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Abstract

Meningitis is one of the world’s most alarming infectious diseases, characterized by rapid pro-
gression, high fatality, and severe long-term complications. Despite advances in vaccination
and surveillance, recurrent epidemics—especially across Africa’s “meningitis belt”—continue
to threaten millions. This study introduces a novel compartmental model, SEAIV HRQ, in-
tegrating both medical and behavioral aspects of meningitis dynamics. The model divides
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the population into eight classes, incorporating vaccination and voluntary quarantine to re-
flect realistic public health conditions. Three time-dependent controls are applied to reduce
transmission from asymptomatic and symptomatic individuals and to enhance awareness and
treatment adherence. Using Pontryagin’s Maximum Principle, we determine optimal strategies
that minimize infection prevalence, hospitalization, and intervention costs. Numerical simula-
tions show that combined preventive, treatment, and awareness measures substantially reduce
infection peaks and accelerate recovery. This framework extends classical models and supports
the WHO’s “Defeating Meningitis by 2030” roadmap, offering practical insights for designing
cost-effective and sustainable control strategies in resource-limited health systems.

AMS subject classifications (2020): 49J15, 93C10, 92B05, 93A30.

Keywords: Meningitis; Pontryagin’s maximum principle; MATLAB; Bacterial meningitis.

1 Introduction

Meningitis is a severe infection of the meninges, the protective membranes surrounding the brain
and the spinal cord. According to the World Health Organization (WHO), bacterial meningitis is
among the most devastating infectious diseases, causing high morbidity and mortality worldwide
[1, 44, 4]. The main bacterial agents include Neisseria meningitidis, Streptococcus pneumoniae,
Haemophilus influenzae, Group B Streptococcus, Listeria monocytogenes, Escherichia coli, and
Mycobacterium tuberculosis [3, 4, 5]. Transmission typically occurs from person to person through
coughing, sneezing, or close contact with infected individuals or asymptomatic carriers [1, 6,
7]. The clinical symptoms are characterized by a sudden onset of fever, headache, stiff neck,
nausea, vomiting, photophobia, and confusion [1, 2]. The case fatality rate varies from 3–10%
in developed countries to as high as 20% in the African “meningitis belt,” a region stretching
from Senegal to Ethiopia [2, 7, 8]. Moreover, nearly 20% of survivors may develop long-term
neurological sequelae such as deafness, epilepsy, cerebral palsy, speech disorders, limb loss, or
intellectual disability [1, 2]. These alarming statistics highlight the serious threat of meningitis
to human health and justify the need for advanced strategies of prevention and control [9, 4, 10].

The WHO launched the global roadmap “Defeating Meningitis by 2030”, which aims to
eliminate bacterial meningitis epidemics, reduce vaccine-preventable cases by 50%, cut mortality
by 70%, and improve quality of life for those affected [4]. While remarkable progress has been
made through vaccination campaigns, surveillance, and case management, challenges remain
[9, 10, 7]. Outbreaks continue to occur, particularly during the dry season (November–May) in
sub-Saharan Africa, where climatic conditions, population movements, and poverty exacerbate
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3 Mathematical modeling and control strategies for meningitis transmission

transmission dynamics [2, 7, 8]. In this context, mathematical modeling provides a rigorous
framework to understand disease dynamics, to test hypothetical scenarios in the absence of
sufficient real-world data, and to design optimal strategies for epidemic control [6, 11, 5, 7, 8, 12].

Several studies in the literature have applied mathematical and optimal control approaches
to meningitis and other infectious diseases [6, 11, 13, 5, 20, 23, 14, 15, 12, 16]. Deterministic com-
partmental models have been formulated to analyze co-infections, such as tuberculosis-hepatitis
B, malaria-meningitis, hepatitis B-HIV, and pneumonia-meningitis [17, 19, 11, 13, 21, 18].
Simulation results from these studies consistently demonstrated that implementing preventive
measures, treatment, and vaccination together can significantly reduce the burden of infection
[19, 11, 13, 21, 18, 20, 15, 12, 16]. For example, Tilahun [42] developed an optimal control model
for pneumonia and meningitis co-infection, showing that combined preventive and treatment
strategies achieved substantial reductions in both diseases. Similarly, other researchers have
investigated hepatitis B and hepatitis C co-infection under fractional-order models, highlighting
the complexity of overlapping epidemics [21, 20, 23, 14, 15]. These works collectively under-
line the importance of designing robust control strategies adapted to the biological, social, and
economic contexts of infectious diseases [5, 20, 8, 12, 16, 22, 24, 25, 26, 27, 30, 28, 29].

In this study, we focus on a SEAIV HRQ model tailored to meningitis transmission. This
model subdivides the population into the following compartments: Susceptible (S), Exposed
(E), Asymptomatic infected (A), Symptomatic infected (I), Vaccinated (V ), Hospitalized (H),
Recovered (R), and Quarantined (Q). The introduction of compartment Q is a key innovation
in this work: It accounts for individuals who are infected but prefer to remain at home rather
than seek hospital care, reflecting the reality of quarantine and self-isolation in resource-limited
settings. Similarly, the compartment V represents individuals vaccinated at the onset, highlight-
ing the role of proactive immunization. These additions make the model more realistic and allow
for the assessment of both medical and behavioral interventions.

To improve epidemic control, we incorporate three time-dependent control functions:

• c1(t): reducing transmission from asymptomatic carriers (A), who often spread infection
silently within communities.

• c2(t): reducing transmission from symptomatic individuals (I) through isolation, treat-
ment, and limiting their contact with healthy individuals.

