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Abstract

We study a diffusive predator-prey model with nonlinear predator-prey interactions and prey
dispersal. Using bifurcation analysis combined with numerical simulations, we reveal a rich
variety of dynamical behaviors, including the stability of steady states, wave fronts, wave
pulses, periodic and multi-periodic wave trains, and chaotic spatiotemporal patterns. The
results show that diffusion and interaction strength play a critical role in shaping the traveling-
wave dynamics through saddle-node, Hopf, and period-doubling bifurcations. In particular,
increasing diffusion can destabilize steady states and induce oscillatory dynamics, ultimately
leading to chaotic population fluctuations. These findings provide ecological insight into how
spatial dispersal and nonlinear interactions shape complex population patterns in predator-prey

systems.
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1 Introduction

The prey-predator model, commonly referred to as the Lotka—Volterra model, is a cornerstone
of mathematical ecology and provides a fundamental framework for describing the dynamic in-
teraction between two interdependent populations: prey, which constitute a food resource, and
predators, which rely on prey for survival. This classical formulation has played a crucial role
in advancing our understanding of population oscillations, species coexistence, and ecological
balance. Over the years, the basic model has been extended in various directions to incorporate
biological mechanisms observed in real ecosystems, thereby improving its ecological realism and
predictive capacity. One important refinement of the classical predator-prey framework is the
incorporation of cooperative hunting behavior among predators. In many natural systems, preda-
tors do not act independently but instead hunt in groups, thereby increasing capture efficiency
and altering functional responses. Such cooperative strategies can significantly modify popula-
tion dynamics by amplifying predation pressure and influencing stability properties of equilibria.
The ecological relevance of cooperative hunting and its mathematical formulation were first sys-
tematically explored by Alves and Hilker [4], who demonstrated that predator cooperation can
lead to qualitatively new dynamical behaviors not present in classical models.

While most early predator-prey models focused on temporal dynamics alone, spatial effects
are now recognized as an essential component of ecological systems. Species movement, dispersal,
and spatial heterogeneity strongly influence persistence, invasion, and pattern formation [25]. To
capture these effects, predator-prey models are naturally extended to reaction-diffusion systems
by incorporating diffusion terms that describe random movement in space. The inclusion of spa-
tial dynamics is motivated by the seminal work of Turing on the chemical basis of morphogenesis
[21], which demonstrated that diffusion, when coupled with nonlinear interactions, can destabi-
lize homogeneous steady states and generate spatial patterns. From an ecological standpoint,
reaction-diffusion predator-prey models provide a powerful framework for studying the combined
effects of biological interactions and spatial dispersal [1]. In plankton communities, forest insect
populations, and spatially structured food webs, population densities are rarely uniform across
space. Instead, ecosystems often exhibit traveling invasion fronts, localized outbreaks, sustained
oscillatory waves, and complex spatiotemporal patterns [8, 16]. Dispersal, commonly represented
through diffusion, plays a dual role in such systems: it promotes persistence and spatial spread,
yet can also destabilize homogeneous equilibria when coupled with nonlinear predation mecha-
nisms, leading to oscillatory or even chaotic dynamics [13]. Consequently, the emergence of wave
fronts, wave pulses, and wave trains in reaction-diffusion predator-prey models offers a mech-
anistic explanation for invasion processes, recurrent outbreaks, and cyclic population behavior

observed in nature.
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Traveling-wave patterns and bifurcation dynamics in a spatial predator-prey model

A particularly important mathematical tool for understanding these spatial phenomena is
invariant manifold theory, which plays a central role in the analysis of traveling-wave solutions
in reaction-diffusion systems. Traveling waves provide a mathematical description of spatial
propagation processes occurring in diverse contexts, including population dynamics, nutrient
transport, chemical reactions, and biological signal transmission [16, 15]. By introducing a
moving coordinate frame, reaction-diffusion equations can be reduced to systems of ordinary
differential equations, where traveling waves correspond to special trajectories in phase space.
In this formulation, wave fronts, wave pulses, and wave trains arise as heteroclinic, homoclinic,
and periodic orbits, respectively [13, 19, 24]. The existence and stability of these solutions are
fundamentally governed by the geometry of invariant manifolds associated with equilibria and
periodic orbits. Despite their conceptual importance, the rigorous construction of homoclinic and
heteroclinic orbits remains a challenging problem, particularly in systems of dimension three or
higher. Except for a few special cases, explicit analytical expressions for such connecting orbits
are rarely available [8, 20]. As a result, a wide range of analytical and numerical techniques
has been developed, including Poincaré maps, Lin’s method, center manifold reductions, and
numerical continuation, to establish the existence and continuation of global connections [9, 10,
14, 26]. In recent years, numerical bifurcation software such as AUTO [6] and MATCONT [5] has
become indispensable for computing equilibria, periodic orbits, and their invariant manifolds
with high accuracy, enabling systematic investigations of traveling waves in reaction-diffusion
systems [18, 2, 11, 12].

