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Research Article

A new approximate inverse
preconditioner based on the Vaidya’s
maximum spanning tree for matrix

equation AXB = C

K. Rezaei, F. Rahbarnia∗ and F. Toutounian

Abstract

We propose a new preconditioned global conjugate gradient (PGL-CG)
method for the solution of matrix equation AXB = C, where A and B
are sparse Stieltjes matrices. The preconditioner is based on the support
graph preconditioners. By using Vaidya’s maximum spanning tree precon-

ditioner and BFS algorithm, we present a new algorithm for computing the
approximate inverse preconditioners for matrices A and B and constructing a
preconditioner for the matrix equation AXB = C. This preconditioner does
not require solving any linear systems and is highly parallelizable. Numerical

experiments are given to show the efficiency of the new algorithm on CPU
and GPU for the solution of large sparse matrix equation.

AMS(2010): 65F10.

Keywords: Krylov subspace methods; matrix equation; approximate in-
verse preconditioner; global conjugate gradient; support graph precondi-
tioner; Vaidya’s maximum spanning tree preconditioner.
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2 K. Rezaei, F. Rahbarnia and F. Toutounian

1 Introduction

The solution of linear systems of equations is at the heart of many compu-
tations in science, engineering, and other disciplines; see [2, 8–10] and their
references. Hence, many researches have been performed on various types of
matrix equations; for example, see [1, 8, 11,16,18,19,27,28].

The principal goal of this paper is to use support graph preconditioning
techniques to solve the matrix equation

AXB = C, (1)

where A ∈ Rn×n and B ∈ Rm×m are large sparse Stieltjes matrices. The
linear matrix equation (1) can be written as the following nm × nm linear
system:

(BT ⊗A)vec(X) = vec(C), (2)

where vec(X) is the vector of Rnm obtained by stacking the columns of the
n ×m matrix X and ⊗ denotes the Kronecker product (A ⊗ B = [aijB]ij).
The CG algorithm [24] can be used to solve the linear system (2). However,
for large problems, this approach cannot be applied directly. In addition, the
number of iterations of conjugate gradient method for the solution of linear
system of equations Ax = b is bounded by the square root of the spectral
condition number κ(A) of A. The condition number is the ratio of extreme
eigenvalues of A, κ(A) = λmax(A)/λmin(A). Preconditioner accelerates the
convergence of iterative methods for solving linear systems.

In this paper, we use the preconditioned global conjugate gradient (PGL-
CG) method for obtaining the approximate solution of matrix equation (1).
The preconditioner is based on the support graph preconditioners. Predeces-
sors of support-graph methods can be found in the work from the late 80s by
Notay, Beauwens, and collaborators in which graph-theoretic notions (princi-
pally paths) are used in the analysis of preconditioners; see [3,4,21–23]. These
insights were extended by Vaydia [26], who described his work in a talk in
1991 but did not publish a paper. Vaidya used support-graph techniques to
design a family of preconditioners based on spanning trees in graphs. Later,
Gremban, Miller, and Zagha [14, 15] extended the technique and used it to
construct another family of preconditioners. In Section 3, we use Vaidya’s
maximum spanning tree preconditioners of matrices A and B for developing
fast and efficient preconditioner to precondition equation (2).

Throughout this paper, all matrices are assumed to be real. For two
matrices X,Y ∈ Rn×s, the inner product ⟨X,Y ⟩F = (Y TX) is used and the
associated norm is the Frobenius norm denoted by ∥.∥F .

The rest of the paper is organized as follows. In the next section, we
implement the preconditioned global CG method for solving matrix equation
(1) and we introduce Vaidya’s maximum spanning tree preconditioner. In
section 3, we present a new algorithm for computing the inverse of this kind



G
al
le
y
P
ro
of

A new approximate inverse preconditioner based on ... 3

of preconditioners. In section 4, numerical examples are given to illustrate
the efficiency of the proposed preconditioner. Conclusions are summarized
in Section 5.

2 Preconditioned GL-CG method for solving the matrix
equation AXB = C

In this section, we consider the matrix equation AXB = C, where A and B
are symmetric and positive definite and assume that the preconditioners PA

and PB are available. The preconditioners PA and PB are the matrices that
approximate A and B in some sense, respectively. It is assumed that PA and
PB are also symmetric positive definite. Then, we can precondition system
(1) as follows:

(PB ⊗ PA)
−1(B ⊗A)vec(X) = (PB ⊗ PA)

−1vec(C), (3)

where the preconditioner (PB ⊗ PA) is a symmetric positive definite matrix.
In addition, from the fact that ∥A⊗B∥ = ∥A∥∥B∥ [17], we have

cond((PB ⊗ PA)
−1(B ⊗A)) = cond(P−1

B B)cond(P−1
A A).

The straightforward application of PCG algorithm [24] to the linear system
(3) yields the following preconditioned global CG algorithm for solving the
matrix equation (1).

Algorithm 1 PGL-CG for solving AXB=C

1. Compute R0 = C −AX0B,Z0 = P−1
A R0P

−1
B and P0 = Z0

2. for j = 0, 1, . . . , until convergence do
3. αj =

<Rj ,Zj>F

<APjB,Pj>F

4. Xj+1 = Xj + αjPj

5. Rj+1 = Rj − αjAPjB
6. Zj+1 = P−1

A Rj+1P
−1
B

7. βj =
<Rj+1,Zj+1>F

<Rj ,Zj>F

8. Pj+1 = Zj+1 + βjPj

9. end for

We focus on applying Vaidya’s preconditioner of the first class to the ma-
trices A and B for constructing the preconditioners PA and PB . In order
to explain Vaidya’s preconditioner, we first present the following definition
from [7].

Definition 1. The underlying graph GA = (VA, EA) of an n-by-n symmetric
matrixA is a weighted undirected graph whose vertex set is VA = {1, 2, . . . , n}
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and whose edges set is EA = {(i, j) : i ̸= j, ai,j ̸= 0}. The weight of an edge
(i, j) is −ai,j . The weight of a vertex i is the sum of elements in the row i of
A.

Graph preconditioner, introduced by Vaidya [26] in the early nineties,
uses maximum-weight spanning tree (MWST) preconditioners to bound the
condition number of a preconditioned system. Vaidya’s method constructs a
preconditioner M whose underlying graph GM is a subgraph of GA (graph of
A). The graph GM of preconditioner has the same set of vertices as GA and
a subset of the edges of GA. Vaidya proposed two classes of precondition-
ers. The first class of MWST preconditioners guarantees a condition number
bound of O(n2) for any n× n sparse diagonally dominant symmetric (SDD)
matrix; see [7]. The second class of preconditioners is based on MWST aug-
mented with a few extra edges. This class of preconditioners guarantees that
the work in the linear solver is bounded by O(n1.75) for any sparse diagonally
dominant matrix. In this paper, we focus on applying Vaidya’s precondition-
ers of the first class to a subclass of SDD matrices, the class of SDD matrices
with nonpositive off-diagonal elements (Stieltjes matrices).

In order to construct the MWST preconditioner PA for A, we first con-
struct the maximum-weight spanning tree TA in GA and then modify the
diagonal elements of preconditioner PA such that A and PA have the same
row sums. In other words, TA is a connected graph with no cycles (i.e., a
spanning tree), and the total weight of its edges is maximal among all span-
ning trees of GA. The preconditioner PA is a diagonally dominant Stieltjes
matrix whose underlying graph is GPA

= TA, and whose row sums are iden-
tical to those of A.

When the condition number of the matrix B⊗A is high, it becomes nec-
essary to develop a fast and efficient preconditioner for the iterative solution
of (2). In order to precondition the system (2), we first construct Vaidya’s
preconditioners (maximum-weight spanning tree) PA and PB for A and B,
respectively, and then we use PB ⊗ PA as a preconditioner for the matrix
B ⊗ A. The implementation of this preconditioner is based on computation
of the inverse matrices P−1

A and P−1
B . In Section 3, we show that, by using

the breadth first search (BFS) algorithm [25], we can easily compute these
inverse matrices.

3 Computation of inverse of a MWST preconditioner

Let M be a symmetric positive definite matrix whose underlying graph TM is
a tree. In order to compute the inverse of M , we need the following definition.

Definition 2. The elimination matrix Lpq(−α) ∈ Rn×n with p ̸= q, is
an identity matrix with one nonzero off-diagonal entry in the row p and the
column q. Therefore the entries of Lpq(−α) are as follows:
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(Lpq(−α))(i,j) =


1 if i = j,

−α if (i, j) = (p, q),

0 otherwise.

Now we investigate the result of symmetric transformation

M = Lpq(−α)MLT
pq(−α). (4)

Now Lpq(−α)M changes only the row p of M , while MLT
pq(−α) changes only

the column p. Thus, multiplying out equation (4) and using the symmetry
of M , we get the explicit formulas

m̄pj = m̄jp = mpj − αmqj , j ̸= p,
m̄pp = mpp − 2αmpq + α2mqq,
m̄ij = m̄ji = mij otherwise.

(5)

The idea of our method is to try to zero the off-diagonal elements of M
by a series of transformations (4) and using the leaves of graph TM and its
subtrees.

Let us assume that the vertex q is a leaf in TM and its neighbor is the
vertex p. In order to zero the off-diagonal mpq, accordingly, to set m̄pq = 0,
equation (5) gives the following expression for the parameter α :

α =
mpq

mqq
. (6)

From (5) and (6), the entries of M = Lpq(−α)MLT
pq(−α) are as follows:

m̄pp = mpp − 2αmpq + α2mqq,
m̄pq = m̄qp = 0,
m̄ij = mij otherwise.

This process which eliminates the nonzero entries mpq and mqp of M ,

is equivalent to eliminate the edge (p, q) from the tree TM . If M̃ denotes
the matrix obtained from the matrix M by removing the row q and the
column q, then it is trivial that the underlying graph of this submatrix is
the induced subtree of TM on V (TM ) − {q}. Let M1 = M,p1 = p, q1 =

q, α1 = α,M1 = Lpq(−α)MLpq(−α)T , and M2 = M̃ ; then, we can succes-
sively transform M to diagonal form by means of transformations of the
type (4) in (n − 1) steps with the elimination matrices Lpj ,qj (−αj) and
αj = (mpj ,qj/mqj ,qj ), j = 1, 2, . . . , n − 1, which are defined by choosing the
edges (pj , qj), j = 1, 2, . . . , n − 1 such that the vertex qj is a leaf in the
subtree TMj . To achieve this, we need to apply the BFS algorithm (Al-
gorithm 2) to the maximum-weight spanning tree TM to obtain the vector
V = [j1, j2, . . . , jn], which represents an array of vertices that are traversed
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and sorted by the BFS algorithm and Level(uj), j = 1, 2, . . . , n, which rep-
resent the level of traversed vertices uj , j = 1, 2, . . . , n in the BFS tree.

By using the array of vertices V = [j1, j2, . . . , jn], we can diagonalize the
matrix M in n−1 steps. In step k, k = 1, 2, . . . , n−1, by choosing the vertex
qk = jn−k+1 from V and considering its parent pk = in−k+1 and the edge
(pk, qk), we define the elimination matrix Lpk,qk(−αk) for eliminating the off-
diagonal element mpk,qk . In Lemma 1, we show that the vertex qk = jn−k+1

at step k is a leaf in the subtree TMk
. In what follows, we show that by using

Level (uj), j = 1, 2, . . . , n, we can reduce the overall time of producing the
inverse of M .

Algorithm 2 Breadth first search algorithm as BFS(G,s)

V = ∅
for each vertex u ∈ V (G) − s do
state(u) = ”undiscovered”
p(u) = nil, i.e. no parent is in the BFS tree

end for
state(s) = ”discovered”
V = V ∪ {s}
Level(s) = 0
p(s) = nil
Q = {s}
while Q ≠ ∅ do
u = dequeue(Q)
process vertex u as desired
for each v ∈ Adj(u) do
process edge (u, v) as desired
if state(v) = ”undiscovered” then

state(v) = ”discovered”
V = V ∪ {v}
p(v) = u
Level(v) = Level(p(v)) + 1
enqueue(Q, v)

end if
state(u) = ”processed”

end for
end while

Lemma 1. Let V = {j1, j2, . . . , jn} be the set of vertices obtained by the BFS

algorithm. If we isolate the vertex jn and T
(jn)
M denotes the induced subtree

of TM on the vertex set V (TM ) − {jn}, then jn−1 is a leaf in the induced

subtree T
(jn)
M .

Proof. Let in be the parent of jn and Level(jn) = l. According to the BFS
algorithm, if s < t, then Level(js) ⩽ Level(jt). Suppose that we isolate the
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vertex jn; then we must consider the Level(jn−1). If Level(jn−1) = l, then

it is trivial that the vertex jn−1 is a leaf in the induced subtree T
(jn)
M . If

Level(jn−1) = l − 1, then it means that there is no vertex in level l, so the
vertex jn−1 has no children, according to the BFS algorithm, and it is a leaf

in the subtree T
(jn)
M .

Let M be Vaidya’s maximum-weight spanning tree preconditioner for the
diagonally dominant spd matrix A and let V = {j1, j2, . . . , jn} be the array
obtained by the BFS algorithm. We observe that we can diagonalize M by
n − 1 elimination matrices Lpk,qk(−αk), k = 1, 2, . . . , n − 1, where qk =
jn−k+1. So, the elimination process yields the diagonal matrix D as follows:

D = Ln−1Ln−2 . . . L1MLT
1 . . . LT

n−2L
T
n−1,

where Lk = Lpk,qk(−αk), k = 1, 2, . . . , n− 1. Therefore, we have

M−1 = (Ln−1Ln−2 . . . L1)
TD−1(Ln−1Ln−2 . . . L1).

In addition, by supposing that level(jn) = l, we can write

M−1 = (G1G2 . . . Gl)
TD−1(G1G2 . . . Gl),

where Gk = Lνk+sk−1 . . . Lνk
for k = 1, . . . , l, and sk represents the num-

ber of vertices that have the level k in the graph TM , and the matrices
Lνk+sk−1, . . . , Lνk

are generated by the vertices jn−(νk+sk−1)+1, . . . , jn−νk+1,
which have level k. In Lemma 2, we show that the nonzero off-diagonal
elements of Gk are equal to the nonzero off-diagonal elements of matrices
Lνk+sk−1, . . . , Lνk

.

Lemma 2. Let Sk = {jn−(νk+sk−1)+1, . . . , jn−νk+1} be the set of vertices
in level k of algorithm BFS and let Gk = Lνk+sk−1 . . . Lνk

, where Lr =
Lpr,qr (−αr) for r = νk, . . . , νk+sk−1 and pr is the parent of qr = jn−r+1.
Then the entries of Gk are as follows:

Gk(i, j) =


1 if i = j,

−αr = −mpr,qr

mqr,qr
if (i, j) = (pr, qr), qr = jn−r+1 ∈ Sk,

and (pr, qr) ∈ E(TA),

0 otherwise.

Proof. From the definition of elimination matrix Lr = Lpr,qr (−αr), we have

Lr = Lpr,qr (−αr) = I − αrEpr,qr ,

where Epr,qr contains only 0s except for 1 in the (pr, qr)th position. From
the fact that all the vertices in Sk have level k, for all qr(= jn−r+1), qr′(=
jn−r′+1) ∈ Sk, we have
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Epr,qr × Epr′ ,qr′ for= 0 qr ̸= pr′ .

So, by the induction on the number of elimination vertices in level k, we can
easily show that

Gk = I −
νk+sk−1∑

r=νk

αrEpr,qr ,

which completes the proof.

Finally, summarizing the previous results, we describe the tree inverse
algorithm for computing the inverse of M as follows:

Algorithm 3 Tree inverse

input(TA, root)
(v, Level) = BF S(TA, root)
M̃ = I
d = Diag(A)
for k = l to 1 step -1 (l is the number of levels obtained from the BFS 
algorithm) do
G = I
for all vertices in level k do
j =current vertex
i =the parent of current vertex

mijα = −mjj

gij = α
dii = dii − αaij

end for
˜ ˜M = GM

end for
˜ ˜1 T 1set P − = M D− MA

4 Numerical experiments

In this section, we compare the experimental results obtained by solving the
preconditioned system of equation (1). Four preconditioners will be com-
pared: MWST, AINV (right-looking version) [5], incomplete Cholesky, and
RIF [6] preconditioners. In addition, the following approaches are used for
applying the MWST preconditioners:

1. We use the matrices P−1
A and P−1

B computed by the tree inverse algo-
rithm (Algorithm 3).
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2. We use the Cholesky factorization of the MWST preconditioners PA

and PB for computing Zj+1 in lines 1 and 6 of Algorithm 1.

3. In order to reduce the fill-in, first, we apply the reverse Cuthill–McKee
ordering [12,13] to the preconditioners PA and PB and then we use the
Cholesky factorizations of the resulting matrices.

Finally, for large matrices, we compare the results obtained by the approach 1
on GPU and CPU.

The examples have been coded in MATLAB with double-precision and
have been executed on a quad-processor 4.2 GHz i7 computer with 32 GBytes
of main memory. In all examples, the initial iteration matrix is zero. We stop
the iterations when

RError =
∥Rk∥F
∥R0∥F

≤ ϵ,

where Rk is the residual of the kth iterate and ϵ is a proper stopping tolerance.
In all the tables, the CPU time is in second and a dagger (†) indicates that
no convergence is achieved after 10000 iterations except for Tables 5 and 6,
where the maximum number of iterations is 30000. We also set the stopping
tolerance 10−9. The matrix C is chosen such that the exact solution X has
the entries xij = i ∗ j for i = 1, . . . , n and j = 1, . . . ,m.

For the first set of examples, we consider the matrix NOS6 from Harwell–
Boeing collection [20] and the matrix STn, which is obtained by discretizing
the poisson equation

∂2u

∂x2
+

∂2u

∂y2
= f in Ω = ]0, 1[× ]0, 1[

with the Dirichlet boundary condition on a uniform grid of mesh size h = 1
n+1

via central differences. These matrices with their properties are presented in
Table 1. In this table, cond denotes the condition number of the matrices in
2-norm.

Table 1: First set of test problems information

Test matrix n nnz cond

ST5 25 105 20.77
ST10 100 460 69.8634

ST20 400 1920 258.4520
ST30 900 4380 564.9227
ST40 1600 7840 989.2690
ST50 2500 12300 1531.5

Nos6 675 3255 8× 106

In Table 2, we compare the number of iterations (It) and the CPU itera-
tion time (It-time) for the preconditioners: the approximate inverse with drop
tolerance equal to 0.1 (AINV) [5] , the incomplete Cholesky factorization
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(IC(0)), MWST using the approaches 1–3 (MWST1, MWST2, MWST3,
respectively), and the robust incomplete factorization with drop tolerance
equal to 0.1 (RIF). The CPU time for computing the preconditioner (P-
time) and the total time for computing an approximate solution (T-time) are
given in Table 3. Table 2 reveals that the preconditioner MWST1 is faster
(in terms It-time) than the other preconditioners (except for MWST3 with
A =NOS6 and B = ST5, ST50) and it requires a lower number of iterations
than AINV and IC(0) preconditioners. Table 3 shows that the precondi-
tioners MWST1 is faster (in terms T-time) than the other preconditioners
(except for MWST3 with A =nos6 and B = ST50, and RIF for NOS6 and
ST5). In addition, for large matrices (NOS6 with ST40, and ST50), MWST1

preconditioner is better (in terms of P-time) than the other preconditioners.
For small matrices (NOS6 with ST5, ST10, ST20, and ST30), we observe that
the time of constructing the preconditioner RIF is smaller than that of the
other preconditioners. For the second set of examples, we define matrices
STMn = STn +DIn, where DIn is a diagonal matrix such that the matrix
STMn has zero row weights (except for one row, where we increase the row
sums to obtain a nonsingular matrix). Table 4 represents the properties of
these matrices.

Table 4: Second set of test problems information

Test matrix n nnz cond

STM5 25 105 2.0002× 106

STM10 100 460 8.0012× 106

STM20 400 1920 3.2006× 107

STM30 900 4380 7.2016× 107

STM40 1600 7840 1.2803× 108

STM50 2500 12300 2.0005× 108

The results obtained for these matrices (which have large condition num-
ber) are presented in Tables 5 and 6. The results of Table 5 show that
MWST1 is the best in terms of iteration time (except for MWST3 with
A = STM5, B = STM30 and RIF with A = STM20, B = STM20). From
the results of Table 6, we observe that, for large matrices, MWST1 is bet-
ter (in terms of total time) than the other preconditioners (except for RIF
with A = STM10, B = STM10 and A = STM20, B = STM20). Finally,
we consider the results obtained for the preconditioner MWST1 in terms of
CPU time, GPU time, and the number of iterations. We mention that the
preconditioner was computed on the CPU. All numerical experiments in this
section were computed in double precision with a MATLAB code. We used
a Geforce GTX 1070 GPU with 8 GBytes VRAM memory. The results are
listed in Tables 7 and 8. The notations CIT (GIT) and CIT-time (GIT-time)
represent the number of iterations and CPU iteration time (GPU iteration
time) on the CPU (GPU) required for convergence, respectively. These ta-
bles show that the number of iterations for the CPU and the GPU are close
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together and that the GPU time is very smaller than the CPU time for large
matrices. So, we can conclude that MWST1 preconditioner in the GL-CG
method offers a great potential in a parallel processing environment.

Table 7: The performance of the preconditioner MWST1 on CPU and GPU
for the first set of examples

Matrices MWST1

A B CIt CIt-time GIt GIt-time

NOS6 ST5 207 0.16 208 0.56
NOS6 ST10 499 0.97 500 1.39

NOS6 ST20 1131 16.78 1131 11.95
NOS6 ST30 1817 84.99 1815 57.91
NOS6 ST40 2489 308.60 2487 200.15

NOS6 ST50 3167 884.18 3162 591.95
NOS6 NOS6 725 22.90 729 18.10

Table 8: The performance of the preconditioner MWST1 on CPU and GPU
for the second set of examples

Matrices MWST1

A B CIt CIt-time GIt GIt-time

STM10 STM10 831 0.18 833 1.09
STM10 STM20 2264 4.72 2267 4.73
STM10 STM30 3596 34.00 3604 20.35

STM10 STM40 4926 152.78 4931 71.82
STM10 STM50 6274 488.41 6287 197.01
STM20 STM20 4568 36.58 4578 24.91
STM20 STM30 7599 216.78 7611 143.72

STM20 STM40 10343 840.34 10354 520.89
STM20 STM50 13010 2234.6 13027 1500.6
STM30 STM30 11171 712.07 11199 491.93
STM30 STM40 15489 2563.8 15504 1731.5

STM30 STM50 19497 6225.7 19521 4999.5
STM40 STM40 20170 6165.1 20207 4156.8
STM40 STM50 25848 15348.00 25873 12075.00
STM50 STM50 31525 30637.00 31573 24410.00

5 Conclusion

We have proposed an approach for computing an approximate solution of
matrix equation AXB = C, where A and B are Stieltjes matrices. In this
approach, by using the BFS algorithm, we presented a new algorithm for
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obtaining the inverse of Vaidya’s maximum spanning tree preconditioner as
an approximate inverse preconditioner. This preconditioner does not require
solving any linear systems and is highly parallelizable. We observed that this
algorithm furnishes an efficient preconditioner for the matrix equations. The
numerical experiments showed that, for large matrices, this preconditioner is
better than the other preconditioner in terms of iteration time and total time
and the new algorithm is very efficient on the GPU.
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Differential transform method for
conformable fractional partial

differential equations

M. Eslami∗ and S.A. Taleghani

Abstract

We expand a new generalization of the two-dimensional differential trans-
form method. The new generalization is based on the two-dimensional differ-
ential transform method, fractional power series expansions, and conformable

fractional derivative. We use the new method for solving a nonlinear con-
formable fractional partial differential equation and a system of conformable
fractional partial differential equation. Finally, numerical examples are pre-
sented to illustrate the preciseness and effectiveness of the new technique.

AMS(2010): 46N40; 35Q99.

Keywords: Conformable fractional derivative; Differential transform method;
two-dimensional differential transform method.

1 Introduction

Fractional partial differential equations and systems of partial differential
equations arise in many areas of mathematics, engineering, and the physical
science, which make it very important to find efficient methods for solving
the partial fractional differential equations.

The differential transform method is an analytical method for solving
differential equations. The concept of differential transform method was first
introduced by Zhou in solving linear and nonlinear initial value problems in
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electrical circuit analysis [16]. The method provides an analytical solution in
the form of a polynomial.

Fractional calculus [9, 13] is a field of Mathematics in which derivatives
and integrals of arbitrary orders are discussed. Studies show many physical
systems compatible with fraction derivatives theory. Therefore, there have
been significant interest in this subject trying to introduce a definition for
fractional derivative in most of which integral forms have been widely used.
The two most commonly used definitions are Riemann–Liouville, and Caputo.

Recently, a new kind of fractional derivative called a conformable frac-
tional derivative was proposed by Khalil et al. [8]. This new definition sat-
isfies formulas of derivative of product and quotient of two functions. In
addition to the conformable fractional derivative definition, the conformable
fractional integral definition, Rolle theorem, and mean value theorem for the
conformable fractional differentiable functions were given. Since then, many
researchers have made a huge number of scientific articles on the topic. As an
instance, Abdeljawad [1] provided fractional versions of the chain rule, expo-
nential functions, Gronwall’s inequality, integration by parts, Taylor power
series expansions, and Laplace transforms. Cenesiz and Kurt [4,10] found the
solutions of time and space-fractional heat differential equations by the con-
formable fractional derivative and the approximate analytical solution of the
time conformable fractional Burger’s equation via homotopy analysis method.
Acan et al. [2,3] introduced a new type reduced differential transform method
called the conformable fractional reduced differential transform method and
conformable variational iteration method based on the new defined fractional
derivative. Masalmeh [11] applied the series solution for a case of conformable
fractional Riccati differential equation with variable coefficients and Ilie et al.
[11] introduced a general solution to conformable fractional differential equa-
tions. Therefore, it is clearly deducted that further studies and explanations
can be made on this newly introduced fractional derivative.

2 Basic definition

Definition 1. [8] Given a function f : [a,∞] → R. Then the conformable
fractional derivative of f order α is defined by

(aT
α
t f) (t) = lim

ε→0

f(t+ ε(t− a)1−α)− f(t)

ε
, (1)

for all t > 0 and α ∈ (0, 1].

Definition 2. [1] Given a function f : [a,∞] → R. Let n < α ≤ n + 1
and β = α − n. Then the conformable (left) fractional of f order α, where
exists, is defined by
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(T a
α
f)(t) = (T a

β
f (n))(t).

Definition 3. [15] Assume that f(x) is an infinite-differentiable function
for some α ∈ (0, 1]. The conformable fractional differential transform of f(x)
is defined as

Fα(k) =
1

αkk!

[
(T x0

α f)(k)(x)
]
x=x0

. (2)

Definition 4. The inverse conformable fractional differential transform of
Fα(k) is defined as [15]

f(x) =
∞∑
k=0

Fα(k)(x− x0)
kα. (3)

3 Two-dimensional conformable fractional differential
transform method

Consider a function of two variables u(x, t), and suppose that it can be rep-
resented as a product of two single variable functions, that is, u(x, t) =
f(x).g(t); see [12]. On the basis of the properties of one-dimensional con-
formable fractional differential transform [15], the function u(x, t) can be
represented as

u(x, t) =

∞∑
k=0

Fα(k)(x− x0)
kα ×

∞∑
h=0

Gβ(h)(t− t0)
hβ

=
∞∑
k=0

∞∑
h=0

Uα,β(k, h)(x− x0)
kα(t− t0)

hβ , (4)

where 0 < α, β ≤ 1, Uα,β(k, h) = Fα(k)Gβ(h) is called the spectrum of
u(x, t).

The conformable fractional differential transform of a function u(x, t) is
as follows:

Uα,β(k, h) =
1

αkk!βhh!

[
(x0T

α
x )

(k)(t0T
β
t )

(h)u(x, t)
]
(x0,t0)

. (5)

Based on (4) and (5), we have the following results.

Theorem 1. Suppose that Uα,β(k, h), Vα,β(k, h), and Wα,β(k, h) are the
conformable fractional differential transformations of the functions u(x, t),
v(x, t), and w(x, t), respectively. Then
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1. if u(x, t) = v(x, t)± w(x, t), then Uα,β(k, h) = Vα,β(k, h)±Wα,β(k, h);

2. if u(x, t) = C.v(x, t), C ∈ R, then Uα,β(k, h) = C.Vα,β(k, h);

3. if u(x, t) = v(x, t).w(x, t), then

Uα,β(k, h) =
k∑

r=0

h∑
s=0

Vα,β(r, h− s).Wα,β(k − r, s);

4. if u(x, t) = v(x, t).w(x, t).z(x, t), then

Uα,β(k, h) =
k∑

r=0

k−r∑
t=0

h∑
s=0

h−s∑
p=0

Vα,β(r, h−s−p).Wα,β(t, s)Zα,β(k−r−t, p);

5. if u(x, t) = (x− x0)
m(t− t0)

n, then Uα,β(k, h) = δ(k − m
α )δ(h− n

β );

6. if u(x, t) = eλ(
(x−x0)α

α +
(t−t0)β

β ), where λ is constant, then Uα,β(k, h) =
λk+h

αkk!βhh!
;

Proof. These items can be proved by using (4) and (5).

Theorem 2. If u(x, t) = x0T
α
x v(x, t) , 0 < α ≤ 1 , then

Uα,β(k, h) = α(k + 1).Vα,β(k + 1, h). (6)

Proof. From (5), we have

Uα,β(k, h) =
1

αkk!βhh!

[
(x0T

α
x )

k(t0T
β
t )

h
x0T

α
x v(x, t)

]
(x0,t0)

=
1

αkk!βhh!

[
(x0T

α
x )

k+1(t0T
β
t )

hv(x, t)
]
(x0,t0)

= α(h+ 1)Vα,β(k + 1, h). (7)

Theorem 3. If u(x, t) = t0T
γ
t v(x, t) , m < γ ≤ m+ 1, then

Uα,β(k, h) = Vα,β(k, h+
γ

β
).
Γ(hβ + γ + 1)

Γ(hβ + γ −m)
. (8)

Proof. Consider the initial condition of the problem,
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T γ
t v(x, t) = t0T

γ
t

[
v(x, t)− f(x)×

m∑
h=0

g(h)(0)

h!
(t− t0)

h

]

= t0T
γ
t

[
f(x)×

∞∑
h=0

Gβ(h)(t− t0)
hβ − f(x)×

m∑
h=0

g(h)(0)

h!
(t− t0)

h

]
.

Substituting hβ in place of k in the second series and considering the initial
conditions, we obtain

T γ
t v(x, t) = t0T

γ
t

f(x)× ∞∑
h=0

Gβ(h)(t− t0)
hβ − f(x)×

γ
β−1∑
h=0

g(hβ)(0)

(hβ)!
(t− t0)

hβ


= t0T

γ
t

f(x)× ∞∑
h=0

Gβ(h)(t− t0)
hβ − f(x)×

γ
β−1∑
h=0

Gβ(h)(t− t0)
hβ


= t0T

γ
t

f(x)× ∞∑
h= γ

β

Gβ(h)(t− t0)
hβ


= f(x)×

∞∑
h= γ

β

Gβ(h)
Γ(hβ + 1)

Γ(hβ −m)
(t− t0)

hβ−γ

= f(x)×
∞∑
h=0

Gβ(h+
γ

β
)
Γ(hβ + γ + 1)

Γ(hβ + γ −m)
(t− t0)

hβ

=

∞∑
k=0

Fα(k)(x− x0)
kα ×

∞∑
h=0

Gβ(h+
γ

β
)
Γ(hβ + γ + 1)

Γ(hβ + γ −m)
(t− t0)

hβ

=
∞∑
k=0

Γ(hβ + γ + 1)

Γ(hβ + γ −m)
Uα,β(k, h+

γ

β
)(x− x0)

kα(t− t0)
hβ .

According to this result, we have

Uα,β(k, h) = Vα,β(k, h+
γ

β
).
Γ(hβ + γ + 1)

Γ(hβ + γ −m)
.

4 Applications

In this section, we will apply the new method to nonlinear conformable frac-
tional partial differential equations and systems of nonlinear fractional partial
differential equations. Also, we compare these solutions with the exact solu-
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tions.

Example 1. Consider the fractional model of nonlinear Schrödinger equa-
tion [7]

i
∂βu(x, t)

∂tβ
= −1

2

∂2u(x, t)

∂x2
+ u cos2(x) + |u|2 u, 0 < β ≤ 1, (9)

subject to the initial condition u(x, 0) = sin(x). Taking the two-dimensional
conformable fractional differential transform of (9), then we have

iβ(h+ 1)U1,β(k, h+ 1) (10)

=
Γ(k + 2 + 1)

Γ(k + 2− 1)
U1,β(k + 2, h)−

U1,β(k, h)

2

−
1

2

k∑
r=0

h∑
s=0

2r

r!
cos(

rπ

2
)U1,β(k − r, s)

−
k∑

r=0

k−r∑
t=0

h∑
s=0

h−s∑
p=0

U1,β(r, h− s− p)U1,β(t, s)U1,β(k − r − t, p)

and from the initial condition, we get

U1,β(k, 0) =
1

k!
sin(

kπ

2
), k = 0, 1, . . . . (11)

Substituting (10) to (11), the following series solution is obtained:

u(x, t) =
∞∑
k=0

∞∑
h=0

U1,β(k, h)x
kthβ

=

(
x− x3

3!
+

x5

5!
− x7

7!
+ · · ·

)
×
(
1− 3itβ

2β
− 9

4

t2β

α22!
+

27

8

it3β

β33!
− 81

16

t4β

β44!
− · · ·

)
= sin(x)e−

3itβ

2β ,

which is the exact solution.

Example 2. We consider the Klein–Gordon equation

∂βu

∂tβ
− ∂2u

∂x2
+ u2 = −x sin(

tβ

β
) + x2 cos2(

tβ

β
), 0 < β ≤ 1, (12)

subject to the initial conditions

u(x, 0) = x. (13)

Taking the two-dimensional conformable fractional differential transform of
(12), then we have
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Figure 1: Graphs of the u(x, t) for β = 1 and β = 0.95, when N = 10 (the number of

terms), form left to right

β(h+ 1)U1,β(k, h+ 1) =
Γ(k + 2 + 1)

Γ(k + 2− 1)
U1,β(k + 2, h)

−
k∑

r=0

h∑
s=0

U1,β(r, h− s)U1,β(k − r, s)

− δ(k − 1)
1

h!
sin(

hπ

2
) +

1

2
δ(k − 2)

+
1

2
δ(k − 2).

2h

h!
cos(

hπ

2
). (14)

From the initial conditions (13), we can write

U1,β(0, 0) = 0, U1,β(1, 0) = 1 U1,β(k, 0) = 0, k = 2, 3, . . . . (15)

Substituting (15) into (14), we obtain the series solution as

u(x, t) =
∞∑
k=0

∞∑
h=0

U1,β(k, h)x
kthβ

= x

(
1− t2β

β2!
+

t4β

β44!
− · · ·

)
= x. cos(

tβ

β
),

which is the exact solution.

Example 3. Consider the nonlinear time fractional Fokker–Planck equation
[14]

∂βu

∂tβ
= [− ∂

∂x
(3u− x

2
) +

∂2

∂x2
(xu)]u, (16)

where x > 0 , t > 0 , 0 < β ≤ 1 , and the initial condition is

u(x, 0) = x. (17)
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Figure 2: Graphs of the u(x, t) for β = 1 and β = 0.95, when N = 10 (the number of

terms), from left to right
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Selecting α = 1 and taking the two-dimensional conformable fractional dif-
ferential transform of (16), we have

β(h+ 1)U1,β(k, h+ 1)

= −(k + 1)

{
3
k+1∑
r=0

h∑
s=0

U1,β(r, h− s)U1,β(k + 1− r, s)− 1

2
U1,β(k, h)

}

+ (k + 2)(k + 1)

k+1∑
r=0

h∑
s=0

U1,β(r, h− s)U1,β(k + 1− r, s). (18)

By using the initial condition (17), we write

U1,β(k, 0) = δ(k − 1). (19)

Substituting (19) in (18), we obtain the closed form series solution as

u(x, t) =

∞∑
k=0

∞∑
h=0

U1,β(k, h)x
kthβ

= x(1 +
tβ

β
+

t2β

2β2
+

t3β

6β3
+ · · · ) = x

∞∑
h=0

thβ

βhh!
= xe

tβ

β ,

which is the exact solution.

Figure 3: Graphs of the u(x, t) for β = 1 and β = 0.98, when N = 10 (the number of

terms), from left to right.

Example 4. Consider the time fractional inhomogeneous nonlinear system
of PDEs [5] {

∂βu
∂tβ

+ v ∂u
∂x + u = 1, 0 < β ≤ 1,

∂βv
∂tβ

− u ∂v
∂x − v = 1,

(20)

subject to the initial conditions



G
al
le
y
P
ro
of

26 M. Eslami and S.A. Taleghani

u(x, 0) = ex , v(x, 0) = e−x . (21)

Taking the two-dimensional conformable fractional differential transform of
(20), we have

β(h+ 1)U(k, h+ 1) = −
k∑

r=0

h∑
s=0

(k − r + 1)V (r, h− s)U(k − r + 1, s)

− U(k, h) + δ(k)δ(h)

β(h+ 1)V (k, h+ 1) =

k∑
r=0

h∑
s=0

(k − r + 1)U(r, h− s)V (k − r + 1, s)

+ V (k, h) + δ(k)δ(h)
(22)

By using the initial conditions (21), we write{
U(k, 0) = 1

k! ,

V (k, 0) = (−1)k

k! .
(23)

Substituting (23) in (22), we obtain the closed form series solution as

u(x, t) =

∞∑
k=0

∞∑
h=0

U(k, h)xkthβ

= (1 + x+
x2

2!
+

x3

3!
+ · · · )(1− tα

α
+

t2α

α22!
− t3α

α33!
+ · · · ) = ex−

tβ

β

v(x, t) =
∞∑
k=0

∞∑
h=0

V (k, h)xkthβ

= (1− x+
x2

2!
− x3

3!
+ · · · )(1 + tα

α
+

t2α

α22!
+

t3α

α33!
+ · · · ) = e−x+ tβ

β

which are the exact solutions.

5 Conclusion

In this paper, we presented a two-dimensional conformable fractional differen-
tial transform method. Then we apply the new method to some conformable
fractional partial differential equations and system of conformable fractional
partial differential equations. Comparison of the results obtained by using
the new method with exact solution reveals that the present method is very
effective and convenient for solving nonlinear partial differential equations
and system of partial differential equations of fractional order.
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Figure 4: Graphs of the u(x, t) for β = 1 and β = 0.95, when N = 10 (the number of

terms), from left to right.

Figure 5: Graphs of the v(x, t)for β = 1,β = 0.95 when N=10 (the number of terms),

from left to right.



G
al
le
y
P
ro
of

28 M. Eslami and S.A. Taleghani

References

1. Abdeljawad, T. On fractional calculus, J. Comput. Appl. Math. 279
(2015) 57–66.

2. Acan, O.,Firat, O., Keskin, Y. and Oturanc, G.Solution of conformable
fractional partial differential equations by reduced differential transform
method, Selcuk J. Appl. Math. (2016) (In press).

3. Acan, O., Firat, O., Keskin, Y. and Oturanc, G. Conformable vari-
ational iteration method, New Trends in Mathematical Sciences, 5(1)
(2017) 172–178.

4. Cenesiz, Y. and Kurt, A.The solutions of time and space conformable
fractional heat equations with conformable Fourier transform, Acta
Univ. Sapientiae Math. 7(2) (2015), 130–140.

5. Garg, M. and Manohar, P. Analytical solution of space-time fractional
Fokker Planck equations by generalized differential transform method.
Matematiche (Catania) 66(2) (2011), 91–101.

6. Ilie, M., Biazar, J. and Ayati, Z.General solution of Bernoulli and
Riccati fractional differential equations based on conformable fractional
derivative, Int. J. Appl. Math. Res. 6 (2017) 49–51.

7. Kanth, A.S.V.R. and Aruna, K.Two-dimensional differential transform
method for solving linear and non-linear Schrödinger equations, Chaos,
Solitons. Fract. 41 (2009) 2277–2281.

8. Khalil, R., Al Horani, M., Yousef, A., and Sababheh, M.A new definition
of fractional derivative, J. Comput. Appl. Math. 264 (2014), 65–70.

9. Kilbas, A.A., Srivastava, H.M. and Trujillo, J.J. Theory and applications
of fractional differential equations. North-Holland Mathematics Studies,
204. Elsevier Science B.V., Amsterdam, 2006.

10. A. Kurt, Y. Cenesiz, O. Tasbozan, On the solution of Burgers’ equation
with the new fractional derivative, Open Phys. 13 (2015) 355–360.

11. Masalmeh, M. Series method to solve conformable fractional Riccati dif-
ferential equations, Int. J. Appl. Math. Res. 6 (2017) 30–33.

12. Odibat, Z. and Momani, S.A generalized differential transform method
for linear partial differential equations of fractional order. Appl. Math.
Lett. 21(2) (2008), 194–199.

13. Podlubny, I.Fractional differential equations. An introduction to frac-
tional derivatives, fractional differential equations, to methods of their
solution and some of their applications. Mathematics in Science and
Engineering, 198. Academic Press, Inc., San Diego, CA, 1999.



