
q †

∗

q

q

q

∗

†



q

q α
q
q

cDαq u(t) ∈ W (t, u(t), u�(t), u��(t)) ,

u(0) + u(p) + u(1) =
� 1
0
f0(s, u(s)) ds�

cDβq u(0) +
cDβqu(p) +

cDβq u(1) =
� 1
0 f1(s, u(s)) ds,

cDγqu(0) +
cDγqu(p) +

cDγqu(1) =
� 1
0 f2(s, u(s)) ds,

α ∈ (2, 3] 0 < q, p, β < 1 γ ∈ (1, 2) fi : J × R → R i = 1, 2, 3
W : J × R3 → Pcp(R)

cDβq q t ∈ J = [0, 1]
R Pcp(R)

q
W : J ×Rn+1 → P (R)

cDαq u(t) ∈ W
�
t, u(t), cDγ1q u(t), . . . ,

cDγnq u(t)
�
,

�
u�(0) + a1u�(1) =

�n
i=1

cDγiq u(p),
u(0) + a2u(1) =

�n
i=1 I

γi
q u(p),

α ∈ (1, 2] 0 < q, p, γi < 1 α− γi ∈ [1,∞) 1 ≤ i ≤ n

a1 >

n�
i=1

p1−γi

Γq(2− γi) , a2 >
n�
i=1

pγi+1

Γq(γi + 2)
,

n ≥ 1 t ∈ J = [0, 1]

q
q

q



q

q T = R
Ts0 = {0} ∪ {s : s = s0qn} n s0 ∈ R q ∈ J0
a ∈ R [a]q = (1−qa)/(1−q) (y−z)nq

n ∈ N0 (y−z)(n)q =
�n−1
k=0(y−zqk) n ≥ 1 (y−z)(0)q = 1

y z N0 := {0}∪N σ ∈ R q �=
0 (y−z)(σ)q = vσ

�∞
k=0(y−zqk)/(y−zqσ+k) z = 0

y(σ) = yσ q Γq(σ) =
(1−q)(σ−1)/(1−q)σ−1 σ ∈ R\{0,−1,−2, . . .}

Γq(σ + 1) = [σ]qΓq(σ) q g

Dq[g](τ) =
g(τ )− g(qτ )
(1− q)τ ,

Dq[g](0) = limτ→0Dq[g](τ )
q g Dnq [g](τ ) =

Dq[D
n−1
q [g]](τ ) n ≥ 1 D0q [g](τ ) = g(τ ) q
g [0, b]

Iq[g](τ ) =

� τ
0

g(ξ) dqξ = τ(1− q)
∞�
k=0

qkg(τqk),

0 ≤ τ ≤ b τ [0, T ]

� T
τ

g(ξ) dqξ = Iq[g](T )− Iq[g](τ) = (1− q)
∞�
k=0

qk
�
Tg(Tqk)− τg(τqk)� ,

Inq I0q[g](τ) = g(τ)
Inq [g](τ) = Iq[I

n−1
q [g]](τ) n ≥ 1 g ∈ C([0, T ])

Dq[Iq[g]](τ) = g(τ ) Iq [Dq[g]](τ ) = g(τ)− g(0) g
τ = 0 q
g J0 = (0, 1) σ ≥ 0 I0q[g](τ) = g(τ )

Iσq [g](τ ) =
1

Γq(σ)

� τ
0

(τ − qξ)(σ−1)g(ξ) dqξ

= τσ(1− q)σ
∞�
k=0

qk
�k−1
i=1

�
1− qσ+i��k−1

i=1 (1− qi+1)
g(τqk),

t ∈ J0 q
g



cDσq [g](τ ) = I
[σ]−σ
q [D[σ]q [g]](τ )

=
1

Γq ([σ]− σ)
� τ
0

(τ − qξ)([σ]−σ−1)D[σ]q [g](ξ) dqqξ,

t ∈ J0 σ > 0 Iνq [I
σ
q [g]](τ) =

Iσ+νq [g](τ ) Dσq [Iσq [g]](τ) = g(τ ) σ, ν ≥ 0
Iσq [g](τ )

G : J → Pcl(R)
y t �→ d(y,G(t))

Hd : 2
X × 2X → [0,∞) (X, ρ)

Hρ(A,B) = max
�
sup
a∈A
ρ(a,B), sup

b∈B
ρ(A,b)

�
,

ρ(A,b) = infa∈A ρ(a, b) X
X CB(X) C(X)

