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A computational method for solving
weakly singular Fredholm integral

equation in reproducing kernel spaces

D. Hamedzadeh and E. Babolian∗

Abstract

In the present paper, we propose a method to solve a class of weakly
singular Fredholm integral equations of the second kind in reproducing ker-
nel spaces. The Taylor series of the unknown function is used to remove

the singularity and bases of reproducing kernel spaces are used to solve this
equation. Efficiency of the proposed method is investigated through various
examples.

Keywords: Weakly singular kernel; Fredholm integral equations; Taylor se-
ries; Reproducing kernel space.

1 Introduction

The Fredholm integral equation with weakly singular kernel arises in differ-
ent problems of mathematical physics such as potential problem, variational
equilibrium, fracture mechanics, infrared radiation, and elastic contact prob-
lems [5,20,21]. Although in [11,16,17,22] authors obtained analytical solution
for integral equations with weakly singular kernel in special cases, but gen-
erally this is not an easy task. So the numerical analysis standpoint plays
major role for solving such equations.

In this paper, we consider Fredholm singular integral equation
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2 D. Hamedzadeh and E. Babolian

µ(x)u(x) + λ(x)

∫ 1

−1

k(x, y)u(y)

(y − x)α
dy = f(x), |x| < 1 and 0 < α ≤ 1, (1)

in which µ(x) ̸= 0 and λ(x) ̸= 0, for all x ∈ [−1, 1], and µ, λ, f, and k are
known smooth functions and u is the solution of equation (1) to be deter-
mined. We assume that problem has a unique smooth solution u. Several au-
thors considered the numerical solutions of Fredholm integral equations with
weakly singular kernel. In [12] Jiang and Cui considered integral equation of

first or third kind with weakly singular kernel of the form k(x, y) = G(x,y)
xαyβ ;

they solved the problem in reproducing kernel spaceW 1[0, 1]. Chen and Zhou
considered second kind Fredholm integral equation with Hilbert type singu-
larity [8]. They used transform to remove singularity and solved problem
in W [0, 2π] using reproducing kernel method. In [2] Babolian and Arzhang
Hajikandi solved (1) with k(x, y) = 1. Du, Zhao, G., and Zhao, C. consid-
ered integro-differential equation with logarithmic kernel and Kalman ker-
nel with boundary values [10]. They used smooth transform to remove
singularity, solving the converted equation with reproducing kernel method
in W 3[0, 1]. Chen and Cheng in [7] used piecewise homotopy perturbation
method (PHPM), for solving integro-differential equation with weakly sin-
gular kernel. In [3] authors solved (1), using Taylor series of the unknown
function u to remove singularity, and then Taylor expansion of k together
with Legendre polynomials as bases to implement Galerkin method. The
Sinc-collocation method is studied by Maleknejad, Mollapourasl, and Os-
tadi, to solve nonlinear Fredholm integral equations with weakly singular
kernel [15]. Beyrami, Lotfi, and Mahdiani solved Fredholm integral equa-
tion of the second kind with Cauchy kernel [6]; they removed singularity by
smooth transform and used reproducing kernel Hilbert space (RKHS) method
to solve problem inW 3

o [0, 1]. Nili and Dastjerdi in [18] solved weakly singular
Volterra–Hammerstein integral equation with operational Tau method. We
use Taylor series expansion of u(y), at point y = x, to remove singularity;
then by use of reproducing kernel space Wm[−1, 1] we convert this equation
to a system of linear equations. We demonstrate the method with conver-
gence rate O(hm); so when we increase m and move from one reproducing
kernel space to other, the rate of convergence will increase.

The rest of the paper is organized as follows. In section 2 we present
definitions and some useful properties of reproducing kernel spaces. In section
3 we remove singularity, by use of reproducing kernel space to implement our
method. Section 4 is devoted to error estimate and convergence analysis
of our method. Section 5 contains some numerical examples illustrating the
application of the proposed method. We end the paper with some conclusions.
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2 Preliminaries and notations

In this section we briefly review reproducing kernel properties of the Hilbert
spaceWm[a, b] and also fix notations used in this paper. The Hilbert function
space, Wm[a, b], is defined as the linear function space

Wm[a, b] = {f |f, f (′), . . . , f (m−1)are absolutely continuous, f (m) ∈ L2[a, b]},

which is equipped with the following inner product

⟨f, g⟩Wm =

m−1∑
i=0

f (i)(a)g(i)(a) +

∫ b

a

f (m)(x)g(m)(x)dx. (2)

The inner product (2) induces the following Hilbert norm

∥f∥Wm =
√

⟨f, f⟩Wm .

The following theorem presents an interesting property of the Hilbert space
Wm[a, b].

Theorem 1. [9]The Hilbert function space Wm[a, b] is a reproducing ker-
nel space with the conjugate symmetric reproducing kernel Rm(x, y), that is
given by

Rm(x, y) =


lRm(x, y) =

∑2m
i=1 ci(y)x

i−1, x < y,

rRm(x, y) =
∑2m

i=1 di(y)x
i−1, x ≥ y,

in which coefficients ci(y) and di(y) are the solutions of the following system
of differential equations

(−1)m∂2mR(x,y)
∂x2m = δ(x− y),

∂iR(a,y)
∂xi − (−1)m−i−1 ∂2m−i−1R(a,y)

∂x2m−i−1 = 0,
∂2m−i−1R(b,y)

∂x2m−i−1 = 0, i = 0, 1, . . . ,m− 1,

(3)

where δ(x− y) is the Dirac delta function.

Remark 1. [9] According to system (3), by use of the Dirac delta function
properties, the equation

(−1)m
∂2mR(x, y)

∂x2m
= δ(x− y)

is convert to
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4 D. Hamedzadeh and E. Babolian

∂i lRm(x,y)
∂xi

∣∣∣∣
x=y

= ∂i rRm(x,y)
∂xi

∣∣∣∣
x=y

, i = 0, 1, . . . , 2m− 2,

∂2m−1 lRm(x,y)
∂x2m−1

∣∣∣∣
x=y+

− ∂2m−1 rRm(x,y)
∂x2m−1

∣∣∣∣
x=y−

= (−1)m.

(4)

By solving the system (4) with boundary condition of (3) with Mathematica,
the coefficients ci(y) and di(y) are computed.

In particular, each function f ∈Wm[a, b] satisfies the following reproduc-
ing property

f(y) = ⟨f(.), Rm(., y)⟩Wm ∀y ∈ [a, b].

Theorem 2. [9]Let R(x, y) be a reproducing kernel of Wm[a, b]; then

∂i+jR(x, y)

∂xi∂yj
∈ L2[a, b], i+ j = 2m− 1

with respect to x and y and

∂i+jR(x, y)

∂xi∂yj
, 0 ≤ i+ j ≤ 2m− 2,

are absolutely continuous functions in [a, b], with respect to x and y; so we
have

∂i+jR(x, y)

∂xi∂yj
∈Wm[a, b], i+ j = m− 1.

Lemma 1. Let f be a smooth function of order m on [a, b]; then, for k =
1, 2, . . . ,m, we have f ∈W k[a, b].

Proof. Let f be a smooth function of order m on [a, b]; thus f (k), for k =
0, 1, . . . ,m, are continuous functions on [a, b]. Therefore f (k) ∈ L2[a, b], for
k = 1, 2, . . . ,m, beside the real constants Mk exist which we have

|f (k)(x)| ≤ Mk ∀x ∈ [a, b];

trivially f (k), for k = 0, 1, . . . ,m−1, are absolutely continuous functions, and
proof is complete.
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3 Removing the singularity and implementation of our
method

Throughout this section, we use the Taylor series to remove singularity of (1);
then by use of reproducing kernel space property, we construct our method.
With Taylor series of the unknown function u(y), at x ∈ [a, b], we have

u(y) = u(x) + (y − x)u
′
(x) +

(y − x)2

2!
u

′′
(x) + · · ·+ (y − x)k

k!
u(k)(x)

+
(y − x)k+1

(k + 1)!
u(k+1)(ξx,y), (5)

in which ξx,y is between x and y. Using (5), thus equation (1) converts to

µ(x)u(x) + λ(x)

( k∑
i=0

u(i)(x)

i!

∫ 1

−1

k(x, y)(y − x)i−αdy

+

∫ 1

−1

u(k+1)(ξx,y)

(k + 1)!
k(x, y)(y − x)k+1−αdy

)
= f(x),

and singularity is removed; now we are in position to define operator L :
Wm[−1, 1] →Wm[−1, 1],

L(u(.)) = µ(.)u(.) + λ(.)

( k∑
i=0

u(i)(.)

i!

∫ 1

−1

k(., y)(y − .)i−αdy

+

∫ 1

−1

u(k+1)(ξ.,y)

(k + 1)!
k(., y)(y − .)k+1−αdy

)
.

By use of operator L, the equation (1) is convert to Lu(x) = f(x). It is
easy to prove that, for 0 ≤ α < 1, operator L is a bounded linear operator on
[−1, 1] and that, for α = 1, L is a bounded linear operator on [−1 + ϵ, 1− ϵ]
for ϵ > 0. Let {xi}∞i=1 be a dense subset of interval [a, b], for i = 1, 2, . . .; take
y = xi, in Rm(x, y), and define φi(.) = Rm(., xi). Moreover, assume that
ψi = L∗φi, where L

∗ is the adjoint operator of L.

Theorem 3.Let {xi}∞i=1 be a dense set in [−1, 1]; then the functions ψi ∈
Wm[−1, 1], and {ψi}∞i=1 is complete in Wm[−1, 1].

Proof. By using the reproducing kernel properties of Wm[−1, 1], we have
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ψi = L∗φi = ⟨L∗φi(y), Rm(y, .)⟩Wm

= ⟨φi(y), LyRm(y, .)⟩Wm

= ⟨φi(y), LyRm(., y)⟩Wm

= ⟨LyRm(., y), φi(y)⟩Wm = LyRm(., y)

∣∣∣∣
y=xi

.

Therefore, we get

ψi = µ(xi)Rm(., xi) + λ(xi)

2m−1∑
i=0

1

i!

∂iRm(., s)

∂si

∣∣∣∣
s=xi

∫ 1

−1

k(xi, s)(xi − s)i−αds;

hence ψi ∈Wm[−1, 1]. Let u ∈Wm[−1, 1], and i ∈ N. Then we have

⟨u, ψi⟩Wm = ⟨u, L∗φi⟩Wm

= ⟨Lu, φi⟩Wm

= Lu(xi) = 0.

Since {xi}∞i=1 is dense in [−1, 1], we have Lu = 0. By the uniqueness of the
solution of (1), we get u = 0. Hence, {ψi}∞i=1 is complete in Wm[−1, 1].

As a consequence of Theorem 3, we can expand each function as the
following. Let {xi}∞i=1 be dense in [−1, 1], and let u be the solution of (1).
Since u ∈Wm[−1, 1], we get

u(x) =
∞∑
i=0

aiψi(x).

In what follows, we use un as approximate solution of equation (1) which is
defined by

um,n(x) =

n∑
i=0

aiψi(x), x ∈ [−1, 1],

and by use of operator L, we get

n∑
i=0

ai Lψi(x) ≃ f(x), (6)

and with inner product of equation (6), with φj , we have

n∑
i=0

ai ⟨Lψi, φj⟩Wm ≃ ⟨f, φj⟩Wm .
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Thus by replacing ≃ by =, the singular integral problem converts to the
linear system of equations Ba = F , in which the coefficient matrix B =
[bi,j ] = [Lψi(xj)], and the right hand side vector is F = [Fj ] = f(xj).

4 Error estimate and convergence analysis

In this section first the convergence of the method is investigated, and then
the error estimate of proposed method is studied.

Theorem 4.Let {xi}∞i=1 be dense in [−1, 1], and let {ψi}∞i=1 be the orthonor-
mal basis of Wm[−1, 1] produced by Gram–Schmidt process on {ψi}∞i=1. Then
um,n, the approximate solution of equation (1), and its derivatives are con-
vergent uniformly to u; that is, the exact solution of equation (1), and its
derivatives, respetively.

Proof. With the Gram process we have

ψi(x) =
i∑

k=1

βikψk(x),

and hence we get

u(x) =

∞∑
i=0

i∑
k=1

aiβikψk(x).

Therefore the approximate solution of equation (1) is

um,n(x) =
n∑

i=0

i∑
k=1

aiβikψk(x),

and clearly we have limn→∞ ∥u− um,n∥Wm[−1,1] = 0. On the other hand, we
have

u(x) = ⟨u(.), Rm(., x)⟩ =
m−1∑
i=0

u(i)(1)R(i)
m (1, x) +

∫ 1

−1

u(m)(z)R(m)
m (z, x)dz.

Differentiating j times with respect to x, we get

u(j)(x) =
m−1∑
i=0

u(i)(1)
∂jR

(i)
m (1, x)

∂xj
+

∫ 1

−1

u(m)(z)
∂jR

(m)
m (z, x)

∂xj
dz

= ⟨u(y), ∂
jRm(y, x)

∂xj
⟩Wm .

Thus we have
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| u(i)(x)− u(i)m,n(x) | = ⟨u(.)− um,n(.),
∂iRm(., x)

∂xi
⟩Wm

≤∥ u− um,n ∥Wm[−1,1]∥
∂iRm(., x)

∂xi
∥Wm[−1,1] .

Since ∂iRm(.,x)
∂xi ∈ Wm[−1, 1] and ∥ ∂iRm(.,x)

∂xi ∥Wm[−1,1], is continuous with
respect to x, on [−1, 1]. For some M > 0, we have

∥ ∂
iRm(., x)

∂xi
∥Wm[−1,1]≤M,

which completes the proof.

Let {xi}ni=1 be a subset of [−1, 1], and let −1 < x1 < x2 < · · · <
xn < 1. We define hj := xj+1 − xj , j = 1, 2, . . . , n − 1, and also put
h := max1≤j≤n−1 hj .

Theorem 5. [4]Let u ∈ Wm[−1, 1] be a smooth solution, and let um,n be
the approximate solution of the equation (1). Then

∥u− um,n∥∞ ≤ chm,

where c is a constant.

5 Numerical examples

We examine accuracy and convergence of the proposed method through four
examples, which indicate efficiency of the method. The errors were defined
as

Em,n = ∥u− um,n∥∞ ≃ max
1≤i≤n

| u(xi)− um,n(xi) | m = 1, 2, . . . .

Example 1. [3] Consider the following integral equation

u(x) +

∫ 1

−1

(1 + xy + 2y3)u(y)

(y − x)
3
5

dy = f(x),

where f is chosen such that

u(x) = x5, x ∈ [−1, 1],

is the exact solution. The numerical results are given in Table 1. In Table 1,
for fix n, by increasing m, the absolute errors converge to zero. In Figures 1,
for m = 6, 8, 10, when n = 8 the absolute errors of u and its derivatives are
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Table 1: Values of Em,n, for Example 1.

m n = 8 n = 16 n = 32

6 1.72675× 10−1 1.34164× 10−1 1.06141× 10−1

8 9.37476× 10−4 3.09832× 10−4 2.91592× 10−5

10 6.73973× 10−6 2.6006× 10−6 3.41363× 10−6

Table 2: Values of Em,n, for Example 2.

m n = 8 n = 16 n = 32

4 2.21811× 10−2 2.89879× 10−2 7.6194× 10−2

6 4.92002× 10−4 7.14302× 10−4 1.95649× 10−3

8 2.02376× 10−5 1.07565× 10−5 2.91592× 10−5

10 3.13506× 10−6 1.2141× 10−7 2.02656× 10−7

shown.

Example 2. Consider the following integral equation

u(x) + (x+ 2)

∫ 1

−1

ex+yu(y)

(y − x)
dy = f(x),

where f is chosen such that

u(x) = xex, x ∈ [−1, 1],

is the exact solution. The numerical results are given in Table 2. In Table 2,
for fixed n, by increasing m, the absolute errors converge to zero. In Figures
2, for m = 6, 8, 10, when n = 8 the approximate solutions and its derivatives
have high accuracies.

Example 3. [1, 3, 13, 14]Consider the following integral equation

u(x)−
∫ 1

0

u(y)

| x− y | 12
dy = f(x),

where f is chosen such that

u(x) = x, x ∈ [0, 1]

is the exact solution. For m = 4, 6, 8, when n = 8, the absolute errors of u
and its derivatives are shown in Figures 3. In Table 3, the numerical results
of proposed method are compared with [1, 3, 13]. where the Max Error is
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-0.5 0.0 0.5 1.0

1´10-7

5´10-71´10-6

5´10-61´10-5

5´10-51´10-4

5´10-4

(a) Absolute error for u8(.).

-0.5 0.0 0.5 1.0

5´10-61´10-5

5´10-51´10-4

5´10-40.001

0.005

(b) Absolute error for u
(1)
8 (.).

-0.5 0.0 0.5 1.0

5´10-51´10-4

5´10-4
0.001

0.005
0.010

0.050

(c) Absolute error for u
(2)
8 (.).

-0.5 0.0 0.5 1.0

5´10-4
0.001

0.005
0.010

0.050
0.100

0.500

(d) Absolute error for u
(3)
8 (.).

Figure 1: Example 1, m = 6(blue dotted), m = 8(red dash), m = 10(Gray line).
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-0.5 0.0 0.5 1.0

10-8

10-7

10-6

10-5

10-4

(a) Absolute error for u8(.).

-0.5 0.0 0.5 1.0

10-7

10-6

10-5

10-4

0.001

(b) Absolute error for u
(1)
8 (.).

-0.5 0.0 0.5 1.0

10-6

10-5

10-4

0.001

0.01

(c) Absolute error for u
(2)
8 (.).

-0.5 0.0 0.5 1.0

10-6

10-5

10-4

0.001

0.01

(d) Absolute error for u
(3)
8 (.).

Figure 2: Example 2, m = 6(blue dotted), m = 8(red dash), m = 10(Gray line).
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Table 3: The Max Error result of Example 3.

n n = 16 n = 32

Babolian’s method [3] 1.59× 10−16

proposed method for m = 10 5.29781× 10−11 4.75211× 10−11

Lakestani’s method [13] 1.27× 10−6 2.71× 10−8

Product integration method [1] 1.5× 10−5 9.39× 10−7

Lagrangian interpolant [1] 2.12× 10−5 1.94× 10−6

Table 4: The Max Error result of u(.), Example 4.

m n = 8 n = 16 n = 32

4 3.17985× 10−4 4.44036× 10−4 4.24008× 10−4

6 2.38288× 10−6 2.63628× 10−6 2.23585× 10−6

8 2.93877× 10−9 7.58042× 10−9 3.42293× 10−8

defined as Max Error = max0≤x≤1 | u(x)− um,n(x) | .

Example 4. [13, 19]Consider the following integral equation

u(x)− 1

10

∫ 1

0

u(y)

| x− y | 13
dy = f(x),

where f is chosen such that

u(x) = x2(1− x2), x ∈ [0, 1],

is the exact solution. Form = 4, 6, 8, when n = 8, the absolute errors of u and
its derivatives are shown in Figures 4. In Tables 4, 5, and 6 the numerical
results of proposed method are given. where the Max Error is defined as

Max Error = max0≤x≤1 | u(i)(x)− u
(i)
m,n(x) | .

Table 5: The Max Error result of u(1)(.), Example 4.

m n = 8 n = 16 n = 32

4 2.10369× 10−1 7.59437× 10−3 7.61556× 10−2

6 8.89262× 10−6 2.43063× 10−6 1.37019× 10−6

8 3.66355× 10−7 2.21809× 10−7 1.20238× 10−7
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0.2 0.4 0.6 0.8 1.0

10-13

10-12

10-11

10-10

(a) Absolute error for u8(.).

0.2 0.4 0.6 0.8 1.0

5´10-111´10-102´10-105´10-101´10-92´10-95´10-9

(b) Absolute error for u
(1)
8 (.).

0.2 0.4 0.6 0.8 1.0

10-11

10-10

10-9

10-8

(c) Absolute error for u
(2)
8 (.).

0.2 0.4 0.6 0.8 1.0

1´10-92´10-95´10-91´10-82´10-85´10-81´10-72´10-75´10-7

(d) Absolute error for u
(3)
8 (.).

Figure 3: Example 3, m = 4(green line), m = 6(blue dotted), m = 8(red dash).

Table 6: The Max Error result of u(2)(.), Example 4.

m n = 8 n = 16 n = 32

4 4.6866× 10−1 3.45622× 10−1 3.75916× 10−1

6 1.18157× 10−3 1.25931× 10−4 1.20977× 10−3

8 1.3664× 10−5 2.79569× 10−7 1.67734× 10−5
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0.2 0.4 0.6 0.8 1.0

5´10-101´10-9
5´10-91´10-8
5´10-81´10-7
5´10-7

(a) Absolute error for u8(.).

0.2 0.4 0.6 0.8 1.0

10-9

10-8

10-7

10-6

10-5

(b) Absolute error for u
(1)
8 (.).

0.2 0.4 0.6 0.8 1.0

5´10-71´10-6

5´10-61´10-5

5´10-51´10-4

5´10-4

(c) Absolute error for u
(2)
8 (.).

0.2 0.4 0.6 0.8 1.0

5´10-61´10-5

5´10-51´10-4

5´10-40.001

0.005

(d) Absolute error for u
(3)
8 (.).

Figure 4: Example 4, m = 4(green line), m = 6(blue dotted), m = 8(red dash).
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6 Conclusion

Different problems have been solved by researchers using reproducing kernel
Hilbert spaces (RKHS). They assume the unknown solution belongs to spe-
cial fix Wm

2 and use Gram–Schmidt process to implement RKHS method.
In this paper, we attempted to solve Fredholm integral equations of the sec-
ond kind with weakly singular kernel. We used the Taylor series to remove
the singularity. According to the problem, we investigated the problem in
reproducing kernel spaces Wm[−1, 1]. In the proposed method by use of re-
producing kernel space property, the problem was converted to a system of
linear equations. In the proposed method we do not use Gram process, we
use RKHS property and use Wm

2 for different m. Though we suppose the
unknown solution is smooth, but this is a very strong assumption, and it
is enough for the solution to be in Wm

2 for some m. In this method for fix
m, when the number of bases n increases the coefficient matrix of the linear
system will be ill-conditioned; so we increase m and move from one reproduc-
ing kernel to other instead, to find approximate solution with high accuracy.
Several test examples were used to show the efficiency and applicability of
the method.
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Boston, Inc., Boston, MA, 2000.

12. Jiang, W. and Cui, M. The exact solution and stability analysis for in-
tegral equation of third or first kind with singular kernel, Appl. Math.
Comput., 202 (2008), no. 2, 666–674.

13. Lakestani, M., Nemati Saray, B., and Dehghan, M. Numerical solution
for the weakly singular Fredholm integro-differential equations using Legen-
dre multiwavelets, J. Comput. Appl. Math., 235 (2011), no. 11, 3291–3303.

14. Long, G., Nelakanti, G., and Zhang, X., Iterated fast multiscale Galerkin
methods for Fredholm integral equations of second kind with weakly singu-
lar kernel, Appl. Numer. Math., 62 (2012), no. 3, 201–211.

15. Maleknejad, K., Mollapourasl, R., and Ostadi, A. Convergence analysis
of Sinc-collocation methods for nonlinear Fredholm integral equations with
weakly singular kernel, J. Comput. Appl. Math., 278 (2015), 1–11.

16. Mandal, B. N. and Chakrabarti, A. Applied singular integral equations,
Published by Science Publishers, Enfield, NH; Marketed and distributed
by CRC Press, Boca Raton, FL, 2011.



G
al
le
y
P
ro
of

A computational method for solving weakly singular Fredholm . . . 17

17. Muskhelishvili, N. I. Singular Integral Equations. Boundary problems of
function theory and their application to mathematical physics, Translation
by J. R. M. Radok. P. Noordhoff N. V., Groningen, Holland, 1953.

18. Nili Ahmadabadi, M. and Laeli Dastjerdi, H. Tau approximation method
for the weakly singular Volterra-Hammerstein integral equations, Appl.
Math. Comput., 285 (2016), 241–247.

19. Okayama, T., Matsuo, T., and Sugihara, M. Sinc-Collocation methods for
weakly singular Fredholm integral equations of the second kind, J. Comput.
Appl. Math., 234 (2010), no. 4, 1211–1227.

20. Schneider, C. Product integration for weakly singular integral equations,
Math. Comp., 36 (1981), no. 153, 207–213.

21. Schneider, C. Regularity of the solution to a class of weakly singular Fred-
holm integral equations of the second kind, Integral Equations Operator
Theory, 2 (1979), no. 1, 62–68.

22. Tricomi, F. G. Integral Equations, Dover Publications, Inc., New York,
1985.



G
al
le
y
P
ro
of



G
al
le
y
P
ro
of

Iranian Journal of Numerical Analysis and Optimization
Vol. 8, No. 1, (2018), pp 19–39
DOI:10.22067/ijnao.v8i1.49742

A new dwindling nonmonotone filter
method without gradient information

for solving large-scale systems of
equations

F. Arzani and M.R. Peyghami∗

Abstract

In this paper, we present a new derivative-free spectral residual method
for solving large-scale systems of equations. Our algorithm is equipped with
a dwindling multidimensional nonmonotone filter in which whose envelope

is dwindling as the step-length of line search is decreasing. The proposed
algorithm is also combined with a relaxed nonmonotone line search technique
which allows the algorithm to enjoy the nonmonotone property from scratch.
Under some standard assumptions, the global convergence property of the

proposed algorithm is established. Numerical results on some test problems
show the efficiency and effectiveness of the new algorithm in practice.

Keywords: Dwindling filter technique; Systems of equations; Nonmonotone
line search; Global convergence.

1 Introduction

In this paper, we deal with the following nonlinear systems of equations:
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F (x) = 0, (1)

where F : Rn → Rn is a continuously differentiable map. We assume that (1)
is symmetric; that is, its Jacobian is a symmetric matrix. Associated with
(1), the norm function is defined by

f(x) =
1

2
∥F (x)∥2.

Several methods in the literature have been proposed for solving (1), such
as Newton and quasi-Newton methods, Gauss–Newton method, Levenberg–
Marquardt method [20], trust-region methods, spectral gradient, and residual
methods [10, 24] and conjugate gradient methods [9]. The main factor in
these methods is how the procedure deals with large-scale settings. The
spectral gradient and conjugate gradient methods are a class of methods
that can suitably cope with large-scale systems of equations. The spectral
gradient method was first introduced in [7] for unconstrained optimization
and has been successfully extended for solving large-scale nonlinear systems
of equations; see, for example, [25,29], and the references therein.

The so-called nonmonotone line search techniques for unconstrained op-
timization was introduced by Grippo, Lampariello, and Lucidi in [17]. In
their approach, at the point xk, for a given positive integer M , the stepsize
λ ∈ (0, 1] is chosen such that

f(xk + λdk) ≤ max
0≤j≤min{k,M}

f(xk−j) + γλ∇f(xk)T dk,

where γ ∈ (0, 1) is a given scalar. An extension and adaption of this technique
in the framework of a globalization technique for the Barzilai-Browein (BB)
gradient method has been proposed in [18]. It is well known that the Grippo’s
nonmonotone technique suffers from some drawbacks; some of them have
been listed in [1]. In order to overcome these difficulties, Ahookhosh, Amini,
and Peyghami in [2] introduced a nonmonotone term as follows:

Rk = ϵkfℓ(k) + (1− ϵk)fk, (2)

where
fℓ(k) = max

0≤j≤min{k,M}
fk−j , (3)

fk = f(xk), and ϵk ∈ [ϵmin, ϵmax] ⊂ [0, 1]. The motivation behind this non-
monotone term is that the best convergence results are obtained by stronger
nonmonotone strategy whenever the iterates are far from the minimizer and
by weaker nonmonotone strategy whenever iterates are close enough to that,
see, for example, [30]. Although, (2) enjoys the strong and weak nonmono-
tone properties; it does not allow the iterates to act as a nonmonotone iterate
in the first iterations. Ataee Tarzanagh, Saeidian, Peyghami, and Mesgarani
in [6] proposed a nonmonotone term by replacing Rk with (1+ψk)Rk in the
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trust region ratio, where ψk is determined by

ψk =

{
ηk if Rk > 0,
0 if Rk ≤ 0,

and {ηk} is a positive sequence satisfying the following condition:

∞∑
k=1

ηk ≤ η <∞. (4)

This substitution causes an increase in the function value in the first itera-
tions.

Since the Jacobian of (1) might not available or requires a prohibitive
amount of storage, derivative-free methods have been widely developed for
solving large-scale nonlinear systems of equations. For the square systems,
La Cruz, Mart́ınez, and Raydan in [24] proposed a derivative-free spectral
residual method, named as DF-SANE, based on a combination of the Li and
Fukushima’s line search [26] and the Grippo’s nonmonotone technique. In
their method, the step-length αk is determined by one and only one of the
following two conditions:

f(xk − αkdk) ≤ fℓ(k) + ηk − γαk∥F (xk)∥2,
f(xk + αkdk) ≤ fℓ(k) + ηk − γαk∥F (xk)∥2,

where dk := σkF (xk) and σk is the BB spectral coefficient, which is computed
by [7]

σk =
sTk sk
yTk sk

,

where sk = xk+1 − xk and yk = F (xk+1)− F (xk).

