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Letter from the Editor in Chief

I welcome you to the international Mashhad Research Journal of Mathemati-
cal Sciences (MRJMS). This journal is published biannually and supported by
Faculty of Mathematical Sciences at Ferdowsi University of Mashhad. Faculty of
Mathematical Sciences with three centers of excellence and three research centers
is well-known in mathematical communities in Iran.

The main aim of the journal is to facilitate discussions and collaborations between
specialists in mathematics and statistics, in the region and worldwide.

Our vision is that scholars from different Mathematical research disciplines, pool
their insight, knowledge and efforts by communicating via this international jour-
nal.

In order to assure high quality of the journal, each article will be reviewed by
subject-qualified referees.

Our expectations for MRJMS are as high as any well-known mathematical jour-
nal in the world. We trust that by publishing quality research and creative work,
the possibility of more collaborations between researchers would be provided. We
invite all mathematicians and statisticians to join us by submitting their original

work to Mashhad Research Journal of Mathematical Sciences.

Mohammad Reza R. Moghaddam
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On algebraic characterizations for finiteness of the

dimension of EG

Olympia Talelli*f
Department of Mathematics, University of Athens

Panepistemiopolis, 15784 Athens - Greece
Abstract

Certain algebraic invariants of the integral group ring ZG of a group G
were introduced and investigated in relation to the problem of extending
the Farrell-Tate cohomology, which is defined for the class of groups of finite
virtual cohomological dimension. It turns out that the finiteness of these
invariants of a group G implies the existence of a generalized Farrell-Tate
cohomology for G which is computed via complete resolutions.

In this article we present these algebraic invariants and their basic prop-
erties and discuss their relationship to the generalized Farrell-Tate cohomol-
ogy. In addition we present the status of conjecture which claims that the
finiteness of these invariants of a group G is equivalent to the existence of a
finite dimensional model for EG, the classifying space for proper actions.
Keywords and phrases: Farrell-Tate cohomology, virtual cohomological
dimension, complete resolution, finitistic dimension of the integral group
ring, classifying space for proper action.
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1 Introduction

In their efforts to generalize the Farrell-Tate cohomology, which was defined for
the class of groups of finite virtual cohomological dimension, Ikenaga in [12] and
Gedrich and Gruenberg in [10] considered certain algebraic invariants of a group
and showed that if these were finite then generalized Tate cohomology is defined
for the group.

In particular, Tkenaga defined the generalized cohomological dimension of a

group G, cd G, to be
cd G = sup{k : Extt (M, F) # 0, M Z-free, F ZG-free}

and showed that if G admits a complete resolution and cd G < oo then generalized
Tate cohomology is defined for G.

A complete resolution of G is an acyclic complex { Py }xez of projective ZG-
modules which agree with an ordinary projective resolution of G in sufficiently
high (positive) dimensions.

Gedrich and Gruenberg considered the supremum of the projective lengths
of injective ZG-modules, spli ZG, and the supremum of the injective lengths of
projective ZG-modules, silp ZG. Then showed that if spli ZG < oo then G admits
a complete resolution and moreover silp ZG < oo which implies that any two
complete resolutions are homotopy equivalent, so generalized Tate cohomology is
defined for G.

Note that silpZG and c¢d G are closely related, namely ¢cd G < silpZG <
1+cdG.

Mislin in [19] generalized these ideas and defined generalized Tate cohomol-
ogy, ﬁ”(G,—), for any group G and any integer n as follows: I—Y”(G,—) =

h_II)lS_an—"_j(G, —) where S™TH"J(G,—) denotes the jth left satellite of the
Jj=0
functor H"*J(G,—). Alternative but equivalent definitions were also given by

Benson and Carlson [1] and Vogel (see [11]).

Note that the generalized Tate cohomology can not always be calculated via
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complete resolutions as they do not always exist. It turns out that the general-
ized Tate cohomology can be calculated via complete resolutions if and only if
spliZG < oo [24].

This article is a survey on the algebraic invariants of G that appeared in the
search for the definition of generalized Tate cohomology for G.

We first discuss their basic properties and interrelations.

We then discuss the state of a conjecture (Conj. A in [26]) which claims that
the finiteness of the above algebraic invariants, which imply that the generalized
Tate cohomology can be calculated via complete resolutions, is the algebraic
characterization of those groups G which admit a finite dimensional model for

EG, the classifying space for proper actions of G.

2 spliZG

First we will establish some notation.
Let G be a group, H < G and ¢ : ZH — ZG the ring homomorphism induced
from H — G. Then the ring homomorphism i gives rise to the following functors:
1. 7 : zgcMod — zgMod, where any (left) ZG-module can be regarded as a
ZH-module via i. If M € zeMod, then we denote r(M) by M |g.
2. e: zgMod — zaMod
N — ZG ® N, where the left ZG-action on ZG ® N is inherited
from the (ZG,ZH )—bimzcillule structure of ZG. o
The module e(N) = ZG Z@;I N is called induced and we denote it by 2(1 ZQ% N.
3. ¢: zgMod — zgMod
N — Homyy (ZG, N), where the left ZG-action on Homy gy (ZG, N)
is inherited from the (ZH, ZG)-bimodule structure of ZG.
The (left) ZG-module ¢(N) = Homzy(ZG, N) is called co-induced and we
denote it by HomZH(Zé, N).
Let now G be a group and A, B € zoMod.
We denote by HomZ(E, E) (resp.E (}2 E) the (left) ZG-module Homyz (A, B)
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(resp. A QZ@ B) with the diagonal action (gf)(a) = gf(g7'a), g € G, f €
Homy (A, B), a € A (resp. g(a® ) =ga®gf, g€ G, a € A, B € B).

The following Proposition states the well-known relation between the diagonal
action and the induced and co-induced actions. The Corollary after it, states some
of the Proposition’s well-known consequences.

We state both without proofs.

Proposition 2.1. Let G be a group, H < G and M € zgMod. If Z(G/H) is
the permutation module, where G/H is the set of cosets gH and G acts on G/H
by left translations then

\ N
(i) Z(G/H) @ M = ZG © M/H

zZ
N\
Z(

N e
(1) Hom_Z( G/H),M) = Homzy (ZG, M| ).

Corollary 2.2. Let A € yaMod with proj.dimyzg A < m. Then

NN
(i) If B € zgMod with B Z-free then proj.dimzg A ® B < m;
Z

NN
(ii) If B € zgMod with B Z-injective then inj. dim Homgz (A, B) < m.

The following proposition and theorem state some basic properties of spli ZG
[10].

Spli Z(G is the supremum of the projective lengths of the injective ZG-modules.
It is not difficult to see that spliZG < oo iff every injective ZG-module has finite

projective dimension.
Proposition 2.3.
(i) If G is a finite group then spliZG =1
(ii) If G is a group with cdzG = n then spiZG <n+1

(iii) Let G be a group and H < G. If I is an injective ZG-module then I|g is
an injective ZH -module. Moreover spliZH < spli ZG
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(iv) If H< G and | G : H |< oo, then spliZG = spliZH.

Proof.

(1)

(i)

(iii)

If I is an injective ZG-module, with G finite, then I is cohomologically
trivial [e.g. [2]] and hence proj.dim I < 1 and since I is not Z-free it follows

that proj.dim I = 1.

Since cdzG = n we have that proj. dimzg Z = n hence by Corollary 2.2 (i),
for any ZG-module A with A Z-free we have that proj.dimzg A < n.

Now if M is any ZG-module and one takes a projective presentation of M
0—K—P—M—0

then K, being a submodule of P, is Z-free. Hence proj.dimyzgs K < n and
since P is projective, it follows that proj.dimzg M < n + 1. In particular

if I is an injective ZG-module then proj.dimgzg I < n + 1.

If I is an injective ZG-module, then I|g is an injective ZH-module since

N\
Hong<ZG & —,I> = HOH’IZH(—,I‘H)
ZH

N\,
and ZG ® — is an exact functor: zgMod — zoMod.
ZH

Now if K is an injective ZH-module, then K is a ZH-direct summand of

e
the injective ZG-module Homy gy (ZG, K). Hence
e N
proj.dimzy K < proj.dimgzy Homyy (ZG, K)|g < proj.dimzg Homzy (ZG, K)
, which implies that spliZH < spliZG.

Let | G : H |< oo and let spliZH = m. By (iii), to show that spli ZG = m, it
is enough to prove that every injective ZG-module has projective dimension

<m.
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Let I be an injective ZG-module, then by (iii) /| is an injective ZH-module

and since spliZH = m, there is a ZH-projective resolution
0—Py— - —Py—1|g—0,

N\,
which implies that proj.dimze ZG @ I|lg < m.
Z7ZH
Since | G : H |< o0, it follows that

N\, v
7G ® I|H = HOIHZH(ZG,I|H).
ZH

e
But [ is a ZG-direct summand of Homy g (ZG, I|f), hence proj. dimgzg I <

m.

We will show that spliZG < oo is an extension closed property.

For this we need the following lemma.
Ve
Lemma 2.4. Let G be a group and J = Homz(ZG,Z). Then
(i) inj.dimzq J < 1;
(7) if spliZG = m then proj.dimzqg J < m;
(iii) spliZG < oo iff proj.dimzg J < oo.

Proof. The exact sequence of abelian groups 0 — Z — Q — Q/Z gives rise to

the following exact sequence of ZG-modules
e e /
0—Homyz(ZG, Z)—Homgz(ZG,Q)—Homz(ZG,Q/Z)

e e
from which follows (i) and (ii), since Homz(ZG,Q) and Homz(ZG,Q/Z) are
injective ZG-modules.
Now let proj.dimgzq J < co. We will show that every injective ZG-module

has finite projective dimension.
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From the Z-split ZG-exact sequence 0 — IG — ZG = Z — 0, where ¢ is the

augmentation map, we obtain the Z-split ZG-exact sequence
NN
0 —Z — J— Homy(IG,Z) — 0, which gives rise to the ZG-exact sequence 0 —
NN N NN\ /
I-1®J—1®C—0,where C =Homg(IG,Z). Note that Homz(ZG,Z) =
NN NN
Homy(ZG,Z). Since I is a ZG-direct summand of I ® J it is enough to show
NN

that proj.dimzg I ® J < oo.

Let 0 - K — P — I — 0 be a ZG-projective presentation of I. Since J is

Z-torsion-free we obtain the following ZG-exact sequence

NN N N N N
-—mKeJ—PJ—I1 J—0.
Z Z Z

Since proj.dimzg J < oo and P, K are Z-free it follows from Corollary 2.2 (i)
NN NN\
that proj.dimzg K ® J < oo and proj.dim P ® J < oo, hence
Z z

NN
proj.dimzg I ® J < oo. O
Z

It is clear from the proof of (iii) of the above lemma that we have

Corollary 2.5. spliZG < oo iff there is a Z-split, ZG-monomorphism
0 — Z — M with proj.dim M < co and M Z-torsion free.

Theorem 2.6. [10] Let 1 — N — G 55 K — 1 be an extension of groups. Then
spliZG < spliZN + spliZK.

Proof. Let spliZN = n and spliZK = m and let I be an injective ZG-module.
We will show that proj.dimzg I < n + m.

We consider the Z-split ZK-exact sequence
e
0—Z—Homyz(ZK,Z)—Homz (I K,Z)—0

as a ZG-exact sequence via m : G — K and tensoring it with I, we obtain the

following ZG-exact sequence

/
0—I—1 ® Homy(ZK, 7).
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Since [ is a ZG-direct summand of } ® HomZ(ZI/( ,Z) it is enough to show that
proj.dimyzg I ® J < n + m, where J is the ZG-module HomZ(ZI/(, 7).

Now by LeZinma 2.4 (ii), proj.dimzg J < m and since spliZN = n it follows
that proj.dimgzy I|y < n.

Hence there exists @ : 0 — @ — -+ — Qo — J — 0 a ZK-projective
resolution of J of length m and P : 0 - P, — -+ - Py —» I — 0 a ZG-
exact sequence with P; ZG-projective modules for all 0 < i <n —1 and P,|y a
projective ZN-module.

Consider the following ZG-complexes Q' : 0 — Q. — -+ — Qo — 0, a ZG-
complex via 7 : G — K and
P:0—P,— - — Py—0andlet Q@ ® P’ be their tensor product.

Since J is Z-torsion free it follows froZm the Kiinneth formula that we obtain

NN
a ZG-exact sequence 0 — By — - — Bg— I ® J — 0, where
Z

_ , A N\ N\
By = Q ® P = D QT®P5~
7 A r+s=A\ 7

O

By Proposition 2.1 (i), By is a projective ZG-module for 0 < A < m+1. Since
Ps|n is a projective ZN-module for all s, we obtain a ZG-projective resolution

NN
of I ® J of length m + n.
Z

3 spliZG, silpZG, fin. dim ZG, K(ZG)

Silp ZG = sup{inj. dimz¢ P|Pproj.ZG-module} and it is not difficult to see that

silp ZG < oo iff every projective ZG-module has finite injective dimension.

Note that silp ZG < m is equivalent to the following extension condition [12]:
For every exact sequence

0— ker 0,,— Py, Ben, Ph 41— —FP—M—0

with P; projective ZG-modules for 0 < i < m, any map kerd,, — P, P a

projective ZG-module, extends to a map P, — P.
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It is not difficult to see that if silp ZG and spliZG are both finite then they
are equal.
The following Proposition, which we state without proof, gives some basic

properties of silp ZG.
Proposition 3.1.

(i) If G is a finite group, then silp ZG = 1.

(ii) If G is a group with cdzG = n then silpZG < n + 1.
(iii) If G is a group and H < G then silp ZH < silp ZG.
Moreover, if |G : H| < oo then silp ZG = silpZH .
Theorem 3.2. [10] For any group G, silp ZG < spli ZG.

Proof. 1t is enough to show that if spliZG < oo then silpZG < co. By Lemma
2.4 (iii), it is enough to show that if proj. dimyg J < oo then silp ZG < oo, where
J = HomZ(Zé,Z).

Let proj.dimyzg J < oo and consider a projective ZG-module P. The exact

sequence 0 — Z — Q — Q/Z — 0 gives rise to the following ZG-exact sequence
0—P—P®Q—P ®Q/Z—0.
Z Z

Hence to show that inj. dimgzg P is finite, it is enough to show that inj. dim P® D
Z
is finite, where D is a Z-injective abelian group.
Let P = P® D, where D is a divisible abelian group, then P is a direct
Z

summand of an induced module hence it is relative projective i.e. if
0— A— B—P—0 (%)

is an exact sequence of ZG-modules which is Z-split, then (x) is ZG-split.
Consider the Z-split ZG-exact sequence 0 — Z — J — C — 0 where C' =
NN
Homy(JG, Z). This gives rise to the following Z-split, ZG-exact sequence

N\ X N N
0—Homy(C, P)—Homy(J, P)—Homgy(Z, P)—0.
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Ny - N
But Homy(Z, P) = P, hence P is a ZG-direct summand of Homg(J, P).
Since proj. dimgzg J < oo it follows from Corollary 2.2 (ii) that
N
inj. dimzg Homg(J, P) < oo. O

Open questions 3.3.
a) It is not known if silp ZG < oo is an extension closed property.

b) It is not known if there is a group G such that silp ZG < oo and spli ZG

infinite.

c¢) It is conjectured in [6] that for any group G, silpZG = cd G + 1 = spli ZG.

This is proved in [6] for certain classes of groups.

Two more algebraic invariant of G, the finiteness dimensions of ZG, and k(G)
are related to spli ZG, and spli ZG. The finiteness dimension of ZG, fin. dim ZG,
which is the supremum of the projective dimensions of the ZG-modules of finite

projective dimension and
k(G) = sup{proj. dimzg M |proj. dimzy M < oo for every finite subgroup H < G}.
Proposition 3.4. [26] Let G be any group, then

fin.dim ZG <silpZG < spiZG < k(ZG).

Moreover, if any of the above invariants is finite then it is equal to the ones less

than equal to it.

Proof. 1t is easy to see that fin.dimZG < silpZGZG and by Theorem 3.2,
silp ZG < spliZG. Now by Proposition 2.3 (i) and (iii) it follows that spli ZG <
k(G).

Now if k(G) < oo then clearly k(G) < fin. dim ZG, hence

fin. dim ZG = silp ZG = spi ZG = k(ZG).
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In [4], it was shown that if G is an H F-group then silp ZG = spli ZG = fin. dim ZG =
k(ZG).