(CB(X), Hρ) (C(X),Hρ)
z ∈ X

W : X → 2X Wz = {z}
W

infx∈X supy∈Wx ρ(x, y) = 0 θ : R → R
lim supn→∞ θ(λn) ≤ θ(λ) {λn}n≥1

λn → λ

θ : [0,∞) →
[0,∞) θ(t) < t lim inft→∞(t − θ(t)) > 0 t > 0

(X,ρ) W : X → CB(X)
Hd(W(x),W() ≤ θ(ρ(x, y)) x, y ∈ X

W W

v ∈ C(J,R) α ∈ (2, 3] 0 < β, q, p < 1
γ ∈ (1, 2) fi : J × R → R i = 0, 1, 2

q

cDαq u(t) = v(t),



u(t) = Iαq v(t) +
1

3

� 1
0

f0(s, u(s)) ds− 1
3

�
Iαq v(1) + I

α
q v(p)

�
+ a1(t)

� 1
0

f1(s, u(s)) ds+ a2(t)
�
Iα−βq v(1) + Iα−βq v(p)

�
+ (b1 + a3(t))

� 1
0

g2(s, u(s)) ds

+ (b2 + a4(t))
�
Iα−γq v(1) + Iα−γq v(p)

�
,

a1(t) =
3tΓq(2− β)− (p+ 1)Γq(2− β)

3(p1−β + 1)
,

a2(t) =
(p+ 1)Γq(2− β)− 3Γq(2− β)t

3(p1−β + 1)
,

a3(t) =
−6(p2−β + 1)Γq(3− γ)Γq(2− β)t
6(p1−β + 1)(p2−γ + 1)Γq(3− β)

+
3(p1−β + 1)Γq(3− γ)Γq(3− β)t2
6(p1−β + 1)(p2−γ + 1)Γq(3− β) ,

a4(t) =
6(p2−β + 1)Γq(3− γ)Γq(2− β)t
6(p1−β + 1)(p2−γ + 1)Γq(3− β)

− 3Γq(3− γ)Γq(3− β)(p
1−β + 1)t2

6(p1−β + 1)(p2−γ + 1)Γq(3− β) ,

b1 =
2(p+ 1)(p2−β + 1)Γq(3− γ)Γq(2− β)
6(p1−β + 1)(p2−γ + 1)Γq(3− β)

− (p
2 + 1)Γq(3− γ)(p1−β + 1)Γq(3− β)
6(p1−β + 1)(p2−γ + 1)Γq(3− β) ,

b2 =
(p2 + 1)Γq(3− γ)(p1−β + 1)Γq(3− β)
6(p1−β + 1)(p2−γ + 1)Γq(3− β)

− 2(p+ 1)(p
2−β + 1)Γq(3− γ)Γq(2− β)

6(p1−β + 1)(p2−γ + 1)Γq(3− β) .

u(t) =
1

Γq(α)

� t
0

(t− qs)(α−1)v(s) dqs+ c0 + c1t+ c2t2,

ci i = 0, 1, 2



cDβq u(t) = I
α−β
q v(t) +

c1t
1−β

Γq(2− β) +
2c2t

2−β

Γq(3− β) ,

cDγqu(t) = I
α−γ
q v(t) +

2c2t
2−γ

Γq(3− γ) .

u(0) + u(p) + u(1) = 3c0 + (1 + p)c1 + (1 + p
2)c2 + I

α
q v(1) + I

α
q v(p)

cDβqu(0) +
cDβq u(p) +

cDβq u(1) = c1
p1−β + 1
Γq(2− β) + c2

2(p2−β + 1)
Γq(3− β)

+ Iα−βq v(1) + Iα−βq v(p),

cDγqu(0) +
cDγqu(p) +

cDγqx(1) = c2
2(p2−γ + 1)
Γq(3− γ)

+ Iα−γq v(1) + Iα−γq v(p).

3c0 + (1 + p)c1 + (1 + p
2)c2 =

� 1
0

f0(s, u(s)) ds

− Iαq v(1)− Iαq v(p),

c1
p1−β + 1
Γq(2− β) + c2

2(p2−β + 1)
Γq(3− β) =

� 1
0

f1(s, x(s)) ds

− Iα−βq v(1)− Iα−βq v(p),

c2
2(p2−γ + 1)
Γq(3− γ) =

� 1
0

f2(s, x(s)) ds

− Iα−γq v(1)− Iα−γq v(p).

c0 c1 c2



c0 =
1

3

� 1
0

f0(s, u(s)) ds− 1
3

�
Iαq v(1) + I

α
q v(p)

�
− Γq(2− β)(p+ 1)

3(p1−β + 1)

� 1
0

f1(s, u(s)) ds

+
(p+ 1)Γq(2− β)
3(p1−β + 1)

�
Iα−βq v(1) + Iα−βq v(p)

�
+ b1

� 1
0

f2(s, u(s)) ds+ b2
�
Iα−γq v(1) + Iα−γq v(p)

�
,

c1 =
Γq(2− β)
(p1−β + 1)

� 1
0

f1(s, u(s)) ds

− Γq(2− β)
(p1−β + 1)

