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Abstract

This paper examines the applicability of a new exponentially fitted scheme on Shishkin mesh for
solving a class of singularly perturbed problems in ordinary differential equations containing a
small delayed term. The original delayed problem is reduced to an equivalent new problem using
Taylor series expansion procedure, and then a three-term recurrence relationship is obtained
by approximating the first and second-order derivatives in the reduced problem by their mixed
and central difference analogue, respectively. To avoid the nonuniformity in the solution, a
fitting factor is introduced into the obtained tri-diagonal scheme, and its value is determined
by the use of singular perturbation theory. Thomas algorithm is efficiently used to solve a
tridiagonal system of equations. Convergence and stability of the scheme are discussed in
detail. Richardson’s extrapolation technique is employed to improve the accuracy and rate
of convergence of the solution produced by the scheme. Four standard example problems are
solved, and the computational results are presented in terms of the maximum absolute point-

wise errors and rate of convergence. Computational results are compared with some other
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published results. Theoretical and computational analysis reveal that the fitted scheme is
able to produce accurate and uniformly convergent solutions with first-order accuracy, which
is further improved to second-order accuracy by Richardson extrapolation. Furthermore, the
method is most suitable for all the values of (1/N) > ¢, where ¢ < 1076 and N is the number

of subintervals in which the underlying interval is divided.

AMS subject classifications (2020): 34D15 - 34E15 - 34E20 - 34B25

Keywords: Singular perturbation problem - Boundary layer - Differential-difference equation -

Fitting factor - Thomas Algorithm - Stability and convergence

1 Introduction

It is well known that the singularly perturbed delay differential equations (SPDDEs) or
differential-difference equations with interval boundary conditions (IBCs) are the result of math-
ematical modeling of various physical and biological phenomena/processes/problems. These
SPDDEs with IBCs are most ubiquitous and arise in situations in which the future state of the
system depends upon the present as well as the past. There are a number of realistic model
singularly perturbed problems in differential-difference equations in which one encounters the
SPDDEs with IBCs. The first exit time problems in the modeling of activation of neurons and
variational problems in control theory are two examples of such problems. The importance of
these singularly perturbed problems in differential-difference equations (SPPDDEs) can be easily
realized from the research articles and monographs [34, 37, 41, 55, 46, 23, 6, 22, 69, 74, 53, 38, 5,
11, 8, 19, 72, 73, 54, 71]. These SPDDEs are ordinary/partial differential equations in which the
highest order derivative is multiplied by a small singular perturbation parameter ¢ (0 < ¢ < 1)
and the term(s) contain delay (negative shift) and/or advance (positive shift) argument(s). The
solution of such problems exhibits oscillatory and/or boundary/interior layer behavior in the un-
derlying interval of interest. In fact, the solution is of multi-scale character when the ¢ is small
tending to zero. That is there exist thin transition layer(s) where the solution undergoes drastic
change, while away from the layer(s) the solution behaves regularly and varies slowly. Here, the
word “layer” stands for the small subregion of the independent variable over which the dependent
variable experiences the most rapid change and the terms boundary and interior layers are due
to the occurrence of the layer in the neighborhood of the end and the interior points of the under-
lying domain, respectively. These thin layers are usually termed as the boundary layers, shock

layers, skin layers and transitional points in the various fields of applied science and engineering.
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759 A fitted numerical technique for a class of singularly perturbed delay differential equations

Development of numerical/analytical methods has been a herculean task due to such abnormal
layer behavior of solutions. It has been experienced that the error in solving such problems by
applying classical numerical methods cannot be reduced below a certain fixed limit unless spe-
cially designed numerical methods or nonuniform meshes are used [47]. Thus, the study of such
a pervasive problem is vital if robust and accurate solutions are required. More detailed infor-
mation can be obtained from the monographs: [18, 10, 9, 56, 57, 55, 8] and the research articles:
[20, 52, 75, 63, 67, 29, 26, 28, 36, 33, 61, 66, 25, 65, 27, 1, 62, 30, 40, 39, 59, 60, 15, 17, 7, 32, 21, 76].

This paper considers a class of second-order SPDDEs in ordinary differential equations having

small delay (4) in both the convection and reaction terms:

ey’ (s) +b(s)y' (s = 0) + c(s)y(s = 6) + d(s)y(s) = f(s) (1)

with the IBCs: y(s) = a(s) on —d <s<0 and
y(s)=p(s)on 1 <s <149, (2)

where the functions b(s), ¢(s), d(s), and f(s) are sufficiently continuously differentiable functions

over [0, 1] with b(s) > b, > 0; @ and 8 are considered to be constants.

The solution of SPDDE (1) with the IBCs (2) exhibits boundary layer behavior at left-end
of the interval [0, 1] when b(s) — de(s) > M > 0, where M is considered to be a positive real
number. When b(s) — de(s) < M < 0, the solution exhibits boundary layer at the right-end of

the underlying domain.

