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in Iran.
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disciplines, pool their insight, knowledge and efforts by communicating via
this international journal.
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subject-qualified referees.
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Computing the eigenvalues of fourth
order Sturm-Liouville problems with

Lie Group method

H. Mirzaei∗

Abstract

In this paper, we formulate the fourth order Sturm-Liouville problem
(FSLP) as a Lie group matrix differential equation. By solving this ma-

trix differential equation by Lie group Magnus expansion, we compute the
eigenvalues of the FSLP. The Magnus expansion is an infinite series of mul-
tiple integrals of Lie brackets. The approximation is, in fact, the truncation
of Magnus expansion and a Gaussian quadrature are used to evaluate the

integrals. Finally, some numerical examples are given.

Keywords: Lie group method; Fourth order Sturm-Liouville problem; Mag-
nus expansion.

1 Introduction

A classical fourth order Sturm-Liouville equation, is a real fourth order linear
differential equation of the form

(p(x)y′′(x))′′ − (q1(x)y
′(x))′ + q2(x)y(x) = λw(x)y(x), (1)

where p(x), q1(x), q2(x) and w(x) are given continuous functions on the finite
interval [a, b]. Usually the equation (1) isaccompanied with four boundary
conditions of the form

A1u(a) +A2v(a) = 0, B1u(b) +B2v(b) = 0, (2)

where u = [y, y′], v = [py′′, (py′′)′+q1y
′], A1, A2, B1 and B2 are real matrices

of order 2, such that

∗Corresponding author
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2 H. Mirzaei

A1A
T
2 = A2A

T
1 , B1B

T
2 = B2B

T
1 ,

and the matrices (A1 : A2) and (B1 : B2) have rank 2, see [8, 9]. The equa-
tion (1) with boundary conditions (2) is called fourth-order Sturm-Liouville
problem (FSLP). If λ is such that the FSLP has a nontrivial solution, then
λ is called an eigenvalue and nontrivial solution for corresponding to λ is
called an eigenfunction. The set of all eigenvalues of FSLP called the spec-
trum. We assume that the interval (a, b) is finite and coefficient functions
r = 1

p , w, q1, q2 are real and belong to L1(a, b). The classical results of self-
adjoint Sturm-Liouville problem states that under this assumptions the eigen-
values are bounded below and can be ordered as

λ0 < λ1 < λ2 < · · · , (3)

where limk→∞ λk =∞, see [8–10].

FSLP arise in mathematical modeling of motion for the transversely vi-
brating Beam. In fact, the equation (1) is the standard form of Euler-
Bernoulli Beam equation, see [7]. Moan [15] approximates the eigenvalues
of second order Sturm-Liouville problems using Lie group methods. Ledoux
and et al. [17] introduced a modified Magnus method for numerical solution of
one dimensional Schrodinger eigenvalue problem. In [1] the Homotopy anal-
ysis method (HAM) is applied to numerically approximate the eigenvalues of
the second and fourth order Sturm-Liouville problem. For further schemes
to study FSLP, we refer to [2, 5, 10].

Let u1 = y, u2 = y′, u3 = py′′, u4 = (py′′)′ − q1y
′. Then we have the

matrix representation of equation (1) and boundary conditions (2):{
U ′ = G(x)U
AU(a) +BU(b) = 0,

(4)

where

G(x) =


0 1 0 0

0 0 r(x) 0

0 q1(x) 0 1

λw(x)−q2(x) 0 0 0

 (5)

U = [u1, u2, u3, u4], A =

(
A1 A2

02 02

)
, B =

(
02 02

B1 B2

)
.

The paper is organized as follows. In Section 2, we introduce Lie group
and Magnus expansion. In Section 3, we present the numerical procedure of
Magnus expansion for solving matrix differential equations. In Section 4, we
apply the Magnus expansion for computing eigenvalues of FSLP. In Section
5, some numerical examples are given.
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2 Magnus expansion

The concept of Lie group was first proposed by Sophus Lie in 1893 to study
transformation groups [13]. A Lie group (G, .) is a differentiable manifold
that also has the algebraic structure of a group. For a given Lie group G, the
tangent space at identity is called the Lie algebra of G and denoted by g. A
binary operation [., .] : g×g→ g is called the Lie bracket. Let x, y ∈ g, then
the Lie bracket [x, y] is defined as

[x, y] = xy − yx. (6)

The operator (6) is bilinear, anti symmetric and satisfy the Jacobi identity,

[[x, y], z] + [[y, z], x] + [[z, x], y] = 0, (7)

for all x, y, z ∈ g. The Lie algebra g is a vector space under Lie bracket (6).
An important special case of Lie group is the Special Lie group (SL(F, n)).
Let Fn×n be the set of all n× n matrices with entries in F . The set

SL(F, n) = {y ∈ Fn×n,det y = 1}. (8)

The usual matrix multiplication has the structure of a Lie group and is
called the Special Linear group. The corresponding Lie algebra sl(F, n) of
this group is the set of all n × n matrices with zero trace. The Lie bracket
in this case is [A,B] = AB − BA, for A,B ∈ sl(F, n). For more details
see [4, 11,16,22].

The Lie group is the differentiable manifold, therefor we can study or-
dinary differential equations on a Lie group. A system of linear ordinary
differential equations on SL(F, n) have the form [11,22]

y′ = G(x)y, tr(G(x)) = 0←→ det y = 1. (9)

Iserles and Nörset [11] studied the solution of the linear matrix differential
equation by the Lie group. In [22] the author introduce the collocation and
Runge kutta type methods for the Lie group and present algebraic formulae
for coefficients of these methods. Ros et al. [3], studied the Magnus expansion
and some of its application in linear system of differential equations. The
Magnus expansion represents the solution of (9) in the form

y(x) = eσ(x)y0 (10)

where y0 is the initial data of the problem (9) and

σ(x) =

∫ x

a

G(s)ds+
1

2

∫ x

a

∫ s

a

[G(s), G(u)]duds

+
1

4

∫ x

a

∫ s

a

∫ u

a

[G(s), [G(u), G(v)]]dvduds
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+
1

12

∫ x

a

∫ s

a

∫ s

a

[[G(s), G(u)], G(v)]dvduds+ ... (11)

In practice, we have to consider only a finite number of terms in expansion.
The following theorem denotes the order of this approximation:

Theorem 1. (Adapted from Theorem 6 in [11]) Let ∥G(h)∥ = O(hk), then

∥σ(h)−
p∑

i=1

σi(h)∥ = O(h(p+1)(k+1)+1), (12)

where

σ1 =

∫ h

0

G(s)ds,

σ2 =
1

2

∫ h

0

∫ s

0

[G(s), G(u)]duds,

σ3 =
1

4

∫ h

0

∫ s

0

∫ u

0

[G(s), [G(u), G(v)]]dvduds

+
1

12

∫ h

0

∫ s

0

∫ s

0

[[G(s), G(u)], G(v)]dvduds,

Moreover, if σ is an approximation of σ such that ∥σ − σ∥ ≤ O(hq) then

∥eσ(h) − eσ(h)∥ ≤ O(hq).

In this paper we suppose that p = 3, and approximate σ(h) as follows

σ(h) ≃ σ(h) =

∫ h

0

G(s)ds+
1

2

∫ h

0

∫ s

0

[G(s), G(u)]duds

+
1

4

∫ h

0

∫ s

0

∫ u

0

[G(s), [G(u), G(v)]]dvduds

+
1

12

∫ h

0

∫ s

0

∫ s

0

[[G(s), G(u)], G(v)]dvduds. (13)

We explain the error of Magnus expansion for FSLP by the following Re-
marks.

Remark 1. By Theorem 1, if ∥ G(h) ∥= O(1) then the numerical Mag-
nus series scheme produces an (at least) local order O(h5) approximation
of σ. A Magnus series integrator with local order p will have global order
p − 1 [12], thus Theorem 1 guarantees (at least) error of order O(h4) (if
∥ G(h) ∥= O(1)).

Remark 2. In FSLP the coefficient matrix G is also a function of eigenvalue



..

G
al
le
y
P
ro
of

Computing the eigenvalues of fourth order Sturm-Liouville problems ... 5

λ and for large eigenvalues, the norm of matrix G is : ∥G∥ = O(λ). Thus for
large eigenvalues, the error is of order O(λh4).

3 Numerical procedure

The first step for computing the solution y(x) = eσ(x)y0 by Magnus series is
the truncation of the series (11). As mentioned before we use only four terms
(13). Next, we apply a numerical integration method for approximating the
integrals (13). Here we use the two point Gaussian integration method. Thus
we have ∫ h

0
G(x)dx ≃ h

2 (G(c1h) +G(c2h)),∫ h

0

∫ k

0
[G(k), G(ξ)]dξdk ≃ −

√
3
6 h2[G(c1h), G(c2h)],

1
4

∫ h

0

∫ s

0

∫ u

0
[G(s), [G(u), G(v)]]dvduds

+ 1
12

∫ h

0

∫ s

0

∫ s

0
[[G(s), G(u)], G(v)]dvduds

≃ h3

80 [[G(c1h), G(c2h)], G(c1h)−G(c2h)],

(14)

Substituting (14) in (13) we obtain

σ(h) =
h

2
(G(c1h) +G(c2h))−

√
3

12
h2[G(c1h), G(c2h)]

+
h3

80
[[G(c1h), G(c2h)], G(c1h)−G(c2h)] (15)

where c1 = 1
2−

√
3
6 , c2 = 1

2+
√
3
6 are the nods of Gaussian quadrature, see [11].

Finally by Matlab software we compute y(h) ≃ eσ(h)y0. For computing y(x)
in interval [a, b] we divide the interval [a, b] into n subintervals with length
h = b−a

n and use the following iterative process

Y (xi) = eσ(xi)Y (xi−1), Y (a) = Y0, xi = a+ ih. (16)

4 Eigenvalues of fourth order Sturm-Liouville problem

In this section, we formulate the fourth order Sturm-Liouville problem as the
Lie group matrix differential equation and find the eigenvalues. For solving
the system (4) and finding the eigenvalues of FSLP, we consider the matrix
differential equation
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Y ′ = G(x)Y, Y (a) = I4. (17)

Theorem 2 [14]. If Φ(x) is a solution of the matrix differential equation
X ′ = G(x)X on an interval J and if τ is any point of J , then

∀τ, x ∈ J,detΦ(x) = detΦ(τ)exp[

∫ x

τ

tr(G(s))ds]. (18)

From (5) it is clear that tr(G(x)) = 0, and by Theorem 2 for any solution
Y (x) of system (17) we have

detY (x) = detY (a)exp[

∫ x

a

tr(G(s))ds] = 1.

Thus system (17) is a system of matrix differential equations on the Lie
Group SL(R4, 4). Therefore we can solve the system (17) by Magnus expan-
sion. Let Y (x) be a solution of (17) for x ≥ a, then the solution of the system
(4) with initial condition U(a) is

U(x) = Y (x)U(a). (19)

Thus, U(b) = Y (b)U(a). Following U(b) in the boundary condition (4) we
obtain

AU(a) +BY (b)U(a) = 0 =⇒ [A+BY (b)]U(a) = 0.

The initial condition U(a) is nonzero if U(a) = 0, then we have the trivial
solution U = 0, thus determinant of the coefficient matrix A + BY (b) must
be zero. This determinant is a function of λ and the eigenvalues of the FSLP
are roots of equation:

F (λ) := det(A+BY (b)) = 0. (20)

Equation (20) is the main equation of this paper. In fact, this equation is
the characteristic equation of the fourth order Sturm-Liouville problem. For
solving system (17) and computing Y (b) by Magnus expansion, we need the
brackets in (15). For FSLP these brackets are as follows

[G(s), G(u)] =
0 0 r(u)−r(s) 0

0 r(s)q1(u)−r(u)q1(s) 0 r(s)−r(u)

0 0 r(u)q1(s)−r(s)q1(u) 0

0 0 0 0


+ {λ(w(u)− w(s)) + (q2(s)− q2(u))}


0 0 0 0

0 0 0 0

1 0 0 0

0 −1 0 0

 ,
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[[G(s), G(u)], G(s)−G(u)] =
0 0 0 0

0 0 2(r(s)−r(u))(r(s)q1(u)−r(u)q1(s)) 0

0 2(q1(s)−q1(u))(r(u)q1(s)−r(s)q1(u)) 0 0

0 0 0 0


+ (r(u)− r(s))(q1(s)− q1(u))


0 1 0 0

0 0 0 0

0 0 0 1

0 0 0 0


+ 2(r(s)− r(u)){λ(w(s)− w(u)) + (q2(u)− q2(s))}


0 0 0 0

1 0 0 0

0 0 0 0

0 0 1 0

 .

For computing Y (xi) and finally Y (b) for finding the characteristic equa-
tion (20), we should compute eσ(xi) which σ(xi) is a matrix function of un-
known parameter λ. In general, we can not obtain eσ(xi) explicitly. But for
any given real number λ, we can compute it by Matlab or Maple software.
For solving this problem, we limit the parameter λ into interval [λ0, λ

∗] and
find the eigenvalues of the FSLP in this interval. For this purpose, we divide
interval [λ0, λ

∗] into m subintervals λ0 < λ1 < ... < λm = λ∗ with length
h′ = λ∗−λ0

m and consider the following algorithm:

1. i = 0,

2. Compute Y (b) for λ = λi with iterative process (8),

3. Compute Di = det(A + BY (b)), if Di = 0, then λi is an eigenvalue, if
DiDi+1 > 0 go to step 4. If DiDi+1 < 0, we have eigenvalue in interval
[λi, λi+1]. By applying Bisection method for function
F (λ) = det(A+BY (b)), we compute the eigenvalues in [λi, λi+1].

4. i = i+ 1, if i ≤ m go to step 2, if i > m go to step 5,

5. End.

Remark 3. We can not obtain the explicit form of characteristic function
F (λ), but we can compute the values of F (λ) for any given real number λi.
On the other hand by (3) the roots of F (λ) is simple hence the convergence of
Bisection method is guaranteed. Thus in step 3 we use the Bisection method.
Also, we can apply other numerical methods for computing the roots of F (λ).

Example 1. Consider the fourth-order Sturm-Liouville problem

y(4) − (0.02x2y′)′ + (0.0001x4 − .02)y(x) = λy(x), x ∈ [0, 5], (21)

with the boundary conditions
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y(0) = 0 = y′′(0), y(5) = 0 = y′′(5). (22)

It is easy to show that the eigenvalues of this problem are the square of
the eigenvalues of second order Sturm-Liouville problem

−u′′(x) + 0.01x2u(x) = µu(x), x ∈ [0, 5],
u(0) = 0 = u(5).

(23)

The eigenvalues of problem (23) can be computed with Matslise [18]. We solve
the problem (21) and (22) using Magnus expansion with n = 500 (h = 0.01)
and approximate the eigenvalues in interval [0, 650]. In Table 1 we listed the
first 8 eigenvalues and compared them with other methods.

In this example, for lower eigenvalues ∥G∥ = O(1), thus by Theorem 1
and Remark 1, we have error of order (at least) O(h4). For large eigenvalues
∥G∥ = O(λ) such that we must have error of order (at least) O(λh4). The
absolute errors in Table 1 confirm this order of error. If we compare the
results with reference solution [18], it is obvious that our results is better
than results of [1, 2, 5]. The Homotopy method [1], for eigenvalue λ5 has
large error. Also for eigenvalues λ6 and λ7 the errors on [2] are larger.

Table 1: Eigenvalues and absolute errors △λk of Example 1

λk Matslise [18] △λk Our method △λk [1] △λk [2] △λk [5]
0.2150508644 2.9E − 11 4.4E − 9 7.0E − 11 2.8E − 13
2.7548099347 1.8E − 10 1.1E − 6 8.3E − 11 3.0E − 12
13.2153515406 2.1E − 11 4.4E − 5 5.8E − 11 4.2E − 11
40.9508197592 4.7E − 10 2.6E − 3 6.1E − 11 4.1E − 7
99.0534780635 5.2E − 9 3.5E − 1 7.5E − 8
204.355732268 2.4E − 7 11.3 1.2E − 3
377.430420689 7.6E − 6 12.73
642.590868170 3.4E − 5 215.5

Example 2. We consider problem (21) in Example 1 with the different
boundary conditions

y(0) = 0 = y′(0), y(5) = 0 = y′(5).

For the Magnus expansion result with n = 500, see Table 2. For this
problem, we don’t have the exact eigenvalues, but since the equation of this
example is the same equation of the Example 1, we expect the same error
order of Example 1. Also there is an agreement between the results of our
method and the other methods in Table 2.

Eexample 3. Consider the following Clamped-Clamped Euler-Bernoulli
beam:
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Table 2: Eigenvalues of Example 2

λk Our method λk [5] λk [2] λk [19] λk [20]
0.86690250 0.86690250 0.86690250 0.86690250 0.86690250
6.35768645 6.35768645 6.35768645 6.35768645 6.35768645
23.99274685 23.99274698 23.99274685 23.99274685 23.99274685
64.97866759 64.97863592 64.97866760 64.97866759 64.97866761
144.28062714 144.28062804 144.28062684 144.28062693
280.60096225 280.58602048 280.60096700 280.60096374
496.38280690

((1 + x)
3
2u′′(x))′′ = λ(1 + x)

−1
2 u(x), 0 ≤ x ≤ 1,

u(0) = 0 = u′(0), u(1) = 0 = u′(1).
(24)

Problem (24) has the same spectrum as the following uniform Euler-
Bernoulli beam problem:

v(4)(s) = λv(s), 0 ≤ s ≤ L, L = 2(
√
2− 1),

v(0) = 0 = v′(0), v(L) = 0 = v′(L).
(25)

We called that the problems (24) and (25) are isospectral. For isospectral
beam equation see chapter 12 in [7] and papers [6, 21]. The eigenvalues of
uniform beam (25) are the roots of the equation

cos(β)cosh(β)− 1 = 0, λ = (
β

L
)4, β ̸= 0. (26)

We compute the eigenvalues of problem (24) by Magnus expansion with n =
300 and compare them with exact solution of equation (26) in Table 3. This
problem has large eigenvalues such that ∥G∥ = O(λ). Thus the errors are of
order O(λh4) and the results in Table 3 confirm the error order of Theorem
1 and Remarks 1 and 2.

Table 3: Eigenvalues and absolute errors △λk of Example 3

k λk Our method λk Exact △λk

1 1062.777339630 1062.777339606 2.4E − 8
2 8075.518441201 8075.518441201 4.5E − 10
3 31035.57009892 31035.57010021 1.3E − 6
4 84807.08316091 84807.08315850 2.4E − 6
5 189248.7474113 189248.7474331 2.2E − 5
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5 Conclusion

In this paper, a method based on the Magnus Lie group method developed,
which can be used to compute the eigenvalues of the FSLP. Numerical ex-
amples were given to confirm the efficiency and accuracy of the method.
Although the error grows for large eigenvalues, however the examples show
that comparing to the other methods, our method has good accuracy for large
eigenvalues. Example 3 shows that this algorithm is applicable for computing
the eigenvalues of nonuniform Euler-Bernoulli beam equations. Ledoux [17],
presented a modified Magnus method and obtained the large eigenvalues of
second order Sturm- Liouville problem with error of order O( 1λ ). It can be
an open problem that one may modify the method of this paper in order to
improve the results for higher index of eigenvalues.
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Stability Analysis of Conformable
Fractional Systems

H. Rezazadeh, H. Aminikhah∗, and A.H. Refahi Sheikhani

Abstract

In this paper, we investigate stability analysis of fractional differential
systems equipped with the conformable fractional derivatives. Some stabil-
ity conditions of fractional differential systems are proposed by applying the
fractional exponential function and the fractional Laplace transform. More-

over, we check the stability of conformable fractional Lotka-Volterra system
with the multi-step homotopy perturbation method to demonstrate the effi-
ciency and effectiveness of the proposed procedure.

Keywords: Stability analysis; Asymptotical stability; Conformable frac-
tional derivative; Lotka-Volterra system.

1 Introduction

Fractional differential equations are generalizations of classical differential
equations of integer order that have recently proved to be valuable tools
for the modelling of many physical phenomena, and have been the focus of
many studies due to their frequent appearances in various applications, such
as physics, biology, finance and fractional dynamics, engineering, signal pro-
cessing and control theory [8, 12]. Finding solutions to fractional differential
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systems is rather complicated, consequently, the stability results of the frac-
tional differential systems have been the main goal of the previous studies.
For example, Matignon considers the stability of fractional differential sys-
tems in control processing [11], Deng has studied the stability of fractional
differential system with multiple time delays [6] and we have investigated the
stability of fractional differential systems with Hilfer derivatives [15]. More
novelty, authors in [3, 4, 14] studied stability analysis of distributed order
fractional differential equations with respect to the nonnegative density func-
tion. There are many definitions of fractional derivatives, such as Riemann-
Liouville, Grunwald-Letnikov and Caputo’s fractional derivatives [12], which
these fractional derivatives do not satisfy the product rule, the quotient rule
and the chain rule. In 2014, to overcome these and other difficulties, Khalil
et al. [7] introduced a new simple well-behaved definition of the fractional
derivative called conformable fractional derivative. This fractional deriva-
tive is theoretically very easier to handle and also obeys some conventional
properties that cannot be satisfied by the existing fractional derivatives, for
instance, the chain rule [1]. However this fractional derivative has a weak-
ness, which is the fractional derivative of any differentiable function at point
zero.

In this paper, we shall describe stability conditions for conformable frac-
tional differential systems. In particular our analysis covers the linear con-
formable fractional differential systems with commensurate order and in-
commensurate order and the nonlinear conformable fractional differential
system. At first, stability conditions will be established using fractional
exponential function for linear conformable fractional differential systems,
corresponding to this result we will derive asymptotic stability for the non-
linear conformable fractional system. Then, we produce sufficient conditions
for asymptotical stability of in-commensurate linear conformable fractional
differential system by of the fractional Laplace transform and the fractional
final value theorem. Finally, we present the multi-step homotopy perturba-
tion method for obtain approximate analytical solution and stability of the
conformable fractional Lotka-Volterra system to illustrate the validity of the
results.

2 Conformable fractional derivative

Here, some basic definitions and properties of the conformable fractional cal-
culus theory which can be found in [1, 2, 7] are presented.

Definition 1. Let f : (0,∞) → R, then, the conformable fractional deriva-
tive of f of order α is defined as [7]
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tTα (f) (t) = lim
ε→0

f(t+ εt1−α)− f(t)

ε
, (1)

for all t > 0, α ∈ (0, 1).
If f is α-differentiable in some (0, a), a > 0, and lim

t→0+
tTα (f) (t) exists, then

by definition

tTα (f) (0) = lim
t→0+

tTα (f) (t). (2)

The new definition satisfies the properties which are given in the following
theorem.

Theorem 1. Let α ∈ (0, 1], and f, g be α-differentiable at point t, then [7]

(i) tTα(af + bg) = a tTα(f) + b tTα(g), for all a, b ∈ R.

(ii) tTα(t
µ) = µ tµ−α, for all µ ∈ R.

(iii) tTα(fg) = f tTα(g) + g tTα(f).

(iv) tTα(
f
g ) = g t Tα(f)−f t Tα(g)

g2 . In addition, if f is differentiable, then

tTα(f)(t) = t1−α df
dt .

In [1] T. Abdeljawad established the chain rule for conformable fractional
derivatives as following theorem.

Theorem 2. Let f : (0,∞) → R be a function such that f is differen-
tiable and also α-differentiable. Let g be a function defined in the range of f
and also differentiable; then, one has the following rule

tTα(fog)(t) = (tTαf) (g(t)) (tTαg) (t) g(t)
α−1. (3)

If t = 0, then

tTα(fog)(0) = lim
t→0+

(tTαf) (g(t)) (tTαg) (t) g(t)
α−1.

The fractional exponential function plays a very important role in the con-
formable fractional differential equations. The fractional exponential function
e

1
α tα , where 0 < α ≤ 1, is defined by the following series representation,

e
1
α tα =

∞∑
k=0

tαk

αkk!
.

Now, we list here the fractional derivatives of certain functions [7]

(i) tTα(e
1
α tα) = e

1
α tα ,
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(ii) tTα(sin
1
α t

α) = cos 1
α t

α,

(iii) tTα(cos
1
α t

α) = − sin 1
α t

α,

(iv) tTα(
1
α t

α) = 1.

On letting α = 1 in these derivatives, we get the corresponding ordinary
derivatives.

Definition 2. (Fractional Integral) [7] Let a ≥ 0 and t ≥ a. Also, let f
be a function defined on (a, t] and α ∈ (0, 1]. Then, the α-fractional integral
of f is defined by,

t I
α
a f(t) =

∫ t

a

f(x)

x1−α
dx, (4)

if the Riemann improper integral exists.

