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Abstract

The COVID-19 pandemic, caused by the SARS-CoV-2 virus, has led to the emergence of
multiple variants, including Alpha, Beta, Gamma, Delta, and Omicron, each exhibiting distinct
transmissibility and severity profiles. In this context, a new deterministic mathematical model
has been developed as an extension of Thakur and Sahu [51], designed to capture the dynamics
of COVID-19 transmission while incorporating the effects of both the first and second doses
of vaccination. The model is examined using the theory of dynamical systems. The basic
reproduction number is derived, and both the local stability of the disease-free and endemic
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equilibria, as well as the global stability of the disease-free equilibrium, are established. The
model is calibrated using data from India’s third wave of the COVID-19 pandemic. Sensitivity
analysis, employing partial rank correlation coefficients and normalized forward sensitivity
indices, identifies vaccination rates as key parameters driving disease dynamics. Findings
reveal that the Omicron variant has the potential to cause large-scale outbreaks even with
ongoing vaccination campaigns. The study emphasizes the need for sustained high vaccination
coverage and the continued implementation of nonpharmaceutical interventions to control the
pandemic effectively. Furthermore, the model is extended to an optimal control framework,
concluding that dynamically adjusting five targeted control measures offers the most effective
strategy for reducing infections while minimizing associated costs.

AMS subject classifications (2020): Primary 92D30; Secondary 92C60.

Keywords: COVID-19; Environmental transmission; Vaccination; Optimal control; Omicron.

1 Introduction

COVID-19, caused by the SARS-CoV-2 virus, has emerged as one of the most significant public
health crises of the 21st century, profoundly impacting global health, economies, and societies.
Since its emergence in late 2019, the virus has spread rapidly worldwide, exposing vulnera-
bilities in healthcare infrastructure and pandemic preparedness [57]. During the early stages
of the pandemic, when biomedical interventions were not yet widely available, nonpharmaceu-
tical measures—such as spreading information through television, radio, social media, and the
Internet—played a crucial role in reducing disease transmission [50, 49]. Media coverage played a
critical role in influencing public behaviour, encouraging preventive actions such as mask-wearing,
social distancing, quarantine, and isolation [35]. While these measures reduced transmission risk,
they were insufficient on their own to contain the pandemic [15].

Vaccination quickly became central to mitigating the impact of COVID-19, as vaccines pre-
pared the immune system to fight infection [45, 29]. By early 2021, the distribution of vaccines
had significantly improved the global pandemic outlook. In India, the vaccination campaign be-
gan on January 16, 2021, and by December 31, 2021, approximately 89% of the population had
received at least one dose [48]. Despite these achievements, SARS-CoV-2 continued to evolve,
with variants such as Alpha, Beta, Gamma, Delta, and Omicron emerging [10]. Although vac-
cines developed against early variants exhibited reduced efficacy against Delta and Omicron, they
continued to provide substantial protection against severe disease [23, 47]. The Delta variant
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3 Understanding the impact of vaccination on Omicron variants

in particular demonstrated increased transmissibility, shorter incubation periods, higher viral
loads, and greater disease severity [9].

The Omicron variant, first reported in November 2021 in South Africa [36], rapidly became
dominant worldwide. In India, Omicron’s prevalence rose dramatically, from 0.35% to over 97%
between November 29, 2021, and February 7, 2022 [44]. This surge led to record infection rates
in cities such as Mumbai, where daily cases escalated from 191 to over 20,000 by early January
2022 [44]. Omicron exhibited higher transmissibility than previous variants, contributing to
widespread infections, particularly among younger, less-vaccinated populations [31, 18].

Mathematical modeling has played a pivotal role in understanding COVID-19 transmission
dynamics and guiding public health interventions, especially in India [3, 24, 41, 5, 27, 6, 40].
Researchers have developed various compartmental models to simulate the spread of disease
and assess control strategies. For instance, Bagal et al. [3] simulated COVID-19 transmission,
Bajiya et al. [5] emphasized the role of face masks and quarantine, and Negi et al. [27] intro-
duced an SEIAHR framework incorporating vaccination and quarantine. Bandekar et al. [6]
analyzed India’s third wave, highlighting the benefits of mask compliance, screening, and timely
treatment. Sahu and Thakur [38] analyzed how media influence, environmental factors, and
treatment capacity constraints affect the spread of epidemics in India.

Recent modeling studies have recognized the importance of environmental contamination in
transmission [40, 26, 51, 37]. The virus can remain viable on surfaces for days, and infected
individuals contribute to environmental contamination through respiratory droplets [14, 54].
Modern epidemic models have evolved beyond classical SEIR frameworks [32], incorporating
deaths [42, 43], isolation [34], asymptomatic infection [39], hospitalization [41], and vaccination
strategies [27, 22, 46, 11], thus enabling realistic simulation of interventions.

Several studies have specifically assessed vaccination’s role in pandemic control, including
multi-dose strategies [12, 27, 22, 46, 11, 4, 17, 56]. By the end of 2021, 64% of India’s population
was fully vaccinated with two doses [48], and two doses of Covishield or Covaxin significantly
reduced infection risk according to the Indian Council of Medical Research.

In this work, we develop a mathematical modeling framework to investigate the combined
effects of vaccination and environmental transmission on the spread of COVID-19 in India during
the Omicron wave. The proposed model incorporates partially and fully vaccinated populations
together with environmental viral dynamics [17, 56, 51], enabling a realistic assessment of in-
tervention strategies. Using real epidemiological data and optimal control techniques, the study
aims to guide policymakers in designing effective mitigation measures against future SARS-CoV-
2 outbreaks [1, 5, 28, 58, 19].

The organization of this work is as follows: Section 2 presents a novel mathematical model
that captures the dynamics of COVID-19 transmission. In Section 3, we examine the model’s
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well-posedness, characterize equilibrium points, analyze stability properties, and derive the con-
trol reproduction number along with possible bifurcations. Section 4 focuses on numerical anal-
yses, including parameter estimation from real-world data, sensitivity assessments using normal-
ized and partial rank correlation coefficients (PRCC) methods, and simulations evaluating the
influence of dual vaccine doses and environmental factors on disease spread. Section 5 formulates
and solves an optimal control problem related to the model. Finally, Section 6 summarizes the
main findings and outlines future research directions.

2 Mathematical model

The human population N(t) within a given community is divided into eight compartments, each
representing a different stage in the disease dynamics: susceptible individuals S(t), exposed indi-
viduals E(t), asymptomatic carriers Ia(t), symptomatic infected individuals I(t), those infected
with the Omicron variant I0(t), individuals who have received the first vaccine dose V1(t), those
who have received the second dose V2(t), and recovered individuals R(t). Additionally, the en-
vironmental concentration of the virus is denoted by U(t). Hence, the total population at any
time t is given by

N(t) = S(t) + E(t) + Ia(t) + I(t) + I0(t) + V1(t) + V2(t) +R(t).

We propose the following assumptions:

• The population is uniformly spread out, with new individuals consistently entering the
susceptible group at a fixed rate Λ, while natural deaths occur at a constant rate µ.