Such SPPDDEs have grabbed a great deal of attention in the recent and past years. In
a series of papers, [38, 39, 40, 42, 41], Lange and Miura performed the singular perturbation
analysis of boundary-value problem for differential-difference equations with small shifts. In the
papers [41] and [42], they employed asymptotic approaches to approximate the solution of BVPs
for the two classes of singularly perturbed problems in differential-difference equations with small
shifts. In the article [42], they studied the effect of small shifts on the oscillatory behavior of the
solution and remarked that the shifts affect oscillatory solutions more than the boundary layer
solutions. They pointed out that the delayed term can be approximated by the use of the Taylor
series expansion procedure in the case when the delay is of a small order of € [42]. There are many
references in the literature where the shifts are very small and affect the solution considerably.
Lange and Miura [42] have demonstrated that the effect of very small shifts on the solution
behavior by considering several numerical example problems in which the shifts are of small
order of €. They pointed out that the small shifts affect the solution considerably and cannot be

neglected. The biologist Hutchinson [24] also found that “there is a tendency for the time lag to
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be reduced as much as possible by natural selection”. The arguments for small delay problems
are found throughout the literature on epidemics and populations. Thus the small shifts play an
important role in practical problems [34]. In the article [35] the authors have devised a B-spline
based numerical method to treat singular perturbation problems (SPPs) having delays in the
convection and reaction term over a piece-wise uniform mesh. The convergence of the method
is thoroughly discussed. The method is achieving almost second-order convergence. In the
article [77], the authors have suggested an exponentially fitted mid-point upwind finite difference
method for solving a class of convection-diffusion SPDDEs. The proposed method achieves
linear order convergence. A nonsymmetric finite difference based scheme has been devised by
the authors in the article [78] to treat convection type SPPs having delay shift. The terms
containing the delay parameter are expanded up-to second-order using the well-known Taylor
series expansion. Theoretical and numerical examinations reveal that the method is achieving
second-order convergence. Authors in [58] have carried out a numerical integration technique
to treat a class of SPDDEs which yields a tri-diagonal system that has been solved by Thomas
algorithm. This scheme has been performed on some example problems to validate the scheme.
A detailed discussion has been done on how the change of the shift parameter affects the layer
behavior of the solution. The author in [60] has developed a cubic spline-based numerical solving
technique for SPDDEs having delays in the convection and reaction terms. The computational
results have been compared with some published results. The author has observed that the
scheme achieved second-order rate of convergence (ROC) as € > h but losses an order when
e < h and tending to zero. Similar types of problems are discussed in the paper [3]. Here, the
authors have proposed a central finite difference based exponentially fitted scheme for solving
it using uniform mesh discretization. The numerical and experimental analysis reveals that the
method is of quadratic order convergence for ¢ = O(N~!). On the other hand, the method
achieves linear order convergence for ¢ < N~! which indicates the fact that the ROC of the
method is e-dependent. The depicted figures for the solution to the example problems, show
that the width of the boundary layer decreases as the perturbation parameter goes smaller.

In this article, we have proposed a novel exponentially fitted scheme for numerical solution
of SPDDE (1) with the IBCs (2). The negative shift (or delay parameter) induces memory
effect into the problem, that is the solution of the problem at any moment depends upon the
solution of the problem at some earlier moment. Taylor’s series expansion is used to approximate
the delayed terms and the first- and second-order derivatives in the reduced equivalent problem
are approximated by the first-order mixed finite differences and second-order central differences
respectively, which leads to generating a tridiagonal system of equations. Application of Taylor
series expansion is justified due to the reason that the delay ¢ is of a small order of €. A suitable

fitting factor that involves the exponential function has been introduced into the scheme to
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761 A fitted numerical technique for a class of singularly perturbed delay differential equations

avoid the nonuniformity in the solution. The resulting system is solved by “Discrete Invariant
Imbedding Algorithm” widely known as “Thomas Algorithm”. To improve the accuracy of the
solution produced by the proposed scheme and ROC of the scheme, we have applied Richardson
extrapolation procedure to it. The stability and convergence of the fitted scheme have been
discussed in detail. To confirm the applicability of the proposed scheme, four example problems
have been solved for diverse values of 4 and €. The computational results are tabulated in
terms of maximum absolute point-wise errors (MAPEs) and the ROCs before and after applying
Richardson extrapolation. Numerical experiments show that the scheme is capable of producing
better results than the results obtained in [60, 3, 58, 41]. For more clarity, the solutions of the
problems have been plotted graphically for different values of €, N, and §, which reveals that as
0 increases and € — 0 the thickness of the boundary layer decreases. Also, the log-log plot of
MAPESs vs N for the problems have also been done which shows the relation between the e, N,
and MAPEs.