The class HF of groups was defined by Kropholler in [14] as follows. Let HyF
be the class of finite groups. Now define H,F for each ordinal a by transfinite
recursion: if « is a successor ordinal then H,F is the class of groups G which
admits a finite dimensional contractible G-CW-complex with cell stabilizers in
H,_1F, and if « is a limit ordinal then H,F = |J HgF. A group belongs to
HF if it belongs to H,F, for some ordinal «. o O

Note that a G-CW-complex is a C'W-complex on which G acts by self-
homeomorphisms in such a way that the set-wise stabilizer of each cell coincides
with its point-wise stabilizer.

The class HF contains among others all groups of finite virtual cohomological
dimension and all countable linear groups of arbitrary characteristic. Moreover,
it is extension closed, subgroup closed, closed under directed unions and closed

under amalgamated free products and H N N-extensions.

4 Another characterization of spliZG < oo

Definition. A complete resolution for a group , (F,P,n), consists of an acyclic
complex F = {(F;,0;)|i € Z} of projective modules and a projective resolution

P ={(P;,d;)|i <0} of G such that F and P coincide in sufficiently high dimen-

sions
On
s Fp——Fy I By i sy F s F g
dn,
oo —Pp—P,— P,1— - —Py—7Z—0

The number n is called the coincidence index of the complete resolution.
Inekaga in [12] defined the notion of generalized cohomological dimension of

a group G, cd G = sup{k : Ext%G(M, F) #0, M Z-free, F ZG-free}.
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Note that cd G <silpZG < cd G + 1.

He showed in [12] that if G admits a complete resolution then G admits a
complete resolution of coincidence index cd G. In particular a group G with
ved G < 0o admits a complete resolution of coincidence index ved G.

Moreover, it was shown in [12] that if a group G admits a complete resolution
of coincidence index n, then

(i) HY(G, P) # 0 for some ZG-projective module P and some i < n

(i) fin.dimZG < n + 1.

Since admitting a complete resolution is a subgroup closed property, and since
if A is a free abelian group of infinite rank, H*(A, P) = 0 for any projective Z.A-
module and any i, it follows from (i) that if a group G contains a free abelian

subgroup of infinite rank then G does not admit a complete resolution.

Proposition 4.1. [2/] If spliZG < oo then there is a Z-split ZG-exact sequence
0 — Z — A with A Z-free and proj.dimzg A < co.

Proof. It was shown in [24] that if spliZG < oo then G admits a complete reso-
lution.

Now consider a complete resolution for G

On On,

—F, 4 —+1>Fn I, — - ——Fy——F — -
dn dn

— P Ontl, P, P, — - —Py—7—0

Let R, = im0y, n € Z. If A: R,, — P is a ZG-homomorphism with P a projective
ZG-module, then by Theorem 3.2 silp ZG < oo hence there is a positive integer
mo and an integer m so that \ represents the zero element in Ext;4(R,,, P).

Hence we obtain the following commutative diagram

= —F,—F, 1 —F, o— . —F—y—F_—

NS
Ro

I e e Y
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o— by — b, —P, 1 —P, o— - — P —Py—17%

where Ry = im 0.

Clearly [f] € Extzg(R-1,Z) and Yoneda product with [f] induces an iso-
morphism: Ext}(Z, —) — Ext, (R_1,—). This implies (c.f. [27]) that [f] is
represented by an extension 0 — Z — A — R_1 — 0 with proj.dimzg A < oo.
The result now follows since R_1 is Z-free as a Z(G-submodule of a projective

ZG-module. O
Theorem 4.2. [2/] The following statements are equivalent for any group G.
(i) spiZG < oo;

(i) There is a Z-split ZG-ezxact sequence 0 — 7 — A with A Z-free and

proj.dimzg A < o.

Proof. (i)=(ii) is Proposition 4.1.
For (ii)=(i). Let I be an injective ZG-module and consider a ZG-projective
presentation of [

0—K—P—I1—0.

Since A is Z-free we obtain the following ZG-exact sequence

NN N N NN
0—KA—PRA—I] @ A—0.
VA 7 VA

NN NN
By Corollary 2.2 (i), proj.dimzg K ® A < oo and proj. dimzg P ® A < 0o hence
7 Z
NN
proj.dimyzg I ® A < oo, but tensoring 0 — Z — A with I we obtain that I is a
Z
NN
7Z.G-direct summand of I ® A, and the result follows. O
Z
The following proposition states some of the properties of such a module A.

Proposition 4.3. [26] Let G be a group and let 0 — Z — A be a Z-split, ZG-

exact sequence with A Z-free and proj.dim A = n. Then

(i) If proj.dimzg M < oo and M is Z-free then proj.dimzg M < n
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(ii) spliZG < n—+1
(iii) For any finite subgroup H of G, Al is a projective ZH -module.

Proof. (i) Consider the ZG-exact sequence 0 — Z — A — A — 0. Clearly A is
Z-free.
Now let proj.dimgzg M = m. By Corollary 2.2 (i) we have that

NN NN
proj.dimzg M ® A < n,m and proj.dimzg M @ A < m. It now follows from the

long exact Ext-sequence associated to

NN NN
0—M-—MSA—Mx A—0
Z Z

that if proj.dimzg M > n then proj.dimzg M ® A > m + 1, which is a contra-
diction and hence proj.dimgzoc M < n.

(ii) Let I be an injective ZG-module and 0 - K — P — I — 0 a ZG-
projective presentation of I. By Theorem 4.2 spli ZG < oo hence
proj.dimzg K < oo and by (i) proj. dimzg K < n which implies that
proj.dimgzg I <n + 1.

(iii) Since A|g is Z-free and has proj.dimzy A < oo it follows that A is a
projective ZH-module (c.f. [2], Ch. VI). O

Theorem 4.4. spliZG < oo is a Weyl-group closed property i.e. if spli ZG < oo
and H is a finite subgroup of G then spiZ(Ng(H)/H) < cc.

Proof. Assume that spliZG < oo and let H be a finite subgroup of G. Let
N = N¢(A), then by Proposition 2.3 (iii) spliZN < oo hence by Theorem 4.2

there is a Z-split ZN-exact sequence
0—Z—A (%)

with A Z-free and proj.dimzy A = n.

Consider a ZN-projective resolution of A of length n

0—P,—P, 1— - —Py—A—0. ()
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Since A|p is a projective ZH-module, (x') gives rise to the following Z(N/H)-

exact sequence
O—>Pf—>Pf_1—> e —>P0H—>AH—>O.

It is not difficult to see that P are projective Z(N/H)-modules since ZNH =
Z(N/H) as Z(N/H )-modules, hence proj. dimg g A <,

Moreover, (x) gives rise to the Z-split and Z(N/H )-exact sequence 0 — Z —
AM . Hence by Theorem 4.2 spliZ(N/H) < oc. O

5 The classes of groups HiF and EG

A group G belongs to HiF if there is a finite dimensional contractible G-CW -
complex with finite cell stabilizers.

By a theorem of Serre (see also Exercise in [2], p. 191) it follows that H;F
contains all groups of finite virtual cohomological dimension.

It also contains infinite torsion groups, for example a countable locally finite
group G is in H1F, since G acts on a tree with finite vertex stabilizers. It was
proved in [5] that if G is a locally finite group of cardinality less than NV, then
G isin Hi F.

For sufficiently large e it is known [13] that the free Burnside groups of expo-
nent e admit actions on contractible 2-dimensional complexes with cyclic stabi-
lizers, hence these groups are in H{.F.

If Gisin H;F and X is a finite dimensional contractible G-C'W-complex with
finite cell stabilizers, then the argumented cellular chain complex of X gives rise
to the following ZG-exact sequence

0— ® Z(G/G;,)— - — @ Z(G/Gi))—Z—0

in€ly io€lp
with Gj; finite for all i;.
So if G is in H1F and G is torsion free then cdzG < .

In particular a free abelian group of infinite rank is not in H;F.

15
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Proposition 5.1. If G is in H1F then
fin.dimZG = silpZG = spli ZG = k(ZG) < oc.
Proof. Since G is in H1F, there is a ZG-exact sequence
0— z’n?In 7(G/G;))— - — z‘oée@]o Z(G/Gi,)—Z—0
with G; finite subgroups of G for all i;.

If M is a ZG-module such that proj.dimgzy M|y < oo for every finite sub-
group H of G, and 0 - K — P — M — 0 is a ZG-projective presentation of M
then K| is a projective ZH-module for every finite subgroup H of G.

Hence if we tensor (x) with K we obtain the following ZG-exact sequence

0— ® Z(E’/Gln) ® I\(—> e ® Z(E/Gio) ® I\(—>K—>O
in€ly Z io€lp Z
which by Proposition 2.1 (i), is a ZG-projective resolution of K, since K| is a
projective ZH-module for every finite subgroup H of G.

Hence proj.dimzg K < n which implies that k(ZG) < n. The result now

follows from Proposition 3.4. 0

In [15] Kropholler and Mislin proved

Theorem A. Every HF-group of type F Py is in H1F.

A group G is said to be of type F' Py if there is a ZG-projective resolution of
G

- —P,—P, 11— —FPy—7Z—0
with P; finitely generated ZG-modules for all i > 0.

Notation. If X is a class of groups, we denote by A}, the subclass of X’ consisting
of those groups in X, for which there is a bound on the orders of the finite
subgroups.

To prove Theorem A, they first considered the following two properties of
H F-groups of type F' Py, which were both shown using complete cohomology.
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o If G is an HF-group of type F' Py, then G is in HF,.

In particular, if |A(G)| is the G-simplicial complex determined by the poset
of the non-trivial finite subgroups of G, then dim |A(G)| < oo.

o If G is an HF-group of type F Ps, then proj.dimzg B(G,Z) < oo, where
B(G,Z) is the ZG-module of bounded functions from G to Z.

They then proved, by induction on dim |A(G)|

Theorem B. If G is an HF-group such that dim |[A(G)| < oo and
proj.dimzq B(G,Z) < oo then G is in H1 F.

Clearly Theorem A follows from Theorem B.

Generalizations of this Theorem were obtained in [17], [20], [26].

Note that B(G,Z), the ZG-module of bounded functions from G to Z, is a
Z-free ZG-module and there is a Z-split ZG-exact sequence 0 — Z % B (G,7Z)
where i(n) : G — Z is the constant function ¢, [16].

By Theorem 4.2 proj. dimyzg B(G,7Z) < oo implies that spliZG < oo. Now if
G is in HF then it is known [4] that spliZG = k(ZG).

So if G is in HF and proj.dimzq B(G,Z) < oo then k(ZG) < oco. It is easy
to see that k(ZG) < oo is a subgroup closed property and by Theorem 4.4 a
Weyl-group closed property [26].

These properties, which are implications of the finiteness of the proj.dim of
B(G,Z), for G in HF, are crucial for the proof of Theorem B.

The following Conjecture, (Conj. A in [26]), claims that the finiteness of the
algebraic invariants we’ve studied here, give an algebraic characterization for the

class H1 F.

Conjecture A. The following statements are equivalent for a group G:
(1) Gis in H1 F;
(2) G is of type ;
(3) spliZG < oo;
(4) silpZG < oo

17
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(5) fin. dim ZG < oo,
where, a group G is said to be of type @ if it has the property that for every ZG-
module M, proj.dimzg M < oo if and only if proj.dimgzy M|y < oo for every

finite subgroup H of G.

Note that G is of type @ it if has the property that for every ZG-module M,
proj.dimzg M < oo if and only if M|y is a cohomologically trivial ZH-module,
for every finite subgroup H of G.

Proposition 5.1 shows that (1) = (2) = (3) = (4) = (5) in Conjecture A.

Kropholler and Mislin’s Theorem show essentially that (5) = (1) if G is in
(HF)p.

In [26] it was shown that (5) = (1) if G is a torsion-free locally soluble group.

In support of Conj. A is also a result obtained in [5] which says that a group
G is finite if and only if spliZG = 1. It is worth mentioning that its proof uses

the theory of groups acting on trees.

If G is in H1F then there is a ZG-resolution of G by direct sums of permuta-
tion modules of finite subgroups of G, i.e.

0— ® Z(G/Gy)—— @ Z(G/Gy))—Z—0 (+)

in€ln 1w€lo

with Gj; finite subgroups of G for all ;.
It follows from (x) that if G is in H1F then cdgpG < oo.
It is likely that the existence of (x) is another algebraic characterization for

the HyF-class of groups.

As we mentioned before if GG is a group of finite virtual cohomological dimen-
sion, ved G < oo then G is in H1F, actually G is in HyFp.

We consider the class HF or rather the class H1F; as a more “natural class”
than the class of groups of finite vcd .

The class H1F} is closed under extensions and taking fundamental groups of

finite graphs of groups [21] unlike the class of groups of finite ved .
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The following example of a group G, which was constructed by Dyer in [8] as
a counter example to a conjecture related to residual finiteness, has the following
properties

e (G is a free product with amalgamation of groups of finite ved ,

e (G is an extension of a finite group by a group of finite cohomological di-
mension and yet G is not of finite ved .

G =A x B where
H,p

A :<a/17a/27a37a7d ‘ [aivaj] - [ai7d] - [a7 d] - dp - 17

a a a -3 2
ay; = az, a9 = a3z, a3 = G109 "a3 >

B :<bl,b2,bg,b,€ ‘ [bi,bj] = [bi,e] = [b, 6] =eP = 1,

bo = by, by = by, b5 = b1by3b3 >

and

H =< alaa§7a3ad> SO(H) =< b€7b27b§7e>

and
plar) =ble p(ah) =by @lag) =5 ¢(d) =e.

Note that A = B = (Z x Z x Z x Cp) < Z, hence vcdA = vedB = 4. It follows
that < d >C N{N|G : N| < oo} hence G does not have a torsion-free subgroup
of finite index.

Moreover we have the group extension
l—<d> —>G—K—1 (x%)

where K is a group with cdzK < oo which implies that the class of groups of
finite ved is not extension closed.

Now since K is in H1F and < d > is finite it follows from (*x*) that G is in
HF.

It is worth mentioning that, it is not known whether HyF is extension closed.
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The class HyF is closely related to the class of groups which admit a finite
dimensional model for EG, the classifying space for proper actions.

For every group G, there exists up to G-homotopy a unique G-C'W-complex
EG such that the fixed point space EGH is contractible for every finite subgroup
H of G and empty for infinite H. A G-CW-complex is called proper if all point
stabilizers are finite (equivalently, if all its G-cells are of the form G/H x ¢ with
H a finite subgroup of G). The space EG is an example of a proper G-CW-
complex and it is referred to as the classifying space for proper actions, because
it has the universal property, ”for any proper G-CW-complex X there is a unique
G-homotopy class of G-maps X — EG”.

For a survey on classifying spaces see [18]. It is clear that the class of groups
that admit a finite dimensional model for EG is a subclass of H{F.

Kropholler and Mislin in [15] actually proved that if G is an HF-group such
that dim |A(G)| < oo and proj. dimzg B(G,Z) < oo then G admits a finite di-
mensional model for EG.

Moreover, it was shown in [26] that the condition (5) of Conjecture A implies
that G admits a finite dimensional EG, if G is a torsion-free locally soluble group.
However it is an open question whether the class of groups which admit a finite

dimensional EG is indeed a proper subclass of HyF.
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Abstract

In this article, we consider some new classes of groups, namely, Mp-
groups, Ty-groups, ¢-groups, ¢g-groups, groups with finitely embedded invo-
lution, which were appeared at the end of twenties century. These classes of
infinite groups with finiteness conditions were introduced by V.P. Shunkov.
We give some review of new results on these classes of groups.
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1 Introduction

At the beginning of twentieth century the classes of Frobenius groups and Chernikov
groups were introduced.
A group of the form G = F' X\ H is called a Frobenius group, if the following

conditions are satisfied:
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1) HYNH=1,9€ G\ H;

2) G\ F = UgeGHg \ {1}.

Any finite extension of a direct product of finite number of quasi cyclic groups
is called a Chernikov group.

In this article we consider some new classes of groups: M,,-groups, Tp-groups,
®-groups, ®g-groups, groups with finitely embedded involution, which were in-
troduced at the end of twentieth century. These classes of groups are closely
connected with Frobenius and Chernikov groups. One of these classes, namely,
Ty-groups firstly was discussed in Iran, while V.P. Shunkov took part as an invited
speaker at the 22nd Annual Iranian Mathematics Conference held in Mashhad in
1991 and gave couple of talks on the concept of ”Ty-groups” [20, 21].

