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A contractive mapping on fuzzy
normed linear spaces

M. Saheli*

Abstract

In this paper, we use the definition of fuzzy normed spaces given by
Bag and Samanta and provide four types of fuzzy versions of contraction.
We show that these mappings necessarily have unique fixed points in fuzzy
normed linear spaces. Moreover we prove that the presented theorems are
indeed fuzzy extensions of their classical counterparts.
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1 Introduction

Banach contraction mapping principle is one of the fundamental consequences
of analysis. This contraction mapping is an important object in metric fixed
point theory. Also its emphasis lies on its wide applicability in branches of
mathematics. Some contractive conditions have been introduced in [4,6,7,9,
10].

A natural question is whether we can provide contractive conditions which
imply existence of fixed point in a fuzzy Banach space. Recently, Shukla and
Chauhan [11] defined the concept of cyclic representation and proved some
fixed point results for operators on complete fuzzy metric spaces. In [1],
AL-Mayahi and Hadi proved that a-n-¢-contraction functions have a fixed
point on fuzzy metric space. Das and Saha [5] considered uniformly locally
contractive mappings on a fuzzy metric space and showed that these functions
have a unique fixed point. Manro and Tomar [8] focused on the compatibility
and non-compatibility of pair of self-maps and established existence of fixed
point of the compatible maps on fuzzy metric space.

In this paper, we use the definition of fuzzy normed spaces given in [2] and
discuss four types of fuzzy versions of contraction and some corollaries.
We give below some basic preliminaries required for this paper.
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Definition 1. [2] Let X be a linear space over R (real number) and N be
A fuzzy subset of X x R such that for all z,u € X and c€ R

(N1) N(z,t) =0forall t <0,

(N2) z =0 if and only if N(z,t) =1 for all t > 0,

(N3) If ¢ # 0 then N(cx,t) = N(x,t/|c|) for all t € R,

(N4) N(xz 4+ u,s+t) > min{N(x,s), N(u,t)} for all s,t € R,

(N5) N(z,.) is a nondecreasing function of R and lim;_,. N(z,t) = 1.
Then N is called a fuzzy norm on X.

Assume that

(N6) N(z,t) >0 for all £ > 0 implies z =0,

(N7) For x # 0, N(x,.) is a continuous function of R and strictly increasing
on the subset {t:0 < N(z,t) < 1} of R.

Definition 2. [3] Let (X, N) be a fuzzy normed linear space.
i) A sequence {x,} C X is said to converge to x € X (lim z, = x), if
n—oo

lim N(x, —z,t) =1, for all t > 0.

n—o0

ii) A sequence {z,} C X is called Cauchy, if lim N(z, — zpm,t) =1, for
n,m—00

all ¢t > 0.

Definition 3. If X is a vector space over R, a seminorm is a function
p: X — [0,00) having the properties:

(1) p(c(z)) = |c|p(x) for all ¢ € R and z € X.

(7i) p(z +vy) < p(z) + p(y) for all z,y € X.

Theorem 1. Let (X, N) be a fuzzy normed linear space. Define
|z]|o = inf{t > 0: N(z,t) > a}, a€(0,1).

Then {||.||o : @ € (0,1)} is an ascending family of seminorms on X and they
are called a-seminorms on X corresponding to the fuzzy norm N on X.

Proof. (i) Let x € X, c € R and « € (0,1), we have

llex||o = A{t > 0: N(cz,t) > a}
=Mt >0:N(z,t/|c]) > a}
=N {c|t >0: N(z,t) > o}

= lefllza-
(i7) Let z,y € X and « € (0, 1), we obtain that
Nz +y, [zlla + ylla +€) = min{N(z, |z]o +€/2), Ny, [lylla +€/2)} = a,

hence |z4y|la < ||Z]la+]yllate, as e — 0then ||[z+yllo < |2]at]ylle. O
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2 Fixed point theorems

At first we introduce the following notation.

Denote ¥ to be the set of functions ¢ : [0, +00) — [0, +00) satisfying the
following hypotheses:

(i) ¢ is continuous and nondecreasing,

(ii) ¥ (t) = 0 if and only if ¢t = 0.

We denote by @ the set of functions ¢ : [0, +00) — [0, +00) satisfying the
following hypotheses:

(i) ¢ is continuous and strictly increasing,

(i) ¢(t) = 0 if and only if ¢t = 0.