Several variants of DFSANE algorithm for the square systems have been
proposed and applied on some specific systems of equations; see, for example,
[21–23]. Cheng and Li in [11] introduced another derivative-free spectral
residual method for the square systems, named as NDFSANE, in which the
nonmonotone term fℓ(k) is replaced by that of proposed in [30]. Later, the
performance of DFSANE algorithm for the square systems is improved in
SDFSANE algorithm [10] by using an approximation of the steepest descent
direction.

Recently, La Cruz in [22] presented a residual spectral algorithm for solv-
ing monotone equations on the Hilbert space which is an extension of the
SANE and DFSANE algorithms for systems of equations. This algorithm
uses in a systematic way the residual d = F (xk) as a search direction, com-
bined with a suitable step-length and a nonmonotone line search globalization
strategy. The main objective of this algorithm is to guarantee the conver-
gence without any necessity to the differentiability of F .
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The concept of filter for constrained optimization problems was first in-
troduced by Fletcher and Leyffer in [15] in order to avoid the difficulty of
adjusting penalty parameter in penalty methods. Accepting/rejecting of a
trial step in the filter methods is inspired from the same idea in multiobjec-
tive optimization. Indeed, a trial point is accepted by the filter if it is not
dominated by any other points in the filter. In this situation, the filter is
updated by removing all the points that are dominated by the new point;
see, for example, [15, 16, 27], and the references therein. The fixed envelope
of a multidimensional filter keeps an acceptable trial point far from iterates
in the filter. However, the trial point with a tiny step-length may get close
to the current iterate and be rejected by the filter due to its fixed envelope.
Due to this fact, Chen and Sun in [8] proposed a dwindling multidimensional
filter line search method for unconstrained optimization. Their idea is to
incorporate step-length in the framework of multidimensional filter, and let
the envelope of the filter become thin as the step-length approaches zero.
Recently, Arzani and Peyghami in [4] proposed a dwindling filter technique
for solving positive definite generalized eigenvalue problem.

Our aim in this paper is to introduce a new dwindling nonmonotone filter
DFSANE method for solving large-scale nonlinear systems of equations. Our
approach is a new version of DFSANE algorithm which is installed by a filter
technique. The concept of filter leads to save some points that are eliminated
by the DFSANE algorithm. The accumulated points in the filter helps the
algorithm to reach the optimal point as quickly as possible. Moreover, our
approach uses some relaxations in its structure and is equipped with the non-
monotone term as proposed in [6]. Besides, by using dwindling technique, we
have more flexibility for the acceptance of the trial step. Under some stan-
dard and suitable assumptions, the global convergence property of the new
proposed algorithm is constructed. Numerical results on some test problems
validate that the proposed algorithm is practically efficient and robust and
it has some priorities to that provided in [31].

The rest of the paper is organized as follows. Section 2 is devoted to
describe the new algorithm in details. In Section 3, we establish the global
convergence property of the new proposed algorithm under some suitable
assumptions. Some preliminary numerical results of applying the new algo-
rithm on some test problems are given in Section 4. Finally, we end up the
paper by some concluding remarks in Section 5.

2 The new algorithm

In this section, we propose a new dwindling nonmonotone filter DFSANE
algorithm for solving large-scale nonlinear systems of equations. To do so,
we first recall the filter that is used in this paper and then describe the new
algorithm.
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Recently, Fatemi and Mahdavi-Amiri in [13] introduced a new filter that
controls the size of the filter. In their proposed filter, a tentative point xk is
acceptable with respect to xl if there exists j ∈ {1, . . . , n} such that

|gj(xk)|µ2 + θ2 ∥g(xk)∥µ1 ⩽ |gj(xl)|µ2 + θ1 ∥g(xl)∥µ1 , (5)

where g(x) = ∇f(x), µ1, and µ2 are positive constants and θ1 and θ2 satisfy
the following relation:

0 ⩽ θ1 < θ2 <
1√
n
. (6)

Therefore, a point xk is accepted to the filter F if it is accepted with respect
to every xl with g(xl) ∈ F . In the case of acceptance of xk, g(xk) is added
to the filter and any g(xl) ∈ F with the following property is removed:

|gj(xk)|µ2 + θ2 ∥g(xk)∥µ1 ⩽ |gj(xl)|µ2 + θ1 ∥g(xl)∥µ1 ∀ j ∈ {1, . . . , n}.

In our dwindling filter, the parameters θ1 and θ2, satisfying (6), are consid-
ered as a function of the step-length. Since the step-length α in line search
techniques is normally less than or equal to one, in our setting, we use the
following parameters in the filter (5):

θ̂1 = ϕ(α)θ1 and θ̂2 = ϕ(α)θ2,

where θ1 and θ2 satisfy (6) and ϕ : [0, 1] → R+ is a monotonically increasing
continuous function with the following properties:

lim
α→0+

ϕ(α)

α
= 0,

ϕ(α) = 0 if and only if α = 0 (7)

such that (6) holds for θ̂1 and θ̂2.
Now, let us briefly describe one iteration of our new algorithm. Given xk,

if the stopping criteria do not hold, the trial step dk = −σkFk is computed
where σk is the so called spectral coefficient. Assuming α+ = α− = 1, the
trial point x+k+1 = xk+α+dk and x−k+1 = xk−α−dk are introduced and with

the priority of x+k+1 are verified for acceptance to the filter. In case of rejecting
both trial points by the filter, these points with the same priority are checked
for acceptance by a nonmonotone line search conditions. If the trial points are
rejected by the filter and line search conditions, then a backtracking scheme
is done on α+ and α− and the above mentioned procedure is repeated until
one of the trial points is accepted by the filter or nonmonotone line search
conditions.

The structure of the new proposed algorithm is outlined in Algorithm 1.
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Algorithm 1. : A new dwindling derivative free filter algorithm

Step 0. Given x0 ∈ Rn, integer M ≥ 0, 0 < γ < 1, ϵ > 0, 0 < σmin <
σmax < ∞, 0 ⩽ θ1 < θ2 <

1√
n
, 0 ≤ τmin < τmax < 1, and a monoton-

ically increasing continuous function ϕ satisfying (7); set F0 = Ø and
k := 0.

Step 1. If ∥F (xk)∥ ≤ ϵ, then stop.

Step 2. Choose the spectral coefficient σk such that |σk| ∈ [σmin, σmax], and
compute fℓ(k) by using (3). Set dk = −σkF (xk), α+ = 1 and α− = 1.

Step 3. Compute x+k+1 = xk + α+dk, x
−
k+1 = xk − α−dk, and Rk by (2).

If x+k+1 is accepted by the filter, then set xk+1 = x+k+1 and add xk+1 to
the filter Fk. Update the filter to form Fk+1. Set k := k+ 1, αk = α+,
and goto Step 1.
Else if x−k+1 is accepted by the filter, then set xk+1 = x−k+1 and add
xk+1 to the filter Fk. Update the filter to form Fk+1. Set k := k + 1,
αk = α−, and goto Step 1.
Else if

f(x+k+1) ≤ (1 + ψk)Rk − γα+
2f(xk), (8)

then set xk+1 = x+k+1, k := k + 1, αk = α+, and goto Step 1.
Else if

f(x−k+1) ≤ (1 + ψk)Rk − γα−
2f(xk), (9)

then set xk+1 = x−k+1, k := k + 1, αk = α−, and goto Step 1.

Step 4. Choose α+ ∈ [τminα+, τmaxα+] and α− ∈ [τminα−, τmaxα−], and
goto Step 3.

Remark 1. Since ψk > 0, Rk > 0, and Rk ≥ f(xk), due to Lemma 2.2 in [2],
it is easily seen that after finite number of reductions of α+ or α− in Step 4
of Algorithm 1, one of the conditions (8) and (9) is necessarily satisfied. This
shows that the proposed algorithm is well-defined.
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3 Convergence analysis

In this section, our goal is to analyze the global convergence property of
Algorithm 1. For this purpose, let

P1 = {k|xk ∈ Fk},

and let
P2 = {k|xk satisfies (8) or (9)}.

It is easily seen that P1 ∩ P2 = Ø. Before going further, we first consider
the following assumptions on the problem (1):

A1. F is a continuously differentiable function map over Rn.

A2. For a given η, as in (4), the level set L0 = {x ∈ Rn|f(x) ≤ eηf(x0)}
is closed and bounded.

A3. The sequence {xk}, generated by Algorithm 1, is contained in a
bounded and closed set Ω ⊂ Rn. Let {xk} be the sequence generated by
Algorithm 1. Then, Algorithm 1 either stops at a certain iteration k0 with
∥F (xk0)∥ = 0, or generates an infinite sequence. In the latter case, it is
shown that there exists a subsequence of {xk} which converges to a stationary
point of F . Therefore, from now on, we assume that |P1 ∪ P2| = ∞. Two
possibilities are recognized for the cardinality of P1 and P2, |P1| = ∞ or
|P2| = ∞.

3.1 Analysis of the case |P1| = ∞

Consider the filter Fk and its acceptance criterion, which is given by (5).
Due to Lemma 4 in [13], the size of Fk is finite. Although, Fk contains fi-
nite number of elements; it may happen that an infinite number of iteration
points is accepted by the filter. The following lemma states the behaviour of
the algorithm in this case.

Lemma 1. Let Assumptions A1–A3 hold, and let |P1| = ∞. Then,

lim
k→∞, k∈P1

∥Fk+1∥ = 0. (10)

Proof. The proof is similar to the proof of Lemma 5.4 in [14] by setting
θ(x) = F (x) and using the fact that based on the definition of ϕ(α) and the
initial values of α+ = α− = 1 in Step 2, the condition 0 ⩽ θ1 < θ2 <

1√
n

implies that 0 ⩽ θ̂1 < θ̂2 <
1√
n
.
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From Lemma 1, for the case |P1| = ∞, it is concluded that there exists
a limit point of subsequence {xk}k∈P1 which is a stationary point of f ; that
is,

lim
k→∞, k∈P1

inf ∥Fk∥ = 0. (11)

3.2 Analysis of the case |P2| = ∞

First of all, without loss of generality, we may assume that |P2| = ∞ and that
|P1| is finite, as for the case |P1| = ∞ (11) holds. Under this assumption,
we show that there exists a limit point of subsequence {xk}k∈P2 satisfying
the first-order necessary condition; that is,

lim
k→∞, k∈P2

inf ∥Fk∥ = 0.

Since |P1| is finite and |P2| = ∞, there exists a positive integer M0 such
that for every k ≥ M0, we have k ∈ P2. Without loss of generality and in
order to establish simple analysis, in what follows, we assume that M0 = 0,
and therefore

P2 = {0, 1, 2, . . .}. (12)

To construct convergence property of Algorithm 1 in this case, we first state
some technical lemmas.

Lemma 2. Suppose that {xk}k∈P2 is generated by Algorithm 1. Then, we
have

fk+1 ≤ |f0|
k∏

i=0

(1 + ψi)− ωk,

where ωk = γαk
2f(xk).

Proof. The proof is similar to the proof of Lemma 3 in [5], and therefore we
omit it here.

The following lemma shows that all the iteration points that are gener-
ated by Algorithm 1 are contained in the level set L0. Using Lemma 2, its
proof is the same as the proof of Lemma 4 in [5] and Lemma 3.4 in [28].

Lemma 3. For the sequence {xk}k∈P2, generated by Algorithm 1, we have
{xk} ⊆ L0.

Remark 2. Let {xk}k∈P2 be generated by Algorithm 1, and let |P2| = ∞.
Then, due to the (12), for a given positive integer M , one can rewrite P2 as
below:
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P2 = {LM + r | L ∈ N ∪ {0}, 0 ≤ r ≤M − 1}.

Lemma 4. Assume that {xk}k∈P2 is an infinite sequence, generated by
Algorithm 1 and that M is the constant as given by (3). Then, for every
k ∈ P2, there exist a non-negative integer L and 0 ≤ r ≤ M − 1 such that
k = LM + r and

fk+1 = fLM+r+1 ≤ |f0|
LM+r∏
i=0

(1 + ψi)−
L∑

i=0

ωs(i), L = 0, 1, 2, . . . ,

where ωs(i) = min
iM≤j≤(i+1)M−1

ωj and ωj is defined as in Lemma 2.

Proof. The proof is similar to the proof of Lemma 6 in [5].

Lemma 5. Suppose that Assumptions A1 and A2 hold and that {xk}k∈P2

is the infinite sequence generated by Algorithm 1. Then, one has

lim
i→∞

ωs(i) = 0,

where ωs(i) is defined as in Lemma 4.

Proof. Using Lemmas 3 and 4, for 1 ≤ r ≤M and LM + r ∈ I, we have

L∑
i=0

ωs(i) ≤ |f0|
LM+r−1∏

i=0

(1 + ψi)− fLM+r ≤ eη|f0| − fLM+r.

By taking limit from both side of this inequality, as L → ∞, and using
Assumption A1, we conclude that

∑∞
i=0 ωs(i) <∞, which implies that

lim
i→∞

ωs(i) = 0. (13)

This completes the proof of the lemma.

From now on, we define K = {s(i)|i = 1, 2, . . .}. The following theorem
establishes the global convergence of Algorithm 1.

Theorem 1. Let Assumptions A1–A3 hold, and let {xk} be the sequence
generated by Algorithm 1. Then, for every limit point x∗ of {xk}k∈K , one
has

⟨J(x∗)TF (x∗), F (x∗)⟩ = 0,

where ⟨., .⟩ stands for the inner product of two vectors in Rn.

Proof. From Lemma 5, we have

lim
k∈K, k→∞

ωs(k) = lim
k∈K, k→∞

min
kM≤j≤(k+1)M−1

γα2
j∥F (xj)∥2 = 0,
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which implies that
lim

k∈K, k→∞
α2
k∥F (xk)∥2 = 0, (14)

using the fact that 0 < γ < 1. Since x∗ is a limit point of {xk}K , there exists
an infinite index set K1 ⊂ K such that limk∈K1, k→∞ xk = x∗. Besides, (14)
implies that

lim
k∈K1, k→∞

α2
k∥F (xk)∥2 = 0. (15)

To proceed, we consider the following two possible cases:
Case 1: limk∈K1 αk ̸= 0.
In this case, there exist an infinite sequence of indices K2 ⊂ K1 and a positive
constant c such that αk ≥ c > 0 for all k ∈ K2. Therefore, (14) implies that

lim
k∈K2

∥F (xk)∥2 = 0. (16)

Now, (16) along with the continuity of F imply F (x∗) = 0.
Case2: limk∈K1 αk = 0.
In this case, there exists k0 ∈ K1 such that αk < 1, for all k0 ≤ k ∈ K1.
Therefore, for infinitely many iterations, the line search is not immediately
successful and α+ and α− should be updated at least once based on Step 4
of Algorithm 1. Suppose that, in step k ∈ K1, α+ and α− are adapted mk

times in the line search procedure in Steps 3–4. Let α+
k and α−

k be the values
of α+ and α−, respectively, in the last unsuccessful line search process; that
is, inequalities (8) and (9) are violated. Now, form Step 4 of Algorithm 1,
for all k0 ≤ k ∈ K1, we have

αk ≥ τmk

min.

This inequality together with limk∈K1 αk = 0 and the fact that τmin < 1
imply that

lim
k∈K1

mk = ∞.

On the other hand, Step 4 of Algorithm 1 implies that α+
k ≤ τmk−1

max and
α−
k ≤ τmk−1

max . Therefore, using the fact that τmax < 1, we deduce that

lim
k∈K1

α+
k = lim

k∈K1
α−
k = 0.

Now, from the definition of α+
k and α−

k , for all k ≥ k0, k ∈ K1, we have

f(xk − α+
k σkF (xk)) > (1 + ψk)Rk − γ(α+

k )
2f(xk), (17)

f(xk + α−
k σkF (xk)) > (1 + ψk)Rk − γ(α−

k )
2f(xk). (18)

Since ψk > 0 and Rk > 0, then (1 + ψk)Rk > Rk ≥ 0. Besides, from Lemma
2.2 in [2], one has Rk > f(xk). Thus, (17) implies that

f(xk − α+
k σkF (xk))− f(xk) > −γ(α+

k )
2f(xk).



G
al
le
y
P
ro
of

A new dwindling nonmonotone filter method without gradient . . . 29

From Lemma 3 and Assumptions A1–A2, {f(xk)} is a bounded above se-
quence. Thus

f(xk − α+
k σkF (xk))− f(xk) > −γ(α+

k )
2eηf(x0),

which implies that∥∥F (xk − α+
k σkF (xk))

∥∥2 − ∥F (xk)∥2 > −γ(α+
k )

2eηf(x0),

and therefore,∥∥F (xk − α+
k σkF (xk))

∥∥2 − ∥F (xk)∥2

α+
k

> −γα+
k e

ηf(x0).

Now, by Mean Value theorem, there exists ξk ∈ [0, 1] such that

σk⟨g(xk − ξkα
+
k F (xk)),−F (xk))⟩ ≥ −eηf(x0)γα+

k . (19)

Due to Algorithm 1, two possible cases may happen for σk, it might be
positive or negative for infinitely many indices. If σk > 0 for infinitely many
indices k, then (19) implies that

⟨g(xk − ξkα
+
k F (xk)), F (xk))⟩ ≤ eηf(x0)

γα+
k

σk
≤ eηf(x0)

γα+
k

σmin
. (20)

Using an analogous approach, from (18), we conclude that

⟨g(xk + ξk
′
α−
k F (xk)), F (xk))⟩ ≥ −eηf(x0)

γα−
k

σk
≥ −eηf(x0)

γα−
k

σmin
, (21)

for some ξk
′
∈ [0, 1].

Now, as α+
k → 0, α−

k → 0, and ∥σkF (xk)∥ is bounded, taking limit from both
sides in (20) and (21) leads to the following equality:

⟨J(x∗)TF (x∗), F (x∗)⟩ = 0. (22)

For the case in which σk < 0, for infinitely many indices, proceeding in a
similar approach, we can deduce (22) as well.

The following corollary is an immediate consequence of Theorem 1.

Corollary 1. Assume that x∗ is a limit point of the sequence {xk}k∈K

generated by Algorithm 1 and that ⟨J(x∗)v, v⟩ ̸= 0 for all 0 ̸= v ∈ Rn. Then,
F (x∗) = 0.

Lemma 6. For k ∈ N, let
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Lk := f(xℓ(kM)) = fℓ(kM),

where ℓ(kM) ∈ {(k− 1)M +1, . . . , kM} and fℓ(j) is defined as in (3). Then,
we have

Lk+1 := f(xℓ((k+1)M)) ≤

[
1 +

∞∑
i=kM

ηi +
∞∏

i=kM

ηi

]
Lk.

Proof. Using Step 3 of Algorithm 1, we have

f(xkM+1) ≤ (1 + ψkM )RkM ≤ (1 + ψkM )Lk

f(xkM+2) = (1 + ψkM+1)[εk max{Lk, f(xkM+1)}+ (1− εk)f(xkM+1)]

≤ (1 + ψkM+1)(1 + ψkM )Lk

= [1 + ψkM + ψkM+1 + ψkMψkM+1]Lk,

and so on. Therefore, by an inductive argument,

f(xkM+j) ≤

[
1 +

kM+j∑
i=kM

ηi +

kM+j∏
i=kM

ηi

]
Lk.

Since ℓ(k + 1) ∈ {kM + 1, . . . , (k + 1)M}, then, we have

Lk+1 = f(xl((k+1)M)) ≤

[
1 +

∞∑
i=kM

ηi +
∞∏

i=kM

ηi

]
Lk.

This completes the proof of the lemma.

Let us define K+ as below:

K+ = {ℓ(1), ℓ(2), . . .}.

One can easily observe that

ℓ(j + 1) ≤ ℓ(j) + 2M − 1, j = 1, 2, . . . . (23)

The following theorem states that in case of existing a limit point for the
sequence generated by Algorithm 1, all the limit points are the solutions of
the nonlinear system (1).

Theorem 2. Let x∗ be a limit point of the sequence {xk}, generated by
Algorithm 1, such that F (x∗) = 0. Then, we have

lim
k→∞

F (xk) = 0.
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Proof. Let K1 be an infinite subset of N such that

lim
k∈K1, k→∞

xk = x∗.

This relation together with Assumption A1 imply that

lim
k∈K1, k→∞

F (xk) = 0. (24)

Now, since xk+1 = xk ± αkσkF (xk) and |αkσk| < σmax, for all k ∈ N, using
(24), one can deduce that

lim
k∈K1, k→∞

∥xk+1 − xk∥ = 0,

and therefore,
lim

k∈K1, k→∞
xk+1 = x∗.

Proceeding by induction, one can easily show that for the fixed j ∈ {0, 1, . . . ,
2M − 1}, we have

lim
k∈K1, k→∞

xk+j = x∗. (25)

Now, using (23), for a given k ∈ K1, there exists µ(k) ∈ {0, 1, . . . , 2M − 1}
such that k + µ(k) ∈ K+. Since K+ is infinite, there exists ī ∈ {0, 1, . . . ,
2M − 1} such that, µ(k) = ī for infinitely many k ∈ K1. Assume that

K2 = {k + µ(k)|k ∈ K1 and µ(k) = ī}.

It is easily seen that K2 ⊂ K+, and by (25)

lim
k∈K2, k→∞

xk+1 = x∗.

Thus
lim

k∈K2, k→∞
F (xk) = 0.

Now, as K2 ⊂ K+, there exists an infinite subsequence {xℓ(j)}j∈J such that

lim
j∈J

xℓ(j) = x∗ and lim
j∈J

f(xℓ(j)) = lim
j∈J

Lj = 0. (26)

Let us write J = {j1, j2, j3, . . .}, where j1 < j2 < j3 < · · · . Then, (26)
implies that

lim
i→∞

Lji = 0. (27)

Now, from Lemma 6, we have

Lp ≤

1 + ∞∑
t=Mji

ηt +

∞∏
t=Mji

ηt

Lji ∀ p ∈ N, p > ji.
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Thus,

sup
p≥ji

Lp ≤

1 + ∞∑
t=Mji

ηt +
∞∏

t=Mji

ηt

Lji . (28)

On the other hand, from (4), we have

lim
i→∞

 ∞∑
t=Mji

ηt +
∞∏

t=Mji

ηt

 = 0.

Therefore, using (27) and (28), we conclude that

lim
i→∞

sup
p≥ji

Lp = 0,

which in turn implies that
lim
j→∞

Lj = 0.

Now, using the definition of Lj , we have

lim
k→∞

f(xk) = lim
k→∞

1

2
∥F (xk)∥2 = 0.

This completes the proof of the theorem.

4 Numerical results

In this section, our aim is to investigate the practical performance of Algo-
rithm 1, denoted by DF-DFSANE, along with the following algorithms on
some test problems:

• DFSANE: Algorithm 1 in [24].

• NF-DFSANE: Algorithm 1 in this paper in which the concept of filter
has been removed.

All the considered algorithms are implemented in MATLAB 7.10.0 (R2010a)
environment on a PC with CPU Intel 2.33 GHz Quad, 4GB RAM memory,
and double precision format. Test problems are mostly taken from [3, 19],
and the problem dimensions vary from 2 to 10000.

All the considered algorithms are being stopped whenever ∥ F (xk) ∥≤
10−6. Moreover, we declare that an algorithm is failed whenever the number
of iterations and the number of function evaluations exceed 10000 and 50000,
respectively. We have also utilized the advantages of the performance profile
of Dolan and Moré [12] in order to properly compare the considered algo-
rithms. The following parameters are considered in the relevant algorithms:
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ϵ = 10−6, µ1 = 0.25, µ2 = 0.75, σmin = 10−6, σmax = 10+6,

M = 20, γ = 10−4, τmin = 0.1, τmax = 0.5, ηk =
1

(1 + k)2
, k ≥ 0.

Moreover, we utilized ϕ(α) = α
3
2 in the dwindling technique. It is worth

mentioning that the parameters are chosen from a set of values in which rea-
sonably better results are achieved while performing an algorithm. Numerical
results are given in Table 1. In this table, Problem, n, ni, and nf represent
the problem name, the problem size, the number of iterations, and the num-
ber of function evaluations, respectively. Based on the results of Table 1, we
have plotted the performance profile of the considered algorithms in Figures
1 and 2 in terms of ni and nf , respectively.

At a glance to Figure 1, one can easily find out that DF-DFSANE al-
gorithm solves roughly 93% of the test problems successfully while this per-
centage for NF-DFSANE and DFSANE algorithms is below 90%. Moreover,
DF-DFSANE algorithm solves about 62% of problems at the lowest value of
ni while this percentage for the NF-DFSANE and DFSANE algorithms are
40% and 10%, respectively.

Figure 2 reveals that when the DF-DFSANE, NF-DFSANE, and DF-
SANE algorithms are applied on the test problems; the DF-DFSANE al-
gorithm solves roughly 49% of the test problems in the lowest value of nf
while this number for the NF-DFSANE and DFSANE algorithms are 38%
and 10%, respectively. Moreover, DF-DFSANE algorithm solves about 90%
of the test problems without any failure. It has to be noticed that in the
cases that DF-DFSANE is not the best algorithm; its performance index is
roughly close to the performance index of the best algorithm.

Figure 1: Performance profile of the considered algorithms in terms of ni.
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Figure 2: Performance profile of the considered algorithms in terms of nf .

