Iranian Journal of Numerical Analysis and Optimization
Vol. 72, No. 22, 72, pp 77

https://doi.org/?? ~

https://ijnao.um.ac.ir/

Research Article a
BY NC

Mathematical modeling and optimal control of

hepatitis B virus dynamics

L. El Houari*, M. Elkaf and J. Danane
Abstract

In this study, we examine the dynamics of Hepatitis B Virus, formulated through a system of
four differential equations that describe the interactions between healthy hepatocytes, infected
hepatocytes, capsids, and HBV. To establish the well-posedness of the proposed model, we
prove the positivity and boundedness of solutions under two control strategies. Then, we
give some numerical results confirming that control strategies play a crucial role in reducing
viral load, leading to improved disease management and prevention of complications such as
liver damage. The overall findings emphasize the importance of intervention in maintaining

biological balance and enhancing health outcomes.
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1 Introduction

The hepatitis B virus (HBV) is a pathogen known to cause serious liver disease by infecting
healthy hepatocytes. This condition is highly contagious and can spread through contact with
infected bodily fluids [7, 16]. Due to its ease of transmission, HBV infection represents a major
global health concern. According to estimates from the World Health Organization (WHO),
hepatitis B and C lead to approximately one million deaths annually, with around three million
new infections reported each year [19, 20].

To gain a deeper understanding of the dynamics behind hepatitis B viral infection, numerous
mathematical models have been developed, introducing the capsid as an element in the dynamics
of HBV disease to show that optimized drug treatments can reduce viral load and increase healthy
cells [9, 8, 14]. These models aim to study and predict the virus’s behavior and progression. It is
well known that infected liver cells release HBV DNA-containing capsids in the form of mature
viruses [17, 12, 11]. A significant body of research has focused on optimizing the control of HBV
infection by targeting these capsids [6, 13], showing that optimal therapy effectively controls viral
replication and improves treatment outcomes. Furthermore, other studies have explored this
infection through different mathematical frameworks, including fractional differential equations
(FDEs) [18, 1, 2, 5], ordinary differential equations (ODEs) [17, 6, 11], and partial differential
equations (PDEs) [4, 10].

More recent investigations [16, 9, 14] have incorporated the capsid parameter into their
models, examining aspects such as stability and optimal control strategies. These numerous
contributions highlight the crucial role that mathematical modeling plays in enhancing our un-
derstanding of the HBV infection process.

Based on a comprehensive review and critical analysis of previous research [11, 15], we
propose the following model that consists of four variables describing the dynamics of HBV

infection. The problem is formulated as a nonlinear differential system:

dH kiHV

=s—puH —

dt H+I

4 = k55 — o1, Q)
42 =al — (B+9)D,

‘fi—‘t/ =D —uV.
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Mathematical modeling and optimal control of hepatitis B virus dynamics

The variables of our model are as follows:
o (H) Healthy hepatocyte cells,
o (I) Infected cells,
e (D) Capsids,
o (V) Hepatitis B virus.
They vary as follows:

o The hepatocytes (H) are produced at a rate of s and die at a rate of p. These healthy

cells become infected by the virus at a rate of k%, where k is the infection rate.
o The infected cells (I) arise from the infection of healthy hepatocytes at a rate of k%

and naturally die at a rate of 4.

e The capsids (D) are produced at a rate of a, transmitted to the blood at a rate of 3, and

decay at a rate of §.

e The virus (V) grows in the bloodstream at a rate of 8 due to DNA-containing capsids

and decays at a rate of u.

The parameters of model (1), along with their corresponding units and values, are grouped in
Table 1.
To provide clearer insight into this formulation of HBV infection dynamics, we present Figure

1, which illustrates the viral progression and models the various interactions among the variables.

HV
. ’ ‘ - ‘
0D cV

uH ol

Figure 1: A graphical diagram illustrating the dynamics of HBV.
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However, certain therapies or drugs can reduce HBV infection, highlighting the importance
of studying the impact of optimal therapeutic control on HBV viral dynamics. For this purpose,
we denote o and as as the efficacy rates of drugs or therapies 1 and 2, respectively. Thus, the
model becomes
%:s—uH—k(l—al)%,

AL — k(1 — )Y — 61,

dt H+T (2)
dD

G =a(l —ax)l — (B+6)D,

% = 6D —uV.