Theorem 3. (Integration by parts) [1], Let f, g : [0, b] → R be two func-
tions such that fg is differentiable. Then∫ b

0

f(t) tTα (g) (t) dα(t) = fg
∣∣b
0
−
∫ b

0

g(t) tTα (f) (t) dα(t), (5)

where dα(t) = tα−1dt.

It is interesting to observe that the α-fractional derivative and the α-
fractional integral are inverse of each other as given in [7].

Theorem 4. (Inverse property). Let α ∈ (0, 1] and f be a continuous
function such that t I

α
0 f exists. Then

tTα(t I
α
0 f)(t) = f(t), for t ≥ 0.

Definition 3. (fractional Laplace transform) [1] Let 0 < α ≤ 1 and
f : [0,∞) → R be real valued function. Then the fractional Laplace trans-
form of order α starting from a of f is defined by,

Lα{f(t)} = Fα(s) =

∫ ∞

0

e−s tα

α f(t) dα(t), (6)

where dα(t) = tα−1dt.

Fractional Laplace transform for certain functions are presented as fol-
lows [1]
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⋄ Lα{1} = 1
s , s > 0.

⋄ Lα{tp} = αp/α

s1+p/αΓ(1 +
1
α ), s > 0.

⋄ Lα{e
tα

α } = 1
s−1 , s > 1.

⋄ Lα{sin 1
α t

α} = 1
s2+1 , s > 1.

⋄ Lα{cos 1
α t

α} = s
s2+1 , s > 1.

Furthermore, using the properties of the fractional exponential function
and integration by parts, we have

Lα{tTα (f) (t)} = s Fα(s)− f(0). (7)

Next we prove a fractional version of final value theorem which will be
useful is studying stability of conformable fractional systems.

Theorem 5. (final value theorem) Let Fα(s) be the fractional Laplace trans-
form of the function f(t). If all poles of sFα(s) are in the open left-half plane,
then,

lim
t→∞

f(t) = lim
s→0

sFα(s). (8)

Proof. By using formula (7) we arrive at the following relation

lim
s→0

Lα{tTα (f) (t)} = lim
s→0

(s Fα(s)− f(0)) = lim
s→0

(s Fα(s))− f(0). (9)

Consider now the first term only. Since s is independent of t, the order of
integrating and taking the limit can be interchanged

lims→0 Lα{tTα (f) (t)} = lims→0

∫∞
0

e−s tα

α tTα (f) (t) dα(t)

=
∫∞
0

[
lims→0 e

−s tα

α

]
tTα (f) (t) dα(t)

=
∫∞
0 tTα (f) (t) dα(t).

(10)

Taking the integration in the last term of (10), implies that∫ ∞

0
tTα (f) (t) dα(t) = lim

t→∞
(f(t)− f(0)) . (11)

Finally, using (9) and (11), we have

lim
s→0

(s Fα(s))− f(0) = lim
t→∞

(f(t)− f(0)) .
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Neither term on the right-hand side depends on s, so we can remove the limit
and simplify, resulting in the final value theorem

lim
s→0

s Fα(s) = lim
t→∞

f(t).

3 Stability analysis of linear conformable fractional
differential system

In this section, we consider the stability of the following linear conformable
fractional differential system

tTα x(t) = Ax(t), t > 0, x(0) = x0, (12)

where x ∈ Rn, matrix A ∈ Rn×n, x0 = (x10, x20, . . . , xn0)
T , and α =

[α1, α2, . . . , αn] such that 0 < αi ≤ 1, for i = 1, 2, . . . , n.

Remark 1. If α = α1 = α2 = · · · = αn, then system (12) is called a com-
mensurate order system, otherwise system (12) indicates an in-commensurate
order system.

Definition 4. The zero solution of linear conformable fractional differen-
tial system (12) is said to be stable if, for any initial value x0, there exists
an ε > 0 such that ∥x(t)∥ ≤ ε for all t > t0. The zero solution is said to be
asymptotically stable if, in addition to being stable, ∥x(t)∥ → 0 as t→∞.

Now we state stability theorems from commensurate order system, next
produce conditions for asymptotical stability of the in-commensurate order
system.

Theorem 6. The solution to the linear commensurate order system (12)
is given by

x(t) = x0 e
1
αAtα , (13)

where the solution is assumed to be differentiable on (0,∞).

Proof. Taking the fractional Laplace transform of (12), by formula (7), we
have that

sXα(s)− sx0 = AXα(s),

so that
Xα(s) = x0(sI −A)−1. (14)

Now, by applying the fractional Laplace transform of the fractional exponen-
tial function, we obtain the claimed result.
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Definition 5. If all the eigenvalues of A satisfy

|arg(λ(A)| > π

2
, (15)

then A is said to be Hurwitz stable. If all the eigenvalues of A satisfy

|arg(λ(A)| ≥ π/2, (16)

and if |arg(λj0(A)| = π/2, λj0 only correspond to simple elementary divisor
of A, then A is said to be quasi-stable.

Theorem 7.The zero solution of the conformable fractional differential sys-
tem (12) is asymptotically stable if and only if A is a Hurwitz stable, and the
zero solution of system (12) is stable but not asymptotically stable if and only
if A is quasi-stable.

Proof. According to the relation (13), we have

x(t) = x0 e
1
αAtα .

Let A = SJS−1, J is a Jordan canonical form, where Ji, 1 ≤ i ≤ r has the
following form

Ji =



λi 1

λi
. . .

. . .
. . .

λi 1
λi


ni×ni

, λi ∈ C,

and
∑r

i=1 ni = n. Then,

e
1
αAtα = e

1
αSJS−1tα = S e

1
αJtα S−1,

e
1
αJtα = diag

(
e

1
αJ1t

α

, e
1
αJ2t

α

. . . , e
1
αJrt

α
)
,

e
1
αJjt

α

=



1 1
α t

α 1
α2

t2α

2! · · ·
1

αnj−1
t(nj−1)α

(nj−1)!

0 1 1
α t

α · · · 1
αnj−2

t(nj−2)α

(nj−2)!

0 0
. . .

. . .
...

...
... · · · 1 1

α t
α

0 0 · · · 0 1


nj×nj

e
1
αλjt

α

.

One can easily show that the stability of zero solution of system (12) is

determined by the boundedness of e
1
αAtα , or the boundedness of e

1
αJtα or the
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boundedness of all e
1
αJjt

α

j = 1, 2, . . . , r i.e., |arg(λj(A)| ≥ π/2, and when
|arg(λj(A)| = π/2, nj = 1, i.e., A is quasi-stable. Asymptotical stability of
the zero solution of system (12) is given by

lim
t→+∞

e
1
αAtα = 0,

or
lim

t→+∞
e

1
αJtα = 0,

which is equivalent to

lim
t→+∞

e
1
αJjt

α

= 0, (j = 1, 2, . . . , r).

That is,

lim
t→+∞



1 1
α t

α 1
α2

t2α

2! · · ·
1

αnj−1
t(nj−1)α

(nj−1)!

0 1 1
α t

α · · · 1
αnj−2

t(nj−2)α

(nj−2)!

0 0
. . .

. . .
...

...
... · · · 1 1

α t
α

0 0 · · · 0 1


nj×nj

e
1
αλjt

α

= 0, ∀j = 1, 2, . . . , r,

and thus |arg(λj(A)| > π/2 (j = 1, 2, . . . , n) implying that A is a Hurwitz
matrix. The proof is complete.

Remark 2. If there is a λ0 such that |arg(λ0)| < π/2, then zero solution of
system (12) is unstable.

Remark 3. If A has zero eigenvalue, then zero solution of system (12)
is unstable.

Proof. If λ = 0, then from the proof of Theorem 7, we have

1

(j − 1)!

{(
∂

∂λ

)j−1

e
1
αλtα

}∣∣∣∣∣
λ=0

=
t(j−1)α

(j − 1)!α(j−1)
, j = 1, 2, . . . , ni, 1 ≤ i ≤ r.

It is obvious that lim
t→∞

t(j−1)α

(j−1)!α(j−1) =∞ for j ≥ 1. Thus, lim
t→∞

∥x(t)∥ =∞.

Now, we consider an in-commensurate linear conformable fractional dif-
ferential system

tTα1 x1(t) = a11x1(t) + a12x2(t) + · · ·+ a1nxn(t),

tTα2 x2(t) = a21x1(t) + a22x2(t) + · · ·+ a2nxn(t),
...

...

tTαn xn(t) = an1x1(t) + an2x2(t) + · · ·+ annxn(t),

(17)
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where xi(0) = xi0 and 0 < αi ≤ 1 for i = 1, 2, . . . , n.

We study the stability of system (17) by applying the fractional Laplace
transforms on both sides of this system, we have

sXαi(s)− xi0 =
n∑

j=1

aijXαi(s), (18)

for i = 1, . . . , n, where Xαi(s) is the fractional Laplace transform of xi(t).
We can rewrite (18) as follows

∆(s).


Xα1(s)
Xα2(s)
...

Xαn(s)

 = x0. (19)

in which

∆(s) =


∆11(s) ∆12(s) . . . ∆1n(s)
∆21(s) ∆22(s) . . . ∆2n(s)

...
...

. . .
...

∆n1(s) ∆n2(s) · · · ∆nn(s)

 ,

where

∆ij(s) =

{
s− aii if i = j,
−aij otherwise.

and x0 = (x10, x20, . . . , xn0)
T . For simplicity, we call ∆(s) a characteristic

matrix of (17), moreover det(∆(s)) = 0 is the characteristic equation of sys-
tem (17). Now, we express the main theorem for checking the stability of
system (17).

Theorem 8. If all roots of det (∆(s)) = 0 have negative real parts, then
zero solution system of (17) is asymptotically stable.

Proof. Multiplying s on both sides of (19) gives, we have

∆(s).


sXα1(s)
sXα2(s)
...

sXαn(s)

 = sx0. (20)

if all roots of the det (∆(s)) = 0 lie in open left half complex plane (i.e.
ℜ(s) < 0), then, we consider (20) in ℜ(s) ≥ 0. In this restricted area, the
relation (20) has a unique solution sX(s) = (sXα1(s), sXα2(s), . . . , sXαn(s)).
Since lim

s→0
s = 0, so we have
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lim
s→0,ℜ(s)≥0

sXαi(s) = 0, i = 1, 2, . . . , n

which from the Theorem 5, we get

lim
t→∞

x(t) = lim
t→∞

(x1(t), x2(t), . . . , xn(t)) = lim
s→0

(sXα1(s), sXα2(s), . . . , sXαn(s)) = 0.

The above result shows that system (17) is asymptotically stable.

The inertia of a matrix is the triplet of the numbers of eigenvalues of A
with positive, negative, and zero real parts. Now, we generalize the inertia
concept for analyzing the stability of fractional linear system.

Definition 6. The inertia of the system (17) is the triple

In(α)(A) = (πn(α)(A), νn(α)(A), δn(α)(A)),

where πn(α)(A), νn(α)(A) and δn(α)(A) are, respectively, the number of roots
of det (∆(s)) = 0 with positive, negative, and zero real parts.

Theorem 9.The linear conformable fractional differential system (17) is
asymptotically stable if any of the following equivalent conditions holds.
(i) The matrix A is a Hurwitz matrix.
(ii) πn(α)(A) = δn(α)(A) = 0.
(iii) All roots of the characteristic equation of system (17) satisfy |arg(s)| >
π/2.

Proof. According to Theorem 8 and Definition 5, proof can be easily ob-
tained.

4 Stability of non-linear conformable fractional
differential systems

In this section, we will mainly discuss the stability of a nonlinear conformable
fractional differential system, which can be described by

tTα X(t) = F (X(t)), t > 0, 0 < α ≤ 1, (21)

with the initial value X(0) = X0, where

F (X(t)) =


f1(x1(t), x2(t), . . . , xn(t))
f2(x1(t), x2(t), . . . , xn(t))

...
fn(x1(t), x2(t), . . . , xn(t))

 ,
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and X(t) = (x1(t), x2(t), . . . , xn(t))
T ∈ Rn.

Theorem 10. Let X̂(t) = (x̂1(t), x̂2(t), . . . , x̂n(t))
T is the equilibrium of

system (21), i.e. tTαX̂ = F (X̂) = 0 and J =
(
∂F
∂X

)∣∣
X=X̂

is the Jacobian

matrix at the point X̂, then the point X̂ is asymptotically stable if and only
if J is a Hurwitz matrix.

Proof. Let ζ(t) = X(t) − X̂, where ζ(t) = (ζ1(t), ζ2(t), . . . , ζn(t)) is a small
disturbance from a fixed point. Therefore

tTα ζ(t) = tTα

(
X(t)− X̂

)
, (22)

since tTα

(
X(t)− X̂

)
= tTαX(t)− tTαX̂, and tTαX̂ = 0, thus, we have

tTαζ(t) = tTαX(t) = F (X(t)) = F (ζ(t) + X̂)

= F (X̂) + Jζ(t) + higher order terms

≈ Jζ(t).

System (22) can be written as

tTαζ(t) ≈ Jζ(t), (23)

with the initial value ζ(0) = X0 − X̂. The analytical procedure of lineariza-
tion is based on the fact that if the matrix J has no purely imaginary eigen-
values, then the trajectories of the nonlinear system in the neighborhood
of the equilibrium point have the same form as the trajectories of the lin-
ear system [17]. Hence, by applying Theorem 7 the linear system (23) is
asymptotically stable if and only if all roots of the characteristic function
of J satisfy |arg(λ(J)| > π/2, which implies that the equilibrium X̂ of the
nonlinear conformable fractional system (21) is as asymptotically stable.

Remark 4. The nonlinear conformable fractional system (22) in the point
X̂ is asymptotically stable if and only if πn(α)(J) = δn(α)(J) = 0.

5 The multi-step homotopy perturbation method

The homotopy perturbation method (HPM) was proposed by He [10] in 1999.
This method has been used by many mathematicians and engineers to solve
various functional equations. Although the HPM yields a solution series
which converges very rapidly in most linear and nonlinear equations, in the
case of a large time interval t it may produce a large error. To overcome this
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shortcoming, the multi-step homotopy perturbation method (MHPM) was
presented in [5], to solve nonlinear ordinary differential equations. For the
convenience of the reader, we will first present a brief account of HPM. Let
us consider the following differential equation:

A(u)− f(r) = 0, r ∈ Ω, (24)

with boundary conditions

B(u,
∂u

∂n
) = 0, r ∈ Γ, (25)

where A is a general differential operator, B is a boundary operator, f(r) is
a known analytic function, and Γ is the boundary of the domain Ω.
The operator A can be generally divided into two parts L and N , where L
is linear, while N is nonlinear. Therefore Equation (24) can be written as
follows:

L(u) +N(u)− f(r) = 0. (26)

By using homotopy technique, one can construct a homotopy y(r, p) :
Ω× [0, 1] −→ R which satisfies

H(y, p) = (1−p)[L(y)+L(u0)]+p[A(y)−f(r)] = 0, p ∈ [0, 1], r ∈ Ω, (27)

which is equivalent to

H(y, p) = L(y)− L(u0) + pL(u0) + p[N(y)− f(r)] = 0, (28)

where p ∈ [0, 1] is an embedding parameter, and u0 is an initial guess approx-
imation of Equation (24) which satisfies the boundary conditions. Clearly,
we have

H(y, 0) = L(y)− L(u0) = 0, (29)

H(y, 1) = A(y)− f(r)] = 0. (30)

Thus, the changing process of p from 0 to 1 is just that of y(r, p) from
u0(r) to y(r). In topology this is called deformation and L(y) − L(u0) and
A(y) − f(r) are called homotopic. If, the embedding parameter p, (0 ≤ p ≤
1) is considered as a small parameter, applying the classical perturbation
technique, we can naturally assume that the solution of Equations (27) and
(28) can be given as a power series in p, i.e.,

y = y0 + py1 + p2y2 + · · · . (31)

According to HPM, the approximation solution of Equation (24) can be ex-
pressed as a series of the power of p, i.e.

u = lim
p→1

y = y0 + y1 + y2 + · · · . (32)
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Now, consider a general systems of conformable fractional ordinary dif-
ferential equations

tTα1u1 + g1(t, u1, u2, . . . , um) = f1(t),

tTα2u2 + g2(t, u1, u2, . . . , um) = f2(t),
...

tTαmum + gm(t, u1, u2, . . . , um) = fm(t),

(33)

subject to the initial conditions

u1(t0) = c1, u2(t0) = c2, . . . um(t0) = cm. (34)

First, we write the system (33) in the operator form

L(u1) +N1(t, u1, u2, . . . , um)− f1(t) = 0,

L(u2) +N2(t, u1, u2, . . . , um)− f2(t) = 0,
...

L(um) +Nm(t, u1, u2, . . . , um)− fm(t) = 0,

(35)

subject to the initial conditions (34), where L (ul) =t Tα (ul) is a linear oper-
ator and N1, N2, . . . , Nm are the nonlinear operators. To apply the MHPM,
we first construct a homotopy for system (35) as follows

L(u1)− L(v1) + pL(v1) + p[N1(u1, u2, . . . , um)− f1(t)] = 0,

L(u2)− L(v2) + pL(v2) + p[N2(u1, u2, . . . , um)− f2(t)] = 0,
...

L(um)− L(vm) + pL(vm) + p[Nm(u1, u2, . . . , um)− fm(t)] = 0,

(36)

where v1, v2, . . . , vm are initial approximations which satisfying the given con-
ditions. Let us take the initial approximations as follows

u1,0(t) = v1(t) = u1(t0) = c1,

u2,0(t) = v2(t) = u2(t0) = c2,
...

um,0(t) = vm(t) = um(t0) = cm,

(37)

and
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u1(t) = u1,0(t) + pu1,1(t) + p2u1,2(t) + p3u1,3(t) . . . ,

u1(t) = u2,0(t) + pu2,1(t) + p2u2,2(t) + p3u2,3(t) . . . ,
...

um(t) = um,0(t) + pum,1(t) + p2um,2(t) + p3um,3(t) . . . ,

(38)

where ui,j , (i = 1, 2, . . . ,m; j = 1, 2, . . .) are functions yet to be determined.
Substituting (38) into (36) and arranging the coefficients of the same powers
of p, we get

L(u1,1) + L(v1) +N1(u1,0, u2,0, . . . , um,0)− f1 = 0, u1,1(t0) = 0,

L(u2,1) + L(v2) +N2(u1,0, u2,0, . . . , um,0)− f2 = 0, u2,1(t0) = 0,
...

L(um,1) + L(vm) +Nm(u1,0, u2,0, . . . , um,0)− fm = 0, um,1(t0) = 0,

L(u1,2) +N1(u1,1, u2,1, . . . , um,1) = 0, u1,2(t0) = 0,

L(u2,2) +N1(u1,1, u2,1, . . . , um,1) = 0, u2,2(t0) = 0,
...

L(um,2) +Nm(u1,1, u2,1, . . . , um,1) = 0, um,2(t0) = 0,
(39)

etc. We solve the above systems of equations for the unknowns ui,j , (i =
1, 2, . . . ,m; j = 1, 2, . . .) by applying the inverse operator

L−1(.) =

∫ t

0

(.) dα(t). (40)

Therefore, according to HPM the n-term approximations for the solutions of
(33) can be expressed as

ϕ1,n(t) = u1(t) = limp→1 u1(t) =
∑n−1

k=0 u1,k(t),

ϕ2,n(t) = u2(t) = limp→1 u2(t) =
∑n−1

k=0 u2,k(t),
...

ϕm,n(t) = um(t) = limp→1 um(t) =
∑n−1

k=0 um,k(t),

(41)

The solution obtained by HPM is not valid for large t. A simple way of
ensuring validity of the approximations for large t is to treat the algorithm
of HPM in a sequence of intervals choosing the initial approximations as
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u1,0(t) = v1(t) = u1(t
∗) = c∗1,

u2,0(t) = v2(t) = u2(t
∗) = c∗2,

...
um,0(t) = vm(t) = um(t∗) = c∗m,

(42)

where t∗ is the left-end point of each subinterval. Now we solve (42) for the
unknowns ui,j , (i = 1, 2, . . . ,m; j = 1, 2, . . .) by applying the inverse linear
operator

L−1(.) =

∫ t

t∗
(.) dα(t). (43)

In order to carry out the iterations in every subinterval of equal length
△t, [0, t1), [t1, t2),
[t2, t3), . . . , [tj−1, t), we would need to know the values of the following

u∗
1,0(t) = u1(t

∗), u∗
2,0(t) = u2(t

∗), . . . , u∗
m,0(t) = um(t∗). (44)

But, in general, we do not have these information at our clearance except
at the initial point t∗ = t0. A simple way for obtaining the necessary values
could be by means of the previous n-term approximations ϕ1,n, ϕ2,n, . . . , ϕm,n

of the preceding subinterval given by (41), i.e.

u∗
1,0 ≃ ϕ1,n(t

∗), u∗
2,0 ≃ ϕ2,n(t

∗), . . . , u∗
m,0 ≃ ϕm,n(t

∗). (45)

6 An illustrative example

The following example is presented to illustrate the effectiveness and appli-
cability of the proposed stability criteria.

The Lotka-Volterra equations, also known as the predator-prey (or parasite-
host) equations, are a pair of first order, non-linear, differential equations
frequently used to describe the dynamics of biological systems in which two
species interact on each other, one is a predator and the other is its prey. They
were proposed independently by Alfred J. Lotka in 1925 and Vito Volterra in
1926 [9, 16]. The conformable fractional Lotka-Volterra system is described
by the following nonlinear fractional conformable differential equations [13]

tTα1x1(t) = x1(t) (r − a x1(t)− b x2(t)) ,

tTα2x2(t) = x2(t) (−d+ c x1(t)) ,
0 < α1, α2 ≤ 1, (46)

with the initial values x1(0) = x10 and x2(0) = x20 , where x1, x2 ≥ 0 are
prey and predator densities, respectively, and all constants r, a, b, c and d
are positive. This system has three equilibrium E1 = (0, 0), E2 = ( ra , 0) and
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E3 = (dc ,
cr−ad

cb ). The Jacobian matrix for equilibria E∗ = (x∗, y∗) is defined
as

Figure 1: The equilibrium point E2 of the system (46) with (α1, α2) = (0.95, 0.9) and
(r, a, b, c, d) = (1, 3, 1, 2, 2) is asymptotically stable

J =

[
r − 2ax∗ − by∗ −bx∗

cy∗ −d+ cx∗

]
. (47)

When (r, a, b, c, d) = (1, 3, 1, 2, 2) the system equilibrium points are E1 =
(0, 0), E2 = ( 13 , 0) and E3 = (1,−2). Corresponding eigenvalues for equi-
librium point E1 are λ1 = 1, λ2 = −2, since In(α)(J) = (1, 1, 0), hence the
equilibrium point E1 is unstable. For equilibrium point E2 the eigenvalues are
λ1 = −1, λ2 = −4

3 , because In(α)(J) = (0, 2, 0), thus the equilibrium point
is asymptotically stable and the equilibrium point E3 is unstable, because
In(α)(J) = (1, 1, 0). Let us consider the following parameters of the system
(46), (r, a, b, c, d) = (3, 0.5, 2, 2, 2.5), for these parameters the system (46) has
three equilibrium points E1 = (0, 0), E2 = (6, 0) and E3 = (1.25, 1.1875)
and their corresponding inertias are In(α)(J) = (1, 1, 0) for E1, E2 and
In(α)(J) = (0, 2, 0) for E3, thus the equilibrium point E3 is asymptotically
stable.

Figure 1 shows that system (46) with parameters (r, a, b, c, d) = (1, 3, 1, 2, 2)
and (α1, α2) = (0.95, 0.9) is asymptotically stable in the equilibrium point
E2. From Figure 2 we can see that the system (46) is asymptotically stable
in the equilibrium point E2, with parameters (r, a, b, c, d) = (3, 0.5, 2, 2, 2.5)
and (α1, α2) = (0.95, 0.85).
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Figure 2: The equilibrium point E3 of the system (46) with (α1, α2) = (0.95, 0.85) and
(r, a, b, c, d) = (3, 0.5, 2, 2, 2.5) is asymptotically stable

In system (46) when we take a = 0, we obtain modified the fractional
conformable Lotka-Volterra system

tTα1x1(t) = rx1(t)− b x1(t)x2(t),

tTα2x2(t) = x2(t) (−d+ c x1(t)) .
(48)

System (48) has two equilibrium points: E1 = (0, 0), E2 = (dc ,
r
b ).

