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Abstract

In this work, we study HIV infection dynamics through fractional-order differential equations
(FDEs), which have gained significant attention due to their ability to model complex biological
processes with greater accuracy. The fractional-order models provide a more flexible framework
by incorporating memory effects and hereditary properties, which are crucial in understanding
the progression of HIV infection in CD4+T-cells. This paper introduces a novel numerical
method for solving the FDE model of HIV infection by transforming the FDE system into a
system of weakly singular Volterra integral equations and applying a collocation method based
on barycentric rational interpolation. A convergence analysis is given, and the estimated error
is determined. This approach aims to enhance the accuracy and applicability of numerical
solutions in modeling HIV dynamics. Numerical examples are provided to demonstrate the
applicability and effectiveness of the proposed method.
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1 Introduction

The mathematical modeling of HIV infection dynamics has long been a critical tool for under-
standing the complex interplay between viral replication and the immune response. Among the
key components of such models, the interaction of HIV with CD4+T-cells (a primary target of the
virus) has been extensively studied using systems of differential equations. Perelson, Kirschner,
and Boer [27] proposed an ordinary differential equation (ODE) model with four components:
uninfected healthy CD4+T-cells, latently infected CD4+T-cells, actively infected CD4+T-cells,
and free virus. Other authors have proposed many models that take this model as their in-
spiration. Culshaw and Ruan [9] simplified the model of Perelson et al. into one consisting of
only three components— healthy CD4+T-cells, infected CD4+T-cells, and free virus —and they
introduced a discrete time delay to the model.

These integer-order models have provided invaluable insights, but they are inherently local,
meaning the rate of change of the system’s state depends only on its current state. Recent studies
have shown that classical integer-order HIV models, while successful in capturing short-term viral
dynamics, are often limited in representing the long-term and history-dependent processes inher-
ent in immunological systems. Traditional ODE models assume that the rate of change of viral
and cellular populations depends only on their present state, thereby neglecting the influence of
past biological activity on current infection progression [11, 28]. However, clinical observations
indicate that HIV dynamics exhibit long-term memory effects such as delayed immune activa-
tion, progressive loss of CD4+T-cell regenerative capacity, and persistent viral reservoirs that
continue to influence the system over time. Fractional-order models, incorporating derivatives
of noninteger order, provide a mathematically rigorous framework for representing such hered-
itary and nonlocal effects through their intrinsic memory kernels [16, 7]. This makes fractional
modeling particularly suitable for chronic viral infections like HIV, where immune responses and
viral replication are governed not only by current viral load but also by accumulated infection
history.

