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Abstract

Methods based on stochastic gradient descent using relaxed barrier functions provide a powerful
framework for linearly constrained optimization but often suffer from sensitivity to hyperpa-
rameter settings and slow recovery from infeasible regions. Our investigation reveals that the
optimal performance of standard relaxed barrier methods is confined to a narrow and unstable,
“special-case” optimization path, limiting their practical robustness. This paper introduces a
novel algorithm designed to overcome these limitations through a dynamic barrier amplification

mechanism. This approach adaptively intensifies the corrective force of the barrier gradient
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Robust stochastic gradient descent for linearly constrained problems via adaptive barrier amplification

in proportion to the magnitude of constraint violations, ensuring a strong push towards the
feasible set specifically when iterates become highly infeasible. We provide a rigorous theo-
retical analysis, preserving the almost sure convergence guarantees of the baseline algorithm
and deriving an explicit linear convergence rate to a neighborhood of the solution. Numeri-
cal results on challenging linearly constrained quadratic programming problems demonstrate
that our algorithm exhibits superior robustness: It significantly reduces constraint violations
in ill-conditioned scenarios compared to the standard method, acting as a reliability safety net,

while maintaining competitive efficiency in nominal conditions.

AMS subject classifications (2020): Primary 90C15, 90C25; Secondary 49M30, 65K05, 68T05.

Keywords: Linearly constrained optimization, Stochastic gradient descent, Relaxed barrier

functions, Dynamic barrier amplification, Robust optimization, Convergence analysis

1 Introduction

Stochastic gradient descent (SGD) and its variants have established themselves as the corner-
stone of modern large-scale optimization, driving advancements in fields ranging from machine
learning to complex networked systems [2, 3, 15, 24]. While SGD exhibits exceptional efficiency
in unconstrained settings, its extension to constrained optimization remains a challenging and

active area of research [19].

Classical approaches often demand full knowledge of the constraint set, necessitating com-
putationally expensive projection operations that become prohibitive in high-dimensional spaces
[20]. To mitigate this, recent methodologies have emerged that rely on sampling subsets of
constraints, utilizing techniques, such as penalty functions [12, 21] or primal-dual frameworks
[22, 23]. Among these, the adaptive relazed barrier SGD proposed by Dimitrieski, Cao, and
Ebenbauer [6] stands out as a promising direction, leveraging a relaxed logarithmic barrier to

avoid projections entirely [7, 8].

However, despite its theoretical guarantees, our investigation uncovers a critical limitation in
this baseline approach: Its performance is heavily dependent on a “highly sensitive” optimization
path. Specifically, when initialized far from the feasible region or when faced with ill-conditioned
linearly constrained problems, the uniform learning rate fails to generate a sufficient corrective
signal. This architectural vulnerability leads not merely to slow convergence, but to signifi-
cant constraint violations, rendering the method unreliable for applications where feasibility is

paramount.
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In this paper, we address this reliability gap by introducing a novel algorithm: Robust SGD
with dynamic barrier amplification. Unlike standard methods that treat all gradients equally,
our approach introduces a mechanism that dynamically intensifies the corrective barrier force
in direct proportion to constraint violations. This effectively creates an adaptive “safety net,”
ensuring robust recovery from infeasible regions without compromising efficiency in standard

conditions.

Our contributions are summarized as follows:

e Algorithmic Innovation: We introduce the dynamic barrier amplification mechanism,
which adaptively modulates the barrier gradient to prioritize feasibility precisely when

needed.

e Theoretical Rigor: We provide a comprehensive convergence analysis that preserves the
almost sure convergence guarantees of the baseline algorithm. Furthermore, addressing a
gap in prior work [6], we derive an explicit linear convergence rate to a neighborhood of

the solution using the expected smoothness framework.

¢ Empirical Robustness: Through rigorous “stress testing” on linearly constrained
quadratic problems, we demonstrate that our algorithm acts as a robust safeguard. While
performing identically to the baseline in nominal settings, it significantly suppresses con-

straint violations in ill-conditioned scenarios where the standard method fails.

The remainder of this paper is organized as follows: Section 2 formalizes the problem state-
ment and details the proposed dynamic barrier amplification methodology. Section 3 provides
the theoretical framework, establishing almost sure convergence. Section 4 presents the deriva-
tion of the linear convergence rate. Section 5 reports the numerical experiments and robustness

analysis. Finally, Section 6 concludes the paper and outlines directions for future research.

2 The proposed methodology

In this section, we formally introduce the proposed algorithm. We begin by defining the lin-
early constrained problem formulation and the necessary assumptions, incorporating specific
relaxations suggested by the analysis of stochastic approximation. We then detail our novel

modification, the dynamic barrier amplification strategy.
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925 Robust stochastic gradient descent for linearly constrained problems via adaptive barrier amplification

2.1 Problem formulation and assumptions

We address the following linearly constrained optimization problem:

min f(x ZfZ st. gj(z) <0, forallje{l,...,m}, (1)

z€R

where the objective components f; : R — R are continuously differentiable, and the constraint
functions are affine, defined as g;(z) := a] 4 b; with a; € R? and b; € R.

We adopt the following standard assumptions, which are common in the analysis of stochastic
gradient methods [4, 5, 18].

Assumption 1 (Objective function properties). The objective function components f; are L-
smooth and convex. Furthermore, the aggregate function f(x) is p-strongly convex for some
w > 0. These assumptions are standard in convergence proofs for gradient-based optimization
[6, 15].

Remark 1. This condition is satisfied if at least one component function f; is strongly convex,

even if the others are merely convex.

Assumption 2 (Feasibility). The feasible set X := {z € R? : g;(z) < 0, for all j} satisfies
Slater’s condition, meaning it has a nonempty interior. This is a fundamental requirement for
the validity of barrier-based methods [4, §]

Assumption 3 (Stochastic sampling). At each iteration k, an objective index i, ~U{1,...,n}
and a constraint index ji ~ U{1,...,m} are sampled independently and uniformly at random.
This ensures that the stochastic gradients are unbiased estimators satisfying standard SGD

assumptions [6]:

2.2 Baseline algorithm: Adaptive relaxed barrier

The foundation of our work is the adaptive relaxed barrier SGD algorithm proposed by Dim-

itrieski, Cao, and Ebenbauer [6]. This method addresses the constrained problem (1) using
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a stochastic update rule that combines the objective gradient with the gradient of a relaxed

logarithmic barrier function, B(g,d). The standard update rule is given by

Try1 = zx — Yk (Vi (28) + VB(gj, (7x), 01)) - (2)

While effective, this approach applies a uniform learning rate 7y, to both the objective and barrier
gradients. This can lead to slow progress, particularly when an iterate is far outside the feasible
region and requires a stronger corrective signal.

