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Abstract

In this study, we explore the theoretical features of a multiobjective
interval-valued programming problem with vanishing constraints. In view
of this, we have defined a multiobjective interval-valued programming prob-
lem with vanishing constraints in which the objective functions are consid-
ered to be interval-valued functions, and we define an LU-efficient solution
by employing partial ordering relations. Under the assumption of general-
ized convexity, we investigate the optimality conditions for a (weakly) LU-
efficient solution to a multiobjective interval-valued programming problem
with vanishing constraints. Furthermore, we establish Wolfe and Mond-—
Weir duality results under appropriate convexity hypotheses. The study
concludes with examples designed to validate our findings.
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1 Introduction

In modern mathematical research, the concept of mathematical program-
ming with vanishing constraints has emerged as a novel type of constrained
optimization problems. Formal analysis was conducted by Achtziger and
Kanzow [1]. Dorsch, Shikhman, and Stein [9] presented a topological analy-
sis of mathematical programs with vanishing constraints and introduced the
new concept of a T-stationary point. By applying the concept of local reg-
ularization to mathematical programs with vanishing constraints, Hohesiel,
Kanzow, and Schwartz [13] derived a new solution method for solving such a
class of optimization problems and proved several convergence results. Later,
to compute the mathematical problems involving vanishing constraints nu-
merically, Hoheisel et al. [14] investigated and compared four regularization
methods, each impacted by a single regularization parameter. The study
of mathematical programming with vanishing constraints has a wide range
of real-world applications, including the development of robot motion plans
[8, 19], the design of optimal truss topologies for mechanical structures [11],
and the design of nonlinear optimal control problems for mixed integers [20].
A multiobjective programming problem involves minimizing multiple objec-
tives over a set of feasible solutions. Multiobjective programming is chal-
lenging due to the fact that the objectives for vector optimization problems
compete with each other, and an improvement on one objective can reduce
goals for other objectives. There is an enormous amount of literature on op-
timal conditions and numerous kinds of dualities in multiobjective program-
ming problems (see, for example, [7, 22, 23]). A constraint qualification is an
element critical to the existence of Lagrange multipliers in multiobjective op-
timization problems, as it allows Karush—Kuhn—Tucker optimality conditions
to hold, thereby assisting with and enhancing optimization algorithms design.
There have been several recent articles published on optimality, stationarity,
criticality, and constraint qualification; for instance, we refer to [10, 12, 17].
Jayswal and Singh [18] studied about modified objective function approach
for an equivalent n-approximated multiobjective optimization problem with
vanishing constraints and also discussed saddle point criteria. The class of
differentiable semi-infinite multiobjective programming problems with van-
ishing constraints was discussed by Antczak [4].

Using separate considerations of minimization and maximization, Ishibuchi
and Tanaka [16] investigated multiobjective optimization problems in which
the objective functions are interval-valued and developed an ordering rela-
tionship between two closed intervals. A general methodology proposed by
Urli and Nadeau [26] provides a way of formulating the non-deterministic
multiobjective linear programming problem with interval coefficients in a de-
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terministic way and then solving it with an interactive approach. Under cer-
tain convexity assumptions, The Karush—Kuhn—Tucker necessary optimality
conditions for nonlinear differentiable multiobjective programming problems
with an interval-valued objective and constraint functions were derived by
Hosseinzade and Hassanpour [15]. Studies on optimality conditions and dif-
ferent types of duality for multiobjective programming problems with interval
objective function are quite widespread (refer to [6, 27, 28, 15, 21]). In this
paper, we aim to investigate the optimality conditions and the duality results
for multiobjective interval-valued programming problems with vanishing con-
straints under the Abadie constraint qualification.

Following is an outline of the rest of this paper: Section 2 consists of some
basic definitions, background material, and the necessary optimality condi-
tions. Section 3 represents the sufficient optimality conditions for multiob-
jective interval-valued optimization problems with vanishing constraints. In
Sections 4 and 5, Wolfe type dual and Mond—Weir type dual are presented,
and appropriate duality results are also discussed. Section 6 explores special
cases. Finally, the paper is concluded in Section 7.

2 Preliminaries

This section contains a list of notations and basic definitions which will
be used throughout the article. Let R™ be the Euclidean space with n-
dimensions and R’} be its nonnegative orthant. For a given a, ©(a) is the
system of the neighborhoods of a. For A C R", spanA and posA stands for
its linear hull and convex cone (containing the origin) of A, respectively. Let
A # ¢ and let the contingent cone of set A at the point a, be denoted by
T(A,a). Let I(R) be the set of all closed and bounded intervals in R. For the
case where A; € I(R) is a closed interval, we use the notation A; = [af, o],
where af and of represent the minimum and maximum values of Aj, re-
spectively. Let

Ay [O‘é’a(r)]]v AQ:[ﬁévﬂ(IJJ]GI(R)

Then we have
(i) A+ Ay ={ap+Bo | ag € Ay and By € Ao} = [ad + BE, o + BY],
(i) —A1 = {ag | ag € A1} = [-af, —af],

(#6) Ar— Ao = Ay + (=A2) = [aff = BF, af - Bf],

[kak, kal], if k>0,

[kag kaé] k<0 where k is a real

(iv) kA = {kao | ap € A1} = {

number.
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The real number k& € R is equivalent to the closed interval A;, = [k, k].
Let Ay = [af,al] € I(R) be a closed interval. We write the sum of an inter-
val A; € I(R) and a real number k as A; + Ay,. Thus, Ay +k=A; + Ay, =
[af + K, af + k).

For Ay = [af,al] and Ay = [BE, BY], the order relation <1 is defined
as follows:
(i) A1 = Ag if and only if of < BF and of < BY.
(#1) A1 <pu Mg if and only if Ay <y Ay and Ay # As.
It is obvious that, Ay <py A if and only if
ab < pfand of <Y,
or, aé“ < Bé: and aOU < 55{
or, ab < gl and of <BY.
Furthermore, for 4,0 € R™, we use the following notations:
(7). 4« <V a; < U, forallie {1,2,...,m}, 4 £ 0 is the negation of @ <
v
(). 4 =<0 L.Li_vl., for all i € {1, 2, ’,m}
Uiy < Uy, for at least one ig € {1,2,...,m},
@ £ © is the negation of @ < v.

In the present analysis, we consider the following differentiable vector opti-
mization problem with multiple interval-valued objective function with van-
ishing constraints (MIVVC):

MIVVC  min 9(&) = (01(6), 92(6). ., U (€))
subject to
7:(§) <0, foralli=1,2,...,p,
0;(§)=0, foralli=1,2,...,q,
pi(§) >0, foralli=1,2,.
w;i(&)pi(§) <0, foralli= 1,2, cey Ty

where each 9; : R® — I(R),i = {1, ,m} is an interval-valued
function; that is, ¥;(§) = [ lL( ) Y©),i e T and (i = 1,2,...,p),
oi(i = 1,2,...,q)7 pi, wi(i = 1,2,...,7) are assumed to be contlnuously
differentiable functions from R"™ — R. Let us denote T, := {1,2,...,p},

T, = {1,2,...,q}, and T,
MIVVC is given by

{1,2,...,7}. The fea51ble solution set of

Fvc{geR"|n(§)§0, foralli=1,2,...,p,

Iran. j. numer. anal. optim., Vol. 13, No. 3, 2023,pp 354-384



Japamala Rani, Ahmad and Kummari 358

ai(§)
Pi(f)

wi(€)pi(§) <0, foralli=1,2,... ,r}.

