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Abstract

This research presents a comparative analysis of stability polynomials and stability functions for
investigating the stability of derived block hybrid methods. The methods—an explicit (BHEM)
and two implicit (BHIM) formulations—were obtained through continuous formulation using
multistep collocation and matrix inversion techniques. A novel theoretical result establishes
that for consistent block methods, stability polynomials and stability functions must yield
congruent stability conclusions, with any discrepancy indicating potential derivation errors. It
is demonstrated that the use of stability polynomials offers a straightforward determination
of the angle α for methods that are A(α)-stable. However, for investigating stronger stability
properties such as L-stability and L(α)-stability, the stability function is preferable due to
its direct rational form, which allows immediate asymptotic analysis. Detailed experiments
on block methods and block hybrid methods reveal the respective advantages and limitations
of each stability analysis tool. The analysis conclusively answers the research question: The
absence of poles in the left half-plane alone does not guarantee A-stability; both analyticity
in the left half-plane and boundedness on the imaginary axis are required conditions. This
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research successfully extends stability analysis from the one-step domain to multi-step block
formulations.
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1 Introduction

The literature contains numerous numerical methods developed for solving differential equations
(DEs) [2, 3, 11, 17, 24, 26, 28]. For such methods to be effective when solving ordinary differen-
tial equations (ODEs), it is essential to analyze both their stability and convergence properties.
Convergence analysis primarily concerns the behavior of numerical solutions as the step size h

approaches zero, while stability analysis examines the range of step sizes h that yield quantita-
tively or qualitatively correct results without undesirable error growth. A numerical method is
convergent if it is both consistent and zero-stable [8, 15]. Consistency relates to the local trunca-
tion error of the method, whereas zero-stability ensures that errors remain bounded throughout
the computation as the solution progresses [10, 20].

For nonstiff ODEs, establishing convergence may be sufficient. However, for stiff ODEs,
convergence alone does not guarantee correct solutions; it is also necessary to determine the
region of absolute stability to fully assess the method’s performance. In the literature, two main
approaches are used to investigate stability: The stability polynomial π(r, z) and the stability
function L(z). The stability polynomial π(r, z) is an algebraic equation in r and z, where z = hλ

(with h the step size and λ the eigenvalue of the test problem) and r represents the roots
of the characteristic equation. For absolute stability, these roots must satisfy |rn(z)| < 1 for
n = 1, 2, . . . , k for a fixed z. The stability function L(z), on the other hand, is a complex-valued
function of z = x + iy (with x, y ∈ R) that represents the spectral radius of the amplification
matrix derived from the block method. This amplification matrix can be constructed from the
method’s defining matrices.

The stability polynomial π(r, z) is a tool for analyzing how errors propagate over time and
how the choice of step size h influences the method’s behavior through the parameter z = hλ.
Proper analysis of the roots r of the stability polynomial helps determine the region of absolute
stability, ensuring that the step size h remains within this region to maintain stability and prevent
solution oscillations or blow-up. To derive the stability polynomial for a numerical method, one
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3 Stability analyses of block hybrid methods for numerical solutions of differential equations

must obtain its associated characteristic polynomials. In contrast, the stability function L(z) for
z = x+iy is a complex-valued function representing the dominant eigenvalue of the amplification
matrix [6, 18]. It is typically derived by applying the method to a test problem, and it quantifies
how errors are amplified after one step. This function helps determine whether errors grow or
decay over time: If |L(z)| < 1, then errors decay; if |L(z)| = 1, then the method is neutrally
stable (errors neither grow nor decay); and if |L(z)| > 1, then the method is unstable [13].

A key distinction between the stability polynomial and the stability function lies in their
error analysis procedures. The stability polynomial focuses on the locations of the roots r of
the characteristic equation in the complex r-plane; for absolute stability, all roots must lie inside
the unit disk (|r| < 1) when z belongs to the left half-plane. The stability function, however, is
concerned with the behavior of L(z) in the complex z-plane.

Akinfenwa, Jator, and Yao [4] investigated the stability of continuous block methods with
step numbers k = 2 and k = 3 for solving stiff problems. They plotted stability regions and the
zeros and poles of the stability functions L(z) derived from these methods, concluding that the
methods were A-stable based primarily on the absence of poles in the left half-plane. Although
they obtained zeros and poles from the stability functions, they did not mention using the
stability polynomial—though defined in the work—to plot the regions of absolute stability. Their
study was limited to block backward differentiation formulas (BBDFs). Akinnukawe, Akinfenwa,
and Okunuga [5] employed a similar approach, deriving the stability function L(z) for a block
numerical integrator and showing it to be A-stable and L-stable, but they presented the stability
region plot without indicating the positions of the zeros and poles. Their work also focused
exclusively on BBDF methods, without considering other classes of block numerical integrators.
Other researchers, such as Ibrahim, Othman, and Suleiman [16], have also focused on BBDF
methods, presenting stability regions without explicitly showing zeros and poles in the complex
plane.

Ngwane and Jator [18] plotted zeros and poles from the stability function of a derived
block method while determining its stability region; however, they did not attribute their plot
to the stability polynomial. In the context of multistep block methods for ODEs, Chu and
Hamilton [7] analyzed the stability of finite difference equations using vectorial representation.
Their analysis did not explicitly define a stability function, but their elegant stability analysis
of predictor-corrector methods provided insights into numerical schemes that, when applied to a
test equation, produce a coefficient matrix whose spectral radius is less than unity—a condition
for absolute stability of block methods. A similar procedure can be found in Celaya and Anza
[6].

Prior studies on block methods [1, 16, 17, 18, 25] have typically used stability polynomials
or stability functions in isolation, without reconciling the two approaches or addressing whether
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their stability conclusions must coincide. What some researchers call the stability function in
one variable z [2] is what others call the stability polynomial [23]. However, many discrepancies
exist in the literature: The stability polynomial π(r, z) is an algebraic equation in r and z; the
stability function L(z), on the other hand, is a complex-valued function of z only. While z = hλ

in π(r, z), it is z = x + iy in L(z). The representation of z in both π(r, z) and L(z) is not
exactly the same. While z is used in π(r, z), the objective is to obtain eigenvalues ri(z) of the
amplification matrix D(z) (roots of det(rI −D(z)) = 0); however, the use of z in the stability
function L(z) aims at obtaining zeros and poles of L(z) and their positions in the complex
plane. The motivation for this study is to investigate whether the stability polynomial and the
stability function yield identical A-stability conclusions for consistent methods, thereby providing
a novel theoretical verification mechanism. This paper’s novelty is threefold: (i) proving that
for consistent block methods both tools must yield congruent stability conclusions, with any
discrepancy indicating derivation errors; (ii) demonstrating that the absence of poles in the left
half-plane alone does not guarantee A-stability, thereby correcting a common misconception in
the literature; and (iii) offering practical guidance on tool selection—π(r, z) is preferable for
determining A(α)-stability angles, while L(z) is better suited for finding zeros and poles, and
for L-stability analysis (a much-desired stability property) due to its rational form. Unlike prior
derivation-focused works, this study provides a unified comparative framework. For inconsistent
methods (which are not convergent), the question of A-stability is not meaningful. Discrepancies
between the two approaches for consistent methods serve as theoretical indicators of potential
derivation errors or method inconsistencies. This study also addresses the research question:
Does the absence of poles in the left half-plane of the complex plane guarantee that a block
method is A-stable, as suggested in some literature? It is important to note that deriving
block hybrid methods and applying them to solve stiff ODEs without a detailed analysis of
the stability region risks selecting an inappropriate method for very stiff problems, leading to
incorrect solutions. Determining stability regions with respect to a test problem allows for the
selection of an appropriate step size that maintains both accuracy and efficiency while ensuring
numerical stability for specific ODEs. Furthermore, some researchers have derived A(α)-stable or
almost A-stable block methods without specifying the angle α [16], which limits the applicability
of such methods to stiff problems. For instance, Ibrahim, Othman, and Suleiman [16] developed
an implicit r = 3 BBDF which they referred to as an almost A-stable method and, via a plot,
showed A(α)-stability without specifying the angle α. Knowing the value of α is crucial when
considering these methods for solving stiff ODEs. A key theoretical contribution of this work is
the demonstration that for consistent block methods, stability polynomials and stability functions
must yield congruent stability conclusions; any discrepancy between them serves as a theoretical
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5 Stability analyses of block hybrid methods for numerical solutions of differential equations

indicator of potential derivation errors or method inconsistency, providing a novel verification
mechanism.

