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Algebraic properties of the new polyconvolution
operator related to the Laplace, Fourier cosine

integral transforms and applications
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Abstract

This work is focused on investigating a new polyconvolution operator with the trigonomet-
ric weight function β(y1) = cos y1 associated with the Laplace and Fourier cosine integral
transforms. We give an explicit form of this operator, prove the corresponding factorization
identity, and establish some important algebraic properties of it, together with a Titchmarsh-
type theorem. Within this analytic setting, we obtain fundamental properties including L1-
boundedness, Young-type inequalities on mixed Lp spaces, and a norm inequality of Saitoh’s
type in the Lp(R+, qi) weight spaces. Applications demonstrate the operator’s effectiveness in
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solving some new classes of integral equations of Toeplitz plus Hankel-type and of polyconvo-
lution type, a system of equations of polyconvolution type, and an integro-differential equation
of Barbashin-type, yielding explicit closed-form solutions.

AMS subject classifications (2020): 44A35, 44A10, 42A38, 45E10

Keywords: Fourier cosine, Laplace integral transforms, Convolution, Generalized convolution,
polyconvolution, Integral equation, Integro-differential Barbashin equation.

1 Introduction

Research on convolutions and generalized convolutions for integral transforms has long played
a central role in both theoretical and applied mathematics and in technical fields [1, 3, 4, 5,
6, 7, 8, 9, 10, 12, 13, 16, 15, 23, 25, 28, 32, 30, 31, 36, 37, 27]. In 1997, with the idea of
enlarging the convolution operator, Kakichev [14] advanced a generalized definition related to
the polyconvolution operator for n+ 1 arbitrary integral transforms G,G1, G2, . . . , Gn with the
weight function β(y1) of functions g1, g2, . . . , gn for which the factorization identity holds:

G
[ β
∗ (g1, g2, . . . , gn)

]
(y1) = β(y1)(G1g1)(y1) · (G2g2)(y1) · · · (Gngn)(y1).

According to this idea, the polyconvolution operators related to the Fourier, Fourier cosine,
Fourier sine, Hartley, and other types of Fourier integral transforms have been presented [16,
18, 19, 20, 21, 22, 29]; see also the polyconvolution operator for the Fourier cosine and Laplace
integral transforms [35]. The generalized convolutions generated by the Fourier and Laplace
transforms have been studied in [30, 31]. Following these authors, we built and studied a new
polyconvolution operator with the weight function β(y1) = e−y1 for a triple of integral transforms,
the Laplace and Fourier cosine integral transforms [17]. In this direction, we build and study
a new polyconvolution operator with the trigonometric weight function related to the Fourier
cosine and Laplace integral transforms. Taking into account the above factorization equality, the
general definition related to the polyconvolution operator has the following form:

β
∗(g1, g2, . . . , gn)(x1) = G−1

[
β(·)(G1g1)(·)(G2g2)(·) · · · (Gngn)

]
(x1),

with G−1 being the inverse operator of the operator G. It is difficult to get an explicit form of a
polyconvolution operator when applied to concrete integral transforms. The essence of this work
is to introduce several interesting algebraic properties, to prove a Young-type theorem, some
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norm inequalities in Lp(R+) and a norm inequality of Saitoh’s type in the Lp(R+, qi) weight
spaces related to this polyconvolution operator, and apply this operator to several nonstandard
integral equations and systems of equations of polyconvolution type, obtaining solutions in closed
form. For such integral equations, a representation of the solution in closed form is an interesting
open problem [3, 23]. Finally, with the help of this operator in subsection 5.4, we study a class
of integro-differential equations of Barbashin’s type [2, 3]; this is a concrete model arising in
mathematical physics, radiation propagation and mathematical biology.

2 Preliminaries

In this section, we recall several known convolution and generalized convolution operators. The
convolution operator of functions f1, h1 in the space L1(R+) associated with the Laplace operator
is introduced in [25]:

(
f1 ∗

L
h1

)
(x1) =

1√
2π

∫ x1

0

f1(x1 − y1)h1(y1) dy1, x1 > 0, (1)

for which the following identity is satisfied:

L
(
f1 ∗

L
h1

)
(y1) = (Lf1)(y1)(Lh1)(y1), y1 > 0. (2)

The symbol L denotes the Laplace integral operator [25]

(Lf1)(y1) =

∫ ∞

0

f1(x1) e
−y1x1 dx1, y1 > 0.

The convolution operator of functions f1 and h1 in the space L1(R+) related to the Fourier
cosine operator is introduced in [25, 33]:

(
f1 ∗

Fc

h1

)
(x1) =

1√
2π

∫ ∞

0

f1(y1) [h1(x1 + y1) + h1(|x1 − y1|)] dy1, x1 > 0, (3)

with the identity

Fc

(
f1 ∗

Fc

h1

)
(y1) = (Fcf1)(y1)(Fch1)(y1), y1 > 0, (4)

where the Fourier cosine operator is defined by [25, 33]

(Fcf1)(y1) =

√
2

π

∫ ∞

0

f1(x1) cos(x1y1) dx1, y1 > 0.
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3 The polyconvolution operator with the trigonometric
weight function related to the Fourier cosine and Laplace
operators

In this section, we build the new polyconvolution operator with the trigonometric weight func-
tion β(y1) = cos y1 related to the Fourier cosine and Laplace operators. We also study some
operational properties of this operator.

Definition 1. The polyconvolution operator of functions f1, g1, h1 with the weight func-
tion β(y1) = cos y1 associated with the Fourier cosine and Laplace operators is denoted by
β
∗

Fc,L
(f1, g1, h1) and defined by

β
∗

Fc,L
(f1, g1, h1)(x1)

=
1

2π

∫ ∞

0

∫ ∞

0

∫ ∞

0

[
v1 + w1

(v1 + w1)2 + (u1 + x1 + 1)2
(5)

+
v1 + w1

(v1 + w1)2 + (u1 − x1 + 1)2
+

v1 + w1

(v1 + w1)2 + (u1 + x1 − 1)2

+
v1 + w1

(v1 + w1)2 + (u1 − x1 − 1)2

]
f1(u1) g1(v1)h1(w1) du1 dv1 dw1, x1 > 0.

Theorem 1. Assume that f1, g1, h1 are arbitrary functions in the space L1(R+). Then the
operator (5) belongs to the space L1(R+) and satisfies the following property:

Fc

[ β
∗

Fc,L
(f1, g1, h1)

]
(y1) = cos y1 (Fcf1)(y1)(Lg1)(y1)(Lh1)(y1), (6)

for all y1 > 0.