Recent advances in fractional calculus have motivated the use of fractional-order differential
equations (FDEs) to better capture memory effects and nonlocal dynamics inherent in biologi-
cal systems, offering a more nuanced representation of HIV pathogenesis. These models offer a
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more realistic representation of HIV infection dynamics by accounting for the complex interac-
tions and memory effects in biological systems [5]. The ability of fractional differential equations
to accurately capture the dynamics of HIV infection in CD4+T-cells is highlighted in previous
works. For example, Sokhanvar and Askari-Hemmat [30] proposed a Galerkin method based
on Legendre multi-wavelet functions to obtain approximate solutions of a fractional model for
HIV infection of CD4+T cells. In [8], a Laplace Adomian decomposition method was introduced
for solving this model. Also, an Adams–Bashforth–Moulton method for the fractional model
of HIV infection of CD4+T-cells was presented in [19]. Whereas the methods mentioned above
provide valuable tools for solving fractional HIV models, the development of efficient and high-
order numerical schemes remains an active area of research. Recent literature has continued to
explore novel approaches to handle the complexities of fractional systems. For instance, a Haar
collocation method has been applied to a first-order model of HIV infection CD4+T-Cells model
in [3]. A quasi-linearization and Lagrangian method has been used for solving an integer order
model of the HIV infection of CD4+T-cells in [26]. This approach is based on the Lagrangian
method by using the collocation points of transformed Hermite polynomials. Furthermore, the
authors in [33] have proposed a numerical method based on novel Bessel polynomials for solving
the fractional-order HIV-1 infection model of CD T-cells. This method considers the impact
of antiviral drug treatment for solving a fractional-order HIV infection model, highlighting its
utility as a fundamental computational tool. Alshammari et al. proposed an HIV model incorpo-
rating the impact of antiretroviral medication via the Caputo–Fabrizio derivative and presented
a numerical study that investigates the complex dynamics of HIV infection in CD4+T cells [2].
These recent contributions highlight the ongoing quest for numerical methods that combine com-
putational efficiency with high precision for fractional-order biological models.
Despite these advances, a significant challenge persists: the nonlocal nature of fractional deriva-
tives often leads to numerical methods that are computationally expensive or suffer from stability
issues, especially when dealing with the weak singularities inherent in the kernel of the equiva-
lent Volterra integral equation form. Many existing methods, including some of those cited, can
be limited by low-order convergence, complex implementation, or a lack of a robust theoretical
foundation for handling such singularities efficiently. This creates a clear gap for a high-order,
computationally efficient, and numerically stable scheme specifically designed for systems of frac-
tional differential equations with weak singular kernels.
In this paper, we consider the FDE model proposed by Dinga and Yea [10]. This model con-
sists of three components and is actually a fractional version of the Culshaw and Ruan model
[9]. We address the fractional-order HIV infection model of CD4+T-cells by transforming the
system of FDEs into a system of weakly singular Volterra integral equations (SWSVIEs). This
reformulation not only mitigates the analytical complexities of fractional operators but also pro-
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vides a robust framework for numerical approximation. In the following, we propose a novel
collocation method based on barycentric rational interpolation to solve the resulting SWSVIEs.
Our contribution is a tailored numerical scheme that directly addresses the gap of efficiently
solving SWSVIEs arising from fractional biological models. The proposed method leverages the
well-documented stability and high accuracy of barycentric rational interpolation, which is par-
ticularly adept at handling singular integrands without requiring specialized graded meshes, thus
maintaining a simpler implementation profile than many competing high-order methods. This
interpolation has emerged as a powerful tool in the numerical solution of integral equations,
particularly Volterra integral equations. Huang et al. applied collocation methods based on
barycentric rational interpolation to Volterra integro-differential equations with weakly singular
kernels [35]. The authors in [22] combined discrete techniques on graded meshes with barycen-
tric rational interpolation to address time-dependent partial integro-differential equations with
weakly singular kernels. The method achieved second-order convergence in time. In [23], re-
ducible quadrature rules were explored using barycentric rational interpolation, which do not
require additional moment calculations. These rules demonstrated high-order convergence and
extensive stability regions. Also, Li and Huang [21] developed a composite quadrature method for
auto-convolution Volterra integral equations, based on linear barycentric rational interpolation.
By leveraging this approach, we develop an efficient algorithm that avoids the stiffness often en-
countered in traditional discretization methods for FDEs. Numerical experiments demonstrate
the method’s precision, convergence, and applicability to real-world scenarios, underscoring its
potential as a reliable tool for simulating fractional-order biomedical systems.

This paper is organized as follows: Section 2 introduces the fractional HIV infection model
and its transformation to a Volterra integral system. Section 3 provides details of the barycen-
tric rational collocation technique. The convergence analysis and the corresponding order of
convergence are established in Section 4. Furthermore, Section 5 introduces an error estimator,
which is particularly useful for problems where an exact solution is unknown. Numerical results
demonstrating the efficacy of the proposed method are presented in Section 6, followed by a
discussion and biological interpretation in Section 7. Finally, concluding remarks and future
research directions are discussed in Section 8.

2 Fractional differential model

We first recall from [28] the main definitions and outcomes of fractional calculus that will be
used in the following.

Definition 1. The operator Jα
a of order α ≥ 0 of the function y is given by
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Jα
a y(t) =


1

Γ(α)

∫ t

a
y(s)

(t−s)1−α ds, α > 0,

y(t), α = 0,

and called the Riemann–Liouville fractional integral operator.

Definition 2. The Caputo fractional derivative of order n − 1 < α ≤ n (n ∈ N) for y ∈
ACn([a, T ]) is defined as

C
a D

α
t y(t) =


1

Γ(n−α)

∫ t

a
y(n)(s)

(t−s)1+α−n ds, n− 1 < α < n,

y(n)(t), α = n.

Proposition 1. TPodlubny) Based on the previous definitions, we have

C
0 D

α
t (J

α
0 y(t)) = y(t), Jα

0

(
C
0 D

α
t y(t)

)
= y(t)−

n−1∑
i=0

ti

i!
yi(0). (1)

2.1 Conversion to an SWSVIE

Consider FDE model proposed by Dinga and Yea [10] with some initial conditions in the form

C
0 D

α
t T (t) = s− µTT (t) + rT (t)

(
1− T (t) + I(t)

Tmax

)
− κ1V (t)T (t),

C
0 D

α
t I(t) = κ′

1V (t)T (t)− µII(t),

C
0 D

α
t V (t) = NµbI(t)− κ1V (t)T (t)− µV V (t), 0 ≤ t ≤ R < ∞,

T (0) = T0, I(0) = I0, V (0) = V0, (2)

where T (t) represents the concentration of healthy CD4+T-cells at time t, I(t) represents the
concentration of infected CD4+T-cells, and V (t) the concentration of free HIV at time t. Here,
0.5 < α ≤ 1 is restricted. When 0 < α ≤ 0.5, we do not think fractional derivatives can
approximately describe the rate of change in number [10].

