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Abstract

Stochastic gradient descent (SGD) algorithms are a cornerstone of large-scale optimization,
yet their application to problems with explicit constraints remains a significant challenge.
While methods based on relaxed barrier functions offer a promising alternative that avoids

computationally expensive projections, they often suffer from suboptimal convergence. Due to
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the inherent stochastic noise, their convergence stagnates at a certain level of accuracy, failing

to achieve the optimal rate.

This paper proposes Tailed-Average SGD (TA-SGD), a novel modification designed to re-
cover this optimal rate. Our algorithm integrates the classical Polyak—Ruppert averaging tech-
nique, but critically, it applies this averaging only after a predefined initial “burn-in” period

(Kburn)'

This “tailed” approach strategically discards the initial, high-error iterates from the tran-
sient phase, which we demonstrate can “poison” a naive averaging scheme applied from k = 0.
We provide a rigorous theoretical analysis proving that TA-SGD achieves the best of both
worlds: It preserves the almost sure convergence guarantees of the baseline method, while si-
multaneously succeeding in noise cancellation to achieve the optimal mean squared error (MSE)
rate of O(1/K).

Our numerical experiments on a large-scale quadratic program validate these theoretical
claims, demonstrating that TA-SGD successfully overcomes this stagnation. It significantly
outperforms both the baseline algorithm (which stagnates) and the naive full-averaging scheme

(which converges prohibitively slowly).

AMS subject classifications (2020): Primary 90C15, 90C25; Secondary 49M30, 65K05, 68T05.

Keywords: Constrained optimization, Polyak—Ruppert averaging, Adaptive barrier function,

Stochastic gradient descent, Optimal rate.

1 Introduction

Stochastic gradient descent (SGD) and its variants have become cornerstone algorithms in mod-
ern large-scale optimization, driving progress in fields ranging from machine learning to net-
worked systems [1, 13, 24]. These methods are fundamentally rooted in the pioneering work on

stochastic approximation by Robbins and Monro [16].

While SGD is exceptionally efficient for unconstrained problems [7], its application to con-
strained optimization remains an active area of research [19]. Many classical approaches require
full knowledge of the constraint set at each iteration, often necessitating computationally expen-

sive projection steps that are prohibitive when the number of constraints is very large [21].

To overcome this challenge, recent methods have been developed that rely on sampling only
a subset of constraints. These include methods based on penalty functions [11, 22] or primal-
dual approaches [23]. A particularly promising direction, however, is the Adaptive Relaxed

Barrier SGD algorithm proposed by Dimitrieski, Cao, and Ebenbauer [4]. This approach avoids
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expensive projections by using a carefully adapted relaxed barrier function [6, 5], and it allows
for sampling both the objective function and the constraints.

While this baseline algorithm is guaranteed to converge almost surely [4], our investigation
reveals a critical limitation: Its convergence stagnates at a suboptimal level. Due to the inherent
stochastic noise, the algorithm fails to achieve the optimal convergence rate.

To address these limitations, this paper proposes tailed-average SGD (TA-SGD).

Contributions and Novelty.

It is important to distinguish our contribution from the baseline work of Dimitrieski, Cao, and
Ebenbauer [4]. While they established the almost sure convergence of the adaptive relaxed
barrier SGD, their analysis and experiments show that the algorithm suffers from variance-
induced stagnation, preventing it from reaching the optimal O(1/K) rate. Our work differs in

two key aspects:

1. Algorithmic Modification: We introduce a “Tailed-Averaging” mechanism with a
strictly defined burn-in phase (Kpyrrn). Unlike the standard Polyak—Ruppert averaging
[15] applied from the start (which we show fails due to the “poisoning effect” of transient

iterates), our approach specifically targets the post-transient phase.

2. Theoretical Guarantee: We provide a rigorous proof (Section 3) demonstrating that
this modification recovers the optimal convergence rate established by Polyak and Juditsky

[15] and reduces the asymptotic variance, a result not achieved in the baseline work [4].

Our numerical experiments on a large-scale quadratic program validate these theoretical
claims, demonstrating that TA-SGD successfully overcomes the stagnation and significantly out-

performs both the baseline algorithm and the naive full-averaging scheme.

2 Proposed algorithm: Tailed-average SGD

In this section, we introduce our proposed algorithm, named TA-SGD (Tailed-average
SGD). This algorithm is designed to efficiently solve large-scale constrained optimization prob-
lems by combining the adaptive relaxed barrier method of Dimitrieski, Cao, and Ebenbauer [4],
with the optimal-rate acceleration technique of Polyak—Ruppert averaging [15].

The core idea is to first use the Adaptive Relaxed Barrier SGD [4] to generate a “primary

iterate” (zj) that handles constraints stochastically. Then, to achieve an optimal convergence
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rate and overcome the high-variance “stagnation” issue inherent in standard SGD, we apply the

Polyak—Ruppert averaging technique, but only after an initial “burn-in” period.

2.1 Problem formulation and assumptions

The objective is to solve the following constrained optimization problem:

1 n
feli%% f(z) = - ;fl(x) subject to g;(z) <0, forallje{l,...,m}, (1)

where we assume that the objective functions f; and constraint functions g; are continuously
differentiable (C!) functions. We adopt the following standard assumptions, with mathematical

formulations that are common in this field [3, 2, 18]:

Assumption 1 (Objective function properties). The objective function f and its components

fi are assumed to possess the following properties for constants L > 6 > 0 and for any z,y € R%:

1. L-Smoothness: Each component f;(z) is L-smooth, meaning its gradient is Lipschitz

continuous with constant L:
T L 2
fily) < file) + Vfi(2)" (y —2) + S lly — []".
2. Convexity: Each component f;(z) is convex:

fily) = filz) + V()" (y — ).

3. Strong Convexity: We assume that at least one component function f;(z) is #-strongly

convex. Consequently, the average function f(x) is strongly convex with parameter 6:
T 4 2
Fy) 2 f(z) + VF@) (y —2) + Sy — 2l

These assumptions, although restrictive, are not uncommon in convergence proofs for gradient-

based optimization algorithms; see [2, 4, 13].