The Jacobian matrix of the system (48), evaluated at the equilibrium
E∗ = (x∗, y∗), is given by

J =

[
r − by∗ −bx∗

cy∗ −d+ cx∗

]
. (49)

The eigenvalues of the Jacobian matrix (48) evaluated at all equilibrium
points show that all equilibria are unstable. Since, for the equilibrium point
E1 we obtain λ1 = r and λ2 = −d, for the equilibrium point E2 we get
λ1,2 = ± i

√
rd. All these eigenvalues satisfy the condition for the system to

be unstable
(
In(α)(J) = (1, 1, 0)

)
. Figure 3 shows that the system (48) with

parameters (r, b, c, d) = (1, 1, 4, 2) and (α1, α2) = (0.97, 0.97) is unstable.
All the results are calculated by using the computer algebra package

Maple. The term-number of MHPM series solutions is fixed N = 4 and the
time step size h = 0.1, with the initial conditions (x1(0), x2(0)) = (0.2, 0.8).
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Figure 3: System (48) with (α1, α2) = (0.97, 0.97) and (r, b, c, d) = (1, 1, 4, 2)
is unstable

7 Conclusion

In this paper, we have studied the stability analysis of fractional differen-
tial systems. Fractional derivatives are described by conformable fractional
derivatives. At first, the stability conditions established by fractional ex-
ponential function for commensurate linear fractional differential systems.
Then, we proved a fractional version of final value theorem and by using this
theorem we proposed sufficient conditions on the asymptotical stability for
in-commensurate linear fractional differential system. The numerical simula-
tions of conformable fractional Lotka-Volterra system are used to illustrate
our main result. Although this paper just focuses on the linear systems and
non-linear systems but, the problems remain open for the multi-order frac-
tional differential systems, the time-delayed fractional differential systems
and distributed order fractional systems. This will be the investigation goal
of future works.
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A parametric iteration method for
solving Lane-Emden type equations

R. Chaharpashlou

Abstract

In this paper, an analytical method called the parametric iteration method
(PIM) is presented for solving the second-order singular IVPs of Lane-Emden
type, and its local convergence is discussed. Since it is often useful to have

an approximate analytical solution to describe the Lane-Emden type equa-
tions, especially for ones where the closed-form solutions do not exist at all,
therefore, an effective improvement of the PIM is further proposed that is ca-
pable of obtaining an approximate analytical solution. The improved PIM is

finally treated as an algorithm in a sequence of intervals for finding accurate
approximate solutions of the nonlinear Lane-Emden type equations. Also,
we show how to identify an approximate optimal value of the convergence

accelerating parameter within the frame of the method. Some examples are
given to demonstrate the efficiency and accuracy of the proposed method.

Keywords: Piecewise-truncated parametric iteration method; Truncated
parametric iteration method; Parametric iteration method; Nonlinear Lane-
Emden type equations.

1 Introduction

Recently, a lot of attention has been focused on the study of singular initial
value problems (IVPs) in the second-order ordinary differential equations
(ODEs). Many problems in mathematical physics and astrophysics can be
modelled by the so-called IVPs of the Lane-Emden type equation [2, 4, 14]:y

′′
+

2

x
y

′
+ f(x, y) = g(x), x > 0,

y(0) = a, y
′
(0) = b,

(1)
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where a and b are constants, f(x, y) is a continuous real valued function, and
g(x) ∈ C[0,∞]. When f(x, y) = K(y) , g(x) = 0 , Equation(1) reduces to
the classical Lane-Emden equation which, with specified K(y), was used to
model several phenomena in mathematical physics and astrophysics such as
the theory of stellar structure, the thermal behavior of a spherical cloud of
gas, isothermal gas sphere and theory of thermionic currents [2, 4, 14].

Since, the Lane-Emden type equations have significant applications in
many fields of scientific and technical world, a variety of forms of f(x, y)
and g(x) have been investigated by many researchers (e.g., [3, 16, 17]). A
discussion of the formulation of these models and the physical structure of
the solutions can be found in the literature. Though the numerical solution of
the Lane-Emden Equation (1), as well as other various linear and nonlinear
singular IVPs in quantum mechanics and astrophysics [9], is numerically
challenging because of the singularity behavior at the origin x = 0, but
analytical solutions are much needed for physical understanding. Recently,
many analytical methods were used to solve the Lane-Emden equation [7, 8,
10, 18]. Those methods are based on either series solutions or perturbation
techniques [1, 11–13]. However, the convergence region of the corresponding
results is rather small.

The strategy that will be pursued in this work rests mainly on establishing
useful algorithms based on the parametric iteration method (PIM) [5, 6, 15]
for finding highly accurate solution of the Lane-Emden type equations that
they

• Overcome the main difficulty arising in the singularity of the equation
at x = 0.

• Provide us with a convenient way to modify the convergence region and
rate of the solution.

• Are simple to implement, accurate when applied to the Lane-Emden
type equations and avoid tedious computational works.

The examples analyzed in the present paper reveal that the newly developed
algorithms are easy, effective and accurate to solve the singular IVPs of Lane-
Emden type equation.

2 Analysis of methods

In this section, the PIM is described for solving Equation(1). This method
provides the solution of Equation(1) as a sequence of iterations. The method
gives rapidly convergent successive approximations of the exact solution if
such a solution exists, otherwise approximations can be used for numerical
purposes. The idea of the PIM is very simple and straightforward. To explain
the basic idea of the PIM, we first consider Equation(1) as follows:
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L[y(x)] +N [y(x)] = g(x), (2)

with

L[y(x)] = y
′′
(x) +

2

x
y

′
(x), N [y(x)] = f(x, y), (3)

where L denotes the so-called auxiliary linear operator with respect to y and
N is a nonlinear operator with respect to y. The basic character of the PIM
is to construct a family of iterative processes for Equation(1) as follows [15]:

yn+1(x) = yn(x) + h

∫ x

0

(
t− t2

x

){
y

′′

n(t) +
2

t
y

′

n(t) + f(t, yn(t))− g(t)

}
dt,

(4)

where y0(x) is the initial guess and the subscript n denotes the n-th iteration,
and h ̸= 0 denotes the so-called auxiliary parameter which can be identified
easily and efficiently by the technique proposed in this paper. Accordingly,
the successive approximations yn(x) , n ≥ 0 of the PIM in the auxiliary
parameter will be readily obtained by selecting the initial approximation.
Consequently, the exact solution can be obtained by using

y(x) = lim
n→∞

yn(x). (5)

It is interesting to note that for the linear Lane-Emden type equations, its
exact solution can be obtained easily by only one iteration step due to the
fact that the multiplier can be suitably identified, as will be shown in this
paper later.
Now we will have the following proposition for the iteration formula (4).

Proposition 1. If y(x) ∈ C2[0, T ], then, for x ≤ T ,∫ x

0

(
t− t2

x

){
y

′′
(t) +

2

t
y

′
(t)

}
dt = y(x)− y(0). (6)

Proof. Simple integration by parts.

In the light of (4) and (6), we will have the following simple iteration
formula:

yn+1(x) = (1 + h)yn(x)− hy0 + h

∫ x

0

(
t− t2

x

)
[f(t, yn(t))− g(t)]dt, (7)

where y0 = y(0).
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Note that the expressions (4) and (7) demonstrate that the variational
iteration method (VIM) [7] is a special case of the PIM when h = −1. The
fact that the PIM solves the Lane-Emden type equations without correction
functional and restricted variation can be considered as an advantage of this
method over the VIM.

The PIM (7) makes a recurrence sequence {yn(x)}. Obviously, the limit
of this sequence will be the solution of Equation (1) if this sequence is con-
vergent.
In order to prove the sequence {yn(x)} is convergent, we construct a series

y0(x) + [y1(x)− y0(x)] + · · ·+ [yn(x)− yn−1(x)] + · · · (8)

Noticing that

Sn+1 = y0(x) + [y1(x)− y0(x)] + · · ·+ [yn(x)− yn−1(x)] = yn(x), (9)

the sequence {yn(x)} will be convergent if the series is convergent.

Theorem 1. If N [y] = f(x, y) is Lipschitz-continuous in [0, T ] and
g(x) ∈ C[0, T ] then the series of (8) is convergent, i.e., the sequence {yn(x)}
is convergent for x ∈ [0, T ].

Proof. According to (7), note that

|y1(x)− y0(x)| =

∣∣∣∣∣h
∫ x

0

(
t− t2

x

)
{N [y0(t)]− g(t)}dt

∣∣∣∣∣ ≤ |h|MNx, (10)

where

M = max
0≤t≤x≤T

∣∣∣∣∣t− t2

x

∣∣∣∣∣ = T

2
, N = max

0≤t≤x≤T
|N [y0(t)]− g(t)| (11)

From (7) and (10), and the assumption that |N [yn]−N [yn−1]| ≤ L|yn−yn−1|
where L denotes the Lipschitz constant of N [y(x)], it follows that

|y2(x)− y1(x)| = |1 + h||y1(x)− y0(x)|+ |h|ML

∫ x

0

|y1(t)− y0(t)|dt

≤ N

L

[
|1 + h| (|h|MLx)

1!
+

(|h|MLx)2

2!

]
(12)

=
N

L

1∑
k=0

(
1

k

)
|1 + h|1−k (|h|MLx)k+1

(k + 1)!
,
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|y3(x)− y2(x)| ≤
N

L

2∑
k=0

(
2

k

)
|1 + h|2−k (|h|MLx)k+1

(k + 1)!
, (13)

|yn+1(x)− yn(x)| ≤
N

L

n∑
k=0

(
n

k

)
|1 + h|n−k [|h|MLx]k+1

(k + 1)!
, (14)

In view of (14), the convergence of the series (8) can be concluded for the
solution domain x < T and |1 + h| < 1 with the help of the mathematical
software such as Maple. Therefore the series of (8) is absolute convergence,
i.e., the sequence {yn(x)} is convergent for x ∈ [0, T ].

3 A piecewise-truncated PIM

The successive iterations of the PIM may be very complex, so that the re-
sulting integrals in the relation (4) may not be performed analytically. Also,
the implementation of the PIM generally leads to calculation of unneeded
terms, which more time is consumed in repeated calculations for series solu-
tions. Here, an effective modification of the PIM is introduced to eliminate
these repeated calculations. To completely stop these repeats in each step,
provided that the integrand of (4) in each of iterations is expanded in mul-
tivariate Taylor series around x = 0. We propose the following improvement
of the PIM (4), which is called the truncated PIM (TP):

yn+1(x) = yn(x) + h

∫ x

0

Fn(x, t)dt, n ≥ 0, (15)

where(
t−

t2

x

){
y
′′
n (t) +

2

t
y
′
n(t) + f(t, yn(t))− g(t)

}
= Fn(x, t) +O(xn+1) +O(tn+1). (16)

It is noteworthy to point out that the TP formula (15) can cancel all the
repeated calculations and terms that are not needed as will be shown below.
Furthermore, it can reduce the size of calculations. Most importantly, how-
ever it is the fact that the TP algorithm (15) solves a Lane-Emden differential
equation exactly if its solution is an algebraic polynomial up to some degree.

In general, by using the TP formula (15), we obtain a series solution,
which in practice is a truncated series solution. This series solution gives a
good approximation to the exact solution in a small region of x. An easy
and reliable way of ensuring validity of the approximations (15) for large x,
i.e. Ii = [xi, xi+1] where ∆x = xi+1 − xi, i = 0, 1, 2, · · · , N − 1, with x0 = 0
and xN = T . According to the relation (15), therefore, we can construct
the following piecewise TP approximations (PTP) in the subintervals Ii. On
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[x0, x1], let

y1,m+1(x) = y1,m(x) + h
∫ x

x0
F1,m(x, t)dt, m = 0, 1, · · · , n1 − 1, x ∈ [x0, x1],

y1,0(x) = y(0) + y
′
(0)(x− x0) = c0 + c

′

0(x− x0),(
t− t2

x

){
y

′′

1,m(t) + 2
t y

′

1,m(t) + f(t, y1,m(t))− g(t)

}
=

F1,m(x, t) +O[(x− x0)
m+1] +O[(t− x0)

m+1].

(17)

Then one can obtain the n1-order approximation y1,n1
(x) on [x0, x1].

On [x1, x2] , let

y2,m+1(x) = y2,m(x) + h
∫ x

x1
F2,m(x, t)dt, m = 0, 1, · · · , n2 − 1, x ∈ [x1, x2],

y2,0(x) = y1,n1(x1) + y
′

1,n1
(x1)(x− x1) = c1 + c

′

1(x− x1),(
t− t2

x

){
y

′′

2,m(t) + 2
t y

′

2,m(t) + f(t, y2,m(t))− g(t)

}
= F2,m(x, t)

+O[(x− x1)
m+1] +O[(t− x1)

m+1].

(18)

Also the n2-order approximation y2,n2(x) on [x1, x2] can be obtained
In a similar way, on [xi, xi+1], i = 2, · · · , N − 1, let

yi+1,m+1(x) = yi+1,m(x) + h
∫ x

xi
Fi+1,m(x, t)dt, m = 0, 1, · · · , ni+1 − 1,

x ∈ [xi, xi+1],

yi+1,0(x) = yi,ni(xi) + y
′

i,ni
(x− xi) = ci + c

′

0(x− xi),(
t− t2

x

){
y

′′

i+1,m(t) + 2
t y

′

i+1,m(t) + f(t, yi+1,m(t))− g(t)

}
= Fi+1,m(x, t)

+O[(x− xi)
m+1] +O[(t− xi)

m+1].

(19)

Hence this implies the ni+1-order approximation yi+1,ni+1(x) on [xi, xi+1].
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Therefore, according to (17)-(19), the approximation of Equation (1) on
the entire interval [0, T ] will be calculated. It should be emphasized that
the PIM and TF algorithms provide analytical solutions on [0, T ], while the
PTP technique provides analytical solutions in [xi, xi+1], which are continu-
ous at the end points of each interval, i.e., yi,ni(xi) = ci = yi+1,ni+1(xi) and

y
′

i,ni
(xi) = c

′

i = y
′

i+1,ni+1
(xi), i = 1, 2, · · · , N − 1.

Remark 1. In the case of failure of convergence of the PIM, the presence
of the parameter could play a very important role in the frame of the PIM.
Although, we can find a valid region for every physical problem by plotting
the solution or its derivatives versus the parameter in some points [6,15], but
an approximate optimal value of the convergence accelerating parameter h
can be determined at the order of approximation by residual error:

Re s(h) =

∫ xf

x0

{L[yn(t)] +N [yn(t)]− g(t)}2dt, (20)

One can easily minimize (20) by imposing the requirement
dRes(h)

dh
= 0.

4 Implementations

To give a clear overview of the content of this study, the several Lane-Emden
type equations will be studied. These equations will be tested by the above-
mentioned algorithms, which will ultimately show the usefulness and accuracy
of these methods. Moreover, the numerical results indicate that the approach
is easy to implement. All the results here are calculated by using the sym-
bolic calculus software Maple 17.

Eexample 1. As a first example, let consider the following linear, the non-
homogeneous Lane-Emden equation, i.e., Equation (1) with f(x, y) = y and
g(x) = x2e−x :

y
′′
+

2

x
y

′
+ y = x2e−x, (21)

subject to conditions

y(0) = 1, y
′
(0) = 0. (22)

The PIM has a very simple approach. Its concepts begin with dividing the
left hand (21) into two parts, i.e., the auxiliary linear operator L and the
nonlinear operator N as:
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L[y(x)] = y
′′
(x) +

2

x
y

′
(x) + y(x) and N [y(x)] ≡ 0. (23)

This will allow us to construct a family of iterative processes for Eq.(21) as
follows [14]:

yn+1(x) = yn(x) + h

∫ x

0

[
t

x
sin(x− t)

]{
y

′′

n(t) +
2

t
y

′

n(t)− t2e−t

}
dt. (24)

Using simple integration by parts, similar to Proposition 1, implies that∫ x

0

[
t

x
sin(t− x)

]
{y

′′
(t) +

2

t
y

′
(t) + y(t)dt = y(x)− sin(x)

x
y(0), (25)

In the light of (24) and (25), the following PIM is:

yn+1(x) = (1 + h)yn(x)− hy0
sin(x)

x
− h

∫ x

0

[
t

x
sin(t− x)

]
(t2e−t)dt, (26)

where y0 = y(0) and y0(x) = y(0) + y
′
(0)(x). According to (26), therefore

the following approximations with starting the initial guess y0(x) = 1 are:

y1(x) =
(2 + 2h)x+ h sin(x)− hx(3 + 3x+ x2)e−x

2x
, (27)

y2(x) =
(2 + 4h+ 2h2)x+ (2h+ h2) sin(x)− hx(6x+ 2x2 + 6 + 3hx+ hx2 + 3h)e−x

2x
,

(28)

...

which the exact solution of Equation(21) yields for h = −1 , i.e.,

y(x) =
x(3 + 3x+ x2)e−x − sin(x)

2x
. (29)

Example 2. As other example, we consider the nonlinear and non-homogeneous
Lane-Emden equation, i.e., Equation (1) with f(x, y) = y3 and g(x) = 6+x6

[10]:

y
′′
+

2

x
y

′
+ y3 = 6 + x6, (30)

subject to conditions

y(0) = 0, y
′
(0) = 0. (31)
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Now, our aim is to solve the equation (30) by means of the TP algorithm
(15). According to (15), it is easily to obtain the following approximations
of the TP with starting the initial approximation y0(x) = 0:

y1(x) = 0, (32)

y2(x) = −hx2, (33)

yn(x) = [1− (1 + h)n−1]x2, n ≥ 3. (34)

If we choose h = −1, then the TP algorithm yields the exact solution

y(x) = x2. (35)

It is interesting to note that the TP algorithm (15) can solve a Lane-Emden
type equation exactly if its solution is an algebraic polynomial up to some
degree.

Example 3. As final example, we consider the nonlinear, homogeneous
Lane-Emden-type equation, i.e., Equation(1) with f(x, y) = 4(2ey + e

y
2 ) and

g(x) = 0:

y
′′
+

2

x
y

′
+ 4(2ey + e

y
2 ) = 0, (36)

subject to conditions

y(0) = 0, y
′
(0) = 0. (37)

Here, the aim to solve the equation (36) by means of the above-proposed
methods. Since the integration of the nonlinear term 4(2ey + e

y
2 ) in Equa-

tion (36) is not easily evaluated, thus the PIM requires a large amount of
computational work to obtain few iterations of the solution (we can replace
the nonlinear term with a series of finite components). However, one can
used the modified PIM method, i.e., the TP algorithm (15). According to
(15), it is easily to obtain the following approximations of (36) with starting
the initial approximation y0(x) = 0:

y1(x) = 0, (38)

y2(x) = 2hx2, (39)

y3(x) = (4h+ 2h2)x2, (40)

y4(x) = (6h+ 6h2 + 2h3)x2 + (2h2 + h3)x4, (41)

and so on. To investigate the influence of h on the convergence of the solution

obtained via the truncated PIM, here we plot the curves of y
′′

20(0) and y
(4)
20

, as shown in Figure 1. According to these curves, it is easy to discover the
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valid region h , which corresponds to the horizontal line segments. Now, in
the light of (20), an approximate optimal value of h can be determined by
the following residual error:

Res(h) =

∫ 1

0

{y
′′

20(t) +
2

t
y

′

20(t) + 4(2ey20(t) + e
y20(t)

2 )}2dt. (42)

By imposing the requirement dRes(h)/dh = 0 and solving the resulting equa-
tion, we can obtain the approximate optimal value for h = −1. Fig. 2 shows
a comparison of approximation obtained using the 20th-order TP algorithm
for h = −1 with the exact solution of Eq.(36), i.e., y(x) = −2 ln(1 + x2).

Figure 1: The valid region of h for Example 3 by using the 20th-order TP algorithm (15)

Figure 2: Approximate solution for Example 3 using the TP algorithm where the dotted-
line: the 20th-order TP algorithm when h = −1 and symbol: the exact solution

As observed, the TP algorithm (15) in solving Equation (36) gives good
approximations to the exact solution in a small region of x. In order to
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enlarge the convergence region and rate of the series solution, here we im-
plement the PTP (19) proposed in the section 3. According to (19), taking
N = 1000 and ni+1 = 3, ni+1 = 5, i = 0, 1, · · ·N − 1, we can obtain the
approximations of (36) on [0, 100 . Figure 3 shows the absolute errors (the
differences between the approximate values and the exact values) of the PTP
solution for ni+1 = 3, ni+1 = 4 , ∆x = 0.1 and the approximate optimal
value h = −1. From Figure 3, it is easily to found that the present approxi-
mations are efficient for a larger interval.

Figure 3: Shows the absolute errors (Ek(x) = |µExact(x) − µk(x)|, k = 4, 5) of the
PTP solution with ∆x = 0 for Example 3 where left: the Abs. Err. of the 4th-order

PTP solution for the approximate optimal value h = −1 and right: the Abs. Err. of the
5th-order PTP solution for the approximate optimal value h = −1

In closing our analysis, we point out that three concreted modeling equa-
tions of second-order singular IVPs of the Lane-Emden type equation were
investigated by using the algorithms proposed. The obtained results have
shown noteworthy performance.

5 Conclusions

Application of the methods based on the PIM presented in this paper to the
three Lane-Emden type equations indicates that for the linear Lane-Emden
type equations, its exact solution, if such a solution exists, can be obtained
easily by only one iteration step due to the fact that the multiplier can
be suitably identified, that the TP algorithm can solve a nonlinear Lane-
Emden differential equation exactly if its solution is an algebraic polynomial
up to some degree, and that for nonlinear Lane-Emden type equations can
be useful in general. The numerical results demonstrate that the PIM is a
useful analytic tool for solving the Lane-Emden type equations.
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The concept of B-efficient solution in
fair multiobjective optimization

problems

D. Foroutannia∗ and A. Mahmodinejad

Abstract

A problem that sometimes occurs in multiobjective optimization is the
existence of a large set of fairly efficient solutions. Hence, the decision making
based on selecting a unique preferred solution is difficult. Considering models

with fair B-efficiency relieves some of the burden from the decision maker
by shrinking the solution set, since the set of fairly B-efficient solutions is
contained within the set of fairly efficient solutions for the same problem. In
this paper, first some theoretical and practical aspects of fairly B- efficient

solutions are discussed. Then, some scalarization techniques are developed
to generate fairly B-efficient solutions.

Keywords: Fair optimization; Nondominated; Equitability; B-efficiency;
Scalarization.

1 Introduction

The Multiobjective programming has been studied for many years and mul-
tiobjective methods have found applications in diverse areas of human life.
It is well-known that any multiobjective optimization problem starts usually
with an assumption that the criteria are incomparable, i.e., different criteria
may have different units and physical interpretations. Many applications,
however, arise from situations which present equitable criteria. Equitability
is based on the assumption that the criteria are not only comparable (mea-
sured on a common scale) but also anonymous (impartial). The latter makes
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the distribution of outcomes among the criteria more important than the as-
signment of outcomes to specific criteria, and therefore models fair allocation
of resources.

The fair preference was first known as the generalized Lorenz domi-
nance [5, 7]. Kostreva and Ogryczak [3] are the first ones who introduced
the concept of equitability into multiobjective programming. They have
shown fair efficiency to be a refinement of Pareto efficiency by adding, to
the reflexivity, strict monotonicity and transitivity of the Pareto preference
order, the requirements of impartiality and satisfaction of the principle of
transfers. Then, Kostreva et al. [4] presented the theory of equitable effi-
ciency in greater generality. They have developed scalarization approaches
to generate equitably efficient solutions of linear and nonlinear multiobjec-
tive programs. Ogryczak applied equitability to portfolio optimization [8],
location problems [9, 12], and telecommunications [11]. Moreover Ogryczak
et al. [10], applied fair (equitable) optimization methods for the resource
allocation problems in communication networks.

It should be noted that some authors have used the term “equitable”
rather than “fair”. In this paper, we investigate some theoretical and prac-
tical aspects of the fairly B-efficient solutions and propose some approaches
to generate equitably B-efficient solutions. The results are generalizations of
the results of Kostreva and Ogryczak [3] and Kostreva et al. [4].

2 Terminology

Throughout this article, the following notation is used. Let Rm be the Eu-
clidean vector space and y′, y′′ ∈ Rm. y′ ≦ y′′ denotes y′i ≤ y′′i for all
i = 1, · · · ,m. y′ < y′′ denotes y′i < y′′i for all i = 1, · · · ,m. y′ ≤ y′′ denotes
y′ ≦ y′′ but y′ ̸= y′′.