Remark 1. The efficacy values of drugs or therapies range between 0 and 1.

The manuscript is organized into several sections. In Section 2, we focus on the stability
criterion of the model. Section 3 addresses the model’s optimization analysis as previously
employed in [3]. In Section 4, we develop a numerical algorithm and present several numerical
simulations. Finally, we summarize our findings and discuss future perspectives in the conclusion

Section 5.

2 Optimization criterion

In the present section, we analyze the well-posedness of the HBV dynamics model by ensuring
the positivity and boundedness of solutions, thereby preserving the biological relevance of the
infection model. We also determine the disease’s steady states and then examine the threshold

for effective therapy.

2.1 Positivity and boundedness

We assume that the initial conditions of the solutions are positive to maintain biological relevance.

In this subsection, we show the well-posedness of the solution to model (2).
Theorem 1. The solutions of the given problem in (2) are bounded and nonnegative.

Proof. Indeed, for (H(t),I(t),D(t),V(t)) € R, we have
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W‘H:O =520,
d =k —a)V >0,

Therefore, all solutions initiating in Ri are positive, which shows the nonnegativity of the
solution.

To demonstrate that the solutions remain bounded, we obtain the following inequalities from
the equations of model (2):

G+ uH <s,

% +p1(H+1TI)<s, wherewe setp; =min(y,d),

4D 1 (B +6)D < a(l — an)I,

¥ +uV < BD.

Thus

_ 8\ —nut s
Hg(HO #)efurw
H+1< (HotIo— 2 ) et + 2.

We deduce the boundedness of H. Since H is bounded, I is also bounded.

Thus

D < Dge~ B+t 1 fot a(l — ap)Te= B+ g

Since [ is bounded, D is also bounded.

Thus

V < Voe " + [ BDe~ (=) d(.

Since D is bounded, V is also bounded. O

2.2 Steady states

Before examining the stability of the viral dynamics, we must calculate the basic reproduction
number (BRN). This value represents the average number of new cases generated by a single
infected cell. Mathematically, it is defined as the spectral radius of the next-generation matrix.

Using the dominant eigenvalue, we obtain the following calculation results, allowing us to

express Ry as follows:
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k(1 —a1)(1 — ag)ap
du(B +9)

We seek to determine all possible equilibrium points. Simple calculations show that there

Ry =

is one disease-free equilibrium F f(i, 0,0,0). Furthermore, we can find an endemic steady state
E.(H.,1.,D.,V.) when

H. = 5(3051)+w
I = s(Ro—1)
€7 (Ro—1)+p’

D. = a(l—asz)s(Ro—1)
€ (B+0)(6(Ro—1)+p)’

V. = Ba(l—az)s(Ro—1)
€ uw(B+8)(0(Ro—1)+p)"

Remark 2. We observe that the endemic equilibrium point exists when Ry is greater than one.

Theorem 2. The disease-free equilibrium point Ey is locally stable when Ry < 1.

The endemic equilibrium point E. exists and is locally stable when Ry > 1.

Proof. We compute the Jacobian matrix of system (2) at the equilibrium points and discuss the
signs of its eigenvalues. Stability of the disease-free equilibrium Fy:
The Jacobian matrix at Ey = (ﬁ,0,0,0) is

—n 0 0 —k
0 —¢ 0 k
0 a —(B+9) 0
0 0 I} —1

J(Ey) =

Its characteristic polynomial is
Pg,(N) =+ XN+ N [(B+d+A)(u+A) —akp].

The first two eigenvalues are clearly negative. The rest of the roots have negative real parts if

and only if
(B+0)u—aks >0,

which is equivalent to

Ry < 1.