Although traveling-wave solutions and diffusion-driven dynamics have been extensively in-
vestigated in predator-prey reaction-diffusion systems [7, 25, 22, 14], the combined effects of
prey dispersal, a strong Allee effect, and cooperative hunting on traveling-wave dynamics remain
largely unexplored. In contrast to [7, 14], where the emphasis is primarily on the existence of
traveling waves and heteroclinic structures, the present work investigates how cooperative pre-
dation and prey diffusion interact to generate a rich bifurcation scenario involving wave fronts,
pulse waves, periodic wave trains, multi-periodic oscillations, and chaotic traveling waves. More-
over, unlike [25] and [22], which focus on diffusion-driven instability and multiple wave solutions
in more general reaction-diffusion settings, the present study reveals how hunting cooperation
and prey dispersal jointly induce complex spatiotemporal behaviour through Hopf and period-
doubling bifurcations. To the best of our knowledge, the emergence of chaotic traveling waves
in a predator-prey system incorporating both cooperative hunting and Allee effects has not been
previously reported.

Motivated by these developments, the objective of the present study is to investigate the
existence and structure of traveling-wave solutions in a diffusive predator-prey model with non-

linear interaction terms. Building upon the predator-prey model proposed in [23], we focus on
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the effects of prey dispersal on traveling-wave dynamics and the associated bifurcation structure.
Using bifurcation theory, invariant manifold analysis, and numerical continuation techniques,
we investigate how variations in diffusion and interaction parameters influence the qualitative
behavior of traveling-wave solutions and lead to transitions between different dynamical regimes.
The remainder of the paper is organized as follows. Section 2 introduces the reaction-diffusion
model, analyzes the existence and stability of its equilibria, derives the traveling-wave equations,
and investigates their phase-space structure. Section 3 employs numerical continuation methods
to compute homoclinic and heteroclinic orbits and classify the resulting traveling-wave solutions.
Finally, Section 4 discusses the ecological implications of our findings and summarizes the main

conclusions of the study.

2 Diffusive model

We consider a prey-predator reaction-diffusion model obtained by introducing one-dimensional
spatial diffusion only in the prey population, extending the nonspatial system (4) proposed in
the paper [23]. The primary objective of the present work is to investigate the existence of

traveling-wave solutions for the following system:

ON 9°N
S = N(e =NV =)~ (1+aP)P) +d7, "
%1; = P§(1—P)+e(l+aP)NP,

where N(z,t) and P(x,t) denote the densities of the prey and predator populations at position
x and time ¢, respectively. The parameter d > 0 represents the diffusion coefficient of the prey
species, modeling its random movement in space, while the predator population is assumed to be
immobile. This asymmetric diffusion assumption reflects situations in which prey species exhibit
higher mobility than predators and has been widely adopted in ecological and epidemiological

modeling frameworks.

The prey growth is governed by the Allee effect, represented by the term o(1 — N)(N — ),
where o > 0 is the intrinsic growth rate of the prey and 5 € (—1,1) denotes the Allee threshold
below, which the prey population experiences negative growth [3]. Predator consumption of prey
follows a Holling type-I functional response, given by (1 + aP)P, where o > 0 represents the
strength of cooperative hunting among predators. It is assumed that predators hunt prey in
groups, thereby enhancing their predation efficiency and increasing the prey capture rate. The

predator population grows logistically in the absence of prey with intrinsic growth rate § > 0 and
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carrying capacity normalized to unity. The term e(1 + aP)N P represents the gain in predator
biomass due to predation, where e > 0 denotes the conversion efficiency of consumed prey into

predator reproduction.

System (1) is inspired by the predator-prey framework introduced in [22], incorporating
both the Allee effect in prey dynamics and a Holling type-1 functional response. The inclusion of
diffusion only in the prey equation allows the model to capture spatial propagation phenomena
driven by prey dispersal, which plays a crucial role in the formation of traveling-wave solutions
connecting biologically relevant equilibria. Such spatially structured dynamics are essential for

understanding invasion processes, range expansion, and pattern formation in ecological systems.