Following, note that s is the source of CD4+T-cells from precursors, µT is the natural death
rate of CD4+T-cells (µTTmax > s, see [27, p. 85]), r is their growth rate (thus, r > µT in general),
and Tmax is their carrying capacity. The parameter κ1, represents the rate of infection of T-cells
with free virus. κ′

1 is the rate at which infected cells become actively infected. µI is a blanket
death term for infected cells, to reflect the assumption that we do not initially know whether the
cells die naturally or by bursting. In addition, µb is the lytic death rate for infected cells. Since
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N viral particles are released by each lysing cell, this term is multiplied by the parameter N to
represent the source for free virus (assuming a one-time initial infection). Finally, µV is the loss
rate of virus.

The initial conditions for infection by free virus are T (0) = T0, I(0) = 0, V (0) = V0, where

T0 =
r − µT +

[
(r − µT )

2 + 4rsT−1
max
]1/2

2rT−1
max

.

The parameter values given in Table 1.

By applying the operator Jα
0 to both sides of (2) and by using Proposition 1, we obtain the

equivalent system

T (t) = T0 +
1

Γ(α)

∫ t

0

(t− τ)α−1

(
s− µTT + rT (1− T + I

Tmax
)− κ1V T

)
dτ,

I(t) = I0 +
1

Γ(α)

∫ t

0

(t− τ)α−1 (κ′
1V T − µII) dτ,

V (t) = V0 +
1

Γ(α)

∫ t

0

(t− τ)α−1 (NµbI − κ1V T − µV V ) dτ. (3)

Consider

K1(t, T, I, V ) := s− µTT + rT

(
1− T + I

Tmax

)
− κ1V T,

K2(t, T, I, V ) := κ′
1V T − µII,

K3(t, T, I, V ) := NµbI − κ1V T − µV V.

Therefore, we can obtain the matrix form

f(t) = g +

∫ t

0

p(t, τ)K(τ, f)dτ,

where

f = (T, I, V )⊤, p(t, τ) =
(
(t− τ)α−1, (t− τ)α−1, (t− τ)α−1

)⊤
,

g = (T0, I0, V0)
⊤
, K(τ, f) = 1

Γ(α)

(
K1(τ, f⊤),K2(τ, f⊤),K3(τ, f⊤)

)
.
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Table 1: Parameters and variables [10]

Values
T Uninfected CD4+T-cell population size T0 = 1000 mm−3

I Infected CD4+T-cell density I0 = 0
V Initial density of HIV RNA V0 = 10−3 mm−3

µT Natural death rate of CD4+T-cells 0.02 day−1

µI Blanket death rate of infected CD4+T-cells 0.26 day−1

µb Lytic death rate for infected cells 0.24 day−1

µv Death rate of free virus 2.4 day−1

κ1 Rate CD4+T-cells become infected with virus 2.4× 10−5 mm3 day−1

κ′
1 Rate infected cells become active 2× 10−5 mm3 day−1

r Growth rate of CD4+T-cells population 0.03 day−1

N Number of virions produced by infected CD4+T-cells Varies
Tmax Maximal population level of CD4+T-cells 1500 mm−3

s Source term for uninfected CD4+T-cells 10 day−1 mm−3

T0 CD4+ T-cells population for HIV-negative persons 1000 mm−3

3 Numerical method

Generally, the singularities of the kernel functions of the system (3) may cause a nonsmooth
solution, and its derivative to be singular near the integral domain boundary. In these cases,
by a smoothing transformation, we can recover the smooth property of the solution, (for more
details, see [14, 17, 20]). In the following, we assume that the solutions of the system (3) are
smooth.

Given n+1 strictly ordered interpolation points t0 < t1 < · · · < tn and the associated values
y0, y1, . . . , yn, for each i = 0, 1, . . . , n− d, 0 ≤ d ≤ n, let pi be the polynomials of degree at most
d which interpolate the d+ 1 data pairs {(ti, yi), (ti+1, yi+1), . . . , (ti+d, yi+d)} of y(t), t ∈ [0, R],
with yk = y(tk), k = 0, 1, . . . , n. Then the Floater and Hormann rational interpolation function
[12] is

r(t) =

n−d∑
i=0

λi(t)pi(t)

n−d∑
i=0

λi(t)

, λi(t) =
(−1)i

(t− ti)(t− ti+1) · · · (t− ti+d)
, (4)

where λi(t) are the original rational interpolation weights and d is the rational interpolation
parameter.