0, foralli=1,2,...,q,
0, foralli=1,2,...,r

Y

Definition 1. A point a € Fyc is said to be a locally LU-efficient solution
of MIVVC, if there exists a neighborhood U € ©(a) such that there is no
£ € Fyc NU satisfying

9(€) Zrv Va).

Definition 2. A point a € Fyc is said to be a locally weakly LU-efficient
solution of MIVVC, if there exists a neighborhood U € ©(a) such that there
is no ¢ € Fyc N U satisfying

I(€) <rv V(a).

Let a € Fyc be any feasible solution of the MIVVC. The following index
sets will be used:
Ty(a) = {i € T, | pi(a) > 0},

To(a) :=={i € T | pi(a) = 0}.
Furthermore, the index set T can be divided into the following subsets
Tio(a) :={i €T, | pi(a) >0, wi(a) =0},

T, _ (CL) = {’L eT, | pi(a) > 0, wi(a) < O}

Similarly, the index set Ty can be partitioned in the following way
To+(a) :={i € T, | pi(a) =0, w;(a) > 0},

Too(a) :={i € T | pi(a) =0, w;(a) =0},

To—(a) :={i€ T, | pi(a) =0, w;(a) < 0}.
Definition 3. A point a € Fyc is said to be a strong stationary point of
MIVVC if and only if there exists (o, aV, A7, A7, A, \) € RT" x R"" x RP x
R? x R™ x R" with %:T (ol +af) = 1,/\’}+(a) = O,A’}OO(G)UToi(a) >0,
A

Ty ()UTo (a)UToo (@)UTy_ (o) = 0 @D A7, () > 0 such that

> alvioi(a)+ > al Vol (a)+ Y A Vri(a) + Y A Voi(a)

€T €T €T, €T

+ > NVwi(a) - > MVpia) =0.

i€T o 1€To4+UTpoUTp—

(a)

Definition 4. A point a € Fyc is said to be a VC-stationary point of MIVVC
if and only if there exists (o, aV, AT, A7, A, M) € RT x RT x RP x R? x
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T A— L U\ _ —
R" x R" with i; (ai + o ) =1, /\I%Jr(a) =0, /\g“oo(a)uTo,(a) >0,
A

T (@)UTos (a)UToo (a)UTo (@) = 0 8N AZ 5 ip (o) = 0 such that

> afvoi(a)+> ol VoY (a) + > A Vri(a) + > A Vai(a)

€T i€T

€T, €T,
- Z NV pi(a) + Z AVw;(a) = 0.
1€To4+UTpoUTp— €T o

For a € Fyc and (A7, A7, A\, \?) € RP x R? X R" x R", let us define
T (a) :={i € T-(a) | \] > 0},

(
TH(a) = {i € Ty(a) | A > 0}, Ty (a) = {i € Ty (a) | A7 < 0},
Tla) = {i € Tu(a) | N > 0},

Ty (a) == {i € To_(a) | \? > 0},
Tfo(a) := {i € Tyo(a) | X > 0}, Tiy(a) = {i € Tho(a) | AY < 0},
T _(a) ={i € Ts_(a) | A? > 0},

Ty (a) == {i € Toi(a) | X¥ > 0}, Ty, (a) := {i € Toy(a) | XY < 0},
Tih(a) == {i € Too(a) | A2 > 0}, Tog(a) := {i € Too(a) | A < 0},
Ty~ (a) == {i € To—(a) | A7 > 0}.

Definition 5. Let a € Fyc.

(7) The linearized cone of MIVVC at a is
L(a) :={d e R" | (VTi(a), d) <0 (i € T;),(Voi(a), d) =0 (i € Ty,),
(Vpi(a), d) =0 (i € Toy),(Vpi(a), d) >0 (i € Too UTp-),
(Vwi(a), d) <0 (i € Tho)}-

(it) The VC-linearized cone of MIVVC at a is
Lyc(a) :={deR" | (Vri(a), d) <0 (i € T}),(Voi(a), d)
(Vpi(a), d) =0 (i € To+),(Vpi(a), d) >0 (i € Too UTo-),
(Vwi(a), d) <0 (i € ToUToo)} -

0 (i eTy),

Definition 6. The Abadie constraint qualification (MIVVC-ACQ) is said to
hold at a € Fyc if

L(a) C T(Fyc, a).
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Definition 7. The vanishing Abadie constraint qualification (MIVVC-VACQ)
is said to hold at a € Fyc¢ if

LVC (a) g T(Fvc, a).

The following theorem can be written in a similar way to Proposition 1
of Tung [25].

Theorem 1 (Necessary optimality conditions). Let & be a locally weakly
LU-efficient solution of primal problem MIVVC and also further assume that
if MIVVC-VACQ holds at &, and the set

Ar=pos| [ JVr& u |J Ve&) v J Vwil)

€T, i€TooUTo— €Ty oUToo

+span | | Voi(&%) v |J Vail&)
€T, 1€To4+
is closed, then there exists (a, oV, A7, \7 A\ \P) € R x RT x RP x

T r . L U _ P _ P
RI x R" x R" with g:T(ozi + o) = 1’)‘T+(§0) = O’AToo(fo)UTof(fo) >
0, A%, ( =0 and \%
+_

£0)UTo+ (€0)UTo- (€0) T4+0(&0)UT00(&0) 2 0 such that

> afvoi(a)+> ol VoY (a) + > A Vri(a) + > A Vai(a)

i€T i€T i€T, i€T,
- Z NV pi(a) + Z A Vw;(a) = 0.
i€T, i€,

3 Sufficient optimality conditions

In this section, we establish sufficient optimality conditions for the problem
MIVVC using the concept of generalized convexity.

Theorem 2. Let § be a strong stationary point of MIVVC. Suppose that
Too UTHy = ¢and 7 (i € Ty), 05 (i € Tf), —0; (i € T;), w; (i €
T ), —pi (i € Ty, UTy UTy) are quasiconvex functions at &. If
S al9E() + Y aPV9Y(+) is pseudoconvex function at &, then & is an LU-
i€T i€T

efficient solution of MIVVC.

Proof. Since & is a strong stationary point of MIVVC, there exists (o, aV,

AT, A M) € R X R X RPx RYx R”x R with 2 (af +al) =1, )\”T+ —
0, Mpouro. = 0,0, ur,,ur,. = 0and A3, > 0 such that
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D alvol(&) + Yol Vol (&) + Y ATVR(&) + Y A Vai(&)

i€T i€T i€T, i€T,
— Y NVpil&o) + D A Vwi(§o) = 0. (1)
i€T, i€T,

For an arbitrary & € Fyc, we get 7;(§) < 0 = 7;(&) for each ¢ € T.. Thus the
quasiconvexity at & of 7; (i € T;) gives that

<VT1'(£0)3§ - §0> < 07 for all 7 € T'rv
consequently, together with A7 € RP leads that

<Z )\ZTVTi(fo)af—§0> <0. (2)

€T,

We deduce from &,&, € Fyc that 0;(§) = 0;(&) = 0, foralli € T,, and
hence,

0i(§) <0i(&) =0, forallie T, and —0;(§) < —04(&) =0, forallieT, .