• c3(t): promoting awareness and responsibility, which includes ensuring access to medica-
tions at home, clear explanations of dosage, and stressing the importance of completing
treatment.
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These controls reflect practical strategies such as vaccination, isolation, quarantine, awareness
campaigns, and logistic support for home-based care. By simulating different combinations of
controls, we aim to identify the most effective strategies for minimizing infections, reducing
mortality, and optimizing healthcare resource use.

The value of this study lies in extending classical meningitis models to include realistic
features such as voluntary quarantine and proactive vaccination, and in analyzing their impacts
under optimal control theory. By doing so, we provide insights into how to balance preventive
measures, treatment interventions, and awareness programs in a cost-effective manner. This
approach aligns with global health objectives, particularly the WHO’s 2030 roadmap, and offers
practical implications for policymakers in regions where meningitis remains a pressing public
health challenge.

The remainder of this article is organized as follows. In Section 2, we present the formulation
of the SEAIVHRQ model, defining state variables and parameters. Section 3 introduces the
controlled mathematical model and discusses its qualitative properties. Section 4 addresses
the challenge of identifying the optimal control strategies and outlines the algorithm employed.
Section 5 provides numerical simulations to illustrate the effects of different control categories
and compares their effectiveness. Finally, Section 6 offers concluding remarks and perspectives
for future work.

2 Formulation of the model

In this work, we formulated the SEAIV HRQ compartmental model to describe the transmission
dynamics of meningitis within a human population.

For this purpose, the total population N is stratified into distinct epidemiological classes:
Susceptible individuals S, exposed individuals E, asymptomatic infected individuals A, symp-
tomatic infected individuals I, vaccinated individuals V , hospitalized individuals H, recovered
individuals R, and quarantined individuals Q. The overall human population at time t is ex-
pressed as N = S + E + A + I + V +H + R + Q. A schematic diagram representing the flow
between compartments in the proposed model is presented in Figure 1.

Compartment S: The S(t) compartment represents the susceptible population who can
contract the disease. The inflow comes from new recruits Σ(1 − α), while the outflow occurs
as susceptible individuals become exposed due to contact with symptomatic infected individuals
β1

SI
N or asymptomatic infected individuals β2 SAN . In addition, natural mortality µ decreases this

compartment, and some susceptibles move into the vaccinated class V at rate k1.
Compartment V : The V (t) compartment represents vaccinated individuals who are protected
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Figure 1: Model of population compartments.

from infection. This class increases through direct vaccination Σα, as well as vaccination of sus-
ceptible individuals at rate k1S and asymptomatic individuals at rate k2A. The compartment
decreases due to vaccine waning at rate θ and natural mortality µ.
Compartment E: The E(t) compartment denotes the exposed individuals who have been in-
fected but are not yet infectious. They are generated from susceptible individuals S through
interactions with both symptomatic I and asymptomatic A infections. They progress to either
the asymptomatic class A at rate (1 − γ)σE or the symptomatic class I at rate γσE, and the
compartment decreases due to natural mortality µ.
Compartment A: The A(t) compartment represents asymptomatic infected individuals who
can still transmit the infection. It increases as a fraction (1−γ)σE of exposed individuals become
asymptomatic. The compartment decreases due to disease progression to the symptomatic class
I at rate d, hospitalization at rate α1, quarantine at rate n3, and natural mortality µ.
Compartment I: The I(t) compartment describes symptomatic infected individuals. It in-
creases when a fraction γσE of exposed individuals develop symptoms, and also when asymp-
tomatic individuals A progress to symptomatic infection at rate d. The outflow occurs through
hospitalization at rate α2, disease-induced death ε1, transfer to quarantine n1, and natural mor-
tality µ.
Compartment H: TheH(t) compartment represents hospitalized individuals. It receives inflow
from asymptomatic individuals hospitalized at rate α1 and symptomatic individuals hospitalized
at rate α2. The compartment decreases as patients either recover at rate λ or die from natural
mortality µ.
Compartment R: The R(t) compartment denotes recovered individuals who have acquired
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immunity. Recovery comes from hospitalized individuals at rate λ, quarantined individuals at
rate n2, and asymptomatic individuals at rate n3. The compartment decreases due to natural
mortality µ.
Compartment Q: The Q(t) compartment represents individuals in quarantine who are isolated
at home. They enter from the symptomatic class I at rate n1 and exit either by recovering at
rate n2, dying due to disease ε2, or through natural mortality µ.

We perform an analysis of a system consisting of eight nonlinear differential equations:

dS
dt = Σ(1− α)− β1

SA
N − β2

SI
N − (k1 + µ)S,

dV
dt = Σα+ k1S + k2A− (θ + µ)V,

dE
dt = β1

SA
N + β2

SI
N − (σ + µ)E,

dI
dt = γσE + dA− (α2 + n1 + ε1 + µ)I,

dA
dt = (1− γ)σE − (d+ n3 + α1 + µ+ k2)A,

dH
dt = α1A+ α2I − (λ+ µ)H,

dR
dt = λH + n3A+ n2Q+ θV − µR,

dQ
dt = n1I − (n2 + ε2 + µ)Q,

(1)

where (S(0), V (0), E(0), I(0), A(0),H(0), R(0), Q(0)) ∈ R8
+ represents the specified initial state.

2.1 Fundamental model characteristics

2.1.1 Nonnegativity of solutions

Theorem 1. If the initial conditions satisfy S(0) ≥ 0, V (0) ≥ 0, E(0) ≥ 0, I(0) ≥ 0, A(0) ≥ 0,
H(0) ≥ 0, R(0) ≥ 0 and Q(0) ≥ 0, then the solutions to system (1) remain positive for all t ≥ 0.

