
ü

ü

ü



ü
s, t ∈ [0, 1], 0 < p, q ≤ 1, Dp Dq

�
Dpy1(t) = f11(t, y1(t), y2(t)) +

� t
0 f12(s, y1(s), y2(s))ds,

Dqy2(t) = f21(t, y1(t), y2(t)) +
� t
0 f22(s, y1(s), y2(s))ds.

ü

ü
ü

ü

f(t)
p, t ∈ [0, 1]

Dpf(t) =
1

Γ(1− p)
� t
0

(t− τ )−pf �(τ )dτ,

f(t) Γ

p

Ipf(t) =
1

Γ(p)

� t
0

(t− s)p−1f(s)ds.



DpIpf(t) = f(t),

IpDpf(t) = f(t)−
n−1�
m=0

f (m)(0+)

m!
tm, t ≥ 0, n− 1 < p < n.

ü ü

{tλi}∞i=0 0 ≤ λ0 < λ1 < · · · → ∞
L2[0, 1]

∞�
k=1

λk
−1 =∞.

ü

N�
k=0

akt
λk ,

ak ∈ R.
ü ü

[0, 1] Λn = {λ0, λ1, λ2, . . . , λn}

Re(λk) > −1
2
(k ∈ N0), λk �= λj (k �= j).

ü

Ln(t) =
n�
k=0

ck,nt
λk , ck,n =

n−1�
j=0

(λk + λj + 1)

n�
j=0,j �=k

(λk − λj)
(n ∈ N0).

λk = kγ γ = 1

ü [0, 1]

ϕnm(t) =


�
2k−1(1 + 2mγ) + Lm(2k−1t− n− 1, γ), n− 1

2k−1
≤ t < n

2k−1
,

0 ,

n = 1, 2, . . . , 2k−1 m = 0, 1, 2, . . . ,M − 1(k,M ∈ N) Lm(t, γ)
ü m λk = kγ



ü

y L2[0, 1] ü

y(t) �
∞�
n=1

∞�
m=0

anmϕnm(t).

{ϕ1,0(t), . . . , ϕ1,M−1(t), ϕ2,0(t), . . . ,ϕ2,M−1(t), . . . ,
ϕ2k−1,0(t), . . . , ϕ2k−1,M−1(t)}

ü

X = span{ϕ1,0(t), . . . , ϕ1,M−1(t), ϕ2,0(t), . . . ,ϕ2,M−1(t), . . . ,
ϕ2k−1,0(t), . . . , ϕ2k−1,M−1(t)}.

X L2[0, 1] y
ym� ∈ X ||y − ym� || ≤ ||y − x|| x ∈ X.

anm

y(t) � ym� =
2k−1�
n=1

M−1�
m=0

anmϕnm(t) = A
T

nmΦnm(t),

Anm =
�
a1,0, . . . , a1,M−1, a2,0, . . . , a2,M−1, . . . , a2k−1,0, . . . , a2k−1,M−1

�T
,

Φnm(t) =
�
ϕ1,0(t), . . . , ϕ1,M−1(t), ϕ2,0(t), . . . , ϕ2,M−1(t), . . .

ϕ2k−1,0(t), . . . , ϕ2k−1,M−1(t)
�T
.

y(t) � ym�(t) =
m��
i=1

aiϕi(t) = A
T

m�Φm�(t),

Am� =
�
a1, . . . , aM , aM+1, . . . , a2M , . . . a2k−1(M+1), . . . , am�

�T
,



Φm� =
�
ϕ1(t), . . . , ϕM (t), ϕM+1(t), . . . , ϕ2M (t), . . . ϕ2k−1(M+1)(t), . . . , ϕm�(t)

�T
,

ai = anm, ϕi = ϕnm, i = (n− 1)M +m+ 1, m� = 2k−1M.

ti =
2i−1
2m� , i = 1, 2, 3, . . . ,m

�

ü Ψ

Ψm�×m� =
�
Φ(
1

2m�
) Φ(

3

2m�
) Φ(

5

2m�
) · · · Φ(2m

� − 1
2m�

)
�
.

y(t) ∈ CM [0, 1] ym�(t) ∈ X
y(t) D ∈ N

|y(M)(t)| < D t ∈ [0, 1].