Furthermore, Fc

[ β
∗

Fc,L
(f1, g1, h1)

]
∈ C0(R+); here C0(R+) is the space of bounded continuous

functions vanishing at infinity. On the other hand, the L1-norm inequality of this polyconvolution
operator is as follows:

∥∥ β
∗

Fc,L
(f1, g1, h1)

∥∥
L1(R+)

≤ ∥f1∥L1(R+) · ∥g1∥L1(R+) · ∥h1∥L1(R+). (7)

Finally, when f1, g1, h1 ∈ L2(R+) ∩ L1(R+), the L2-inversion formula holds, the equality being
understood in the L2(R+)-sense:

β
∗

Fc,L
(f1, g1, h1)(x1) (8)
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=

√
2

π

∫ ∞

0

cos y1 (Fcf1)(y1)(Lg1)(y1)(Lh1)(y1) cos(x1y1) dy1.

Proof. Using the formula (5), the Tonelli theorem, and the Fubini theorem, we have

∥∥ β
∗

Fc,L
(f1, g1, h1)

∥∥
L1(R+)

=

∫ ∞

0

∣∣ β
∗

Fc,L
(f1, g1, h1)(x1)

∣∣ dx1

≤ 1

2π

∫ ∞

0

∫ ∞

0

∫ ∞

0

∫ ∞

0

∣∣∣∣ v1 + w1

(v1 + w1)2 + (u1 + x1 + 1)2

+
v1 + w1

(v1 + w1)2 + (u1 − x1 + 1)2
+

v1 + w1

(v1 + w1)2 + (u1 + x1 − 1)2

+
v1 + w1

(v1 + w1)2 + (u1 − x1 − 1)2

∣∣∣∣
× |f1(u1)| · |g1(v1)| · |h1(w1)| du1 dv1 dw1 dx1

=
1

2π

∫ ∞

0

∣∣∣∣ v1 + w1

(v1 + w1)2 + (u1 + x1 + 1)2
+

v1 + w1

(v1 + w1)2 + (u1 − x1 + 1)2

+
v1 + w1

(v1 + w1)2 + (u1 + x1 − 1)2
+

v1 + w1

(v1 + w1)2 + (u1 − x1 − 1)2

∣∣∣∣ dx1

·
∫ ∞

0

|f1(u1)| du1 ·
∫ ∞

0

|g1(v1)| dv1 ·
∫ ∞

0

|h1(w1)| dw1.

We consider

I1 =

∫ ∞

0

[
v1 + w1

(v1 + w1)2 + (u1 + x1 + 1)2
+

v1 + w1

(v1 + w1)2 + (u1 − x1 + 1)2

+
v1 + w1

(v1 + w1)2 + (u1 + x1 − 1)2
+

v1 + w1

(v1 + w1)2 + (u1 − x1 − 1)2

]
dx1.

Then I1 can be obtained by pairing the two translated Poisson-type kernels. Let a = v1+w1 > 0.
Then ∫ ∞

0

[
a

a2 + (u1 + x1 + 1)2
+

a

a2 + (u1 − x1 + 1)2

]
dx1 = π,

and the analogous pair involving u1±x1− 1 also has integral π. Hence the integral I1 of the full
nonnegative kernel with respect to x1 equals 2π.

So, ∥∥ β
∗

Fc,L
(f1, g1, h1)

∥∥
L1(R+)

≤ ∥f1∥L1(R+) · ∥g1∥L1(R+) · ∥h1∥L1(R+) < +∞.

Therefore, we have (7) and
β
∗

Fc,L
(f1, g1, h1) ∈ L1(R+).
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Alternatively, using (5) and the formula
∫∞
0

e−ax1 cos y1x1 dx1 =
a

a2 + y21
, a > 0 (see [11,

formula 2.13.5]), we get√
2

π

∫ ∞

0

[
cos y1 (Fcf1)(y1)(Lg1)(y1)(Lh1)(y1)

]
cos y1x1 dy1

=

√
2

π

∫ ∞

0

[
cos y1

√
2

π

∫ ∞

0

f1(u1) cos y1u1 du1

∫ ∞

0

g1(v1)e
−y1v1 dv1

×
∫ ∞

0

h1(w1)e
−y1w1 dw1

]
cos y1x1 dy1

=
2

π

∫ ∞

0

∫ ∞

0

∫ ∞

0

∫ ∞

0

cos y1 cos y1u1 cos y1x1 · e−y1(v1+w1)

× f1(u1) g1(v1)h1(w1) du1 dv1 dw1 dy1

=
1

2π

∫ ∞

0

∫ ∞

0

∫ ∞

0

∫ ∞

0

[
cos y1(u1 + x1 + 1) + cos y1(u1 + x1 − 1)

+ cos y1(u1 − x1 + 1) + cos y1(u1 − x1 − 1)
]
e−y1(v1+w1)

× f1(u1) · g1(v1) · h1(w1) du1 dv1 dw1 dy1

=
β
∗

Fc,L
(f1, g1, h1)(x1).

Thus, when f1, g1, h1 ∈ L2(R+) ∩ L1(R+) the L2-inversion formula (8) holds. Combining this
with

β
∗

Fc,L
(f1, g1, h1) ∈ L1(R+), applying the Fourier cosine integral transform to both sides of

(8), we obtain the factorization identity (6).
The Riemann–Lebesgue theorem in [26] states that if f1 ∈ L1(Rn), then (Ff1)(y1) → 0

as |y1| → +∞, and hence (Ff1) ∈ C0(Rn). This is still true for the Fourier cosine integral
transform Fc [33, 11]. So, Fc

[ β
∗

Fc,L
(f1, g1, h1)

]
belongs to C0(R+) by virtue of the Riemann–

Lebesgue theorem.

Proposition 1. Assume that f1, g1, l1, k1 ∈ L1(R+). Then, the polyconvolution (5) satisfies the
following equalities:

a)
β
∗

Fc,L
(f1, g1, l1) =

β
∗

Fc,L
(f1, l1, g1).

Furthermore, we denote by D the class of functions on R+ that are piecewise continuous and
satisfy an estimate: |f1(t)| ≤ Ceαt for some C > 0, α ∈ R. Hence, if f1, g1, l1, k1 ∈ L1(R+) ∩D,
we have the following equations:

b)
β
∗

Fc,L

[
f1,

(
g1 ∗

L
l1
)
, k1

]
=

β
∗

Fc,L

[
f1, g1,

(
l1 ∗

L
k1
)]
,

c)
β
∗

Fc,L

[
f1,

(
g1 ∗

L
l1
)
, k1

]
=

β
∗

Fc,L

[
f1, k1,

(
g1 ∗

L
l1
)]
.
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Proof. First, we prove a). Indeed, from the factorization equality (6), we obtain

Fc[
β
∗

Fc,L
(f1, g1, l1)](y1) = cos y1 (Fcf1)(y1)(Lg1)(y1)(Ll1)(y1)

= cos y1 (Fcf1)(y1)(Ll1)(y1)(Lg1)(y1)

= Fc[
β
∗

Fc,L
(f1, l1, g1)](y1).