Proof. By examining the first equation in system (1), it becomes clear that

dS(t)

dt
= Σ(1− α) +

(
−β1A

N
− β2I

N
− (k1 + µ)

)
S(t)

≥ −
(
β1A

N
+
β2I

N
+ k1 + µ

)
S(t),
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7 Mathematical modeling and control strategies for meningitis transmission

dS(t)

dt
+

(
β1A

N
+
β2I

N
+ k1 + µ

)
S(t) ≥ 0,

where N(t) = β1A
N + β2I

N + k1 + µ.

We obtain

dS(t)

dt
+N(t)S(t) ≥ 0,

exp
(∫ t

0

N(s)ds

)
dS(t)

dt
+N(t) exp

(∫ t

0

N(s)ds

)
S(t) ≥ 0,

d

dt

(
S(t) exp

(∫ t

0

N(s)ds

))
≥ 0,

∫ t

0

(
d

ds

(
S(s) exp

(∫ t

0

N(s)ds

)))
ds ≥ 0,

S(t) ≥ S(0) exp
(
−
∫ t

0

N(s)ds

)
,

S(t) ≥ 0.

In the same manner, we have

dV

dt
+ (θ + µ).V = Σα+ k1S + k2V,

exp ((θ + µ)t) .
dV

dt
+ (θ + µ). exp ((θ + µ)t) .V

= (Σα+ k1S + k2V ) . exp ((θ + µ)t) ,

which can be rewritten as

d

dt
(V (t). exp ((θ + µ)t)) = (Σα+ k1S + k2V ) . exp ((θ + µ)t) ,

thus,
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V (t). exp ((θ + µ)t)− V (0) =

t1∫
0

(Σα+ k1S(x) + k2V (x)) . exp ((θ + µ)t) dx.

Therefore,

V (t) =V (0). exp (−(θ + µ)t)

+ exp (−(θ + µ)t) .

t1∫
0

(Σα+ k1S + k2V ) . exp ((θ + µ)t)dx

≥0

Similarly, we illustrate E(t) ≥ 0, I(t) ≥ 0, A(t) ≥ 0, H(t) ≥ 0, R(t) ≥ 0 and Q(t) ≥ 0.

2.2 Boundedness of the solutions

Theorem 2. The collection

Ωh =

{
(S, V,E, I, A,H,R,Q) ∈ R8

+ : 0 ≤ S + V + E + I +A+H +R+Q ≤
Σ

µ

}
ensures positive invariance within system (1) based on the given initial conditions S(t) ≥

0, V (t) ≥ 0, E(t) ≥ 0, I(t) ≥ 0, A(t) ≥ 0, H(t) ≥ 0, R(t) ≥ 0 and Q(t) ≥ 0.

Proof. As specified, N = S + V + E + I +A+H +R+Q.

Therefore

dN

dt
= Σ− ε1I − ε2Q− µN,

dN

dt
= Σ− ε1I − ε2Q− µN ≤ Σ− µN,

dN

dt
≤ Σ− µN,

N(t) ≤ (1− e−µt)
Σ

µ
+N(0)e−µt.
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9 Mathematical modeling and control strategies for meningitis transmission

As t → ∞, it follows that limit t→ ∞ supN(t) = Σ
µ . Consequently, the region Ω is confirmed

to be a positively invariant set for system (1),

N(t) ≤ Σ

µ
.

2.3 Existence and uniqueness of solutions

Theorem 3. System (1), with the initial conditions

(S(0), V (0), E(0), I(0), A(0),H(0), R(0), Q(0))

has a unique solution. This ensures that, for any given set of initial values within the defined
range, the system’s behavior can be accurately predicted.

Proof. System (1) can be expressed as follows: Θ(Y ) = KY + L(Y ), where

Y =



S

V

E

I

A

H

R

Q


, L(Y ) =



dS
dt
dV
dt
dE
dt
dI
dt
dA
dt
dH
dt
dR
dt
dQ
dt


and

K =



−(k1 + µ) 0 0 0 0 0 0 0

k1 −(θ + µ) 0 0 k2 0 0 0

0 −(σ + µ) 0 0 0 0 0

0 γσ ω1 d 0 0 0

0 0 (1− γ)σ 0 ω2 0 0 0

0 0 0 α2 α1 −(λ+ µ) 0 0

0 θ 0 0 n3 λ −µ n2

0 0 0 n1 0 0 0 ω3


,
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where ω1 = −(α2 + n1 + ε1 + µ), ω2 = −(d+ n3 + α1 + µ+ k2) and ω3 = −(n2 + ε2 + µ).
In addition to

L(Y ) =



Σ(1− α)− β1
SA
N − β2

SI
N

Σα

β1
SA
N + β2

SI
N

0

0

0

0

0


.

Assuming that Y1 and Y2 are solutions of (1), it follows that

|L(Y1)− L(Y2)| ≤ 2

∣∣∣∣β1S1A1

N
+ β2

S1I1
N

− β2
S2A2

N
− β2

S2I2
N

∣∣∣∣
≤ 2

∣∣∣∣β1S1

N
(A1 −A2) +

β1A2

N
(S1 − S2) +

β2S1

N
(I1 − I2)

+
β2I2
N

(S1 − S2)

∣∣∣∣
≤ 2

(
β1S1

N
|A1 −A2|+

β1A2

N
|S1 − S2|+

β2S1

N
|I1 − I2|

+
β2I2
N

|S1 − S2|
)
,

where

|S| ≤ Σ

N
, |I| ≤ Σ

N
and |A| ≤ Σ

N
.

