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Measurable functions approach for
approximate solutions of Linear
space-time-fractional diffusion
problems

S. Soradi Zeid, A. V. Kamyad* and S. Effati

Abstract

In this paper, we study an extension of Riemann-Liouville fractional
derivative for a class of Riemann integrable functions to Lebesgue measur-
able and integrable functions. Then we used this extension for the approxi-
mate solution of a particular fractional partial differential equation (FPDE)
problems (linear space-time fractional order diffusion problems). To solve
this problem, we reduce it approximately to a discrete optimization prob-
lem. Then, by using partition of measurable subsets of the domain of the
original problem, we obtain some approximating solutions for it which are
represented with acceptable accuracy. Indeed, by obtaining the suboptimal
solutions of this optimization problem, we obtain the approximate solutions
of the original problem. We show the efficiency of our approach by solving
some numerical examples.

Keywords: Riemann—Liouville derivative; Fractional differential equation;
Fractional partial differential equation; Lebesgue measurable and integrable
function.
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1 Introduction

Fractional calculus is a generalization of classical calculus, which introduces
derivatives and integrals of fractional order. Major reviews on the concepts
and history of fractional calculus can be found in the book of [Z].

Fractional differential equations (FDEs) have been found useful and ap-
plicable in science and engineering, such as physics, control theory, biology,
finance, biomechanics, and electrochemical processes (see [2,27] for more
details). Most of these FDEs do not have analytic solutions; so there are
some papers dealing with their numerical solutions, for example, predictor-
corrector method [29], the Adomian decomposition [(R8], and the variational
iteration method [M9]. Podlubny in [22,23] used the matrix expression to
unify the formula, where the fractional derivatives are derived from a finite
difference. Liu also did some interesting works on the numerical approach
for the fractional differential equations in [I7,P5] and a method based on
collocation using spline functions given by [d].

On the other side, different models using FPDEs have been proposed
in [8,00], and there has been significant interest in developing numerical
schemes for their solution. The great difficulty to obtain the numerical solu-
tions of such problems is their solutions, which often are represented in terms
of Mittag—Leffler functions, where these functions are in the form of series
and their computation is not so easy. One method for solving the FPDE is
pursued in the recent paper of [[1]. They transformed this partial differen-
tial equation into a system of ordinary differential equations, which is then
solved by using backward differentiation formulas. In another very recent pa-
per, [26] proposed a finite difference method for the fractional diffusion-wave
equation. [IH] considered an implicit numerical scheme for fractional diffu-
sion equation. The authors of [§] proposed a method for the solution of time
fractional order partial differential equations by converting it into a nonlin-
ear programming problem. [I6] constructed an efficient spectral method for
the numerical approximation of the space-time fractional diffusion equations,
and [H] developed a finite element method for the time fractional Fokker—
Planck equation. We refer the interested readers to see [[Z] for more infor-
mation.

Based on the above review, we observe that the numerical methods for
the FPDEs are abundant and when the function is only integrable are very
limited. As far as we searched the related literature there were no reports on
similar results as we are investigating in this paper. In this work we focus
on a novel applicable approach with a better computational cost based on
optimization problem. We consider a class of fractional convection-diffusion
equations with measurable (or Lebesgue integrable) functions on the real line
R and obtain a numerical approximation for the Riemann-Liouville deriva-
tive of Lebesgue measurable functions. Using the approximated functions
whenever needed by a joint application of minimization the total error, we
transform the original FPDE into a discrete optimization problem. By ob-
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taining the optimal solutions of this problem, we obtain the approximate
solution of the original problem. The results are more accurate and more
useful than the ones introduced in [@] and should be very interesting for
applications in sciences and engineering.

The discussion in the rest of paper will be as follows: in the next section,
we introduce several definitions for different types of fractional derivatives
of Lebesgue (or Riemann) integrable functions and the notation used in the
numerical approximation for FPDE. The case with the FPDEs is displayed
in section 3. Furthermore, in this section, we design an efficient approach
to approximate the Riemann—Liouville fractional derivative and use it in our
numerical approach. Finally, we will give some numerical examples in Section
4. Conclusions are included in the last section.

2 Preliminaries

First of all, let us introduce the properties of measurable functions.

2.1 Riemann—Liouville fractional extension to Lebesgue
integral

Assume that (X, M, p) is a fix measure space [].

Definition 1. If (X, M) is a measurable space and A C X, then the char-
acteristic function x4 of A is defined by:

1, te A,
xa(t) = { (1)
0, td A

It is easily checked that x4 is measurable if and only if A € M. A simple
function on X is a finite linear combination, with complex coefficients, of
characteristic functions of sets in M. Equivalently, v : X — C is simple
function if f is measurable and the range f is a finite subset of C. Indeed,

we have
n
U = E ViXA;»
i=1

where A; = u™1(7;), 1 <14 < n, and range(u)={v1,%2, .., Vn}-

Theorem 1. Ifu: X — [0,00) is measurable, there is a monotone increasing
sequence {u,} of simple functions such that 0 <wu; <wug < -+ < w, up —> u
pointwise, and u, — u uniformly on any set on which u is bounded.
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Proof. See p. 47 of [G]. O

Theorem 2. Let u, : X — [0,00) be an increasing sequence of measurable
functions on X and for a.e v € X, u(zr) = limy 00 un(x). Then:

/ u = lim Uy -
Proof. See p. 76 of [4]. O

Theorem 3. Ifu, : X — [0,00) is a finite or infinite sequence of measurable
functions on X and u(x) =3 un(z) for a.ex € X, then [y u=73" [\ up.

Proof. See p. 51 of [6]. O

In the special case when the p is Lebesgue measure on R, the integral,
which we have developed, is called the Lebesgue integral. At this point it
is appropriate to study the relation between the Lebesgue integrals and the
Riemann integrals on R.

Theorem 4. Let u be a bounded real-valued function on [a,b].

(a) If u is Riemann integrable, then u is Lebesgue measurable and fabu =

f[%b} u.

(b) wis Riemann integrable if and only if {x € [a,b] : u is discontinuous at x}
has Lebesgue measure zero.

Proof. For more details of this theorem, see p. 57 of [G]. O

We shall generally use the notation fj u(t)dt for Lebesgue integrals. Now,
to compute the Lebesgue integral of u, we define the following partition on
[0,1].

Definition 2. We define the regular partition P, on [0,1] by:

P, = {0:50,51,-~ ,5n:1},

where 69 < 01 < -+ < 0,. Here, according to the regularization of the
i

partitions for each i =0,1,...,n, we have §; = — and the partition norm is
n

defined as:

1Pl = max {15~ 6l } = -

In the following, we introduce the definitions of fractional integral and
derivatives of Lebesgue measurable and integrable functions that can be seen
as a generalization of the classical derivative.
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2.2 Fractional calculus

There are several different ways to define the fractional derivatives, and
the most commonly used fractional derivatives are the Grunwald—-Letnikov
derivative, the Riemann Liouville derivative, and the Caputo derivative. For
the definitions of fractional derivatives and some of their applications, see [I4].

Let [a,b] € R. We will denote the space of all measurable and Lebesgue
integrable real functions defined on [a,b] by L1]a, b]; that is,

b
Lifa ) = {us Jullion = [ u(tlde < oo},

and the space of all measurable and essential bounded real functions defined
on [a, b] is denoted by L*[a, b].

Definition 3. [I3]. The fractional integral operator of order o > 0 of a
function u(.) € Li([a,b],R™), is defined as:

1 t

Teult) = g [ =) (e 2)
where T is the classical gamma function and the integral of (B) exists and is
in the sense of Riemann integral.

We may claim that the fractional integral (B) is a linear operator on the
space of Lebesgue measurable functions; that is, if f,g € L1[a,b] and C is a
constant, then:

alta(cf +g) = Calél(f) + aIta(g)-

Proposition 1. The fractional integral operator If*, 0 < a < 1, is bounded
or equivalently continuous in L[a, b]:

(b—a)*

| alta(u)HLl[a,b] < PaHU||L1[a,b]7 Py = (o + 1)'

Proof. See its proof in [I3]. O

Definition 4. Let u(.) € Ly[a,b]. The Riemann—Liouville fractional deriva-
tive (RLED) of order a > 0 is defined as:

dm 1 dm

D) = G ol ) = s / (= 7)o ly(r)dr, (3)

where m — 1 <o <m and m € N.

The above fractional derivative is equal to the fractional derivative of
Riemann-integrable functions just on the compact subsets of R. On the other
hand, there are some functions that are only measurable and not Riemann



6 S. Soradi Zeid, A. V. Kamyad and S. Effati

integrable but its derivations compute from (B). In this case, consider the

following function:
1, teQnio,1],
ft) = (4)
-1, teQ°nio,1].

We know that f(.) is not Riemann integrable function but its Lebesgue in-
tegrable. Now, we want to compute the fractional derivative of f(.), for
0 < a <1, as follows:

1 d

DF ) = =y L (E=

1 d / - / -
e t— 1) %7 — t—7) %t .
F(]. — Oé) dt{ Qﬁ[O,t]( ) Qcﬁ[O,t]( ) }

As, m([0,t]) = m([0,t] N Q] + m([0,t] N Q°) = ¢, we will have
-1 d a
F(]. - a) % /Qcﬂ[O,t] (t B T) dr.

According to Theorem B, the above statement is equivalent to Riemann in-
tegral and the result of this computation has been shown in Figure 0 for
a =0.5,0.8,0.9,0.95.

oDy f(t) =

GFD
10 ] L] T T L L] T T T
of = p—

il A g
/
=10t
|
-20}]
f
-30}!
!
-40
—— =05
50 - — —u=0.8
- = =09
—60F ¢=0.95
_70 1 1 1 1 1 L 1 1 1

01 02 03 04 05 06 07 08 089 1

Figure 1: Fractional derivative of function (@) with different values of o
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The following theorem help us to apply a fractional integral over a frac-
tional derivative.

Theorem 5. Let o« > 0.

(1) oD} oD¢u(t) = D u(t), n € N, where N is the set of natural
numbers.

(2) The equality o DY oI7u(t) = u(t) holds for every u(.) € L1(0,1).
(8) Foru(.) € L1(0,1), n = [a] + 1, if I “u € AC"71[0,1], then

oI o DRu(t) =

M

— t _ a a k—1 dn—k—l -
(dtn*kfl oli “) (a),

in which AC|a,b] denotes the space of absolutely continuous real func-
tions on [a,b], and

) dtu(t)

AC"[a,b] = {u i a,b0] = R Jpt

€ ACla, b]}.
In particular, if 0 < a <1 and (Dju(t) € L1]a,b], then
_ a—1
I8 DRu(t) = u(t) — U= (ultu(a)).

Proof. See pp. 241-256 of [I3)]. O

Now, we introduce the definitions of Caputo fractional derivative as fol-
lows.

Definition 5. [13]. Let a > 0, n = [a], and u € AC™[a,b]. The Caputo
derivative of order a > 0 is defined as

dar 1 ¢ d™u(T)

C Nna n—ao n—a—1

DYu ol —u(t _ t—T ——=dr.
a7t ( ) t Itn ( ) F(n ) /a ( ) [+

In the space of the functions belonging to AC™[a, b] the following relation
between Riemann-Liouville and Caputo derivative holds [4].

Theorem 6. For u € AC"[a,b], n = [a], the Riemann—-Liouville derivative
of order a of u exists almost everywhere and it can be written as

a . .’t 7(1
«Difu(t) = ¢ Dful +Z Mot D) = (), (5)

In order to simplify our discussion, throughout this paper, we will con-
sider the Riemann-Liouville definition, since most useful tools have been
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established by using the Riemann-Liouville definition. It is worthwhile to
note, by virtue of (8), that for the homogeneous condition considered here
the Riemann—Liouville definition coincides with the Caputo version.

3 Numerical approximation of FPDEs

Consider the space-time fractional convection-diffusion equation in one di-
mension as follows:
0%u(z,t)  0%u(zx,t)
ot 0xP

= f(z,t), x,t€]0,1,a € (0,1], B€(1,2], (6)
subject to the following initial and boundary conditions:

U(:U,O) = g(x)7 T e [0’ ]-]a (7)

u(0,t) = u(1,t) =0, t €[0,1], (8)

where ¢ is given a smooth function and f is a measurable function on [0, 1].
Here, 88% is defined as the RLFD of order « and for all z € [0, 1] it is given
by:

R 1 d [f

— t)= ————— t—s)"%s te]|0,1 9

Grat) = g | =9 tepal )

and for all t € [0, 1], % is the RLFD of order g that is given by:

P 1 d?

Wu(x,t) = m@/o u(&,t)(z — €)' Pde x € 0,1]. (10)

Now, we assume that the integrals in equations (8) and (M) are well-defined.
Also, suppose that the function u satisfies the Carathéodory conditions with
respect to L1[0, 1], which means, a non-negative measurable function is pos-
itive on a set of positive measure or, equivalently, the following conditions
hold:

(C1) For each z € [0, 1], the mapping ¢ — u(x,t) is Riemann integrable.
(C3) For a.e t € [0,1], the mapping x — u(x,t) is continuous on [0, 1].
(C3) Let u(z,t) : [0,1]x[0,1] — [0, 00) be a bounded function a.e on L0, 1].

A standard assumption of continuity of the inhomogeneous term can be
replaced with that of satisfying the Carathéodory conditions with respect to
L1]0,1].

With specific @ and § in equation (B), when o« = 1 and 8 = 2, we have
the following classical diffusion equation:
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u(z,t) 0%u(z,t)

ot 2 = @b, wte01] (11)

In fact the time derivative and space derivative of integer order in (L) can
be obtained by taking the limit & — 17 in (8) and 8 — 2~ in (I0).

In the following, we present a numerical approximation for the Riemann—
Liouville derivative of Lebesgue measurable functions such that these opera-
tors simplify to the classical RLFI, and Riemann—Liouville fractional deriva-
tives (RLFD) and also the numerical method that gives an approximate so-
lution to the fractional convection-diffusion equations with measurable (or
Lebesgue integrable) functions on real line R, studied in this paper.

In the analysis of the numerical approach that follows, we will assume
that this space-time fractional convection diffusion equation has a unique
and sufficiently smooth solution. To establish the numerical approximation,
and in order to simplify the notation, we consider

TZU(t) = /Otu(m,s)(t —s)”%ds, 0<a<l (12)

At (z) = /Ox u(&,t)(x— 6" Pdg,  1<p<2 (13)

Let t, = nAt, n = 0,1,..., K, where At := % is the regular partition
of time interval and z; = jAz, j =0,1,...,N and Az := % is the regular
partition of space interval and K and N are two positive natural numbers.
To motivate the construction of the scheme, we now define two operators
that will be focus on them. We use the following approximation at ¢, for all

0<n<K,

Do) (1) = = [020(1) = T2 (1, 1)) (14)
dt At

and the following approximation at z;, for all 0 < j < NV,

(585" ) @) = o5 [A5" (1) = 205" (@) + A (@je0)|. - (15)
For each t,, and x;, respectively, we need to calculate Y2"(¢,,) and Atﬁu(:zzj)
So, first, we compute ([2) by approximating u(z,s) at the fixed constant x
by simple functions. Therefore, for each s € [0,1], we define U(z,s) as an
approximation of u(z, s) at the fixed constant x, such that

U(.%‘,S) = Zu(wvti)XAi(s)’ (16>

i=1

in which A4, is a sequence of disjoint sets in [0, 1] and ¢; = %, 1=1,2,.... K.
Now, we prove the uniformly convergence theorem of our approach.
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Theorem 7. Let u(x,t) satisfy conditions (C1) — (Cs3), and let U(x,t) be
defined in () for the fixed constant x. If K tends to infinity, then U(x,t)
tends to u(x,t) uniformly on [0, 1].

Proof. The proof is obtained from Theorem M. O

This theorem means where we choose K as a sufficiently big number,
closeness U (z, t) to u(z,t), at the fixed constant z, is independent of ¢ € [0, 1].
So, by using the approximation (IB) for u(z,s) and suppose that s € [0, t,],
we will have

I(ty) = / U3 et (5)(t — 5)"ds,

that is an approximation to YZ%(t,). So,

n n

I,(t,) = Zu(m,ti)/o ' (thn—8)"%xa,(8)ds = Zu(m,ti)/ (tn,—s)~“ds.

i=1 i=1 [0,tn]NA;

We denote [0,t,] N A; with A;,, and note that every bounded Riemann
integrable function defined on a bounded interval is Lebesgue integrable and
the two integrals are the same (Theorem H). Then we have

1 ~ Cu 1 n N
Ia(tn) = m - u(x,ti) |: — (tn — 3)1 :| A = m - u(x’ti)Wi(,n)v
(17)
where »
=,
and t; = & fori=1,2,...,n.

Finally an approximation for (I4) is given by ﬁ[[a(tn) — Iy (tn—1)]; that
is,
(i'rw,u) (tn) ~ # i U(IZ? tz) (W(Ot) _ W(Ot) )
dt  “ (1—a)At — ’ b -l

Denote UJ* as an approximation to the value u(z;,t,) on grid point (z;,t,).
Then we take the following approximation for time fractional derivative (H)
appeared in problem (B) for the fixed instant z; = jAxz € [0, 1],

(At)fo‘ n (@)
‘ BRTIR( 1
o tew Do w(mh ti)g;,, 0<a<l,
SeUT = (18)
u(zj, tn) — u(z), tno1)

At ’

in which q(a) =W — W and then we have

i,n ,n i,n—17
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(@) _

qi,n

{(n—i—1)1_0‘—2(n—i)1_o‘+(n—i+1)1_a vi<n—1,
(19)

1, 1 =n.

Incidentally, we find that |q(C:L)| are bounded for all & € [0,1] and all ¢ > 1,

2y
as proven in the following Lemma.

Lemma 1. For all « € (0,1] and all i > 1, it holds |ql('fl)| < ¢, where ¢ is
dependent on n and .

Proof. First, for a = 1 a direct calculation shows that qi(ﬁ? is a constant, for
all i > 1. Now we prove the lemma for « € (0,1). It can be verified that

Ai,nfl C Ai,n g [Oatn] — m(Az}nfl) < m(Az,n) S tn'

In addition, It is well known that if A C B and f is a measurable function
on A and B, then [, f < [ f, and by consequence, we have
0< W <W® < 2o

,n—1 =

So the proof is completed. O

Lemma 2. Let U(t) = Zfil u(ti)xa,(s), as explained in (D), be a sum of
non-negative monotone increasing of simple functions that approximates the
function u(t) € L1[0,1]. Then §8(U(t)), which is achieved by (IR), tends to
Dg u(t) as K tends to infinity.

Proof. Using Lemma [, and taking into account the fact that the phrase
(t—s)"% 0 < a < 1,is a continuous and integrable function and x4, (s) is a
measurable function on [0, t], and then according to the convergence theorems
of measurable functions (see Theorem B and Theorem @ of this paper), the
proof is obvious. O

Similarly, we approximate u (€, t) at the fixed instant ¢ by simple functions

U(é-? t) = Zi\il ’LL(LCD t)X31 (5)7

, (20)
UM B; =0,1],B;NB; =0;i # j, ; = %,

where B; j = [0,2;] N B;, B; = %5}, %], and z; = 4. Now, we can approxi-

mate the space fractional derivative () for the fixed instant ¢, = nAt € [0, 1]

to form

(A2)7F 0)

T3 p) 2= w(xi, tn)d; 1<p<2,

w(@j—1,tn) = 2u(zj, tn) + u(j1,tn)
Ax? ’

$UT — (21)

B=2,
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in which ¢

)
Bi,;

B —w® QWZ-(g) +w? , and Wl(f) = [— (x; — 5)2_'3}

0,J 3,j—1 4,J+

and we have
(G—i4+22P =3 —i+1)* P43 —i)* P = (G —i—-1)*F, i<j—1,
qiﬁ-) =< —3422°8, =7,

1, 1=7+ 1
(22)
Now, for obtaining the solution of space-time fractional convection-diffusion

equation (B)—(8), we apply ([¥) and (1) to (B) and reach the following nu-
merical method,

0PU} — 65U = f(zj,tn), (23)
U)=g(x;), Up =Ux =0, j=1,...,N,n=1,... K, (24)
So, if u(z,t) is a solution of system (B)-(8), equivalently it is a solution of

system of equations (23)—(24). Hence, we mention the following main theorem
of this section.

Theorem 8. The truncation error for the numerical approximation (E3)-
(23) is of order O(Ax)?>~# + O(At)}—2.

Proof. Let u(x,t) be a solution to the fractional partial differential equation
(B) in which satisfies the conditions (@) and (B). Then we have

o 1 do,.
g 0 tn) = gy @ T )
1 1 z,u YT
= T ey g () = T8 (o)) +ealt), (25)

in which € (¢,,) = O(At). Let us define the error E(t), such that,
wa’u(tn) - Tgu(tnfl) = Ia(tn) - Ia(tnfl) + El(t)- (26)
So, we have

o 1 1

1 1
a?'u(m, tn) =

I(1—a)At (Ia(t”) - I“(t’“l)) TN

Now, by using Lemma 0 we have F;(t) = O(At)?~%. So it follows that:

g%u(‘r»tn) = ﬁi(l—a(tn) - Ia(tn71)> + ﬁO(At)l_a + O(At)
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Therefore,

aa (o3 n —Q
(%u) (25, tn) = 82U + O(AL) . (28)

Similarly, for the fractional derivative of order (3, we have

o . .
(Wu) (€),t0) = 62U + O(Az)>~P. (29)

Finally, by using the numerical method (E3)—(B2), we will have
U7 = uflloe = O(A)' ™ + O(Ax)*77, (30)

and the proof is completed. O

In the remainder of this section, it will be shown that equations (E3)—(E2)
can be converted to an optimization problem. For this suggested approach
we need the following theorem.

Proposition 2. If h: [a,b] — [0,00) is a measurable function, the necessary
and sufficient condition for f; h =0 is that h =0 a.e., on [a,b].

Proof. See p. 51 of [G]. O

So, according to Proposition B, necessary and sufficient condition for
u(z,t) to be a solution of system (23)—(E4) is that the optimal solution of the
following problem is zero (see Theorem 1 of [] for convergence):

1 1
min / /
o Jo

By trapezoidal method and using the ending point in any subinterval for
approximating integrals and using approximations (I¥) and (£1) for (81), we
obtain the following discretized problem:

60U (z,t) — 08U (x,t) — f(x,t)|dtd. (31)

n

AtAr N K j+1
muin Z Z ‘aZu(m‘j,ti)qﬁ) - qu(mi,tn)qE? —cf(zj,tn)l,
i=1

C
j=1n=1 =1

(32)

where a = (Az)PT(3 — ), b = (At)*T'(2 — a), ¢ = ab, and qﬁ), qi(g) are as
before. Now, we convert the problem (B2) to a linear programming problem
with the following change of variables (see Theorem 3 and Lemma 2 of [l

and [28] for more details):
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N K
win S2ES S (1 4 ef) 3

j=1n=1

n Jj+1
s.t. aZuéqﬁL) — qu?ql(g) —cf(xj,tn) =17 — €}
i=1 i=1

Finally, by obtaining the solution of problem (83), we recognize the value of
unknown variables.

4 Numerical examples

In this section, we give some numerical examples and apply the presented
approximation for solving them. These test problems demonstrate the valid-
ity and efficiency of this techniques.

Example 1. We compute oDz(t), with o = 0.5, for z(t) = t* by ap-
proximation (IR).
The exact formulas of the derivatives are derived from
I(s+1)
DO.5 t5) = ts—0.5’
oD (t") [(s+1—0.5)

Figure B shows the results. Since the exact solution for this problem is known,
we compute the approximation error by using the maximum norm for each

K. Assume that Z(t,), n = 1,..., K, are the approximated values on the
discrete time horizon t¢1,...,tx. Then the error is given by
E = max <|x(tn) - f(tn)|). (34)
n

In the case of a = 0.5, with various choices of K, the maximum absolute
errors are computed by equation (84) and shown in Table L.

Example 2. Consider the following fractional differential problem:
oDy x(t) = g(x(t), 1), (35)

where 0 < @ < 1, 2(0) = 0 and g(x,t) =
z(t) + 1% —t.
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Figure 2: Analytic solution and numerical approximation (I), with various choices of
K, for Example 1

Table 1: Maximum absolute error for Example 1

K Eappro

5  2.65757 x 1073
10  6.47115 x 10~*
20 4.09595 x 104
40 9.77932 x 107
50  2.27352 x 107°
100 5.04375 x 106

The exact solution of this equation is x(t) = t2 —t. We can rewrite the
equation (B3) as follows:

oD a(t) — g(x(t),t) = 0. (36)
Also, we have from equation (B@) that

oD z(t) — g(x(t),t)] = 0. (37)
By using again Proposition B, we conclude that if z(¢) is a solution of equation

(B7) with the initial condition 2(0) = 0, equivalently it is a solution of the
following optimization problem:

min/0 ‘ oD x(t) — g(x(t), t)|dt. (38)
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Then by discretization the integral as before an using equation (IR) for ap-
proximate of ¢ D§x(t), we simplify obtained problem (BR) as follows:

N K (Ao
HZZ I'2-a)
i=1 k=

237
2—«

k
S wilty)a) (39)
1

p=

— (@0 (G i P - e () ~ 4 1)),

where ¢, and qz(f‘k) are the same as before. Now, for solving the minimum

problem (BY), we can change it to a linear programming problem like (83). In
Figures B and @ we compare the exact solution with numerical approximation
(B9) for two different values of K, N =100, and a = 0.5.