Let GG be a group, then an element a € G is called an involution or almost
regular if it is of order two or its centralizer C(a) is finite, respectively. The
element b € G is called strictly real with respect to involution a, say, if it is

transferred to its inverse by conjugating with a.

2 M,-groups

Definition 2.1 A group G is called an M,-group, if for its infinite normal com-
plete Abelian p-subgroup B with minimality condition and for any element a of
order p the following conditions are satisfied:

a) locally finite p-subgroups of Cq(a)B/B are finite;

b) if some complete Abelian p-subgroup C of the group G contained in the set
Ugecla, a?), then C < B.

The subgroups B and {(a) of the group G are called the kernel and the hand of
M,-group, respectively.

We remind that the concept of M,-groups was introduced by V.P. Shunkov
at the end of 1983.

If a is the element of order p in an M)-group G then the following properties
hold:
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1) all locally finite p-subgroups of C¢(a) are finite;

2) all locally finite p’-subgroups of C(a) are finite;

3) all locally finite subgroups of C(a) are finite.

In the corresponding properties of the My,-group G, the hand (a) is called
p-finite hand, p’-finite hand and finite hand, respectively.

The following are the examples of M,-groups (with finite hands):

Any Chernikov group with infinite p-subgroup and with almost regular ele-
ment of order p is an M,-group [15].

Any golomorfic extension of an infinite Chernikov p-group using the group of
external automorphisms is also an M,-group [15].

The kernel of an Mp-group may be different from the maximal complete
Abelian p-subgroup of the group. Indeed, let G = H x T', where H = P X (c), let
P be an infinite complete Abelian p-group, |c¢| = p, Cy(c) be finite, T is a free
product of quasicyclic p-group S and cyclic group (b) of order p. Clearly G is an
M,-group with kernel P and with finite hand (bc), besides P is included in the
maximal complete Abelian p-subgroup P x S # P [15].

Next theorem gives us the sign of non simplicity of an infinite group.

Theorem 2.2 (Shunkov V.P. [15]). Let G be a group without involutions and
B be its infinite complete Abelian p-subgroup, which satisfies the following condi-
tions:

1) H = Ng(B) is an Mpy-group with kernel B and p-finite hand (a);

2) for an arbitrary element g € G\ H¥, the subgroup {(a,ad) is finite;

3)|Cq(a) : HNCg(a)| < oo and H N Cg(a) contains all p'-elements of finite
order from Cg(a);

4) if Q is a finite (a)-invariant q-subgroup from H with Q@ N Cg(a) # 1 and
q# p, then Ng(Q) < H. Then B<G.

Theorem 2.3 (Shunkov V.P. [15]). Let G be a group without involutions, a an
element of prime order p of G with centralizer Cg(a), which is a finite p-subgroup,

satisfies the condition that all subgroups (a,a%), g € G are finite. Then G has

25
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complete Abelian normal p-subgroup B such that in G/B Sylow p-subgroups, con-
taining element aB are finite and conjugate, and the number of such subgroups

s finite.

Condition of finiteness of subgroups (a, a¥) in the above theorem is necessary.
Infact, it is enough to consider example of free product of infinite Chernikov
p-group with almost regular element of order p (p # 2) and some non-trivial
periodic group without involutions. Periodic product of such groups give us an
example of periodic group without involutions, in which all the conditions of
the theorem are valid, except the mentioned condition, but the statement of the
theorem for such a group is incorrect.

The hand (a) is called reduced in M,-group G with kernel B, if BN Cg(a)
is a reduced Abelian group. Remind that a reduced Abelian group is an Abelian

group which dose not have any complete Abelian subgroups.

Theorem 2.4 (Shunkov V.P. [16]). Let G be a group without involutions, B be
its complete Abelian p-subgroup, a be an element of order p of G, satisfies the
following conditions:

1) H = Ng(B) is an My-group with p-kernel B and reduced hand (a);

2) for every element g € G\ H¥, the subgroup (a,a9) is finite;

3) |Cala) : HN Cg(a)] < oo and H contains all p'-elements of finite orders
from Cg(a);

4) if Q is a finite (a)-invariant q-subgroup of H with condition QNCg(a) # (1)
and q # p, then Ng(Q) < H. Then B is normal in G and G is an Mpy-group with
kernel B and reduced hand (a).

In M-group G the hand (a) is called regularif Cg(a) is finite and every locally
finite (a)-invariant primary subgroup of G is finite.

In all well-known examples of My-groups with regular hand, which are not
periodic almost nilpotent groups, satisfy the condition that any regular hand

generates an infinite subgroup with some conjugates with it.



New classes of infinite groups

In this connection the next question will be occurred: Is My-group with reg-
ular hand exist which does not satisfy this condition and is not a periodic almost
nilpotent group?

The answer to this question is negative in the class of groups without involu-
tions (see the following theorem), that is in the class of groups without involutions
periodic almost nilpotent M,-groups with regular hand and only such groups do
not satisfy this condition. But for Mp-groups with regular hand with involutions
(p # 2), this question is still open even in the class of locally finite groups. The
solution of this question is connected with the characterization of well-known
simple groups in the class of periodic groups.

Now, we give some examples of M,-groups with regular hands, see [17]:

— Infinite dihedral group is an Ms-group with regular hand;

— Novikov-Adian group [1] is an M,-group with regular hand for any prime
number p from the set of prime divisors of orders of elements of the group;

— Free product of non-trivial finite groups is an Mp-group with regular hand;

— Periodic product of groups without involutions [2] is an M,-group with

regular hand.

Theorem 2.5 (Shunkov V.P. [17]). A group G is an M,-group without involu-
tions with regular hand (a) if and only if it is a periodic almost nilpotent group,

when it satisfies the condition that: the subgroups (a,a9), g € G, are finite.

Theorem 2.6 (Shunkov V.P. [17]). A group G is an Ma-group with reqular hand
(a) if and only if is periodic almost Abelian group with finite Sylow subgroups,

whenever all the subgroups (a,a%), g € G are finite.

For more information of the properties of the class of M,-groups one may
refer to V.P. Shunkov’s monograph [18].

In [9], there was the sign of non-simplicity of an infinite group. As a corollary
from that result the characterization of M,-groups with involutions was studied.

M,-groups with hands of orders not equal to two, were studied in the class

of groups without involutions in [15] by V.P. Shunkov. M,-groups with hands
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of orders 2 were studied by V.O. Gomer [6]. In the next theorem, the charac-
terization of non-simplicity of My-group with hand of order not equal to three is
discussed.

If G is an Mp-group with finite hand (a), then Cg(a) can have infinite p-
subgroups. For example, it is enough to take direct product of the above men-

tioned groups and Novikov-Adian free periodic group [1].

Theorem 2.7 (Kozulin S.N., Senashov V.I., Shunkov V.P. [9]) Let G be a
group, B be its infinite complete Abelian p-subgroup (p # 3), satisfying the fol-
lowing conditions:

1) H = Ng(B) is an My-group with a kernel B and p-finite hand (a);

2) for every g € G\ H?, subgroups of the form (a,a?) are finite and solvable;

3) |Cal(a) : HNCg(a)| < oo and H N Cg(a) contains all p'-elements of finite
order from Cg(a);

4) if Q is a finite {a)-invariant q-subgroup from H with the condition that
QNCqg(a) #1 and q # p, then Ng(Q) < H;

5) in G all finite (a)-invariant p'-subgroups are solvable subgroups.

Then B« G.

We shall remind, that the hand of M,-group is called p-finite, if in Cg(a),
locally finite p-subgroups are finite.

This theorem generalizes V.O. Gomer’s Theorem [6], for p = 2.

3 TjH-groups

At the beginning of last century the concept of a Ty-group appeared in the articles
of V.P. Shunkov. This class of groups is defined by finiteness conditions. We recall
the definition of the class of Ty-groups.

Definition 3.1 Let G be a group with involutions, i be some of its involution.
We call G to be a Ty-group, if it satisfies the following conditions:
1) all subgroups of the form < i,i9 >, g € G, are finite;
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2) Sylow 2-subgroups of G are cyclic or generalized quaternions groups ;

3) the centralizer C(i) is infinite and has a finite periodic part;

4) the normalizer of any non-trivial < i >-invariant finite subgroup of G is
either contained in Cq(i), or has a periodic part being a Frobenius group with
Abelian kernel and with finite complement of even order;

5) Cq(i) # G and for any element ¢ of G\ Cg(i), strictly real relating to
i (i. e. such that ¢ = c!), there exists an element s. in Cq(i), such that the

subgroup < ¢, c® > is infinite.

Now we give the construction of Shunkov’s example of Ty-group from [22]
based on well-known example of S.P. Novikov and S.I. Adjan [1].

Example of Tj-group (a). Let A = A(m,n) be a torsion-free group A(m,n),
which is a central extension of cyclic group with the group B(m,n), for m > 1,
n > 664 an odd number [1]. The group A(m,n) has non-trivial center Z(A) =<
d > and A/ < d > is isomorphic with B(m,n) [1]. Let’s consider a group
B = Al < x >, where z is an involution.

Now take an element u = d-d~* from Ax A”. It is obvious, that u € Z(Ax A")
and u® = u~!. As it is shown in [22], the group G = B/ < u > and its involution
i = x- < u > satisfy conditions (1)-(5) from the definition of Tp-group and
G = VXN < i >, Cg(i) is an infinite group with periodic part < ¢ >, the all
subgroups < ¢,t9 > in G are finite and every maximal finite subgroup G with
involution ¢ is a dihedral group of order 2n and hence G is a Ty-group.

(b). Let V.= O(p) (see the definition of groups of the type O(p), C(o0) in
[11]). The group V has non-trivial center Z(V) = (t) and V/Z(V) = V/(t) ~
C(o0) [8].

Consider the group T = V1 (k) = (V x V) X (k), where k is an involution.
Take the element b = (t,t~!) of the group V x V. Obviously, b € Z(V x V) and
b* = b1, Assume M = T/(b) be the factor group of T' and take an involution
j = k(b) in M. From abstract properties of the groups V = O(p), C(0) [11], it

is easy to show that the group M and its involution j satisfy the conditions 1) —

29
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5) of the definition of Tp-group. Hence, M = T'/(b) is a Tp-group (with respect
to the involution j = k(b)). Also note that in M any maximal periodic subgroup
containing the involution j is the dihedral group of order 2p.

Now, we deduce some results on Ty-groups. The detail of such kind of results

can be found in [24].

Theorem 3.2 (Shunkov V.P. [23, 26]). Let G be a group and a be an element
of prime order p, satisfying the following conditions:

(1) subgroups of the form < a,a9 >, g € G, are finite and almost all are
solvable;

(2) in the centralizer C(a) the set of elements of finite order is finite;

(3) the normalizer of any non-trivial < a >-invariant finite subgroup of G
has periodic part;

(4) for p # 2 and q € 7(G), q # p, any < a >-invariant elementary Abelian
q-subgroup of G is finite.

Then either G has almost nilpotent periodic part, or G is a Ty-group and

p=2.

Corollary 3.3 Let G be a group and a an element of prime order p # 2, satisfy-
ing conditions 1) — 4) of previous Theorem. Then G has almost nilpotent periodic

part.

The following statement is equivalent to previous theorem and gives an ab-

stract characterization of Typ-groups in the class of all groups.

Corollary 3.4 Let G be a group and a an element of prime order p. The group
G is a To-group and p = 2 if and only if for the pair (G,a) the conditions (1)
— (4) of previous theorem are satisfied and the subgroup < a9lg € G > is not

periodic almost nilpotent.

The particular case when p = 2 requires special consideration, since in this
case condition (4) of previous theorem is superfluous, i.e. the following statements

are true.
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Corollary 3.5 Let G be a group with involutions and ¢ be one of its involutions,
satisfying the following conditions:

(1) subgroups of the form < i,i9 >, g € G, are finite;

(2) the set of elements of finite order of C(i) is finite;

(8) the normalizers of non-trivial < i >-invariant finite subgroups of G have
periodic parts;

Then either G has almost nilpotent periodic part, or G is a Ty-group.

The conditions (1) — (3) of the above corollary are independent, i.e. each of

them does not follow from the other two.

Theorem 3.6 (Shunkov V.P. [23]). Let G be a group and a be an element of
prime order p, satisfying the following conditions:

1) subgroups of the form < a,a? >, g € G, are finite and almost all are
solvable;

2) the centralizer Cq(a) is finite;

3) p # 2 and for q € n(G), q # p, any < a >-invariant elementary Abelian
q-subgroup of G is finite.

Then G s a periodic almost nilpotent group.

Theorem 3.7 (Shunkov V.P. [23]). A non-trivial finitely generated group G is
finite if and only if there exists an element a € G of prime order p satisfying the
following conditions:

(1) the subgroups of the form < a,a9 >, g € G are finite and almost all are
solvable;

(2) the centralizer Cg(a) is finite;

(8) when p # 2 and q € ©(G), q # p, any {a)-invariant elementary Abelian
q-subgroup is finite.

Theory of Ty-groups is created by V.P.Shunkov [24].
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4 d-groups

We devote this section for investigating the properties of a class of ®-groups.
This class group is rather broad: among them are groups of Burnside type
[1], OP'shanskii monsters [11]. It is very closely connected with the groups of

Burnside type of odd period n > 665.

Definition 4.1 Let G be a group, and i be an involution of G, satisfying the
following conditions:

(1) all subgroups of the form < 1,19 >, g € G, are finite;

(2) Cq(i) is infinite and has a layer-finite periodic part;

(3) Ca(i) # G and Cq(i) is not contained in any other subgroups of G with
a periodic part;

(4) if K is a finite subgroup of G, which is not contained in Cg(i) and V =
KNCg(i) # 1, then K is a Frobenius group with complement V.

A group G with some involution i satisfying these conditions (1-(4) is called
a P-group.

This class of groups has been introduced by V.P.Shunkov.

The example from previous section is an example of ®-group

Theorem 4.2 (Senashov V.I. [7]). An ®-group G satisfies the properties:

(1) all involutions are conjugate;

(2) Sylow 2-subgroups are locally cyclic or finite generalized quaternions
groups;

(3) there are infinitely many elements of finite orders in G, which are strictly
real with respect to the involution i and for every such element c of this set there
exists an element s. from the centralizer of i such that < c¢,c’ > is an infinite

group.

V.P. Shunkov posed the problem of studying groups with some additional

limitations provided that for a given finite subgroup B, the following condition is
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valid: normalizer of any non-trivial B-invariant finite subgroup has a layer-finite
periodic part.
This problem is partly solved for the class of locally soluble groups and for the

case | B |= 2 under more general limitations, it is solved with ®-groups accuracy.

Theorem 4.3 (Ivko M.N., Senashov V.I. [7]). A periodic locally soluble group
1s layer-finite if and only if for some of its finite subgroup B, the normalizer of

any non-trivial B-invariant finite subgroup is layer-finite.

Theorem 4.4 (Senashov V.I. [7]). Let G be a group and a be an involution of
G, satisfying the following conditions:

1. All subgroups of the form < a,a9 >,g € G, are finite;

2. Normalizer of every non-trivial < a >-invariant finite subgroup has a
layer-finite periodic part.

Then either the set of all elements of finite orders forms a layer-finite group

or G is a ®-group.

In the last two theorems, layer-finite groups are characterized for the class
of locally solvable groups and groups with a layer-finite periodic part in more
general case with ®-groups accuracy. It is possible to find more information on
layer-finite groups in [14].

The following theorem characterizes finite groups with ®-groups accuracy.

Theorem 4.5 (Senashov V.I. [7]). Let G be a group with involutions and i be
some involution from G satisfying the following conditions:

(1) G is generated by the involutions which are conjugate with i;

(2) almost all groups < i,19 > are finite, for all g € G;

(8) normalizer of every < i >-invariant finite subgroup has a layer-finite
periodic part.

Then G is either finite or a ®-group.
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5 Pyp-groups

In this section we investigate the properties of the class of ®g-groups, which is a
subclass of the class of ®-groups. Such groups are very close to Ty-groups, but

in this section we show their differences.