G
al
le
y
P
ro
of

Differential transform method for conformable fractional ... 29

14. Sohail, M. and Mohyud-Din, S.T.Reduced differential transform method
for solving a system of fractional PDEs, International J. Modern Math.
Sci. 4 (2012), 21–29.
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Approximate solution of a system of
singular integral equations of the first
kind by using Chebyshev polynomials

S. Ahdiaghdam∗ and S. Shahmorad

Abstract

The aim of the present work is to introduce a method based on the Cheby-
shev polynomials for numerical solution of a system of Cauchy type singular

integral equations of the first kind on a finite segment. Moreover, an esti-
mation error is computed for the approximate solution. Numerical results
demonstrate the effectiveness of the proposed method.
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Keywords: System of singular linear integral equations; Orthogonal poly-
nomials; Fourier series; Best approximation.

1 Introduction

Let us consider a system of singular integral equations of the form

A(t)Φ(t) +B(t)

∫ 1

−1

Φ(τ)

τ − t
dτ +

∫ 1

−1

K(t, τ)Φ(τ)dτ = F (t), −1 < t < 1, (1)

where
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K(t, τ) = [Kij(t, τ)] , i, j = 1, 2, . . . , N,

F (t) = [f1(t) , f2(t), . . . , fN (t)]T ,

Φ(t) = [ϕ1(t), ϕ2(t), . . . , ϕN (t)]T ,

A(t) = [aij(t)] , i, j = 1, 2, . . . , N,

B(t) = [bij(t)] , i, j = 1, 2, . . . , N.

Here, {Kij}Ni,j=1 and {fi}Ni=1 are given real-valued Hölder functions and

{ϕj}Nj=1 are the unknown functions. The matrices A and B are known such
that S = A+ B and D = A− B are nonsingular for all t ∈ [−1, 1]. In some
familiar physical problems, the entries of the matrices A and B are constants.

The singular integral equations play important roles in physics and the-
oretical mechanics, particularly in the areas of elasticity, aerodynamics, and
unsteady aerofoil theory. They are highly effective in solving boundary value
problems occurring in the theory of functions of a complex variable, potential
theory, the theory of elasticity, and the theory of fluid mechanics. A general
theory of the system of equations (1) has given in [12].

We study the system (1) in the case that A(t) = 0 and B(t) is a constant
matrix. Therefore, the ith equation of system (1) takes the form

N∑
j=1

bij

∫ 1

−1

ϕj(τ)

τ − t
dτ +

N∑
j=1

∫ 1

−1

Kij(t, τ)ϕj(τ)dτ = fi(t) , −1 < t < 1. (2)

Studies on this singular integral equation can be found in some literatures
(see [1,3,6,7]). Chakrabarti and Berghe [3] proposed a method for solving (2),
using polynomial approximation and collocation points have chosen to be the
zeros of the Chebyshev polynomials of the first kind for all cases. Kashfi and
Shahmorad [7] constructed another approximate solution of this equation
by using the Chebyshev polynomials of the first and second kinds. Some
other methods for solving this equation can be found in [1,6]. A convergence
analysis of Galerkin and collocation methods for (2) has been given by Miel
[11].

A special type of (2) is the famous Cauchy singular integral equation∫ 1

−1

ϕ(τ)

τ − t
dτ = f(t) , −1 < t < 1, (3)

which has the following analytical solutions in four special cases based on
boundedness of the unknown function ϕ at the endpoints of the interval
[−1, 1]; see [3, 9, 13].

Case 1. If the function ϕ is unbounded at the endpoints τ = ±1, then

ϕ(τ) =
a0√
1− τ2

− 1

π2
√
1− τ2

∫ 1

−1

√
1− t2f(t)

t− τ
dt , −1 < τ < 1,
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where a0 is an arbitrary constant.

Case 2. If the function ϕ is bounded at the endpoints τ = ±1, then

ϕ(τ) = −
√
1− τ2

π2

∫ 1

−1

f(t)√
1− t2 (t− τ)

dt , −1 < τ < 1,

and a necessary and sufficient condition of existing this solution is∫ 1

−1

f(t)√
1− t2

dt = 0 .

Case 3. If the function ϕ is bounded at the endpoint τ = −1 and unbounded
at the endpoint τ = 1, then

ϕ(τ) = − 1

π2

√
1 + τ

1− τ

∫ 1

−1

√
1− t

1 + t

f(t)

t− τ
dt , −1 < τ < 1.

Case 4. If the function ϕ is bounded at the endpoint τ = 1 and unbounded
at the endpoint τ = −1, then

ϕ(τ) = − 1

π2

√
1− τ

1 + τ

∫ 1

−1

√
1 + t

1− t

f(t)

t− τ
dt , −1 < τ < 1.

An application of (3) were given in [2] by reducing a system of dual integral
equations to Cauchy type singular integral equations, and more methods for
solving this equation have given in [5, 8, 13,15].

In the next section, we investigate approximate solutions for system (1)
in the above four cases.

2 Approximate solution

To find approximate solutions for system (1) in the cases 1,2,3,4, for ν ∈
{1, 2, 3, 4}, we set

ϕj(τ) ≃ φν,j(τ) :=
λν(τ)√
1− τ2

M∑
l=0

βjl Pν,l(τ) , j = 1, 2, . . . , N, (4)

and
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Kij(t, τ) :=

M∑
k=0

γijk(t)Pν,k(τ) , i, j = 1, 2, . . . , N , (5)

where

Pν,j(x) =



Tj(x) = cos(jθ), ν = 1,

Uj(x) =
sin((j+1)θ)

sin(θ) , ν = 2,

Vj(x) =
cos((j+ 1

2 )θ)
cos( θ

2 )
, ν = 3,

Wj(x) =
sin((j+ 1

2 )θ)
sin( θ

2 )
, ν = 4,

are the Chebyshev polynomials of the first to fourth kinds and

λν(t) =


1, ν = 1,
1− t2, ν = 2,
1 + t, ν = 3,
1− t, ν = 4,

in which x = cos(θ). The roots of Chebyshev polynomials Pν,M+1(x) are
given by

xν,n =



cos
(

(2n−1)π
2(M+1)

)
, ν = 1,

cos
(

nπ
M+2

)
, ν = 2,

cos
(

(2n−1)π
2M+3

)
, ν = 3,

cos
(

2nπ
2M+3

)
, ν = 4,

(6)

where n = 1, 2, . . . ,M + 1. These roots are used as the nodes of Gauss–
Chebyshev quadrature rules.

Lemma 1. [10] The Chebyshev polynomials satisfy the orthogonality prop-
erty
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∫ 1

−1

λν(t)√
1− t2

Pν,i(t)Pν,j(t) dt =



0, i ̸= j,

π, i = j = 0 , ν = 1,

π
2 , i = j ̸= 0, ν = 1,

π
2 , i = j, ν = 2,

π, i = j, ν = 3 , 4.

(7)

Theorem 1. [10] As the Cauchy principle value of a singular integral, we
have

∫ 1

−1

λν(τ)√
1− τ2

Pν,j(τ)

τ − t
dτ = π



Uj−1(t), ν = 1,

−Tj+1(t), ν = 2,

Wj(t), ν = 3,

−Vj(t), ν = 4.

(8)

Now we describe details of finding approximate solution in cases 1-4.

Case 1. For ν = 1, the relations (4)–(5) take the forms

ϕj(τ) ≃ φ1,j(τ) :=
1√

1− τ2

M∑
l=0

′
βjl Tl(τ) , j = 1, 2, . . . , N, (9)

and

Kij(t, τ) :=
M∑
k=0

′
γijk(t)Tk(τ) , i, j = 1, 2, . . . , N, (10)

where βjl (j = 1, 2, . . . , N, l = 0, 1, . . . ,M) are unknown coefficients and

the symbol (
∑ ′

) denotes that the first term in the summation is halved. The
functions

γijk(t) =
2

π

∫ 1

−1

Kij(t, τ)Tk(τ)√
1− τ2

dτ , i, j = 1, 2, . . . , N, k = 0, 1, . . . ,M,

can be determined exactly or may be approximated by using the Gauss–
Chebyshev quadrature rule, that is,

γijk(t) ≃
2

M + 1

M+1∑
s=1

Kij(t, x1,s)Tk(x1,s) ,

where x1,s obtain from (6).
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Substituting from (9)–(10) into (2) and using (7)–(8) for ν = 1, gives the
system

N∑
j=1

M∑
l=1

bijβjlUl−1(t) +
1

2

N∑
j=1

M∑
k=0

′
γijk(t)βjk =

1

π
fi(t) , i = 1, 2, . . . , N.(11)

If the given functions fi and γijk are square integrable on [−1 , 1] with

respect to the weight function λ1(t)√
1−t2

, then they can be expanded asγijk(t) ≃
∑M−1

l=0 Gijkl Ul(t), i, j = 1, 2, . . . , N, k = 0 , 1 , . . . ,M,

1
πfi(t) ≃

∑M−1
l=0 cil Ul(t), i = 1, 2, . . . , N,

(12)

where the coefficients

Gijkl =
2
π

∫ 1

−1

√
1− t2γijk(t)Ul(t)dt

= 4
π2

∫ 1

−1

∫ 1

−1

√
1−t2

1−τ2Kij(t, τ)Ul(t)Tk(τ)dτdt

i, j = 1, 2, . . . , N, k = 0, 1, . . . ,M, l = 0, 1, . . . ,M − 1,

cil = 1
π2

∫ 1

−1

√
1− t2fi(t)Ul(t)dt, i = 1, 2, . . . , N, l = 0, 1, . . . ,M − 1,

can be approximately determined from
Gijkl ≃ 4

(M+1)2

∑M
r=1

∑M+1
s=1 (1− x2

2,r)Kij(x2,r, x1,s)Ul(x2,r)Tk(x1,s),

cil ≃ 2
π(M+1)

∑M
r=1(1− x2

2,r)fi(x2,r)Ul(x2,r).

(13)

Using (12) in (11), we have

M−1∑
l=0

N∑
j=1

bijβj{l+1}Ul(t) +
1

2

M−1∑
l=0

N∑
j=1

M∑
k=0

′
GijklβjkUl(t) =

M−1∑
l=0

cil Ul(t),

which leads to the linear system

N∑
j=1

[
bijβj{l+1} +

1

2

M∑
k=0

′
Gijklβjk

]
= cil, i = 1, 2, . . . , N, l = 0, 1, . . . ,M − 1,

(14)

for the unknown values βjk (j = 1, 2, . . . , N, k = 0, 1, . . . ,M). Tak-
ing β11, . . . , βN1 arbitrary, the remaining coefficients βjk are uniquely found
from the linear system (14) which determine the elements of the vector func-
tion Φ via (9).
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Case 2. We set ν = 2 in (4)–(5) and substitute them in (2) to get

−
N∑
j=1

M∑
l=0

bijβjlTl+1(t) +
1

2

N∑
j=1

M∑
k=0

γijk(t)βjk =
1

π
fi(t), i = 1, 2, . . . , N,(15)

where we used the formulas (7)–(8). Then, we expand the functions fi and
γijk asγijk(t) ≃

∑M
l=0

′
Gijkl Tl(t) , i, j = 1, 2, . . . , N, k = 0 , 1 , . . . ,M

1
πfi(t) ≃

∑M
l=0

′
cil Tl(t) , i = 1, 2, . . . , N,

where the coefficients are determined by
Gijkl =

2
π

∫ 1

−1
1√
1−t2

γijk(t)Tl(t) dt, i, j = 1, 2, . . . , N, k, l = 0, 1, . . . ,M,

= 4
π2

∫ 1

−1

∫ 1

−1

√
1−τ2

1−t2 Kij(t, τ)Tl(t)Uk(τ) dτdt

cil =
2
π2

∫ 1

−1
1√
1−t2

fi(t)Tl(t) dt, i = 1, 2, . . . , N, l = 0, 1, . . . ,M,

or approximated by
Gijkl ≃ 4

(M+1)(M+2)

∑M+1
r=1

∑M+1
s=1 (1− x2

2,s)Kij(x1,r, x2,s)Tl(x1,r)Uk(x2,s),

cil ≃ 2
π(M+1)

∑M+1
r=1 fi(x1,r)Tl(x1,r).

Using the last expansions in (15), returns the following linear system of equa-
tions

1
2

∑N
j=1

∑M
k=0 Gijklβjk = cil, i = 1, . . . , N, l = 0,

∑N
j=1

{
−bijβj{l−1} +

1
2

∑M
k=0 Gijklβjk

}
= cil, i = 1, . . . , N, l = 1, . . . ,M,

for the unknown values βjl (j = 1, 2, . . . , N, l = 0, 1, . . . ,M). Then ele-
ments of the vector function Φ(t) obtain from (4).

Cases 3,4. Similar to cases 1 and 2, we get the linear systems

N∑
j=1

{
bijβjl +

M∑
k=0

Gijklβjk

}
= cil, i = 1, 2, . . . , N, l = 0, 1, . . . ,M, (16)

and
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N∑
j=1

{
−bijβjl +

M∑
k=0

Gijklβjk

}
= cil, i = 1, 2, . . . , N, l = 0, 1, . . . ,M,(17)

respectively for ν = 3 and ν = 4, and then we determine the elements of
corresponding vector Φ via (4).

3 An estimation error and numerical results

In this section, we describe an estimation error for the approximate solution.
Let

Φ(t) = [φ1(t) , φ2(t) , . . . , φN (t)]T

be the vector of approximate solution of the system (1) and let E(t) = Φ(t)−
Φ(t) be the associated vector valued error function. Due to the approximation
Φ(t), for A(t) = 0, system (1) may be written as

B(t)

∫ 1

−1

Φ(τ)

τ − t
dτ +

∫ 1

−1

K(t, τ)Φ(τ)dτ = F (t) +H(t), −1 < t < 1, (18)

where the perturbation term H(t) obtains from

H(t) = B(t)

∫ 1

−1

Φ(τ)

τ − t
dτ +

∫ 1

−1

K(t, τ)Φ(τ)dτ − F (t), −1 < t < 1.

Subtracting (18) from (1) yields a system of error equations as

B(t)

∫ 1

−1

E(τ)

τ − t
dτ +

∫ 1

−1

K(t, τ)E(τ)dτ = H(t) , −1 < t < 1,

which is solvable approximately like system (1).

The following examples illustrate application of the method.

Example 1. Let

A(t) = 0, B(t) =

[
1 0
0 1

]
, K(t, τ) =

[
τ − t t
τ τ + t

]
, F (t) =

[
π
2πt

]
,

and find the solution of system (1) in case 1.

By the above information, the system (1) is reduced to
∫ 1

−1
ϕ1(τ)
τ−t dτ +

∫ 1

−1
(τ − t)ϕ1(τ)dτ +

∫ 1

−1
tϕ2(τ)dτ = π, −1 < t < 1,∫ 1

−1
ϕ2(τ)
τ−t dτ +

∫ 1

−1
τϕ1(τ)dτ +

∫ 1

−1
(τ + t)ϕ2(τ)dτ = 2πt, −1 < t < 1,

(19)
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and since the matrices S = A+B = I2 andD = A−B = −I2 are nonsingular,
then system (19) has a unique solution. The kernels K1j(t, τ), K2j(t, τ)
(j = 1, 2), and the functions f1 and f2 are polynomials of degree at most 1,
so we set

ϕj(τ) :=
1√

1− τ2
{βj0 T0(τ) + βj1 T1(τ) + βj2 T2(τ)} , j = 1, 2, (20)

and

Kij(t, τ) = γij0(t)T0(τ) + γij1(t)T1(τ) , i, j = 1, 2,
fi(t) = ci0U0(t) + ci1U1(t), i = 1, 2,

where

γ110(t) = − 1
2U1(t), γ111(t) = U0(t), γ120(t) =

1
2U1(t), γ121(t) = 0,

γ210(t) = 0, γ211(t) = U0(t), γ220(t) =
1
2U1(t), γ221(t) = U0(t),

c10(t) = 1, c11(t) = 0, c20(t) = 0, c21(t) = 1.

Substituting these expansions into (19) and using (7)–(8), for ν = 1, we
obtainβ11U0(t) + β12U1(t)− 1

2β10U1(t) +
1
2β11U0(t) +

1
2β20U1(t) = U0(t),

β21U0(t) + β22U1(t) +
1
2β11U0(t) +

1
2β20U1(t) +

1
2β21U0(t) = U1(t).

Then the linear independency of {U0(t), U1(t)} implies
3
2β11 = 1,

−1
2β10 + β12 +

1
2β20 = 0,

1
2β11 +

3
2β21 = 0,

1
2β20 + β22 = 1.

A nonunique solution of this system for the arbitrary values of β10 and β20

is given by

β10, β11 =
2

3
, β12 =

1

2
(β10 − β20) , β20, β21 = −2

9
, β22 = 1− 1

2
β20.

For example, if β10 = β20 = 2, then β12 = β22 = 0 and so we find from (20)
that

ϕ1(τ) =
2
3τ + 2
√
1− τ2

, ϕ2(τ) =
− 2

9τ + 2
√
1− τ2

,

(see Figure 1 for the behavior of these solutions).

Example 2. Solve the problem of Example 1 in the case 3.

In this case, we set
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Figure 1: The plots of approximate solutions of Example 1 for M=2.

ϕj(τ) :=

√
1 + τ

1− τ
{βj0 V0(τ) + βj1 V1(τ)} , j = 1, 2, (21)

and

Kij(t, τ) = γij0(t)V0(τ) + γij1(t)V1(τ) , i, j = 1, 2,
fi(t) = ci0W0(t) + ci1W1(t), i = 1, 2,

where

γ110(t) = W0(t)− 1
2W1(t), γ111(t) = γ210(t) = γ211(t) = γ221(t) =

1
2W0(t),

γ120(t) = −1
2W0(t) +

1
2W1(t), γ121(t) = 0, γ220(t) =

1
2W1(t),

c10(t) = 1, c11(t) = 0, c20(t) = −1, c21(t) = 1.

Substituting these expansions into (19) and using (7)–(8) for ν = 3, result
β10W0(t) + β11W1(t) + β10W0(t)− 1

2β10W1(t)
+1

2β11W0(t)− 1
2β20W0(t) +

1
2β20W1(t) = W0(t),

β20W0(t) + β21W1(t) +
1
2β10W0(t) +

1
2β11W0(t)

+1
2β20W1(t) +

1
2β21W0(t) = −W0(t) +W1(t),

and from the linear independency of {W0(t) and W1(t)}, we get the algebraic
system 

2β10 +
1
2β11 − 1

2β20 = 1,
−1

2β10 + β11 +
1
2β20 = 0,

1
2β10 +

1
2β11 + β20 +

1
2β21 = −1,

1
2β20 + β21 = 1,

which has the unique solution
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Figure 2: The plots of approximate solutions of Example 2 for M=2.

β10 = −10

27
, β11 =

28

27
, β20 = −22

9
, β21 =

20

9
,

and the solutions of (19) can be found via (21). The graphs of these solutions
plotted in Figure 2.

Example 3. Solve the following system in the case 3 [16]:
3
∫ 1

−1
ϕ1(τ)
τ−t dτ +

∫ 1

−1
ϕ2(τ)
τ−t dτ = (t2 + 1) sin 2t, −1 < t < 1,

2
∫ 1

−1
ϕ1(τ)
τ−t dτ +

∫ 1

−1
ϕ2(τ)
τ−t dτ = t cos 2t, −1 < t < 1.

In this case, we will approximate the unknown functions as

ϕi(τ) ≃ φi(τ) :=
√
1− τ2

M∑
j=0

βij Uj(τ), i = 1, 2,

where the exact solutions are
ϕ1(τ) = −

√
1−τ2

π2

∫ 1

−1
(t2+1) sin 2t−t cos 2t√

1−t2(t−τ)
dt,

ϕ2(τ) = −
√
1−τ2

π2

∫ 1

−1
3t cos 2t−2(t2+1) sin 2t√

1−t2(t−τ)
dt.

We define the error functions as

Ei(τ) = |ϕi(τ)− φi(τ)|, i = 1, 2,

where the exact solutions ϕ1 and ϕ2 are calculated by using the Maple code
int(expression,x=a..b, CauchyPrincipalValue).
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Table 1: Comparison of our results (Ei) with the results of [16] (εi) for M=8.

τ ϕ1(τ) ϕ2(τ) E1(τ) E2(τ) ε1(τ) ε2(τ)

−0.96 −0.2164694659571311 0.5107921932649533 1e−8 2e−8 8e−5 2e−4
−0.70 −0.5394637532569845 1.185306580331174 3e−7 6e−7 4e−5 1e−4
−0.25 −0.5831756914063946 1.129312022840245 4e−7 9e−7 9e−6 2e−5
0.25 −0.5831756914063946 1.129312022840245 4e−7 9e−7 9e−6 2e−5
0.75 −0.5394637532569845 1.185306580331174 3e−7 6e−7 4e−5 1e−4
0.96 −0.2164694659571311 0.5107921932649533 1e−8 2e−8 8e−5 2e−4

Table 2: The approximated values φi(τ) for M = 15 by using 16-digits arithmetic.

τ φ1(τ) φ2(τ) E1(τ) E2(τ) ε1(τ) ε2(τ)

−0.96 −0.2164694659571311 0.5107921932649527 0 6e−16 - -
−0.70 −0.5394637532569844 1.185306580331173 1e−16 1e−15 - -
−0.25 −0.5831756914063935 1.129312022840244 1e−15 1e−15 - -
0.25 −0.5831756914063935 1.129312022840244 1e−15 1e−15 - -
0.75 −0.5394637532569844 1.185306580331173 1e−16 1e−15 - -
0.96 −0.2164694659571311 0.5107921932649527 0 6e−16 - -

In Table 1, we compared our numerical results (absolute errors E1 and
E2) with those reported in [16] (absolute errors ε1 and ε2). Table 2 shows
our results for M = 15, which were not reported in [16].

Example 4. Consider the singular integral equation∫ 1

−1

ϕ(τ)

τ − t
dτ +

∫ 1

−1

eitϕ(τ) dτ = 1− 2t2 + it+
1

2
e−it, −1 < t < 1, (22)

with the exact solution ϕ(τ) =
√
1−τ2

π (2τ − i) in the complex plane, where

i =
√
−1.

By taking ϕ1 := Re{ϕ} and ϕ2 := Im{ϕ}, equation (22) is reduced to the
system of singular integral equations

∫ 1
−1

ϕ1(τ)
τ−t

dτ +
∫ 1
−1

cos(t)ϕ1(τ) dτ −
∫ 1
−1

sin(t)ϕ2(τ) dτ = 1− 2t2 + 1
2
sin t, −1 < t < 1,

∫ 1
−1

ϕ2(τ)
τ−t

dτ +
∫ 1
−1

sin(t)ϕ1(τ) dτ +
∫ 1
−1

cos(t)ϕ2(τ) dτ = t− 1
2
cos t, −1 < t < 1.

Similar to Examples 1 and 2, by setting

ϕi(τ) ≃ φi(τ) :=
√
1− τ2

M∑
j=0

βij Uj(τ), i = 1, 2,

we get the exact solutions for M = 1.

Example 5. Consider the system of singular integral equations [14]



G
al
le
y
P
ro
of

Approximate solution of a system of singular integral equations ... 43
1000
π

∫ 1

−1
ϕ1(τ)
τ−t dτ + 10

π

∫ 1

−1
ϕ2(τ)
τ−t dτ = f1(t) + ig1(t), −1 < t < 1,

500
π

∫ 1

−1
ϕ1(τ)
τ−t dτ + 200

π

∫ 1

−1
ϕ2(τ)
τ−t dτ = f2(t) + ig2(t), −1 < t < 1,

(23)

where
f1(t) = −990t8 + 1089t7 + 937t6 − 26704

25 t5 − 349161
1000 t4 + 792327

2000 t3 + 1761
250 t2 − 53511

4000 t − 53929
2000 ,

g1(t) = 990t8 − 1189t7 − 8971
10 t6 + 119047

100 t5 + 163961
500 t4 − 279198

625 t3 − 30873
10000 t

2 + 69533
4000 t + 1130501

40000 ,

f2(t) = −300t8 + 330t7 + 215t6 − 2447
10 t5 − 8607

100 t4 + 735
8 t3 − 17253

2000 t2 + 29541
4000 t − 14701

1000 ,

g2(t) = 300t8 − 380t7 − 197t6 + 1462
5 t5 + 9419

100 t4 − 27549
250 t3 − 183

400 t
2 − 7957

2000 t +
57583
4000 .

It is easy to see that system (23) is equivalent to the following disjointed
singular integral equations,

1
π

∫ 1

−1
Re{ϕ1(τ)}

τ−t dτ = 20f1(t)−f2(t)
19500 , −1 < t < 1,

1
π

∫ 1

−1
Im{ϕ1(τ)}

τ−t dτ = 20g1(t)−g2(t)
19500 , −1 < t < 1,

1
π

∫ 1

−1
Re{ϕ2(τ)}

τ−t dτ = 2f2(t)−f1(t)
390 , −1 < t < 1,

1
π

∫ 1

−1
Im{ϕ2(τ)}

τ−t dτ = 2g2(t)−g1(t)
390 , −1 < t < 1.

(24)

The exact solution of system (23) was reported in [14] for the case r = 4.
By applying our method for the equation in (24), we get the real parts of
unknown functions exactly but, for the imaginary parts, we obtain the error
functions

Ei(τ) = |Im{ϕi(τ)} − Im{φi(τ)}| =
√

1− τ

1 + τ
hi(τ), i = 1, 2,

where {
h1(τ) = 5.128205128205128× 10−8(1 + τ), −1 < τ < 1,
h2(τ) = 5.128205128205128× 10−6(1 + τ), −1 < τ < 1.

The plots of h1 and h2 and the regular parts of the error functions, are
shown in Figure 3. As shown in these plots, the absolute errors increase
when τ approaches to 1, because in case 4, the singularity for the integral
part happens at τ = 1.

Example 6. Consider the problem of a half plane containing a crack parallel
to the boundary, which is illustrated in Figure 4 and formulated as the system
[4]
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Figure 3: The plots of the regular parts of the error functions in Example 5.


∫ 1

−1
ϕ1(τ)
τ−t dτ +

∫ 1

−1
[K11(t, τ)ϕ1(τ) +K12(t, τ)ϕ2(τ)dτ ] = 0,

∫ 1

−1
ϕ2(τ)
τ−t dτ +

∫ 1

−1

[
K21(t, τ)ϕ1(τ) +K22(t, τ)ϕ2(τ)dτ

]
= π,

(25)

with

K11(t, τ) = − τ−t
(τ−t)2+4h2 + 8h2(τ−t)

[(τ−t)2+4h2]2
− 4h2(τ−t)[12h2−(τ−t)2]

[(τ−t)2+4h2]3
,

K12(t, τ) = K21(t, τ) = −8h3[4h2−3(τ−t)2]
[(τ−t)2+4h2]3

,

K22(t, τ) = − τ−t
(τ−t)2+4h2 − 8h2(τ−t)

[(τ−t)2+4h2]2
− 4h2(τ−t)[12h2−(τ−t)2]

[(τ−t)2+4h2]3
,

where h is the distance of crack from the boundary. The physical conditions
of the problem impose that the relations∫ 1

−1

ϕ1(τ) dτ = 0 ,

∫ 1

−1

ϕ2(τ) dτ = 0, (26)

and
ϕ1(t) = ϕ1(−t), ϕ2(t) = −ϕ2(−t)

are satisfied. Therefore the unknown functions may be expressed as

ϕ1(τ) ≃
1√

1− τ2

M∑
j=0

β1j T2j(τ), ϕ2(τ) ≃
1√

1− τ2

M∑
j=1

β2j T2j−1(τ). (27)
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Figure 4: Crack parallel to a free boundary in Example 6.

For ν = 1, it follows from the orthogonality condition (7) that the second
condition in (26) satisfies and the first one gives β10 = 0.

Taking β11 = β21 = 0, the remaining coefficients βij are uniquely deter-
mined from the linear algebraic system (14) for each values of h and M. This
leads to find the functions ϕ1 and ϕ2 from (27).

The stress intensity factors

k1 = lim
τ→1−

√
1− τ2 ϕ2(τ)

k2 = lim
τ→1−

√
1− τ2 ϕ1(τ)

and their absolute estimation errors(Est.Err.) are reported in Table 3. For
h = ∞ and Kij(t, τ) = 0, from (27) and (13)–(14), the exact solutions of (25)
are obtained as

ϕ1(τ) = 0, ϕ2(τ) =
τ√

1− τ2
,

which give k1 = 1 and k2 = 0. This is shown in the last row of Table 3.
The table shows the rapid convergence of the results even for relatively small
values of M .

4 Conclusions

We described a new idea of using Chebyshev polynomials for the numerical
solution of the system of singular integral equations of the first kind. In
Section 3, we illustrated this idea by using system of different kind of singular
integral equations (Examples 1–5). In Example 6, we studied a crack problem
in solid mechanics and reported the numerical results (see Table 3) to show
the efficiency and rapid convergence of the proposed method for all these
kinds of problems.
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Table 3: Stress intensity factors for the crack parallel to the boundary

h M k1 Est.Err. k1 k2 Est.Err. k2

0.2 6 4.878800637605022 6.3e-14 1.750099102171126 6.2e-14
7 4.788277537335018 1.1e-14 1.727809740547429 4.1e-15

8 4.760729834685963 4.8e-14 1.719782910590219 1.1e-14

0.4 3 2.607272141646415 4.3e-15 0.7745787927510580 1.6e-16
4 2.594500911475041 7.3e-15 0.7266641783709941 5.0e-15
6 2.594423234973139 4.2e-14 0.7376171346942053 3.3e-16

0.6 2 1.834057544899021 1.1e-15 0.5664257041432605 4.1e-16

5 1.960455689663461 6.1e-15 0.4297949760368867 1.6e-15

0.8 2 1.608371955353828 1.6e-15 0.3323260582700188 2.8e-16
3 1.660617572058080 8.7e-16 0.2675691556476836 4.6e-16

1.0 2 1.461157081431933 2.0e-15 0.2104682299562445 1.1e-16
4 1.485914720666516 2.1e-16 0.1796691052492212 1.1e-16

1.2 4 1.372176156193755 5.0e-16 0.1234414146531335 0.

1.5 4 1.262800608570183 1.6e-15 0.07465158121522054 1.7e-16

2.0 3 1.162112249974693 1.1e-15 0.03662808437088003 0.

3.0 2 1.077621553329114 3.3e-16 0.01274529646673066 0.

10 2 1.007451045420713 2.6e-16 0.00037197952964307 0.

∞ 1 1 0 0 0
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problems with time delay
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Abstract

An efficient direct and numerical method has been proposed to approx-
imate a solution of time-delay fractional optimal control problems. First, a

class of discrete orthogonal polynomials, called Hahn polynomials, has been
introduced and their properties are investigated. These properties are em-
ployed to derive a general formulation of their operational matrix of fractional
integration, in the Riemann–Liouville sense. Then, the fractional derivative

of the state function in the dynamic constraint of time-delay fractional op-
timal control problems is approximated by the Hahn polynomials with un-
known coefficients. The operational matrix of fractional integration together
with the dynamical constraints is used to approximate the control function

directly as a function of the state function. Finally, these approximations
were put in the performance index and necessary conditions for optimality
transform the under consideration time-delay fractional optimal control prob-
lems into an algebraic system. Some illustrative examples are given and the

obtained numerical results are compared with those previously published in
the literature.
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Keywords: Delay fractional optimal control problems; Riemann–Liouville
integration; Hahn polynomials; Operational matrix.

1 Introduction

It has been found that integer-order calculus is not an appropriate tool for
modeling complex systems in science and engineering. Fractional calculus,
as an extension of derivatives and integrals to noninteger orders, has been
recently used to model many fundamental problems; see [32, 38]. Recently,
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fractional differential equations have found many applications in various fields
of engineering and physics such as colored noise, signal processing, electro-
magnetism, electrochemistry, dynamic of viscoelastic materials, continuum
and statistical mechanics, solid mechanics, and fluid-dynamic traffic model;
see [3, 4, 9, 12, 40].

Contrary to ordinary differential equations (ODEs), delay differential
equations (DDEs) contain derivatives that depend on the solution at previ-
ous times, thus making the mathematical model closer to the real-world phe-
nomenon; see [26,27]. Recently, many researches have been focused on DDEs
and their numerical solution. For example, the finite difference method [22],
Adams methods [41], Adomian decomposition method [13], variational itera-
tion method [45], hybrid functions [29], spectral methods [19, 39, 44], and
wavelet methods [35, 36] have been employed to approximate solution of
DDEs.

Over the last decades, numerical methods based on orthogonal functions
have been frequently used to approximate solution of differential and integral
equations [7, 28, 31, 34, 39]. The main characteristic of these methods is that
they reduce under consideration problems to those of solving a system of al-
gebraic equations, thus greatly simplifying the problems. Depending on their
structure, the orthogonal functions are classified into three families: the first
class consists of sets of piecewise constant orthogonal functions such as the
Walsh functions and block pulse functions. The second class consists of sets
of sine-cosine functions, and the last class is the most widely used orthog-
onal polynomials, such as Laguerre, Legendre, and Chebyshev polynomials;
see [28,31]. It is well known that orthogonal polynomials that are solutions of
singular Sturm–Liouville problems allow approximation of smooth functions,
where truncation error approaches zero faster than any negative power of the
number of basic functions used in the approximation. This phenomenon is
usually referred to as spectral accuracy; see [8, 30]. Moreover, according to
the defined inner product in the solution space, orthogonal polynomials are
classified into two main classes: continuous and discrete. For continuous or-
thogonal polynomials such as Legendre, Chebyshev, Hermite, and Laguerre,
one has to evaluate an integral in the inner product, whereas discrete or-
thogonal polynomials come with a discrete scalar product and hence the
integral becomes a sum. Although continuous orthogonal polynomials have
been more frequently used to approximate solution of functional equations,
there are some advantages of using discrete orthogonal polynomials. For ex-
ample, by using discrete orthogonal polynomials, the Fourier coefficients can
be calculated with the aid of a summation and the obtained coefficients are
exact. Consequently, comparison to continuous cases, implementation of dis-
crete orthogonal polynomials is more efficient and less complex; see [16, 43].
Moreover, there is a close connection between stochastic processes and dis-
crete orthogonal polynomials that motivated many researchers to consider
them to solve stochastic differential equations; see [2, 43].
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The optimal control of a system is one of the most practical subjects in
science and engineering [5, 6, 17, 21, 25, 33]. The optimal control problems
involve minimization of a performance index subject to a dynamical system.
As generalizations of the classical optimal control, FOCPs are problems in
which fractional derivatives or integrals are used in the performance index
or constraints. Similar to the other types of fractional functional equations,
most of FOCPs do not have exact and analytic solutions [7, 34, 35, 37]. Fur-
thermore, a time-delay fractional optimal control problem (TDFOCP) is a
fractional optimal control problem in which the dynamic of system contains
some time-delay equations. The control of time-delay systems frequently in
electronic, age structure, biological, chemical, electronic, and transportation
systems [14, 20, 23, 41]. Due to their variety of applications in the realistic
models of phenomena, the control of time-delay systems has been investi-
gated by many engineers and scientists. Also, considerable attention has
been focused on the approximate and numerical solution of them [7,34,35,37].
Generally, there are two main approaches to the approximate solution of TD-
FOCPs. The first one is based on constructing a Hamiltonian system and
then solve the arising two-point boundary value problem, which is the indirect
approach, and the other involves facing directly the problems by discretizing
or approximating the functions without constructing the Hamiltonian equa-
tions. Recently, more attention has been done to direct approaches [7,22,35].

The main purpose of this work is to introduce a new kind of discrete
orthonormal polynomials. Some properties of these discrete polynomials are
studied and a general formulation of their operational matrix of fractional
integration, in the Riemann–Liouville sense, is derived. Make use of these
orthogonal polynomials and their operational matrix, an efficient direct nu-
merical method is proposed to approximate the solution of the following
TDFOCP:

Min J =
1

2

∫ 1

0

[
r(t)x2 (t) + s(t)u2 (t)

]
dt, (1)

subjected to

Dνx (t) = a (t)x (t) + b (t)u (t) + c (t)x (t− τ) + e (t)u (t− η) + f(t), (2)

t ∈ [0, 1], 0 < ν ≤ 1, (3)

x(t) = g1(t), t ∈ [−τ, 0] ,
u(t) = g2(t), t ∈ [−η, 0] ,

(4)

in which x(t) and u(t) are the state and control functions, respectively. Fur-
thermore, r(t) and s(t) are positive functions and a (t), b (t), c (t), e (t), and
f (t) are continuous functions, g1(t) and g2(t) are arbitrary known functions
defined on the intervals [−τ, 0] and [−η, 0], respectively. Also, τ and η > 0
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are given constant delays and Dνx (t) is the fractional derivative of state
function x(t) in the Caputo sense.

This paper is organized as follows: In Section 2, some basic definitions
and preliminary remarks on the fractional calculus are presented. The Hahn
polynomials and their properties are introduced in Section 3. The operational
matrix of fractional integration and product operational matrix for the Hahn
polynomials have been derived in Section 4. In Section 5, an efficient direct
method is proposed to solve TDFOCPs. To confirm the efficiency and accu-
racy of the presented method, some illustrative examples are given in Section
6. Finally, a conclusion is given in Section 7.

2 Definitions and preliminaries

Although, the fractional order operators enable to model a wider class of
problems, there does not exist a unique definition of fractional derivative.
Among the several formulations of the generalized derivative, the Riemann–
Liouville and Caputo definitions are the most commonly used, which can be
described as follows [32,38].

Definition 1. A real function f(t), t > 0, is said to belong the space
Cµ, µ ∈ R if there exist a real number p > µ and a function f1(t) ∈ C[0,∞)
such that f(t) = tpf1(t). Moreover, if f (n) ∈ Cµ, then f(t) is said to belong
the space Cn

µ , n ∈ N.

Definition 2. The Riemann–Liouville fractional integration of order ν ≥ 0
of a function f ∈ Cµ, µ ≥ −1, is defined as

(Iνf) (t) =


1

Γ(ν)

∫ t

0

(t− τ)ν−1f(τ)dτ, ν > 0,

f(t), ν = 0.

The Riemann–Liouville fractional operator Iν has the following properties:

Iν1 (Jν2f(t)) = Iν2 (Iν1f(t)) , ν1, ν2 ≥ 0,

Iν1 (Iν2f(t)) = Iν1+ν2f(t), ν1, ν2 ≥ 0,

Iνtλ = Γ(λ+1)
Γ(λ+ν+1) t

ν+λ, ν ≥ 0, λ > −1.

Definition 3. The Caputo fractional derivative of order ν > 0 is defined as
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Dνf(t) =


dnf(t)

dtn
, ν = n ∈ N,

1

Γ(n− ν)

∫ t

0

f (n)(τ)

(t− τ)ν−n+1
dτ, t > 0, 0 ≤ n− 1 < ν < n,

where n is integer, t > 0, and f ∈ Cn
1 .

For N0 = {0, 1, 2, . . .}, f ∈ Cµ, µ, λ ≥ −1, and n−1 < ν ≤ n, some useful
and practical properties of the Caputo fractional operators Dν are given by
the following expressions:

IνDνf(t) = f(t)−
n−1∑
k=0

f (k)(0+)
tk

k!
, t > 0,

DνIνf(t) = f(t),

Dνtλ =


0 for λ ∈ N0 and λ < ν,

Γ(λ+ 1)

Γ(λ− ν + 1)
tλ−ν otherwise.

For more details on fractional calculus and their applications we refer the
reader to [32,38].

3 Hahn polynomials and their properties

The Hahn polynomials are a class of orthogonal polynomials, which are in-
troduced and investigated by Wolfgang Hahn [18]. These polynomials can
be considered as a discrete analog of the classical Jacobi polynomials [16,42].
This section is devoted to a brief definition of Hahn polynomials and their
properties. For more details and some applications of the Hahn polynomials,
one can refer the reader to [16,18,24,42,43].

Definition 4. For arbitrary complex numbers ai, i = 1, 2, 3 and bj ̸= 0, j =
1, 2, the generalized hypergeometric series 3F2 (a1, a2, a3; b1, b2;x) is defined
as

3F2 (a1, a2, a3; b1, b2;x) =
∞∑
k=0

(a1)k(a2)k(a3)k
(b1)k(b2)k

xk

k!

in which a can be derived as follows:
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(a)0 = 1,
(a)k = a(a+ 1) · · · (a+ k − 1), k ≥ 1,

and the series terminates if one of the numbers ai is zero or a negative integer.

Definition 5. Let α, β > −1 be real numbers and let N be a positive integer
number. The Hahn polynomial Hn(t;α, β,N) may be defined in terms of a
hypergeometric series

Qn (x;α, β,N) = 3F2(−n, n+ α+ β + 1,−x;α+ 1,−N ; 1)

=
n∑

k=0

(−n)k(n+ α+ β + 1)k(−x)k
k!(α+ 1)k(−N)k

, n = 0, 1, . . . , N.

Remark 1. Hereafter, the simple notation Qn(x) is used to denote the nth
Hahn polynomial Qn (x;α, β,N).

Orthogonality:
The set of Hahn polynomials {Qn(x) : n = 0, 1, . . . , N} are orthogonal on
the interval [0, N ] with respect to the following discrete norm:

⟨f, g⟩w =
N∑
r=0

f(r)g(r)w(r),

where w(t) is the weight function and is defined by

w(x) =

(
α+ x
x

)(
β +N − x
N − x

)
=

Γ (α+ x+ 1)Γ (β +N − x+ 1)

Γ (x+ 1)Γ (N − x+ 1)Γ (α+ 1)Γ (β + 1)
.