Assumption 2 (Constraint functions). The constraint functions g;(z) are affine, defined as

follows:

gj(z) == a;‘-Fx + b5,
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731 Tailed-Average SGD: A Polyak—Ruppert modification for optimal-rate constrained optimization

where a; € R? and b; € R. The feasible set X := {x € R?: g;(z) < 0, for all j} is assumed to
have a nonempty interior, which is a fundamental condition for applying barrier-based methods
[2, 6]

Remark 1 (Extension to nonaffine constraints). It is important to note that while our formal
convergence analysis (Theorem 1) relies on the affine nature of g;(z) to guarantee the quadratic
upper bound of the barrier function, the proposed TA-SGD framework is theoretically extensible
to general convex constraints. As discussed in the foundational framework [4], Assumption 2 can
be relaxed to include any continuously differentiable (C') convex functions, provided that the
iterates {xy} are ensured to remain bounded (e.g., via projection onto a large compact set). The
“tailed-averaging” mechanism we propose is particularly beneficial in such nonaffine settings, as

it effectively dampens the higher variance introduced by the curvature of nonlinear constraints.

Assumption 3 (Stochastic sampling). At each iteration k, an objective index i, ~U{1,...,n}
and a constraint index ji ~ U{1,...,m} are sampled independently and uniformly at random.
This uniform distribution is chosen to ensure that the stochastic gradients are unbiased estimators
of the true gradients, thereby satisfying the standard assumptions for SGD algorithms [16]. This

is demonstrated by the following equations:

1. For the objective function: The expected value of the sampled stochastic gradient is

equal to the true gradient of the full function [4, 16]:

E[V fi, (x Zsz = V().

2. For the barrier function: The expected value of the sampled stochastic gradient of the

barrier function equals the average effect of the gradients over all constraints [4]:

m

1
[VB(g]k E Z g]

Before describing the algorithm, we formally define the “Relaxed Problem?” associated
with the barrier parameter §. It is the unconstrained minimization of the objective function

augmented by the relaxed barrier:

1 m
min — E
zERI m —
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Let 2*(§) denote the unique minimizer of this relaxed problem. Our goal is to verify convergence

to 2*(0s0 ), which serves as an approximation of the true constrained solution z*.

2.2 Proposed method: Tailed trajectory averaging

To address the high-variance and suboptimal convergence rate of the baseline method [4], we
introduce a novel modification inspired by the classical work on optimal-rate stochastic approx-
imation [15]. We term our algorithm TA-SGD.

The core idea is to apply the Polyak—Ruppert averaging technique, which is known to achieve
an optimal convergence rate [15], but only after the algorithm has completed an initial “burn-
in” period.

Our investigation reveals that a naive application of averaging starting from k = 0 fails (see
section 4). This is because the initial iterates zj are in a rapid transient phase, far from the
optimal solution. Including these distant iterates in the average “poisons” the estimate, pulling

it away from the true minimizer and drastically slowing convergence.

Conceptual Diagram of Tailed-Average SGD (TA-SGD)

Primary Iterate (xi)
— Tailed-Average Iterate (X)

Phase 1: Burn-in Phase 2: Averaging
(Transient Phase) (Stationary Phase)

0 4
10 X converges to a noisy region

Error ||x — x*||, (Log Scale)

X starts computing and
converges at optimal rate

Kbum(500)

k=

1060 1560 20‘00 25‘00 30‘00 3500
Iteration (k)

o

Figure 1: Conceptual diagram of the proposed TA-SGD mechanism. Phase 1 (Burn-in) allows the primary
iterate zj (blue, dashed) to reach a stationary region. Phase 2 (Averaging) begins at Kpyprn, computing Ty,
(green, solid), which converges at an optimal rate with low variance.

Our TA-SGD method avoids this by decoupling the optimization into two phases. First,

a “burn-in” phase of Kjy iterations allows the primary iterate xj to escape the transient
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733 Tailed-Average SGD: A Polyak—Ruppert modification for optimal-rate constrained optimization

dynamics and settle into a neighborhood of the optimum 2*(d,). Second, an “averaging” phase

begins, which systematically cancels the stochastic noise from sampling f; and g;.

This two-phase process is illustrated conceptually in Figure 1. The diagram shows how the
primary iterate (zx) converges to a high-variance stagnation region (Phase 1), while the tailed-
average iterate (Ty) only begins computation after the burn-in period (Kpyrn) and converges

smoothly to the optimal solution with low variance (Phase 2).

This leads to our proposed TA-SGD update rule, which is defined by two sequences: the

primary iterate xj and the averaged iterate Ty.

1. Primary iterate update (from [4]): The primary iterate xj, follows the original Adap-
tive Relaxed Barrier SGD update:

Tpp1 = ok — Yk (Vi (21) + VB(gj, (1), k) - (2)

2. Tailed-average iterate update (our contribution): The final solution T is com-

puted as a conditional average, which is only active after the burn-in period Kpypn:

Thk41 if k < Kpurn,

3)

Tpy1 =
1 — 1 .
(1 B k—Kburn-‘rl) Tk + k—Rpurn+1 L kt1 itk > Kyurn-

The final output of the algorithm is the averaged sequence Tj. By waiting for the transient
phase to complete, this update rule ensures that only high-quality iterates contribute to the final

average, thereby achieving a low-variance solution and an optimal theoretical convergence rate.

2.3 Adaptive strategy for Ky, selection

A key practical question is how to determine the length of the burn-in period Ky, While
adaptive schemes for detecting stationarity exist in the literature [14], we provide a theoretical

heuristic based on the nonasymptotic analysis of Polyak—Ruppert averaging.