In this context, the specific relaxed logarithmic barrier function B(z,d) employed in (2) is

defined as follows:

—dlog(—2), z < —0,

B(z,6) == 5
3 (R - 6) ~ dlog(s), 22 -o.

2.3 Dynamic barrier amplification strategy

To address the limitation of the baseline method, we introduce a novel mechanism called dynamic
barrier amplification. The core idea is to adaptively increase the influence of the barrier gradient
precisely when a constraint is violated. This is achieved by introducing a dynamic amplification
factor, denoted by Ag, which modulates the barrier term. The amplification factor is a function

of the constraint violation g;, (1) and is defined as
A =14 X tanh (max(0, g;, (zx))) ,

where A > 0 is a hyperparameter that controls the intensity of the amplification.

The hyperbolic tangent function, tanh, is specifically chosen for its intrinsic saturation prop-
erties. As the constraint violation increases, tanh provides a smooth yet significant corrective
boost that naturally saturates, preventing overly aggressive updates that could lead to numerical
instability.

The intuition behind the design of Ay is effective. When a constraint is satisfied (g;, (zx) <
0), the max term becomes zero, and thus Ar = 1. In this case, our algorithm’s update step
defaults to the original relaxed barrier method (see (2)). However, when a constraint is violated
(g5, (zx) > 0), Ay becomes greater than 1, applying a stronger corrective force to push the iterate
back towards the feasible region more aggressively. The behavior of this amplification factor is

illustrated in Figure 1.
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927 Robust stochastic gradient descent for linearly constrained problems via adaptive barrier amplification

This leads to our proposed amplified rate SGD update rule:

Th1 = 2 — Ve (Vi (2k) + Ar - VB(gj, (2k), 0k)) - (3)
By dynamically amplifying the barrier gradient, this update rule prioritizes constraint satisfaction
when needed, thereby aiming for faster and more robust overall convergence.

Behavior of the Dynamic Amplification Factor (A)
2.2 T T T

= g =
-~ =) o0
T T T
| | |

Amplification Factor (Ax)

—_
(S
T

|

— A, =1+ Atanh(max(0, g))
L - - - Baseline (A = 1) 1

—10 0 10 20 30 40 50 60 70 80 90 100
Constraint Violation (g)

Figure 1: Behavior of the Dynamic Amplification Factor (Ag) as a function of the constraint violation (g),
using the hyperbolic tangent (tanh) function with A = 1.0. The factor remains at its baseline value of 1 in the
feasible region (g < 0) and increases smoothly upon violation (g > 0), naturally saturating at an upper bound
of 1+ A. This inherent stability removes the need for an explicit upper cap.

3 Theoretical framework and convergence analysis

Our convergence analysis relies on the well-established theory of stochastic gradient methods,
rooted in the pioneering work on stochastic approximation [16, 11, 9]. Recent advancements have
focused on providing a deeper, quantitative understanding of this convergence by establishing
explicit almost sure convergence rates for various stochastic algorithms [13]. The analysis proves
that the introduction of the stabilized dynamic barrier amplification factor, Ay, preserves the
almost sure convergence guarantees of the original algorithm [6]. The baseline algorithm is proven

to converge with probability one for strongly convex objectives and affine inequality constraints,
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under specific conditions on the step-size (vyx) and barrier adaptation (dx) rules [6]. Our proof
builds upon the detailed derivations for the stochastic gradient components presented in the

appendices of Dimitrieski, Cao, and Ebenbauer [6].

Our analysis extends this framework to formally prove that the introduction of the dynamic
barrier amplification factor, Ay, preserves this convergence guarantee. The proof leverages the
fact that the modifications introduced by Ay are inherently bounded due to the natural saturation
properties of the hyperbolic tangent function, allowing for the application of the same convergence

theorems.

3.1 Preliminaries and Lyapunov function

We begin by restating our proposed update rule from (3):

Tp1 = o — V(Y fi, (zr) + AV B(gj, (2x), 0%))-
Our goal is to prove that the sequence of iterates {X;} generated by this rule converges
almost surely to x*(do0)*.

Let X, = X — #*(d) be the error at iteration k. We define the Lyapunov function
Vi = || X#|[?>. The core of our proof is to analyze the conditional expectation of Vi1 given the
filtration Fi**, denoted by Ei[-] = E[-|Fx].

Expanding the Lyapunov function, we have
Er 1 Xk 7] = [1X5l® — 27 Ex [GF Xi] + 7wl G, (4)

where Gy, = Vf;, (2x) + AV B(g;, (z1), 0) is the amplified stochastic gradient.

* Here, *(0o0) denotes the unique global minimizer of the regularized objective function ®(x) (as defined in
(5)), with the limiting barrier parameter §oc > 0.

**  Fp represents the o-algebra generated by the history of the algorithm up to iteration k, i.e.,
{z0,%0, 70, -+ tk—1,k—1}
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929 Robust stochastic gradient descent for linearly constrained problems via adaptive barrier amplification

3.2 Decomposition of the amplified stochastic gradient

To analyze (4), we first decompose the gradient term Gy. Following Dimitrieski, Cao, and Eben-
bauer [6], the relaxed barrier gradient can be split as VB(g,,., k) = VB(gj,,0) — VC(gj,, k),
where VC' captures the difference due to the decaying barrier parameter € = d; — doo-

To formalize the analysis, we first define the regularized objective function, ®(X}), as follows:

1 m
d(Xg) = f(X — B(g;(Xk),000)- 5
(Xk) = f( ’“)er]; (95 (Xk), 0s0) (5)
Using this definition, the amplified stochastic gradient G} can be decomposed. This decompo-
sition is key, as it isolates the original stochastic gradient term, V®;, ;, (X%)***, from the new

terms introduced by our amplification mechanism:

Gr = V[i,(Xk) + VB(gj,, (Xk), 00) +(Ax — 1)VB(gj, (Xk), d0) — AV C(gj,, (Xk), 0k

V@i, i, (Xk)

3.3 Bounding the Lyapunov recurrence

We now bound the terms in (4).

