
∗

−cDα
0+
◦Dα

0+
y(t) + q(t)y(t) = λy(t), 0 < α ≤ 1, t ∈ [0, 1],

I1−α
0+
y(t)|t=0 = 0 I1−α

0+
y(t)|t=1 = 0,

q ∈ L2(0, 1)

∗



α = 2
α

1 < α < 2

ν ∈ (0, 2)

µ = ν/2 ∈ (0, 1)

− cDα0+ ◦Dα0+y(t) + q(t)y(t) = λy(t), 0 < α ≤ 1, t ∈ [0, 1],

I1−α
0+
y(t)|t=0 = 0, I1−α

0+
y(t)|t=1 = 0.

1/2 < α < 1

α → 1−
α

λn(α) ∼ ( nπ
sin( π2α )

)2α, α→ 1−.

λn → n2π2 n→∞



Iαa+ Iαb− α ∈ R+

Iαa+f(t) :=
1

Γ(α)

� t
a

(t− s)α−1f(s)ds, (a, b],

Iαb−f(t) :=
1

Γ(α)

� b
t

(s− t)α−1f(s)ds, [a, b),

Γ(α)

C Iαa+C =
(t−a)α
Γ(α+1)

· C
cDαa+

cDαb−

cDαa+f(t) := I
n−α
a+
◦Dnf(t) = 1

Γ(n− α)
� t
a

(t− s)n−α−1f (n)(s)ds, t > a,

t < b

cDαb−f(t) := (−1)nIn−αb− ◦Dnf(t) = (−1)n
Γ(n− α)

� b
t

(s− t)α−n+1f (n)(s)ds,

f n− 1 ≤ α < n

Dαa+ Dαb−

Dαa+f(t) := D
n ◦ In−α

a+
f(t) =

1

Γ(n− α)
dn

dtn

� t
a

(t− s)n−α−1f(s)ds, t > a,



t < b

Dαb−f(t) := (−1)nDn ◦In−αb− f(t) =
(−1)n
Γ(n− α)

dn

dtn

� b
t

(s− t)n−α−1f(s)ds,

f n− 1 ≤ α < n

Eα(z)

Eα(z) :=
∞�
k=0

zk

Γ(αk + 1)
(z ∈ C, R(α) > 0),

α = 1
α = 2

E1(z) = e
z, E2(z) = cosh(

√
z).

Eα,β(z)

Eα,β(z) =

∞�
k=0

zk

Γ(αk + β)
(z, θ ∈ C, R(α) > 0),

β = 1, Eα,β(z)

Eα,1(z) = Eα(z).

E1,2(z) =
ez − 1
z
, E2,2(z) =

sinh(
√
z)√
z
.

α < 2 β µ

πα
2
< µ < min{π, πα} c

|Eα,β(z)| ≤ c

1 + |z| (µ ≤ |arg(z)| ≤ π), |z| ≥ 0, z ∈ C.



f(t)
t ≥ 0 t F (s)

F (s) = L{f(t)} :=
� ∞
0

e−stf(t)dt,

s

f(t) g(t)
[0,∞)

(f ∗ g)(t) =
� t
0

f(s)g(t− s)ds, f, g : [0,∞)→ R.

f(t)
g(t)

L{(f ∗ g)(t)} = L{f(t)} × L{g(t)}.

� ∞
0

e−sttαk+β−1E(k)α,β(±λtα)dt =
k!sα−β

(sα ∓ λ)k+1 , (Re(p) > |a| 1α ).

(L0D
α
t y)(s) = s

α(Ly)(s)−
n−1�
k=0

sn−k−1Dk(0In−αt y)(0), n− 1 < α ≤ n, n ∈ N.

0 < α ≤ 1 (L0D
α
t y)(s) = s

α(Ly)(s)− (0In−αt y)(0).

(Lc0D
α
t y)(s) = s

α(Ly)(s)−
n−1�
k=0

sα−k−1(Dky)(0), n− 1 < α ≤ n, n ∈ N.

0 < α ≤ 1 (Lc0D
α
t y)(s) = s

α(Ly)(s)− sα−1y(0).