In this paper, we investigate in detail the use of the stability polynomial and stability function
for a block hybrid explicit method (BHEM) and two block hybrid implicit methods (BHIM).
Further experiments are conducted to explore the strengths and weaknesses of both approaches
for other types of block methods, showing the applicability of this research to both block hybrid
and nonhybrid block methods. For illustration, we compare the accuracy of the derived block
methods with MATLAB’s ode23s solver. The remainder of this paper is organized as follows:
Section 2 presents the derivation of the block hybrid methods. Section 3 analyzes the stability
polynomials and stability functions of the new methods and includes their plots. Section 4
describes the implementation of the proposed methods, and Section 5 presents and discusses the
results. Finally, section 6 provides the conclusions.

2 Derivation of the block methods

The methodology for deriving the block hybrid methods in this study follows the approach of
Onumanyi, Sirisena, and Jator [22]. We derive three block hybrid methods from continuous
k-step linear multistep methods. To begin, we define a polynomial of degree p = t+m−1, where
t > 0 and m > 0, as

y(x) =

t−1∑
j=0

αj(x)y(xn+j) + h

m−1∑
j=0

βj(x)f(xj , y(xj)), xn ⩽ x ⩽ xn+k, (1)

where αj(x) and βj(x) are continuous coefficients defined by

αj(x) =

t+m−1∑
i=0

αj,i+1x
i, j ∈ {0, . . . , t− 1} (2)

and

hβj(x) = h

t+m−1∑
i=0

βj,i+1x
i, j ∈ {0, . . . ,m}. (3)

In (1), the points xj for j = 0, . . . ,m − 1 are the m distinct collocation points, while the
points xn+j for j = 0, . . . , t− 1 (with 0 < t ⩽ k) are the interpolation points.

The continuous coefficients αj(x) and βj(x) can be obtained by inverting the multistep
collocation matrix D, defined as
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D =



1 xn x2
n · · · xt+m−1

n

1 xn+1 x2
n+1 · · · xt+m−1

n+1

...
...

... . . . ...
1 xn+t−1 x2

n+t−1 · · · xt+m−1
n+t−1

0 1 2x0 · · · (t+m− 1)xt+m−1
0

...
...

... . . . ...
0 1 2xm−1 · · · (t+m− 1)xt+m−1

m−1


. (4)

The dimension of D is (t+m)× (t+m). Let C = D−1. Through simple matrix operations,
we obtain

DC = I, (5)

where I is the identity matrix of dimension (t+m). For a more detailed explanation of multistep
collocation using the matrix inversion technique, readers are referred to Onumanyi, Sirisena, and
Jator [22]. We now proceed to derive a BHEM and two BHIMs.

2.1 Continuous formulation of a two-step explicit method
incorporating one off-grid collocation point

Let k = 2, let t = 2, and let m = 2, and let us incorporate the off-grid collocation point xn+ 49
25
.

Then (1) becomes

y(x) = α0(x)yn + α1(x)yn+1 + h
[
β1(x)fn+1 + β 49

25
(x)fn+ 49

25

]
, (6)

and the matrix D from (4) becomes

D =


1 xn x2

n x3
n

1 xn+1 x2
n+1 x3

n+1

0 1 2xn+1 3x2
n+1

0 1 2xn+ 49
25

3x2
n+ 49

25

 . (7)

Using computational software to compute C = D−1 yields the continuous formulation for (6) as
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7 Stability analyses of block hybrid methods for numerical solutions of differential equations

y(x) =
(h− x+ xn)

2

h3

(
h− 25x

61
+

25xn

61

)
yn

+
147(x− xn)

61h3

(
h2 +

(
−37x

49
+

37xn

49

)
h+

25(x− xn)
2

147

)
yn+1

− (−1825x+ 1825xn + 4753h)(x− xn)(h− x+ xn)

2928h2
fn+1

+
(625x− 625xn)(h− x+ xn)

2

2928h2
fn+ 49

25
.

(8)

Evaluating (8) at x = xn+1, x = xn+2, and its derivative at x = xn yields

yn+1 = yn +
341

144
hfn+1 −

3125

144
hfn+ 49

25
+

61

3
hfn+2,

yn+ 49
25

=
6912

38125
yn +

31213

38125
yn+1 +

28812

38125
hfn+1 +

588

1525
hfn+ 49

25
,

yn+2 =
11

61
yn +

50

61
yn+1 +

1103

1464
hfn+1 +

625

1464
hfn+ 49

25
.


(9)

2.2 Continuous formulation of a two-step implicit method
incorporating one off-grid interpolation point

Let k = 2, t = 2, m = 3, and let x = xn+ 125
64

be an off-grid interpolation point. Then (1) becomes

y(x) = α1(x)yn+1 + α 125
64

(x)yn+ 125
64

+ h [β0(x)fn + β1(x)fn+1 + β2(x)fn+2] , (10)

and the matrix D from (4) becomes

D =



1 xn+1 x2
n+1 x3

n+1 x4
n+1

1 xn+ 125
64

x2
n+ 125

64

x3
n+ 125

64

x4
n+ 125

64

0 1 2xn 3x2
n 4x3

n

0 1 2xn+1 3x2
n+1 4x3

n+1

0 1 2xn+2 3x2
n+2 4x3

n+2


. (11)

Using computational software to obtain C = D−1 and substituting into (10) yields the
continuous formulation

y(x) =

[(
−

140625

16636591h4

(
64xn

3
+ h−

64x

3

))
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×
(
h2 +

8192

375
(x− xn)h−

4096

375
(x− xn)

2

)
×

(
64xn

125
+ h−

64x

125

)]
yn+1

+

[(
16777216h2 + 16777216(2x− 2xn)h− 16777216(x− xn)2

)
(h− x+ xn)2

16636591h4

]
yn+ 125

64

+

[
−
(h− x+ xn)2(64xn + 125h− 64x)(−70x+ 70xn + 143h)

53652h3

]
fn

+

[(
−
1093750(h− x+ xn)

818193h3

(
64xn

125
+ h−

64x

125

))
×

(
h2 +

189

125
(x− xn)h−

8567

8750
(x− xn)

2

)]
fn+1

+

[
−
(64xn + 125h− 64x)(314x− 314xn + 125h)(h− x+ xn)2

53652h3

]
fn+2. (12)

Evaluating (12) at x = xn, x = xn+2, and differentiating the continuous scheme (12) and
evaluating it at x = xn+ 125

64
yields

yn+1 =− 16636591

140625
yn +

16777216

140625
yn+ 125

64
− 532103

13500
hfn − 4270

27
hfn+1

− 3721

108
hfn+2,

yn+ 125
64

=yn+1 −
15207727

786432000
hfn +

1272155

3145728
hfn+1 +

272731

96000
hfn+ 125

64

− 4766601

2097152
hfn+2,

yn+2 =− 140625

16636591
yn+1 +

16777216

16636591
yn+ 125

64
+

3

17884
hfn − 942

272731
hfn+1

+
753

17884
hfn+2. (13)

2.3 Continuous formulation of a three-step implicit method
incorporating one off-grid collocation point

Let k = 3, let t = 3, let m = 2, and let xn+ 72
25

be an off-grid collocation point. Then (1) becomes

y(x) = α0(x)yn + α1(x)yn+1 + α2(x)yn+2 + h
[
β 72

25
(x)fn+ 72

25
+ β3(x)fn+3

]
, (14)

and the matrix D from (4) becomes
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D =



1 xn x2
n x3

n x4
n

1 xn+1 x2
n+1 x3

n+1 x4
n+1

1 xn+2 x2
n+2 x3

n+2 x4
n+2

0 1 2xn+ 72
25

3x2
n+ 72

25

4x3
n+ 72

25

0 1 2xn+3 3x2
n+3 4x3

n+3


. (15)

Using computational software to obtain C = D−1 and substituting into (14) yields

y(x) =
1

h4
(xn + h− x)

(
1

2
xn + h−

1

2
x

)
×

(
h2 +

(
−
54033x

93146
+

54033xn

93146

)
h+

8075(x− xn)2

93146

)
yn

+
1

46573h4
(181440x− 181440xn)

(
1

2
xn + h−

1

2
x

)
×

(
h2 +

(
−
2879x

5040
+

2879xn

5040

)
h+

1535(x− xn)2

18144

)
yn+1 (16)

−
(84564x− 84564xn)(xn + h− x)

46573h4

×
(
h2 +

(
−
6215x

12528
+

6215xn

12528

)
h+

22625(x− xn)2

338256

)
yn+2

+
(15625x− 15625xn)(xn + 2h− x)(11xn + 39h− 11x)(xn + h− x)

279438h3
fn+ 72

25

−
(xn + 2h− x)(x− xn)(75025xn + 253296h− 75025x)(xn + h− x)

139719h3
fn+3.

