
∗

∗





Xt

dX = (a− bX)dt+ sdW1,

dr = (α− βr)dt+ σdW2,

a, b, s, α, β σ W1 W2

corr(W1,W2) = ρ

dX = (a− bX)dt+ sdW1,

dr = (α− βr)dt+ σdW2 + d(
Mt�
i=1

Zi),

Mt λ
Zi

P (X, r, t)



Pt + (a− bX − qs)PX + (α− βr − qσ)Pr + ρσsPXr + 1
2
s2PXX +

1

2
σ2Prr

− (r + λ)P +
� +∞
0

P (X, r + y, t)f(y)dy = 0,

f(y) y

t = T − τ, t ∈ [0, T ]

Pτ =(a− bX − qs)PX + (α− βr − qσ + 1
λ
)Pr + ρσsPXr +

1

2
s2PXX

+ (
1

2
σ2 +

1

λ2
)Prr − (r + λ− 1)P.

0 ≤ X ≤ K, 0 ≤ r ≤ H
0 ≤ τ ≤ T

∂2P

∂X2
(0, r, τ) = 0,

∂2P

∂X2
(K, r, τ ) = 0,

∂2P

∂r2
(X, 0, τ) = 0,

∂2P

∂r2
(X,H, τ) = 0,

∂P

∂X
(K, r, τ ) = 0,

∂P

∂r
(X,H, τ) = 0,

P (0, r, τ) = P (X, 0, τ) = 1, P (X, r, 0) = G(x),

G(x) = max{X − K̄, r − K̄, 0}

K̄

LP

LP = LXP + LrP + LXrP + LXXP + LrrP +Φ.



LXP = (a− bX − qs)PX ,
LrP = (α− βr − qσ)Pr,
LXrP = (ρσs)PXr ,

LXXP =
1

2
(s2)PXX ,

LrrP = (
1

2
(σ)2 +

1

λ2
)Prr,

Φ = (r + λ− 1)P,
q

:
P
n+ 16
ij − Pnij
∆τ

= (a− bxi − qs)
P
n+ 16
i+1j − P

n+ 16
ij

h

⇒Pn+ 16ij − Pnij = A(Pn+
1
6

i+1j − Pn+
1
6

ij ),

A =
(a− bX − qs)(∆τ)

h

(1 + A)P
n+ 16
ij − APn+ 16i+1j = P

n
ij i = 0, 1, 2, . . . , n



i = 0 : (1 +A)P
n+ 16
0j −APn+ 161j = Pn0j ,

i = 1 : (1 +A)P
n+ 16
1j −APn+ 162j = Pn1j ,

i = 2 : (1 +A)P
n+ 16
2j −APn+ 163j = Pn2j ,

i = n− 1 : (1 +A)Pn+ 16n−1j − APn+
1
6

nj = Pnn−1j ,

i = n : (1 +A)P
n+ 16
nj −APn+ 16n+1j = P

n
nj .

P
n+ 16
n+1j − 2Pn+

1
6

nj + P
n+ 16
n−1j

h2
= 0⇒ Pn+ 16n+1j = 2P

n+ 16
nj − Pn+ 16n−1j.

i = n

i = n : (1− A)Pn+ 16nj + P
n+ 16
n−1j = P

n+ 16
nj .





1 + A −A 0 0 · · · 0
0 1 + A −A 0 · · · 0
0 0 1 +A −A · · · 0

0 0 · · · 0 1 + A −A
0 0 0 · · · A 1− A





P
n+ 16
0j

P
n+ 16
1j

P
n+ 16
2j

P
n+ 16
n−1j
P
n+ 16
nj


=



Pn0j
Pn1j
Pn2j

Pnn−1j
Pnnj



P
n+ 13
ij − Pn+ 16ij

∆τ
=
1

2
(−rPn+ 16ij + 3rP

n+ 13
ij )