5 Conclusion

In this paper, a new dwindling nonmonotone filter DFSANE method for solv-
ing large-scale nonlinear systems of equations is proposed. In our approach,
a filter is set up on the so-called DFSANE algorithm which has been devel-
oped in [24]. Indeed, the concept of filter helps us to save some appropriate
points that are eliminated by the DFSANE algorithm. Moreover, the accu-
mulated points in the filter cause the algorithm to reach the optimal point
as quickly as possible. The proposed approach also uses some relaxations in
its structure and is equipped with the nonmonotone term as proposed in [6].
Furthermore, we have more flexibility for the acceptance of the trial step by
using a dwindling technique. Under some standard assumptions, the global
convergence property is established. Numerical results on some test problems
confirm that our proposed algorithm is practically efficient, robust, and has
some priorities to that provided in [31].
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Table 1: Test problems and numerical results.
DFSANE NF-DFSANE DF-DFSANE

Problem n ni/nf ni/nf ni/nf

Extended Beale [3] 1000 38/52 33/46 29/39
Extended Beale [3] 5000 53/79 47/57 38/52
Extended Beale [3] 10000 62/90 48/72 38/64
Extended penalty [3] 1000 17/39 13/35 10/24
Extended penalty [3] 5000 21/49 17/45 21/47
Extended penalty [3] 10000 23/49 21/51 22/50
Extended Three Exponential [3] 1000 18/32 16/24 15/19
Extended Three Exponential [3] 5000 29/43 18/32 14/30
Extended Three Exponential [3] 10000 30/62 20/34 20/32
Generalized Tridiagonal-2 [3] 1000 58/68 58/72 58/72
Generalized Tridiagonal-2 [3] 5000 Failed 193/296 126/258
Generalized Tridiagonal-2 [3] 10000 Failed 789/3299 440/1083
Extended PSC1 Function [3] 1000 18/26 14/21 14/20
Extended PSC1 Function [3] 5000 22/42 18/26 17/23
Extended PSC1 Function [3] 10000 36/42 22/34 17/23
Extended Block Diagonal BD1 [3] 1000 17/23 17/23 15/23
Extended Block Diagonal BD1 [3] 5000 19/25 15/23 20/24
Extended Block Diagonal BD1 [3] 10000 99/131 114/213 105/285
DQDRTIC (CUTE) [3] 1000 64/116 52/74 50/70
DQDRTIC (CUTE) [3] 5000 89/209 60/90 35/61
DQDRTIC (CUTE) [3] 10000 126/301 44/66 33/47
LIARWHD function [3] 1000 1/1 1/1 1/1
LIARWHD function [3] 5000 18/90 18/90 16/74
LIARWHD function [3] 10000 87/233 111/401 105/341
Extended DENSCHNF [3] 1000 1/1 1/1 1/1
Extended DENSCHNF [3] 5000 25/41 21/49 21/49
Extended DENSCHNF [3] 10000 52/76 25/41 22/40
Generalized Quartic [3] 1000 17/23 10/12 10/10
Generalized Quartic [3] 5000 20/28 10/12 2/4
Generalized Quartic [3] 10000 50/98 21/29 12/16
Diagonal 8 [3] 1000 8/9 6/7 5/6
Diagonal 8 [3] 5000 20/37 16/17 7/9
Diagonal 8 [3] 10000 38/95 5/38 7/9
Full Hessian FH3 [3] 1000 4/24 4/24 4/22
Full Hessian FH3 [3] 5000 5/31 4/30 4/28
Full Hessian FH3 [3] 10000 Failed Failed Failed
SINCOS [3] 1000 18/26 14/21 11/16
SINCOS [3] 5000 27/33 18/26 17/23
SINCOS [3] 10000 36/42 30/36 17/23
HIMMELH (CUTE) [3] 1000 1/1 1/1 1/1
HIMMELH (CUTE) [3] 5000 14/18 14/18 8/10
HIMMELH (CUTE) [3] 10000 Failed Failed Failed
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Table 1: Test problems and numerical results (Continued).
DFSANE NF-DFSANE DF-DFSANE

Problem n ni/nf ni/nf ni/nf

Power [3] 1000 75/91 74/90 54/62
Power [3] 5000 152/176 123/142 120/134
Power [3] 10000 224/345 210/311 129/135
FLETCHCR function (CUTE) [3] 1000 750/1404 712/1201 425/689
FLETCHCR function (CUTE) [3] 5000 Failed 1012/4865 994/4752
FLETCHCR function (CUTE) [3] 10000 Failed Failed Failed
Problem 2 [19] 2 46/49 25/31 2/6
problem 4 [19] 5 1/2 1/2 1/2
Problem 6 [19] 2 3/7 4/15 3/6
Problem 7 [19] 5 268/271 62/74 33/42
Problem 8 [19] 10 15/18 19/25 14/16
Problem 26 [19] 5 149/157 21/21 21/21
Problem 27 [19] 2 1/1 1/1 1/1
Problem 39 [19] 5 1383/2100 24/28 20/34
Problem 40 [19] 5 Failed Failed Failed
Problem 42 [19] 2 1/1 1/1 1/1
Problem 46 [19] 5 Failed Failed Failed
Problem 47 [19] 10 324/841 260/642 222/423
Problem 48 [19] 5 423/1108 112/504 53/71
Problem 53 [19] 5 1/1 1/1 1/1
Problem 56 [19] 10 22/24 3/5 3/3
Problem 61 [19] 10 394/5784 357/5650 357/5650
Problem 63 [19] 5 22/26 47/66 21/38
Problem 77 [19] 10 149/219 51/126 17/24
Problem 78 [19] 2 Failed Failed Failed
Problem 79 [19] 5 970/4130 952/4025 844/3441
Problem 81 [19] 5 Failed Failed Failed
Problem 81 [19] 10 Failed 843/4344 432/3456
problem 111 [19] 5 344/1815 310/1012 72/770
problem 111 [19] 10 Failed 572/4567 424/3245
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WENO schemes for multidimensional
nonlinear degenerate parabolic PDEs

R. Abedian∗

Abstract

In this paper, a scheme is presented for approximating solutions of non-
linear degenerate parabolic equations which may contain discontinuous solu-

tions. In the one-dimensional case, following the idea of the local discontinu-
ous Galerkin method, first the degenerate parabolic equation is considered as
a nonlinear system of first order equations, and then this system is solved us-
ing a fifth-order finite difference weighted essentially nonoscillatory (WENO)

method for conservation laws. This is the first time that the minmod-limiter
combined with weighted essentially nonoscillatory procedure has been applied
to the degenerate parabolic equations. Also, it is necessary to mention that
the new scheme has fifth-order accuracy in smooth regions and second-order

accuracy near singularities. The accuracy, robustness, and high-resolution
properties of the new scheme are demonstrated in a variety of multidimen-
sional problems.

Keywords: WENO schemes; Finite difference scheme; Multidimensional
nonlinear degenerate parabolic equation; Porous medium equation.

1 Introduction

This paper is concerned with multidimensional of nonlinear degenerate
parabolic equations of the form

ut = ∆b(u) + S(x, t, u), x = (x1, . . . , xd) ∈ Ω and t ≥ 0, (1)

satisfying the initial condition
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u(x, 0) = u0(x), x ∈ Ω, (2)

and suitable boundary conditions. The condition Dj(u) = b′j(u) ≥ 0,
j = 1, . . . , d is needed to make the equation formally parabolic. Whenever
Dj(u) = 0, for some u ∈ R, is said that the equation degenerates at that
u−level, since it ceases to be strictly parabolic. For bj(u) = um, m > 1, and
S(x, t, u) = 0, the equation (1) is called porous medium equation(PME) [36].
As is said in [36], if the initial condition has compact support, then (1) and
(2) have at most one weak solution that has compact support in space (for
more detail, see Theorem 5.3 of [36]). The degenerate parabolic equations
appear often in applications, for example, spread of viscous fluids [11], math-
ematical biology [7], groundwater [6], heat transfer [16], flow of an isentropic
gas through a porous medium [36], and other fields.

Methods for approximating solutions to (1) have attracted a lot of atten-
tion in recent years, for example, local discontinuous Galerkin finite element
method [39], relaxation scheme [9], and kinetic scheme [4] have been pro-
posed to find its solution. Also, Liu, Shu, and Zhang [26] proposed two
different formulations of WENO schemes for solving nonlinear degenerate
parabolic equations. The first formulation approximates directly the second
derivative term by using a conservative flux difference, while the second for-
mulation is similar to the formulation of the local discontinuous Galerkin
(LDG) schemes [10].

As we know, WENO schemes were introduced in the literature to approxi-
mate hyperbolic conservation laws. Also, WENO schemes are based upon the
essentially nonoscillatory (ENO) schemes [17]. The first version of WENO
schemes was introduced in finite volume formulation for the one-dimensional
conservation laws in 1994 by Liu, Osher, and Chan [25]. In 1996, Jiang
and Shu observed that the ENO stencil selection is sensitive to the round-off
perturbation near zeros of the solution and its derivatives [21]. Then, they
improved the ENO reconstruction and proposed a general framework for de-
signing arbitrary order accurate finite difference WENO schemes, which are
more efficient for multidimensional calculations.

The degenerate parabolic equation (1) may have discontinuous solution,
possible existence of sharp fronts, and finite speed of propagation of wave
fronts [36]. The degenerate parabolic equations usually have features similar
to those of a hyperbolic conservation laws. Therefore for solving (1), it is rea-
sonable to generalize numerical methods for solving hyperbolic conservation
laws, such as the WENO schemes [26].

In this paper, a WENO finite difference scheme is proposed by following
the idea of the local discontinuous Galerkin method [10]. First rewrite (1) in
one-dimensional case as a nonlinear system of first order equations

ut = vx + S(x, t, u)
v = b(u)x,
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and then to solve the two first order equations using a fifth order finite differ-
ence WENO method for conservation laws. This approach has the advantage
of simplicity, and it is easier to generalize it to higher than second order
PDEs.

The structure of this paper is as follows: In section 2, we describe by
detailing the construction and implementation of the scheme, for nonlinear
degenerate parabolic equations. In section 3, the results of numerical exper-
iments conducted with the proposed scheme are given. Some remarks are
made in section 4.

2 Nonoscillatory reconstruction to the second derivative

In this section, a fifth-order WENO finite difference scheme for multidimen-
sional nonlinear degenerate parabolic equation is described. Using the di-
mension by dimension approach [32], the presented scheme in this paper for
multidimensional problems is implemented.

2.1 General framework

Consider the one-dimensional nonlinear degenerate parabolic equation

ut = b(u)xx + S(x, t, u), (x, t) ∈ Ω× (0,∞), (3)

u(x, 0) = u0(x),

satisfying suitable boundary conditions.

This section describe the formulation of a WENO finite difference scheme
by following the idea of the local discontinuous Galerkin method [10]. First,
the equation (3) is considered as a nonlinear system of first order equations

ut = vx + S(x, t, u) (4)

v = b(u)x, (5)

and then to solve the two first order equations, respectively, using the fifth or-
der finite difference WENO method for conservation laws [1]. This approach
has the advantage of simplicity, and it is easy to generalize it to higher than
second order PDEs. The effective stencil, which is a composition of two suc-
cessive WENO procedures, is also wider in comparison with the approach
that is said in [2]. To make the final effective stencil smaller, a right-biased
stencil for (4) followed by a left-biased stencil for (5) is used.
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2.2 The fifth order finite difference WENO method

Assuming that the cell averages ūj are known at time t, van Leer [35] proposed
a piecewise polynomial reconstruction u(x, t) =

∑
j Rj(x)χj(x) to solve 1-

dimension hyperbolic conservation laws, where χj(x) is the characteristic
function of the cell Ij = [xj− 1

2
, xj+ 1

2
]. Let U(x) be the primitive function of

u(x, t); that is, U(x) =
∫ x

−∞ u(ξ, t)dξ. To begin, an optimal polynomial is
selected, which is denoted by popt,j(x), to approximate u(x, t) on cell Ij of
degree four on the five-cells central stencil S ≡ {Ij−2, . . . , Ij+2}. In [30, 32],
this optimum polynomial is obtained. First, U(x) is interpolated at the
cell boundaries {xj− 5

2
, . . . , xj+ 5

2
} by using Newton’s interpolation formula.

Afterwards, differentiating the new polynomial, we get

popt,j(x) =

5∑
i=1

U [xj− 5
2
, . . . , xj+i− 5

2
]

i−1∑
m=0

i−1∏
l=0,l ̸=m

(x− xj+l− 5
2
),

where U [· · · ] is a divided difference of the function U(x). High-order ENO
reconstructions decrease damping of the solution, but generate significant
oscillations when solving hyperbolic systems unless costly characteristic de-
compositions are used. For solving this problem, three supplementary poly-
nomials are defined, {pj0(x), p

j
1(x), and p

j
2(x)}, approximating u(x) with a

lower accuracy on Ij . The three-cells stencils of ENO3 are obtained by either
choosing r cells to the left and s cells to the right of Ij . Then, the three-cells
stencils of ENO3 can be explicitly determined.

Sr ≡ {Ij−r, . . . , Ij+s}, (r, s) = (0, 2), (1, 1), and (2, 0).

Having obtained popt(x) as above, p
(r),j(x) is obtained from cell boundaries

of the stencil Sr

p(r),j(x) =
3∑

i=1

U [xj−r− 1
2
, . . . , xj−r+i− 1

2
]
i−1∑
m=0

i−1∏
l=0,l ̸=m

(x− xj−r+l− 1
2
). (6)

In order to obtain a more efficient reconstruction, the ENO3 reconstruction is
modified. We interpolate equation (6) over an additional point lying within
the same stencil and the same number of selection steps as ENO3. The new
reconstruction starts by seeking a new high-order interpolating polynomial,
pjr(x), such that equation (6) passes over the additional point xj ∈ Ij ,

pjr(x) = p(r),j(x)+

U [xj−r− 1
2
, . . . , xj−r+ 5

2
, xj ]

3∑
m=0

3∏
l=0,l ̸=m

(x− xj−r+l− 1
2
), r = 0, 1, 2. (7)
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The divided difference U [xj−r+ 5
2
, xj ], for r = 0, 1, and 2 of (7), is given by

U [xj−r+ 5
2
, xj ] =

1
xj−x

j−r+5
2

[∫ xj

−∞ u(ξ)dξ −
∫ x

j−r+5
2

−∞ u(ξ)dξ
]

= 1
xj−x

j−r+5
2

∫ xj

x
j−r+5

2

(∑
j Lj(x)χj(x)

)
dx.

(8)

As it can be seen from the equation (8), a polynomial that retains infor-
mation within the cell Ij is needed. The NT scheme [29] is based on the
first-order Lax–Friedrichs scheme [13] and it involves the reconstruction of
piecewise-linear MUSCL-type interpolates from piecewise constant data and
uses nonlinear limiters to prevent oscillations

Lj(x) = ūj + (x− xj)
1

h
u′j , x ∈ Ij . (9)

Integrating over (9), the divided differences in (8) are given by

U [xj−r+ 5
2
, xj ] =

1

5− 2r

(
ūj − (r2 − r − 2)ūj+1+

(r2 − 3r + 2)ūj+2 +
1

4
u′j

)
, r = 0, 1, 2.

For the numerical derivative u′j , the UNO limiter [18] is chosen which is given
by

u′j = MM

(
∆ūj− 1

2
+

1

2
MM(∆2ūj−1,∆

2ūj),

∆ūj+ 1
2
− 1

2
MM(∆2ūj ,∆

2ūj+1)

)
,

where ∆2ūj = ∆ūj+ 1
2
−∆ūj− 1

2
, and ∆ūj+ 1

2
= ūj+1 − ūj . Here, the MinMod

limiter (MM) is defined by

MM(x1, x2, . . .) =

minp{xp} if xp > 0,
maxp{xp} if xp < 0,

0 otherwise.

2.3 Essentially nonoscillatory reconstruction

Spurious oscillations can appear in the numerical solution, if the big stencil
which defines popt,j(x), contains a discontinuity or large gradients. To avoid
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such a problem a WENO procedure is designed that smoothly adapts the
stencil in the neighbourhood of the singularity.

The principle of CWENO (central WENO) procedure which is defined
in [8, 24] is extended, and an ENO interpolant is constructed as a convex
combination of polynomials that are based on different stencils; that is,

Rj(x) ≡
∑
i

wj
i p

j
i (x), wj

i ≥ 0,
∑
i

wj
i = 1, i ∈ {0, 1, 2, c}. (10)

Here, Rj(x) is the nonoscillatory reconstruction on Ij . p
j
c(x) is a polynomial

which is defined on stencil S, also the polynomials pj0(x), p
j
1(x), and pj2(x)

are computed in (7). In order to simplify the notations, the upper index
j will be omitted; remembering that the weights and the four polynomials
change from cell to cell. Now, the polynomial pc(x) is computed such that
the convex combination (10), will be fifth-order accurate in smooth regions.
It must, therefore, satisfy the following equation:

popt(x) = C0p0(x)+C1p1(x)+C2p2(x)+Ccpc(x),
∑
i

Ci = 1 i ∈ {0, 1, 2, c},

(11)
where constants Ci represent linear or ideal weights for (10). A straightfor-
ward calculation shows that any symmetric choice of constants Ci in (11)
provides the desired accuracy. This property must be contrasted with clas-
sical upwind WENO schemes. Therefore, we make the choice C0 = C2 =
1
8 , C1 = 1

4 , and Cc =
1
2 . Then, the polynomial pc(x) is obtained explicitly as

follows:

pc(x) = [popt(x)− C0p0(x)− C1p1(x)− C2p2(x)]/Cc ∀x ∈ Ij . (12)

In order to complete the reconstruction of Rj(x), the ideal weights Ci, i ∈
{0, 1, 2, c}, are changed to nonlinear weights wi, with objective of maintaining
the fifth-order accuracy for smooth solutions and nonoscillatory performance
near discontinuities. In smooth regions for achieving the optimal interpo-
lation (11), the weights wi must smoothly converge to the ideal weights Ci

as h approaches zero. Also, in regions where a discontinuity does exist, the
weights should effectively remove the contribution of stencils that contain the
discontinuity.

2.4 The nonoscillatory weights

In order to fully determine the scheme, it is required to specify the nonoscil-
latory weights,. Then, following [21,32], the nonlinear weights are written as
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wi =
αi∑
k αk

, αi =
Ci

(ϵ+ ISi)2
, i, k ∈ {0, 1, 2, c}. (13)

The constants Ci, i ∈ {0, 1, 2, c}, in Eq. (13) are chosen to be the same as
in the equation (11); that is, C0 = C2 = 1

8 , C1 = 1
4 , and Cc =

1
2 .

The smoothness indicators, ISi, are responsible for detecting large gradi-
ents or discontinuities and automatically switch to the stencil that generates
the least oscillatory reconstruction in such cases. The smoothness indicator
is defined as [21]

ISi =
∑
k

h2k−1 ×
∫
Ij

(
dk

dxk
pi(x)

)2

dx, i ∈ {0, 1, 2, c}.

The constant ϵ, taken to prevent the denominator from vanishing, can range
from 10−5 to 10−7, [21]. As is said in [12] and [19], different values of ϵ change
the order of convergence of the scheme and yield different sharpness near
discontinuities. In this paper, ϵ = 10−6 is used. The smoothness indicators
of smooth and discontinuous stencils yield ISr = O(h2) and ISr = O(1),
respectively. A direct computation based on equations (7) and (12) yields:

ISr =
1

8100
(9ūj − 12ūj+(1−r) + 3ūj+2(1−r) + (1− r)96u′j)

2

+
13

2700
(57ūj − 66ūj+(1−r) + 9ūj+2(1−r) + (1− r)48u′j)

2

+
781

162000
(72ūj − 96ūj+(1−r) + 24ūj+2(1−r) + (1− r)48u′j)

2, r = 0, 2,

IS1 =
9

2916
(ūj−1 − ūj+1 − 16u′j)

2 +
13

12
(ūj−1 − 2ūj + ūj+1)

2

+
449856

58320
(ūj−1 − ūj+1 + 2u′j)

2,

and

ISc =(
23957

31500
ūj+2 −

690709

126000
ūj+1 +

34913

8400
ūj −

4051

126000
ūj−1 −

20591

126000
ūj−2)ūj+2

+ (
1478263

126000
ūj+1 −

7423

350
ūj +

68419

21000
ūj−1 −

4051

126000
ūj−2)ūj+1

+ (
143239

8400
ūj −

7423

350
ūj−1 +

34913

8400
ūj−2)ūj

+ (
1478263

126000
ūj−1 −

690709

126000
ūj−2)ūj−1 + (

23957

31500
ūj−2)ūj−2

+ (
2464

1125
u′j −

649

375
ūj−2 +

2486

375
ūj−1 −

2486

375
ūj+1 +

649

375
ūj+2)u

′
j .
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2.5 The new scheme for nonlinear degenerate parabolic
PDEs

From equations (4) and (5), it is required to approximate b(u)x and vx. The
final form of the left- and right-biased points are given by

u−
j+ 1

2

=
∑

i∈{0,1,2,c} wi × u−(i)(xj+ 1
2
),

v+
j− 1

2

=
∑

i∈{0,1,2,c} wi × v+(i)(xj− 1
2
),

where

u
−(0)

j+ 1
2

: = p0(xj+ 1
2
) = (22ūj + 9ūj+1 − ūj+2 + 8u′j)/30,

u
−(1)

j+ 1
2

: = p1(xj+ 1
2
) = (ūj−1 + 15ūj + 2ūj+1 + 8u′j)/18,

u
−(2)

j+ 1
2

: = p2(xj+ 1
2
) = (−2ūj−2 + 13ūj−1 + 19ūj + 24u′j)/30,

u
−(c)

j+ 1
2

: = pc(xj+ 1
2
)

= (30ūj−2 − 205ūj−1 + 291ūj + 277ūj+1 − 33ūj+2 − 176u′j)/360,

and

v
+(0)

j− 1
2

: = p0(xj− 1
2
) = (19v̄j + 13v̄j+1 − 2v̄j+2 − 24v′j)/30,

v
+(1)

j− 1
2

: = p1(xj− 1
2
) = (2v̄j−1 + 15v̄j + v̄j+1 − 8v′j)/18,

v
+(2)

j− 1
2

: = p2(xj− 1
2
) = (−v̄j−2 + 9v̄j−1 + 22v̄j − 8v′j)/30,

v
+(c)

j− 1
2

: = pc(xj− 1
2
)

= (−33v̄j−2 + 277v̄j−1 + 291v̄j − 205v̄j+1 + 30v̄j+2 + 176v′j)/360.

Therefore, v̄j =
b(u−

j+1
2

)−b(u−
j− 1

2

)

h ,

dūj(t)
dt =

v+

j+1
2

−v+

j− 1
2

h + S(xj , t, uj) = F (ūj(t)),

(14)

and the semidiscrete scheme (14) is discretized in time by a third order TVD
RungeKutta method [33], which is given by
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ū
(1)
j = ūnj +∆tF (ūnj ),

ū
(2)
j = 3

4 ū
n
j + 1

4 ū
(1)
j + 1

4∆tF (ū
(1)
j ),

ūn+1
j = 1

3 ū
n
j + 2

3 ū
(2)
j + 2

3∆tF (ū
(2)
j ).

(15)

3 Numerical results

This section gives some numerical examples to confirm the accuracy, robust-
ness, and high-resolution properties of the proposed method. Example 1 is
three-dimensional heat equation with a known exact solution and is used
for checking the accuracy and order of convergence [15]. Example 2 is the
two-dimensional porous medium equation [26]. In Example 3, a nonlinear
problem is presented and suggested as test for multidimensional nonlinear
convection-diffusion problems [3, 22]. Next, in Example 4, a scalar two-
dimensinal reaction-diffusion equation is considered [7]. Example 5 taken
from [20, 23], is presented to cover the case strongly degenerate parabolic
equation. Finally, Example 6 is considered to solve a Turing model of bio-
logical pattern formation [7]. This example will demonstrate that the new
technique also handles systems of degenerate equations. The constant CFL
number c = 0.3 is considered. Then, the time step is determined by

max
u

|b′(u)|∆t
h2

= 0.3.

Also, in the following, CWENO5 is used to denote the new proposed method
in the current paper.

Example 1. For x = (x, y, z), S(x, t, u) ≡ 0, and bj(u) = u, j = 1, 2, 3, con-
sider the three-dimensional linear initial-value problem with periodic bound-
ary condition [15],{

ut = uxx + uyy + uzz, x ∈ Ω = (−π, π)3, t > 0,
u(x, y, z, 0) = sin(x) sin(y) sin(z).

The closed analytical form solution for this problem is

u(x, y, z, t) = exp(−t) sin(x) sin(y) sin(z).

The error is computed in the discrete L∞ and L1 norms and, respectively,
defined by

||u||∞ = maxi,j,k |ui,j,k|,

||u||1 =
∑

i,j,k |ui,j,k|∆x3.
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Table 1: Errors for Example 1 at T=2

N L∞ error L∞ order L1 error L1 order CPU
10 0.192(-2) - 0.847(-3) - 08.97
20 0.601(-4) 5.000 0.266(-4) 4.999 15.01
40 0.189(-5) 4.999 0.822(-6) 5.021 32.84
80 0.579(-7) 5.030 0.257(-7) 5.000 68.10
160 0.163(-8) 5.151 0.804(-9) 5.000 142.90

Table 2: Errors and orders of convergence for Example 1 with different linear weights

at T=2. Top:C0 = C1 = C2 = Cc = 1
4
, Middle:C0 = C2 = 1

16
, C1 = 1

2
, Cc = 3

8
,

Bottom:C0 = 1
4
, C1 = C2 = 1

8
, Cc = 1

2
.

N L∞ error L∞ order L1 error L1 order CPU
10 0.115(-2) - 0.788(-3) - 09.12
20 0.400(-4) 4.845 0.295(-4) 4.739 15.15
40 0.110(-5) 5.184 0.910(-6) 5.018 33.01
80 0.347(-7) 4.986 0.290(-7) 4.971 70.11
160 0.107(-8) 5.019 0.863(-9) 5.070 139.98
10 0.149(-2) - 0.102(-2) - 10.01
20 0.453(-4) 5.039 0.341(-4) 4.902 14.93
40 0.190(-5) 4.575 0.971(-6) 5.134 30.99
80 0.338(-7) 5.812 0.281(-7) 5.110 73.12
160 0.103(-8) 5.036 0.877(-9) 5.001 138.88
10 0.171(-2) - 0.145(-2) - 11.55
20 0.148(-3) 3.530 0.139(-3) 3.382 16.01
40 0.170(-4) 3.122 0.182(-4) 2.933 32.18
80 0.125(-5) 3.765 0.201(-5) 3.178 69.87
160 0.873(-7) 3.839 0.156(-6) 3.687 140.11

In Table 1, the respective errors and convergence rates by CWENO5 are
given. The results verify the fifth-order accuracy both in the L∞ and in the
L1 norms. The L1 and L∞ errors and orders of convergence by CWENO5
with different linear weights are reported in Table 2. As is expected, any
symmetric choice of constants Ci enables the fifth-order accuracy.

Example 2. Consider the porous medium equation (PME) as [26]

ut = ∆(um), m > 1, (16)

where u = u(x, t), x ∈ Ω ⊂ Rd. This equation describes various diffusion
processes, such as the flow of an isentropic gas through a porous medium
where u is the density of the gas required to be non-negative and um−1 is the
pressure of the gas. The PME equation degenerates at points where u = 0,
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Table 3: Errors and orders of convergence for Example 2 at T=2. Top to Bottom
respectively: m = 2, m = 4, m = 6, and m = 8.

N L∞ error L∞ order L1 error L1 order CPU
50 0.012(-1) - 0.429(-1) - 10.62
100 0.010(-1) 0.263 0.172(-1) 1.318 19.88
200 0.006(-1) 0.737 0.036(-1) 2.256 35.17
400 0.002(-1) 1.585 0.006(-1) 2.585 78.41
50 0.117(-1) - 0.248 - 13.51
100 0.083(-1) 0.495 0.639(-1) 1.956 23.23
200 0.069(-1) 0.266 0.256(-1) 1.319 37.11
400 0.054(-1) 0.353 0.092(-1) 1.476 86.12
50 0.216(-1) - 0.353 - 16.55
100 0.232(-1) -0.103 0.135 1.386 27.51
200 0.179(-1) 0.374 0.725(-1) 0.896 41.68
400 0.134(-1) 0.417 0.248(-1) 1.547 95.90
50 0.337(-1) - 0.583 - 23.55
100 0.248(-1) 0.442 0.201 1.536 39.77
200 0.213(-1) 0.219 0.752(-1) 1.418 53.13
400 0.218(-1) -0.033 0.368(-1) 1.031 115.55

resulting in the phenomenon of finite speed of propagation and sharp fronts.
The classical solutions to the PME may not exist in general, even if the initial
condition is smooth. The closed analytical form which is a weak solution for
PME, is obtained by Zel’dovich and Kompaneets [38] and Barenblatt [5]
in years 1950 and 1952, respectively. The solution of [5] has the following
explicit form

u(x, t) = t−α

[(
1− k|x|2t− 2α

d

)
+

] 1
m−1

, (17)

where α = d
(m−1)d+2 , k = α(m−1)

2md , and u+ = max(u, 0). Now, we put d = 2;

therefore, Barenblatt solution has no derivative at the points of the circle

x2 + y2 =
√

4m
α(m−1) t

α, where α = 1
m . The CWENO5 scheme is used to solve

the PME (16) for m = 2, 4, 6 and m = 8, where Ω = [−10, 10]2. The initial
condition is taken as the Barenblatt solution (17) at t = 1, and the boundary
condition is chosen to be u = 0 on ∂Ω for t > 1.

Table 3 indicates the magnitude of errors obtained with CWENO5 scheme
for different mesh sizes. Figure 1 shows the results of CWENO5 scheme at the
Final time T = 3 with the computational domain Ω divided into 120 uniform
cells. The CWENO5 scheme prevents the appearance of spurious solutions
close to the circles. The contour plots of absolute difference between approx-
imated solution and Barenblatt solution with m = 2, 4 are shown in Figure 1
top right and bottom right, respectively. The CWENO5 scheme is sufficiently
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Table 4: Errors and orders of convergence for Example 2 (m = 2) with different linear

weights at T=2. Top:C0 = C1 = C2 = Cc = 1
4
, Middle:C0 = C2 = 1

16
, C1 = 1

2
, Cc = 3

8
,

Bottom:C0 = 1
4
, C1 = C2 = 1

8
, Cc = 1

2
.

N L∞ error L∞ order L1 error L1 order CPU
50 0.012(-1) - 0.422(-1) - 10.89
100 0.009(-1) 0.415 0.165(-1) 1.354 20.85
200 0.005(-1) 0.848 0.037(-1) 2.156 34.37
400 0.002(-1) 1.322 0.007(-1) 2.402 80.51
50 0.014(-1) - 0.418(-1) - 11.11
100 0.008(-1) 0.807 0.167(-1) 1.324 22.20
200 0.006(-1) 0.415 0.039(-1) 2.098 33.01
400 0.003(-1) 1.000 0.009(-1) 2.116 81.52
50 0.222(-1) - 0.338 - 09.95
100 0.218(-1) 0.026 0.165 1.035 22.51
200 0.157(-1) 0.473 0.722(-1) 1.192 35.68
400 0.131(-1) 0.261 0.243(-1) 1.571 79.95
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Figure 1: Example 2 (two-dimensional porous medium equation). Top left: PME with

m = 2 and N = 120, Top right: 30 contour lines of |uBarenblatt−u| with m = 2, Bottom
left: PME with m = 4 and N = 120, Bottom right: 30 contour lines of |uBarenblatt − u|
with m = 4.
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Figure 2: Example 3 (two-dimensional Buckley–Leverett-type equation). Left: numerical
solution at T = 0.5 with N = 40, Right: numerical solution at T = 1.0 with N = 40.

accurate in the smooth regions, while on the nonsmooth regions absolute dif-
ference with analytical form solution of Barenblatt is of order 10−3 and 10−2

for m = 2 and m = 4, respectively.

