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Abstract

The examination of dynamics and synchronization within discrete fractional neural networks
has attracted notable interest in contemporary studies. Nevertheless, current research has pri-

marily focused on commensurate discrete fractional-order neural networks. This study aims to
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explore the synchronization of incommensurate discrete fractional neural networks, spanning
both constant and variable orders. By employing linear feedback control techniques, we es-
tablish a satisfactory criterion to guarantee the synchronization of noncommensurate discrete
fractional neural networks with constant orders. This condition is formulated in terms of lin-
ear matrix inequalities, offering a systematic approach to synchronization. Furthermore, under
specific conditions, the Lyapunov functional is employed to analyze the synchronization of non-
commensurate discrete fractional neural networks with variable orders. This synchronization
condition is solely dependent on the system parameters, facilitating easy verification and imple-
mentation. In order to confirm the efficacy and practicality of the proposed methodologies, two
numerical examples are selected and presented, demonstrating the successful synchronization

of incommensurate discrete fractional neural networks.

AMS subject classifications (2020): Primary 39A12; Secondary 34D06, 34D20, 92B20, 93C55, 39A30.

Keywords: Discrete incommensurate fractional neural networks; Discrete incommensurate

variable-order neural networks; Lyapunov functional; Complete synchronization.

1 Introduction

In recent years, the analysis of nonlinear dynamical systems has increasingly focused on syn-
chronization phenomena, owing to their fundamental role in science and engineering applica-
tions such as secure communications, signal processing, neural computation, and coordinated
control of complex networks. With the widespread use of digital devices and numerical plat-
forms, discrete-time models have become particularly relevant, as they naturally arise in digital
circuits, computer simulations, and networked control implementations. Consequently, the syn-
chronization and control of discrete-time chaotic systems has emerged as an active research area,

especially when memory effects and long-term dependencies are taken into account.

To accurately capture such memory effects, fractional-order modeling has been widely
adopted. Fractional-order systems generalize classical integer-order models by introducing non-
local operators that depend on the entire past evolution of the system. In the discrete-time
setting, fractional difference operators provide a flexible mathematical framework for modeling
systems with hereditary properties. Foundational developments in discrete fractional calculus,
including Riemann-type and nabla-type fractional differences and their associated transforms,
have been established in works such as [2, 12]. More recently, stability and asymptotic behavior
of incommensurate nabla fractional difference systems have been investigated in [7], while non-

linear nabla variable-order fractional discrete systems and their applications to neural networks
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were studied in [13]. These results form the mathematical basis for the analysis of fractional

discrete neural networks.

Within this framework, a wide range of synchronization and control strategies has been
proposed for discrete fractional-order chaotic systems. Active control techniques, which rely on
real-time state reconstruction, have been successfully applied to achieve synchronization and
secure communication in fractional-order discrete-time chaotic systems [8]. Impulsive control
methods, based on intermittent control actions, were developed in [23] to synchronize fractional-
order discrete chaotic systems with reduced control effort. Adaptive and sliding-mode-based
strategies have also been investigated to improve robustness and precision, as demonstrated
in fractional-order discrete-time synchronization problems arising in engineering applications
[20]. In addition, linear state error feedback control remains a simple and effective approach for

synchronizing chaotic discrete dynamical systems [36].

The incorporation of fractional difference operators into neural network models has revealed
a rich variety of dynamical behaviors in discrete-time systems. Fractional-order discrete neural
networks are capable of exhibiting chaos, bifurcations, multistability, and complex attractors,
which are not observed in their integer-order counterparts. Chaos generation and applications
to image encryption were explored in fractional-order discrete neural networks in [5], while in-
commensurate fractional discrete neural networks with complex chaotic behavior were studied in
[1]. The dynamics of fractional-order neural networks with discrete and distributed delays were
investigated in [33]. Moreover, extensive research has been devoted to the stability and control of
fractional discrete neural networks, including new stability criteria [17], solvability and stability
of variable-order fractional discrete neural networks [16, 3], stabilization and synchronization of
nonlinear fractional discrete neural networks [15], finite-time stability results for variable-order
fractional difference equations [11], and finite-time stability analysis of various types of fractional

discrete neural networks [14, 24].

