
∗

a(t)

a(t) (a(t), T (x, t))

a(t)

∗



Ω = {(x, y) : 0 < x < 1, 0 < y < 1}
∂T

∂t
= a(t)(

∂2T

∂x2
+
∂2T

∂y2
), (x, y) ∈ Ω, t > 0,

T (x, y, 0) = f(x, y), (x, y) ∈ Ω,
T (0, y, t) = g0(y, t), 0 ≤ y ≤ 1, t ≥ 0,
T (1, y, t) = g1(y, t), 0 ≤ y ≤ 1, t ≥ 0,
∂T

∂y
(x, 0, t) = h0(x, t), 0 ≤ x ≤ 1, t ≥ 0,

∂T

∂y
(x, 1, t) = h1(x, t), 0 ≤ x ≤ 1, t ≥ 0,

f(x, y) g0(y, t) g1(y, t) h0(x, t) h1(x, t)
a(t)

h0 = h1 = 0

∂T

∂t
= a(t)(

∂2T

∂x2
+
∂2T

∂y2
), (x, y) ∈ Ω, t > 0,

T (x, y, 0) = f(x, y), (x, y) ∈ Ω,
T (0, y, t) = g0(y, t), 0 ≤ y ≤ 1, t ≥ 0,
T (1, y, t) = g1(y, t), 0 ≤ y ≤ 1, t ≥ 0,
∂T

∂y
(x, 0, t) =

∂T

∂y
(x,1, t) = 0, 0 ≤ x ≤ 1, t ≥ 0,

x0, y0 ∈ (0, 1)

a(t)
∂T

∂x
(x0, y0, t) = p(t) (t ≥ 0).



a(t)

a(t) = 1

Ω = (0, 1)× (0, 1) Ω = [0, 1]× [0, 1]

S1 = {x = (x, y) : x ∈ {0, 1}, 0 ≤ y ≤ 1},
S2 = {x = (x, y) : y ∈ {0, 1}, 0 ≤ x ≤ 1}.

∂Ω = S1 ∪ S2

∂T

∂t
(x, t) = ∇2T (x, t), x ∈ Ω, t > 0,
T (x, 0) = f(x), x ∈ Ω,
T (x, t) = g(x, t), x ∈ S1, t ≥ 0,
∂T

∂y
(x, t) = h(x, t), x ∈ S2, t ≥ 0,

x = (x, y)

g(x, t) =

�
g0(y, t), x ∈ S1, x = 0,
g1(y, t), x ∈ S1, x = 1,

h(x, t) =

�
h0(x, t), x ∈ S2, y = 0,
h1(x, t), x ∈ S2, y = 1.

g0 g1 h0 h1 f

x ∈ R, t > 0



K(x, t) =
1√
4πt
exp
�−x2
4t

�
, θ(x, t) =

∞�
m=−∞

K(x+ 2m, t),

Φ(x, t) = K(x, t)K(y, t) x = (x, y) ∈ R2, t > 0

Φ(x, t) =
1

4πt
exp
�
−||x||

2

4t

�
.

T (x, t) = Φ ∗x f =
�
R2
Φ(x− ξ, t)f(ξ)dξ (x ∈ R2, t > 0),

T (x, t)

∂T

∂t
(x, t) = ∇2T (x, t),
T (x, 0) = f(x),

x ∈ R2 t > 0 f(x)
R2 T (x, t) Ω

Ω

∂T

∂t
(x, t) = ∇2T (x, t), x ∈ Ω, t > 0,
T (x, 0) = f(x), x ∈ Ω,
T (x, t) = 0, x ∈ S1, t ≥ 0,
∂T

∂y
(x, t) = 0, x ∈ S2, t ≥ 0.

f(x) [−1, 1]× [−1, 1]
f x y f R2

f(x+ 2m, y + 2n) = f(x, y), (n,m ∈ Z).

x, ξ ∈ R t > 0

Θ±(x, ξ, t) = θ(x− ξ, t)∓ θ(x+ ξ, t),

T (x, t)

T (x, t) =

�
Ω

Θ−(x, ξ, t)Θ+(y, η, t)f(ξ, η)dξdη.

G



G(x, y, t; ξ, η) = Θ+(y, η, t)Θ−(x, ξ, t).

θ(x, t) x
t > 0 ξ, η, t

G(x, y, t; ξ, η) = 0, (x, y) ∈ S1,
∂

∂y
G(x, y, t; ξ, η) = 0, (x, y) ∈ S2.