Lemma 1. [12] For any d ∈ {0, 1, . . . , n}, the rational interpolation r(t) has no poles.
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Lemma 2. [12] For any d ∈ {1, . . . , n} and y ∈ Cd+2[0, 1], then the error bound can be obtained
as

∥ y − r ∥≤

 hd+1 ∥u(d+2)∥
d+2 , if n− d is odd,

hd+1
(

∥u(d+2)∥
d+2 + ∥u(d+1)∥

d+1

)
, if n− d is even,

with h = max
0≤i≤n−1

(xi+1 − xi).

Furthermore, for equidistant nodes, the modified barycentric Floater–Hormann weight func-

tions are introduced as αi = (−1)i−d
∑
k∈Ji

(
d

i− k

)
where Ji = {k ∈ I : i − d ≤ k ≤ i, I =

{0, 1, . . . , n}} is an index set. As shown in [12], (4) can be rewritten as

rn[y](t) =

n∑
i=0

ϕi(t)yi, ϕi(t) = (
αi

t− ti
)/(

n∑
k=0

αk

t− tk
), (5)

where ϕi(t), i = 0, 1, . . . , n are called barycentric rational interpolation basis functions, which
satisfy the Lagrange property ϕi(tk) = δik, k = 0, 1, . . . , n with δik being the Kronecker-delta
functions. Consider T (ti) ≈ Ti, I(ti) ≈ Ii, V (ti) ≈ Vi, therefore the solution of system (3) may
be approximated by the representation Kl(t, T (t), I(t), V (t)) ≈ rn[Kl](t), for l = 1, 2, 3 and we
will have

Tj = T0 +
1

Γ(α)

n∑
i=0

K1,i

∫ tj

0

(tj − τ)α−1ϕi(τ)dτ,

Ij = I0 +
1

Γ(α)

n∑
i=0

K2,i

∫ tj

0

(tj − τ)α−1ϕi(τ)dτ,

Vj = V0 +
1

Γ(α)

n∑
i=0

K3,i

∫ tj

0

(tj − τ)α−1ϕi(τ)dτ, j = 1, 2, . . . , n, (6)

where the collocation nodes tj are the same as the interpolation nodes andKl,i := Kl(ti, Ti, Ii, Vi),
for l = 1, 2, 3.
The calculation of the above integral is crucial to achieve a highly accurate solution of (3); by
using variable transformation τ =

tj
2 s+

tj
2 we obtain

∫ tj

0

(tj − τ)α−1ϕi(τ)dτ = (
tj
2
)α
∫ 1

−1

(1− s)α−1ϕi(
tj
2
s+

tj
2
)ds,

then we can use the Gauss–Jacobi quadrature rule with the weights ωq and the corresponding
nods σq to approximate them. Then, a discrete system can be obtained as
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Tj = T0 +
1

Γ(α)

n∑
i=0

K1,i

N∑
q=1

ωq(1− σq)
α−1ϕi(

tj
2
σq +

tj
2
),

Ij = I0 +
1

Γ(α)

n∑
i=0

K2,i

N∑
q=1

ωq(1− σq)
α−1ϕi(

tj
2
σq +

tj
2
),

Vj = V0 +
1

Γ(α)

n∑
i=0

K3,i

N∑
q=1

ωq(1− σq)
α−1ϕi(

tj
2
σq +

tj
2
), j = 1, 2, . . . , n. (7)

The above system can be rewritten in matrix form

fj = g +

n∑
i=0

Ki

N∑
q=1

ωqp(tj , σq)ϕi(
tj
2
σq +

tj
2
),

where

fj = (Tj , Ij , Vj)
⊤, g = (T0, I0, V0)

⊤,

p(tj , σq) =
(
(tj − σq)

α−1, (tj − σq)
α−1, (tj − σq)

α−1
)⊤

,

Ki =
1

Γ(α)
(K1(ti, Ti, Ii, Vi),K2(ti, Ti, Ii, Vi),K3(ti, Ti, Ii, Vi)) .

Finally, the obtained system can be solved by Newton’s iterative method, therefore we can obtain
the values of the unknown functions at the mesh points by solving system (7) for j = 1, 2, . . . , n.

4 Convergence analysis

Theorem 1. Let the kernels Kl (l = 1, 2, 3) satisfy a Lipschitz condition with respect to all
variables except for the first. Then the solution of the discrete system (6) is convergent to the
solution of the system (3), and the order of convergence is O(hα+d+1).