Among the many dynamical phenomena observed in fractional neural networks, synchroniza-
tion plays a particularly important role. Synchronization enables coordinated behavior between
coupled neural systems and is essential for applications in information transmission and secure
communications. Synchronization of fractional-order discrete-time neural networks with time
delays has been studied in [10], while complete synchronization of discrete-time fractional-order
coupled neural networks was analyzed in [6]. Global Mittag—Leffler stability and synchronization
of complex-valued discrete-time fractional-order neural networks were investigated in [37], and
finite-time synchronization of fractional-order memristive recurrent neural networks was reported
in [21]. More refined synchronization patterns have also been explored, including synchroniza-

tion analysis for discrete fractional-order complex-valued neural networks [22], quasi-projective
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synchronization of discrete-time fractional-order quaternion-valued neural networks [38], and lag
synchronization of discrete fractional-order neural networks with time delays [10].

Despite these advances, much of the existing literature has focused on commensurate
fractional-order systems, where all state variables share the same fractional order. However,
in many realistic neural and biological systems, different neurons may possess distinct memory
characteristics, leading naturally to incommensurate fractional-order models. In recent years,
synchronization of incommensurate fractional-order neural networks has therefore attracted in-
creasing attention. Predefined-time synchronization of incommensurate fractional-order compet-
itive neural networks with time-varying delays was studied in [35]. Synchronization in incom-
mensurate Riemann-Liouville fractional-order competitive neural networks with different time
scales was investigated in [9]. Lag quasi-synchronization of incommensurate fractional-order
memristor-based neural networks with nonidentical characteristics was addressed in [18], while
a detailed dynamical analysis and digital circuit realization of incommensurate fractional-order
Hopfield neural networks was presented in [34].

In parallel, variable-order fractional models have emerged as a powerful generalization of
constant-order fractional systems, allowing the fractional order to vary with time and thereby
providing a more accurate description of evolving memory effects. Variable-order fractional
discrete neural networks have been analyzed in terms of existence, uniqueness, stability, and
finite-time behavior in [16, 3, 11, 14]. These models further enrich the dynamics of neural
networks and pose new challenges for synchronization and control design.

It is also worth noting that synchronization of chaotic and fractional-order systems has
been extensively studied through generalized, hybrid, and projective synchronization frameworks.
Comprehensive treatments of fractional-order control and synchronization can be found in the
monograph [4]. Robust and hybrid synchronization methods for fractional and integer-order
chaotic systems were developed in [26, 25, 27, 29], while generalized synchronization of discrete-
time chaotic systems with different dimensions was investigated in [32]. Fractional-order discrete-
time chaotic systems exhibiting chaos, stabilization, and synchronization were studied in [19],
and chaos control and synchronization of fractional discrete-time systems with no equilibrium
were reported in [31]. Applications of chaotic synchronization to secure communication schemes
were further explored in [30], and inverse full-state hybrid function projective synchronization
was investigated in [28]. These works provide an important theoretical and methodological
foundation for the present study.

Motivated by the above discussion, this paper investigates the synchronization and control of
discrete incommensurate fractional-order and variable-order neural networks. Using the Nabla
Caputo fractional difference operator, we propose novel discrete neural network models that

incorporate both heterogeneous (incommensurate) and time-varying (variable-order) memory
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effects. Simple linear control laws are designed to achieve synchronization between drive and
response networks. By constructing suitable Lyapunov functionals, new sufficient conditions are
derived to guarantee synchronization for both constant-order and variable-order incommensurate
neural networks

The remainder of this paper is organized as follows. Section 2 introduces preliminary re-
sults from discrete fractional calculus and variable-order fractional difference theory based on
the nabla operator. Section 3 presents synchronization criteria for discrete incommensurate
fractional-order neural networks with constant orders. Section 4 extends the results to discrete
incommensurate variable-order neural networks. Section 5 provides numerical simulations to
validate the theoretical findings. Finally, section 6 concludes the paper and outlines directions

for future research.

2 Preliminaries

In the following discussion, we introduce fundamental definitions and key principles concerning
discrete fractional calculus to lay the foundation for our investigation. Consider real numbers a
and b, along with a positive constant h. We utilize the notation N, = {a,a + 1,a 4+ 2,...} to

denote a set of natural numbers starting from a.

