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Abstract

Stochastic gradient descent (SGD) is the cornerstone of large-scale optimization; however, its
application to problems with a vast number of constraints remains a significant challenge.
Methods based on relaxed logarithmic barrier functions have enabled the use of SGD by sam-
pling constraints, yet the reliance on single samples in these methods often leads to high

variance and oscillations that hinder progress near the optimal solution.
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Adaptive-batch stochastic gradient descent for constrained optimization based on relaxed barrier functions

In this paper, we propose a novel hybrid algorithm, AdaBS-RBSGD, which integrates the
relaxed barrier framework with an adaptive batch size strategy. Our algorithm dynamically
adjusts the batch size By to be inversely proportional to the estimated optimization loss,
systematically reducing gradient variance as the iterates approach the solution.

We provide a rigorous mathematical proof establishing the almost-sure convergence of this
hybrid algorithm. Furthermore, our theoretical analysis of error bounds demonstrates that ac-
tive variance management allows the error term associated with stochastic noise to vanish more
rapidly compared to the baseline method. Empirically, results on a benchmark problem show

that the proposed algorithm significantly outperforms its single-sample counterpart, success-

i

fully breaking the “noise floor,” achieving higher stability, and reaching a more accurate final

solution. This work presents a practical and theoretically sound methodology for accelerating

and improving the precision of stochastic constrained optimization.

AMS subject classifications (2020): Primary 90C15, 90C25; Secondary 49M30, 65K05, 68T05.

Keywords: Constrained optimization, Stochastic gradient descent (SGD), Relaxed logarithmic

barrier functions, Adaptive batch sizes, Variance reduction, Large-scale optimization.

1 Introduction

Stochastic gradient descent (SGD) and its variants have become cornerstone algorithms in mod-
ern large-scale optimization, driving progress in fields ranging from machine learning to net-
worked systems [4, 14, 25]. These methods are fundamentally rooted in the pioneering work
on stochastic approximation by Robbins and Monro [16] and later acceleration techniques by
Polyak and Juditsky [15]. While SGD is exceptionally efficient for unconstrained problems [10],
its effective application to constrained optimization remains an active area of research [19].

Many classical approaches require full knowledge of the constraint set at each iteration, often
necessitating computationally expensive projection steps that are prohibitive when the number
of constraints is very large [22]. To overcome this challenge, recent methods have been developed
that rely on sampling only a subset of constraints [12, 23, 24]. A particularly promising direction
is the adaptive relaxed barrier SGD algorithm proposed by Dimitrieski, Cao, and Ebenbauer [7].
This approach avoids expensive projections by using a carefully adapted relaxed barrier function
[8, 9], allowing for sampling both the objective function and the constraints.

While the baseline algorithm guarantees almost-sure convergence [7], it suffers from a critical
limitation: the inherent high variance of single-sample gradients causes significant oscillations
and stagnation near the optimal solution. To overcome this fundamental bottleneck, we introduce
AdaBS-RBSGD (Adaptive-batch relaxed barrier SGD), a novel hybrid algorithm that explicitly
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targets this variance. Our key contribution lies in the seamless integration of relaxed barrier
functions with a dynamic batch-size adaptation strategy, building upon the foundations laid by
[1, 2, 3, 20, 21]. Specifically, unlike traditional methods, our approach adopts the logic from [20]
to actively suppress gradient noise by inversely scaling the batch size By with the optimization
loss —a technique shown to be a powerful alternative to decaying the learning rate [21]. This
allows the algorithm to break the “noise floor” and enable high-precision convergence without the
computational burden of full constraints. We provide a rigorous theoretical analysis establishing
the almost-sure convergence of this hybrid method and demonstrate its clear theoretical and

empirical advantages in variance reduction.

2 Problem statement and hybrid algorithm

2.1 Problem statement

In this paper, we consider the constrained optimization problem of finding a minimizer for a
finite sum objective function, subject to a large number of inequality constraints. The problem

is formally stated as:

;IellRI(li flz) = i;fl(x) st. gj(z) <0, je{l,...,m}, (1)

where we assume that the objective functions f; and constraint functions g; are continuously

differentiable (C!) functions. We adopt the following standard assumptions [5, 6, 18]:

Assumption 1 (Objective function properties). The objective function f and its components

fi are assumed to possess the following properties for constants L > u > 0 and for any z,y € R%:

1. L-Smoothness: Each component f;(z) is L-smooth, meaning its gradient is Lipschitz

continuous with constant L:
T L 2
fily) < fi(2) + Vi(2)" (y —2) + S lly — =]
2. convexity: Each component f;(z) is convex:
fiy) = fila) + Vi) (y — @)

3. Strong Convexity: The total function f(x) is p-strongly convex:
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W
F) > f(@) + V)~ 2) + By — all.
These assumptions, although restrictive, are not uncommon in convergence proofs for
gradient-based optimization algorithms [5, 7, 14].