• The parameter β represents the transmission rate at which a susceptible individual con-
tracts an infection through valid contact with infected individuals (asymptomatic, symp-
tomatic, and Omicron-infected individuals). Parameters η1 and η2 represent the relative
infectiousness of individuals with symptomatic and Omicron variant infections, respec-
tively, compared to asymptomatic individuals.

• The latent period of infected individuals is represented by 1/σ. After the latent period,
exposed individuals who do not exhibit clinical symptoms join the asymptomatic infected
class at a rate of σψ. Individuals who develop clinical symptoms of COVID-19 progress to
the symptomatic infected compartment at a rate σ(1−ψ−ϕ). In contrast, the remaining
exposed individuals transition to the Omicron-infected compartment at a rate ϕσ.
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5 Understanding the impact of vaccination on Omicron variants

• Individuals at risk of COVID-19 receive a first vaccine dose (Dose I) at rate ν1, providing
partial immunity. However, this immunity wanes over time, and individuals vaccinated
with Dose I gradually return to the susceptible class at rate ω1 [14, 11]. Additionally,
protection from Dose I is incomplete, leaving some individuals partially susceptible, with
reduced susceptibility quantified by the factor θ [56]. Administration of a second vaccine
dose (Dose II) at rate ν2 leads to optimal protection, substantially lowering the risk of
reinfection [4, 17, 21].

• Symptomatic individuals transition to the recovered category at a recovery rate of γ2,
whereas those infected with the Omicron variant recover at a different rate, γ3. Asymp-
tomatic cases, which do not show visible symptoms, recover on their own and join the
recovered group at a rate γ1. Over time, immunity in recovered individuals wanes, causing
a portion of them to revert to the susceptible group at a rate denoted by χ.

• Individuals showing symptoms and those infected with the Omicron variant succumb to
the disease at respective rates denoted by δ1 and δ2.

• Individuals infected with COVID-19 emit the virus into the environment primarily via
respiratory activities such as coughing and sneezing. The environmental contribution
rates of asymptomatic, symptomatic, and Omicron-infected individuals are represented
by θ1, θ2, and θ3, respectively. Despite this shedding, the virus has a limited environmental
lifespan due to factors such as disinfection efforts and natural decay, with its removal from
the environment occurring at a rate ϵ.

Based on the above assumptions, the spread of COVID-19 can be modeled using the following
system of nonlinear ordinary differential equations:

dS
dt = Λ− β(η1I+Ia+η2I0)S

N − β1US − ν1S + ω1V1 + χR− µS,

dE
dt = β(η1I+Ia+η2I0)(S+θV1)

N + β1US − σE − µE,

dIa
dt = ψσE − γ1Ia − µIa,

dI
dt = (1− ψ − ϕ)σE − γ2I − δ1I − µI,

dI0
dt = ϕσE − γ3I0 − δ2I0 − µI0,

dV1

dt = ν1S − ν2V1 − ω1V1 − β(η1I+Ia+η2I0)θV1

N − µV1,

dV2

dt = ν2V1 − γ4V2 − µV2,

dR
dt = γ2I + γ1Ia + γ3I0 + γ4V2 − χR− µR,

dU
dt = θ2I + θ1Ia + θ3I0 − ϵU.

(1)
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Schematic diagram
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Figure 1: Flow diagram

A schematic representation of the model described by (1) is illustrated in Figure 1. The model
begins with the following initial conditions:

S(0) = S0 > 0, E(0) ≥ 0, Ia(0) ≥ 0, I(0) ≥ 0, I0(0) ≥ 0,

V1(0) = V10 > 0, V2(0) = V20 > 0, R(0) ≥ 0, U(0) ≥ 0.

To simplify notation, we define the following constants:

k1 = ν1 + µ, k2 = µ+ σ, k3 = γ1 + µ,

k4 = γ2 + δ1 + µ, k5 = γ3 + δ2 + µ, k6 = ν2 + ω1 + µ,

k7 = γ4 + µ, k8 = χ+ µ, k9 = 1− ϕ− ψ,

χ1 =
η1I + Ia + η2I0

N
.

Accordingly, the system governed by (1) can be rewritten as follows:
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7 Understanding the impact of vaccination on Omicron variants

dS
dt = Λ− β(η1I+Ia+η2I0)S

N − β1US + ω1V1 + χR− k1S,

dE
dt = β(η1I+Ia+η2I0)(S+θV1)

N + β1US − k2E,

dIa
dt = ψσE − k3Ia,

dI
dt = k9σE − k4I,

dI0
dt = ϕσE − k5I0,

dV1

dt = ν1S − β(η1I+Ia+η2I0)θV1

N − k6V1,

dV2

dt = ν2V1 − k7V2,

dR
dt = γ2I + γ1Ia + γ3I0 + γ4V2 − k8R,

dU
dt = θ2I + θ1Ia + θ3I0 − ϵU.

(2)

Table 1: Parameters and their meanings in relation to system (1)
Parameters Description
Λ Recruitment rate
1/χ Average duration of immunity before waning
θ1 Viral shedding rate by asymptomatic individuals
θ2 Viral shedding rate by symptomatic individuals
θ3 Viral shedding rate by Omicron-infected individuals
ω1 Rate of loss of vaccine-induced immunity
η1 Adjustment parameter
η2 Adjustment parameter
1/σ Latent period
ψ Modification parameter
ϕ Fraction of exposed individuals showing symptoms
ϵ Decline rate of viral viability over time in contaminated surroundings
δ1 Mortality rate due to disease in non-Omicron-infected individuals
δ2 Disease-induced death rate of Omicron-infected individuals
γ1 Recovery rate for asymptomatic individuals
µ Natural mortality rate
β The rate at which the infection spreads
β1 The highest rate of spread caused by environmental contamination
ν1 Vaccination rate (dose I)
ν2 Vaccination rate (dose II)
γ2 Rate of recovery in those exhibiting symptoms
γ3 Recovery rate for Omicron-infected individuals
γ4 Rate of progression to immune class as a result of receiving the second dose

of the vaccine
θ Relative risk of infection for vaccinated individuals with the dose I
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Table 2: Model (1) calibration values
Parameters Range Baseline Sources
β (0.2, 0.8999) day−1 0.6594 [52]
β1 (0, 0.000105) day−1 0.000104 [40]
ν1 (0, 1) day−1 0.0215 [55]
ν2 (0, 1) day−1 0.0341 [55]
γ1 (0.1, 0.5) day−1 0.3899 Estimated
γ2 (0.001, 0.2) day−1 0.069 Estimated
γ3 (0.01, 0.3) day−1 0.1746 Estimated
γ4 (0.1, 0.9) day−1 0.84 [17]
δ1 (0, 0.1) day−1 0.08 Estimated
δ2 (0, 0.09) day−1 0.0015 Estimated
ψ (0.9, 0.98) day−1 0.9566 [20]
ϕ (0.01, 0.02) day−1 0.0101 [20]
Λ (10, 50000) day−1 1319.294 [1]
µ (0, 0.00042) day−1 0.000042578 [1]
θ1 (0, 0.0000021) day−1 0.0000012 [40]
θ2 (0, 0.00013) day−1 0.00011 [40]
θ3 (0, 0.001) day−1 0.0001 Assumed
ϵ (0, 0.1) day−1 0.09 [40]
σ (0.2, 0.9) day−1 0.8999 [20]
ω1 (0, 0.61) day−1 0.1224 [17]
χ 0.0027 day−1 Assumed
η1 (0.45, 0.9) 0.78 [20, 13]
η2 (0.35, 0.77) 0.49 [20, 13]
θ (0.01, 0.5) day−1 0.315 [56]

3 Mathematical analysis

In this section, we present key analytical insights for the model (2), including the positivity and
boundedness of its solutions, the existence of both disease-free and endemic equilibria, and an
analysis of their stability with respect to the control reproduction number.