�
Iα−βq v(1) + Iα−βq v(p)

�
− (p

2−β + 1)Γq(3− γ)Γq(2− β)
(p1−β + 1)(p2−γ + 1)Γq(3− β)

� 1
0

f2(s, u(s)) ds

+
(p2−β + 1)Γq(3− γ)Γq(2− β)
(p1−β + 1)(p2−γ + 1)Γq(3− β)

�
Iα−γq v(1) + Iα−γq v(p)

�
,

c2 =
Γq(3− γ)
2(p2−γ + 1)

� 1
0

f2(s, u(s)) ds

− Γq(3− γ)
2(p2−γ + 1)

�
Iα−γq v(1) + Iα−γq v(p)

�
.

c0 c1 c2 u(t)

X = C2(J)

�u� = sup
t∈J
|u(t)|+ sup

t∈J
|u�(t)|+ sup

t∈J
|u��(t)|.

(X , �·�) u ∈ X
SW,u v ∈ L1(J) v(t) ∈ W(t, u(t), u�(t), u��(t))
t ∈ J

W : J × R3 → Pcp(R)
W(·, x1, x2, x3) : J → Pcp(R)

xi ∈ R
fi : J × R→ R θ : [0,∞)→

[0,∞)

lim inf
t→∞ (t− θ(t)) > 0

θ(t) < t t > 0



m,m0,m1,m2 ∈ C(J, [0,∞))

Hd (W(t, x1, x2, x3),W(t, x�1, x�2, x�3))

≤ 1

Λ1 +Λ2 + Λ3
m(t)θ

� 3�
k=1

|xi − x�i|
�

|fj(t, x)− fj(t, x�)| ≤ 1

Λ1 + Λ2 + Λ3
mj(t)ψ(|x− x�|),

t ∈ J x, x�, xi, x�i ∈ R

Λ1 =

� �m�∞
Γq(α+ 1)

+
�m0�∞
3

+
2�m�∞
3Γq(α+ 1)

+
5Γq(2− β)�m1�∞

3
+
10Γq(2− β)�m�∞
3Γq(α− β + 1)

+ 10
�
2Γq(2− β) + Γq(3− β)

�
×
�
Γq(3− γ) (�m2�∞Γq(α− γ + 1) + 2�m�∞)

3Γq(3− β)Γq(α− γ + 1)
��
,

Λ2 =

��m�∞
Γq(α)

+
2Γq(2− β)�m�∞
Γq(α− β + 1) +

�
2Γq(2− β) + Γq(3− β)

�
×
�
Γq(3− γ) (�m2�∞Γq(α− γ + 1) + 2�m�∞)

Γ(3− β)Γq(α− γ + 1)
��
,

Λ3 =

� �m�∞
Γq(α− 1) +

Γq(3− γ) (�m2�∞Γq(α− γ + 1) + 2�m�∞)
Γq(α− γ + 1)

�
;

N : X → 2X

N(u) = {h ∈ X | ∃ v ∈ SW,u : h(t) = w(t)} ,

t ∈ J

w(t) = Iαq v(t) +
1

3

� 1
0

f0(s, u(s)) ds− 1
3

�
Iαq v(1) + I

α
q v(p)

�
+ a1(t)

� 1
0

f1(s, u(s)) ds+ a2(t)
�
Iα−βq v(1) + Iα−βq v(p)

�
+ (b1 + a3(t))

� 1
0

f2(s, u(s)) ds

+ (b2 + a4(t))
�
Iα−γq v(1) + Iα−γq v(p)

�
.



q
N : X → P (X )

N

t � W (t, u(t), u�(t), u��(t))
SW,u u ∈ X

N(u) ⊂ X u ∈ X u ∈ X {xn}n≥1
N(u) un → x n ∈ N vn ∈ SW,u

xn(t) = I
α
q vn(t) +

1

3

� 1
0

f0(s, u(s)) ds− 1
3

�
Iαq vn(1) + I

α
q vn(p)

�
+ a1(t)

� 1
0

f1(s, u(s)) ds+ a2(t)
�
Iα−βq vn(1) + I

α−β
q vn(p)

�
+ (b1 + a3(t))

� 1
0

f2(s, u(s)) ds

+ (b2 + a4(t))
�
Iα−γq vn(1) + I

α−γ
q vn(p)

�
.

