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Abstract

In this research, we aim to analyze a mathematical model of Maize streak
virus disease as a problem of fractional optimal control. For dynamical
analysis, the boundedness and uniqueness of solutions have been investi-
gated and proven. Also, the basic reproduction number is obtained, and
local stability conditions are given for the equilibrium points of the model.
Then, an optimal control strategy is proposed for the purpose of examining
the best strategy to fight the maize streak disease. We solve the fractional
optimal control problem by a forward-backward sweep iterative algorithm.
In this algorithm, the state variable is obtained in a forward and co-state
variable by a backward method where an explicit Runge-Kutta method is
used to solve differential equations arising from fractional optimal control
problems. Some comparative results are presented in order to verify the
model and show the efficacy of the fractional optimal control treatments.

AMS subject classifications (2020): Primary 34A08, Secondary 65K10, 92B05.

Keywords: Fractional differential equation; Maize streak virus; Fractional-
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1 Introduction

Maize is an important annual cereal crop of the world belonging to the fam-
ily Poaceae. It is considered a staple food in many parts of the world. It
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is the third leading crop in the world after rice and wheat [20]. Due to its
highest yield potential among cereals, it is known globally as the queen of
cereals. Maize streak disease (MSD) is the most serious viral crop disease in
Sub-Saharan Africa. This disease is caused by the Maize streak virus (MSV),
which was first described by the South African entomologist Claude Fuller in
1901 [12]. MSV is mainly transmitted by as many as six leathopper species
in the Genus Cicadulina, but some other leathopper species are also able to
transmit the virus. In addition to maize, this virus can infect over 80 other
species in the Family Poaceae. Severe MSD manifests as pronounced, contin-
uous parallel chlorotic streaks on leaves, with severe stunting of the affected
plant and, usually, a failure to produce complete cobs or seeds. Erratic epi-
demics have been occurring every 3-10 years, and the main damage caused
is to plants younger than six weeks old [24].

In recent years, mathematical modeling has become a valuable tool to
study the mechanisms of plant disease spread, predict the future course of an
outbreak, and appraise strategies to control. In most cases, differential equa-
tions of the integer order have been used to construct such models; see, for
example, [25, 8, 9, 14] and the references therein. The integer-order deriva-
tives and integrals have local properties; that is, the next state is not influ-
enced by the current and previous state. So, the integer-order mathematical
models can not describe natural phenomena precisely.

Fractional calculus is an extension of classical calculus that introduces
derivatives and integrals of fractional order. Fractional derivatives have non-
local properties, that is the next state depends on the current state and all
previous states. This is the main excellence of fractional derivatives over
classical derivatives. Due to this advantage, many applications of fractional
calculus can be found in various fields of research, such as biology, economy,
physics, control theory, and so on [15, 13, 21, 22, 26, 2]. In [23], a fractional
model of tuberculosis disease has presented, and the values of parameters have
been evaluated according to the actual clinical cases. In 2020, the dynamics
of the fractional HIV infection model were studied by Evirgen Evirgen, Ucar,
and Ozdemir [11]. Bozkurt et al., in their work [6], have analyzed a fractional
model of COVID-19 by considering the fear effects of the media and social
networks. In [5], the authors presented a fractional model for the simulation
of the Cholera outbreak in Yemen. The authors in [4] proposed a fractional
model to study the dynamics of the MSV in the maize plant population by
considering the interaction of MSV pathogen with the past invasion.

In light of this significant advantage, we were motivated to develop the
model investigated in [3] into a new fractional model involving the Caputo
derivatives. The Caputo derivative is of use for modeling phenomena that
take account of interactions within the past and also problems with nonlocal
properties. In this sense, one can think of the equation as having “memory.”
After that, we discuss some properties of the fractional version of the model
under consideration. Next, fractional optimal control (FOC) is applied as a
generalization of the classical optimal control system [3]. The FOC model is
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developed with three time-dependent control strategies proposed by Alem-
neh, Kassa, and Godana [3].

The paper is organized as follows. In section 2, we give a brief review
of the Caputo operator and discuss its basic characteristics. In Section 3,
the fractional-order model formulation is presented, and the main properties
of the fractional model are then given in section 4. Section 5 focuses on
the dynamic analysis of the model. The FOC of the model and numerical
simulations of the fractional model are presented in section 6. Section 7 also
contains concluding remarks.

2 Basic definitions and facts

In this section, we give a brief review of the Caputo operator and discuss its
basic characteristics [16].

