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Abstract

Mathematical models of anthrax transmission often involve strong nonlinearities that chal-
lenge standard solvers and can limit robust inference. We present a four-compartment (SIRV)
animal anthrax model and an efficient numerical framework that combines quasilinearization
with a shifted Genocchi-polynomial collocation scheme (Genocchi-QLM). We provide conver-
gence and error analyses for the approximations on a finite interval and construct a residual-
error diagnostic to certify solution quality. Across representative parameter sets, Genocchi-
QLM achieves rapid convergence and close agreement with a benchmark Runge–Kutta im-
plementation (ode45), while maintaining numerical stability over long horizons. We further
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assess practical relevance by comparing simulated infected-case trajectories to reported out-
break patterns from endemic settings, observing qualitative agreement in rise-and-decay phases
consistent with recovery, mortality, vaccination, and waning-immunity mechanisms. Sensitiv-
ity exploration highlights how vaccination rate and immunity waning jointly shape persistence.
Because the method converts a nonlinear initial-value problem into a sequence of linear sys-
tems with a sparse structure, it is readily extensible to higher-dimensional or controlled models
and can be adapted to fractional or stochastic variants. These results indicate that Genocchi-
QLM is a fast, accurate, and scalable tool for solving nonlinear epidemiological systems and
for supporting data-informed analysis of anthrax control strategies.

AMS subject classifications (2020): 92D30; 65L05; 65L07; 65M70; 42C10.

Keywords: Anthrax Disease Model; Boundary Value Problems; Genocchi Quasilinearization
Method; Genocchi Polynomials; Numerical Methods.

1 Introduction

Bacillus anthracis is the bacterium that causes anthrax, an acute and often fatal zoonotic disease
that has been recognized for centuries as a major threat to both animal and human health [25, 30].
Both domestic and wild animals are affected by the disease, with herbivorous species such as
cattle, horses, sheep, goats, and antelopes being the most vulnerable due to their frequent contact
with contaminated soil, water, or vegetation. These animals have very low natural resistance to
anthrax, making it one of the most dangerous infectious diseases in the world [28, 36]. Bacillus
anthracis bacterium is a spore-forming, rod-shaped organism that can survive in soil for decades
under harsh environmental conditions; allowing repeated outbreaks in endemic regions. Infection
in animals occurs in a variety of ways, such as by consuming water or grass contaminated with
spores, inhaling spores while grazing, or coming into contact with carcasses of diseased animals
[10].

Humans are also susceptible to anthrax and can contract the disease through direct or
indirect contact with infected animals or their byproducts, including hides, wool, and meat [13].
Anthrax transmission occurs mainly through four well-recognized pathways [34]. Cutaneous
anthrax enters the body through cuts or abrasions in the skin and is the most common form;
although it is less deadly, untreated cases can still progress to systemic infection. Gastrointestinal
anthrax develops after the ingestion of raw or undercooked meat from infected animals and is
associated with severe abdominal pain, vomiting, and diarrhea, sometimes progressing rapidly to
systemic illness. Pulmonary anthrax, also known as inhalation anthrax, results from breathing in
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airborne spores and is the most dangerous form; even with treatment, it often has a high fatality
rate due to rapid progression to severe respiratory distress and septicemia. Injection anthrax,
the most recently identified form, occurs in people who inject contaminated drugs, leading to
severe soft-tissue infections and sepsis.

Clinically, anthrax symptoms vary according to the route of infection but often share com-
mon features, including fever, fatigue, and rapid deterioration in severe cases. Cutaneous anthrax
typically presents as a painless ulcer with a characteristic black eschar. Inhalation anthrax of-
ten begins with mild flu-like symptoms but quickly advances to respiratory failure if untreated.
Gastrointestinal anthrax may cause severe hemorrhagic gastroenteritis, while injection anthrax
is marked by extensive tissue damage and systemic toxicity. Globally, anthrax remains a signifi-
cant public health and veterinary concern, particularly in Sub-Saharan Africa, parts of Asia, and
some regions of North America where the bacteria are endemic in the soil. In recent decades,
outbreaks in animal populations have been documented in several countries. In South Africa’s
Kruger National Park, for instance, the number of roan antelope plummeted from 450 to just
45 due to recurring anthrax outbreaks [11, 6]. In Tanzania, outbreaks have caused the deaths
of 10 cattle, 26 goats, 3 sheep, and 131 wild animals, in addition to 21 humans suspected to
the infection in a single season [22]. Human outbreaks have also been reported; in the Kiliman-
jaro region, 36 individuals were hospitalized after consuming anthrax-contaminated beef [26].
Tragically, in Arusha, eight of the 134 infected individuals succumbed to the disease, and in
Dar es Salaam, six of the 22 infected patients died [26]. In Northern Canada, nine separate
anthrax epidemics in bison populations were reported between 1962 and 1993, underscoring the
persistent environmental reservoirs of the pathogen [7]. These examples highlight the enduring
global presence of anthrax and the critical need for surveillance, rapid diagnosis, and effective
vaccination programs to control its spread. Therefore, mathematical modeling plays a crucial
role in predicting the spread of the disease and in understanding its complex dynamics, making
it an essential tool for effective analysis and control strategies. The main modes of transmission
of the anthrax in humans and animals can be seen in Figure 1.