Theorem 2. Let (X,N) be a fuzzy Banach space and f : X — X be a
selfmap such that for all x,y € X, t € R and a € (0, 1],

N(z —y,t) > a implies that N(f(z) — f(y),t — (1)) > «a,

where b € W. Then f has a unique fixed point in X.

Proof. Let zg € X and 2,41 = f(z,), for all n € N. Suppose that ¢t > 0, we
have

N(x = y,t) < N(f(x) = f(y),t — (t)), for all 2,y € X.

Therefore
N(-TnJrl — Tn, t) < N($n+2 — Tn+1, t— w(t)) < N(xn+2 — Tn+1, t)v

for all n € N. Hence {N(z,4+1 — @n,t)} is a bounded and nondecreasing
sequence. Thus lim,_,oo N (2,11 — @p,t) exists. Now we have

N(zy — o, t + (1)) < N(z2 — 21,0 +0(t) —p(t + (1)) < N(z2 — 21,1),
by induction on n, we obtain that
N(z1 — xo,t +nY(t)) < N(2py1 — Tp,t), for all n € N.

As n — oo, (N5) implies lim,, oo N(2p41 — p,t) =1, for all ¢ > 0.
Let ¢t > 0, ¢ > 0and N € N such that 1 — e < N(xyi11 — 2n,t/2) and
1—e< N(zny1—zn,9¥(t/2)). f 1 —e < N(z — zn,t/2) then

N(f(x) —zn,t/2) > min{N(f(z) — f(zn), /2 —P(t/2)),
N(f(zn) — 2N, 9(t/2))}
> min{N(z —zn,t/2), N(zn11 — 2N, 9(t/2))}
>1—ce.
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Therefore 1 — e < N(z, — zn,t/2), for all n > N, so
N(zp — Ty, t) > min{N(z,, — xn,t/2), N(xy, — 2n,t/2)} > 1 — ¢,

for all n,m > N. Since € is arbitrary, {z,} is Cauchy, hence it is convergent.
Assume that lim,, o ©,, = . Let ¢ > 0 and ¢ > 0. Then there exists Ny > 0
such that 1 —e < N(z, — 2,t) and 1 — e < N(z — zp,%(t)), for all n > Ny.
Hence

N(f(z) —z,t) > min{N(f(2) — zn41,t — ¥(1), N(@nt1 — z,%(1))}
> min{N(z — zn,t), N(@nt1 — 2,9(1))}
>1—¢, for all n > Np.

Therefore N(f(z) — z,t) =1, for all t > 0. Hence f(z) = x.
To prove the uniqueness of the fixed point, we let y be any other fixed point
of f in X. Suppose that ¢ > 0. Similarly, we have

N(x —y,t+ny(t)) < N(f(z) — f(y),t) = N(x — y,t), for all n € N.

As n —» o0, we obtain that N(z —y,t) =1, for all t > 0, hence x = y. O

Corollary 1. Let (X,N) be a fuzzy Banach space and f : X — X be a
selfmap such that for all x,y € X and t € R,

N(f(z) = f(y),t = ¥(t)) = N(z —y,1),

where b € W. Then f has a unique fixed point in X.
Example 1. Let (X, ||.]|) be a Banach space and f : X — X be a function
such that

1 () = FWIl < llz =yl = ¢ (lz —yl), for all z,y € X,

where 1) € U. Assume that I — ¢ is a nondecreasing function and (St) <
B(t), for all t € [0,4+00), B € [0, 1]. Define a fuzzy norm N as follows:

t/llzl , 0<t<|z]
N(z,t)=<¢1 szl <t
0 . t<o.

Suppose that 2,y € X, t >0, a € (0,1] and N(z — y,t) > a.
Casel: Let ||z — y|| < . Since I — 1) is nondecreasing,

1f(2) = F)ll < llz =yl = ¢(llz —yll) <t — ().

So N(f(x) — f(y),t —¢(t)) =1> c.
Case2: Let 0 < t < ||lz —yll. So t/[|lz —y|| = N(z —y,t) > a. Hence
allz — y|| < t. Therefore
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alf(@) = fW < allz—yll—ap(lz—yl) < allz—yll—y(allz—yl) < t-p(t).

