
∗

f0, f1, . . . , fn
f : R → R x = xi

i = 0, 1, . . . , n

∗



Ln,i(x) =

n�
k = 0
k �= i

(x− xk)
(xi − xk) , i = 0, 1, . . . , n.

n

p(x) =
n�
i=0

Ln,i(x)fi.

p(x) p(xi) = fi i = 0, 1, . . . , n f ∈
Cn+1[a, b]

f(x) =

n�
i=0

Ln,i(x)fi + (x− x0)(x− x1) · · · (x− xn)f
(n+1)(ηx)

(n+ 1)!
, ηx ∈ [a, b].

x −→ ±∞

φ(x) =
1

1 + e−x
.

φ(x) = tanh(x) =
ex − e−x
ex + e−x

.

φ(x) = arctan(x).

φ(x) = gd(x) =

� x
0

1

coshx
dx = 2arctan(tanh(

x

2
)).



φ(x) = erf(x) =
2√
π

� x
0

e−t
2

dt.

φ(x) = (1 + e−x)−α, α > 0.

φ(x) =
x√
1 + x2

.

N ≥ 1

φ(x) =

��� 1
0 (1− u2)Ndu

�−1 � x
0 (1− u2)Ndu, |x| ≤ 1,

sgn(x), |x| ≥ 1.

φ �
lim
x→−∞φ(x) = a,

lim
x→+∞φ(x) = b.

f0, f1, . . . , fn x0 <
x1 < · · · < xn xi+1 − xi = hi i = 0, 1, 2, . . . , n

S(x) =
n�
i=0

�
1

b− a
�
fi [φ(aix− bi)− φ(ai+1x− bi+1)]



ai

i = 0, 1, 2, . . . , n + 1
bi
ai
= xi − hi

2

i = 0, 1, 2, . . . , n
bn+1
an+1

= xn +
hi
2

0 φ(aix −
bi)− φ(ai+1x− bi+1) b− a ai

x =
bi
ai

[φ(aix− bi)− φ(ai+1x− bi+1)]
b − a i = 0, 1, . . . , n x =

ai+1
bi+1

[φ(aix− bi)−φ(ai+1x− bi+1)] b−a i = 0, 1, . . . , n�
bi
ai
,
bi+1
ai+1

�
i = 0, 1, . . . , n

S(x) fi x =
bi
ai

i = 1, 2, . . . , n

S(x) fi−1 fi

x =
bi+1
ai+1

i = 0, 1, . . . , n − 1 S(x) fi fi+1

x =
b0
a0
S(x) f0

x =
bn+1
an+1

S(x) fn

ai i = 0, 1, . . . , n + 1

ai
bi
ai
i = 0, 1, . . . , n + 1

S(x)

F (xi, yj) = zi,j i = 0, 1, 2, . . . , n j = 0, 1, 2, . . . ,m
φ ψ �

lim
x→−∞φ(x) = a,

lim
x→+∞φ(x) = b,

�
lim
x→−∞ψ(x) = c,

lim
x→+∞ψ(x) = d.

x0 < x1 < · · · < xn y0 < y1 < · · · < ym ( xi+1 − xi = hi
i = 0, 1, . . . , n− 1 yj+1 − yj = kj j = 0, 1, . . . ,m− 1).



S(x, y) =

n�
i=0

m�
j=0

�
1

b− a
��

1

d− c
�
zi,j

[φ(aix− bi)− φ(ai+1x− bi+1)]
�
ψ(a

�
jy − b

�
j)− ψ(a

�
j+1y − b

�
j+1)
�

ai
i = 0, 1, 2, . . . , n + 1 a

�
j j = 0, 1, 2, . . . ,m + 1


bi
ai
= xi − hi

2
, i = 0, 1, 2, . . . , n and

bn+1
an+1

= xn +
hn
2
,

b
�
j

a
�
j

= yj − kj
2
, j = 0, 1, 2, . . . ,m and

b
�
m+1

a
�
m+1

= ym +
km
2
.

f(0) = 1 f(1) = 2 f(2) = 4
f(3) = 7 f(4) = 5 f(5) = 6

S(x) =

�
1

2

� 5�
i=0

f(xi) [tanh(aix− bi)− tanh(ai+1x− bi+1)]

=

�
1

2

�
(1× [tanh(a0x− b0)− tanh(a1x− b1)]

+2× [tanh(a1x− b1)− tanh(a2x− b2)]
+4× [tanh(a2x− b2)− tanh(a3x− b3)]
+7× [tanh(a3x− b3)− tanh(a4x− b4)]
+5× [tanh(a4x− b4)− tanh(a5x− b5)]
+ 6× [tanh(a5x− b5)− tanh(a6x− b6)]) .



a0 = a1 = · · · = a6 = 5
a0 = a1 = · · · = a6 = 10

1

2

3

4

5

6

7

–2 2 4 6 8

x

ai = 5 i = 0, 1, . . . , 6

1

2

3

4

5

6

7

–2 2 4 6 8

x

ai = 10 i = 0, 1, . . . , 6

( )

g(x) =
1

1 + 25x2
, x ∈ [−1, 1].