Consider a decision problem defined as an optimization problem with m
objective functions. For simplification we assume, without loss of general-
ity, that the objective functions are to be minimized. The problem can be
formulated as follows:{

min(f1(x), f2(x), · · · , fm(x)),

subject to x ∈ X
(1)

where x denotes a vector of decision variables selected from the feasible set X
and f(x) = (f1(x), f2(x), · · · , fm(x)) is a vector function that maps the fea-
sible set X into the objective (criterion) space Rm. We refer to the elements
of the objective space as outcome vectors. An outcome vector y is attainable
if it expresses outcomes of a feasible solution, i.e., y = f(x) for some x ∈ X.
The set of all attainable outcome vectors will be denoted by Y = f(X).
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In single objective minimization problems, we compare the objective val-
ues at different feasible decisions to select the best decision. Decisions are
ranked according to the objective values at those decisions and any deci-
sion with smallest objective value is called an optimal solution. Similarly, to
make the multiobjective optimization model operational, one needs to assume
some solution concept specifying what it means to minimize multiobjective
functions. The solution concepts are defined by the properties of the corre-
sponding preference model. We assume that solution concepts depend only
on the evaluation of the outcome vectors while not taking into account any
other solution properties not represented within the outcome vectors. Thus,
we can limit our considerations to the preference model in the objective space
Y .

In the following, some basic concepts and definitions of preference rela-
tions are reviewed from [3]. Preferences are represented by a weak preference
relation by ⪯, which allows us to compare pairs of outcome vectors y′, y′′ in
the objective space Y . We say y′ ⪯ y′′ if and only if “y′ is at least as good
as y′′” or “y′ is weakly preferred to y′′”. In words, y′ ⪯ y′′ means that the
decision maker thinks that the outcome vector y′ is at least as good as the
outcome vector y′′. It should be noticed that the weak preference relation,
the “ at least as good as” relation, is given by the decision maker. From ⪯,
we can derive two other important relations on Y .

Definition 1. Let y′, y′′ ∈ Rm and let ⪯ be a relation of weak preference
defined on Rm ×Rm. The strict preference relation, ≺, defined by

y′ ≺ y′′ ⇔ (y′ ⪯ y′′and not y′′ ⪯ y′), (2)

and read y′ is strictly preferred to y′′. Also the indifference relation, ≃,
defined by

y′ ≃ y′′ ⇔ (y′ ⪯ y′′and y′′ ⪯ y′), (3)

and read y′ is indifferent to y′′.

Hence “y′ is at least as good as y′′” means that “y′ is strictly preferred
to y′′” or “y′ is indifferent to y′′”.

Definition 2. Preference relations satisfying the following axioms are called
rational preference relations:

1. Reflexivity: for all y ∈ Rm, y ⪯ y.

2. Transitivity: for all y′, y′′, y′′′ ∈ Rm, y′ ⪯ y′′ and y′′ ⪯ y′′′ ⇒ y′ ⪯ y′′′.

3. Strict monotonicity: for all y ∈ Rm, y − ϵei ≺ y for all ϵ > 0 where ei
denotes the ith unit vector in Rm, for all i ∈ {1, 2, · · · ,m}.

The rational preference relations allow us to formalize the Pareto-optimal
solution concept with the following definitions.
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Definition 3. The outcome vector y′ ∈ Y rationally dominates y′′ ∈ Y
iff y′ ≺ y′′ for all rational preference relations ⪯.

An outcome vector y is rationally nondominated if and only if there does
not exist another outcome vector y′ such that y′ rationally dominates y.
Analogously, a feasible solution x ∈ X is an efficient or Pareto-optimal so-
lution of the multiobjective problem (1) if and only if y = f(x) is rationally
nondominated.

It has been shown in [3] that the outcome vector y′ ∈ Y rationally dom-
inates y′′ ∈ Y if and only if y′ ≤ y′′. As a consequence, we can state that
a feasible solution x ∈ X is a Pareto-optimal solution of the multiobjective
problem (1), if and only if, there does not exist x′ ∈ X such that fi(x

′) ≤ fi(x)
for i = 1, 2, · · · ,m, where at least one strict inequality holds.

Let ⪯ be a preference relation defined on Rm.

Definition 4. ⪯ is said to be impartial if

(y1, y2, · · · , ym) ≃ (yτ(1), yτ(2), · · · , yτ(m))

for all y ∈ Rm, where τ stands for an arbitrary permutation of components
of y.

Definition 5. ⪯ is said to satisfy the principle of transfers if yi > yj ⇒
y − ϵei + ϵej ⪯ y, for all y ∈ Rm and all ϵ ∈ [0, yi − yj ].

Definition 6. A preference relation ⪯ defined on Rm is called a fair rational
preference relation if it is reflexive, transitive, strictly monotonic, impartial
and satisfies the principle of transfers.

The fair rational preference relations allow us to define the concept of
fairly efficient solution.

Definition 7. Let y′, y′′ ∈ Y . We say that y′ fairly dominates y′′, and
denote by y′ ≺e y

′′ iff y′ ≺ y′′ for all fair rational preference relations ⪯.
An outcome vector y is fairly nondominated if and only if there does not

exist another outcome vector y′ such that y′ fairly dominates y. Analogously,
a feasible solution x is called a fairly efficient solution of the multiobjective
problem (1) if and only if y = f(x) is fairly nondominated.

Definition 8. Let y ∈ Rm.

1. The function Θ : Rm → Rm is called an ordering map iff Θ(y) =
(θ1(y), θ2(y), · · · , θm(y)), where θ1(y) ≥ θ2(y) ≥ · · · ≥ θm(y) in which θi(y) =
yτ(i) for i = 1, 2, · · · ,m, and τ is a permutation of the set {1, 2, · · · ,m}.

2. The function Θ : Rm → Rm is called a cumulative ordering
map iff Θ(y) = (θ̄1(y), θ̄2(y), · · · , θ̄m(y)), where θ̄i(y) =

∑i
j=1 θj(y) for

i = 1, 2, · · · ,m.
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To make it practical, fair efficiency is defined in terms of vector inequali-
ties.

Proposition 1. ( [3], Proposition 2.3) For any two vectors y′, y′′ ∈ Y

y′ ⪯e y
′′ ⇔ Θ(y′) ≦ Θ(y′′),

where ⪯e is given by Definition 7.

3 Fair B-efficient solutions

In this section, we first introduce the concept of fairly B-efficient solution
by fair rational preference relations. Then, similar to the fair dominance
relation, we can express the fair B-dominance relation in terms of vector
inequality on the ordered outcome vectors.

In fair multiobjective optimization, the focus is on the distribution of
outcome values while ignoring their ordering. This means that in the mul-
tiobjective optimization problem (1) we are interested in a set of values
of the objectives without taking into account which objective is taking a
specific value. In this respect, let {1, 2, · · · ,m} be the index of the vector
Θ(y) = (θ1(y), θ2(y), · · · , θm(y)) and n be a positive integer such that n ≤ m.
Throughout this article, we suppose that B = {B1, B2, · · · , Bn} is a partition
of the set {1, 2, · · · ,m} such that

maxBi < minBi+1, i = 1, 2, · · · , n− 1. (4)

The following definition is a necessary notion for the solution concepts of
interest in this paper.

Definition 9. Suppose that n ≤ m and B = {B1, B2, · · · , Bn} is a par-
tition of {1, 2, · · · ,m} such that condition (4) is satisfied. The cumulative
map ΘB : Rm → Rn is defined by

ΘB(y) =

∑
j∈B1

θj(y),
∑
j∈B2

θj(y), · · · ,
∑
j∈Bn

θj(y)

 ,

where θj ’s are as defined in Definition 8.

Definition 10. Suppose that y′, y′′ ∈ Y are two outcome vectors. We
say that y′ fairly B-dominates y′′ and write y′ ≺Be y′′ iff ΘB(y

′) ≺ ΘB(y
′′)

for all fair rational preference relations ⪯.

Definition 11. We say that outcome vector y ∈ Y is fairly B-nondominated
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iff there does not exist y′ ∈ Y such that y′ ≺Be y.

Definition 12. We say that feasible solution x ∈ X is a fairly B-
efficient solution of the multiobjective problem (1), iff y = f(x) is fairly
B-nondominated.

Similar to the relation of fair B-dominance, we can define the relation of
fair B-indifference (indifference for all fair rational preference relations) and
the relation of fair weak B-dominance (weak preference for all fair rational
preference relations). The relations of fair B-dominance ≺Be, B-indifference
≃Be, and weak B-dominance ⪯Be satisfy conditions (2-3).

To make it practical, fair B-efficiency can be defined in terms of vector
inequalities. In order to do that, we define certain mapping.

Definition 13. Suppose that n ≤ m and B = {B1, B2, · · · , Bn} is a par-
tition of {1, 2, · · · ,m} such that condition (4) is satisfied. The cumulative
ordering map ΘB : Rm → Rn is defined by

ΘB(y) =

∑
j∈B1

θj(y),
∑

j∈B1∪B2

θj(y), · · · ,
∑

j∈B1∪B2∪···∪Bn

θj(y)

 ,

where θj ’s are as defined in Definition 8.

Definition 14. Suppose that y′, y′′ ∈ Y are two outcome vectors. The
relation ≤Bie is defined as follows.

y′ ≤Bie y
′′ ⇔ ΘB(y

′) ≦ ΘB(y
′′).

Note that if Bj = {j} for j = 1, 2, · · · ,m, then ΘB(y) = Θ(y) and
ΘB(y) = Θ(y), so the relation ⪯Be becomes the relation ⪯e.

The relations <Bie and =Bie are defined by

y′ <Bie y
′′ ⇔ (y′ ≤Bie y

′′and not y′′ ≤Bie y
′),

y′ =Bie y
′′ ⇔ (y′ ≤Bie y

′′and y′′ ≤Bie y
′).

Below, we will discuss the relationship between two preference relations
⪯Be and ≤Bie. In order to do that, we need the following proposition.

Proposition 2. ( [3], Proposition 2.2) If Θ(y′) ≤ Θ(y′′), then Θ(y′) ≤
Θ(y′′) or there exists a finite sequence of vectors y0 = y′′, y1, · · · , yt such
that yk = yk−1 − ϵkei′ + ϵkei′′ , i

′, i′′ ∈ {1, 2, · · · ,m}, 0 < ϵk < yk−1
i′
− yk−1

i′′

for k = 1, 2, · · · , t and Θ(y′) ≦ Θ(yt).

Since each fair rational preference relation ⪯ satisfies the principle of
transfers, by using Proposition 2, we have
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Θ(y′) ≦ Θ(y′′) =⇒ Θ(y′) ⪯ Θ(y′′).

Theorem 1. Let |B1| ≥ |B2| ≥ · · · ≥ |Bn| and y′, y′′ ∈ Y be two outcome
vectors. We have

y′ ⪯Be y
′′ ⇐⇒ y′ ≤Bie y

′′,

y′ ≺Be y
′′ ⇐⇒ y′ <Bie y

′′.

Proof. By assumption |B1| ≥ |B2| ≥ · · · ≥ |Bn|, we have∑
j∈B1

θj(y) ≥
∑
j∈B2

θj(y) ≥ · · · ≥
∑
j∈Bn

θj(y),

for all y ∈ Y . This means that the vector ΘB(y) is decreasing, so Θ(ΘB(y)) =
ΘB(y). It is clear that

y′ ⪯Be y
′′ =⇒ y′ ≤Bie y

′′,

since the relation ⪯e is a fair rational preference relation. Conversely suppose
that y′ ≤Bie y

′′, we deduce ΘB(y
′) ≦ ΘB(y

′′). So

Θ(ΘB(y
′)) ≦ Θ(ΘB(y

′′)).

Due to Proposition 2, we have ΘB(y
′) ⪯ ΘB(y

′′) for any fair rational pref-
erence relation ⪯. Thus y′ ⪯Be y′′. By the same reasoning, remaining cases
are satisfied.

Due to Theorem 1, we deduce that the relation ⪯Be is a fair rational
preference relation, when |B1| ≥ |B2| ≥ · · · ≥ |Bn|. Preference relation ⪯Be,
in general, does not satisfy the principle of transfers axiom. The truth of this
statement is examined by the following example.

Example 1. Let B1 = {1}, B2 = {2, 3}, y = (4, 2.5, 2). If ϵ = 1 and
y′ = y − ϵe1 + ϵe3, then y′ = (3, 2.5, 3). Since Θ(ΘB(y)) = (4.5, 8.5) and
Θ(ΘB(y

′)) = (5.5, 8.5). We have Θ(ΘB(y
′)) ≦̸ Θ(ΘB(y)), so y′ ⪯̸Be y.

It should be noted that in this example ΘB(y) = (4, 8.5) and ΘB(y
′) =

(3, 8.5). So y′ ≤Bie y. Also if y′ = (4, 2, 1) and y′′ = (3.5, 3, 2), it is obvious
that y′ ⪯Be y

′′ while the y′ ≰Bie y
′′. This reflects the fact that Theorem 1, in

general, is not true for any partition B and condition |B1| ≥ |B2| ≥ · · · ≥ |Bn|
is necessary.
By applying Theorem 1 and Definition 14, we have the following statement.

Corollary 1. Suppose that |B1| ≥ |B2| ≥ · · · ≥ |Bn| and y′, y′′ ∈ Y .
We have



..

G
al
le
y
P
ro
of

54 D. Foroutannia and A. Mahmodinejad

y′ ⪯Be y
′′ ⇔ ΘB(y

′) ≦ ΘB(y
′′),

y′ ≺Be y
′′ ⇔ ΘB(y

′) ≤ ΘB(y
′′).

Remark 1. If Bj = {j} for j = 1, 2, · · · ,m, we have Proposition 2.3 from [3].
Note that Corollary 1 permits one to express fair B-efficiency for problem

(1) in terms of the standard efficiency for the multiobjective problem with
objectives ΘB(f(x)):

min{ΘB(f(x)) : x ∈ X}. (5)

Theorem 2. Let |B1| ≥ |B2| ≥ · · · ≥ |Bn|. A feasible solution x ∈ X is a
fairly B-efficient solution of the multiobjective problem (1) if and only if it
is an efficient solution of the multiobjective problem (5).

Proof. By applying Corollary 1, we obtain the desired result.

Remark 2. If Bj = {j} for j = 1, 2, · · · ,m, then we have Corollary 2.2
from [3].

The following theorem provides the relationship between fairly B-efficient
solutions and fairly efficient solutions.

Theorem 3. Let |B1| ≥ |B2| ≥ · · · ≥ |Bn| and y ∈ Y be a outcome vector.
If y is fairly B-nondominated, then it is fairly nondominated.

Proof. Suppose that y is not fairly nondominated. Then there exists a vector
y′ ∈ Y such that y′ ≺e y. Due to Proposition 1, Θ(y′) ≤ Θ(y), so y′ <Bie y.
Since |B1| ≥ |B2| ≥ · · · ≥ |Bn|, by using Corollary 1, we deduce that y′ ≺Be

y.

Corollary 2. Let |B1| ≥ |B2| ≥ · · · ≥ |Bn| and x ∈ X be a feasible solution.
If x is a fairly B-efficient solution of multiobjective problem (1), then it is an
fairly efficient solution of (1).

This result suggests that the set of fairly B-efficient solutions is contained
within the set of fairly efficient solutions, but the reverse inclusion doesn’t
hold in general. It should be noted the structure of fair dominance is dis-
cussed in Example 2.1 of [3] by Kostreva and Ogryczak. They showed that
the set of fairly efficient solutions is contained within the set of efficient so-
lutions. In the following examples, we investigate the effectiveness of fair
B-dominance relation with respect to fair dominance.

Example 2. Let’s consider the problem

min {(x1, x2) : 4x1 + 5x2 ≥ 72, x1 ≥ 0, 0 ≤ x2 ≤ 72/5} ,

and B = {B1} with B1 = {1, 2}. It is obvious that
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E = {(x1, x2) : 4x1 + 5x2 = 72, x1 ≥ 0, x2 ≥ 0} ,
F = {(x1, x2) : 4x1 + 5x2 = 72, 0 ≤ x1 ≤ 8, 8 ≤ x2 ≤ 72/5} ,

and G = {(0, 72/5)} are the set of efficient solutions, the set of fairly efficient
solutions and the set of fairly B-efficient solutions, respectively. Thus G ⊊
F ⊊ E.

In the next example, a large number of random solutions are generated
for scalable test functions. From this large set of solutions, the nondomi-
nated solutions with respect to rational dominance (Pareto dominance), fair
dominance and fair B-dominance are calculated.

Example 3. The test problem considered is the VFM1 [14],

min
x∈R2

y ={f1(x), f2(x), f3(x)}

f1(x) =x2
1 + (x2 − 1)2

f2(x) =x2
1 + (x2 + 1)2 + 1

f3(x) =(x1 − 1)2 + x2
2 + 2

x1, x2 ∈ [−2, 2].

Figure 1 shows the Pareto, fair and fair B-dominance fronts (objective
space).

0 1 2 3 4 5123456
2

2.5

3

3.5

4

4.5

Figure 1: The Pareto, fair and fair B-dominance fronts (objective space) for the VFM1
problem (2 variables and 3 objectives)
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From 5000 random solutions, 496 solutions (point) are rationally non-
dominated, 37 solutions (star) are fairly nondominated and 14 solutions
(circle) are fairly B-nondominated, which are obtained by assuming B1 =
{1, 2}, B2 = {3}.

In the rest of this section, we will investigate the structure of fairly B-
efficient set. For this purpose, problem (1) is considered as a multiobjective
linear programming problem. It is assumed that, X ⊂ Rn denotes the feasible
set defined by a system of linear equations and inequalities, and the objective
functions are

fi(x) = cix (i = 1, 2, · · · ,m), (6)

where cTi ∈ Rn. Suppose that n ≤ m and B = {B1, B2, · · · , Bn} is a partition
of {1, 2, · · · ,m} such that condition (4) is satisfied. We put bi = maxBi for
i = 1, 2, · · · , n, so

ΘB(y) =

 b1∑
j=1

θj(y),

b2∑
j=1

θj(y), · · · ,
bn∑
j=1

θj(y)


=
(
θ̄b1(y), θ̄b2(y), · · · , θ̄bn(y)

)
,

where θ̄bi(y) =
∑bi

j=1 θj(y) for i = 1, 2, · · · , n, and bn = m. In Theorem 2,
we established the equivalence between the fairly B-efficient solutions of (1)
and the efficient solutions of problem (5). Now, we further use this result to
explore the structure of the fairly B-efficient set. Note that the individual
objective functions of problem (5) are convex piecewise linear functions of
y = f(x). They can be written in the form

θ̄bi(y) = max
τ∈Π

 bi∑
j=1

yτ(j)

 (i = 1, 2, · · · , n), (7)

where Π denotes the set of all permutations τ of the set {1, 2, · · · ,m}. Thus,
the corresponding problem (5) can be expressed in the form of multiobjective
linear program

min (zb1 , zb2 , · · · , zbn) (8)

subject to

x ∈ X, (9)

yi = cix for i = 1, 2, · · · ,m, (10)

zbi ≥
bi∑

j=1

yτ(j) for τ ∈ Π ; i = 1, 2, · · · , n. (11)
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Put zB = (zb1 , zb2 , · · · , zbn). According to (7), the problem above is equiva-
lent to problem (5) as stated in the following theorem.

Theorem 4. A triple (x, y, zB) is an efficient solution of (8)-(11), if and
only if y = Cx , zB = ΘB(y) and x is an efficient solution of the multiobjec-
tive problem (5).

Remark 3. If Bj = {j} for j = 1, 2, · · · ,m, then we have Proposition
4.1 from [3].

The question that arises is whether there exist fairly B-efficient solutions.
The next result provides some sufficient conditions to answer this question.
For this purpose, we need the following theorem.

Theorem 5. ( [1], Theorem 6.5) If X ̸= ∅ and there exists y0 ∈ Y such that
y0 ≤ Cx for all x ∈ X, then there exists a efficient solution of problem (1).

Theorem 6. Let |B1| ≥ |B2| ≥ · · · ≥ |Bn|. If X ̸= ∅ and there exists
y0 ∈ Y such that y0 ⪯Be Cx for all x ∈ X, then there exists a fairly B-
efficient solution of problem (1).

Proof. Due to Corollary 1, z0B = ΘB(y
0) ≦ ΘB(Cx) for all x ∈ X. Thus,

z0B ≦ zB for any attainable achievement vector zB of the multiobjective linear
programming (8)-(11), which is by Theorem 4 equivalent to the problem (5).
Hence, by using Theorem 5, there exists an efficient solution x0 of (8)-(11).
Due to Corollary 1, x0 is a fairly B-efficient solution of problem (1).

Remark 4. If Bj = {j} for j = 1, 2, · · · ,m, then we have Proposition 4.3
from [3].

Kostreva and Ogryczak in [3] have shown that the set of fairly efficient
solutions is nonempty provided that the set of efficient solutions is nonempty.

Proposition 3. ( [3], Proposition 4.4) If there exists an efficient solution of
problem (1), then there exists a fairly efficient solution of problem (1).

By applying Corollary 2 and Proposition 3, we obtain the following state-
ment.

Corollary 3. Let |B1| ≥ |B2| ≥ · · · ≥ |Bn|. If there exists an efficient
solution of problem (1), then there exists a fairly B-efficient solution of prob-
lem (1).

In addition to the existence of the fairly B-efficient set and its relationship
to the efficient set, we investigate the fact that the fairly B-efficient set is
connected. To do so, we need the following theorem.

Theorem 7. ( [6], Theorem 2.3) If the set of efficient solutions of a multi-
objective linear programming problem is nonempty, then it is connected.
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Theorem 8. If |B1| ≥ |B2| ≥ · · · ≥ |Bn| and the set of efficient solutions of
multiobjective linear programming problem (8)-(11) is nonempty. Then the
set of fairly B-efficient solutions of problem (1) is connected.

Proof. The set of fairly B-efficient solutions of problem (1) is the same as the
set of efficient solutions of problem (5). By using Theorem 4, the efficient
solutions of problem (5) are in one-to-one correspondence to the efficient
solutions of (8)-(11) . Since (8)-(11) is a linear multiobjective optimization
problem, its efficient set is a connected set according to Theorem 7.

Remark 5. If Bj = {j} for j = 1, 2, · · · ,m, then we have Proposition 4.5
from [3].

4 Generation techniques

In this section, we develop some scalarization-based methods to generate
fairly B-efficient solutions. Scalarization is one of the most common ap-
proaches used to solve a multiobjective problem. Scalarizing functions are
used to transform a given multiobjective problem into a single objective opti-
mization problem, by aggregating the objectives of a multiobjective problem
into a single objective. Typical solution concepts for multiobjective problems
are defined by scalarizing functions s : Y → R to be minimized. Thus the
multiobjective problem (1) is replaced with the minimization problem

min{s(f(x)) : x ∈ X}. (12)

The preference relation corresponding to the problem (12) is defined as
follows:

y′ ⪯ y′′ ⇔ s(y′) ≤ s(y′′).

For any strictly convex, increasing function g : R → R, the scalarizing func-
tion defined by

s(y) =
m∑
i=1

g(yi)

is a strictly monotonic and strictly Schur-convex function [7]. It has been
shown in Proposition 3.1 from [3] that the preference relation corresponding
to this scalarizing function is a fair rational preference relation. Also, every
optimal solution of problem (12) is a fairly efficient solution of the original
multiobjective problem.

In the following, we will generate the fairly B-efficient solutions by intro-
ducing certain scalarizing functions.

Theorem 9. Let g : R → R be a strictly convex and increasing function.
The optimal solution of the problem
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min


n∑

i=1

g

∑
j∈Bi

θj(f(x))

 : x ∈ X

 , (13)

is a fairly B-efficient solution of the multiobjective problem (1).

Proof. Suppose that x is not a fairly B-efficient solution of the multiobjective
problem (1). Then a feasible vector x′ must exist such that the vectors f(x)
and f(x′) satisfy f(x′) ≺Be f(x). Namely for all fair rational preference
relations ≺, we have ΘB(f(x

′)) ≺ ΘB(f(x)). Since the preference relation
corresponding to scalarizing function is a fair rational preference relation, we
deduce that

n∑
i=1

g

∑
j∈Bi

θj(f(x
′))

 <

n∑
i=1

g

∑
j∈Bi

θj(f(x))

 ,

which contradicts the optimal solution of x for (13).

Remark 6. If Bj = {j} for j = 1, 2, · · · ,m, we have Corollary 3.1 from [3].

The weighted sum method is one of the most common ways of finding
efficient solutions of multiobjective problem. Details of the method can be
found in [2]. Further, Kostreva et al. [4] have proven every optimal solution
of the weighted sum problem with strictly decreasing positive weights and
ordering map Θ(f(x)), is a fairly efficient solution of the original multiobjec-
tive optimization problem. If the weighted sum method is applied to problem
(5), due to the definition of map ΘB , we have

min


n∑

i=1

wi

 ∑
j∈B1∪B2∪···∪Bi

θj(f(x))

 : x ∈ X

 (14)

where w ∈ Rn is any positive vector. The above problem is equivalent to

min


n∑

i=1

λi

∑
j∈Bi

θj(f(x))

 : x ∈ X

 (15)

where λi =
∑n

j=i wj for i = 1, · · · , n.