=
1

2
(−Bj

P
n+ 16
ij+1 − P

n+ 16
ij

k
+ 3Bj

P
n+ 13
ij+1 − P

n+ 13
ij

k
)

⇒ (1 + 3B�j)Pn+
1
3

ij − 3B�jPn+
1
3

ij+1 = P
n+ 16
ij − B�jPn+

1
6

ij+1 = P
n+ 16
ij − B�jPn+

1
6

ij+1 ,

B
�
j =

Bj∆τ
2k
, Bj = α− βrj − qs fij = P

n+ 16
ij −B�jPn+

1
6

ij+1 .

j = 0, 1, 2, . . . ,m

(1 + 3B
�
j)P

n+ 13
ij − 3B�jPn+

1
3

ij+1 = fij

⇒



j = 0 : (1 + 3B
�
0)P

n+ 13
i0 − 3B�0Pn+

1
3

i1 = fi0,

j = 1 : (1 + 3B
�
1)P

n+ 13
i1 − 3B�1Pn+

1
3

i2 = fi1,

j = 2 : (1 + 3B
�
2)P

n+ 13
i2 − 3B�2Pn+

1
3

i3 = fni2,

j = m− 1 : (1 + 3B�m−1)Pn+
1
3

im−1 − 3B
�
m−1P

n+ 13
im = fim−1,

j = m : (1 + 3B
�
m)P

n+ 13
im − 3B�mPn+

1
3

im+1 = fim.

j = m

P
n+ 13
im+1 = 2P

n+ 13
im − Pn+ 13im−1.

j = m

j = m : (1 + 3B
�
m)P

n+ 13
im − 3B�m(2Pn+

1
3

im − Pn+ 13im−1) = fim

⇒ (1− 3B�m)Pn+
1
3

im + 3B
�
mP

n+ 13
im−1 = fim.





1 + 3B
�
0 −3B

�
0 0 0 · · · 0

0 1 + 3B
�
1 −3B

�
1 0 · · · 0

0 0 1 + 3B
�
2 −3B

�
2 · · · 0

0 0 · · · 0 1 + 3B
�
m−1 −3B

�
m−1

0 0 0 · · · −3B�m 1− 3B�m





P
n+ 13
i0

P
n+ 13
i1

P
n+ 13
i2

P
n+ 13
n−1j
P
n+ 13
nj


=



fi0
fi1
fi2

fim−1
fim



P
n+ 12
ij − Pn+ 13ij

∆τ
=
1

12
(5XrP

n+ 16
ij − 16XrPn+ 13ij + 23XrP

n+ 12
ij )

⇒ (1− 46C)Pn+ 12ij − 23CPn+ 12i+1j+1 + 23CP
n+ 12
i+1j + 23CP

n+ 12
ij+1 + 23CP

n+ 12
i−1j

+ 23CP
n+ 12
ij−1 − 23CP

n+ 12
i−1j−1 = fij,

fij n+ 13 n+ 16 C = ρσs∆τ
12hk

PXr =
Pi+1j+1 − Pn+

1
2

i+1j − Pn+
1
2

ij+1 + 2P
n+ 12
ij − Pn+ 12i−1j − Pn+

1
2

ij−1 + P
n+ 12
i−1j−1

hk
.