The above inequalities along with the quasiconvexity at & of o; (i € T}")
and —o; (i € T, ) ensure that

(Voi(&),& — &) <0, forallie T, and (—Vai(&),E — &) <0, forallieT, .

Thus, taking into account the definitions of T, T, results in

<Z A7 Vaoi(6o), € — §0> <0. (3)

€Ty

Again, we deduce from ¢ € Fy¢ that —p;(€) < 0,w;(§) > 0, foralli € T,.
Thus,

i(g())a i€ Ti_o

Therefore, the quasiconvexity of —p;,i € TOJ; uT, oh U Tot and w;,i € TIO at
&o yields that

{ —pi(€) < —pil&o),  de T UTHUTY,
<w

(=Vpi(&0), € — &) <0, forallie T, UTgUT,, (4)
(Vw;(&),& — &) <0, forallieTf,. (5)

As TIO U Tojr = ¢, we presume from (1)—(5) that
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<Z al Vol (&) + Y ol Vol (&), € - §0>

i€T €T
<Z ATVTi(&) + Y A Voi(&) — Y MVpi(o)+
i€T, i€T, €T,
Z AL Vwi(o), € — 50> >0, (6)
€T,

for all £ € Fyc.
On the contrary, suppose §p is not an LU-efficient solution of MIVVC. This
leads to the existence of a feasible point & € Fyc such that

D(E) <rv 9(&);

that is, for i € T',

@ <o) [ <) [ ok
WO <& T WO <@

From the fact a* € RT, oV € RT with Y (af + o) = 1, then above in-
€T
equalities together yield

> afoFE©) +) alvV(€) <> afvl (&) + > alvY (&),
€T €T €T €T

which by the pseudoconvexity of > afdL() + 3= aV9¥(-), we obtain
i€T €T

<za5w5<g@> FY UV ()6 so> <o,

€T €T

contradicting to (6). O

Theorem 3. Let § be a strong stationary point of MIVVC. Suppose that
To. UTH = ¢ and 7, (ieT)ai (i € T),—0; (i € T, ),w; (i €
T+) —pi (i € Ty 5 U Ty U Ty ) are quasiconvex functions at &. If

SoakvE() + 3 V9V () s strlctly pseudoconvex function at &y, then &
€T €T
is a weakly LU-efficient solution of MIVVC.

Proof. Similar to the proof of Theorem 2, we get

<Z al Vol (&) + Y ol Vol (&), € - §0>

€T i€l
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- <Z ATVTi(&0) + > A Voi(&) = D> MVpi(&o)+

i€T, i€T, i€T,
> X Vwi(€o), € — §0> > 0. (7)
i€T,

Reasoning by contraposition, assume that £y is not a weakly LU-efficient
solution. Then there exists a feasible point ¢ satisfying

9(&) <rv 9(&o);

that is, for i € T',
{ IF(E) < VE (%),
07 (&) < 97 (€o)-
From the fact that o € RT, oV € RT with > (af +a¥) =1, and by the
above inequalities, we get <

D afdp(€) + Y a0 (€) < D afvf(&) + Yol v ().

€T i€l €T i€l

By using the strictly pseudoconvexity of 3> af0F() + 3 aV0V () at € on

€T i€T
Fyc, we get
(Sorwotie+ Dot vae.6-6) <o
€T €T
contradicting to (7). O

Now, we verify the sufficient optimality conditions by an example.

Example 1. Consider the following multiobjective interval-valued program-
ming problem with vanishing constraints (MIVVC-1):

MIVVC — 1Ry —min 9(€) = (91(€), 9(€))
= ([4€* —€,4 + € +1], €2 — 26,6 + %))
subject to
p1(§) =€ =0,
wi(§)p1(§) = (1 =€) <0,

where 97 (€) = 46 — &, 9% (€) = €2 — 26,97 (§) = 467 + £+ 1,95 (§) = &* +2¢,
which is in the form of MIVVC with m =2,n=1,p=¢=0, and r = 1.
The feasible region of MIVVC-1is Fycy = {€ € R| p1(§) > 0, w1(§)p1(§) <

0}.
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12

— Y&
—(©)

10

0 0.5 1 1.5 0 0.5 1 1.5

(a) Graphical view of 91(¢) = [9F(¢),9Y (¢)] (b) Graphical view of 92(¢) = [9%(€),9Y (€)]

0.5

X

Graphical view of the feasible region of MIVVC-1

Note that & = 0 is a feasible solution of MIVVC-1. By simple cal-
Culations’ we get T(]FVCD&-O) = ]FV(Cla Vﬁ%(&O) = {_1}7 V’lg%(éO) =
{_2}’ Vﬂ(lj(é.O) = {1}7 Vﬂ(QJ(SO) = {2}7 vpl(fO) = {1}’ vwl(&]) = {_1}7
Ty =Toy = To- = ¢, Too = {1},

( U (—vpi(ﬁo») ={¢eR|E>1},

1€T0o

( U <m-(£o>>> ={¢eR|E>1},

1€Too

( U (—Vpi(fo))> N ( U Vwi(&))) ={{cRrR[{=1}.

1€Too 1€Too

Hence,

Iran. j. numer. anal. optim., Vol. 13, No. 3, 2023,pp 354-384
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< U (—sz'(ﬁo))> N ( U (Vwi(fo))> C T(Fvcy,&o)s

1€Too 1€Too

yields that MIVVC-VACQ satisfies at ;. Moreover,

Ay = pos ( U (=Vpi(&)) U U Vwi(fO)) ={{eR|{>-1}

1€Too 1€Too

is closed. Thus, all assumptions in Theorem 1 are satisfied. Then there exist
of =af =31aV =af =1 A =0,A¢ = 0 such that (1) is satisfied at
& = 0 for the problem MIVVC-1. Furthermore, it can be easily observed
that the hypothesis of Theorem 3 hold at { = 0, and owing to the fact that
for & # &, 9(&) 4Aru (). Then, we assert that & is a locally weakly

LU-efficient solution of MIVVC-1.