Moreover, the orthogonality condition for these polynomials reads as follows:

⟨Qn(x), Qm(x)⟩w =
N∑
r=0

Qn(r)Qm(r)w(r) = π (n) δmn,

where δmn is the Kronecker delta and π (n) can be defined as

π (n) =
(−1)

n
(n+ α+ β + 1)N+1 (β + 1)n n!

(2n+ α+ β + 1) (α+ 1)n (−N)n N !
.

Recurrence relation:
The set of Hahn polynomials {Qn(x) : n = 0, 1, . . . , N} can be determined
with the aid of the following recurrence formulas:

µnQn+1(x) = (µn + σn − x)Qn(x)− σnQn−1(x), n = 0, 1, . . . , N − 1,
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where

µn =
(n+ α+ β + 1) (n+ α+ 1) (N − n)

(2n+ α+ β + 1) (2n+ α+ β + 2)
,

and

σn =
n (n+ β) (n+ α+ β +N)

(2n+ α+ β) (2n+ α+ β + 1)
.

Explicit formula:
By using the generalized hypergeometric series 3F2, the explicit analytical
form of the Hahn polynomials can be derived as follows:

Qn(x) =

n∑
k=0

hk,nx
k, n = 0, 1, . . . , N,

in which

hk,n =
n∑

i=k

(−1)
i
(−n)i (n+ α+ β + 1)iS (k, i)

i! (α+ 1)i (−N)i
, (5)

and

S (k, i) =
1

i!

i∑
j=0

(−1)
i−j

(
i
j

)
jk.

Shifted Hahn polynomial:
In order to use the Hahn polynomials on the interval [0, 1], we define the
shifted Hahn polynomials (SHPs) by introducing the change of variable x =
Nt. Let the nth shifted Hahn polynomial, Qn(Nt), be denoted by Hn(t).
Then, the set of shifted Hahn polynomials {Hn(t) : n = 0, 1, . . . , N} are
orthogonal on the interval [0, 1] with respect to the shifted weight function
w̄(t) = w (Nt) and the following discrete norm:

⟨f, g⟩w̄ =
N∑
r=0

f
( r

N

)
g
( r

N

)
w̄
( r

N

)
. (6)

Also, the orthogonality condition for SHPs can be defined as follows:

⟨Hn(t),Hm(t)⟩w̄ =
N∑
r=0

Hn

( r

N

)
Hm

( r

N

)
w̄
( r

N

)
= π (n) δmn, (7)

where π (n) is defined by (10).

Function approximation:
A function f(t), defined over the interval [0, 1], may be expanded by the SHPs
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as

f(t) ≃
N∑
i=0

ciHi(t) = CTΦ(t), (8)

where C and Φ(x) are (N + 1) vectors given by

CT = [c0, c1, . . . , cN ] , Φ(t) = [H0(t), H1(t), . . . , HN (t)]
T
, (9)

and the coefficients ci can be derived as follows:

ci =
⟨f(t),Hi(t)⟩w̄

π(i)
, i = 0, 1, . . . , N. (10)

Convergence analysis:

Convergence analysis and spectral accuracy of the Hahn polynomials expan-
sion are investigated thoroughly in [15,16]. The following Theorem provides
conditions that ensure that the series expansion of a function by the discrete
Hahn polynomials converges.

Theorem 1. The series expansion
n∑

k=0

⟨f,Qk⟩
⟨Qk,Qk⟩Qk(x) of a function f by

the discrete Hahn polynomials converges pointwise, if the series expansion
of the function f by the Jacobi polynomials converges pointwise and if
n3+α+max{1,α}

N → 0 as n,N → ∞.

Proof. The proof follows directly from [15, Theorems 1.1, 2.1 and 2.2].

4 Operational matrices

In this section, the operational matrix of fractional integration in the Riemann–
Liouville sense and product operational matrix for the SHPs vector Φ(t) will
be derived. To this end, the inner product of the SHP Hn(t) and ts is derived
explicitly. Then, by using this explicit formulation, the operational matrix of
fractional integration and product operational matrix can be obtained easily.

Lemma 1. Suppose that, for a positive real number s, the inner product of
the nth Hahn polynomial Hn(t) and ts is denoted by λ (n, s). It can be derived
as

λ (n, s) = ⟨Hn(t), t
s⟩w̄

=
1

Ns

N∑
r=0

n∑
k=0

hk,nr
s+kΓ (α+ r + 1)Γ (β +N − r + 1)

Γ (r + 1)Γ (N − r + 1)Γ (α+ 1)Γ (β + 1)
,
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in which hk,n is defined in relation (5).

Proof. From the definition of the discrete inner product ⟨., .⟩w̄ in (7), we have

λ (n, s) =

N∑
r=0

Hn

( r

N

) rs

Ns
w̄
( r

N

)
=

1

Ns

N∑
r=0

Qn (r) r
sw(r)

=
1

Ns

N∑
r=0

(
n∑

k=0

hk,nr
k

)
rs
(
r + α
r

)(
β +N − r
N − r

)
=

1

Ns

N∑
r=0

n∑
k=0

hk,nr
s+kΓ (α+ r + 1)Γ (β +N − r + 1)

Γ (r + 1)Γ (N − r + 1)Γ (α+ 1)Γ (β + 1)
. (11)

Theorem 2. Let Φ(t) be the (N + 1) SHPs vector defined in (9). The
fractional integration of order ν for this vector can be expressed as

IνΦ(t) ≃ P (ν)Φ(t), (12)

where P (ν) is an (N + 1) × (N + 1) matrix and its (i, j)th element can be
defined as

P
(ν)
i,j =

i−1∑
k=0

hk,i−1N
kΓ (k + 1)λ (j, k + ν)

Γ (k + ν + 1)π (j)
, i, j = 0, 1, . . . , N.

Proof. The ith element of the vector Φ(t) isHi−1(t) and its fractional integral
of order ν can be derived as

IνHi−1(t) = IνQi−1 (Nt)

= Iν

(
i−1∑
k=0

hk,i−1N
ktk

)
=

i−1∑
k=0

hk,i−1N
kΓ (k + 1)

Γ (k + ν + 1)
tν+k. (13)

By expanding tk+ν in terms of SHPs, we get

tk+ν ≃
N∑
j=0

βj,kHj(t), (14)

in which βr,j can be derived by using Lemma 1 as follows:

βj,k =
1

π(j)

⟨
Hj(t), t

k+ν
⟩
w̄
=

λ (j, k + ν)

π(j)
. (15)

Now, by inserting (14) and (15) in (13), we get
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IνΦi(t) ≃
N∑
j=0

(
i−1∑
k=0

hk,i−1N
kΓ (k + 1)λ (j, k + ν)

Γ (k + ν + 1)π (j)

)
Hj(t),

and this leads to the desired results.

Theorem 3. Let Φ(t) be the (N +1) Hahn polynomials vector defined in (9)
and let V be an arbitrary (N + 1) vector. Then, it is convenient to write

Φ(t)ΦT (t)V = Ṽ Φ(t), (16)

where Ṽ is the (N + 1)× (N + 1) product operational matrix and its (i, j)th
element can be defined as

Ṽi+1,j+1 =
1

π (j)

N∑
k=0

Vk ⟨Hk(t)Hi(t),Hj(t)⟩w̄, i, j = 0, 1, . . . , N.

Proof. The product of two Hahn polynomial vectors Φ(t) and ΦT (t) is an
(N + 1)× (N + 1) matrix as follows

Φ(t)ΦT (t) =


H0(t)H0(t) H0(t)H1(t) . . . H0(t)HN (t)
H1(t)H0(t) H1(t)H1(t) . . . H1(t)HN (t)

...
...

. . .
...

HN (t)H0(t) HN (t)H1(t) . . . HN (t)HN (t)

 .

As a result, relation (16) can be rewritten as:

N∑
k=0

Hk(t)Hi(t)Vk+1 =

N∑
k=0

Hk(t)Ṽi+1,k+1, i = 0, 1, . . . , N.

Now, by multiplying both sides of the above equation by Hj(t) and using the
defined inner product in (6), we get

N∑
k=0

⟨Hk(t)Hi(t), Hj(t)⟩w̄ Vk+1 = ⟨Hj(t),Hj(t)⟩w̄ Ṽi+1,j+1, i, j = 0, 1, . . . , N.

Therefore, the matrix Ṽ may be given by

Ṽi+1,j+1 =

N∑
k=0

Vk ⟨Hk(t)Hi(t),Hj(t)⟩w̄

⟨Hj(t),Hj(t)⟩w̄
=

1

π (j)

N∑
k=0

Vk ⟨Hk(t)Hi(t),Hj(t)⟩w̄.
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5 Description of the proposed method

In this section, SHPs along with their operational matrix of fractional inte-
gration will be applied to solve TDFOCPs. Consider the optimal control of
time-varying linear system (1)–(4) with delays in state and control and with
quadratic performance. First, we approximate all functions involved in the
problem as follows:

Dνx(t) ≃ XTΦ(t), (17)

u(t) ≃ UTΦ(t), (18)

r(t) ≃ RTΦ(t), s(t) ≃ STΦ(t), (19)

a(t) ≃ ATΦ(t), c(t) ≃ CTΦ(t), (20)

b(t) ≃ BTΦ(t), e(t) ≃ ETΦ(t), (21)

f(t) ≃ FTΦ(t), g2(t) ≃ GT
1 Φ(t), g1(t) ≃ GT

2 Φ(t), (22)

where X and U are unknown vectors to be determined, while R, S, A, C, B,
E, G1, G2, and F are known SHPs coefficient vectors that can be computed as
explained in (8)–(10). By applying the fractional Riemann–Liouville operator
Iν on both sides of the relation (17), we have

x(t) ≃ IνXTΦ(t) + g1(0) = XTP (ν)Φ(t) +GT
1 Φ(0), (23)

in which P (ν) is the operational matrix of fractional integration of the SHPs
vector Φ(t) derived in Theorem 2. Hence, by using (23) and (18), the delay
state function x(t− τ) and control function u(t− η) can be derived as

x (t− τ) =


GT

1 Φ(t− τ) , 0 ≤ t ≤ τ,(
XTP (α) + dT

)
Φ(t− τ), τ ≤ t ≤ 1,

and

u (t− η) =

GT
2 Φ(t− η) , 0 ≤ t ≤ η,

UTΦ(t− η), η ≤ t ≤ 1.

These delay functions can be expanded by the Hahn polynomials as
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x (t− τ) = XTP (ν)ΩτΦ (t) + V T
τ Φ (t) , (24)

and

u (t− η) = UTΩηΦ(t) + V T
η Φ(t) , (25)

where Vτ and Vη are known (N + 1) vectors, whereas Ωη and Ωη are known
(N + 1) × (N + 1) matrices, which are depend on the delay parameters τ
and η, respectively (please, see details in Appendix A). Now, by substituting
(17)–(25) in dynamical system (4), we get

XTΦ(t) = XTP (ν)Φ(t)ΦT (t)A+GT
1 Φ(0)A

TΦ(t) + UTΦ(t)ΦT (t)B

+XTP (ν)ΩτΦ(t)Φ
T (t)C + V T

τ Φ(t)ΦT (t)C + UTΩηΦ(t)Φ
T (t)E

+V T
η Φ(t)ΦT (t)E + FTΦ(t).

By using the product operational matrix as described in Theorem 3, it is
convenient to rewrite this relation as follows:

XTΦ(t) =
(
XTP (ν)Ã+GT

1 Φ(0)A
T + UT B̃ +XTP (ν)Ωτ C̃

+V T
τ C̃ + UTΩηẼ + V T

η Ẽ + FT
)
Φ(t).

The above expression is satisfied for all t in the interval [0, 1]; therefore

XT = XTP (ν)Ã+GT
1 Φ(0)A

T + UT B̃ +XTP (ν)Ωτ C̃

+V T
τ C̃ + UTΩηẼ + V T

η Ẽ + FT .

Now, from this relation, the unknown vector U can be derived as a function
of unknown vector X, by solving the following linear system:

UTΛ = Y, (26)

where

Λ = −
(
B̃ +ΩηẼ

)
, (27)

and

Y = XTP (ν)Ã+GT
1 Φ(0)A

T +XTP (ν)Ωτ C̃
+ST

τ C̃ + ST
η Ẽ + FT −XT . (28)

By inserting the obtained vector U in (18), the unknown control function
u(t) can be derived as a function of the unknown vector X. Therefore, the
performance index can be derived as:

J [x0, x1, . . . , xN ] ≃
∫ 1

0

Θ(t,X)dt, (29)



G
al
le
y
P
ro
of

A discrete orthogonal polynomials approach for fractional ... 61

where

Θ (t,X) =

[(
XTP (ν)Φ(t) + dTΦ(t)

)2
ΦT (t)R+

(
UTΦ(t)

)2
ΦT (t)S

]
.

Moreover, by applying the Gauss–Legendre quadrature formula in the in-
terval [0, 1], the performance index J [x0, x1, . . . , xN ] can be approximated
as

J [x0, x1, . . . , xN ] ≃
r∑

k=1

wkΘ(tk, X), (30)

where wk and tk are Gauss–Legendre quadrature nodes and weights, respec-
tively. Finally, the necessary conditions for the optimality of the performance
index are

∂J

∂xi
= 0, i = 0, 1, . . . , N, (31)

which constitute a system of algebraic equations for unknown vector X. By
solving this system and determining the vector X, the optimal state function
x(t) and control function u(t) can be approximated by inserting vector X in
(18) and (23), respectively.

Algorithm 1 Algorithm in pseudo-code format

Inputs: N , α, β, ν, r, τ , η, the functions r(t), s(t), f(t), g1(t), g2(t), a(t), c(t), and b(t), e(t).

Step 1: Construct the Hahn polynomials vector Φ(t) and weight function w(t) from (5)

and (9).

Step 2: Define an unknown (N + 1) vector X and approximate Dνx(t) in (17).

Step 3: Compute the fractional operational matrix P (ν) form Theorem 2.

Step 4: Compute the coefficient vectors R, S, A,C, B,E, G1, G2, and F from (19)–(22).

Step 5: Compute the product operational matrices Ã, C̃ and B̃, Ẽ from Theorem 3.

Step 6: Compute the matrices Ωτ and Ωη and vectors Vτ and Vη from Lemma 2 in Ap-

pendix A.

Step 7: Compute the matrix Λ and vector Y from (27) and (28).

Step 7: Compute the vectors U from (26).

Step 8: Insert the obtained vectors U in (18) to approximate the control function u(t).

Step 9: Compute the performance index J in (29).

Step 10: Apply the Gauss–Legendre quadrature formula to approximate J in (30).

Step 11: Constitute the system of algebraic equations in (31).

Step 12: Solve the obtained system of algebraic equations in Step 11 to get the unknown

vector X.

Outputs: The approximate state and control functions x(t) ≃ XTΦ(t) and u(t) ≃
UTΦ(t).
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5.1 Main features of the proposed method

A direct numerical method based on discrete orthogonal polynomials is pro-
posed to approximate solution of time-delay fractional optimal control prob-
lems. As these polynomials are orthogonal with respect to a discrete norm,
implementation of the proposed numerical method is more efficient and less
complex in comparison to similar methods that in which continuous poly-
nomials are used. In the proposed method, the fractional derivative of an
unknown state function is approximated by using the discrete polynomials.
Then, the operational matrix of fractional integration together with the dy-
namical system is used to approximate the control function as a function of
state function. Consequently, the need for the direct approximation of con-
trol function and Lagrange multiplier method are eliminated. The numerical
algorithm of the proposed method in pseudo-code format is designed in the
following section.

6 Illustrative examples

In this section, some illustrative examples are considered to investigate the
efficiency and accuracy of the presented SHPs method. In all numerical ex-
amples, the orthogonal SHPs over the interval [0, 1] with α = β = 1 are used
to approximate the solution of (1)–(4). For the problems defined in different
intervals, first, the interval has been transformed into [0, 1]. All the numerical
simulation have been done by using Maple 17 with 20 digits precision.

Example 1. In the first example, we consider the following TDFOCP [20]:

J =
1

2

∫ 2

0

[
x2(t) + u2(t)

]
dt

subjected to the dynamical system

Dνx(t) = a1(t)x (t− 1) + u (t) , 0 ≤ t ≤ 2, 0 < ν ≤ 1,
x(t) = 1, −1 ≤ t ≤ 0,

where a1(t) is a known continuous function. For a1(t) = 1, ν = 1, and
N = 12, Table 1 provides a comparison between the obtained optimal value
J and those derived byWalsh series [33], average approximation [5], Bernstein
polynomials [37], Boubaker functions [34], shifted Legendre polynomials [7],
Bernoulli wavelet method [35], and linear programming [20]. From the pre-
sented results of Table 1, it is clear that the numerical results obtained by
the presented SHPs method have a good agreement with the true solution
given by the average approximation [5], Walsh series [33], and linear pro-
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gramming [20]. Furthermore, it is easy to conclude that the reported values
in [7, 34, 35, 37] are not in good agreement with the other numerical results.
In order to investigate the convergence issue of the proposed algorithm, the
obtained optimal values of J for different values of N and ν are presented
in Table 2 and compared with the reported values in [7]. For a1(t) = t, the
proposed method is employed to solve these TDFOCPs for various values of
ν. In Table 3, a comparison is made between the obtained optimal values
of J and the derived values by linear programming method [20]. From the
presented results in Table 3, we can conclude that the derived optimal val-
ues J are in a good agreement with the numerical solutions reported in [20].
Finally, the graph of approximate state function x(t) and control function
u(t) with N = 12 are plotted in Figures 1 and 2, for a1(t) = 1 and a1(t) = t,
respectively. From the obtained results, it is clear that the proposed SHPs
method is efficient and accurate in solving TDFOCP and that, as the frac-
tional order ν approaches 1, the approximate solution converges to that of
integer-order problem. Moreover, the presented results in Tables 2 and 3
indicate that numerical results converge well as the number of basis function
N increases.

Table 1: Comparison of the performance index values obtained by different methods for
a1(t) = 1 and ν = 1 (Example 1).

Method Performance index value J
Presented method 1.64731019

Linear programming [20] 1.64886527
Average approximation method [5] 1.6419

Walsh series [33] 1.6497
Legendre polynomials [7] 0.4727464

Bernstein polynomials [37] 0.6381
Boubaker functions [34] 0.00002674
Bernoulli wavelet [35] 0.3048

Table 2: The performance index J for a1(t) = 1 and different values of ν (Example 1).

ν = 0.7 ν = 0.8 ν = 0.9 ν = 0.95 ν = 0.99
N = 6 1.5581796 1.5964603 1.6266313 1.6384862 1.6464170
N = 8 1.5487500 1.5907820 1.6239023 1.6368166 1.6454020
N = 12 1.5410926 1.5862331 1.6239023 1.6357471 1.6448406

[7] − 0.4985242 0.5021900 − 0.4778890
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Table 3: The performance index J for a1(t) = t and different values of ν (Example 1).

ν = 0.7 ν = 0.8 ν = 0.9 ν = 0.95 ν = 1
N = 6 0.92467418 0.97005408 1.01321336 1.03283445 1.05078685
N = 8 0.90796836 0.95993974 1.00820712 1.02968701 1.04905258
N = 12 0.90014337 0.95537457 1.00625088 1.02863607 1.04863866

[20] − 1.08069403 1.06577389 − 1.05137240

Figure 1: The approximate solutions x(t) and u(t) for a1(t) = 1 and N = 12 (Example
1).

Figure 2: The approximate solutions x(t) and u(t) for a1(t) = t and N = 12 (Example
1).

Example 2. In this example, we consider the following TDFOCP [34,35]
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J =
1

2

∫ 2

0

[
x2(t) + u2(t)

]
dt

subjected to the dynamical system

Dνx(t) = tx (t) + x (t− 1) + u (t) , 0 ≤ t ≤ 2, 0 < ν ≤ 1,
x(t) = 0, −1 ≤ t ≤ 0.

The SHPs and presented technique in section 5 are used to solve this problem
for various values of ν. For ν = 1, Table 4 provides a comparison between
the results of our proposed method and those derived by FD method [22],
recursive shooting method [21], line-up competition algorithm [10], Legendre
multiwavelets [25], Walsh series [33] and Bernoulli wavelet [35]. From Table
4 we can see that there is good agreement between the obtained results and
the those reported in Refs. [10, 21, 22]. To investigate the convergence issue
of the proposed algorithm, the obtained optimal values of J for different
values of N and ν are presented in Table 5. Moreover, Figure 3 shows the
approximate state and control functions x(t) and u(t) for various values of
ν and N = 12. Based on the obtained results, it is clear that proposed
SHPs method is efficient and accurate for solving such problems and the
approximate solutions converge to the exact solution as fractional order ν
approaches integer order 1. Moreover, it is easy to conclude that numerical
results converge well as the number of basis function N increases.

Table 4: Comparison of the performance index values obtained by different methods for

ν = 1 (Example 2).

Method Performance index value J
Presented method 4.792110320
FD method [22] 4.79678

Recursive shooting method [21] 4.79682
Line-up competition algorithm [10] 4.7976

Legendre multiwavelets [25] 5.1713
Iterative dynamic programming [11] 5.0674

Walsh series [33] 6.0079
Bernoulli wavelet [35] 2.0481

Table 5: The performance index J for different values of ν (Example 2).

ν = 0.7 ν = 0.8 ν = 0.9 ν = 0.95 ν = 0.99
N = 6 4.04799977 4.32580075 4.58104543 4.69543943 4.77884109
N = 8 4.01176960 4.30195764 4.56856743 4.68746981 4.77382051
N = 12 3.98516242 4.28472972 4.56062884 4.68299652 4.77143293
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Figure 3: The approximate solutions x(t) and u(t) for N = 12 (Example 2).

Example 3. In this example, we consider the following TDFOCP with
delays in state and control [7, 34,35]

J =
1

2

∫ 1

0

[
x2(t) +

1

2
u2(t)

]
dt,

subjected to the dynamical system

Dνx(t) = −x (t) + x
(
t− 1

3

)
+ u (t)− 1

2u
(
t− 2

3

)
, 0 ≤ t ≤ 1, 0 < ν ≤ 1,

x(t) = 1, − 1
3 ≤ t ≤ 0,

u(t) = 0, −2
3 ≤ t ≤ 0,

The proposed SHPs method has been employed to approximate the solution
of this TDFOCP for different values of ν. For ν = 1, this problem has been
solved by using the Hybrid functions [17, 28] and Bezier curve method [14].
Table 6 provides a comparison between the results of our proposed method
and those reported in [7,14,17,28,34,35]. From Table 6, we can see that there
is a good agreement between our obtained results and the previously reported
numerical results in [17, 28]. Also, this Table indicates that the reported
values by using Boubaker polynomials [34], Shifted Legendre polynomials
[7], Bernoulli wavelet [35], and Bezier curve method [14] are not in a good
agreement with our proposed method and the valid values given in [17, 28].
To investigate the convergence issue of the proposed algorithm, the obtained
optimal values of J for different values of N and ν are presented in Table 7
and compared with the presented results in [7]. Moreover, Figure 4 shows
the approximate state and control functions x(t) and u(t) for various values
of and N = 12. Based on the obtained results, it is clear that the proposed
SHPs method is efficient and accurate for solving such problems and that
the approximate solutions converge to the exact solution as fractional order
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ν approaches integer order 1. Moreover, it is easy to conclude that numerical
results converge well as the number of basis function N increases.

Figure 4: The approximate solutions x(t) and u(t) for N = 12 (Example 3).

Table 6: Comparison of the performance index values obtained by different methods for
ν = 1 (Example 3).

Method Performance index value J
Presented method method 0.373230152

Hybrid Legendre functions [28] 0.37311241
Hybrid Bernoulli functions [17] 0.37310517

Bernoulli wavelet [35] 0.1027
Bezier curve method [14] 0.4220497643
Boubaker polynomials [34] 0.04553
Legendre polynomials [7] 0.01451

Table 7: The performance index J for different values of ν (Example 3).

ν = 0.7 ν = 0.8 ν = 0.9 ν = 0.95 ν = 0.99
N = 8 0.3393198 0.3496035 0.3600181 0.3652627 0.3694686
N = 12 0.3415913 0.3515520 0.3613160 0.3661582 0.3700268
N = 16 0.3549220 0.3549220 0.3637609 0.3683158 0.3720233
Ref. [7] − 0.0126951 0.0116573 − 0.0139046

Example 4. Finally, consider the following TDFOCP [7,14]
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J =
1

2

∫ 1
4

0

[
x2(t) + u2(t)

]
dt

subjected to the dynamical system

Dνx(t) = x (t) + u
(
t− 1

10

)
+ u (t) , 0 ≤ t ≤ 1

4 , 0 < ν ≤ 1,
u(t) = 0, − 1

10 ≤ t ≤ 0,
x(0) = 1.

Basin and Gonzalez [6] and Ghomanjani et al. [14] solved this problem for
ν = 1 by using the Bezier curve and Linear-quadratic method, respectively.
Here, this TDFOCP has been solved by using the proposed Hahn polynomial
method for variose values of ν. In Table 8, a comparison is made between
the optimal values of J obtained by the SHPs method and those derived by
the Bezier curve method [14], shifted Legendre polynomials [7], and Linear-
quadratic method [6]. From this Table, we can realize that the SHPs method
is efficient and that the obtained results are in good agreement with the
presented results in [6, 14]. However, the reported results in [7] are not in
good agreement with other methods. For noninteger values of ν, the obtained
optimal values of J are presented in Table 9 and compared with the value
of J derived by shifted Legendre polynomials [7]. Finally, Figure 5 shows
the approximate state function x(t) and the control function u(t) for various
values of ν and N = 12. Based on the obtained results, it is clear that the
proposed SHPs method is efficient and accurate for solving such problems and
that the approximate solutions converge to the exact solution as fractional
order α approaches integer order 1. Moreover, it is easy to conclude that
numerical results converge well as the number of basis function N increases.

Table 8: Comparison of the performance index values obtained by different methods for
ν = 1 (Example 4).

Method Performance index value J
Presented method method 0.1554640279
Bezier curve method [14] 0.1565866913

Linear-quadratic [6] 0.1563
Legendre polynomials [7] 0.0143671

Table 9: The performance index J for different values of N and ν (Example 4).

ν = 0.7 ν = 0.8 ν = 0.9 ν = 0.95 ν = 0.99
N = 6 0.1594198 0.1574747 0.1553910 0.1543186 0.1534526
N = 8 0.1607079 0.1584826 0.1561770 0.1550124 0.1540808
N = 12 0.1616864 0.1592375 0.1567619 0.1555286 0.1545484
Ref. [7] − 0.0126951 0.0116573 − 0.0139046
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Figure 5: The approximate solutions x(t) and u(t) for N = 12 (Example 4).

7 Conclusion

A direct numerical method based on the discrete SHPs was proposed to ap-
proximate solution of TDFOCPs with quadratic performance index. First,
the operational matrix of fractional integration in the Riemann–Liouville
sense and product operational matrix for the shifted Hahn polynomials were
derived. The fractional derivative of unknown state function was approxi-
mated by using the SHPs. Then, the operational matrix of fractional inte-
gration together with the dynamical system were used to approximate the
control function as a function of state function. Finally, these approximations
were put in the performance index and necessary conditions for optimality
transform the under consideration TDFOCPs into an algebraic system. Nu-
merical results confirm that the presented SHPs method is accurate and
effective.
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Appendix A

Lemma 2. Consider the function

x(t− τ) =


GT

1 Φ(t− τ), 0 ≤ t ≤ τ,

XTP (ν)Φ(t− τ) + dTΦ(t− τ), τ ≤ t ≤ 1,

it can be expanded into SHPs as follows:

x(t− τ) = XTP (ν)ΩτΦ(t) + VτΦ(t), (32)

in which Ωτ and Sτ are, respectively, (N + 1) × (N + 1) and (N + 1) × 1
matrices defined as follows:

Proof. By expanding the function x(t− τ) expanded by the SHPs, we get

x(t− τ) =

N∑
i=0

ziHi(t) = ZTΦ(t),

where ith element of the coefficient vector Z can be derived as

zi =
⟨x(t− τ),Hi(t)⟩w̄
⟨Hi(t),Hi(t)⟩w̄

=
1

π(i)

N∑
k=0

x

(
k

N
− τ

)
Hi

(
k

N

)
w̄

(
k

N

)
, i = 0, 1, . . . , N.

Let l be the greatest integer such that l ≤ τN . Then

zi =
GT

1

π(i)

l∑
k=0

Φ

(
k

N
− τ

)
Hi

(
k

N

)
w̄

(
k

N

)
+

XTP (ν)

π(i)

N∑
k=l+1

Φ

(
k

N
− τ

)
Hi

(
k

N

)
w̄

(
k

N

)

+
dT

π(i)

N∑
k=l+1

Φ

(
k

N
− τ

)
Hi

(
k

N

)
w̄

(
k

N

)
Now, let us define
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χi =
1

π(i)



l∑
k=0

H0

(
k
N − τ

)
Hi

(
k
N

)
w̄
(

k
N

)
l∑

k=0

H1

(
k
N − τ

)
Hi

(
k
N

)
w̄
(

k
N

)
...
l∑

k=0

HN

(
k
N − τ

)
Hi

(
k
N

)
w̄
(

k
N

)


,

and

Πi =
1

π(i)



N∑
k=l+1

H0

(
k
N − τ

)
Hi

(
k
N

)
w̄
(

k
N

)
N∑

k=l+1

H1

(
k
N − τ

)
Hi

(
k
N

)
w̄
(

k
N

)
...
N∑

k=l+1

HN

(
k
N − τ

)
Hi

(
k
N

)
w̄
(

k
N

)


,

then, the element zi can be obtained as

zi = GT
1 χi + dTΠi +XTP (ν)Πi.

Consequently, we get

x(t− τ) = XTP (ν)ΩτΦ(t) + V T
τ Φ(t),

where Vτ is an (N + 1)× 1 vector as

V T
τ =

[
GT

1 χ0 + dTY0, G
T
1 χ1 + dTY1, . . . , G

T
1 χN + dTYN

]
and Ωτ is an (N + 1)× (N + 1) matrix which its ith column is Πi, that is,

Ωτ =
1

π(i)



N∑
k=l+1

H0

(
k
N − τ

)
H0

(
k
N

)
w̄
(

k
N

)
. . .

N∑
k=l+1

H0

(
k
N − τ

)
HN

(
k
N

)
w̄
(

k
N

)
N∑

k=l+1

H1

(
k
N − τ

)
H0

(
k
N

)
w̄
(

k
N

)
. . .

N∑
k=l+1

H1

(
k
N − τ

)
HN

(
k
N

)
w̄
(

k
N

)
...

. . .
N∑

k=l+1

HN

(
k
N − τ

)
H0

(
k
N

)
w̄
(

k
N

)
. . .

N∑
k=l+1

HN

(
k
N − τ

)
HN

(
k
N

)
w̄
(

k
N

)


.

Remark 2. In the same way, it can be proved that the

u (t− η) = UTΩηΦ(t) + V T
η Φ(t) ,
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where Ωη and Vη are (N+1)×(N+1) and (N+1)×1 matrices, respectively.
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Abstract

In this study, an indirect method is proposed based on the Chebyshev
pseudo-spectral method for solving optimal control problems governed by
Burgers’ equation. Pseudo-spectral methods are one of the most accurate
methods for solving nonlinear continuous-time problems, specially optimal

control problems. By using optimality conditions, the original optimal control
problem is first reduced to a system of partial differential equations with
boundary conditions. Control and state functions are then approximated by

interpolating polynomials. The convergence is analyzed, and some numerical
examples are solved to show the efficiency and capability of the method.
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1 Introduction

Time-dependent partial differential equations (PDEs) play an important role
in various fields of application, such as fluid dynamics [4,28], electro magnet-
ics [17,24], or heat transfers [10]. Often, these differential equations consist of
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nonlinear terms, which are challenging to solve numerically. Furthermore, in
engineering applications, we often interest in an optimal solution of the con-
sidered PDE with a certain objective function. This leads to the mathemati-
cal field of PDE constrained optimization where a cost function is minimized
and the PDE is considered as a constraint.

Optimal control of viscous Burgers’ equation is one of the most important
PDEs constraint optimization, which is taken into consideration and several
papers have recently been presented in its numerical solution. Kobayashi [12]
has concerned with adaptive stabilization and regulator design for a viscous
Burgers’ equation by nonlinear boundary control. Yilmaz and Karasozen [29]
by using the high level modeling and simulation package COMSOL Multi-
physics solved the optimal control of unsteady Burgers’ equation without
constraints and with control constraints. Also, they applied an all-at-once
method for the optimal control of the unsteady Burgers’ equation [30]. More-
over, in other work, they [11] transformed the optimality system for boundary
controlled unsteady Burgers’ equation after linearization into a biharmonic
equation in the space-time domain. Smaoui et al. [23] have dealt with the
sliding mode control (SMC) of the forced generalized Burgers’ equation via
the Karhunen–Loeve (K-L) Galerkin method. Hashemi and Werner [8] pre-
sented a finite difference scheme for the one-dimensional viscous Burgers’
equation, which boundary conditions are taken as control inputs. Zeng and
Zhang [31] designed a new preconditioning technique along with MINRES
(minimal residual) in nonstandard inner product for the linear system of
equations arising for optimal control of the unsteady Burgers’ equation. Ku-
cuk and Sadek [13] analyzed the dynamics of the forced Burgers’ equation
subject to Dirichlet boundary conditions by using the boundary control with
the objective of minimizing the distance between the final state function and
target profile along with the energy of the control. Also, they applied a
robust technique for solving optimal control of coupled Burgers’ equation;
see [21]. Noack and Walther [16] used adjoint techniques for efficient eval-
uations of the gradient of the objective in gradient based on optimization
algorithms. Marburger and Pinnau [15] showed the convergence of method
to solve optimal control problems, where the constraints have been discretized
by a particle method. Allahverdi et al. [2] discussed the efficiency of various
numerical methods for the inverse design of the Burgers’ equation. An aug-
mented Lagrangian-SQP technique depending upon second-order sufficient
optimality condition is analyzed in [27]. In [5], a comparison of three differ-
ent numerical methods for optimal control of Burgers’ equation is carried out.
In [25], a Lagrangian-Newton-SQP method is presented for the solution of
optimal control of Burgers’ equation, where the control is restricted by point-
wise lower and upper bounds. Proper orthogonal decomposition method is
utilized in [14] to solve optimal control problems of the Burgers’ equation.
Furthermore, some controllability results for viscous Burgers’ equation with
distributed controls are presented in [6].
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In some papers, at first the problem is discretized on one of the variables
and then the Runge–Kutta method is applied to discrete the optimality con-
ditions. To achieve good results, we have to take the number of points of
discretization big enough that it can be too time consuming and has compu-
tational complexity.

The pseudo-spectral (PS) methods are one of the most accurate methods
to solve continuous-time problems including ordinary differential equations
(ODEs) and PDEs. Using the direct Chebyshev PS(CPS) method for optimal
control problems governed by PDEs does not usually give an explicit solu-
tion. Hence, we use an indirect CPS method for solving necessary optimal
conditions in an optimal control problem of Burgers’ equation and we obtain
an approximate optimal solution. It is the first time that the CPS method is
applied by discretization of variables synchronic. By numerical examples, it
can be seen that the CPS method is more effective than other methods and
we can achieve the better results for the solution of optimal control problem
of Burgers’ equation. In fact, the error of CPS method is less than that of
other methods.

The paper is organized as follows: In Section 2, we introduce the optimal
control problem of Burgers’ equation. In Section 3, we give the optimality
conditions for optimal control problem of Burgers’ equation. In Section 4,
we utilize the CPS method to discretize optimality conditions. In Section 5,
the convergence of the method is analyzed. Finally, the numerical examples
and conclusion are given in Sections 6 and 7, respectively.

2 Optimal control problem of Burgers’ equation

The distributed optimal control problem for the Burgers’ equation can be
stated as follows:

Minimize J [y, u] =
1

2

∫ T

0

∫ b

a

(y(t, x)− z(t, x))2dxdt+
α

2

∫ T

0

∫ b

a

u2(t, x)dxdt

(1)

subject to

yt(t, x) + y(t, x)yx(t, x)− νyxx(t, x) = Φ(u), (t, x) ∈ Q = [0, T ]× [a, b], (2)

y(t, a) = y(t, b) = 0, t ∈ Σ = [0, T ], (3)

y(0, x) = y0(x), x ∈ Ω = [a, b], (4)

where y(., .) is the state variable, u(., .) is the control variable, α > 0 is the
regularization parameter, ν > 0 denotes the viscosity parameter, and Φ is a
given function. An usual selection of function Φ is as follows:
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Φ(u) =

{
u u in Ω,

0 u in Ω− Ω,

where Ω is the set of active controls; see [5, 25,27].

At first, optimality conditions for problem (1)–(4) are given, then we indi-
rectly develop the CPS method to achieve an approximate optimal solution.

3 Optimality conditions

Here, we summarize the process of achieving the optimality conditions for
the optimal control problem (1)–(4).
Let L1

loc(Ω) be the set of all functions that are Lebesgue integrable on every
compact subset of Ω and let W k,2(Ω) be the linear space of all functions
w ∈ L2(Ω) having weak derivatives Dαw in L2(Ω) for all multi-indices α of
length | α |≤ k. Assume that C∞

0 (Ω) is the space of differentiable functions
of every arbitrary order on Ω. The closure of C∞

0 (Ω) in W k,p(Ω) is denoted

by W k,p
0 (Ω). Moreover, we define Hk

0 (Ω) =W k,2
0 (Ω).

Definition 1. Let y ∈ L1
loc(Ω) and let some multi-index α be given. If

a function ω ∈ L1
loc(Ω) satisfies∫

Ω

y(x)Dαv(x)dx = (−1)|α|
∫
Ω

ω(x)v(x)dx, for all v ∈ C∞
0 (Ω),

then ω is called the weak derivative of y (associated with α).

Let H = L2(Ω) and V = H1
0 (Ω) be Hilbert spaces. We make use of the

following Hilbert space

W (0, T ) = {ϕ ∈ L2([0, T ];V ) : ϕt ∈ L2([0, T ];V ⋆)},

where V ⋆ denotes the dual space of V . The inner product in the Hilbert
space V is given with the natural inner product in H as

(ϕ, ψ)V = (ϕ′, ψ′)H , for ϕ, ψ ∈ V,

where ϕ′ and ψ′ are the derivative of ϕ and ψ, respectively.

Definition 2. Every function y ∈W (0, T ) that satisfies{
< yt(t), ϕ >V ⋆,V +ν(yt(t), ϕ)V + (y(t)yx(t), ϕ)H = ((f +Φ(u))(t), ϕ)H

ϕ ∈ V, t ∈ [0, T ], (y(0), χ)H = (y0, χ), χ ∈ H,

where
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< yt(t), ϕ >V ⋆,V =

∫
Ω

η.ϕdx+

∫
Ω

η′.ϕ′dx, η ∈ V,

is called a weak solution for Burgers’ equation (2) and conditions (3) and (4).

In order to achieve the optimality conditions, the operator e : X −→ Y
is introduced by

e(y, u) = (e1(y, u), e2(y, u)) = (yt − νyxx + yyx − f − Φ(u), y(0)− y0),

where y(0) = y(0, x) , X =W (V )×L2(Ω̄), and Y = L2(V )×H is identified
with Y ⋆ = L2(V ⋆) × H the dual of Y . We use L2(V ) for L2(Σ;V ). Now,
the optimal control problem (1)–(4) can be transformed as the following
minimization problem with equality constraints

minimize J(y, u)

subject to e(y, u) = 0.

Theorem 1. Let (y⋆, u⋆) be an optimal solution of (1)–(4). Then there exist
Lagrange multipliers p⋆ : [0, T ] × Ω −→ ℜ and λ⋆ satisfying the first-order
necessary optimality conditions

L′(y⋆, u⋆, p⋆, λ⋆) = 0, e(y⋆, u⋆) = 0

with the Lagrangian

L(y, u, p, λ) = J(y, u)− (e1(y, u), p)L2(V ⋆),L2(V ) − (e2(y, u), λ)H .

Hence, first-order optimality conditions lead to the following optimality
system (see [9, 26,27])

yt − νyxx + yyx = Φ(u), (t, x) ∈ Q,

pt + νpxx + ypx = yd − y, (t, x) ∈ Q,

y(t, a) = y(t, b) = 0, t ∈ Σ,

y(0, x) = y0, x ∈ Ω,

p(t, a) = p(t, b) = 0, t ∈ Σ,

p(T, x) = 0, x ∈ Ω,

αu+ p = 0, (t, x) ∈ Q.

(5)

From the last equation of system (5), we have

u = − 1

α
p. (6)

By using (6), we can express (5) as follows:
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yt − νyxx + yyx = Φ(− 1
αp), (t, x) ∈ Q,

pt + νpxx + ypx = yd − y, (t, x) ∈ Q,

y(t, a) = y(t, b) = 0, t ∈ Σ,

p(t, a) = p(t, b) = 0, t ∈ Σ,

y(0, x) = y0(x), x ∈ Ω,

p(T, x) = 0, x ∈ Ω.

(7)

Now, we utilize the CPS method to solve optimality conditions (7) and obtain
an approximate optimal solution for the optimal control problem (1)–(4).

4 CPS method to approximate the optimal solution

Chebyshev polynomials are in center of the CPS method, and hence we first
introduce these polynomials and then demonstrate the CPS method to solve
optimality conditions (7).