Assumption 2 (Constraint functions). The constraint functions g;(x) are affine, defined as:
gj(z) == a;‘-Fac + b5,

where a; € R? and b; € R. The feasible set X := {z € R?: g;(z) < 0,Vj} is assumed to have a

nonempty interior, which is a fundamental condition for applying barrier-based methods [5, 9]

Assumption 3 (Stochastic batch sampling). At each iteration k, given a batch size By > 1, we

sample:

e A batch of objective indices: Z = {iS}B *,, where each ¢s is drawn independently and

s=

uniformly at random from U{1,...,n}.
o A batch of constraint indices: Jj, = {js}2*,, where each j, is drawn independently and
uniformly at random from U{1,...,m}.

This uniform distribution is chosen to ensure that the stochastic batch average gradients are
unbiased estimators of the true gradients, thereby satisfying the standard assumptions for SGD

algorithms [16]. This is demonstrated by the following function:
1. For the objective function: The expected value of the sampled stochastic batch gradient

is equal to the true gradient of the full function [7, 16]:

By, n
E — 5 D EVE@)] = 1 > Vhi() = Vi)
s=1 i=1

1 &k
E;Vfis(x)

2. For the barrier function: The expected value of the sampled stochastic batch gradient of

the barrier function equals the average effect of the gradients over all constraints [7]:

1

By
E B. ; VB(g;,(x),0)

1 &
=5 Z E[VB(gj.(2),d)]

— L3 VB(g().9).
j=1

m
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To handle the constraints stochastically, we use the same relaxed logarithmic barrier function

B(z,9) as defined in [7]. The core idea is to solve a sequence of unconstrained problems:

) . 1
min &y () := f(z) +

m
Z B(g] ('r)a 516)7
j=1
where the barrier parameter dp = o + € is adapted at each iteration k.

For completeness, we state the formulas for B(z, ) and its gradient here, as adopted from [7].

The function is defined piecewise as:

-6 log(—=2) if z < =4,

1 (% 4) — 5 log(8) if z > —.

B(z,0) =

Its gradient with respect to z, V,B(z,d), used in the SGD updates, is:

—6/z if z < -0,
(z+20)/0 ifz>—0.

V.B(z,0) =

2.2 The baseline algorithm

The baseline algorithm proposed by Dimitrieski, Cao, and Ebenbauer [7] is a single-sample SGD

method. This corresponds to a special case of Assumption 3 where the batch size is fixed to

By, =1 for all k. At each iteration k, it samples one objective index i ~ U{1,...,n} and one
constraint index j, ~U{1,...,m}, and updates zj using the gradient GP*°:

G =V fiy (x1) + VB(g5, (1), k), (2)

Thy1 = Tk — WG (3)

As shown in our results, the high variance of G%%*¢ hinders the optimization process, lim-
iting the algorithm to the standard SGD convergence rate of O(1/ \/E) and causing significant

oscillations near the optimal solution.
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795 Adaptive-batch stochastic gradient descent for constrained optimization based on relaxed barrier functions

2.3 The proposed hybrid algorithm

To address the high variance of the baseline, we propose a hybrid algorithm, AdaBS-RBSGD,
which integrates the relaxed barrier framework with an adaptive batching mechanism [20]. In-
stead of a single sample, our method draws a batch of By indices: Z = {é1,...,ip,} and

Je = {j1,---,JB, - The batch gradient G}, is the average:

Gr= g X Vi) + 5o Y VBlgy(on).0) @)

1€Ly JETk

The batch size By, is adapted based on the practical batch loss, L2*" which is defined as

follows:

ate 1 1
Lyt = B Zfi(xk)+§ Z B(gj(xk), O). (5)
k iy ke
We follow the RADADAMP logic from [20] to update the batch size using this loss. The

process involves tracking a "noise” term t;, and its exponential moving average dj.

First, t; is calculated as a proxy for the ’optimization noise’, using the batch loss LZ‘”C” and
batch gradient G:
te = Ly + |Gyl (6)

Next, this term is smoothed using an exponential moving average dy:
dy, = pdp—1 + (1 — p)ts. (7)

Finally, the batch size for the next iteration, By1, is computed to be inversely proportional to

this average dy.