N = 15
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–0.05

0
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x

N = 15 [−1, 1] a[i] = 100 i = 0, 1, 2, . . . , 15

[a, b] ( )� b
a

f(x)dx =
n�
i=0

wif(xi) + Rn(f),

xi
b− a
n

xi = a+ih

i = 0, 1, . . . , n Rn(f) = 0 f ∈ Pn−1 Pn−1
n − 1

φ(x) = tanh(x)� b
a

f(x)dx ≈
� b
a

S(x)dx

=

� b
a

n�
i=0

�
1

2

�
fi [tanh(aix− bi)− tanh(ai+1x− bi+1)] dx.

� b
a

f (x)dx ≈
n�
i=0

��
1

2ai

�
[ln(cosh(aib− bi))− ln(cosh(aia− bi)]

−
�
1

2ai+1

�
[ln(cosh(ai+1b− bi+1))− ln(cosh(ai+1a− bi+1)]

�
fi.



n = 5(5)30 f(x) = exp(x2)

� 1
0

exp(x2)dx ≈ 1.46265174590718.

ai = 100, i = 0, 1, . . . , n

w0 =
wn = 0

Rn(f) = 0 f ∈ Pn−3

� b
a

f(x)dx ≈
� b
a

S(x)dx

=

� b
a

n−1�
i=1

�
1

2

�
fi [tanh(aix− bi)− tanh(ai+1x− bi+1)] dx.

� b
a

f (x)dx ≈
n−1�
i=1

��
1

2ai

�
[ln(cosh(aib− bi))− ln(cosh(aia− bi)]

−
�
1

2ai+1

�
[ln(cosh(ai+1b− bi+1))− ln(cosh(ai+1a− bi+1)]

�
fi.

� 1
0

x100 sin

�
1

x

�
dx ≈ 0.008384044187.

ai = 100, i = 0, 1, . . . , n



n = 5(5)30 f(x) =
x100 sin( 1

x
)

dy

dx
= x+ y,

y(0) = 0,

y(x) = exp(x)− x− 1
[0, x]

y(x) = y(0) +

� x
0

(s+ y)ds =
1

2
x2 +

� x
0

yds.

y

n�
i=0

�
1

2

�
y(xi) [tanh(aix− bi)− tanh(ai+1x− bi+1)]

=
1

2
x2 +

� x
0

�
n�
i=0

�
1

2

�
y(xi) [tanh(ais− bi)− tanh(ai+1s− bi+1)]

�
ds.

Qi(x) = tanh(aix − bi)− tanh(ai+1x − bi+1) i = 0, 1, 2, . . . , n

n�
i=0

�
1

2

�
y(xi)Qi(x) =

1

2
x2 +

� x
0

�
n�
i=0

�
1

2

�
y(xi)Qi(s)

�
ds

=
1

2
x2 +

�
1

2

� n�
i=0

y(xi)

� x
0

Qi(s)ds.

n�
i=0

y(xi)

�
Qi(x)−

� x
0

Qi(s)ds

�
= x2.



xi i = 1, 2, . . . , n y(xi)

[0, 1] n = 10 xi =
i

10
i = 1, 2, . . . , 10 [0, 1]

n = 20 xi =
i
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n = 5(5)30 F (x, y) =
exp(x2 + y2)

� b
a

� d
c

F (x, y)dydx ≈
� b
a

� d
c

S(x, y)dydx

=

� b
a

� d
c

n�
i=0

m�
i=0

�
1

2

�2
zi,j

× [tanh(aix− bi)− tanh(ai+1x− bi+1)]
×
�
tanh(a

�
iy − b

�
i)− tanh(a

�
i+1y − b

�
i+1)
�
dxdy.

� 1
0

� 1
0

exp(x2 + y2)dydx ≈ 2.139350130.

ai = 100, i = 0, 1, . . . , n



|x(1 − x) · · · (n − 1 − x)|