Example 3. This example solves the Buckley–Leverett-type problem [3,22]

ut + f(u)x + g(u)y = ϵ(uxx + uyy)

with ϵ = 0.1, the flux function of the form

g(u) =
u2

u2 + (1− u)2
,

f(u) = g(u)(1− 5(1− u)2).

The initial function for this example is

u(x, y, 0) =

{
1, (x− 0.25)2 + (y − 0.25)2 < 5,
0, otherwise.

This example includes gravitational effects in the x-direction. The numerical
results at T = 0.5 and 1.0 are shown in Figure 2, with the computational
domain [−3, 3]2 divided into 40× 40 uniform cells. The results compare well
with those reported in [3]. Table 5 gives the respective errors and convergence
rates by CWENO5. The numerical solutions compared with a “reference so-
lution”, obtained by WENO6 [26] with N = 400.

Example 4. This example solves the following initial-boundary-value prob-
lem for a scalar reaction-diffusion equation [7], where x = (x, y),

ut = ∆b(u) + S(x, t, u), (18)

u(x, 0) = 0.5(1 + sin(1.1(x− cos(0.7y)))) cos(0.5(y − sin(1.3x))),

∇b(u) · n = 0 on ∂Ω× [0, T ]. (19)
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Table 5: Errors and orders of convergence for Example 3 at T=0.5

N L∞ error L∞ order L1 error L1 order CPU
40 0.228(-3) - 0.716(-4) - 33.63
80 0.680(-5) 4.987 0.248(-5) 4.852 58.12
160 0.215(-6) 4.998 0.799(-7) 4.955 109.87
320 0.671(-8) 4.992 0.239(-8) 5.060 219.23

This problem may serve as a scalar prototype degenerate reaction-diffusion
model. Here, the zero-flux boundary condition (19) implies that the reaction-
diffusion domain is isolated from the external environment. For S(x, t, u) =
S(u), (18) appears in [28] in an ecological setting, where u denotes the pop-
ulation density of a species, and S(u) is its dynamics, where it is assumed
that S(0) = 0 and S′(0) ̸= 0. For example, S(u) = u(1 − u) − u2/(1 + u2)
corresponds to the population dynamics of the spruce band-worm [28] and
models the growth of the population by a logistic expression and the rate of
mortality due to predation by other animals. Authors of [7] modified this
expression by a radial spatial factor, and used

S(x, t, u) = 10(exp(−5r)u(1− u) + (exp(−5r)− 1)
u2

1 + u2
),

r =
√
(x− 0.5)2 + (y − 0.5)2,

which means that the birth of individuals is concentrated near the centre
(0.5, 0.5), and mortality increases with increasing distance from the centre.
Most standard spatial models of population dynamics simply assume that
b(u) = Du, where the constant diffusion coefficient D > 0 measures the
dispersal efficiency of the species under consideration. In this example, the
strongly degenerate diffusion coefficient [7, 37] is used

b(u) =

{
0, u ≤ uc,
D(u− uc), otherwise,

where uc > 0 is an assumed critical value of u beyond which diffusion will take
place. Here, we set D = 1 and uc = 1

2 . The difficulty in the well-posedness
analysis of the problem (18) lies in the boundary condition (19) when b is
strongly degenerate. It is quite difficult to give a correct formulation of the
zero-flux boundary conditions. The computational domain [0, 1]2 is divided
into 80 × 80 uniform cells. Figure 3 shows the numerical approximation at
different time levels. The results compare well with those reported in [7].

Example 5. In this example, we focus on strongly degenerate parabolic
problem. Consider the Burgers-like equation

ut + (u2)x + (u2)y = ϵ(ν(u)ux)x + ϵ(ν(u)uy)y.
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Figure 3: Example 4 (single-species reaction-diffusion model). From top left to bottom
right, it shows the numerical solution at times T = 0.0, 0.5, 1.0, 3.0.

Table 6: Errors and orders of convergence for example 5 at T=0.5

N L∞ error L∞ order L1 error L1 order CPU
40 0.223(-4) - 0.118(-4) - 30.73
80 0.715(-6) 4.963 0.362(-6) 5.000 53.98
160 0.214(-7) 5.059 0.112(-7) 5.014 100.11
320 0.599(-9) 5.162 0.334(-9) 5.054 213.23
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Figure 4: Example 5 (two-dimensional strongly degenerate parabolic problem). Top:

numerical solution at T = 0.5 with N = 80, Bottom: one-dimensional cut along the y
axis with different mesh sizes.

Here, ϵ = 0.1 is considered and

ν(u) =

{
0, |u| ≤ 0.25,
1, |u| > 0.25.

In this example, zero boundary conditions are applied. The initial condition
is equal to −1 and 1 inside two circles of radius 0.4 centred at (0.5, 0.5) and
(−0.5,−0.5), respectively, and is zero elsewhere inside the square [−1.5, 1.5]2.
The L∞ and L1 errors of CWENO5 scheme are given in Table 6 for different
mesh sizes. The computational domain is divided into 80× 80 uniform cells.
The numerical results obtained by CWENO5 scheme are presented in Figure
4, which compare well with those reported in [23,26]. The “reference solution”
was obtained by WENO6 [26] scheme with N = 400.

Example 6. Turing [34] wrote his paper “The chemical basis of morpho-
genesis” in which he suggested an new theory. He hypothesized that the
patterns, observed during embryonic development, occur in reaction to a spa-
tial prepattern in biochemicals, which he termed morphogens. Cells would
then answer to this prepattern by differentiating in a threshold-dependent
way. Thus, Turing hypothesized that the patterns, observed in nature, such
as pigmentation in animals, branching in trees, and skeletal structures are
reflections of inhomogeneities in underlying biochemical signalling.

The system he considered took the form

∂u

∂t
= D∇2u+ f(u).
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Figure 5: Example 6 (Turing’s model for biological pattern formation). Left: u after
1113 simulated time units, Right: v after 1113 simulated time units.

Here, u is a vector of chemical condensations, D =

[
Du 0
0 Dv

]
is a matrix

constant diffusion coefficients, and the nonlinear function f(u) is the reaction
kinetics. Turing analysed the special case of equation (3) when there are
two interacting morphogens, u = (u, v)T . They spread at rates Du and
Dv, respectively, and they also undergo reaction kinetics defined by f(u) =
(f(u, v), g(u, v))T . There are different forms of the reaction kinetics such as
Gierer–Meinhardt [14] model

f(u, v) = c1 − c2u+ c3
u2

(1 + ku2)v
, g(u, v) = c4u

2 − c5v

and the Schnakenberg [31] model

f(u, v) = c1 − c−1u+ c3u
2v, g(u, v) = c2 − c3u

2v.

The parameters {c−1, c1, c2, c3} represent the deterministic rates of the re-
actions. Now, consider the Schnakenberg model on the unit square domain
Ω = [0, 1] × [0, 1] with zero-flux boundary conditions. Let the parameter
values be determined by Du = 1, Dv = 40, c1 = 0.1, c2 = 0.9, c−1 = 1,
and c3 = 1. The initial conditions are random perturbations about the ho-
mogeneous steady state. This system has a uniform positive steady state
(u0, v0), where u0 = c1 + c2 and v0 = c2/(c1 + c2)

2. Figure 5 shows the for-
mation of spot patterns. In this figure, the concentration values of u and v
are illustrated which compare well with those reported in [27].

4 Conclusion

When applying the standard WENO idea, as Liu, Shu, and Zhang did in [26],
in some cases (odd numbers of nodes in small stencils) the linear weights
don’t exist, and when they do exist, at least one of them is negative. In
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this research, another strategy was used to circumvent these problems. This
strategy consists in applying the idea of the local discontinuous Galerkin
method. First, the degenerate parabolic equation was considered as a non-
linear system of first order equations, and then this system was solved us-
ing a fifth-order finite difference weighted essentially nonoscillatory (WENO)
method for conservation laws. The Symmetrical WENO procedure of [1] for
solving this system was used. It was observed that this procedure generates a
fifth-order method in smooth regions and remains essentially nonoscillatory
near discontinuities. Numerical examples showed that the new scheme can
obtain fifth-order accuracy in smooth regions and prevent the appearance of
spurious solutions close to discontinuities.
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A New Hybrid Method Based
on Pseudo Differential Operators
and Haar Wavelet to Solve ODEs
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Abstract

In this paper we present a new and efficient method by combining pseudo
differential operators and Haar wavelet to solve the linear and nonlinear dif-

ferential equations. The present method performs extremely well in terms of
efficiency and simplicity.

Keywords: Haar wavelet; Fourier transform; Differential equations; Numer-
ical solution; Pseudo differential operators.

1 Introduction

In this paper we have offered a method based on Haar wavelet in combination
with pseudo differential operators to solve ODEs.

Recently, wavelet methods have proved useful as widely applied tools for
the computation of numerical approximations. Different types of wavelets
and approximating functions have been proposed for the numerical solution
of differential equations using various methods [2,3,9,15–20], such as Galerkin
and collocations methods, the filter bank methods [20], and the Kalman fil-
ters. In [8], the Haar wavelet method was applied for solving the boundary
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and initial value differential equations. Lepik in [12,14] applied Haar wavelet
to solve differential equations. Also, he used Haar wevelet for solving evolu-
tion and integral equations in [11,13] and PDEs in [10].

pseudo differential operators are considered as natural extensions of lin-
ear partial differential operators. The study of pseudo differential operators
grows out of research in 1960s on the singular integral operators. The pseudo
differential operator is the generalization of linear partial differential opera-
tor, with roots entwined deep in solving differential equations in the classic
and quantum mechanics [4, 5].

At first by applying Fourier inversion formula to the given differential
equation we obtain its associated pseudo differential equation. Then in the
obtained Pseudo differential operator we expand f̂ (f is assumed to be the
solution of ODE) into Haar series, and we employ the collocation method
for the equation to get a numerical solution for ODE. By some numerical
examples the advantages of our tool in comparison with Haar wavelet method
are shown.

The paper is organized in 5 sections in the following way. In section 2
we recall some preliminaries. Some numerical solutions for some examples
of linear and nonlinear differential equations by using our new method are
presented in sections 3 and 4, respectively. Finally error analysis is given in
section 5.

2 Preliminaries

2.1 Wavelets

Haar wavelets are the simplest wavelets among various types of wavelets. The
Haar wavelet family on [0, 1] is defined as follows:

hi(x) =

1 for x ∈ [ξ1, ξ2),
−1 for x ∈ [ξ2, ξ3],
0 elsewhere,

where

ξ1 =
k

m
, ξ2 =

k + 1
2

m
, ξ3 =

k + 1

m
,

and m = 2j , j = 0, 1, . . . , J , indicate the level of the wavelet, and k =
0, 1, . . . ,m−1 is the translation parameter. The index i is calculated accord-
ing to the formula i = m+k+1. The maximal value of i is 2M whereM = 2J .
It is assumed that the value i = 1 corresponds to the scaling function of Haar
wavelet h1(x) = 1 for all x ∈ [0, 1].
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2.2 Fourier Transform and Pseudo Differential
Operators

One of the leading ideas in the theory of pseudo differential operators is to
reduce the study of properties of a linear differential operator

P =
∑
α

cα(x)∂
α
x , (1)

which is a polynomial in the derivatives ∂x with constants cα depending on
x, to its symbol

p(x, ξ) =
∑
α

cα(x)(iξ)
α,

which is a polynomial in the phase variable ξ ∈ R with constants depending
on the space variable x.

Fourier transform is the main tool in the theory of pseudo differential op-
erators. Let f be integrable function; the Fourier transform and the inverse
Fourier transform of f are defined as follows:

f̂(ξ) := F[f ](ξ) :=

∫
R

e−ixξf(x)dx

and

F−1[f̂ ](x) :=
1

2π

∫
R

eix.ξ f̂(ξ)dξ, (2)

where x, ξ ∈ R. According to the inversion formula we have

F−1[F(f)] ≡ F−1[f̂ ] = f. (3)

Let P be the linear differential operator in (1) using the inversion formula,

Pf =
∑
α

cα(x)∂
α
x

1

2π

∫
R
eix.ξ f̂(ξ)dξ

=
∑
α

cα(x)
1

2π

∫
R
(iξ)αeix.ξ f̂(ξ)dξ

=
1

2π

∫
R
eix.ξp(x, ξ)f̂(ξ)dξ.

Here p is considered as a symbol, and

(P (x,Dx)f)(x) :=

∫
Rn

eix.ξp(x, ξ)f̂(ξ)dξ
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defines the associated pseudo differential operator. For more details one can
refer to [1].

2.3 Combination of Haar Wavelet and Pseudo
Differential Operators

Let f ∈ L2[0, 1]; then by (2) and (3), it can be approximated by

f(x) =
1

2π

∫ ∞

−∞
eixξ f̂(ξ)dξ, (4)

since f ∈ L2 then f̂ ∈ L2, and for level J we can write

f̂(ξ) =
2M∑
p=1

aphp(ξ),

where ap =
∫ 1

0
hp(ξ)f̂(ξ)dξ, p = 1, . . . , 2M . By replacing this value in (4) we

obtain

f(x) =
2M∑
p=1

ap

∫ 1

0

eixξhp(ξ)dξ. (5)

With differentiation of (5) we have

f ′(x) =
2M∑
p=1

ap

∫ 1

0

iξeixξhp(ξ)dξ, f ′′(x) =
2M∑
p=1

ap

∫ 1

0

(iξ)2eixξhp(ξ)dξ,

in other words

f (n)(x) =
2M∑
p=1

ap

∫ 1

0

(iξ)neixyhp(ξ)dξ, for all n ∈ N. (6)

Now consider the linear differential equation
∑n

α=0Aα(x)f
(n)(x), by replac-

ing the obtained value for f, f ′, . . . , f (n) in this equation we obtain

n∑
α=0

Aα(x)f
(α)(x) =

2M∑
p=1

ap

∫ 1

0

p(x, ξ)eixξhp(ξ)dξ,

where p(x, ξ) =
∑n

α=0Aα(x)(iξ)
α. This new form of pseudo differential op-

erators is our main tool in order to obtain numerical solution for linear and
nonlinear differential equations in the next sections.
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2.4 Solving Linear Differential Equations

Consider the differential equation of order n

n∑
m=0

Am(x)y(m)(x) = f(x), (7)

where x ∈ [0, 1] and y(n−1)(0) = cn, . . . , y(0) = c0. The interval [0, 1] is
divided into 2M subintervals with the length ∆x = 1

2M .
According to the equality (6) we have

y(n)(x) =

2M∑
p=1

ap

∫ 1

0

(iξ)neixyhp(ξ)dξ, (8)

where ap, with p = 1, . . . , 2M are unknown. Performing integration on (8)
from 0 to x, yields

y(n−1)(x) =
2M∑
p=1

ap[

∫ 1

0

(iξ)n−1eixξhp(ξ)dξ −
∫ 1

0

(iξ)n−1hp(ξ)dξ] + cn (9)

continuing the integration of (9), we get

y(m)(x) =
2M∑
p=1

ap[

∫ 1

0

(iξ)meixyhp(ξ)dξ − xn−m−1

∫ 1

0

(iξ)mhp(ξ)dξ]

+

n−m−1∑
α=0

1

α!
xαy(α+m)(0) (10)

for m = 0, 1, . . . , n − 1. Putting the values obtained for y(n), y(n−1), . . . , y
and the collocation points

xl =
(l − 0.5)

2M
, l = 1, 2, . . . , 2M, (11)

in equation (7), the system below is obtained.

2M∑
p=1

ap

n∑
m=0

Sm(x) = f(xl)

+
n−1∑
ν=0

n−ν−1∑
α=0

1

α!
(xl)

αy(α+ν)(0)Aν(xl), (12)

for l = 1, . . . , 2M, where



G
al
le
y
P
ro
of

68 M.B. Ghaemi, M. Jamalpour Birgani and E. Nabizadeh Morsalfard

Sm(x) = Am(x)[

∫ 1

0

(iξ)meixξhp(ξ)dξ − xn−m−1

∫ 1

0

(iξ)mhp(ξ)dξ].

By calculating the coefficients ap, p = 1, . . . , 2M, and replacing them in (10),
for m = 0, an approximation numerical solution is obtained. The matrix
form of the system (12) is

a(
n∑

m=0

Wm) = F,

where Wm signifies 2M × 2M matrices as follows:

Wm(p, l) = Am(xl)Sm(p, l), m = 0, 1, . . . , n,

such that

Sm(p, l) = Sm(xl),

Sn(p, l) =

∫ 1

0

(iξ)neixlξhp(ξ)dξ,

and F and a are 2M−dimensional vectors

F (l) = f(xl) +
n−1∑
ν=0

n−ν−1∑
α=0

1

α!
(xl)

αy(α+ν)(0)Aν(xl),

a = (a1, . . . , a2M ).

Also, the matrix representation of (1), for m = 0, is

y = aS0 + T,

where the vector T is

T (l) =
n−1∑
α=0

1

α!
(xl)

αy(α)(0), l = 1, . . . , 2M.

Remark. For calculating the integrals, for example,∫ 1

0

(iξ)keixlξhp(ξ)dξ, k = 0, 1, . . . , n,

we can use of the points τl =
(l−1)
2M , l = 1, . . . , 2M + 1. In other words,

∫ 1

0

(iξ)keixlξhp(ξ) =

2M∑
s=1

∫ τs+1

τs

(iξ)keixlξhp(ξ)dξ.
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Since for ξ ∈ (τs, τs+1) we have hp(ξ) = hp(xs); then∫ 1

0

(iξ)keixlξhp(ξ) =

2M∑
s=1

hp(xs)

∫ τs+1

τs

(iξ)keixlξdξ.

3 The Numerical Solution of Linear Differential
Equations

In this section, some examples of linear differential equations are solved by
using the new method. To get the error estimates, problems with the known
exact solution yex(x) are considered.

Example 1. Consider the differential equation

(x− 1)y′(x) + (x2 + 3)y(x) = x4 + 7x2 − 2x+ 6, (13)

where y(0) = 0. This equation has the exact solution yex(x) = 2 + x2.
Now, we seek solutions for the equation (13) based on our hybrid method.
In this equation

W0(p, l) = (x2l + 3)S0(p, l),

W1(p, l) = (xl − 1)S1(p, l),

F (l) = x4l + 7x2l − 2xl + 6.

The obtained results and absolute errors, for some values of J = 2, are shown
in Table 1 and Figure 1, respectively.

Example 2. Consider the differential equation

(x− 1)y′′(x) + (x+ 1)y′(x) + y(x) = (2x2 + 4x− 1)ex,

y(0) = 0, y′(0) = 1.
(14)

This equation has the exact solution yex(x) = xex. In this equation

W0(p, l) = S0(p, l),

W1(p, l) = (xl + 1)S1(p, l),

W2(p, l) = (xl − 1)S2(p, l),

F (l) = (2x2l + 4xl − 1)exl − (1 + 2xl).
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Figure 1: The absolute errors for example 1.

Figure 2: The absolute errors for example 2.
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Table 1: Haar solution, Exact solution, The new method solution for equation (13)

(x/16) Haar solution Exact solution The new method solution

1 2.0087906524 2.0039062500 2.0039062497

3 2.04280445967 2.0351562500 2.0351562500

5 2.11078811462 2.0976562500 2.0976562499

7 2.21748292022 2.1914062500 2.1914062500

9 2.38353209120 2.3164062500 2.3164062499

11 2.79651329536 2.4726562500 2.4726562500

13 0.16626536933 2.6601562500 2.6601562496

15 4.80205593409 2.8789062500 2.8789062511

The obtained results and absolute errors, for some values of J , are shown in
Table 2 and Figure 2, respectively.

4 Nonlinear Differential Equations

In this section we adopt the new approach for nonlinear differential equations.
A numerical solution of nonlinear differential equations can be obtained by
using the new hybrid method. We consider a nonlinear form of differential
equations as

K(x, u(x), u′(x), . . .+ u(n)(x)) = f(x) (15)

such that x ∈ [0, 1] and u(n−1)(0) = cn, . . . , u(0) = c0. K is nonlinear respect
to one of the functions u, u′, . . . u(n) and the function f is given. Replacing
x by xl in the equation (15), for l = 1, 2, . . . , 2M , gives

K(xl, u(xl), u
′(xl), . . .+ u(n)(xl)) = f(xl),

where x1, x2, . . ., and x2M are the collocation points introduced in (11).
Now, by applying (8) and (9) for the functions u, u′, . . . , u(n), we get a system
with 2M equations for calculating the coefficients ap. In general, this system
is nonlinear, and we use the following approach to solve it.
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Table 2: Haar solution, Exact solution, The new method solution for equation (14)

(x/16) Haar solution Exact solution The new method solution

1 0.0668034 0.0665309 0.0665309

3 0.2271089 0.2261681 0.2261682

5 0.4290282 0.4271368 0.4271369

7 0.6809506 0.6776132 0.6776133

9 0.9929719 0.9872182 0.9872183

11 1.3777507 1.3672570 1.3672570

13 1.8556966 1.8309970 1.8309970

15 2.4355610 2.3939901 2.3939901

We assume that (15) is previously solved for the level J − 1, where the
number of collocation points is M = 2J . For the next level, the number
of collocation points is doubled (the value J is increased by one). The new
values for u(x), u′(x), . . . , u(n)(x) and ap are estimated as

û(n)(J)(x) =
2M∑
p=1

â(J)p

∫ 1

0

(iξ)neixξhp(ξ)dξ, (16)

and for m = 0, . . . , n− 1

û(m)(J)(x) =

2M∑
p=1

â(J)p [

∫ 1

0

(iξ)meixξhp(ξ)dξ − xn−m−1

∫ 1

0

(iξ)mhp(ξ)dξ]

+
n−m−1∑
α=0

1

α!
xαu(α+m)(0), (17)

where

â(J)p =

{
â
(J−1)
p for p = 1, . . . ,M,

0 for p =M + 1, . . . , 2M.
(18)

These estimates are corrected by Newton method; the application of which
for l = 1, . . . , 2M leads to the equation
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2M∑
p=1

(
∂K

∂ap
)∆ap = −K(xl, û

(J)(xl), û
′(J)(xl), . . . , û

(n)(J)(xl)) + f(xl), (19)

where

∂K

∂ap
=
∂K

∂u

∂u

∂ap
+
∂K

∂u′
∂u′

∂ap
+ · · ·+ ∂K

∂u(n)
∂u(n)

∂ap
.

By solving (19), ∆ap, p = 1, . . . , 2M , are calculated and equations (16), (17),
and (18) are corrected as follows:

a
(J)
p = â

(J)
p +∆ap,

u(n)(J)(x) =
2M∑
p=1

a(J)p

∫ 1

0

(iξ)neixξhp(ξ)dξ, (20)

and

u(m)(J)(x) =
2M∑
p=1

a(J)p [

∫ 1

0

(iξ)meixyhp(ξ)dξ − xn−m−1

∫ 1

0

(iξ)mhp(ξ)dξ]

+

n−m−1∑
α=0

1

α!
xαu(α+m)(0), m = 0, . . . , n− 1.

We start the procedure by taking an initial solution of â
(0)
1 = 1 and â

(0)
2 = 0.

These estimates are corrected by solving (19) for J = 0.

Example 3. Consider the the differential equation

u(x) + x2u(x)u′(x)
1
2 = x2(1 +

√
2x

5
2 ), (21)

which has the exact solution uex(x) = x2.
The obtained results for J = 2 are shown in Table 3 and Figures 3 and 4.

Example 4. Consider the the differential equation

x cosxu′(x) + (x+ 3)u(x) + xu(x)2 = x(1 + sinx) + 3 sinx, u(0) = 0, (22)

which has the exact solution uex(x) = sinx. The obtained results for J = 2
are shown in Table 4 and Figures 5 and 6.



G
al
le
y
P
ro
of

74 M.B. Ghaemi, M. Jamalpour Birgani and E. Nabizadeh Morsalfard

Figure 3: The comparison of the numerical solution and exact solution for example 3.

Figure 4: The absolute errors for example 3.
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Figure 5: The comparison of the numerical solution and exact solution for Example 4.

Figure 6: The absolute errors for example 4.
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Table 3: Exact solution and The new method solution for equation (21)

(x/16) Exact solution The new method solution

1 0.00390 0.00390

3 0.03515 0.03515

5 0.09765 0.09765

7 0.19140 0.19140

9 0.31640 0.31640

11 0.47265 0.47266

13 0.66015 0.66016

15 0.87890 0.87890

5 Error analysis

In this section, the error analysis for the new method has been offered.

Lemma Let f ∈ L2(R) be a continuous function defined in (0, 1). Then
the error norm at Jth level satisfies the following inequalities

EJ ≤ 3K2

16
2−3J ,

where f(x) ≤ K, for all x ∈ (0, 1) and K > 0, and M is a positive number
related to the Jth level resolution of the wavelet given by M = 2J

Proof.

|EJ | = |u(x)− uJ(x)| = |
∞∑

p=2M+1

ap

∫ 1

0

eixξhp(ξ)dξ|,

where

uJ(x) =
2M∑
p=1

ap

∫ 1

0

eixξhp(ξ)dξ
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Table 4: Exact solution, The new method solution for equation (22)

(x/16) Exact solution The new method solution

1 0.0624593 0.0624592

3 0.1864032 0.1864033

5 0.3074385 0.3074385

7 0.4236762 0.4236762

9 0.5333026 0.5333026

11 0.6346070 0.6346070

13 0.7260086 0.7260086

15 0.8060811 0.8060811

∥EJ∥2 =

∫ 1

0

(
∞∑

p=2M+1

ap

∫ 1

0

eixξhp(ξ)dξ)(
∞∑

p=2M+1

ap

∫ 1

0

eixξhp(ξ)dξ)dx

=
∞∑

p=2M+1

∞∑
k=2M+1

apak

∫ 1

0

(

∫ 1

0

eixξhp(ξ)dξ)(

∫ 1

0

eixξhk(ξ)dξ)dx

=
∞∑

p=2M+1

∞∑
k=2M+1

apak

∫ 1

0

(
2M∑
s=1

hp(xs)

∫ τs+1

τs

eixξdξ)(
2M∑
s=1

hk(xs)

∫ τs+1

τs

eixξdξ)dx.

Applying mean value theorem

∞∑
p=2M+1

∞∑
k=2M+1

apak

∫ 1

0

Ap(x)Bk(x)dx,

where

Ap(x) =

2M∑
s=1

1

2M
hp(xs)(cos(xηs) + isin(xαs))

and

Bk(x) =
2M∑
k=1

1

2M
hk(xk)(cos(xηk)− isin(xαk))
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where ηk, αk ∈ [τk, τk+1]. Therefore

∥EJ∥2 ≤
∞∑

p=2M+1

∞∑
k=2M+1

apak
2M2

∫ 1

0

2M∑
s=1

2M∑
s=1

hp(xs)hk(xs)dx

≤
∞∑

p=2M+1

|ap|2

M
.

Now

ap =

∫ 1

0

2j/2hp(ξ)f̂(ξ)dξ =

∫ 1

0

2j/2hp(ξ)Re(f̂(ξ))dξ + i

∫ 1

0

2j/2hp(ξ)Im(f̂(ξ))dξ.

By applying the mean value theorem for β1 ∈ (ξ1, ξ2) and β2 ∈ (ξ2, ξ3)∫ 1

0

2j/2hp(ξ)Re(f̂(ξ))dξ = 2j/2[

∫ ξ2

ξ1

Re(f̂(ξ))dξ −
∫ ξ3

ξ2

Re(f̂(ξ))dξ]

= 2j/2[(ξ2 − ξ1)Re(f̂(β1))− (ξ3 − ξ2)Re(f̂(β2))].

Applying the mean value theorem

∫ 1

0

2j/2hp(ξ)Re(f̂(ξ))dξ = 2−j/2−1(β1 − β2)(Ref̂(λ1))
′,

where λ1 ∈ (β1, β2) and also∫ 1

0

2j/2hp(ξ)Im(f̂(ξ))dξ = 2−j/2−1(β3 − β4)(Imf̂(λ2))
′,

where λ2 ∈ (β3, β4), β3 ∈ (ξ1, ξ2), and β4 ∈ (ξ2, ξ3).
Therefore

ap =

∫ 1

0

2j/2hp(ξ)f̂(ξ)dξ = 2−j/2−1((β1 − β2)Ref̂(λ1) + i(β3 − β4)Imf̂(λ2))
′.

This implies that

|ap|2 ≤ K22−3j .

Therefore,

∥EJ∥2 ≤
∞∑

i=2M+1

|ai|2

M
≤

∞∑
i=2M+1

K22−3j

M
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≤ K2

M

∞∑
j=J+1

2j+1∑
i=2j+1

2−3j ≤ K2

M

∞∑
j=J+1

2−3j(2j+1 − 1− 2j + 1)

≤ K2

M

∞∑
j=J+1

2−2j ≤ K2

M
(
2−2(J+1)

1− 1
4

)

≤ 3K2

16
2−3J .

