Iranian Journal of

Numerical Analysis and Optimization

Volume 6 , Number 2

Summer 2016

Ferdowsi University of Mashhad, Iran



In the Name of God

Iranian Journal of Numerical Analysis and Optimization (IJNAO)

This journal is authorized under the registration No. 174/853 dated 1386/2/26,
by the Ministry of Culture and Islamic Guidance.

Volume 6, Number 2, Summer 2016

ISSN: 2423-6977

Publisher: Faculty of Mathematical Sciences, Ferdowsi University of Mash-
had

Published by: Ferdowsi University of Mashhad Press
Circulation: 100

Address: Iranian Journal of Numerical Analysis and Optimization
Faculty of Mathematical Sciences, Ferdowsi University of Mashhad
P.O. Box 1159, Mashhad 91775, Iran.

Tel. : +98-51-38806222 , Fax: +98-51-38807358

E-mail: mjmsQum.ac.ir

Website: http://ijnao.um.ac.ir

This journal is indexed by:

e Zentralblatt

e ISC

e SID

25 S by o o OB 5 eSS DV lsatils ool asll (ol Sty ol IS ¢ ULl &
e simn IS o VWAV e/YD 50 IFNAOYTARNY e 50 b = TINAO = 5L iy 5 (g35 56T 1)
il (o — ele (o5l 5 Dl osle Solis chesn el G w0l 5 OIS Cle

oo (S5l s (6,5ds sty Cslan s e VFAVNVTY g0 SIATNOYS s)les o ol
252 on 4l 53 ISCGL s (g5l g 5 (s30e 5L 51l 0,5 oWl Oler




Iranian Journal of Numerical Analysis
and Optimization

Volume 6, Number 2, Summer 2016

Ferdowsi University of Mashhad - Iran

©2013 All rights reserved. Iranian Journal of Numerical Analysis and Opti-
mization



Iranian Journal of Numerical Analysis and
Optimization

Editor in Charge
H. R. Tareghian*
Editor in Chief

M. H. Farahi

Managing Editor

M. Gachpazan

EDITORIAL BOARD

Abbasbandi, S.*
(Numerical Analysis)

Department of Mathematics,

Imam Khomeini International University,

Ghazvin.

e-mail: abbasbandy@ikiu.ac.ir

Afsharnezhad, Z.*
(Differential Equations)
Department of Applied Mathematics,

Ferdowsi University of Mashhad, Mashhad.

e-mail: afsharnezhad@math.um.ac.ir

Alizadeh Afrouzi, G.*

(Nonlinear Analysis)

Department of Mathematics, University
of Mazandaran, Babolsar.

e-mail: afrouziQumz.ac.ir

Babolian, E.*
(Numerical Analysis)
Kharazmi University, Karaj, Tehran.

e-mail: babolian@saba.tmu.ac.ir

Effati, S.*

(Optimal Control & Optimization)
Department of Applied Mathematics,
Ferdowsi University of Mashhad, Mashhad.

e-mail: s-effatiQum.ac.ir

Emrouznejad, A.*

(Operations Research)

Aston Business School,

Aston University, Birmingham, UK.

e-mail: a.emrouznejad@aston.ac.uk

Fakharzadeh Jahromi, A.**
(Optimal Control & Optimization)
Department of Mathematics,

Shiraz University of Technology, Shiraz.

e-mail: a-fakharzadeh@sutech.ac.ir

Farahi, M. H.*

(Optimal Control & Optimization)
Department of Applied Mathematics,
Ferdowsi University of Mashhad, Mashhad.

e-mail: farahi@math.um.ac.ir



Gachpazan, M.**
(Numerical Analysis)

Department of Applied Mathematics,

Ferdowsi University of Mashhad, Mashhad.

e-mail: gachpazan@um.ac.ir

Khaki Seddigh, A.*

(Optimal Control)

Department of Electerical Engineering,
Khaje-Nassir-Toosi University, Tehran.

e-mail: sedigh@kntu.ac.ir

Mahdavi-Amiri, N.*
(Optimization)

Faculty of Mathematics, Sharif
University of Technology, Tehran.

e-mail: nezamm@sina.sharif.edu

Salehi Fathabadi, H.*
(Operations Research)

School of Mathematics, Statistics and

Computer Sciences,
University of Tehran, Tehran.

e-mail: hsalehi@ut.ac.ir

Soheili, Ali R.*

(Numerical Analysis)

Department of Applied Mathematics,
Ferdowsi University of Mashhad, Mashhad.

e-mail: soheili@um.ac.ir

Toutounian, F.*

(Numerical Analysis)

Department of Applied Mathematics,
Ferdowsi University of Mashhad, Mashhad.

e-mail: toutouni@math.um.ac.ir

Vahidian Kamyad, A.*

(Optimal Control & Optimization)
Department of Applied Mathematics,
Ferdowsi University of Mashhad, Mashhad.

e-mail: avkamyad@yahoo.com

This journal is published under the auspices of Ferdowsi University of Mashhad

* Full Professor

** Associate Professor

We would like to acknowledge the help of Narjes khatoon Zohorian in the preparation

of this issue.



Letter from the Editor in Chief

I would like to welcome you to the Iranian Journal of Numerical Analysis
and Optimization (IJNAO). This journal is published biannually and sup-
ported by the Faculty of Mathematical Sciences at the Ferdowsi University
of Mashhad. Faculty of Mathematical Sciences with three centers of excel-
lence and three research centers is well-known in mathematical communities
in Iran.

The main aim of the journal is to facilitate discussions and collabora-
tions between specialists in applied mathematics, especially in the fields of
numerical analysis and optimization, in the region and worldwide.

Our vision is that scholars from different applied mathematical research
disciplines, pool their insight, knowledge and efforts by communicating via
this international journal.

In order to assure high quality of the journal, each article is reviewed by
subject-qualified referees.

Our expectations for IJNAO are as high as any well-known applied math-
ematical journal in the world. We trust that by publishing quality research
and creative work, the possibility of more collaborations between researchers
would be provided. We invite all applied mathematicians especially in the
fields of numerical analysis and optimization to join us by submitting their
original work to the Iranian Journal of Numerical Analysis and Optimization.

Mohammad Hadi Farahi



Contents

Transcritical bifurcation of an immunosuppressive infection
model . . . . ..
E. Shamsara, R. Mostolizadeh and Z. Afsharnezhad

Two numerical methods for nonlinear constrained quadratic
optimal control problems using linear B-spline functions . . .
Y. Edrisi-Tabriz, M. Lakestani and A. Heydari

Convergence of approximate solution of delay Volterra
integral equations . . . . . . ... ... L.
M. Zarebnia and L. Shiri

Controlling semi-convergence phenomenon in non-stationary
simultaneous iterative methods . . . .. ... ... .. ... ...
T. Nikazad and M. Karimpour

Application of modified hat functions for solving nonlinear
quadratic integral equations . . . . . ... . ... ... ...
F. Mirzaee and E. Hadadiyan

A matrix method for system of integro-differential equations
by using generalized Laguerre polynomials . . . . ... ... ..
M. Matinfar and A. Riahifar

Global error estimation of linear multistep methods through
the Runge-Kutta methods . . . .. ... ... ... .. ......
J. Farzi

17






Iranian Journal of Numerical Analysis and Optimization
Vol. 6, No. 2, (2016), pp 1-15

Transcritical bifurcation of an
immunosuppressive infection model

E. Shamsara, R. Mostolizadeh and Z. Afsharnezhad*

Abstract

In this paper, the dynamic behavior of an immunosuppressive infection
model, specifically AIDS, is analyzed. We show through a simple mathe-
matical model that a sigmoidal CTL response can lead to the occurrence of
transcritical bifurcation. This condition usually occurs in immunodeficiency
virus infections (such as AIDS infection) in which viruses attack immune
cells CD4TT. Our results imply that the dynamic interactions between the
CTL immune response and HIV infection are very complex and in the CTL
response, dynamics can exist the stable regions and unstable regions. At the
end of the paper, numerical simulations are presented to illustrate the main
results.

Keywords: CTL response; HAM/TSP; Transcritical bifurcation.

1 Introduction

One of the most complicated organs of higher organisms is the immune sys-
tem. The function of the immune system is to fight off pathogenic organisms
that enter and grow within the host (for example, viruses, bacteria, unicellu-
lar eukaryotic parasites such as malaria, and multicellular parasites such as
worms). Immune responses can be subdivided broadly into two categories:
(i) innate or nonspecific responses, and (ii) specific, adaptive responses. In-
nate immune mechanisms provide a first line of defense against an invading
pathogen. They include physical barriers like the skin, changes in the envi-
ronment of the body, such as fever, and immune cells that can fight pathogens
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in a nonspecific way. Nonspecific is the key word here and means that these
responses cannot specifically recognize the physical structure of the pathogen.
Instead, these nonspecifics sense that an invader is present and react. While
such responses slow down the initial growth of a pathogen, they are usually
insufficient to clear an infection. For removing an infection, a specific and
adaptive immune response is required [14]. The adaptive immune response
consists of three main branches. 1. The B cells secret antibodies that neu-
tralize free virus particles. 2. The CTL (also known as CD4™" T cells) attack
infected cells. 3. The CD4™" T helper cells are very important regulators that
ensure that CTL and B cell responses are developed efficiently. In immuno-
suppressive infection models, infected cells attack to CD4T T cells and infect
them; subsequently, they cannot help CTL and CD4™ T cells to act efficiently.
Mathematical models have been of central importance for understanding the
dynamics between viral infections and immune responses, particularly in the
context of a human immunodeficiency virus (HIV) infection [7]. Significant
emphasis has been placed on the viral side of these dynamics, including the
estimation of basic viral parameters. Subsequent work has focused on the
immune side of these interactions in trying to explain a variety of experimen-
tal observations about the dynamics of immune cells in various infections.
One particular part of the immune system that is very important in the fight
against viral infections is the killer T cells or cytotoxic T lymphocytes (CTL).
They basically fight intracellular pathogens [15]. Clinical data have shown
that for some human pathogens, such as HIV, hepatitis B virus (HBV) and
hepatitis C virus (HCV), drug therapy sometimes is not completely effec-
tive [7,13]. Recently, in 2015 [2,12] and 2014 [9], impaired immune responses
in immunosuppressive infection models have attracted more and more atten-
tion. Mathematical models have been developed to capture the interaction
in vivo among HIV [2,4,5,9,12,14,15].

The following model is general and satisfied the clinical data, so it was pur-
sued by scientists; see the above references. In 2003, this model was developed
and considered [5].

v =ygr(y) —yz
{ z=zf(y). e

In this system, y is the virus population and z is the population of the immune
cells. The function g, (y) should be satisfied in:

1.g-(0) > 0, 2= <V
{ g-(0) o y @)

23y" > 0,g,(y7) >0, 252 > 09r,y.
Also the following conditions were assumed for f(y) in [5]

3. Elyl, Yo > OSUCh that f(yl) = f(yQ) — 0 (3)
4.%5>0f07" y:yland %5<Of0r Y= 1o
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gr(y) is the virus growth function that depends on the viral replication rate,
r, and f(y) is the immune expansion function that does not depend on r. In
the above case, when viral replication is high and the virus load is between
y1 and y», immune expansion is increasing and levels of antigen are sufficient
to trigger sustained immunity [5]. In [5], a special function for g,(y) and f(y)
is introduced (see Model (12)). Model (12), in 2015 [2,12], was considered to
investigate the stability of the CTL immune response. Shu et al [9] in 2014
obtained saddle point for system (12) which shows stable and unstable. Note
that all the above investigations were on the eigenvalues with the non-zero
real part and they didn’t consider the zero eigenvalue (bifurcation theory).
In this paper, we are interested in only one zero eigenvalue of the system (12)
at the fixed point, which can lead to the occurance of transcritical bifurcation
[1,6,8]. Since our concentration is on AIDS, we change the condition (3),
in order to consider a weak immune system. The difference between HIV
and AIDS is: HIV is the beginning of the AIDS disease, in AIDS; virus load
rises more sharply, and the CD4™ T cell (which defend against ADIS cells)
drops sharply [14]. From a mathematical point of view, % > 0 means that
the function f is a strictly increasing function with respect to the variable y.
From a biological perspective, it means that the function of immune system
responses to the disease increase. In this study the conditions for f(y) are as
follows:

L3y >0:f(y")=0 4)
2.%:0f07"y*>0.

The new conditions cause a critical situation for the function f. For this case,
we try to find a zero eigenvalue to apply transcritical bifurcation. Bifurcation
theory helps us to obtain conditions for the parameters to keep the disease
stable. In other words, by finding a region for parameter r with respect to
parameter k, we tried to keep the immune system in proper condition as long
as possible. Our work is organized as follows:

In Section 2, we give some preliminary definitions of bifurcation and the-
orems, which are going to be used in other Sections. Section 3 is devoted
to bifurcation of system (12). Section 4 illustrates our numerical results.
Section 5 is the conclusion.

2 Preliminaries

Bifurcation theory is fundamental for the qualitative study of dynamical sys-
tems, and can be used to reveal complex dynamical behaviors of the biological
systems under study, such as bistability, recurrence, and regular oscillation.
Characterized by a controllable parameter, called the bifurcation parameter,
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bifurcation occurs at a critical value of this parameter where the properties
of equilibria change significantly.

We consider bifurcations of equilibria of autonomous systems which de-
pend on one single parameter u:

= f(z,pu) , 2 € R" ;ueR. (5)

The system (5) is called smooth if f(x, p1) is differentiable up to any order in
both & and p. Equilibria of (5) are solutions of the algebraic equations

f@,p) =0. (6)

In order to graphically illustrate the dependence of an equilibrium x on u, we
require a scalar measure of the n-vector z. We shall use the notation [z] for
such a measure of x. A diagram depicting [z] versus u, where (x, ) solves
equation (1), will be called a bifurcation diagram. The continuous curves of
solutions of (1) under variation of y are called branches. The branches of
smooth systems are continuous and smooth but can split into more branches.
On a regular point of a branch, that is, on a point where the branch does not
split or turn around, we can define the slope of the branch. We will use the
following abbreviations:

Of (x, ) Of (x, )
J = = 7
(@=Lt g = 2R (7
Both derivatives exist for a smooth system. Using the implicit function theo-
rem it follows that, provided that the Jacobian matrix J(z, i) is non-singular,
locally (1) is equivalent to writing x as a function of u, i.e, 0 = f(a(u), p).
Then it follows from differentiating (1) with respect to p that

dx

ﬂ%m@

+ fulz, ) = 0. (®)

As J(z, ) is non-singular, we can solve for g—z. A point (x, ) is called regular
if det(J(z,p)) # 0.

Definition 1 (Bifurcation). The appearance of a topologically nonequiv-
alent phase portrait under a variation of parameters is called a bifurca-
tion [1,6,8,13,25].

Definition 2. Transcritical bifurcation is a particular kind of local bifurca-
tion, meaning that it is characterized by an equilibrium having an eigenvalue
whose real part passes through zero.

A transcritical bifurcation is one in which a fixed point exists for all val-
ues of a parameter and is never destroyed. However, such a fixed point
interchanges its stability region with instability region as the parameter is
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varied. In other words, both before and after the bifurcation, there is one
unstable and one stable fixed point [1,6,8,13].

Theorem 1. (Sotomayor Theorem) Suppose that f,,(zo) = 0 and that n x
n matrix A = D f(xo, po) has a simple eigenvalue A = 0 with eigenvector
v and that AT has an eigenvector w corresponding to the eigenvalue A =
0. Furthermore, suppose that A has k eigenvalues with a negative real part
and (n — k — 1) eigenvalues with a positive real part and that the following
conditions are satisfied:

w" fu(wo, po) # 0, w' [D? f (w0, po(v,v))] # 0 9)

then there is a smooth curve of equilibrium points for & = f(x,u) in R™ x
Rpassing through (xo, po) and tangent to the hyperplane R™ X pg. Depending
on the signs of the expressions in (6). In this case the system experiences a
saddle node bifurcation. If the conditions (9) are changed to :

w? f.(z0, o) =0,
wT[Df,u(‘TOHU'O)] #Oa (1())
w!'[D? f (o, o) (v, v)] # 0,

then the system (5) experiences a Pitchfork bifurcation. And if the condition
(9) changed to:

w? f (o, o) =0, wh'D f(xo, po)v] # 0, (11)
WT[DQf(J?mMO)(% v)] =0, WT[D3f($07M0)] # 0,

then the system (5) experiences a Transcritical bifurcation.

Proof. For the proof, one can see [8]. O

3 Bifurcation of the system (12)
Consider the following system of differential equations:

{ZJ:ry(l—Z)—ay—pyz (12)

s o cry _
P= gy WA bz

where y and z are as before. The virus population is assumed to grow lo-
gistically: r is the viral replication rate at low viral loads, and we assume
that this rate is decreased linearly with increased viral load to reach zero at
a viral load k. Immune cells are assumed to be inhibited by the virus at a
rate qyz and die at a rate b.

Clearly Ey = (0,0) is a trivial equilibrium of the system. There exist an
equilibrium F; = (¢,0) = (X(r — a),0) provided r > a > 0.

r
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The equilibrium FE; is called the virus dominant equilibrium (VDE). More-
over, we can find another equilibrium E* = (y*, 2*), where y* > 0 and z* > 0,
satisfying the following equations:

r(l*—%)—a—pz*:O (13)
rrar Y —0=0

E* > 0 means that while the virus population is growing, immune cells
start to increase; therefore, our main attention will be on equilibrium E*. It
follows from the first equation of (13)

. rk—y*)—ak
= — 14
z i >0 (14)

By z* > 0, one can find 7 such that
y' <y (15)
In order to find y* for E*, we should solve the quadratic equation

h(y) = qdy* + (—c+q+bd)y +b=0, y* <7y (16)

to obtain a double root for (16), one should have
A=0= (c—q—bd)?=4bgd = ¢ — ¢ — bd = £2/bqd (17)

The minus sign for the root is not applicable, so
¢—q—bd=2y/bgd (18)

or equivalently ¢ = (/g + vbd)?.
Conditions (17) and (18) on polynomial (16) lead to

c—q—>bd., 2+/bgd 4 b .o
= _—_— = — = — —_ 1
o) = (= R = = Ty = =y [ (19
Consequently,
b
* e 9
y 7 (20)
and
p (k- q—bd) —ak
Er = (] —, ) (21)
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Because y* < g, we can define a threshold (see the following definition)
as follow:

rk—ry*>ak$r(k—y*)>ak:>7°>k ” (22)
-y
o ifyr <k
S = DY (23)
% if y* >k

Definition 3. In mathematical or statistical modeling, a threshold model
is any model where a threshold value, or set of threshold values, is used to
distinguish ranges of values where the behavior predicted by the model varies
in some important way.

With the above statements, one can have the following lemma:

Lemma 1.Suppose that (18) is satisfied.

