249.1565859

260.3905771 286.9178097
275.8685836 300.6931093

0 0.2 0.4 0.6 0.8 1
t

− 0.1

0

0.1

0.2

0.3

Figure 1: The curves of eigenfunctions, k = 10 for n = 1 (solid line), n = 2 (dash
dot line), n = 3 (dash line), where α = 0.98, λ1 = 10.78678886, λ2 = 38.01570185, and
λ3 = 77.14409122 for Example 1.
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Figure 2: The curves of eigenfunctions, k = 10 for n = 1 (solid line), n = 2 (dash
dot line), n = 3 (dash line), where α = 0.99, λ1 = 10.86333576, λ2 = 39.23145940, and
λ3 = 82.33647923 for Example 1.
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Remark 1. Note that as α approaches 1, one can see that the eigenvalues
satisfy λn = n2π2+1. This shows that our results are a generalization of the
classical ones.

Example 2. Now, we assume q(s) = sβ , and we have the following iterative
method, analogous to the previous computation:

ym(t) = tαE2α,α+1(−λt2α) +
∫ t

0

(t− s)2α−1E2α,2α(−λ(t− s)2α)q(s)ym−1(s)ds.

We define

y1(t) =t
αE2α,α+1(−λt2α)

+

∫ t

0

(t− s)2α−1E2α,2α(−λ(t− s)2α) · sα+βE2α,α+1(−λs2α)ds,

and again to calculate the integral term, we apply the following method:

L−1
(
L{t2α−1E2α,2α(−λt2α)} · L{tα+βE2α,α+1(−λt2α)}

)
=

∞∑
k1=0

(−λ)k1 · Γ((2k1 + 1)α+ β + 1)

Γ((2k1 + 1)α+ 1)
· t(2k1+3)α+βE2α,(2k1+3)α+β+1(−λt2α).

Thus

y1(t) = y0(t)+

∞∑
k1=0

(−λ)k1 · Γ((2k1 + 1)α+ β + 1)

Γ((2k1 + 1)α+ 1)

× t(2k1+3)α+βE2α,(2k1+3)α+β+1(−λt2α),

now, we calculate y2(t) as follows:

y2(t) = y1(t)+

∞∑
k1=0

∞∑
k2=0

(−λ)k1+k2

× Γ((2k1 + 1)α+ β + 1)

Γ((2k1 + 1)α+ 1)
· Γ((2k2 + 2k1 + 3)α+ 2β + 1)

Γ((2k2 + 2k1 + 3)α+ β + 1)

× t(2k2+2k1+5)α+2βE2α,(2k2+2k1+5)α+2β+1(−λt2α),
(11)

similarly, we have
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y3(t) =y2(t)

+
∞∑
k1=0

∞∑
k2=0

∞∑
k3=0

(−λ)k1+k2+k3 · Γ((2k1 + 1)α+ β + 1)

Γ((2k1 + 1)α+ 1)

× Γ((2k2 + 2k1 + 3)α+ 2β + 1)

Γ((2k2 + 2k1 + 3)α+ β + 1)
× Γ((2k3 + 2k2 + 2k1 + 5)α+ 3β + 1)

Γ((2k3 + 2k2 + 2k1 + 5)α+ 2β + 1)

× t(2k3+2k2+2k1+7)α+3βE2α,(2k3+2k2+2k1+7)α+3β+1(−λt2α).

Finally, we get the following relation for ym(t):

ym(t) =ym−1(t) +

∞∑
k1=0

∞∑
k2=0

· · ·
∞∑

km=0

(−λ)k1+k2+···+km · A
B

× ·t(2km+2km−1+···+2k1+(2m−1))α+mβ

× E2α,(2km+2km−1+···+2k1+(2m−1))α+mβ+1)(−λt2α),

(12)

where

A =Γ((2k1 + 1)α+ β + 1)Γ((2k2 + 2k1 + 3)α+ 2β + 1)× · · ·
× Γ((2km + 2km−1 + · · ·+ 2k1 + (2m− 1))α+mβ + 1),

and

B =Γ((2k1 + 1)α+ 1)Γ((2k2 + 2k1 + 3)α+ β + 1)× · · ·
× Γ((2km + 2km−1 + · · ·+ 2k1 + (2m− 1))α+ (m− 1)β + 1).

Now, in order to obtain eigenvalues, by choosing three terms from (37) and
imposing the following boundary condition, we have

I1−α
0+

y3(t)|t=1

=L−1

(
L
{ 1

Γ(1− α)

∫ t

0

(t− s)−αsαE2α,α+1(−λs2α)ds

+

∞∑
k1=0

(−λ)k1
Γ((2k1 + 1)α+ β + 1)

Γ((2k1 + 1)α+ 1)

×
1

Γ(1− α)

∫ t

0

(t− s)−αs(2k1+3)α+βE2α,(2k1+3)α+β+1(−λs2α)ds

+

∞∑
k1=0

∞∑
k2=0

(−λ)k1+k2
Γ((2k1 + 1)α+ β + 1)

Γ((2k1 + 1)α+ 1)
·
Γ((2k2 + 2k1 + 3)α+ 2β + 1)

Γ((2k2 + 2k1 + 3)α+ β + 1)

×
1

Γ(1− α)

∫ t

0

(t− s)−αs(2k2+2k1+5)α+2βE2α,(2k2+2k1+5)α+2β+1(−λs2α)ds
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+

∞∑
k1=0

∞∑
k2=0

∞∑
k3=0

(−λ)k1+k2+k3
Γ((2k1 + 1)α+ β + 1)

Γ((2k1 + 1)α+ 1)

×
Γ((2k2 + 2k1 + 3)α+ 2β + 1)

Γ((2k2 + 2k1 + 3)α+ β + 1)
·
Γ((2k3 + 2k2 + 2k1 + 5)α+ 3β + 1)

Γ((2k3 + 2k2 + 2k1 + 5)α+ 2β + 1)

×
1

Γ(1− α)

∫ t

0

(t− s)−αs(2k3+2k2+2k1+7)α+3β

× E2α,(2k3+2k2+2k1+7)α+3β+1(−λs2α)ds
∣∣∣
t=1

})
= 0. (13)

Now, by using the inverse Laplace transform, we have

I1−α
0+

y3(t)|t=1

=tE2α,2(−λt2α) +

∞∑
k1=0

(−λ)k1 ·
Γ((2k1 + 1)α+ β + 1)

Γ((2k1 + 1)α+ 1)

× t(2k1+2)α+β+1E2α,(2k1+2)α+β+2(−λt2α)

+

∞∑
k1=0

∞∑
k2=0

(−λ)k1+k2
Γ((2k1 + 1)α+ β + 1)

Γ((2k1 + 1)α+ 1)
·
Γ((2k2 + 2k1 + 3)α+ 2β + 1)

Γ((2k2 + 2k1 + 3)α+ β + 1)

× t(2k2+2k1+4)α+2β+1E2α,(2k2+2k1+4)α+2β+2(−λt2α)

+

∞∑
k1=0

∞∑
k2=0

∞∑
k3=0

(−λ)k1+k2+k3
Γ((2k1 + 1)α+ β + 1)

Γ((2k1 + 1)α+ 1)

×
Γ((2k2 + 2k1 + 3)α+ 2β + 1)

Γ((2k2 + 2k1 + 3)α+ β + 1)
·
Γ((2k3 + 2k2 + 2k1 + 5)α+ 3β + 1)

Γ((2k3 + 2k2 + 2k1 + 5)α+ 2β + 1)

× t(2k3+2k2+2k1+6)α+3β+1E2α,(2k3+2k2+2k1+6)α+3β+2(−λt2α)|t=1 = 0.

Therefore, solving the above relation with respect to λ yields eigenvalues.

Table 2: The eigenvalues λn of the FSLP for Example 2

ki α 0.88 0.92 0.96 0.98 0.99 1.0
k1, k2, k3 = 5 λn 10.05385926 9.933778015 10.06348862 10.19660718 10.27791426 10.36849015

47.56007387 32.34315896 35.63420589 37.76603821 38.92583141 40.14691848
1126.335623 44.07433976 60.04931462 68.65397481 73.15018892 77.78582381
2383.852442 60.98311732 79.07639037 90.47082662 96.86784919 103.7750278
4084.543198 1672.025020 2492.533591 3047.891192 3371.626995 3730.657415
29.99913622 3669.500947 5672.277915 7063.067903 7884.473754 8803.558665

6468.168446 10283.17818 12984.46721 14595.72336 16410.73873
44.95131154 62.05287730 72.95773310 79.12198365 85.81612846

k1, k2, k3 = 10 λn 10.05563487 9.934078332 10.06355202 10.19663792 10.27793590 10.36850547
26.86376328 30.94976951 35.18620831 37.49382726 38.71166129 39.97755111
38.80996910 51.04646579 66.84154959 76.33005616 81.52855664 87.05489991
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Figure 3: The curves of eigenfunctions, k1, k2, k3 = 5 for n = 1 (solid line), n = 2 (dash
dot line), n = 3 (dash line), where α = 0.98, λ1 = 10.19660718, λ2 = 68.65397481, and
λ3 = 90.47082662 for Example 2.
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Figure 4: The curves of eigenfunctions, k1, k2, k3 = 5 for n = 1 (solid line), n = 2 (dash
dot line), n = 3 (dash line), where α = 0.99, λ1 = 10.27791426, λ2 = 73.15018892, and
λ3 = 96.86784919 for Example 2.

4 Analysis of the iterative method

Lemma 2. The n-fold series in relation (37) is convergent for α = 1, β ∈ N,
and |t| < 1√

|λ|
.

Proof. It is sufficient to show that the double series in relation (11) is con-
vergent. By Theorem 1, we have

|y2(t)− y1(t)| ≤ c
1+|λt2|

∑∞
k1=0 |λ|k1

(2k1+1+β)!
[(2k1+1)]!

×
∞∑
k2=0

|λ|k2 (2k2 + 2k1 + 3 + 2β)!

([(2k2 + 2k1 + 3)] + β)!
t2k2+2k1+5+2β .

(14)
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Since lim sup
k2→∞

k2

√
(2k2 + 2k1 + 3 + 2β)!|λ|k2
([(2k2 + 2k1 + 3)] + β)!

= |λ|, by the basic root test of

convergence of nonnegative series, we conclude that for |t| < 1√
|λ|

, the series

∞∑
k2=0

|λ|k2 (2k2 + 2k1 + 3 + 2β)!

([2k2 + 2k1 + 3] + β)!
t2k2+2k1+5+2β

is absolutely convergent. Moreover, it is uniformly convergent on any com-
pact subset of the interval (− 1√

|λ|
, 1√

|λ|
).

On the other hand, the series
∑∞
k2=0 |λ|k2 .t2k2+2k1+5+2β is absolutely con-

vergent on the interval (− 1√
|λ|
, 1√

|λ|
) and is uniformly convergent on any

compact subset of the interval (− 1√
|λ|
, 1√

|λ|
). So we can take derivative of it

on this interval, term by term, for β times and get
∞∑
k2=0

([2k2 + 2k1 + 3]+ β + 1)([2k2 + 2k1 + 3] + β + 2)

. . . ([2k2 + 2k1 + 3] + 2β)|λ|k2t2k2+2k1+5+2β

= tβ
( ∞∑
k2=0

|λ|k2 .t2k2+2k1+5+2β
)(β)

= tβ
(
t2k1+5+2β

∞∑
k2=0

(|λ|t2)k2
)(β)

= tβ
( t2k1+5+2β

1− |λ|t2
)(β)

.

Now, using (14), we obtain

|y2(t)− y1(t)|

≤ c

1 + |λ|t2
∞∑
k1=0

|λ|k1 (2k1 + 1 + β)!

[2k1 + 1]!
· tβ
( t2k1+5+2β

1− |λ|t2
)(β)

=
ctβ

1 + |λ|t2

( ∞∑
k1=0

|λ|k1 (2k1 + 1 + β)!

[2k1 + 1]!
· t

2k1+5+2β

1− |λ|t2

)(β)

=
ctβ

1 + |λ|t2

(
t2β+4

1− |λ|t2
∞∑
k1=0

|λ|k1 (2k1 + 1 + β)!

[2k1 + 1]!
t2k1+1

)(β)

=
ctβ

1 + |λ|t2

(
t2β+4

1− |λ|t2
∞∑
k1=0

|λ|k1(2k1 + 2) · · · (2k1 + 1 + β)t2k1+1

)(β)
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=
ctβ

1 + |λ|t2

(
t2β+4

1− |λ|t2
∞∑
k1=0

|λ|k1
(
t2k1+1+β

)(β))(β)

=
ctβ

1 + |λ|t2

(
t2β+4

1− |λ|t2
( ∞∑
k1=0

|λ|k1t2k1+1+β
)(β))(β)

=
ctβ

1 + |λ|t2

(
t2β+4

1− |λ|t2
(
tβ+1

∞∑
k1=0

|λ|k1t2k1
)(β))(β)

=
ctβ

1 + |λ|t2

(
t2β+4

1− |λ|t2
( tβ+1

1− |λ|t2
)(β))(β)

.

Therefore, (14) is appeared to be the derivative of a function and hence is
convergent.

It follows from the root test that 1
R = lim supk2→∞

k2

√
(2k2+2k1+3+2β)!|λ|k2

([(2k2+2k1+3)]+β)! =

|λ|. Hence

C =

∞∑
k2=0

([(2k2 + 2k1 + 3)] + β + 1)([(2k2 + 2k1 + 3)] + β + 2)

× · · · × ([(2k2 + 2k1 + 3)] + 2β)|λ|k2 .t2k2+2k1+5+2β

=
( ∞∑
k2=0

(|λ|k2 .t2k2+2k1+5+2β
)(k)

,

where k = (2k2 + 2k1 + 5)− [(2k2 + 2k1 + 5) + β − 2]. Then

C =
(
t2k1+5+2β

∞∑
k2=0

(|λ|t2)k2
)(k)

=
( t2k1+5+2β

1− |λ|t2
)(k)

.

Noting that ( t
2k1+5+2β

1−|λ|t2 )(k) is convergent for α = 1 and β ∈ N, then

≤ c

1 + |λ|t2
( ∞∑
k1=0

|λ|k1 (2k1 + 1 + β)!

[(2k1 + 1) + 1]!
· t

2k1+5+2β

1− |λ|t2
)(k)

≤ c

1 + |λ|t2
( tβ+2

1− |λ|t2
∞∑
k1=0

([(2k1 + 1) + 1] + 1)× · · ·

× (2k1 + 1 + β)t2k1+β+3
)(k)

≤ c

1 + |λ|t2

(
tβ+2

1− |λ|t2
(tβ+3

∞∑
k1=0

t2k1)(l)

)(k)

,

where l = (2k1 + β)− [(2k1 + 3) + 1]. We have
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≤ c

1 + |λ|t2
[
tβ+2

1− |λ|t2
(tβ+3 1

1− t2
)(l)](k) <∞.

the proof is completed.

The reader can prove the convergence of triple series and so on in the
same manner.

5 Conclusion

In this paper, we have considered the analytical and numerical solutions of
the FSLPs and eigenvalue problems for the fractional differential equations
with Dirichlet boundary conditions by using an iterative method. Moreover,
we proved that the resulting series is convergent.
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Abstract

Using the approximate endpoint property, we describe a technique for exist-
ing solutions of the fractional q-differential inclusion with boundary value
conditions on multifunctions. For this, we use an approximate endpoint
result on multifunctions. Also, we give an example to elaborate on our
results and to present the obtained results by fractional calculus.
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1 Introduction

Fractional calculus and q-calculus are some of the significant branches in
mathematical analysis. The field of fractional calculus has countless applica-
tions (for instance, consider [2, 10, 32]). Similarly, the subject of fractional
differential equations ranges from the theoretical views of the existence and
uniqueness of solutions to analytical methods (for more details, see [4, 5]).
There has been intensive development in fractional differential equations and
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inclusion (for example, see [9, 13, 38, 36, 35, 37, 29, 20, 34]). Also, great
attention was devoted to the fractional differential inclusions (for more in-
formation, see [4, 7, 12, 30, 40]). For finding more details about elementary
notions and definitions of fractional differential equations one can study, for
instance, [6, 26, 31].

In this article, motivated by [8, 33] and among these achievements, we try
to stretch out the problem in a sense for the fractional q-differential inclusions
with integral boundary conditions, in conformity with the definition of the
fractional Caputo type q-derivative of order α and the fractional Riemann–
Liouville type q-integral. We state the basic definitions and some properties
of fractional q-differential inclusion from [18]. For this purpose, we consider
and discuss the inclusion problem

cDα
q u(t) ∈ W (t, u(t), u′(t), u′′(t)) , (1)

under conditions u(0) + u(p) + u(1) =
∫ 1

0
f0(s, u(s)) ds and{

cDβ
q u(0) +

cDβ
q u(p) +

cDβ
q u(1) =

∫ 1

0
f1(s, u(s)) ds,

cDγ
qu(0) +

cDγ
qu(p) +

cDγ
qu(1) =

∫ 1

0
f2(s, u(s)) ds,

(2)

where α ∈ (2, 3], 0 < q, p, β < 1, γ ∈ (1, 2), fi : J × R → R for i = 1, 2, 3,
are continuous functions, W : J × R3 → Pcp(R) is a multifunction, and
cDβ

q is the fractional Caputo type q-derivative for t ∈ J = [0, 1]. The set
of all compact subsets of R is denoted by Pcp(R). Also, we look into the
existence of solutions for the fractional q-differential inclusion problem on
the multifunction W : J × Rn+1 → P (R),

cDα
q u(t) ∈ W

(
t, u(t), cDγ1

q u(t), . . . ,
cDγn

q u(t)
)
, (3)

with conditions {
u′(0) + a1u

′(1) =
∑n
i=1

cDγi
q u(p),

u(0) + a2u(1) =
∑n
i=1 I

γi
q u(p),

(4)

where α ∈ (1, 2], 0 < q, p, γi < 1, α− γi ∈ [1,∞) for all 1 ≤ i ≤ n,

a1 >

n∑
i=1

p1−γi

Γq(2− γi)
, a2 >

n∑
i=1

pγi+1

Γq(γi + 2)
,

here n ≥ 1 and t ∈ J = [0, 1].

As before, we remind some of the previous works briefly. In 1910, the sub-
ject of q-difference equations was introduced by Jackson [22, 24, 23]. After
that, at the beginning of the last century, studies on q-difference equations
have been appeared in many works, especially in [1, 3, 15, 28, 39]. An excel-
lent account in the study of fractional differential and q-differential equations
can be found in [21, 25, 26].
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2 Preliminaries

We recall from [14, 25] some basic definitions, notation, and results of q-
fractional calculus, which are needed throughout this article. In fact, we
consider the fractional q-calculus on the specific time scale T = R, where
Ts0 = {0} ∪ {s : s = s0q

n}, for a nonnegative integer n, s0 ∈ R, and q ∈ J0.
Let a ∈ R. Define [a]q = (1−qa)/(1−q) [24]. The power function (y−z)nq with
n ∈ N0 is defined by (y−z)(n)q =

∏n−1
k=0(y−zqk), for n ≥ 1 and (y−z)(0)q = 1,

where y and z are real numbers and N0 := {0}∪N [1]. Also, for σ ∈ R and q ̸=
0, we have (y−z)(σ)q = vσ

∏∞
k=0(y−zqk)/(y−zqσ+k). If z = 0, then it is clear

that y(σ) = yσ [11] (Algorithm 1). The q-Gamma function is given by Γq(σ) =
(1−q)(σ−1)/(1−q)σ−1, where σ ∈ R\{0,−1,−2, . . .} [24] (Algorithm 2). Note
that, Γq(σ + 1) = [σ]qΓq(σ). The q-derivative of function g is defined by

Dq[g](τ) =
g(τ)− g(qτ)

(1− q)τ
,

and Dq[g](0) = limτ→0 Dq[g](τ), which is shown in Algorithm 3 [1]. Further-
more, the higher order q-derivative of a function g is defined by Dn

q [g](τ) =
Dq[D

n−1
q [g]](τ), for n ≥ 1, where D0

q[g](τ) = g(τ) [1]. The q-integral of a
function g is defined on [0, b] by

Iq[g](τ) =

∫ τ

0

g(ξ) dqξ = τ(1− q)
∞∑
k=0

qkg(τqk),

for 0 ≤ τ ≤ b, provided the series is absolutely converges [1]. If τ in [0, T ],
then∫ T

τ

g(ξ) dqξ = Iq[g](T )− Iq[g](τ) = (1− q)
∞∑
k=0

qk
[
Tg(Tqk)− τg(τqk)

]
,

whenever the series exists. The operator Inq is given by I0q[g](τ) = g(τ)
and Inq [g](τ) = Iq[I

n−1
q [g]](τ) for n ≥ 1 and g ∈ C([0, T ]) [1]. It has been

proved that Dq[Iq[g]](τ) = g(τ) and Iq[Dq[g]](τ) = g(τ)− g(0) whenever g is
continuous at τ = 0 [1]. The fractional Riemann–Liouville type q-integral of
the function g on J0 = (0, 1) for σ ≥ 0 is defined by I0q[g](τ) = g(τ) and

Iσq [g](τ) =
1

Γq(σ)

∫ τ

0

(τ − qξ)(σ−1)g(ξ) dqξ

= τσ(1− q)σ
∞∑
k=0

qk
∏k−1
i=1

(
1− qσ+i

)∏k−1
i=1 (1− qi+1)

g(τqk), (5)

for t ∈ J0 [17, 10](Algorithm 4). The Caputo fractional q-derivative of a
function g is defined by
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cDσ
q [g](τ) = I[σ]−σq [D[σ]

q [g]](τ)

=
1

Γq ([σ]− σ)

∫ τ

0

(τ − qξ)([σ]−σ−1)D[σ]
q [g](ξ) dqqξ, (6)

where t ∈ J0 and σ > 0 [17]. It has been proved that Iνq [I
σ
q [g]](τ) =

Iσ+νq [g](τ), and Dσq [Iσq [g]](τ) = g(τ), where σ, ν ≥ 0 [17]. Algorithm 4 shows
pesudo-code Iσq [g](τ).

We say a multifunction G : J → Pcl(R) is measurable whenever for each
real number y, the function t 7→ d(y,G(t)) is measurable [16]. The Pompeiu–
Hausdorff metric Hd : 2

X × 2X → [0,∞) on a metric space (X, ρ) is defined
by

Hρ(A,B) = max
{
sup
a∈A

ρ(a,B), sup
b∈B

ρ(A, b)
}
,

where ρ(A, b) = infa∈A ρ(a, b) [19]. The set of closed and bounded of X,
and the set of closed subsets of X are denoted by CB(X) and C(X), re-
spectively. In this case, (CB(X),Hρ) and (C(X),Hρ) are a metric space
and a generalized metric space, respectively [27]. An element z ∈ X is
called an endpoint of multifunction W : X → 2X whenever Wz = {z} [8].
Also, the multifunction W has the approximate endpoint property whenever
infx∈X supy∈Wx ρ(x, y) = 0 [8]. A function θ : R → R is called upper semi-
continuous whenever lim supn→∞ θ(λn) ≤ θ(λ) for all sequence {λn}n≥1 with
λn → λ [8].