3.1 Nonnegativity and boundedness

This section shows that the solutions to the model system (1) remain both nonnegative and
bounded.
dS
dt

∣∣
S=0

= Λ+ ω1V1 + χR > 0, dE
dt

∣∣
E=0

= β(η1I+Ia+η2I0)S
N + β1US ≥ 0,

dIa
dt

∣∣
Ia=0

= ψσE ≥ 0, dI
dt

∣∣
I=0

= k9σE ≥ 0, dI0
dt

∣∣
I0=0

= ϕσE ≥ 0,
dV1

dt

∣∣
V1=0

= ν1S > 0, dV2

dt

∣∣
V2=0

= ν2V1 > 0,
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9 Understanding the impact of vaccination on Omicron variants

dR
dt

∣∣
R=0

= γ2I + γ1Ia + γ3I0 + γ4V2 > 0, dU
dt

∣∣
U=0

= θ2I + θ1Ia + θ3I0 ≥ 0.

Since all the rates in the system are nonnegative, starting within the interior of the non-
negative cone R9

+ ensures the system’s trajectory remains inside it. This is because the vector
field points inward along every boundary surface, guaranteeing that none of the solutions to
system (1) will become negative.

To demonstrate that the solutions are bounded, we consider the full system (1), leading to
the equation:

dN

dt
= Λ− µN − δ1I − δ2I0.

Since δ1I + δ2I0 ≥ 0, it follows that

dN

dt
< Λ− µN.

From [7], we conclude as t→ ∞ that

0 ≤ N(t) ≤ Λ

µ
= N0.

Because I(t), I0, Ia ≤ N(t) at any time, we also have

I(t), I0, Ia ≤ Λ

µ
.

Next, from (1), we derive

dU

dt
= θ2I + θ1Ia + θ3I0 − ϵU ≤ (θ2 + θ1 + θ3)

Λ

µ
− ϵU.

Since 0 ≤ U(0), applying Gronwall’s inequality yields

U(t) ≤ (θ2 + θ1 + θ3)Λ

ϵµ
.

Hence the feasible region for the model system (1) is

Θ =

{
(S,E, Ia, I, I0, V1, V2, R, U) ∈ R9

+ :

0 ≤ S,E, Ia, I, I0, V1, V2, R,N ≤ Λ

µ
,

0 ≤ U ≤ (θ2 + θ1 + θ3) Λ

ϵµ

}
.

Iran. J. Numer. Anal. Optim., Vol. ??, No. ??, ??, pp ??



Sahu, Thakur, Sikarwar and Singh 10

The preceding analysis of nonnegativity and boundedness leads to the following conclusion.

Theorem 1. Under the given initial conditions, the system’s solutions remain nonnegative for
all future times. Moreover, this closed region is positively invariant under the flow of the model
system (1).

3.2 Disease-free equilibrium and control reproduction
number

To determine the model’s control reproduction number Rc, we apply the next-generation matrix
method as outlined in [53]. This yields

Rc =
1

k2k3k4k5(r0 + S0 + V10 + V20)ϵ
σ(βϵ(S0 + V10θ)c1

+ S0(r0 + S0 + V10 + V20)β1c2),

where
c1 = (k3k5k9η1 + k4k3η2ϕ+ k4k5ψ),

c2 = (k3k5k9θ2 + k4k3θ3ϕ+ k4k5θ1ψ),

c3 = (k3k5k9γ2 + k4k3γ3ϕ+ k4k5γ1ψ),

ϕ =
β(S0 + θV10)

r0 + S0 + V10 + V20
.

Additionally, the model (2) admits the disease-free equilibrium (DFE),
ζ0 = (S0, 0, 0, 0, 0, V10, V20, r0, 0) . The components of the DFE are given by

S0 =

(
Λk6k7k8

µk6k7k8 + µν1(γ4(µ+ ν2 + χ) + k8(µ+ ν2))

)
,

V10 =
ν1S0

k6
, V20 =

ν1ν2S0

k6k7
,

r0 =
γ4ν1ν2S0

k6k7k8
, N0 = S0 + V10 + V20 + r0.

In the absence of any intervention and vaccinations, ν1 = 0, ν2 = 0, ω1 = 0, θ = 0, implies
V10 = V20 = r0 = 0, S0 = Λ

µ = N0. Hence, the basic reproduction number R0 of the model (2) is
given by

Iran. J. Numer. Anal. Optim., Vol. ??, No. ??, ??, pp ??



11 Understanding the impact of vaccination on Omicron variants

R0 =
σβc1

k2k3k4k5
+

σβ1N0c2
k2k3k4k5ϵ

. (3)

It is clear that
Rc =

σβc1
k2k3k4k5

S0 + V10θ

N0
+

σβ1c2
k2k3k4k5ϵ

S0.

Since S0

N0 ≤ 1 and 0 ≤ S0+V10θ
N0 ≤ 1, this implies that Rc ≤ R0.

Theorem 2. The DFE ζ0 of the system (2) is locally asymptotically stable if Rc < 1 and
unstable if Rc > 1.

3.3 Existence and stability of the endemic equilibria

We define the endemic equilibrium

ζ∗ =
(
S∗, E∗, I∗a , I

∗, I∗0 , V
∗
1 , V

∗
2 , R

∗, U∗)
of system (2) as a steady state with all infected components strictly positive. From the equilib-
rium conditions, we obtain

E∗ = b1I
∗, I∗a = b2I

∗, I∗0 = b3I
∗, U∗ = b4I

∗, V ∗
2 =

ν2V
∗
1

k7
,

R∗ =
γ2I

∗ + γ1I
∗
a + γ3I

∗
0 + γ4V

∗
2

k8
,

where
N∗ = S∗ + E∗ + I∗a + I∗ + I∗0 + V ∗

1 + V ∗
2 +R∗

and
b1 =

k4
k9σ

, b2 =
b1σψ

k3
, b3 =

b1σϕ

k5
, b4 =

b2θ1 + b3θ3 + θ2
ϵ

.