2.1 Traveling-wave reduction

In order to study the traveling waves, we introduce the coordinate, z = z—ct, where ¢ > 0 denotes
the wave speed, and seek solutions of the form N(z,t) = U(z), P(z,t) = V(z). Substitution
into (1) yields
U = dU" + U<U(1 _UYU—B)— (1+ aV)V),
(2)
—cV' =Vi(1-V)+e(l+aV)UV,
where primes denote differentiation with respect to z. Introducing the auxiliary variable W = U’

system (2) can be rewritten as the following first-order autonomous system:

UI:Wa
W =2 (=W — UL~ U)W ) + (1 +aV)UV), )

V= —% (V5(1 — V) te(l+ aV)UV).

System (3) is three-dimensional, in contrast to the four-dimensional traveling-wave system ob-
tained when both species diffuse. This reduction in dimension plays a crucial role in the qualita-
tive analysis of wave solutions. Motivated by the biological context of (1), we confine our analysis
of system (3) to the domain Q = {(U,W,V) € R®: U >0,V > 0}. A traveling-wave solution
of (1) is defined as any bounded solution of system (3) that lies entirely within the domain (.
Such solutions represent wave profiles that move through space while maintaining their shape
over time [15, 16, 8].
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To obtain bounded solutions of system (3), we consider three principal classes of traveling
waves: wave pulses, wave fronts, and wave trains. A wave pulse is associated with a homoclinic
orbit of the traveling-wave system, in which a trajectory leaves an equilibrium point E; along
its unstable manifold and returns to the same equilibrium along its stable manifold, so that the
orbit lies in W*(E;) NW*(E7). Such solutions display a pronounced excursion in the amplitudes
of the state variables followed by convergence back to the resting state, and in the original
reaction-diffusion system they correspond to localized pulses propagating through space while
connecting a spatially homogeneous steady state to itself. A wave front, on the other hand, arises
from a heteroclinic connection between two distinct equilibria, where the orbit departs from F;
along W*(E;) and approaches another equilibrium Fy along its stable manifold W*(E,), that
is, it lies in W¥(Ey) N W#(Es); this represents a traveling interface that connects two different
spatially homogeneous steady states. Finally, wave trains correspond to periodic traveling-wave
solutions of the reduced system, characterized by closed orbits in phase space. These solutions
are spatially periodic and temporally steady in the moving frame, representing a continuous
sequence of oscillations that propagate with constant speed without decay, and they play a key

role in describing sustained rhythmic patterns in the underlying reaction-diffusion model [22].

2.2 Stability analysis

An equilibrium of (3) is given by E = (U*,0,V*), where (U*, V*) satisfies

U (0(1 _UHUF—B)— (1 + av*)v*) —0,

v (6(1 V) el + aV*)U*) —0.
From (4), we identify the following classes of equilibria.

(i) Trivial equilibrium.
Ey =(0,0,0).

(ii) Boundary equilibria.

Eg =(8,0,0), E, =(1,0,0) E; =(0,0,1).
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The equilibrium Ej3, E; corresponds to extinction of the P-population and persistence of NV and
E5 correspond to extinction of the N-population and persistence of P at its intrinsic steady

states.
(iii) Coexistence equilibria. If U* > 0 and V* > 0, then (U*, V*) satisfies

o(1=UU* = B) = (1 +aV* )V,

(5)
5(1—V*) +e(1+aV*)U* =0.

Due to the nonlinear coupling between U* and V*, explicit closed-form expressions for these
quantities are generally difficult to obtain. Consequently, the coexistence equilibrium is char-
acterized implicitly by system (5). For suitable parameter values, system (5) admits positive

solutions, yielding the biologically relevant coexistence equilibrium

E, = (U*,0,V*).

2.2.1 Linearization and Jacobian matrix

The Jacobian matrix of (3) evaluated at an equilibrium E = (U*,0,V™*) is given by

0 1 0
J(E) = | —an —ﬁ —ais | >

—az1 0 —ass

where

assz =

2.2.2 Characteristic equation

The characteristic polynomial of J(E) takes the form
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¢ ¢
A3+ (a + ass) A (au + EGB?’) M-(ai1a33 — aizas) = 0. (6)

The signs of the coefficients in (6) determine the local stability properties of the equilibrium
[17].

2.2.3 Stability of boundary equilibria

Lemma 1. The equilibrium point Ey is a stable equilibrium whenever —1 < g < 0 with
dim®(Ep) = 3 and saddle whenever 0 < 8 < 1 with dim*(Ey) = 2, dim"*(Fy) = 1.

Proof. At Ey, the Jacobian reduces to

The corresponding eigenvalues are

—c++/c2+4 )
)\1722 ¢ 2Cd+ O.B, /\3:—E<0.

