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Image magnification by least squares
surfaces

A.M. Esmaili Zaini, G.B. Loghmani*, and A.M. Latif

Abstract

Image magnification is one of the current issues of image processing in
which keeping the quality and structure of images is the main concern. In im-
age magnification, it is necessary to insert information in extra pixels. Adding
information to an image should be compatible with the image structure with-
out making artificial blocks. In this research, extra pixels are estimated using
the surface of least squares, and all the pixels are reviewed according to the
suggested edge-improving algorithm. The suggested method keeps the edges
and minimizes the magnified image opacity and the artificial blocks. Numer-
ical results are presented by using PSNR and SSIM fidelity measures and
compared to some other methods. The average PSNR of the original image
and image zooming is 32.79 which it shows that image zooming is very similar
to the original image. Experimental results show that the proposed method
has a better performance than others and provides good image quality.

Keywords: Image Magnification; Least Squares Surface; Interpolation.

1 Introduction

Image magnification is, indeed, image resolution increasing to achieve a
higher- quality image. It plays an important role in image processing and
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machine vision. Image magnification has various applications in electronic
publishing industries, digital cameras, medical imaging, images on the web,
license plate recognition, and face recognition systems in law functions.

Recent studies indicate that the main emphasis is on the visual quality
of images in many applications. Resolution edges and lack of blur and addi-
tional artifacts are two important factors in image quality. Many enlarging
image algorithms use interpolation methods. Interpolation means to find a
set of unknown pixel values in a set of known pixel values in the picture.
In magnification, the following few basic parameters affect the image qual-
ity [11]:

1- An efficient magnification method should preserve the edges and bound-
aries.

2- The method should not produce undesirable constant piecewise or blocks
of other regions.

3- The magnification method should be computationally efficient but not too
dependent on the internal parameters of the image.

Traditional technologies in image magnification use linear interpola-
tion for high-resolution samples. Pixel replication, bilinear interpolation,
quadratic interpolation, bi-cubic interpolation, and spline interpolation are
some of these methods [6,8,17]. These methods tend to smooth edges or
produce blocky interpolated images with staircase edges. Therefore, the out-
put of these methods produces blurred images. This indicates the inability
of linear technologies to transfer new information to an image.

One of the features of the two linear interpolation methods is that, in
the magnification ratio, artificial blocks and visual effects are undesirable,
but edges are preserved at an acceptable level. In bi-cubic interpolation
method with a high zoom ratio, artificial blocks and undesirable visual effects
are lower, and the edges are preserved. Although determining the image
quality is not easy in this method, for image magnification, the quadratic
interpolation is better than bilinear interpolation, bi-cubic interpolation is
better than quadratic interpolation, and spline interpolation is better than
bi-cubic interpolation [16].

In recent years, nonlinear interpolation methods have been used to reform
linear methods for improving image quality and solving the blur problem.
The change of non-linear methods depends on the interpolation method. This
means that the performance of these methods with sharp edges is different
from their performance on soft tissues, while linear methods with all the
pixels act in the same way [1,3,7]. In order to maintain the image quality
and edges in non-linear methods, estimation methods of a subset of edge
pixels [1], resampling and optimization parameters, implicit interpolation,
and straight edges have been used [4,14,22].

In [22], a statistical method that tunes interpolation coefficients according
to local edge structures is proposed. The technique of [4] uses a modified
bilinear method, where the interpolation error theorem in an edge-adaptive
fashion.
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In [21], an edge-directed nonlinear interpolation technique is presented
through directional filtering and data fusion. This algorithm interpolates a
missing pixel in multiple directions, and then fuses the directional interpola-
tion results by linear minimum mean square-error estimation.

In [2], the local adaptive magnification (LAZ) method uses the discon-
tinuities information or sharp brightness changes, finds edges in different
directions by taking two threshold values, and estimates the unknown pixels
with respect to the edge pixels.

In [20], the artificial neural networks methods uses for doing zoom oper-
ations on digital images.

In [10], presents a nonlinear image interpolation algorithm that is based on
the moving least squares technique. This methods ability to image zooming
and preserving edge features.

In this paper, another least squares surface method is suggested, in which
necessary pixels are obtained by calculating their coefficients using the least
squares theory and edge-directed algorithms.

This paper continues as follows. In the second part, quadratic surfaces
and the theory of least squares will be discussed. In the third part, the
least square planes, suggested algorithms, and evaluation parameters will be
proposed. The fourth section compares the results of implementation by
other methods. In the last section, conclusions and recommendations will be
presented.

2 Quadratic surfaces and least squares theory

The purpose of a quadratic surface in R? space composed of z, y and z is
formed as equation (1), in which none of the coefficients A, B, C, D, FE and
F' is zero. This equation called quadratic surfaces is an extension of a cone
in R? space.

Az + By? + C22 + Doy + Fxz + Fyz+Ge + Hy + Iz +J=0. (1)

Without losing any generality, the coefficients of product terms can be
zero by a three-dimensional rotation, and convert equation (1) into a conven-
tional or canonical form by a transfer, whose diagram is recognizable. The
canonical equation for a quadratic surface is as in (2), the most famous sec-
tions of which are elliptical, hyperbolic, parabolic, and conic sections.

For example, the overall shape of an elliptical equation and parabolic surface
are introduced according to equations (3) and (4), respectively:
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A? + B> + C22+ G+ Hy+ 12+ J =0 (2)
A + By +C2+Gr + Hy+ 1z =1 (3)
Ax* + By* + +Gz + Hy = Iz (4)

2.1 Least Squares Theory

Suppose f(x) is a continuous function on the [a,b] interval and p(x) is a
polynomial of the maximum degree n that is defined according to equation
(5), in which ¢; constants for ¢ = 0,1,2,...,n are real numbers.

p(x) = quz (5)

The problem of approximating function f(x) by polynomial p(x) can be
considered by finding ¢; constants for ¢ = 0,1,2,...,n to minimize ||f(z) —
p(x)|]. The purpose of ||.|| is Euclidean norms. To calculate the coefficients
of ¢;, Theorem 1 is used.

Theorem 1. Let f(x1,x2,...,2,) be a function of n variables which has
a local extremum at the point (a1,as,...,a,). Then either f is non- dif-
ferentiable at (a1,ase,...,a,) , or it is differentiable at (a1,aq,...,a,) and

Vf(ai,a2,...,a,) =0 or 87(@1,@2,---76%) =0, 1=0,1,2,...,n
Z;

If a set of data are in the form of {(z;,v;) |¢ = 1,2, ..., N} and the suitable
mathematical model for data relationship is a line, then the general problem is
finding the best least squares line. A mathematical model for the relationship
of the data is the polynomial of degree n in general for which n < N., Then
the problem is to find the least squares polynomial. Therefore, if the discrete
data based on Euclidean norms are considered as in expression (6) according
to Theorem 1, equation (7) should be established.

N

E:Z(yi—(00+C133i+--~+0n33in))2 (6)
i=1

OF

— =0 1 =0,1,2,...,n. 7

ac‘] ) .] bt B 7n ()

After calculating the partial derivatives and simplifying them, the linear sys-
tem of (n+ 1) equations called normal form is obtained as in (8) for distinct
xi, fori =1,2,..., N. This linear system of equations has a unique solution.
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N N N N
o+ at+ . e, At =Yy
i=1 i=1 i=1 i=1

N N N N .
n
Coy_Tpteiy xp .ty T =y
i=1 i=1 i=1 i=1

N N N N

oy ai +e1y, x?“—«—...—f—anx%”— >yl

i=1 =1 =1 =1

If f(x,y,2) = 0 is a surface equation in the R® space, z depends on z and
y. In addition, {(x;,y;,2:) i =1,2,..., N} is a set of discrete data obtained
from the process of data collection, non of which lie on a known surface,
either elliptical, or parabolic, or plane. Then according to 1 and the sum
squares error, appropriate coefficients can be calculated.

Suppose z = Ax + By + C is a surface equation in the R? space for
{(zi,yi,2z) i =1,2,...,N} points. To obtain the surface of least squares
Theorem 1 and error (9), the coefficients of A, B, C are calculated after solv-
ing normal equations (10).

N
EZZ(ALL‘i-FByi-FC—Zi)Q (9)

i=1

N N N N
AN 224+ BY xyyi + Oz, = >z,
i=1 i=1 i=1 i=1

N N 9 N N
AN xiyi+B;y¢+CZ yi=§yiz (10)

i=1 7 i=1

N N N N
AY z; +BY yi+CY 1= 2.
i=1 i=1 =1 =1

If Az?2 4+ By? + Cx+ Dy =1 — 22 is an elliptical surface in the space R3 and
{(xi,¥:i,2) |t =1,2,..., N} points are provided, calculation of the elliptical
least-squares surface can be done according to Theorem 1 and deviation (11),
with coefficients A, B, C, D achieved after solving linear device (12).

E =

g

(Az? + By? + Cax; + Dy; + 22 — 1) 2 (11)

N
=1
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N N N N N

AY af+ BY aiy; + CY a} + DY yiw? = Y a7 (1 - 27)
i=1 =1 =1 =1 =1
N N N N N

AY afyt+ BYyl + CL awf + DXyl = Yo (1= 2F)
i= i= i= i= i=

N N N N N (12)
AY, a2+ BY zy} +CY 2} + DY, yiw; = Y, x; (1 —27)

=1 =1 =1 =1 i=1

N N, N NN )
AY  xiy+ By yp; + O wiy, + DY yi = Yy (1_Zi)'
i=1 i=1 i=1 i=1 i=1

Similarly, if Az? + By? + Cx + Dy = z is parabolic surface in the space
R3 and {(x;,yi,2)]i =1,2,..., N} points are provided, calculation of the
parabolic least-squares surface can be done according to Theorem 1 and de-
viation (13), with coefficients A, B, C, D achieved after solving linear device
(14).

E=

9

N
(Axf + Byi2 + Cxz; + Dy; — zi)Q, (13)
=1

N N N N
AY ai+ By afyl + CY 2l + DYy} =
i=1 i=1 ' '

i=1 =1

2
Liz4

N N N N

AY 2+ B b + O a2 + DY P = ¥ v22,
i=1 =1 =1 =1 =1
N N N

AY a3+ BY a2 +CY a2+ D
3 =1 =1

=1 %

N (14)

N
Vit = ) %
7 i=1

1

N N
AY xiy+ BY yi +C
=1 =1

K2

N N N
vy, + DY yi = D0 Y%
i=1 i=1 i=1

Here, the linear equations system can be obtained for the quadratic surface.

3 Least Squares Surfaces and Image Magnification

In the image magnification, some new pixels are placed in the original pixels
of the image. The purpose of magnification is to determine new pixels, which
are determined based on their neighbouring pixels. There are two types of
neighbourhood in two-dimensional images, which are known as the 4 and 8
cell. Neighbourhoods are shown in Figure 1.

In most of proposed methods, magnification rate is tried to be squared,
or to a power of two, but it should be noted that the algorithm presented
here is used for every magnification rate.

The first stage is the simplest one and requires expanding the source n xn
pixels image onto a regular grid of size (2n — 1) X (2n —1). More precisely, if
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1 2 3 1 2 3
1 1
2 2
3 + 3
4% neighborhoods 8" neighborhoods

Figure 1: Types of neighbourhood.

S(i,7) denotes the pixels in the i*" row and ;" column of the source image
and Z(l, k) denotes the magnified image pixel in the [** row and k" column
in the zoomed picture, the f function [5] puts the original image pixel in the
interlaced places of the new image:

f:S—=Z
f(SG))=212i—1,2j—-1) i,j=12,...,n

The result is shown in Figure 2. The original image pixel is indicated by
symbol e, and the other pixels which must be estimated have been identified
by 11,10 and 01. To estimate the pixel values, the multi-stage least squares
method is used along with a review of the surfaces.

In this algorithm, a new pixel value is estimated with its four neigh-
bourhoods in the corner (pixel 11) by the proposed method. Since, all the
neighbourhoods on the central pixels are equal in term of distance from the
central pixel, all of them are attributed the same weight. The results are
shown in Figure 3, and M is replaced by the estimated pixels. In the next
stage, the pixels indicated by 1 are estimated by their four neighbourhoods.
These pixels have two main pixels in the left and the right and two esti-
mated pixels up and down the neighbourhoods. In estimation, pixels that
are indicated with number 01 have the weight of 1, and the estimated pixels
assigned with the weight of 0.5. Pixels with number 10 are estimated in the
same manner. The results are shown in Figure (4), in which the symbols OJ
and < are replaced by the estimated pixels.

3.1 Least squares surface algorithm

In this algorithm, a point (e) refers to the pixel coordinates of the image
whose brightness and number of rows and columns are considered as a point
in a three-dimensional space.
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L 01 L 01 ®
10 11 10 11 10
& 01 L 01 ®
10 11 10 11 10
e 01 . 01 ®

Figure 2: Copying value to the magnified image.

o 01 ° 01 ]
10 . 10 . 10
L) 01 . 01 ®
10 . 10 . 10
. 01 . 01 .

Figure 3: Estimation of neighbourhood pixels.

L m] L m] e
¢ - ¢ - ¢
] m] - m -

Figure 4: Estimation of neighbourhood pixels.

To estimate the required pixels in image magnification based on four
neighbourhoods, initially by selection the four points and solving the linear
least-squares surface equation, the desired pixel is estimated. It should be
noted that, two adjacent pixels are used in the rows and columns of pixels to
approximate the first and last of the average.

The proposed algorithm steps are as follows:

Step 1. Establish a linear system according to the chosen least-square sur-
face.

Step 2. Solve linear equations and calculating surface coefficients.
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Step 3. Estimate the desired pixel by replacing the number of rows and
columns on the selective surface.

Step 4. Repeat steps 1 to 3 in three stages according to the zooming algo-
rithm and estimating the required pixel

Step 5. Review all the estimated pixels based on the conducted sub-algorithm
of the edge (3-2).

3.2 The modified sub-algorithm of the image edges

After estimating all the required image pixels, all estimated pixels are re-
viewed to improve the edges (Figure.5) based on the following conditions. A, B,
C, and d are the main pixels, and X,Y2, Y1, Z1, and Z2 are the estimated
pixels. The advantage of the sub-algorithm is the lack of any provinces for
edges. The proposed algorithm steps are as follows:

Step 1. If |[A— D| > |[B—C|, then X + £ | In fact, the edge is in the
northeast-southwest direction.

Step 2. If [A— D| < |[B—C|, then X « 412, In fact, the edge is in the
northwest-southeast direction.

Step 3. If (A— D) (B —C) >0, then Y1 + 48 and Y2 «+ <2 In fact,
the edge is in the north-south direction.

Step 4. If (A— D) (B —C) <0, then Z1 + #f%and 72 «+ L2 . In fact,
the edge is in the west-east direction.

Ay | vz [Be
zZL | X% |22
Co |12 |Fe

Figure 5: Design for modifying the image edge.

3.3 Assessment criteria

To compare two images in terms of their similarity, PSNR and SSIM criteria
are used. The PSNR value is bigger and the SSIM is closer to 1, the images
have more conformity [18,19]. The PSNR criterion is calculated based on
equation (15) and (16):
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MAX?
PSNR =10x* Logo ( ASE ) (dB) (15)
1 m—1n—1
i=0 j=0

where I (i,7) and K (4, j) are the main image pixels and the estimated image,
respectively, and M AX is the maximum image pixles.

SSIM criterion, which includes the image structural elements and measures
the structural quality of the image as well as the similarity between the two
images, has a value between 0 and 1. This means that 1 is the highest and 0
is the lowest similarity, which is calculated by equation (17).

(Qpiatty + 1) (200, + c2)
(24123 + 1) (02 + 03 +02)

SSIM (z,y) = (17)

where 1 , 0% and 0.y are the average, variance, and covariance of the pixels
in the image, respectively, and ¢; and ce are two unknown constants that
prevent the fraction denominator from being zero.

4 Simulation results

To evaluate the proposed method, first, a digital image is considered as an
original image, and then its size is reduced by removing alternative rows of
columns by half, then, it is tried to make image size double using the pro-
posed method and the other methods. As expected, the closer the degree
of similarity is to the original image size, the algorithm has a better perfor-
mance.

Implementation of the results of the suggested algorithm done in MAT-
LAB. The results are presented in Tables 1 and 2. In Table 1, the PSNR
criterion is used for zooming, and ten different and standard images [15] are
applied according to Figure 6. Their dimensions all are 512 x 512. The results
of the suggested least square plane (LSP) and least square ellipsoid (LSE)
methods, bilinear interpolation (BIL) method, bi-cubic interpolation (BIC)
method, and curvature interpolation (CIM) method [9] have been compared.
The least difference of PSNR between LSP method and CIM method is 0.38,
the most is 3.18, and its average is 1.71. Comparing LSE with CIM and
PSNR scale, the minimum difference is 0.13, the maximum is 3.12, and the
average is 1.52. With regard to each row and comparing the results, it can be
concluded that the proposed method of LSP has a better performance than
other methods on the selected image.



Image magnification by least squares surfaces 11

Lena Elaine Disk

Balloons  House Airplane

Figure 6: Different images and standards for image magnification.

Table 2 illustrates the results of comparing the suggested method and the
other methods for the images in Figure 6, by SSIM criterion. The results show
that the proposed method has a better performance than other methods with
a good approximation. The minimum difference in SSIM for LSP by CIM is
0.0011, the maximum is 0.02, and the average is 0.0096. In a comparison of
LSE method with CIM and SSIM criterion, the minimum difference is 0.001,
the maximum is 0.099, and the average is 0.0095.

From a visual point of view, for example, the magnified image of Elaine
is shown by LSP and LSE proposed methods, by BIL, BIC methods, as well
as CIM method in Figure 7. Obviously, the images of the proposed method
are more transparent and have less blur and good performance on the edges.

CIM LSP LSE

Figure 7: The results of Elaine’s image magnification by the factor of 2 and using different
methods.
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Table 1: Comparison of the least square surface method and other methods by PSNR

criterion.

Methods | BIL BIC | CIM | Proposed method | Proposed method
LSP LSE
lena 30.20 | 30.11 | 30.58 33.47 33.34
Elaine | 31.26 | 31.08 | 31.49 34.67 34.61
Disk 30.94 | 30.82 | 31.56 33.07 32.70
Fire 31.66 | 31.71 | 31.82 32.20 31.95
Swan 31.19 | 30.74 | 31.44 33.22 32.73
Dog 31.83 | 31.37 | 32.05 33.94 33.63
Balloons | 31.29 | 31.73 | 32.28 33.52 34.07
House | 32.64 | 32.60 | 32.97 34.00 33.83
Airplane | 29.70 | 29.59 | 30.12 31.34 31.30
Fruits 26.17 | 26.08 | 26.49 28.44 28.20
| Average | 30.69 [ 30.58 | 31.08 | 32.79 32.60

Table 2: Comparison of the least square surface method and other methods by SSIM

criterion.

Methods BIL BIC CIM | Proposed method | Proposed method
LSP LSE
lena | 0.9504 | 0.9469 | 0.9514 0.9714 0.9713
Elaine | 0.9536 | 0.9479 | 0.9578 0.9589 0.9588
Disk | 0.9908 | 0.9908 | 0.9922 0.9956 0.9953
Fire | 0.9770 | 0.9767 | 0.9779 0.9857 0.9854
Swan | 0.9737 | 0.9727 | 0.9758 0.98420 0.9841
Dog | 0.9701 | 0.9691 | 0.9708 0.9814 0.9813
Balloons | 0.9815 | 0.9808 | 0.9856 0.9893 0.9894
House | 0.9771 | 0.9763 | 0.9777 0.9867 0.9866
Airplane | 0.9698 | 0.9696 | 0.9703 0.9831 0.9831
Fruits | 0.9518 | 0.9513 | 0.9523 0.9714 0.9712
| Average | 0.9696 | 0.9682 | 0.9712 0.9808 0.9807
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5 Conclusion

In this paper, a new method of the least squares surface has been used to
enlarge images. Despite simple implementation and low computational com-
plexity, this method provides more satisfactory results than bilinear interpo-
lation methods, such as bicubic and curvature do. The study, has been con-
ducted using one of the edge- improving techniques. The proposed method
can be elaborated on in future studies through other edge- improving methods
or nonlinear methods such as bivariate interpolation or radial basis functions
interpolation with edge- shaving techniques.
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Abstract

The main purpose of this article is to describe a numerical scheme for
solving three-dimensional linear Fredholm integral equations of the second
kind on the cubic domains. The method is based on interpolation by radial
basis functions (RBFs) based on Gauss-Legendre nodes and weights. Error
analysis is presented for this method. Finally, several examples are given and
numerical examples are presented to demonstrate the validity and applica-
bility of the method.
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Collocation method; Cubic domains.

1 Introduction

Consider the following three-dimensional linear Fredholm integral equation
of the second kind

fopd b
(. 2) — A / / / K (2, 2,7, 5, )u(r, s, ydrdsdt = h(z,y,2), (z,9.2) € D, (1)
e C a
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where h and K are known functions, u(x,y, z) is the unknown function to
be determined, ) is a constant and D is an cubic domain.

Integral equations occur in a wide variety of physical applications. They
are encountered in various fields of science and numerous applications such as:
elasticity, plasticity, heat and mass transfer, oscillation theory, fluid dynam-
ics, filtration theory, electrostatics, electrodynamics, game theory, control,
queuing theory, electrical engineering, economics, medicine, etc. There are
many different numerical methods for solving integral equations. Computa-
tional complexity of mathematical operations is the most important obstacle
for solving integral equations in higher dimensions. The Nystrom method [15]
and collocation method [5,14,29] are the most important approaches of the
numerical solution of these integral equations.

To avoid the mesh generation, in recent years meshless techniques have
attracted attention of researchers. In a meshless method, a set of scattered
nodes are used instead of meshing the domain of the problem [6,7,26].

Among meshless methods, the radial basis functions (RBFs) method has
become known as a powerful tool for the scattered data interpolation prob-
lem. The main advantage of radial basis functions is that they involve a single
independent variable regardless of the dimension of the problem. One of the
domain-type meshless methods, the so-called Kansa’s method developed by
Kansa in 1990 [20,21], is obtained by directly collocating RBFs, particularly
the multiquadric (MQ), for the numerical approximation of the solution.
Kansa’s method was recently extended to solve various ordinary and partial
differential equations including the one-dimensional nonlinear Burgers equa-
tion [18] with shock wave, shallow water equations for tide and currents sim-
ulation [17], heat transfer problems [30], and free boundary problems [19,23].

Furthermore, the RBFs have been applied on the one-dimensional do-
mains for solving linear second kind Fredholm and Volterra integral equa-
tions in [12], linear integro-differential equations in [13], nonlinear Volterra-
Fredholm-Hammerstein integral equations in [25] and systems of nonlinear
integral equations in [11]. Also, a numerical solution of two-dimensional Fred-
holm integral equations of the second kind on the square domains by Gaussian
radial basis functions without the error analysis is introduced in [1].