Substituting these expressions into the remaining equilibrium equations reduces the problem
to a system of three coupled nonlinear algebraic equations in the unknowns S∗, I∗ and V ∗

1 . The
coefficients of these equations can be written in terms of auxiliary quantities such as

b5 = b2γ1 + γ2 + b3γ3,

b6 = b5k7 + (1 + b1 + b2 + b3)k7k8,

b7 = k7k8,
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b8 = k7k8 + k8ν2 + γ4ν2,

b9 = b2 + η1 + b3η2,

g1 ≡ Λ +
(b5k7I

∗ + γ4ν2V
∗
1 ) ξ

b7
+ ω1V

∗
1

−
(
k1 + b4β1I

∗ +
b7βb9I

∗

b6I∗ + b7S∗ + b8V ∗
1

)
S∗ = 0,

g2 ≡ −b1k2 + b4β1S
∗ +

b7βb9(S
∗ + V ∗

1 θ)

b6I∗ + b7S∗ + b8V ∗
1

= 0,

g3 ≡ ν1S
∗ − V ∗

1

(
k6 +

b7βb9θI
∗

b6I∗ + b7S∗ + b8V ∗
1

)
= 0.

This process yields a system of three nonlinear algebraic equations in the steady-state variables
S∗, I∗, and V ∗

1 :

g1(S
∗, I∗, V ∗

1 ) = 0, g2(S
∗, I∗, V ∗

1 ) = 0, g3(S
∗, I∗, V ∗

1 ) = 0.

The resulting equations are highly nonlinear and contain rational terms, making analytical
manipulation and the derivation of explicit solutions extremely challenging. Consequently,
deriving closed-form expressions for the equilibrium (S∗, I∗, V ∗

1 ) or establishing simple alge-
braic conditions that guarantee the existence or uniqueness of a positive endemic equilibrium
is highly difficult. Therefore, the equilibrium values are computed numerically. For the pa-
rameter values given in Table 2, the control reproduction number Rc = 1.50(> 1). Solving
numerically, the system (g1, g2, g3) = (0, 0, 0) yields a unique positive endemic equilibrium
ζ∗ =

(
29503, 523, 772, 147, 23, 877, 42, 15575, 0.274

)
.

Moreover, we study the occurrence of a transcritical bifurcation by applying the center
manifold theory [8]. For convenience, we perform the change of variables

S = x1 + S0, E = x2, Ia = x3, I = x4, I0 = x5,

V1 = x6 + V10, V2 = x7 + V20, R = x8 + r0, U = x9.

With this transformation, the model system (1) can be written in the following compact form:
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13 Understanding the impact of vaccination on Omicron variants

dx1

dt = Λ− β(η1x4+x3+η2x5)(x1+S0)
N+(S0+V10+V20+r0)

− β1(x1 + S0)x9 + χ(r0 + x8)

+ω1(x6 + V10)− k1(x1 + S0),

dx2

dt = β(η1x4+x3+η2x5)((x1+S0)+θ(x6+V10))
N+(S0+V10+V20+r0)

+ β1(x1 + S0)x9 − k2x2,

dx3

dt = σψx2 − k3x3,

dx4

dt = σk9x2 − k4x4,

dx5

dt = σϕx2 − k5x5,

dx6

dt = ν1(x1 + S0)− θβ(η1x4+x3+η2x5)(x6+V10)
N+(S0+V10+V20+r0)

− k6(x6 + V10),

dx7

dt = ν2(x6 + V10)− k7(x7 + V20),

dx8

dt = γ2x4 + γ1x3 + γ3x5 + γ4(x7 + V20)− k8(r0 + x8),

dx9

dt = θ1x3 + θ2x4 + θ3x5 − ϵx9.

(4)

At the corresponding DFE ζ0, the Jacobian of the system (4) is expressed as follows:

Jζ0 =



−k1 0 −k10 −k10η1 −k10η2 ω1 0 χ −S0β1

0 −k2 k11 k11η1 k11η2 0 0 0 S0β1

0 σψ −k3 0 0 0 0 0 0

0 σk9 0 −k4 0 0 0 0 0

0 σϕ 0 0 −k5 0 0 0 0

ν1 0 −k12 −k12η1 −k12η2 −k6 0 0 0

0 0 0 0 0 ν2 −k7 0 0

0 0 γ1 γ2 γ3 0 γ4 −k8 0

0 0 θ1 θ2 θ3 0 0 0 −ϵ



,

where

k10 = S0βc

(S0+V10+V20+r0)
, k11 = βc(S0+V10θ)

(S0+V10+V20+r0)
, k12 = V10βcθ

(S0+V10+V20+r0)
.

Assuming Rc = 1, we determine the critical value βc of the bifurcation parameter β, given
by

βc = − (r0 + S0 + V10 + V20) (−k2k3k4k5ϵ+ S0β1σc2)

ϵ(S0 + V10θ)σc1
.

It can be easily verified that the Jacobian at β = βc has a right eigenvector (corresponding to
the zero eigenvalue) given by W = (w1, w2, w3, w4, w5, w6, w7, w8, w9)

T
, where
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w2 = 1, w3 =
σψ

k3
, w4 =

k9σ

k4
, w5 =

σϕ

k5
,

w9 =
σc2

k3k4k5ϵ
, w6 =

ν1w1

k6
− c1k12σ

k3k4k5k6
, w7 =

ν2(k3k4k5w1ν1 − c1k12σ)

k3k4k5k6k7
,

w1 = −σ(c2k6k7k8s0β1 − c3k6k7ϵχ+ c1ϵ(k10k6k7k8 + k12(γ4ν2χ+ k7k8ω1)))

k3k4k5ϵ(k1k6k7k8 − ν1(γ4ν2χ+ k7k8ω1))
,

w8 =
σ(−γ4ν2(c2s0β1ν1 + c1ϵ(k1k12 + k10ν1)) + c3ε(k1k6k7 − ν1(k7ω1)))

k3k4k5ϵ(k1k6k7k8 − ν1(γ4ν2χ+ k7k8ω1))
.

The components of the left eigenvector, associated with the zero eigenvalue, are V =

(v1, v2, v3, v4, v5, v6, v7, v8, v9), which must fulfill the conditions V.J = 0 and V.W = 1. Solv-
ing these, we obtain

v1 = 0, v6 = 0, v7 = 0, v8 = 0, v9 =
β1S0v2
ϵ

, v3 =
v2(k11ϵ+ β1θ1S0)

k3ϵ
,

v4 =
v2(k11ϵη1 + β1θ2S0)

k4ϵ
, v5 =

v2(k11ϵη2 + β1θ3S0)

k5ϵ
, v2 =

k23k
2
4k

2
5ϵ

2

m5
,

where

m5 = c2k3k4k5S0β1σ + k24k
2
5ϵ(k11ϵ+ S0β1θ1)σψ

+ k23ϵ(k
2
5k9(k11ϵη1 + S0β1θ2)σ + k24(k

2
5ϵ+ k11ϵη2σϕ+ S0β1θ3σϕ)),

m6 = (w3 + w4η1 + w5η2).