(a) If r < a, then the trivial equilibrium FEo = (0,0) is the only equilibrium.
() If a <r <ri(i.e a <rand y* > ), then there are two equilibria Ey
and Ey = (3,0), where § = £(r — a)

(c) Ifry <r (iea<r and y* < §), then there are three equilibria, Eg, Fy
and additional equilibrium E* = (y*, 2*) with z* = W.

We call E* the immune control equilibrium(ICE).

Here we would like to determine the type of the equilibria (Ey, E; and E*)
for the system (12).

3.1 Global dynamics of (12)

Let (y*, z*) be an equilibrium of (12). The associated characteristic equation
of (12) is given by

go(A\) =X+ 1A +co=0 (24)

where

*

( 2r .y cy
cg=—(r——vy —a—pz
! k:y p 1+ dy*

—qy* —b) (25)

and
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2r cy* cz*
— e _ * _ *_b k(=
co=(r— 4y —a—pz )(1+dy* qy* —b) +py ((1+dy*)2

At Ey = (0,0), two roots of the characteristic equation are Ay = —b < 0 and
A2 = —(a — r). Therefore, Fy is stable if r < a. Otherwise, if r > a, then Ey
is a saddle point.

At Eq, y* =4, z* =0, a direct calculation implies that F; is stable.

At E* we have

c1 = i >0 (27)
and
* %k c * %k
co=py 2 (—q+ W) =py 2" g1(y)- (28)

If g1(y) =0, then § = Ve a, Substituting § in g(y) where

v
o) = o~ 2 (29)
we have
. Ne=\q c—q—bd,
9(9) = ( N )
_(\/a+\/m_\/a_\/m)2_o
— ivi =
(30)

7y =y*, therefore ¢cg =0
In this case since \; + Ay = —c1 < 0, A1 A2 = 0 which gives us

A =0 (31)

and

r |b
)\2 = —C1 = —% ﬁ (32)

The system (12) under condition (18) for the equilibrium E* has one nega-
tive eigenvalue and one zero eigenvalue. Next we check the conditions for the
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Transcritical bifurcation. For this purpose, we use Sotomayor theorem (see
Theorem 2.3). In the following, we calculate the Jacobian matrix, second
derivative of the Jacobian matrix and also eigenvector v corresponding to
eigenvalue A\; = 0 for A and w,the eigenvector of A\; = 0, corresponding to
AT,

The Jacobian matrix of (12) is

r—2y—a-pz  —py
A= k c 33
T — 9% Tray ~ W~ )
where condition (18) implies that
cz cy
_E = —qy—b=0 34
Grdg? “ = 1ray ¥ (34)
Therefore,
r—2y—a—pz—
s [ kyo P (z))y} (35)

The Jacobian matrix A at E* will be

_r /b _ b
Ape = l K\ ad ~P\/qd (36)
0 0

By a direct calculation, the eigenvectors v and w are

v=(v1,1n)= (—?, 1) (37)
w = (w1,wz) = (0,1) (38)

92 f1(E*) 2 f1(E*) 2 f1(E*) 2 f1(E*)
D f(E*)(v,v) = [eﬂi’“’é*)ml* Fyos Vive + g van + s | m

(39)
If o # 0 implies that D2 f(E*)(v,v) # 0. Also, one should have
b I
fo(BY) = (Vaall = 57) (40)

From (36) and (38), one can obtain
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T *\
w f.(E*) =0 (41)

The above calculations and results lead to the conclusion that conditions (8)
are valid. Therefore, by the Sotomayor theorem, the system (10) undergoes
transcritical bifurcation.

4 Example (numerical simulation)

The parameters data are choosen such that the Figures 1-5 are in consistent
with [2,4,5,9,12,14,15]. Since we are dealing with AIDS, the following Figures
show the regions of weak immune response.

We try to find a region for parameter r with respect to parameter k. From

(19), r > %, but y* = ,/q%, therefore

k

r> %S9 (42)

kL— /L

qd

SO

b
k — 4
>\ (43)

Thus, the parameter region is obtained in Figure 1:

Figure 1: Parameter region r with respect to k by considering a = 3, b = 2, ¢ = 9 and
d=2

We use numerical techniques to determine the system (12) with condition
(18).
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Figure 2: a=p=3,k=4/3,¢q=9, b=2 and r = 10 with initial condition (%, %)

In Figure 2, first we obtain the parameter r with respect to y and z. Next
by considering the values a = p =3, k =4/3, ¢ =9, b =2 and r = 10, the
stability regions of the orbits are investigated. Therefore, system (12) is in
a steady state; this means that however the immune response of the body is
so weak that is still can defend against the disease.

Figure 3 shows that after 100 days, immune cells could not control the growth
of virus cells and so the system (12) is unstable.
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Results Figure 1 shows the region which one can choose r with respect to k.
In Figure 2, k is small, so one can see the stable regions. Figures 3, 4 and 5
show an unstable region corresponding to an increase in the virus (k > 10).
Compares: In this study by assuming condition (4), for system (12), we paid
attention to AIDS. According to our knowledge, this condition that causes
a complex dynamic is not considered in any related previous works [2,9,12].
The new condition was lead to an one zero eigenvalue and as a consequence,
by applying Sotomayor theorem, to transcritical bifurcation. Therefore, we
determined the stable and unstable regions (by different given values, small
and large for k) by using transcritical bifurcation.

5 Conclusion

In this paper, we analyzed system (12), with condition (4), at the equilibrium
corresponding to only one zero eigenvalue (co-dimension one bifurcation).
In order to determine transcritical bifurcation, we applied condition (10) in
Sotomayer theorem (see theorem 2.3). One can notice that as we mentioned
in the results of our investigation, the difference between this study and
others [2,9,12]. From the biological point of view, the stable and unstable
regions correspond to the viral population load. Moreover Figures 3, 4 and
5 showed that the virus population of AIDS increases for the value of k£ > 10.
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Two numerical methods for nonlinear
constrained quadratic optimal control
problems using linear B-spline
functions

Y. Edrisi-Tabriz, M. Lakestani* and A. Heydari

Abstract

This paper presents two numerical methods for solving the nonlinear con-
strained optimal control problems including quadratic performance index.
The methods are based upon linear B-spline functions. The properties of
B-spline functions are presented. Two operational matrices of integration
are introduced for related procedures. These matrices are then utilized to
reduce the solution of the nonlinear constrained optimal control to a non-
linear programming one to which existing well-developed algorithms may be
applied. Illustrative examples are included to demonstrate the validity and
applicability of the presented techniques.

Keywords: Optimal control problem; Linear B-spline function; Integration
matrix; Collocation method.

1 Introduction

Solving an optimal control problem is not easy. Because of the complexity
of most applications, optimal control problems are most often solved numer-
ically. Numerical methods for solving optimal control problems date back
nearly five decades to the 1950s with the work of Bellman [2-4]. Numeri-
cal methods for solving optimal control problems are divided into two major
classes: direct methods and indirect methods.
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In an indirect method, the calculus of variations [14, 24] is used to de-
termine the first-order optimality conditions of the original optimal control
problem. The indirect approach leads to a multiple-point boundary-value
problem that is solved to determine candidate optimal trajectories called ex-
tremals. Each of the computed extremals is then examined to see if it is
a local minimum, maximum, or a saddle point. Of the locally optimizing
solutions, the particular extremal with the lowest cost is chosen.

One of the widely used methods to solve optimal control problems is
the direct method. There is a large number of research papers that employ
this method to solve optimal control problems (see for example [5, 6,10, 15,
25,26, 28] and the references therein). This method converts the optimal
control problem into a mathematical programming problem by using either
the discretization technique [5,6] or the parameterization technique [10, 25,
26, 28].

The discretization technique converts the optimal control problem into a
nonlinear programming problem with a large number of unknown parameters
and a large number of constraints [6]. On the other hand, parameterizing
the control variables [10, 28] requires the integration of the state equations.
While the simultaneous parameterization of both the state variables and the
control variables [28] results in a nonlinear programming problem with a large
number of parameters and a large number of equality constraints.

In the last several years, various methods have been proposed to solve
these problems. Yen and Nagurka [32] proposed a method based on the state
parameterization, using Fourier series, to solve the linear-quadratic optimal
control problem (with equal number of state variables and control variables)
subject to state and control inequality constraints. Also Razzaghi and El-
nagar [30] proposed a method to solve the unconstrained linear-quadratic
optimal control problem with equal number of state and control variables.
Their approach is based on using the shifted Legendre polynomials to pa-
rameterize the derivative of each of the state variables. In [16] Jaddu and
Shimemura proposed a method to solve the linear-quadratic and the nonlinear
optimal control problems by using Chebyshev polynomials to parameterize
some of the state variables, then the remaining state variables and the control
variables are determined from the state equations. The approach proposed
in [28] is based on approximating the state variables and control variables
with hybrid functions.

In this paper, we present two computational methods for solving nonlin-
ear constrained quadratic optimal control problems by using linear B-spline
functions. The methods are based on approximating the state variables and
the control variables with a semiorthogonal linear B-spline functions [21].
Our methods consists of reducing the optimal control problem to a NLP one
by first expanding the state rate ©(¢) and the control u(t) as a linear B-spline
functions with unknown coefficients. These functions are introduced. For
the approximation of the integral, the operational matrix of integration I is



Two numerical methods for nonlinear constrained ... 19

given. Two operational matrices of integration are calculated using (i) dual
basis functions and (ii) interpolation basis functions.

The paper is organized as follows: In Section 2 we describe the basic for-
mulation of the linear B-spline functions required for our subsequent devel-
opment. Section 3 is devoted to the formulation of optimal control problems.
Section 4 summarizes the application of these methods to the optimal control
problems, and in Section 5, we report our numerical findings and demonstrate
the accuracy of the proposed methods. Sections 6 completes this paper with
a brief conclusion.

2 Properties of B-spline functions

2.1 Linear B-spline functions on [0,1]

The mth-order cardinal B-spline N, (t) has the knot sequence {...,—1,0,1,...}
and consists of polynomials of order m (degree m — 1) between the knots. Let
Ni(t) = X[o,1)(t) be the characteristic function of [0,1]. Then for each integer
m > 2, the mth-order cardinal B-spline is defined, inductively by [8,13]

Np(t) = (Npp—1 x N1 )(t) = /:X’ Np—1(t — )Ny (7)dr = /0 Np—1(t — 7)dr.
(1)

It can be shown [7] that IV, (t) for m > 2 can be achieved using the following
formula ; ;
m—
N, (1) = Ny () + 22 EN, (= 1),
(8) = 7 N1 (8) + = N (¢ = 1)

recursively, and supp[N,,(t)] = [0, m].
The explicit expressions of Na(t) (linear B-spline function) are [7,8,13]

t  telo,1],
Ny(t)=<¢2—ttell,2], (2)
0 elsewhere.

Suppose Nj i (t) = Nao(27t — k), j,k € Z and B;, = supp|N, (t)] = clos{t :
N;k(t) # 0}. It is easy to see that

Bjr=[12"7k277(2+k)], jkeZ.
To use these functions on [0, 1],
Sj:{k‘lBj,kﬂ[O,l]#@}, j € Z.

It is easy to see that min{S;} = —1 and max{9;} =2/ — 1,5 € Z.
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The support of N, x(t) may be out of interval [0,1], we need that these
functions intrinsically defined on [0,1] so we put

qu,k(t) = Nj7k(t)X[0’1] (t), jeZ, ke Sj. (3)

2.2 The function approximation

Suppose ®;(t) is a (27 + 1)-vector as

D;(t) = [¢j—1(t), dj0(t), ..., b1 ()], j €L (4)

For a fixed j = M, a function f(t) € L?[0, 1] may be represented by the linear
B-spline functions as

2M_1
f(t) ~ Z skpark(t) = ST (1), (5)
k=—1
where
S =1[5-1,50,. .., 59m_1]" (6)
and b1
Sk:f(W)a k:_laaQJM_]- (7)
Note that the functions ¢as (t) satisfy in the relation
i+1, 1 k=4, . M
¢M,k(2M)—5k,z—{07k7éi’ i=-1,...,2M 1
So we have
141 .
Drr(ts) = e, = IR i=—1,...,2M 1, (8)

where e; is the ith column of unit matrix of order 2 + 1 [21].

2.3 Two operational matrices of integration

Suppose .
#l,0) = [ ®u(r)ar )

then the integration of vectors ® s in (4) can be expressed as
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Of =T,0,, (10)

where I, is (2 + 1) x (2™ 4 1) operational matrix of integration for the
linear B-spline functions on [0,1]. We construct I, using the following two
methods:

Method 1.

I, = /01 9, ()3 ()t (11)

where ® M is the vector of dual basis of ®,; which can be obtained using the
linear combinations of ¢; ; [22,23] as

Oy =P 1dyy, (12)
where
11
P8
1 6 3 6
P=/ Sur ()L (Bl =27 | - | (13)
0 1021
o 19
6 3

Replacing (12) in (11) we get

1
I, = (/ %(t)@ﬁ(t)dt) P l=EP), (14)
0
where .
E:/O ! (H)®T, (t)dt. (15)
By using Eqgs. (9) and (15) we obtain
'% % 213 ...... 1 %'
5 1 5 221
—(2M
E = 2" M+ .2

5‘»—* —
ol =Rl
I=

Method 2.

In this method, we approximate (I){w using linear B-spline functions and
then construct Iy. Suppose

ol = [Li(t) La(t) -+ Loy (8], (16)



22 Y. Edrisi-Tabriz, M. Lakestani and A. Heydari

where using Eq. (4) we have
t
Ll(t)z/ ¢M7i_2(T)dT, i:L...QM—Fl, M eZ.
0

Finally from Eq. (7) we get

i1
M)y =Lihsr), =121, j=1..2Y 41 ()

where (I¢)Z.j denotes the ij-th element of matrix Iy. Final form of this matrix
is as follows:

011---1
Iy =2 (M+D IR (18)
1

3 Problem statement

The problem we are treating is to find the optimal control u*(¢) and the
corresponding optimal state trajectory x*(¢) that minimizes the performance
index

J= %XT(tf)Zx(tf) + %/ ' (x"()Q)x(t) + u ()R(t)u(t)) dt, (19)

to

subject to

x(t) = f(x(t),u(t),t), (20)
W(x(to), to, x(ts), tf) =0, (21)
g (x(t), () 1) <0, 1=1,2,...,w, (22)

where Z and Q(t) are positive semidefinite matrices, R(t) is a positive def-
inite matrix, ¢y and ¢y are known initial and terminal time respectively,
x(t) = (:r(t))i 1 is the state vector, u(t) = (u, (t))?z is the control vector
and f,g; (i =1,2,...,w) are nonlinear functions. This problem is defined on
the time mterval te [to, ts]. Certain numerical techniques (like B-spline func-
tions) require a fixed time interval, such as [0,1]. The independent variable
can be mapped to the general interval T € [0, 1] via the affine transformation
t—to

= . 23
=i (23)
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Note that this mapping is still valid with free initial and final times. Using
Eq. (23), this problem can be redefined as follows:

Minimize the performance index

J = %XT(1>ZX(1) + %(tf — to)/o (XT(T)Q(T)X(T) + uT(T)R(T)u(T)) dr,

(24)
subject to
= (ty — to)f(x(7),u(r), 75 t0, 1), (25)
( (0),t0,x(1),25) =0, (26)
gi(x(7),u(r), 5t t5) <0, i=1,2,...,w, 7€][0,1]. (27)
4 The proposed method
Let
Darg(t) = L@ Dar(t), (28)
Barg(t) = I, ® Do (1), (20)

where I; and I, are [ x [ and ¢ x ¢ dimensional identity matrices, ®;(¢) is
(2M 4 1)-vector, ® denotes Kronecker product [20] and &y () and @y 4(t)
are matrices of order [(2M 4+ 1) x [ and ¢(2™ + 1) x ¢q. Assume that each
of %;(t), i = 1,2,...,1, and each of u;(t), j = 1,2,...,¢, can be written in
terms of linear B-spline functions as

%;(t) ~ @1, ()X,

u,(t) ~ o (HU;.

Then using Egs. (28) and (29) we have

X(t) = o7, (DX, (30)
u(t) ~ ¢f, (1)U, (31)

where X and U are vectors of orders [(2M + 1) and q(2M + 1), respectively,
given by

X = [x],x7,....X]]
T
U=[uf,uj,.... Ul .

Similarly we have
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x(0) = &7 (1) Ao, (32)
where Ag is a vector of order [(2M 4 1) given by
Ay = [a{,a2T7...,a;‘F]T.
By integrating Eq. (30) from 0 to ¢ we get
x(t) =x(0) = /Ot bhp (1) Xdr = (Lo () (LeI])X = o, (HITX, (33)

where Iy is an operational matrix of integration given in Eq. (14). From
Egs. (32) and (33) we obtain

x(t) = & ,(t)(Ag + ITX). (34)

4.1 The performance index approximation
By substituting Eqgs. (31)-(34) in Eq. (24) we get
1 A .
J =5 (Ao + LX) (@00 (1)Z0T, (1)) (Ao +ITX)

+ 50— )0+ 1207 ([ Sua0QUET, 0 (A0 + 1)

N = N

1
+ = (ty —to)UT (/ @M7q(t)R(t)q3£[7q(t)dt> U. (35)
0

Eq. (35) can be computed more efficiently by writing J as

1

J =5 (Ao + IX)" (Z® & (1)27,(1)) (A + I7X)
1
+ Sty —to)(Ag + I5X)" (/ Qt)® @M(t)q)]Tw(t)dt> (Ag +I;X)
0

+

N = N

(t; — to)UT ( /0 R(t) @ q»M(t)cpTM(t)dt) U. (36)

For problems with time-varying performance index, Q(t) and R(t) are
functions of time and

/ Q(t) @ B ()L, (1), / R(1) © D (1)@, (1)t
0 0

can be evaluated numerically. For time-invariant problems, Q(¢) and R(t)
are constant matrices and can be removed from the integrals. In this case,
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Eq. (36) can be rewritten as
1
J(X,U) =5 (Ao + IX)" (Z ® ®(1)23,(1)) (Ag + I7X)
+ Sty —t0) (Ao + I;X)" (Q® P) (Ag + ITX)

+ =(ty —to)UT (R P)U. (37)

N =N =

4.2 The system constraints approximation

We approximate the system constraints as follows:
Using Egs. (30), (31) and (34) the system constraints (25), (26) and (27)
became

O, ()X = (ty — to)f(Ph;,()(Ao + IEX), 0T, (1)U, 50, 15), (38)
\I]( g IJJ\}J<O) (AO + iZ;X)7 th é%],l(l)(AO + igx)v tf) = 07 (39>
gi (@1 (1) (Ao +ITX), %, (1)U, t5t0,t5) <0, i=1,2,...,w. (40

We collocate Eqs. (38) and (40) at Newton-cotes nodes ty,

k-1

oM k=1,2,....2M 4+1. (41)

t, =
The optimal control problem has now been reduced to a parameter opti-
mization problem which can be stated as follows:
Find X and U so that J(X,U) is minimized (or maximized) subject to
Eq. (39) and

O (80X = (b — to)E(DT, (1) (Ao + IEX), @1, (1)U 1), (42)
gi( D17 (tn) (Ao + IX), @7, (1)U ths to, t) <0, (43)

i=1,2,...,w, k=1,2...,2"+1.