Definition 5.1 Let G be a group and i be an involution of G, satisfying the
following conditions:

(1) all subgroups of the form < 1,19 >, g € G, are finite;

(2) Cq(i) is infinite and has a finite periodic part;

(8) Cq(i) # G and Cg(i) is not contained in any other subgroup of G with a
periodic part;

(4) if K is a finite subgroup of G, which is not inside Cg(i) and V = K N
Ca(i) # 1, then K is a Frobenius group with complement V.

The group G with some involution i satisfying the above conditions (1)—(4) is

called a ®g-group.

This class of groups has been introduced by V.P.Shunkov.

In [22], V.P. Shunkov raised the next question for discussion:

Do the classes of ®p-groups Tp-groups coincide or not?

In the same article, V.P. Shunkov specially emphasized that the most difficult
problem is to establish the satisfiability for ®p-group of conditions (4) and (5)
from the definition of Ty-group.

In [13] V.I. Senashov proved that ®g-group satisfies all conditions from the
definition of Typ-group except the fourth condition. In the same article he con-
structed an example of ®g-group which is not a Typ-group, i. e. it was shown that
the fourth condition does not hold in every ®g-gruop.

Example of ®y-group Let’s take isomorphic copies of the Tp-groups G =
VX (i) from [22]:

Gl =W N (il)a G2 =W N (Z.Q)v aGn =V, N (zn)a
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In the cartesian product of the groups G,, n = 1,2,..., consider the sub-
group U = W X (j), where W is a direct product of subgroups V,,, n=1,2,...,
and j = 41 -9 -... is an involution from the cartesian product of G,, n=1,2,....
One can check that such a group U is a ®p-group. It is easy to see that the fourth

condition from the definition of Ty-group is incorrect for the group U.

6 Groups with Finitely Embedded Involution

It is necessary to introduce the next concept, which was comprehended by V.P.
Shunkov at the end of the 80th.

Let G be a group, i some of its involution and £; = {¥9]g € G} the set of
conjugations of ¢ in G. We shall call the involution ¢ finitely embedded in G,
when for any element g of G the intersection (£,£;) N gCqs(7) is finite, where
L8, = {i9492|g1, g2 € G}.

Let us give the simplest examples of the groups with a finitely embedded
involution.

1. If in a group G there exists an involution ¢ with finite centralizer Cg (i),
then ¢ is a finitely embedded involution in G.

2. If in some group G the involution i is contained in a finite normal subgroup
of GG, then 17 is a finitely embedded involution in G.

3. Let G be a Frobenius group with the periodic kernel and infinite comple-
ment H, containing an involution ¢. Then ¢ is a finitely embedded involution in
G.

An involution of a group is called finite one, if it generates a finite subgroup
with all of its conjugations are involution.

Now let us formulate some results, which the following is the main one.

Theorem 6.1 (Shunkov V.P. [19]). Let G be a group, i be its finite and finitely
embedded involution, £; = {i%0g € G}, B =< £, >, R =< £,£;, >, Z be a
subgroup generated by all 2-elements from R. Then B, R and Z are normal

subgroups in G and one of the following statements is valid:
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(1) B is a finite subgroup;
(2) B is locally finite, B = R X (i) and Z is a finite extension of a complete

Abelian 2-subgroup As with the minimal condition and ici = ¢c~*(c € As).
A number of corollaries follow from the above theorem.

Corollary 6.2 If a group has a finite involution with a finite centralizer, then it

is locally finite.

Corollary 6.3 If a periodic group has an involution with a finite centralizer,

then it is locally finite.

Corollary 6.4 If a finitely embedded involution exists in a group, then its closure

18 a periodic subgroup.

Corollary 6.5 A simple group with involutions is finite if and only if some of

its involutions is finite and is finitely embedded.

As in a periodic group any involution is finite, the next result follows from

the last corollary.

Corollary 6.6 A periodic simple group with involutions is finite if and only if

some of its involutions are finitely embedded.

Corollary 6.7 Let G be a group, H a subgroup containing a finite involution
i, and (G, H) is a Frobenius pair. Then G is a Frobenius group with a periodic
Abelian kernel and with a complement H = Cq(i) if and only if i is a finitely

embedded involution in G.

The above corollary is incorrect even for periodic groups, if the involution %
is not finitely embedded.

R. Brauer proved the next result in the middle of twentieth century.

Theorem 6.8 (Brauer R. [3]). There exists only finite number of finite simple

groups with a given centralizer of involution.
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Proposition 6.9 (Shunkov V.P.([25], [27].) For an arbitrary natural number
M there is only finite number of finite simple groups G with involution T satisfies

to condition |Cg(t) N 7Y < M.
Definition 6.10 Let G be a group and T be its involution. The number
t(G,7) = max |gCq(7) N (197F)]
geG
1s called the parameter of embedding of involution T in the group G.

This concept is the basis of the next generalization for periodic groups of
Brauer Theorem which was developed by V.P. Shunkov in 2001 (for the an-
nouncement see [25], [27]).

There is only finite number of periodic simple groups with involution and with
given finite parameter of embedding of this involution, besides all the others are
also finite.

Modulo the classification of finite simple groups, it is enough to verify the

hypothesis for infinite families of alternating groups and for groups of Lie type.

Theorem 6.11 (Golovanova O.V. [5]). Let M be natural number and G a finite
simple group with one class of conjugate involutions. Then for any involution T

of G, |Ca(t)N7C| > M, for large enough |G].

Theorem 6.12 (Golovanova O.V., Levchuk V.M. [4]). Let M be an arbitrary
natural number and G = S,,, A, or PSLy(q) with even q. Then for any involu-
tion T of G, |Cq(T)N7E| > M | for large enough |G|.

The last two theorems verify hypothesis of V.P. Shunkov for mentioned classes
of groups.
For another class of groups with similar assumptions are investigated in the

next theorems, which were proved in 2006.

Theorem 6.13 (Golovanova O.V. [4]).Let M be an arbitrary natural number
and G a group of Lie type over the field of even order. If the order of G is large
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enough, then there is an involution T in the group G with condition |Cq(T)NT%| >

M.

Theorem 6.14 (Golovanova O.V., Levchuk V.M. [4]).Let M be an arbitrary
natural number and G = PSL,(q) with odd q. If the of G is large enough, then

for any diagonalizable involution T of G the inequality |Cq(t)NTE| > M is valid.
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Abstract

A classical result of Neumann characterizes the groups in which each
subgroup has finitely many conjugates only as central-by-finite groups. If
X is a class of groups, a group G is said to have X-conjugate classes of
subgroups if G/coreqg(Ng(H)) € X for each subgroup H of G. Here we
study groups which have soluble minimax conjugate classes of subgroups,
giving a description in terms of G/Z(G). We also characterize F'C-groups
which have soluble minimax conjugate classes of subgroups.
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1 Introduction

Following [11], the class of all abelian minimaxz groups is the class of all maz-

by-min abelian groups. A group G is called soluble minimax if it has a finite
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characteristic series 1 = Go<G1<...4G,, = G whose factors are abelian minimax
groups. Moreover a soluble minimax group is said to be reduced minimaz if it has
no nontrivial normal Chernikov radicable subgroups. Fundamental properties of
soluble minimax and reduced minimax groups are described in [11].

Let X be a class of groups. A group G is said to be an XC-group, if
G/Cg(2%) € X for all x € G. If X is the class of all finite groups, we obtain
the class of F'C-groups; Baer in [1] introduced this class of groups. If X is the
class of all polycyclic-by-finite groups, then the class of PC-groups are obtained
which are introduced in [2]. If X is the class of all Chernikov groups, then one
obtains the class of CC-groups and introduced in [9].

If X is the class of all (soluble minimax)-by-finite groups, we obtain the class
of M C-groups and when X is the class of all (reduced minimax)-by-finite groups,
then the class of M, C-groups is obtained. These classes of groups are introduced
in [4].

Let X be a class of groups. A group G is said to be an XCS-group, or a
group with X-conjugate classes of subgroups, if G/coreq(Ng(H)) € X for each
subgroup H of G.

If X is the class of all finite groups, we obtain the class of F'CS-groups.
Neumenn in [8] has investigated F'CS-groups with a different approach. The
current approach can be found in [6]. If X is the class of all polycyclic-by-finite
groups, one obtains the class of PCS-groups, which are studied in [6]. If X is
the class of all Chernikov groups, we obtain the class of C'C'S-groups, which are
described in [7] and [10].

If X is the class of all (soluble minimax)-by-finite groups, we obtain the class
of MCS-groups. In particular, if X is the class of all (reduced minimax)-by-finite
groups, then the class of M,.C'S-groups are obtained.

The present paper is devoted to the studying the classes of M C'S and M,.C'S-
groups. We prove the following description of the groups with soluble minimax

conjugate classes of subgroups.
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2 Main Theorem

(i) Let G be a periodic group. Then G is an MCS-group if and only if it is

central-by-Chernikov:;

(ii) Let G be an MCS-group. If InnG has finite abelian subgroup rank, then G

is central-by-(soluble minimax)-by-finite;

(iii) Let G be an MCS-group. If G contains proper maximal abelian normal

subgroups, then G is (soluble minimaz)-by-finite-by-abelian.

Our group-theoretic notation is standard and refered to [11]. Section 2 con-
tains the preparatory results, which are used in Section 3 to prove the Main
Theorem. Section 3 is devoted to give the proof of Main Theorem. In section 4,

we describe some special classes of M CS-groups.

3 Preliminary results

By defintion each PC'S-group is an M C'S-group and each C'C'S-group is an M C'S-
group. In [6] and [7] some classes of M C'S-groups are studied, giving a first answer
to Main Theorem.

We omit the elementary proofs of the next two results.

Lemma 2.1. Let G be a central-by-(soluble minimax)-by-finite group. If H is a
subgroup of G, then H/coreg(H) is (soluble minimazx)-by-finite group.

Lemma 2.2. Let G be an MCS-group. If L<H < G, then H/L is an MCS-
group.
Lemma 2.3. Let G be a periodic group. If G is an MCS-group, then G is a

CCS-group.

Proof. For each subgroup H of G, G/coreq(Ng(H)) is periodic (soluble minimax)-
by-finite, so it is Chernikov by [11, vol.IL,p.166].
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The following lemma extends [6, Corollary 2.7] and [7, Lemma 2.3].
Lemma 2.4. If G is an MCS-group, then G is an MC-group.

Proof. If G is periodic, then the result follows by Lemma 2.3 and [7, Lemma 2.3].
If G is a PCS-group, then the result follows by [6, Corollary 2.7]. Let G be neither
periodic nor a PCS-group. Take g € G and assume H = coreg(Ng(< g >)),
Hy = Cy(< g >), Hy = coreqg(H1) = Cy(g%). We have that G/H is (soluble
minimax)-by-finite, H < Ng(< ¢g >) and H/Cg(< g >) is finite abelian. It is
sufficient to prove that G/Hz is (soluble minimax)-by-finite.

Since

Hy= () (Cu(<g>)"=()Cul<g>")=)Cul<g®”>)

zeG zeG zeG

and H/(Cu(< g >))* ~ H/Cu(< g >) for every x € G, we obtain the embedding

H/H, — || H/HT.
zeG

In particular we deduce that H/Hj is a bounded abelian group. Lemmas 2.2
and 2.3 imply that G/Hs is an M CS-group such that H/Hs is a periodic normal
CCS-subgroup of G/Hy. H/Hy has no nontrivial Chernikov normal subgroups,
so [7, Lemma 2.5] implies that H/Hj is central-by-finite. By definition we can find
a subgroup A/Hy of Z(H/H2) < Z(G/H2) such that (H/H3)/(A/Hs) ~ H/A
is finite. Obviously G/A is (soluble minimax)-by-finite, so G/Hj is central-by-
(soluble minimax)-by-finite. By Lemma 2.1, H/H3 is (soluble minimax)-by-finite,
and so is G/Hs.

There are M C-groups which are not M C'S-groups, improving [3, Proposition
2.9].

Example 2.5. Here exibit a metabelian 2-nilpotent M C-group G which is not
an MCS-group. Let p be a prime number and C' a nontrivial subgroup of the
additive group of rational numbers, whose denominators are p-numbers. Let

Q = Drpen < T, > be a free abelian group of countably infinite rank. Denote
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multiplicatively the operation in C' and let C' = {¢,|n € N} U {1}, where ¢, # 1
for all n and ¢, # ¢ if n # m. A central extension C — G — @Q can be
defined by putting [z9;_1, x2;] = ¢; for all i € N and [z;, z;] = 1, otherwise. Given
ze G\C, z:cxfll...xf:, where ce C, i1 < ... <ipand k;j; #0. Put y = 25,1
if i1 is even and y = x;,41 if 41 is odd. Then [z;,,y] = 1 if j > 1, so that
2,y = [} y] = [,y # Land Z(G) = G' = C.

Moreover, [z,G] =< [z,z;] : i1 —1 < j <44+ 1 >, so that [z, ] is finitely
generated and hence it is cyclic. By construction we have that z“ is (infinite
cyclic)-by-cyclic and G is an M, C-group (precisely G is a PC-group). The sub-
group H = Drjeny < x9; > of G has K = Ng(H) = coreg(Ng(H)) = CH, so
that G/K > Dricy < x2;—1K > and G/K has infinite abelian rank.

To convenience the reader, we recall two properties of M C-groups.

Lemma 2.6. Let G be an MC-group and x1,...,x, € G. If X =< x1,...,2y >,
then X is (soluble minimaz)-by-finite. Moreover, if G is an M,C-group then

X% and G/Cq(XC) are reduced minimaz.
Proof. Tt follows by [4, Theorem 2].

Lemma 2.6 shows that an MC-group can be covered by normal (soluble
minimax)-by-finite subgroups (see [4, p.161-162]). [2, Theorem 2.2] and [11, The-
orem 4.36] give the corresponding condition for PC-groups and C'C-groups.

Proposition 2.7. If G is an MC-group, then it is locally-(normal and (soluble
minimaz)-by-finite). Moreover if G is an MC-group then G’ is locally-(normal
and (soluble minimax)-by-finite).

Proof. 1t follows by Lemma 2.6.

4 Proof of the Main Theorem

Proof. (i) By Lemma 2.3, G is a periodic CCS-group and so [10, Main The-
orem| implies that G is central-by-Chernikov. Conversely, let G be central-by-
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Chernikov, H be a subgroup of G such that H £ Z(G) and K = coreg(Ng(H)).
If K > Z(G), then the result obviously is obtained. If K N Z(G) = 1, then K is
isomorphic with KZ(G)/Z(G), so it is Chernikov and G/K is isomorphic with
(G/Z(G))/(KZ(GQ)/Z(G)), which is again Chernikov.

(ii) Since InnG ~ G/Z(G), we may suppose that G/Z(G) has finite abelian
subgroup rank. Lemma 2.2 implies that G/Z(G) is an M CS-group, so it is an
M C-group, by Lemma 2.4. Thanks to Proposition 2.7, G/Z(G) can be covered by
(soluble minimax)-by-finite normal subgroups S)/Z(G), where A is an ordinal,
indiciated in A. Without loss of generality assume Z(G) = 1. We exibit a
covering of G with subgroups T}, such that « € A < A, Ty, < Ty41, Ty is (soluble
minimax)-by-finite and T3 = T34 = ... for an ordinal § € A.

G =< Sy : A € A > and we obviously conclude when A is a limit ordinal, so

let A be not a limit ordinal. By induction the chain

le ﬂ S)\a

A€A

Ty =<Ty-1,24-1 >, where xo4-1 ¢ To_1

has Ty, < Toy1, Ty is (soluble minimax)-by-finite, A < A. H = Dryca < x4 >
has infinite abelian rank which is a contradiction. It follows that G can be covered
by finitely many (soluble minimax)-by-finite normal subgroups T, so that G is
(soluble minimax)-by-finite.

(iii) Let A be a proper maximal abelian normal subgroup of G. By Lemma
2.4 and [5, Corollary 3|, A has finite index in G. It is enough to verify that G’
is (soluble minimax)-by-finite. If G is periodic the result follows Lemma 2.4 and
by [7, Lemma 3.7]. A similar situation happens when G is a PCS-group by [6,
Lemma 3.1]. Let G be an MCS-group which is neither periodic nor a PCS-
group. Put X = {z1,...,z,} a transversal to A in G, G/A = {x14,...,2,A}
and G = XA. Lemmas 2.4 and 2.6 imply that X¢ = Y is (soluble minimax)-
by-finite, in particular G’ = [G,G] = [YA,YA] = Y'Y, A]. Now Y’ is (soluble
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minimax)-by-finite and [Y, A] < Y4 = (X%)4 =Y is (soluble minimax)-by-finite,

and so G’ is.