Definition 1. [2] For a function z : Ng — R with 6 as the starting point, and for § > 0, the §th

order summation operator is defined as follows:

oV l2(t) = ﬁ Z (t —p(s)?ta(sh), p(s)=s—1, teN,. (1)

s=a+1
Additionally, we establish the polynomial factorial function with ascending powers as

s T(t+96)
T

Definition 2. [2] Consider a function = : N, — R defined on N,, where 6 > 0. The discrete

Caputo nabla operator is expressed as

OVix(t) = ﬁ > (t—p(s)'Va(s), teN,. (2)
s=a+1
Here,
Va(t) = z(t) — z(t — 1). (3)
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Let the nonlinear incommensurate fractional-order discrete-time system be described by the
nabla operator:
o Vix(t) = Ax(t), (4)

where 6 = (01,60,...,0,) € (0,1), 2(t) = (z1(¢), 22(t), ..., 2n(t)).

Theorem 2.1. [7] If det(I — HA) # 0, then the system (4) possesses a unique solution for

g € R™. Moreover, if all the eigenvalues of the characteristic equation expressed as

o e ((1-1)" (1 2) " (1)) ) o ®

reside within the unit disk, then the trivial solution of system (4) achieves asymptotic stability.

Lemma 2.1. Examine the subsequent fractional-order difference inequalities accompanied by
initial conditions: 0 < V;(0,z;(0)) < W;(0,¥,(0)),i =1,2,...,,

VOVt 21 (t))
VPVt 2a(t))

IN

acv‘g1 Wl (t7 Y1 (t))a
VWt ya(t)),

IN

eV Va(t,zn(t) < SV Wat,ya(t).
The subsequent inequalities are valid:
Vilt,xi(t)) < Wi(t,yi(t)), forallt>0, i=1,2,...,n, (6)

where V (¢, 2;(t)) and W (¢, z;(t)) : [0,00) x N, — [0, 00).

Definition 3. [13] Let 0 < 6(¢) < 1 for all ¢t € Na. Suppose that we have a function = : Na — R.

We define the left nabla fractional sum of order 6(t) as follows:

3 (= p(9) O a(s), 1€ Now. 7)

VO (1) = T(0(t) S

Definition 4. [13] Given a function x : N3 — R with 0 < 6(¢) < 1, the Caputo nabla discrete
difference with variable-order is expressed by
1 t

TV = gy 2 () TOVEE), e N ®)
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Lemma 2.2. [13] Let « : Ny 1 — R; then z(¢) fulfills the following inequality:

aCV“’(t)a:Q(t) < 2x(t)2:c(t) SVG(t)x(t). (9)

Let us explore the dynamical system described by the following nonlinear nabla noncom-

mensurate discrete fractional equations:
OV Wai(t) = filt, zi(t)). (10)

In the context of the nabla discrete-time fractional-order system, we consider 6(t) € (0,1),
z(t) € D C R™ representing the state space that includes the equilibrium point x, = 0. The
variable ¢ is an element of N1, where a € R, and the function f: N,41 x D — R™ adheres to

the Lipschitz continuity condition.

Theorem 2.2. [13] If we consider the system (10) defined under the Caputo definition, then the
conditions for asymptotic stability can be established through the existence of class K functions
Y1, V2, V3, parameters v € (0, min 8;(¢)), pi > 0, and Lyapunov functions V;(¢, zi(t)) : Ny xD — R

for each i =1,2,...,n, satisfying

n

Z

7 (ll2(t) Z CVIEOTIV(t i) < vz @)]), (11)
( ). < 12

— 1 Jiltsz(t) < —s(llz@)])- (12)
In the context where x(t) € D, t € Noy1, a € R, and V,;(¢, z;(t)) is a differentiable and convex

function concerning x;(t), the system (10) is deemed to be uniformly asymptotically stable at

Te = 0.