Therefore,

|L(Y1)− L(Y2)| ≤
2Σ

N
(β1 |A1 −A2|+ β1 |S1 − S2|+ β2 |I1 − I2|

+β2 |S1 − S2|) .

By factoring out the common term, we obtain

∥Θ(Y1)−Θ(Y2)∥ ≤
(
2β1Σ

N
+

2β2Σ

N

)
|S1 − S2|+

2β1Σ

N
|A1 −A2|
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11 Mathematical modeling and control strategies for meningitis transmission

+
2β2Σ

N
|I1 − I2|

≤ Z ∥Y1 − Y2∥ ,

where

Z = max
(
2β1Σ

N
+

2β2Σ

N
,
2β1Σ

N
,
2β2Σ

N
, ∥K∥

)
.

Therefore, it follows that the mapping L possesses the property of being uniformly Lipschitz
continuous. In addition, by enforcing the conditions S(t) ≥ 0, V (t) ≥ 0, E(t) ≥ 0, I(t) ≥ 0,
A(t) ≥ 0, H(t) ≥ 0, R(t) ≥ 0, and Q(t) ≥ 0 within the positive cone R8

+, we guarantee
the existence of at least one solution to the proposed system. This ensures that all the state
variables remain nonnegative for any admissible initial data, thereby validating the consistency of
the model under the prescribed assumptions. Consequently, the system is mathematically well-
posed, which provides a rigorous foundation for further qualitative and numerical investigations
[40].

3 The control mathematical model

The control strategies in this model are focused on three main variables aimed at reducing disease
transmission and mitigating its health impact. The variable c1(t) represents preventive interven-
tions directed towards asymptomatic individuals (A), such as enhancing protective awareness,
maintaining social distancing, wearing masks, and adopting hygienic practices that limit the
hidden spread of infection from this group. The variable c2(t) is associated with symptomatic
individuals (I), through their rapid isolation, provision of appropriate treatment, and reduction
of direct contact with others, which significantly lowers the transmission rate. In contrast, the
variable c3(t) refers to the strategy that allows infected individuals to choose to remain at home
while adhering to prescribed medications. This reduces the burden on hospitals and contributes
to containing the spread of the disease by minimizing community-level interactions.

The integration of these three strategies ensures a balance between prevention, treatment,
and home isolation, thereby providing greater effectiveness in controlling the disease while min-
imizing the associated health and social costs.
Category 1: The combination of personal protection measures (c1), vaccination (c2), and aware-
ness raising program (c3): c1 ̸= 0, c2 ̸= 0, c3 ̸= 0.
Category 2: The combination of personal protection measures (u1) and awareness raising pro-
gram (c3): c1 ̸= 0, c3 ̸= 0.

Iran. J. Numer. Anal. Optim., Vol. ??, No. ??, ??, pp ??



Baroudi, Bettioui, Belam and Labzai 12

Category 3: The use of only vaccination (c2): c2 ̸= 0.
Category 4: The combination of personal protection measures (c1) and vaccination (c2):
c1 ̸= 0, c2 ̸= 0.

Therefore

dS
dt = Σ(1− α)− β1

SA
N (1− c1(t))− β2

SI
N (1− c2(t))− (k1 + µ)S,

dV
dt = Σα+ k1S + k2A− (θ + µ)V,

dE
dt = β1

SA
N (1− c1(t)) + β2

SI
N (1− c2(t))− (σ + µ)E,

dI
dt = γσE + dA− (α2 + n1 + ε1 + µ)I,

dA
dt = (1− γ)σE − (d+ n3 + α1 + µ+ k2)A,

dH
dt = α1A+ α2I − (λ+ µ)H,

dR
dt = λH + n3A+ n2Q+ θV − µR+ c3(t)Q,

dQ
dt = n1I − (n2 + ε2 + µ)Q− c3(t)Q.

(2)

Given (S(0) ≥ 0, V (0) ≥ 0, E(0) ≥ 0, I(0) ≥ 0, A(0) ≥ 0,H(0) ≥ 0, R(0) ≥ 0,

Q(0) ≥ 0) ∈ R8
+, these are the prescribed initial conditions.

4 The challenge of finding the best control strategy

The central difficulty in this framework is the minimization of the objective functional [26, 36,
37, 38, 39], which necessitates achieving an appropriate compromise between the application of
control strategies and the expenses they incur. The overarching aim is to construct an optimal
control policy that reduces the functional to its lowest possible value, while simultaneously ac-
counting for the efficiency of the interventions as well as their economic burden. More precisely,
the objective functional J(c1, c2, c3) captures the balance between the prevalence of infection and
the financial cost associated with implementing control actions. The epidemiological dynamics
are described through the infected classes I(t), A(t), and Q(t) together with the recovered class
R(t). On the other hand, the costs of interventions are represented by the control variables
c1(t), c2(t), and c3(t), weighted by the positive constants k1, k2, and k3, respectively. Conse-
quently, the formulation provides a rigorous quantitative tool to evaluate different strategies and
to determine the most effective approach in terms of both public health outcomes and resource
allocation.

J(c1, c2, c3) = I(T ) +A(T ) +Q(T )−R(T )
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13 Mathematical modeling and control strategies for meningitis transmission

+

t∫
0

(
I(t) +A(t) +Q(t)−R(t) +

k1
2
c21(t) +

k2
2
c22(t)

+
k3
2
c23(t)

)
dt.

The coefficients k1 ≥ 0, k2 ≥ 0 and k3 ≥ 0 are cost factors, chosen to balance the relative
importance of c1(t), c2(t) and c3(t) at any time t, where tf = T represents the terminal time.

