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Letter from the Editor in Chief

I would like to welcome you to the Iranian Journal of Numerical Analysis
and Optimization (IJNAO). This journal is published biannually and sup-
ported by the Faculty of Mathematical Sciences at the Ferdowsi University
of Mashhad. Faculty of Mathematical Sciences with three centers of excel-
lence and three research centers is well-known in mathematical communities
in Iran.

The main aim of the journal is to facilitate discussions and collabora-
tions between specialists in applied mathematics, especially in the fields of
numerical analysis and optimization, in the region and worldwide.

Our vision is that scholars from different applied mathematical research
disciplines, pool their insight, knowledge and efforts by communicating via
this international journal.

In order to assure high quality of the journal, each article is reviewed by
subject-qualified referees.

Our expectations for IJNAO are as high as any well-known applied math-
ematical journal in the world. We trust that by publishing quality research
and creative work, the possibility of more collaborations between researchers
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Approximation of the Huxley equation
with nonstandard finite-difference

scheme

M. Namjoo∗ and S. Zibaei

Abstract

In this paper, an explicit exact finite-difference scheme for the Huxley
equation is presented based on the nonstandard finite-difference (NSFD)

scheme. Afterwards, an NSFD scheme is proposed for the numerical solu-
tion of the Huxley equation. The positivity and boundedness of the scheme
is discussed. It is shown through analysis that the proposed scheme is consis-
tent, stable, and convergence. The numerical results obtained by the NSFD

scheme is compared with the exact solution and some available methods, to
verify the accuracy and efficiency of the NSFD scheme.

Keywords: The Huxley equation; Nonstandard finite-difference scheme;
Positivity and boundedness; Consistency; Stability; Convergence.

1 Introduction

Nonlinear partial differential equations (PDEs) play an important role in
the various fields of physical science and engineering such as plasma physics,
fluid mechanics, optimal fibbers, solid state physics, chemical kinetics, and
geochemistry. Recently, it also began to become important in various other
fields of science, for example, biology and economics [14, 18]. Behaviors of
many physical systems encountered in models of reaction mechanisms, con-
vection effects, and diffusion transports give rise to the Burgers–Huxley (BH)
equation. Consider the BH equation
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18 M. Namjoo and S. Zibaei

ut + αuux − uxx = βu(1− u)(u− γ), (1)

where α, β ≥ 0 and γ ∈ (0, 1). When β = 0, equation (1) reduces to the
Burgers equation. If α = 0, then Equation (1) recovers the Huxley equation

ut − uxx = βu(1− u)(u− γ), (2)

which describes nerve pulse propagation in nerve fibers and wall motion in
liquid crystals. An analytical solution to this equation subject to the following
initial and boundary conditions:

u(x, 0) =
γ

1 + e−2A1x
, 0 ≤ x ≤ 1,

u(0, t) =
γ

1 + e2A1A2t
, t ≥ 0,

u(1, t) =
γ

1 + e−2A1(1−A2t)
, t ≥ 0,

derived by Wang in [17], is given by

u(x, t) =
γ

2
+
γ

2
tanh[A1(x−A2t)] =

γ

1 + e−2A1(x−A2t)
, (3)

where

A1 =

√
8β

8
γ, A2 =

4− 2γ

γ
A1.

In the past few years, various powerful mathematical methods such as the
Adomian decomposition method (ADM) [7, 8, 10], the variational iteration
method (VIM) [1, 2], the differential transform method (DTM) [3] and the
Haar wavelet method [6] have been used in attempting to solve (2). Among
various techniques for solving PDEs, the NSFD schemes have been proved to
be one of the most efficient approaches in recent years [13]. These schemes
are developed for compensating the weaknesses, such as numerical instabil-
ities that may be caused by standard finite- difference schemes. One of the
most important advantages of this scheme is that choosing a complicate de-
nominator function instead of the stepsize h, better results can be obtained.
If the stepsize h is chosen small enough, the obtained results do not change
significantly but if the stepsize h gets larger, then this advantage comes into
focus [13,19–24].

This paper is organized as follows: In Section 2, we provide a brief
overview of the important features of the procedures for constructing NSFD
schemes for PDEs. In Section 3, we begin with proposing the exact finite-
difference scheme for the Huxley equation. In Section 4, we give an NSFD
scheme for numerical solution of the Huxley equation and also positivity and
boundedness are studied for the proposed NSFD scheme. Moreover, a brief
study of consistency is presented here, along with a Von Neumann analysis
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of stability and convergence. Finally, in the last section, numerical results
are given to show the efficiency of the proposed NSFD scheme.

2 Nonstandard finite-difference schemes

The initial foundation of NSFD schemes came from the exact finite-difference
schemes. NSFD schemes were firstly proposed by Mickens [12,13] for ordinary
differential equations (ODEs) and, successively, their use has been investi-
gated in several fields. Regarding the positivity and boundedness of solutions,
NSFD schemes have a better performance over the standard finite-difference
schemes, due to its flexibility to construct an NSFD scheme that can preserve
certain properties and structures, which are obeyed by the original equations.
The advantages of NSFD schemes have been shown in many numerical appli-
cations. Gonzalez-Parra et al. [5] and Zibaei and Namjoo [20–23] developed
NSFD schemes to solve population and biological models.

This class of schemes and their formulations center on two issues. First,
how should discrete representations be determined for derivatives, and sec-
ond, what are the proper forms to be used for nonlinear terms. The forward
Euler method is one of the simplest discretization schemes. In this method

the derivative term dy
dt is replaced by y(t+h)−y(t)

h , where h is the stepsize.

However, in the Mickens schemes this term is replaced by y(t+h)−y(t)
ϕ(h) , where

ϕ(h) is an increasing continuous function of h, and the function ϕ(h) satisfies
the following conditions:

ϕ(h) = h+O(h2), 0 < ϕ(h) < 1, h→ 0.

Examples of functions ϕ(h) that satisfy these conditions are [12, 19–24]:

h, sinh,
1− e−λh

λ
.

Note that in taking the limh→ 0 to obtain the derivative, the use of any of
these ϕ(h) will lead to the usual result for the first derivative

dy

dt
= lim
h→0

y
(
t+ ϕ1(h)

)
− y(t)

ϕ2(h)
= lim
h→0

y(t+ h)− y(t)

h
,

where ϕ1(h) and ϕ2(h) are continuous functions of the stepsize h. A scheme
is called nonstandard if at least one of the following conditions is satisfied:

1. A nonlocal approximation is used.

2. The denominator function for the discrete derivative, in general, ex-
pressed in terms of more complicated functions of the stepsize h than
those conventionally used.
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Nonlinear terms approximated in a nonlocal way, for example, if there are
nonlinear terms in the differential equation [12,19–24], these are replaced by

y2(t) → yn(t)yn+1(t), y2(t) → yn−1(t)yn(t).

In the two-dimensional case, nonlinear terms such as y(t)x(t) are either re-
placed by

y(t)x(t) → yn(t)xn+1(t), y(t)x(t) → yn+1(t)xn(t).

One can say that there is no appropriate general method to choose the func-
tion ϕ(h) or to choose which nonlinear terms are to be replaced, some special
techniques may be found in [15,19–24].

3 An explicit exact finite-difference scheme

In this section, we obtain an exact finite-difference scheme for the Huxley
equation. If we choose h = A2∆t, then we easily obtain u(x−h, t) = u(x, t+
∆t), and the following equations

1

u(x+ h, t)
=

1

γ
(1 + e−2A1(x+h−A2t)),

1

u(x− h, t)
=

1

γ
(1 + e−2A1(x−h−A2t)),

1

u(x, t−∆t)
=

1

γ
(1 + e−2A1(x−A2(t−∆t))).

(4)

According to (4), we can write

1

u(x, t)
− 1

u(x+ h, t)
= (

1

u(x, t)
− 1

γ
)(1− e−2A1h),

1

u(x, t)
− 1

u(x− h, t)
= (

1

u(x, t)
− 1

γ
)(1− e2A1h),

1

u(x, t)
− 1

u(x, t−∆t)
= (

1

u(x, t)
− 1

γ
)(1− e−2A1A2∆t).

If we set the stepsize functions as

ψ1 =
1− e−2A1h

2A1
, ψ2 =

e2A1h − 1

2A1
, ϕ1 =

1− e−2A1A2∆t

2A1A2
,

we will get the following forward and backward difference quotients with the
special stepsize functions
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∂xu =
u(x+ h, t)− u(x, t)

ψ1
= 2A1u(x+ h, t)(1− u(x, t)

γ
),

∂̄xu =
u(x, t)− u(x− h, t)

ψ2
= 2A1u(x− h, t)(1− u(x, t)

γ
),

∂̄tu =
u(x, t)− u(x, t−△t)

ϕ1
= 2A1A2u(x, t−∆t)(

u(x, t)

γ
− 1).

(5)

Consequently, it follows that

∂̄x∂xu =
∂̄xu(x+ h, t)− ∂̄xu(x, t)

ψ1

=
2A1

γ
u(x, t)

u(x− h, t)− u(x+ h, t)

ψ1
+ 2A1

u(x, t)− u(x− h, t)

ψ1

= −A2
u(x, t)− u(x− h, t)

ψ1
+

2A1

γ
u(x, t)

u(x− h, t)− u(x+ h, t)

ψ1

+(2A1 +A2)
u(x, t)− u(x− h, t)

ψ1
.

(6)

Since A2

ψ1
= 1

ϕ1
, according to (5), (6), and u(x − h, t) = u(x, t +∆t), we can

write

∂̄x∂xu =
u(x, t+∆t)− u(x, t)

ϕ1
+

2A1

γ
u(x, t)

(u(x− h, t)− u(x, t)

ψ1

+
u(x, t)− u(x+ h, t)

ψ1

)
+ (2A1 +A2)

u(x, t)− u(x− h, t)

ψ1

=
u(x, t+∆t)− u(x, t)

ϕ1
+

2A1

γ
u(x, t)

(
− 2A1u(x, t)(1−

u(x− h, t)

γ
)

−2A1u(x+ h, t)(1− u(x, t)

γ
)
)
+ (2A1 +A2)2A1u(x, t)(1−

u(x− h, t)

γ
).

(7)

We notice that

2A1
2A1

γ
=
βγ

2
, 2A1(2A1 +A2) = βγ,

hence according to (7), we have

∂̄x∂xu =
u(x, t+∆t)− u(x, t)

ϕ1
+ β(u(x, t))2

u(x+ h, t) + u(x− h, t)

2

−βγu(x, t)u(x, t) + u(x+ h, t)

2
+ βγu(x, t)− βu(x, t)u(x− h, t).

Now, using approximation uxx ≈ ∂̄x∂xu and also assuming
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Unj = u(xj , tn) =
γ

1 + e−2A1(xj−A2tn)
,

we construct the following explicit exact finite-difference scheme:

Unj+1 − 2Unj + Unj−1

ψ1ψ2
=
Un+1
j − Unj
ϕ1

+ β(Unj )
2
Unj+1 + Unj−1

2

−βγUnj
Unj + Unj+1

2
− βUnj U

n
j−1 + βγUnj .

(8)

The following theorem is the main result of the previous discussion.

Theorem 1. An explicit exact finite-difference scheme for the Huxley equa-
tion (2) is given by (8). The stepsize satisfies h = A2∆t, and the stepsize
functions satisfy

ψ1 =
1− e−2A1h

2A1
, ψ2 =

e2A1h − 1

2A1
, ϕ1 =

1− e−2A1A2∆t

2A1A2
.

4 Analysis of NSFD scheme

In this section, we present a NSFD scheme for the Huxley equation. In the
classical sense, a special difference scheme of the Huxley equation can be
written as

Un+1
j − Un

j

∆t
−

Un
j+1 − 2Un

j + Un
j−1

h2
= β

(
− (Un

j )3 + (1 + γ)(Un
j )2 − γUn

j

)
, (9)

where h and ∆t are space and time stepsizes, respectively; and Unj is an
approximation to u(xj , tn). Similar to the classical difference scheme (9), we
obtain a NSFD scheme for the Huxley equation as follows:

Un+1
j − Un

j

Φ
−

Un
j+1 − 2Un

j + Un
j−1

Ψ
= β

(
− Un+1

j (Un
j )2 + (1 + γ)Un+1

j Un
j − γUn

j

)
,(10)

where the functions Φ and Ψ are given by

Φ =
1− e−2A1A2∆t

2A1A2
, Ψ = (

1− e−2A1h

2A1
)2.

We conclude that Φ → ∆t and Ψ → h2 as ∆t and h approach zero.

Comparing (10) with (2), we infer that the nonlinear terms on the right-
hand side of (2) are in the forms(

u(xj , tn)
)3 ≈ (Un+1

j )(Unj )
2,

(
u(xj , tn)

)2 ≈ Un+1
j Unj .
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It can be easily noticed that the NSFD scheme (10) is explicit. Setting
R = Φ

Ψ , we can rewrite (10) as

Un+1
j =

(1− 2R)Unj +R(Unj+1 + Unj−1)− βγΦUnj
1− β(1 + γ)ΦUnj + βΦ(Unj )

2
. (11)

We can find positivity and boundedness properties in the presented NSFD
scheme. The following theorem shows these properties.

Theorem 2. For any nonnegative initial data, if 1 − 2R − βΦγ ≥ 0, then
the numerical solution (11) satisfies

0 < Unj < γ =⇒ 0 < Un+1
j < γ

for all relevant values of n and j.

Proof. Since 1− 2R− βΦγ ≥ 0 and Unj > 0, we deduce that

(1− 2R)Unj +R(Unj+1 + Unj−1)− βγΦUnj

= (1− 2R− βγΦ)Unj +R(Unj+1 + Unj−1) > 0.
(12)

Moreover, βγΦ ≤ 1− 2R ≤ 1 and Unj < γ < 1 implies

1− β(1 + γ)ΦUnj + βΦ(Unj )
2 ≥ βγΦ− β(1 + γ)Φγ + βΦ(Unj )

2

= βΦ(Unj − 1)(Unj − γ) > 0.
(13)

So the inequalities (12) and (13) imply that Un+1
j > 0. Consider

(1− 2R− βγΦ)Unj +R(Unj+1 + Unj−1)− γ
(
1− β(1 + γ)ΦUnj + βΦ(Unj )

2
)

≤ (1− 2R− βγΦ)γ + 2Rγ − γ + βγ(1 + γ)ΦUnj − βγΦ(Unj )
2

= −βγΦ
(
γ − (1 + γ)Unj + (Unj )

2
)
= −βγΦ

(
(Unj − γ)(Unj − 1)

)
< 0,

and the last inequality shows that Un+1
j < γ. Hence, the solution of NSFD

scheme (11) has the positivity and boundedness properties.

Now, we establish the properties of consistency and stability of the NSFD
scheme (11).

For appropriate R, setting unj = u(xj , tn) precisely, we have Taylor’s for-
mula for the solution of the Huxley equation, with appropriate x̄j ∈ (xj , xj+1)

and t̄n, ¯̄tn,
¯̄̄tn ∈ (tn, tn+1). For functions defined on the grid, we introduce

these difference quotients

∂tu
n
j =

Un+1
j − Unj

Φ
, ∂x∂̄xu

n
j =

Unj+1 − 2Unj + Unj−1

Ψ
.
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By using the method in [4], the local truncation error τnj is shown as
follows:

τnj =

(
∂tu

n
j − ut(xj , tn)

)
−
(
∂x∂̄xu

n
j − uxx(xj , tn)

)
+ βγ

(
unj − u(xj , tn)

)
−β(1 + γ)

(
un+1
j unj − u2(xj , tn)

)
+ β

(
un+1
j (unj )

2 − u3(xj , tn)

)
= (∆tΦ − 1)ut(xj , tn) +

∆t2

2Φ utt(xj , tn) +
∆t3

6Φ uttt(xj , t̄n)

−
(
(h

2

Ψ − 1)uxx(xj , tn) +
h4

12Ψuxxx(x̄j , tn)

)
−β(1 + γ)

(
∆tu(xj , tn)ut(xj , tn) +

∆t2

2 u(xj , tn)utt(xj , tn)

+∆t3

3 u(xj , tn)uttt(xj , ¯̄tn)

)
+β

(
∆tu2(xj , tn)ut(xj , tn) +

∆t2

2 u2(xj , tn)utt(xj , tn)

+∆t3

3 u2(xj , tn)uttt(xj ,
¯̄̄tn)

)
.

When ∆t → 0 and h → 0 , we have Φ ≈ ∆t and Ψ ≈ h2. Therefore,
τnj = O(∆t) + O(h2) if ∆t → 0 and h → 0. This shows that the NSFD
scheme (11) is consistent with the Huxley equation. In [24], Namjoo et al.
considered the approximation of the BH equation using an NSFD scheme,
and investigated their numerical results. In fact this scheme is consistent for
the BH equation with a consistency of the order of O(∆t) +O(h).

Von Neumann introduced a method to prove stability, using Fourier analy-
sis, so that it can give a sufficient condition for the stability of finite-difference
schemes.

Theorem 3. Sufficient conditions for the NSFD scheme (11) to be stable,
are that γ ∈ (0, 1) and βΨ(1 + γ) ⩽ 2.

Proof. Let Unj = eαnke−ijλh, for every n ∈ {0, 1, 2, . . . , N} and every j ∈
{0, 1, 2, . . . ,M} where α is a real constant. Substituting in the NSFD scheme
(11) and simplifying, we get

eαk =
(1− 2R) +R(e−iλh + eiλh)− βγΦ

1− β(1 + γ)Φenαk−ijλh + βΦe2(nαk−ijλh)
,

so we deduce that

βγΦ+ eαk − β(1 + γ)Φe(n+1)αk

(
cos(jλh)− i sin(jλh)

)
+βΦe(2n+1)αk

(
cos(2jλh)− i sin(2jλh)

)
= 1− 4R sin2(λh2 ).

(14)
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Expanding (14) into separate real and imaginary parts, we obtain the follow-
ing identities:

β(1 + γ)Φe(n+1)αk sin(jλh)− βΦe(2n+1)αk sin(2jλh) = 0, (15)

βγΦ+ eαk − β(1 + γ)Φe(n+1)αk cos(jλh) + βΦe(2n+1)αk cos(2jλh)

= 1− 4R sin2(λh2 ).
(16)

Therefore, from (15), we have

eαk = (
1 + γ

2 cos(jλh)
)

1
n .

Hence, according to the Fourier analysis, the NSFD scheme (11) is stable in
the sense of Von Neumann if |eαk| ⩽ 1, or equivalently:

−1 ⩽ 1 + γ

2 cos(jλh)
⩽ 1. (17)

In order to show inequalities (17), we need to consider the following two
cases.
Case1. Assume that cos(jλh) > 0, to prove (17), it is sufficient to show that

1 + γ

2 cos(jλh)
⩽ 1. (18)

Since cos(jλh) > 0, there exists a number γ∗, such that

0 < γ∗ < cos(jλh) ⩽ 1. (19)

Now pick a number γ ∈ (0, 1) such that γ∗ = 1+γ
2 . Substituting for γ∗ in

(19), we obtain the desired result, (18).
Case 2. Now suppose that cos(jλh) < 0. To prove (17), it is sufficient to
show that

−1 ⩽ 1 + γ

2 cos(jλh)
. (20)

Since cos(jλh) < 0, there exists a number γ∗∗, such that

−1 ⩽ cos(jλh) < γ∗∗ < 0. (21)

Choose a number γ ∈ (0, 1) such that

γ∗∗ = − (1 + γ)

2
. (22)
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Substituting (22) into (21), we get the desired result (20).

On the other hand, by using the following inequality∣∣∣∣1− 4R sin2(
λh

2
)

∣∣∣∣ ⩽ 1 + 4R,

and the fact that |eαk| ⩽ 1, from (16), it follows that∣∣∣∣1− 4R sin2(
λh

2
)

∣∣∣∣ = ∣∣∣∣βγΦ+ eαk − β(1 + γ)Φe(n+1)αk cos(jλh)

+βΦe(2n+1)αk cos(2jλh)

∣∣∣∣ ⩽ βγΦ+ 1 + β(1 + γ)Φ + βΦ = 1 + 2βγΦ+ 2βΦ.

Now, by imposing the condition

1 + 2βγΦ+ 2βΦ ⩽ 1 + 4R,

we obtain the following inequality

βΦ(1 + γ)

2
⩽ R,

where R = Φ
Ψ . Consequently, the sufficient conditions for stability the NSFD

scheme (11) are given as follows:

βΨ(1 + γ) ⩽ 2, γ ∈ (0, 1). (23)

Corollary 1. The NSFD scheme (11) is convergent for γ ∈ (0, 1) and
βΨ(1 + γ) ⩽ 2 with the Huxley equation (2).

Proof. The result follows from Theorem 3 and the Lax theorem.

5 Numerical results

To verify the effectivity of the NSFD scheme in section 4, we simulate initial-
boundary value problem
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ut − uxx = βu(1− u)(u− γ), 0 ≤ x ≤ 1, t ≥ 0,

u(x, 0) =
γ

1 + e−2A1x
, 0 ≤ x ≤ 1,

u(0, t) =
γ

1 + e2A1A2t
, t ≥ 0,

u(1, t) =
γ

1 + e−2A1(1−A2t)
, t ≥ 0.

(24)

We use the NSFD scheme (11); then we give the initial and boundary
conditions

U0
j =

γ

1 + e−2A1xj
, j = 0, 1, . . . ,M,

Un0 =
γ

1 + e2A1A2tn
, n = 0, 1, . . . , N,

UnM =
γ

1 + e−2A1(xM−A2tn)
, n = 0, 1, . . . , N.

(25)

To verify the efficiency and to measure its accuracy and the versatility of
the NSFD scheme (11) for the current problem in comparison with the exact
solution, absolute error for different values of β and γ is reported which is
defined by ∣∣u(xj , tn)− U(xj , tn)

∣∣,
in the point (xj , tn). Here U(xj , tn) as the solution portraying the behaviors
of physical system is obtained by the present scheme while u(xj , tn) stands
for the exact solution. Consider the Huxley equation in the form (24) with
the initial and boundary conditions (25), and the exact solution (3). The
results are compared with the exact solution. The numerical computations
were performed by using uniform grids. The differences between the com-
puted solution and the exact solution for some values of the constants β and
γ are shown in Tables 1–4. As various problems of science were modeled
by the Huxley equation, hence various values of the parameters have been
considered in the following examples. In all numerical examples reported in
this section, the Von Neumann stability conditions (23) are fulfilled for the
NSFD scheme (11).

Example 1. In Table 1, the absolute errors have been shown for various
values of β, x, and t with γ = 0.001. A comparison between the NSFD
scheme [24] and the NSFD scheme (11) is given in Table 1. The numerical
results show the high accuracy of the NSFD scheme (11).

Example 2. Table 2 shows the absolute errors for various values of γ, x, and t
with β = 10. The results of the NSFD scheme (11) and the NSFD scheme [24]
for different values of the parameters are shown in Table 2. Comparison of
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Table 1: The absolute errors for various values of β, x, and t with γ = 0.001

x t NSFD [24] Presented NSFD NSFD [24] Presented NSFD

for β = 1 for β = 1 for β = 10 for β = 10

0.3 1.3158E–12 7.4809E–18 3.9633E–11 9.3750E–16
0.2 0.5 1.3753E–12 7.5894E–18 4.1390E–11 9.5875E–16

0.9 1.3846E–12 7.6978E–18 4.1589E–11 9.1983E–16

0.3 2.0465E–12 1.1384E–17 6.1653E–11 1.4631E–15
0.5 0.5 2.1477E–12 1.2034E–17 6.4648E–11 1.5020E–15

0.9 2.1635E–12 1.2143E–17 6.4999E–11 1.4430E–15

0.3 1.3159E–12 7.4809E–18 3.9651E–11 9.4271E–16
0.8 0.5 1.3755E–12 7.5894E–18 4.1408E–11 9.6363E–16

0.9 1.3847E–12 7.9146E–18 2.3405E–11 9.2525E–16

current and exact results shows the efficiency and accuracy of the NSFD
scheme (11).

Table 2: The absolute errors for various values of γ, x, and t with β = 10

x t NSFD [24] Presented NSFD NSFD [24] Presented NSFD
for γ = 10−2 for γ = 10−2 for γ = 10−5 for γ = 10−5

0.2 2.0599E–08 4.5578E–12 2.0529E–17 6.7762E–21

0.1 0.4 2.2927E–08 4.0248E–12 2.3054E–17 5.9292E–21
0.6 2.3035E–08 2.8500E–12 2.3408E–17 7.6232E–21

0.2 5.6063E–08 1.3031E–11 5.5677E–17 1.1011E–20

0.5 0.4 6.3727E–08 1.1893E–11 6.3850E–17 1.5246E–20
0.6 6.4195E–08 8.6771E–12 6.4996E–17 2.1175E–20

0.2 2.0724E–08 4.9406E–12 2.0527E–17 1.6940E–21

0.9 0.4 2.3063E–08 4.4080E–12 2.3053E–17 5.0821E–21
0.6 2.3172E–08 3.2331E–12 2.3407E–17 9.3173E–21

Example 3. In Table 3 the absolute errors have been shown for various val-
ues of x, t, and γ with β = 50. The numerical results obtained by the NSFD
scheme (11) show good accuracies and agreements with exact solutions.

Example 4. Table 4 shows the absolute errors for various values of x, t, and
γ with β = 100. The results of the present scheme and the NSFD scheme [24]
for the above values of the parameters are shown in Table 4. The numerical
results reported in Table 4 indicate the high accuracy of the NSFD scheme
(11).
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Table 3: The absolute errors for various values of γ, x, and t with β = 50

x t NSFD [24] Presented NSFD NSFD [24] Presented NSFD

for γ = 10−3 for γ = 10−3 for γ = 10−5 for γ = 10−5

0.1 5.3170E–12 9.2720E–15 1.5906E–16 7.6232E–21
0.1 0.5 2.3504E–10 1.2583E–14 2.3744E–16 1.1858E–20

1 2.3317E–10 1.2682E–14 2.3895E–16 9.3173E–21

0.1 5.3230E–12 2.3789E–14 4.0521E–16 1.9481E–20
0.5 0.5 6.5311E–10 3.5184E–14 6.5885E–16 2.7952E–20

1 6.4861E–10 3.0349E–14 6.6378E–16 2.8799E–20

0.1 5.3289E–12 9.3692E–15 1.5906E–16 8.4703E–21
0.9 0.5 2.3553E–10 1.2682E–14 2.3745E–16 7.6232E–21

1 2.3366E–10 1.0925E–14 2.3896E–16 1.1011E–20

Table 4: The absolute errors for various values of γ, x, and t with β = 100

x t NSFD [24] Presented NSFD NSFD [24] Presented NSFD
for γ = 10−3 for γ = 10−3 for γ = 10−4 for γ = 10−4

0.2 1.2498E–09 1.0843E–13 1.2564E–12 1.1004E–17

0.3 0.5 1.4195E–09 1.1179E–13 1.4482E–12 1.2590E–17
0.8 1.4027E–09 9.7739E–14 1.4561E–12 1.2529E–17

0.2 1.4802E–09 1.2868E–13 1.4865E–12 1.3030E–17

0.5 0.5 1.6913E–09 1.3352E–13 1.7241E–12 1.4989E–17
0.8 1.6718E–09 1.1683E–13 1.7336E–12 1.4928E–17

0.2 1.2522E–09 1.0890E–13 1.2566E–12 1.1018E–17

0.7 0.5 1.4222E–09 1.1226E–13 1.4488E–12 1.2590E–17
0.8 1.4053E–09 9.8212E–14 1.4563E–12 1.2549E–17

Comparing the numerical results in Tables 1–4, it follows that the NSFD
scheme (11) is more accurate than the NSFD scheme [24]. This follows be-
cause the local truncation error the NSFD scheme (11) is O(∆t) + O(h2),
while the local truncation error the NSFD scheme [24] is O(∆t) +O(h).

Figures 1 and 2 indicate the numerical solutions and the solitary wave
solutions. Figures 1(a) and 11(b) compare the numerical results with the
exact one for β = 1 and γ = 0.001 with stepsize ∆t = 0.001 and h = 0.1
for a given fixed value of x = 0.5. Figures 2(a) and 2(b) show the error
between two solutions of different formats. The two simulations show that
the presented NSFD scheme is efficient. From the numerical results of this
example, we conclude that the obtained results quite agreed with the exact
one.

In Figures 3(a)–(d), we simulate absolute errors between the exact solu-
tion and the NSFD scheme for various stepsizes. In fact, we have compared
absolute errors when x = 0.5, for two values of β and γ. It is noticeable
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Figure 1: Simulations of the NSFD scheme for the Huxley equation with stepsize ∆t =

0.001, h = 0.1.
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Figure 2: U and u(x, t) at a fixed value x = 0.5 for the NSFD scheme.

that increasing stepsizes do not decrease accuracy of the scheme significantly.
These comparisons show that the NSFD scheme (11) has good efficiency even
for a high space stepsize.

In Table 5, we present the absolute errors of the computed solution for
the Huxley equation, by ADM [7,8,10], VIM [1,2], DTM [3], Crank–Nicolson
(CN) and NSFD scheme [24], with the NSFD scheme (11). Observing the
numerical results, we conclude that the NSFD scheme (11) presents remark-
ably accurate in comparison with the other methods. In Tables 6 and 7,

Table 5: The absolute errors for β = 1 and γ = 0.01

x t ADM VIM DTM CN NSFD [24] Presented NSFD

0.05 2.4852E–06 2.4874E–06 2.4875E–06 3.7048E–07 3.5421E–10 2.6543E–14
0.1 0.1 4.9727E–06 4.9749E–06 4.9749E–06 4.0679E–07 5.2191E–10 3.9261E–14

1 .0 4.9743E–05 4.9749E–05 4.9749E–05 4.4552E–07 7.8134E–10 4.3048E–14

0.05 2.4763E–06 2.4875E–06 2.4874E–06 5.5746E–08 7.9198E–10 6.3115E–14
0.5 0.1 4.9638E–06 4.9749E–06 4.9749E–06 1.2894E–07 1.3305E–09 1.0499E–13

1.0 4.9738E–05 4.9749E–05 4.9749E–05 2.4749E–07 2.1718E–09 1.2556E–13

0.05 2.4673E–06 2.4874E–06 2.4874E–06 2.1847E–09 3.5492E–10 2.9874E–14
0.9 0.1 4.9548E–06 4.9749E–06 4.9749E–06 1.4873E–08 5.2275E–10 4.2973E–14

1.0 4.9728E–05 4.9788E–05 4.9749E–05 4.9497E–08 7.8230E–10 4.6822E–14
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Figure 3: The absolute errors between u(xj , tn) and Un
j for various space and time

stepsizes.

the numerical results of the presented NSFD scheme are compared with the
NSFD scheme [24] and MCB–DQM, FDS4, ADM, OHAM, GCG, ECG, ELG
methods in [16]. These comparisons show that the presented NSFD scheme
for various values of x and t with β = 1 and γ = 0.001 offers better results
than the others.

Table 8 shows comparison of the presented NSFD scheme with explicit
exponential finite difference method (EFDM) in [9] for various values of x and
t with β = 1 and γ = 0.001. According to the results presented in this table,
the presented NSFD scheme offers high accuracy for the numerical solutions
of the Huxley equation.