3 Synchronization of discrete incommensurate

fractional-order neural networks

In the following analysis, we investigate the synchronization of incommensurate discrete fractional-

order neural networks, characterized by

OVOa(t) = —Cax(t) + Bf(t, z(t)). (13)

Iran. J. Numer. Anal. Optim., Vol. 16, No. 2, 2026, pp 683-702



Momani, Batiha, Hioual and Ouannas 690

In the provided equation, i belongs to the set of natural numbers N = 1,2,...,n, with ¢
being greater than or equal to zero. The parameter 6 = [0;,60s,...,0,] denotes the vector of
orders, where n represents the total number of units in the neural network. At time ¢, the
state vector z(t) = (w1(t),...,z,(t))T lies in R?, and f(x(t)) = (f1(z1(t)),..., falzn ()T
signifies the activation function of the neurons. Additionally, C' = diag(cy,...,cy) signifies the
diagonal matrix containing the constant rates at which each unit resets its potential individually,
unaffected by external inputs or network activity. The weights governing the connection between
the jth and ith neurons at time ¢ are represented by (ai;)n x n, and I = (I1, I, ..., In)T denotes
the external bias vector.

Before proceeding further, we state the following hypothesis:

(H1): The activation functions f; in the neural network exhibit Lipschitz continuity, ensuring
the existence of positive constants I, where j = 1,2,...,n. These constants are defined

such that
Ifi(z) = fi(y)| <ljle —y|, forallz,yeR.

The system denoted as (13) serves as the driving system, while the slave system is defined by
“Vay(t) = =Cy(t) + Bf(t,y()) + u(t). (14)

Here, y(t) € R™ represents the state vector of the slave system, with wu(¢) representing the
controller yet to be devised.
The discrepancy in states between the master and slave systems defines the synchronization

error, articulated as

e(t) = y(t) — x(t). (15)

The error dynamics, deduced from (13) to (14), can be expressed in the following manner:

CVIe(t) = —Ce(t) + B(f(t,x(t)) — f(t,y(1)) + u(t). (16)

Our objective is to devise an appropriate feedback control strategy,

u(t) = Ke(t), (17)
where K = diag(k1, k2, . .., kn) is a diagonal matrix, such that the subsequent error system takes
the form:

CVae(t) = —(C = K)e(t) + B(f(t,x(1)) — f(t,y(1))). (18)
Alternatively,
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n

CVaelt) = —(e = ka)ei(t) + )by (f(t (1) = fi(ty; (1), i=1,2,...,n. (19)

j=1

The asymptotic stability implies that the trajectory of the slave system governed by (14)
tends towards the trajectory of the master system over time, initialized at y(a), and has the

capability to gradually converge towards the drive system defined by (13), initiated at z(a)

lim [le(t)]| = Jim [lx() — y(1)| = 0. (20)

t—

Theorem 3.1. If (H;) is valid, and the subsequent condition is met:
“ [bis| 1+ [bjills
ki>ci_z|w|]2|]1|t’ (21)
=1
then the master-slave systems (13)-(14) achieve synchronization.

Proof. Choose the auxiliary function:

n

V()= Vit)= ‘

i=1 i

e2(t). (22)

N

n

Employing Lemma 2.2 and computing the 6;-order difference on V;, we derive

CVEVi(t) < ei(t) CVEat),

= ei(t) | (e = koealt) + Y bis(f (1) = f(t,5(1))

j=1

< —(e = ka)ef (t) + i |bij[jei(t)e; ()

- el (t) +e3(t
S _(Ci - kl)e?(t) + Z ‘bUUJM
- 2
Jj=1 (23)
" by |1+ byl
< —(¢; — ki)e? 2 b1t + 1b5illi
< (e = k() + (1) Y IS
j=1
< ci_ki_zw (1)

j=1

_ = |bij|L; + [bjilli
= ci — ki ; 5 Vi(t).
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Utilizing (23), we can formulate the corresponding comparative system:

OV (t) €11 0 - 0 | |Wi(t)
VW, (t) 0 e+ 0 | |[Wa(t) o
OVIW (1) 0 0 €nn| |Wal(t)
in which
n
boslls 4 bl
€ii = — Ci_ki_zw . (25)
j=1
The system represented by (24) can be reformulated as
CVIW(t) = AW (¢). (26)

Let W(t) = (Wy(t), Wa(t),...,W,(t)T and let A = diage;in x n. Lemma 2.1 implies that
the controlled system (26) is asymptotically stable if a certain condition is met, specifically if
W(t) — 0when ki >c¢i— > 5= 1"7‘bij|lj + [bjills
Lemma 2.1, we deduce that V(t) < W (t) and V() = 0. Given V(t) = > 1, Vi(t) = DI, ¢ (t),

i=1"i

. By employing the comparison principle from

it follows that e;(¢) — 0. Consequently, the synchronization error system (16) is also stable, thus

concluding the proof.