�ey� = �y(t)− ym�(t)� ≤ D

M !2M(k−1)
.

fij (i, j = 1, 2)
yi
m� yi(t) ü
k,M →∞ �ei� = �yi − yi

m�
� → 0

ri(t) (i = 1, 2) �pi� = mi
yi
m� yi

m� + ei

yi
m� (t) =ri(x) +

mi−1�
k=1

yi
(k)

k!
tk +

1

Γ(pi)

� t
0

(t− x)pi−1fi1(x, y1
m� (x), y2m� (x))dx

+
1

Γ(pi)

� t
0

� x
0

(t− x)pi−1fi2(s, y1
m�
(s), y2

m�
(s))dsdx,

yi
m�
(t) + ei(t) =

mi−1�
k=1

yi
(k)

k!
tk

+
1

Γ(pi)

� t
0

(t− x)pi−1fi1(x, y1
m� (x) + e1(x), y2m� (x)) + e2(x)dx

+
1

Γ(pi)

� t
0

� x
0

(t− x)pi−1fi2(s, y1
m� (s)

+ e1(s), y2
m�
(s) + e2(s))dsdx.

�ei� ≤�ri�+ 1

Γ(pi)
L1(�e1�+ �e2�)

� t
0

(t− x)pi−1dx

+
1

Γ(pi)
L1(�e1�+ �e2�)

� t
0

� x
0

(t− x)pi−1dsdx.



max{L1, L2} = L |y(M)i (t)| < Di(i = 1, 2) D = max{D1, D2}

�ei� ≤ �ri�+ L(�e1�+ �e2�)( 1

Γ(pi + 1)
+

1

Γ(pi + 2)
)

≤ �ri�LD 1

M !2M(k−1)
(

1

Γ(pi + 1)
+

1

Γ(pi + 2)
).

k,M → ∞ �ri� → 0 �ei� → 0 (i =
1, 2)

ü

m� = 2k−1M i = 1, 2, . . . ,m�

b̂i(t) =

1,
(i− 1)
m�

≤ t < i

m�
,

0 .

b̂i(x)b̂j(x) =

�
b̂i(x), i = j,

0, i �= j,

� x
0

b̂i(x)b̂j(x)dx =


1

m�
, i = j,

0, i �= j.

U = [u1, u2, . . . , um� ]
T

V = [v1, v2, . . . , vm� ]
T

U ⊗D = [u1v1, u2v2, . . . , um�vm� ]T .

B̂m� = [b̂1, b̂2, . . . , ˆbm� ]
T f(t), g(t) ∈

L2[0, 1] f(t) = F T B̂m�(t) g(t) = GT B̂m�(t)(F
T =

[f1, f2, . . . , fm� ],G
T = [g1, g2, . . . , gm� ])

f(x)g(x) ≈ FT B̂m�(t)GT B̂m�(t) = (FT ⊗GT )B̂m�(t),

f(x)2 ≈ (FT B̂m�(t))2 = (F T )2B̂m�(t).



α

IpB̂m�(t) ≈ FpB̂m�(t),

Fp

Fp = ( 1
m�
)
p 1

Γ(p+ 2)



1 f1 f2 · · · fm�−1
0 1 f1 · · · fm�−2
0 0 1 · · · fm�−3
0 0 0 · · · fm�−4

0 0 0 · · · 1


,

fk = (k + 1)
p+1 − 2kp+1 + (k − 1)p+1, k = 1, 2, . . . ,m� − 1

ü
ü Φm�(x)

IΦm�(t) =

� t
0

Φm�(s)ds ≈ Pm�Φm�(t),

m� Pm� ü

IpΦm�(t) ≈ Ppm�Φm�(t),
Ppm� ü

ü m�

Φm�(t) ≈ Ψm�B̂m�(t).

IpΦm�(t) ≈ IpΨm�B̂m�(t) = Ψm�IpB̂m�(t) ≈ Ψm�FpB̂m�(t),
Ppm�Φm�(t) ≈ IpΦm�(t) ≈ Ψm�FpB̂m�(t) ≈ Ψm�FpΨ−1m�Φm�(t).

Ppm� ≈ Ψm�FpΨ−1m� .



�
D
1
2 y1(t) = Γ(

3
2
) +
� t
0
[y1(s) + y2(s)]ds,

D
1
2 y2(t) = y1(t) + y2(t)− Γ(32 ),

y1(0) = 0, y2(0) = 0

y1(t) =
√
t y2(t) = −

√
t

D
1
2 y1(t) ≈ GTm�Φm�(t), D

1
2 y2(t) ≈ HTm�Φm�(t),

GTm� = [g1, g2, g3, . . . , gm� ], H
T
m� = [h1, h2, h3, . . . , hm� ].

�
y1(t) = I

1
2D

1
2 y1(t) + y1(0) ≈ GTm�P

1
2

m�Φm�(t) ≈ GTm�P
1
2

m�Ψm�B̂m�(t),

y2(t) = I
1
2D

1
2 y2(t) + y2(0) ≈ HTm�P

1
2

m�Φm�(t) ≈ HTm�P
1
2

m�Ψm�B̂m�(t).