Over the years, a number of mathematical models have been presented to explain how an-
thrax spreads among animals. Mushayabasa [24] created the first basic model of the dynamics
of anthrax disease transmission, which included three main compartments: Pathogens, Con-
tamination, and Susceptible. However, in this initial model, the role of infectious animals as
a major contributor to the spread of anthrax was not addressed. Building on this foundation,
Sabir and Simbawa [33] applied Bayesian regularization to develop a stochastic machine learning
approach that demonstrated the numerical performance of the anthrax disease system in animal
populations. In addition, Raza and Abdella [31] further examined the nonlinear dynamics of
anthrax transmission by incorporating delay effects to account for the incubation period mech-
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Figure 1: Modes of transmission of anthrax.

anism, providing deeper insights into the stability and progression of the disease. Also, Alfwzan
et al. [2] introduced an unconventional computational methodology aimed at improving the
accuracy of model predictions, evaluating potential control strategies, and identifying critical
parameters that drive the dynamics of stochastic anthrax epidemics. Bylaiah et al. [3] utilized
advanced machine learning techniques to create a predictive model for assessing anthrax risk,
demonstrating how variations in environmental factors such as precipitation levels can influence
disease outbreaks.

On the other hand, Helikumi, Lolika, and Mushayabasa [12] highlighted the significance of
the basic reproduction number and its implications in simulating and understanding a wide range
of infectious diseases, including anthrax. Mackey and Kribs [23] investigated the modeling of
disease spread among zebra populations, providing valuable insights into the spatial and tempo-
ral patterns of anthrax transmission in wildlife. A proposition of a novel framework to evaluate
the effectiveness of public health strategies for anthrax prevention, integrating decision-making
processes related to health security have been proposed by Chen et al. [4]. Stella et al. [35]
developed an SIR-based model to describe the transmission dynamics of anthrax within animal
communities. Croicu [5] proposed the IACN model, which incorporated compartments repre-
senting infected animals, carcasses, and environmental reservoirs to better capture the ecological
complexity of herbivore anthrax transmission. Osman, Makinde, and Theuri [28] provided an
enhanced mathematical analysis of anthrax dynamics, offering qualitative insights and valuable
implications for disease forecasting and control measures. Van den Driessche [37] emphasized
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the importance of mathematical modeling as a critical tool for understanding the spread and
control of infectious diseases, including anthrax.

Pantha, Day, and Lenhart [29] explored optimal control strategies within their mathematical
framework, identifying approaches to effectively manage anthrax outbreaks through targeted
interventions. Roy, van den Driessche, and Yakubu [32] developed a model to investigate how
the growth and persistence of Bacillus anthracis spores in the environment affect fluctuations
in susceptible animal populations. In addition, Kar and Batabyal [20] incorporated optimal
control theory into their analysis of a nonlinear SIR epidemic model, emphasizing the role of
vaccination as a key component in reducing the burden of the disease. Oh et al. [27] presented
an analysis of a mathematical model specifically focused on gastrointestinal anthrax, shedding
light on the transmission mechanisms and potential intervention strategies for this form of the
disease. Finally, Karginov et al. [21] examined therapeutic approaches, modeling the combined
effects of ciprofloxacin and antibody treatments in controlling bacterial growth and improving
recovery outcomes.

Building on previous studies that develop models to analyze the transmission dynamics
of anthrax, this work introduces a numerical approach that leverages the synergy between the
Genocchi polynomials framework and the quasilinearization method (QLM). Earlier models in the
literature have offered valuable insights into anthrax epidemiology using deterministic, stochastic,
or optimal control frameworks. However, these models often rely on traditional numerical solvers
and do not fully exploit advanced approximation techniques capable of handling nonlinearities
with high accuracy and stability. Motivated by these gaps, our study presents a refined and
computationally efficient framework that not only enhances the accuracy of solutions but also
provides a robust foundation for sensitivity and control analysis of anthrax disease dynamics.

The main contributions and novelty of this work can be summarized as follows:

1. A complete analyze of an extended four-compartment anthrax transmission model, incor-
porating the interactions between susceptible, infected, recovered, and vaccinated animal
populations, while capturing key biological processes such as disease-induced mortality,
immunity waning, and demographic effects.