Many well-developed nonlinear programming techniques can be used to solve
this extremum problem (see, e.g. [1,9,11]).

5 Illustrative examples

This section is devoted to numerical examples. All problems were pro-
grammed in MAPLE, running on a Pentium 4, 2.4-GHz PC with 4 GB of
RAM. Also we solved the obtained nonlinear programming that is minimize
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(or maximize) J(X, U) subject to Egs. (39), (42) and (43), using " NLPsolve”
command in MAPLE program. To illustrate our techniques, we present five
numerical examples and make a comparison with some of the results in the
literatures.

Example 1. This example is adapted from [18]. Find the control vector
u(t) which minimizes

J= ;/01 (@3 (1) + (1)) dt, (44)

subject to
0] [0 1] [20] 2] o .
0] = [10): (46)

lu(t)] < 1. (47)

In Table 1, the minimum of J using the rationalized Haar functions [29],
hybrid of block-pulse and Legendre polynomials [25], hybrid of block-pulse
and Bernoulli polynomials [28] and present two methods are listed. In Figure
1, the control and state variables with the absolute value of constraint’s errors
for M = 8, are reported.

Table 1: Estimated values of J for Example 1

Method J CPUTime
Rationalized Haar functions [29]

K=4 8.07473 0.389
K=28 8.07065 0.546
Hybrid of block-pulse and Legendre [25]

N=4,M; =3 8.07059 1.592
N=4,M =4 8.07056 4.304
Hybrid of block-pulse and Bernoulli [28]

N=4M=2 8.07058 0.858
N=4M=3 8.07055 1.155
Present method 1

M =6 8.07056208507474 1.075
M=7 8.07056206359357 1.453
M =38 8.07056204949560 1.722
Present method 2

M =6 8.07043910532066 0.665
M=7 8.07053132323846 1.009
M =38 8.07055438812380 1.341
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Figure 1: State and control variables and the constraint errors |@1 (t) —x2(t)| and |&2(t) +
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— u(t)| for Example 1 using Method 1 (left) and using Method 2 (right) with M =8
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Example 2. Consider the Breakwell problem [12]. The performance index
to be minimized is given by

J= % /0 1 u?(t)dt, (48)

subject to the state equations
iy (t) = wa(t),  da(t) = u(t), (49)

with the endpoint conditions
z1(0) = 21(1) =0, 22(0) = —z2(1) = 1, (50)

and the state constraint
21 (t) < 0.1. (51)

The exact solution to this problem is given by

202 tel0,0.3],
u*(t) =14 0 t €0.3,0.7], (52)

— 20+ 10 ¢t e0.7,1].

This example was studied by using pseudospectral method [12] and ChFD
scheme [27]. Here we applied the proposed method to solve this problem.
Absolute errors between approximation and exact value of the performance
index are reported in Table 2. The approximate solutions of x1(t), x2(t) and
u(t), obtained by linear B-spline functions using method 2 with M = 9 and
the exact solutions together error bounds |x7(¢) — z1(t)], |x5(t) — x=2(¢)| and
|u*(t) — u(t)| are plotted in Figure 2. This results show that accuracy of our
method in comparison with ChFD scheme [27] whose result are plotted in
Figure 3.

Table 2: Errors of the estimated and exact values of the performance index, |.J — J*|, for
Example 2

Method 1 Method 2
M | |J—J* CPUTime | |J — J*| CPUTime
6 3.67 x 10°2  0.053 5.93 x 10~3  0.163
7 1.86 x 1072 0.181 1.48 x 1073 0.401
8 9.34 x 1073 1.034 3.74 x 10~%  1.377
9 | 468x1073 7.662 9.38 x 1075 7.400

Example 3. This example is adapted from [19] and also studied by using
rationalized Haar approach [26], hybrid of block-pulse and Legendre polyno-
mials [25], hybrid of block-pulse and Bernoulli polynomials [28] and interpo-
lating scaling functions [10]. Find the control vector u(t) which minimizes
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Figure 3: Exact value and approximation errors of |z} (t) — z1(t)| , |z5(t) — z2(t)| and

|u*(t) — u(t)| using ChFD scheme [27] for Example 2 with M = 35

J= /1 (z3(t) + 23(t) + 0.005u>(t)) dt,
0

subject to

where
r(t) =8(t—0.5)2—-05, 0<t<1.

(53)

The computational result for zo(t) using method 2 for M = 8 together
with 7(¢) are given in Fig. 4. In Table 3, we compare the minimum of J using

the proposed two methods with other solutions in the literature.

Example 4. We consider the optimal maneuvers of a rigid asymmetric space-
craft [17]. This example is studied by using quasilinearization and Chebyshev
polynomials [15] and hybrid of block-pulse and Bernoulli polynomials [28].

The system state equations are



Two numerical methods for nonlinear constrained ... 31
Table 3: Results for Example 3

Method J CPUTime
Rationalized Haar functions [26]
K =64,w =100 0.170115 1.877
K =128,w = 100 0.170103 1.983
Hybrid of block-pulse and Legendre [25]
N =4,M; =3 0.17013645 0.951
N=4,M; =4 0.17013640 1.545
Hybrid of block-pulse and Bernoulli [28]
N=4,M =3 0.1700305 0.756
N=4,M =4 0.1700301 0.921
Interpolating scaling functions [10]
n=4r=>5 0.16982646 2.251
n=>51r=>5 0.16982636 3.175
Present method 1
M =6 0.169672402102247 1.512
M=T7 0.169782602033829 1.607
M =28 0.169811048165412 1.985
Present method 2
M =6 0.170071967582200 0.599
M=7 0.169885295276034 1.003
M =38 0.169837051920398 1.141

Figure 4: Control and state variables and constraint boundary for Example 3 using

method 2 with M =8

0.57

. - D uy (1)
Il(T)f73T$2(T)I3(T)+ I]_ 5
&o(T) = —%xl(ﬂxg(r) + u2[(27)7
. IQ — Il Uu (7')
x3(7) = 7[73581(7’)1‘2(7’) + 313 ,

z1(1) — (5% 107%72 — 5 x 107*7 + 0.016) < 0,

21(100) = 25(100) = 23(100) = 0,
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where I; = 86.24, I, = 85.07, I3 = 113.59. The performance index to be
minimized, starting from the initial states x1(0) = 0.01, z(0) = 0.005 and
23(0) = 0.001 is

100
J = 5/0 (u%(T) + ug(T) + ug(T)) dr.

We use transformation 7 = 100¢,0 < ¢ < 1, in order to use our proposed
method. In Table 4, the results for J using linear B-spline functions, hy-
brid of block-pulse and Bernoulli polynomials [28] and quasilinearization and
Chebyshev polynomials [15] are listed. Optimal control and state variables
and constraint boundary using method 2, for M = 7, are shown in Figure 5.

Table 4: Results for Example 4

Method J CPUTime
Quasilinearization and Chebyshev polynomials [15]
N =6 0.00536584 0.07
N=38 0.00534427 0.10
N =10 0.00534063 0.12
Quasilinearization and Chebyshev polynomials [15]

with using 2 subintervals
M2 =10 0.00530902 0.36
Hybrid of block-pulse and Bernoulli [2§]
N=6,M=3 0.00531097 1.89
N=6,M=4 0.00530263 2.12
N=6,M=5 0.00530213 2.74
Present method 1
M=5 0.00527460682730895 0.55
M =6 0.00529464663721832 0.67
M=17 0.00530275422863559 0.71
Present method 2
M=5 0.00530817821841613 0.06
M =6 0.00530851397972318 0.10
M=T7 0.00530847110421464 0.13

Example 5. Consider the problem of transferring containers from a ship
to a cargo truck [31]. The container crane is driven by a hoist motor and a
trolley drive motor. The aim is to minimize the swing during and at the end
of the transfer. After appropriate normalization, we summarize the problem
as follows:

7=15 [ (@30 + i)

subject to
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Figure 5: Control and state variables and constraint boundary for Example 4 using
method 2 with M =7

where

and

with continuous state inequality constraints,

€ [0,1],

Z1(t) = 9z4(2),

Lo(t) = 9z5(t),

3(t) = 9zg(t),

da(t) = 9(ur (t) + 17.265623(1)),

5(t) = ua(t),

io(t) = —9(uy (t) + 27.0756x3(t) + 2x5(t) w6 (t))

z2(1)

z(0) = [0,22,0,0,—1,0]%,
x(1) = [10,14,0,2.5,0,0]7,

luy (t)] < 2.83374,
—0.80865 < ua(t) < 0.71265,

|z4(t)
|5 (t)

| <
| <

t €10,1],

M)

5
1.0

)

t

t €10,1],

te|0,1

)

b

In Table 5, we compare the solution obtained using the proposed two
methods with the method of [9] and [28].
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Table 5: Results for Example 5

Method J CPUTime
Method of [9]

m=5 0.5366 x 1072 2.589
m="7 0.53614 x 102 2.607
m=9 0.53610895 x 10~2 3.002
m =11 0.5361102700 x 10—2 3.021
Hybrid of block-pulse and Bernoulli [28]

N=2M=2 0.593000 x 10—2 1.904
N=2M=3 0.528915 x 102 2.125
N=2M=4 0.521421 x 10—2 2.305
N=2,M=5 0.521411 x 10~2 2.663
Present method 1

M=5 0.498574175174882 x 10~2 1.815
M=6 0.503885802644245 x 10~2 1.963
M="1 0.511514185733751 x 10~2 2.025
Present method 2

M=5 0.516049181578648 x 10~2 1.579
M=6 0.515021009757565 x 10~2 1.708
M="1 0.515021009428266 x 10~2 1.869

6 Conclusion

In this paper we presented two numerical methods for solving nonlinear con-
strained quadratic optimal control problems. Two methods are based upon
the linear B-spline functions. Also several test problems were used to see
the applicability and efficiency of the method. The obtained results show
that when the state variables are unknown at the endpoints, then method
1 is more accurate than method 2 but in all problems method 2 is faster
than method 1. In total, our two methods are more accurate than existing
methods in the literature.
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Convergence of approximate solution
of delay Volterra integral equations

M. Zarebnia * and L. Shiri

Abstract

In this paper, sinc-collocation method is discussed to solve Volterra func-
tional integral equations with delay function 6(t). Also the existence and
uniqueness of numerical solutions for these equations are provided. This
method improves conventional results and achieves exponential convergence.
Numerical results are included to confirm the efficiency and accuracy of the
method.

Keywords: Volterra functional integral equations; delay function; sinc-
collocation.

1 Introduction

Delay integral equations arise widely in scientific fields such as physics,
biology, ecology, control theory, etc. Due to the practical application of
these equations, they must be solved successfully with efficient numerical ap-
proaches. In recent years, there have been extensive studies in convergence
properties and stability analyses of these numerical methods, see, for exam-
ple, [10]. The numerical solutions of integral equations with delays have also
been discussed by several authors such as Brunner [1], Li and Kuang [5], Linz
and Wang [6].

Sinc methods for approximating the solutions of Volterra integral equa-
tions have received considerable attention mainly due to their high accuracy.
These approximations converge rapidly to the exact solutions as the number
of sinc points increases. Systematic introduction of these methods can be
found in [9]. In [11] sinc-collocation method is emplyed to solve Volterra

*Corresponding author

Received 29 June 2015; revised 15 Desember 2015; accepted 6 January 2016

M. Zarebnia

Department of Applied Mathematics, Faculty of Mathematical Sciences, University of Mo-
haghegh Ardabili, Ardabil, Iran. e-mail: zarebnia@uma.ac.ir

L. Shiri
Department of Applied Mathematics, Faculty of Mathematical Sciences, University of Mo-
haghegh Ardabili, Ardabil, Iran. e-mail: l.shiri@uma.ac.ir

39



40 M. Zarebnia and L. Shiri

integral equations with smooth kernels. The analytical and numerical tech-

niques used in these works can be extended to delay integral equations.
The main objective of the current study is to implement the sinc-

collocation method for Volterra functional integral equation of the form

y(t) = g(t) + Vy)(t) + Voy) (), tel:=[0,T]. (1)

The Volterra delay integral operators V and Vy (from C(I) — C(I)) describ-
ing these equations are defined by

V) () = / Ky (t, )y (s)ds

and

o(t)
(Vou)(t) == / Kot s)y(s)ds,

respectively, and the delay function 6 is subject to the following conditions:
(D1) 6(0) = 0, and @ is strictly increasing on the interval I;

(D2) 0(t) < qt, t € I, for some g € (0,1);

(D3) 6 € C4(I) for some d > 0.

We will refer to a 0 that satisfies (D1) as a vanishing delay function (or, in
short, a vanishing delay). The linear case, 0(t) = gt =t — (1 — )t =t — 7(t)
(0 < g < 1) (proportional delay) is also known as the pantograph delay
function [4]. In this paper we consider vanishing delay but our methods can
be use with nonvanishing delay too.

The layout of this paper is as follows. In Section 2, the solvability of
equation (1) is stated. Section 3 outlines some of the main properties of sinc
function that is necessary for the formulation of the delay integral equation.
Sinc-collocation method is considered in Section 4. In section 5, we analyze
the existence and uniqueness of numerical solutions. In Section 6, the order
of scheme convergence using the new approach is described. Finally, Section
7 contains the numerical experiments.

2 Existence and uniqueness of solutions

In the present section, we state the solvability of integral equations with
vanishing delay. The following theorem generalizes Volterras 1897 classical
result on the existence and uniqueness of solutions for the equation (1) with
0(t)=qt (0<g<1).

Theorem 1. [3] Assume that the given functions g, K1 and Ko in (1) satisfy
1) ge C(I), Ky € C(D), and Ky € C(Dy), where
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D:={(t,s):0<s<t<T}, Dp:={(t,s):0<s<l(t),tel};

2) 0(t) is subject to the assumptions (D1)-(D3).
Then for each g € C(I) there exists a unique function y € C(I) which solves
the equation (1) on I

3 Review of the sinc approximation

In this section, we will review sinc function properties, sinc quadrature rule,
and the sinc method. These are discussed thoroughly in [9]. For any h > 0,
the sinc basis functions are given by

z—jh

S(j, h)(z) = sinc( ), j=0,£1,£2,...,

where

sin(mz) .
sinc(z) = { LE 1’ 2 8’
,z=0.

The sinc function form for the interpolating point z; = kh is given by

st = {4 5

They are based in the infinite strip Dy in the complex plane
Dy={w=u+iv:|v] <d}.

To construct approximation on the interval [0, T'], we consider the conformal
map

z

8(z) = In(7—

).

The map ¢ carries the eye-shaped region

z

D = C: _— dt.
{z € \arg(Tiz)|< }
The function
Tev
_ 41 _
2= W) = 1

is an inverse mapping of w = ¢(z). We define the range of ¢$~! on the real
line as

I'={¢(u) =¢ "(u) € D: —co <u< oo}
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The sinc grid points 2z, € (0,7) in D will be denoted by zj because they
are real. For the evenly spaced nodes {kh}72 __ on the real line, the image
which corresponds to these nodes is denoted by

Tekh
:Ek:qsfl(kh):m’ k=41,4£2,....

Definition 1. Let D be a simply connected domain which satisfies (a,b) C D
and « and ¢; be a positive constant. Then £,(D) denotes the family of all
functions u € Hol(D) which satisfy

lu(2)| < a1|Q(2)|* (2)

for all z in D where Q(z) = (z — a)(b — 2).
The next theorem shows the exponential convergence of the sinc approx-
imation.

Theorem 2. Letu € L, ( ), let N be a positive integer, and let h be selected

by the formula h =
of N, such that

- N, then there exists positive constant cs, independent

sup |u(t) Z (p(t))| < caV/Ne VN

te(a,b)

The error analysis of the sinc indefinite integration has been given in [7].

Theorem 3. Let uQ € Lo(D) for d with 0 <d < m. Let h = \/ Z%. Then

there exists a constant co, which is independent of N, such that

sup / ds—hz

te(ab) Py ¢’

h)(¢sp(t)| < cze”VTdaN) o (3)

where

4 Sinc-collocation method

In this section, we apply sinc-collocation method to solve equation (1) which
we state again for the convenience of the reader:

0(t)
/ Kq(t,s)y(s)ds + Ky (t, s)y(s)ds
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if t = 0 we have y(0) = ¢g(0). For ease of calculation, we employ the trans-
formation

u(t) = y(t) - T9(0)7

in this case u(0) = 0. Then the above problem becomes

¢ 0(t)
u(t) = F(t) + /O Kt u(s)ds + [ Ka(t.s)u(s)ds (@)

where

6(t)

@) :=g) — %(T —1)g(0) + %9(0) {/0 Ki(t,s)(T — s)ds + Ka(t, s)(T — s)ds} .

0

Now, let u(x) be the exact solution of (4) that is approximated by the
following expansion

N
wn(t) = ) u(t;)S(j, h)od(t) + ultn+1)w(t), ()
j=—N

we choose w(t) so that above formula interpolate function u at the points ¢,
SO

N
1
wit) =7 (t= 3 HSGHG)
j=—N
where the points ¢; are defined by
t, = d)il(jh)?.]:_NaaNa
J T,7j=N+1.

By replacing approximate solution (5) in ¢ = ¢, in the equation (4), it follows
that

N
D wiSGM@(t)) + unrwt)

tr

N t
Z Uj/o Ki(te,s)S(, h)(d(s))ds + un+1 ; Ky (ty, s)w(s)ds

0(tr)

N 0(tr)
+ Y uj/ Ko(tk, s)S (7, h)(¢(s))ds+uN+1/ Ko(ty, s)w(s)ds

—yy; 0 0
+ f (). (6)
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We are interested in approximating the integral in above equation by the
quadrature formula presented in (3). Then by using Theorem 3, we obtain

K (tx, t;

/kKl(tk,s)S(j,h)qu(s)dszh 6 83) 15 B)((t), k= —N.... N +1.
0 ?'(t5)

From definition of ¢, we can write

3G my(oen)) = { 7O
The analogue of above equation we have

p K2t t)
¢'(t;)
in which ¢, := ¢(6(tx)), in next section these formula will be discussed.

