
Iranian Journal of Numerical Analysis and Optimization
Vol. ??, No. ??, ??, pp ??
https://doi.org/??
https://ijnao.um.ac.ir/

Research Article

Practical early stopping for adaptive barrier SGD:
Balancing stochastic speed with validation accuracy
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Abstract

Stochastic gradient descent (SGD) algorithms based on adaptive barrier functions are highly
efficient for large-scale constrained optimization. However, their inherent stochastic nature
leads to the critical “last-iterate problem”, where update noise causes significant oscillations,
making reliance on the final solution a high-stakes gamble. To address this instability, we intro-
duce the early-stopped barrier SGD (EB-SGD) algorithm, a practical approach that replaces
reliance on the noisy last iterate with a robust “best-iterate tracking” mechanism. Our method
employs periodic validation, where the cheap stochastic process is temporarily halted to com-
pute a high-quality, deterministic “Validation Score.” This score is defined as a combination
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of the full-batch objective function and a large penalty for constraint violation. We maintain
the iterate that achieves the best score recorded so far and utilize a “patience”-based stopping
criterion to filter out minor stochastic oscillations and halt the algorithm only upon persistent
stagnation. This strategy introduces a deliberate computational trade-off: Exchanging many
inexpensive stochastic steps for fewer, more expensive validation steps. We prove theoretically
that the sequence of best iterates returned by EB-SGD converges almost surely to the unique
optimal solution. Furthermore, our numerical experiments confirm the practical superiority
of this approach, demonstrating significantly reduced variance (higher stability) and finding a
final solution that is substantially more accurate than the baseline last-iterate method.

AMS subject classifications (2020): Primary 90C15, 90C25; Secondary 49M30, 65K05, 68T05.

Keywords: Constrained optimization, Stochastic gradient descent, Early stopping, Best-iterate
tracking.

1 Introduction

Stochastic gradient descent (SGD) and its variants have become cornerstone algorithms [3, 10,
11, 14, 24] in modern large-scale optimization. While exceptionally efficient for unconstrained
problems, its application to constrained optimization remains an “active area of research” [19].
Many classical approaches require “computationally expensive projection steps” [21], which be-
come prohibitive when the number of constraints is very large.

To overcome this challenge, recent methods have been developed that rely on sampling
only a subset of constraints, such as those based on penalty functions [12, 22] or primal-dual
approaches [23]. A “particularly promising direction,” however, is the Adaptive Relaxed Barrier
SGD algorithm proposed by Dimitrieski, Cao, and Ebenbauer [7]. This approach avoids expensive
projections [8, 9] and allows for sampling both the objective function and the constraints.

While this baseline algorithm is “guaranteed to converge almost surely” [7], its practical
application faces a critical limitation due to “inherent stochastic noise.” Because of this noise,
the validation error curve does not decrease monotonically; rather, as Prechelt [16] demonstrated,
real-world validation curves are “ugly” and exhibit “multiple local minima.” This leads to what
we term the “last-iterate problem”: Relying on the final iterate xk is a gamble, as the stochastic
process oscillates significantly rather than settling on a single point [6].

In this paper, we address this practical limitation by proposing the “Early-stopped barrier
SGD” (EB-SGD) algorithm. Instead of relying on the noisy last iterate, we integrate the baseline
algorithm [7] with a robust “best-iterate tracking” mechanism. Our method periodically halts the
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3 Practical early stopping for adaptive barrier SGD: Balancing stochastic speed with validation accuracy

stochastic process to compute a deterministic, high-quality “Validation Score.” We then apply a
formal stopping criterion, such as the “Successive Increases” (UPs) rule formalized by Prechelt
[16], to this deterministic validation path. This “patience” parameter s makes the algorithm
robust to small, random oscillations.

This strategy introduces a deliberate computational trade-off: Exchanging many inexpensive
stochastic steps for fewer, more expensive validation steps. By doing so, we aim to filter out the
high-variance oscillations inherent to the barrier method and recover a high-precision solution.

We provide a rigorous theoretical analysis (Theorem 1) establishing that this approach pre-
serves the “strong almost sure convergence guarantees” of the underlying relaxed barrier method
[7, 13]. Our numerical experiments provide a “clear validation” of these practical claims. The
results demonstrate that EB-SGD decisively overcomes the “random peak” problem, achieves
significantly reduced variance, and finds a final solution of “substantially higher precision” com-
pared to the baseline algorithm.

2 The proposed methodology

In this section, we introduce our algorithm, which integrates the adaptive relaxed barrier SGD
from Dimitrieski, Cao, and Ebenbauer [7] with a robust best-iterate tracking and early stopping
mechanism. Instead of relying on the noisy last iterate, our method uses periodic validation to
find a practically superior solution.