The intuition is that as the algorithm approaches the optimum, both the batch loss Litch
and the gradient norm ||G}||? will decrease, leading to a smaller t;, and consequently a smaller
cik. This smaller czk will, in turn, lead to a larger batch size By 1, actively reducing variance as
the solution is approached. The conceptual feedback loop of this process is illustrated in Figure

1. The full algorithm is detailed in Algorithm 1.

* Parameters p and A are adopted from the RADADAMP logic [20]. p is the 'memory’ or smoothing factor
for the exponential moving average di (7), while X is a balancing coefficient for the 'noise’ term ¢, (6) which
combines the loss Lb¢t<" and the gradient norm ||Gy||2.
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Algorithm 1 AdaBS-RBSGD (Hybrid adaptive-batch relaxed barrier SGD)

Require: Initial point zo € RY, total iterations K € N, initial batch size By € N>, max
batch size Bmax € N> p,, step-size schedule {v;}+—' € R, barrier schedule {e;}1—,' C R,
adaptive parameters p € (0,1), A € RT, §, € RT.*
Initialize: B < By, d + 0.0, dy + —1.0
for k=0to K —1do

// Phase 1: Setup Batch Size and Learning Rate
Vi < W
if By > Bmax then

7]/6 Ve (Bmax/Bk)

By,
end if

< Brax

Set barrier parameter 0 < 0o + €1

// Phase 2: Compute Stochastic Batch Gradient and Loss
Sample Ty, = {i1,...,ip, } ~U{1:n}B*

Sample Ji = {j1,...,jp,} ~ U{1: m}P*

Gk — 5

B iz, VIiler) + 5- 2 e 7 VB(9j (), 0r)

Lyt o 5o 3 ier, filen) + 52 X e 7 Bl (xn), 6k)
// Phase 3: Update Primary Iterate
Tpt1 < T — ’Y;;Gk
// Phase 4: Update Batch Size Logic (from [20])
ti (_LZatch_i_)\”Gk”Q
if kA: 0 then
d <+ tr
do + tg

else

d < pd+ (1= p)ty
if d > 1078 and dy > 0 then

B« By - (do/d)

else

B + Bax

end if

end if
end for

return rx
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797  Adaptive-batch stochastic gradient descent for constrained optimization based on relaxed barrier functions

1. Optimization Loop (Dimitrieski)

Current Iterate
Tk

Current Batch Size
By

Stochastic Gradient Step
(Sample Ty, Ji
& Compute Gy)

Upd’f/ wsure

Next Iterate
Tk+1

feeds
2. Adaptive Controllgr (Sievert)

Adaptive Batch Logic
(Compute t, Update dj)

Feedback Signal

L};atch7 Gk:

(1 + 1) 10§ 3prq Spody

New Batch Size
Byt

Figure 1: Conceptual diagram of the proposed AdaBS-RBSGD algorithm. The system is a feedback loop: (1)
The Optimization Loop (blue, from [7]) performs the stochastic update and measures the current loss. (2)
The Adaptive Controller (orange, from [20]) receives this feedback to compute the batch size Bj41 for the
next iteration, actively managing the gradient variance.
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2.4 Design rationale

The proposed AdaBS-RBSGD algorithm is a nontrivial hybrid designed to address the core
weaknesses of its parent methods. The relaxed barrier component [7] provides a theoretically-
sound mechanism to handle constraints stochastically. However, its primary weakness is the high
variance from single-sample gradients. The adaptive batching component [20] directly targets this
weakness. By dynamically increasing By, as the loss decreases, the algorithm actively suppresses
the gradient variance, allowing for more stable and precise steps near the optimum.

Noise Handling and Adaptation Speed: The algorithm manages stochastic noise by
continuously monitoring the noise proxy ¢, (6), which acts as a real-time signal of the variance
in the optimization landscape. The responsiveness of the algorithm to changing noise levels is
explicitly controlled by the memory factor p in the exponential moving average (7). A lower p
enables rapid adaptation to sudden noise shifts but may lead to instability, whereas a higher p
(such as our chosen p = 0.999) ensures a smoother, more gradual adaptation. This conservative
approach effectively filters out transient noise spikes, allowing the batch size to grow steadily only
when a persistent trend of variance reduction is detected, thus maintaining algorithmic stability.

Implicit Determination of Batch Growth Rate: Unlike heuristic schedules that enforce
a fixed growth rate, the rate of increase for By in AdaBS-RBSGD is not predetermined but is
fully data-driven. It is governed implicitly by the inverse relationship with the smoothed noise
metric dj, (7). As the optimization loss decreases, dj, diminishes, naturally driving B, upward.
Consequently, the “optimal” rate emerges automatically from the landscape geometry: regions
of significant progress induce rapid batch scaling, while stagnation leads to slower growth. This
mechanism aligns with the practical guideline established by Smith et al. [21], which posits
that increasing the batch size is theoretically equivalent to decaying the learning rate 7. Thus,
practically, our algorithm decouples the manual tuning of batch schedules from the learning rate,

allowing the batch size to adjust automatically based on the solver’s progress.