Our primary objective is to find the optimal controls c∗1, c∗2 and c∗3 such that

J (c∗1, c
∗
2, c

∗
3) = min

(c1,c2,c3)∈Uad

J (c1, c2, c3) . (3)

where Uad refers to the set of allowable controls, defined by the following constraints:

Uad = {c1, c2, c3|0 ≤ c1min ≤ c1(t) ≤ c1max ≤ 1,

0 ≤ c2min ≤ c2(t) ≤ c2max ≤ 1

0 ≤ c3min ≤ c3(t) ≤ c3max ≤ 1; t ∈ [0, tf ]} .

4.1 Existence of optimal control

Theorem 4. Consider the regulation problem for system (2). There exists an optimal control
vector (c∗1(t), c∗2(t), c∗3(t)) ∈ Uad such that

J(c∗1(t), c
∗
2(t), c

∗
3(t)) = min

(c1(t),c2(t),c3(t))∈Uad

J(c1(t), c2(t), c3(t)).

This holds under the following conditions:

1. The control set Uad and the corresponding state variables are nonempty.

2. The system’s right-hand side is bounded by a linear combination of the state and control
variables.

3. The control set Uad is both convex and closed.

4. The integral M(S,E,A, I, V,H,R,Q, c1, c2, c3) within the objective function is convex over
the admissible control set Uad.

Proof. Condition 1.
To prove the nonemptiness of the control set and the associated state variables, we employ

an existence theorem from Boyce et al. [12].
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Consider the system described by Ẏi = YKi
(t, Y1, Y2, Y3, Y4, Y5, Y6, Y7, Y8) for i ∈ {1, . . . , 8},

where (Y1, Y2, Y3, Y4, Y5, Y6, Y7, Y8) = (S,E,A, I, V,H,R,Q). The functions YS , YE , YA, YI , YV , YH , YR
and YQ represent the right-hand side of (3). Given that all parameters are constants and
Y1, Y2, Y3, Y4, Y5, Y6, Y7 and Y8 are continuous functions, it follows that YS , YE , YA, YI , YV , YH , YR
and YQ are also continuous. Additionally, the partial derivatives ∂YYi

∂Yi
for i ∈ {1, . . . , 8} are con-

tinuous.
Thus, a unique solution (S,E,A, I, V,H,R,Q) exists that satisfies the initial conditions,

indicating that the control set and the corresponding state variables are nonempty, thus meeting
the first condition.

Condition 2.
By definition, the admissible control set Uad is closed. Consider any controls (c1, c2, c3) ∈ Uad

and ξ ∈ [0, 1]. We need to demonstrate that 0 ≤ ξc1 + (1 − ξ)c3 ≤ 1. Indeed, it follows that
ξc1 ≤ ξ and (1− ξ)c3 ≤ (1− ξ), which implies that ξc1 + (1− ξ)c3 ≤ ξ + (1− ξ) = 1. Therefore,
we have 0 ≤ ξc1 + (1− ξ)c3 ≤ 1 for all (c1, c2, c3) ∈ Uad and ξ ∈ [0, 1]. This confirms that Uad is
both closed and convex, thereby satisfying the second condition.

Condition 3.
The right-hand sides of system (2) are continuous and bounded by a linear combination of

the state variables and control inputs. Furthermore, they can be expressed as a linear function
in terms of c1, c2 and c3, with coefficients that depend on both the state variables and time.

Condition 4.
The integral within the objective function I(t)+A(t)+Q(t)−R(t)+ k1

2 c
2
1(t)+

k2
2 c

2
2(t)+

k3
2 c

2
3(t)

is inherently convex over the set Uad. Indeed, there exist constants Φ1 and Φ2, with β > 1, such
that the integral in the objective functional satisfies

M(S,E,A, I, V,H,R,Q, c1, c2, c3) ≥ Φ1 +Φ2(|c1|2 + |c2|2 + |c3|2)
κ
2 ,

where

I(t) +A(t) +Q(t)−R(t) +
k1
2
c21(t) +

k2
2
c22(t) +

k3
2
c23(t)

≥ Φ1 +Φ2(|c1|2 + |c2|2 + |c3|2)
κ
2 .

Given that the state variables are bounded, let

Φ1 = 4 inf
t∈[0,T ]

(I(t) +A(t) +Q(t)−R(t)),

Φ2 = inf
(
k1
2
,
k2
2
,
k3
2

)
, and κ = 2.
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Therefore, following the results presented by Fleming and Richel [19], and further elaborated
in [35, 42, 43], we can confirm the existence of an optimal control.

4.2 Characterization of optimal control

In this part of the study, Pontryagin’s maximum principle [37] is employed as a fundamental
analytical framework for addressing the optimal control problem. The methodology begins with
the introduction of the adjoint variables, which serve as an essential mathematical link between
the system of differential equations describing the dynamics and the objective functional tar-
geted for optimization. This relationship naturally leads to the construction of the Hamiltonian
function, a central quantity that integrates both the system dynamics and the objectives of the
control process.

By invoking Pontryagin’s principle, the challenging task of determining an optimal control
policy under given initial conditions is reformulated into the problem of continuously optimizing
the Hamiltonian over time. This transformation not only simplifies the search for the optimal so-
lution but also provides a systematic procedure to guide the system toward the desired outcome.
Furthermore, this approach establishes a solid theoretical basis for exploring qualitative proper-
ties of the solutions and for developing efficient numerical algorithms capable of implementing
the optimal strategies in practice.