2.1 Problem formulation and assumptions

The objective is to solve the following constrained optimization problem:

min
x∈Rd

f(x) :=
1

n

n∑
i=1

fi(x) subject to gj(x) ≤ 0, for all j ∈ {1, . . . ,m}, (1)

where we assume that the objective functions fi and constraint functions gj are continuously
differentiable (C1) functions. We adopt the following standard assumptions, with mathematical
formulations that are common in this field

[4, 5, 18].

Assumption 1 (Objective Function Properties). The objective function f and its components
fi are assumed to possess the following properties for constants L ≥ µ > 0 and for any x, y ∈ Rd:
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1. L-Smoothness: Each component fi(x) is L-smooth, meaning its gradient is Lipschitz
continuous with constant L:

fi(y) ≤ fi(x) +∇fi(x)T (y − x) +
L

2
||y − x||2.

2. Convexity: Each component fi(x) is convex:

fi(y) ≥ fi(x) +∇fi(x)T (y − x).

3. Strong Convexity: The total function f(x) is µ-strongly convex:

f(y) ≥ f(x) +∇f(x)T (y − x) +
µ

2
||y − x||2.

These assumptions, although restrictive, are not uncommon in convergence proofs for gradient-
based optimization algorithms.

[4, 7].

Assumption 2 (Constraint Functions). The constraint functions gj(x) are affine, defined as
follows:

gj(x) := aTj x+ bj ,

where aj ∈ Rd and bj ∈ R. The feasible set X := {x ∈ Rd : gj(x) ≤ 0, for all j} is assumed to
have a nonempty interior, which is a fundamental condition for applying barrier-based methods

[4].

Definition 1 (Relaxed Logarithmic Barrier). The function B : R × R+ → R utilized in this
work is defined as follows:

B(z, δ) :=

−δ log(−z), z < −δ,
1
2

(
(z+2δ)2

δ − δ
)
− δ log(δ), z ≥ −δ.

(2)

This specific relaxation is globally defined, continuously differentiable (C2), and convex with
respect to its first argument z [7].

Remark 1 (Convexity of the Relaxed Barrier). It is crucial to note that the specific relaxed
barrier function B(z, δ) employed in the underlying algorithm [7] is convex in its first argument
z. Consequently, since the constraint functions gj(x) are affine (Assumption 2), the composite
barrier term B(gj(x), δ) preserves convexity with respect to x. This follows directly from the
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5 Practical early stopping for adaptive barrier SGD: Balancing stochastic speed with validation accuracy

property that the composition of a convex function with an affine mapping is convex. This
property is fundamental for guaranteeing the uniqueness of the solution in the relaxed formulation
used in Theorem 1.

Assumption 3 (Stochastic Sampling). At each iteration k, an objective index ik ∼ U{1, . . . , n}
and a constraint index jk ∼ U{1, . . . ,m} are sampled independently and uniformly at random.
This uniform distribution is chosen to ensure that the stochastic gradients are unbiased estimators
of the true gradients, thereby satisfying the standard assumptions for SGD algorithms [17]. This
is demonstrated by the following equations:

1. For the objective function: The expected value of the sampled stochastic gradient is
equal to the true gradient of the full function [7, 17]:

E[∇fik(x)] =
1

n

n∑
i=1

∇fi(x) = ∇f(x).

2. For the barrier function: The expected value of the sampled stochastic gradient of the
barrier function equals the average effect of the gradients over all constraints [7]:

E[∇B(gjk(x), δ)] =
1

m

m∑
j=1

∇B(gj(x), δ).

2.2 The “last-iterate” problem in stochastic optimization

The foundational algorithm by Dimitrieski, Cao, and Ebenbauer [7] proposes the following
stochastic update rule, which samples both an objective component and a constraint:

xk+1 = xk − γk(∇fik(xk) +∇B(gjk(xk), δk)). (3)

While this baseline algorithm is guaranteed to converge almost surely asymptotically [7], its
practical behavior in finite time differs. Even with a diminishing step-size schedule (γk ∝ k−0.8),
the error curve exhibits significant nonmonotonicity. This instability arises primarily from the
adaptive nature of the barrier function. As the barrier parameter δk decreases, the barrier
becomes increasingly steep and the Hessian ill-conditioned near the constraint boundaries [9].
Consequently, stochastic gradient updates that push iterates towards the boundary result in
large repulsive gradients, causing the sequence to oscillate rather than settling smoothly.
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Figure 1: Illustration of the “last-iterate problem” (Zoom-in view, iterations 500–700). Using the standard
step-size schedule from Dimitrieski, Cao, and Ebenbauer [7] (γk ∝ k−0.8), the inherent stochastic noise causes
the current iterate xk (blue) to oscillate significantly. Relying on the final point is a “gamble,” as the error
may stop at a random peak (indicated by the black arrow). In contrast, our proposed best-iterate tracking
mechanism (red) guarantees monotonic improvement and algorithmic stability.