Thus N(f () — f(y),t—6(8)) = (t—6(©)/(1f(@) — F)) = a. By Theorem
2, f has a unique fixed point in X.

Example 2. Let [0,1] = X and ||z — y|| = |« — y], for all z,y € X. Also let
f:X — X and ¢ : [0, +00) — [0, 400) be defined as

f(x) =z — (1/2)2?, for all x € X,

Y(t) = (1/2)t, for all t > 0.

It is clear that I — 1) is a nondecreasing function and ¢(5t) < Bi(t), for all
t €[0,+00), 8 € [0,1]. Define a fuzzy norm N as follows:

t/llzll . 0<t< |z
N(z,t) =41 s l=ell <t
0 ., t<o.

Suppose that z,y € X. Without loss of generality, we assume that x > y.
Then

1f (@) = fW)ll = (z = (1/2)2%) = (y = (1/2)y?)
= (z—y) = (1/2)(z —y)(z +y)

< (v —y)— (1/2)(z —y)

< lz =yl =&z = yl)-

By Example 1, f has a unique fixed point in X.

Theorem 3. Let (X, N) be a fuzzy Banach space such that N satisfies (N7)
and 7y : (0,400) — [0,1) be a decreasing function, also f : X — X be a
selfmap such that for all x,y € X, t >0 and o € (0,1],

N(z —y,t) > a implies that N(f(z) = f(y), ™' (+(t)6(t)) > o,

where ¢ € ®. Then f has a unique fized point in X.

Proof. Let zg € X and 41 = f(z,), for all n € N. Suppose that ¢ > 0, we
have

N(z —y,t) < N(f(z) = f(y), ¢~ (v(t) (1))

Therefore

N(xn+1 — Tn, t) < N(xn+2 — Tni1, ¢_1(’Y(t)¢(t))) < N(anrQ — Tnil, t)a
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for all n € N. Hence {N(2y4+1 — n,t)} is a bounded and nondecreasing
sequence. Thus lim,, oo N(zp41 — @y, t) exists.

Assume that there exists ¢ > 0 such that lim,, oo N(Tpt1—2n,t) < S < 1.
Since N(Zpi2 — Xnt1,8) = N(Zpt1 — Tn, 8), for all s > 0, it follows that

0 <t <||zpe — Tnsillg < ||Tne1 — znllp, for alln e N.

Hence lim,, o0 ||Zn+1 — @n | g exists. Let lim, oo [|Znt1 — Znllg =b>1t > 0.
If N(zpt1 — xp,s) > B then

N(xn-i-? — Tn+1, ¢_1(7(3)¢(5))) > N(xn-i-l — Tn, 5) > B.

Therefore ||Z,12 — Tni1llg < 71 (v(s)¢(s)). Thus

Plznre = zniarlls) <(s)¢(s) <A(llzna — 2alls)d(s) < v(b)o(s).

As s — [lzn1 — @nllg, we get ¢([|znt2 — Tntalls) < V(O)O([Tnt1 — 2nllp)-
As n — o0, one can obtain that 0 < ¢(t) < ¢(b) < ¥(b)p(b). So 1 < ~(b),

which is a contradiction. Hence lim,, oo N(Zp41 — @, t) = 1, for all ¢ > 0.
Let t >0, e >0 and N € N such that

L= e < N(anss — on,t/2 — 671 (1(1/2)8(1/2).
If1—e¢<N(zx—zn,t/2) then

N(f(z) = zn,t/2) > min{N(f(2) = an+41,67" (7(t/2)6(t/2))),
N(zns1 —zn,t/2 = 671 (1(t/2)8(t/2)))}
> min{N(z — zy,t/2),
N(znp1 —an,t/2 = 67 (7(t/2)¢(t/2)))}
>1—c¢

Therefore 1 — € < N(z,, — xn,t/2), for all n > N, so
N(zp — Ty, t) > min{N(z,, — n,t/2), N(xp, — zn,t/2)} > 1 — ¢,

for all n,m > N. Since € is arbitrary, {x,} is Cauchy, hence it is convergent.
Assume that lim,, o z,, = . Let € > 0 and ¢ > 0, then there exists Ny > 0
such that 1 —e < N(z, — x,t — ¢~ L(y(t)$(t))), for all n > Ny. Hence

N(f(z) —a,t) > min{N(f(x) = 2n11,6~ (7(1)(1))),
N(zys1—x,t— ¢ (v()o(t)))}
> min{N(z — an,1), N(en — 2t — ¢ (7(1)o(1)))}
>1—¢, for all n > Np.

