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Hopf bifurcation analysis of a delayed
five-neuron BAM neural network with
two neurons in the X-layer

E. Javidmanesh and Z. Afsharnezhad

Abstract

In this paper, a bidirectional associative memory (BAM) neural network,
which consists of two neurons in the X-layer and three neurons in the Y-
layer, with two time delays will be studied. We conclude that under some
assumptions, Hopf bifurcation occurs when the sum of two delays passes
through a critical value. A numerical example is presented to support our
theoretical results.

Keywords: Neural network; Hopf bifurcation; Characteristic equation; Time
delay.

1 Introduction

The attention of many scientists (eg., mathematicians, physicists, computer
scientists, engineers and so on) have been attracted toward the dynami-
cal characteristics of artificial neural networks since Hopfield constructed
a simplified neural network (NN) model [1]. As time delays always oc-
cur in the signal transmission, Marcus and Westervelt proposed an NN
model with delay [2]. Many dynamical behaviours such as periodic phe-
nomenon, bifurcation and chaos have been discussed on these systems (e.g.
[3,4,5,6,7,8,9, 2, 10]).

The bidirectional associative memory (BAM) networks were first intro-
duced by Kasko (e.g. [11, 12]). The properties of periodic solutions are
significant in many applications. It is well known that BAM NNs are able
to store multiple patterns, but most of NNs have only one storage pattern
or memory pattern. BAM NNs have practical applications in storing paired
patterns or memories and have the ability of searching the desired patterns
through both forward and backward directions.
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The delayed BAM neural network is described by the following system:

{ﬂéi(t) = —pwi(t) + Z?:l ciifilyj(t —154) +1; (i=1,2,...,n)
Yi(t) = —vy;(t) + Y0y dijgj(zi(t —oig)) + J; (= 1,2,...,m

where cj; and d;; are the connection weights through the neurons in two
layers: the X-layer and the Y-layer. The stability of internal neuron processes
on the X-layer and Y-layer are described by p; and v;, respectively. On the
X-layer, the neurons whose states are denoted by x;(t) receive the input
I; and the inputs outputted by those neurons in the Y-layer via activation
function f;, while the similar process happens on the Y-layer. Also, 7;; and
045 correspond to the finite time delays of neural processing and delivery of
signals. For further details, we refer to [12, 11].

) (1)

Since a great number of periodic solutions indicate multiple memory pat-
terns, the study of Hopf bifurcation is very important for the design and
application of BAM NNs. In fact, various local periodic solutions can arise
from the different equilibrium points of BAM NNs by applying Hopf bifur-
cation technique. But the exhaustive analysis of the dynamics of such a
large system is complicated, so some authors have studied the dynamical
behaviours of simplified systems. For example, the simplified three-neuron,
four-neuron, five-neuron and six-neuron BAM NNs with multiple delays have
been studied in [13, 14, 6, 15, 8, 9, 16, 17, 10, 18, 19, 20]. It should be noted
that in the above papers, the systems which have been considered, just con-
sist of one neuron in the X-layer and other neurons in the Y-layer. This way
of choosing the systems simplifies the analysis. Also, [20] studied the stability
and local Hopf bifurcation of a five-neuron ring neural network with delays
and self connection. However, there are many other forms of BAM NNs that
have not been studied.

Motivated by the above, in this paper, we consider the following five-
neuron BAM neural network. We should point out that in [21], the following
system has been studied through center manifold theory, but here, we study
this system according to the distribution of roots. In [14], a more simplified
form of (2) with some assumptions has been considered, but they have stated
some results of synchronization.

T1(t) = —px1(t) + e fi(ya(t — 72)) + ca1 fi(y2(t — 72))
+es1fi(ys(t — 12))
Za(t) = —poxa(t) + cra fal
+ea2 fa(ys(t — 72))
yi(t) = _Ulyl(tg +digi(z1(t — 1)) + darga(z2(t — 1))
)

y1(t —712)) + caa fo(y2(t — 72))

Yo(t) = —v2ya(t) + diaga(1(t — 71)) + da2g2(z2(t — 1))
Y3(t) = —v3ys(t) + dizgs(w1(t — 71)) + dazgs(wa(t — 71))

where p; > 0(0 = 1,2), v; > 0(j = 1,2,3), ¢j1,¢52(3 = 1,2,3) and
di1,d;a,d;s(i = 1,2) are real constants. The time delay from the X-layer
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to another Y-layer is 71, while the time delay from the Y-layer back to the
X-layer is 79, and there are two neurons in the X-layer and three neurons in
the Y-layer. First, we take the sum of the delays 7 = 71 + 75 as parameter and
we will show that the zero solution loses its stability and Hopf bifurcation
occurs when 7 passes through a critical value.