{vn}n≥1 v ∈
L1(J) W
{vn}n≥1 v ∈ SW,u xn(t) x(t)

x(t) = Iαq v(t) +
1

3

� 1
0

f0(s, u(s)) ds− 1
3

�
Iαq v(1) + I

α
q v(p)

�
+ a1(t)

� 1
0

f1(s, u(s)) ds+ a2(t)
�
Iα−βq v(1) + Iα−βq v(p)

�
+ (b1 + a3(t))

� 1
0

f2(s, u(s)) ds

+ (b2 + a4(t))
�
Iα−γq v(1)Iα−γq v(p)

�
,

t ∈ J x ∈ N(u) N
W N (u)

u ∈ X

Hd(N (u), N(v)) ≤ θ(�u− v�).

u, v ∈ X h1 ∈ N(v) w1 ∈ SW,v

h1(t) = I
α
qw1(t) +

1

3

� 1
0

f0(s, v(s)) ds− 1
3

�
Iαqw1(1) + I

α
qw1(p)

�
+ a1(t)

� 1
0

f1(s, v(s)) ds+ a2(t)
�
Iα−βq w1(1) + I

α−β
q w1(p)

�



+ (b1 + a3(t))

� 1
0

f2(s, v(s)) ds

+ (b2 + a4(t))
�
Iα−γq w1(1) + I

α−γ
q w1(p)

�
,

t ∈ J

W̃u(t) =W (t, u(t), u�(t), u��(t)) , W̃v(t) =W (t, v(t), v�(t), v��(t)) .

Hd

�
W̃u(t), W̃v(t)

�
≤ 1

Λ1 + Λ2 +Λ3
m(t)

× θ (|u(t)− n(t)|+ |u�(t)− v�(t)|+ |u��(t)− v��(t)|) ,

t ∈ J w ∈ W̃u(t)

|w1(t)− w| ≤ 1

Λ1 + Λ2 + Λ3
m(t)

× θ (|u(t)− v(t)|+ |u�(t)− v�(t)|
+|u��(t)− v��(t)|) ,

t ∈ J G : J → P (R)
w ∈ R w w1

ϕ = mθ
�|u− v|+ |u� − v�|+ |u�� − v��|�� 1

Λ1 + Λ2 + Λ3

�
,

G(.)
�
W (·, u(·), u�(·), u��(·)) ,

w2(t) ∈ W (t, u(t), u�(t), u��(t))

|w1(t)− w2(t)|
≤ 1

Λ1 +Λ2 + Λ3
m(t)

× ψ (|u(t)− v(t)|+ |u�(t)− v�(t)|+ |u��(t)− v��(t)|) ,

t ∈ J h2 ∈ N(u)



h2(t) = I
α
qw2(t) +

1

3

� 1
0

f0(s, u(s)) ds− 1
3

�
Iαqw2(1) + I

α
qw2(p)

�
+ a1(t)

� 1
0

f1(s, u(s)) ds+ a2(t)
�
Iα−βq w2(1) + I

α−β
q w2(p)

�
+ (b1 + a3(t))

� 1
0

f2(s, u(s)) ds

+ (b2 + a4(t))
�
Iα−γq w2(1) + I

α−γ
q w2(p)

�
,

t ∈ J

|h1(t)− h2(t)| ≤ Iαq |w1(t)− w2(t)|

+
1

3

� 1
0

|f0(s, v(s))− f0(s, u(s))| ds

+
1

3

�
Iαq |w1(1)− w2(1)|Iα−1q |w1(p)− w2(p)| ds

�
+ |a1(t)|

� 1
0

|f1(s, v(s))− f1(s, u(s))| ds

+ |a2(t)|
�
Iα−βq |w1(1)− w2(1)|

+Iα−βq |w1(p)− w2(p)|
�

+ |b1 + a3(t)|
� 1
0

|f2(s, v(s))− f2(s, u(s))| ds
+ |b2 + a4(t)|

�
Iα−γq |w1(1)− w2(1)| ds

+Iα−γq |w1(p)− w2(p)| ds
�

≤ 1

Λ1 + Λ2 +Λ3
θ (�u− v�)

� �m�∞
Γq(α+ 1)

+
�m0�∞
3

+
2�m�∞
3Γq(α+ 1)

+
5Γq(2− β)�m1�∞

3

+
10Γq(2− β)�m�∞
3Γq(α− β + 1)

+ 10
�
2Γq(2− β) + Γq(3− β)

�
×
�
Γq(3− γ)(�m2�∞Γq(α− γ + 1) + 2�m�∞)

3Γq(3− β)Γq(α− γ + 1)
��

=
Λ1

Λ1 + Λ2 +Λ3
ψ(�u− v�),

|h�1(t)− h�2(t)| ≤ Iα−1q |w1(t)− w2(t)|

+
Γ(2− β)
(p1−β + 1)

�
Iα−βq |w1(1)− w2(1)|



+Iα−βq |w1(p)− w2(p)|
�

+ |a5(t)|
� 1
0

|f2(s, v(s))− f2(s, u(s))|ds
+ |a6(t)|

�
Iα−γq |w1(1)− w2(1)|

+Iα−γ−1q |w1(p)− w2(p)|
�

≤ 1

Λ1 + Λ2 +Λ3
θ(�u− v�)