4 The Wolfe type duality

In this section, we present the Wolfe type dual problem to MIVVC assuming

that all the functions to be convex. For a given @, ©(a) is the system of the

neighborhoods of @. For & € Fyc, (u,al, oV, AT, A7 A¥ \°) € R" x R x
m r — L Uy _ p w

R™ x RP x R1 x R" x R" with %:T(ai +a) = 17>\T+(50) > O’ATM(&D) <0,

and A§+7(§O)UT07(£O) > 0, we define

Llu, 0¥ AT, XN A7) = (wu) + <Z Nmi(w)+ Y A oi(u)

€T, €T,

1€T)y €T

0 (u) + (Z Nmi(u) + Y N o(u)—

€T, 1€T,
RTOEDS A;’wxu)) )
€T, €T,

where e := (1,...,1) € R™. We consider the Wolfe type dual problem as
follows:

(WDw(&))  R7T—maxL(u, o, a” AT, A7, A%, \?)

subject to
> afvoku)+ Y al Vol () + > ATV ()
icT ieT €T,
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+ ) N Voi(u) = > NVpi(u)+ Y X Vaw;(u) =0,

€T, €Ty €Ty
§ L U\ _ w
(ai + ai ) - 13)‘;+(50) Z O’)\TO+(§0) S 0 and
€T

)‘%+_(§0)UT0_(§0) > Ov (uaaLvaUa)‘TaA(ra)‘wv)‘p) €
R" x R x R" x RP x R" x R" x R".

The feasible set of (WD, (&)) is defined by
Fycy (&) :{(u,aL,aU,)\T,)\”,)\“,)\p) ER"XRT xR x RP x RTx R

L U\ __ w
x Rr‘ Z (ai +ai ) - 1a)‘g“+(£0) > O’ATO+(£0) < 07 and

€T
Ny (et (e0) = 0, ) ar VO (u) + ) o VIl (u)+
€T €T
SN Vn(u) + > A Voi(u) = Y M Vpi(u)+
€T, €T, €T,
Z A Vw;(u) = O}.

i€l

The Wolfe type duality problem of MIVVC, which is not dependent on
€o, is

(WD) : R™ —max L(, o, oV, AT, A7\, \°)
subject to
(Q/J,OtL’OéU, )\T’ )\U’ A, )\p) € Fycy = ﬂ FVCw(fo).
Eo€Fye

Definition 8. Let & € Fyc. Then (ﬂ,@L,@U,;\T,S\U,S\w,S\p) € Fycyw (&)
is a locally LU-efficient solution of (WD, (&)) (locally weakly LU-efficient
solution of (WD, (&))) if there exists U € O(u) such that there is no
(u, ;Y AT AT A NP € Fye,, (&) N U satisfying

E(ﬂvaL _U7 _T,XU,XW’S\p) jLU L(u7aL7aU7>\T7>\ga>\w7)‘p)7

Theorem 4 (Weak Duality). Let £ € Fyc and let (¢, o, oV, A7, A7, A\, \P) €
Fyc,- Suppose that 7;(i € T (€)),0:(i € T,)F(€)), —oi(i € T; (£)),pi(i €
157 (8)), —pili € T (&) U T, (8)), wili € Ty (§) UTT_(§) U Ty (€) U TG (€)),
—wi(i € T (&) UTh, (§) UTho(€)) are convex functions at ),
(i) If 9E,9Y (i € T) are convex functions at 1, then

(2R
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9(&) Arv L, at,a” AT, AT N N).

(i) If O£, 9V (i € T) are strictly convex functions at ¢, then

(2 ?

ﬁLU w,a a )\T )\a AY )\p)

Proof. For ¢ € Fyc and (v, o, aV AT, A7 A N) € Fycy = [\ Fycw (&),
&o€Fyvc
one gets

7i(§) <0 (i € T7),0i(8) = 0(i € T5), pi(€) = 0 (i € Tr),wi(§)pi(§) <0 (i € Tr)

8)
and
Do afvolw) + ) al Vol () + Y ATVT(Y)
ieT i€T i€l
+ 3 AVoi (W) = 3 NVpi(0) + Y AV (1) =0 )
1€Ts €T, i€T,
with

L w w

€T

Therefore we conclude from (8), based on the convexity of 7; (i € T, (£)), 0 (i €

T (&), =0 (i € T, (£),pi (i € Ty (€)),—pi (i € TE(E) U T (€)),wi (Z €
Tio(g) U Ti_— Gu To-i(_)(g) U T(T_(f))a —wj (i € T_Fo({) UTy (§) UTy(E)) at o
and by the definitions of index sets that

(1) + (VTi(¥), € = ) < 7i(€) <0,A] >0, for all i € T (),

i () + (Vo (), £ =) < 0:(€) = 0,77 >0, for all i € T (€),
—0i(¥) + (=Voi(¥),£ =) < —04(§) = 0,A7 <0, forall i € T, (§),
pi(W) + (Vpi(0), € —¥) < pil€) = 0,X7 <0, for all i € Ty (€),
—pi() + (=Vpi(1), € = ) < —ps(€) < 0, X >0, for all i € TF(¢),
—pi(W) + (=Vpi(), € = ) < —pil€) < 0,N] >0, for all i € Ty (),
wi(¥) + (Vwi(¥), € = ¢) < wi(€) = 0,27 >0, for all i € T3(£) U T50(6),

wi(P) + (Vwi(9),€ = ¥) S wi(€) <0,A7 >0, for all i € TY_(€) UTH(6),
—wi(P)+(=Vwi(¥),§ =) < —wi(§) = 0,A7 >0, for all i € T' (&) UT50(§),

—wi(¥) + (=Vwi(¢),§ =) < —wi(§) < 0,27 <0, for all i € Ty ().
The above inequalities imply that
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DSONTW) D Ao () = D Mpi() + > Awi()

€T €Ty i€l 1€T

+ < D ONVRW) + Y A Voi(w) = > M Vpi(v)

€T, €T, i€T

+ A Vwi($), € - w> < 0.

€T

By using (9) and (11), we obtain

<Za£w£<w) +> ol Vol (), ¢ - w>

i€T €T

- < DONVR@) + Y A Voiw) = > M Vi) + Y AV (¥),€ — ¢

i€Tr i€Ts i€l i€l

>N+ DN (®) = > M)+ > Awi(y).

€T, €T, €T, €T,
(¢) Suppose to the contrary that
(&) <ru L, a a” AT, A7 A NP).
Then, we deduce from (13) and o> € R7',aV € RT that

<aL,19L(f) — £(1/J7aL,aU,)\T,)\",)\“’,)\p)> <0,
<aU,19U(£) — £(¢7QL,O¢U7>\T,)\U,)\“’,>\’D)> <0,

which is equivalent to

> al (0F(€) - vF () Z f(Z M)+ > A oi(1))
=1

i=1 €T, €T

=Y Npi)+ Y /\‘{’wi(z/))> <0

i€l 1€T)

i=1

> al (7€) - vY (v) Z aY (Z ANri(W) + > A oi(®)
=1

i€ T, i€T,

= Npi()+ Y A;“wi(w)> <0

i€l 1€T)

On adding, we have

Dot (97 — vk W) + 3ot (97(6) - “Y (ak+a?

1=1

368
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(Z ATTi() + ) N oi(ih) = Y Mpi(v) + Af%‘(@) <0.

€T, €Ty i€l i€,

It follows from Y (aF 4+ a¥) =1 that

>_al (0F(&) =vEw) + )i (0(€) =97 (v))

< (Z () + Y No() = Y Mpi(w) + > Am«w) . (14)

€T, €T, 1€T €T,

From the convexity of 9%, 9Y (i € T) at v, we get

(2 7

(VOE(p), € — ) < 9F(€) —9F(w), forallieT,
(VOV (1), € — ) <OV (€) =9V (¢), forallieT,

which leads that

<Z af VIf(¥), € — ¢> <3 af (0F(e) — 0F (W),
i=1 i=1

(vt c-vh <3l o).