We now define the Hamiltonian H at a given time t as follows:

H = I(t) +A(t) +Q(t)−R(t) +
k1
2
c21(t) +

k2
2
c22(t) +

k3
2
c23(t)

+

8∑
i=1

ψi(t)ui(S,E,A, I, V,H,R,Q).

In this scenario, ui denotes the right-hand side of the differential equations system (2) for the i-th
state variable, and ψi represents the corresponding adjoint functions. These adjoint functions
are linked to the state variables and are used to reflect the impact of changes in the state on the
cost functional.

Theorem 5. Suppose that (c∗1, c∗2, c∗3) ∈ Uad denotes the optimal control variables, and let S∗,
E∗, A∗, I∗, V ∗, H∗, R∗, and Q∗ represent the corresponding optimal trajectories for the state
variables. Then, there exist adjoint functions ψ1, ψ2, ψ3, ψ4, ψ5, ψ6, ψ7 and ψ8 that satisfy the
following conditions:
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ψ′
1 = −∂H

∂S
=

(
β1
A

N
(1− c1) + β2

I

N
(1− c2)

)
(ψ1 − ψ3)

+ k1(ψ1 − ψ2) + µψ1,

ψ′
2 = −∂H

∂V
= θ(ψ2 − ψ7) + µψ2,

ψ′
3 = −∂H

∂E
= σ(ψ3 − ψ5) + γσ(ψ5 − ψ4) + µψ3,

ψ′
4 = −∂H

∂I
= −1 +

β2S

N
(1− c2)(ψ1 − ψ3)

+ α2(ψ4 − ψ6) + n1(ψ4 − ψ8) + (µ+ ε1)ψ4,

ψ′
5 = −∂H

∂A
= −1 +

β1S

N
(1− c1)(ψ1 − ψ3)

+ d(ψ5 − ψ4) + n3(ψ5 − ψ7) + α1(ψ5 − ψ6)

+ k2(ψ5 − ψ2) + µψ5,

ψ′
6 = −∂H

∂H
= λ(ψ6 − ψ7) + µψ6,

ψ′
7 = −∂H

∂R
= 1 + µψ7,

ψ′
8 = −∂H

∂Q
= −1 + (ψ8 − ψ7)(n2 + c3) + (µ+ ε2)ψ8.

With the transversality conditions, ψ1, ψ2, ψ5, and ψ7 are all equal to zero at time T . On the
other hand, ψ3, ψ4, and ψ8 are set to minus one, and ψ6 is set to one at the same time point.

The solution to the optimal control problem is provided by the control variables c∗1, c∗2 and
c∗3. The optimal control values are obtained as follows:

c∗1 = min
(
1,max

(
0, β1SA(ψ3−ψ1)

k1N

))
,

c∗2 = min
(
1,max

(
0, β2SI(ψ3−ψ1)

k2N

))
,

c∗3 = min
(
1,max

(
0, Q(ψ8−ψ7)

k3

))
.

(4)

Proof. The Hamiltonian H at any time t can be represented as follows:

H =I(t) +A(t) +Q(t)−R(t) +
k1
2
c21(t) +

k2
2
c22(t) +

k3
2
c23(t)

+ ψ1

{
Σ(1− α)− β1

S(t)A(t)

N
(1− c1(t))

−β2
S(t)I(t)

N
(1− c2(t))− (k1 + µ)S(t)

}
+ ψ2 {Σα+ k1S(t) + k2A(t)− (θ + µ)V (t)}
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+ ψ3

{
β1
S(t)A(t)

N
(1− c1(t)) + β2

S(t)I(t)

N
(1− c2(t))− (σ + µ)E(t)

}
+ ψ4 {γσE(t) + dA(t)− (α2 + n1 + ε1 + µ)I(t)}

+ ψ5 {(1− γ)σE(t)− (d+ n3 + α1 + µ+ k2)A(t)}

+ ψ6 {α1A(t) + α2I(t)− (λ+ µ)H(t)}

+ ψ7 {λH(t) + n3A(t) + n2Q(t) + θV (t)− µR(t) + c3(t)Q(t)}

+ ψ8 {n1I(t)− (n2 + ε2 + µ)Q(t)− c3(t)Q(t)} .

Using Pontryagin’s maximum principle [27], we derived the adjoint equations and the transver-
sality conditions, which are expressed as follows:

ψi
′ = − ∂H

∂Yi
and ψi(tf ) = 0 for i ∈ {1, 2, 5, 7, 8},

where (Y1, Y2, Y3, Y4, Y5, Y6, Y7, Y8) = (S,E,A, I, V,H,R,Q).
The transversality conditions require that, at the terminal time, the adjoint variables must

satisfy an orthogonality relation with the attainable set of the final state. This condition plays a
crucial role in guaranteeing the mathematical consistency of the optimal control formulation and
ensures that the resulting solution is both coherent and reliable. By enforcing these requirements,
one can explicitly characterize the optimal control functions, denoted by c∗1(t), c∗2(t), and c∗3(t),
for the entire time horizon t ∈ [0, tf ]. Such conditions not only facilitate the identification of
the most effective control strategies but also provide a rigorous framework that enhances the
interpretability of the results and supports the implementation of optimal policies in practical
scenarios.

∂H

∂c1
= 0,

∂H

∂c2
= 0 and

∂H

∂c3
= 0.

Consequently,

∂H

∂c1
= k1c1 + ψ1β1

SA

N
− ψ3β1

SA

N
= 0,

∂H

∂c2
= k2c2 + ψ1β2

SI

N
− ψ3β2

SI

N
= 0,

∂H

∂c3
= k3c3 + ψ7Q− ψ8Q = 0.