��m�∞
Γq(α)

+
2Γq(2− β)�m�∞
Γq(α− β + 1)

+ (2Γq(2− β) + Γq(3− β))

×
�
Γq(3− γ) (�m2�∞Γq(α− γ + 1) + 2�m�∞)

Γq(3− β)Γq(α− γ + 1)
��

=
Λ2

Λ1 + Λ2 +Λ3
θ(�u− v�),

|h��1(t)− h��2(t)| ≤ Iα−2q |w1(t)− w2(t)|

+
Γq(3− γ)
(p2−γ + 1)

� 1
0

|f2(s, v(s))− f2(s, u(s))| ds

+
Γq(3− γ)
(p2−γ + 1)

�
Iα−γq |w1(1)− w2(1)|

+Iα−γq |w1(p)− w2(p)|
�

≤ 1

Λ1 + Λ2 +Λ3
ψ(�u− v�)

� �m�∞
Γq(α− 1)

+
Γq(3− γ) (�m2�∞Γq(α− γ + 1) + 2�m�∞)

Γq(α− γ + 1)
�

=
Λ3

Λ1 + Λ2 +Λ3
ψ(�u− v�),

a5(t) =
(p2−β + 1)Γq(3− γ)Γq(2− β)
(p1−β + 1)(p2−γ + 1)Γq(3− β)

+
Γq(3− γ)(p1−β + 1)Γq(3− β)t
(p1−β + 1)(p2−γ + 1)Γq(3− β) ,

a6(t) =
(p2−β + 1)Γq(3− γ)Γq(2− β)

(p1−β + 1)(p2−γ + 1)Γq(3− β)Γq(α− γ)

− Γq(3− γ)Γq(3− β)(p1−β + 1)t
(p1−β + 1)(p2−γ + 1)Γq(3− β)Γq(α− γ) .



�h1 − h2� = sup
t∈J
|h1(t)− h2(t)|+ sup

t∈J
|h�1(t)− h�2(t)|

+ sup
t∈J
|h��1 (t)− h��2(t)|

≤ 1

Λ1 +Λ2 + Λ3
θ(�x− y�)(Λ1 + Λ2 + Λ3) = θ(�x− y�).

Hd(N (u), N(v)) ≤ θ(�u− v�),

u, v ∈ X N
u∗ ∈ X N (u∗) =

{u∗} u∗

q

cDαq u(t) ∈ W
�
t, u(t), cDγ1q u(t), . . . ,

cDγnq u(t)
�
,

u�(0) + a1u�(1) =
�n
i=1

cDγiq u(p),
u(0) + a2u(1) =

�n
i=1 I

γi
q u(p),

W : J × Rn+1 → P (R) t ∈ J α ∈ (1, 2] n ≥ 2
0 < q, p, γi < 1 α− γi ≥ 1 1 ≤ i ≤ n

a1 >
n�
i=1

p1−γi

Γq(2− γi) , a2 >
n�
i=1

pγi+1

Γq(γi + 2)
.

q n

q q
x

n
q q

n
8 17

29



x q
q n

(Dαq f)(x)

q

q

cD
9
4
q u(t) ∈

�
0,
t2

100
sin u(t) +

1

100
cosu�(t)

+
1

100

� |u��(t)|
1 + |u��(t)|

��
,

u(0) + u(
3

4
) + u(1) =

� 1
0

s2

20
cosu(s) ds

�
cD

2
3
q u(0) + cD

2
3
q u(

3
4 ) +

cD
2
3
q u(1) =

� 1
0
es
2−1
20 cos u(s) ds,

cD
5
3
q u(0) + cD

5
3
q u(

3
4 ) +

cD
5
3
q u(1) =

� 1
0
2s3+1
20π cosu(s) ds,

t ∈ J = [0, 1] α = 9
4 β =

2
3 γ =

5
3 p = 3

4W : J × R3 → P (R)

W(t, x1, x2, x3) =
�
0,
t2

100
sin x1 +

1

100
cosx2 +

1

100

� |x3|
1 + |x3|

��
.

fi : J × R→ R

f0(t, x) =
t2

20
cosx, f1(t, x) =

et
2−1

20
cosx, f2(t, x) =

2t3 + 1

300π
cosx,

N : C2(J)→ 2C2(J)

N(u) =
�
h ∈ C2(J)

���∃v ∈ SW,u : h(t) = w(t)�,
t ∈ J

w(t) = I
9
4
q v(t) +

1

3

� 1
0

s2

20
cosu(s) ds− 1

3

�
I
9
4
q v(1) + I

9
4
q v(
3

4
)

�
+ a1(t)

� 1
0

es
2−1

20
cosu(s) ds+ a2(t)

�
I
19
12
q v(1) + I

19
12
q v(
3

4
)