Chebyshev polynomials [1,18] are orthogonal polynomials, which play an
important role in the theory of approximation. These polynomials are defined
on [−1, 1] as follows:

T0(x) = 1, T1(x) = x, T2(x) = 2x2 − 1, T3(x) = 4x3 − 3x, . . . . (8)

These polynomials can be generated from the following recurrence relation-
ship:

Tj+1(x) = 2xTj(x)− Tj−1(x), j ≥ 1, x ∈ [−1, 1]. (9)

It is possible to give an explicit expression of Chebyshev polynomials as

Tj(x) = cos(j cos−1 x). (10)

It is now easy to verify that TN (.) has N zeros within the interval (−1, 1)

as xk = cos (2k−1)π
2N , k = 1, 2, . . . , N . However, in this paper, we use the

CGL points on [−1, 1] which are as follows:

xj = − cos
πj

N
, 0 ≤ j ≤ N, (11)

where they are the roots of (1 − x2)T ′
N (x). For interpolating in the CPS

method, the following Lagrange polynomials are utilized:

Lk(x) =

N∏
j=0
j ̸=k

x− xj
xk − xj

=
2

Nµk

N∑
j=0

1

µj
Tj(xk)Tj(x), k = 0, 1, . . . , N, x ∈ [−1, 1] ,
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where

µj =

{
2, j = 0, N,

1, 1 ≤ j ≤ N − 1,

and we have

Lk(tj) = δkj =

{
1, j = k,

0, j ̸= k.
(12)

To use the CPS method, the variables of system (7) are transformed to in-
terval [−1, 1] by the following linear transformations:

t =
T

2
t̄+

T

2
, t ∈ [0, T ], t̄ ∈ [−1, 1],

x =
b− a

2
x̄+

b+ a

2
, x ∈ [a, b], x̄ ∈ [−1, 1].

(13)

By (13), the optimality conditions (7) can be written as follows:

Yt̄ = ψ1 (Y (t̄, x̄), P (t̄, x̄), Yx̄(t̄, x̄), Yx̄x̄(t̄, x̄)) , (t̄, x̄) ∈ [−1, 1]× [−1, 1],

Pt̄ = ψ2 (Y (t̄, x̄), P (t̄, x̄), Px̄(t̄, x̄), Px̄x̄(t̄, x̄)) , (t̄, x̄) ∈ [−1, 1]× [−1, 1],

Y (t̄,−1) = Y (t̄, 1) = 0, t̄ ∈ [−1, 1],

P (t̄,−1) = P (t̄, 1) = 0, t̄ ∈ [−1, 1],

Y (−1, x̄) = Y0(x̄), x̄ ∈ [−1, 1],

P (1, x̄) = 0, t̄ ∈ [−1, 1],

(14)

where

Y (t̄, x̄) = y(
T

2
t̄+

T

2
,
b− a

2
x̄+

b+ a

2
),

P (t̄, x̄) = p(
T

2
t̄+

T

2
,
b− a

2
x̄+

b+ a

2
),

Yd(t̄, x̄) = yd(
T

2
t̄+

T

2
,
b− a

2
x̄+

b+ a

2
),

Y0(x̄) = y0(
b− a

2
x̄+

b+ a

2
),

ψ1 (Y, P, Yx̄, Yx̄x̄) =
T

2

(
(

2

b− a
)2νYx̄x̄ − 2

b− a
Y Yx̄ − Φ(− 1

α
P )

)
,

ψ2 (Y, P, Px̄, Px̄x̄) =
T

2

(
−(

2

b− a
)2νPx̄x̄ − 2

b− a
Y Px̄ + Yd − Y

)
.

We assume that ψ1 and ψ2 have bounded and continuous derivatives with
respect to their arguments. Hence, there exist constants M1 and M2 such
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that

|ψ1 (Y, P, Yx̄, Yx̄x̄)− ψ1

(
Ỹ , P̃ , Ỹx̄, Ỹx̄x̄

)
| ≤M1

(
|Y − Ỹ |+ |P − P̃ |

)
,

(15)

|ψ2 (Y, P, Px̄, Px̄x̄)− ψ2

(
Ỹ , P̃ , P̃x̄, P̃x̄x̄

)
| ≤M2

(
|Y − Ỹ |+ |P − P̃ |

)
.

Now, to approximate the optimal solution, we utilize the following polyno-
mials interpolating:{

Y N (t̄, x̄) =
∑N

i=0

∑N
j=0 ā

N
ijLi(t̄)Lj(x̄),

PN (t̄, x̄) =
∑N

i=0

∑N
j=0 b̄

N
ijLi(t̄)Lj(x̄),

(16)

where āNij and b̄Nij , for i, j = 0, 1, . . . , N , are the unknown coefficients. By
(12), we have {

Y N (t̄i, x̄j) = āNij ,

PN (t̄i, x̄j) = b̄Nij ,
(17)

where

t̄i = − cos(
πi

N
), x̄j = − cos(

πj

N
).

To express the derivatives Y N
t̄ (., .), Y N

x̄ (., .), Y N
x̄x̄(., .), P

N
t̄ (., .)PN

x̄ (., .), and
PN
x̄x̄(., .), we can use the matrix multiplication D = (Dkj) and get

Y N
t̄ (t̄p, x̄k) =

∑N
i=0 ā

N
ikDpi,

Y N
x̄ (t̄p, x̄k) =

∑N
j=0 ā

N
pjDkj ,

Y N
x̄x̄(t̄p, x̄k) =

∑N
j=0 ā

N
pjD̂kj ,

PN
t̄ (t̄p, x̄k) =

∑N
i=0 b̄

N
ikDpi,

PN
x̄ (t̄p, x̄k) =

∑N
j=0 b̄

N
pjDkj ,

PN
x̄x̄(t̄p, x̄k) =

∑N
j=0 b̄

N
pjD̂kj ,

(18)

where

Dkj = L′
j(t̄k) =



µk

µj
(−1)k+j 1

t̄k − t̄j
, j ̸= k,

− t̄k
2− 2t̄2k

, 0 ≤ j = k ≤ N − 1,

−2N2 + 1

6
, j = k = 0,

2N2 + 1

6
, j = k = N,

(19)

and D̂ = D · D = (D̂kj) where D̂kj =
∑N

l=0DklDlj , k, j = 0, 1, . . . , N . In
fact, multiplying by the matrix D transforms a vector of the state variables
at the CGL points to the vector of approximate derivatives at these points.
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Now, by relations (16), (17), and (18), conditions (7) can be written as the
following discrete form:
∑N

i=0 ā
N
ikDpi − ψ1

(
āNpk, b̄

N
pk,

∑N
j=0 ā

N
pjDkj ,

∑N
j=0 ā

N
pjD̂kj

)
= 0,∑N

i=0 b̄
N
ikDpi − ψ2

(
āNpk, b̄

N
pk,

∑N
j=0 b̄

N
pjDkj ,

∑N
j=0 b̄

N
pjD̂kj

)
= 0,

āNp0 = āNpN = 0, b̄Np0 = b̄NpN = 0, āN0k = Y0(x̄k), b̄
N
Nk = 0, k, p = 0, 1, . . . , N.

(20)

By solving the system of algebraic equations (20), we can obtain pointwise
and continuous approximate optimal solutions as (16) and (17), respectively.
Also, by (6), the approximate optimal control can be given as

UN (t̄, x̄) =
−1

α

N∑
i=0

N∑
j=0

b̄NijLi(t̄)Lj(x̄), (t̄, x̄) ∈ [−1, 1]× [−1, 1].

Moreover, the optimal value of functional (1) can be approximated as follows:

JN =
T

8

N∑
k=0

N∑
p=0

wkwp[ā
N
pk − z

(
T

2
(t̄p + 1),

b− a

2
x̄k +

b+ a

2

)
+ αc̄N2

pk ] (21)

where c̄Npk = 1
α b̄

N
pk, and ws, s = 0, 1, . . . , N , are the quadrature weights of the

numerical approximation (21). For even N , the weights are{
w0 = wN = 1

N2−1

ws = wN−s =
4
N

∑N
2

′′

j=0
1

1−4j2 cos(
2πjs
N ), s = 1, 2, . . . , N2 ,

(22)

and for odd N ,{
w0 = wN = 1

N2

ws = wN−s =
4
N

∑N−1
2

′′

j=0
1

1−4j2 cos(
2πjs
N ), s = 1, 2, . . . , N−1

2 .
(23)

The double prime in the weights formula denotes the first and the last ele-
ments have to be halved.

Remark 1. Notice that the approximation solutions (16) can be written
as the following Kronecker (tensor) product form:

Y (t̄, x̄) ≈ Y N (t̄, x̄) =
N∑
i=0

N∑
j=0

āNijLi(t̄)Lj(x̄) = L(t̄, x̄)TY

P (t̄, x̄) ≈ PN (t̄, x̄) =
N∑
i=0

N∑
j=0

b̄NijLi(t̄)Lj(x̄) = L(t̄, x̄)TP ,
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where

L(t̄, x̄) = [L0(t̄)L0(x̄) · · ·L0(t̄)LN (x̄)L1(t̄)L0(x̄) · · ·L1(t̄)LN (x̄) · · ·
LN (t̄)L0(x̄) · · ·LN (t̄)LN (x̄)]

= [L0(t̄) L1(t̄) · · ·LN (t̄)]⊗ [L0(x̄) L1(x̄) · · ·LN (x̄)]

= L(t̄)⊗ L(x̄),

and the symbol “⊗ ” denotes the Kronecker product. Also

TY = [āN00 · · · āN0N āN10 · · · āN1N · · · āNN0 · · · āNNN ]′,

TP = [b̄N00 · · · b̄N0N b̄N10 · · · b̄N1N · · · b̄NN0 · · · b̄NNN ]′,

where the symbol “ ′ ” denotes the transpose. All the components of TY and
TP are unknown and our aim is to obtain them (A similar representation can
be seen in [22,32,33]).

5 The convergence and error analysis

In this section, first we give the following definition and then analyze the
convergence of the presented method.

Assume that Ω̄ = [−1, 1]× [−1, 1]. We apply Cr(Ω̄) for the space of func-
tions with continuous derivatives of rth order.

Definition 3. [19] The function W : R+ → R+ with the following prop-
erties is called a modulus of continuity if

i) W is increasing,

ii) limz→0W (z) = 0,

iii) W (z1 + z2) ≤W (z1) +W (z2), for any z1 and z2 ∈ R+,

iv) there exists a constant c such that cW (z) ≥ z for all 0 < z ≤ 2.

Some important modulus of continuity can be defined as

W (z) = zα, 0 < α ≤ 1. (24)

Now, assume that B2 is the unit circle in R2. We say that a continuous
function f(·, ·) on Ω̄ admits W (.) as a modulus of continuity, if the following
value is finite

|f(·, ·)|W = sup{ |f(t̄, x̄)− f(t̃, x̃)|
W

(
∥(t̄, x̄)− (t̃, x̃)∥∞

) : (t̄, x̄), (t̃, x̃) ∈ Ω̄, (t̄, x̄) ̸= (t̃, x̃)}·

(25)
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Suppose that space C1
W (B2) includes all functions f(·, ·) on B2 with contin-

uous first order partial derivatives, and it equips with the following norm:

∥f(·, ·)∥1,W = ∥f(·, ·)∥∞ + ∥ft̄(·, ·)∥∞ + ∥fx̄(·, ·)∥∞ + |ft̄(·, ·)|W + |fx̄(·, ·)|W ·
(26)

Also, we define the space C1
W (Ω̄) as follows:

C1
W (Ω̄) = {f(·, ·) ∈ C1(Ω̄) : for all (t̃, x̃) ∈ Ω̄, there exists a mapϕ : B2 → Ω̄,

s.t. (t̃, x̃) ∈ Int(ϕ(B2)) and f ◦ ϕ(·, ·) ∈ C1
W (B2)}. (27)

It can be proved that if Ω̄ =
∪l

i=1 Int(ϕi(B
2)) for some ϕ1, . . . , ϕl, then

f(·, ·) ∈ C1
W (Ω̄) if and only if f ◦ ϕi(·, ·) ∈ CW (B2) for each i = 1, . . . , l.

Moreover, C1
W (Ω̄) with norm

∥f(·, ·)∥1,W =

l∑
i=1

∥f ◦ ϕi(·, ·)∥1,W (28)

is a Banach space (for more details, see [19]). Now, we show the space of all
polynomials of total degree at most 2N on Ω̄ by Pol(N,N, Ω̄), that is,

Pol(N,N, Ω̄) = {η(t̃, x̃) =
N∑
i=0

N∑
j=0

γij t̃
ix̃j : (t̃, x̃) ∈ Ω̄, γij ∈ R}.

Theorem 2. For any f(·, ·) ∈ C1
W (Ω̄), there is a polynomial η(·, ·) ∈

Pol(N,N, Ω̄) such that

∥f(·, ·)− η(·, ·)∥∞ ≤ c0c1
2N

W (
1

2N
), (29)

where c1 = ∥f(·, ·)∥1,W and c0 is a constant that depends on W (·), but inde-
pendent of N .

Proof. The proof is a result of Theorem 2.1 in [19].

Now, to guarantee the existence of solution for the system of algebraic
equations (20), we relax it as follows:

|
∑N

i=0 ā
N
ikDpi − ψ1

(
āNpk, b̄

N
pk,

∑N
i=0 ā

N
ikDpi,

∑N
j=0 ā

N
pjDkj ,

∑N
j=0 ā

N
pjD̂kj

)
|

≤
√
N

2N−1W ( 1
2N−1 ), p, k = 1, 2, . . . , N − 1

|
∑N

i=0 b̄
N
ikDpi − ψ2

(
āNpk, b̄

N
pk,

∑N
i=0 b̄

N
ikDpi,

∑N
j=0 b̄

N
pjDkj ,

∑N
j=0 b̄

N
pjD̂kj

)
|

≤
√
N

2N−1W ( 1
2N−1 ), p, k = 1, 2, . . . , N − 1

|āNp0| ≤
√
N

2N−1W ( 1
2N−1 ), |ā

N
pN | ≤

√
N

2N−1W ( 1
2N−1 ), p = 0, 1, . . . , N,

|b̄Np0| ≤
√
N

2N−1W ( 1
2N−1 ), |b̄

N
pN | ≤

√
N

2N−1W ( 1
2N−1 ), p = 0, 1, . . . , N,

|āN0k − Y0(x̄k)| ≤
√
N

2N−1W ( 1
2N−1 ), |b̄

N
Nk| ≤

√
N

2N−1W ( 1
2N−1 ), k = 0, 1, . . . , N,

(30)
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where N is sufficiently big and W (·) is a given modulus of continuity. Since
limN→∞√

N
2N−1W ( 1

2N−1 ) = 0, any solution (ā, b̄)N = ((āNpk, b̄
N
pk); p, k = 0, 1, . . . , N)

for system of algebraic inequalities (30) is a solution for system of algebraic
equations (20) when N tends to infinity.

Now, we show that system (30) is feasible, that is, it has at least one
solution (ā, b̄)N .

Theorem 3. Let (Y (·, ·), P (·, ·)) be a solution for system (14), where Y (·, ·)
and P (·, ·) are in C1

W (Ω̄). Then there is a positive integer K such that, for
any N ≥ K, the system (30) has a solution as

(ā, b̄)N = ((āpk, b̄pk); p, k = 0, 1, . . . , N). (31)

Moreover, (ā, b̄)N satisfies{
|Y (t̄p, x̄k)− āNpk| ≤ L

2N−1W ( 1
2N−1 ), p, k = 0, 1, . . . , N,

|P (t̄p, x̄k)− b̄Npk| ≤ L
2N−1W ( 1

2N−1 ), p, k = 0, 1, . . . , N,
(32)

where L is a positive constant independent of N .

Proof. Assume that η1(·, ·) and η2(·, ·) in Pol(N − 1, N, Ω̄) are the best
polynomial approximations of Yt̄(·, ·) and Pt̄(·, ·), respectively. By Theorem
2, we get {

∥Yt̄(t̄, x̄)− η1(t̄, x̄)∥∞ ≤ γ1

2N−1W ( 1
2N−1 ), (t̄, x̄) ∈ Ω̄,

∥Pt̄(t̄, x̄)− η2(t̄, x̄)∥∞ ≤ γ2

2N−1W ( 1
2N−1 ), (t̄, x̄) ∈ Ω̄,

(33)

where γ1 and γ2 are two constants independent of N . We define{
Ỹ (t̄, x̄) = Y (−1, x̄) +

∫ t̄

−1
η1(τ, x̄)dτ, (t̄, x̄) ∈ Ω̄

P̃ (t̄, x̄) = P (−1, x̄) +
∫ t̄

−1
η2(τ, x̄)dτ, (t̄, x̄) ∈ Ω̄,

(34)

and
āNpk = Ỹ (t̄p, x̄k), b̄Npk = P̃ (t̄p, x̄k), p, k = 0, 1, . . . , N. (35)

We show that (ā, b̄)N = ((āNpk, b̄
N
pk); p, k = 0, 1, . . . , N) satisfies system (30).

By (33), (34), and (35), for (t̄, x̄) ∈ Ω̄, we get

|Y (t̄, x̄)− Ỹ (t̄, x̄)| = |
∫ τ

−1

(Yt̄(τ, x̄)− η1(τ, x̄))dτ | ≤
∫ τ

−1

|Yt̄(τ, x̄)− η1(τ, x̄)| dτ

≤ γ1
2N − 1

W (
1

2N − 1
)

∫ τ

−1

dτ ≤ 2γ1
2N − 1

W (
1

2N − 1
).

(36)

Also, by a similar procedure, for (t̄, x̄) ∈ Ω̄, we gain
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|P (t̄, x̄)− P̃ (t̄, x̄)| ≤ 2γ2
2N − 1

W (
1

2N − 1
). (37)

Now, by relation (34), the functions Ỹ (·, x̄) and P̃ (·, x̄), for any x̄ ∈ [−1, 1],
are polynomials of total degree at most 2N . Hence, their derivatives at CGL
nodes t̄0, t̄1, . . . , t̄N are exactly equal to the value of polynomial at the nodes
multiplied by the differential matrix D, defined by (19). Thus, we have

N∑
i=0

āNikDpi = Ỹt̄(t̄p, x̄k),

N∑
i=0

b̄NikDpi = P̃t̄(t̄p, x̄k); p, k = 0, 1, . . . , N. (38)

Therefore, by relations (15) and (36), we get∣∣∣∣∣∣
N∑
i=0

aNikDpi − ψ1

āNpk, b̄Npk, N∑
j=0

āNpjDkj ,
N∑
j=0

āNpjD̂kj

∣∣∣∣∣∣
≤

∣∣∣Ỹt̄(t̄p, x̄k)− Yt̄(t̄p, x̄k)
∣∣∣

+

∣∣∣∣∣∣Yt̄(t̄p, x̄k)− ψ1

āNpk, b̄Npk, N∑
j=0

āNpjDkj ,
N∑
j=0

āNpjD̂kj

∣∣∣∣∣∣
= |η1(t̄p, x̄k)− Yt̄(t̄p, x̄k)|

+

∣∣∣∣∣ψ1 (Y (t̄p, x̄k), P (t̄p, x̄k), Yx̄(t̄p, x̄k), Yx̄x̄(t̄p, x̄k))

−ψ1

āNpk, b̄Npk, N∑
j=0

āNpjDkj ,
N∑
j=0

āNpjD̂kj

∣∣∣∣∣∣
≤ |η1(t̄p, x̄k)− Yt̄(t̄p, x̄k)|+M1

(∣∣Y (t̄p, x̄k)− āNpk
∣∣+ ∣∣P (t̄p, x̄k)− b̄Npk

∣∣)
≤ γ1

2N − 1
W (

1

2N − 1
) +M1

(
2γ1

2N − 1
W (

1

2N − 1
) +

2γ2
2N − 1

W (
1

2N − 1
)

)

=
γ1(2M1 + 1) + 2M1γ2

2N − 1
W (

1

2N − 1
), p, k = 1, . . . , N − 1, (39)

where M1 and M2 are Lipschitz constants of ψ1 and ψ2, respectively. More-
over, by a similar process, we obtain∣∣∣∣∣∣

N∑
i=0

bNikDpi − ψ2

āNpk, b̄Npk, N∑
j=0

b̄NpjDkj ,
N∑
j=0

b̄NpjD̂kj

∣∣∣∣∣∣ (40)

≤ γ2(2M2 + 1) + 2M2γ1
2N − 1

W (
1

2N − 1
), p, k = 1, . . . , N − 1.
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Further, for boundary conditions, we get∣∣∣Ỹ (−1, x̄k)− Y0(x̄k)
∣∣∣ ≤ ∣∣∣Ỹ (−1, x̄k)− Y (−1, x̄k)

∣∣∣+ |Y (−1, x̄k)− Y0(x̄k)|

≤ 2γ1
2N − 1

W (
1

2N − 1
), k = 0, 1, . . . , N. (41)

Also, for all p, k = 0, 1, . . . , N , we have∣∣∣P̃ (1, x̄k)∣∣∣ = ∣∣∣P̃ (1, x̄k)− P (1, x̄k)
∣∣∣ ≤ 2γ2

2N − 1
W (

1

2N − 1
), (42)∣∣∣Ỹ (t̄p,−1)

∣∣∣ = ∣∣∣Ỹ (t̄p,−1)− Y (t̄p,−1)
∣∣∣ ≤ 2γ1

2N − 1
W (

1

2N − 1
), (43)∣∣∣Ỹ (t̄p, 1)

∣∣∣ = ∣∣∣Ỹ (t̄p, 1)− Y (t̄p, 1)
∣∣∣ ≤ 2γ1

2N − 1
W (

1

2N − 1
), (44)∣∣∣P̃ (t̄p,−1)

∣∣∣ = ∣∣∣P̃ (t̄p,−1)− P (t̄p,−1)
∣∣∣ ≤ 2γ2

2N − 1
W (

1

2N − 1
), (45)∣∣∣P̃ (t̄p, 1)∣∣∣ = ∣∣∣P̃ (t̄p, 1)− P (t̄p, 1)

∣∣∣ ≤ 2γ2
2N − 1

W (
1

2N − 1
). (46)

Hence, if we select K such that

max{γ1(2M1 + 1) + 2M1γ2, γ2(2M2 + 1) + 2M2γ1, 2γ1, 2γ2} ≤
√
N,

for N ≥ K, then by (39)–(46), pair (ā, b̄)N satisfies system (30).

Now, we show that the sequence of solutions of problem (30) and sequence
of their interpolating polynomials converge to the solution of the problem
(14).

Theorem 4. Let {(ā, b̄)N = ((āNpk, b̄
N
pk); p, k = 0, 1, . . . , N}∞N=K be a se-

quence of solution of system (30) and let {(Y N (·, ·), PN (·, ·))}∞N=K be their
interpolating polynomials sequence defined by (16). Also, we assume that, for
any x̄ in [−1,−1], the sequence {(Y N (−1, x̄), PN (−1, x̄), Y N

t̄ (·, ·), PN
t̄ (·, ·))}∞N=K

has a subsequence {(Y Ni(−1, x̄), PNi(−1, x̄), Y Ni

t̄ (·, ·), PNi

t̄ (·, ·))}∞i=0 that uni-
formly converges to (ϕ∞1 (x̄), ϕ∞2 (x̄), λ1(·, ·), λ2(·, ·)) where λ1(·, ·), λ2(·, ·) ∈
C2(Ω̄), ϕ∞1 (·), ϕ∞2 (·) ∈ C2([−1, 1]) and limi→∞Ni

= ∞. Then the pair

(Ỹ (t̄, x̄), P̃ (t̄, x̄)) =
(
lim
i→∞

Y Ni(t̄, x̄), lim
i→∞

PNi(t̄, x̄)
)
, (47)

for (t̄, x̄) ∈ Ω̄, is a solution of system (14).

Proof. By attention to the assumptions, we have{
Ỹ (t̄, x̄) = ϕ∞1 (x̄) +

∫ t̄

−1
λ1(τ, x̄)dτ,

P̃ (t̄, x̄) = ϕ∞2 (x̄) +
∫ t̄

−1
λ2(τ, x̄)dτ.

(48)
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We first show that (Ỹ (t̄, x̄), P̃ (t̄, x̄)) for t̄ ∈ [−1, 1] and x̄ = xk, k = 0, 1, . . . , N
satisfy system (14). Assume that (Ỹ (·, x̄k), P̃ (·, x̄k)) for some k = 1, . . . , N−1
does not satisfy the first equation of (14). Then, there is a τ in (−1, 1) such
that

Ỹt̄(τ, x̄k)− ψ1

(
Ỹ (τ, x̄k), P̃ (τ, x̄k), Ỹx̄(τ, x̄k), Ỹx̄x̄(τ, x̄k)

)
̸= 0.

Since CGL nodes {t̄p}Np=0 when N → ∞ are dense in [−1, 1], there is a
sequence {t̄lNi

}∞i=1 such that 0 < lNi < Ni and limi→∞ t̄lNi
= τ . Thus

lim
i→∞

(
Ỹt̄(t̄lNi

, x̄k)− ψ1

(
Ỹ (t̄lNi

, x̄k), P̃ (t̄lNi
, x̄k), Ỹx̄(t̄lNi

, x̄k), Ỹx̄x̄(t̄lNi
, x̄k)

))
= Ỹt̄(τ, x̄k)−ψ1

(
Ỹ (τ, x̄k), P̃ (τ, x̄k), Ỹx̄(τ, x̄k), Ỹx̄x̄(τ, x̄k)

)
̸= 0. (49)

On the other hand, since limi→∞
√
Ni

2Ni−1W ( 1
2Ni−1 ) = 0, by (30), we obtain

lim
i→∞

(
Ỹt̄(t̄lNi

, x̄k)− ψ1

(
Ỹ (t̄lNi

, x̄k), P̃ (t̄lNi
, x̄k), Ỹx̄(t̄lNi

, x̄k), Ỹx̄x̄(t̄lNi
, x̄k)

))
= 0,

which is a contradiction to (49). Thus (Ỹ (t̄, x̄), P̃ (t̄, x̄)) (for all t̄ ∈ [−1, 1]
and x̄ = x̄k, k = 1, . . . , N − 1) satisfies the first equation of (14). By a
similar procedure, we can show that it satisfies the second equation. Also,
it can be easily proved that (Ỹ (·, x̄k), P̃ (·, x̄k)), for k = 0, 1, . . . , N , satisfies
the boundary conditions. For example we show that Ỹ (−1, x̄k) = Y0(x̄k) for
k = 0, 1, . . . , N . We have

0 ≤ |Ỹ (−1, x̄k)− Y0(x̄k)| = | lim
i→∞

Y Ni(−1, x̄k)− Y0(x̄k)|

= lim
i→∞

|Y Ni(−1, x̄k)− Y0(x̄k)| = lim
i→∞

|āNi

0k − Y0(x̄k)|

≤ lim
i→∞

√
Ni

2Ni − 1
W (

1

2Ni − 1
) = 0.

Hence Ỹ (−1, x̄k) = Y0(x̄k) for all k = 0, 1, . . . , N . Now, we know that
nodes {x̄k}Nk=0 when N → ∞, are dense in [−1, 1]. Therefore the pair

(Ỹ (·, ·), P̃ (·, ·)) defined by (47) is a solution for (14) on Ω̄ = [−1, 1] ×
[−1, 1].

6 Numerical examples

In the following examples, we use the Levenberg–Marquardt method (a quasi-
Newton method) for FSOLVE command in MATLAB software to solve alge-
braic system (20).
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Example 1. Consider problems (1)–(4), where T = 1, α = 1, ν = 0.01
and 0.05, y0 = sin(4πx), Φ(u) = u, and z(t, x) = 0. The approximate opti-
mal value of objective function computed by the CPS and LPS [20] methods
for ν = 0.01 and 0.05 and N = 10, 20, 30 and 40 are shown in Table 1.
We observe that our numerical results are better than the results of the LPS
method. In Figures 1 and 2, we show the obtained approximate optimal state
and control for ν = 0.05 and different values of N .
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(a) The approximate optimal state for N = 10 and ν = 0.05 (b) The approximate optimal state for N = 20 and ν = 0.05
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(c) The approximate optimal state for N = 30 and ν = 0.05 (d) The approximate optimal state for N = 40 and ν = 0.05

Figure 1: The approximate optimal state for Example 1
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(a) The approximate optimal control for N = 10 and ν = 0.05 (b) The approximate optimal control for N = 20 and ν = 0.05
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(c) The approximate optimal control for N = 30 and ν = 0.05 (d) The approximate optimal control for N = 40 and ν = 0.05

Figure 2: The approximate optimal control for Example 1

Table 1: Comparison of objective function values for Example 1

ν = 0.01 ν = 0.01 ν = 0.05 ν = 0.05
N Presented method LPS method [20] Presented method LPS method [20]
10 0.033014881174862 0.0828638100277 0.016911085761598 0.01590006952876
20 0.040440356851832 0.0620867108909 0.013730446517693 0.01519309308076
30 0.029728232559725 0.0466282421253 0.015082505388501 0.01519227846689
40 0.029005091596013 0.0463124455511 0.015073940981453 0.01519176630695

Example 2. Consider optimal control problem (1)–(4). Let T = 1, α = 0.05,
ν = 0.01, and z(t, x) = y0(x) where

y0(x) =

{
1, x ∈ (0, 12 ],

0 otherwise.
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is the initial condition and

Φ(u) =

{
u, u on (0, T )× ( 14 ,

3
4 ),

0, otherwise.

Table 2 shows the approximate optimal values of objective function for dif-
ferent values of N by the CPS method. In Figures 3 and 4, the optimal state
and optimal control are presented, respectively.
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(a) The approximate optimal state for N = 15 (b) The approximate optimal state for N = 20
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(c) The approximate optimal state for N = 30 (d) The approximate optimal state for N = 40

Figure 3: The approximate optimal state for Example 2
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(a) The approximate optimal control for N = 15 (b) The approximate optimal control for N = 20
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(c) The approximate optimal control for N = 30 (d) The approximate optimal control for N = 40

Figure 4: The approximate optimal control for Example 2

Table 2: Approximate values of objective functional for Example 2

N JN
20 0.106416588965259
25 0.085739365971895
30 0.083129631634715

Example 3. Consider optimal control problem (1)–(4). Assume that T =
10, α = 1, Φ(u) = u, and z(t, x) = y0(x) where y0 is defined in Example 2.
We apply the CPS method to this problem. In Table 3, the values of cost
functional using CPS method for different values of N are listed. In Figures
5 and 6, the approximate optimal state and optimal control are illustrated,
respectively.
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Table 3: Approximate values of objective functional for Example 3

N JN
10 0.795502231705757
20 0.732649373291908
30 0.605003194783743
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(a) The approximate optimal state for N = 10 (b) The approximate optimal state for N = 20
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(c) The approximate optimal state for N = 30 (d) The approximate optimal state for N = 40

Figure 5: The approximate optimal state for Example 3
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(a) The approximate optimal control for N = 10 (b) The approximate optimal control for N = 20
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(c) The approximate optimal control for N = 30 (d) The approximate optimal control for N = 40

Figure 6: The approximate optimal control for Example 3

Example 4. Consider the optimal control of Burgers’ equation (1)–(4) with
T = 10, α = 0.1, ν = 0.01, Φ(u) = u, and the desired state z(t, x) =
y0(x) where y0 = exp(−x) sin(2πx), x ∈ [0, 1]. The numerical results are
displayed in Table 4 for different values of N by using our method. In Figures
7 and 8, we show the approximate optimal state and control, respectively.

Table 4: Approximate values of objective functional for Example 4

N JN
20 0.121081851037199
30 0.116980721067958
40 0.115852005217238
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(c) The approximate optimal state for N = 30 (d) The approximate optimal state for N = 40

Figure 7: The approximate optimal state for Example 4
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(c) The approximate optimal control for N = 30 (d) The approximate optimal control for N = 40

Figure 8: The approximate optimal control for Example 4

7 Conclusions

In this paper, we proposed an efficient Chebyshev pseudo spectral method
to solve the optimal control problem governed by Burgers’ equation. By
applying this method, we discretized the optimality conditions and obtained
a system of algebraic equations. We achieved a good approximate optimal
solution with good accuracy. We analyzed the feasibility and convergence of
the presented method.
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Capturing outlines of generic shapes
with cubic Bézier curves using the

Nelder–Mead simplex method

A. Ebrahimi, G. B. Loghmani∗ and M. Sarfraz

Abstract

We design a fast technique for fitting cubic Bézier curves to the boundary
of 2D shapes. The technique is implemented by means of the Nelder–Mead
simplex procedure to optimize the control points. The natural attributes

of the Bézier curve are utilized to discover the initial vertex points of the
Nelder–Mead procedure. The proposed technique is faster than traditional
methods and helps to obtain a better fit with a desirable precision. The
comparative analysis of our results describes that the introduced approach

has a high compression ratio and a low fitting error.

AMS(2010): 65D17; 65D10.

Keywords: Interpolation; Splines; Curve fitting; Nelder–Mead simplex method;
Computer aided design; Computer graphics.

1 Introduction

Capturing the outlines of 2D objects is a substantial topic in computer aided
geometric designs (CAGD), computer graphics, as well as vision and imaging;
see [1, 2, 6, 7, 9–12, 15, 20–25, 32, 38, 39]. Curve fitting with Bézier curves is a
traditional problem in this process. The goal of a curve fitting method is to
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detect a collection of the control points that can precisely indicate the given
target shape.

In the literature, many methods have been suggested to represent out-
line objects [3, 11, 21, 29, 34]. A vast majority of these methods pertain to
an optimization problem that finds an appropriate curve for the data gen-
erated by the outlines of 2D shapes. Most common algorithms for solving
this model are not suitable optimization algorithms. Since they involve com-
plex computations, they cannot be used for real time applications. Itoh and
Ohno [11] exerted the least square fitting to approximate cubic Bézier curves
without fixing the end points of the curves. Plass and Stone [21] proposed
an iterative procedure for fitting a parametric piecewise cubic polynomial
curve with an selective endpoint and tangent vector specifications. Srafraz
and Khan [28] employed the least square method to certify an appropriate fit.
Their method contains several phases, such as extraction of boundaries, ex-
ploration corner points and break points, and fitting curves. In another study,
the same authors added reparameterization steps to ameliorate the efficiency
of the fit [29]. Sarfraz and Razzak [34] employed a generalized Hermite cubic
spline to capture the outline of digital character images using characteristic
points and the least squares method. The enhanced Bézier curve scheme pro-
posed by Sohel et al. [36] reduces the distance among the Bézier curve and
its control polygon without extra computational complexity. An object cod-
ing technique using Bézier curves was introduced by Masood and Haq [16].
They determined the control points by searching along the endpoint tangents.
Sarfraz and Masood [30] determined the appropriate position of the control
points by using the natural attributes of cubic Bézier curves. Masood and
Sarfraz [18] presented an outline capturing scheme using Bézier cubic approx-
imation. Their method operates in two phases to find intermediate control
points. In Phase 1, the location of the detected control points gets closer
to that of the original control points. Phase 2 is exerted to hit the target
location very exactly. Masood and Sarfraz [17] used the properties of cubic
Bézier curves and analysed the control points spread (CPspread) to subdi-
vide complex segments into two or more segments. Some other techniques
based on the search algorithm include evolutionary algorithm [35], simulated
annealing approach [26,27], genetic algorithm [32,33], and wavelets [37].

In the above mentioned methods, the control points are specified by the
least square algorithm or using the properties of cubic Bézier curves. These
processes are computationally expensive and not appropriate for practical
applications. Our contribution in this study is to introduce a scheme to avoid
these time consuming operations and to guarantee a desirable equivalence
between compression ratios and fitting errors. We perform the Nelder–Mead
algorithm to find the intermediate control points of the cubic Bézier curve.
The initial situation of the control points is specified using extracting some
effective virtues of the Bézier curve.

The rest of the paper is arranged as follows. Section 2 reviews the seg-
mentation of an outline by corner detection. Section 3 introduces the Nelder–
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Mead algorithm. The process of determining the control points for the cubic
Bézier curve approximation using the Nelder–Mead simplex method is de-
scribed in section 4. Section 5 illustrates the experimental observations and
compares them with those of other methods. Finally, the paper is closed up
with a conclusion in Section 6.

2 Outline segmentation

Outline segmentation is used to divide the shape outline into small part and
simplify the curve fitting procedure. We use the corner points to partition
the outline into disparate segments from the natural break points. Authors
have suggested various corner detection algorithms in the literatures [3,4,31].
These algorithms do curvature analysis with numerical techniques. In this
paper, the algorithm designed by Sarfraz et al. [31] is used for the corner
detection, because this algorithm is accurate, effective, and robust to noise.
The method is concisely explained in this section (readers are referred to [31]
for details). The algorithm detects corner points in two steps. Candidate
corner points are discovered from the outline data points in the first step. If
all the boundary points are Qi, 1 ≤ i ≤ n, then the boundary point Qk can
be given as

if (i+ L) ≤ n,
then Qk = Qi+L,
else Qk = Q(i+L)−n,

where L represents the length parameter and preserves of the shape scaling
and resolution. The default value of L is 14. The perpendicular distance dj
from point Qj(x, y) to the direct line joining the points Qi(x, y) and Qk(x, y),
can be given as follows:

if mx = 0,
then dj = |Qj,x −Qi,x|,

else dj =
|Qj,y −mQj,x +mQi,x −Qi,y|√

m2 + 1
,

where m =
my

mx
=

Qk,y −Qi,y

Qk,x −Qi,x
.

The point Qj is specified as a volunteer corner point if its perpendicular
distance (dj) from the direct line QiQk goes beyond D. The local sharpness
and the opening angle of the corners are investigated by the distance param-
eter D. It also checks the incorrect determination of corner points that may
occur due to noise and disarray. The default value of D is set to be 2.6. The
new direct line through increasing both i and k detects the next volunteer
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corner points. In the second step, the superfluous corner points are deter-
mined. A superfluous corner point is one of that any other volunteer with a
higher value of dj is in the domain R. In the other words, a candidate corner
point will stay if it has the greatest value of dj between the R number of
points on its both sides. The default value of R is equal to length parameter.
In the present study, we utilize this method at its default values for corner
detection. All steps of this corner detection method is shown in Algorithm
1.

Algorithm 1 The corner detection algorithm

Set values of L, D, and R;
Detect boundary points {Qi}ni=0 of 2D object using the Canny edge de-
tector;
First step: detect candidate corner points;
for i = 1 to n do

if (i+ L) ≤ n then
Qk = Qi+L,

else
Qk = Q(i+L)−n;

end if
for j = i to k do

Calculate dj the perpendicular distance from point Qj to the
straight line joining points Qi and Qk;
if dj > D then

Add Qj to candidate corner point;
end if

end for
end for
Second step: detect superfluous corner points;
A candidate corner point will stay if it has the greatest value of dj between
the R number of points on its both sides;

3 The Nelder–Mead simplex method (NMSM)

The Nelder–Mead algorithm is a numerical optimization procedure for solving
unconstrained optimization problems in a multidimensional space; see [5,14,
19]. This method is one of the enormously famous derivative-free techniques.
It is a direct search algorithm that only needs a numerical evaluation of the
objective function at a finite number of points per iteration. This method is
planed for prevalent unconstrained minimization problems, such as nonlinear
least squares and nonlinear simultaneous equations; see [8, 13].
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The problem discussed in this study is the following unconstrained opti-
mization problem

min f(x) x ∈ Rn,

where f is a nonlinear function from Rn into R and x ∈ Rn. For the function
f(x), the Nelder–Mead method begins with n+1 vertices as y1, y2, . . . , yn+1

and then evaluates the objective function value of each vertices. We assign
to y1 as the best vertex where f(x) is the lowest and to yn+1 as the worst
point where f(x) is the highest. The most common Nelder–Mead iterations
perform a succession of primary geometric transformations including reflec-
tion, expansion, contraction, and shrinkage to find a better point and make
it replace the worst point. Geometric transformations are controlled by four
parameters including coefficients of reflection ρ, expansion χ, contraction γ,
and shrinkage σ. The introduced parameters should assure the following
consternations:

ρ > 0, χ > 1, 0 < γ < 1, and 0 < σ < 1.

The common values, exerted in this paper, are

ρ = 1, χ = 2, γ =
1

2
, and σ =

1

2
.

We set ϵ = 10−10 for the termination criterion in the Nelder–Mead method.
The principal foundation of the Nelder–Mead method is described in Algo-
rithm 2. Readers are referred to [8,19] for a detailed study of the Nelder–Mead
method.

4 Curve approximation

We partition the outline of a 2D shape into curve segments based on its
corner points. It means that all the outline points between two consecutive
corner points constitute one curve segment. In this literature, cubic Bézier
curves have been used to fit each segment separately using the Nelder–Mead
algorithm.