3.3.1 Bounding the cross-term
The expectation of the cross-term is

Ei[GY X3] = Ex[VOL | Xi] + Er[((Ax — )V By, 00)" Xi] — Bi[(AxVC;,) Xk (6)
1. The first term provides the driver for convergence. Due to the p-strong convexity of
®(-) (from Assumption 1), we have Ek[V@z;yjk)N(k] = V(X)) X > ®o(Xy) + %HXI@HQ, where
Do (Xy) = P(Xg) — P(2*(0s0))-
2. The second term is nonnegative. When a constraint is satisfied (g, (xx) < 0), the
amplification factor Ay = 1, making (Ar — 1) = 0 and the term zero. When a constraint is

violated (g;, (k) > 0), the factor (Ay — 1) is positive. Furthermore, the inner product is non-

*** The stochastic gradient of the regularized objective function, V®;, ;, , is defined based on (5). For a single

random sample (ig, ji), it is the sum of the objective gradient and the final barrier gradient: V®;, ;, (Xj) :=
V fir, (Xk) + VB(gj,, (Xk), 6o0).
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negative. This follows from the first-order condition for the convexity of the barrier function
B(g;,.(-);950), which implies that

(VBjk7OO)TXk 2 B(gjk (71), 000 ) — B(gjk ("(6c0))s 000) > 0.

Therefore, the conditional expectation Ex[((Ax — 1)VBj, )T X}] is nonnegative.
3. The third term, —]Ek[(AkVCjk)Tf(k].
First, by applying the Cauchy—Schwarz inequality to the inner product, we have

(AxVC;) T X < [|AVCy || - || Xk|].

ol

The amplification factor is inherently bounded due to the tanh function, such that Ay =

1+ Atanh(max(0, gj, (zx))) < 14 A. Since Ay, is a positive scalar, we can write
ARV T, || = Arl[VC;, || < (1 + NIV Cy |-
Taking the conditional expectation E[-] yields
Er[(AVC;) " Xi) < (14 NEL[[[VCy | - |1 Xil[]-

The remaining term E.[||VC;, ||||Xk||] is precisely the baseline (nonamplified) error term.
Following the citation style of the main paper, the bound for this term is explicitly derived in
the baseline algorithm’s analysis [6, Appendix V-B], resulting in the inequality stated in [6, p.
4, Eq. (8)]. By substituting this known upper bound, we get the final result:

Er[(AeVC; )T Xk < (1 Xiul? (@ L+ b
k[(ArV ;)" Xi] < (1+ ) [ k| (a B 5k5 >+ 4 +4b6k5

To handle this amplified error and proceed with the proof, we drop the nonnegative second
term from (6) to find an upper bound for the full cross-term. By substituting the bounds for the
first and third terms, we get

—Q’YkEk[Gng] S - 2'7]@ (CI)O(Xk) + g||X’CH2)

" 2
om0 [P (5 i)

k, _
Ul

Iran. J. Numer. Anal. Optim., Vol. 16, No. 3, 2026, pp 922-951



931 Robust stochastic gradient descent for linearly constrained problems via adaptive barrier amplification

3.3.2 Bounding the squared norm

To analyze the Lyapunov recurrence, we must find an upper bound for the term Ej[[|Gl/?].
Using the inequality [|u 4+ v + w||* < 3||ul|? + 3||v||? + 3||w||?, which is an application of the
Cauchy—Schwarz inequality, we can bound the squared norm of the amplified stochastic gradient

G}. The decomposition from section 3.2 leads to
Er[|Gell?] < 3Ex[lV @iy I”] + 3Ex[l|(Ak — 1)V By o [1] + 3Ex[[| AV Ty, |17]. (7)

We bound each of the three terms on the right-hand side as follows:

o Term 1: Bounding Ef [||V®;, ;, (Xk)||?]. This term represents the variance of the stochas-
tic gradient of the regularized objective function ®. As proven in detail in the [6, Appendix

V-D] of the baseline algorithm, this term is bounded by the following inequality:
By [|IV®i, 0 (X3)|[2] < 4LB0(X) + 20,

where L is a positive constant related to the smoothness of the function, and og is a

bounded constant representing the variance at the optimal solution.

o Term 2: Bounding E[||(Ax — 1)V Bj, ||?]p. The second term is a novel artifact of the
amplification mechanism, To establish a controllable upper bound, we leverage the fact
that Ay — 1 = Atanh(max(0, g;,)). Since |tanh(-)| < 1, we have |A; — 1] < A. This leads
to the bound:

Ei [[|(Ax = 1)VBj ool < NEg [[IVBjy 00| 7] -

The problem is now reduced to bounding the remaining component, Ex[||VBj, ],
which is part of the original stochastic variance analyzed in the baseline algorithm by
Dimitrieski, Cao, and Ebenbauer [6].

The boundedness of this term is formally justified by the proof that the variance at
the optimum, o4, is a finite value (0p < 00), as established in the baseline algorithm’s

analysis [6].7 This analysis is presented in detail in [6, Appendix V-D].

This analysis ensures that the term is bounded by a finite constant, which leads to the
following overall bound:
Ex[ll(Ar — 1)V Bj, |I*] < C,

f In the source paper [6], o is defined in Eq. (20) using the term ||V®; ;||2. The stochastic gradient V&®; ; is
itself defined on page 3 as the sum of the objective and final barrier gradients: V f; + VB(g;, o). Therefore,
the finiteness of o¢ necessarily implies the boundedness of the final barrier gradient term.
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where C'g > 0 is a constant that depends on 1 + A. and the final barrier variance.

o Term 3: Bounding E.[||AxVCj,||?]. This term arises from the amplification of the tran-
sient error caused by the decaying barrier parameter. Using the fact that the amplification

factor is inherently bounded (A < 1+ \), we can establish an upper bound:
Ey, [[[AVC;, [IP] < (1+A)* - Ex [[[VC;, 7] -

The remaining component, E[||VC}, ||?], is precisely the expected squared error from the
baseline algorithm, which is analyzed by Dimitrieski, Cao, and Ebenbauer [6]. The bound
for this term is explicitly derived in [6, p. 4, Eq. (9)], with the full justification provided
in [6, Appendix V-C, p. 8]. By substituting this result, we obtain the complete upper

bound for our amplified error term:

2 X 2 35 2
B[l 45 VG312 < (14 2)? (3];'5” +3¢da+ g ) ~
kYoo kYoo

To formalize this step of the proof, we rely on the following key lemma, which is a direct appli-
cation of the Robbins—Siegmund Theorem [17].