Here, the novelty of the proposed method is associated with the improvement in the accuracy
of the solutions obtained and the ROC achieved, when the Richardson extrapolation procedure
is applied. There are some methods/ schemes for which the accuracy of the solutions obtained
improves but the ROC does not improve when the Richardson extrapolation procedure is applied
on it. In the articles [50, 51], the authors have shown that the Richardson extrapolation does not
improve the ROC of the method while there is an improvement in the accuracy of the solutions.
Nevertheless, in the case of the proposed scheme, an application of the Richardson extrapolation
noticeably improves the accuracy as well as the ROC. This fact strengthens the claim “A numer-
ical solution of required accuracy can be obtained by using Richardson extrapolation” [2, 68].
Furthermore, from the point of view of the wealth of the literature on singular perturbation
problems, we always raise a question that whether there are other ways to deal with the SPPs
which can be used easily with minimal amount of computational work (problem preparation).
Motivated from this question, we have successfully devised a new exponentially fitted finite dif-
ference method for solving the considered SPPDDEs. Method is capable of producing highly
accurate and uniformly convergent results with quadratic ROC for all the values of (1/N) > e,
where ¢ < 1076 and N is the number of subintervals in which the underlying interval is divided.
Furthermore, our method does not depend upon any other parameters as used in [31, 64]

The remaining part of the article has been arranged in the following manner:

In Section 2, an approximated version of the original problem is deduced by the use of Taylor
series; In Section 3, Shishkin mesh is described. In Section 4, we have derived the proposed
scheme. In Section 5, stability of the proposed method is thoroughly discussed. In Section 6,
Richardson’s extrapolation procedure is discussed in detail. In Section 7, we have applied the

proposed method to some example problems to establish the applicability of the method. The
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results produced by the method are presented in tabular form. In Section 8, we have summarized

the paper work. Paper ends with the references.

2 Approximate problem and solution properties

Using the Taylor series, we have

y(s —0)  =y(s) —dy'(s) + O(5°),

3)
y'(s—08) ~y'(s)—0y"(s)+O(6?).
Using the above expansions into (1), we get
1y (s) + p(s)y'(s) + a(s)y(s) = f(s), s€0,1], (4)
with
y(0) = (0) and y(1) ~ B(1). ()

where = ¢ — §b(s), p(s) =b(s) —de(s) and g(s) = ¢(s) + d(s), respectively, and it is presumed
that ¢(s) < 0.

The SPDDE (4)—(5) is different from the original problem (1)—(2) by the term (O(6%)y” +
O(6%)y"""), which is a good approximation of the original problem. The use of Taylor’s series
expansion in approximating the term containing delay arguments () is valid because of the fact
that the values of delay § are considered to be of o(e) [42, 41].

As the new equivalent version of the original problem (4)—(5) differs from the original problem
(1)-(2) by the term (O(62)y” + O(62%)y""), we prefer a new notation say A(s) for the solution of
the approximated version of (1)—(2). Thus (4)—(5) can be written as

L = pX"(s) + p(s)N'(s) +a(s)A(s) = f(s), s€[0,1], (6)
with
A(0) = a(0) = ap and A(1) = B(1) = . (7)
The solution of the problem (6)~(7) can be decomposed as

A=v+w. (8)
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763 A fitted numerical technique for a class of singularly perturbed delay differential equations

For any k1 > 0, the regular part v satisfies

Wk (s)| < C for k=0,1,... ki, (9)
and the layer part w satisfies
lw® (s)| < Cu=Fe P 0=/ for k=0,1,... k. (10)
Furthermore, we have
Lyv=f and Lw = 0; (11)

see [44].

3 Description of the Shishkin-mesh

In order to obtain the discretized scheme on the Shishkin mesh, we divide the considered interval,
[0,1] into N subintervals such that Xy = {0 = 51 < 83 < 83 < -+ < sy < Sy41 = 1}, where
N is the multiple of 2. Now, we divide the interval [0,1] into two subintervals [0, 7] and [r, 1],

where the transition parameter 7 is given by

12
T = min (, Mln(N)),
2" p*

where p* is the maximum value of p over [0, 1]. The mesh points are given by

N

i =0,1,2,...,—,
T, 1 5

)
Si+1 = 575
N/2
/ (12)

b

i , N
S pit1 :T+m(1—7)7 i=L2...,5
where the step lengths h; = s;41 —s; i=1,2,3,...,N and h = max{h;}, i=1,2,3,...,N.
Let the function ¢ denote the mesh generating function over the interval [0, s(x/2)11] and de-

fined in such a way that ¢(0) = 0 and (;5(%) = ln;iv), where ¢ is a continuously differentiable

monotonically increasing function. We define another function ¢ such that

¢ =—Inv. (13)

InN

This function is monotonically decreasing with 1(0) =1 and ¢(1/2) = e~ »* , which gives
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(In N)s
=

Y(s)=e 2 7 . (14)

4 Description of the proposed scheme

In this section, we will discuss the proposed scheme step by step for obtaining the solution of
the problem (6)—(7).