Lemma 1. [8] Consider an upper semi-continuous function θ : [0,∞) →
[0,∞) such that θ(t) < t and lim inft→∞(t − θ(t)) > 0, for all t > 0. Also,
Assume that (X, ρ) a complete metric space and that W : X → CB(X) is a
multifunction such that Hd(W(x),W() ≤ θ(ρ(x, y)), for all x, y ∈ X. Then
W has a unique endpoint if and only if W has the approximate endpoint
property.

3 Main results

Right away, we are ready to state and prove our main results. Foremost, we
make the adjacent one.

Lemma 2. Suppose that v ∈ C(J,R), that α ∈ (2, 3], that 0 < β, q, p < 1,
that γ ∈ (1, 2), and that fi : J × R → R, for i = 0, 1, 2, are continuous
functions. The unique solution of the fractional q-differential problem

cDα
q u(t) = v(t), (7)

with conditions (2) is given by
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u(t) = Iαq v(t) +
1

3

∫ 1

0

f0(s, u(s)) ds−
1

3

[
Iαq v(1) + Iαq v(p)

]
+ a1(t)

∫ 1

0

f1(s, u(s)) ds+ a2(t)
[
Iα−βq v(1) + Iα−βq v(p)

]
+ (b1 + a3(t))

∫ 1

0

g2(s, u(s)) ds

+ (b2 + a4(t))
[
Iα−γq v(1) + Iα−γq v(p)

]
,

where

a1(t) =
3tΓq(2− β)− (p+ 1)Γq(2− β)

3(p1−β + 1)
,

a2(t) =
(p+ 1)Γq(2− β)− 3Γq(2− β)t

3(p1−β + 1)
,

a3(t) =
−6(p2−β + 1)Γq(3− γ)Γq(2− β)t
6(p1−β + 1)(p2−γ + 1)Γq(3− β)

+
3(p1−β + 1)Γq(3− γ)Γq(3− β)t2

6(p1−β + 1)(p2−γ + 1)Γq(3− β)
,

a4(t) =
6(p2−β + 1)Γq(3− γ)Γq(2− β)t
6(p1−β + 1)(p2−γ + 1)Γq(3− β)

− 3Γq(3− γ)Γq(3− β)(p1−β + 1)t2

6(p1−β + 1)(p2−γ + 1)Γq(3− β)
,

b1 =
2(p+ 1)(p2−β + 1)Γq(3− γ)Γq(2− β)

6(p1−β + 1)(p2−γ + 1)Γq(3− β)

− (p2 + 1)Γq(3− γ)(p1−β + 1)Γq(3− β)
6(p1−β + 1)(p2−γ + 1)Γq(3− β)

,

b2 =
(p2 + 1)Γq(3− γ)(p1−β + 1)Γq(3− β)

6(p1−β + 1)(p2−γ + 1)Γq(3− β)

− 2(p+ 1)(p2−β + 1)Γq(3− γ)Γq(2− β)
6(p1−β + 1)(p2−γ + 1)Γq(3− β)

.

(8)

Proof. As we have known that the general solution of (7) is

u(t) =
1

Γq(α)

∫ t

0

(t− qs)(α−1)v(s) dqs+ c0 + c1t+ c2t
2, (9)

where ci (i = 0, 1, 2) are arbitrary real constants [26, 31, 38]. Thus,
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cDβ
q u(t) = Iα−βq v(t) +

c1t
1−β

Γq(2− β)
+

2c2t
2−β

Γq(3− β)
,

cDγ
qu(t) = Iα−γq v(t) +

2c2t
2−γ

Γq(3− γ)
.

Hence, we get

u(0) + u(p) + u(1) = 3c0 + (1 + p)c1 + (1 + p2)c2 + Iαq v(1) + Iαq v(p)

and

cDβ
q u(0) +

cDβ
q u(p) +

cDβ
q u(1) = c1

p1−β + 1

Γq(2− β)
+ c2

2(p2−β + 1)

Γq(3− β)
+ Iα−βq v(1) + Iα−βq v(p),

cDγ
qu(0) +

cDγ
qu(p) +

cDγ
qx(1) = c2

2(p2−γ + 1)

Γq(3− γ)
+ Iα−γq v(1) + Iα−γq v(p).

By employing the boundary conditions, we have

3c0 + (1 + p)c1 + (1 + p2)c2 =

∫ 1

0

f0(s, u(s)) ds

− Iαq v(1)− Iαq v(p),

c1
p1−β + 1

Γq(2− β)
+ c2

2(p2−β + 1)

Γq(3− β)
=

∫ 1

0

f1(s, x(s)) ds

− Iα−βq v(1)− Iα−βq v(p),

c2
2(p2−γ + 1)

Γq(3− γ)
=

∫ 1

0

f2(s, x(s)) ds

− Iα−γq v(1)− Iα−γq v(p).

This is a linear system of equations of triangular shape, having c0, c1, and c2
as unknowns. By a back substitution, we obtain
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c0 =
1

3

∫ 1

0

f0(s, u(s)) ds−
1

3

[
Iαq v(1) + Iαq v(p)

]
− Γq(2− β)(p+ 1)

3(p1−β + 1)

∫ 1

0

f1(s, u(s)) ds

+
(p+ 1)Γq(2− β)

3(p1−β + 1)

[
Iα−βq v(1) + Iα−βq v(p)

]
+ b1

∫ 1

0

f2(s, u(s)) ds+ b2
[
Iα−γq v(1) + Iα−γq v(p)

]
,

c1 =
Γq(2− β)
(p1−β + 1)

∫ 1

0

f1(s, u(s)) ds

− Γq(2− β)
(p1−β + 1)

[
Iα−βq v(1) + Iα−βq v(p)

]
− (p2−β + 1)Γq(3− γ)Γq(2− β)

(p1−β + 1)(p2−γ + 1)Γq(3− β)

∫ 1

0

f2(s, u(s)) ds

+
(p2−β + 1)Γq(3− γ)Γq(2− β)
(p1−β + 1)(p2−γ + 1)Γq(3− β)

[
Iα−γq v(1) + Iα−γq v(p)

]
,

c2 =
Γq(3− γ)
2(p2−γ + 1)

∫ 1

0

f2(s, u(s)) ds

− Γq(3− γ)
2(p2−γ + 1)

[
Iα−γq v(1) + Iα−γq v(p)

]
.

At once, we replace c0, c1, and c2 in (9) and find the solution u(t) as we
stated.

Assume that X = C2(J) endowed with the norm

∥u∥ = sup
t∈J
|u(t)|+ sup

t∈J
|u′(t)|+ sup

t∈J
|u′′(t)|.

Then (X , ∥·∥) is a Banach space (see [16]). For u ∈ X , we define the selection
set SW,u by the set of all v ∈ L1(J) such that v(t) ∈ W(t, u(t), u′(t), u′′(t))
for all t ∈ J . For the study of problem (1) and (2), we shall consider the
following conditions:

(C1) The multifunction W : J × R3 → Pcp(R) be is an integrable and
bounded such that W(·, x1, x2, x3) : J → Pcp(R) is measurable for
all xi ∈ R;

(C2) The functions fi : J × R→ R be are continuous and map θ : [0,∞)→
[0,∞) be a nondecreasing upper semi-continuous such that

lim inf
t→∞

(t− θ(t)) > 0

and θ(t) < t for all t > 0;
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(C3) There exist m,m0,m1,m2 ∈ C(J, [0,∞)) such that

Hd (W(t, x1, x2, x3),W(t, x′1, x
′
2, x

′
3))

≤ 1

Λ1 + Λ2 + Λ3
m(t)θ

( 3∑
k=1

|xi − x′i|
)

and
|fj(t, x)− fj(t, x′)| ≤

1

Λ1 + Λ2 + Λ3
mj(t)ψ(|x− x′|),

for all t ∈ J , x, x′, xi, x′i ∈ R, where

Λ1 =

[
∥m∥∞

Γq(α+ 1)
+
∥m0∥∞

3
+

2∥m∥∞
3Γq(α+ 1)

+
5Γq(2− β)∥m1∥∞

3
+

10Γq(2− β)∥m∥∞
3Γq(α− β + 1)

+ 10
(
2Γq(2− β) + Γq(3− β)

)
×
(
Γq(3− γ) (∥m2∥∞Γq(α− γ + 1) + 2∥m∥∞)

3Γq(3− β)Γq(α− γ + 1)

)]
,

Λ2 =

[
∥m∥∞
Γq(α)

+
2Γq(2− β)∥m∥∞
Γq(α− β + 1)

+
(
2Γq(2− β) + Γq(3− β)

)
×
(
Γq(3− γ) (∥m2∥∞Γq(α− γ + 1) + 2∥m∥∞)

Γ(3− β)Γq(α− γ + 1)

)]
,

Λ3 =

[
∥m∥∞

Γq(α− 1)
+

Γq(3− γ) (∥m2∥∞Γq(α− γ + 1) + 2∥m∥∞)

Γq(α− γ + 1)

]
;

(C4) Multifunction N : X → 2X is given by

N(u) = {h ∈ X | ∃ v ∈ SW,u : h(t) = w(t)} ,

for each t ∈ J , where by applying the notation in (8), we have

w(t) = Iαq v(t) +
1

3

∫ 1

0

f0(s, u(s)) ds−
1

3

[
Iαq v(1) + Iαq v(p)

]
+ a1(t)

∫ 1

0

f1(s, u(s)) ds+ a2(t)
[
Iα−βq v(1) + Iα−βq v(p)

]
+ (b1 + a3(t))

∫ 1

0

f2(s, u(s)) ds

+ (b2 + a4(t))
[
Iα−γq v(1) + Iα−γq v(p)

]
.
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Theorem 1. The boundary value q-differential inclusion problem (1) and (2)
has a solution, whenever the multifunction N : X → P (X ) has the approxi-
mate endpoint property and conditions (C1)–(C4) are hold.

Proof. We demonstrate that the multifunction N has an endpoint, which
is a solution of the problem (1) and (2). Because the multivalued map
t ⊢ W (t, u(t), u′(t), u′′(t)) is measurable and so has closed values, it has
measurable selection and so SW,u is nonempty for all u ∈ X . At present, we
show that N(u) ⊂ X is closed for u ∈ X . Let u ∈ X and let {xn}n≥1 be a
sequence in N(u) with un → x. For each n ∈ N, choose vn ∈ SW,u such that

xn(t) = Iαq vn(t) +
1

3

∫ 1

0

f0(s, u(s)) ds−
1

3

[
Iαq vn(1) + Iαq vn(p)

]
+ a1(t)

∫ 1

0

f1(s, u(s)) ds+ a2(t)
[
Iα−βq vn(1) + Iα−βq vn(p)

]
+ (b1 + a3(t))

∫ 1

0

f2(s, u(s)) ds

+ (b2 + a4(t))
[
Iα−γq vn(1) + Iα−γq vn(p)

]
.

It is noteworthy that {vn}n≥1 has a subsequence that converges to some v ∈
L1(J), because W has compact values. Again, we denote this subsequence
by {vn}n≥1. It is easy to go over that v ∈ SW,u and xn(t) tends to x(t),
where

x(t) = Iαq v(t) +
1

3

∫ 1

0

f0(s, u(s)) ds−
1

3

[
Iαq v(1) + Iαq v(p)

]
+ a1(t)

∫ 1

0

f1(s, u(s)) ds+ a2(t)
[
Iα−βq v(1) + Iα−βq v(p)

]
+ (b1 + a3(t))

∫ 1

0

f2(s, u(s)) ds

+ (b2 + a4(t))
[
Iα−γq v(1)Iα−γq v(p)

]
,

for each t ∈ J . This implies that x ∈ N(u) and so N has closed values. Since
W is a compact multivalued map, it is easy to check that N(u) is a bounded
set for all u ∈ X . Now, we show that

Hd(N(u), N(v)) ≤ θ(∥u− v∥).

Let u, v ∈ X and let h1 ∈ N(v). Choose w1 ∈ SW,v such that

h1(t) = Iαqw1(t) +
1

3

∫ 1

0

f0(s, v(s)) ds−
1

3

[
Iαqw1(1) + Iαqw1(p)

]
+ a1(t)

∫ 1

0

f1(s, v(s)) ds+ a2(t)
[
Iα−βq w1(1) + Iα−βq w1(p)

]
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+ (b1 + a3(t))

∫ 1

0

f2(s, v(s)) ds

+ (b2 + a4(t))
[
Iα−γq w1(1) + Iα−γq w1(p)

]
,

for almost all t ∈ J . Put

W̃u(t) =W (t, u(t), u′(t), u′′(t)) , W̃v(t) =W (t, v(t), v′(t), v′′(t)) .

Since

Hd

(
W̃u(t), W̃v(t)

)
≤ 1

Λ1 + Λ2 + Λ3
m(t)

× θ (|u(t)− n(t)|+ |u′(t)− v′(t)|+ |u′′(t)− v′′(t)|) ,

for all t ∈ J , there exists w ∈ W̃u(t) such that

|w1(t)− w| ≤
1

Λ1 + Λ2 + Λ3
m(t)

× θ (|u(t)− v(t)|+ |u′(t)− v′(t)|
+|u′′(t)− v′′(t)|) ,

(10)

for all t ∈ J . Consider the multivalued map G : J → P (R), which defines
the set of all w ∈ R such that w satisfies in (10). Since w1 and

φ = mθ
(
|u− v|+ |u′ − v′|+ |u′′ − v′′|

)[ 1

Λ1 + Λ2 + Λ3

]
,

are measurable, the multifunction

G(.)
∩
W (·, u(·), u′(·), u′′(·)) ,

is measurable. Choose w2(t) ∈ W (t, u(t), u′(t), u′′(t)) such that

|w1(t)− w2(t)|

≤ 1

Λ1 + Λ2 + Λ3
m(t)

× ψ (|u(t)− v(t)|+ |u′(t)− v′(t)|+ |u′′(t)− v′′(t)|) ,

for all t ∈ J . Now, Consider the element h2 ∈ N(u), which is defined by
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h2(t) = Iαqw2(t) +
1

3

∫ 1

0

f0(s, u(s)) ds−
1

3

[
Iαqw2(1) + Iαqw2(p)

]
+ a1(t)

∫ 1

0

f1(s, u(s)) ds+ a2(t)
[
Iα−βq w2(1) + Iα−βq w2(p)

]
+ (b1 + a3(t))

∫ 1

0

f2(s, u(s)) ds

+ (b2 + a4(t))
[
Iα−γq w2(1) + Iα−γq w2(p)

]
,

for all t ∈ J . Thus,

|h1(t)− h2(t)| ≤ Iαq |w1(t)− w2(t)|

+
1

3

∫ 1

0

|f0(s, v(s))− f0(s, u(s))|ds

+
1

3

[
Iαq |w1(1)− w2(1)|Iα−1

q |w1(p)− w2(p)|ds
]

+ |a1(t)|
∫ 1

0

|f1(s, v(s))− f1(s, u(s))|ds

+ |a2(t)|
[
Iα−βq |w1(1)− w2(1)|

+Iα−βq |w1(p)− w2(p)|
]

+ |b1 + a3(t)|
∫ 1

0

|f2(s, v(s))− f2(s, u(s))|ds

+ |b2 + a4(t)|
[
Iα−γq |w1(1)− w2(1)|ds

+Iα−γq |w1(p)− w2(p)|ds
]

≤ 1

Λ1 + Λ2 + Λ3
θ (∥u− v∥)

[
∥m∥∞

Γq(α+ 1)
+
∥m0∥∞

3

+
2∥m∥∞

3Γq(α+ 1)
+

5Γq(2− β)∥m1∥∞
3

+
10Γq(2− β)∥m∥∞
3Γq(α− β + 1)

+ 10
(
2Γq(2− β) + Γq(3− β)

)
×
(
Γq(3− γ)(∥m2∥∞Γq(α− γ + 1) + 2∥m∥∞)

3Γq(3− β)Γq(α− γ + 1)

)]
=

Λ1

Λ1 + Λ2 + Λ3
ψ(∥u− v∥),

|h′1(t)− h′2(t)| ≤ Iα−1
q |w1(t)− w2(t)|

+
Γ(2− β)
(p1−β + 1)

[
Iα−βq |w1(1)− w2(1)|
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+Iα−βq |w1(p)− w2(p)|
]

+ |a5(t)|
∫ 1

0

|f2(s, v(s))− f2(s, u(s))|ds

+ |a6(t)|
[
Iα−γq |w1(1)− w2(1)|

+Iα−γ−1
q |w1(p)− w2(p)|

]
≤ 1

Λ1 + Λ2 + Λ3
θ(∥u− v∥)

[
∥m∥∞
Γq(α)

+
2Γq(2− β)∥m∥∞
Γq(α− β + 1)

+ (2Γq(2− β) + Γq(3− β))

×
(
Γq(3− γ) (∥m2∥∞Γq(α− γ + 1) + 2∥m∥∞)

Γq(3− β)Γq(α− γ + 1)

)]
=

Λ2

Λ1 + Λ2 + Λ3
θ(∥u− v∥),

and

|h′′1(t)− h′′2(t)| ≤ Iα−2
q |w1(t)− w2(t)|

+
Γq(3− γ)
(p2−γ + 1)

∫ 1

0

|f2(s, v(s))− f2(s, u(s))|ds

+
Γq(3− γ)
(p2−γ + 1)

[
Iα−γq |w1(1)− w2(1)|

+Iα−γq |w1(p)− w2(p)|
]

≤ 1

Λ1 + Λ2 + Λ3
ψ(∥u− v∥)

[
∥m∥∞

Γq(α− 1)

+
Γq(3− γ) (∥m2∥∞Γq(α− γ + 1) + 2∥m∥∞)

Γq(α− γ + 1)

]
=

Λ3

Λ1 + Λ2 + Λ3
ψ(∥u− v∥),

where

a5(t) =
(p2−β + 1)Γq(3− γ)Γq(2− β)
(p1−β + 1)(p2−γ + 1)Γq(3− β)

+
Γq(3− γ)(p1−β + 1)Γq(3− β)t
(p1−β + 1)(p2−γ + 1)Γq(3− β)

,

a6(t) =
(p2−β + 1)Γq(3− γ)Γq(2− β)

(p1−β + 1)(p2−γ + 1)Γq(3− β)Γq(α− γ)

− Γq(3− γ)Γq(3− β)(p1−β + 1)t

(p1−β + 1)(p2−γ + 1)Γq(3− β)Γq(α− γ)
.

Hence,
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∥h1 − h2∥ = sup
t∈J
|h1(t)− h2(t)|+ sup

t∈J
|h′1(t)− h′2(t)|

+ sup
t∈J
|h′′1(t)− h′′2(t)|

≤ 1

Λ1 + Λ2 + Λ3
θ(∥x− y∥)(Λ1 + Λ2 + Λ3) = θ(∥x− y∥).

Therefore, it is easy to get that

Hd(N(u), N(v)) ≤ θ(∥u− v∥),

for all u, v ∈ X . On the other hand, the multifunction N has the approximate
endpoint property. By using Lemma 1, there exists u∗ ∈ X such thatN(u∗) =
{u∗}. Thus, by employing Lemma 2, u∗ is a solution of problem (1) and (2).

At present, we investigate the existence of a solution for the fractional q-
differential inclusion problem with integral boundary value conditions

cDα
q u(t) ∈ W

(
t, u(t), cDγ1

q u(t), . . . ,
cDγn

q u(t)
)
,

u′(0) + a1u
′(1) =

∑n
i=1

cDγi
q u(p),

u(0) + a2u(1) =
∑n
i=1 I

γi
q u(p),

(11)

for the multifunction W : J × Rn+1 → P (R), where t ∈ J , α ∈ (1, 2], n ≥ 2,
0 < q, p, γi < 1, α− γi ≥ 1 for all 1 ≤ i ≤ n, and

a1 >

n∑
i=1

p1−γi

Γq(2− γi)
, a2 >

n∑
i=1

pγi+1

Γq(γi + 2)
.

4 Examples and algorithms for the problems

In this part, we give a complete computational technique for solving prob-
lems (1) and (2), such that it covers all the problems and presents numerical
examples solving perfect. To this aim, we consider a pseudo-code description
of the method for the calculated q-Gamma function of order n in Algorithm 2
(for more details, see the link https://en.wikipedia.org/wiki/Q-gamma_
function).

Table 1 shows that when q is constant, the q-Gamma function is an in-
creasing function. Also, for smaller values of x, an approximate result is
obtained with a fewer values of n. It has been shown by underlined rows.
Table 2 shows that the q-Gamma function for values q near one is obtained
with more values of n in comparison with other columns. They have been
underlined in line 8 of the first column, line 17 of the second column, and
line 29 of the third column of Table 2. Also, Table 3 is the same as Table 2,

https://en.wikipedia.org/wiki/Q-gamma_function
https://en.wikipedia.org/wiki/Q-gamma_function
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but x values increase in Table 3. Similarly, the q-Gamma function for values
q near to one is obtained with more values of n in comparison with other
columns. Furthermore, we provide Algorithm 3 that calculates (Dα

q f)(x).
Here, we give an example to illustrate our first main result, which applies to
the different values q in Theorem 1.

Example 1. Consider the fractional q-differential inclusion problem

cD
9
4
q u(t) ∈

[
0,

t2

100
sinu(t) +

1

100
cosu′(t)

+
1

100

(
|u′′(t)|

1 + |u′′(t)|

)]
,

(12)

under the integral boundary conditions

u(0) + u(
3

4
) + u(1) =

∫ 1

0

s2

20
cosu(s) ds

and {
cD

2
3
q u(0) + cD

2
3
q u(

3
4 ) +

cD
2
3
q u(1) =

∫ 1

0
es

2−1

20 cosu(s) ds,
cD

5
3
q u(0) + cD

5
3
q u(

3
4 ) +

cD
5
3
q u(1) =

∫ 1

0
2s3+1
20π cosu(s) ds,

(13)

where t ∈ J = [0, 1], α = 9
4 , β = 2

3 , γ = 5
3 , and p = 3

4 in (1) and (2). Consider
the map W : J × R3 → P (R) defined by

W(t, x1, x2, x3) =

[
0,

t2

100
sinx1 +

1

100
cosx2 +

1

100

(
|x3|

1 + |x3|

)]
.