This paper is organized in four sections. In section 2, we will analyze the
stability and Hopf bifurcation. To illustrate the results, numerical simulation
is presented in section 3. Finally, in section 4, some main conclusions are
stated.

2 Stability analysis and Hopf bifurcation

First, we need to explain some transformations stated in [21]. Letting u (¢) =

x1(t — 71), u2(t) = xa(t — 11), uz(t) = y1(t), ua(t) = ya(t), us(t) = y3(t) and
T =71 + T2, system (2) can be rewritten as the following equivalent system:

1 (t) = —paua (t) + cun fi(us(t — 7)) + cor f1(ua(t — 7))
+c31 f1(us(t — 7))
ts(t) = —poua(t) + crafa(us(t — 7)) + coz fa(ua(t — 7))
+c32 fa(us(t — 7)) (3)

ug(t) = —vius(t) + di1g1(ui(t)) + d21g1 (ua(t))
g (t) = —vouy(t) + di2ga(ui(t)) + daoga(ua(t))
s (t) = —vsus(t) + dizgs(ui(t)) + dasgs(ua(t))

To establish the main results for system (3), it is necessary to make the
following assumption:

Note that the above assumption is necessary for linearization. It is easily
seen that the origin (0,0,0,0,0) is an equilibrium point of (3). Under the
hypothesis (H1), the linearization of (3) at (0,0,0,0,0) is

u'1 t) = —,ulul(t) + Ck31’LL3(t ) + a41U4(t ) + OZ51’LL5(t — T)
Uz (t) = —poua(t) + agaus(t — 7) + auoua(t — 7) + asous(t — 7)
i3(t) = —vius(t) + azuy (t) + azsus(t) (4)
) = —vaug(t) + araus (t) + aqusa(t)
) 7U3U5(t) + a15u1(t) + 042511,2@)

where i = ki f/(0), @im = dirg,(0) for m = 3,4,5, k =m —2, i =1,2.
Then the associated characteristic equation of (4) is
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A1 0 —azie™™ —ayge™ —age N
0 A+ M2 —043267)‘7- —054267»'- —Oé52€7>\7
det —13 —Q23 A+ (%1 0 0 = 0,
-4 —Qiq 0 A+ vy 0
—Q15 —Q25 0 0 A + v3

ie.,

N4 ad + 003+ A+ dh+e+ (X + N2+ e\ +dy)e
+ ((IQ)\ + b2)€_2>‘7— =0, (5)

where

a = vy + v +v3+ p2 + p,

b= v1vg + pov1 + H2V2 + Vs + V13 + Vav3 + Va2 + U1 + Vapir + pfi2,
C = [2V1V2 +V1U3 1 + VU3 1 + [h2U3 1 +V1U2U3 +V1U3 b2 +V2Us lho + U1 V2 11 +
MoVl + povU2i1,

d = p2v1V2U3 + paU1V2 1 + V1V2U3 1 + U1 U3 + faU2Us 1,

€ = Us 1 H2V1V2,

a1 = —Q520025 — Qig40i42 — (320023 — (131 (V13 — Q4114 — (51005,

by = —asaaas(V1 + U2 + 1) — a2aa (V1 + U3+ p1) — azacz(vz 4 v + pr) —
az1o3(vs + va + pi2) — agrona(vy + vs + p2) — asions (v + ve + p2),

€1 = —as2025 (V1 V211 Va1V ) — Q24042 (V1 U3 H 11 U3 H1 V1) — 320003 (V3 U2+

p1U2 4 p1v3) — az1o3(VaU2 4 o3 + fiov2) — g1 004 (V103 + p2v3 + povr) —
as1015(V1V2 + p2U1 + fi2V2),

di = —a20o501V1V2 — Q24Qu2[1V1V3 — Qi320023[41V2U3 — Qi31QU13[42U2V3 —
Q4114 H2V3V1 — Q5100 542V1V2,

a2 = (31130520025 + Q31 11324042 — (31 (14 Q4223 —
Q3101500520023 — Q41 V130320024 + Q41 Q140520025+
Q4114230032 — Qi1 (1500520042 — (51 (X1 33225 —

