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Abstract

This paper presents a numerical solution for a time delay parabolic
problem (reaction-diffusion) containing a small parameter. The numerical
method combines the implicit Crank—Nicolson scheme for the time deriva-
tive on the uniform mesh and the central difference scheme for the spatial
derivative on the Shishkin-type meshes. It is shown to be second-order
uniformly convergent in time and space. Then Richardson extrapolation
technique is applied to enhance the accuracy from second-order to fourth-
order. The error analysis is carried out, and the method is proved to be
uniformly convergent. These two methods are applied to two test examples
in support of the theoretical results.
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1 Introduction

In singularly perturbed delay partial differential equations (SPPDEs), a
small parameter affects the highest derivative of partial differential equations
(PDEs) and also contains more than one delay term in the time direction.
These SPPDEs have existence in subjects like physical/chemical science, bi-
ology, and ecology. Time delay (large) diffusion problems (the present time
depends upon the past) appear in mathematical models in population dy-
namics [13, 26, 17] and also in biological modeling [29].

Consider the following time delay reaction-diffusion initial-boundary-
value problems (IBVPs):

(5 + Sen) (s )= b0y, )20, 5 =) +F(1:5), (3,5 €D,

0Os
2(y,5) = Ou(y, ), (y,8) € by, (1)
z(0,5) = Oy(s), on 9, ={(0,5):0<s<S},
z(1,8) = ©,(s), on b, ={(1,5):0<5<S},

where L. ,2(y, s) = —ezyy(y, )+ p(y)z(y, s). Here = (0, 1), © =1I x
(0, 8], o = ;U bpUb,.. Moreover, v > 0 is a given constant. This model (1) is
singularly perturbed, parabolic in nature with 0 < ¢ < 1. Moreover, 0, and
b, are the right and the left sides of the domain D, and b, = [0, 1] x [—~, 0].
The functions b(y, s) (b(y, s) > 0), p(y)(p(y) > B8 > 0), the source term
f(y, s) on ® and O;(s), ©,(s), Oy(y, s) on v, are bounded, sufficiently
smooth functions. The assumption on the time S is § = m~y for m € N.
We also assume that suitable compatibility conditions hold true on the given
boundary and initial data to ensure a unique solution for (1) that exhibits
boundary layers along with end points of y [1, 19]. These conditions are
©,(0,0) = 6,(0), B,(1,0) = 6,.(0), and

dey(0)  9%64(0, 0)
ds c 0y?
dO,.(0)  9%°604(1, 0)

T e gy RO, 0) = ~b(1, 0)Ou(1, —7) +f(1, 0).

+p(0)05(0, 0) = =b(0,0)04(0, —7~) +(0, 0),

Due to the small parameter ¢ involved in the problem (1), the classical
methods on equal step length for solving (1) fail to give accurate results. They
are mostly unstable and unacceptable [22, 27]. Hence, we choose the fitted
mesh idea through the nonuniform mesh as given in [14, 20, 22, 25, 27] and
the references therein. One can refer [1, 7, 10, 9, 11, 18, 16, 23] for some order
enhancing methods of IBVPs. Some articles are available, which discuss both
the analytical and the numerical techniques for SPPDEs in literature. Ansari,
Bakr, and Shishkin [1] numerically solved the problem (1) on the Shishkin
mesh. Das and Natesan [6] gave details of numerical results for the time delay
parabolic convection diffusion problem. Indeed, the methods discussed above
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using numerical techniques are of first- or second-order accurate. Hence, order
enhancing techniques are needed for the problem (1), which is the main aim
of this work.

Richardson extrapolation through averaging the numerical solutions com-
puted on two embedded meshes provides a good approximation to the exact
solution. This helps to increase the accuracy and the order of convergence.
Mohapatra and Natesan [21] used the extrapolation technique for solving sin-
gularly perturbed delay BVPs while Shishkin and Shishkina [28] applied on
time dependent IBVPs of reaction-diffusion type. This technique is used in
[5] for convection-diffusion singularly perturbed parabolic problems on the
adaptive mesh. This article aims to get a fourth-order accurate solution for
(1) using the extrapolation technique. Initially, the central difference scheme
is used on Shishkin-type meshes and the Crank—Nicolson method on tempo-
ral direction on uniform mesh. Here, problem (1) is solved with M number of
mesh points in spatial and N number of mesh points in time direction. After
that (1) is solved by the above methods with 2M and 2N number of mesh
points. Then the rate of convergence increases from second- to fourth-order
globally by taking a proper combination of these two solutions.

The rest portion is arranged as follows. In Section 2, we describe the
continuous solution to the problem. Section 3 studies the construction of the
numerical schemes. In Section 4, we implement the post-process ideas and
the theoretical analysis. Section 5 presents the numerical results through
plots and tables. We denote C and the subscripted C’s as constants, which
are positive, independent of the small parameter (¢) and spatial and time

mesh sizes. The error is represented in the supremum norm (|| - ||o). It is
defined as ||h|lcc = sup |h(y, s)| for any function h on the domain D.
(y,8)€®D

2 Analytic solution and its behavior

As the perturbed parameter € — 0 in (1), the problem reduces as given below:
0z0(y, s
{ % +p(W)20(y, s) = —b(y, s)z0(y,s —7) +§y, s), (y, s) €D,

zO(y7 5) = eb(yv S)v (ya S) € bb-
(2)
It is clear that the solution to (1) has boundary layers on b; and b,. The
characteristics of (2) are the vertical lines y = C, which implies that boundary

layers arising in the solution are parabolic type. The operator (% + Sg,y)

in (1) satisfies the following lemma known as the maximum principle.