2. A hybrid Genocchi-quasilinearization method (Genocchi-QLM) is proposed, which is a
numerical scheme that transforms the nonlinear system into a sequence of linear systems
efficiently approximated by shifted Genocchi polynomials. To the best of our knowledge,
this approach has not been previously applied to anthrax epidemiological models.
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3. A rigorous convergence and error analysis is conducted, theoretically establishing the
uniform convergence of the method and validating its accuracy through a residual error
function technique.

4. We perform an extensive comparative validation to ode45, demonstrating the accuracy,
efficiency, and stability of the Genocchi-QLM in capturing the dynamics of the model.

5. Real-world validation of the results confirms the ability of the method to provide highly
accurate and reliable outcomes for the simulations.

6. Through comprehensive numerical experiments, we investigate the sensitivity of the sys-
tem to key parameters, providing insights into the impact of vaccination strategies, re-
covery rates, and immunity waning on disease persistence and control.

The organization of this paper is as follows: In section 2, we present the mathematical model
of anthrax disease in animals and define the underlying assumptions. Section 2 provides a review
of Genocchi polynomials and then the shifted Genocchi polynomials with the error analysis. In
addition to discussing the QLM for the anthrax model, section 4 presents the Genocchi colloca-
tion method, which is based on the quasilinearization approach with residual error. Numerical
simulation results are presented in section 5, emphasizing the impact of significant parameters
on disease control and transmission. At last, a conclusion to the paper is presented in section 6.

2 Model formulation

In this section, we need to construct a nonlinear mathematical model of the anthrax disease
model in animals. To formulate the proposed model, let us subdivide the total number of
population N(t) at time t into four mutually exclusive classes such as: S(t), which represents
the number of susceptible animals that are at risk of contracting anthrax, while I(t) denotes the
infected animals exhibiting clinical symptoms of the disease. The R(t) compartment accounts
for recovered animals that have survived infection and acquired temporary or partial immunity.
The final compartment, V (t), represents the vaccinated animal population, which has gained
immunity through preventive vaccination programs. Thus, the final model can be considered as
follows [33, 9]:
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dS(t)

dt
= η − αI(t)S(t)− (β + γ)S(t) + εV (t) + θR(t),

dI(t)

dt
= αI(t)S(t)− (β + µ+ λ)I(t),

dR(t)

dt
= λI(t)− (β + θ)R(t),

dV (t)

dt
= γS(t)− (β + ε)V (t),

(1)

with the initial conditions

S(0) = S0, I(0) = I0, R(0) = R0, V (0) = V0. (2)

The description of the parameters of the model is given in Table 1, while Figure 2 represents
the flowchart diagram of the anthrax disease model. In the next section, we will provide the

Table 1: Declaration of parameters for the anthrax disease model.
Parameters Description

η Rate of recruitment
α Rate of contact
β Rate of natural death
γ Rate of vaccination
θ The waning rate of recovery
ε The waning immunity rate of vaccinated animals
µ Rate of induced-disease death
λ The recovery rate of animals

fundamentals of the Genocchi polynomials.

3 Fundamentals of Genocchi polynomials

In this section, we first demonstrate the overview of Genocchi polynomials with significant prop-
erties on the interval [0, 1]. Then, we shift the interval to general form [0, b] to get the modified
Genocchi polynomials and present the error analysis.

3.1 Fundamental features of Genocchi polynomials

The Genocchi polynomials and the Genocchi numbers can be defined by the generating functions
as follows [15, 8]:
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Figure 2: The flowchart for the anthrax disease model.

2xexτ

ex + 1
=

∞∑
q=0

Gq(τ)
xq

q!
, (|x| < π), (3)

2x

ex + 1
=

∞∑
q=0

Gq
xq

q!
, (|x| < π). (4)

Definition 1. The Genocchi polynomials Gq(τ) of degree q on the interval [0, 1] are defined as
follows:

Gq(τ) =

q∑
k=0

(
q

k

)
Gk τ

q−k, (5)

where Gk represents the Genocchi numbers, which are connected with Bernoulli numbers in the
following way:

Gq = 2(1− 2q)Bq, q > 1. (6)

The following equations are some of the many interesting characteristics of the Genocchi poly-
nomials:

d

dτ
Gq(τ) = q Gq−1(τ), q ≥ 1, (7)

Iran. J. Numer. Anal. Optim., Vol. 16, No. 3, 2026, pp 1133–1160



1141 Quasilinearized Genocchi-Polynomial Collocation for Efficient Simulation of a Nonlinear SIRV ...

Gq(τ + 1) +Gq(τ) = 2 q τ q−1, q ≥ 1, (8)

Gq(1) +Gq(0) = 0, q > 1. (9)

Let us represent the (Q+ 1) vector of Genocchi polynomials by

GQ(τ) =
[
G1(τ) G2(τ) . . . GQ+1(τ)

]
. (10)

We can deduce from this representation the following lemma.