Q1404200250051 + Q51150042024 + (51 (15230032,

by = 31130520025V + 431130240142 U3 — (V31 (V1442 (233
— Q31 15052Q23V2 — (41 (1300320024V3 + Qg1 1452025V
+ (41014 Q23(032V3 — (U1 V15Q520042U1 — Q5113032 025V2

— (1404225051 V1 + Q51 Q15042 024V1 + Q51 (1523322

To study the distribution of the roots of (5), we make the following assump-
tion: (If we assume that as = by = 0 instead of (H2), the results in this case
can be obtained from [19] analogously.)

(H2)a1=b1:c1:d1=O.
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Then Eq. (5) reduces to
N 4 adt + A3 4+ eA? 4+ d)\ + e + (ag)h + by)e 2 = 0. (6)

Obviously, iw(w > 0) is a root of Eq. (6) if and only if w satisfies (the real

and imaginary parts have been separated)

—bocos(2wT) — aswsin(2wT) = aw* — cw? +e, )
—aawcos(2wT) + basin(2wT) = w® — bw? + dw.

Taking square on the both sides of the equations of (7) and summing them

up, we obtain
w4 (a® = 2b)w® + (b® +2d — 2ac)wb + (¢* 4 2ae — 2bd)w? + (d* — 2ce — a3 )w?
+e?2—b3=0. (8)

Let z = w? and for convenience, denote
p=a%—2b,q=0b>+2d—2ac,r = *+2ae—2bd,v = ez—bg, s = d2—2ce—a§.
Then Eq. (8) becomes

D 4pt gt sz +v=0. (9)

Suppose that
h(z) = 25 + p2t 4+ ¢2% 4 r2% + 52 4+ 0.

The fact that Eq. (9) has positive roots is a necessary condition for the
existence of pure imaginary roots of (6). The following four lemmas, which
have been proved in [20], are going to be used to establish the distribution
of positive real roots of Eq. (9). We should mention that the coefficients of
Eq. (9) are different from those in Lemmas 2.1-2.4 in [20], but they have not
changed the results of the lemmas. Hence, we can prove the following four
lemmas analogously. So, we do not state the proofs.

Lemma 1. Ifv < 0, then Eq. (9) has at least one positive root.

Now, to study the distribution of positive roots of (9) when v > 0, consider
the following equation that comes from h'(z) = 0:

524 +4p2® + 3¢2% + 2rz + 5 = 0. (10)
Substituting z = y — £ in Eq. (10), we have
v+ 1y’ +qay+r =0, (11)

where p1 = —2p? + 3¢, 1 = $3:0% + 2pa + 2r, = — 5=t + B:p%q —

%pr + %s. If g1 = 0, then it is very easy to obtain the four roots of Eq. (11)
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as follows:
[ =p1+ VAo . —p1 + VA
h=\——F""Y=—\—"—F""
2 2
=P —VAg _ —p1 — VAo
Y=\ =\

where Ag = p? — 4ry.

Lemma 2. Assume that v >0 and ¢, = 0.

(1) If Ag < 0, then Eq. (9) has no positive real roots.

(IT) If Ag > 0, py > 0 and r1 > 0, then Eq. (9) has no positive real roots.
(III) If (I) and (II) are not satisfied, then Eq. (9) has positive real roots if
and only if there exists at least one z* € {z1, 29, 23, 24} such that z* > 0 and
h(z*) <0, where z; = y; — £ (i =1,2,3,4).

Denote py = —3pi —4r1, g2 = —F:p} + §pim — af, Av = 303 + 143,
1 2
se= =L+ VA + YL - VA 4 Spr Do = s —pr e
2 2 3 S« — D1
e

Lemma 3. Suppose that v >0, q¢1 # 0 and s, > p1.

(I) If Ay < 0 and Az < 0, then Eq. (9) has no positive real roots.