T (x, t)
G

T (x, t) =

�
Ω

G(x, t; ξ)f(ξ)dξ

+

� t
0

dτ

�
S1

∂G
∂n1
(x, t− τ ; ξ)g(ξ, τ)dη

−
� t
0

dτ

�
S2

(x, t− τ ; ξ)h(ξ, τ )dξ,

x = (x, y) ξ = (ξ, η) ξ ∈ S1 ξ ∈ S2 (∂/∂n1)
S1

T (x, y, t)

T (x, y, t) =

�
Ω

G(x, y, t; ξ, η)f(ξ, η)dξdη

− 2
�
Ω

g0(η, τ)
∂θ

∂x
(x, t− τ)Θ+(y, η, t− τ)dηdτ

+ 2

�
Ω

g1(η, τ)
∂θ

∂x
(x− 1, t− τ )Θ+(y, η, t− τ)dηdτ

− 2
�
Ω

h0(η, τ )θ(y, t− τ)Θ−(x, ξ, t− τ )dξdτ

− 2
�
Ω

h1(η, τ )θ(y − 1, t− τ )Θ−(x, ξ, t− τ)dξdτ.

a(t)

τ > 0 Ω = (0, 1) f ∈ L2(Ω)
a ∈ L∞((0, τ )) a(t) ≥ 0 t ∈ (0, τ )

u

T ∈ L2 �(0, τ);H10 (Ω)� ∩ C �[0, τ ];L2(Ω)�



∂T

∂t
∈ L2 �(0, τ);H−10 (Ω)� ,

H10 (Ω) H−10 (Ω)

a
T = T (x, y, t; a)

a u
a

u(x, y, t) a(t)
F a : R → R

a(t) > 0 t ∈ R a ∈ F

s = α(t) =

� t
0

a(τ )dτ (t ≥ 0).

α(0) = 0 α�(t) = a(t) > 0 s = α(t)
t = β(s)

v(x, y, s) = u(x, y, β(s)),

φ0(y, s) = g0(y, β(s)), φ1(y, s) = g1(y, β(s)),

b(s) = a(β(s)), q(s) = p(β(s)),

vs = vxx + vyy, (x, y) ∈ Ω, s > 0,
v(x, y, 0) = f(x, y), (x, y) ∈ Ω,
v(0, y, s) = φ0(y, s), 0 ≤ y ≤ 1, s ≥ 0,
v(1, y, s) = φ1(y, s), 0 ≤ y ≤ 1, s ≥ 0,
vy(x,0, s) = vy(x,1, s) = 0, 0 ≤ x ≤ 1, s ≥ 0.

b(s)vx(0, y0, s) = q(s) (s ≥ 0).



v(x, y, s) =

�
Ω

f(ξ, η)G(x, y, s; ξ, η)dξdη

− 2
� s
0

� 1
0

∂θ

∂x
(x, s− ζ)Θ+(y, η, s− ζ)φ0(η, ζ)dηdζ

+ 2

� s
0

� 1
0

∂θ

∂x
(x− 1, s− ζ)Θ+(y, η, s− ζ)φ1(η, ζ)dηdζ.

ζ = α(τ)

u(x, y, t) =

�
Ω

f(ξ, η)G(x, y, α(t); ξ, η)dξdη

− 2
� t
0

� 1
0

∂θ

∂x
(x, α(t)− α(τ ))Θ+(y, η, α(t)− α(τ))g0(η, τ )dηa(τ )dτ

+ 2

� t
0

� 1
0

g1(η, τ )
∂θ

∂x
(x− 1, α(t)− α(τ))Θ+(y, η, α(t)− α(τ ))dηa(τ)dτ.

� t
τ

a =

� t
τ

a(ζ)dζ = α(t)− α(τ).

ux(x, y, t) ux(x, y, t) = J1 + J2 + J3

J1 =

�
Ω

f(ξ, η)
∂

∂x
G(x, y, α(t); ξ, η)dξdη,

J2 = −2
� t
0

� 1
0

∂2θ

∂x2
(x,

� t
τ

a)Θ+(y, η,

� t
τ

a)g0(η, τ )dηa(τ)dτ,

J3 = 2

� t
0

� 1
0

∂2θ

∂x2
(x− 1,

� t
τ

a)Θ+(y, η,

� t
τ

a)g1(η, τ )dηa(τ)dτ.