Theorem 10. Let λ1 > λ2 > · · · > λn > 0. If |B1| ≥ |B2| ≥ · · · ≥ |Bn|,
then the optimal solution of problem (15) is a fairly B-efficient solution of
the multiobjective problem (1).

Proof. Suppose that x is not a fairly B-efficient solution of the multiobjective
problem (1). Then a feasible vector x′ must exist such that the vectors f(x)
and f(x′) satisfy f(x′) ≺Be f(x). By Corollary 1, we deduce that
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B1∪···∪Bk

θj(f(x
′)) ⩽

∑
B1∪···∪Bk

θj(f(x)) k = 1, 2, · · · , n,

where strict inequality holds at least once. If wi = λi−λi+1, then wi > 0 for
i = 1, 2, · · · , n. So,

n∑
k=1

wk

∑
B1∪···∪Bk

θj(f(x
′)) <

n∑
k=1

wk

∑
B1∪···∪Bk

θj(f(x)).

This means that x cannot be the optimal solution of problem (14). Since
problems (14) and (15) are equivalent, the desired result is obtained.

Remark 7. If Bj = {j} for j = 1, 2, · · · ,m, then we have Theorem 2
from [4].

A very important result in multobjective linear optimization is the as-
sociation of efficient solutions with optimal solutions of the scalar weighting
problem using positive weights [13]. The following result is the analogue for
our fairly B-efficient solution set. It seems that such a result should thus
play an important role in analysis of fair B-efficiency.

Theorem 11. Suppose that |B1| ≥ |B2| ≥ · · · ≥ |Bn| and the function
f is defined as in (6). A feasible solution x0 is a fairly B-efficient solu-
tion of problem (1), if and only if, there exists a weight vector λ ∈ Rn with
λ1 > λ2 > · · · > λn > 0 such that x0 is an optimal solution of problem (15).

Proof. Sufficiency of the condition follows from Theorm 10. Thus we only
need to show that for each fairly B-efficient solution x0 there exists a weight
vector λ ∈ Rn with λ1 > λ2 > · · · > λn > 0 such that x0 is an optimal
solution of the problem (15). Due to Theorms 2 and 4, if x0 is a fairly B-
efficient solution of (1), then (x0, Cx0,ΘB(Cx0)) is an efficient solution of
multiobjective linear program (8)-(11). Thus, from the theory of multiobjec-
tive linear optimization [13], there exist positive weights w1, w2, · · · , wn such
that (x0, Cx0,ΘB(Cx0)) is an optimal solution of the problem

min

{
n∑

i=1

wizbi : (8)− (11)

}
(16)

Due to positive weights wi, the above problem is equivalent to the problem

min

{
n∑

i=1

wiθbi(Cx) : (8)− (11)

}
(17)

where θ̄bi(y) =
∑bi

j=1 θj(y) for i = 1, 2, · · · , n. Problem (17) is equivalent to

problem (15) where λi =
∑n

j=i wj for i = 1, · · · , n. This completes the proof
of the theorem.
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Remark 8. If Bj = {j} for j = 1, 2, · · · ,m, then we have Proposition 4.6
from [3].

Another way to generate fairly B-efficient solutions is lexicographic min-
imax approach. It is shown that any optimal solution of the lexicographic
minimax problem is fairly efficient for the original multiobjective problem [4].
When applying the lexicographic optimization to the problem (5), we get the
lexicographic problem

lexmin{ΘB(f(x)) : x ∈ X}. (18)

Due to Definition 13, problem (18) is equivalent to the problem

lexmin{ΘB(f(x)) : x ∈ X}. (19)

We recall that, if y′ ̸= y′′ and s = min{i : y′i ̸= y′′i }, then y′ <lex y′′ if and
only if y′s < y′′s . Also y′ ≤lex y′′ if and only if y′s < y′′s or y′ = y′′.

Definition 15. A feasible solution x ∈ X is lexicographically optimal or
a lexicographic solution of the multiobjective problem (18), if there is no
x′ ∈ X such that ΘB(f(x

′)) <lex ΘB(f(x)).

Theorem 12. Let x ∈ X be a lexicographically optimal solution of the
multiobjective problem (18). Then x is a fairly B-efficient solution of the
multiobjective problem (1).

Proof. Suppose that x is not a fairly B-efficient solution of the multiobjective
problem (1). Then there exists a feasible vector x′ such that f(x′) ≺Be f(x).
Due to Corollary 1, ΘB(f(x

′)) ≤ ΘB(f(x)). So∑
j∈B1∪B2∪···∪Bk

θj(f(x
′)) <

∑
j∈B1∪B2∪···∪Bk

θj(f(x)),

for some k ∈ {1, ..., r}. Defining

s = min

k :
∑

j∈B1∪B2∪···∪Bk

θj(f(x
′)) <

∑
j∈B1∪B2∪···∪Bk

θj(f(x))

 .

we get ∑
j∈B1∪B2∪···∪Bk

θj(f(x
′)) =

∑
j∈B1∪B2∪···∪Bk

θj(f(x)),

for k = 1, 2, · · · , s− 1 and∑
j∈B1∪B2∪···∪Bs

θj(f(x
′)) <

∑
j∈B1∪B2∪···∪Bs

θj(f(x)).
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Therefore ΘB(f(x
′)) <lex ΘB(f(x)) contradicting the lexicographic optimal-

ity of x.

Remark 9. If Bj = {j} for j = 1, 2, · · · ,m, then we have Corollary 3.3
from [3].

Since an efficient solution with equal outcomes is a lexicographic minimax
solution. By Theorm 12, such a solution is fairly B-efficient.

Corollary 4. If there exists any efficient solution x0 of problem (1) with
equal outcomes f1(x

0) = f2(x
0) = · · · = fm(x0), then it is a fairly B-efficient

solution.

5 Conclusion

In this paper, we introduced a theoretical development of a new concept
of solution of a multiobjective optimization problem. The concept of fair
B-efficiency is obtained from fair rational preference relations on a certain
cumulative ordered vector. We introduced a new multiobjective optimization
problem and by seeking efficient solutions of this new problem, we found fairly
B-efficient solutions of the original problem. Furthermore, we examined some
properties of the set of fairly B-efficient solutions. These include sufficient
conditions for existence, connectivity of the fairly B-efficient set, scalarization
methods, and characterizations related to weighting problems.
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it to demand points is minimized. Let d(X,Pi) represent the distance trav-
eled per trip between points X and Pi, the weight wi represents the product
of cost per unit distance traveled and number of trips made per year between
the new facility and existing demand point i and some times shows value of
demand in this point. The total cost is given by:

minF (X) =
n∑

i=1

wid(X,Pi). (1)

The Euclidean problem is obviously referred to as the Steiner-Weber problem
or the general Fermat problem, and has an extraordinary longevity (see [8]).
In fact, a version of the problem for the case n = 3 and wi = 1 for i = 1, 2, 3,
was posed purely as a problem in geometry, by Fermat early in the seven-
teenth century, and was solved by Toricelli prior to 1640 (see [16]). The
problem was studied by Steiner, a Swiss mathematician, in the nineteenth
century, and by Weber, a German economist, early in the twentieth cen-
tury. Single facility location with Euclidean distance is also called Weber
problem and an iterative procedure was proposed for solving this problem by
Weiszfeld [24] in 1937 and rediscovered by Kuhn [17] in 1962. This algorithm
is widely used because of its simplicity and effectiveness. The algorithm can
be generalized to other location problems where the cost is a function of the
Euclidean distance rather than just being proportional to the distance (see
e.g. [10]). Some other cases of Weber location problem can be find in [4,5,23]).

Fathali et al. [12], considered a special case of Weber problem in which
a specified radius for every demand point is considered and the distance be-
tween the new facility and the demand point Pi is equal to the corresponding
radius, ri. However since in the real instances rarely exist the location of a
new facility such that its distance to each point pi is exactly ri. So they tried
to minimize the sum of the weighted square errors. We call this problem as
Goal Square Weber Location Problem (GSWLP). Jamalian and Fathali [14]
presented a linear model for the location problem with minimum absolute
error on the block norms.

In what follows we explain the GSWLP in Section 2. Model properties
and results are stated in Section 3. In this section main results and a proposed
algorithm for solving problem are given. Because the objective function may
have many local optima, we also use particle swarm optimization method for
solving this problem. In Section 4, the particle swarm optimization method
is explained. In Section 5, the computational results of comparing four algo-
rithms WLA, PSO, PSOC and BSSS for this problem are given.
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2 Goal Square Weber location problem

In single facility location problem, we want to find location of a new facility
such that the sum of weighted distances from the facility to all demand
points is minimized. In Fathali et al. [12] a radius, ri, and value of demand,
wi correspond to every point Pi is considered. We want to find the location
of a new facility such that the distances between it and the demand points
Pi, i = 1, . . . , n is equal to ri. Since this situation occurs in real applications
rarely we try to minimize sum of weighted squared error.

In fact, in this problem for every point a goal distance is considered and we
want to minimize the error of satisfaction location of facility in these goals. It
is desirable for us that new facility be located on circle of correspond radius
and center of demand point. For an example of this problem, if ri = r,
i = 1, 2, · · · , n and demand points be located on a circle of radius r, the
optimal point is center of circle. In the case ri = r, i = 1, 2, · · · , n the
problem converted to the square Weber problem, so we call this problem as
Goal Square Weber Problem.

The problem studied in this paper is different from the covering location
problem (CLP). Two important covering models are the maximal and min-
imal covering location problems which are suitable for siting desirable and
undesirable facilities, respectively (see e.g., [3,6]). In both of these problems a
facility covers a demand point if the demand point lies within a pre-specified
coverage radius. The objective is to locate a number of facilities so as to min-
imize or maximize the total coverage. There are some differences between
CLP and GSWLP. Firstly, CLP is a multifacility location problem, while in
the GSWLP we want to find the location of a single facility. Secondly, in
CLP a radius is associated with facilities, in contrast to the GSWLP, where
a radius ri is associated with demand point Pi. Thirdly, in the maximal
CLP, it is desirable if the distance between the demand points and facilities
be less than or equal to a pre-determined radius and in the minimal CLP this
distance should be more than or equal to a given radius, while in GSWLP it
is desirable if the new facility exactly be in the given distances of the demand
points.

Determination of the location of a company in the vicinities of some cities
such that the setting up costs and the transportation costs and minimized can
be an application of this problem as mentioned in [12] . Suppose that the cost
of establishing a facility in the regions that are farther than a given distance
ri from city ri is very low. On the other hand a move away from a city causes
the transportation costs to increase. Therefore a tradeoff between the setting
up costs and the transportation costs seems to be reasonable. GSWLP also
has some other applications for locating facilities that are either desirable or
undesirable. In these cases we want the facility not be close than a specified
distance to facility centers, because of its undesirability, on the other hand,
if the facility be so far from the facility centers, cost of providing security,
human forces, transportation installation, and other costs will increase.
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3 Model Properties

Let Pi = (ai, bi) for i = 1, · · · , n be given points in the plane. Formulation
of GSWLP is as follows:

minF (X) =

n∑
i=1

wi (d(X,Pi)− ri)
2

(2)

where X = (x, y), d(X,Pi) =
√

(x− ai)2 + (y − bi)2, and ri and wi are
corresponding radius and weight of demand point Pi, respectively. Fathali
et al. [12] show that the objective function of model (2), is non convex and
optimal solution is in extended rectangular hull of demand points. Extended
rectangular hull of demand points is the smallest rectangle which contains
all the demand points with their circles. We present a new proof by Farkas
lemma in the Theorem 1. The advantage for our new proof is that in this
proof we show there is an improvement direction from any point which is out
of rectangular hull.

Farkas lemma is one of the theorems of alternatives a good discussion of
which is given by Mangasarian [19]. It can also be found in Dantzig and
Thapa [9] and Bazaraa et al. [2], among others.

Lemma 1. [Farkas Lemma (1902)] For a given matrix A and a vec-
tor C, either AX ≥ 0 and CX < 0 has a solution, or there exists a vector
like W such that WA = C and W ≥ 0.

Theorem 1. The optimal solution of Equation (2) is in the extended rect-
angular hull of demand points.

Proof. First we define four points as follow:

RH1 = min {ai − ri|i = 1, 2, · · · , n}
RH2 = max {bi + ri|i = 1, 2, · · · , n}
RH3 = max {ai + ri|i = 1, 2, · · · , n}
RH4 = min {bi − ri|i = 1, 2, · · · , n}.

We show that the optimal point is in the rectangular hull of these four points.
By contradiction, we suppose that Xb = (xb, yb)

T is the optimal point of
model (2) and is out of rectangle. Therefor it is out of cone generated either by
(RH1−RH3, 0) and (0, RH4−RH2) or (RH3−RH1, 0) and (0, RH2−RH4).
Case 1: suppose that the optimal point is out of cone generated by (RH1 −
RH3, 0) and (0, RH4 −RH2). So the vector Xb − (RH3, RH2)

T is not in the
cone, i.e. following system has not solution:
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v1(RH1 −RH3, 0) + v2(0, RH4 −RH2) = (xb −RH3, yb −RH2)

v1, v2 ≥ 0.

By Farkas’ lemma, the following system have solution:



[
RH1 −RH3 0

0 RH4 −RH2

] [
u1

u2

]
≥ 0

[xb −RH3, yb −RH2]

[
u1

u2

]
< 0.

(3)

So by the first inequality of (3) we have:{
(RH1 −RH3)u1 ≥ 0
(RH4 −RH2)u2 ≥ 0

since RH1 ≤ RH3 and RH4 ≤ RH2 therefore u1 ≤ 0 and u2 ≤ 0. And by
the second inequality of (3) we obtain

(xb −RH3)u1 + (yb −RH2)u2 < 0.

Moreover ai ≤ RH3 and bi ≤ RH2 for i = 1, 2, · · · , n so
(xb − ai)u1 + (yb − bi)u2 ≤ (xb −RH3)u1 + (yb −RH2)u2 < 0.

Now, if xb − RH3 < 0 and yb − RH2 > 0 then let U =

(
0
u2

)
and if

xb − RH3 > 0 and yb − RH2 < 0 then let U =

(
u1

0

)
and if xb − RH3 > 0

and yb −RH2 > 0 then let U =

(
u1

u2

)
. So in each case

∇d(Xb, Pi).U =
1

d(Xb, Pi)
(xb − ai, yb − bi).U < 0.

Therefore

∇F (Xb).U = 2
n∑

i=1

wi

(
1− ri

d(Xb, Pi)

)
(xb − ai)u1

+ 2
n∑

i=1

wi

(
1− ri

d(Xb, Pi)

)
(yb − bi)u2

= 2

n∑
i=1

wi

(
1− ri

d(Xb, Pi)

)
[(xb − ai)u1 + (yb − bi)u2] < 0.
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This means that U is a descent direction and Xb can not be optimal point.
Note that in the last equality statement 1 − ri

d(Xb,Pi)
is positive for all

i, because Xb is out of extended rectangular hull and d(Xb, Pi) ≥ ri so
ri

d(Xb,Pi)
≤ 1.

Case 2: suppose that optimal point is out of cone generated by (RH3 −
RH1, 0) and (0, RH2 − RH4). Proof of this case is the same as Case 1. So
the optimal point is in rectangular hull generated by RH1, RH2, RH3 and
RH4.

4 Weiszfeld-like algorithm

In this section, we propose an iterative algorithm for solving GSWLP. Our
algorithm is based on the Weiszfeld method. The original Weiszfeld algorithm
is an iterative method for solving the following Weber problem.

MinF (X) =
n∑

i=1

wi

√
(x− ai)2 + (y − bi)2. (4)

From the necessary condition of optimality ∂F (X∗)
∂X = 0 for this problem,

the Weiszfeld method starts with an initial solution and try to find optimal
solution by the following iterative relations;

xk+1 =

∑n
i=1

wiai√
(xk−ai)2+(yk−bi)2∑n

i=1
wi√

(xk−ai)2+(yk−bi)2

yk+1 =

∑n
i=1

wibi√
(xk−ai)2+(yk−bi)2∑n

i=1
wi√

(xk−ai)2+(yk−bi)2

.

Now consider the GSWLP. The same as Weiszfeld method from the nec-
essary optimality condition to obtain a candidate for optimal solution we
set

∂F

∂X
= 2

n∑
i=1

wi

(
1− ri

d(X,Pi)

)
(X − Pi) = 0 (5)

therefore

X =

∑n
i=1 wi

(
1− ri

d(X,Pi)

)
Pi∑n

i=1 wi

(
1− ri

d(X,Pi)

) . (6)

Like in the Weiszfeld algorithm, there is a possibility that during the
iterations, d(X,Pi) is zero for one of the points, and then the ratio is infinite
and the process cannot be continued. For practical purposes, the whole issue
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of singular points may be avoided by replacing each distance in (6) by its
hyperbolic approximation (e.g., see [18]) given by:

X =

∑n
i=1 wi

(
1− ri

d(X,Pi)+ε

)
Pi∑n

i=1 wi

(
1− ri

d(X,Pi)+ε

) (7)

where ε > 0 is a smoothing constant. Therefor we can use the following
iterative method.

Algorithm [WLA].
Initialization:

1. Choose an initial solution, X0 and set k = 0.

Iteration step:
While not stopping criterion do

1.

xk+1 =

∑n
i=1 wi

(
1− ri√

(xk−ai)2+(yk−bi)2+ε

)
ai∑n

i=1 wi

(
1− ri√

(xk−ai)2+(yk−bi)2+ε

)

yk+1 =

∑n
i=1 wi

(
1− ri√

(xk−ai)2+(yk−bi)2+ε

)
bi∑n

i=1 wi

(
1− ri√

(xk−ai)2+(yk−bi)2+ε

)
2. k:=k+1

endwhile

The stopping criterion rule is usually one of the following criteria: maxi-
mum number of iterations or reaching a tolerance.

Now we discuss the convergency of WLA. From Equation (6) if we con-
sider the right hand side of this equation as Xk and the left hand side of it
as Xk+1, so we have

Xk+1 =

∑n
i=1 wi

(
1− ri

d(Xk,Pi)

)
Pi∑n

i=1 wi

(
1− ri

d(Xk,Pi)

) , (8)

then by choosing an initial solution, X0, for k = 1, 2, · · · we have
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Xk+1 = Xk −
1∑n

i=1 wi

(
1− ri

d(Xk,Pi)

) [ n∑
i=1

wi

(
1− ri

d(Xk, Pi)

)
(Xk − Pi)

]
.

(9)
Let us assume that

dk = −1

2

n∑
i=1

wi

(
1− ri

d(Xk, Pi)

)
(Xk − Pi) (10)

it is clear that dk is a descent direction, i.e. dTk .∇F (Xk) < 0, so the Equation
(9) is a gradient method and the sequence {F (Xk)} is non increasing. Let

h(X) = X − 1

2
∑n

i=1 wi

(
1− ri

d(X,Pi)

) ∂F (X)

∂X
. (11)

The function F (X) is two times differentiable and h(X) in X ̸= Pi,
i = 1, · · · , n, is continuous.

Lemma 2. The sequence generated by Equation (8) is in affine hull of the
Pi, i = 1, 2, · · · , n.

Proof. In each iteration, we have Xk+1 =
∑n

i=1 αiPi∑n
i=1 αi

, in which

αi =
∑n

i=1 wi

(
1− ri

d(Xk,Pi)

)
. Let γi = αi∑n

i=1 αi
, we have γi ∈ [−1, 1] and∑n

i=1 γi = 1. From Equation (8) the sequence {Xk} is a affine combination of
demand points. So the sequence {Xk} is in affine hull of Pi, i = 1, 2, · · ·n.

Lemma 3. If Xk = Xk+1 then ∂F (Xk)
∂X = 0.

Proof. From the Equation (9), we have Xk+1 = h(Xk) = Xk − 1
2λk

∂F (Xk)
∂X

where λk = 1∑n
i=1 wi

(
1− ri

d(Xk,Pi)

) . If Xk+1 = Xk then −1
2λk

∂F (Xk)
∂X = 0, i.e.

∂F (Xk)
∂X = 0.

Lemma 4. If Xk ̸= Xk+1 then F (Xk+1) < F (Xk), and If F (Xk) = F (Xk+1)
then Xk = Xk+1.

Proof. From the Equation (9), if Xk ̸= Xk+1, we have ∂F (Xk)
∂X ̸= 0 . Let

D = −∂F (Xk)
∂X so DT .∇F (Xk) < 0 i.e. F (Xk+1) < F (Xk).

To show the second part of lemma if F (Xk) = F (Xk+1) then since for every
k, the direction dk is non increasing we have Xk = Xk+1.

Note that the direction dk in iteration k, is a descent direction, so the
sequence {F (Xk)} is non increasing. Since this sequence is bounded from
below by zero, the limit limk→∞ F (Xk) exists.
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Theorem 2. The sequence {Xk} converges to a local minimum or a saddle
point of function F (X).

Proof. By Lemma 2, the sequence {Xk} is in affine hull of demand points
and since by explanation of Equation (9), dTk are descent direction so the

sequence {Xk} is converged to a point like X̂. Since limk→∞ F (Xk) exists,
limk→∞ F (Xk+1) − F (Xk) = 0 and F (h(X̂)) = F (X̂). By Lemma 4, we
have h(X̂) = X̂. If Xk+1 ̸= Xk then the inequality F (Xk+1) ≤ F (Xk) holds
strictly. From continuity of function h(X), if Xk tends to X̂ then Xk+1

will tend to h(X̂) = X̂ and {Xk} converges to X̂. According to Lemma 3,
∂F (X̂)
∂X = 0 and since {F (Xk)} is non increasing and bounded from below

by zero, the point X̂ con not be local maxima, in other word, it is a local
minimum or saddle point of function F (X).

We presented an analytic method for solving GSWLP that do not guar-
antee converging to a minimum and may fall in saddle point or local minima
which is no minimum. Since the objective function of GSWLP is non convex,
the local minimum may not be global (see Example 1). So we should use a
global optimization method. In the next section we apply a particle swarm
optimization algorithm to find the best solution of problem.

Example 1. Consider the points, their weights and their radiuses that are
given in Table 1. This problem is solved in [12] by big square small square
method and the value of optimal solution is 182. But if we solve this problem
by WLA we will see this method convergence to a point which its value of
objective function is 209.

Table 1: Data for 18 points problem.

(a, b, w, r) (a, b, w, r) (a, b, w, r)
(1, 2, 3, 2) (4, 4, 1, 2) (7, 1, 2, 1)
(1, 3, 2, 2) (4, 9, 2, 1) (7, 2, 3, 2)
(2, 5, 1, 3) (5, 3, 2, 2) (8, 5, 1, 2)
(3, 6, 3, 2) (5, 5, 1, 2) (8, 8, 3, 1)
(4, 8, 2, 2) (6, 6, 3, 3) (9, 7, 3, 2)
(4, 1, 3, 1) (6, 3, 3, 1) (9, 6, 2, 3)

Note that this is an special example that WLA traps in a local minima.
This case rarely happens. We examined many other test problems but we
could not find any example with this property. Also as we shall see in the
computational experiments section, in non of the examined test problems in
this section this case dose not happen.
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5 Particle Swarm Optimization

Nature has always been an inspiration for researchers in designing solutions
for many problems. Particle Swarm Optimization (PSO) is a meta-heuristic
algorithm that is inspired of the behaviors of social models like bird flocking
or fish schooling. It is introduced by Eberhart and Kennedy [11], as an
optimization method for continuous nonlinear functions. Later, it has been
applied to wide range of problems due to its conceptual and implementation
simplicity (see e.g. [1, 15]).

Particle swarm optimization is a stochastic optimization technique based
on individual improvement, social cooperation and competition in a popula-
tion. PSO is famous for its fast convergence to a solution close to the optimal,
by balancing the local search and global search i.e., exploitation and explo-
ration, respectively. PSO is a population based method in which a swarm
includes several individuals called particles. Each particle has a position and
velocity vector. Particles are initially positioned randomly. The position of
a particle is a candidate solution and it is updated at each iteration by using
the particle’s current velocity. The velocity of a particle is updated by using
the particle’s inertia weight as well as the social interaction (its tendency to
follow the best direction experienced by the group) and personal experience
(the best direction experienced by itself) of the particle. In the course of
several iterations, particles make use of this experience and are supposed to
move towards the optimum position.