Finally, let

0(tx)
/0 Koyt 5)S(j, hoo(s)ds ~ h JG.)(ér), k= -N,... N41

tr
K, = K (tg, s)w(s)ds,
0
(tx)
KQk = / KQ(tkvs)w(s)dS7
0
by = K1 + Koy, k=-N,...,N+1. (7)

By using relation (3), we can approximate by in the following form

tr
Ky ¢:/ Ky (ty, s)w(s)ds
0

1 tr N .
=7 ) Klts) s—j;thS(y,hM(s)) ds
1 tr N th ’
=7 /0 sKl(t7s)ds—j;th/O K1 (t,5)S(j,h)(¢(s))ds

tr 1 .
/0 SK\(t, s)ds — h z K1t ) g T (6(00)) |(8)

j=—N

NI~

Thus equation (6) is written as

up —h Z ¢, 5 (Bt 1) T (0, ) ($(0)) + Kot £5) TG, ) (60} g

*kaN+1 = f(tk)- 9)
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This linear system of equations is equivalent to (4). By solving this system,
the unknown coefficients u; are determined. We rewirte the linear system
(7) in matrix form
[Z—- AUy =F (10)
where
h ) .
Arj = 70 {K1(te, t5)J (5, h)((tr)) + Ka(te, t;)J (5, h)(dr)},
J
k=-N,...N+1, j=-N,...N,

Ap N1 = bg, k=-N,...N+1,
UN = [quu v 7uN+1]t7 F= [f(th)7 . ’7f(tN+1)]t~

5 Existence and uniqueness of the sinc-collocation
solution

In this section, we study the existence and uniqueness of the solution to (8).

Lemma 1. For x € R, the function J(j,h)(z) is bounded by
(G, h)(2)] < 1.1.

Theorem 4. Assume that K1, Ko and f in the Volterra integral equation
(4) are continuous on their respective domains D, Dg and I. Then there
exists an h > 0 so that for any h € (0,h) the linear algebraic system (8) has
a unique solution Uy .

Proof. We know that

Alj { K (e, t5) (5, ) (0(tr)) + Kaltr, ;) (j, h)(dk)}

k=—-N,..N+1, j=—N,.. N,
Ak, N+1 = by, k=-N,...N +1,

__ N
- (ty)

SO we can write
Yoo
lAlloo = o ax {hj;N 7 [T, h)(D(tk)) K1 (b, t5) + Ka(ti, t5) T (G, h) (dn)] + |brl }-

Using Lemma 1, we have
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Al < e a Z ¢, |K1 (thst5) + Ka(tn, t5)| + [bx] }.

Theorem 3 and continuty K; and K5 and equations (7) and (8) give

|bk| < ce” wdaN

Therefore
HAHOO < Ll1h Z (ZS/ ) |K1(tka )+K2(tk> )| + ce mdaN

Thus the elements of the matrice A are all bounded. The Neumann Lemma
then shows that the inverse of the matrix Z — A exists whenever || Al < 1.
This clearly holds whenever h is sufficiently small. In other words, there is
an h > 0 so that for any 2 < h matrix A has a uniformly bounded inverse.
The assertion of Theorem 4 now follows. O

6 Convergence analysis

The convergence of the sinc-collocation method which is introduced in the
previous sections is discussed in the present section. It is assumed that u is
the exact solution of Eq. (4) and Uy is an approximation of the sinc method.
Firstly, we state the following lemma which is used subsequently.

Lemma 2. ([8]) Let h > 0. Then it holds that

sup Z 1S(, h

:EE]R

=Hw

(3+1InN).

In the following theorem, we will find an upper bound for the error.

Theorem 5. Let Uy (x) is the approzimate solution of integral equation (4).
Then there exists a constant cs independent of N such that

sup |u(z) — Uy (z)| < cs VN In Ne~Vrdal, (11)
z€(0,T)

Proof. For collocation error e := u — Uy
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N

sup |e(t) = Y S(i, h)(é(1))e; + enrrw(t)

te(0,T) J=—N

N
< sup fe(t) = Y S(h)(@())es| + lensa] sup fw(t)]

te(0,T) J=—N te(0,T)

N
< e;V/Ne~VrdaN —|—|€N+1|* sup |t — Z t;5(4,h)(9(1))
tE(O T) j=—N
1
< cl\/ﬁe—\/ﬂdaN + |€N+1|TC/1\/N€_\/W

< C\/]Veﬂ/ rdaN

SO we can erte

Z S(j,h )ej + ensrw(t) + eV Ne™ VrdoN

For t = t; it satisfies the error equation

e(t) = (Ve)(t) + (Voe)(t).
The contribution of V in the above error equation is described by

t;

(Ve)(t;) = ; K (ty, s)e(s)ds

=—N

t; N
-/ K1<tj,s>{ S7 SGB)(B(s))er + exsrw(s) + eV Ne Vi }
0 k
N
K (t; ,t —/mdaN Y
h Z 1 J i ]ah)(¢(tk))ek+K1j6N+1+CQ€ ﬂdaN"‘tjC\/Ne mdaN
k=

N

K (t; ,t ot
=h E u J M T3, h)(p(t))er + Kijen i1 + ¢V Ne VrdeN,
k=

also for delay operator Vy we have

0(t;)
(Vee)(t;) :/ K5 (tj,s)e(s)ds
0
N K (t;, te)
=} Z 2 J; k )(¢k)ek+K2g€N+1+c /Nefx/ﬂ'daN.
k=
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Thus, the representation of e; has the form

P
+ bjenyr + cV/ Ne~VrdoN

we may write the collocation equation as

[Z— Ale = cV/Ne VmdaNT,

{K1 (t5:t1)J (G, W) (D (k) + Ka(t;, t) J (5, ) (Pr) } ex

Here, Z and I denotes the identify matrix and constant vector 1, repectively.
It thus follows from Theorem 4 that uniform bound exists for (Z — A)~1, so

le|| < eV Ne™VmdaN, (12)
Hence, by Lemma 2 and (12) we can obtain the upper bound (11). O

7 Illustrative examples

In this section, the theoretical results of the previous sections are used for two
numerical examples. The numerical experiments are implemented in Matlab.

Example 1. The pantograph Volterra integral equation

t
K(t,s)y(s)ds
0(t)

y(t) = g(t) +

with 0(t) = qt, k(t,s) = ts, and g(t) = (—t> +t + 1)e’ +t(qt — 1)e?’, has the
exact solution y(t) = e’. The results are shown in Table 1.

Table 1: Values of ||E||oo for Example 1

N\ ¢ 0.01 0.09 0.1 0.5 0.99
10 3.7266 x 1076 | 4.5684 x 10~6 | 4.1900 x 10~ | 8.8432x 10~° | 1.7511 x 105
30 5.5006 x 10710 | 3.6148 x 1072 | 5.2450 x 107° | 4.0946 x 10~7 | 7.5530 x 10~8
50 8.6331 x 10713 | 1.0118 x 10710 | 1.3788 x 10~10 | 1.0852 x 108 | 1.1792 x 10~?
70 7.9936 x 10715 | 5.4152 x 10712 | 7.3683 x 1012 | 5.8153 x 10719 | 1.0688 x 10~1°
90 3.2196 x 10715 | 4.3609 x 1073 | 5.9374 x 10713 | 4.6795 x 10~ | 8.6006 x 10~12

Example 2. Consider
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Figure 1: The errors for ¢ = 0.5 in Example 1

u(t) = g(t) + / K(t, s)y(s)ds

100

with k(t,s) = s —t. We choose g(t) so that its exact solution is y(t) = t — ¢2.

Table 2 shows the numerical results.

Table 2: Values of || E||oo for Example 2

N\~ 0.01 0.09 0.1 0.5 0.99
10 1.1098 x 107% | 4.6373 x 107 | 5.3418 x 107% | 5.2686 x 1075 | 5.5796 x 10—°
30 4.0592 x 10710 | 8.1311 x 10710 | 8.1496 x 10710 | 7.9947 x 10710 | 8.1273 x 1010
50 8.2652 x 10713 | 1.3631 x 10712 | 1.4027 x 10712 | 1.3289 x 1012 | 1.3898 x 10712
70 4.8580 x 1071% | 7.1871 x 10715 | 7.0991 x 10~ | 6.8972 x 1015 | 7.0499 x 10~13
90 1.4498 x 10716 | 2.2706 x 10716 | 1.9428 x 10716 | 1.6653 x 1016 | 3.3306 x 10~1¢

Figure 2: The errors for r = 0.5

80 90

in Example 2

100
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8 Conclusion

Several methods has been presented for the numerical solution of equation
(1) in the special cases for example 6(t) = gt [2]. We propose a numerical
algorithm in order to solve the delay integral equation (Eq. (1)) where 6 is
general function. Our method has been shown theoretically and numerically
to be extremely accurate and achieve exponential convergence with respect
to N.
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Controlling semi-convergence
phenomenon in non-stationary
simultaneous iterative methods

T. Nikazad* and M. Karimpour

Abstract

When applying the non-stationary simultaneous iterative methods for
solving an ill-posed set of linear equations, the error usually initially de-
creases but after some iterations, depending on the amount of noise in the
data, and the degree of ill-posedness, it starts to increase. This phenomenon
is called semi-convergence. We study the semi-convergence behavior of the
non-stationary simultaneous iterative methods and obtain an upper bound
for data error (noise error). Based on this bound, we propose new ways
to specify the relaxation parameters to control the semi-convergence. The
performance of our strategies is shown by examples taken from tomographic
imaging.

Keywords: Simultaneous iterative methods; Semi-convergence; Relaxation
parameters; Tomographic imaging.

1 Introduction

A mark-point in the history of medical imaging, was the discovery by Wil-
helm Rontgen in 1895 of x-rays [10,22]. The problem of generating medical
images from measurements of the radiation around the body of a patient
was considered much later. Hounsfield patented the first CT-scanner in 1972
(and was awarded, together with Cormack, in 1979 the Nobel Prize for this
invention). This reconstruction problem belongs to the class of inverse prob-
lems, which are characterized by the fact that the information of interest is
not directly available for measurements. The imaging device (the camera)
provides measurements of a transformation of this information. In practice,
these measurements are both imperfect (sampling) and inexact (noise).
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Figure 1: Semi-convergence phenomenon

The mathematical basis for tomographic imaging was laid down by Jo-
hann Radon already in 1917 [20]. The word tomography means “reconstruc-
tion from slices”. It is applied in Computerized (Computed) Tomography
(CT) to obtain cross-sectional images of patients. Fundamentally, tomo-
graphic imaging deals with reconstructing an image from its projections. The
relationship between the unknown distribution (or object) and the physical
quantity which can be measured (the projections) is referred to as the forward
problem. For several imaging techniques, such as CT, the simplest model for
the forward problem involves using the Radon transform R, see [1, 16, 18].
If x denotes the unknown distribution and S the quantity measured by the
imaging device, we have

Rx = 6.

The discrete problem, which is based on expanding x in a finite series of
basis-functions, can be written as

Az ~ b, (1)

where the vector b is a sampled version of 5 and the vector z, in the case
of pixel-(2D) or voxel-(3D) basis, is a finite representation of the unknown
object. The matrix A € R™*™  typically large and sparse, is a discretization
of the Radon transform. An approximative solution to this linear system
could be computed by iterative methods, which only require matrix-vector
products and hence do not alter the structure of A.

Initially the iteration vectors approach a regularized solution while con-
tinuing the iteration often leads to iteration vectors corrupted by noise. This
phenomenon is called semi-convergence by Natterer [18]; for analysis of the
phenomenon, see, e.g., [1,2,9,11,13,19,21]. The typical overall error behavior
is shown in Figure 1.

The Algebraic Reconstruction Technique (ART) is a fully sequential
method, and has a long history and rich literature. Originally it was pro-
posed by Kaczmarz [15], and independently, for use in image reconstruction
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by [13]. The vector of unknowns is up-dated at each equation of the system,
after which the next equation is addressed. In the simultaneous algorithms
the current iterate is first projected on all sets to obtain intermediate points,
and then the next iterate is made by an averaging process, as convex com-
bination, of intermediate points. The prototype of these algorithms is the
well-known Cimmino method [5]. We now explain block-iterative method.
The basic idea of a block-iterative algorithm is to partition the data A and
b of the system (1) into blocks of equations (rows) and treat each block ac-
cording to the rule used in the simultaneous algorithm for the whole system,
passing, e.g., cyclically over all the blocks, see Figure 2.

An iteration vector of the non-stationary simultaneous iterative method
(SIM) is defined as follows

Tho1 = op + MATM(b— Azy), k=0,1,--- (2)

with 9 € R™ where {\;}72; are relaxation parameters and M is a given
symmetric positive definite (SPD) matrix which depends on the particular
method. In some papers in image reconstruction from projections, the term
“simultaneous iterative reconstruction technique (SIRT)” is used for “SIM”;
see, e.g., [7,8,21]. Several well-known simultaneous methods can be written
as (2) for appropriate choices of the matrix M. With M = I we get the
classical Landweber method [17]. Choosing M = Ltdiag(1/[|a;||*) where a;
denotes the ith row of A leads to Cimmino’s method [5]. The CAV method [4]
uses M = diag(1/ Z?:l Njafj) where N; is the number of non-zeroes in the
jth column of A.

We study semi-convergence behavior of the non-stationary SIM, when
applied to noisy data. Our main focus is to propose some techniques for
updating relaxation parameters to control the data error. Having a reliable
stopping rule leads to stop the iterative method in an iteration which makes
a proper approximation of the sought solution. Otherwise, we may stop
the iteration process early or far from a proper iteration index. For this
reason we introduce relaxation parameters to postpone the semi-convergence
phenomenon.

The iteration index of an iterative method may be considered as a regu-
larizing parameter. We explain this a bit more. Let 2* be the sought solution
using exact data and let Z; and zj denote the iterate using noisy and exact
data respectively. Then we have

|Ze — || < |1Zk — x| + ||z — 27| (3)

Therefore, the error decomposes into two components, the data error (or noise
error) and the approximation error (or iteration error). The semi-convergence
of the iteration interplays between these two error terms.

The semi-convergence behavior of the SIM with constant relaxation pa-
rameter is analyzed in [8] where the related M-matrix is a symmetric positive
definite (SPD) matrix. Based on this stationary, they suggest two strate-
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Figure 2: (right to left) sequential method, simultaneous method and sequential block-
iterative method

gies for picking relaxation parameters to control the upper bound of data
error. The obtained sequence of relaxation parameters is nonnegative and
nonascending.

Later in [7], the projected version of the non-stationary SIM is studied
where the M-matrix is again assumed SPD. As [8], they consider nonascend-
ing sequence of relaxation parameters and emphasize both strategies of [8].
In [7], using nonexpansivity of the projection operator leads to assuming two
cases, i.e., the full column-rank problem (rank(A) = n) and the rank-deficient
problem (rank(A) < n) which is handled by a slightly modified problem.
Furthermore, they present upper bounds for noise error and iteration error
where rank(A) = n, see [7, Theorems 3.3 and 3.8] respectively. Also those
bounds can be achieved for the modified problem with an unknown regular-
ization parameter (see [7, (3.22),(3.23)]) under some assumptions [7, Lemma
3.9]. In section 2, we give an analysis of non-stationary SIM without having
any restriction on rank(A). Additional to strategies given in [8] and [7], we
introduce another strategy for choosing relaxation parameters which is able
to make more reduction in noise error upper bound comparing with the old
strategies.

In Section 3, we consider SIM and give its semi-convergence analysis with
three strategies for picking relaxation parameters. We demonstrate the per-
formance of our strategies by examples taken from tomographic imaging in
Section 4.

2 Simultaneous iterative algorithm

In this section we give an analysis of the non-stationary SIM without assum-
ing any restriction on rank(A).

Let ||z|| = VaTx and ||z||pr = V2T Mx denote the 2-norm and a weighted
Euclidean norm respectively. Also, let M'/2 and p(Q) denote the square
root of M and the spectral radius of @ respectively. For W &€ R™*"  we
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use N(W) and R(W) to denote the null space and range of W respectively.
The orthogonal projection from R™ onto N(W) is denoted by P(W). Also
the orthogonal complement of a subspace K of R™ is denoted by K. Here
xp(A,b) denotes a solution of min ||Az — b||pr with the minimal Euclidean
norm.

The convergence analysis of SIM can be obtained in, e.g., [14, Theorem
I1.3] and [3].

Theorem 1. Let p = p(ATMA) and assume that 0 < e < A\, < (2 —€)/p.
If e >0, or e =0 and 332 ,min(pAg, 2 — pAg) = 0o, then the iterates of (2)
converge to xpr(A,b) + P(A)xg.

2.1 The error in the k-th iteration

As we mentioned before, in this section, we give the same upper bound as [7,
Theorems 3.3 and 3.5] but without any restriction on rank(A). Based on
our analysis, we give another strategy for choosing relaxation parameters.
This strategy is capable to reduce noise error upper bound more than the old
strategies given in [8] and [7].