5 Special classes of M(C'S-groups

The Example in [7] shows that there is a CCS-group G such that G/Z(G) has
infinite abelian rank. The consideration of this group does not yield to character-
ize an M CS-group G without restrictions on the rank of G/Z(G). On the other
hand, the restriction on the size of Frattini subgroup of an M CS-group gives rise

the structural informations.

Corollary 4.1. Let G be an MCS-group. If G contains a subgroup H such
that Ng(H) has a non-generator element g of G, then G is (soluble minimaz)-

by-(radicable nilpotent of class at most 2).

Proof. By Lemma 2.4, G is an MC-group such that FratG > Ng(H), but
FratG = coreq(FratG) > coreq(Ng(H)) and [5, Theorem 4] complete the proof.

Given a group G, a subgroup H of G is said to be F-perfect if H has no
proper subgroups of finite index (in H). The subgroup §(G) of G generated by
all normal §-perfect subgroups of G is clearly §-perfect. This subgroup is called
the §-perfect part of G and if D(G) is the subgroup of G generated by all periodic
radicable abelian normal subgroups of G, then D(G) < §(G).

Corollary 4.2. If G is an §-perfect M C'S-group, then G is metabelian.

Proof. Put R = §(G) and D = D(G), then Lemma 2.4 and [5, Lemma 2] imply
that the series 1 <D < R = G has abelian factors.

The notion of Fitting subgroup allows us to characterize an M,.C'S-group.

Proposition 4.3. Let G be an M,CS-group and H a subgroup of G. Then
G is central-by-polycyclic-by-finite if and only if Fit(G/coreq(Ng(H)) is finitely

generated.
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Proof. Let G/Z(QG) be polycyclic-by-finite and H < G. Put K = coreq(Ng(H)),
we may assume that K £ Z(G). If K > Z(G) then the result follows immediately.
If KNZ(G) =1, then K ~ KZ(G)/Z(G) is polycyclic-by-finite, and hence so is
G. It follows that Fit(G/K) is finitely generated. Conversely, if G is an M, C'S-
group, then Fit(G/K) is nilpotent by [11, Theorem 10.33]. Fit(G/K) is finitely
generated so that G is a PC'S-group. Now the main Theorem of [6] completes
our proof.
A special situation happens for the class of F'C-groups.

Proposition 4.4. Let G be an FC-group. Then the following conditions are

equivalent:

(i) G is FCS-group;
(ii) G is CCS-group;
(i1i) G is PCS-group;
(iv) G is MCS-group;
(v) G is central-by-finite.

Proof. (i) = (ii) and (iii) = (iv) are obvious. (v) = (i) is described in [7,
Proposition 2.4].

(ii) = (iii). By [7, Proposition 2.4], the class of C'CS-groups coincide with
the class of FCS-groups, but each F'CS-group is a PCS-group, which gives the
result.

(iv) = (v). Put U to be the maximal torsion-free subgroup of Z(G) and
G/Z(G) is periodic (see [11, Theorem 4.32]), so it implies that G/U is also peri-
odic. If T' is the periodic part of G and G/T is torsion-free abelian, then TNU = 1
and G — G/T x G/U. By Lemma 2.2 and the Main Theorem of [10] implies that
G/U is central-by-finite. Since G/T is abelian and G /T xG/U is central-by-finite,

we conclude that G is central-by-finite.
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Abstract

In this paper, we demonstrate the existence and uniqueness a semi-
analytical solution of an inverse heat conduction problem (IHCP) in the form
D Up = Ugy in the domain D = {(z,#)| 0 <z <1, 0 <t < T}, u(z,T) =
f(x), u(0,t) = g(t), and u,(0,t) = p(¢), for any 0 < t < T. Some numerical
experiments are given in the final section.

Keywords and phrases: Inverse heat conduction problem, semi-analytical
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1 Introduction

The procedure to solve an IHCP is very important in determining unknown tem-

perature histories and heat flux from known values in the body, which are usually
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measured as a function of space and time. Especially, a direct measurement of
the heat flux or temperature in a boundary or initial time of hot body is almost
impossible. Therefore, recent studies of IHCPs have been numerically treated and
extended of multiple dimensions with the help of computing architecture. Some
numerical and theoretical approaches to IHCPs are summarized in [4], [2]. Such
a procedure using an exact solution are given by Burggraf [3]. It has been shown
that, if an error is made in known boundary condition, then there will be some
errors in unknown heat flux of other boundary. A lower bound of this error can

be estimated by —i- sinh(—1=

VAL TTTNAL

vation that small values of time At can produce large error in surface flux. In

this paper, we apply a finite difference method of semi-implicit type for % and

). These results are consistent with earlier obser-

use a parameter 6y for driving a stable and convergent solution to the IHCPs.

Now, suppose that for any given t, 0 <t < T, u(z,t) € C*[0,1] and satisfying

u(x,t) = uge(x,t), in D={(z,t)|0<z <1, 0<t<T}, (1.1)
w(z, T) = f(x), 0<z<1, (1.2)
u(0,t) = g(t), 0<t<T, (1.3)
uz(0,8) = p(t), <t<T, (1.4)
uz(1,8) = h(t), 0<t<T, (1.5)
u(z,0) = o¢(x), 0<z<1, (1.6)

where f(x), g(t), and p(t) are piecewise-continuous known functions, T is a
given positive constant number and h(t), ¢(x), and u(x,t) are unknown func-
tions, which remain to be determined.

In the next section, we discrete the variable t and reduce (1.1) — (1.4) to a
system of linear, nonhomogenous second order differential equations. Stability
and convergency of this method is studied in section 3. Some numerical result

and discussion are given in section 4.
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2 A Numerical Solution

In this section, we discrete the variable t to approximate the solution of (1.1) —
(1.4).

Let M € N, Aty = %, and t; = iAt, for i =0, 1, ..., M. For the solution
u, we define u;(x) = u(x,t;), for i =0, 1, ..., M. Similarly for a given sequence
of functions {u;(z)|i =0, 1, ..., M} we use 4;(z) instead of the approximate of
u;(x). Putting

Uit (z) = ui(z) + (QMM

ot

8&(%, ti+1)

— (0 — 1) 9

Aty,  (2.1)

for 6y > 0, then by using (2.1) into (1.1) — (1.4) we obtain a system of linear
nonhomogenous second order differential equations with given initial conditions

in the form

eMAtMﬁ;/(LU) + ZALZ(LU) = ﬂi+1(az) + (9]\/[ — 1)At]\/[ﬁgl+1($), (2.2)
4i(0) = g(t:) = gi, (2.3)
a;(0) = p(ti) = pi (2.4)

fori=0, 1, ..., M —1, where up(z) (0 <z <1)and 4;(1),=0, 1, ..., M —1
are unknown.
Clearly ups(x) = upr(x) = f(x). Using these assumptions, the problem (2.2)—

(2.4) has a solution of the following form

~

/\/ _ /\A/
U;(z) = g; cos r uz(l) Vi (1) . T

+ = ; Sin
NOTRGT, Wiy U VoAt
fort =0, 1, ..., M — 1, where

Fi(z) = 1/9:@ (S)sinid‘s
T oAty Jo NGV
_ u—l Atpr pis1sin - —I—eM_lfL- (z)
Onr M Di+1 NI, O0r i+1
9]\/[—1 T
- M=o, =01, .., M—1, 2.6
o T st (26)

V; and W; are the solutions of the following problems, respectively,

O AtV () + Vi(x) = @1 (x) + (Oar — 1) Aty (2),
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3(0) = g,

and

O Aty W () + Wi(z) = 0,

Wi(0) = 0,
Wi = 1, i=01,.., M—1. (2.8)

Clearly, the heat flux 4,(1,¢;) may be obtained from (2.6) of the form
G, (1, ) = pi W/(1) 4+ V/ (1), i=0,1, ., M—1. (2.9)

Now, for each n € N, if Oy Aty # (nm)~2 and f”(z) is a piecewise-continuous
function in [0, 1], then the system of solutions (2.5) are unique [1].

The above result may be summarized in the following statement.

Theorem 2.1. If, for each n €N, Oy Aty # (nm)~2, and f is a piecewise-
continuous function in [0, 1], then the system of differential equations (2.2)-(2.4)
has a unique solution.

Proof. See the analysis preceding the of above theorem.

3 Stability and convergency of solution

In the next theorem, the convergency of the solution (2.5) to the unique solution

will be shown.

Theorem 3.1. If 05y, Atyrand f satisfy the assumptions of Theorem 2.1 and
\8 u(m | < C < oo forany t € [0,1], where C is a positive constant number and
Or = Bar At~ M such that By > 0, 1+ 11;1((251\4)) <apy <1 for any M > 3, then
the solution of the system (2.2)-(2.4) is convergent to the unique solution of the
problem (1.1)-(1.4), for any 0 < z < 1.

Proof. Foralli=0, 1, ..., M — 1, we have

OmAty uf(2) + wi(@) = wpr(2) + (On — DALy ufyy (2)
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1 0*u(x, &) O*u(x,m;)
— ZA# 2 7 \HSY —1)2 22 1
9 tM(HM 2 (9]\/[ ) o2 )7 (3 )
where t; < & < t; + Oy Aty and ti01 <1 < tiyp1 + (91\/[ — 1)AtM.
Now, if we put
ei(r) = ui(x) —wi(z)  for 1= 0,1, .., M, (3.2)
then e;(z) satisfies.
O Aty € (x) + ei(x) = epr(x) + (O — 1Aty €y ()
INCY 82u($7£l) 2 32“(%’%)
— Aty (0y o (O — 1) T)’ (3:3)

and e;(0) = €;(0) = 0, from which, we conclude that

(x) e | eno)sin— s+ P )
ei(r) = ———— e;+1(s)sin s eir1(z
9M HMAtM 0 —HaZ ( \/)GMAtM 8291&4 ) +l
1,172 3/2/1" 9 O%u(s,&; 20%u(s,mi), . x—3s
_ 1t guls,si) _ d
2‘9M Aty ; (03 22 (Orr — 1) 92 ) sin AL s
= Ii,l(x) + Ii72($) + Ii,g(m), 1=0,1, ... M —1. (3.4)

Clearly, the integrand in I; 3(x) denotes the truncation error and the other
terms I; 1(z) and I; o(x) show that, errors of initial and boundary data for the
problem (1.1) how to propagate. In remaining of the proof, we consider two cases:

Case I. If

ei(0) =€l(0) = 0, i=0,1, .., M—1,
em(z) = 0, 0<z<1, (3.5)

then clearly one may conclude that
Lis(x)] < COmAEN)Y2, for =0, 1, .., M —1, (3.6)

where C is defined in Theorem 2.2. Thus, ey—1(x) = Ip—13(z) and one may

show that

1 . _
lepr—i(x)] < (§9M2AtMl + 1= 0y ) enr—i—1(x)| + Ins—i3(x)
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i—1

_ 1 _
= D=0 + S0 AR ik (@)
k=0

i—1
L,
< O(OarAty) @2 Z AL+ —0 N i=1,2, .., M. (3.7)
k=0

Clearly, for any fixed value 6y, limit |eps—;(x)| will not be zero, when Aty
is vanished, which implies the divergency of the solution. If we choose 0;; =
B Aty for 0 < apr < 1 and Bar > 0, then for each M > 3, and oy which

satisfies in the following inequality

ln(QﬂM)
1+ ————2 < <1
+ In Aty =M=
we obtain that
lear—i(x)| < C1B3 ALy, (3.8)
where
i—1
=C> (1-0, + 9 AL HE.
k=0

Consequently, if Aty; tends to zero, then |eps—;(z)| is vanished and ;(x) for

i=1, 2, ..., M, convergences to the exact unique solution of the problem (1.1)-
(1.4).

Case 2. In this case, let us suppose

g = gitepn,
ﬁi = pi+€i727 fOT 2207 17 sy M_17

and f(z) = f(2) + e(z), then by using (2.5), (2.6), (2.7) and (2.8), we obtain

T ) T
ei(x) = emcosm +ei72\/0MAtMsmm
1 z r—Ss

- - ; n— " 4
VT ), s s

Oy — 1 . x
— M \/ AtM €;+1,2 511 m

O
_*r
VO Aty

O — 1
— M vV AtM €;+1,1 COS

Ot + Ii73($), (3.9)
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where e;(x) is a global error for i =0, 1, ..., M, and ep(x) = €(x).

Now if |e(z)|, |ei1], and |e; 2| tend to zero for each ¢ =0, 1, ..., M, then

i—1
o1,
lear—if)] < Z(l — Oy + §9M2AtMl)k [Iar—ive3(2)],
k=0
and
[ Ing—ivn3(z)| < 05%2 At%2(1—a]v1) -0

Finally, |eps—;(x)| vanishes for all : =0, 1, ..., M. R

4 Numerical Examples

In this section we will present simulated cases to evaluate the capability of the

proposed robust input estimation scheme.

Example 4.1. Assume that

flz) = 2*+2,
glt) = 2,
p(t) = 2,

T = 1.

Obviously, u(z,t) = o2 + 2t is an exact solution of the problem. Now, we use
our numerical method to this problem. For x = 1, Aty = 0.02, ap = 0.8, and

Bar = 0.9, the result are given in the following table.

t | a(t) | u(le) | PRI (1,8) | an(1,t) | ettt
0 | 0.993614 1 0.0063 2 1.98329 0.0083

0.2 | 1.38377 1.4 0.019 2 1.96382 0.018

04| 1.77821 1.8 0.012 2 1.95272 0.023

0.6 | 2.1803 | 2.2 0.0089 2 | 1.95764 0.021

0.8 | 2.58875 2.6 0.0043 2 1.97603 0.011

Table 1. Exact and estimate of the temperature and heat flux

in the above problem
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One can see from the data in table 1, the relation errors generated through the

computation show that the approximate and the exact solutions are vanished.

Example 4.2. Suppose that

flz) = 2®+ 6,
glt) = 0,

p(t) = 6t

T = 1

Clearly, the exact solution to this problem is u(z,t) = x3 + 6t.
Now, for z = 1, Aty = 3—10, ay = 0.9, and By = 5, we obtain the following

result given in table 2.

o | ae) ey [ OO0y (1 [ ay(1,0) | 000
0 | 0.992943 1 0.007 3 2.9757 0.008

0.2 | 2.17963 2.2 0.009 4.2 4.13599 0.001

04| 337199 | 34 0.008 54 | 531314  0.001

0.6 | 4.57445 4.6 0.005 6.6 6.52107 0.001

0.8 5.7853 5.8 0.002 7.8 7.75477 0.005

Table 2. Ezxact and estimate of the temperature and heat flux
in Example 4.2
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Abstract

In an earlier work we showed that for ordered fields F' not isomorphic to
the reals R, there are continuous 1-1 functions on [0, 1]F which map some
interior point to a boundary point of the image (and so are not open). Here
we show that over closed bounded intervals in the rationals () as well as in all
non-Archimedean ordered fields of countable cofinality, there are uniformly
continuous 1-1 functions not mapping interior to interior. In particular, the
minimal non-Archimedean ordered field Q(x), as well as ordered Laurent
series fields with coefficients in an ordered field accommodate such patho-
logical functions.
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1 Introduction

A cut C of an ordered field F' is a subset satisfying C < F'\ C. A nonempty
proper cut is said to be a gap, whenever it fails to have a supremum in the field. A
gap G in F is called regular, when for all e € F>Y G+ ¢ € G. An ordered field is
Archimedean (has no infinitesimals) if and only if it is (isomorphic to) a subfield
of real ordered field R. The latter is, up to isomorphism, the unique ordered
field which is Dedekind complete, i.e. does not have any gaps. Any Dedekind
incomplete ordered field F' has gaps in all its non-degenerated intervals: In the
Archimedean case, F' is a proper subfield of R which therefore misses some points
in any real interval. In the non-Archimedean case, and given any two points a < b
of F', downward closure of the set of points x such that 7= is an infinitesimal,
forms a gap in (a,b).!

Monotone complete ordered fields were introduced in [2]. They are ordered
fields with no bounded strictly increasing divergent functions. From [[4] Corollary
2.7], follows that there are monotone complete ordered fields of any uncountable
regular cardinality and so there exist plenty of monotone complete ordered fields
not isomorphic to R. On the other hand, it is clear that there are no monotone
complete ordered field of countable cofinality, except (those isomorphic to) R.
For the notions of cofinality and regular cardinals, we refer to [1]. We use cf for

cofinality. If F'is a monotone incomplete ordered field, then any non-degenerated

interval of I’ contains the image of a strictly increasing divergent function.