Hence, I is locally asymptotically stable when Ry < 1.
Stability of the endemic equilibrium F.:

For Ry > 1, the equilibrium E.(H,, I, D, V.) exists.
The Jacobian matrix at E, = (H, I, D., V) is
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Vele Ve HeVe He
—h=kmior ~ Rman ks 0 —kgir
Vel Ve H.V, H,
J(E.) = k(He+Ie)2 + kHe+Ie k(He+Ie)2 -9 0 kHe+Ie
0 a —(B+0) 0
0 0 153 —u

Its characteristic polynomial is

PA) = [(A = a11) (A — az2) — arzaz1] (A + B+ 0) (A + u),

where

— Vel _ V.
a1l = —H k(Hej-Iee)z kHe‘T’k’

H. V.

a2 = km - 57

_ H.Ve
ai2 = k(Hc+Ic)27

_ Vel Ve

and asy = k(He+Ie)2 + kHe-‘rIe'

The first two eigenvalues are clearly negative. The rest of the roots have negative real parts
if and only if

—ai1 — agy >0 and aiiaoy — aizagy > 0,

which is always true under the hypothesis § > u. Therefore, all eigenvalues of J(E,) have negative

real parts, and the endemic equilibrium is locally asymptotically stable when Ry > 1. O

2.3 Critical therapy efficacy

In system (2), the effectiveness of drugs 1 and 2 is represented by the terms 1 — o7 and 1 — ag,
respectively. Thus, the values o; = 0 and a; = 1 (for ¢ = 1,2) indicate complete ineffectiveness
and full effectiveness of the respective drug. For simplicity, we combine the effectiveness of both

drugs into a single term that reflects overall efficacy: 1 —n = (1 — a1)(1 — as).

The new BRN becomes
k(1 —mn)ap
su(B+0)

To determine the critical drug and therapy efficacy 7., we set Ry = 1.

Ry =

Thus,

du(B +8)

ri =1-
Terit kap
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Therefore, for a comprehensive interpretation, if n < eyt (Ro > 1), then the HBV infection will

continue to persist.

Conversely, if n > neit (Ro < 1), then this suggests disease elimination.

3 Optimal control techniques

We formulate the optimal control problem by introducing the cost functional J, defined by the

following expression:

T(en2) = 5 [ {Quot) + Quad(t) + QaV2(0) + QuD* 1)} . 3)

where t¢ denotes the duration of the treatment. The positive constants Q1,Q2,Q3, and Q4
represent the benefit-cost weights associated with the control functions a; and as, respectively.
The control functions a;(t) and as(t) are assumed to be bounded and Lebesgue integrable over
the time interval [0,%7]. The aim is to minimize the objective functional defined in (3) by
simultaneously reducing the number of infected cells, lowering the viral load, and minimizing the
cost associated with treatment. In this context, we construct the Hamiltonian associated with

the optimal control problem in order to derive the necessary optimality conditions.

More precisely, for the state vector xz(t) = (H,I,D,V), where H,I,D, and V denote the

healthy cells, infected cells, capsids, and virus, respectively, the Hamiltonian is given by

1 OH ol oD 2%
H= é(Qla% + QQag + Q3V2 + Q4D2) + Alﬁ + /\Qa + )\3@ + )\45 (4)

The Hamiltonian combines the objective functional with the state equations through the adjoint

variables. The we seek an optimal control pair

(a],05) = argg”&inH(x*ﬂl,OéQ,)\h/\27/\3,>\4,t) (5)

that achieves the desired therapeutic outcomes in an efficient and cost-effective manner.
The functional H is Fréchet differentiable with respect to its arguments. Moreover, we assume

that (a1, an) € U, where U denotes the control set defined by

U = {(a1(t), az(t)) such that aq(t), as(t) are measurable
and satisfy 0 < a;(t) < 1,t € [to, tf], for ¢ = 1,2}.

For a minimization problem, Pontryagin’s maximum principle gives the condition:
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Hz™, af, a5, AT, A5, A5, AL, t) = 0. (7)

This means that, for fixed x* (), A1(t), A2 (), As(t), As(t), and ¢, the function © — H(x*, A1, A2, Az, Ag)

must attain its minimum on the admissible control set U.

3.1 Existence and uniqueness of an optimal control pair

The discussion of the existence, uniqueness, and characterization of the optimal control pair is
presented in this section by proving that the Hamiltonian H admits a unique minimum with
respect to the control variable.

The results are established using the following lemmas.