Definition 1. For a function f : [0,t¢] = R,v € (n —1,n), and n € N, the
left- and the right-sided Caputo fractional derivatives of order v of a function
f are defined in the following forms:

ggtyf(t) = ﬁ/{; (t — u)("_’/_l)f(”)(u)du7 t> 0’ (1>
and ,
—_1)" t

OYf(t) = an)y)/t (t —w) "= M (W) du, <ty (2)

Here, T'(+) denotes the Gamma function.

Definition 2. The integral operators related to (1) and (2), are specified by

O3 f(t) = % / (t— )"~ f (). 3)
3 f(t) = % / " — 0" (). (4)

Additionally, if f € C™[a,b], then

n—1 (k)
casoy o) = 1o - 3 L0, )

k=0

n—1 (k:)
eay 07, 10) = 1) - 3 (-
k=0 ’

(ty —t)". (6)

For any ai,a2 € R and f1, fo € H'(0,¢f), we have

DY (ar fi(t) + azfalt)) = a1 §DY f1(t) + a2 § DY fa(t), (7)
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09” (1 fi(t) + azfa(t)) = a1 §OF, f1(t) + a2 DY falt), (8)
3¢ (ar fr(t) + azfa(t)) = ar § 37 fi(t) + a2 § 37 fa(t), )
tth(alfl(t)+a2f2(t)) Cji'ffl( )+ az {37, fa(t). (10)

Let f(t) be a constant function. Then
67 f(t) =Dy, f(t) =0. (11)

The Caputo derivatives satisfy the Lipschitz condition.

3 New fractional model of MSV disease in maize plant

In this section, we develop a deterministic eco-epidemiological fractional
model for the dynamics of MSV disease in maize plants. The original version
of this model is a system of ordinary differential equations that have been be-
fore presented in [3]. The effect of previous states in the current states of the
disease spread has not been considered in this model. One way to overcome
this drawback is to replace the integer-order derivatives in the model with
noninteger-order derivatives [19]. Hence, we replace the ordinary derivative
with the following Caputo fractional derivative operator

4
dt

L ¢

1—20 Dtua (12>
0
where the auxiliary parameter o > 0 represents the fractional time compo-

nents in the system. Thus, the new model is described by the system

oDyt = rs( - HED) - A2
vIEDYI() = ﬁlf}; ml, (13)
vIISDYH(t) = q — B — o,
o TEDYY (1) = bgilj — p3Y,
S(0) = So, 1(0) = Iy, H(0) = Ho, Y (0)= Yo, (14)

where 0 < oo < 1, Ny(t) = S(t)+1(t), No(t) = H(t)+Y (t), and (S,I,H,Y) €
Ri. In this model, S(¢) denotes the density of the susceptible maize, and
I(t) denotes the density of the infected maize. The susceptible and infected
leathopper vector densities are denoted by H(t) and Y (t), respectively. All
parameters in the model are nonnegative. Description of the parameters are
found in Table 1.
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Table 1: Explanation of MSV model parameters

Parameter Explanation
51 Predation and infection rate of infected leathopper on susceptible maize plant
o Predation and infection rate of susceptible leafhopper on infected maize plant
A The half-saturation rate of susceptible maize with infected plant
C The half-saturation rate of susceptible leafhopper with infected maize plant
K Carrying capacity
q Recruitment rate of susceptible leafthopper
b Infected leathopper conversion rate
r Maize population intrinsic growth rate
1 Death rate of infected maize
o Death rate of susceptible leafthopper
13 Infected leafhopper death rate

As can be observed, model (13) involves a system of nonlinear fractional
differential equations. The exact solution of this model may not be available
in general. However, a mathematical analysis of the existence and uniqueness
of the solution ensures that a unique solution exists under some conditions.

4 Properties of the model

In the following, the model’s main properties are provided. Our model can
be formulated as

GOV () = 2(t,V (1)),

V(0) =W, (15)
where V (t) = (S(¢), I(t), H(t),Y (¢¥)).
Lemma 1. [17] Let w(t) be a continuous function on [tg, 00) and satisfying

Covu(t) < —Aw(t) + p,

w(to) = Wo, (16)

where 0 < v < 1, (A, 1) € R%, X # 0, and to > 0 is the initial time. Then

w(t) < (wo — DE[-Al —10)] + 5.

where E, represents Mittag—Leffler function.

Lemma 2. [7] Let 0 < v < 1 and A < 0. Then E, , (At”) tends monotonically
to zero as t — oo.