By the theory of singular perturbation, the solution of the problem (6)—(7) can be written
as (see . 22-261[56])

Alsi) = Ao(si) + (o = 2o(0)) exp ( - (pi?) - Zggi)) (15)
Taking h; — 0 and using (15), we get
2 _
Jim X = lim A(s:) = 20(0) + (o~ Jo(0)) exp ( - (’W)m), (16)

where p = % is called “density factor”.

Approximating the first-order derivative and using the mixed finite difference analogue,

i i i i . 1
Ai:a(A“ -2 1) +(1—a)<“1 —A>+O(hi) with = 3;

that is, \ N
3hiv1 — 2 — Ao
I 41 7 i—1
N, = i, ; (17)
and the second-order derivative by the second-order central difference
Aig1 — 20 + X1
A= 2 . : (18)
we obtain \ \ \ \ \ \
i 2)\; i 3\ 2)\; i
i+1 i i—1 i+1 i i—1
— — 5 _— — i/\i = Ji- 19
| nehE h? R it Tl R S (19)
Introducing a fitting factor o(p) into (19), we get
Aiv1 2N Ai—l] {3/\1'—&-1 2 Ai—l}
— i _ — — i)\i = Ji- 20
7o) PR RN I ETa ST I (20)

Multiplying (19) by h; and taking h; — 0, we get
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765 A fitted numerical technique for a class of singularly perturbed delay differential equations
@ )‘i+1 — 2)\1 + )\i—1:| +pz [3Ai+1 - 2)\1 - )\1'_1] =0. (21)
P
Using (16), we get
lim ()\iJrl —2\; + )\1;1) = (Oé — )\0(0))6_mp (e"‘p +e P — 2),
hi—>0

lim (BAiq1 — 20 + Ai—1) = (o — Xg(0))e " (3e™"F — e — 2),
hi*)()

p2(0)—pg(0)

where k = 200)

By using the above two equations, the fitting factor is obtained as follows:

p(0)p ez —e= p0)p
O‘(p) = ko ko
2 es 4 ez 4
0 2(0) — 0 0
_pOp o (P20 —pa0) p) _ p(O)p (22)
2 p(0) 2 4
Finally, (20) gives the recurrence relation as follows:
Eidici —Fihi+Gihipi=Hi, i=2,...,N, (23)
where
R
% hiZ 4h7,7
2004 2p;
Fi= 712 4hi — i
_ oK 3P
gi = 2 + 1n,’
Hi = fi-

Equation (23) with boundary conditions (7) generates (N — 1) x (N — 1) system of equations.
This system is solved by the Thomas Algorithm. The stability conditions for the algorithm are
E >0, F >0and G; >0, & +G; > F;. In this method, if ¢(s) < 0 holds, then one can easily
show the stability of the algorithm.

Iran. J. Numer. Anal. Optim., Vol. 16, No. 3, 2026, pp 757-789



Mardi and Shankar Prasad 766

5 Stability analysis

5.1 Consistency

Let us consider
7_'1[)\1] = Ehl)\(sl) — ,C)\(Sl), 7 = 1, 2, e ,N + 1,

where X is a smooth function over Z = [0, 1] with Ly, as the finite difference operator. Then the
problem finite difference problem (23)—(7) is consistent with the differential problem (6)—(7) if

|Ti[A]] = 0 when h — 0,

where 7;[\], i =1,..., N 41 are the local truncation errors.

5.2 Accuracy

The solution of the problem (6)—(7) is said to be accurate of order p if for a positive constant C

independent of h and p, there exists a relation of the form:
1T\ <ChP, i=1,2,--- N +1.
Assumption 1. Throughout the paper, we shall assume that
p<CN™L (24)

which is generally in the case for discretization of the convection-dominated problems.

Assumption 2. £V follows the bound
Si+1 Si+1
M)~ LN <2 [ 1" @lds 4 [ lg"(9)lds (25)
Ti—1 Sq
where g is any function g € C3[0, 1].
Lemma 1 (Kellogg and Tran). If b(s), c(s), d(s) are sufficiently smooth and independent of p,
then the the solution A(s) satisfies the inequality,

$)| < C(1+ (e — b)) e i), k=0,1,2,.... 26
A(F) C 5by) "
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767 A fitted numerical technique for a class of singularly perturbed delay differential equations

Proof. See [48]. O

Theorem 1. Let us consider that the piece-wise differentiable mesh generating function

satisfies the condition
max ¢’

N

<C (27)

and

/0 ’ ¢'(x)?dx <CN. (28)

Then the error of the scheme (17) satisfies

CN~'max|¢y/|, fori=1,...,N/2,
A(si) = An(si)] <, (29)
CN—1, fori=(N/2)+1,...,N+1.

Proof. The mesh size h; on the fine mesh satisfies
hi =2p((s;) — ¥(si—1)) < 2uN "' maxe’ for i=2,...,(N/2)+ 1. (30)

Thus
hi <CN7Y for i=2,...,N+1, (31)

by using (14) and the Assumption 1 and (27).