L{y(t)} = sα

λ+ s2α
I1−α0+ y(t)|t=0 +

sα−1

λ+ s2α
Dα0+y(t)|t=0 +

1

λ+ s2α
L{h(t)},

h(t) := q(t)y(t)

y(t) =c1t
α−1E2α,2(−λt2α) + c2tαE2α,α+1(−λt2α)

+ t2α−1E2α,2α(−λt2α) ∗ h(t),

c1 = 0 c2 = 1 ∗

ym(t) = t
αE2α,α+1(−λt2α) +

� t
0

(t− s)2α−1E2α,2α(−λ(t− s)2α)q(s)ym−1(s)ds.

q(s) = 1

y0(t) = t
αE2α,α+1(−λt2α).

y1(t) =t
αE2α,α+1(−λt2α)

+

� t
0

(t− s)2α−1E2α,2α(−λ(t− s)2α)sαE2α,α+1(−λs2α)ds.

L−1(L{
� t
0

(t− s)2α−1E2α,2α(−λ(t− s)2α)sαE2α,α+1(−λs2α)ds})

=
1

1!
t3αE

(1)
2α,α+1(−λt2α).

y1(t) = t
αE2α,α+1(−λt2α) + 1

1!
t3αE

(1)
2α,α+1(−λt2α).

y2(t)

y2(t) = y1(t) +
1

2!
t5αE

(2)
2α,α+1(−λt2α),



y3(t) = y2(t) +
1

3!
t7αE

(3)
2α,α+1(−λt2α).

ym(t) =
m+1�
k=0

1

k!
t(2k+1)αE

(k)
2α,α+1(−λt2α).

y3(t) =t
αE2α,α+1(−λt2α) + 1

1!
t3αE

(1)
2α,α+1(−λt2α)

+
1

2!
t5αE

(2)
2α,α+1(−λt2α) +

1

3!
t7αE

(3)
2α,α+1(−λt2α).

I1−α0+ y(t)|t=1 =
1

Γ(1− α)
� t
0

(t− s)−αy(s)ds = 0,

I1−α
0+
y3(t)|t=1 =L−1(L{ 1

Γ(1− α)
� t
0

(t− s)−αsαE2α,α+1(−λs2α)ds

+
1

Γ(1− α)
� t
0

(t− s)−α 1
1!
s3αE

(1)
2α,α+1(−λs2α)ds

+
1

Γ(1− α)
� t
0

(t− s)−α 1
2!
s5αE

(2)
2α,α+1(−λs2α)ds

+
1

Γ(1− α)
� t
0

(t− s)−α 1
3!
s7αE

(3)
2α,α+1(−λs2α)ds})|t=1 = 0.

I1−α
0+
y3(t)|t=1 = L−1{ s

2α−2

s2α + λ
}+ L−1{ s2α−2

(s2α + λ)1+1
}

+ L−1{ s2α−2

(s2α + λ)2+1
}+ L−1{ s2α−2

(s2α + λ)3+1
} = 0

=
�
tE2α,2(−λt2α) + t2α+1E(1)2α,2(−λt2α) + t4α+1E(2)2α,2(−λt2α)

+ t6α+1E
(3)
2α,2(−λt2α)

�
t=1
= 0.

q(s) = 0



λn FSLP

k α 0.88 0.92 0.96 0.98 0.99 1
10 λn 10.71568699 10.55992405 10.66410923 10.78678886 10.86333576 10.94942560

27.42039814 31.48842150 35.71275308 38.01570185 39.23145940 40.49542871
39.66187430 51.88983922 67.66694524 77.14409122 82.33647923 87.85647119

20 λn 10.71568686 10.55992405 10.66410923 10.78678886 10.86333576 10.94942560
27.51414362 31.51192899 35.71778637 38.01801903 39.23303636 40.49650499
60.83896648 66.90351096 76.82733019 82.94041507 86.28709241 89.83417215
86.83800089 108.6657324 131.4598304 144.4575545 151.4897515 158.9183593
107.4785323 147.2884927 199.9559706 231.8456925 238.3472917 249.1565859

260.3905771 286.9178097
275.8685836 300.6931093
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α 1
λn = n