� t
0

y1(s)ds ≈
� t
0

GTm�P
1
2

m�Φm�(s)ds = G
T
m�P

1
2

m�

� t
0

Φm�(s)ds

≈ GTm�P
1
2

m�P1m�Φm�(t) ≈ GTm�P
1+ 12
m� Ψm�B̂m�(t),

� t
0

y2(s)ds ≈ HTm�P1+
1
2

m� Ψm�B̂m�(t).


GTm�Ψm�B̂m�(t)

= Γ(32)
�
1, 1, . . . , 1

�
1×m�B̂m�(t) + (G

T
m�P1+

1
2

m� Ψm� +H
T
m�P1+

1
2

m� Ψm�)B̂m�(t),

HTm�Ψm�B̂m�(t)

= (GTm�P
1
2

m�Ψm� +H
T
m�P

1
2

m�Ψm�)B̂m�(t)− Γ(32)
�
1, 1, . . . , 1

�
1×m�B̂m�(t).

�
GTm�Ψm� = Γ(

3
2)
�
1, 1, . . . , 1

�
1×m� +G

T
m�P1+

1
2

m� Ψm� +H
T
m�P1+

1
2

m� Ψm� ,

HTm�Ψm� = G
T
m�P

1
2

m�Ψm� +H
T
m�P

1
2

m�Ψm� − Γ(32 )
�
1, 1, . . . , 1

�
1×m� .

G H



(k = 6,M = 2)

0 0.5 1

t

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1
y

1
(t

)
Exact y

1
(t)

App. y
1
(t)

0 0.5 1

t

-1

-0.9

-0.8

-0.7

-0.6

-0.5

-0.4

-0.3

-0.2

-0.1

0

y
2
(t

)

Exact y
1
(t)

App. y
2
(t)
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�
Dpy1(t) =

1
3y1(t)y2(t) +

1
2y2

2(t) + 2y2(t)−
� t
0 [y1(s) + y2(s)]ds,

Dqy2(t) =
1
3y1(t)y2(t)− y1(t) + 1−

� t
0 [y1(s)− 2y2(s)]ds,

y1(0) = 0, y2(0) = 0 0 < p, q ≤ 1.

p = q = 1 y1(t) = t
2

y2(t) = t y1(t) y2(t) p, q ∈ (0, 1)

Dpy1(t) ≈ UTm�Φm�(t), Dqy2(t) ≈ V Tm�Φm�(t),

UTm� = [u1, u2, u3, . . . , um� ], V
T
m� = [v1, v2, v3, . . . , vm� ].

�
y1(t) = I

pDpy1(t) + y1(0) ≈ UTm�Ppm�Φm�(t) ≈ UTm�Ppm�Ψm�B̂m�(t),
y2(t) = I

qDqy2(t) + y2(0) ≈ V Tm�Pqm�Φm�(t) ≈ V Tm�Pqm�Ψm�B̂m�(t).

y1(t)y2(t) ≈ (UTm�Ppm�Ψm�B̂m�(t))(V Tm�Pqm�Ψm�B̂m�(t))
= (UTm�Ppm�Ψm� ⊗ V Tm�Pqm�Ψm�)B̂m�(t),

y22(t) ≈ (V Tm�Pqm�Ψm�B̂m�(t))
2
= (V Tm�Pqm�Ψm�)

2
B̂m�(t),� t

0

y1(s)ds ≈
� t
0

UTm�Ppm�Φm�(s)ds = UTm�Ppm�
� t
0

Φm�(s)ds

≈ UTm�Ppm�P1m�Φm�(t) ≈ UTm�P1+pm� Ψm�B̂m�(t),

� t
0

y2(s)ds ≈ V Tm�P1+qm� Ψm�B̂m�(t).



UTm�Ψm�B̂m�(t) =
1
3
(UTm�Ppm�Ψm� ⊗ V Tm�Pqm�Ψm�)B̂m�(t)
+1
2
(V Tm�Pqm�Ψm�)

2
B̂m�(t) + 2V

T
m�Pqm�Ψm�B̂m�(t)

−UTm�P1+pm� Ψm�B̂m�(t)− V Tm�P1+qm� Ψm�B̂m�(t),

V Tm�Ψm�B̂m�(t) =
1
3
(UTm�Ppm�Ψm� ⊗ V Tm�Pqm�Ψm�)B̂m�(t)
−UTm�Ppm�Ψm�B̂m�(t) +

�
1, 1, . . . , 1

�
1×m�B̂m�(t)

−UTm�P1+pm� Ψm�B̂m�(t) + 2V
T
m�P1+qm� Ψm�B̂m�(t).