In Table 9, the numerical results of the meshless RBFs method in [11]
are compared with the presented NSFD scheme for various values of x and t
with γ = 0.001 and β = 1. The numerical results presented guaranteed the
effectiveness of the presented NSFD scheme.
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Table 6: Absolute errors for β = 1 and γ = 0.001

t x MCB-DQM FDS4 ADM OHAM Presented NSFD

0.1 1.0044E–08 2.4988E–08 1.8747E–07 2.4988E–08 1.8431E–18
0.05 0.5 2.3047E–08 2.4988E–08 1.8749E–07 2.4988E–08 4.3368E–18

0.9 1.0044E–08 2.4987E–08 1.8751E–07 2.4988E–08 1.8431E–18

0.1 1.4790E–08 4.9975E–08 3.7493E–07 4.9975E–08 2.9273E–18
0.1 0.5 3.8252E–08 4.9975E–08 3.7498E–07 4.9975E–08 7.2641E–18

0.9 1.4790E–08 4.9975E–08 3.7502E–07 4.9975E–08 2.9273E–18

0.1 2.2205E–08 4.9975E–07 3.7500E–06 4.9975E–07 4.2283E–18
1 0.5 6.2169E–08 4.9975E–07 3.7504E–06 4.9975E–07 1.1817E–17

0.9 2.2205E–08 4.9975E–07 3.7509E–06 4.9975E–07 4.3368E–18

Table 7: Absolute errors for β = 1 and γ = 0.001

t x GCG ECG ELG NSFD [24] Presented NSFD

0.1 1.0698E–08 1.0683E–08 9.2752E–09 3.5194E–13 1.8431E–18
0.05 0.5 9.2595E–09 9.2595E–09 9.2595E–09 7.8629E–13 4.3368E–18

0.9 7.8921E–09 7.8701E–09 9.2845E–09 3.5201E–13 1.8431E–18

0.1 2.3188E–08 2.3188E–08 2.3173E–08 5.2107E–13 2.9273E–18
0.1 0.5 2.1749E–08 2.1748E–08 2.1749E–08 1.3292E–12 7.2641E–18

0.9 2.0382E–08 2.0381E–08 2.0360E–08 5.2115E–13 2.9273E–18

0.1 2.4872E–07 2.4870E–07 2.4729E–07 1.3846E–12 4.2283E–18
1 0.5 2.4728E–07 2.4728E–07 2.4728E–07 2.1636E–12 1.1817E–17

0.9 2.4591E–07 2.4585E–07 2.4530E–07 7.7895E–13 4.3368E–18

6 Conclusions

In this paper, we present an exact finite-difference scheme for the Huxley
equation based on the method in Mickens papers. Moreover, we present
an NSFD scheme for the Huxley equation. We also provided analysis of
positivity, boundedness, consistency, stability, and convergence of the NSFD
scheme. The numerical results obtained by the scheme, compared to ADM,
VIM, DTM, CN, and NSFD [24] with the other methods, which reveal that
the NSFD scheme is significantly more effective and accurate than the other
methods in the literature.
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Table 8: The absolute errors for value of γ, x, and t with γ = 0.001 and β = 1

x t EFDM Presented NSFD

0.05 1.030307E–08 1.84314E–18

0.1 0.1 1.506294E–08 2.92734E–18
1 2.248771E–08 4.22838E–18

0.05 2.313697E–08 4.33680E–18

0.5 0.1 3.843952E–08 7.26415E–18
1 6.246539E–08 1.18178E–17

0.05 1.030307E–08 1.84314E–18

0.9 0.1 1.506294E–08 2.92734E–18
1 2.248771E–08 4.33680E–18

Table 9: The absolute errors for value of γ, x, and t with γ = 0.001 and β = 1

x t meshless RBFs method (MQ) Presented NSFD

0.1 0.0E–09 1.9E–18

0.05 0.5 1.0E–09 4.4E–18
0.9 1.0E–09 1.8E–18

0.1 1.0E–09 3.1E–18

0.1 0.5 0.0E–09 7.1E–18
0.9 0.0E–09 2.8E–18

0.1 1.0E–09 4.4E–18
1 0.5 0.0E–09 1.2E–17

0.9 1.0E–09 4.7E–18
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An operational approach for solving
fractional pantograph differential

equation

H. Ebrahimi∗ and K. Sadri

Abstract

The aim of the current paper is to construct the shifted fractional-order
Jacobi functions (SFJFs) based on the Jacobi polynomials to numerically
solve the fractional-order pantograph differential equations. To achieve this
purpose, first the operational matrices of integration, product, and panto-

graph, related to the fractional-order basis, are derived (operational matrix
of integration is derived in Riemann–Liouville fractional sense). Then, these
matrices are utilized to reduce the main problem to a set of algebraic equa-
tions. Finally, the reliability and efficiency of the proposed scheme are demon-

strated by some numerical experiments. Also, some theorems are presented
on existence of solution of the problem under study and convergence of our
method.

Keywords: Fractional pantograph differential equation; Fractional-order
Jacobi functions; Operational matrices; Caputo derivative; Riemann–Liouville
integral.

1 Introduction

In recent decades, fractional calculus and fractional differential equations
have attracted the interest of many mathematicians and researchers. Frac-
tional differential equations appear in various fields of sciences and engineer-
ing such as visco-elastic materials [1], propagation of spherical flames [16],
electromagnetism [7], fluid mechanics [13], and continuum and statistical
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mechanics [15]. The fractional nature of this class of equations makes their
solving very difficult. For this reason, many researchers and authors have
tried to generalize the existing methods to simply apply and numerically
or analytically solve the fractional-order functional equations. These meth-
ods include Spectral method [5, 6], Tau method [2], Muntz–Legendre Tau
Method [17], Collocation method [27], and many others. In this regard, valu-
able works have been presented, for example ,Dehghan and et al. applied
the Jacobi polynomials to solve fractional variational problems [4]. In [8],
the authors utilized new fractional-order Legendre functions to solve weakly
singular Volterra integral equations. Esmail and et al. in [9] presented the
collocation Muntz method for the solution of fractional differential equations.
Kazem generalized the Jacobi integral operational matrix to solve a class of
nonlinear fractional differential equations [11]. The authors in [12] utilized
the Tau method together with the d-dimensional orthogonal functions to
solve partial differential equations.

In this paper, we consider fractional–order pantograph differential equa-
tions as follows:

Dγu(t) = au(t) +
l∑

i=1

biD
γiu(qit) + f(t), m− 1 < γ ⩽ m, t ∈ [0, 1],

u(j)(0) = dj , j = 0, 1, . . . ,m− 1,
(1)

where a, bi ∈ R, 0 ⩽ γi < γ ⩽ m, i = 1, 2, . . . , l, 0 < qi < 1, D is the
fractional derivative in the Caputo sense, and u(t) is an unknown function.

The pantograph equation is one of the kinds of delay differential equa-
tions and has many applications in electro-dynamic and biology; see [14].
Several authors have solved the pantograph differential equations of integer-
order such as, Jacobi operational method [3], Chebyshev polynomials [21],
Bernoullie polynomials [23], variational iteration method [26], and so on.
But there exist few methods applied to numerical solution of pantograph
differential equations of fractional-order. For example, we can mention the
Hermite wavelet method [20], spectral-collocation method [24], and Legen-
dre multiwavelet collocation method [25]. This motivates us to present a low
cost algorithm for solving this kind of fractional-order equations. To this
end, we define the shifted fractional-order Jacobi functions based on shifted
Jacobi polynomial on [0, 1]. Then, the operational matrices of fractional in-
tegration, product, and pantograph are constructed. The resultant matrices
are utilized to approximate the various terms in equation (1). Finally, the
main problem is converted to an algebraic equation, which is collocated at

the roots of P
(α,β)
N+1 (t). Consequently, an algebraic system is achieved, which

solving it leads to determine the unknown coefficients vector and thereupon
an approximate solution is obtained. It must be mentioned that the resultant
nonlinear algebraic system (corresponding to a nonlinear equation) will be
solved by the well-known Newton iteration method.
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The current paper is organized as follows: Section 1 contains the introduc-
tion; in Section 2, some basic definitions of fractional calculus are introduced;
the study of existence and uniqueness of solution of (1) is presented in Section
3; the shifted fractional-order Jacobi functions (SFJFs) and their properties
are given in Section 4; in Section 5, the Jacobi operational of fractional
integration, product, and pantograph are derived; the proposed method is
described to solve the fractional-order pantograph differential equations in
Section 6; in Section 7, the convergence of proposed approach is studied and
an error bound is obtained in the weighted-Jacobi Sobolev space; In section
8, our numerical results are reported. For this purpose, several examples are
presented; finally, a conclusion is presented in Section 9.

2 Basic definitions of fractional calculus

Some basic definitions and properties of fractional calculus theory are pre-
sented in this section, which are used in this paper.

Definition 1. The Riemann–Liouville fractional integral operator of order
γ ⩾ 0 is defined as follows:

Iγu(t) =
1

Γ(γ)

∫ t

0

(t− s)γ−1u(s)ds, γ > 0, t > 0,

I0u(t) = u(t).

Definition 2. The Caputo fractional derivative operator of order γ ⩾ 0 is
given by

Dγu(t) = Im−γDmu(t) =
1

Γ(m− γ)

∫ t

0

(t− s)m−γ−1 dm

dsm
u(s)ds, t > 0,

where m = ⌈γ⌉.

For the Riemann–Liouville fractional integral and Caputo fractional deriva-
tive operators, we have

1. Iγ1Iγ2u(t) = Iγ1+γ2u(t),

2. Iγ(λ1u1(t) + λ2u2(t)) = λ1I
γu1(t) + λ2I

γu2(t),

3. Iγxν =
Γ(ν + 1)

Γ(γ + ν + 1)
xγ+ν , ν > −1,

4. DγIγu(t) = u(t),

5. IγDγu(t) = u(t)−
m−1∑
i=0

u(i)(0+)

i!
xi,



G
al
le
y
P
ro
of

40 H. Ebrahimi and K. Sadri

6. Dγxν =

{
0, γ > ν,

Γ(ν+1)
Γ(ν−γ+1)x

ν−γ , otherwise,

7. Dγλ = 0,

where λ1, λ2, and λ are constant.

3 Existence and uniqueness of solutions of
fractional-order pantograph differential equations

In this section, the existence of solutions of (1) is established by using the
fixed point theorem.

Let Y be a Banach space and let C(J, Y ) be the Banach space of continu-
ous y(t) with y(t) ∈ Y and t ∈ J = [0, 1] and ∥y∥ = max t∈J |y(t)|. Moreover,
Br(y, Y ) represents the closed ball with center at y and radius r in Y . It is
seen that (1) is equivalent to the following integral equation:

u(t) =g(t) +
a

Γ(γ)

∫ t

0

(t− s)γ−1u(s)ds

+
l∑

i=1

bi
Γ(γ − γi)

∫ t

0

(t− s)γ−γi−1u(qis)ds

+
1

Γ(γ)

∫ t

0

(t− s)γ−1f(s)ds,

where

g(t) =

m−1∑
k=0

dk tk+γ

Γ(k + γ + 1)
−

n∑
i=1

bi

Γ(γ − γi)

mi−1∑
k=0

qki dk tk+γ−γi , mi − 1 < γi ⩽ mi,

i = 1, 2, . . . , l.

Theorem 1. If (|a|/Γ(γ+1)+ l b0/Z) < 1/2, where b0 = max 1⩽i⩽l{bi} and
Z = min 1⩽i⩽n{Γ(γ−γi+1)}, then, the fractional-order pantograph equation
(1) has a unique solution.

Proof. Let W = C(J, Y ). A mapping Ψu(t) : W → W is defined by

Ψu(t) =g(t) +
a

Γ(γ)

∫ t

0

(t− s)γ−1u(s)ds

+
l∑

i=1

bi
Γ(γ − γi)

∫ t

0

(t− s)γ−γi−1u(qis)ds

+
1

Γ(γ)

∫ t

0

(t− s)γ−1f(s)ds.
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It should be shown that Ψ has a fixed point and that this fixed point is a
solution of (1). Set r ⩾ 2 (G + F/Γ(γ + 1)), where G = max t∈J ∥g(t)∥
and F = max t∈J ∥f(t)∥. Then, it can be shown that ΨBr ⊂ Br, where
Br = {y ∈ W | ∥ y ∥⩽ r}. So, one has

∥ Ψu(t) ∥ ⩽∥ g(t) ∥ +
|a|
Γ(γ)

∫ t

0

(t− s)γ−1 ∥ u(s) ∥ ds

+

l∑
i=1

|bi|
Γ(γ − γi)

∫ t

0

(t− s)γ−γi−1 ∥ u(qis) ∥ ds

+
1

Γ(γ)

∫ t

0

(t− s)γ−1 ∥ f(s) ∥ ds

⩽ G+ r
|a|

γΓ(γ)
+ r

l∑
i=1

|bi|
(γ − γi)Γ(γ − γi)

+
F

γΓ(γ)

⩽ G+ r

(
|a|

Γ(γ + 1)
+

l b0
Z

)
+

F

Γ(γ + 1)

⩽ r.

Thus, Ψ maps Br into itself. Now, for u1(t), u2(t) ∈ W , one has,

∥ Ψu1(t)−Ψu2(t) ∥ ⩽ |a|
Γ(γ)

∫ t

0

(t− s)γ−1 ∥ u1(s)− u2(s) ∥ ds

+

l∑
i=1

|bi|
Γ(γ − γi)

∫ t

0

(t− s)γ−γi−1 ∥ u1(qis)− u2(qis) ∥ ds

⩽ |a|
Γ(γ + 1)

∥ u1(s)− u2(s) ∥ +
l b0

Z
∥ u1(s)− u2(s) ∥

=

(
|a|

Γ(γ + 1)
+

l b0

Z

)
∥ u1(s)− u2(s) ∥ .

As |a|/Γ(γ+1)+ l b0/Z < 1/2, the mapping Ψ is a contraction and therefore
there exists a unique fixed point u(t) ∈ Br such that Ψu(t) = u(t).

4 Fractional-order Jacobi functions

In this section, first we recall the definitions and some useful properties of
the orthogonal Jacobi polynomials in the interval [0, 1]. Then, we define
the fractional-order Jacobi functions to obtain the operational matrices of
fractional integration, product, and pantograph.
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4.1 Shifted Jacobi polynomials

The shifted Jacobi polynomials are defined on the interval [0, 1], with
weighted function w(α,β)(x) = (1 − x)α xβ , and can be determined with
the following recurrence formula [22]:

P
(α,β)
i+1 (x) =A(α, β, i) P

(α,β)
i (x) + (2x− 1) B(α, β, i) P

(α,β)
i (x)

− E(α, β, i) P
(α,β)
i−1 (x), i = 1, 2, . . . ,

(2)

where

A(α, β, i) =
(2i+ α+ β + 1)(α2 − β2)

2(i+ 1)(i+ α+ β + 1)(2i+ α+ β)
,

B(α, β, i) =
(2i+ α+ β + 2)(2i+ α+ β + 1)

2(i+ 1)(i+ α+ β + 1)
,

E(α, β, i) =
(i+ α)(i+ β)(2i+ α+ β + 2)

(i+ 1)(i+ α+ β + 1)(2i+ α+ β)
,

and

P
(α,β)
0 (x) = 1, P

(α,β)
1 (x) =

α+ β + 2

2
(2x− 1) +

α− β

2
.

The orthogonality relation of Jacobi polynomials is defined as follows:∫ 1

0

P
(α,β)

j (x) P
(α,β)

k (x) w(α,β)(x) dx = hk δjk,

where

hk =
Γ(k + α+ 1)Γ(k + β + 1)

(2k + α+ β + 1)k! Γ(k + α+ β + 1)
.

The analytic form of Jacobi polynomials is given by

P
(α,β)
i (x) =

i∑
k=0

(−1)i−kΓ(i+ β + 1)Γ(i+ k + α+ β + 1)xk

Γ(k + β + 1)Γ(i+ α+ β + 1) (i− k)! k!
, i = 0, 1, ... .

A continuous function u(t), in the interval [0, 1], can be expressed in terms
of shifted Jacobi polynomials as follows:

u(x) =
∞∑
j=0

Cj P
(α,β)
j (x), (3)

where the coefficients Cj are given by

Cj =
1

hj

∫ 1

0

u(t) P
(α,β)
j (x) w(α,β)(x) dx, j = 0, 1, . . . .
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In practice, only the first (N + 1)-terms of shifted Jacobi polynomials are
considered. Therefore, one has

uN (x) =
N∑
j=0

Cj P
(α,β)
j (x) = ΦT (x) C = CT Φ(x), (4)

where the vectors C and Φ(t) are given by

C = [C0, C1, . . . , CN ]T , Φ(x) = [P
(α,β)
0 (x), P

(α,β)
1 (x), . . . , P

(α,β)
N (x)]T .

(5)
Also, the following auxiliary relation is obtained from (2).

2x P
(α,β)
i (x) =

1

B(α, β, i)
P

(α,β)
i+1 (x)− A(α, β, i)

B(α, β, i)
P

(α,β)
i (x)

+
E(α, β, i)

B(α, β, i)
P

(α,β)
i−1 (x), i = 1, 2, . . . , N.

(6)

Two other properties of the shifted Jacobi polynomials are defined below:

P
(α,β)
i (0) = (−1)i

(
i+ α
i

)
,

diP
(α,β)
n (x)

dxi
=

Γ(n+ i+ α+ β + 1)

Γ(n+ α+ β + 1)
P

(α+i,β+i)
n−i (x).

(7)

4.2 Shifted fractional-order Jacobi functions

We define the shifted fractional-order Jacobi functions (SFJFs) by trans-
formation x to tσ (σ > 0) based on Jacobi polynomials (2) in the inter-

val [0, 1]. For convenience, the fractional-order Jacobi functions, P
(α,β)
i (tσ),

i = 0, 1, 2, . . . , are denoted by P
(α,β,σ)
i (t). It is clear, the classic Jacobi

polynomials are resulted for σ = 1. The weight function is w(α,β,σ)(t) =
σtσ(β+1)−1(1− tσ)α. Moreover, the relations (2)–(7) are converted to:

P
(α,β,σ)
i+1 (t) =A(α, β, i) P

(α,β,σ)
i (t) + (2tσ − 1) B(α, β, i) P

(α,β,σ)
i (t)

− E(α, β, i) P
(α,β,σ)
i−1 (t), i = 1, 2, . . . ,

(8)

P
(α,β,σ)
0 (t) = 1, P

(α,β,σ)
1 (t) =

α+ β + 2

2
(2tσ − 1) +

α− β

2
,

where coefficients A(α, β, i), B(α, β, i), and E(α, β, i) are same in (2).∫ 1

0

P
(α,β,σ)

j (t) P
(α,β,σ)

k (t) w(α,β,σ)(t) dt = hk δjk,
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P
(α,β,σ)
i (t) =

i∑
k=0

(−1)i−kΓ(i+ β + 1)Γ(i+ k + α+ β + 1)tσk

Γ(k + β + 1)Γ(i+ α+ β + 1) (i− k)! k!
, (9)

u(t) =
∞∑
j=0

Cj P
(α,β,σ)
j (t),

where

Cj =
1

hj

∫ 1

0

u(t) P
(α,β,σ)
j (t) w(α,β,σ)(t) dt, j = 0, 1, . . . ,

uN (t) =

N∑
j=0

Cj P
(α,β,σ)
j (t) = Φ(σ)T (t) C = CT Φ(σ)(t),

where the vectors C and Φ(σ)(t) are given by

C = [C0, C1, . . . , CN ]T , Φ(σ)(t) = [P
(α,β,σ)
0 (t), P

(α,β,σ)
1 (t), . . . , P

(α,β,σ)
N (t)]T .

(10)

2tσ P
(α,β,σ)
i (t) =

1

B(α, β, i)
P

(α,β,σ)
i+1 (t)− A(α, β, i)

B(α, β, i)
P

(α,β,σ)
i (t)

+
E(α, β, i)

B(α, β, i)
P

(α,β,σ)
i−1 (t), i = 1, 2, . . . , N,

(11)

dP
(α,β,σ)
n (t)

dt
= σΓ(n+ α+ β + 1)tσ−1P

(α+1,β+1,σ)
n−1 (t).

5 Fractional-order Jacobi operational matrices of
integration, product, and pantograph

The objective of this section is to derive the operational matrices of fractional
integration, product, and pantograph related to the SFJFs. The fractional-
order operational matrices of product and pantograph are utilized for ap-
proximating the product of the vectors Φ(σ)(t) and Φ(σ)T (t) and the terms,
which include the delay in equations under study, respectively. First, some
properties of the shifted fractional-order Jacobi functions are presented as
follows.

Lemma 1 (see [19]). The ith shifted fractional-order Jacobi function, P
(α,β,σ)
i (t),

t ∈ [0, 1], can be obtained in the form

P (α,β,σ)
n (t) =

n∑
k=0

γ
(n)
k tσk,
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where coefficients γ
(i)
k are given as

γ
(n)
k = (−1)n−k

(
n+ k + α+ β

k

)(
n+ α
n− k

)
.

Lemma 2. If n ∈ N and p ⩾ n, then we have∫ 1

0

tp P
(α,β,σ)
n (t) w(α,β,σ)(t) dt

=

n∑
k=0

(−1)n−k Γ(n+ β + 1) Γ(n+ k + α+ β + 1) Γ(k + β + p/σ + 1) Γ(α+ 1)

Γ(k + β + 1) Γ(n+ α+ β + 1) Γ(k + α+ β + p/σ + 2) (n− k)! k!
.

Proof. The lemma can be easily proved by multiplying relation (9) in tp and
then integrating of the resulting equation.

Now, the Jacobi operational matrix of fractional integration is generally
derived.

Theorem 2. Suppose that Φ(σ)(t) is the shifted fractional-order Jacobi vector
in equation (10). Then, we have

I(ν)Φ(σ)(t) ≃ P(ν) Φ(σ)(t),

where I(ν) is the Riemann–Liouville fractional integral operator of order ν
and P(ν) is the (N +1)× (N +1) operational matrix of fractional integration
which defined by

P(ν) =


π(0, 0) π(0, 1) . . . π(0, N)
π(1, 0) π(1, 1) . . . π(1, N)

...
...

. . .
...

π(N, 0) π(N, 1) . . . π(N,N)

 ,

where

π(i, j) =
i∑

k=0

ωijk, i = 0, 1, . . . , N, j = 1, . . . , N, (12)

and ωijk are given by

ωijk =
(−1)i−l Γ(j + β + 1) Γ(i+ β + 1) Γ(i+ l+ α+ β + 1) Γ(α+ 1)Γ(σl + 1)

hj Γ(j + α+ β + 1) Γ(l+ β + 1) Γ(i+ α+ β + 1) l! (i− l)!Γ(σl + ν + 1)

×
j∑

l=0

(−1)j−k Γ(j + k + α+ β + 1) Γ(k + l + β + ν/σ + 2)

Γ(k + β + 1) Γ(k + l+ α+ β + ν/σ + 2) k!(j − k)!
, i, j = 0, 1, . . . , N.

Proof. By using the analytical form (9) and the properties of operator Iν , we
have

IνP
(α,β)
i (t) dt =

i∑
l=0

(−1)i−l Γ(i+ β + 1) Γ(i+ l + α+ β + 1) Γ(σl + 1) tσl+ν

Γ(l + β + 1) Γ(i+ α+ β + 1) Γ(σl + ν + 1) l! (i− l)!
. (13)
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Now, tσl+ν can be approximated in terms of the SFJFs as follows:

tσl+ν ≃
N∑
j=0

al,j P
(α,β,σ)
j (t),

where

al,j =
1

hj

∫ 1

0

tσl+ν P
(α,β,σ)
j (t) w(α,β,σ)(t) dt.

According to Lemma 2, one has∫ 1

0

tσl+ν P
(α,β,σ)
j (t) w(α,β,σ)(t) dt

=

j∑
k=0

(−1)j−k Γ(α+ 1) Γ(j + β + 1) Γ(k + l+ β + ν/σ + 1) Γ(j + k + α+ β + 1)

Γ(k + β + 1) Γ(j + α+ β + 1) Γ(k + l + α+ β + ν/σ + 2) k! (j − k)!
.

Therefore, equation (13) is written as follows:

IνP
(α,β,σ)
i (t) dt

≃
N∑

j=0

{ i∑
k=0

(−1)i−l Γ(j + β + 1) Γ(i+ β + 1) Γ(i+ l+ α+ β + 1) Γ(α+ 1) Γ(σl + 1)

hj Γ(j + α+ β + 1) Γ(l+ β + 1) Γ(i+ α+ β + 1) Γσl + ν + 1) l! (i− l)!

×
j∑

k=0

(−1)j−k Γ(j + k + α+ β + 1) Γ(l+ k + β + ν/σ + 1)

Γ(k + β + 1) Γ(l+ k + α+ β + ν/σ + 2) (j − k)! (k)!

}
P

(α,β,σ)
j (t)

=

N∑
j=0

π(i, j) P
(α,β,σ)
j (t),

(14)
where π(i, j) are given by equation (12). Accordingly, equation (14) can be
rewritten as the following vector form:

IνP
(α,β,σ)
i (t) ≃ [π(i, 0), π(i, 1), . . . , π(i,N)] Φ(σ)(t), i = 0, 1, . . . , N.

This leads to the desired result.

The following lemmas are useful to obtain the fractional operational ma-
trix of product.

Lemma 3 (see [19]). If P
(α,β,σ)
j (t) and P

(α,β,σ)
k (t) are respectively jth and

kth SFJFs, then the product of P
(α,β,σ)
j (t) and P

(α,β,σ)
k (t) can be written as

Q
(α,β,σ)
j+k (t) =

j+k∑
r=0

λ(j,k)
r tσr,

where coefficients λ
(j,k)
r are determined as follows:
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If j ≥ k :

r = 0, 1, . . . , j + k,
if r > j, then

λ
(j,k)
r =

∑k
l=r−j γ

(j)
r−l γ

(k)
l ,

else
r1 = min{r, k},
λ
(j,k)
r =

∑r1
l=0 γ

(j)
r−l γ

(k)
l ,

end.

If j < k :

r = 0, 1, . . . , j + k,
if r ≤ j, then

r1 = min{r, j},
λ
(j,k)
r =

∑r1
l=0 γ

(j)
r−l γ

(k)
l ,

else
r2 = min{r, k},
λ
(j,k)
r =

∑r2
l=r−j γ

(j)
r−l γ

(k)
l ,

end.

The quantities γ
(k)
l and γ

(j)
r−l are introduced, respectively, for P

(α,β,σ)
k (t) and

P
(α,β,σ)
j (t) based on the Lemma 1.

Lemma 4. If P
(α,β,σ)
i (t), P

(α,β,σ)
j (t), and P

(α,β,σ)
k (t) are respectively i-, j-,

and kth SFJFs, then,

qijk =

∫ 1

0

P
(α,β,σ)
i (t) P

(α,β,σ)
j (t) P

(α,β,σ)
k (t) w(α,β,σ)(t) dt

=

j+k∑
n=0

i∑
l=0

(−1)i−lλ
(j,k)
n Γ(i+ β + 1) Γ(i+ l + α+ β + 1) Γ(n+ l+ β + 1) Γ(α+ 1)

Γ(l + β + 1) Γ(i+ α+ β + 1) Γ(n+ l+ α+ β + 2) (i− l)! l!
,

where λ
(j,k)
l are computed by Lemma 3.

Now, a general formula is presented for finding the (N + 1) × (N + 1)
operational matrix of fractional product Ũ whenever,

Φ(σ)(t) Φ(σ)T (t) U ≃ Ũ Φ(σ)(t), (15)

and U is a (N + 1) given vector.

Theorem 3 (see [3]). The entries of the matrix Ũ in (15) are computed as
follows:

Ũjk =
1

hk

N∑
i=0

Ui qijk, j, k = 0, 1, . . . , N,
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where qijk are introduced by Lemma 4 and Ui are the components of the vector
U in (15).

Corollary 1. If u(t) ≃ UT Φ(σ)(t) = Φ(σ)T (t) U and Φ(σ)(t) Φ(σ)T (t) U ≃
Ũ Φ(σ)(t), where U is an (N + 1) vector and Ũ is the (N + 1) × (N + 1)
operational matrix of fractional product, corresponding to the vector U , it is
easily shown that,

u2(t) ≃ UT Ũ Φ(σ)(t).

To approximate the terms including the delay, the fractional-order Jacobi
operational matrix of pantograph is derived. For this end, we apply the
auxiliary (11).
Replacing t with qt in definition (10), leads to

Φ(σ)(qt) = [P
(α,β,σ)
0 (qt), P

(α,β,σ)
1 (qt), . . . , P

(α,β,σ)
N (qt)]T .

The following theorem expresses the relation between vectors Φ(σ)(qt) and
Φ(σ)(t).

Theorem 4. The relation between the delay vector Φ(σ)(qt), 0 < q < 1, and
vector Φ(σ)(t) can be expressed as follows:

Φ(σ)(tq) = L(q,σ) Φ(σ)(t),

where L(q,σ) is an (N +1)× (N +1) lower triangular matrix called fractional
operational matrix of pantograph.

Proof. Replacing t with qt in (8) and rearranging leads to

P
(α,β,σ)
i+1 (qt) =A(α, β, i) P

(α,β,σ)
i (qt) + (2qσtσ − 1) B(α, β, i) P

(α,β,σ)
i (qt)

− E(α, β, i) P
(α,β,σ)
i−1 (qt), i = 1, 2, . . . .

(16)

The ith delay SFJF , P
(α,β,σ)
i (qt), can be expressed in terms of the SFJFs

themselves as follows:

P
(α,β,σ)
i (qt) =

i∑
k=0

li,k P
(α,β,σ)
k (qt), i = 0, 1, . . . . (17)

From the first few polynomials in (17), it easily obtains

l0,0 = 1, l0,i = 0, i = 1, 2, . . . , N, l1,0 = (β + 1)(qσ − 1), l1,1 = qσ.
(18)

It is clearly found that,

li,i = qiσ, i = 0, 1, . . . , N. (19)

Using auxiliary (11) and substituting (17) into equation (16), we have
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i+1∑
k=0

li+1,k P
(α,β,σ)
k (t)

=

i∑
k=0

li,k

{(
A(α, β, i) + q

σ
B(α, β, i)(1 −

A(α, β, k)

B(α, β, k)
) P

(α,β,σ)
k+1 (t) − B(α, β, i)

)
P

(α,β,σ)
k (t)

+ q
σ
B(α, β, i)

(
1

B(α, β, k)
+

E(α, β, k)

B(α, β, k)
P

(α,β,σ)
k−1 (t)

)}

− E(α, β, i)

i−1∑
k=0

li−1,k P
(α,β,σ)
k (t).

(20)

Equating the coefficients of P
(α,β,σ)
k (t) on both sides of equation (20), for

k = 0, 1, . . . , i, leads to

li+1,0 =

{
A(α, β, i)

+ qσ B(α, β, i)

(
1− α− β

α+ β + 2
+

2(α+ 1)(β + 1)

(α+ β + 2)(α+ β + 3)

)
−B(α, β, i)

}
li,0 − E(α, β, i) li−1,0, i = 1, 2, . . . , N − 1,

li+1,k =

{
A(α, β, i) + qσ B(α, β, i)(1− A(α, β, i)

B(α, β, i)
−B(α+ β + i))

}
li,k

+

{
1

B(α, β, k − 1)
li,k−1 +

E(α, β, k + 1)

B(α, β, k + 1)
li,k+1

}
qσB(α, β, i)

− C(α, β, i) li−1,k, k = 1, 2, . . . , i− 1,

li+1,i =

(
A(α, β, i) + qσB(α, β, i)(1− A(α, β, i)

B(α, β, i)
)−B(α, β, i)

)
qiσ

+ qσ
B(α, β, i)

B(α, β, i− 1)
li,i−1, i = 1, 2, . . . , N − 1.