Therefore N(f(x) —z,t) =1, for all £ > 0. Hence f(z) = x.
To prove the uniqueness of the fixed point, we let y be any other fixed point
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of f in X. If there exists ¢ > 0 such that 0 < N(x — y,t) < 1, then

N(l’—yﬂf)

therefore N (z —y, ¢~ (y(t)p(t))) = N(x —y,t). By (N7), t = ¢~ L1(v(t)9(t)),
we get ¢(t) = v(t)p(t). Hence v(t) = 1, which is a contradiction. Thus
N(x—y,t)=1,forallt >0, so z =y. O

Corollary 2. Let (X,N) be a fuzzy Banach space such that N satisfying
(N7) and v : (0,+00) — [0,1) be a decreasing function, also f : X — X
be a selfmap such that for all x,y € X and t > 0,

N(f(z) = f(y), ¢~ (v(t)(t) = N(z —y,1),

where ¢ € ®. Then f has a unique fized point in X.

Example 3. Let (X,|.||) be a Banach space and v : (0,400) — [0,1) be
a decreasing function and f : X — X be a function such that

o(lf (=) = FWI) <Az —ylDellz —yl), for all z,y € X,

where ¢ € P.
Assume that ¢ is a nondecreasing function and

B~ (v(D)e(1) < ¢~ (v(B)d(B1)), for all t € [0,+00), 5 € [0,1].

Define a fuzzy norm N as follows:

t/lzll ,  0<t<|z
N(z,t) =41 o lzll <t
0 ., t<o.

Suppose that z,y € X, t >0, a € (0,1] and N(z — y,t) > a.
Casel: Let ||z — y|| < t, since y¢ is nondecreasing,

o(If (=) = FWI) <A(llz = ylDellz —yll) <v(#)e(?).
So [[f(z) = f(W)Il < 67 (v(t)$(t)). Hence
N(f(z) = f(y), ¢~ (v(1)o(t)) =1 > o

Case2: Let 0 <t < ||z —yl|. So t/||lz —y|| = N(z —y,t) > . This implies
that alz — y|| < t. Therefore
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all f(@) = fW)l < ale™ (y(lz =yl (llz = yl)
o~ (v(ellz — ylhelallz —yl))
¢~ (v(B)e(1))-

Thus N(f(z) = f(y),¢~' (v(1)(1)) = (6 (v(t)o()))/ (1 f(z) — fFW)I)) =

By Theorem 3, f has a unique fixed point in X.

<
<
<

Example 4. Let [0,1] = X and [z — y|| = [z — y[, for all z,y € X. Also let
f: X — X,v:(0,4+00) — [0,1) and ¢ : [0,400) — [0, +00) be defined
as

f(z) =23, forall z € X,

o(t) = (1/2)t2, for all t > 0,
~(t) =1/t for all t > 0.

It is clear that ¢ is a nondecreasing function and B(¢~t(y(t)e(t))) <
o L (v(Bt)d(B)), for all t € (0,+00), B € [0,1]. Define a fuzzy norm N

as follows:
t/lz , o<t< |z
N(z,t)=<1 , lz]| <t

0 . t<o.

Suppose that z,y € X. Without loss of generality, we assume that x > y.
Then

If(z) = f)ll = 2° —¢°
= (z—y)(@* + 2y +9°)
)

= o~ (v(lz = yiDe(llz — ).

By Example 3, f has a unique fixed point in X.

Theorem 4. Let (X, N) be fuzzy Banach space such that N satisfying (N7)
and f : X — X be a selfmap such that for all z,y € X, t >0 and o € (0, 1],

N(z —y,t) > o implies that N(f(z) — f(y), ¢~ (¢(t) — ¢(t))) > «,

where ¢, € © and p(t) > ¢(t), for all t > 0. Then f has a unique fized
point in X.