(II) If (I) is not satisfied, then Eq. (9) has positive real roots if and only if
there exists at least one z* € {z1, za, 23, 24} such that z* > 0 and h(z*) <0,
where yy — =YEprtvEs o VepiVBs o VepidBs
7M and z; = y; — £ (i =1,2,3,4).

Lemma 4. Assume thatv >0, ¢ # 0 and s, < p1, then Eq. (9) has positive
2
real roots if and only if 4(;.;1%3*)2 +% =0,z >0 and h(2) < 0, where

_ q1 _ 1
= 2(p1—58x) 5D

Suppose that Eq. (9) has positive roots and without loss of generality, we
assume that it has five positive roots, denoted by z;, k = 1,2,3,4,5. Then
Eq. (8) has five positive roots wy = \/72, k=1,2,3,4,5.

By Eq. (7), we have:

agwg + (aby — azb)w,‘i + (dag — cbg)w% + eby
5 - |

cos(2wyT) =

(by — aaz)w;j + (cag — bbs)w; + (dbs — eas)wy,

sin(2wgT) = a%wz 5
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Thus, we get the corresponding T,ij ) > 0 such that the characteristic equa-

tion (6) has purely imaginary roots.
_agwg + (aby — agb)w,‘i + (das — cbg)w,% + ebgy
b3 + ajw?

S ﬁ[cosﬂ( ) + 247,
(12)
where k =1,2,3,4,5 and j =0,1,2,..., then +iwy is a pair of purely imag-
inary roots of Eq. (6) with 7 = TIEJ). Clearly, the sequence {7',53)}]-108 is
increasing, and limj_>+oo7',gj) =400, k=1,2,3,4,5.
Therefore, we can define

To = 7',52) = minke{17.,,,5}{7',§0)}, Wo = Wy, 20 = ZI:U' (13)

For convenience, we make the following hypotheses:

(H3) a>0,ab—c >0, clab—c)+ale+by—a(d+az)) >0,e+by>0
(ab— c)e(d + ag) — b(e + bp)] — [a(d + az) — e — ba]?® > 0.

We also need the following result from Ruan and Wei [22].

Lemma 5. Consider the exponential polynomial

P\ e A e Mm) =\ 4 pgo)/\rh1 + ... —i—pglozl)\ —|—p5LO)
+ A p A pDjemA
+ AT 4 U e

where 7, > 0(i =1,2,...,m) andpg-i) (i=0,1,2,...,m;5 =1,2,...,n) are
constants. As (11,72, ...,Tm) vary, the sum of the orders of the zeros of
P\, e 2 .., e=™m) on the open right half plane can change only if a zero

appears on or crosses the imaginary aris.
Proof. See [22]. O

Using Lemmas 1-5, we can easily obtain the following results on the dis-
tribution of roots of the Eq. (6).

Lemma 6. Assume that (H3) holds.

(1) If one of the following conditions holds:

(a) v < 0;

(b)) v>0,qg =0, Ay >0 andp1 <0 orry <0 and there exists z* €
{#1, 22,23, 24} such that z* > 0 and h(z*) < 0;

(c)v >0 g #0, s, >p1, Ag >0 or Az > 0 and there exists z* €
{#1, 22, 23, 24} such that z* > 0 and h(z*) < 0;

(d)v>0,q #0, s« <p1, ﬁ+%s*:0,2>0 and h(z) <0,

then all roots of Eq. (6) have negative real parts when 7 € [0, 79).
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(II) If none of the conditions (a)-(d) of (I) is satisfied, then all roots of Eq. (6)

have negative real parts for all T > 0.

Proof. When 7 =0, Eq. (6) becomes
N+ adt +0A% + eA? + (d + az)\ + e+ by = 0. (14)

By the Routh-Hurwitz criterion, all roots of Eq. (14) have negative real parts
if and only if (H3) holds. From Lemmas 1-4, we know that if (a)-(d) of (I)
are not satisfied, then Eq. (6) has no roots with zero real part for all 7 > 0.
If one of (a)-(d) holds, when 7 # T]EJ), k=1,...,5j=0,1,..., Eq. (6) has
no roots with zero real part and 7 is the minimum value of 7 so that Eq. (6)
has purely imaginary roots. Applying Lemma 5, we obtain the conclusion of
the lemma. O

Let
A7) = ar) + iw(T) (15)
be the root of Eq. (6) satisfying a(mp) = 0, w(m9) = wp. Then we have the
following lemma:

Lemma 7. Suppose that 29 = wg, h'(20) # 0 and aswy # 0 (or by # 0).
Then, alt T = Ty, Liwy is a pair of simple purely imaginary roots of Eq. (6).
Moreover,

dRe(A(19))

dr 70,

also, W and h'(z9) have the same sign.

