
S+L S

L (L) ≤ 2
S PS P = PS+L

Ax = b,



S L
A = S + L S

S = ηIn +GD1G
T +GTD2G,

η > 0 G D1 D2

G
D1 D2

D1 D2
S

D1
D2

n × n A n
Zn =

�
e2 e3 · · · en 0n

� ∇

∇(A) = A− ZnAZTn .

A rank(∇(A))
A

n rank(∇(A)) = m� n
A m ∇(A) ∇(A) = CDT C,D ∈

Rn×m C D A

In
n Jn n×n Jn = (1, 1, . . . , 1)

ej j 0



a
(α)
i = (i+ 1)1−α − i1−α, i = 0, 1, 2, . . . ,

g
(α)
0 =

a
(α)
0

Γ(2− α) , g
(α)
k =

a
(α)
k − a(α)k−1
Γ(2− α) , k = 1, 2, 3, . . . ,

= − 1

Γ(2− α)


a
(α)
0

a
(α)
1

a
(α)
n−1

 , =


g
(α)
1

g
(α)
2

g
(α)
n

 ,

A = S+L ∈ Rn×n

S = ηIn +G
(α)D+G

(α)T +G(α)TD−G(α),
L = c1ag

T + c2Ja(Jg)
T ,

η > 0 D± = (d±,1, d±,2, . . . , d±,n) d±,i > 0 c1, c2 ≥ 0

G(α) =


g
(α)
0 0 · · · 0
g
(α)
1 g

(α)
0 · · · 0

g
(α)
n−1 · · · g(α)1 g

(α)
0

 ∈ Rn×n.
(α)

S L
rank(L) ≤ 2 d±,min d±,max

D± d̄± =
d±,max+d±,min

2

PS = ηIn + d̄+GG
T + d̄−GTG.

S S A PS

P = PS + L

A

P P−1A =M+N M
P−1S S rank(N ) ≤ 2

S = {g, Jg} Rn
V =

�
v1 v2 · · · vn

�
v1 =

g
�g�2 v2 =

Jg+hg
�Jg+hg�2 h = − (Jg)Tg�g�22 V



V =
�
V1 V2

�
V1 =

�
v1 v2

�
V2 =

�
v3 v4 · · · vn

�
LV2 = 0

V TP−1S LV =
�
V T1
V T2

�
P−1S L

�
V1 V2

�
=

�
V T1 P

−1
S LV1 0

V T2 P
−1
S LV1 0

�
.

K = I2 + V
T
1 P

−1
S LV1

Q = V

�
I2 −K−1V T1 0

−V T2 P−1S LV1K−1V T1 0
�
V T ,

(I + P−1S L)
−1 = V

�
I + V TP−1S LV

�−1
V T

= V

�
I +

�
V T1 P

−1
S LV1 0

V T2 P
−1
S LV1 0

��−1
V T

= V

�
K−1 0

−V T2 P−1S LV1K−1 In−2
�
V T

= I +Q.

QV2 = 0

P−1A = (PS + L)−1(S + L) = (I + P−1S L)
−1P−1S S(I + S

−1L)
= (I + P−1S L)

−1P−1S S(I + P
−1
S L)(I + P

−1
S L)

−1(I + S−1L).

M = (I + P−1S L)
−1P−1S S(I + P

−1
S L)

P−1A = M(I +Q)(I + S−1L)
= M +N,

N = M(S−1L+Q +QS−1L) M P−1S S
NV2 = 0 rank(N) ≤ 2

λ ∈ σ(P−1S S) |1 − λ| < k < 1 k = 1
η̂+1
< 1

η̂ = η

2κ�G̃�22
κ = max{d+,max+d+,min

2
, d−,max+d−,min

2
}

P−1A

P
PS

PS S P
PS S



L A P
PS

P P

P−1

PS P−1

P

P

ḡ =
�
g0 g1 · · · gn−1

�T
t̄ =
�
g1 g2 · · · gn−1

�T
.

a− g = 1

Γ(2− α)


−a0 − (a1 − a0)
−a1 − (a2 − a1)

−an−1 − (an − an−1)

 = ZTa+ anen,
ḡ = g0e1 + Zg,

ZT ḡ = g − gnen =
�
t̄
0

�
.