We deduce from the above inequalities and (14) that

(3arwotio+ ot o.c-v)
=1

=1

< (Z A7)+ Y Noi() = Y Mpi(w) + > AMW)) :

€T, €Ty, €Ty €Ty

which contradicts with (12).
(it) Reasoning by contraposition, suppose that
19(5) =Lu ’C(w7aL7aU7)‘Tv/\Uv)\w7)‘p)‘ (16)
We deduce from (16) and a” € R7, oV € R that
<aL7 ﬂL(é) - ,C(Q/}, aL’ aUa )\Ta AU) Aw’ )\p)> < 07
<aU7 19U(€) - ‘C(wv aLa aUa >‘Ta )‘Ua )‘wa )\p)> < 07

or
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<O[L719L(€) - ‘C(quvaLaaUv)\Ta AU) Aw’)\p)> < 07
<aU719U(f) — L, aV AT A7, )\“’,)\p)> <0,

or

(a9 (8) — LY, ol aV AT, A7, A% ) <0,
<aU719U(§) — L, QY AT N7, )\“,)\p)> <0,

which is equivalent to

Yool (956 = 0F W)+ af (97(€) — 97 (1)

i=1 =1

<> (af +af) (Z NT()+ Y Aoi(@) = > M)+ > Afwiw)) :
=1 €T, 1€T, i€T, €T,

It follows from 1", (af + o) =1 that

>_af (91 =vF @) +)_ai (97(€) =97 (v))

< (Z Nr()+ Y Nog() = Y Mpi(w) + > A?m-(w) .

€T, €T, 1€T 1€T,

From the strict convexity of 9%, 9V (i € T) at ¢, we get

(2 K2

(VOL(), € — ) < 0L () — 9F(¢), forallieT
(VOV (1), € — ) < 9V (€) — 0V (¢), forallieT,

which leads that

<Za£w£<w>,§ _ ¢> < 3ot (95() - 9H(w)
=1 i=1
<Za? VI (), €~ w> <ol (97(6) =7 (v). (18)

It follows from (17) and (18) that

<ZafW£(w> +> al Vol (), ¢ - ¢>
1=1

=1

< <Z A7)+ Y Moi(y) = > Mpi(w) + > A?wi(w)) :

i€l €Ty 1€T €Ty
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contradicting to (12). O

Example 2. Consider the following multiobjective interval-valued program-
ming problem with vanishing constraints (MIVVC-2):
MIVVC =2 Ry—min 9(§) = (91(), 72(¢))
- ([25 + 43 62§]ﬂ [725 + ]-7 76 - ]'D

subject to

P1 (E) = 6 > 07

wi(§)p1(§) = —e' 8¢ <0,
where 97 (&) = 26 4+ 4,95 () = —2¢6 + 1,19U(§) e, 9Y(¢) = —¢ — 1, which
is in the form of MIVVC withm=n=1,p=¢g=0and r = 1. The feamble
set of MIVVC-2 is Fycy = {£ € R | p1(&) > w1(€)p1(€) < 0}. For any

&o € Fyca, the corresponding Wolfe type dual roblem to MIVVC-2 is given
by
(WDy(&) — DR — max L(u, ™, oV, A2, \°)
= ([2u+4,e™] + (=M (w) + A7 (=" 7))(D),
[~2u+ 1, —u— 1]+ (=27 (u) + AF (—e'7))(1))

subject to
ar(2) + al (262“) +ag (=2) +ag (1) = M(1)

>0, ifl € Ty (&),

L U _ L U_ 1 0
af +a7 =la3 +as =1, A
v 2o ! { € R, if1 € Ty(&),

<0, if1 € Toy(6o),
AV >0, ifl € T (&) U To-(&o)s
€R, ifl €Ti0(80) U Too(6o),
where (u,o, oV ok oY A N) e Rx Ry x Ry x Ry x Ry x Rx R.

Therefore, we get the following feasible set of problem (WD, (&) — 1):

(Fvcalts) ~ 1) i={ (u.ob.af of.f A X) € RY x R x Y

x R x RT x R" x R'|af +af =1,a% +af =1,
M e R X € R, afVOE(u) + oY VIV (u) + ok VoL (u)

+%wW>WWMHWWMb@-
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By elementary calculations, we get V¥ (&) = {2}, Vo¥{ (&) = {2},

V5 (&) = {2}, V95 (&) = {-1}, V(&) = {1}, Vwi(éo) = {e}, Ty =
Toy = To- = ¢, Too = {1}

Clearly, (u,at, oV, al, of I I) = (0, %, %, %, %,0, %) is a feasible solution
0 (WD, (&) —1). We also note that £ = 0 is a feasible solution to MIVVC-
2. On the other hand, it is easily verified that the hypothesis (¢) and (i7) of
Theorem 4 are satisfied at u = 0.

Theorem 5 (Strong duality). Let £ € Fyc be a locally weakly efficient
solution of MIVVC. If MIVVC-VACQ holds at &, and the set A; is closed,
then there exists (&f,&U, AT, A9 NP € R x R x RP x RT x R" x R"
with A7 e = 0 A eyum ) 2 0 AT (g0)umps (o (6) = O and
AT o(€0)UToo () = O such that (€o,al,aV AT A7 09 NP) € Fyey,(€o) and
9(&) = L&, ar,alV, X7, A7 A \P). Furthermore, assume that 7;(i €
T} (%)) 0i (i € T (&), —oi(i € T, (€0)), pi(i € Ty (€0)), —pi(i € T (&) U
Ty (€0)),wi(i € T(&) U T (&) U Too (&) U Tg™ (&), —wi(i € Ti(&) U
Ty, (o) UTho(&o)) are convex functions at &o.

(i) If9F,9Y (i € T) are convex functions at &y, then (&, &, @y, A7, A7, A%, \P)

is a weakly LU-efficient solution of WD, (o).

(ii) If 95,9V (i € T) are strictly convex functions at &y, then (&, a”,a’, A7,

iV

A7 A% \P) is an LU-efficient solution of W D,,(&).

Proof. In view of Theorem 1, there exists (al,a’, A7, A7, \¥ \*) € R x

{%T X RP x BT x R x R with 5‘5%(50) =0, 5‘g"oo(&))uTo—(Eo) 20,
)\%+—(§0)UT0+(§0)UTO—(§0) =0and )\%+0(§0)UT00(50) 2 0 such that

D> afvol(€) + Y al Vo (Go) + Y ATVTi(éo) + Y A Vai(éo)

i€T = i€T, €T,
=D MVpi(ko) + Y A V(&) = 0.
i€T, €T,
Since A™ € RP, one has AT 7;(&y) = 0 for all i € T, and thus, > N 7:(&) = 0.
The fact & € Fyc guarantees that Z X oi(&) = 0. Mor;i\::;r, we observe
by 5\%(50) =0 and p;(&) = 0 for alieiT; To(&o) that Z_EE%T N pi(&) = 0. Anal-

ogously, as 5“;“+_(§o)uTo+(£o)uTo_(£o) =0 and w;(&) = 0 for all i € T (&) U
Too(&0), we know that >° A\w; (&) = 0. Thus, (&, a%, av, A7, A7, A%, \°) €
i€T,

Fucw (&) and > AT7(&0)+ Y. Aai(&o) — X Mpi(&o)+ > Awi(éo) =0

ieT- €T, i€T, €T, -
which is nothing else but the following equality 9(¢o) = L (&0, %, a¥, A7, A7, A \P).