The bifurcation coefficients a and b, as given in [8, Theorem 4.1], are computed using the formulas
below:

a =

9∑
k,i,j=1

vkwiwj
∂2fk
∂xi∂xj

(0, 0)

=
1

N2
0

2(v2)(r0
2w1w9β1 + S0

2w1w9β1

+ ((v10 + v20)w1 ((v10 + v20)w9β1 + βcm6)

+ r0w1 (2(s0 + v10 + v20)w9β1 + βc(w3 + w4η1 + w5η2)) + r0w6βcm6θ

− (−v20w6 + v10(w1 + w2 + w3 + w4 + w5 + w7 + w8))βcm6θ

+ S0 (2(v10 + v20)w1w9β1

−βcm6(w2 + w3 + w4 + w5 + w6 + w7 + w8 − w6θ)) .
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15 Understanding the impact of vaccination on Omicron variants

b =

9∑
k,i,j=1

vkwi
∂2fk
∂xi∂β

(0, 0)

= v2

(
w3(S0 + V10θ)

r0 + S0 + V10 + V20
+

w4η1(S0 + v10θ)

r0 + S0 + V10 + V20
+

w5η2(S0 + V10θ)

r0 + S0 + V10 + V20

)
.

Given that a < 0 and b > 0 when β = βc, [8, Theorem 4.1 and Remark 1] implies the
presence of a transcritical bifurcation at Rc = 1. Consequently, the endemic equilibrium point
is locally asymptotically stable for values of Rc exceeding 1.

3.4 Global stability of DFE

This section examines the global stability of the DFE.

Theorem 3. If Rc < 1, the DFE ζ0 in model (2) is globally asymptotically stable, whereas it
becomes unstable when Rc > 1.

Proof. We construct an appropriate Lyapunov function to demonstrate the global stability of
the DFE ζ0,

G = a1E + a2Ia + a3I + a4I0 + a5U, (5)

The nonnegative constants aj for j = 1, 2, . . . , 5 will be specified later. Moreover, by substituting
the expressions from model (2) and differentiating (5), we arrive at the following result:

G′ = a1E
′ + a2I

′
a + a3I

′ + a4I
′
0 + a5U

′

= a1

(
β(η1I + Ia + η2I0)(S + θV )

N
+ β1SU − k2E

)
+ a2(σψE − k3Ia)

+ a3(σk9E − k4I) + a4(σϕE − k5I0) + a5(θ1Ia + θ2I + θ3I0 − ϵU)

≤ a1

(
β(η1I + Ia + η2I0)(S0 + θV10)

N0
+ β1S0U − k2E

)
+ a2(σψE − k3Ia)

+ a3(σk9E − k4I) + a4(σϕE − k5I0) + a5(θ1Ia + θ2I + θ3I0 − ϵU)

= (−a1k2 + a2σψ + a3k9σ + a4σϕ)E +

(
βa1(S0 + θV10)

N0
− a2k3 + a5θ1

)
Ia

+

(
βa1η1(S0 + θV10)

N0
− a3k4 + a5θ2

)
I

+

(
βa1η2(S0 + θV10)

N0
− a4k5 + a5θ3

)
I0 +

(
a1(β1Λ)

µp
− a5ϵ

)
U. (6)
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We will assign the constants the following values:

a1 =
k5N

0ϵ

S0βϵη2 + V10βϵη2θ +N0S0β1θ3
, a4 = 1, a5 =

(a1S0β1)

ϵ
,

N0 = S0 + V10 + V20 + r0,

a2 =
(a1S0βϵ+ a1V10βϵθ + a1N

0S0β1θ1)

k3N0ϵ
,

a3 =
(a1S0βϵη1 + a1V10βϵθη1 + a1N

0S0β1θ2)

k4N0ϵ
.

Utilizing inequality (6), we obtain the result below:

G′ ≤
(

k2k5N
0(Rc − 1)ϵ

βϵη2(S0 + V10θ) +N0S0β1θ3

)
E. (7)

Hence, G′ ≤ 0 whenever Rc < 1, and equality holds only when E = 0. By LaSalle’s invariance
principle, ζ0 is globally asymptotically stable for Rc < 1.

4 Numerical simulation

4.1 Estimation of the model parameters

In this section, we calibrate the proposed model using real-world data to gain a deeper under-
standing of the pandemic’s transmission dynamics.

To begin, baseline parameter values are established by analyzing publicly available COVID-
19 data, relevant datasets, and verified sources from the literature. Recent evidence indicates
that the mean intervals between successive SARS-CoV-2 infections are approximately 204.4±51.1

days for the Alpha variant, 291.2 ± 58.2 days for the Delta variant, and 361.2 ± 131.6 days for
the Omicron variant [30]. As the present study investigates the Omicron outbreak, the average
period of immunity acquired following infection is taken to be 1/χ = 361 days. Specifically,
we utilize data on the total reported COVID-19 cases in India spanning the period from 30
December 2021 to 30 April 2022 [16].

Model fitting is performed using the least squares method [25], which minimizes the discrep-
ancies between observed data points, Yi, and corresponding model estimates, Xi. The objective
is to reduce the sum of squared errors (SSE) between the observed and predicted values, defined
as
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17 Understanding the impact of vaccination on Omicron variants

SSE =

n∑
i=1

(Yi −Xi)
2.

In Figure 2, the continuous curve represents the fitted model, while the star-shaped markers
denote the actual reported daily confirmed cases. From this calibration, the control reproduction
number is estimated as Rc = 1.17, indicating that the Omicron variant retains a high potential
for rapid transmission.

Overall, the simulated results align well with the observed data, validating the model’s
performance. The corresponding parameter estimates are summarized in Table 2.

Figure 2: Fitted curve of confirmed cases in India for proposed model [16]

4.2 Sensitivity analysis

Investigating the influence of various parameters on the control reproduction number, Rc, is
fundamental to understanding the behaviour of infectious diseases. This type of analysis enables
the identification of key contributors to disease transmission and facilitates the formulation of
effective intervention strategies during epidemics. The normalized forward sensitivity index of a
parameter p with respect to Rc is expressed as (see [25])

Γp
Rc

=
∂Rc

∂p
· p

Rc
.

.
The sensitivity indices forRc, computed using parameter values from Table 2, are listed in Ta-

ble 3. The results indicate that increases in parameters such as β, ω1, σ, µ, η1, η2, β1,Λ, χ, θ1, θ2, θ3,
and γ4 lead to an increase in Rc. In contrast, parameters like ψ, ϕ, ν1, ν2, ϵ, δ1, δ2, γ1, γ2, γ3 are
associated with a reduction in Rc. As shown in Figure 3(a), the parameter χ exerts the most
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significant positive effect, whereas ψ has the most notable negative effect on Rc. Since lower
values of Rc are desirable to control disease spread, it is advisable to increase the parameters
with negative indices and reduce those with positive indices.

To assess how different parameters affect the infected population I(t), a sensitivity analysis
of the model described by (1) is performed using the PRCC method and the Latin hypercube
sampling (LHS) strategy, as outlined in [?]. The analysis assumes a uniform distribution for
all model parameters, with I(t) serving as the response function. The PRCC values provide
insight into the strength and direction of the relationship between each parameter and I(t), thus
highlighting the most influential parameters. Figure 3(b) displays the PRCC results obtained
from 500 simulation runs.