3 Convergence analysis

In this section, we provide the formal statement of the convergence theorem for the proposed
AdaBS-RBSGD algorithm (Algorithm 1). The rigorous mathematical proof, structured into

logical steps, follows in Section 4.

Theorem 1 (Almost sure convergence of AdaBS-RBSGD). Consider the constrained optimiza-
tion problem (1) and assume Assumptions 1, 2, and 3 hold. Let {X}}r>0 be the sequence of

Iran. J. Numer. Anal. Optim., Vol. 16, No. 3, 2026, pp 790-814



799 Adaptive-batch stochastic gradient descent for constrained optimization based on relaxed barrier functions

iterates generated by Algorithm 1. Let {7;}r>0 and {ex}r>0 be positive sequences such that
Ok = 0oo + € (with 05 > 0) satisfying

(a) DpzoVk = 00,
(b) ZZ‘LO ’YI% < 00,

(€) Dopeo ke < 00

Then, the sequence of iterates {Xj}r>0 converges almost surely (a.s.) to the unique minimizer
of the relaxed problem, z*(0s). That is:

klirgo X =2"(00) a.s.
Remark 1 (Convergence conditions and failure modes). The almost-sure convergence estab-
lished in Theorem 1 relies strictly on Assumptions 1-3. Consequently, the method guarantees
convergence primarily for strongly convex objectives subject to affine constraints, provided the
step-size conditions in Theorem 1 are met. The algorithm may fail or exhibit instability under

the following specific conditions:

1. Violation of convexity: Applying the method to nonconvex objectives violates Assump-
tion 1. Without strong convexity, the drift analysis in the proof (specifically the bound

on (V®(Xy), Xi)) no longer holds, risking entrapment in local minima or divergence.

2. Nonaffine constraints: Assumption 2 requires affine constraints to ensure the barrier
gradient variance remains quadratically bounded (as shown in (11) of the analysis). With
general nonlinear constraints, this bound may be violated, potentially leading to explosive

gradient variance.

3. Incompatible parameter decay: Convergence requires the specific interplay between
step-size and barrier parameters (Y yrer < 00). If € decays too rapidly relative to g,

the bias error term will not vanish, preventing convergence to the exact solution.

4 Proof of almost-sure convergence

In this section, we provide a rigorous, step-by-step convergence analysis of the proposed AdaBS-
RBSGD algorithm. We rely on the Robbins-Siegmund supermartingale convergence lemma, [17]
and the techniques for biased stochastic approximation [11] to establish that the iterate sequence

{X%} converges almost surely to the optimal solution z*.

Iran. J. Numer. Anal. Optim., Vol. 16, No. 3, 2026, pp 790-814
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Proof of Theorem 1. We define the Lyapunov function Rj as the squared Euclidean distance

between the current iterate X and the unique minimizer x* := x*(J) of the limit problem:
Ry = | X — 2%

Let Fj denote the o-algebra generated by the random variables { Xy, ..., X;}. Our goal is to

analyze the conditional expectation E[Ry.1|Fk].

Step 1: Expansion of the iteration
Recall the update rule: Xy11 = Xi — 7 Gr. We expand the squared norm:

Ri1 = || X — Gr — 2|2
= (X — 2%) — %Gl
= || Xk — 2*|* — 29 (G, Xi — %) + 72l|G>.

Taking the conditional expectation with respect to Fy:
E[Ry+1|Fx] = Ri — 29 (E[G|Fi], Xi — 2*) + viE[| Gi|1?|Fi]. (8)

Measurability note: Before proceeding, it is important to note that since the current iterate Xy,
is Fr-measurable (fully determined by the history up to step k), the terms V®(X}) and VC(X%)
are deterministic constants with respect to the conditional expectation E[-|F;]. Consequently,
terms such as ||V®(Xy)| satisty E[||[VO(X%)| | Fix] = ||[V®(Xk)||, as the expectation operator

acts solely on the random batch indices Z; and J; drawn at the current iteration.

Step 2: Analysis of the expected gradient (Drift Term)

We analyze the expected gradient term E[Gj|Fy]. The batch gradient Gy, is the average of By,
independent samples. Let V; ;(x) = V fi(z) + VB(g;(x), dx) be a single sample gradient.
E|Gk|Fi] = E

Fi | = E[V j(Xi)|Frl-

By,
1
B. Z; Vi, . (Xk)

We decompose this expectation into the target gradient V®(X}) and the bias term VCi(Xy).