Let B=ATMA , 2* = x5;(A,b) and consider the singular value decom-
position (SVD) of M'/2A as

M'V2A=UsVT

where ¥ = diag(oy, ..., 0p,0,...,0) € R™*" with 01 > 03 > ... > g, > 0 and
p is the rank of A. Let z;, = x — z*. Using (2) we have

Zk+1 = 2k + /\kATM(b — Az, — Ax*) = (I — /\kB)Zk

which leads to

k—1
R = H(I — )\k_l_iB>ZO.
i=0
Since zp = xzg — x*, we obtain
k—1
o =2+ [ (I = Mem1—iB) (20 — 27). (4)
i=0

Using the orthogonal decomposition theorem, we have R = N(B) ® N(B)~*
and N(B)t = R(B). Therefore we get zg = 2o+ P(B)zo where 29 € N(B)~*
and P(B)xzo € N(B). Thus we can rewrite (4) as
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k—1
v ="+ [[(I = Me—1-4B) (80 + P(B)zo — 2%) . (5)
=0
Since BP(B)zo =0 and P(B) = P(A), we obtain
k—1
[1U = Xe-1-iB)P(B)zo = P(B)xo = P(A)xq. (6)
=0

Since 29, x* € N(B)*, we can rewrite &y — z* as
p
To—a* = E c;; (M)
Jj=1

where ¢; and v; are scalar and the j-th column of V' respectively. Using (5),
(6), (7) and the SVD of B, we obtain the following expression for the k-th
iteration

k-1 P

ap = 2" + P(A)zo + [[(I = MoamiVETSV)(O ¢juy) = a* + P(A)zo+
i=0 j=1
k—1 k—1 p
+ leag <H(1 — )\iO'%), ey H(l — )\2012,), 17 ey 1) VT chvj
i=0 i=0 j=1
p k—1
j=1i=0
Let b= b+ b and
Tp41 = T + )\kATM(B - AT]C) (9)

where 0b is the perturbation consisting of additive noise. Setting Z = Tp—x",
we get

Zp=Zr1 + M1 ATM (b4 6b — Az — Az™)
= (I —M\—1B)Zp—1 + M1 AT M 6D

k—1 k—2 k-1
=T - M-1-iB)zo+ > [ (= Mec1—iB)NAT Méb+
=0 =0 j=i+1
+ X1 AT MO, (10)

Since Ty = xg, similar to (8), we have
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p k—1
fk = CE* —+ P(A)ZL’() + Z H(]. — )\iO'JQ-)Cj’Uj+
j=1i=0
k—2 k-1
+ 3 T (= Memi—; B)N AT M6 + Ny AT M. (11)
i=0 j=i+1

We now assume that the sequence of relaxation parameters is nonnegative

and nonascending, i.e.,
0<Xit1 <N\ (12)

and consider the following function introduced in [§]

1—(1—Mo?)*

(o, ) =
g

(13)

Theorem 2. Let w = ||[MY/26b|| and 0 < A, < . The noise error of SIM
1
is bounded above by

w)\oal

1Tk — 2|l < U (op, Ae—1). (14)

k—10p

Proof. By subtracting (8) and (11), we obtain

k—2 k—1
Te—ar=»  J[ I —Xec1—jB)NATMGb + N1 AT M6D. (15)
i=0 j=i+1

Therefore we have

k—2 k—1
[k — el <> N || JT (2= Aem1—; B)ATMSb|| + oy || AT M6D||.  (16)
i=0 j=i+1

Using the SVD of M'/2A, we get that

k—1 k—1
I =B A" M2 =V [ (I = Mo S")VIVETU"
j=i+1 J=i+1
=VWi, U"
where

k—1 k—1

Wip =diag [ [[ 0= NoDow,..., J[[ @ =Xop)ap,0,...,0
Jj=1+1 J=i+1
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Using (12) and 0 < A\; < 2, we obtain

k—1 k—1
_ BYAT MY/2 o2
TI 0= Mg BATMY2 < Wi = max || [T (1= Aol
Jj=i+1 Jj=i+1
< o1(1 = Aporo) 10 (17)

Since ||ATM6b|| < 01w, we conclude that, using (12),(17) and the assump-
tions of theorem,

k— k—1
||fk — ka < Z H I — )\k_l_jB)ATMl/2 + Aoo1w
=0 Jj=i+1

| /\

-2
Z)\owal ].7Ak 10’ )k 1= 2+)\00'1(.¢)

= Z )\Owol(l — /\k_lgg)s

s=0
. WAQO1 1-— (1 - Akflag)k
Ak—10p Op
OJ/\00'1 k
= v Ak—1).
Ak—lo-p (UIN k 1)
This completes the proof. O

Remark 1. To obtain a similar result as (14) where the projected case of (2)
is employed, we refer to [7, Theorem 3.3] where it is assumed rank(A) = n.

Similar to [8], we consider the equation
ge1(y) = 2k =y = " 4ty +1) =0 (18)

which has a unique real root (; € (0,1). The roots satisfy 0 < ¢ < (p1 < 1
and limg_,o0 & = 1 (see [8, Propositions 2.3, 2.4]), and they can easily be
precalculated, see Table 1.

Again, let o1 denote the largest singular value of M'/2A. Then we have
the following alternative upper bound for the noise error.

Theorem 3. Assume that o1 < 1/4/Ag—1; then

(.d)\oCTl 1 —Cllg

T — Tl < ;
l | Ao VoG

where (i, is the unique root in (0,1) of (18).
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Table 1: The unique root ¢ € (0,1) of gr_1(y) = 0, cf. (18), as function of the iteration
index k

k Ck k G | Kk G | K G | K G | Kk Ck

2 0.3333 7 0.8156 12 0.8936 17 0.9252 | 22 0.9424 | 27 0.9531
3 0.5583 8 0.8392 13 0.9019 18  0.9294 | 23 0.9449 | 28 0.9548
4 0.6719 9 0.8574 14 0.9090 19 09332 | 24 0.9472 | 29 0.9564
5 0.7394 10 0.8719 15  0.9151 20  0.9366 | 25 0.9493 | 30 0.9578
6  0.7840 11 0.8837 16 09205 | 21  0.9396 | 26 0.9513 | 31 0.9592

Proof. Using [8, Proposition 2.3] we obtain the following bound for the func-
tion W* (o, \) appearing in (14):

k k
. <
max ¥ (0is A1) < omax U (0, \e—1)

K 1-¢p
< max TP (0, Ag—1) < VApo1 —2=

T 0<o<1/\/ A1 T—C

The assumption in the theorem implies

o1 <1/\/ A1 & Mg <1/0} (21)
Then by (14) and (20), and assuming (21), we obtain the bound in (19). O

. (20)

Remark 2. The case A\,_1 € (1/0},2/0%) is discussed in [8, Remark 2.2].

3 Choice of relaxation parameters

Using (19), we propose following strategies for choosing relaxation parame-
ters:

g, for k=0,1
Uy —rule: A= ! (22)
%(1—@), for k > 2,
1
%, for k=0,1
Uy —rule: A= ! (23)
H1 =) =) 72, for k> 2
g, for k=0,1
U3 —rule: A\ = 21 (24)

(1—=¢) Y1 —¢F)?, fork>2

o

where {( }r>2 are the roots of (18) and 1 < r < 2.

=
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noise error upper bound

—A— Wa, =3

Figure 3: Noise error upper bound (25) for different strategies with the factor w/oy
omitted

Remark 3. Using (19) and strategies (22-24), we have the following upper
bounds for noise error

2(1-G)A=G)7h
|Ze — axll < 221 =)A= )7, T2 (25)
aip(]- 7<k)7r/2ﬂ Vs

for k > 2.

Figure 3 shows the behavior of noise error upper bound (25) for different
strategies. As it seen, W3 with » = 1 and U3 with r = 3 give the smallest
and largest upper bounds respectively. Furthermore, U3 with r = 1.5 gives
smaller upper bound than ¥; and W,.

Remark 4. It is easy to check that, using [8, Theorems 3.1 and 3.3], the
both strategies (22) and (23) satisfy all conditions of Theorem 1. Therefore,
the sequence zj, generated by (2) converges to x (A, b) + P(A4)xg.

Next we will check that the relaxation parameters defined in (24) satisfy
all conditions of Theorem 1.

Proposition 1 The sequence generated by (2) with strategies (24) converges
to xpr(A,D).

Proof. Since p = 0%, we have 0 < p)\;, < 2. Using [8, (2.17), (3.10)], we obtain
that
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2 -GG > ) (1 - 2/4:2—]7— 1)7“_1 (1 - Qkk__11)2
k

k>2 k>2

S(w) (55
> et )

k>2

V
%

It is clear that (26) diverges if r < 2. Therefore, we have Xj>2A; = co. It is
easy to check that min{pAx,2 — pAx} = pAg for k sufficiently large. Thus, all
conditions of Theorem 1 hold and consequently the sequence xj generated
by (2) converges to xp(A,b) + P(A)xo. O

4 Numerical results

In this section we give two examples of computerized tomography field. We
used 5% and 10% white Gaussian noises to produce noisy data. The constant
optimal relaxation parameter A, refers to the strategy when a constant
value of the relaxation parameter is used, chosen such that it gives rise to the
smallest relative error within 20 iterations. For the choices of M matrix in
SIM, we always use Cimmino’s method. We compare our results with cgne
which is a Krylov-type method. The method cgne is sometimes also called
cgls. This method is scaled by M'/2, i.e., using M'/?A, M'/?b instead of
Ab.

As we mentioned before, Theorems 2 and 3 and the strategies (22-24)
are based on (12). Note that the convergence analysis is not based on the
nonascending property. Since (i < ;41 and using [8, Proposition 3.3], both
strategies (22) and (23) satisfy (12). For the the third strategy (24) we have

(1=C) M (1=¢0)* > (1= Geyn) ML= ¢F)?
> (1= Cepr) (1= C/’:E)Q

provided that

Geft > G- (27)
We do not have any mathematical proof which shows (27) holds but our
numerical tests verifies (27) where r > 1.

Our first tests are based on the standard head phantom from [13]. We
report some numerical tests with an example taken from the field of tomo-
graphic image reconstruction from projections, using the SNARKO09 software
package [6]. The phantom is discretized into 63 x 63 pixels, and 16 projections
(evenly distributed between 0 and 174 degrees) with 99 rays per projection
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Figure 4: Relative error histories in SIM using small phantom with different relaxation
strategies

are used. The resulting matrix A has dimension 1584 x 3969, so that the
system of equations is highly underdetermined. Figure 4 shows the error his-
tories for SIM, using the optimal fixed relaxation parameter as well as ¥y, Wy
and W3 strategies with noisy data.

Based on behavior of noise error upper bound, see Figure 3, using W3
with r = 1 gives the smallest upper bound. This fact is confirmed by Figure
4 (left) where 5% noise is used. But using 10% noise, Figure 4 (right), leads
to fast semi-convergence. The reason could be the large value of w in (19)
which is eliminated in all strategies. However, the results of U3 rule with
r = 1.5 and ¥y rule are proper where 10% noise is used.

In our second example we used the (matlab-based) package AIRtools [12]
to produce the phantom, the matrix and the right-hand side (with and with-
out noise). We again used 5% and 10% white Gaussian noises. The phantom
is now discretized into 365 x 365 pixels. We take 88 projections (evenly
distributed between 0 and 179 degrees) with 516 rays per projection. The
resulting projection matrix A has dimension 40892 x 133225, so that again
the system of equations is underdetermined. Figure 4 shows the relative er-
ror histories of SIM with noisy data. As it is seen, this figure shows that the
results of W3 rule with » = 1 are close to the results of optimal rule.

For both noise levels and phantoms, cgne is the fastest method. However it
also shows a distinctive semi-convergence behavior making it more dependent
on a reliable stopping rule than SIM with our strategies.
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Application of modified hat functions
for solving nonlinear quadratic integral
equations

F. Mirzaee® and E. Hadadiyan

Abstract

A numerical method to solve nonlinear quadratic integral equations (QIE)
is presented in this work. The method is based upon modification of hat func-
tions (MHFSs) and their operational matrices. By using this approach and
the collocation points, solving the nonlinear QIE reduces to solve a nonlin-
ear system of algebraic equations. The proposed method does not need any
integration for obtaining the constant coefficients. Hence, it can be applied
in a simple and fast technique. Convergence analysis and associated theo-
rems are considered. Some numerical examples illustrate the accuracy and
computational efficiency of the proposed method.

Keywords: Modification of hat functions; Nonlinear quadratic integral
equation; Vector forms; Operational matrix; Error analysis.

1 Introduction

Over the last years, the integral equations have been used increasingly in
different areas of applied science. This tendency could be explained by the
deduction of knowledge models which describe real physical phenomena. For
details, we refer to [1, 2, 4-9, 12-18, 23, 25, 26]. In particular, quadratic
integral equations (QIEs) have many useful applications in the real world.
For example, QIEs are often applicable in the theory of radiative transfer,
the kinetic theory of gases, the theory of neutron transport, the queuing
theory and the traffic theory. The QIEs can be very often encountered in
many applications. The quadratic integral equations have been studied in
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several papers and monographs [1, 2, 4-26, 29, 30]. In this paper, we study
the numerical solution of a QIE:

@) =ate)+ ([ mtetito siay) ([ kaletato sy )
(1)
where x € D = [0,1], g(z) € C3(D), Ui(z, f(x)),Uz(z, f(x)) € C3(D x R)
and ki(z,y), ka(z,y) € C3(D x D) are known functions, f(z) € C3(D) is
an unknown function and we will obtain the approximate solution in the
truncated MHFs series form

so that f;; ¢ = 0,1,...,m, are the unknown MHFs coefficients and h;(x);
1=0,1,...,m, are the MHF's.

To mention some recent works on QIEs, see e.g., [1,8,12,14,15,25,26] and
for some applications we refer readers to [18,23]. Existence, uniqueness and
some other properties of the solution to these problems were established in
[33]. It should be recalled that nonlinear QIEs have been treated extensively
with the measure of noncompactness and a fixed point theorem of Darbo
type. This approach seems to be too restrictive. Furthermore, in most of the
above investigations, some additional assumptions in terms of the measure
of noncompactness were imposed on g(z).

The plan for this paper is as follows: In Section 2, we describe MHFs
and their properties. In Section 3, we will apply these sets of MHFs for
approximating the solution of QIEs. In Section 4, theorems are proved for
convergence analysis. Numerical results are given in Section 5 to illustrate
the efficiency and the accuracy of our algorithms. Finally, Section 6 concludes
the paper.

2 Modification of hat functions

The purpose of this section is to collect a number of definitions and lemmas
concerning MHF's. we first construct the set of MHF's.

An (m + 1)-set of MHF's consists of (m + 1) functions which are defined
over district D as follows [3,29]

sz (z — h)(z — 2h) 0 <z < 2h,
ho(z) =

0 otherwise,

ifiisoddand 1 <i<m —1,
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) @ —(i—Dh)(x—(i+1)h) (i—Dh <z < (i+1)h,
U 0 otherwise,

if7iseven and 2 <i < m — 2,
o=z — (i = Dh)(z — (i —2)h) (i —2)h < z < ih,
hi(z) = { 5hs(z — (i + 1)R)(x — (i +2)h) ih <2 < (i +2)h,

0 otherwise,

sz(@—(1—h))(@—(1-2h)) 1-2n<z <],
0 otherwise,
where m > 2 is an even integer and h = % It is obvious that
1i=j,
hi(jh) = (2)

0 i#j,

0 ¢iseven and |[i — j| > 3,

0 iisodd and |i — j| > 2,

and

Let us write the MHF's vector H(z) as follows

H(z) = [ho(z), hi(2), ..., hp(z)]; z € D. (4)
An arbitrary function f(z) defined over D can be expanded by the MHFs
as
f(z)~ FTH(z) = H' (x)F,
where
F - [f07f17 .. '7fm]T7
and

fi = f(ih); i=0,1,...,m.

Similarly an arbitrary function of two variables, k(z,y) on district D x D
may be approximated with respect to MHF's such as
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k(z,y) =~ HT (2)KH(y),

where H(z) and H(y) are MHFs vector of dimension (m + 1) and K is the
(m+1) x (m+ 1) MHFs coefficients matrix.

According to (2) and expanding fom hi(y)dy, i = 0,1,...,m by MHFs,
integration of vector H(z) defined in (4) can be expressed as

Awawy:PH@x (5)

where P is the (m + 1) x (m + 1) matrix as follows

05 44 444...44
0 8 16 16 16 16 16 ... 16 16
0-14 9 8 88...8 8

p |00 8 16161616... 16 16

P=31000-1498..838
000000O..816
0000000..-14

By considering (2), (3) and expanding entries of H(z)H” (z) by MHFs,
we obtain
H(@)HT (z) =~ diag(H (x)),
so we have B
H(z)H" (v)F ~ FH(x), (6)

where F be an (m+1)-vector and F is an (m+1) x (m+1) diagonal matrix.
Also, if Ais an (m + 1) x (m + 1)-matrix, we have

HT(2)AH(z) ~ HT () A, (7)

where A is an (m + 1)-vector with elements equal to the diagonal entries of
matrix A.

3 Basic idea

In this section, we will provide the basic idea. This idea includes of
approximating the solution of nonlinear quadratic integral equations (1). To
solve this equation, we first consider the approximations
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wy (z) = Uy (z, f(x))
=U; (l’ g(z (fo k1 (z, y)wi(y dy) (fom kQ(z’y)MQ(y)dy))’
wo(x) = Us(z, f(x))

= Uy (1: g(z (fo k1 (z,y)wi(y dy) (foz kz(z,y)wg(y)dy)) .

(8)

We approximate function wy (z), we(x), k1 (z,y) and ko(z,y) by MHFs,
wi(z) ~ WifH(z) = HT (x)Wr,
wo(z) ~ WL H(z) = HT (2)Ws,

ki(x,y) ~ H" (¢)K1H (y) = H” (y) K1 H (z),

ko(z,y) =~ H" (v)K2H (y) = H" (y) K2" H(z),

where Wi, Ws, K1 and K2 are MHFs coefficients of wq(x),ws(x), ki (x,y)
and ko (z,y), respectively. Substituting (9) in (8), we get

HT (2)W; ~ Ul(:v g(a (fo HT (z)K1H (y)H T(y)Wldy)
< ( Sy HY () K2H () H (5)Wady) ),
HT ()W ~ U2<:vg (fo HT (x)K1H(y)H T(y)Wldy)
(fo HT (z)K2H (y) T(y)w2dy)).
Using (5) and (6), yields
HT (@)W1 = Uy (w,9(w) + (HT (@) K\W, PH(2) ) (H () K2W2PH(x)) )
HT ()W, = Us (i, g(x) + (HT (&) KWW, PH(2) ) (HT (2) K22 PH () ) )

where W; = diag(W;), i = 1,2, are an (m + 1) x (m + 1) diagonal matrices.
From (7), we have

o= (x’g(‘”) " <H T<$>K1/VVTP) (HT(;U)K?VZP)) 7
= <x’g(m) i (H (@) KU P > <HT(@£W§P>> | "
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where KiVA[éP, i = 1,2, be an (m + 1)-vector with elements equal to the

diagonal entries of matrix Kif/lvfiP. We can rewrite Kif/r/iP, i = 1,2, as
follows

—

KiW,P = AiW;, i=1,2, (11)
where
Aipg = KipgPyp, p,g=0,1,...,m

Substituting (11) into (10) and replacing ~ by =, we obtain
HT ()W = Uy (z,9(z) + HT (2) AW, HT (2) A2W5) |
HT(.T)WQ = U2 (x,g(:lc) + HT(m)AlleT(LU)A2W2) .

Now, using Newton-Cotes nodes as

2i—1
2(m+1)’

T =

1=12,....m+1,

then
HT(Z‘i)Wl =U; (J:Z-,g(xi) + HT(.IZ')AIWlHT<.’Ei)A2W2> R
HT(JTZ‘)WQ = U2 (J}i,g(l‘i> + HT(xi)AlleT(xi)AQVVg) .

We have a system of (m+1)? nonlinear equations and (m+1)? unknowns.
After solving the above nonlinear system, we can find W; and W5 and then

f(x) =~ f(z) = g(x) + H () AAWL H” (2) A2W5.

4 Convergence analysis

In this section, for confirming the accuracy of the proposed scheme in
the previous section analytically, we provide an upper bound for difference
between the exact solution of (1) and our approximated solution. We show
that the MHFs method, is convergent of order O(h?®). We define

|lgll = sup [g(z)].
xeD

€ C3(D )andgm( ) be
Yito 9(xi)hi(x). Also,

Theorem 1. Suppose z; =ih, i =0,1,. ( )
the MHFs expansions of g(x) that deﬁned as gm( =
assume that e, = ||g — gm|| where x € D, then

em = O(Rh®).