Also, fi : J × R→ R are define by

f0(t, x) =
t2

20
cosx, f1(t, x) =

et
2−1

20
cosx, f2(t, x) =

2t3 + 1

300π
cosx,

and N : C2(J)→ 2C
2(J) is defined by

N(u) =
{
h ∈ C2(J)

∣∣∣∃v ∈ SW,u : h(t) = w(t)
}
,

for all t ∈ J such that

w(t) = I
9
4
q v(t) +

1

3

∫ 1

0

s2

20
cosu(s) ds− 1

3

[
I

9
4
q v(1) + I

9
4
q v(

3

4
)

]
+ a1(t)

∫ 1

0

es
2−1

20
cosu(s) ds+ a2(t)

[
I

19
12
q v(1) + I

19
12
q v(

3

4
)

]
+ (b1 + a3(t))

∫ 1

0

2s3 + 1

300π
cosu(s) ds
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+ (b2 + a4(t))

[
I

7
12
q v(1) + I

7
12
q v(

3

4
)

]
,

where

a1(t) =
3Γq(

4
3 )t−

7
4Γq(

4
3 )

3(( 34 )
1
3 + 1)

,

a2(t) =
7
4Γq(

4
3 )− 3Γq(

4
3 )t

3(( 34 )
1
3 + 1)

,

a3(t) =
−6(( 34 )

4
3 + 1)Γq(

4
3 )Γq(

4
3 )t+ 3(( 34 )

1
3 + 1)Γq(

4
3 )Γq(

7
3 )t

2

6(( 34 )
1
3 + 1)(( 34 )

1
3 + 1)Γq(

7
3 )

,

a4(t) =
6(( 34 )

4
3 + 1)Γq(

4
3 )Γq(

4
3 )t− 3Γq(

4
3 )Γq(

7
3 )((

3
4 )

1
3 + 1)t2

6(( 13 )
1
3 + 1)(( 34 )

1
3 + 1)Γq(

7
3 )

,

b1 =
7
2 ((

3
4 )

4
3 + 1)Γq(

4
3 )Γq(

4
3 )− (( 34 )

2 + 1)Γq(
4
3 )((

3
4 )

1
3 + 1)Γq(

7
3 )

6(( 34 )
1
3 + 1)(( 34 )

1
3 + 1)Γq(

7
3 )

,

b2 =
(( 34 )

2 + 1)Γq(
4
3 )((

3
4 )

1
3 + 1)Γq(

7
3 )−

8
3 ((

3
4 )

4
3 + 1)Γq(

4
3 )Γq(

4
3 )

6(( 34 )
1
3 + 1)(( 34 )

1
3 + 1)Γq(

7
3 )

.

(14)

Put m(t) = 3t
20 , m0(t) = t2

20 , m1(t) = et
2−1

20 , m2(t) = 2t3+1
300π , and ψ(t) = t

5 .
Then, we have

Λ1 =

[
∥m∥∞
Γq(

13
4 )

+
∥m0∥∞

3
+

2∥m∥∞
3Γq(

13
4 )

+
5Γq(

4
3 )∥m1∥∞
3

+
10Γq(

4
3 )∥m∥∞

3Γq(
31
12 )

.

+
10(2Γq(

4
3 ) + Γq(

7
3 ))Γq(

4
3 )
(
∥m2∥∞Γq(

19
12 ) + 2∥m∥∞

)
3Γq(

7
3 )Γq(

19
12 )

]
,

Λ2 =

[
∥m∥∞
Γq(

9
4 )

+
2Γq(

4
3 )∥m∥∞

Γq(
31
12 )

+
(2Γq(

4
3 ) + Γq(

7
3 ))Γq(

4
3 )
(
∥m2∥∞Γq(

19
12 ) + 2∥m∥∞

)
Γ( 73 )Γq(

19
12 )

]
,

Λ3 =

[
∥m∥∞
Γq(

5
4 )

+
Γq(

4
3 )
(
∥m2∥∞Γq(

19
12 ) + 2∥m∥∞

)
Γq(

19
12 )

]
.

In following data of Tables 4 and 5, it is easy to check that

Hd(W(t, u1, u2, u3),F (t, v1, v2, v3)) ≤
1

Λ1 + Λ2 + Λ3
m(t)θ(

3∑
k=1

|uk − vk|)

and that
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|fj(t, u)− fj(t, v)| ≤
1

Λ1 + Λ2 + Λ3
mj(t)ψ(|u− v|),

for t ∈ J , j = 0, 1, 2. Because supu∈N(0) ∥u∥ = 0, we have

inf
u∈C2(J)

[
sup

v∈N(u)

∥u− v∥
]
= 0.

Thus, N has the approximate endpoint property. At present, by applying
Theorem 1, the system of fractional q-differential inclusions (12) and (13) has
at least one solution.

5 Conclusion

The q-differential boundary equations and their applications represent a mat-
ter of high interest in the area of fractional q-calculus and its applications in
various areas of science and technology. q-differential boundary value prob-
lems occur in the mathematical modeling of a variety of physical operations.
The end of this article was to investigate a complicated case by utilizing
an appropriate basic theory. In this manner, we proved the existence of a
solution for familiar problems of q-differential equations under three bound-
ary conditions (1)–(2) and (3)–(4) on a time scale and showed the perfect
numerical effects for the problem, which confirm our results.
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Supporting informations

Table 1: Some numerical results for calculation of Γq(x) with q = 1
3

that is constant,
x = 4.5, 8.4, 12.7 and n = 1, 2, . . . , 15 of Algorithm 2.

n x = 4.5 x = 8.4 x = 12.7 n x = 4.5 x = 8.4 x = 12.7

1 2.472950 11.909360 68.080769 9 2.340263 11.257158 64.351366
2 2.383247 11.468397 65.559266 10 2.340250 11.257095 64.351003
3 2.354446 11.326853 64.749894 11 2.340245 11.257074 64.350881
4 2.344963 11.280255 64.483434 12 2.340244 11.257066 64.350841
5 2.341815 11.264786 64.394980 13 2.340243 11.257064 64.350828
6 2.340767 11.259636 64.365536 14 2.340243 11.257063 64.350823
7 2.340418 11.257921 64.355725 15 2.340243 11.257063 64.350822
8 2.340301 11.257349 64.352456
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Table 2: Some numerical results for calculation of Γq(x) with q = 1
3

, 1
2

, 2
3

, x = 5 and
n = 1, 2, . . . , 35 of Algorithm 2.

n q = 1
3 q = 1

2 q = 2
3 n q = 1

3 q = 1
2 q = 2

3

1 3.016535 6.291859 18.937427 18 2.853224 4.921884 8.476643
2 2.906140 5.548726 14.154784 19 2.853224 4.921879 8.474597
3 2.870699 5.222330 11.819974 20 2.853224 4.921877 8.473234
4 2.859031 5.069033 10.537540 21 2.853224 4.921876 8.472325
5 2.855157 4.994707 9.782069 22 2.853224 4.921876 8.471719
6 2.853868 4.958107 9.317265 23 2.853224 4.921875 8.471315
7 2.853438 4.939945 9.023265 24 2.853224 4.921875 8.471046
8 2.853295 4.930899 8.833940 25 2.853224 4.921875 8.470866
9 2.853247 4.926384 8.710584 26 2.853224 4.921875 8.470747
10 2.853232 4.924129 8.629588 27 2.853224 4.921875 8.470667
11 2.853226 4.923002 8.576133 28 2.853224 4.921875 8.470614
12 2.853224 4.922438 8.540736 29 2.853224 4.921875 8.470578
13 2.853224 4.922157 8.517243 30 2.853224 4.921875 8.470555
14 2.853224 4.922016 8.501627 31 2.853224 4.921875 8.470539
15 2.853224 4.921945 8.491237 32 2.853224 4.921875 8.470529
16 2.853224 4.921910 8.484320 33 2.853224 4.921875 8.470522
17 2.853224 4.921893 8.479713 34 2.853224 4.921875 8.470517

Table 3: Some numerical results for calculation of Γq(x) with x = 8.4, q = 1
3

, 1
2

, 2
3

and
n = 1, 2, . . . , 40 of Algorithm 2.

n q = 1
3 q = 1

2 q = 2
3 n q = 1

3 q = 1
2 q = 2

3

1 11.909360 63.618604 664.767669 21 11.257063 49.065390 260.033372
2 11.468397 55.707508 474.800503 22 11.257063 49.065384 260.011354
3 11.326853 52.245122 384.795341 23 11.257063 49.065381 259.996678
4 11.280255 50.621828 336.326796 24 11.257063 49.065380 259.986893
5 11.264786 49.835472 308.146441 25 11.257063 49.065379 259.980371
6 11.259636 49.448420 290.958806 26 11.257063 49.065379 259.976023
7 11.257921 49.256401 280.150029 27 11.257063 49.065379 259.973124
8 11.257349 49.160766 273.216364 28 11.257063 49.065378 259.971192
9 11.257158 49.113041 268.710272 29 11.257063 49.065378 259.969903
10 11.257095 49.089202 265.756606 30 11.257063 49.065378 259.969044
11 11.257074 49.077288 263.809514 31 11.257063 49.065378 259.968472
12 11.257066 49.071333 262.521127 32 11.257063 49.065378 259.968090
13 11.257064 49.068355 261.666471 33 11.257063 49.065378 259.967836
14 11.257063 49.066867 261.098587 34 11.257063 49.065378 259.967666
15 11.257063 49.066123 260.720833 35 11.257063 49.065378 259.967553
16 11.257063 49.065751 260.469369 36 11.257063 49.065378 259.967478
17 11.257063 49.065564 260.301890 37 11.257063 49.065378 259.967427
18 11.257063 49.065471 260.190310 38 11.257063 49.065378 259.967394
19 11.257063 49.065425 260.115957 39 11.257063 49.065378 259.967371
20 11.257063 49.065402 260.066402 40 11.257063 49.065378 259.967357



Using approximate endpoint property on existing solutions for ... 155

Table 4: Some numerical results of Γq(α) in Example 1 with different values of q by
Algorithm 2.

n α = 3
4 α = 5

4 α = 4
3 α = 19

12 α = 9
4 α = 7

3 α = 31
12 α = 13

4

q = 1
3

1 1.1174 0.9592 0.9559 0.9673 1.1055 1.1315 1.2199 1.5327
2 1.1311 0.9505 0.9448 0.9500 1.0747 1.0990 1.1824 1.4805
3 1.1356 0.9476 0.9411 0.9444 1.0647 1.0886 1.1703 1.4638
4 1.1371 0.9467 0.9400 0.9425 1.0615 1.0851 1.1664 1.4583
5 1.1376 0.9464 0.9396 0.9419 1.0604 1.0840 1.1651 1.4564
6 1.1377 0.9463 0.9394 0.9417 1.0600 1.0836 1.1646 1.4558
7 1.1378 0.9462 0.9394 0.9417 1.0599 1.0835 1.1645 1.4556
8 1.1378 0.9462 0.9394 0.9416 1.0599 1.0834 1.1644 1.4556
9 1.1378 0.9462 0.9394 0.9416 1.0598 1.0834 1.1644 1.4555
10 1.1378 0.9462 0.9394 0.9416 1.0598 1.0834 1.1644 1.4555

q = 1
2

1 1.1069 0.9743 0.9772 1.0122 1.2620 1.3087 1.4715 2.1039
2 1.1377 0.9526 0.9493 0.9662 1.1655 1.2049 1.3437 1.8906
3 1.1522 0.9426 0.9364 0.9453 1.1221 1.1583 1.2865 1.7960
4 1.1593 0.9378 0.9302 0.9353 1.1015 1.1362 1.2594 1.7514
5 1.1628 0.9355 0.9272 0.9303 1.0915 1.1254 1.2463 1.7297
6 1.1645 0.9343 0.9257 0.9279 1.0865 1.1201 1.2398 1.7190
7 1.1654 0.9337 0.9249 0.9267 1.0841 1.1175 1.2365 1.7137
8 1.1658 0.9334 0.9245 0.9261 1.0828 1.1161 1.2349 1.7111
9 1.1660 0.9333 0.9244 0.9258 1.0822 1.1155 1.2341 1.7098
10 1.1662 0.9332 0.9243 0.9257 1.0819 1.1152 1.2337 1.7091

q = 4
5

1 0.9665 1.1206 1.1787 1.4118 2.6441 2.8906 3.8168 8.5184
2 1.0284 1.0602 1.0963 1.2516 2.1063 2.2761 2.9085 6.0237
3 1.0710 1.0218 1.0443 1.1539 1.8020 1.9312 2.4107 4.7288
4 1.1018 0.9954 1.0091 1.0891 1.6109 1.7160 2.1053 3.9658
5 1.1248 0.9766 0.9840 1.0438 1.4826 1.5723 1.9040 3.4780
6 1.1421 0.9628 0.9657 1.0111 1.3927 1.4718 1.7646 3.1483
7 1.1555 0.9523 0.9519 0.9868 1.3275 1.3992 1.6647 2.9162
8 1.1659 0.9444 0.9414 0.9685 1.2793 1.3455 1.5913 2.7481
9 1.1740 0.9383 0.9334 0.9545 1.2429 1.3051 1.5363 2.6235
10 1.1803 0.9335 0.9271 0.9436 1.2151 1.2743 1.4945 2.5297
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Table 5: Some numerical results of Λ1, Λ2, and Λ3 in Example 1 with different values
of q.

n Λ1 Λ2 Λ3
1

Λ1+Λ2+Λ3

q = 1
3

1 3.3364 1.1763 0.4559 0.2013
2 3.3955 1.1988 0.4592 0.1979
3 3.4147 1.2061 0.4602 0.1968
4 3.4219 1.2088 0.4606 0.1964
5 3.4240 1.2096 0.4608 0.1963
6 3.4244 1.2098 0.4608 0.1963
7 3.4246 1.2099 0.4608 0.1963
8 3.4251 1.2101 0.4608 0.1962
9 3.4251 1.2101 0.4608 0.1962
10 3.4251 1.2101 0.4608 0.1962

q = 1
2

1 2.9820 1.0480 0.4467 0.2234
2 3.1379 1.1076 0.4552 0.2127
3 3.2160 1.1375 0.4593 0.2078
4 3.2553 1.1525 0.4613 0.2054
5 3.2754 1.1601 0.4623 0.2042
6 3.2852 1.1639 0.4628 0.2036
7 3.2898 1.1656 0.4630 0.2033
8 3.2923 1.1666 0.4631 0.2032
9 3.2939 1.1671 0.4632 0.2031
10 3.2943 1.1673 0.4632 0.2031

q = 4
5

1 1.8371 0.6109 0.3881 0.3526
2 2.0805 0.7071 0.4077 0.3130
3 2.2800 0.7853 0.4216 0.2868
4 2.4430 0.8488 0.4319 0.2686
5 2.5751 0.9001 0.4395 0.2554
6 2.6823 0.9415 0.4454 0.2457
7 2.7686 0.9748 0.4499 0.2385
8 2.8380 1.0016 0.4534 0.2329
9 2.8943 1.0232 0.4562 0.2286
10 2.9392 1.0404 0.4584 0.2253
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Algorithm 1 The proposed method for calculated (a− b)
(α)
q

Input: a, b, α, n, q
1: s← 1
2: if n = 0 then
3: p← 1
4: else
5: for k = 0 to n do
6: s← s ∗ (a− b ∗ ak)/(a− b ∗ qα+k)
7: end for
8: p← aα ∗ s
9: end if

Output: (a− b)(α)

Algorithm 2 The proposed method for calculated Γq(x)

Input: n, q ∈ (0, 1), x ∈ R\{0,−1, 2, . . .}
1: p← 1
2: for k = 0 to n do
3: p← p(1− qk+1)(1− qx+k)
4: end for
5: Γq(x)← p/(1− q)x−1

Output: Γq(x)

Algorithm 3 The proposed method for calculated (Dqf)(x)

Input: q ∈ (0, 1), f(x), x
1: syms z
2: if x = 0 then
3: g ← lim((f(z)− f(q ∗ z))/((1− q)z), z, 0)
4: else
5: g ← (f(x)− f(q ∗ x))/((1− q)x)
6: end if

Output: (Dqf)(x)

Algorithm 4 The proposed method for calculated (Iαq f)(x)

Input: q ∈ (0, 1), α, n, f(x), x
1: s← 0
2: for i = 0 to n do
3: pf ← (1− qi+1)α−1

4: s← s+ pf ∗ qi ∗ f(x ∗ qi)
5: end for
6: g ← (xα ∗ (1− q) ∗ s)/(Γq(x))

Output: (Iαq f)(x)
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Hopf bifurcation analysis in a delayed
model of tumor therapy with oncolytic

viruses

N. Akbari and R. Asheghi∗

Abstract

The stability and Hopf bifurcation of a nonlinear mathematical model are
described by the delay differential equation proposed by Wodarz for inter-
action between uninfected tumor cells and infected tumor cells with the
virus. By choosing τ as a bifurcation parameter, we show that the Hopf
bifurcation can occur for a critical value τ . Using the normal form theory
and the center manifold theory, formulas are given to determine the sta-
bility and the direction of bifurcation and other properties of bifurcating
periodic solutions. Then, by changing the infection rate to two nonlinear
infection rates, we investigate the stability and existence of a limit cycle for
the appropriate value of τ , numerically. Lastly, we present some numerical
simulations to justify our theoretical results.
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1 Introduction

Cancer is a significant cause of death in the world. Thus, it is essential to dis-
cover some practical ways to prevail over it. Many studies have been made
on cancer treatments, tumor cells behavior, clinical care, and so on. The
primary purpose of cancer treatment is to reduce the destructive effects of
cell behaviors [7]. The routine therapeutic substances for cancer are surgery,
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radiation, and chemotherapies. The first two treatments are excellent choices
for tumor cells when they have metastatic behavior [16]. The conventional
therapies are not only efficient but also highly toxic, so most efforts focus
on establishing tumor cells targeted treatments. For this reason, the biolog-
ical encountering is the most up to date practice [11]. An Oncolytic virus
is a type of virus that infects a cell and then explodes it. In this process,
the cell dies, and new virus particles are produced. The main problem with
Oncolytic virus therapy is that the virus stays in the blood for a short time
due to the secretion of the immune system [6, 15]. Oncolytic viruses that
specifically target tumor cells are promising anti-cancer therapeutic agents.
Due to our lack of understanding of the Oncolytic virus’s dynamic spread
in cancer cells, it is challenging to continuously control or eradicate cancer
cells. The interaction between an Oncolytic virus and tumor cells, a type
of virus-cell interaction, can be described by the mathematical models. The
interplay between populations of uninfected tumor cells and infected tumor
cells with the virus is complex and nonlinear. In this context, some mathe-
matical models for the virus therapies of cancer cells can be seen as a tool for
perceiving cancer-virus dynamics and finding better strategies for treatment;
see [3, 4, 9].

In the proposed mathematical models, some parameters play a crucial role
in the model’s qualitative analysis. For example, an average and optimal rate
of virus-infected cell death may optimize the treatment success, or the lower
the number of uninfected cancer cells in the stable state can better predict
the treatment process; see [11, 12]. Here, we recall a set of mathematical
models that describe the virus’s spread through the tumor cells in different
ways [1]. First, we consider a general model as follows:

dx

dt
= xF (x, y)− βyG(x, y), (1)

dy

dt
= βyG(x, y)− ay.

This model consists of two populations: the population of uninfected tumor
cells x and the infected tumor cells population by the virus y. The function
F (x, y) denotes the growth rate of noninfected cells, and the function G(x, y)
represents which the uninfected cells become infected with the virus. The
coefficient β represents the infectivity of the virus. Virus-infected cells die
with a rate of ay. Assuming that the growth of tumor cells approaches the
carrying capacity and after a while, slows down and that the cell growth rate
reaches zero, F (x, y) = rx(1− (x+ y)) can be expressed by the logistic func-
tion. The G(x, y) function plays a crucial role in determining the system’s
stability and helps us to make long-term predictions about treatment out-
comes. Also, G(x, y) can be divided into two different classes. In the class I,
if the number of noninfected cells is greater than the number of infected cells
and the tumor cells are not solid, then the virus replicates and increases the
number of infected cells. Biologically, the growth of the virus is exponential
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and is called “fast virus spread.” In class ⨿, when the number of infected
cells increases, the virus’s growth rate decreases. The situation occurs in
solid tumors because, as the number of infected cells increases, internal cells
are surrounded by outer cells. Therefore, they cannot spread the virus. This
type of infection is known as the “slow virus spread” [14].

We choose the following rates of infection given by [14]:

G1(x, y) = x,

G2(x, y) =
(1 + ε)x

(x+ y + ε)
,

G3(x, y) =
x

(xy
1
3 + ε)

.

Here G1 and G2 belong to class of “fast virus spread” and G3 belongs to class
of “slow virus spread”. By replacing F (x, y) = rx(1 − x+y

ω ) and G = G1 in
(1), we get

dx

dt
= rx(1− x+ y

ω
)− βxy, (2)

dy

dt
= βxy − ay.

In 2016, the following model was developed by Wodarz, similar to (2) in
which tumor cells death rate was considered (see [13]) as

dx

dt
= rx(1− x+ y

ω
)− δx− βxy, (3)

dy

dt
= βxy − ay,

so that δ is defined the death rate for the uninfected tumor cells. Since (3)
is an extension of (2), we introduce a delay time τ for entering virus in (3),
such that it changes into

dx

dt
= rx(1− x+ y

ω
)− δx− βxy, (4)

dy

dt
= βx(t− τ)y(t− τ)− ay.

Because of the simplicity of the delay calculations in system (4), first, we
perform the calculations the delay equation of (4) analytically, and we find
the appropriate parameter of τ to produce the limit cycle in (4). Now, by
changing the linear infection rate of (4) to G2 and G3 and entering τ , we
obtain, respectively,
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dx

dt
= rx(1− x+ y

ω
)− δx− β(1 + ε)xy

(x+ y + ε)
, (5)

dy

dt
=
β(1 + ε)x(t− τ)y(t− τ)
(x(t− τ) + y(t− τ) + ε)

− ay,

and

dx

dt
= rx(1− x+ y

ω
)− δx− βxy

(xy
1
3 + ε)

, (6)

dy

dt
=

βx(t− τ)y(t− τ)
(x(t− τ)y(t− τ) 1

3 + ε)
− ay.

By placing the parameter τ obtained from (4) and changing ε, we simulate
the existence of a limit cycle in (5) and (6), numerically. The parameters
r, ω, ε, β, and a are all positive and independent of the time. The state
variables x(t) and y(t) are nonnegative. The parameter r is the reproduction
rate of tumor cells, ω is the maximum carrying capacity of tumor cells, and
the coefficient β denotes the virus’s replication rate. Moreover, a is a death
rate for the population y that are killed by the virus and ε is a positive
parameter that is expressed only to fit the data to the model better.

In [10], the mathematical model

dx

dt
= rx(1− x+ y

K
)− bxy,

dy

dt
= bx(t− τ)y(t− τ)e−nτ − ay,

for tumor virotherapy with the viral life-cycle is considered. In this model,
the delay parameter displays the period of the viral life-cycle. The two pa-
rameters, b and a, are dominant factors in virotherapy. When b < a, the
tumor cells reach their maximum size and the equilibrium solution (1, 0), for
τ ≥ 0, is stable. So, the therapy fails, but for b > a, the model’s dynamic is
much complicated, where the viral life-cycle comes to play an important role.
As b > a, the viruses cannot exterminate the tumor cells without the viral
life-cycle period. When the delay parameter value is small, the tumor cells
and the viruses coexist, and their equilibrium solution is locally asymptotical
stable. If the value of the delay parameter is longer than the period of viral
life-cycle, the coexisting solution will be unstable, then the population of the
tumor cells and the viruses will not rest on a fixed level. The model has
a stable period solution for the value of the delay parameter in the middle
range.

In appearance, by supposing δ = 0, the model of (4) is similar to [10]
for n = 0, but they are different in some ways. Firstly, in (4), there is the
mortality rate of uninfected cells, which results in different reproduction rates
with [10]. In this article, we investigate the stability of equilibrium points
of (3) for different values of the reproduction rate by using the Lyapunov
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function. Then, with the Dulak theorem, we prove the absence of a limit
cycle in (4) for τ = 0. Another difference between this work and [10] is
the use of the center manifold theory in the study of the stability, direction,
and period of periodic solutions of bifurcation at (4) for critical values of τ ,
analytically.