Evaluating (16) at x = xn+ 72
25
, x = xn+3, and differentiating the continuous scheme (14)

with evaluation at x = xn+1 and x = xn+2 yield

yn+1 =− 251

776
yn +

1027

776
yn+2 −

46573

36472
hfn+1 −

109375

54708
hfn+ 72

25

+
3793

2328
hfn+3,

yn+2 =− 395

2837
yn +

3232

2837
yn+1 +

46573

31207
hfn+2 −

265625

93621
hfn+ 72

25

+
18772

8511
hfn+3,

yn+ 72
25

=
29134501

727703125
yn − 203233536

727703125
yn+1 +

180360432

145540625
yn+2

+
2270664

1164325
hfn+ 72

25
− 923750784

727703125
hfn+3

yn+3 =
1861

46573
yn − 12987

46573
yn+1 +

57699

46573
yn+2 +

93750

46573
hfn+ 72

25

− 56442

46573
hfn+3. (17)
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Equations (9), (13), and (17) represent the derived block hybrid schemes. Their convergence
analyses are presented in the next section.

3 Analyses of the derived block methods

This section presents convergence analyses and plots of the regions of absolute stability for the
derived block methods.

3.1 Convergence analysis of the block method (9)

We employ the approach of Fatunla [12] by reformulating (9) as

M (1)Yn+i = M (0)Yn + hB(1)fn+i, i ∈ R, (18)

where

M (1) =


1 0 0

− 31213
38125 1 0

− 50
61 0 1

 , M (0) =


0 0 1

0 0 6912
38125

0 0 11
61

 , (19)

and

B(1) =


341
144 − 3125

144
61
3

28812
38125

588
1525 0

1103
1464

625
1464 0

 . (20)

The first characteristic polynomial for (9) is given by

ρ(λ) = det(λM (1) −M (0)) = |λM (1) −M (0)| = 0.

Thus, we obtain

ρ(λ) =

∣∣∣∣∣∣∣∣λ


1 0 0

− 31213
38125 1 0

− 50
61 0 1

−


0 0 1

0 0 6912
38125

0 0 11
61


∣∣∣∣∣∣∣∣ = λ2(λ− 1),
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11 Stability analyses of block hybrid methods for numerical solutions of differential equations

which implies

λ1 = 1, λ2 = 0, λ3 = 0. (21)

Since |λi| ⩽ 1 for i = 1, 2, 3, the block method (9) is zero-stable by Fatunla [11], with order
p = 3 and error constants

(
− 83

360 ,−
691488

23828125 ,−
527

18300

)
. Since (9) is zero-stable and has order p > 1,

it is convergent by Henrici [15].

3.2 Convergence analysis of the block method (13)

We reformulate (13) as

M (1)Yn+i = M (0)Yn + h
(
B(1)fn+i +B(0)fn

)
, i ∈ R, (22)

where

M (1) =


1 − 16777216

140625 0

−1 1 0
140625

16636591 − 16777216
16636591 1

 , M (0) =


0 0 − 16636591

140625

0 0 0

0 0 0

 , (23)

and

B(1) =


− 4270

27 0 − 3721
108

1272155
3145728

272731
96000 − 4766601

2097152

− 942
272731 0 753

17884

 , B(0) =


0 0 − 532103

13500

0 0 − 15207727
786432000

0 0 3
17884

 . (24)

The first characteristic polynomial for (13) is

ρ(λ) = det(λM (1) −M (0)) = |λM (1) −M (0)| = 0. (25)

Thus, we obtain

ρ(λ) =

∣∣∣∣∣∣∣∣λ


1 − 16777216
140625 0

−1 1 0
140625

16636591 − 16777216
16636591 1

−


0 0 − 16636591

140625

0 0 0

0 0 0


∣∣∣∣∣∣∣∣

=− 16636591

140625
λ3 +

16636591

140625
λ2,
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which implies

λ1 = 1, λ2 = 0, λ3 = 0. (26)

Since |λi| ⩽ 1 for i = 1, 2, 3, the block method (13) is zero-stable by Fatunla [11], with order
p = 3 and error constants (

271633

207360
,

6763352857

1546188226560
,− 439

11445760

)
.

By Henrici [15], the block method (13) has order p > 1 and is zero-stable; therefore, it is
convergent.

3.3 Convergence analysis of the block method (17)

We reformulate (17) as

M (1)Yn+i = M (0)Yn + hB(1)fn+i, i ∈ R, (27)

where

M (1) =


1 − 1027

776 0 0

− 3232
2837 1 0 0

203233536
727703125 − 180360432

145540625 1 0
12987
46573 − 57699

46573 0 1

 , M (0) =


0 0 0 − 251

776

0 0 0 − 395
2837

0 0 0 29134501
727703125

0 0 0 1861
46573


(28)

and

B(1) =


− 46573

36472 0 − 109375
54708

3793
2328

0 46573
31207 − 265625

93621
18772
8511

0 0 2270664
1164325 − 923750784

727703125

0 0 93750
46573 − 56442

46573

 . (29)

The first characteristic polynomial for (17) is
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13 Stability analyses of block hybrid methods for numerical solutions of differential equations

ρ(λ) = det(λM (1) −M (0)) = |λM (1) −M (0)| = 0. (30)

Thus, we obtain

ρ(λ) =

∣∣∣∣∣∣∣∣∣∣
λ


1 − 1027

776 0 0

− 3232
2837 1 0 0

203233536
727703125 − 180360432

145540625 1 0
12987
46573 − 57699

46573 0 1

−


0 0 0 − 251

776

0 0 0 − 395
2837

0 0 0 29134501
727703125

0 0 0 1861
46573


∣∣∣∣∣∣∣∣∣∣

=− 139719

275189
λ4 +

139719

275189
λ3,

which implies

λ1 = 1, λ2 = 0, λ3 = 0, λ4 = 0. (31)

Since |λi| ⩽ 1 for i = 1, 2, 3, 4, the block method (17) is zero-stable by Fatunla [11], with
order p = 4 and error constants(

− 863

207360
,− 20699

425550
,

38451126384

2274072265625
,

39267

2328650

)
.

By Henrici [15], (17) has order p > 1 and is zero-stable; therefore, it is convergent.

3.4 Stability polynomial of the block method (9)

Definition 1. A block method among (9), (13), or (17) is absolutely stable with region of
absolute stability S if all roots ri of the stability polynomial

π (r, z) = ρ(r)− zσ(r) = 0 (32)

satisfy |ri| < 1 for i = 1, 2, . . . , k for a fixed z = hλ, where ρ(r) and σ(r) are the first and second
characteristic polynomials, respectively [4, 21].

Definition 2. A numerical integration scheme is A (α)-stable for some α ∈
[
0, π

2

]
if the wedge

Sα = {z : |Arg(−z)| < α, z ̸= 0} (33)
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lies within its region of absolute stability. The largest αmax is called the angle of absolute stability
or argument of stability [19].

For block method (9), the stability polynomial π(r, z) from (32) is

π (r, z) = M (1)Yn+i −M (0)Yn − hB(1)fn+i i ∈ R,

= M (1)r1 −M (0)r0 − zB(1)r1

= M (1)r −M (0) − zB(1)r

= r(M (1) − zB(1))−M (0). (34)

Using the values of M (1), B(1), and M (0) from (19) and (20) with computational software,
we obtain

π(r, z) =


r

(
1− 341z

144

)
3125rz

144
−61rz

3
− 1

r

(
−31213

38125
− 28812z

38125

)
r

(
1− 588z

1525

)
− 6912

38125

r

(
−50

61
− 1103z

1464

)
−625rz

1464
r − 11

61

 . (35)

The determinant of (35) gives the stability polynomial:

π(r, z) = r3 − r2 − 124

75
r3z − 26

75
r2z +

197

150
r3z2 − 1

150
r2z2 − 49

75
r3z3. (36)

The plot of (36) using software is shown in Figure 1.