Lemma 1. Suppose that ¥(y, s) € C°(D)NC?(D) satisfies (%+257y>\11(y, s) >

0 in ® and that ¥(y, s) >0 on d. Then ¥(y, s) >0 for all (y, s) € D.
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Proof. The proof of this lemma is available in [1]. O

2.1 Solution decomposition

The continuous solution z(y, s) to (1) is decomposed as z = v, + vs. The
regular component v, expresses as v, (y, s) = vro(y, s)+evri(y, s), (v, s) €
®, where v, and v,y are the solutions to the following problem:

(vr0)s(y, 8) +pW)vroly, s) =—bly, s)vro(y,s =)+ f(y, 5), (y, 5) €D,
'Uro(ya 5) = 617(:% 8)7 (ya S) € bb;

0

(% + »ge,y)vrl(ya S) = _b(y7 S)le(y7S - 7) + (Uro)yyv (ya S) € ©a

U’r’l(ya S) = 03 (yv S) el

®3)
The regular component v,.(y, s) satisfies the following problem:
0
(55 + o) vy, 9) = =bly, )oly.s =1 +f(y, ). (v 5) €D,
UT(y7 5) = eb(yv S)v (yv S) € bb7 (4)
v-(0,8) = v,0(0, $), on 9, ={(0, 5):0<s<S},
vr(1,t) = veo(l, s), on b, ={(1, 5):0<s<S},
and the singular component v,(y, s) satisfies the PDE
0
(55 + £ )vsw, 8) = =b(y, Svslys =), (v, 5) €D,
vs(yv S) = Ov (yv S) € Fba (5)
vs(0, ) = O, — v,(0, ), on o, ={(0, s):0<s<S},
vs(1, 8) = O, —uro(1, 8), on b, ={(1, s):0<s< S}

Now, we can write vy = vg + Vs, Where vy is the boundary layer part on o;
and vy, is the boundary layer part on v,. Here vy and v, are defined by

0
(7 + Ss,y)vsl(y7 S) = —b(y, S)Usl(ya s 7)7 (y7 S) €9,

Os
vsg()? 8) = 91 - UT’O(O? S) (y7 S) € bl vSl(ya 8) = 03 (ya S) € bbLJ br,
(24 eyt 9 = b0y, ol 57), (0, 9 €,
ver(l, 8) = O, —vr(1, 8), (y,8) € 0, ver(y,8) =0, (y,s) € 0, e

(6)

Theorem 1. For all integers [ > 0 and m > 0 with 0 <[+ 2m < 8, v, and
vs, defined in (3) and (5), respectively, satisfy

IJNAO, Vol. 12, No. 2, pp 250-276



254 Mohapatra and Govindarao

‘ g;g;iz ) <C(A+e>?), (y, s) €D,
and
g;g;;: ) < Cg—l/2(exp(_y B/e) 4 exp(—(1 — y)@)) (y, 5) €D,
‘ gl;g:j < 65—1/2(exp(—y 5/5))), (y, 5) €D,
% < C€7Z/Q(exp(*(1 - y)\/l%)), (y, 5) €D.
Proof. One may refer [1] for the details. O

3 Discretization

On [0, 8], the uniform time step As is used in the time direction such that
Y = {s, =nlAs, n=0,....,N, sy =8, As=§/N} II? = {s; =
jAs, 7=0,...,p, s, =7, As=~/p}. Here, p represents the number of
mesh points in [—v, 0] and N denotes the number of mesh points in temporal
direction on the interval [0, S]. The step size (As) satisfies pAs = ~, where
p > 0 is an integer s,, = nAs, n > —p.

3.1 Discretization of the spatial domain

1
Let £ = min {17 Pov/EIn M}, where pg > 2/ is a mesh transition parameter.

We divide II = [0,1] into three subdomains as II = II; U II. U II,., where
I, =[0,¢], 1. = (§,1 —¢], and II, = (1 — &, 1]. Without loss of generality, we
assume that M is even and that M > 8.

Shishkin mesh(S-mesh)

One can find the construction of the S-mesh in [22, 27] briefly described as
follows: let us define S-mesh as I} = {y; € [0,1],0 <i < M}, where
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4
% for 0<i< M/,
2i(1 — 2€) M . 3M
P ed SV - <i< 2
Yi Y for 4—&—17@7 T
4 M
% for 3T+1§igM.

1
If &= T then the mesh has equal step length and otherwise when ¢ =

pov/eln M, the mesh is changing at near the end of b; and b,, where
yi — yi—1 = 46EM 1. Therefore, the mesh is piecewise uniform.

Bakhvalov-Shishkin mesh (B-S-mesh)

The idea of constructing the B-S mesh is available in [4, 27]. The mesh is
constructed as follows:

2 1y i .
—| — — — i <1 < —
3 ln(l 2(1 M)M> , for 0<i<M/4-1,
YM/a+1 — YMja—1Y /. M . 3M
J— — << —
Yi = yM/4_1+( M2+ 2 )(Z 1\4/4+1) for 1 <i< 1
2 1\ M—i 3M .
- - - — = t —_— <i< M.
1 5( ln(l 2(1 — 37) %57 )) for 1 +1<i<

We define the numerical domain D = HS/I x IIY on ® and oM = Hé‘/f x 117
on b.

3.2 Semidiscretization

The Crank—Nicolson scheme for the time variable of (1) is given by

277 = Op(y, —s;) for j=0,...p, yeD,
I-‘r %’an)znﬁ»l — %(_ bn+lzn7p+1 — pngn—p +fn+1 + fn) + (I _ %’Qay)zn7
2" 0) = Oi(snt1), 2" TH(1) = Or(sn+1),
7
where " = f(y,tn), b™ = b(y, sn), 2™ = z(y, Sp) is the semidiscre(te)z
approximation to z(y, s) of (1) at s, = nAs. Let e"T! = z"T1 —27+1 be the
local truncation error of (7) and let 2"*! be the solution to

z7I :@b(:%*tj) for j=0,...p, 3365,
P+ 8pe., Yot = A (—prtiEmert pemner g ) o (1o See., ) @),
2 0) = ©1(snt1), Z"TH(1) = Or(snt).
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Hence, the global error at s™ is given by E™ = z(y, s™) — 2" (y).