In this paper, we will use the radial basis functions (RBFs) approxima-
tion for solving three-dimensional linear Fredholm integral equations of the
second kind on cubic domains. The remainder of the paper is organized as
follows: in Section 2, we show that how the radial basis functions are used
to approximate the solution. In Section 3, we present a numerical method
for solving the linear Fredholm integral equations of the second kind by the
RBF approximation. In Section 4, error analysis for the proposed method is
presented. Numerical examples are given in Section 5. Finally, we conclude
the article in Section 6.
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2 An outline of RBF's

The radial basis function (RBF) method for multivariate approximation is
one of the most often applied tools in modern approximation theory due to
spectral accuracy, flexibility with respect to geometry, dimensional indepen-
dence and ease of implementation especially when the task is to interpolate
scattered data in multi dimensions. The multiquadric (MQ) method was
originally introduced by Hardy in 1968 for the interpolation of two dimen-
sional scattered data to solve a problem from cartography [16]. The problem
was to construct a continuous function from a set of sparse, scattered mea-
surements from some source points on a topographic surface, which exactly
fit to the given data and provides a good approximation of the features of
the surface such as location of hilltops, saddles, breaks in slope, and drainage
junctions. In fact the MQ method is a special version of the radial basis func-
tions method. In 1982 Franke tested a large number of interpolation methods
for two dimensional scattered data, and found that MQ method was one of
the most impressive [10].

Table 1: Some well-known functions that generate RBFs.

Name of function Definition

Multiquadrics (MQ) ¢ (x) =/ HXH; +¢?
1
Inverse multiquadrics (IMQ) ¢ (x) = (\/ ||X||§ + CQ)

~1
Inverse quartics (IQ) ¢ (x) = (HXHE + 02)
Gaussian (GA) ¢ (x) = exp (*CHXHg)

Thin plate splines (TPS) ¢ (x) =(=1) " |1x| 2 1og || x|,
Conical splines (CS) ¢ (x) =x[3*"

Definition 1. [28] A function ¢ : R® — R is called radial basis provided
there exists a univariate function ¢ : [0,00) — R such that

where r = ||x|| and ||.|| is some norm on R?, usually the Euclidean norm.

Some well-known RBFs are listed in Table 1. Plots of some RBFs are
presented in Figure (1).
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The idea of radial basis function method for interpolation is derived from
piecewise polynomial interpolation using a function of Euclidean distance and
defined as follows:

Figure 1: Plots of some radial basis functions.

2.1 Radial basis function interpolation

In the standard RBF interpolation problem, we are given generally scat-
tered data sites X = {x1,...,xny} C D and associated real function values
u(x;),i =1,...,N. Here D is usually some bounded domain in R®. It is our
goal to find a (continuous) function &, u : R® — R that interpolates the
given data, i.e., such that

Pou(x;) =u(x;), i=1,...,N. (2)

In the RBF literature (see, e.g., [8,28]) one assumes that this interpolant is
of the form
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Py u(x) ZZC]‘SD(||X—XJH)7 (3)

where the basic function ¢ is assumed to be RBF and the coefficients C =
[c1,...,cn]T are found by enforcing the interpolation constraints (2). This
implies that

AC=T, (4)

where A;; = ¢(||xi — xj||) and U = [u(x1),...,u(xy)]". If the ma-
trix A is such that CTAC is strictly positive for all possible choices of
X = {x1,...,xy} and C = [c1,...,en]T € RN — {0} the solution of the
interpolation problem is guaranteed.

The following results establish invertibility of the matrix A for different
radial basis functions:

Definition 2. [28] A function ¢ is called completely monotone on (0, 0)
if it satisfies ¢ € C*°(0, 00), and

(—1)'e"D(r) >0,

for all [ € Ny and all » > 0. The function ¢ is called completely monotone
on [0,00) if it is in addition in C[0, 00).

Theorem 1. [27] If ¢(r) = ©(\/T) is completely monotone but not constant
on [0,00), then for any set of N distinct points {x1,...,Xy}, the N x N
matriz A with entries o(||x; — x;||) is positive definite (and therefore non-
singular).

Theorem 2. [2/] Let ¢(r) = ¢(/7) € C°[0,00), ¢(r) > 0 for r > 0,
¢ (r) completely monotone but not constant on (0,00), then for any set of N
distinct points {x1,...,Xn}, the N x N matriz A with entries ¢(||x; — x;||)
1s positive definite.

It is easy to prove that the radial basis functions IMQ, IQ and GA satisfy
the sufficient conditions of Theorem 1, whereas the MQ and linear RBFs
satisfy the sufficient conditions of Theorem 2, and hence for these types of
RBF's the system (4) is uniquely solvable for any set of distinct data points.
Although the matrix A is non-singular in the above cases, usually it is very
ill-conditioned. Therefore, a small perturbation in initial data may produce
large amount of perturbation in the solution.

As given in Table 1, the types of RBF are mainly divided into two cat-
egories, infinitely smooth and piecewise smooth RBFs [2,22]. The infinitely
smooth RBF's contain a free parameter c, called the shape parameter, which
affects both the accuracy of a solution and the conditioning of the collocation
matrix. In Figure 2, a data set is interpolated with the Gaussian function,
with different shape parameters. A smaller value of ¢ causes the function to
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become flatter, while increasing c¢ leads to a more peaks RBF. The optimal
value of the shape parameter that can produce relatively accurate results is to
be found numerically. But the optimal choice of the shape parameters is an
open problem which is still under intensive investigation. Several proposals
for the choice of an adequate shape parameter can be found in the papers of
Hardy [16], Franke [10] and Fasshauer [9]. All these proposals are somehow
related with the number of points in the grid and the distance between those
points.

Definition 3. Hardy’s shape parameter
| N
c=0.815d where d= N ;di,

where d; is the distance from i*" center to the nearest neighbor and N is the
total number of centers.
Definition 4. Franke’s shape parameter
1.25D
C = ——
/N Y
where D is the diameter of smallest circle encompassing all the center loca-
tions and N is the total number of centers.
Definition 5. Fasshauer’s shape parameter
2
/N K

where N is the total number of centers.

CcC =

3 Solution of linear integral equations

In this paper, we solve the three-dimensional linear Fredholm integral equa-
tion given in the form

fopd b
(. 2) — A / / / K2y, 2,7, 5,)u(r, s, tydrdsdt = h(z,,2), (2,9.2) € D, (5)
e C a

where h and K are known functions, u(z,y, z) is the unknown function to
be determined, A is a constant and D is an cubic domain.
Consider equation (5) with the following assumptions:

(i) h # 0 is continuous in C'(D),
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Figure 2: The Gaussian function, with different shape parameters, c.

(ii) K is continuous in C(D x D),

(iii) kernel K(x,y, z,7,s,t) is real, continuous and bounded in the domain

D, i.e.
f opd b
L= sup ///!K(x,y,z,r,s,tﬂdrdsdt < 00.
(z,y,2)€ED e Je Ja

Theorem 3. Ezistence and uniqueness of solution to equation (5) follow by
assumptions (i) — (i4i) and the condition

AL < 1.

Proof. Tt can be proved using Banach’s fixed point theorem in a similar
method as done in [4], Chapter 5 (for one-dimensional linear Fredholm inte-
gral equations).

3.1 The proposed method

To apply the method, we need a RBF ¢ and N nodal scattered points to
initiate the RBF method. These nodes can be selected arbitrary on the whole
of the domain D, such as X = {(x1,vy1,21), ..., (N, YN, 2n)}. Therefore, to
solve equation (5), we estimate the unknown function u(z,y, z) by the RBF
interpolation method as
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N
u(x,y,2) ~ Y ed(r,y,2) = CT.¥(x,y,2),  (z,4,2) € DCR? (6)
k=1

where
ct = [51,...,61\]],
‘I'T(x,lhz) = [(bl('rayvz)a .. -a¢N(x7yvz)]a
(2, y,2) = @(\/(f —zp)?+ (Y — k) + (2 — Zk)Q), k=1,...,N.

We replace the expansion (6) with u(x,y,z) and install the collocation
points (z;,y;, 2:),4 = 1,2,..., N in equation (5). Thus we obtain

f ord b
C_'T.{‘ll(xi,yi,zi) — )\/ / / K(zi,yi,zi,r,s,t)\ll(r,s,t)drdsdt} = h(z;,yi,2i). (7)
e c a

The integrals in (7) must usually be evaluated numerically. we convert the
intervals [a, b], [c,d] and [e, f] to the interval [—1, 1] by using a simple linear
transformations of the form

rzb;a€+b;a=g(€)=>dr=
s=d;Cner;C:h(n)zds:d_cdn,
_[-e [t+e _[-e
t= 5 T+ 5 =m(r) = dt = 5 dr,

and so equation (7) takes the following form:

CT{ (@i, i, 21) — / / / K (25, i, 21, 9(€), h(n), m(r)) ¥ ((),h(n%m(T))dédndT}

= h(zi,vi, %),
(8)
where

Ab—a)(d=o)(f —¢)
< :

,U =
Using an m y -point Gauss - Legendre quadrature formula with the points

Tp, Sq, tx in the interval [—1,1] and weights w,,, w,, wy, for numerical integra-
tion in equation (8), we can approximate the integral

/ / / K (2,9, 2 () h(n), m(r))U(g(€), h(n), m(r))ddndr,  (9)

with
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SN wpwqwiK (2, y, 2, 9(&), h(ng), m(7i)) ¥ (g(&), k(). (7).
p=1qg=1k=1
(10)

Utilizing this numerical integration rule in equation (8), we obtain the
following linear system of algebraic equations

S
c‘T.{mi, i) = 3 3 3w K i 1 (60 B ) ) ) mm))}

= h(zi, Yi, 2i),
(11)

where ¢ = 1,2, ..., N. This is a linear system of equations that can be solved
by iterative methods to obtain the unknown vector C'7.

4 Error analysis

This section includes the error estimate and the rate of convergence of the
presented method. To understand the numerical behavior of the interpolant
or approximant it is essential to have bounds on the approximation error
and on the condition number of the interpolation matrix. These bounds
are usually expressed employing two different geometric measures. For the
approximation error, it is crucial to know how well the data sites X fill the
region . This can be measured by the fill distance

hixp 1= 5up min Jx = x>,
which gives the radius of the largest data-site free ball in D. The condition
number, however, will obviously only depend on the data sites X and not on
the region D. Moreover, if two data sites tend to coalesce then the correspond-
ing interpolation matrix has two rows which are almost identical. Hence, it
is reasonable to measure the condition number in terms of the separation
distance

1 .
qy = 513;1;1”& = x|

A set X of data sites is said to be quasi-uniform with respect to a constant
c,, >0if
qu

Ix Shyp < ¢4

Definition 6. [28] The definition of the native space is
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i
Vo

R, (D) = {feLg(]Rs)ﬂC(RS) : ELQ(RS)},

where ¢ is a Fourier transform of ¢.

Theorem 4. [2] Let ¢ is positive definite RBF with infinitely smoothness.
Suppose that D C R® be open and bounded, satisfying an interior cone con-
dition. Denote the interpolant of a function v € R4 (D) based on this RBF
and the distinct set X = {x1,...,zn} by Py u. Then for everyl € N there
exist constants ho(l), C; such that

lu— Py ullr=p) < Cihl , lulls, o), (12)

for all x € D, provided h,. ,, < ho(l).

Remark 1. As a conclusion from Theorem 4, for Gaussians ¢ (x) =
e(*C”x”%, ¢ > 0, we get for some positive constant [ that

(—l|loghX)D\)

|u— Pyullpepy <et "x0 s, by, (13)

provided that h , is sufficiently small and u € Ny4(D).
The corresponding result for (inverse) multiquadrics ¢ (x) = (||x|| +
) e>0,a<0,ora>0and a#N, is

I
lu— ZyullL=(p)y < e(hx’D ) |ullx, (D), (14)

x| log [Ixly , k € N, we get

For thin plate splines ¢ (x) =(—1)
lu— 2y ullp=(py < ChE  lullx, (p)- (15)

Let # be the Urysohn integral operator:

fopd b
(%u)(m,y,z):)\/ //K(x,y,z,r,s,t)u(r,s,t)drdsdt, (16)

we can rewrite the integral equation (5) in operator form as
u—JHu=h. (17)

Define the approximating operator #x, N > 1, on C(D) by

MmN MmN MN

Il g, 2) =1 >SS wpwgw K (2, 2, 9(€p), hg), m(r))CT W (g(Ep), h(ng), m(7i)).
p=1g=1k=1
(18)

The abstract form of equation (8) is
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UunN — @Nji/u]v = ﬂNh,
for N sufficiently large and the above equation can be rewritten as

(I— P, H)uy = P h. (19)

Remark 2. Note that, &, : C(D) — Vy is the collocation projection
operator on the collocation points X = {(x1,v1,21), ..., (N, YN, 2N)} C D,
where the subspace Viy := span{¢i,...¢n} C C(D) has finite dimension.
Suppose 4 € Vi, we simply have &,

u.

ﬂ =
The abstract form of equation (11) is
(I_ ‘@N‘%/N)ﬂN = ‘@Nh‘? (20)

which shows that the scheme is a discrete collocation method [3].
Consequently an iterated discrete collocation solution can be obtained. For
this purpose we set

ﬂN:h-i-gle%/N(’l]N), (21)

and by applying the operator &, on both sides of (21), and using the relation
(20) we simply have

@Nﬁj\/ = up. (22)
Thus we conclude
(I—@N%N)’I]N:h. (23)

Theorem 5. [3] Assume the family {#n} of (8) is collectively compact
and pointwise convergent on C(D). Let {2} be a family of interpolatory
projection operators on C(D) to C(D), and assume

Pu—u as N — oo, (24)

for allu € C(D). Finally, assume the integral equation (17) is uniquely solv-
able for all h € C(D) and u, be a unique solution of this equation. Then for
all sufficiently large N, say N > M, (I — #n P, )~} exists and is uniformly
bounded. Also, for the solution Uy

lan — sl Lo (py < (I — S Py ) I H ws — Ky P s Loopy.  (25)

Remark 3. From (24) and the principle of uniform boundedness for the
radial basis functions,

¢ = sup | 2, || < . (26)
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Similarly, from the pointwise convergence of { %y},

¢k = sup || An|| < . (27)

Theorem 6. Having in mind the assumptions of (5). Suppose that u. €
Ny (D) is the unique exact solution of equation (5) and the proposed method
has been installed on the quasi-uniform set X = {(z,vy:,2)},. Then there
exists M > 0 such that for every N > M, the method has a unique solution
N

lin — usllpoo(py — 0 as N — oc. (28)
In addition, for the iterative solution uy for equation (23) we have
lan — wsll LoDy < er{||# uw — ANl Lo (py + cr(1 + Cp)clth,D sl (D)}

provided that u, € Ry(D), and for the discrete collocation solution Uy of
equation (20) we have

lan = willLoe (D) < eper || # ux = Hnvusl|poo (p) + (1+ ep)(1+ cpereg)Cihly | lluslln, (p)s

where c; < oo is a bound for (I — An P, )~ .

Proof. From Theorem 5, the iterated method has a solution 4y and
lan — usllpoe(py < NI = APy )" 1 H us — Hy Py sl oo (D)
<cpl|Hus — AN P yusllLeo (D)
< crf{llHus — Hnuxlpoo(py + 1N (us — Py us)llLc (D)}
< er{llF uw — Hnusllpoo (D) + ckll(us — Pyus)llLeo(py}
<er{lF ux — HnusllLoo(py + cr(llus — Uxllpoo (D) + | Py us — Py sl Loo(p))}
<er{lF ux — Hnusllpoo(py + k(1 + ep)l|(ux — Gx )|l Lo ()}
<er{||# us — Hnusl| poo () + ek (L + ep) Ok’ lluslln, (p)}

The last inequality is implied by (15). Moreover, let 4y = pyuy, and
consider the decomposition
Up — N = Ux — PN = (U — Pyus) + Py, (us — Un), (29)

which yields
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lan — U*HLOO(D) < Jus — ’@NU*HLOO(D) + cpllun — U*HLOO(D)
< (L+¢p)Cihl sy, (o) + epler{[| o we — Hnvus| o= ()

+ep(1+ Cp)Clth,D |usln, (D) })
< cper|| Hus — Hnus|| Lo (p)

N—oco = HNn—>H

+ (14 ¢p)(1+ cperer) il sy, (o)

N—oo = hy ,—0
Finally, we obtain

lan —U*HLoc(D) —0 as N — oo.

Corollary 1. Theorem 6 shows that, both the quadrature and the RBF
approximation error bounds affect the final estimation. If for a sufficiently
smooth kernel K(x,t,y,s) a high order quadrature is employed then the total
error is dominated by the error of the RBF approximation.

5 Numerical examples

In this section, we present some numerical examples where D is a bounded
domain in R3. In addition to the Hardy, Franke and Fasshauer shape pa-
rameters, the minimum error obtained by trial and error is presented. We
have used the ten-point Gauss-Legendre quadrature rule for numerical inte-
gration. All of the computations have been done using the Maple 14 with
just 80 digits precision. we calculate the RM.S error in 2197 points that are
distributed uniformly in the computational domain. The RM S error of the
numerical result is described using

1 2197
= Al 570~ e o) — i s 2) |2
RMS 2197 1221 | U(;C“y“zl) u(:c“y“zl) |

where u(z,y, z) is the exact solution, 4(z,y, z) is the approximate solution.

Example 1. Consider the three-dimensional linear Fredholm integral equa-
tion

1 1 1 1
U(l’,y, Z) - 7/ / / Lu(r, Svt)drdet = f($7y7 Z)v
2/ 1) )al+r+y+z

where
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TYz
242z +2y+ 2z

f(z,y,z) = sin®(z) sin?(y) sin®(z) + (cos(1) sin(1) — 1)3

The exact solution for this equation is u(x,y, z) = sin?(z) sin?(y) sin®(z2).

Figure 3: Node distribution with 216 nodes for Example 1.

The results obtained by the Chebyshev distribution of points for different
numbers of N in terms of RM S is given in Tables 2, 3 and 4. The distribution
of nodes are depicted for N = 216 in Figure 3. As we expected, from Theorem
6, the results converge to the exact values along with the increase of the nodes.
In computations, for GA RBFs, to obtain the better result, we can use the
small(big) parameter ¢ but the condition number of the final system is grown
fast instead. As can be seen, the convergence rate of the method is arbitrarily
high when GAs and IQs are used and is approximately O(h’j{ ) when TPSs
and CSs are used. Therefore the numerical results confirm the theoretical
error estimates.

Example 2. Consider the three-dimensional linear Fredholm integral equa-
tion

12 ot
u(z,y,z) — 5/0 /0 /1sin(ﬂcyz)u(r,s,t)drdsdt: f(z,y, 2),

where

fla,,2) =2y =  sin(ayz),

with exact solution u(x,y, z) = 22y?22. The results obtained by the Regular
distribution of points for different numbers of N in terms of RM S is given
in Tables 5, 6 and 7. The distribution of nodes are depicted for N = 294
in Figure 4. It should be noted that for a fixed sufficiently large my, by
increasing N, the error of the method is of O(th}D) (i.e., arbitrarily high

for the use of MQs and IMQs and approximately O(h’j( ) for the use of

,D
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Table 2: Results provided by Chebyshev distribution for Example 1.
N hy p shape c GA
parameter
Hardy 0.70 7.36 x 1072
27 0.7339 Franke 0.72 8.13 x 1072
Fasshauer 0.38 2.52 x 1074
a* 0.38 2.52 x 1074
Hardy 0.44 7.88 x 1074
64 0.6334 Franke 0.50 1.59 x 1073
Fasshauer 0.25 4.83 x 1073
a* 0.43 7.75 x 1074
Hardy 0.30 2.11 x 1074
125 0.4991 Franke 0.37 2.51 x 1074
Fasshauer 0.18 7.50 x 107°
a* 0.20 4.24 x 1076
Hardy 0.22 5.13 x 107°
216 0.4189 Franke 0.28 2.02 x 1074
Fasshauer 0.14 2.35 x 1074
a* 0.20 2.20 x 1076
a* indicates the shape parameter which minimum error is observed.
Table 3: Results provided by Chebyshev distribution for Example 1.
N hy CS TPS
: E=1 k=2 k=1 k=2
27 0.7339 9.14 x 1072 3.92x 1072 1.56 x 1071 221 x 10!
64 0.6334 3.36 x 102 1.71 x 1072 5.88x 1072 4.82 x 1072
125 0.4991 2.29 x 1072 5.76 x 1073 1.17x 1072 4.54 x 1073
216 0.4189 1.71 x 1072 3.34x 1073 6.05x 1073 2.64 x 1073
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Table 4: Results provided by Chebyshev distribution for Example 1.

N hy o shape c 1Q
' parameter
Hardy 0.70 2.24 x 1072
27 0.7339 Franke 0.72 2.29 x 1072
Fasshauer 0.38 3.52 x 1072
a* 1.25 1.57 x 1073
Hardy 0.44 7.44 x 1073
64 0.6334 Franke 0.50 6.27 x 1073
Fasshauer 0.25 9.30 x 1073
a* 0.93 8.91 x 1074
Hardy 0.30 6.60 x 1073
125 0.4991 Franke 0.37 4.82 x 1073
Fasshauer 0.18 8.22 x 1073
a* 1.61 1.43 x 10~*
Hardy 0.22 4.34 x 1073
216 0.4189 Franke 0.28 2.35 x 1073
Fasshauer 0.14 6.23 x 1073
a* 0.92 7.84 x 1073

a* indicates the shape parameter which minimum error is observed.

TPSs and CSs ) because the RBF interpolation error overcomes the error of
integration method and so increasing N has no significant effect on the error.
Based on the obtained fill distance, the results confirm Theorem 6.

Example 3. Consider the three-dimensional linear Fredholm integral equa-
tion

1 /1ot
u(x,y,z)—i/o /0 /0 xyzu(r, s, t)drdsdt = f(x,vy, 2),

where

3
1 1
f@,y.2) = ayzexp(—a? —y? = %) — (1 - exp(1)> e

with exact solution u(z,y, 2) = xyz exp(—2? — y? — 22). The results obtained
by the Halton distribution of points for different numbers of N in terms of
RMS is given in Tables 8, 9 and 10. A set of 216 Halton points in the unit
cubic in R3 has been shown in Figure 5. For sufficiently large my, increasing
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Figure 4: Node distribution with 294 nodes for Example 2.
Table 5: Results provided by Regular distribution for Example 2.
N hy p shape c MQ
parameter
Hardy 0.41 1.01 x 1072
48 0.5246 Franke 0.54 9.82 x 1073
Fasshauer 0.29 1.12 x 1072
a* 1.82 7.21 x 1073
Hardy 0.27 5.16 x 1073
100 0.3842 Franke 0.37 4.81 x 1073
Fasshauer 0.20 5.26 x 1073
a* 4.23 9.39 x 1074
Hardy 0.20 3.26 x 1073
180 0.3039 Franke 0.28 3.09 x 1073
Fasshauer 0.15 3.30 x 1073
a* 5.54 2.20 x 1074
Hardy 0.16 2.16 x 1073
294 0.2517 Franke 0.22 2.04 x 1073
Fasshauer 0.12 2.19 x 1073
a* 5.52 3.88 x 10~°

a* indicates the shape parameter which minimum error is observed.

the number of integration nodes my has no significant effect on the error and
the proposed method will be of O(th ), by increasing N. The numerical
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Table 6: Results provided by Regular distribution for Example 2.
N hy b shape c IMQ@
parameter
Hardy 0.41 1.35 x 1072
48 0.5246 Franke 0.54 1.39 x 1072
Fasshauer 0.29 1.20 x 102
a* 2.79 472 x 1073
Hardy 0.27 7.23 x 1073
100 0.3842 Franke 0.37 7.73 x 1073
Fasshauer 0.20 6.32 x 1073
a* 4.71 6.68 x 1074
Hardy 0.20 4.51 x 1073
180 0.3039 Franke 0.28 5.08 x 1073
Fasshauer 0.15 4.11 x 1073
a* 8.40 8.02 x 10™°
Hardy 0.16 3.07 x 1073
294 0.2517 Franke 0.22 3.51 x 1073
Fasshauer 0.12 3.13x 1073
a* 5.52 3.88 x 107°

a* indicates the shape parameter which minimum error is observed.