4.1 Bézier curve

The Bézier curve is a parametric curve C(t) that widely used to describe and
model curves and surfaces in computer aided designs and computer graphics.
The Bézier curve of degree n is given as
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Algorithm 2 The Nelder–Mead algorithm [8]

1. Choose an initial n + 1 vertex points {y1, y2, . . . , yn+1} and choose a
stopping criterion ϵ;
2. Order. Order and re-label the n + 1 vertices to assure f(y1) ≤
f(y2) ≤ · · · ≤ f(yn+1);
3. Reflect. calculate the reflection point yr by yr = ȳ + ρ(ȳ − yn+1),

where ȳ =
∑n

i=1(
yi
n
) is the centroid of the n best points;

if f(y1) ≤ f(yr) < f(yn) then
replace yn+1 with the reflected point yr and go to Step 7;

end if
4. Expand.
if f(yr) < f(y1) then

calculate the expansion point ye by ye = ȳ + χ(yr − ȳ);
end if
if f(ye) < f(yr) then

exchange yn+1 with ye and go to Step 7;
else

exchange yn+1 with yr and go to Step 7;
end if
5. Contract.
if f(yr) ≥ f(yn) then

a contraction is performed among ȳ and the better of yn+1 and yr;
end if
a. Outside.
if f(yn) ≤ f(yr) < f(yn+1) then

apply an outside contraction: compute yoc = ȳ + γ(yr − ȳ);
end if
if f(yoc) ≤ f(yr) then

exchange yn+1 with yoc and go to Step 7;
else

go to Step 6 (perform a shrink);
end if
b. Inside.
if f(yr) ≥ f(yn+1) then

apply an inside contraction: compute yic = ȳ + γ(yn+1 − ȳ);
end if
if f(yic) ≥ f(yn+1) then

exchange yn+1 with yic and go to Step 7;
else

go to Step 6 (perform a shrink);
end if
6. Shrink. Measure the n new vertices
y′ = y1 + σ(yi − y1), i = 2, . . . , n+ 1.
exchange the vertices y2, . . . , yn+1 with the new vertices y′2, . . . , y

′
n+1;

7. Termination Criterion. Arrange and re-label the vertices of the
new simplex as y1, y2, . . . , yn+1 such that f(y1) ≤ f(y2) ≤ · · · ≤ f(yn+1);
if f(yn+1)− f(y1) < ϵ then

stop;
else

go to Step 3.
end if
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C(t) =
n∑

i=0

PiBi,n(t), 0 ≤ t ≤ 1,

where Pi refers to the control points and Bi,n(t) is the Bernstein basis poly-
nomials of index i and degree n expressed as

Bi,n(t) =

(
n

i

)
ti(1− t)n−i, i = 0, . . . , n.

From the defining equation of the Bézier curve, it can be seen that the prop-
erties of Bernstein polynomials are passed on to the Bézier curve; see [20].
These properties are as follows:

• Partition of unity.

• Affine invariance.

• Convex hull property.

• Endpoint interpolation.

• Value of Bernstein polynomials, for all 0 ≤ t ≤ 1, does not appertain
to the location of any control point(s); see [17].

• If the location of any control point is specified, its efficacy all over the
curve can be deprived; see [17].

4.2 Curve fitting with the cubic Bézier curve

Let {Xi}Ni=1 ⊂ R2 denote an ordered set of contour points of a segment. Our
goal is to find control points Pi (i = 0, 1, 2, 3) so that the cubic Bézier curve

C3(t) = P0B0,3(t) + P1B1,3(t) + P2B2,3(t) + P3B3,3(t), 0 ≤ t ≤ 1,

can be a good representation of {Xi}Ni=1. For this purpose, we minimize the
linear least squares fitting error, E, specified as the sum of the squares of the
deviations:

E =

N∑
k=1

||C3(tk)−Xk||2 =

N∑
k=1

∥∥∥ 3∑
i=0

PiBi,3(tk)−Xk

∥∥∥2,
where the parameter values ti are assigned to Xi using the uniform parame-
terization method; see [20]. The control points P0 and P3 are the two corner
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points of the segment. So, the effect of P0 and P3 is removed from a given
cubic Bézier curve as

E =
N∑

k=1

||C ′
3(tk)−X ′

k||2, (1)

where

C ′
3(t) = P1B1,3(t) + P2B2,3(t)

and

X ′
k = Xk − (P0B0,3(tk) + P3B3,3(tk)), k = 1, 2, ..., N.

Therefore, we have to find the control points P1 and P2 by minimizing the
problem defined in (1).

Let Pi = (Pxi , Pyi), i = 1, 2, and write all the intermediate control points
in one vector:

x =


Px1

Py1

Px2

Py2

 .

With this vector, the fitting problem is formulated as

min
x

N∑
k=1

||C ′
3(tk)−X ′

k||2. (2)

That is, there are four parameters to estimate. We employ the Nelder–Mead
method to solve the least square fitting problem defined in (2) and find these
parameters.

4.3 Initialization

Before Algorithm 2 is implemented, a starting point should be selected for
the intermediate control points. The initial vertex points can be chosen
arbitrarily, but using the appropriate initial situation of the control points
increases the speed of convergence and quality of solutions. Duo to x ∈ R4

in the objective function (2), five vertices have to be chosen. The details on
the selection of the initial vertex points are explained as follows.

Let

P1B1,3(t) + P2B2,3(t) = C3(t), (3)
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where

C3(t) = C3(t)− P0B0,3(t)− P3B3,3(t).

Based on the properties of the cubic Bézier curves, we get

B = B1,3(0.5) = B2,3(0.5). (4)

From equations (3) and (4), we have

P1 + P2 = C̃3, (5)

where

C̃3 =
C3(0.5)

B
.

By solving equations (3) and (5), we have


P1 =

C3(t)−B2,3(t)C̃3

B1,3(t)−B2,3(t)
,

P2 = C̃3 − P1.

Suppose P1
i and P2

i are the computed intermediate control points at
(0 ≤ ti ≤ 1, ti ̸= 0, 0.5, 1,), and

P1
i =

C3(ti)−B2,3(ti)C̃3

B1,3(ti)−B2,3(ti)
,

P2
i = C̃3 − P1

i.

where i = 1, 2, . . . , 5.

Let P i
1 = (P i

x1
, P i

y1
) and P i

2 = (P i
x2
, P i

y2
). The vector xi can be identified

as
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xi =


P i
x1

P i
y1

P i
x2

P i
y2

 , i = 1, 2, . . . , 5.

Hence, these vectors can be used for the initial vertex points of the Nelder–
Mead method.

In order to illustrate the curve fitting using the Nelder–Mead algorithm,
we consider a curve as shown in Figure 1(a). Figure 1(b) shows the fitting
of a given curve (black) using a cubic Bézier curve (red). The initial vertex
points are marked by •, and the intermediate control points computed by the
Nelder–Mead algorithm are marked by ∗. The fitting error versus the number
of iterations for this curve with different initial vertex points is demonstrated
in Figure 2. As shown in Figure 2, the Nelder–Mead method based on the
proposed initial vertex points converges faster than the one based on random
initial vertex points.

(a) Given curve. (b) Cubic Bézier approximation.

Figure 1: Fitting a given curve (black) using a cubic Bézier curve (red) with
the proposed algorithm (NMSM).

4.4 Segment subdivision

When curve fitting is done by means of the proposed method (i.e. NMSM),
there is a possibility for a generated complex curve not be acceptable and
for the deviation error to be high. In such a case, the segment subdivision is
applied to decrease the fitting deviation. In this paper, the complex segment
of the outline is partitioned into two parts at the point of the maximum
deviation error if the maximum deviation error oversteps the given error
threshold limit (ETL). The process of subdivision will continue constantly
and recursively until the fitting error reaches a value under the given error
threshold. An example of subdivision into five curves is demonstrated in
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Figure 2: Error vs iteration.

Figure 3. Figure 3(a) is the curve fitting without segment subdivision and
Figure 3(b) is curve fitting after segment subdivision. The black and red
lines display the original and the approximated curves, respectively. The
subdivided points are marked by ■. All the steps of the outline capturing
system are shown in Algorithm 3.

(a) Without subdivision. (b) After subdivision.

Figure 3: Curve fitting with recursive subdivision.
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Algorithm 3 The outline capturing system

Get a digitized image and choose an error threshold limit (ETL) ;
Extract an outline;
Detect the corner points and divide the outline into segments;
for each segment do

Compute the initial vertex points;
Perform curve fitting over the segments using the Nelder–Mead algo-

rithm;
Compute the maximum deviation error (MDE);
if MDE ≤ ETL then

break
else

Find the subdivision point and partition into two segments;
end if

end for

5 Experimental results and comparative study

The proposed algorithm explained in the Section 4 has been used to some
explanatory examples corresponding to generic shapes. Then, the outputs
have been compared with those of algorithms [17, 29, 34]. In order to allow
a fair comparison, we have tested the same shapes of the criterion as in
other papers. In this study, the results are measured based on the following
parameters:

• Number of segments: The outline of the shape is partitioned into a
number of segments using a corner detection algorithm and subdivision
points. An increase in the number of segments, leads to an increase in
the number of control points. Therefore, the number of segments must
be decreased.

• Compression ratio (CR): This is a significant criterion in the evaluation
of the amount of compression accomplished by the method. A large
compression ratio is favorable. This criterion indicates the ratio of the
number of data points in an actual outline (n) to the obtained data
points in curve fitting (nDP ). It can be computed as:

CR =
n

nDP
.
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• Average error: This parameter refers to all the errors generated in the
fitted outline of the shape and is given as:

Average error =
1

n

n∑
i=1

ei,

where ei is the Euclidean distance between the ith point of the outline
and the corresponding point of the parametric curve.

• Maximum deviation: This parameter calculates the maximum devia-
tion of the fitted outline from the original shape. It is calculated by the
following equation:

Maximum deviation =
n

max
i=1

{ei}

• Computation time: This parameter indicates the amount of time taken
by the algorithm for capturing the outline of the shape. It appertains
to the performance approach and the processor used.

The algorithm has been performed and compared for Figures 4 and 5,
which are Arabic words “Sabr”, and “Kanji” characters, respectively. Figure
4(a) shows the image of the Arabic word “Sabr” and its boundary is given
in Figure 4(b). Figure 4(c) shows the boundary along with the corner points
marked with a square (■). Figure 4(d) shows the captured outline based
on our approach, and the subdivision points are denoted with a circle (•).
The outline computed by means of the method presented by Masood and
Sarfraz [17] is shown in Figure 4(e). Figures 4(f) and 4(g), respectively,
represent the outline evaluated by Sarfraz and Razzak [34] at a threshold of
3 and 2. The quantitative comparison of the different methods in Figure 4
can be observed in Table 1.

The results obtained for the “Kanji” character are presented in Figure 5
and tabulated in Table 2. The image of “Kanji” character and its boundary
are shown in Figures 5(a) and 5(b), respectively. Figure 5(c) shows the
boundary along with the corner points which are marked with a square (■).
The results of the presented method for this shape are given in Figure 5(d).
The outline captured with algorithm [17] is shown in Figure 5(e). The result
obtained by Sarfraz and Khan [29] can be seen in Figure 5(f). The outline
generated by means of method [34] is given in Figure 5(g). It should be noted
that the results of Tables 1 and 2 are achieved by different systems.

Through a visual inspection of the results in Tables 1 and 2, one may
come to the following conclusions:
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Table 1: Quantitative comparison for the Arabic word “Sabr”.

Algorithm Number of Compression Maximum Average Computation

segments ratio deviation error time

Proposed (NMSM) 28 46.43 1.92 0.44 0.79
Masood and Sarfraz [17] 27 48.15 2.21 1.38 0.83

Sarfraz and Razzak [34] at τ = 3 66 19.70 1.71 1.07 3.79
Sarfraz and Razzak [34] at τ = 2 98 13.27 1.39 0.91 2.58

Table 2: Quantitative comparison for the “Kanji” character.

Algorithm Number of Compression Maximum Average Computation

segments ratio deviation error time

Proposed (NMSM) 33 64.81 1.53 0.40 0.55
Masood and Sarfraz [17] 33 64.81 1.55 0.73 0.59
Sarfraz and Khan [29] 31 69 3.78 1.92 3.61

Sarfraz and Razzak [34] 66 33.42 1.40 1.13 3.83

• The method proposed in this study protects an appropriate equilibrium
among the compression ratio and the fitting error.

• The proposed method avoids time consuming procedures, such as least
square fitting, and uses one of the popular derivative-free free operations
(i.e., the NelderMead simplex method ) that is simple and fast.

• The average error, maximum deviation, and the computation time are
lesser than the results obtained by other methods in the current liter-
ature [17, 29,34].

• The number of segments generated by method [34] is very high because
the corner detection and the subdivision algorithms are suboptimal.
The suboptimal corner points are indicated by arrows in Figures 4(f),
4(g), and 5(g). This method also suffers from a long computation time.
This is due to the use of least squares fitting and control parameters.

• Computation of the outline by means of method [29] takes too long
and has errors. The least squares curve fitting and the noise filtering
procedure are the main causes for these disadvantages. It is shown with
an arrow in Figure 5(f).

• The average error with algorithm [17] is higher than that in the pro-
posed method, because this method does not use the standard opti-
mization process.
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(a) Original image. (b) Boundary of original

image.

(c) Boundary with cor-

ner points.

(d) Proposed method (NMSM). (e) Masood and Sarfraz [17].

(f) Sarfraz and Razzak [34] at τ = 3. (g) Sarfraz and Razzak [34] at τ = 2.

Figure 4: Captured shape of the Arabic word ”Sabr” with different methods.
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(a) Original image. (b) Outline of original

image.

(c) Boundary with cor-

ner points.

(d) Proposed method (NMSM). (e) Masood and Sarfraz [17].

(f) Sarfraz and Khan [29]. (g) Sarfraz and Razzak [34].

Figure 5: Captured shape of the Kanji character with different methods.

6 Conclusion

In this study, we introduced a novel outline capturing scheme for 2D shapes
based on the Nelder–Mead simplex method. The Nelder–Mead simplex algo-
rithm is straight to perform, easy to calculate, and does not call for much time
to compute the optimization problem. The unique feature of this method is
that it does not require to consider time consuming least squares fitting. The
initial situation of the control points is obtained through the properties of
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the cubic Bézier curve. It increases the speed of convergence and the quality
of curve fitting. As a result, the introduced approximation scheme is much
faster than traditional approaches and helps to capture a better fit with a
desirable precision. Through a comparison of our method with previous ap-
proaches and considering the simulation results, it emerges that the method
has such advantages as appropriate equivalency between the compression ra-
tio and the fitting error, low deviation error, and low computation time.
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method for minimizing locally

Lipschitz functions
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Abstract

We present a method to minimize locally Lipschitz functions. At first, a
local quadratic model is developed to approximate a locally Lipschitz func-
tion. This model is constructed by using the ϵ-subdifferential. We minimize
this local model and compute a search direction. It is shown that this direc-

tion is descent. We generalize the Wolfe conditions for finding an adequate
step length along this direction. Next, the method is equipped with a quasi-
Newton approach to update the local model and its globally convergence
is proposed. Finally, the proposed algorithm is implemented in MATLAB

environment on some standard nonsmooth optimization test problems and
compared with some algorithms in the literature.

AMS(2010): 49J52; 90C56; 90C26.

Keywords: Quasi-Newton method; Quadratic model; Line search algo-
rithm; Locally Lipschitz functions.

1 Introduction

In this paper, we consider the following unconstrained nonsmooth optimiza-
tion problem:

min
x∈Rn

f(x) (1)

where f : Rn → R is a locally Lipschitz continuous function. There ex-
ist several methods for solving this problem, for example, the subgradient
method [25], the bundle methods [7,10,19,24], algorithms based on smoothing
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techniques [22], the derivative free methods [3], the bundle and quasi-Newton
combining methods [13,15,17], the gradient sampling method [5,12], the lim-
ited memory gradient bundle method [11], and the trust region method [2,23].

In the most smooth optimization problems, the objective function is ap-
proximated by a quadratic model as follows:

Q(xk + d) = f(xk) +∇f(xk)T d+
dTBkd

2
, (2)

where ∇f(xk) and Bk are the gradient and Hessian of f at xk; see [21]. In
fact, the objective function is locally approximated at xk. In quasi-Newton
methods, the quadratic model (2) is minimized and its solution is a descent
direction at xk. Afterward a line search method is applied along this direc-
tion. This process is repeated until the optimal solution is achieved. Also,
in trust region methods, the model (2) is minimized on a given region, called
trust region, and a search direction is obtained. If this direction does not
decrease the objective function adequately, then the trust region is updated.

In the nonsmooth optimization same as the smooth one, the objective
function is approximated. Han et al. [9], presented a quadratic model to
approximate the locally Lipschitz function f as follows:

Q(xk + d) = f(xk) + ϕ(xk, d) +
dTBkd

2
, (3)

where ϕ : Rn ×Rn → R is a given iteration function and Bk is a given n× n
symmetric matrix. The iteration function ϕ must have some properties to
guarantee the convergence of produced minimization algorithm.

The presented iteration function in [9] is not practical. So, in this paper,
we propose a practical iteration function and solve the following problem:

min
d∈Rn

Qk(xk + d) = f(xk) + ϕ(xk, d) +
dTBkd

2
. (4)

Suppose that dk is the solution of (4). We show that dk is a descent direction
and develop a line search method to reduce objective function along this
direction.

In this paper, we propose a computable quadratic model to approximate
the locally Lipschitz function and develop a minimization algorithm based
on this model. In Section 2, some preliminary concepts of the nonsmooth
analysis are reviewed. In Section 3, an iteration function is introduced for
the locally Lipschitz objective function. After that, a descent algorithm is
proposed. In Section 4, the global convergence of the presented algorithm
is proved. The line search algorithm is described in Section 5. Numerical
results are given in Section 6.
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2 Preliminaries

In this section, we state the basic concepts and definitions of nonsmooth
analysis from [4]. The Clarke generalized directional derivative of the locally
Lipschitz function f at the point x in the direction d is defined by

f◦(x, d) := lim sup
y→x,t↓0

f(y + td)− f(x)

t
.

The Clarke generalized gradient of f at x is the set ∂f(x) defined by

∂f(x) = {ξ ∈ Rn|f◦(x; d) ≥ ξT d for all d ∈ Rn}.

Each vector ξ ∈ ∂f(x) is called a subgradient of f at x. For ϵ > 0, The Clarke
generalized ϵ-directional derivative of f at x in the direction d is defined by

f◦ϵ (x, d) := lim sup
y→x,t↓0

f(y + td)− f(x) + ϵ

t
,

and the Goldstein ϵ-subdifferential of f at the point x is the set

∂ϵf(x) := cl conv{∂f(y), ∥x− y∥2 ≤ ϵ},

where conv and cl are used to denote the convex hull and the closure, respec-
tively. Each element ξ ∈ ∂ϵf(x) is called an ϵ-subgradient of the function f
at x; see [4]. It can be seen that f◦ϵ (x, d) = supξ∈∂ϵf(x) ξ

T d. Let L be the
Lipschitz constant of f in a neighborhood of x. Then, we have

∥v∥2 ≤ L, for all v ∈ ∂f(x).

Throughout the paper, the used norm is the Euclidean norm. If f is dif-
ferentiable at x, then ∇f(x) ∈ ∂f(x). Furthermore, if f is continuously
differentiable at x, then

∂f(x) = {∇f(x)}.

If 0 ∈ ∂ϵf(x), then x is called as an ϵ-stationary point.

3 Generalized quasi-Newton method

In this section, we develop a computable iteration function and suppose that
Bk is positive definite and has bounded norm, m ≤ ∥Bk∥ ≤ M . Since B−1

k

is positive definite, then we consider its Cholesky decomposition as follows:

B−1
k = LTL,
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where L is an upper triangular matrix with real and positive diagonal entries,
and LT denotes the transpose of L. To define the iteration function, we
consider the following problem:

vk = arg min
ξ∈∂ϵf(xk)

∥Lξ∥2, (5)

where ϵ is a small enough positive scalar, and define ϕ(xk, d) = vTk d. There-
fore the problem (4) is rewritten as follows:

min
d∈Rn

qk(d) = vTk d+
dTBkd

2
. (6)

By this modification, −B−1
k vk is the unique solution of (6). Let dk =

− B−1
k vk

∥B−1
k vk∥2

be a search direction. The line search is applied along this di-

rection and the step length αk is returned. The next iteration is computed
as follows:

xk+1 = xk + αkdk.

At the point xk+1, either Bk is updated by one of the quasi-Newton methods
or is set the identity matrix for all k. Now, we are ready to express the
generalized quasi-Newton algorithm for solving the problem (1):

Algorithm 1 Generalized quasi-Newton algorithm

Step 0 (Initialization): Let B1 = In×n, ϵ > 0, c1 ∈ (0, 1), x1 ∈ Rn, k =
1.

Step 1 (Creating an iteration function): Set L as an upper triangular
matrix of Cholesky decomposition for the matrix B−1

k . Solve (5) at the
point xk and denote its solution by vk.

Step 2 (Stopping condition): If ∥vk∥2 = 0, then stop, else set dk =

− B−1
k vk

∥B−1
k vk∥

and compute qk = qk(dk).

Step 3 (Line search method): Apply the line search algorithm and find
the step length αk ∈ [ϵ, 1] such that

αk = max
{
α | f(xk + αdk)− f(xk) ≤ c1αv

T
k dk

}
.

Set xk+1 = xk + αkdk.

Step 4 (Updating): If it is necessary, then update Bk, set k = k + 1 and
go to step 1.
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As mentioned before, we can set Bk = I for all k in Step 4, which means
that the matrix B−1

k is a fixed and identity matrix. Therefore, Algorithm
1 is converted to the steepest descent method for minimizing the locally
Lipschitz function [18]. If Bk is updated by the BFGS formula (see [21]), then
Algorithm 1 is a generalization of the quasi-Newton method for minimizing
the locally Lipschitz continuous function. In Section 5, we describe a line
search algorithm how to find a step length along the search direction such
that the Wolfe conditions are satisfied.

The following lemma shows that the optimal value of (6) is nonpositive.
Also it ensures that if the optimal value of (6) is nonzero, then the corre-
sponding solution provides a descent direction for the function f at the point
xk. Else xk is the optimal solution.

Lemma 1. Let f : Rn → R be a locally Lipschitz function and let c1 ∈ (0, 1).
Suppose that vk is the solution of problem (5) at xk such that vk ̸= 0. If

dk = − B−1
k vk

∥B−1
k vk∥2

, then

(a) vTk dk ≤ 0 and qk ≤ 0.

(b) if vTk dk > 0, then there exists a scalar ᾱ > 0 such that for all α ∈ [0, ᾱ],
we have

f(xk + αdk)− f(xk) ≤ c1αv
T
k dk.

Proof. Part (a) is clear. To prove part (b), at the contrary, we suppose there
exists a positive sequence {αi} such that αi → 0 and we have

f(xk + αidk)− f(xk) > c1αiv
T
k dk.

Both sides of the above inequality are divided by αi, then, with passing to
the lim supi→∞, we deduce

f◦ϵ (xk, dk) ≥ f◦(xk, dk) ≥ lim sup
i→∞

f(xk + αidk)− f(xk)

αi
≥ c1v

T
k dk.

Since dk = − B−1
k vk

∥B−1
k vk∥2

, then vTk dk = − vT
k B−1

k vk

∥B−1
k vk∥2

= − ∥Lvk∥2
2

∥B−1
k vk∥2

. Thus we have

f◦ϵ (xk, dk) ≥ −c1
∥Lvk∥2

∥B−1
k vk∥2

. (7)

On the other hand, we have

f◦ϵ (xk, dk) = max
ξ∈∂ϵf(xk)

ξT dk = max
ξ∈∂ϵf(xk)

−ξTB−1
k vk

∥B−1
k vk∥2

,

=
−1

∥B−1
k vk∥2

min
ξ∈∂ϵf(xk)

ξTLTLvk =
−1

∥B−1
k vk∥2

min
ξ∈∂ϵf(xk)

(Lξ)TLvk.
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According to (5), we have ∥Lvk∥2 ≤ ∥Lξ∥2, for all ξ ∈ ∂ϵf(x), and since the
set ∂ϵf(xk) is a convex compact set, referring to [20, Lemma 5.2.6.], reader
can easily find out

f◦ϵ (xk, dk) = − ∥Lvk∥22
∥B−1

k vk∥2
. (8)

By (7) and (8), we have

− ∥Lvk∥22
∥B−1

k vk∥2
= f◦ϵ (xk, dk ≥ −c1

∥Lvk∥22
∥B−1

k vk∥2
.

Since c1 ∈ (0, 1), the above equation is false. Thus, part (b) is proved.

The following lemma shows that the step length αk = ϵ is satisfied the
Arimijo condition along dk for all k.

Lemma 2. Let f : Rn → R be a locally Lipschitz continuous function and
let c1 ∈ (0, 1). Then the step length ϵ satisfies the Armijo condition along dk
at xk.

Proof. Since f is a locally Lipschitz continuous function, then according to
the mean-value theorem in [20], there exists η ∈ (0, 1) such that z = xk+ηϵdk
and

f(xk + ϵdk)− f(xk) ∈ ∂f(z)T (ϵdk).

So, there exists u ∈ ∂f(z) such that

f(xk + ϵdk)− f(xk) = ϵuT dk = −
ϵuTB−1

k vk

∥B−1
k vk∥2

= −ϵ(Lu)
T (Lvk)

∥B−1
k vk∥2

. (9)

Since vk ∈ ∂ϵf(xk) is the solution of problem (5), and ∂ϵf(xk) is a convex
compact set, then by [20, Lemma 5.2.6], we have

(Lu)T (Lvk) ≥ ∥Lvk∥22. (10)

So, by (9) and (10), we have

f(xk + ϵdk)− f(xk) ≤ − ϵ∥Lvk∥22
∥B−1

k vk∥2
= −

ϵvTk B
−1
k vk

∥B−1
k vk∥2

= ϵvTk dk.

Since vTk dk < 0 and c1 ∈ (0, 1), then

f(xk + ϵdk)− f(xk) ≤ c1ϵv
T
k dk.

Thus the proof is completed.
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4 Optimality condition and global convergence

In this section, we provide the necessary optimality condition and prove the
global convergence of Algorithm 1. If ∥vk∥2 = 0 at some iteration k, then
0 ∈ ∂ϵf(xk). This shows that xk is an ϵ-stationary point. Now, we show
that if Algorithm 1 dose not terminate after finite many iterations, then each
accumulation point of the sequence {xk} is an ϵ-stationary point of f . To
prove this, we first prove the following lemma.

Lemma 3. Suppose that the level set L := {x : f(x) ≤ f(x1)} is bounded, and
there exist positive constants M and m such that m∥d∥22 ≤ dTBkd ≤M∥d∥22,
for all k and d ∈ Rn. If Algorithm 1 does not terminate after finite many
iterations, then

lim
k→∞

∥vk∥ = 0.

Proof. Suppose that Algorithm 1 does not terminate after finite many itera-
tions. Since ∥vk∥ ≠ 0 for each k, then by Lemma 1, we have

f(xk + αkdk)− f(xk) ≤ c1αkv
T
k dk. (11)

Since {f(xk)} is a strictly decreasing and bounded below sequence, then it
converges and we have

f(xk + αkdk)− f(xk) → 0.

So by (11), we have
0 ≤ c1 lim

k→∞
αkv

T
k dk.

By Lemma 1, we know vTk dk = − vT
k B−1

k vk

∥B−1
k vk∥2

≤ 0, so

0 ≤ c1 lim
k→∞

αkv
T
k dk = −c1 lim

k→∞

αkv
T
k B

−1
k vk

∥B−1
k vk∥2

≤ 0.

On the other hand, by Lemma 2, αk ≥ ϵ Thus

lim
k→∞

vTk B
−1
k vk

∥B−1
k vk∥2

= 0. (12)

Let 0 < λk1 ≤ λk2 ≤ · · · ≤ λkn be the eigenvalues of B−1
k . Since B−1

k is a
positive definite matrix, then we have λk1 ≥ m and λkn ≤M . Therefore

m

M
∥vk∥2 ≤ λk1

λkn
∥vk∥2 ≤

vTk B
−1
k vk

∥B−1
k vk∥2

≤ λkn
λk1

∥vk∥ ≤ M

m
∥vk∥2. (13)

Then, by (12) and (13), we conclude ∥vk∥2 → 0.
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In the following theorem, we show that each accumulation point of the
sequence {xk} is an ϵ-stationary point.

Theorem 1. Suppose that the level set L := {x : f(x) ≤ f(x1)} is bounded
and that f : Rn → R is a locally Lipschitz function on L. If x∗ is an
accumulation point of the sequence {xk}, then x∗ is an ϵ-stationary point of
f .

Proof. Since {xk} ⊂ L, then the sequence {xk} is bounded and it has a
convergent subsequence. Let {xki} be a subsequence of the sequence {xk}
convergent to x∗. We have vki ∈ ∂ϵf(xki) and by Lemma 3, vki → 0. On
the other hand, ∂ϵf(·) is upper semicontinuous. Thus 0 ∈ ∂ϵf(x

∗) and this
shows that x∗ is an ϵ-stationary point of f .

5 Line search algorithm

In this section, we present a line search algorithm to update the matrix Bk

by the BFGS method. To do this, we need two subgradients ξk ∈ ∂f(xk) and
ξk+1 ∈ ∂f(xk+1), such that the curvature condition is satisfied, that is,

ξTk+1dk ≥ c2ξ
T
k dk,

where c2 ∈ (c1, 1). To find ξk+1, we use the line search strategy same as
[21,26]. The step length α must satisfy the Wolfe conditions at xk along dk.
The Wolfe conditions are the Armijo and curvature conditions, as

f(xk + αdk)− f(xk) ≤ c1αf
◦
ϵ (xk, dk), (Armijo condition)

∃ξk+1 ∈ ∂f(xk + αdk), s.t. ξ
T
k+1dk ≥ c2f

◦
ϵ (xk, dk). (curvature condition)

In this paper, we present an algorithm to find a step length, which satisfies the
Armijo condition. Now we present the following algorithm. This algorithm
finds an interval including a step length satisfies the Wolfe conditions at the
point xk along dk. Algorithm 2 is started with α0 = ϵ, because the step
length ϵ satisfies the Armijo condition. The following proposition shows that
Algorithm 2 terminates after finite many iterations.

Proposition 1. If f◦ϵ (xk, dk) < 0 and f is bounded below at xk along dk,
then Algorithm 2 terminates after finite many iterations.

Proof. Since ϕ(α) = f(xk + αdk) is bounded below and the line l(α) =
f(xk) + c1αf

◦
ϵ (xk, dk) is unbounded below, then there exists α such that

ϕ(α) > l(α) for all α > α. Thus Algorithm 2 terminates when α1 > α.

Either Algorithm 2 finds a step length that it satisfies the Wolfe conditions
or it returns an interval. We prove that there exists a step length in this
interval, which satisfies the Wolfe conditions.
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Algorithm 2 Line search algorithm

set α1 = 1, α0 = ϵ;
repeat
if f (xk + α1dk) − f (xk) > c1α1f ◦

ϵ (xk, dk) then
α∗=wolfe(α0, α1)
return α∗

else if ∃ξ ∈ ∂f (xk + α1dk) s.t. ξT dk ≥ c2f ◦
ϵ (xk, dk) then

∗α = α1

return α∗

end if
α0 = α1;
α1 = 2α1

until 

Proposition 2. In Algorithm 2, suppose that f (xk + α1dk) − f (xk) >
c1α1f ◦

ϵ (xk, dk). Then the interval (α0, α1) contains step lengths satisfying 
the Wolfe conditions.

Proof. Let ψ(α) = f(xk + αdk) − f(xk) − c2αf
◦
ϵ (xk, dk). It is obvious that

ψ(α0) ≤ ψ(α1). Since the curvature condition is not satisfied at α0, we have

ξT dk < c2f
◦f(xk, dk), ∀ξ ∈ ∂f(xk + α0dk).

Thus 0 ̸∈ ∂ϕ(α0). Therefore α0 is not the local minimizer of ψ on [α0, α1].
So the minimum point of ψ must be in (α0, α1). Suppose that α∗ ∈ (α0, α1)
is the minimizer of ψ. Thus 0 ∈ ∂ϕ(α∗). Since

∂ϕ(α∗) ⊂ ∂f(xk + α∗dk)
T dk + c2f

◦
ϵ (xk, dk),

there exists ξ ∈ ∂f(xk + α∗dk) such that ξT dk − c2f
◦
ϵ (xk, dk) = 0. On the

other hand, ψ(α0) ≥ ψ(α∗) and α0 satisfies the Armijo condition. Thus
α∗ satisfies the Armijo condition. Therefore, α∗ is satisfied in the Wolfe
conditions.

Now we present an algorithm to find a step length, which satisfies the
Wolfe conditions on [α0, α1]. The following proposition indicates the conver-
gence of Algorithm 3.

Proposition 3. If Algorithm 3 does not terminate after finite many itera-
tions, then it converges to α∗ such that 0 ∈ ∂f(xk+α

∗dk)
T dk− c2f◦ϵ (xk, dk).

Proof. Let ψ be the function defined in Proposition 2. Since ψ(ai) < ψ(bi)
and 0 ̸∈ ∂f(xk + aidk)

T dk − c2f
◦
ϵ (xk, dk), then 0 ̸∈ ∂ψ(ai). Thus, ψ takes its

minimum on (ai, bi). Suppose ri is the minimum of ψ on (ai, bi). So, we have
0 ∈ ∂ψ(ri). On the other hand, {ai} and {bi} are monotone and bounded
sequences. Therefore, these sequences are convergent. Also, we have
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Algorithm 3 Wolfe Algorithm

i = 1
ai = α1

bi = α0
ai+biti = 2

repeat
if f (xk + tidk) − f (xk) ≥ c1tif ◦

ϵ (xk, dk) then
a = t and b = bi+1 i i+1 i

else if ∃ξ ∈ ∂f (xk + tidk) such that ξT dk ≥ c2f ◦
ϵ (xk, dk) then

return ti
else
b = t and a = ai+1 i i+1 i.

end if
ai+biti = 2

i = i + 1
until 

lim ai − bi = 0,
i→∞

thus
lim
i→∞

ai = lim
i→∞

bi = lim
i→∞

ri = α∗.

Since ∂ψ(·) is upper semicontinuous and 0 ∈ ∂ψ(ri), then 0 ∈ ∂ψ(α∗). This
shows that 0 ∈ ∂f(xk + α∗dk)

T dk − c2f
◦
ϵ (xk, dk).

Now, we go back to problem (5). Solving this problem is impractical,
because the structural of the set ∂ϵf(x) is unclear. So the set ∂ϵf(x) is
approximated and problem (5) is approximately solved. In [1], the generalized
h-increasing point algorithm is proposed for computing an approximation
solution of problem (5). Here, we summarize the generalized h-increasing
point algorithm. Let Wl be a finite subset of ∂ϵf(xk). The convex hull of Wl

is considered as an approximation of ∂ϵf(xk). We solve the following problem
instead of (5):

min
v∈convWk

vTBkv,

and consider wk as its solution. Let gk = − wk

∥wk∥ . If the inequality

f(xk + ϵgk)− f(xk) ≤ −c1ϵ∥wk∥, (14)

is satisfied, then convWk is an acceptable approximation of ∂ϵf(xk). In this
case, we consider gk and −∥wk∥ as an approximation of dk and f◦ϵ (xk, dk).
Else a new element from ∂ϵf(xk), such as vl, must be added into Wk such
that vl ̸∈ convWk. To find such an element, we apply the generalized h-
increasing point algorithm in [1]. In [1], it is proved that this procedure is
terminated after finite many iterations. Either the direction gk is returned
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such that (14) is satisfied or we have

∥wk∥ ≤ δ, (15)

where δ is a predefined threshold. If (14) is satisfied, then the Armijo con-
dition is satisfied along direction gk at xk with step length ϵ. Also when
(15) holds, we can assume that xk is an ϵ-stationary point. Finding such a
direction is given in Algorithm 3.1 in [1].

6 Numerical experiments

In the numerical experiments, as computing dk by (5) is impractical, we use
Algorithm 3.1 in [1] and approximate it with gk. In this case, f◦ϵ (xk, dk)
is approximated with −∥wk∥. We set parameters as follows: ϵ = 10−6,
δ = 10−6, c1 = 10−4, and c2 = 0.9. In Algorithms 2 and 3, the curvature
condition is checked just by one subgradient from ∂ϵf(xk + tdk), say ξ, that
is, the following condition is checked:

ξT dk ≥ c2f
◦
ϵ (xk, dk).

In this section, we used some test problems in [8, 14] and report the com-
putational and numerical results of Algorithm 1 denoted by ”NQSN”. Also
Algorithm 1 is compared with some algorithms existing in the literatures.
Some of the selected algorithms are implemented in MATLAB environment
and other ones in Fortran. The measurement of algorithm efficiency is the
number of function evaluations. To have a better comparison of the imple-
mented algorithms, the performance profile of Dolan and More in [6] is used.

Two classes of test functions are applied. The first class is taken from [8]
and the second one is the TEST29 in [14]. The test problems are introduced
in Table 1. We compare the smooth BFGS method [21], the variable metric
bundle method (PVAR) [16,17], a method presented in [18] (MY), the limited-
memory BFGS method (LBFGS) [21], the limited memory bundle method
(LMBM) [8], and the gradient sampling method (GS) with the presented
method.

Each algorithm is terminated after 10000 iterations. In the performance
profile, an algorithm solves a problem successfully when

|fmin − f∗|
1 + |f∗|

≤ thr,

where thr ∈ (0, 1) is a predefined threshold and fmin and f∗ are the optimal
value and achieved optimal value, respectively. In this paper, we set thr equal
to 10−4.
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Table 1: Test problems and their optimal value for n = 1000.

First class of problems Second class of problems

No. problem optimal value No. problem optimal value

1 MAXQ 0 11 problem 2 from TEST29 0
2 MAXHILB 0 12 problem 5 from TEST29 0

3 LQ -1.412799e+003 13 problem 6 from TEST29 0
4 CB3I 1998 14 problem 11 from TEST29 1.203128e+004
5 CB3II 1998 15 problem 13 from TEST29 5.661313e+002
6 NACTFACES 0 16 problem 17from TEST29 0

7 Brown 2 0 17 problem 19 from TEST29 0
8 Mifflin 2 -7.065034e+002 18 problem 20 from TEST29 0
9 Crescent I 0 19 problem 22 from TEST29 0

10 Crescent II 0 20 problem 24 from TEST29 0

Let n be the size of the test problem. The algorithms are tested with 3
sizes of test problems, the small size n = 10, middle size n = 100, and large
scale n = 1000. Since the GS algorithm is very time consuming for large
scale problems, then we do not run this algorithm for large scale problems.
In Figures 1 and 2, we report the results for the first and second class of test
problems as the performance profile, respectively.

Figure 1 shows that the first class of the test problems is simpler than the
second one. The proposed algorithm is more efficient than other algorithms
for middle and large scale problems and is the only algorithm can solve all
these problems. Also, the number of function evaluations of NQSN method
is less than other methods. In the second class of test problems, for small size
problems, the GS method is more efficient than other ones. But the BFGS
and NQSN have similar results. But in the middle size, the MY method can
just solve all problems. Performance profiles show that the NQSN method
solves problems with significantly less number of function evaluations. For
large scale test problems, just MY and NQSN can solve 6 problems. While
the number of function evaluations in the NQSN method is very less than
the number of function evaluations in MY method. The results show that
the NQSN method is more efficient than other algorithms for large scale
problems. Also, this algorithm solves problems with less number of function
evaluations.
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(a). Numerical results for n = 10.

(b). Numerical results for n = 100.

(c). Numerical results for n = 1000.

Figure 1: The performance profiles of the first class of test problems
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(a). Numerical results for n = 10.

(b). Numerical results for n = 100.

(c). Numerical results for n = 1000.

Figure 2: The performance profiles of the second class of test problems
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7 Conclusion

In this paper, the generalized quasi-Newton algorithm is presented for mini-
mizing locally Lipschitz functions. Same as the iterative optimization meth-
ods, first we introduced a descent direction for the locally Lipschitz function
in each iteration. Then, we computed an adequate step length along this
direction satisfies the generalized Wolfe conditions. After that, we showed
that the generalized quasi-Newton algorithm is convergent. The presented
algorithm was applied to some standard test functions and compared with
the MY method, the smooth BFGS method, the gradient sampling method,
the limited-memory BFGS method and the limited memory bundle method.
In future work, we will develop this algorithm for minimizing locally Lipschitz
functions with nonlinear constraints.
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A new regularization term based on
second order total generalized

variation for image denoising problems
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Abstract

Variational models are one of the most efficient techniques for image de-
noising problems. A variational method refers to the technique of optimizing

a functional in order to restore appropriate solutions from observed data that
best fit the original image. This paper proposes to revisit the discrete total
generalized variation (TGV ) image denoising problem by redefining the op-

erations via the inclusion of a diagonal term to reduce the staircasing effect,
which is the patchy artifacts usually observed in slanted regions of the image.
We propose to add an oblique scheme in discretization operators, which we
claim is aware of the alleviation of the staircasing effect superior to the con-

ventional TGV method. Numerical experiments are carried out by using the
primal-dual algorithm, and numerous real-world examples are conducted to
confirm that the new proposed method achieves higher quality in terms of rel-
ative error and the peak signal to noise ratio compared with the conventional

TGV method.
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1 Introduction

Digital image processing (DIP) deals with performing operations on digital
images. A digital image is a numerical representation of a physical scene,
which is composed of a finite number of pixels. Digital images are produced
by means of imaging machines that cover the electromagnetic spectrum. Syn-
thetic images, electron microscopy images, and ultra-sound images are exam-
ples of digital images. Digital images were first used in the newspaper indus-
try in the 1920s. These digital images were produced from a coded tape by
a telegraph printer. The field of DIP is enriched with various applications,
including image restoration [3,17,23,25], artistic effects [19], medical visual-
ization [9, 27, 28, 30], industrial inspection [22], law enforcement [32, 33], and
so on. Image restoration is one of the most widespread applications of DIP
techniques that implements processes on digital images in order to estimate
the original image from the corrupted one. The image distortion is caused
due to different types of noise, such as Gaussian noise, white noise, salt and
pepper noise, and speckle noise. In recent decades, variational approaches
have been used as an efficient tool for image denoising problems.