Hence, Fjy is a stable equilibrium whenever —1 < 8 < 0 on a three dimensional manifold and

saddle whenever 0 < 8 < 1 in two dimensional stable and one dimensional unstable manifold. [J

Lemma 2. The equilibrium point Eg exist for 0 < 8 < 1 and is a saddle with dim®(Eg) = 2,
dim"(Eg) = 1

Proof. The Jacobian matrix at Eg is therefore

0 1 0
J(EB) _ _05(1d*5) _5 g
0 0 _5teB

The eigenvalues satisfy

—ct /2 +40B(1 - P) e §+66<
g= o7

Ao = =
1,2 2d ’ c

0.

Thus, equilibrium FEg is a saddle point with a one-dimensional unstable manifold and a two-

dimensional stable manifold. O
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Lemma 3. The equilibrium point E; is a saddle equilibrium with dim®(E;) = 2, dim*(E;) = 1.

Proof. The Jacobian matrix at Fy is

0 1 0
JE) = | FE -5 g
0 0 —9fe

The eigenvalues are

—c+ 2 4 1—
c 2 +40(1-0) /\3:_6+e<0.

2d ’ c

Al =

Hence, E; is also a saddle equilibrium with a two-dimensional stable manifold and a one-

dimensional unstable manifold. O

Lemma 4. The equilibrium point Es is also a saddle equilibrium with dim*(F;) = 1,

Proof. The Jacobian matrix at Fs is given by

0 10
J(Ey) = 7aﬁ+dl+a -50
_e(1+a) 0 5

The characteristic polynomial of J(Es) is

A=2)(dN\+cA—(0f+1+a)) =0.

Hence, the eigenvalues are

—cx /2 +4(cB+1+
\/ 2( ) )\3:%>0.

A2 =

)

Since A3 > 0 and the quadratic term admits one positive and one negative root, equilib-
rium Fs possesses a two-dimensional unstable manifold and a one-dimensional stable manifold.

Therefore, F> is a saddle equilibrium of index two. O
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2.2.4 Stability of coexistence equilibrium

If a coexistence equilibrium F, = (U*,0,V*) exists, its local stability is determined by the
eigenvalues of the Jacobian matrix evaluated at E,. The corresponding characteristic equation
is
3 c 9 1 1
A7+ (é + 533) A%+ E<b11 + Cb33))\ +t3 (511533 - b13b31> =0, (7)

where

bii = oU*(—2U* + B+ 1), bz = —(1 + 2aV*)U*,
b31=%<1+aV*>V*, b33:l(—5+eaU*)V*.

C

By the Routh—Hurwitz criterion for cubic polynomials, the equilibrium FE, is locally asymptoti-

cally stable if and only if
S + b3z > 0, b11 + cbsz > 0, b11b33 — b13bs1 > 0,

and
(g + b33) (b11 + cb33) > (bi1bzz — bizbs1) .

Although the stability conditions can be stated in terms of the coefficients of the characteristic
polynomial, these coefficients depend nonlinearly on the model parameters and the equilibrium
values U* and V*. Consequently, determining explicit parameter regions that guarantee stability
or instability is analytically cumbersome. To gain further insight into the dynamics of the system
and to investigate the influence of key parameters on the stability of the coexistence equilibrium
E,, we therefore complement the analytical results with numerical simulations. The numerical
investigations presented in the next section illustrate the local behavior of solutions near E, and

identify parameter regimes associated with stable and unstable dynamics.

2.2.5 Hopf bifurcation analysis

The occurrence of Hopf bifurcation at the equilibrium point E, = (U*,0,V*) is determined by
the characteristic equation (7). According to the Hopf bifurcation theorem, a Hopf bifurcation
occurs when a pair of complex conjugate eigenvalues of the Jacobian matrix J(F,) crosses the
imaginary axis as a system parameter varies, while the remaining eigenvalue has a nonzero real
part.

Let d be chosen as the bifurcation parameter. For (7) to admit a pair of purely imaginary

roots A = tiw (w > 0), the following necessary conditions must be satisfied:
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Sy b3z > 0, (8)
d
b13bz1 — b11bsz > 0, 9)

and the Hopf-bifurcation threshold is obtained by

c(by1 + cbss)

di = — , 10
B bigbsy + cbly (10)
where
1

w? = E(bu + cb33). (11)
In addition, the transversality condition must hold, namely,

Lrow)|  #0 (12)

dd d=dy

This condition ensures that the eigenvalues cross the imaginary axis with nonzero speed as the

bifurcation parameter d passes through the critical value d.

When all the above conditions are satisfied, the equilibrium point E, = (U*,0, V*) undergoes
a Hopf bifurcation at d = dy. As a consequence, a family of small-amplitude periodic solutions
emerges from F, leading to sustained oscillations in the population densities. These temporal
oscillations play a crucial role in the formation of wave trains in the corresponding reaction-

diffusion system, as will be demonstrated in the subsequent sections.