T
approximation

exact

Figure 3: Analytic solution and numerical approximation (89) for Example 2 for K = 40

Table B shows the exact solution and the approximate solution for equa-
tion (BH) by using problem (BY) for K = N = 100 and a = 0.5,0.99. The
results compare well with those obtained in [20]. From numerical results
we can indicate that the solution of FDE approaches to the solution of in-
teger order differential equation, whenever a approaches to its integer value.

Example 3. We consider the space-time fractional diffusion equation (B)
with the following initial and boundary conditions:

u(z,0) =0, 0<z<l,

u(0,t) = u(l,t) =0, te0,1],

where
2

th_asin(wa) + 4%t sin(27x).

f(.’L',t) =
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Figure 4: Analytic solution and numerical approximation (89) for Example 2 for K = 100

Table 2: Numerical values for Example 2 when a = 0.5,0.99

t zvappro(a = 05) Tezxact (Eappro(a = 099) Texact
0.0 0.000000 0.000000 0.000000 0.000000
0.1 -0.089978 -0.090000 -0.089586 -0.090000
0.2 -0.159889 -0.160000 -0.159688 -0.160000
0.3 -0.209891 -0.210000 -0.209707 -0.210000
0.4 -0.239974 -0.240000 -0.239787 -0.240000
0.5 -0.249896 -0.250000 -0.249738 -0.250000
0.6 -0.239998 -0.240000 -0.239795 -0.240000
0.7 -0.199879 -0.210000 -0.209830 -0.210000
0.8 -0.160109 -0.160000 -0.159897 -0.160000
0.9 -0.096390 -0.090000 -0.100098 -0.090000

The exact solution of this problem when 5 = 2 is given by u(z,t) =
t2sin(2rx). The spatial and temporal meshes are taken uniform; that is,
At = %, Ar = % From the Table B and Figures B, B, and [, we get that the
approximate analytical solution is consistent with the exact solution when
a — 1, B — 2 and different values for K and N. Therefore, the validity of
our numerical methods is confirmed.

Now, consider the vector U(Az) = (Up, U, ,Un), where U; is the
approximate solution, for z; = jAz, j =0,1,..., N at a certain time ¢, and
u(Azx) = (u(xg,t),...,u(xy,t)), where u is the exact solution. The absolute
error is defined as follows:

Ju(A2) = U(Ag) o = max_fu(e;,1) = Uyl (40)
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Table 3: Maximum absolute error (E1) for the numerical scheme of Example 3 at t = 1
for different values of a and 8 = 2 with various choices of At and Az

At Ax Eeoppro
1/5  1/5 0.00847
a=05 1/10 1/10 0.00431

1/15 1/15 5.32982 x 10~*
1/20 1/20 7.05965 x 107>
1/5 1/5 0.00480
a=09 1/10 1/10 1.64153 x 10~*
1/15 1/15 7.19164 x 10~°
1/20 1/20 7.39623 x 107°
1/5 1/5 0.00536
a=0.95 1/10 1/10 1.00857 x 10~4
1/15 1/15 3.38148 x 107°
1/20 1/20 2.41435 x 10~°
/5 1/5 0.00568
a=098 1/10 1/10 2.31643 x 1074
1/15 1/15 4.62727 x 107°
1/20 1/20 5.70822 x 10~©
/5 1/5 0.00579
a=0.99 1/10 1/10 1.14488 x 104
1/15 1/15 9.19805 x 10~°
1/20 1/20 2.82570 x 10~©

Approximation Solution Exact Solution

Figure 5: The evolution of u(z,t) for anomalous diffusion coefficients a = 0.5, 8 = 2 for
Example 3
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Approximation Solution Exact Solution

X X

Figure 6: The evolution of u(zx,t) for anomalous diffusion coefficients o = 0.9, 8 = 2 for
Example 3

Approximation Solution

X X

Figure 7: The evolution of u(z,t) for anomalous diffusion coefficients a = 0.98, § = 2
for Example 3

Table B presents a comparison between the absolute error of our method and
the method presented by Neville et al. (2011) in [[] with different space and
time steps. It should be noted that our numerical results, quickly converging
to the exact solution with a lower division, are more accurate than with the
results obtained in [I6].
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Table 4: Comparision of absolute error for the numerical scheme of Example 3 at o = 0.5
and 8 = 2 with various choices of K, N

K N our method K N  estimated in [7]

5 5 0.000360 4 100 0.000926
10 10 0.000133 8 100 0.000337
15 15 5.12841 x 107 16 100 0.000120

20 20 8.33727x 1076 32 100 4.184925 x 107°

Example 4. we consider the following space-time fractional diffusion prob-
lem:

0%u(x,t)  T(2.8)z 0%u(z,t) 0.8 0U
— = -z’ — 1 1
v 5 5P q(z,t) —x o (x,t) € [0,1] x [0,1]
(41)
with the initial condition:
u(z,0) = 2%(1 — z), z €10,1], (42)
and the boundary condition:
u(0,t) = u(l,t) =0, t>0, (43)
where
22%(1 — 33)% 1.8 2
= —— 2x°(1 .
q(z,t) T(2.2) +0.207°(1 +¢t%)

The exact solution of to this FPDE for o« = 0.8 and f = 1.5 is given
by u(z,t) = x2(1 — x)(1 + 2). Table B shows the absolute errors at time
t = 1, between the analytical solution and the numerical solution obtained
by applying the method discussed in this paper and the method presented
in [B0]. It should be noted that our results are very closely identical with
other results.

Table 5: Comparision of absolute error for the numerical scheme of Example 4 for a = 0.8
and 8 = 1.5 at t = 1 with various choices of K and N

K N our method estimated in [30]
10 10 1.23x10°° 1.26 x 1072
20 20 5.86x 1074 6.74 x 1074
40 40 2.87x 107 3.48 x 1074
80 80 83x107° 8.6 x 1075
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5 Conclusion

FDEs and FPDEs have caught considerable attentions due to their various
applications. Since there is no systematic method to derive the exact solu-
tion of these equations, in this paper we partly solved a class of FPDE and
obtained some approximating solution for it by provide an efficient approach
based on measurable functions. For this purpose, at first, we present an
approximation for the fractional derivatives of measurable functions. Then,
by using this approximation and application of minimization the total error,
we transform the original FPDE into a discrete optimization problem such
that the optimal solutions of this problem is the approximate solution of the
original problem. The suggested method represents a unifying approach for
the solution of partial differential equations of fractional order.

From the numerical examples and the results that are compared with the
exact solutions and with the other methods, it is shown that, as the number of
discrete points, K and N, in proposed approach of this paper was increased,
the solutions converged to the exact solutions. In addition, as the value of
« approaches one and S approaches two, the numerical solutions for both
the FDE and FPDE approach the analytical solutions for « = 1 and 8 = 2.
Since the proposed approximation of this paper is based on the minimization
of total error, it is clear from the results that there is no difference between
exact and approximate solution in point to point case.
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A modified flux-wave formula for the
solution of one-dimensional Euler
equations with gravitational source
term

H. Mahdizadeh*

Abstract

In this paper a novel Godunov-type finite volume technique is presented
for the solution of one-dimensional Euler equations. The numerical scheme
defined herein in is well-balanced and approximates the solution by propa-
gating a set of jump discontinuities from each Riemann cell interface. The
corresponding source terms are then treated within the flux-differencing of
the finite volume computational cells. First, the capability of the numerical
solver under gravitational source term is examined and the results are val-
idated with reference solution and higher-order WENO scheme. Then, the
well-balanced property of the scheme for the steady-state is tested and finally
the proposed method is employed for the modeling small and large amplitude
perturbation imposed to the polytropic atmosphere. It is found out that the
defined well-balanced solver provides sensible prediction for all of the given
test cases.

Keywords: Wave propagation algorithm, Flux wave formula, Riemann
solver, Well-Balanced, Euler equations.

1. Introduction

The Euler equations with gravitational source terms have been extensively
used in many scientific aspects such as aerospace, astrophysics, and shock
tube problems. Prediction models should be able to capture sharp gradi-
ent shocks as well as rarefaction waves that appear within the solution in
particular with existence of source terms. Generally, two different class of
finite volume methods have been used to model Euler equations in recent
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years mainly reviewed by LeVeque [8,7]and [TG]. The first method is upwind
method, which basically uses the Godunov scheme. Despite the complexity
of upwind schemes in particular in dealing with associated Jacobian matrix
they provide very accurate results for the shock capturing problems [I7].
The second approach is central schemes, which applies Lax—Friedrichs or
Lax-Wendroff methods. However, they produce rather high diffusion, which
eventually affects the methods stability unless a refined mesh is used [7].

Previously, significant attentions have been paid for the solution of the
Euler equations with the gravitational source terms mostly based on the finite
volume methods. LeVeque and Bale [8] have developed a quasi-state wave
propagation algorithm for the solution of the Euler equations. In another
work Botta et al. [?] defined a well-balanced finite-volume methods, which
maintain certain class of steady states for the nearly hydrostatic flows. A well-
balanced approach on the basis of the gas-kinetic scheme has been proposed
by Luo et al. [I0] for an isolated gravitational hydrodynamic system. Kéappeli
and Mishra [5] have introduced a second-order well-balanced finite volume
scheme for the isentropic hydrostatic equilibrium. Chandrashekar and Klin-
genberg [B] implemented a well-balanced second-order Godunov-type finite
volume method for the Euler equations with gravitation. More recently, Li
and Xing designed a high-order well-balanced finite volume WENO (weighted
essentially oscillatory) scheme for the Euler equations with gravitational field,
which preserves both isothermal equilibrium and the polytropic hydrostatic
balance state.

The main purpose of this work is to develop a version of Godunov-type
wave propagation algorithm for the solution of one dimensional Euler equa-
tions. The proposed method extends the a modified flux-wave solution pro-
vided in [i,02] for the shallow water equations (SWEs) to the one dimen-
sional Euler equations. This approach is well-balanced and treats any source
terms within the flux-differencing of the finite-volume computational cells.
Additionally, the defined numerical scheme utilizes the advantage of com-
bination both approximate and exact Riemann speeds, which enables the
method to avoid non-negative pressure fields for the Euler equations. To
the best of author’s knowledge no development of the modified flux-wave
approach defined in [I1,07] is used for the solution of the one dimensional
Euler equations with gravitational source term. The rest of this paper is
organized as follows: In the next section the mathematical equations for the
one dimensional Euler equations consisting of gravitational source terms are
provided. Then in the second section, the wave propagation algorithm with
both first-order and high-resolution accurate terms is expressed. In the third
section, the flux-wave formula comprising different choice of wave speeds for
the one dimensional Euler equations is described. Fourth section states the
validation of the introduced numerical method with the reference solutions
and other numerical results available in literature. Finally, the paper ends
with the summary of numerical results and conclusions of findings.
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2. Governing equations

The one dimensional Euler equations including source terms can take the
conservation law form as

U+FU), =
p pu 0
U=|pu| ,FU)=| pu®>+P | ,S=| —po. |,
E (E+ P)u —pus

where U is the vector of unknowns, F(U) is the flux-term, S shows cor-
responding source term, p is density,u denotes the particle velocity, P is
pressure,¢ is an time independent gravitational potential, and finally E is
the total energy, which can be obtained as

P 1
E=—+ pu
v—1
where v represents the ratio of specific heat. The relevant eigenvalues and
eigenvectors for the defined system of equations are expressed as

Al=u—c¢, Ag=u, \3g =u+c.

1 1 1
rr=|(u—c|,re= U , r3= | u+c |,
¢ —uc u?/2 ¢ +uc

where in the above equations ¢ and ( are called sound speed and the total
specific enthalphy, respectively, which can be computed as

o P C_E;P

In order to solve the above system of equation the wave propagation algorithm
described in the next section is used.

3. Wave propagation algorithm

The one dimensional Godunov-type wave propagation algorithm can be given

s [B,17]

At At ~n
U™ =U" = T (ATAU 1o+ AT DU i) = 5 (Fiaps = Fil ),
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where U™ is the vector of unknowns at the next time step, ATAU,_, /2 and

A" AU,_, , provide the right- and left-going fluctuations, and finally F?ﬂ
shows the second-order correction terms required to obtain high-resolution
scheme, which can be used with different choice of limiters. If F = 0, the
first-order Godunov-type wave propagation algorithm is achieved. The right
and left-going fluctuations are then computed, using the following formula-
tions

A+AUz’—1/2 = Z 5]@,1'71/2; A_AU'L—l/2 = Z fk,zel/za

k:\i_1/2>0 k:Xi_1/2<0

where &£ ;_;/, is called the kth flux-wave propagating from cell interface
i — 1/2 and can be obtained by multiplying particular coefficients into its
corresponding eigenvector, say,

Eiim1/2 = Bri-1/2Tk,i—1/2-

4. Flux-wave formula

The flux-wave approach has been first introduced by [0] for the acoustic
problem. This approach has been later modified by Mahdizadeh et al. [I1,1Z]
for the SWEs with modeling wet/dry front abilities. In this section this
modified version of flux-wave approach is extended for the solution of one
dimensional Euler equations with gravitational source term .The original flux-
wave formula including the treatment of source term can take the form [f]

M,
FU;)-FU;-1)— Si_1p0z = ZSk,i—um

k=1
where F(U;) and F(U;_1) are the fluxes at the left and right side of cell in-
terface i —1/2 and M,, denotes the number of waves, which for the prescribed
Euler equations is equal to three and Az implies finite-volume cell length.
To expand the flux-wave approach for the one dimensional Euler equations
it is only required that the differences between neighboring fluxes minus the
source terms is equalized with the summation of the relevant fluxes . This
can be accomplished as

Woodward—Coella

il Pi—1Ui—1 0
pitii + P | — | picti g +Pir | =Dz | —pi(di — ¢i)/Dx | (1)
(Es + P;)u; (Bi—1 + Pim1)ti —piui(bir1 — ¢i)/ D
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1 1 1
=P | Ui—C | +P2| Ui | +P3| witéi |,
G — Ui a2 Gi + Uic;

where @ and ¢ are the velocity and total specific enthalphy again, which can
be obtained through the combination of exact and approximate Riemann
wave speeds fully explained in [[1], where the approximate Riemann solver
utilized herein is based upon the Roe solver [i4] . For the Euler equations
the approximate velocity and total specific enthalphy can be givens as

VPi—1Ui—1 + \/Pit; i VPi—1Gi—1 + /PG
Vhici+ i Voici+ P

and the sound speed ¢; can take the form

ﬂ:

&=/ - DG - 1/2a).

The systems mentioned in equation (O) can be rewritten as

1 11 8, 5
Ui—c U Ut G Ba| = |02, (2)
G — e U3 /2 G+ e | | B3 3

where d1, 02, and 03 are

01 Pty — Pi—1Ui—1
b | = | (pitui +P;) — (pic10?_y + Pic1) + pi(dis1 — i)
3 (Ei + P)t; — (Ei—1 4+ Pi_1)ti—1 + piwi(diy1 — &)

By solving the linear system provided in equation (B), the coefficients 51, 32,
and (3 are computed, which can be later used to calculate the flux-wave
&p,i—1/2 required for obtaining the left- and right-going fluctuations for the
first-order Godunov-type wave propagation algorithm. It should be stressed
for the solution of linear system given above the LU decomposition algorithm
with partial pivoting defined in [I3] at each time-step.

4.1 Stability conditions

To ensure the method’s stability, the Courant—Friedrichs-Lewy condition
(CFL) [d] similar to the SWEs is used. This condition can be given as the
following equation for the one dimensional Euler equations:

max():)

CFL = N,

Az,
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where A = maz (A1, A2, A3) is the maximum amount of wave speeds, where
each wave speed is obtained as

A= — G, Ao =U;, A3 = Uj + G;.

Generally, the wave propagation algorithm uses values of CFL number close
to one, which ultimately reduces the computational setup time compared to
other Riemann solvers provided in literature.

5. Numerical results

In order to examine the effectiveness of modified flux-wave approach (MFW)
for the solution of the one dimensional Euler equations, in this section sev-
eral numerical test cases are provided. The suitability of the proposed MFW
approach in dealing with the gravitational source terms is first investigated,
and the obtained numerical results are compared with both reference solu-
tions and available numerical data borrowed from literature. Then, the well-
balanced property of the defined method with the existence gravitational
field for the isothermal equilibrium is verified, and the calculated numerical
results are validated with the nonwell-balanced WENO scheme. Finally, the
capability of the proposed well-balanced model in capturing small and large
amount of amplitude perturbation is tested. It should be expressed that the
MFW model defined herein was solved, using an in-house FORTRAN code
on an Intel Core (i7-4790) 3.6 GHz processor with 16GB of RAM. Addition-
ally, the solver employs high-resolution wave propagation algorithm based on
the monotonized centered (MC) limiter. The number of computational finite
volume cells is defined separately for each test-case.

5.1 Shock tube problem with gravitational field

The purpose of this test case is to assess the performance of the proposed
numerical solver for the solution of the one dimensional Euler equations with
the existence of gravitational source term. For this problem the Sod test case
is considered with the initial condition as

(.l P — { (1,0,1) if 2 <05,

(0.125,0,1) otherwise,
where p°, u°, and P are again the initial data for the defined Riemann prob-
lem at time ¢t = 0. As the boundary conditions the extrapolation boundary
conditions were imposed for both left and right boundaries. In order to con-
sider the effect of gravitational source term a constant exhibit gravitational
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field ¢, = 1 is used within the source term. The computation is implemented
until time ¢ = 0.2s with 100 uniform cells and the CFL number equal to 0.9.
Figure B shows numerical predictions for the density, pressure, energy and ve-
locity obtained based on the MFW approach. The validations are performed
with the reference solution achieved using 2000 numerical cell and also with
a novel higher-order WENO scheme defined by [d] with the same computa-
tional volumes. For the density field a left-going rarefaction wave along with
the contact discontinuity and shock wave are created within solution and the
obtained results are in qualitative agreement with both reference solution and
the WENO approach. Additionally, due to the effect of gravitational source
term the density is pulled upward for the left boundary.

Figure (b) demonstrates the numerical results for the pressure field. As
can be observed, a left-going rarefaction waves as well as right-moving shock
are appeared within solution and again the agreement between the obtained
numerical results and the reference solution are quite well. Figures D(c) and
m(d) exhibit the numerical results for the energy and velocity, respectively.
In terms of the energy field a rather similar shape to the pressure is seen. For
the velocity distributions a negative velocities in some regions are appeared,
which is mainly caused by gravitational term.

5.2 One dimensional gas-falling into fixed external
potential

This test case was originally introduced in [I5,[&] and utilized to verify the
well-balanced property of the proposed MFW approach for the isothermal
equilibrium within gravitational field. The initial conditions of the problem
can be given as

P = Poexp <;}> u=0,and p = RT (;}) (3)

where gravitational field is expressed as
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Figure 1: Numerical solution of the shock tube problem with gravitational source term
performed at ¢ = 0.2s. (a) Density, (b) pressure,(c) energy,(d) velocity

whereL is the computational domain set equal to 64 and other parame-
ters are: pg = 1, v =5/3, T = 0.6866 and ¢y = .02. The solution was then
performed in double precision using 200 and 400 computational cells until
time ¢=50s, where the steady-state condition is reached. Table I demon-
strates the Euclidean norm achieved for the conserved variables p, pu and F
at the steady-state condition. As can be seen for all variables relatively small
amount of error is obtained, which clearly state that the initial conditions
have been preserved during the simulations.

In order to compare the performance of the defined MFW approach with
the unbalanced scheme a small perturbation was imposed into the steady-
state solution provided in (B).Therefore the initial condition related to pres-
sure becomes

p=RT <I;;“> +0.001lexp (—10(x — 32)?).



A Modified Flux-Wave Formula for the Solution of ... 33

Table 1: Euclidean error norm computed based on the MFW approach for the steady-
state

Number of Cells o U E
200 2.6493E-04 9.7563E-05 4.3708E-04
400 6.8740E-05 2.2979E-05 8.9109E-05

The simulation was implemented up to time ¢ = 179980.53s, which is much
larger than the reference sound crossing time approximated as 7 = 120s. Fig-
ure B illustrates the numerical results obtained based upon the second-order
MFW approach in comparison with non-well-balanced WENO scheme bor-
rowed from [U]. As can be observed the initial condition for the velocity pro-
file was maintained during computation in contrast to the non-well-balanced
scheme, which was not able to properly neutralize the effect of gravitational
source terms with the flux gradient for the isothermal equilibrium state.

5.3 Small and large amplitude wave propagation

The final test case employed herein was introduced in [5] and investigates the
performance of the well-balanced MF'W approach in dealing with small and
large disturbances for the polytropic atmosphere in the gravitational field
¢(x) = gz. In doing so, the polytropic steady state solution is defined as

plo) = (47" - 52) ) = 0. pla) = Koplo)”.

with the constants: g = 1,7 =5/3, po = 1, po = 1, and Ko = po/(pg)-
The computational domain of the polytropic atmosphere was set equal to
[0,2] and the following periodic velocity perturbation was imposed at the
bottom boundary

u(0,t) = Asin(4rt), (4)
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In the first numerical study the amount of A in above equation was chosen
to 10~ %which provides a small perturbation into the solution and the simu-
lation was run until time ¢ = 1.5s. In Figure B the pressure perturbation and
velocity profiles calculated based upon the second-order MFW approach with
400 numerical cells for the small disturbance were shown. Theses results have
been also compared with the reference solution with 8000 numerical cells to-
gether with the higher-order WENO scheme given in [d]. It is clear that the
results are in good agreement with both reference solution and the higher-
order WENO scheme, which confirms that even for a small-perturbation the
effect of gravitational source term has been accurately treated within the
flux-differences of the neighboring cells for the finite volume method.
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Figure 3: Numerical results obtained based on the MF'W approach for the small perturba-
tion imposed for the polytropic steady-state solution in comparison with the higher-order
WENO scheme and reference. solution (a) Pressure perturbation,(b) velocity

Eventually the amount of A in the equation (@) was set to 0.1, which
creates rather large amplitude disturbance into the solution. The simulation
based on the second-order MFW approach with 200 computational cells and
CFL=0.9 was then implemented until t=1.5s . Figure @ shows plots for the
pressure perturbations and velocity along with the results calculated using
reference solution with 2000 cells and higher-order WENO scheme. As can be
observed the large amplitude perturbation was also captured by the defined
MFW approach and the results are in qualitative agreement with the higher-
order WENO method.
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Figure 4: Numerical results obtained based on the MFW approach for the large perturba-
tion imposed for the polytropic steady-state solution in comparison with the higher-order
WENO scheme and reference. solution (a) Pressure perturbation, (b) velocity
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Conclusions

In this paper a modified flux-wave formula is presented for the solution one
dimensional Euler equations including gravitational source term. The nu-
merical solver defined herein is well-balanced and deals with gravitational
source terms inside the differences between fluxes for the finite volume com-
putational cells. In order to cope with difficulties with nonphysical results,
a combination of exact and approximate Riemann solution was utilized. A
modification for the Sod problem was first considered with the gravitational
source term and the validations was made with the higher-order WENO
scheme and rather identical results was achieved. Then, the well-balanced
property of the scheme was tested and the ability of the method in model-
ing the perturbation applied into the steady-state equilibrium in comparison
with unbalanced scheme was demonstrated. For the problem with small and
large amplitude of perturbations, the MFW approach gave the same results
equal to higher-order WENO scheme and accurately captured disturbances
imposed to the polytropic atmosphere.
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New variable neighborhood search
method for minimum sum coloring
problem on simple graphs

Kh. Erfani*, S. Rahimi and J. Fathali

Abstract

The minimum sum coloring problem (MSCP) is to find a legal vertex
coloring for G using colors represented by natural numbers (1,2,...) such
that the total sum of the colors assigned to the vertices is minimized. The aim
of this paper is to present the skewed variable neighborhood search (SVNS)
for this problem based on a new structure of neighborhoods. To increase the
speed of the neighborhood search process, we present the new concepts of
holder vertex and set. Tested on 23 commonly used benchmark instances, our
algorithm shows acceptable competitive performance with respect to recently
proposed heuristics.

Keywords: Minimum sum coloring; Variable neighborhood search; Skewed
variable neighborhood search; Chromatic sum; Holder vertex; Holder set;
Reducer set.

1 Introduction

The general graph coloring is one of the most well-known problems in combi-
natorial optimization. Besides its theoretical significance as a canonical NP-
Hard problem [d], graph coloring arises naturally in a variety of real-world
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applications such as timetable problems [B], warehouse management [Z9],
frequency allocation in mobile network [28], register allocation in optimizing
compilers [4], scheduling problem [R], design and operation of exible manufac-
turing systems [I0]. For example, in computer systems with multiprocessors
that are in competition over resources, we might seek an allocation under
which no two jobs with conflicting requirements are executed simultaneously
while minimizing the average completion time of the jobs.

MSCP is closely related to the basic graph coloring problem. It was
proposed by Kubicka [Z1] in the field of graph theory and by Supowit [30] in
the field of VLSI design.

Suppose that G = (V, E) is a simple undirected graph (without loop,

multi, and directed edge) with vertex set V' = {v1,va,...,v,} and edge set
E CV x V. A proper vertex k-coloring of G is an assignment of positive
integers to its vertices by function ¢ : V. — {1,2,...,k} such that no two

adjacent vertices are assigned the same number (i.e. c(v;) # c(v;),V(4,7) €
E). The color of a vertex v is denoted by c(v).

A legal k-coloring can also be defined as partition of V' in to k independent
sets Vi, Va, ..., Vi such that for all u,v € V;(i = 1,...,k), (u,v) ¢ E. In other
word, ¢ can also be represented as a partition of V' in to k mutually disjoint
independent set (called color classes) Vi, Va, ..., V; such that U?:l Vi=V
and v € V; if and only if ¢(v) = i.