(7). Now, arguing by contradiction, let us suppose that (£o, a”, a¥, A7, A7, A \?)
is not a weakly LU-efficient solution of WD,, (). By the definition, there
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exists (u,a”, ¥, AT, A7, \¥ ) € Fyc,, (&) such that

L(&,al,a% X, A7 N2 N) <pp Lu, o oV AT AT AN,
This shows that 9(&) <ru L(u,ar, oV A7, A7, A\ A\?), which contradicts
with Theorem 4(i).
(7). Reasoning to the contrary, let us assume that (&, @, a%, A7, A7, A« \?)

is not an LU-efficient solution of WD,,(§p). Then it guarantees the existence
of (u,a®, @V AT, A7 A M) € Fyc,, (o) such that

L&y, al,ay , X", N7 X N <pu L(u, ol oV, AT, A7 A2 NP,

Consequently, 9(&) <rv L(u,al, oV, A7, A7, A\ \P) which contradicts with
Theorem 4(ii). O

Theorem 6 (Strict converse duality). Let € € Fyc be a locally weakly
efficient solution of MIVVC such that MIVVC-VACQ holds at ¢ and the
strong duality between the MIVVC and the (WDw (§)) as in Theorem 5
holds. Also, let (@Z) al,a’, AT, A%, A, M) € Fye,, be an LU-efficient solu-
tion of (WDW(f)). Moreover Assume that 97, 9Y (i € T) are strictly con-
vex functions and that 7;(i € T‘*‘(f)) O’Z(Z € T‘*‘({)) —o;(i € T (f)) pi(i €
Ty (£)), —pili € THEUTY (€)),wili € Th(EUT (O)UTeh(E)UTE (€)), —wili €

T (5 )UTO;({: WT5o (5 )) are convex functlons at 1, respectively. Then, £ = ).

Proof. Suppose on the contrary, 3 # . Then, by Theorem 5, there exist
¢ € Fyc and (¢,aL &Y, AT, AW\ /\p) € Fyc,,, and hence
0(&) = L, @5, @Y, A7, A7, 3, N). (19)

The strict convexity of 9%, 9V (i € T) at 1/; gives that

<Z aEVOE () + Z o VI (9),€ - z/7>

1=1

< (Z AL ) Z Ao (¢ Z )\ppl Z A w; (¢ ) ) . (20)
i€l 1€T, €Ty €Ty

The convexity of 7i(i € T*( ), 0 A(z c T*(f)) —az(z erT; (f)) )
pili € Ty (€),—pili € TF(E) U T0+( £)),wili € THH(é) UT+ (&) UTyh(&) U
Ty (€)), —wi(i € T (€ ) U Ty, (€ ©) U Tyo(€)) at 9 and by the definitions of
index sets imply that

() + <vn(¢3),£f zL> < 7(€) = 0,AT > 0, for all i € T+ (€),

< 0i(€) = 0,A7 >0, for all i € T, (),
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~0i() + (Vo). ) < ~0u(§) = 0,47 <0, for all i € T; (£,

pi(D) + (Vpi(0),€ = 0) < pi(€) = 0.X <0, for all i € Ty (9),

—pi() + (~Vp(@),E = §) < —pil€) <0, >0, for all i € T (€),
> < —pi(€) <0,X° >0, for all i € T, (£),

3
wi() + (Veou(),€ = ) S wi(§) = 0,X7 > 0, for all i € Thy(&) UTgh (&),

wi(’&) + <VOJZ(7;),£— 1;> S Wz(é) < 07 )‘:J > 07 fOI‘ au { € TJ—:f (5) u TO+— (5)7

which implies that

STNRE + D Aa€) = Y Mpi©) + Y Mwi(€) + <Z AT VTi(9)

€T, €Ty €T, i€l €T,

Y AV = Y N+ Y Am-@),é—@ <o

€T 1€T) €T

On adding the inequalities (20) and (21) and by using the duality constraint
(9) of (WD,(€)), we have

‘C’(J}a dLa dUa S‘Tv 5‘07 S‘Ma :\p) =<LU 19(5)3

which contradicts with (19). O

5 The Mond—Weir type duality

The Wolfe dual of the primal problem, which we discussed in the last section,
says that all functions must be convex. Wolfe duality does not work for func-
tions, where the objective function is only pseudoconvex and the constraints
are only quasiconvex in the primal problem MIVVC (see, Mond [24]). So,
in this section, we propose a Mond—Weir type dual to the primal problem
MIVVC to weaken the convexity assumptions.

Consider & € Fyc, (u, o, oV, A7, A7, A%, \P) € R™ x R x R x RP x
R? x R" x R" with g:T(aiL +ad¥) = 1,A§+(§0) > 0,A7 (¢ < 0, and
)‘%r_(&o)uTo_(Eo) > 0. We consider the Mond—Weir type dual problem as

follows:

(MW Dy (&)) R — max 9(u)

subject to
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Z al vk (u) + Z VoY (u) + Z AIVT(u)+

= €T €T,
Z A Vo;(u) — Z NV pi(u) + Z A Vw;(u) =0,
i€T, i€T, i€T,

AN Ti(u) >0 (i €Tr),Noi(u) =0 (i € Tp), =N pi(u) >0
(i € Tp), Xwi(u) >0 (i € T,), > (af +af) =1,

€T

L U

>\1%+(50) 20, X;“H(&) < 0and X;#—(éo)UTof(&o) >0, (u, 0™, a”,
ATAT A N) € R x R x R X RP x R x R" x R'.

The feasible set of (MW Dy (&)) is defined by

Fye s (€o) ::{(u,aL,aU,)\T,)\",)\“’,/\”) € R" x R x R x RP x R1

XR'x R" | N 7i(u) >0 (i €T),\Noi(u) =0 (i € Ty),
= Mpi(u) >0 (i €T)), Nwi(u) >0 (i € T,),

L U\ __ w
> (af +al) = 1M, () 2 0.0, (g <0, and

€T
ATy (e0)UTo (&0) = 05 ZaiLVﬁiL(u) + Z%UW%J(U)
€T €T
+ Y N Vn(w) + > A Voi(u) = Y NVpi(u)
€T, €T, €Ty
+ ) A Vwi(u) = o}.
1€T,

Furthermore, let us denote by I'j; the projection of Fycjy,s on R™; that is,
PM(EO) = {’LL € Rn|(u7 aLv aUv >‘Ta )‘Ua )‘wv )\p) € FM(&O)} .