2π2+1

q(s) = sβ

ym(t) = t
αE2α,α+1(−λt2α) +

� t
0

(t− s)2α−1E2α,2α(−λ(t− s)2α)q(s)ym−1(s)ds.

y1(t) =t
αE2α,α+1(−λt2α)

+

� t
0

(t− s)2α−1E2α,2α(−λ(t− s)2α) · sα+βE2α,α+1(−λs2α)ds,

L−1
�
L{t2α−1E2α,2α(−λt2α)} · L{tα+βE2α,α+1(−λt2α)}

�
=

∞�
k1=0

(−λ)k1 · Γ((2k1 + 1)α+ β + 1)
Γ((2k1 + 1)α+ 1)

· t(2k1+3)α+βE2α,(2k1+3)α+β+1(−λt2α).

y1(t) = y0(t)+
∞�
k1=0

(−λ)k1 · Γ((2k1 + 1)α+ β + 1)
Γ((2k1 + 1)α+ 1)

× t(2k1+3)α+βE2α,(2k1+3)α+β+1(−λt2α),

y2(t)

y2(t) = y1(t)+
∞�
k1=0

∞�
k2=0

(−λ)k1+k2

× Γ((2k1 + 1)α+ β + 1)
Γ((2k1 + 1)α+ 1)

· Γ((2k2 + 2k1 + 3)α+ 2β + 1)
Γ((2k2 + 2k1 + 3)α+ β + 1)

× t(2k2+2k1+5)α+2βE2α,(2k2+2k1+5)α+2β+1(−λt2α),



y3(t) =y2(t)

+

∞�
k1=0

∞�
k2=0

∞�
k3=0

(−λ)k1+k2+k3 · Γ((2k1 + 1)α+ β + 1)
Γ((2k1 + 1)α+ 1)

× Γ((2k2 + 2k1 + 3)α+ 2β + 1)
Γ((2k2 + 2k1 + 3)α+ β + 1)

× Γ((2k3 + 2k2 + 2k1 + 5)α+ 3β + 1)
Γ((2k3 + 2k2 + 2k1 + 5)α+ 2β + 1)

× t(2k3+2k2+2k1+7)α+3βE2α,(2k3+2k2+2k1+7)α+3β+1(−λt2α).

ym(t)

ym(t) =ym−1(t) +
∞�
k1=0

∞�
k2=0

· · ·
∞�
km=0

(−λ)k1+k2+···+km · A
B

× ·t(2km+2km−1+···+2k1+(2m−1))α+mβ
× E2α,(2km+2km−1+···+2k1+(2m−1))α+mβ+1)(−λt2α),

A =Γ((2k1 + 1)α+ β + 1)Γ((2k2 + 2k1 + 3)α+ 2β + 1)× · · ·
× Γ((2km + 2km−1 + · · ·+ 2k1 + (2m− 1))α+mβ + 1),

B =Γ((2k1 + 1)α+ 1)Γ((2k2 + 2k1 + 3)α+ β + 1)× · · ·
× Γ((2km + 2km−1 + · · ·+ 2k1 + (2m− 1))α+ (m− 1)β + 1).

I1−α
0+
y3(t)|t=1

=L−1
�
L
� 1

Γ(1− α)

� t
0

(t− s)−αsαE2α,α+1(−λs2α)ds

+

∞�
k1=0

(−λ)k1 Γ((2k1 + 1)α+ β + 1)
Γ((2k1 + 1)α+ 1)

× 1

Γ(1− α)

� t
0

(t− s)−αs(2k1+3)α+βE2α,(2k1+3)α+β+1(−λs2α)ds

+

∞�
k1=0

∞�
k2=0

(−λ)k1+k2 Γ((2k1 + 1)α+ β + 1)
Γ((2k1 + 1)α+ 1)

· Γ((2k2 + 2k1 + 3)α+ 2β + 1)
Γ((2k2 + 2k1 + 3)α+ β + 1)

× 1

Γ(1− α)

� t
0

(t− s)−αs(2k2+2k1+5)α+2βE2α,(2k2+2k1+5)α+2β+1(−λs2α)ds



+

∞�
k1=0

∞�
k2=0

∞�
k3=0

(−λ)k1+k2+k3 Γ((2k1 + 1)α+ β + 1)
Γ((2k1 + 1)α+ 1)