The starting values are given by equations, (18)–(19). Finally, for the pro-
portional delay q, we have

Φ(σ)(qt) = [P
(α,β,σ)
0 (qt), P

(α,β,σ)
1 (tq), . . . , P

(α,β,σ)
N (tq)]T

=



1 0 0 . . . 0 0
l1,0 qσ 0 . . . 0 0
l2,0 l2,1 q2σ . . . 0 0
...

...
...

. . .
...

...
lN−1,0 lN−1,1 lN−1,2 . . . q(N−1)σ 0
lN,0 lN,1 lN,2 . . . lN,N−1 qNσ





P
(α,β,σ)
0 (t)

P
(α,β,σ)
1 (t)

P
(α,β,σ)
2 (t)

...

P
(α,β,σ)
N−1 (t)

P
(α,β,σ)
N (t)


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= L(q,σ) Φ
(σ)(x).

Corollary 2. The operational matrices of fractional integration and product
are converted to the following forms for the delay q.

IνΦ(σ)(qt) ≃ L(q,σ) P(ν) Φ(σ)(t),

Φ(σ)(qt) Φ(σ)T (qt) C ≃ L(q,σ) F̃ Φ(σ)(t), F = LT
(q,σ) C,

where the matrices P(ν) and L(q,σ) were defined by Theorems 2 and 4 and

F̃ is the fractional operational matrix of product corresponding to the vector
F = LT

(q,σ) C.

6 Description of method

Consider the problem given in (1) again. We expand Dγu(t) by means of the
SFJFs as follows:

Dγu(t) ≃ Φ(σ)T (t)C. (21)

According the properties of Caputo fractional derivative, we have

u(t) ≃ IγΦ(σ)T (t)C +
m−1∑
k=0

dk
k!

tk

≃ Φ(σ)T (t)P(γ)TC +Φ(σ)T (t)F, m− 1 < γ ⩽ m,

(22)

where F is a known vector and
∑m−1

k=0
dk

k! t
k is approximated as Φ(σ)TF . To

approximate the Dγiu(t), 0 ⩽ γi < γ ⩽ m, i = 1, 2, . . . , l, the following
procedure can be pursued.

Dγu(t) = Dγ−γiDγiu(t) ≃ Φ(σ)T (t)C. (23)

Using the Caputo derivative, we get

Dγiu(t) ≃ Iγ−γiΦ(σ)T (t)C +
m−1∑

k=⌈γi⌉

dk
Γ(k + 1− γi)

tk−γi

≃ Φ(σ)T (t)P(γ−γi)TC +Φ(σ)TFi, 0 ⩽ γi < γ ⩽ m, i = 1, 2, . . . , l.
(24)

Now, by applying equations (21)–(24) to the terms containing the delay, we
get
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u(qt) ≃ Φ(σ)T (t)LT
(q,σ)P

(γ)TC +Φ(σ)T (t)LT
(q,σ)F,

Dγiu(qt) ≃ Φ(σ)T (t)LT
(q,σ)P

(γ−γi)TC +Φ(σ)T (t)LT
(q,σ)Fi, i = 1, 2, . . . , l,

u2(t) ≃ UT ŨΦ(σ)T (t), U = P(γ)TC + F, Dγu(qt) ≃ Φ(σ)T (t)LT
(q,σ)C,

(25)
where Ũ is the fractional operational matrix of product corresponding to the
vector U . By substituting the expressions (21)–(25) into (1), the following
algebraic equations is resulted.

Φ(σ)T (t)C − aΦ(σ)T (t)(P(γ)TC + F )−
n∑

i=1

biΦ
(σ)T (t)(LT

(qi,σ)
P(γ−γi)TC

+ LT
(qi,σ)

Fi)− f(t) ≈ 0.

In this way, the main equation is converted into an algebraic equation. The
resultant algebraic equation is collocated at (N + 1) roots of the (N + 1)th
shifted Jacobi polynomials on the interval (0, 1). By solving the system of
generated algebraic equations, the unknown vector C can be determined.
Thus, an approximate solution can be acquired for various values of α and β
parameters using equation (22).

Corollary 3. The nonlinear terms in the problems under study are approx-
imated as a matrix form. For this reason, it is necessary that the initial
conditions of the problems to be approximated in terms of fractional-order
Jacobi basis.

7 Convergence analysis and error estimation

In this section, the upper bounds are presented for the errors of the residual
function, proposed algorithm, and operational matrix of fractional integra-
tion, P(ν). It is seen that the upper bounds tend to zero when the number of
the SFJFs increases. First the following definitions and theorems are stated
for σ = 1.

The set of all algebraic polynomials of degree at most N is denoted by PN .
The orthogonal projection PN,α,βL

2
w(α,β)(J) → PN , J = [0, 1], is considered

for v(t) ∈ L2
w(α,β)(J) and defined by

(PN,α,βv − v, ϕ) = 0, for all ϕ ∈ PN .

The Jacobi-weighted space is introduced as

J r
w(α,β)(J) = {v| v is measurable and ∥v∥r,w(α,β) < ∞}, r ∈ N,

equipped with the following norm and seminorm,
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∥v∥r,w(α,β) =

( r∑
k=0

∥ ∂k
xv ∥2w(α+k,β+k)

) 1
2

, |v|r,w(α,β) =∥ ∂r
xv ∥w(α+r,β+r) .

Theorem 5 (see [10]). For any v ∈ J r
w(α,β)(J), r ∈ N,and 0 ⩽ µ ⩽ r, we

have
∥v − PN,α,βv∥µ,w(α,β) ⩽ c(N(N + α+ β))

µ−r
2 |v|r,w(α,β) ,

where c is a positive constant independent of N , α, and β.

Lemma 5. If n ∈ N, v ∈ J r
w(α,β)(J), and Dnv(t) is the derivative of v(t) of

order n, then

∥Dnv −DnPN,α,βv∥µ,w(α,β) ⩽ c∗
(
(N + n)(N + n+ α+ β)

)µ−r
2

|v(n)|r,w(α,β) .

Proof. By derivation of the shifted Jacobi polynomials and applying Theorem
5, the desired result is acquired.

Corollary 4. For v ∈ J r
w(α,β)(J) and 0 < q < 1, we have

∥v(qt)− PN,α,βv(qt)∥µ,w(α,β) ⩽ c(qN(N + α+ β))
µ−r
2 |v(qt)|r,w(α,β) . (26)

Theorem 6. If γ > 0, γ ∈ R, and Dγv(t) denotes the Caputo fractional
derivative of v(t) ∈ J r

w(α,β)(J) of order γ, then

∥Dγv −DγPN,α,βv∥µ,w(α,β) ⩽ c′

Γ(m− γ + 1)

(
(N +m)(N +m+ α+ β)

)µ−r
2

× |v(m)|r,w(α,β) , m = ⌈γ⌉.

Proof. Using properties of the Riemann–Liouville fractional integral operator
leads to

Dγv(t) = Im−γDmv(t) =
1

Γ(m− γ)

∫ t

0

(t− s)m−γ−1Dmv(s)ds

=
1

Γ(m− γ)
tm−γ−1 ∗Dmv(t),

where the star symbol denotes the convolution of two functions tm−γ−1 and
Dmv(t). So, by means of Lemma 5, we have

∥Dγv −DγPN,α,βv∥µ,w(α,β) = ∥Im−γ(Dmv −DmPN,α,βv)∥µ,w(α,β)

=

∥∥∥∥ tm−γ−1

Γ(m− γ)
∗ (Dmv −DmPN,α,βv)

∥∥∥∥
µ,w(α,β)

⩽ 1

(m− γ)Γ(m− γ)
∥Dmv −DmPN,α,βv)∥µ,w(α,β)
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⩽ c′

Γ(m− γ + 1)

(
(N +m)(N +m+ α+ β)

)µ−r
2

|v(m)|r,w(α,β) .

Now, we consider equation (1). If uN (t) is the approximate solution to
u(t), then the residual function is as follows:

HN (t) = DγuN (t)− auN (t)−
l∑

i=1

bi D
γiuN (qit)− f(t). (27)

The next lemma estimates a bound for the residual function (27).

Lemma 6. Consider the residual function given in (27). A bound for it can
be estimated as follows:

∥HN (t)∥µ,w(α,β) ⩽U∗
(

c′

Γ(m− γ + 1)

(
(N +m)(N +m+ α+ β)

)µ−r
2

+
l∑

i=1

|bi| c′i
Γ(mi − γi + 1)

(
qi(N +mi)(N +mi + α+ β)

)µ−r
2

+ |a|c(N(N + α+ β))
µ−r
2

)
,

where U∗ = max t∈J |u(k)(t)|r,w(α,β) , k = 0, 1, . . . ,m, mi − 1 < γi ⩽ mi, and
m− 1 < γ ⩽ m.

Proof. By using Theorems 5 and 6 and (26), the above inequality can be
resulted.

The following theorem presents an error bound for the proposed method.

Theorem 7. If uN (t) is the Jacobi approximate solution to u(t) and eN (t) =
u(t) − uN (t) is the error function, then the error bound can be estimated as
follows:

∥eN (t)∥µ,w(α,β) ⩽U∗
(

(1/|a|+ 1)c′

Γ(m− γ + 1)

(
(N +m)(N +m+ α+ β)

)µ−r
2

+

l∑
i=1

(1/|a|+ 1)|bi| c′i
Γ(mi − γi + 1)

(
qi(N +mi)(N +mi + α+ β)

)µ−r
2

+ c(N(N + α+ β))
µ−r
2

)
.

Proof. By subtracting equation (26) from equation (1), we get
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DγeN (t) = aeN (t) +
l∑

i=1

bi D
γieN (qit)−HN (t).

Now, applying Theorems 5 and 6, equation (26), and Lemma 6 leads to the
desired result.

Now, we consider the operational matrix of fractional integration P(ν) in
Theorem 2. We define the error vector Eν as follows:

Eν = IνΦ(σ)(t)−P(ν)Φ(σ)(t) = [E0,ν , E1,ν , . . . , EN,ν ]
T ,

where

Ek,ν = IνP
(α,β,σ)
k (t)−

N∑
j=0

P(ν)
kjP

(α,β,σ)
j (t), k = 0, 1, . . . , N.

The following theorem presents an upper bound of Riemann–Liouville frac-
tional integral operator.

Theorem 8. If Ek,ν = IνP
(α,β,σ)
k (t)−

∑N
j=0 P

(ν)
kjP

(α,β,σ)
j (t), then an error

bound of Riemann–Liouville fractional integral operator of order ν can be
expressed by

∥Ek,ν∥2µ,w(α,β) ⩽c2(N(N + α+ β))µ−r

×
k∑

j=0

k∑
i=0

{
γ
(k)
j γ

(k)
i Γ(σj + 1)Γ(σi+ 1)Γ(σj + ν + 2)Γ(σi+ ν + 2)

Γ(σj + ν + 1)Γ(σi+ ν + 1)Γ(σj + ν − r + 2)Γ(σi+ ν − r + 2)

×B(i+ j + r + β + 2(ν − r)/σ + 1, α+ r + 1)

}
,

where γ
(k)
j were introduced by Lemma 1 and B(u, v) is the well-known Beta

function.

Proof. By using Lemma 1 and the property of Riemann–Liouville fractional
integral, we have

IνP
(α,β,σ)
k (t) =

k∑
j=0

γ
(k)
j

Γ(σj + 1)

Γ(σj + ν + 1)
tσj+ν .

By setting Z = IνP
(α,β,σ)
k (t), we get

|Z|2
µ,w(α,β) = ∥∂r

t Z∥2
µ,w(α+r,β+r)

=

∥∥∥∥ Γ(σj + 1)Γ(σj + ν + 2)

Γ(σj + ν + 1)Γ(σj + ν − r + 2)
tσj+ν−r

∥∥∥∥2

µ,w(α+r,β+r)

=

k∑
j=0

k∑
i=0

{
σγ

(k)
j γ

(k)
i Γ(σj + 1)Γ(σi+ 1)Γ(σj + ν + 2)Γ(σi+ ν + 2)

Γ(σj + ν + 1)Γ(σi+ ν + 1)Γ(σj + ν − r + 2)Γ(σi+ ν − r + 2)
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×
∫ 1

0

tσ(i+j+r+β+1)+2(ν−r)−1(1− tσ)α+rdt

}

=

k∑
j=0

k∑
i=0

{
γ
(k)
j γ

(k)
i Γ(σj + 1)Γ(σi+ 1)Γ(σj + ν + 2)Γ(σi+ ν + 2)

Γ(σj + ν + 1)Γ(σi+ ν + 1)Γ(σj + ν − r + 2)Γ(σi+ ν − r + 2)

×
∫ 1

0

xi+j+r+β+2(ν−r)/σ(1− x)α+rdx

}
.

Therefore, the theorem is proved.

8 Numerical examples

In this section, the method presented in this paper is applied to solve some
examples taken from [18] to demonstrate the efficiency and reliability of the
proposed algorithm. As a result, a comparison is presented.

Example 1. First, consider the following fractional pantograph differen-
tial equation from [10],

Dγu =
3

4
u(t) + u(

t

2
)− t2 + 2, 1 < γ ⩽ 2, (28)

with conditions,
u(0) = 0, u′(0) = 0.

The exact solution is u(t) = t2 in the case γ = 2. We first approximate the
unknown function and its derivative of fractional order γ as follows:

uγ(t) ≃ Φ(σ)T (t) C, u(t) ≃ Φ(σ)T (t)P(γ)T C, u(
t

2
) ≃ Φ(σ)T (t) LT

( 1
2 ,σ)

P(γ)T C,

Substituting the approximations into (28) leads to the following algebraic
equation:

Φ(σ)T (t) C− 3

4
Φ(σ)T (t) P(γ)T C−Φ(σ)T (t) LT

( 1
2 ,σ)

P(γ)T C+t2−2 ≈ 0. (29)

By choosing N = 4, equation (29) is collocated at roots of P
(α,β)
5 (t). Then, by

solving the resultant algebraic system, the unknown vector C can be deter-
mined for some values of α and β parameters. Table 1 displays the absolute
errors at some arbitrary points for α = β = 0, γ = 2, σ = 0.5, 1, 1.5, 2, and
N = 4. Table 1 shows that the results of our algorithm are more accurate
than those which reported by [18]. In Figure 1, the approximate solutions are
compared to the exact solution for α = β = 0, N = 4, γ = 1.3, 1.5, 1.7, 1.9, 2,
and σ = 1. From these results, it is seen that the approximate solutions
converge to the exact solution when γ approaches 2.
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Table 1: Errors for α = β = 0, N = 4, and various values of σ for Example 1

ti σ = 0.5 σ = 1 σ = 1.5 σ = 2 σ = 0.5 σ = 1 σ = 1.5
in [18] in [18] in [18]

0.0 5.3967 × 10−2 1.0616 × 10−5 1.5319 × 10−3 6.4935 × 10−5 5.02 × 10−2 1.64 × 10−1 1.33 × 10−1

0.2 9.5185 × 10−4 5.6130 × 10−5 4.2342 × 10−4 1.1404 × 10−4 −− −− −−
0.4 1.8965 × 10−3 9.4037 × 10−4 2.0913 × 10−3 9.7976 × 10−4 3.08 × 10−2 6.51 × 10−2 1.17 × 10−2

0.6 4.4029 × 10−3 4.7621 × 10−3 3.4555 × 10−3 4.8110 × 10−3 −− −− −−
0.8 1.4375 × 10−2 1.5160 × 10−2 1.5934 × 10−2 1.5206 × 10−2 1.59 × 10−1 2.60 × 10−2 3.78 × 10−1

1.0 3.8299 × 10−2 3.7313 × 10−2 3.1948 × 10−2 1.5206 × 10−2 −− −− −−

Figure 1: Plots of u(t) for N = 4, σ = 1, γ = 1.3, 1.5, 1.7, 1.9 and exact solution for

Example 1.

Example 2. Consider the following linear fractional-order pantograph dif-
ferential equation of [18],

Dγu(t) = −u(t)+0.1u(
4

5
t)+0.5Dγu(

4

5
t)+(0.32t−0.5) exp(−0.8t)+exp(−t),

where 0 < γ ⩽ 1. With condition u(0) = 0 and the exact solution is u(t) =
t exp(−t). By using the fundamental matrices obtained in Section 5, the
following algebraic equation is resulted:

Φ(σ)T (t) C +Φ(σ)T (t) P(γ)T C − 0.1Φ(σ)T (t) L( 4
5 ,σ)

T P(γ)T C

− 0.5Φ(σ)T (t) L( 4
5 ,σ)

T C − (0.32t− 0.5) exp(−0.8t)− exp(−t) ≈ 0.

(30)
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By choosing N = 10, equation (30) is collocated at roots of P
(α,β)
11 (x). Then,

by solving the resultant algebraic system, the unknown vector C can be
determined for some values of α and β parameters. Table 2 displays the
maximum absolute errors for various values of α and β parameters, N = 10,
and γ = σ = 1. The data of Table 2 shows that the approximate and exact
solutions are in a good agreement. In Table 3, the values of absolute error are
compared to the values reported in [18] at some arbitrary points for N = 10,
α = β = 1/3, and γ = σ = 1. It is seen that the errors of our method are
lesser than the errors of methods applied in [18] on the interval [0, 1]. Also,
the absolute errors are listed in Table 4 for N = 10, α = β = 1/3, γ = σ and
various values of γ in some arbitrary points within interval [0, 1]. A graphical
comparison between the exact and approximate solutions is depicted in part
(a) of Figure 2 for values of α = β = 1/3, γ = σ = 1, and N = 10. From
part (b), it can be shown that the numerical results are well consistent with
the analytical solution. In addition, the plots of u(t) are shown in part (b) of
Figure 2 for σ = 1 and various values of γ. It is seen that the approximate
solutions converge to the exact solution as γ approaches 1.

Table 2: Maximum absolute errors for various values of α and β, γ = σ = 1, and N = 10

for Example 2

(α, β) ErrorAbs (α, β) ErrorAbs

(0, 0) 2.2652× 10−13 ( 12 ,
1
2 ) 4.5600× 10−13

(1, 1) 7.6421× 10−13 (− 1
3 ,−

1
3 ) 1.1765× 10−13

(−2
3 ,−

2
3 ) 8.6704× 10−14 ( 23 ,

2
3 ) 5.5014× 10−13

( 32 ,
3
2 ) 1.1469× 10−12 (2, 2) 1.5979× 10−12

Table 3: Comparison of absolute errors with other methods for Example 2

ti present method Bernoulli Runge–Kutta Variational iteration θ-method
method in [18] method in [18] method in [18] in [18]

0.1 6.4471 × 10−14 1.98 × 10−8 8.68 × 10−4 1.30 × 10−3 4.65 × 10−3

0.3 4.4701 × 10−14 7.78 × 10−9 1.90 × 10−3 2.63 × 10−3 2.57 × 10−2

0.5 4.7819 × 10−16 6.34 × 10−5 2.28 × 10−3 2.83 × 10−3 4.43 × 10−2

0.7 4.5170 × 10−14 4.36 × 10−5 2.28 × 10−3 2.39 × 10−3 5.37 × 10−2

0.9 6.4785 × 10−14 2.80 × 10−5 2.03 × 10−3 1.64 × 10−3 5.35 × 10−2

Example 3. In current example, we consider the following fractional pan-
tograph differential equation of [18] :

Dγu(t) =
3

4
u(t) + u(

t

2
) +Dγ1u(

t

2
) +

1

2
Dγu(

t

2
)− t2 − t+ 1, (31)
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Table 4: Absolute errors for various values of γ = σ, α = β = 1
3
, and N = 10 for Example

2

ti γ = 0.6 γ = 0.7 γ = 0.8 γ = 0.9
0.2 2.5022× 10−5 1.1429× 10−4 2.6347× 10−4 3.3616× 10−4

0.4 1.0801× 10−5 5.3195× 10−5 1.3757× 10−4 1.9924× 10−4

0.6 6.3865× 10−6 3.1052× 10−5 7.9303× 10−5 1.1741× 10−4

0.8 4.2784× 10−6 1.8443× 10−5 4.4219× 10−5 6.5747× 10−5

1.0 5.0278× 10−6 2.0332× 10−5 4.6987× 10−5 6.8103× 10−5

Figure 2: Plots of (a) exact and approximate solutions, (b) u(t) for α = β = 1
3
, σ = 1,

γ = 0.6, 0.7, 0.8, 0.9, and N = 10 for Example 2.

where 0 < γ1 < γ ⩽ 2, with conditions u(0) = u′(0) = 0. The exact solution
is u(t) = t2 for case γ = 2 and γ1 = 1. Substituting the approximations
introduced in the previous sections into (31), leads to the following algebraic
equation:

Φ(σ)T (t) C − 3

4
Φ(σ)T (t) P(γ)T C − Φ(σ)T (t) LT

( 1
2 ,σ)

P(γ)T C

− Φ(σ)T (t) LT
( 1
2 ,σ)

P(γ−γ1)T C − 1

2
Φ(σ)T (t) LT

( 1
2 ,σ)

C + t2 + t− 1 ≈ 0.

(32)

By choosing N = 10, equation (32) is collocated at roots of P
(α,β)
11 (x). Then,

by solving the resultant algebraic system, the unknown vector C can be
determined for some values of α and β parameters. Table 5 displays the
maximum absolute errors for various values of α and β parameters, γ = 2,
γ1 = 1, σ = 1, andN = 10. The approximate solutions are in good agreement
with exact solution. Equation (31) was solved in [18] by Bernoulli collocation
method. In Table 6, the absolute errors are compared to the values reported
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by [18] at some arbitrary points for N = 10, α = β = 2, γ = 2, γ1 = 1,
σ = 1. Table 7 shows the maximum absolute errors for α = β = 0, γ = 1.9, 2,
γ1 = 0.9, 1, and σ = 0.5, 1, 1.5, 2. For the case γ = 1.9, γ1 = 0.9, and the case
γ = 2, γ1 = 1, the best results obtain for σ = 0.5 and σ = 1, respectively.
The errors given in [18] are greater than the errors of our method at the
selected points on the interval [0, 0.5]. A graphical comparison between the
exact and approximate solutions for values of α = β = 0, γ1 = σ = 1,
γ = 1.2, 1.4, 1.6, 1.8, and N = 10 are shown in Figure 3.

Table 5: Maximum absolute errors for various values of α and β, γ = 2, γ1 = σ = 1, and
N = 10 for Example 3

(α, β) ErrorAbs (α, β) ErrorAbs

(0, 0) 7.2345× 10−22 ( 12 ,
1
2 ) 1.9150× 10−19

(1, 1) 1.8407× 10−20 (− 4
5 ,−

4
5 ) 8.7002× 10−22

(−1
3 ,−

1
3 ) 2.2935× 10−20 (2, 2) 1.2297× 10−20

Table 6: Comparison of absolute errors with other methods for Example 3

ti present method Bernoulli Runge–Kutta Variational iteration θ-method
method in [18] method in [18] method in [18] in [18]

0.1 0.0000 3.47 × 10−16 1.00 × 10−3 1.67 × 10−4 6.10 × 10−3

0.2 1.0000 × 10−21 5.55 × 10−16 2.02 × 10−3 7.15 × 10−4 2.58 × 10−2

0.3 2.0000 × 10−21 3.05 × 10−16 3.07 × 10−3 1.73 × 10−3 6.47 × 10−2

0.4 0.0000 1.14 × 10−15 4.17 × 10−3 3.30 × 10−3 1.37 × 10−2

0.5 1.0000 × 10−20 1.39 × 10−13 5.34 × 10−3 5.50 × 10−3 2.81 × 10−2

Table 7: Comparison of maximum absolute errors for different values of γ, γ1, and σ for

Example 3

γ = 1.9 γ1 = 0.9
σ = 0.5 σ = 1 σ = 1.5 σ = 2

2.2058× 10−3 1.0822× 10−2 1.0081× 10−2 1.5358× 10−1

γ = 2 γ1 = 1
σ = 0.5 σ = 1 σ = 1.5 σ = 2

3.4229× 10−18 7.2345× 10−22 6.8343× 10−3 1.1564× 10−1

Example 4. Consider the following pantograph fractional differential equa-
tion [18] :

Dγu(t) = −5

6
u(t) + 4u(

t

2
) + 9u(

t

3
) + t2 − 1, 0 < γ ⩽ 1.
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Figure 3: Comparison of exact and approximate solutions for γ1 = σ = 1, γ =
1.2, 1.4, 1.6, 1.8, and N = 10 for Example 3.

The initial condition is u(0) = 1. The exact solution is u(t) = 1 + 67
6 x +

1675
72 x2 + 12157

1296 x3 in the case γ = 1. By applying the fundamental matrices
presented in the previous sections, we get the following algebraic equation:

Φ(σ)T (t) C +
5

6
{Φ(σ)T (t) P(γ)T C +Φ(σ)T (t) F} − 4{Φ(σ)T (t) LT

( 1
2 ,σ)

P(γ)T C

+Φ(σ)T (t) LT
( 1
2 ,σ)

F} − 9{Φ(σ)T (t) LT
( 1
3 ,σ)

P(γ)T C

+Φ(σ)T (t) LT
( 1
3 ,σ)

F} − t2 + 1 ≈ 0.

(33)
where the matrices L( 1

2 ,σ)
and L( 1

2 ,σ)
are pantograph operational matrices

corresponding to the delays q = 1
2 ,

1
3 and u(0) is approximated as Φ(σ)T (t) F .

By choosing N = 10, equation (33) is collocated at roots of P
(α,β)
11 (x). By

solving the resultant algebraic systems, the unknown vector C can be deter-
mined for some values of α and β parameters. In Table 8, the absolute errors
of the approximate solutions are listed at some arbitrary points for N = 10,
α = β = γ = 1, and various values of σ. As it is seen, the best results are re-
lated to the values σ = 0.5, 1. A graphical comparison between the exact and
approximate solutions is found in part (a) of Figure 4 for α = β = γ = σ = 1.
The plots of u(t) have been compared in part (b) for γ = σ = 0.75, 0.85, 0.95.
Also, the error functions of these solutions are depicted in part (c). It is seen
that the approximate solutions converge to the exact solution as γ and σ
approach 1.
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Table 8: Absolute errors for various values of σ, α = β = γ = 1, and N = 10 for Example
4

ti σ = 0.5 σ = 0.75 σ = 1 σ = 1.5
0.2 1.5100× 10−15 1.1748× 10−3 2.0000× 10−19 4.5227× 10−1

0.4 3.5176× 10−15 2.3520× 10−3 9.0000× 10−19 1.0366× 10−0

0.6 6.5190× 10−15 4.5162× 10−3 0.0000 1.9337× 10−0

0.8 1.0666× 10−14 7.3187× 10−3 5.0000× 10−18 3.1543× 10−0

1.0 1.6149× 10−14 9.6215× 10−3 3.0000× 10−18 4.7377× 10−0

Figure 4: (a) Exact and approximate solutions for α = β = γ = σ = 1, and N = 10,

(b) comparison of u(t) for γ = σ = 0.75, 0.85, 0.95, 1, (c) maximum absolute errors for
γ = σ = 0.75, 0.85, 0.95 for Example 4.
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Table 9: Absolute errors for various values of σ, and N = 10 for Example 5

ti σ = 0.5 σ = 1 σ = 1.5 σ = 2
0.2 2.2499× 10−18 0.0000 5.0015× 10−5 2.4119× 10−2

0.4 1.3489× 10−17 1.0000× 10−21 6.8587× 10−5 7.0770× 10−2

0.6 3.9130× 10−17 0.0000 5.8770× 10−6 1.6689× 10−1

0.8 8.4580× 10−17 4.0000× 10−20 2.1854× 10−4 3.1842× 10−1

1.0 1.5572× 10−16 1.0000× 10−20 2.3271× 10−4 5.5809× 10−1

Example 5. In this example, we consider the following fractional pantograph
differential equation of [18] :

Dγu(t) = u(t) +Dγ1u(
t

2
) +Dγ2u(

t

3
) +

1

2
Dγu(

t

4
)− t4 − 1

2
t3 − 4

3
t2 + 21t,

where 0 < γ1 < γ2 ⩽ γ ⩽ 3. The initial conditions are u(0) = u′(0) =
u′′(0) = 0 and the exact solution is u(t) = t4 in case γ1 = 1, γ2 = 2, and
γ = 3. By using the approximations introduced in the previous sections, we
get the following algebraic equation:

Φ(σ)T (t) C − Φ(σ)T (t) P(γ)T C − Φ(σ)T (t) LT
( 1
2 ,σ)

P(γ−γ1)T C

− Φ(σ)T (t) LT
( 1
3 ,σ)

P(γ−γ2)T C − 1

2
Φ(σ)T (t) LT

( 1
4 ,σ)

C

− t4 +
1

2
t3 +

4

3
t2 − 21t ≈ 0.

(34)

By choosing N = 10, equation (34) is collocated at roots of P
(α,β)
11 (x). Then,

by solving the resultant algebraic system, the unknown vector C is deter-
mined for some values of α and β parameters. Table 9 displays the absolute
errors for α = β = 0, γ = 3, γ2 = 2, γ1 = 1, and various values of σ. In
Table 10, the values of the approximate solutions are shown at some arbitrary
points for N = 10, α = β = 0, γ = 3, γ2 = 2, γ1 = 1, and σ = 1. A graphical
comparison between the exact and approximate solutions is found in part (a)
of Figure 5 for α = β = 0, σ = γ1 = 1, γ2 = 2, and γ = 3. The plots of
u(t) have been compared in part (b) for γ = 2.2, 2.4, 2.6, 2.8, σ = γ1 = 1,
and γ2 = 2. It is seen that the approximate solutions converge to the exact
solution as γ approaches 3.
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Figure 5: Comparison of (a) exact and approximate solutions, (b) u(t) for
α = β = 0, and N = 10, γ2 = 2, γ1 = 1, and σ = 1, and γ = 2.2, 2.4, 2.6, 2.8
for Example 5.

Table 10: Comparison of absolute errors with other methods for Example 5

ti present method Bernoulli Runge–Kutta Variational iteration

method in [18] method in [18] method in [18]

0.2 0.0000 5.31× 10−13 4.43× 10−4 2.98× 10−10

0.4 1.0000× 10−21 1.24× 10−12 3.85× 10−3 1.01× 10−8

0.6 0.0000 2.89× 10−10 1.39× 10−2 8.24× 10−8

0.8 4.0000× 10−20 6.49× 10−10 3.53× 10−2 3.76× 10−7

1.0 1.0000× 10−20 1.23× 10−9 7.34× 10−2 1.26× 10−6
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Figure 6: Comparison of (a) exact and approximate solutions, (b) u(t) for α = β = − 1
4
,

and N = 7, σ = 1
2
, and γ = 1.6, 1.7, 1.8, 1.9 for Example 6.

Example 6. Consider the following nonlinear fractional pantograph differ-
ential equation of [18] :

Dγu(t) = 1− 2u2(
t

2
), 1 < γ ⩽ 2.