(a) Normalized forward sensitivity indices Γp
Rc

(b) PRCC sensitivity indices of I(t)

Figure 3: Sensitivity analyses of the model parameters as in Table 1

Figure 4 presents a 2-D contour plot, while Figure 5 illustrates a 3-D contour plot of Rc as
a function of vaccination rates for dose I (ν1) and dose II (ν2). Both figures indicate that as
vaccination rates increase over time, the incidence of COVID-19 declines sharply.

4.3 Impact of vaccination

To investigate the impact of the first dose of the vaccine (Dose I) on the infected population, a
numerical simulation is conducted for varying vaccination rates, denoted by ν1, as illustrated in
Figure 6(a). Similarly, the impact of the second dose on the infected population I is presented in
Figure 6(b) for different levels of ν2. Without the second dose, the number of infected individuals
experiences a significant surge. However, with an increase in the administration of the second

Iran. J. Numer. Anal. Optim., Vol. ??, No. ??, ??, pp ??



19 Understanding the impact of vaccination on Omicron variants

Figure 4: 2D contour plot of Rc as a function of ν1 and ν2

Figure 5: 3D contour plot of Rc as a function of ν1 and ν2

Table 3: Normalized sensitivity indices of Rc with respect to the model parameters in (1), for parameter values
given in Table 2
Parameter Sensitivity in-

dices
Parameter Sensitivity in-

dices
Parameter Sensitivity in-

dices
Λ 0.481054 η2 0.00559502 γ1 −0.818185
θ 0.0185693 σ 0.0000473119 γ4 0.00252367
β 0.518946 ω1 0.460218 δ1 −0.0715937
θ1 0.318524 β1 0.481054 ν1 −0.624311
θ2 0.101881 ϵ −0.481054 γ2 −0.0438512
θ3 0.0606476 ϕ −0.0369766 γ3 −0.0656625
χ 0.588956 ψ −1.97258 µ −0.471738
η1 0.0136015 ν2 −0.436894 δ2 −0.00056411

dose, there is a noticeable and sharp decline in the infected population. After receiving dose I
of the vaccination, we observe a significant decrease in the infected population I, as shown in
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(a) Effect of ν1 on I (b) Effect of ν2 on I, where ν1 = 0.01

(c) Effect of ν1 and ν2 on I (d) Effect of ω1 on I

Figure 6: The effects of varying ω1, ν1, and ν2 on the infected population I

Figure 6(c). This decrease is even more pronounced after receiving dose II, compared to dose
I, as shown in Figure 6(c). Asymptomatic patients have a higher rate of infectiousness, so their
impact on the infection levels I is illustrated in Figure 7(c) for different levels of ψ. This is likely
due to the fact that individuals in this group are often unaware of their COVID-19 infection and,
as a result, may not consistently adhere to measures aimed at preventing transmission.

(a) Effect of θ on I (b) Effect of χ on I (c) Effect of ψ on I

Figure 7: The effects of varying ψ, χ, θ on the infected population I
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4.4 Impact of environmental contamination

Environmental contamination has been identified as a key factor contributing to the transmis-
sion of COVID-19. Studies have shown that the virus remains viable on various surfaces for
differing durations—up to 4 hours on copper, 24 hours on cardboard, and as long as 72 hours on
stainless steel and plastic [54]. The proposed mathematical model (1) incorporates the effects
of environmental contamination, particularly from infected individuals categorized in the Ia, I,
and I0 compartments.

We analyzed the impact of environmental contamination on the dynamics of the proposed
model. The time series in Figure 8 illustrates how parameters related to environmental contami-
nation affect infection levels. When the rates of environmental contamination (θ1, θ2, and θ3) in-
crease, the infected population correspondingly rises, as shown in Figures 8(a)–8(c). Conversely,
sanitization measures that increase ϵ reduce the number of infected individuals, as depicted in
Figure 8(d). This finding suggests that eliminating the virus from contaminated environments
can significantly limit the number of infections. Furthermore, a susceptible individual interacts
with a contaminated environment at a transmission rate denoted by β1. Figure 8(e) demonstrates
that as β1 increases, the infection levels rise.

(a) Effect of θ1 on I (b) Effect of θ2 on I (c) Effect of θ3 on I

(d) Effect of ϵ on I (e) Effect of β1 on I

Figure 8: The effects of varying θ1, θ2, θ3, β1, ϵ on the infected population I.
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5 Optimal control

This section introduces an optimal control framework designed to determine the most effective
control parameters. We consider the dynamical system z′(t) = f(z(t)) with the initial condition
z(0) = z0, where z0 ∈ Rn, f : Rn → Rn, and z : [0,∞) → Rn. To incorporate control
interventions, we define control variable ui, where i ∈ N, leading to the controlled system,

z′(t) = f(z(t), u(t)), z(0) = z0,

with the control function u : [0,∞) → A ⊂ Rn. The set of admissible controls is given by

X∗ = {u(t) ∈ L′(t0, tf ) : u(t) ∈ A} .

The primary objective is to determine the optimal control variables ui that minimize the sec-
ondary transmission rate while also ensuring the associated implementation costs remain as low
as possible over the time interval t0 ≤ t ≤ tf [25]. We consider the following control variables:

1. u1 ≡ control of infections through nonpharmaceutical interventions such as face masks,
hand sanitisers, etc., promoted by awareness campaigns.

2. u2 ≡ control of infections by reducing indirect transmission.

3. u3 ≡ control to enhance the uptake of the second vaccination dose.

4. u4 ≡ control to reduce virus release into the environment by encouraging infected individ-
uals to take precautions, such as maintaining safe distances, covering coughs and sneezes
with disposable tissues or clothing, and washing hands after coughing or sneezing.

5. u5 ≡ control for disinfecting contaminated environments.

To minimize both the total number of infectious cases and the corresponding implementation
costs, we define the following objective function:

J (u1, u2, u3, u4, u5)

= min
∫ tf

t0

(
Q+D1

u21
2

+D2
u22
2

+D3
u23
2

+D4
u24
2

+D5
u25
2

)
dt. (8)

where Q = C1E + C2Ia + C3I + C4I0 + C5U , subject to constraints:
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dS
dt = Λ− (1−u1)β(η1I+Ia+η2I0)S

N − (1− u1 − u2)β1US − ν1S + ω1V1

+χR− µS,

dE
dt = (1−u1)β(η1I+Ia+η2I0)(S+θV1)

N + (1− u1 − u2)β1US − σE − µE,

dIa
dt = ψσE − γ1Ia − µIa,

dI
dt = (1− ψ − ϕ)σE − γ2I − δ1I − µI,

dI0
dt = ϕσE − γ3I0 − δ2I0 − µI0,

dV1

dt = ν1S − (ν2 + τ1u3)V1 − ω1V1 − (1−u1)θβ(η1I+Ia+η2I0)V1

N − µV1,

dV2

dt = (ν2 + τ1u3)V1 − γ4V2 − µV2,

dR
dt = γ2I + γ1Ia + γ3I0 + γ4V2 − χR− µR,

dU
dt = (1− u4)θ2I + (1− u4)θ1Ia + (1− u4)θ3I0 − (ϵ+ τ2u5)U.

(9)

We begin by assuming the following initial conditions:

S(0) > 0, E(0) ≥ 0, Ia(0) ≥ 0, I(0) ≥ 0, I0(0) ≥ 0, V1(0) ≥ 0,

V2(0) ≥ 0, R(0) ≥ 0, U(0) ≥ 0.