Lemma 1 (Application of the Robbins—Siegmund Theorem [17]). Let {Vi}, {ax}, and {bx} be

sequences of nonnegative random variables, adapted to a filtration {F}, such that for all £ > 0,
E[Vk+1|}_k] <(1—ag)Vp+bp as.

If Z;“;o ar = 0o a.s. and Z;’;O br < 00 a.s., then Vi converges almost surely to a finite random

variable, and Y .-, ax Vi < 0o almost surely.

3.4 Main convergence result
By substituting the bounds derived in section 3.3.2 back into the Lyapunov recurrence (4) and

collecting terms, we arrive at a relation of the form shown in (8). For a complete step-by-step

derivation of this result, see Appendix A.

ExlllXe411%) < (1= (i = EDNIXklI? = 270(1 = Crye) @o(Xi) + Q. (®)

Iran. J. Numer. Anal. Optim., Vol. 16, No. 3, 2026, pp 922-951



933 Robust stochastic gradient descent for linearly constrained problems via adaptive barrier amplification

To enhance the clarity of the proof, we now provide a more explicit description of the
summable error term @ from (8). This term, which is an augmented version of the error
sequence from the baseline algorithm [6], collects all residual, bounded error components from the
Lyapunov analysis that do not depend on the error norm Hf( x||? or the objective distance ®q(X).
It incorporates new bounded terms that arise from our dynamic barrier amplification mechanism.

The constant C is related to the smoothness parameter L.

Our modified term, &, is an augmented version of the original error sequence & from [6, p.
4]. Tt includes additional components related to our amplification mechanism, but importantly,
it remains a vanishing sequence (i.e., limg_,o &, = 0). While the original term collected errors
from the decaying barrier, our augmented term &) now incorporates the inherent bound of the
tanh function. This ensures that even the amplified error terms are properly accounted for in
the convergence proof. The explicit formula for &, is constructed by scaling the components of
the original & based on how the amplification factor, bounded by 1+ A, impacts the cross-term
and squared-norm bounds in the Lyapunov analysis:

—_ 2A
¢ ::2(14—)\)( k (a+b)+éeka>+9(1+>\)27k5€2’g. (9)
kYoo

0000

Crucially, the step-size rules for v and €, adopted from the baseline algorithm, are sufficient

to satisfy the conditions of Lemma 1, thereby enabling the proof of our main convergence result.

Theorem 1 (Almost sure convergence). Consider the amplified rate SGD algorithm defined by
the update rule in (3). Let Assumptions 1, 2, and 3 hold. Then the sequence of iterates { Xy}

converges almost surely to the unique minimizer £*(d) of the regularized objective function:
lim || X, —2*(0u0)|> =0 a.s.
k— o0

Proof. The proof of almost sure convergence is established by analyzing the behavior of the
Lyapunov function Vi, = || X — 2*(6s)||?, which represents the squared Euclidean distance to
the minimizer. We aim to show that V; — 0 a.s. by employing the Robbins—Siegmund lemma
[17], a fundamental result in martingale convergence theory. The proof proceeds in three steps.

Step 1: The Lyapunov recurrence relation. The starting point is the master recurrence
inequality, derived in detail in Appendix A. This inequality governs the conditional expectation
of the Lyapunov function with respect to the filtration Fj (the history of the process up to

iteration k):

E[Vig1]Fi] < (1 —y(p— &) Vi — 27%(1 — Crye) @o(X) + Q%
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where £ > 0 is the strong convexity modulus, {},} is a vanishing sequence capturing the pertur-
bation from the amplification mechanism, and {Q) } is a sequence of summable residual errors.
The term —27,(1 —C17y%)Po(Xk) is nonpositive. This holds because v; > 0 by definition, the
step-size is chosen sufficiently small such that (1 — Cy7y;) > 0 for large k, and most importantly,
Oo(Xy) = O(Xk) — (2" (doo)) > 0 by the definition of 2*(doo) as the minimizer of ®(x).
By dropping this nonpositive term, we obtain a looser but still valid upper bound, which

simplifies the application of the subsequent lemma:
E[Vi1 | Fi] < (1 =yl — E))Vi + Q- (10)
Step 2: Verification of the conditions of Lemma 1.

To apply Lemma 1 (the Robbins—Siegmund Theorem) [17] to our recurrence rela-

tion in (10), we map the terms as follows:

o ap = y(p— &),

o by :=Q-
We now verify that the conditions of the lemma are met:

1. Condition 1 (3 ar = oo): Since limg_o &), = 0 and p > 0, there exists a
ko such that for all k& > kg, we have (n —&;,) > p/2 > 0. Given that the
step-size rule satisfies Y v = oo, it follows that the series > aj must also

diverge. Thus, the condition is satisfied.

2. Condition 2 (D by < c0): The sequence {Q},} is constructed to contain all
summable residual error terms. Therefore, Y ;- by = Y poq Q) < 0o by

definition. Thus, the condition is satisfied.

Step 3: Final conclusion via proof by contradiction.

With both conditions of the Robbins—Siegmund lemma satisfied, we can conclude two key
facts: (i) the series Y aj diverges to infinity almost surely, and (ii) the series Y a; Vi < oo almost
surely.

We now show that these two facts can only hold simultaneously if Vi converges to zero.
We proceed by contradiction. Assume that Vj does not converge to zero, but rather to a small
positive constant ¢ > 0. In this case, for a sufficiently large k, the series > ax Vi would behave

like ¢} ag. Since > ay diverges to infinity, it follows that ¢ ay must also diverge to infinity.
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935 Robust stochastic gradient descent for linearly constrained problems via adaptive barrier amplification

This leads to a direct contradiction with the second fact established by the lemma, which
guarantees that Y ayV} is finite. Since our assumption leads to a contradiction, it must be false.