Thus
β
∗

Fc,L
(f1, g1, l1) =

β
∗

Fc,L
(f1, l1, g1).

b) Using the factorization properties (2), (6), and g1, l1 ∈ D ∩ L1(R+), we can write

Fc

{ β
∗

Fc,L
[f1, (g1 ∗

L
l1), k1]

}
(y1) = cos y1 (Fcf1)(y1)L(g1 ∗

L
l1)(y1)(Lk1)(y1)

= cos y1 (Fcf1)(y1)(Lg1)(y1)(Ll1)(y1)(Lk1)(y1)

= cos y1 (Fcf1)(y1)(Lg1)(y1)L(l1 ∗
L
k1)(y1)

= Fc

{ β
∗

Fc,L
[f1, g1, (l1 ∗

L
k1)]

}
(y1), y1 > 0.

Thus,
β
∗

Fc,L

[
f1, (g1 ∗

L
l1), k1

]
=

β
∗

Fc,L

[
f1, g1, (l1 ∗

L
k1)

]
. Similarly, we can prove c).

Theorem 2 (Titchmarsh-type theorem). Suppose f1 ∈ L1(R+, e
αx1), α > 0 and g1, h1 ∈

L1(R+). If
β
∗

Fc,L
(f1, g1, h1)(x1) = 0, for all x1 > 0, then either f1(x1) = 0, for all x1 > 0

or g1(x1) = 0, for all x1 > 0 or h1(x1) = 0, for all x1 > 0.

Proof. Indeed, from the hypothesis
β
∗

Fc,L
(f1, g1, h1)(x1) = 0, for all x1 > 0 and the factorization

identity (6), we have

cos y1 (Fcf1)(y1)(Lg1)(y1)(Lh1)(y1) = 0, for all y1 > 0. (9)

On the other hand, we have∣∣∣∣ dndyn1

[
cos(x1y1) f1(x1)

]∣∣∣∣ = ∣∣∣∣f1(x1) · xn
1 · cos

(
x1y1 + n

π

2

)∣∣∣∣
≤

∣∣e−αx1 · xn
1

∣∣ · ∣∣eαx1 · f1(x1)
∣∣ ≤ n!

αn
·
∣∣eαx1 · f1(x1)

∣∣.
Here, we use the estimation

0 ≤ e−αx1 · xn
1 = e−αx1 · (αx1)

n

n!
· n!

αn
≤ e−αx1 · eαx1 · n!

αn
=

n!

αn
.
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Since f1 ∈ L1(R+, e
αx1) ⊂ L1(R+), we conclude that (Fcf1) is analytic in R+. Moreover,

(Lg1)(y1), (Lh1)(y1) are analytic in R+. Together with (9), it implies that either f1(x1) = 0,
for all x1 > 0, or g1(x1) = 0, for all x1 > 0, or h1(x1) = 0, for all x1 > 0.

4 Inequalities related to the polyconvolution operator

4.1 Norm inequality in Lp(R+, e
−αx1)

The standard norms are defined as follows:

∥f1∥L1(R+) =

∫ ∞

0

|f1(x1)| dx1;

∥f1∥L1(R+,q) =

∫ ∞

0

|f1(x1)|q(x1) dx1, q(x1) > 0, for all x1 > 0;

∥f1∥Lp(R+) =

[ ∫ ∞

0

|f1(x1)|p dx1

]1/p
;

∥f1∥Lp(R+,q) =

[ ∫ ∞

0

|f1(x1)|pq(x1) dx1

]1/p
, q(x1) > 0, for all x1 > 0.

In this subsection, we establish the norm inequalities for the polyconvolution (5) in Lp(R+, e
−αx1)

with 1 ≤ p ≤ ∞.

Theorem 3. Let f1 ∈ Lp(R+), g1 ∈ Lq(R+), h1 ∈ Lr(R+) be such that p, q, r > 1 and
1
p + 1

q + 1
r = 2. Then the polyconvolution (5) is bounded in Ls(R+, e

−αx1) when s > 1, α > 0

and the following inequality holds:

∥∥ β
∗

Fc,L
(f1, g1, h1)

∥∥
Ls(R+,e−αx1 )

≤ 1

α1/s
∥f1∥Lp(R+)∥g1∥Lq(R+)∥h1∥Lr(R+). (10)

Proof. From the proof of Theorem 1, we have the following inequality:

∣∣ β
∗

Fc,L
(f1, g1, h1)(x1)

∣∣ ≤ ∫ ∞

0

∫ ∞

0

∫ ∞

0

|f1(u1)||g1(v1)||h1(w1)| du1 dv1 dw1,

x1 ∈ R+.

Let p1, q1, r1 be the conjugate exponents of p, q, r and let
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M = |g1(v1)|
q
p1 · |h1(w1)|

r
p1 ,

N = |h1(w1)|
r
q1 · |f1(u1)|

p
q1 ,

P = |f1(u1)|
p
r1 · |g1(v1)|

q
r1 .

We see that MNP = |f1(u1)| · |g1(v1)| · |h1(w1)|.
Using Fubini’s theorem, we get

∥M∥p1

Lp1 (R
3
+)

=

∫ ∞

0

∫ ∞

0

{
|g1(v1)|q/p1 |h1(w1)|r/p1

}p1
dv1 dw1

=

∫ ∞

0

|g1(v1)|q
(∫ ∞

0

|h1(w1)|r dw1

)
dv1

=

∫ ∞

0

|g1(v1)|q ∥h1∥rLr(R+) dv1 = ∥g1∥qLq(R+)∥h1∥rLr(R+).