This phenomenon renders reliance on the “last iterate” xk a gamble, as illustrated in Figure
1. As empirically demonstrated by Prechelt [16], real-world validation curves are rarely smooth;
they are often “ugly” and exhibit multiple local minima. It is worth noting that while Polyak–
Ruppert averaging [15] is a standard technique to mitigate such oscillations by averaging all
iterates, our proposed approach differs by explicitly selecting the best feasible iterate based on
validation, rather than indiscriminately averaging the trajectory. This leads to the proposed
solution for the “last-iterate problem”.

2.3 Best-iterate tracking mechanism

To overcome the instability of the last iterate, we propose a best-iterate tracking mechanism
based on periodic validation, a standard practice in early stopping literature.

Instead of only tracking the last iterate xk, we periodically halt the stochastic process (e.g.,
every V iterations) to compute a deterministic, high-quality “Validation Score” for the current
iterate. This score is defined as a combination of the full-batch objective function and a penalty
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7 Practical early stopping for adaptive barrier SGD: Balancing stochastic speed with validation accuracy

for the maximum constraint violation:

Score(xk) =
1

n

n∑
i=1

fi(xk)︸ ︷︷ ︸
Full Objective

+P · max
j∈{1,...,m}

(0, gj(xk))︸ ︷︷ ︸
Max Violation Penalty

, (4)

where P is a large penalty coefficient (e.g., 106). From a theoretical standpoint, exact penalty
methods require P to exceed the maximum Lagrange multiplier (P > ||λ∗||∞) [1, 9]. In this
work, we do not derive a formal bound for λ∗; instead, we adopt a practical heuristic approach
inspired by exact penalty methods. We choose P sufficiently large to empirically ensure that any
infeasible point incurs a prohibitive cost, effectively prioritizing feasible solutions during valida-
tion. Crucially, our sensitivity analysis (Section 4.5) demonstrates that EB-SGD is remarkably
robust to the choice of P , maintaining strict feasibility and high accuracy across varying orders
of magnitude.

We then maintain two tracking variables throughout the training process:

1. best_score: The lowest (best) validation score recorded so far (analogous to Eopt(t) in
Prechelt [16]).

2. x_best: The specific iterate xk that achieved the best_score.

2.4 Early stopping and the computational trade-off

This validation step introduces a new computational trade-off. The original algorithm [7] is fast
because its per-iteration cost is independent of n and m. Our validation step is computationally
“expensive” because it requires iterating over all n objective components and all m constraints
to compute the score in (4).

However, the benefit is that we no longer need to run the algorithm for an arbitrarily large,
fixed number of iterations (K). We can stop intelligently once the algorithm is no longer improv-
ing. This is achieved by adopting a formal stopping criterion, such as the “Successive Increases”
(UPs) rule formalized by Prechelt [16]. This “patience” parameter s makes the algorithm robust
to small, random oscillations, exchanging many cheap stochastic steps for fewer, more expensive
validation steps to ensure high solution quality.
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2.5 Algorithm specification: EB-SGD

We consolidate these concepts into our proposed algorithm, EB-SGD, detailed in Algorithm 1.
This algorithm uses the update rule from (3) as its “engine” but uses the validation and tracking
mechanism from Section 2.3 to select the final output.

Algorithm 1 Early-Stopped Barrier SGD (EB-SGD)
Require: Initial point x0, validation frequency V , patience s.
1: xbest ← x0

2: best_score← Score(x0) ▷ Using (4)
3: patience_counter← 0

4: xk ← x0

5: for k = 0, 1, 2, . . . do ▷ Stochastic Update Step (from [7])
6: Sample ik ∼ U{1, . . . , n} and jk ∼ U{1, . . . ,m}
7: Compute schedules γk and δk

8: xk+1 ← xk − γk(∇fik(xk) +∇B(gjk(xk), δk))

9: xk ← xk+1

10: if (k + 1) (mod V ) = 0 then ▷ Time for periodic validation
11: current_score← Score(xk)

12: if current_score < best_score then
13: best_score← current_score
14: xbest ← xk ▷ Save the best iterate
15: patience_counter← 0

16: else
17: patience_counter← patience_counter+ 1

18: end if
19: end if
20: if patience_counter ≥ s then ▷ Stopping criterion met
21: break
22: end if
23: end for
24: return xbest ▷ Return the best solution found, not the last

We now provide the formal convergence analysis for the proposed EB-SGD algorithm (Algo-
rithm 1) to establish that its output, the sequence of best iterates xbest, converges almost surely
to the unique optimal solution.
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9 Practical early stopping for adaptive barrier SGD: Balancing stochastic speed with validation accuracy

Theorem 1 (Convergence of the Best-Iterate Sequence). Let Assumptions 1, 2, and 3 hold.
Let the step-size {γk}k≥0 and barrier sequence {δk}k≥0 (defined as δk = δ∞ + ϵk) satisfy the
following standard conditions:

∞∑
k=0

γk =∞,

∞∑
k=0

γ2
k <∞, and

∞∑
k=0

γkϵk <∞.