A variational model is an optimization problem in which the criterion
is defined as a functional (energy), which consists of a regularization term
and a data fidelity term. Total variation (TV ) regularization is a variational
model that uses total variation as a regularization term. TV regularization
was first proposed by Rudin, Osher, and Fatemi (ROF model) for imaging
problems; see [26]. The ROF method is edge-preserving and has a fast nu-
merical algorithm. Many different papers have shown the efficiency of TV
minimization for image restoration [1,4,5,8,10,11,13–15,18,20,21,24,29,31].
The TV regularization has been widely used in various applications, such as
image deblurring, inpainting, image zooming, segmentation problems, inter-
polation, spectral extrapolation, and stereovision. In these methods, the TV
semi-nom is defined as

TV (u) = sup
{∫

Ω

u div ν dx
∣∣∣ ν ∈ C1

c (Ω,R
n), ||ν||∞ ≤ 1

}
,

where u is a function defined on a bounded region Ω ⊂ Rn. TV based
regularization models have been proved to be efficient in image denoising
problems. However, these models suffer from the staircasing effect, which
appears as undesired patchy artifacts in slanted regions (see Figure 1). The
total generalized variation (TGV ) regularization model [6] is one technique
to overcome this shortcoming, which acts as a regularization functional that
incorporates higher-order derivatives and regularizes independently on vari-
ous regularity levels. The main idea of TGV is a generalization of TV, which
is defined as



G
al
le
y
P
ro
of

A new regularization term based on second order total generalized variation ... 143

Figure 1: The implementation results of 1500 iterations of the ROF TV model [26]. From

left to right: The reference image, the noisy image, and the restored image using the ROF

TV . The original image has been corrupted by additive white Gaussian noise of standard

deviation 0.18 and the regularization parameter is set to λ = 0.17. The ROF denoising

model leads to staircasing effect, which is observed as patchy artifacts.

TGV k
λ (u) =sup

{∫
Ω

u divkν dx
∣∣∣ ν ∈ Ck

c (Ω, Sym
k(Rn)), ||divlν||∞ ≤ λl,

l = 0, . . . , k − 1
}
,

where k ≥ 1, n ≥ 1, and λl are fixed positive parameters, and Symk(Rn)
denotes the space of symmetric tensors of order k with arguments in Rn.
This paper proposes to revisit the TGV image denoising model by redefin-
ing the gradient operations via the inclusion of diagonal terms to reduce the
staircasing effect. We propose to add an oblique scheme in classical image
derivatives discretization, which we claim is aware of the alleviation of the
staircasing effect superior to the conventional TGV method. Numerical ex-
periments are carried out using the primal-dual algorithm, and numerous
real-world experiments are conducted to confirm the effectiveness of the new
approach.

The remainder of this paper is organized as follows. First, a brief ex-
planation of some essential concepts regarding the TV and TGV schemes is
presented in section 2. In section 3, the new proposed regularization model
for image denoising problems and the corresponding theoretical results are
presented. Section 4 is devoted to numerical experiments and comparisons
that demonstrate the efficiency of the proposed method. Finally, Section 5
contains some concluding remarks.

2 Background

In this section, we present a brief review on essential concepts of TV and
TGV approaches.
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2.1 TV concept

Assume that u is a function defined on a bounded region Ω ⊂ Rn. The
function u is said of bounded variation (BV function) if it is integrable and
there exists a Radon measure Du such that∫

Ω

u div ν dx = −
∫
Ω

ν Du dx,

for all ν ∈ C1
c (R

n,Rn), where C1
c (R

n,Rn) is the space of continuously differ-
entiable vector functions ν of compact support and Du is the distributional
(weak) derivative of u. The TV seminorm of u is defined as

TV (u) := sup
{∫

Ω

u div ν dx
∣∣∣ ν ∈ C1

c (Ω,R
n), ||ν||∞ ≤ 1

}
=

∫
Ω

|Du|dx,

where |.| is the Euclidean norm. In the case that u is a smooth function, we
have Du = ∇u; therefore TV (u) is the integral of its gradient magnitude

TV (u) =

∫
Ω

|∇u|dx.

2.2 TGV concept

In this subsection, we review the essential concepts of TGV regularization
from [6].

Definition 1. Let k ≥ 1, Ω ⊂ Rn be a bounded region, and λ0, . . . , λk−1 be
fixed positive parameters. For u ∈ L1

loc(Ω), the total generalized variation of

order k with weight λ ∈ Rk is defined by the functional

TGV k
λ (u) = sup

{∫
Ω

u divkν dx
∣∣∣ ν ∈ Ck

c (Ω, Sym
k(Rn)), ||divlν||∞ ≤ λl,

l = 0, . . . , k − 1
}
,

where λ = (λ0, . . . , λk−1), C
k
c (Ω, Sym

k(Rn)) is the space of k-times contin-
uously differentiable functions with compact support from Ω to Symk(Rn)
and Symk(Rn) is the vector space of symmetric k-tensors defined as

Symk(Rn) =
{
η : Rn × · · · ×Rn︸ ︷︷ ︸

k times

→ R
∣∣∣ η is k-linear and symmetric

}
.

For the case when k = 2, the TGV 2
λ functional is a special case of TGV k

λ

functional, which is defined as

TGV 2
λ (u) = sup

{∫
Ω

u div2ν dx
∣∣∣ ν ∈ C2

c (Ω, Sym
2(Rn)), ||ν||∞ ≤ λ0,
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||div ν||∞ ≤ λ1

}
, (1)

where λ = (λ0, λ1) and

(div ν)i =
d∑

j=1

∂νij
∂xi

, div2ν =
d∑

i=1

∂2νii
∂x2

i

+ 2
∑
i<j

∂νij
∂xi∂xj

.

Remark 1. The Euclidean spaceRN1×N2 is equipped with the inner product

⟨u, s⟩RN1×N2 =

N1∑
i=1

N2∑
j=1

ui,jsi,j , u, s ∈ RN1×N2 .

For u ∈ RN1×N2 , the second order TGV semi-norm (1) can be discretized
as

TGV 2
λ (u) = max

{
⟨u, div2ν⟩RN1×N2

∣∣∣ ν ∈ (R4)N1×N2 , ν =

(
ν11 ν12
ν12 ν22

)
,

νij ∈ RN1×N2 (i, j = 1, 2), ||ν||∞ ≤ λ0, ||div ν||∞ ≤ λ1

}
, (2)

where λ = (λ0, λ1). The discrete version of the infinity norm for the vector
field z, where z = div ν, is defined as

||z||∞ = sup

{ (
n∑

i=1

zi(x)
2

)1/2 ∣∣∣ x ∈ Ω

}
.

Moreover, the discrete version of the infinity norm for matrix ν is defined as

||ν||∞ = sup

{(
n∑

i=1

νii(x)
2
+ 2

∑
i<j

νij(x)
2

)1/2∣∣∣ x ∈ Ω

}
.

3 The new proposed method

In this section, we present a new variant of the TGV model for the alleviation
of the staircasing effect in image denoising problems by redefining the oper-
ators via the inclusion of a diagonal term. In the conventional TGV model
presented in [6], the discretization operators are based on finite differences
in the direction of the horizontal and vertical axes. Here, we reconstruct the
discretization operators in [6] via the inclusion of a diagonal term. For this
purpose, we introduce the versions of the discretization operators in parts (a-
e). The indexes x, y, and o indicate that the corresponding finite-differences
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are established in the direction of the horizontal, vertical, and diagonal axis,
respectively.

a. For u ∈ RN1×N2 , we define the discretization operator δ : RN1×N2 −→
(R3)N1×N2 as

δ(u) =

∂+
x (u)

∂+
y (u)

∂+
o (u)

 ,

(i = 1, . . . , N1, j = 1, . . . , N2) , where

(∂+
x u)i,j =

{
ui+1,j − ui,j if 1 ≤ i < N1,

0 if i = N1,

(∂+
y u)i,j =

{
ui,j+1 − ui,j if 1 ≤ j < N2,

0 if j = N2,

(∂+
o u)i,j =

{
ui+1,j+1 − ui,j if 1 ≤ i < N1, 1 ≤ j < N2,

0 if i = N1, j = N2.

b. For p =

p1p2
p3

 , pi ∈ RN1×N2 (i = 1, 2, 3), the discretization operator

ζ : (R3)N1×N2 −→ RN1×N2 is defined as

ζ(p) = ∂−
x (p1) + ∂−

y (p2) + ∂−
o (p3),

where

(∂−
x p1)i,j =


(p1)i,j − (p1)i−1,j if 1 < i < N1,

(p1)i,j if i = 1,

−(p1)i−1,j if i = N1,

(∂−
y p2)i,j =


(p2)i,j − (p2)i,j−1 if 1 < j < N2,

(p2)i,j if j = 1,

−(p2)i,j−1 if j = N2,

(∂−
o p3)i,j =

 (p3)i,j − (p3)i−1,j−1 if 1 < i ≤ N1, 1 < j ≤ N2,

(p3)i,j if i = 1, j = 1.

c. For p =

p1p2
p3

 , pi ∈ RN1×N2 (i = 1, 2, 3), the discretization operator

ξ : (R3)N1×N2 −→ (R9)N1×N2 is defined as
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ξ(p) =


∂−
x (p1)

1
2 (∂

−
x (p2) + ∂−

y (p1))
1
2 (∂

−
x (p3) + ∂−

o (p1))

1
2 (∂

−
x (p2) + ∂−

y (p1)) ∂−
y (p2)

1
2 (∂

−
y (p3) + ∂−

o (p2))

1
2 (∂

−
x (p3) + ∂−

o (p1))
1
2 (∂

−
y (p3) + ∂−

o (p2)) ∂−
o (p3)

 ,

where ∂−
x , ∂−

y , and ∂−
o are defined as in part (b).

d. For ν =

 ν11 ν12 ν13
ν12 ν22 ν23
ν13 ν23 ν33

 , νij ∈ RN1×N2 (i, j = 1, 2, 3), the discretiza-

tion operator ζ : (R9)N1×N2 −→ (R3)N1×N2 is defined as

ζ(ν) =

∂+
x (ν11) + ∂+

y (ν12) + ∂+
o (ν13)

∂+
x (ν12) + ∂+

y (ν22) + ∂+
o (ν23)

∂+
x (ν13) + ∂+

y (ν23) + ∂+
o (ν33)

 ,

where ∂+
x , ∂+

y , and ∂+
o are defined as in part (a).

e. For ν =

 ν11 ν12 ν13
ν12 ν22 ν23
ν13 ν23 ν33

 , νij ∈ RN1×N2 (i, j = 1, 2, 3), the discretiza-

tion operator ζ2 : (R9)N1×N2 −→ RN1×N2 is defined as

ζ2(ν) = ∂−
x ∂+

x (ν11) + ∂−
y ∂+

y (ν22) + ∂−
o ∂+

o (ν33) + ∂−
x ∂+

y (ν12) + ∂−
x ∂+

o (ν13)

+∂−
y ∂+

x (ν12) + ∂−
y ∂+

o (ν23) + ∂−
o ∂+

x (ν13) + ∂−
o ∂+

y (ν23).

where ∂+
x , ∂+

y , ∂+
o , ∂−

x , ∂−
y , and ∂−

o are defined as in parts (a) and (b).

The next step, we aim to solve the following variational image denoising
problem

min 1
2 ||u− u0||22 + Lλ(u),

u
(3)

where u0 ∈ RN1×N2 is the noisy image, u ∈ RN1×N2 is the image to be
reconstructed, λ = (λ0, λ1) (λ0, λ1 are the regularization parameters), and
Lλ(u) is the new proposed regularization functional, which is defined as

Lλ(u) = max
{
⟨u , ζ2(ν)⟩RN1×N2

∣∣∣ ν ∈ (R9)N1×N2 , ν =

 ν11 ν12 ν13
ν12 ν22 ν23
ν13 ν23 ν33

 ,

νi,j ∈ RN1×N2 (i, j = 1, 2, 3), ||ν||∞ ≤ λ0, ||ζ(ν)||∞ ≤ λ1

}
. (4)
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3.1 Theoretical results

We apply the over-relaxed Chambolle–Pock algorithm described in [16] for
solving (3). Since this algorithm solves jointly the primal and dual formu-
lations of minimization problem (3), we need to obtain the Fenchel dual
formulation of functional (4). The analytical process for establishing this
formulation of (4) is stated in Theorem 2, in which we follow the steps of [7]
for its proof. Before studying this theorem, the reader needs to be familiar
with the concept of Legendre–Fenchel duality and Fenchel duality theorem
from [2].

Definition 2. Given some convex, proper, and lower semi-continuous func-
tion f(p) defined for p ∈ H, where H is a Hilbert space with inner product
⟨., .⟩H , its Legendre–Fenchel dual function is defined as

f∗(q) = max {⟨p, q⟩H − f(p)
∣∣∣ p ∈ H}

for all q ∈ H.

Theorem 1. Assume that X and Y are real Banach spaces, that f1 : X −→
(−∞,+∞) and f2 : Y −→ (−∞,+∞) are proper, convex, and lower semi-
continuous functions, and that A : X −→ Y is a linear continuous operator.
If there exists x0 ∈ X such that f1(x0) < ∞ and f2 is continuous at Ax0,
then

min {f1(x) + f2(A(x))
∣∣∣ x ∈ X} = max {−f∗

2 (y
∗)− f∗

1 (−A∗y∗)
∣∣∣ y∗ ∈ Y ∗}.

Remark 2. For p =

p1p2
p3

 ∈ (R3)N1×N2 and w =

w1

w2

w3

 ∈ (R3)N1×N2 , the

Euclidean space (R3)N1×N2 is equipped with the inner product

⟨p, w⟩(R3)N1×N2 =

N1∑
i=1

N2∑
j=1

(p1)i,j(w1)i,j + (p2)i,j(w2)i,j + (p3)i,j(w3)i,j .

Theorem 2. The discrete second order total generalized variation functional
(4) is equivalent to the following Fenchel dual formulation

Lλ(u) = min λ0||ξ(p)||1 + λ1||δ(u)− p||1,
p ∈ (R3)N1×N2 ,

where ξ and δ are defined as in parts (c) and (a), respectively.

Proof. We prove in the lines of [7]. Based on (4), we have
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Lλ(u) = max
{
⟨u, ζ2(ν)⟩RN1×N2

∣∣∣ ν ∈ (R9)N1×N2 , ||ν||∞ ≤ λ0, ||ζ(ν)||∞ ≤ λ1

}
= max

{
⟨u, ζ2(ν)⟩RN1×N2 − I{||.||∞≤λ0}(ν)− I{||.||∞≤λ1}(ζ(ν))

∣∣∣ ν ∈ (R9)N1×N2

}
= −min

{
I{||.||∞≤λ0}(ν) + I{||.||∞≤λ1}(ζ(ν))− ⟨u, ζ2(ν)⟩RN1×N2

∣∣∣ ν ∈ (R9)N1×N2

}
,

where

I{||.||∞≤λ0}(ν) =

{
0 if ||ν||∞ ≤ λ0,
∞ if ||ν||∞ > λ0,

I{||.||∞≤λ1}(ζ(ν)) =

{
0 if ||(ζ(ν))||∞ ≤ λ1,
∞ if ||(ζ(ν))||∞ > λ1.

We choose

f1(ν) = I{||.||∞≤λ0}(ν), f2(ζ(ν)) = I{||.||∞≤λ1}(ζ(ν))− ⟨u, ζ2(ν)⟩RN1×N2 .

Based on the principles of Theorem 1, it follows that

Lλ(u) = −min { f1(ν) + f2(ζ(ν))
∣∣∣ ν ∈ (R9)N1×N2 }

= min { f∗
1 (−ξ(p)) + f∗

2 (p)
∣∣∣ p ∈ (R3)N1×N2 },

where p = ζ(ν). Based on the duality principle of definition 2, it yields
f∗
1 (−ξ(p)) = λ0||ξ(p)||1, and

f∗
2 (p) = max {⟨p, w⟩(R3)N1×N2 − f2(w)

∣∣∣ w ∈ (R3)N1×N2}

= max {⟨p, w⟩(R3)N1×N2 − I{||.||∞≤λ1}(w) + ⟨u, ζ(w)⟩RN1×N2

∣∣∣ w ∈ (R3)N1×N2}.
Since ζ∗ = −δ, it yields

f∗
2 (p) = max {⟨δ(u), w⟩(R3)N1×N2 − ⟨p, w⟩(R3)N1×N2

∣∣∣ ||w||∞ ≤ λ1, w ∈ (R3)N1×N2}

= max {⟨δ(u)− p, w⟩(R3)N1×N2

∣∣∣ ||w||∞ ≤ λ1, w ∈ (R3)N1×N2}.
Choosing k = δ(u)− p, it follows that

f∗
2 (p) = max {

2∑
s=1

N2∑
j=1

N1∑
i=1

ws(i, j) ks(i, j)
∣∣∣ ||w||∞ ≤ λ1, w ∈ (R3)N1×N2}

λ1 ||δ(u)− p||1.

3.2 Primal-dual algorithm

This section contains the primal-dual algorithm described in [16] for solving
(3). Primal-dual methods apply proximity operators, which can be defined for
proper, lower semi-continuous, convex, and extended real-valued functions.
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The followings are the proximity operators, which are used in this algorithm,

proxτF1(u) =
u+ τu0

1 + τ
, proxτF2(p) = p− p

max(
|p|
τλ1

, 1)

,

proxσg(ν) =
ν

max(
|ν|
λ0

, 1)

.

Algorithm 1 to solve (3)

1. Set k = 0, choose parameters τ , σ, ρ, and the initial estimates

u(0) ∈ RN1×N2 , p(0) ∈ (R3)N1×N2 , ν(0) ∈ (R9)N1×N2 .
2. Calculate u(k+1), p(k+1) and ν(k+1) using the following equations:
P1 := proxτF1(u

(k) − ζ(τζ(ν(k)))),
P2 := proxτF2(p

(k) + τζ(ν(k))),
P3 := proxσg(ν

(k) + σ ξ(δ(2 p1 − u(k))− (2 p2 − p(k)))),
u(k+1) := u(k) + ρ (p1 − u(k)),
p(k+1) := p(k) + ρ (p2 − p(k)),
ν(k+1) := ν(k) + ρ (p3 − ν(k)).
3. Stop or set k := k + 1 and go back to step 2.

4 Numerical experiments

In this section, we test the performance of the proposed method on several
sample images to remove noise (see Figure 2). Each image is corrupted by ad-
ditive white Gaussian noise of standard deviation 0.18. We compare the new
proposed method with the anisotropic TV , the isotropic TV , the upwind TV
in [12], and the TGV method in [6] (see Figures 3,4,5,6,7,8,9,10,11,12,13,14
for the restored images). For the selection of the optimal regularization pa-
rameter, the algorithms corresponding to the anisotropic TV, the isotropic
TV, the upwind TV, the TGV method, and the proposed method are imple-
mented with many different choices for λ, and the λ value corresponding to
the best peak signal to noise ratio (PSNR) (least relative error) is chosen as
the optimal λ value.

Using the anisotropic TV, it performs well in removing noise but small
details become unclear, and this TV scheme suffers from the staircasing ef-
fect, which appears as undesired patchy artifacts in slanted regions. The
upwind TV has nice performance in preserving details but it has a remark-
able drawback because some small white particles of noise will be remained
in restored images, which indicates that the upwind TV is not capable of
removing white noise. Moreover, the upwind TV suffers from the staircasing
effect. The isotropic TV performs to some extent better than the anisotropic
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TV and the upwind TV in noise removal but still some details are not recon-
structed during the denoising process, and this TV scheme is not capable of
alleviating the staircasing effect. Using the TGV method, it still suffers from
the remaining of the staircasing effect, which indicates that it is not powerful
enough to handle the severe noise. The proposed method outperforms the
anisotropic TV, the isotropic TV, the upwind TV, and the TGV method both
in the reconstruction of fine structures and the elimination of the staircasing
effect. The numerical experiments illustrate that the new proposed method
achieves higher quality in terms of PSNR and relative error (see Table 1).
For example in the case of bird image, Table 1 illustrates that the proposed
method achieves a PSNR value, which is about 0.187585 higher than the
PSNR value of TGV model. If we notice the other quantities in Table 1,
we observe that the PSNR value corresponding to the TGV model is about
0.129112 higher than the PSNR value corresponding to isotropic TV, and this
PSNR difference is less than the PSNR difference of the proposed method
and the TGV method.

The iteration numbers of optimization algorithm for both bird and bike
images in each model is 1500. Figures 15,16,17, and 18 illustrate the PSNR
and the relative error of various methods versus iteration numbers. For ex-
ample, in the case of bike image, Figures 17 and 18 illustrate that after 600
iterations, the proposed method has smaller PSNR and higher relative er-
ror in comparison with the TGV model (TGV : PSNR=23.038355, Relative
error=0.092436, proposed: PSNR=22.980077, Relative error=0.093058). If
we increase the number of iterations to 1500, the TGV model achieves better
quantities (TGV : PSNR=23.060928, Relative error=0.092196) in compari-
son with 600 iterations, and the proposed model achieves the best PSNR
value (proposed: PSNR = 23.080060, Relative error=0.091993) in compari-
son with other methods. Even if we increase the iteration numbers again, very
few changes are observed, and the proposed method will still have the best
PSNR value and the least relative error in comparison with other methods.
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Figure 2: The test images used in our numerical experiments. Left: bird (490×674 in

experiments); right: bike (640×512 in experiments).
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Figure 3: From left to right: noisy bird image, restored bird image by anisotropic TV .

Figure 4: From left to right: restored bird images by isotropic TV and upwind TV .

Figure 5: From left to right: restored bird images by TGV and the new proposed method.
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Figure 6: Zoomed-in regions of bird image. From left to right: noisy image, restored by

anisotropic TV .

Figure 7: Zoomed-in regions of bird image. From left to right: restored by isotropic TV

and upwind TV .

Figure 8: Zoomed-in regions of bird image. From left to right: restored by TGV and the

new proposed method.
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Figure 9: From left to right: noisy bike image, restored bike image by anisotropic TV .

Figure 10: From left to right: restored bike images by isotropic TV and upwind TV .
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Figure 11: From left to right: restored bike images by TGV and the new proposed

method.

Figure 12: Zoomed-in regions of bike image. From left to right: noisy image, restored

by anisotropic TV .
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Figure 13: Zoomed-in regions of bike image. From left to right: restored by isotropic

TV and upwind TV .

Figure 14: Zoomed-in regions of bike image. From left to right: restored by TGV and

the new proposed method.
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Figure 15: The sequence of relative error of bird image versus iteration numbers.
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Table 1: Performance comparison of restoration results in terms of relative error and

the PSNR. The new proposed method achieves higher quality in terms of the PSNR and

relative error.

Image Method Iterations Optimal λ Relative error PSNR

Bird Anisotropic TV 1500 0.14 0.064262 27.313069
Bird Isotropic TV 1500 0.17 0.063141 27.466009

Bird Upwind TV 1500 0.21 0.065420 27.158004
Bird TGV 1500 (0.3, 0.16) 0.062209 27.595121
Bird proposed 1500 (0.3, 0.13) 0.060880 27.782706

Bike Anisotropic TV 1500 0.11 0.092527 23.029824
Bike Isotropic TV 1500 0.13 0.092511 23.031338
Bike Upwind TV 1500 0.155 0.097285 22.594246
Bike TGV 1500 (0.21, 0.13) 0.092196 23.060928

Bike proposed 1500 (0.14, 0.1) 0.091993 23.080060

5 Conclusion

This paper proposes to revisit the discreteTGV image denoising problem by
redefining the operations via the inclusion of a diagonal term to reduce the
staircasing effect, which is the patchy artifacts usually observed in slanted
regions of the image. Numerical experiments confirm that the new proposed
method achieves higher quality in terms of relative error and the PSNR com-
pared with the conventional TGV method. The more direction analysis of
first-order-derivative by using more oblique terms is considered as our future
researches.
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problems of the time-delayed systems
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Abstract

We apply the Adomian decomposition method (ADM) to obtain a subop-

timal control for linear time-varying systems with multiple state and control
delays and with quadratic cost functional. In fact, the nonlinear two-point
boundary value problem, derived from Pontryagin’s maximum principle, is
solved by ADM. For the first time, we present here a convergence proof for

ADM. In order to use the proposed method, a control design algorithm with
low computational complexity is presented. Through the finite iterations of
algorithm, a suboptimal control law is obtained for the linear time-varying
multi-delay systems. Some illustrative examples are employed to demonstrate

the accuracy and efficiency of the proposed methods.

AMS(2010): 49N05; 93C05.

Keywords: Multiple time-delay systems; Pontryagin’s maximum principle;
Adomian decomposition method.

1 Introduction

Optimal control of time-delay systems is one of the most challenging math-
ematical problems in control theory. Indeed, the presence of delay makes
analysis and control design much more complicated. Delays frequently oc-
cur in mechanics, physics, population dynamics, biological, chemical, elec-
tronic, and transformation systems; see [14]. The theory and the application
of optimal control for linear time-delay systems have been developed per-
fectly. However, as for nonlinear systems, synthesis problems that are solved
by classical control theory lead to difficult computations. It is well known
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that the nonlinear optimal control time-delay systems can be reduced to a
two-point boundary value problem (TPBVP) involving both delay and ad-
vance delay terms, implementing Pontryagin’s maximum principle (PMP);
see [15]. In general, this TPBVP cannot be solved exactly and most re-
searches have been devoted to finding an approximate solution, for non-
linear TPBVP. We briefly review some recent papers that are relevant to
the method developed in the current work for time-delay optimal control
problem. An averaging approximations for time-delay optimal control prob-
lems [5], the B-spline approximation scheme [8,24], the PMP [9], variational
iteration method (VIM) [25–28], a novel feedforward-feedback suboptimal
control of linear time-delay systems [13], Haar wavelets approach [29], hybrid
of block-pulse functions and orthonormal basis [7, 11, 19, 22, 30], composite
Chebyshev finite difference method [20], the Hamilton-Jacobi-Bellman equa-
tion [6], a delay-dependent stability of neutral systems [4], an interior-point
algorithm [34,35], and an embedding process that transfers the problem to a
new optimal measure problem [17].

The topic of the Adomian decomposition method (ADM) has been rapidly
growing in recent years. It was first proposed by Adomian [1, 2]. In this
method, the solution of functional equations is considered as the sum of an
infinite series usually converging to the solution. A lot of research works
have been conducted recently in applying this method to a class of linear and
nonlinear partial differential equations; see [33]. The Adomian’s decompo-
sition has many advantages: It does not require any kind of discretization,
linearization, or perturbation of the variables and the equation, therefore it
does not need any modification of the actual model that could change the
solution; it is efficient on providing an approximate or even exact solution
in a closed form, to linear and nonlinear problems and provides a fast and
accurate convergent series, and therefore it is only necessary to calculate a
few terms of the series in order to obtain a reliable approximate solution; the
method depends only on the known function u0(t) and the algorithm is of
simple implementation. The method, has been widely applied to solve non-
linear problems, and different modifications are suggested to overcome the
demerits arising in the solution procedure [3, 32].

This paper concerns with a class of nonlinear quadratic optimal control
problem with multi-delay systems. Applying the main ideas of the shooting
method to the basic and also an ADM. By applying the necessary optimality
conditions, we obtain iterative formulas for the ADM. By using the finite-step
iteration of algorithm, we obtain a suboptimal control law. The convergence
of the ADM is studied and for illustrating the effectiveness of these methods,
some test problems are investigated. Four illustrative examples are given to
demonstrate the simplicity and efficiency of the proposed method.

The structure of this paper is arranged as follows: Section 2 is devoted to
Pontryagin’s maximum principle used for solving linear time-varying multi-
delay system. Section 3 is dedicated to the proposed design approach to
solve a closed loop optimal control problem based on the ADM and conver-
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gence of the method is demonstrated. Section 4 is devoted to the suboptimal
control strategy and algorithm for the proposed method. In Section 5, the
numerical examples are simulated to show the reasonableness of our theory
and demonstrate the performance of our network. Finally, we end this paper
with conclusions in Section 6.

2 Problem statement and optimality conditions

Consider the following linear time-varying multi-delay system:
ẋ(t) = A(t)x(t) +A1(t)x(t− τx) +B(t)u(t) +B1(t)u(t− τu),

x(t) = ϕ(t), t0 − τx ⩽ t ⩽ t0,

u(t) = ψ(t), t0 − τu ⩽ t ⩽ t0,

(1)

where x(t) ∈ Rn and u(t) ∈ Rm, are the state and control vectors, respec-
tively; A(t), A1(t), B(t), and B1(t) are real, piecewise continuous matrices
of appropriate dimensions defined on the appropriate intervals; ϕ(t) and ψ(t)
are specified initial functions; τx and τu are constant positive scalars. Here, it
is assumed that system (1) is controllable and that τu < τx. Find the control
signal u(t) that minimizes the cost functional:

J =
1

2
xT (tf )Qfx(tf ) +

1

2

∫ tf

t0

(
xT (t)Q(t)x(t) + uT (t)R(t)u(t)

)
dt, (2)

where, the matrix Qf ∈ Rn×n is symmetric positive semidefinite, Q(t) ∈
Rn×n and R(t) ∈ Rm×m are chosen to be positive semidefinite and positive
definite matrices, respectively.

The Hamiltonian function for the problem is

H(x, u, λ, t) =
1

2
xT (t)Q(t)x(t) +

1

2
uT (t)R(t)u(t) (3)

+ λT (t)[A(t)x(t) +A1(t)x(t− τx) +B(t)u(t) +B1(t)u(t− τu)],

where λ(t) ∈ Rn is the vector of the Lagrange multiplier. According to the
necessary conditions for optimality, we can obtain the following nonlinear
TPBVP [15,31]:

ẋ(t) =


A(t)x(t) +A1(t)x(t− τx)− (S1(t) + S2(t))λ(t)

−S3(t)λ(t+ τu)− S4(t)λ(t− τu), t0 ⩽ t < tf − τu,

A(t)x(t) +A1(t)x(t− τx)− S1(t)λ(t)

−S4(t)λ(t− τu), tf − τu ⩽ t ⩽ tf

(4)

and
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λ̇(t) =


−Q(t)x(t)−AT (t)λ(t)

−AT
1 (t+ τx)λ(t+ τx), t0 ⩽ t < tf − τx,

−Q(t)x(t)−AT (t)λ(t), tf − τx ⩽ t ⩽ tf

(5)

with initial conditions
x(t) = ϕ(t), t0 − τx ≤ t ⩽ t0,

u(t) = ψ(t), t0 − τu ⩽ t ⩽ t0,

λ(tf ) = Qfx(tf ),

(6)

where

S1(t) = B(t)R−1(t)BT (t),

S2(t) = B1(t)R
−1(t− τu)B

T
1 (t),

S3(t) = B(t)R−1(t)BT
1 (t+ τu),

S4(t) = B1(t)R
−1(t− τu)B

T (t− τu),

x(t− τ) is the time-delay term and λ(t+ τ) is the time-advance term. Also,
the optimal control law is obtained by

u∗(t) =


−R−1(t)BT (t)λ(t)

−R−1(t)BT
1 (t+ τu)λ(t+ τu), t0 ⩽ t < tf − τu,

−R−1(t)BT (t)λ(t), tf − τu ⩽ t ⩽ tf .

(7)

The optimal can be implemented as a closed loop optimal if the co-state
vector obtained consists of linear function of the states and a nonlinear term,
which is the adjoint vector sequence, in the form

λ(t) = P (t)x(t) + g(t), λ(tf ) = Qfx(tf ), (8)

where P (t) ∈ Rn×n is an unknown positive-semidefinite function matrix and
g(t) ∈ Rn is the adjoint vector.

Substituting (8) into equation (4) yields

ẋ(t) = [A(t)− S1(t)P (t)]x(t)− S1(t)g(t) +A1(t)x(t− τx) + F (t),

x(t) = ϕ(t), t0 − τ ≤ t ⩽ t0, (9)

where

F (t) =


−S2(t) [P (t)x(t) + g(t)]− S3(t) [P (t+ τu)x(t+ τu) + g(t+ τu)]

−S4(t) [P (t− τu)x(t− τu) + g(t− τu)] , t0 ⩽ t < tf − τu,

−S4(t) [P (t− τu)x(t− τu) + g(t− τu)] , tf − τu ⩽ t ⩽ tf .

(10)
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Computing the derivatives to the both sides with respect to t of equation (8),
we have

λ̇(t) = Ṗ (t)x(t) + P (t)ẋ(t) + ġ(t), t0 ⩽ t ⩽ tf

=
[
Ṗ (t) + P (t)A(t)− P (t)S1(t)P (t)

]
x(t)− P (t)S1(t)g(t)

+ P (t)A1(t)x(t− τx) + P (t)F (t) + ġ(t). (11)

Putting (8) into equation (5), we get

λ̇(t) =


−Q(t)x(t)−AT (t)P (t)x(t)−AT (t)g(t)

−AT
1 (t+ τx)[P (t+ τx)x(t+ τx) + g(t+ τx)], t0 ⩽ t < tf − τx,

−Q(t)x(t)−AT (t)P (t)x(t)−AT (t)g(t), tf − τx ⩽ t ⩽ tf .

(12)

Thus, from (11) and (12), we can obtain the following Riccati matrix
differential equation:

− Ṗ (t) = P (t)A(t) +AT (t)P (t)− P (t)S1(t)P (t) +Q(t), P (tf ) = Qf , (13)

and the following adjoint vector differential equation:

ġ(t) = − [A(t)− S1(t)P (t)]
T
g(t)−P (t)A1(t)x(t−τx)+G(t), g(tf ) = 0, (14)

where

G(t) =



−AT
1 (t+ τx) [P (t+ τx)x(t+ τx) + g(t+ τx)] + P (t)S2(t) [P (t)x(t) + g(t)]

−P (t)S3(t) [P (t+ τu)x(t+ τu) + g(t+ τu)]

P (t)S4(t) [P (t− τu)x(t− τu) + g(t− τu)] , t0 ⩽ t < tf − τx,

P (t)S2(t) [P (t)x(t) + g(t)] + P (t)S3(t) [P (t+ τu)x(t+ τu) + g(t+ τu)]

P (t)S4(t) [P (t− τu)x(t− τu) + g(t− τu)] , tf − τx ⩽ t < tf − τu,

P (t)S4(t) [P (t− τu)x(t− τu) + g(t− τu)] , tf − τu ⩽ t ⩽ tf .

(15)

Substituting (8) into (7) yields

u∗(t) =


−R−1(t)BT (t)[P (t)x(t) + g(t)]

−R−1(t)BT
1 (t+ τu)[P (t+ τu)x(t+ τu) + g(t+ τu)], t0 ⩽ t < tf − τu,

−R−1(t)BT (t)[P (t)x(t) + g(t)], tf − τu ⩽ t ⩽ tf .

For the sake of simplicity, let us define the right hand sides of (9) and
(14) as follows:

f1(t, x, g) = [A(t)− S1(t)P (t)]x(t)−S1(t)g(t)+A1(t)x(t− τx)+F (t), (16)

f2(t, x, g) == − [A(t)− S1(t)P (t)]
T
g(t)− P (t)A1(t)x(t− τx) +G(t), (17)
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where F (t) and G(t) are relations (10) and (15), respectively.
Thus the TPBVP in (9) and (14) changes to

ẋ(t) = f1(t, x, g),

ġ(t) = f2(t, x, g),

x(t0) = x0, g(tf ) = 0.

(18)

Note that, relations (18) form a nonlinear TPBVP with time-varying coef-
ficient involving both delay and advance terms. The exact solution of this
problem is, in general, extremely difficult, if not impossible. In the next sec-
tion, we propose another analytic approximate method based on ADM, for
this purpose.

3 Adomian decomposition method

In order to illustrate the basic concepts of the ADM, we consider the following
equation:

L(u) +R(u) +N (u) = h(t), (19)

where u(t) is an unknown function, L is a linear operator, that is assumed
to be invertible, R is another linear differential operator, N (u) represents
the nonlinear terms, and h is a continuous function. Applying the inverse
operator L−1 to both sides of (19) and using the given conditions, we obtain

u = f − L−1(R(u))− L−1(N (u)), (20)

where the function f(t) represents the terms arising from integrating the
function h(t) and using the initial condition.

The standard Adomian method defines the solution u(t) of (19) as a series

u(t) =
∞∑

n=0

un(t), (21)

where the components un(t) are usually determined recurrently. Substituting
this infinite series into (20) leads to

∞∑
n=0

un(t) = f(t)− L−1

(
R(

∞∑
n=0

un(t))

)
− L−1

(
N (

∞∑
n=0

un(t))

)
. (22)

The nonlinear term in (21) can be computed by substituting

N (u) =
∞∑

n=0

An(u0, u1, . . . , un), (23)
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where An is the Adomian polynomials, which can be determined by

An =
1

n!

∂n

∂qn
N

[ ∞∑
n=0

qkuk

]
q=0

, n = 1, 2, 3, . . . , . (24)

Now, substituting (23) into (22) leads to

∞∑
n=0

un(t) = f(t)− L−1

(
R(

∞∑
n=0

un(t))

)
− L−1

( ∞∑
n=0

An

)
.

Each term of series (21) is given by the recurrent relation

uo = f(t)

un = −L−1(R(un−1))− L−1(An−1), n ≥ 1.

Now, we briefly describe how to apply the ADM to systems (18). For this
purpose, we use a shooting method like procedure combine with the ADM
for solving TPBVP in (18).

Remark. It is necessary to transform the boundary value problem into
a initial value problem. Therefore, we must find α ∈ R such that the condi-
tion g(tf ) = 0 can be replaced by the condition g(t0) = α. Thus we rewrite
the TPBVP (18) as follows:

ẋ(t) = f1(t, x, g),

ġ(t) = f2(t, x, g),

x(t0) = x0, g(t0) = α,

(25)

where α ∈ R is an unknown parameter. This parameter will be identified
after sufficient iterations of ADM.

Based on the ADM, we seek the solution {x, g} as follows:

x = lim
N→∞

N∑
n=0

xn, g = lim
N→∞

N∑
n=0

gn,

and hence the recursive relationship is found as
xn+1 = L−1A1,n, n ≥ 0,

gn+1 = L−1A2,n, n ≥ 0,

x(t0) = x0, g(t0) = α,

with inverse L−1(.) =
∫ t

0
(.)dt and
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fk(t, xn, gn) =
∞∑

n=0

Ak,n, k = 1, 2,

where Ak,n are the Adomian polynomials and are calculated by

Ak,n =
1

n!

∂n

∂qn
fk

(
t,

∞∑
n=0

qkxk,
∞∑

n=0

qkgk

)
q=0

, n = 0, 1, 2, . . . . (26)

Take the first n+ 1 terms of the nth approximation of x and g as follows:{
Φn = x0 +

∑n
i=1 L−1(A1,i−1),

Ψn = g0 +
∑n

i=1 L−1(A2,i−1).
(27)

Find the sequences Φn = x0 + · · ·+ xn and Ψn = g0 + · · ·+ gn such that{
Φn = x0 + L−1(f1(t,Φn−1,Ψn−1)), n ≥ 1,

Ψn = g0 + L−1(f2(t,Φn−1,Ψn−1)), n ≥ 1,
(28)

where x0(t) = x(t0) = x0, g0(t) = g(t0) = α.

Theorem 1. Assume that {
∑n

k=0 xk(t)} and {
∑n

k=0 gk(t)} are the solution
sequences produced by ADM formula (28), which converge, respectively, to
x̂(t, α) and ĝ(t, α), as n → ∞. Then x̂(t, α), ĝ(t, α) are the exact solutions
of (25). Accordingly, x̂(t, α̂), ĝ(t, α̂) are the exact solutions of (18) when α̂
is the real root of ĝ(tf , α) = 0.

Proof. Let consider TPBVP (25) as follows:
x(t) = x(t0) + L−1[f1(t, x, g)],

g(t) = g(t0) + L−1[f2(t, x, g)],

x(t0) = x0, g(t0) = α,

where L =
d

dt
(·) and L−1 =

∫ t

t0
(·)dt. We have

xn(t) =

∫ t

t0

[A1,n−1(x0, x1, · · · , xn−1, g0, g1, · · · , gn−1)] ds, n ≥ 1, (29)

gn(t) =

∫ t

t0

[A2,n−1(x0, x1, · · · , xn−1, g0, g1, · · · , gn−1)] ds, n ≥ 1, (30)

x0(t) = x(t0) = x0, g0(t) = g(t0) = α.

Taking limits of both sides of (29) and (30) as n→ ∞ implies
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lim
n→∞

n∑
k=1

xk(t) =

∫ t

t0

[
lim

n→∞

n∑
k=1

A1,k−1(x0, x1, · · · , xk−1, g0, g1, · · · , gk−1)

]
ds,

lim
n→∞

n∑
k=1

gk(t) =

∫ t

t0

[
lim

n→∞

n∑
k=1

A2,k−1(x0, x1, · · · , xk−1, g0, g1, · · · , gk−1)

]
ds.

Then

x̂(t, α) =

∫ t

t0

[f1(s, x̂(s, α), ĝ(s, α))]ds,

ĝ(t, α) =

∫ t

t0

[f2(s, x̂(s, α), ĝ(s, α))]ds.

Differentiating both sides with respect to t yields

˙̂x(t, α) = f1(t, x̂(t, α), ĝ(t, α)),

˙̂g(t, α) = f2(t, x̂(t, α), ĝ(t, α)).

Moreover, if t = t0, then from (29) and (30), xn(t0) = 0, gn(t0) = 0 for every
n ≥ 1. Thus

n∑
k=0

xk(t0) = x0(t0) = x0,
n∑

k=0

gk(t0) = g0(t0) = α,

or equivalently, x̂(t0, α) = x0, ĝ(t0, α) = α. Hence, x̂(t, α) and ĝ(t, α) are
the exact solutions of (25). In addition, they are the exact solutions of (18),
only if the condition g(tf ) = 0 is satisfied. So, it is straightforward to choose
the unknown parameter α ∈ Rn such that ĝ(tf , α) = 0. Denoting this real
root of ĝ(tf , α) = 0 by α̂ completes the proof.