The general graph coloring problem (GCP) is to determine a proper k-
coloring with a minimum value of k. This value is called the chromatic
number of G and denoted by x(G). A related problem to the GCP is the
minimum sum coloring problem (MSCP), which is to find a proper coloring
c={V1,Va,...,Vi} such that the following total sum of color labels, denoted
by >_. G, to be minimized.

n

k
D G=D clvi) =) iVl

i=1 i=1

Now the vertex chromatic sum or minimum sum coloring of G is denoted

by > G, and defined as

min{ZG|c€C},

where C'is the collection of all proper coloring of G. The vertex strength of G
denoted by s(G), is the smallest number s, where there is a proper coloring ¢
with s colors such that ) (G) = > G. It is clear that s(G) is lower bounded
by x(G). The distance between s(G) and x(G) can be large. Indeed there
are many instances in which s(G) >> x(G) [21].

As shown in [20,21], the decision version of the MSCP is NP-complete in
the general case. As a result, solving the MSCP is computationally challeng-
ing and any algorithm able to determine the optimal solution of the problem
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is expected to require an exponential complexity. Also, it has several practi-
cal applications including VLSI design, scheduling, and distributed resource
allocation (see [24] for a list of references for more application).

Due to its high computational complexity, no polynomial-time algorithm
can solve or approximate the problem efficiently unless P = N P. In the past
several decades, much effort has been devoted to developing various heuristic
and metaheuristic algorithms. For the purpose of practical solving of the
general MSCP, several heuristic algorithms have recently been proposed to
find suboptimal solutions. This class of algorithms has been mainly devel-
oped since 2009 and is not proved the optimality of the solution found. Some
examples of the heuristic algorithms include tabu search [2], greedy algo-
rithms [23], genetic and memetic algorithms [6, 719, 26, 32|, breakout local
search [0, iterated local search [IH] , ant colony [6] as well as heuristics based
on independent set extraction [33,B4]. But in contrast, some kinds of liter-
ature have addressed the issue of theoretical bounds that formally proved,
included [@,0T, 12,06, 22,81 for instance.

In recent years, variable neighborhood search (VNS) has been proven as
a very effective and adaptable metaheuristic, used for solving a wide range
of complex optimization problems. In this paper, we design and test a VNS
algorithm for finding proper colorings, which correspond to upper bounds
of the chromatic sum. In the literature on graph coloring several proposals
appeared, combining the following characteristics: partial vs complete color-
ings, proper vs improper colorings, fixed vs variable k (see [[5] for a review).

We opt vector X with size of |V] for a solution representation consisting
of colors that must be proper. We then devise a search strategy that borrows
ideas from modified VNS method called skewed VNS method (SVNS) towards
special kind of neighborhood. The fact that increasing the number of colors
may decrease the chromatic sum was the main motivation of definition of
such new neighborhood structure (see Fig. ).

In the following sections, we first provide integer nonlinear mathematical
formulation along with a definition of Ny neighborhood structure of MSCP. In
the next section, we offer a new concept called holding to expedite the related
local search method. In Section 4 we present our SVNS method with respect
to the neighbors that are mentioned in Section 2. Before concluding, detailed
computational results and comparisons with five algorithms are presented in
Section 5.
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2 Modeling and N, Neighborhoods of MSCP

2.1 Modeling

Let G = (V, E) be a simple undirected graph with vertex set V- = {v1,va,...,v,}
and edge set E C V x V. Although the MSCP can be formulated as a binary
quadratic problem, we also presented another formulation of this problem.
Define variable x; as the color of vertex ¢ for i = 1,2,...,n. Therefore the
integer nonlinear mathematical formulation is defined as follows:

i=1
s.t.
o -zl =21 V(i j) € E 1)
1<z;<n ,integer :i=1,2,...,n (2)

The previous model can be reduced with elimination of redundant constraints
and suitable changing of variables,

P) Min Z‘T’ (3)

s.t.
|$i—l‘j| >1 V(Z,j)GE (4)
x; > 0,integer  :i=1,2,...,n (5)

This mathematical formulation expresses MSCP correctly, since each vector
X = (z1,%2,...,%,) that satisfies equations (@) and (H) is a proper coloring
¢ for G and the objective function (B) minimizes ) . G. Y (X) denotes the
sum of colors of proper coloring c. It should be noted that this model does
not claim about s(G) and focuses on Y G. By assuming that S be set of all
proper coloring of G, P can be written briefly as follows:

P) Min T.X (6)
s.t.
Xes, (7)

where TX is the inner product of T = (1,1,...,1) and X. Indeed > (X) =
S = ?.X . According to the description stated above, any feasible
solution for P is a vector X = (x1, 22, ...,%,) satisfied equations (@) and (B).
So the next neighborhoods should be defined around this vector.
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2.2 New Neighborhoods for MSCP

We know that the neighborhood is an important element that influences the
local search procedure. So, searching for feasible spaces is meaningless with-
out knowing the definition of the neighborhood. Therefore according to the
mathematical model of the previous part, we introduce neighboring structure
for MSCP here. To read more about neighborhoods for this problem you can
see [0, 05,07

Definition 1. Let X and S be a feasible solution and feasible space of
P, respectively. For k =0,1,...,n, a neighborhoods of X are defined by

Ne(X)={Y € S|Y is greater than X in at most k element.} (8)

In fact, Ni(X) contains all of the feasible solutions (proper coloring) that
are greater than X in the k element at most. The size of the Ny(.) becomes
bigger if k increases. Indeed [N (.)| € O((})) and we have

No(X) € Ni(X) € -+ € Ni(X)

As you can see, these neighborhoods will be nested; that is, each one contains
the previous. So if X is locally optimal with respect to N, then it will be
locally optimal with respect to N; for ¢ = 0,1,...,k — 1. Also, if it is not
to be locally optimal w. r. t. INV;, then it will not be locally optimal w. r.
t. N;fori=k+1,...,n. Clearly S = N,(X). But it’s important to know
the minimum value of k such that N = S. In other words, for which value
of k the neighborhood Ny is exact? For a given neighborhood N if any local
optimal is also global optimal, then N is exact [27].

To clarify the issue, Figure 0 shows an illustrative example for Ny (.). The
numbers that are in and out the vertices are vertex number and vertex color,
respectively. With the given 3-coloring X (left figure), we achieve the subop-
timal sum of 18 while Y leads to chromatic sum of 15 (right figure). By Defi-
nition 1, No(X) = {X} and Y ¢ No(X), N1(X) but Y € Ni(X) forallk > 2.
Therefore by starting with X, we achieve the locally optimal Y w. r. t. N,
that is also globally optimal.

The next important point that should be noted is about the size of Ni. As
stated previously by increasing k the size of neighborhood becomes large and
this causes the process of searching happens slowly. Therefore we will offer
a new concept called holding and try to expedite to find the local optimum
with this new concept.
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(b) Y =(2,4,3,1,1,1,1,1,1)

Figure 1: An illustrative example for Ng(.)

3 Holder and Reducer Set

Definition 2. k-holder set: Given a proper coloring X = (z1,...,x,) and
k-element subset H = {t1,t2,...,t;} from V. H is a k-holder set, when for
some v € N(H)™ and index 0 < r < k the following two conditions hold:

1) @, < @y;
2) For any vertex w € N(v) \ H, we have x,, # x4,

In such case, we say that H holds vertex t,.

Especially in above definition when k = 1, we obtain 1-holder set called
holder vertex. Indeed, for two adjacent vertices a and b, we say a holds b
and denoted by a b, if Definition 1 is stated for kK = 1. Consider again the
graph of Figure [ with 3-coloring X. Both two sets H; = {1} and Hy = {2}
are holder vertices according to Definition 2. H;i is a good holder vertex be-
cause Hi holds 4,5,9, 8 and when its color is increased the objective function

1 Denote the set of adjacent vertices of H
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is reduced three units. In contrast Hs is not a good one because no change
does happen when its color starts to increase. Thus, the holding feature not
sufficient to improve the objective function and should have reduction prop-
erty.

Definition 3. k-reducer set: Given a proper coloring X. The k-holder
set H is a k-reducer set, when the objective function is improved (reduced)
by increasing its color of vertices.

The above definitions lead us to the following obvious propositions, which
more specifies the relationship between N and these two new concepts.

Proposition 1. The proper coloring X is locally optimal w.r.t. Ny if and
only if G has no k-reducer set.

Proposition 2. The proper coloring X is a global optimal if and only if there
exists ko € ZT such that G has no k-reducer set w.r.t. X for any k > k.

For a given solution X, if G has no k-holder set for any k € ZT, then it
has no k-reducer set for any k € Z* and so according to Proposition B X is
globally optimal.

4 VNS Method with respect to N, for MSCP

Variable neighborhood search (VNS) algorithm was originally described by
Mladenovic and Hansen ( [I33,25]). The basic strategy of the VNS is to focus
the investigation of the solutions, which belong to some neighborhood of the
current best one. In order to avoid being trapped in local suboptimal solu-
tions, VNS changes the neighborhoods, directing the search in the promising
and unexplored areas. By this systematic change of neighborhoods, VNS
iteratively examines a sequence of neighbors of the current best solution.
But, it may happen that some instances have several separated and possibly
far apart local optimum containing near-optimal solutions. If one considers
larger and larger neighborhoods, the information related to the currently best
local optimum dissolves. It is therefore of interest to modify VNS schemes
in order to explore more fully local optima, which are far away from the cur-
rent solution. This will be done by accepting to recenter the search when a
solution close to the best one known, but not necessarily as good, is found,
provided that it is far from this last solution. So, we study on the modified
and special ingredient of VNS called skewed variable neighborhood search
(SVNS) that is presented in Algorithm M. The relaxed rule for recentering
uses an evaluation function linear in the distance from the current solution;
that is, > (X") is replaced by > (X") — ap(X, X") (line 13 of Algorithm ).
where p(X, X") is the distance from X to X" and a a parameter that is de-
termined experimentally. A metric for distance between solutions is usually
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Algorithm 1 Skewed variable neighborhood search for MSCP

Adjacency matrix of graph G , Select the set of neighborhood struc-
tures N,k =1,..., knasz- Find an initial proper coloring X and its value
> (X). Set Xopt «— X. Choose a stopping condition and a parameter
value o. A solution X,,; and its value Z(Xopt). stopping condition
not reached Set: k +— 1 k < ke Generate a solution X’ at random
from the k* neighborhood of X or perturb X, randomly./*Shaking or
Perturbing */ Apply some local search method with X’ as initial solu-
tion. Denote with X" the so obtained local optimum. /* Local search*/
DX < Y (Xopt) Xopt «— X" 3 (Xopt) «— Y (X") /[*Improvement
or not*/ 3 (X") —ap(X, X") <3 (X) X «— X" k«+— 1k« k+1
/*Move or not.*/

easy to find, for example, the hamming distance when solutions are described
by boolean vectors or the Euclidean distance in the continuous case. Here we
use p-norm distance for p=1,2. P-norm is a class of vector norms, denoted
by [|.||p, is defined as

1
IX[lp = (lza]” + 22" + -+ [za?)r p=1, X €R”

and the distance between to two n-vectors X and Y based on this norm, is
defined as

1
X Y)p = (|21 — 1P + |22 — g2l + -+ + 20 — yal”)?

Algorithm presents the general SVNS algorithm for the MSCP, whose
ingredients are detailed in the following. It has four main phases, shaking
or perturbing, local search, improve or not and mowve or not. Usually, the
second phase will have maximum computing time. SVNS starts with an
initial random coloring X, which must be proper. In the first phase (line
4) we use shaking or perturbing at random. Indeed, we decide shaking to
shake against perturbing strategy with probability p in each iteration of local
search procedure. k42, the maximum value for the size of neighborhoods,
must be identified at first. In local search phase (line 6), we apply variable
neighborhood descent (VND) as an ingredient of VNS method. This method
is illustrated in Algorithm B. Then SVNS check to ensure that any improve-
ment has happened or not (lines 8-11)7 In lines 13-18 it decides on moving
to the new solution or increasing k. SVNS iterates these steps while the
maximum number of iterations since the last improvement is reached.

As noted previously, the maximum computing time is spent on the local
search phase. To improve the solution quality and acceleration of local search,
we will use the holding concept described in Section 2. With determining the
suitable order of falling, the exploration velocity of neighbors is increased. A



New variable neighborhood search method for ... 47

perturbation mechanism will be used to improve solution quality and jumping
from local optimums (attractors).

Algorithm 2 Variable neighborhood descent
Select the set of neighborhood structures Ny,l = 1,...,l4,. Find
an initial proper coloring X and its value > (X). A solution X and
its value > (X). there is improvement Set | +— 1 [ < ;4 Find the
best neighbor X’ of X (X’ € N(X))./*Exploration of Neighborhood*/
XN <Y (X)) X« X'l+— 11« 1+4+1 /*Move or not*/

4.1 Order of Falling

According to Section 2, the existence of k-holder sets are a necessary condition
for the existence of k-reducer sets. Therefore, we will use this necessary
condition for recognition of reducer sets. Then we increase all color of vertices
in reducer set for falling the colors of remaining vertices. It is important that
the remaining vertices meet in what order to take maximum falling of color
vertices happens.

Suppose graph G with proper coloring X. Construct weighted directed
graph D = (V(D), E(D),W) from G as follows:

1) V(D) =V(Q).
2) E(D) ={(a,b)|a,be V(D)&a /" b}.
3) Ve = (a,b) € E(D), we = xp — xq.

D is a weighted directed graph with no directed cycle, multiple edge, and
loop. Actually, D is a directed acyclic graph (DAG). The longest directed
path in D can help us to find the best order of falling.

Although the longest path problem is NP-hard for a general graph, it
has a linear time solution for directed acyclic graphs. The idea is based on
topological sorting. Topological sorting for a DAG is a linear ordering of
vertices such that for every directed edge (u,v), vertex u comes before v in
the ordering. Topological sorting for a graph is not possible if the graph is
not a DAG.

Figure B shows an illustrative example of the order of falling. Figure 23
shows G with proper 4-coloring X with sum 15 and corresponding weighted
DAG D is depicted in Figure BH. D has three directed longest paths p; =
1,2,3,5,p2 =4,3,5and p3 = 8,7,5 of length 3. Therefore they are examples
of order of falling. For p; it means that if the first vertex of p; (vertex
1) is omitted (or increase its color), then the vertex colors of 2,3,5 begin
to decrease, sequentially. Finally, the color of vertex 1 re-determined and
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another proper 3-coloring Y = (2,1,2,1,3,1,2,1) with sum 13 is obtained
from X. In fact, Y € N1(X). Now we can apply the above process for new
solution Y.

With this idea, the examination of all elements of Ny, to find a local optimum
of Ny is not necessary and therefore the exploration velocity of neighbors in
local search phase of Algorithm [ increases.

(b) The weighted DAG D

Figure 2: An illustrative example for the order of falling

4.2 Perturbation Mechanism

Consider the sub optimal solution X, which has not any suitable falling order.
Indeed the weighted DAG D is an empty or low-density graph. Increasing
the value of k usually is not useful and lead to increase the computation time.
In these cases, local search procedure may be induced to cycle between two
or more locally optimal solutions and leading to search stagnation. So, to
jump from this situations we change in X to create some good falling orders.
We will choose vertex (or vertices) that has more interruptions for holding
of the other vertices and increase their colors to produce holder vertices and
consequently generate orders of falling to decrease objective function.

We explain this mechanism on the example shown in Figure B. We have
plotted this example on two-dimensional axis vertex-color. The horizontal
and vertical axises are the index and color of vertices respectively. Suppose
kmaz = 1, and we stop in proper coloring X = (1,2,2,2,2,1) (Fig.Bd). There
is no holder set of size one and consequently, there is no one-reducer set ac-
cording to X. Therefore Proposition 0 implies that X is locally optimal (but
not globally) with respect to N7. To jump from this situation we should gen-
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Figure 3: An illustrative example for perturbation mechanism

erate holder set by increasing the color of some vertices. But which vertices?
Increasing color of one or even all 2,3,4, and 5 causes nothing in order to
improve the solution. But increasing color of vertex 1 (or 6) is very useful
because it causes to generate holder and reducer set H = {6}(Figs.Bd,B0).
If now we apply local search w.r.t N7 on new solution Y = (3,2,2,2,2,1),
then we get the new better proper coloring (2,1,1,1,1,2), which is globally
optimal (Fig.Bd).

5 Experimental Results

Our SVNS algorithm is programmed in MATLAB(R2015a) and compiled on
a PC with 2.7 GHz CPU and 4 Gb RAM. The 23 of well-known benchmark
graphs from COLOR®? 2002 — 2004 in the literature, which is commonly used
to test sum coloring algorithms is considered in Table M and Table B. The

2 http://mat.gsia.cmu.edu/COLOR02/
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reported values are based on 10 independent runs. Table [ gives the detailed
characteristics of these benchmark graphs. Columns 1-6 indicate the num-
ber of vertices (|V|), the number of edges (|E|), the density d = 222 the
chromatic sum (}_) and the smallest number of required colors (k) of graphs.
Columns 7-9 present detailed computational results of our SVNS algorithm:
Best result obtained (>°,) with the number of required colors (k.), average
coloring sum (Awg.) and standard deviation (Std.). The results, for instances,
of COLORO02 benchmark indicate that SVNS attained the best-known result
for 19 instances, and was unable to reach the current best result for four
instances (homer, queen8.8, miles250 and miles500). Table B reports the

Table 1: Computational results of SVNS on 23 COLORO02 instances

Characteristics of graphs SVNS
Instances V| |E| d > ok > (k) Avg.  Std.
myciel3 11 20 0.36 21 4 21 (4) 21.0 0.0
mycield 23 71 028 45 5 45 (5) 450 0.0
mycielb 47 236 0.22 93 6 93 (6) 93.0 0.0
myciel6 95 755 0.17 189 7 189 (7)  189.0 0.0
myciel7 191 2360 0.13 381 8 381 (8) 3814 0.52
anna 138 986 0.05 276 11 276 (11) 276.3 0.48
david 87 812 0.11 237 11 237 (11) 238.6 0.84
huck 74 602 0.11 243 11 243 (11) 243.0 0.0
jean 80 508 0.08 217 10 217 (10) 217.1 031
homer 561 1629 0.01 - 10 1163 (13) 1168.5 3.5
queend.b 25 160 0.53 75 5 75 (5) 75.0 0.0
queen6.6 36 290 0.46 138 7 138 (8) 138.2  0.42
queen?.7 49 476 04 196 7 196 (7) 1974 44
queen8.8 64 728 0.36 291 9 294 (9) 301 5.33
games120 120 638 0.09 443 9 443 (9) 445.3 1.56
miles250 128 387 0.05 325 8 329 (8) 333.2 2.1
miles500 128 1170 0.11 <709 20 719(20) 728.2 7.03
mug88-1 88 146 0.04 178 4 178 (4) 1780 0.0
mug88-25 88 146 0.04 178 4 178 (4) 1780 0.0
mugl00-1 100 166 0.03 202 4 202 (4) 202.0 0.0
mugl00-25 100 166 0.03 202 4 202 (4) 202.0 0.0
2-insertion-3 37 72 0.11 62 4 62 (4) 62.0 0.0
3-insertion-3 56 110  0.07 92 4 92 (4) 92.0 0.0

comparative results with the following approaches from the literature on the
tested COLORO2 instances: a heuristic EXSCOL [B3], a greedy algorithm
(MRLF) based on the popular RLF graph coloring heuristic [Z3], MDS5 [iH],
a parallel genetic algorithm (PGA) [19], a hybrid local search (HLS) [6]. The
comparisons are based on the criterion of quality; that is, the smallest sum of
colors reached by a given algorithm. Notice that information like computing
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Table 2: Comparative results between our SVNS algorithm and five reference approaches
on the set of COLORO02 instances

Names > EXCOL [83] MRLF [23] MDS5 [i5] PGA [9] HLS [6] | SVNS
myciel3 21 21 21 21 21 21 21
myciel4 45 45 45 45 45 45 45
mycielb 93 93 93 93 93 93 93
myciel6 189 189 189 189 189 189 189
myciel7 381 381 381 381 382 381 381
anna 276 283 277 276 281 - 276
david 237 237 241 237 243 - 237
huck 243 243 244 243 243 243 243
jean 217 217 217 217 217 - 217
queenb.5 75 75 75 75 75 - 75
queen6.6 150 138 138 138 138 138 138
queen7.7 196 196 196 196 196 - 196
queen8.8 291 291 303 291 302 - 294
games120 443 443 446 443 460 446 443
miles250 325 328 334 325 347 343 329
miles500 <709 709 715 712 762 755 719
mug88-1 178 - - 178 - - 178
mug88-25 178 - - 178 - - 178
mugl00-1 202 - - 202 - - 202
mugl00-25 202 - - 202 - - 202
2-insertion-3 62 - - 62 - - 62
3-insertion-3 92 - - 92 - - 92

W

time are not available for all the reference algorithms. Also the symbol
means that the information is not available.

6 Conclusion

In this paper, we have presented the skewed variable neighborhood search
algorithm towards new kind of neighborhood for solving the minimum sum
coloring problem. To acceleration, we introduce a new holding concept in
graph coloring problems too. The computational evaluation of the proposed
algorithm on 23 of COLORO02 benchmark instances has revealed that SVNS
attain the best-known results for 19 instances while failing to reach the best
ones for four instances. Also, these results have acceptable competitive com-
pared with five algorithms for MSCP in final.
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Technological returns to scale:
Identification and visualization
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Abstract

One of the most critical issues for using data envelopment analysis models
is the identification of technological returns to scale (TRTS). Recently, the
angles method based on data mining is introduced for the identification of
TRTS. This objective method uses the angles to measure the gap between the
constant and variable TRTS. The gap is calculated in both the increasing and
decreasing sections of the frontier. The larger the gap in the increasing and/or
decreasing sections of the frontier, the closer TRTS is to the increasing and/or
decreasing form of TRTS. In this paper, we propose a heuristic method for
visualizing TRTS that would give a better understanding of identification
of TRTS in the dataset. To this end, we introduce the maximum angles
method for measuring the maximum possible deviation from constant TRT'S
assumption in the increasing and decreasing sections of the frontier. By
the angles and the maximum angles , we can display the dataset’s TRTS
in a two-dimensional space. To validate the proposed method, we consider
six one input/one output cases. Also, we apply the angles method and the
maximum angles method for the Maskan bank of Iran. Using the proposed
method, we show that how TRTS of the bank dataset can be displayed in a
two-dimensional space.

Keywords: Data envelopment analysis; Returns to scale; Technology; Bank.

1 Introduction

Data envelopment analysis (DEA) is a nonparametric method for evaluat-
ing the efficiency of decision making units (DMUs) while each DMU utilizes
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multiple inputs to produce multiple outputs. DEA is introduced by the CCR
model [I], for which technological returns to scale (TRTS) is assumed to be
constant. In fact, it is assumed that the technological behavior of the dataset
is constant from returns to scale point of view, and we call it constant tech-
nological returns to scale (CTRS). In another words, by multiplying inputs
with o (o > 0), outputs are also multiplied by the same value. Removing this
full proportionality assumption, results in the BCC model [8] with variable
technological returns to scale (VIRS). Overall, different assumptions on the
proportionality between the inputs and outputs lead to various TRTS. The
determination of returns to scale (RT'S) is done at two levels: Technology and
DMU. When RTS is identified at the technological level, it can be determined
at the DMU level. The relation between these two levels is as follows:

o If TRTS is identified to be constant, then RTS of every DMUs is con-
stant.

e If TRTS is identified to be increasing, then RTS of a DMU might be
constant or increasing.

e If TRTS is identified to be decreasing, then RTS of a DMU might be
constant or decreasing.

e If TRTS is identified to be variable, then RTS of a DMU might be
constant or increasing or decreasing.

For the determination of RTS at the DMU level, basic methods have devel-
oped in two main paths [G]: One of the paths, which was developed by Fére,
Grosskopf, and Lovell [I3,04], determines RTS by using ratio of radial mea-
sures. Model pairs are used for the development of these ratios and they only
differ in satisfaction of convexity and sub-convexity conditions. The second
path developed by Banker [3], Banker and Thrall [4], includes radial measure
models as well as the additive and multiplicative models. Furthermore, many
papers have focused on the determination of DMUs’ RTS in different DEA
models such as nonradial measure DEA models [, 26], weight restricted
DEA models [16, I8, 25], and FDH models [I[#,T9,21]. Moreover, the mea-
surement of RTS is considered in the presence of undesirable outputs [22, 23]
and also negative data [2].

One of the most important issues in evaluating the efficiency of DMUs
is the proper identification of RTS at the technological level. There are two
basic approaches for the identification of TRTS: The subjective and objective
approaches. Most of the objective methods are based on the statistics. The
fundamental papers in this area are [4,[,R] in which the identification of
TRTS is addressed by using DEA based hypothesis tests. Also, Simar and
Wilson [P0] have investigated TRTS identification by using nonparametric
statistical tests. Using a statistical method mostly needs some assumptions
to be made. Obviously, the wrong assumptions can lead to incorrect results.
Although, these methods are strong from theoretical point of view, they may
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be difficult to use. Due to these deficiencies, Alirezaee, Hajinezhad, and
Paradi 0] recently proposed a novel nonstatistical method for the objective
identification of TRTS, which is called the angles method.