In [2], another mathematical model

dx

dt
= rx(1− x+ y

k
)− dx− βxy,

dy

dt
= βxy + sy(1− x+ y

k
)− ay(t− τ),

for tumor virotherapy is proposed. Wodarz in his article has stated that the
infection rate and death rate of virus-infected cells play a key role in model
dynamics. In that article, there is the time delay in death of infected cells
and it entered in the linear sentence. Also, the Hopf bifurcation for linear
infection rate is investigated. Our article’s innovation is that the time delay in
the arrival of the virus to tumor cells, and it entered in the nonlinear sentence.
Also we have used three models with different Wodarz infection rates, two
of them belong to the class of nonsolid tumors, and the other belongs to
solid tumors. Using the obtained value τ suitable for the existence of a limit
cycle in the initial model and its placement in the next two models, we have
numerically shown that this dynamic depicts the general biological conditions
of solid and nonsolid tumor cells and the effect of viral therapy on them.

In this article, we study the stability and Hopf bifurcation of system (4);
then we compare it with (5) and (6). At first, in Theorem 1, we investigate
the stability of the equilibrium points for system (4) for τ = 0. Then in
Lemma 2 and Theorem 3, we consider the existence of periodic solutions and
the Hopf bifurcation for system (4) by inserting τ into the second equation (3)
as a delayed time for importing Oncolytic viruses to the body and countering
it with cancer cells. In Section 4, we describe the stability, direction, and
period of the bifurcating periodic solutions at critical values of τ , by using
the center manifold theory introduced in [5]. In Section 5, we substitute the
appropriate value of τ obtained from (4) into (5) and (6). Then we simulate
(5) and (6) for different values of ε. Finally, we discuss about them.

2 Stability of equilibrium points

In this section, we obtain equilibrium points of system (4) for τ = 0 and study
the conditions for the existence of positive equilibrium points. It is obvious
that system (4) has equilibrium points E0 = (0, 0), E1 =

(
ω(r−δ)

r , 0
)

, and

E2 =
(
a
β ,

βω(r−δ)−ra
β(r+βω)

)
.

The Jacobian matrix of system (4) is denoted by
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J(x, y) =

(
(r − δ)− 2rx

ω − ( rω + β)y −( rω + β)x
βy βx− a

)
.

Theorem 1. Suppose R0 = r
δ ; then for τ = 0, we have the following prop-

erties:

(a) If R0 ⩽ 1, then E0 is a unique equilibrium point that is a stable node.

(b) If 1− 1
R0

< a
βω and R0 > 1, then there exist two equilibrium points E0

and E1 such that E0 is a saddle point and E1 is a stable focus.

(c) If 1 − 1
R0

> a
βω and R0 > 1, then there exist three equilibrium points

E0, E1, and E2 such that E0 and E1 are saddle points and E2 is a stable
focus.

(d) If 1− 1
R0

= a
βω , then E1 = E2 and we have two equilibrium points such

that E0 is a saddle point and E1 is locally asymptotically stable.

Proof.
(a) The Jacobian matrix of system (4) at the origin is

J(0, 0) =

(
r − δ 0
0 −a

)
, (7)

which has the eigenvalues λ1 = r−δ < 0 and λ1 = −a < 0, whenR0 = r
δ < 1.

This shows that E0 is a stable node.
(b) When R0 > 1, for τ = 0, there exists the equilibrium point E1 and the
Jacobian matrix of system (4) at E1 is

J(E1) =

(
−r + δ −(r − δ)(1 + βω

r )

0 βω(r−δ)−ra
r

)
. (8)

It has the characteristic polynomial

λ2 +m1λ+m2 = 0,

where

m1 = a− βω + βω
δ

r
+ (r − δ),

m2 = (r − δ)(a− βω + βω
δ

r
).

For a > βω− βω δr or 1− 1
R0

< a
βω , we have that mk > 0 (k = 1, 2) and this

implies that E1 is a stable focus.
(c) For R0 > 1 and a < βω−βω δr , there exist two positive equilibrium points
E1 and E2 such that the Jacobian matrix of system (4) at E2 is
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J(E2) =

(
− ra
βω −a( r+βωβω )

βω(r−δ)−ra
r+βω 0

)
.

Since tr(J(E2)) =
−ra
βω < 0 and det(J(E2)) =

a(βω(r−δ)−ra)
βω > 0, then E2 is

a stable focus.

(d) By substituting 1 − 1
R0

= a
βω in (8), we obtain λ1 = −(r − δ) < 0 and

λ2 = 0. Hence, E1 is a nonhyperbolic fixed point with a zero eigenvalue.
To show its stability, we use a suitable Lyapunove function. In the set ∆ =
{(x(t), y(t))|x(t) ≥ 0, y(t) ≥ 0}, we define a Lyapunov function

V (x, y) = x− ω(r − δ)
r

− ω(r − δ)
r

ln
rx

ω(r − δ)
+
βω + r

βω
y,

such that V (E1) = 0 and V (x, y) > 0 for all (x, y) ∈ ∆ \ {E1}. We now
show dV

dt ≤ 0 for all (x, y) ∈ ∆. By differentiating V (x, y) along the solutions
(x(t), y(t)) of (4), we have

dV

dt
=

∂V

∂x

dx

dt
+

∂V

∂y

dy

dt
=

(
1−

ω(r − δ)

rx

)
ẋ+

r + βω

βω
ẏ

=

(
1−

ω(r − δ)

rx

)(
(r − δ)x−

r

ω
x2 − (

r + βω

ω
)xy

)
+

(
r + βω

βω

)
(βxy − ay)

= 2(r − δ)−
r

ω
x2 −

ω(r − δ)2

r
+ (r + βω)

(
(r − δ)

r
−

a

βω

)
y

= −
ω

r

(
r2

ω2
x2 − 2

r

ω
(r − δ)x+ (r − δ)2

)
+

(
r + βω

βω

)(
βω(r − δ)− ra

r

)
y

= −
ω

r

( r

ω
x− (r − δ)

)2
+

(
r + βω

βω

)(
βω(r − δ)− ra

r

)
y.

As 1 − 1
R0

= a
βω , then βω(r−δ)−ra

r = 0 and dV
dt = −ωr

(
r
ωx− (r − δ)

)2 ≤ 0.
If we set dV

dt = 0, then x = ω(r−δ)
r , and by substituting in system (4), we get

y = 0. Therefore, E1 is asymptotically stable.

Theorem 2. System (3) in the set ∆ = {(x(t), y(t))| x(t) ≥ 0, y(t) ≥ 0}
does not have any periodic solutions.
Proof. We define F1 = (r − δ)x − r

ωx
2 − ( r+βωω )xy and F2 = βxy − ay. By

considering the Dulac function L(x, y) = 1
xy , we have

∂(LF1)

∂x
+
∂(LF2)

∂y
= − r

ωy
< 0.

Thus, by the Bendixson’s criterion, system (3) has no closed orbits lying
entirely in ∆.

We have now shown that system (3) has no periodic solutions. We con-
sider system (4) and show that the Hopf bifurcation exists under special
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conditions for τ > 0. First, we suppose that E∗ = (x∗, y∗) is a positive
equilibrium point for the system (4). The characteristic equation of any
equilibrium point E∗ = (x∗, y∗) of system (4) for τ > 0, is given by

D(λ, τ) = det(λI −Q1 −Q2e
−λτ ) = 0,

where

Q1 =

(
r − δ − 2rx

ω − ( rω + β)y −( rω + β)x
0 −a

)
, Q2 =

(
0 0
βy βx

)
.

Then

D(λ, τ) = det

(
λ− r + δ + 2rx∗

ω + ( rω + β)y∗ ( rω + β)x∗

−βy∗e−λτ λ− βx∗e−λτ + a

)
= λ2 +A1λ+A2 − (λ+B1)B2e

−λτ ,

where

A1 = a− (r − δ) + 2rx∗

ω
+
ry∗

ω
+ βy∗,

A2 = a((r − δ) + 2rx∗

ω
+
ry∗

ω
+ βy∗),

B1 = (r − δ) + 2rx∗

ω
,

B2 = βx∗ + a.

Lemma 1. Let x(θ) = ϕ1(θ) ≥ 0 and let y(θ) = ϕ2(θ) ≥ 0, for θ ∈ [−τ, 0],
where ϕ = (ϕ1, ϕ2) ∈ C([−τ, 0];R2). Then the solution (x(t), y(t)) of system
(4), defined on the interval Λ = [0, T ] for some 0 < T < ∞, is positive and
uniformly bounded on Λ.

Proof. The first equation of system (4) is a Bernouli equation, which can be
written as

ẋ(t)− x(t)
{
(r − δ)− (

r

ω
+ β)y(t)

}
= − r

ω
x2(t).

Its solution with the initial data x(0) = x0 is

x(t) = x0e
∫ t
0{(r−δ)−( r

ω+β)y(γ)}dγ
{
x0

∫ t

0

r

ω
e
∫ s
0 {(r−δ)−( r

ω+β)y(γ)}dγds+ 1

}−1

.

Thus, x(t) ≥ 0 when x(0) = x0 ≥ 0. We know y(θ) ≥ 0 for θ ∈ [−τ, 0]; then
y(t − τ) ≥ 0 for t ∈ [0, τ ]. Thus, by the second equation of system (4), we
have y(t) ≥ y(0)e−at ≥ 0, for t ∈ [0, τ ]. In a similar way, we obtain y(t) ≥ 0
for t ∈ [τ, 2τ ]. By repeating this process, we conclude that y(t) is nonnegative
for all t ≥ 0. To prove the boundedness property of the solutions, we will
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first show that x(t) is bounded. By the first equation of system (4), we have

ẋ(t) ≤ (r − δ)x(t)− r

ω
x2(t),

and hence
x(t) ≤ ω(r − δ)

r +
(
ω(r−δ)
x0

− r
)
e−(r−δ)t

.

Putting β0 = ω(r−δ)
x0

− r, we have

x(t) ≤ ω(r − δ)
r + β0e−(r−δ)t ,

and therefore lim supt→∞ x(t) ≤ ω(r−δ)
r . Now by supposing Ω(t) = x(t) +

y(t+ τ) and γ = r − δ > 0, we have lim supt→∞ x(t) ≤ ωγ
r =: β1 and

Ω̇(t) = ẋ(t) + ẏ(t+ τ)

= γx(t)− r

ω
x2(t)− r

ω
x(t)y(t)− βx(t)y(t) + βx(t)y(t)− ay(t+ τ)

= γx(t)− r

ω
x2(t)− r

ω
x(t)y(t)− ay(t+ τ)− ax(t) + ax(t)

≤ β1(γ + a)− r

ω
x2(t)− r

ω
x(t)y(t)− ay(t+ τ)− ax(t)

≤ β1(γ + a)− a(y(t+ τ) + x(t))

≤ β1(γ + a)− aΩ(t).

Hence, Ω̇(t) + aΩ(t) ≤ β1(γ + a), which gives Ω(t) ≤ β1(γ+a)
a − (β1(γ+a)

a +

Ω(0))e−at. This implies that lim supt→∞ Ω(t) ≤ β1(γ+a)
a , for r > δ. As a

consequence, the functions x(t) and y(t) are uniformly bounded.

3 Hopf bifurcation

We claim that for some τ > 0, a Hopf bifurcation occurs. The interior
equilibrium point E2 exists when βω(r− δ)− ra > 0. We move this point to
the point (1, 1) by setting

x =
a

β
X,

y =
βω(r − δ)− ra
β(r + βω)

Y, (9)

t = T.
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Applying the transformation (9) to (4), we get

dX

dT
= X(γ −mX)− nXY, (10)

dY

dT
= −aY + aX(T − τ)Y (T − τ),

where
γ = r − δ, m =

ra

ωβ
, n =

βω(r − δ)− ra
βω

. (11)

Therefore, (X,Y ) = (1, 1) is an equilibrium point for system (10). Writing
t instead of T and considering u1(t) = X(T ) − 1 and u2(t) = Y (T ) − 1 in
system (10), we find that

u̇1(t) = (u1(t) + 1)(γ −m(u1(t) + 1)− n(u2(t) + 1)), (12)
u̇2(t) = −a(u2(t) + 1) + a(u1(t− τ) + 1)(u2(t− τ) + 1).

From (11), we know γ−m−n = 0, and by simplifying the right side of (12),
the linear part of system (12) around u = 0 is given by

u̇1(t) = −mu1(t)− nu2(t), (13)
u̇2(t) = −au2(t) + au1(t− τ) + au2(t− τ).

We know that the characteristic equation for system (13) is given by

D(λ, τ) = det(λI −Q1 −Q2e
−λτ ) = 0,

where
Q1 =

(
−m −n
0 −a

)
, Q2 =

(
0 0
a a

)
.

By the above assumptions, we can write

D(λ, τ) = λ2 + p1λ+ p2 − (λ+ q1)q2e
−λτ , (14)

in which

p1 = m+ a, p2 = ma, q1 = m− n, q2 = a.

For τ > 0, we show that under some conditions on parameters, a Hopf
bifurcation happens. We suppose that iξ for some ξ > 0 is a root of (14) so
that
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D(iξ, τ) = (iξ)2 + (iξ)p1 + p2 − (iξ + q1)q2e
−(iξ)τ

= −ξ2 + iξp1 + p2 − (iξ + q1)q2(cos(ξτ)− i sin(ξτ))
= −ξ2 + iξp1 + p2 − iξq2 cos(ξτ)
− q1q2 cos(ξτ)− ξq2 sin(ξτ) + iq1q2 sin(ξτ)

= 0. (15)

Separating the imaginary and real parts of (15) gives that

p2 − ξ2 = q1q2 cos(ξτ) + ξq2 sin(ξτ), (16)

ξp1 = ξq2 cos(ξτ)− q1q2 sin(ξτ). (17)

Eliminating sin(ξτ) and cos(ξτ) from (16) and (17) implies that

ξ4 +Aξ2 +B = 0, (18)

where
A = p21 − 2p2 − q22 , B = p22 − q21q22 .

By assuming Z = ξ2, equation (18) changes into

Z2 +AZ +B = 0, (19)

which has the solutions

Z1,2 =
−(p21 − 2p2 − q22)±

√
(p21 − 2p2 − q22)2 − 4(p22 − q21q22)

2
.

We suppose that h(Z) = Z2 + AZ + B has two positive roots Zk, k = 0, 1
such that

0 < Z0 < Z1,

and
ξ0 =

√
Z0, ξ1 =

√
Z1.

Then we have the following result.
Lemma 2. Suppose that h′(Zk) ̸= 0 and Zk = ξ2k. Then dr

dτ (τ
(j)
k ) ̸= 0 and

its sign is given by the sign of h′(Zk). In particular, we have

h′(Z0) < 0, h′(Z1) > 0,

such that

dr(τ
(j)
0 )

dτ
< 0,

dr(τ
(j)
1 )

dτ
> 0, j = 0, 1, 2, . . . . (20)

Proof. Multiplying (16) by q1 and (17) by ξ, we have
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p2q1 − ξ2q1 = q21q2 cos(ξτ) + ξq1q2 sin(ξτ),

p1ξ
2 = ξ2q2 cos(ξτ)− ξq1q2 sin(ξτ),

and hence

cos(ξτ) =
p2q1 − ξ2q1 + p1ξ

2

q21q2 + ξ2q2
=
p2q1 − ξ2q1 + p1ξ

2

q2(q21 + ξ2)
.

Consequently,

τ
(j)
k =

1

ξk

[
arccos

(
p2q1 − ξ2q1 + p1ξ

2

q2(q21 + ξ2)

)]
+ 2jπ, for j ∈ Z.

Therefore, ±iξk for k = 0, 1 are two pairs of imaginary eigenvalues for τ =

τ
(j)
k .

Let λ(τ) = r(τ) + iξ(τ) be a root of (14). Then for τ = τ
(j)
k , we have

λ(τ
(j)
k ) = r(τ

(j)
k ) + iξ(τ

(j)
k ) such that r(τ

(j)
k ) = 0, ξ(τ

(j)
k ) = ξk > 0.

We substitute λ(τ) into (14), and we get

λ2(τ) + p1λ(τ) + p2 − (λ(τ) + q1)q2e
−λ(τ)τ = 0.

Differentiating this equality with respect to τ leads to the identity

(2λ(τ) + p1)
dλ(τ)

dτ
− (1− τ(λ(τ) + q1))q2e

−λ(τ)τ dλ(τ)

dτ

+ λ(τ)(λ(τ) + q1)q2e
−λ(τ)τ = 0.

This gives(
dλ(τ)

dτ

)−1

=
1

λ(τ)(λ(τ) + q1)
− 2λ(τ) + p1
λ(τ)(λ(τ) + q1)q2e−λ(τ)τ

− τ

λ(τ)

=
λ(τ)

λ2(τ)(λ(τ) + q1)
− 2λ2(τ) + p1λ(τ)

λ2(τ)(λ(τ) + q1)q2e−λ(τ)τ
− τ

λ(τ)
.

Now, by using (14), we obtain that(
dλ(τ)

dτ

)−1

=
−q1

λ2(τ)(λ(τ) + q1)
− λ2(τ)− p2
λ2(τ)(λ2(τ) + p1λ(τ) + p2)

− τ

λ(τ)
,

and therefore,
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dReλ(τ)

dτ

)−1 ∣∣∣
τ=τ

(j)
k

=
(
Re

[
−q1

λ2(τ)(λ(τ) + q1)

]
+Re

[
p2 − λ2(τ)

λ2(τ)(λ2(τ) + p1λ(τ) + p2)

]
+Re

[
−τ
λ(τ)

])∣∣∣
τ=τ

(j)
k

.

Since, λ(τ (j)k ) = r(τ
(j)
k ) + iξ(τ

(j)
k ) = iξk, hence

Re

(
−q1

λ2(τ)(λ(τ) + q1)

) ∣∣∣
τ=τ

(j)
k

= Re

[
q1(−iξk + q1)

ξ2k(iξk + q1)(−iξk + q1)

]
=

q21
ξ2k(ξ

2
k + q21)

,

Re

(
p2 − λ2(τ)

λ2(τ)(λ2(τ) + p1λ(τ) + p2)

) ∣∣∣
τ=τ

(j)
k

= Re

[
p2 + ξ2k

−ξ2k(−ξ2k + iξkp1 + p2)

]
=

(p22 − ξ4k)
−ξ2k((−ξ2k + p2)2 + p21ξ

2
k)
,

Re

(
−τ
λ(τ)

) ∣∣∣
τ=τ

(j)
k

= Re

[
−τ
iξk

]
= 0.

By the above relations, we get(
dReλ(τ)

dτ

)−1 ∣∣∣
τ=τ

(j)
k

=
q21

ξ2k(ξ
2
k + q21)

− p22 − ξ4k
ξ2k((−ξ2k + p2)2 + ξ2kp

2
1)
.

Let ξ2k = Zk. Then(
dReλ(τ)

dτ

)−1 ∣∣∣
τ=τ

(j)
k

=
q21

Zk(Zk + q21)
− p22 − Z2

k

Zk((−Zk + p2)2 + Zkp21)
.

Since Zk is a root of (19), we have

(−Zk + p2)
2 − Zkp21 = Z2

k + (p21 − 2p2)Zk + p22 = q22Zk + q21q
2
2 = q22(Zk + q21),

Z2
k + (p21 − 2p2 − q22)Zk = −p22 + q21q

2
2 .

Consequently,(
dReλ(τ)

dτ

)−1 ∣∣∣
τ=τ

(j)
k

=
Z2
k − p22 + q21q

2
2

Zkq22(Zk + q21)
=

2Z2
k + (p21 − 2p2 − q22)Zk
Zkq22(Zk + q21)

=
2Zk + p21 − 2p2 − q22

q22(Zk + q21)
=
h′(Zk)

Γk
,

where
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Γk = q22(Zk + q21) > 0,

h′(Zk) = 2Zk + p21 − 2p2 − q22 .

Therefore,

sign

[
dr(τ)

dτ

]−1

τ=τ
(j)
k

= sign

[
dReλ(τ)

dτ

]−1

τ=τ
(j)
k

= sign

[
h′(Zk)

Γk

]
= sign [h′(Zk)] .

Theorem 3. Let (19) have at least a positive root. Then system (4) has a
Hopf bifurcation at τ = τ

(j)
∗ and has one periodic solution surrounding E∗,

where
τ
(j)
∗ =

1√
Z∗

[
cos−1

(
p2q1 − Z∗q1 + p1Z

∗

q2(q21 + Z∗)

)]
+ 2jπ.

Proof. This result easily follows from Lemma 2.

We recall the results stated in [8] on the roots of (14) for τ > 0.
Lemma 3. ([8]) Consider the following assumptions:
(A1) p1 − q2 > 0;

(A2) p2 − q1q2 > 0;

(A3) p21 − 2p2 − q22 > 0 and p22 − q21q22 > 0 or (p21 − 2p2 − q22)2 <
4(p22 − q21q22);

(A4) p21 − 2p2 − q22 < 0 or p22 − q21q22 < 0 and (p21 − 2p2 − q22)2 =
4(p22 − q21q22);

(A5) p21 − 2p2 − q22 < 0, p22 − q21q
2
2 > 0 or (p21 − 2p2 − q22)

2 >
4(p22 − q21q22).

Then the following properties hold:
(i) If (A1) − (A3) are satisfied, then the real parts of all roots of (14) are

negative for τ ≥ 0.

(ii) If (A1), (A2), and (A4) are satisfied, then (14) at τ = τ
(j)
k , has a pair of

imaginary roots ±iξk, such that the real parts of all roots except ±iξk
are negative.

(iii) If (A1), (A2), and (A5) are satisfied, then (14) at τ = τ
(j)
k , has a pair of

imaginary roots ±iξk, such that the real parts of all roots except ±iξk
are negative.

Theorem 4. If there are no positive roots for h(Z) = Z2 + AZ + B and
R0 > 1, then E2 is locally asymptotically stable for any τ ≥ 0.
Proof. Lemma 3 states that the real parts all of roots of (14) are negative,
and this shows that E2 is locally asymptotically stable for any τ ≥ 0.
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4 Stability of the Hopf bifurcation

In the previous section, we derived some conditions on Hopf bifurcation at the
equilibrium point E∗ = (1, 1), when τ = τ

(j)
k , (j = 0, 1, 2 . . .). In this section,

we obtain stability, direction, and period of periodic solution bifurcating from
certain values of τ . We use the center manifold and normal form theory
recognized in [5]. Let system (4) have a pair of imaginary roots when τ = τ∗

and let the system have a Hopf bifurcation from E∗. We set

u1(t) = X(τt)−1, u2(t) = Y (τt)−1, τ = τ∗+ν, ν ∈ R.

Then, from (10), we get

u̇1(t) = (τ∗ + ν)(u1(t) + 1)(−mu1(t)− nu2(t)), (21)
u̇2(t) = a(τ∗ + ν)(−u2(t) + u1(t− 1)u2(t− 1) + u1(t− 1) + u2(t− 1)).

Equation (21) can be written in the form

u̇(t) = Lν(ut) + f(ν, ut), u(t) = (u1(t), u2(t)) ∈ R2.