Therefore,

c∗1 =
β1SA(ψ3 − ψ1)

k1N
,
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c∗2 =
β2SI(ψ3 − ψ1)

k2N
,

c∗3 =
Q(ψ8 − ψ7)

k3
.

Given the constraints within Uad for the control variables, we can efficiently determine the optimal
controls c∗1, c∗2 and c∗3 as expressed in (4).

5 Numerical simulation

In this section, we focus on the numerical simulation of the proposed optimal control problem,
which is carried out by applying the well-known Forward-Backward Sweep method [45]. The ap-
proach consists of integrating the state system (1) forward in time while simultaneously solving
the corresponding adjoint system backward in time. The two procedures are repeated in an iter-
ative manner, with updated values of the control functions at each step. This forward-backward
process continues until the solutions converge to an optimal trajectory. Once a satisfactory level
of convergence between the state and adjoint systems is achieved, the iterative procedure is ter-
minated. The results obtained from this algorithm are then illustrated and analyzed graphically
to highlight the effectiveness of the derived control strategies.

In this study, the parameter values presented in Table 1 were selected under hypotheti-
cal assumptions, since real epidemiological data were not available. This choice allowed us to
design and analyze the model even in the absence of empirical evidence. The use of assumed
parameter values provided the flexibility to examine different possible trajectories and disease
dynamics that could emerge from the system. Such an approach makes it possible to conduct an
in-depth investigation of the model’s performance under diverse scenarios, while also laying the
groundwork for future validation once reliable data become accessible. Furthermore, adopting
hypothetical scenarios serves to highlight potential weaknesses in the model and to point out
directions where additional research is needed, thereby ensuring that the framework remains
sufficiently robust and adaptable to multiple contexts. The simulated values employed in this
model were specifically chosen to conduct a theoretical investigation of the potential impacts
of personal protective measures, vaccination, and awareness programs on reducing the spread
of meningitis. It is important to emphasize that this constitutes a purely theoretical analysis,
intended to capture the possible outcomes under different intervention strategies rather than
relying on real-world data. Furthermore, based on assumptions related to the prevention of
meningitis, the three control variables, denoted here as c1, c2 and c3, are constrained within
given intervals. These constraints reflect the realistic limits of implementing such interventions

Iran. J. Numer. Anal. Optim., Vol. ??, No. ??, ??, pp ??



19 Mathematical modeling and control strategies for meningitis transmission

Table 1: Details on the parameters involved in the meningitis modeling.
Parameter Values in d−l Reference Parameter Values in d−l Reference
µ 3.933× 10−5 [31] θ 0.41 Assumed
β1 0.476 Estimated σ 0.4 [32]
β2 0.238 Estimated Σ 9.43× 105 [31]
α 0.19 [32] γ 0.63 [32]
λ 0.88 [34] n1 0.0013 Simulated
d 0.0013 [34] n2 0.0015 Simulated
k1 0.2 [33] n3 0.017 Simulated
k2 0.1 [33] ϵ1 0.017 Simulated
α1 0.023 Assumed ϵ2 0.012 Simulated
α2 0.045 Assumed

in practice, where the level of adoption cannot exceed certain thresholds but also cannot be
entirely absent. In the subsequent part of this study, we classify the possible intervention strate-
gies into four distinct categories. Each category represents a particular combination of control
measures, and together they serve as the foundation for evaluating the effectiveness of optimal
control strategies in mitigating the dynamics of meningitis transmission.
Category 1: The combination of personal protective measures for asymptomatic individuals
(c1), interventions targeting symptomatic individuals (c2), and quarantine and screening strate-
gies (c3): c1 ̸= 0, c2 ̸= 0, c3 ̸= 0.
Category 2: The combination of personal protective measures for asymptomatic individuals
(c1) and quarantine and screening strategies (c3): c1 ̸= 0, c3 ̸= 0.
Category 3: The use of only interventions targeting symptomatic individuals (c2): c2 ̸= 0.
Category 4: The combination of personal protective measures for asymptomatic individuals
(c1) and interventions targeting symptomatic individuals (c2): c1 ̸= 0, c2 ̸= 0.
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5.1 Strategy 1: This case involves the combined
implementation of personal protection measures (c1),
vaccination (c2), and awareness-raising programs (c3),
where c1 ̸= 0, c2 ̸= 0, c3 ̸= 0

It can therefore be concluded that when optimal control strategies are applied, namely personal
protective measures (c1), vaccination (c2), and awareness-raising programs (c3), epidemic out-
breaks do not occur. Figure 2 provides a complete illustration of how these control interventions
are implemented in the model. Subfigures 2(a), 2(b), 2(c), and 2(d) display the temporal dynam-
ics of the infected (I), asymptomatic infected (A), exposed (E), and recovered (R) populations
under Category 1. A key feature of this category is the significant increase in the proportion of
recoverers in the population. In particular, Figure 2(d) shows that the proportion of recovered
individuals rises to nearly 0.6, indicating that more than half of the population has effectively
achieved immunity. Furthermore, Figure 2(e) illustrates the temporal trajectories of the control
functions c1, c2 and c3. It can be observed that these controls are maintained at their maximum
levels for approximately the first 155, 154, and 80 days, respectively, after which they gradu-
ally decline in a monotonic manner toward their minimum values. This behavior reflects the
intensive initial interventions needed to curb transmission, followed by a progressive relaxation
of measures once the epidemic is under control.