The angles method has been developed based on data mining for measur-
ing RTS at the technological level. To achieve this aim, the gap between two
assumptions; that is, constant and variable TRTS, is measured by an angle.
For each DMU, a hyperplane with VIRS assumption and a hyperplane with
CTRS assumption are constructed; the angle between these two hyperplanes
is calculated as the DMU’s gap. Based on the layered RTS [] of the DMU
under study, the calculated angle is stored in the increasing or decreasing
set. Eventually, the angles of the increasing set are aggregated into an an-
gle, which shows the gap from the constant form of TRTS in the increasing
section of the frontier. Similarly, the aggregation of the angles in the decreas-
ing set represents the deviation from CTRS in the decreasing section of the
frontier. The larger the angles in the increasing and/or decreasing sections
of the frontier, the closer TRTS will be to the increasing and/or decreasing
assumptions.

In this paper, we propose a heuristic method for visualizing TRTS in
a two-dimensional space. To this end, we introduce the maximum angles
method to show how far a frontier with VTRS assumption may deviate from
CTRS assumption. The angle between the efficient frontiers with CTRS
assumption and the weak efficient frontier with VITRS assumption, is consid-
ered as a candidate for the maximum angle. For creating the weak efficient
frontiers, anchor points have been used. Finally, the maximum angles are
calculated in the increasing and decreasing sections of the frontier. By the
angles, maximum angles and the percentages of DMUs in each section of
the frontier, the dataset’s TRTS in one input/one output space is displayed.
The proposed method is validated by 6 cases of one input/one output. Ap-
plication of the angles method and the maximum angles method has been
investigated on an Iranian bank dataset.

2 The angles method

In this section, the main points of the angles method introduced in [0, is
briefly described. The main concept of this method is the gap, which shows
the deviation from CTRS assumption. The gap is defined to show moving
towards or away from the constant form of TRTS assumption. In this method,
the gap is measured by the angle between two frontiers with different TRTS.
For each DMU, a frontier with VTRS assumption and another one with CTRS
assumption are constructed. Then the angle between these two frontiers is
calculated.

In the angles method, RT'S of the technology is determined by using all the
DMUs’ angles , because the technology influences all the DMUs’ behavior. To



58 E. Hajinezhad and M.R. Alirezaee

consider all the DMUs for determining TRTS, the layering technique [I2,24]
is applied. Let us consider N DMUs that use m inputs to produce s outputs
in set PPS'. In the layering technique, the first efficient layer is constructed
by the efficient DMUs obtained from the execution of DEA model for PPS*.
By deleting the efficient DMUs from set PPS!, the new set of DMUs PPS?
is created. Again, the DEA model is executed for the DMUs of PPS? and
the obtained efficient DMUs make up the second layer. In the same way,
PPS?t is constructed by removing the DMUs on the layer (t — 1) from the set
PPS'1; the layer t is formed by running the DEA model for the set PPS?.
This process continues until the number of DMUs is meaningful regarding the
number of inputs and outputs. So, the layering continues until the number of
DMUs is more than or equal to 3x (number of inputs + number of outputs).
The DEA model used for the layering technique is the additive model with
VTRS assumption.

After measuring a DMU’s angle, it is required to determine whether it
shows the movement to the increasing or decreasing TRTS assumption. To
this end, the angles method uses RTS at the DMU level measured by the
method presented in [6] with a little change. At iteration ¢ of the layering,
RTS of DMUs constructed the layer ¢, are measured regarding the DMUs in
the set PPS*. Since a DMU’s RTS is determined based on the layer located
on it, this RTS is called the layered RTS (LRTS). Assume that in iteration ¢
of the layering, DMU j, is under study and relies on layer t. Let j, consume
To = (Z10,---,Tmo) to produce ¥y, = (Y10,---,Yso). Moreover, let PPS* be
the set containing all the observed DMUs at iteration t. DMU j, is evaluated
by the following multiplier form of input oriented BCC model (it is clear that
since j, is strong efficient, it is efficient by the input oriented model as well):

Mazx  uy, — ug (1la)
st. wuy; —vz; —ug <0, j € PPSY, (1b)
v, =1, (1c)

u>0, v>0, ug freein sign. (1d)

Let us suppose that the optimum solution obtained from the above model is
in the form of (u*,v*,ug). If uy = 0, the DMU’s LRTS is constant. Otherwise
if uy > 0 (uf < 0), the following minimization (maximization) model for the
LRTS identification is applied:
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Min(Mazx) wug (2a)
st uy; —vz; —ug <0, j € PPS", (2b)

vr, =1, (2¢)

UYo — U = 1, (2d)

u>0, v>0, (2e)

ug > 0 (ug <0). (2f)

If the optimized ug from the above model equals zero, the LRTS of the DMU
under evaluation is constant. If ug is strictly positive (negative), its LRTS is
decreasing (increasing).

Similarly, DMU j, can be evaluated by the following multiplier form of
output oriented BCC model (it is clear that since j, is strong efficient, it is
efficient by the output oriented model as well).

min vz, + vy (3a)
st uy; —vxr; —vg <0, j € PPS*, (3b)
uy, = 1, (3c)
u>0,v>0, vy free in sign. (3d)

Let us suppose that the optimum solution obtained from the above model is
in the form of (u*,v*,vy). If v§ = 0, the DMU’s LRTS is constant. Otherwise
if v§ > 0 (v§ < 0), the following minimization (maximization) model for the
LRTS identification is applied:

min(max) wvg (4a)

st uy; —vxj; — vy <0, j € PPS, (4b)
(4c)
VT, +vg =1, (4d)
u>0, v>0, (4e)
vg >0 (v <0). (4f)

uyo = 1,

If the optimized vy from the above model equals zero, the LRTS of the DMU
under study is constant. If vy is strictly positive (negative), its LRTS is
decreasing (increasing).

To determine the angle corresponding to DMU j,, two hyperplanes with
constant and variable TRTS are required. Since j, is a strong efficient DMU,
it is efficient by the BCC model. So, the BCC hyperplane passing through
jo 1s considered as the hyperplane with VTRS assumption. However, it is
possible that j, is not CCR efficient. Therefore, the CCR hyperplanes pass-
ing through one of the reference DMUs for j, from the additive model with
CTRS assumption, is considered as the hyperplane with CTRS assumption.
The set of mentioned reference DMUs is represented by Refj,. An impor-
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tant point is that the BCC and CCR hyperplanes satisfying those conditions
are almost infinite. Therefore, for having unique hyperplanes and avoiding
overestimation of the angle between the hyperplanes, the hyperplanes with
the smallest angle are selected. So, to determine the angle for a DMU, the
smallest angle model is introduced [0]. Suppose that DMU j, is on layer
t. Since j, is strong efficient regarding the set PPS?, it is efficient by the
input oriented BCC model, too. So, the angle corresponding to DMU j, is
evaluated by using the following input oriented smallest angle model:

(UC, uC)T(/UU7 uv)

P e TG, o)

st vy, =1, (5b)

Uy, =1, (5c)

—vr; +uy; <0 Vj € PPS, (5d)

v >0, u® >0, (5e)

vy, —up =1, (5f)

u'z, =1, (58)

—v'z; +u’y; —uy <0 Vj € PPS, (5h)

v’ >0, u¥’ >0, (51)

where v¢ = (v§,...,v5,) and u® = (uf,...,us) are the input and output
weights corresponding to the CCR model, v¥ = (v},...,v,) and u’ =

v

(u¥,...,u?) are the input and output weights corresponding to the BCC
model, and uf is the optimum value of ug from model (). Maximizing the ob-
jective function (ba) —which is the inner product of the hyperplanes— leads
to the hyperplanes with the smallest angle. Satisfying conditions (5H)—(Bd) re-
sults in passing the hyperplane (v¢, u¢) through jgr —which is a member of the
set Ref;o,— and supporting PPS* with CTRS assumption. Similarly, satisfy-
ing conditions (BI)—(Bd) results in passing the hyperplane (v?, u?, u) through
Jo and supporting PPS* with VTRS assumption. For every jr € Refjo,
model (B) is executed and the smallest angle is selected as the angle corre-
sponding to DMU j,. If the DMU’s LRTS is increasing, then the angle is
saved in the increasing set represented by Minangles'T®S. If the DMU’s
LRTS is decreasing, then the angle is stored in the decreasing set represented
by MinanglesPTES, ITRS and DTRS are the abbreviations for the increas-
ing and decreasing technological returns to scale, respectively.

Similarly, it is assumed that DMU j, is on the layer t. DMU j, is effi-
cient by the output oriented BCC model regarding the set PPS*, since it is
efficient by the additive model. So, the angle corresponding to DMU j, can
be evaluated by using the following output oriented smallest angle model:
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(,Uc7 UC)T(UU, uv)

M e a1 )] (6
st. vy, =1, (6Db)
ucij =1, (6C)

— vz +uy; <0 Vj € PPS!, (6d)

v¢ >0, u® >0, (6e)

vz, +u5 =1, (6f)

u'y, =1, (6g)
—v'z; +uy; —vy <0 Vj € PPS, (6h)

v’ >0, u¥ >0, (61)

where v is the optimum value of vy from model (H).

After finishing the layering process, the mean and median of the angles
in each set; that is, Minangles!T®5 and MinanglesPTTS  are calculated
for determining the general gaps from CTRS assumption in the increasing
and decreasing sections of the frontier. The geometric mean of the mean
and median in the increasing section of the frontier; that is, Mean!T%% and
Med!TRS ig calculated as follows:

GMITES — \/Mean!TRS x MedITRS. (7)

Moreover, the geometric mean of the mean and median in the decreasing
section of the frontier; that is, MeanPTRS and MedPTHS  is calculated as
follows:

)

GMPTES — \/MeanDTRS x MedDTRS (8)

GMITRS and GMPTES are also called the GM values in the increasing and
decreasing sections of the frontier, respectively. GM!TRS and GMPTRS
determine the tendency of the DMUs toward ITRS and DTRS assumptions.

3 A heuristic method for displaying TRTS

By using the angles method on a dataset, the angles in the increasing and
decreasing sections of the frontier is calculated. However, these angles do not
give any information about the maximum deviations from CTRS assumption.
For clarification of this problem, consider two datasets in Figure 0. For both
the datasets, the angle corresponding to the increasing section of the frontier
is 18°. However, the maximum angles of case Figure I3 and Figure [ are
63° and 45°, respectively.

Thus, for having a better picture of TRTS, the maximum angles in the
increasing and decreasing sections of the frontier is required to be calculated.
By having the maximum angles, we can represent a dataset’s TRTS with
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Output
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Figure 1: The angles from CTRS assumption obtained by the angles method give no
information about the maximum deviations

multiple inputs and multiple outputs in a two-dimensional space. In the fol-
lowing, we introduce a method that we call it the maximum angles method
and it is used for calculating the maximum possible angles from CTRS as-
sumption.

3.1 The maximum angles method

The weak efficient frontiers with VIRS assumption possess the maximum
deviations from CTRS assumption. So, the maximum angle from CTRS
assumption corresponds to a DMU lying on a weak efficient frontier. It
means that the angles corresponding to the DMUs locating on the weak
efficient frontiers need to be examined.

In order to calculate the maximum deviations for each layer in the in-
creasing and decreasing sections of the frontier, it is necessary to examine all
the weak efficient frontiers corresponding to that layer. On the other hand, it
is possible that the weak efficient DMUs do not generate all the weak efficient
frontiers. Therefore, we consider some artificial DMUs, which are weak effi-
cient and produce all the weak efficient frontiers. To construct these artificial
DMUs, the anchor points are used.

The intersections of the weak and strong efficient frontiers are called the
anchor points [I0]. In other words, a strong efficient DMU is an anchor
point if and only if it is located on an unbounded hyperplane or a weak
efficient frontier. By using anchor points, we create new DMUs on the weak
efficient frontier and their corresponding angles are studied as the candidates
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for the maximum angles in both sections of the frontier; that is, increasing
and decreasing.

Consider the layer ¢. It can be easily shown that {ej,es,...,e,} and
{—e1,—ea,...,—es} are the extreme directions of the production possibility
set. e; is a zero vector, where component i equals one. Suppose that j, with
(20, Yo) is a strong efficient DMU on the layer ¢. We construct m+ s artificial
DMUs: Artificial DMU j,° (i = 1,...,m) with (z, + €;,9,) and artificial
DMU j," (r = 1,...,s) with (z,,¥yo + 0.1y,e,). To construct the artificial
DMU j,", the output of DMU j, decreases proportionally to prevent negative
outputs. If at least one of m + s artificial DMUs is weak efficient, then DMU
Jo 1s an anchor point on the layer t. However, the efficiency of all artificial
DMUs are measured. Then, the angles corresponding to the weak efficient
DMUs are calculated.

In a loop, artificial DMU j,° (i = 1,...,m) is inserted to the set PPS*
(PPS" is the set containing all the observed DMUs at iteration ¢ of the
layering) and evaluated by using the output oriented BCC model. Let ar-
tificial DMU j,* with (z, + e,,9,) be a weak efficient DMU. Since, DMU
jb is output oriented BCC efficient, its corresponding angle is calculated by
using the output oriented smallest angle (B). If the DMU’s LRTS is increas-
ing (decreasing), then the smallest angle is stored in the set MaxSet!T %S
(MaxSetPTES). Eventually, DMU j¢ is removed from the set PPS*. Sim-
ilarly, for every output component r (r = 1,...,s), artificial DMU j7 is
inserted with (z,,y, + 0.1yee,) to the set PPS* and evaluated by using the
input oriented BCC model. Suppose that DMU ;¢ is founded to be effi-
cient. Since, DMU j? is input oriented BCC efficient, its corresponding angle
is calculated by using the input oriented smallest angle (8). If the DMU’s
LRTS is increasing (decreasing), then the smallest angle is stored in the set
MazSet!TES (MazSetPTRY). Finally, the artificial DMU is removed from
the set PPS®. After the termination of both loops, the maximum mem-
bers of the sets MazSet!TES and MazSetPTES are stored in Maz!THS and
MazPTRS. Now, we can calculate the maximum angles in the two sections
of the frontier by using equations (&)—(IM).

The maximum GM values are calculated similar to the GM values. The
mean and median of Maxz!T for all layers, are saved in Mean!TRS—M
and Med'TR5=M  The maximum GM value in the increasing section of the
frontier is calculated as follows:

GMTTRS=M — \/MeanITRS=M 5 MedITRS—M (9)

Moreover, The mean and median of MaxzPTES for all layers, are saved in
MeanPTES=M and MedPTRS=M  The maximum GM value in the decreas-
ing section of the frontier is calculated as follows:

GMPTRS=M _ /N [cqnDTRS—M  \[eqDTRS—M (10)
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3.2 Displaying TRTS in the two sections of the frontier:
increasing and decreasing

In this section, we want to introduce a heuristic method for displaying a
dataset’s TRTS in a two-dimensional space by using the results of the an-
gles method as well as the maximum angles method. It should be noted
that plotting the production possibility set (PPS) even in (m + s =) three-
dimensional space is difficult; so it is not a proper method for representing
the dataset’s TRTS. On the other hand, the scattering of data makes the
PPS inappropriate for giving a clear image of TRTS.

By using the angles method, two angles and the percentage of DMUs
in the increasing and decreasing sections of the frontier are obtained. By
using the maximum angles method described in section 3.1, the maximum
deviations from CTRS are calculated in the two sections of the frontier.
These results are independent of the number of inputs and outputs; so it is
assumed that these results are obtained for a one input/one output dataset.
The angles are displayed by using a CCR and a BCC frontier. We explain the
method of displaying TRTS on a case study, which is completely described
in section B2.

Consider the bank dataset (management code 256) with 22 DMUs that
use two inputs to produce three outputs. The results of the angles method
and the maximum angles method are represented in Table M . The values
of GM and GM ™ represent the angle and the maximum possible angle
from CTRS assumption, respectively. Also, Num represents the percentage
of DMUs in both sections of the frontier.

Table 1: The results of the angles method and the maximum angles method for a bank
dataset with 22 DMUs

Increasing section of the frontier Decreasing section of the frontier
Num(%) GM(°) GM~M(°) Num(%) GM(°) GM-M(°)
22.2 11.7 35.7 11.1 18.0 61.6

By considering the results represented in Table 0, TRTS is displayed in
Figure B according to the following rules:

e The CCR and BCC frontiers are represented by two lines.

e The CCR frontier is drawn in such a way that the angle between the
CCR frontier and the weak efficient frontier in the increasing/decreasing
section is equal to the maximum possible angle in those sections. This
weak efficient frontier in the increasing and decreasing sections of the
frontier are respectively, the vertical and horizontal lines represented
by the dotted line.
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Figure 2: Displaying TRTS in the increasing (a) and decreasing (b) sections of the frontier
for a bank dataset with 22 DMUs

e The percentage of DMUs in the constant section of the frontier is equal
to 100 minus the total percentage of DMUs in the increasing and de-
creasing sections of the frontier.

e The higher the percentage of DMUs in the constant section of the fron-
tier is the thicker CCR line .

e The BCC frontier in the increasing/decreasing section is drawn in such
a way that the angle between the BCC frontier and the CCR frontier is
equal to GM value in the increasing/decreasing section of the frontier.

e The higher the percentage of DMUs in the increasing/decreasing section
of the frontier is the thicker BCC line .

The angles in the increasing and decreasing sections are represented sepa-
rately because the maximum angles in both sections of the frontier may not
be complementary; therefore the corresponding CCR frontiers do not coin-
cide.

4 Experimental results

To study the results of the angles method and the maximum angles method, 6
cases one input/one output and a real dataset are considered. For each case,
the GM values (by using equations (@)—(R)), the percentages of the DMUs
and the maximum GM values (by using equations (8)—(IM)) in the increasing
and decreasing sections of the frontier are calculated.

To analyze the results of the angles method and the maximum angles
method, the followings should be considered:
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The existence of small angles in the increasing and decreasing sections
of the frontier is normal. Therefore, the angles smaller than 10° are
insignificant and do not conflict with CTRS assumption.

Large GM value in the increasing section of the frontier and small GM
value in the decreasing section of the frontier, support ITRS assumption
to be accepted.

Small GM value in the increasing section of the frontier and large GM
value in the decreasing section of the frontier, support DTRS assump-
tion to be accepted.

Large GM value in both sections of the frontier, supports VIRS as-
sumption to be accepted.

Large GM value produced by a small number of DMUs in the increasing
and/or decreasing sections of the frontier, cannot reject CTRS assump-
tion. So, if the number of DMUs in a section of the frontier is less than
10% of its total then the angle of that section is neglected.

The experiments show clearly that the angles method does not merely
accept or reject ITRS, CTRS or DTRS technology, but it determines
the rate of increasing/decreasing if ITRS/DTRS is revealed. A larger
GM value resulted in a larger rate of increasing/decreasing TRTS.

It is obvious that a larger sample size would lead to more reliable results.

4.1 One input/one output samples

To study the results of the angles method and the maximum angles method, 6
one input/one output cases are considered. The cases are from [[] and plotted
in the first column of Figure B. TRTS of each case can easily be identified
from Figure B. TRTS of cases Ba-Bd are constant. Also, TRTS of cases Bd,
B(e), and B(f) are decreasing, increasing, and variable, respectively. For each
cases, the angles method and the maximum angles method are applied. The
results shown in Table B, represent the percentage of the DMUs (Num), the
GM values (GM), and the maximum GM values (GM ~™) in both sections
of the frontier.

Regarding Table B, we would make some points:

e For all the cases, the percentage of DMUs in both sections of the frontier

is more than 17%. So, no angles are negligible.

e From Figure B, it can be seen that the value of GM ~M in the decreasing

section of the frontier is approximately equal to the angle between the
CCR frontier and the horizontal line. Also, the value of GM ~™ in the
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Figure 3: Displaying the original one input/one output cases and their TRTS in the
increasing and the decreasing sections of the frontier. In each row, the first cell represents
the original one input/one output case [[], the second and the third cells display TRTS in
the increasing and the decreasing sections of the frontier for the case in the first cell. The
red line (the first column) shows the CCR frontier for the first layer. The horizontal and
the vertical coordinates are the input and output, respectively

Table 2: The results of the angles method and the maximum angles method for one
input / one output cases

Increasing section Decreasing section

Case DMUs Num GM GM—M Num GM GM—M
(%) (°) (°) (%) (°) (°)
(a) 104 40.4 5.1 67.2 44 .4 5.7 22.8
(b) 104 34.6 4.1 43.8 50.0 5.7 46.2
(c) 103 36.4 3.4 25.3 48.5 7.0 64.7
(d) 97 17.2 2.6 18.5 72.0 21.2 71.5
(e) 104 55.0 23.4 44.4 32.0 7.0 45.6
() 155 31.3 18.2 44.8 58.0 164 45.2
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increasing section of the frontier is approximately equal to the angle
between the CCR frontier and the vertical line.

e For cases Ba-8d, the GM values are less than 7° in both sections of the
frontier, which shows that TRTS of these cases is constant.

e For case Bd, the GM value represents a small deviation from CTRS
assumption in the increasing section of the frontier. The GM values
for cases B(e) and B(f) show clearly that they are ITRS and VTRS,
respectively.

e By using the GM, maximum GM values and percentage of DMUs,
TRTS of all cases are displayed in the second and the third columns
of Figure B. The first column shows the original data, the second and
third columns display the cases’ TRTS in the increasing and decreasing
sections of the frontier, respectively.

4.2 The real dataset; Maskan bank

To study the results of the proposed method, the real dataset of Maskan
bank incorporated in 1979 is used. Its basic mission as a specialized bank
is to support the development of housing and construction activities of the
government and private sectors in Iran. Its total employees is about 10,860.
The dataset includes the information of 1213 branches, which are subdivided
into 37 management codes. The number of branches in each management
code ranges from 9 to 85. For each branch, there are two inputs: personnel
costs and location index and, three outputs: resources, expenses, and services.
The personnel costs are normalized to 1,000,000. TRTS of this dataset is
subjectively identified to be increasing.

Applying the angles method and the maximum angles method for each
dataset requires that the number of DMUs to be at least equal to 3x (number
of inputs+number of outputs). So, we applied the angles method and the
maximum angles method for the management codes with at least 15 branches.
For each management code and all the branches —which is represented by
"All” in the first row—, the GM values (GM), the percentage of DMUs
(Num), and the maximum GM values (GM ~M) are obtained in both sections
of the frontier represented in Table B.

Regarding Table B, we mention some points:

e For all the subdivisions except codes 228 and 256, the percentage of
DMUs in the decreasing section of the frontier is less than 10. Therefore,
TRTS of all of the divisions except these two codes, are nondecreasing.

e The percentage of DMUs in the increasing section of the frontier for
all the divisions ranges from 16.7 to 69. Therefore, the angles in the
increasing section of the frontier are not negligible.
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For management codes 225, 242, and 245, the number of DMUs in the
decreasing section is negligible. Moreover, their angles in the increasing
section of the frontier are absolutely less than 10°. Thus, their TRTS
are constant.

The angles in the increasing section of the frontier for management
codes 219, 224, and 249 are a bit less than 10°. So, the increasing
feature of their TRTS is weak.

Regarding the percentage of DMUs and the angles in the increasing
and decreasing sections of the frontier for management codes 228 and
256, these two codes are VIRS.

For all the divisions except the management codes 219, 224, 225, 228,
242, 245, 249, and 256, the angles in the increasing section of the fron-
tier, range from 10.0° to 22.05°, which represent that their TRTS are
increasing.

TRTS of the entire branches; that is, “All”, and most of the manage-
ment codes are increasing.

By using the GM and maximum GM values, we can display TRTS of
each management code. Here, TRTS of “All” and management code
211 are displayed in Figure B.

From Figure B, it can be seen that for both cases, there is a large angle
from CTRS frontier in the decreasing section of the frontier. However,
the narrow line shows that this large angle is inconsiderable.

5 Conclusion

Recently, the angles method, which is a heuristic method based on data
mining, has been proposed for identifying a dataset’s TRTS. In this paper,
we extended the angles method by proposing the maximum angles method
to measure the maximum deviation from CTRS assumption. We use the
angles and the maximum angles for heuristically visualizing TRTS in a two-
dimensional space. The methods are validated by 6 one input/one output
cases. Also, these methods are applied for the dataset of Maskan bank of Iran.
The results showed that all bank branches and the most of the management
codes are I'TRS. Moreover, the dataset of two cases are depicted in a two-
dimensional space by the obtained results.
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Table 3: The results of the angles method and the maximum angles method for Maskan
bank dataset

Increasing section

Decreasing section

Code DMUs Num GM GM—M Num GM GM—M
(%) () () (%) () ()
All 1213 66.2 15.6 44.1 3.4 12.3 57.1
211 85 53.8 13.3 40.4 5.1 17.6 51.8
212 63 63.5 14.4 39.4 1.9 4.5 49.7
214 68 51.5 12.4 42 1.5 19.0 43.1
215 38 69.0 19.2  47.9 0.0 - 48.5
216 69 35.5 15.4 34.8 6.5 8.0 48.7
217 48 58.1 22.0 46.5 0.0 - 414
218 83 46.2 19.0 45.7 0.0 - 34.6
219 51 23.4 9.6 30.8 4.3 7.6 48.9
221 47 52.4 12.8 33.9 2.4 0.9 55.7
222 47 43.2 15.1 39.2 0.0 — 9.3
224 49 40.9 9.6 34.1 0.0 - 6.5
225 28 53.3 7.5 30 6.7 19.4 59.4
226 45 45.0 16.1 48.1 0.0 - 39.9
227 19 44.4 17.4  48.7 0.0 — 27.8
228 34 20.0 17.6  35.3 20.0 9.9 35.4
229 25 61.1 17.7  40.2 0.0 — 37.9
241 25 16.7 11.7  46.2 0.0 - 38.6
242 24 46.7 7.4 24.4 0.0 - 33.6
244 24 47.1 12.3  26.2 0.0 - 17.1
245 22 50.0 6.2 21.7 0.0 - 34.4
246 20 44.4 10.0 37 0.0 - 31.0
247 19 50.0 15.0 39.8 0.0 - 18.7
248 29 50.0 11.5 25.9 0.0 - 26.2
249 21 20.0 9.6 31.7 0.0 - 27.7
252 50 40.0 12.7 435 6.7 31.0 39.1
254 21 50.0 18.6 53.5 0.0 - 38.3
255 17 28.6 11.4 239 0.0 — 17.1
256 22 22.2 11.7 35.7 11.1 18.0 61.6
264 49 42.9 14.9 45.1 0.0 - 19.5
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All - Increasing section All - Decreasing section

Code 211 - Increasing section Code 211 - Decreasing section

Figure 4: Displaying TRTS in the increasing and the decreasing sections of the frontier for
all branches (“All”) and management code 211. The horizontal and the vertical coordinates
are the input and output, respectively.
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Explicit and implicit schemes for
fractional-order Hantavirus model

Mevliide Yakit Ongun® and Damla Arslan

Abstract

In this paper, the fractional-order form of a mouse population model is
introduced. Some explicit and implicit schemes, which are Theta methods
and nonstandard finite difference (NSFD) schemes, are implemented to give a
numerical solution of nonlinear ordinary differential equation system named
Hantavirus epidemic model. These methods are compared and discussed that
the method preserves the positivity properties of the integer order system.
The numerical solutions are illustrated by means of some graphs. Numerical
results of explicit and implicit methods denote that these methods are easy
and accurate when applied to fractional-order Hantavirus model.