Let C = C([−1, 0];R2) be the Banach space of continuous functions on [−1, 0]
with values in R2. Then for ϕ = (ϕ1, ϕ2) ∈ C, we define

Lν : C −→ R2, f : R× C −→ R2,

through

Lνϕ = (τ∗ + ν)

(
−m −n
0 −a

)(
ϕ1(0)
ϕ2(0)

)
+ (τ∗ + ν)

(
0 0
a a

)(
ϕ1(−1)
ϕ2(−1)

)
,

f(ν, ϕ) = (τ∗ + ν)

[
−m

(
ϕ21(0)
0

)
− n

(
ϕ1(0)ϕ2(0)

0

)
+ a

(
0

ϕ1(−1)ϕ2(−1)

)]
= (τ∗ + ν)

(
−mϕ21(0)− nϕ1(0)ϕ2(0)

aϕ1(−1)ϕ2(−1)

)
. (22)

By the Rise representation theorem, there exists a bounded variation func-
tion η(θ, ν) for θ ∈ [−1, 0], such that

Lν(ϕ) =

∫ 0

−1

dη(θ, ν)ϕ(θ),

with

η(θ, ν) = (τ∗ + ν)

(
−m −n
0 −a

)
δ(θ)− (τ∗ + ν)

(
0 0
a a

)
δ(θ + 1),

where δ is Dirac delta function. For ϕ ∈ C1([−1, 0];R2), we define
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A(ν)ϕ =

{
dϕ(θ)
dθ , θ ∈ [−1, 0),∫ 0

−1
dη(θ, s)ϕ(s), θ = 0,

(23)

and
R(ν)ϕ =

{
0, θ ∈ [−1, 0),

f(ν, ϕ), θ = 0.
(24)

By the above notations, system (21) can be written as

u̇t = A(ν)ut +R(ν)ut, (25)

in which ut(θ) = u(t+ θ) for θ ∈ [−1, 0]. For ψ ∈ C1([0, 1]; (R2)∗), define

(A∗ψ)(s) =

{
−dψ(s)ds , s ∈ (0, 1],∫ 0

−1
dη(t, 0)ψ(−t), s = 0,

(26)

and denote the bilinear inner product by

< ψ(s), ϕ(θ) >= ψ(0)ϕ(0)−
∫ 0

−1

∫ θ

ξ=0

ψ(ξ − θ)dη(θ)ϕ(ξ)dξ. (27)

We suppose that η(θ) = η(θ, 0) and that A∗ is the adjoint operator of the
linear map A(0). From Section 3, we have that ±iξ∗τ∗ are the eigenvalues of
A(0) and that also the eigenvalues of A∗. Assume that q(θ) is an eigenvector
of A(0) for iξ∗τ∗ and that q∗(s) is an eigenvector of A∗ for −iξ∗τ∗. Then by
the definition of eigenvalue and using (23), we have

A(0)q(θ) = iξ∗τ∗q(θ) =⇒ q′(θ) = iξ∗τ∗q(θ) for θ ∈ [−1, 0),

and hence

q(θ) = q(0)eiξ
∗τ∗θ, −1 ≤ θ < 0,

q(−1) = q(0)e−iξ
∗τ∗

,

A0q(0) +B0q(−1) = iξ∗τ∗q(0).

Thus, (
−m− iξ∗ −n
ae−iξ

∗τ∗ −a− iξ∗ + ae−iξ
∗τ∗

)(
q1(0)
q2(0)

)
=

(
0
0

)
. (28)

It is easily seen that a nontrivial solution of (28) is as follows:

q2(0) =
−m− iξ∗

n
q1(0), q1(0) = 1 ̸= 0,

so that

q(θ) = (q1(0), q2(0)) e
iξ∗τ∗θ =

(
1,
−m− iξ∗

n

)
eiξ

∗τ∗θ.
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Similarly, we obtain q∗(s) = E (q∗1(0), q
∗
2(0))

T
eiξ

∗τ∗s as an eigenvector of A∗

corresponding to the eigenvalue −iξ∗τ∗. Indeed, by using (26), we have

A∗q∗(s) = −iξ∗τ∗q∗(s) =⇒ −q∗′(s) = −iξ∗τ∗q(s) for s ∈ (0, 1],

and therefore

q∗(s) = q∗(0)eiξ
∗τ∗s, 0 < s ≤ 1,

q∗(1) = q∗(0)eiξ
∗τ∗

,

A∗
0q

∗(0) +B∗
0q

∗(1) = −iξ∗θ∗q∗(0).

Hence (
−m+ iξ∗ aeiξ

∗τ∗

−n −a+ iξ∗ + aeiξ
∗τ∗

)(
q∗1(0)
q∗2(0)

)
=

(
0
0

)
. (29)

Equation (29) shows that

q∗1(0) =
iξ∗ − a+ aeiξ

∗τ∗

n
q∗2(0), q∗2(0) = 1 ̸= 0.

Thus, we find that

q∗(s) = E (q∗1(0), q
∗
2(0)) e

iξ∗τ∗s = E

(
iξ∗ − a+ aeiξ

∗τ∗

n
, 1

)
eiξ

∗τ∗s.

For normalizing q and q∗, we assume that < q∗(s), q(θ) >= 1 and by using
(27), we get

< q∗(s), q(θ) >=E(q∗1(0), 1)(1, q2(0))
T

−
∫ 0

−1

∫ θ

ξ=0

E(q∗1(0), 1)e
−iξ∗τ∗(ξ−θ)dη(θ)(1, q2(0))dξ

=E
{(−iξ∗ − a+ ae−iξ

∗τ∗

n
, 1

)(
1,
−m− iξ∗

n

)
−
∫ 0

−1

∫ θ

ξ=0

(
−iξ∗ − a+ ae−iξ

∗τ∗

n
, 1

)
e−iξ

∗τ∗(ξ−θ)dη(θ)

×
(
1,
−m− iξ∗

n

)
eiξ

∗τ∗θdξ
}

=E
{−2iξ∗ − a+ ae−iξ

∗τ∗ −m
n

−
∫ 0

−1

(
−iξ∗ − a+ ae−iξ

∗τ∗

n
, 1

)
θeiξ

∗τ∗θdη(θ)

(
1

−m−iξ∗
n

)}
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=E
{−2iξ∗ − a+ ae−iξ

∗τ∗ −m
n

− τ∗ a(m− n) + iaξ∗

n
e−iξ

∗τ∗
}

=1,

which gives

E =
{−2iξ∗ − a+ ae−iξ

∗τ∗ −m− τ∗(a(m− n) + iaξ∗)e−iξ
∗τ∗

n

}−1

.

We now describe the solutions of (21) on the center manifold C0 at ν = 0.
Let u(t) be the solution of (21) at ν = 0. Then

u(t) = u0(t) + Ψ(u0(t)),

for u0(t) ∈ E0 and E0 = span{q(θ), q∗(θ)}. Thus

u0(t) = z(t)q(θ) + z̄(t)q∗(θ) = z(t)q(θ) + z̄(t)q̄(θ),

and hence ut(θ) on the center manifold can be written as

ut(θ) = z(t)q(θ) + z̄(t)q̄(θ) + Ψ(z(t), z̄(t))

= 2Re{z(t)q(θ)}+W (t, θ), (30)

where
W (t, θ) = ut(θ)− 2Re{z(t)q(θ)}.

It is clear that if ut(θ) is real, then W is also real. Now, we set

W (t, θ) =W (z, z̄, θ) =W20
z2

2
+W11zz̄ +W02

z̄2

2
+W30

z3

6
+ · · · , (31)

in which z, z̄ are the coordinates of ut with respect to q, q∗. The reduced
equations up to order three for (z, z̄) will be computed in the following.
Equation (25) used with ν = θ = 0 yields

u̇(t) = A(0)u(t) +R(0)u(t),

which is, by (30), equivalent to

ż(t)q(0) + ˙̄z(t)q̄(0) + Ẇ (t, 0) = A(0)u(t) +R(0)u(t). (32)

Since the inner product of the left-hand side of (32) with q∗(0) is equal to
ż(t), then



Hopf bifurcation analysis in a delayed model of tumor therapy ... 177

ż(t) =< q∗(0), A(0)u(t) +R(0)u(t) >

=< q∗(0), A(0)u(t) > + < q∗(0), R(0)u(t) >

=< A∗(0)q∗(0), u(t) > + < q∗(0), R(0)u(t) >

=< −iξ∗τ∗q∗(0), u(t) > + < q∗(0), R(0)u(t) >

= iξ∗τ∗ < q∗(0), u(t) > + < q∗(0), f(0, u(t)) >

= iξ∗τ∗z(t) + q̄∗(0)f(0, u(t))

= iξ∗τ∗z(t) + q̄∗(0)f(0, z(t)q(0) + z̄(t)q̄(0) +W (t, 0))

= iξ∗τ∗z(t) + g(z(t), z̄(t)),

where

g(z(t), z̄(t)) = g20
z2

2
+ g11zz̄ + g02

z̄2

2
+ g21

z2z̄

2
+ · · · . (33)

To simplify the computations, we let

q2(0) =
−m− iξ∗

n
=M, q∗1(0) =

iξ∗ − a+ aeiξ
∗τ∗

n
= N.

Then (30) reads as

ut(θ) = z(t)q(θ) + z̄(t)q̄(θ) +W (t, θ)

= (1,M)T eiξ
∗τ∗θz(t) + (1,M)T e−iξ

∗τ∗θ z̄(t)

+W20
z2

2
+W11zz̄ +W02

z̄2

2
+ · · · . (34)

It follows from (34) that

u1(t) = z + z̄ +W (1)(0),

u2(t) =Mz +Mz̄ +W (2)(0),

u1(t− 1) = ze−iξ
∗τ∗

+ z̄eiξ
∗τ∗

+W (1)(−1),
u2(t− 1) =Mze−iξ

∗τ∗
+Mz̄eiξ

∗τ∗
+W (2)(−1),

so that W (t, θ) = (W (1)(θ),W (2)(θ)) ∈ R2. By replacing ϕ(θ) = ut(θ) into
(22) for ν = 0 and the above relations, we have
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g(z,z̄)

=q∗(0)f(0, ut)

=q∗(0)τ∗
(
−mu2

1(t)− nu1(t)u2(t)

au1(t− 1)u2(t− 1)

)

=E(N, 1)τ∗

 −m(z + z̄ +W (1)(0))2 − n(z + z̄ +W (1)(0))(Mz +Mz̄ +W (2)(0))

a(ze−iξ∗τ∗
+ z̄eiξ

∗τ∗
+W (1)(−1))(Mze−iξ∗τ∗

+Mz̄eiξ
∗τ∗

+W (2)(−1))



=− ENτ∗{m(z + z̄ +W (1)(0))2 + n(z + z̄ +W (1)(0))(Mz +Mz̄ +W (2)(0))}

+ Eτ∗{a(ze−iξ∗τ∗
+ z̄eiξ

∗τ∗
+W (1)(−1))(Mze−iξ∗τ∗

+Mz̄eiξ
∗τ∗

+W (2)(−1))}

=− ENτ∗
{
2 (m+ nM)

z2

2
+ (2m+ nRe{M}) zz̄ + 2

(
m+ nM

) z̄2
2

+ 2
(
2mW

(1)
11 (0) + 2mW

(1)
20 (0) + nMW

(1)
11 (0) + nMW

(1)
20 (0) + nW

(2)
11 (0)

+ nW
(2)
20 (0)

) z2z̄
2

}
+ Eτ∗

{
2
(
aMe−2iξ∗τ∗

) z2

2
+ (aRe{M}) zz̄ + 2

(
aMe2iξ

∗τ∗
) z̄2

2

+ 2
(
ae−iξ∗τ∗

W
(2)
11 (−1) + aeiξ

∗τ∗
W

(2)
20 (−1) + aMe−iξ∗τ∗

W
(1)
11 (−1)

+ aMeiξ
∗τ∗

W
(1)
20 (−1)

) z2z̄
2

}
+ · · · . (35)

We now replace (33) in the left-hand side of (35), and we get

g20 = −2ENτ∗(m+ nM) + 2Eτ∗(aMe−2iξ∗τ∗
),

g11 = ENτ∗(2m+ nM + nM) + Eτ∗(aM + aM),

g02 = −2ENτ∗(m+ nM) + 2Eτ∗(aMe2iξ
∗τ∗

),

g21 = −2ENτ∗{(2m+ nM)W
(1)
11 (0) + (2m+ nM)W

(1)
20 (0) + nW

(2)
11 (0)

+ nW
(2)
20 (0)}+ 2Eτ∗{ae−iξ

∗τ∗
W

(2)
11 (−1) + aeiξ

∗τ∗
W

(2)
20 (−1)

+ aMe−iξ
∗τ∗

W
(1)
11 (−1) + aMeiξ

∗τ∗
W

(1)
20 (−1)}. (36)

As W11(θ) and W20(θ) are unknown, we should calculate them. To this end,
we consider

Ẇ = u̇t − qż − q̄ ˙̄z, (37)

with

u̇t = A(0)ut +R(0)ut = (A(0) +R(0))(qz + q̄z̄ +W ),

ż = iξ∗τ∗z + q̄∗(0)f0,

˙̄z = −iξ∗τ∗z̄ + q∗(0)f̄0.

Then (37) becomes
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Ẇ =A(0)(W + qz + q̄z̄)− (iξ∗τ∗z + q̄∗(0)f0)q − (−iξ∗τ∗z̄ + q∗(0)f̄0)q̄

+R(0)ut

=A(0)W +A(0)qz +A(0)q̄z̄ − (iξ∗τ∗z)q + (iξ∗τ∗z̄)q̄

− q̄∗(0)f0q − q∗(0)f̄0q̄ +R(0)ut

=A(0)W + (iξ∗τ∗q)z − (iξ∗τ∗q̄)z̄ − (iξ∗τ∗z)q + (iξ∗τ∗z̄)q̄

− q̄∗(0)f0q − q∗(0)f̄0q̄ +R(0)ut

=A(0)W − q̄∗(0)f0q + q̄∗(0)f0q +R(0)ut

=A(0)W − 2Re{q̄∗(0)f0q}+R(0)ut. (38)

Next, from (24) and (38), we find that

Ẇ =

{
AW − 2Re{q̄∗(0)f0q} θ ∈ [−1, 0),

AW − 2Re{q̄∗(0)f0q}+ f(0, ut) θ = 0,

= AW +H(z, z̄, θ), (39)

where

H(z, z̄, θ) = H20(θ)
z2

2
+H11(θ)zz̄ +H02(θ)

z̄2

2
+ · · · . (40)

By replacing (31) and (40) into (39), we obtain that

W20(θ)zż +W11(θ)żz̄ +W11(θ)z ˙̄z +W02(θ)z̄ ˙̄z + · · ·

= A(W20(θ)
z2

2
+W11(θ)zz̄ +W02(θ)

z̄2

2
) +H20(θ)

z2

2

+H11(θ)zz̄ +H02(θ)
z̄2

2
+ · · · .

Also,

W20(θ)z(iξ
∗τ∗z + g(z, z̄)) +W11(θ)z̄(iξ

∗τ∗z + g(z, z̄))

+W11(θ)z(−iξ∗τ∗z̄ + g(z, z̄)) +W20(θ)z̄(−iξ∗τ∗z̄ + g(z, z̄))

= (AW20(θ) +H20(θ))
z2

2
+ (AW11(θ) +H11(θ))zz̄

+ (AW02(θ) +H02(θ))
z̄2

2
+ · · · .

Thus,

(2iξ∗τ∗W20(θ))
z2

2
+ (−2iξ∗τ∗W20(θ))

z̄2

2
+ · · ·

= (AW20(θ) +H20(θ))
z2

2
+ (AW11(θ) +H11(θ))zz̄ + · · · . (41)
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Comparing the similar terms in both sides of equality (41) leads to

AW20(θ) +H20(θ) = 2iξ∗τ∗W20(θ) =⇒ (A− 2iξ∗τ∗)W20(θ) = −H20(θ),
(42)

AW11(θ) +H11(θ) = 0 =⇒ AW11(θ) = −H11(θ). (43)

From (39) for θ ∈ [−1, 0), we have that

H(z, z̄, θ) = −2Re{q̄∗(0)f0q(θ)}

= −q̄∗(0)f0q(θ)− q̄∗(0)f0q(θ)

= −g(z, z̄)q(θ)− g(z, z̄)q(θ). (44)

Then by comparing the coefficients of (33) and (40), we get

H20(θ) = −g20q(θ)− ḡ02q̄(θ), (45)

H11(θ) = −g11q(θ)− ḡ11q̄(θ). (46)

By substituting (45) into (42), we obtain

AW20(θ) = 2iξ∗τ∗W20(θ)−H20(θ)

= 2iξ∗τ∗W20(θ) + g20q(θ) + ḡ02q̄(θ). (47)

By the definition of A(ν) for θ ∈ [−1, 0), we have AW20(θ) = Ẇ20(θ), and by
replacing it into (47), we get

Ẇ20(θ) = 2iξ∗τ∗W20(θ) + g20q(θ) + ḡ02q̄(θ)

= 2iξ∗τ∗W20(θ) + g20q(0)e
iξ∗τ∗θ + ḡ02q̄(0)e

−iξ∗τ∗θ,

where q(θ) = q(0)eiξ
∗τ∗θ. Hence,

W20(θ) = e2iξ
∗τ∗θ

{∫ θ

0

(
g20q(0)e

iξ∗τ∗θ + ḡ02q̄(0)e
−iξ∗τ∗θ

)
e−2iξ∗τ∗θdθ + C1

}

=
ig20
ξ∗τ∗

q(0)eiξ
∗τ∗θ +

iḡ02
3ξ∗τ∗

q̄(0)e−iξ
∗τ∗θ + C1e

2iξ∗τ∗θ. (48)

Similarly, it follows from (43), (46) and the definition of A(ν) that

AW11(θ) = −H11(θ),

Ẇ11(θ) = g11q(θ) + ḡ11q̄(θ) = g11q(0)e
iξ∗τ∗θ + ḡ11q̄(0)e

−iξ∗τ∗θ.

Then
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W11(θ) =

{∫ θ

0

(
g11q(0)e

iξ∗τ∗θ + ḡ11q̄(0)e
−iξ∗τ∗θ

)
dθ + C2

}

= − ig11
ξ∗τ∗

q(0)eiξ
∗τ∗θ +

iḡ11
ξ∗τ∗

q̄(0)e−iξ
∗τ∗θ + C2. (49)

We now need to find appropriate C1 and C2 for (48) and (49). From the
definition of A(ν) for θ = 0 and (42) we have that∫ 0

−1

dη(θ)W20(θ) = 2iξ∗τ∗W20(0)−H20(0), (50)

where η(0, θ) = η(θ). From the definition of H(z, z̄, θ) at (39) and (44) for
θ = 0, we have

H20(0) = −q̄∗(0)f0q(0)− q∗(0)f̄0q̄(0) + f(0, ut)

= −g20q(0)− ḡ02q̄(0) + τ∗
(

2(m+ nM)

−2aMe−2iξ∗τ∗

)
. (51)

Now, we substitute (48) and (51) into (50), and we get

τ∗
(
−m −n
0 −a

)(
ig20
ξ∗τ∗

q(0) +
iḡ02
3ξ∗τ∗

q̄(0) + C1

)
− τ∗

(
0 0
−a −a

)(
ig20
ξ∗τ∗

q(0)e−iξ
∗τ∗

+
iḡ02
3ξ∗τ∗

q̄(0)eiξ
∗τ∗

+ C1e
−2iξ∗τ∗

)
= 2iξ∗τ∗(

ig20
ξ∗τ∗

q(0) +
iḡ02
3ξ∗τ∗

q̄(0) + C1) + g20q(0) + ḡ02q̄(0)

+ τ∗
(

2(m+ nM)

−2aMe−2iξ∗τ∗

)
.

It reduces to

τ∗{ ig20
ξ∗τ∗

(
−m −n

ae−iξ
∗τ∗ −a+ ae−iξ

∗τ∗

)
q(0) +

iḡ02
3ξ∗τ∗

(
−m −n

aeiξ
∗τ∗ −a+ aeiξ

∗τ∗

)
q̄(0)

+

(
−m −n

ae−2iξ∗τ∗ −a+ ae−2iξ∗τ∗

)
C1}

= −g20q(0)− ḡ02q̄(0) + 2iξ∗τ∗C1 + τ∗
(

2(m+ nM)

−2aMe−2iξ∗τ∗

)
.

Then we use the characteristic (λI −Q1 −Q2e
−λτ )q(0) = 0 and obtain
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τ∗
{
ig20
ξ∗τ∗

(iξ∗q(0)) +
iḡ02
3ξ∗τ∗

(−iξ∗q̄(0)) +
(

−m −n
ae−2iξ∗τ∗ −a+ ae−2iξ∗τ∗

)
C1

}
= −g20q(0)− ḡ02q̄(0) + 2iξ∗τ∗C1 + τ∗

(
2(m+ nM)

−2aMe−2iξ∗τ∗

)
.

Therefore,(
−m −n

ae−2iξ∗τ∗ −a+ ae−2iξ∗τ∗

)
C1 = +2iξ∗IC1 +

(
2(m+ nM)

−2aMe−2iξ∗τ∗

)
,

which is equivalent to(
−m− 2iξ∗ −n
ae−2iξ∗τ∗ −a+ ae−2iξ∗τ∗ − 2iξ∗

)(
C

(1)
1

C
(2)
1

)
=

(
2(m+ nM)

−2aMe−2iξ∗τ∗

)
.

It follows that

C
(1)
1 =

−2(ame−2iξ∗τ∗ − (a+ 2iξ)(m+ nM))

ae−2iξ∗τ∗(2iξ +m− n)− 2iξ(a+ 2ξ +m)− am
,

C
(2)
1 =

2a(m+ nM − 2Miξ −mM)

a(2iξ +m− n)− (2iξ(a+ 2ξ +m) + am)e2iξ∗τ∗ .

Similarly, from (43) and the definition of A(ν), we have∫ 0

−1

dη(θ)W11(θ) = −H11(0), (52)

and also from (39), we have

H11(0) = −g11q(0)− ḡ11q̄(0) + τ∗
(
2m+ nRe{M}
−aRe{M}

)
. (53)

Now we substitute (49) and (53) into (52), and we get

τ∗
(
−m −n
0 −a

)
(− ig11
ξ∗τ∗

q(0) +
iḡ11
ξ∗τ∗

q̄(0) + C2)

− τ∗
(

0 0
−a −a

)
(− ig11
ξ∗τ∗

q(0)e−iξ
∗τ∗

+
iḡ11
ξ∗τ∗

q̄(0)eiξ
∗τ∗

+ C2)

= g11q(0) + ḡ11q̄(0) + τ∗
(
2m+ nRe{M}
−aRe{M}

)
.

Thus, we have (
−m −n
a 0

)
C2 =

(
2m+ nRe{M}
−aRe{M}

)
,
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which gives

C2 =

(
C

(1)
2

C
(2)
2

)
=

(
−Re{M}

1
n ((m− n)Re{M} − 2m)

)
.

By the above computations, we obtain coefficients of (36) and we can now
determine the following quantities:

c1(0) =
i

2ξ∗τ∗

(
g11g20 − 2|g11|2 −

|g02|2

3

)
+
g21
2
,

µ2 = − Re(c1(0))

Re(dλ(τ
∗)

dτ )
,

β2 = 2Re(c1(0)),

T2 = −
Im(c1(0) + µ2Im(dλ(τ

∗)
dτ )

ξ∗
. (54)

These values describe the bifurcating periodic solutions for the critical value
τ = τ∗. The direction of the Hopf bifurcation is determined by µ2, that
is, when µ2 is positive (negative), we have a supercritical (subcritical) Hopf
bifurcation. For τ > τ∗ (τ < τ∗), there exist bifurcating periodic solutions,
and β2 determines the stability of the bifurcating periodic solutions: if β2 <
0 (β2 > 0), then bifurcating periodic solutions in the center manifold are
stable (unstable). Period of the bifurcating periodic solutions is determined
by T2, the period increases (decrease) when T2 > 0 (T2 < 0). Thus (20) and
(54) imply that the results of the direction the Hopf bifurcations satisfy.