Application of modified hat functions for solving nonlinear ... 71

Proof. According to definition of MHFs, the g,,(x) is the quadratic poly-
nomial interpolation on [z;_g,2;). Therefore, for the interpolation error on
[€i—2,x;), we have [31]

1d(&) 1
() = 9(0) — gn(r) = LIS T o)y i=2.4m,
i =i—2

%

where z,& € [x;_2,%;). Let v(z) =[], _, o(x —xy), so

1 By(e;
”ei,mH == sup g(§ ) ’U(Cﬂ) ) v = 2a47 , M,
6 TE[Ti—2,x;) dz
" Pg(&)
1 9\Si
||ei7m|| < 6 dr3 ‘ ( )| ) 2343 ,m
zE€[Ti—2,x;) X
On the other hand, we have
em = sup |g(z) — gm(x)| = max sup  |g(x) — gm ()]

zeD i=2,4,...,m

=24,...,
So 8
1 .
em < =  max sup g(?) lv(x)] .
6 i=24,..;m pep, ya,)| AT

and the maximum value

H§/:i72($ - a:i/)

of H;Zi_z(x - xi/)‘ is obtained at z = (i — 1 — @)h, we have

Since |v(z)| < SUPze(z;_g,a,)

2v/3h3
lv(z)] < 9

, Vo € [x;-2,2;).

Therefore, it is not difficult to verify that

n < | 221 = O (12)
So
em = O(h3).
This completes the proof. O

Theorem 2. Let x; = y; = ih, i =0,1,...,m, k(z,y) € C3(D x D) and
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m m
ko (2,9) = Y Y k(@i y;)ha(x)hy (),
i=0 j=0
be the MHF's expansions of k(x,y). Then
em = O(h?),

where ey, = ||k — k|| and (x,y) € D x D.

Proof. ky,(z,y) is the quadratic polynomial interpolation of k(z,y) on ;; =
[i—1,2;) X [yj—1,Yy;). Therefore for the interpolation error on €2;;,
[27]

we have

eij,m(xvy) = k(may) - km(m,y)

ZEM H (x—xif)+lw H (y— ;)

6 O0a® 21 6 0y’ i
1 0%(E,m}) + !
"5 ooy M e 1 0=w),

where i,j = 2,4,...,m, ©,§,§ € [xi—1,2;) and y,1;,1; € [y;-1,y;). So we
have

1 k(& y) Pk(x,m;) 1 9%(&}, )
||61.7 m” - 6 ($72;161:)QLJ O3 'U(.’E) + ay3 ’U,(y) 6 axgay ’U(CL’)U(y) )
or
1 k(& y 3k(x,n;)
el <5 sup 3 |ZHED ooy | ZHERD 1)
! 6 (@), a9y’
1| 8%k(&],n))

6 Ox30y3

|v(z)] IU(y)I} 7

where i, j = 2,4,...,m, v(z) = HZ,:i,Q(x—xi/) and u(y) = H‘;/:j72(y_yj/).
On the other hand, we have

Em = sup |k(957y) - km(ﬂﬁ,yﬂ
(z,y)eDxD
= max sup |k(z,y) —km(z,y)| = max |lejm]-
1,7=2,4,.. ST (3 )€ i,j=2,4,...,m
So
1 Ok( .
en<g sy {[ZHED ) [ZHE )
6 1,j=2,4,... m(w,y)EQ” 8
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67.(¢1 o
| a2 o )} -
We know,
lv(z)| < 2\/9§h3, Vo € [z;-9,2;),
and s
ol < 28 vy e o).
Therefore, it is not difficult to verify that
n < g TR+ SR+ a T = o, )
S0
em = O(h®).
This completes the proof. O

Let fm(x), gm(x), kim(x,y) and U; p (2, f(x)), for ¢ = 1,2, are the MHF's
expansions of f(z), g(x), ki(z,y) and U;(x, f(z)), respectively. According to
Theorems 1, 2 and expression (1), we have

fm(z) + O(hs) = gm(z) + O(hB)
([ (o) + O02) (U o o) + OU) + 00%)) )
0

x ( / " (oo, 9) + OU™) (Unon (3, Fn () + O(H) + O(h*)) dy) ,

where x € D. By ignoring the terms included O(h?), we have

fn(2) = gon() + ( [ btz Vin fm(y))dy)

x ( I kz,mu,y)Uz,m(y,fm<y>>dy) | (14)

where x € D. Now, assume the following hypotheses:
(M1) Suppose that the error of MHFs is denoted by

Em = f = fmll-

(M2) || f] < M.
(M3) The nonlinear term U; (z,y) and Us(x,y) satisfies in the Lipschitz
and linear growth condition such that

|Ur(x,31) — Ur(z,y2)| + |Uz(x, 1) — Uz(2,y2)| < Llyr — 2| ,
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where (z,y1), (z,y2) € D x R | and

|Ur(@,y)| + [U2(z,9)] < L1+ y]), (z,y) € DxR.

(M4) Let
k1l < My,
and
([ k2| < M.
(M5) Let
erm = |[k1 — k1ml| < C1R?,
and

€2,m = ||k2 - kQ,mH < Céh37

where C1 and C4 are constants that can be defined as coefficient C' in (13).
(M6) Let 2L(C4h® + Ma)(My + C{h3)(L(1 + M) + C1h%) < 1,
where
UL = Upmll < C1h%,

and C is constant that can be defined as coefficient C' in (12).

Theorem 3. Suppose f(x) and f,,(x) be the exact and approximate solutions
of (1) respectively. Also, above assumptions of (M1)-(M6) are satisfied, then
we have

E,, = O(h®).

Proof. Assume that w; ,, () and w;(x) be the approximate and exact solution
of (8). we define

wl,m(x) = Ul,m<x’fm(x))7 wQ,m(x) = U2,m(x’fm(x)) )

and
W1,m () = Ur (2, fru(2)), W2,m(z) = Us(x, frm (7)) -

According to (1) and (14), we have
f(.%‘) - fm(x) = g(m) - gm($>
([ mt ot sna) ([ ket st sway

_ (/0m kv m (2, y)wi,m (y, fm(y))dy> (/OZ oz (2, Y) w2, m (¥, f’”(y))dy>

+ O(h?),

Therefore,
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F (@)= fn() = g(x)gm<x>+( / "y (3, f(y))dy)

([ eyt sy = ([ kant st £t |

i (/0”” kzm (2, y)w2,m (Y, fm(y))dy>

X K/Ox kl(w,y)m(y,f(y))dy) - (/Ow kl,m(w,y)wLm(y,fm(y))dy)]
+ O(h?).

So
Em < em + |1zl k1]l llwill 2wz — K2 mws |

+ 2l [kl Nweumll [krws =k mws mll + O(R?).
Since z € D, then ||z]|?> < 1. So
Em < em + [kl [Jwi]] [k2we — K2 mwz m |

+ [k2mll Nwzmll [Frws = k1 mwy ]| + O(R?). (15)
‘We have

[w; = wiml| < [[w; = Wi |+ @5, — Wi || < LEm+Cih®, i=1,2, (16)

where C; and Cy are constants that can be defined as coefficient C' in (12).
Also, we have

l|wi,m || < Jwi — Wil + ||will < LEm + Cih* + L(1+ M), (17)

and
[k2,mll < kg — Koml| + [lka| < CoR° + M . (18)

Now, according to Theorem 2 and inequalities (14), (15) and assumptions
(M4)-(M5), we have

|kiwi — kimwim || < Kill |lwi — wimll + wim|l ki — ki mll

< My(LE,;,+C;h*)+Clh* (LE,,+C;h*+ L(1+M)) . (19)

From Theorem 1 and inequalities (15)-(17) and assumptions (M3)-(M4),
we can rewrite (15), as follows

Epn < Ch3 + MyL(1 + M) (L(Mg + CLh3) By + Coh3(My + C4h®)

FLCYA(1+ M) ) + (C4h* + M) (LEy + Cih® + L(1+ M)
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X (L(M1 LR B + C1R3 (M + CLR3) + LOR3 (1 + M)) +O(h?),

where C' is defined in (12). Without loss of generality, ignoring the term
included E?, and h®, we have

(c + ((Mchg + MaLC)(1+ M) + My Ms(Ch + 02))L(1 + M)>h3

E, <
1—2L(M; + C{h3) (M2 + C5R3)(L(1 + M) + C1h3)
+ O(h®).
This completes the proof. O

5 Numerical examples

To illustrate the accuracy and efficiency of proposed method, some ex-
amples are provided. The algorithms associated with the numerical method
were performed using Matlab. We have checked that when more points are
used the accuracy improves significantly.

Example 1. Consider the following nonlinear QIE [33]

1) = (s + i) + ([ wrwan) ([ Erwa). sep

(20)

with the exact solution f(z) = x2.

Table 1 and Figure 1 illustrate the error results for this example. Also,
we compare the maximum absolute error computed by the present method,
repeated trapezoidal (RT) method [33] and Adomian decomposition (AD)
method [33] in Table 2.

Example 2. Consider the following nonlinear QIE [33]

o) =0 (5 + 5 )+ ([ St e ([ evan). 2

where x € [0, 1] with the exact solution f(z) = =.

Table 3 and Figure 2 illustrate the error results for this example. Also,
we compare the maximum absolute error computed by the present method,
RT method [33] and AD method [33] in Table 4.

Example 3. Consider the following nonlinear QIE



Application of modified hat functions for solving nonlinear ...

Table 1: Absolute error for m = 8,16, 32 of f(z) of Equation (18)

Nodes x Present method
m=8 m=16 m=32

x = 0.0 0 0 0

x = 0.1 8.8569950e-13 1.9081958e-17 0

x = 0.2 2.9361930e-13 1.0984269e-14  6.3490879e-15
x=0.3 2.7433902e-11  4.7872678e-12  3.7166104e-13
x=0.4 1.4692486e-10  2.1893068e-10  1.1033702e-11
x=0.5 1.4339294e-09 1.2865681e-10  1.0435374e-11
x = 0.6 1.4664141e-07  1.0643045e-08 6.9546968e-10
x = 0.7 4.2146640e-07  2.6710975e-08 1.5046137e-08
x = 0.8 6.8445266e-06  3.6807176e-07 5.1551159¢e-08
x=10.9 3.1263755e-06  2.7156875e-06  1.6706609e-07
x=1.0 4.2731139e-06  6.9580496e-07 1.1520629e-07

Table 2: Table 2: Comparison of the absolute errors of Example 1

Methods Maximum error
RT Method
m = 10 6.38458E-5
m = 100 6.30669E-7
m = 1000 6.30590E-9
AD Method
q=>5 3.62460E-5
q=10 9.23545E-7
q=15 2.35318E-8
Present method
m = 10 1.15435E-5
m = 100 5.72511E-9
m = 1000 1.05104E-11
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Table 3: Absolute error for m = 8, 16,32 of f(z) of Equation (19)

Nodes x Present method
m=8 m=16 m=32

x = 0.0 0 0 0

x = 0.1 1.7137234e-6 3.3597747e-7  2.0934872e-8
x = 0.2 6.0344397e-6 3.7285951e-7  1.1336895e-7
x=0.3 1.7380694¢e-5 1.0109144e-6  2.0167842e-7
x=0.4 8.0824578e-6 3.4573577e-6  2.0948964e-7
x =0.5 1.1099971e-6 7.1694685e-8  5.0373049¢-9
x = 0.6 4.5992070e-5 7.5092211e-6  4.7997155e-7
x = 0.7 8.4403496e-5 5.4418147e¢-6  1.7002589¢-6
x=0.8 1.9036412e-4 1.1238576e-5  2.3184972e-6
x=0.9 7.8122715e-5 3.0755442¢-5  1.8469227e-6
x=1.0 1.9011556e-5 2.0920818e-6  2.8234706e-6

Table 4: Comparison of the absolute errors of Example 2

Methods Maximum error
RT Method
m = 10 1.07275E-3
m = 100 8.44338E-7
m = 1000 8.44337E-9
AD Method
q=>5 8.44492E-5
q=10 8.44338E-7
q=15 8.44337E-8
Present method
m = 10 1.25539E-4
m = 100 1.27663E-8
m = 1000 2.35536E-11
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Figure 2: Absolute errors (on logarithmic scale) for Example 2, with m = 8, 16, 32

1@ =g+ ( [+ nrwa) ([ eostear). seo
(22
where

o(z) = sin(z) + <x63 N g B sin(2x)(81 +22%) mcoz@x)) (1 B esin(w)) ,

and the exact solution is f(z) = sin(x).

Table 5 and Figure 3 illustrate the error results for this example. Also,
we compare the maximum absolute error computed by the present method,
block-pulse functions (BPFs) method [30] and hat functions (HFs) method
[28] in Table 6.
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Table 5: Absolute error for m = 8,16, 32 of f(z) of Equation (20)

Nodes x Present method
m==8 m=16 m=32

x = 0.0 0 0 0

x =0.1 1.6976811e-5 3.1978554e-6  1.9245960e-7
x = 0.2 5.3369972¢-5 3.0671554e-6  1.0777490e-6
x =0.3 1.4115880e-4 9.0002882¢-6  1.5689730e-6
x =04 5.0416870e-5 2.5604305e-5 1.6783596e-6
x=0.5 1.5197939¢-5 2.3033416e-6  2.9173156e-7
x = 0.6 2.5006880e-4 3.6295409¢-5  2.0906182¢-6
x = 0.7 3.2816702e-4 1.8134154e-5 6.9241732e-6
x = 0.8 5.4658908e-4 3.4864263e-5 6.6704623e-6
x =0.9 7.9549634e-5 5.0605385e-5  2.3233806e-6
x=1.0 1.9488394e-4 4.0158163e-5 6.8004887¢-6

Table 6: Comparison of the absolute errors of Example 3

Methods

Maximum error

BPFs Method

m=2_8
m = 16
m = 32

HFs Method

m=_8
m = 16
m = 32

Present method

m=3_
m = 16
m = 32

1.15609E-1
6.36185E-2
3.32452E-2

2.22432E-2
5.79464E-3
1.51873E-3

5.57591E-4
7.12826E-5
1.10246E-5

6 Conclusion

The MHFs method have been proposed for solving nonlinear quadratic inte-
gral equations. One of the advantages of this method is that the numerical
solution of the nonlinear QIEs can be converted into a system of algebraic

equations using the operational matrices.

Furthermore, it is proved that

MHFs method is convergence and the order of convergence is O(h®). The
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Figure 3: Absolute errors (on logarithmic scale) for Example 3, with m = 8, 16, 32

proposed method does not need any integration for obtaining the constant
coefficients hence, it can be applied in a simple and fast technique. The com-
parison of the obtained results with those based on other methods shows that
the present method is a powerful mathematical tool for finding the numerical
solutions of such equations.
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A matrix method for system of
integro-differential equations by using
generalized Laguerre polynomials

M. Matinfar* and A. Riahifar

Abstract

The purpose of this research is to present a matrix method for solving
system of linear Fredholm integro-differential equations(FIDEs) of the second
kind on unbounded domain with degenerate kernels in terms of generalized
Laguerre polynomials(GLPs). The method is based on the approximation of
the truncated generalized Laguerre series. Then the system of (FIDEs) along
with initial conditions are transformed into the matrix equations, which cor-
responds to a system of linear algebraic equations with the unknown gen-
eralized Laguerre coefficients. Combining these matrix equations and then
solving the system yields the generalized Laguerre coefficients of the solution
function. In addition, several numerical examples are given to demonstrate
the validity, efficiency and applicability of the technique.

Keywords: Systems of linear Fredholm integro-differential equations; Un-

bounded domain; Generalized Laguerre polynomials; Operational matrix of
integration.

1 Introduction

The main object of this paper is to approximate the solution system of Fred-
holm integro-differential equations of the second kind on a semi-infinite do-
main of the following form:

U'(z) = F(z) + p/ooo wt) K (z,)U()dt, = €Ry, (1)

along with initial condition U(0) = A, where p € R, and
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U(x) = [u1(x), uz(x), ..., um ()7,

F(z) = [fl(x)va(x)v---vfm(x)]T»
K(z,t)
A=la1,az,...,am)". (2)

= [k‘ij], i,j = 1,2, ey,

In system (1), w(t) = t“¢ *(a > —1) and K(z,t) a function of two vari-
ables x and t, is called the kernel that might have singularity in the region
D = {(z,t) : 0 < z,t < oo} and F(z) is continuous function and A is fixed
constant vector, and U(x) is the unknown vector function of the solution that
will be determined. The considered equation arises in a number of important
problem of elasticity theory, neutron transport, particle scattering and the
theory of mixed-type equations [11,13,17]. System of linear Fredholm integro-
differential equations of the second kind on unbounded domain can not be
analytically solved easily. Therefore, it is required to obtain the approxi-
mate solutions. It’s the reason of great interest for solving these equations.
But numerical methods includes Quadrature, Petrov-Galerkin, Nystrom and
Galerkin methods with Laguerre polynomial as a bases function for solving
infinite boundary integral and integro-differential equations are used ago that
their analysis may be found in [1,7,9,10,12,16]. On the other hand, there
are several numerical techniques for solving fractional differential equations
(FDEs) on the half line using generalized Laguerre polynomials [2-6]. How-
ever, method of solution for equation (1) is too rear in the literature. In
the present work, we are going to use the operational matrix of generalized
Laguerre polynomials to find the approximate solutions for the system of
FIDEs on the half-line. Next sections of this paper are organized as follows:
In Section 2, we describe some necessary definitions and give some relevant
properties of the GPLs which is required for our subsequent development.
Section 3, is devoted to the approximation of the function f(z) and also the
kernel function k(z,t¢) by using GPLs basis. Also the upper bound of the
approximation error is presented. In Section 4, we obtain the operational
matrix of integration by GPLs. In Section 5, we implemented the matrix
method on the system of linear Fredholm integral-differential equations on
unbounded domain and convert them to a linear algebraic system of equa-
tions. In Section 6, presented numerical examples that shows the efficiency
and accuracy of the proposed method. Also a tall conclusion is given in
Section 7.