Following the notation in [7], we define the optimality gap of the potential function as:

Iran. J. Numer. Anal. Optim., Vol. 16, No. 3, 2026, pp 790-814



801 Adaptive-batch stochastic gradient descent for constrained optimization based on relaxed barrier functions

Dy (Xy) = P(Xg) — O(z*) > 0. (9)
Substituting the decomposition back into the inner product term in (8):
—(E[Gr|Fi], X — ") = —(VO(Xy), Xy — 27) = (VCR(X), Xi — 7).
By the strong convexity of ®(z)**, we have:
—(VO(XL), Xk — ") < —(@o(X0) + 51Xk — 2*|).
Thus, applying the Cauchy-Schwarz inequality, the drift term is bounded by:

29k (E[Gr], Xi) < —(280(Xy) + uRy) + 27k VO, (Xk) |/ Ry (10)

Step 3: Analysis of the variance (Noise Term)
We analyze E[||G||?|Fx]. Since samples are i.i.d., the variance of the average decreases with By:

E[|Gxl*|Fi] = IE[GK]|* + Var(Gr| F)

1
= [VO(X) + VOL(Xp)| + Fkvar(v¢i,j(xk))~
Using the inequality |la + b]|? < 2|/a||* + 2||b||* and the bound on single-sample variance:
o2
SREIGPIR] <22 (2VCI? + 220 + ). (1)

ol

Crucially, the stochastic noise term %~ is explicitly reduced by the batch size.
k

Step 4: Synthesis and convergence

Substituting the bounds from (10) and (11) into (8), and utilizing the upper bounds for
|[VCL(Xy)| and [|[V®(Xy)||? established in [7] (specifically in [7, Egs. (8)—(10)]), we derive

the following supermartingale inequality:

E[Rg1]Fr] <(1 = yep + v6ék) R

** The function ®(z) is strongly convex as it is the sum of a strongly convex function f(z) (Assumption 1)
and a sum of convex functions. See [7], Appendix V-D, for the formal proof.
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— 2’}%(1 - 4’yki/)q>0(Xk)

+ (Bulen) + B2, (12

Qk

where L is the modified smoothness constant, and @y collects the error terms**. We verify the

conditions for Robbins-Siegmund:
1. The sequence ;&) is summable since Y yrer < 00.
2. The noise term @y is summable since Zw,% < oo and B > 1.
3. For sufficiently large k, (1 — 4’ykf/) > 0.

Therefore, Rj converges almost surely to a random variable R.. Furthermore, we have
Y re o1 Po(Xk) < co. Given that Y v, = oo, this implies lim infy_, o $o(Xj) = 0. Since ®q is

continuous and nonnegative, and Ry, converges, we conclude X — 2*(doo) almost surely. O

Remark 2 (Theoretical advantage). The derivation in Step 3 highlights the theoretical advan-
tage of the hybrid approach over the single-sample baseline proposed in [7]. Specifically, the

variance term for the hybrid algorithm behaves as:

22 | 2
hybrid _ o [ V6(90 +0C(€k))
Qudy o < B :

In contrast, the baseline method (where By, = 1) has a variance term of order O (72 (03 + 0% (€x)))
(see [7, Eq. 20]). As By, increases adaptively, the noise term in AdaBS-RBSGD vanishes at a

faster rate, allowing the algorithm to achieve lower error floors compared to the baseline.

5 Numerical experiments

In this section, we present a comprehensive empirical investigation to validate the theoretical
claims of our proposed AdaBS-RBSGD algorithm. The experiments are designed to demon-
strate its practical advantages over the baseline single-sample method from Dimitrieski, Cao,
and Ebenbauer [7].

*** In the baseline proof [7], the total error term is yrerry + 47,%031). Our Qj term modifies the variance

component to account for By > 1, while preserving the structural terms &, and L derived from the barrier
relaxation.

Iran. J. Numer. Anal. Optim., Vol. 16, No. 3, 2026, pp 790-814



803 Adaptive-batch stochastic gradient descent for constrained optimization based on relaxed barrier functions

5.1 Experimental setup

To ensure a fair and reproducible evaluation, the experiments were conducted on the Google

Colab platform with the following specifications:
e CPU: Intel(R) Xeon(R) CPU @ 2.20GHz
« RAM: 13.61 GB
¢« GPU: NVIDIA Tesla T4 (15 GB VRAM)
e OS: Linux

Test problem generation: We utilize the large-scale quadratic programming benchmark
framework introduced in [7]. The problem is constructed to ensure that the unconstrained
minimizer lies outside the feasible region, thereby enforcing active constraints at the optimal

solution. The objective function f(x) is defined as:

flz) = (i +log (1+e %) 4 (x5 — B)*),

n
= 1

d

3=

7

1y
where the dimension is set to d = 50 and the number of components is n = 10. The coefficients
«; ; are sampled uniformly from 2/(0.1,1.1). The shift parameter is set to 8 ~ 2.365, such that
the Euclidean norm of the unconstrained minimizer is approximately ||z%,,.||2 =~ 15, ensuring it

violates the constraints.