5 Numerical Simulation

In this section, we study numerical results of system (4) at different values
of τ . By choosing r = 21, ω = 21, δ = 1, β = 3, a = 15 in system (4), we
have

dx

dt
= 21x(1− x+ y

21
)− x− 3xy,

dy

dt
= 3x(t− τ)y(t− τ)− 15y.

For τ = 0, E2 = (5, 3.75) is an interior unique equilibrium point. These
values show that (19) has a positive root z = 129.6297769, and then Theorem
3 shows that τ∗ = 0.2648100601. From the formulas in Section 4, we get
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M = −0.3333333334− 0.7241971227 i,

N = −0.1467688360 + 1.245730037 i,

E = −0.3353048563− 2.701455914 i,

g20 = 0.07001726116 + 0.0679380362 i,

g11 = 0.02285330684− 0.1841225970 i,

g02 = 0.03920150800− 0.9478826122 i,

C
(1)
1 = 0.4358591088 + 0.5440217450 i,

C
(2)
1 = −0.6386367604− 0.1582198462 i,

W
(1)
20 (0) = −0.2638607674 + 0.6954569963 i,

W
(2)
20 (0) = −0.3302243769− 0.5360810164 i,

W
(1)
20 (−1) = 0.1400340404− 0.2463831080 i,

W
(2)
20 (−1) = 1.192302058− 0.4408369488 i,

C
(1)
2 = −0.3333333334,

C
(2)
2 = −0.4444444444,

W
(1)
11 (0) = −1.004521703 + 0.0 i,

W
(2)
11 (0) = −0.1699352452 + 0.0 i,

W
(1)
11 (−1) = −0.9494599988 + 0.0 i,

W
(2)
11 (−1) = 0.0740685228 + 0.0 i,

g21 = −0.5523573046 + 1.0418494 i.

By replacing the above values in (54), we obtain c1(0) = −0.2658449039 +
0.4681490320 i, which implies µ2 = 49.95991907 > 0, β2 = −0.5316898078 <
0 and T2 = 0.04309591200 > 0. The fact T2 > 0 shows that the period of
the bifurcating periodic solution increases, and finally, the periodic solution
disappears. Now, by substituting the values of r = 21, ω = 21, δ = 1, β =
3, a = 15 and τ = 0.2648100601 in system (5) and (6), we can simulate their
dynamics by changing ε, numerically.

In Figure 1, we see that for τ = 0.05 < τ∗ and ε = 100, E = (20, 0) in
(6) and E = (5, 3.75) in (4) and (5) are stable focus. Figure 2 shows that
for τ = 0.2648100601 and ε = 0.001, (5) and (6) in E = (20, 0) have stable
focus, but (4) has a periodic solution in E = (5, 3.75). In Figure 3, with a
slight increase in the amount of ε, no change in the dynamics of (5) and (6) is
observed. In Figure 4, with increasing ε = 10, the stable focus of E = (20, 0)
in (6) remains unchanged. In contrast, the stable focus of (5) changes from
E = (20, 0) to E = (12, 3.75), which is a sign of the effectiveness of viral
therapy and reduction of tumor cells levels. In Figure 5, for ε = 100, around
E = (5, 3.75), a family of stable periodic solutions appears in (5) with period
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less than periodic solutions around E = (5, 3.75) in (4), which indicates the
coexistence between uninfected and infected cells, but E = (20, 0) is a stable
focus in (6). In Figures 6 and 7, we see that with increasing ε = 1000 and
ε = 1000000, a family of stable periodic solutions with the same period will
appear around E = (5, 3.75), which shows at high values of ε, (4) and (5)
have the same dynamic. While in (6), no change in equilibrium point and
its dynamic is observed and indicate the ineffectiveness of viral therapy in
reducing the number of infected tumor cells. In Figure 8, for ε = 1000
and τ = 1, in (4) and (5), the periodic solution disappears. We have used
Mathematica and Maple software for numerical simulating.

Figure 1: For ε = 100 and τ∗ = 0.05, E = (20, 0) in (6), and E = (5, 3.75) in (4) and
(5) are stable focus.
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Figure 2: For ε = 0.001 and τ∗ = 0.2648100601E = (20, 0) in (5), and (6) is a stable
focus and in (4) E = (5, 3.75) enclosed by a periodic solution.
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Figure 3: For ε = 1 and τ∗ = 0.2648100601E = (20, 0) in (5) and (6) is a stable focus
and E = (5, 3.75) in (4) enclosed by a periodic solution.
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Figure 4: For ε = 10 and τ∗ = 0.2648100601E = (20, 0) in (6) is a stable focus,
E = (5, 3.75) in (4) enclosed by a periodic solution and E = (12, 3.75) in (5) is a stable
focus.
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Figure 5: For ε = 100 and τ∗ = 0.2648100601E = (20, 0) in (6) is a stable focus,
E = (5, 3.75) in (4) and in (5) enclosed by a periodic solution with different period of
the bifurcating.



190 Akbari and Asheghi

Figure 6: For ε = 1000 and τ∗ = 0.2648100601E = (20, 0) in (6) is a stable focus,
E = (5, 3.75) in (4) and in (5) enclosed by a periodic solution with almost the same
period.
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Figure 7: For ε = 1000000 and τ∗ = 0.2648100601E = (20, 0) in (6) is a stable focus,
E = (5, 3.75) in (4) and (5) enclosed by the same periodic solution.
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Figure 8: For ε = 1000 and τ = 1E = (20, 0) in (6) is a stable focus, and in (4) and (5)
the periodic solution disappears.

6 Discussion

Three nonlinear mathematical models were expressed with delayed differen-
tial equations. Two rates of infection, “rapid spread of the virus,” and one
rate of infection, “slow spread of the virus,” are proposed. Due to the sim-
plicity of calculating the mathematical model with a linear infection rate, the
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equilibrium points stability was studied without time delay. By introducing
a time delay τ to the second equation in (4), we obtained a periodic solu-
tion and (4) undergoes a Hopf bifurcation. The existence of periodic solutions
showed a coexistence between uninfected tumor cells and infected tumor cells,
leading to a dynamical balance between in growth of uninfected cancer cells
and infected ones. Now by placing the appropriate value τ obtained from
(4) and different values of ε in (5) and (6), we simulated the existence of a
periodic solution, numerically. In the simulation obtained from these three
models, we found that in (4) and (5) with “rapid virus spread” rate, a peri-
odic solution can be observed. From a biological point of view, it was stated
that viral therapy in models with a “rapid virus spread” rate can create a
coexistence interaction between uninfected and infected tumor cells. While
simulation (6) showed that no limit cycles are observed for these values, viral
treatment may not reduce tumor cells. By increasing the time delay, in (4)
and (5), the period of the created periodic solutions increased until oscilla-
tions between two populations vanish. Hence, the growth of tumor cancer
cells became stable.
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ADI method of credit spread option
pricing based on jump-diffusion model

R. Mohamadinejad∗, A. Neisy and J. Biazar

Abstract

As the main contribution of this article, we establish an option on a credit
spread under a stochastic interest rate. The intense volatilities in financial
markets cause interest rates to change greatly; thus, we consider a jump
term in addition to a diffusion term in our interest rate model. However,
this decision leads us to a partial integral differential equation. Since the
integral part might bring some difficulties, we put forward a fairly new nu-
merical scheme based on the alternating direction implicit method. In the
remainder of the article, we discuss consistency, stability, and convergence
of the proposed approach. As the final step, with the help of the MATLAB
program, we provide numerical results of implementing our method on the
governing equation.
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1 Introduction

Spread options have great importance in financial markets. Modern and
specialized investment in contemporary markets is based on this reality that
we can represent strategies and models to invest in particular markets such
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as the oil and exchange markets. These models are widely used in societies
in which the inflation rate can change heavily during a short period, in short
periods, and investors face less loss in these markets.

For example, we can consider an investment in the oil market. If the
investor defines their call (buy) and put (sell) positions according to the
oil assets and their derivatives, they do not face many volatility challenges.
Because the asset price in the oil market changes over a period, the price of
another asset will change equally in the same direction with a little increase
or decrement. Another example of such markets, occurring in some countries,
is intense volatilities of exchange. In this case, if investors investment to buy
and sell currency (e.g., uses the difference between Dollar and Euro), they
will not face intense price volatilities of this market from other markets.

The credit derivatives market has come under the spotlight recently.
Credit derivatives pricing and valuation have received much attention over
the last few years, and they are considered as one of the most significant new
financial tools. The value of the portfolio with credit derivatives is extremely
sensitive to changes in the spread between default-free bonds and default-
able bonds. Hence the investors can minimize and manage the exposure to
credit risk. Credit default swaps and credit spread options are the most
popular form of credit derivatives. Credit spread options payment depends
on particular credit spread or credit-sensitive asset prices. The default or
credit rating downgrade risks can be compensated by corporate bond credit
spread; it is an additional remuneration paid to investors. Credit spread
can protect the holders of corporate bonds from the loss of the rising yield
spread. Deng, Johnson, and Sogomonian [1] studied the spread options in
the energy market. In 2015, Zhou et al. [2] suggested a credit spread option
pricing model that depends on the time, interest rate, and the logarithm
of the credit spread, which was solved by GARCH and Longstaff–Schwartz
methods. In 1995, Longstaff and Schwartz [3] studied that the credit spread
logarithm follows the mean-reversion process and priced credit spread options
on the assumption that the change in the distribution logarithm is normal.
In 2012, Su and Wang [4] hypothesized that the interest rate would follow
the Vasichek model and that the default intensity would follow the jump
propagation trend. Tchuindjo [5], in 2011, proposed closed-form solutions for
pricing credit risky discount bonds and their European call and put options
in the intensity-based reduced-form framework, assuming the stochastic dy-
namics of both the risk-free interest rate and the credit spread are driven by
two correlated Ho-Lee models.

These studies have not examined the abrupt changes in jumps and ex-
changes. In this study, a model investigates based on abrupt changes in the
exchange. Also, the ADI numerical method with expected convergence is
applied. The innovation of this article is in proving the sustainability of the
method. Finally, implementing the model on the real data is one of the most
significant tasks in this article. The ADI method is an appropriate method
for solving large matrix equations and numerically solving parabolic and el-
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liptic differential equations. This method is applied to prevent solving a large
linear system. The advantages of this method are the optimal accuracy of
stability, low computational volume, and low computer memory requirement.

This article is organized as follows: In section 2, the model, equation, and
initial and boundary conditions will be introduced. In section 3, the ADI
numerical method and its implementation on the model will be presented.
Consistency, stability, and convergence of the method will be addressed in
section 4. In Section 5, the proposed approach will be implemented on the
real data. The last section provides some research titles for the followers.

2 Modeling of the credit spread option pricing

In this article, we consider the option pricing, according to the model pre-
sented by Longstaff and Schwartz [3]. That is if we take Xt as a credit
spread option in a stock market, then its logarithm will satisfy the following
stochastic differential equation [2]:

dX = (a− bX)dt+ sdW1,

also according to the Vasicek model, we have

dr = (α− βr)dt+ σdW2,

where the parameters a, b, s, α, β, and σ are constant numbers andW1 andW2

represent the Brownian motions and they are are independent variables with
corr(W1,W2) = ρ. In mathematical modeling of financial topics, neglection
of the jumps may lead to inaccurate results, by considering the economic and
political problems, and also natural disasters such as earthquakes and storms
as the main source of sudden movements, namely, jumps. So, in order to be
able to present a pricing model for options, let us add the jump phrase to
the Vasicek interest rate model. According to the information, we have

dX = (a− bX)dt+ sdW1,

dr = (α− βr)dt+ σdW2 + d(

Mt∑
i=1

Zi),

where Mt is a Poisson process with the positive density rate λ that will be
appeared soon, and the variables Zi represent the jumps and are independent
and identically distributed. The credit spread option price demonstrated by
P (X, r, t), equals to the solution of the following partial integral differential
equation [6]:
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Pt + (a− bX − qs)PX + (α− βr − qσ)Pr + ρσsPXr +
1

2
s2PXX +

1

2
σ2Prr

− (r + λ)P +

∫ +∞

0

P (X, r + y, t)f(y)dy = 0,

where f(y) is the Poisson distribution probability density function and y is
the jump value.
By applying the change of variable t = T − τ, for t ∈ [0, T ], the last equation
changes into the following form:

Pτ =(a− bX − qs)PX + (α− βr − qσ +
1

λ
)Pr + ρσsPXr +

1

2
s2PXX

+ (
1

2
σ2 +

1

λ2
)Prr − (r + λ− 1)P. (1)

The initial and boundary conditions for 0 ≤ X ≤ K, 0 ≤ r ≤ H, and
0 ≤ τ ≤ T are as follows:

∂2P

∂X2
(0, r, τ) = 0,

∂2P

∂X2
(K, r, τ) = 0,

∂2P

∂r2
(X, 0, τ) = 0,

∂2P

∂r2
(X,H, τ) = 0,

∂P

∂X
(K, r, τ) = 0,

∂P

∂r
(X,H, τ) = 0,

P (0, r, τ) = P (X, 0, τ) = 1, P (X, r, 0) = G(x),

where G(x) = max{X − K̄, r − K̄, 0} is the payoff function of an European
put option (in Figure 1, we display payoff function based on data in Table 1)
and K̄ is the strike price.

3 Numerical Solution

In order to solve (1), we apply the ADI method. To do this, we define the
operator LP as follows:

LP = LXP + LrP + LXrP + LXXP + LrrP +Φ.

We define the last-mentioned components corresponding to the ones in (1)
(see [7, 8]),
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LXP = (a− bX − qs)PX , (2)

LrP = (α− βr − qσ)Pr, (3)

LXrP = (ρσs)PXr, (4)

LXXP =
1

2
(s2)PXX , (5)

LrrP = (
1

2
(σ)2 +

1

λ2
)Prr, (6)

Φ = (r + λ− 1)P, (7)

while q is the market price of the risk. Approximation of these derivatives
by finite differences results in [9, 16] as follows:

(2) :
P
n+ 1

6
ij − Pnij

∆τ
= (a− bxi − qs)

P
n+ 1

6
i+1j − P

n+ 1
6

ij

h

⇒Pn+
1
6

ij − Pnij = A(P
n+ 1

6
i+1j − P

n+ 1
6

ij ),

where A =
(a− bX − qs)(∆τ)

h
. By rearranging the last equation, one has

(1 + A)P
n+ 1

6
ij − APn+

1
6

i+1j = Pnij , i = 0, 1, 2, . . . , n, and the following system is
obtained: 

i = 0 : (1 +A)P
n+ 1

6
0j −APn+

1
6

1j = Pn0j ,

i = 1 : (1 +A)P
n+ 1

6
1j −APn+

1
6

2j = Pn1j ,

i = 2 : (1 +A)P
n+ 1

6
2j −APn+

1
6

3j = Pn2j ,

i = n− 1 : (1 +A)P
n+ 1

6
n−1j −AP

n+ 1
6

nj = Pnn−1j ,

i = n : (1 +A)P
n+ 1

6
nj −APn+

1
6

n+1j = Pnnj .

The second term of the left in the last equation should be determined by
known values as follows:

P
n+ 1

6
n+1j − 2P

n+ 1
6

nj + P
n+ 1

6
n−1j

h2
= 0⇒ P

n+ 1
6

n+1j = 2P
n+ 1

6
nj − Pn+

1
6

n−1j .

Substitution the recent formula in the last equation (for i = n) results

i = n : (1−A)Pn+
1
6

nj + P
n+ 1

6
n−1j = P

n+ 1
6

nj .

In the matrix representation, one gets
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

1 +A −A 0 0 · · · 0
0 1 +A −A 0 · · · 0
0 0 1 +A −A · · · 0
...

... . . . . . . . . . ...
0 0 · · · 0 1 +A −A
0 0 0 · · · A 1−A





P
n+ 1

6
0j

P
n+ 1

6
1j

P
n+ 1

6
2j
...

P
n+ 1

6
n−1j

P
n+ 1

6
nj


=



Pn0j
Pn1j
Pn2j

...
Pnn−1j

Pnnj



Now we apply the finite difference for (3) as follows:

P
n+ 1

3
ij − Pn+

1
6

ij

∆τ
=

1

2
(−rPn+

1
6

ij + 3rP
n+ 1

3
ij )

=
1

2
(−Bj

P
n+ 1

6
ij+1 − P

n+ 1
6

ij

k
+ 3Bj

P
n+ 1

3
ij+1 − P

n+ 1
3

ij

k
)

⇒ (1 + 3B
′

j)P
n+ 1

3
ij − 3B

′

jP
n+ 1

3
ij+1 = P

n+ 1
6

ij −B
′

jP
n+ 1

6
ij+1 = P

n+ 1
6

ij −B
′

jP
n+ 1

6
ij+1 ,

where B′

j =
Bj∆τ
2k , Bj = α− βrj − qs, and fij = P

n+ 1
6

ij −B′

jP
n+ 1

6
ij+1 .

For j = 0, 1, 2, . . . ,m, we obtain the following system:

(1 + 3B
′

j)P
n+ 1

3
ij − 3B

′

jP
n+ 1

3
ij+1 = fij

⇒



j = 0 : (1 + 3B
′

0)P
n+ 1

3
i0 − 3B

′

0P
n+ 1

3
i1 = fi0,

j = 1 : (1 + 3B
′

1)P
n+ 1

3
i1 − 3B

′

1P
n+ 1

3
i2 = fi1,

j = 2 : (1 + 3B
′

2)P
n+ 1

3
i2 − 3B

′

2P
n+ 1

3
i3 = fni2,

...
j = m− 1 : (1 + 3B

′

m−1)P
n+ 1

3
im−1 − 3B

′

m−1P
n+ 1

3
im = fim−1,

j = m : (1 + 3B
′

m)P
n+ 1

3
im − 3B

′

mP
n+ 1

3
im+1 = fim.

By applying the boundary conditions, the second term of the left in the last
equation (for j = m) should be determined by known values:

P
n+ 1

3
im+1 = 2P

n+ 1
3

im − Pn+
1
3

im−1.

Substitution recent formula in the last equation (for j = m) results in:

j = m : (1 + 3B
′

m)P
n+ 1

3
im − 3B

′

m(2P
n+ 1

3
im − Pn+

1
3

im−1) = fim

⇒ (1− 3B
′

m)P
n+ 1

3
im + 3B

′

mP
n+ 1

3
im−1 = fim.
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This system can be written as the following:

1 + 3B
′

0 −3B
′

0 0 0 · · · 0

0 1 + 3B
′

1 −3B
′

1 0 · · · 0

0 0 1 + 3B
′

2 −3B
′

2 · · · 0
...

... . . . . . . . . . ...
0 0 · · · 0 1 + 3B

′

m−1 −3B
′

m−1

0 0 0 · · · −3B′

m 1− 3B
′

m





P
n+ 1

3
i0

P
n+ 1

3
i1

P
n+ 1

3
i2
...

P
n+ 1

3
n−1j

P
n+ 1

3
nj


=



fi0
fi1
fi2
...

fim−1

fim


Using the finite difference method and the boundary conditions, (4) will
transform into the following form:

P
n+ 1

2
ij − Pn+

1
3

ij

∆τ
=

1

12
(5XrP

n+ 1
6

ij − 16XrP
n+ 1

3
ij + 23XrP

n+ 1
2

ij )

⇒ (1− 46C)P
n+ 1

2
ij − 23CP

n+ 1
2

i+1j+1 + 23CP
n+ 1

2
i+1j + 23CP

n+ 1
2

ij+1 + 23CP
n+ 1

2
i−1j

+ 23CP
n+ 1

2
ij−1 − 23CP

n+ 1
2

i−1j−1 = fij ,

in which fij are the sentences in n+ 1
3 and n+ 1

6 steps and C = ρσs∆τ
12hk . Note

that the finite difference in (4) follows the following formula:

PXr =
Pi+1j+1 − P

n+ 1
2

i+1j − P
n+ 1

2
ij+1 + 2P

n+ 1
2

ij − Pn+
1
2

i−1j − P
n+ 1

2
ij−1 + P

n+ 1
2

i−1j−1

hk
.

For i = 0, 1, 2, . . . , n, the following matrix equation is obtained:



1 0 0 0 · · · · · · · · · · · · 0
23C 1− 46C 23C 0 · · · · · · · · · · · · 0
0 23C 1− 46C 23C · · · · · · · · · · · · 0
...

...
...

... . . . . . . . . . . . . ...
0 0 0 0 · · · 0 23C 1− 46C 23C
0 0 0 0 · · · 0 0 0 1





P
n+ 1

2
0j

P
n+ 1

2
1j

P
n+ 1

2
2j
...

P
n+ 1

2
n−2j

P
n+ 1

2
n−1j

P
n+ 1

2
nj



+



−23C 23C · · · · · · · · · 0
−23C 23C · · · · · · · · · 0

0 −23C 23C · · · · · · 0
... . . . . . . . . . 23C 0
0 0 · · · · · · −23C 23C
0 0 0 · · · −23C 23C





P
n+ 1

2
0j−1

P
n+ 1

2
1j−1
...

P
n+ 1

2
n−2j−1

P
n+ 1

2
n−1j−1

P
n+ 1

2
nj−1


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+



23C −23C 0 0 · · · · · · 0
0 23C −23C 0 · · · · · · 0
0 0 23C −23C · · · · · · 0
... . . . . . . . . . . . . ...
0 0 0 · · · 23C −23C 0
0 0 0 · · · 0 23C −23C
0 0 0 · · · 0 23C −23C





P
n+ 1

2
0j+1

P
n+ 1

2
1j+1

P
n+ 1

2
2j+1
...

P
n+ 1

2
n−2j+1

P
n+ 1

2
n−1j+1

P
n+ 1

2
nj+1


=



f0j
f1j
f2j
...

fn−2j

fn−1j

fnj


Applying the finite difference for (5), we get the following system of equations,
i = 0, 1, 2, . . . , n:

P
n+ 2

3
ij − Pn+

1
2

ij

∆τ

=
1

24
(−9LXXPn+

1
6

ij + 37LXXP
n+ 1

3
ij − 59LXXP

n+ 1
2

ij + 559LXXP
n+ 2

3
ij )

⇒



i = 0 : P
n+ 2

3
0j = f0j ,

j = 1 : (1 + 110D)P
n+ 2

3
1j − 55P

n+ 2
3

0j − 55P
n+ 2

3
2j = f1j ,

j = 2 : (1 + 110D)P
n+ 2

3
2j − 55P

n+ 2
3

1j − 55P
n+ 2

3
3j = f2j ,

...
j = n− 2 : (1 + 110D)P

n+ 2
3

n−2j − 55P
n+ 2

3
n−3j − 55P

n+ 2
3

n−1j = fn−2j ,

j = n− 1 : (1 + 110D)P
n+ 2

3
n−1j − 55P

n+ 2
3

n−2j − 55P
n+ 2

3
nj = fn−1j ,

j = n : P
n+ 2

3
nj = fnj ,

where fij are all the sentences in the steps n+ 1
2 , n+ 1

3 , n+ 1
6 , and D = s2∆τ

48h2 .