i = 0, 1, 2, . . . , n



1 0 0 0 · · · · · · · · · · · · 0
23C 1− 46C 23C 0 · · · · · · · · · · · · 0
0 23C 1− 46C 23C · · · · · · · · · · · · 0

0 0 0 0 · · · 0 23C 1− 46C 23C
0 0 0 0 · · · 0 0 0 1





P
n+ 12
0j

P
n+ 12
1j

P
n+ 12
2j

P
n+ 12
n−2j
P
n+ 12
n−1j
P
n+ 12
nj



+



−23C 23C · · · · · · · · · 0
−23C 23C · · · · · · · · · 0
0 −23C 23C · · · · · · 0

23C 0
0 0 · · · · · · −23C 23C
0 0 0 · · · −23C 23C





P
n+ 12
0j−1
P
n+ 12
1j−1

P
n+ 12
n−2j−1
P
n+ 12
n−1j−1
P
n+ 12
nj−1





+



23C −23C 0 0 · · · · · · 0
0 23C −23C 0 · · · · · · 0
0 0 23C −23C · · · · · · 0

0 0 0 · · · 23C −23C 0
0 0 0 · · · 0 23C −23C
0 0 0 · · · 0 23C −23C





P
n+ 12
0j+1

P
n+ 12
1j+1

P
n+ 12
2j+1

P
n+ 12
n−2j+1
P
n+ 12
n−1j+1
P
n+ 12
nj+1


=



f0j
f1j
f2j

fn−2j
fn−1j
fnj



i = 0, 1, 2, . . . , n

P
n+ 23
ij − Pn+ 12ij

∆τ

=
1

24
(−9LXXPn+ 16ij + 37LXXP

n+ 13
ij − 59LXXPn+ 12ij + 559LXXP

n+ 23
ij )

⇒



i = 0 : P
n+ 23
0j = f0j ,

j = 1 : (1 + 110D)P
n+ 23
1j − 55Pn+ 230j − 55Pn+ 232j = f1j ,

j = 2 : (1 + 110D)P
n+ 23
2j − 55Pn+ 231j − 55Pn+ 233j = f2j ,

j = n− 2 : (1 + 110D)Pn+ 23n−2j − 55Pn+
2
3

n−3j − 55Pn+
2
3

n−1j = fn−2j ,

j = n− 1 : (1 + 110D)Pn+ 23n−1j − 55Pn+
2
3

n−2j − 55Pn+
2
3

nj = fn−1j,

j = n : P
n+ 23
nj = fnj ,

fij n+ 1
2
n+ 1

3
n+ 1

6
D = s2∆τ

48h2
.

PXX =
Pi+1j − 2Pij − Pi−1j

h2
.

j = 0, 1, 2, . . . ,m

P
n+ 56
ij − Pn+ 23ij

∆τ
=
1

720
(251LrrP

n+ 16
ij − 1274LrrPn+ 13ij + 2616LrrP

n+ 12
ij

− 2774LrrPn+ 23ij + 1901LrrP
n+ 56
ij ).

j = 0, 1, 2, . . . ,m E =
∆τ
720k2

( 1
2
σ2 + 1

λ2
)





1 0 0 · · · · · · · · · 0
−1901E 1 + 3802E −1901E 0 · · · · · · 0
0 −1901E 1 + 3802E −1901E · · · · · · 0

0 0 · · · −1901E 1 + 3802E −1901E 0
0 0 · · · · · · −1901E 1 + 3802E −1901E
0 0 · · · · · · 0 0 1



×



P
n+ 56
i0

P
n+ 56
i1

P
n+ 56
i2

P
n+ 56
im−2
P
n+ 56
im−1
P
n+ 56
im


=



fi0
fi1
fi2

fim−2
fim−1
fim


(n+ 1)

Pn+1ij − Pn+ 56ij

∆τ
= ϕ = −(r + λ− 1)Pnij

⇒ Pn+1ij = −(r + λ− 1)∆τPnij + Pn+
5
6

ij .

Φ
r X t L(Φ) = 0

φ F (ϕ) = 0 v
r X t

L(v) (iη, j�, kh)
vi,j,k = v(iη, j�, hk) τi,j,k(v) = F (vi,j,k) − L(vi,j,k).