According to [12], the error in SGD consists of two terms: a bias term related to the initial
condition xg, and a variance term related to the stochastic noise. The bias term decays geomet-
rically at a rate of approximately (1 —~#)* during the initial phase. To ensure that the iterates
have “forgotten” the starting point and entered the steady-state regime (where averaging is most
effective), the bias should be reduced to a small tolerance €;,;;. This suggests that Ky, should

satisfy
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1 1
(1 —40) v <€t = Kpurn ~ — log ( > )
70 €init

Recognizing that the convergence speed is dictated by the condition number x = L/#, this leads

1 L 1
Kbu,.n:O<Hlog< )) :(’)<1og< ))
€init 0 €init

Remark on adaptivity: This formula defines an adaptive mechanism where the burn-in pe-

to the heuristic:

riod scales automatically with the problem’s condition number x = L/6. Instead of being set
as an arbitrary fixed hyperparameter, Kp,,, adapts to the optimization landscape’s geometry,
ensuring the averaging phase begins only after the specific transient dynamics of the problem
have subsided.

For a detailed mathematical derivation of this heuristic, we refer the reader to Appendix C.

2.4 TA-SGD algorithm specification

The complete procedure for our proposed TA-SGD algorithm is detailed in Algorithm 1. The
logic follows the two-phase process defined in Section 2.2, combining the primary iterate update

(2) with the conditional averaging update (3).

3 Convergence analysis

In this section, we provide the formal proof of almost sure convergence for the proposed TA-
SGD algorithm (Algorithm 1). This proof establishes that the algorithm’s output converges to
the correct solution. The analysis of its “rate” of convergence (i.e., its speed and superiority) is

deferred to Section 3.2.

Remark on convergence analysis and novelty:

It is important to clarify the theoretical role of the burn-in period K. Since Ky is finite, it
does not alter the asymptotic convergence rate of the averaging scheme; our asymptotic analysis in
Section 3.2 naturally aligns with the classical framework of Polyak and Juditsky [15]. However,
the novelty of TA-SGD lies in the finite-time performance. The standard theory assumes
asymptotic behavior (kK — 00), but in practice, initial transient iterates can significantly bias the

average for finite K. The proposed modification ensures that the averaging mechanism is applied
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735 Tailed-Average SGD: A Polyak—Ruppert modification for optimal-rate constrained optimization

Algorithm 1 TA-SGD for constrained optimization

Require: Initial point zo € R¢
Require: Number of iterations K
Require: Burn-in period Kpyprp > 0
Require: Step-size schedule {’yk}kK;Ol
Require: Barrier-parameter schedule {3 }r—;'
1: Initialize: Set averaged iterate Ty < xg
2: for k=0to K —1do
3: > Phase 1: Primary Iterate Update (from [4])
Sample an objective index iy, ~ U{1,...,n}
Sample a constraint index ji ~U{1,...,m}
Compute stochastic objective gradient: Gy < V f;, (zx)
Compute stochastic barrier gradient: Gy, < VB(gj, (xk), 0k)
Update primary iterate: zy41 < xx — Yu(Gf + Gb)
> (2)
10 > Phase 2: Tailed-Average Iterate Update (Our Contribution)
11: if k£ < Kpyrn then

12: > Follow primary iterate during burn-in
13: Th41 & Th41

14: else

15: > Set local averaging counter

16: N+ k— Kpyrn +1

17: > Compute recursive average

18: Tp41 < (1 - %)Ek + %kar]

19: end if

20: end for

21: > The final solution is the averaged iterate
22: return Tx

only to the stationary distribution of the iterates, thereby bridging the gap between theoretical

asymptotic rates and practical finite-time execution.

3.1 Almost sure convergence

Our proof builds directly upon the convergence guarantees established for the primary iterate
sequence in the foundational work by Dimitrieski, Cao, and Ebenbauer [4], which itself relies on

fundamental convergence theorems for stochastic processes [17].

Theorem 1 (Almost sure convergence of TA-SGD). Counsider the constrained optimization
problem (1) and assume Assumptions 1, 2, and 3 hold. Let {vx}r>0 and {ex}r>0 be positive
sequences such that 0 = oo + €5 (With 0o > 0) satisfying

Iran. J. Numer. Anal. Optim., Vol. 16, No. 2, 2026, pp 727-756
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(a) Yok =00,
(b) >hlo7i < oo,
(€) Dopto ke < oo.

Then, for any finite burn-in period Ky, > 0, the sequence of tailed-average iterates {ZTy }r>o0
generated by Algorithm 1 converges almost surely (a.s.) to the unique minimizer of the relaxed
problem, z*(0s). That is,

lim Ty = 2% (0s0) a.s.
k—o0

Proof. The proof relies on two main steps:

Step 1: Convergence of the primary iterate {z;}

The primary iterate sequence {z}, defined by (2), is generated by the Adaptive Relaxed
Barrier SGD algorithm [4]. The conditions (a), (b), and (c) listed in Theorem 1 are the exact
conditions required by [4, Theorem 1].

Therefore, we can directly apply their result, which proves that under these assumptions,
the primary iterate sequence {z} converges almost surely to the unique solution 2*(d.); that
is,

lim z; = 2% (0) a.s.
k—o0

Step 2: Convergence of the Tailed-Average Iterate {7}
The final output of our algorithm is the tailed-average sequence {Zy}, defined by (3) . For
all k > Kpyrn, this sequence is the arithmetic mean (or Cesaro mean) of the “tail” of the primary

sequence:
k

_ 1
xkik)_Kburn'i_l Z i

1=Kpurn
(The recursive update in Algorithm 1 is mathematically equivalent to this summation).

We have established in Step 1 that the sequence {x} converges almost surely to the limit
L = 2*(0). A fundamental result in analysis (the Cesaro mean theorem) states that if a
sequence {zy} converges to a limit L, its arithmetic mean also converges to L [9, 20].

This property holds for a “tailed average” as well. The first Ky, terms are a finite set of
elements excluded from the average. As k — oo, the influence of this finite set on the average
becomes zero. The convergence of {Zy} is determined entirely by the asymptotic behavior of the
infinite tail {zg }x>K,,,,,» Which converges to 2* (00 ).

Since zp =2 x* (00), it follows that its tailed-average Ty must also converge almost surely

to the same limit; that is,
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lim Ty = 2%(0s0) a.s.
k—o0

This completes the proof of convergence. O

3.2 Convergence rate analysis

The goal is to prove that the MSE of the tailed-average iterate T achieves the optimal O(1/K)
rate. Our analysis adapts the classical framework established by Polyak and Juditsky [15] to

demonstrate this result for our algorithm.