Proof. Let zg € X and 2,41 = f(z,), for all n € N. Suppose that ¢t > 0, we
have

N(z —y,t) < N(f(z) = f(y), ¢ (o(t) = 6(1))).
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Therefore
N($n+1 — Tn, t) < N(xn+2 — Tnil, 90_1(80(15) - (b(t))) < N($n+2 — Tn+1, t)a

for all n € N. Hence {N(2n4+1 — @n,t)} is a bounded and nondecreasing
sequence, and lim,, oo N (2,41 — Tp, t) exists.

Assume that there exists ¢ > 0 such that lim,, oo N(Zn41 — 2p,t) < 8 < 1.
Since N (zp42 — Tpi1,8) > N(Tpi1 — Tp, s), for all s > 0, then

0<t<|znt2 — Tnt1llg < |@n+1 — znllg, for all m € N.

Therefore lim, o0 ||Zn+1 — 20 ||p exists. Let limy, o0 ||Znt1 —2n|lp =b >t >
0. If N(zp41 — pn,s) > [ then

N(zni2 = Tni1,907 (2(5) = 6(5)) = N(2ns1 = 20, 8) > B,
and [[zn42 = Tnr1lls < 971 ((s) — @(s)). Thus
Pllzntz = zniallp) < @(s) = o(s).
As s — ||zp41 — z,]| 8, one can get
Pllznte = zniallp) < e(lntr — zalls) = ¢(lnt1 — zalls)-
As n — oo, we obtain that 0 < ¢(f) < p(b) < p(b) — ¢(b) < ¢(b), which is

a contradiction. Hence lim, oo N(Zp41 — @p,t) = 1, for all ¢ > 0.
Let t >0, ¢ > 0 and N € N such that

1—e< N(zni1—2n,t/2 = 07 (9(t/2) - 6(t/2))).
Ifl—e<N(z—zpn,t/2), then
N(f(z) = 2n,t/2) > min{N(f(2) = on+1,97 (9(t/2) = 6(t/2))),

N(znp — 2N, /2 = ¢ Hp(t/2) = 6(t/2)))}
> min{N(z — zn,1/2),

N(znt1 = on,t/2 = 07 (e(t/2) — 6(t/2)))}
>1—ce
Therefore 1 — e < N(z,, — zn,t/2), for all n > N, so
N(zp — xm,t) > min{N(z, — zn,t/2), N(xy, — zn,t/2)} > 1 — ¢,

for all n,m > N. Since € is arbitrary, {x,} is Cauchy, hence it is convergent.
Assume that lim,_,., z, = x. Let € > 0 and ¢ > 0, then there exists Ny > 0
such that 1 —e < N(x, — z,t — ¢~ 1(p(t) — ¢(t))), for all n > Ny. Hence
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N(f(z) = z,t) > min{N(f(z) — zn11, 9" (p(t) = 6(1))),
N(zni1 —x,t—@ H(p(t) — o(t))}
> min{N(z — zn,t), N(eni1 —xt — ¢~ (7()e(1))}
>1—¢, for all n > Np.

Therefore N(f(x) —z,t) =1, for all t > 0, so f(z) =
To prove the uniqueness of the fixed point, we let y be any other fixed point
of fin X. If there exists ¢ > 0 such that 0 < N(z — y,t) < 1 then

N(f(x) = fy), o~ ((t) — ¢(1)))
N(f(z) = f(y),1)
N(z =y, 1),

therefore N(z — y,¢~1(v(t)¢(t))) = N(z — y,t). By (NT), we obtain that

t = ¢ 1 (p(t) — (1)), then o(t) = ¢(t) — ¢(t). Hence ¢(t) = 0, and ¢ = 0,
which is a contradiction. Thus N(z —y,t) =1, for all ¢t > 0, so z = y. O

N(ac—y,)

IAIA

Corollary 3. Let (X, N) be fuzzy Banach space such that N satisfying (N7)
and f: X — X be a selfmap such that for all z,y € X andt > 0,

N(f(z) = f(y), ¢ (o(t) — ¢(t)) > N(z —y,t),

where ¢, € ® and p(t) > &(t), for all t > 0. Then f has a unique fized
point in X.

Example 5. Let (X, ||.||) be a Banach space and f : X — X be a function
such that

e(lf (@) = fW)ID) < ez —yl) — ¢(llz —yll), for all z,y € X,
where @, ¢ € ®. Assume that ¢ — ¢ is a nondecreasing function and
Bl Hp(t) = 6(1)) < o~ H(@(Bt) — ¢(Bt)), for all ¢ € [0,+00), 5 € [0,1].
Define a fuzzy norm N as follows:
tlall -, 0<t< |
N(z,t) =<1 , lz]| <t
0 ,  t<O.