Then, the infinite sequence of best iterates {xbest,k}k≥0, generated by the tracking mechanism
of Algorithm 1 (considered without the early stopping criterion), converges almost surely (a.s.)
to the unique, feasible optimal solution x∗(δ∞).

Proof. The proof relies on the convergence of the underlying “engine” sequence Xk and the
continuity of the validation score function.

Step 1: Convergence of Validation Points
The foundational result from Dimitrieski, Cao, and Ebenbauer [7] states that the full se-

quence Xk converges almost surely to x∗(δ∞). The sequence of iterates checked during periodic
validation, Xkv

(where kv = V, 2V, 3V, . . . ), is an infinite subsequence of Xk. Therefore, this
subsequence must also converge to the same limit:

lim
v→∞

Xkv
= x∗(δ∞) (a.s.).

Step 2: Convergence of the Score Function
The validation score function, Score(x) = f(x) + P · maxj(0, gj(x)), is continuous. This

follows because f(x) (Assumption 1), gj(x) (Assumption 2), and the max function are all con-
tinuous. By the Continuous Mapping Theorem (see e.g., [20], and for application to almost sure
convergence, see [2]), since Xkv

→ x∗(δ∞) (a.s.) and Score(·) is continuous, the sequence of
scores must also converge:

lim
v→∞

Score(Xkv ) = Score(x∗(δ∞)) (a.s.).

Step 3: Convergence of the Best Score
Let S∗ = Score(x∗(δ∞)). The variable best_score at validation step v is the running in-

fimum of the observed scores: best_score = infi≤v{Score(Xki
)}. This sequence {best_scorev}

is “monotonically nonincreasing” by the definition of the running infimum. Furthermore, since
Xkv

→ x∗(δ∞) (a.s.) and x∗(δ∞) is the unique minimizer of Score(x) on the approximately
feasible set, the sequence of scores Score(Xkv

) is bounded below by S∗. Following standard
results from analysis (e.g., [20] and [2]), since a nonincreasing sequence that is bounded below
must converge, the sequence of best scores converges to the infimum S∗:
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limv→∞best_score = S∗ = Score(x∗(δ∞)) (a.s.).

Step 4: Establishing Feasibility and Uniqueness. Let xc be any cluster point of the
sequence xbest. By the definition of xbest and the continuity of Score(·), we have Score(xc) =

S∗ = Score(x∗(δ∞)). It is worth noting that while the penalty term is flat (zero) over the feasible
region, the uniqueness of the minimizer is guaranteed by the objective function itself. Recall that
Score(x) = f(x) for all feasible x. Since f(x) is µ-strongly convex (Assumption 1), the function
Score(x) inherits this strong convexity (as the sum of a strongly convex function and a convex
penalty). Consequently, the score function admits a unique minimizer, ensuring that convergence
in score values implies convergence of the iterates to the unique optimizer. Regarding feasibility:
Assume for contradiction that xc is infeasible. For a sufficiently large penalty P (acting as an
exact penalty), we would have Score(xc) > S∗, which contradicts the convergence of scores.
Thus, xc must be feasible. Combining feasibility with the strict convexity of f(x), we conclude
that xc must coincide uniquely with the theoretical minimizer x∗(δ∞).

Step 5: Strong Convergence (Uniqueness)

From Step 4, we consider the properties of the barrier-augmented objective function F (x) =

f(x)+ 1
m

∑m
j=1 B(gj(x), δ∞). Recall that f(x) is µ-strongly convex (Assumption 1). Furthermore,

as highlighted in Remark 1, the relaxed barrier terms B(gj(x), δ∞) are convex functions (as
established in [7]). By standard optimization theory, the sum of a µ-strongly convex function
and a convex function results in a strictly µ-strongly convex function. Consequently, the total
objective F (x) admits a unique minimizer. Since any cluster point xc of the sequence has been
shown to minimize this objective, xc must coincide with the unique optimal solution x∗(δ∞).
Therefore, the entire sequence converges almost surely to x∗(δ∞).

Remark 2 (Asymptotic Convergence vs. Finite Stopping). It is important to clarify the distinc-
tion between the theoretical guarantee of Theorem 1 and the practical execution of Algorithm 1.
Theorem 1 establishes that the infinite sequence of best iterates {xbest,k}k≥0 converges almost
surely to the optimal solution x∗(δ∞). This asymptotic property is crucial because it proves that
the “best-iterate” tracking mechanism acts as a stable estimator, filtering out the oscillatory noise
of the last iterate. In practice, the “patience” parameter s (Line 17 of Algorithm 1) enforces
a finite stopping time. While the finite algorithm cannot strictly “converge” in the asymptotic
sense, Theorem 1 provides the theoretical justification that the sequence being tracked is in-
deed directing towards the unique optimum, validating the quality of the solution returned upon
stopping.
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11 Practical early stopping for adaptive barrier SGD: Balancing stochastic speed with validation accuracy

3 Numerical experiments and results

To validate the practical performance of our proposed EB-SGD algorithm, we conduct a series
of numerical experiments. The primary objective is to compare its convergence, stability, and ef-
ficiency against the original Base SGD algorithm proposed by Dimitrieski, Cao, and Ebenbauer
[7].