�
+ (b1 + a3(t))

� 1
0

2s3 + 1

300π
cosu(s) ds



+ (b2 + a4(t))

�
I
7
12
q v(1) + I

7
12
q v(
3

4
)

�
,

a1(t) =
3Γq(

4
3 )t− 74Γq(43 )
3(( 34 )

1
3 + 1)

,

a2(t) =
7
4Γq(

4
3 )− 3Γq( 43 )t
3(( 34 )

1
3 + 1)

,

a3(t) =
−6(( 34 )

4
3 + 1)Γq(

4
3 )Γq(

4
3 )t+ 3((

3
4 )

1
3 + 1)Γq(

4
3 )Γq(

7
3 )t
2

6(( 34 )
1
3 + 1)((34 )

1
3 + 1)Γq(

7
3 )

,

a4(t) =
6(( 34 )

4
3 + 1)Γq(

4
3 )Γq(

4
3 )t− 3Γq( 43 )Γq(73 )(( 34)

1
3 + 1)t2

6(( 13 )
1
3 + 1)((34 )

1
3 + 1)Γq(

7
3 )

,

b1 =
7
2 ((

3
4 )

4
3 + 1)Γq(

4
3 )Γq(

4
3 )− ((34 )2 + 1)Γq(43 )((34 )

1
3 + 1)Γq(

7
3 )

6(( 34 )
1
3 + 1)((34 )

1
3 + 1)Γq(

7
3 )

,

b2 =
(( 34 )

2 + 1)Γq(
4
3 )((

3
4)

1
3 + 1)Γq(

7
3 )− 83 ((34 )

4
3 + 1)Γq(

4
3 )Γq(

4
3 )

6(( 34 )
1
3 + 1)((34 )

1
3 + 1)Γq(

7
3 )

.

m(t) = 3t
20 m0(t) =

t2

20 m1(t) =
et
2−1
20 m2(t) =

2t3+1
300π ψ(t) = t

5

Λ1 =

� �m�∞
Γq(

13
4
)
+
�m0�∞
3

+
2�m�∞
3Γq(

13
4
)
+
5Γq(

4
3 )�m1�∞
3

+
10Γq(

4
3 )�m�∞

3Γq(
31
12
)
.

+
10(2Γq(

4
3) + Γq(

7
3 ))Γq(

4
3 )
��m2�∞Γq(1912 ) + 2�m�∞�

3Γq(
7
3 )Γq(

19
12 )

�
,

Λ2 =

��m�∞
Γq(

9
4
)
+
2Γq(

4
3 )�m�∞
Γq(

31
12
)

+
(2Γq(

4
3 ) + Γq(

7
3 ))Γq(

4
3 )
��m2�∞Γq( 1912 ) + 2�m�∞�

Γ(73 )Γq(
19
12 )

�
,

Λ3 =

�
�m�∞
Γq(

5
4 )
+
Γq(

4
3 )
��m2�∞Γq(1912 ) + 2�m�∞�

Γq(
19
12 )

�
.

Hd(W(t, u1, u2, u3),F (t, v1, v2, v3)) ≤ 1

Λ1 + Λ2 + Λ3
m(t)θ(

3�
k=1

|uk − vk|)



|fj(t, u)− fj(t, v)| ≤ 1

Λ1 +Λ2 + Λ3
mj(t)ψ(|u− v|),

t ∈ J j = 0, 1, 2 supu∈N(0) �u� = 0

inf
u∈C2(J)

�
sup
v∈N(u)

�u− v�
�
= 0.

N
q

q
q

q

q

q

q

q q



q

q

q

q

q



q

q

q

q

q

q



q

q

q

q

Γq(x) q = 1
3

x = 4.5 8.4 12.7 n = 1, 2, . . . , 15

n x = 4.5 x = 8.4 x = 12.7 n x = 4.5 x = 8.4 x = 12.7

1 2.472950 11.909360 68.080769 9 2.340263 11.257158 64.351366
2 2.383247 11.468397 65.559266 10 2.340250 11.257095 64.351003
3 2.354446 11.326853 64.749894 11 2.340245 11.257074 64.350881
4 2.344963 11.280255 64.483434 12 2.340244 11.257066 64.350841
5 2.341815 11.264786 64.394980 13 2.340243 11.257064 64.350828
6 2.340767 11.259636 64.365536 14 2.340243 11.257063 64.350823
7 2.340418 11.257921 64.355725 15 2.340243 11.257063 64.350822
8 2.340301 11.257349 64.352456