Table 7: Results provided by Regular distribution for Example 2.

N b cs TPS
: EL=1 k=2 k=1 k=2
48 0.5246 9.92 x 1072 8.70 x 1072 1.05 x 107! 1.00 x 10~1
100 0.3842 4.87 x 1072 3.76 x 1072 4.63 x 1072 3.15 x 1072
180 0.3039 3.18 x 1072 2.06 x 1072 2.71 x 1072 1.53 x 102
294 0.2517 2.22 x 1072 1.16 x 1072 1.69 x 1072 7.76 x 103
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results confirm the theoretical error estimates. In addition, the numerical
results shows that the accuracy of RBFs with shape parameter is better than
RBF's without shape parameter.

Halton

Figure 5: Node distribution with 216 nodes for Example 3.

6 Conclusion

In this paper, a collocation method based on RBFs for numerical solution of
three-dimensional linear Fredholm integral equations of the second kind on
the cubic domains is presented. The proposed method is a meshless method,
which requires no domain elements for the interpolation or approximation.
The Gauss-Legendre quadrature formula is employed for numerical integra-
tion. Error analysis was provided for suffficiently smooth kernel and source
functions. The method is very convenient for solving higher dimensional in-
tegral equations because the RBF is defined as the function of distance. The
proposed method can be easily expanded into non-cube domains. It means
the process of solving is no more complicated in spite of increasing the dimen-
sion of problem. This is significant advantage of the method in comparision
with other strategy for solving Integral Equations in three dimension.
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Table 8: Results provided by Halton distribution for Example 3.

N hy b shape c GA
' parameter
Hardy 0.22 4.16 x 1073
27 0.4912 Franke 0.29 3.88 x 1073
Fasshauer 0.38 3.56 x 1073
a* 1.57 1.81 x 1073
Hardy 0.14 9.10 x 1074
64 0.3456 Franke 0.20 7.84 x 1074
Fasshauer 0.25 6.89 x 104
a* 0.88 8.57 x 10~°
Hardy 0.12 1.76 x 1074
125 0.2820 Franke 0.17 1.51 x 10~*
Fasshauer 0.18 1.46 x 104
a* 0.84 7.45 x 1076
Hardy 0.09 2.14 x 107°
216 0.2780 Franke 0.13 1.70 x 107°
Fasshauer 0.14 1.61 x 107°
a* 0.90 9.10 x 1078

a* indicates the shape parameter which minimum error is observed.

Table 9: Results provided by Halton distribution for Example 3.

N h cs TPS
e k=1 k=2 k=1 k=2
27 0.4912 5.34 x 1072 1.09 x 1072 2.12x 1072 4.07 x 1072
64  0.3456 3.61 x 1073 3.22x 1073 1.47x10"2 5.90 x 103
125  0.2820 2.28 x 1073 1.60 x 1072  9.15x 1072 3.43 x 1073
216 0.2780 1.74 x 1073 488 x107% 2.04x1073 1.35x 1073
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Table 10: Results provided by Halton distribution for Example 3.

N hy o shape c MQ
' parameter
Hardy 0.22 3.91 x 1073
27 0.4912 Franke 0.29 3.77 x 1073
Fasshauer 0.38 3.65 x 1073
a* 1.60 2.95 x 1073
Hardy 0.14 2.38 x 1073
64 0.3456 Franke 0.20 2.14 x 1073
Fasshauer 0.25 1.99 x 103
a* 1.80 2.06 x 1074
Hardy 0.12 1.64 x 1073
125 0.2820 Franke 0.17 1.46 x 1073
Fasshauer 0.18 1.43 x 1073
a* 2.60 1.74 x 1072
Hardy 0.09 1.20 x 1073
216 0.2780 Franke 0.13 1.02 x 1073
Fasshauer 0.14 9.73 x 10~*
a* 2.10 1.46 x 1076

a* indicates the shape parameter which minimum error is observed.
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Payment scheduling under project
crashing based on project progress
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Abstract

In this paper, we address a new problem in the context of project pay-
ment scheduling when project activities are allowed to be crashed with the
purpose of maximizing the contractors net present value (NPV). We assume
that the contractor is paid at some pre-specified points of time according
to the volume of work performed. Upon completion of activities, the cost
of their execution is paid. Two different approaches are used to determine
the volume of work performed at so called review points. In the first ap-
proach, only completed activities are considered. In the second approach,
any portions of the activities that are executed are considered. To increase
the volume of work performed at the review points, the contractor may de-
cide to crash some activities and as such may possibly increase his NPV. As
activity crashing costs the contractor money, a compromise needs to be made.
Two mathematical models are developed to study each approach and hence
help the contractor to make the best decision. These models offer a means of
investigating whether it is advisable to crash some activities and are there-
fore of practical importance. It is shown that the contractor may increase his
NPV, even when he pays for the activity crashing costs. The performance of
the mathematical models is illustrated using a numerical example.
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1 Introduction and Background

The Critical path method (CPM) is essentially a time-oriented technique
based on network structure which is mainly used to schedule project ac-
tivities under resource availability or scarce resources. Time cost trade-off
problem (TCTP) in which the compression of the project schedule is sought
in order to achieve an improved outcome in terms of project duration, cost,
and projected revenues is one of the earliest applications of the CPM in
which cost factors are considered. The objective of the TCTP is to com-
press the project to the optimum duration which minimizes the total project
costs. Other project cost monitoring are mainly focused on reporting the to-
tal amount of project costs and no consideration is given to the time value of
money [13]. Considering that large scale projects usually have long life cycles,
net present value (NPV) is suggested as a criterion for the financial control
of projects. Russell introduced the concept of cash flow in a project [15]. He
assumed that the project is represented in activity-on-arrow (AOA) format
and that the payments, i.e. outward cash flows and the receipts, i.e. inward
cash flows occur at some or all of the project network’s nodes. Considering
the inward and outward cash flows the problem is to schedule the network’s
events in a manner that the present value of cash flows is maximized. In
order to maximize the NPV of the projects cash flows, Russell developed a
mathematical model with a nonlinear objective function and a set of linear
constraints [15].The model’s objective function was then linearized by the
Taylor’s series expansion around a feasible solution. The dual of the lin-
earized model which possess the characteristics of the minimum cost network
flow can be rapidly solved in small networks and can be efficiently solved in
larger networks. The final solution is then obtained iteratively. In addition,
Russell came to some interesting conclusions: the critical path may not be
very cost significant but that there exists a cost-critical tree of activities to
each of which a marginal cost of lengthening the duration can be ascribed.

In 1972, Grinold considered a deadline for the project and transformed
the non-linear model of Russell into an equivalent linear model. The linear
model that has the structure of a weighted distribution problem was then
solved using an efficient procedure [7]. In 1982, Talbot developed a mixed
integer programming model for the project cash flow problem under the lim-
itation of resources [18]. In 1990, Elmaghraby et al. developed a procedure
to solve the cash flow problem with fixed amounts of inward and outward
flows [6]. They showed that it is beneficial to advance the events that corre-
spond to positive flows and delay the events that relate to negative flows as
much as possible (see e.g. the review papers [11] and [19]).

In the majority of the articles, the flows are assumed to be of constant
and known values. The contractor knows the costs of performing the project
activities and therefore can negotiate the amount and time of the client’s
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payments in order to maximize his returns. As payments are usually done
according to the volume of the work performed (progress payment), schedul-
ing of activities find significant importance. The problem of determining the
amount as well as the timing of payments to maximize NPV is called the
payment scheduling problem (PSP). It was first studied from the contractor’s
view point by Dayanand et al. [2]. Kazaz et al. considered the problem for
projects with unlimited resources and developed a mixed integer program-
ming model to maximize NPV. They showed that Bender’s decomposition
can reduce the running time of the model significantly [13]. Sepil et al. stud-
ied the performance of a number of heuristics to solve the PSP under resource
limitation [16].

In continuation of their previous research, Dayanand et al. developed a
0-1 programming model together with a number of heuristics. Dayanand et
al. altered Russell, Grinold and Talbot’s models by adding some new con-
straints and claimed that their models can be used for both the contractor’s
and client’s view points subject to some modifications [3]. Ulusoy et al. con-
sidered the PSP from the simultaneous view points of the contractor and the
client. They developed a two loop genetic algorithm to study the problem.
The outer loop represents the client and the inner loop represents the contrac-
tor. In the outer loop and under the assumptions of fixed schedules as well as
the timing of payments, the client changes the amount of payments. Fixing
the amount of payment, the inner loop is executed such that by rescheduling
the activities, the contractor’s NPV is maximized. The two loops negotiate
their solutions until they come to a ”fair” solution that is accepted by both
parties [20]. Four types of payment scheduling models: lump sum payment at
the terminal event-LSP, payments at event occurrences-PEOQO, the equal time
intervals-ETT and progress payment-PP were distinguished by Ulusoy et al.
They used the two loops genetic algorithm developed in [20] to study the PSP
under resource limitations and in respect of each of the payment scheduling
models [21]. Dayanand et al. developed a two stage search heuristic to solve
PSP. They utilized a simulated annealing model in the first stage to find a set
of payments. To improve the solution, they tuned the solution in the second
stage by rescheduling activities [4]. Dayanand et al. modeled the PSP from
the client’s view point and developed a number of mixed integer program-
ming models to study the problem [5]. Vanhoucke et al. considered the PSP
under unlimited resources and developed a branch and bound procedure to
study and analyze it [22].

Szmereskovsky developed a branch-and-bound procedure for a novel PSP
model where the client selects the payment schedule and the contractor pro-
tects his interests by selecting the activity schedule. However, the contractor
rejects the payment schedule if his NPV does not exceed a given thresh-
old [17]. The multi-mode resource constrained project scheduling problem
with discounted cash flow under the four payment scheduling models pro-
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posed by Ulusoy et al., was studied by Mika et al. who considered only
positive cash flows and employed a simulated annealing as well as a genetic
algorithm to solve the problem [14].

Discrete time cost trade-off problem (DTCTP) involves the selection of
a set of execution modes in order to achieve a certain objective. Although
DTCTP has been combined with the maximum NPV project scheduling prob-
lem (see e.g. [23]), its influence on project payment scheduling has not been
studied extensively [9]. The resulting problem is called the multi-mode project
payment scheduling problem (MPSP) where the objective is to assign activity
modes and progress payments so as to maximize the NPV under the con-
straint of project deadline. He et al. analyzed the effect of the bonus-penalty
structure on payment scheduling and found that this structure can enhance
the flexibility of payment scheduling greatly [8]. In 2009, He et al. developed
two heuristics, i.e. simulated annealing and tabu search to study the MPSP
and compared their performance on a data set constructed randomly [9].

Kavlak et al. investigated client-contractor bargaining in project schedul-
ing with limited resources using activity-on-node (AON) networks. They con-
sidered two different payment models. In the first model, contractor receives
payments at predetermined regular time intervals. In the second model, he
receives only one payment at activity completions. They developed a simu-
lated annealing and a genetic algorithm as solution procedures. The client
and the contractors desire to seek a compromise are reflected in an objec-
tive function [12]. He et al. defined a new problem called the multi-mode
capital-constrained project payment scheduling problem (MCCPSP) as the
combination of the capital-constrained project scheduling problem and the
MPSP. They studied the MCCPSP where the objective is to assign activity
modes and payments concurrently so as to maximize the NPV of the con-
tractor under the constraint of capital availability [10].

In this paper, we consider the PSP with unlimited resources, and address
the question of activity compression from the contractor’s view point. Our
assumptions are as follows: (i) a deadline is specified for the project; (ii)
the negative cash flows occur at the completion of activities; (iii) the pay-
ments are done at review points; (iv) the amount of each payment is based
on the volume of work completed; (v) any extra costs for compression of
activities are paid by the contractor. Two approaches are considered for the
determination of the volume of finished work: (i) only finished activities are
considered; (ii) any part of work completed by the review point is accounted
for. Considering that by increasing the volume of work at each review point,
the contractor can increase the amount of payments due to him and as such
increase his NPV, an interesting question arises about the suitability of com-
pressing some activities so that more activities can be performed within the
current review points. From now on, we call this problem crash max NPV P
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problem and develop some mathematical models to study it.

The rest of the paper is organized as follows. In Section 2, we present
two models for the problem to account for the two approaches proposed to
determine the volume of finished work. In Section 3, we tailor the models of
Section 2 for the problem. In Section 4, we discuss the results and determine
the most significant parameters. Some conclusions are drawn in Section 5.

2 max NPVFPP Problem

To study maxz NPV PP Problem, we assume that the project with activities
is represented in AON format. Finish to start precedence with zero lag gov-
erns the relations between activities. The following notations are used in our
analysis:

d; : Duration of activity i (1 <i < n)

¢ : Cost of performing activity 7 (1 <i < n)

S; :  Starting time for activity ¢ (1 <i <n)

fi :  Completion time for activity ¢ (1 <i <mn)

Ef; : Earliest finish time for activity ¢ (1 <i <n)

Lf; : Latest finish time for activity ¢ (1 < i <mn)

« :  Discount rate

D : Project deadline

ct :  Discount factor for time ¢, ¢; = e, t =0,1,...,D

T : A constant period of time , mT > D, (m —1)T < D

P, :  Payment amount at review point ¢, t =T,27T,...,mT

wit @ Percentage of activity ¢ completed in the interval (¢t — T, ¢],
t=T,2T,....mT

Wit Percentage of activity ¢ completed in the interval (0, ¢],

t=T,2T,....mT

The negative and positive cash flows with respect to activity ¢ is ¢; and
(14 ;) ¢; respectively. Let {T,2T,...,mT} denotes the set of review points
(if mT > D then mT = D). The amount of payment is based on two different
approaches. We use example of Fig.1 to illustrate the differences between the
two approaches. There are three activities in Fig.1 whose durations, costs
and marginal profits are 20, 600 and 20 respectively. we assume that it is
required to determine the amount of payments at T' = 30 and 27 = 60. We
have:

Approach 1 -In Approach 1 we only consider the cost of those activities
that are finished in the time interval (¢ — T,t]. With reference to Fig.1,
Pr = 0, because no activity is completed in the interval (0,7]. How-
ever, in the interval (T, 27 all the three activities are completed, therefore
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s, =35 1 | £i=355
s, = 25| 2 | 7. =45
5, = 40 3 £ =60
T=30 =60

Figure 1: Schedule of three activities.

P2T = (]. + ")/1) c1 + (]. + ’)/2) Cco + (1 + ’)/3) C3 = 2160.

Approach 2 -In this approach the cost of performing any section of the ac-
tivities in the time interval (¢—T, t] is considered. Up to the point T', only 25%
of activity 2 is completed. So we v = 5/20 and Pp = (1 4 72) war ¢z = 180.
In the interval (T, 2T] we have: wy o7 = w3 2r = 1 and wy o7 = 15/20. There-
fore, Pop = (1471) w127 1+ (14+72) woor co+(1+73) w3 or c3 = 1980. As
it can be seen, the total amount of payments in the two review points is 2160.
In fact, the total amount of payments can be obtained from > ;(1+;) ¢;.
However, the discounted amount of payments at rate a at time t is given
by Pie~®t. In the next section we present two models for the maxz NPV P
according to the given approaches. Model maz NPV P with respect to Ap-
proach 1 is called maxr NPVFP and with respect to Approach 2 is called
maz NPVEE.

2.1 Models

We develop our models based on the aforementioned assumptions. Note that
the contractor’s estimate of the amount due to him is based on the marginal
profit, the costs of performing the activities and the approach adopted for
determining the volume of the work performed. In order to illustrate the
features of the proposed models we use the example project given in Appendix

A.

2.1.1 Model max NPVIPP

For each activity ¢ and time ¢, variable J;; indicates whether activity ¢ has
occurred before time period t, namely §;; = 1 if f; < ¢ and 0 otherwise. Thus,
bp=1lfori=1,2,...,n.
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Maz Z Pe o — zn:ci e~ofi (1)
i=1

t=T,2T,...,mT

s.to.

fi= (2)
fi—dj = fi (i,j) € A (3)
fi<t+ 1 —06;)D i=1,2,...,n;t=0,1,....,D (4)
fi>t—906uD i=1,2,...,n;t=0,1,.... D (5)

t n
P < (1 +7i)dir ¢ t=1T,2T,...mT (6)

s=T i=1
fi>0 i=1,2,..,n (7)
P,>0 t=T,2T,....mT (8)
6 e{0,1}  i=1,2,..,mt=0,1,..,D ()

The objective function in (1) maximizes the NPV. Constraint (2) enforces the
project to start at time 0. The set of constraints in (3) ensure the precedence
relations between the activities while constraints (4) and (5) display the re-
lations between f; , d;; and ¢ with respect to activity ¢ and determine the
values of d;;. Constraint (6) ensures that the payment at each review point
t is not more than the volume of work performed. Model maxz NPV/T as
described by (1) to (9) is a mixed integer program with a nonlinear objec-
tive function and a set of linear constraints. The objective can be linearized
as follows. Let x;; = 1 denotes the completion of activity ¢ at time ¢, and
x;t = 0 denotes otherwise. The completion time for an activity can be ex-
pressed as f; = Zthf o 7, b Tt Similarly, the variable §;; can be expressed as

0t = ZZ:O Tis-
Since x;r, = 1 and x4 = 0 for ¢t # f; then ZtL:fEf ¢y = cy,. Now the
second part of (1) becomes

n n n Lf;
E c; e i = E ¢ ¢y = E C E CiTit
i=1 i=1 i=1 t=Ef;

which if substituted in model max N PV{’F | produces a linear programming
model (10-16) that we call linear maz NPV{FE.
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n Lf;
Max Z P e — Zci Z Ct Tit (10)
t=T,2T,...,mT i=1 t=Ef;
s.to.
33170 =0 (11)
Lf;
dwp=1  i=12..,n (12)
t=Ef;
Lf; Lf;
Z (t —dj)zje > Z tzit, (i,j) € A (13)
t=Ef; t=Ef:
t n t
SNR<Y I+ Y s t=T,2T,..,mT (14)
s=T =1 s=0
P,>0 t=T,2T,...mT (15)
zip€{0,1}  i=1,2,...m t=0,1,..,D (16)

Constraint (12) ensures that there is only one finish time for each activity
as no activity preemption is allowed. Set of constraints in (13) ensure the
precedence relations between the activities. Using model (10-16), the example
project is solved by GAMS and BONMIN as the solver [1]. The optimal
schedule with the NPV of 2611.977 is shown in Fig.2. As it can be seen
activities have been scheduled so that the maximum amount is paid at review
points, and also they are scheduled as late as possible to delay the accruement
of costs. For instance, in the time interval (0,30], activity 2 and after that,
activities 3, 4, 5 and 6 have been scheduled as late as possible. In addition, if
activity 2 was to finish on day 8, the NPV would have decreased to 2523.324.
This is because the increase in payments due to activities 7 and 8 being
finished on day 30 does not compensate the costs of performing the activities
that now had to be paid earlier.

2.1.2 Model max NPVZPP

In this model any parts of the activities that are completed are considered
for the analysis of payments. To calculate W;;, the fraction of activity ¢
completed at review point ¢, three situations might occur (see Fig.3) which
should be considered. The amount of W;; is calculated as follows:

Wi = 650 + (1 — 632) maz{0, t_({;%di)} (17)

(2

0<Wiy <1 i=1,2,.,n t=T,2T,...mT (18)

Using Wy, we rewrite the constraint about the payments as follows:
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D P, =16250
06 P,, = 14950

6 NPV =2611.977

Figure 2: The linear maz NPVFF model - the optimal payment schedule.

M @) 3)
£t fd t f t J—d
W,=1 L=~ ~d)d, W, =0

Figure 3: Portions of work completed in the interval (0, ¢].

t n
S P> (1+7) Wae;  t=T,2T,...,mT (19)
s=T 3

i=1

By adding (17) and (18) to model maxz NPV’F and replacing constraint
(6) with (19) we obtain model maxz NPV P, This is also a mixed inte-
ger nonlinear programming model. Using model maz NPVy'? the example
project was solved by GAMS with DICOPT as the solver. The acceptable
schedule with the NPV of 2980.275 is the same as Fig.2. However the NPV
has increased. This is because at review point 30 part of activity 12 which is
partially completed has also been accounted for.
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3 crash max NPVFP Problem

In most projects, it is possible to compress the duration of all or some of
the activities by allocating extra resources. Obviously, allocation of extra
resources costs more. In spite of the fact that the contractor pays this extra
cost, his motivation for crashing activities in the crash maxz NPV T problem
as described previously is the possible benefit that can be gained by the earlier
payment of increased volume of work performed. The activity i’s duration
after compression, d}, can be varied between its normal duration, d;, and its
crashed duration, d}, i.e. d} < d} < d;. The cost of activity 4, if performed
at crashed duration is ¢//. Therefore the resource utilization rate of activity 4
is ¢, = (¢! = ¢;)/(d; —dY). The discounted cash flow for activity ¢ is therefore
(c; + ci(d; — db)) e=fi. Recall that costs are accrued at the completion of
activities and payments are done at review points. In the next section we
present our models.

3.1 crash max NPV PP Model based on Approach 1

The following model is based on the linear maz NPVFT developed in the
previous section.

n

Mazx Z P, c; — Z(cz +ci( Z Ct Tit (20)

t=T,2T,...,mT i=1

t=0
D
S t—dzp = taw (i) €A (23)
t=0 t=0
t

Y P < Zn: —l—%cZwa t="T,2T,...mT (24)
=T =1

d; < d; i=1,2,...n (25
d>d  i=1,2,.n (26
P,>0 t=T,2T,...mT (27
v e {01} i=1,2,..n; t=0,1,..,D (28

O — —

Constraints (25) and (26) ensure that activity’s compressed duration is within
its corresponding bounds. We now linearize the objective function in (20).
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To that end, we replace d;z;; with the new variable, F;;. This is a standard
subsititution requring additional constraints to link x;, d} and Fj;. The
values of Fj; are determined by the following additional constraints.

Fy—zid; <0  i=1,2,.,n; t=0,1,...D (29)
Fy—d <0 i=12,...,nt=01,..D (30)
Fy>d —(1—z4)d; i=1,2,...,n; t=0,1,...D (31)
Fy>0 i=12..mt=0,1,.,D (32)

Now the second part of (20) becomes
n D
SN e+ ddi)ai — i Fi)e (33)

The resulting model is a mixed integer linear program which we call linear
crash max NPV{’P. The optimum solution for the example problem using
the above model is shown in Fig.4. Note that the project NPV has increased
to 3036.982 when compared with the case where no crashing of activities was
allowed. This shows that even when the contractor pays for the extra cost
of activity crashing, it can increase his NPV. As can be seen, activities 5, 6,
7, and 8 have been compressed resulting in a larger volume of work being
performed up to review point of 30. Activity 11 which has been crashed by
2 days has caused activities 9 and 10 to end 2 days later and as a result their
corresponding costs accrued in later time.