× Γ((2k2 + 2k1 + 3)α+ 2β + 1)
Γ((2k2 + 2k1 + 3)α+ β + 1)

· Γ((2k3 + 2k2 + 2k1 + 5)α+ 3β + 1)
Γ((2k3 + 2k2 + 2k1 + 5)α+ 2β + 1)

× 1

Γ(1− α)

� t
0

(t− s)−αs(2k3+2k2+2k1+7)α+3β

×E2α,(2k3+2k2+2k1+7)α+3β+1(−λs2α)ds
���
t=1

��
= 0.

I1−α
0+
y3(t)|t=1

=tE2α,2(−λt2α) +
∞�
k1=0

(−λ)k1 · Γ((2k1 + 1)α+ β + 1)
Γ((2k1 + 1)α+ 1)

× t(2k1+2)α+β+1E2α,(2k1+2)α+β+2(−λt2α)

+

∞�
k1=0

∞�
k2=0

(−λ)k1+k2 Γ((2k1 + 1)α+ β + 1)
Γ((2k1 + 1)α+ 1)

· Γ((2k2 + 2k1 + 3)α+ 2β + 1)
Γ((2k2 + 2k1 + 3)α+ β + 1)

× t(2k2+2k1+4)α+2β+1E2α,(2k2+2k1+4)α+2β+2(−λt2α)

+

∞�
k1=0

∞�
k2=0

∞�
k3=0

(−λ)k1+k2+k3 Γ((2k1 + 1)α+ β + 1)
Γ((2k1 + 1)α+ 1)

× Γ((2k2 + 2k1 + 3)α+ 2β + 1)
Γ((2k2 + 2k1 + 3)α+ β + 1)

· Γ((2k3 + 2k2 + 2k1 + 5)α+ 3β + 1)
Γ((2k3 + 2k2 + 2k1 + 5)α+ 2β + 1)

× t(2k3+2k2+2k1+6)α+3β+1E2α,(2k3+2k2+2k1+6)α+3β+2(−λt2α)|t=1 = 0.

λ

λn FSLP

ki α 0.88 0.92 0.96 0.98 0.99 1.0
k1, k2, k3 = 5 λn 10.05385926 9.933778015 10.06348862 10.19660718 10.27791426 10.36849015

47.56007387 32.34315896 35.63420589 37.76603821 38.92583141 40.14691848
1126.335623 44.07433976 60.04931462 68.65397481 73.15018892 77.78582381
2383.852442 60.98311732 79.07639037 90.47082662 96.86784919 103.7750278
4084.543198 1672.025020 2492.533591 3047.891192 3371.626995 3730.657415
29.99913622 3669.500947 5672.277915 7063.067903 7884.473754 8803.558665

6468.168446 10283.17818 12984.46721 14595.72336 16410.73873
44.95131154 62.05287730 72.95773310 79.12198365 85.81612846

k1, k2, k3 = 10 λn 10.05563487 9.934078332 10.06355202 10.19663792 10.27793590 10.36850547
26.86376328 30.94976951 35.18620831 37.49382726 38.71166129 39.97755111
38.80996910 51.04646579 66.84154959 76.33005616 81.52855664 87.05489991
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n α = 1 β ∈ N
|t| < 1√

|λ|

|y2(t)− y1(t)| ≤ c
1+|λt2|

�∞
k1=0

|λ|k1 (2k1+1+β)!
[(2k1+1)]!

×
∞�
k2=0

|λ|k2 (2k2 + 2k1 + 3 + 2β)!
([(2k2 + 2k1 + 3)] + β)!

t2k2+2k1+5+2β .



lim sup
k2→∞

k2

�
(2k2 + 2k1 + 3 + 2β)!|λ|k2
([(2k2 + 2k1 + 3)] + β)!