O

4 Synchronization of incommensurate discrete

variable-order neural network

Let us explore the synchronization of a discrete incommensurate variable-order neural network,
denoted by (27). We introduce an innovative theorem to ensure synchronized dynamics between
two chaotic neural networks using simple linear control laws. Consider the discrete incommen-

surate variable-order neural network defined by (27) as the master system:

OV () = —cran () + X0y big £t 2;(2),
OV Wy (t) = —cama(t) + X7 boj fi(t,25(2),

OV W (t) = —cnmn(t) + X0y bug £5(t,25(1)).

Iran. J. Numer. Anal. Optim., Vol. 16, No. 2, 2026, pp 683-702
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Conversely, the controlled discrete incommensurate variable-order neural network represented by
(28) is regarded as the slave system, with n synchronization controllers denoted as L1, Lo, . .., Ly,

respectively:
VR Dy (t) = —eapn () + > i big [ty (1) + La(t
OV ya(t) = —eaya(t) + ) bof 5 (.5 (1)) + La(),

~—

)

(28)
OV yn(t) = — ey () + 35—y bug £5(895(2)) + Lu(t)
a n nYn j=1njJJj yYj n .
To achieve complete synchronization, the synchronization error is defined as follows:
ti(f) ::vi(t) —yi(t)7 1= 1,...7’)’L. (29)
The synchronization scheme is deemed successful if the following condition holds:
lim |e(t)] =0, fori=1,...,n. (30)

s——+00

In order to emphasize the pivotal results of the proposed synchronization strategy, the ensuing
theorem is introduced to guarantee the synchronization between the master and slave neural

networks.

Theorem 4.1. The master-slave systems represented by (27) and (28) achieve synchronization

when the controlled variables Li,i = 1,...,n, are chosen as follows:
S |bij |1+ [bjills :
Li(t) = — le ei(t)7 1= 1,...,7’L. (31)
j=

Proof. To ensure the convergence of the synchronization errors defined in (29), we begin by

applying the nabla Caputo-type variable-order differences to (29), resulting in

VR Oer(t) = —crer(t) + X7y by (fi(t,2;(1)) = £5(ty; (£) + La(b),
OV Wes(t) = —eaen(t) + 30 boj (F5(t,2(8) = f5(t,y;(1)) + La(t), )
OV Den(t) = —enen(t) + 30 by (F5(t,25(1)) — f1(t,y;(1)) + La(2).

Substituting the proposed control law (31) for Li,i = 1,...,n, in system (32) yields the following

updated fractional discrete system:
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OV Ver(t) = —crer(t) + 0y by (F5(t, () — f5(t.y;(1))
- (s, Pl Pl
OV Wes(t) = —caeat) + Y0y bug (F5(t, (1) — f5(t.y;(1))
_ (E;’L_l W) ez(t), (33)

OV Ven(t) = —enen(t) + X7y ba (f5(t,25(8) = £5(t,y5(1))

_ <Zj_1 % en(t).

We proceed to examine the Lyapunov function, which incorporates the collective error state

n

V(t) = %Z CvhO=7ei2(1). (34)

i=1
1 . s s .
This results in “V)V(t) = 3 Yo CVZ‘(t)e?(t). Furthermore, utilizing Lemma 2.2, we derive

the following inequality:

CVIV(t) < elt) VEet)
i=1

=S eilt) | —enelt) + Dbt (0) — £yt (0))

Jj=1

Zn il jilli
_ |b]|]+|bj |l e;(t)
_ 2

Jj=1

(35)
& - " bl A+ |bjill
S —cie?(t) + Z |bij‘€i(t)€j (t) — Z % e?(t)
i=1 j=1 j=1
i " e2(t) 4 e2(t) G A
£ e+ 3y SO SO ()
i=1 j=1 j=1

< - Zcie?(t) < 7Y e(t) = —yle)] < 0.