Step 1: Proof setup and definitions

We begin by defining the core variables and assumptions required for the proof, which are

consistent with the problem formulation.

Definition 1 (Error notation). Let 2* = 2*(d) be the unique minimizer.
o T =, — ¥ is the error of the “primary iterate”.
o T =XTx —x* is the error of the “tailed-average iterate”.

Definition 2 (Update rule). The primary iterate update (2) can be written in terms of the true

expected gradient g(zy) and a noise term 7y:

Try1 = T — Yk (9(2k) +101),

where g(zi) = E[V f;, (zx) + VB(g;, (1), 0r )| Fr—1] is the true (expected) gradient of the relaxed
objective and 7y is the noise. The noise term 7y is explicitly defined as the difference between

the sampled stochastic gradient and the true expected gradient:
e = (Vi (xr) + VB(g;.(21), k) — B[V fi, (2k) + VB(gj, (2k), 0k )| Fr—1]-

Assumption 4 (Core assumptions). This proof relies on the following key assumptions:

(A) Primary convergence: From Theorem 1, we know the primary iterate converges almost

surely: xp — a* (or 1, — 0).
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(B) Local linearity: Since the objective is C! (Assumption 1), the gradient g(zj) admits
a linear approximation near the optimum x*. This decomposition, which is a standard
application of Taylor’s theorem, separates the gradient into its linear approximation Hry

and a nonlinear residual A(ry):
g(xg) = Hry + A(rg).

The critical part of this assumption is that the residual A(rg) is “small”; satisfying the
condition ||A(ry)|| < Ki||rg|/*T for some A > 0.*

(C) Step-size: The learning rate v, = vk~% must satisfy § € (0.5,1). This is critical for

ensuring the nonlinear terms vanish upon averaging (see Appendix B).

(D) Noise: The noise 7, is a martingale difference sequence with zero mean (E[n|Fr—_1] = 0)

and bounded variance (E[||n]||2] <o? < 00).

Step 2: Asymptotic equivalence

This is the first crucial step. We show that the tailed-average of our actual (nonlinear) process

behaves asymptotically like the average of a simplified linear process.

Definition 3 (Actual vs. linearized process). By subtracting z* from the update rule and

applying Assumption (B), the actual (nonlinear) error dynamic is

Thil = Tg1 — T
= (o, — 2") — w(9(zr) + M)
=71k — Ye(Hry + Alrg) +1r)

= (I —wH)ri — veme — A(rk)-
We compare this to the linearized process r,I;, which omits the nonlinear term A(ry):

T = (I = H)TE — Yn.

* This specific condition is not an arbitrary simplification; it is the cornerstone assumption used in the foun-
dational analysis of stochastic approximation. This property is precisely what Polyak and Juditsky [15] rely
upon (see their Assumption 3.2) to rigorously prove that the averaged nonlinear terms vanish asymptotically.
By satisfying this condition, our analysis can justifiably show that our process 7y inherits the convergence

. . . 7L
rate of the simpler, linearized process 7.
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Lemma 1 (Asymptotic equivalence). The scaled difference between the averaged nonlinear

process (Tx) and the averaged linearized process (7% ) vanishes as K — oc:

VK P — 7| RNy (in probability).
Proof. The objective is to demonstrate that the scaled average of the nonlinear residual terms,
\/% Zfszw” YeA(rg), vanishes as K — oo.

The high-level logic relies on the interplay of our core assumptions. First, the burn-in period
Kpurn ensures that averaging only begins after the primary iterate r; has converged to a small
neighborhood of the optimum (due to Assumption A). Second, in this neighborhood, the linear
approximation is valid, and the residual term A(ry) becomes vanishingly small (per Assumption
B). Finally, the step-size condition 6 € (0.5,1) (Assumption C) provides the precise technical
guarantee that the sum of these diminishing terms, when scaled, converges to zero.

The complete and rigorous technical justification, which adapts the foundational analysis
from [15], is deferred to Appendix B. O

Corollary 1. Because the two processes are asymptotically equivalent, their MSEs share the

same convergence rate.
— 2 L2
E(l7x|*] ~ El|7E T

Therefore, it is sufficient to analyze the convergence rate of the simpler linearized process 7%.

Step 3: Analysis of the linearized process

We now analyze the convergence rate of the linearized process, 7%. This analysis fundamentally
relies on the algebraic decomposition (Lemma 2) derived from the original work of Polyak and
Juditsky [15].

In that seminal work, the analysis was performed on the full average of the process (equivalent
to setting Kpyur, = 0). While this might appear to be a simplification, it is essential to clarify
that this analysis remains perfectly valid for our TA-SGD algorithm, which utilizes a Ky > 0.

The reason is that the burn-in period (Kpy.) only excludes a finite number of initial terms

from the average. To formalize this justification, let 753!l = + Zfil rL be the full average (as
analyzed in [15]) and Tx = ﬁ ZlK: Kyt 1 rL be our tailed average (using the linearized

process 71 and simplifying indices for asymptotic analysis). The full average can be decomposed
as:

Kpurn
1 K—K
—full __ L burn ,—
Tll(l K ( E : T ) K (TK) .

i=1
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We are interested in the convergence rate, which comes from the scaled error v K7y . Scaling

the above equation by VK yields:

K — K,
VRl . ) (Kb) (VEr).
—_———
Term (A) Term (B)

ﬂ —
/N
=
g
3
3

=1

As the total number of iterations K — oo, Term (A) vanishes to zero. This is because it is a
finite sum (since Ky, is a fixed constant) scaled by 1/v/ K. Simultaneously, the ratio in Term

(B) converges to 1.

K—o0 K—oo

li \/> full _ 1 e L . K — Kpurn
im VK7 lim —— Z ri |+ lim K (hm \/>7"K)

lim VEF = (0) 4 (1) - Jim VKT,

This rigorously demonstrates that the asymptotic behavior of the scaled full average is identical to
that of our scaled tailed average. This fully justifies our use of the algebraic decomposition from
[15] and confirms that the assumption noted in Lemma 2 (of setting Ky, = 0 for simplicity) is
a valid step for the purpose of asymptotic analysis.