The feasible set is defined by m = 10, 000 affine inequality constraints, generated to form an outer
approximation of an ellipsoidal set £ := {z € R? : 2T Qx < 100}. Here, Q is a positive definite
diagonal matrix with entries ¢; ~ U(1,1.5), and the constraint normal vectors are randomly
sampled from the boundary of £. This construction guarantees a compact feasible set satisfying

the nonempty interior assumption.

The optimal solution z* is pre-computed using the L-BFGS-B algorithm on the deterministic
barrier objective. Crucially, to ensure statistical robustness, the results presented in this section
are averaged over R = 1000 independent simulation trajectories, providing a significantly

more rigorous validation compared to standard evaluations.

Iran. J. Numer. Anal. Optim., Vol. 16, No. 3, 2026, pp 790-814
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5.2 Parameter robustness analysis

To assess the stability of our proposed hybrid algorithm, we conducted a comprehensive grid
search over the two key adaptive parameters from the RADADAMP logic [20]: the memory factor
p (RHO) and the regularization coefficient A (REG LAMBDA). We evaluated the Mean Final
Error ||z — 2*||2 at K = 5000 across a grid of p € {0.9,0.99,0.999} and A € {107%,1073,1072}.

Contrarily to findings in previous studies which noted performance degradation
at lower memory factors, our implementation demonstrated remarkable robustness.
As illustrated in Figure 2, the algorithm maintained a consistently low final error norm (approx-
imately 6.6 x 1072 to 6.8 x 1073) across the entire parameter grid. The uniform distribution of
low error values indicates that the adaptive batching mechanism effectively suppresses gradient
noise regardless of minor variations in hyperparameter settings.

Based on these results, we proceeded with the conservative settings of By = 2, Bmax = 8,
p = 0.999, and A = 1073 for the main experiments, although our analysis suggests that the

algorithm remains stable and precise over a much wider range of configurations.

Figure 2: Sensitivity Analysis (Mean Final Error)

000678

0.00676

0.00674

000672

0.00670

Memory Factor (Rho)

||s% - x|| 10113 |euld uesw

0.00668

0.00666
0.999 - 6.63e-03 6.64e-03 6.63e-03

0.00664

0.0001 0.001 0.01
Regularization Lambda

Figure 2: Robustness Analysis: Mean Final Error ||z — z*||2 at K = 5000 for varying memory factors
(p) and regularization coefficients (A). The uniform color distribution highlights the stability of the AdaBS-
RBSGD algorithm against parameter variations.
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805 Adaptive-batch stochastic gradient descent for constrained optimization based on relaxed barrier functions

5.3 Algorithms for comparison

We compare the performance of two algorithms:

« Base SGD (Baseline): The adaptive relaxed barrier SGD algorithm from [7], which

corresponds to our Algorithm 1 with a fixed batch size of By = 1.

e« AdaBS-RBSGD (Ours): Our proposed hybrid algorithm using the adaptive parameters
defined in Section 5.2.

5.4 Performance evaluation

We now evaluate the algorithms based on convergence speed, final solution accuracy, and vari-

ance. The results are averaged over R = 1000 independent simulation trajectories.

5.4.1 Error vs. iterations

Figure 3 plots the primary performance metric, the Euclidean distance to the optimum ||z, —z*||2,

against the number of iterations (k). The results clearly validate our central hypothesis.

o Baseline (Red): The baseline algorithm converges quickly but stagnates around a high-
variance "noise floor” (approx. 1.4 x 1072). The shaded red area remains large, preventing

further progress.

¢« AdaBS-RBSGD (Green): Our hybrid algorithm initially tracks the baseline. However,
as it approaches the optimum, the adaptive batching mechanism activates. The algorithm
breaks away from the baseline’s noise floor, actively suppressing variance. By iteration
10,000, it achieves a final solution that is approximately 64% more accurate (= 4.9 x 10~3)

than the baseline.