3 Numerical simulation

In this section, the traveling-wave system (3) was solved numerically using the classical fourth-
order Runge-Kutta (RK4) method. Since traveling-wave solutions are defined on the unbounded
domain z € (—00, ), the computational domain was truncated to the finite interval [—L, L] with
L = 250. Unless otherwise stated, the numerical simulations were performed using a uniform
step size h = 0.001.

The numerical integration was initiated at z = — L using initial data chosen in a sufficiently small
neighborhood of the equilibrium state from which the traveling orbit originates. The solution
was then integrated forward up to z = L. Since a fixed-step RK4 scheme was employed, no
adaptive numerical tolerance parameter was required.

To verify the accuracy and robustness of the numerical computations, convergence tests were

performed using different step sizes and computational domains. The resulting traveling-wave

Iran. J. Numer. Anal. Optim., Vol. 7?7, No. 7?7, 7?7 pp 77



Hussain and Sen 12

profiles exhibited no significant qualitative or quantitative differences, confirming that the re-
ported numerical solutions are independent of the discretization parameters and domain trun-
cation. The parameter values were fixed according to the ecological model proposed in [23] and

are summarized in Table 1.

Table 1: Parameter values used in numerical simulations.
s 8 e § c
8 | —0.108 | 0.17 | 0.2298 | 0.6

For these fixed parameters, numerical continuation and bifurcation analysis were carried
out using the software package MATCONT. The primary objective of this study is to examine
how variations in the hunting cooperation parameter a and the diffusion coefficient d influence
the qualitative dynamics of the traveling-wave system (3). In particular, we investigate the
stability of equilibria and the associated bifurcation structure, including saddle-node, Hopf, and
period-doubling bifurcations.

The resulting bifurcation diagrams reveal transitions between different traveling-wave be-
haviors, including wave fronts, wave pulses, periodic and multi-periodic wave trains, and chaotic
traveling patterns, highlighting the important roles of hunting cooperation and prey diffusion in

shaping the spatiotemporal dynamics of the predator-prey system.

3.1 Bifurcation

For the chosen set of parameters, the boundary equilibrium points Ey, F1, and Es, together with
the interior equilibrium E*, coexist. Numerical bifurcation analysis reveals the occurrence of a
saddle-node bifurcation at a = azpy, where the number of interior equilibrium points changes
from two to zero as the parameter « is varied from left to right in Figure 1(a). In the parameter
region where two interior equilibria exist, they are denoted by ET and Ej5. The blue curve in
Figure 1(a) represents the Hopf bifurcation curve associated with the equilibrium E}. Below this
curve, E7 is locally asymptotically stable, whereas it loses stability upon crossing the curve, giving
rise to periodic oscillations. In the unstable region of EY, a period-doubling bifurcation occurs,
indicated by the magenta curve. Inside the resulting period-doubling loop, solutions with higher-
order periodicity, including 2-periodic, 4-periodic, and chaotic dynamics, are observed, indicating
a classical route to chaos. The red curve corresponds to the Hopf bifurcation associated with the

equilibrium E%. Below this curve, E; is a saddle-focus with one positive real eigenvalue and the
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remaining eigenvalues having negative real parts, whereas above the curve, the real parts of the

complex conjugate eigenvalues become positive, leading to oscillatory instability.

0.7
0.6

0.5

0.4/
©

-

0.3 —
0.2
0.1

0 L L L
0.435 0.445 0.455 0.465
«a o

(a) (b)

Figure 1: (a) Two-dimensional bifurcation diagram with respect to o and d. The yellow vertical line shows the
saddle-node bifurcation curve, the red curve shows the Hopf bifurcation curve for the equilibrium E3, the blue
curve shows the Hopf-bifurcation for the equilibrium Ef and the magenta curve represents the period-doubling
bifurcation curve.The green curve represents the homoclinic bifurcation curve. The green dot represents the
zero-Hopf point. (b) The zoomed version of Figure 1(a).

Figure 2 presents the one-dimensional bifurcation diagrams obtained by plotting the local
maxima and minima of the prey and predator densities with respect to the diffusion coefficient
d, while keeping the parameter o = 0.44 fixed. For small values of d, both species converge to a
constant equilibrium state, which is reflected in the diagram by a single branch for each variable.
This indicates that the equilibrium is locally asymptotically stable in this parameter regime.
As d increases and crosses a critical threshold, the equilibrium loses stability through a Hopf
bifurcation, leading to the emergence of sustained oscillations. Beyond this point, the bifurcation
diagrams split into two distinct branches corresponding to the maximum and minimum values
attained by the prey and predator populations, thereby signaling periodic oscillatory dynamics.