We proved in [[3], Theorem 1.2] that an ordered field F' is Dedekind complete,
if all continuous 1-1 functions defined on some (equivalently all) non-degenerated
closed bounded interval(s) of F' map interior points [of the interval(s)] to interior
points [of their range(s)]. For proper subfields of R, we show here that the
rather strange functions coming from above can not be uniformly continuous

provided that their unique continuous extensions to R are 1-1. On the other

! Alternatively, one can use linear increasing functions between intervals to map a given gap

(somewhere in the field) to a gap in a given interval.
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hand, on closed bounded intervals in the rational ordered field, as well as in all
non-Archimedean ordered fields with countable cofinality, there are uniformly
continuous 1-1 functions which do not map interior to interior. We will finish by

presenting some ordered fields over which this phenomenon occurs.

2 The Archimedean case

In this section, a well known property of the real ordered field is treated for its

subfields.

Lemma 2.1 Let F' be an Archimedean ordered field. If f : [0,1]p — [0,1]F is a
uniformly continuous function, then f can be extended to a unique (uniformly)

continuous function f on [0,1]g.

Proof. Given x € [0,1]g, there exists a sequence (7y,)n,>1 in [0,1]g such that
limgry, = x. As f is uniformly continuous on [0, 1] which contains [0, 1]g and
the sequence (7,)n>1 is Cauchy, (f(75))n>1 is Cauchy in [0,1]F and so has a
limit in [0,1]g. Let f(x) = limpg f(r,). This is well defined, since if (r,,),>1 and
(sn)n>1 are two Cauchy sequences in [0, 1]g such that limpg 7, = limpg s,,, then by
uniform continuity of f, we have limg f(r,) = limpg f(s,). Note that f is indeed
the unique such extension of f. It is also continuous on [0,1]r: Let x¢ € [0,1]r
and € € R”Y. By uniform continuity of f, there exists § > 0 such that for all
z,y € [0,1p,(Jz —yl <0 — [f(x) = f(y)| < 5) (¥). We claim that for this
5, (Vo € [0,1]g)(|Jz — 20| < & — |f(z) — f(wo| < €). Let z € [0,1]g be such
that |z — 29| < 0. There exist sequences (7,,)n>1 and (s, )n>1 in [0, 1] such that
limg r, = x¢ and limg s,, = x respectively. Now let N be a nonnegative integer
such that (Yn > N)(|r,—sn| < 0), so from (x) we have (Vn > N)(|f(rn)—f(sn)| <
). Thus [F(z) — Flwo)] = limp |f(ra) — flsn)] < § < e

Proposition 2.2 Let F' be an Archimedean ordered field. If f : [0,1]p — [0,1]p
is a uniformly continuous function whose unique extension (as above) to R is one-

to-one, then it maps every open subset of [0, 1] onto an open subset of f([0,1]F).
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Proof. Let U be an open subset of [0,1]r. There is an open subset V' of R such
that U = V N [0,1]p. We have f(U) = f(U) = f(VN[0,1]r) = F(VN[0,1]g) N
f(0,1]F) = F(VN[0,1]g) N £([0,1]F). But f is open, hence f(V N[0,1]g) is a
relatively open subset of f([0,1]g) and so there is an open subset W of R, such
that f(V N [0,1]r) N f([0,1]r) = (W N f([0,1]r)) N £([0,1]r) = W N £([0,1]F).

Therefore f(U) is a relatively open subset of f([0,1]r).

Proposition 2.3 There is a uniformly continuous 1-1 function on [0,1]q, which

its range has empty interior.

Proof. Consider the function f(z) = |32 + z — 3|. By changing the variable
x = 2(u — 1), the proof of f being 1-1 is based on the fact that the equation
r? 4+ 52 = 3 is not solvable in Q. A further argument shows that the complement
of the range of f with respect to [0,1]¢ is dense in [0, 1]g and so the range, as a

subspace of [0, 1]g, has empty interior.

3 The non-archimedean case of countable cofinality

Theorem 3.1 Let F' be a non-Archimedean ordered field with c¢f(F) =w. Then
for all a < b in F, there exist 1-1 uniformly continuous functions f : [a,b]p —
[a, bl whose ranges are closed such that f maps some interior point of [a,b]F to

a boundary point of its image.

Proof. Let [a,b] be a non-degenerated interval in ' and ¢ = “t2. Fix a strictly
increasing sequence (ag)rew in [a,c) such that ag = a, (Vk > 1)|ags1 — ar| <
i|ak — ag—1| and limg ap, = ¢. Put bg = b, and for all k > 1, by, = by — (ax — ap).
Downward closure of the monad of 0 is an irregular gap G in [0,1]r. Fix (an
infinitesimal) v € G>°. Note that (Vz € G)(Vy € F\G)(y—z > 7). For each k €
w, let Uy be the image of GN0, 1] under the linear increasing function from [0, 1]
onto [ag, ar+1] and Vi the image of GN 0, 1] under the linear increasing function
from [0, 1] onto [bg41,bk]. Let So = Uy, Ty = [a,b] \ (downward closure of V}),
and for all £ > 1, Sy = Ug \ Ux—1, Tx = Vi—1 \ V. For all k& > 1, we have
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(Vz € Sk)(Vy € Sk41)(y — x > v(aky1 — ar)) (%) and, from a similar observation
for the Ty’s, I, = [bx — v(br — br+1), bk + 7(bg — bg+1)] € T For k € w\ {0}, let
hi be the linear increasing function which maps [ag_1, ag+1] onto Iyx. For k =0,
first pick out some dy € Tp \ {b} such that b — dy < a1 — a and put Iy = [dp, b].
Then let hy : [a,a1] — Iy be the onto linear increasing function. Let fi be the
restriction of hy to Sk; so fi is a function which maps Sy, linearly and increasingly
into Iy, C Toi. Similarly, for all £ € w, we can get linear increasing functions
gk Ty — Topq1. Let f = (Upew fr) Y (Urew 9x)U{(c,c)}. Then f is a one-to-one
function from [a,b] into [c,b] with a closed range which maps ¢ € (a,b) to the
boundary point ¢ € f([a,b]) C [c, b].

To prove that f is uniformly continuous, we proceed as follows. Given e € F>0
which we may assume without loss of generality to be less than as—aq, let § = %'ye.
Take z,y € [a,b] with |z —y| < J. If either x or y (but to avoid trivialities not
both) equals ¢ or x < ¢ < y, then one easily checks that |f(z) — f(y)| < | — y|.
So assume both x and y are strictly less or greater than ¢, they will be either
both in two S’s or both in two T”s. The arguments will be similar, we only deal
with the S’s. Suppose x € S and y € 5;. There are the following exclusive cases
of how [ is compared to k.

(A) I = k. Here f = fi is the restriction of hy to Sg. If & = 0, then by
the condition on dy, we have |f(z) — f(y)| = |fo(z) — fo(y)| < |z — y|. Assume
k > 1. Then hy : [ag—1,ak+1] — Iox is linear and |Iogx| < (ag41 — ak—1), so
|f(z) — f(v)| = |fe(z) — fu(y)| < |z —y| < 6, which is infinitely smaller than e.

(B) I = k+ 1. By the choice of ¢, we must have k& > 2. The reason is
that we will have § < v(az — a1) (and in particular § < (a1 — ap)). We have
|f(@) = fFW)] = | fe(x) = frrr ()] < [baggr1)r1—bak—1] < [br41—bi| = |ag1—ax| <
[by ()] %|x -yl < %6 =le<e

(C) k>2and ! = k+ 2. We will have |f(z) — f(y)| < |f(z) — f(ag+1)| +
| f(ak+1) — f(y)|. Both of these terms are less than %e, by case (B).

(D) k>2and ! > k+ 3. We will have |f(z) — f(y)| < |bai+1 — bag—1|- Using

lai+1 —a;| < ilai —a;_1]|, one gets |bgj11 —bogp_1| < |ags+1 —a;—1|- The latter value
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is less than |z — y.

(E) k=0 and L > 2. We will have |f(z) — f(y)| < |£(z) — f(an)] + | f(ar) —
f(a2)| + [f(a2) — f(y)|- The first two terms on the right hand side are, by case
(B), less than %e. The last one is also less than %e: Ifi=2,1=3,1=4,1>05,
then one may use the cases (A), (B), (C) and (D) respectively.

(F) k = 1and{ > 3. Wewill have |f(x)— ()| < |f(x)—f(a2) +]f(az)— F(y)].
The first term on the right is, by case (B), less than ie. The second one is also
less than fe: If [ = 3,1 =4, > 5, then one may use the cases (B), (C) and (D)
respectively.

Finally, We present some non-Archimedean ordered fields allowing the men-

tioned kind of strange functions.

Example 3.2 Consider the ordered field (Q(x),+, -, <) with > Q. It is non-
Archimedean and of cofinality w, hence monotone incomplete. So there are uni-
formly continuous one-to-one functions f : [0, 1)) — [0, 1]g(x), which map some

interior point to a boundary point of its image.

Example 3.3 Let F' be an ordered field. Then the ordered field of Laurent series
with coefficients in F' is non-Archimedean of cofinalty w, and so it is monotone
incomplete. Once again, there will exist the mentioned kind of functions over

closed bounded intervals of this field.

Note added in the proof. In 2002, Lobachevskii (J. Math.) (it is available
online), in addition to the above for non-Archimedean ordered fields of countable
cofinality, we constructed uniformly continuous 1-1 functions which although map

interior to the interior of the image, but still are not open.

References

[1] Ciesielski, K., Set Theory for the Working Mathematician, Cambridge Uni-
versity Press, Cambridge, 1997.



2]

Uniformly continuous 1-1 functions on ordered . ..

Keisler, H.J., Monotone Complete Fields, in: Victoria Symposium on Non-
stanard Analysis (A. Hurd and P. Loeb, eds.), Lecture Notes in Mathematics
369, pp. 113-115, Springer-Verlag, Berlin, 1974.

Moniri, M. and Eivazloo, J.S., Using nets in dedekind, monotone, or scott
incomplete ordered fields and definability issues, Proceedings of the Ninth
Prague Topological Symposium, Ed. P. Simon, pp. 195-203, Topology Atlas
(available at http://at.yorku.ca), North Bay, ON, 2002.

Schmerl, J.H., Models of Peano arithmetic and a question of sikorski on

ordered fields, Israel J. Math. 50(1985), 145-159.

65



66



Mashhad R. J. Math. Sci., Vol.1(1)(2008) 67-82.

Statistical inference based on k-records

J. Ahmadi and M. Doostparast*
Department of Statistics,

Ferdowsi University of Mashhad, Mashhad

Abstract

In this paper, an extension of record models, well known as k-records,
is considered. Bayesian estimation as well as prediction based on k-records
are presented when the underlying distribution is assumed to have a general
form. The proposed procedure is applied to the Exponential, Weibull and
Pareto models in one parameter case. Also, the two-parameter Exponential
distribution, when both parameters are unknown, is studied in more details.
Since the ordinary record values are contained in the k-records, by putting
k =1, the results for usual records can be obtained as special case.
Keywords and phrases: Admissibility; Bayes prediction; Bayesian esti-
mation; conjugate prior; weibull distribution.

AMS Subject Classification 2000: Primary 62G30, 62G32; Secondary
62C15.

1 Introduction

Let {X;, ¢ > 1} be a sequence of independent and identically distributed (iid) con-

tinuous random variables each distributed according to cumulative distribution
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function (cdf) F(t) and probability density function (pdf) f(¢). An observation
X will be called an upper record value if its value exceeds that of all previous ob-
servations. Thus, X; is an upper record if X; > X; for every ¢ < j. An analogous
definition can be given for lower record values. Today there are over 500 papers
and several books published on record-breaking data (see, for instance, Chandler
[8], Resnick [19], Shorrock [21], Glick [14], Samaniego and Whitaker [20], Arnold
et al. [5] and Nevzorov [18]).

There are several situations where the second or third largest values of special
interest, insurance claims some non-life insurance can be used as an example, see
Kamps [16], so the usual record models is inadequate. Also, in the ordinary
record value theory, while inverse sampling considerations have given valuable
insights, their practical implementation is greatly hindered by the sparsity of
records. These problems caused the researchers to study the theory of k-record
models. Upper k-record process is defined in terms of the k-th largest X yet seen.
For a formal definition, we consider the definition in Arnold et al. [5], p. 43, in

the continuous case, let Ty ) = k, Ryx) = X1:, and for n > 2, let

Ty = min{j : j > Ty ), Xj > XTn—l(k)_k""l:Tn—l(k)}’

where Xj;.,, denotes the i-th order statistic in a sample of size m. The sequence
of upper k-records is then defined by R, ;) = XTn<k>—k+1:Tn<k) for n > 1. Arnold
et al. [5] call this a Type 2 k-record sequence. For k = 1, note that the usual
records are recovered. An analogous definition can be given for lower k-records as
well. This sequence of k-records was introduced by Dziubdziela and Kopocinski
[12] and it has found acceptance in the literature. Some work has been done on
the statistical inference, based on k-records. See, for instance, Deheuvels and
Nevzorov [11], Berred [7], Ali Mousa et al. [4], Malinowska and Szynal [17],
Danielak and Ragab [9],[10], Ahmadi et al. [2], Fashandi and Ahmadi [13] and
references therein.

We assume that this type of k-record data is available and the aim of this

paper is to develop inference methods as well as prediction of future k-records
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based on past observed k-records. The rest of the paper is organized as follows.
In Section 2, Bayesian estimation as well as prediction based on k-records are
presented when the underlying distribution is assumed to have a general model.
In Section 3, a two-parameter exponential distribution is considered; the maxi-
mum likelihood and Bayes estimators for the unknown parameters, are obtained.
Bayesian prediction of the future k-records, either point or interval, are obtained
in Section 4, when the k-records are assumed to come from the two-parameter

exponential model.

2 A General Model

In this section, we consider the problems of estimation and prediction based on
k-records, when the underlying distribution has a general form. In order to do
this, let C' be the class of all absolute continuous distribution functions F' of the

form

Fy(z) =1—e M@ >0, (2.1)

where A\j(z) (the derivative of A\g(x) w.r.t ) exists and is a positive function of

0 and . Then
fo(z) = Ny(z)e @ 2> 0. (2.2)

This class includes several important life time families such as: Exponential,
Weibull, compound Weibull, Pareto, Beta, Gompertz, compound Gompertz and
Burr type XII, among others.

2.1 Estimation

Using the joint pdf of usual records, we readily have the joint density of the first
m, k-records Ry, Ro(k)s s Rin(r) @3

f($17 = k" H f xl F(xm))k7 (2-3)
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(see, Arnold et al. [5]). Now, suppose we observe Ry = 1, , Ry = Tm

then by substitution of (2.1) and (2.2) in (2.3), the likelihood function L(#) is

L(0) x A(0;x)e”BOzm), (2.4)
where x = (z1,- -+, Tp),
A(;x) = [[Mo(zi) and  B(0,2m) = kXg(zm).
=1

There is clearly no way in which one can say that one prior is better than any
other. Presumably one has own subjective prior and must live with all of its lumps
and bumps. It is more frequently the case that we elect to restrict attention to
a given flexible family of prior distributions and we choose one from the family
which seems to the best of our match and personal believes. With this in mind,
let the conjugate prior density function for 6, proposed by AL-Hussaini [3], is
given by

7(6;0) xx C(6;6)e P@)  geco, §eq, (2.5)

where € is the prior parameter(s) space. Then the posterior density function is

derived as

7(0x) = C1 (M, N)M(0;x,8)e N 2m0), (2.6)

where

M(0;x,0) = C(0;0)A(6;x),
N(0;xm,0) = D(0;6)+ B0, z),

and C1(M, N) is the normalizing constant given by

-1
C1(M,N) = [ / M(0;x,8)e N @m: dgg| (2.7)
©

If © is one dimensional then the Bayes estimator of §, under squared error (SE)

loss function, is
. C1(M,N)
= ————— 2.
Obs Ci(M*,N)’ (28)
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where M*(z) = 2 M (x).

Remark. 0pg in (2.8) is the unique Bayes estimate of # under SE loss function

with respect to the above mentioned proper prior and hence is admissible.