Figure 1: a) (Left) Plot of stability polynomial (36); b) (Right) Detail of (36) near the origin.
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15 Stability analyses of block hybrid methods for numerical solutions of differential equations

3.5 Stability polynomial of the block method (13)

For block method (13), the stability polynomial π(r, z) from (32) is

π (r, z) = M (1)Yn+i −M (0)Yn − hB(1)fn+i − hB(0)fn, i ∈ R,

= M (1)r1 −M (0)r0 − zB(1)r1 − zB(0)r0

= M (1)r −M (0) − zB(1)r − zB(0)

= r(M (1) − zB(1))−M (0) − zB(0). (37)

Using the values of M (1), B(1), M (0), and B(0) from (23) and (24) with computational
software, we obtain

π(r, z) =


r
(
1 + 4270 z

27

)
− 16777216 r

140625
3721 rz
108 + 16636591

140625 + 532103 z
13500

r
(
−1− 1272155 z

3145728

)
r
(
1− 272731 z

96000

)
4766601 rz
2097152 + 15207727 z

786432000

r
(

140625
16636591 + 942 z

272731

)
− 16777216 r

16636591 r
(
1− 753 z

17884

)
− 3 z

17884

 . (38)

The determinant of (38) gives the stability polynomial:

π(r, z) =− 16636591

140625
r3 +

5273799347

36000000
r3z +

216275683

2400000
r2z − 8368205273

108000000
r3z2

+
2279212967

108000000
r2z2 +

16636591

864000
r3z3 +

16636591

36000000
r2z3 +

16636591

140625
r2. (39)

The plot of (39) is shown in Figure 2.

Figure 2: a) (Left) Plot of stability polynomial (39); b) (Right) Detail of (39) near the origin.
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3.6 Stability polynomial of the block method (17)

For block method (17), the stability polynomial π(r, z) from (32) is

π (r, z) = r
(
M (1) − zB(1)

)
−M (0). (40)

Using the values of M (1), M (0), and B(1) from (28) and (29) with computational software,
we obtain

π(r, z) =


r
(
1 + 46573 z

36472

)
− 1027 r

776
109375 rz

54708
− 3793 rz

2328
+ 251

776

− 3232 r
2837

r
(
1− 46573 z

31207

)
265625 rz

93621
− 18772 rz

8511
+ 395

2837
203233536 r
727703125

− 180360432 r
145540625

r
(
1− 2270664 z

1164325

)
923750784 rz
727703125

− 29134501
727703125

12987 r
46573

− 57699 r
46573

− 93750 rz
46573

r
(
1 + 56442 z

46573

)
− 1861

46573

 . (41)

The determinant of (41) gives the stability polynomial:

π(r, z) =− 139719

275189
r4 +

15508809

13759450
r4z +

139719

275189
r3 − 32927111

27518900
r4z2

+
5449041

13759450
r3z +

21935883

27518900
r4z3 +

2747807

27518900
r3z2

− 2514942

6879725
r4z4 +

139719

27518900
r3z3. (42)

The plot of (42) is shown in Figure 3.

Figure 3: a) (Left) Plot of stability polynomial (42); b) (Right) Detail of (42) near the origin.
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17 Stability analyses of block hybrid methods for numerical solutions of differential equations

3.7 L-stability analysis via stability polynomials

Beyond A-stability, L-stability requires that all characteristic roots ri(z) of the stability polyno-
mial satisfy |ri(z)| → 0 as z → −∞ along the real axis. For L(α)-stability, this damping must
occur within the wedge of A(α)-stability. We analyze this asymptotic behavior for each method
by examining the highest powers of z in their respective stability polynomials.

Block method (9): The stability polynomial from (36) is

π(r, z) = r3 − r2 − 124

75
r3z − 26

75
r2z +

197

150
r3z2 − 1

150
r2z2 − 49

75
r3z3.

For large negative z, the dominant term is the highest power of z, which is z3. Retaining only
this term, we have

π(r, z) ≈ −49

75
r3z3 = 0.

This implies that all three roots satisfy r → 0 as z → −∞. Since method (9) is A(α)-stable with
α = 89.06◦, it follows that it is L(α)-stable within this wedge.

Block method (13): The stability polynomial from (39) is

π(r, z) =− 16636591

140625
r3 +

5273799347

36000000
r3z +

216275683

2400000
r2z

− 8368205273

108000000
r3z2 +

2279212967

108000000
r2z2 +

16636591

864000
r3z3

+
16636591

36000000
r2z3 +

16636591

140625
r2.

The highest power of z is z3. Isolating the z3 terms, we have(
16636591

864000
r3 +

16636591

36000000
r2
)
z3 = 0.

Setting the coefficient to zero yields

r2
(

1

864000
r +

1

36000000

)
= 0.

Thus, two roots approach r = 0, and the third root approaches r = − 864000
36000000 = −0.024 ̸= 0 as

z → −∞. Since not all roots tend to zero, method (13) is not L-stable, despite being A-stable.
Block method (17): The stability polynomial from (42) is

π(r, z) =− 139719

275189
r4 +

15508809

13759450
r4z +

139719

275189
r3 − 32927111

27518900
r4z2

+
5449041

13759450
r3z +

21935883

27518900
r4z3 +

2747807

27518900
r3z2
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− 2514942

6879725
r4z4 +

139719

27518900
r3z3.

The highest power of z is z4. The dominant term is

−2514942

6879725
r4z4 = 0,

which implies all four roots satisfy r → 0 as z → −∞. Given that method (17) is A(α)-stable
with α = 87.12◦, it is L(α)-stable within this wedge.

This analysis demonstrates that while stability polynomials are primarily used to determine
A-stability regions, their asymptotic structure can also reveal L-stability properties by examining
the behavior of roots as z → −∞.

3.8 Stability function of the block method (9)

Definition 3 (A-Stability using stability function). Let L(z) be the stability function defined by
L(z) = P (z)

Q(z) , where P (z) has degree k and Q(z) has degree j. A method with stability function
L(z) is A-stable if and only if

|L(iy)| ⩽ 1, for all real y, (43)

and

L(z) is analytic for ℜ(z) < 0. (44)

Condition (43) alone, known as I-stability, ensures stability on the imaginary axis. It is
equivalent to the condition that the polynomial

E (y) = |Q (iy)|2 − |P (iy)|2 = Q (iy)Q(−iy)− P (iy)P (−iy) (45)

satisfies

E(y) ≥ 0 for all y. (46)

(see [14]).

Remark 1. The above definition from Hairer and Wanner [14] applies to one-step methods,
where the stability function L(z) completely characterizes stability. For block methods, L(z) is
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19 Stability analyses of block hybrid methods for numerical solutions of differential equations

typically taken as the spectral radius ρ(D(z)) of the amplification matrix. Conditions (43) and
(44) are necessary but not sufficient for A-stability. The insufficiency arises because L(z) captures
only the dominant eigenvalue; nondominant eigenvalues may violate the stability requirements
even when the spectral radius satisfies the conditions. The necessary and sufficient conditions
for A-stability of block methods are precisely those stated in Definition 4, which require that
all eigenvalues of the amplification matrix satisfy the appropriate bounds (with the additional
requirement that any eigenvalue on the unit circle be simple). Verifying these conditions is
equivalent to checking that all roots of the stability polynomial π(r, z) = 0 lie in the closed unit
disk for ℜ(z) ≤ 0, with strict inequality for ℜ(z) < 0 and simplicity on the boundary. When
nondominant eigenvalues are identically zero or have moduli orders of magnitude smaller than
the dominant eigenvalue, conditions (43) and (44) may suffice for practical computations, but
they do not constitute a rigorous mathematical proof of A-stability.

Definition 4 (Necessary and sufficient conditions for A-stability of block methods). A consistent
block method with amplification matrix D(z) and eigenvalues {ri(z)}ki=1 is A-stable if and only
if

1. |ri(iy)| ≤ 1 for all real y and all i = 1, . . . , k.

2. |ri(z)| < 1 for all z with ℜ(z) < 0 and all i = 1, . . . , k.

3. any eigenvalue with |ri(iy)| = 1 is simple (to avoid polynomial growth).

Theorem 1 (A-stability verification). A block method is A-stable if and only if

1. All roots r of the stability polynomial π(r, iy) = 0 satisfy |r| ≤ 1 for all real y.

2. All roots r of the stability polynomial π(r, z) = 0 satisfy |r| < 1 for all z with ℜ(z) < 0.

Proof. Let the block method be applied to the test equation y′ = λy, with z = hλ. This yields
an amplification matrix D(z) such that the numerical solution advances as Yn+1 = D(z)Yn. The
stability polynomial is defined as π(r, z) = det(rI −D(z)). Hence, the roots r of π(r, z) = 0 are
exactly the eigenvalues of D(z).