With a further increase in the diffusion coefficient d, the system undergoes a sequence of
secondary bifurcations. The appearance of multiple discrete branches in the bifurcation diagrams
corresponds to period-doubling bifurcations, where oscillations with twice the original period are
generated. This cascade continues as d increases, resulting in increasingly complex oscillatory
patterns, including 2-periodic, 4-periodic, and higher-order periodic solutions. Eventually, the
accumulation of these bifurcations gives rise to chaotic dynamics, which are manifested in the

diagrams as densely populated bands of maxima and minima. This behavior is observed consis-
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tently for both prey and predator species, demonstrating that diffusion plays a crucial role in
destabilizing the equilibrium and driving the system through a transition from steady states to

periodic oscillations and ultimately to chaotic spatiotemporal dynamics.

1.6
1.5¢
£ £
E £ 1.4
é s
=) >5 13
1.2
o I
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 04
d d
(a) (b)

Figure 2: One dimensional bifurcation diagram with respect to the diffusion coefficient d for fixed o = 0.44,
(a) prey species and (b) predator species.

To determine the nature of the Hopf bifurcation, the first Lyapunov coefficient was computed
numerically using MATCONT. For the parameter value o = 0.44, the Hopf bifurcation occurs
at

di = 0.080745985,

and the corresponding first Lyapunov coefficient is

Iy = —5.39211921 < 0.

Therefore, the Hopf bifurcation is supercritical, and a branch of stable periodic solutions emerges
from the coexistence equilibrium as the diffusion coefficient d passes through the critical value
dg. This observation is consistent with the numerical bifurcation diagrams presented in the

subsequent section.
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J E1

—U
—V

J E,

-200 -100 0 100 200

(b)

Figure 3: (a) Phase portrait of the traveling-wave system showing convergence to a stable spiral equilibrium.
(b) Corresponding spatial profiles of the prey (U) and predator (V') populations. Parameter values are o = 0.45
and d = 0.1.

3.2 Phase portrait

To validate the bifurcation diagram shown in Figure 1, we present the corresponding phase
portrait and spatial profiles of the prey and predator populations. For parameter values chosen
from the regime in which the equilibrium FEj is stable, namely o = 0.45 and d = 0.1, the
traveling-wave system admits a heteroclinic connection between two distinct equilibria. As shown
in Figure 3, the phase portrait indicates that the trajectory originates in the neighborhood of the
equilibrium E3 and departs along its unstable manifold. After a transient evolution, the orbit
approaches and eventually settles at the equilibrium E7 along its stable manifold, confirming the
existence of a heteroclinic orbit lying in the intersection W*(E3) N W*(EY). The corresponding
spatial profiles of the state variables, depicted in Figure 3(b), clearly illustrate a transition from
the state associated with E3 to that of Ej, with small oscillations observed as the solution
converges to the final steady state. In the context of the original reaction-diffusion system, this
heteroclinic connection represents a wave front, describing a traveling interface that propagates
with constant speed and connects two distinct spatially homogeneous equilibrium states.

For parameter values taken from the regime in which the equilibrium E7 loses stability
through a Hopf bifurcation, specifically a = 0.45 and d = 0.25, the traveling-wave system exhibits
a heteroclinic-type connection from the equilibrium E3 to a periodic orbit generated at Ej. As

illustrated by the phase portrait in Figure 4(a), the trajectory departs from the equilibrium F3
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Hussain and Sen 16

Figure 4: (a) Phase portrait of the traveling-wave system showing convergence to a stable limit cycle. (b)
Corresponding spatial profiles of the prey (U) and predator (V) populations. Parameter values are a = 0.45
and d = 0.25.

along its unstable manifold and, instead of converging to a steady equilibrium, it is attracted to
a stable limit cycle that emerges due to the Hopf bifurcation at Ef. This indicates that the orbit
lies in the intersection of the unstable manifold of E5 and the stable manifold of the periodic
orbit associated with E}. The corresponding spatial profiles of the state variables, shown in
Figure 4(b), display a transition from the homogeneous state corresponding to E3 to sustained
oscillations with constant amplitude as the traveling coordinate z increases. In the original
reaction-diffusion system, this behavior corresponds to a wave train solution, characterized by
spatially periodic oscillations that propagate with a constant wave speed, representing a traveling

pattern that connects a steady state to a stable periodic wave.