In the optimization framework, the constants C1, C2, C3, C4, and C5 act as weighting coeffi-
cients corresponding to the exposed individuals, the various infected groups (Ia, I, I0), and the
environmental viral concentration.

The time-dependent control parameters u1, u2, u3, u4, and u5 are associated with the quadratic
cost terms D1u

2
1, D2u

2
2, D3u

2
3, D4u

2
4, and D5u

2
5, respectively. These squared expressions represent

the severity or magnitude of each control effort.

The existence of an optimal solution to the control problem is ensured by the conditions set
forth in the Filippov–Cesari theorem [2]. The Hessian matrix of the cost functional is given by

D = diag(D1, D2, D3, D4, D5),

which is positive definite everywhere. Therefore, the objective functional

J(u1, u2, u3, u4, u5)

is strictly convex. As a result, there exists a minimum value

D = min{D1, D2, D3, D4, D5} > 0

Iran. J. Numer. Anal. Optim., Vol. ??, No. ??, ??, pp ??



Sahu, Thakur, Sikarwar and Singh 24

that guarantees convexity in the integrand of the objective functional

C1E + C2Ia + C3I + C4I0 + C5U +D1
u21
2

+D2
u22
2

+D3
u23
2

+D4
u24
2

+D5
u25
2

≥ D
(
u21 + u22 + u23 + u24 + u25

)
,

This inequality is satisfied whenever E + Ia + I + I0 + U ≥ 0. Pontryagin’s maximum principle
is applied with respect to the defined state variables

S = S∗, E = E∗, Ia = I∗a , I = I∗, I0 = I∗0 , V1 = V ∗
1 ,

V2 = V ∗
2 , R = R∗, U = U∗.

We obtain the Hamiltonian function:

H =C1E
∗ + C2I

∗
a + C3I

∗ + C4I
∗
0 + C5U

∗ +D1
u21
2

+D2
u22
2

+D3
u23
2

+D4
u24
2

+D5
u25
2

+ λ1
dS

dt
+ λ2

dE

dt
+ λ3

dIa
dt

+ λ4
dI

dt
+ λ5

dI0
dt

+ λ6
dV1
dt

+ λ7
dV2
dt

+ λ8
dR

dt
+ λ9

dU

dt
.

The adjoint functions λi, i = 1, 2, . . . , 9, obey the following equations:

dλ1
dt

= −∂H
∂S

= −(λ6 − λ2)
(1− u1)θβV1(Ia + η1I + η2I0)

N2
− (λ6 − λ1)ν1 + µλ1

− (λ2 − λ1)

(
U(1− u1 − u2)β1 +

(1− u1)β(Ia + η1I + η2I0)

N

)
+ (λ2 − λ1)

(
(1− u1)βS(Ia + η1I + η2I0)

N2

)
,

dλ2
dt

= −∂H
∂E

= −(λ1 − λ2)
(1− u1)βS(Ia + η1I + η2I0)

N2

− (λ6 − λ2)
(1− u1)θβV1(Ia + η1I + η2I0)

N2

− λ5σϕ− λ3σψ − λ4σ(1− ϕ− ψ)− C1 + λ2(µ+ σ),

dλ3
dt

= −∂H
∂Ia

= − (λ2 − λ1)((1− u1)βS(N − η1I − η2I0))

N2
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− (λ2 − λ6)((1− u1)θβV1(N − η1I − η2I0))

N2

− γ1λ8 − (1− u4)θ1λ9 + λ3(γ1 + µ)− C2,

dλ4
dt

= −∂H
∂I

= − (λ2 − λ1)((1− u1)βS(η1N − Ia − η1I − η2I0))

N2

− (λ2 − λ6)((1− u1)θβV1(η1N − Ia − η1I − η2I0))

N2

− γ2λ8 − (1− u4)θ2λ9 + λ4(γ2 + δ1 + µ)− C3,

dλ5
dt

= −∂H
∂I0

= − (λ2 − λ1)((1− u1)βS(η2N − Ia − η1I − η2I0))

N2

− (λ2 − λ6)((1− u1)θβV1(η2N − Ia − η1I − η2I0))

N2

− γ3λ8 − (1− u4)θ3λ9 + λ5(γ3 + δ2 + µ)− C4,

dλ6
dt

= − ∂H

∂V1

= λ6µ− (λ7 − λ6) (ν2 + u3τ1)− (λ1 − λ6)ω1

− (λ1 − λ2)
(1− u1)βS (Ia + η1I + η2I0)

N2

− (λ2 − λ6)
(1− u1) θβ (N − V1) (Ia + η1I + η2I0)

N2
,

dλ7
dt

= − ∂H

∂V2

= − (1− u1)β (Ia + η1I + η2I0) (S(λ1 − λ2) + V1θ(λ6 − λ2))

N2

− γ4(λ8 − λ7) + λ7µ,

dλ8
dt

= −∂H
∂R

= − 1

N2
((λ1 − λ2)(1− u1)βS (Ia + η1I + η2I0))

− 1

N2
((λ6 − λ2)(1− u1)θβV1 (Ia + η1I + η2I0))− λ1χ+ λ8(µ+ χ),

dλ9
dt

= −∂H
∂U

= −C5 + (1− u1 − u2)β1S(λ1 − λ2) + λ9(ϵ+ u5τ2). (10)

Imposing the terminal condition λi(tf ) = 0 for i = 1, 2, . . . , 9, and using the requirement that
∂H
∂ui

= 0 for all ui, the corresponding optimal control law is given by
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u∗1 =min
{

max
(
0,
β1(λ2 − λ1)N∗S∗U∗ + β(I∗a + η1I∗ + η2I∗0 )(S

∗(λ2 − λ1) + θV ∗
1 (λ2 − λ6))

D1N∗

)
, u1 max

}
,

u∗2 =min
{
max

(
0,
β1(−λ1 + λ2)S

∗U∗

D2

)
, u2 max

}
,

u∗3 =min
{
max

(
0,

(λ6 − λ7)τ1V
∗
1

D3

)
, u3 max

}
,

u∗4 =min
{
max

(
0,

(θ1I
∗
a + θ2I

∗ + θ3I
∗
0 )λ9

D4

)
, u4 max

}
,

u∗5 =min
{
max

(
0,
λ9τ2U

∗

D5

)
, u5 max

}
.

5.1 Numerical solution of the model under optimal control

In this subsection, we conduct numerical experiments for the optimal control model to investigate
how different time-dependent control strategies affect the transmission dynamics of the disease.

The simulations use the parameter set given in Table 2; several of these parameters are ob-
tained by fitting the model to COVID-19 data reported for India. For the computations, India’s
total population is taken to be approximately 1.40 billion, which serves as the reference popu-
lation size. To compute the optimal control, we employ the forward-backward sweep algorithm
described in [2].