Now, using the decomposition in [44] of A, we split the solution of the discrete problem as

LYY =f for i=2,...,N+1, for v} =vi, vN41 =VNt1
and
LYwN =0 for i=2,...,N+1, for w =uwy, w%H = WN41-
O
An immediate consequence of (9), (25), M-matrix property of £V, and (31),
lv; —oN| <CN™'  for i=1,...,N+1. (32)
Using the M-matrix property of £V, one can show that
(N/2)+1 h
wl¥ < H (1+k) , fori=(N/2)+1,...,N+1, (33)
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from [43, 45, 70]. We have

(N/2)+1 (N/2)+1 2
hk hk 1 hk
1 1+-—=2)|> k(2
(o)) 2 (i ()

k=2 k=2 2u
(N/2)+1 2
1 I,
>InN — - — ] .
= 2 2 <2u>
k=2
Therefore,
(N/2)+1 -1 (N/2)+1 2
Ry, ~1 1 ha,
1+-%2) <N - -k
11 ( ’ 2u> - P2 2 <2u)
k=2 k=2

Now, the representation
I S
— = ¢'(x)dx, fork=2,...,(N/2)+1,
2M Sk—1

yields

P 2p 0

Thus, if assumption (28) holds true, then (33) yields

k=2

w¥ <CN7' fori=(N/2)+1,...,N+1.
Consequently,

lw; —w| < |wi| + wN| <CNT' fori=(N/2)+1,...,N +1.

(/241 0 (2 (N/2)41 o 12
3 (k) <Y Geso) [ S@Pa=NT [ et
Sk—1

768

(34)

For the truncation error of the method with respect to the layer part w, inequalities (10)

and (25) imply that

Tif1
7= 1LY [wi — wl¥]|| < Cu_z/ e P-(=)/tdy fori=2,...,N.
Ti_1

Substituting @ = 2u@(s) on the fine part of the mesh, we obtain
Sit1
7 < C(ep*/“),ufl/

Si—1 Si—1

fori=2,...,N/2. Let s € [s;_1, $;+1] be arbitrary. Then we have

Sit1
672¢(8)¢/(3) ds — C(ep*/“)/fl/ e*¢(s)‘w/(s)| ds
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e~ (s) < e si-1/2n) — o=si/2u) (xi=si-1)/(2p) — o=si/(20) chi/(21) < Ce—si/(Qu)7

by (27) and (30). Thus
7 < C(ep*/”),u_lN_le_s"/@“) max [¢'| fori=2,...,N/2.

Now, the discrete comparison principle based on the barrier function presented in [70] (see also
[43, 45]) yields
|E; — EN| <CN 'max|y/| fori=2,...,(N/2)+1. (35)

Combining (32), (34), and (35), we are done.
This shows that the proposed new scheme is linearly convergent.

Now, the Richardson extrapolation technique is described for improving the accuracy and

ROC of the solution obtained by the proposed scheme (23).

6 Richardson extrapolation

It is well known that the Richardson extrapolation procedure is designed to enhance the ROC
of the scheme/method and the accuracy of the computed solutions. This procedure can be
described as follows:

Let Xny C Xaon, where Xop is the set of mesh points obtained by bisecting the step size of
Xn. Let Aan(s) be the solution obtained for Xopn. Let Ax(s;) be the numerical solution of the

fully discretized scheme (23) over Xy. Then using (29) of Theorem 1, one can write
Asi) —An(si) =C(N"Y + Ry, s;€Xp. (36)

Similarly, by assuming Aon(s;) as the numerical solution of the fully discretized scheme

equation (23) on Xsn, we have
)\(Sl) — )\QN(Si) =C ((QN)_1> 4+ Ron, ;€ Xon- (37)

The two remainders Ry and Ry are O(N~2). From (36)—(37), using the approaches in [15,
16, 14], we get
/\(Sl) — (2)\2]\/(&‘) — )\N(Sz)) S C(N_Q), S; € XQN. (38)

Now, we define the extrapolation formula as

Iran. J. Numer. Anal. Optim., Vol. 16, No. 3, 2026, pp 757-789
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)\?\}Ct(s) = 2)\2]\](8) — /\N(S), (39)

which gives a better approximation of A(s;) than either Ay (s;) or Aan(s;). The truncation error

of spatial discretization after applying the extrapolation to the solution can be written as follows:

A(si) = A% (s4)

)\(81) — (2>\2N(Sz) — )\N(SZ)),
2()\(80 — )\2]\[(81)) — ()\(Sz) — )\N(Sz))7 (SZ) € Xopn. (40)

Theorem 2 (Error estimation after applying Richardson extrapolation to the scheme). Let A(s;)

be the solution of (6)—(7) and let A5¥*(s;) be the extrapolated solution as defined in 39). Then

A(si) = AF(s;)| <C(N7?), i=1,....,N+1

Proof. Like the solution A(s;) of (6)—(7) and the numerical solution Ax(s;) of (23) in Xy, the
numerical solution Az (s;) of (23) on Xan can be decomposed into regular Van (s;) and singular

Won(si) components such that
Xon(si) = Van(si) + Wan(s;). (41)
Therefore, we have

v(sz)—VgN(sz)—&-w(sl) _WQN(SZ')7 if k=2N,
Alsi) = Ak(si) = (42)
v(si) = Vi (si) +w(si) = Wn(si), ifk=N.