= |λ|
|t| < 1√

|λ|

∞�
k2=0

|λ|k2 (2k2 + 2k1 + 3 + 2β)!
([2k2 + 2k1 + 3] + β)!

t2k2+2k1+5+2β

(− 1√
|λ| ,

1√
|λ|)�∞

k2=0
|λ|k2 .t2k2+2k1+5+2β

(− 1√
|λ| ,

1√
|λ|)

(− 1√
|λ| ,

1√
|λ|)

β

∞�
k2=0

([2k2 + 2k1 + 3]+ β + 1)([2k2 + 2k1 + 3] + β + 2)

. . . ([2k2 + 2k1 + 3] + 2β)|λ|k2t2k2+2k1+5+2β

= tβ
� ∞�
k2=0

|λ|k2 .t2k2+2k1+5+2β
�(β)

= tβ
�
t2k1+5+2β

∞�
k2=0

(|λ|t2)k2
�(β)

= tβ
� t2k1+5+2β
1− |λ|t2

�(β)
.

|y2(t)− y1(t)|
≤ c

1 + |λ|t2
∞�
k1=0

|λ|k1 (2k1 + 1 + β)!
[2k1 + 1]!

· tβ
� t2k1+5+2β
1− |λ|t2

�(β)
=

ctβ

1 + |λ|t2
� ∞�
k1=0

|λ|k1 (2k1 + 1 + β)!
[2k1 + 1]!

· t
2k1+5+2β

1− |λ|t2
�(β)

=
ctβ

1 + |λ|t2
�
t2β+4

1− |λ|t2
∞�
k1=0

|λ|k1 (2k1 + 1 + β)!
[2k1 + 1]!

t2k1+1
�(β)

=
ctβ

1 + |λ|t2
�
t2β+4

1− |λ|t2
∞�
k1=0

|λ|k1(2k1 + 2) · · · (2k1 + 1 + β)t2k1+1
�(β)



=
ctβ

1 + |λ|t2
�
t2β+4

1− |λ|t2
∞�
k1=0

|λ|k1�t2k1+1+β�(β)�(β)
=

ctβ

1 + |λ|t2
�
t2β+4

1− |λ|t2
� ∞�
k1=0

|λ|k1t2k1+1+β
�(β)�(β)

=
ctβ

1 + |λ|t2
�
t2β+4

1− |λ|t2
�
tβ+1

∞�
k1=0

|λ|k1t2k1
�(β)�(β)

=
ctβ

1 + |λ|t2
�
t2β+4

1− |λ|t2
� tβ+1

1− |λ|t2
�(β)�(β)

.

1
R
= lim supk2→∞

k2

�
(2k2+2k1+3+2β)!|λ|k2
([(2k2+2k1+3)]+β)!

=

|λ|

C =

∞�
k2=0

([(2k2 + 2k1 + 3)] + β + 1)([(2k2 + 2k1 + 3)] + β + 2)

× · · · × ([(2k2 + 2k1 + 3)] + 2β)|λ|k2 .t2k2+2k1+5+2β

=
� ∞�
k2=0

(|λ|k2 .t2k2+2k1+5+2β
�(k)
,

k = (2k2 + 2k1 + 5)− [(2k2 + 2k1 + 5) + β − 2]

C =
�
t2k1+5+2β

∞�
k2=0

(|λ|t2)k2
�(k)
=
� t2k1+5+2β
1− |λ|t2

�(k)
.

( t
2k1+5+2β

1−|λ|t2 )
(k) α = 1 β ∈ N

≤ c

1 + |λ|t2
� ∞�
k1=0

|λ|k1 (2k1 + 1 + β)!
[(2k1 + 1) + 1]!

· t
2k1+5+2β

1− |λ|t2
�(k)

≤ c

1 + |λ|t2
� tβ+2

1− |λ|t2
∞�
k1=0

([(2k1 + 1) + 1] + 1)× · · ·

× (2k1 + 1 + β)t2k1+β+3
�(k)

≤ c

1 + |λ|t2
�
tβ+2

1− |λ|t2 (t
β+3

∞�
k1=0

t2k1)(l)

�(k)
,

l = (2k1 + β)− [(2k1 + 3) + 1]



≤ c

1 + |λ|t2 [
tβ+2

1− |λ|t2 (t
β+3 1

1− t2 )
(l)](k) <∞.



Eα(x)