Lemma 1. The functional H defined in (4) is continuous, strictly convex on the set U, and
satisfies

H (a1, a9) = +o0.

im
l[(a1,02) | =00
Proof. Since it is bounded from below by a quadratic function that goes to infinity, H tends to

00, clearly satisfying the properties outlined in Lemma 1 on the set U. Moreover, H is strictly

convex because its second derivative is positive. O
Lemma 2. It holds that U defined in (6) is a nonempty, closed, and convex subset of L?([to, ty]).

Proof. By the definition, the set U of admissible controls and associated state variables is a

nonempty, convex, and closed subset. O

In this subsection, we have shown that the functional H is continuous, strictly convex on the
set U, and satisfies

lim H (a1, ) = 400,
l[(@1,02)[|—=+o00

where U is a nonempty, convex, and closed set. As a result, we conclude that the functional H

admits a unique minimum (af, o).

3.2 Derivation of adjoint equations

The adjoint equations are obtained by differentiating the Hamiltonian with respect to the state

variables. More precisely, for each state variable z;(t), the corresponding adjoint variable \;(t)
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satisfies
| — % - —g% = Mg+ (A — Ao)k(1 — al)ﬁ,
2:2‘;:_?}[:(/\Q—Al)(l—al)m+)\26—a(1—a2)/\3, .
.3223 =—§Z=A3(6+6>—A4B—Q4£,
A4:d74:_W:(Al—Az)k(l—al)H+I+A4u—Q3V,

with A (tr) = Xa(ty) = As(ty) = Aa(ty) =0

3.3 Optimality conditions

Assuming that (af,«3) is an optimal control pair minimizing the Hamiltonian H, we derive

below the optimality conditions corresponding to problem (5).

Theorem 3. There exists a unique optimal control pair (af,a3) that solves the optimization
problem (4) such that the gradient of the Hamiltonian H satisfies the following optimality con-

dition:

kKHV
(H+1)Q:1’
AgaI
Q2

aj = (A2 — A1)

*
Oy =

Proof. Let us assume that (af,a3) is an optimal control pair minimizing the Hamiltonian #.

The optimality is characterized by the first-order necessary condition:

OH kHV
ﬂ—Qlal-f—()\l—)Q)H_'_I—O,
ai :Q20427)\30,I:0.
60&2
That is,
kHV
=X =),
o= 1)(H+I)Q1
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11 Mathematical modeling and optimal control of hepatitis B virus dynamics

)\3(1]
Q2

ay =

4 Numerical section

This section is devoted to presenting numerical simulations that illustrate the theoretical results
derived in the previous section.

4.1 Iterative algorithm

The optimization problem (5) can be solved using a descent method described by the following

algorithm.

1. Select an initial pair (a9, a3);

2. Solve state equations (2) forward in time using implicit Euler method.

3. Solve adjoint equations (8) backward in time using implicit Euler method.

4. Update the controls using the optimality condition, that is, (a7, ad™) = (af,a}) —
Mnd,, where d,, is the search direction. The search direction d,, is computed depending
on the applied optimization technique. Herein, we use d,, = VH,

Also, m,, (step size) is chosen by using the Armijo rule.

5. The stopping criterion for the minimization process is defined by
IVH| <e,

where ¢ is a prescribed convergence parameter.
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4.2 Numerical simulations

To solve the system (2) numerically, we use the previous algorithm. Table 1 describes the

parameter values used for the simulations [8, 14].

Table 1: Parameter description of system (1)

Parameters Descriptions Units Values
s Production rate of healthy hepatocytes cellsmm=>.day ! 2.6 x 107
I Natural death rate of healthy hepatocytes day—! 0.01
k Infection rate of healthy cells by the virus cells.virion~!.day~! | 3 x 107*
) Natural death rate of infected cells and capsids day—! 0.053
a Production rate of capsids by infected cells day—! 150
B8 Rate at which capsids are converted into virus day~! 0.87
U Decay rate of free virus day—! 3.8

9
26110 ,

=—with control
= = =without control —

éﬁ 2.6r e .

) e a

[} .__—-"

= 26F .