Robustness to Ill-Conditioning: The superior stability observed in Figure 3 also suggests
resilience against ill-conditioning. In ill-conditioned landscapes, where high curvature in specific
directions causes single-sample SGD to oscillate violently (zig-zagging), the adaptive increase in
batch size By plays a stabilizing role. By averaging out the stochastic noise components, the
algorithm computes a more accurate approximation of the true descent direction. This effectively

dampens the erratic oscillations typical of ill-conditioned problems, allowing AdaBS-RBSGD to
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Figure 3: Convergence Comparison (beta=2.365)
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Figure 3: Algorithm Performance Comparison (n = 10, = 10000). The plot shows the mean ||z — z*||2
(solid line) and +1 standard deviation (shaded area) over R = 1000 runs.

maintain steady progress where the baseline stagnates. Regarding nonconvexity, as noted in
Remark 1, while the current theory assumes convexity, this variance reduction mechanism is
expected to be empirically beneficial in navigating nonconvex landscapes, a subject reserved for

future investigation.

5.4.2 Adaptive batching mechanism

Figure 4 explains how the hybrid algorithm achieves this variance suppression. It plots the
behavior of the mean batch size By, over the R = 1000 trajectories. By starts at By = 2 allowing
fast initial exploration. As the optimization loss decreases, By rapidly increases until it hits the
cap Bmax = 8. This transition from a low-batch to a controlled high-batch regime is precisely

what actively suppresses the gradient variance and enables continued convergence.

5.4.3 Computational efficiency

Figure 5 provides a critical analysis of computational efficiency by plotting the error against the

total number of gradient computations.
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Figure 4: Adaptive Batch Size Behavior (B0=2 -> B_max=8)
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Figure 4: Adaptive batch size behavior (Hybrid algorithm). The plot shows the mean By increasing from
Bp = 2 to Bmax = 8 as the algorithm converges.

« Baseline (Red): Efficient for low-accuracy solutions but hits a precision ceiling at =

1.4 x 1072, regardless of the computational budget.

¢ AdaBS-RBSGD (Green): While requiring slightly more gradient computations ini-
tially, the hybrid method successfully continues to converge past the baseline’s ceiling. It
trades a marginal increase in computation for a higher precision solution that is impossible

for the baseline to achieve.

Scalability with large number of constraints: A key advantage of the adaptive sampling
strategy is its scalability. The computational cost per iteration is dominated by the gradient
evaluations of the sampled batch, scaling as O(By, - d), where d is the dimension of the decision
variable. Crucially, this cost is independent of the total number of constraints m. Even as
m grows extremely large (high-dimensional constraint space), the batch size remains capped
at Bmax < m. Consequently, AdaBS-RBSGD maintains high computational efficiency and is

well-suited for large-scale problems where evaluating all constraints is prohibitive.
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Figure 5: Computational Efficiency (Accuracy vs Cost)
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Figure 5: Computational Efficiency. The plot shows the mean ||z; —z*||2 against the total cumulative gradient

computations (log-log scale).

5.4.4 Final solution quality and computational cost

Finally, we analyze the final iterate xx after K = 10,000 iterations. Table 1 summarizes the

mean objective value f(xg), maximum constraint violation, and total wall-clock time.

Table 1: Comparison Results (Mean + Std. Dev. over R = 1000 runs)

AdaBS-RBSGD (Ours)

Algorithm Final Error ||z — z*||2 Max Violation | Mean Objective | Total Time (s)
Dimitrieski (Baseline) 1.38 x 1072(£3.48 x 1073) 0.00(£0.00) 81.7414(+£0.0001) 1.79
491 x 10 3(£1.22 x 10-%) | 0.00(£0.00) | 81.7412(+0.0000) 253

The table provides two key insights:

1. Accuracy stability: Both algorithms find feasible solutions. However, the hybrid al-

gorithm achieves a significantly lower final error norm. More importantly, the standard

deviation of our method (+1.22 x 107?) is approximately a factor of 3 lower than the

baseline (£3.48 x 10~3), indicating superior algorithmic stability.

2. Computational Trade-offs: The transition from a fixed single-sample batch to an

adaptive batch size introduces a fundamental trade-off. By dynamically increasing By,

the per-iteration computational cost rises (since By gradient evaluations are required

instead of one). This explains why the hybrid algorithm’s total wall-clock time (2.53s)
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is higher than the baseline (1.79s). However, this additional computational investment
is strictly necessary to suppress the stochastic noise that limits the baseline’s precision.
Effectively, we trade a controlled increase in runtime for a significant gain in solution
accuracy and stability. Practically, this trade-off is kept efficient by the cap Bpax = 8,
ensuring the algorithm remains computationally feasible while achieving a precision level

that the fixed-batch baseline cannot reach.