Therefore, the only possible conclusion is that Vj, must converge to zero.
lim Vi, = lim || X —2*(000)|? =0 a.s.
k—o0 k—o0

This completes the proof. O

While this result provides a solid theoretical foundation by confirming that our mechanism
preserves the almost sure convergence guarantees of the baseline method by Dimitrieski, Cao,
and Ebenbauer [6], it does not quantify the algorithm’s efficiency. To provide this deeper,
quantitative insight—a contribution that extends beyond the original theoretical framework, as
Dimitrieski et al. established almost sure convergence but left the derivation of an explicit conver-
gence rate as an avenue for future research—we now derive the algorithm’s explicit nonasymptotic

convergence rate.

4 Convergence rate analysis: An expected smoothness

approach

In this section, we provide a modern and streamlined convergence analysis for the proposed
amplified rate SGD algorithm. Instead of relying on restrictive assumptions such as the uniform
boundedness of stochastic gradient variance, we adopt the more general framework of ezpected
smoothness [10]. This approach not only simplifies the proof but also provides a clearer intuition
by directly linking the convergence rate to two fundamental quantities: An effective smoothness

constant and the gradient noise at the optimum.

4.1 Preliminaries and key assumptions

Our analysis focuses on minimizing the regularized objective function, previously defined in (5):

(a) = f@) + — 3 Blg; (), d0).
j=1

1
m <

Iran. J. Numer. Anal. Optim., Vol. 16, No. 3, 2026, pp 922-951
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Let 2* := 2* (oo ) denote the unique minimizer of ®(z). Our proof relies on the following standard

assumptions.

Assumption 4 (Effective strong convexity). The regularized objective function ®(z) is u-

strongly convex. Consequently, for any = € R?, it satisfies
(VO(@),z =) > B(x) - B(a”) + Llle —a|*.

Assumption 5 (Expected smoothness and finite noise). Let Gy (x) = V f;, (2)+ AV B(gj, (), 0k)
be the amplified stochastic gradient at an iterate z. We assume that this stochastic gradient
satisfies the expected smoothness condition with respect to ®(z). That is, there exist effective

constants £’ > 0 and 0’2 > 0 such that for any iterate Xy,
Er [|Ge(Xe)|I?] < 2L (®(Xy) — ®(2*)) + 0™

Justification: This assumption is fully justified by consolidating the bounds derived in section
3.3.2. The term 2L'®((X}) encapsulates all components proportional to the objective distance,

2

while ¢’%. aggregates all constant and vanishing error terms into a single bounded noise term.

A detailed derivation is provided in Appendix B.

4.2 Main convergence result

With these assumptions, we now present the main convergence theorem for amplified rate SGD.

Theorem 2 (Linear convergence of amplified rate SGD). Let the above assumptions hold.
Consider the iterates { X} generated by the amplified rate SGD algorithm with a fixed step-size

vE = 7y satisfying v < % The mean squared error converges linearly to a noise ball as follows:

. . 2y0"?
E [ Xe —2*[°] < (1= )| Xo — &) + ——

Proof. Let X, = X —x* be the error vector at iteration k. The update rule is X1 = X —7Gk.

We begin by analyzing the squared error at the next iteration:

| Xps1l1? = | X5 — vGrl?
= | Xkl? = 2v(Xk, Gi) + V[ Gil>.
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We now take the expectation conditioned on the current state X, (denoted by E[-] = E[-|Fk]):
Ei [I%es112] = 1212 = 29( X B [Gi) + 7B [IGII] (11)

Our proof proceeds by bounding the second and third terms on the right-hand side.
Step 1: Bounding the Cross-Term. The expected stochastic gradient Ex[Gg] is an
unbiased estimator of the true gradient V®(X}), up to vanishing error terms which we omit for

clarity in this high-level proof. Using the p-strong convexity of ®(z), we have
(Xi, Ex[Gr]) = (Xi — 2", VO(X3)) > B(X) — D(a™) + %||Xk”2~ (12)

Step 2: Bounding the Squared Norm. Here, we directly apply our expected smoothness
assumption:
Ey, [[|Gx|?] < 2L (®(Xy) — ®(2%)) + 0™ (13)

Step 3: Combining the Bounds. We substitute the bounds from (12) and (13) back into
our main recurrence (11). For simplicity, let ®o(Xy) = ®(Xy) — ®(z*). Then
Ep [I1Xe1l2] < 1Rell? = 27 (@0(X0) + SIKel?) +97 (2£/@0(X) + o)

= (1 =) | Xkl? = 29(1 — 7L )Po(Xy) + 720"

: 1
We choose a step-size v < 57

Since ®(Xj) > 0 by definition of z* being the minimizer, the term —2v(1 — vL)®o(X}) is

< % This choice ensures that the coefficient (1 —~L’) is positive.

nonpositive. We can therefore drop this term to obtain a simpler upper bound:
Ep [1%61l12] < (1= vl Rl + 220,

Step 4: Solving the recurrence.
By taking the full expectation of both sides, a standard and foundational step in the
nonasymptotic analysis of stochastic approximation algorithms [1, 14], we obtain the follow-

ing deterministic recurrence:
E[IX0s1l2] < (1= 9 [I1R]2] + 420"

By unrolling this recurrence relation from j = 0 to k — 1, we obtain

k—1

E[I%el?] < (1= 2m)"1 Kol + 220" 30 (1 = yp)
j=0
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o k
< (1= m)* | Xol* + 70" <m>

2 12
~ "}/ g
< (1= )*(I X0 +

70/2
= (L —yu)¥|| X0 — z*||” + T

The result in the theorem statement uses 2yo'? /i which follows the convention in [10] and holds

for the choice v < 2%/ O

This theoretical analysis provides a solid foundation for our proposed algorithm, confirming
its stability and, critically, establishing its linear convergence to a neighborhood of the solu-
tion under a fixed step-size regime. We now proceed to a comprehensive numerical verification
designed not merely to validate these theoretical guarantees, but to explore the fundamental
dynamics that distinguish our method from the baseline, particularly under the challenging con-

ditions where its practical advantages are most pronounced.

5 Numerical experiments

In this section, we present a comprehensive empirical investigation designed not merely to validate
our algorithm’s performance, but to explore the fundamental dynamics that distinguish it from
the baseline adaptive relaxed barrier SGD. Our investigation begins with a direct replication
of the experiment from Dimitrieski, Cao, and Ebenbauer [6]. While the baseline performs as
expected in this nominal setting, our deeper analysis reveals a surprising limitation: Its optimal
performance is confined to a narrow, “special-case” optimization path. We then proceed to
a broader, more realistic analysis across a wide range of parameters, demonstrating that our

amplified rate SGD provides a robust and general solution where the baseline falters.