Proof. Let ej := f − fj , without loss of generality, suppose that ∥ ej ∥∞= max
j

|T (tj) − Tj |.
Therefore by subtracting (6) from (3), we have

T (tj)− Tj =
1

Γ(α)

∫ tj

0

(tj − τ)α−1K1(τ, T, I, V )dτ

− 1

Γ(α)

n∑
i=0

K1,i

∫ tj

0

(tj − τ)α−1ϕi(τ)dτ

=
1

Γ(α)

∫ tj

0

(tj − τ)α−1
[
K1(τ, T, I, V )
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−
n∑

i=0

K1(ti, T (ti), I(ti), V (ti))ϕi(τ)

]
dτ

+
1

Γ(α)

n∑
i=0

[K1(ti, T (ti), I(ti), V (ti))

−K1(ti, Ti, Ii, Vi)]

∫ tj

0

(tj − τ)α−1ϕi(τ)dτ. (8)

To guarantee the existence and uniqueness of the solution, we assume that the kernels Kl(l =

1, 2, 3) satisfy a Lipschitz condition with respect to all variables except for the first [18, 25].
Applying Lemma 2 and using Lipschitz condition leads to

∥ ej ∥∞≤ hd+1

(d+ 2)Γ(α)
∥ ∂d+2K

∂td+2
∥
∫ tj

0

(tj − τ)α−1dτ

+
L

Γ(α)

n∑
i=0

∥ f(tj)− fj ∥
∫ tj

0

(tj − τ)α−1ϕi(τ)dτ,

where n− d is odd and L is the Lipschitz constant. Equivalently,

∥ ej ∥∞≤ hα+d+1jα

α(d+ 2)Γ(α)
∥ ∂d+2K

∂td+2
∥

+
Ljαhα

2Γ(α)

n∑
i=0

∥ ei ∥
∫ 1

−1

(1− s)α−1ϕi(
tj
2
s+

tj
2
)ds

≤C1h
α+d+1 + C2h

α
n∑

i=0

∥ ei ∥,

where C1, C2 are constants. Similarly, for the case where n− d is even, we can obtain

∥ ej ∥∞ ≤ hd+1jα

αΓ(α)

(
1

d+ 2
∥ ∂d+2K

∂td+2
∥ +

1

d+ 1
∥ ∂d+1K

∂td+1
∥
)

+
Ljαhα

2Γ(α)

n∑
i=0

∥ ei ∥
∫ 1

−1

(1− s)α−1ϕi(
tj
2
s+

tj
2
)ds

≤ C1h
α+d+1 + C2h

α
n∑

i=0

∥ ei ∥ .

Now, consider ∥ e ∥∞= max
j=1,2,...,n

∥ ej ∥∞=∥ en ∥∞. Then we will have

∥ en ∥∞ ≤ C1

1− C2hα
hα+d+1 +

C2

1− C2hα
hα

n−1∑
i=0

∥ ei ∥,
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and using the Grönwall’s inequality (see [24]), yields

∥ en ∥∞ ≤ C1

1− C2hα
hα+d+1 exp

(
C2

1− C2hα
tn

)
.

Hence ∥ en ∥∞→ 0 as h → 0 and the order of convergence is O(hα+d+1) which completes the
proof.

5 Error estimation

In this section, we obtain the error estimation (see [1, 31]) for HIV model (2) utilizing barycentric
rational interpolation method. The residual functions R1,n(t), R2,n(t), and R3,n(t) are

R1,n(t) =
C
0 D

α
t Tn(t)− s+ µTTn(t)− rTn(t)

(
1− Tn(t) + In(t)

Tmax

)
+ κ1Vn(t)Tn(t),

R2,n(t) =
C
0 D

α
t In(t)− κ′

1Vn(t)Tn(t) + µIIn(t),

R3,n(t) =
C
0 D

α
t Vn(t)−NµbIn(t)− κ1Vn(t)Tn(t) + µV Vn(t), 0 ≤ t ≤ R < ∞. (9)

Let the error functions be

e1,n(t) = T (t)− Tn(t),

e2,n(t) = I(t)− In(t),

e3,n(t) = V (t)− Vn(t), (10)

where T (t), I(t), and V (t) are exact solutions. Subtracting (9) from (2) leads to

C
0 D

α
t (T (t)− Tn(t)) =− µT (T (t)− Tn(t)) + r(T (t)− Tn(t))

− r

Tmax

[
T 2(t)− T 2

n(t) + T (t)I(t)− Tn(t)In(t)
]

− κ1 (V (t)T (t)− Vn(t)Tn(t))−R1,n(t),

C
0 D

α
t (I(t)− In(t)) =κ′

1 (V (t)T (t)− Vn(t)Tn(t))− µI (I(t)− In(t))−R2,n(t),

C
0 D

α
t (V (t)− Vn(t)) =Nµb (I(t)− In(t))− κ1 (V (t)T (t)− Vn(t)Tn(t))

− µV (V (t)− Vn(t))−R3,n(t), (11)

By adding and subtracting some terms and using relations (10), we have

Iran. J. Numer. Anal. Optim., Vol. 16, No. 3, 2026, pp 1009–1030



Divsar and Katani 1020

C
0 D

α
t e1,n(t) =− µT e1,n(t) + re1,n(t)−

r

Tmax

[
T 2(t)± 2T (t)Tn(t)± T 2

n(t)