We now focus exclusively on the rate of 7%. We use a precise algebraic decomposition derived
in Appendix A (based on [15, Lemma 2]).

Lemma 2 (Algebraic decomposition). For K > Kpyp, the scaled averaged error \/FF%} (as-

suming Ky, = 0 for simplicity) can be decomposed into three terms:

- D@,
VErL =10 + 10 + 13,

where
. Ig{l) = \/?170 (Bias from initial condition rq),
o 1 = ZK YH'y;,  (Main variance term from noise)
K f )
1 S) f SR i1 w n;  (Residual term from step-size change).

2
We now compute the mean-squared norm E[H\/ K F%H ] by analyzing each term.
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741 Tailed-Average SGD: A Polyak—Ruppert modification for optimal-rate constrained optimization

Analysis of Bias Terms (1) and 1))

e Term IV; ro is a fixed constant, and the matrix 0k is bounded. Due to the 1/\/E

2
scaling, this term vanishes: E[HIE( | = 0as K — co.

e Term I®: The matrices wJK

are “small on average” (i.e., &> HwJKH — 0). This is a
direct consequence of the step-size condition # € (0.5,1). This ensures the entire term

2
| —0.

vanishes in mean square: E[HIS)

Analysis of Variance Term (I(?))

This is the only term that remains and thus dictates the convergence rate.

2

o[l -2 | o

1 K-1

3 (Zm w) S
j=1

lKlKl

== E [n] (H=)TH "]

i=1 j=1

We now use the Martingale difference property (Assumption D). Since E[n;|F;—1] = 0, the

expectations of all cross-terms are zero:
Elnf (H"Y)TH 'n;] =0 fori#j.

This simplifies the double summation to a single sum (assuming H = HT):

) 2 1 K—-1 . ,
B MIK | } = 2 Elnj H"ny]
7j=1
K-1
1 e |
< Ve E [HH ||2 “Im;ll } (by matrix norm property)
j=1
| K-l ,
< K - HH—lH2 o2 (by Assumption D)
Jj=1
K—-1

KL (o 2).
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As K — oo, we have % — 1. Thus, the mean-squared norm of the dominant term converges
to a constant:
2 2
lim E HI<2)H =2 ||[HY|? = o).
Jim { p o [HH|; = 01)

Step 4: Final result

We now combine the results from the previous steps.

1. From Step 3, the scaled linearized error converges to a constant (is O(1)) because the bias

terms vanish:

2 2 2
B | |[VE| ] =B |1+ 12+ 12| == |12 ] < 0w,

2. By dividing both sides by K, we get the rate for the linearized process:

_L 2
E|[7%[°] < 00/K).
3. From Step 2 (Asymptotic Equivalence), we know that the actual nonlinear process Ty
inherits this same asymptotic rate.

This completes the proof, demonstrating that Tailed-Averaging successfully achieves the

optimal O(1/K) convergence rate.

E ||z - *|*] < 0(1/K).

4 Numerical experiments

In this section, we present a comprehensive empirical investigation designed to validate the
theoretical claims of our proposed TA-SGD algorithm and demonstrate its practical advantages

over existing methods. Our primary objectives are:

1. To empirically verify the optimal O(1/K) convergence rate predicted by our analysis
(Section 3.2).

2. To demonstrate the superiority of TA-SGD compared to the baseline Adaptive Relaxed

Barrier SGD [4] by showing how it overcomes the convergence stagnation [8].
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3. To confirm the detrimental effect of naive averaging (starting from k = 0) thereby justi-

fying the necessity of the “burn-in” phase in TA-SGD.

4.1 Experimental setup

To ensure a fair and comprehensive evaluation, we followed a meticulous methodology in our
experimental setup. The experiments were conducted on the Google Colab platform with the

following specifications:
e CPU: Intel(R) Xeon(R) CPU @ 2.00GHz
« RAM: 13.61 GB
e GPU: NVIDIA Tesla T4 (15 GB VRAM)
¢ OS: Linux (6.6.97+)
¢ Python Version: 3.12.11

The experiments were performed on the academic quadratic programming (QP) problem
introduced by Dimitrieski, Cao, and Ebenbauer [4], which is designed to test an algorithm’s

ability to handle large-scale optimization problems. The problem parameters were set as follows:
e Dimension: d = 50.
e Number of objective components: n = 10.
e Number of constraints: m = 10, 000.

The objective function is defined as:

n d
F@) = 23300, + loa(1 +¢7057) 4 (a; =97,

i=1 j=1

To deeply analyze the algorithm’s behavior, we adopted a Far Start Point (zo = [10,...,10]7)
for all our experiments. This challenging scenario, where the algorithm is initialized at a point
known to be highly infeasible, serves as a true test of global stability and the ability to recover

effectively.
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4.1.1 Algorithms Compared

We compared the performance of three algorithms:

1. Base SGD (Baseline): The Adaptive Relaxed Barrier SGD algorithm from Dimitrieski,
Cao, and Ebenbauer [4]. We used their primary parameter configuration: step-size vy =
0.3k79® and barrier decay €, = 5k~ 3 with do, = 1076. This configuration was chosen

as it represents a stable and effective baseline.

2. Full Averaging (Naive): The baseline SGD algorithm combined with Polyak—Ruppert
averaging applied from the very first iteration (k = 0). This serves to demonstrate the

“poisoning” effect discussed in Section 2.2.

3. TA-SGD (Ours): Our proposed TA-SGD algorithm (Algorithm 1). It uses the same
primary update rule and parameters as the Base SGD, but activates Polyak—Ruppert

averaging only after a burn-in period of Kp,-, = 500 iterations.

4.1.2 Performance Metric

Convergence was measured using the Euclidean norm of the error relative to the pre-computed

optimum: ||z — x*||2 (or |[Tx — z*||2 for averaging methods after the burn-in).