Keywords: Explicit and implicit methods; Theta method; Nonstandard fi-
nite difference scheme; Fractional-order nonlinear differential equation sys-
tems; Mouse population model.

1 Introduction

Although fractional calculus has a long history, its applications to natural sci-
ence are just a recent focus of interest. The description of some phenomena
is more accurate when the fractional derivative is used. In many scientific
area specially in physics, chemistry, and engineering, the fractional differ-
ential equations (FDEs) become a popular subject, which are increasingly
used to model problems in a number of research areas including dynamical
systems, mechanical systems, signal processing, electronic circuit theory, con-
trol theory, chaos synchronization, mechanics, seismology, and many others.
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Some of these studies may be found in [@] and [B5]. Lots of books written
by the authors Podlubny [80], Lubich [I9], Miller and Ross [24], Oldham and
Spainer [28], Diethelm et al. [B], Samko et al. [84] played a significant role to
understand the subject of FDEs and gave some methods for solutions.

Several methods, which are the Adams-Moulton method [[4], [TZ], the
homotopy perturbation method [25], the Adomian decomposition method
[25], [26], the variational iteration method [B6], the differential transform
method (8], [IT], the operational method [20], the predictor corrector meth-
ods [[@], [8], T3], the product integration rules [I5], [8¥], nonstandard finite
difference scheme [Z9] have been used to solve FDEs. Numerical solution
methods are frequently referred to as being explicit or implicit. These sit-
uations are being encountered numerical solutions of FDEs and equation
systems.

The first and important study, which is relevant with Hantavirus model,
is given by [B]. The stability analysis of model, which is discretized with
nonstandard finite difference scheme, is given by [8], [G]. Further, variational
iteration method [I6], exponential matrix method (EMM) [39], multistage
differential transformation method [I7] have been used to solve Hantavirus
model and FDE solutions of this model studied by [31], [87].

The effect of the environmental parameter on the Hantavirus infection
through a fractional-order SI model was studied by Rida et al.(2012). They
presented a fractional-order model of the Hantavirus infection in terms of
simple differential equations involving the mice population. They studied
that the effect of changes in ecological conditions and diversity of habitats
can be observed by varying the value of the environmental parameter k. They
used a generalized Euler method (GEM) to obtain an analytic approximate
solution of the model [37].

In this paper, new numerical methods determined for fractional-order
nonlinear differential equation model known as Hantavirus epidemic model.
These model based on a nonlinear differential equation of order p, where p is
a constant in range 0 < p < 1. Some explicit and implicit methods such as
theta method and nonstandard finite difference schemes are studied for the
numerical solution of the fractional-order model. Especially the purpose of
the studying to these two methods that both methods are more general face
of classical methods and both methods allow to some arbitrary choice.

The following model is given in [?] has been used in the study of Han-
tavirus epidemics:

ddl :S ol — e, — MM

AM; M, M

T, — M, M;, 1
dt eMp— = + el (1)

where
M : the population of susceptible mice (M > 0),
M7 : the population of infected mice (M > 0),
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b : the birth rate,

c: the death rate,

K : the carrying capacity of the environment.

In this model, mice movement as a process of diffusion is ignored and
whole population is composed of two cases of mice, susceptible and infected.

For the systems (), the total population M = M+ M; satisfying the logistic
differential equation

M M?

— =0b—-—c)M — —. 2

= (b oM - 2)
The carrying capacity for the total population is M* = (b — ¢)K. The

critical value of the carrying capacity is

Ke = alb—rc)’

Let us My = x, M; = y in equation (),

d 2 1 K
I—(b—c)x—kby—x—( ta >zy,

dt K K

dy y? 1—-aK

i A e xy. (3)
The dynamics of the continuous system (B) have been given in [2,5,6] as

the following:

i) If b < ¢, then the system has a unique equilibrium (0,0), and it is
globally asymptotically stable.

i) Ifb>cand K < #—@’ then the system has two equilibria: (0,0),
which is unstable, and (K (b — ¢),0), which is globally asymptotically stable.

iii) If b > ¢ and K > ﬁ, then the system has three equilibria: (0,0)
and (K (b—c),0), which are unstable; and (2, K (b — ¢) — 2) , which is globally
asymptotically stable.

In this article,the fractional-order Hantavirus model examined, which
given as below:

- () stonte

MO (A2 stonte
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where noninteger derivative is defined as the Caputo derivative. The fractional—
order equation system is introduced and denoted that this model has a unique
solution with given initial conditions while ¢ > 0. Some explicit and implicit
schemes are implemented to study the dynamics behaviors of fractional order
Hantavirus epidemic system. Some numerical solutions illustrated by means
of some graphs are provided in next sections.

2 Fractional derivatives

On this section, some definitions and relationship of fractional order integra-
tion and fractional-order differentiation mentioned [29].

The Griinwald-Letnikov (GL) operator of order p > 0 is defined as

N

LDy, f(t) = lim hy? > w f(t = jhw)
j=0

w? = (1) p :M
;= (J) TG+ 1)

Note that the weights w:” ) are the coefficient in the power series expansion
of (1 — &)P; that is,

with

oo~

o0
_ &P — (P) ¢5
(1-¢r= Z w; 3
j=0
and they can be evaluated recursively by means of the recurrence

1
af =1 uf) = (1)l

j=12,.... (4)
The relationship between Riemann—Liouville (RL) and Caputo definitions
is

oDy f(t) =re Dy, (f(t) = Tm—1[f3t0]) ,

where T,,,_1[f; to] is the (m — 1)th degree Taylor polynomial for f centered
at to

if(k) (to).

Toalfital()) = Y-

Il
g

k=0

While, 0 < p < 1, it is m = 1 and Tp[f;to](t) = f(to). Thus, we obtained

Dy f(t) =rL Dy, (f(t) — f(to))-
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Under suitable assumptions of regularity, the RL and GL operators coin-
cide; that is,

rLDE f(t) =ar Df, f(1).

A consequence of the above two points is that in general

c Dy, f(t) =ar DE, f(t) (f() = T[S to])

and while 0 < p < 1itis

Dy, () =ar DG (f(2) = f(to))- ()

In case it used in differential equations of fractional order, the Caputo
definition is preferable since it allows the couple the equation with initial
conditions of classical type (i.e., initial condition of Cauchy type). In this

way we can obtain
y(to) = vo-

In case we use the RL definition; we can couple different initial conditions,
as

{RLDi’Of(t) = f(t,y(®)),

lim J. Py (t) = by,
t—td

which does not have a clear physical meaning. Therefore, they are not
useful for practical applications.

Lemma 1. Let 0 < p < 1, and let wﬁlp) be the coefficients in the power series
expansion of (1 —&)% given in w§p). Then for anyn =1,2,...,

a) -1 <w? <o,

b) 0 <w? V<1

Proof. The proof is an immediate consequence of the recursive relationship
stated in (@). O

3 Fractional order Hantavirus epidemics

In this section, the fractional order applied in the model of Hantavirus epi-

demics [2]. The new system is given as the set of fractional differential equa-
tions (FDEs):
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x(t)? 1+aK
— t)y(t
L - () st

Dlpte) = ~en(t) - XL — (1525 ) aton) )

“Dpa(t) = (b~ c)z(t) + by(t) -

z(0) = zo, y(0) = o, (7)

where ¢ D}, denotes the fractional derivative operator, with respect to the
origin, according to Caputo’s definition [30] and z(t) and y(t) are activa-
tor and inhibitor variables. The fractional derivatives are used to describe
nonhomogeneous character of the ecosystems, with respect to the presence of
competitors. The parameter p denotes the density of competitor species in the
system. The reason, to use fractional order differential equations (FODE),
is to be naturally related with systems with memory, which exists in most
biological systems. Also FODE are closely related to fractals, which are abun-
dant in biological systems [I7]. The results derived of the fractional system
(8) and (@) are more general nature.

When the power exponent is p = 1, this corresponds to equation (3) and
varies competitor’s populations when 0 < p < 1. While p > 1, the density of

competitor or alien species will increase in the populations [0]. The stability
analysis given by the study of [29].
For non-—negative solutions, denote Ri = {a: ER? |z > 0} , and let

z(t) = (X,Y)". To prove the main theorem, we need following lemma and
corollary given by [9,27].

Lemma 2 (Generalized Mean Value Theorem). Suppose that f(z) € C[a,b]
and D? f(z) € Cla,b] for 0 < p < 1; then we have

1 P —a)P
@)= fa) + 55 Paf) (O —a)

with a < & <z for all x € (a,b)].

Corollary 1. Suppose that f(x) € Cla,b] and D2 f(z) € Cla,b] for 0 <
p < 1. If DPf(x) > 0, for all x € (a,b), then f(x) is nondecreasing for each

€ [a,b]. If DEf(x) < 0, for all x € (a,b), then f(x) is nonincreasing for
each x € [a, b].

Theorem 1. There is a unique solution z(t) = (X,Y)" to equation (B)
with initial condition (@) on t > 0, and the solution will remain in R3.
Furthermore, X andY are all bounded by K..

Proof. We know that the solution on (0, c0) solving the initial value problem
(B)—(m) is not only existence but also unique [I8].
From equation (B), we find
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DPX |x—0=bY > 0,D?Y |y—o=0.

By Corollary 0, the solution will remain in Rﬁ_. From [2], X and Y are
bounded by K.. O

To evaluate the equilibrium points, let DPx = 0 and DPy = 0. Then
Ey =(0,0), By = (K(b—c),0), andE> = (2, K(b—c)— %) are the equilibrium
points. To give more detail about the local behavior near the equilibria, we
find the Jacobian matrix of equation (B) at each equilibrium point:

J(Eo) = (boc _bc> I (En) = <(b0 ) —Cb+a£<(l()b—ci))

and

_(—aK(b—c)+b(l - %) —-b
J(B,) = (aK(b—c)—Fal}( —2b+c —b(l--)+c)’

The equilibrium point Fy is locally asymptotically stable, if all of the
eigenvalues \; (i = 1,2) of the Jacobian matrix J(F;) for i = 0, 1,2 satisfy
the following condition [0, 2]

jarg(\)| > . (®)

The eigenvalues of J(Ep) are \y = (b —¢) and Ay = —c. If b > ¢, then
arg(A\1) = 0, arg(A2) = 7, and Ep is unstable. If b < ¢, arg(\) = arg(A2) = 7,
and equation (B) is correct, then Ey is asymptotically stable.

Now consider the case b > ¢ and the equilibrium point E;. The eigenvalues
of J(Ey) are Ay = —(b—¢) and Ao = —b+ aK (b — c¢). arg(A1) = 7 and for
K < K., arg(\2) = m, thus E; is asymptotically stable. If K > K., then F4
is unstable.

Finally, consider the case b > ¢ for the equilibrium point Fs. If K > K,
then A\; = —(b—¢) and Ay = b — aK (b — ¢) are negative eigenvalues and
arg(A1) = arg(A2) = 7; consequently, Fs is asymptotically stable.

4 Theta method for fractional order models

In this section, theta method (6 — —method) is described and studied for
the numerical solution of fractional-order equation systems by the way of
Hantavirus model. Theta method is known as the weighted method and
general form given by

Dpy(tn) = ef(truyn) + (1 - 9)f(tn717yn71) (9)
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while 6 € [0,1]. There are two specific values of §: while # = 0, we obtain
the forward explicit Euler method and while § = 1 yields forward implicit
Euler method. Note that 0 = % in (@) corresponds the so—called mid—point
rule and trapezoidal rule, respectively.

For numerical computation the Griinwald-Letnikov (GL) operator is trun-
cated; we fixed a step-size h > 0 and ¢, = to + hn, N = (T — to)/h.

We put the left-hand-side with the forward discrete derivative with

hipzw;g(ynfj - yO) = ef(tnayn) + (1 - e)f(tnflvynfly
=0

Case 1. While § = 0 on (8), in case we use it for the model equation of
(B), we can get

n 2
h™® Zowé)(xnfj - (Eo) = (b - C)irnfl + bynfl - zy}(_l - (1+[?K) Tn—1Yn—1,
‘7:

n 2
h=* Zowf(y"—j —Y0) = —CYn—1 — 1/7}51 - (I}gl{) LTn—1Yn—1-
j=

Here, the left—hand derivatives are Griinwald-Letnikov derivatives.
b S p
D Wi Ty—j — To Y W)
7=0 =0
i 14+aK

= hP [(b— €)Tn—1+ byYyn_1 — IK_l - ( % )xn,lyn,l} ,

n n 2

P P __ Yn—1 1—aK
w0 L wh = W [ ~eynr = Uit = (S5E) an g
J= J=

In case we leave z,, and y, alone on the left side,

2

Tp = hp |:(b - C)xnfl + bynfl - 17}(_1 - (1+[?K) l'nflyn71:|

n
-3 wﬁp)xn,j + U}»ELp_l)CUo,
=1

L — (ling)xn—lyn—ljl - E

2 n
2
Jj=1

Yn = P [_Cyn—l - y}{

(p) L wglpfl)

wj Yn—j Yo-

Since wga) = —p, we obtain
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and similarly we can say for y,,—1. While

w%p*l)mo - Xn = Enfl + PTn—_1,
wgzp_l)yO — Y, = Yn—1 + DYn—1,

and . .
XYl Yem YulP.
j=1 j=1

We get (I) in the equations system (M), and we obtain iteration equa-
tions as:

Ty = -%n—l +pxn—1
12 1 a
+hP [(b — )n_1 +byn—1 — 5+ — (M) xn,lynq} - (12)

2
Yn = Yn—1 + PYn—1 + P [_Cyn—l - yT}El o (171?1() xn—lyn—l] .

Case 2. While §# = 1 on (0), use it for Equation (B), we obtain implicit
form
«h 1taK

h™P Zowg‘)(xn—j —20) = (b—c)xp + by, — K (T) TnYn,
j=

n 2
h™P Zow;)(ynfj - yO) = —CYn — % - (1_1?K) InYn-
J:

In case we leave z,, and y, alone on the left side,

Ty — WP | (b= )z + byn — % B (1+I?K) xnyn} +Xn — wglpil)xO =0,
2
yn - hp 7Cyn - yfn - (1_]?1{) xnyn:| + Yn - w'ng_l)yO == 0

While system has implicit form, Newton—Raphson method needed to solve
implicit system by converting to explicit form. Here, the implicit form, z,
and y,, connected to the explicit form of the first equation to be able to resort
to Newton—Raphson method:

F(2) =24 X —wP Vag — hp {(b—c)z—&-bu— 2 (LK) zu}7

R e e W
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Regarding to Newton —Raphson method, iterative equations as:

f(2i) .

3 = < ) :O,l,..., )
s = f/(zi) ! "
g(u;) :

Uj+1 = Uz — s 220,1,...777,.

i g’ (u;)

Here, we can write initial estimations as zg = z,,_1 and ugp = y,_1. Thus
we obtain

2i—Zyp—1—pzo—h? |:(b—c)zi+bui—7—(

LK) 2w,
Zifl = Zi — 1—hr[(b—c)— - — (155 Ju] 7 (13)
=T~ | —cu— 5 - (1525 ) s
Uip1 = Uj — 1—he[—c— 2 — (1525 2]

5 Nonstandard difference schemes methods for
fractional order Hanta model

In this section, we proposed and discussed some NSFD schemes to discretize
the fractional order nonlinear system (B). NSFD schemes applied in combi-
nation with the truncation of the GL operator. NSFD schemes were firstly
proposed by Mickens for Ordinary Differential Equations and successively
studied, for instance, in [?2,23]. The stability analysis of model which is
discretized with nonstandard finite difference scheme is given by [8, f].

Case 1: As a first nonstandard scheme, for discretization we make the
replacement of the nonlinear term in the right-hand side of (B) by means
of (t) = x(tn-1), y(t) — Y(ta-1), 2(t) = z(tn)z(ta-1), )y(t) —
z(tn)y(tn-1).

Since w} = 1, the discretized model is

Tp+ X, —wllag = ¢(h)X,
Yn + Yy — ’wﬁflyo = ¢(h)Y7

which seem as explicit form and ¢(h) is a denominator function and could

be selected in a different way. Here, X,,,Y,,, X and Y are defined as:

X, = ng'p)xn—ja Y, = Zw§p)yn—ja
j=1

j=1
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X=(0b-c)rp_1+byn—1— R T

K
*
Y = —cyp_1— w  ATnYn1,
— K(¢(h)(b—c)x,,,_1+¢(h)byn_l_wa+wz—1z0)
e K+o(M) (@n_1+yn-1) T Ko(M)aya—1
_ K(—¢(h)cyn71—a¢(h)xnyn,1_ n+wffly0>
Yn = KH6(h) (@n_1+8n-1) :

The result of explicit nonstandard finite differences scheme is

K(En,1+(p7cd>(h)):vn,1+b¢(h)(mn,l+yn,1))

Tn = K+¢(h)(@n—1+Yn—1)+aKo(h)yn—_1 )
(14)
_ K@n-1+(p=ch(h)yn—1+adp(A)znyn—1)
Yn KF0(h) (2n—1+9n—1) ;

P
where we selected ¢(h) = (%) . In [32,83], authors have chosen

(ry) — z(t+h)y(t), 22 — z(t)z(t+h) and y* — y(t)y(t+h) for discretization.

Proposition 1. Let a,b,¢, K > 0, b < ¢, and let step size 0 < h < (p/c)*/P)
for the schemes have the iterations x.,,y, given by the non—negative schemes
for any 9 > 0 and yg > 0.

Proof. We proceed by induction on n. O

Case 2: In the second nonstandard scheme we use the replacement
2(t) = olta), y(t) = ylta), 22(0) — a(tn)z(tn), c(t)y(t) — o(tn)y(ta).
By operating in a similar way as in the previous case for system (B) , we can
see that is implicit form:

Tn+ X, —wl iz = ¢(h)X,

Yn + Y, — wﬁ_lyo = (Z)(h)Y,
X = (b - c)a:n + by, — % — ATnpYn,

$k
Y = —cy, — 7(“4}?")3’" — AT Yn-

If we leave alone to x,, on the left side and ¥, on the right side, we obtain
implicit form:

n — ¢(W)X + X, — wif Vg =0,
yn — (DY + Y, —wd Vyo = 0.
While Newton—Raphson method is needed, here, the implicit form, x, and

yn connected to the explicit form of the first equation to be able to resort to
the method of Newton—Raphson, we leave alone on the left side:
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f)=z+X, - w,(f*l)yo —¢(h) [(b—c)z +bu — & — (2K zu} ,
0(0) = e+ Yo = 0 ug = (h) [—cu = % — (1525) zu].

Regarding to Newton-Raphson method, the initial estimations as zo =
Tn_1 and ug = y,_1. In this way, we can obtain

2
2i—Tn—1—p2o—d(h) [(b—c)zri—bui_%_(%)z%ui]

1=¢(h)[(b—c)— 25 — (1525 )u,] ’

Zi4l = i T

W2 .
Ui —Yn—1—puo—9¢(h) [*Cui*%*( D )Zlul]

1—g(h)[—c— 2 — (1525 )]

Uil = Ui —

6 Numerical simulations

In this section, numerical simulations of fractional-order Hantavirus model
are presented by the solution of Theta method and NSEFD schemes that are
explicit and implicit form. We choose a = 0.1, b =1, and ¢ = 0.5 as used by
study of [2]. The initial values is considered as (xg,yo) = (25,15); we fixed
a step-size h = 0.01 and N = 2000. Various denominator functions listed

. P . _ [ exp(h(b—c))—1 P _
in [29], we took into account the ¢(h) = (T) . We choose p =1
in Figure I, p = 0.6 in Figure B, p = 0.3 in Figure B, p = 1 in Figure @, and
(z0,y0) = (10,10) and K = 20 used in Figure B. In Figures 0@, the top
graphs in order of left—to—right are theta explicit and theta implicit methods,
the bottom graphs in order of left—to-right are NSFD explicit and NSFD
implicit methods. Figure B shows that for p =1, a =0.1,b=1, ¢ = 0.5
for x(t), relative errors between numerical schemes and exponential matrix
method in [BY]. All figures denoted the results of the simulation based on
equation systems (I2), (I3), (@), and (I3) the values are used as mentioned
above. Equation systems (I2), (C3), (), and (F) correspond to equations
in ().

We compared CPU times of numerical methods on the Table 0. Here, we
used N = 1000 for all methods except Runge Kutta methods that we used
N = 50. As we have seen in the Table 0, we can say, in case each explicit
and implicit methods evaluated between oneself has not extremely difference.
However we cannot say the same for the Runge Kutta. On the Table B, we
denoted qualitative results of the fixed point Es for different time step sizes
for N = 1000, p =1, (z9,y0) = (25,15), and K = 40.
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Figure 1: For p=1, Theta and NSFD Schemes in explicit and implicit form:

(a) Theta—explicit

(b) Theta—implicit

(¢) NSFD—explicit

(d) NSFD—implicit

Figure 2: For p=0.6, Theta and NSFD Schemes in explicit and implicit form:

(a) Theta—explicit

(b) Theta—implicit

(¢) NSFD-explicit

(d) NSFD-implicit
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Figure 3: For p=0.3, Theta and NSFD Schemes in explicit and implicit form:
(a) Theta—explicit (b) Theta—implicit (c) NSFD-explicit (d) NSFD—implicit
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Figure 4: Phase-portraits for p = 1, N = 2000, a = 0.1, b = 1, ¢ = 0.5, h = 0.01,
(zo,y0) = (25,15), K =40
(a) Theta—explicit (b) Theta—implicit (c¢) NSFD-explicit (d) NSFD—-implicit
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Figure 5: Forp=1,a=10.1,b=1, ¢ = 0.5, (z0,%0)
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relative errors between numerical schemes and exponential matrix method in [39]
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Table 1: CPU times (seconds) for (zg,y0) = (25,15), h = 0.01

P Theta Theta NSFD NSFD Runge Kutta
Explicit | Implicit | Explicit | Implicit
0.3 | 1.912602 | 2.216342 | 2.259337 | 1.813677 3.597516
0.6 | 1.909790 | 2.522203 | 2.331288 | 1.77084 3.6738
1 1.86862 2.273820 | 4.053474 | 1.767188 4.222919
Table 2: Qualitative results of the fixed point Es for different time step sizes for

N = 1000,P = 1, (z0,v0)

(25,15), K = 40(Con. and Div., resp., Convergence and

Divergence)
h Theta Theta NSFD NSFD | Runge Kutta
Explicit | Implicit | Explicit | Implicit
0.01 Con. Con. Con. Con. Con.
0.1 Con. Con. Con. Con. Con.
1 Div. Con. Div. Con. Div.
10 Div. Con. Div. Con. Div.
100 Div. Con. Diw. Con. Diwv.
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7 Conclusion

In this paper, fractional-order form of the Hantavirus model is introduced.
The stability of the equilibrium points is studied. Two numerical methods
have been presented in the explicit and implicit form for solving fractional
order Hantavirus epidemic model. When we use implicit solutions, we need
to use the Newton—Raphson method to solve implicit system by converting
to explicit form. For NSFD schemes, one denominator function and different
nonlocal terms have been proposed, and the results have been compared
with each other. As it seen clearly that explicit and implicit NSFD methods
should be used ultimately depending on the choices of the nonlocal terms.
On the other hand, explicit methods produce the same accuracy, but with
less computational effort and time than implicit methods.
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Volterra type weakly singular integral
equations with logarithmic kernels

P. Mokhtary*

Abstract

An efficient discrete collocation method for solving Volterra type weakly
singular integral equations with logarithmic kernels is investigated. One of
features of these equations is that, in general the first derivative of solution
behaves like as a logarithmic function, which is not continuous at the origin.
In this paper, to make a compatible approximate solution with the exact
ones, we introduce a new collocation approach, which applies the Miintz-
logarithmic polynomials(Miintz polynomials with logarithmic terms) as basis
functions. Moreover, since implementation of this technique leads to integrals
with logarithmic singularities that are often difficult to solve numerically, we
apply a suitable quadrature method that allows the exact evaluation of inte-
grals of polynomials with logarithmic weights. To this end, we first remind
the well-known Jacobi-Gauss quadrature and then extend it to integrals with
logarithmic weights. Convergence analysis of the proposed scheme are pre-
sented, and some numerical results are illustrated to demonstrate the effi-
ciency and accuracy of the proposed method.