The combination of (40) and (42) gives

A(si) = AR (si) = 2(v(ss) — Van(si)) — (v(s:) — V(1))
+ 2(w(si) — Wan(si)) — (w(s;) — Wa(si))
= w(s;) — V§*(si) + w(si) — W (si), (43)

where V¥t(s;) is the regular component, and W$*(s;) is the singular component such that
A (s5) = V¥t (s;) + WK (s;). From (29) and the techniques used in [12, 4] on Xop, we have
— . N
C(@N)71) + (Ra)ay, 2<i< 41,
v(s;) — Van(si) = N (44)
C(2N)™Y) + (R2)yn 5 +2<i<N,
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where (R1),y and (Rz),y are of O((h;/2)?). For 1 < j < &, by using (29) and (44), we have

2(v(si) — Van(s:)) — (v(si) = Viv(s:)) =C(2N)"") + O((N"H?) = C(N"H) +O((N™1)?)
=0O(N7?).

Thus,
v(s;) — V(si) = O(N7?). (45)

For % + 2 <4 < N, using the same procedure employed above, we can get the same result

(45). Now, consider the singular components in the outer layer region and interior layer region.

First, consider the estimate in the outer layer region [0,1 — 7]. From (10), we have

s < Conp (-2 < (22T

*T

=Cexp (_p
1

2
) < CN~2, since we assumed 7 = —/j In N. (46)
p

For the solution of the given problem, we consider the following barrier function in order to
determine the bound of |W (s;)|:

i N -1
Ss)=c[] (1 + ph) lH (1 + ph) (47)
r=1 H r=1 H
By the same technique used in [70], we obtain |Wx(s;)| < CN~2. Therefore,
jw(si) — W(s;)| < CN2. (48)
In a similar approach, we can get
lw(s;) — Wan(si)| < CN2 (49)
From (48)—(49) for the outer layer region, we obtain
w(si) = Wi (s:)] <CN72 (50)

For the interior layer region [1 — 7, 1], by following the same procedure in

[49, 4, 13], we obtain

Iran. J. Numer. Anal. Optim., Vol. 16, No. 3, 2026, pp 757-789



Mardi and Shankar Prasad 772

O(N—?), if k=2N,
w(s;) — Wi(s;) = (51)
O(N-2), ifk=N.

Therefore, for the inner layer region, we get
|w(s;) — WR*(si)] < CN 72, (52)

Hence, the combination of (45), (50), and (52) gives the required result.

7 Numerical experiments

To establish the applicability of the proposed numerical scheme, we applied the scheme to some
widely discussed example problems and presented the computational results in tabular form in
terms of MAPEs and ROCs for diverse values of N and e. Since the exact solutions of the
problems are unknown, “double-mesh principle” [18] is used to compute the MAPEs and ROCs.
Thereafter, to increase the accuracy of the solutions and the ROC of the scheme, we applied the
Richardson extrapolation technique to it. We calculated the MAPEs (EY) by the double-mesh
principle formula: EY = maxj<;<n1 [(ASF); — (AS&)2i—1] and the ROCs (RY) by the formula,

N
N _ E
Ra - 10g2 EgisN

Problem 1. First, consider the SPDDE with variable coefficient exhibiting left-end boundary
layer [60, 3]:

eN'(8) + (14 8)N (s —6) + e 25\(s — 0) — 2e~*A(s) = 0 over [0,1];

with A(0) =0 and A\(1) = 1.

Problem 2. Now, consider the SPDDE with variable co-efficient exhibiting left-end boundary
layer [60]:

eN'(8) + (14 $)N (s — 0) +sin(2s)A(s — 0) — e *A(s) = sin(2s) + 3e* over [0,1];

with A(0) = 0 and A\(1) = 1.

Problem 3. Now, consider the SPDDE with variable co-efficient exhibiting left-end boundary
layer [60, 3, 41, 58]:

eN'(z) + e*N (s —§) + sA(s) = 0 over [0,1];

with A(0) =0 and A(1) = 1.
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Problem 4. Finally, consider the nonlinear SPDDE with constant co-efficient exhibiting bound-

ary layer at the left-end of the underlying domain [41, 58]:
eX'(8) + A(s)N (s — ) — A(s) = 0 over [0,1];
with A(s) =1,—§ < s <0,and A\(1) = 1.

The linear form of the problem:
eN'(s) + N(s—9d) — A(s) = 0 over [0,1];
with A(0) =1 and A\(1) = 1.