3.3 Bounds on the solution and its derivatives

Consider the global error E"*t! = e"*! + RE™, associated with the scheme
(7). The transition operator

As -1 As
R= <I T 2£y) (I - 22y)

is defined as follows: set z™ = E, as the initial data with null boundary
condition and zero source term f. After one time step of (7), let RE™ be

M
the solution obtained. Using this, we have E*t! = Z R"*kekﬂ. Thus, we
k=0
claim
||R7||oo <C forall j=0,1,...,n. (8)

Then it follows that sup ||[E""||. < C(As)?. Hence, the scheme (7) is
nAs<S

second-order accurate. It may be noted here that (8) is a stability condition.
The details of this argument were given in [3, 8].

%

Lemma 2. If ‘aaz(y, s)|<C forall (y, s) €D, for 0<i<3,then
Sl
the local error with the method (7) satisfies

le"* 1] < C(As)®. (9)

Proof. Tt can be shown using the same argument discussed in [3]. O

Theorem 2. The global error estimate F,, associated with (7) is given by
|E" |0 < C(As)?  forallm < S/As.

Proof. See [8]. O

Theorem 3. The derivatives of z(y, s) satisfy the bounds

6l+m

T _Elcee? (y,s) €D foralll>0,m>0with 0 <1+ 2m <S8.
Oytds™
Proof. Refer to [1] for the details. O
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3.4 Totally finite difference scheme

The second-order approximation for the operator is given by

n n n n
DiDrwn— — 2 (YT v
vV T b+ by h; h; '
J j+1 j+1 J
n_ , n—1
Wi T W

In time, the backward difference scheme is D w} = , where wi =

s
w(yj, sn). To solve (1), the Crank-Nicolson scheme for the time scale and the
central difference scheme for the space are combined as

2D; Z; T 4+ 8 20 = —bpt 2P TP e 20T 4 4+ T - 2227 (10)
for 1<i< M.

Here,
L7 = —eDy Dy ZF +pi 2, 7 = §(Yissn), b7 =b(yi,s0), P = p(yi).

After rearranging the terms in (10) and combining (7), the fully discrete
scheme is

i+1
Z6L+1 = 61(8”+1)7 Z]’r\LI+1 = GT(SH+1)7 (11)
Z;7 =0p(yi,—sj) for j=0,....,p and i=1<i<M,

1
S(T ez e ) =g, 1<i< M,

2 2 2
r{:As(—é),rszs( c +b?+1>+1,7‘j=As<—A c ),
hivihi hihit1

i/l

As

ol = (e a1 e 2

for 0<i< M —1.

The difference equation (11) at n + 1 time level forms a tridiagonal system
of M — 1 equations with the same number of unknowns. This system has
properties like r;” < 0, r¢ >0, 7 <0 for 1<4i< M — 1. The Thomas
algorithm [24] is used to solve the tridiagonal system.

3.5 Error analysis

Theorem 4. Let z be the analytical solution to (1) and let Z be the numer-
ical solution (11). Then on S-mesh, the error of the scheme (11) satisfies the
following estimate:

IJNAO, Vol. 12, No. 2, pp 250-276
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max’(z—Z)(yi, sn)|§C((M_11nM)2+A32) for i=1,...,M —1.

\n

On B-S-mesh, it satisfies

max |(z — Z)(yi, sn)|§C<M_2—|—As2) for i=1,...,M -1,

RO

where Z(y;, sn) = ZP for (y;,s,) € DM,

Proof. The proof is divided into various steps for each time level. On the
first interval s € [0,~] (the time discretization n varies from 0 to p), the term
fly, s) —c(y, s)Op(s,s —=) in the right side of (1) is independent of €. Now
since (yi, sn) € D} =1I)1 x [0,), using the convergence results given in [3]
and Theorem 2, we obtain on S-mesh

max |(z — Z)(yi, sn) SC(M_QmQM—i—(As)Q) for 0<i< M.

i,m

Following a similar procedure done in [31, 30] for the error bounds on B-
S mesh, we consider the mesh generating function for B-S mesh ¢(§) =

(2/B8)¢x(s), where x(s) = —In (1 -2(1 - ﬁ)(s)) The mesh generating
function satisfies ¢(¢)) < CM, and assume that ¢ < M~!. The spatial
mesh size h; on the layer region satisfies h; < CM ~Land h; < Ce, for
i =0,1,...,(M/4) — 1 and for i = (3M/4) + 1,...,M. Now using the
bounds on the derivative of z given Theorem (3), we get on B-S-mesh,

max |(z — Z)(y;, s,J‘SC(M_Q—l—AsQ) for i=1,...,M—1,

RO

Now, the term z(y, s) depends on z(y, s —~), which is unknown for s > ~.
So, the above process is not applicable for s > ~. To get the error over
the interval [y, 2], using the convergence results in [1] and Theorem 2, we
obtain the desired bound. O

4 Post processing technique

To enhance the order for the difference scheme (10), we use the Richardson
extrapolation technique. First, we solve the discrete problems (11) on the

fine mesh ©2M = ﬁiM X ﬁfN with 2M and 2N mesh intervals in the spatial
—2M
and time direction respectively, where Hfl is the Shishkin-type mesh and

is obtained by halving each mesh interval of ﬁy with a fixed transition
parameter. Clearly, 7 = {(y;, s,)} € D*M = {(¥;,3,)}. Therefore, the

corresponding S-mesh is ﬁjM ={y, €(0,1),0 <i<2M} by
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0
ﬁ for 0 < i< M2,