Keywords: Discrete collocation method; Miintz-logarithmic polynomials;
Quadrature method; Volterra type weakly singular integral equations with
logarithmic kernels.

1 Introduction

In this paper, we develop an approximate approach to obtain the numerical
solution of the following Volterra type weakly singular integral equation with
logarithmic kernel
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y(z) = g(:c)+/ln (@ — K (z,)y(t)dt, z€Q=[0,1], 0<t<z<1, (1)
0

where the continuous functions g(x) and K(x,t) are given and y(z) is the
unknown solution. Such kinds of equations arise from solution of Dirichlet’s
problem for the Laplace equation in two dimensions in terms of a single-layer
logarithmic potential [24], solution of the reduced wave equation in two di-
mensions using an integral equation with a kernel, which can be expressed
as a Hankel function of order zero that this kernel, has also a logarithmic
singularity [25], investigation of electrostatic and low frequency electromag-
netic problems [I5], methods of computing the conformal mapping of a given
domain [28], solution of electromagnetic scattering problems( [2], [I6]), deter-
mination of propagation of acoustical and elastical waves( [5], [6]), boundary
value problems of plane elasticity theory for regions with a defect [I3], prob-
lems of diffraction by thin screens [Z] and so on.

Weakly singular integral equations with logarithmic kernels are usually
difficult to solve analytically; so it is necessary to provide reliable numerical
techniques. There are several approximate methods proposed to obtain the
numerical solution of these types of equations, which we refer to some of them.
In [@], authors designed a computational meshless discrete Galerkin method
to solve the second kind Fredholm integral equations with logarithmic kernels.
In [I7], authors developed a collocation method for the numerical solution
of a special integro-differential equation with logarithmic kernel using airfoil
polynomials of the first kind. A collocation method based on the periodic
splines was introduced in [[7] to solve some logarithmic kernel integral equa-
tions on open arcs. In [24], authors studied a special integral equation with
logarithmic kernel and solved it using product integration method. In [I4],
a piecewise Chebyshev expansion was considered to solve Volterra integral
equations with logarithmic singularities in their kernels. The properties of
the integro-differential equations of the convolution on a finite interval with
kernel having a logarithmic singularity were studied in [B]. In [I0], authors
investigated two numerical approaches by means of an analytical integration
in the vicinity of the singular point and extraction of the singular part. A
Gauss type quadrature method with a logarithmic weight function was ex-
tended to evaluate of the Cauchy type integral equations with logarithmic
kernels in [B0].

In this paper, we design and analyze a reliable discrete collocation tech-
nique to obtain a suitable approximate solution of (). Our strategy is based
on the following two stages. From well-known existence and uniqueness the-
orems [§], we can see that the first derivative of the exact solution has a
singularity at the origin and behaves like as a logarithmic function. Then
to establish a highly accurate approximate solution, it is necessary to rep-
resent the collocation solution as a linear combination of the suitable bases
functions with logarithmic asymptotic behavior like as Miintz-logarithmic
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polynomials [IR]. Since in the implementation procedure, integrals with log-
arithmic singularities are observed to highly accurate evaluation of them, we
use a generalized Gauss type quadrature with logarithmic weight function
that calculates exactly integrals of polynomials [i].

The reminder of this paper is organized as follows. In the next section we
present the required preliminaries for our subsequent development. Here, we
introduce the Miintz-logarithmic polynomials as well as the generalized Gauss
quadrature method for the integrals with logarithmic weight functions. In
Section 3, we explain the application of the discrete collocation method using
Miintz-logarithmic polynomials to approximate the solution of (). In Section
4, we provide a reliable convergence analysis for the proposed algorithm that
justifies the L?—norm of the error function tends to zero as the approximation
degree tends to infinity. Section 5 devotes to our numerical illustrative and
Section 6 contains our conclusions.

2 Preliminaries

In this section, we give some preliminaries that are required in the sequel.

2.1 Miintz-Logarithmic polynomials

This subsection is devoted to a brief introduction on the Miintz-logarithmic
polynomials. All of the details presented in this section a long with further
details can be found in [IR].

The Miintz-logarithmic polynomials are defined as

M, (z) =Rp(z) + Sp(x)Inz, n>0, €, (2)

where R, (z) and S, (z) are algebraic polynomials of degree [%] and [251],
respectively; that is,
(3] (%27

Rn(x) = riat, Sn(z) = Z szt

i=0 =0

It is shown that these polynomials are orthogonal with respect to the
weight function w(x) = 1. Explicit expressions of the coefficients are obtained
as follows:

Theorem 1.

o Ifn=2m, m >0, we have
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o m+i\° (m\’ 2mtl | 9 S 2j+1
rm = (MEY () - S |

2
T = <2m> , Sm =0.
m

o Ifn=2m+1, m >0, we have

N 2 2
_(m+i m 2mal U 2541
" ( m ) ( i ) [ i PAMAIHD 2 GG |

Proof. See [I8]. O
The first few Miintz-logarithmic polynomials are given by

Mo(z) =

M (z) =

My(z) = —3+4(E—1H(E

Ms(xz) =9 —8x+2(1 +6x)Inz,

My(x) = =11 — 242 + 362 — 2(1 + 182) In =,

Ms(z) = 19 + 2762 — 29422 + 3(1 + 48z + 602%) In

Me(z) = —21 — 7682 + 39022 + 40023 — 3(1 + 96z + 30022) In z.

2.2 Jacobi—Gauss quadrature

This subsection presents the mechanism of the Jacobi-Gauss quadrature [,
9,27], which is to seek the best numerical approximation of an integral by
selecting optimal nodes at which the integrand is evaluated. The Nth-order
Jacobi-Gauss quadrature formula (JG)*? to approximate the integral is
given by
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I N
[ 10 = nar = (76) () = Y fal Wi,

a,B>—1, rel-1,1],

which the integral is evaluated exactly if f(r) is a polynomial of degree 2N —
1 or less. The nodes {z} ﬁ} v, and the corresponding weights {W." ﬁ}
depend on «, 8 and are given by the following formulas [i2,27):

o {z} h }N 1 are the zeros of the following orthonormal polynomial

ap, o M@2N+a+B+ 1IN +a+B+1)
Py (’")_\/ 2 HBHT(N +a+ DI(N +4+1) N (),

where Jﬁ‘,ﬁ (r) is the classical Jacobi polynomial of degree N.

e The weights {W;" ol MY | are given by

N—-1 2
Z<P°‘B > 1<i<N.

n=0

The error term for the Nth-order Jacobi-Gauss quadrature (JG)*# is
given by [{]

1 (2N)
1
(3)

where ¢ lies somewhere on [—1, 1] and

22N+e+B+INID(N + a+ DI(N + B+ DI(N +a+ B+ 1)

o’ =
N (2N +a+B8+1DI(2N +a+B8+1))2

2.3 Gauss type quadrature for logarithmic weights
integrals

This subsection devotes to introduce a generalized Jacobi—Gauss quadratures
[i7] to approximate the following integrals
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1

(a) /f(r) (1 —r)(1 — r)dr,

-1
1

(b) /f(r)ln(l+r)(l+r)5dr.

-1

Considering the first integral in (#) we have

1 1

E _ E aln (1-7)

%0 / 1-7) dr = 504/6 f(r)dr
21 1

and equivalently

1 1

/f(r)ln(lfr)(lfr)o‘dr:%/(1fr)af(r)dr

—1 -1

9 a O
~ a (7€) " da Z (

dWO‘O 0 das?
Z( o) WO

= (GIG)™°(f),

P. Mokhtary

where “GJG” is an abbreviation for the generalized Jacobi-Gauss. From
(B), we can obtain the following formula for the error term of Nth order

generalized Jacobi-Gauss quadrature (GJG)*0:

1
( / () =) (1 - r)dr> —(GTC)(f)
21

= %ENJ«(O% 0, f(?")) = gN,r(aa 0, f(T‘))

1
(@) - —
<n() IN +a-+1

+2\II(N+CV+1) —2@(2N+C¥+1)>8N,r(a707f(r))7 (6)
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where ¥(z) = 412 Ell;(z)) = 1;'((5)) is the psi or digamma function.

Proceeding the same technique with (H)-(B) we can obtain the following
approximation for the second integral of (@)

1 1
/f(r)ln(l—s—r)(l—l—r)ﬁdr = %/(1—&—7“)’3]’(74)6#
—1 -1
~ i((JG)O’ﬁ(f)) = Ei (f( 05)W0ﬁ>
8ﬂ 8ﬂ pt 3 3

which has the following error function

([s0a+n msndr) - (6764 ()
1
o

= %51\[77«(0, ﬁ, f(T')) = gN,r(O,ﬂ, f('/'))

1
= <ln<2>‘21v+/3+1

T2U(N+6+1) -20Q2N + 5+ 1)>5N,r(0a pif(r). (1)

The relations (B) and ([@) conclude that the generalized Jacobi-Gauss
quadratures (GJG)*?(f) and (GTG)%P(f) calculate the integrals of ()
exactly for polynomials of degree 2N — 1 or less same as the Jacobi—Gauss
quadrature (JG)*P(f).

3 Numerical approach

The main concern of this section is to obtain the discrete collocation solu-
tion of (W) when the Miintz-logarithmic polynomials are applied as the basis
functions. To this end we represent the collocation solution of (IOl) as

N
yN('T) = Z anMn(x)v (8)
n=0
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such that the unknowns {a,}_, satisfy in the following linear algebraic
System:

Zq

uw(e) = g(w) + [ In(es = O (@ un(0de, 0Si<N,  (9)
0

where {z;}¥ is the shifted Legendre-Gauss quadrature points [27]. Apply-
ing the variable transformation

t=1,(0) = %(9+ 1), 0€[-1,1],

we can rewrite () as follows:

yn (i) = g(;) + % /1H (zi — t:(0)) K (i, 1 (0))yn (t:(0))dO
21

1
{lné/ (24,0 t;(0))do
1

+ / 1n<19>R<xi,9>yN<ti<e>>d0} (10)

-1

= g(w;) +

| 8

for 0 <4 < N and K (z;,60) = K (x;,t;(d)). Substituting (8) into (1) yields

N
Zan{Mn(xi) - {1 Zi g 4 gl >}} =g(z;), 0<i<N, (11)
n=0

where
1
A=) _ / K (2,0) M, (t:(6))do,
—1
1
4G = [ 11— )R 0 0) 0, 000
-1

Using (B), we have
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Agn,oci) K (z;,0) (Rn(ti(e)) + S, (ti(0)) In (ti(ﬁ))> do

L L—

K(z;,0) (Rn(ti(é)) +1n %sn (ti(H))> d9

+ / In (1 4 6)K (2;,0)S,(t:(6))do

-1
1
- / Firr(9)de
1
-1
1

+ / In (14 0)F5™) (6)de,

-1

where

f_-l(n,xi) 0) = f{(;c“ 0) ('Rn(tz (0)) +In %Sn (ti (9))) )

FSE(0) = K (@i, 0)Sa(t:(6)). (12)

Using quadratures (J7G)*? and (GJG)%?, we obtain

AP m AT = (T Q) (FT0)) + | QTGP (F(0))

On the other hand, from (B) we can write

A = (1 - 0)K (24, 0) (Rn (:(0)) + Sn(t;(6)) In (ti(t?))> e

1
In (1 — 0)F™")(6)d6 + / In (1 — 6)In (1 + 6)F")(6)do

-1

I
[Ei ’L\H l‘\w

1,n,2;) + Ag2,n,zi)’ (14)

where
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AL = [0 (1 - ) F") (6)do,

AR — [ (1 - 9) In (1 + 0)F™) (6)de.

L L—

Trivially we can write

A = AT = [(GTG) O (FHT0)| (15)
a=0
and
0
AR _ / In(1 - 6)In (1 + 6)F" (6)d6
1
1
+ / In (1 —6)In (1 + 6)F"" (6)d6. (16)
0

Using the variable transformation 6 = 6 (s) = *t! in the second integral

and 0 = —6;(s) in the first integral of (@), we obtain

1
n,x; ]_ 1 — S 3 + s n,T; n,T;
Az = 3 [ S B (0 01(6) + 70 () s

2
21
1 1
_1 _ oy ) N (n,z;)
5 In(1—9)F3"""(s)ds —In2 | F3""""(s)ds p,
1 1
where 3
,Ti +s n,T; n,T;
) —w L2 (A o) + A o))

then we can write

v 1
2,n,w;) 2,n,x4
AP Aé,N ) = 3

a=0

([(GJG)%O(J%EW”@))}
— 1n2<JG>°vO<f§"’“><s>>> - (18)

Substituting (I¥) and (IH) into (@) yields
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n,xr; n,xr; 1,n,x; 2,n,x;
AT s AT = AR+ AGR. (19)

Inserting ([9) and (I3) into (I), we can conclude that the discrete collo-
cation solution of () is characterized by

where the unknowns {a, }_, satisfy in the following system of linear alge-
braic equations

N
Zan{/\/ln(xi) - “;{ T Al +A§f§$”}} =g(z;), 0<i<N, (20)
n=0

The matrix formulation of (E0) is given by

aM =g, (21)

WhereQ: aO;ala"'aaN], 9= [g(l'o),g(.%l),...,g(CEN)}T, and

M = Ml — (.A1D1 +A2D2)a

such that

My = )

MN(JC()) MN(SE1) MN(J?N)
A(O ,Z0) A(O 1) A(O TN
A(l mo) A(l 11) . A(l wN)

-'41 = . . )
ANIQ) A(er) .:' A(NIN)
Aéo]\:;() A(O :El .. A(O :EN)
A(l ,Z0) A(l 1) A(l IN)

Ay = )

and D; and Dy are the diagonal matrices with diagonal entries
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4 Convergence analysis

In this section, we provide a reliable error analysis for the proposed technique
to justify convergence of the proposed approach. In our analysis we shall ap-
ply the following definitions and lemmas.

Definition 1.[ [[], [I9-23], [21]]

L LA@) = ful [l = [ Ju(x)Pde < oo},

2. C(Q) is the space of all continuous functions on §2.

3. Inu is the Legendre—Gauss interpolation polynomial and defines by

N

Inu(z) = Z u(z;)Li(z),

=0

where L;(x), 0 < i < N, are the Lagrange interpolation basis functions
associated with the Legendre-Gauss points {x; } .

4. Let (X, ].]|x) and (), ]|-]|y) be normed vector spaces, and let K : X — Y
be a linear operator. Then K is compact, if the set

{Kul flullx <1}

has compact closure in ). For example, the integral operators with
continuous and weakly singular kernels are compact operators on C(2)
and L%(Q).

Lemma 1.[see [R]] Let K(x,t) € C(Q x Q); then for any g(z) € C(2), the
Volterra type weakly singular integral equation with logarithmic kernel (@)
possesses a unique solution y(x) € C(£2).

Lemma 2.[see [0]] Let X be a Banach space, and let K : X — X be compact.
Then the equation (A — K)u = f, A # 0 has a unique solution u € X if and
only if the homogeneous equations (A —K)z = 0 have only the trivial solution

z = 0. In this case the operator A — K : X — X has a bounded inverse
(A—K)~ L

Lemma 3.[see [26]] If u(z) € C(2), then we have

lu — Inulla = 0, as N — oo.
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Lemma 4.[see [[9]] For every bounded function u(z), there exists a constant
C independent of u(x) such that

sup [[Inullz < Cfjulloo-
N

Theorem 2. Under assumptions of Lemma 1, assume that the following
conditions are satisfied:

1. The given functions g(x), K(x,t), and the approzimate solution §n(x)
are continuous on their domains.

2. The homogeneous equation (M) with g(x) = 0 has the only trivial solu-
tion.

3. gn(x) € C(Q2) and the numerical integral operator
al x x
Knyn(z) = T;% 5{ In 5-47111% + g;/}
is a bounded operator on C(2) to C(Q) with A"y and A3’y defined in

(3) and (M), respectively.

4. The quadrature errors

1€3.6(0, 0, F1"(0)) lloc, 1,50, 0, F5"(5)) oo

)

| [Ewota,0,77(0))] [En.000,8, 75 (0))]

a:OHoo ﬁ:OHoo’

H [SN,S(a, 0,]—';"9”(5))} 0<n<N,

)
(x:OHoo

converge to zero as N — oo. Here the functions F|"*(0), F3 " (6) and
F3(s) are given in (I2) and (IA), respectively, and the error terms

5J\f,’r'(07 07 f(r))a
ENN’T(a,O,f(r)),é’N,T(O,B, f(r)) are defined in (B), (B), and (@), respec-
tively.
Then we have
Jim_[ly(a) - giv(a) 2 = .
— 00

Proof. Using (E0), we can conclude that the discrete collocation solution
gn(x) for the equation (M) satisfies in the following operator system:

yn(zi) = g(z:) + Knyn (i), 0<i<N, (22)
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where the operator Ky is the numerical integral operator defined in the
assumption 3. Multiplying L;(x) on both sides of (E2) and summing up from
t=0toi= N yield

IN(UN) = Ing + INKNYN- (23)
Subtracting (0) from (23) gives
y—In(yn) = (9 — Ing) + (Ky — INKnYN),
or equivalently
(id— K)en = ey (9) — ery (In) + ey (Kin) + In (Kjn — Kngn),  (24)

where ey = y(z) — yn(x) is the discrete collocation error function, ey, u =
u — Inyu is the interpolation error function, id is the identity operator, and
KC is the following continuous and compact integral operator with weakly
singular logarithmic kernel

x

Ky(z) = /ln (x — t) K (z,t)y(t)dt.
0

Applying Lemma 2 with X = C() and using the assumption 2, the
relation (24) can be rewritten as

lenllz < [l(id = K)o <|I61N (@)ll2 + llery () ll2

+ llery (Kgn)|2 + IIn (Kgn — Knyn) ||2>7 (25)

with [[(id — K)7!||c < c0. Due to Lemma 3 and assumption 1 we have
lern (@2 Nlery (n)ll2, llery (Kyn)l2 =0, as N — oo (26)

Now, it is sufficient that we show || Iy (IngN — ICNyN) 2 — 0as N — oo.
To this end, using Lemma 4 and assumption 3, we can write

1y (Kgn — Kngn) 2 < C1lKgn — Knginlloos (27)

which Kyy — Knyyn is the numerical integration error function. According
to the definition of K and numerical approach proposed in the previous
section, we can deduce that the numerical integration error is established by
calculating the errors obtained from the applying Jacobi-Gauss and general-
ized Jacobi-Gauss formulas in (I3), (IH), (I¥), and (I9). Consequently, we
can write (24) as follows:
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I In (Kgn — Kngn)|l2 < Co zN: (IEN,o(O, 0, F1"*(0))ll oo
n=0
s mem)],
st o] |
et o] .

+ ||5N,s(0,07f§’g”(8))||oo>7

and thereby using assumption 4 in the inequality above, we deduce

||IN (ICgN - ICNQN) ||2 —0, as N —0. (28)

Finally, the required result can be obtained by applying (£8) and (E8) in
(23). O

5 Numerical Results

In this section, we illustrate some examples using the method proposed in the
previous section and confirm its validity. All of calculations performed on a
PC running Mathematica software. In the obtained results we presented some
essential items regarding the L?-norms of the error functions and compari-
son results between our scheme and the well known Chebyshev collocation
method [9,27].

Example 1. Consider the following problem

x

y(z) = g(z) + / In (2 — t)y(t)dt

0

with
2

glz)=az(nz—1)+ % (7r2 — 21 +18Inz — 61n? x>
and y(z) = z(lnz — 1) as the exact solution.

We solve this problem by the proposed method with N = 3. Indeed, we
seek a discrete collocation solution in the form
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to approximate this problem and find its unknown coefficients such that they
satisfy in the linear system (E0) with N = 3. Considering the Gauss—Legendre
collocation points

o = 0.330009, x; =0.669991, =z = 0.0694318, x3 = 0.930568,

and the operational matrices

1 1 1 1
M. — | 01086 0.5995 —1.6674 0.9280
L= | —0.5713 0.0805 —0.0549 0.7942 | °
—0.2477 —0.3808 0.8873 0.6080
2 2 2 2
A, — | —2:2173 —0.8009 —5.3348 —0.1439
L7 —0.4627 —0.5191 1.6126 —0.1338 |
0.5550 —0.2017 0.1359 —0.1194
—0.6137 —0.6137 —0.6137 —0.6137
A, | —0-6095 —1.0441 0.3471 —1.2457
27| 0.7718 0.1092 0.6562 —0.5302 |’
0.1912 0.6068 —1.3532 0.0376
—0.2973 0 0 0
D 0 —0.3664 0 0
1= 0 0 -0.1167 0 ’
0 0 0 —0.3560
0.1650 0 0 0
D, — 0 0.3350 0 0 7

0 0 0.0247 0
0 0 0 0.4653

the system of linear algebraic equations (EI) is presented in the following
form
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1.0449 4 1.6959a0 — 0.6673a; — 0.8362a2 — 0.1142a3 = 0,
1.6603 4 1.9383a9 + 0.6558a; — 0.1463a2 — 0.6580a3 = 0,
0.2955 4 1.2546a¢ — 2.3019a, + 0.1105a2 4 0.9501a3 = 0,
1.8965 + 1.9975a0 + 1.4564a; + 0.9933a2 + 0.5830az = 0,

which its solution gives by

ap = —0.75, a; = —0.25, az = —0.0833, a3 = 0.0833.

Consequently the discrete collocation solution ys(x) represents by

g3(z) = —5.2953 x 1077 — z — 1.3027 x 10~ " Inx + 0.9999z In .

The L?-norm of the error function is 1.3445 x 10713 that is in a very
good agreement with the exact ones whereas the approximation degree is
very small(N = 3).

Example 2. Consider the following problem:;

x

y(x) = g(z) + [ In(z —t)e* y(t)dt,
/
with

xe®

glx) =e “Inz+ (—12+7r2—61nx(—2+1nx)>,

and y(z) = e % Inz, as the exact solution.

We solve the problem and report the obtained results in Table Il and Fig-
ure 0. In Figure O, we plot the L?-norm of the error function in terms of
the various values of the degree of approximation N. Figure 0 shows that
the proposed algorithm obtains a good accuracy with suitable values of N.
Moreover to make a comparison, we also solve this problem by implementing
the well-known Chebyshev collocation method [9,27] and give the obtained
results in Table 0. Based on Table 0, we confirm that the Miintz-logarithmic
polynomials makes faster rate of convergence for the discrete collocation so-
lution of this problem compared with the classical Chebyshev polynomials.

Example 3. Consider the following problem:

x

y(z) = g(x) + = [ In(z —t)t3y(t)dt,
/
with

5 227 (—13016 4 693012 + 3465 In )
g(lL’) =T — )
38115
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Table 1: The numerical errors of Example 2

Numerical Errors

N Our Method Chebyshev collocation Method [9,27]
2 3.61 x 1073 1.3x 107!
4 8.13 x 1076 4.22 x 1072
6 9.38 x 1078 2.14 x 1072
8 9.84 x 10710 1.3 x 1072
10 3.44 x 1012 8.73 x 1073
12 6.37 x 10715 6.28 x 1073

Log,,( Error)

Figure 1: Obtained L?— norm of the error function versus N for Example 2

and y(z) = 2%y/x as the exact solution.

We have calculated the approximate solution with different values of N
and displayed the obtained results in Table B and Figure B. Table B and
Figure B, present the L2-norm of the error functions versus N. As it can be
observed although the exact solution has singularity at zero, the numerical
errors are decreased with an appropriate rate as the approximation degree N
is increased.

Example 4. Consider the following problem:

x

y(z) = g() + / In (z — t)y(t)dt

0
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Table 2: The numerical errors of Example 3

N Numerical Errors
2 2.69 x 10~2
4 3.32 x 1074
6 1.18 x 107
8 1.4 x 10710
10 1.84 x 10712
12 5.43 x 10715

Log,( Error)

Figure 2: Obtained L?— norm of the error function versus N for Example 3

with
g(x)=€e"(1+~+T1(0,2)) + Inz,
where 7 is Euler’s constant with the numerical value~ 0.577216 and T'(0, x)
is incomplete gamma function satisfies
o0
I(a,z) = /t“fleftdt.

z

Here the exact solution is given by y(x) = e*.

The obtained numerical results from implementation of the proposed dis-
crete collocation scheme are reported in Table B and Figure B. The presented
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Table 3: The numerical errors of Example 4

N Numerical Errors
2 6.08 x 1073
4 2.01 x 10™*
6 2.68 x 1076
8 1.78 x 108
10 6.99 x 10~ 11
12 1.85 x 10713

results confirm that our scheme provides reliable results for smooth solutions

of (m).

Log,,( Error)

Figure 3: Obtained L?— norm of the error function versus N for Example 4
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6 Conclusion

In this article, we developed a new discrete collocation method based on
the Miintz-logarithmic polynomials as basis functions. Moreover, we used
highly accurate Jacobi—-Gauss and generalized Jacobi—Gauss quadratures to
approximate the integrals with Jacobi and logarithmic weights, respectively.
Convergence analysis of the proposed method were presented and some nu-
merical examples were illustrated to confirm the applicability of the presented
discrete collocation scheme.
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Abstract

In this paper a hybrid algorithm based on genetic algorithm (GA) and
Nelder-Mead (NM) simplex search method is combined with least squares
method for the determination of temperature in some nonlinear inverse
parabolic problems (NIPP). The performance of hybrid algorithm is estab-
lished with some examples of NIPP. Results show that hybrid algorithm is
better than GA and NM separately. Numerical results are obtained by im-
plementation expressed algorithms on 2.20GHz clock speed CPU.