3.1 Experimental setup

To ensure a fair and direct comparison, we replicate the academic benchmark problem described
in [7, Section III].

• Problem Dimensions: We use a problem dimension of d = 50.

• Objective Function: The objective f(x) is a finite sum of n = 10 components. Following
the benchmark problem in [7], the objective function is defined as follows:

f(x) =
1

n

n∑
i=1

d∑
j=1

(αi,jxj + log(1 + e−αi,jxj ) + (xj − β)2).

Each component fi(x) is composed of a logistic regression term and a strongly convex
quadratic term [7]. We intentionally place the unconstrained minimizer outside the feasible
set.

The objective function coefficients αi,j are sampled uniformly from [0.1, 1.1]. The pa-
rameter β determines the location of the unconstrained minimizer. In our setup, we
tuned β ≈ 2.365 specifically to set the Euclidean norm of the unconstrained minimizer
to ||x∗

f ||2 = 15. This configuration follows the benchmark problem design in [7], ensuring
that the unconstrained optimum lies well outside the feasible region, thereby forcing the
algorithm to actively engage with the constraints.

• Constraints: The feasible set is defined by m = 10, 000 affine inequality constraints.
Following the setup in [7], these constraints are generated to form an outer approximation
of an ellipsoidal set E . First, the set is defined as E := {x ∈ Rd : x⊤Qx ≤ 100}, where Q
is a diagonal matrix with entries qi ∼ U(1, 1.5). Then, m points (yj) are sampled from the
boundary of this set, and the constraints are defined as the supporting halfspaces gj(x) =
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y⊤j Qx − 100 ≤ 0. This construction ensures the problem is feasible and Assumption 2 is
satisfied [7].

• Implementation and Environment: The simulations are conducted in Python. We
run R = 1000 independent simulations, each with a different random seed, to gather
statistics on performance. The experiments were conducted on the Google Colab platform
with the following specifications: Intel(R) Xeon(R) CPU @ 2.00GHz, 13.61 GB of RAM,
and an NVIDIA Tesla T4 GPU (15 GB VRAM), running on Linux (6.6.97+) with Python
3.12.11.

3.2 Algorithms for comparison

To isolate the effect of our tracking mechanism, we run the same underlying stochastic update
(3) for a fixed K = 10, 000 iteration budget. We compare the performance of two different output
strategies running on this identical engine:

• Base SGD (last-iterate) [7]: This is the original strategy, which uses the final iterate
xk as its output. The blue line in our plot (Figure 2) represents the error ||xk − x∗||2 at
each iteration k.

• Best-Iterate Tracking (Ours): This strategy implements the validation and tracking
mechanism from Section 2.3. The red line (Figure 2) represents the error ||xbest − x∗||2
at each iteration k, where xbest is the best-performing iterate recorded up to that point.

This experimental design allows for a direct, step-by-step comparison of the stability and
quality of the two output strategies.

It is important to note that for this comparative experiment, the break condition (early
stopping) from Algorithm 1 is not used. We must run the simulation for the full 10,000 itera-
tions to generate the complete error curves for comparison. The resulting stability and superior
accuracy of the best-iterate tracking curve (red) is precisely what justifies the use of an early
stopping criterion in our final, practical EB-SGD algorithm (Algorithm 1).

Both algorithms use the exact same hyperparameter schedules as defined in [7] to ensure a
fair comparison:

• Step-size schedule: γk = 0.3k−0.8.

• Barrier schedule: δk = δ∞ + ϵk, with δ∞ = 10−6 and ϵk = 5k−0.3.

Iran. J. Numer. Anal. Optim., Vol. ??, No. ??, ??, pp ??



13 Practical early stopping for adaptive barrier SGD: Balancing stochastic speed with validation accuracy

3.3 Evaluation metrics

We evaluate the algorithms based on the following metrics:

1. Convergence Error: We measure the l2-norm of the error, ||xk − x∗||2, where xk is the
current iterate and x∗ is the true (pre-computed) constrained optimizer.

2. Statistical Performance: We plot the mean error averaged over all R = 1000 runs. We
also plot the standard deviation as a shaded region around the mean, which visually
represents the algorithm’s stability and robustness to different stochastic paths.

4 Results and discussion

It is well-established that barrier-based SGD significantly outperforms projection-based meth-
ods in terms of execution time for large-scale constrained problems, as projection steps become
prohibitive [7]. Therefore, our comparative analysis focuses on evaluating the stability improve-
ments of EB-SGD against the standard last-iterate baseline [7] and Polyak–Ruppert averaging
[15]. The results are analyzed in terms of convergence speed, final solution accuracy, and statis-
tical robustness.