D P, =19500
06 P,, = 11700

‘ NPV =3036.982

Figure 4: The linear crash maz N PVF'Y model - the optimal payment sched-
ule.
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3.2 crash max NPVFP Model based on Approach 2

The following model is based on the max NPV, P,

n

Mazx Z Pe  — Z(Cl + ci(d; — df)) e (34)
¢=T,2T,...,mT i=1

s.to.
f1=0 (35)
fd> ) ()eA (36)
fi<t+(1—60)D  i=1,2,m;t=0,1,..,D (37)
fi>t—64D  i=1,2,..n:t=0,1,..,D (38)

Wit = 05 + (1 - 5“) max{O, } (39)

t—(fi—dy)
d
i=1,2,...,n; t=T,2T,....mT

t n
Y P> (A+y)Wi e,  t=T,2T,...,mT (40)
s=T =1
d; < d; i=1,2,..,n (41)
di>d!  i=1,2,...,n (42)
0<Wy <1  i=1,2,.,n; t=T,2T,...mT (43)
fi>0  i=12..n (44)
P,>0 t=T,2T,..,mT (45)
6 €{0,1}  i=1,2,..,n; t=0,1,..,D (46)

The resulting model is a mixed integer non-linear program which we call
crash maz NPV P, An acceptable solution for the example problem using
above model is the same as Fig.4. However the project’s NPV has increased
to 3405.28. This is because at a review point 30 part of activity 12 which is
partially completed has also been accounted for.

4 Discussion of Results

The results obtained by our proposed four models with respect to the project
example are given in Table 1. In this example, payments are done at the end
of the review points 30 and 50. Since the time and the total amount of
payments are known, increasing the amount of payments in review points
nearer to the beginning of the project will increase the contractors profit.
Therefore, in the example project the compression of activities is used to
increase the amount of payments at review point 30. As expected, the amount
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of payment at review point 30 when some activities are crashed has increased
from 16250 to 19500 under Approach 1 and from 18478.57 to 21728.57 under
Approach 2. The schedule obtained by the maxr NPVFP model and the

Table 1: Models and results.

Model Amount of Payments NPV

linear max NPVET Pr = 16250 2611.944
Por = 14950

linear crash max NPVET — Pr = 19500 3036.982
Pop = 11700

max NPVET Pr =18478.57 2980.275
Por =12721.43

crash mar NPVET Pr =21728.57 3405.280
Por =9471.43

crash mazxz N PVPP model is shown in Fig.5. Observe that in both generated
schedules, the activities are scheduled as near to the review points as possible.
This is done so that the costs are incurred as near as possible to the locations
where payments are due. In addition, the payment of costs has also been
delayed as much as possible. For instance, in crash maxz NPVFP model,
activities 9 and 10 can start at time instance of 30. Note that, this does
not affect volume of the work performed up to this point of time. Should
these activities start at time instance 30, the payment of their costs that is
now advanced will affect the NPV adversely. Therefore, the model has not
scheduled them to start at time 30. The activities in crash maxz NPVFP
model are compressed such that: (i) the volume of work performed up to
the time instant 30 is increased as much as possible; and (ii) activities in
the interval (30, 50] are scheduled as near as possible to the review point
50. Although compression of activity 11 has no effect on the volume of work
performed, but it allows activities 9 and 10 to be completed 2 days later and as
such delay the payment of their costs by the same amount. This will improve
the NPV. Note that, the cost of compressing activity 11 is compensated by
the profit yielded by delaying the payments of activities 9 and 10 costs. It
is obvious that the crashing costs, the marginal profit and the discount rate
are significant parameters that affect the decision regarding the compression
of project activities to increase the contractor’s NPV. For example, high
compression costs and low marginal profit may convince the contractor not
to proceed with activity crashing. In fact, the contractor pays for the cost
of crashing some of the activities by the profit yielded from increasing the
volume of work up to each review point and also by delaying some other
activities. Therefore, if crashing of activities does not yield any profit for the
contractor, he has no motivation to proceed with activity crashing. In the
example project, if we consider the profit margin as 15% and the crashing
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Figure 5: Comparison of normal and compressed schedules.

costs of activities as 0, 2700, 1800, 1200, 5800, 4000, 1400, 2400, 4500, 1500,
1800, 5900 and 0, no activity will be crashed.

5 Conclusions

In this paper, we addressed the problem of project payment scheduling when
a project deadline is specified and activities are allowed to be compressed
with the purpose of maximizing the contractor’s net present value (NPV).
The cost of activity compression is paid by the contractor. We assumed that
the payments are made to the contractor based on the volume of work per-
formed, at some pre-specified points of time. We also assumed that the costs
of activities are incurred at the completion of activities. We developed four
mathematical models based on two different approaches to account for the
volume of work performed. In the first approach, only those activities that
by the review time have been completed were considered as the volume of
work performed. In the second approach, we considered any section of activ-
ities that were completed by the review time. Through a small illustrative
example, it was shown that the contractor may in fact increase his profit by
crashing activities.
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Appendix A

A project with 11 activities is considered. All the relevant information is
given in Table 2. The earliest time that the project can be delivered is 42,
whereas the deadline is 50. Marginal profit with respect to each activity is
30%, the discount rate is 1.5% and the review period is considered to be 30.
Therefore, review points are at T = 30, 27 = 50.

Table 2: The example project.

Activity  Predecessor(s) Normal Crashed  Normal Crashed

Duration  Duration Cost Cost
1 - 0 0 0 0
2 1 5 1 2000 2700
3 2 2 2 1800 1800
4 2 3 3 1200 1200
5 2,4 8 5 5000 5150
6 4,5 7 2 2500 3000
7 3,5 3 1 1000 1100
8 4,6 4 1 1500 1600
9 7 10 1 3000 4000
10 7,8 11 5 1000 1500
11 9,10 5 2 1000 1150
12 1 35 20 4000 5500
13 11,12 0 0 0 0
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Augmented Lagrangian method for
finding minimum norm solution to the
absolute value equation
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Abstract

In this paper, we give an algorithm to compute the minimum 1-norm
solution to the absolute value equation (AVE). The augmented Lagrangian
method is investigated for solving this problem. This approach leads to an
unconstrained minimization problem with once differentiable convex objec-
tive function. We propose a quasi-Newton method for solving unconstrained
optimization problem. Computational results show that convergence to high
accuracy often occurs in just a few iterations.

Keywords: Absolute value equation; Minimum norm solution; Generalized
Newton method; Augmented Lagrangian method.

1 Introduction

As shown in [1,2,9-11], many mathematical programming problems can be
reduced to LCP which is equivalent to absolute value equation as follows
[7,8,12]:

Az —|z| = b, (1)

where A € R™*™ and b € R™ are given, and |z| denotes the component-wise
absolute value of vector z € R™.

*Corresponding author

Received 2 August 2016; revised 28 December 2016; accepted 22 February 2017

S. Ketabchi

Department of Applied Mathematics, Faculty of Mathematical Sciences, University of
Guilan, P.O. Box 1914, Rasht, Iran. e-mail: sketabchi@guilan.ac.ir

H. Moosaei
Department of Mathematics, Faculty of Science, University of Bojnord, Bojnord, Iran.
e-mail: hmoosaei@gmail.com, moosaei@ub.ac.ir

57



58 S. Ketabchi and H. Moosaei

The absolute value equation (1) seems to be a useful tool in optimization
since it subsumes the linear complementarity problem and thus also linear
programming and convex quadratic programming.

In general, AVE may have a finite number of solutions (at most 2™ ) or
infinitely many solutions, if it has solutions [7]. In such cases, the selection of
a particular solution may be important and a natural choice is the solution
with the minimum norm [4,5,9].

In this paper, we consider AVE in the case where it has multiple (e.g., expo-
nentially many) solutions; we try to compute its minimum 1 —norm solution.

In [5], for finding minimum 2 — norm solution of AVE, need a solution
of AVE and special assumptions on A. But, in this paper to find minimum
1 — norm solution of AVE, not only do not need a solution of AVE but also
do not need any special assumptions on A.

Consider the following problem :

min ||z|;
TER™
subject to Az — |z| = b. (2)

Motivated by the study of minimum 1—norm solution of the AVE formulated
as a linear programming problem. To solve this linear programming problem,
we suggest augmented Lagrangian method.

This paper is organized as follows. Minimum norm solution of AVE is
described in Section 2. The augmented Lagrangian method is discussed in
Section 3. In Section 4 compute minimum norm solution for some randomly
generated AVE to demonstrate the effectiveness of our method. Concluding
remarks are given in Section 5.

We now describe our notations. Let a = [a;] be a vector in R". By a4
we mean a vector in R"™ whose ith entry is 0 if a; < 0 and equals a; if a; > 0.
By AT we mean the transpose of matrix A, and V f(zo) is the gradient of f
at xg. For two vectors z and y in the n—dimensional real space, 7y will
denote the scalar product. For z € R™, ||z| and ||z||; denote 2—norm and
1—norm respectively and |z| will denote the vector in R™ of absolute values
of components of x.

2 Minimum Norm Solution of AVE

In this section we first mention the cases in which the AVE has multiple
solutions. Then, we examine the problem (1) to obtain its minimum norm
solution.



Augmented Lagrangian method for finding minimum norm ... 59

Proposition 1. (Ezistence of 2" solutions). Ifb < 0 and || A||s < v/2 where
v = ¢/d, ¢ = min;|b;|, d = max;|b;|, then the AVE has exactly 2™ distinct
solutions, each of which has no zero components and a different sign pattern.

Proof. See [7]. O
Consider the absolute value equation (1) for which A = —leye(n) and
b = —2ones(n,1), it is obvious that, it has exactly 2" distinct solutions.

Now, consider for example of an AVE that has infinite number of solutions.
Consider the absolute value equation (1) for which A = eye(n) and b =
zeros(n,1). Obviously, in this case, every = for which « > 0 is a solution of
AVE. Let’s again consider the problem (2). This problem can be rewritten
in the equivalent form:

min [lp—gqlli, st Ap—Aq—Ip—1Iq=>b,  p,q=0, (3)
p,qER™
where p = —‘z‘;m and ¢ = Ll;gﬁ.
Now (3) is equivalent to linear programming problem as follows:
min ¢/ X, st. BX=0b, X >0, (4)
X€ER®
where X =[p ¢|T,c=le e and B=[A-1 —-A-1I|.
To solve the problem (4), we use augmented Lagrangian method, which
is described in the next section.

3 Augmented Lagrangian Method

Now, we briefly discuss applications of augmented Lagrangian method to the
linear programming subproblem (4).

In the augmented Lagrangian method, an unconstrained maximization
problem is solved which gives the projection of a point on the solution set of
the subproblem

1 ~ 2
min 2 e -7 )
X*:{xGR":Ax:b,ch:f*, x> 0pt.
The Lagrange function for the problem (5) is
1
L(z,u,a,T) = 3 |z —2|? —u?(Az —b) + a (Tz — f.),

where u € R™, o« € R are Lagrange multipliers and Z is considered as a
fixed parameter. The dual problem of (5) is
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max max min L(x,u,q,T). (6)
u€R™ a€R! zERY

The optimality conditions of the inner minimization of the problem (6) is

Vi (z,u,0,%) =2 —% — ATu+ ac >0, (7)
v (x -7 — ATu+ac) =0, x> 0. (8)

It follows from (7) and (8) that the solution of this minimization problem is
given in the following form:

= (7 +ATu —ac)y, (9)

we replace z by (% + ATu — ac)y into L(x,u,a,Z) and obtain the dual
function

_ 1 _ 1.,
O(ua,7) = b'u— 3 | @+ ATu—ac). |? —afe+ 5 |5 |*.

Hence the problem (5) is reduce to its dual problem

max max ®(u, a, ). (10)
uER™ ae R
This problem is an optimization problem without any constrain and its ob-
jective function contains an unknown value f,.. By [3] there exists a positive
number o, > 0 such that, for each o > «, the projection x of the arbitrary
vector T € R™ onto X, can be obtained as following:

v = (2 +a(ATu(a) - ), (11)

where u(a) is the solution of the problem (10), such that a € R, a >
is fixed.

We note that, the function ®(u,a, T) is the augmented Lagrangian func-
tion for dual problem of (5) (see [3]),

fe=maxblu, U={uecR™:ATu<c}. (D)
uelU
The function ®(u,q,Z) is piecewise quadratic, convex and just has the

first derivative, but it is not twice differentiable. Suppose that s and ¢ are
arbitrary points in R™. Then for V&, (u, «, Z) we have

IV@u(s, o, 7) = Vu(t, o, 7)|| < Al AT l]s — ¢, (D)

this means that V& is globally Lipschitz continues with constant K =
| A||[|AT||. Thus for this function generalized Hessian exists and is defined
the m x m symmetric positive semidefinite matrix [6,9].

Now we introduce the following iterative process :
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1
k+1 . T k T 2
= ~bTu+ — + = 1
u argunellr}l{ b u 5 || (.’E CY(A u C))+ H 5 ( 2)
Z‘k - (ij + OZ(A Uk L C))+, (13)

where 4 and 2 are arbitrary starting point.

Theorem 2. Let the solution set X, of the problem (5) be nonempty. Then,
for all « > 0 and an arbitrary initial 2°, the iterative process (12), (13)
converges to . € X, in finite number of step k and the primal minimum
norm solution T, was obtained after the first iteration from above process,
i.e. k=1. Furthermore, u, = u*t! is an exact solution of the dual problem
(D).

The proof of the finite global convergence is given in [6]

Considering the advantage of the differentiability of the objective func-
tion of problems (12) and (D) allow us to use a quadratically convergent
quasi-Newton algorithm with an Armijo stepsize [6] that makes the algo-
rithm globally convergent.

We will now present a quasi-Newton-Armijo algorithm for solving the
problem (12).

Algorithm 1 Newton method with the Armijo rule

Choose any ug € R™ and tol > 0

i=0;

while ||V f(u;)| > tol

Choose «; = maz{s, sd,s62,...} such that

Flui) — fu + di) > —aupuV f(u;) " dy,

where d; = —V?2 f(u;) "'V f(u;), s > 0 be a constant, § € (0,1) and p € (0,1).
Uit1 = u; + oid;

i=1i+1;

end

In this algorithm, the Hessian may be singular, thus we used a modified
Newton direction as follows :

—(V2f(wi) + 61) 'V f (i),

where 4 is a small positive number (§ = 10~%), and I,,, is the identity matrix
of order m.
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4 Numerical Experiments

In this section, we present some numerical results using the previous process
on various randomly generated system (see Table 1 ) to illustrate the per-
formance of the proposed algorithm. The algorithm has been tested using
MATLAB 7.9.0 on a Core 2 Duo 2.53 GHz with main memory 4 GB.
System generator creates a random matrix A for a given n, with singular
value greater than or equal to 1. Then, we choose a random vector = from a
uniform distribution on [0, 100]. Finally, we computed b = Az — |z|. These
systems are generated using the following MATLAB code:

%Sgen: Generate random system A*x — |z| = b with infinitely many

solutions;
n = input(’ Entern :');
= spdiags(sign((rand(n,1) — 2 x rand(n,1))) + 2,0,n,n); % generates
matrices in the MATLAB sparse storage organization.
x =10 % ((rand(n,1) — rand(n,1)));
b= Axx — abs(x);

Computational results for the test problems taken from our algorithm are
given in Table 1.

The first column indicates the size of matrix A and the second column
headed f indicates ||Az* — |z*| — b|), the third column indicates minimum
1-norm solution and the forth column indicates 1-norm solution and the final
column indicates CPU time.

Table 1: Minimum norm solution of Az — |z| = b.

n f =1l lo*li time(sec)

10 0 0 2.3057e+003 0.13
100 1.4211e-014  3.7329e+003 1.3824e+004 0.49
200 1.1369e-013  1.2783e+004 3.4507e+004 0.73
300 5.6843e-014 1.5145e+004 5.7900e+004 1.45
400  5.6843e-014 1.2150e+004 6.6566e+004 1.88
500 1.1369e-013 1.8853e+004 8.6618e+004 2.78
600 1.1369e-013  2.2635e+004 9.4418e+004 4.32
700 1.1369e-013  2.5670e+004 1.1879e+005 5.66
800 1.1369e-013 3.6042e+004 1.3374e+005 6.89
900 1.1369e-013 3.7086e+004 1.5515e+005 11.02
1000 1.1369e-013  4.4200e+004 1.6893e+005 11.38
2000 1.1369e-013  7.5278e+004  3.3016e+005 74.18
3000 1.1369e-013 1.2762e+005 4.8708e+005 205.81
4000 1.1369e-013 1.7599e+005 6.7238e+005 493.59
5000 1.1369e-013 2.1200e+005 8.2995e+005 875.87
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5 Conclusion

In this paper, the augmented Lagrangian algorithm was proposed and used
for solving the minimum 1-norm solution to the absolute value equation.
With this idea, we obtain the problem with fewer variables and smaller in
size than the nonlinear problem (3). To obtain the solution to the reduced
problem, we have proposed an extension of Newton’s method with the step
size chosen by the Armijo rule. As the numerical results show, this algorithm
has appropriate speed in most of the problems and, specifically this can be
observed in problems with a large sparse matrix A.

Acknowledgements

The authors are grateful to the anonymous referees and editor for their con-
structive comments.

References

1. Cottle, R.W. and Dantzig, G. Complementary pivot theory of mathemat-
ical programming, Linear Algebra Appl, 1 (1968), 103-125.

2. Cottle, R.W, Pang, J.S. and Stone, R.E. The linear complementarity prob-
lem, Academic Press, New York, 1992.

3. Evtushenko, Yu.G., Golikov, A.I. and Mollaverdi, N. Augmented la-
grangian method for large-scale linear programming problems, Optimiza-
tion Methods and Software, 20 (2005), 515-524.

4. Kanzow, C., Qi, H. and Qi, L. On the minimum norm solution of linear
programs, J. Optim. Theory Appl, 116 (2003), 333-345.

5. Ketabchi, S. and Moosaei, H. Minimum norm solution to the absolute
value equation in the convexr case, J. Optim. Theory Appl, 154 (2012),
1080-1087.

6. Mangasarian, O.L. A Newton method for linear programming, J. Optim.
Theory Appl, 121 (2004), 1-18.

7. Mangasarian, O.L. and Meyer, R.R. Absolute value equations, Linear Al-
gebra Appl, 419 (2006), 359-367.



64 S. Ketabchi and H. Moosaei

8. Moosaei, H., Ketabchi, S., Noor, M., Igbal, J. and Hooshyarbakhsh, V.
Some techniques for solving absolute value equations, Applied Mathemat-
ics and Computation, 268 (2015), 696-705.

9. Pardalos, P.M., Ketabchi, S. and Moosaei, H. Minimum norm solution to

the positive semidefinite linear complementarity problem, Optimization,
63(3) (2014), 359-369.

10. Pardalos, P.M. and Rosen, J.B. Global optimization approach to the lin-
ear complementarity problem, SIAM Journal on Scientific and Statistical
Computing, 9 (1988), 341-353.

11. Pardalos, P.M. and Ye, Y. Class of linear complementarity problems solv-
able in polynomial time, Linear Algebra and its Applications, 152 (1991),
3-17.

12. Prokopyev, O. On equivalent reformulations for absolute value equations,
Computational Optimization and Applications, 44 (3) (2009), 363-372.



Iranian Journal of Numerical Analysis and Optimization LT

Vol. 7, No. 2, (2017), pp 65-85 Y
DOI:10.22067 /ijnao.v7i2.60552

The state of the art in Dynamic
Relaxation methods for structural
mechanics

Part 1: Formulations

M. Rezaiee-pajand*, J. Alamatian, and H. Rezaee

Abstract

In the last sixty years, the dynamic relaxation (DR) methods have evolved
significantly. These explicit and iterative procedures are frequently used to
solve the linear or nonlinear response of governing equations resulted from
structural analyses. In the first part of this study, the common DR formula-
tions are reviewed. Mathematical bases and also physical concepts of these
solvers are explained briefly. All the DR parameters, i.e. fictitious mass,
fictitious damping, fictitious time step and initial guess are described, as
well. Furthermore, solutions of structural problems along with kinetic and
viscous damping formulations are discussed. Analyses of the existing studies
and suggestions for future research trends are presented. In the second part,
the applications of dynamic relaxation method in engineering practices are
reviewed.

Keywords: Dynamic Relaxation method; Formulation; Solver; Review; It-
erative technique; State of the art.

*Corresponding author

Received 25 November 2016; revised 12 May 2017; accepted 23 April 2017

M. Rezaiee-pajand

Department of Civil Engineering, Factualy of Engineering, Ferdowsi Unversity of Mashhad,
Mashhad, Iran. e-mail: rezaiee@Qum.ac.ir

J. Alamatian
Civil Engineering Department, Mashhad Branch, Islamic Azad Unversity, Mashhad, Iran.
e-mail: alamatian@mshadiau.ac.ir

H. Rezaee
Department of Civil Engineering, Factualy of Engineering, Ferdowsi Unversity of Mashhad,
Mashhad, Iran. e-mail: hasinal383@yahoo.com

65



66
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{7
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{fp}

Wmin

Superscripts k
n
Subscripts i

1 Introduction

M. Rezaiee-pajand, J. Alamatian, and H. Rezaee

formulation parameters

fictitious damping factor

artificial damping matrix in n*” iteration
vector of displacement

artificial velocity vector in n'" iteration

artificial acceleration vector in n** iteration

vector of internal forces
fictitious inertia force vector
fictitious damping force vector

vector of internal force increment

unit matrix

Laplace operator

artificial mass matrix in n** iteration
modified fictitious time step
optimum fictitious time step
vector of external loads
equivalent load vector at k +
step of numerical dynamic integration
number of degrees of freedom

vector of un-balance force

rectangular region

stiffness matrix

equivalent stiffness matrix at k + 1th

step of numerical dynamic integration
kinetic energy of fictitious dynamic system
un-balance energy function

un-balance force function

fictitious mass factor

fictitious time step

the lowest natural frequency of

artificial dynamic system

increment’s number of dynamic analysis
iteration number of DR method

each degree of freedom of structure

Final stage of any structural analysis leads to the solution of a simultaneous
system of equations. In other words, the responses of structures can be
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computed by solving the following equations, concluding from finite element
or finite difference schemes:

[SH{D} = {f} = {P} (1)

where [S] is structural stiffness matrix, {D}, {f} and {P} are displacement,
internal force and external load vectors, respectively. In nonlinear analyses,
such as geometrical, material or contact nonlinearity, internal force vector is
a nonlinear function of displacement, i.e. the elements of the stiffness matrix
are not constant. The analytical and iterative procedures can be used for
solving Eq. (1). In the solution of linear systems, the direct or analytical
methods, such as Gaussian elimination technique, Cholesky factorization and
other similar procedures, are generally more effective and economic than
the iterative strategies. However, these approaches cannot be utilized for
nonlinear cases individually, so that they should be combined with other
corrective processes to present the exact answer. It is worth emphasizing that
such corrective procedures belong to the iterative methods in which nonlinear
step is divided and traced by several linear domains. This approach causes
some numerical errors and reduces the efficiency of the analysis. As a result,
the most suitable and effective ways of solving Eq. (1), especially in the
nonlinear analysis, are iterative procedures.