τi,j,k(v) → 0 η � h



ϕi,j,k+1 − ϕi,j,k
h

= (a− bXi − qs)
ϕi+1,j,k − ϕi,j,k

η
+ (α− βrj − qσ + 1

λ
)
ϕi,j+1,k − ϕi,j,k

�

+ ρσs
ϕi+1,j+1,k − ϕi+1,j,k − ϕi,j+1,k + 2ϕi,j,k − ϕi−1,j,k − ϕi,j−1,k + ϕi−1,j−1,k

η�

+
1

2
s2
ϕi+1,j,k − 2ϕi,j,k + ϕi−1,j,k

η2

+ (
1

2
σ2 +

1

λ2
)
ϕi,j+1,k − 2ϕi,j,k + ϕi,j−1,k

�2
− (rj + λ− 1)ϕi,j,k .

Xi = X0+iη rj = r0+j� A = a−bX0−qs B = α+ 1λ−βr0−qs
C = ρσs D = 1

2s
2 E = 1

2σ
2 + 1

λ2 F = r0 + λ − 1.

h2

2

∂2ϕ

∂t2
+
h2

6

∂3ϕ

∂t3
+ · · · =(A− bηi)η

2

∂2ϕ

∂X2
+ (B − β�j) �

2

∂2ϕ

∂r2
+ · · ·

+ (A− bηi)η
2

6

∂3ϕ

∂X3
+ (B − β�j)�

2

3

∂3ϕ

∂r3
+ · · · .

η = � = κh κ h τ

G |G| ≤ 1
G

G =
En+1k,l

Enk,l
.

Enk,l n

E0k,l

Enk,l = G
nE0k,l, E

0
k,l = e

ikxeily.

G ϕnk,l
Gneikxeily k, l n



ϕn+1k,l = G
n+1eikxeily = Gϕnk,l,

ϕnk+1,l = G
neik(x+∆x)eily = Gneik∆xeikxeily = ϕnk,le

ik∆x,

ϕnk,l+1 = G
neikxeil(y+∆y) = Gneikxeilyeil∆y = ϕnk,le

il∆y,

∆x ∆y

A A

G− 1
∆t

=A(
eik∆x − 1
∆x

+
eil∆y − 1
∆y

+
eik∆x − 2 + e−ik∆x

(∆x)2
+
eil∆y − 2 + e−il∆y

(∆y)2

+
ei(k∆x+l∆y) − eik∆x − eil∆y + 2 − e−ik∆x − e−il∆y + e−i(k∆x+l∆y)

∆x∆y
+ 1).

k∆x = l∆y = θ ∆t
∆x =

∆t
∆y = h

∆t
(∆x)2 =

∆t
(∆y)2 =

η G

G = 1 + A(−2h+ 2h cos θ − 2η(1− cos2θ) + ∆t) + 2Ah sin θi.

G2 |G|2 ≤ 1
∆x ∆y

h < η |G|2

|G|2 = (1 + A(−2η + 2η cos θ − 2η(1− cos2θ) + ∆t))2 + 4η2A2 sin2 θ.

1 + A(−2η + 2η cos θ − 2η(1− cos2θ) + ∆t) ≤ 2Aη cos θ, 4η2A2 ≤ 1.

∆t

∆x2
≤ min{ 1

2|A| ,
1

A(2−∆x2)},
∆t

∆y2
≤ min{ 1

2|A| ,
1

A(2−∆y2)}.

1
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K Max(X) : maximum value of 30
H Max(r) : maximum value of 30
q the market price of the risk 1
σ volatility 0.3
T Max(t) : maximum value of 0.5

a, b s constant 0.5, 0.5, and 0.25
λ intensity rate of Poisson process 0.1
ρ corr(W1,W2) 0.5
r interest rate 0.03



1
6

n =

0.3333, 0.5 0.66667



r =

0.03, 0.35, 0.55 0.9

n
t = 0.33333, 0.5, 0.66667

70, 110, 170, 220 270
r = 0.03, 0.35, 0.55, 0.9

∆x = ∆y = 1 ∆t = 1
4

0.6515, 0.4798, 0.3173, 0.0213 0
∆x = ∆y = 1

2 ∆t =
1
16 0.3173, 0.0030, 0.0009, 0.0006
0

τ



1
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