If the method is A-stable according to Definition 4, then by that definition, we have the
following results:

• For every real y, each eigenvalue r of D(iy) satisfies |r| ≤ 1. This is precisely condition
(1) of the theorem, because those eigenvalues are the roots of π(r, iy) = 0.
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• For every z with ℜ(z) < 0, each eigenvalue r of D(z) satisfies |r| < 1. This is exactly
condition (2) of the theorem, since those eigenvalues are the roots of π(r, z) = 0.

Conversely, assume conditions (1) and (2) hold. Then for every real y, all roots of π(r, iy) = 0

satisfy |r| ≤ 1, which means all eigenvalues of D(iy) satisfy |r| ≤ 1. Similarly, for every z with
ℜ(z) < 0, all roots of π(r, z) = 0 satisfy |r| < 1, that is, all eigenvalues of D(z) satisfy |r| < 1.
Thus the method meets both requirements of Definition 4 and is therefore A-stable.

Hence, the two conditions are necessary and sufficient for A-stability.

Remark 2. For a certain class of block methods where the amplification matrix D(z) has rank 1

for all z, exactly one eigenvalue is nonzero and the remaining k−1 eigenvalues are identically zero.
In such cases, the zero eigenvalues trivially satisfy any modulus bound satisfied by the nonzero
eigenvalue. Consequently, verifying A-stability reduces to checking only the dominant eigenvalue,
provided no poles exist in the left half-plane. However, this property is not general; some block
methods may yield amplification matrices of full rank, requiring analysis of all eigenvalues.

To obtain the stability function for block method (9), we apply (18) to the test problem
y′ = λy, λ < 0:

M (1)Yn+1 = M (0)Yn + hB(1)fn+1,

M (1)Yn+1 = M (0)Yn + hB(1)λYn+1,

M (1)Yn+1 − hλB(1)Yn+1 = M (0)Yn,

(M (1) − hλB(1))Yn+1 = M (0)Yn,

(M (1) − zB(1))Yn+1 = M (0)Yn, z = hλ,

Yn+1 = (M (1) − zB(1))−1M (0)Yn, (47)

Yn+1 = D(z)Yn, (48)

whereD (z) = (M (1)−zB(1))−1M (0) is a matrix with eigenvalues {d1, d2, . . . , dk} = {0, 0, . . . , dk}
such that the dominant eigenvalue dk is the stability function L(z) : C → C, a rational function
with real coefficients. Using the values of M (1), B(1), and M (0) from (19) and (20) with Maple
software, we obtain

L(z) =
−z2 − 52 z − 150

98 z3 − 197 z2 + 248 z − 150
. (49)
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21 Stability analyses of block hybrid methods for numerical solutions of differential equations

The plot of the stability function (49) is shown in Figure 4.

Figure 4: Plot of stability function (49).

3.9 Stability function of the block method (13)

For the stability function of block method (13), we apply (22) to the test problem y′ = λy, λ < 0:

M (1)Yn+1 = M (0)Yn + hB(1)fn+1 + hB(0)fn,

M (1)Yn+1 = M (0)Yn + hB(1)λYn+1 + hB(0)λYn,

M (1)Yn+1 − hλB(1)Yn+1 = M (0)Yn + hλB(0)Yn,

(M (1) − hλB(1))Yn+1 = (M (0) + hλB(0))Yn,

(M (1) − zB(1))Yn+1 = (M (0) + zB(0))Yn, z = hλ,

Yn+1 = (M (1) − zB(1))−1(M (0) + zB(0))Yn, (50)

Yn+1 = D(z)Yn, (51)
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where D (z) = (M (1) − zB(1))−1(M (0) + zB(0)). Using the values of M (1), B(1), M (0), and B(0)

from (23) and (24) with computational software, we obtain

L(z) =
−3 z3 − 137 z2 − 585 z − 768

125 z3 − 503 z2 + 951 z − 768
. (52)

The plot of the stability function (52) is shown in Figure 5.

Figure 5: Plot of stability function (52).

3.10 Stability function of the block method (17)

To obtain the stability function for block method (17), we apply (27) to the test problem y′ = λy,
λ < 0, which gives

Yn+1 = D(z)Yn, (53)

where D (z) = (M (1) − zB(1))−1M (0). Using the values of M (1), B(1), and M (0) from (28) and
(29) with computational software, we obtain

L(z) =
3 z3 + 59 z2 + 234 z + 300

216 z4 − 471 z3 + 707 z2 − 666 z + 300
. (54)

The plot of the stability function (54) is shown in Figure 6.

Remark 3. This analysis provides a definitive answer to the research question posed in Section 1:
“Does the absence of poles in the left half-plane of the complex plane guarantee that a block
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Figure 6: Plot of stability function (54).

method is A-stable, as suggested in some literature?” The answer is no. While the absence
of poles in the left half-plane is necessary for A-stability, it is not sufficient. Condition (1) of
Definition 4 (boundedness on the imaginary axis) must also be satisfied. Method (9) exemplifies
this: it has no poles in the left half-plane but violates condition (1) of Definition 4, rendering it
not A-stable. Similarly, method (17) does not satisfy condition (1) of Definition 4. Only method
(13) satisfies all required conditions and is A-stable. Therefore, all conditions must be verified
when using stability functions to assess A-stability.

3.11 L-stability analysis via stability function

Beyond the A-stability and A(α)-stability analyzed above, L-stability is a stronger property that
ensures the numerical method damps out stiff components rapidly. A method is L-stable if it is
A-stable and its stability function satisfies

lim
z→−∞
ℜ(z)<0

|L(z)| = 0. (55)

For methods that are A(α)-stable, if the condition (55) holds within the wedge | arg(−z)| < α,
the method is called L(α)-stable.

Using the stability functions derived in the previous sections, we analyze the L-stability
properties of the three block hybrid methods.
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Block method (9):

The stability function given by (49) is

L(z) =
−z2 − 52z − 150

98z3 − 197z2 + 248z − 150
.

The numerator has degree 2 and the denominator has degree 3. As z → −∞ along the negative
real axis, the leading term behavior yields

L(z) ∼ −z2

98z3
= − 1

98z
→ 0.

Since method (9) is A(α)-stable with α = 89.06◦ (as determined in Section 5), it follows that it
is L(α)-stable within the same wedge.

Block method (13):

The stability function in (52) is

L(z) =
−3z3 − 137z2 − 585z − 768

125z3 − 503z2 + 951z − 768
.

Here, the numerator and the denominator are both of degree 3. The limit as z → −∞ is the
ratio of the leading coefficients:

lim
z→−∞

L(z) =
−3

125
= −0.024 ̸= 0.

Although method (13) is A-stable (see Figure 2 and the analysis in Section 5), it does not satisfy
condition (55). Hence, method (13) is not L-stable.

Block method (17):

The stability function in (54) is

L(z) =
3z3 + 59z2 + 234z + 300

216z4 − 471z3 + 707z2 − 666z + 300
.

The degree of the numerator is 3 and that of the denominator is 4. As z → −∞,
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L(z) ∼ 3z3

216z4
=

1

72z
→ 0.

Given that method (17) is A(α)-stable with α = 87.12◦, it is L(α)-stable within this wedge.

This analysis demonstrates that the stability function not only facilitates the assessment of
A-stability but also provides a straightforward means to check for L-stability by examining the
asymptotic behavior as z → −∞. The stability function’s rational form allows direct asymptotic
analysis, making it preferable over stability polynomials for L-stability assessment, as the latter
requires solving for root behavior as z → −∞ from π(r, z) = 0.

3.12 Experiments

In this subsection, three test problems are presented for experimental purposes. These problems
are original constructions, not previously reported in the literature, and are designed to further
examine the conditions for effectively applying stability polynomials and stability functions.
Due to space constraints and to avoid repetition, the detailed derivation steps are omitted;
however, the derivation procedure follows the one used to obtain block methods (9), (13), and
(17). Interested readers may replicate the procedure to ascertain other properties of the test
problems. The three experiments illustrate distinct stability characteristics and serve to validate
the theoretical framework presented in the preceding sections.

3.12.1 Experiment 1



fn+1 = 984
475h

(
−yn+1 − 227

1312yn + 1539
1312yn+ 4

3
− 49

984hfn − 17
492hfn+2 + 1

328hfn+3

)
,

fn+ 4
3
= − 1200

227h

(
−yn+ 4

3
+ yn+1 − 23

19440 hfn + 167
1080hfn+1 − 4

405hfn+2 +
29

48600hfn+3

)
,

yn+2 = − 664
227yn+1 +

891
227yn+ 4

3
+ 2

227hfn − 419
681hfn+1 +

208
681hfn+2 − 5

681hfn+3

)
,

yn+3 = 875
227yn+1 − 648

227yn+ 4
3
− 25

681hfn + 800
681hfn+1 +

1025
681 hfn+2 +

70
227hfn+3

)
.