Table 1:

MAPEs (EYN) and ROCs (RY) for diverse values of N and e of Problem 1 for § = 0.5¢

€

N=23

N=2%

N=2°

N=25

N =27

N=28

N=2Y

before
extrapolation

10-6
RY

1077
RY

1078
RY

1079
RY

10—10
RY

after
extrapolation

10~°¢

RY

1077
RY
1078
RY
1079
RY

10710
RN

8.7523(-003)
0.9590

8.7520(-003)
0.9591

8.7520(-003)
0.9591

8.7520(-003)
0.9591

8.7520(-003)
0.9591

8.6094(-004)
1.8243

8.6135(-004)
1.8229

8.6140(-004)
1.8229

8.6139(-004)
1.8227

8.6139(-004)
1.8227

4.5022(-003)
0.9718

4.5019(-003)
0.9719

4.5019(-003)
0.9719

4.5019(-003)
0.9719

4.5019(-003)
0.9719

2.4311(-004)
1.9203

2.4346(-004)
1.9145

2.4348(-004)
1.9142

2.4350(-004)
1.9145

2.4350(-004)
1.9141

2.2056(-003)
0.9814

2.2953(-003)
0.9815

2.2952(-003)
0.9815

2.2952(-003)
0.9815

2.2952(-003)
0.9815

6.4230(-005)
1.9819

6.4580(-005)
1.9573

6.4600(-005)
1.9543

6.45900(-005)
1.9541

6.4610(-005)
1.9554

1.1627(-003)
0.9918

1.1625(-003)
0.9922

1.1624(-003)
0.9922

1.1624(-003)
0.9922

1.1624(-003)
0.9922

1.6260(-005)
2.0784

1.6630(-005)
1.9785

1.6670(-005)
1.9751

1.6670(-005)
1.9717

1.6660(-005)
1.9743

5.8468(-004)
0.9949

5.8439(-004)
0.9957

5.8436(-004)
0.9957

5.8436(-004)
0.9958

5.8436(-004)
0.9957

3.8500(-006)
1.9449

4.2200(-006)
2.0207

4.2400(-006)
1.9730

4.2500(-006)
1.9764

4.2400(-006)
1.9730

2.9337(-004)
0.9964

2.9307(-004)
0.9940

2.9305(-004)
0.9936

2.9304(-004)
0.9934

2.9305(-004)
0.9936

1.0000(-006)
0.8890

1.0400(-006)
2.0566

1.0800(-006)
1.8969

1.0800(-006)
1.8969

1.0800(-006)
1.8969

1.4705(-004)

1.4715(-004)

1.4718(-004)

1.4719(-004)

1.4718(-004)

5.4000(-007)

2.5000(-007)

2.9000(-007)

2.9000(-007)

2.9000(-007)

We have implemented the proposed numerical scheme on four standard example Problems
1 to 4 for diverse values of N = {23,24,...,2%} and ¢ = {1076,1077,107%,10°} with § = 0.5¢
and presented the computational results in Tables 1 to 4 in terms of MAPEs and ROCs before

and after applying Richardson extrapolation procedure to it. One can easily observe that the
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Table 2: MAPEs (EY) and ROCs (RY) for diverse values of N and ¢ of Problem 2 for § = 0.5¢

€ N=2° N =21 N=2 N =25 N =27 N =28 N=2°

before

extrapolation
106 8.1429(-002) 3.9447(-002) 2.0202(-002) 1.0197(-002) 5.1213(-003) 2.5675(-003) 1.2861(-003)
RY 1.0456 0.9654 0.9864 0.9936 0.9961 0.9974
1077 8.1428(-002) 3.9445(-002) 2.0201(-002) 1.0195(-002) 5.1200(-003) 2.5663(-003) 1.2849(-003)
RY 1.0457 0.9654 0.9866 0.9936 0.9965 0.9980
1078 8.1428(-002) 3.9445(-002) 2.0201(-002) 1.0195(-002) 5.1199(-003) 2.5662(-003) 1.2847(-003)
RY 1.0457 0.9654 0.9866 0.9937 0.9965 0.9982
1079 8.1428(-002) 3.9445(-002) 2.0201(-002) 1.0195(-002) 5.1199(-003) 2.5662(-003) 1.2847(-003)
RY 1.0457 0.9654 0.9866 0.9937 0.9965 0.9982
1010 8.1428(-002) 3.9445(-002) 2.0201(-002) 1.0195(-002) 5.1199(-003) 2.5662(-003) 1.2847(-003)
RY 1.0457 0.9654 0.9866 0.9937 0.9965 0.9982
after

extrapolation
106 5.5340(-003) 1.7500(-003) 4.8230(-004) 1.2711(-004) 3.3660(-005) 9.7000(-006) 3.6500(-006)
Rév 1.6610 1.8594 1.9239 1.9170 1.7950 1.4101