4.2 Performance evaluation

Figure 2 presents the core results of our comparative analysis, plotting the average error (£ one
standard deviation) over NUM_RUNS = 1000 independent runs for each algorithm.

The results clearly validate our theoretical expectations and demonstrate the effectiveness
of TA-SGD:

« Base SGD (Blue): As predicted by theory [8] and observed in [4], the baseline algorithm
converges rapidly initially but then stagnates, settling into a “stagnation region” around

the optimum.

e Full Averaging (Magenta): The naive application of averaging from k& = 0 performs
poorly. It converges much slower than the baseline during the initial phase, confirming the
“poisoning effect” where early, inaccurate iterates corrupt the average. While it eventually

surpasses the baseline’s noise floor, its overall convergence is significantly hampered.
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Convergence Comparison (Avg over 1000 runs)

—— Base SGD

==+ Full Averaging
—— TA-SGD (Burn=500)
------- Burn-in Start

10! 4

31072 it T —

2x1072

~ 7000 7500 8000 8500 9000 9500 10000

Error Norm ||x - x*||
e

o 2000 4000 6000 8000 10000
Iteration (k)

Figure 2: Algorithm Performance Comparison (Mean + Std Dev over 1000 runs). The plot shows the con-
vergence behavior of Base SGD [4], naive Full Averaging, and our proposed TA-SGD. The inset provides a
zoomed view of the long-term behavior after the burn-in period (Kpyn = 500).

¢« TA-SGD (Green): Our proposed algorithm exhibits the desired two-phase behavior:

— Phase 1 (k < Kpyrn): TA-SGD tracks the error of the primary iterate x, mirroring

the fast initial convergence of the baseline algorithm.

— Phase 2 (k > Kpyrn): At iteration Ky, (marked by the vertical dashed line),
averaging begins. The error curve for TA-SGD (now tracking Ty ) shows a distinct
and sustained decrease, breaking away from the baseline’s “stagnation region”. The
convergence in this phase appears consistent with the optimal O(1/K) rate (ap-
proximately linear on the log-linear plot), achieving significantly higher precision
than the baseline within the same number of iterations. The variance (shaded area)

is also visibly reduced compared to the baseline in the later stages.

These results strongly support our central hypothesis: the burn-in phase is crucial for avoid-
ing the pitfalls of naive averaging, and the subsequent tailed-averaging effectively overcomes the
noise floor limitation of the baseline SGD, leading to faster convergence and higher accuracy. It
is worth noting that the additional computational overhead of the recursive averaging update

(3) is negligible compared to the cost of computing the stochastic gradients (2) in each itera-
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tion. Consequently, the iteration-based performance comparison shown in Figure 2 serves as an
accurate proxy for the practical wall-clock time efficiency of the algorithms.

While Figure 2 illustrates the dynamic convergence behavior, Table 1 provides a concise
numerical summary of the final results. The table quantifies the outcome at K = 10,000 iter-
ations, confirming that our proposed TA-SGD algorithm achieves the lowest mean final error
(1.02 x 1072). This result is a clear improvement over the Base SGD baseline (1.38 x 1072)
and numerically validates our central hypothesis: the burn-in phase successfully mitigates the
“poisoning effect” of early iterates, and the subsequent tailed averaging effectively overcomes the

stagnation.

Table 1: Comprehensive Performance Statistics (Mean + Std Dev) over R = 1000 independent runs. The
proposed TA-SGD uses a burn-in period of Ky, = 500 based on the adaptive heuristic.

Metric Base SGD Full Averaging TA-SGD (Ours)
Final Error ([[xx — 2*]]) | 1.38 x 1072(£3.48 x 1073) | 2.45 x 107 2(£1.41 x 1072) | 1.02 x 10~2(£2.55 x 1079)
Objective Value (f(z)) 81.7414 £ 0.0001 81.7420 £ 0.0021 81.7413 £ 0.0001
Max Constraint Violation 0.00 +0.00 0.00 £ 0.00 0.00 + 0.00

Avg. CPU Time (s) 0.5924 0.5924 0.5924**

4.3 Sensitivity to burn-in period (Kpy:p)

A key parameter in TA-SGD is the burn-in period, Kpy-,. To assess the algorithm’s robustness,
we performed a sensitivity analysis by varying K., while keeping other parameters fixed.

Figure 3 illustrates the sensitivity of the algorithm to the burn-in period Kpy,.

¢ Insufficient burn-in (Kp,-, < 500): The performance degrades significantly as
Kpurn — 0, approaching the high error of the naive Full Averaging approach. This empir-
ically confirms that early averaging without a sufficient burn-in phase is detrimental due

to the “poisoning effect” of initial transient iterates.

e Optimal region (500 < Kpyurn < 3000):)The algorithm achieves its global minimum
error at Ky, = 500. The performance remains stable and near-optimal throughout this
range. The empirical results demonstrate that our adaptive selection strategy (derived in
Section 2.3) correctly identifies the optimal switching point, confirming that the theoretical

condition number analysis translates effectively to practice.

** The computational overhead of the scalar averaging update update (3) is negligible compared to the gradient
computation. Consequently, the wall-clock time is statistically identical for all three algorithms.
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Sensitivity Analysis: Impact of Burn-in (Kp,,)

4x10-

== Base SGD (Last Iterate)
=—4= TA-SGD Performance

3x1072

2x1072

lest Kpum = 500

Final Error Norm |[x —x"||>

1072 4

T T T T T T T T T
o 1000 2000 3000 4000 5000 6000 000 8000
Burn-in Period (Kyyrm)

Figure 3: Sensitivity analysis of TA-SGD with respect to the burn-in period (Kpqyn). The plot shows the final
error achieved after 10,000 iterations for various Ky, values. Although the error at Ky, = 0 (approximating
Full Averaging) appears close to the optimum on this scale, the difference corresponds to a significantly higher
variance and final error as detailed in Table 1.