The stopping criterion rule is usually one of the following criteria: maxi-
mum number of iterations, the maximum CPU time, the number of successive
best objective function values without any improvements or reaching a pre-
determined tolerance. During the update step, for each particle, the velocity
and position vector of the particle at iteration t + 1 are calculated by using
the Equations (12) and (13).

vt+1
i,j = wvti,j + c1r1

(
pbestti,j − xt

i,j

)
+ c2r2

(
gbesttj − xt

i,j

)
(12)

xt+1
i,j = xt

i,j + vt+1
i,j . (13)

In these equations, vti,j and xt
i,j are the velocity and position of the jth

dimension of the ith particle at iteration t, respectively. The parameters c1
and c2 are coefficients of learning factors, which are the weights of contribu-
tions of personal experience and social interaction. The stochastic behavior
of PSO is achieved by r1 and r2 which are random numbers, generally in
(0, 1). The parameter w is the inertia weight which is the balancing factor
between exploration and exploitation. Small inertia weight facilitates more
exploitation while large inertia weight enables more exploration.

After the update step, the fitness function value is calculated for each par-
ticle based on its position. The local best position pbest of each particle and
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the global best position gbest are updated using these fitness values as follow:

pbestt+1
i =

{
pbestti F (xt+1

i ) ≥ F (pbestti)
xt+1
i F (xt+1

i ) > F (pbestti)
(14)

gbestt+1 = argmini∈{1,2,··· ,n}F (pbestt+1
i ). (15)

These ideas lead to the following algorithm.

Algorithm [PSO].

Initialization:

1. Initialize iteration counter.

2. Initialize N random position of particles and store them in S.

3. Initialize N random velocities and store them in V.

4. Initialize N pbest and store them in P.

5. Set gbestt equal the best pbest in P.

Iteration step:
While not stopping criterion do

1. For each ith particle:

(a) Update V: Calculate velocity vt+1
i using (12)

(b) Update S: Calculate position xt+1
i using (13)

(c) Update P: Calculate position pbestt+1
i using (14)

2. Update gbest: gbestt+1 = argmini∈{1,2,··· ,N}
{
f(pbestt+1

i )
}

3. t:=t+1

endwhile

Where V is the set of velocities and P is the set of pbests. To apply this
algorithm for Goal Square Weber Location Problem we set S the region of
optimal solution, i.e. extended rectangular hull of points and each particle
as a solution. In this algorithm first we choose N random positions and
velocities for each particle. From rules of particle swarm optimization we
obtain the pbest and gbest of swarm. The algorithm with updating variables
continues until termination conditions reached.

Many modification for PSO algorithm has been proposed to improve the
performance of this algorithm. In standard PSO algorithm, the information
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of individual best and global best are shared by next generation particles.
Shi and Eberhart [21] use dynamic inertia weight that decreases according
to iterative generation increasing. The weight w in (12) follows the relation
wt+1 = αwt where 0 < α < 1. A large inertia weight facilitates global
exploration and a smaller inertia weight tends to facilitate local exploration
to search the local neighborhoods in the current search area more effectively.

Clerc and Kennedy [7] present another good modification of PSO. They
consider the form of a constriction coefficient K which controls all the three
components in velocity update rule. This has an effect of reducing the velocity
as the search progress. In this modification, the velocity update is given as:

vt+1
i,j = K

(
vti,j + c1r1

(
pbestti,j − xt

i,j

)
+ c2r2

(
gbesttj − xt

i,j

))
(16)

where

K =
2

| 2− ϕ−
√

ϕ2 − 4ϕ |
(17)

where ϕ = c1 + c2 > 4. This version is referred to as PSO with constriction
or PSOC. We apply the original PSO and PSOC for solving GSWLP.

In the next section we compare the WLA with PSO, PSO with constric-
tion (PSOC) and big square small square (BSSS) method. Big Square Small
Square (BSSS) method is a geometrical branch and bound algorithm origi-
nally suggested by Hansen et al. [13] for solving an obnoxious facility location
problem. The idea is to divide the plane into regions (squares), over each
of which a lower (upper) bound for the problem is found. If the objective
over a given square is worse than an existing upper (lower) bound, then that
square is fathomed. The procedure continues until a prescribed tolerance is
achieved. This method also applied by some authors such as Plastria [20],
Skriver and Andersen [22], Zaferanieh et al. [25] and Fathali et al. [12] for
solving location problems.

6 Computational results

The proposed algorithms were tested on forty test problems with 100 to
3000 points that are generated randomly in MATLAB. In these problems
demand point’s coordinates, weights and radiuses, all are positive numbers
and generated randomly in [1, 60], [1, 3] and [1, 10], respectively.

We compare the Weiszfeld like algorithm (WLA), PSOC and PSO with
BSSS method of Fathali et al. [12]. Algorithms are coded in MATLAB soft-
ware and run on a Laptop with Core(TM)2 CPU with 2.00 GHz processor
and 1 GB of RAM. In the PSO and PSOC algorithms we should generate
randomly N initial position of particles and velocities. Therefore in differ-
ent executions of these methods we may find different solutions, so we run 5
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times this two methods for all problems and report the average results. In all
methods the iteration step of the algorithm is repeated until the tolerance is
achieved. The tolerance for all examples was taken to be 0.01.

In our experiments with different values of c1 and c2 (c1, c2 ∈ [1, 3]) we
found the best values to be c1 = c2 = 2.1. The inertia weight is started
with w = 1.5 and decrease in each iteration such that reach 0.2 at the end
of algorithm. The population size is set N = 50 for problems with n =
100, · · · , 500 and N = 100 for remaining problems. We also examined larger
numbers of population size. Our tests showed that larger population size
slow down the algorithm but did not lead to better solutions.

Table 2 shows the computational results. The column with the heading
%Error indicates the relative error; i.e.,

|f − fbest
fbest

| · 1000

where fbest is the best solution obtained by the four methods and f is the
value of objective function obtained by each method.

Note that the BSSS method continues until the side of the sub-square is
less than a given tolerance. So the solutions which obtained by this method is
near optimal with the given tolerance. By this method we can also compute
a lower bound for the objective for each sub-square. The column with the
heading LB in Table 2 indicates the lower bound for the objective for the
best sub-square. This sub-square contains optimal solution. Also the column
with the heading gap shows the relative gap between the lower bound and
the best solution, i.e.,

|fbest − LB

fbest
| · 1000.

We observe the largest relative gap is 5.79×10−4, which happens for the test
problem number 23.

Table 3 contains the average total CPU times for test problems. The
CPU times of WLA are less than other methods in all cases. However the
other methods could find better solution in some test problems.

To compare speed of presented methods one may consider the time com-
plexity of these methods. However since these methods are improvement
methods then with more iterations we may obtain better solutions. There-
fore in the following we give their time complexity per iteration.

The main step of WLA is computing x and y in each iteration. Since we
need 23n operations for each of x and y, obviously, the time complexity per
iteration is O(n). Where n is number of existing points.

In step 1 of each iteration of PSO, we should calculate velocity v, position
of x and pbest according to (12), (13) and (14), respectively. They need
O(nN) operations. Where N is the population size. Step 2 of Iteration step
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Table 2: The objective functions and errors

objectivefunction %Error

NO. n LB WLA BSSS PSO PSOC WLA BSSS PSO PSOC gap

1 100 59599 59617 59618 59617 59617 0.000 0.017 0.000 0.000 0.302
2 100 68958 68995 68995 68995 68995 0.000 0.000 0.000 0.000 0.536
3 100 82265 82287 82287 82288 82287 0.000 0.000 0.012 0.000 0.267
4 100 78156 78232 78180 78182 78180 0.665 0.000 0.026 0.000 0.435
5 100 76104 76145 76145 76145 76145 0.000 0.000 0.000 0.000 0.539
6 200 121305 121340 121341 121341 121340 0.000 0.008 0.008 0.000 0.288
7 200 166160 166254 166254 166255 166254 0.000 0.000 0.006 0.000 0.565
8 200 159632 159720 159720 159720 159721 0.000 0.000 0.000 0.006 0.551
9 200 162253 162312 162312 162312 162312 0.000 0.000 0.000 0.000 0.363
10 200 160276 160324 160324 160325 160324 0.000 0.000 0.006 0.000 0.299
11 300 233660 233765 233766 233765 233766 0.000 0.004 0.000 0.004 0.449
12 300 234183 234314 234314 234314 234315 0.000 0.000 0.000 0.004 0.559
13 300 245908 246045 246045 246046 246045 0.000 0.000 0.004 0.000 0.557
14 300 241698 241761 241761 241761 241761 0.000 0.000 0.000 0.000 0.267
15 300 235575 235674 235621 235642 235621 0.225 0.000 0.089 0.000 0.195
16 400 309670 309777 309777 309777 309776 0.003 0.003 0.003 0.000 0.342
17 400 337358 337543 337544 337543 337543 0.000 0.003 0.000 0.000 0.548
18 400 319847 320030 320030 320031 320032 0.000 0.000 0.003 0.003 0.493
19 400 326612 326734 326735 326734 326735 0.000 0.003 0.000 0.003 0.373
20 400 318651 318783 318783 318783 318783 0.000 0.000 0.000 0.000 0.389
21 500 394201 394364 394364 394364 394364 0.000 0.000 0.000 0.000 0.418
22 500 391482 391654 391598 391597 391598 0.143 0.003 0.000 0.003 0.294
23 500 407515 407751 407752 407751 407751 0.000 0.003 0.000 0.000 0.579
24 500 412614 412763 412763 412763 412763 0.000 0.000 0.000 0.000 0.361
25 500 402198 402348 402277 402277 402277 0.176 0.000 0.000 0.000 0.196
26 1000 786520 786731 786732 786732 786732 0.000 0.001 0.001 0.001 0.268
27 1000 796696 797148 797149 797148 797148 0.000 0.001 0.000 0.000 0.191
28 1000 812939 813407 813406 813407 813406 0.001 0.000 0.001 0.000 0.575
29 1000 805501 805634 805634 805634 805634 0.000 0.000 0.000 0.000 0.165
30 1000 802280 802431 802432 802431 802432 0.000 0.001 0.000 0.001 0.313
31 2000 1465017 1465731 1465705 1465718 1465705 0.018 0.000 0.009 0.000 0.469
32 2000 1582076 1582976 1582977 1582977 1582977 0.000 0.001 0.001 0.001 0.569
33 2000 1633068 1634000 1634000 1634000 1634000 0.000 0.000 0.000 0.000 0.570
34 2000 1563967 1564236 1564185 1564186 1564185 0.001 0.000 0.001 0.000 0.139
35 2000 1607103 1607640 1607640 1607641 1607640 0.000 0.000 0.001 0.000 0.334
36 3000 2297871 2298872 2298873 2298872 2298873 0.000 0.001 0.000 0.001 0.435
37 3000 2362318 2363663 2363663 2363663 2363663 0.000 0.000 0.000 0.000 0.569
38 3000 2403658 2405041 2405040 2405040 2405040 0.001 0.000 0.000 0.000 0.575
39 3000 2387987 2388745 2388746 2388745 2388753 0.000 0.001 0.000 0.003 0.317
40 3000 2324214 2325395 2325396 2325396 2325395 0.000 0.001 0.001 0.000 0.508

Total 1.233 0.051 0.172 0.030

Table 3: The CPU Time of PSOC, PSO, WLA and BSSS algorithms

n WLA BSSS PSO PSOC
100 0.002 4.204 0.630 0.778
200 0.004 7.765 1.145 1.318
300 0.005 11.363 1.686 1.852
400 0.007 15.061 2.192 2.920
500 0.008 18.205 2.709 3.470
1000 0.014 83.607 5.348 5.929
2000 0.027 389.972 10.570 12.346
3000 0.040 576.231 15.750 17.230
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Table 4: The objective functions and errors in a constant time

objectivefunction %Error

test# n time BSSS PSO PSOC BSSS PSO PSOC

1 100 0.5 59630 59617 59617 0.218 0.000 0.000
2 100 0.5 68997 68996 68995 0.028 0.014 0.000
3 100 0.5 82290 82289 82287 0.036 0.024 0.000
4 100 0.5 78241 78205 78202 0.780 0.320 0.281
5 100 0.5 76147 76146 76145 0.026 0.013 0.000
6 200 1.0 121355 121345 121343 0.124 0.041 0.025
7 200 1.0 166799 166263 166260 3.278 0.054 0.036
8 200 1.0 160699 159771 159730 6.129 0.319 0.063
9 200 1.0 162330 162318 162314 0.111 0.037 0.012
10 200 1.0 160345 160325 160324 0.131 0.006 0.000
11 300 1.5 233809 233766 233767 0.188 0.004 0.008
12 300 1.5 234316 234316 234316 0.008 0.008 0.008
13 300 1.5 246072 246047 246045 0.110 0.008 0.000
14 300 1.5 241763 241770 241761 0.008 0.037 0.000
15 300 1.5 235704 235664 235651 0.352 0.182 0.127
16 400 2.0 309790 309779 309780 0.039 0.009 0.012
17 400 2.0 337568 337543 337543 0.075 0.000 0.000
18 400 2.0 320116 320090 320076 0.258 0.180 0.138
19 400 2.0 326814 326784 326784 0.248 0.153 0.153
20 400 2.0 318853 318783 318783 0.220 0.000 0.000
21 500 2.5 394384 394366 394365 0.061 0.005 0.003
22 500 2.5 391755 391598 391599 0.403 0.003 0.005
23 500 2.5 407801 407751 407751 0.151 0.000 0.000
24 500 2.5 412833 412772 412763 0.211 0.027 0.000
25 500 2.5 402451 402279 402280 0.433 0.006 0.009
26 1000 5.0 786851 786742 786733 0.153 0.011 0.002
27 1000 5.0 797153 797149 797149 0.004 0.001 0.001
28 1000 5.0 813407 813410 813407 0.001 0.004 0.001
29 1000 5.0 805710 805642 805639 0.094 0.008 0.005
30 1000 5.0 802671 802431 802433 0.299 0.000 0.002
31 2000 10.0 1465978 1465720 1465711 0.186 0.010 0.004
32 2000 10.0 1583288 1582977 1582977 0.197 0.001 0.001
33 2000 10.0 1634121 1634004 1634000 0.121 0.004 0.000
34 2000 10.0 1564480 1564186 1564186 0.189 0.001 0.001
35 2000 10.0 1607871 1607665 1607660 0.144 0.025 0.020
36 3000 15.0 2299001 2298876 2298874 0.056 0.004 0.002
37 3000 15.0 2363820 2363663 2363663 0.066 0.000 0.000
38 3000 15.0 2405131 2405041 2405041 0.037 0.001 0.000
39 3000 15.0 2388876 2388754 2388759 0.055 0.004 0.006
40 3000 15.0 2325480 2325396 2325395 0.037 0.001 0.000

Total 15.265 1.525 1.04

calculate gbest which needs O(N) operations. Therefor per iteration of PSO
has O(nN) time complexity.

PSOC is the same as PSO just we need calculate velocity v by (16). It also
need O(nN) operations. Therefor the time complexity of PSOC is O(nN)
for per iteration.

Due to [12] in each iteration of BSSS we should calculate the objective
function for a given point in a square. This take O(n2) time, therefor each
iteration of BSSS has O(n2) time complexity.

To compare the algorithms on equal terms, we allow the BSSS, PSO and
PSOC algorithms run during the same time. Table 4 contains computational
results for this case. Since WLA is very fast, its results for the given times
in Table 4 is the same as Table 2.

7 Summary and conclusion

In this paper we studied a new version of the single facility location problem in
which we want to find location of a new facility such that the sum of weighted
squared errors is minimized. In general, this problem is non convex and we
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showed that optimal solution of problem is in extended rectangular hull of
demand points. We proposed two approaches for solving this problem. An
iterative Weiszfeld-like procedure and two modifications of PSO algorithm.
We compared the results with those obtained by BSSS algorithm. It was
shown that for almost all problems the PSOC outperforms the other three
approaches.
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1 Introduction

Recently, there has been great interest in improving both operators and cri-
teria of Global Optimization techniques [19, 34]. Genetic algorithm (GA)
which is probably the most famous Global optimization technique, still suf-
fers from not having a reliable automatic termination criterion. In other
words, GA is usually unable to decide when or where it should terminate the
optimization computations [16]. In practice, some pre-specified maximum
number of generations is usually used as the termination criterion. In many
practical applications, the stopping criteria can significantly influence both
the final optimal solution and the overall duration of the entire optimization
process [17].

Genetic algorithm is originally rooted in Hollands work [15] which pre-
sented a new approach in early sixties for problem solving that finally became
widely popular. Afterwards, in late 60s, his students, Bagley [3], Rosen-
berg [29], and Cavicchio [6] paved the way for new generations. At the
present, GA has found extensive applications in many fields of science, econ-
omy and engineering.

Many engineering design, modeling and planning problems are inherently
quite complex and usually they can’t be solved via conventional optimization
methods. On the other hand, GA can overcome these issues and is able to
successfully solve optimization problems with complex merit functions. GA
has simple operators, low storage requirements, and its parallel and global
outlook has been applied successfully in a wide variety of problem domains
[10, 22], such as control system design [9], chemical kinetics [8] and robotic
manipulator design [4].

All steps of GA are usually well defined except the number of stopping
criterion iterations [5]. Several termination criteria, such as Generation Num-
ber, Evolution Time, Fitness Threshold, Fitness Convergence, Population
Convergence and Gene Convergence are introduced to stop the evolutionary
algorithms like GA [32]. However, the most commonly used stopping crite-
rion for GA is Generation number which is usually determined via trial and
error.

In 1992, Nix and Vose modeled a simple genetic algorithm as Markov chain
[24]. They have not preserved the knowledge of previous best in their model.
In the mid-90s, Rudolph [30] and Suzuki [33] preserved the knowledge of
the previous best chromosomes in their model and proved faster convergence
of GAs to the optimal string. In 1994, Meyer and Feng [21] developed the
concept of a fuzzy stop criterion to provide a useful evaluation of GA’s real-
time performance. Their method is not based on a global or fixed value but
it works on achieving a pre-specified user-defined level of performance for the
given problem. Previously computed performances of earlier GAs were used
as a frame of reference for estimation of the current GA performance.

In 1996 Aytug and Koehler [2] derived a theoretical bound on the number
of iterations. They showed that a level of confidence is required to guarantee
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that the GA can find an optimal solution. They reported that the bound on
GA running time is a function of the mutation rate, size of the population
strings and the population size but it is independent of the crossover rate and
the fitness function. They used Markov chain formulation to find the bound.
In a similar work, Aytug et al. [1] have also modeled run time behavior of
GA using cardinality representation, as Markov chain.

In 1998 Murthy et al. [23] introduced concept of ε-optimal stopping time of
Genetic algorithm. They showed that the probability of performing mutation
play an important role in estimation of optimal stopping time of GA. They
have provided an estimate for the number of iterations that a GA has to run
to obtain an ε-optimal global solution. In 2002 Greenhalgh and Marshall [11]
examined how long a genetic algorithm should run to ascertain that it can
reach a reasonable optimal solution. They solved this problem by looking at
the effect of mutation on the convergence of genetic algorithm.

In 2007 Hedar et al. [14] modified a genetic algorithm with new termina-
tion criteria and acceleration elements. They named the proposed method
”Genetic Algorithm with Automatic Accelerated Termination (G3AT)”. This
method is based on some directing strategies: a) The Gene Matrix (GM)
that assist the exploration process, b) The Mutagenesis a new type of mu-
tation that accelerate the exploration and exploitation processes and c) The
Memetic Algorithm in order to achieve faster convergence.

In 2011 Ong and Fukushima [25] developed another genetic algorithm
that was called Genetic Algorithm with Automatic Termination and Search
Space Rotation (GATR). This algorithm can terminate the search without
conventional predefined criteria such as the maximum number of generations
or Function evaluations. They attempted to improve performance of Hedar’s
work [14] more accurately and more versatile.

In 2012 Bhandari et al. [5] introduced a new stop criterion based on
variance (ε) ) for the best optimal solutions of the problem at hand. The
proposed criterion uses only the fitness function values and takes into account
the inherent properties of the objective function. They didnt suggest any
automatic procedure for choosing the value of ε. Instead, the ε criterion
should be chosen sufficiently small to ensure the required accuracy.

In the present article, a new stopping criterion based on the new con-
cept of approximate number of decisive iterations (ANDI ) and approximate
degrees of freedom (Adf ) of the merit function at hand is proposed. For a
previously defined and explicitly known cost function (which are used as typ-
ical examples in this work), the maximum value of absolute error (MAEy)
which is readily computable from the uncertainties of the input variables, can
be used as a simple criterion for selecting the proper value of (ANDI ).

In real optimizations, where the ordinary least square is used as the merit
function, the above approach is extremely time consuming. For these cases, a
convenient procedure is introduced to find the appropriate value of (ANDI )
using the approximate degrees of freedom (Adf ) for the least square objective
function under consideration. A certain class of artificial neural network will
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be used to compute the Adf for both discrete and continuous cost functions.
It is clearly shown that a straightforward correlation exists between ANDI
and Adf which can be used to estimate the GA termination criterion for any
global optimization problem.

In the next sections, initially our in-house algorithm for GA, ANDI and
Adf will be presented briefly. Afterwards, the so called ”Regularization net-
work” of Poggio and Girosi [26] is introduced as a vehicle to compute the
approximate degrees of freedom for any desired cost function. Several simple
and relatively complex case studies (merit functions) are used to propose a
new correlation between our so called ”ANDI ” criterion and the ”Adf ” of
the objective function at hand.

2 A brief overview of our in-house GA algorithm

Genetic algorithm is based on the survival of better solutions evolved from
previous generations until a near optimal solution is acquired. It uses the
main three operations of selection, crossover and mutation to produce new
generations from the old ones [7].

The initial population is formed of N chromosomes that covers search
domain and is usually generated in a random manner. Selection operation
is performed by considering individual and cumulative probabilities, at this
step stronger and better chromosomes have a greater chance of being selected.
The Crossover operator works by selecting two chromosomes at random that
will exchange genetic features [20]. In nature, mutation rarely happens but
in a conventional GA, it happens frequently producing a new generation in
each iteration.

A modified version of GA is presented here which uses a new termina-
tion criterion parameter known as ANDI. Figure 1 depicts our in-house GA
algorithm which combines the standard GA with ANDI concept.

As shown in Figure 1, all conventional steps of a standard GA such as
initialization, parent selection, cross over and mutation are used in our in-
house algorithm. To ensure preserving the best solution throughout the entire
optimization calculations, the best fitness is saved in each iteration and this
chromosome is expected to bypass any GA operation (crossover or mutation).
As Figure 1 depicts, our in-house algorithm stops when the best solution does
not change after two consecutive approximate number of decisive iterations
(ANDI ). In other words, GA runs ANDI times initially and saves the best
optimal solution. Afterwards, it runs ANDI times again and compares new
best fitness with previous one. If the difference between these two fitnesses
is smaller than a very small pre-specified tolerance, then GA is converged.
Otherwise the old fitness is replaced by the new fitness and the process will
continue as long as the above condition is satisfied.
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Figure 1: The in-house GA flowchart using ANDI concept as the termination criterion.



..

G
al
le
y
P
ro
of

88 L. LotfiKatooli and A. Shahsavand

3 Description of ANDI and approximate df

As mentioned before, the approximate number of decisive iterations (ANDI )
is defined as the minimum number of iterations that provides proper perfor-
mance. This parameter has a crucial role in defining the termination criterion
of our in-house algorithm. In practical optimization problems, it is essential
to choose appropriate number of iterations (generations) which provides op-
timal answers with required accuracy in a reasonable time.

A simple but tedious way for selection of proper ANDI value is to plot
the best optimal solution obtained after two consecutive successful number
of iterations versus the corresponding number of iterations. Afterwards, a
specific criterion is required to select the approximate number of decisive it-
erations (ANDI ) based on difference between two optimal solutions obtained
for two successive iterations. The maximum value of absolute error (MAE)
which is readily computable from the uncertainties of the input variables, is
a good candidate to be used as the above criterion for selecting the proper
value of ANDI. The following section briefly explains a typical method which
can be used to find MAE as an appropriate criterion for selection ANDI.