Lemma 1. The mathematical matrix representation for GQ(τ) satisfies

GQ(τ) = ∆Q(τ)M , (11)

where
∆Q(τ) =

[
1 τ τ2 . . . τQ

]
,

and

M =



(
1
1

)
G1

(
2
2

)
G2

(
3
3

)
G3 . . .

(
Q
Q

)
GQ

(
Q+1
Q+1

)
GQ+1

0
(
2
1

)
G1

(
3
2

)
G2 . . .

(
Q
Q−1

)
GQ−1

(
Q+1
Q

)
GQ

0 0
(
3
1

)
G1 . . .

(
Q
Q−2

)
GQ−2

(
Q+1
Q−1

)
GQ−1

...
...

... . . . ...
...

0 0 0 . . .
(
Q
1

)
G1

(
Q+1
2

)
G2

0 0 0 . . . . . .
(
Q+1
1

)
G1


(Q+1)×(Q+1)

. (12)

3.2 Modified Genocchi polynomials on the interval [0, b]

The approximate solution of function for interval [0, 1] in terms of Genocchi polynomials is
expressed as

ΨQ(τ) =

Q+1∑
k=1

φkGk(τ), τ ∈ [0, 1]. (13)

To obtain the shifted version of Genocchi polynomials, we replace τ by t/b in the matrix GQ(τ).

Definition 2. The shifted Genocchi polynomials on [0, b] is defined via relation

GQ(t) = ∆Q(t)M , t ∈ [0, b], (14)
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where
∆Q(t) =

[
1 t/b (t/b)2 . . . (t/b)Q

]
, (15)

so the approximate solution of the function on the interval [0, b] is given by

ΨQ(t) =

Q+1∑
k=1

φkGk(t), t ∈ [0, b]. (16)

3.3 Error analysis on the interval [0, b]

In this section, we expand the error analysis of the Genocchi polynomials approximation from the
unit interval [0, 1] to a broad finite interval [0, b], where b > 0. Assume first that the approximated
function g(t) is an arbitrary element of H = L2[0, b] and

Π = span{G1(t), G2(t), . . . , GQ+1(t)} ⊂ H,

where {Gk(t)}Q+1
k=1 denotes the shifted Genocchi polynomials on [0, b]. We can state that g(t) has

a unique best approximation g∗(t) in the space Π such that for all Ψ(t) ∈ Π,

∥g(t)− g∗(t)∥2 ≤ ∥g(t)−Ψ(t)∥2 . (17)

Since g∗(t) ∈ Π, there exists a unique set of coefficients {φk}Q+1
k=1 such that

g(t) ∼= g∗(t) =

Q+1∑
k=1

φkGk(t) = G(t)Φ,

where Φ =
[
φ1 φ2 . . . φQ+1

]T
, G(t) =

[
G1(t) G2(t) . . . GQ+1(t)

]
. The following lemma is

required in order to determine the values of the coefficients.

Lemma 2. Assume that g ∈ CQ[0, b] can be approximated by the Genocchi series
∑Q+1
k=1 φkGk(t).

Then the unknown coefficients {φk}Q+1
k=1 satisfy

φk =
1

2(k!)

(
g(k−1)(0) + g(k−1)(b)

)
.

Proof. The result follows from the properties of Genocchi polynomials in (8) and (9) for the
interval [0, b]. Please refer to [14] for proof.
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Lemma 3. Suppose that g(t) ∈ C(k+1)[0, b] with k ≤ Q and thatΠ = span{G1(t), G2(t), . . . , GQ+1(t)}.
If G(t)Φ is the best approximation of g(t) from Π in the L2-norm, then

∥ξQ+1(g)∥ ≤ b
2k+3

2 Θ

(k + 1)!
√
2k + 3

,

where
ξQ+1(g) = g(t)−G(t)Φ, Θ = max

t∈[0,b]
|g(k+1)(t)|.

Proof. In order to observe this, we set

Ψ1(t) = g(0) + tg′(0) +
t2

2!
g′′(0) + · · ·+ tk

k!
g(k)(0).

It is evident from Taylor’s expansion that

|g(t)−Ψ1(t)| ≤
∣∣∣g(k+1)(ξt)

∣∣∣ (t)k+1

(k + 1)!
,

where ξt ∈ [0, b]. Since G(t)Φ is the best approximation of g(t) out of Π and Ψ1(t) ∈ Π, then
from (17), we have

∥g(t)−G(t)Φ∥2L2
≤ ∥g(t)−Ψ1(t)∥2L2

=

∫ b

0

|g(t)−Ψ1(t)|2dt

≤
∫ b

0

|g(k+1)(ξt)|2
(

tk+1

(k + 1)!

)2

dt

≤ b2k+3 Θ2

((k + 1)!)2 (2k + 3)
.