It is obvious that the error bound is inversely proportional to the level
of resolution J of Haar wavelet. Hence, the accuracy in our new method
improves as we increase the level of resolution J .

Conclusions In this paper a new method for numerical solution of ordi-
nary differential equations based on pseudo differential operators and Haar
wavelets is proposed. Its applicability and efficiency are checked on some
problems. It is shown that with a small number of collocation points, more
accurate solutions in comparison with Haar wavelet method can be obtained.
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Constrained Bimatrix Games
with Fuzzy Goals and its Application

in Nuclear Negotiations

H. Bigdeli∗, H. Hassanpour, and J. Tayyebi

Abstract

Solving constrained bimatrix games in the fuzzy environment is the aim
of this research. This class of two-person nonzero-sum games is considered
with finite strategies and fuzzy goals when some additional linear constraints
are imposed on the strategies. We consider constrained two-person nonzero-

sum games with single and multiple payoffs. It is shown that an equilibrium
solution of single-objective case can be characterized by solving a quadratic
programming problem with linear constraints. Some mathematical program-
ming problems are also introduced to obtain the equilibrium points in multi-

objective case with crisp and fuzzy constraints. Finally, a political application
of such games is presented which is about nuclear negotiations between two
countries.

Keywords: Multiobjective game; Constrained game; Fuzzy constrained
game; Nuclear negotiations.

1 Introduction

Many real-world problems can be modeled as game problems. When the game
theory is used to analysis some conflict problems in real situations, impreci-
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sion or fuzziness is inherent in human judgments. Two types of inaccuracies of
human judgments should be incorporated in the games; the players’ ambigu-
ous understanding of the payoffs and the fuzzy goals of the players for each of
the objectives. Fuzzy set theory is well known for its ability to model decision
making problems involving vagueness due to the lack of information and/or
imprecision of the available information on the problem set-up [21,24]. This
ability has been successfully exploited for modeling different problems in var-
ious disciplines. In the field of fuzzy games, a considerable number of studies
have been made (see, for example, [1,11,13,17]). Two-person nonzero-sum fi-
nite games are a kind of noncooperative games [19]. Two-person nonzero-sum
games are also referred to as bimatrix games because they can be expressed
by a pair of payoff matrices. These kind of games contain two-person zero-
sum games as a special case. In real-world decision making problems facing
humans today, people want to attain simultaneous goals; that is, they have
multiple objectives. Hence, it seems natural that the game theoretic ap-
proaches to conflict resolution require to handle multiple objectives simulta-
neously. Wierzbicki [23] defined equilibrium solutions of multiobjective game
based on order relations, using several preference cones and optimality cri-
teria such as Pareto optimality for multiobjective noncooperative n-person
games with nonlinear payoff functions. Corley [7] defined equilibrium so-
lutions for multiobjective two-person nonzero-sum games and developed a
method to compute them. Authors of [5] defined a proxy single-objective
game with payoffs corresponding to a scalarizing function with weighting co-
efficients in multiobjective two-person nonzero-sum games and discussed the
existence of equilibrium solutions for the original multiobjective two-person
nonzero-sum games through the existence of the equilibrium solutions for the
single objective proxy game. Fahem and Radjef [9] investigated the concept
of properly efficient equilibrium for a multicriteria noncooperative strate-
gic game. Nishizaki and Sakawa [17] studied two-person nonzero-sum game
incorporating fuzzy goals in single and multiobjective environments. They
defined an equilibrium solution with respect to the degree of attainment of
the fuzzy goals in two-person nonzero-sum games and showed that an equi-
librium obtained from solving several mathematical programming problems.

In some real-life game problems, choice of strategies for players is con-
strained due to some practical reason why this should be; that is, not all
mixed strategies in a game are permitted for each player. These decision
problems give rise to constrained games. Constrained matrix games initially
were studied by Charnes [6] and then in a more general case by Kawaguchi
and Maruyama [10]. Dresher [8] gave a real example of the constrained matrix
game. Li and Cheng [11] presented a method based on the multiobjective
programming to solve constrained matrix games with fuzzy numbers. Li
and Hong [13] proposed a method for solving constrained matrix games with
payoffs of triangular fuzzy numbers. They introduced the concepts of Alpha-
constrained matrix games for the constrained matrix games with payoffs of
triangular fuzzy numbers. Also, they [12] proposed Alpha-cut based linear
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programming methodology for the constrained matrix games with payoffs of
trapezoidal fuzzy numbers.

The authors used multiobjective optimization in multiobjective zero-sum
fuzzy matrix games in other researches [3, 4]. In this paper, we consider the
case of constrained bimatrix games with single and multiple payoffs in which
fuzzy goals are specified for the objectives by the players.

The remainder of the paper is organized as follows. In section 2, some
preliminaries and necessary definitions about fuzzy sets and bimatrix games
are presented. In section 3, constrained bimatrix games with fuzzy goals
are introduced. It is shown that the equilibrium solution of this class of
nonzero-sum games can be characterized by solving a quadratic programming
problem. Then, multiobjective constrained bimatrix games with fuzzy goals
is considered, and a mathematical programming problem to solve such games
is presented. Also, for the case that additional linear constraints are imposed
on the strategies are fuzzy constraints, a mathematical programming problem
is introduced to obtain the equilibrium point of such games. In section 4, a
political application of multiobjective constrained bimatrix games with fuzzy
goals is presented in which nuclear negotiations between two countries have
been discussed. Finally, conclusion is made in section 5.

2 Preliminaries

In this section, we provide some definitions and preliminaries of fuzzy sets
and bimatrix games according to [1, 20].

Let X denote a universal set. A fuzzy subset Ã of X is defined by its
membership function µÃ : X → [0, 1] which assigns to each element x ∈ X
a real number µÃ(x) in the interval [0, 1]. The value of µÃ(x) represents

the grade of membership of x in Ã. The fuzzy subset Ã is denoted by a
set of ordered pairs of elements x and their grades µÃ(x); that is, Ã =
{(x, µÃ(x))|x ∈ X}.

A fuzzy decision making problem is characterized by a set X of possi-
ble alternatives and a set of fuzzy goals Gi, i = 1, . . . , p, as well as a set of
fuzzy constraints Cj , j = 1, . . . , n, each of which is expressed by a fuzzy
set on X. For such a decision making problem, Bellman and Zadeh [2]
proposed that a fuzzy decision is determined by an appropriate aggrega-
tion of the fuzzy sets Gi, i = 1, . . . , p, and Cj , j = 1, . . . , n. Realizing
that both the fuzzy goal and the fuzzy constraint are desired to be sat-
isfied simultaneously, they suggested the aggregation operator to be the
fuzzy intersection. Thus a fuzzy decision D could be defined as the fuzzy
set D = (G1 ∩ · · · ∩ Gp) ∩ (C1 ∩ · · · ∩ Cn); that is, µD(x) : X → [0, 1]
given by µD(x) = min(µG1(x), . . . , µGp(x), µC1(x), µCn(x)). Once the fuzzy
decision D is known, we can define x∗ ∈ X to be an optimal decision if
µD(x∗) = maxx µD(x).
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Let two players in a two-person bimatrix game be denoted by Players
I and II. In a two-person bimatrix game, each player has finite number of
strategies. The payoff function is determined by two matrices A,B ∈ Rm×n.
When Player I chooses his ith strategy and Player II his jth strategy, then
aij and bij are the payoffs of Players I and II, respectively. Thus, a bimatrix
game is determined by a pair of matrices (A,B). Rational behavior of players
is assumed; that is, each of them attempts to maximize his reward. Mixed
strategy is a probability vector over the set of pure strategies. So, bimatrix
game can be represented as BG : (X,Y,A,B), where

X = {x ∈ Rm|
m∑
i=1

xi = 1, xi ≥ 0 i = 1, . . . ,m}

and

Y = {y ∈ Rn|
n∑

j=1

yj = 1, yj ≥ 0, j = 1, . . . , n}

are called the mixed strategy spaces for Players I and II, and A and B are
called the payoff matrices for Players I and II, respectively.

Definition 1. A pair (x∗, y∗) ∈ X × Y is said to be an equilibrium so-
lution of the bimatrix game BG if

xTAy∗ ≤ x∗TAy∗ ∀x ∈ X

and

x∗TBy ≤ x∗TBy∗ ∀y ∈ Y.

In other words, no player has a motivation to change his strategy.

The following theorem due to Nash guarantees the existence of an equi-
librium solution of the bimatrix game.

Theorem 1. [20]Every bimatrix game BG : (X,Y,A,B) has at least one
equilibrium solution.

A Nash equilibrium solution of the bimatrix game BG can be obtained by
solving an appropriate quadratic programming problem as discussed below.

Theorem 2. [15]Let BG : (X,Y,A,B) be a given bimatrix game. The pair
(x∗, y∗) is an equilibrium solution of BG if and only if it is an optimal solu-
tion to the following quadratic programming problem:
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max
x,y,α,β

xT (A+B)y − α− β

s.t. Ay − αem ≤ 0,
BTx− βen ≤ 0,
x ∈ X, y ∈ Y,

(1)

where α and β are scalars; em and en are, respectively, m- and n-dimensional
column vectors whose elements are all ones. The optimal values of α and β
are the expected payoffs to Players I and II, respectively. Furthermore, the
optimal objective value of the problem (1) equals zero.

We will use Pareto optimality concept of multiobjective optimization in
solution concept of multiobjective two-person nonzero-sum games. Thus,
we review some of solutions concepts in multiobjective mathematical pro-
gramming. For convenience, let us introduce the following notation: for any
vectors z, z

′ ∈ RN

z = z
′ ⇐⇒ zi = z

′

i i = 1, . . . , N ;

z ≦ z
′ ⇐⇒ zi ≦ z

′

i i = 1, . . . , N ;

z < z
′ ⇐⇒ zi < z

′

i i = 1, . . . , N ;

z ≤ z
′ ⇐⇒ z ≦ z

′
and z ̸= z

′
.

A multiobjective mathematical programming problem can be written as

min f(z) = (f1(z), . . . , fl(z))
s.t.

z ∈ Z = {z ∈ RN |g(z) ≦ 0, h(z) = 0},

where g(z) = (g1(z), . . . , gm1(z)), h(z) = (h1(z), . . . , hm2(z)), and 0 is zero
vector with the same dimension as the left hand side vectors.
There does not generally exist a solution minimizing all of the objectives si-
multaneously. Therefore, Pareto optimal (efficient) solutions are introduced
as follows.

Definition 2. [22] z∗ ∈ Z is said to be a Pareto optimal solution if there
does not exist another z ∈ Z such that f(z) ≤ f(z∗).

As a slightly weaker solution concept than Pareto optimality, weak Pareto
optimal solutions are defined by replacing ≤ with < in Definition 2.

3 Constrained bimatrix games with fuzzy goals

Nishizaki and Sakawa [18] studied two-person nonzero-sum games incorpo-
rating fuzzy goals in multiobjective environment. They defined an equilib-
rium solution with respect to the degree of attainment of the fuzzy goals
and proved that an equilibrium solution can be obtained by solving several



G
al
le
y
P
ro
of

86 H. Bigdeli, H. Hassanpour, and J. Tayyebi

certain mathematical programming problems. Let us consider a case of BG
in which all mixed strategies x and y must be chosen from some sets X̂ and
Ŷ determined by some linear constraints. A constrained bimatrix game is
denoted by CBG : (X̂, Ŷ , A,B) in which

X̂ =
{
x ∈ Rm

∣∣eTmx = 1, Dx ≤ c , x ≥ 0
}
, (2)

and

Ŷ =
{
y ∈ Rn

∣∣eTny = 1, Ey ≤ d , y ≥ 0
}
, (3)

are called the mixed strategy spaces for Players I and II in the constrained
game, respectively. In the above sets c ∈ Rp, d ∈ Rq, D ∈ Rp×m, and
E ∈ Rq×n. em and en are m- and n-dimensional vectors of ones.
When Player I chooses a mixed strategy x ∈ X̂ and Player II chooses a
mixed strategy y ∈ Ŷ , the values xTAy and xTBy are the expected payoffs
for Players I and II, respectively.

Definition 3. A pair (x∗, y∗) ∈ X̂ × Ŷ is said to be an equilibrium so-
lution of the constrained bimatrix game CBG if

xTAy∗ ≤ x∗TAy∗ ∀x ∈ X̂,

x∗TBy ≤ x∗TBy∗ ∀y ∈ Ŷ .

In this paper, we incorporate fuzzy goals for objectives and introduce
equilibrium solutions in terms of maximizing the degree of attainment for
fuzzy goals similar to the work of [18]. In the following, we define fuzzy goals
for Players I and II.

Definition 4. Let the expected payoffs of Player I be D1 = {xTAy| x ∈
X̂, y ∈ Ŷ }. A fuzzy goal for Player I is a fuzzy set G̃1 represented by an
increasing membership function µ1 : D1 → [0, 1].

Definition 5. Let the expected payoffs of Player II be D2 = {xTBy| x ∈
X̂, y ∈ Ŷ }. A fuzzy goal for Player II is a fuzzy set G̃2 with an increasing
membership function µ2 : D2 → [0, 1].

Note that µ1 (µ2) assigns to each expected payoff xTAy ∈ D1 (xTBy ∈
D2) a real number µ1(x

TAy) (µ2(x
TBy)) which denotes the degree of satis-

faction of Player I (Player II) from the payoff xTAy (xTBy).

An equilibrium solution of a constrained bimatrix game with fuzzy goals
is defined with respect to the degree of attainment of the fuzzy goals.

Definition 6. (Equilibrium solution). A pair (x∗, y∗) ∈ X̂ × Ŷ is said to be
an equilibrium solution of the constrained bimatrix game CBG : (X̂, Ŷ , A,B)
with fuzzy goals if
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µ1(x
∗TAy∗) ≥ µ1(x

TAy∗) ∀x ∈ X̂,

µ2(x
∗TBy∗) ≥ µ2(x

∗TBy) ∀y ∈ Ŷ .

The membership function µ1 (µ2) in the above definition can be inter-
preted as Player I’s (Player II’s ) satisfaction function of payoff. Thus the
game with fuzzy goals can be reduced to an ordinary two-person constrained
nonzero-sum game whose payoff function is its satisfaction function. Let us
consider the fuzzy goal of Player I (Player II) as “the expected payoff should
be substantially greater than or equal to ā (b̄)”. Here, we use linear mem-
bership functions for these fuzzy goals as follows (see Figure 1 for µ1):

µ1(x
TAy) =


0, xTAy ≤ a,

1− ā−xTAy
ā−a , a ≤ xTAy ≤ ā,

1, xTAy ≥ ā,

(4)

and

µ2(x
TBy) =


0, xTBy ≤ b,

1− b̄−xTBy
b̄−b

, b ≤ xTBy ≤ b̄,

1, xTBy ≥ b̄.

(5)

In (4) and (5), ā and b̄ are the desirable values of expected payoffs for Players
I and II, respectively. Also, a and b are the least allowable values for their
expected payoffs. Thus ā− a (b̄− b) is the most allowable value for violation
from ā (b̄) for Player I (Player II). Notice that a, ā, b, and b̄ could be any
values with ā > a and b̄ > b which is given by players. In the case that
they can not give these values; we can set a = min

i
min
j
aij , ā = max

i
max

j
aij ,

b = min
i

min
j
bij , and b̄ = max

i
max

j
bij , in which a (b) gives the worst degree of

satisfaction and ā (b̄) gives the best degree of satisfaction for Player I (Player
II).
Letting

Â = A
ā−a , B̂ = B

b̄−b
, c1 = − a

ā−a , and c2 = − b

b̄−b
;

the membership functions µ1(x
TAy) and µ2(x

TBy) can be rewritten as

µ1(x
TAy) =


0, xTAy ≤ a,

c1 + xT Ây, a ≤ xTAy ≤ ā,
1, xTAy ≥ ā,

and
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µ2(x
TBy) =


0, xTBy ≤ b,

c2 + xT B̂y, b ≤ xTBy ≤ b̄,
1, xTBy ≥ b̄.

respectively.

Figure 1: A linear membership function for fuzzy goal of Player I.

The following theorem states that an equilibrium solution of CBG : (X̂, Ŷ , Â, B̂)
is equal to the equilibrium solution of CBG : (X̂, Ŷ , A,B). Moreover, it is
also an equilibrium solution with respect to the degree of attainment of the
fuzzy goals for CBG : (X̂, Ŷ , A,B) with fuzzy goals.

Theorem 3.A pair of strategies (x∗, y∗) satisfies the conditions

x∗T Ây∗ ≥ xT Ây∗ ∀x ∈ X̂

x∗T B̂y∗ ≥ x∗T B̂y ∀y ∈ Ŷ

if and only if (x∗, y∗) satisfies the following conditions

x∗TAy∗ ≥ xTAy∗ ∀x ∈ X̂

x∗TBy∗ ≥ x∗TBy ∀y ∈ Ŷ

furthermore, when the membership functions of the fuzzy goals are linear
functions, (x∗, y∗) satisfies the following conditions

µ1(x
∗TAy∗) ≥ µ1(x

TAy∗) ∀x ∈ X̂

µ2(x
∗TBy∗) ≥ µ1(x

∗TBy) ∀y ∈ Ŷ

Proof. The presented proof in [1] (Theorems 9.2.1 and 9.2.2) in the case of
unconstrained bimatrix games is also valid for our problem.
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The following example shows that the converse of the second part of The-
orem 3 is not established.

Example 1. Set

X = {x|x1 + x2 = 1, x1, x2 ≥ 0}, Y = {y|y1 + y2 = 1, y1, y2 ≥ 0},

A = B =

[
1 0.75
0.5 0.25

]
,

µ1(x
TAy) =


0, xTAy ≤ 0.25,

1− 0.5−xTAy
0.25 , 0.25 ≤ xTAy ≤ 0.5,

1, xTAy ≥ 0.5,

and

µ2(x
TBy) =


0, xTBy ≤ 0.25,

1− 0.5−xTBy
0.25 , 0.25 ≤ xTBy ≤ 0.5,

1, xTBy ≥ 0.5.

For x∗ =

(
0.2
0.8

)
and y∗ =

(
0.7
0.3

)
, we have

µ1

(
x∗TAy∗

)
≥ µ1

(
xTAy∗

)
∀x ∈ X

and
µ2

(
x∗TBy∗

)
≥ µ2

(
x∗TBy

)
∀y ∈ Y.

Because

x∗TAy∗ = (0.2, 0.8)

[
1 0.75
0.5 0.25

] [
0.7
0.3

]
= [0.6 0.35]

[
0.7
0.3

]
= 0.525

and
µ1

(
x∗TAy∗

)
= µ1 (0.525) = 1

which imply that

1 = µ1

(
x∗TAy∗

)
≥ µ1

(
xTAy∗

)
∀x ∈ X.

Similarly, 1 = µ1

(
x∗TBy∗

)
≥ µ1

(
x∗TBy

)
∀y ∈ Y .

On the other hand for x =

(
0.4
0.6

)
, we have

xTAy∗ = (0.4, 0.6)

[
1 0.75
0.5 0.25

] [
0.7
0.3

]
= [0.7 0.45]

[
0.7
0.3

]
= 0.625

µ1

(
xTAy∗

)
= µ1 (0.625) = 1

We see that, x∗TAy∗ = 0.525 < xTAy∗ = 0.625. Therefore (x∗, y∗) is not
an equilibrium point for bimatrix game (X,Y,A,B). Hence the converse of
Theorem 3 is not established.
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Now, we have the following theorem which provides a quadratic program-
ming problem to find an equilibrium solution of the CBG : (X̂, Ŷ , A,B) with
fuzzy goals.

Theorem 4.(Equivalence theorem) Let (x∗, y∗, α∗, β∗, u∗, v∗) be an optimal
solution of the following quadratic programming problem:

max
x,y,u,v,α,β

xT (Â+ B̂)y − cu− dv − α− β

s.t. Ây ≤ cuem + αem,

B̂Tx ≤ dven + βen,
DTx− c ≤ 0,
ET y − d ≤ 0,
eTmx = 1,
eTny = 1,
x, y, u, v ≥ 0.

(6)

Then (x∗, y∗) is an equilibrium solution of the CBG : (X̂, Ŷ , A,B) with fuzzy
goals.

Proof. First, we show that the optimal value of objective function is zero.
The constraints of the problem evidently imply that

xT Ây + xT B̂y − cu− dv − α− β ≤ 0.

Thus the objective optimal value of the problem (6) is nonpositive. Consider
the point (x̄, ȳ, ᾱ, β̄, ū, v̄), where x̄ = x∗ ∈ X̂, ȳ = y∗ ∈ Ŷ , ᾱ = x∗T Ây∗ −
cu∗, β̄ = x∗T B̂y∗ − dv∗, ū = u∗, and v̄ = v∗. We first prove that it is feasible
to the problem (6). Assume that it is not feasible. Obviously, the solution
does not satisfy at least one of the two first constraints of the problem (6).
We assume that the first constraint does not hold. The proof of the other
case is similar. Thus,

Ây∗ > cu∗em + α∗em. (7)

Multiplying both sides of (7) x∗ ∈ X̂, implies that

x∗T Ây∗ > cu∗ + α∗ = x∗T Ây∗

which is incorrect.

On the other hand, it is clear that the objective value of (x̄, ȳ, ᾱ, β̄, ū, v̄)
is zero. Thus it means that the optimal value of objective (6) is zero.
Now, let (x∗, y∗, α∗, β∗, u∗, v∗) be an optimal solution of the problem (6);
thus

x∗T Ây∗ + x∗T B̂y∗ − cu∗ − dv∗ − α∗ − β∗ = 0. (8)
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From the first and second constraints, for any x ∈ X̂ and y ∈ Ŷ , we have

xT Ây∗ ≤ cu∗ + α∗

and x∗T B̂y ≤ dv∗ + β∗,
(9)

which imply

xT Ây∗ + x∗T B̂y ≤ cu∗ + α∗ + dv∗ + β∗.

Also, the equation (9) implies in particular that

x∗T Ây∗ ≤ cu∗ + α∗

and x∗T B̂y∗ ≤ dv∗ + β∗.

On the other hand, from (8) we have

x∗T Ây∗ + x∗T B̂y∗ = cu∗ + α∗ + dv∗ + β∗.

Thus

x∗T Ây∗ = cu∗ + α∗

and x∗T B̂y∗ = dv∗ + β∗.

Therefore, (9) implies that

x∗T Ây∗ ≥ xT Ây∗ ∀x ∈ X̂

and x∗T B̂y∗ ≥ x∗T B̂y ∀y ∈ Ŷ

This proves that (x∗, y∗) is an equilibrium pair of CBG : (X̂, Ŷ , Â, B̂). But,
by Theorem 3, this means that (x∗, y∗) is an equilibrium solution of the
CBG : (X̂, Ŷ , A,B) with fuzzy goals.

Remark 1. When an optimal solution (x∗, y∗, α∗, β∗, u∗, v∗) of (6) has
been obtained, (x∗, y∗) gives an equilibrium solution of the constrained bima-
trix game CBG : (X̂, Ŷ , A,B) with fuzzy goals. The degree of attainment of
fuzzy goal G̃1 and G̃2 can then be determined by µ1(x

∗TAy∗) (or µ1(x
∗T Ây∗))

and µ2(x
∗TBy∗) (or µ2(x

∗T B̂y∗)).

3.1 Multiobjective constrained bimatrix games with
fuzzy goals

Multiobjective two-person nonzero-sum games can be expressed as multiple
m× n matrices
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A1 =

 a111 . . . a11n
...

. . .
...

a1m1 . . . a
1
mn

 , . . . , Ar =

 ar11 . . . ar1n
...

. . .
...

arm1 . . . a
r
mn

 ,

B1 =

 b111 . . . b11n
...

. . .
...

b1m1 . . . b
1
mn

 , . . . , Bs =

 bs11 . . . bs1n
...

. . .
...

bsm1 . . . b
s
mn

 ,
where Player I has m pure strategies and r objectives and Player II has n
pure strategies and s objectives. When Player I chooses the pure strategy i
and Player II chooses the pure strategy j, they respectively receive the payoff
vectors (a1ij , . . . , a

r
ij) and (b1ij , . . . , b

s
ij). The mixed strategy spaces for Players

I and II are, respectively, given by (2) and (3).

When Player I chooses a constrained mixed strategy x ∈ X̂ and Player
II chooses a constrained mixed strategy y ∈ Ŷ , the k-th payoff of Player I
is fk1 (x, y) = xTAky and the l-th expected payoff of Player II is f l2(x, y) =
xTBly. Assume that for each objective fk1 (x, y) = xTAky, k = 1, . . . , r,
Player I has a fuzzy goal such as “the k-th objective value of the game
should be substantially more than or equal to some value āk”. This state-
ment can be quantified by eliciting a membership function. Assume that the
corresponding linear membership function is defined as follows:

µk
1(x

TAky) =


0, xTAky ≤ ak,

1− āk−xTAky
āk−ak , ak ≤ xTAky ≤ āk,

1, xTAky ≥ āk,

where ak is the least allowable value of the k-th payoff.
Similarly, assume that for each objective f l2(x, y) = xTBly, l = 1, . . . , s,
Player II has a fuzzy goal such as “the l-th objective value of the game
should be substantially more than or equal to some value b̄l.” Then the
corresponding linear membership function is defined as follows:

µl
2(x

TBly) =


0, xTBly ≤ bl,

1− b̄l−xTBly
b̄l−bl

, bl ≤ xTBly ≤ b̄l,

1, xTBly ≥ b̄l,

where bl is the least allowable value of the l-th payoff.
Letting

Âk = Ak

āk−ak , B̂
l = Bl

b̄l−bl
, ck1 = − ak

āk−ak , and c
l
2 = − bl

b̄l−bl
,

the membership functions µk
1(x

TAky) and µl
2(x

TBly) can be rewritten as
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µk
1(x

TAky) =


0, xTAky ≤ ak,

ck1 + xT Âky, ak ≤ xTAky ≤ āk,
1, xTAky ≥ āk,

and

µl
2(x

TBly) =


0, xTBly ≤ bl,

cl2 + xT B̂ly, bl ≤ xTBly ≤ b̄l,
1′ xTBly ≥ b̄l.

We consider the equilibrium solutions in terms of maximizing the degree of
attainment of fuzzy goals. We use the method of Bellman and Zadeh [2] to
aggregate the fuzzy goals.
The aggregated fuzzy goals of Players I and II are as follows, respectively:

µ1(x, y) = mink=1,...,r µ
k
1(x

TAky),
µ2(x, y) = minl=1,...,s µ

l
2(x

TBly).
(10)

Definition 7. A pair of strategies (x∗, y∗) is an equilibrium solution with
respect to the degree of attainment of the fuzzy goals aggregated by the
minimum component for the multiobjective CBG : (X̂, Ŷ , A,B) with fuzzy
goals if for any other mixed strategies x ∈ X̂ and y ∈ Ŷ

µ1(x
∗, y∗) ≥ µ1(x, y

∗)

and

µ2(x
∗, y∗) ≥ µ2(x

∗, y),

where µ1 and µ2 are given by (10).

Based on the above definition, an equilibrium solution is (x∗, y∗) in which,
x∗ and y∗ are the optimal solutions to the following two mathematical pro-
gramming problems:

maximizemin{µ1
1(x

TA1y∗), . . . , µr
1(x

TAry∗)}
s.t. eTmx = 1,

DTx ≤ c,
x ≥ 0,

and

maximizemin{µ1
2(x

∗TB1y), . . . , µs
2(x

∗TBsy)}
s.t. eTny = 1,

ET y ≤ d,
y ≥ 0.

Remark 2. Similar to the proposed theorem for unconstrained bimatrix
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games in [17] (Lemma 4.2.1), we can say that an equilibrium point is a pair
of strategies (x∗, y∗) in which x∗ and y∗ are the optimal solutions of the
following problems, respectively:

maximizemink=1,...,r{ck1 + xT Âky∗}
s.t. eTmx = 1,

DTx ≤ c,

0 ≤ ck1 + xT Âky∗ ≤ 1, k = 1, . . . , r,
x ≥ 0,

(11)

and

maximizeminl=1,...,s{cl2 + x∗T B̂ly}
s.t. eTny = 1,

ET y ≤ d,

0 ≤ cl2 + x∗T B̂ly ≤ 1, l = 1, . . . , s,
y ≥ 0.

(12)

Since the constraints of the problems (11) and (12) are separable, these
problems yield the following mathematical programming problem:

maximize(mink=1,...,r{ck1 + xT Âky∗}+minl=1,...,s{cl2 + x∗T B̂ly})
s.t. DTx ≤ c,

ET y ≤ d,
eTmx = 1,
eTny = 1,

0 ≤ ck1 + xT Âky∗ ≤ 1, k = 1, . . . , r,

0 ≤ cl2 + x∗T B̂ly ≤ 1, l = 1, . . . , s,
x ≥ 0,
y ≥ 0.