Lemma 3. [10] Let ® : [tg,00) x R” — R™ be a continuous function and
Lipschitz-continuous respecting to the second variable. In addition to, let
v € (0,1] and Vy € R™. Then, the problem
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SOV (t) = d(t,V(t), t>to,
V(to) = Vo, (17)

has a unique solution in C(]0,00); R™).

Theorem 1. All solutions of system (13) that initiate in RY are bounded
within the region €2 defined by

L
Q={(S,I,HY)eRL|S{t)+ I(t)+ H(t) + 1Y (t) < > + ¢, for all € > 0}.

Proof. Define a time-dependent function w(t) = S(t) + I(t) + H(t) + $ Y (t).
So, for any positive number p, we have
6 D7 w(t) + pu(t)

S+1
=2 gl —poH = BV 4 pS 4 pl 4+ pH + Y + ¢

S 1
STS(1*?)JF(P*M)IJF(p*u2)H+(P*N3)EY+q

r 1
= (r+p)S = 525"+ (p—m) + (p = p2) H+ (p = 1) Y +q

K 1
< E(T+P)2+ (p—p)l + (p— p2)H + (P—M3)EY+Q-

=rS(1

Taking p< l’l’lil’l(,l,bh M2, :U’3)7 SO
COvw(t) + pult) < L,

where L = g(r + p)? + q. Now, we apply Lemma 1 and obtain

wlt) < (O - B [-pt] + .

. Hence all solutions of system

L L
Thus, w(t) - — ast — oo and 0 < w(t) < —
p

p

(13) that starts from R} are confined in the region Q = {(S,I,H,Y) €
L

R |w(t) < = +¢, for all € > 0}. O
p

Now, we study the existence and uniqueness of system (13) in the region
A x [0,T], where
A ={(S,I,H,Y)eR* : max(|S|, |I|, |H|,|Y]) < M},
T < oo and M is sufficiently large.

Theorem 2. For any nonnegative initial conditions, system (13) has a unique
solution.
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Proof. Let X = (5,1, H,Y). Consider a mapping

Q(X) = (Q1(X), Q2(X), Qs(X), Qu (X)),

where

B S+1 51SY
Ql(X)*””S(lfT)*A_i_S,

_ BSY
QQ(X)_A+S pl,

o BolH B
Q3(X)_q C—|—I N2H7

_ bBIH

For any X, X € A, we have

[Q(X) — X))
=1Q1(X) = Q1(X)] +1Q2(X) — Q2(X)[ +|Q3(X) — Qs(X)| +|Qa(X) — Qa(X)|

:|r5(177)7m7r§(1,¥)+i€§
+ Iilf}; -l — ilig +pI|+ g — ngi —poH —q+ ifi: + poH|

= r(§ = 8) = 1(8* = 5") - %(Sbﬁf)—m(ffs - f‘—;n
G~ I Dl - e - 2T ot - )
+|bﬂ2<cl—ffg'—f7>fus<yf?)\

<+ 2215 - 51+ 21 2 - f% TN g%
+pa|I — I+ po|H — H| + pslY — Y]

< (r+ 3;(M + Q%M)\s—@ + (251(1“A+M)M Fus)Y — Y

s P ey -7+ EMEED ) 4T

< H|X - X],

where
H = max{r + 37;(M + 26114M, 261(A;M)M + p3,
62M8+b) . ,BQM(CEJQ\J)QJFZJ) ).
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Thus, Q(X) satisfies the Lipschitz condition with respect to X. Hence
there exists a unique solution of the system (13) with conditions (14) on
A % [0,T]. O

5 Dynamical behaviors

One of the key concepts in epidemiology is the basic reproduction number
(BRN). The aim of this section is to obtain the BRN for model (13) and study
the local stability behavior of the model at its disease-free equilibriums.