When we take square roots of both sides, we get

∥g(t)−G(t)Φ∥ ≤ b
2k+3

2 Θ

(k + 1)!
√
2k + 3

;

this complete the proof.

4 Quasilinearization technique

In this section, we will cover the main concept and steps of the recommended QLM. The goal of
the QLM is to convert the original nonlinear model (1) into a set of linear equations. The Genoc-
chi collocation method will next be applied to the linearized models that have been produced.
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Here, we briefly outline the basic concepts that allow the QLM to solve our model problems;
refer to [18, 16, 38, 1, 17] for more in-depth discussions and applications. Let us examine the
nonlinear form (1), which represents the standard formulation of our model. To solve the system
of equations (1), we need to first restate the anthrax disease model as

Υ̇(t) = H(t,Υ(t)), (18)

where

Υ̇(t) =


Ṡ(t)

İ(t)

Ṙ(t)

V̇ (t)

 , Υ(t) =


S(t)

I(t)

R(t)

V (t)

 ,

H(t,Υ(t)) =


η − αI(t)S(t)− (β + γ)S(t) + θR(t) + εV (t)

αI(t)S(t)− (β + µ+ λ)I(t)

λI(t)− (β + ε)R(t)

γS(t)− (β + θ)V (t)

 .
Next, select an initial approximation Υ0(t) for Υ(t). Then, the QLM iteration for (18) is defined
as follows:

Υ̇ψ+1(t) = H(t,Υψ(t)) + (Υψ+1(t)−Υψ(t))HΥ(t,Υψ(t)), ψ = 0, 1, . . . , (19)

with the initial conditions as mentioned in (2). The functional derivatives of H(t,Υ(t)) are
demonstrated by the (4 × 4) Jacobian matrix of anthrax system (18). The following linearized
model form is produced after the QLM approach is applied to the nonlinear model (18) as follows:

Υ̇ψ+1(t) +Eψ(t)Υψ+1(t) = Σψ(t), ψ = 0, 1, . . . , (20)

where

Eψ(t) =


αIψ(t) + β + γ αSψ(t) −θ −ε

−αIψ(t) −αSψ(t) + β + µ+ λ 0 0

0 −λ β + θ 0

−γ 0 0 β + ε

 ,

Σψ(t) =


η + αSψ(t)Iψ(t)

−αSψ(t)Iψ(t)
0

0

 ,
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with the initial conditions given by

Υψ+1(0) =


Sψ+1(0)

Iψ+1(0)

Rψ+1(0)

Vψ+1(0)

 =


S0

I0

R0

V0

 . (21)

Therefore, we solve the quasilinear model (20) using the Genocchi collocation method instead of
solving the original model (1). The last method is called Genocchi-QLM.

4.1 Genocchi-QLM

Here, we aim to solve the system of linearized initial-value problems in (20) and (21) on the
interval [0, b] using Genocchi-QLM. To continue, we suppose that the truncated Genocchi poly-
nomials series form (16) can be used to express the solutions of model (20). At iteration ψ ≥ 0,
these approximations can be written as follows:

Sψ+1
Q (t) =

Q+1∑
k=1

φψk,1Gk(t) = GQ(t)Φ
ψ
Q,1,

Iψ+1
Q (t) =

Q+1∑
k=1

φψk,2Gk(t) = GQ(t)Φ
ψ
Q,2,

Rψ+1
Q (t) =

Q+1∑
k=1

φψk,3Gk(t) = GQ(t)Φ
ψ
Q,3,

V ψ+1
Q (t) =

Q+1∑
k=1

φψk,4Gk(t) = GQ(t)Φ
ψ
Q,4,

(22)

where Φψ
Q,υ represents the vectors of unknown coefficients associated with each approximate

solution and is given by

Φψ
Q,υ =

[
φψ1,υ φ

ψ
2,υ . . . φ

ψ
Q+1,υ

]T
, υ = 1, 2, 3, 4.

The representation of GQ(t) in (14) enables us to reconstruct the relations in (22) as follows:

Sψ+1
Q (t) = ∆Q(t)M Φψ

Q,1, Iψ+1
Q (t) = ∆Q(t) M Φψ

Q,2,

Rψ+1
Q (t) = ∆Q(t)M Φψ

Q,3, V ψ+1
Q (t) = ∆Q(t)M Φψ

Q,4.
(23)
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Next, we deduce the first derivative of approximate solutions in (23) by the following relations:

Ṡψ+1
Q (t) = ∆Q(t)DM Φψ

Q,1, İψ+1
Q (t) = ∆Q(t)DM Φψ

Q,2,

Ṙψ+1
Q (t) = ∆Q(t)DM Φψ

Q,3, V̇ ψ+1
Q (t) = ∆Q(t)DM Φψ

Q,4,
(24)

where D is the differentiation matrix of Genocchi polynomials and is defined as follows:

D =
1

b



0 2 0 · · · 0

0 0 3 · · · 0
...
...
... . . .