Similarly, we get

∥N∥q1
Lq1

(R3
+)

= ∥f1∥pLp(R+)∥h1∥rLr(R+); ∥P∥r1
Lr1

(R3
+)

= ∥f1∥pLp(R+)∥g1∥
q
Lq(R+). (11)

Since 1
p + 1

q + 1
r = 2, we have 1

p1
+ 1

q1
+ 1

r1
= 1. Using Hölder’s inequality and (11), we obtain

∣∣ β
∗

Fc,L
(f1, g1, h1)

∣∣ ≤ ∫ ∞

0

∫ ∞

0

∫ ∞

0

MNP du1 dv1 dw1

≤
(∫ ∞

0

∫ ∞

0

∫ ∞

0

Mp1 du1 dv1 dw1

)1/p1

×
(∫ ∞

0

∫ ∞

0

∫ ∞

0

Nq1 du1 dv1 dw1

)1/q1

×
(∫ ∞

0

∫ ∞

0

∫ ∞

0

P r1 du1 dv1 dw1

)1/r1

= ∥M∥Lp1
(R3

+)∥N∥Lq1
(R3

+)∥P∥Lr1
(R3

+)

=
(
∥g1∥q/p1

Lq(R+)∥h1∥r/p1

Lr(R+)

)(
∥f1∥p/q1Lp(R+)∥h1∥r/q1Lr(R+)

)
×
(
∥f1∥p/r1Lp(R+)∥g1∥

q/r1
Lq(R+)

)
= ∥f1∥Lp(R+)∥g1∥Lq(R+)∥h1∥Lr(R+).

Since
∫∞
0

e−αx1 dx1 = 1
α , α > 0, we have

∥∥ β
∗

Fc,L
(f1, g1, h1)

∥∥s
Ls(R+,e−αx1 )

=

∫ ∞

0

e−αx1
∣∣ β

∗
Fc,L

(f1, g1, h1)(x1)
∣∣s dx1
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≤
∫ ∞

0

e−αx1∥f1∥sLp(R+)∥g1∥
s
Lq(R+)∥h1∥sLr(R+) dx1

=
1

α
∥f1∥sLp(R+)∥g1∥

s
Lq(R+)∥h1∥sLr(R+).

So, we obtain

∥∥ β
∗

Fc,L
(f1, g1, h1)

∥∥
Ls(R+,e−αx1 )

≤ 1

α1/s
∥f1∥Lp(R+)∥g1∥Lq(R+)∥h1∥Lr(R+).

4.2 The Young-type theorem related to this operator

Theorem 4. Suppose that p, q, r,m > 1 satisfy the condition 1
p+

1
q +

1
r +

1
m = 3. If f1 ∈ Lp(R+),

g1 ∈ Lq(R+), h1 ∈ Lr(R+), k1 ∈ Lm(R+), then the following estimate holds:∣∣∣∣ ∫ ∞

0

[ β
∗

Fc,L
(f1, g1, h1)(x1) · k1(x1)

]
dx1

∣∣∣∣
≤ ∥f1∥Lp(R+) · ∥g1∥Lq(R+) · ∥h1∥Lr(R+) · ∥k1∥Lm(R+).

(12)

Proof. From (5) and the proof of Theorem 1, we have the estimate∣∣∣∣ ∫ ∞

0

[ β
∗

Fc,L
(f1, g1, h1)(x1) · k1(x1)

]
dx1

∣∣∣∣ (13)

≤
∫ ∞

0

∫ ∞

0

∫ ∞

0

∫ ∞

0

|f1(u1)| · |g1(v1)| · |h1(w1)| · |k1(x1)|dw1 dv1 du1 dx1.

Let p1, q1, r1,m1 be the conjugate exponents of p, q, r,m, respectively. Then

1

p
+

1

p1
=

1

q
+

1

q1
=

1

r
+

1

r1
=

1

m
+

1

m1
= 1.

From the condition 1
p + 1

q + 1
r + 1

m = 3, we obtain that



1

p1
+

1

q1
+

1

r1
+

1

m1
= 1,

p
( 1

q1
+

1

r1
+

1

m1

)
= q

( 1

p1
+

1

r1
+

1

m1

)
= r

( 1

p1
+

1

q1
+

1

m1

)
= m

( 1

p1
+

1

q1
+

1

r1

)
= 1.

(14)
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11 Algebraic properties of the new polyconvolution operator related to the Laplace ...

Putting

K1 = |g1(v1)|
q
p1 · |h1(w1)|

r
p1 · |k1(x1)|

m
p1 ,

K2 = |f1(u1)|
p
q1 · |h1(w1)|

r
q1 · |k1(x1)|

m
q1 ,

K3 = |k1(x1)|
m
r1 · |f1(u1)|

p
r1 · |g1(v1)|

q
r1 ,

K4 = |f1(u1)|
p

m1 · |g1(v1)|
q

m1 · |h1(w1)|
r

m1 .

From (14), we obtain

K1 ·K2 ·K3 ·K4 = |f1(u1)| · |g1(v1)| · |h1(w1)| · |k1(x1)|. (15)

From (15), we have ∣∣∣∣ ∫ ∞

0

[ β
∗

Fc,L
(f1, g1, h1)(x1) · k1(x1)

]
dx1

∣∣∣∣
≤

∫ ∞

0

∫ ∞

0

∫ ∞

0

∫ ∞

0

K1 ·K2 ·K3 ·K4 dx1 du1 dv1 dw1.

Since 1
p1

+ 1
q1

+ 1
r1

+ 1
m1

= 1, using Hölder’s inequality, we have the following estimate:

∣∣∣∣ ∫ ∞

0

[ β
∗

Fc,L
(f1, g1, h1)(x1) · k1(x1)

]
dx1

∣∣∣∣
≤

(∫ ∞

0

∫ ∞

0

∫ ∞

0

∫ ∞

0

|K1|p1 dx1 du1 dv1 dw1

) 1
p1

·
(∫ ∞

0

∫ ∞

0

∫ ∞

0

∫ ∞

0

|K2|q1 dx1 du1 dv1 dw1

) 1
q1

·
(∫ ∞

0

∫ ∞

0

∫ ∞

0

∫ ∞

0

|K3|r1 dx1 du1 dv1 dw1

) 1
r1

·
(∫ ∞

0

∫ ∞

0

∫ ∞

0

∫ ∞

0

|K4|m1 dx1 du1 dv1 dw1

) 1
m1

= ∥K1∥Lp1 (R
4
+) · ∥K2∥Lq1 (R

4
+) · ∥K3∥Lr1 (R

4
+) · ∥K4∥Lm1 (R

4
+). (16)

Furthermore, for g1 ∈ Lq(R+), h1 ∈ Lr(R+), k1 ∈ Lm(R+), along with the help of Fubini
theorem, we have
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Nguyen, Bui and Tran 12

∥K1∥p1

Lp1
(R4

+)
=

∫ ∞

0

∫ ∞

0

∫ ∞

0

|g1(v1)|q · |h1(w1)|r · |k1(x1)|m dv1 dw1 dx1

≤
∫ ∞

0

|g1(v1)|q dv1 ·
∫ ∞

0

|h1(w1)|r dw1 ·
∫ ∞

0

|k1(x1)|m dx1

= ∥g1∥qLq(R+) · ∥h1∥rLr(R+) · ∥k1∥
m
Lm(R+).