The first major numerical effort to utilize the finite difference method
in conjunction with a relaxation scheme was performed by Allen and South-
well [5]. These researchers solved the elastic-plastic problems of a continuum.
In iterative schemes, an estimation of the answer is corrected by repeating
some cycles. These techniques can be classified as implicit or explicit schemes,
as acknowledged by Felippa [14] and Frankel [15]. Explicit techniques use
residual force to get an answer, so that all calculations are performed by vec-
tor operations. Simplicity and high efficiency in the nonlinear analysis are
the main specifications of the explicit techniques. On the other hand, implicit
procedures are formulated based on residual force derivatives (stiffness ma-
trix). Because of using matrix operations, calculations of implicit strategies
are complex and time consuming. For example, snap-through or snap-back
points, in which stiffness matrix is zero or undefined, cause some difficulties.
However, the convergence rate of implicit methods is greater than the explicit
schemes.

More than six decades have been passed since the dawn of the Dynamic
Relaxation (DR) methods. A lot of efforts and considerable investigations
have been directed toward the formulations and applications of these powerful
approaches up to now. Unfortunately, a comprehensive survey related to
these solution techniques has not been published so far. The purpose of this
study is to report the state of the art on different aspects of the DR schemes.
This literature review will be beneficial to researchers who are interested
in the field of Dynamic Relaxation method. It will provide them with an
insight on how this technique was developed, how it has progressed over
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the years and how it has been implemented in solving different problems.
In the first part of this study, the common DR formulations are reviewed.
Mathematical bases and also physical concepts of the Dynamic Relaxation are
presented. These foundations are discussed to clarify the main specifications
of the solvers. All the DR parameters, such as fictitious mass, fictitious
damping, fictitious time step and initial guess are described. The required
relationships to solve the structural problems are given. Both kinetic and
viscous damping formulations are discussed. Finally, numerical steps require
to take advantage of the presented formulas will be explained. In the second
part, the applications of DR methods in engineering practices are reviewed.

2 Mathematical Basis

Since the development of high-speed computers, the various iterative proce-
dures such as, the Southwell relaxation method has been successfully applied
for solving partial differential equations. As it was reported by Frankel,
solving the Laplace equations in a rectangular region is one of the first appli-
cations of these techniques which use finite difference approximations [15];

L¢(z,y) =0, myEe€ §Ra (2>

In this relationship, } is a rectangular region. The values of ¢, ,yare calcu-
lated from the iterative process so that Eq. (2) is satisfied. To simplify the
operations, the finite difference is used to expand Eq. (2) in the region .
This procedure is started by a first initial guess and other successive approx-
imations are calculated based on steps of the algorithm. One of the most
elementary ways of the relaxation schemes is the Richardson method. In this
technique, the correction process has the following formula [15]:

d)?:;) = Ploy) T OLO(y), Ty ER, 3)
where « is a coefficient, which verifies the convergence criteria. It can be
proven that the Richardson technique is formally equivalent to the solution
of the subsequent partial differential equation, with respect to the fictitious
time variable:

¢

E = L(b(xy)v T,y € §R7 (4)

In the last relation, ¢ is a fictitious time. The values of ¢, , are calculated in
each fictitious time. If the solution being carried to a sufficiently great ¢, so
that the rate of change with respect to 7 is negligible (% = ), the answer
is obtained. Some other strategies, such as the Liebmann scheme, have a
similar basis. These approaches are categorized as the first-order Richardson
techniques. It should be added that the second- order Richardson methods
have also been formulated to solve differential equations. Using these pro-
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cedures for solving Laplace’s equations (Eq. 2), is formally equivalent to
the solution of the following second order partial differential equation, which
contains the derivatives with respect to the fictitious time [15];

¢ 09

W""ﬂa :L¢(z,y)v T,y € §R7 (5)

In the former relationship, 8 controls the stability and convergence rate. The
values of ¢, ,)are calculated in each time. The answer is obtained when the
first and second derivatives of ¢, ,) , with respect to ¢, come near to zero

(3 =0. % =0)

From mathematical point of view, the DR method is based on the second-
order Richardson rule. The first use of Dynamic Relazation topic in scientific
literatures has been performed by Otter or Day [12,18]. In this process,
simulations system of equations (Eq. 1) is transferred to the second-order
differential system of equations. This differential system of equations, in
terms of the fictitious time, has the following form:

P (SUDY — {P}) , ,0(SI{D}—{P}) _
)y g ) g0y - (P} (6)

Once again, it is clear that the answer is obtained when the first and second
derivatives with respect to the fictitious time become zero.

3 Physical Concepts

The DR method can be simply demonstrated by the physical rules. From this
viewpoint, the structural dynamics theories are utilized to clarify the validity
of DR basis. It is well-known that the dynamic response of each structure
has two discrete portions; i. e. transient response and steady-state response.
If the structure has damping effect, the transient response will be zero after
passing some periods of time. By damping the transient response, the steady-
state response remains. When the structure is excited by a dynamic load,
which is variable with respect to the time, the steady-state response is a
function of time. If the external load is constant during analysis time, such
as the static behavior of structure, the steady-state response is equal to the
answer of static analysis. The viscous DR method is based on a similar
idea. In other words, the DR procedure, which is known as Viscous Dynamic
Relaxation, presents the steady-state response of a fictitious dynamic system
which is excited by static loads. Based on this discussion, the steady-state
response of such a system is equal to the static response. To start DR process,
the static system (Eq. 1) is transferred to the dynamic space by adding
fictitious inertia and damping forces, as follows:
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{1y +{fp} +[SI{D} = {P} (7)

Here, {f;} and {fp} are vectors of fictitious inertia and damping forces,
respectively. These quantities are defined by the subsequent relationships:

{1y = 1) { D} ®)
{fo} = [C1{D} ©)

where [M] and [C] are diagonal fictitious mass and fictitious damping matri-
ces, respectively. In the last equations, the dots denote the derivatives with
respect to the fictitious time.

On the other hand, there is the Kinetic DR method which has been pro-
posed on a different and interesting physical idea. Based on this concept,
the total energy of each structure, which combines from the potential and
kinetic energies, is constant. In the static equilibrium state, the potential
energy is minimized, and hence the kinetic energy should be maximum. The
kinetic Dynamic Relaxation method utilizes this idea and traces some succes-
sive peak in the kinetic energy of structure, which finally leads to the static
equilibrium. The fundamental relationships of kinetic DR approach are very
similar to the viscous version. The main difference is that kinetic DR iter-
ations trace the un-damped vibrations of the dynamic system. The related
fictitious dynamic equation has the following form:

{f1} +[SI{D} = {P} (10)

In the last relationship, inertia force vector is defined by Eq. (8). As dis-
cussed earlier, there are two general types of damping, which can be utilized
in DR process: Kinetic damping and Viscous damping. The DR formulation
depends on the type of damping model. In other words, the different funda-
mental DR relations can be obtained based on two types of damping model.
Each of these methods has a different specification with many interesting per-
formances. In the following sections, the fundamental DR formulations for
kinetic damping and viscous damping are reviewed. All of these approaches
utilize the explicit iterative relationships.

3.1 Viscous Damping Formulation

Several common DR algorithms, such as Papadrakakis [19], Underwood [33],
are based on the viscous damping process. This kind of modeling is closer
to the real dynamic system than the kinetic damping one. To establish the
related equation, damping force is defined by utilizing the viscous damping
theory, as it was shown in Eq. (9). By this definition, DR procedure leads to
a common dynamic problem, which can be solved by numerical integrations.



The state of the art in Dynamic Relaxation methods ... 71

To take advantage of the vector operations’ simplicity, explicit integrations
are utilized to derive DR iterative relationships [16]. The main required
assumption to fulfill this goal is the diagonal property of the fictitious mass
and damping matrices, which are used in Egs. (8) and (9). As a result, Eq.
(7) can be simplified as follows [34]:

muDZl-i-CuD?‘f'fzn =pi, 1=12,--+,q (11)

It is assumed that the structure has ¢ degrees of freedom and m;; and ¢
are i*" diagonal elements of the fictitious mass and damping matrices, re-
spectively. To perform numerical integration, the most common approach
utilizes the standard central finite difference expressions. For this purpose,
Brew and Brotton developed DR formulations so that a vector form was
achieved [8]. This approach is the most common formulation for iterative
DR procedure. In fact, the derivatives of displacement, with respect to the
fictitious time, are determined by the succeeding relationships [7, 8]:

(DY = {D}" 4 7! {D}”% (12)

{p} = oo (13

™n

where 7™ is the fictitious time step in n'” increment of numerical time inte-

gration. Furthermore, the velocity of n** time step is estimated, as follows:

oy - LI o

2

Substituting Eqs. (14) and (13) into (11) prepares the velocity of the next

time step [33]:

. 1 IMyii — TCis o1 27

D;“W:MD? RN L —" R S T S (15)
2m; + T ¢ 2myi + 1" Ci;

In the last relation, 77 is the residual force of the i*" degree of freedom, i.e.,

{R}™ in the n'" iteration:

Ry =) {B}" +1c{P}" =Py {1} (16)

In the following lines, the next estimation of the displacement can be calcu-
lated from Eq. (12). The viscous DR procedure is performed by iterating
Egs. (15) and (12), successively, until convergence criterions are satisfied.
At this stage, the residual force or kinetic energy is vanished. In addition to
this common formulation, Rezaiee-Pajand and Taghavian-Hakkak proposed
a new iterative formula for displacement by use of Taylor’s series [23], as
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follows: -

Dy = (o} + {D} + (TT) {p} (17)

Acceleration vector is found from Eq. (16) and replaced in Eq. (17). Then,
the following iterative relation is obtained:

oy =y + (- T ) Tl ay

In each step, the velocity vector is calculated from next equation:

-y L et L (19

T

It should be noted that the DR iterations are usually unstable because of
using numerical time integrations to solve the differential equations of motion.
To overcome this drawback, the fictitious parameters, such as time step and
diagonal mass and damping matrices, are determined so that the stability
conditions are satisfied. It should be added that the slow convergence rate
of the viscous DR method has always been a critical issue.

The most common way to study the stability and convergence rate of a
viscous DR algorithm is an error analysis between two successive iterations.
One of the first classified error analyses was performed by Papadrakakis [19].
He utilized the following assumptions:

[M] = p[D] (20)
c[D] (21)

In the former relations, [D], p and ¢, are the main diagonal terms of stiff-
ness matrix, fictitious mass and damping factors, respectively. The optimum
values of mass and damping factors are formulated based on maximum and
minimum eigen-value of the fictitious dynamic system. The estimation of
these eigen-values is mostly calculated from Gerschgrin’s circle theory. On
the other hand, one of the famous error analyses for viscous DR iterations
was performed by Underwood [33]. He assumed a linear reduction for dis-
placement error between two successive iterations. This analysis leads to
following inequality for fictitious mass:

(")
7=1

In another study, Rezaiee-Pajand and Alamatian revised the error analysis of

the viscous DR method. Two discrete regions were considered for eigen-value

in Gerschgorin’s theory by these researchers. The related formulation led to

a simple and effective way of calculating the fictitious mass, as follows [21]:
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n\2 q
mi; = (T4) max |:23ii7z‘5ij|:|a i=1,2,--- ,q (23)

Jj=1

Fictitious damping is another parameter in viscous DR iterations. This factor
has a great effect on convergence rate of DR procedure. The reason for this
subject can be found in physical basis of the DR method, which tries to
obtain the steady-state answer of a fictitious dynamic system. Based on the
structural dynamics theories, the critical damping causes rapid convergence
rate to the steady-state response. This concept is commonly used to calculate
the fictitious damping. By utilizing the critical damping theory, Zhang et al.
presented an estimation of the critical damping for viscous DR iterations, as
follows [37]:

Cii = 2MyiWmin, t=1,2,...,q (24)

In the last relationship, wm;, is the lowest natural frequency of a structure
in the free vibration case. This factor can be calculated from the following
Rayleigh’s principle [37]:

. {D "
"oy M) Dy

(25)

In the former equation, Rayleigh’s principle was applied to the whole struc-
ture. Another way of finding the lowest natural frequency was proposed, in
which this can separately be calculated for each node [36]. This approach
leads to succeeding result:

(Whpin)® ~ (03" {1} , i=1,2,
" ({yt e {D

s @ (26)

where w! ;.. {Di}n, { f i}n and [M i]n are the lowest frequency, displacement,
internal force vector and fictitious mass matrix of the i*" node, respectively.
The parameter h indicates the total number of nodes of the structure. It
should be added that Rezaiee-Pajand and Alamatian proposed a modified

relationship for fictitious damping, as follows [21]:

4 i=1,2,-- .q (27)

Cii = M5 4w72nzn — Winino

It is evident, when the lowest natural frequency approaches zero, Eq. (27)
reduces to Eq. (24). All the previous methods lack accuracy, because they
exploit the Rayleigh principle to estimate the lowest natural frequency and
eventually to find the fictitious damping. To overcome this drawback, the
structural dynamics schemes can be utilized so that the lowest natural fre-
quency of the fictitious dynamic system is calculated with suitable accuracy.
The Stodela iterative process is a technique which has been successfully ap-

plied in DR iterations to calculate w,;, [24]. In addition, Rezaiee-Pajand
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and Sarafrazi combined the power iteration method with DR algorithm and
obtained a more accurate value for the lowest eigen-value. They utilized
one step of power iterative scheme for matrix [M ~1S — al] in each step of
DR procedure [27]. Here, factor a stand for the upper bound of the highest
eigen-value, which can be set to 4.

3.2 Kinetic damping formulation

It is not required to calculate the viscous damping terms in the kinetic for-
mulation. This technique needs only the time step and the fictitious nodal
masses. In fact, the number of necessary DR parameters is reduced. In this
way, time interval may be fixed [31]. As a result, the kinetic damping provides
an alternative approach for DR method. Cundall proposed this procedure
for application to unstable rock mechanism [11]. The high stability and rapid
convergence rate for structures with large displacement are the main specifi-
cation of the kinetic damping formulation. In such analyses, the un-damped
motion of a structure is traced until a local peak in total kinetic energy is
detected. After that, all current velocities are reset to zero and DR process
is restarted with current geometry and repeated through further peaks. This
procedure is generally decreasing until the energies of all modes of vibration
are dissipated, and the static equilibrium is reached. The method of kinetic
damping is found to be very stable and rapidly convergent when dealing with
large displacements [31]. The stability of this approach depends on the time-
mass relation [27]. One of the important applications of kinetic damping DR
algorithm is parallel processing in the finite element analysis [13,32]. The
parallel DR scheme is undertaken in two stages. First, the overall mesh is
divided into a different number of sub domains corresponding to the number
of available processors. Then, DR strategy, usually based on kinetic damp-
ing algorithm, is used over the sub domains and converged results from each
sub domain are received and compiled to obtain the overall results for the
domain. In the case of the viscous damping factor in Eq. (15) is equal to
zero (¢;; = 0), the next fundamental iterative relationships of the kinetic DR
strategy could be obtained [13]:

n

A (29
D?—'rl _ D? +Tn+1D;L+%’ 7 = 1,27... . q (29)

By exploiting Eqgs. (28) and (29) successively, the total kinetic energy of un-
damped structure is traced during iterations. The position of structure with
maximum kinetic energy could represent the static equilibrium, because in
this condition, potential energy will be minimized. The kinetic DR algorithm
uses the aforementioned idea to approach the static equilibrium position. In
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each iteration, the total kinetic energy, U,, is calculated by the following

relationship:
q . 1 2
Up = mai (D) (30)
i=1

It is worth emphasizing to mention that the DR iterations run sequentially,
until an energy peak is detected. At this stage, all current velocities are reset
to zero. This process should be continued through further peaks until the
convergence criterions are satisfied. To establish this algorithm, it is assumed
that peak of kinetic energy could occur between times 7 and 7!, ie. a
fall in the total kinetic energy would be taking placed at time 777!, As
described by Topping and Ivanyi [31], the displacement, which peak of the
kinetic energy belongs to it, is calculated from the following equation [13]:

3 “n+ 2 (Tn)Q .
“Df =DM — S tIDITE 4 rt, o i=1,2, 31
Dl (2 2 (3 2m” 70 b 7q ( )
here *D}',i = 1,2,---,¢q is the displacement in which the kinetic energy
is maximized. The analysis can be restarted by *Dj',i =1,2,---,q as the
initial displacement. For fully convergence, velocities of the first time-step
should be calculated at the mid point, as follows:

T;L7 ] y 4yttt (g (32)

In the last relationship, r}* is calculated from displacement’s components, pre-
sented by Eq. (31). Having this parameter, DR iterations can be restarted
from Eqgs. (28) and (29). The mentioned process will be iterated for some
successive peaks of the kinetic energy until the convergence criteria are sat-
isfied. It should be noted that the diagonal elements of the mass matrix,
which control the stability of kinetic DR algorithm, are determined from the
subsequent formula [13]:

ny2
my; > ) Eq]s--\ i=1,2,- (33)
11 2 271 — L4 yq
j=1

In the latest study, a new formulation was proposed for the fictitious mass
of the kinetic DR method. The transformed Gerschgorin theory was also
utilized in the mentioned research [3].

4 Other fictitious parameters

As it was discussed earlier, there are four groups of unknown parameters in
DR iterations; i. e. fictitious mass, fictitious damping, pseudo time step



76 M. Rezaiee-pajand, J. Alamatian, and H. Rezaee

and initial guess of displacement. The most common approach to estimate
fictitious mass and damping matrices is based on error analysis and stability
verification of DR iterations. The general form of such procedure was pre-
sented in section 3. Before starting DR iterations, fictitious time step and
initial guess of displacement should be determined. The researchers have
presented various methods to determine these quantities. In the following
lines, these approaches are reviewed, separately.

4.1 Fictitious time step

One of the important parameters in the DR techniques is the fictitious time
step. This factor is utilized in the numerical integration of the fictitious
system. The subsequent sections explain several ways of calculating this
vital factor:

4.1.1 Constant time step

In the most common DR algorithms, the fictitious time step is kept constant
and equal to one. This assumption leads to the next simple relationship:

7 =1.0 (34)

4.1.2 Minimum residual force

Minimization of the out-of-balance force helps to improve DR convergence
rate. In this scheme, the out-of-balance force function is defined as follows
[1,4,17,20]:

UFF = ij (rp+h)? (35)

where, UFF is the un-balance force function in the n + 1*" iteration of DR
method. By minimizing this function, the next modified fictitious time step
(MFT) is calculated:

. 1
& UFF A pnfrte
9ot 0= 7ypr = ==L (36)

s, (1)

In this equation, fln *3 g the rate of internal force of the it" degree of freedom.
It is possible to find this parameter by using the chain rule (differentiation),
as follows [1,4,17,20]:
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Nl
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indL n 7N+ .
fz 2 ZSUDJ 9 s 4yttt (g (37)
j=1

By using the second derivative test, it can be proven mathematically that the
last time step minimizes the out-of-balance force function, in each iteration
of the DR algorithm. As a result, the convergence rate will increase, and the
analysis time will decrease.

4.1.3 Minimum residual energy

In the steady-state response of an artificial dynamic system, the kinetic en-
ergy is zero. Therefore, convergence to the steady-state response could be
increased by minimizing the energy function. This function can be defined
in the following form [2, 25]:

q
UEF = 3 (6Dy*1rr1)? (38)

i=1

In the last equation, UEF is the un-balance energy function in the n 4 1"
iteration of the DR process. If the out-of-balance force is minimized, the
succeeding optimum fictitious time step (OFT) can be obtained [2,25]:

AT AT —aapt g
TOFT = QA?“

(39)

where, A7 AT and A3 are constant factors and defined as below:
q

AT = Z( nt f"+2> (40)

Aptt = (41)
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It is clear that minimization of the out-of-balance energy function will be a
conditional procedure. If Eq. (39) could not result in a real value for the
fictitious time step, the presented approach is useless.
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4.1.4 Zero damping method

In a published article, Rezaiee-Pajand and Sarafrazi set the damping factor
to zero and obtained below equation for the fictitious time step [28,30]:

1
n+1 — n 4
g (1 +wmin)2T ( 3)

4.1.5 Error analysis in kinetic damping method

The error between two consecutive steps in kinetic DR technique was calcu-
lated by Rezaiee-Pajand and Rezaee. It resulted in formulating a new time
step for this method. [24]:

2 2
% + Tn w?nin) - \/(T% + T wr2nin) —4 (7—% + T w?nin)

2(L — rnw?

(
7_71,-1—1 —
Tn min)2

(44)

4.2 Initial guess of displacement

The DR calculations are started by an initial guess of displacement. In the
iteration process, this quantity is corrected successively. The more suitable
guess of displacement leads to a more rapid convergence rate of the solver.
The following sections explain some approaches to estimate initial displace-
ment in the first iteration.

4.2.1 Constant vector

The simplest approach to start DR, process is using a constant vector for the
initial guess of displacement. In this case, the unit or null vectors are the
most common selection for the initial displacement. It should be added that
the convergence rate of such techniques may not be suitable.

4.2.2 Alwar’s approach

An exponential function was proposed by Alwar et al. to determine the
steady-state response [6]. For each degree of freedom of structure, the afore-
mentioned function is assumed for damped oscillation. The suggested func-
tion has the following form:

Di = aie_’BT‘T (45)
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here «; and B; are unknown coefficients, which are determined by solving two
equations obtained from two successive maximum in the oscillation curve.
In this method, it is necessary to calculate two first successive maximum
domains of the oscillation curve of each degree of freedom.

4.2.3 Zhang’s method

In this strategy, the un-damped vibrations of structure are traced until first
minimum and maximum displacements of each degree of freedom are ob-
tained. After that, the initial displacement can be calculated by the next
formula [37]:

DO _ D;nax + qu:l’lln

¢ 2

where D™#*and D" are the first maximum and minimum displacements of
it" degree of freedom in the un-damped vibration.

(46)

4.2.4 Modified Zhang’s method

This scheme is a modified version of Zhang’s approach and is based on the
concept of constant total energy of structure. In this way, the un-damped
vibrations are started with initial displacement and by obtaining first min-
imum or maximum. Then, the initial guess is corrected by the following
relationship [36]:

DY + Dy
2

DO_‘D?—’_‘D{H]n

N 5 or DY =

(47)
In each cycle, the initial guess is corrected so that by iterating Eq. (46),
a suitable initial guess is obtained. It should be added that there are some
other papers, which deal with DR stability and its convergence rate [9,10,35].

5 DR algorithms

Dynamic Relaxation, which is an iterative method, can be performed by some
simple steps. As discussed in the previous sections, the basic foundation of
these steps is given by mathematical formulations. For better clarification,
the main algorithms of DR process are presented in this part. These al-
gorithms can be classified based on two DR formulations; i.e. Viscous and
Kinetic damping theories. It should be noted that there are several similar-
ities between these two main procedures. In the following, the viscous and
kinetic DR algorithms will be briefly explained.
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5.1 Viscous DR steps

The viscous DR method requires the following steps:

(a) Assume initial values for artificial velocity (null vector), displacement
(available methods presented in section 4.2 or null vector or convergence
displacement on the previous increment), fictitious time step (7 = 1)
and convergence criterion for out of balance force and kinetic energy
(er =1.0F —6 and ex = 1.0E — 12).