M for%—i—lgig%,

M
% for%—l—lﬁiﬁQM,
and the B-S-mesh is
;<—1n(1—2(1—z}w)2jw)> for  0<i<M/2-1,
7. = yM/2_1+(yM”*]\};yQM”‘l)(FMpH) for %93%,
1—2(—1n(1—2(1—54)2%v;i)> for ig%ﬂgﬂ\m

—2N
and 5, —5,_1 = As/2 for 5, € II; . Now, from Theorem 4, the error is

(Z = 2)(yi, sn) = C((M*1 In M)? + Asz) + 0((M*1 In M)? + Asz),
—C(Mfy2 a4 o((M—l In M)? + ASQ)

pove
B (12)
for (i, s,) € DM. Let Z(7;,3,) be the solution to (11) on the domain D?M.
From Theorem 4, we get

2750 = (M) 2+ () o0 (37)

(
for (;,3,) € ®2M. Now, the elimination of o(M ~2) term from (12) and (
leads to the following approximation:

1/ —
2(irsn) =5 (422 ) (s 50) = o( (M M) +A5), (31, 5) € DV, (14)
Therefore, we use the extrapolation formula as

1/ —
ZewoWis 50) = 5(4Z = 2) (g a), (g s) €DM. (1)
Theorem 5. Let Z.., be the solution by extrapolation technique (15) and
let 2 be the solution to problem (1). Also, assume that /¢ < M~!. Then we
have the following error bound on S-mesh

2(Yi, Sn) = Zewtp(Yi, Sn)| < C’(M_4 In* M + As4) for 1<i<M-1.

Proof. The term in right side of (1), f(y, s) — b(y, $)O(y, s — 1) is inde-
pendent of ¢ in the interval [0,7], where the time discretization parameter n
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varies from 0 to p. One can find the complete analysis of the extrapolation
technique in [28].

Since z(y, s) depends on z(y, s — «), which is unknown for s > ~, the
approach in [28] is not applicable in the interval [y, 2v] and s > «. Therefore
the following delay parabolic equation involving small parameter considered
on domain Dy = 1T x (v, 27):

(%m&y)'z(y, s) = =b(y, s)2(y, s =) + 1y, s), (4, 5) €D,

2(y, 8) ==y, s), (y, s) €Dy =1 x(0,7), (16)
2(0, 5) = Ou(s), z(1, ) =0,(s), s€[r,29],

where zp(y, s) is a continuous solution in ©;. Applying the scheme for (16)
on D9 as given in (10), we have

2Dy ZM — 0220 4 p 20T = ezl TP ezl P (17)
T - L.2p,
zZy = ©1(sn), Zy =06.(sn), sn€v,27],
ZZ'_] - Zb(yi, STL)’ (yia Sn) S Q{VI7

where 67 = D, D;f, §7' = f(yi, sn), (i, sn) € D3" and Z; (-, -) is the numerical
solution in DM.

Decompose z in (16) on the domain D5 as z = w, + ws, where w, is
the smooth component and w, is the singular component. Again we write
Wy = Wpg + EWyq, satisfying

{ 20r0: 2) 4 pyyunoly, 5) = ~blw, Shuro(y, 59+ 5, @ ) €D, (1)
wTO(yz S) = Z(yz S)> (y7 S) €D, wT‘O(O> S) = Z(Ov 5)1 s € [’772"/]7

and

0
{Q%+&Qwﬂ%$fMJMHWS'w+Wmm,W$€®m
wrl(ya 3) =0, (ya 3) € 91, le(Oas) =0, le(las) =0, se [’7a2’7}'
(19)
Therefore

(2 420 )un(v. ) = by, w5 —7) + . 9). (. ) € Ds,

wr(yv S) = Z(yv 8)7 (yv 8) €D,
wr(0, 8) = wro(0,8), wr(1, s) =wro(l, s), sE€E[y,29].
(20)
Then, the singular component w; satisfies
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(2 + Sg,y)ws(y, s) = —b(y, s)ws(y, s—7), (y, s) € Da,
Js (21)
ws(ya 5) = Oa (ya S) € Qlaws(ov S) = GZ(S) - er(Oa 5)7

ws(1, s) =O,(s) —wro(l, s), s€ [’7727]

Write ws = wg; + ws,., where wy; is the left boundary layer component on b;
and wg, is the right boundary layer component on o,.. Also, wg; and wy, are
satisfying the following PDEs:

0
(a +£ 7y>wsl(yv S) _b(yv S)wl(ya 3_7)7 (y7 8) 6927

wséa) S) @l - wTO(07 8) s € [7727]7 wsl(y7 S) = 07 (Zh S) € gll;

(55 +% ﬂ,)wsxy, s) = =b(y, shwnly, s=7), (1, ) €Dy,

Wsr(1,8) = Op —wrg(1,8), s € [7,29], wsr(y,5) =0, (y,5) € Dy,

(22)

where D1, = (0,€) x [0,7] and D1, = (1 — &,1) x [0,7]. Since, D3 C D, the
estimates given in Theorem 1, can be used for w, and ws. Decompose the
numerical solution Z to (17) as Z = W,. + Wy, where W, is the smooth part
and Wy is the singular part. Thus

n n+i n+i— n+3
(D++D +2) R T RWLTE T Y (g s, ) € DM23)

WT? = Zb(yi7 8n)7 (yiu Sn) S Q{V[7
Wig = wr(0, sn), Wiy =wr(l, sn), sn € [v,27],

and therefore, W, satisfies

(D + D7 + 2 )w; PR W (s,ys) €0Y, (24)
WSZ‘L = 07 (ylv Sn) € :Diw
ng - ®l(sn) - wT(07 s’l’L)?
STIif - @r(sn) - wr(]-a Sn)a Sn € [7327}

Now, we write Wy = Wy, + W,., where Wy, is the boundary layer on blM and
Wi, is the boundary layers on 6. Hence Wy, and W, are defined by