5.1 Experimental setup

To ensure a fair and comprehensive evaluation, we followed a meticulous methodology in our
experimental setup. The experiments were conducted on the Google Colab platform with the

following specifications:

e CPU: Intel(R) Xeon(R) CPU @ 2.00GHz

« RAM: 13.61 GB
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e GPU: NVIDIA Tesla T4 (15 GB VRAM)
e OS: Linux (6.6.97+)

e Python Version: 3.12.11

To ensure statistical robustness and reproducibility, all reported metrics are averaged over
R = 1,000 independent trials. Specifically, for the r-th run, the random number generator is
initialized with a seed of 42 4+ r 4 2.

The experiments were performed on the academic quadratic programming (QP) problem
introduced by Dimitrieski, Cao, and Ebenbauer [6], which is designed to test an algorithm’s

ability to handle large-scale optimization problems. The problem parameters were set as follows:
e Dimension: d = 50.
e Number of objective components: n = 10.

e Number of constraints: m = 10, 000.

The objective function is defined as follows:

n d

The objective coefficients «; ; are sampled uniformly from ¢/(0.1,1.1). The affine constraints
Az < b are generated to form an outer approximation of the ellipsoid defined by 27 Qz < 100,
where @ is a diagonal matrix with entries sampled from (1, 1.5).

To deeply analyze the algorithm’s behavior, we adopted a far start point (zo = [10,...,10]T)
for all our experiments. This challenging scenario, where the algorithm is initialized at a point
known to be highly infeasible, serves as a true test of global stability and the ability to recover
effectively.

In selecting the baseline parameters, we strictly follow the primary configuration from Dim-
itrieski, Cao, and Ebenbauer [6]. Specifically, the step-size was set to v, = 0.3k7%® and the
barrier parameter decay was defined by e, = 55793, with a lower bound of §,, = 107. While
the source paper briefly mentions an alternative, faster decay (e, oc k~13), it notes that this
leads to “slightly increased variance”. Our own preliminary experiments confirm this observation,
revealing that the faster decay rule results in a significantly more unstable and practically slower
baseline, making it an unsuitable foundation for a robust comparative analysis. Therefore, to
ensure a fair evaluation against a stable and effective baseline, we focus our main analysis on the

more resilient k793 decay rule.
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Following the benchmark design by Dimitrieski, Cao, and Ebenbauer [6], the objective shift
parameter was calibrated at 8 ~ 2.365. This specific value ensures that the Euclidean norm of
the unconstrained global minimizer satisfies ||2}||2 = 15, positioning the unconstrained solution

significantly outside the feasible set to force active constraint engagement.

5.2 Performance evaluation: Safety and robustness

Our evaluation focuses on two critical aspects: Safety (performance in standard conditions) and
Robustness (performance in ill-posed or challenging conditions). To test this, we varied the
problem difficulty parameter § and tuned the amplification factor A\ via sensitivity analysis for

each regime.

5.2.1 Safety in standard conditions

In the standard setting (8 = 2.365), it is essential that the modification does not introduce
instability. We utilized a conservative amplification factor (A = 0.1). As shown in Table 1,
our algorithm behaves identically to the baseline SGD, achieving zero constraint violation and
matching the baseline’s error (1.32 x 1072). This confirms that our mechanism is “safe” and

nonintrusive when the problem is well-conditioned.

5.2.2 Robustness in challenging regimes (stress test)

The true superiority of the proposed method is revealed when the problem becomes “harder”
(i.e., when the unconstrained minimum is pushed further from the feasible region). We increased

B to 10.0 and 20.0, utilizing a stronger amplification factor (A = 7.0) to enforce feasibility.

As presented in Table 1 and Figure 2, the baseline SGD fails to keep iterates feasible in these
regimes, with violations exploding to 336.94 at 5 = 20. In stark contrast, the amplified rate SGD
effectively suppresses these violations to 150.46, representing a reduction of approximately
55.3%.

It is important to note that while the final error (||xx — 2*||) of our method appears higher
in these extreme cases, this is a necessary trade-off for feasibility. The baseline SGD achieves a
artificially lower error by deeply violating constraints (approaching the unconstrained minimum),

whereas our method remains closer to the feasible region.
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Constraint Violation (Lower is Better)

350
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Robustness Analysis (Single Seed 42)

—e- Baseline SGD (Unsafe)
—=— Amplified SGD (Safe)
Safety Margin

75 10.0 125 15.0 175 200

Problem Difficulty (B)

Figure 2: Robustness Analysis. The plot illustrates the maximum constraint violation as a function of
problem difficulty (8). While the baseline SGD (Red) fails to maintain feasibility as difficulty increases, the
amplified rate SGD (Green) significantly suppresses violations.

Table 1: Comparative Performance Analysis (Averaged over 1,000 Runs). The table compares the
baseline SGD against the proposed amplified rate SGD across different difficulty levels. Optimal A was selected
via sensitivity analysis for each scenario.

Scenario Metric Baseline SGD Amplified SGD Improvement
Standard Final Error 1.32 x 1072 1.32 x 1072 Identical (Safe)

(8 = 2.365) Max Violation 0.00 0.00 -
Challenging Final Error 3.92 19.23 (Feasibility Trade-off)
(8 =10.0) Max Violation 178.37 98.41 44.8% Reduction
Highly Ill-posed Final Error 10.39 44.42 (Feasibility Trade-off)
(8 =120.0) Max Violation 336.94 150.46 55.3% Reduction

5.3 Mechanism analysis:

Adaptive activation

To understand the internal dynamics, we analyzed the behavior of the dynamic amplification

factor A during the optimization process.

Iran. J. Numer. Anal. Optim., Vol. 16, No. 3, 2026, pp 922-951



Fillali, Addoune and Zeghdane 942

Adaptive Mechanism Analysis

= Ar=1+ Atanh{max(0.g))
2.0 —— Baseline (Ax=1.0)
Corrective Action

Corrective Spikes
(Transient Phase)

Decay to Baseline
(Feasible Region)

Amplification Factor (Ag)

0 10 20 30 40 50 60 70 80
Iterations (k)

Figure 3: Adaptive Mechanism. The amplification factor Aj exhibits corrective spikes only during the
transient phase when constraints are violated, and naturally decays to 1.0 as the iterate stabilizes.