Suppose that z,y € X, ¢t >0, a € (0,1] and N(z — y,t) > «
Casel: Let ||z — y|| < . Since ¢ — ¢ is nondecreasing,

e(lf (@) = FWID) < ellz —yll) — oz —yll) < @) — o).
So [If(x) = fW)Il < o™ (p(t) — ¢(t)). Hence
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N(f(z) = fy), o7 (ot) = 6(1)) =1 > a.

Case2: Let 0 < t < ||z —y||. So t/|z —y|| = N(z — y,t) > a. Hence
allz —y|| <t, and

all f(@) = fFW < ale™ (ellz = yll) = ¢(llz — )
1

<
<o (pelallz —yl) — ¢lallz —yll))
<y

“He(t) — (1))
Thus

N(f(x) = f(y) 7 (@) = 6(1)) = (¢~ (e(t) — ¢0)/(I.f (@) = FW)) > @

By Theorem 4, f has a unique fixed point in X.

Theorem 5. Let (X, N) be fuzzy Banach space such that N satisfying (N7)
and f : X — X be a selfmap such that for oll z,y € X, s,t > 0 and
a € (0,1],

N(z — f(y),t) > a and N(f(z) —y,s) > « implies that

N(f(x) = fy),1/2(t +5) = 0(t,5)) = ,

where 6 : [0, +00)2 — [0, +00) is a continuous mapping such that 0(z,y) =0
if and only if t =y =0. Then f has a unique fixed point in X.

Proof. Let zo € X and x,,41 = f(xy,), for all n € N. Suppose that ¢ > 0, so
N(f(z) = f(y),1/2(t + s) = 0(t,s)) = min{N(z — f(y), 1), N(f(z) — y,s)},
for all s > 0. Therefore

N(zp41 — Tp, 1/2(2t + ) — 0(2t,5)) > min{N(z,, — z,, s),
N(mn-&-l — Tn—1, Qt)}
= N($n+1 — Tp—1, Qt)a

for all s > 0. As s — 0, we obtain that

N(xpi1 — Tyt —0(2¢,0)) > N(2py1 — Tpo1,2t)
Z min{N(xn-l-l — Tn, t)7 N(xn — Tn—1, t)}a
for all m € N and all ¢ > 0. Let there exists tg > 0 and ng € N such that
N(Zpgt1 — Tng,to) < N(Tpng — Tng—1,t0). By (N7) and (N5), there is t; > 0
such that

0 S N(xnngl - xn07t0> < N(xnoJrl - xn(,,to + tl) < N(xng - xnofhtO) S 1
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Hence

N(Znt1 — @n, (to +t1)) > N(Tnt1 — n, (to + t1) — 0(2(to + t1),0))
> N(anrl — Tp, (to + tl)).

Thus N(SL‘n_H —Tn, (to + tl)) = N(zn-&-l — T, (to + tl) — 0(2(t0 + tl), 0)) By
(N?), (to + tl) - 9(2(750 + tl),O) =tg+t1. So 9(2(150 + tl),O) = 0 which is a
contradiction. In addition N(z,41 — @p,t) > N(zy — xp—1,t), for all t > 0
and all n € N. Therefore lim,,_ oo N(Zp4+1 — Zn,t) exists.

Assume that there exists ¢ > 0 such that lim, oo N(2pi1 — Tpn,t) < 8 < 1.
Since N (zp42 — Tpy1,8) > N(Tpt1 — Tn, s), for all s > 0, it follows that

0<t<|znt2 — Tnt1llg < |@n+1 — znllg, for all m € N.

Thus lim,, o0 ||Znt1 — Zn|| g exists. Let lim,, o0 [|Tn41 —Znllg =0 >t > 0. If
N(xpy1—2n,s) > B, then N(xppo—2nt1,5—0(25,0)) > N(zpy1—2n,s) > 5.
So ||Znt2 — Tptllg < s —0(25,0). As s — ||zp41 — xn||g, we obtain that
[Zn+2 = Zntillp < 21 — 2alls — 02| Tnt1 — 205, 0). As n — oo, we get
0<t<b<b—0(2b,0) <band 0(2b,0) =0, which is a contradiction. Hence
lim, oo N(Zpy1 — xn,t) =1, for all ¢ > 0.