The initial conditions are u(0) = 1, u′(0) = 0 and the exact solution is
u(t) = cos(t) in case γ = 2. By using the approximations introduced in the
previous sections, we get the following algebraic equation:

Φ(σ)T (t) C+2UT Ũ Φ(σ)(t)−1 ≈ 0, U = LT
( 1
2 ,σ)

P(γ−)T C+LT
( 1
2 ,σ)

F, (35)

where u(0) = 1 is approximated by Φ(σ)T (t) F and Ũ is the operational ma-
trix of product corresponding to the vector U . By choosing N = 7, equation

(35) is collocated at roots of P
(α,β)
8 (x). Then, by solving the resultant alge-

braic system by means of Newton’s iteration method, the unknown vector C
is determined for some values of α and β parameters. Table 11 displays the
absolute errors for α = β = 3/2, γ = 2, and various values of σ. In Table 12,
the values of the approximate solutions are shown at some arbitrary points
for N = 7, α = β = −1/4, σ = 1/2, and various values of γ. A graphical
comparison between the exact and approximate solutions is found in part (a)
of Figure 6 for α = β = −1/4, σ = 1, and γ = 2. The plots of u(t) have been
compared in part (b) for γ = 1.6, 1.7, 1.8, 1.9, and σ = 1/2. It is seen that
the approximate solutions converge to the exact solution as γ approaches 2.
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Table 11: Absolute errors for various values of σ, and N = 7 for Example 6

ti σ = 0.5 σ = 1 σ = 1.5 σ = 2
0.0 2.4053× 10−7 6.0568× 10−9 5.6194× 10−5 1.1748× 10−2

0.2 4.0376× 10−8 7.7581× 10−11 2.3175× 10−3 1.0518× 10−2

0.4 4.1630× 10−8 4.1069× 10−10 1.7587× 10−3 7.6767× 10−3

0.6 8.1380× 10−8 5.3919× 10−10 9.8358× 10−4 3.3268× 10−3

0.8 2.3864× 10−7 2.3463× 10−10 3.8368× 10−4 2.4282× 10−3

1.0 5.8922× 10−6 5.4779× 10−9 4.2678× 10−4 9.5443× 10−3

Table 12: Absolute errors for various values of γ, and N = 7 for Example 6

ti γ = 1.6 γ = 1.7 γ = 1.8 γ = 1.9
0.0 1.9622× 10−7 1.1006× 10−7 2.1920× 10−7 5.1996× 10−8

0.2 1.1452× 10−5 2.9183× 10−5 4.5715× 10−5 2.5122× 10−5

0.4 1.4694× 10−5 4.2206× 10−5 7.3289× 10−5 7.9829× 10−5

0.6 1.4420× 10−5 4.6407× 10−5 8.8547× 10−5 1.0437× 10−5

0.8 1.0683× 10−5 4.2124× 10−5 9.0686× 10−5 1.1652× 10−4

1.0 4.2390× 10−6 3.0183× 10−5 7.9795× 10−5 11529× 10−4

9 Conclusion

In this paper, the Jacobi operational method was used to numerically
solve the linear and nonlinear fractional pantograph differential equations.
This approach was based on the shifted fractional-order Jacobi functions
on the interval [0, 1], which converted a given linear or nonlinear fractional
pantograph differential equation into a set of linear or nonlinear algebraic
equations. Another advantage of the proposed method was that the coeffi-
cients of the Jacobi series solution were easily found by using the presented
algorithms. These algorithms decrease the computational costs compared
to other methods such as the Bernoulli collocation method as it applies the
lesser numbers of operational matrices. By using the introduced algorithms,
the operational matrices of fractional integration, product, and pantograph
were simply constructed. The illustrative examples confirmed the validity
and simplicity of the proposed approach. It was found that the absolute er-
ror of this method is lesser than the errors of other common methods and the
errors of our proposed method were almost constant on the studied interval.
This demonstrates the stability of the applied Jacobi collocation method. Il-
lustrative examples with satisfactory results were used to demonstrate the
application of this method. Suggested approximations make this method
very interesting and effective to the good agreement between approximate
and exact solutions. Almost the results obtained by the technique developed
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in this paper were more accurate than the results obtained by the Bernoulli
collocation, Runge–Kutta, variational iteration, and θ- methods.
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time complexity on tree networks to O(pn2). Hakimi [10] demonstrated that
the classical 1-median problem has nodal optimal solution, and Goldman [9]
presented a linear time algorithm to find the optimal solution. For the case
p = 2, an O(n log n) time algorithm was provided by Gavish and Sridhar
in [7].

Determining precise demand weight of each node may be impossible. For
example, the number of patients arising from different regions going into a
hospital cannot be predicted precisely. Therefore, it is desirable to treat
demand weights as random variables. Frank considered a probabilistic case,
in which the demand weights are random variables with arbitrary known
or estimated probability distributions, [5]. He discussed the median and
center problems on a network with independent random demand weights
and extended the classical 1-median problem to the maximum probability
absolute median (MPAM) problem. The MPAM problem seeks to find
a new facility maximizing the probability that the total weighted distances
from all nodes to the new facility is less than or equal to a given threshold.
He also defined a maximum probability center to maximize the probability
that the maximum weighted distance is less than a prespecified threshold
value. Later, the results for the maximum probability median were extended
by Frank to the case where demand weights are correlated normal random
variables, [6].

Berman and Wang [2] extended the problem to some single facility lo-
cation problems as maximum probability 1-median, 1-anti-median, 1-center,
and 1-anti-center problems with independent discrete random weights and
presented efficient algorithms to solve these problems. In [3], They also stud-
ied the p-facility location problem with maximum probability and formulated
it as a linear integer programming problem, then determined the solutions in
large-scaled networks by using the normal approximation.

Puga and Tancrez [16] studied a location-inventory problem for the de-
sign of large supply chain networks with uncertain demand and proposed a
heuristic algorithm to solve the problem. Bieniek [4] considered the single
source capacitated facility location problem with independent and identically
distributed random demands. The unified of a priori solution for the loca-
tions of facilities and for the allocation of customers to the operating facilities
was found.

The distances between nodes can also be considered as nondeterministic
parameters. The uncertainty about the lengths of the links of a network often
occurs when the lengths are measured in units of traveling times instead of
geographical distances. Mirchandani and Odoni studied the p-median prob-
lem when traveling times on the links are discrete random variables, [13].
The p-median problem with continuous random lengths of links, was studied
by Handler and Mirchandani, [11]. They formulated the problem for locating
p medians and provided an algorithm for the 1-median problem. The uncer-
tainty in link traveling times can also be considered in some other location
problems. Berman et al [1] studied the maximum covering location problem
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on a network with traveling time uncertainty represented by different travel-
ing time scenarios. The proposed models were applied to the analysis of the
location of fire stations in Toronto, Canada.

In this paper, a new case is proposed in which the weights of nodes and
the traveling times on links are both discrete independent random variables.
The problem is to find the location of the new facility in such a way the
expected sum of weighted distances is less than a prespecified value with
maximum probability. The problem is studied in both small and large-sized
networks. In Section 2, the problem formulation is stated and an expected
1-median with the maximum probability is defined. The solution approach
for small-sized networks is stated in Section 3, and a precise algorithm to get
the optimal solution is presented; then a numerical example is provided. In
Section 4, by using the normal approximation, the solution is determined in
large-sized networks and a numerical example is presented. Summary and
conclusions are stated in the last section.

2 Problem formulation

Let G = (N,E) be a network, where N is the set of nodes and E is the set
of links with |N | = n and |E| = m. The weight of each node vh ∈ N, h =
1, . . . , n is denoted by wh. Let the link connecting two nodes vi and vj and
its length be denoted by eij and lij , respectively. In a deterministic network,
the shortest distance between two points y, x ∈ G is denoted by d(y, x). Let
x be a point on the link eij at distance x from node vi; then the shortest
distance between x and an arbitrary point y is given as follows:

d(y, x) = min{d(y, vi) + x, d(y, vj) + lij − x}. (1)

Hence the shortest distance from point y to x ∈ eij is covered via node vi
or node vj , whichever that is shorter. In a stochastic network, each link eij
has a deterministic geographical length lij , that is a real positive fixed value.
Moreover the traveling time along the link eij is a random variable dependent
on the traveling speed. In this case, the distances are computed in terms of
traveling times. It is clear that the traveling speed along each link may be
changed under such various conditions as traffic congestion.

To introduce the traveling time of a link, we use the inverse of traveling
speed. Let the traveling time and inverse of traveling speed along the link
eij be denoted by Tij and SPij , respectively. If SPij is a discrete random
variable, Tij is also a discrete random variable equal to SPij lij . In this
paper, the random values for the inverse of traveling speed of the link eij
are considered to be independent from the other links and chosen from the

set {sp1ij , sp2ij , . . . , sp
Uij

ij } , where Uij is the number of all states of traveling
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speed in the link eij . The relevant probability to spuij on the link eij is Pu
ij

for u = 1, . . . , Uij .
Because of random values for traveling times, the network G gets into

different state-based networks Gr. Let Gstate = {Gr, r = 1, . . . , R}, where
R =

∏
eij∈E Uij . We define

WDr(x) =
n∑

h=1

whdr(vh, x), r = 1, . . . , R (2)

as the total weighted traveling time from all nodes to the point x in the rth
state Gr ∈ Gstate, in which dr(vh, x) is the distance between vh and x ∈ Gr,
that is determined by equation (1) noting that the traveling time of each
link eij ∈ E is computed by sprij lij . Then the expected 1-median problem is
defined as below.

Definition 1. The expected 1-median problem in network G with probabilistic
distances seeks to find a point x which minimizes

E(WD(x)) =
R∑

r=1

PrWDr(x), (3)

where WD(x) is the random variable denotes the weighted traveling time from
all nodes to the point x having the values WDr(x), r = 1, . . . , R computed
by expression (2), and Pr is the probability of the rth state in set Gstate. The
function E(WD(x)) is known as the expected 1-median function.

In continue, an independent discrete random weight Wh is allocated for
each node vh ∈ N . The discrete values of Wh are denoted by wh[k], k =
1, . . . ,Kh, where Kh is the number of different situations for the weight of
node vh ∈ N and it is assumed that wh[k] ≤ wh[k+1] for k = 1, . . . ,Kh − 1.
The probability corresponding to wh[k] is denoted by P ′

h[k], k = 1, . . . ,Kh.
Let T be a preselected admissible threshold. The proposed objective function
is maximizing the probability that the expected 1-median function (3) does
not exceed the given threshold T . Here T is an upper level, which is given
by the decision maker.

Definition 2. Let the weights of nodes and the lengths of links be independent
discrete random variables with known probabilities. A point x ∈ G is an
expected 1-median with the maximum probability if it maximizes the following
probabilistic objective function:

P ′(
R∑

r=1

PrWDr(x) ≤ T ) (4)

and consequently
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P ′(

R∑
r=1

Pr

n∑
h=1

Whdr(vh, x) ≤ T ),

where P ′(.) is the probability corresponding to the random weight vector of
nodes.

The expected 1-median with maximum probability is NP -hard on general
networks; see [2].

2.1 Calculating a lower bound

In this section, we provide a lower bound approximation for the objective
function (4) at each point x of G. The lower bound can be calculated as an
expected function, which would be readily calculated in comparison with the
probabilistic objective function (4); see Lemma 1.

Lemma 1. If µh =
∑Kh

k=1 wh[k]P
′
h[k], h = 1, . . . , n is the expected value of

Wh, then the probability P ′(
∑R

r=1 PrWDr(x) < T ) is greater than or equal

to 1−
∑R

r=1 Pr

∑n
h=1

µh

T dr(vh, x).

Proof. Based on Markov’s inequality, if X is a nonnegative random variable

and a ≥ 0 , then P (X ≥ a) ≤ E(X)

a
or in other words P (X < a) ≥ 1−E(X)

a
,

where E(X) is the expected value of X. Therefore, Since W1, . . . ,Wn are
independent random variables, the following inequalities hold:

P ′(
R∑

r=1

Pr

n∑
h=1

Whdr(vh, x) < T ) ≥ 1− E(
R∑

r=1

Pr

n∑
h=1

Wh

T
dr(vh, x))

= 1−
R∑

r=1

Pr

n∑
h=1

E(Wh)

T
dr(vh, x)

= 1−
R∑

r=1

Pr

n∑
h=1

µh

T
dr(vh, x),

which completes the proof.

Lemma 1 determines a lower bound approximation for the function (4),
when a given point is available as the solution for the expected 1-median with
maximum probability problem. This helps to correct the available value of
T and estimates a more reasonable amount to the preselected threshold. To
determine the solution of the expected 1-median with maximum probability,
we define the antipode points which are originally introduced by Frank, [6].
Using the antipode points, we bring forward the state-based primary regions
in links, which are useful to estimate the distances; see [2].
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Definition 3. For each node vh ∈ N and each state r, r = 1, . . . , R, the point
zijr,h on the link eij is called an antipode associated with the node vh in state
r, if the following equation holds:

zijr,hsp
r
ij + dr(vh, vi) = (lij − zijr,h)sp

r
ij + dr(vh, vj).

An antipode zijr,h on the link eij provides two regions [vi, z
ij
r,h] and [zijr,h, vj ],

where the distances between the points on the link eij in each of these regions
and the node vh in state r can be distinctly computed. Considering all
antipode points and gathering them up together yield some basic intervals
on eij , which we call them the state-based primary regions; see Definition 4.

Definition 4. The set of all points between two consecutive antipodes zijr′,l
and zijr′′,k in the link eij associated with the node vl ∈ N in the state r′ and
node vk ∈ N in the state r′′, (r′, r′′ ∈ {1, . . . , R}) is called a state-based
primary region [zijr′,l, z

ij
r′′,k].

Recall that the state-based primary regions are special with a remarkable
property that the distances from any node vh in each state r to all points
x ∈ [zijr′,l, z

ij
r′′,k] are computed either by xsprij + dr(vh, vi) or (lij − x)sprij +

dr(vh, vj) and it remains unchanged throughout this region. By using this
property, the 1-median objective function in the state r, that is, WDr(x) =∑n

h=1 whdr(vh, x), in each state-based primary region can be computed.

Next, a reformulation of the expected 1-median problem with maximum
probability is given. Since the weights of nodes are discrete random variables,
there are different situations in network. Let the set of all situations for
the vector of weights be denoted by Wstate = {W s|W s = (ws

1, . . . , w
s
n), s =

1, . . . , S}, where S =
∏n

h=1 Kh and W s denotes the vector of weights in
situation s. Therefore, the weight of node vh, h = 1, . . . , n, in situation s,
s = 1, . . . , S and its probability are denoted by ws

h and P
′s
h , respectively.

For all W s ∈ Wstate and x ∈ G, the following characterization function is
provided to calculate the objective function (4):

YW s(x) =

{
1,

∑R
r=1 Pr

∑n
h=1 w

s
hdr(vh, x) ≤ T,

0 otherwise.
(5)

By applying this characterization function, the objective function (4)
would be rewritten as follows:

max
x∈G

f(x) =
S∑

s=1

YW s(x)P ′
W s , (6)

where P ′
W s =

∏
vh∈N P

′s
h ; see [2].
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3 The solution approach

In this section, two lemmas are provided to determine the optimal solution of
the expected 1-median problem with maximum probability when the thresh-
old T is selected from some regular intervals. Furthermore, when T is selected
out of these regular intervals, an algorithm is represented to find the opti-
mal solution; see [2]. The 1-anti-median and 1-median problems are used in
Lemmas 2 and 3 to indicate some regular intervals for threshold T , where
all points in the network G are optimal with probabilistic objective function
equal to 1 and zero, respectively. In 1-anti-median problem, the purpose is
to find the location of a facility in the network, where the total weighted
distances from all nodes to the facility is maximized. The point x is 1-anti-
median, if it maximizes

∑n
h=1 whd(vh, x), where the weights and distances

are fixed values. For more details and the solution approaches, see [14].
Let xr be the optimal solution to the following 1-deterministic-anti-

median problem:

max
x∈Gr

n∑
h=1

wh[Kh]dr(vh, x),

for r = 1, . . . , R, where wh[Kh] is the largest probabilistic weight corre-
sponding to node vh. Also let x′

r be the optimal solution to the following
1-deterministic-median problem:

min
x∈Gr

n∑
h=1

wh[1]dr(vh, x),

for r = 1, . . . , R, where wh[1] is the smallest probabilistic weight correspond-
ing to node vh. Lemma 2 provides an upper level value to the threshold T ,
while Lemma 3 provides a lower level value to it. If T is selected greater
than the estimated upper level or smaller than the estimated lower level,
then the maximum probability expected 1-median solution would be readily
determined.

Lemma 2. If A = argmaxr=1,...,R

∑n
h=1 wh[Kh]dr(vh, xr) while xA is the

corresponding 1-deterministic-anti-median solution to the following problem:

max
x∈GA

n∑
h=1

wh[Kh]dA(vh, x)

and T is given in such a way to satisfy the constraint

n∑
h=1

wh[Kh]dA(vh, xA) ≤ T,

then each point x ∈ G is the expected 1-median solution with the maximum
probability equal to 1.
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Proof. The weights of the nodes vh ∈ N are assumed to be arranged in
ascending order; therefore, the following inequalities hold:

wh[1] < wh[2] < · · · < wh[Kh].

Considering the above inequalities together with the definition of xA yields
the following inequalities for an arbitrary x:

R∑
r=1

Pr

n∑
h=1

wh[k]dr(vh, x)

≤
R∑

r=1

Pr

n∑
h=1

wh[Kh]dr(vh, x) ≤
R∑

r=1

Pr

n∑
h=1

wh[Kh]dr(vh, xr)

≤
R∑

r=1

Pr

n∑
h=1

wh[Kh]dA(vh, xA) =

n∑
h=1

wh[Kh]dA(vh, xA) ≤ T.

Hence YW s(x) = 1 for all W s ∈ Wstate and x ∈ G; therefore, the objective
function value at every point x ∈ G is equal to 1, that is, all x ∈ G are
optimal.

Lemma 3. Let B = argminr=1,...,R

∑n
h=1 wh[1]dr(vh, x

′
r), where x′

B is the
1-deterministic-median solution to the following problem:

min
x∈GB

n∑
h=1

wh[1]dB(vh, x).

If T <
∑n

h=1 wh[1]dB(vh, x
′
B), then all points x ∈ G are optimal to the

expected 1-median problem with maximum probability equal to zero.

Proof. Considering the definitions of x′
B , the following inequalities hold:

T <
n∑

h=1

wh[1]dB(vh, x
′
B) =

R∑
r=1

Pr

n∑
h=1

wh[1]dB(vh, x
′
B)

≤
R∑

r=1

Pr

n∑
h=1

wh[1]dr(vh, x
′
r) ≤

R∑
r=1

Pr

n∑
h=1

wh[1]dr(vh, x)

≤
R∑

r=1

Pr

n∑
h=1

wh[k]dr(vh, x).

The foregoing inequalities yield YW s(x) = 0 for all x ∈ G and W s ∈ Wstate;
therefore, all points x ∈ G are optimal with probability equal to zero.

Lemma 4 provides a sufficient condition to ignore some links, which along
them, the characterization function (5) is equal to zero.
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Lemma 4. Let vi and vj be two adjacent nodes, where YW s(vi) = YW s(vj) =
0, for some W s ∈ Wstate; then YW s(x) is also equal to zero for all x ∈ eij.

Proof. By the assumption, YW s(vi) = YW s(vj) = 0; therefore, the following
inequalities hold:

R∑
r=1

Pr

n∑
h=1

ws
hdr(vh, vi) > T,

R∑
r=1

Pr

n∑
h=1

ws
hdr(vh, vj) > T.

Furthermore, each function dr(vh, x) is concave in each link eij ; see Figure
1. Therefore, the function:

R∑
r=1

Pr

n∑
h=1

ws
hdr(vh, x)

is concave on the link eij ; see [14]. This yields the inequality

R∑
r=1

Pr

n∑
h=1

ws
hdr(vh, x) > T

for all x ∈ eij and consequently YW s(x) = 0, which completes the proof.

Figure 1: The figure of function dr(vh, x) on the link eij .

Let the threshold T be selected between the upper and lower bound values
provided by Lemmas 2 and 3,

n∑
h=1

wh[1]dB(vh, x
′
B) ≤ T <

n∑
h=1

wh[Kh]dA(vh, xA).
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In this case, the solution of the expected 1-median problem with maximum
probability would be determined by defining some new points x in network
links, where the characterization function YW s(x) for the weight vectors
W s ∈ Wstate would change. First some special points in stated-based pri-
mary regions, called jump-points, are specified as introduced in [2]. Then it is
shown the objective function (6) would be changed only at the jump-points.
The shortest path from the points in a state-based primary region on the
link eij to each node vh would be obtained through the node vi or vj without
switching to the other node. Hence, the value of objective function (6) can
be readily computed in all jump-points in each state-based primary region.
Therefore, the optimal solution in each primary region would be determined.
By comparing all solutions in the state-based primary regions together, the
local optimal solution in each link would be obtained.

Let [zijr′,l, z
ij
r′′,k] be a state-based primary region associated with the nodes

l and k in the link eij in states r′ and r′′, respectively. Then the set of nodes
N and the set of states corresponding to the traveling times of links, Gstate,
can be partitioned into two sets L−

r′ and K+
r′′ as follows:

L−
r′ = {(h, r)|zijr,h ≤ zijr′,l}, K+

r′′ = {(h, r)|zijr,h ≥ zijr′′,k}.

Indeed, the set L−
r′ includes the pair indices (h, r), where h corresponds to

the node vh ∈ N and r corresponds to Gr ∈ Gstate, so that the position
of antipode zijr,h in the link eij is before the position of the antipode zijr′,l
associated with the node vl in the state r′. The set K+

r′′ is defined similarly.

Therefore, for (h, r) ∈ L−
r′ , the distance between any point x ∈ [zijr′,l, z

ij
r′′,k]

and the node vh in the state r is determined through the node vj , that is,
dr(vh, x) = sprij(lij −x)+dr(vh, vj), where sp

r
ij is the inverse of the traveling

speed on the link eij in the state r. The corresponding value for dr(vh, x),
where (h, r) ∈ K+

r′′ , would be determined through node vi in a similar manner.

As an example, consider the small network shown in Figure 2 with three
state-based networks G1, G2, and G3 with spr12 = 0.5, spr14 = 0.3, spr23 =
0.3, spr24 = 0.5 for r = 1, 2, 3 and sp113 = sp134 = 0.2, sp213 = sp234 = 0.3
and sp313 = sp334 = 0.4. Consider the link e12, then the set of antipodes
associated with the node 3 is {z121,3, z122,3, z123,3} = {3.7, 2.7, 2.7} and with the
node 4 is {z121,4, z122,4, z123,4} = {3.4, 4.1, 4.8}; see Figure 2. For the primary

region [z122,3, z
12
1,4] = [2.7, 3.4], we have L−

2 = {(2, 1), (2, 2), (2, 3), (3, 2), (3, 3)}
and K+

1 = {(1, 1), (1, 2), (1, 3), (3, 1) (4, 1), (4, 2), (4, 3)}. Note that for all
states r, the antipodes corresponding to the nodes 1 and 2, are the points
l12 = 6 and 0, respectively. Now consider one of the weight vectors W s ∈
Wstate with components ws

h, h = 1, . . . , n. So for any point x ∈ [zijr′,l, z
ij
r′′,k],

the following relationships hold [2]:∑
r

Pr

∑
h

ws
hdr(vh, x) ≤ T
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Figure 2: The state-based primary regions in the link e12 in a small-sized network.

⇒
∑

(r,h)∈L−
r′

Prw
s
hdr(vh, x) +

∑
(r,h)∈K+

r′′

Prw
s
hdr(vh, x) ≤ T

or∑
(r,h)∈L−

r′

Prw
s
h(dr(vh, vj) + sprij(lij − x)) +

∑
(r,h)∈K+

r′′

Prw
s
h(dr(vh, vi) + sprijx) ≤ T

⇒
∑

(r,h)∈L−
r′

Prw
s
h(dr(vh, vj) + sprij lij) +

∑
(r,h)∈K+

r′′

Prw
s
hdr(vh, vi)

+ (
∑

(h,r)∈K+

r′′

Prw
s
hsp

r
ij −

∑
(h,r)∈L−

r′

Prw
s
hsp

r
ij)x ≤ T.

(7)

Definition 5. If inequality (7) is binding at a point xW s

, then xW s

is called
a jump-point with respect to weight vector W s ∈ Wstate.

If we set∑
(r,h)∈L−

r′

Prw
s
h(dr(vh, vj)+sprij lij) = AW s

r′,L,
∑

(r,h)∈K+

r′′

Prw
s
hdr(vh, vi) = BW s

r′′,K

and ∑
(h,r)∈K+

r′′

Prw
s
hsp

r
ij −

∑
(h,r)∈L−

r′

Prw
s
hsp

r
ij = CW s

(r′,L),(r′′,K),

then

xW s

=
T −AW s

r′,L −BW s

r′′,K

CW s

(r′,L),(r′′,K)

.
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Let J be the set of all jump-points in state-based primary region [zijr′,l, z
ij
r′′,k]

unified with two boundary points {zijr′,l, z
ij
r′′,k}.

Lemma 5. The expected 1-median objective function would change only in
the points belonging to the set J .

Proof. The objective function value would change in some point x, if the
value of YW s(x) is changes from 0 to 1 or vice versa for some vectors W s.
This guarantees that these points belong to the set J .

If a local optimal solution in a state-based primary region in some links is
given, Lemma 6 provides some optimal intervals in this region. The coefficient
of variable x in inequality (7) is a criterion, which determines the optimal
intervals; for more details see [2].

Lemma 6. Let xW s ∈ [zijr′,l, z
ij
r′′,k] be the local optimal jump-point while yW

1

1

and yW
2

2 are the left and right consecutive jump-points to xW s

, respectively.
Then the optimal interval in [zijr′,l, z

ij
r′′,k] is determined as follows:

1. If CW s

(r′,L),(r′′,K) ≥ 0 and CW 1

(r′,L),(r′′,K) ≤ 0, then the interval [yW
1

1 , xW s

]
is optimal.

2. If CW s

(r′,L),(r′′,K) ≤ 0 and CW 2

(r′,L),(r′′,K) ≥ 0, then the interval [xW s

, yW
2

2 ]
is optimal.

3. If CW s

(r′,L),(r′′,K) ≥ 0 and xW s

is the first jump-point after zijr′,L, then the

interval (zijr′,L, x
W s

] is optimal, where the starting point of the interval
can be distinctly verified.

4. If CW s

(r′,L),(r′′,K) ≤ 0 and xW s

is the last jump-point before zijr′′,K , then

the interval [xW s

, zijr′′,K) is optimal, where the end point of the interval
can be distinctly verified.

Proof. The coefficient of variable x in inequality (7) is CW s

(r′,L),(r′′,K). If

CW s

(r′,L),(r′′,K) ≥ 0 and CW 1

(r′,L),(r′′,K) ≤ 0, then YW s(x) = 1 for all x ≤ xW s

and YW 1(x) = 1 for all x ≥ yW
1

1 . For other vectors W ′, which their

respective jump-points x lie outside the interval [yW
1

1 ,xW s

], the values of

YW ′(x) remain unchanged in this interval. Note that if CW 1

(r′,L),(r′′,K) > 0 and

CW s

(r′,L),(r′′,K) > 0, then YW 1(xW s

) = 0. Therefore, f(xW s

) < f(yW
1

1 ), which

contradicts the optimality of point xW s

. The other cases can be proved
similarly. Note that the rest of states for CW s

(r′,L),(r′′,K), C
W 1

(r′,L),(r′′,K), and

CW 2

(r′,L),(r′′,K) are impossible, since they contradict the optimality of point

xW s

.
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3.1 The Algorithm: finding a global optimal solution

In this section, Algorithm 1 is represented to describe that how a local opti-
mal solution can be obtained on an arbitrary link and consequently a global
optimal solution is determined. Recall that if two arbitrary adjacent nodes,
say vi and vj , have the same zero objective function values, then all points on
the link eij have also objective values equal to zero. Therefore, these edges
should be ignored in the proposed algorithm. In other side, as described in
Lemmas 2 and 3, the solution can be determined directly for spacial values of
T . The idea of Algorithm 1 is to specify the state-based primary regions on
all links and obtain the local optimal solution in all regions. Hence, Gstate the
set of all state-based situations for the network G, , and the set of all weight
situations, Wstate, are determined. Then the primary regions are located
by computing the antipodes while the set of jump-points are determined in
each primary region, as well. The corresponding value of the objective func-
tion (6) is estimated for all jump-points x by evaluating YW s(x) for vectors
W s ∈ Wstate. By comparing these solutions, the optimal solution in each
primary region and consequently on each link would be determined. Finally,
the global optimal solution in the network would be determined by compar-
ing the local optimal solutions on all links, while the optimal regions are fully
specified by Lemma 6.

In the represented algorithm, the maximum number of state-based pri-
mary regions in each link is (n − 2)R + 1 and the maximum number of
jump-points in each link is S((n−2)R+1), where S and R are the number of
states for the weights of nodes and the traveling times of edges, respectively.
To specify the solution, the values of YW s , s = 1, . . . , S for each jump-point
should be estimated. Therefore, if any link is not ignored by Lemma 4, in the
worst case, the time of algorithm in network would be mS2((n − 2)R + 1).
This time would be so long, particularly for large-sized networks. In section
5, we propose a method to solve the problem in large-sized networks without
using the Algorithm 1.

3.2 Numerical example

In the following, a numerical example is provided. The optimal solutions are
estimated for different values of threshold T by performing the steps of Algo-
rithm 1 in MATLAB R2014a, and the sensitivity analysis for different values
of weights is proposed. Using Lemmas 2 and 3, some regular intervals for
threshold T are introduced, where the optimal solutions along them would
be readily obtained.

Example 1. In this example, we study an squared network given in Figure
3 with 25 nodes and 40 links. The lengths of the links have been written next
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to the links while the weights of the nodes with their relevant probabilities
are shown in Table 1. The traveling speeds in different states for each link
eij with their relevant probabilities are given in Table 2.

Algorithm 1 Determining the expected 1-median with maximum probabil-
ity in the link eij

1: prob-the deterministicofsolutionDetermine the
lems minr=1,...,R minx′∈Gr

∑n
h=1 wh[1]dr(vh, x

′) and
maxr=1,...,R maxx∈Gr

∑n
h=1 wh[Kh]dr(vh, x), set their optimal val-

ues as L and U , respectively. If T < L or T ≥ U , then the optimal
solutions are determined by Lemmas 3 and 2, respectively. Otherwise go
to step (2).

2: Consider the set of all state-based situations for the networkG asGstate =
{Gr, r = 1, . . . , R} in which R =

∏
eij∈E Uij with relevant probabilities

Pr =
∏

eij∈E P r
ij , where P r

ij is the probability that the link eij has the

traveling time dr(vi, vj) = sprij lij .
3: Arrange the demand weight situations in the set Wstate = {W s| W s =

(ws
1, . . . , w

s
n), s = 1, . . . , S} with relevant probabilities P ′

W s =
∏

vh∈N P
′s
h

for s = 1, . . . , S.
4: Determine and sort the set of Zij = {zijr,h|h = 1, . . . , n, h ̸= ri, j, =

1, . . . , R} ∪ {0, lij} on the link eij ∈ E in ascending order. Rename the
members of Zij as zk, k = 1, . . . , |Zij |.

5: Set W ′
state = Wstate\{W s|YW s(vi) = YW s(vj) = 0} and k = 1.

6: Determine the state-based primary regions [zk, zk+1], where zk, zk+1 ∈
Zij , and the jump-point set Jk = {xk

d|xk
d = xW s ∈

[zk, zk+1]for some vector W s ∈ W ′
state, d = 1, . . . , D}, where D = |Jk|.

Set q = 1, d = 1 and f(xk
d) = 0.

7: If YW q (xk
d) = 1, where W q is the qth member of W ′

state, set f(xk
d) =

f(xk
d) + P ′

W q , else go to step (8).
8: Set q = q + 1. If q ≤ |W ′

state|, then go to step (7), else set d = d+ 1 and
go to step (9).

9: If d ≤ D, set f(xk
d) = 0, q = 1, and go to step (7), else go to step (10).

10: Set xk
opt = argmaxd f(x

k
d).