So, we have the norm estimate K1 as follows:

∥K1∥Lp1
(R4

+) ≤ ∥g1∥
q
p1

Lq(R+) · ∥h1∥
r
p1

Lr(R+) · ∥k1∥
m
p1

Lm(R+). (17)

Similarly, we get

∥K2∥Lq1
(R4

+) ≤ ∥h1∥
r
q1

Lr(R+) · ∥k1∥
m
q1

Lm(R+) · ∥f1∥
p
q1

Lp(R+), (18)

∥K3∥Lr1 (R
4
+) ≤ ∥k1∥

m
r1

Lm(R+) · ∥f1∥
p
r1

Lp(R+) · ∥g1∥
q
r1

Lq(R+), (19)

∥K4∥Lm1 (R
4
+) ≤ ∥f1∥

p
m1

Lp(R+) · ∥g1∥
q

m1

Lq(R+) · ∥h1∥
r

m1

Lr(R+). (20)

From (16)–(20), we obtain∣∣∣∣ ∫ ∞

0

[ β
∗

Fc,L
(f1, g1, h1)(x1) · k1(x1)

]
dx1

∣∣∣∣
≤ ∥f1∥Lp(R+) · ∥g1∥Lq(R+) · ∥h1∥Lr(R+) · ∥k1∥Lm(R+).

4.3 Norm inequality of Saitoh’s type in the Lp(R+, qi)

weight spaces

Saitoh [24] derived, on the whole line R, a weight Lp(R, |qi|) norm inequality related to the
Fourier convolution operator, which has the form∣∣∣(P1q1) ∗

F
(P2q2)(q1 ∗

F
q2)

1
p−1

∣∣∣ ≤ ∥P1∥Lp(R,|q1|)∥P2∥Lp(R,|q2|),

with p > 1, where qi are nonvanishing functions and Pi ∈ Lp(R, |qi|), for all i = 1, 2; see also
[7] for new convolutions and the corresponding norm inequalities. Here, the norm of Pi in the
weight space Lp(R, |qi|) is understood as

Iran. J. Numer. Anal. Optim., Vol. ??, No. ??, ??, pp ??



13 Algebraic properties of the new polyconvolution operator related to the Laplace ...

∥Pi∥Lp(R,|qi|) =

[ ∫ +∞

−∞
|Pi(x1)|p|qi(x1)| dx1

] 1
p

, i = 1, 2.

In this section, we develop the analogue of this inequality on the half-line R+, for the poly-
convolution operator (5); accordingly, all the spaces below are weight spaces Lp(R+, qi) over
R+.

Theorem 5. Suppose that q1, q2, q3 are nonvanishing positive functions such that the poly-
convolution operator

β
∗

Fc,L
(q1, q2, q3) is well-defined. For any Pi ∈ Lp(R+, qi), with p > 1, the

following Lp(R+, qi) weight inequality holds:∥∥∥ β
∗

Fc,L
(P1q1, P2q2, P3q3)

β
∗

Fc,L
(q1, q2, q3)

1
p−1

∥∥∥p
Lp(R+)

≤ ∥P1∥pLp(R+,q1)
∥P2∥pLp(R+,q2)

∥P3∥pLp(R+,q3)
.

(21)

Proof. From Definition 1, we have∥∥∥ β
∗

Fc,L
(P1q1, P2q2, P3q3)

β
∗

Fc,L
(q1, q2, q3)

1
p−1

∥∥∥p
Lp(R+)

=

∫ ∞

0

∣∣ β
∗

Fc,L
(P1q1, P2q2, P3q3)(x1)

∣∣p∣∣ β
∗

Fc,L
(q1, q2, q3)(x1)

∣∣1−p
dx1

=
1

2π

∫ ∞

0

{∣∣∣∣ ∫ ∞

0

∫ ∞

0

∫ ∞

0

[
v1 + w1

(v1 + w1)2 + (u1 + x1 + 1)2
+

v1 + w1

(v1 + w1)2 + (u1 − x1 + 1)2

+
v1 + w1

(v1 + w1)2 + (u1 + x1 − 1)2
+

v1 + w1

(v1 + w1)2 + (u1 − x1 − 1)2

]
× (P1q1)(u1)(P2q2)(v1)× (P3q3)(w1) du1 dv1 dw1

∣∣∣∣p
×
∣∣∣∣ ∫ ∞

0

∫ ∞

0

∫ ∞

0

[
v1 + w1

(v1 + w1)2 + (u1 + x1 + 1)2
+

v1 + w1

(v1 + w1)2 + (u1 − x1 + 1)2

+
v1 + w1

(v1 + w1)2 + (u1 + x1 − 1)2
+

v1 + w1

(v1 + w1)2 + (u1 − x1 − 1)2

]
× q1(u1)q2(v1)q3(w1) du1 dv1 dw1

∣∣∣∣1−p}
dx1.

(22)

Alternatively, using Hölder’s inequality with q the conjugate exponent of p, we get∣∣∣∣ ∫ ∞

0

∫ ∞

0

∫ ∞

0

[ v1 + w1

(v1 + w1)2 + (u1 + x1 + 1)2
+

v1 + w1

(v1 + w1)2 + (u1 − x1 + 1)2
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+
v1 + w1

(v1 + w1)2 + (u1 + x1 − 1)2
+

v1 + w1

(v1 + w1)2 + (u1 − x1 − 1)2

]
× (P1q1)(u1)(P2q2)(v1)(P3q3)(w1) du1 dv1 dw1

∣∣∣∣
≤

{∫ ∞

0

∫ ∞

0

∫ ∞

0

∣∣
v1 + w1

(v1 + w1)2 + (u1 + x1 + 1)2
+

v1 + w1

(v1 + w1)2 + (u1 − x1 + 1)2

+
v1 + w1

(v1 + w1)2 + (u1 + x1 − 1)2
+

v1 + w1

(v1 + w1)2 + (u1 − x1 − 1)2
∣∣

× |P1(u1)|pq1(u1)

× |P2(v1)|pq2(v1)|P3(w1)|pq3(w1) du1 dv1 dw1

} 1
p

×
{∫ ∞

0

∫ ∞

0

∫ ∞

0

∣∣
v1 + w1

(v1 + w1)2 + (u1 + x1 + 1)2
+

v1 + w1

(v1 + w1)2 + (u1 − x1 + 1)2

+
v1 + w1

(v1 + w1)2 + (u1 + x1 − 1)2
+

v1 + w1

(v1 + w1)2 + (u1 − x1 − 1)2
∣∣

× q1(u1)q2(v1)q3(w1) du1 dv1 dw1

} 1
q

. (23)

From (22) and (23), we obtain∥∥∥ β
∗

Fc,L
(P1q1, P2q2, P3q3)