Next we show that {z,} is a cauchy sequence. If otherwise, then there exist
to > 0, 8 € (0,1) and increasing sequences of integers {my} and {n;} such
that N (2, — Tm,,,t0) < 8 and N(xn, -1 — Tm,,to) > B, for all k € N. Since
lim, oo N(2ps1 — xn,t) =1, for all t > 0, it follows that

nh—>ngo ||xnk - xnrlHﬁ =0= 11_>H(;lo mek - ‘kaflnﬁ'

Moreover

0<ty < ”xnk - xmk”ﬁ
< ||xnk—1 - mnk”ﬁ + ||xmk - $nk—1||6

S tO + ||-/L‘n;C - mnk71||ﬁ7
for all k € N. As k — oo, which leads to
nhHHC}O ||I7lk — Tmy, Hﬁ =to = nlLH;o H‘ka - xnk—lHﬁ'
Now we have
||$mk - xnk“ﬁ < ||zmk—1 - xmk”ﬁ + ||xmk—1 - xnk”ﬁ + Hxnk - xnk—lHﬁ

and

||‘/L.mk,*1 = Ty Hﬁ < ||xmk*1 = Tmy, ”B + ||xmk: = Ty ||57
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for all k € N. As k — oo, we obtain that lim,,_,« [|Tn, — Tm,—1]g = to. If
N(xp,—1 — Tm,,,t) > p and N(Tp, — Tm,—1,5) > O then

N(2p, — Tm,, 1/2(t +5) — 0(t,5)) > B.
Hence
|Zmy, — Zn, llg < 1/2(t+s) — 0(¢, s).
Ast — ||@m, — Tn,—1llg and s — ||Tme—1 — Tn, || 3, We get
[Zme — Tnillg <

1/2(||$mk 7xnk_1||B+||xmk—171“"19”5)70(”:177”)‘: 71’”1@—1”5, ”xmk—li‘rnk ”5)3

for all k € N. As k — oo, we have to < 1/2(tg + to) — 0(to,t0). Therefore
O(to,to) = 0 which is a contradiction. Thus {x,} is Cauchy, hence conver-
gent. Assume that lim, ., x, = .

Next we show that lim,, oo N(f(x)—xp,t) = 1, for all ¢t > 0. If otherwise,
then there exist tg > 0, 8 € (0,1) and increasing sequences of integers {ny}
such that N(f(x)—xn,,t0) < B, for all k € N. Since lim,,_,oo N(z—2p,t) =1,
for all ¢t > 0, it follows that lim, .« ||z, — z||g = 0. We have

1f(@) = znlls < llz—znlls + | f(z) — 2l
and
1f(z) —zllg < [If(z) — znllg + lzn — 2|,

for all n € N. As n — 00, we obtain that lim,,_,o ||f(z) — z,|lg = || f(z) —
z|lg. f N(zp,—1 — f(x),t) > 8 and N(x,, —x,s) > [, then

N(f(@) = @ny, 1/2(t + ) = 0(t,5)) 2 min{N(z — 2p,, 1), N(f(2) = ny—1,8)}
> p.

Therefore || f(z) —xn,llg < 1/2(t+5s)—0(t,s). Ast — || f(z) — 2, —1]|p and
s — ||l — xn, |lg, we get

0 <to < | f(x) = 2nllg <

12(11f(2) = 2n—1lls + 12 = znillg) = O () = 2ny—1llg, |2 = znillp),

for all £k € N. As K — 00, one can obtain

0 <to <|[f(x) —zllsg < 1/2]f(x) — zlls — O(|lf (z) — 2]/, 0).
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So O(||f(z) — z||g,0) = 0, which is a contradiction. This implies that
lim,, 00 N(f(z) — zpn,t) = 1, for all ¢ > 0. By (IN4), we have

N(f(z) — z,t) > min{N(f(z) — zpn,t/2), N(x — z,,t/2)}, for all t > 0.