5.2 Strategy 2: This scenario considers the joint
implementation of personal protection measures (c1)
together with awareness-raising programs (c3), where
both c1 ̸= 0 and c3 ̸= 0

In this category, Figure 3 presents the simulation outcomes of applying the control strategies
associated with Category 2, namely the combination of personal protection measures (c1) and
awareness programs (c3). Subfigures 2(a)–2(b) illustrate the trajectories of symptomatic infec-
tions, asymptomatic infections, and exposed individuals, respectively. In each case, the number
of infected individuals is consistently lower when the controls are implemented compared to the
uncontrolled scenario. This demonstrates the effectiveness of preventive awareness and personal
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(a) (b)

(c) (d)

(e)

Figure 2: Numerical results for Category 1. Figures (a), (b), (c), and (d) illustrate the dynamics of symptomatic
cases, asymptomatic cases, exposed individuals, and recovered individuals, respectively. Figure (e) displays
the trajectories of the optimal control variables.
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protection in reducing the rate of new infections and slowing the overall spread of the disease.
Figure 2(d) shows that, under Category 2, the number of recovered individuals drops to zero
after approximately ten days and remains at zero for the rest of the simulation period. This
implies that in the absence of vaccination, no recoverers will exist within the population, which
highlights the crucial role of vaccination in sustaining immunity.

Overall, these results indicate that Category 2 can significantly suppress the infection dynam-
ics through awareness and protection alone, but without vaccination, recovery is not achieved,
leaving the population vulnerable to future waves of infection.

5.3 Strategy 3: Vaccination as the sole intervention (c2)
where c2 ̸= 0

This category greatly increases the proportion of recoverers in the population; as shown in Figure
4(d), the proportion is as high as 0.6. In Figure 4(e) depicts controls c1, c2 and c3, which govern
the system over the simulation horizon.

5.4 Strategy 4: The joint application of personal protection
measures (c1) and vaccination (c2) where c1 ̸= 0 and
c2 ̸= 0

Figure 5 depicts the scenario in which the controls c1 and c2 are applied to system (1). Under
this category, the proportion of recoverers in the population rises substantially, reaching as high
as 0.6 as indicated in Figure 5(d).

Discussion

Figure 6 illustrates the dynamics of the different population compartments in system (1), derived
from simulations of the four optimal control categories. Nevertheless, the effectiveness of these
categories varies. Although many individuals recognize that meningitis is highly contagious and
transmitted through multiple routes, some still neglect preventive practices and refrain from
participating in vaccination programs. This behavior hinders the potential for a substantial
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(a) (b)

(c) (d)

(e)

Figure 3: Numerical results for Category 2. Figures (a), (b), (c), and (d) illustrate the dynamics of symptomatic
cases, asymptomatic cases, exposed individuals, and recovered individuals, respectively. Figure (e) displays
the trajectories of the optimal control variables.
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(a) (b)

(c) (d)

(e)

Figure 4: Numerical results for Category 3. Figures (a), (b), (c), and (d) illustrate the dynamics of symptomatic
cases, asymptomatic cases, exposed individuals, and recovered individuals, respectively. Figure (e) displays
the trajectories of the optimal control variables.
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(a) (b)

(c) (d)

(e)

Figure 5: Numerical results for Category 4. Figures (a), (b), (c), and (d) illustrate the dynamics of symptomatic
cases, asymptomatic cases, exposed individuals, and recovered individuals, respectively. Figure (e) displays
the trajectories of the optimal control variables.
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reduction in meningitis cases. Among the interventions, the adoption of control strategy c2

(vaccination) plays a critical role in increasing the number of recoverers within the population.
In the absence of vaccination, no immune individuals would emerge, and the entire population
would remain susceptible, thereby elevating the risk of disease.
Moreover, the application of control measures c1 and c3 helps to strengthen public awareness
and protective behavior. Collectively, the four categories of control strategies are shown to de-
crease the number of infections while simultaneously enlarging the recovered population. These
findings suggest that vaccination and awareness-raising interventions should be promoted more
vigorously, as they effectively lower infection rates and, in turn, reduce disease risks.
The analysis further reveals that while individual control measures are beneficial, combining
two interventions yields greater effectiveness compared to applying them separately. More im-
portantly, the simultaneous implementation of all three measures achieves the highest level of
control, resulting in the fewest infections and the greatest number of recoveries. Overall, the
results confirm that the strategic use of these optimal controls can markedly reduce the burden
of infection. With adequate prevention and sustained control measures in place, the epidemic
situation can be stabilized, allowing individuals to return to normal life.

(a) (b)

Figure 6: Dynamics of the different population groups in system (1), as generated through simulations under
the four optimal control strategies.

6 Conclusion

In this work, we developed and analyzed a comprehensive SEAIV HRQ mathematical model
for the transmission dynamics and control of meningitis. By integrating medical and behav-
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ioral factors such as vaccination, hospitalization, and voluntary quarantine, the model provides
a more realistic description of disease spread, particularly in regions with limited healthcare
resources. The incorporation of three time-dependent control variables—reducing transmis-
sion from asymptomatic and symptomatic individuals, and promoting awareness and treatment
adherence—allowed us to formulate an optimal control problem solved via Pontryagin’s maxi-
mum principle.

Numerical simulations demonstrated that combining preventive, treatment, and awareness
interventions can significantly lower infection peaks, reduce hospitalization demand, and mini-
mize total costs. These results emphasize that a coordinated and sustained public health response
is essential to achieving effective epidemic mitigation.

Overall, the proposed framework contributes a novel tool for understanding and managing
meningitis epidemics, aligning with the WHO’s roadmap “Defeating Meningitis by 2030”. Future
extensions may consider stochastic effects, fractional-order dynamics, and spatial heterogeneity
to further enhance model realism and applicability to real-world health policy planning.
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