4 Suboptimal control design strategy

Consider the linear time-varying multi-delay system (1) with cost functional
(2). Then, the Nth order suboptimal trajectory-control pair is obtained as
follows: {

xN (t) =
∑N

k=0 xk(t),

gN (t) =
∑N

k=0 gk(t),
(31)

and
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uN (t) =


−R−1(t)BT (t)[P (t)xN (t) + gN (t)]

−R−1(t)BT
1 (t+ τu)[P (t+ τu)xN (t+ τu)

+gN (t+ τu)], t0 ⩽ t < tf − τu,

−R−1(t)BT (t)[P (t)xN (t) + gN (t)], tf − τu ⩽ t ⩽ tf .

(32)

The integerN in (31) and (32) is generally determined according to a concrete
control precision. Then, the following cost functional can be calculated:

JN =
1

2
xT
N (tf )QfxN (tf ) +

1

2

∫ tf

t0

(
xT
N (t)Q(t)xN (t) + uT

N (t)R(t)uN (t)
)
dt, (33)

The Nth order in (31) and (32) has the desirable accuracy, if for given
positive constant ϵ > 0, the following condition holds jointly:∣∣∣∣JN − JN−1

JN

∣∣∣∣ < ϵ, (34)

If the tolerance error bound is chosen small enough, theNth order suboptimal
control law will be very close to u∗(t), and thus, the value of cost functional
in (33) and its optimal value J∗ will be almost identical.

Algorithm: Suboptimal control law of system (1):

Step 1: Obtain P (t) from (13). Let x0(t) = x(t0) = ϕ(t), g0(t) = g(t0)
and k = 1.

Step 2: Compute xk(t) and gk(t) from (29) and (30).

Step 3: Let N = k and obtain xN (t) and uN (t) from (31) and (32).

Step 4: Calculate JN according to (33). If

∣∣∣∣JN − JN−1

JN

∣∣∣∣ < ϵ, then stop

and output uN (t), go to step 5; else, replace k by k + 1 and go to step 2.

Step 5: Stop the algorithm; xN (t) and uN (t) are accurate enough.

5 Numerical examples

In this section, the proposed method is illustrated by some test problems.
The calculations are performed by using MATLAB software.

Example 1. Consider the following linear time-varying multi-delay systems
[20]:
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ẋ(t) = x(t− 1

2 ) + tx(t− 3
4 ) + u(t), 0 ⩽ t ⩽ 1,

x(t) = t+ 1, − 3
4 ⩽ t ⩽ 0,

(35)

with the cost functional

J =
3

2
x2(1) +

1

2

∫ 1

0

u2(t)dt. (36)

The exact solutions of x(t) and u(t) are given by

x(t) =



239075
420332 t

3 + 3129081
1681328 t

2 − 1178769
611392 t+ 1, 0 ⩽ t < 1

4 ,
1
3 t

3 + 1119201
840664 t

2 − 680513
420332 t+

7039811
7336704 ,

1
4 ⩽ t < 1

2 ,
239075
1681328 t

4 + 3375959
5043984 t

3 − 20932555
13450624 t

2 + 1156163
1222784 t+

56216927
161407488 ,

1
2 ⩽ t < 3

4 ,
47815
420332 t

5 + 2306773
10087968 t

4 − 2461871
2521992 t

3 + 14865377
53802496 t

2 + 17419475
26901248 t

+ 2652913
14673408 ,

3
4 ⩽ t ⩽ 1,

and

u(t) =


296893
420332 t

2 + 2078251
840664 t−

1484465
611392 , 0 ⩽ t < 1

4 ,
296893
210166 t−

890679
420332 ,

1
4 ⩽ t < 1

2 ,

−296893
210166 ,

1
2 ⩽ t ⩽ 1.

Furthermore, the exact value of the cost functional J is given by J =
1.70648554.
In order to obtain an accurate enough suboptimal control law, we applied the
proposed algorithm with the tolerance bounds ϵ = 2×10−6. In this case, con-

vergence is achieved after 10 iterations, that is,

∣∣∣∣J10 − J9
J10

∣∣∣∣ = 1.757× 10−6 <

2× 10−6.

To analysis the accuracy and effectiveness of the ADM and VIM, the rel-
ative error of objective value is summarized in Table 1, for several iterations.
Accordingly, results show that in N = 10, ADM converges to the exact solu-
tion. The optimal value of the cost functional is obtained as J10 = 1.706485.

We compared the results obtained from ADM and VIM with exact solu-
tion. Figure 1 shows the simulation curves of u(t) at iteration time 10 and
the corresponding state trajectory x(t). Results of both methods are very
close to exact solution as shown by Figure 1. This confirms that the proposed
method yields excellent results.

Example 2. Consider the following linear time-varying multi-delay systems
[7, 16,21,36]:
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Table 1: Simulation results of Example 1 at different iteration times.

method ADM ADM VIM VIM

N JN

∣∣∣∣JN − JN−1

JN

∣∣∣∣ JN

∣∣∣∣JN − JN−1

JN

∣∣∣∣
6 1.682312 − 1.678321 −
7 1.691205 5.255× 10−2 1.685342 4.165× 10−2

8 1.703156 7.016× 10−2 1.692335 4.132× 10−3

9 1.706484 1.961× 10−2 1.697346 2.952× 10−3

10 1.706485 1.757× 10−6 1.697349 1.767× 10−6

t
0 0.5 1

u(
t)

-2.6

-2.4

-2.2

-2

-1.8

-1.6

-1.4

ADM
VIM
Exact

t
0 0.5 1

x(
t)

0.4

0.5

0.6

0.7

0.8

0.9

1

ADM
VIM
Exact

Figure 1: The suboptimal control and state, when N = 10 for Example 1.


ẋ(t) = −x(t) + x(t− 1

3
) + u(t)− 1

2
u(t− 2

3
), 0 ⩽ t ⩽ 1,

x(t) = 1, −1

3
⩽ t ⩽ 0,

u(t) = 0, −2

3
⩽ t ⩽ 0,

(37)

with the cost functional

J =
1

2

∫ 1

0

(
x2(t) +

1

2
u2(t)

)
(t)dt. (38)

According to system (1), we have A = −1, A1 = B = 1, B1 = − 1
2 , Q =

1, R = 1
2 .

In order to obtain an accurate enough suboptimal control law, we applied
the proposed algorithm with the tolerance bounds ϵ = 8.1×10−7. Simulation
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results at different iteration times are summarized in Table 2. From Table
2, it is observed that convergence is achieved after 10 iterations, that is,∣∣∣∣J10 − J9

J10

∣∣∣∣ = 8.040× 10−7 < 8.1× 10−7.

In Table 3, the minimums of J using the hybrid of block pulse and Leg-
endre polynomials [21], hybrid of general block pulse and Legendre polyno-
mials [36], orthogonal basis [16], hybrid of block pulse and orthogonal Taylor
series [7], and present two methods are listed. Also the suboptimal control
and state of the proposed ADM and VIM are demonstrated in Figure 2.

Table 2: Simulation results of Example 2 at different iteration times

method ADM ADM VIM VIM

N JN

∣∣∣∣JN − JN−1

JN

∣∣∣∣ JN

∣∣∣∣JN − JN−1

JN

∣∣∣∣
6 0.36430512 − 0.35935108 −
7 0.36512980 2.258× 10−2 0.36431299 1.382× 10−2

8 0.37311212 2.139× 10−2 0.37511283 2.879× 10−2

9 0.37311294 2.519× 10−6 0.37311210 5.362× 10−3

10 0.37311291 8.040× 10−7 0.37311310 2.680× 10−6

Table 3: The cost functional values for Example 2

Method Cost functional values
Marzban and Razzaghi [21] 0.37311241

Wang [36] 0.37312682
Kellat [16] 0.3731123

Dadkhah and Farahi [7] 0.373112935
Proposed method (N = 10)

ADM 0.37311291
VIM 0.37311310

Example 3. Consider the following linear time-varying multi-delay systems
[12,18,23]:

ẋ1(t) = x2(t) + x1(t− 1), t ≥ 0,

ẋ2(t) = tx1(t) + 2x1(t− 1) + x2(t− 1) + u(t)− u(t− 0.5),

x1(t) = x2(t) = 1, −1 ⩽ t ⩽ 0,

u(t) = 5(t+ 1), −0.5 ⩽ t ⩽ 0,

(39)

with the cost functional
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t
0 0.5 1

x(
t)

0.6

0.65

0.7

0.75

0.8

0.85

0.9

0.95

1

ADM
VIM

t
0 0.5 1

u(
t)

-1

-0.9

-0.8

-0.7

-0.6

-0.5

-0.4

-0.3

-0.2

-0.1

0

ADM
VIM

Figure 2: The suboptimal control and state, when N = 10 for Example 2.

J =
1

2
x21(3) + x22(3) +

1

2

∫ 3

0

[2x21(t) + 2x1(t)x2(t) + x22(t) +
u2(t)

(t+ 2)
]dt. (40)

According to system (1), we have

A =

(
0 1
t 0

)
, A1 =

(
1 0
2 1

)
, B =

(
0
1

)
, B1 =

(
0
−1

)
,

and from (2), we get

Qf =

(
1 0
0 2

)
, Q =

(
2 1
1 1

)
, R = 1/(t+ 2).

In order to obtain an accurate enough suboptimal control law, we applied
the proposed algorithm with the tolerance bounds ϵ = 2.3 × 10−6. Simu-
lation results at different iteration times are summarized in Table 4. From
Table 4, it is observed that convergence is achieved after 12 iterations, that

is,

∣∣∣∣J12 − J11
J12

∣∣∣∣ = 2.270× 10−6 < 2.3× 10−6. Table 5, a comparison is made

between the value of J obtained by the present method with N = 12, to-
gether with the value of J reported in the literature: Malek-Zavarei [18], by
employing an iterative approach for determining the suboptimal control of
the mentioned problem; the method of Hwang and Chen [12], by employing
Legendre polynomials of order 20; and the method of Marzban and Pirmora-
dian [23], by employing a direct approach based on a hybrid of block-pulse
functions and Lagrange interpolating polynomials.
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Table 4: Simulation results of Example 3 at different iteration times

method ADM ADM VIM VIM

N JN

∣∣∣∣JN − JN−1

JN

∣∣∣∣ JN

∣∣∣∣JN − JN−1

JN

∣∣∣∣
8 23.21056 − 22.17650 −
9 23.05198 6.879× 10−2 22.15431 1.001× 10−2

10 22.02108 1.681× 10−3 22.01430 5.903× 10−3

11 22.02230 5.539× 10−5 22.02143 3.237× 10−4

12 22.02235 2.270× 10−6 22.02115 1.271× 10−5

Table 5: The cost functional values for Example 3

Method Cost functional values
Malek-Zavarei [18] 24.0200500

Hwang and Chen [12] 22.0212
Marzban and Pirmoradian [23] 22.0230201080
Proposed method (N = 12)

ADM 22.02235
VIM 22.02115

Example 4. We now consider the following nonlinear time-varying multi-
delay systems:

ẋ(t) = x(t− 1)x(t− 2)u(t− 2), 0 ⩽ t ⩽ 3,

x(t) = 1, −2 ⩽ t ⩽ 0,

u(t) = 0, −2 ⩽ t ⩽ 0,

(41)

with the cost functional

J =

∫ 3

0

(x2(t) + u2(t))dt. (42)

This optimal control is adopted from [10,34,35]. In order to obtain an accu-
rate enough suboptimal control law, we applied the proposed algorithm with
the tolerance bounds ϵ = 1.2× 10−6. Table 6, a comparison is made between
the value of J obtained by the present method with N = 13, together with
the value of J reported in the literature. The approximate solution of x(t)
and u(t), obtained by the proposed method with N = 13 and the results
of PMP method generated by Gollmann et al. [10] are plotted in Figure 3.
Therefore, in view of the results, the present method is quite effective.
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Table 6: The cost functional values for Example 4

Method Cost functional values
Wachter et al. [35](600 grid points) 2.763044
Vanderbei [34](600 grid points) 2.763044

Gollmann et al. [10](600 grid points) 2.761594156
Proposed method (N = 13)

ADM 2.761591012
VIM 2.761592238

t
0 1 2 3

x(
t)

0.6

0.65

0.7

0.75

0.8

0.85

0.9

0.95

1

ADM
VIM
PMP

t
0 1 2 3

u(
t)

-0.8

-0.7

-0.6

-0.5

-0.4

-0.3

-0.2

-0.1

0

ADM
VIM
PMP

Figure 3: The suboptimal control and state, when N = 13 for Example 4.

6 Conclusion

In this work, the ADM has been successfully applied to find the solution of
suboptimal control for linear time-varying systems with multiple state and
control delays, and quadratic cost functional is presented. By using the ADM
and VIM with the finite-step iteration of algorithm, we obtained a suboptimal
control law. Some numerical examples have been provided to demonstrate
the validity and applicability of the proposed method. The method is general
and yields very accurate results.
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Abstract

We introduce Ćirić-generalized quasicontractive fuzzy mappings and pro-
vide the necessary and sufficient conditions of having a unique endpoint for
such mappings. Then we introduce β-ψ-quasicontractive fuzzy mappings, es-
tablishing an endpoint result for them. Finally, we provide some results as

an application.
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1 Introduction and preliminaries

The concept of fuzzy set was introduced initially by Zadeh [12] in 1965. In
1981, Heilpern [6] established the fuzzy contraction and proved a fuzzy fixed
point theorem, which was a generalization of Nadler’s fixed point theorem for
multi-valued mappings (see [9]). In 2001, Estruch and Vidal [5] utilized the
result of Heilpern to fuzzy fixed point with fixed degree α for some α ∈ [0, 1],
which was later generalized by many authors (see, for instance, [1,3,11]). Re-
cently, Abbas and Turkoglu [11] proved the existence of a fuzzy fixed point for
a generalized contractive fuzzy mapping. On the other hand, In 2010, Amini-
Harandi [2] proved that some multi-valued mappings T : X → CB(X) have a
unique endpoint if and only if they have the approximate endpoint property.
Afterwards, considering the same properties, Moradi and Khojasteh [8] gen-
eralized Amini-Harandi’s result. In this paper, in the sense of [8], we prove
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that some fuzzy mappings have a unique fuzzy endpoint if and only if they
have the fuzzy approximate endpoint property.

Definition 1.(see [6]) Let X be a space of points with generic element x
and I = [0, 1]. A fuzzy set in X is a function that associates any point of X
with a number in interval [0, 1]. If A is a fuzzy set in X and x ∈ X, then
A(x) is called the grade of membership of x in A.

Definition 2.(see [6]) Let (X, d) be a metric space and let A be a fuzzy
set in X. For α ∈ [0, 1], the α-level set of A denoted by [A]α, is defined as

[A]α = {x|A(x) ≥ α} if α ∈ (0, 1]

and
[A]0 = {x|A(x) > 0},

where B denotes the closure of the nonfuzzy set B.

Definition 3.(see [6]) Let X be a nonempty set. For x ∈ X, we write {x}
the characteristic function of the ordinary subset {x} of X. For α ∈ (0, 1],
the fuzzy point xα of X is the fuzzy set in X given by

xα(y) =

{
α, y = x,
0, y ̸= x.

Define

Wα(X) = {C ∈ IX : [C]α is nonempty and compact}.

Throughout this paper, IX denotes the collection of all fuzzy sets in X. For
A,B ∈ IX , it is called that A is more accurate than B (denoted by A ⊂ B)
whenever A(x) ≤ B(x) for all x ∈ X. For x ∈ X, S ⊆ X, A,B ∈ Wα(X),
and α ∈ (0, 1], we define

d(x, S) = inf{d(x, a) : a ∈ S},

pα(x,A) = inf{d(x, a) : a ∈ [A]α},

pα(A,B) = inf{d(a, b) : a ∈ [A]α, b ∈ [B]α},

Dα(A,B) = H([A]α, [B]α) = max{supx∈A pα(x,B), supy∈B pα(y,A)},

where H is the Hausdorff distance. It is easily seen that Dα is the Hausdorff
metric onWα(X) induced by the metric d. Hereafter, we denote by Dα(x,A)
the amount Dα({x}, A) = H({x}, [A]α) for all x ∈ X and A ∈Wα(X).

Definition 4.(see [5]) Let X be a nonempty set, let T : X → IX , and
let α ∈ (0, 1]. A fuzzy point xα is called a fuzzy fixed point of T if xα ⊂ Tx
(or equally x ∈ [Tx]α). This means that the fixed degree of x is at least α.
If {x} ⊂ Tx, then it is called that x is a fixed point of T .
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2 Main results

Now, we are ready to state and prove the main results of this study. Firstly,
we give the following definition:

Definition 5. Let X be a nonempty set, let T : X → IX , and let α ∈ (0, 1].
We say that a point x ∈ X is a fuzzy endpoint of T if {x} = [Tx]α. This
means that x is the only point in X that the fixed degree of x is at least α.
If {x} = [Tx]1, we say that x is an endpoint of T .

Now, we give the following definition of fuzzy approximate endpoint prop-
erty in the sense of Amini-Harandi [2].

Definition 6. Let (X, d) be a metric space, let T : X → IX , and let
α ∈ (0, 1]. We say that T has the fuzzy approximate endpoint property
whenever

inf
x∈X

sup
y∈[Tx]α

d(x, y) = 0

or equally
inf
x∈X

Dα(x, Tx) = 0.

Definition 7. Let (X, d) be a metric space, let α ∈ (0, 1], and let
T : X → Wα(X). We say that T is a Ćirić-generalized quasicontrac-
tive fuzzy mapping whenever there exists an upper semicontinuous (u.s.c)
mapping ψ : [0,+∞) → [0,+∞) such that ψ(t) < t, for all t > 0 and
lim inft→∞(t− ψ(t)) > 0 satisfying

Dα(Tx, Ty) ≤ ψ(M(x, y)) for all x, y ∈ X, (1)

where

M(x, y) = max{d(x, y), Dα(x, Tx), Dα(y, Ty), Dα(x, Ty), Dα(y, Tx)}.

Theorem 1. Let (X, d) be a complete metric space, let α ∈ (0, 1], and let T :
X → Wα(X) be a Ćirić-generalized quasicontractive fuzzy mapping. Then,
T has a unique fuzzy endpoint if and only if T has the fuzzy approximate
endpoint property.

Proof. If T has a fuzzy endpoint, obviously, it has the fuzzy approxi-
mate endpoint property. Conversely, let T has the fuzzy approximate
endpoint property. Then, there exists a sequence {xn} in X such that
limn→∞Dα(xn, Txn) = 0. Now for any n,m ∈ N, we have
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M(xn, xm) = max{d(xn, xm), Dα(xn, Txn),
Dα(xm, Txm), Dα(xn, Txm), Dα(xm, Txn)}

≤ Dα(xn, Txn) +Dα(xm, Txm) +Dα(Txn, Txm)
≤ Dα(xn, Txn) +Dα(xm, Txm) + ψ(M(xn, xm)).

(2)

Therefore, from the above inequality, we have

lim inf
n,m→∞

(M(xn, xm)− ψ(M(xn, xm))) = 0.

From the property of ψ, we can conclude that lim supn,m→∞M(xn, xm) <∞.
Thus from (2) and by upper semicontinuity of ψ, we have

lim sup
n,m→∞

M(xn, xm) ≤ lim sup
n,m→∞

ψ(M(xn, xm))

≤ ψ(lim sup
n,m→∞

M(xn, xm)).

So we have lim supn,m→∞M(xn, xm) = 0 and so {xn} is a Cauchy sequence.
Since X is complete, there exists x∗ ∈ X such that limn→∞ d(xn, x

∗) = 0.
We shall show that {x∗} = [Tx∗]α. To see this, we have

Dα(x
∗, Tx∗) ≤ d(x∗, xn) +Dα(xn, Txn) +Dα(Txn, Tx

∗)

≤ d(x∗, xn) +Dα(xn, Txn) + ψ(M(xn, x
∗)).

(3)

Limiting from both sides of (3), we get

Dα(x
∗, Tx∗) ≤ lim sup

n→∞
ψ(M(xn, x

∗)). (4)

On the other hand,

M(xn, x
∗) = max{d(xn, x∗), Dα(xn, Txn),

Dα(x
∗, Tx∗), Dα(xn, Tx

∗), Dα(x
∗, Txn)}

≤ d(xn, x
∗) +Dα(xn, Txn) +Dα(x

∗, Tx∗),

which implies
lim sup
n→∞

M(xn, x
∗) ≤ Dα(x

∗, Tx∗). (5)

Consequently, from right upper semicontinuity of ψ, (4) and (5) yield

Dα(x
∗, Tx∗) ≤ ψ(Dα(x

∗, Tx∗))

and so H({x∗}, [Tx∗]α) = Dα(x
∗, Tx∗) = 0. This means that {x∗} = [Tx∗]α.

The uniqueness of endpoint is concluded from (1).

Definition 8. Let (X, d) be a metric space, α ∈ (0, 1], and T : X →
Wα(X). We say that T is a Ćirić-generalized β-ψ-quasicontractive fuzzy
mapping whenever there exists an upper semicontinuous (u.s.c) mapping ψ :
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[0,+∞) → [0,+∞) such that ψ(t) < t, for all t > 0 and lim inft→∞(t−ψ(t)) >
0 and a function β : X ×X → [0,∞) satisfying

β(x, y)Dα(Tx, Ty) ≤ ψ(M(x, y)) for all x, y ∈ X, (6)

where

M(x, y) = max{d(x, y), Dα(x, Tx), Dα(y, Ty), Dα(x, Ty), Dα(y, Tx)}.

Theorem 2. Let (X, d) be a complete metric space, let α ∈ (0, 1], and let
T : X → Wα(X) be a Ćirić-generalized β-ψ-quasicontractive fuzzy mapping.
Moreover suppose that

(i) there exists a sequence {xn} in X such that β(xn, xm) ≥ 1 for all
n,m ∈ N with n < m and limn→∞Dα(xn, Txn) = 0,

(ii) for any sequence {xn} in X which β(xn, xm) ≥ 1 for all n,m ∈ N with
n < m and xn → x, we have β(xn, x) ≥ 1, for all n ∈ N.

Then, T has a fuzzy endpoint.

Proof. For any n,m ∈ N, we have

M(xn, xm) = max{d(xn, xm), Dα(xn, Txn),
Dα(xm, Txm), Dα(xn, Txm), Dα(xm, Txn)}

≤ Dα(xn, Txn) +Dα(xm, Txm) + β(xn, xm)Dα(Txn, Txm)
≤ Dα(xn, Txn) +Dα(xm, Txm) + ψ(M(xn, xm)).

(7)
Similar to Theorem 1, we conclude that lim supn,m→∞M(xn, xm) = 0 and
so {xn} is a Cauchy sequence. Let limn→∞ d(xn, x

∗) = 0. We show that
{x∗} = [Tx∗]α. To see this, we have

Dα(x
∗, Tx∗) ≤ d(x∗, xn) +Dα(xn, Txn) + β(xn, x

∗)Dα(Txn, Tx
∗)

≤ d(x∗, xn) +Dα(xn, Txn) + ψ(M(xn, x
∗)).

(8)

Consequently, as in Theorem 1, we obtain

Dα(x
∗, Tx∗) ≤ ψ(Dα(x

∗, Tx∗)),

which implies H({x∗}, [Tx∗]α) = Dα(x
∗, Tx∗) = 0. This means that {x∗} =

[Tx∗]α.

Let ⊂ be the partial order on Wα(X) defined by A ⊂ B if and only if
A(x) ≤ B(x) for all x ∈ X. In the following result, we restrict the contraction
condition only for x, y ∈ X with Tx ⊂ Ty.
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Corollary 1. Let (X, d) be a complete metric space, α ∈ (0, 1], and T : X →
Wα(X) be a fuzzy mapping such that there exists an upper semicontinuous
(u.s.c) mapping ψ : [0,+∞) → [0,+∞) with ψ(t) < t, for all t > 0 and
lim inft→∞(t− ψ(t)) > 0 satisfying

Dα(Tx, Ty) ≤ ψ(M(x, y)) for all x, y ∈ X with Tx ⊂ Ty, (9)

where

M(x, y) = max{d(x, y), Dα(x, Tx), Dα(y, Ty), Dα(x, Ty), Dα(y, Tx)}.

Moreover suppose that

(i) there exists a sequence {xn} in X such that {Txn} is a nondecreasing
sequence in Wα(X) and limn→∞Dα(xn, Txn) = 0,

(ii) for any sequence {xn} in X which {Txn} is a nondecreasing sequence
in Wα(X) and xn → x, we have Txn ⊂ Tx, for all n ∈ N.

Then, T has a fuzzy endpoint.

Proof. Define the mapping β : X × X → [0,∞) by β(x, y) = 1, whenewer
Tx ⊂ Ty and β(x, y) = 0 otherwise. Then apply Theorem 2.

Corollary 2. Let (X, d) be a complete metric space, let x∗ ∈ X be a fixed
element, let α ∈ (0, 1], and let T : X →Wα(X) be a fuzzy mapping such that
there exists an upper semicontinuous (u.s.c) mapping ψ : [0,+∞) → [0,+∞)
with ψ(t) < t, for all t > 0 and lim inft→∞(t− ψ(t)) > 0 satisfying

Dα(Tx, Ty) ≤ ψ(M(x, y)) for all x, y ∈ X with Tx(x∗) = Ty(x∗), (10)

where

M(x, y) = max{d(x, y), Dα(x, Tx), Dα(y, Ty), Dα(x, Ty), Dα(y, Tx)}.

Moreover suppose that

(i) there are a sequence {xn} in X and λ ∈ [0, 1] such that Txn(x
∗) = λ

is fixed for all n ∈ N and limn→∞Dα(xn, Txn) = 0,

(ii) for any sequence {xn} in X that Txn(x
∗) = λ is fixed for all n ∈ N

and xn → x, we have Tx(x∗) = λ, for all n ∈ N.

Then, T has a fuzzy endpoint.

Proof. Define the mapping β : X × X → [0,∞) by β(x, y) = 1, whenever
Tx(x∗) = Ty(x∗) and β(x, y) = 0 otherwise. Then applying Theorem 2
completes the proof.



G
al
le
y
P
ro
of
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Multicriteria allocation model of
additional resources based on DEA:

MOILP-DEA

J.W. Yougbare

Abstract

We exploit the relationship between multiobjective integer linear problem
(MOILP) and data envelopment analysis (DEA) to develop an approach to
a resource reallocation problem. The general purpose of the mathematical

formulation of this multicriteria allocation model based on DEA is to enable
decision-makers to take into account the efficiency of units under control
to allocate additional resources for a new period of operation. We develop
a formal approach based on DEA and MOILP to find the most preferred

allocation plan taken account additional resources. The mathematical model
is given, and we illustrate it with a numerical example.

AMS(2010): 90B99.

Keywords: Multicriteria decision aiding; Data envelopment analysis; Mul-
tiobjective integer linear programming; Additional resource allocation; Effi-
cient frontier.

1 Introduction

The use of the data envelopment analysis (DEA) approach [1, 4] provides
useful information for monitoring and management in a production orga-
nization. The essential elements are knowledge reference units, sources of
inefficient units, variations of productivity from one period to the next, and
variable returns to scale.

Multicriteria decision aiding (MCDA) and DEA are two techniques in
operations research, which attract the attention of many researchers. Some
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authors are interested in their relationship and how to exploit [2, 3, 7–9, 11,
13,15,16]. We propose a mathematical model of multiobjective optimization
based on DEA that can help managers or decision-makers adjust investments
in different units of the control system by additional assignments to bring.

The general purpose of the mathematical formulation of this multicriteria
allocation model based on DEA is to enable decision-makers to take into ac-
count the performance of units under control to allocate additional resources
for a new period of operation. So, it is necessary to determine information
intermediaries:
– information on production or performance efficiencies;
– information on the returns to scale presented by each unit;
– optimal targets for each production unit.

The mathematical model, we propose, takes into account all this infor-
mation intermediaries. The objective is, on the basis of additional quan-
tity of resources and demands expressed by the different DMUs, to allocate
optimally and efficiently these resources available to maximize estimates of
product returns based on information gathered from performance measures
and returns of the ladder. In a given production system, the reference units
(the efficient units) are those that use resources (inputs) rationally, at best,
to achieve optimal results. This transformation of inputs into outputs is sup-
posed to follow a function the best of which is that used by efficient units.
These efficient units give an idea of best practices and thus provide the best
possible production plans. On the basis of information on the units, namely
the identification of the efficient and the inefficient, it is important to consider
how this information can be used to assist the decision-maker in allocating
resources for a new production period with the assumption that the system
will use the same process of transformation. One of the information that
can be provided by the application of the DEA method is the identification
of the variable returns to scale associated with each unit of the system on
a production function basis. Efficient and inefficient units can be either of
increasing returns to scale, constant returns to scale, or decreasing returns
to scale.

In this paper, we present the modeling of the problem, the mathematical
model and illustrate with a numerical example.

2 Issue and literature review

The DEA methodology is one of the most widely used decision aiding ap-
proaches in the literature. Emrouznejad and Yang (2017) [5] listed more
than 10,300 published articles. The fields of application are very diverse and
broad. “Resource allocation is the generic problem of assigning available re-
sources to users in the best possible way. Usually the resources are limited,
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thus sets of activities compete for these resources establishing explicit and
implicit dependencies, which may be subject to uncertainty. The resulting
decision problem on the best use of the resources can be decomposed in sev-
eral problems that have been intensively studied in the field of operations
research in the last few decades. Examples of such problems are 1:
Scheduling problem. Scheduling is used to optimally allocate scarce resources
to activities and includes problems like the allocation of plant and machinery
resources, the organization of human resources, and the control of production
processes and materials purchase.
Knapsack problem. The main idea is to consider the capacity of the knapsack
as the available amount of resource and the item types as activities to which
this resource can be allocated.
Cutting stock problem. It is a general resource allocation problem, where
the objective is to cut pieces of stock material into pieces of specified sizes,
minimizing the wasted material.
Power generation scheduling problem. Power generation scheduling is re-
quired in order to find the optimum allocation of energy such that the an-
nual operating cost of a power system is minimized, or the obtained profit is
maximized.”

There is a large literature dealing with these problems and several solving
techniques have been proposed. Several authors have been interested in the
problem of resource allocation. Fang, [6] used a generalized DEA model for
centralized resource allocation to uncover the sources of such total input con-
traction. Wu et al. [14] integrated DEA and MOLP to deal with the resource
allocation problem. Several authors have been interested in the linkage of
the two methods, the DEA method coupled with the MOILP method (rkc et
al. [10] and Sueyoshi [12]). We looked at questions such as: how can we take
into account the performance indices of the different units of a production
system to reallocate additional resources. To answer this question, we have
made certain assumptions. First, the observed efficient production boundary
of the system provides the best production function of the moment. Second,
the lower expected returns to scale of a unit is an indicator to minimize the
risk of resource waste. Indeed, when a unit has a variable returns to scale,
the methods give a forecast of the expected yield. This random aspect led
us to focus on the lowest expected return. In developing countries, the prob-
lem of allocating additional resources concerns more than one. Donors and
technical and financial partners, not only do they want to have measurable
performance indicators, but they also want to know if an efficient unit is not
going to lose performance if we add too many resources to it. With respect to
inefficient units, the same questions arise. Our approach is to address these
two types of concerns: to take into account the performance indices calculated
by DEA and to maximize the expected returns to scale of the units taking
into account the risks of waste. For example, if the minimum return to scale

1 Dimitri Thomopulos, Models and Solutions of Resource Allocation Problems based on
Integer Linear and Nonlinear Programming
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is zero, then the risk of waste is high. As a precautionary measure, we have
to wait for another evaluation period before adding additional resources.

3 Modeling of the problem

The Modeling of the problem requires intermediate steps to calculate, on the
one hand, coefficients of improvement of efficiency, according to the increase
inputs, and on the other hand, minimum values of variable returns to scale
of the different units.

3.1 Determination of reference units and estimation of
the “technical” function for improving returns

One of the major information in the process of modeling the problem is
knowledge of reference units that are technically effective units of system.
These units are determined using the Charnes, Cooper and Rhodes (CCR)
model [4]. We note

E = {j ∈ {1, . . . , NE} such as Decision Making Unit (DMU) : j is CCR efficient} ,

which contains the technical efficient DMUs. To obtain E , we use the DEA
techniques [1, 4]. Once the set E is determined, we use the Banker, Charnes
and Cooper (BCC) model [1] with input orientation analyzing the technical
efficient units by taking turns, individually each output factor associated with
all input factors. This step consists of measuring the performance of technical
efficient units relative to each output factor obtained with input factors. It
is a question of measuring the performance of the NE units in E with a
single output k and the m input factors. Thus, we estimate the possible
maximum efficiency for each output factor in relation to the observed data.
This mathematically translates into resolution for each unit d ∈ E and for
each output factor k ∈ {1, . . . , s} the following problem.

max ft(k, d) = µd
kykd + uk,d

subject to the constraints (s.c)


µd
kykj −

m∑
i=1

νk,di xij + uk,d ≤ 0, j = 1, . . . , n,

m∑
i=1

νk,di xid = 1,

µd
k ≥ ε, νk,di ≥ ε, for all i, uk,d ∈ R,

(1)
Remark: Although the units under evaluation are all technically effective,
therefore using the full BCC model, they are not necessarily efficient here
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since only one output factor is considered and the unit may be less efficient for
this single factor. In other words, the optimal value simply checks f̃ t(k, d) ≤
1.

To avoid problems related to situations of multiple optimal solutions, we
use the following minmax model (2).

min ∆d
k

s.c.



µd
k(ykj − ykd)−

m∑
i=1

νk,di (xij − xid)− δk,dj ≤ 0, j = 1, . . . , n,

m∑
i=1

νk,di xid = 1,

∆d
k − δk,dj ≥ 0, j = 1, . . . , n,

µd
k ≥ ε, νk,di ≥ ε, i = 1, . . . ,m.

(2)

The above formulation indicates that for a given output factor k, the hyper-
plane representing the maximum efficiency of that factor with the reference
unit d is defined by

µ̃d
k(yk − ykd)−

m∑
i=1

ν̃k,di (xi − xid) = ∆̃d
k.

It can therefore be seen that, for the output factor k and for the DMU d,
µ̃d
k(yk − ykd) is provided by poor performance

m∑
i=1

ν̃k,di (xi − xid) + ∆̃d
k.

The contribution of the various input factors to this increase can therefore

be measured by the expression
m∑
i=1

ν̃k,di xi, where xi represents the increase in

factor input i. In order to take into account all the reference units d ∈ E , we
consider the average of these values by introducing the quantity

m∑
i=1

αk
i xi, where αk

i =
1

NE

NE∑
d=1

ν̃k,di . (3)

The coefficients αk
i ≥ 0 reflect the relationship between the increase of the

input factor i and the maximum average return to which it contributes for
the improvement of the output k.

3.2 Determination of returns to scale values

However, it is also necessary to take into account the information on the vari-
able returns to scale of the different units in order to allocate the additional
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amount of available input optimally. In order to do this, we determine the
minimum values of the returns to scale that each unit can present. These
values are calculated for projections obtained on the efficient frontier, that
is, if the unit is not efficient, we project it on the efficient border before cal-
culating the minimum value of return to scale it can present. We use the
input-oriented BCC model to determine the values of the projections and
the minimum values of the returns to scale. We note X̂j and Ŷj the vectors
of the inputs and outputs, respectively, corresponding to the projection of
unit j on the efficient frontier. For each unit d, d = 1, . . . , n, we calculate
ρmin,d the finite minimum value of the present returns to scale by solving the
following problem:

umin,d = min ud

s.c.


s∑

r=1
µd
ryrj −

m∑
i=1

νdi xij + ud ≤ 0, j = 1, . . . , n, j ̸= d,

s∑
r=1

µd
r ŷrd + ud = 1,

µd
r ≥ 0, νdi ≥ 0, for allr, i, ud ∈ R,

(4)
According to Banker and Thrall [1],

ρmin,d =
1

1− umin,d
≥ 0.

Note γj = ρmin,j , j = 1, . . . , n. We note that the objective is to determine
the smallest theoretically observable scale performance.

4 Mathematical model

We now describe the formulation of the model, starting with the constraints
and then the objective functions.

4.1 Constraints on resource availability

We consider the following:
–that for each input factor i, a bi quantity is available to be distributed
between the different units j.
–that each DMU j expresses a request aij units for input i (we assume aij ≤
bi, for all j. ) by introducing binary variables ti,j by ti,j = 1, if the request
for input i of the DMU j is retained and ti,j = 0, otherwise. The constraints
of the MOILP-DEA model are then written
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n∑
j=1

aijti,j ≤ bi, i = 1, . . . ,m. (5)

4.2 Criteria

In the multicriteria model, we introduce s objective functions zk, k = 1, . . . , s
corresponding to the s output factors. zk will translate the additional return
(expected) of the factor k due to the increase of inputs i granted to the
different DMUs j. In order to calculate this increase it is necessary to take
into account both the coefficients αk

i determined in 3.1 and the coefficients
γj determined in 3.2.
Also the zk function is written

zk =
m∑
i=1

n∑
j=1

ckijti,j ,

where ckij = αk
i γjaij .

(6)

4.3 MOILP-DEA

The multicriteria problem that we propose to allocate additional resources
to DMUs is thus finally formulated by

“max ” zk =
m∑
i=1

n∑
j=1

ckijti,j , k = 1, . . . , s

s.c.


n∑

j=1

aijti,j ≤ bi, i = 1, . . . ,m,

ti,j ∈ {0, 1} for all i, for all j.

(7)

It should be noted that, since no interaction is involved in the constraints
between the variables relating to two different inputs, the problem can be
broken down into separate problems, considering each input separately.
For a fixed input i, the problem can be written

“max ” zk,i =
n∑

j=1

ckijti,j , k = 1, . . . , s

s.c.


n∑

j=1

aijti,j ≤ bi,

ti,j ∈ {0, 1} for all j.

(8)
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These m problems are each presented as a multicriteria “Knapsack prob-
lem” for which many methods of resolution exist. We have of course

zk =
m∑
i=1

zk,i.

5 Illustration

We consider the illustrative example with 3 input and 3 output factors, the
data of which are presented in Table 1.

Table 1: Data and Results of the Example

DMU Input 1 Input 2 Input 3 Output 1 Output 2 Output 3 score CCR ρmin,d

1 8 4 6 5 4 8 1.0000 0.6748
2 7 8 4 3 7 4 0.9960 0.6772
3 11 6 4 11 11 5 1.0000 0.3423
4 10 10 2 9 14 1 1.0000 0.0732
5 2 7 3 4 1 4 1.0000 0.9582
6 6 10 10 8 10 13 1.0000 0.0000
7 11 7 11 11 2 16 1.0000 0.0000
8 5 14 8 6 13 9 0.8885 0.2899
9 10 11 9 9 5 12 0.9101 0.8969
10 1 8 2 9 13 2 1.0000 0.0388
11 6 5 3 12 5 5 1.0000 0.1574
12 5 9 1 10 8 1 1.0000 0.0845
13 9 12 8 14 17 10 1.0000 0.0000
14 13 13 7 15 12 9 0.8099 0.0000

Using the CCR model, we get all the technically efficient DMUs

E = {1, . . . , 14} \ {2, 8, 9, 14} .

Using the approach proposed by Banker and Thrall in [1] (see problem (4)
above), we obtain the minimum values of the variable returns to scale ρmin,d

of the 14 DMUs considered (see the last column of Table 1). To analyze each
d ∈ E and each output factor k, we use the problem (2) and we obtain the
following results (see Table 2). The results in Table 3 allow the calculation
of the coefficients αk

i .

Let us consider that the requests aij expressed in units i for the different
DMUs j are those shown in Table 4.
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Table 3: Results of the coefficients αk
i

k αk
1 αk

2 αk
3

1 0.0233 0.0876 0.1560
2 0.0306 0.0812 0.0973
3 0.0406 0.0698 0.1513

Table 4: Quantities requested aij

DMU 1 2 3 4 5 6 7 8 9 10 11 12 13 14 bi

Inputs i
1 1 2 0 3 0 1 1 0 2 1 1 0 2 0 10
2 1 1 1 0 1 1 0 1 1 1 0 2 0 1 5
3 2 0 0 1 2 1 1 1 0 0 2 1 1 2 8

With this example, the MOILP-DEA model is equivalent to solving the
3 following multicriteria “knapsack problems”.

“max ”



z1,1 = α1
1

14∑
j=1

a1jγjt1,j

z2,1 = α2
1

14∑
j=1

a1jγjt1,j

z3,1 = α3
1

14∑
j=1

a1jγjt1,j

s.c.


14∑
j=1

a1,jt1j ≤ 10,

t1,j ∈ {0, 1} j = 1, . . . , 14.

“max ”



z1,2 = α1
2

14∑
j=1

a2jγjt2,j

z2,2 = α2
2

14∑
j=1

a2jγjt2,j

z3,2 = α3
2

14∑
j=1

a2jγjt2,j

s.c.


14∑
j=1

a2jt2,j ≤ 5,

t2,j ∈ {0, 1} j = 1, . . . , 14.
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“max ”



z1,3 = α1
3

14∑
j=1

a3jγjt3,j

z2,3 = α2
3

14∑
j=1

a3jγjt3,j

z3,3 = α3
3

14∑
j=1

a3jγjt3,j

s.c.


14∑
j=1

a3jt3,j ≤ 8,

t3,j ∈ {0, 1} j = 1, . . . , 14.