The finite difference in (5) follows the following formula:

PXX =
Pi+1j − 2Pij − Pi−1j

h2
.

Write the finite difference, regarding (6), and then, we obtain the following
results for j = 0, 1, 2, . . . ,m:

P
n+ 5

6
ij − Pn+

2
3

ij

∆τ
=

1

720
(251LrrP

n+ 1
6

ij − 1274LrrP
n+ 1

3
ij + 2616LrrP

n+ 1
2

ij

− 2774LrrP
n+ 2

3
ij + 1901LrrP

n+ 5
6

ij ).

The resulted matrix, by substitution j = 0, 1, 2, . . . ,m is as follows (E =
∆τ

720k2 (
1
2σ

2 + 1
λ2 )):
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1 0 0 · · · · · · · · · 0
−1901E 1 + 3802E −1901E 0 · · · · · · 0

0 −1901E 1 + 3802E −1901E · · · · · · 0
...

... . . . . . . . . . ...
...

0 0 · · · −1901E 1 + 3802E −1901E 0
0 0 · · · · · · −1901E 1 + 3802E −1901E
0 0 · · · · · · 0 0 1



×



P
n+ 5

6
i0

P
n+ 5

6
i1

P
n+ 5

6
i2
...

P
n+ 5

6
im−2

P
n+ 5

6
im−1

P
n+ 5

6
im


=



fi0
fi1
fi2
...

fim−2

fim−1

fim


The last step (n+ 1) comes from (7) (see [6]) as follows:

Pn+1
ij − Pn+

5
6

ij

∆τ
= φ = −(r + λ− 1)Pnij

⇒ Pn+1
ij = −(r + λ− 1)∆τPnij + P

n+ 5
6

ij .

4 Consistency, stability, and convergence

By proving the consistency and stability of the method, the convergence will
be guaranteed via the Lax equivalence theorem [2].

4.1 Proof of consistency

Let Φ be the exact solution of (1), which depends on the independent vari-
ables r, X, and t (e.g., L(Φ) = 0). Assume that the exact solution of the finite
difference equation is ϕ (to write F (φ) = 0) and that v is an arbitrary contin-
uous function of r, X, and t with a sufficient number of continuous derivatives
such that L(v) can be evaluated at (iη, jϵ, kh). Then the error function at
the point vi,j,k = v(iη, jϵ, hk) is defined as τi,j,k(v) = F (vi,j,k)− L(vi,j,k). If
τi,j,k(v) → 0 as η, ϵ , and h tend to zero, then the finite difference equation
is consistent with the partial-differential equation as follows:
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φi,j,k+1 − φi,j,k

h

= (a− bXi − qs)
φi+1,j,k − φi,j,k

η
+ (α− βrj − qσ +

1

λ
)
φi,j+1,k − φi,j,k

ϵ

+ ρσs
φi+1,j+1,k − φi+1,j,k − φi,j+1,k + 2φi,j,k − φi−1,j,k − φi,j−1,k + φi−1,j−1,k

ηϵ

+
1

2
s2

φi+1,j,k − 2φi,j,k + φi−1,j,k

η2

+ (
1

2
σ2 +

1

λ2
)
φi,j+1,k − 2φi,j,k + φi,j−1,k

ϵ2
− (rj + λ− 1)φi,j,k. (8)

Let Xi = X0+iη, let rj = r0+jϵ, let A = a−bX0−qs, B = α+ 1
λ−βr0−qs,

let C = ρσs, let D = 1
2s

2, let E = 1
2σ

2 + 1
λ2 , and let F = r0 + λ − 1. By

considering the Taylor expansion and previous assumptions, (8) changes into
the following equation:

h2

2

∂2φ

∂t2
+
h2

6

∂3φ

∂t3
+ · · · =(A− bηi)η

2

∂2φ

∂X2
+ (B − βϵj) ϵ

2

∂2φ

∂r2
+ · · ·

+ (A− bηi)η
2

6

∂3φ

∂X3
+ (B − βϵj)ϵ

2

3

∂3φ

∂r3
+ · · · .

By considering the smallest power of the above equation and assuming
η = ϵ = κh (where κ is a constant number), as h approaches zero, τ will
approach to zero too and the consistency of this method is proved.

4.2 Proof of stability

Proving stability directly from the definition is quite difficult, in general.
Instead, it is easier to use tools from the Fourier analysis to evaluate the sta-
bility of finite difference schemes. In this section, we analyze the stability of
the ADI method. To study the stability, we use the Von Neumann approach
[13, 14, 17]. The Von Neumann analysis is based on calculating the ampli-
fication factor of schemes, G, and deriving conditions under which |G| ≤ 1.
We have introduced the numerical amplification factor G as

G =
En+1
k,l

Enk,l
. (9)

From (9), we may relate the error Enk,l at the nth time step with the initial
error E0

k,l [8] by

Enk,l = GnE0
k,l, E

0
k,l = eikxeily.

For finding G, a simple procedure is to replace φnk,l in the scheme by
Gneikxeily, for each k, l, and n,



ADI method of credit spread option pricing based on jump-diffusion model 205

φn+1
k,l = Gn+1eikxeily = Gφnk,l,

φnk+1,l = Gneik(x+∆x)eily = Gneik∆xeikxeily = φnk,le
ik∆x,

φnk,l+1 = Gneikxeil(y+∆y) = Gneikxeilyeil∆y = φnk,le
il∆y, (10)

where ∆x and ∆y are positive.
Without loss of generality of the problem, suppose that the coefficients of
the relation (8) are assumed to be equivalent to constant A, where A is the
largest value of the relation coefficients (8).
Substituting (10) in relation (8) leads to the following relation:

G− 1

∆t
=A(

eik∆x − 1

∆x
+

eil∆y − 1

∆y
+

eik∆x − 2 + e−ik∆x

(∆x)2
+

eil∆y − 2 + e−il∆y

(∆y)2

+
ei(k∆x+l∆y) − eik∆x − eil∆y + 2− e−ik∆x − e−il∆y + e−i(k∆x+l∆y)

∆x∆y
+ 1).(11)

Suppose that k∆x = l∆y = θ, that ∆t
∆x = ∆t

∆y = h, and that ∆t
(∆x)2 = ∆t

(∆y)2 =

η. Then by simplifying relation (11), G is obtained as follows:

G = 1 +A(−2h+ 2h cos θ − 2η(1− cos2θ) + ∆t) + 2Ah sin θi.

We calculate G2 and establish |G|2 ≤ 1 to obtain stability conditions from
it (Because in this article, ∆x and ∆y are considered values less than 1, we
consider h < η in the |G|2 formula) as follows:

|G|2 = (1 +A(−2η + 2η cos θ − 2η(1− cos2θ) + ∆t))2 + 4η2A2 sin2 θ. (12)

If the following conditions are met, relation (12) will be stable [15, 5]:

1 +A(−2η + 2η cos θ − 2η(1− cos2θ) + ∆t) ≤ 2Aη cos θ, 4η2A2 ≤ 1. (13)

The stability conditions of the problem, according to relations (13), are as
follows:

∆t

∆x2
≤ min{ 1

2|A|
,

1

A(2−∆x2)
}, ∆t

∆y2
≤ min{ 1

2|A|
,

1

A(2−∆y2)
}.

Numerical results of this convergence and stability are given in the next
section.

5 Numerical results

As an illustration, consider the credit spread and an interest rate to im-
plement the ADI numerical method with 1

6 step-size. Then, we obtain the
changes in credit spread and an interest rate for these markets. Table 1 shows
the parameters used in this study.
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Table 1: Data

Parameters definitions values
K Max(X) : maximum value of X 30
H Max(r) : maximum value of r 30
q the market price of the risk 1
σ volatility 0.3
T Max(t) : maximum value of t 0.5

a, b, and s constant 0.5, 0.5, and 0.25
λ intensity rate of Poisson process 0.1
ρ corr(W1,W2) 0.5
r interest rate 0.03

The payoff function can be illustrated in Figure 1

Figure 1: Payoff function.
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Figure 2: Numerical results using the ADI method with a step-size of 1
6

for n =

0.3333, 0.5, and 0.66667
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Figure 3: Comparison of option prices for different interest rates such as r =
0.03, 0.35, 0.55, and 0.9

Eventually, regarding our model and the suggested numerical method, we
can obtain the credit spread option price. As can be seen from the following
figures, the price of the credit spread option varies for different amounts
of the variable n (Figure 2 shows the credit spread option price functions
at t = 0.33333, 0.5, 0.66667). Some option values for a different base on
asset prices, for example, 70, 110, 170, 220, and 270, are listed in Table 2 for
different interest rates, for instance, r = 0.03, 0.35, 0.55, and 0.9. In addition,
Figure 3 shows a comparison of option prices for the mentioned interest rates,
which shows that interest rates and option prices are inversely related.

By selecting ∆x = ∆y = 1 and ∆t = 1
4 , the error results of time steps were

obtained 0.6515, 0.4798, 0.3173, 0.0213, and 0, respectively. As the time steps
got smaller, these errors became smaller (by selecting ∆x = ∆y = 1

2 and ∆t =
1
16 , the error results of time steps were obtained 0.3173, 0.0030, 0.0009, 0.0006,
and 0, respectively), but in both cases, because our selected condition has
been extracted from the stability range, the result of the error confirms the
correctness of this range. As you can see, the resulting errors decrease and
tend to zero. So, this method is convergent and stable [9].

Table 2: Option values for the different underlying asset prices

P(x,r,τ) x
70 110 170 220 270

r=0.03 925 1386.9 2079.8 2657.2 3234.7
r=0.35 922.2 1382.8 2073.7 2649.4 3225.3
r=0.55 920.6 1380.3 2069.9 2644.6 3219.3
r=0.9 917.6 1375.9 2063.2 2636.1 3209
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6 Conclusions

The main goal of this article was to propose a pricing model, which is based
on the credit spread and the interest rate, such that some jumps on the
second are possible. Though the bringing jump in the modeling seems an
interesting idea, it can bring some difficulties when it comes to implementing
a numerical method. Therefore, to deal with this problem, as the second
step, we postulate a fairly new numerical method call, ADI with step-size
1
6 combined with Adams–Bashforth formula [9]. To continue this work, one
good idea is to use other methods such as the machine learning, Chebyshev
cardinal wavelets, and wavelets Galerkin method to obtain the results [4,
3]. Definitively, comparing the results of different methods could be highly
instructive.
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1 Introduction

Conjugate gradient (CG) methods can be regarded as the most popular op-
timization techniques due to their wide applications in the practical fields
[1, 11, 12, 17]. CG algorithms are advantageous because of affordable mem-
ory storage, the simple structure of the iterative formula, promising compu-
tational performance, and acceptable convergence properties [5, 9, 13].

General form of an unconstrained optimization problem can be given by

min
x∈Rn

f(x),

where f is a smooth real-valued nonlinear function with the gradient g(x).
Starting from some point x0 ∈ Rn, iterations of the CG algorithms are in
the form of xk+1 = xk + sk and sk = αkdk, for all k ≥ 0, where αk > 0 is
a step length often determined by some inexact line search techniques along
the direction dk calculated by

d0 = −g0, dk+1 = −gk+1 + βkdk, k ≥ 0, (1)

in which βk ∈ R is called the CG parameter and gk = g(xk). Among the
various classical CG techniques, the Polak–Rebière–Polyak (PRP) method
with

βPRP
k =

gTk+1yk

||gk||2
,

in which yk = gk+1 − gk and || · || denotes the ℓ2 norm, is regarded as an
efficiently popular classic method, mainly because of adaptive restarts when
dealing with improper search directions [9].

Although being computationally advantageous, the PRP method fails to
ensure the descent property [9]. So, significant attention have been paid to
get descent modifications of the PRP method. For example, Zhang, Zhou,
and Li [18] developed (ZZL) a three-term extension of the method by

d0 = −g0, dZZL
k+1 = −gk+1 + βPRP

k dk −
gTk+1dk

||gk||2
yk, k ≥ 0, (2)

satisfying the sufficient descent condition, that is,

dTk gk ≤ −τ ||gk||2, k ≥ 0, (3)

where τ > 0 is a constant. In another effort, Andrei [3] proposed a spectral
PRP (SPRP) method with

d0 = −g0, dSPRP
k+1 = − sTk yk

||gk||2
gk+1 + βPRP

k sk −
gTk+1sk

||gk||2
yk, k ≥ 0, (4)
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which in addition to (3), fulfills the effective Dai–Liao conjugacy condition
[6]. Also, Babaie-Kafaki and Ghanbari [4] developed a class of one-parameter
extension of βPRP

k (EPRP) based on the Dai–Liao approach [6]; that is,

βEPRP
k = βPRP

k − t
gTk+1dk

||gk||2
, (5)

where t is a positive parameter. Then, to find an optimal choice for t, they
noted that from (1) and (5) search directions of EPRP can be written as

dk+1 = −Hk+1gk+1,

where
Hk+1 = I − dky

T
k

||gk||2
+ t

dkd
T
k

||gk||2
.

Symmetrizing Hk+1 by

Pk+1 =
Hk+1 +HT

k+1

2
= I − 1

2

dky
T
k + ykd

T
k

||gk||2
+ t

dkd
T
k

||gk||2
, (6)

in light of an eigenvalue analysis, the following family of two-parameter
choices for t was suggested in [4]:

tp,qk = p
||yk||2

||gk||2
+ q

(
1

2

dTk yk
||dk|| ||gk||

− ||gk||
||dk||

)2

, (7)

with p >
1

4
and q ≥ −1, guaranteeing the descent condition.

Following such studies, here we deal with another choice for parameter of
the EPRP method based on the concept of the maximum magnification by
a matrix. Organization of our study is summarized as follows. In Section 2,
after analyzing eigenvalues of Pk+1, we introduce our new formula for the pa-
rameter t of the EPRP method. Also, we conduct a brief global convergence
analysis. In Section 3, we make some competitive computational experiments
on a collection of CUTEr problems, using the Dolan–Moré performance pro-
file. Finally, concluding remarks are given in Section 4.

2 An adaptive choice for parameter of the extended
Polak–Ribièr–Polyak method

Here, firstly we conduct a concise eigenvalue analysis on Pk+1 in order to
explain our adaptive way of computing t in (5). Hereafter, we assume that
dTk yk > 0, as ensured by the strong Wolfe line search conditions [14], that is,
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f(xk + αkdk)− f(xk) ≤ δαkg
T
k dk, (8)

|∇f(xk + αkdk)
T dk| ≤ −σgTk dk, (9)

with 0 < δ < σ < 1. The following basic definition is the kernel of our
analysis.
Definition 1. [15] For an arbitrary matrix A ∈ Rn×m, the scalar

maxmag(A) = max
x ̸=0

||Ax||
||x||

,

is called the maximum magnification by A. Hence, maxmag(A) = ||A||, and
also, the vector x ̸= 0 for which ||Ax|| = ||A|| ||x||, is in the direction of the
maximum magnification by the matrix A.

Firstly, note that the matrix Pk+1 given by (6) can be regarded as a
symmetric approximation of the search direction matrix Hk+1. Based on the
analysis of [4], eigenvalues of Pk+1 are 1 with multiplicity n− 2, and λ+k and
λ−k are given by

λ±k = 1 +
1

2||gk||2
(
t||dk||2 − dTk yk

)
± 1

2||gk||2
√

(t||dk||2 − dTk yk)2 + ||dk||2||yk||2 − (dTk yk)
2.

It can be seen that with the choice (7), we have λ+k ≥ 1 ≥ λ−k > 0, and
consequently, ||Pk+1|| = λ+k . Also, in light of similar analysis carried out
in [2], the eigenvector of Pk+1 corresponding to λ+k , here called vk1 , can be
written as vk1 = γdk + ϑyk in which

γ =
2(1− λ+k )||gk||2 − dTk yk

||dk||2
ϑ.

So, vk1 as a vector in the direction of the maximum magnification by Pk+1 is
specified.

As explained in [2], when the gradient is approximately parallel with
the direction of the maximum magnification by Hk+1, then EPRP may face
with some numerical errors and also, it may converge hardly. Based on this
fact and since Pk+1 is a symmetric approximation of Hk+1, it can be stated
that if gk+1 is as far away as possible from the direction of the maximum
magnification by Pk+1, then the mentioned possible errors may be diminished
and the convergence may be improved. Hence, we obtain a formula for the
EPRP parameter by making vk1 to be orthogonal to gk+1 in the sense of
solving the equation gTk+1v

k
1 = 0; that is,

t̄k =
||yk||2(gTk+1dk)

2 − ||dk||2(gTk+1yk)
2

2(gTk+1dk)
(
(dTk yk)(g

T
k+1dk)− ||dk||2(gTk+1yk)

) . (10)
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Now, for the sake of positiveness of the EPRP parameter and to achieve the
sufficient descent property, we suggest the following modified version of (10):

t∗k =


max

{
t̄k, ϑ

||yk||2

||gk||2

}
, if denominator of t̄k is nonzero,

ϑ
||yk||2

||gk||2
, otherwise,

(11)

with ϑ >
1

4
.

Now, similar to the analysis conducted in the proof of [16, Theorem 3.2],
the following convergence result can be established for the EPRP method.
The proof is omitted to avoid repetition.

Theorem 1. Suppose that the level set Ω = {x ∈ Rn | f(x) ≤ f(x0)} is
bounded and in some neighborhood N of Ω, that the objective function f is
smooth and also, that ∇f is Lipschitz continuous. For the EPRP method
with the parameter (5), assume that t is equal to t∗k defined by (11) and the
line search fulfills the strong Wolfe conditions (8) and (9). If there exists
a positive lower bound α∗ for the step lengths αk (for all k ≥ 0), then
lim
k→∞

||gk|| = 0.

3 Computational experiments

In this section, we examine the numerical efficiency of the EPRP method
in which t is computed by (11) with ϑ = 0.26 and (7) with (p, q) = (1, 0);
here the corresponding methods are, respectively, called EPRP1 and EPRP2.
The methods are compared by the two modified PRP methods of ZZL and
SPRP, respectively, with the search directions (2) and (4) [3, 18]. We have
implemented all the algorithms on a set of 45 test functions of the CUTEr
library [8] with n ≥ 50, as given in Table 1, in MATLAB software envi-
ronment. Hardware and software detailed specifications have been clarified
in [2], together with the strong Wolfe line search features and the stopping
criteria. Detailed outputs have been provided in Table 1.

Efficiency of the algorithms was compared by applying the performance
profile proposed by Dolan and Moré [7] on the norm of gradient, the CPU
time (CPUT), and the total number of function and gradient evaluations
(TNFGE), following the notation of [10]. Results are shown by Figures 1–3.
As seen, EPRP is preferable to the other methods. Particularly, the results
show that the choice (11) for the EPRP parameter is practically effective.
Our experiments showed that averagely in 62.63% of the iterations of EPRP1,
we had t∗k = t̄k.



216 Aminifard and Babaie-Kafaki

Ta
bl

e
1:

O
ut

pu
ts

E
P

R
P

1
E

P
R

P
2

S
P

R
P

Z
Z

L
F

u
n

ct
io

n
n

T
N

F
G

E
C

P
U

T
T

N
F

G
E

C
P

U
T

T
N

F
G

E
C

P
U

T
T

N
F

G
E

C
P

U
T

A
R

G
L

IN
A

20
0

12
2.

13
E

-0
1

12
9.

40
E

-0
2

12
7.

97
E

-0
2

12
8.

93
E

-0
2

A
R

W
H

E
A

D
50

00
10

3
2.

17
E

-0
1

20
09

5
4.

25
E

+
00

40
05

3
8.

25
E

+
00

23
73

0
4.

89
E

+
00

B
D

E
X

P
50

00
12

9.
73

E
-0

2
12

7.
68

E
-0

2
12

6.
97

E
-0

2
12

6.
44

E
-0

2
B

D
Q

R
T

IC
50

00
26

02
1

1.
62

E
+

01
26

06
9

1.
34

E
+

01
40

02
3

1.
13

E
+

01
26

07
3

6.
95

E
+

00
B

Q
P

G
A

B
IM

50
29

9
7.

67
E

-0
2

23
8

4.
76

E
-0

2
21

31
1.

02
E

-0
1

68
5

5.
10

E
-0

2
B

Q
P

G
A

S
IM

50
29

9
3.

74
E

-0
2

23
8

3.
18

E
-0

2
21

31
9.

70
E

-0
2

68
5

5.
05

E
-0

2
B

R
O

W
N

A
L

20
0

46
41

6.
26

E
-0

1
38

22
7

4.
25

E
+

00
40

08
4

3.
93

E
+

00
40

08
4

4.
07

E
+

00
B

R
Y

B
N

D
50

00
65

9
4.

07
E

-0
1

18
53

6.
93

E
-0

1
12

33
4

4.
62

E
+

00
49

3
2.

71
E

-0
1

C
H

E
N

H
A

R
K

50
00

81
6

2.
57

E
-0

1
63

3
1.

79
E

-0
1

31
96

5.
23

E
-0

1
68

32
1.

46
E

+
00

C
O

S
IN

E
10

00
0

27
1.

29
E

-0
1

37
1.

15
E

-0
1

46
1.

33
E

-0
1

38
1.

18
E

-0
1

C
R

A
G

G
LV

Y
50

00
43

1
6.

99
E

-0
1

44
7

5.
75

E
-0

1
32

04
2.

90
E

+
00

11
27

1.
38

E
+

00
C

U
R

L
Y

10
10

00
0

45
7

3.
66

E
-0

1
47

9
3.

60
E

-0
1

25
97

1.
27

E
+

00
12

73
8.

53
E

-0
1

D
IX

M
A

A
N

A
30

00
36

6.
02

E
-0

2
31

4.
79

E
-0

2
31

4.
95

E
-0

2
31

4.
92

E
-0

2
D

IX
M

A
A

N
B

30
00

32
6.

26
E

-0
2

27
5.

28
E

-0
2

32
5.

96
E

-0
2

32
4.

76
E

-0
2

D
IX

M
A

A
N

C
30

00
32

6.
10

E
-0

2
32

4.
90

E
-0

2
32

5.
10

E
-0

2
32

5.
40

E
-0

2
D

IX
M

A
A

N
D

30
00

37
5.

74
E

-0
2

37
5.

18
E

-0
2

37
5.

10
E

-0
2

37
5.

09
E

-0
2

D
Q

D
R

T
IC

50
00

14
08

5.
81

E
-0

1
16

52
5.

66
E

-0
1

11
18

3
2.

71
E

+
00

46
61

1.
62

E
+

00
D

Q
R

T
IC

50
00

4
4.

89
E

-0
2

4
3.

88
E

-0
2

4
4.

15
E

-0
2

4
4.

44
E

-0
2

D
R

C
A

V
1L

Q
44

89
4

9.
58

E
-0

2
4

8.
56

E
-0

2
4

8.
18

E
-0

2
4

7.
50

E
-0

2
D

R
C

A
V

2L
Q

44
89

4
8.

63
E

-0
2

4
1.

03
E

-0
1

4
8.

63
E

-0
2

4
1.