G n × n

∇(GGT ) = ḡḡT

∇(GTG) = e1ḡTG+GT ḡeT1 − ḡT ḡe1eT1 − JZT ḡḡTZJ
∇(PS) = ηe1eT1+d̄+ḡḡT+d̄−(e1ḡTG+GT ḡeT1−ḡT ḡe1eT1−JZT ḡḡTZJ)

G

G =

�
g0 0
t̄ G1

�
,



G1 = G(2 : n, 2 : n)
GGT

∇(GGT ) = GGT − ZGGTZT

=

�
g0 0
t̄ G1

��
g0 t̄

T

0 GT1

�
−
�
0 0
G1 0

��
0 GT1
0 0

�
.

i
ii

ḡTG =
�
ḡT ḡ t̄TG1

�
.

∇(GTG) = GTG− ZGTGZT

=

�
g0 t̄

T

0 GT1

��
g0 0
t̄ G1

�
−
�
0 0
GT1 J t̄

��
0 G1
0 (J t̄)T

�
=

�
ḡT ḡ t̄TG1
GT1 t̄ −J t̄t̄TJ

�
.

∇(GTG) =
�
ḡT ḡ t̄TG1
0̄ 0̄

�
+

�
ḡT ḡ 0̄
GT1 t̄ 0̄

�
−
�
ḡT ḡ 0̄
0̄ 0̄

�
−
�
0 0
0 J t̄T t̄J

�
= e1ḡ

TG+GT ḡeT1 − ḡT ḡe1eT1 − JZT ḡḡTZJ.

∇(I) = e1eT1
∇(PS) = ηe1eT1 + d̄+∇(GGT ) + d̄−∇(GTG)

= ηe1e
T
1 + d̄+ḡḡ

T + d̄−(e1ḡTG+GT ḡeT1 − ḡT ḡe1eT1 − JZT ḡḡTZJ),

iii

h1 = d̄−(Jg) − c2Z(Jg)
h2 = c1g − d̄+(Zg)

c2
�
(Ja)(Jg)T − Z(Ja)(Jg)TZT �−d̄−JZT ḡḡTZJ = (c2−d̄−)(Ja)(Jg)T+

Z(Ja)hT1 + e1(d̄−an + d̄−gn)(Jg)T + d̄−(gn(Jg)− g2ne1)eT1

c1
�
(a)(g)T − Z(a)(g)TZT � + d̄+ḡḡT = (d̄+ − c1)(Za)(Zg)T + ahT2 +

e1(a0d̄+ + d̄+g0)(Zg)
T + (d̄+g0(Zg) + d̄+g

2
0e1)e

T
1



c2
�
(Ja)(Jg)T − Z(Ja)(Jg)TZT �− d̄−JZT ḡḡTZJ

= c2
�
(Ja)(Jg)T − Z(Ja)(Jg)TZT �− d̄− �J(g − gnen)(g − gnen)TJ�

=
�
c2(Ja)− d̄−(Jg)

�
(Jg)T − c2Z(Ja)(Jg)TZT

+ d̄−gne1(Jg)T + d̄−gn(Jg)eT1 − d̄−g2ne1eT1
= J
�
c2a− d̄−(a− ZTa− anen)

�
(Jg)T − c2Z(Ja)(Jg)TZT

+ d̄−gne1(Jg)T + d̄−gn(Jg)eT1 − d̄−g2ne1eT1
= (c2 − d̄−)(Ja)(Jg)T + Z(Ja)hT1 + e1(d̄−an + d̄−gn)(Jg)T
+ (d̄−gn(Jg)− d̄−g2ne1)eT1 .