...
0 0 0 · · · Q+ 1

0 0 0 · · · 0


(Q+1)×(Q+1)

. (25)

Now, we are interested in the matrix representations of Υψ+1(t) and Υ̇ψ+1(t) in (20). So we
have the following matrix representations:

∆̄Q(t) =


∆Q(t) 0 0 0

0 ∆Q(t) 0 0

0 0 ∆Q(t) 0

0 0 0 ∆Q(t)

 , Φ̄ψ
Q =


Φψ
Q,1

Φψ
Q,2

Φψ
Q,3

Φψ
Q,4

 ,

M̄ =


M 0 0 0

0 M 0 0

0 0 M 0

0 0 0 M

 , D̄ =


D 0 0 0

0 D 0 0

0 0 D 0

0 0 0 D

 .
(26)

Then, the approximate solutions Υψ+1(t) and Υ̇ψ+1(t) can be expressed in matrix forms as
follows:

Υψ+1(t) = ∆̄Q(t)M̄ Φ̄ψ
Q, Υ̇ψ+1(t) = ∆̄Q(t) D̄ M̄ Φ̄ψ

Q. (27)

By using the collocation points defined as

ti =
i b

Q
, i = 0, 1, . . . , Q, (28)

in linear model (20), we obtain

Υ̇ψ+1(ti) +Eψ(ti)Υψ+1(ti) = Σψ(ti), i = 0, 1, . . . , Q, (29)
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which can be simplified as follows:

˘̇Υψ+1 + Ĕψ Ῠψ+1 = Σ̆ψ, (30)

where

˘̇Υψ+1 =


Υ̇ψ+1(t0)

Υ̇ψ+1(t1)
...

Υ̇ψ+1(tQ)

 , Ĕψ =


Eψ(t0) 0 · · · 0

0 Eψ(t1) · · · 0
...

... . . . ...
0 0 · · · Eψ(tQ)

 ,

Ῠψ+1 =


Υψ+1(t0)

Υψ+1(t1)
...

Υψ+1(tQ)

 , Σ̆ψ =


Σψ(t0)

Σψ(t1)
...

Σψ(tQ)

 .

For the matrix representation of Ῠψ+1 and Ῠψ+1, we need the following lemma.

Lemma 4. The matrices Ῠψ+1 and Ῠψ+1, produced from using collocation points (28) in
Υψ+1(ti) and Υ̇ψ+1(ti), can be constructed as follows:

Ῠψ+1 = ∆̆Q M̄ Φ̄ψ
Q,

˘̇Υψ+1 = ∆̆Q D̄ M̄ Φ̄ψ
Q, (31)

where

∆̆Q =


∆̄Q(t0) 0 · · · 0

0 ∆̄Q(t1) · · · 0
...

... . . . ...
0 0 · · · ∆̄Q(tQ)

 . (32)

By using (31) into (29), we obtain the matrix form of the linear model as follows:

∆̆Q D̄ M̄ Φ̄ψ
Q + Ĕψ ∆̆Q M̄ Φ̄ψ

Q = Σ̆ψ, (33)

which can be rewritten in the form:

Ξψ+1 Φ̄
ψ
Q = Σ̆ψ, or [Ξψ+1; Σ̆ψ], (34)

where
Ξψ+1 = ∆̆Q D̄ M̄ + Ĕψ ∆̆Q M̄ .
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At last, the matrix representation of the initial conditions, given in (2), is produced when tending
t→ 0 in (27) as follows:

∆̄Q(0)M̄ Φ̄ψ
Q = Bψ+1

0 , (35)

where Bψ+1
0 is given in (21). After approximate the initial solution of model Υ0(t), we replace

the first four rows of (34) with (35) to obtain the new augmented matrix

[Ξ̊ψ+1; Σ̊ψ]. (36)

By solving this system of linear equations, we obtain the unknown coefficients Φψ
Q, which are

used to gain the four approximations of the anthrax disease model in (1).

4.2 Residual error functions

In this subsection, we further validate the results by calculating the residual error for the model
(1). Validating the accuracy of the provided collocation technique is essential in this case. Let
Resψ+1

Q (t) represent the residual error function. As a result, we obtain

Resψ+1
S,Q (t) = |Ṡψ+1

Q (t)− η + αIψ+1
Q (t)Sψ+1

Q (t) + (β + γ)Sψ+1
Q (t)− θRψ+1

Q (t)