Γq(x) q = 1
3
1
2
2
3
x = 5

n = 1, 2, . . . , 35

n q = 1
3 q = 1

2 q = 2
3 n q = 1

3 q = 1
2 q = 2

3

1 3.016535 6.291859 18.937427 18 2.853224 4.921884 8.476643
2 2.906140 5.548726 14.154784 19 2.853224 4.921879 8.474597
3 2.870699 5.222330 11.819974 20 2.853224 4.921877 8.473234
4 2.859031 5.069033 10.537540 21 2.853224 4.921876 8.472325
5 2.855157 4.994707 9.782069 22 2.853224 4.921876 8.471719
6 2.853868 4.958107 9.317265 23 2.853224 4.921875 8.471315
7 2.853438 4.939945 9.023265 24 2.853224 4.921875 8.471046
8 2.853295 4.930899 8.833940 25 2.853224 4.921875 8.470866
9 2.853247 4.926384 8.710584 26 2.853224 4.921875 8.470747
10 2.853232 4.924129 8.629588 27 2.853224 4.921875 8.470667
11 2.853226 4.923002 8.576133 28 2.853224 4.921875 8.470614
12 2.853224 4.922438 8.540736 29 2.853224 4.921875 8.470578
13 2.853224 4.922157 8.517243 30 2.853224 4.921875 8.470555
14 2.853224 4.922016 8.501627 31 2.853224 4.921875 8.470539
15 2.853224 4.921945 8.491237 32 2.853224 4.921875 8.470529
16 2.853224 4.921910 8.484320 33 2.853224 4.921875 8.470522
17 2.853224 4.921893 8.479713 34 2.853224 4.921875 8.470517

Γq(x) x = 8.4 q = 1
3
1
2
2
3

n = 1, 2, . . . , 40

n q = 1
3 q = 1

2 q = 2
3 n q = 1

3 q = 1
2 q = 2

3

1 11.909360 63.618604 664.767669 21 11.257063 49.065390 260.033372
2 11.468397 55.707508 474.800503 22 11.257063 49.065384 260.011354
3 11.326853 52.245122 384.795341 23 11.257063 49.065381 259.996678
4 11.280255 50.621828 336.326796 24 11.257063 49.065380 259.986893
5 11.264786 49.835472 308.146441 25 11.257063 49.065379 259.980371
6 11.259636 49.448420 290.958806 26 11.257063 49.065379 259.976023
7 11.257921 49.256401 280.150029 27 11.257063 49.065379 259.973124
8 11.257349 49.160766 273.216364 28 11.257063 49.065378 259.971192
9 11.257158 49.113041 268.710272 29 11.257063 49.065378 259.969903
10 11.257095 49.089202 265.756606 30 11.257063 49.065378 259.969044
11 11.257074 49.077288 263.809514 31 11.257063 49.065378 259.968472
12 11.257066 49.071333 262.521127 32 11.257063 49.065378 259.968090
13 11.257064 49.068355 261.666471 33 11.257063 49.065378 259.967836
14 11.257063 49.066867 261.098587 34 11.257063 49.065378 259.967666
15 11.257063 49.066123 260.720833 35 11.257063 49.065378 259.967553
16 11.257063 49.065751 260.469369 36 11.257063 49.065378 259.967478
17 11.257063 49.065564 260.301890 37 11.257063 49.065378 259.967427
18 11.257063 49.065471 260.190310 38 11.257063 49.065378 259.967394
19 11.257063 49.065425 260.115957 39 11.257063 49.065378 259.967371
20 11.257063 49.065402 260.066402 40 11.257063 49.065378 259.967357



Γq(α) q

n α = 3
4 α = 5

4 α = 4
3 α = 19

12 α = 9
4 α = 7

3 α = 31
12 α = 13

4

q = 1
3

1 1.1174 0.9592 0.9559 0.9673 1.1055 1.1315 1.2199 1.5327
2 1.1311 0.9505 0.9448 0.9500 1.0747 1.0990 1.1824 1.4805
3 1.1356 0.9476 0.9411 0.9444 1.0647 1.0886 1.1703 1.4638
4 1.1371 0.9467 0.9400 0.9425 1.0615 1.0851 1.1664 1.4583
5 1.1376 0.9464 0.9396 0.9419 1.0604 1.0840 1.1651 1.4564
6 1.1377 0.9463 0.9394 0.9417 1.0600 1.0836 1.1646 1.4558
7 1.1378 0.9462 0.9394 0.9417 1.0599 1.0835 1.1645 1.4556
8 1.1378 0.9462 0.9394 0.9416 1.0599 1.0834 1.1644 1.4556
9 1.1378 0.9462 0.9394 0.9416 1.0598 1.0834 1.1644 1.4555
10 1.1378 0.9462 0.9394 0.9416 1.0598 1.0834 1.1644 1.4555