2 Preliminaries and basic definitions

In this part, for the reader’s convenience, we give some basic definitions and
properties of the generalized Laguerre polynomials, which are used further in
this article.
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Let Ry := A = [0,00) and w(® (z) = 2%¢~* be a weight function on A in the
usual sense. We define the following:

L2 (A) = {v:v is measurable on A and ||v]|,@ < oo}, (3)

equipped with the following inner product and norm:
(U, 0) ) = /AU(ﬂf)v(x)w(“) (@)dz,  [vllye = (0,0)7 - (4)

Next, suppose L&“) () be the generalized Laguerre polynomials of degree n,
defined by the following:

1
L1('La)($) = El'faemag (eimxn*f’a) , n = O7 1’ e (5)

L%a)(;v)(generalized Laguerre polynomials) are the nth eigenfunction of the
Sturm-Liouville problem:

’ !/
x~%e” (xo‘+1e_“c (Lgf‘)(m)) ) + ML (2) =0, ze€A, (6)

with the eigenvalues A, = n [8,14].
Generalized Laguerre polynomials are orthogonal in Li}m (A) Hilbert space
with the weight function w(®)(z) = 2%e~* satisfy in the following relation

o0
/ 2% "L (2) L) (2)dx = 7260 m, VYn,m > 0, (7)
0

a _ I'(nta+l)

n — W The eXphCit

where dy, ,, is the Kronecher delta function and ~
form of these polynomials is in the form

L (x) =) Efa, (8)
1=0

7!

where

These polynomials are satisfied in the following recurrence formula

L@ =1, LY@ =1+a-z,

a 1 a o
L) = — [n+a+1- 0L @) — 1+ L @), n=1,2, ..
(10)
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The case a = 0 leads to the classical Laguerre polynomials, which are used
most frequently in practice and will simply be denoted by L,(z). An im-
portant property of the Laguerre polynomials is the following derivative re-
lation [10]:

(K@) = Z L (a). (1)
k)

(
Further, (Lga)(w)> are orthogonal with respect to the weight function

w@ k) (7). ie.
/ (LY ® (@) (L) E) (@)w 0 (2)da = 427 Fs, 5, Vi,j >0, (12)
0

where 72T is defined in (7).

3 Approximation of functions by using GLPs

An arbitrary function f(z) € L? ., (A) may be expanded into generalized
Laguerre polynomials as:

oo

fla) =3 fOL (@), (13)

i=0

where the generalized Laguerre coefficients fi(a) are given by

o] (@) o ,—T
(@) L™ (x) _ a% . .
f _/O <i+a> g f@de =01 (4

2

The series converges in the associated Hilbert space qu(a) (A), iff

e = [ et =3 (5O <)

In practice, only the first (n + 1) terms of generalized Laguerre polynomials
are considered. Then we have

flz) ~ Z AL (@) = FTL,, (16)
1=0

where the generalized Laguerre coefficient vector F' and generalized Laguerre
vector L, are given by as follows:
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F=(f" A7 517 Le = (L7 (@), L (@), LY @] (7)

Now in the following lemma we present an upper bound to estimate the error.

Lemma 1. Suppose that the function f: A — R is n+ 1 times continuously
differentiable (i.e. f € C"T1(A)), andY = Span{Léa)(:r), L(la)(z)7 ey L%‘“)(x)}
If FT L, be the best approzimation f out of Y then mean error bound is pre-
sented as follows:

N/(2n+ a+2)!
(n+1)! ’

I/ *FTL:cHLi(a)(A) < (18)

where N = max e |f(n+1)(x)|~

Proof. We know that the power basis {1, z, ..., 2"} forms a basis for the space
of all polynomials of degree less than or equal to n. Therefore, we define
y1(x) = f(0) +zf'(0) + %ff”(O) + 4 %f(”)(O). From Taylor expansion
we have
xn-&-l

(n+1)!
where 1, € (0,00). Since FT L, is the best approximation f out of Y, y; € Y
and using (19) we have

/(@) = ya(@)] < [FF (n) B (19)

N2(2n+a+2)!

Tr |2 2

1 = Ll oy S I =l oo € e (0
Then, by taking square roots we have the above bound. O

This Lemma shows that the error vanishes as n — oo.
We can also approximate the function of two variables, k(x,t) € L2, (A?)
as follows: Y
k(z,t) = YL @)k LY (1) = LTK L. (21)
=0 j=0

Here the entries of matrix K = [k( )](nﬂ)x(nﬂ) will be obtained by

kg%): () . for i,7=0,1,...n, (22)

so that, (.,.) denotes the inner product.
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4 Operational matrix of integration, development and
applications

The main objective of this part is to obtain the operational matrix of the
integration by GPLs.

Theorem 1. Suppose L, be the generalized Laguerre vector defined in (17)
then,

/ Lyt ~ PL,, (23)
0
where P is the (n+1) x (n+ 1) operational matrixz for integration as follows:
_Q(O, 07 a) Q(O’ 17a) Q(O’ 2,&) Q(O7 n’ a)_
Q(la 0,0l) Q(la 1,0{) Q(la 27“) e Q(lvna OL)
P=103,0,a) 9, 1,a) 06,2,a) - Qi,nya) |’ (24)
| Q(n,0,a) Q(n,1,a) 2n,2,a) -+ Qn,n, ) |
where
¢ J k:+r
i, j.a Z iTi+a+)INk+a+r+2) - (25)
— o (i—k ]—7“) k+DrTk+a+1)I(r+a+1)
Proof. (See [4]). O

Also, we can see the extent of this theorem for solving fractional differen-
tial equations. For example, see [2,5,6].

5 Implementation of the matrix method

In this section, we solve the system of linear Fredholm integro-differential
equations of the second kind on unbounded domain (1). To this end, we
consider the ith equation of (1) as follows:

m

ui(z) = fi(x)—&—p/ooo t*e" Zkij(x,t)uj(t)dt,ui(O) =a;, i=1,....,m, (26)

=1

where f; € L2 (M), kij € L2 ., (A?), and uj(z) represents the first order
derivative of u;(z) with respect to x, a; are constants that give the initial con-
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ditions and u; is an unknown function. In order to approximate the solution
of equation (26), we approximate functions f;(z), u;(x) and k;;(z,t) with
respect to generalized Laguerre polynomials as mentioned in the previous
section as follows:

fi(z) ~ FiTsz U;(‘T) = Oz(TLfca u;(0) =~ C Ly, kij(gjvt) = LfKithv (27)

where F;, C] for ¢ = 1,...,m are known (n + 1) x 1 vectors and K;; for
i,7=1,2,...,m are known (n+ 1) x (n + 1) matrices. Then, fori=1,...,m
we have:

wi(x) = /O ul(t)dt 4 u; (0 / C/TLydt + CEL, ~ (C/TP + CL)L,, (28)

where P is a (n+1) x (n+ 1) operational matrix of integration given in (23).
By substituting the approximations (27) and (28) into equation (26), we get
the following:

LTC! = LTF, +p /0 t%e™ > LK L LT (p" C) + Cjo)dt
j=1

=LTF; + pLT ZKZJ{/ t*e 'Ly Li dt} (p" C} + Cjo)
Jj=1
m
= LIF;+pLl Y Ki;Q(p"C) + Cjo). (29)
j=1

Then we have following system of linear equations:

m
Ci=Fi+p> KyQP'Cj+Cj), i=1,..,m, (30)
j=1
where
Q= / t*e 'L, LT dt = [q” ), di,i=0,1,..,n, (31)

and Q is a (n+ 1) X (n + 1) matrix with elements
¢ = / t%e 'L (L (e, i,j =0,1,...n. (32)
0

By solving the linear system of algebraic equations (30), we can achieve the
vector C/ for ¢ = 1,...,m, then we will have

clr=c"P+ClL = ui(2)~CI'L,, i=1,..,m. (33)

That are the approximate solution for our system of (1).
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6 Numerical Examples

In this section, we give several illustrative examples for demonstrate the
efficiency of our proposed method to approximate the solutions system of
Fredholm integro-differential equations of the second kind along with initial
condition on a semi-infinite domain. For each example, we find the approx-
imate solutions using different degree of generalized Laguerre polynomials.
The results obtained by the present method reveal that the proposed method
is very effective and convenient for system (1) on the half line. In all exam-
ples, the package of Matlab (2013) has been used to solve the test problems
considered in this paper.

Example 1. For the first example, consider the following of Fredholm
integral-differential equation on unbounded domain (constructed):

247131410303000045 ,  38903199231847830919

/ e
W) = = 35028797018063068 © 144115183075855872

+/Oot%e*t(z2 + tHu(t)dt, u(0) = 1. (34)
0

Exact solution of this problem is u(z) = 2® — 22+ 1. If we apply the tech-
nique described in the section 5, with o = % and n = 3, then the approximate
solution can be expanded as follows:

3

u(z) = e L (2) = 0T L,, (35)
i=0
where @ )
C= [Coa ) Cla)v Céa)v Ci(%a ]T' (36)

Hence, from Egs. (16), (21), (23), and (31), we find the matrices

—125363,/424 15/2 =520 3/2 =10 0
_ | 17011/496 | -5 000 138 1 -10
F=1 _6a34ja60 |" =] 2 o000 T7| 516 0 1 —1|

0 0 000 35/128 0 0 1

148/167 0 0 0

0~ 0 222/167 0 0

- 0 0 555/334 0

0 0 0 2053/1059

Next, we substitute these matrices into equation (30) and then simplify to
obtain
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()

o | —119/5475 —19/7262 —574/2251 —865/5409 —13873/48
o | | 161/2349 347/1578  93/632 —247/3501 | | 4211/141
Jo | T | —181/6602 552/1769 1487/1580 193/6839 | | —6427/538
2
(o)’ 0 0 0 1 0
3
(37)
By solving the linear system (37), we have the following:
’ 37 ’ ’ ’
céa) = cga) = —15, cga) =6, céa) =0. (38)

By substituting the obtained coefficients in (33) the solution of (34) becomes

89 _(a 97 _(a a o
u(w) = =L (@) = Ly (@) + 21157 () = 6L (a), (39)
or briefly

u(z) ~2® — 2z + 1, (40)

which is the exact solution. Also, if we choose n > 4, we get the same ap-
proximate solution as obtained in equation (40). Numerical results will not
be presented since the exact solution is obtained.

Example 2. As the second example, we consider the following system of
linear Fredholm integro-differential equations on unbounded domain (con-
structed):

uy(z) = fi(z) + /000 t%eft(Qac + %) (uy (t) 4 ug(t))dt,

o0
1 _
uh(z) = fax) —|—/ tze t(t — m2)(u1 (t) — uo(t))dt, (41)
0
_ 9.2 87307746120759955 6631788499575074881
where f1(2) = 32" — 5557005 36am048 ¥ — 1R014308500481081 And

f (:17) _ 98782478468059837x2 422 — 853121404951425865
2 T 9007199254740992 18014398509481984 *

Subject to the initial conditions u1(0) = 1 and wug(0) = 1. The exact
solutions of this problem are ui(z) = 2® + 2z + 1 and ug(x) = 22 + 1. If
we apply the technique described in this paper and solve equation (41) with

o= % and n = 3. For this system we get:

1 11 .

ui (z) = %Léa)(m) - 73L§C'>(x> + 21 L5 (z) — 6L5 () = 2% + 22 + 1,
19

us(w) = LV (@) = 5L (@) + 2057 (@) + (LY (@) = > + 1, (42)

which is the exact solution. Also, if we choose n > 4, we get the same ap-
proximate solution as obtained in equation (42). Numerical results will not
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be presented since the exact solution is obtained.

Example 3. As the third example, consider the following system of linear
Fredholm integro-differential equations on unbounded domain (constructed):

uy(z) = f1(x) + /000 te™ " " (sin(t — x)uy (t) + tug(t))dt,

uh(z) = falz) + /OOO te " (wtuy (t) — e Tua(t))dt, (43)

with fi(z) = 1 — 3(1 + 2sinz + 2cosz)e™® and fo(z) = —6z — 2e™® and
with the exact solutions u1(z) = x, us(z) = e~* and boundary conditions
u1(0) = 0 and u2(0) = 1. We apply the generalized Laguerre series ap-
proach and solve equation (43). Table 1 shows the absolute values of error
le] = Jua(z) — uz(x)|, where ug(x) is the exact solution of equation (43) and
uz(z) is the approximate of ug(z) for n = 20, and n = 30 with & = 1 using
the described method in equally divided interval [0,1]. Note that absolute

Table 1: Absolute errors for Example 3

) T; n =20 n =30

0 | 0.0 | 5.4836e — 006 | 7.6834e — 009
1 | 0.1 | 1.2376e — 006 | 3.6294e — 010
2 | 0.2 ] 4.7027¢ — 007 | 1.1165e — 009
3 | 0.3 | 8.2669¢ — 007 | 5.9280e¢ — 010
4 | 0.4 | 5.7470e — 007 | 1.8341e — 010
5 1 0.5 | 1.4911e — 007 | 5.9768e — 010
6 | 0.6 | 2.2241e — 007 | 5.8849¢ — 010
7 | 0.7 | 4.4523e¢ — 007 | 3.0976e — 010
8 | 0.8 | 5.0477e — 007 | 4.8167¢ — 011
9 | 0.9 | 4.2952¢ — 007 | 3.3937¢ — 010
10 | 1.0 | 2.6633e — 007 | 4.8646e¢ — 010

errors for uq(z) is zero.

Corollary: If the exact solution of the system (1) be a polynomial, then the
proposed method will obtain the real solution.

Example 4. Our last example is following of linear Fredholm integro-
differential equation on a semi infinite interval (constructed):

o0

0

u(z)=e"— Z\/E—F/ t3e~atu(t)dt, u(0)=1. (44)
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With the exact solution u(x) = 2 — e~?. In Table 2, the numerical results
of the presented method at some selected nods for n = 10, and n = 12 are

displayed.

Table 2: Absolute errors for Example 4

) T; n =10 n =12

0 | 0.0 | 1.3000e — 003 | 3.6116e — 004
1 | 0.1 | 4.4620e — 004 | 9.3426e — 005
2 | 0.2 | 7.1845¢ — 005 | 4.5500e — 005
3 | 0.3 | 3.2705e — 004 | 9.9666e — 005
4 | 0.4 | 4.0407e — 004 | 1.0182¢ — 004
5 | 0.5 | 3.6812¢ — 004 | 7.5666e — 005
6 | 0.6 | 2.6834e — 004 | 3.7765¢ — 005
7 | 0.7 | 1.4076e — 004 | 8.8208e — 007
8 | 0.8 | 1.0787e — 005 | 3.3527e¢ — 005
9 | 0.9 | 1.0468¢ — 004 | 5.6602¢ — 005
10 | 1.0 | 1.9540e — 004 | 6.8843e — 005

7 Conclusion

Obtaining the analytic solutions for system of linear Fredholm integro-
differential equations of the second kind, along with initial conditions on
unbounded domain are usually difficult. In many cases, it is required to ap-
proximate solutions. For this reason, a new matrix approach which is based
on the generalized Laguerre operational matrix of integration is proposed.
The solution procedure is very simple by means of generalized Laguerre poly-
nomials expansion and only in a few terms lead to high accurate solutions.
The main goal of the presented technique was deriving an approximation to
the solution system of linear Fredholm integro-differential equations on un-
bounded domain. To illustrate the method and its efficiency, four examples
were provided. In the first and second examples, we obtained the exact so-
lution. Another considerable advantage of the method is that the nth-order
approximation gives the exact solution when the solution is polynomial of
degree equal to or less than n. If the solution is not polynomial, generalized
Laguerre series approximation converges to the exact solution as n increases.
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Global error estimation of linear
multistep methods through the
Runge-Kutta methods

J. Farzi*

Abstract

In this paper, we study the global truncation error of the linear multi-
step methods (LMM) in terms of local truncation error of the corresponding
Runge-Kutta schemes. The key idea is the representation of LMM with a cor-
responding Runge-Kutta method. For this, we need to consider the multiple
step of a linear multistep method as a single step in the corresponding Runge-
Kutta method. Therefore, the global error estimation of a LMM through the
Runge-Kutta method will be provided. In this estimation, we do not take
into account the effects of roundoff errors. The numerical illustrations show
the accuracy and efficiency of the given estimation.

Keywords: Linear multistep methods; Runge-Kutta methods; Local trun-
cation error; Global error; Error estimation.

1 Introduction

The error estimation is one of the major issues in designing numerical algo-
rithms. In the study of the linear multistep methods (LMM)

k k
Y Yt = h Y Bifusss (1)
j=0 j=0
for solving an ordinary differential system
y' = f(=z,y),
2
{ y(zo) = yo, @)

where, f : R x R”™ — R™, there is a challenging issue of estimation of global
truncation error (GTE) or simply global error. In spite the local trunca-
tion error (LTE), the estimation of GTE is much more complicated. The
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LTE estimations have been studied in some special cases, e.g., predictor-
corrector (PC) and embedded Runge-Kutta methods. In the case of PC
methods that predictor is an Adams-Bashforth scheme of order p and cor-
rector is an Adams-Moulton scheme of the same order, the Milne estimation
provides an estimation for LTE of the resulted PC method [9,10]. Recently,
Cao and Petzold have developed an estimation for global error with adjoint
method [3]. However, many efforts have previously been reported for provid-
ing GTE bounds [6,7]. These bounds are of no practical value and the LTE
form estimation of GTE, given in this paper, is more simpler than the usual
theoretical bounds. For more extensive discussion on linear multistep meth-
ods and their important subclauses, like backward difference formula (BDF)
schemes see [1,2,8-10,12]. The more important application of the LMMs
is in the time discretization of time dependent partial differential equations.
The LMMs with strong stability preserving property (SSP) have a major role
in this context [4, 5].

In this paper, we represent a multiple step of a LMM as a single step of a
new Runge-Kutta method. Then, we accomplish the GTE estimation of the
LMM by estimation of LTE of the corresponding new Runge-Kutta method.

This paper has been organized as follow: In Section 2 a very short review
of the Runge-Kutta schemes is presented. Then, in Section 3 the main idea
of the paper is given for one-step methods with a rather detailed study of the
LTE and stability region of the new method. In Section 4 the idea of previous
section is generalized to formulate a general LMM in the form of a new
Runge-Kutta method. The new RK method has a popular structure in view
of Butcher array. We take into account a starting procedure, subsequently,
the method order and its LTE determined, which is the GTE of the original
scheme. Finally, in Section 5 we present some numerical tests including a
fourth order total variation bounded (TVB) scheme to illustrate efficiency of
the given theory.

2 A review of Runge-Kutta methods

In this section, we shortly review the main concepts of Runge-Kutta methods
that are required in the rest of the paper. For more details we refer to [2,9].
The s-stage Runge-Kutta method for the problem (2) is defined as follow

Ynt1 =Y +h Y biki, ®3)

i=1
where

kizf(xn—i—cih,yn—l—hZaijkjL 1=1,2,...,s. (4)

Jj=1
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Traditionally the Runge-Kutta methods is represented by the following
Butcher array

cl| A
;T (5)
where,
c=ler,co,-e]’y b=1[b1,ba, . bs)T, A =Tay]} o (6)

The derivation of a Runge-Kutta method of an arbitrary order is a crucial
work without using the advanced concepts of elementary differentials and
most related rooted trees. In fact, there is a 1-1 corresponding between ele-
mentary differential (that are defined by Fréchet derivative) and the rooted
trees. Therefore, using the rooted trees one can easily define the order con-
dition and LTE of a Runge-Kutta method. The local truncation error of the
p't order Runge-Kutta method (5) is given by

hPt1

LTE =
(p+ 1) .