The other Mond—Weir type duality problem of MIVVC, which is not depen-
dent on &, is

(MW Dyy) : R™' — max (1))
subject to

(Qz/}aaLaaUa)‘TvAavAwa)‘p) 61—‘M = ﬂ FM(&O)
o€l

Definition 9. Let & € Fyc. Then (@, a”, aV, A7, A7, A\, A\?) € Fyca(&o) is
a locally LU-efficient solution of (MW Dy(&0)) (locally weakly LU-efficient
solution of (MW Dpr(&o))) if there exists U € ©(u) such that there is no
(u, QY AT AT A NP € Fye g (€0) NU satisfying
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J(u) 2rv I(u)
(@) <rv I(u))

Theorem 7 (Weak duality). Let & € Fyc and (¢, a”,aV, A7, A7, A%, \?) €
Fycar. Suppose that 7; (i € T7(€)), 03 (i € T (§)), —0i (i € T, (§)), pi (i €
Ty (€),—pi (i € TE(E) UTH(E),wi (1 € THH(E) U T (6 U Tgh(6) U
Tof (€)), —wi (i € To(€) U Ty (€) UTy(€)) are quasiconvex functions at
Y on Fycy ULy IF 95,9V (i € T) are strictly pseudoconvex functions at )

(s 3

on Fycar UT, then 9(8) ﬁLU ().

Proof. For & € Fyc,r and

(¥, 0" " AT AN W) €Fyeyr =[] Fvew(o),

Eo€Fve

we have

7€) <0G €T, 0i(§)=00G€T,), pi(§) >0 €T, wi(épi(§) <0(ieT),

(22)
D af Vol @)+ D al Vol () + > ATVn($) + Y AT Voi(y)
€T €T €T, €Ty
= D NVp) + D X V() =0, (23)
€T 1€T
and
M() >0 @ eTy), Moi()=0(eTy,),
—Npi($) 20 (i €T,), Mwi(¥) >0 (i €T), (24)
with

L U\ _ P w w
Z (ai Tay ) =1 )\T+(€) z 0, Tor(e) =0, )\T+—(5)UT0—(€) > 0. (25)
i€T

It follows from the above inequalities that
7(§) <0< 7(y) <0, forallie TF(€),

0i(€) = 03(¥) =0, for alli € T, (§) UT; (€),
pi(€) =0 < pi(v), forallie Ty (6),
—pi(€) 0 < —pi(v), forallie TH(E)UTH(©),
wi(€) S0 <wi(¥), foralli e THH(€) UTE_(€) UTg(6) U T (€),
—wi(§) <0< —w;() =0, for all i € (&) U Ty, (€) U Tpp(€)-

Thus, we deduce from the quasiconvexity of 7; (i € T;F()), 04 (i € T,F()),
—0i (1 € T, (€)),pi (i € Ty (€)), —pi (i € T (§) VT (9)),
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wi (i € To(§) UTL_(§) UTyp(€) UTHE(€)), —wi (i € T (§)UT5, (§)UT(€))
at ¢ and the definitions of index sets that

(Vri(¥),€ =) <0,AT >0, forall i € TF(¢),
(Voi(y),€ —¢) <0,X7 >0, forallie T (€),
(=Voi(1h), € =) < 0,7 <0, forallieT;(€),
(Vpi(),€ =) <0,\? <0, forallieTy (),

(=Vpi(1), € =) <0,A) >0, forallieTF () UTH(E),
(Vwi(),€ = %) 0,77 >0, for all i€ T3y (€) UTE_(€) U Tg5(€) U T (6),
(—Vwi(¥),6 —9) <0,A7 <0, forall ic T-:o(f) U To_-y(f) U Too(6),
Employing this together with (23) gives us the inequality

<ZafW£(w) + 2ol Vo (W)€ - w>

= < STAVR@) + Y A Vei(w) = Y MVpi(w) + Y Ami(w>,g—w>

i€Tr €Ty €Ty €Ty
So. (26)

Assume by contradiction that

(&) 2rv ().

This is equivalent to

ohE) <o) [ eHe <otw) [ 0 <0FW)
9U(e) <9V (w)” 7€) <0’ () 2(€) <0V ()

Since ¥F,9Y (i € T') are strictly pseudoconvex functions at 1), we have

1 ?

(VOE(¥),& =) <0, forall i €T,
(VY (¢),& —1p) <0, forall i € T.

Taking into account a* € R7', oV € R7 and from >/" | (af +a¥) =1, we
have
(3arvoto+ SSabwte-v) <o
i=1 =1

contradicting to (26). O

Example 3. Let m=n=1,let p=¢ =0 and let r = 1. Let us investigate
the following (MIVVC — 3):
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MIVVC =3  Ry—min 9(§) = (01(),2(¢))
= ([4€® — €42 v e+ 1], [€2 - 26,6 +2))
subject to
p1(§) =€ =0,
wi(§)p1(§) = (-1 -§E<0.
Then, Fycz = {6 € R | p1(§) > 0, w1(&)p1(§) < 0}. For any & € Fycs, the
corresponding Mond—Weir dual problem to MIVVC-3 is given by
(MW Dy — 1) R — max 9(u)
= ([4u® — u, 40 + u + 1], [u* — 2u, u* + 2u))
subject to
ol (8u—1)+ oY (Su+1) + ok (2u — 2) + of (4u® + 2)
— M)+ A7 (=1) =0,-A(u) > 0,A{ (-1 —u) >0,
alLJralU = 1,a2L+a2U =1,
<0, if1 € To4 (o),
>0, if1 € T4 (&) U To- (%),
€ R, ifl € Tho(&o)UToo(bo),

where (u,ol .oV ok af A9 M) e Rx Ry x Ry x Ry X Ry x R x R.

AP { >0, ifl € T+(§0)7 AW
1 . 1
S R, ’Lfl S To(fo),

Therefore, we get the following feasible set of problem (MW Dy (&) — 1):

(Fyca (&) — 1) := {(u, af,af,af,af A\ M) € R" x R x R x R

x R x R™x R™ | — A/(u) > 0,X{(=1—u) >0,
ol ol =10k +aY =1,\ € R, \Y € R,
oIk (u) + oV VIV (1) + oL VoL (u)

+ oS VOY (u) — MVpi(u) + XYV (u) = 0}.

By taking £, = 0 € Fycs, we evidence from Examples 1 and 2 that all
suppositions of Theorem 1 are fulfilled. Now, by choosing af = ol = %, ak =
af =1 =0\ =0

2 PREAS1 » M )

we have

_)‘;17(60) > Oa )‘Lf(_l - 50) > 07

SN+ S+ () 4 5(2) ~ M)+ A (1) =0,

Finally, by the strict pseudoconvexity of 9%, 9Y (i € T) at ¥ on Fycy Uy,

2 K2

and by simple calculations, we get ¥(&) ArLu 9(¢).
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Theorem 8 (Strong duality). Let & € Fyc be a locally weakly effi-

cient solution of MIVVC. If MIVVC VACQ holds at § and the set A;

is closed, then there exists (a,a’, A",A%, A, A\?) € R™ x RT x RP x

R? x R" x R" with .7, (& L+a 7)) =1 >\T ) = 0. ATm(go)un (€0) z

0, X%, ~(60)UTos (€)UTo—(€0) = O a0 AT (eymo(e) = O such that (&0, a",
av )\T A7 A9 M) € Fyear (o). F‘urthermore assume that 7;(i € T (&), 04(i €

TJ(fO))v—Uz(Z € T, (%)), pi (l € Ty (€0)), —pili € T (&) U Ty (€0))swili €

+o(§0) U T (&) UTph(60) U (fo)) —wi(i € T (&) UTo, (§0) U T0(60))
are quasiconvex functions at 50 If 95, 9Y (i € T) are strictly pseudoconvex

177

functions at &y, then (&, a”,a’, A7, A7, A¥, \?) is an LU-efficient solution of
MW D (o).