ii

c1
�
(a)(g)T − Z(a)(g)TZT �+ d̄+ḡḡT

= c1
�
(a)(g)T − Z(a)(g)TZT �+ d̄+(g0e1 + Zg)(g0e1 + Zg)T

= Z
�
d̄+g − c1a

�
(Zg)T + c1ag

T + d̄+
�
g20e1e

T
1 + g0e1(Zg)

T + g0Zge
T
1

�
= Z
�
(d̄+ − c1)a− d̄+ZTa− d̄+anen

�
(Zg)T + c1ag

T

+ d̄+
�
g20e1e

T
1 + g0e1(Zg)

T + g0Zge
T
1

�
= (d̄+ − c1)(Za)(Zg)T + ahT2 + e1(a0d̄+ + d̄+g0)(Zg)T
+ (d̄+g0(Zg) + d̄+g

2
0e1)e

T
1 .

P
P−1

P

∇(P ) =(c2 − d̄−)(Ja)(Jg)T + (d̄+ − c1)(Za)(Zg)T + Z(Ja)hT1
+ ahT2 + e1h

T
3 + h4e

T
1 ,

h1 h2

h3 = (d̄−an + d̄−gn)(Jg) + d̄+(a0 + g0)Zg + ηe1 + d̄−GT ḡ,
h4 = d̄−gn(Jg)− g2ne1 + d̄+g0(Zg) + d̄+g20e1 + d̄−GT ḡ − d̄−ḡT ḡe1.

P = PS + L

∇(P ) =∇(PS) +∇(L) = ∇(PS) + c1((a)(g)T − Z(a)(Zg)T )
+ c2(Ja(Jg

T )− ZJa(ZJg)T ).

(iii)



∇(P ) = ηe1eT1 + d̄+ḡḡT + d̄−(e1ḡTG+GT ḡeT1 − ḡT ḡe1eT1 − JZT ḡḡTZJ)
+c1((a)(g)

T − Z(a)(Zg)T ) + c2(Ja(JgT )− ZJa(ZJg)T )
= c2

�
(Ja)(Jg)T − Z(Ja)(Jg)TZT �− d̄−JZT ḡḡTZJ

+c1
�
(a)(g)T − Z(a)(g)TZT �+ d̄+ḡḡT

+ηe1e
T
1 + d̄−(e1ḡ

TG+GT ḡeT1 − ḡT ḡe1eT1 )

(i) (ii)

∇(P ) =(c2 − d̄−)(Ja)(Jg)T + Z(Ja)hT1 + e1(d̄−an + d̄−gn)(Jg)T
+ (d̄−gn(Jg)− g2ne1)eT1 + (d̄+ − c1)(Za)(Zg)T + ahT2
+ e1(a0d̄+ + d̄+g0)(Zg)

T + (d̄+g0(Zg) + d̄+g
2
0e1)e

T
1

+ ηe1e
T
1 + d̄−(e1ḡ

TG+GT ḡeT1 − ḡT ḡe1eT1 )
=(c2 − d̄−)(Ja)(Jg)T + Z(Ja)hT1 + (d̄+ − c1)(Za)(Zg)T + ahT2
+ e1

�
(d̄−an + d̄−gn)(Jg) + d̄+(a0 + g0)Zg + ηe1 + d̄−GT ḡ

�T
+
�
d̄−gn(Jg)− g2ne1 + d̄+g0(Zg) + d̄+g20e1 + d̄−GT ḡ − d̄−ḡT ḡe1

�
eT1

=(c2 − d̄−)(Ja)(Jg)T + (d̄+ − c1)(Za)(Zg)T
+ Z(Ja)hT1 + ah

T
2 + e1h

T
3 + h4e

T
1 .

P
P rank(∇(P ))

P−1r O(n2)

O(n2)

O(n log(n))

x∗ = (1, 2 . . . , n)T b = Ax∗

�rk�2/�b�2 < 1e−7
rk k b
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