The trajectories displayed in Figures 9(a)–9(e) show, separately, the influence of each control
variable ui (i = 1, 2, 3, 4, 5) on the state variables E, Ia, I, I0 and U . In these plots, the solid
curves represent the scenario without control, while the dotted curves indicate the system with
the control strategy in place. The implementation of control measures significantly reduces both
the infected population and the environmental viral load.

Figure 10 presents the optimal time profiles of the controls u1, u2, u3, u4 and u5 and their
impact on the spread of COVID-19 in the human population and the environment. In Figure
10(a), u1 reaches its maximum value during the initial days and remains at this level until
approximately t = 90 days. A similar pattern is observed in Figure 10(b) for u2, which also
attains an early peak and maintains this maximum level up to t = 90 days. In contrast, Figure
10(c) shows that u3 reaches its highest value between 30 and 60 days and then gradually decreases
until t = 100 days. Figure 10(d) indicates that u4 peaks in the interval 0–50 days, followed by a
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slow decline up to t = 100 days. Finally, Figure 10(e) reveals that u5 also reaches its maximum
between 0 and 70 days and then steadily diminishes until t = 100 days.

(a) Effect on E (b) Effect on Ia (c) Effect on I

(d) Effect on I0 (e) Effect on U

Figure 9: Effect of control measures: u1, u2, u3, u4, u5

Table 4: Scenarios and their combination strategy
Scenario Strategies

A
S-1. (u1 ̸= 0, u2 = 0, u3 = 0, u4 = 0, u5 = 0)
S-2. (u1 = 0, u2 ̸= 0, u3 = 0, u4 = 0, u5 = 0)
S-3. (u1 = 0, u2 = 0, u3 ̸= 0, u4 = 0, u5 = 0)

B S-4. (u1 ̸= 0, u2 ̸= 0, u3 ̸= 0, u4 = 0, u5 = 0)

C S-5. (u1 ̸= 0, u2 ̸= 0, u3 ̸= 0, u4 ̸= 0, u5 ̸= 0)

To achieve efficient resource allocation while reducing the economic burden associated with
controlling the transmission of COVID-19, we implement selective intervention strategies based
on different combinations of time-dependent control variables instead of employing all five con-
trols simultaneously. This framework enables a comparative assessment of multiple intervention
schemes (see Table 4) and facilitates the evaluation of their relative efficiency, implementation
costs, and epidemiological outcomes.

Three intervention scenarios, namely Scenarios A, B, and C, are considered according to the
control strategies summarized in Table 4 and illustrated in Figures 11(a)–11(e). In Scenario A,
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(a) Control parameter u∗1 (b) Control parameter u∗2 (c) Control parameter u∗3

(d) Control parameter u∗4 (e) Control parameter u∗5

Figure 10: Control profiles: u1, u2, u3, u4 and u5

the control measures u1, u2, and u3 are evaluated individually, whereas u4 and u5 are excluded
(Figures 11(a)–11(c)). Scenario B examines the combined implementation of strategies S-1, S-
2, and S-3, with the corresponding simulation results presented in Figure 11(d). Scenario C
represents the comprehensive intervention strategy in which all five control variables, u1, u2, u3,
u4, and u5, are applied simultaneously, as illustrated in Figure 11(e).

The simulation results indicate that intervention measures directed toward the infectious
compartments, represented by u1, u2, and u3, contribute more substantially to suppressing
disease transmission than the environmental control measures u4 and u5. Furthermore, the si-
multaneous implementation of controls across all infectious classes (Figure 11(d)) produces a
more pronounced reduction in disease prevalence than strategies in which these controls are
applied separately (Figures 11(a)–11(c)). Among the three investigated scenarios, Scenario C
consistently provides the greatest reduction in disease transmission, demonstrating that the in-
tegrated application of all available control measures is the most effective strategy for mitigating
the spread of COVID-19 (Figure 11(e)).
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(a) S-1: control u1 only (b) S-2: control u2 only (c) S-3: control u3 only

(d) S-4: u1, u2 and u3 only (e) S-5: u1, u2, u3, u4 and u5

Figure 11: Effect of control u1, u2, u3, u4 and u5 on total number of infections

6 Discussion and conclusion

In the present study, we developed a new mathematical model to study the transmission dynamics
of COVID-19. The model focuses on the Omicron variant and incorporates individuals who have
received the first and second doses of the vaccine. By integrating environmental contamination
into the model, we introduce an additional layer of complexity that better represents real-world
conditions, particularly in areas heavily impacted by Omicron.

The model was analyzed using dynamical systems approach, emphasizing solution positivity,
boundedness, and the biological relevance of the control reproduction number derived from the
next-generation matrix. Stability analysis was conducted for both the disease-free and endemic
equilibria.

The numerical simulations for the proposed model, detailed in Section 4, used COVID-
19 data from India, collected between December 30, 2021, and April 30, 2022, from Johns
Hopkins University [16]. Figure 6(c) illustrates that vaccination plays a crucial role in shaping
the dynamics of the disease. A normalized forward sensitivity analysis is conducted on the control
reproduction number Rc with respect to model parameters, revealing that the transmission rate
is the most significant factor. PRCC sensitivity indices are computed using the LHS technique,
taking I(t) as a response function with respect to model parameters. PRCC sensitivity indices
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show a robust negative correlation between the infected population I and ψ (as seen in Figure
3(b)).

The analysis further demonstrated that the first dose of the vaccine provides incomplete
protection, making it essential to maintain a low waning rate of immunity (ω1) to minimize
infection levels (Figure 6(d)). As ω1 increases, the infection peak increases, indicating a greater
risk of infection due to the return of vaccinated individuals to the susceptible class, which can
be mitigated through the administration of a second dose. Figure 7(a) illustrates the impact
of first-dose vaccine efficacy (1 − θ), highlighting the need to optimize efficacy through booster
doses, public health measures, and timely vaccinations to effectively manage the pandemic.

Additionally, we examined the impact of waning immunity (1/χ) on infection levels, which
is critical for understanding reinfection dynamics (Figure 7(b)). Environmental contamination
effects were also studied (Figure 8), with findings showing a decline in infection peaks as viral
removal efforts (ϵ) increased (Figure 8(d)). This underscores the importance of safety measures,
such as maintaining physical distance, covering coughs and sneezes, and practicing good hygiene
to reduce community transmission.

We extended the model to incorporate an optimal control problem, examining nonpharma-
ceutical interventions such as face masks and hand sanitisers, reducing indirect transmission,
administering the second vaccine dose, and disinfecting contaminated environments. Using Pon-
tryagin’s Maximum Principle, we established the conditions for optimal control and employed the
forward-backward sweep method to assess the impact of these strategies. Numerical simulations,
as shown in Figure 11(e), demonstrate that Scenario C, which combines all control variables,
is the most effective in mitigating disease spread while minimizing the associated intervention
costs. Overall, the results suggest that five distinct control measures should be dynamically
adjusted to effectively reduce both infections and associated costs, with the second vaccine dose
emerging as the most effective strategy for curbing widespread transmission.

Future research could explore extending the proposed model into a fractional-order model,
as studies have shown that fractional derivatives possess additional characteristics not present
in integer-order derivatives [17, 33]. Such an extension may provide a more comprehensive
understanding of COVID-19 dynamics.
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