For a multivariate differentiable cost function the absolute error (AE) of
the output variable (y) for a given set of inputs can be readily computed from
the following equation provided that sufficiently small errors exist in input
variables [18]:

AEy =

p∑
i=1

|∂f/∂xi|∆xi (1)

where (∆xi, i = 1, ..., p) are the uncertainties of the p input variables1. In
GA, a vast domain of input variables is usually exist instead of fixed input
values. Therefore, the value of objective function can drastically change with
variations of inputs inside corresponding domain. In this work, the value of
absolute error for a given cost function is initially computed when the input
variables vary inside their domain. The maximum value of the absolute error
encountered is then selected as the desired criteria (MAEy) for selection of
the required ANDI. Figure 2 illustrates a typical plot of AE for the following
objective function:

f(x1, x2) = 100(1− 3.3x1 + 2.9x2
1)exp(((x1 − 0.5)/0.25)2(1− 3.3x2 + 2.9x2

2)

exp(−((x2 − 0.5)/0.25)2)

(2)

As can be seen, the four distinct hills with different heights shown in 3D
plot section of Table 1 can be distinguished in Figure 2. Furthermore, the

1 For discrete functions with known singularities, the finite difference method can be used

to obtain the approximate values of partial derivatives
∂f

∂xi
=

f+ − f−

∂xi
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Figure 2: A typical plot of absolute error (AE) for various combinations of input variables
inside input domain for cost function of equation (2).

maximum value of absolute error for the merit function described by equa-
tion (2) is around 0.022. This value will be used as the required criterion
in the following sections to select the optimal value of ANDI for the given
cost function. Figure 3 shows a typical plot of the best fitness values found
after convergence versus the corresponding number of successive iterations
for the given cost function inside the corresponding input domain. Assuming
that the uncertainties for both input variables to be equal to 0.001, then
the maximum value of absolute error (MAEy) for the given cost function
is around 0.006, when computed from equation (1). After determining the
value of (MAEy) and returning to Figure 3, sufficient number of consecutive
successive iterations should be found which the variations in the correspond-
ing best fitness values is less than (MAEy). The square boxes shown in
Figure 3 belong to different number of consecutive successive iterations (2-5)
which the corresponding best fitnesses variations inside those number of con-
secutive iterations are smaller than the MAEy. As can be seen in Figure 3,
after 3 consecutive successive iterations, the value of best fitness approaches
its ultimate optimal value of around 2.95. It means that, at least 14 succes-
sive iterations are required to ensure that the optimal solution is successfully
approximated. In this work, the above number of successive iterations (i.e.
14) is selected as the ANDI which can be used as the termination crite-
rion for GA optimization method. To guarantee that sufficiently large values
for ANDI is chosen, 5 consecutive successive iterations are used for all case
study examples presented in latter sections. To the best of our knowledge,
this procedure has not been addressed previously.

Evidently, selection of ANDI via the above simple but tedious procedure
requires extensive computations which can be alleviated by resorting to the
following technique.
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Figure 3: A typical plot of best fitness values (for the corresponding cost function) versus
numbers of successive iterations.

A very useful concept usually known as approximate degrees of freedom
(Adf ) is borrowed from the literature [13] which depends on the complexity of
the cost function at hand. As an example, the Adf is around 2 for a univariate
linear function and it is around 4 for a bivariate linear objective function (in
the absence of input interactions). For complex multivariate (cost) functions,
the value of Adf can be computed by using various multivariate expansion
series, which requires too many terms for successful reconstruction of the orig-
inal (merit) function. In an another approach, the smoother matrix concept
can be used when a linear smoother (e.g. Regularization network) is replaced
for the original (cost) function [13, 27]. For a linear smoother model in the
form of f(x) = S(x)y, the effective or approximate degrees of freedom (Adf )
is defined as the trace of the smoother matrix S(x). As we know the trace
of a square matrix is its sum of diagonal elements which is equal to the sum
of its eigenvalues. In this work, a certain class of linear smoother known as
Regularization Network (RN) is used to successfully mimic the original cost
function. Then the trace of the so called smoother matrix of the trained RN,
learning from various samples (exemplars) provided by the true cost function
will be used as the Adf of the original merit function [13].

4 A brief review of RN used as a linear smoother to
mimic the true nonlinear cost function

Poggio and Girosi [26] illustrated that the solution of Euler-Lagrange partial
differential equation (PDE) for the multivariate linear regularization problem
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Figure 4: Schematic representation of Regularization network

leads to:
(G+ IN )wλ = y (3)

where G is N × N symmetric green matrix with elements G(i,j) = (xi, xj)
and λ is the regularization level. The parameter λ should be sufficiently large
to ensure that the matrix (G + IN ) is well behaved and hence invertible.
Equation (3) can be shown as the network illustrated in Figure 4. The so
called Regularization network (RN) contains N neurons or centers (xj , j =
1, ..., N) positioned exactly over training data points (xi, i = 1, ..., N). The
influence of the regularization parameter, λ, is embedded in the unknown
synaptic weights, w′

js.
Using the appropriate differential operator in Euler-Lagrange PDE, the

infinitely differentiable factorizable multidimensional Gaussian function in
the following form will be final solution and denotes the shape of the basis
functions:

G(xi, xj) = exp(∥ xi − xj ∥2/σ2
j ) =

∏
k=1

p
exp[−(xi,k − xj,k)

2/(σ2
j )] (4)

The performance of the RN strongly depends on both the appropriate
choice of the isotropic spread (σ) and the proper level of regularization (em-
bedded in the synaptic weights) [31]. By resorting to the leave-one out cross
validation (LOOCV or CV) criterion efficient and automatic computation of
the optimum level of regularization (λ∗) can be achieved for any given value
of σ.

CV (λ) = 1/N

N∑
k=1

[(eTk (IN −H(λ))y)/(eTk (IN −H(λ))ek)]
2 (5)

where ek is the kth unit vector of size N, IN is the N × N unit matrix and
H(λ) is the smoother matrix originally defined by Hastie and Tibshirani [13]
for a linear smoother such as RN. As mentioned in the previous section,
the trace of H(λ) denoted the approximate degrees of freedom of the linear
smoother. By definition, the smoother matrix for the RN can be computed
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from the following relation:

H(λ) = S = G(G+ λI)−1 (6)

5 Predictions of Adf via RN for different synthetic
merit functions

Several synthetic merit functions are used (as shown in 3D plot section of
Table 1), to demonstrate the ability of the RN to successfully estimate the
Adf of the original (merit) function and effectively reconstruct it.

A set of distinct exemplars are generated from the original (objective)
function and then contaminated with a pre-specified level of noise. These
data are initially normalized and then used to train and validate the cor-
responding optimized RNs with fixed spread of unity (to ensure sufficient
overlap between adjacent centers). In practice, a set of distinct exemplars
are usually replaces the merit function. In such cases, data generation step
is not required anymore but other stages (as well as the initialization of the
input variables) should be followed as they will be described in the following
section.

For each merit function of Table 1, one hundred equispaced exemplars
(on a 10 × 10 grid) are inside the corresponding domain and then contam-
inated with 10 percent noise level. These data sets are then used to train
the equivalent optimized RNs for all functions. As the first step, all input
variables are normalized and then the so called 100 × 100 Green matrix is
constructed using equation (4) (with centers positioned on normalized train-
ing exemplars) and (σ = 1). Then equation 5 is used to find the optimum
value of regularization parameter by minimizing the LOOCV criterion. The
LOOCV criterion uses all training data for both training and validation pur-
poses. Finally the trace of the smoother matrix (H(λ)) and linear weights
of RN are computable from equations (6) and (3), respectively. These linear
weights along with both maximum and minimum values of all training in-
put data can then be used to compute the generalization performance of the
optimally trained RN with optimum level of regularization.

A set of distinct exemplars are generated from the original (objective)
function and then contaminated with a pre-specified level of noise. These
data are initially normalized and then used to train and validate the cor-
responding optimized RNs with fixed spread of unity (to ensure sufficient
overlap between adjacent centers). In practice, a set of distinct exemplars
are usually replaces the merit function. In such cases, data generation step
is not required anymore but other stages (as well as the initialization of the
input variables) should be followed as they will be described in the following
section.
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Table 1: Typical bivariate non-linear functions

No. Cost(merit)function 3D plot Domain and Range

1
100(1 − 3.3x1 + 2.9x2

1)exp(−((x1 − 0.5)/0.25)2

(1 − 3.3x2 + 2.9x2
2)exp(−((x2 − 0.5)/0.25)2))

X1 = (0, 1)
X2 = (0, 1)
Y = (0, 2.061)

2 10cos(x1)sin(x2) + 10
X1 = (−5, 5)
X2 = (−5, 5)
Y = (1.7, 20)

3 x3
1 − x3

2 + 3x1 − 3x2 + 4

X1 = (−2, 2)
X2 = (−2, 2)
Y = (0, 8)

4 exp(−1/3x3
1 + x1 − x2

2)

X1 = (−2, 2)
X2 = (−2, 2)
Y = (1, 2.95)

5 −5(x2
1 + x2

2) + 20

X1 = (−1, 1)
X2 = (−1, 1)
Y = (10, 20)

6 1 + 1/(1 + x2
1 + x2

2)

X1 = (−5, 5)
X2 = (−5, 5)
Y = (1, 2)

7

f(x) =
∑D

i=1(ti + 200D) + 5000

ti =



−200 + x2
i if xi < 0

−80(2.5 − xi) if 0 < xi < 2.5

−64(7.5 − xi) if 2.5 < xi < 5

−64(xi − 2.5) if 5 < xi < 7.5

−28(xi − 7.5) if 7.5 < xi < 12.5

−28(17.5 − xi) if 12.5 < xi < 17.5

−32(17.5 − xi) if 17.5 < xi < 22.5

−32(27.5 − xi) if 22.5 < xi < 27.5

−80(xi − 27.5) if 27.5 < xi < 30

−200 + (xi − 30)2 if 30 < xi

X1 = (−50, 50)
X2 = (−50, 50)
Y = (0, 5000)

8
20exp(−.2

√
1
D

∑D
i=1 x2

i )

+exp( 1
D

∑D
i=1 cos(2πxi)) + 40

X1 = (−10, 10)
X2 = (−10, 10)
Y = (5.56, 22.72)
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For each merit function of Table 1, one hundred equispaced exemplars (on
a 10× 10 grid) are inside the corresponding domain and then contaminated
with 10 percent noise level. These data sets are then used to train the equiva-
lent optimized RNs for all functions. As the first step, all input variables are
normalized and then the so called 100×100 Green matrix is constructed using
equation (4) (with centers positioned on normalized training exemplars) and
(σ = 1). Then equation 5 is used to find the optimum value of regularization
parameter by minimizing the LOOCV criterion. The LOOCV criterion uses
all training data for both training and validation purposes.

Finally the trace of the smoother matrix (H(λ)) and linear weights of
RN are computable from equations (6) and (3), respectively. These linear
weights along with both maximum and minimum values of all training input
data can then be used to compute the generalization performance of the
optimally trained RN with optimum level of regularization. Figure 5 shows
the generalization performances of all 6 trained networks (RNs) on 100×100
grids inside the corresponding training domains.

Comparison of these generalizations performances with the original plots
of Table 1 reveals that the optimal RNs provided impressive performances on
reconstructing the true hyper-surface embedded in limited and noisy training
data sets.

6 Predictions of ANDI values for various synthetic
examples

The 3D case studies shown in Table 1 will be ultimately used to find a
relatively simple correlation between Adf and ANDI. As mentioned earlier in
section 3, the maximum value of absolute error (MAEy) is used to select the
proper value of ANDI for each and every (cost) function. The uncertainties
in input values and the corresponding MAEy values are depicted in Table 2.

As previously mentioned, the MAEy values provide proper criteria for
estimation of the ANDI values or the number of successive iterations that
the GA requires to provide the optimum value of cost function, as described
in the calculation procedure shown in Figure 1. In our present approach, the
Genetic Algorithm is initially executed with different number of successive
iterations (2 to 100) and the best fitness values are found for each and every
iteration (after convergence) and plotted against the number of successive it-
erations as shown in Figure 6 for all (merit) functions of Table 1. Afterwards,
the MAEy values for the each (merit) function is used to select the proper
value for ANDI for corresponding (merit) function.

Table 3 shows the corresponding best fitness values at different number of
successive iterations for various numbers of consecutive successive iterations
for all (merit) functions of Table 1. As mentioned before, to guarantee that
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Figure 5: Generalization Performances of RNs (σ = 1) for all merit functions of Table 1
trained with 100 equi-spaced exemplars contaminated with 10 percent noise.

Table 2: MAE values for functions depicted in Table 1.

Function No. MAEX1 MAEX2 MAEy

1 .001 .001 .022
2 .001 .001 .010
3 .001 .001 .018
4 .001 .001 .006
5 .001 .001 .014
6 .001 .001 .010
7 .001 .001 .200
8 .001 .001 .070
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Figure 6: Plots of best fitness values versus number of successive iterations for all merit
functions of Table 1.
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Table 3: Best fitness values (BFV) at different number of successive iterations (NCSI)
for various numbers of consecutive successive iterations (NCSI).

Function No.
in Table 1 NCSI=2 NCSI=3 NCSI=4 NCSI=5

NSI BFV NSI BFV NSI BFV NSI=ANDI BFV
1 21 2.055 22 2.050 24 2.042 71 2.060
2 27 19.997 53 19.998 78 19.999 79 19.999
3 2 7.982 3 7.981 18 7.996 19 7.997
4 11 2.907 14 2.929 36 2.948 37 2.947
5 2 19.947 3 19.947 5 19.947 10 19.994
6 2 1.666 3 1.666 4 1.666 33 1.999
7 14 4959.90 108 4988.29 137 4998.14 175 4998.42
8 38 21.98 71 22.71 135 22.65 148 22.72

sufficiently large values for ANDI is chosen, five consecutive successive iter-
ations (CSI) are used for all (merit) functions as depicted in the left (NSI:
number of successive iterations) column of the NCSI=5 of Table 3. For ex-
ample, ANDI value for the first (merit) function of Table 1 is 71 where the
corresponding best fitness value is around 2.060.

Evidently, the above procedure seems quite complex and can be avoided
by resorting to the approximate degrees of freedom (Adf ). In the absence
of an explicit cost function, a linear smoother model such as RN can be
used (as discussed in the previous section) to reconstruct the hyper-surface
representing the original merit function and compute the Adf of the cost
function at hand. The final goal is to present a relatively simple correlation
between, ANDI and Adf. This approach has not been addressed previously.

In some cases the cost function is sufficiently simple and the exact df can
be easily computed. For example, the exact degrees of freedom for the third
and 5th (merit) functions of Table 1 are exactly eight and six, respectively.
In the cases, no input interactions exist and two cubic or quadratic models
(f1(x1) and f2(x2)) can successfully reconstruct the true cost functions, re-
spectively. In other cases, the Regularization network can be used to find
the Adf for the complex cost function at hand. The following procedure is
used to train six fully optimized RNs and compute the Adf values for all cost
functions of Table 1.

1. Generate N training exemplars with sufficient noise level from the cost
function at hand.

2. Normalize input variables values.

3. Compute the N×N elements of the Green matrix by positioning all the
network centers on the normalized inputs and assuming a pre-specified
value for the Gaussian isotropic spreads.

4. Compute the optimal value of regularization parameter (λ∗) by resort-
ing to LOOCV criterion.

5. Calculate the Adf value as the trace of N ×N smoother matrix H(λ∗),
which is already defined by equation (6).
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Table 4: Approximate Degrees of freedom (Adf ) for all merit functions of Table 1.

Func. No. 1 2 3 4 5 6 7 8
Adf 45 48 12 31 8 24 228 217
ANDI 71 79 19 37 10 33 175 148

Figure 7: Two simple correlations introduced between ANDI and Adf values.

The second row of Table 4 shows the values of Adf for all merit functions of
Table 1 computed via the above procedure. As can be seen, the approximate
values for the degrees of freedom (Adf ) of both third and 5th (merit) functions
of Table 1 (which are: 12 and 8) are sufficiently close to their exact values
(which are: 8 and 6). Other merit functions are too complex to directly
compute their Adf values and the above procedure should be used to calculate
the corresponding Adf values. The third row contains the ANDI values which
are exactly transferred from the last column of Table 3.

7 Presenting simple correlations between ANDI and
Adf

The data of Table 4 are used to plot the variations of ANDI values versus
the corresponding Adf values, as depicted in Figure 7. Two linear and cubic
correlations are extracted by fitting the data of Table 4. Although, the cubic
equation almost passes from each and every point, however we prefer to use
the linear fit because it is quite simpler and it should also be remember that
the horizontal axis represents the approximate (not exact) degrees of freedom.
Both of these correlations will be used in the following section to compute
ANDI values for a relatively complex optimization problem.
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Table 5: Comparison of best fitness and maximum values found via linear and cubic
correlations for 2 different cost functions of Fig. 8.

Function Adf Correlation ANDI Best Fitness value True Maximum
8.a 14 Linear 30 2.1479 2.1481

Cubic 21 2.1471
8.b 30 Linear 41 13.5842 13.5846

Cubic 43 13.5836

8 Validation of the proposed correlations

Various synthetic 2 and 5 dimensional in input domains case studies are used
to validate the applicability of the proposed correlations for the termination
criterion of the optimal genetic algorithm method. As the results clearly
shows, the proposed heuristics successfully predicts the approximate number
of decisive iterations (ANDI ) for all 3D and 6D hyper-surfaces.

8.1 Two 3D hyper-surfaces synthetic case studies

Figure 8 illustrates two different 3D synthetic cost functions which are used
to validate the effectiveness of the proposed correlations (shown on Figure
7). The first merit function (Figure 8.a) has no input interactions and the
corresponding value for its degrees of freedom can be readily obtained as 14
by adding the maximum orders of each input plus number of input variables.
Using both linear and cubic correlations, the ANDI values are computed
and fixed at 18 and 22, respectively. Table 5 illustrates the same results
for the second cost function (Figure 8.b). For such complex function, the
exact degrees of freedom is not readily known because large interactions exist
between two input variables. The fully optimized RN is used to estimate its
approximate degrees of freedom around 30. Table 5 shows that both ANDI
values computed from correlations of Figure 7 can successfully pinpoint the
true maximum (optimum) point. As before, the linear correlation is much
simpler and provides almost the same result as the cubic one.

8.2 Two 6D hyper-surface synthetic case studies

To demonstrate the robustness of the proposes algorithm and the excellent
performance of the Regularization Network on filtering large noise levels and
extracting the true underlying hyper-surface from a bunch of noisy data, two
6D synthetic examples are introduced in this section. Figure 9 depicts two
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Figure 8: 3D plots and corresponding equations for two bivariate cost functions used for
validation purposes.

typical contour maps of these case studies (borrowed from literature [28]). As
can be seen, both functions are quite complex with relatively large oscillations
and have sufficiently sizable degrees of freedom. To reduce the computational
time while preserving the accuracy of the network predictions, 5 randomly
spaced exemplars are generated in each input dimensions. To emphasize the
excellent noise filtering capability of the Regularization network, the true
generated hyper-surfaces is then contaminated with extremely large noise
level of 50 percent .

The noisy data set is then used to train the optimal RN and Figure 10
illustrates the impressive performance of such fully optimized RN on captur-
ing the true hyper-surface from heavily contaminated noisy data. The leave
one out cross validation technique is used to select the optimum level of reg-
ularization [12]. Figure 10 clearly illustrates that the optimal RN which uses
linear reqularization theory (also known as Tikhonov or Phillips and Twomey
method [27]) with optimum level of regularization can successfully pull away
the fitted hyper-surface from the noisy training data and reconstruct the
true multidimensional surface by filtering out the large noises available in
that data set. As table 6 shows, the RN predicts that the fitted hyper-
surfaces have Adf s of 53 and 154 respectively, which are quite reasonable
for such sophisticated functions. As before, both equations of Figure 7 can
provide excellent maximums compared to the real maximum values of the
cost functions at hand.

Figure 11 shows that both values of approximate numbers of decisive
iterations computed from correlations of Figure 7 provide same results for
the fitness values of both functions. Although, several oscillations may occur
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Figure 9: Typical two dimensional contour maps of two 5D synthetic case studies.

Figure 10: Effectiveness of RN on filtering the noise and reconstructing the true hyper
surface in large multi-dimensional case studies.

Table 6: Comparison of best fitness and maximum values found via linear and cubic

correlations for 2 different cost functions of Fig. 9.

Function Adf Correlation ANDI Best Fitness value True Maximum
9.a 53 Linear 54 642.7 642.8

Cubic 72 642.6
9.b 154 Linear 121 1.993 1.993

Cubic 152 1.993
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Figure 11: Plots of best fitness values versus number of successive iterations for all both
6D hyper-surfaces.

after the predicted ANDI values, however the maximum value of the cost
function remains essentially constant. In other words, practically no better
maximum exists for any iterations greater than ANDI values.

All above 3D and 6D hyper-surfaces case studies clearly demonstrate that
the proposed method can successfully be used to predict the maximum value
of any large dimensional cost function via genetic algorithm technique by
resorting to approximate number of decisive iterations computable from cor-
relations of Figure 7.

9 Conclusion

A new concept was introduced as the approximate number of decisive iter-
ations (ANDI ) which could be used as the termination criterion for genetic
algorithm global optimization method. Two simple correlations were pre-
sented which related the novel ANDI value with the approximate degrees of
freedom. A convenient method based of linear smoother concept was used
to predict the approximate degrees of freedom for complex merit functions.
The proposed approach was successfully tested for 4 different case studies.
It was clearly illustrated that the Regularization Network (RN) can success-
fully filter out large noise levels and reconstruct the true hyper-surface from
noisy data. The proposed approach has not addressed previously and can
drastically reduce the computation time for complex optimization problems.
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multipliers for the extended trust

region subproblem
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Abstract

The extended trust region subproblem has been the focus of several

research recently. Under various assumptions, strong duality and certain
SOCP/SDP relaxations have been proposed for several classes of it. Due to
its importance, in this paper, without any assumption on the problem, we
apply the widely used alternating direction method of multipliers (ADMM)

to solve it. The convergence of ADMM iterations to the first order stationary
conditions is established. On several classes of test problems, the quality of
the solution obtained by the ADMM for medium scale problems is compared
with the SOCP/SDP relaxation. Moreover, the applicability of the method

for solving large scale problems is shown by solving several large instances.

Keywords: Extended trust region subporblem; Alternating method; Non-
convex optimization; Semidefinite program; Second order cone program.

1 Introduction

Consider the following extended trust region subproblem with m linear in-
equalities (m-eTRS):

min
1

2
xTAx+ aTx

||x||2 ≤ 1, (m-eTRS)

bTi x ≤ βi, i = 1, · · · ,m,
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where A ∈ Rn×n is a symmetric matrix but not necessarily positive definite,
a, bi ∈ Rn and βi ∈ R. Due to its importance and crucial role in solving
general nonlinear optimization problems, several versions of it have been the
focus of current research [6, 7, 11, 13, 17, 18]. In [13], the authors have shown
that the dimension condition, dim( Ker(A − λ1In)) ≥ s + 1, where λ1 is
the smallest eigenvalue of A and s = dim(span{b1, .., bm}), together with the
Slater condition ensure that a set of combined first and second-order Lagrange
multiplier conditions are necessary and sufficient for the global optimality of
(m-eTRS) and consequently for strong duality. In [11], the authors have pro-
posed an induction technique that reduces (m-eTRS) to several small-sized
trust region subproblems (TRS). When m is not too large, their method
can be very efficient but requires finding local-nonglobal minimum (LNGM),
which no efficient algorithm is known to find it. Moreover, no numerical ev-
idences are reported by the authors to support their theoretical foundation.
Also they have improved the dimension condition by Jeyakumar and Li un-
der which (m-eTRS) admits an exact SDP relaxation. They proposed the
following condition

rank ([A− λ1In b1 b2 · · · bm]) ≤ n− 1. (1)

This rank condition implies that the global optimal solution of the (m-eTRS)
does not happen at the (LNGM) of (TRS) [8,15]. In a most recent study [7],
the authors have proposed the following SOCP/SDP relaxation for (m-eTRS)
based on the following assumption:
Assumption 1: For all i < j, there exists no feasible point x for (m-eTRS)
such that bTi x = βi and bTj x = βj .

minx,X
1

2
trace(AX) + aTx

s.t. trace(X) ≤ 1, X ⪰ xxT ,

||βix−Xbi|| ≤ βi − bTi x, 1 ≤ i ≤ m, (Rm)

βiβj − βjb
T
i x− βib

T
j x+ bTi Xbj ≥ 0, 1 ≤ i < j ≤ m.

They also have proved that this relaxation is tight when we consider the fol-
lowing assumption instead of Assumption 1.
Assumption 2: For all i < j, there exists no x with ||x|| < 1 such that
bTi x = βi and bTj x = βj .

Moreover, in several recent studies, when m = 1, efficient algorithms have
been proposed to solve large instances of (m-eTRS) [17,18]. Therefore, find-
ing an efficient algorithm to solve (m-eTRS) problems when m > 1 is still
an active research area as the proposed methods either are using certain as-
sumptions to simplify the analysis or using the SOCP/SDP relaxation, which
both are not applicable practically, specially for large scale instances.
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Recently, the Alternating Direction Method of Multipliers (ADMM) have
been widely used to solve optimization problems arising in machine learning,
signal processing, matrix factorization, financial optimization and etc. [2,3,5,
12,14,19,22]. Although the method exhibits faster convergence in practice, its
global convergence is still the subject of research. Under various assumptions
on the sequence generated by the method like ”if the limit point exists”
or ”if the Lagrange multipliers are bounded”, its global convergence to a
stationary point is established in the above-mentioned papers. In this paper,
we apply ADMM to (m-eTRS) without any assumption on the geometry
of the feasible region. The convergence of the method to the first order
necessary optimality conditions is proved. Finally, on several medium scale
instances its performance is compared with the SOCP/SDP relaxation of [7]
and then several large instances also are solved by ADMM. To the best of our
knowledge, there is no algorithm in the literature for large scale (m-eTRS)
which we could provide comparison.