¢ Excessive burn-in (Kpy, > 4000): The error increases slightly but remains robustly
lower than the Base SGD baseline (as shown by the blue dashed line). This gradual
increase occurs because delaying the start of the averaging phase reduces the effective
sample size (N = K — Kpy.n) available for noise cancellation within the fixed budget of
K = 10,000 iterations.

This sensitivity analysis underscores the robustness of the proposed adaptive selection
strategy. While precise manual tuning is not strictly necessary due to the wide optimal re-
gion, the theoretical heuristic allows us to automatically select an effective burn-in period (e.g.,
Kpurn = 500) that ensures the primary iterate has entered the stationary phase before averaging

begins.

5 Conclusion

In this paper, we introduced TA-SGD, a novel and efficient modification for solving stochastic
constrained optimization problems. Our work builds upon the modern framework established by
Dimitrieski, Cao, and Ebenbauer [4], which utilizes adaptive relaxed barrier functions to handle
constraints.

We identified a critical limitation in this baseline approach: while it guarantees convergence,

it suffers from convergence stagnation, settling into a high-variance “stagnation region” around
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the optimum. This limitation prevents the algorithm from achieving the optimal convergence
rate.

To overcome this, we drew inspiration from the seminal work of Polyak and Juditsky [15],
on stochastic approximation. We proposed integrating their classical averaging technique, which
is known to effectively cancel stochastic noise and accelerate convergence.

Our primary contribution is the “tailed-average” mechanism. We demonstrated, both the-
oretically and empirically, that a naive application of averaging from the first iteration fails, as
the estimate is “poisoned” by the initial, high-error transient iterates. Our TA-SGD algorithm
intelligently circumvents this by introducing a “burn-in” period (Kpum), allowing the primary
iterate to first settle into a stationary region. Only then does averaging begin, ensuring that
only high-quality iterates contribute to the final solution.

Our rigorous theoretical analysis established that this two-phase approach achieves the best
of both worlds:

1. It preserves the strong almost sure convergence guarantees of the underlying relaxed

barrier method [4].

2. Tt successfully breaks the noise floor to achieve the optimal O(1/K) convergence rate
established by Polyak and Juditsky [15].

Our numerical experiments provided a clear validation of these theoretical claims. The
results demonstrated that TA-SGD decisively overcomes the stagnation of the baseline algorithm,

achieving significantly faster convergence and a final solution of substantially higher precision.

Future Work

The promising results of our TA-SGD algorithm open several interesting avenues for future

research. Based on our findings, we suggest the following directions:

¢ Theoretical Extensions to General Convexity: Our convergence rate analysis suc-
cessfully established the optimal O(1/K) rate, but it relies on the standard assumption of
f-strong convexity. A valuable theoretical extension would be to analyze the convergence
rate of TA-SGD for general convex (i.e., nonstrongly convex) objective functions, following
recent advances in analyzing SGD for nonconvex functions satisfying weaker conditions

such as the Polyak-Lojasiewicz property [10]
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¢ Synergy with Nonuniform Sampling: Our algorithm currently employs standard
uniform sampling for both objectives and constraints. Future work could explore the
synergy between Tailed-Averaging and nonuniform or importance sampling techniques.
For instance, adaptively sampling constraints that are more frequently violated might
accelerate the burn-in phase, allowing the algorithm to reach the stationary region (and

thus begin averaging) more quickly.

A Justification of linear decomposition (Step 3)

This appendix justifies the decomposition \/Eff( = IM + 1@ 4 16 ysed in Step 3. This
derivation follows the algebraic steps of Lemma 2 in the appendix of [15], which results in
the precise decomposition shown in Equation (A10) of that work. The linearized process is

= - 'yk,lH)rﬁ_l — Vg—1Mk—1. By unrolling this recurrence from ro, we get the explicit

solution:

Tk = XO To — Z +1’7j77ju

where X’<C = Hffjl(f - %-H) is the state transition matrix.

L.
The average T% is & Zk o T

| K1 K—1k—1
~L k
e (S8 k5 5 M,

k=0 Kz 0 j=0
We apply summation by parts (changing the order of the double summation):

| K2
() X (X )
j=0 \k=j+1

The core insight (from [15]) is that the inner sum (the linear accumulation) can be approximated
by H~'.***. We define the residual w}:

-1_ K
E Xj+17j = Wy
k=j+1

*** This approximation is derived from the geometrlc series sum. In the idealized case where the step-size is
constant (yx = ), the inner sum Zk J+1 X]+1'yj simplifies to A/ZK I=2(] — yH)". As K — oo, this sum
converges to y[I — (I —yH)]™' = y[yH]~! = H~!. The term wJK defined next thus captures the residual error
from this ideal approximation, which arises because the step-sizes ~j are not constant.
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Substituting this back and defining 6x = vo > X¥, we have

Multiplying the entire equation by v/ K yields the desired decomposition:

VK7L = 1 9Kr0+—1 Kng*ln- b= Kﬁlen-

- J J I
VK7 VK = K =
I 12 1

The condition § € (0.5, 1) (Assumption C) is crucial to prove that Y- |[wf*|| = 0, which ensures

I® vanishes.t

B Justification of asymptotic equivalence (Step 2)

This appendix justifies why the nonlinear terms A(rg) can be ignored when averaging. We need
to show that v K HFK — F]L(H — 0.

This difference is proportional to the scaled average of the nonlinear residuals:

K

1
Difference oc —— A(rg).
i kz%:m WA(ry)

To prove this scaled average vanishes, we apply a standard result from stochastic approximation
(see [15]), which is a direct consequence of Kronecker’s Lemma. This lemma effectively transforms
our original problem (showing the scaled average converges to zero) into an equivalent, simpler
task: proving that a related sum is finite. Using Assumption (B), ||A(r¢)|| < Ki|rx||*T?, this

task reduces to proving that the following sum S converges:

il

N
S—; Jr < 00.

T This specific range represents a critical balance. If # < 0.5, the step-size ~;, decays too slowly, causing the
approximation error wJK to be too large on average for its mean to vanish. Conversely, if 6 > 1, 4 decays
so quickly that its sum becomes finite (375 < oo), which violates the primary convergence condition (a) of
Theorem 1. This “sweet spot” ensures the error term I3 vanishes while still guaranteeing convergence.
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To prove S converges, we test the convergence of its expectation, E[S]. To do this, we first need

the convergence rate of the primary (nonaveraged) iterate ry.