5.5 Sensitivity to batch capacity limit (Bpax)

To rigorously justify our choice of the batch capacity limit B.x = 8, we conducted an ablation
study analyzing the trade-off between solution accuracy and computational cost. We evaluated
the hybrid algorithm across a range of capacity limits Buax € {2,4,8,16,32,64}, averaging the

results over independent trials to ensure statistical significance.

The results, illustrated in Figure 6, reveal a distinct trade-off point at Bp.x = 8.

¢ Significant accuracy gain: Increasing the limit from Bp,x = 2 to 8 results in a sharp
reduction in the final error norm ||z x —z*|| (from ~ 9.5x 1073 to ~ 4.9 x 1073), effectively

halving the error with only a minimal increase in execution time.

« Computational stability regime: For By, < 8, the wall-clock time (dashed red line)
remains remarkably stable, showing only a slight linear increase. This indicates that the
adaptive batching is efficiently utilizing the available computational resources without

overhead.

e Cost-accuracy Trade-off: Beyond B.x = 8, while the error continues to decrease,
the computational cost exhibits a steep, super-linear increase. For instance, achieving
the marginal accuracy gain at Bpax = 64 requires nearly doubling the execution time

compared to Bpax = 8.

Consequently, Bpax = 8 represents the optimal balance on the Pareto frontier, maximizing
solution precision while maintaining the computational efficiency that characterizes our proposed

method.
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Figure 6: Trade-off Analysis (Accuracy vs. Cost)
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Figure 6: Trade-off Analysis: Final error (solid blue) vs. Wall-clock time (dashed red) for varying batch
capacity limits (Bmax). The plot demonstrates that Bmax = 8 offers the optimal balance, avoiding the steep
computational penalty observed at higher capacities.

6 Conclusion

In this paper, we introduced AdaBS-RBSGD, a novel and efficient hybrid algorithm for solving
stochastic constrained optimization problems. Our work builds upon the modern framework
established by Dimitrieski, Cao, and Ebenbauer [7], addressing its critical limitation of high
gradient variance which leads to significant oscillation near the optimum. To overcome this, we
integrated the adaptive batching strategy (RADADAMP) from Sievert-Shah [20]. Our hybrid
algorithm dynamically adjusts the batch size By to be inversely proportional to the optimization
loss, actively suppressing gradient variance as the iterates approach the solution.

Our primary contribution is twofold. First, we provided a rigorous theoretical analysis es-
tablishing the almost-sure convergence of this nontrivial hybrid algorithm (Theorem 1). Second,
we presented comprehensive numerical experiments that empirically validate our approach. Our
results clearly demonstrate that AdaBS-RBSGD successfully breaks away from the high-variance
‘noise floor’ that stalls the baseline method, allowing our algorithm to achieve a significantly more
accurate and stable final solution.

This superior accuracy involves a manageable computational trade-off. As our experiments
with the optimized batch cap (Bmax = 8) confirm, achieving this high-precision solution requires

only a moderate increase in the computational budget (approx. 1.4x time increase) compared
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to the baseline method. This work thus presents a practical and theoretically-sound method
for accelerating stochastic constrained optimization, offering a valuable trade-off for applications

where solution precision and stability are paramount.

Future work

The promising results of our AdaBS-RBSGD algorithm open several interesting avenues for future

research:

e Analysis of convergence rate: Our current analysis proves almost-sure convergence.
A valuable theoretical extension would be to derive the explicit convergence rate of the
hybrid AdaBS-RBSGD algorithm, similar to analyses found in [13], formally proving that

it achieves a faster rate than the baseline, as suggested by our variance analysis.

¢ Interaction with step-size: This work used a pre-defined decaying step-size ;. Future
work should investigate the synergy between the adaptive batch size By and adaptive
learning rates (e.g., AdaGrad-style scaling), as both mechanisms respond to the optimiza-

tion landscape.

o Nonaffine constraints: The current analysis, similar to the baseline work [7], is focused
on problems with affine (linear) constraints. Investigating the performance, stability, and
theoretical guarantees of the AdaBS-RBSGD approach when applied to problems with

general nonlinear constraints would be an important next step.

¢ Nonuniform sampling: Our algorithm currently employs standard uniform sampling
for constraints. Future work could explore the synergy between adaptive batching and
nonuniform or importance sampling techniques. For instance, adaptively sampling con-

straints that are more frequently violated might accelerate convergence.

o Extension to non convex objectives: While our current theoretical framework relies
on the assumption of strong convexity to guarantee almost-sure convergence (Assump-
tion 1), stochastic gradient methods are widely used in nonconvex settings (e.g., neural
network training). Investigating the empirical performance and establishing local conver-
gence guarantees for AdaBS-RBSGD in nonconvex optimization landscapes represents a

significant and promising direction for future research.
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