Continuing from the previous wave-train scenario, when the parameters are chosen from the
region inside the magenta loop in Figure 1, specifically a = 0.45 and d = 0.4, the traveling-wave
system exhibits a further qualitative change in its dynamics. In this case, the equilibrium E7
gives rise to a stable 2-periodic orbit, as illustrated by the phase portrait in Figure 5(a). The
corresponding spatial profiles of the prey and predator variables, shown in Figure 5(b), display
sustained oscillations with two distinct peaks per period along the traveling coordinate. In
the original reaction-diffusion framework, this behavior corresponds to a 2-periodic wave train,
representing a more complex traveling pattern that emerges as a continuation of the wave-train

solutions observed for smaller values of d.
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Figure 5: (a) Phase portrait of the traveling-wave system showing 2-period oscillations. (b) Corresponding
spatial profiles of the prey (U) and predator (V) populations. Parameter values are oo = 0.45 and d = 0.4.
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Figure 6: (a) Phase portrait of the traveling-wave system showing chaotic behavior. (b) Corresponding spatial
profiles of the prey (U) and predator (V) populations. Parameter values are o = 0.44 and d = 0.4.
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As a further continuation of the wave-train dynamics discussed above, a more complex be-
havior is observed when the parameters are chosen as @ = 0.44 and d = 0.4. In this regime, the
equilibrium EZ no longer supports periodic motion but instead gives rise to chaotic dynamics, as
evidenced by the irregular trajectory in the phase portrait shown in Figure 6(a). The correspond-
ing spatial profiles of the prey and predator variables, depicted in Figure 6(b), exhibit aperiodic
oscillations with varying amplitudes along the traveling coordinate. In the original reaction-
diffusion system, this behavior corresponds to a chaotic wave train, representing a breakdown
of regular periodic wave trains and highlighting a transition from periodic to chaotic traveling

patterns as parameters vary.

To further verify the presence of chaos, the largest Lyapunov exponent was computed using
the standard Benettin algorithm. Let U (0) denote an infinitesimal perturbation of the trajectory
U(z). The largest Lyapunov exponent is defined by

0U(2)
sU(0)

Amax = lim —1In
Z—00 Z

(13)

A positive value of A\.x indicates exponential divergence of nearby trajectories and therefore
provides a quantitative signature of chaotic dynamics, whereas A\p,.x < 0 corresponds to stable
dynamics. Figure 7 depicts the variation of the largest Lyapunov exponent with respect to the
diffusion coefficient d. It can be observed that A,.x remains negative for small values of d,
indicating stable dynamics. As d increases, Amax approaches zero, corresponding to the onset
of oscillatory behavior through Hopf bifurcation. Furthermore, for the parameter value used in

Figure 6, the largest Lyapunov exponent is found to be
Amax = 0.0243034466 > 0,

which confirms that the irregular traveling-wave pattern shown in Figure 6 is indeed chaotic.
Thus, Figure 7 provides quantitative evidence supporting the chaotic traveling-wave dynamics

observed in Figure 6.

Figure 8 illustrates the emergence of a pulse-type traveling wave for the parameter values
a = 0.439 and d = 0.30151634 taken from the bifurcation diagram in Figure 1. Panel (a) shows
the phase portrait of the traveling-wave system in the (U,V)-plane. The trajectory originates
from the saddle equilibrium point F5, makes a large excursion in phase space, and eventually
returns to the same equilibrium. This closed connecting orbit represents a homoclinic orbit to
FE5, indicating the occurrence of a homoclinic bifurcation. Such a global bifurcation arises when
the limit cycle generated through a Hopf bifurcation grows in amplitude and collides with the

saddle equilibrium as the diffusion parameter d is increased.
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Figure 7: Variation of the largest Lyapunov exponent Amax with respect to the diffusion coefficient d for fixed
a = 0.44.

The corresponding spatial profiles of the prey and predator densities are displayed in panel
(b), respectively. The prey density U(z) exhibits a sharp localized peak followed by a rapid decay
to the equilibrium level, while the predator density V' (z) shows a pronounced overshoot before
relaxing back to its steady state. These localized structures confirm the formation of a traveling
pulse, characterized by a large deviation from the background equilibrium over a finite spatial
region and convergence to the same equilibrium state as z — Foc.

Ecologically, the pulse wave corresponds to a transient but intense outbreak of prey followed
by a delayed predator response, after which both populations return to their background densi-
ties. Such pulse-like invasion events are commonly observed in ecological systems where dispersal

and strong predator-prey interactions interact to produce localized population bursts.