4.1 Convergence and stability analysis

Figure 2 (Left) presents the mean convergence error over R = 1000 independent runs. The visual
results highlight the distinct behaviors of the three strategies:

• Base SGD (Blue): Exhibits the characteristic “last-iterate problem,” stagnating at
a higher error level with significant variance due to the ill-conditioned barrier near the
boundary.

• Polyak–Ruppert Averaging (Green): While averaging successfully reduces the vari-
ance compared to Base SGD, it converges slowly. The error curve shows a persistent
“lag.” This underperformance arises because Polyak averaging accumulates the entire his-
tory of iterates, including the sub-optimal initial solutions and the transient iterates
generated while the barrier parameter δk was still large. This “memory effect” biases the
average away from the fine-grained solution required at the final stages.
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• EB-SGD (Red-Ours): Our best-iterate tracking mechanism demonstrates superior per-
formance. By explicitly selecting the iterate that minimizes the validation score, it ef-
fectively discards the poor initial steps and instantaneously locks onto the high-quality
solutions as soon as they appear, avoiding the lag associated with averaging.

Figure 2: Performance Comparison: (Left) Mean convergence error over 1000 runs. EB-SGD (Red) converges
faster and deeper than Polyak Averaging (Green), which suffers from initialization bias. (Right) Box plot of
the final error distribution. EB-SGD demonstrates the lowest median error and tightest spread.

4.2 Solution quality and robustness

Table 1 provides a quantitative summary of the final solutions. The “best-iterate” strategy
achieves a final error norm of 9.20 × 10−3, which is substantially lower than both Base SGD
(1.38× 10−2) and Polyak Averaging (2.45× 10−2).

The poor performance of Polyak averaging in this specific context—constrained optimization
with adaptive barriers—confirms that indiscriminately averaging all iterates is not ideal when
the “target” (the central path) is shifting. The box plot in Figure 2 (Right) further reinforces
this, showing that EB-SGD offers the most robust distribution with minimal outliers.
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15 Practical early stopping for adaptive barrier SGD: Balancing stochastic speed with validation accuracy

Table 1: Quantitative comparison of final solutions (Mean ± Std. Dev. over 1000 runs).

Metric Base SGD Polyak Avg EB-SGD (Ours)
Final Error Norm (||x− x∗||2) 1.38× 10−2 ± 3.5× 10−3 2.45× 10−2 ± 1.4× 10−2 9.20× 10−3 ± 2.2× 10−3

Final Objective (f(x)) 81.7414 81.7420 81.7412
Max Violation 0.00 0.00 0.00

4.3 Computational trade-off analysis for validation
frequency (V )

To quantitatively analyze the “computational trade-off” introduced in Section 2.4, we conducted
a sensitivity analysis on the validation frequency hyperparameter, V . This parameter directly
controls the balance between the low computational cost of stochastic steps and the ’expensive’
cost of full-batch validation steps.

Experimental Setup

For this analysis, we used the same problem setup described in Section 3.1 (d = 50, n = 10,m =

10000), following the benchmark problem in [7]. We fixed the total iteration budget at K =

10, 000 and ran the best-iterate tracking mechanism (Algorithm 1) with different values for
V , ranging from V = 20 (very frequent validation) to V = 1000 (infrequent validation). We
measured two key metrics:

1. Mean Wall-Clock Time: The total real-world time (in seconds) to complete 10, 000

iterations, including the overhead of all validation computations.

2. Mean Final Error: The l2-norm of the error (||xbest − x∗||2) of the returned solution
xbest after the full budget was exhausted.

Results and Analysis

The results of this analysis are presented in Figure 3 and Table 2.
The data clearly illustrates the trade-off:

• Frequent Validation (Small V ): When V is small (e.g., V = 20), the expensive
validation step is executed frequently (500 times), resulting in the highest wall-clock time
(1.02s). However, this frequent checking allows the algorithm to effectively “capture”
high-quality iterates, yielding the lowest final error (8.54× 10−3).
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Figure 3: Sensitivity analysis for the validation frequency (V ). The left axis (blue) shows the mean final error,
while the right axis (red) shows the mean wall-clock time (seconds). The plot demonstrates a clear trade-off
between solution accuracy and computational cost.

Table 2: Quantitative comparison of the impact of validation frequency (V ) on computational cost and solution
accuracy (Mean ± Std. Dev. over 1000 runs).

Freq. (V ) Mean Time (s) Mean Final Error (||x− x∗||2) Mean Max Violation

V = 20 1.02± 0.33 8.54× 10−3 ± 2.07× 10−3 0.0
V = 50 0.76± 0.22 8.85× 10−3 ± 2.15× 10−3 0.0
V = 100 0.65± 0.16 9.24× 10−3 ± 2.13× 10−3 0.0
V = 200 0.62± 0.17 9.60× 10−3 ± 2.26× 10−3 0.0
V = 500 0.57± 0.14 1.04× 10−2 ± 2.30× 10−3 0.0
V = 1000 0.56± 0.13 1.11× 10−2 ± 2.43× 10−3 0.0

• Infrequent Validation (Large V ): Conversely, when V is large (e.g., V = 1000), the
computational overhead is reduced. The execution time drops to (0.56s), approaching the
cost of Base SGD. However, the algorithm “flies blind” for 1000 steps at a time, increasing
the likelihood of “missing” an optimal iterate. This results in the highest final error
(1.11× 10−2).