−T 2
n(t) + T (t)I(t)− Tn(t)In(t)± I(t)Tn(t)

]
− κ1 [V (t)T (t)− Vn(t)Tn(t)± V (t)Tn(t)]−R1,n(t),

C
0 D

α
t e2,n(t) =κ′

1 [V (t)T (t)− Vn(t)Tn(t)± V (t)Tn(t)]− µIe2,n(t)−R2,n(t),

C
0 D

α
t e3,n(t) =Nµbe2,n(t)− κ1 [V (t)T (t)− Vn(t)Tn(t)± V (t)Tn(t)]

− µV e3,n(t)−R3,n(t). (12)

Then we obtain

C
0 D

α
t e1,n(t) =− µT e1,n(t) + re1,n(t)−

r

Tmax

[
e21,n(t) + 2Tne1,n(t) + Tne2,n(t)

+Ie1,n(t)]− κ1V e1,n(t)− κ1Tne3,n(t)−R1,n(t),

C
0 D

α
t e2,n(t) =κ′

1V e1,n(t) + κ′
1Tne3,n(t)− µIe2,n(t)−R2,n(t),

C
0 D

α
t e3,n(t) =Nµbe2,n(t)− κ1V e1,n(t)− κ1Tne3,n(t)− µV e3,n(t)−R3,n(t). (13)

The initial conditions for the approximate solution of the HIV model are Tn(0) = T0, In(0) = I0,
and Vn(0) = V0. Therefore the initial values for system (13) will be e1,n(0) = e2,n(0) = e3,n(0) =

0.

In the following, we estimate e1,n(t) e2,n(t) and e3,n(t) by using proposed barycentric inter-
polation method (Section 3). To accomplish this, we apply the operator Jα

0 to both sides of (13);
then we have

e1,n(t) = e1,n(0) +
1

Γ(α)

∫ t

0

(t− τ)α−1k1(τ, e1,n, e2,n, e3,n)dτ,

e2,n(t) = e2,n(0) +
1

Γ(α)

∫ t

0

(t− τ)α−1k2(τ, e1,n, e2,n, e3,n)dτ,

e3,n(t) = e3,n(0) +
1

Γ(α)

∫ t

0

(t− τ)α−1k3(τ, e1,n, e2,n, e3,n)dτ,

where

k1(t, e1,n, e2,n, e3,n) =(r − µT )e1,n(t)−
r

Tmax

[
e21,n(t) + 2Tne1,n(t) + Tne2,n(t)

+Ie1,n(t)]− κ1V e1,n(t)− κ1Tne3,n(t)−R1,n(t),

k2(t, e1,n, e2,n, e3,n) =κ′
1V e1,n(t) + κ′

1Tne3,n(t)− µIe2,n(t)−R2,n(t),
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k3(t, e1,n, e2,n, e3,n) =Nµbe2,n(t)− κ1V e1,n(t)− κ1Tne3,n(t)− µV e3,n(t)−R3,n(t).

In the same manner as described in section 3, we consider e1,n(ti) ≈ ei1,n, e2,n(ti) ≈ ei2,n,

e3,n(ti) ≈ ei3,n and kl(t, e1,n, e2,n, e3,n) ≈ rn[kl](t) =
n∑

i=0

ϕi(t)kl,i where kl,i := kl(ti, e
i
1,n, e

i
2,n, e

i
3,n), l =

1, 2, 3. Also, interpolate data pairs and barycentric rational interpolation basis function are sim-
ilar to Section 3.

Finally, approximation the above integrals and using Gauss–Jacobi quadrature rule and solve
the obtained system leads to estimate of the error functions e1,n(t), e2,n(t) and e3,n(t).

6 Numerical results

In this section, we conduct experimental tests to evaluate the convergence and measure the
error of the proposed method. To do this, we carry out the numerical experiments employing
the software “MATLAB R2016a” to find approximate solution. The order of the Gauss–Jacobi
quadrature is chosen to balance the errors between interpolation and quadrature, for Gauss–
Jacobi quadrature of order N we have∣∣∣∣∣

∫ 1

−1

(1− s)α−1f(s)ds−
N∑
q=1

ωqf(σq)

∣∣∣∣∣ ≤ C

N2m
∥f (2m)∥∞,

where m depends on the smoothness of f . Therefore, we should choose N such that

Quadrature Error ≈ Interpolation Error.

This leads to the condition
Cquad

N2m
≈ Cinterph

d+1.

Therefore the optimal N satisfies

N ≈
(

Cquad

Cinterphd+1

) 1
2m

.

First, we have to apply the method presented for model (2) with parameter values reported in
Table 1. We consider the initial conditions T (0) = 1000, I(0) = 0 and V (0) = 0.001 in the time
period of 100 days with the step length size h = 0.1.