L
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Figure 8: (a) Phase portrait of the traveling-wave system showing a pulse wave. (b) Corresponding spatial
profiles of the prey (U) and predator (V) populations. Parameter values are o = 0.439 and d = 0.30151634.
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4 Discussion and Conclusion

In this work, we investigated a diffusive predator-prey model governed by the system (1) with
particular emphasis on the role of diffusion and nonlinear predator-prey interactions in shaping
spatiotemporal population dynamics. Through a combination of analytical bifurcation analysis
and extensive numerical simulations, we revealed a rich spectrum of dynamical behaviors, in-
cluding steady states, wave fronts, wave pulses, periodic wave trains, multi-periodic oscillations,
and chaotic traveling patterns.

The bifurcation analysis demonstrated that the system admits multiple boundary and interior
equilibria, whose existence and stability strongly depend on the interaction parameter o and the
diffusion coefficient d. A saddle-node bifurcation was identified at a critical value o = azg,
where the number of interior equilibria changes, marking a fundamental reorganization of the
system’s ecological structure. Hopf bifurcation curves associated with the interior equilibria
delineate parameter regions where uniform population distributions lose stability and give rise
to oscillatory dynamics. In particular, one interior equilibrium undergoes a Hopf bifurcation
leading to stable periodic oscillations, while further parameter variation results in a cascade of
period-doubling bifurcations culminating in chaotic behavior.

The one-dimensional bifurcation diagrams obtained by plotting the maxima and minima
of prey and predator densities with respect to the diffusion coefficient clearly illustrate how
increasing diffusion destabilizes spatially homogeneous equilibria. For small diffusion rates, both
species settle at stable equilibrium densities, corresponding to ecological coexistence. As diffusion
increases beyond a critical threshold, oscillatory dynamics emerge, followed by multi-periodic and
chaotic fluctuations. This indicates that diffusion, often interpreted ecologically as dispersal or
movement of species, can act as a destabilizing mechanism that promotes complex population
cycles rather than spatial homogenization.

The traveling-wave analysis further revealed the ecological mechanisms underlying spatial
pattern formation. Homoclinic orbits correspond to wave pulses, representing localized popula-
tion outbreaks that propagate through space and eventually decay, while heteroclinic orbits give
rise to wave fronts connecting distinct ecological states, such as transitions from low-density to
high-density population regimes. Moreover, periodic and multi-periodic wave trains were shown
to arise through Hopf and period-doubling bifurcations, representing sustained spatial oscillations
in prey and predator densities. The emergence of chaotic wave trains highlights the possibility
of irregular, unpredictable population patterns driven purely by intrinsic nonlinear interactions
and dispersal.

From an ecological perspective, the cooperation parameter o quantifies the intensity of hunt-

ing cooperation among predators. Larger values of a correspond to stronger cooperative effects,
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whereby predators benefit from coordinated hunting strategies, information sharing, or collective
attacks, leading to enhanced predation efficiency. Such cooperative behavior has been docu-
mented in several social predator populations, including wolves, lions, African wild dogs, and
dolphins. Consequently, variations in o may significantly influence species coexistence, popula-
tion persistence, and the stability of ecological communities.

The results further demonstrate that prey dispersal can act as an important ecological mechanism
capable of generating complex spatiotemporal dynamics. Although diffusion is commonly associ-
ated with spatial mixing and homogenization, the present analysis shows that increasing the prey
diffusion coefficient can destabilize stable coexistence states and induce periodic, multi-periodic,
and chaotic oscillations. Ecologically, diffusion-induced chaos implies that small changes in the
spatial distribution of prey may lead to large and unpredictable fluctuations in both prey and
predator populations, thereby affecting ecosystem stability and the predictability of population
outbreaks.

The traveling-wave solutions obtained in this study also possess clear ecological interpretations.
Wave fronts correspond to invasion processes in which one ecological state gradually replaces
another as populations spread through space, whereas pulse waves represent localized popula-
tion outbreaks that propagate through a finite spatial region before returning to the background
equilibrium state. Similar pulse-like propagation phenomena have been reported in biological in-
vasions, forest insect outbreaks, locust population expansions, and epidemic spreading processes.
Furthermore, the chaotic traveling waves observed in the present model describe irregular inva-
sion fronts whose amplitudes and spatial structures vary unpredictably in space. Comparable
spatiotemporal complexity has been reported in plankton ecosystems, vegetation dynamics in

semi-arid environments, and predator-prey communities exhibiting strong nonlinear interactions.

Overall, the present study highlights the important roles of prey dispersal and cooperative
hunting in shaping ecological dynamics. The interplay between diffusion, nonlinear interactions,
and cooperative predation generates a rich variety of traveling-wave structures, ranging from
wave fronts and pulse waves to periodic and chaotic wave trains. These findings provide valuable
insight into the mechanisms responsible for spatial population patterns, invasion phenomena,

recurrent outbreaks, and irregular spatiotemporal fluctuations observed in ecological systems.
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