Proof. Differentiating Eq. (6) with respect to 7, we can easily obtain:

[@]71 _ (X +4aX +300% + 2 A+ d)e* +ag T
dr a 2a9\2 + 2by A\ A
Then, we get
dRe(A(70)) -1 _ 20,
[ dr ] - Eh (20)7

where K = 4a3wd + 4b3w3. Thus, we obtain

dRe(A(9))

dRe(A(10))
dr

= sign{| S

sign{ |71} = sign{=2'(20)} # 0.

Since K, zp > 0, we conclude that the sign of W is determined by the
sign of h'(zp). O
Now, we state the main theorem:

Theorem 1. Suppose that (H1), (H2) and (H3) hold.
(1) If the conditions (a)-(d) of Lemma 6 are all not satisfied, then the zero
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solution of system (3) is asymptotically stable for all T > 0.

(II) If one of the conditions (a)-(d) of Lemma 6 is satisfied, then the zero
solution of system (3) is asymptotically stable for all 7 € [0,79).

(III1) If all the conditions as stated in (II) hold and h'(zy) # 0, then system
(3) undergoes a Hopf bifurcation at the zero solution as T passes through Tg.

Proof. By applying Lemmas 6, 7 and bifurcation theory, all parts can be
easily proved. O

(For more information about bifurcation theory and Hopf bifurcation, see
23].)

3 Numerical simulation

In this section, we give a numerical simulation to support our theoretical
analysis. We consider the following system

21(t) = —0.521 () + tanh(y1(t — 12))
—tanh(y2(t — 12)) + 2tanh(ys(t — 12))
IIZQ(t) = 7.%2(75) + tanh(yl(t — 7'2))
+tanh(ya(t — 12)) + tanh(ys(t — 2)) (16)
y1(t) = =2y1(t) + tanh(x1(t — 7)) — tanh(z2(t — 1))
ya(t) = —0.5y2(t) + tanh(z1(t — 11)) + tanh(z2(t — 1))
y3(t) = —0.5y3(t) + tanh(x,(t — 1)) — tanh(xs(t — 1))

which has (0,0,0,0,0) as an equilibrium point. From section 2, by (5) and
(8), we can compute p =9, ¢ = 27.375, r = 32.3125, s = —24.43359375 and
v = —0.984375. Then Eq. (9) has a unique positive real root zy = 0.5308.
Its casy to show that 7o = 0.885959203, A’ (z9) > 0 and sign{ XX} — 1,
Here, we have chosen 7 = 0.3 and 7o = 0.4, Figure 1 shows that the origin
is asymptotically stable. When 7 passes through the critical value 7y, a Hopf
bifurcation occurs and a family of stable periodic solutions bifurcates from
the origin. In Figure 2, the bifurcating periodic solutions are presented by
choosing 7 = 0.4 and 75 = 0.5.

4 Conclusions

In this paper, we discussed the dynamics of a class of BAM neural network
with two neurons in the X-layer, three neurons in the Y-layer and two time
delays. We have proved that the zero solution loses its stability and Hopf
bifurcation occurs. In fact, a family of periodic solutions bifurcate from
the zero solution when 7 passes through a critical value. Also, in the main
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Figure 1: When 7 = 0.3 and 79 = 0.4, the origin is asymptotically stable.

Figure 2: When 73 = 0.4 and 75 = 0.5, a family of periodic solutions bifur-
cates from the origin.
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theorem, we resulted asymptotically stability of the zero solution in system
(3) under some conditions. Finally, the results have been illustrated through
numerical simulations.

At the end, for further research, we would like to point out that we dis-

cussed the dynamics of a special class of BAM neural network, but the com-
plexity found in this case might be carried out to larger networks under some
conditions.
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