As shown in Figure 3, in the challenging regime, A, exhibits sharp corrective spikes during the
early transient phase, effectively steering the iterate back towards the feasible region. Crucially,
as the iterate approaches the optimal solution, Ay naturally decays to 1.0. This confirms that
the proposed method acts as an “intelligent barrier”: It applies strong force only when necessary

and behaves like the standard efficient SGD otherwise.

5.4 Application to classification: Robustness stress test

To rigorously evaluate the robustness of the proposed amplified rate SGD in a real-world set-
ting, we applied it to a Hard Margin Support Vector Machine (SVM) problem, adapting the
constrained formulation utilized by Li et al. [12]. Unlike standard benchmarks where initializa-
tion is neutral (e.g., zero vector), we designed a “stress test” to simulate a scenario where the

optimizer is initialized far from the feasible region with a restricted learning rate.

Problem Formulation

We consider the binary classification of a linearly separable dataset D = {(z;,y;)}%; with

r; € R and y; € {—1,1}. Following the setup in [12], the problem is formulated as finding
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the hyperplane (w,b) that minimizes the norm of the weights subject to perfect classification
constraints:

1
mizI)1§||w||2 st. 1—y(wle; +0) <0, foralli=1,...,m. (14)

Crucially, consistent with standard SVM practices [12], the bias term b is not penalized in the
objective function to allow the hyperplane to shift freely to satisfy feasibility.

Experimental Setup for Reproducibility

We generated a synthetic linearly separable dataset using the blobs generator to emulate the
structure of the mushrooms dataset used in [12], with m = 2000 samples and d = 50 features.

To test robustness beyond standard conditions, we introduced two adversarial conditions:

1. Adversarial Initialization: Weights were initialized randomly from a distribution with
high variance: wg ~ N(0,20%). This places the initial iterate significantly far from the

feasible set, creating massive initial constraint violations.

2. Starved Step-Size: We utilized a conservative step-size schedule (v o 0.001k7°-5).
This simulates an ill-conditioned landscape where standard gradient updates are too small

to traverse the large distance to the feasible region within a reasonable time.

Results

As illustrated in Figure 4, the difference in performance is stark. The baseline SGD (adaptive
relaxed barrier [6]) stagnates, failing to recover feasibility due to the insufficient magnitude
of the standard gradients, ending with a maximum violation of approx. 36.2. In contrast,
the amplified rate SGD (green solid line) activates the dynamic amplification factor (A =~
1+ 50 tanh(violation)), which effectively rescales the gradient to match the scale of the violation.
This allows the algorithm to rapidly enforce strict feasibility (0.00 violation) and achieve 100%

classification accuracy within the first few hundred iterations.

6 Conclusion

In this work, we addressed the critical challenge of maintaining feasibility in stochastic con-

strained optimization, particularly when the problem is ill-posed or the unconstrained solution
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Constraint Violation Recovery Feasibility Rate

—= Baseline 56D 100 4
—— Amplified 5GD
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Figure 4: Robustness Stress Test on Hard Margin SVM. (Left) Max constraint violation on a logarithmic
scale; the proposed method (green) rapidly drives violation to zero, while the baseline (red) stagnates. (Right)
Feasibility rate (accuracy); the proposed method achieves 100% feasibility almost instantly.

lies far outside the feasible region. We proposed the amplified rate SGD, a method that dynam-
ically scales the barrier gradient component to rigorously enforce constraints without compro-
mising the efficiency of the descent direction.

Our extensive empirical evaluation, averaged over 1,000 independent trials, leads to two

major conclusions:

1. Robustness in adversarial regimes: While the standard barrier-based SGD fails to
contain iterates within reasonable bounds in challenging scenarios (8 > 10), our proposed
method demonstrates superior robustness. By utilizing a tuned amplification factor, we
reduced maximum constraint violations by approximately 55%, effectively preventing the

“barrier collapse” observed in the baseline.

2. Safety in standard regimes: In well-conditioned problems where the standard SGD
performs adequately, our method (with conservative tuning) proves to be entirely safe,

reproducing the baseline’s convergence trajectory with zero overhead.

These results confirm that the amplified rate SGD serves as a reliable “safety net” for opti-
mization practitioners, offering a necessary layer of robustness for real-world applications where
feasibility is nonnegotiable. Future work will focus on developing fully adaptive mechanisms to
auto-tune the amplification parameter A online, removing the need for scenario-specific calibra-

tion.
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Future work

The promising results of this work open up several interesting avenues for future research. Based

on our findings, we suggest the following directions:

¢ Theoretical analysis of baseline sensitivity: Our experiments revealed the highly
sensitive, “special-case” nature of the baseline algorithm. A valuable theoretical investi-
gation would be to analyze why the baseline’s performance is strictly dependent on specific

hyperparameter choices.

¢ Synergy with nouniform sampling: The current method uses uniform sampling for
constraints. Future work could explore combining our dynamic amplification mechanism
with adaptive, nonuniform sampling strategies, an idea motivated by the outlook in the
original work by Dimitrieski, Cao, and Ebenbauer [6]. For instance, constraints that are
more frequently or severely violated —and thus receive higher amplification— could be

sampled with greater probability, potentially accelerating the return to the feasible set.

e Theoretical extension and optimality: Our convergence analysis assumes strong
convexity. Valuable future directions include extending this analysis to accommodate
general convex functions, which would significantly widen the algorithm’s applicability.
Additionally, investigating whether the derived linear convergence rate is optimal for the
chosen step-size rules or if it can be improved, possibly by integrating momentum-based

acceleration, presents another important research avenue.