(D: + Ds_ + Ss)Wsl(yia Sn+%) = _b?WSl(yh Sn+%7p), (yiu Sn+%) S ©£47
Wsl(07sn) = C_')l - w’r(oa Sn) (yi7 Sn) S bl7 Wsl(yi7 Sn) = O, (yi7 Sn) € 331l )
(D:_ + Dé_ + SE)WST(yi7 Sn—&-%) = _b?WéT(yla Sn—‘r%—p)’ (yi7 tn—f—%) S ©2
Wsr(la sn) =0, — wT(ly Sn)a (yh Sn) € b, Ws'r =0, (yi: Sn) € ’}3{\{’
(25)
where D is the discretized domain of ©1; and D/ is the discretized domain
of ©1;. Similarly blM is the discretized domain of b; and bﬂ/[ is the discretized
domain of v,. O
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4.1 Error bound for W,

Lemma 3. The local truncation error in D37 associated to the smooth com-
ponent satisfies

(2D; + 25) (wr — W) (yis $n)

. —1 2 2 & 2 0Mw, )
_C<(M th) +AS ) + 12(y7, yzfl) ay4 (yl7 Snfé)
1 3
+ —AsQa " (i, sn) + O(M™* + As?).

12 0s3
Proof. Using (20) and (23), we get
(205 + £2) (wr = W) (i sn)
= 0720 Supy) — 2o S0y (e =200 Yy, 50)
+ %wr(yi, s$n—1) = +(Ley — Le)wr(yi, Sp_1).

Now, by using the estimate in Theorem 4 and Taylor’s expansion, the desired
result can be achieved. Refer to [8] for more details. O

Let the function E4(y, s), for d = 1,2, satisfy the IBVPs (refer approach
of Kellar [12]):

0 e otw.(y, s) .
(% +257y)E1(y7 s) = 2 ot in®, 26)
Ey (ya S) =0, (y, 5) € by,
Ei (0, s)=0, Fi(1, s)=0, s€]0,8],

0 1 &w,(y, s) .
(% + 257y>E2(y, s) = TR in®, o
EQ(y7 S) = 07 (ya S) € Fb?
E5(0, s)=0, Ex(1, s)=0, s€][0,S].

Now F, can be decomposed as Ey = 14+ 194, where 14 and ¢4 are the regular
and singular layer parts of E3. Now from Theorem 1, we have

alernd
Oytds™

<CA+e>Y2%) for 0<I1+2m<8.

One can get these bounds using a similar procedure as done in [1]. Taking
(y, s) € Da, (26) and (27) reduce to the following IBVPs:
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d e Qw,(y, s) .
(g + Ss,y)El(yv S) - ET 1 927
El(y7 S) = El’y7 (y7 S) € 3317
E1(07 S) = 07 E1(17 S) = 07 s € [,YaQ,yL

0 1 &3w,(y, s) .
(2e)mi 0= L2580 s,
EQ(y> 5) = EQ’W (ya 5) € gla

E>(0, s) =0, Es(1l, s)=0, s€/y,29],

where E1(-,-) and Ea,(-,-) are the respective solutions in ©;. Therefore,
the components 7y and 94, d = 1,2, satisfy

0 e Fw.(y, s) .
(% + £6,y)771 = ET in g,
0 1 O3w,(y, s) .
(% + Ss,y)UZ = 57683 in g,
na(y, s) = Eqy, (y, ) €Dy for d=1,2,
’7d(07 S) = 07 nd(la S) = _7‘9d(1a S>7 s € [7727]7

Yaly, s) =0, (y, s) €D, for d=1,2, (28)
ﬁd(oa S) = Oa ﬁd(la S) = —77d(1> 8)) s € [’772’7]

Lemma 4. The local truncation error in D) associated with w, satisfies
(wr — Wi)(yi, sn) = C((M71 In M)2 + As2> + (i —yio1)?m +n2As + O(M ™4 + As?).
Proof. From Lemma 3 and (28), one can easily get

(207 + ) ((wr = W) (i, 5a) = C((M ™ 1 M) + As)

+h2 ((aas n se,y) — (2D + 25)> m

+As ((((fs + 25,74) - (2Ds_ + 26)) 2
+O(R* + As?). (29)

Using the derivative bounds of 4 and from the Taylor’s expansion, it follows
that for d =1, 2,

h? ((888 + Es,y) - (2D; + 25)>m +As ((685 + Se,y) - (2D; + £€)> 2
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<c(nt+ast). (30)
Therefore, from (29) and (30), we have
(2D; + 25) (wr = Wi)(yi, sn) < C((M*1 In M)? + As* + (h* + As4)>,

and, by applying barrier functions and the discrete maximum principle as
done in [22], we obtain the following bound:

)(wr - WT)(yiv Sn)

<C ((M_1 In M)? —|—A52) +hZn +neAs® +O(h* + Ast).

O

Lemma 5. The error associated with W, after extrapolation satisfies
(wT - W’r'extp)(yia Sn) < C(M_4 + AS4) for (yl7 Sn) @34

Proof. From Lemma 4 on the fine mesh D3V, we have

As? h2 As?
f )+Izm+n278+0(M*4+As4). (31)

(Wr —wr) (i, sn) = c<(2M)*2(1n 2M)2+

From the extrapolation formula (15), we can write

(w?” - Wre:ctp)(yiv sn) = wT(yiv Sn) - (%(4WT - WT)(yiv sn))

1

= =5 (407 = we) + W = w0) ) s, 50).