5.1 Basic reproduction number

Consider the following fractional differential system:

o TIEDYX(t) = F(X,Y),
o TIEDYY (1) = G(X,Y), (18)
G(X,0) =0,

with nonnegative initial conditions X (0) = X, € R? and Y (0) = Y, € R?,
where the components of vector X = (S, H) represent the number of suscep-
tible maize and leathopper, and the components of vector Y = (I,Y") indicate
the number of infected maize and leathopper. Furthermore, we presume that
the function G is of class C!, F' is continuous, and the system (18) with the
initial conditions X (0) = Xy and Y (0) = Yy admits a unique solution. Also,
suppose that E = (X*,0) € R* denotes the disease-free equilibrium point of
the system (18). Let A = 2—5()(*,0) = M — D, where M, D are two square
matrices that D > 0 is a diagonal matrix and M > 0. Then the BRN Ry is
obtained as the spectral radius of M D!,

For system (13), we have

B1S B1S
A= |zt 151 = Vs 75| = [ ) (19)
((Bja_l)z —H3 ((Bja_l)z 0 0 u3

So,

y o= bB1BHC'S
Ro = ws(A+S) | | _ 182 . %
" qﬂ% 0 mm@Aarscrn: @
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5.2 Local stability analysis

Theorem 3. The disease free-equilibrium point Fy = (0,0, %,O) of sys-
tem (13) is always unstable while the disease-free equilibrium point E; =

(K,0, %, 0), is locally asymptotically stable if Ry < 1.

Proof. Conforming to Mittag-Leffler function [18], the disease free equilib-
rium E of system (13) is locally asymptotically stable if all eigenvalues
Aiyi = 1,2,3,4 of Jg satisfy |arg(\i)] > 5,7 = 1,2,3,4. The Jacobian
matrix associated to Fy is given by

r 0 0 O
0—p; 0 O
JEU = lo *Cﬁ22q —ps 0
-
The eigenvalues of the matrix Jg, are Ay =7 >0, o= —pu1 <0 A3 =

—p2 <0 Ay = —p3z < 0. We observed that |arg(A1)| = 0 < %F. So, the
equilibrium point FEj is unstable.
The Jacobian matrix associated to Ej is the following one:

—-r —r 0 Xﬁ—g

T, = gféﬁl =
Ty M2 0

0 %22 0 —pg

The following characteristic equation is obtained from Jg;:

Kbqfp132 )> .

d(N) = (r+ N (2 + \) <>\2 + (11 + p3) A+ (paps — A+ K)mC

We observe that two roots of the characteristic equation ¢(X) are
Al =-1<0, )\2=—u2<0.

It is obvious that |arg(A1)] > 4F and |arg(A2)| > 4. The remaining eigen-
values are given by

Kbqf1 32

A2+ + A+ -
(p1 + p3) (p1p3 (A+ K)paC

)=0. (21)
By the Routh-Hurwitz criteria, all the roots of the polynomial (21) are neg-
ative or have negative real part if and only if

ity — KbaBBs
W AT KyueC ~
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or
Kbgp 52
Ro = < 1. 22
° \/(A + K) pa popsC (22)
Hence, E; is locally asymptotically stable if Ry < 1. O

6 Optimal control problem

In this section, to attain the minimized number of infected maize and infected
leathoppers, we reconsider the model (13) and formulate an optimal control
problem with three control variables w1 (t), ua(t), and ug(t). Let

U = {(u1, u2,u3)|u1, us, and uz are Lebesgue measurable on [0, /],
0 < wui,ug,uz <1, for all t € [0,t5]},

be the admissible control set. With the existence of control uy, it is expected
to diminish the number of infected maize as compared to those without con-
trol cases. The control variable us is used to control the number of infected
leafhoppers. Furthermore, us is chemical control that is used as an inter-
vention strategy to optimize the objective functional F. After incorporating
the control variables uq(t),u2(t), and us(t) in the model (13), the optimal
control model is as follows:

o' IDYS(t) =S (1—%) (1—u1)§li};,
B1SY

0" IEDYI(t) = (1 — wa)

- (,LL]_ + u2>l7

A+ S
o DYH(E) = g - (1 —b%gﬁiif — (us + po) H, (23)
" TISDYY (1) = (1 — ug) CQ+ T (ug + p3)Y,
5(0),1(0), H(0),Y (0) = 0.
Consider the following objective functional:
ty 1
F= /0 <d1] +d2Y + i(wlu% + woul + w3u§)> dt, (24)

where dy,ds are the weights on the state variables and wi, w2, and w3 are
relative weights of the treatment related to the control functions ui, us, and
us.