While the formal proof requires a detailed Lyapunov analysis (as shown in [15]), this O(k~%)
rate is the expected standard convergence rate for an SGD iterate that uses a step-size of v

k9.

From the analysis in [15], we can use this established bound:
E[l|re*] oc E[Vi] < Koy < Kck™?  (for large k).

We apply Jensen’s Inequality using the function f(x) = xz(1**)/2, This function is convex for

2 > 0 because the exponent p = (1 + A)/2 > 1 (since A > 1). Applying the inequality yields:

Ellrl ) = B [(ra 0] < (Rlml)

E[[[ri] ") < (Koyk=?) V2,

Now, we test the convergence of E[S]:

E[lrk]' Y N (Koyk )00/
E[S] = Z — = Z gz
k=1 \/% k=1 k /

2 1.—0(1+))/2

= CZW
_ oy k),

This is a p-series, which converges if and only if the exponent p > 1:

o1+ 1
AT L 2o
p 5 +2>7
0(14+ X 1
%>§ — 01+ >1.

This condition, #(1 + A) > 1, is not arbitrary; it is the exact requirement imposed by [15] in
their Assumptions 3.4 and 4.7. As noted in their commentary following Assumption 3.4, for the
standard C? case where A\ = 1, this implies 20 > 1 or # > 0.5. This confirms that our Assumption
(C) aligns with the conditions required by the original proof.

Since E[S] < oo, the sum S converges almost surely. By Kronecker’s Lemma, the convergence

of this sum implies that the scaled average vanishes. This rigorously justifies Step 2.
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C Derivation of the adaptive burn-in heuristic

In this appendix, we provide the formal derivation for the heuristic estimate of Ky, presented

in section 2.2. The goal is to determine the number of iterations k required for the influence of

the initial condition xg to become negligible compared to the stochastic noise.

Under Assumption 1 (strong convexity with parameter § and L-smoothness), the expected

distance to the optimum at iteration k satisfies the standard recurrence relation [1]:

Ellar — 2|1°] < (1 = 2%0)Ell|lzr-1 — 2*[*] + 750,

During the transient “burn-in” phase, the error is dominated by the initial distance ||z — z*||?

rather than the variance term o2. Focusing on the contraction of this initial bias with a constant

step-size approximation ~y, we have:

lzr, — a1 = (1 = 10)*[lzo — 2™,

We seek the smallest k such that the initial error is reduced to a tolerance €;y,;¢:

(1 =70)" < €inis-
Taking the natural logarithm of both sides:
kln(1l —~0) < In(€iniz)-

Using the Taylor expansion In(1 — ) ~ —z for small = ~6, we obtain:

k(—'y9)§—1n< ! ) = kzlln< ! )
€init 7o €init

For stability in smooth optimization, the step size is typically bounded by v < % Substituting

~ 1.
TR T

L 1
k> —1 )
~0 n<€imt)

Defining the condition number as k = L/6, we recover the heuristic:

1
Kbumz(9</ilog< )) .
€init
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This confirms that the required length of the burn-in period scales linearly with the condition

number of the problem.

D Experimental details

This appendix provides the specific implementation and parameter details used to generate the
numerical results in section 4, ensuring full reproducibility. All experiments were conducted in

Python using the NumPy library for numerical operations and Matplotlib for visualization.

D.1 Problem generation

The experiments were performed on the quadratic programming (QP) problem introduced by
Dimitrieski, Cao, and Ebenbauer [4], as described in Section 4.1. The problem was generated

once using a master seed (master_seed = 42) with the following parameters:
e Dimension: d = 50
¢ Objective components: n = 10
e Number of constraints: m = 10,000
o Objective parameter: v = 2.365.

The objective function coefficients § € R"*¢ were sampled from 2/(0.1,1.1). The constraint
gradients A € R™*? were generated by first defining a diagonal matrix Q with entries sampled
from U(1,1.5), and then sampling m points on the surface of the ellipsoid defined by @ to form

the constraint matrix A.

D.2 Algorithm implementation and hyperparameters

We implemented the three algorithms (Base SGD, Full Averaging, and TA-SGD) as described in
Section 4.1.

¥ Following the benchmark design in [4], these parameters are calibrated such that the unconstrained global
minimizer % = argmin f(x) satisfies ||a:;2||2 = 15. This guarantees that =% ¢ &, ensuring that the constraints
are active at the optimal solution.
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e Total iterations: All algorithms were run for K = 10,000 iterations.

 Starting point: All runs were initialized at the “Far Start Point” xo = [10,...,10]T €
R0,

e Schedules: The step-size and barrier parameter schedules followed the configuration in
[4]:
Y =03k and ¢ =50 k703

with the final barrier parameter set to doe = 1076,

D.3 Reproducibility and analysis

o Reference solution (z*): The optimal solution z* = z*(d) was pre-computed us-
ing a deterministic full-gradient descent method. Unlike the stochastic approximations,
this solver utilized the full dataset at each iteration (computing the exact full gradi-
ent Vf(x) and VB(x) without sampling). This deterministic process was executed for
Kiong = 50,000 iterations to ensure convergence to a high-precision ground truth, com-

pletely independent of the stochastic algorithms being evaluated.

e Statistical analysis: The results in Figure 2 and Table 1 were generated by averaging

over R = 1,000 independent runs.

¢ Seeding: To ensure statistically independent yet reproducible trials, the main problem
was generated with master_seed = 42, and each of the R = 1,000 runs (indexed by
r €[0,...,999]) was seeded with master_seed + r + 2.

e Metrics: The “Error Norm” (Figure 2) corresponds to the mean of ||z — x*||2 (or
[|Tx — x*||2) at each iteration k across the R runs. The shaded region represents =+1
standard deviation. The “Mean Final Error” (Table 1) is the mean and standard deviation

of this error norm specifically at the final iteration, k& = 10, 000.
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