q = 1
2

1 1.1069 0.9743 0.9772 1.0122 1.2620 1.3087 1.4715 2.1039
2 1.1377 0.9526 0.9493 0.9662 1.1655 1.2049 1.3437 1.8906
3 1.1522 0.9426 0.9364 0.9453 1.1221 1.1583 1.2865 1.7960
4 1.1593 0.9378 0.9302 0.9353 1.1015 1.1362 1.2594 1.7514
5 1.1628 0.9355 0.9272 0.9303 1.0915 1.1254 1.2463 1.7297
6 1.1645 0.9343 0.9257 0.9279 1.0865 1.1201 1.2398 1.7190
7 1.1654 0.9337 0.9249 0.9267 1.0841 1.1175 1.2365 1.7137
8 1.1658 0.9334 0.9245 0.9261 1.0828 1.1161 1.2349 1.7111
9 1.1660 0.9333 0.9244 0.9258 1.0822 1.1155 1.2341 1.7098
10 1.1662 0.9332 0.9243 0.9257 1.0819 1.1152 1.2337 1.7091

q = 4
5

1 0.9665 1.1206 1.1787 1.4118 2.6441 2.8906 3.8168 8.5184
2 1.0284 1.0602 1.0963 1.2516 2.1063 2.2761 2.9085 6.0237
3 1.0710 1.0218 1.0443 1.1539 1.8020 1.9312 2.4107 4.7288
4 1.1018 0.9954 1.0091 1.0891 1.6109 1.7160 2.1053 3.9658
5 1.1248 0.9766 0.9840 1.0438 1.4826 1.5723 1.9040 3.4780
6 1.1421 0.9628 0.9657 1.0111 1.3927 1.4718 1.7646 3.1483
7 1.1555 0.9523 0.9519 0.9868 1.3275 1.3992 1.6647 2.9162
8 1.1659 0.9444 0.9414 0.9685 1.2793 1.3455 1.5913 2.7481
9 1.1740 0.9383 0.9334 0.9545 1.2429 1.3051 1.5363 2.6235
10 1.1803 0.9335 0.9271 0.9436 1.2151 1.2743 1.4945 2.5297



Λ1 Λ2 Λ3
q

n Λ1 Λ2 Λ3
1

Λ1+Λ2+Λ3

q = 1
3

1 3.3364 1.1763 0.4559 0.2013
2 3.3955 1.1988 0.4592 0.1979
3 3.4147 1.2061 0.4602 0.1968
4 3.4219 1.2088 0.4606 0.1964
5 3.4240 1.2096 0.4608 0.1963
6 3.4244 1.2098 0.4608 0.1963
7 3.4246 1.2099 0.4608 0.1963
8 3.4251 1.2101 0.4608 0.1962
9 3.4251 1.2101 0.4608 0.1962
10 3.4251 1.2101 0.4608 0.1962

q = 1
2

1 2.9820 1.0480 0.4467 0.2234
2 3.1379 1.1076 0.4552 0.2127
3 3.2160 1.1375 0.4593 0.2078
4 3.2553 1.1525 0.4613 0.2054
5 3.2754 1.1601 0.4623 0.2042
6 3.2852 1.1639 0.4628 0.2036
7 3.2898 1.1656 0.4630 0.2033
8 3.2923 1.1666 0.4631 0.2032
9 3.2939 1.1671 0.4632 0.2031
10 3.2943 1.1673 0.4632 0.2031

q = 4
5

1 1.8371 0.6109 0.3881 0.3526
2 2.0805 0.7071 0.4077 0.3130
3 2.2800 0.7853 0.4216 0.2868
4 2.4430 0.8488 0.4319 0.2686
5 2.5751 0.9001 0.4395 0.2554
6 2.6823 0.9415 0.4454 0.2457
7 2.7686 0.9748 0.4499 0.2385
8 2.8380 1.0016 0.4534 0.2329
9 2.8943 1.0232 0.4562 0.2286
10 2.9392 1.0404 0.4584 0.2253



(a− b)(α)q
a b α n q

s← 1
n = 0
p← 1

k = 0 n
s← s ∗ (a− b ∗ ak)/(a− b ∗ qα+k)

p← aα ∗ s

(a− b)(α)

Γq(x)

n q ∈ (0, 1) x ∈ R\{0,−1, 2, . . .}
p← 1
k = 0 n
p← p(1− qk+1)(1− qx+k)

Γq(x)← p/(1− q)x−1
Γq(x)

(Dqf)(x)

q ∈ (0, 1) f(x) x
z

x = 0
g ← lim((f(z)− f(q ∗ z))/((1− q)z), z,0)

g ← (f(x)− f(q ∗ x))/((1− q)x)

(Dqf)(x)

(Iαq f)(x)

q ∈ (0, 1) α n f(x) x
s← 0
i = 0 n
pf ← (1− qi+1)α−1
s← s+ pf ∗ qi ∗ f(x ∗ qi)

g ← (xα ∗ (1− q) ∗ s)/(Γq(x))
(Iαq f)(x)