This experiment confirms that the choice of V is a practical decision that balances the
available computational budget against the required solution precision.
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4.4 Impact of the early stopping patience criterion (s)

In our final experiment, we analyze the practical effect of the early stopping mechanism itself,
governed by the ’patience’ parameter, s, introduced in Section 2.4. This parameter defines the
“Successive Increases” (UPs) criterion and is critical for making the algorithm robust to the
“ugly,” oscillating validation curves described by Prechelt [16].

Experimental Setup

We test the full EB-SGD algorithm (Algorithm 1) using the same benchmark problem. Instead
of a fixed budget, we allow the algorithm to run until the stopping criterion (Line 18) is met,
using a validation frequency of V = 100. We test a broad range of patience values, from s = 5

(relatively impatient) to s = 200 (very patient). We measure the resulting trade-off between

1. Computational Cost: The mean wall-clock time (in seconds) the algorithm ran before
stopping.

2. Solution Quality: The mean final error (||xbest − x∗||2) of the solution returned upon
termination.

Results and Analysis

The results, shown in Figure 4 and Table 3, demonstrate the essential role of patience in stochastic
optimization.

Table 3: Impact of patience parameter (s) on computational cost and solution accuracy (Mean ± Std. Dev.
over 1000 runs).

Patience (s) Mean Time (s) Mean Final Error (||x− x∗||2) Mean Max Violation

s = 5 0.12± 0.05 2.44× 10−2 ± 7.73× 10−3 0.0
s = 10 0.20± 0.09 1.79× 10−2 ± 5.79× 10−3 0.0
s = 20 0.36± 0.16 1.32× 10−2 ± 4.05× 10−3 0.0
s = 50 0.62± 0.17 9.53× 10−3 ± 2.28× 10−3 0.0
s = 100 0.65± 0.17 9.23× 10−3 ± 2.18× 10−3 0.0
s = 200 0.72± 0.25 9.32× 10−3 ± 2.20× 10−3 0.0

We observe a clear and direct trade-off:

• Impatience (Small s): With small patience values (e.g., s = 5), the algorithm stops
very quickly (mean time ≈ 0.12s). However, this rapid termination often mistakes early

Iran. J. Numer. Anal. Optim., Vol. ??, No. ??, ??, pp ??



Fillali, Addoune and Zeghdane 18

Figure 4: Sensitivity analysis for the patience parameter (s). The left axis (blue) shows the mean final error,
while the right axis (red) shows the mean wall-clock time (computational cost). This illustrates the classic
trade-off between computational budget and solution accuracy.

stochastic oscillations for permanent stagnation, resulting in a higher final error (2.44×
10−2).

• Patience (Large s): As s increases, the algorithm is forced to be more “patient,” ef-
fectively filtering out the stochastic noise. By running longer (e.g., s = 200, mean time
≈ 0.72s), it waits out these oscillations and finds a significantly more accurate solu-
tion (9.32× 10−3).

This experiment validates the necessity of the s parameter. It provides a direct, tunable
“knob” for the user to balance their desired solution quality against their available computational
budget. Notably, while increasing patience from s = 5 to s = 100 yields substantial gains in
accuracy, extending it further to s = 200 yields diminishing returns, suggesting that an optimal
patience range exists for a given problem scale.

4.5 Sensitivity to penalty parameter P

To address the theoretical concerns regarding the exact penalty condition and justify the choice
of P = 106 in the validation score (4), we conducted a comprehensive sensitivity analysis. We
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evaluated the algorithm’s performance with P varying across varying orders of magnitude, P ∈
[103, 108], while maintaining all other hyperparameters fixed.

As illustrated in Figure 5, the EB-SGD algorithm demonstrates remarkable robustness to
the magnitude of P . Both the mean final error and the constraint violation remained statistically
invariant across the tested range. This empirical evidence suggests that because the underlying
adaptive barrier mechanism naturally enforces feasibility, the specific value of P becomes less
critical, provided it is sufficiently large to filter out infeasible outliers during the transient phase.
Thus, P = 106 is a safe and effective choice.

Figure 5: Sensitivity Analysis: The impact of varying the penalty parameter P on the final error (red) and
maximum constraint violation (blue). The performance is consistently stable, confirming the robustness of the
method to the penalty magnitude.