(b) Construct the tangent stiffness matrix and internal force vector.
(¢) Apply boundary conditions.

(d) Calculate out of balance (residual) force vector (Eq. 16).

(e) If /2%, (™)? < eg, go to (m), otherwise, continue.

(f) Construct the artificial diagonal mass matrix (section 3.1).
g) Form artificial damping matrix (section 3.1).

(
(h) Update artificial velocity vector using Eq. (15).
sl 2
i) Y7, (Di +2) < ek, go to (m), otherwise, continue.
Calculate fictitious time step (section 4.1)
Update displacement vector using Eq. (12).

)

)

) Set n =n+ 1 and go to (b).

) Print results of the current increment.
)

If increments are not complete, go to (a), otherwise, stop.

5.2 Kinetic DR steps

The subsequent steps are needed to obtain the solution by the kinetic DR
method:

(a) Assume values for initial fictitious velocity (null vector), initial dis-
placement (available methods presented in section 4.2 or null vector or
convergence displacement on the previous increment), fictitious time
step (1), initial kinetic energy (KE° = 0) and a convergence criterion
for the out-of-balance force and the kinetic energy (eg = 1.0E — 6 and
ex = 1.0E — 12),
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(b) Construct the tangent stiffness matrix and internal force vector,

(c) Calculate the out-of-balance force vector using Eq. (16),

(d) 1t 7 (r™)? < eg, go to (q), otherwise continue,
(e) Construct the fictitious diagonal mass matrix using (section 3.2),

(f) Update the fictitious velocity vector using Eq. (28),
o1\ 2
(g) ItE>7 (d?+2) < ek, go to (q), otherwise, continue,

(h) Calculate the kinetic energy from Eq. (30),

(i) I KE"™ < KE™, go to (m), otherwise, continue,
() 7t =

(k) Update the displacement vector using Eq. (29),
(1) Go to (b),

(m) Calculate the initial displacements of the restarted analysis (section
3.2),

(n) Construct the tangent stiffness matrix and the internal force vector,

(o) Calculate the initial velocities of the restarted analysis (section 3.2),

(p) Go to (g)

(q) Print results of the current increment,
(r) If increments are not complete, go to (a), otherwise, stop.

As it was demonstrated in the related steps, the kinetic and viscous DR
algorithms have many similarities. However, they use different relationships
for mass and damping matrices. Based on this fact, Rezaiee-Pajand and et al.
selected twelve well-known DR procedures in order to analyze the geometric
nonlinear behavior of several frames and trusses. They graded these methods
in terms of the number of iterations and the analysis time. In this way, the
five most efficient algorithms were introduced by these investigators [29].
Moreover, Rezaiee-Pajand and Estiri compared these different approaches
in the geometric nonlinear analysis of 3D frames and found the three most
efficient algorithms [22].
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6 Conclusion

In this paper, a comprehensive review of the Dynamic Relaxation (DR) meth-
ods was presented. At the first stage, the most common DR schemes, which
include the kinetic and viscous damping formulations, were briefly explained.
To utilize these techniques, several parameters are required. All the related
factors were also described. Simplicity, full explicit vector operations and no
sensitivity to nonlinear behaviors are the main specifications of the DR pro-
cedure. Moreover, solution methodologies for the structural problems were
presented. The strategies reported in this paper could be used to evaluate
the responses of different structures. It is worth emphasizing that DR tech-
niques have the great ability to be implemented in all branches of structural
analyses. They are very simple and also eliminate the round-off errors.

As it was mentioned by the researchers, the interest in obtaining more ac-
curate and efficient results, using a variety of DR strategies remains strong,
even in the presence of some simplifying assumptions. By analyzing the out-
comes of presented studies, it can be seen that several investigations on the
different aspects of these solvers are needed. For instance, no attempt has
been made for considering a broad comparison study, so far. Consequently,
no recommendations are made as to the most appropriate technique selection
for a particular problem. The principal concepts of the various DR formula-
tions can be summarized in two main categories, i.e. the numerical stability
and the convergence rate. In other words, researchers try to guarantee the
DR stability, especially in the case of intense non-linearity. From the future
research point of view, the DR formulation could be enhanced by modifica-
tion of its parameters. On the other hand, improving the convergence rate of
DR iterations may be one of the interesting topics for further studies. The
second part of the article will concentrate on the DR applications.
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Abstract

The most significant advances over the sixty years relative to the Dynamic
Relaxation applications in structural engineering are summarized. Empha-
sized are given towards plates, form finding, cable structures, dynamic analy-
sis, and other applications. The role of DR solver in the linear and non-linear
analyses is discussed. This investigation is undertaken to explain the applica-
tion of the solution technique to the static, dynamic and stability problems.
The influence of the methods on the use of isotropic and composite materials,
such as orthotropic and laminated ones, is briefly covered. Critical analyses
and suggestions regarding future research and applications will be presented.

Keywords: Dynamic Relaxation method; Application; Survey; Solver; Re-
view; Iterative technique; State of the art.
1 Introduction

The first part of the paper entitled “The state of art in Dynamic Relaxation
methods” devoted entirely to the DR formulations and its fictitious param-
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eters. For this purpose, the main two categories of the DR methods was
reviewed; i.e., the viscous damping and the kinetic damping formulations. In
spite of several similarities in formulation and iterative relationships, the vis-
cous and kinetic approaches have the different physical basis. Furthermore,
the proposed formulations for fictitious parameters are different. However,
the parameters such as fictitious time step and initial displacement have
unique form in both methods.

It is worth emphasizing that these solvers have been exploited in a vast area
of the structural analyses. In other words, most of the DR research topics
conducted so far have been related to their applications. There is only a little
fraction of the papers which deal with DR formulations and their efficiencies,
such as accuracy, stability and convergence rate. Therefore, the important
issues of the DR applications require special consideration. Based on this
fact, the applications of the DR schemes in the different structural analysis
are reviewed. It should be noted that these strategies have been used for the
different kind of analyses, such as static, dynamic, stability, form-finding and,
etc. Verities of investigators have found the solution of diverse structures,
like: truss, frame, shell, plate and, etc. The reasons for these wide ranges
of applications can be found in some interesting DR specifications, which
create unique potentials in engineering problems. The main specifications of
DR algorithms will be listed in the following lines:

(a) Full vector operations

(b) Calculations are based on internal force rather than the secant stiffness
matrix

Simple numerical algorithm
Iterative process
Not sensitive to critical points in structural behavior

Full automatic procedure (personal judgments have no effect on the
solution efficiency)

The aforementioned advantages cause numerous usages in different structural
engineering problems. The existing restrictions have not affected the vast
applications of these solvers. So far, the analysts have found that there are
verities of interesting and attractive applications of the DR methods. In the
following sections, some of them are briefly reviewed.

2 Plates

Rushton applied Dynamic Relaxation to non-linear systems by analyzing vari-
able thickness plates with geometrical non-linear behavior [101]. He also used
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this technique for solving the large deflection equations resulted from ana-
lyzing the post-buckling of variable thickness plates [103]. In another paper,
this researcher analyzed the small and large deflection of simply supported
plates with corners free to lift [104]. Moreover, DR method was utilized to
analyze the post-buckling of variable thickness flat rectangular plates with
mixed boundary conditions by Rushton [105]. This investigator used the
DR method to study the large deflection of plates with small initial curva-
ture [106]. By utilizing of the DR technique, Rushton found large deflection
of rectangular plates with unsupported edges [107]. In another research, he
also examined the buckling of laterally loaded plates having initial curva-
ture [108].

In 1972, Alami analyzed the elastic large deflection behavior of plates un-
der transverse loading by a method based on Dynamic Relaxation [1]. The
DR approach was applied to non-linear analysis of clamped orthotropic skew
plates having a constant thickness subjected to a uniformly-distributed trans-
verse load by Alwar and Ramachandra [5]. Turvey and Wittrick utilized the
DR method to solving flexural and stability problems of elastic geometrically
behavior of laminated plates [158]. In another study, this solver was used to
analyze the large deflection of skew sandwich plates with clamped edges by
Alwar and Ramachandra [6].

Tuma and Galletly described the use of Dynamic Relaxation for analyzing
large-deflection of circular and rectangular plates with various boundary con-
ditions [128]. This technique was also employed for the analysis of non-linear
behavior of clamped isotropic skew plates of constant thickness subjected
to a uniformly distributed transverse load by Alwar and Rao [7]. Moreover,
Murthy et al. adopted the DR scheme for analyzing the non-linear bending of
circular plates of the linear elastic material and variable profiles subjected to
a uniformly distributed lateral loading [78]. Dowling and Bawa used Dynamic
Relaxation to solve the finite difference form of orthotropic small deflection
plate equations. They took advantage from an analytical method of pro-
ducing influence surfaces for stiffened steel bridge decks [33]. Utilizing this
iterative approach, Turvey found the large deflections of square plates, obey-
ing the Foeppl and Von Karman theories [129]. In another study, Chaplin
used the DR approach to analyze the large elastic deformations of clamped
skewed plates [21].

Turvey calculated the large deflection of circular plates with variable thick-
ness utilizing two different DR methods. In the first technique, fictitious
densities were chosen arbitrarily and in the second one, they were calculated
using Gerschgorin bounds. By comparing the results, it was demonstrated
that the latter improves the convergence characteristics. This researcher
also implemented the second procedure for solving variable thickness annular
plates subjected to a uniform lateral load [130]. In the other application,
Frieze et al. took advantage of the DR algorithm to analyze the large de-
flection of elasto-plastic plates. They extended the strategy to include both
geometrical and material non-linear effects in plates. Particularly, these in-
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vestigators discussed the iteration parameters which control convergence [37].
Frieze and Dowling proposed a process based on Dynamic Relaxation for the
exact interactive buckling analysis of plates forming box sections subjected
to a generalized loading [38]. Using the DR approach, Turvey analyzed the
axisymmetric large deflection behavior of circular plates with linear thickness
tapers and affine imperfections [131]. He also applied the mentioned strategy
to the analysis of the axisymmetric, elasto-plastic large deflection response of
laterally loaded circular plates [132]. Moreover, Turvey utilized the method
of Dynamic Relaxation for solving the set of non-incremental equations de-
scribing the axisymmetric, elasto-plastic, large deflection response of laterally
loaded, thickness-tapered, circular plates [133].

There have been a lot of more studies related to the plate problems. Sher-
bourne and Murthy applied the DR method to analyze bending of circular
plates with variable profile [120]. Webb and Dowling utilized Dynamic Re-
laxation to solve the governing equations from the material and geometric
non-linear analysis of eccentrically stiffened plates, subjected to the combined
or separate actions of lateral and in-plane loading [161]. By using this solver,
Turvey analyzed the axisymmetric elastic large deflection behavior of glass-
steel and glass-aluminum circular plates [137]. He also employed this kind
of algorithm for analyzing axisymmetric small deflection equations for shear
deformation of circular plates [138]. It should be added that Turvey and Lim
applied several refinements to the DR method in order to improve computa-
tional efficiency. Then, they solved the equations coming from the analysis
of axisymmetric full-range response of transverse pressure loaded, clamped
and simply supported, circular plates [147]. Turvey and Der Avanessian used
the DR method for a numerical solution of the governing equations for the
axisymmetric elastic large deflection analysis of ring-stiffened plates [140].
In another research, Lim and Turvey adopted the DR approach to solve the
plate equations for examining the elastic integrity degradation of uniform flat
simply supported, and clamped circular plates subjected to uniform trans-
verse pressure [148]. They also utilized this way in solution of the incremental
equations governing the axisymmetric elasto-plastic large deflection response
of circular steel plates with initial deflections [71].

Numerical solutions of the equations governing the elastic post-buckling re-
sponse of flat and imperfect polar orthotropic circular and annular plates
was carried out using a finite-difference version of the DR algorithm by Tur-
vey and Drinali [145]. By utilizing weighting factors for mass and damping,
Al-Shawi and Mardirosian used Dynamic Relaxation in the finite element
analysis of plate bending [118]. Method of Dynamic Relaxation was suc-
cessfully exploited to large deflection analysis of circular plates by Turvey
and Der Avanessian [141]. Turvey and Lim utilized the DR procedure in
numerical solution of the incremental equations governing the full-range ax-
isymmetric flexural response of thickness-tapered circular plates [149]. For
ensuring the numerical stability of DR procedure, Xiao-qing and Wan-lin
proposed a method for calculation of fictitious densities. Then, they applied
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the DR technique to the non-linear bending problems of rectangular plates
laminated of bimodular composite materials [164]. Machacek employed this
solution process in the analysis of thin steel isotropic, and stiffened plates
loaded in compression and bending [73]. In the other study, Turvey and
Osman utilized the DR method in solution of first-order orthotropic shear
deformation equations for the non-linear elastic bending response of rectan-
gular plates [150].

Using Dynamic Relaxation, Machacek analyzed large deflection elasto-plastic
behavior of thin steel eccentrically stiffened plates subjected to the lateral
and/or in-plane load [74]. The large-deflection elasto-plastic behavior of flat
plates and attached flat-bar stiffeners, including the effects of interaction was
also presented using Dynamic Relaxation by Caridis and Frieze [16]. Tur-
vey and Der Avanessian utilized the DR method in solution of the govern-
ing system of equations for the axisymmetric elasto-plastic large deflection
analysis of ring-stiffened circular plates [143]. The application of the Dy-
namic Relaxation to study the post-buckling path of cylindrically curved
panels of laminated composite materials during loading and unloading was
also described by Wan-lin and Xiao-qing [160]. Using the DR technique
in conjunction with graded finite-differences for a numerical solution of the
stiffened plate equations, Turvey and Der Avanessian suggested a discretely
stiffened plate theory for the elasto-plastic large deflection analysis of pres-
sure loaded ring-stiffened circular plates [144]. In the other research, the
DR procedure was coupled with an interlacing central finite-difference dis-
cretization scheme by Turvey and Salehi. They utilized the aforementioned
way in solving equations for elastic large deflection of uniformly loaded sec-
tor plates [153]. A finite-difference implementation of the DR process was
developed to solve the non-axisymmetric elastic large deflection equations of
annular sector plate by Salehi and Turvey [114]. In another study, Turvey
and Osman utilized finite differences in conjunction with the DR, procedure
for numerical solutions of the Mindlin laminated plate equations in large de-
flection initial failure analysis of square angle-ply laminated plates subjected
to uniform pressure loading [151].

Combining DR scheme with finite-difference discretization, Salehi et al. an-
alyzed geometrically non-linear behavior of sector plates [111]. In the other
study, Salehi and Shahidi utilized the mentioned technique for solving the
governing equations for the elastic large deflection of uniformly pressure
loaded sector Mindlin plates [112]. Caridis employed the DR method on an
interlacing finite difference grid for solving the large-deflection elasto-plastic
equations of equilibrium of flat and stiffened plates [17]. Turvey and Salehi
proposed a discretely stiffened circular plate theory. They obtained the solu-
tion of the large deflection plate equations with the aid of a finite-difference
implementation of the DR algorithm [154]. The large deflection axisymmetric
circular plate equations were solved using a finite-difference implementation
of the DR method by Turvey and Drinali [146]. In the other application,
Kadkhodayan et al. utilized this solution approach to predict the bifurcation
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point of elastic plates subjected to in-plane and transverse external forces [56].
Turvey and Salehi described a theory for the non-axisymmetric elastic large
deflection analysis of sector plates stiffened by a single eccentric rectangular
cross-section radial stiffener. They used the DR procedure for solving the
discrete system of equations [155]. Using a finite difference implementation
of the DR scheme, Turvey and Salehi also solved the governing equations
for an elasto-plastic large deflection analysis of pressure loaded sector plates.
The material of structure obeyed the Ilyushin full-section yield criterion and
the flow theory of plasticity [156].

Kadkhodayan investigated the implementation of interlacing, and irregular
rectangular meshes used in conjunction with the DXDR method, which is
a modified DR technique, to study the large deflection behavior of elastic
plates [53]. Moreover, this solver together with the finite difference dis-
cretization technique were utilized in analyzing the plate structure for ge-
ometrically linear and non-linear elastic. The plate material was assumed
to be thick composite sector plates by Salehi and Sobhani [113]. Salehi and
Aghaei took advantage of the DR technique together with the finite differ-
ence discretization method in non-linear shear analysis of non-axisymmetric
circular viscoelastic plates [110]. The elasto-plastic large deflection equations
for annular sector plates were solved by the DR procedure. This study was
performed by Turvey and Salehi [157]. Furthermore, the DXDR method,
which is a modified DR strategy, was utilized for solving equations of large
deflection of rectilinear orthotropic square and circular plates by Kadkho-
dayan [54]. In another investigation, combination of the DR method with
the finite difference technique was used to solve the discretized equations in
the analysis of the non-linear bending of annular functionally graded plate
(FGM) under mechanical loading [41]. In a recent research, Rezaiee and Es-
tiri graded sixteen well-known DR procedures based on their performance in
terms of the number of iterations and the analysis time in solving several
bending plate examples with geometrical nonlinear behavior [96].

3 Form-finding

One of the extensive uses of DR algorithms is in the structural form-finding.
In 1988, Barnes performed the form-finding analysis and fabrication pattern-
ing of wide span cable net and pre-stressed membrane roofs by taking advan-
tage of the DR method with kinetic damping [9]. A procedure for numerical
form-finding of the stable minimal surfaces represented by soap-film models,
based on the DR technique, was also suggested by Lewis and Gosling [65].
In another study, Gosling and Lewis applied the matrix-based finite element
method to the vector-based DR algorithm for form-finding of minimal surface
membranes [42]. Moreover, the form-finding of lightweight tension structures
comprising pre-stressed cable nets and fabric membranes was performed by
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Lewis WJ and Lewis T'S. They utilized DR technique for solving the resulting
non-linear set of equilibrium equations [66]. Adriaenssens and Barnes devel-
oped a Dynamic Relaxation based method for form-finding and load analysis
of a class of tensegrity structures with continuous tubular compression booms
forming curved splines. This structure could be deployed from straight by
pre-stressing a cable bracing system [2].

In the other research, Zhang and Shan utilized the DR method for form-
finding of the pre-stressed cable and membrane structures [166]. By Dynamic
Relaxation with kinetic damping, Brew and Lewis presented a computational
methodology for form-finding of tension membrane structures (TMS), or fab-
ric structures, used as roofing forms [13]. Li and Wei used the DR method
in the formulation of the form-finding under uniform pre-tensioned force and
the behavior analysis under static loads [70]. Han et al. proposed a form-
finding strategy for tension structures with elastic supports with the aid of
DR method [43]. The aforementioned algorithm was also applied to form-
finding of a grid shell in composite materials by Douthe et al. They modeled
the large structural rotations by means of the DR technique [31]. It should
be noted that this kind of rotations may occur by bending of pre-stressed
constructions during the erection process. Furthermore, the form-finding of
non-regular tensegrity structures by the aid of a scheme, which was based
on the DR method with kinetic damping, and was described by Zhang et
al. [167].

Using the DR process, Baudriller et al. suggested a form-finding method for
generating non-regular tensegrity shapes of higher diversity and complexity
[11]. Lu and Ren utilized the DR method for the form-finding of three-
dimensional cable structures in simulation of the cable mesh reflector for the
large radio telescope [72]. In another investigation, Wu and Deng exploited
the DR method for form-finding of slack cable-bar assembly [162].

Douthe and Baverel proposed a simple way using the DR, algorithm to find
the form and perform a structural analysis of multi-reciprocal frame systems.
This technique is also called nexorades [30]. Furthermore, Ye and Zhou
modified the DR method in two aspects. The first was a simple procedure to
gain the damp value directly, which is close to that of the critical damp. In the
second feature is an extension of the classic DR scheme, which was suggested
[165] to obtain the desired membrane shapes. In another research, Lee and
Han use DR method for geodesic shape finding of membrane structure with
geodesic string [62].

4 Cable structures

The DR strategy is suitable for finding the response of the flexible structures,
such as cable. This solution technique was employed for the analysis of ca-
ble structures by Day and Bunce [28]. Moreover, Lewis et al. developed a
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DR method for the analysis of the non-linear static response of pre-tensioned
cable roofs [68]. Using the aforementioned procedure, Lewis et al. inves-
tigated cladding-network stiffening effects in pre-tensioned cable roofs [69].
In another study, Lewis and Shan obtained the solution of the governing
equilibrium and compatibility equations in the analysis of cladding-network
interaction in pre-tensioned cable roof structures under static loads with the
aid of the DR scheme with kinetic damping [67]. The DR method was also
used in the analysis of cable net systems with many loads relieving devices
by Shan et al. [117]. Form-finding, analysis and fabrication patterning of
wide-span cable nets and grid shells, uniform or variably pre-stressed fabric
membranes and battened membrane roofs was carried out using a Dynamic
Relaxation with kinetic damping based technique by Barnes [10]. Chen et
al. applied DR method to static analysis of cable nets [25]. They also em-
ployed this solver for finding equilibrium state of construction procedures of
cable-domes by controlling the original length simulation of the construction
process [24]. In order to analyze the nonlinear behavior of cable domes, which
is affected by creep over time, a modified dynamic relaxation procedure was
introduced by Kmet and Mojdis [59].

5 Dynamic analysis

Utilizing DR method in the dynamic structural analysis is a new application,
which has been introduced since 2008. There are only a few papers, which
deal with this interesting application of the DR method, most of them were
presented by Rezaiee and Alamatian [3,93]. In this approach, DR algorithm is
combined with numerical time integrations. It is well known that numerical
integration procedures are appropriate for dynamic analysis of structures.
These schemes are commonly applied to both linear and non-linear struc-
tural behaviors. The aforementioned techniques can calculate the dynamic
responses via step by step process. Numerical integration strategies are di-
vided to the implicit and explicit scheme. In the implicit formulation, the
dynamic equilibrium equation of structure at time t**lis converted to the
below equivalent static system [3,93]:

[SVhG (DY = {PYyg 1)

where [S]ile, {D}**! and {P}%El are the equivalent stiffness matrix, the

displacement vector and equivalent load vector at k + 1th step of numer-
ical integration formulation, respectively. The equivalent stiffness matrix
and equivalent load vector are dependent to the implicit dynamic algorithm.
Rezaice-Pajand and Alamatian [93] used the DR method to solve Eq. (1).
The proposed technique led to a considerable reduction in errors of non-
linear dynamic analysis. Moreover, Sarafrazi presented a different scheme to
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analyze the structures. He assumed real and also fictitious time axes. In
this strategy, real and fictitious times were considered simultaneously [115].
Recently, an explicit dynamic analysis was performed by the Dynamic Re-
laxation method [79].

6 Other applications

Because of interesting specifications of the DR method, it has a great poten-
tial ability to be used in other kinds of structural engineering problems. For
instance, Hussain Khan and Lafitte employed a finite difference based strat-
egy exploiting the DR procedure for performing design analysis of a cylindri-
cal pre-stressed concrete pressure vessel [52]. Moreover, Rushton discussed
the determination of the critical damping and optimum time increment. He
utilized the DR method for stress analysis problems [102]. The DR method
was also developed for time dependent stress analysis of the pre-stressed con-
crete pressure vessels by Cederberg and David [20]. Cassell introduced the
concept of fictitious densities to the DR method. He analyzed doubly curved
shells under arbitrary surface tractions and temperature loading [18]. Fur-
thermore, Brew and Brotton formulated the DR method using the first-order
dynamic equilibrium relationship and studied the stability conditions of the
frame structures [12]. Shmuel and Alterman proposed a scheme for analyz-
ing the dynamic stress distribution close to a crack which cuts through the
finite thickness of a given plate. They utilized the aforementioned technique
to rapidly improve the convergence of their suggested strategy [121]. The
DR procedure was also applied to the analysis of bridge slabs by Cassell et
al. [19].