− εV ψ+1
Q (t)| ∼= 0,

Resψ+1
I,Q (t) = |İψ+1

Q (t)− αIψ+1
Q (t)Sψ+1

Q (t) + (β + µ+ λ)Iψ+1
Q (t)| ∼= 0,

Resψ+1
R,Q (t) = |Ṙψ+1

Q (t)− λIψ+1
Q (t) + (β + θ)Rψ+1

Q (t)| ∼= 0,

Resψ+1
V,Q (t) = |V̇ ψ+1

Q (t)− γSψ+1
Q (t) + (β + ε)V ψ+1

Q (t)| ∼= 0,

(37)

where ψ = 0, 1, . . . , 5. Indeed, at the collocation points specified in (28), the residual error
function Resψ+1

Q (t) becomes zero. As a result, we anticipate that as Q increases, the residual
error Resψ+1

Q (t) converges to zero, ensuring that the approximate solution becomes increasingly
accurate.
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5 Numerical simulations and validation

5.1 Numerical results

In this subsection, we present the numerical results for the nonlinear anthrax disease model in
animals, considering two cases. The suggested Genocchi-QLM is used to run the simulations,
proving the method’s effectiveness and dependability. To ensure the accuracy and consistency
of the results, MATLAB 2023 is used for all calculations and simulations.

Example 1. Consider the following values of parameters in the first case of the anthrax disease
model [33]:

η = 200, α = 0.0001, γ = 0.1, β = 0.001,

θ = 0.02, ε = 0.02, µ = 0.1, λ = 0.01,

where the initial conditions are

S(0) = 0.2, I(0) = 0.3, R(0) = 0.4, V (0) = 0.5.

In the iterated Genocchi-QLM procedure, by setting ψ = 5 and using Υ0(t) = 0 as the initial
approximation for the linearized system (20) with Q = 20 and a simulation time of b = 50, the
dynamics of the approximate solutions for the susceptible, infected, recovered, and vaccinated
populations are illustrated in Figures 3a, 4a, 5a, and 6a, respectively, with CPU time 20.648 sec.
For validation purposes, the results obtained from the classical ode45 solver in MATLAB are also
presented for comparison. As observed, the numerical solutions generated by the Genocchi-QLM
method exhibit an excellent agreement with those produced by ode45, confirming the reliability
and accuracy of the proposed approach. Furthermore, the corresponding residual errors for each
population class —susceptible, infected, recovered, and vaccinated— are depicted in Figures 3b,
4b, 5b, and 6b, respectively, demonstrating the high accuracy and convergence of the Genocchi-
QLM technique across all compartments.

From a physical perspective, the results reflect the expected epidemiological behavior of an-
thrax transmission. The susceptible population S(t) initially rises due to constant recruitment
(η = 200) before stabilizing as infection, recovery, and vaccination interact to balance the dy-
namics. The infected population I(t) steadily declines over time, driven by recovery (λ = 0.01)
and disease-induced mortality (µ = 0.1), highlighting the importance of control interventions to
reduce infection levels. The recovered population R(t) grows moderately, reflecting successful
recoveries, while waning immunity (θ = 0.02) allows some individuals to transition back into the
susceptible pool, sustaining a low-level risk of reinfection. Similarly, the vaccinated population
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V (t) increases rapidly in the early phase due to a relatively high vaccination rate (γ = 0.1)
before stabilizing, with waning immunity (ε = 0.02) gradually reintroducing a portion of vac-
cinated individuals into susceptibility. These trends collectively underscore the role of effective
vaccination strategies and the need for continuous monitoring to manage disease persistence in
animal populations.

(a) S5
20(t) and ode45 (b) Res5S,20(t)

Figure 3: The approximate and ode45 solutions of S(t) for Q = 20 (3a) and the residual error (3b) for ψ = 5

in Example 1.

Example 2. In the next case of the anthrax disease model, consider the following values of
parameters [9]:

η = 200, α = 0.0001, γ = 0.1, β = 0.001,

θ = 0.02, ε = 0.003, µ = 0.1, λ = 0.01,

where the initial conditions are

S(0) = 2000, I(0) = 100, R(0) = 300, V (0) = 500.

Figures 7a, 8a, 9a, and 10a, respectively, show the results of approximate solutions for S(t),
I(t), R(t), and V (t) obtained via the Genocchi-QLM method for Q = 20, simulation time b = 50,
and iterated QLM with ψ = 5. Additionally, the results obtained from the classical ode45 solver
are presented for validation. As observed, the approximate solutions generated by the Genocchi-
QLM approach show excellent agreement with those of ode45, confirming the accuracy and
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(a) I520(t) and ode45 (b) Res5I,20(t)

Figure 4: The approximate and ode45 solutions of I(t) for Q = 20 (4a) and the residual error (4b) for ψ = 5
in Example 1.