Keywords: Hybrid; NIPP; Nonlinear inverse parabolic problem; Genetic
algorithm; Nelder—-Mead; The least squares method.

1 Introduction

Most phenomena in real world are described through nonlinear equations,
and these type of equations have attracted lots of attention among scientists.
For example, consider that the sun shines in a room, and it begins to warm
up. Apparently, the physical property here is the temperature, which is a
function of the time and space, and the governing equations that represent
the temperature variations, are a nonlinear parabolic problem (NPP) [].
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In linear and nonlinear parabolic problems, we are usually facing a prob-
lem, where problem conditions, initial conditions, and boundary conditions
are identified and in the main equation only the equation main function is
unknown. In fact, there is just one unknown factor at the problem. These
problems are called direct problems.

On the contrary there is another category of problems. In this category,
in addition to the main equation of the problem, there are another unknown
parts such as boundary conditions. This type of problems are called inverse
problems [(7].

In the present paper, we consider nonlinear inverse parabolic problems as
the following form:

U = ¢(x,t,U, Uy, Uypy), (z,8) € (0,1) x (0,¢m,), (1a)
with the initial condition
U(z,0) = f(z), =€][0,1], (1b)
and the boundary conditions

U(0,t) =p(t), te[0,tn], (1c)
U(1,t) =q(t), te€]0,tm], (1d)

and the overspecified condition

U(a,t) =s(t), te€[0,tm], 0<a<l, (le)

where ¢ is some nonlinear expression in terms of U, U, U, and f(z) is a
continuous known function. p(t) and ¢(t) are infinitely differentiable known
functions, and ¢,; represents the final existence time for the time evolution of
the problem, while function ¢(t) is unknown, which remains to be determined
from some interior temperature measurements (overspecified condition).

In this paper we present a hybrid algorithm based on Nelder-Mead sim-
plex search method and genetic algorithm for solving NIPPs. Genetic algo-
rithm is one of the basic heuristics to solve various types of problems. In
recent years, this algorithm has been applied on some linear and nonlinear
partial differential equation to find unknown term in these equations. On the
other hand, there are some hybrid algorithms, which use local search method
as an inner subroutine to reduce the likelihood of the premature convergence
and to expedite convergence rate of genetic algorithms. These algorithms are
called “Memetic Algorithms” or “Hybrid Algorithms”. In this study, to expi-
ate convergence rate of genetic algorithm and increase accuracy of solutions,
we add Nelder-Mead method to the algorithm as a local search method. The
Nelder-Mead method is a commonly applied numerical method used to find
the minimum or maximum of an objective function in a multidimensional
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space. It is successfully applied to nonlinear optimization problems for which
derivatives may not be known. However, the Nelder-Mead technique is a
heuristic search method that can converge to nonstationary points [[6] on
problems that can be solved by alternative methods.

Our main purpose is to find an unknown boundary condition in NIPPs
using our proposed hybrid method. Because by having this unknown bound-
ary condition, problem becomes a direct NPP and fortunately, many methods
have been reported to solve direct NPPs. In this paper we use finite difference
method for solving direct NPPs.

2 Some nonlinear inverse parabolic problems

In this section, we consider three NIPPs. The first equation is formulated as
follows []:

Ui(z,t) + Uz, t)Uz(2,t) = U (z,t), O0<z<1l, 0<t<tpy, (2a)
U(zx,0) = f(z), 0<z<1, (2b)
U(0,t) = p(t), 0<t<tu, (2¢)
U(1,t) = q(t), 0<t<ty, (2d)

and the overspecified condition
Ula,t) = s(t), 0<t<ty, O0<a<l, (2

The second equation is formulated as follows:

Up(z,t)-U(x,t)(1 = U(z,t)) = Uge(z,t), 0<ax<l, 0<t<ty, (3a)
U(z,0) = f(x), 0<z <1, (3b)
U(0,t) = p(t), 0<t<ty, (3¢)
U(L,t) = q(t), 0<t<tu, (3d)

and the overspecified condition
Ula,t) = s(t), 0<t<ty, O0<a<l, (3e)

and the third equation is formulated as follows:

Ui(z,t) = a(t)Uspg (2, 1), O<z<l, 0<t<ty, (4a)
U(z,0) = f(z), 0<z<1, (4b)
U(0,t) = p(t), 0<t<ty, (4c)
U(1,t) = q(t), 0<t<tn, (4d)
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and the overspecified condition

Ul(a,t) = s(t), 0<t<ty, O0<a<l, (4e)

where f(z) is a continuous known function, p(t), a(t), and s(t) are infinitely
differentiable known functions and t,; represents the final existence time for
the time evolution of the problem. In these equations, if ¢(t) is unknown,
then we are facing nonlinear inverse parabolic problems. In this case, un-
known ¢(¢) must be determined from some interior temperature measure-
ments(Overspecified condition).

Remark 1. In this study we use implicit finite difference approximation
(Crank-Nicolson method) for discretizing above equations.

Therefore we have the following discretization for the first equation:

—rUi—1,j+1 + 2+ 2r)Ui j41 — riUigi 41
=riUi—1; + 2 —2r)U;; +11Uit1
420y (U2 = Ui jUisr ), i=1,....N—1, j=0,...,N — 1,
(5)
Uo= f(ih), j=0,i=1,...,N—1,
Uo; = p(jk), i=0, j=0,1,...,N -1,
Un,;=q(jk), i=N, j=0,1,...,N—1,

where x; = ih , t; = jk, ry = k/h?, and ro = k/h.

Using equation (H), we obtain the following linear algebraic system of
equations:

242r1 —r 0 0 0 0 0 U17j+1
—r1 242r - 0 0 0 0 Uz,j+1
0 0 0 0—r;12+2r; -nr UnN-2j+1
0 0 000 —r 242m UN-1,j+1
2—-2r¢ r1 000 O 0 Ui,
1 2 — 27‘1 1 00 0 0 Ug’j
0 0 00 ™1 2 — 27‘1 1 UN,Q’J'
0 0 000 r 2—2r Un-1,
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Uo,j + Uo,j+1 Ur;* = Ur,Us
0 Uzj? = Us jUs,;
+71 . 12y . (6)
0 Un—2;>—UNn—2,;Un—1.
Un, +Un,j+1 Un-1,;> = Un-1,;Un,

Linear system (B) gives (N — 1) unknown pivotal values along the bound-
ary « = 1.
We have the following discretization for the second equation:

—rUi—1j41 + 2+ 2r)Ui jo1 — rUita 1
=rUio1;+(2-2r)Ui;

+rUisr1j +2k(U;; — Ui ), i=1,...,N—1, j=0,...,N —

(7a)

Uio=f(ih), j=0,i=1,...,N—1, (7b)
Uoj = p(jk), i=0,j=0,1,...,N—1, (7c)
Un,; = q(jk), i=N, j=0,1,...,N—1, (7d)

where z; = ih , t; = jk and r = k/h.

Using equation (@), we obtain the following linear algebraic system of
equations:

242r —r 000 0 0 Ul,j+1
T 2+ 2r —r 0 0 0 0 UQ,]‘_H
0 0 00—1r2+2r —r UN,QJ‘Jrl
0 0 000 —r 2+2) \Uv_1n
2—2r r 000 0 0 U17j
r 2-=2rr00 O 0 Us,;
0 0 00r2—2r r UN,Q,j

0 0 000 » 2-2r Un-1;
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Uo,j +Up,j+1 Up;—Uny°
0 Us,j — Us,?
+7 . + 2k . (8)
0 Un—2j—Un-2;"
Un,j +Un,j+1 Unv-1;—U_1;

Linear system (B) gives (N — 1) unknown pivotal values along the bound-
ary « = 1.
Finally, following discretization is described for the third equation:

—ra;Ui—1j41+ (2+ 2ra;)Ui jp1 — ra;Uisr j
=ra;Uio1; + (2 = 2ra;)Us

+rajUp1, i=1,...,N—1,j=0,...,N—1, (9a)
Uo = f(ih), j=0,i=1,...,N—1, (9b)
Uo; =p(jk), i=0,j=01,...,N—1, (9¢)
Un;=q(jk), i=N, j=01,...,N—1, (9d)
a; = a(jk), (9e)

where z; = ih , t; = jk and r = k/h?.

Using equation (M), we obtain the following linear algebraic system of
equations:

24 2ra; -—ra; 0 0 O 0 0 Ui,j+1
—-ra; 2+2ra; —ra; 0 0 0 0 U jy1
0 0 0 0-ra; 2+2ra; -—ra; Un—2,j+1
0 0 0 0 —ra; 2+ 2raq; Un-1,j+1
2—2ra; raj 000 0 0 Ui,
ra; 2-—2rajra; 0 0 0 0 Us,;
0 0 0 Ora; 2—2ra; raj Un_2

0 0 000 ra; 2—2raj UNfl,j
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Uo,j + Uo,j+1
0

+ra, . (10)
0
Unj +Unj+1

Linear system ([M) gives (N —1) unknown pivotal values along the bound-
ary = 1.

Problems (B), (B), and (#@) can be solved in least-square sense, and a
cost function can be defined as a sum of squared differences between mea-
sured temperatures and calculated values of U(x,t) by considering guesses
estimated values of ¢(t).

N

f(Guesses estimated wvalues of q(t)) = Z(U(a,tj) —s;)?%, (11)

j=1

where Ula,t;) are calculated by solving the direct parabolic problem. To
do this, we consider prior guess for ¢(t). Also s; = s(t;) are measured
temperatures at * = «. To find optimal solution of ¢(t), the equation (I)
must be minimum.

3 Genetic algorithm (GA) for solving NIPP

Genetic algorithms, primarily developed by Holland [5], have been success-
fully applied to various optimization problems. It is essentially a searching
method based on the Darwinian principles of biological evolution. Genetic
algorithm is a stochastic optimization algorithm, which employs a population
of chromosomes; each of them represents a possible solution. By applying
genetic operators, each successive incremental improvement in a chromosome
becomes the basis for the next generation. The process continues until the
desired number of generations has been completed or the predefined fitness
value has been reached [R].

The genetic algorithms differ from other methods of search and optimiza-
tion in a number of ways. (a) Genetic algorithms search from a population
of possible solutions instead of a single one. (b) The fitness or cost func-
tion used to resolve the redundancy has no requirement for continuity in the
derivatives; so virtually any fitness function can be selected for optimizing.
(¢) Genetic algorithms use random operators throughout the process includ-
ing reproduction, crossover, and mutation. (d) Genetic algorithms are blind,
since no specified information about the intended problem is needed to obtain
the final solution [§].
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In this study a GA is considered for solving IPP. Consider chromosomes
G; = {91,1791‘,2,91',37 e ,ng}, i = 1,2,3,...,n and each gij € [*M, M]
(In this work M is one). Each chromosome estimates values of ¢(t) at
tj,j = 1,2,3,...,n. Solve then parabolic problem by expressed discretiza-
tion in previous section. In this work, equation () is considered as fitness
function than must be minimum. Finally for determining unknown ¢(t), we
find interpolation of m-points of the best chromosome at the end of algo-
rithm. In this study an additional step is added to algorithm after step 4.
We named this step repair operator. After applying crossover and mutation,
some entries of chromosomes may exceed from [—M, M]; so repair operator
returns those entries to the interval. The steps of GA for determining g¢(t)
can be divided into the following steps:

1. Generate randomly an initial population of chromosomes.

2. Evaluate the fitness of each chromosome in the population.

3. Choose by tournament selection pairs of chromosome for combination.
By applying N-point crossover create offspring of this selected parents.

4. Apply bitwise mutation on offspring.

5. Apply repair operator.

6. Evaluate fitness of offspring.

7. Update population and copy the offspring by a probability.

8. Repeat step 3 to step 7, until finding acceptable fitness.

4 Nelder—Mead simplex search method for solving NIPP

This simplex search method, first proposed by Spendley, Hext, and Himsworth
(4] and later refined by Nelder and Mead [d]. Their methods is one of the
most efficient pattern search method currently available. This method is a
derivative-free line search method that was particularly designed for tradi-
tional unconstrained minimization scenarios, such as the problems of non-
linear least squares, nonlinear simultaneous equations, and other types of
function minimization [I0]. In this method for N vertices of an initial sim-
plex, evaluate cost function for each vertex at the first. Then the worth vertex
replace by newly reflected and better point, which can be approximately lo-
cated in the negative gradient direction. In the minimization problem with
three initial simplex vertices, the method can be mention as follows [8,1I7]:
xp: Vertex with highest cost function value.

xs: Vertex with the second highest cost function value.

x;: Vertex with lowest cost function value.

z.: The centroid of vertices except xp,.
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1. Reflection. Reflect xj (Figurell) and find x¢ such that

Ty = 2T, — Th.

Xs

Xh
X

Figure 1: Reflection zj, toward zg

2. If f(xz1) < f(zo) < f(xs), replace xp, by xo and return to step 1.
3. Expansion. If f(zg) < f(z;), then expansion operation makes xoo (Fig-
urell). We replace zj, by x¢ or zgp depending on which function value

is lower and return to step 1.

oo = 2$0 — Ze-

Figure 2: Expansion

4. Contraction. If f(xzg) > f(xs), then contraction operation makes zgg
by consider two cases:
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(a) If f(xo) < f(zp), find zgg such that (Figure B)

1 1
Too — =X — ZLe-

2 2

Figure 3: Contraction operator when f(xo) < f(z#)

(b) If f(xo) > f(xp), find zgp such that (Figure @)

1 1
oo = §£L’h — ixc.
Xo
’-"‘.
)
Xs

Figure 4: Contraction operator when f(xo) > f(x3)

(¢) If f(zoo) < f(xn) and f(zeo) < f(xo), then replace xp, by g and
return to step 1.

(d) If f(xoo) > f(zn) or f(xoo) > f(x0), then reduce size of simplex
by halving distances from x; and return to step 1.

The process terminates when either the number of iterations has exceeded a
preset amount or the simplex size is smaller than a given value.

In this work, we consider the vectors, which are estimated ¢(t), as the
vertices of the simplex and equation ([I) as the cost function. Initial vertices
generate randomly. To find unknown ¢(t), we interpolate the final vertex at
the end of NM simplex search method.



An efficient hybrid algorithm based on genetic algorithm ... 129

5 hybrid algorithm for solving NIPP

GA and NM discussed separately; we now present a hybrid algorithm based
on GA and NM. In this algorithm the population size is considered 10. In
each iteration we sort the population by fitness of particles. Then top three
particles are considered as vertices of NM and lead to NM subroutine, and
other seven particles lead to GA subroutine. After applying these subrou-
tines, all of particles are considered as entire of next iteration. The process
terminates when pre certain number of iteration done [B]. In this algorithm
each particle estimates unknown ¢(t); also the initial population is generated
randomly, and the cost function is considered equation (). Finally for de-
termining ¢(¢) we find interpolation of m-points of the best particle at the
end of algorithm. The steps of hybrid algorithm for determining unknown
q(t) can be divided into the following steps:

1. Generate randomly a 10 dimension initial population of particles.
2. Sort population by fitness of particles.

3. Top three particles are lead to NM subroutine.

4. Next seven particles is lead to GA subroutine.

5. Repeat step 2 to step 4, until terminate criteria is not satisfied.

6 Convergence study

The convergence of the Genetic Algorithm and the Nelder-Mead simplex
search method have been studied in [I[3,05]. Since our presented hybrid
method in Section B uses the Nelder-Mead simplex search method as a inner
subroutine in the Genetic Algorithm, the general convergence is depend on
the convergence of the genetic algorithm. Therefore, The hybrid method used
in this work converges to optimal solution.

7 Numerical results

In this section we are going to demonstrate numerically, some results for the
unknown function ¢(t) in the NIPPs of Section B. The aim of this section is to
show the applicability of the presented hybrid algorithm for solving NIPPs.
To show utility of this algorithm, we solved three examples using GA, NM,
and hybrid algorithm separately and compared them with each other. Now,
we give the following examples in 0 <z < 1,0 <t < 1.
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Example 1.
Ui(z,t) + Uz, ) Up(m,t) = Upp(z,t), 0<z <1, 0<t<tpy, (12a)
U(z,0) = = — tanh(%), 0<z<l, (12b)
tanh(—é), 0<t<tpy,
UL t) =q(t), 0<t<ty,

and the overspecified condition

S(tj) = U(0.5,tj), t]’ =0.05 x 3, j= 0,1,2,...,20.

Here the exact U(z,t) and q(t) are (

: ) t : itanh(i(z — 1)) and (5 —
5 tanh(3(1 — 3))), respectively.

1
2

Example 2.

Uz, t) = U(z,t)(1 = U(z,t)) = Upe(2,t), O0<z<l, 0<t<tpy,
(13a)

and the overspecified condition
S(tj) :U(0.5,t]’), tj :0.05><j, j20,1,2,...,20.

Here the exact U(z,t) and q(t) are ($(1 — tanh(%\/é(x - ;—t\/é)))z) and
(3(1 — tanh(2( 5_)))2), respectively.

26\ 2v6
Example 3.
Ui(z,t) = iUm(x,t), O<z<l, 0<t<tpy, (14a)
241
U(x,0) = éefm, 0<z<1, (14b)
U(O7t):t2;17 0<t<ty, (14c)

U(1,t) =q(t), 0<t<t, (14d)
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and the overspecified condition
s(t;) =U(0.9,t;)+0oR, j=1,23,---,9, (14e)
where ¢;’s are the sinc times nodes.
(14f)

2 +1 t2+1

Here the exact U(z,t) and q(t) are e~*( ) and e~ (

), respectively.

Remark 2. In a NIPP there are two sources of error in the estimation.
The first source is the unavoidable bias deviation (or deterministic error).
The second source of error is the variance due to the amplification of mea-
surement errors (stochastic error). The global effect of deterministic and
stochastic errors are considered in terms of the mean squared error or total
error, [2].

;X
N -1

Jj=1

M

s=] ORI (15)
where N is the total number of estimated values, ¢; are calculated values from

interpolated equation, and ¢; are exact values of ¢(t). We use from value of
total error to compare methods.

7.1 Solving examples by genetic algorithm

In this subsection, at first, we use genetic algorithm for solving examples.
Table M presents parameters of the proposed genetic algorithm.

In this algorithm, a population of 10 chromosomes of 20 genes is used
as the initial guess for numerical results. The gens estimate 20 values of
q(t;) at t; = j x0.05, 5 =1,2,3,...,20. To determine unknown ¢(t), the
best chromosome is interpolated at the end of algorithm. Tables B present
results of implementation of the proposed genetic algorithm to determine
unknown ¢(t) at Examples 1-3, respectively.
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Table 1: Parameters of the proposed genetic algorithm

Representation Real valued vectors
Length of chromosomes 20
Recombination N point crossover
Recombination probability 100%
Mutation Swap
Mutation probability 1/n

Best of 2 out of random 4
Replace random

Parent selection
Survivor selection

Population size 10
Number of offspring 1
Initialization Random.

Termination condition

Number of generation

Table 2: The results of 100 to 1000000 generations for determining ¢(t) at Example 1 by
implementing proposed genetic algorithm for a population of 10 chromosomes of 20 genes.

Generation | Best fitness | Time (s) S
100 0.027745 0.16 0.03165
1000 0.003935 1.01 0.00946
10000 0.000901 5.76 0.00685
100000 0.000097 58.42 0.00279
1000000 0.000051 563.14 0.00047

Table 3: The results of 100 to 1000000 generations for determining ¢(t) at Example 2 by

implementing proposed genetic algorithm for a population of 10 chromosomes of 20 genes.

Generation | Best fitness | Time (s) S
100 0.014947 0.51 0.29677
1000 0.009230 1.75 0.05083
10000 0.003019 7.19 0.00917
100000 0.000223 63.41 0.00231
1000000 0.000076 688.60 0.00048
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Table 4: The results of 100 to 1000000 generations for determining ¢(t) at Example 3 by
implementing proposed genetic algorithm for a population of 10 chromosomes of 20 genes

Generation | Best fitness | Time (s) S
100 0.010579 0.62 0.01337
1000 0.002323 1.36 0.00915
10000 0.000530 8.78 0.00411
100000 0.000021 59.46 0.00175
1000000 0.000018 480.67 | 0.00014

7.2 Solving examples by Nelder-Mead simplex search
method

To solve presented examples by NM simplex search method, three initial
vertices were generated randomly. Each vertex is considered a real valued
vector by 20 entries. So each vertex estimates unknown ¢(t), and each entry
of vertices estimates ¢(¢;) at ¢t; = j x 0.05,57 = 1,2,3,...,20. To determine
unknown ¢(t), the best vertex is interpolated at the end of algorithm. Tables
B present results of implementation of NM for determine unknown ¢(t) at
Examples 1-3, respectively.

Table 5: The results of 100 to 1000000 iteration for determining q(t) at Example 1 by

implementing NM for three vertices

Iteration | Best fitness | Time (s) S
100 0.545731 1.07 0.25919
1000 0.526974 7.32 0.24156

10000 0.073689 23.87 0.08513
100000 0.041615 184.09 | 0.06720
1000000 0.036581 1942.50 | 0.06669
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Table 6: The results of 100 to 1000000 iteration for determining q(t) at Example 2 by
implementing NM for three vertices

Tteration | Best fitness | Time (s) S
100 0.156634 0.89 0.20997
1000 0.147336 2.87 0.13720

10000 0.099725 17.90 0.08711
100000 0.054095 1563.17 | 0.08124
1000000 0.017139 1626.01 | 0.02814

Table 7: The results of 100 to 1000000 iteration for determining q(t) at Example 3 by

implementing NM for three vertices

Iteration | Best fitness | Time (s) S
100 0.115466 0.73 0.19575
1000 0.109927 1.98 0.12761
10000 0.080606 19.36 0.07540
100000 0.044853 113.71 | 0.07341
1000000 0.012802 1094.75 | 0.01937

7.3 Solving examples by hybrid algorithm

In this subsection, Examples 1-3 are solved by proposed hybrid algorithm
in Section 5. In this algorithm, a population of 10 vectors of 20 entries
is used as the initial guess for numerical results. Therefore, each vec-
tor estimates unknown ¢(t) and each entry of vectors estimates ¢(t;) at
t; =7 x0.05j5=1,23,...,20. At the each iteration of hybrid algorithm,
population is sorted by fitness. Then NM-subroutine is run for 10 iteration
on top of three individuals of population and GA-subroutine applies genetic
operations (recombination and mutation) on next seven individuals. To de-
termine unknown ¢(t), the best vertex is interpolated at the end of algorithm.
Tables B present results of implementation of hybrid algorithm for deter-
mine unknown ¢(t) at Examples 1-3, respectively. Figures B present exact
and numeric ¢(t) for 1000 iterations at Examples 1-3, respectively.
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Table 8: The results of 100 to 1000 iteration for determining q(t) at Example 1 by
implementing hybrid algorithm for ten vertices

hybrid iterations | Best fitness | Time (s) S
100 0.000077 49.51 0.00126
1000 0.000039 461.29 0.00041

-+ -Numeric q(t)|
0.7 —Exact q(t)

q()

01 02 03 04 05 06 07 08 09 1
t (second)

Figure 5: Exact and numeric q(¢) for 1000 iterations by implementing hybrid algorithm
at Example 1

Table 9: The results of 100 to 1000 iteration for determining g(t) at Example 2 by

implementing hybrid algorithm for ten vertices

Hybrid iterations | Best fitness | Time (s) S
100 0.000105 41.78 0.00212
1000 0.000028 436.22 | 0.00038

Table 10: The results of 100 to 1000 iteration for determining g(t) at Example 3 by

implementing hybrid algorithm for ten vertices

Hybrid iterations | Best fitness | Time (s) S
100 0.000063 37.19 0.00092
1000 0.000016 389.83 | 0.00038
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' ' ' ' ' -#*-Numeric q(t)
0.7 —Exact q(t)

0.6/

0.5

q(t)

0.10

0.1 02 03 04 05 06 07 08 09 1
t (second)

Figure 6: Exact and numeric g(¢) for 1000 iterations by implementing hybrid algorithm
at Example 2

0.26 T T
~e-Numeric q(t)|
0.24 - —Exact q(t)

0.22

021

q(t)

0.18

0.16

0.14

0.12 . ! . . ! . ! .
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

t (second)

Figure 7: Exact and numeric q(¢) for 1000 iterations by implementing hybrid algorithm
at Example 3

7.4 Comparison

In this paper, the genetic algorithms, Nelder-Mead simplex search method
and hybrid algorithm have explained for solving the nonlinear inverse parabolic
problem by some numerical examples. To examine the utility of solutions, we
compare the values of total error(s) and their execute times in the estimated
solutions. The unknown ¢(¢) has estimated by the some different numbers of
iterations for each method. Results show that the accuracy of GA is better
than NM for 100 to 1000000 iterations. Figures B-IM show the convergency
study for different iterations for GA and NM at first and second example,
respectively. Also execute time of GA is less than NM at both examples in
all iterations. But when GA and NM have combined and hybrid algorithm
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has created, exploitation of NM and exploration of GA caused that accuracy
improve. As total error of hybrid algorithm for 100 and 1000 iterations be-

came better in comparison with the NM and GA performance with almost
the same execute time.

03
<NM
025 “en
@ 02
=
2
5015
=
L o1
0.05
v,
: SO — e O = P - )

102 10° 10* 10° 10°
Iterations

Figure 8: Values of total error(S) for different numbers of iterations by implementing
NM and GA at Example 1

\ ->-NM
© GA
\ .