Our aim is to minimize the cost value F by the state and control variables
I*)Y* uj,us, and u} satisfying the constraints (23). For this purpose, we
use a kind of Pontryagin maximum principle in the fractional order state [1].
We define the Hamiltonian function as below:

Iran. j. numer. anal. optim., Vol. 13, No. 3, 2023,pp 481-499
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1
NS, I,H,)Y)=d I +dY + i(wluf + woui + w3u3)

S R L

+ w1 (rS(1 —

A+ S
+wo((1 — ul)ﬁlf}; — (1 +u)I)
+ws3(g — (1 — U2)g.2f§ — (ug + p2)H)
(1= ) T — s+ )Y,

where w;, i = 1,2,3,4 are the co-state variables or adjoint variables.

optimality conditions are obtained from

o5 09 99

uy " Ous s

Hence, we have

- ﬁg(ﬂg - wl)IH
! wi(A+S)
WQI BQ(bW;} — W3)IH
Uz = )
Wao wg(C + I)
wsY — wsH

usz = )
w3

where the adjoint variables satisfy

FDE L) = % ={T(K7) ! 7u1)(fl+Y;) Yoo
P wa(t) = % =d1 — %m — (1 +u2)ws — (1 - ug)%w3
£, () = 22 —((u - 1) 2L s — gy 4 WL

wl(tf) = ‘WQ(tf) :w;;(tf) = ‘W4(tf) =0.

The

(25)

(26)

Then, we have the following boundary value problem for optimal treatment:
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_ S+1 £1SY
v—1Cryv _ _ _ _
0" I§DYS(t) = rS(1 ﬁlfw) (1—w) 3,
o IEDYI() = (1= w1) g — (1 + wa),
0" IEDYH(t) =g — (1 - UQ)%_I:}[ — (uz + p2)H,
bBal

EDY (1) = (1 - m)c’?}l (s )Y,

. K —25— BLY A
£ (1) = {r(——%—) — (1w Y Sk

ﬂl(l Ul)SY
*{AgCilﬁﬁff}w% (27)

tcggf’(ﬂ2(t) =d; — %wl - (M1 + ’UQ)’WQ - (1 - UQ)%Ws

+(1 - UQ)%W4,

v P21 b(1 — ug)Bal
tcgtfw?’(t) = {(u2 ; 1()0 ; 1); o — uz}ws + %wb
w
FOY malt) = da o+ P — @)~ (s o i),

wi(ty) = wa(ty) = ws(ty) = wa(ty) =0,
5(0) = So,1(0) = Ip, H(0) = Ho, Y (0) = Yo,

where uq (t), ua(t), and us(t) are given by (25). In turn, the optimality condi-
tions of Pontryagin’s Minimum Principle establish that the optimal controls
uj(t),us(t), and ui(t) are defined by

Bo(wa — wi)H
TwArs)

u) = min{max{0,

* . ’(DQI 62([)@4 — ’(Dg)IH
= 0 1
uj = min{max{0, ™ + (O] + 1},
Y —wsH
us = min{max{0, u}, 1}.
ws

Simulation and discussion

In this part, the effects of fractional operators on the behavior of controlled
system for the dynamics of MSV disease are investigated. We develop the
fractional version of fourth-order Runge-Kutta (RK4) algorithm for the cou-
pled system (27) and apply the iterative process as follows:

We use S(0) = 1000,1(0) = 20, H(0) = 100, and Y (0) = 0 as initial
values. In addition, the parameter values can be seen in [3].

The dynamical behaviors of all variables in the new fractional model with-
out applying any control for different values of the fractional orders and the
classic integer-order are plotted in Figure 1. As seen in this figure, infectious

Iran. j. numer. anal. optim., Vol. 13, No. 3, 2023,pp 481-499



493 Analysis and optimal control of a fractional MSD model

Algorithm 1

Step 1 Set the initial values for the control functions w1 (t), u2(t), and us(t).

Step 2 Use the current values of control functions and apply the forward
fractional RK4 method for the control system and obtain the original
variables.

Step 3 Apply the backward fractional RK4 method to compute the adjoint
variables using the current values of the original variables and control
functions.

Step 4 Update the value of control functions.

Step 5 If the updated values of the original variables, adjoint variables, and
control functions are not close enough to their previous values, then go
to Step 2.

maize and leafhopper densities increase with the fractional orders decrease
and tend uniformly to the integer-order trajectory. Furthermore, when the
fractional orders decrease, the densities of susceptible maize and leafhopper
are reduced and go to the v =1 state.

To indicate the efficiency of the new optimal control model, the same
impact rate has been considered for all three controls, and the numerical
results of the new model are compared with the classical integer model, in
Figure 2. As can be seen in this figure, the participation of controls leads to
a further reduction of infected maize in the new model than in the classical
model. Therefore, the effect of controls on the fractional system is more
successful than applying controls on the integer system, and the difference
between them is significant. Of course, it should be noted that if no control
is applied, the fractional model still leads to a significantly lower infection
density than the integer model (Figure 2).