(56)

3.12.2 Experiment 2
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yn+1 = yn − 9

24
hfn − 19

24
hfn+1 +

5

24
hfn+2 −

1

24
hfn+3,

yn+2 = yn+1 −
1

24
hfn +

13

24
hfn+1 +

13

24
hfn+2 −

1

24
hfn+3,

yn+3 = yn+2 +
8

24
hfn+1 +

32

24
hfn+2 +

8

24
hfn+3.

(57)

3.12.3 Experiment 3



yn+1 = yn+2 +
1

1080
hfn − 7

40
hfn+1 −

7

40
hfn+2 +

53

1080
hfn+3,

yn+2 = yn +
41

135
hfn +

8

5
hfn+1 +

3

5
hfn+2 −

4

135
hfn+3,

yn+3 = yn+1 −
31

1080
hfn +

17

40
hfn+1 +

57

40
hfn+2 +

329

1080
hfn+3.

(58)

3.13 Numerical simulation

In this subsection, the block hybrid schemes (9), (13), and (17) are implemented for the following
problems, respectively:

3.13.1 Problem 1


y′1 = −0.1y1 − 199.9y2, y1(0) = 5,

y′2 = −200y2, y2(0) = 2. (59)

3.13.2 Problem 2


y′1 = −(2 + ε−1)y1(x) + ε−1 (y2(x))

2
, y1(0) = 1,

y′2 = y1(x)− y2(x)− (y2(x))
2
, y2(0) = 1. (60)
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3.13.3 Problem 3


y′1 = 998y1 + 1998y2, y1(0) = 1,

y′2 = −999y1 − 1999y2, y2(0) = 0. (61)

4 Implementation of the proposed block hybrid methods

This section provides a detailed description of how to implement the three derived block hy-
brid methods: The explicit method BHEM (9), the implicit method BHIM (13), and the implicit
method BHIM (17). The implementation follows the standard block-by-block advancement strat-
egy. For all three methods, the solution is advanced in blocks of fixed step size h. At each block
step, values at r future points are computed simultaneously (for method (9), r = 3; for (13),
r = 4; for (17), r = 4). Once the block unknowns are computed, the block window slides forward,
and the process repeats.

4.1 Implementing the explicit method BHEM (9)

Method (9) is explicit, requiring no iteration. Its matrix form is

M (1)Yn+1 = M (0)Yn + hB(1)Fn+1,

where Yn+1 = [yn+1, yn+2, yn+3]
T and Fn+1 = [fn+1, fn+2, fn+3]

T . Because M (1) is lower trian-
gular with ones on the diagonal (see (19)), the solution can be obtained by forward substitution
without inverting the matrix.

4.2 Implementing the implicit methods BHIM (13) and
BHIM (17)

Implicit methods require solving a system of nonlinear equations at each block. For a system of
ODEs y′ = f(t, y) with d components, the block unknowns Yn+1 ∈ Rrd are obtained from
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(M (1) − zB(1))Yn+1 = (M (0) + zB(0))Yn, for method (13),

(M (1) − zB(1))Yn+1 = M (0)Yn, for method (17),

We write the block methods as G(Yn+1) = 0, where G is the residual. For methods (13) and
(17), the residuals for the jth component at each block point are defined by (22) and (27). We
assemble the rd-dimensional unknown vector Y = [yn+1,1, . . . , yn+1,d, yn+2,1, . . . , yn+r,d]

T . The
Jacobian matrix J = ∂G/∂Y is formed using the Jacobian of f , denoted Jf = ∂f/∂y. The
iteration used is

J(Y(m))∆Y(m) = −G(Y(m)), Y(m+1) = Y(m) +∆Y(m).

The iteration stops when ∥∆Y(m)∥∞ < tol.

5 Results and discussion

The stability polynomial π(r, z) of (36) focuses on the positions of the characteristic roots r

in the complex plane. Figure 1 demonstrates that BHEM (9) is A(α)-stable. In contrast, the
stability function L(z) of (49) examines the complex parameter z and the positions of its zeros
and poles, as shown in Figure 4 for the same block method. Notably, the stability functions (49),
(52), and (54) for methods (9), (13), and (17) involve only z, whereas the stability polynomials
(36), (39), and (42) explicitly contain the roots r. Consequently, Figures 1, 2, and 3 display
stability regions based on the roots r of the characteristic equations, while Figures 4, 5, and 6
illustrate stability properties through the complex variable z for the stability functions.

Figure 4 indicates that the stability function L(z) for block method (9) satisfies condition (44)
of Definition 3, being analytic for all ℜ(z) < 0 because all poles of L(z) in (49) lie in the right
half-plane. However, the mere absence of left-half-plane poles does not guarantee A-stability.
From (43) and (49), restated here as,

|L(iy)| ⩽ 1, for all real y;

and
L(z) =

−z2 − 52 z − 150

98 z3 − 197 z2 + 248 z − 150
.

A complex number z = x + iy on the imaginary axis has z = 0 + iy, that is, z = iy. Taking
y = −0.9 and applying condition (43) to (49) gives
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|L(−0.9i)| =
∣∣∣∣ −(−0.9i)2 − 52 (−0.9i)− 150

98 (−0.9i)3 − 197 (−0.9i)2 + 248 (−0.9i)− 150

∣∣∣∣ .
Using the evalf function of Maple 2022.0 for numerical evaluation gives

|L(−0.9i)| = 1.028270409890 > 1,

which violates condition (43) of Definition 3 because the value obtained at y = −0.9 is
1.028270409890, which is not less than or equal to 1, as required. However, it can be noted
that the choice of y = −0.9 was based on choosing from the lower interval of the imaginary axis
based on common patterns of stability plots. If there exists at least one y in such an interval for
which (43) is not satisfied, then condition (43) is violated. This is because |L(iy)| must be less
than or equal to 1 for all real y. More comprehensively, applying Theorem 1 to method (9) shows
that it fails both conditions for A-stability. First, on the imaginary axis, numerical investigation
reveals that for y = −0.9, at least one root r of π(r, iy) = 0 satisfies |r| > 1. Second, in the
left half-plane, the stability region shown in Figure 1 does not entirely cover {z : ℜ(z) < 0};
there exist z with negative real part for which some root r of π(r, z) = 0 has |r| ≥ 1. Therefore,
method (9) is not A-stable. Nevertheless, verification confirms it is A(α)-stable with α = 89.06◦,
meaning absolute stability holds within the wedge | arg(−z)| < 89.06◦.

The stability polynomial π(r, z) for block method (13), given by (39), is plotted in Figure 2.
The region of absolute stability, corresponding to the exterior of the enclosed shape, encompasses
the entire left half-plane, indicating that method (13) is A-stable. Correspondingly, the stability
function L(z) in (52) satisfies |L(z)| ⩽ 1 and is analytic for ℜ(z) < 0, as shown in Figure 5. All
poles of L(z) lie in the right half-plane, and all zeros lie in the left half-plane. Since no pole
occurs in the left half-plane, L(z) is analytic for ℜ(z) < 0, satisfying condition (44) of Definition
3. Moreover, |L(iy)| ⩽ 1 for all real y, fulfilling condition (43) of Definition 3. Applying Theorem
1 confirms A-stability: first, on the imaginary axis, all roots of π(r, iy) = 0 satisfy |r| ≤ 1 for
every real y; second, in the left half-plane, the stability region covers {z : ℜ(z) < 0} entirely, and
for every such z, all roots of π(r, z) = 0 satisfy |r| < 1. Consequently, method (13) is A-stable.

The stability polynomial π(r, z) for block method (17), given by (42), is plotted in Figure 3.
The region of absolute stability (the exterior of the enclosed portion) covers part of the left half-
plane but not all of it, indicating that method (17) is A(α)-stable. Using (33) yields α = 87.12◦.
The stability function L(z) in (54), plotted in Figure 6, shows all poles in the right half-plane, so
L(z) is analytic for ℜ(z) < 0, satisfying condition (44) of Definition 3. However, for y = −0.98,
we compute |L(iy)| = 1.204625225 > 1, violating condition (43) of Definition 3. Equivalently,
E(y) = −34356.13668 for (54), which contradicts condition (46). Applying Theorem 1 confirms
that method (17) is not A-stable: first, on the imaginary axis, for y = −0.98 at least one root of
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π(r, iy) = 0 has modulus exceeding unity; second, in the left half-plane, the stability region does
not cover the entire set {z : ℜ(z) < 0}. Hence, method (17) is not A-stable but is A(α)-stable
with α = 87.12◦, meaning absolute stability holds within the wedge | arg(−z)| < 87.12◦.