11: Set k = k + 1, if k ≤ |Zij | − 1, go to step (6), else go to step (12).
12: Set xeij = argmaxk=1,...,|Zij |f(xopt

k ).

The upper and lower bound values provided by Lemmas 2 and 3 are
5716.435 and 310.2833, respectively. Therefore, if T ≥ 5716.435 or T <
310.2833, then all points of network G are optimal with probabilities equal
to one and zero, respectively. In addition, using the proposed algorithm, it
can be numerically verified that, for values of T ≤ 1050 and T ≥ 1900, the
optimal objective function value is equal to zero and one, respectively.

To verify Algorithm 1 in details, we consider the threshold T = 1100. By
applying Lemma 4, only the links e7,12, e8,13, e11,12, e12,13, e12,17, e13,14 and
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Figure 3: A squared network with 25 nodes.

Table 1: The weights of nodes in different states
nodes 1 2 3 4 5 6 7 8 9 10 11 12 13
state 1 75 35 33 59 47 57 56 72 23 86 78 62 53
state 2 69 68 18 88 74 54 28 5 90 90 40 50 96
state 3 44 36 4 67 9 50 57 25 72 41 32 55 4
state 4 47 94 57 28 80 43 82 27 7 38 50 78 39
state 5 75 28 33 76 43 33 53 72 60 44 41 15 68
nodes 14 15 16 17 18 19 20 21 22 23 24 25 Probability
state 1 82 18 51 75 48 27 72 8 32 46 74 4 0.2
state 2 77 18 10 54 6 9 25 88 51 1 66 73 0.25
state 3 57 6 19 16 69 23 41 27 56 51 63 62 0.15
state 4 101 32 38 97 107 46 90 68 7 28 24 87 0.1
state 5 47 17 36 9 57 29 58 44 48 66 72 48 0.3

Table 2: The different traveling speeds

State 1 2 3 4 5 6
link traveling speed 100 + i + j 70 + i + j 50 + i + j 40 + i + j 80 + i + j 90 + i + j

probability 0.15 0.2 0.1 0.25 0.23 0.07
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e13,18 have to be searched for state s = 3 and the other states s = 1, 2, 4, 5 as
well as the other links would be ignored. We follow the steps of algorithm for
links e12,13 and e13,14. The antipodes of the link e12,13 are sorted ascending
according to their distance from vertex 12, as follows:

Z12,13 = {0, 5.5061, 5.6330, 5.8108, 5.8753, 5.9289, 5.9742, 9}.

The jump-points obtained by equality (7) are all outside the primary regions
and the only jump-points of the link e12,13 would be its antipodes. Computing

the values of
∑6

r=1 Pr

∑25
h=1 w

3
hdr(vh, zk) for zk ∈ Z12,13, k = 1, . . . , 8 results

in YW 3(zk) = 1. So all points in the link e12,13 are optimal with the objective
function value equals to 0.15. The other evaluated link is e13,14, where its
antipode set is

Z13,14 = {0, 1.5085, 1.6971, 1.9164, 2.1749, 2.8602, 3.3285, 3.8673, 5.3977,

7.4310, 8.1409, 8.7211, 9.2043, 33.5780, 34.0291, 34.6129,

34.8126, 34.9741, 35.1074, 44.9147, 45.7261, 45.7886, 46.9351,

46.9441, 47.4125, 47.8139, 48.0984, 48.1616, 48.2600, 48.5373,

48.6747, 48.9968, 49.1737, 49.2538, 49.4117,

49.6128, 49.7849, 69.6898, 71.4483, 72}

Again, the jump-points obtained by equality (7) are outside the primary
regions and the set of jump-points includes just the antipodes. For antipodes

{0, 1.5085, 1.6971, 1.9164, 2.1749, 2.8602, 3.3285, 3.8673, 5.3977} ⊂ Z13,14

the value of YW 3 is equal to 1. Therefore, the optimal interval obtained by
Lemma 6 is [0 , 5.3977] with optimal probability 0.15. Using Algorithm 1, the
solutions for different values of T with their objective (Obj) function values
are determined and inserted in Table 3. The obtained optimal intervals (Int)
in corresponding links with running times (t) are also reported. Moreover,
the variations of the objective function (4) with respect to different values of
T are released in Figure 4.

Next, we develop a sensitivity analysis to the solutions by certain pertur-
bations in the weights of nodes and traveling speeds of links. The weights of
all nodes are assumed to be equal to 75 in all 5 states with relevant probabil-
ities {0.55, 0.1, 0.1, 0.1, 0.15} while the lengths of all links are considered
equal to 50. In addition, 6 states are considered for links’ traveling speeds that
are assumed to be the same for all links equal to {100, 70, 50, 40, 80, 90}
in states r = 1, . . . , 6 with relevant probabilities given in Table 2. The weight
of node 1 is multiplied by 100 in the first state, that is, w1

1 = 7500. This
alteration results in the solution of maximum probability expected 1-median
problem for T = 3700 being attained in node 13 with probability 0.45. More-
over, YW s(x∗) = 1 for the states s = 2, 3, 4, 5 and YW 1(x∗) = 0, where x∗
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denotes the optimal solution, also the interval [0, 6.8090] in the link e13,18 is
optimal.

By increasing the value of T from T = 3700 to T = 6000, the optimal
value of the objective function remains unchanged while the optimal solutions
would be spread in the network. For T = 6000, all nodes except 1, 5, 21
and 25 lie in the optimal solution set. If T = 6100, only the node 1 is
optimal with objective function value 1. In this case, the value of T is larger
than the expected sum of weighted distances from all nodes to node 1 in all
states s = 1, 2, 3, 4, 5. Notice that if the median is in node 1, the expected
sum of weighted distances from all nodes to node 1 is the same in all states
s = 1, . . . , 5.

Next, we multiply the weight of node 25 in state 5 by 100 while the other
information remain unchanged. For T = 3700, . . . , 6000, the optimal value
of the objective function is 0.3. The solution for T = 3700 is node 13, by
increasing the value of T to T = 6000 the value of optimal probability does
not change but the number of optimal points is increased. For T = 6000 all
nodes expect 1, 5, 21 and 25 lie in the optimal points’ set. For T = 6100
the optimal probability is changed to 0.85 whereas the optimal solution set
is reduced to node 1.

If the probability of the first and fifth states are changed together, that
is, P ′

W 1 = 0.15 and P ′
W 5 = 0.55, then the solution would be in the last node

with optimal probability 0.85. Also, if the first and the fifth states of nodes’
weights have just the same probability equal to 0.35, then for T = 6100, both
nodes 1 and 25 would be optimal with optimal probability 0.65.

Figure 4: Variations of objective function (4) for different values of T
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4 Central limit theorem

In this section, the expected 1-median problem with maximum probability in
the large-sized networks is considered. Considering all state-based primary
regions, determining the jump-points, and finding the value of objective func-
tion in all of them make a large number of computations to be done that
practically is useless. Therefore, we state an approximation method, which
provides a near optimal solution to the expected 1-median with maximum
probability, the approach proposed in [3].

Let the mean and variance of Wh, which is the independent discrete ran-
dom weight of node vh ∈ N , be denoted by µh and σ2

h, respectively. Using
Lemma 7, the mean and variance of term

∑
r=1,...,R Pr

∑
h=1,...,n Whdr(vh, x)

are determined. Then by applying the central limit theorem, the problem is
reduced to a nonlinear fractional programming problem.

Lemma 7. Based on the central limit theorem, the term∑
r=1,...,R Pr

∑
h=1,...,n Whdr(vh, x) in large-sized networks has the normal

distribution with the expected mean value

µEWD =
∑

r=1,...,R

Pr

∑
h=1,...,n

µhdr(vh, x)

and variance σ2
EWD =

∑
r=1,...,R P 2

r

∑
h=1,...,n σ

2
hd

2
r(vh, x).

Therefore,

∑
r=1,...,R Pr

∑
h=1,...,n Whdr(vh, x)− µEWD

σEWD
∼ N(0, 1), which

yields the following:

P ′(
∑

r=1,...,R

Pr

∑
h=1,...,n

Whdr(vh, x) ≤ T )

= P ′(

∑
r=1,...,R Pr

∑
h=1,...,N Whdr(vh, x)− µEWD

σEWD
≤ T − µEWD

σEWD
)

= ϕ(
T − µEWD

σEWD
),

where ϕ is the cumulative distribution function of the standard normal dis-
tribution. By considering the ascending property of ϕ, the main problem can
be transformed into

max
x

T −
∑

r=1,...,R Pr

∑
h=1,...,n µhdr(vh, x)√∑

r=1,...,R P 2
r

∑
h=1,...,n σ

2
hd

2
r(vh, x)

. (8)

The above nonlinear fractional programming problem can be solved by
using the existed approaches such as parametric or direct methods; see [17].
But here we use a method that considers the problem in three cases. Let x∗
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be the optimal solution to the problem (8); then three cases can be occurred
associated with T − µEWD(x∗) that are discussed in details below; see [3].

1. First case: T − µEWD(x∗) > 0. Setting T − µEWD(x) =
1

γ
, the

problem is transformed into the following problem:

min
x

∑
r=1,...,R

P 2
r

∑
h=1,...,n

σ2
hγ

2d2r(vh, x) (9)

s.t. Tγ −
∑

r=1,...,R

Pr

∑
h=1,...,n

µhγdr(vh, x) = 1.

γ ≥ 0

To solve the above problem, the optimal point x in each state-based
primary region should be determined. Let [zijr′,l, z

ij
r′′,k] be a state-based

primary region associated with the nodes l and k in states r′ and r′′

in the link eij , respectively. Then for all x ∈ [zijr′,l, z
ij
r′′,k] and an ar-

bitrary state r and node vh, either dr(vh, x) = dr(vh, vi) + sprijx or
dr(vh, x) = dr(vh, vj) + sprij(lij − x). Substituting dr(vh, x) in problem

(9) and setting γx = x
′
, the problem can be rewritten as a second order

problem with one linear constraint in each primary region, which can
be solved by using such nonlinear convex programming algorithms as
Lagrangian dual method or linearization approaches; see [15]. Compar-
ing the objective function values of the optimal solutions in all intervals
yields the global optimal solution in each link and consequently in the
network.

2. Second case: T − µEWD(x∗) = 0. The second case is considered
when the first one is infeasible. In this case, it is sufficient to solve the
following problem:

min
x

∑
r=1,...,R

Pr

∑
h=1,...,n

µhdr(vh, x). (10)

Using the concavity of the objective function as mentioned in the proof
of Lemma 4, this problem has at least a nodal optimal solution. So it is
sufficient to search among the nodes of the network. If the optimal value
of the objective function (10) equals to T , then the obtained solution
is optimal to the fractional programming problem (8) with the optimal
value equal to zero. Otherwise, the third case should be considered.

3. Third case: T−µEWD(x∗) < 0. If the first and second cases are infea-
sible, this case is considered similar to the first one, but the constraint
is changed as follows:
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r=1,...,R

Pr

∑
h=1,...,n

µhγdr(vh, x)− Tγ = 1,

and the objective function (9) should be maximized. The local op-
timal solutions of the resulted problem can also be obtained in each
primary region by using such nonlinear programming algorithms as the
Lagrangian dual method or linearization approaches; see [15].

Example 2. To illustrate the efficiency of the proposed method based on cen-
tral limit theorem, a test problem from the address (http : //people.brunel.
ac.uk/mastjjb/jeb/info.html) with 100 nodes and 396 links is considered.
Four scenarios with probabilities {0.1, 0.25, 0.45, 0.2} for the network links’
traveling speeds have been considered. For each link eij the traveling speed
in state r = 1, 2, 3, 4 is assumed as sprij = (r + i+ j)0.25.

We have considered 1000 different situations for vector of weights with
discrete uniform distribution and each of components for random weights of
nodes are taken from the interval [0, 850]. Using the calculated mean and
variance for Wh, h = 1, . . . , 100, the proposed method based on central limit
theorem is applied for different values of threshold T = 104(1300 + 50i); i =
1, . . . , 10. In each case, the resulted nonlinear problems are solved by using
the interior-point solver in Matlab R2014a, and the best optimal solutions are
determined. Then, the optimality of the solutions is verified by comparing

the values of estimated objective function ϕ
(T − µEWD(x∗)

σEWD(x∗)

)
by the central

limit theorem with the values obtained from the objective function (6) for
the obtained solutions x∗; see Figure 5.

In addition, the variations of the estimated relative error

|ϕ(T − µEWD(x∗)

σEWD(x∗)
)− f(x∗)|

f(x∗)
, where f(x∗) is computed by (6) for the optimal

solution x∗ and T is selected from the set {104(1300 + 50i); i = 1, . . . , 10}
is depicted in Figure 6. As it is seen, increasing the value of T results in
increasing the objective function optimal value and therefore decreasing the
relative error.
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Figure 5: Comparison between ϕ(
T − µEWD(x∗)

σEWD(x∗)
) and objective function (6).

Figure 6: Variations of relative error for different values of T .

5 Summary and conclusions

The median problem is one of the most common problems in location the-
ory specially with nondeterministic parameters. In this paper, the 1-median
problem on a network with independent discrete demand weights and trav-
eling times is investigated. The objective function is devoted to maximizing
the probability that the expected 1-median function does not exceed a given
threshold. First, a precise algorithm to obtain the optimal solution in small-
sized networks is presented. Next, by using the central limit theorem, an
approach to find the optimal solution in large-sized networks is proposed,
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where the original problem is reduced to some linear and nonlinear problems
with a linear constraint. The numerical examples are given to illustrate the
efficiency of the proposed methods.
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On the finding 2-(k,l)-core of a tree
with arbitrary real weight

S.M. Ashkezari and J. Fathali∗

Abstract

Let T = (V,E) be a tree with | V |= n. A 2-(k, l)-core of T is two subtrees

with at most k leaves and with a diameter of at most l, which the sum of
the distances from all vertices to these subtrees is minimized. In this paper,
we first investigate the problem of finding 2-(k, l)-core on an unweighted tree
and show that there exists a solution that none of (k, l)-cores is a vertex.

Also in the case that the sum of the weights of vertices is negative, we show
that one of (k, l)-cores is a single vertex. Then an algorithm for finding the
2-(k, l)-core of a tree with the pos/neg weight is presented.

Keywords: Core; Facility location; Median subtree; Semi-obnoxious.

1 Introduction

Location theory is one of the important fields in operations research. In the
classical location theory, we want to find the optimal location of a set of single
points, as the facilities, on a network. However, in many real applications, the
facility to be located is too large to be modeled as a point, so the extensive
facilities, which have the form of a path or tree, are considered in many
researches.

A tree T is given. A core of a tree is a path of T , so that the sum of the
weighted distances from all vertices to this path is minimized. Morgan and
Slater [5] and Becker [1] presented linear time algorithms for finding a core
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of a tree, where the weights of all vertices are nonnegative. Zaferanieh and
Fathali [16] considered the problem of finding the core of a general network
and presented an ant colony and simulated annealing algorithms for solving
this problem. Rahbari et al. [10] presented a hybrid genetic and an ant colony
algorithm for the path center problem on general networks. Motevalli and
Fathali [6] presented a linear time algorithm for finding the core of a tree
with interval weights.

A 2-core of a tree is a set of two paths minimizing the sum of the distances
of all vertices of the tree from these two paths. Becker and perl [3] considered
both cases of disjoint paths and intersecting paths for a tree. Wang [13]
presented a linear time algorithm for disjoint paths case.

Some authors deal with the case that there is a constraint on the length
of path, so that the length can be at most l (see, e.g., [2,4,8]). Peng et al. [9]
considered the problem of finding a subtree containing exactly k leaves, called
k-tree core, such that it minimizes the sum of the distances of all vertices to
this tree. A linear time algorithm is given for this problem by Shioura and
Uno [11]. Wang [12] and Wang et al. [14] considered the parallel algorithms
for finding the k-tree core of a tree.

An special case of k-tree core is (k, l)-core, which the diameter of k-tree is
at most l. Becker et al. [2] presented an efficient algorithm for finding a (k, l)-
core of a tree with time complexity of O(n2logn). Their algorithm is started
by the tree T and constructs new rooted trees where the maximum length of
a path is at most l. Then, for each new tree, apply a greedy-type procedure to
find a subtree containing the root with at most k leaves and which minimizes
the sum of the distances. The problem of finding the (k, l)-core of a tree also
has been considered in [15].

Recently the semi-obnoxious location problems have found an increasing
interest. Zaferanieh and Fathali [17] considered the problem of finding a core
of a tree with pos/neg weights. The problem of finding a (k, l)-core of a tree
with pos/neg weights is considered by Motevalli et al. [7]. They proved that,
when the sum of the weights of vertices is negative, the (k, l)-core must be
a single vertex. They also presented an algorithm with time complexity of
O(n2logn) for finding the (k, l)-core of a tree with the pos/neg weight, which
is in fact a modification of the one proposed by Becker et al. [2]. Recently
Zhou et al. [19] presented polynomial time algorithms for finding 2-core of a
tree with pos/neg weights.

In this paper, we consider the problem of finding 2-(k, l)-core of T , where
the weights of vertices in T can be any positive or negative numbers. A
2-(k, l)-core of tree is two disjoint subtrees T1 and T2 of T that each of
them has at most k leaves and diameter of at most l, so that the sum of
the distances from all vertices to these subtrees is minimized. Note that if
these two subtrees are intersecting, then the problem converts to a (k, l)-core
problem that has been solved in [7].

In what follows, we define the problem in Section 2. Then we consider
the unweighted tree in Section 3 and show that there exists a solution that



G
al
le
y
P
ro
of

On the finding 2-(k,l)-core of a tree with arbitrary real weight 95

any of 2-(k, l)-core trees is not a vertex. In Section 3, also we show that when
the sum of the weights of vertices is negative, one of 2-(k, l)-cores is a single
vertex. At last, we propose an algorithm for finding the 2-(k, l)-core of a tree
with the pos/neg weight in Section 4.

2 Problem Formulation

Let T = (V,E) be a tree with |V | = n. Let w(vi), for simplicity wi, be the
weight of vertex vi ∈ V and let a(i, j) be the length of edge (i, j). Also let
d(vi, vj) be the length of path from vi to vj ; then the length of shortest path
between subtree T1 and vertex v is given by

d(v, T1) = minu∈T1 d(u, v).

For every path P , we show the length of P by L(P ), and for every subtree T ′

of T , we show the weight of tree T ′ by w(T ′), that is, w(T ′) =
∑

vi∈T ′ wi. The
diameter dT ′ of any tree T ′ is the maximum distance between two vertices of
T ′. Any path whose length equals dT ′ , is called a diameter path of T ′.

A (k, l)-core of T is a subtree T1 = (V1, E1) of T with at most k leaves
and with a diameter of at most l, so that the sum of weighted distances from
all vertices to T1 is minimized, that is,

minF (T1) =
∑

vi∈V \V1

wid(vi, T1).

Also a 2-(k, l)-core of T is a set of two subtrees T1 = (V1, E1) and T2 =
(V2, E2) with at most k leaves and with a diameter of at most l, so that the
following function is minimized:

F (T1, T2) =
∑

vi∈V \(V1∪V2)

wid(vi, T1, T2),

where d(vi, T1, T2) is the minimum distances from the vertex vi to T1 and T2,
that is,

d(vi, T1, T2) = min{d(vi, T1), d(vi, T2)}.

The applications of 2-(k, l)-core is the same as (k, l)-core. It can be ap-
plied to design of communication networks such as railroad lines, high ways,
pipelines, and transit routes. For more details on semi-obnoxious (k, l)-core
and its application to real world, we refer the reader to [7] and [17].
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3 The properties for special cases

In this section, we investigate some properties of 2-(k, l)-core in special cases.
The basic idea of solving 2-(k, l)-core is the edge deletion method, which is
tried to find an optimal solution by removing any edges and find a (k, l)-core
in each obtained subtree. In the following theorems, we use this idea to show
the properties of problem.

First, we consider the unweighted tree where all edges and vertices have
the same positive weight. The following theorem shows that none of two
subtrees of 2-(k, l)-core on an unweighted tree with dT > 2 is a single vertex.

Theorem 1. Let T = (V,E) be an unweighted tree. Then, for the case l > 0
and dT > l+1, there is a set of two subtrees T ′

1 and T ′
2, which are 2-(k, l)-core

of T , that non of them is a single vertex.

Proof. First, we show that a leaf cannot be one of 2-(k, l)-core of T . Let q
be an edge between an inner vertex and a leaf vi of T . By removing q, two
subtrees T1 and T2 = vi are obtained. Let T ′

1 and T ′
2 = vi be the (k, l)-core

of T1 and T2, respectively, and let vj ∈ T1 be the adjacent vertex to vi. If
vj /∈ T ′

1, then by adding vj to T ′
2, the objective function will not be increased.

In the case when vj ∈ T ′
1, let vr ∈ T ′

1 be a non leaf adjacent vertex to vj
and let T ′

1(vj) be a subtree of T ′
1 containing vj obtained by deleting the edge

(vj , vr). Then by adding all vertices in T ′
1(vj) to T ′

2 and deleting them from
T ′
1, the objective function does not increase. Note that since dT > l+1, then

there exists a non leaf vertex vr ∈ T ′
1 adjacent to vj .

In the case that one of (k, l)-cores is an inner vertex, obviously, we can
reduce the objective function by extending the core toward a leaf.

Note that Theorem 1 is not true for the case dT ≤ 2. A counter example,
for this case is the star graph, which is a tree that have just one vertex with
degree more than one.

Now consider the case w(T ) < 0. In this case, according to Theorems 2
and 3, the solution of (k, l)-core is a single vertex that may be a leaf. The
proof of these theorems can be found in [7].

Theorem 2. Let T be a tree with w(T ) < 0. Then the (k, l)-core is the
1-median of T and vice versa.

For any edge (u, v) ∈ E, suppose that Tuv is the subtree of T obtained by
deleting edge (u, v), in which v ∈ Tuv.

Theorem 3. Let T be a tree with w(T ) < 0. Then one of the following two
cases holds:

1. The (k, l)-core is a leaf.

2. The (k, l)-core is an inner vertex u, so that w(u) ≥ 0 and w(Tuv) ≤ 0
for each vertex v adjacent to u.
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Corollary 1. Let T = (V,E) be a tree with w(T ) < 0. There is a solution
for a 2− (k, l)-core problem that one of (k, l)-cores is a single vertex.

Proof. Let T ′
1 and T ′

2 be the 2 − (k, l)-core of T . Also let T1 and T2 be two
subtrees of T containing all vertices which assigned to T ′

1 and T ′
2, respectively.

So T ′
1 and T ′

2 is (k, l)-core of T1 and T2, respectively. Since w(T ) < 0, then
w(T1) < 0 or w(T2) < 0. Therefore by Theorem 2, T ′

1 or T ′
2 is a vertex.

Theorem 4. Let T = (V,E) be a tree with w(T ) ≥ 0, let T1 be a subtree
of T with dT1 < l, and let the number of leaves of T1 be less than k. If
w(T \ T1) > 0, then T1 is not a (k, l)-core of T .

Proof. Let T c
1 = T \ T1. Since w(T c

1 ) > 0, there exists a component T2 of
T , which is obtained by removing T1, so that w(T2) > 0. Let u ∈ T2 be the
adjacent vertex to T1 and T3 = T1 ∪ {u}. Then

F (T1) =
∑

vi∈T c
1 \T2

wid(vi, T1) +
∑
vi∈T2

wid(vi, T1)

=
∑

vi∈T c
1 \T2

wid(vi, T1) +
∑
vi∈T2

wi(d(vi, u) + d(u, T1))

= F (T3) + d(u, T1)w(T2) > F (T3).

Therefore T1 is not the (k, l)-core of T .

Zhou et al. [19] proved that the midpoint of two disjoint facility paths
is a vertex of the tree. This property holds for 2-(k, l)-core case and can be
written as the following theorem.

Theorem 5. If two disjoint subtrees T1 and T2 are a 2-(k, l)-core of T , then
the midpoint of the path between T1 and T2 is a vertex of the tree.

4 Algorithm

As mentioned before to find a 2-(k, l)-core of a tree, we delete an edge of T
and divide T to two subtrees T1 and T2. Then find the (k, l)-core of each
of T1 and T2. This procedure is repeated for each edge of T and the best
pair of (k, l)-cores is found. To find any (k, l)-core of T1 and T2, we can use
the algorithm of Motevalli et al. [7]. The complexity of their algorithm is
O(n2logn), therefor the complexity of finding 2-(k, l)-core is O(n3logn).

However for the case w(T ) < 0, according to Lemma 3, the (k, l)-core is
a vertex, which is either a leaf or an inner vertex u, so that w(u) ≥ 0 and
w(Tuv) ≤ 0 for each vertex v adjacent to u. Also in the case w(T ) > 0, we
can use Theorem 4.

Therefore we can present the following algorithm.
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Algorithm
Input: a tree T with the pos/neg weight
Output: a 2-(k, l)-core S∗ of T and its objective function d∗

begin
d∗ := +∞
for each subtree T1 and T2 obtained from T by removing
each edge e ∈ E do
SUBTREE(Ti) for i = 1, 2

end

Where procedure SUBTREE(T) find (k, l)-core of tree T as follows:

Proedure SUBTREE(T ′)
Input: a subtree T ′ = (V ′, E′) of T with | V ′ |= n′ and the best current
objective function d∗

Output: if the best subtree in T ′ has an objective function less than the
previous value of d∗, the best subtree S∗ in T ′ , having at most k leaves and
with a diameter of at most l and its objective function as the new value of d∗

begin
if T ′ consists of one vertex then

S′ = T ′ and let d(S′) be its objective function
else

find a central vertex v of T ′

if w(T ′) < 0, v is an inner vertex, w(v) ≥ 0 and for each vertex u
adjacent to v, w(Tvu) ≤ 0
then v is the (k, l)-core, let S′ = v and set d(S′) as its objective func-

tion
else let S′ := BEST-TREE(T ′, v)

if d(S′) < d∗ and W (T \ S′) < 0
d∗ := d(S′)
S∗ := S′

for each subtree T i obtained from T ′ by removing v
do
SUBTREE(T i)

end

In this procedure, a central vertex v of the tree T is the centroid of the
corresponding unweighted tree of T , that is, a vertex minimizes the maximum
number of vertices of the subtrees obtained by removing it. The procedure
BEST-TREE(T ′, v), which is presented by Beker et al. [2], finds the best
subtree S′ containing v in T ′v having at most k leaves and a diameter of at
most l.

Procedure BEST − TREE(T ′, v)
Input: a subtree T ′ = (V ′, E′) of T with n′ vertices rooted at the central

vertex v
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Output: the best subtree S′ containing v in T ′v having at most k leaves
and a diameter of at most l and its objective function d(S′)

begin
find the paths starting from v with the length at most l
for each path P starting from v with the length at most l

do
prune the tree T ′v and let T̂ ′v be the new tree (see Prune)
find the distance savings of the paths from v to each vertex u ̸= v in
T̂ ′v

if deg(v) ≥ 2 then
find the path P ′

find P ′′ = P ∪ P ′

else
P ′′ = P
find the set LS with all paths having the length no more than l

and
containing P ′′ that their objective function are better than P ′′

if T̂ ′v has more than k leaves, then
in LS select the k − 2 paths to be added to P ′′

let S′ be the best subtree containing v and
let d(S′) be its objective function

else
select all the paths in LS
let S′ = T̂ ′v and let d(S′) be its objective function

end for
end

The following notations are used in procedure BEST-TREE.

Let Puv be the path between vertices u and v in the tree T and let Tu

be the tree T rooted at u. We also denote by Tu
v the rooted subtree of Tu

containing v and all the descendants of v. For each vertex u, let f(u) be its
father. The distance saving sav(v, Pvu) obtained by adding Pvu to the root
v in Tu

v , is given by

sav(v, Pvu) = sav(v, Pvf(u)) + a(f(u), u)sumc(u)

where if v = f(u), then sav(v, Pvf(u)) = sav(v, v) = 0 and sumc(u) is calcu-
lated by

sumc(v) =


w(v) if v is a leaf ofTc,

w(v) +
∑

u is a child of v

sumc(u) otherwise,
(1)
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where Tc is the selected subtree of T as the (k, l)-core in the current iteration.
Let the path P = Pvu be given and let B be the set of children of v. We
denote by T v

b̄
, b̄ ∈ B, the subtree in which P lies. In the algorithm, the tree

T v is pruned as follows:

1. Prune the paths that belong to subtrees T v
b , with b ∈ B \ {b̄}, in order

to obtain paths with the length at most min{l − L(P ), L(P )}.

2. For the paths that lie in the same subtree as P = Pvu (i.e., in T v
b̄
),

prune those paths Pxw, with x ∈ P , x ̸= v and w ∈ T v
b̄
\ P , such that

L(Pxw) > min{L(P )− L(Pvx), l − L(Pxu)}.

The pruned tree is called T̂ v, and the weight of tree T̂ v is calculated by
the following function:

w′(u) =

w(u) for each vertex u of T̂ vthat is not a leaf,

sumv(u)a(u, f(u)) for each vertex u that is a leaf of T̂ v.

(2)

In the rest of this section, we use the algorithm for a different case of the
total weight of a tree.

Example 1. Consider the tree shown in Figure 1. The length of each
edge is written on it. Also the weights of vertices are shown in Table 1. The
total weight of tree is w(T ) = 3 > 0. We want to find the 2-(3,3)-core on this
tree. Since w(T ) > 0, according to the algorithm, we should delete an edge
of T and obtain two subtrees T1 and T2. Let us delete v9 − v10 and consider
T1 = v10 and T2 = T \ T1. Now we should find (3,3)-core of each subtree.
Because T1 has only one vertex (v10), so its (3,3)-core is v10. To find the
(3,3)-core of T2, we should find a central vertex of T2. We start with v5 as
a central vertex. Then we should find all of the paths starting from v5 with
the length at most 3. This paths are shown in Figure 2.

Table 1: The weights of vertices of tree in Figure 1 for Example 1

w1 w2 w3 w4 w5 w6 w7 w8 w9 w10 w11 w12

3 -2 1 -1 1 2 -3 2 2 -1 -2 1

Now for each pat, prune the tree T and continue steps of the algorithm.
For example, consider the path number 8 in Figure 2, the new tree after
prune is presented in Figure 3.

The distance savings of p : v5 v4 and p : v5 v6 are sav(v5, pv5v4) = −2 and
sav(v5, pv5v6) = +2. Since deg(v5) = 4, we consider p′ = v5−v6, so p

′′ = p∪p′
that is shown in Figure 3. Also since T̂ ′v has 2 leaves, so we select all the
paths in LS; then S′ = T̂ ′v and d(S′) = 0. After performing the above steps
for each path, we consider subtrees obtained by removing v5 one by one and
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Figure 1: A tree with 12 vertices.

Figure 2: The paths starting from v5 with the length at most 3.

find a central vertex for each subtree and continue above steps for each sub-
tree. After that we delete other edges of tree such as v9− v10 one by one and
run all of the above steps after removing each edge. Finally 2-(3,3)-core of T
is T ′

1 = v1 and T ′
2 = v8 that is obtained by removing of edge v1 − v3, and its

objective function is equal to F (T ′
1, T

′
2) = F (v1)+F (v8) = 0+ (−19) = −19.

Example 2. Consider the tree depicted in Figure 4. The edge lengths are
written on the edges. The weights of vertices are given in Table 2. The total
weight of tree is w(T ) = −1 < 0. We want to find the 2-(3, 4)− core on this
tree. Since w(T ) < 0, according to Theorem 2, the (k, l)-core is a vertex of T .
The (k, l)-core of T is v3, that is 1-median of T , too. The best solution is ob-
tained by removing edge v6−v8.Therefore 2-(k, l)-core is T

′
1 = v3 and T ′

2 = v8,
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Figure 3: The path number 8 after prune.

and the objective function is F (T ′
1, T

′
2) = F (T ′

1) + F ′(T2) = −25 + 0 = −25.