03
E

-0
1

D
R

C
A

V
3L

Q
44

89
4

8.
66

E
-0

2
4

8.
95

E
-0

2
4

9.
29

E
-0

2
4

8.
79

E
-0

2
E

D
E

N
S

C
H

20
00

76
8.

14
E

-0
2

89
7.

10
E

-0
2

94
6.

73
E

-0
2

89
7.

07
E

-0
2

E
G

2
10

00
23

3.
52

E
-0

2
23

4.
09

E
-0

2
23

3.
23

E
-0

2
23

2.
21

E
-0

2
E

N
G

V
A

L
1

50
00

58
1.

14
E

-0
1

58
9.

18
E

-0
2

58
9.

11
E

-0
2

62
9.

48
E

-0
2

F
L

E
T

C
B

V
2

50
00

4
1.

07
E

-0
1

4
8.

07
E

-0
2

4
8.

45
E

-0
2

4
7.

25
E

-0
2

F
L

E
T

C
B

V
3

50
00

16
4

1.
89

E
-0

1
16

4
1.

62
E

-0
1

16
0

1.
88

E
-0

1
16

4
1.

61
E

-0
1

F
L

E
T

C
H

B
V

50
00

15
6

1.
50

E
-0

1
15

6
1.

44
E

-0
1

14
8

1.
45

E
-0

1
15

6
1.

48
E

-0
1

F
R

E
U

R
O

T
H

50
00

27
5

2.
21

E
-0

1
16

7
1.

73
E

-0
1

21
09

9.
82

E
-0

1
98

7
5.

74
E

-0
1

G
E

N
H

U
M

P
S

50
00

4
6.

25
E

-0
2

4
6.

28
E

-0
2

4
5.

86
E

-0
2

4
6.

33
E

-0
2

M
A

N
C

IN
O

10
0

93
3.

20
E

-0
1

93
2.

49
E

-0
1

98
2.

56
E

-0
1

98
2.

55
E

-0
1

M
O

R
E

B
V

50
00

95
9.

49
E

-0
2

11
5

9.
50

E
-0

2
97

1
2.

78
E

-0
1

38
0

1.
70

E
-0

1
N

C
B

20
50

10
37

2
6.

34
E

-0
1

90
5

1.
26

E
+

00
15

05
1.

85
E

+
00

54
5

7.
49

E
-0

1
N

O
N

C
V

X
U

2
50

00
4

5.
49

E
-0

2
4

4.
40

E
-0

2
4

4.
72

E
-0

2
4

3.
32

E
-0

2
P

E
N

A
L

T
Y

2
20

0
4

2.
88

E
-0

2
4

1.
95

E
-0

2
4

8.
67

E
-0

3
4

9.
30

E
-0

3
Q

U
A

R
T

C
50

00
4

5.
72

E
-0

2
4

3.
82

E
-0

2
4

4.
24

E
-0

2
4

3.
13

E
-0

2
S

C
H

M
V

E
T

T
50

00
55

1.
94

E
-0

1
54

1.
63

E
-0

1
58

1.
67

E
-0

1
54

1.
54

E
-0

1
S

E
N

S
O

R
S

10
0

88
4.

51
E

-0
1

87
3.

83
E

-0
1

11
0

5.
27

E
-0

1
98

4.
10

E
-0

1
S

IN
Q

U
A

D
50

00
12

3
3.

00
E

-0
1

10
6

2.
88

E
-0

1
19

1
3.

37
E

-0
1

11
7

2.
82

E
-0

1
S

P
A

R
S

Q
U

R
10

00
0

27
4

4.
10

E
-0

1
18

7
2.

81
E

-0
1

22
6

3.
12

E
-0

1
23

5
3.

36
E

-0
1

T
O

IN
T

G
O

R
50

65
5

7.
83

E
-0

2
72

5
5.

58
E

-0
2

44
25

1.
96

E
-0

1
18

12
1.

26
E

-0
1

T
O

IN
T

G
S

S
50

00
83

1.
81

E
-0

1
64

1.
07

E
-0

1
10

72
1.

02
E

+
00

32
1

3.
57

E
-0

1
T

O
IN

T
Q

O
R

50
12

3
2.

57
E

-0
2

14
5

2.
39

E
-0

2
16

6
2.

21
E

-0
2

24
4

2.
67

E
-0

2
V

A
R

D
IM

20
0

8
4.

23
E

-0
2

8
1.

94
E

-0
2

8
3.

49
E

-0
3

8
8.

71
E

-0
3

V
A

R
E

IG
V

L
50

11
3

3.
45

E
-0

2
12

2
3.

85
E

-0
2

13
2

3.
05

E
-0

2
13

3
8.

70
E

-0
3

W
O

O
D

S
40

00
16

4
1.

22
E

-0
1

18
0

9.
18

E
-0

2
74

6
1.

84
E

-0
1

15
9

8.
35

E
-0

2



An adaptive descent extension of the Polak–Rebière–Polyak conjugate ... 217

Figure 1: TNFGE performance profiles

Figure 2: CPUT performance profiles

4 Conclusion

Based on the concept of maximum magnification, we have conducted an
eigenvalue analysis to suggest an optimal choice for the parameter of the
recently proposed EPRP method. The suggested formula guarantees the
sufficient descent property as well as the global convergence of the method.
Effect of the proposed formula has been numerically investigated in contrast
to several other modifications made on the classical PRP method. Results
showed the effectiveness of the suggested choice for the EPRP parameter.
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Figure 3: Norm of gradient performance profiles
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Some applications of Sigmoid functions
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Abstract

In numerical analysis, the process of fitting a function via given data is
called interpolation. Interpolation has many applications in engineering
and science. There are several formal kinds of interpolation, including
linear interpolation, polynomial interpolation, piecewise constant interpo-
lation, trigonometric interpolation, and so on. In this article, by using
Sigmoid functions, a new type of interpolation formula is presented. To il-
lustrate the efficiency of the proposed new interpolation formulas, some ap-
plications in quadrature formulas (in both open and closed types), numer-
ical integration for double integral, and numerical solution of an ordinary
differential equation are included. The advantage of this new approach is
shown in the numerical applications section.

AMS subject classifications (2020): 65D05, 65D30, 65D32.

Keywords: Sigmoid function; Interpolation; Numerical integration; Quadra-
ture formula; Numerical solution of ordinary differential equation.

1 Introduction

Interpolation is the process of finding a function via given data. Interpolation
has many applications in engineering and science. There are several formal
kinds of interpolation, including linear interpolation, polynomial interpola-
tion, piecewise constant interpolation, trigonometric interpolation, and so
on. For example, consider the polynomial interpolation. Let f0, f1, . . . , fn
be known values for an arbitrary function f : R → R at points x = xi,
i = 0, 1, . . . , n. Then the Lagrange basis functions are defined as

∗Corresponding author
Received 13 Febuary 2021; revised 26 Febuary 2021; accepted 26 Febuary 2021
Mohammad Ali Jafari
Department of Mathematical Finance, Faculty of Financial Sciences, Kharazmi Univer-
sity, Tehran, Iran. e-mail: m.a.jafari.math@gmail.com
Azim Aminataei
Faculty of Mathematics, K. N. Toosi University of Technology, Tehran, Iran. e-mail:
ataei@kntu.ac.ir

221



222 Jafari and Aminataei

Ln,i(x) =

n∏
k = 0
k ̸= i

(x− xk)
(xi − xk)

, i = 0, 1, . . . , n. (1)

Then the interpolating polynomial of degree n is defined as

p(x) =

n∑
i=0

Ln,i(x)fi. (2)

Clearly, p(x) satisfies p(xi) = fi for i = 0, 1, . . . , n. Moreover, for any f ∈
Cn+1[a, b], we have

f(x) =

n∑
i=0

Ln,i(x)fi + (x− x0)(x− x1) · · · (x− xn)
f (n+1)(ηx)

(n+ 1)!
, ηx ∈ [a, b].

(3)
Using relation (2), the classical Newton–Cotes quadrature formulas are ob-
tained [2, 3, 6, 7, 8, 9]. In this article, by using Sigmoid functions [1, 4, 5],
new types of interpolation formulas are presented. These new types of in-
terpolation result in new integration formulas and new formulas for solving
ordinary differential equations.

Sigmoid functions are mathematical functions with S-shaped curves or
sigmoid curves. These functions are bounded and monotone and have the first
derivative that is bell shapes. Additionally, these functions are constrained
by a pair of horizontal asymptotes as x −→ ±∞. Some of them are listed
below.
a. Logistic function is defined by the formula

ϕ(x) =
1

1 + e−x
. (4)

b. Hyperbolic tangent function is defined by the formula

ϕ(x) = tanh(x) =
ex − e−x

ex + e−x
. (5)

c. Arctangent function is defined by

ϕ(x) = arctan(x). (6)

d. Gudermannian function is defined by

ϕ(x) = gd(x) =

∫ x

0

1

coshx
dx = 2arctan(tanh(

x

2
)). (7)

e. Error function is defined as
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ϕ(x) = erf(x) =
2√
π

∫ x

0

e−t
2

dt. (8)

f. Generalised logistic function is defined as

ϕ(x) = (1 + e−x)−α, α > 0. (9)

g. Some algebraic functions, for example,

ϕ(x) =
x√

1 + x2
. (10)

h. Smoothstep function is defined for N ≥ 1 as

ϕ(x) =

{(∫ 1

0
(1− u2)Ndu

)−1 ∫ x
0
(1− u2)Ndu, |x| ≤ 1,

sgn(x), |x| ≥ 1.
(11)

I. The integral of any continuous, nonnegative, and “bump-shaped” function
will be sigmoid function; therefore the cumulative distribution functions for
many common probability distributions are sigmoid functions.

This article is organized as follows. In section 2, new methods of inter-
polation are introduced. In section 3, some applications of the proposed new
interpolation formulas are provided. Finally, in section 4, conclusions are
presented.

2 Main results

In this section, the new types of interpolation formulas for one- and two-
dimensional cases by using Sigmoid functions are obtained.

2.1 One-dimensional case

Theorem 1. Let ϕ be an arbitrary Sigmoid function and let{
lim

x→−∞
ϕ(x) = a,

lim
x→+∞

ϕ(x) = b.
(12)

Let f0, f1, . . . , fn be known values for an arbitrary function at points x0 <
x1 < · · · < xn, and let xi+1 − xi = hi for i = 0, 1, 2, . . . , n. Then

S(x) =

n∑
i=0

(
1

b− a

)
fi [ϕ(aix− bi)− ϕ(ai+1x− bi+1)] (13)
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is the interpolation formula for the above data points. Moreover, ai for
i = 0, 1, 2, . . . , n + 1 are positive and big enough numbers, bi

ai
= xi −

hi
2

for

i = 0, 1, 2, . . . , n, and bn+1

an+1
= xn +

hi
2

.

Proof. According to the properties of the Sigmoid functions, 0 ⩽ ϕ(aix −
bi)− ϕ(ai+1x− bi+1) ⩽ b− a. Therefore, for positive and big enough ai, in a
neighborhood of x =

bi
ai

, the function [ϕ(aix− bi)−ϕ(ai+1x− bi+1)] changes

from zero to b − a (for i = 0, 1, . . . , n). Similarly, at x =
ai+1

bi+1
, the function

[ϕ(aix− bi)−ϕ(ai+1x− bi+1)] changes from b−a to zero (for i = 0, 1, . . . , n).

Therefore, for the interior points in intervals
[
bi
ai
,
bi+1

ai+1

]
, for i = 0, 1, . . . , n,

S(x) is equal to fi. In a neighborhood of x =
bi
ai

(for i = 1, 2, . . . , n),
S(x) is changed from fi−1 to fi. In the same way, in a neighborhood of
x =

bi+1

ai+1
(for i = 0, 1, . . . , n − 1), S(x) is transformed from fi to fi+1. In

addition, in a neighborhood of x =
b0
a0

, S(x) is changed from zero to f0, and

in a neighborhood of x =
bn+1

an+1
, S(x) is changed from fn to zero. Speed

of changing can be increased by increasing ai (for i = 0, 1, . . . , n + 1). In
other words, ai and bi

ai
, i = 0, 1, . . . , n + 1, define the speed and locations

of the changes. Therefore, S(x) is the interpolation formula for aforesaid
points.

2.2 Two-dimensional case

By using the above idea for two-dimensional problems, a new type of two-
dimensional interpolation formulas can be obtained.

Theorem 2. Let F (xi, yj) = zi,j for i = 0, 1, 2, . . . , n and j = 0, 1, 2, . . . ,m.
Let ϕ and ψ be two arbitrary Sigmoid functions and let{

lim
x→−∞

ϕ(x) = a,

lim
x→+∞

ϕ(x) = b,

{
lim

x→−∞
ψ(x) = c,

lim
x→+∞

ψ(x) = d.
(14)

Let x0 < x1 < · · · < xn and y0 < y1 < · · · < ym (i.e., xi+1 − xi = hi, for
i = 0, 1, . . . , n− 1, and yj+1 − yj = kj for j = 0, 1, . . . ,m− 1). Then
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S(x, y) =

n∑
i=0

m∑
j=0

(
1

b− a

)(
1

d− c

)
zi,j (15)

[ϕ(aix− bi)− ϕ(ai+1x− bi+1)]
[
ψ(a

′

jy − b
′

j)− ψ(a
′

j+1y − b
′

j+1)
]

is the interpolation formula for the above data points. Moreover, ai for
i = 0, 1, 2, . . . , n + 1 and a

′

j for j = 0, 1, 2, . . . ,m + 1 are positive and big
enough numbers. In addition

bi
ai

= xi −
hi
2
, i = 0, 1, 2, . . . , n and

bn+1

an+1
= xn +

hn
2
,

b
′

j

a
′
j

= yj −
kj
2
, j = 0, 1, 2, . . . ,m and

b
′

m+1

a
′
m+1

= ym +
km
2
.

(16)

Proof. By using relation (13) two times, relation (15) is obtained.

In the next section, some numerical applications in interpolation, numer-
ical integration, and numerical solution of ordinary differential equations are
included.

3 Numerical applications

In this section, some applications of formula (13) in one-dimensional interpo-
lation, numerical integration, and numerical solving of ordinary differential
equations by using the Hyperbolic tangent function are given. Other formu-
las (i.e., (4)–(11)) can easily be applied. Also, in Example 6, formula (15) by
using the Hyperbolic tangent function is applied.

Example 1 (Interpolation problem). Let f(0) = 1, f(1) = 2, f(2) = 4,
f(3) = 7, f(4) = 5, and f(5) = 6. Then using formula (13), the interpolation
function is obtained as

S(x) =

(
1

2

) 5∑
i=0

f(xi) [tanh(aix− bi)− tanh(ai+1x− bi+1)]

=

(
1

2

)
(1× [tanh(a0x− b0)− tanh(a1x− b1)]

+2× [tanh(a1x− b1)− tanh(a2x− b2)]
+4× [tanh(a2x− b2)− tanh(a3x− b3)]
+7× [tanh(a3x− b3)− tanh(a4x− b4)]
+5× [tanh(a4x− b4)− tanh(a5x− b5)]
+ 6× [tanh(a5x− b5)− tanh(a6x− b6)]) . (17)
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This interpolation function in two cases (i.e., a0 = a1 = · · · = a6 = 5 and
a0 = a1 = · · · = a6 = 10) is plotted in Figures 1 and 2.
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Figure 1: Interpolation function with ai = 5 for i = 0, 1, . . . , 6.
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Figure 2: Interpolation function with ai = 10 for i = 0, 1, . . . , 6.

Example 2 (Interpolation problem (Runge’s function)). Consider the poly-
nomial interpolation of Runge’s function defined as (see [9])

g(x) =
1

1 + 25x2
, x ∈ [−1, 1]. (18)

The polynomial interpolating with N = 15 equidistant nodes is plotted in
Figure 3. Also, using formula (13), the new interpolation is obtained. This
interpolation function is plotted in Figure 4. The error function of polynomial
interpolation is plotted in Figure 5. As you can see, the error at nonnodal
points does not decrease with the increase of nodes; see [3, 9]. Also, the error
function of the new interpolation is plotted in Figure 6.
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Figure 3: Polynomial interpolation function of Runge’s function with N = 15 equidis-
tant nodes in [−1, 1].
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Figure 4: The new interpolation function of Runge’s function with N = 15 equidistant
nodes in [−1, 1] and a[i] = 100 for i = 0, 1, 2, . . . , 15.
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Figure 5: Error function of the polynomial interpolation function for Runge’s function
with N = 15 equidistant nodes in [−1, 1].
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Figure 6: Error function of the new interpolation formula for Runge’s function with
N = 15 equidistant nodes in [−1, 1] and a[i] = 100 for i = 0, 1, 2, . . . , 15.

Example 3 (Numerical integration (closed type)). Quadrature formula of
Newton–Cotes on the finite interval [a, b] is defined as (see [7, 8])∫ b

a

f(x)dx =

n∑
i=0

wif(xi) +Rn(f), (19)

where xi are equidistantly distributed with the step size b− a
n

and xi = a+ih,
i = 0, 1, . . . , n. In addition, Rn(f) = 0 whenever f ∈ Pn−1, where Pn−1 is
the space of all algebraic polynomials of degree at most n − 1. Now, using
relation (13) for ϕ(x) = tanh(x) results in∫ b

a

f(x)dx ≈
∫ b

a

S(x)dx

=

∫ b

a

n∑
i=0

(
1

2

)
fi [tanh(aix− bi)− tanh(ai+1x− bi+1)] dx.(20)

Therefore, relation (20) is simplified as∫ b

a

f(x)dx ≈
n∑
i=0

[(
1

2ai

)
[ln(cosh(aib− bi))− ln(cosh(aia− bi)] (21)

−
(

1

2ai+1

)
[ln(cosh(ai+1b− bi+1))− ln(cosh(ai+1a− bi+1)]

]
fi.

As it is mentioned above, explicit forms of quadrature formulas based on this
new interpolation formula can be directly obtained. As an example, consider
the following integral:
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Table 1: Absolute error of quadrature formula (21) for n = 5(5)30 and f(x) = exp(x2).

n Absolute error
5 1.8(-2)
10 4.5(-3)
15 2.0(-3)
20 1.0(-3)
25 4.0(-4)
30 1.2(-4)

∫ 1

0

exp(x2)dx ≈ 1.46265174590718. (22)

The absolute error of formula (21) to approximate the above integral, for
ai = 100, i = 0, 1, . . . , n, is presented in Table 1.

Example 4 (Numerical integration (open type)). In relation (19), if w0 =
wn = 0, then the open type of Newton–Cotes formula is obtained. In this
case, Rn(f) = 0 whenever f ∈ Pn−3. The new quadrature formula in this
case is as follows:∫ b

a

f(x)dx ≈
∫ b

a

S(x)dx (23)

=

∫ b

a

n−1∑
i=1

(
1

2

)
fi [tanh(aix− bi)− tanh(ai+1x− bi+1)] dx.

Therefore, relation (23) is simplified as∫ b

a

f(x)dx ≈
n−1∑
i=1

[(
1

2ai

)
[ln(cosh(aib− bi))− ln(cosh(aia− bi)]

−
(

1

2ai+1

)
[ln(cosh(ai+1b− bi+1))− ln(cosh(ai+1a− bi+1)]

]
fi.

As an example, consider the following integral:∫ 1

0

x100 sin

(
1

x

)
dx ≈ 0.008384044187. (24)

The absolute error of formula (24) to approximate the above integral, for
ai = 100, i = 0, 1, . . . , n, is presented in Table 2.

Example 5 (Numerical methods for solving ordinary differential equation).
Consider the following ODE:
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Table 2: Absolute error of quadrature formula (24) for n = 5(5)30 and f(x) =

x100 sin( 1
x
).

n Absolute error
5 8.38(-3)
10 8.38(-3)
15 8.32(-3)
20 8.12(-3)
25 7.79(-3)
30 7.39(-3)

dy

dx
= x+ y,

y(0) = 0,
(25)

with exact solution y(x) = exp(x)− x− 1. Integrating both sides of relation
(25) on interval [0, x] and using initial condition result in

y(x) = y(0) +

∫ x

0

(s+ y)ds =
1

2
x2 +

∫ x

0

yds. (26)

Now, using the new interpolation formula for y results in
n∑
i=0

(
1

2

)
y(xi) [tanh(aix− bi)− tanh(ai+1x− bi+1)] (27)

=
1

2
x2 +

∫ x

0

[
n∑
i=0

(
1

2

)
y(xi) [tanh(ais− bi)− tanh(ai+1s− bi+1)]

]
ds.

Let Qi(x) = tanh(aix − bi) − tanh(ai+1x − bi+1) for i = 0, 1, 2, . . . , n. Then
relation (27) is simplified as

n∑
i=0

(
1

2

)
y(xi)Qi(x) =

1

2
x2 +

∫ x

0

[
n∑
i=0

(
1

2

)
y(xi)Qi(s)

]
ds

=
1

2
x2 +

(
1

2

) n∑
i=0

y(xi)

∫ x

0

Qi(s)ds. (28)

Finally, relation (28) is simplified as
n∑
i=0

y(xi)

(
Qi(x)−

∫ x

0

Qi(s)ds

)
= x2. (29)
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By collocating (29) at xi, i = 1, 2, . . . , n, the unknown values of y(xi) are
obtained. For example, the error function on [0, 1] for n = 10, and xi =

i

10
,

i = 1, 2, . . . , 10, is plotted in Figure 7. Also, the error function on [0, 1] for
n = 20 and xi =

i

20
, i = 1, 2, . . . , 20, is plotted in Figure 8.
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0.2 0.4 0.6 0.8 1

x

Figure 7: The error function of Example 5, with n = 10 in [0, 1] and a[i] = 100 for
i = 0, 1, 2, . . . , 10.
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Figure 8: The error function of Example 5, with n = 20 in [0, 1] and a[i] = 100 for
i = 0, 1, 2, . . . , 20.

Example 6 (Numerical integration for double integral). Now using relation
(15) results in
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Table 3: Absolute error of quadrature formula (30) for n = 5(5)30 and F (x, y) =

exp(x2 + y2).

n Absolute error
5 5.30(-2)
10 1.32(-2)
15 5.83(-3)
20 2.97(-3)
25 1.19(-3)
30 3.46(-4)

∫ b

a

∫ d

c

F (x, y)dydx ≈
∫ b

a

∫ d

c

S(x, y)dydx (30)

=

∫ b

a

∫ d

c

n∑
i=0

m∑
i=0

(
1

2

)2

zi,j

× [tanh(aix− bi)− tanh(ai+1x− bi+1)]

×
[
tanh(a

′

iy − b
′

i)− tanh(a
′

i+1y − b
′

i+1)
]
dxdy.(31)

As an example, consider the following integral:∫ 1

0

∫ 1

0

exp(x2 + y2)dydx ≈ 2.139350130. (32)

The absolute error of formula (30) to approximate the above integral, for
ai = 100, i = 0, 1, . . . , n, is presented in Table 3.

4 Conclusions

In this article, by using Sigmoid functions, the new types of interpolation
formulas were presented. To show the efficiency of the proposed new inter-
polation formulas, some applications in quadrature formulas (in both open
and closed types), numerical integration for double integral, and numerical
solution of ordinary differential equation were included. Numerical results
were obtained by using the Hyperbolic tangent function, which can be easily
changed by other Sigmoid functions.
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