UTm�Ψm� =
1
3 (U

T
m�Ppm�Ψm� ⊗ V Tm�Pqm�Ψm�) + 12(V Tm�Pqm�Ψm�)

2

+2V Tm�Pqm�Ψm� − UTm�P1+pm� Ψm�B̂m�(t)− V Tm�P1+qm� Ψm� ,

V Tm�Ψm� =
1
3 (U

T
m�Ppm�Ψm� ⊗ V Tm�Pqm�Ψm�)− UTm�Ppm�Ψm�B̂m�(t)

+
�
1, 1, . . . , 1

�
1×m� − UTm�P

1+p
m� Ψm� + 2V

T
m�P1+qm� Ψm� .

U V p = q = 1
p q

(k = 5,M = 3),
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y1(t) y2(t) p q

�
Dpy1(t) = y

2
1(t) + y

2
2(t)−

� t
0
y1(s)ds,

Dqy2(t) = −12y22(t)− y1(t) + 12 +
� t
0
y1(s)y2(s)ds,

y1(0) = 0, y2(0) = 1 0 < p, q ≤ 1.



y1(t)

[p = 1] [p = 1] [p = 1] [p = 0.85] [p = 0.7] [p = 0.55]

y2(t)

[q = 1] [q = 1] [q = 1] [q = 0.85] [q = 0.7] [q = 0.55]

p = q = 1 y1(t) = sin(t)
y2(t) = cos(t) y1(t) y2(t) p, q ∈ (0, 1)

Dpy1(t) ≈W Tm�Φm�(t), Dqy2(t) ≈ RTm�Φm�(t),

W Tm� = [w1, w2, w3, . . . , wm� ], R
T
m� = [r1, r2, r3, . . . , rm� ].

�
y1(t) = I

pDpy1(t) + y1(0) ≈WTm�Ppm�Φm�(t) ≈WTm�Ppm�Ψm�B̂m�(t),
y2(t) = I

qDqy2(t) + y2(0) ≈ RTm�Pqm�Φm�(t) + 1 ≈ RTm�Pqm�Ψm�B̂m�(t) + 1,



y1(t)y2(t) ≈ (WTm�Ppm�Ψm�B̂m�(t))(RTm�Pqm�Ψm�B̂m�(t) + 1)
= (WTm�Ppm�Ψm� ⊗RTm�Pqm�Ψm�)B̂m�(t) +WTm�Ppm�Ψm�B̂m�(t),

y21(t) ≈ (WTm�Ppm�Ψm�)
2
B̂m�(t),

y22(t) ≈ (RTm�Pqm�Ψm�)
2
B̂m�(t) + 2R

T
m�Pqm�Ψm�B̂m�(t) + 1,� t

0

y1(s)ds ≈
� t
0

W Tm�Ppm�Φm�(s)ds ≈WTm�P1+pm� Ψm�B̂m�(t),� t
0

y1(s)y2(s)ds ≈
� t
0

(W Tm�Ppm�Ψm� ⊗RTm�Pqm�Ψm�)B̂m�(s)ds

+

� t
0

W Tm�Ppm�Ψm�(s)B̂m�(s)ds

= (WTm�Ppm�Ψm� ⊗ RTm�Pqm�Ψm�)
� t
0

B̂m�(s)ds

+WTm�Ppm�Ψm�
� t
0

B̂m�(s)ds

≈ (WTm�Ppm�Ψm� ⊗ RTm�Pqm�Ψm�)
� t
0

Ψ−1m�Φm�(s)ds

+WTm�Ppm�Ψm�
� t
0

Ψ−1m�Φm�(s)ds

≈ (WTm�Ppm�Ψm� ⊗ RTm�Pqm�Ψm�)Ψ−1m�Pm�Ψm�B̂m�(t)
+WTm�P1+pm� Ψm�B̂m�(t).



W Tm�Ψm� = (WTm�Ppm�Ψm�)
2
+ (RTm�Pqm�Ψm�)

2

+2RTm�Pqm�Ψm� −W Tm�P1+pm� Ψm� +
�
1, 1, . . . , 1

�
1×m� ,

RTm�Ψm� = −12 (RTm�Pqm�Ψm�)
2 − RTm�Pqm�Ψm� −WTm�Ppm�Ψm�

−(W Tm�Ppm�Ψm� ⊗RTm�Pqm�Ψm� +W Tm�Ppm�Ψm�)Ψ−1m�Pm�Ψm� .

W R p = q = 1
p q

(k = 4,M = 6),
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y2(t)
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