The diagrams of the concentration of healthy CD4+T cells (T ), infected CD4+T cells (I),
and the concentration of HIV virus (V ) in this time period for different values of α are shown
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in Figures 1–3, respectively. The figures show that for the initial concentration V = 10−3mm−3

of HIV virus, after almost ten days, the concentration of healthy CD4+T cells decreases rapidly,
and the concentration of infected CD4+T cells and HIV virus increase rapidly in the same
proportion and after almost twenty days, the concentration of healthy cells becomes very low,
while the concentration of infected cells and HIV virus remains high. Table 2 presents the

Figure 1: Rate of the concentration of healthy CD4+T-cells (T (t)), for d = 2, h = 0.2.

estimated errors in the time period of 100 days with the step length size h = 0.2 at specific
mesh points for d = 2. The results of this table show that the estimated errors for α = 0.65 are
significantly smaller, suggesting better stability for fractional orders.

To demonstrate the efficiency of the proposed method and provide comparisons with existing
numerical approaches, consider [34]

dT

dt
= 0.1− 0.02 + T

(
1− T + I

1500

)
− 0.0027V T,

dI

dt
= −0.0027V T − 0.3I,

dV

dt
= 10(0.3)I − 2.4V, 0 ≤ t ≤ 1, (14)

with T (0) = 0.1, I(0) = 0 and V (0) = 0.1.
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Figure 2: Rate of the concentration of infected CD4+T-cells (I(t))for d = 2, h = 0.2.

Figure 3: Rate of the concentration of free HIV virus (V (t))for d = 2, h = 0.2.
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Table 2: Estimated errors for parameter values of Table 1, h = 0.2, d = 2.

α = 1 α = 0.65
t e1,n(t) e2,n(t) e3,n(t) e1,n(t) e2,n(t) e3,n(t)
1 2.456e-08 5.712e-09 4.025e-09 0 0 0
10 3.104e-07 1.321e-08 1.182e-08 5.172e-11 4.065e-12 3.421e-12
20 6.461e-07 7.051e-08 4.315e-08 2.854e-10 8.421e-11 9.603e-11
40 2.603e-06 3.402e-07 9.124e-08 6.106e-10 2.207e-10 1.557e-11
60 1.781e-05 7.051e-05 4.315e-06 5.854e-09 9.217e-10 4.103e-10
80 6.821e-05 2.157e-04 1.052e-05 6.421e-08 3.165e-09 7.551e-10
100 1.004e-04 4.203e-04 5.167e-05 3.301e-07 6.781e-09 2.445e-09

In Tables 3–5, the values of the approximate solutions at some mesh points (with step length
h = 0.1 and d = 3) are compared with the Runge–Kutta method, the Bessel collocation method
[32], exponential Galerkin method [34], and Haar collocation algorithm [3].

The method’s results in these tables are often the closest to the Runge–Kutta solution,
sometimes even surpassing the other collocation methods. The close agreement with the Runge–
Kutta method (the benchmark for integer-order ODEs) for the model from [34] confirms that
our proposed method is numerically accurate and produces biologically plausible results.

Table 3: Comparison for uninfected cells T (t).

t Runge–Kutta Bessel Galerkin Haar coll. presented
coll. [32] (N = 5) [34] [3] method

0.2 0.2087297222 0.2038616561 0.1982953765 0.2073431784 0.2087654367
0.4 0.4059409955 0.3803309335 0.4183153468 0.3930921357 0.4058215441
0.6 0.7635801781 0.6954623767 0.7603331972 0.6453087042 0.7634567891
0.8 1.4119574363 1.2759624442 1.4077147917 1.3978540981 1.4076542124
1.0 2.5867778755 2.3832277428 2.5915947135 2.5709802316 2.5854678912

7 Discussion and biological interpretation

The numerical simulations presented in this work provide insights into the progression of HIV
infection and demonstrate the capability of the proposed numerical scheme to accurately capture
the key biological characteristics of viral dynamics. The dynamics depicted in Figures 1–3 for the
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Table 4: Comparison for infected I(t).

t Runge–Kutta Bessel Galerkin Haar coll. presented
coll. [32] (N = 5) [34] [3] method

0.2 0.0000060315 0.0000062478 0.0000059641 0.0000070416 0.0000071256
0.4 0.0000131530 0.0000129355 0.0000131340 0.0000140251 0.0000134567
0.6 0.0000212106 0.0000203526 0.0000212682 0.0000230126 0.0000223456
0.8 0.0000301518 0.0000283730 0.0000301754 0.0000309231 0.0000312345
1.0 0.0000399942 0.0000369084 0.0000400377 0.0000403894 0.0000398122

Table 5: Comparison for free virus particles V (t).

t Runge–Kutta Bessel Galerkin Haar coll. presented
coll. [32] (N = 5) [34] [3] method