Example 2.1 (One-Parameter Exponential Model)

Let M\o(z) = (z — po)/o where po is known and 6 = o, i.e. we have a one
parameter exponential distribution. Then A(f;x) = 1/0™ and B(0;z,,) =
k(xm — po)/o. It can be shown that the maximum likelihood estimation of o
is oy = k(Rpm) — po)/m. We use Inverted Gamma with parameters a and
b as the conjugate prior, i.e. 7(0) = b% (@D exp{—b/o}/T'(a), where from
(2.5), C(6;6) = 0= (m+2) D(0;6) = b/o and § = (a,b). Therefore, M(6;x,8) =
1/o™r e and N(6; 2y, 0) = (b+ k(zy — po))/o. From (2.8), the Bayes estimate

of ¢ under SE loss function is given by

b+ k(R k) — Ho)

0BS = m+a—1

It may be noted that, from (2.6), the posterior distribution of =1 is I'(m +a, b+

k(mm - NO))'

Example 2.2 (Weibull Model)

Suppose \g(z) = az?, where 3 is known and 6 = . Then \(z) = 82”771, It
can be shown that the maximum likelihood estimate of « is dpr = m/(k:an(k)).
Assuming a Gamma conjugate prior with parameter a and b, i.e.
7(a) = b%* T exp{—ba}/T'(a), the Bayes estimate of a under SE loss function
is given by

dps = (m+a)/(kR] ;) +b).
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Example 2.3 (Pareto Model)

In this model, A\p(z) = aIn(z/B) where 3 is known and 6 = «. So, by (2.4), max-
imum likelihood estimate of a is &pr = m/(kIn[R,,)/F]). Assuming a conjugate
prior Gamma with parameters a and b, i.e. m(a) = b%® !exp{—ba}/T(a), the

Bayes estimate of a under SE loss function is given by

m-—+a

kIn[R,, )/ 0] + b

aps =

When both of the parameters in the above examples are unknown, In [1] we

have obtained similar results based on usual records (k = 1).

2.2 Prediction

Assume that we have the first m upper k-records Ry ) = z1, Ryy = 22, ..., Ry =
Zm, from a member of class C' in (2.1). Based on such a sample, prediction, ei-
ther point or interval, is needed for s-th upper k-record, 1 < m < s. Now, let

Y = Ry be the s-th upper k-record value, s > m. The conditional pdf of ¥’

for the given vector parameter ¢ and that the first m k-record Ry, -+, Ry
is given by
“n o) = X)Lk u )=o)
= k™ o), 2.
f(y|X; 9) k F(S — m) )‘O(y)e ( 9)

Hence, from equations (2.6) and (2.9) we get the Bayes predictive density function
of Y

B (ylx) = / f(ylx, 0)m(6]x)do

kMO (M, N)
— —r Ty (2.10)

/ M (68, 6) Ao (y) — Ag ()]~ Ny (y)e W) AoEm) =N G5 0) g,
S}
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The Bayes point predictor of the s-th upper k-record based on the first m (m < s)

observed k-records is given by

A +m
Vis = / yh* (y|x)dy

_ ks mCl M N /M (9;1‘m75)

+oo
[ ) = o) e Oty
:k ClMN/M@xé N (B )

+o0
{/ Atz + )\g(xm))zsmlekzdz} do
0

— Cy(M,N) /@ M(0:x, 8)e NP E O1(Z 4 Ag(am))} do,
(2.11)

where Z ~ T'(s —m, k) and A\, () is the inverse function of A\g(z).

Example 2.4 (Continuation Examples 2.1-2.3)

Using (2.11), we obtain the Bayesian point prediction of R,y for the following

three models. We have

i. One parameter Exponential model:

iii. Pareto model:

- b+ klog(Rm/B)]"
Yps = T(m +(12) I(Rp1))
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+ st+a—1 _
where I(Rm(k)) = J, e (afl/we [b+k10g(RnL(k)/ﬂ)]ada_
Remark. It may be noted that one may use (2.10) to obtain Bayesian prediction
interval for Ry,).

In the rest of the paper, we consider two-parameter Exponential distribution
which does not belong to the class C' in (2.1), where the location parameter p is

unknown. Its cdf and pdf are given by
F(xyp,0)=1— ema @ g > w, o >0, (2.12)

and
1 1

f@ip o) =—e 7@ z>p 0>0, (2.13)

o
respectively, which is denoted by X ~ Exzp(u,o0). Ahmadi et al. [2] studied
the problem of estimation and prediction in Exp(p, o) under LINEX (LINear-

EXPonential) loss function based on k-records from Bayesian view point.

3 Estimation in Exponential Model

As mentioned in Section 1, the usual record data are rare in practical situations.
In fact, the expected waiting time is infinite for every record after the first; but,
this problem will be fixed by considering k-records instead (see Theorem 2.1
of [15]). So, in this section, we shall be concerned with estimation of the two
unknown parameters p and o of Exzp(u, o) based on k-record values. Suppose,
we observed the first m upper k-records Ry) = 21, Ryp) = T2, s Rpp(r) = Tm
from an Exp(p, o). Then from (2.3), (2.12) and (2.13) the likelihood function is
given by

k
L(p,olx) = (;)me_g(xm_“), p<z <22 < oo < Ty, 0 >0, (3.1)

where x = (z1, T2, ..., Tp,).
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3.1 Maximum likelihood estimation

In the case k = 1, the MLE (maximum likelihood estimation) of the two-parameters
of the Exponential distribution can be found in Arnold et al. [5], p. 123. We
obtained MLE based on k-record values, by (3.1). The natural logarithm of (3.1)
is given by

k
l=mlnk—mlno — —(zp, —p), p<z <z <. < (3.2)
o

Assume that the parameters p and o are unknown, from (3.2) we readily obtain

the MLE of u and o as follows:

pnr = Ry, (3.3)

and

It is easy to verify that

i Rl(k) ~ El‘p(l‘ba U/k)a

® Ry — Rix) and Ry, are independent random variables,

® Rk — Rik) has gamma distribution with parameters m — 1 and k/o.
Then by (3.3) and (3.4) we have

o E(fing) =p+ 7,

o MSE(jin) = 2%.

Also,

e B(6y) = 1o,

e MSE(5)) = %2, do not depend on k.

[ CO’U([LM,&M) =0.

Notice that fis is a biased estimator p, while an unbiased estimator for p is given
by

. m+k-—1 B k R
o= m— 1 1(k) m—1 m(k)-
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3.2 Bayes estimation

Our aim is to obtain Bayes estimate of the unknown parameters based on 1, ..., T,
under SE loss function. We consider the following two cases for our Bayesian es-
timation problem.

a) o is known.

Without loss of generality, we may assume o = 1 then by (3.1), we have
F(x|p) = kme kEm—m) <) <@g < < T (3.5)

Assume the Jeffreys non-informative prior distribution (see [6]) of the parameter
i in the form

m(p) o< 1. (3.6)

Hence the posterior distribution of u is

m(plx) oc f(x|p)m(p),

where f(x|u) is the joint density function given by (3.5) and 7(u) is the prior
density given by (3.6). So, we have

m(plx) = k=21 <y, (3.7)

Suppose an SE loss function, the Bayes estimate of a parameter is its posterior

mean. Therefore, by (3.7), the Bayes estimate of the parameter p is given by

. 1

fups = Buwy — 7 (3.8)
From Eq. (3.8) we get
L4 E(,alBS) = M,

o MSE(fups) = 15-

b) o is unknown.
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Under the assumption that both of the parameters p and o are unknown, we
may consider the joint density as a product of the conditional density of p for
given o and a two parameter inverted gamma density for o. So, we have

pe 1 s
,O) X =————=¢e 7. 3.9
w(1.0) {5 o (39)
In fact 0=! ~ I'(«, B), which is the conjugate prior distribution of the parameter
o for the fixed value of y1, and 1 (|o) oc 0~ which is the Jeffreys non-informative
prior distribution (see [6]) of the parameter p for fixed value of the parameter o.
Thus, the joint posterior density is given by

k[ﬁ + k(xm - xl)]m+a 1 e—i[ﬁ-i-k(xm—ﬂ)].
I‘(m + a) ogmta+2

m(p, o)x) = (3.10)

Therefore, by (3.10) under SE loss function the Bayes estimate of the parameter

o is given by
B+ k(Ryry — Rigy)

02Bs = a1 (3.11)
Notice that, as 8 — 0 and o — 1, d9pg — - By (3.11) we have
e E(62ps) = %7
o« MSE(2ps) = ilitimo? + (220
Also, the Bayes estimate of the parameter u is given by
fops = Ry + 08 — i mra (B + k(R — Rir))]- (3.12)

m+a—1)

By (3.12), we have
o E(fiaps) = p+ of + [1 - gt 15,

foied

e Var(jiaps) = %= [1 + M],

A~ A _1 2
e Cov(fi2Bs,02B5) = _%'

Remark. It may be noted that one may use (3.7) and (3.10) to obtain Bayesian

estimation interval for the parameters p and o.
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4 Prediction in Exponential Model

In this section, we consider the problem of prediction, either point or inter-
val, for future k-record values by Bayesian approach. Assume that we have
the first m upper k-records Ry) = z1, Ry = Z2,..., Ryyr) = m from the
Exp(u, o)—distribution. Based on such a sample, prediction, either point or in-
terval, is needed for s-th upper k-record, 1 < m < s. We consider the following

two cases:

a) o is known.

Without loss of generality, we may assume o = 1, then by (2.12), (2.13) and
(2.9), we have

i =) e ),y ()

J (ylem, p) = T(s —m)

which is independent of p. So by (2.10) and (4.1) we have

ok = [ Pl )y (ul) i

fs—m St —k(y—m)
= —_— — m s—m Lm ) ms 42
F(S_m)(yac) e y>x (4.2)

for any posterior distribution (therefore, for any prior distribution) m(u|x). By
(4.2), we have
Y —zp|x ~T(s —m,k).

So,

By (4.3) we have
e EM)=p+4,
o MSE(Y)) = 2.
Ahmadi et al. [2] obtained the 100(1 — )% Bayesian prediction interval for
Ry, with equal tail as (L1, Uip), where Ly and U; are the lower and upper
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bounds, respectively which are given by
2

3
Ly = Ryyy + 2%
and
X1,%2
Ui = Rym) + ST

where X% stands for the y-th percentage of Chi-square distribution with 2(s —m)

degrees of freedom.
b) o is unknown

Let Y = Ry) be the s-th upper k-record value, 1 < m < s. So, by (2.12)
and (2.13), we have

U Ce T
* = (E)sm 7 W—em) 1.4
Pl ) = ()il (1.4
By (2.13), (3.10) and (4.4) Bayesian predictive density function of Y = Ry, ,

for the given past m records, is given by

hylx) = / 1 /0 F* (1%, 1 0) (s, o) dordys
1

k(xpm — 3?1) + 5 mta
Bm+a,s—m)" k(y—x1)+
k(wm—l‘l)-i-ﬁ)s_m 1
k(y—x1)+ﬁ Y—Tm
Now, by (4.5) the Bayes point predictor of the s-th upper k-record is given by

x(1— RTINS (4.5)

v sta-—1 s—m (3

2 a1 T a1 ) 40
By (4.6) we have
o E(Yz) _ k’lﬁ(a-l—m—1}2(-17;;957_(&771—1)1)"‘ﬂ(s—m)7
e MSE(Y) = (s —m){% (1 + Too)) + (s — m) (%=1 — D)

In this case, Ahmadi et al. [2] also derived a Bayesian prediction interval for
Ry as follow: The 100(1 — )% Bayesian prediction interval for Ry is given
by

(L2, Ua),

79
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where
L Rm(kb);Rl(m n % (bllﬂ 1)+ Rig,
and
U, Rm(k)b; Ry i g(blg —1) + Ry,

where b, is the v-th percentage of Beta(m + a, s — m)-distribution.

5 Conclusion

In this paper, we have tackled the problems of estimation and prediction based on
k-record data while the underlying distribution is assumed to have a general form.
This family contains several life distribution such as Exponential, Weibull and
Pareto and so on. A general form of conjugate prior was considered to obtain
Bayesian estimation of unknown parameters and prediction of future k-record
values. The proposed procedure was applied to the Exponential, Weibull and
Pareto models in one parameter case. Moreover, we have developed the proposed

procedure for two-parameter Exponential distribution in details.
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Shrinkage estimation of the regression parameters with

multivariate normal errors
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Abstract

In the linear model y = X + e with the errors distributed as normal,
we obtain generalized least square (GLS) , restricted GLS (RGLS), prelim-
inary test (PT), Stein-type shrinkage (S) and positive-rule shrinkage (PRS)
estimators for regression vector parameter § when the covariance structure
in known. We compare the quadratic risks of the underlying estimators and
propose the dominance orders of the five estimators.

Keywords and phrases: GLS estimator, preliminary test estimator, stein-
type shrinkage estimator, positive-rule shrinkage estimator.

AMS Subject Classification 2000: Primary 62J05; Secondary 62H12.

1 Introduction

The most important model belonging to the class of general linear hypotheses

is the multiple regression model. The general purpose of multiple regression is

*E-mail: m_arashi_stat@yahoo.com
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to learn more about the relationship between several independent or predictor
variables and a dependent or criterion variable.

To deal with a common multiple regression equation, consider the linear model
y=XB+e, (1.1)

where y is an n-vector of response, X is an n x p design matrix with full rank p,
B = (Bi, -+ ,Bp) is a p-vector of regression coeflicients and e = (e1,--- ,e,)" is
the n-vector of errors distributed as multivariate normal with location parameter
zero and positive definite (p.d.) covariance matrix X, denoted by e ~ N, (0, ).

Then directly
y ~ Np(XB,%). (1.2)

Let us assume that in addition to the sample information y in the model (1.1),
that information also exists in the form of ¢ independent linear hypothesis about
the unknown vector parameter 8 where g < p. These general restrictions can be

shown as
HB =h, (1.3)

where H is a ¢ X p known hypothesis design matrix of rank ¢ and h isa ¢ x 1
vector of prespecified, hypothetical values.

The estimation of parameters of the multiple regression model is a common in-
terest to many users. Often the properties of the estimators are of prime concern.
Selection of any specific statistical property of any estimator often depends on
the objective of the study. The choice of any particular estimator may very well
be determined by the aim of the end users. It is well known that the ordinary
least squares estimators are best linear unbiased. However, if the objective of any
study is to minimize some specific risk function then other types of estimators
perform better than the ordinary least squares estimator. Our primary object of
this paper is to estimate 3 when the p.d. covariance matrix ¥ is known under the

subspace restriction (1.3); and then obtain shrinkage estimators of 3 using the
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likelihood ratio test (LRT) statistic of (1.3). For complete review of underlying
study in the special case ¥ = ¢2I,, for both known and unknown o2 and may o
have inverse gamma distribution, see Saleh and Han [9], Tabatabaey [13], Khan

[5, 6], Srivastava and Saleh [12] and Saleh [10].

2 Estimation

Given classical conditions (see Kuan [7]), it is well known that for known p.d.

covariance matrix 3, the generalized least square (GLS) estimator of (3 is
g = (X'o7ix)IX'n Ty (2.1)

Obtaining GLS estimator of 8 under the constraint Hy : HB = h, using method
of Lagrangian multipliers, the restricted GLS estimator of 5 subject to the linear
restriction Hy : HB = h as E is given by

B = B—(X'ST'X)T'H'HX'ST'X)'H'|"(HB - h). (2.2)
See Ravishanker and Dey [8].

Let G = (X'27'X)~! and G = [HG1H']™!, then simplifying (2.2) we obtain

B = B—GH'Gy(HB - h). (2.3)

Now we consider the linear hypothesis HZ = h in (1.3) and obtain the test
statistic for the null hypothesis Hy : HG = h.

Now let w={p:8€RP, HZ=h, £ >0} and Q ={5: 5 € RP, £ > 0}, then
the likelihood test statistic for underlying hypothesis is

maxgew L(B, X)

maxgeq L(5, %)

exp{5* [(y — XB)'S ' (y — XB)]}

exp{ [(y — XB)S~ (y — XB)]}

= exp{ 5" [(HB — W Ga(HP ~ W]},

A =
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which is a decreasing function with respect to x = (HS — h)'Go(Hj — h).

Let u = G;/2(HB — h); then using (1.2), x = w'u has non-central chi-square
distribution with ¢ degrees of freedom and noncentrality parameter p'p/2, where
p=Gy*(HB —h).