Additionally, based on Theorem 2.2, it can be affirmed that the dynamics of the error sys-
tem (29) for discrete incommensurate variable-order networks converge towards zero, indicating

stability. Consequently, the synchronization between the master system (27) and the slave sys-
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tem (28) of the discrete incommensurate variable-order neural network is successfully attained

through the utilization of linear control laws (31). Thus, the proof is duly concluded. O

5 Numerical examples

In this section, we employ numerical simulations conducted in MATLAB to provide a com-
prehensive validation of the theoretical findings presented in the preceding theorem. Through
detailed numerical experiments, we aim to offer a deeper understanding and insight into the

synchronization behavior predicted by our theoretical framework.

Example 1. The master system is the incommensurate discrete fractional neural network with

two neurons:

OVohiri(t) = —0.25z(t) + 0.1sin(x1(t)) — 0.2sin(z2(t)), (36)
OVO229(t) = —0.322(t) + 0.3sin(z1(t)) + 0.4sin(z2(t)).
The slave system is
V() = —1yi(t) + 0.1sin(y1(t)) — 0.2sin(y2(t)) + k1 (1), 37
OV92yy(t) = —1.5ya(t) + 0.3sin(yy(t)) + 0.4sin(y2(t)) + ka(t).
The synchronization state-feedback gain is determined as follows:
0.2 0]
K= , (38)
10 0.1]
resulting in the matrix A defined as
0.1 0
A= . (39)
10 0.2]

Certainly, the matrix A fulfills the criteria delineated in both Theorem 2.1 and Theorem
2.2, signifying the asymptotic stability of the error system. This indicates the attainment of
synchronization between the driving and responding systems. In our computational trials, we
commence with the driving and responding systems initialized at z(0) = (3,1,2)” and y(0) =
(4,2,3)T, respectively. Figure 1 visually presents the evolution of state synchronization between

these systems, while Figure 2 depicts the synchronization error.

Example 2. Let us regard the three-dimensional discrete incommensurate variable-order neural

network expressed by (40) and (41) as the master-slave systems for our investigation:

Iran. J. Numer. Anal. Optim., Vol. 16, No. 2, 2026, pp 683-702
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Figure 2: Time evolution of the error system.
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while,
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Figure 3: Trajectory of states in the master-slave systems (40)—(41).
The initial states, ¢1(0), e2(0), and e3(0), are considered as the starting values. To simu-

late the states of the variable-order error system and synchronized systems (40) and (41), the

predictor-corrector method is employed. The initial values are specified as z(0) = (0.5,0.3,0.8)7
and y(0) = (0.1,0.3,1)7 with
01(t) = ‘1 —4ED)
02(t) = —|log(t + 3)|, (42)
Do
et
03(t) = =
D=3

In Figure 3, the numerical states of the discrete incommensurate systems (40)—(41) are depicted.

Meanwhile, Figure 4 illustrates the time evolution of the error system. These visualizations
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Figure 4: Temporal evolution of the error system.

distinctly demonstrate the synchronized dynamics achieved by the two chaotic fractional neural
networks, confirming the effectiveness and simplicity of the linear control laws (31) in achieving

synchronization.

6 Conclusion

In conclusion, this study has addressed the synchronization of incommensurate discrete frac-
tional neural networks, which extends previous research focused on commensurate systems. By
utilizing linear feedback control methods and establishing sufficient conditions for synchroniza-
tion in terms of linear matrix inequalities, we provided a systematic approach applicable to
networks with both constant and variable orders. The application of the Lyapunov functional
under specific conditions further strengthened our analysis, offering insights into synchronization
dynamics and facilitating easy verification and implementation. Through numerical examples,
we demonstrated the effectiveness and feasibility of our proposed methods, underscoring their
potential for practical applications in various fields reliant on network synchronization. Overall,
our contributions advance the understanding and practical implementation of synchronization

mechanisms in complex fractional-order neural networks.
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