Table 2: The weights of vertices of tree in Figure 1 for Example 1

w1 w2 w3 w4 w5 w6 w7 w8

-1 3 2 -2 1 -3 -2 1

Figure 4: A tree with 8 vertices.

5 Summary and conclusion

In this paper, we considered the 2-(k, l)-core problem on a tree with positive
and negative weights. We showed that, in the case when the sum of weights
of tree is negative, the solution of 2-(k, l)-core is also 1-median. Some prop-
erties also stated for the case that the tree has the positive weight. Then a
polynomial algorithm was presented to find the solution of this problem.
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For a future research, it would be interesting to develop the algorithm on
other special graphs such as extended stars, cactus graphs, interval graphs,
and block graphs.

Acknowledgements

Authors are grateful to there anonymous referees and editor for their con-
structive comments.

References

1. Becker R.I. Inductive algorithms on finite trees, Quaest Math., 13,
(1990), 165–181.

2. Becker R.I., Lari I., Storchi G. and Scozzari A. Efficient algorithms for
finding the (k, l)-core of tree networks, Networks, 40, (2002), 208–215.

3. Becker R.I. and Perl Y. Finding the two-core of a tree, Discrete Applied
Mathematics, 11, (1985), 103–113.

4. Minieka E. and Patel N.H. On finding the core of a tree with a specified
length, J. Alg., 4, (1983), 345–352.

5. Morgan C.A. and Slater P.J. A linear algorithm for a core of a tree,
Journal of Algorithms, 1, (1980), 247–258.

6. Motevalli S. and Fathali J. A linear algorithm for finding core of weighted
interval trees, Journal of Operational Research and Its Applications, 13,
(2016), 101–111.

7. Motevalli S., Fathali J. and Zaferanieh M. An efficient algorithm for
finding the semi-obnoxious (k,l)-core of a tree, Journal of Mathematical
Modeling, 3, (2015), 129–144.

8. Peng S. and Lo W. Efficient algorithms for finding a core of a tree with
a specified length, Journal of Algorithms 20, (1996), 445–458.

9. Peng S., Stephens A.B. and Yesha Y. Algorithms for a core and a k-tree
core of a tree, J. Alg., 15, (1993), 143–159.

10. Rahbari M., Fthali J. and Mortazavi R. A hybrid algorithm for the path
center problem, Global Analysis and Discrete Mathematics, 1, (2016),
83–92.



G
al
le
y
P
ro
of

104 S.M. Ashkezari and J. Fathali

11. Shioura A. and Uno T. A linear time algorithm for finding a k-tree core,
J. Alg., 23, (1997), 281–290.

12. Wang B.F. Finding a k-tree core and a k-tree center of a tree network
in parallel, IEEE Transactions on Parallel and Distributed Systems, 9,
(1998), 186–191.

13. Wang B.F. Finding a 2-core of a tree in linear time, SIAM Journal on
Discrete Mathematics, 15, (2002), 193–210.

14. Wang Y., Wang D.Q., Liu W. and Tian B.Y. Efficient parallel algorithms
for constructing a k-tree center and a k-tree core of a tree network, Lec-
ture Notes in Computer Science 3827, Springer-Verlag Berlin Heidelberg,
(2005), 553–562.

15. Wang Y. and Wang Y. Efficient algorithms for constructing a (k,l)-center
and a (k,l)-core in a tree network, Fourth International Conference on
Innovative Computing, Information and Control, (ICICIC), 2009.

16. Zaferanieh M. and Fathali J. Ant colony and simulated annealing algo-
rithms for finding the core of a graph, World Applied Science Journal,
7, (2009), 1335–1341.

17. Zaferanieh M. and Fathali J. Finding a core of a tree with pos/neg weight,
Math. Meth. Oper. Res., 76, (2012), 147–160.

18. Zelinka B. Medians and peripherians of trees, Archvum Mathematicum,
4, (1968), 87–95.

19. Zhou J., Kang L. and Shan E. Two paths location of a tree with positive or
negative weights, Theoretical Computer Science, 607, (2015), 296–305.



G
al
le
y
P
ro
of

Iranian Journal of Numerical Analysis and Optimization
Vol. 9, No. 1, (2019), pp 105–126
DOI:10.22067/ijnao.v9i1.69454

New S-ROCK methods for stochastic
differential equations with

commutative noise

A. Haghighi∗

Abstract

The class of strong stochastic Runge–Kutta (SRK) methods for stochas-
tic differential equations with a commutative noise proposed by Rößler (2010)
is considered. Motivated by Komori and Burrage (2013), we design a class of

explicit stochastic orthogonal Runge–Kutta Chebyshev (SROCKC2) meth-
ods of strong order one for the approximation of the solution of Itô SDEs
with an m-dimensional commutative noise.The mean-square and asymptotic

stability analysis of the newly proposed methods applied to a scalar linear
test equation with a multiplicative noise is presented. Finally, some numer-
ical experiments for stochastic models arising in applications are given that
confirm the theoretical discussion.

Keywords: Stochastic differential equations; Runge–Kutta methods; Stochas-
tic mean square stability, Stiff equations; Commutative noise.

1 Introduction

Stochastic differential equations (SDEs) arise in a variety of applied mathe-
matics and physics areas; see [4,22]. Such equations are the results of adding
random fluctuations in the parameters of a system of ordinary differential
equations (ODEs). In the literature, there are plenty of work devoted to the
study of stochastic differential calculus; see [10,12]. However, in many cases,
the analytical solutions of such SDEs are not known; this makes numerical
methods as very important tools for solving SDEs, which have been consid-
ered by many researchers. For solving different forms of SDEs, many efficient
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numerical methods have been constructed, for example, [6, 12, 16, 23]. Espe-
cially, SRK methods are an important derivative free class of numerical meth-
ods, which are proposed for strong approximations of SDEs; see [5, 15, 17].
In 2010, Rößler [19,20] introduced a new class of SRK methods in which the
number of stages does not depend on the dimension, m, of the Wiener pro-
cess. On the other hand, the stability of numerical methods for SDEs is an
essential factor in order to avoid possible explosion. Generally, the implicit
methods have a wider range of acceptable step sizes compared to explicit ones,
which makes them suitable for the solution of stiff systems; see [7, 8, 12, 24].
However, the implementation of implicit methods demands to solve a nonlin-
ear system of equations per step, which may increase the computational cost
significantly in the case of high dimensional SDEs. Therefore, explicit meth-
ods with extended stability regions could greatly help to solve stiff SDEs. In
this regard, Abdulle et al. proposed two classes of explicit stochastic orthog-
onal Runge–Kutta Chebyshev (SROCK) methods of strong order 1/2 for
SDEs in Stratonovich [1] and Itô [2] sense. Recently, Komori et al. in [14],
constructed explicit strong SRK methods (SROCKD1 and SROCKD2) of
order one for SDEs in Itô and Stratonovich sense. These methods are de-
signed for approximation of SDEs with noncommutative noises. As we know,
double stochastic integrals must be used in methods of strong order one for
the approximation of the solution of a SDE with a noncommutative noise;
see [12, 13]. Such an expensive computational cost can be reduced when the
SDE has a single Wiener process or has a commutative noise. It should be
noted, such SDEs can be used for modeling a variety of nonlinear physical
systems; see [12]. In this article, the SRK methods of [20] for the strong
approximation of SDEs with a commutative noise is briefly reviewed. Then,
motivated by [14], a new class of SROCK methods of strong order one for
the approximation of the solution of SDEs with an m-dimensional commu-
tative noise is proposed. The mean-square stability (MS-stability) functions
for the new proposed methods, applied to a scalar linear test equations with
a multiplicative noise, are determined, and in some special cases, the regions
of MS-stability and T-stability are compared between our proposed methods
and the scalar test equation.

Consider the autonomous SDE of the Itô type in the form of

dX(t) = a(X(t))dt+ b(X(t))dWt, X(t0) = X0, t ∈ [t0, T ]. (1)

Here, X(t) ∈ Rd, a : [t0, T ]×Rd → Rd, is a drift vector, b = (b1, b2, . . . , bm) :
[t0, T ] × Rd → Rd×m is a diffusion matrix, and W (t) is an m-dimensional
standard Wiener process defined on probability space (Ω,F , P ) with the fil-
tration {Ft}t∈[t0,T ], which satisfies the usual conditions. It is assumed, X0 is
Ft0 -measurable and independent of the Wiener process with E|X0|2 < ∞,
where |.| denotes the Euclidean norm. Suppose that the conditions of the ex-
istence and uniqueness theorem [12] are fulfilled for SDE (1). For simplicity
in this paper, the equidistant discretization ph = {t0, t1, . . . , tN = T} of the
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time interval [t0, T ] with tn = t0 + nh, where h = T−t0
N for n = 0, 1, . . . , N ,

has been considered. Also, for an equidistant grid point tn ∈ ph, the notation
yn denotes a discrete approximation to the solution X(tn) of (1).

In the following, the SDE (1) is considered with a commutative noise, in
the other words, the diffusion matrix b satisfies the commutativity condition

d∑
i=1

bi,r
∂bk,s

∂xi
(t, x) =

d∑
i=1

bi,s
∂bk,r

∂xi
(t, x), (2)

for all r, s = 1, . . . ,m, k = 1, . . . , d, and (t, x) ∈ [t0, T ]× Rd.

Definition 1 (see [12, 20]). A discrete time approximation yh is said to be
convergent with the strong order α to the solution X of SDE (1) at time tn,
if there exist constants C > 0 and δ0 > 0 such that, for each h ∈ (0, δ0),(

E|X(tn)− yhn|2
) 1

2 ≤ Chα. (3)

The constants C and δ0 are independent of h.

The outline of the paper is as follows: In Section 2, we will introduce
second order Chebyshev methods proposed by Abdulle and Medovikov in [3]
for ODEs. In Section 3, we introduce the class of SRK methods proposed
by Rößler in [20] for the strong approximation of SDEs with a commutative
noise. Then, we introduce a new class of methods of strong order one for the
approximation of the solution of Itô SDEs with an m-dimensional commuta-
tive noise. In Section 4, a brief overview of the stochastic stability concepts of
SDEs is presented. We also analyze the MS-stability and T-stability proper-
ties of the newly proposed method on a linear scalar SDE. In Section 5, some
numerical results for stochastic models arising in applications are provided
to confirm theoretical discussions.

2 Chebyshev methods of order two for ODEs

Consider the autonomous d-dimensional ODE system X ′(t) = a(X(t)) with
the initial condition X(t0) = y0. The s-stage explicit deterministic Runge–
Kutta (RK) method for solving this system corresponding to step-size h is
as follows:

yn+1 = yn + h
s∑

i=1

αia(H
(0)
i ), (4)

where

H
(0)
i = yn + h

i−1∑
j=1

aija(H
(0)
j ), 1 ≤ i ≤ s.
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Applying (4) to the scalar test equation yields

X ′(t) = λX(t), t > 0, y(0) = y0, (5)

where R(λ) < 0 and y0 ̸= 0, we have yn+1 = Rs(λh)yn. Here, Rs(z) is
called a stability function. Consequently, the stability region of (4) can be
expressed as

RS = {z ∈ C : |Rs(z)| ≤ 1}. (6)

Riha [18] showed that the polynomial

Rs(z) = 1 + z +
z2

2
+

s∑
j=3

csjz
j , csj ∈ R,

exists such that |Rs(z)| ≤ 1 for z ∈ [−ls, 0] with ls as large as possible. It
is desirable in practice to replace |Rs(z)| ≤ 1 by |Rs(z)| ≤ η ≤ 1 (damping).
Abdulle et al. in [3] constructed approximations to these optimal stability
polynomials. In this approach, at first for a given η (damping factor) and
s (stage value), the values as and ls and also the polynomial w̄(x) of the
degree two with complex zeros αs ± βs which satisfies w̄(as) = 1, are cal-
culated. Then, the orthogonal polynomials {Q̄j(x)}s−2

j=0 with respect to the

weight function w̄(x)√
1−x2

on [−1, 1] are constructed in which Q̄j(as) = 1 for

j = 0, 1, . . . , s− 2. Finally, the approximation of optimal stability polynomi-
als is constructed as

Rs(x) := w(x)Qs−2(x), (7)

where w(x) := w̄(as+x/ds) with ds =
ls

1+as
> 0 and Qj(x) := Q̄j(as+x/ds)

for j = 0, 1, . . . , s − 2. For more details, you can refer to [3]. The polyno-
mials Q0(x), Q1(x), . . . , Qs−2(x) satisfy in the below three-term recurrence
relations as form

Q0(z) = 1, Q1(z) = 1 + µ1z, (8)

Qj(z) = (µjz + κj + 1)Qj−1(z)− κjQj−2(z),

for j = 1, . . . , s− 2. The values of µj and κj can be determined by inserting
the different suitable values r1, r2 ∈ R\{0} in (8) and solving the nonsingular
linear system

(µjri + κj + 1)Qj−1(ri)− κjQj−2(ri) = Qj(ri), i = 1, 2.

Abdulle et al. in [3], corresponding to stability polynomial (7), con-
structed the second order explicit RK method {yk}k≥0 for the approximation
of the solution of the deterministic system X ′(t) = a(X(t)). The mentioned
method is implemented in a code called ROCK2 as below:

H
(0)
1 = yn,
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H
(0)
2 = yn + hµ1a(H

(0)
1 ),

H
(0)
j+1 = hµja(H

(0)
j ) + (κj + 1)H

(0)
j − κjH

(0)
j−1, 2 ≤ j ≤ s− 2,

H(0)
s = H

(0)
s−1 + hθsa(H

(0)
s−1),

yn+1 = H(0)
s + hθsa(H

(0)
s )− hθs(1−

τs
θ2s

)(a(H(0)
s )− a(H

(0)
s−1)), (9)

where the parameters θs and τs satisfy in the relation w(x) = 1+2θsx+τsx
2.

3 SRK methods for SDEs with a commutative noise

In this section, we will review the SRK method introduced by Rößler in [20]
for the strong approximation of Itô SDEs with m-dimensional commutative
noise. In this class, the SRK method is given by y0 = X0 and

yn+1 = yn +

s∑
i=1

αia(tn + c
(0)
i hn, H

(0)
i )hn

+
s∑

i=1

m∑
k=1

(β
(1)
i I(k),n + β

(2)
i

√
hn)b

k(tn + c
(1)
i hn, H

(k)
i ), (10)

for n = 0, 1, 2, . . . , with stage-values

H
(0)
i = yn +

s∑
j=1

A
(0)
ij a(tn + c

(0)
j hn,H

(0)
j )hn +

s∑
j=1

m∑
l=1

B
(0)
ij bl(tn + c

(1)
j h,H

(l)
j )I(l),n,

H
(k)
i = yn +

s∑
j=1

A
(1)
ij a(tn + c

(0)
j hn,H

(0)
j )hn −

s∑
j=1

B
(1)
ij bk(tn + c

(1)
j hn,H

(k)
j )

√
hn

2

+

s∑
j=1

m∑
l=1

B
(1)
ij bl(tn + c

(1)
j hn,H

(l)
j )

I(k),nI(l),n

2
√
hn

,

for i = 1, . . . , s and k = 1, . . . ,m. The random variables of the method are
defined by the stochastic Itô integrals

I(k),n = W k(tn + h)−W k(tn) =

∫ tn+h

tn

dW k
s .

Since the random variables of the method (10) are only increments of the
Wiener process and the simulation of the multiple stochastic integrals is not
required any more, the computational cost will be reduced significantly.
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Table 1: Butcher tableau for the SRK methods SRIC1 (left) and SRIC2 (right)

0
0 0 0
0 0 0 0 0
0
0 0 1
0 0 0 -1

1 0 0 1 0 0
0 1

2 −1
2

0
0 1 0
0 0 0 0 0
0
1 1 1
1 1 0 -1

1
2

1
2 0 1 0 0

0 1
2 − 1

2

In the following, let Cp,q([t0, T ]×Rd,Rd) denote the space of all mappings
from [t0, T ] × Rd to Rd, which are p and q times continuously differentiable
with respect to the time and the state variables, respectively.

Remark 1. Frequently, the coefficients of the SRK method (10) are shown
by the following Butcher tableau :

c(0) A(0) B(0)

c(1) A(1) B(1)

αT β(1)T

β(2)T

Theorem 1 (Order conditions). Let a, bj ∈ C1,2([t0, T ] × Rd,R) for j =
1, . . . ,m. Then, the SRK method (10) obtains the strong order 0.5 for ap-
proximation of the solution of (1), if its coefficients satisfy in the equations

1. αT e = 1, 2. β(1)T e = 1, 3. β(2)T e = 0.

In addition, suppose a, bj ∈ C1,3([t0, T ]× Rd,R) for j = 1, . . . ,m. Then, the
SRK method (10) obtains the strong order 1.0, if the equations

4. β(2)TA(1)e = 0, 5. β(2)T (B(1)B(1)e) = 0,

6. β(1)TB(1)e = 0 7. β(2)T (B(1)e)2 = 0, 8. β(2)TB(1)e = 1,

are fulfilled with c(i) = A(i)e for i = 1, 2.

Proof. see [20].

To date, suggestions have been presented for the coefficients of SRK
method (10). As an example, Rößler in [20] purposed three stages of
SRK methods SRIC1 and SRIC2 with orders (pD, pS) = (1.0, 1.0) and
(pD, pS) = (2.0, 1.0), respectively, in which pD is the order of the method
related to ODEs, that is, b ≡ 0 and pS is the order of the method related to
SDEs; see Table 1.
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Remark 2. In the rest of the paper, we set B(0) = 0 and

B(1) =


0 · · · 0 0 0
... · · ·

...
...
...

0 · · · 0 0 0
0 · · · 1 0 0
0 · · · −1 0 0


s×s

, β(1) =



0
...
0
1
0
0


s×1

, β(2) =



0
...
0
0
1
2

−1
2


s×1

, (11)

therefore, the equations 2. and 3. as well as the equations 5.–8. in Theorem
1 are satisfied.

3.1 A new class of Chebyshev methods for SDEs

In this section, motivated by Komori et al. [14], we introduce a new class of
s-stage explicit stochastic orthogonal Runge–Kutta Chebyshev method for
Itô SDEs with a commutative noise. We denote this method by SROCKC2,
which has the orders (pD, pS) = (2.0, 1.0).

For the strong approximation of the solution of SDE (1) with a commu-
tative noise, the s-stage (s ≥ 2) SROCKC2 method is given by y0 = X0

and

yn+1 = H
(0)
s+1 +

s∑
i=1

m∑
k=1

(β
(1)
i I(k),n + β

(2)
i

√
hn)b

k(tn + c
(1)
i hn,H

(k)
i ), (12)

with stage values

H
(0)
1 = yn, H

(0)
2 = yn + hµ1a(H

(0)
1 ),

H
(0)
j+1 = hµja(H

(0)
j ) + (κj + 1)H

(0)
j − κjH

(0)
j−1, 2 ≤ j ≤ s− 2,

H(0)
s = H

(0)
s−1 + hθsa(H

(0)
s−1),

H
(0)
s+1 = H(0)

s + hθsa(H
(0)
s )− hθs(1−

τs
θ2s

)(a(H(0)
s )− a(H

(0)
s−1)),

H
(k)
i = Yn +

s∑
j=1

A
(1)
ij a(H

(0)
j )hn −

s∑
j=1

B
(1)
ij bk(H

(k)
j )

√
hn

2

+
s∑

j=1

m∑
l=1

B
(1)
ij bl(H

(l)
j )

I(k),nI(l),n

2
√
hn

,

where µj and κj ( j = 1, . . . , s − 2) as well as θs and τs are free parameters
in R, which are in accordance with the second method ROCK2 in (9); see [3]
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for more details. In addition, B(0), B(1), β(1) and β(2) would be defined as
previously mentioned in relation (11).

Remark 3. We note that in the deterministic case, b ≡ 0, the method (12)
coincides with the second order ROCK2 method, introduced in (9). There-

fore, assuming yn +
∑s

i=1 αia(H
(0)
i ) = H

(0)
s+1 from second order properties of

the ROCK2 method, we have
∑s

i=1 αi = 1, and the equation 1. in Theorem
1 is satisfied.

4 Stability properties

In this section, we will first investigate the MS-stability of our proposed
methods and compare them with the MS-stability regions of the methods
SRIC1 and SRIC2 in [20]. Then, the T-stability properties of the proposed
schemes on a scalar linear test equation with a multiplicative noise have
been analyzed. In this regard, we first review the MS-stability analysis of the
methods SRIC1 and SRIC2 on the linear test problem with the multiplicative
noise

dX(t) = λX(t)dt+ µX(t)dWt, λ, µ ∈ C, (13)

with the deterministic initial condition X(t0) = y0 ∈ R\{0}. For λ, µ ∈ C,
the solution of (13), X(t) = y0exp{(λ − 1

2µ
2)(t − t0) + µ(Wt − Wt0)}, is

stochastically asymptotically stable in the large if and only if

limt→∞ |X(t)| = 0 ⇔ ℜ(λ− 1
2µ

2) < 0. (14)

Also, the equilibrium position of SDE (13) is asymptotically MS-stable if and
only if

limt→∞ E(|X(t)|2) = 0 ⇔ 2ℜ(λ) + |µ|2 < 0, (15)

for λ, µ ∈ C; see [12]. It worth mentioning, MS-stability always results in
asymptotically stability in the large due to inequality ℜ(2λ− µ2) ≤ 2ℜ(λ) +
|µ|2.

Here, we are going to find conditions in which the SRIC1 and SRIC2
methods, on the scalar test equation (13), have numerically stable solutions.
For every λ, µ ∈ C a numerical method applied on the test equation (13) is
numerically asymptotically stable and MS-stable, respectively, if and only if
limn→∞ |yn| = 0 (with probability 1) and limn→∞ E(|yn|2) = 0. To deter-
mine the domain of asymptotic stability of a numerical method, we recall the
following lemma from [9].

Lemma 1. For a given sequence of real-valued, nonnegative, independent,
and identically distributed random variables {Rn(h, λ, µ)yn}∞n=0. Consider
the sequence of random variable {|yn|}∞n=0 defined by yn+1 = Rn(h, λ, µ)yn
and |y0| ≠ 0 (w.p.1). If the random variables log(|Rn(h, λ, µ)|) are square
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integrable, then

limn→∞ |yn| = 0 ⇔ E
(
log(|Rn(h, λ, µ)|

)
< 0. (16)

So the domain of asymptotic stability of a numerical method can be ex-
pressed as

RAS = {λ, µ ∈ C : E
(
log(|Rn(h, λ, µ)|

)
< 0}.

Set a1 := 1 + x − y2

2 and a2 := 1 + x + 1
2x

2 − y2

2 , where x = hλ and

y = µ
√
h. Applying SRIC1 and SRIC2 methods on the scalar test equation

(13), respectively, we have

yn+1 =
(
aj +

I(1),n√
h

y +
I2(1),n

2h
y2
)
yn, j = 1, 2. (17)

Here, we find the forms

yn+1 = Rj
n(x, y)yn, j = 1, 2,

for (17), and the MS-stability functions of the methods SRIC1 and SRIC2
will be given, respectively, by

E(|yn+1|2) = R̂j
n(x, y)E(|yn|2), j = 1, 2.

Obviously, for λ, µ ∈ C and h > 0, the methods SRIC1 and SRIC2 are MS-
stable, if R̂j

n(x, y) < 1 for j = 1, 2. So, the domain of MS-stability of SRIC1
and SRIC2 methods can be expressed, respectively, as

Rj
MS = {λ, µ ∈ C : R̂j

n(x, y) < 1}, j = 1, 2.

Because of better visualization of the regions R1
MS and R2

MS in the x − y
plane, the restriction λ, µ ∈ R is considered. So, one can express the MS-
stability function of the SRIC1 and SRIC2 methods, respectively, as

R̂j(x, y) = a2j + y2 +
3

4
y4 + y2aj , j = 1, 2.

It should be noted that all the following figures, demonstrating regions of MS-
stability for the numerical methods under consideration, are plotted, using
the Mathematica software. Figure 1 gives the MS-stability regions of the
methods SRIC1 and SRIC2. The light gray area shows the MS-stability
region of the test equation (13) and the dark gray area shows the MS-stability
regions of the methods. Comparison of the illustrated regions in Figure 1
shows that the SRIC1 and SRIC2 methods have small regions of MS-stability.
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Figure 1: MS-stability region for the test equation (13) (light grey surface) and SRK
methods (dark grey surface) (left) SRIC1, (right) SRIC2.

4.1 MS-stability analysis of SROCKC2

Consider the method (12), for simplification similar to [14], we set all com-
ponents of A(1) as zero except

A
(1)
s−2,j = A

(1)
s−1,j = A

(1)
s,j = A

(0)
s−1,j , 1 ≤ j ≤ s− 2,

where A(0) is an s×s strictly lower triangular matrix which could be obtained
from the following equation:

H
(0)
i = yn +

i−1∑
j=1

A
(0)
i,j a(H

(0)
j−1)

for i = 1, . . . , s. Clearly, from the definition of A(1), the equation 4. in
Theorem 1 is satisfied.

Now, suppose that Rs(x) = w(x)Qs−2(x) is the stability polynomial of
the s-stage deterministic method ROCKD2 (9) with parameter η; see [3].
When the method (12) is applied to the test equation (13), we find the forms
yn+1 := Rs(h, λ, µ,∆Wn)yn, where

Rs(h, λ, µ,∆Wn) =
(
w(λh) + ∆Wnµ+

1

2
[∆Wn]

2µ2 − 1

2
hµ2

)
Qs−2(λh).

Applying the expectation operator and according to the properties of
standard normal distribution in the terms of x and y, we have

E
(
|Rs(x, y)|2

)
=
(
w(x)2 + y2 +

y4

2

)
[Qs−2(x)]

2.

Therefore, the mean square stability regions of the methods SROCKC2 is
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Figure 2: Profile of the MS-stability regions of the SROCKC2 schemes for some special
values of η and s.

RMS = {(x, y) ∈ R2 : E
[
|Rs(x, y)|2

]
< 1}. (18)

For more clear results concerning the MS-stability regions of SROCKC2
schemes, in the following, we confine our investigation to some optimal values
of η and s, which have been suggested by [14]. The regions of MS-stability
for SROCKC2 schemes with different values of η and s (dark gray area) are
illustrated in Figure 2. We can see in Figure 2 that the MS-stability region of
methods SROCKC2 is larger than the methods SRIC1 and SRIC2. In what
follows, SROCKC2 scheme with three stages (η = 0.4), six stages (η = 0.375),
and nine stages (η = 0.3) are denoted by SROCKC2 − 3, SROCKC2 − 6,
and SROCKC2− 9, respectively.

4.2 T-stability analysis of SROCKC2

To measure the asymptotic stability of a numerical method with respect to
the driving process, Saito and Mitsui established the definition of T-stability
in [21].
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Figure 3: Profile of the T-stability regions of the SROCKC2 schemes for some optimal

values of η and s.

Definition 2. Assume that the test equation (13) is stochastically asymp-
totically stable in the large. The numerical scheme equipped with a specified
driving process said to be T-stable if limn→∞ |yn| = 0 holds for the driving
process.

It can be deduced that the criterion of T-stability depends both on the
scheme and the driving process. Accordingly, similar to the approach, which
is used by Lemma 1, the criterion of T-stability of a numerical method with
respect to normal random variables can express as

log T (h, λ, µ) =
1√
2π

∫ +∞

−∞

(
log(|Rn(h, λ, µ)|e−

1
2 z

2

dz
)
< 0. (19)

It seems it is not so simple to find the closed form of (19). Thus, we use
the MATLAB software to approximate the integral in (19). The integral
interval (−∞,+∞) is approximated by [−50, 50] because of the magnitude
of the integrand in (19) becomes sufficiently small when |z| > 50. In Figure
3, the regions of T-stability for SROCKC2 schemes with different values of
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Figure 4: Profile of the T-stability regions of the methods SRIC1 (left) and SRIC2 (right).

η and s (dark gray area) have been illustrated. Similarly, the regions of
T-stability for the methods SRIC1, SRIC2, Milstein and Platen (light gray
area) are depicted in Figures 4 and 5. Comparison of the illustrated regions
confirms that the proposed methods have reasonably larger regions of both
MS-stability and T-stability.

5 Numerical experiments

In this section, we apply some optimal cases of SROCKC2 schemes (12) on
some examples of Itô stochastic differential equations that arising in applica-
tions. These examples illustrate the efficiency of the new proposed methods.

Denote y
(i)
N and X(i)(tN ) as the numerical solutions and the exact solution

at step point tN in ith simulation, respectively. The root mean square er-
ror (RMSE) is used by simulating 1000 independent trajectories for a given
step-size h as bellow:

RMSE :=

(
1

1000

1000∑
i=1

∣∣∣X(i)(tN )− y
(i)
N

∣∣∣2) 1
2

.

We also investigate computational costs for a given h to measure accuracy
of proposed methods. In simulation results, the number of evaluations of
the drift function a, of the diffusion function b, and the number of random
numbers to be generated in every step is taken as measure of computational
costs (Sa). In the following, we will compare the methods SROCKC2-3,
SROCKC2-6, and SROCKC2-9 with some popular methods, including Euler-
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Figure 5: Profile of the T-stability regions of the methods Milstein (left) and Platen
(right).

Table 2: A least squares fit for the parameters C and α, for problem 1 with λ = 1, µ = 1
Xt0 = 1

SROCKC2-3 SROCKC2-6 SROCKC2-9 Platen Milstein SRIC1

α 1.0514 1.0597 1.0615 1.0207 1.0109 1.0109
log(C) 1.8067 1.7033 1.6803 2.0750 2.2317 2.2317

Maruyama [12], Milstein [16], SRIC1 and SRIC2 [20], and also the method
proposed by Platen [12].

Problem 1: The first problem is the scalar test equation (13) that is
considered on I = [0, 1] with the initial condition Xt0 = 1. For this setting,
the simulation results are presented in Figure 6. In this figure, RSME versus
step size of the methods are illustrated at T = 1. It is clearly seen in Figure
6 that the slopes of curves appear to match well and (3) for α = 1 is valid.
Further, with assumption RSME ≈ Chα for some constants C and α, we
can write

log(RSME) ≈ log(C) + α log(h). (20)

In Table 2, a least squares fit for the parameters C and α are calculated,
respectively. These results confirm that the proposed methods have a con-
vergence with order 1 in mean square sense. Also, in Table 3, the RMSE for
time steps h = 2−9, . . . , 2−5 are computed.
As a further aspect of providing comparisons of the computational efficiency
of the proposed methods, ratio CPU times of the methods SROCKC2, Mil-
stein, Platen, and SRIC2 to the running time of the method SRIC1 are cal-
culated in Table 4. It can be deduced from Table 4 that the CPU time of the
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Figure 6: RMSE versus step size for test problem 1.

Table 3: Means of absolute errors, RMSE, for problem 1

h SROCKC2-3 SROCKC2-3 SROCKC2-3 Platen Milstein SRIC2

2−5 0.150 0.131 0.127 0.223 0.271 0.271

2−6 0.082 0.072 0.070 0.121 0.145 0.145

2−7 0.037 0.032 0.031 0.056 0.069 0.068
2−8 0.017 0.015 0.014 0.027 0.035 0.034

2−9 0.008 0.007 0.007 0.013 0.017 0.016

method SROCKC2-3 and SRIC2 are approximately similar to the method
SRIC1.