Bancroft [2] defined the preliminary test estimator (PTE) of § as a convex com-

bination of B and B by

BT = B+[1—I(x < x*(@))(B - B), (2.4)

where I(A) is the indicator of the set A and x?(«) is the upper 100 percentile
of the central x? distribution with ¢ degrees of freedom.

The PTE has the disadvantage that it depends on a (0 < « < 1), the level of
significance and also it yields the extreme results, namely B and E depending on
the outcome of the test. Therefore we define an intermediate value as Stein-type

shrinkage estimator (SE) of 3, by

~ ~ ~

BS = B+(1—-px H(B-h), (2.5)
where
_ (g=2m-p)
= T d q>3. (2.6)

The SE has the disadvantage that it has strange behavior for small values of .
Also, the shrinkage factor (1 — px~') becomes negative for y < p. Hence we
define a better estimator by positive-rule shrinkage estimator (PRSE) of /3 as

BT = B+ (1—px D[x > pl(B—B)
= 5%~ (1—px HIx < p)(B - B). (2.7)

Note that this estimator is a convex combination of B and E

The quadratic risk functions of the estimators are given in the following sec-

tion and the dominance properties are studied in section 4.
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3 Risk Evaluations

For a given non-singular matrix W, consider the weighted quadratic error loss

function of the form
L(B%B) = (B"=B)W(B" - B), (3.1)

where £* is any estimator of 8. Then the weighted quadratic risk function asso-

ciated with (3.1) is defined as

R(B%p) = ElB"—B)W (B —p)l. (3.2)

In this section, using the risk function (3.2), we evaluate the quadratic risks of
the five different estimators under study.

Direct computations using (1.2), (2.1) and (3.2) lead to
R(B;B) = tr(GiW). (3.3)
Let § = G1H'Go(Hp — h), then using (2.4) we have
R(B;B) = tr{WI[Gi(I, — H'G:HGh) + 58]}
= tr(GiW) — tr{W[G(H'GoHG,)]} + d'W 4. (3.4)

Note that R = G}/2H’G2HG}/2 is a symmetric idempotent matrix of rank ¢ < p.
Thus, there exists an orthogonal matrix @ (Q'Q = I,) (see Judge and Bock [4])

such that
org' = | '° (3.5)
oo’ '
QG PWG g A Ap
1 1
| Az Ay
" (3.6)

The matrices A1; and Agg are of orders ¢ and p — ¢, respectively.

Define the random variable

w = QGT'*B—QG\*H'Gyh, (3.7)
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then

w ~ Ny(n,Ip). (3.8)
Also

n = QG,'*8—QG\/*H'Gsh. (3.9)

Partitioning the vectors w = (w},w})" and n = (n],n5)’, where w; and wy are

independent sub-vectors of orders ¢ and p — ¢ respectively, we obtain

p-b = G "Qw-n). (3.10)
Using (3.7) we can obtain

x = wywy, 0 =niny = (HB — h)'G2(HB — h). (3.11)
Now, we may write

tr{W[G H'GoHG]} = tr{QG*WG*Q'QRQ'}

{ A1r Aqg Iq 0 }
= ir
Ay Ay 0 0
= t’f‘(AH)- (312)

Using (3.11) we have
SWé = (HB—h)GHGWGH'Gy(HB — h)
= nAun. (3.13)
Therefore, we obtain
R(B;B) = tr(GiW) —tr(Ay) + 1), Ay (3.14)
Using (2.5)
R(B";8) = E[B"" - W (" - B)]
= E{(B-B) - I(x<x2)B-BIWIB-B)
—I(x < x2)(B-B)}
= E[(B-8)(B-B)]—2E[I(x <x2)(B—B)W (B - B)
+E[I(x < X2)(B - BYW (B - B)]. (3.15)
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Using (3.7)-(3.11) and (3.15)
R(B";8) = tr(GiW) — ElwjAnwiI(x < x3)]
—2B[wh Anrwi I(x < x3)] + 20 An Elwi I(x < x3)]
+2ny Ag1 Elun I(x < x2)], (3.16)
because wy and wo are independent
ElwyAgywnI(x < x2)] = A Bluil(x < x2)), (3.17)
using Lemmal in Appendix with ¢(x) as indicator function of y, we get
R(BTB) = tr(GiW) — X2 5 p(@)tr(Arr)
+12X5 12,0(@) = Xg1a,0()]mi Anim. (3.18)
Using (2.6) and (2.7)
R(B%;8) = E[B° —p)W (B - )]
= E{[(B—B)—px"(B—BWI(B—B)—px~"(B - B)
= E[(B—B)W(B-B)] - 20E[x (B—B'W(S - B)]
+0*Elx (B - B)W (B - B)], (3.19)
using (3.7)-(3.11) and (3.15)

R(B%B) = tr(GiW) —2pE[x ™" (w} Ayywi — 1 Aywy + wh Az wy

—nyAzrwi)] + p?Elx " (w] Arywy)]. (3.20)
Using Lemmal in Appendix for ¢(x) = x ', we have
1 ' 1
Elx " mAnw] = mAumE | — : (3.21)
Xq+2,0
E[XilwllAle] = F t’I"(AH) + F 5 ’)7,1A11771. (322)
Xg+2,0 Xq+4,0
Using Lemmal in Appendix for ¢(x) = x 2, we have
2 2
E[X_2UJIIA11U)1] = F 5 t'f'(AH) + FE 5 77,11411’)71. (323)
Xg+2,0 Xg+4,0
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Using (3.21)-(3.23) one can obtain

2
R 1
REB) = @) - pfop | S| = om | | i)
Xq+2,0 Xq+2,0
1
+p{2E 5 —2F | —
Xq+2,0 Xq+4,0
L
+pE | 5— }77’11411771- (3.24)
Xq+4,0

Finally the risk of PRSE is given by

R(B%H;p) = E[B - )W (Bt - p)
= B{[(B° - B) — (1 = px )I(x < p)(B - BIWI(B* - B)
—(1=pxHI(x < p)(B - B}
= R(B%:B) + El(1 — px ) I(x < p)(B - BYW (B - B)]
—2B[(B% — BYW (1 — px™)I(x < p)(B — B)]. (3.25)

But using (2.6)

B85 = BYW (1 — px~)I(x < p)(B — B)]
= E[(B-B)+ (1 —px NB-BIW(A—px N(x<p)(B-B)
= B{(B-B'W[1—px)(x<p)(B-B}
+E[(1—px ")?I(x < p)(B—B)'W (B —B)]. (3.26)

Thus, we obtain

R(BF;B8) = R(B%:B) —El(L—px )VI(x <p)(B—B)W(B - B)]
—2B{(B - B)WI[(1 — px ")I(x < p)(B - B)]}. (3.27)
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Using (3.21)-(3.23), and Lemmal in Appendix for ¢(x) = (1 — px~ 1 (x < p),
(1 =1,2) we get

R(B5%;B)

2
R(B%;B) —E <1 - %) I(x2 99 < p)| tr(An)

Xq+2,0

2
o)
+E (1 - 2—> I(X7yap < p)| AL
Xq+4,0

p
( 5 —1) I(X7 400 < p)| mAUM (3.28)
Xq+2,0

—2F

4 Comparison

Providing risk analysis of the underlying estimators with the weight matrix W,

we have (see e.g. Searle [11])
90h1 (A11) S 77,11411’)71 S 00hq(A11), (4.1)

where chy(A;1) and chg(Aq1) are the minimum and maximum eigenvalues of A;;

respectively. Then by (3.3) and (3.14) one may easily see that
R(B; B) — tr(Av1) + Ochi(Ar1) < R(B; B) < R(B; B) — tr(An) + Ochg(An).
By (3.11) and (3.30), under the null hypothesis Hy : H3 = h, we conclude

R(B;B) < R(B;P).

In general by (3.30), E performs better then 3 whenever

t’f'(AH)
P < —
- Chq(AH)

ST chi(An)
Chq(AH)
< q.

Using (3.3) and (3.18) we have

R(BFT;8) = R(B;B) = [2X2104(c) — Xoras(@)]ni Auim
—Xos00(@)tr(Am). (4.2)
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Therefore BP T performs better than B whenever

t’)”(AH) % XZ+2,0(0[)
chq(A11) ~ [2x],9,9(0) = X514,0(c)]

(4.3)

Because tr(A11) = q, (3.33) satisfies for W = X'2 71X,

Also under the null hypothesis Hy, since (3.32) is negative for all «, BFT performs
better than B

Using (3.14), (3.18) and the risks difference we can conclude that BET performs

better than E whenever

[1 = X2, 00(@)]tr(An)
[1 =23 00(c) + X2 4 g j0(@)]chy(Ar1)

(4.4)

Thus, the dominance order of the three estimator B , B and BP T under the null

hypothesis Hy is given by
B =BT - B,
where the notation = means dominate.

Under the null hypothesis,

~

R(35:6) — R(3: 8) = —ptr(Ar) 24— 2 =P,

(g —2)
By the direct computations using the fact n > p, we get p < 2(q¢ —2). Therefore,
the risk difference R(3°;8) — R(3; 8) is negative and 35 = § uniformly.

Under the null hypothesis Hy, we have

R(B%B) = R(B;B) +tr(An)f(n,q,p),

where f(n,q,p) = 92*29(;1(;2_)5311(11*2).

The function f(n,q,p) is positive for ¢ > 3. Thus R(Bs;ﬁ) > R(g; B). However,

as 11 moves away from 0, 7} Aj1m; increases and the risk of E becomes unbounded
while the risk of BS remains below the risk of B; thus BS dominates 5 outside an

interval around the origin.
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Comparing BS and BPT, under Hy, we get

R(3%:p) = R(BPTH[XZH,O(a)—%E[ LI Y

_ R+ [x?,+2,o(a> e p—]tr(Au)

> R(BT),

for all @ such that | = x3,5(@) = 2+ qf’;) > 0 and R(3°;8) < R(BFT) for all
« such that [ < 0.

Because w; is independent of wsy, we get

R(B%:8) = R(B%8) = —E[(1—px 1)’I(x < p)wiAnwi]
—2B[(1 — px~ ) I(x < p)(wi Anrwi — nj Arywi)].
(4.5)

Note that for such # under which Xg 109 < p we have

E[(1 = 2—)T(x2104) < p)] < 0.

Xq+2,0

Moreover, the expectation of a positive random variable, is positive, then one can
obtain the risk difference in (4.5) is negative. Therefore, for all f3, B5t = B5 and
under Hy, B = 55,
However, as ;1 moves away from 0, 1] A117; increases and the risk of 5 becomes
unbounded while the risk of BS T remains below the risk of B ; thus BS T dominates
E outside an interval around the origin.

Under the conditions are given above, it can be found that the dominance

order of five estimators of 5 can be categorized in the following two orders:

1. A= BT = p5F - 5% - B (4.6)
and

2. B 5t = 35 = BPT » 3. (4.7)



94 M. Arashi and S-M.M. Tabatabaey

5 Illustrative Example

For an illustrative example of domination orders of five estimators under study,

we proceed with numerical and graphical examples.

Numerical Example Now for an illustrative example of domination orders
given in the previous section, we accomplish with a numerical example from Searle
[11]. Suppose we have the following five sets of observations (including z;p = 1

fori=1,---,5).

i Yi | Tio | Tl | Ti2
1162 1 2 6
2160 1 9 10
3157 1 6 4
4148 | 1 3 13
5123 1 5 2

Then the model can be represented as

62 1 2 6 el
60 19 10 b1 €9
57 =11 6 4 Ba | + | es |
48 1 3 13 B3 €4
| 23 |15 2 | | e5 |
where the covariance structure of the error term has the form ¥ = ¢2R for

R = (1—p)I5+ pJs, when p = % and o2 = 2, which satisfies the condition under
which $! exists. Then &1 =I5 — +.J5.

Moreover, assume that we want to test the null hypothesis

By = 0.5
Ho:q 281 —B2+3B3=2 -
1 =-1
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In this approach we have

0 1 0 0.5
H=|2 -1 3|, h= 2
1 0 0 -1

Direct algebraic computations lead to

2.64583 —0.16667 —0.0875 83.7037  23.1481 —40.1852
Gi1= | —0.16667 0.03333 0.0000 |, Go= | 23.1481  13.4259 —24.9074
—0.08750  0.00000  0.0125 —40.1852 —24.9074  46.7593

Using (2.1) and (2.2) we obtain

37.0 0.5
=105 |, 8= 2 and x = 1203.3.
1.5 -1

Consider in this example n = 5, p = 3 and ¢ = 3. Therefore using (2.6) we
get p = ¢. Then using (2.4), (2.5) and (2.7) we have

0.5 [ 38 |
BET = | 2 [ +[1—1(1203 < x2()]| 0 |,
-1 | 0]
0.5 [ 38 ]
BSt=p5=1 92 | +0.9998| 0o |,
~1 L 0]

In order to compare the risks of the above five estimators, suppose the weight

matrix is given by

0 -1 -1
W=11 0 1
1 1 1

Then from (3.12) we get tr(A411) = 0.0125.
Using (3.3) and (3.14) we have R(B;8) = 0.0125 and R(5;8) = 6. Clearly 3
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performs better than B whenever 0 < 0.0125. Using Lemma2 from Appendix we
can determine the risk functions for different values « and . We will continue
with large values of 8, to do better comparisons, which result in large unreasonable
risks’ values. The results are given in Tablel.

Tablel: Risks’ comparison

a | 0 |RB:B) | RB;B) | RBTT;B) | R(B%:B) | R(B5H;B)
0.05 0 0.0125 0 0.0044 0.0113 0.0113
0.001 | 0.0125 0.001 0.0045 0.0110 0.0110

0.1 0.0125 0.1 0.0187 0.0221 0.0221

1 0.0125 1 0.3041 0.0694 0.0694

10 0.0125 10 37.1286 0.0995 0.0995

From the Tablel, it can be easily seen that

1. Under Hy (6 = 0), the domination order given in (4.6) satisfies.

2. For 6 < 0.001, the risks of PRSE and SE have decreasing trends and for
0 > 0.1 those change to increasing.

3. For 6 > 0.1, GLSE performs better than both RGLSE and PTE, and PTE
performs better than RGLSE.

Graphical Example Some graphical perspectives of the risks of estimators
B, ,g, BT 35 and B5* can be shown using approximations of (3.24) and (3.28).
In this approach, we use lemma 2 in Appendix to compute (3.34) and (3.35)
Then substituting suitable expression in (3.24) and (3.285), we compute underly-
ing risks approximately using packages MATLARB release 7.2 and MAPLE release
9.5.
For special case n = 20, p = 5 and ¢ = 3, when W = X'S !X, the graphical
displays are as follow (Because changing values « in (3.18), does not clear graph-
ically we use just o = 0.3. Note that when o increases R(8F7; 8) decreases).
In Figure 1, the horizontal axis are the values of # and
Rl = R(:f), R2 = R(B;), R3 = R(B"";p), R4 = R(5%p), R5 =
R(BS; B).
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Figure 1: Risks Comparison
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6 Appendix

Lemma 6.1 Assume the random variable w is normally distributed with mean
vector T and covariance matriz I; and A is any p.d. symmetric matriz. Also

assume ¢(.) is a Borel measurable function, then

Elp(w/wyn] = Eld(gmm)lm
Elp(w'w)w' Aw] = E[¢(X?+2’T/T/2)]t'f'(z4)+E[¢(X?+4’T,T/2)]T,AT.

Proof. For the proof see Appendix B.2. in Judge and Bock [4].

Lemma 6.2 Let p be an integer greater that 2m (p > 2m) then

El(1— 210320 <0 = x2gplp) + 7,
Xq.0/2

i plp —2q —4r +8)e "4(0/4) X2 5,0 (p)
- (g +2r —2)(qg+ 2r — 4) '

Proof. Using the series expansion for inverse non-central chi-square distribution

(see Johnson and Kotz [3]), we have

R N 9/2) 1,
E[(XZ,G) ] ; [(XZ+2,~,0) ]
- 6*9/2(9/2) L(g/2+r—m)
2mel % I'(g/2 4+ r)

<

r=

Thus we can obtain

O e—0/2 r
Bl—ym 10, <) = SO g L ympe, <o)
Xq70 r=0 T Xq+2r,0
2 072 r r—m
= 3 X T el

r=0
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Therefore
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