Now, we can present the following theorem.

Theorem 5.Let (x∗, y∗, α∗, β∗, λ∗1, λ
∗
2, u

∗, v∗) be an optimal solution to the
following nonlinear programming problem

(NLP1):
max λ1 + λ2 − cu− dv − α− β
s.t.

Âky + ck1em ≤ cuem + αem for some k ∈ {1, . . . , r} , (c1)

(B̂l)
T
x+ cl2en ≤ dven + βen for some l ∈ {1, . . . , s} , (c2)

xT Âky + ck1 ≥ λ1, k = 1, . . . , r, (c3)

xT B̂ly + cl2 ≥ λ2, l = 1, . . . , s, (c4)
DTx ≤ c, (c5)
ET y ≤ d, (c6)
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eTmx = 1, (c7)
eTny = 1, (c8)

0 ≤ ck1 + xT Âky ≤ 1, (c9)

0 ≤ cl2 + xT B̂ly ≤ 1, (c10)
0 ≤ λ1, λ2 ≤ 1, (c11)
x, y, u, v ≥ 0. (c12)

Then (x∗, y∗) is an equilibrium solution with respect to the degree of attain-
ment of the aggregated fuzzy goal.

Proof. First, we show that the optimal value of objective is zero. Let
(x, y, α, β, λ1, λ2, u, v) be an arbitrary feasible solution of the problem (NLP1).
From the constraints (c1) and (c7), it is easy to verify that

xT Âky + ck1 ≤ cu+ α for some k ∈ {1, . . . , r}.

Thus
min
k

{
xT Âky + ck1

}
≤ cu+ α.

Similarly, from the constraints (c2) and (c8) we have

min
l

{
xT B̂ly + cl2,

}
≤ dv + β.

From the constraints (c3) and (c4),

min
k

{
xT Âky + ck1

}
≥ λ1,

and
min

l

{
xT B̂ly + cl2

}
≥ λ2.

Therefore, we have

λ1 + λ2 − cu− dv − α− β ≤ 0.

In other words, the objective function value of (NLP1) is less than or equal
to 0. We can verify that the solution (x̄, ȳ, ᾱ, β̄, λ̄1, λ̄2, ū, v̄) in which

x̄ = x∗ ∈ X̂,

ȳ = y∗ ∈ Ŷ ,

ᾱ = mink

{
x∗T Âky∗ + ck1

}
− cu∗,

β̄ = minl

{
x∗T B̂ly∗ + cl2

}
− dv∗,

λ̄1 = mink

{
x∗T Âky∗ + ck1

}
,

λ̄2 = minl

{
x∗T B̂ly∗ + cl2

}
,

ū = u∗, and v̄ = v∗,
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is feasible to the problem (NLP1). Assume that it is not feasible. So the
solution does not satisfies at least one of the two constraints (c1) and (c2)
of the problem (NLP1). We assume that the constraint (c1) does not hold.
The proof of the other case is similar. Thus,

Âky∗ + ck1em > cu∗em + α∗em. (13)

Multiplying x∗ ∈ X̂ both sides of (13), we have

x∗T Âky∗ + ck1 > cu∗ + α∗.

Thus,

min
k

{
x∗T Âky∗ + ck1

}
> min

k

{
x∗T Âky∗ + ck1

}
.

Also, its objective function value is zero. It means that the optimal value of
objective of the nonlinear problem (NLP1) is zero.

Now, Let (x∗, y∗, α∗, β∗, λ∗1, λ
∗
2, u

∗, v∗) be an optimal solution to the pro-
gramming problem (NLP1). Thus

λ∗1 + λ∗2 − cu∗ − dv∗ − α∗ − β∗ = 0. (14)

From the constraints (c1) and (c2), for each feasible solution (x, y, α, β, λ1, λ2, u, v),
we have

xT Âky∗ + ck1 ≤ cu∗ + α∗ for some k ∈ {1, . . . ,m},
x∗T B̂ly + cl2 ≤ dv∗ + β∗ for some l ∈ {1, . . . , n}.

Thus,

mink

{
xT Âky∗ + ck1

}
≤ cu∗ + α∗,

minl

{
x∗T B̂ly + cl1

}
≤ dv∗ + β∗.

(15)

Also, according to the constraints (c3) and (c4),

mink

{
x∗T Âky∗ + ck1

}
≥ λ∗1,

minl

{
x∗T B̂ly∗ + cl2

}
≥ λ∗2.

(16)

Now, from (14) and (16) it follows that

α∗ + β∗ + cu∗ + dv∗ = λ∗1 + λ∗2 ≤ min
k

{x∗T Âky∗ + ck1}+min
l
{x∗T B̂ly∗ + cl2}.

Therefore,

min
k

{x∗T Âky∗ + ck1} ≥ −min
l
{x∗T B̂ly∗ + cl2}+ α∗ + β∗ + cu∗ + dv∗. (17)
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On the other hand, the first inequality of (15) for x = x∗ and (17) imply that

cu∗+α∗ ≥ min
k

{x∗T Âky∗+ck1} ≥ −min
l
{x∗T B̂ly∗+cl2}+α∗+β∗+cu∗+dv∗.

It follows that

min
l
{x∗T B̂ly∗ + cl2} ≥ β∗ + dv∗. (18)

Similarly,

min
k

{x∗T Âky∗ + ck1} ≥ α∗ + cu∗. (19)

Thus, from (15), (18), and (19), we have

mink{x∗T Â1y∗ + c11} = α∗ + cu∗,

minl{x∗T B̂ly∗ + cl2} = β∗ + dv∗.
(20)

Consequently, (15) and (20) imply that

min
k

{x∗T Âky∗ + ck1} ≥ min
k

{xT Âky∗ + ck1}, ∀x ∈ X̂,

and
min

l
{x∗T B̂ly∗ + cl2} ≥ min

l
{x∗T B̂ly + cl2} ∀y ∈ Ŷ .

Hence, x∗ and y∗ are, respectively, optimal solutions to the problems (11)
and (12). Therefore, by Remark 2 the pair (x∗, y∗) is an equilibrium solution
with respect to the degree of attainment of the fuzzy goals aggregated by the
minimum component for the multiobjective game.

Using the techniques of solving nonlinear programming problems contain-
ing constraints such as (c1) and (c2), the nonlinear problem (NLP1) can be
solved by solving the following mixed binary nonlinear programming prob-
lem.

max λ1 + λ2 − cu− dv − α− β
s.t.

Â1y + c11em ≤ cuem + αem +M(1− δ1)em,
...

Âry + cr1em ≤ cuem + αem +M(1− δr)em,

(B̂1)
T
x+ c12en ≤ dven + βen +M(1− δ

′

1)en,
...

(B̂s)
T
x+ cs2en ≤ dven + βen +M(1− δ

′

s)en,

xT Âky + ck1 ≥ λ1, k = 1, . . . , r,

xT B̂ly + cl2 ≥ λ2, l = 1, . . . , s,
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DTx ≤ c,
ET y ≤ d,
eTmx = 1,
eTny = 1,

0 ≤ ck1 + xT Âky ≤ 1,

0 ≤ cl2 + xT B̂ly ≤ 1,
0 ≤ λ1, λ2 ≤ 1,
r∑

k=1

δk = 1,

s∑
l=1

δ
′

l = 1,

δk = 0 or 1, k = 1, . . . r,

δ
′

l = 0 or 1, l = 1, . . . s,
x, y, u, v ≥ 0,

where M is an enough large number. This problem can be solved by branch
and bound methods of solving mixed zero-one nonlinear problems [14], or by
using optimization softwares such as Lingo [25] and Gams [26].

3.2 Multiobjective constrained bimatrix games with
fuzzy goals and fuzzy constraints

Assume that the constraints imposed on mixed strategies are fuzzy con-
straints. In other words, the mixed strategy spaces for Players I and II
are, respectively, as follows:

X̃ =
{
x ∈ Rm

∣∣eTmx = 1, Dx≥̃c , x ≥ 0
}
,

Ỹ =
{
y ∈ Rn

∣∣eTny = 1, Ey≥̃d , y ≥ 0
}
.

The symbol “≥̃” denotes a relaxed or fuzzy version of the ordinary in-
equality “≥”. (We consider only fuzzy version of ≥ in order to adopt to the
considered fuzzy goals. Note that a ≤ constraint can be transformed to a
≥ one). More explicitly, these fuzzy inequalities mean that “for t = 1, . . . , p
and τ = 1, . . . , q, the constraints Dtx and Eτy should be substantially more
than or equal to ct and dτ , respectively ”.

For treating the fuzzy inequalityDtx≥̃ct, we use the following linear mem-
bership function

µ1(Dtx) =


0, Dtx ≤ ct,
1− c̄t−Dtx

c̄t−ct
, ct ≤ Dtx ≤ c̄t,

1, Dtx ≥ c̄t,

(21)
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where c̄t = ct and ct = ct − δt, in which δt is a subjectively chosen constant

expressing the limit of the admissible violation of the inequality. Letting D̂t =
Dt

c̄t−ct
and c

′

1t = − ct
c̄t−ct

, the above membership function can be rewritten as

follows:

µ1(Dtx) =


0, Dtx ≤ ct,

c
′

1t + D̂tx, ct ≤ Dtx ≤ c̄t,
1, Dtx ≥ c̄t.

(22)

Also, µ2(Eτy) can be defined similar to (21) and rewritten as

µ2(Eτy) =


0, Eτy ≤ dτ ,

c
′

2τ + Êτy, dτ ≤ Eτy ≤ d̄τ ,
1, Eτy ≥ d̄τ ,

(23)

where Êτ = Eτ

d̄τ−dτ
, c

′

2τ = − dτ

d̄τ−dτ
, d̄τ = dτ , and dτ = dτ − δ

′

τ .

According to these membership functions, we define an equilibrium solu-
tion with respect to the degree of attainment of the aggregated fuzzy goal as
follows.

Definition 8. A pair of strategies (x∗, y∗) is an equilibrium solution with
respect to the degree of attainment of the fuzzy goals aggregated by the min-
imum component for the multiobjective CBG : (X̃, Ỹ , A,B) with fuzzy goals
if for any other mixed strategies x ∈ X̃ and y ∈ Ỹ

min
k=1,...,r
t=1,...,p

{
µk
1(x

∗TAky∗), µ1(Dtx
∗)
}
≥ min

k=1,...,r
t=1,...,p

{
µk
1(x

TAky∗), µ1(Dtx)
}
,

and

min
l=1,...,s
τ=1,...,q

{
µl
2(x

∗TBly∗), µ2(Eτy
∗)
}
≥ min

l=1,...,s
τ=1,...,q

{
µl
2(x

∗TBly), µ2(Eτy)
}
.

According to the membership functions (22) and (23), we can say that an
equilibrium point is a pair of strategies (x∗, y∗) in which x∗ and y∗ are the
optimal solutions of the following problems, respectively.

maximizemin{c11 + xT Â1y∗, . . . , cr1 + xT Âry∗, c
′

11 + D̂1x, . . . , c
′

1p + D̂px}
s.t. eTmx = 1,

0 ≤ ck1 + xT Âky∗ ≤ 1, k = 1, . . . , r,

0 ≤ c
′

1t + D̂tx ≤ 1, t = 1, . . . , p,
x ≥ 0,

(24)

and



G
al
le
y
P
ro
of

100 H. Bigdeli, H. Hassanpour, and J. Tayyebi

maximizemin{c12 + x∗T B̂1y, . . . , cs2 + x∗T B̂sy, c
′

21 + Ê1y, . . . , c
′

2q + Êqy}
s.t. eTny = 1,

0 ≤ cl2 + x∗T B̂ly ≤ 1, l = 1, . . . , s,

0 ≤ c
′

2τ + Êτy ≤ 1, τ = 1, . . . , q,
y ≥ 0.

(25)

Note that the problems (24) and (25) are similar to the problems presented
in [17] for solving bimatrix games with fuzzy goals in which additional fuzzy
constraints imposed on the strategies becomes additional fuzzy goals. Thus
it is natural to extend the presented theorems in [17]. The following theorem
expresses that an equilibrium point can be obtained by solving a mathemat-
ical programming problem.

Theorem 6.(Equivalence theorem). Let (x∗, y∗, α∗, β∗, λ∗1, λ
∗
2) be an opti-

mal solution to the following nonlinear programming problem:

(NLP2):

max λ1 + λ2 − α− β
s.t. 

Âky + ck1em − αem ≤ 0 for some k ∈ {1, . . . , r} ,

D̂t + c
′
1tem ≤ αem for some t ∈ {1, . . . , p} , (B̂l)

T
x+ cl2en − βen ≤ 0 for some l ∈ {1, . . . , s} ,

Êτ + c
′
2τ en ≤ βen for some τ ∈ {1, . . . , q} ,

xÂky + ck1 ≥ λ1, k = 1, . . . , r,

D̂t
T
x+ c

′
1t ≥ λ1, t = 1, . . . , p,

xB̂ly + cl2 ≥ λ2, l = 1, . . . , s,

Êτ
T
y + c

′
2τ ≥ λ2, τ = 1, . . . , q,

eTmx = 1,
eTny = 1,

0 ≤ ck1 + xÂky,≤ 1 k = 1, . . . , r,

0 ≤ c
′
1t + D̂tx ≤ 1, t = 1, . . . , p,

0 ≤ cl2 + xT B̂ly ≤ 1, l = 1, . . . , s,

0 ≤ c
′
2τ + Êτy ≤ 1, τ = 1, . . . , q,

0 ≤ λ1, λ2 ≤ 1,

x, y ≥ 0.

Then (x∗, y∗) is an equilibrium solution with respect to the degree of attain-
ment of the aggregated fuzzy goal.

Proof. The proof is similar to the proof of Theorem 5.

Note that if the fuzzy constraints imposed on mixed strategies are not
considered, the problem (NLP2) is the same as the introduced problem by
Nishizaki and Sakawa [17] to solve bimatrix game with fuzzy goals.

Similar to the problem with crisp constraints in subsection 3.1, to solve
this problem, it is sufficient to solve the following mixed binary nonlinear
programming.
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max λ1 + λ2 − α− β
s.t.

Â1y + c11em ≤ αem +M(1− δ1)em,
...

Âry + cr1em ≤ αem +M(1− δr)em,′

D̂1 + c
′

11em ≤ αem +M(1− δr+1)em,
...

D̂p + c
′

1pem ≤ αem +M(1− δr+p)em,

(B̂1)
T
x+ c12en ≤ βen +M(1− δ

′

1)en,
...

(B̂s)
T
x+ cs2en ≤ βen +M(1− δ

′

s)en,

Ê1 + c
′

21en ≤ βen +M(1− δ
′

s+1)en,
...

Êq + c
′

2qen ≤ βen +M(1− δ
′

s+q)en,

xT Âky + ck1 ≥ λ1, k = 1, . . . , r,

D̂t
T
x+ c

′

1t ≥ λ1, t = 1, . . . , p,

xT B̂ly + cl2 ≥ λ2, l = 1, . . . , s,

Êτ
T
y + c

′

2τ ≥ λ2, τ = 1, . . . , q,
eTmx = 1,
eTny = 1,

0 ≤ ck1 + xÂky ≤ 1, k = 1, . . . , r,

0 ≤ c
′

1t + D̂x ≤ 1, t = 1, . . . , p,

0 ≤ cl2 + xT B̂ly ≤ 1, l = 1, . . . , s,

0 ≤ c
′

2τ + Êy ≤ 1, τ = 1, . . . , q,
0 ≤ λ1, λ2 ≤ 1,
r+p∑
k=1

δk = 1,

s+q∑
l=1

δ
′

l = 1,

δk = 0 or 1, k = 1, . . . r + p,

δ
′

l = 0 or 1, l = 1, . . . s+ q,
x, y, u, v ≥ 0.

Again, the above problem can be solved by branch and bound methods of
solving mixed zero-one nonlinear problems [14], or by using optimization
softwares such as Lingo [25] and Gams [26].

In this section, We use multiobjective optimization to study multiob-
jective two-person constrained bimatrix games. Thus, we expect to consider
Pareto optimality concept for multiobjective two-person bimatrix games. Be-
fore defining weak Pareto optimal equilibrium solution, we recall the defini-
tion of the best reply strategies as follows by using the concept of Pareto
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optimality in multiobjective optimization.

Definition 9. [17]. Let a payoff vector of Player I be denoted by p1(x, y) ∈ Rr

when Player I chooses a mixed strategy x ∈ X̂, and let Player II chooses a
mixed strategy y ∈ Ŷ . Player I’s preference cone is defined by

C1 =
{
z = (z1, . . . , zr) ∈ Rr|zk ≥ 0, k = 1, . . . , r

}
.

Then, given Player II’s strategy ŷ, the set of payoffs for the weak Pareto best
reply strategies is defined by

p1(ŷ) = {p1(x, ŷ) ∈ z1(ŷ)|z1(ŷ) ∩ (p1(x, ŷ) + intC1) = ∅

for some strategy x ∈ X̂ of P layer I}

where z1(ŷ) is the set of attainable payoffs of Player I against the strategy
ŷ ∈ Ŷ of Player II and intC1 denotes the set of interior points of C1. Similarly,
let Player II’s payoff vector be denoted by p2(x, y) ∈ Rs, and let Player II’s
preference cone be

C2 =
{
z = (z1, . . . , zs) ∈ Rs|zl ≥ 0, l = 1, . . . , s

}
.

Then, given Player I’s strategy x̂ ∈ X̂, the set of payoffs for weak Pareto best
reply strategies is defined by

p2(x̂) = {p2(x̂, y) ∈ z2(x̂)|z2(x̂) ∩ (p2(x̂, y) + intC2) = ∅,

for some strategy y ∈ Ŷ of P layer II},

where z2(x̂) is the set of attainable payoffs of Player II against the strategy
x̂ of Player I.

Definition 10. [23]. Let the payoff vectors of Players I and II be p1(x, y) =
(p11(x, y), . . . , p

r
1(x, y)) and p2(x, y) = (p12(x, y), . . . , p

s
2(x, y)), respectively.

For any pair of strategies x ∈ X̂ and y ∈ Ŷ , let Player I’s set of payoff
vectors for the weak Pareto best reply strategies and Player II’s set of payoff
vectors for the weak Pareto best reply strategies be denoted by p1(y) and
p2(x), respectively. Then the set of the weak Pareto optimal equilibrium
solutions is defined by

WPE = {(x∗, y∗)|p∗1(x∗, y∗) ∈ p1(y
∗), p∗2(x

∗, y∗) ∈ p2(x
∗)} .

Pareto optimal equilibrium solution can be defined by replacing intC1

and intC2 with C1\{0} and C2\{0} in the above definitions, respectively.
Wierzbicki [23] explored in detail the relation between scalarizing functions
and Pareto optimal equilibrium solutions. If scalarizing function is a strictly
monotone function, then the obtained equilibrium point is Pareto optimal
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equilibrium solution, and if it is monotone function which is not always
strictly monotone, then obtained equilibrium point is weak Pareto optimal
equilibrium solution. Also, suppose a player assesses that ak or bl is suf-
ficiently small and assesses that āk or b̄l is sufficiently large. We have the
following theorem.

Theorem 7An equilibrium solution with respect to the degree of attainment
of the fuzzy goals aggregated by a minimum component is a weak Pareto op-
timal equilibrium solution.

Proof. According to that the minimum component is not always strictly
monotone, the proof is completed.

4 A political application: investigating nuclear
negotiations

The application of game theory and its importance to social science were
quickly recognized. Now, game theory is used extensively in analyzing psy-
chology, philosophy, sociology, politics, and economics. Most importantly,
game theory is used to analyze international relations, specifically in coun-
tries with conflicting goals and interests. Game theory provides a logical
analysis of situations of conflict and cooperation. A game is a situation in
which

1) There are at least two players. A player may be an individual, but it
may also be a more general entity like a company, a nation, or even a
biological species.

2) Each player has a number of possible strategies, courses of action which
he may choose to follow.

3) The strategies chosen by each player determine his outcome of the game.

4) Associated to each possible outcome of the game there is a collection
of numerical payoffs, one to each player. These payoffs represent the
value of the outcome to the different players.

Game theory can be divided into two categories: zero-sum games and
nonzero-sum games. Zero-sum games are games in which one player wins
and the other loses. The two players do not cooperate, and their interests
are in total conflict. Each player chooses a certain set of strategies, and he
does not know the choices of the other player. Nonzero-sum games, on the
other hand, are games in which the interests of the players are not strictly
opposed. The success of one player does not come as a result of the failure
of the other player.
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Because the interests of the players are not in total conflict and not strictly
coincident, a nonzero-sum game allows the players to both compete and co-
operate to achieve outcomes that are advantageous to both players. Nonzero-
sum games can be played without communication, with communication be-
fore the game, and with cooperation. In international relations, countries
compete and cooperate to maximize their national interests. These countries
also have diplomatic relations, and therefore, they communicate with one
another. Therefore, this study will focus on the nonzero-sum games in which
the players can communicate before the game strategic moves.

It is important to note that the data in this discussion are bogus totally
and is brainchild of the authors and have not specific explanation for what
happened in the world of today between two countries.

Let us explain the details of the problem. Country I is sanctioned by
Country II, and its allies due to nuclear activities. Now, Country I is not in a
good economic position. To fix the economic problem, Country I decides to
negotiate with Country II to lift nuclear sanctions and achieve the favorable
economic situation in the region. However, it is possible to Country I find
the weak political position among its allies and its people. It is possible to
improve the political situation in the other countries due to negotiation but
Country I is not optimistic to this improvement. Since Country I is interested
in a win-win game, so we formulate our problem as a win-win game. In this
negotiation it is assumed that after the establishment of results, the countries
act on their decisions. During the negotiations, Country I’s strategies are as
follows:

(1) Do not reduce the number of centrifuges (even increase their numbers)
and extend nuclear activities.

(2) Reduce of the number of centrifuges and limit the nuclear activities
under strict inspections.

(3) Suspend the nuclear activities.

Also, Country II’s strategies are as follows:

(1) Do not cancel any of sanctions.

(2) Cancel some natural or legal sanctions.

(3) Military attack.

Country II has stated that if Country I chooses the strategies (2) or (3),
then he may choose second strategy. Both countries do not trust each other
to do after agreement. So data should be chosen in such a way that the
distrust between two countries be considered. Here we assume that both
countries said that they would act after the agreement. Note that there are
opponents of this agreement in congress of Country II. Thus, it is expected
that after the agreement, by congressional pressure on the government some
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Country II

Country I
(50,30) (80,5) (45,10)
(20,70) (20,50) (30,15)
(10,60) (10,30) (15,5)

Political position

Country II

Country I
(60,30) (70,40) (5,20)
(1,50) (50,50) (0,10)
(5,40) (20,40) (5,10)

Economic position

new sanctions are imposed against Country I way out of nuclear activities.
Country II choosing the first strategy in addition to sanctions, concerned to
military threats and create sedition in Country I. It is also possible, even
move with second strategy to military threats and create sedition in this
country. However, with Country II’s commitment, Country I predicts these
actions after the agreement. Although it is possible mathematical models of
these issues are complex in real world, our aim of this discussion is only to
show a part of applications of these games in the nuclear negotiations and
the method of determining the best strategy.

Suppose that Country I will incur cost as much as 55, 70, and 80 unites
if he chooses the strategies (1), (2), and (3), respectively. Country I does
not want to spend more than 75 unites; that is, the mixed strategies of the
country I must satisfy the constraint condition: 55x1 + 70x2 + 80x3 ≤ 75.

Country II will incur cost as much as 30, 60, and 90 unites, by choosing the
strategies (1), (2), and (3), respectively. However, Country II only provides
80 unites;that is, the mixed strategies of the country II must satisfy the
constraint condition: 30y1 + 60y2 + 90y3 ≤ 80.

Assume that the payoff matrices of this game in view of political and
economic positions are given in Table 1. The numbers in these tables are
the payoffs for the countries. Country I’s payoffs are the first numbers, and
Country II’s payoffs are second numbers.

We ask with players the amounts which are satisfied with them and the
limit of the admissible violation of the inequalities. Let fuzzy goals G̃1

1 and
G̃2

1 of the Country I for the two objectives be represented by the following
linear membership functions:

µ1(x
TA1y) =


0, xTA1y ≤ 20,

1− 40−xA1y
40−20 , 20 ≤ xTA1y ≤ 40,

1, xTA1y ≥ 40,
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and

µ1(x
TA2y) =


0, xTA2y ≤ 15,

1− 50−xA2y
25−15 , 15 ≤ xTA2y ≤ 50,

1, xTA2y ≥ 50,

Let fuzzy goals G̃1
2 and G̃2

2 of the Country II for the two objectives be repre-
sented by the following linear membership functions:

µ2(x
TB1y) =


0, xTB1y ≤ 30,

1− 40−xB1y
40−30 , 10 ≤ xTB1y ≤ 40,

1, xTB1y ≥ 40,

and

µ2(x
TB2y) =


0, xTB2y ≤ 35,

1− 40−xB2y
45−35 , 20 ≤ xTB2y ≤ 40,

1, xTB2y ≥ 40.

By solving the mixed binary mathematical programming problem (NLP1),
the equilibrium point is obtained. Thus, equilibrium solutions are optimal
solutions to the following problem.

max λ1 + λ2 − 75u− 80v − α− β
s.t.

2.5y1 + 4y2 + 2.25y3 − 75u− α ≤ 1 +Mδ1,
y1 + y2 + 1.5y3 − 75u− α ≤ 1 +Mδ1,
0.5y1 + 0.5y2 + 0.75y3 − 75u− α ≤ 1 +Mδ1,
12/7y1 + 2y2 + 1/7y3 − 75u− α ≤ 3/7 +Mδ2,
1/35y1 + 10/7y2 + 0y3 − 75u− α ≤ 3/7 +Mδ2,
1/7y1 + 4/7y2 + 1/7y3 − 75u− α ≤ 3/7 +Mδ2,

3x1 + 7x2 + 6x3 − 80v − β ≤ 3 +Mδ
′

1,

0.5x1 + 5x2 + 3x3 − 80v − β ≤ 3 +Mδ
′

1,

1x1 + 1.5x2 + 0.5x3 − 80v − β ≤ 3 +Mδ
′

1,

6x1 + 10x2 + 8x3 − 80v − β ≤ 7 +Mδ
′

2,

8x1 + 10x2 + 8x3 − 80v − β ≤ 7 +Mδ
′

2,

4x1 + 4x2 + 2x3 − 80v − β ≤ 7 +Mδ
′

2,
4/7x1y1 + 1/35x2y1 + 1/7x3y1 + 2x1y2 + 10/7x2y2 + 12/7x3y2
+1/7x1y3 + 0x2y3 + 1/7x3y3 − λ1 ≥ 3/7,
6x1y1 + 10x2y1 + 8x3y1 + 8x1y2 + 10x2y2 + 8x3y2
+4x1y3 + 2x2y3 + 2x3y3 − λ2 ≥ 7,
1.5x1y1 + 0.5x2y1 + 0.25x3y1 + 4x1y2 + 0.5x2y2 + 0.5x3y2
+0.5x1y3 + 1.5x2y3 + 0.25x3y3 − λ1 ≥ 1,
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3x1y1 + 7x2y1 + 6x3y1 + 0.5x1y2 + 5x2y2 + 3x3y2
+1x1y3 + 1.5x2y3 + 0.5x3y3 − λ2 ≥ 3,
55x1 + 70x2 + 80x3 ≤ 75,
30y1 + 60y2 + 90y3 ≤ 80,
x1 + x2 + x3 = 1,
y1 + y2 + y3 = 1,
12/7x1y1 + 1/35x2y1 + 1/7x3y1 + 2x1y2 + 10/7x2y2 + 4/7x3y2
+1/7x1y3 + 0x2y3 + 1/7x3y3 − λ1 ≥ 3/7,
2.5x1y1 + 1x2y1 + 0.5x3y1 + 4x1y2 + 0.5x2y2 + 0.5x3y2
+2.25x1y3 + 1.5x2y3 + 0.5x3y3 − λ1 ≥ 1,
3x1y1 + 7x2y1 + 6x3y1 + 0.5x1y2 + 5x2y2 + 3x3y2
+1x1y3 + 1.5x2y3 + 0.5x3y3 − λ1 ≥ 3,
6x1y1 + 10x2y1 + 8x3y1 + 8x1y2 + 10x2y2 + 8x3y2
+4x1y3 + 2x2y3 + 2x3y3 − λ1 ≥ 7,
δ1 + δ2 = 1,

δ
′

1 + δ
′

2 = 1,
δ1, δ2 = 0 or 1,

δ
′

1, δ
′

2 = 0 or 1,
x1, x2, x3 ≥ 0,
y1, y2, y3 ≥ 0,
u, v ≥ 0.