By using Lemma 4 and (31), we obtain

1 (4(WT —w,) + (W, — wr>) (i, 5n) == ( - C((M—1 In2M)? + ASQ)

3 3
— hZn — naAs?
+ C’((M_1 In M)? + A82>
+ Wi+ 772A82> +O(M™* + As?)
=0(M~* + As?),

which is our desired bound. ]

Now, we define the function Fy = Fy + Fy,, d = 1,2, by the following
IBVPs:
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0

poe O*w,(y, s

265

)

(@ + 25,y)F1l = T ay4 ’ (y7 8) in Ql = (0’5) X (078]7
(35 + £en)Fir = 22Dy, — (- 62) x 0.5,
Fu(y, s) =0, (y, s) €[0,€] x (=7,0),
Flr(ya S) - 07 ( ) € [ 1] ( 0)7
(0, s) = Fu(€, s) =0, e (0,8],
Fl'r'(l_§7 S)—Fl,«(l, 8)—0, (O,S],
(32)
Sw S
(Zre,)m=o 00D o= 0.6 0.5)
3U) S
(§ +z€,y)Fgr = Sy gD, = (1 61) % 0.8),
Fy(y, s)= (y, s) €[0,£] x (=7,0),
o (y, s) = ( )6[1—51] (—7,0),
F2l( 5) = Fll(€7 s) = € (0,5,
Fgr(].*g, ) Flr(]- S) —O, (O,S],
(33)

The solution Fy, d = 1,2, to (32) and (33) satisfies the following bounds:

3l+mFd .
<ce U2 .
sy | < C (VB + ep(-(1-)VB]E)), (v 5) €D
In this context, by considering s € (v, 2), therefore (32) and (33) reduces to
o _ poe d'ws(y, s) A
(% + £€7y)}7‘1l = ?T7 (y7 S) mn Ql - (055) X (7727)7
0 poe Otwg(y, s) .
(ai +Ls7y)F1r_787y47 (ya S) m DT:(l_gal) X(’YaQ’Y)a
Fu(y, s) = Fuy(y, s), (y, s) €[0,¢€] x (0,7),
(y ) Flrv(ya )a (yv S) € [1 - 57 1] X (Oa’}/)v
Fll(07 S)ZF (5 t)_o s € (7727)7
Flr( f,t) Flr(l 5)*0 s € (7727)7
(34)
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o 1 9w, (y, .
(% + 25,:5)1:’2l = E%v (ya 5) m Ql = (0,5) X (7727)7

) 1 9Pw,(y, .
(% +£5,y>F2T = ﬁ%a (yu S) m 97" = (]- - 57 1) X (7727)7
le(y, 8) = F2l'y(yv 3)7 (ya S) € [Ovﬂ X (077)’
F2r(ya S) = F2r'y(y7 S)v (yv 8) € [1 _57 1] X (077)7
F2l(05 3) = F2l(§7 8) = 07 ERS (772’7)7
FQ'F(l _57 5) = FlT(L S) = 07 s € (7727%

(35)
where Fj,(+,+), k = 1,2, are the analytic solutions in [0, ] x (0,) and Fy,(-, ),
k = 1,2, are the analytic solutions in [1 — &, 1] x (0,7).

Lemma 6. For (y;, s,) D, the error associated with W, satisfies
(We—ws)(ys, sn) = (M~ In M)?Fy(ys, 5,)+As>Fa(y;, sn)+O(M*4 In* M+As4).

Proof. Write Wy = Wy, + Ws,., where W; and Wy, are defined in (25). Now
Ws—ws = Wy —ws;)+ (Wi, —ws,.), where the error Wy; —wy, is related to a
layer on ®; and Wy, — ws, on ©,.. These errors can be estimated separately.
First, we estimate Wy, — wg;, from (22) and difference equation (25) and
follow the similar procedure of Lemma 4. O

Next, we can estimate the error Wy, — wq,..

Lemma 7. For (y;, s,) @ZM, the error associated to W after extrapolation
satisfies

(w0, = Wacap) (s, 50)| < C(M i M+ As*).
Proof. From Lemma 6, we get

(Ws - ws) - (M_l lnM)QFl(yia sn) + ASQFQ(yiv Sn)

+O(M*4 ln4N+As4) for (yi, sp) OM, (36
and
v 1 2 5°
(ws — W5) = ((2M)" " In2M)*Fy (yi, Sn)+ TFQ(yZ'7 Sn)
+O (M—4 In® M + As4> (37)

for (y;, sn) € D3M. Eliminating the terms O(M~2) and As? from (36) and
(37), the required result is achieved. O

Theorem 6 (Error after extrapolation in D)), Let Z.., be the extrapo-
lated solution (by technique (15)) for solving (11) on D, and D3M. Let 2
be the solution to (1). Assume that e < M~2. Then we have the following
error bound associated with Zg,y), :
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’z(yi, 8n) = Zeatp(Yi, sn)| < C(M_4 In* M + As4) for 1<i<M-—1.

Proof. We have

Z(yza Sn) - Zeztp(yiv sn) S wr(yia Sn) - Wreztp(yi, Sn)

+ ws(yiv Sn) 7W‘?eztp(yia Sn)

for all (y;, s,) € D). Combining Lemmas 4 and 7, we can get the required
result. O

Remark 1. The error bound on B-S-mesh in Dé\/f is

2(Yi, Sn) = Zewtp(Yi, Sn)| < C(M*4 + As4) for 1<i<M-1.
Remark 2.(Error after extrapolation in M ) Let Zeyip be the extrapo-

lated solution (by technique (15)) for solving (11) on ©,™ and ©3M. Let 2

be the solution to (1). Then we have the following error bound on S-mesh:

’z(yi, 8n) = Zewtp(Yi, sn)| < C(M_4 In* M + As2) for 1<i<M-—1,

similarly, on B-S-mesh

’Z(yz-, $n) = Zewtp(Yis Sn) SC(M*4+AS4) for 1<i<M-—1.

5 Numerical experiments

The proposed scheme (10) is tested on two test problems in this section. In
this section, all the numerical results are obtained using MATLAB software
in 64 GB RAM workstation.