[«b) oas

= o~

(et L = il

= 2.5999

or—

=

—2.5999 :

2. | | | | | | | | |
5999O 20 40 60 80 100 120 140 160 180 200

Days

Figure 2: The effect of the control strategy on uninfected hepatocytes

Figure 2 illustrates the dynamics of uninfected hepatocytes over a period of 200 days. A
solid blue line in the plot indicates a scenario with therapeutic control, while a dashed blue
line indicates a situation without control. The results indicate that the presence of a control
strategy leads to a slightly higher number of uninfected hepatocytes over time, suggesting that
therapeutic intervention contributes to the preservation of healthy liver cells.

The dynamics of infected hepatocytes throughout time are shown in Figure 3. The number
of infected cells is high at first but quickly drops, especially when a control mechanism is in place.

Two situations are contrasted in the plot: One with control (solid line) and the other without
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350
— with control
3004: = = =without control
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m ‘
= 250%,.
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Figure 3: The effect of the control strategy on infected hepatocytes

(dashed line). The outcomes demonstrate the therapeutic efficacy of the control technique by
showing that it considerably lowers the number of infected hepatocytes more efficiently than in

the uncontrolled scenario.

10
15y e
: —with control
: = = =without control
.
I
% 101I:
o
QI 4y
< ' !
< g .
¥
: o,
‘\ ll “‘ ‘,'-~\_ P L L L L T N ey —
O LY L 2 h o] | | | | | | |
0 20 40 60 80 100 120 140 160 180 200

Days

Figure 4: The effect of the control strategy on Capsids

Figure 4 compares the levels of capsids over a 200-day period under two conditions: with
control and without control. It likely demonstrates that the control strategy effectively reduces
or stabilizes capsid levels over time, in contrast to the uncontrolled condition where capsid levels
may rise or persist. The line with control would show a decline or stabilization in capsid levels,

while the line without control might indicate higher or increasing levels. This suggests that the
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control strategy plays an important role in managing capsid levels, which is critical in fields like
virology and drug development.

35

P E——

= with control
3 = = ~without control
L]

2.5

Virus
R

., i R e e L L L L
0 £y ! 2+ L JUY [ S =" il

| | | | |
0 20 40 60 80 100 120 140 160 180 200
Days

Figure 5: The effect of the control strategy on HBV

Figure 5 compares the levels of HBV (hepatitis B virus) under two conditions. Under the
controlled condition, the viral load shows a significant decline or stabilization over time, indi-
cating that the control strategy (such as antiviral therapy or immune modulation) effectively
suppresses HBV replication. In contrast, the uncontrolled condition shows that the viral load
remains persistently high or increases, signifying unchecked viral replication in the absence of
intervention. The curve may fluctuate but remains elevated (e.g., near 2.5 x 10°), highlighting
the need for control measures. This stark contrast emphasizes the efficacy of the intervention,

which is critical for managing infections and preventing liver damage.

© o
Days Days

Figure 6: First control Figure 7: Second control

Figures 2, 3, 4, and 5 visually underscore the importance of control strategies in HBV

management, with clear evidence of reduced viral load under treatment. Further details on
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15 Mathematical modeling and optimal control of hepatitis B virus dynamics

the specific intervention (such as drug type or dosage) would enhance the understanding of its

impact.

Additionally, we observe in Figures 6 and 7 that the first control should be prioritized over
the second within the first 20 days, based on the behavior of both controls. The prioritization
of the first control within the first 20 days is consistent with the need to counteract rapid early
viral replication. Early intervention via the first control is therefore critical to limit viral spread

before secondary controls gain relevance.

5 Conclusion

In this paper, we have studied the HBV dynamics mathematically and numerically, as illustrated
by system (2). We started by demonstrating the boundedness and positivity of the solutions,
considering two control strategies. We calculated the BRN Ry, the steady states (both disease-
free and endemic), and the critical therapy efficacy. Next, we applied optimal control techniques
to minimize the proposed objective function. Numerically, we presented our results, confirming
that control measures are essential for reducing viral load, which enhances disease management
and helps prevent complications such as liver disease. In future work, we propose several exten-
sions to improve the present paper. The current model does not account for several biologically
relevant factors, including immune response, drug resistance, and spatial heterogeneity. To ad-
dress these limitations and open new research avenues, we suggest exploring the development
of a stochastic version of the model, a fractional-order formulation, multi-drug optimization

approaches, or clinical validation studies.
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