2 ADMM for (m-eTRS)

One can write (m-eTRS) in the following equivalent form:

min
1

2
xTAx+ aTx

||x||2 ≤ 1, (2)

bTi z ≤ βi, i = 1, · · · ,m
x = z.

Now consider the following augmented Lagrangian for (2):

L(x, z, λ) =
1

2
xTAx+ aTx+ λT (x− z) +

ρ

2
||x− z||2,

where λi’s are Lagrange multipliers and ρ > 0 is the penalty parameter. The
ADMM iterations for the given xk and λk are as follows [5]:

• Step 1: zk+1 = argminbTi z≤βi, i=1,··· ,mL(xk, z, λk).

• Step 2: xk+1 = argmin||x||2≤1L(x, z
k+1, λk).

• Step 3: λk+1 = λk + γρ(xk+1 − zk+1), where γ ∈ (0, 1) is a constant.

In what follows, we discuss the above steps. In Step 1, we need to solve the
following convex quadratic optimization problem with m linear inequality
constraints which can be efficiently solved using existing convex optimization
software packages like CVX [9]:
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min ρ
2z

T z − (λk + ρxk)T z

bTi z ≤ βi, i = 1, · · · ,m. (3)

In Step 2 we need to solve the following (TRS) problem:

min 1
2x

T (A+ ρI)x+ (a+ λk − ρzk+1)Tx

||x||2 ≤ 1. (4)

The (TRS) problems are widely used and studied in the literature [8] and
they can be solved efficiently using the exiting eigenvalue approaches even
for large instances [1, 16]. Now, the ADMM algorithm for solving (m-eTRS)
can be outlined as follows.
—————————————————————————————————
ADMM Algorithm for solving (m-eTRS)
—————————————————————————————————-

Input parameters tol > 0, maxiter> 0. Choose appropriate penalty pa-
rameter ρ > 0 and γ > 0. Set k = 0 and choose appropriate xk and λk

For k = 1, · · · , maxiter do
Solve quadratic optimization problem (3) and let its solution be zk+1.
Solve the (TRS) problem (4) and let its solution be xk+1.
If ||xk+1 − zk+1|| ≤ tol, then exit with xk+1 as output.
end if
Set λk+1 = λk + γρ(xk+1 − zk+1) and k = k + 1.
end for.
—————————————————————————————————–

As we see, the method is very easy to implement and subproblems of the
Steps 1 and 2 are efficiently solvable even for large instances. In what follows,
we discuss the convergence of the above algorithm to the stationary point of
(m-eTRS). First we present the following lemma.

Lemma 1. Suppose that {λk} is bounded and
∑∞

k=1 ||λk+1 − λk||2 < ∞.
Then

||xk+1 − xk|| → 0, ||zk+1 − zk|| → 0 as k →∞.

Proof. Since xk+1 solves problem (4) at k-th iteration and xk − xk+1 is a
feasible direction with respect to the feasible region of (4), then

∇xL(x
k+1, zk+1, λk)T (xk − xk+1) ≥ 0. (5)

Now
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L(xk, zk+1, λk)− L(xk+1, zk+1, λk) =
1

2
(xk − xk+1)T (A+ ρI)(xk − xk+1)

+∇xL(x
k+1, zk+1, λk)T (xk − xk+1) ≥ λ1 + ρ

2
||xk − xk+1||2, (6)

where the inequality follows from the definition of the smallest eigenvalue of
A, λ1, and (5). We also have

L(xk, zk, λk)− L(xk, zk+1, λk) ≥ 0, (7)

as zk+1 is the minimizer of L(xk, z, λk). On the other hand

L(xk+1, zk+1, λk)− L(xk+1, zk+1, λk+1) = (λk − λk+1)T (xk+1 − zk+1)

= − 1

γρ
||λk − λk+1||2. (8)

Now using (5), (7), and (8) we have

L(xk, zk, λk) −L(xk+1, zk+1, λk+1) = L(xk, zk, λk)− L(xk, zk+1, λk) +

L(xk, zk+1, λk)− L(xk+1, zk+1, λk) + L(xk+1, zk+1, λk)− L(xk+1, zk+1, λk+1)

≥ λ1 + ρ

2
||xk+1 − xk||2 − 1

γρ
||λk+1 − λk||2. (9)

Since {λk} and {xk} are bounded, then from Step 3 of ADMM iterations,
{zk} also is bounded. Therefore {L(xk, zk, λk)} is bounded. Moreover, since
by assumption

∑∞
k=1 ||λk+1 − λk||2 <∞, thus from (9),

∑∞
k=1 ||xk+1 − xk||2

is a bounded series (in the sense that the sequence of partial sums is
bounded)with nonnegative terms, thus it is convergent. Then ||xk−xk+1|| →
0, as k →∞. Moreover since by assumption ||λk −λk+1|| → 0, as k →∞,
from the Step 3 we have xk − zk → 0, as k →∞. Finally since

zk − zk+1 = zk − xk + xk − xk+1 + xk+1 − zk+1

and we know zk − xk → 0, xk − xk+1 → 0, xk+1 − zk+1 → 0, as k → ∞,
then zk − zk+1 → 0.

It should be noted the boundedness assumption of multipliers in the
lemma is a standard assumption for convergence analysis of nonconvex op-
timization problems [14]. Similar assumptions are used to prove the con-
vergence to the stationary point in [21, 22]. In what follows we prove the
convergence to the first order stationary conditions

Theorem 1. Let (x∗, z∗, λ∗) be any accumulation point of {(xk, zk, λk)}
generated by the ADMM Algorithm. Then by boundedness of {λk} and∑∞

k=1 ||λk+1 − λk||2 <∞, x∗ satisfies the first order stationary conditions.

Proof. Since (x∗, z∗, λ∗) is an accumulation point of {(xk, zk, λk)}, then there
exists a subsequence {(xk, zk, λk)}k∈I that converges to (x∗, z∗, λ∗). Now
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consider subproblems that should be solved in Steps 1 and 2. As we men-
tioned, subproblem (3) in Step 1 is a convex quadratic optimization problem
which its necessary and sufficient optimality conditions are as follows:

ρzk+1 − (λk + ρxk) +
m∑
i=1

νk+1
i bi = 0,

νk+1
i (bTi z

k+1 − βi) = 0, bTi z
k+1 ≤ βi, i = 1, · · · ,m, (10)

where νk+1
i ’s are the Lagrange multipliers. Moreover, subproblem in Step 2

is a (TRS) as given in (4) that we have the following necessary and sufficient
optimality conditions for it:

(A+ ρIn + 2µk+1In)x
k+1 = −(a+ λk − ρzk+1),

µk+1(||xk+1||2 − 1) = 0, ||xk+1||2 ≤ 1, (11)

A+ ρIn + 2µk+1In ⪰ 0n×n.

Now by taking the limit of both (10) and (11), we get

(A+ ρIn + 2µ∗In)x
∗ = −(a+ λ∗ − ρz∗),

µ∗(||x∗||2 − 1) = 0, ||x∗||2 ≤ 1,

A+ ρIn + 2µ∗In ⪰ 0n×n, (12)

ρz∗ − (λ∗ + ρx∗) +

m∑
i=1

ν∗i bi = 0,

ν∗i (b
T
i z

∗ − βi) = 0, bTi z
∗ ≤ βi, i = 1, · · · ,m.

From the first and forth equations of (12), we get

(A+ 2µ∗In)x
∗ = −a−

m∑
i=1

ν∗i bi,

which with the second and the last equations are the first order stationary
conditions.

3 Numerical experiments

In this section, we present several randomly generated test problems to as-
sess the performance of ADMM for solving (m-eTRS). For small dimension
problems, we compare ADMM with the SOCP/SDP relaxation (Rm). All
computations are performed in MATLAB R2015a on a 2.50 GHz laptop with
4 GB of RAM. To solve the SOCP/SDP reformulation, we have used CVX
1.2.1. For all test problems, we set tol = 10−6 and maxiter= 100. Our exten-
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Table 1: Comparison between ADMM and SOCP/SDP relaxation for the first class of
test problems with density=0.1.

Dimension Algorithm Time (s)

n=100 ADMM 1.4
SOCP/SDP 1.9

n=300 ADMM 3.2
SOCP/SDP 27.4

n=500 ADMM 4.8
SOCP/SDP 163.5

sive testing showed that γ = 0.9 and ρ = −2λ1 + 1 are appropriate choices.
Moreover, we set λ0 = 2e, where e denotes the all one vector and x0 = e√

n
.

Finally, to solve the (TRS) problems within the algorithm we have used the
algorithm in [1] and to solve the quadratic optimization problems we have
used the ’quadprog’ command of MATLAB.

• First class of test problems:
For this class we considerm = 2 in (m-eTRS),A = sprandsym(n, density),
a = randn(n, 1), b1 = e1, b2 = −e1, the unit vector in Rn and β1 = 0.1
and β2 = 0.1. As we see, the two linear inequality constraints are par-
allel, then the relaxation in [7] is exact. Results are summarized in
Tables 1 to 3 for the average of 10 runs. In Tables 1 and 2 we compare
ADMM with the SOCP/SDP relaxation for different densities. As we
see, ADMM is much faster than SOCP/SDP relaxation. Moreover, for
these two tables beside the time, we also have computed the relative
objective function difference which is always below O(10−8) for all test
problems. This numerically verifies that ADMM converges to the same
solution as SOCP/SDP relaxation does. In Table 3 we just report the
results of ADMM as the relaxation is not applicable for these prob-
lems. In this table, KKT1 denotes the first order stationary condition,
namely ||(A+ 2µ∗In)x

∗ + a+
∑m

i=1 ν
∗
i bi||.

• Second class of test problems:
For this class we consider m = 5, the number of linear inequalities. As
before, we consider A = sprandsym(n, density) and a = randn(n, 1)

and consider b = rand(n,m), x = randn(n, 1) and β = bTx
||x|| . Obvi-

ously, the feasible region of (m-eTRS) is nonempty. Results of apply-
ing ADMM and SOCP/SDP relaxation to this class are summarized in
Tables 4 to 6. Similar observations to the previous class hold here as
well.
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Table 2: Comparison between ADMM and SOCP/SDP relaxation for the first class of
test problems with density=0.01.

Dimension Algorithm Time (s)

n=100 ADMM 0.75
SOCP/SDP 1.1

n=300 ADMM 2.6
SOCP/SDP 26.7

n=500 ADMM 4.1
SOCP/SDP 141.5

Table 3: Results of ADMM for the first class of test problems with density=0.001.

Dimension KKT1 Time (s)

n=3000 8.78× 10−14 21.5
n=5000 5.51× 10−14 37.7
n=8000 1.03× 10−13 70.8

Table 4: Comparison between ADMM and SOCP/SDP relaxation for the second class of
test problems with m = 5 and density=0.1.

Dimension Algorithm Time (s)

n=100 ADMM 2.5
SOCP/SDP 12.4

n=300 ADMM 3.9
SOCP/SDP 345.6

n=500 ADMM 5.2
SOCP/SDP 1235.8

Table 5: Comparison between ADMM and SOCP/SDP relaxation for the second class of
test problems with m = 5 and density=0.01.

Dimension Algorithm Time (s)

n=100 ADMM 2.1
SOCP/SDP 7.4

n=300 ADMM 3.3
SOCP/SDP 287.3

n=500 ADMM 4.5
SOCP/SDP 933.4
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Table 6: Results of ADMM for the second class of test problems with m = 5 and
density=0.001.

Dimension KKT1 Time (s)

n=3000 9.83× 10−14 37.6
n=5000 7.90× 10−14 56.9
n=8000 3.56× 10−14 110.7

4 Conclusions

In this paper, we have applied ADMM for solving the extended trust region
subproblem. The convergence of the method to the first order stationary con-
ditions is established and the quality of the solutions for small dimensions are
compared with the known SOCP/SDP relaxation showing that ADMM con-
verges to the global solution in significantly shorter time. Moreover, several
large instances also are solved by ADMM to show its capability. The second
order convergence analysis of the method is an interesting future research
direction which one may follow.
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لی گروه روش به چهار ی مرتبه اشتورم-لیوویل مسائل ی ویژه مقادیر ی محاسبه

میرزایی حنیف

ریاضی گروه پایه، علوم دانشکده سهند، صنعتی دانشگاه تبریز،

١٣٩۵ خرداد ٨ مقاله پذیرش ،١٣٩۴ اسفند ١٩ شده اصلاح مقاله دریافت ،١٣٩٣ اسفند ١٢ مقاله دریافت

در ماتریسی دیفرانسیل معادله یک صورت به را چهار مرتبه اشتورم-لیوویل مسئله مقاله، این در : چکیده
مسئله ی ویژه مقادیر مگنوس بسط روش به ماتریسی ی معادله این حل با کنیم. می بندی فرمول لی گروه
روش باشد. می لی براکتهای ی چندگانه انتگرالهای از نامتناهی سری یک مگنوس بسط گردند. می محاسبه
پایان در باشد. می گاوس روش به انتگرالها ی محاسبه سپس و جمله متناهی تعداد به سری قطع تقریب،

است. شده آورده عددی مثال چند

مگنوس. بسط چهار؛ ی مرتبه اشتورم-لیوویل مسئله لی؛ گروه روش : کلیدی کلمات



شدني منطبق کسري هاي سيستم پايداري تحليل

شيخاني۳ رفاهي اميرحسين و خواه۱ اميني حسين رضازاده۲,۱، هادي

کاربردي رياضي گروه رياضي، علوم دانشکده گيلان، ۱دانشگاه

مهندسي هاي فناوري دانشکده آمل، نوين هاي فناوري تخصصي دانشگاه ۲

کاربردي رياضي گروه لاهيجان، واحد اسلامي آزاد دانشگاه ۳

١٣٩۵ خرداد ۴ مقاله پذیرش ،١٣٩۴ اسفند ١٩ شده اصلاح مقاله دریافت ،١٣٩۴ اردیبهشت ٣٠ مقاله دریافت

کسري مشتق شامل کسري ديفرانسيل هاي سيستم پايداري تحليل و تجزيه بررسي به مقاله، اين در : چکیده
نمايي تابع از استفاده با کسري ديفرانسيل هاي سيستم پايداري شرايط از برخي پردازيم. مي شدني منطبق
ذکرشده، فرآيند کارايي و اثربخشي دادن نشان براي علاوه به است. شده ارائه کسري لاپلاس تبديل و کسري
کنيم. مي بررسي هوموتوپي آشفتگي چندگامي روش با را لوتکا-ولترا شدني منطبق کسري دستگاه پايداري

لوتکا-ولترا دستگاه شدنی؛ منطبق کسری مشتق مجانبی؛ پايداری پايداری؛ تحليل : کلیدی کلمات
.



Lane-Emden نوع معادلات حل برای بهینه پارامتریک تکرار روش

چهارپاشلو رضا

پایه علوم دانشکده شاهپور، جندی صنعتی دانشگاه دزفول،

١٣٩۵ مرداد ٢ مقاله پذیرش ،١٣٩۴ مهر ٢٧ شده اصلاح مقاله دریافت ،١٣٩٣ شهریور ٢۶ مقاله دریافت

های IVP حل منظور به (PIM) پارامتریک تکرار روش نام به ای تحلیلی روش مقاله این در : چکیده
است. گرفته قرار بحث مورد اش داخلی همگرایی و است شده ارائه Lane-Emden نوع دوم درجه منفرد
برای بویژه Lane-Emden نوع معادلات توصیف برای تقریبی تحلیلی حل راه بودن دارا که آنجایی از
موثر (پیشرفت) اصلاح یک بنابراین، است مفید نیست، موجود شان برای دقیقی های حل راه که مواردی
PIM نهایت، آورد.در بدست را ای تقریبی تحلیلی حل راه است قادر که است شده پیشنهاد نیز PIM
غیرخطی معادلات دقیق تقریبی حل راه یافتن برای فواصل ی دنباله در الگوریتمی عنوان به شده اصلاح
ی بهینه میزان یک چگونه که دهیم می نشان همچنین گیرد. می قرار توجه مورد Lane-Emden نوع
تا است شده ارائه هایی مثال کنیم. می شناسایی روش این چارچوب در را همگرایی افزایش پارامتر تقریبی

دهد. نشان را پیشنهادی روش درستی و کارایی

truncated پارامتریک تکرار روش ؛ piecewise-truncated پارامتری تکرار روش : کلیدی کلمات
. Lane-Emdeb نوع غیرخطی معادلات پارامتریک؛ تکرار روش (برشی)؛



منصف چندهدفه بهینه�سازی مسائل در B-موثر جواب مفهوم

۲ نژاد محمودی علی و ۱ نیا فروتن داود

ریاضی گروه رفسنجان، ولیعصر دانشگاه ۱

ریاضی گروه سیرجان، صنعتی دانشگاه ۲

١٣٩۵ مرداد ٢ مقاله پذیرش ،١٣٩۵ خرداد ٢٩ شده اصلاح مقاله دریافت ،١٣٩٣ بهمن ١١ مقاله دریافت

جواب�های از بزرگ مجموعه�ای وجود می�دهد رخ چندهدفه بهینه�سازی در مواقع گاهی که مسئله�ای : چکیده
است. مشکل منحصربفرد شده داده ترجیح جواب انتخاب بر مبنی گیری تصمیم اینرو از است. منصف موثر
مجموعه کردن کوچک وسیله به� را تصمیم�گیری بار از کمی منصف، B-موثری با شده درنظرگرفته مدل�های
جواب�های از زیرمجموعه�ای منصف B-موثر جواب�های مجموعه مسئله هر برای چون می�کند، کم جواب
بحث منصف B-موثر جواب�های عملی و تئوری مفاهیم از بعضی ابتدا مقاله، این در است. منصف موثر
داده توسعه منصف B-موثر جواب�های تولید برای عددی�سازی تکنیک�های از بعضی سپس، است. شده

است شده

عددی�سازی. B-موثری؛ منصفانه؛ تسلطی؛ غیر منصف؛ بهینه�سازی : کلیدی کلمات



آرمانی مربعی وبر مکانیابی مساله

۲ جمالیان علی و ۱ فتحعلی جعفر

ریاضی علوم دانشکده شاهرود، صنعتی دانشگاه ۱

ریاضی علوم دانشکده گیلان، دانشگاه ۲

١٣٩۵ شهریور ٢۴ مقاله پذیرش ،١٣٩۵ خرداد ٢٩ شده اصلاح مقاله دریافت ،١٣٩۴ دی ٢٣ مقاله دریافت

آرمانی مکانیابی مساله را آن که پردازیم می وبر مکانیابی مساله از خاصی حالت به مقاله دراین : چکیده
وزنی مجموع که است ای گونه به صفحه در ای نقطه کردن پیدا هدف وبر مکانیابی مساله در نامیم. می
Pi مانند موجود نقطه هر آرمانی مکانیابی مساله در شود. کمینه موجود نقطه n و نقطه این بین ها فاصله
به Pi نقطه از ri فاصله در جدید دهنده سرویس که است وقتی آل ایده حالت و دارد ri متناظر شعاع یک
وجود است ممکن ای نقطه چنین مسائل اغلب در که است واضح اما گیرد. قرار i = ۱,۲, · · ·n ازای
مقاله این در کنیم. کمینه را آل ایده نقطه از مربعی خطای وزنی مجموع میکنیم سعی ما لذا باشد. نداشته
بهینه روش به الگوریتم دو و وایزفلد روش شبیه الگوریتمی . شوند می گرفته درنظر اقلیدسی نرم با ها فاصله
مقایسه کوچک مربع بزرگ، مربع روش با را آنها از حاصل نتایج و کرده ارائه مساله برای پرندگان سازی

کنیم. می

. پرندگان سازی بهینه وایزفلد؛ الگوریتم مکانیابی؛ نظریه : کلیدی کلمات



ژنتیک الگوریتم سازی بهینه روش اختتام برای اطمینان قابل رویکردی

شاهسوند اکبر و کتولی لطفی لیلا

شیمی مهندسی گروه مهندسی، دانشکده مشهد، فردوسی دانشگاه

١٣٩۵ مهر ٧ مقاله پذیرش ،١٣٩۴ آبان ٣٠ شده اصلاح مقاله دریافت ،١٣٩۴ مرداد ۴ مقاله دریافت

سازی بهینه مسائل از بسیاری حل برای ای گسترده شکل به ژنتیک الگوریتم اخیر، های دهه در : چکیده
تنها تکرارها تعداد موارد اکثر در است. گرفته قرار استفاده مورد مهندسی و علوم مختلف های زمینه در
شدن طولانی موجب معیار این از استفاده عمل، ذر باشد. می ژنتیک الگوریتم کردن متوقف برای معیار
عنوان با جدیدی رویکرد مقاله، این در گردد. می مطلوب نتیجه به رسيدن جهت الگوریتم اجرای زمان
بهینه روش آمیز موفقیت توقف موجب تواند می که است شده ارائه ضروری” های تکرار تقریبی ”تعداد
پارامتر ارتباط جهت ساده کاربردی رابطه دو همچنين، شود. ممکن زمان کمترین در ژنتیک الگوریتم سازی
می تر پیچیده هدف توابع برای است. گردیده ارایه نظر مورد هدف توابع برای تقریبی آزادی درجه با جدید
درجه تقریبی مقدار محاسبه جهت رگولاريزاسيون به موسوم عصبی شبکه مانند خطی برازشگر یک از توان
مناسب موردی مثال چهار از شده مطرح رویکرد موفق منظوراعتبارسنجی به نمود. استفاده مربوطه آزادی
بهینه نقطه یافتن به قادر مذکور روابط از استفاده با پیشنهادی روش موارد تمامی در که است گرديده استفاده
تقریبی مقدار نشانگر افقی محور شده، ارائه خطی رابطه در آنجایی از و سادگی بدلیل است. شده مربوطه
شبکه که دید توان می وضوح به رسد. می نظر به تر ارجح آن از استفاده باشد، می آزادی درجه دقیق) (نه
چند سطح و نموده حذف را واقعی های داده در موجود خطای موفقیت با تواند می رگولاريزاسيون عصبی

نماید. بازسازی خطا به آغشته های داده از ای مجموعه میان از را حقيقی بعدی

برازشگر ضروری؛ های تکرار تقریبی تعداد تقریبی؛ آزادی درجه اختتام؛ شرط ژنتیک؛ : کلیدی کلمات
رگولاریزاسیون. عصبی شبکه خطی؛



یافته توسیع اطمینان ناحیه مساله زیر برای ضرایب متناوب جهت روش

طاعتی اکرم و صلاحی مازیار

کاربردی ریاضی گروه ریاضی، علوم دانشکده گیلان، دانشگاه

١٣٩۵ مهر ٧ مقاله پذیرش ،١٣٩۵ مرداد ١٠ شده اصلاح مقاله دریافت ،١٣٩۴ آذر ١٨ مقاله دریافت

است. گرفته قرار توجه مورد متعددی تحقیقات در یافته توسیع اطمینان ناحیه زیرمساله اخیراً : چکیده
مختلف های کلاس برای معین دو-نیمه درجه مخروطی سازی آزاد و قوی دوگانی گوناگون، مفروضات تحت
نظر در بدون مقاله این در یافته، توسیع اطمینان ناحیه مساله زیر اهمیت به توجه با است. شده ارایه آن
است، گرفته قرار استفاده مورد بسیار که را ضرایب متناوب جهت روش مساله، روی فرضی هیچ گرفتن
کلاس روی همچنین می�شود. ثابت اول مرتبه ایستایی شرایط به روش همگرایی می�بریم. بکار آن حل برای
سازی آزاد با متوسط ابعاد در روش این توسط شده محاسبه جواب کیفیت آزمون، مسایل از مختلفی های
با بزرگ ابعاد در مسایل حل در روش کاربرد این، بر علاوه شود. می مقایسه معین دو-نیمه درجه مخروطی

شود. می داده نشان بزرگ مقیاس مثال چندین حل

برنامه نامحدب؛ سازی بهینه متناوب؛ روش یافته؛ توسیع اطمینان ناحیه مساله زیر : کلیدی کلمات
دو. درجه مخروطی ریزی برنامه معین؛ نیمه ریزی
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