Example 1. Consider

zs — E2yy +0.52 = —2e12(y, s — 1) +f(y,s), (z,t)€(0,1)x(0, 2],
2y, 8) = e TYIVE L et UmIIVE L (y, 5) € [0, 1] x [-1, 0],
2(0, s) =e® +eTUVE 2(1, 5) = e t/VE 475 s€0, 2]

(38)

The exact solution for Example 1 is z(y, s) = e~ 5t¥/vVe 4 e=st1-v)/VE,
The maximum pointwise error before and after extrapolation given by
Eé\/I,AS

= . _ 7 M,As )
B (yi7r£L%§©”1 2(yi, sn) =2 (is 5n)|
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and

M,As M,As
B! Z

B (yug}gé@M |Z(yi’ Sn) o €$£p (ylv 5n)|

. . EM,As
The corresponding order of convergence is PM-2% = log, W) . Here,

2(yi, 8n) is the exact solution and ZM-2%(y;, s,,) and Zé\;{tﬁs (yi, Sn) are the

numerical solutions before and after extrapolation, respectively.

Example 2. Consider the test problem:

1 2
Zsiszyy+%22837z(y7571)a (yv 3)6(07 1)X(07 Q]a

2(y, 3) =0, (v, S) € [Ov 1] X [_L 0],
2(0,5) =0,2(1,8) =0, s €0, 2.

(39)

Since the exact solution to (2) is not known, we use the idea of double
mesh principle to obtain the pointwise errors and to verify the e-uniform
convergence. Define Z(y;, $n) as the numerical solution obtained on DM —
I12M x T2V with 2M mesh intervals in space and 2N mesh intervals in the
s-direction, where ﬁiM is the Shishkin-type mesh as defined Hé\/l with the
fixed transition parameter. For each ¢, we calculate the maximum pointwise

error before and after extrapolation by EEM’AS = ( mz;oe{@M | ZMAS (g5 5,) —
Yis Sn

= 7 M,A ~M,A

ZM’AS(y“ Sn)' and EéW,As - (s Isn%)e(@M |Zerttps(yi7 Sn) Ze:vtps(yi’ Sn)|3

respectively. The corresponding order of convergence is obtained by PM As —

EMAs ~M,As . . . .
log, m . Here, Z_,;;," (yi, sn) is the extrapolation solution obtained

by the double mesh principle.

e=10"2 e=10""

Figure 1: Surface plots of the computed solution on S-mesh for Example 1.
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e=10"2 e=10"6

0.5 =

Figure 2: Solution plots of each time on S-mesh for Example 1.

e=10"°

(a) Before extrapolation. (b) After extrapolation.

Figure 3: Error graphs of the computed solution on B-S mesh for Example 1.

e=10""°

I AN \
XY WY
\\
1N
.
0 \\\\\iﬁ\\ﬁ;\‘w 0
1 05 1
Ty 0o 2
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Figure 4: Surface plots of the computed solution on S-mesh for Example 2.
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Ny IINAO, Vol. 12, No. 2, pp 250-276 N
(a) Before extrapolation. (b) After extrapolation.

Figure 9: Log-log plots on B-S mesh for Example 2.
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e=10"2 e=10""
3 T T T T
25
—s=0.5
2 —s=1
s=1.5
N 15 — =2 N s=1.5
15 — =2
1
1
05 05
00 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 0 0.1 0.2 03 0.4 0.5 0.6 0.7 0.8 0.9 1
y y
Figure 5: Solution plots on S-mesh for Example 2.
10° T =102 10
-©-==10"
w2k —F—==10"°
O O N=2112(7
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o 104 %
© ©
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108 10°
10’ 102 103 10' 102 103
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(a) Before extrapolation. (b) After extrapolation.
Figure 6: Log-log plots on S-mesh for Example 1.
107 —%—e=10"? 108 —%—e=10"2
o e=107" o e=10""
102 (3N ~. —F—-e=10" 10 —H-e=10"°
Ao N -9~ 0N In(N)) - -&-0(N"In'(N))
10 S~o 3
A = 10 1
. ~o
104
107 1
10
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6
mw‘ 102 108 ‘0'301 ”‘)2 1o°

(a) Before extrapolation.

(b) After extrapolation.

Figure 7: Log-log plots on B-S mesh for Example 1.
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—¥—c=10" —H—e=107
e=10"" =10t
N - Q- 0N In(N)) 5 - O - 0N~ In'(N))
W, ]
108 R . 10°
N 2
104 108} 1
10° 10710 '
10! 102 10° 10 102 10°
N N
(a) Before extrapolation. (b) After extrapolation.

Figure 8: Log-log plots on S-mesh for Example 2.

Table 1: EM2° and PM?* generated on S-mesh using the proposed method for

Example 1.
M/As | Extrapolation le-4 le-6
Singular layer | Regular layer | Singular layer | Regular layer
32/10 before 1.15e-2 6.42e-4 1.15e-2 6.42e-4
1.47 2.13 1.47 2.13
after 3.09¢e-4 1.52e-6 3.09e-4 1.52e-6
2.72 3.56 2.72 3.56
64,/40 before 4.15e-3 1.46e-4 4.15e-3 1.46e-4
1.56 2.25 1.56 2.25
after 1.33e-6 1.10e-7 1.33e-6 1.10e-7
3.05 3.78 3.05 3.78
128/160 before 1.40e-3 3.07e-5 1.40e-3 3.07e-5
1.65 2.38 1.65 2.38
after 5.61e-6 9.33e-9 5.61e-6 9.33e-9
3.22 3.89 3.22 3.89
256/640 before 4.46e-4 5.90e-6 4.46e-4 5.90e-6
1.68 2.48 1.68 2.48
after 6.01e-7 6.28e-10 6.00e-7 6.28e-10
3.34 4.27 3.34 4.27
512/2560 before 1.38e-4 1.05e-6 1.38e-4 1.05e-6
after 5.91e-8 3.25e-11 5.91e-8 3.25e-11
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Table 2:  EM2% and PM2° generated on B-S-mesh using the proposed method for