In another application, Hansson used this solver for calculation of plane prob-
lems with general shape and non-linear material behavior [45]. Bunce and
Brown utilized the DR approach in solving the equilibrium equations resulted
from analyzing the finite deflection of plane frames [14]. The DR method was
also exploited to computation of stresses, and displacements induced by un-
derground excavations by Crouch and Fairhurst [27]. In addition, Hansson
and Schnellenbach analyzed some special problems of local stress conditions
of pre-stressed concrete reactor pressure vessels with non-linear material be-
havior. They performed calculations by the DR process [46]. By use of this
solution strategy, Rushton and Hook analyzed the large deflections of rectan-
gular plates and beams obeying a non-linear stress-strain law [109]. The DR
approach was also used for analyzing disks with anisotropic material, com-
plying with Ramberg-Osgood stress-strain relations with variable profiles by
Sherbourne and Murthy [119]. In the other research, Hook and Rushton in-
vestigated beams and plates problems, which deflect until contact is made
with internal restraints, using a modified form of the DR method [51]. Swan
took advantage of the DR scheme for the dynamic stress analysis of cer-
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tain linear elastic fracture problems [124]. Moreover, the DR methodology
was utilized in calculations for the analysis of two-dimensional behavior of
the liners in pre-stressed concrete reactor pressure vessels by Oberpichler et
al. [83].

Hansson and Stoever described a process based on the DR algorithm for
three-dimensional analysis of local crack development in pre-stressed concrete
pressure vessels [47]. On the other hand, Bunce and Brown proposed a
technique based on Dynamic Relaxation for analyzing the non-linear behavior
of large deflection of thin ideally elastic rods [15]. Using the method of
Dynamic Relaxation, Frieze and Dowling analyzed the elastic post-buckling
interaction behavior of box sections [38]. In another investigation, Frieze
applied Dynamic Relaxation to the analysis of interactive buckling in the
elasto-plastic range of thin-walled rectangular sections [37]. Harding used
the DR method to solve governed equations from elasto-plastic analysis of
initially imperfect thin cylinders subjected to axial compression and external
pressure [48]. The DR method was also utilized to solve the axisymmetric,
large deflection response of a uniformly loaded, circular membrane subjected
to an initial pre-stress/pre-strain by Turvey [134]. In another study, Tsotsos
and Hatzigogos adopted the DR procedure for the analysis of the foundations
of dams and embankments [127].

Oberpichler performed calculations for designing the liner-anchor system
of concrete vessels by the DR method [81]. Moreover, Turvey combined
the Dynamic Relaxation with the Tsai-Hill failure criterion and obtained
a non-linear elastic solution for the large deflection of laminated strip equa-
tions [135]. In another research, Oberpichler used the DR approach for design
calculations of steel-liners (in Pre-stressed Concrete Reactor Pressure Vessel
(PCRV) or a Concrete Containment Vessel (PCCV)) and their anchorage
with regard to non-linear behavior of liner-material and anchorage [82]. Tur-
vey also utilized the DR method to solve the equations for anti-symmetrical
laminated, cross-ply strips [136]. In the other paper, Papadrakakis developed
DR scheme for the post-buckling behavior of spatial structures [84]. Numeri-
cal studies were carried out on the elastic large deflection behavior of cross-ply
laminated bi-modular strips employing the DR method by Turvey [139]. In
1982, an implicit DR relationship exploring general increment control was
introduced by Felippa [36]. Moreover, Estefen and Harding described a fi-
nite difference DR program for the analysis of ring-stiffened shells, including
the behavior of the rings as discrete elements [34]. The DR method was
also applied to the solution of the non-linear equilibrium equations governing
the analysis of the post-critical ultimate load conditions of space trusses by
Papadrakakis and Manolis [85].

Krings et al. performed the requisite non-linear calculations for the de-
sign of concrete tunnel linings with non-linear material behavior by the DR
scheme [61]. Zienkiewicz et al. suggested an accelerated procedure for im-
provement of the convergence rate [172]. Using the DR technique, a method
was proposed for finding the optimum layout of modularly constrained truss
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structures subjected to multiple load conditions by Topping [125]. Estefen
and Harding also investigated the inter-ring buckling of cylindrical leg mem-
bers by use of the DR scheme [35]. Analysis of a small-deflection beam was
carried out with the aid of DR technique by Turvey and Der Avanessian [142].
In order to facilitate static analysis of non-linear problems, Rericha modified
the DR method. He exploited continuous loading in time instead of the or-
dinary step function of time. Inertia and damping forces arising during the
loading process were kept at a minimum using an optimum load time his-
tory [92]. In another study, Chou and Wu proposed a Dynamic Relaxation
finite element method for metal forming processes [26]. Using a natural
combination of Lyaponov’s dynamic criterion on stability and the modified
adaptive DR method, Zhang et al. obtained an approach for predicting the
bifurcation points of elastic-plastic buckling of plates and shells [169].

Qiang determined fictitious time and damping by Rayleigh’s principle [87].
In another investigation, Lewis used the DR process in the analysis of the
non-linear static response of pre-tensioned cable net and pin-jointed frame
structures [64]. The modified adaptive DR method (maDR method) was
applied to study of the axisymmetric deformation mechanism of work-pieces
in conical cup tests by Zhang et al. [170]. Chen et al. also developed a
numerical method for modeling plane strain rolling based on DR technique
[22]. Furthermore, Rao et al. investigated the use of the DR scheme in
the problems with geometric and material non-linearities. It was found from
numerical studies that in the case of geometric non-linearity, obtained steady-
state solution compares well with the static solution. In this technique, the
process of convergence to steady state can be accelerated by choosing higher
mass densities and an appropriate mass proportional damping. On the other
hand, when both non-linearities were existed, diverse steady-state solutions
were obtained for different values of artificial damping [91]. The application
of the DR method to study the post-buckling path of cylindrically curved
panels of laminated composite materials during loading and unloading was
also described by Wan-lin and Xiao-qing [160]. In another paper, Moncrieff
and Topping introduced a new procedure for generating cutting patterns for
membrane structures, by means of a two-dimensional Dynamic Relaxation
analysis for each cloth [77].

Using an improved adaptive DR method, Zhang analyzed the shape effects on
the tensile strength of axisymmetric rock specimens [168]. Shugar proposed
the automated Dynamic Relaxation (ADR) algorithm. He determined the
initial equilibrium configuration and pre-stressed state of compliant struc-
tures by this scheme [123]. Moreover, the application of DR method to
model discrete crack propagation was described by Gerstle et al. [40]. Sauve
and Badie combined the shell formulation with the DR technique, a three-
dimensional contact algorithm and generalizations of the constitutive equa-
tions for time-dependent deformation to yield accurate simulations of creep
response in nuclear reactor fuel channels [116]. In an interesting applica-
tion, a variable-arc-length approach was introduced by Ramesh and Krish-



98 M. Rezaiee-pajand, J. Alamatian, and H. Rezaee

namoorthy, which can trace snap-through or snap-back regions of the load-
deflection path, automatically. They proposed a displacement incrementation
procedure to handle multiple loadings in the post-buckling analysis of struc-
tures by Dynamic Relaxation [88]. DR approach was also used to analyze
equilibrium configurations of partly wrinkled membranes by Haseganu and
Steigmann [49].

New schemes for Elastic Post-Buckling (EPB) analysis and Inelastic Post-
Buckling (IEPB) analysis of truss structures using the DR method were intro-
duced by Ramesh and Krishnamoorthy. These researchers used the variable-
arc-length technique for tracing the post-buckling paths for elastic, EPB and
IEPB analyses [89]. In the other research, a parallel algorithm for the DR
strategy was presented by Topping and Khan [126]. Moreover, Kommineni
and Kant described a unified approach for linear and geometrically non-linear
analyses of composite and sandwich shells by means of the DR process [60].
The DR iteration was also adopted for the geometrically non-linear analysis
of plates and shells involving large deflections, small rotations and strains by
Ramesh and Krishnamoorthy [90]. Kadkhodayan and Zhang combined two
vital components: the DXDR algorithm and a stable consistent algorithm
for the integration of the constitutive equations of plasticity. They used this
strategy for analyzing general elastic-plastic problems [55]. Furthermore, the
DR method was adopted for solving delayed hydride cracking (DHC) prob-
lems by Metzger and Sauvé [75].

Using the DR process, Turvey and Osman analyzed small and large deflection
Mindlin plate equations for unsymmetrical laminated cross-ply strips sub-
jected to uniform lateral pressure [152]. Oakley and Knight Jr suggested a
parallel adaptive Dynamic Relaxation (ADR) algorithm for non-linear struc-
tural analysis [80]. By means of finite differences together with DR method,
Atai and Steigmann developed an equilibrium theory for the coupled finite
deformations of elastic curves and surfaces [8]. The DR procedure was also
employed in the analysis the fracture of materials by Metzger [76]. More-
over, Wakefield presented the application of DR approach to the analysis of
tensile structures [159]. Xiaoqing and Hong utilized the DR solver to inves-
tigate the influence of compression-bending coupling on non-linear behavior
of cylindrically slightly curved panels of unsymmetrical laminated compos-
ite materials subjected to uniform uniaxial compression during loading and
unloading [163]. Han and Lee employed DR procedure for stabilizing of un-
stable structures [44]. In addition, the Dynamic Relaxation was combined
with neural networks to increase model accuracy of tensegrity structures by
Domer et al. [29]. Shoukry et al. employed DR approach for analyzing large
transportation structures as dowel jointed concrete pavements and 306-m-
long, reinforced concrete bridge superstructure under the effect of temper-
ature variations [122]. In another study, Chen et al. used the DR method
and obtained a technique to find the internal force of the elements, and the
nodal coordinates of the structures composed of cables in tension and struts
in compression in the equilibrium state by controlling the original length [23].
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Hegyi et al. employed the DR method for membrane analysis by an eight-
node quadrilateral element [50]. Kan and Ye described a way based on mod-
ified Dynamic Relaxation for solving the problem of rigid displacement [57].
In another study, Douthe et al. exploited the DR method in numerical mod-
eling of grid shell with composite materials [32]. Plotzitza et al. employed
the DR technique in the numerical simulation of concrete under explosive
loading [86]. Moreover, the DR method was utilized to obtain the analytical
solution of free damped vibrations of a linear viscoelastic oscillator, based on
the fractional derivative model involving more than one different fractional
parameter and several relaxation (retardation) times by Rossikhin et al. [100].
For reducing the calculation cost of the DR technique, Kashiwa and Onoda
combined this method with an iterative technique via two switching rules.
In this strategy, the numerical scheme used in the analysis is selected as the
situation of the analysis. An unstable region of the analysis, in which the
static iterative method cannot obtain the converged solution, is performed
by the robust DR method. Then, a stable region that is costly to be solved
by the DR technique is performed by the efficient iterative method. The
performance of the suggested process was verified through a comparison of
numerical analyses for the wrinkled membrane with the new way and con-
ventional ones [58].

Based on the fact that a static problem has an equivalent wave speed of in-
finity, and a dynamic problem has a wave speed of finite value, an effective
loading algorithm associated with the explicit DR procedure was presented
to produce meaningful numerical solutions for static problems by Zhao et
al. [171]. Rezaiee-Pajand and Alamatian proposed a method for tracing
static path of truss structures using DR technique [94]. Furthermore, an
automatic DR method was proposed for tracing the static path of structures,
which have snap-through or snap-back regions, by these researchers [95]. In
a recent research by Rezaiee and Estiri, a variable load factor, obtained from
minimization of the unbalanced displacement increment, was employed in DR
algorithm. Consequently, their proposed process was capable of tracing the
equilibrium path at snap-through and snap-back points in addition to pos-
sessing high accuracy and efficiency [96]. In another paper, they minimized
the work increment by the external loads and obtained a new formulation of
the load factor [96]. Utilizing the structural equilibrium path, which was ob-
tained from the DR method, these researchers calculated the buckling limit
load. They set the work increment of the external forces to zero and found
a new equation to derive the load factor [96]. Moreover, the first structural
buckling load was recently calculated by simple DR algorithm [4]. Lee et
al. presented an explicit arc-length method based on cylindrical arc-length
method using Dynamic Relaxation with kinetic damping for tracing the post-
buckling equilibrium path of structures [63].
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7 Conclusion

This paper was devoted to the applications of the DR methods. Accord-
ing to all the evidence presented throughout this study, these techniques fit
quite well with the linear and also non-linear behaviors of structures. They
were successfully utilized in static and dynamic problems. A variety of the
structures, such as trusses, frames, plates, membranes, shells and cables, can
be analyzed by the aforementioned formulations. This survey showed that
the applications of DR methods in structural engineering problems are very
vast. The enormous usage of these solvers in different branches of structural
analysis is due to simplicity, full explicit vector operations and no sensitivity
to non-linear behaviors, which are the main specifications of DR procedure.
In this paper, a wide range of DR applications was analyzed, and very useful
reference sources were introduced. Due to important roles of these strategies,
providing a reasoned and evidence critique and also more practical ways
of function are still remained to be found. Based on the broad features
of presented studies, it is suitable to make some suggestions for the future
research and applications of these non-linear solvers. From the relevance
point of view, the DR method has a great potential of abilities to be use in
different engineering problems. These applications could not be limited to
the structural analysis, so that the DR algorithms may be utilized for other
branches of civil engineering, such as hydraulics, numerical solution of water
flows, and soil mechanics. It should be noted that there in no limitation for
using DR tactic in the other engineering and applied mathematics branches.
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Using a LDG method for solving an
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time-fractional diffusion equation
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Abstract

In this paper, we apply a local discontinuous Galerkin (LDG) method
to solve some fractional inverse problems. In fact, we determine a time-
dependent source term in an inverse problem of the time-fractional diffusion
equation. The method is based on a finite difference scheme in time and a
LDG method in space. A numerical stability theorem as well as an error
estimate is provided. Finally, some numerical examples are tested to confirm
theoretical results and to illustrate effectiveness of the method. It must be
pointed out that proposed method generates stable and accurate numerical
approximations without using any regularization methods which are neces-
sary for other numerical methods for solving such ill-posed inverse problems.

Keywords: Local discontinuous Galerkin method; Inverse source problem,;
Time-fractional diffusion equation.

1 Introduction

Recently, studying problems involving fractional order partial differential
equations (PDEs) has attracted a lot of interests of scientists and engi-
neers, see e.g. [1,5-12,15,18-20, 22, 24-30, 33-35]. Omne of the fractional
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PDEs which has been very popular is the fractional diffusion equation (FDE),
see e.g. [1,6-12,15,18-20, 22,24-30, 33-35]. Nowadays instead of the classi-
cal diffusion equations, FDEs have attracted wide attentions since a FDE
is a generalization of a diffusion equation which can be used to describe an
anomalous diffusion phenomenon such as super-diffusion or sub-diffusion. By
replacing the standard time derivative with a time fractional derivative in a
diffusion equation, a time-fractional diffusion equation is obtained. FDEs
can be applied in modelling of some problems in porous flows, rheology and
mechanical systems, models of a variety of biological processes, control and
robotics, transport in fusion plasmas, and many other areas of applications.
Analytical or numerical studying of the direct problems corresponding to
the time-fractional diffusion equations have been carried out extensively in
the recent years, see e.g. [6,7,9,11,12,15, 30] as well as references cited
therein [27, 28] for some subjects related to the obtaining some uniqueness
and existence results, establishing maximum principle, finding analytical so-
lutions, applying some numerical methods such as finite element methods or
finite difference methods.

If in an initial or initial-boundary value problem some parts of data such
as boundary data, or initial data, or source term or even some coefficients of
the main equation may not be given, we have encountered an inverse problem.
Inverse problems are appeared in many practical situations, and for solving
them we need to some additional measured data, see e.g. [1,8,10,16-25,27-29,
32-35] and references cited therein. In some inverse problems, we need to find
space-dependent source term [27,32] or time-dependent source term [28] or
even space- and time-dependent source term [23]. In this paper, we focus our
attention on finding the time-dependent source term in a fractional inverse
problem which is one of the interesting and novel inverse problems. One of
the pioneering scientists in this subject is Murio [18-20]. In the following
we mention some of works which have been published after that. An inverse
problem for determining the order of fractional derivative and the diffusion
coefficient in a FDE has been considered in [1] where a uniqueness result has
been also obtained. A backward problem for the time-fractional diffusion
equation has been solved by a quasi-reversibility regularization method in
[13]. In [34,35] some Cauchy problems based on the time-fractional diffusion
equation have been investigated on a bounded domain and on a strip domain,
respectively. Qian [22] has investigated a modified kernel method for solving
an inverse fractional diffusion equation. An inverse source problem for a
FDE has been solved in [33]. Rundell et al. [10] have been investigated some
nonlinear fractional inverse problems. Recently, some interesting works have
been carried out by Wei et al., see e.g. [27-29]. In [10] known theoretical
results and computational techniques for FDEs have been provided.

In [28] the following initial-boundary value problem for the time-fractional
diffusion equation has been considered
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Du = ugy + f(z)p(t), 0 <z <1,0<t < T,

w(0,) = ko(t), 0<t<T, )
u(1,t) = k1(t), 0<¢t<T,
u(z,0) = ¢(z), 0<z<1,

where Df is the Caputo fractional derivative of order «, i.e.,

o« 1 b ou(x,s) ds
DtUiF(l—a)/o 95 =90’ 0<a<l, (2)

in which I' is the Gamma function. For o = 1, we have Df*u = u;. We assume
that ko, k1 and ¢ are given functions. Problem (1) will be a direct (forward)
problem whenever f and p are known functions. Based on the availability of
f or p, there are some inverse problems. If p is known and f is unknown we
need to an extra condition such as

u(z,T) = g(x), 0<z<L

We have investigated numerical solution of this inverse problem in [32].
In another inverse problem, f is known but p is unknown and an over-
determination condition such as

u(@®t) =g(t), 0<t<T, 3)

will be needed where * € (0, 1) is an interior measurement location. It must
be pointed out that although these two inverse problems are very similar
they are completely different. The inverse source problem which we consider
here is to determine (p, v) based on problem (1) and condition (3). Using the
main equation in (1) and Eq. (3), we have
1 O?u(z*t
p0) = 75 (Dot - 250 (@)

We need (4) just for theoretical purposes.

The above mentioned inverse source problem is an ill-posed problem [28].
Sakamoto et al. [24] have given a stability estimate for the inverse source
problem and mentioned that the uniqueness of p is guaranteed if f £ 0, but
they did not present any numerical method. This inverse source problem has
been solved numerically by Wei et al. [28] using a regularized method based
on the boundary element discretization for recovering a stable approximation
to p. In [28], a numerical method has been applied to various examples in
particular some examples with none-smooth data which lead to the none-
smooth solutions. Therefore, we decided to apply the discontinuous Galerkin
method to the above mentioned inverse source problem. To the best of our
knowledge, for the inverse source problem with or without fractional opera-
tors, the development of the DG methods remains limited and there are a few
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results, see e.g. [32] where a space-dependent source term is determined in
a time-fractional diffusion equation by using a local discontinuous Galerkin
method. Of course, some DG methods have been applied successfully for the
forward fractional diffusion equation. For example, Hesthaven et al. [6, 30]
have been solved some space-fractional diffusion equations using a local dis-
continuous Galerkin method in a semi-discrete regime and Yang Liu et al. [14]
have developed a LDG methos combined with WSGD approximation for a
time fractional subdiffusion equation.

In the present paper, we aim to extend application of the discontinuous
Galerkin method to some inverse source problems and for this purpose, we
present a fully-discrete local discontinuous Galerkin method for solving the
inverse source problem of the time-fractional diffusion equation. In the pro-
posed fully-discrete method, we apply a LDG method for the space variable
and the time-fractional derivative is discretized by using a backward differ-
ence scheme. The rest of the paper is organized as follows. In Section 2,
some preliminaries are prepared. Construction of the proposed method for
the inverse source problem (1)-(3) as well as stability and convergence the-
orems are dealt with in Section 3. Section 4 is devoted to some numerical
experiments to illustrate the accuracy and capability of the method. Finally,
the paper is concluded with a brief conclusion.

2 Preliminaries

In this section, some notations are defined and some auxiliary results are
prepared. At first, we decompose interval [0, 1] to some cells (subintervals)
as follows

Ozx% <$% <"'<$N+%=1,

and set [; = [:Ej_%,xﬂ_%], with the cell lengths Az; = Tjp1 — 5 1, for

j=1,...,N and h = max;<j<ny Az;. We denote by u;.:l and uj_+1 the
== 3 3

values of w at @, 1, from the right cell J;;, and from the left cell 1;. [u];, 1

+ _ —
i+1 T Yt
For any integer k, we define the piecewise-polynomial space V}{“ as the space
of polynomials of degree up to k in each cell I;, thus

is used to denote u that is the jump of w at the cell interfaces.

th: {’UGL2[0,1]: 'U‘Ij GPk(Ij), j:l,.“’N}.

In order to investigate the convergence of the method, we need to define
projections P and P* as follows

/Ib(Pw(:c) —w(x))v(z)de =0, Yve ]P)k(fj), v,
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/I (PEu(e) — w@)u(e)de =0, Vo e P, Vi,
Piw(x;_:F%) = w(z;31).

It is well-known that these projections satisfy the following inequality [2,31]
| wf || +h || 0 [loo +hZ || W€ [l < CRFHY,

where w® = Pw — w or w® = P*w — w, the positive constant C, solely
depending on w, is independent of h, and 75, denotes the set of boundary
points of all cells ;. In the following, we use C' to denote a positive constant
which is independent of A and may have a different value in each occurrence.
v, denotes the piecewise derivative with respect to x, and the norm || - ||
denotes the usual norm of the space L?[0, 1].

3 Construction of the method

In this section, we construct a numerical scheme for solving problem (1)-
(3). Let M be a positive integer, At = T/M be the time step size, and
t, =nAt, n=0,1,..., M denote the time mesh points. An approximation
to time-fractional derivative (2) can be obtained by a simple quadrature
formula given as [9,11,12],

Diu(z, t,) = E‘(A;)__:) ZZ:(:) biu($7tn—i) _A:f(xatn—i—l) L O((AD? ), (5)

where b; = (i + 1)17« — 1=,
Following the LDG regime [6, 30], we must rewrite (1) as the following first-
order system of equations

q=tz,  Dfu(a,t) =g = f(z)p(t). (6)

Let u?, ¢ € V¥ be the approximation of u(-,t,),q(-,t,) respectively, and
p" = p(tn),g" = g(tn). Using (5), we establish the necessary weak forms cor-
responding to (6) and then define a fully-discrete local discontinuous Galerkin
scheme as follows: find u}}, gy € th, such that for all test functions v, w € th,
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N

[ wivdz 5 | [ aoade =S (@Ro)0y - @), ) | =
Q Q j=1
n—1 ]
ﬁp”/ f(z)vdz + Z(bi—l — bl)/ uZ_Z’u+bn_1/ uYvdz,
Q = Q Q
N
[ arwde+ [ ajunds = Y ((@R), 0y - @), ) =0
Q Q =

(7)
where Q = [0,1] and 8 = (At)*T(2 — «) and without lose of generality we
assume that x* is a grid point. The “hat” terms in (7) in the cell boundary
terms from integration by parts are the so-called “numerical fluxes”, which
are single valued functions defined on the interfaces and should be selected
carefully for ensuring the numerical stability of the scheme. The choice for
the numerical fluxes is not unique and among several choices, we can take
ap = (u)” and ¢ = (¢t or 4f = (u})t and G = (¢})". In fact, it is
important to take 4} and ¢} from opposite sides [3,4].