θt(x, t) = θxx(x, t)

∂2θ

∂x2
(x,

� t
τ

a) =
∂θ

∂t
(x,

� t
τ

a) = − 1

a(τ )

∂

∂τ
θ(x,

� t
τ

a).

g0(y, 0) = g1(y, 0) = 0 θ(x,0) = 0 x �= 0



J2 = −2
� t
0

� 1
0

− ∂
∂τ
θ(x,

� t
τ

a)Θ+(y, η,

� t
τ

a)g0(η, τ )dηdτ

= −2
� t
0

� 1
0

θ(x,

� t
τ

a)
∂

∂τ

�
Θ+(y, η,

� t
τ

a)g0(η, τ)
�
dηdτ,

J3 = 2

� t
0

� 1
0

θ(x− 1,
� t
τ

a)
∂

∂τ

�
Θ+(y, η,

� t
τ

a)g1(η, τ )
�
dηdτ.

p(t)

a(t)
=

�
Ω

f(ξ, η)
∂

∂x
G(x0, y0, α(t); ξ, η)dξdη,

− 2
� t
0

� 1
0

θ(x0,

� t
τ

a)
∂

∂τ

�
Θ+(y0, η,

� t
τ

a)g0(η, τ )
�
dηdτ

+ 2

� t
0

� 1
0

θ(x0 − 1,
� t
τ

a)
∂

∂τ

�
Θ+(y0, η,

� t
τ

a)g1(η, τ )
�
dηdτ.

f(x, y) Ω
g0(y, t) g1(y, t) (∂/∂t)g0(y, t) (∂/∂t)g1(y, t)
0 ≤ y ≤ 1 t ≥ 0 g0(y, 0) = g1(y, 0) = 0 y

y = y0 (u, a)
a ∈ F

∂T

∂t
= a(t)(

∂2T

∂x2
+
∂2T

∂y2
), (x, y) ∈ Ω, t > 0,

T (x, y, 0) = 0, (x, y) ∈ Ω,
T (0, y, t) = 0, 0 ≤ y ≤ 1, t ≥ 0,
T (1, y, t) = g(y, t), 0 ≤ y ≤ 1, t ≥ 0,
∂T

∂y
(x,0, t) =

∂T

∂y
(x, 1, t) = 0, 0 ≤ x ≤ 1, t ≥ 0,

a(t)
∂T

∂x
(0, 0, t) = p(t), (t ≥ 0).



T (x, y, t) = +2

� t
0

� 1
0

g(η, τ )
∂θ

∂x
(x− 1,

� t
τ

a)Θ+(y, η,

� t
τ

a)dηa(τ)dτ.

p(t)

a(t)
=2

� t
0

� 1
0

θ(−1,
� t
τ

a)
∂

∂τ

�
Θ+(0, η,

� t
τ

a)g(η, τ)
�
dηdτ

=2

� t
0

� 1
0

θ(−1,
� t
τ

a)
�
−a(τ)Θ+t g +Θ+gτ

�
dηdτ.

p�(t)a(t)− p(t)a�(t)
a(t)2

=2a(t)

� t
0

dτ

×
� 1
0

θt(−1,
� t
τ

a)
�
−a(τ)Θ+t g(η, τ) + Θ+

∂g

∂τ
(η, τ )

�
+ θ(−1,

� t
τ

a)
�
−a(τ)Θ+tt g(η, τ ) + Θ+t

∂g

∂τ
(η, τ )

�
dη.

Θ+(0, η, ·) = 2θ(η, ·) Θ+t (0, η, ·) = 2θt(η, ·)

a(t) =
p(t)

2

�� t
0

θ(−1,
� t
τ

a)

� 1
0

[θgτ − a(τ)θtg]dηdτ
�−1

=
p(t)

2

�� t
0

θ(−1,
� t
τ

a)

� 1
0

[θgτ + a(τ)θxxg]dηdτ

�−1
.

g = g(t)

a(t) =
p(t)

2

�� t
0

θ(1,

� t
τ

a)g�(τ)dτ
�−1
.

g = g(t)

∂T

∂x
(0, 0, t) = 4

� t
0

θ(−1,
� t
τ

a)
�g�(τ )
2
+ a(τ)g(τ)

�
θx(1,

� t
τ

a)− θx(0,
� t
τ

a)
��
dτ

= 2

� t
0

θ(−1,
� t
τ

a)g�(τ )dτ.

g = g(t)
g(0) = 0 (u, a)

a(t) 0 ≤ t < T



g = g(t)
g(0) = 0 a(t) a ∈ F

(La)(t) = p(t)
2

�� t
0

θ(1,

� t
τ

a)g�(τ)dτ
�−1
.

a a
L La = a

L
h [0, T ]

�h�t = sup{|h(s)| : 0 ≤ s ≤ t}.