Y. al =P @]F() + O(hr*?), (7)

(t)=p+1

where,

r(¢)!
a(t)y(t)
and r(t),o(t) and (t) are order, symmetry and density of a tree t. The
function F(t) is defined on the set T of all trees which corresponds between
the rooted trees and elementary differentials. The elementary differentials
are evaluated at the value y(x,). The 9 (t) function is also defined on the set
of all trees T'. For example we have,

F(e) =/,

at) =

F(I) = {1 =10,

F<\/> ={f*} = fOL 1),

F(&) = {af}2 = fOFO 1),

where, fM(K1,K2,...,Ky), K; € R™,t = 1,2,...,M is the Mth order
Fréchet derivative of f. For more detailed definition of these functions see
[2,9].
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The following theorem gives the coefficients of the linear combination of
y(@ for a general ¢ in terms of elementary differentials [9]:

Theorem 1. Let y be the solution of the autonomous problem (1). Then

Yy = 3 a()F). (8)
r(t)=q
The stability function of a Runge-Kutta method is given by

det [I — hA + hebT)
det [I — hA]

R(h) = : (9)

where, h = Ah, here A is typically an eigenvalue of the jacobian matrix of f
that is equivalently the eigenvalues of the linearized equation.

3 One step methods

In this section, we firstly study the situation for the one-step methods. The
idea will be extended to a general linear multistep methods in the next sec-
tions. Consider the following linear one step method

Yn+1 = Yn + h(ﬁOfn + Blfn—&-l) (10)

for a consistent method we have 5y + 81 = 1. Applying the above rule on N
successive steps to advance the solution from xy to z we obtain

y1 = Yo + h(Bofo + Bif1)
y2 = y1 + h(Bof1 + Bif2)

yn = yn—1+ h(Bofn-1+ Bifn).

Introducing the following slopes

k1= f(xo,y0), k2 = f(x1,91), .. kny1 = f(zn,yn),

we can write (10) as a (N +1)-stage Runge-Kutta method with the steplength
H = Nh,

H
Ym+1 = Ym + N(ﬂolﬁ +ko+ -+ ky+ Piknsr)

where, t,,, = zo,t;41 =t + H =z and,
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kl - f(tma ym)

B2 = Fltm + 2 ym + 3 (Bok1 + uka)

H
kny1 = f(tm + H, ym + N(ﬁolﬁ +Ea+--+ky+ Bikni)).

Thus, the corresponding Butcher array takes the following form

Zlo 2 ©
ZSz> o

© 2z
z[®

oz -
Z|~
2‘)—‘ ...

Z[e | 2

Z|~
z[®| ==

3.1 Local truncation error

In this section we obtain the LTE and the order of the reduced method

(11). To determine the order of the deduced RK scheme we verify the order
conditions for the Butcher array (11):

N+1
w(o) = bi=1, (12)

N+1
1

¢(I): Zbicz‘:§~ (13)

Since we have By + 81 = 1, substituting the data from (11) we observe
that the first condition always holds
N+1

_ Bo , 1 1 B
;bl—l=>N+N+ tyty =L

However, for the second condition to be valid we have,

Bo 11 2 N -1 81 N
N.0+N(N+N+ + N )+N.N
N?2-_N+26N 1

. 1
=Nz~ 3 only if 51 = 3
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where, we have used By + 1 = 1. Therefore, the only possible second order
one step method is the trapezoidal rule.

Now, we can find the general form of the local truncation error for both
first (forward and backward euler) and second order (Trapezoidal) methods.

For the second order method we have, 5, = %,

N+1
U( tl:\/)zzbicg:w,
=1

6N2
N+1 9
11 1 2N° +1
Vit =d)= 2 ey = ot 1 glde = T

It is evident that in the limit the above order conditions, as N — oo, tend
to the following infinite dimensional exact order conditions:

;bic? = §7
- 1
Z biaijcj = 6

i,j=1

—_

The corresponding elementary differentials with the rooted trees ¢; and
to are,

F(t) = fOf.), Fltz) = 1O D).

To specify the LTE of second order scheme we need a representation of (%)
in terms of elementary differentials. According to Theorem 1, we have

y® = F(ty) + F(t2), (14)

therefore, the principle term in local truncation error (PLTE) for 8 = %,
where p = 2 reads

PLTE = S0 37 a1l — () (]F() (15)

and then,
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1
LTE = —EhZ(xN — z0)y® (z0) + O(h®). (16)

We can also regard (16) as the global error in NV steps of the trapezoidal rule.
Similarly, for 8y # % we obtain

LTE = %N(N — 14 281)h%y P (o) + O(h®). (17)

3.2 Stability regions

To construct the stability function of (11) we simply note that

Bol...1p
) H | Bo B H| Bl 1/
HA=— Heb" =
N EP R R
Bol ...1 B Bol...1p;
thus we have
] A H
LAY 5 g 28
1+H% 4 h

I—HA+ Heb? =

H
_|_
s

[
ozl
>

and thereby;,

Bo\n

det[] — HA+ Heb") = (1+ HZ )

Similarly, we can show that the following relation is also valid

o B

det[I — HA] = (1 — HN)N

Inserting the above results into (9) we obtain

7 Bo \N
R(H) = m (18)

which is the stability function of (11).
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Stability region for Bozl, [&1:0

scaled by N
o

4L i i i
-6 -4 -2
scaled by N

o
N

Figure 1: The stability region of the new RK method with 8o = 1,81 =0

Stability region for B =0, §,=1

scaled by N

-2 -1 0 1 2 3 4 5
scaled by N

(=2}

Figure 2: The stability region of the new RK method with 8o = 0,1 = 1
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Stability region for 8,>0, 8,>0 , B +B,=1

scaled by N

-6 -4 -2 0 2
scaled by N

Figure 3: The stability region of the new RK method with 8o > 0,81 > 0,80 + 1 = 1

In Figures 1, 2, 3, the absolute stability regions of the given RK method
(11) have been demonstrated for various values of By and 8;. We observe
that in the case By > 0,81 > 0,89 + f1 = 1 the new RK method is A-stable
and in the cases fp = 0,81 = 1 and By = 1,81 = 0 the absolute stability
regions, in terms of h, tend to the same regions of the forward and backward
Euler methods, respectively.

4 Linear multistep methods

In this section, we present the general theory for an arbitrary linear multistep
method. We demonstrated the main idea by using the one-step and multi-
step starting procedures. In both cases, we obtain the corresponding Runge-
Kutta scheme and the LTE of this method provide an estimation of the global
truncation error of the given LMM.

4.1 A single step method as starting procedure

Now, we represent a general linear multistep method (LMM) in the form of a
Runge-Kutta scheme. For simplicity, we use the trapezoidal rule as starting
procedure of the LMM. We show the starting values {yn“}?;ll as a linear

combination of the y, and {fn; }?;&. Therefore, starting with
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h
Yn+1 :yn+§(fn+fn+1)7
we find
h .
Yntj = Yn + §(fn +2fpp1+ -+ 2fn+j—1 + fn+j)a j=12,... (19)

therefore, we have

k k—1 k—1 k—1

h
S sty = ik + (3 aidvn+ 5L @)+ (1 +23 ) fu
=0 7=0 j= j=2

1
+-o 4 (p—2 + 204—1) fagrh—2 + W1 farr—1)}.  (20)
Substituting (20) into the LMM (1), we obtain

k—1 k-1

Unih ==Y QYnti +h D> Bifnti
i=0 =0

k—1 = 1 k—1
= —(Z a;)yn + h{(Bo — B} Zaj)fn + (B — s~ Zaj)fnJrl
§=0 j=1 j=2

1
+ooo+ (Br—2 — 50h—2 — ag—1)frrr—2
1
+(Br—1 — iak—l)fn+k—1 + B fratr)}
or,
k+1
Yntk = Yn + hzbifnﬂ'—l, (21)
i=1
where,
=
bl = ﬂo - 5 Z ay,
j=1
1 k—1
bz‘:ﬁi—1—§ai—1—zag‘7 2<i<k-—-1
=i
1
by = Br—1 — 501

bry1 = Bg-

It is straightforward to show that
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On defining

. h
Kip1 = f(@ntisYnti) = f(axn+ih, yn+§(fn+2fn+1+' A2 fppic1+ fati)),

the scheme (21) can be represented in the form of the following RK method

k+1
Ym+1 = Ym + HZ bgKiv

i=1

where,

Ky = f(tmvym)a

Ki:f(tm+CiHaym+HZainj)7 1=2,3,...,k+1.

Jj=1

We will change the subscript n to m in order to show that when LMM runs
from y, to yn+r the RK scheme runs just a single step from y,,, = y, to
Ym+1 = Yn+k- Lherefore, we set

tm = Tp,tmy1 = Tp + H,

1 . .
ﬁm] = l,Z,

0, j>do0ri=1.

i1
G = L
b,
b= -
k7
H = kh.

In this case, the first order condition holds

k+1

> b=1,
=1

but, the second order condition no longer holds

S b - Et
T 2k
i=1

In k£ — oo this condition turns out to be the exact order condition. Again,
the principle local truncation error (PLTE), where p = 1 reads
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PLTE = = 3™ a0l ~ /(0] F (1) = —3 hak — zo)y® (o),
Tor(t)=2

and therefore, we have
1
LTE = — 2 h(xy, - 20)y? (z0) + O(h?),

which is the global error in k& times application of a k-step LMM with Trape-
zoidal rule as starting procedure.

4.2 A Runge-Kutta method as starting procedure

Now, we have considered the general explicit Runge-Kutta method (5)-(6)
as the starting procedure for the linear multistep method and we find the
Runge-Kutta representation of the given LMM (1). Based on this starting
procedure, we have obtained approximate values for y,4;,7 =1,...,k—1 as
follows

S
Yn+j = Yn +]hz bikz(j)a
i=1
] s+1 )
kfj) = f(mn +jcih‘ayn +jhzaf’ilkl(J))a 1= 17 sy S + 17
=1

where co41 = 1,0;541 = 0,0 =1,2,...,5+1,a541; =0;,7 =1,2,...,s. For
an implicit method corresponding to the y,, 41, we define

s+1
kM) = f(@n + kesprhyyn + kb > a1k,
=1

By inserting these approximations into the LMM (1) we obtain

k-1 K
Unik = — D QYnsj + 0> Bifats
=0 i=0

k—1 k—1 s k
== Z AjYn — hz Zajb,ka(]) —+ hZﬁjkiﬁl,
Jj=0 j=1i=1 =0

there is s(k — 1) + 2 different kgj ) in the above representation, however we do
not distinguish them and consider (s+1)(k—1)+ 1 moments. The advantage
of ignoring the similarity in the moments is that the resulted Butcher array
is simpler to work and it is convenient to prove the theorems. Let,
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tin = Tpn, H = kh7t’m+1 =tm+H= Tn+k

and

ci, i=1,...,8+1,j=1,....k—1,

.

Cit(j=1)(s+1) =

)

| =

C(s+1)(k—1)+1 =

and

1
Y = —(eab1 = Bo),
, 1
bz('J)Zi%jajbi, 7::15""57].:]‘7"'71671’

bgﬁlzgﬁj,jzl,...,k,

the vector b consist of these values:
b=, 63, . b1 pk)

Therefore, we find the new Runge-Kutta scheme

Ymi1 = Ym + H Y biki,

i=1
» j IR
kgj):f(tm+EciHaym‘FEH;ailkl(])), 1=1,...,8+1,

where, 5= (s+ 1)(k—1) + 1 and
k=[O k@ kD W)

The corresponding Butcher array is given in Table 1. where Oisa (s+1) x 1
zero vector. Introducing D as a (k — 1) x (k — 1) diagonal matrix

The more compact form of the above scheme is resulted.
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Table 1: Butcher array of the Runge-Kutta representation of LMM (1) scheme

A

te | #]50]

A
|l
_ 1A
o o]
i

BT

Table 2: Butcher array of the Runge-Kutta representation of LMM (1) scheme

Do |50l

BT

BT

Now, to verify the order of the new Runge-Kutta scheme suppose that the
order of LMM (1) and Runge-Kutta scheme (5)-(4) are p and p, respectively.
Then, we can prove the following theorem.

Theorem 2. If the Runge-Kutta scheme as starting procedure has order

p and the order of linear multistep method (1) is p, then the corresponding
Runge-Kutta method with Butcher array in Table 2 is of order min{p,p}.

Proof. The order condition corresponding to the tree
¢ ;\/

with m leaves is

° 1
b = ———, =0,1,...,p

for any m < min{p, p} we prove that

s
7 1
;blézn:mi_’_l’ m:O,l,...,min{p,ﬁ}.
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According to the definition of ¢ and b, we have

s
E 7. =m
bici
i=1

I
|
N
Ell
<
S
g
S
x|
D
E
+
T =
M-
o
<
3

1 1 k—1 1 k
_ m+1 -m Q.
S m L kmt > &G F > 0"B
j= j=1
1 b 1<
= m+1 sm+1 :m
= e (BT D ey ) 5 D B
(m+1)k k
=0 =0
1
m+1

note that in the above relations we have used the order conditions for starting
Runge-Kutta method as well as the order conditions for linear multistep

methods: i

k
1 . .
g "y =36, m=2
§=0 j=0

The rest of the proof is closely related to the block structure of the Butcher
array in Table 1. The extracted elements of the Butcher array is demon-
strated in the Table 3.

Table 3: Elements of Butcher array of Table 1
A
l l
5| ® [b 0]
, 1=1,2,....k—1

D

1 pT

k
b§+)1 = %Bk

These partial elements will help us to exactly find the effect of them in
multiple sums in order conditions.

The last condition to complete the proof of the third order conditions is
Zf =1 Bidijéj. The role of each element in summation, separately, is

S

S (b (pa)(res) + (1) S (b)(pe), 1=1.2. . k—1

i,j=1 i=1
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summing up these terms we obtain

5 k—1 s s
e = Y (3 (-penb) (o) (e + (1) D (b 5en)

ij=1 I=1 4,j=1 i=1
7&(; bic:)
1 k
_ 3 3 2
W =D Pa)+ 5> 18
1=1 1=0
_1
6
similarly we can prove the higher order conditions. O

4.3 Local truncation error of the new Runge-Kutta
method

We have shown that the order of the new Runge-Kutta method with Butcher
array in Table 2 is p* = min{p, p}. Ignoring the effect of the roundoff errors,
we can consider LTE of this method as the global error of the given linear
multistep method in evaluation of y, ;. The LTE of this scheme now reads

hp +1

LB = B a0l uaFn 0w . @)

5 Numerical illustrations

Example 1. As an example we consider the Heun’s third order 3-stage
formula

as starting procedure for the third order convergent linear multistep method

1 1 3 h
Yn+3 + qYnt2 T SYnt1 = YU = g[l9fn+2 +5fnl, (23)

the corresponding Runge-Kutta method is
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(24)

= WIN Ol OIN O Wi Ol o= O

3 19

24 24 0

3 19

—31 210

This method is of order p* = min{3,3} = 3. Substituting the above data in
LTE (7) we find that

Vo|Po o © © o~ © o~
o|loc o o o o oo
o
=

LB =1 37 a(t — A E@) + 0r)
r(t)=4
4
= (et = 217 — o (s ) + O(),

where all functions are evaluated at © = x, and y = y,. Note that this
formulation maintains the actual order of both schemes, while the error term
is only exact for {1,z}.

To numerical illustrations, we consider (2) with the following data [9]

f(xay) = [U,U(U - 1)/U]T7 HS [Ov 1]7 (25)

where,
Y= [uvv]T7 y(O) = [1/27 _B}T'

In this test we take N = 51 with h = 1/50 for 3-step method (23) and
H = Nh = 3/50 for the corresponding Runge-Kutta scheme (24).

Figure 4 illustrates the global error (accumulation error) of (23) for test
problem (25). The estimation of GTE of (23) is shown in Figure 5. As
we have proven the LTE of (24) is the GTE of (23). However, to find the
true LTE we make localizing assumptions in implementation of (24), i.e., in
evaluation of y,1 we assume that y,, = y(x,). The comparison of the third
portions of Figure 4 and Figure 5 justify the efficiency of the given estimation.
The negligible difference in the error is due to roundoff errors.
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Figure 4: The numerical (red circles) and exact solutions (solid line) of (25) with (23),
and the GTE of the method
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Figure 5: The numerical (red circles) and exact solutions (solid line) of (25) with (24),
and the LTE of the RK method

Example 2. In this example, we consider a four-step, fourth-order total
variation bounded (TVB(4,4)) linear multistep scheme (1) with the data
given in Table 4 [11].
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Table 4: The coefficients of the four-step, fourth-order linear multistep scheme
(TVB(4,4))
a; Bi

1=0 —0.345464734400857 —0.620278703629274

1=1 1.494730011212510 2.229909318681302

1 =2 —2.777506277494861 —3.052866947601049

1=3 2.628241000683208 1.618795874276609

1=4 1 0

We utilize the fourth order classic Runge-Kutta method as a starting
procedure.

0(0
1|1
2|2
303 (26)
11001
{1111
6 3 3 6

It turns out that the corresponding Runge-Kutta scheme takes the form given
in Butcher array (27), where the elements of b is given in the Table 5.

Table 5: The elements of vector b in Runge-Kutta scheme (27)

b; bits

1=1 —0.092789258773464 —0.231458856457905
1=2 0.124560834267709 —0.763216736900262
1=3 0.124560834267709 0.328530125085401
1=4 0.062280417133855 0.657060250170802
1=25 0.557477329670325 0.657060250170802
1=206 —0.231458856457905 0.328530125085401
1=7 —0.462917712915810 0.404698968569152
1=28 —0.462917712915810 0
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The test problem is the same as the previous example. For numerical il-
lustrations we take N = 120, thus we have h = 1/120 and accordingly
H = 4/120 = 1/30. The numerical results including the GTE of TVB(4,4)
scheme and LTE of (27) are presented in Figure 6 and Figure 7, respectively.
By comparison, we find the excellent estimation of global truncation error of
TVB(4,4) based on new Runge-Kutta method. The maximum error in this
estimation is 2.67F — 05.

6 conclusion

In this paper, we have developed an estimation for the global truncation error
of a linear multistep method. The global error analysis is more complicated in
comparison with the local error analysis. The key idea is the representation
of several steps of the LMM as a single step of a corresponding Runge-Kutta
method. Therefore, the analysis of global error of a LMM accomplished by
estimating the local truncation error the corresponding new Runge-Kutta
method. We have demonstrated the theoretical aspects for some important
class of linear multistep methods with total variation bounded (TVB) prop-
erty, which is a crucial property in selecting an appropriate time marching
method for solving nonlinear conservation laws [11].
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Figure 6: The numerical (circles) and exact solutions (solid line) of (25) with TVB(4,4),
and the GTE of the method
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Figure 7: The numerical (circles) and exact solutions (solid line) of (25) with (27), and
the LTE of the RK method
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