Total error(S)

Iterations

Figure 9: Values of total error(s) for different numbers of iterations by implementing NM
and GA at Example 2
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<NM
©GA
0.15
0.05 \

Total error(S)
=3

Iterations

Figure 10: Values of total error(s) for different numbers of iterations by implementing
NM and GA at Example3

8 Conclusion

A numerical method to estimate unknown boundary condition is proposed
for these kinds of NIPPs, and the following results are obtained:

1. The present study successfully applies the numerical method to NIPPs.

2. To solve the NIPPs by GA, NM, and hybrid algorithm, the unknown
function will be guessed and we do not need the regularization. This
will improve the execution time.

3. This hybrid algorithm is able to combine whit every direct solution
methods.

4. This method does not need to powerful mathematic base.

5. Acceptable accuracy and execute time at the hybrid algorithm.

References

1. Babolian, E. and Saeidian, J. Analytic approximate solutions to Burg-
ers, Fisher, Huzxley equations and two combined forms of these equations,
Commun. Nonlinear Sci. Numer. Simulat., 14 (2009), 1984-1992.

2. Cabeza, J.M.G., Garcia, J.A.M., and Rodriguez, A.C. A Sequential Algo-
rithm of Inverse Heat Conduction Problems Using Singular Value Decom-
position, Int. J. Thermal Sci., 44 (2005), 235-244.



An efficient hybrid algorithm based on genetic algorithm ... 139

3. Canti-Paz, E. A Summary of Research on Parallel Genetic Algorithms,
IIIGAL Report No 95007, University of Illinois, 1995.

4. Chiwiacowsky, L.D., de Campos Velho, H.F., Preto, A.J., and Stephany,
S. Identifying initial condition in heat conduction transfer by a genetic
algorithm: a parallel approach, in: 24th Iberian Latin American Congress
on Computational Methods in Engineering, Ouro Preto, Brazil, 2003.

5. Holland, J.H. Adaptation in Natural and Artificial System, University of
Michigan Press, Ann Arbor, 1975.

6. Katari, V., Malireddi, S., and Srujan Kollisetty, V.N.K., An efficient hy-
brid algorithm for data clustering using improved genetic algorithm and
Nelder Mead simplex search, International Conference on Computational
Intelligence and Multimedia Applications, 2007.

7. Levine, D. A parallel genetic algorithm for the set partitioning problems,
Mathematics and Computer Science Division, Argone National Labora-
tory Rept., University of Illinois, 1994.

8. Liu, F.-B. A modified genetic algorithm for solving the inverse heat transfer
problem of estimating plan heat source, Int. J. Heat and Mass Transfer, 51
(2008), 3745-3752.

9. Nelder, J. A. and Mead, R. A simplex method for function minimization,
Comput. J. 7 (1965), no. 4, 308-313.

10. Olsson, D. M. and Nelson, L. S. The Nelder—-Mead simplex procedure for
function minimization, Technometrics, 7 (1965) 308-313.

11. Pourgholi, R., Tavallaei, N., and Foadian, S. application of Haar basis
method for solving some ill-posed inverse problems, J. Math. Chem., 8(50)
(2012), 2317-2337.

12. Shahrezaee, A. M. and Hoseini nia, M. Solution of Some Parabolic Inverse
Problems by Adomian Decomposition Method, Appl. Math. Sci., 5(50)
(2011), 3949-3958.

13. Sharapov R. R. and Lapshin A. V. Convergence of Genetic Algorithms,
Pattern Recognition and Image Analysis, 16(3) (2006), 392-397.

14. Spendley, W., Hext, G. R., and Himsworth, F. R. Sequential application
of simplex designs in optimization and evolutionary operation. Technomet-
rics, 4(4) (1962), 441-461.

15. Mckinnon K. I. M. Convergence of the Nelder—Mead simplex method to
a nonstationary point, STAM J. Optim., 9(1) (1998), 148-158.

16. Powell, M.J.D. On Search Directions for Minimization Algorithms, Math-
ematical Programming, 4(2) (1973), 193-201.



140 H. Dana Mazraeh and R. Pourgholi

17. Walsh, G. R. An Introduction to Linear Programming, ISBN 0-471-90719-
7 (Wiley), 2nd edition, 1985.



of Translation Persian

Abstracts






e 3ll ol 5 51 ealiisl b (g S lSe-ple) (b e (0,85 >

b g (JI:AL{O‘L‘IJ?}ULC bj (g2 Glow
GJXJngéLD njjfas.ét_a_) rjlr- saSCES)s agin LS""J"J; sl

VYA ot WY lie gy AYA0 3T V¥ ot Mol dlin iy FA0 s Y) bl s

sls el s S 3 dISS1 mls 6l b diasd-oless gmS Gnde dlis ol 05 1 0a S
JKe 6%‘50&“_Ot‘°} Sliie b J;....S\,&.J: SYslan 3 ua\’; &y J} $lp Ly coLds C)i\ e
bl aal walys s 4 ol dlaw Olgr 51 mlin o (55lutings dlas ool Clgm 254

S0 Jn:.b‘}? oA 45\)\ dudb)b ‘) (Jij)

S Oliie b sl i dslas S il dslra ¢ oy sd—olesy 5 :GJ:JSQLJS
WS sl 5 i Sl pls gg S



B e sl b gm S sl dbslae Jo gl £8L oS 7 5e L3 )

0/ ipdgo Cppnr

Olyes 03,8 (o o &S5

VY47 aiel & i gy VYA age V) st Yo i SLs (VTR0 o YT e il

<l 6.&&:;5\:)]3‘ ‘:"UbL’“J”G‘J’ dyjéjfty b‘gwrfo‘_‘ﬂ}‘: u‘b})&"duﬁ w‘Jg :».L.Sg
4 goma 3o b o ) o 0 3B 5035 0318 sn Lol s sad ime (g3ue by Zenl o S
J.é\.éjd';\:ﬁ):.”.b,sf@;ndtgﬁj . s g J%ngch“ﬁj\b&)ﬁbj\d\
85U Cod gaae suiS o Sblg el -.4\33;(5&)\:5) ajmr.?ouij) sl Jslos 95 sl ls
93,5 (g duolio Vb 45,0 285 b 53y oy s o sl U b ol 5 s S g B pin slgo 5
Loles 5 omn S gliel JBLe <l b il > (sl L 5550 o) 0350 0315 s> (Ss e
Goae ol asd e £35S Sy 5 S8 wals b olalintl g5le Jue sl ooledey s
aled oo ST anosls Jlus (gl BB gla oo Ghas sid (Bime 03185 ig gy S aes e oliS

Aol SVsles el g 0layy sisS St 90 SLS s trse iy By ¢ glS OLS



“L"’GL"’JI;d}J&}“.’“d}?‘T"{“Jr‘f&“d:“Md‘Xxx“g;ideL;’ﬁJ

lenid jier g Clyal ooy dolo dlijus e LI
&8 by 055 g mls axas oKl

VYAF il & dlin By VYA sl s YV st oMol dlis Sdlys FR0 3 V) dlie 23y

Sl 3l ol 3l Sy 8L 51 Sedile (MSCP) €S 6 gozma (s500) S5 i £ 0082
Sy sy 0 K5y (ol girs S (g3l § soze S ok (3Y5)) redb slael sl sl LG GIS
sy uJ).oJ:x:.eg{jw (575w uij)g_{icgb\ dlis CJ‘i‘J; ul.o\ Oud 395 £eS ) a0l
S (Solaer gz G Gl Gl sl i (Sles (o Sl i s )
G Jsd JoB s Shee Colg s bl sslinl Glasgama 5 (ouly (SIS (L'd. S sade
A;m‘&;J‘J.; 4......:|L5.A :J)Ax}‘ubjb ‘5)&4‘ &)).\;’:} lg ‘dﬁ\“\:"‘ PV 43}43 Yr(_gj) BAS 4.3\)‘

5,0 ey (55 § azme € oin Solaen (g gt 48 (G300l K, § 3oz P gads olls
a..\...bts‘u-jw ‘:oJJ)\J.,gﬁt 48 gouo



o5 5 el 1G5 ) 2SS ulde 4 035k

(5:J:’JKL$";L,’.) ojjfc@éb r)l.: saslisls ‘C)‘J;" Cxo VL; J&isls

VWAV ol O dlin (2ly \WAF gy 1Y s 3ol s il A YA 3T YV s 3L

sl LS sl 2y 13 slodin 6 S 6 sl ble o ige S 0 ok
some TRTS Sl 6l s9osls 5 oo aassly (2o, i) .l (TRTS) 55065l
LS o o3l juate 5 <oll TRTS e B 6, 8050060 6l bawsly 51 s gy opl -Col sa
Y R WP 1 N | (G I ER K NP U PN SO 7Y P A [t | I S TR (@
Gl sy b cdlin ol 53 asl oo 5 SCny L2 L/y cauls8l JSs 4 TRTS sl i 5,
‘)}.E.Lo O:" 6‘2’.’ L) Q\)\ osls 48 gouo TRTS ;| S S5 45‘..:.&:5@ 5\.@...:.“.5 TRTS r:.w): 6‘):’
sal58) gl i 53 S TRTS (5,8 51 (Sae Bl il iSlas auslons gl 5 sl o iios )
[ ol 45 30 TRTS 01500 clogsls cpsis 5 rals 5 sl b hsges s son 201
FaA S5 S 8568 751 eoleing G @b Gl 050 s s 90 5LAE G s
Oll oS SSL (slansls (555 0 1y assls e oy 5 Lol s criran <o el o liceal

-rjaﬁrm) x93 sLad K s 1) SO esls ae gozea TRTS 5 osls 1,8 osliil 5550

&b ‘633.‘@ Swl.:i.n @ a.sjlg ¢Laosls L;.:..&ﬁ J:'[’J : LS.A‘.ASQLJS



S 45 o S & g s Joe 5l (el 5 oo s b

ol als 5 K] oS 3 5)50

L?ALD ”j;‘dﬂ-’ uLQ:.La J&asls ctjl?.-a‘ c4:§jy )
‘5:4...:)\53@.:,19 rjl.: saslsls gJJ:»; QLQ:\L., S&asls ngJl?...;\ ‘4_._54:. Y

VYAV Cotrasl Y5 lia iy VFRY (o T8 st mboh i 3l \YAY 08 YV s L0

:b..\.S.‘;
b bl (B el and (Bime b e Comaz (512 68 45,0 51 Jan S cdlis (]
o&u)d:.\&d}d\j (NSFD) )ﬂ.\;t—a‘x&@m CAL&L:S} \.';36\.% ufi:j) .\JJLAW}CJ.&
M“_,AJ‘L;LQMCJ[;)A ‘Js_)‘y u)y&.‘:wuo\y J})w\ﬂks&«»‘amd,&u}w& w\.&»
JR9) (83 Gb NGRS C’J‘f"“i"}“:"";?)'\ oslil b goue sl 15 .x...SsaJa» ‘)C:;“p
4;‘5}‘...54.3}0)\ <l T ‘J‘M(j‘f‘ S@LA) Lasu,“a}) w\«SMJGAQLZaW}CJ.odu

NULINE JrPe G 1 6\J\>3QL~TA§)&@L>J,-)\§

a&.«béb‘&b‘ﬁ&b&»@b\.ﬁ&jj Euuﬁ}_)fs.w 'jcdédu&j_) dJ:JSCJLJS
Lo g Cuser Jae §g S 480 5l s e Jasl i SYslas



o) (1o s b (S5 s sy 55 1SS SYlae (510 S o b 13

2Ly 558wl pole saSCails ,S g i s5S1

VYAV sl s V¥ dlin 2y VFRY o) Y7 st Mol dlin 5L VY0 5T 10 s 3Ly

oSS Cind sk Ay (JISGl SWsles o shie 4 ceslin S (e o0 gy S 1 edSE
Sl ol SYslas ) sla sziﬁ 5SS el ER R S 6":’»)@ sl cwa b
55 el s a3 8 8 ol a8 6 S e Dl sl 4 ke S
S bz e 005,500, G (23l Sloz bl o8 Olir S 23l gl s )
Oz oMy 355 00, S sl b s ol & oy -3 sl dho iz o 5o S (S e
G4 el Jo el 553 a a8 sla 2S5 b ol 1S 0 ot 5805 2l 3l w3l
0bs S 50 8 L (0, 80 035 ol b sl (g3 (68 IS gy S el S (5300
Sletins sk 355 (g0 el 535 sk () W 03y s b o ol ez i e JISSS
o 0055 55 80 035 135 b SIS s 13T s 3 03305 (53101 Ly 25505318 (51,5250
el 5 S35 ol sl 4 gaae S By 358 (oo dl ooleing By (2 S BT s

2sd oo Sl eoleig gy 0o

Eda.u-dxinji:}\ui}) Ss‘:ﬂ@_ﬁfdud\d"?"‘;? EMGL’“V“J‘JJ :‘5..\:.15¢:L9J5



Jils J (52 e =5l (g g2 ) 5 S35 0y 1 bl 2 LS (S5 ) SIS
b b (S st (e sSre

‘-;L;Jj‘;/ Lé‘)j ey o [J/JW

J:,,,Alfr}l; 9 L?’l:'-) 2aSCisls (oylanls o 8sls

ATAY sl YF i 2y VY8 3T F ot oMol i C3lys AFAP syl 10 dlie 3L

b Sans g a5 5 S o S el (oS5 ) SIS s ol s 2 0a S
g oS s b usSan §gote ils 5> Dol a2 S (5l Dl S s b e
B 28 o 0l3 aolasse Gyep bt osSrn Bl 5 b s b (S5 2 S LK
osb e 5l Sl (g2 sy 5 S5 s S g S5 s ool S s oLt
[Svyow \gd\mu_iia.,\.?j‘ofvvg_i.“apa.x..icjhnéhrli)ﬂ\djhulgl,’d;.x.p@l:_} el 6810

sl 5] Cewss GHzZ Y, Yo

O taea =l 625 ) SN (g sagm (has e esSan Jilas ¢ NIPP ¢S5 2 qudS OLS
Dlagye oy






Aims and scope

Iranian Journal of Numerical Analysis and Optimization (IJNAO) is pub-
lished twice a year by the Department of Applied Mathematics, Faculty of
Mathematical Sciences, Ferdowsi University of Mashhad. Papers dealing with
different aspects of numerical analysis and optimization, theories and their
applications in engineering and industry are considered for publication.

Journal Policy

After receiving an article, the editorial committee will assign referees. Refer-
eeing process can be followed via the web site of the Journal.

The manuscripts are accepted for review with the understanding that the
work has not been published and also it is not under consideration for pub-
lication by any other journal. All submissions should be accompanied by
a written declaration signed by the author(s) that the paper has not been
published before and has not been submitted for consideration elsewhere.

Instruction for Authors

The Journal publishes all papers in the fields of numerical analysis and opti-
mization. Articles must be written in English.

All submitted papers will be refereed and the authors may be asked to revise
their manuscripts according to the referee’s reports. The Editorial Board of
the Journal keeps the right to accept or reject the papers for publication.
The papers with more than one authors, should determine the corresponding
author. The e-mail address of the corresponding author must appear at the
end of the manuscript or as a footnote of the first page.

It is strongly recommended to set up the manuscript by Latex or Tex, using
the template provided in the web site of the Journal. Manuscripts should be
typed double-spaced with wide margins to provide enough room for editorial
remarks.

References should be arranged in alphabetical order by the surname of the
first author as examples below:

[1] Stoer, J. and Bulirsch, R. Introduction to Numerical Analysis, Springer-
verlag, New York, 2002.

[2] Brunner, H. A survey of recent advances in the numerical treatment of
Volterra integral and integro-differential equations, J. Comput. Appl. Math.
8 (1982), 213-229.



Submission of Manuscripts

Authors may submit their manuscripts by either of the following ways:

a) Online submission (pdf or dvi files) via the website of the Journal at:
http://ijnao.um.ac.ir

b) Via journal’s email mjms@Qum.ac.ir

Copyright Agreement

Upon the acceptance of an article by the Journal, the corresponding au-
thor will be asked to sign a "Copyright Transfer Agreement” (see the web
site) and send it to the Journal address. This will permit the publisher to
publish and distribute the work.






Iranian Journal of Numerical Analysis and Optimization

Former : MRIMS

CONTENTS Vol. 8, No.2, pp 1-140, 2018

Measurable functions approach for approximate solutions of Linear space-
time-fractional diffusion problems ... s vuswiss s essvsas s soseins s wawasss o siwes |
S. Soradi Zeid, A. V. Kamyad and S. Effati

A Modified Flux-Wave Formula for the Solution of One-Dimensional
Euler Equations with Gravitational Source Term .............coivvvunnn. 25
H. Mahdizadeh

New variable neighborhood search method for minimum sum coloring

39
problem on simple graphs ........coiiiiiiiiiiiiiii i i i i i
Kh. Erfani, S. Rahimi and J. Fathali
Technological returns to scale: Identification and visualization .............. 55
E. Hajinezhad and M.R. Alirezace
Explicit and implicit schemes for fractional--order Hantavirus model........ 75
Mevliide Yakit Ongun and Damla Arslan
Discrete collocation method for Volterra type weakly singular integral
equations with logarithmickernels ......cio0eveeiiveniercccctesesennens 95

P. Mokhtary

An efficient hybrid algorithm based on genetic algorithm (GA) and Nelder--
Mead (NM) for solving nonlinear inverse parabolic problems ............... 119
H. Dana Mazraeh and R. Pourgholi

web site : http://ijnao.um.ac.ir

Email : ijnao@um.ac.ir
ISSN-Print: : 2423-6977
ISSN-Online: : 2423-6969




	1
	Majaleh_final(3)
	inside_2018_2_1
	Complete_final
	1_Final_Vahidian
	Measurable functions approach for approximate solutions of Linear space-time-fractional diffusion problems
	S. Soradi Zeid, A. V. Kamyad and S. Effati

	2_Final_Mahdizadeh
	A Modified Flux-Wave Formula for the Solution of One-Dimensional Euler Equations with Gravitational Source Term
	H. Mahdizadeh

	3_Final_Erfani
	New variable neighborhood search method for minimum sum coloring problem on simple graphs
	Kh. Erfani, S. Rahimi and J. Fathali

	4_Final_Alirezaee
	Technological returns to scale: Identification and visualization
	E. Hajinezhad and M.R. Alirezaee

	5_Final_Ongun
	Explicit and implicit schemes for fractional–order Hantavirus model
	Mevlüde Yakıt Ongun and Damla Arslan

	6_Final_Mokhtary
	Discrete collocation method for Volterra type weakly singular integral equations with logarithmic kernels
	P. Mokhtary

	7_Final_Dana
	An efficient hybrid algorithm based on genetic algorithm (GA) and Nelder–Mead (NM) for solving nonlinear inverse parabolic problems
	H. Dana Mazraeh and R. Pourgholi

	blank.pdf
	A computational method for solving weakly singular Fredholm integral equation in reproducing kernel spaces
	D. Hamedzadeh and E. Babolian
	A new dwindling nonmonotone filter method without gradient information for solving large-scale systems of equations
	F. Arzani and M.R. Peyghami
	WENO schemes for multidimensional nonlinear degenerate parabolic PDEs
	R. Abedian
	A New Hybrid Method Based on Pseudo Differential Operators and Haar Wavelet to Solve ODEs
	M.B. Ghaemi, M. Jamalpour Birgani and E. Nabizadeh Morsalfard
	Constrained Bimatrix Games with Fuzzy Goals and its Application in Nuclear Negotiations
	H. Bigdeli, H. Hassanpour, and J. Tayyebi
	Some efficient Nordsieck integration methods for IVPs
	N. Barghi Oskouie, A. Abdi and G. Hojjati
	A limited resource assignment problem with shortage in the fire department
	E.S. Alavi and R. Ghanbari

	blank.pdf
	A computational method for solving weakly singular Fredholm integral equation in reproducing kernel spaces
	D. Hamedzadeh and E. Babolian
	A new dwindling nonmonotone filter method without gradient information for solving large-scale systems of equations
	F. Arzani and M.R. Peyghami
	WENO schemes for multidimensional nonlinear degenerate parabolic PDEs
	R. Abedian
	A New Hybrid Method Based on Pseudo Differential Operators and Haar Wavelet to Solve ODEs
	M.B. Ghaemi, M. Jamalpour Birgani and E. Nabizadeh Morsalfard
	Constrained Bimatrix Games with Fuzzy Goals and its Application in Nuclear Negotiations
	H. Bigdeli, H. Hassanpour, and J. Tayyebi
	Some efficient Nordsieck integration methods for IVPs
	N. Barghi Oskouie, A. Abdi and G. Hojjati
	A limited resource assignment problem with shortage in the fire department
	E.S. Alavi and R. Ghanbari

	blank.pdf
	A computational method for solving weakly singular Fredholm integral equation in reproducing kernel spaces
	D. Hamedzadeh and E. Babolian
	A new dwindling nonmonotone filter method without gradient information for solving large-scale systems of equations
	F. Arzani and M.R. Peyghami
	WENO schemes for multidimensional nonlinear degenerate parabolic PDEs
	R. Abedian
	A New Hybrid Method Based on Pseudo Differential Operators and Haar Wavelet to Solve ODEs
	M.B. Ghaemi, M. Jamalpour Birgani and E. Nabizadeh Morsalfard
	Constrained Bimatrix Games with Fuzzy Goals and its Application in Nuclear Negotiations
	H. Bigdeli, H. Hassanpour, and J. Tayyebi
	Some efficient Nordsieck integration methods for IVPs
	N. Barghi Oskouie, A. Abdi and G. Hojjati
	A limited resource assignment problem with shortage in the fire department
	E.S. Alavi and R. Ghanbari

	blank.pdf
	A computational method for solving weakly singular Fredholm integral equation in reproducing kernel spaces
	D. Hamedzadeh and E. Babolian
	A new dwindling nonmonotone filter method without gradient information for solving large-scale systems of equations
	F. Arzani and M.R. Peyghami
	WENO schemes for multidimensional nonlinear degenerate parabolic PDEs
	R. Abedian
	A New Hybrid Method Based on Pseudo Differential Operators and Haar Wavelet to Solve ODEs
	M.B. Ghaemi, M. Jamalpour Birgani and E. Nabizadeh Morsalfard
	Constrained Bimatrix Games with Fuzzy Goals and its Application in Nuclear Negotiations
	H. Bigdeli, H. Hassanpour, and J. Tayyebi
	Some efficient Nordsieck integration methods for IVPs
	N. Barghi Oskouie, A. Abdi and G. Hojjati
	A limited resource assignment problem with shortage in the fire department
	E.S. Alavi and R. Ghanbari


	inside_2018_2_2
	Fehrest.pdf
	Measurable functions approach for approximate solutions of Linear space-time-fractional diffusion problems
	S. Soradi Zeid, A. V. Kamyad and S. Effati
	A Modified Flux-Wave Formula for the Solution of One-Dimensional Euler Equations with Gravitational Source Term
	H. Mahdizadeh
	New variable neighborhood search method for minimum sum coloring problem on simple graphs
	Kh. Erfani, S. Rahimi and J. Fathali
	Technological returns to scale: Identification and visualization
	E. Hajinezhad and M.R. Alirezaee
	Explicit and implicit schemes for fractional–order Hantavirus model
	Mevlüde Yakıt Ongun and Damla Arslan
	Discrete collocation method for Volterra type weakly singular integral equations with logarithmic kernels
	P. Mokhtary
	An efficient hybrid algorithm based on genetic algorithm (GA) and Nelder–Mead (NM) for solving nonlinear inverse parabolic problems
	H. Dana Mazraeh and R. Pourgholi

	blank.pdf
	A computational method for solving weakly singular Fredholm integral equation in reproducing kernel spaces
	D. Hamedzadeh and E. Babolian
	A new dwindling nonmonotone filter method without gradient information for solving large-scale systems of equations
	F. Arzani and M.R. Peyghami
	WENO schemes for multidimensional nonlinear degenerate parabolic PDEs
	R. Abedian
	A New Hybrid Method Based on Pseudo Differential Operators and Haar Wavelet to Solve ODEs
	M.B. Ghaemi, M. Jamalpour Birgani and E. Nabizadeh Morsalfard
	Constrained Bimatrix Games with Fuzzy Goals and its Application in Nuclear Negotiations
	H. Bigdeli, H. Hassanpour, and J. Tayyebi
	Some efficient Nordsieck integration methods for IVPs
	N. Barghi Oskouie, A. Abdi and G. Hojjati
	A limited resource assignment problem with shortage in the fire department
	E.S. Alavi and R. Ghanbari

	blank.pdf
	A computational method for solving weakly singular Fredholm integral equation in reproducing kernel spaces
	D. Hamedzadeh and E. Babolian
	A new dwindling nonmonotone filter method without gradient information for solving large-scale systems of equations
	F. Arzani and M.R. Peyghami
	WENO schemes for multidimensional nonlinear degenerate parabolic PDEs
	R. Abedian
	A New Hybrid Method Based on Pseudo Differential Operators and Haar Wavelet to Solve ODEs
	M.B. Ghaemi, M. Jamalpour Birgani and E. Nabizadeh Morsalfard
	Constrained Bimatrix Games with Fuzzy Goals and its Application in Nuclear Negotiations
	H. Bigdeli, H. Hassanpour, and J. Tayyebi
	Some efficient Nordsieck integration methods for IVPs
	N. Barghi Oskouie, A. Abdi and G. Hojjati
	A limited resource assignment problem with shortage in the fire department
	E.S. Alavi and R. Ghanbari

	z1.pdf
	A modified flux-wave formula for the solution of one-dimensional Euler equations with gravitational source term
	H. Mahdizadeh


	3