β
∗

Fc,L
(q1, q2, q3)

1
p−1

∥∥∥p
Lp(R+)

≤ 1

2π

∫ ∞

0

{[∫ ∞

0

∫ ∞

0

∫ ∞

0

∣∣
v1 + w1

(v1 + w1)2 + (u1 + x1 + 1)2
+

v1 + w1

(v1 + w1)2 + (u1 − x1 + 1)2

+
v1 + w1

(v1 + w1)2 + (u1 + x1 − 1)2
+

v1 + w1

(v1 + w1)2 + (u1 − x1 − 1)2
∣∣

× |P1(u1)|pq1(u1)

× |P2(v1)|pq2(v1)|P3(w1)|pq3(w1) du1 dv1 dw1

]
×
[ ∫ ∞

0

∫ ∞

0

∫ ∞

0

∣∣
v1 + w1

(v1 + w1)2 + (u1 + x1 + 1)2
+

v1 + w1

(v1 + w1)2 + (u1 − x1 + 1)2

+
v1 + w1

(v1 + w1)2 + (u1 + x1 − 1)2
+

v1 + w1

(v1 + w1)2 + (u1 − x1 − 1)2
∣∣
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15 Algebraic properties of the new polyconvolution operator related to the Laplace ...

× q1(u1)q2(v1)q3(w1) du1 dv1 dw1

] p
q
}

×
[ ∫ ∞

0

∫ ∞

0

∫ ∞

0

∣∣
v1 + w1

(v1 + w1)2 + (u1 + x1 + 1)2
+

v1 + w1

(v1 + w1)2 + (u1 − x1 + 1)2

+
v1 + w1

(v1 + w1)2 + (u1 + x1 − 1)2
+

v1 + w1

(v1 + w1)2 + (u1 − x1 − 1)2
∣∣

× q1(u1)q2(v1)q3(w1) du1 dv1 dw1

]1−p

dx1.

Since 1
p + 1

q = 1, we have p
q + 1− p = 0. Therefore, we have

∥∥∥ β
∗

Fc,L
(P1q1, P2q2, P3q3)

β
∗

Fc,L
(q1, q2, q3)

1
p−1

∥∥∥p
Lp(R+)

≤ 1

2π

∫ ∞

0

∫ ∞

0

∫ ∞

0

∫ ∞

0

∣∣
v1 + w1

(v1 + w1)2 + (u1 + x1 + 1)2
+

v1 + w1

(v1 + w1)2 + (u1 − x1 + 1)2

+
v1 + w1

(v1 + w1)2 + (u1 + x1 − 1)2
+

v1 + w1

(v1 + w1)2 + (u1 − x1 − 1)2
∣∣

× |P1(u1)|pq1(u1)|P2(v1)|pq2(v1)|P3(w1)|pq3(w1) du1 dv1 dw1 dx1.

From the supposition Pi ∈ Lp(R+, qi), i = 1, 2, 3, using Fubini’s theorem, we get∥∥∥ β
∗

Fc,L
(P1q1, P2q2, P3q3)

β
∗

Fc,L
(q1, q2, q3)

1
p−1

∥∥∥p
Lp(R+)

≤ 1

2π

[ ∫ ∞

0

∫ ∞

0

∫ ∞

0

∫ ∞

0

∣∣
v1 + w1

(v1 + w1)2 + (u1 + x1 + 1)2
+

v1 + w1

(v1 + w1)2 + (u1 − x1 + 1)2

+
v1 + w1

(v1 + w1)2 + (u1 + x1 − 1)2
+

v1 + w1

(v1 + w1)2 + (u1 − x1 − 1)2
∣∣dx1

]
×
[ ∫ ∞

0

|P1(u1)|pq1(u1) du1

]
×
[ ∫ ∞

0

|P2(v1)|pq2(v1) dv1
][ ∫ ∞

0

|P3(w1)|pq3(w1) dw1

]
= ∥P1∥pLp(R+,q1)

∥P2∥pLp(R+,q2)
∥P3∥pLp(R+,q3)

.

Iran. J. Numer. Anal. Optim., Vol. ??, No. ??, ??, pp ??



Nguyen, Bui and Tran 16

5 Applications to solving integral equations, systems of
integral equations and an integro-differential equation of
Barbashin-type

In this section, we recall the Wiener–Lévy theorem: If f is the Fourier integral transform of a
function in L(R), Φ(u) is an analytic function on the value region of f and Φ(0) = 0. Then
Φ[f(x)] is the Fourier integral transform of a function in L(R).

Remark 1. The Wiener–Lévy theorem also holds when f is the Fourier cosine integral transform
of a function in L(R+).

We unitize the Banach algebra in which expressions of the form

Fcg

1 + Fcg

are represented as Fourier-cosine transforms of L1-functions.

5.1 On the Toeplitz plus Hankel-type integral equation

In this section, we consider the Toeplitz plus Hankel-type integral equation [34]

f1(x1) +

∫ M

0

[m1(x1 + y1) +m2(x1 − y1)]f1(y1) dy1 = g1(x1),

0 ≤ x1, y1 ≤ M, (24)

where g1 is a given function, f1 is an unknown function, and m1(x1 + y1) +m2(x1 − y1) is the
Toeplitz plus Hankel-type kernel. Equation (24) has practical applications in many fields such as
scattering theory, fluid dynamics, linear filtering theory, problems in radiative wave transmission,
and so on. However, up to now, a closed-form solution of (24) for the general case remains an
open problem. Therefore, with the help of (5), we study a class of Toeplitz plus Hankel-type
integral equations related to this polyconvolution operator.

We consider the following integral equation:

f1(x1) +
1√
2π

∫ ∞

0

f1(v1)[g1(x1 + v1) + g1(|x1 − v1|)] dv1

=
1

2π

∫ ∞

0

∫ ∞

0

∫ ∞

0

[
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17 Algebraic properties of the new polyconvolution operator related to the Laplace ...

v1 + w1

(v1 + w1)2 + (u1 + x1 + 1)2
+

v1 + w1

(v1 + w1)2 + (u1 − x1 + 1)2

+
v1 + w1

(v1 + w1)2 + (u1 + x1 − 1)2
+

v1 + w1

(v1 + w1)2 + (u1 − x1 − 1)2

]
× h1(u1)k1(v1)l1(w1) du1 dv1 dw1, x1 > 0, (25)

where g1, h1, k1, l1 are functions in L1(R+) and f1(x1) is an unknown function in L1(R+).