(a) R5
20(t) and ode45 (b) Res5R,20(t)

Figure 5: The approximate and ode45 solutions of R(t) for Q = 20 (5a) and the residual error (5b) for ψ = 5

in Example 1.

stability of the proposed numerical technique. The residual errors for susceptible, infected,
recovered, and vaccinated populations are shown in Figures 7b, 8b, 9b, and 10b with CPU time
20.113 sec, demonstrating the high precision and convergence behavior of the Genocchi-QLM
method.
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(a) V 5
20(t) and ode45 (b) Res5V,20(t)

Figure 6: The approximate and ode45 solutions of V (t) for Q = 20 (6a) and the residual error (6b) for ψ = 5

in Example 1.

From a physical perspective, the second example highlights more pronounced dynamic
changes compared to the first case, reflecting the impact of parameter adjustments on disease
transmission. The susceptible population S(t) initially increases but stabilizes at a lower level,
indicating stronger transmission or reduced vaccination coverage in this scenario. The infected
population I(t) displays a slower decline, suggesting either a reduced recovery rate or higher
persistence of infection, which emphasizes the importance of timely interventions and robust
treatment strategies. The recovered population R(t) grows at a faster rate than in the first
example, indicating that a significant portion of infected individuals eventually recover and gain
temporary immunity, though waning immunity (θ = 0.02) ensures a continuous flow back into the
susceptible pool. The vaccinated population V (t) also increases sharply at first, driven by a high
vaccination rate (γ = 0.1), but gradually declines over time due to immunity loss (ε = 0.003).
These dynamics collectively underline the importance of maintaining consistent vaccination ef-
forts and integrating strategies that account for immunity waning to achieve sustainable control
of anthrax outbreaks in animal populations.

5.2 Real world validation

In this subsection, we validate the performance and applicability of the proposed Genocchi-QLM
numerical framework by comparing the simulated results of the anthrax transmission model
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(a) S5
20(t) and ode45 (b) Res5S,20(t)

Figure 7: The approximate and ode45 solutions of S(t) for Q = 20 (7a) and the residual error (7b) for ψ = 5

in Example 2.

(a) I520(t) and ode45 (b) Res5I,20(t)

Figure 8: The approximate and ode45 solutions of I(t) for Q = 20 (8a) and the residual error (8b) for ψ = 5

in Example 2.

with real-world outbreak data. Figure 11 presents the reported number of anthrax cases and
corresponding fatalities collected from official epidemiological surveillance data spanning multiple
outbreak years form Minnesota and Kazakhstan [19]. These records, gathered from veterinary
and public health databases, reflect the dynamics of anthrax outbreaks in animal populations
under natural transmission conditions. To replicate the observed trends, we performed numerical
simulations of the nonlinear four-compartment model over the time interval using the Genocchi-
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(a) R5
20(t) and ode45 (b) Res5R,20(t)

Figure 9: The approximate and ode45 solutions of R(t) for Q = 20 (9a) and the residual error (9b) for ψ = 5
in Example 2.

(a) V 5
20(t) and ode45 (b) Res5V,20(t)

Figure 10: The approximate and ode45 solutions of V (t) for Q = 20 (10a) and the residual error (10b) for
ψ = 5 in Example 2.

QLM method with parameters both reported in the examples. As seen in Figure 11, there is a
clear agreement between the simulated dynamics of the infected cases I(t) and the actual case
data. The model accurately reproduces the initial rapid rise in the number of infected cases during
the early phases of each outbreak, followed by a gradual stabilization or decline due to recovery,
mortality, and intervention measures such as vaccination campaigns and quarantine protocols.
The validation results in Figure 11 highlight the practical applicability of the developed model
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and numerical scheme. This level of agreement reinforces the potential of the Genocchi-QLM
method to support decision-making in disease surveillance, risk assessment, and the design of
effective intervention strategies in endemic regions [19].

Figure 11: Comparison between the real-world outbreak data in Minnesota and Kazakhstan [19] and the
simulated anthrax transmission dynamics obtained using the Genocchi-QLM method.
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6 Conclusion

In this study, we developed and analyzed a nonlinear four-compartment anthrax transmission
model that captures the interactions between susceptible, infected, recovered, and vaccinated
animal populations. The Genocchi-QLM was introduced as a numerical approach, offering high
accuracy, stability, and rapid convergence when compared with the classical ode45 solver. The
integration of shifted Genocchi polynomials with the quasilinearization technique allowed the
construction of an efficient and scalable numerical framework, further validated through compre-
hensive error and convergence analyses. The validation of the proposed model against real-world
anthrax outbreak data is discussed. The close agreement between the simulated results and
empirical observations demonstrates the model’s ability to reliably capture the transmission and
control dynamics of anthrax in animal populations. This validation confirms that the proposed
approach is not only mathematically sound but also practically relevant for epidemiological anal-
ysis. Looking forward, the Genocchi-QLM framework can be extended to incorporate fractional-
order dynamics to account for memory effects, stochastic formulations to capture variability
in transmission and recovery, and integration with larger datasets for predictive modeling and
real-time risk assessment.
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