Simple algebraic simplification of Experiment 1 converts it to the form:

yn+1 =− 227

1312
yn +

1539

1312
yn+ 4

3
− 49

984
hfn − 475

984
hfn+1 −

17

492
hfn+2

+
1

328
hfn+3,

yn+ 4
3
=yn+1 −

23

19440
hfn +

167

1080
hfn+1 +

227

1200
hfn+ 4

3
− 4

405
hfn+2

+
29

48600
hfn+3,

yn+2 =− 664

227
yn+1 +

891

227
yn+ 4

3
+

2

227
hfn − 419

681
hfn+1 +

208

681
hfn+2

− 5

681
hfn+3,

yn+3 =
875

227
yn+1 −

648

227
yn+ 4

3
− 25

681
hfn +

800

681
hfn+1 +

1025

681
hfn+2

+
70

227
hfn+3. (62)

The stability polynomial obtained using (32) is

π(r, z) =− 227 r4

1312
+

227 r3

1312
+

227 r3z4

15744
+

2497 r4z

9840
− 4313 r4z2

26240

+
7037 r4z3

118080
− 227 r4z4

19680
+

9223 r3z

31488
+

4767 r3z2

26240
+

46183 r3z3

472320
. (63)

Applying the same procedure used to obtain (49), (52), and (54) yields the stability function
for Experiment 1:

L(z) =
6810 z4 + 46183 z3 + 85806 z2 + 138345 z + 81720

5448 z4 − 28148 z3 + 77634 z2 − 119856 z + 81720
. (64)

Plots of (63) and (64) are shown in Figure 7. Although no poles of the stability function L(z)

in (64) exist in the left half-plane, condition (43), or equivalently condition (46), is not satisfied.
For instance, consider y = −3; following a similar approach to that used earlier, it can be shown
that |L(iy)| = 1.928808042740 or E(y) = −520155100224, contradicting the requirements of (43)
or (46). Thus, the block method in Experiment 1 is not A-stable because it violates condition
(1) of Definition 4. While methods that are not A-stable may be explored for A(α)-stability with
sufficiently large α [29], stability functions L(z) provide limited information on A(α)-stability,
whereas stability polynomials π(r, z) offer more insight. The stability polynomial π(r, z) in (63)
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Figure 7: a) (Left) Plot of stability polynomial (63); b) (Right) Plot of stability function (64).

indicates that the block method of Experiment 1 has a very restricted region of absolute stability,
as shown in its interval of absolute stability for the enclosed region on the left-hand side of the
complex plane in Figure 7a. Placing wedges on the bounded region will not yield an infinite
region on the left-hand side because it has a finite interval of absolute stability (−45 < hλ < 0).
Hence, the block method in Experiment 1 is neither A-stable nor A(α)-stable but stable only in
the interval (−45 < hλ < 0). The block method in Experiment 1 does not possess an infinite
interval of absolute stability like the block method (9), whose plot is shown in Figure 1; therefore,
Experiment 1 should not be considered for stiff DEs. Using such methods for the solution of stiff
DEs will, according to Dahlquist [9], impose prohibitive restrictions on the step size h.

For Experiment 2, the stability polynomial is obtained as

π(r, z) = r3 − r2 − 5

24
r3z − 3

8
r3z2 − 43

24
r2z +

3

8
r2z2 +

1

4
r3z3 +

1

4
r2z3 (65)

and the stability function is

L(z) =
−6 z3 − 9 z2 + 43 z + 24

6 z3 − 9 z2 − 5 z + 24
. (66)

Plots of (65) and (66) are shown in Figure 8.

Figure 8b shows that the stability function L(z) in (66) has a pole on the left-hand side of
the complex plane; hence, condition (44) of Definition 3 is not satisfied. Therefore, the block
method in Experiment 2 cannot be A-stable [26]. It can also be verified that conditions (43)
and (44) are not met. The plot of the stability polynomial π(r, z) in Figure 8a indicates a
more restricted region with an interval of absolute stability (−0.9 < hλ < 0). Hence, the block
method in Experiment 2 is also neither A-stable nor A(α)-stable but stable only in the interval

Iran. J. Numer. Anal. Optim., Vol. ??, No. ??, ??, pp ??



Adedire and Sirisena 32

Figure 8: a) (Left) Plot of stability polynomial (65); b) (Right) Plot of stability function (66).

(−0.9 < hλ < 0) and should not be considered for solving stiff DEs. However, it may be
considered for nonstiff DEs, as discussed for Experiment 1.

For Experiment 3, the stability polynomial and stability function are

π(r, z) =r3 − r2 − 2537

1080
r3z − 2107

1080
r2z +

9181

10800
r3z2 − 89

120
r2z2

− 59

400
r3z3 − 1

20
r2z3 (67)

and

L(z) =
−540 z3 − 8010 z2 − 21070 z − 10800

1593 z3 − 9181 z2 + 25370 z − 10800
. (68)

Plots of (67) and (68) are shown in Figure 9.

Figure 9: a) (Left) Plot of stability polynomial (67); b) (Right) Plot of stability function (68).

It can be verified that conditions (43) and (44) of Definition 3 are satisfied for the stability
function L(z) in (68), and the plot in Figure 9b shows no poles on the left-hand side and
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|L(z)| ⩽ 1 for all y ∈ R. Hence, the block method of Experiment 3 is A-stable. As confirmatory
evidence, the plot of the stability polynomial π(r, z) in (67) (Figure 9a) shows that the area
outside the bounded region (blue) covers the entire left half-plane, implying an infinite interval
(−∞ < hλ < 0) of absolute stability. Thus, the block method in Experiment 3 is A-stable.

In summary, the stability function L(z) can determine whether a numerical method is A-
stable, but it may be limited in determining the angle α for A(α)-stable methods. Nevertheless,
stability functions provide a direct test for A-stability and are better suited for assessing L-
stability properties because the stability function’s rational form allows direct asymptotic anal-
ysis, making it preferable over stability polynomials for L-stability assessment, as the latter
requires solving for root behavior as z → −∞ from π(r, z) = 0. Stability polynomials, however,
can determine both A-stability and the angle α for A(α)-stable methods. Additionally, meth-
ods that are neither A-stable nor A(α)-stable can be shown to have a finite interval of absolute
stability. A drawback of the stability polynomial π(r, z) is that A(α)-stable methods with very
large α may have plots around the origin that appear A-stable. This can be addressed by adjust-
ing the scale to see an amplified version of the plots, especially around the origin, as shown in
Figures 1, 2, and 3. This enables clear visualization and valid conclusions. Stability polynomials
and stability functions serve complementary theoretical roles. For consistent methods, the two
approaches must yield congruent stability conclusions. A discrepancy between them serves as a
theoretical indicator of potential derivation errors or method inconsistency.

Results from the numerical simulation of Problem 1 using BHEM (9) are shown in Figure
10.

Figure 10: Numerical simulation of Problem 1 using BHEM (9).

Results from the numerical simulation of Problem 2 using the block hybrid implicit method
BHIM (13) are shown in Figure 11.

The numerical simulation of Problem 3 using BHIM (17) yields the results shown in Figure
12.
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Figure 11: Numerical simulation of Problem 2 using BHIM (13).

Figure 12: Numerical simulation of Problem 3 using BHIM (17).

Problem 1 is moderately stiff according to Fatunla [11], and Problem 2 is very stiff as ε → 0.
From Figures 10, 11, and 12, it can be seen that the block methods (9), (13), and (17) perform
comparably to the built-in MATLAB ode23s solver for numerical solutions of Problems 1, 2,
and 3.

To compare the accuracy of the results obtained from the block methods (9), (13), and (17)
with exact solutions and the Adomian decomposition method reported in the literature, consider
the following system: 

dx

dτ
= x+ y, x(0) = 0,

dy

dτ
= −x+ y, y(0) = 1,

(69)

whose exact solutions are given by x = eτ sin τ,

y = eτ cos τ.
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The exact solutions from the system of ODEs (69) are compared with solutions from the block
methods (9), (13), and (17) and the Adomian decomposition method described in the literature
[27]. These comparisons are presented in Tables 1, 2, and 3.