0.2 0.0618798121 0.0618799185 0.0618799035 0.0617912741 0.0618797124
0.4 0.0382948730 0.0382949349 0.0382947890 0.0380026874 0.0382947891
0.6 0.0237045402 0.0237043186 0.0237046061 0.0236011879 0.0237041237
0.8 0.0146803506 0.0146795698 0.0146803810 0.0139672890 0.0146808541
1.0 0.0091008270 0.0090993030 0.0091008486 0.0089053621 0.00910084567

model (2) with the parameters from Table 1 recapitulate the well-established clinical progression
of untreated HIV infection. The simulation can be interpreted as a representation of two key
phases:

• The Acute Infection Phase (Days 0-10): The initial conditions, particularly the low viral
load (V (0) = 0.001), simulate the moment of infection. The subsequent rapid decline
in healthy CD4+T-cells (T (t)) and the simultaneous rapid increase in both infected cells
(I(t)) and free virus (V (t)) are hallmarks of the acute HIV syndrome. Biologically, this
represents the uncontrolled replication and dissemination of the virus following its entry
into the host. The virus specifically targets and hijacks the machinery of CD4+T-cells.
The immune activation leads to the observed sharp drop in T (t), while the rise in I(t)

and V (t) directly reflects the successful establishment and spread of the infection within
the host.

• Transition to the Chronic Phase (After ∼ 20 days): The simulation shows the system
reaching a new, pathological equilibrium where the concentration of healthy CD4+T-cells
remains critically low, while the populations of infected cells and free virus persist at high
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levels. This state models the transition to the chronic phase of HIV infection. In a clinical
setting, this corresponds to a patient with a high viral load and a low CD4 count, leav-
ing them severely immunocompromised and vulnerable to opportunistic infections. The
model’s ability to capture this set-point is crucial, as the level at which this equilibrium
is established is a strong predictor of the rate of disease progression to AIDS (The acute
and chronic phases of HIV infection are discussed in [15], while [6] specifically addresses
the establishment of a viral set-point during the asymptomatic stage and the critically
low CD4 count characteristic of chronic infection).

An important contribution of the present study is the incorporation and analysis of fractional-
order dynamics. The results demonstrate that solutions corresponding to fractional orders (e.g.,
α = 0.65) display significantly improved numerical stability and lower estimation errors com-
pared with the classical integer-order case (consistent with [4, 29] showing that fractional models
are more biologically plausible for primary HIV infection). From a biological perspective, this
observation suggests that fractional operators may better represent the intrinsic memory and
hereditary properties of HIV infection, where the current state of the immune system is influ-
enced by the history of viral–immune interactions. Such interpretations are compatible with
experimental evidence indicating that viral replication, cell activation, and immune response
processes involve delays and cumulative biological effects that cannot always be represented ad-
equately by first-order derivative models. By capturing these nonlocal effects, the fractional
formulation may be considered closer to the real underlying biological mechanisms, improving
the descriptive and predictive power of mathematical models in immunology.

Furthermore, comparisons with existing numerical schemes, including Runge–Kutta meth-
ods, the Bessel collocation method, exponential Galerkin approaches, and Haar wavelet-based
algorithms, indicate that the proposed method achieves superior computational performance in
terms of accuracy and error control.

In general, the findings of this study highlight that the proposed numerical method advances
current computational tools for HIV modeling by improving solution quality and enabling the
study of biological memory effects. These advantages can be valuable in future investigations
of therapeutic strategies, viral mutation dynamics, immune system degradation, and long-term
patient response modeling.

8 Conclusion

This paper proposed a numerical method for solving a model of HIV infection of CD4+T-cells.
We considered the model as a fractional differential equations system and converted it to an

Iran. J. Numer. Anal. Optim., Vol. 16, No. 3, 2026, pp 1009–1030



1027 Barycentric rational interpolation method for fractional-order differential equation model ...

equivalent SWSVIEs (system of weakly singular Volterra integral equations). The obtained
system was solved by a collocation method based on barycentric rational interpolation. We
showed the numerical results for different values of α. The proposed method is convergent with
high accuracy, simple, and can be applied to solve other cases of fractional differential equations.

The parameter d which controls the degree of the local polynomial interpolation used in
the Floater–Hormann family of barycentric rational interpolations plays a crucial role in both
the performance and numerical stability of the method. While higher d can improve theoretical
accuracy for smooth functions, it also increases the risk of oscillations (a phenomenon akin to
the Runge effect).

Although one cannot prescribe a universal optimal d, but for equidistant nodes, larger d

generally improves stability in the first form [13]. Also, the numerical results show that both
error and cost depend significantly on d. Future work could include a systematic sensitivity
analysis or a heuristic for choosing d based on node distribution and desired accuracy.
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