Theorem 6. Assume that 1 + (Fcg1)(y1) ̸= 0, for all y1 > 0. Then the integral equation (25)
has a unique solution in L1(R+) in the form

f1(x1) =
β
∗

Fc,L
(h1, k1, l1)(x1)−

β
∗

Fc,L

{
(h1 ∗

Fc

p1), k1, l1
}
(x1),

where p1 ∈ L1(R+) is defined by

(Fcp1)(y1) =
(Fcg1)(y1)

1 + (Fcg1)(y1)
.

Proof. Using (3) and (5), equation (25) can be rewritten in the form

f1(x1) + (f1 ∗
Fc

g1) =
[ β

∗
Fc,L

(h1, k1, l1)
]
(x1).

Because f1, g1,
β
∗

Fc,L
(h1, k1, l1)(x1) and (f1 ∗

Fc

g1) are functions in L1(R+), one can apply the
factorization properties (4) and (6) to get

(Fcf1)(y1) + (Fcf1)(y1)(Fcg1)(y1) = cos y1 (Fch1)(y1)(Lk1)(y1)(Ll1)(y1).

So
(Fcf1)(y1)[1 + (Fcg1)(y1)] = cos y1 (Fch1)(y1)(Lk1)(y1)(Ll1)(y1).

From the condition 1 + (Fcg1)(y1) ̸= 0, for all y1 > 0, we have

(Fcf1)(y1) = cos y1 (Fch1)(y1)(Lk1)(y1)(Ll1)(y1)

[
1− (Fcg1)(y1)

1 + (Fcg1)(y1)

]
.

Due to the Wiener–Lévy theorem [1], there exists a function p1 ∈ L1(R+) such that

(Fcp1)(y1) =
(Fcg1)(y1)

1 + (Fcg1)(y1)
.

Therefore, from (4) and (6), we get
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(Fcf1)(y1) = Fc

[ β
∗

Fc,L
(h1, k1, l1)

]
(y1)− Fc

[ β
∗

Fc,L

{
(h1 ∗

Fc

p1), k1, l1
}]

(y1).

Thus
f1(x1) =

β
∗

Fc,L
(h1, k1, l1)(x1)−

β
∗

Fc,L

{
(h1 ∗

Fc

p1), k1, l1
}
(x1) ∈ L1(R+).

5.2 The integral equation of polyconvolution type

We consider the following integral equation:

f1(x1) +
1

2π

∫ ∞

0

∫ ∞

0

∫ ∞

0

[
v1 + w1

(v1 + w1)2 + (u1 + x1 + 1)2
+

v1 + w1

(v1 + w1)2 + (u1 − x1 + 1)2

+
v1 + w1

(v1 + w1)2 + (u1 + x1 − 1)2
+

v1 + w1

(v1 + w1)2 + (u1 − x1 − 1)2

]
× f1(u1)g1(v1)h1(w1) du1 dv1 dw1 = p1(x1), x1 > 0, (26)

where g1, h1, p1 are functions in L1(R+) and f1(x1) is an unknown function in L1(R+).

Theorem 7. Assume that 1 + cos y1 (Lg1)(y1)(Lh1)(y1) ̸= 0, for all y1 > 0. Then the integral
equation (26) has a unique solution in L1(R+) in the form

f1(x1) = p1(x1)−
(
p1 ∗

Fc

q1

)
(x1),

where q1(x1) ∈ L1(R+) is defined by

(Fcq1)(y1) =

Fc

(
g1

β
∗

Fc,L
h1

)
(y1)

1 + Fc

(
g1

β
∗

Fc,L
h1

)
(y1)

.

Proof. Using (5), equation (26) can be rewritten in the following form:

f1(x1) +
[ β

∗
Fc,L

(f1, g1, h1)
]
(x1) = p1(x1).

Because f1,
β
∗

Fc,L
(f1, g1, h1) and p1 are functions in L1(R+), applying the Fourier cosine integral

transform, we obtain
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19 Algebraic properties of the new polyconvolution operator related to the Laplace ...

(Fcf1)(y1) + cos y1 (Fcf1)(y1)(Lg1)(y1)(Lh1)(y1) = (Fcp1)(y1).

Under the condition 1 + cos y1 (Lg1)(y1)(Lh1)(y1) ̸= 0, for all y1 > 0, we have

(Fcf1)(y1) = (Fcp1)(y1)

[
1− cos y1 (Lg1)(y1)(Lh1)(y1)

1 + cos y1 (Lg1)(y1)(Lh1)(y1)

]
.

The generalized convolution operator with the weight function β(y1) = cos y1 for two functions
g1, h1 is denoted by

(
g1

β
∗

Fc,L
h1

)
(x1) and defined by

(
g1

β
∗

Fc,L
h1

)
(x1) =

1√
2π

∫ ∞

0

∫ ∞

0

[
u1 + v1

(u1 + v1)2 + (x1 + 1)2

+
u1 + v1

(u1 + v1)2 + (x1 − 1)2

]
g1(u1)h1(v1) du1 dv1.

We prove that if g1, h1 are arbitrary functions in L1(R+), then
(
g1

β
∗

Fc,L
h1

)
(x1) belongs to L1(R+)

and satisfies the factorization property

Fc

(
g1

β
∗

Fc,L
h1

)
(y1) = cos y1 (Lg1)(y1)(Lh1)(y1), for all y1 > 0.

Therefore, we have

(Fcf1)(y1) = (Fcp1)(y1)

[
1−

Fc

(
g1

β
∗

Fc,L
h1

)
(y1)

1 + Fc

(
g1

β
∗

Fc,L
h1

)
(y1)

]
.

Due to the Wiener–Lévy theorem [1], there exists a function q1 ∈ L1(R+) such that

(Fcq1)(y1) =

Fc

(
g1

β
∗

Fc,L
h1

)
(y1)

1 + Fc

(
g1

β
∗

Fc,L
h1

)
(y1)

.

Therefore, from (4), we get

(Fcf1)(y1) = (Fcp1)(y1)− Fc

(
p1 ∗

Fc

q1

)
(y1).

Therefore
f1(x1) = p1(x1)−

(
p1 ∗

Fc

q1

)
(x1) ∈ L1(R+).
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5.3 The system of integral equations of polyconvolution-
type

Consider the system of integral equations

f1(x1)−
1

2π

∫ ∞

0

∫ ∞

0

∫ ∞

0

g1(u1)l1(v1)h1(w1)

×
[ v1 + w1

(v1 + w1)2 + (u1 + x1 + 1)2
+

v1 + w1

(v1 + w1)2 + (u1 − x1 + 1)2

+
v1 + w1

(v1 + w1)2 + (u1 + x1 − 1)2
+

v1 + w1

(v1 + w1)2 + (u1 − x1 − 1)2

]
du1 dv1 dw1 = p1(x1),

1√
2π

∫ ∞

0

f1(u1)[r1(u1 + x1) + r1(|u1 − x1|)] du1

+ g1(x1) = q1(x1), x1 > 0, (27)

where l1, h1, r1, p1, q1 are functions in L1(R+) and f1, g1 are unknown functions.