In the following, we numerically examine the effect of several optimal
control scenarios, where each scenario includes more than one interventionist:

Scenario 1 Applying quarantine (ug) and chemical control (u3) along with
elimination of prevention (uq).

Scenario 2 Applying prevention (u1) and quarantine (uz) along with elim-
ination of chemical control (us).

Scenario 3 Applying prevention (u;) and chemical control (us) along with
elimination of quarantine (us2).

Scenario 4 Applying all three controls uy, us, and us.

In the first scenario, the prevention (uq(t)) effect is removed, and two con-
trol functions us(t) and ug(t) are used. Figure 3 shows that in this control
scenario, the number of infected maize decreases, while if no control is ap-
plied, the number of them increases over time. In addition, for fractional
derivatives with lower orders, the rate of reduction of infectious cases is more
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Figure 1: Numerical solutions for classical and fractional order models without controls

significant. Hence, this scenario is effective in the decline of infection in the
maize community, especially in the fractional model.

The results of scenario 2 are presented in Figure 4. In this case, the
quarantine control (us(t)) is maintained as in the previous scenario, but the
chemical control (us(t)) is replaced by the prevention (uj(t)). This scenario
prevents the spread of infected maize and reduces their number. Therefore,
this strategy is also successful in eliminating the disease in the maize com-
munity.

Figure 5 indicates the results of using scenario 3. In this scenario, the
quarantine control is removed, unlike the previous two scenarios, and the
rest of the controls are applied. Based on this figure, the number of infected
is reduced compared to the case where there is no control, and this scenario
also limits the growth of infectious cases.

Finally, all control interventions are considered together. As you can see
in Figure 6, the use of these controls is a successful plan and causes the
infected maize to be destroyed as passing the time.
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Based on Figures 3-6, the quarantine control is more effective than other
controls. Without quarantine control, despite preventive and chemical con-
trols, the number of infected maize will spread, but this increasing process is
much slower than the case where there is no control, and also, the difference
between their increasing manner is very significant.

Infectious Maize

Time(months)

Figure 2: Numerical solutions of I(t), with uncontrolled and controlled conditions for
classical and fractional order models

Infectious Maize

1
Time(months)

Figure 3: Numerical solutions of I(¢) in classic and fractional model, with quarantine
and chemical controls (uz # 0,u3 # 0,u1 = 0)

Infectious Maize

1
Time(months)

Figure 4: Numerical solutions of I(¢) in classic and fractional model, with prevention
and quarantine controls (u1 # 0,u2 # 0,u3 = 0)
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Infectious Maize

Time(months)

Figure 5: Numerical solutions of I(¢) in classic and fractional model, with prevention
and chemical controls(ui # 0,u3 # 0,u2 = 0)

K
T

InfectiousMaize
B8

[ 02 04 06 08

1 12
Time(months)

Figure 6: Numerical solutions of I(t) in classic and fractional model, with prevention,
quarantine and chemical controls(ui # 0,u2 # 0,u3 # 0)

7 Conclusion

In the present study, we developed a new mathematical model involving
the Caputo fractional derivative for MSV disease in maize plants. First, we
proved that the solution of this model system exists uniquely and that all so-
lutions remain positive and bounded whenever they start with positive initial
values, thus justifying the well-posedness of a biological model. We also de-
termined the BRN for the model. Then, we studied the local stability of the
disease-free equilibrium points of the model. The study demonstrated that
one of the equilibrium points is always unstable, and the other equilibrium
point is locally asymptotically stable if the model’s BRN is less than unity.
Next, an optimization problem is formulated. Our main focus in this work
is to investigate the influence of fractional-order derivatives on the optimal
control problem. The optimality system was solved numerically by use of a
forward and backward RK4 scheme. The effectiveness of preventive, quar-
antine, and chemical controls on the fractional model is investigated in the
figures. Different scenarios for the participation of these controls were eval-
uated for various fractional-order values. We observed that in all scenarios,
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the efficiency of the controls increases by moving away from the integer-order
and reducing the fractional orders. Moreover, it was observed that the quar-
antine control is more effective than other controls. Without quarantine
control, despite preventive and chemical controls, the infectious density of
maize progresses with an increasing trend. Of course, it should be noted that
the increasing trend is much slower than the case where there is no control,
and also, the difference between their increasing manner is very significant.
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