In following, because we do not know exact solutions to problems, refer-
ence solutions have been simulated with the Milstein scheme [16] based on
the step size h = 2−13.
Problem 2: The second problem is a chemical reaction model [12]. The
mathematical model is

dx1(t) =
(
c1x1(t)− c2x1(t)(x1(t)− 1) + 2c3x2(t))

)
dt

+x1(t)
(
α1dW

1
t + α2dW

2
t

)
,

dx2(t) =
(c2
2
x1(t)(x1(t)− 1)− c3x2(t)− c4x2(t))

)
dt

+x2(t)
(
β1dW

1
t + β2dW

2
t

)
.

The system parameters take the values c1 = c2 = 200, c3 = 100, and
c4 = 100 while the stochastic coefficients are α1 = α2 = 5 and β1 = β2 = 0.5.
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Table 4: Ratio CPU times of the proposed methods to the running time of the method
SRIC1, for problem 1 with λ = 1, µ = 1 Xt0 = 1 at T = 1

h SROCKC2-3 SROCKC2-6 SROCKC2-9 Platen Milstein SRIC2

20 0.842 1.736 2.157 0.115 0.105 0.473
2−1 1.346 1.846 3.891 0.269 0.262 1.000

2−2 0.957 2.015 3.723 0.414 0.106 1.063

2−3 0.970 2.000 3.303 0.284 0.176 0.961

2−4 0.984 2.035 3.533 0.329 0.203 1.011

2−5 1.032 2.060 3.486 0.319 0.151 1.001

2−6 0.995 1.949 3.212 0.386 0.239 1.022

Table 5: A least squares fit for the parameters C and α, for problem 2

SROCKC2-3 SROCKC2-6 SROCKC2-9 Platen Milstein SRIC1

α 0.7247 0.7237 0.6993 1.5669 1.4207 0.8303
log(C) 8.5043 8.3181 7.9808 19.5330 17.8396 10.1329

Table 6: Means of absolute errors, RMSE, for problem 2

h SROCKC2-3 SROCKC2-3 SROCKC2-3 SRIC2 Milstein Euler Platen

0.01 × 2−9 unst. 1.17 1.21 unst. unst. unst. unst.
0.01 × 2−10 0.86 0.91 0.92 unst. unst. unst. unst.
0.01 × 2−11 0.71 0.60 0.58 0.98 1.72 unst. 1.58
0.01 × 2−12 0.41 0.34 0.33 0.55 0.51 0.51 0.41
0.01 × 2−13 0.26 0.22 0.22 0.31 0.24 0.24 0.18

Table 7: Ratio CPU times of the proposed methods to the running time of the method
SRIC1, for problem 2

h SROCKC2-3 SROCKC2-6 SROCKC2-9 Platen Milstein SRIC2

0.01× 2−6 1.066 1.333 1.600 0.733 0.667 0.933
0.01× 2−7 0.935 1.225 1.581 0.709 0.645 0.967
0.01× 2−8 1.034 1.310 1.672 0.706 0.689 1.034
0.01× 2−9 1.008 1.288 1.661 0.711 0.678 1.016
0.01× 2−10 0.991 1.287 1.665 0.707 0.671 1.042
0.01× 2−11 1.006 1.319 1.696 0.724 0.698 1.002
0.01× 2−12 1.004 1.304 1.685 0.719 0.691 1.000
0.01× 2−13 1.007 1.314 1.684 0.730 0.699 1.009
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double logarithmic (ld) measures for test problem 2.

Table 8: A least squares fit for the parameters C and α, for problem 3

SROCKC2-3 SROCKC2-6 SROCKC2-9 Platen Milstein SRIC1

α 0.5454 0.5715 0.5244 1.4623 1.3736 1.4243
log(C) 0.6772 0.8068 0.5372 6.7938 6.2749 6.5723

The initial conditions are x1(0) = 1000 and x2(0) = 100, and the integration
is performed on the interval [0, 0.01]. The results are indicated in Figure 7
and Tables 5–7. Table 5 shows that although all mentioned methods have
same slope values, α, but the values of C, for the methods SROCKC2-3,
SROCKC2-6, and SROCKC2-9 are much less that other methods. Also, from
Table 6, it can be deduced that the methods SROCKC2-6 and SROCKC2-9
are MS-stable for step sizes h ≤ 7.81×10−5 and h ≤ 1.56×10−4. Clearly, the
simulation results suggest proposed methods as the most efficient methods
with respect to the root mean-square errors and computational costs. Also,
the evolution of the x1(t) and x2(t) is given in Figure 8.

Problem 3: The third problem is Marine bacteriophage infection
model, which is a stiff SDEs; see [11]. The mathematical model is

ds(t) =
(
as(t)(1− (i(t) + s(t)))− s(t)p(t)

)
dt+ σ1

(
s(t)− s∗

)
dW 1

t ,

di(t) =
(
s(t)p(t)− ℓi(t)

)
dt+ σ2

(
i(t)− i∗

)
dW 2

t , (21)

dp(t) =
(
−s(t)p(t)−mp(t) + bℓi(t)

)
dt− σ3

(
p(t)− p∗

)
dW 3

t ,
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Figure 8: Problem 2: The functions x1(t) and x2(t) averaged over 1000 discretized
Brownian paths and along 40 individual paths with the SROCKC2-6 method with h =
0.01× 2−8.

Table 9: Means of absolute errors, RMSE, for problem 3

h SROCKC2-3 SROCKC2-3 SROCKC2-3 SRIC1 Milstein Euler Platen

5× 2−5 unst. 0.353 0.351 unst. unst. unst. unst.
5× 2−6 0.354 0.350 0.344 unst. unst. unst. unst.
5× 2−7 0.312 0.311 0.309 unst. unst. unst. unst.
5× 2−8 0.238 0.237 0.235 unst. unst. unst. unst.
5× 2−9 0.162 0.161 0.159 unst. unst. unst. unst.
5× 2−10 0.108 0.107 0.105 0.365 0.355 0.362 0.372
5× 2−11 0.074 0.072 0.073 0.136 0.137 0.133 0.135
5× 2−12 0.055 0.054 0.055 0.039 0.039 0.038 0.039

with the initial condition (s0, i0, p0) = (0.3, 0.2, 5). Here s represents the
susceptible bacteria, i is the infected bacteria, and p is the phage (viruses).
The drift coefficients have the values a = 8.65, ℓ = 24.628, m = 14.925, and
b = 60 while the noise coefficients have the values σ1 = σ2 = σ3 = 0.4 and

s∗ =
m

b− 1
, i∗ =

as∗(1− s∗)
ℓ+ as∗

, p∗ =
aℓ(1− s∗)

ℓ+ as∗
.

In Figure 9, we report the errors versus step size of the methods and errors
versus computational effort with double logarithmic (ld) measures on the in-
terval [0, 5]. Also, Figure 9 illustrates the reduction in computational effort
of methods SROCKC2-3, SROCKC2-6, and SROCKC2-9 in the same level of
accuracy. Clearly, the simulation results in Tables 8–10 suggest the proposed
methods as the most efficient methods with respect to root mean-square er-
rors and computational costs. The evolution of the three interacting species
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Table 10: Ratio CPU times of the proposed methods to the running time of the method
SRIC1, for problem 3

h SROCKC2-3 SROCKC2-6 SROCKC2-9 Platen Milstein SRIC2

5 × 2−5 1.200 1.600 3.000 0.400 0.401 1.200

5 × 2−6 0.909 1.545 2.454 0.363 0.181 1.000
5 × 2−7 1.001 1.476 2.428 0.381 0.285 1.095

5 × 2−8 1.024 1.561 2.243 0.390 0.268 1.048

5 × 2−9 0.964 1.511 2.178 0.392 0.272 1.023

5 × 2−10 1.189 1.561 2.298 0.445 0.274 1.158

5 × 2−11 0.972 1.413 2.011 0.356 0.263 1.087

5 × 2−12 0.952 1.384 2.158 0.371 0.267 1.069

is given in Figure 10.

6 Conclusions

In this paper, the class of strong stochastic Runge–Kutta methods for stochas-
tic differential equations with commutative noise due to Rößler (2010) is
considered. For stiff SDEs, a family of explicit stochastic orthogonal Runge–
Kutta Chebyshev methods of strong order one for the approximation of the
solution of Itô SDEs with m-dimensional commutative noise are designed.
The mean-square and asymptotic stability of newly proposed methods ap-
plied to a scalar linear test equation with multiplicative noise have been an-
alyzed. Some numerical results for stochastic models arising in applications
are provided to confirm theoretical discussions. In future works, we will con-
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Figure 10: Problem 3: The functions s(t), i(t), and p(t) averaged over 1000 discretized
Brownian paths and along 40 individual paths with the SROCKC2-6 method with h =
5× 2−8.

sider constructing methods with higher strong global convergence orders and
better stability properties.
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Regularization technique and
numerical analysis of the mixed system

of first and second-kind
Volterra–Fredholm integral equations

S. Pishbin∗ and J. Shokri

Abstract

It is important to note that mixed systems of first and second-kind

Volterra–Fredholm integral equations are ill-posed problems, so that solving
discretized system of such problems has a lot of difficulties. We will apply
the regularization method to convert this mixed system (ill-posed problem) to
system of the second kind Volterra–Fredholm integral equations (well-posed

problem). A numerical method based on Chebyshev wavelets is suggested
for solving the obtained well-posed problem, and convergence analysis of the
method is discussed. For showing efficiency of the method, some test prob-
lems, for which the exact solution is known, are considered.

Keywords: Mixed systems of first and second-kind Volterra–Fredholm in-
tegral equations; Regularization method; Chebyshev wavelets; Convergence
analysis.

1 Introduction

The Volterra–Fredholm integral equations [4, 5, 7, 13] arise from parabolic
boundary value problems, from the mathematical modeling of the spatiotem-
poral development of an epidemic, mathematical population dynamics, and
from various physical and biological models.
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In this paper, we consider mixed system of Volterra–Fredholm integral
equations (VFIEs) consisting of first and second-kind VFIEs as follows:

F (t, x) = AU(t, x) +

∫ t

0

∫
Ω

K(t, η, x, s)U(η, s)dsdη, t ∈ I = [0, T ], x ∈ Ω,

(1)
where F (t, x) = [f(t, x), g(t, x)]T , U(t, x) = [u1(t, x), u2(t, x)]

T and

A =

[
1 0
0 0

]
, K(t, η, x, s) =

[
k11(t, η, x, s) k12(t, η, x, s)
k21(t, η, x, s) k22(t, η, x, s)

]
.

Here, Ω denotes a (closed) bounded region in Rd (d = 1, 2, 3) with the
(piecewise) smooth boundary ∂Ω.

The reformulation of the initial-boundary-value problem for the linear
heat equation in a two-dimensional spatial domain Ω with the boundary ∂Ω
by single-layer techniques leads to a mixed system of Volterra–Fredholm in-
tegral equations. Mixed systems of VFIEs are considered as the ill-posed
problems. However, we will first apply the method of regularization that
received a considerable amount of interest, especially in solving first kind
integral equations. The method transforms mixed system to the system of
second kind integral equations. The method of regularization was established
independently by Phillips [12] and Tikhonov [14]. The method of regular-
ization consists of replacing ill-posed problem by well-posed problem. Some
numerical methods have been proposed for solving Volterra–Fredholm inte-
gral equations of the second kind; see, for example, [2, 6, 8, 10, 11, 15, 16]. In
this paper, the wavelet collocation method is developed for a mixed system
of first and second kind Volterra–Fredholm integral equations.

The paper is organized as follows. In Section 2, we consider some applica-
tions of Volterra–Fredholm integral equation and in Section 3, we introduce
regularization technique to transform mixed system (1) into the system of
second kind integral equations. In Section 4, a numerical method based on
Chebyshev wavelets is applied for solving the obtained well-posed problem.
The convergence analysis is given in Section 5 and the numerical experiments
are carried out in Section 6, which will be used to verify the theoretical re-
sults.

2 Some applications

We can consider Volterra–Fredholm integral equation of the first kind as
a spacial case of system (1)(let u1 = 0, k12 = 0). The reformulation of
the initial-boundary-value problem for the linear heat equation in a two-
dimensional spatial domain Ω with boundary ∂Ω by singlelayer techniques
leads to a Volterra–Fredholm integral equation of the first kind in the follow-
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ing form [3]:

gΓ(t, θ) =

∫ t

0

∫ 1

0

K(t− s,X(θ)−X(s))U(s, ϕ)dϕds,

where X(θ) is a smooth 1-periodic parametric representation of the boundary
curve Γ = ∂Ω, and gΓ represents the function describing the given boundary
condition on I × ∂Ω.

For the another example, you can consider the following integral equation
[1]

f(x, t) = (Λ(t)− f∗(x)) =

∫ t

0

∫
Ω

F (t, τ)k(x, y)Φ(y, t)dydτ,

(x = x̄(x1, x2, x3), y = ȳ(y1, y2, y3), (x, y) ∈ Ω, t ∈ [0, T ], )

under the condition ∫
Ω

Φ(x, t)dx = P (t),

can be investigated from the contact problem of a rigid surface (G, ν) hav-
ing an elastic material occupying the domain Ω where f∗(x) describing the
surface of stamp. This stamp impressed into an elastic layer surface (plane)
by a variable known force with respect to time P (t) whose eccentricity of
application e(t), (t ∈ [0, T ]) that case rigid displacement Λ(t). Here G is the
displacement magnitude and ν is Poisson’s coefficient.

3 Regularization technique

The linear operator defined by second equation in system (1) has not gener-
ally a continuous inverse, so that it is difficult to obtain a precise numerical
solution by classical discretization methods. Thus regularization techniques
could be used instead to transform integral equations such as second equa-
tion in system (1) into second-kind integral equations. More precisely, we
consider the following integral equations:

f(t, x) = u1(t, x) +

∫ t

0

∫
Ω

k11(t, η, x, s)u1(η, s)dsdη

+

∫ t

0

∫
Ω

k12(t, η, x, s)u2,ε(η, s)dsdη,

g(t, x) = εu2,ε(t, x) +

∫ t

0

∫
Ω

k21(t, η, x, s)u1(η, s)dsdη

+

∫ t

0

∫
Ω

k22(t, η, x, s)u2,ε(η, s)dsdη,

(2)

where ε is a fixed positive number.
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Under a hypothesis that will be clarified later, it can be proved that the
solution u2,ε(x, t) of equation (2) converges (when ε → 0) to the solution
u2(x, t) of equation (1). Now, we consider the matrix form of equation (2) as
the following system of integral equations:

F (t, x) = EUε(t, x) +

∫ t

0

∫
Ω

K(t, η, x, s)Uε(η, s)dsdη, (3)

where E =

[
1 0
0 ε

]
and Uε(x, t) = [u1(x, t), u2,ε(x, t)]

T .

We need the following definition and lemma to regularization technique.

Definition 1. A self-adjoint operator κ : H → H, where H is a real Hilbert
space, is called coercive if there exists a constant c > 0 such that

⟨κx, x⟩ ≥ c∥x∥2, for all x ∈ H.

Lemma 1. Suppose that the integral operator of system (3) is continuous
and coercive in a Hilbert space, where F, U, Uε are defined. Then

• ∥Uε∥ is bounded independently of ε;

• ∥Uε − U∥ tends to 0 when ε → 0.

Proof. From (3) we conclude the following:

∥E∥∥Uε∥ = ∥F −
∫ t

0

∫
Ω

KUεdsdη∥ ⩾ −∥F∥+ ∥
∫ t

0

∫
Ω

KUεdsdη∥, (4)

The coercivity property of the integral operator implies

∥
∫ t

0

∫
Ω

KUεdsdη∥ ⩾ α∥Uε∥, (5)

where α is the coercivity constant.

From (4) and (5) we deduce

∥E∥∥Uε∥ ⩾ α∥Uε∥ − ∥F∥; (6)

therefore it is obtained:

(α− ∥E∥)∥Uε∥ ⩽ ∥F∥,

which proves the first part of the lemma.

Now, for proving the second result, by using (1) and (3), we have

E(Uε − U) = −
∫ t

0

∫
Ω

K(t, η, x, s)[Uε(η, s)− U(η, s)]dsdη + Ũ1 − EU, (7)
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where Ũ1(x, t) = [u1(x, t), 0]
T . By rearranging (7), we can write∫ t

0

∫
Ω

K(t, η, x, s)[Uε(η, s)− U(η, s)]dsdη = −E(Uε − U)− εŨ2, (8)

where, by using vectors operations EU − Ũ1 = εŨ2 is obtained, which Ũ2 =
[0, u2]

T . Taking the norm from the both side of (8) and using the coercivity
property imply

α∥Uε − U∥ ⩽ ∥E(Uε − U)− εŨ2∥ ⩽ ∥E∥∥Uε − U∥+ ε∥Ũ2∥. (9)

From ∥Ũ2∥ = ∥u2∥, we deduce that

(α− ∥E∥)∥Uε − U∥ ⩽ ε∥u2∥, (10)

and now from ∥E∥ = 1 + ε → 1 when ε → 0 and α ≫ 1 then it is concluded
that ∥Uε − U∥ → 0 when ε → 0. This completes the proof.

The conditions of existence and uniqueness of solutions related to the
VFIEs (3) can be investigated by considering the theorem about existence
and uniqueness of solution of the second-kind Volterra–Fredholm integral
equation in [3].

Theorem 1. Assume that
1. F ∈ C(I × Ω)
2. K ∈ C(D × Ω2) where D = {(t, η), 0 ≤ η ≤ t ≤ T}.
Then the mixed system (3) possesses a unique solution Uε ∈ C(I × Ω).

4 Numerical treatment

4.1 Chebyshev wavelets

Dilations and translations of the “Mother function,” or “analyzing wavelet”
Φ(x) define an orthogonal basis, our wavelet basis:

Φ(s,l)(t) = 2
−s
2 Φ(2−st− l),

the variables s and l are integers that scale and dilate the mother function Φ
to generate wavelets, such as a Daubechies wavelet family. The scale index s
indicates wavelet’s width, and the location index l gives its position. Notice
that the mother functions are rescaled, or “dilated” by powers of two, and
translated by integers. What makes wavelet bases especially interesting is the
self-similarity caused by the scales and dilations. Once we know about the
mother functions, we know everything about the basis. Chebyshev wavelets
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ϕ(n,m) = ϕ(k, n,m, t) have four arguments, n = 1, 2, . . . , 2k−1, where k can
assume any positive integer and m is the degree of Chebyshev polynomials
of the first kind. They are defined on the interval [0, 1) as

ϕ(n,m)(t) =

{
2

k
2 T̂m(2kt− 2n+ 1), n−1

2k−1 ≤ t < n
2k−1 ,

0, otherwise,
(11)

where

T̂m(t) =

{ 1√
π
, m = 0,√
2
πTm(t), m > 0,

and m = 0, 1, . . . ,M − 1, n = 1, 2, . . . , 2k−1. Also Tm(t) are Chebyshev
polynomials of degree m which are orthogonal with respect to the func-
tion w(t) = 1√

1−t2
on the interval [−1, 1]. We consider the two-dimensional

Chebyshev wavelet ϕ(n1,m1,n2,m2)(x, y) as follows:2
k1+k2

2 T̂m1(2
k1x− 2n1 + 1)T̂m2(2

k2y − 2n2 + 1), n1−1
2k1−1 ≤ x < n1

2k1−1 ,
n2−1
2k2−1 ≤ y < n2

2k2−1 ,
0, otherwise,

(12)
where m1 = 0, 1, . . . ,M1 − 1, m2 = 0, 1, . . . ,M2 − 1, n1 = 1, . . . , 2k1−1, and
n2 = 1, . . . , 2k2−1.

A function u(x, y) ∈ L2([0, 1)× [0, 1)) may be expanded as

u(x, y) =

∞∑
n1=1

∞∑
m1=0

∞∑
n2=1

∞∑
m2=0

un1m1n2m2ϕ(n1,m1,n2,m2)(x, y). (13)

If the infinite series in equation (13) is truncated, then

u(x, y) ≈
2k1−1∑
n1=1

M1−1∑
m1=0

2k2−1∑
n2=1

M2−1∑
m2=0

un1m1n2m2ϕ(n1,m1,n2,m2)(x, y) = Φ(x)TUΦ(y).

(14)
where Φ(x) and Φ(y) are (2k1−1)M1× 1 and (2k2−1)M2× 1 matrices, respec-
tively, such that

Φ(x) = [ϕ(1,0)(x), . . . , ϕ(1,M1−1)(x), . . . , ϕ(2k1−1,0)(x), . . . , ϕ(2k1−1,M1−1)(x)]
T ,

Φ(y) = [ϕ(1,0)(y), . . . , ϕ(1,M2−1)(y), . . . , ϕ(2k2−1,0)(y), . . . , ϕ(2k2−1,M2−1)(y)]
T .

Also U is a (2k1−1)M1× (2k2−1)M2 matrix whose elements can be calculated
as

un1m1n2m2 =

∫ 1

0

∫ 1

0

ϕ(n1,m1)(x)ϕ(n2,m2)(y)u(x, y)wn1(x)wn2(y)dydx,
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where n1 = 1, . . . , 2k1−1, m1 = 0, 1, . . . ,M1 − 1, n2 = 1, . . . , 2k2−1, m2 =
0, 1, . . . ,M2 − 1 and

wn(t) =

{
w(2kt− 2n+ 1), n−1

2k−1 ≤ t < n
2k−1 ,

0, otherwise

Now, consider system (2) with I = Ω = [0, 1] and approximate the solu-
tion of this system using (13) as

û1(t, x) = Φ(t)TU1Φ(x). (15)

û2,ε(t, x) = Φ(t)TU2,εΦ(x). (16)

Also, we approximate the kernels in system (2) respect to two variables η
and s as follows:

kij(t, η, x, s) ≈ k̂ij(t, η, x, s) = Φ(η)TKijΦ(s) (i, j = 1, 2). (17)

Inserting (15), (16), (17), and the following collocation points

ti =
i

M12k1−1 + 1
, i = 1, 2, . . . ,M12

k1−1,

xj =
j

M12k2−1 + 1
, j = 1, 2, . . . ,M22

k2−1, (18)

into system (2), we have the following linear system of algebraic equations
for the unknown coefficients U1 and U2,ε:

f(ti, xj) = Φ(ti)
TU1Φ(xj) +

∫ ti

0

∫ 1

0

k̂11(ti, η, xj , s)Φ(η)
TU1Φ(s)dsdη

+

∫ ti

0

∫ 1

0

k̂12(ti, η, xj , s)Φ(η)
TU2,εΦ(s)dsdη,

g(ti, xj) = εΦ(ti)
TU2,εΦ(xj) +

∫ ti

0

∫ 1

0

k̂21(ti, η, xj , s)Φ(η)
TU1Φ(s)dsdη

+

∫ ti

0

∫ 1

0

k̂22(ti, η, xj , s)Φ(η)
TU2,εΦ(s)dsdη,

i = 1, 2, . . . ,M12
k1−1, j = 1, 2, . . . ,M22

k2−1.
(19)

4.2 Normalization

In the language of optimization theory, for the linear bounded operator K :
X → Y and Kx = y, determine xε that minimizes the Tikhonov functional
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Jε(x) = ∥Kx− y∥2 + ε∥x∥2, for all x ∈ X.

We can consider the following theorem from [9].

Theorem 2. Let K : X → Y be a linear bounded operator between Hilbert
spaces and let ϵ > 0. Then the Thikhonov functional Jε has a unique mini-
mum xε ∈ X. This minimum xε is the unique solution of the normal equation

εxε +K∗Kxε = K∗y.

Here, K∗ : Y → X denotes the adjoint of K.

By using Theorem 2, system (2) with I = Ω = [0, 1] can be written in the
normal form as follows:

f(p, q) = u1(p, q) +

∫ p

0

∫ 1

0

k11(p, η, q, s)u1(η, s)dsdη

+

∫ p

0

∫ 1

0

k12(p, η, q, s)u2,ε(η, s)dsdη,∫ 1

p

∫ 1

0

k22(p, t, q, x)g(t, x)dxdt

= εu2,ε(p, q)

+

∫ 1

p

∫ 1

0

∫ t

0

∫ 1

0

k22(p, t, q, x)k21(t, η, x, s)u1(η, s)dsdηdxdt

+

∫ 1

p

∫ 1

0

∫ t

0

∫ 1

0

k22(p, t, q, x)k22(t, η, x, s)u2,ε(η, s)dsdηdxdt,

(20)
Now, we can consider the numerical method based on Chebyshev wavelets

from the previous subsection for the approximate solution of system (20).

5 Convergence analysis

In this section, we investigate the convergence analysis of the proposed
Chebyshev wavelet collocation method, using polynomial approximation the-
ory.

Lemma 2. Assume that u(x, y) ∈ L2([0, 1) × [0, 1)) can be expanded in the
form of series (13) and that û(t, x) is the approximation of u(x, y) which is
defined by (14). Then û(t, x) converges to u(t, x).

Proof. We recall the series u(t, x) from (13) and the truncated series û(t, x)
from (14), respectively, as follows:

u(x, y) =
∞∑

n1=1

∞∑
m1=0

∞∑
n2=1

∞∑
m2=0

un1m1n2m2ϕ(n1,m1,n2,m2)(x, y),
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and

û(t, x) =

2k1−1∑
n1=1

M1−1∑
m1=0

2k2−1∑
n2=1

M2−1∑
m2=0

un1m1n2m2ϕ(n1,m1,n2,m2)(t, x),

where m1 = 0, 1, . . . ,M1 − 1, m2 = 0, 1, . . . ,M2 − 1, n1 = 1, . . . , 2k1−1,
and n2 = 1, . . . , 2k2−1. The functions ϕ(n1,m1,n2,m2)(t, x) are the Chebyshev
wavelet. Let L2([0, 1)× [0, 1)) be the Hilbert space and let

ϕ(n1,m1,n2,m2)(t, x) = 2
−(n1+n2)

2 ϕ(2
−n1

2 t−m1)ϕ(2
−n2

2 x−m2),

where ϕ(n1,m1,n2,m2)(t, x) form a basis of L2([0, 1)× [0, 1)) as in (12).
From (13), we consider

u(t, x) =
∞∑

m1=0

∞∑
m2=0

u1m11m2ϕ(1,m1,1,m2)(t, x) =
∞∑
i=0

∞∑
j=0

cijϕ(i,j)(t, x),

where cij =< u(t, x), ϕ(i,j)(t, x) > for k1 = 1, k2 = 1 and < ., . > rep-
resents an inner product. Let us denote ϕ(i,j)(t, x) = ϕ(t, x) and αij =<
u(t, x), ϕ(t, x) >.

Define the sequence of partial sums Sn,m, n > m of {αijϕ(ti, xj)}. Let
Sn1,m1 and Sn2,m2 be arbitrary partial sums with n1 > n2. We show that
Sn,m is a Cauchy sequence in a Hilbert space.

Let Sn,m =
∑n1

i=0

∑n2

j=0 αijϕ(ti, xj). From

< u(t, x),

n1∑
i=0

n2∑
j=0

αijϕ(ti, xj) >=

n1∑
i=0

n2∑
j=0

|αij |2,

we can show that ∥Sn1,n2 − Sm1,m2∥2 =
∑n1

i=m1+1

∑n2

j=m2+1 |αij |2 for n1 >
m1, n2 > m2.

We can write

∥
n1∑

i=m1+1

n2∑
j=m2+1

αijϕ(ti, xj)∥2

=<

n1∑
i=m1+1

n2∑
j=m2+1

αijϕ(ti, xj),

n1∑
i=m1+1

n2∑
j=m2+1

αijϕ(ti, xj) >

=

n1∑
i=m1+1

n2∑
j=m2+1

|αij |2,

for n1 > m1, n2 > m2. Then it is concluded that



G
al
le
y
P
ro
of

136 S. Pishbin and J. Shokri

∥
n1∑

i=m1+1

n2∑
j=m2+1

αijϕ(ti, xj)∥2 =

n1∑
i=m1+1

n2∑
j=m2+1

|αij |2,

for n1 > m1, n2 > m2.
Now from Bessel’s inequality, we deduce that

∑n1

i=m1+1

∑n2

j=m2+1 |αij |2 is

convergent and therefore ∥
∑n1

i=m1+1

∑n2

j=m2+1 αijϕ(ti, xj)∥2 → 0,

that is, ∥
∑n1

i=m1+1

∑n2

j=m2+1 αijϕ(ti, xj)∥ → 0 and {Sn,m} is a Cauchy se-
quence thus it converges to a real number like ‘s‘.
In the continuance, we prove that u(t, x) = s.

< s− u(t, x), ϕ(ti, xi) > =< s, ϕ(ti, xi) > − < u(t, x), ϕ(ti, xi) >

=< lim
n→∞

Sn,m, ϕ(ti, xi) > −αij

= lim
n→∞

< Sn,m, ϕ(ti, xi) > −αij = αij − αij = 0;

then it is concluded that u(t, x) = s or
∑n1

i=0

∑n2

j=0 αijϕ(ti, xj) converges to
u(t, x), and by induction it is evident that this result is established for any
integer numbers of k1 and k2, so for k1 → ∞ and k2 → ∞. In the other hand,
we can consider û(t, x) as Sn,m, which means û(t, x) converges to u(t, x) and
this completes the proof.

Theorem 3. Consider a function u(x, y) ∈ L2([0, 1] × [0, 1]), with bounded

forth partial derivations, |∂
4u(x,y)
∂2x∂2y | < B. Then the wavelet coefficient,

un1m1n2m2 in (14) , decay as follows:

|un1m1n2m2 | ≤
πB

24(n1n2)5/2(m2
1 − 1)(m2

2 − 1)
. (21)

Proof. From (14) it follows that

un1m1n2m2 =

∫ 1

0

∫ 1

0

u(x, y)ϕ(n1,m1)(x)ϕ(n2,m2)(y)wn1(x)wn2(y)dydx

=

∫ 1

0

ϕ(n1,m1)(x)wn1(x)
(∫ 1

0

u(x, y)ϕ(n2,m2)(y)wn2(y)dy
)
dx.

=

∫ 1

0

ϕ(n1,m1)(x)wn1(x)
(∫ n2/2

k2−1

(n2−1)/2k2−1

2k2/2u(x, y)

T̂m2
(2k2y − 2n2 + 1)

wn2(2
k2y − 2n2 + 1) dy

)
dx.

(22)
If m1,m2 > 1, by substituting 2k2y − 2n2 + 1 = cos θ in (22), it yields
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un1m1n2m2 =
1

2k2/2

∫ 1

0

ϕ(n1,m1)(x)wn1 (x)
[ ∫ π

0

u(x,
cos θ2n2 − 1

2k2
)

√
2

π
cosm2θ dθ

]
=

√
2

2k2/2
√
π

∫ 1

0

ϕ(n1,m1)(x)wn1 (x)
[
u(x,

cos θ + 2n2 − 1

2k2
)(
sinm2θ

m2
)
∣∣∣π
0

+

√
2

23k2/2m2
√
π

∫ π

0

∂u(x, (cos θ2n2 − 1)/2k2 )

∂y
sinm2θ sin θ dθ

]
dx

=
1

23k2/2m2

√
2π

∫ 1

0

ϕ(n1,m1)(x)wk1
(x)

[ ∫ π

0

∂u(x, (cos θ2n2 − 1)/2k2 )

∂y( sin(m2 − 1)θ

m2 − 1
−

sin(m2 + 1)θ

m2 + 1

)∣∣∣π
0

+
1

25k2/2m2

√
2π

∫ π

0

∂2u(x, (cos θ + 2n2 − 1)/2k2 )

∂2y
hm2 (θ) dθ

]
dx,

(23)
where

hm(θ) = sin θ
( sin(m2 − 1)θ

m2 − 1
− sin(m2 + 1)θ

m2 + 1

)
.