This problem is solved by Lingo software. The obtained strategies are as
(x∗1, x

∗
2, x

∗
3) = (0.56, 0.38, 0.06) for Country I and (y∗1 , y

∗
2 , y

∗
3) = (0.69, 0.31, 0)

for Country II. This means that according to the conditions of the problem
the chance of success in negotiations between the two countries is that both
countries choose their first strategy.

5 Conclusion

In this paper, constrained bimatrix games with single and multiple payoffs are
studied, which incorporate fuzzy goals for objectives. Such fuzzy games has
not been considered in previous researches, based on the best knowledge of
the authors. A programming problem with linear constraints and a quadratic
objective function was presented to obtain the equilibrium solution of single
objective problem of such games. In multiobjective case, equilibrium points
was defined and the mathematical programming problems was introduced to
obtain the equilibrium points of this class of games with fuzzy goals and the
fuzzy/crisp constraints. We proposed two mixed binary nonlinear program-
ming problems to solve these mathematical programming problems. Weak
Pareto optimal equilibrium solution was defined and showed that obtained
equilibrium points of these problems are weak Pareto optimal equilibrium
solutions. A political application of these games was presented which inves-
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tigate nuclear negotiations between two countries. The equilibrium point of
this game was obtained by the proposed method. Solving constrained multi-
objective bimatrix games with fuzzy payoffs and fuzzy nonlinear goals needs
more researches, which can be our future work.
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Some efficient Nordsieck integration
methods for IVPs

N. Barghi Oskouie, A. Abdi∗ and G. Hojjati

Abstract

In this paper, in continuation of the construction of efficient numerical
methods for stiff IVPs, we construct type two Nordsieck second derivative
general linear methods with order p = s, where s is the number of internal

stages, and stage order q = p. Implementation of the constructed methods
with fixed and variable stepsize is discussed which verifies their efficiency.

Keywords: Stiff differential equations; Nordsieck second derivative general
linear methods; A- and L-stability; Variable stepsize implementation.

1 Introduction

Second derivative general linear methods (SGLMs) for the numerical solu-
tion of autonomous ordinary differential equations (ODEs) with initial value
problem

y′(x) = f(y(x)), x ∈ [x0, x],

y(x0) = y0,
(1)
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where f : Rm → Rm and m is the dimensionality of the system, have
been studied in recent years. These methods were introduced by Butcher
and Hojjati in [11] and investigated more in [2–6] by Abdi and Hojjati. In
the construction of SGLMs which are extension of general linear methods
(GLMs) [10, 13–15, 17]), there are a lot of free parameters which allow us
to construct high order methods with a small number of internal stages to
reduce computational cost [1].

We recall that SGLMs are characterized by four integers, (p, q, r, s) where
p and q are, respectively, order and stage order of the method, r is the number
of input and output approximations, and s is the number of internal stages.

Let Y [n] = [Y
[n]
i ]si=1 be an approximation of stage order q to the vector

y(xn−1 + ch) = [y(xn−1 + cih)]
s
i=1, and let the vectors f(Y [n]) = [f(Y

[n]
i )]si=1

and g(Y [n]) = [g(Y
[n]
i )]si=1 denote the stage first and second derivative values,

where g(·) = f ′(·)f(·), respectively. If r = p + 1, we can assume the input
and output vectors at the step number n, y[n−1] and y[n], are approximations
of order p to the Nordsieck vectors

y(xn−1)

hy′(xn−1)
...

hpy(p)(xn−1)

 and


y(xn)

hy′(xn)
...

hpy(p)(xn)

 ,

respectively. In an SGLM used for the numerical solution of (1), these values
are related by

Y [n] = h(A⊗ Im)f(Y [n]) + h2(A⊗ Im)g(Y [n]) + (U ⊗ Im)y[n−1],

y[n] = h(B ⊗ Im)f(Y [n]) + h2(B ⊗ Im)g(Y [n]) + (V ⊗ Im)y[n−1],
(2)

where n = 1, 2, . . . , N, Nh = x−x0, h is the stepsize, and ⊗ is the Kronecker
product of two matrices. Here A,A ∈ Rs×s, U ∈ Rs×r, B,B ∈ Rr×s, and
V ∈ Rr×r. The coefficients matrix V in the Nordsieck SGLM (2) has the
form

V =

[
1 vT

0 V̇

]
,

v = [v1 v2 · · · vr−1]
T , V̇ ∈ R(r−1)×(r−1). In this paper, the methods will

be restricted to the case where p = q = r − 1 = s and the eigenvalues of V̇
are zeros. The latter condition ensures zero-stability of the method.

An SGLM in Nordsieck form has order p and stage order q = p if and
only if [11]
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U = C −ACK −ACK2,

V = E −BCK −BCK2,

where the matrices C ∈ Rs×(p+1), K ∈ R(p+1)×(p+1), and E ∈ R(p+1)×(p+1)

are defined by

C :=

[
1

c

1!

c2

2!
· · · cp

p!

]
, K := [0 e1 e2 · · · ep ] ,

and

E := exp(K) =



1 1
1!

1
2! · · ·

1
p!

0 1 1
1! · · ·

1
(p−1)!

0 0 1
. . .

...
...
...

...
. . . 1

1!

0 0 0 · · · 1


,

with ej as the jth vector of canonical basis in Rp+1, respectively.

The stability behavior of SGLMs is defined using the standard test prob-
lem of Dahlquist y′ = ξy, where ξ is a complex number. If method (2) is
applied to this problem, then the stability matrix is

M(z) = V +
(
zB + z2B

)(
I − zA− z2A

)−1
U,

where z = hξ and the stability function of the method is defined as the
characteristic polynomial of M(z); that is,

p(w, z) = det
(
wI −M(z)

)
.

If p(w, z) = wr−1
(
w − R(z)

)
, the method is said to possess “Runge–Kutta

stability (RKS)”. GLMs and SGLMs with RKS property were studied by
Butcher and Jackiewicz in [9, 12–14] and by Abdi and Hojjati in [2–7], re-
spectively.

For economical implementation, it is assumed that the matrices A and
A have a lower triangular form with the same diagonal entries λ and µ,
respectively. SGLMs are divided into four types, depending on the nature
of the differential system to be solved and the computer architecture that is
used to implement these methods. Types 1 and 2 are those with arbitrary
aij and aij , where λ = µ = 0 and λ > 0, µ < 0, respectively. Such methods
are appropriate, respectively, for nonstiff and stiff differential systems in a
sequential computing environment. Requiring aij = aij = 0, cases λ = µ = 0
and λ > 0, µ < 0 lead, respectively, to types 3 and 4 methods which can
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be useful, respectively, for nonstiff and stiff systems in a parallel computing
environment.

The construction and implementation of type 2 SGLMs with p = s + 1
were discussed in [4]. Also, the construction of parallel Nordsieck SGLMs
with p = s and their order barriers were studied in [5]. These order barriers
were obtained under the assumption of RKS property. In this paper, we are
going to construct type 2 Nordsieck SGLMs with p = s, which are efficient
methods for stiff systems. Also, efficiency of the constructed methods are
shown by their implementation in a variable stepsize environment.

Next sections of this paper are organized as follows: In section 2, we con-
struct A- and L-stable SGLMs in the Nordsieck form with RKS property of
orders 2, 3, and 4. Considering Nordsieck SGLMs in the variable stepsize
mode, implementation issues including local error estimation, and stepsize
control are discussed in section 3. Finally, in section 4, some results of nu-
merical experiments on some stiff test systems are presented and compared
with those obtained by Nordsieck SGLMs of the same order.

2 Construction of type 2 methods

In this section, the construction of type 2 Nordsieck SGLMs of order p and
stage order q = p with some desired stability properties is explained.

2.1 Methods with p = q = s = r − 1 = 2

We construct methods with p = q = s = r − 1 = 2 and RKS property. We
look for methods which their stability function has the form [5]

R(z) =
1 + n1z + n2z

2 + n3z
3

(1− λz − µz2)2
,

where

1 +
3∑

k=1

nkz
k = exp(z)(1− λz − µz2)2 − Cz3 +O(z4)

with C as the error constant of the method. For this method to be A-stable,
it is necessary and sufficient that λ > 0, µ < 0, and so that the E(y) is
non-negative for all real y, where the E-polynomial is defined by

E(y) =
∣∣1− λiy + µy2

∣∣4 − ∣∣1 + n1iy − n2y
2 − n3iy

3
∣∣2.

By choosing C = 10−4, a detailed calculation shows that
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E(y) = y4
(
E0 + E1y

2 + E2y
4
)
,

where

E0 =
1247

15000
+ 2µ2 + λ2 − 2µ− 4997

7500
λ+ 4λµ,

E1 = − 24970009

900000000
− λ4 + 2λ3 − 19997

15000
λ2 − 4µ2 +

4997

7500
µ+

4997

15000
λ

+4µ3 − 2λ2µ2 − 4λ3µ+ 8λµ2 + 8λ2µ− 34997

7500
λµ,

E2 = 7µ4.

Pairs of (λ, µ) with values in domain [0, 2] × [−2, 0] giving L-stability are
shown in Figure 1.

λ

µ

0.50 1 1.5 2
−0.75

0

−0.25

−0.5

Figure 1: L-stable choices of (λ, µ) for p = s = 2 corresponding to C = 10−4.

We select a single example, characterized by λ = 4
5 , µ = − 1

5 and c =
[ 12 1]T . The coefficients of the method are

[
A A U

B B V

]
=



4
5 0 − 1

5 0 1 − 3
10 − 3

40

− 967
18750

4
5

494
3375 − 1

5 1 4717
18750 − 253

12500

− 967
18750

4
5

494
3375 − 1

5 1 4717
18750 − 253

12500

0 1 0 0 0 0 0

0 0 0 1 0 0 0


.
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2.2 Methods with p = q = s = r − 1 = 3

We construct methods with p = q = s = r − 1 = 3 and RKS property. We
look for methods which their stability function has the form [5]

R(z) =
1 + n1z + n2z

2 + n3z
3 + n4z

4 + n5z
5

(1− λz − µz2)3
,

where

1 +

5∑
k=1

nkz
k = exp(z)(1− λz − µz2)3 − C1z4 − C2z5 +O(z6).

Here C1 is the error constant of the method and C2 is an arbitrary number.
The E-polynomial has the form

E(y) = y6
(
E0 + E1y

2 + E2y
4 + E3y

6
)
.

For these methods to be A-stable, it is necessary and sufficient that λ > 0,
µ < 0, and so that E0 + E1x + E2x

2 + E3x
3 + E4x

4 is non-negative for
all positive real numbers x, where E0, E1, E2, E3, and E4 are complicated
expressions in terms of λ and µ. By choosing C1 = C2 = 10−4, pairs of (λ, µ)
with values in domain [0, 2] × [−2, 0] giving L-stability are shown in Figure
2.

λ

µ

0

−0.1

−0.2

−0.3
0 0.5 1 1.5

Figure 2: L-stable choices of (λ, µ) for p = s = 3 corresponding to C1 = C2 = 10−4.

Here, we represent an example, characterized by

λ =
1

2
, µ = − 1

15
, c = [

1

3

2

3
1]T .
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The coefficients of the method are

A =


0.5000000000000000 0 0

1.4279081052775164 0.5000000000000000 0

1.0000000000000000 −0.3168631901664915 0.5000000000000000

 ,

A =


−0.0666666666666667 0 0

−0.3067166674763493 −0.0666666666666667 0

−0.0602082721233515 0.0288951398441268 −0.0666666666666667

 ,

B =



1.0000000000000000 −0.3168631901664915 0.5000000000000000

0 0 1

0 0 0

84.1340111524194390 −15.9895442199910120 −37.9511333307057703

 ,

B =



−0.0602082721233515 0.0288951398441268 −0.0666666666666667

0 0 0

0 0 1

0 −1.7866934603873189 20.0458159571414841

 ,

U =


1.0000000000000000 −0.1666666666666667 −0.0444444444444444 0.0006172839506173

1.0000000000000000 −1.2612414386108497 −0.2136971453939340 0.0056267104705261

1.0000000000000000 −0.1831368098335086 −0.0241114076097811−0.0010021824846360

 ,

V =



1.0000000000000000 −0.1831368098335086 −0.0241114076097811−0.0010021824846360

0 0 0 0

0 0 0 0

0 −30.1933336017226565 2.3070365964725901 0

 .

2.3 Methods with p = q = s = r − 1 = 4

In this part, we construct methods of the Nordsieck SGLMs of type 2 with
p = q = s = r − 1 = 4 and c = [0 0 0 1]T . Setting some free parameters
in order to make calculation easier, RKS conditions make the coefficients
matrices of the method to take the following forms
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1
2 0 0 0 − 1

12 0 0 0 1 −1
2

1
12 0 0

1
2

1
2 0 0 −1

4 − 1
12 0 0 1 −1 1

3 0 0

1
2 1 1

2 0 −1
4 1 − 1

12 0 1 −2 − 2
3 0 0

1
2−1 1 1

2 −1
4 1 −1 − 1

12 1 0 1
3 0 0

1
2−1 1 1

2 −1
4 1 −1 − 1

12 1 0 1
3 0 0

0 0 0 0 0 0 0 1 0 0 0 0 0

6 0 0−6 2 0 0 4 0 0 0 0 0

12 0 0−12 7 −1 0 6 0 0 0 0 0



.

For this method the only nonzero eigenvalue of M(z) is

R(z) =
1 + z

2 + z2

12

1− z
2 + z2

12

,

consequently, by the Ehle conjecture [19], the method is A-stable. The error
constant of the method is C = 1

720 .

3 Implementation of the methods in a variable stepsize
mode

In this section, we recall some implementation strategies given in [4], to apply
the constructed methods in variable stepsize environment.

A Nordsieck SGLM in the variable stepsize mode takes the form

Y [n] = hn(A⊗ Im)f(Y [n]) + h2n(A⊗ Im)g(Y [n]) + (UD(δn)⊗ Im)y[n−1],

y[n] = hn(B ⊗ Im)f(Y [n]) + h2n(B ⊗ Im)g(Y [n]) + (V D(δn)⊗ Im)y[n−1],
(3)

where
D(δn) := diag(1, δn, δ

2
n, ..., δ

p
n), δn = hn/hn−1.

Due to the structure of the matrices V and D(δn), the matrix V D(δn) has
one eigenvalue with magnitude one and a zero eigenvalue with multiplicity p,
for any value of δn.

To achieve a suitable choice of stepsize for the next step, we first need
to estimate the leading term in the local truncation error. To do this, we
approximate hp+1y(p+1)(xn); so that LTE(xn) = Cphp+1y(p+1)(xn) can be
calculated as an approximation to the local truncation error.
For the methods with p = s = 2 and abscissas c = [ 12 1]T , we use the linear
combination of the form
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est(xn) := Cp
(
α1hf(Y1) + α2hf(Y2) + βh2g(Y1)

)
,

with
α1 = −8, α2 = 8, β = −4.

For the methods with p = s = 3 and abscissas c = [ 13
2
3 1]T , we use the

linear combination of the form

est(xn) := Cp
(
α1hf(Y1) + α2hf(Y2) + α3hf(Y3) + βh2g(Y1)

)
,

with

α1 =
243

2
, α2 = −162, α3 =

81

2
, β = 27.

For the methods with p = s = 4 and abscissas c = [0 0 0 1]T , we use the
linear combination of the form

est(xn) := Cp
(
α1hf(Y3) + α2hf(Y4) + β1h

2g(Y3) + β2h
2g(Y4) + γy

[n−1]
4

)
,

with
α1 = 72, α2 = −72, β1 = 48, β2 = 24, γ = 12.

To control the stepsize, we use the following strategy

est(xn) ≤ Rtol ·max{∥yn∥, ∥yn+1∥}+Atol, (4)

where Atol and Rtol are given absolute and relative tolerances, respectively.
If the control (4) is not satisfied, the current step is repeated with a halved
stepsize. Otherwise, the current step is accepted and we carry out the next
step with the new stepsize defined as

hn+1 = δn+1hn,

where

δn+1 = min
{
facmax,

( fac · tol
∥est(xn)∥∞

) 1
p+1

}
.

Here, facmax and fac are safety factors built into a code to prevent the
step from increasing too rapidly and to avoid an excessive number of rejected
steps. We have chosen Atol = Rtol = tol, facmax = 2, and fac = 0.9.

4 Numerical result

In this section we present the results of numerical experiments to show effi-
ciency of the constructed methods in section 2 for fixed and variable stepsize
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mode using the provided techniques in section 3. We consider the following
test problems:

• Problem 1. The nonlinear stiff system of ODEs{
y′1(x) = −1002y1(x) + 1000y22(x),

y′2(x) = y1(x)− y2(x)(1 + y2(x)),

whose exact solution is [y1(x), y2(x)]
T = [exp(−2x), exp(−x)]T and

x ∈ [0, 2]. This problem is stiff with an approximate stiffness ratio of
103 near to x = 0.

• Problem 2. A system of differential equation, is called CUSP, resulting
from discretization of the diffusion terms by the method of line the
periodic boundary-value problem [16], is as below

∂y
∂t = −1

ε (y
3 + ay + b) + σ ∂2y

∂x2 ,

∂a
∂t = b+ 0.07ν + σ ∂2a

∂x2 ,

∂a
∂t = (1− a2)b− a− 0.4y + 0.035ν + σ ∂2b

∂x2 ,

where
ν =

u

0.1 + u
, u = (y − 0.7)(y − 1.3).

This problem takes the form
ẏi = −ε−1(y3i + aiyi + bi) +D(yi−1 − 2yi + yi+1),

ȧi = bi + 0.07νi +D(ai−1 − 2ai + ai+1), i = 1, 2, . . . , N,

ḃi = (1− a2i )bi − ai − 0.4yi + 0.035νi +D(bi−1 − 2bi + bi+1),

where

νi =
ui

0.1 + ui
, ui = (yi − 0.7)(yi − 1.3), D = σN2,

with periodic boundary condition

y0 := yN , a0 := aN , b0 := bN ,

yN+1 := y1, aN+1 := a1, bN+1 := b1.

We take σ = 1
144 , ϵ = 10−4, N = 32, and the initial values as

yi(0) = 0, ai(0) = −2 cos(
2iπ

N
), ai(0) = 2 sin(

2iπ

N
), i = 1, 2, . . . , N,

with tout = 1.1.
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• Problem 3. For the ODE case, the Ring modulator problem originates
from electrical circuit analysis is of the form [18]

y′1 = C−1(y8 − 0.5y10 + 0.5y11 + y14 −R−1y1),

y′2 = C−1(y9 − 0.5y12 + 0.5y13 + y15 −R−1y2),

y′3 = C−1
s

(
y10 − q(UD1) + q(UD4)

)
,

y′4 = C−1
s

(
− y11 + q(UD2)− q(UD3)

)
,

y′5 = C−1
s

(
y12 + q(UD1)− q(UD3)

)
,

y′6 = C−1
s

(
− y13 − q(UD2) + q(UD4)

)
,

y′7 = C−1
p

(
R−1

p y7 + q(UD1) + q(UD2)− q(UD3)− q(UD4)
)
,

y′8 = −L−1
h y1,

y′9 = −L−1
h y2,

y′10 = L−1
s2 (0.5y1 − y3 −Rg2y10),

y′11 = L−1
s2 (−0.5y1 + y4 −Rg3y11),

y′12 = L−1
s3 (0.5y2 − y5 −Rg2y12),

y′13 = L−1
s3 (−0.5y2 + y6 −Rg3y13),

y′14 = L−1
s1

(
− y1 + Uin1(t)− (Ri +Rg1)y14

)
,

y′15 = L−1
s1

(
− y2 − (Rc +Rg1)y15

)
.

The auxiliary functions UD1, UD2, UD3, UD4, q, Uin1, and Uin2 are given
by 

UD1 = y3 − y5 − y7 − Uin2(t),

UD2 = −y4 + y6 − y7 − Uin2(t),

UD3 = y4 + y5 + y7 + Uin2(t),

UD4 = −y3 − y6 + y7 + Uin2(t),

q(U) = γ(eδU − 1),

Uin1(t) = 0.5 sin(2000πt),

Uin2(t) = 2 sin(20000πt).

The values of the parameters are
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C = 1.6× 10−8, Cs = 2× 10−12, Cp = 10−12, Lh = 4.45,

Ls1 = 0.002, Ls2 = 5× 10−4, Ls3 = 5× 10−4,

R = 25000, Rp = 50, Rg1 = 36.3, Rg2 = 17.3,

Rg3 = 50, Ri = 50, Rc = 600,

δ = 17.74933332, γ = 40.67286402× 10−9,

with the initial vector y0 = (0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0)T and t ∈
[0, 10−3].

4.1 Fixed stepsize experiments

We first present fixed stepsize numerical results in order to show accuracy
of constructed Nordsieck SGLMs and validate the order of these methods in
the integration of stiff differential systems. To do this, we have applied the
methods of order 2, 3, and 4 to the Problem 1. We have implemented the
methods with a fixed stepsize h = 1/2k, with several integer values of k. The
results of numerical experiments for type 2 Nordsieck SGLMs are shown in
the Tables 1, 2, and 3. In these tables, we have listed the norm of error
∥eh(x)∥ at the endpoint of integration x = 2 and numerical estimate to the
order of convergence, p, computed by the formula

p =
log(∥eh(x)∥/∥eh/2(x)∥)

log(2)
,

where eh(x) and eh/2(x) are errors corresponding to stepsizes h and h/2 for
Nordsieck SGLMs. Also, to show that the constructed methods are com-
petitive with the efficient existing methods, we have reported the numerical
results of type 2 methods which have been constructed in [2].

Table 1: Numerical results for Nordsieck SGLMs of order p = q = 2.

k
Type 2 method of order 2 [2] Nordsieck SGLM of order 2

eh(x) p eh(x) p

10 1.78× 10−11 1.35× 10−10

11 5.44× 10−12 1.71 3.31× 10−11 1.88

12 1.43× 10−12 1.93 8.18× 10−12 1.94

13 2.64× 10−13 2.44 2.03× 10−12 1.98
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Table 2: Numerical results for Nordsieck SGLMs of order p = q = 3.

k
Type 2 method of order 3 [2] Nordsieck SGLM of order 3

eh(x) p eh(x) p

4 4.07× 10−6 6.58× 10−8

5 5.66× 10−7 2.85 8.66× 10−9 2.93

6 7.43× 10−8 2.92 1.11× 10−9 2.96

7 9.50× 10−9 2.96 1.40× 10−10 2.99

Table 3: Numerical results for Nordsieck SGLMs of order p = q = 4.

k
Type 2 method of order 4 [2] Nordsieck SGLM of order 4

eh(x) p eh(x) p

4 6.22× 10−8 5.81× 10−9

5 4.21× 10−9 3.88 3.63× 10−10 4.00

6 2.74× 10−10 3.94 2.27× 10−11 4.00

7 1.75× 10−11 3.97 1.42× 10−12 4.00

4.2 Variable stepsize experiments

We first investigate the potential for efficient implementation in a variable
stepsize environment by the reliability of the estimation error for Problem
1. The obtained results for the methods of order 2, 3, and 4 have plotted
in Figures 3, 4, and 5, respectively. These figures confirm efficiency of the
used estimation for the local truncation error. To compare, we also present
the results of numerical experiments of the L-stable Nordsieck SGLM given
in [5]. In the implementation of considered SGLMs, we apply the same in-
troduced implementation strategies, including the starting procedures, stage
predictors, local error estimation, and the changing stepsize. In our numerical
results, we use the following abbreviations:

ns: the number of steps
nrs: the number of rejected steps
nfe: the number of function evaluations
nJe: the number of Jacobian evaluations
ge: the global error
tol: given tolerance
NSGLM2p: type 2 Nordsieck SGLM of order p
NSGLM4p: type 4 Nordsieck SGLM of order p
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Figure 3: Local errors and local error estimates versus x of the method of order 2 for
problem 1 with h0 = 10−5 and tol = 10−8.
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Figure 4: Local errors and local error estimates versus x of the method of order 3 for
problem 1 with h0 = 10−5 and tol = 10−8.
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Figure 5: Local errors and local error estimates versus x of the method of order 4 for
problem 1 with h0 = 10−5 and tol = 10−8.
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Table 4: Numerical results for Problem 2 solved by NSGLM2p and NSGLM4p of orders
2, 3, and 4 with h0 = 10−3.

tol Method ge ns nrs nfe nJe

10−6 NSGLM22 3.61× 10−5 169 26 1644 1256
NSGLM42 2.02× 10−4 1313 11 6693 4047

10−8 NSGLM22 1.07× 10−6 690 12 3718 2316
NSGLM42 8.84× 10−6 5997 14 24187 12167

10−10 NSGLM22 4.58× 10−8 3154 15 12847 6511
NSGLM42 3.99× 10−7 27572 14 110499 55323

10−6 NSGLM23 2.95× 10−5 178 36 2339 1700
NSGLM43 5.80× 10−5 426 17 3248 1922

10−8 NSGLM23 6.57× 10−7 474 14 4047 2586
NSGLM43 1.28× 10−6 1341 23 8308 4219

10−10 NSGLM23 1.47× 10−8 1450 18 8998 4597
NSGLM43 5.59× 10−9 26879 646 165153 82581

10−6 NSGLM24 9.16× 10−5 337 25 3308 1864
NSGLM44 9.66× 10−5 313 14 3420 2116

10−8 NSGLM24 2.14× 10−6 2040 50 16864 8508
NSGLM44 2.19× 10−6 787 14 6599 2399

10−10 NSGLM24 3.77× 10−8 2696 141 22752 11408
NSGLM44 4.59× 10−8 1700 18 13934 7066

Some numerical results for Problem 2 and 3 demonstrating the computational
cost of NSGLM2p are given in Tables 4 and 5 and compared with those in
NSGLM4p for p = 2, 3, 4. Also, in Figures 6 and 7, we compare the accepted
stepsizes of NSGLM23 with those in NSGLM24 and the accepted stepsizes of
NSGLM43 with those in NSGLM44 through integration for Problem 2 and
3, recpectively. The numerical results show that the proposed methods are
capable in solving stiff problems and competitive with the existing methods.

5 Conclusion

We constructed type 2 Nordsieck SGLMs of orders 2, 3, and 4 with RKS
property. Order 2 and 3 methods are L-stable and order 4 method is A-
stable. These methods have been equipped to the variable stepsize using
Nordsieck technique. The capability of the proposed methods in solving stiff
problems with long interval of integration and badly scaled solution have
been validated by some numerical experiments and comparisons.
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Table 5: Numerical results for Problem 3 solved by NSGLM2p and NSGLM4p of orders
2, 3, and 4 with h0 = 10−6.

tol Method ge ns nrs nfe nJe

10−6 NSGLM22 1.18× 10−5 3336 492 24233 16579
NSGLM42 8.95× 10−5 27540 475 139942 83914

10−8 NSGLM22 5.94× 10−7 14721 486 77469 47057
NSGLM42 3.94× 10−6 126749 427 508703 254353

10−10 NSGLM22 2.05× 10−8 67411 469 271519 135761
NSGLM42 8.61× 10−8 272719 396 1092456 546228

10−6 NSGLM23 1.71× 10−5 2790 476 30994 21199
NSGLM43 1.68× 10−5 8243 499 61705 35482

10−8 NSGLM23 1.46× 10−7 8729 705 76184 74885
NSGLM43 5.31× 10−7 14444 450 155761 77884

10−10 NSGLM23 5.59× 10−9 26879 646 165153 82581
NSGLM43 1.61× 10−8 80230 414 483861 241932

10−6 NSGLM24 1.75× 10−3 4070 642 42363 23519
NSGLM44 2.11× 10−3 4563 591 51425 30813

10−8 NSGLM24 4.86× 10−5 13440 1198 117655 59107
NSGLM44 5.47× 10−5 10954 612 92614 46356

10−10 NSGLM24 8.86× 10−7 24087 5512 236786 118394
NSGLM44 1.35× 10−6 26896 602 219980 109992
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Figure 6: Accepted stepsizes versus x for Problem 2 with h0 = 10−3 and tol = 10−6:
(a) NSGLM23 and NSGLM43, (b) NSGLM24 and NSGLM44.
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Figure 7: Accepted stepsizes versus x for Problem 3 with h0 = 10−6 and tol = 10−6:
(a) NSGLM23 and NSGLM43, (b) NSGLM24 and NSGLM44.
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Abstract

Assigning available resources to fire stations is a main task of fire depart-

ment’s administrator in a city. The importance of this problem increases
when the number of available resources are inadequate. In this situation,
the goal is to assign the limited available resources to fire stations such that
the associated penalties of the shortages are minimized. Here, we first give

a mathematical approach to consider some penalties for the shortage. Next,
we give an integer program to minimize the sum of associated penalties. The
proposed model can be used in many other problems arisen from health ser-
vices, emergency management, and so on. We also propose a heuristic to

efficiently solve the problem in a reasonable time. Our proposed heuristic
has two phases. In the first phase, using a greedy approach, our proposed
heuristic constructs a proper feasible solution. Next, in the second phase, we
propose a local search to improve the quality of the solution constructed in

the first phase. To show the efficiency of our proposed heuristic, we com-
pare our proposed heuristic with CPLEX based on the running time and the
quality of obtained solutions on two groups of problems (real-word problems

and randomly generated problems). The numerical results show that on the
80% of benchmark problems, the obtained solution is the same as CPLEX’s
solutions. Also, the running time of our proposed algorithm is almost 10
times better than CPLEX’s running time, in average.