Individual maximizations of the 3 criteria give:
– k = 1, t1,1 = t1,2 = t1,4 = t1,9 = t1,10 = t1,11 = 1, and t1,j = 0 otherwise
– k = 2, t2,1 = t2,2 = t2,3 = t2,5 = t2,9 = 1, and t2,j = 0 otherwise
– k = 1, t3,1 = t3,5 = t3,8 = t3,11 = 1, and t3,j = 0 otherwise.

6 Conclusion

In this article, using the relationship between DEA efficiency and MOILP, we
have proposed a mathematical model, a multicriteria linear problem for ad-
ditional resources allocation, and we have solved an illustrative sample. The
formulation described here can provide an efficient framework for optimizing
investment taking into account analyses of the performance efficiency of a
production system. On the one hand, the determination of the units of refer-
ence can facilitate the planning of the development programs of a given unit
(efficient or inefficient); on the other hand, the minimum values of variable
returns to scale make it possible to analyze the minimum need for additional
input factors to improve returns. This different information provided by the
use of DEA makes it possible to efficiently allocate additional resources so,
to search and performance efficiency, and stability of efficiency of the units
of the system. We then hope, for validation purposes, to apply these models
to specific cases relating to public sectors such as education. In the case of
aid and financing projects for farmers, it is important to note that this is the
case in the case of health and a private sector such as agriculture. This would
then allow validation of this initial model proposal and could be re-designed
if needed.
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Abstract

Many real-world problems occur under uncertainty. In this paper, we
consider interval linear programming (ILP) which can be used to tackle un-
certainties. Several methods have been proposed by researchers, such as
the best and worst cases, Two-step method (TSM), improved TSM, ILP, im-

proved ILP, three-step method, and robust two-step method. First, we define
feasibility and optimality conditions in ILP models and review some solving
methods shortly, and then show that some solutions of the TSM method

are not feasible. Therefore, we propose an updated TSM method (namely,
UTSM) by considering the feasibility and optimality conditions. In this pa-
per, the UTSM method was applied to identify the reduction of aerosols by
using two controllers with a minimized cost to demonstrate its application

under uncertainty. Compared with other methods, the solutions obtained
through ILP were presented as interval, which can provide intervals for the
decision variables, objective function, and decision-makers. Therefore, the
decision-makers can make the best decision based on the obtained solutions

through ILP, and then identify desired plans for aerosol-emission control un-
der uncertainty.
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1 Introduction

Interval linear programming (ILP) is described as the lower and upper
bounds, which is used as a powerful tool to deal with optimization prob-
lems under uncertainty. Some researchers have been working on solving
methods of ILP. In the best and worst cases (BWC) method proposed by
Tong [30], the ILP model was converted into two submodels: the best and
worst submodels, which they, respectively, have the largest and the smallest
feasible regions. A given point is feasible for the ILP model if it satisfies the
constraints of the best problem, and it is optimal for the ILP model if it is op-
timal for at least one characteristic model. The BWC method was extended
by Chinneck and Ramadan for ILP models with equality constraints; see [7].
A novel ILP method was proposed by Huang and Moore [18], and Huang and
Cao [17] also proposed their analyzed principals of two-step method (TSM).
Some solutions obtained through the BWC, ILP, and TSM may be infeasible.
New solving methods named three-step method (ThSM) and robust two-step
method (RTSM) have been developed for solving ILP models; see [10, 17].
To guarantee that the given solutions of ILP method are completely feasible,
Zhou et al. [33] proposed the modified ILP method (MILP) in which an ex-
tra constraint is added to the second submodel. Since the resulting solutions
from the MILP may be nonoptimal, two improved ILP and MILP (IILP and
IMILP) methods for solving ILP problems have been proposed; see [4]. The
solutions of these methods are completely feasible and optimal; see [3]. Also,
there are other methods for solving ILP models including IThSM, a new al-
gorithm by Ashayerinasab et al. and a method proposed by Garajov et al.;
see [2, 5, 12].

In this paper, we update the TSM (namely, UTSM) by considering the
feasibility and optimality conditions. Following that, a numerical example is
solved to demonstrate the effectiveness of UTSM. The air pollution caused
by polluted resources, which cause pollution emissions in many sources, re-
ceptors, and artificial factors, including emissions of dangerous gases from
factories and coal-fired power plants which pose serious threats to humans.
These can have a greater impact under stable atmospheric conditions and in-
creased pollution emissions. Pollution control and the reduction in the levels
of atmospheric pollution are very important. These would approach the lev-
els of atmospheric stability and prevent the destructive effects of pollutants.
The proposed models can identify pollution sources and atmospheric weather
conditions. These methods suggest pollution control using efficient methods
for the study area. In this case, the levels of emissions of pollutants and
environmental loading capacity need to be considered. Using optimization
models, the costs should be reduced by controlling methods.

Another aim of the study is to check air pollution management under
uncertainty as a range in the ILP model. The suggested methods will be
analyzed to show the control and the reduction of dust by mulching and
green belt controllers. However, the suggested methods are common methods
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for dust and aerosol control. Now, to assess the effectiveness of the two
controllers (mulching and green belts), the ILP model will be used and solved
by the BWC, ITSM, and UTSM methods. The aim of this model is to
minimize the costs in order to reduce aerosols by using two controllers.

2 Interval linear programming

In this section, we define the ILP model and some solving methods. An
interval number [X−, X+] is shown as X± where X− ≤ X+. If X− = X+,
then X± is degenerate. If A− and A+ are two matrices in Rm×n such that
A− ≤ A+, then the set of matrices A± = [A−, A+] = {A |A− ≤ A ≤ A+ }
is called an interval matrix, and the matrices A− and A+ are called bounds
of A. Center and radius matrices are defined as ∆A± = 1

2 (A
+ −A−) and

Ac = 1
2 (A

− +A+). A special case of an interval matrix is an interval vector
x± = {x|x− ≤ x ≤ x+}, where x−, x+ ∈ Rn; see [1]. If A± is a square interval
matrix and each A ∈ A± is nonsingular, then A± is called regular. Consider
the following ILP model:

max f± =
n∑

j=1

c±j x
±
j

s.t.
n∑

j=1

a±ijx
±
j ≤ b±i , i = 1, 2, . . . ,m,

0 ≤ x−
j ≤ x+

j , j = 1, 2, . . . , n.

(1)

The characteristic model of ILP model (1) is

max f =
n∑

j=1

cjxj

s.t.
n∑

j=1

aijxj ≤ bi, i = 1, 2, . . . ,m,

xj ≥ 0, j = 1, 2, . . . , n,

where aij ∈ a±ij , cj ∈ c±j , and bi ∈ b±i . The feasible solution set of the ILP
is defined as

x ∈ Rn :
n∑

j=1

a−ijxj ≤ b+i , xj ≥ 0, i = 1, . . . , m, j = 1, . . . , n

 .

Also, the optimal solution set of the ILP is defined as the set of all optimal
solutions over all the characteristic models. Some methods for solving ILP
models are BWC, TSM, ITSM methods (see [16,30,31]), which are presented
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in Table 1. Also f−
opt and f+

opt are the best and worst optimal values of the

objective function and the optimal solution is x±
j opt =

[
x−
j opt, x

+
j opt

]
.

We also have∣∣a±ij∣∣− =

{
a−ij , a±ij ≥ 0,

−a+ij , a±ij < 0,

∣∣a±ij∣∣+ =

{
a+ij , a±ij ≥ 0,

−a−ij , a±ij < 0,

Sign(a±ij ) =

{
1, a±ij ≥ 0,

−1, a±ij < 0.

Note that in all methods, for the objective functions, the notations “+”
and “-” are always used for the first submodel and the second submodel,
respectively. But for the variables, in the TSM and ITSM methods, the
notation “+” for xj , j = 1, . . . , k, in the first submodel and j = k+1, . . . , n
in the second submodel is used. Also, the notation “-” for xj , j = k+1, . . . , n
in the first submodel and j = 1, . . . , k in the second submodel is used. In
the BWC method, these notations are not used.

Remark: If a decision-maker wants to minimize the costs, then the BWC
method can provide the lower and upper bounds of the cost. Now, an exam-
ple is solved and then the results are compared. Consider the ILP model as
follows:

max f± = [3.5, 4]x±
1 − [1.5, 1.7]x±

2

s.t.
[1.1, 1.2]x±

1 + [1.7, 1.9]x±
2 ≤ [11.7, 12.1] ,

[4, 5]x±
1 − [3, 4]x±

2 ≤ [5, 7] ,
0 ≤ x−

1 ≤ x+
1 ,

0 ≤ x−
2 ≤ x+

2 .

(2)

The results obtained through the BWC, TSM, and ITSM are given in
Tables 2 and 3 and Figure 1.

Some points of the solution space obtained by the BWC and TSM are
infeasible. For example, the point (5.3839, 4.0076) in the BWC and the
point (5.1417, 4.3388) in the TSM are infeasible because they do not satisfy
the inequality 1.1x+

1 + 1.7x−
2 ≤ 12.1, which is the first constraint of the best

problem. The solution space obtained by the ITSM is feasible.

In the next subsection, we will define optimality condition and show that
some points of the BWC, TSM, and ITSM are nonoptimal, and then we
propose a new method, which we call an updated TSM method.
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Table 1: submodels of BWC, TSM, and ITSM
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su
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m
a
x

f
+
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Table 2: submodels of BWC, TSM, and ITSM for ILP model (2).

Methods The first submodel The second submodel

BWC

max f+ = 4x1 − 1.5x2

s.t.
1.1x1 + 1.7x2 ≤ 12.1
4x1 − 4x2 ≤ 7
x1, x2 ≥ 0

max f− = 3.5x1 − 1.7x2

s.t.
1.2x1 + 1.9x2 ≤ 11.7
5x1 − 3x2 ≤ 5
x1, x2 ≥ 0

TSM

max f+ = 4x+
1 − 1.5x−

2

s.t.
1.1x+

1 + 1.9x−
2 ≤ 12.1

4x+
1 − 4x−

2 ≤ 7
x+
1 , x

−
2 ≥ 0

max f− = 3.5x−
1 − 1.7x+

2

s.t.
1.2x−

1 + 1.7x+
2 ≤ 11.7

5x−
1 − 3x+

2 ≤ 5
x−
1 ≤ x+

1 opt → x−
1 ≤ 5.1417

x+
2 ≥ x−

2 opt → x+
2 ≥ 3.3917

x−
1 , x

+
2 ≥ 0

ITSM

max f+ = 4x+
1 − 1.5x−

2

s.t.
1.1x+

1 + 1.9x−
2 ≤ 12.1

4x+
1 − 4x−

2 ≤ 7
x+
1 , x

−
2 ≥ 0

max f− = 3.5x−
1 − 1.7x+

2

s.t.
1.2x−

1 + 1.7x+
2 ≤ 11.7

5x−
1 − 3x+

2 ≤ 5
1.1x+

1 opt + 1.7x+
2 ≤ 12.1

4x+
1 opt − 4x+

2 ≤ 7

x−
1 ≤ x+

1 opt

x+
2 ≥ x−

2 opt

x−
1 , x

+
2 ≥ 0

Table 3: Solutions of BWC, TSM, ITSM for ILP model (2).

Methods x±
1 x±

2 z±

BWC [3.4046,5.3839] [3.6339,4.0076] [5.1031,16.0848]
TSM [3.6033,5.1417] [3.3917,4.3388] [5.2355,15.4792]
ITSM [3.2744,5.1417] [3.3917,3.7906] [5.0162,15.4792]
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Figure 1: Solutions of ILP model (2)

2.1 A new method: An updated TSM

In this subsection, we suggest an updated TSM by considering both feasibility
and optimality conditions. At first we review basis stability, and then obtain
two feasibility and optimality conditions.

Definition 1 (see [15]). The problem max
{
cTx : Ax = b, x ≥ 0

}
, where c ∈

C± ⊆ Rn, A ∈ A± ⊆ Rm×n and b ∈ b± ⊆ Rm is called B-stable with basis B,
if B is an optimal basis for each characteristic model. The ILP model is called
(unique) nondegenerate B-stable if each characteristic model has a (unique)
nondegenerate optimal basic solution with the basis B. Let B ⊆ {1, 2, . . . , n}
be an index set such that (the restriction of A to the columns indexed by
B) is nonsingular. Similarly, N = {1, 2, . . . , n} \B denotes the index set of
nonbasic variables and AN is the restriction of A to the columns indexed by
N . Also, B can be computed by solving an arbitrary characteristic model.
We now review the conditions for B-stability.
Regularity: AB is regular.
Feasibility: The solutions set of the interval system ABxB = b are nonneg-
ative.
Optimality: AB is optimal, that is, cTBA

−1
B AN − cTN ≥ 0T .

Theorem 1. [27] If ρ
(∣∣∣(Ac)

−1
B

∣∣∣∆AB

)
< 1, then AB is regular, where ρ(.)

denotes the spectral radius.

Theorem 2. [27] If max1≤i≤n

(∣∣∣(Ac)
−1
B

∣∣∣∆AB

)
ii
≥ 1, then AB is not regu-

lar.
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Some conditions for the regularity of interval matrices have been proposed
in [29].

Theorem 3. [28] The interval vector r is an enclosure to the solution set
of a system ABxB = b, where

r−i = min
{
−x∗

i + (xc
i + |xc

i |)Mii) +
1

2Mii−1 (−x∗
i + (xc

i + |xc
i |)Mii

}
,

r+i = max
{
x∗
i + (xc

i − |xc
i |)Mii) +

1
2Mii−1 (x

∗
i + (xc

i − |xc
i |)Mii

}
,

M = (I −
∣∣∣(Ac)

−1
B

∣∣∣∆AB
)−1, xc = (Ac

B)
−1bc,

x∗ = M(|xc|+
∣∣∣(Ac)

−1
B

∣∣∣∆b),

with Ac
B is nonsingular and ρ

(∣∣∣(Ac)
−1
B

∣∣∣∆AB

)
< 1.

Theorem 4. [15] Let y be an enclosure to the solution set of ABy = cB. If((
AT

N

)
y
)− ≥ c+N , then the optimality condition holds.

Theorem 5. [15] Let diag(q) denote the diagonal matrix with entries
q1, . . . , qm. For each q ∈ {±1}m, if the solution set of the system ((Ac

B)
T − (∆AB )

T
diag(q)) y ≤ c+B ,

−((Ac
B)

T
+ (∆AB )

T
diag(q)) y ≤ −c−B ,

diag(q)y ≥ 0,

lies in the solution set of the system

{
((Ac

N )
T − (∆AN

)
T
diag(q)) y ≤ c+N ,

diag(q)y ≥ 0,

then the optimality condition holds.

Theorem 6. [15] Let the ILP model be unique, nondegenerate B-stable,
where B = (1, . . . , m). Then the optimal solution set of the ILP model is
equal to the solution set of the interval system

ABxB = b, xB ≥ 0, xN = 0, or A+
B
xB ≥ b−, A−

B
xB ≤ b+, xB ≥ 0, xN = 0.

Now, we introduce two submodels of UTSM. Firstly, we solve the sub-
model corresponding to f− ,which is the second submodel of the TSM. Sec-
ondly, we add two extra constraints in order to ensure that the resulting solu-
tion space is completely feasible and optimal in the submodel corresponding
to f+. Submodel 1 is as follows.

Submodel 1
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max f− =
k∑

j=1

c−j x
−
j +

n∑
j=k+1

c−j x
+
j

s.t.
k∑

j=1

|aij |+Sign(a±ij )x
−
j +

n∑
j=k+1

|aij|−Sign(a±ij )x
+
j ≤ b−i , i = 1, . . . m,

x−
j ≥ 0, j = 1, . . . , k,

x+
j ≥ 0, j = k + 1, . . . , n,

(3)

For Submodel 2, x−
j opt for j = 1, . . . , k and x+

j opt for j = k+1, . . . , n are the
optimal solutions of the first submodel.

max f+ =
k∑

j=1

c+j x
+
j +

n∑
j=k+1

c+j x
−
j ,

s.t.
k∑

j=1

|aij |−Sign(a±ij )x
+
j +

n∑
j=k+1

|aij|+Sign(a±ij )x
−
j ≤ b+i , i = 1, . . . m,

0 ≤ x−
j opt ≤ x+

j , j = 1, . . . , k,

0 ≤ x−
j ≤ x+

j opt, j = k + 1, . . . , n,

Now, we obtain an extra constraint to ensure that the solutions are opti-
mal.

Theorem 6 implies that
n∑

j=1

a+ijxj ≥ b−i , i = 1, . . . , m, or

k−p∑
j=1

a+ijxj +
k∑

j=k−p+1

a+ijxj+
n−q∑

j=k+1

a+ijxj+
n∑

j=n−q+1

a+ijxj ≥ b−i , i = 1, . . . , m.

Since a±ij ≥ 0 for j = 1, . . . , k − p, a±ij ≤ 0 for j = k − p + 1, . . . , k +

1, . . . , n− q and a±ij ≥ 0 for j = n− q + 1, . . . , n, therefore

k−p∑
j=1

a+ijxj +
k∑

j=k−p+1

a+ijxj+
n−q∑

j=k+1

a+ijxj+
n∑

j=n−q+1

a+ijxj

≥
k−p∑
j=1

a+ijx
−
j opt+

k∑
j=k−p+1

a+ijx
+
j +

n−q∑
j=k+1

a+ijx
+
j opt+

n∑
j=n−q+1

a+ijx
−
j .

Therefore, for optimality, it is sufficient that
k−p∑
j=1

a+ijx
−
j opt +

k∑
j=k−p+1

a+ijx
+
j +

n−q∑
j=k+1

a+ijx
+
j opt+

n∑
j=n−q+1

a+ijx
−
j ≥ b−i ,

or

n∑
j=1

a+ijx
′′
j ≥ b−i , x′′

j =


x−
j opt if Sign(a±ij ) = Sign(c±j ), j = 1, . . . , k,

x+
j if Sign(a±ij ) ̸= Sign(c±j ), j = 1, . . . , k,

x+
j opt if Sign(a±ij ) = Sign(c±j ), j = k + 1, . . . , n,

x−
j if Sign(a±ij ) ̸= Sign(c±j ), j = k + 1, . . . , n,

To ensure that the solutions are feasible, let us obtain an extra constraint:
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Theorem 6 implies that
n∑

j=1

a−ijxj ≤ b+i , i = 1, . . . , m, or

k−p∑
j=1

a−ijxj +
k∑

j=k−p+1

a−ijxj+
n−q∑

j=k+1

a−ijxj+
n∑

j=n−q+1

a−ijxj ≤ b+i , i = 1, . . . , m.

Since a±ij ≥ 0 for j = 1, . . . , k−p, a±ij ≤ 0 for j = k−p+1, . . . , k+1, . . . , n−q
and

a±ij ≥ 0 for j = n− q + 1, . . . , n, therefore
k−p∑
j=1

a−ijxj +
k∑

j=k−p+1

a−ijxj+
n−q∑

j=k+1

a−ijxj+
n∑

j=n−q+1

a−ijxj

≤
k−p∑
j=1

a−ijx
+
j +

k∑
j=k−p+1

a−ijx
−
j opt+

n−q∑
j=k+1

a−ijx
−
j +

n∑
j=n−q+1

a−ijx
+
j opt

Therefore, for feasibility, it is sufficient that
k−p∑
j=1

a−ijx
+
j +

k∑
j=k−p+1

a−ijx
−
j opt+

n−q∑
j=k+1

a−ijx
−
j +

n∑
j=n−q+1

a−ijx
+
j opt ≤ b+i or

n∑
j=1

a−ijx
′
j ≤ b+i , x′

j =


x+
j if Sign(a±ij ) = Sign(c±j ), j = 1, . . . , l,

x−
j opt if Sign(a±ij ) ̸= Sign(c±j ), j = 1, . . . , l,

x−
j if Sign(a±ij ) = Sign(c±j ), j = l + 1, . . . , n,

x+
j opt if Sign(a±ij ) ̸= Sign(c±j ), j = l + 1, . . . , n,

Finally, we have f±
opt =

[
f−
opt, f

+
opt

]
, x±

j opt =
[
x−
j opt, x

+
j opt

]
. Therefore,

the second submodel is as follows.
Submodel 2

max f+ =
k∑

j=1

c+j x
+
j +

n∑
j=k

c+j x
−
j

s.t.
k∑

j=1

|aij |−Sign(a±ij )x
+
j +

n∑
j=k+1

|aij|+Sign(a±ij )x
−
j ≤ b+i , i = 1, . . . m,

0 ≤ x−
j opt ≤ x+

j , j = 1, . . . , k,

0 ≤ x−
j ≤ x+

j opt, j = k + 1, . . . , n,

n∑
j=1

a+ijx
′′ ≥ b−i , x′′

j =


x−
j opt if Sign(a±ij ) = Sign(c±j ), j = 1, . . . , k,

x+
j if Sign(a±ij ) ̸= Sign(c±j ), j = 1, . . . , k,

x+
j opt if Sign(a±ij ) = Sign(c±j ), j = k + 1, . . . ,n,

x−
j if Sign(a±ij ) ̸= Sign(c±j ), j = k + 1, . . . ,n,

n∑
j=1

a−ijx
′ ≤ b+i , x′

j =


x+
j opt if Sign(a±ij ) = Sign(c±j ), j = 1, . . . , l,

x−
j if Sign(a±ij ) ̸= Sign(c±j ), j = 1, . . . , l,

x−
j opt if Sign(a±ij ) = Sign(c±j ), j = l + 1, . . . , n,

x+
j if Sign(a±ij ) ̸= Sign(c±j ), j = l + 1, n.

Therefore, the constraints
n∑

j=1

a−ijxj
′ ≤ b+i and

n∑
j=1

a+ijx
′′
j ≥ b−i are feasibil-

ity and optimality conditions, respectively.
Note that, since the solution regions obtained through the UTSM method

is completely optimal, the union of these regions will be closer to the exact
optimal solution region of the ILP model.
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Now, consider ILP model (2), again. Given Figure 1, the points
(3.4046, 3.6330), (3.6033, 3.3917), and (3.2744, 3.3917) obtained by the BWC,
TSM, and ITSM respectively, are nonoptimal, because they do not satisfy
inequality 1.2x1+1.9x2 ≥ 11.7, which is the first constraint of the worst prob-
lem with the reverse sign. Model (2) is equivalent to the following model:

max z± = [3.5, 4]x±
1 − [1.5, 1.7]x±

2

s.t.
[1.1, 1.2]x±

1 + [1.7, 1.9]x±
2 + x±

3 = [11.7, 12.1] ,
[4, 5]x±

1 − [3, 4]x±
2 + x±

4 = [5, 7] ,
0 ≤ x−

1 ≤ x+
1 ,

0 ≤ x−
2 ≤ x+

2 ,
0 ≤ x−

3 ≤ x+
3 ,

0 ≤ x−
4 ≤ x+

4 .

According to Theorems 1, 3, and 4, ILP model 3 is B-stable, where B =
(1, 2). Now, we solve the model by the UTSM.

submodel 1
max z− = 3.5x−

1 − 1.7x+
2

s.t.
1.2x−

1 + 1.7x+
2 ≤ 11.7,

5x−
1 − 3x+

2 ≤ 5,
x−
1 , x

+
2 ≥ 0,

submodel 2
max z+ = 4x+

1 − 1.5x−
2

s.t.
1.1x+

1 + 1.9x−
2 ≤ 12.1,

4x+
1 − 4x−

2 ≤ 7,
x+
1 ≥ x−

1 opt = 3.6033,

x−
2 ≤ x+

2 opt = 4.3388,{
1.1x+

1 + 1.7x+
2 opt ≤ 12.1,

4x+
1 − 4x−

2 ≤ 7,{
1.9x−

2 ≥ 1.7x+
2 opt,

5x+
1 − 3x−

2
≥ 5x−

1 opt − 3x+
2 opt,

x+
1 , x

−
2 ≥ 0.

Now, the results obtained by the UTSM have been given in Table 4 and
Figure 2.

Table 4: Solutions of UTSM for ILP model (2).

Methods x±
1 x±

2 z±

UTSM [3.6033,4.2945] [3.8820, 4.3388] [5.2355,11.3550]

As shown in Figure 2, the UTSM introduces a feasible and optimal space. All
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points satisfy the constraints 1.1x1 + 1.7x2 ≤ 12.1 and 4x1 − 4x2 ≤ 7 (feasi-
bility conditions) and the constraints 1.2x1+1.9x2 ≥ 11.7 and 5x1−3x2 ≥ 5
(optimality conditions).

Figure 2: The solution region obtained by the UTSM for ILP model (2)

3 Application to air quality management

Atmospheric conditions can be affected by many factors, including SO2, CO,
aerosols, dust, and so on. Aerosols have a very high diversity. As one of the
greatest pollutants, this phenomenon occurs in arid, semiarid regions, and
deserts, such that their sizes are different according to the concentrations in
air. These can have destructive effects on health, nature, and the environ-
ment and create numerous economic problems for local people. It can be said
that sandstorms and dust-storms are natural events with significant concen-
trations of particulate matter, which depend on the wind speeds. When the
wind speed is almost more than 8 meters per second (and sometimes based
on the region, which is stable or not, the wind speed is more than 6 me-
ters/seconds), it can get into the air flow and the earth’s atmosphere based
on the roughness, particulate size, soil texture, soil moisture, and vegetation;
see [9, 32]. The suggested methods are mulching and green belt that should
be analyzed to control and reduce dust. These suggested methods are con-
ventional methods for dust control, and many studies have been conducted
in this area.
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Mulch is a non-life coverage used for sand dune fixation in the desert
lands. A variety of organic and inorganic mulches are available that can be
used to accelerate production, reduce erosion, and even help control weeds.
In Iran, oil mulch is usually used to cover. Most of the causes of oil mulching
are the immediate effect, using them is provided in a short time, material
source is available in the country, and there is no need for foreign resources.

Vegetation can have a major impact on air pollution and climate quality.
It can also directly or indirectly decrease the temperature, increase moisture
and dust absorption, and affect urban air pollution control. Studies on this
subject have concluded that trees can greatly control air pollution, prevent
harmful pollutants like PM10, SO2, NO2 and CO, and particulate matter
in the atmosphere. Studies have shown that a lot of PM10 and PM2.5 is
destroyed by trees, such that the efficiency and effectiveness of this factor
plays a very important role in social and human health, and air quality
control. In many countries nowadays, trees are being planted to reduce costs
and harmful factors in the atmosphere; see [19,21,22].

Figure 3: Trees as air quality buffer.

Figure 4: Trees as air quality buffer.

It has been well-documented that the plants destroy air pollutants, in-
cluding hydrogen fluoride, sulfur dioxide, and some combinations of photo-
chemical reactions in the air. It can be said that the green belt efficiency in
the reduction of pollution defined by the following formula:

E =
R

R+A



G
al
le
y
P
ro
of

220 M. Allahdadi and A. Batamiz

As E is the relative reduction effect by trees (percent), R is amount re-
moved by trees (kg), and A is the amount of pollution in the atmosphere (kg).

3.1 Methodology and overview of the study system

The Sistan and Baluchestan region in Iran is located in the southeast, with
arid and semi-arid weather. The Sistan plain covers a wide range of the
western part of the province, and almost a wide catchment area. In addition
to Iran, it has expanded into two countries Afghanistan and Pakistan. The
border areas between Iran, Pakistan, and Afghanistan are the main dust
source region in southwest of Asia; generating some 81 dust storms over
Sistan; see [13, 24–26]. The Sistan region is one of the richest regions of
Iran in terms of wind, and this sometimes creates difficulties for its people.
Dust storms generate great waves, especially in Sistan. Figure 6 shows the
geographical location of the Sistan and Baluchestan region.

Figure 5: Geographical location of the Sistan and Baluchestan region

The Sistan’s 120-day winds are the most famous local winds of Iran,
blowing from mid-May to mid-September, over a large area in the northern
part of Sistan-Baluchestan. The strong “Levar” winds in summer favor the
uplift of large quantities of dust from the Hamoun basin, which is located in
the northern part of Sistan; see [25]. The 120-day winds of Sistan–in terms
of time and local distribution and wind speed–have a high variety. In Sistan,
the strong winds above eight nodes start in May and continue till November.
In Sistan, winds are severe in summer, but can be slowed down in other
seasons. Therefore, in this section, we focus on the optimization of an air
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quality management model and PM10 emissions control in the Sistan region
in a source through controllers, as mentioned in the previous section.

The aim of an air quality management model is to control effects on health
by air pollution. These effects are directly related to pollutant concentration.
Now, we establish the relationship between air pollution emissions and load-
ing concentrations. The ground concentration at each downwind location
(x, y) can be estimated as follows [14]:

C (x, y) =
Q

πuσyσz
exp

[(
−y2

2σz
2

)
−
(

H2

2σz
2

)]
,

where C (x, y) is the ground-level concentration of pollutants (mg/m3) at
point (x, y); x is the downwind distance from the source; Q denotes pollu-
tant emission rate (mg/sec); u is average wind speed (m/ sec) along x direc-
tion; and σy and σz represent horizontal and vertical dispersion coefficients of
plume versus(against) downwind distance x from the pollution source. Gen-
erally, σy and σz can be approximated by the following equations [8, 23]:

σy = γ1x
β1 , σz = γ2x

β2 .

Figure 6: Dust-plume geometry

where γ1 and β1 are constants along the y direction and γ2 and β2 are
the coefficients along the z direction, respectively. The values of γ1, β1, γ2,
and β2 are related to atmospheric stability classes defined for different me-
teorological situations through wind speed, solar radiation (during the day),
and cloud cover during the night [14,23].
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Figure 7: Typical visibility within a dust-storm

A transfer factor tp can then be determined as follows [14]:

tp =
1

πuσyσz
exp

[(
−y2p
2σ2

y

)
−
(
H2

2σ2
z

)]
,

where tp represents the contributions of pollutant emission rate at the Sistan
area to the ground concentration of receptor zone p; the index p indicates
different receptors influenced by air pollution emissions; H indicates the ef-
fective height of the air pollution plume from the Sistan region [6].

3.2 ILP model for air quality management modeling

The optimization model of air quality management has been presented as
fuzzy linear programming [11,20]. Now, we consider the following ILP model:



G
al
le
y
P
ro
of

An updated two-step method for solving interval linear programming ... 223

Min
2∑

j=1

5∑
k=1

LkTC
±
jkX

±
jk

s.t.
X±

jk ≤ FC±
jk , for all j, k,

2∑
j=1

X±
jk ≥ S±

k , for all k,

2∑
j=1

(
1− η±j

)
X±

jk ≤ e±k , for all k,

2∑
j=1

tp
(
1− η±j

)
X±

jk ≤ θ±kp, for all k, p,

0 ≤ X−
jk ≤ X+

jk, for all j, k,

(4)

where i is the PM10 emission source, j is the type of PM10 control method
(j = 1, 2, respectively, denotes mulching and green belt), and k is the plan-
ning period. The planning horizon is five years. Decision variables are the
amount of PM10 allocated to control measure j for the reduction from source
i in the period k (t/day). It has been shown by the symbol Xijk. The ob-
jective is to minimize the total cost for the abatement of PM10. Now, the
model describes the study area according to particulate reduction methods
in this article.
Also Lk is length of period k (day), TCjk is operating cost of control mea-
sure j during period k ( Rials/t), FCjk is maximum mitigation capacity of
measure j in period k, ? is PM10 generation amount of emission source in pe-
riod k (tonne/day); ηj is efficiency of control measure j, ek is PM10-emission
allowance for Sistan during period k (tonne/day), tp is transfer factor from
emission area to receptor zone p (day/m3), and θkp is environmental loading
capacity of receptor zone during period (mg/m3). Note i = 1 represents the
emission source of PM10 in the Sistan region. All the parameters in model
(4) are presented as interval numbers. In this case, the parameters of TCjk,
FCjk, Sk, ηj , ek, and θkp are assumed to be estimated as interval numbers.
Particulate matter in the Sistan region is discussed over four-month periods
(the maximum amount of dust and particulate matter) during five years. We
estimate-according to two methods, mulching and green belts-the tables are
related to the costs of each method, efficiencies, and permitted amounts of
dust in the region, and show their reduced values by using the two methods in
the respective tables. Here, Sk is the aerosol generation amount of emission
sources in period k in Sistan, which has been shown in Table 5.

The parameters related to the model in the Sistan region are now de-
scribed. Tcjk represents mulching costs per hectare with respect to the in-
flation rate (million). If we require 10 tonnes mulchs for every hectare and
is equal to 20,000 Rials per liter of mulch, then the amount calculated using
the inflation rate will be equal to Table 6.
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Table 5: Sk-emission rate for ILP model (4)

Months 2012 2013 2014 2015 2016

May [55,1345] [76.6,4985] [62.5,4983.6] [15.3,460.1] [45.6,4985]

June [130.7,1384.8] [60.1,2570.4] [140.2,4985] [17.2,452.4] [49.1,630.8]

July [315.6,9985] [64.6,3044.6] [4979.4,4985] [10.5,4985] [56.2,2489.4]

August [100,1455.7] [280.2,3553.5] [130.2, 4985] [880.9,4840] [92.2,4983.6]

Table 6: Costs of different pollution controls for ILP model (4)

Tcjk 2012 2013 2014 2015 2016
Mulching [8.9,18] [12.1,24.1] [15,30] [16.8,33.8] [16.6,37.3]
Green belt [2.5,6] [3,6] [3,7] [4,8] [5,10]

Figure 8: Dust precipitation

where eik denotes the aerosol (PM10) emission allowance for the source
(Sistan) during period k (t/day) . If FCjk is the maximum mitigation ca-
pacity of measure j at area in period k, then the amount of the reduction by
the mulching and green belts methods can be seen in Tables 8 and 9.

Table 7: ek for ILP model (4)

PM10-emission allowance PM10
Good 0-54
Average (allowance) 55-154
Unhealthy for sensitive groups 155-254
Unhealthy 255-354
Very Unhealthy (crisis) 355-424
Dangerous (emergency) 425-604
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Table 8: The value of PM10 emissions controlled by mulching

Months 2012 2013 2014 2015 2016

May [44,1076] [61.3,3988] [50,3986.9] [12.24,368.08] [36.48,3988]

June [104. 6,1108] [48.08,2056.3] [112.2,3988] [13.76,361.9] [39.28,504.6]

July [252.5,7988] [51.68,2435.9] [4979.4,3989.1] [8.4,3988] [44.96,1991.5]

August [80,1164.6] [224.16,2842.8] [104.16, 3988] [704.72,3872] [73.76,3986.9]

FCjk [120,2834.1] [96.3,2830.7] [1311.4,3988] [184.8,2147.5] [48.62,2617.8]

Table 9: The value of PM10 emissions controlled by green belt

Months 2012 2013 2014 2015 2016

May [34.4,840.6] [47.875,3115.6] [39.06,3114.7] [9.56,287.6] [28.5,3115.6]

June [ 81.7,865.5] [37.6,1606.5] [87.625,3115.6] [10.7,282.7] [30.687,394.2]

July [197.3,6240.6] [40.375,1903.1] [3111.9,3115.6] [6.56,3115.6] [35.125,1555.9]

August [62.5,909.8] [175.1,2220.9] [81.375,3115.6] [550.56,3025] [57.625,3114.7]

FCjk [193.9,2214.1] [75.2,2211.5] [829.98,2336.5] [144.345,1677.7] [37.98,2045.1]

Particulate reduction-with an efficiency of 75%-and relative reduction ef-
fect impact 0.2 and efficiency 40%, and the relative reduction effect impact
0.375 have been shown by a green belt. θkp = [45, 55] denotes environmen-
tal loading capacities at area p in period k; transfer factor tp from source
to area p is 1.1587 × 10−26. The minimum and maximum wind speeds are
[6 m/s, 15 m/s] during the 120 days; ek = [55, 154] shows the PM10 emis-
sion allowance during the period k (t/day) in Sistan.

Table 10: PM10 efficiencies of different control measures

Methods efficiency Interval efficiency
Mulching method η1 [0.4, 0.6]
Green belt method η2 [0.40, 0.75]

We now solve the air pollution control model using the methods mentioned
in Section 2. The results are given in Table 11.

Table 11: Results obtained from solving ILP model (4)

BWC ITSM UTSM

Z × 107 [0.1490,6.0239] [2.19050165304,5.16560105314] [2.50191551199,7.7566276346]
x1opt [ 0.0,3348.7] [3634.1,3834.1] [3834.1 , 6795.9]
x2opt [0.0,3463.2] [3730.7, 4830.7] [4830.7 , 8152.3]
x3opt [136.0,4963.8] [4988,5348] [5071.4 , 8480]
x4opt [0.0, 2540.1] [3307.5,4147.5] [4147.5 , 7222.4]
x5opt [0.0,3234.3] [3317.8,4117.8] [4117.8 , 7181.9]
x6opt [150.3,194.0] [193.95,663.7] [240.6 , 240.6]
x7opt [75.2,120.4] [75.2,521.3] [46.8 , 46.8]
x8opt [20.9,1192.0] [16.2,447.4] [1.1044e-11 , 2.7188e-07]
x9opt [144.3,231.0] [144.4,618.9] [179.6 , 179.6]
x10opt [379.0,60.8] [3798,623.2] [185.4 , 185.4]
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Results and analysis
Tables related to the reduction of particulates are given in the previous sec-
tion, using two controllers as mulching and green belt. It can be said that the
Sistan region aerosols were considered over four months in five-year periods,
such that the lower bound is the lowest amount of the particulate matter
PM10 and upper bound represent the most amount of the particulate matter
PM10 in Sistan. Now, using the two above mentioned controller, the reduc-
tion of aerosols is calculated according to efficiencies in every method and
these estimations are presented in Tables 8–11. Notably, the costs associated
with each method can be considered based on the funding in the environ-
mental section and different covering lands. Inflation in the country has been
considered over the years according to variable data of costs and inflations
as well as other parameters studied in the Sistan region. The greatest re-
ductions in the particulate matter were calculated by the ILP model and the
presented formulas.

For greater reliability and accuracy of calculations, the ILP would be
solved by three methods: BWC, ITSM, and UTSM. The variations in the
reduction of aerosols are studied. The results show that if the aim is to min-
imize the cost for decision-makers and officials, then the BWC method could
be the best method because it can calculate the minimum and maximum
of the costs under the two optimistic and pessimistic models (the best and
worst) for finding the best answer. For example, the cost per hectare–using
mulching–the minimum cost is estimated ∼ 0.1490 × 107 and the maximum
cost is estimated ∼ 6.0239×107; Therefore, these are provided as an interval
under the upper and lower bounds.

In the BWC method, as mentioned in Section 2, the resulting solution
does not exactly hold into the constraints. For example, in the first con-
straint, the amount of reduction in particulates in every period may be more
than the greatest reduction in particulates in each period. Therefore, UTSM
and ITSM methods are used. In this case, maybe because of the reduction
area which is created by the solutions, the model cannot be considered good
enough in order to estimate the reduction of costs. It can make changes in
the costs in some parts to find the best answer and increasing them because
the constraints are not violated. Hence, we can say to find the best answer
for the reduction of particulate matter, ITSM and UTSM methods are more
suitable. In Table 11, 10 optimal solutions are given which are shown with the
symbol xopt. The first five numbers represent xopt according to the mulching
and the second set of five numbers is xopt according to the green belt over
five years. As seen in the ITSM method, the changes are: [3634.1, 3834.1] in
2012; in that year, the minimum value is 55 and the maximum value is 9985,
which show the most amount of particulate matter in July. The above models
considered all solutions in a feasible area for one another and the maximum
value is 9985, which estimated the changes in the reduction of particulates
[3634.14, 3834.14].
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ITSM method enabled shows a reduction in the intervals. Using the
UTSM method, which can be said to be one of the best methods, it seeks
to find the best solution in the feasible area. Optimally, the reduction of
particulates is [3834.14, 6795.9128], which has obtained good results, and
further reductions are anticipated. Also, in 2013, the minimum value is 62.5
for the entire year and the maximum value is 4985, such that the reduction of
the particulate matter has been estimated at [3730.7, 4830.7]. This indicates
that in 2013, according to the amount of particulates, [3730.7, 4830.7] can
undergo a decrease. It can be said that the obtained values from the model
show a strong reaction over the years, according to the highest amount of
the particulate matter and using the above analysis, we have the amount of
particulates [4830.7 , 8152.3416] in the UTSM method similarly. It seeks to
solve and attempts to reduce it, but according to the obtained numbers, the
reduction is less in some years, it is because of the amount of particulate
matter which is very large in all months of the year. However, there are the
powerful and useful methods to control particulate matter, those may not
be able to greatly reduce particulates, and many environmental factors can
cause fewer reductions. The other numbers are explained similarly.

4 Conclusion

In this paper, some methods for solving the ILP models have been reviewed,
such as the BWC, TSM, and improved TSM (ITSM). Besides, an updated
two-step method (UTSM) has been proposed. This method improves the
TSM by considering two feasibility and optimality conditions. The solutions
comparison for the BWC, TSM, ITSM, and UTSM methods based on the
feasibility and optimality conditions shows that some points of the BWC and
TSM may be infeasible. Also, some solutions of the ITSM method may be
non-optimal. The advantage of the UTSM is that, two constraints have been
added in the second submodel which guarantees the feasibility and optimality
conditions, and so the obtained region by the UTSM will be feasible and
optimal. Also, a case study related to air quality management has been
done.
For solving many uncertain problems in the real-world, different models are
used. The ILP model which is one of the models under uncertainty can be
used for modeling these problems. In this paper, we consider an ILP model
related to minimizing the costs in order to control aerosols and solve it by
the BWC, ITSM, and UTSM methods. The results show that the lower and
upper bounds of the costs obtain by the BWC method. The reduction of
particulates can be clearly seen in two ITSM and UTSM methods.
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