A Detailed derivation of the Lyapunov recurrence

Theorem 3 (Lyapunov recurrence inequality). Given the fundamental expansion of the Lya-
punov function,

. 2 _ o2 -
Ek[HXkJrlH | = HXkH — 2y, Eg [GT X)) + V2EL[| G|, (15)
the following inequality holds:

Ek[HXkHHQ] < (1 —v(p—&)) HXI«H2 — 29 (1 = C1y) o (Xi) + Q- (16)

Proof. The proof begins with (15). By substituting the upper bounds for the cross-term and the

squared norm term, we arrive at the following comprehensive inequality:
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- 2
NS
- 2 ~ 2 ~
< HXkH — 27 Po(Xk) — Yrp HXkH + 2B (A V5, )T X

+ 392 (Bl Vi I+ Eall(Ak — 1V By ocl’] + B[4V C, 1))

To simplify this expression, we substitute the upper bounds for the cross-term and the
squared norm, as derived in section 3.3. We begin by replacing each variance term within the

inequality (17) with its corresponding bound. This yields the following comprehensive inequality:

g [[| X 41]]
< 1%l = 29k (@o(Xe) + ﬁuiknz)
2ve(1+ A) ||| X512 g4 1p_C
+ 2yl + )[| el (adké 5k5 )+ R U
+37£(4[A/<I)0(Xk)+20'¢)+37k03
2 2 [ 94 kH k” 2 27 356%
+372(1 4+ \) (3 S Tt | (17)

To arrive at a suitable recurrence relation for the convergence analysis, we proceed by re-
arranging the terms of the inequality in (17). The objective is to isolate the terms related to
|| X&]|? and ®(X}), and to collect the remaining summable residuals.

First, we collect the coefficients of the || X}||? term. An inspection of (17) yields the following
expression:

~ 62
0l (1=t 200 (a5 4 eaa 555 ) o4 Pagl ).

k000 5262

Similarly, we gather the coefficients of the ®o(X}) term:
Do (Xp)(—2v + 1277 L),

where we have L reflect the smoothness parameter of the composite function ®.

To simplify the expression, we define two sequences. The first, &}, encapsulates the vanishing

error terms that perturb the strong convexity coefficient u:

&, ::2(1+A)< o (a—|—b)+é€ka>—|—9’}/k( +A)%a

0000 5252 '

The second, Q) collects all remaining summable error terms:
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¢ b
Q). =2vi(1+\) (czka + 15 6(’; ) + 67700 4+ 37:Cp + 9 (1 + N)? (E%era
kY00
be?
2%,

By substituting these definitions into the rearranged inequality (17), we arrive at the following

compact recurrence relation:
Er[[| Xp 1 ]P] < (1= e = EDIIX]® = 29 (1 — Cryi) Bo(Xx) + Q-

Here, p > 0 is the strong convexity modulus of the objective function f(x), and C; is a constant
defined as C; = Gﬁ, which depends on the smoothness parameter L. This inequality forms the

basis for applying the Robbins—Siegmund theorem [17] to establish convergence. O

B Detailed derivation of the expected smoothness

assumption (Assumption 5)

This appendix provides a detailed derivation to demonstrate that Assumption 5 is not a stan-
dalone assumption, but rather a direct and logical consequence of the analytical bounds estab-
lished in section 3.3.2. We will methodically show how the various bounded terms are consoli-

dated to arrive at the compact form of the expected smoothness condition.

B.1 Objective: Justifying Assumption 5

The goal is to formally justify the upper bound on the expected squared norm of the amplified

stochastic gradient Gy, as stated in Assumption 5:
Ex [IGH(Xk)P] < 2£/(D(Xy) - B(")) + 0,

where £’ is an effective smoothness constant and ¢’? represents the total bounded noise.
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B.2 Step-by-step derivation

B.2.1 Step 1: Decomposing the squared norm

Our starting point is (7) from section 3.3.2, which decomposes the upper bound for E[||Gx]|?]

into three primary components using an application of the Cauchy—Schwarz inequality:
EL[|Gk|*] < BE&[lV®iy i lI”] + 3Ex[ll(Ax — 1)V By, ool”] + 3Ex[[| AV Ty, |1%].

We now analyze the upper bound of each of these three components individually.

B.2.2 Step 2: Analyzing the first component

The first term, 3Ex[||V®;, ;. ||?], represents the variance of the stochastic gradient for the reg-
ularized objective function. As shown in the analysis of section 3.3.2, this term is bounded as
follows:

Ex[[V @3, 50 (Xi)IIP] < 4L00(X3) + 203

Key Observation: This bound contains two distinct parts:

1. A term, 4L®,(X}), that is linearly dependent on ®¢(Xy) := ®(X;) — ®(z*). This part

will form the basis of the 2L£'®¢(X}) term in our final expression.

2. A constant term, 203, representing the variance at the optimum. This will be absorbed

into the total noise term o’2.

B.2.3 Step 3: Analyzing the second component

The second term, 3E.[||(Ax—1)V By, .« |?], is an artifact of our dynamic amplification mechanism.
In section 3.3.2, we proved that this term is controllable and bounded by a finite constant, which
we denoted as Cp,

Ex[l(Ax = 1)V B ll’] < Cp.

Key Observation: This component contributes a constant value to the overall upper bound.

This constant, 3Cp, will be fully incorporated into the noise term o'2.
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B.2.4 Step 4: Analyzing the third component

The third term, 3E;[|| A VC}, ||?], represents the amplified error arising from the decaying barrier

parameter d;. The upper bound for this term, derived in section 3.3.2, depends on .

€2 Xk 2 o o 3be?
B[]l 45V C [P < (14 2)° - (3“(1'252 L v aar 75 ) :
k> oo kYoo

Key Observation: Since {¢;} is a vanishing sequence (i.e., ¢, — 0 as kK — o0), this entire
component is also a vanishing term. Within the expected smoothness framework, such vanishing
but bounded terms are considered part of the overall noise. Therefore, this bound will also be

absorbed into o'2.

B.3 Step 5: Aggregating the bounds
Finally, we substitute the bounds for all three components back into the main inequality from
Step 1. We then proceed by collecting and regrouping the terms.

1. Collect terms dependent on ®(Xy): We have only one such term, arising from
the first component: 3 - (4L®q(Xy)). We can define an effective smoothness constant
20" = 12L.

2. Collect all constant and vanishing terms (the noise): We aggregate all remaining
parts: The constant variance from the first component (3 - 202%), the bound from the
second component (3 - Cp), and the entire vanishing bound from the third component.

We define the total noise term ¢’2 as the sum of all these bounded terms.

By these definitions, we directly arrive at the compact and elegant formulation of Assumption

E, [HGknﬂ < 2L/ Bo(Xy) + 0.

This completes the derivation and formally shows that Assumption 5 is a valid and well-founded

simplification of the detailed analysis presented in the paper.
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