4.6 Ablation study: Choice of penalty metric

To validate the design choice of using the maximum constraint violation in the validation score
(S(x) = f(x) + P · maxj gj(x)+), we conducted an ablation study comparing it against an
alternative sum-based metric (Salt(x) = f(x) + P ·

∑
j gj(x)

+).
The results, visualized in Figure 6, demonstrate that both strategies achieve perfect feasibility

with mean maximum violations converging to zero (≈ 0). Furthermore, both metrics converged
to the identical objective value of 81.7412. This confirms that the algorithm’s feasibility guarantee
is primarily driven by the adaptive barrier mechanism rather than the specific aggregation of
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the penalty in the validation step. However, we retain the Max-Penalty formulation as it aligns
theoretically with the worst-case guarantee required for strict feasibility.

Figure 6: Robustness Comparison: Box plot showing the worst-case violations for Max-Penalty vs. Sum-
Penalty strategies. Both methods consistently achieve zero violations, confirming the algorithm’s inherent
robustness.

5 Conclusion

In this paper, we introduced the EB-SGD algorithm, a practical and effective modification
for stochastic constrained optimization. We began by identifying a fundamental limitation in
baseline algorithms [7], which we term the “last-iterate problem”. We demonstrated that
relying on the final, noise-ridden iterate is a “gamble”, as real-world validation curves are “ugly”
and oscillatory.

Our approach directly addresses this limitation by replacing reliance on the last iterate
with a robust “best-iterate tracking” mechanism. Through “periodic validation” using a
deterministic “Validation Score”, and a “patient” (s) stopping criterion, our algorithm is able to
“filter out stochastic noise” and reliably identify a superior solution.

We proved theoretically (Theorem 1) that the sequence of best iterates (xbest) returned by
our algorithm converges almost surely to the unique, optimal solution. More importantly,
our numerical experiments (Section 4) demonstrated the practical benefits of this approach:
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• Superior Accuracy: EB-SGD returns a solution that is “significantly more accurate”
(lower final error norm) than the baseline last-iterate method.

• Robust Stability: The most significant finding is the “significantly reduced variance”.
This confirms our tracking mechanism is “more stable and robust” to stochastic noise,
filtering out the “random peaks” that plague the last-iterate method.

These findings confirm that the “computational trade-off”—exchanging cheap stochastic
steps for “computationally expensive” validation checks —is highly beneficial, leading to a final
solution that is not only more accurate but also certifiably feasible and “significantly more sta-
ble”. Finally, our sensitivity analyses of the validation frequency (V ) and patience (s) provide
practical “knobs” for users to balance their required solution precision against their available
computational budget. It is important to note that our experimental validation in this work was
focused on convex optimization problems with affine constraints. While the proposed EB-SGD
framework is theoretically grounded, extending its empirical validation to nonconvex or nonaffine
settings remains a subject for future investigation.

Future work

The promising results of our EB-SGD algorithm open several interesting avenues for future
research. Based on our findings, we suggest the following directions:

• Adaptive and Autonomous Hyperparameter Tuning: Developing a self-tuning
mechanism for the validation frequency V and the patience parameter s to automatically
detect the optimal balance between computational budget and solution quality, thereby
reducing user dependence.

• Variance-Based Validation Frequency: Designing a heuristic to dynamically adjust
the validation frequency V based on the observed variance in the deterministic Validation
Score, ensuring frequent checks only when stochastic noise is high.

• Trend Analysis for Patience (s): Employing advanced statistical monitoring or time-
series analysis techniques to robustly differentiate between minor stochastic oscillation
and persistent performance stagnation, allowing for an automatic adjustment of s.

• Scalable Stochastic Validation Schemes: Investigating the replacement of the expen-
sive full-batch validation step with a low-cost, statistically sound mini-batch validation
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scheme, leveraging concentration inequalities to guarantee high-confidence early stopping
decisions.

• Extension to Nonaffine Constraints: Investigating the performance, stability, and
theoretical guarantees of the EB-SGD approach when applied to problems with general
nonlinear (nonaffine) convex constraints, moving beyond the current focus on affine con-
straints.

• Generalization to Nonconvex Optimization: Exploring the empirical performance
and potential convergence guarantees of the EB-SGD algorithm within the domain of
nonconvex optimization, specifically for large-scale training of deep neural networks.

• Tail-Averaging Variants: Since our experiments demonstrated that standard Polyak–
Ruppert averaging suffers from “memory lag” due to the shifting central path, future
work should investigate “Tail-Averaging” (or windowed averaging) schemes. These meth-
ods average only the most recent iterates (e.g., the last suffix of the trajectory), potentially
combining the variance-reduction benefits of averaging with the dynamic tracking capa-
bility required for adaptive barrier methods.

• High-Dimensional Scalability: While this study established the stability and robust-
ness of EB-SGD on the standard benchmark (d = 50), investigating the algorithm’s
scalability to significantly higher-dimensional problems (e.g., d ≥ 100) remains a critical
direction. Future work will focus on analyzing the convergence rates and computational
trade-offs in such high-dimensional regimes under varying constraint geometries.
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