As n — oo, we obtain that N(f(z)—=z,t) = 1, for all £ > 0. Hence f(z) = x.
To prove the uniqueness of the fixed point, let y be any other fixed point of
f in X. If there exists t > 0 such that 0 < N(z —y,t) < 1, then

N(z —y,t) = N(f(z) = f(y),t)
Z N(f(iﬂ) - f(y)at - e(ta t))
> min{N(z — f(y),t), N(f(z) —y, 1)}

= min{N(z — y,t), N(z — y,1)}
- N(II? - yvt)

Therefore N(x —y,t — 0(t,t)) = N(x — y,t). By (N7), 6(t,t) = 0 which is a
contradiction. Thus N(z —y,t) =1, for all t > 0. So x = y. O

Corollary 4. Let (X, N) be fuzzy Banach space such that N satisfying (N7 ).
Also f: X — X be a selfmap such that for all z,y € X and s,t > 0,

N(f(z) = f(y),1/2(t +5) = O(t, 8)) = min{N(z — f(y), 1), N(f(z) = y,5)},

where 6 : [0, +00)% — [0, +00) is a continuous mapping such that 0(z,y) = 0
if and only if x =y =0. Then f has a unique fired point in X.

Example 6. Let (X, ||.||) be a Banach space and f : X — X be a function
such that

1 () = F) < 172z = fF@)Il + 1 (2) = yll) = 0llz = F@)II, 1 () = ylD),

for all z,y € X, where 6 : [0, +00)? — [0,+00) is a continuous mapping
such that 6(x,y) =0 if and only if z =y = 0.

If s1 < 89 and t; < ty then 1/2(t1 + 81) — 9(751, 81) < 1/2(t2 + 52) — (9(152,82),
for all s1,t1,59,t2 > 0 and 0(8t,Bs) < BO(t,s), for all t,s > 0, 8 € [0,1].
Define a fuzzy norm N as follows:

t/llz] -, 0<t< |z
N(z,t) =<1 , lz]| <t
0 . t<o.

Suppose that z,y € X, t > 0, a € (0,1], N(z — f(y),t) > a and N(f(x) —
Y, 8) > a.
Casel: Let ||z — f(y)|| <t and || f(z) — y| < s. Then
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1 () = F)ll < 1/2(le = FW)l + 1f (=) = yll) = 0lz = FW)I 1F (=) —yll)
< 1/2(t+s) —0(t, s).

Thus N(f(x) — f(y),1/2(t +s) —0(t,s)) =1 > a.

Case2: Let 0 <t < [z — f(y)ll and [|f(z) —yll < s. Sot/[z — fy)| =
N(z—y,t) > aand [lz—f(y)[| < s. Hence allz—f(y)[| < tand [[f(z)-yl| <s.
Therefore

allf(z) = fWIl < a(l/2(]lz = fW)Il + 1f (@) = yll) = 0z = F)l;

1/ () = yl))
<1/2(allz = f@) + allf(2) —yll) - (allz = f(y)ll,
allf(z) —yll)

< 1/2(t+s) —06(t, s).
Thus
N(f(z)=f(y),1/2(t+s)=0(t,5)) = (1/2(t+s)=0(t,5))/(|[f (@)= f(W)]) = e

Case3: Let 0 < ¢t < ||z — f(y)|| and 0 < s < ||f(z) —y||. So t/||z — y||
N(z—y,t) > aand s/||f(z)-yll = N(f(z)-y,s) > a. Hence aflz—f(y)|| <
and a| f(z) — y|| < s. Therefore

allf(z) = fWIl < a(1/2(]lz = fW)Il + 1f (=) = yll) = 0z = F)l;

~ |l

1/ () = yl))
<1/2(alle = f@) + allf(2) —yll) - (allz = f(y)],
allf(z) —yll)

< 1/2(t+s) —06(¢, s).
Thus
N(f(z)=f(y),1/2(t+s)=0(t,5)) = (1/2(t+s)=0(t,5))/(|[f (@)= f(W)]) = e

Cased: Let ||z — f(y)|] < t and 0 < s < ||f(z) — y||. Similar to case2, we
obtain that N(f(z) — f(y),1/2(t + s) — 0(¢,s)) > a.
By Theorem 5, f has a unique fixed point in X.

3 Conclusion

We have introduced four contractive conditions in fuzzy normed linear spaces
and proved some results about fixed point theorem. In fact, the established
properties are the extended fuzzy forms of some classical contractive proper-
ties. To reveal this fact, some examples have been studied.
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