Keywords: Resource assignment problem; Fire stations; Shortage; Integer
programming; Heuristics.
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1 Introduction

There are many decision making problems for a fire department’s administra-
tor or even for a fire district’s administrator (see [5,9,13]; also, [1,3,7,11,12]).
One of these decision problems is to assign available resources (e.g., equip-
ments or fire engines etc.) to fire stations (see [12], page 524, to find some
references). In the real world situations, it is possible that there are not
sufficient resources to satisfy all the requirements of each fire station. Thus,
some of fire stations may lack some resources to extinguish or to service
the fire accidents or events in their regions (other nearly problems in emer-
gency management are studied by researchers, e.g., [2, 6, 8]). To decrease
the influences of the shortage for a type of resource, some penalties are con-
sidered, based on its importance in each fire station. In a fire station, to
compute the importance of a required resource, we estimate the possibility
of the occurring of each event in the fire station’s region. Next, based on
the predefined impact of the events and the estimated possibility for arising
of the events, the corresponding penalties are considered. In addition, when
fire incidents occur or rescue services are needed, the responsible fire station
usually requests additional resources or even firefighters from its neighboring
fire stations (neighboring services). However, the aim of the problem is to
assign the available resources to fire stations such that the sum of the corre-
sponding penalties is minimized.

Here, we give an integer linear formulation to model the problem. We
also propose a heuristic to efficiently solve the problem. We finally compare
the performance of our algorithms with ILOG OPL(CPLEX solver)’s result
on some randomly generated test problem and some real world problems.

The remainder of the paper is organized as follows: In section 2, we give
an integer program to model the problem. The proposed algorithm is pre-
sented in section 3. In section 4, we show the efficiency of our proposed
algorithm in comparison with ILOG OPL on some randomly generated test
problems and some real world problems. We conclude in section 5.

2 Mathematical model

We here consider all resources are independent. It is obvious that when two or
more types of resources are dependent, one can consider them as a package.
Therefore, we can assume the shortage exists for a resource. It is obvious
that the model and related solution approach can be used as a procedure
within a successive approach for solving the problem with shortage in two
or more types of resources. As mentioned in section 1, before providing the
integer program, we must give some necessary estimation or computation
to determine the corresponding penalty of the recourse’s shortage in a fire
station. Table 1 presents some parameters or given data of the problem.
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Table 1: Parameters or given data

T : the availability of the resource.
q: the number of events.
n: the number of fire stations.
fk: the required number of the resource to service the event k.
pkj : the frequency of the event k in the region of station j.
prkj : the possibility for occurring the event k in the region of station j.
wk: the importance (weight) of the event k.
N(j): the set of the fire station j’s neighboring fire stations.
βj : the importance (weight) of the fire station j.

Note 1. In Table 1, pr.,., w., and β. are in [0, 1].

Note that pkj is obtained previously. In the other words, we can consider
the frequency of the event k in region of the fire station j for example for
a period of ten years. But, prkj is given by managers, and it shows the
possibility of occurring the event k in the region of fire station j. To more
clarify, we give an example. Consider, a school is recently founded in the
region of the fire station j, and suppose there was not any school in this region.
Therefore, some events have rarely occurred there. But, the possibility of rare
occurring or never occurring events is now raised. Thus prkj and pkj can be
completely different. When all the situations are the same, βj imposes the
manager’s decision to assign the resource to the fire station j. As an example,
consider there are two fire stations with the same conditions, need a type of
equipment. Also, consider one of them is in the center of the city, and the
other is on the outskirts. Suppose that there is one equipment. In this
situation, it is usually preferred to assign this equipment to the fire station
that is in the center of the city. Therefore, the manager can consider the
higher weight to the fire station that is in the center of the city to impose
her/his preferences in the model.

To compute the associated penalty, we must do some necessary computa-
tions. We consider the relative frequency for the event k in the region of the
fire station j as follows:

ukj =
pkj
n∑

j=1

pkj

· (1)

Remark 1. Note that one can consider ukj introduced in (1) as an esti-
mation of the probability of occurring the event k in the region of the fire
station j.

Definition 1. Let
vkj = max{ukj , prkj}, (2)



G
al
le
y
P
ro
of

132 E.S. Alavi and R. Ghanbari

where prkj is given by the manager and ukj is introduced in (1). Now, we
define vkjwk as the impact of the event k on the station j, for j = 1, . . . , n
and k = 1, . . . , q.

Note that we could not find any definition for vkj in the literature since
this model was proposed for a real problem that occurred in Mashhad. We
did not have no more information in this real-world situation. Therefore,
using experts in Fire Department of Mashhad, we proposed this formula. In
this formula, we consider historical data pkj and experts consideration prkj .
Thus, wkvkj shows how important the event k in the region of the station j.

Definition 2. We denote the possible events in the station j by Qj de-
fined as follows:

Qj = {k|fk > 0, vkj > 0}. (3)

where vkj is defined in (2) and fk is defined in Table 1.

We now introduce the decision variables in Table 2.

Table 2: Decision variables

xj : shows the number of the resources that are assigned to station j.
yjk: shows the shortage in the station j to service the event k.
hjk: shows the shortage in the station j to service the event k with considering

the neighboring services.
djk: if station j can not service the event k, takes 1, otherwise takes 0.

2.1 The objective function

The objective of the problem is to minimize the sum of the associated penal-
ties. We here consider three penalties for servicing the event k in the station
j based on the lack of ability for providing responsible service, the number of
shortages and the number of shortages with considering neighboring services.
Therefore, we consider the following penalty for the station j:∑

k∈Qj

(djk + yjk + hjk)wkvkj , (4)

where Qj and vkj are defined in (3) and (2), respectively, djk, yjk, and hjk
are defined in Table 2, and wk is defined in Table 1. To explain (4), we give
two illustrative examples.

Illustrative Example 1. Consider there are five fire stations and only one
resource exists. Also, the structure of the neighboring fire stations is given
in Figure 1. Suppose that each of the stations 1, 3, 4, and 5 need one unit
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Figure 1: the graph of the neighborhoods in the illustrative Example 1.

of the resource and all situation are in the same. From Figure 1, the station
3 is the best candidate, because, the station 3 while servicing the occurred
events in its own region, can participate to service the occurred events in the
stations 4 and 5’s regions. One can easily obtain the same result by using
the sum of the penalties defined in (4) for each fire station.

Illustrative Example 2. Consider there are two fire stations and three
possible events. Also, each fire station is without a neighbor (i.e. N(1) =
N(2) = ∅). The other data are given as follows (see tables 1–2 and equations
(2) and (3)):

T = 8, Q1 = {2, 3}, Q2 = {1, 2, 3},

f = [4, 6, 2], w =
1

0.7
[0.2, 0.3, 0.7],

v =

[
0.2 0.9 0.7
0.4 0.9 0.2

]
Now, we give the motivation for considering dkj in our proposed model. If
dkj is removed from (4), we have the following penalty for the station j:∑

k∈Qj

(yjk + hjk)wkvkj . (5)

Since N(1) = N(2) = ∅, (5) can be considered as follows:∑
k∈Qj

(yjk)wkvkj . (6)

Now, consider two feasible solutions, (a): x1 = x2 = 4, (b): x1 = 2 and
x2 = 6. For (a), we have

y12 = 2, y13 = 0, y21 = 0, y22 = 2, y23 = 0,

and based on (6), the sum of penalties is
2× 0.9× 0.3 + 2× 0.9× 0.3

0.7
=

1.08

0.7
. For (b), we have

y12 = 4, y13 = 0, y21 = 0, y22 = 0, y23 = 0,
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and based on (6), the sum of penalties is
4× 0.9× 0.3

0.7
=

1.08

0.7
. Thus, when

we do not consider dkj in the model, there is no difference between (a) and
(b). But, in (b), only the event 2 in the station 1 is not covered. Whereas
in (a), the event 2 in stations 1 and 2 is not covered. Now, if we consider (4)
as the associated penalty, then (b) is preferred to (a).

2.2 The model

Now, the proposed integer program is given as follows.

min z =
n∑

j=1

βj

 ∑
k∈Qj

(djk + yjk + hjk)wkvkj

 (7)

s.t.
n∑

j=1

xj ≤ T. (8)

yjk ≥ fk − xj ∀j ∈ {1, . . . , n} k ∈ Qj . (9)

hjk ≥ fk − xj −
∑

j̄∈N(j)

xj̄ ∀j ∈ {1, . . . , n} k ∈ Qj . (10)

djk ≤ yjk ∀j ∈ {1, . . . , n} k ∈ Qj . (11)

djk ≥ yjk
Mf

, ∀j ∈ {1, . . . , n} k ∈ Qj ,where Mf = max
k=1,...,q

fk. (12)

yjk, hjk ∈ N ∪ {0}, and djk ∈ {0, 1} ∀j ∈ {1, . . . , n} k ∈ Qj .

xj ∈ N ∪ {0} ∀j ∈ {1, . . . , n}.

The constraint (8) shows that the number of assigned resources must be less
than or equal to T . From Table 2, ykj shows the shortage for servicing the
event k in the station j. Thus, if we assign xj unit of the resource to station
j, then ykj is max{0, fk − xj}. Based on constraints (9), if xj ≥ fk, then
the corresponding constraint is redundant. Since the objective function is
minimization, then ykj takes zero. In the other case, if xj < fk, then the
corresponding constraint ensures that yj ≥ fk − xj > 0. Similar to above,
since the objective function is minimization, then ykj takes fk−xj . Therefore,
constraints (9) ensure that ykj is max{0, fk −xj}. Similar to constraints (9),
constraints (10) ensure that hjk = max{0, fk − xj −

∑
j̄∈N(j) xj̄}. Together

constraints (11) and (12) guarantee, if ykj is zero, then dkj is zero and if
ykj > 0, then dkj is 1.
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Algorithm 1 Greedy phase

Step 1 {Initialization} Let x∗ = (0, . . . , 0)Tn×1, and let z∗ = z(x∗).

Step 2 {Main loop}
For t = 1 to T do:

- Let z∗ = +∞.

For j = 1 to n do:

- Let x̄ = x∗, x̄j = x̄j + 1 and z̄ = z(x̄).

- If z̄ < z∗, then let z∗ = z̄ and j̄ = j.

endfor

- Let x∗
j̄
= x∗

j̄
+1, and let z∗ = z∗. If z

∗ = 0, then stop, the optimal
solution is x∗.

endfor

Step 3 Return x∗ as an initial solution.

3 A heuristic algorithm

In this section, we propose a heuristic algorithm to solve the problem. Our
proposed algorithm has two phases. In the first phase, we propose a greedy
procedure to construct a feasible solution (the greedy phase). Then, in the
second phase, we apply a neighborhood search on the constructed solution
(the improvement phase).

3.1 Greedy phase

In this phase, we construct a feasible solution. At first, we let x1 = · · · =
xn = 0. Then, in each iteration, we compute the corresponding difference of
the objective function for each fire station, when the number of the assigned
resources in a fire station is increased one unit. Then, we select the station
j to increase xj , when the corresponding difference of the objective function
is the best.
To evaluate x = (x1, . . . , xn)

T , let ykj = max{0, fk − xj}, and let hjk =
max{0, fk − xj −

∑
j̄∈N(j) xj̄}. Also, if ykj is zero, then let dkj = 0 and

otherwise let dkj = 1. Now, the corresponding objective value of x can be
computed by (7). We denote the corresponding objective function value of x
by z(x). The greedy phase is given in Algorithm 1.
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Note 2. In Algorithm 1, if we can find a solution x∗ with z(x∗) = 0, then
we have found a solution without any penalty. Therefore, we terminate the
algorithm, and we do not use the phase 2.

3.2 Improvement phase

Here, we describe the neighborhood search procedure. We use a simple local
search to improve the quality of the solution constructed by Algorithm 1. We
first give some definitions.

Definition 3. We denote the maximum number of requirements in the
station j by bj and define it as follows:

bj = max
k∈Qj

{fk}, j = 1, . . . , n, (13)

where Qj is defined by (3).

It is evident that if xj ≥ bj , then we do not have any shortage in the
station j.

Definition 4. Let

∆j =

{
min{fk − xj |k ∈ Qj , fk > xj}, xj < bj ,
0, xj ≥ bj ,

(14)

where Qj is defined by (3). ∆j is the minimum number of the resources that
if assigned to station j, an uncovered event (event that does not receive a
response service) will be covered.

To explain our proposed local search, we need to define a move in the
search space (see [10]). For the station j with xj < bj , we define

Mj =
{
j̄|xj̄ ≥ ∆j , j̄ ̸= j

}
, (15)

where ∆j is defined by (14). Note that, Mj is the set of stations that their
current availability is more than the minimum requirement of the station j.
Now, for the station j with xj < bj , a feasible solution can be obtained from
the current feasible solution by xj = xj+∆j and xj̄ = xj̄−∆j , where j̄ ∈Mj .
We denote this move by Mov(j, j̄,∆j).

Note 3. When a move is done, an effective procedure to compute the dif-
ference of the objective function value, can decrease the computational time.
Consider x is a feasible solution and x̄ is the obtained feasible solution by
Mov(j, j̄,∆j). Also, consider z(x) and z(x̄) are the objective function values
of x and x̄, respectively. We now define
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Algorithm 2 Local search (the improvement phase).

Step 1 Let x∗ is the solution constructed by Algorithm 1, and let z∗ = z(x∗).

Step 2 Let S = {j|x∗j < bj}.

Step 3 For j = 1, . . . , |S| do:

3-1 Compute ∆j by (14).

3-2 For j̄ ∈Mj , defined by (15), if ∆z
j,j̄,∆j

< 0, defined by (16), then

Mov(j, j̄,∆j), update x
∗ and z∗, and goto Step 2.

Step 4 Return x∗ as an approximate solution.

∆z
j,j̄,∆j

= z(x̄)− z(x), (16)

where z(.) is defined by (4). It is obvious that ∆z
j,j̄,∆j

can be computed by

subtracting the sum of increased penalties of station j̄ and its neighbors from
the sum of the decreased penalties of station j and its neighboring stations.
Therefore, the other stations don not play any role in the computation of
∆z

j,j̄,∆j
; thus in the implementation, the value of ∆z

j,j̄,∆j
can be computed

effectively. Also, One can use an approximation of ∆z
j,j̄,∆j

in the implemen-

tation (similar to [4]).

We now give our proposed local search (as the improvement phase) in
Algorithm 2.

Proposition 1.Our proposed heuristic gives a feasible solution.

Proof. In the greedy phase (Algorithm 1), our proposed heuristic begins from
zero (x = 0), and then in each iteration of Step 2, only one unit is added to
one entry of x. Thus, the return solution is a non-negative integer vector.
The second phase starts by the feasible solution given by phase 1. In each
iteration of Step 3 in Algorithm 2, each move Mov(j, j̄,∆j) is done when
xj̄ ≥ ∆j (see (15)) and ∆j > 0 defined in (14) is an integer number. Thus,
after each move the solution remains feasible.

Note 4. There are some problems such that our proposed heuristic does not
give the optimal solution (e.g., MASH2 in table 3). Also, we are not able
to prove that our proposed heuristic is an ε-approximation algorithm [10].
However, the numerical results show that our proposed heuristic gives very
good solution in an acceptable time for real-world problems (see Table 3).
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4 Numerical experiments

To show the efficiency of our proposed algorithm, we compared the run-
ning time and the quality of the arrived solution of the proposed algorithm
with ILOG OPL 6.3 (CPLEX 12.1) on two groups of test problems. In the
first group, we used problems given by Fire Department of Masshad (MASH
problems in Table 3). In the second group, we generated some test problems
randomly (RAND problems in Table 3)1. We implemented our algorithm in
Visual Studio C++ 2010. All implementations were done on a Notebook i5
2.5GHz with 4GB of RAM when only one core was used for our proposed
algorithm and all cores were used for OPL. All results are given in Table 3.

Note 5. In some test problems, OPL terminated before convergence be-
cause the memory was not enough. In these situations, we reported the
truncated results of OPL.

In Table 3, Gap is computed as follows:

Gap =
z − z

z
,

where z is the objective value obtained from our algorithm and z is either the
objective value of the best integer solution found by OPL or the objective
value of the best node reported by OPL.

The mean of gaps of our proposed algorithm and the best integer solution
found by OPL is only 3.7e-4. Despite OPL used all cores to perform its
computations and the implementation of our algorithm used only one core,
the running time of our proposed algorithm is very less than OPL’s running
time. From table 3, it is clear that, in 63% of problems, the given solution
is equal to the best integer found by CPLEX. In 17% of problems, the given
solution is better than CPLEX’s solution. In these problems, CPLEX was
terminated because the memory was not enough. In 20% of problems, the
given solution is worse than CPLEX’s solution. But in these problems the
maximum gap from feasible solution given by CPLEX is only 9.6e−3 and the
running time of our proposed algorithm was 20 times better than CPLEX’s
running time, approximately. In some problems, CPLEX is not able to find
the optimal solution. In these situations, the lower bound given by CPLEX
is suitable for comparing the result. From Table 3, the maximum gap from
the lower bound is 1.2e− 2. Thus we can say that the maximum error of our
heuristic on problems is less than 2e− 2 when the running time is almost 10
times better than CPLEX’s running time. Therefore, from Table 3, we can
conclude that our proposed algorithm is applicable for solving the medium
scale problems in a real time.

1 For acquiring hold of the test problems, please contact the corresponding author (rghan-
bari@um.ac.ir) or download at http://profsite.um.ac.ir/∼rghanbari/IJNAO.rar
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Table 3: Numerical Results

Our Algorithm OPL Gap

Problem n q Best Time (sec) Best(integer) Best(node) Time(sec) Integer Node

MASH1 34 120 1883.5649 0.16 1883.5649 1883.5649 65.52 0 0

MASH2 34 120 3100.1002 1.03 3098.9425 3074.4241 1729.29 4e-4 8.4e-4
MASH3 34 120 1731.2355 0.67 1731.2355 1731.2355 267.40 0 0
MASH4 34 120 6538.2014 2.87 6536.7751 6509.6999 1012.93 2e-4 4.4e-4

MASH5 34 120 591.8589 0.83 591.8589 591.8589 141.85 0 0
MASH6 34 120 1630.4577 0.05 1614.9958 1614.9958 5.10 9.6e-3 9.6e-3
MASH7 34 120 0 0.00 0 0 0.08 0 0
MASH8 34 120 2164.0976 1.28 2164.0976 2147.2527 1285.28 0 7.8e-4

MASH9 34 120 530.2508 0.41 530.2508 530.2508 1.53 0 0
MASH10 34 120 1841.3675 2.87 1841.3675 1791.8676 873.59 0 2.76e-2
MASH11 34 120 222.7586 1.20 222.7586 222.7586 26.21 0 0
MASH12 34 120 7034.8948 3.62 7034.8948 6976.9721 689.24 0 8.3e-3

MASH13 34 120 929.6792 0.27 929.6792 929.6792 1.23 0 0
MASH14 34 120 1815.4193 1.57 1816.1045 1756.3611 1189.90 -4e-4 3.36e-2
RAND1 5 100 89.1726 0.00 89.1726 89.1726 0.03 0 0
RAND2 30 100 4766.9702 0.08 4766.9702 4766.9702 1.89 0 0

RAND3 60 100 9055.7206 11.79 9055.7206 9042.4482 698.93 0 1.5e-3
RAND4 100 100 7181.3464 87.25 7181.5357 7123.6819 895.88 -3e-4 8.1e-3
RAND5 5 150 2492.4775 0.00 2492.4775 2492.4775 4.35 0 0

RAND6 30 150 5116.5434 1.28 5118.1958 5075.0990 850.25 -1e-4 8.2e-3
RAND7 60 150 3993.0682 16.35 3993.0682 3948.5215 784.03 0 1.1e-2
RAND8 100 150 9308.8906 66.46 9309.9365 9047.4370 45.04 -1e-4 2.9e-2
RAND9 5 200 168.5741 0.00 168.5741 168.5741 0.11 0 0

RAND10 30 200 933.2573 0.66 933.2573 933.2573 154.83 0 0
RAND11 60 200 3437.8746 15.98 3439.9514 3389.9545 706.86 -6e-4 1.4e-2
RAND12 100 200 3186.5378 131.57 3185.4674 3159.9767 762.33 3e-4 8.4e-3
RAND13 5 250 22.2134 0.00 22.2134 22.2134 0.2 0 0

RAND14 30 250 93.9136 1.36 93.9136 93.9136 9.44 0 0
RAND15 60 250 1076.3503 12.33 1074.8568 1063.2535 890.00 14e-4 1.2e-2
RAND16 100 250 2707.3912 123.80 2706.2883 2667.7602 860.47 4e-4 1.5e-2

t: truncated (Out of memory).
∗: optimal.

5 Conclusions and further works

Assigning available resources to fire stations is a main task of fire depart-
ment’s administrator in a city. The importance of this problem increases
when the number of available resources are inadequate. In this situation, the
goal is to assign the limited available resources to fire stations such that the
associated penalties of the shortages are minimized. Here, we first gave a
mathematical approach to consider some penalties for the shortage. Next,
we gave an integer program to minimize the sum of associated penalties. The
proposed model can be used in many other problems arisen from health ser-
vices, emergency management, and so on. We also proposed a heuristic to
efficiently solve the problem in a reasonable time. Our proposed heuristic
had two phases. In the first phase, using a greedy approach, our proposed
heuristic constructed a proper feasible solution. Next, in the second phase,
we proposed a local search to improve the quality of the solution constructed
in the first phase. To show the efficiency of our proposed heuristic, we com-
pared our proposed heuristic with CPLEX based on the running time and
the quality of obtained solutions on two groups of problems (real-word prob-
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lems and randomly generated problems). The numerical results showed that
on the 80% of benchmark problems, the obtained solution was the same as
CPLEX’s solutions. Also, the running time of our proposed algorithm was
almost 10 times better than CPLEX’s running time, in average.
Finally, areas of further research within the framework of our proposed model
and heuristic include

1. The second phase of our heuristic was a local search; so we expect
that if we can propose a advanced search method such as tabu search
or variable neighborhood search and so on, then the quality of the
obtained solution will be increased.

2. In the proposed model, we assumed that some parameters were given
in a numerical form (e.g., pkj and prkj). We guess that the reliability
of model is increased when the value of these parameters are given
by intervals or even by linguistic variable. It is evident that in this
situation, some advanced robust optimization method must be used to
solve the model.

3. The proposed model is suitable when we have the shortage in our exist-
ing resources, and this shortage is very far from the minimum required
resource to cover an event. When the level of shortage is not high or
there is not a shortage in each resource, we can give a model to cover
the events when they can be occurred in parallel.
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 امد رضا طارقیانحدکتر                                   
 ببریم  خاطر  ز  فتر دیده مان   از  که هر                                                                                       فلک     چرخ  این  تکراری    زی با   در   که  آنیم  نه    ما                                                                                        

 برویم  آنجا ز   داده دگری  عشق   به دل                                                                                        خواب        به  رفت گل و آمد فصل خزان چون  که یا                                                                                           
          

در تربت حیدریه و در خانواده ای از اهل علم و ادب چشم به جهان گشود. خود او می گوید به دلیل  1335 ، در چهاردهم مهرماهحامد رضا طارقیان

داشته اند، نام حامد رضا را برای ایشان برگزیدند. سه سال اول دبستان را در زادگاه خود و بقیه  )ع(ارادت ویژه ای که پدر ایشان به حضرت رضا 

تحصیل را تا اخذ دیپلم در م 
تحصیل همواره جزء شاگردانی بود که در مسابقات علمی منطقه ای و ملی به عنوان دانش دوران 

شهد گذرانید. در دوران 

گلیسی و  1354آموز برگزیده شرکت می نمود و همواره جزء دانش آموزان برتر و نمونه بود. در سال  ن
گلستان گردید و پس از طی مراحل آموزش زبان ا تحصیل عازم ان

دروس مورد نیاز برای ورود به دانشگاه های برای ادامه 

گلیس، در سپتامبر ن
طراحی یک سیستم     از رساله دکتری خود تحت عنوان   1986 می  28 دوره کارشناسی را شروع نموده که بلافاصله بعد از اتمام دوره مذکور، دوره های کارشناسی ارشد و دکتری را ادامه می دهد. وی در  1976ا

گلستان  زمان بندی  م ایشان؛ بعد از یک سال، در خرداد ماه  برای آمبولانس سرویس ان تحصیل برای استخدا
تحصیل با وجود تمایل و اصرار دانشگاه محل 

به ایران مراجعه و با وجود اینکه از چندین   1366 دفاع نمود. بعد از اتمام 

کاری خود را با گروه ریاضی دانشکده علوم ریاضی )در آن زمان دانشکده علوم( دانشگاه فردوسی مشهد شروع نمود.  1366 دانشگاه در تهران دعوت به کار شده بود، از بهمن ماه  هم

های مهمی را بر عهده داشته است. در جایی می گوید "به به مرتبه استادی ارتقا یافت. ایشان در دوران خدمت در دانشگاه فردوسی مشهد، مسئولیت   1387فروردین ماه به مرتبه دانشیاری و در  1378خردادماه دکتر طارقیان در 

واره سعی می داشته ام تا شرایط لازم برای انجام مسئولیت هایی با این ویژگی را در مسئولیت هایی که در دوران خدمت، اعم از آموزشی، پژوهشی و اجرایی بر عهده می گرفته ام، همواره همچون فریضه ای مقدس می نگریسته و هم 

گاه باعث می شده تا دست حمایت پروردگار را در لحظه لحظه دوران کاری خود به عینه مشاهده کنم". بعضی از مسئولیت هاخو  ی ایشان به شرح زیر است:د ایجاد کنم. این ن

مدیر  ،  عضو هیات ممیزه دانشگاه فردوسی مشهد ،  یه پژوهش های علوم ریاضیرمدیر مسئول نش  ،   ه علوم ریاضیریاست دانشکد ، نظارت و ارزیابی دانشگاه رمدیریت دفت  ،  مسئولیت کتابخانه پروفسور فاطمی در دانشکده علوم ریاضی 

صصی علوم پایه در هیات ممیزه دانشگاه فردوسی مشهد ، مسئول مجله ایرانی آنالیز عددی و بهینه سازی  تخ
 .عضو بنیاد دانشگاه فردوسی مشهد ،   مسئول کمیته 

لتحصیل نموده ی ا                      
. در این فاصله، سه کتاب تالیفی، پنج کتاب ترجمه، ده ها طرح پژوهشی ستا شان در دوران خدمت در دانشگاه فردوسی مشهد، دانشجویان بسیاری را در مقاطع کارشناسی، کارشناسی ارشد و دکتری فارغ ا

 و همایش های ملی و بین المللی ارائه نموده است.   بیش از چهل مقاله در کنفرانس هاهی و برون دانشگاهی، چاپ بیش از پنجاه و پنج مقاله در نشریات معتبر خارجی و داخلی و ارائهمصوب شورای دانشگاه در بخش های درون دانشگا

کاری ر کار بود.دکتر حامد رضا طارقیان، معلمی زحمتکش، صبور و گشاده روی، متعهد، با تقوی و با ایمان و هم  فیق، پاکدست، خوشرو، همراه و پژوهشگری دقیق، منظم، با حوصله و با پشت

ری اولیه تا تبدیل به یک مج در طول بیش از چهار سالی که ایشان                       معتبر علمی را طی نمود.حوصله در پیگیری امور، دقت و  لهمدیر مسئول مجله ایرانی آنالیز عددی و بهینه سازی بود، این مجله مسیر رشد خیره کننده ای را از پایه گذا

ف مجله، حضور و اختصاص بی ریای وقت برای دنبال کردن مسایل مربوط به مجله، واقعاً توصیف ناپذیر است. غیبت  وسواس ایشان در انجام  صحیح و منظم امور مجله، تشویق دائمی دست اندرکاران مجله برای پیشرفت اهدا

 غیبت مشی نایاب یک معلم پژوهشگر است. روحش شاد باد.و نبود او ، 
 

 فرق دارد ماتمی با ماتمی                                                                        گرچه از هر ماتمی خیزد غمی 

 گفت باید ای دریغا عالمی                                                         لیک در مرگ مردان بزرگ 
  

                        سر دبیر                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                        
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