Before investigating theoretical aspects of the method, we are going to explain
details of the method somewhat more. We set

up (z) = up(z, nAt) 25" qn () = qn(x, nAt) Z%"(I)

where N, is the total number of basis functions and

F = </th(x)<1>1(x)dx th($)¢Ny(x)d$>T,

(I>:(<I>1(J;*) (I)NP(J?*)), Z:(O O)
Setting 6™ = (0} --- 5]’{,p)T and Y™ = (] .-+ ”y}(,p)T, scheme (7) leads to the

following iteration scheme

n—1

Ki8" + Kio7" = Bp"F + ) (bio1 — bi)K220" ",
i=1

K510™ 4+ Ko9y" =0,

O™ = g",

wheren=1,..., M and

(Kuhe = [ @@, @)de, Ko = Ko,
Q
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N

(Ki, = 8 | )@ @))ade = B (@1l 0, (o7, )
j=1
- ‘I’l(x_,%)q%(z;;%) )

N
(Ka)iy = /Q Du(@) (@ (2))ada— Y (@ilaf, )@ (7, )~ Pulal)®p(at ).

For solving the direct problem, we have

n—1
o Bp"EF + Y (bi—1 —bi)K116"" K1 Ko
M - > . M= . @®
(’Yn> i=1 0 Ko Ky (8)

where matrix K7; is nonsingular and block diagonal which every block is a
k x k (k is degree of basis polynomials) matrix. Using the Schur complement,
linear system (8) has a unique solution iff det(K7; — K12K1_11K21) # 0. For
solving the inverse problem, we have

n—1

K1 Ko —fF o Z(biq — b)) K110™ "
Koy Kin 27 Y =] = ) 9)
® Z 0 " 0

gn
where we put g§ instead of g" since data are usually obtained by measurement
tools and have some noises. By solving the nonsymmetric linear system (9)
using the BiCGStab method, we can obtain uj and p™.

Just for convenience and without lose of generality, we deal with the case
g = 0 in the theoretical analysis. In order to examine the stability property
of the scheme (7), we express following result.

Theorem 3. Assume that the second derivative of u at © = x* is bounded
and f is a continuous function on [0,1]. For periodic or compactly supported
boundary conditions, fully-discrete LDG scheme (7) is unconditionally stable,
and the numerical solution u} satisfies

lupll < llupll + 5, n=1,...,M,

where Kk is a constant depending on B, f and uy, at x = x*.

Proof. We can rewrite scheme (7) as follows
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N
[ ivde 5 ( [ divnds = (o), = @07,

Jj=1

N
=S )y~ @) )+ [ ahude+ [ usds

- n—1
= Bp"/ f(z)vdz + Z(bifl - bz)/ uZ*ivd:U + bn—l/ uhvdzr,
Q | Q Q

With taking test functions v = uj, w = Bqj, for periodic or compactly
supported boundary conditions, we can obtain

N

8( [ atvede = (@0 )0p — @)y ) | + [ o

j=1 @

N
Z apw™ H_1—(uhw+)j 1) B/qh up)gdx

N\»—A

v
52( )" (un) " )jer — ((an) " (up) ™), +/3’/uh (an)e
1

=83 ()~ @) )y — (@) (@) );-y) =0,

j=1
then
n—1
/qudx+/ qﬁwdsz(bi_l —bi)/ up " upde + by /u%uﬁdz
Q Q — Q Q
o | fayipe

(10)
For n =1 and using Eq. (4), we can get

b I+ 1 ¢ = / wude + fp' / fl@)ubda
(u% — ﬂ% (u,{b);) uhdx

I = 5L (w12 + 1 ||2)

2
(110 12 0) 1 12).

2
(I +8)*+ 1 b 12),

2

IN

IN

N = N = N r—*b\\b
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therefore
g, [I<I ) || +5.

Next, we suppose the following inequalities hold

it 1< ||+, m=1

For n = K + 1, in Eq. (10), and using

l

> (bicy —bi) + b =1,

i=1

we can obtain
1
a1l ufy || +5.

In order to examine the convergence of the scheme (7), we express following
result.

Theorem 4. Let u(-,t,) be the exact solution of the problem (1)-(3), which is
sufficiently smooth with bounded derivatives, and u} be the numerical solution
of the fully-discrete LDG scheme (7). There holds the following error estimate

(-, tn) —uftl] < C(RF 4 (A1) + (AH)FRMFE 4 ¢(A)®),

where C is a constant depending on «, u, and T, and c is a constant depending
on f and Uy, at x = x*.

Proof. Obviously for all test functions v, w € V}{“, we have

N
/Qu(z,tn)vdx + /Q u(x, ty)wedx — jzl((u(z,tn)wf)j_% — (u(x,tn)uﬁf)j_%)
+ 3 /Qq Tty )Updr — ; )07 )41 — (@, tn)vt) ;1)

n—1
— Z(bi_l — bz)/ w(x, ty—i)vde — bn—l/ u(z, to)vdx
P Q Q

+/ q(z,ty) wdx—i—ﬁ/ x)vdr — Bp(x,t, /f Yvdz = 0.

Q
(11)
Subtracting equation (7) from (11), we can obtain the error equation
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N
| iz s ( [ eiveda = 30 - <<e;>+v+>j;>)

j=1
N
+ [ quda [ eunda = Yo W) - (@) 0 y)
Q Q =
n—1
—bn,l/ egvdx—Z(bi,l —bi)/ eﬁ_ivdm—&—ﬁ/’y"(x)vdx
Q ] ) Q

—Bp(a, ) /Q F@)odz = 0.

where
en =u(z,t,) —up =P7ell — (P u(z,t,) —u(z,ty)), (12)
eq = q(z,t,) — qi = Pey — (Pq(x,tn) — q(,ty)).

Using Eq. (4), we have

N
/Qeﬁvdx + (/Q epvpde =Y (((ep) o) 1 — ((63)+“+)jé)>

=1
N
—i—/e"wdm—i—/efijdz— e w ) — ((eM) wh), 1
[« i ;«( e = (@)
n—1
—bn_l/ egvdx—Z(bi_l —bi)/ ez_ivda:—i-ﬁ/’y"(x)vdx
Q P Q Q

R _
+5/Q 7 Uz (2", ty )vdz = 0.

Using Eq. (12), the error equation (13) can be rewritten as follows

N
/QP*eZvdm +8 (/Q Pejv,dr — Z(((PeZ)JrU*)H_% — ((PeZ)JrUJr)j_;))

j=1
N
—I—/ Pejwdz —|—/ P elwdx — Z(((P_eﬁ)_w_)j+% - ((P_eﬁ)_w+)j7%)
Q Q =1
f ! n—1 ‘
+ﬂ/ U (77t Jvdr = bn_l/ P~ elvdx + Z(bi—l — bl)/ P el ‘vdx
olf Q Q

i=1

—I—/Q(P_u(a:,tn) —u(z,ty))vdr + 8 (/Q(Pq(x,tn) —q(x,ty))v.dx
N

=S U(Pas ta) — gl ) o)1y — (Pl ) — q<x,tn>>+v+>j;>)
j=1

—|—/Q(Pq(x7tn) —q(z, t,))wdx + /Q(P_u(x,tn) —u(z, ty))w,de
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N
— Z (P u(z, tn) — u(;v,tn))_w_)j+% — (P u(z, tn) — U(x7tn))_w+)jf )

Nl

fﬁ/ x)vdr — by_q /Q(P*u(:r,to) — u(x, to))vda
- Z —1=bi) /Q(P_U(xatn—i) — u(x, th—;))vde.

With taking the test functions v = u}}, w = B¢}, for periodic or compactly
supported boundary conditions, we derive

—n n f * —n
/Q(P eu)de+[3/ (Peq)jderﬁ/ Fum(x )P el dx

:bnfl/P eOP e”dx—i-z i— 1—b)/P_ez—iP_62d$
Q

z 1

—ﬁ/ )P~ e”dw—i—ﬂz (Pq(z,tn) — q(,tn))" [P7en]) . s

J—3
Jj=1

—|—n/9(Pu(x,tn) —u(z,t,))P endr — b, /Q(P*u(ac,to) —u(z,t9))P eldx
=Y i) /Q(P_u(x,tn,i) ol by ))P e da.

For n = 1, we have
/ (P_ei)2 dz + B/ (Pe}])Q dz + B/ i*um(x*,tl)P_eidac
Q Q alf
/ PfeOPfelder/(P*u(x to) — u(z,to))P eldx
Q
—B/ )P eldx —I—BZ ((Pa(z,t1) — gz, t1))" [PTey])

j=1

*/(Pfu(l",tl) —u(z,t1))P el du.
Q

1
2

Using the following facts
1
| P=eb ||< ChF ) ab < ea® + 4—65)2, (14)

we obtain

I P~ey | +8 1| Peg IP< (| P7eh | +8 [ 7' (2) | + [ PTu(z,t1) — ul=, ta) |
+ [ P u(z, to) — u(z, to) || +¢B) || P7e, ||

& 3 :
4—; (Pg(z,t1) — q(x,t1)) ) %+552[P_611¢]j_

Jj=1

1
2
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< C(RWFH 4 (A% + (ADTRFS 4 (A2 +2 | P el |2
N

+8e Z [P76£]57% .

j=1
If we choose ¢ very small, we conclude that

| Pl |2 48 || Pel [[2< C(h*1 + (A1) + (A Fh* 3 4 o(A1)™)2.
Now, we suppose the following inequalities hold

[P=e™|| < C(hFFL 4+ (A1) + (AL ShF T2 + ¢(AH)Y), m=1,2,...,L

We need to prove |[P~ebtl|| < C(RF1 4 (A2 4+ (AD)ShFTE + c(A1)).
Letting n =1+ 1, we have

/(P‘eﬁfl)Qd:v—i—ﬁ/ (Pelq+1)2da:+5/ %um(w*,tlﬂ)P_eﬁfldx
Q Q . Q

= bl/ P elP el Mdr +) (b1 — bi)/ Pl Preldy
Q Q

= 1

-4

—/3/97l+1( “elld —S—BZ (Pq(x, t141) — gz, 1)) " [PTel])

j=1

+/ (P u(x, ti41) — u(w, ti1))P el da
Q

—bl/(P7U($ tO) —u(l‘,to))P7€L+1dl’

Q

- Z —1—by) / (P u(z, tip1—i) — u(z, tiyr )P el da.
Q

Then by using (14) and

l

D (bica —bi) +b =1,

i=1
we can obtain
I P=el™ |17 +8 (| Peyt IP< (b | P7€) || + (| P u(w, try1) — ulz, tiga) |
By (@) | +b0 | Pz, to) — u(z,to) || +cB) | P7el™ |

'M~

+

j_,

N
(bier = b)) | PTeg™ " [ Pe ™ || +5¢ Z “e ]

=1

+

ol

((Pq(z, tip1) =l tis)) )7,
1

J
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< Ciby(hF1 + (A2 + (A ERFE 4 (A1) | Pl |
N l
+8e > [P—e;“]j_l + 3 (bimt — b)) Ca(RFF1 + (A1)? + (At) 2 pi+s
j=1 i=1
+e(A)?) | Pmeltl || < OB + (A1) + (A8 TRFE 4 ¢(A1))?
N
— 1412 —l+172
+e || P e, || —1—582 [Pe, ]j_% .
=

Choosing a small e, we derive

[P=elt|| < C(hF+E 4 (A1)2 + (At) S hF+e + ¢(At)?).

4 Numerical examples

In this section, we carry out some numerical tests to confirm theoretical re-
sults and to investigate the efficiency of the proposed method. The maximum
time is T = 1 otherwise it will be specified. The space and time step sizes
are h = 1/N and At = T/M, respectively. We use the relative root mean
square error, i.e.,

M M 1/2
e(p) = (Z(pZ —p(tn))z/zp(tﬁ) : (15)

n=1 n=1

for checking the accuracy of the numerical solutions. In all of tests, we take
k = 2, i.e., we consider piecewise polynomials of degree two as the basis
functions in the LDG regime. For dealing with the sensitivity of the solution
with respect to the data, we use the following noisy data

ga(tn) :g(tn)(1+§rnd(n)), Tl:(),l,...,

where g is the exact data and rnd(n) is a random number uniformly dis-
tributed in [—1,1] and the magnitude § indicates a relative noise level.

Example 1 We consider the inverse source problem of the time-fractional
diffusion equation (1)-(3) with the exact solution u(z,t) = ™t cos(2mz). Set-
ting At very small and using the usual L? and L® error norms, we show
in Table 1 that the order of convergence of the proposed method is about
three as we expected (according to the obtained error estimate since k = 2).
Since the exact p of this problem is not accessible, in Fig 1. we show pj for
a=0.5,2* =0.75 and N = 8,16. The errors in L?-norm and L>-norm for
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piecewise P* k = 1,2,3 polynomials for o = 0.1, z* = 0.25 are presented in
Fig 2.

N=8, 1=0.5, X' =0.75 N=16, a=0.5, X =0.75
45 T T T T 45 T T T
40 40
35 1 35
30 1 30
25 1 25
g =

20 1 20
15 1 15
10 1 10

5 5

0 0

0 02 04 06 08 1 0 02 04 06 08 1

Figure 1: Numerical approximations to p for Example 1 for N = 8 (left) and N = 16
(right).

-2 -2
_al A _al )
_6 - - _6 - 4
T o | 5 |
13 o
5, %
T -10f 1 B -10} 1
12t g 12t 1
A A
—14f k=1 | -14t k=1
—e— k=2 —e— k=2
“ < k=3 < —<— k=3
_16 -16
-4 -3 -2 -1 -a -3 -2 -1
log(h) log(h)

Figure 2: log(error) as a function of log(h) for o = 0.1, z* = 0.25 when using piecewise
P¥ k =1,2,3 polynomials for Example 1.

Example 2. Let the exact solution for problem (1)-(3) b ( t) =
t?sin (3z). Therefore, ¢(x) = u(z,0) = 0, k:o() u(0,t) = 0, ki(t) =
u(l,t) = 2, f(z) = sin(32), and p(t) = e )t2 * 4+ % We take
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Table 1: Accuracy test for Example 1 for different o with z* = 0.5.

N | L? error | Order | L™ error | Order
a=031] 5 | 0.002067 - 0.002780 -
10 | 0.000280 2.9 0.000376 2.9
15 | 0.000079 3.1 0.000112 3.0
20 | 0.000034 2.9 0.000047 3.0
a=0.51] 5 | 0.002068 - 0.002781 -
10 | 0.000280 2.9 0.000376 2.9
15 | 0.000079 3.1 0.000112 3.0
20 | 0.000034 2.9 0.000047 3.0
a=0.71] 5 | 0.002069 - 0.002783 -
10 | 0.000280 2.9 0.000377 2.9
15 | 0.000079 3.1 0.000112 3.0
20 | 0.000034 2.9 0.000047 3.0
a=1 5 | 0.002070 - 0.002784 -
10 | 0.000281 2.9 0.000377 2.9
15 | 0.000079 3.1 0.000112 3.0
20 | 0.000034 2.9 0.000047 3.0

129

a* = 0.5, then g(t) = sin(%)t%. p} for o = 0.5 and a = 0.95 with various noise
levels 6 = 5%, 10%, 15% are plotted in Fig. 3. Corresponding relative root
mean square errors are £(p) = 8.5762 x 1077, 8.6406 x 1075, 8.7104 x 10~°
for & = 0.5 and (p) = 2.030156 x 10~3, 3.077799 x 103, 4.153917 x 10~3 for
a = 0.95. In Table 2, we compare the relative root mean square errors for the

X*=0.5, a=0.5, N=50, M=200

X*=0.5, a=0.95, N=50, M=200

4.5
al
3.5
3}
2.5
Pys
1.5
exact 1F+ exact
5=0.15 5=0.15
— == 35=0.1 0.5 —-—-35=0.1
— — — 3=0.05 — — — &=0.05
(o]
0.2 0.4 0.6 0.8 1 (0] 0.2 0.4 0.6 0.8

Figure 3: Numerical approximations to p for Example 2.
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proposed method in [28] (e1(p) for no regularization method and e2(p) with
a regularization method) with the proposed LDG method (¢3(p)). In Table 3
the relative errors for different #* with N = 50 are compared. The proposed
method could generate more satisfactory results without any regularization
method. To verify the role of the final time 7', we depict p} for a = 0.95
with T'= 100, 10000 and § = 5%, 10%, 15% in Fig. 4. We can see that the
dependency of the results to final time 7" is almost unimportant, even when
T is very large, i.e., T = 10000. Without any regularization method, the
trace of the loss of stability does not appear.

Table 2: Comparison approximation solutions of Example 2 with the literature for various

Q.

a=0.1 a=0.3 a=0.5 a=0.7 a=20.9
5§=5% | e1(p) 0.0773 0.0880 0.1230 0.2651 0.8079
e2(p) 0.0331 0.0362 0.0393 0.0413 0.0431

ea(p) | 2.162 x 1076 1.9319 x 107° | 8.5698 x 107° | 3.33882 x 10~% | 0.001419157
§=10% | e1(p) 0.1545 0.1738 0.2436 0.5296 1.6159
ea2(p) 0.0634 0.0633 0.0662 0.0721 0.0812

e3(p) | 2.1600 x 107% | 1.9334 x 107° | 8.6232 x 107° | 3.51023 x 10~% | 0.002105562
§=15% | e1(p) 0.2322 0.2611 0.3658 0.7948 2.4241
2 (p) 0.0952 0.0943 0.0948 0.0721 0.1248

e3(p) | 2.1660 x 107°% | 1.9356 x 107° | 8.6557 x 107° | 3.96662 x 10~% | 0.002444287

Table 3: Comparison approximation solutions of Example 2 with the literature for various

T*.

*

z* | ei(p) | e2p) £3(p)

0.1 | 1.0010 | 0.1801 | 1.024501 x 103
0.2 | 0.9047 | 0.0661 | 8.97953 x 104
0.3 | 0.9197 | 0.0767 | 8.03529 x 104
0.4 | 0.9323 | 0.0694 | 7.96885 x 104
0.5 | 0.9222 | 0.0839 | 7.50627 x 104
0.6 | 0.9071 | 0.0761 | 7.92723 x 104
0.7 | 0.9147 | 0.1026 | 7.78528 x 104
0.8 | 0.9256 | 0.0974 | 7.55676 x 104

(1)-(3), with
0’ f(x) = x2’

Example 3. We test a none-smooth problem corresponding to
¢(x) = u(z,0) = sin(2nwz), ko(t) = uw(0,t) =0, k1 () = u(l,t) =
and
(t){2t+a7 t €[0,0.5],
-2t +2+a,t€(0.5,1].
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x 10" x 10°

2.5

exact

5=0.15

2t —=— 5=0.1

~ - — 3=0.05
1.5}
l -
05}

ok 0 —
0 20 40 60 80 100 O 2000 4000 6000 8000 210000

t t

Figure 4: Numerical approximations to p for Example 2 for T' = 100 (left) and T" = 10000
(right).

Since the exact solution of this problem is not accessible, we first solve a
direct problem using a suitable LDG method to obtain the input data g
then we solve the inverse problem using our method. In [28], the direct
problem has been solved by using an implicit finite difference (FD) method
but since p is not a smooth function we expect to have a none-smooth solution
and we decided to solve the direct problem using a LDG method too. We
have to point out that since in our method we face the sparse systems, the
computational complexity of both methods, i.e., FD and LDG is almost equal.
py for a = 0.5, 0.95 with noise levels 6 = 5%, 10%, 15% are presented in
Fig 5. Without applying any regularization methods, our results are in good
agreement with the results of [28]. The corresponding relative root mean
square errors are £(p) = 3.8300 x 1077, 6.2300 x 107, 9.4800 x 10~7 for
a = 0.5 and e(p) = 1.03320 x 1074, 2.33279 x 1074, 1.03320 x 10~* for
a = 0.95, which are considerably better than reported in [28].

Example 4. We test a discontinuous problem corresponding to (1)-(3), with
¢(x) = u(z,0) = sin(2rz), ko(t) = u(0,t) = 0, k1(t) = u(1,t) =0, f(z) = 22,
and
@ = {1, t € [0.25,0.75),
0, ¢ € [0,0.25) U (0.75, 1].

Since the exact solution of this problem is not accessible, we first solve a
direct problem using a suitable LDG method to obtain the input data g
then we solve the inverse problem using our method. In [28], the direct
problem has been solved by using an implicit finite difference method but
since p is not a continuous function we expect to have a discontinuous solution
and we decided to solve the direct problem using a LDG method too. We
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X*=0.5, a=0.5, N=200, M=200 X*=0.5, a=0.95, N=200, M=200
18
exact
16 5=0.15
—*—6=0.1
— - — 8=0.05

Figure 5: Numerical approximations to p for Example 3 with various a.

have to point out that since in our method we face the sparse systems, the
computational complexity of both methods, i.e., FD and LDG is almost equal.
pyp for a = 0.5, 0.95 with noise levels § = 5%, 10%, 15% are plotted in Fig
6. Without applying any regularization methods, our results are in good
agreement with the results of [28]. The corresponding relative root mean
square errors are £(p) = 4.1200 x 1077, 6.2300 x 107, 8.2700 x 10~7 for
a = 0.5 and ¢(p) = 8.8388 x 107°, 1.61535 x 10~%, 2.58527 x 10~* for
a = 0.95, which are considerably better than reported in [28].

X*=0.5, a=0.5, N=200, M=200 X*=0.5, a=0.95, N=200, M=200
1.2 1.2
1t {1 1t :
0.8 10.8 1
0.6 10.6 B
0.4t 40.4 i
0.2 10.2 1
exact exact
3=0.15 5=0.15
0 5=0.1 o 3=0.1
— — — 5=0.05 — — — 5=0.05
0.2 0.2
o 0.2 0.4 0.6 0.8 1 o 0.2 0.4 0.6 0.8 1

Figure 6: Numerical approximations to p for Example 4 with various a.
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5 Conclusion

In this paper, an inverse source problem for the time-fractional diffusion equa-
tion was solved numerically by using a local discontinuous Galerkin method.
In fact, we could extend a fully-discrete LDG finite element method for solv-
ing a class of time-fractional inverse problem. By applying this method with-
out using any regularization methods, we could obtain stable and accurate
numerical approximations to the time-dependent source term using an addi-
tional data in an interior measurement location. The numerical stability and
convergence of the proposed method have been investigated and theoretically
proven. Various numerical examples with smooth or none-smooth data and
maybe solutions have been verified to demonstrate the effectiveness and ro-
bustness of the proposed method. This outstanding and promising method
can be further applied to another one-dimensional or higher dimensional in-
verse problems which can be considered for the future works.
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