Then, we obtain

un1m1n2m2 =
1

25k2/2m2

√
2π

∫ π

0

[ ∫ 1

0
∂2u(x,(cos θ+2n2−1)/2k2 )

∂2y

ϕ(n1,m1)(x)wk1(x) dx
]
hm2(θ) dθ.

(24)

Now, similar to the discussion in (23), by substituting 2k1y− 2n1+1 = cosα
in (24), it yields

un1m1n2m2

=
1

25(k1+k2)/2m1m2(2π)

×
∫ π

0

∫ π

0

∂4u((cosα+ 2n1 − 1)/2k1 , (cos θ + 2n2 − 1)/2k2 )

∂2x∂2y
hm1 (α)hm2 (θ) dα dθ.

Thus we have

|un1m1n2m2 |

=
1

25(k1+k2)/2m1m2(2π)∣∣∣ ∫ π

0

∫ π

0

∂4u((cosα+ 2n1 − 1)/2k1 , (cos θ + 2n2 − 1)/2k2 )

∂2x∂2y
hm1 (α)hm2 (θ) dα dθ

∣∣∣
≤

B

25(k1+k2)/2m1m2(2π)

∫ π

0

|hm1 (α)| dα
∫ π

0

|hm2 (θ)| dθ.

(25)

However∫ π

0

|hm2(θ)| dθ =

∫ π

0

∣∣∣ sin θ( sin(m2 − 1)θ

m2 − 1
− sin(m2 + 1)θ

m2 + 1

)∣∣∣dθ
≤

∫ π

0

∣∣∣ sin θ sin(m2 − 1)θ

m2 − 1

∣∣∣+ ∣∣∣ sin θ sin(m2 + 1)θ

m2 + 1

∣∣∣
≤ 2m2π

(m2
2 − 1)

,

(26)
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and similarly, it is obtained∫ π

0

|hm1(α)| dα ≤ 2m1π

(m2
1 − 1)

. (27)

Since n1 ≤ 2k1−1 and n2 ≤ 2k2−1, by substituting (26) and (27) in (25), the
desired result is obtained as follows:

|un1m1n2m2 | ≤
2πB

25(k1+k2)/2(m2
1 − 1)(m2

2 − 1)
.

Theorem 4. Let u(x, y) ∈ L2([0, 1]×[0, 1]), with bounded forth partial deriva-

tions, |∂
4u(x,y)
∂2x∂2y | < B; then the error bound would be obtained as follows:

σk1,M1,k2,M2 = O
(
2−

5
2 (k1+k2)

)
, (28)

where

σk1,M1,k2,M2

=
(∫ 1

0

∫ 1

0

[
u(x, y)−

2k1−1∑
n1=1

M1−1∑
m1=0

2k2−1∑
n2=1

M2−1∑
M2=0

un1m1n2m2ϕ(n1,m1)(x)ϕ(n2,m2)(y)
]2

wn1(x)wn2(y) dx dy
) 1

2

.

Proof. From the error statement, we have

σ2
k1,M1,k2,M2

=

∫ 1

0

∫ 1

0

[
u(x, y)−

2k1−1∑
n1=1

M1−1∑
m1=0

2k2−1∑
n2=1

M2−1∑
M2=0

un1m1n2m2ϕ(n1,m1)(x)ϕ(n2,m2)(y)
]2

wn1 (x)wn2 (y) dx dy

=

∫ 1

0

∫ 1

0

[ ∞∑
n1=1

∞∑
m1=0

∞∑
n2=1

∞∑
M2=0

un1m1n2m2ϕ(n1,m1)(x)ϕ(n2,m2)(y)

−
2k1−1∑
n1=1

M1−1∑
m1=0

2k2−1∑
n2=1

M2−1∑
m2=0

un1m1n2m2ϕ(n1,m1)(x)ϕ(n2,m2)(y)
]2

wn1 (x)wn2 (y) dx dy

=

∫ 1

0

∫ 1

0

∞∑
n1=2k1

∞∑
m1=M1

∞∑
n2=2k2

∞∑
m2=M2

u2
n1m1n2m2

(ϕ(n1,m1)(x))
2(ϕ(n2,m2)(y))

2

wn1 (x)wn2 (y) dx dy

=

∞∑
n1=2k1

∞∑
m1=M1

∞∑
n2=2k2

∞∑
m2=M2

u2
n1m1n2m2

∫ 1

0

∫ 1

0

(ϕ(n1,m1)(x))
2(ϕ(n2,m2)(y))

2
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wn1 (x)wn2 (y) dx dy

=

∞∑
n1=2k1

∞∑
m1=M1

∞∑
n2=2k2

∞∑
m2=M2

u2
n1m1n2m2

∫ n1

2k1−1

n1−1

2k1−1

[
2

k1
2 T̂m1 (2

k1x− 2n1 + 1)
]2

√
1− (2k1x− 2n1 + 1)2

dx

×
∫ n2

2k2−1

n2−1

2k2−1

[
2

k2
2 T̂m2 (2

k2y − 2n2 + 1)
]2

√
1− (2k2x− 2n2 + 1)2

dy

=

∞∑
n1=2k1

∞∑
m1=M1

∞∑
n2=2k2

∞∑
m2=M2

u2
n1m1n2m2

2k1+k2

∫ n1

2k1−1

n1−1

2k1−1

[
T̂m1 (2

k1x− 2n1 + 1)
]2

√
1− (2k1x− 2n1 + 1)2

dx

×
∫ n2

2k2−1

n2−1

2k2−1

[
T̂m2 (2

k2y − 2n2 + 1)
]2

√
1− (2k2x− 2n2 + 1)2

dy.

Now, let 2k1y − 2n1 + 1 = t1 and 2k2y − 2n2 + 1 = t2, then it is obtained

sigma2k1,M1,k2,M2
=

∞∑
n1=2k1

∞∑
m1=M1

∞∑
n2=2k2

∞∑
m2=M2

u2
n1m1n2m2

∫ 1

−1

T̂m1(t1)√
1− t21

dt1

∫ 1

−1

T̂m2(t2)√
1− t22

dt2.

(29)

For m1 ≥ 1, m2 ≥ 1, we have∫ 1

−1

T̂m1
(t1)√

1− t21
dt1 =

π

2
,

∫ 1

−1

T̂m2
(t2)√

1− t22
dt2 =

π

2
;

then (29) simplifies as follows:

σ2
k1,M1,k2,M2

=
π2

4

∞∑
n1=2k1

∞∑
m1=M1

∞∑
n2=2k2

∞∑
m2=M2

u2
n1m1n2m2

. (30)

Therefore from (21) and (30), we can conclude the desired result as follows:

σ2
k1,M1,k2,M2

≤ π4B

210

∞∑
n1=2k1

∞∑
m1=M1

∞∑
n2=2k2

∞∑
m2=M2

1

(n1n2)5(m2
1 − 1)2(m2

2 − 1)2
.

(31)
Also

∞∑
n1=2k1

1

(n1)5
=

1

(2k1)5
+

1

(2k1 + 1)5
. . . =

1

(2k1)5

∞∑
n=0

1

(1 + n
2k1

)5
. (32)

From (31) and (32), we conclude that
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σk1,M1,k2,M2 = O
(
2−

5
2 (k1+k2)

)
.

Theorem 5. Let us consider M = max ∥K(t, η, x, s)∥, for η, t ∈ I =
[0, 1], s, x ∈ Ω = [0, 1]. Assume that Uε(t, x) is the exact solution of sys-
tem (3) and that Ûε(t, x) denotes the Chebyshev wavelet approximation for
the exact solution U which is given by (15) and (16) . Then Ûε(t, x) converges
to Uε(t, x) and the following result can be obtained

∥Uε − Ûε∥ = O
(
2−

5
2 (k1+k2)

)
.

Proof. According to the proposed method in previous section, we consider
(15), (16), and (17) and insert Ûε(t, x) and K̂(t, η, x, s) as approximations of
the exact solution U and kernel K into system (3)

F (t, x) = EUε(t, x) +

∫ t

0

∫ 1

0

K̂(t, η, x, s)Uε(η, s)dsdη. (33)

Subtracting (3) from (33) and some manipulations, we get

∥E∥∥Uε − Ûε∥ ⩽ ∥
∫ t

0

∫ 1

0

(K(t, η, x, s)− K̂(t, η, x, s))Uε(η, s)dsdη∥

+ ∥
∫ t

0

∫ 1

0

K̂(t, η, x, s)(Uε(η, s)− Ûε(η, s))dsdη∥.

From ∥E∥ ≥ 1 it is obtained

∥Uε − Ûε∥ ⩽ ∥K− K̂∥∥Uε∥+M∥Uε − Ûε∥. (34)

Relation (34) together with Lemma 2, shows the convergence of the exact
solution to the approximate solution. Considering Theorem 4, we have

∥K− K̂∥ = O
(
2−

5
2 (k1+k2)

)
. (35)

From (34) and (35), we conclude that

∥Uε − Ûε∥ = O
(
2−

5
2 (k1+k2)

)
.
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6 Numerical examples

To demonstrate the efficiency and the practicability of the proposed method,
we consider the following two examples. All results are computed by using a
program written in the Mathematica®.

Example 1. Consider the following TIAEs:∫ t

0

∫ 1

0

100t(t+ x)u(η, s)dsdη =
25

3
t2(3 + 4t)(t+ x), t ∈ [0, 1], (36)

where the exact solution is u(t, x) = t+ x.
Considering regularization techniques and (3) for (36), we have

εuε(t, x) +

∫ t

0

∫ 1

0

100t(t+ x)u(η, s)dsdη =
25

3
t2(3 + 4t)(t+ x). (37)

We assume that ûε(t, x) is the approximation of the exact solution uε(t, x)
which is defined by (15). For analyzing the behavior of the error representa-
tions, we consider absolute error as

Error = |u(ti, xj)− ûε(ti, xj)|.

The Chebyshev wavelet method described in Section 4 has been imple-
mented for problem (37) with M1 = M2 = 3, k1 = k2 = 2 and the error for
different values of ε has been reported in Table 1, which confirms the theoret-
ical results of Lemma 1. Figure 1 presents the plots of exact and approximate
solution with ε = 0.000001, which are found to be in good agreement.

From subsection 4.2, we consider the normal form of equation (36) as
follows:

εuε(p, q) +

∫ 1

p

∫ 1

0

∫ t

0

∫ 1

0

10000pt(p+ q)(t+ x)uε(η, s)dsdηdxdt

=

∫ 1

p

∫ 1

0

2500

3
p(p+ q)t2(3 + 4t)(t+ x)dxdt, p ∈ [0, 1],

(38)

and then solve this equation by the Chebyshev wavelet method with M1 =
M2 = 3 and k1 = k2 = 2. We report the error for different values of ε in Table
2. From numerical results in Tables 1 and 2, we observe that the results in
Table 2 are more accurate than the reported results in Table 1.

Example 2. Consider the following:

Au(t, x) +

∫ t

0

∫ 1

0

K(t, η, x, s)u(η, s)dsdη = f(t, x), t ∈ [0, 1], (39)
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Table 1: Absolute errors of uε for different values of ε in Example 1

Error Error Error
(ti, xj) ε = 0.01 ε = 0.001 ε = 0.000001

(0.1, 0.1) 3.62× 10−3 3.64× 10−4 3.65× 10−7

(0.2, 0.2) 1.62× 10−4 1.45× 10−5 1.40× 10−8

(0.3, 0.3) 1.37× 10−3 1.39× 10−4 1.39× 10−7

(0.4, 0.4) 1.32× 10−3 1.35× 10−4 1.37× 10−7

(0.5, 0.5) 9.09× 10−3 9.29× 10−4 9.32× 10−7

(0.6, 0.6) 1.71× 10−3 1.74× 10−4 1.72× 10−7

(0.7, 0.7) 1.69× 10−3 1.73× 10−4 1.70× 10−7

(0.8, 0.8) 4.19× 10−5 9.27× 10−7 1.87× 10−9

(0.9, 0.9) 7.42× 10−3 8.20× 10−4 8.20× 10−7

Table 2: Absolute errors of uε for different values of ε for normal equation in Example 1

Error Error Error
(ti, xj) ε = 0.01 ε = 0.001 ε = 0.000001

(0.1, 0.1) 6.18× 10−6 6.11× 10−6 1.95× 10−7

(0.2, 0.2) 6.84× 10−6 6.26× 10−6 5.22× 10−8

(0.3, 0.3) 3.79× 10−6 3.83× 10−7 8.93× 10−8

(0.4, 0.4) 2.43× 10−5 2.43× 10−6 5.70× 10−8

(0.5, 0.5) 2.06× 10−5 2.06× 10−6 6.66× 10−7

(0.6, 0.6) 2.14× 10−5 2.14× 10−6 2.42× 10−7

(0.7, 0.7) 7.78× 10−6 7.78× 10−7 1.67× 10−7

(0.8, 0.8) 2.25× 10−5 2.25× 10−6 2.41× 10−8

(0.9, 0.9) 7.18× 10−5 7.18× 10−6 3.13× 10−7
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where

A =

[
1 0
0 0

]
, K(t, η, x, s) =

[
η2(s2 + t2 + 1) (s+ t)
ηs2 + η + ηt2 200s+ 200t

]
,

u(t, x) =
(
u1(t, x), u2(t, x)

)T
, f(t, x) =

(
f1(t, x), f2(t, x)

)T
,

and f1 and f2 are such that the exact solution is

u1(t, x) = t2 + x2 + 1, u2(t, x) = t+ x.

We apply the regularization method to convert the mixed system (39) to
the system of the second kind integral equations. Then, the resulting second
kind integral equation will be solved by the proposed numerical scheme in
section 4 with M1 = M2 = 3 and k1 = k2 = 2 . Let (û1, û2,ε) be the
approximation of the exact solution (u1, u2,ε) which are defined by (15) and
(16). Numerical errors with several values of ε are displayed in Tables 3 and
4.

Figure 1: The plots of exact solution u and approximate solution of u with ε = 0.000001
in Example 1.

Similar to Example 2, we transform system (39) into the normal form of
system (20) and then solve the normal system by Chebyshev wavelet method
with M1 = M2 = 3 and k1 = k2 = 2. The error for different values of ε is
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Table 3: Absolute errors of u1 for different values of ε in Example 2

Error Error Error
(xi, yj) ε = 0.01 ε = 0.001 ε = 0.000001

(0.1, 0.1) 1.00× 10−5 1.00× 10−6 1.00× 10−9

(0.2, 0.2) 2.00× 10−5 2.00× 10−6 2.00× 10−9

(0.3, 0.3) 3.03× 10−5 3.03× 10−6 3.03× 10−9

(0.4, 0.4) 4.11× 10−5 4.11× 10−6 4.11× 10−9

(0.5, 0.5) 5.44× 10−5 5.44× 10−6 5.44× 10−9

(0.6, 0.6) 6.58× 10−5 6.58× 10−6 6.58× 10−9

(0.7, 0.7) 8.25× 10−5 8.25× 10−6 8.25× 10−9

(0.8, 0.8) 1.05× 10−4 1.05× 10−5 1.05× 10−8

(0.9, 0.9) 1.34× 10−4 1.34× 10−5 1.34× 10−8

Table 4: Absolute errors of u2,ε for different values of ε in Example 2

Error Error Error
(xi, yj) ε = 0.01 ε = 0.001 ε = 0.000001

(0.1, 0.1) 1.07× 10−3 1.83× 10−4 8.51× 10−6

(0.2, 0.2) 1.58× 10−4 2.84× 10−5 1.86× 10−5

(0.3, 0.3) 2.39× 10−4 2.36× 10−5 1.78× 10−5

(0.4, 0.4) 4.63× 10−4 2.48× 10−5 2.37× 10−6

(0.5, 0.5) 3.84× 10−3 8.20× 10−4 4.82× 10−5

(0.6, 0.6) 1.66× 10−3 1.12× 10−4 1.06× 10−4

(0.7, 0.7) 1.22× 10−3 1.80× 10−4 1.77× 10−4

(0.8, 0.8) 2.85× 10−3 2.81× 10−4 1.80× 10−4

(0.9, 0.9) 6.69× 10−3 3.88× 10−4 3.56× 10−4
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Figure 2: The plots of exact solution u1 and approximate solution of u1 with ε = 0.000001
in Example 2.

Table 5: Absolute errors of u1 for different values of ε for normal equation in Example 2

Error Error Error
(xi, yj) ε = 0.01 ε = 0.001 ε = 0.000001

(0.1, 0.1) 8.54× 10−8 8.54× 10−9 8.54× 10−12

(0.2, 0.2) 2.56× 10−8 2.56× 10−9 2.56× 10−12

(0.3, 0.3) 4.19× 10−8 4.19× 10−9 4.19× 10−12

(0.4, 0.4) 1.10× 10−7 1.10× 10−8 1.10× 10−11

(0.5, 0.5) 5.46× 10−7 5.46× 10−8 5.46× 10−11

(0.6, 0.6) 1.73× 10−6 1.73× 10−7 1.73× 10−10

(0.7, 0.7) 2.54× 10−6 2.54× 10−7 2.54× 10−10

(0.8, 0.8) 2.86× 10−6 2.86× 10−7 2.86× 10−10

(0.9, 0.9) 2.58× 10−6 2.58× 10−7 2.58× 10−10

reported in Tables 5 and 6. Comparing displayed errors in the Tables 3, 4
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Figure 3: The plots of exact solution u2 and approximate solution of u2 with ε = 0.000001
in Example 2.

and 5, 6, we observe that the results in Tables 5 and 6 are more accurate
than the reported results in Tables 3 and 4. This is predicted by the theory,
in particular by Theorem 2. Figures 2 and 3 present the plots of exact and
approximate solution with ε = 0.000001.

6.1 Haar wavelet method

In literature, several wavelets with different properties have been derived
and depending upon the applications, different wavelet families are used.
The Cheybyshev wavelets method is found to be simple, efficient, accurate,
and computationally attractive for solving linear and non-linear problems.
The properties of Chebyshev wavelets make the wavelet coefficient matrices
sparse which eventually leads to the sparsity of the coefficients matrix of the
obtained system. The Haar wavelet is also the simplest possible wavelet. The
technical disadvantage of the Haar wavelet is that it is not continuous, and
therefore not differentiable. This property can, however, be an advantage for
the analysis of signals with sudden transitions, such as monitoring of tool
failure in machines. For comparison, we consider the Haar wavelet method
to solve Example 1. The Haar wavelet family is
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Table 6: Absolute errors of u2,ε for different values of ε for normal equation in Example

2

Error Error Error
(xi, yj) ε = 0.01 ε = 0.001 ε = 0.000001

(0.1, 0.1) 1.25× 10−7 1.00× 10−8 2.19× 10−7

(0.2, 0.2) 9.92× 10−7 9.83× 10−8 8.59× 10−8

(0.3, 0.3) 9.58× 10−8 1.05× 10−8 9.59× 10−8

(0.4, 0.4) 3.64× 10−6 3.64× 10−7 5.67× 10−9

(0.5, 0.5) 5.75× 10−6 5.67× 10−7 2.19× 10−7

(0.6, 0.6) 4.75× 10−6 4.73× 10−7 4.37× 10−7

(0.7, 0.7) 1.18× 10−6 1.17× 10−7 1.52× 10−7

(0.8, 0.8) 5.24× 10−6 5.24× 10−7 7.34× 10−8

(0.9, 0.9) 1.48× 10−5 1.48× 10−6 1.39× 10−7

hi(t) =

1, t ∈ [τ1, τ2],
−1, t ∈ [τ2, τ3],
0, elsewhere

where

τ1 =
k

m
, τ2 =

k + 1
2

m
, τ3 =

k + 1

m
.

The integer m = 2j , j = 0, 1, . . . , p and k = 0, 1, . . . ,m− 1 are the level of
the wavelet and translation parameter, respectively. The index i is calculated
from the formula i = m+ k + 1 and the maximal value is i = 2M(M = 2p).
The index i = 1 corresponds to the scaling function of the Haar wavelet
h1(t) = 1. We can consider an approximate solution of equation (37) as

ûϵ(t, x) =

2M1∑
i=1

2M2∑
j=1

aijhi(t)hj(x),

where the coefficients aij can be obtained by inserting approximate solution
ûϵ(t, x) and the following collocation points in equation (37)

tl =
l − ( 12 )

2M1
, l = 1, 2, . . . , 2M1, xr =

r − ( 12 )

2M2
, r = 1, 2, . . . , 2M2.
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By assuming M1 = M2 = 4, the absolute error for different values of ε
have been reported in Table 7. From Tables 1 and 7, we observe that the
results obtained by the Chebyshev wavelet method are more accurate than
the Haar wavelet method in this case.

Table 7: Absolute errors of uε for different values of ε by Haar wavelet method in Example

1

Error Error Error
(ti, xj) ε = 0.01 ε = 0.001 ε = 0.000001

(0.1, 0.1) 8.99× 10−2 8.07× 10−2 7.99× 10−2

(0.2, 0.2) 8.83× 10−2 2.11× 10−2 1.41× 10−2

(0.3, 0.3) 4.04× 10−2 1.72× 10−2 1.29× 10−2

(0.4, 0.4) 9.33× 10−2 7.99× 10−2 7.82× 10−2

(0.5, 0.5) 4.99× 10−1 5.00× 10−1 4.99× 10−1

(0.6, 0.6) 9.58× 10−2 8.25× 10−2 8.08× 10−2

(0.7, 0.7) 6.79× 10−2 1.98× 10−2 1.15× 10−2

(0.8, 0.8) 5.09× 10−2 1.78× 10−2 1.77× 10−2

(0.9, 0.9) 9.26× 10−2 8.01× 10−2 7.84× 10−2

7 Conclusion and future work

This work has been concerned with the regularization method to convert the
mixed systems of the first and second-kind Volterra–Fredholm integral equa-
tions to the system of the second-kind Volterra–Fredholm integral equations.
We presented the numerical method based on Chebyshev wavelets for solving
the obtained second-kind problem. Convergence of the method was proved.
These results were confirmed by some numerical examples.

In the present work, we considered the mixed system (1) in special case

with A =

[
1 0
0 0

]
. The mixed system (1) in general form with A(t) will be

investigated as our future work.
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بهینه شکل طراحی مسایل از ای رده برای خطی ریزی برنامه مدلسازی در ثابت دامنه به انتقال

فراهی٢ هادی محمد و مهنه١ هاشمی سیدحامد

هوافضا پژوهشگاه تهران، ١
ریاضی علوم دانشکده مشهد، فردوسی دانشگاه ٢

١٣٩۶ آبان ٢٠ مقاله پذیرش ،١٣٩۵ تیر ١٣ شده اصلاح مقاله دریافت ،١٣٩۴ بهمن ٢٧ مقاله دریافت

تعیین ای گونه به دامنه شکل شوند. می مطالعه مقاله این در بهینه شکل طراحی مسائل از ای رده : چکیده
نزدیک مطلوب حالت يک به ممکن حد تا حاصل ناحیه در جزئی مشتقات با معادلات پاسخ که شود می
طراحی مساله تا شود می پارامتری توابع از ای دسته توسط اولیه مساله در متغیر دامنه منظور، بدین شود.
یک صورت به مساله این سپس شود. تبدیل ثابت دامنه یک روی بهینه کنترل مساله یک به بهینه شکل
نهایت، در است. نامتناهی بعد با خطی ریزی برنامه مساله یک خود که شود می بیان اندازه فضای در مساله
تقریب متناهی بعد با خطی ریزی برنامه مساله یک پاسخ کمک به است، بهینه شکل مبین که بهینه اندازه

است. شده ارزیابی و سازی پیاده عددی مثال چند بر پیشنهادی روش شود. می زده

اندازه. نظریه خطی؛ برنامهریزی بهینه؛ شکل طراحی تقریب؛ : کلیدی کلمات





ساده گراف های روی مجموع آمیزی رنگ مینیمم مسئله برای متغیر همسایگی جستجوی روش

صدری٢ خدیجه و ابراهیمی١ حمیده

ریاضی گروه رشت، واحد اسلامی، آزاد دانشگاه ١
جوان محققان و نخبگان باشگاه رشت، واحد اسلامی، آزاد دانشگاه ٢

١٣٩٧ مرداد ٧ مقاله پذیرش ،١٣٩٧ تیر ۶ شده اصلاح مقاله دریافت ،١٣٩۶ مرداد ١٩ مقاله دریافت

چندجمله ای های اساس بر (SFJFs) یافته انتقال  کسری ژاکوبی توابع ساختن فعلی، مقاله هدف : چکیده
هدف، این به دستیابی برای است. کسری مرتبه پانتوگراف دیفرانسیل معادلات عددی حل برای ژاکوبی
می دست به کسری، مرتبه پایه به مربوط پانتوگراف، و ضرب حاصل  انتگرال، عملیاتی ماتریس های ابتدا
سپس، می آید). دست به ریمان-لیوویل کسری انتگرال تعریف حسب بر انتگرال عملیاتی (ماتریس  آیند
سرانجام، شود. می  استفاده جبری معادلات از ای مجموعه  به اصلی مسأله تبدیل برای ماتریس ها این از
در قضایا برخی چنین، هم  شود. می  داده نشان عددی مثال های وسیله به پیشنهادی روش کارایی و اعتبار

می شوند. ارائه روش همگرایی و بررسی تحت مسأله جواب وجود مورد

انتگرال کاپوتو؛ مشتق کسری؛ مرتبه ژاکوبی توابع کسری؛ پانتوگراف دیفرانسیل معادله : کلیدی کلمات
ریمان-لیوویل.



گسسته حرکت زمان و یال طول با ای شبکه روی بر ١-میانه مساله بررسی

زعفرانیه مهدی و ابارشی مریم

کاربردی ریاضی گروه کامپیوتر، علوم و ریاضی دانشکده سبزواری، حکیم دانشگاه

١٣٩٧ شهریور ٧ مقاله پذیرش ،١٣٩٧ مرداد ٣ شده اصلاح مقاله دریافت ،١٣٩۶ آبان ٣٠ مقاله دریافت

حرکت زمان و یال طول با جهت بدون درختی های شبکه روی بر ١-میانه مساله مقاله،  این در : چکیده
وزنی مجموع که است احتمالی بیشینه آوردن دست به مساله هدف تابع شود. می بررسی گسسته تصادفی
شده تعیین پیش از بالای کران مقدار یک از دهنده سرویس بهترین مکان تا شبکه رئوس فاصله انتظار مورد
اما است. شده طراحی متوسط و کوچک های شبکه در مساله حل برای تحلیلی الگوریتم یک باشد. کمتر
به اصلی مساله آن نتیجه در که است شده گرفته کار به مرکزی حد قضیه بزرگ های شبکه در مساله حل برای
کارایی و دقت تضمین دهنده نشان پایانی بخش در شده ارائه مثالهای شود. می تبدیل غیرخطی مساله یک

هستند. پیشنهادی روشهای

احتمالی. سفر های زمان احتمالی؛ وزنهای ١-میانه؛ مساله مکانیابی؛ مساله : کلیدی کلمات



حقیقی وزن با درختهای روی ,k)–هسته l)− ٢ کردن پیدا مساله

فتحعلی جعفر و اشکذری متولی سمانه

ریاضی علوم دانشکده شاهرود، صنعتی دانشگاه

١٣٩٧ شهریور ١٠ مقاله پذیرش ،١٣٩٧ مرداد ٣ شده اصلاح مقاله دریافت ،١٣٩۶ تیر ١۵ مقاله دریافت

: چکیده
دو شامل T درخت از ,k)–هسته l)−٢ یک باشد. راس n شامل درختی T = (V,E) کنید فرض
همچنین هستند، l قطر حداکثر و برگ T دارای حداکثر آنها از یک هر که باشد می T از مجزا درخت زیر
مساله بررسی به ابتدا در مقاله این در است. کمینه زیردرخت دو این تا درخت رئوس تمام فاصله مجموع
می نشان و پردازیم می است یکسان رئوس تمام وزن آن در که درختی روی ,k)–هسته l)− ٢ کردن پیدا
الگوریتمی سپس نیست. تنها راس یک ها هسته از یک هیچ که دارد وجود مساله این برای جوابی دهیم
ارائه باشد، منفی یا مثبت تواند می آنها رئوس وزن که درختهایی روی ,k)–هسته l)− ٢ کردن پیدا برای

دهیم. می
میانه. زیردرخت نیمه-ناخوشایند؛ مکانیابی درخت؛ هسته : کلیدی کلمات



جابجایی نویز با تصادفی دیفرانسیل معادلات حل برای جدید S-ROCK روش های

حقیقی امیر

ریاضی گروه علوم، دانشکده رازی، دانشگاه

١٣٩٧ مهر ٨ مقاله پذیرش ،١٣٩٧ مرداد ٧ شده اصلاح مقاله دریافت ،١٣٩۶ آذر ٢۴ مقاله دریافت

(٢٠١٠) روسلر توسط شده بیان تصادفی رونگ-کوتای روش های کلاس ابتدا مقاله، این در : چکیده
ایده از استفاده با سپس، می شود. گرفته نظر در جابجایی نویز با تصادفی دیفرانسیل معادلات حل برای
صریح متعامد تصادفی رونگ-کوتای روش های از کلاس یک ،(٢٠١٣) کُموری و برج توسط شده بیان
جابجایی نویز با ایتو تصادفی دیفرانسیل معادلات جواب تقریب برای یک قوی مرتبه ی از (SROCKC٢)
اسکالر معادله ی یک روی پیشنهادی روش های مجانبی و مربعی میانگین پایداری ادامه، در می گردد. طراحی
شبیه سازی از حاصل عددی نتایج ارائه با انتها، در می گیرد. قرار تحلیل مورد ضربی نویز با آزمون خطی

گرفت. خواهد قرار تایید مورد شده بیان مطالب کاربردی تصادفی مدل های برخی

معادلات مربعی؛ میانگین پایداری رونگ-کوتا؛ روش های تصادفی؛ دیفرانسیل معادلات : کلیدی کلمات
جابجایی. نویز سخت؛



دوم و اول نوع ولترا-فردهلم انتگرالی معادلات مرکب دستگاه عددی تحلیل و سازی منظم

شکری جواد و بین پیش سعید

ریاضی گروه علوم، دانشکده ارومیه، دانشگاه

١٣٩٧ مهر ٢٣ مقاله پذیرش ،١٣٩٧ مهر ٧ شده اصلاح مقاله دریافت ،١٣٩۵ اسفند ١٨ مقاله دریافت

جز دوم و اول نوع ولترا-فردهلم انتگرالی معادلات دستگاه که است ضرروی نکته این به توجه : چکیده
مشکلات دارای معادلات این به مربوط شده گسسسته دستگاه های حل بنابراین باشند می وضع بد معادلات
را وضع بد اول نوع مسئله و گرفته نظر در را سازی منظم روش یک ابتدا مقاله این در ما است. فراوانی
برای را چبیشف موجک براساس عددی روش ادامه در کنیم. می تبدیل وضع خوش دوم نوع مسئله یک به
با عددی مثال چند پایان در می کنیم. تحلیل را مربوطه روش همگرایی و برده بکار وضع خوش دستگاه حل

می گیریم. نظر در شده پیشنهاد عددی روش کارایی دادن نشان برای را معلوم جوابهای

سازی؛ منظم روش دوم؛ و اول نوع ولترا-فردهلم انتگرالی معادلات مرکب دستگاه : کلیدی کلمات
همگرایی. آنالیز چبیشف؛ موجک
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