Theorem 8. If the following condition is satisfied:

1 + Fc

[ β
∗

Fc,L
(r1, l1, h1)

]
(y1) ̸= 0, for all y1 > 0,

then system (27) has a unique solution in L1(R+) given by

f1(x1) = p1(x1)−
[ β

∗
Fc,L

(q1, l1, h1)
]
(x1)−

(
p1 ∗

Fc

k1
)
(x1)

+
{[ β

∗
Fc,L

(q1, l1, h1)
]
∗
Fc

k1

}
(x1);

g1(x1) = q1(x1)−
(
r1 ∗

Fc

p1
)
(x1)−

(
q1 ∗

Fc

k1
)
(x1)

+
[
(r1 ∗

Fc

p1) ∗
Fc

k1
]
(x1),

where k1(x1) ∈ L1(R+) is defined by

(Fck1)(y1) =

Fc

[ β
∗

Fc,L
(r1, l1, h1)

]
(y1)

1 + Fc

[ β
∗

Fc,L
(r1, l1, h1)

]
(y1)

.

Proof. Using Definition 1 and (3), system (27) can be rewritten in the form
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f1(x1)−

[ β
∗

Fc,L
(g1, l1, h1)

]
(x1) = p1(x1),(

f1 ∗
Fc

r1
)
(x1) + g1(x1) = q1(x1).

Applying the Fourier cosine integral transform to the system, we have

(Fcf1)(y1)− cos y1 (Fcg1)(y1)(Ll1)(y1)(Lh1)(y1) = (Fcp1)(y1),

(Fcf1)(y1)(Fcr1)(y1) + (Fcg1)(y1) = (Fcq1)(y1).

The reciprocal of the determinant of this linear algebraic system has the form

1

∆
= 1−

Fc

[ β
∗

Fc,L
(r1, l1, h1)

]
(y1)

1 + Fc

[ β
∗

Fc,L
(r1, l1, h1)

]
(y1)

.

Furthermore, according to the Wiener–Lévy theorem [1], there exists a function k1 ∈ L1(R+)

such that

(Fck1)(y1) =

Fc

[ β
∗

Fc,L
(r1, l1, h1)

]
(y1)

1 + Fc

[ β
∗

Fc,L
(r1, l1, h1)

]
(y1)

.

Hence
1

∆
= 1− (Fck1)(y1).

Therefore, using the factorization properties (4) and (6), we get

(Fcf1)(y1) = (Fcp1)(y1)− Fc

[ β
∗

Fc,L
(q1, l1, h1)

]
(y1)− Fc

(
p1 ∗

Fc

k1
)
(y1)

+ Fc

{[ β
∗

Fc,L
(q1, l1, h1)

]
∗
Fc

k1

}
(y1);

(Fcg1)(y1) = (Fcq1)(y1)− Fc

(
r1 ∗

Fc

p1
)
(y1)− Fc

(
q1 ∗

Fc

k1
)
(y1)

+ Fc

[
(r1 ∗

Fc

p1) ∗
Fc

k1
]
(y1).

It follows that
f1(x1) = p1(x1)−

[ β
∗

Fc,L
(q1, l1, h1)

]
(x1)−

(
p1 ∗

Fc

k1
)
(x1)

+
{[ β

∗
Fc,L

(q1, l1, h1)
]
∗
Fc

k1

}
(x1) ∈ L1(R+);

g1(x1) = q1(x1)−
(
r1 ∗

Fc

p1
)
(x1)−

(
q1 ∗

Fc

k1
)
(x1)

+
[
(r1 ∗

Fc

p1) ∗
Fc

k1
]
(x1) ∈ L1(R+).
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5.4 On the integro-differential equation of Barbashin-type

The Barbashin integro-differential equation has applications in many fields such as mathematical
physics, radiation propagation, and mathematical biology; see, for example, [2, 3]. The general
form of Barbashin’s equation is

∂f1(x1, y1)

∂x1
= θ(x1, y1)f1(x1, y1) +

∫ b

a

K(x1, y1, t1)f1(x1, t1) dt1 + η(x1, y1),

where θ, η : I × [a, b] → R are given functions, K : I × [a, b]2 → R is the kernel, and I is a
closed set in R (see [2, 3]). In this subsection, we study the integro-differential equation of
Barbashin-type

f1(x1) +
(
1− d2

dx2
1

)[ β
∗

Fc,L
(f1, g1, h1)

]
(x1) = q1(x1), (28)

where g1, h1, q1 are given functions and f1 is an unknown function.

Theorem 9. Suppose that g1, h1, q1 belong to L2(R+) and are given functions satisfying the
condition: 1 + (1 + y21) cos y1 (Lg1)(y1)(Lh1)(y1) ̸= 0;

(Fcq1)(y1)

1 + (1 + y21) cos y1 (Lg1)(y1)(Lh1)(y1)
∈ L2(R+), y1 > 0, (29)

and x1 ·
[ β

∗
Fc,L

(f1, g1, h1)
]
(x1), x2

1 ·
[ β

∗
Fc,L

(f1, g1, h1)
]
(x1) ∈ L2(R+), then (28) has a unique solution

in L2(R+) which can be presented in the form

f1(x1) =

√
2

π

∫ ∞

0

(Fcq1)(y1) cos(x1y1)

1 + (1 + y21) cos y1 (Lg1)(y1)(Lh1)(y1)
dy1, x1 ∈ R+.

Proof. Applying the Fourier cosine integral transform to (28) and the factorization identity (6),
and using the hypothesis that x1 ·

[ β
∗

Fc,L
(f1, g1, h1)

]
(x1), x2

1 ·
[ β

∗
Fc,L

(f1, g1, h1)
]
(x1) belong to

L2(R+), we get

(Fcf1)(y1) + (1 + y21) cos y1 (Fcf1)(y1)(Lg1)(y1)(Lh1)(y1) = (Fcq1)(y1).

From the condition (29), we get
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(Fcf1)(y1) =
1

1 + (1 + y21) cos y1 (Lg1)(y1)(Lh1)(y1)
(Fcq1)(y1).

Using the inverse transform in L2(R+), we get the solution of (28) in L2(R+) and express it as
follows:

f1(x1) =

√
2

π

∫ ∞

0

(Fcq1)(y1) cos(x1y1)

1 + (1 + y21) cos y1 (Lg1)(y1)(Lh1)(y1)
dy1, x1 ∈ R+.
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