Proof. By Theorem (1), there exists (’ al AT A7\ 5\7) € R x R x
RP x RIx R" x R" with 31" (of +al) =1,M, ( 0 =0 )‘Too(fo)uTo €0) =
> 0 such that

0, \% )annd)\

Ty — (§0)UTo+(§0)UTo— (&0 T40(£0)UTo0(&0) =

D af Vol @)+ ol Vol () + >N Vn) + Y A Voi(y)

€T €T €T, 1€T,
=) NVpi(¥) + Y A Vwi() = 0.
€T, €T,

Since \™ € RP, one has 5\;7'1-(50) =0 for all # € T. The fact that & € Fyc
guarantees that A\70;(£p) = 0. Furthermore, we deduce from )\;+ (€) = 0 and

pi(&0) = 0 for all i € Ty(&) that —Ap; (&) = 0 for all i € T,.. In addition,
we get from >\§J"+—(EO)UT0+(§O)UT0—(§O) =0 and w;(§) =0 for 3111 i_e 1}0(_50) U
Too(&o), that Aw; (&) = 0 for all i € T,.. Thus, (&,ak,al, AT, A7 A \°) €
Fycar(§o)-
(7). Now, arguing by contradiction, let us suppose that (&, @, a¥, A7, A7, A \?)
is not a weakly LU-efficient solution of MW Djs(&p). By the definition, there
exists (u,al, ¥, AT, A7 A9 \P) € Fyear(&o) such that

9(&o) <rv I(u),

which contradicts with Theorem 4(i).

(i7). Reasoning to the contrary, Let us assume that (&, &%, a¥, A7, A7, A%, \?)
is not an LU-efficient solution of MW Dy (&y). Then, there exists (u, a¥, oV A7,
A7 A NP € Fyepr(&o) such that

9(&0) 2rv V(v
which contradicts with Theorem 4(ii), and thus, completes the proof. O

Theorem 9 (Strict converse duality). Let £ e Fyc be a locally weakly effi-
cient solution of MIVVC such that MIVVC-VACQ holds at £ and the strong
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duality between the MIVVC and the (M WD) (€) as in Theorem 8 holds.
Also, let (¢, al,aVu, A7, A7, A\, \?) € Fycyr be an LU-efficient solution of

(MW Dys)(€). Moreover, Suppose that 95, 9Y (i € T') are strictly pseudocon-

vex functions and that 7,(i € T;7(€)),04(i € T,5(€)), —ou(i € T, (£)), pi(i €
Ty (€)),—pili € THE LT (©).wnli € Ti(@) UTH (6 U T (& UTH ()

—wi(i € TH(&) U To (&) UTy()) are quasiconvex functions at ¢ on
Fye oy U Ty, respectively.

Proof. Suppose, contrary to the result, that é #* 1; Then, by the strong
duality theorem, there exist (o, oV, A7, A7, A\ \P) € R x R x RP x R X
R"™ x R" such that (1E7aL7aU7)\T,)\”,)\“,)\p) is an LU-efficient solution of

MWDy (§), and hence

9(€) = (D). (27)
By the strict pseudoconvexity of 92,9V (i € T) at ¥ on Fycpr UT s, we have
(Sorvoton s Sarvto.6-5) <o

i=1 i=1

By the quasiconvexity of 7;(i € T;F(€)),04(i € T,F(€)), —oi(i € T, (€)), pili €
T (), —pili € TH(€) UT3 (€)). (i € Tho(@) U TE_(€) UTen(&) U Ty (€)),
—w;i(i € T, (&) UTo, (§)UTHo(8)) at ¢ on Fyc U prw p and by the definitions
of index sets, we have

<vn 0,AT >0, forallieTF(E),

(6),€-¥) <
<vai(1ﬁ), c 1/3> <007 >0, forallieTH(E),

<—VU¢(1/)),§~— J)> <007 <0, forallieT;(€),

<Vpi(1/1), E 1/?> <0\ <0, forallieTy (),
(~Vpi@).6 = d) <0.X >0, foralli € TF(§) VT (©),
<v¢ui(d),£— 1;> <0\ >0, forall ie T, () UTT (&) UTH(E) UTy (&),
<—wi(qﬁ),é— q;> <0\ <0, forall ic Ty (€) UTy, (€) U Ty (&),

which implies that

<Z NVR() + 3 NVaid) - S0 XVp0) + Y0 N Ve (0). € - 1z> <0
€T, €Ty €T, €T,
(29)
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On adding the inequalities (28) and (29) and by using the duality constraint
of (MWD (&)), we have

79(7;) =LU 19(5)~

which contradicts with (27). O

6 Special cases

(7). If 91(&) = ¥2(€) = -+ = ¥, (&) then the MIVVC problem reduces to
the following (IVVC) problem of Ahmad et al. [2]:

(P1)  min 9(E) = (91(6) = [9V(€), 0 (€)]
subject to
7:(§) <0, foralli=1,2,...,p,
0;(&§) =0, foralli=1,2,...,q,
pi(§) >0, foralli=1,2,.
wi(&pi(§) <0, foralli= 1,2,...,r

(i7). If 91(&) = 92(&) = -+ - = V(&) and 91 (&) = YV (€) then the MIVVC
problem reduces to the following (MPVC) problem of Hoheisel and
Kanzow [12] and the (MPVC) problem of Ahmad, Kummari, and Al-
Homidan [3]:

(P-2) min  Y(&)
subject to
7:(6) <0, foralli=1,2,...,p,
ci(§) =0, foralli=1,2,...,q,
pi(§) >0, foralli=12,.

wi(§)pi(§) <0, foralli= 1,2,...,7"

(#it). If pi(§) = 0 = w;(&), for alls = 1,2,...,r, then MIVVC problem re-
duces to the following IVP problem of Antczak and Michalak [5]:

(P-3)  min D) = (91(6),V2(E), - Im(€))
subject to
7:,(6) <0, foralli=1,2,...,p,
0:;(§) =0, foralli=1,2,...,q

As a result of the above special cases, it is evident that the problem MIVVC
presented in this article is more generalized.
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7 Conclusion

In this paper, we have considered a multiobjective interval-valued program-
ming problem involving vanishing constraints. Based on generalized convex-
ity assumptions, the sufficiency of the Karush—Khun—Tucker necessary op-
timality conditions has been established. Furthermore, we have anticipated
Wolfe and Mond—Weir dual problems for the considered multiobjective pro-
gramming problem with interval-valued objective function and delved into
several duality results under convexity assumptions. The results established
in the paper were exemplified by an example.
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