Table 1: Comparison between the exact solutions (x and y), block method (xeq(9) and yeq(9)) and Adomian
decomposition method (xϕ and yϕ) solutions.

τ Exact x Exact y xeq(9) yeq(9) xϕ [27] yϕ [27]
0.50 0.79044 1.44689 0.79044 1.44689 0.79044 1.44688
1.00 2.28736 1.46869 2.28736 1.46869 2.28733 1.46868
1.50 4.47046 0.31702 4.47046 0.31702 4.47040 0.31701
2.00 6.71885 -3.07493 6.71885 -3.07493 6.71872 -3.07488
2.50 7.29088 -9.75993 7.29088 -9.75993 7.29069 -9.75970
3.00 2.83447 -19.88450 2.83447 -19.88453 2.83435 -19.88400
3.50 -11.61630 -31.01120 -11.61635 -31.01119 -11.61600 -31.01010
4.00 -41.32000 -35.68770 -41.32002 -35.68773 -41.31850 -35.68620
4.50 -87.99450 -18.97520 -87.99446 -18.97523 -87.99907 -18.97410

Table 2: Comparison between the exact solutions (x and y), block method (xeq(13) and yeq(13)) and Adomian
decomposition method (xϕ and yϕ) solutions.

τ Exact x Exact y xeq(13) yeq(13) xϕ [27] yϕ [27]
0.50 0.79044 1.44689 0.79043 1.44689 0.79044 1.44688
1.00 2.28736 1.46869 2.28733 1.46870 2.28733 1.46868
1.50 4.47046 0.31702 4.47042 0.31707 4.47040 0.31701
2.00 6.71885 -3.07493 6.71881 -3.07480 6.71872 -3.07488
2.50 7.29088 -9.75993 7.29095 -9.75965 7.29069 -9.75970
3.00 2.83447 -19.88450 2.83485 -19.88410 2.83435 -19.88400
3.50 -11.61630 -31.01120 -11.61531 -31.01082 -11.61600 -31.01010
4.00 -41.32000 -35.68770 -41.31797 -35.68805 -41.31850 -35.68620
4.50 -87.99450 -18.97520 -87.99141 -18.97758 -87.99907 -18.97410
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Table 3: Comparison between the exact solutions (x and y), block method (xeq(17) and yeq(17)) and Adomian
decomposition method (xϕ and yϕ) solutions.

τ Exact x Exact y xeq(17) yeq(17) xϕ [27] yϕ [27]
0.50 0.79044 1.44689 0.79058 1.44690 0.79044 1.44688
1.00 2.28736 1.46869 2.28777 1.46851 2.28733 1.46868
1.50 4.47046 0.31702 4.47115 0.31613 4.47040 0.31701
2.00 6.71885 -3.07493 6.71924 -3.07738 6.71872 -3.07488
2.50 7.29088 -9.75993 7.28917 -9.76474 7.29069 -9.75970
3.00 2.83447 -19.88450 2.82694 -19.89126 2.83435 -19.88400
3.50 -11.61630 -31.01120 -11.63527 -31.01559 -11.61600 -31.01010
4.00 -41.32000 -35.68770 -41.35528 -35.67792 -41.31850 -35.68620
4.50 -87.99450 -18.97520 -88.04313 -18.92789 -87.99907 -18.97410

From the results in Tables 1, 2, and 3, it can be observed that the newly derived block
methods (9), (13), and (17) perform competitively when compared with the exact solutions of
system (69), and when compared and with the Adomian decomposition method.

5.1 CPU time performance of the proposed block methods

To assess the computational efficiency of the derived block hybrid methods, CPU time measure-
ments were performed for Problems 1–3 described in Section 3.12. All codes were implemented in
MATLAB R2018a on a system with an Intel Core i7-4900MQ processor, 32 GB RAM, and a 512
GB SSD, with a Newton iteration tolerance of 10−6. The explicit method BHEM (9), applied
to Problem 1, required 2.5788 seconds of CPU time, reflecting the higher cost associated with
its stability constraints. In contrast, the implicit method BHIM (13) demonstrated remarkable
efficiency for the moderately stiff Kaps Problem 2, completing the integration in just 0.1235 s
of CPU time, a performance attributable to its A-stability, which permits larger step sizes. The
implicit method BHIM (17), applied to the severely stiff linear system (Problem 3), required
2.3805 seconds of CPU time.

For system (69), CPU time measurements were performed for both short-range and long-
range integration. The measured CPU times are summarized in Table 4.
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Table 4: CPU times (in seconds) of the proposed block methods for (69).

Method Interval CPU Time (s)
BHEM (9) [0, 10] 1.9762
BHIM (13) [0, 300] 0.7544
BHIM (17) [0, 300] 0.4779

The explicit method BHEM (9), which has weaker stability properties, was applied over
[0, 10] with h = 0.001, requiring 1.9762 s even over the short interval. In contrast, the implicit
methods BHIM (13) and BHIM (17) were applied over the extended interval [0, 300] with h =

0.1, requiring 0.7544 s and 0.4779 s, respectively. These results reveal a clear distinction in
computational efficiency between the explicit and implicit formulations. The explicit method
incurs a significantly higher cost due to the small step size necessary to maintain stability, making
it suitable only for moderate integration ranges. The implicit methods, by contrast, leverage their
superior stability properties—A-stability for BHIM (13) and A(α)-stability with L(α)-stability
for BHIM (17)—to permit substantially larger step sizes, resulting in far lower CPU times despite
integrating over a 30-fold longer interval. Notably, BHIM (17) is the most efficient among the
proposed methods, completing the long-range integration in about half the time of BHIM (13).
Overall, these findings confirm that the implicit block formulations, particularly BHIM (17),
offer a compelling balance of accuracy and efficiency for long-time integration of problems with
rapid exponential growth.

6 Conclusion

This study has compared the stability polynomial π(r, z) and the stability function L(z) for
investigating the absolute stability regions of block hybrid methods. The analysis demonstrates
that the stability polynomial focuses primarily on the characteristic roots r, while the stability
function concentrates on the complex parameter z and the positions of its zeros and poles.

The research question posed in the introduction receives a clear answer: the absence of poles
in the left half-plane is necessary but not sufficient for A-stability. Condition (1) of Definition
4 (boundedness on the imaginary axis) must also be satisfied, as illustrated by methods (9) and
(17), which have no left‑half‑plane poles yet are not A-stable. This finding corrects a potential
misconception in the literature that analyticity alone guarantees A-stability. The main contri-
butions of the work are as follows: a novel theoretical result stating that for consistent block
methods, the two stability tools must yield congruent stability conclusions, with any discrepancy
serving as an indicator of potential derivation errors or method inconsistency; three practical rec-
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ommendations, (i) when using stability polynomials, plots should be examined near the origin to
accurately assess A-stability, (ii) when employing stability functions, both associated conditions
must be verified, and (iii) a combined approach using both tools is advisable for comprehensive
stability investigation; a demonstration that the stability function is preferable for analyzing
stronger stability properties such as L-stability and L(α)-stability, owing to its direct rational
form that allows immediate asymptotic analysis; and a detailed stability analysis of three new
block hybrid methods—one explicit (BHEM) and two implicit (BHIM)—using both stability
polynomials and stability functions.

The use of stability polynomials offers a straightforward determination of the angle α for
methods that are A(α)‑stable. A drawback is that an A(α)‑stable method with a large α may
be mistakenly identified as A-stable if the plot is not examined at an appropriate scale near the
origin.

For stability functions, when both prescribed conditions are satisfied, they provide a clear
means to determine whether a block hybrid method is A-stable. Some researchers have used
only one of these conditions to conclude A-stability; however, satisfying only one condition does
not guarantee A-stability. Both conditions must be examined. A limitation of stability functions
is their reduced effectiveness in determining the angle α for A(α)‑stable methods, as they focus
primarily on the positions of zeros and poles. Nevertheless, stability functions are valuable for
investigating stronger stability properties such as L-stability.

In light of these findings, we recommend that stability be examined using both stabil-
ity polynomials and stability functions to ensure a comprehensive and reliable analysis. The
two approaches are complementary: stability polynomials are particularly useful for identifying
A(α)‑stability angles and finite stability intervals, while stability functions provide a direct test
for A-stability and are better suited for assessing L-stability properties. For consistent methods,
agreement between the two approaches validates the derivation, whereas discrepancies may signal
errors or inconsistencies.
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