Example 1.
€ Extrapolation Number of intervals M
32/10 64,/40 128/160 256/640 | 512/2560
le—6 before 4.9562¢-3 | 1.3618e-3 | 3.4560e-4 | 8.6895e-5 | 2.1776e-5
1.8637 1.9783 1.9918 1.9965
after 5.3442e-4 | 4.4861e-5 | 3.0539e-6 | 1.9448e-7 | 1.2234e-8
3.5744 3.8767 3.9730 3.9906
le—8 before 4.9562¢-3 | 1.3618e-3 | 3.4560e-4 | 8.6895e-5 | 2.1776e-5
1.8637 1.9783 1.9918 1.9965
after 5.3442e-4 | 4.4861e-5 | 3.0539e-6 | 1.9448e-7 | 1.2234e-8
3.5744 3.8767 3.9730 3.9906
le — 12 before 4.9562¢-3 | 1.3618e-3 | 3.4560e-4 | 8.6895e-5 | 2.1776e-5
1.8637 1.9783 1.9918 1.9965
after 5.3442e-4 | 4.4861e-5 | 3.0539e-6 | 1.9448e-7 | 1.2234e-8
3.5744 3.8767 3.9730 3.9906

Table 3:  E2* and PM®* generated on S-mesh using the proposed method for

Example 2.
N/As Extrapolation le-4 le-6 le-8
Inner layer | Outer layer | Inner layer | Outer layer | Inner layer | Outer layer
32/10 before 9.021e-3 2.800e-3 9.021e-3 3.100e-3 9.021e-3 3.100e-3
1.633 2.001 1.418 2.015 1.418 2.015
after 1.850e-5 6.976e-6 3.344e-4 7.103e-6 3.344e-4 7.103e-6
3.788 3.982 2.704 3.970 2.704 3.970
64/40 before 2.907e-3 7.068e-4 3.374e-3 7.669e-4 3.374e-3 7.669e-4
1.911 2.001 1.528 2.000 1.528 2.000
after 1.339e-6 4.414e-7 5.132e-5 4.530e-7 5.132e-5 4.530e-7
3.878 4.06 3.037 3.925 3.037 3.925
128/160 before 7.729e-4 1.765e-4 1.169e-3 1.917e-4 1.169e-3 1.917e-4
1.418 2.002 1.633 2.000 1.6337 2.000
after 9.108e-8 2.631e-8 6.249¢-6 2.981e-8 6.249¢-6 2.981e-8
3.949 4.024 3.489 4.011 3.489 4.011
256/640 before 1.959e-4 4.404e-5 3.979e-4 4.793e-5 3.979%e-4 4.793e-5
1.980 2.010 1.655 2.000 1.655 2.000
after 5.897¢-9 1.617¢-9 5.565¢-7 1.848¢-9 5.565¢-7 1.848¢-9
3.974 4.162 3.920 4.291 3.920 4.291
512/2560 before 4.909e-5 1.093e-5 1.263e-4 1.198e-5 1.263e-4 1.198e-5
after 3.752e-10 1.778e-11 3.675e-8 9.440e-11 3.675e-8 9.440e-11
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Table 4:  EM2% and PM2° generated on B-S-mesh using the proposed method for

Example 2.
€ Extrapolation Number of intervals M
32/10 64,/40 128/160 256/640 | 512/2560
le—6 before 1.3012e-2 | 3.5208e-3 | 9.2402e-4 | 2.3350e-4 | 5.8667e-5
1.8859 1.9299 1.9845 1.9928
after 5.4243e-4 | 4.6020e-5 | 3.1547e-6 | 2.0324e-7 | 1.2801e-8
3.5591 3.8667 3.9562 3.9889
le—8 before 1.3012e-2 | 3.5208e-3 | 9.2402e-4 | 2.3350e-4 | 5.8667e-5
1.8859 1.9299 1.9845 1.9928
after 5.4243e-4 | 4.6020e-5 | 3.1547e-6 | 2.0324e-7 | 1.2801e-8
3.5591 3.8667 3.9562 3.9889
le — 12 before 1.3012e-2 | 3.5208e-3 | 9.2402e-4 | 2.3350e-4 | 5.8667e-5
1.8859 1.9299 1.9845 1.9928
after 5.4243e-4 | 4.6020e-5 | 3.1547e-6 | 2.0324e-7 | 1.2801e-8
3.5591 3.8667 3.9562 3.9889

The surface plots are plotted for ¢ = 1072 and ¢ = 107% in Figure 1 for
Example 1 and Figure 4 for Example 2 on S-mesh, respectively. Figures 2 and
5 display the solution for different values € with respect to time for Example
1 and Example 2, respectively. From these figures, one can visualize that the
boundary layers appear at y = 0 and y = 1. The error plots are given in
Figure 3 for Example 1 on the B-S mesh before and after extrapolation. These
graphs show that the error is less after extrapolation compared to before
extrapolation. To see the numerical convergence rate graphically, EM-2¢ are
plotted in the log-log scale before extrapolation in Figures 6(a), 7(a),8(a), and
9(a) and after extrapolation in Figures 6(b), 7(b),8(b), and 9(b). Moreover,
EM A5 and PgM’AS by the proposed scheme for Example 1 are presented in
Tables 1 and 2 on S-mesh and B-S-mesh, respectively. Similar results for
Example 2 are shown in Tables 3 and 4. From these tables, one can conclude
that B-S-meshes are more accurate, and the rate of convergence is more
compared to the S-mesh. One can notice that the numerical results are well
by our theoretical findings.
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