δ δ ≤ a(t) δ ≤ b(t)

|(La)(t)− (Lb)(t)| ≤ |p(t)|
2

���� t
0

θt(1, δ(t− τ ))g�(τ)dτ
���−2

×
���� t
0

θt(1, γ)

�� t
τ

a(s)− b(s)ds
�
g�(τ)dτ

���
≤ |p(t)|

2

���� t
0

θt(1, δ(t− τ ))g�(τ)dτ
���−2�θt�t�a− b�tt|g(t)|,

� t
τ
a ≤ γ ≤ � t

τ
b

r ∈ (0, 1)

|tp(t)g(t)|
2

���� t
0

θt(1, δ(t− τ ))g�(τ)dτ
���−2�θt�t ≤ r (t ∈ [0, T ]).

a �→ La

p(t) g = g(t)
g(0) = 0 r ∈ (0, 1)

(T, a)



∂T

∂t
(x, t) = a(t)(

∂2T

∂x2
+
∂2T

∂y2
), 0 < x, y < 1, 0 < t < tM ,

T (x, y,0) = f(x, y), 0 ≤ x, y ≤ 1,
T (0, y, t) = g0(y, t), 0 ≤ y ≤ 1, 0 ≤ t ≤ tM ,
T (1, y, t) = g1(y, t), 0 ≤ y ≤ 1, 0 ≤ t ≤ tM ,
T (x, 0, t) = h0(x, t), 0 ≤ x ≤ 1, 0 ≤ t ≤ tM ,
T (x, 1, t) = h1(x, t), 0 ≤ x ≤ 1, 0 ≤ t ≤ tM ,

x0 y0 ∈ (0, 1)

T (x0, y0, t) = s(t), 0 ≤ t ≤ tM ,

f(x, y) g0(y, t) g1(y, t) h0(x, t) h1(x, t) φ(t)
a(t) T (x, y, t)

a(t) a(t)

f(G) =
m�
j=1

(Tj − sj)2,

Tj j = 1, 2, 3, . . . ,m
a(t) sj = s(tj) j = 1, 2, 3, . . . ,m

a(t)

Ti,j,s+1 = kas(r1Ti−1,j,s − 2r1T i, j, s+ r1T i+ 1, j, s+ r2Ti,j−1,s − 2r2T i, j, s
+ r2Ti, j + 1, s) + Ti,j,s,

i = 1, . . . , N − 1, j = 1, . . . , N − 1, S = 0, . . . ,N − 1,
Ti,j,0 =f(ih, jk), i = 1, . . . , N − 1, j = 1, . . . , N − 1,
T0,j,s =g0(jk, sw), j = 1, . . . ,N − 1, s = 0, . . . , N − 1,
T1,j,s =g1(jk, sw), j = 1, . . . ,N − 1, s = 0, . . . , N − 1,
Ti,0,s =h0(ih, sw), i = 1, . . . , N − 1, s = 0, . . . , N − 1,
T1,j,s =h1(ih, sw), i = 1, . . . , N − 1, s = 0, . . . , N − 1,

x = ih y = jk t = sw



a(t)

a(t)

a(t)



j
a(j ∗ .001) j = 0, 1, 2, . . . , N − 1

gp,j j
p a(t)

a(t)
a(t)

gch1,j = α× gp1,j + (1− α)× gp2,j , j = 1, 2, 3, . . . , N − 1,

gch2,j = β × gp1,j + (1− β)× gp2,j , j = 1, 2, 3, . . . , N − 1,



100%

1/n

(x, y, t) ∈ (0, 1) × (0, 1) × (0, 1)

∂T

∂t
(x, y, t) = a(t)(

∂2T

∂x2
+
∂2T

∂y2
),

T (x, y,0) = (cos(πy) + sin(πx)),

T (0, y, t) = e−π
2t2 cos(πy),

T (1, y, t) = e−π
2t2(cos(πy) + sin(π)),

T (x, 0, t) = e−π
2t2(sin(πx) + 1),

T (x, 1, t) = e−π
2t2(cos(π) + sin(πx)),

s(tj) = T (0.1, 0.1, tj) + σR, tj = (0.001)j, j = 0, 1, 2, . . . , 999.

s(tj)



s

10 1.2936 371.1635 0.1821
20 1.1459 715.8062 0.2162
30 0.6429 1063.0171 0.0823
40 0.7662 1446.6704 0.0966

s(tj)
a(t) = 2t

T (x, y, t) = e−π
2t2(cos(πy) + sin(πx)).

S

S =
� 1

(N − 1)
N�
i=1

(�ai − ai)2� 12 ,
(N − 1) �ai, i =

1, 2, · · · , N, ai, i = 1, 2, · · · , N,
a(t)

t = 0.001 0.002 0.003 . . . 0.999

= +(0.00001) (1)
s

a(t)

S



s(tj) and f
s(tj) and g0
s(tj) and g1
s(tj) and h0
s(tj) and h1

a(t)

a(t)



a(t)

a(t)

10 100
(S)



a(t)

a(t)



s

10 3.0323 318.4011 0.3824
20 2.9706 672.6387 0.3792
30 1.4854 992.8147 0.2140
40 1.4103 1156.1270 0.2041
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