107 5.5325(-003) 1.7485(-003) 4.8086(-004) 1.2567(-004) 3.2180(-005) 8.2700(-006) 2.1800(-006)
RN 1.6618 1.8624 1.9360 1.9654 1.9602 1.9236

1078 5.5323(-003) 1.7484(-003) 4.8070(-004) 1.2552(-004) 3.2030(-005) 8.1200(-006) 2.0500(-006)
RN 1.6618 1.8628 1.9372 1.9704 1.9799 1.9859

107 5.5323(-003) 1.7484(-003) 4.8070(-004) 1.2549(-004) 3.2030(-005) 8.1100(-006) 2.0200(-006)
RN 1.6618 1.8628 1.9376 1.9701 1.9816 2.0053

10710 5.5323(-003) 1.7484(-003) 4.8070(-004) 1.2549(-004) 3.2030(-005) 8.0900(-006) 2.0300(-006)
RY 1.6618 1.8628 1.9376 1.9701 1.9852 1.9947

application of Richardson extrapolation to the the solution of the original scheme improves the
accuracy of the solution in such a way that the ROC of the proposed scheme is improving from
1 to 2. Furthermore, a simple comparison of the computational results presented in the Tables
5, 6, 7, and 8 with the results obtained in [60, 3, 58, 41] clearly reveal that the proposed scheme
with Richardson extrapolation is capable of producing highly accurate and uniformly convergent
results for all the values of 1/N > &, where ¢ < 1076, To examine the effect of the small
delay (d) on the solution behavior of the example Problems 1 to 4, we plotted the graphs of the
obtained solution in Figures 1-8 for N = 100 and diverse values of 6 = {0.0¢,0.3¢, 0.6¢,0.9¢} and
e = {1071,1072}. These figures reveal that the thickness of the boundary layer decreases and

form strong boundary layers when ¢ increases with fixed N and . For more clarity, in Figures
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Table 3: MAPEs (EY) and ROCs (RY) for diverse values of N and ¢ of Problem 3 for § = 0.5¢

€ N =23 N =21 N=2° N =26 N =27 N=2 N=2°
before
extrapolation

1076 2.4316(-002) 1.1480(-002) 5.5608(-003) 2.7345(-003) 1.3557(-003) 6.7510(-004)  3.3700(-004)
Rév 1.0828 1.0458 1.0240 1.0122 1.0059 1.0024

1077 2.4315(-002)  1.1479(-002)  5.5605(-003) 2.7342(-003) 1.3554(-003) 6.7480(-004) 3.3670(-004)
RY 1.0828 1.0457 1.0241 1.0124 1.0062 1.0030

1078 2.4315(-002)  1.1479(-002)  5.5604(-003) 2.7342(-003) 1.3554(-003) 6.7480(-004) 3.3670(-004)
RY 1.0828 1.0457 1.0241 1.0124 1.0062 1.0030

1079 2.4315(-002) 1.1479(-002)  5.5604(-003) 2.7342(-003) 1.3554(-003) 6.7470(-004)  3.3670(-004)
RY 1.0828 1.0457 1.0241 1.0124 1.0064 1.0028

10719 2.4315(-002) 1.1479(-002)  5.5604(-003) 2.7341(-003) 1.3554(-003) 6.7470(-004)  3.3670(-004)
RY 1.0828 1.0457 1.0241 1.0123 1.0064 1.0028

after

extrapolation

1076 1.3570(-003)  3.5830(-004) 9.2300(-005)  2.3500(-005)  6.0000(-006)  1.6000(-006)  5.0000(-007)
RY 1.9212 1.9568 1.9737 1.9696 1.9069 1.6781

1077 1.3572(-003)  3.5840(-004) 9.2300(-005)  2.3600(-005)  6.0000(-006)  1.6000(-006)  5.0000(-007)
RY 1.9210 1.9572 1.9675 1.9758 1.9069 1.6781

10-8 1.3569(-003)  3.5840(-004) 9.2200(-005) 2.3600(-005)  6.0000(-006)  1.6000(-006)  5.0000(-007)
RY 1.9207 1.9587 1.9660 1.9758 1.9069 1.6781

107° 1.3569(-003)  3.5840(-004) 9.2200(-005) 2.3600(-005)  6.0000(-006)  1.6000(-006)  5.0000(-007)
RY 1.9207 1.9587 1.9660 1.9758 1.9069 1.6781

10710 1.3569(-003)  3.5840(-004)  9.2200(-005)  2.3300(-005)  6.0000(-006)  1.6000(-006)  5.0000(-007)
RN 1.9207 1.9587 1.9844 1.9573 1.9069 1.6781

9-12, we have plotted the log-log plots for MAPE vs N (after extrapolation) for Problem 1 to
4 for various values of ¢ tending to zero. Through these figures, we easily observe that despite
of increasing the value of N, for ¢ = 1079, the MAPE increases after certain value of N. Thus
the method is capable of producing highly accurate and uniformly convergent results for all the
values of (1/N) > e where ¢ < 1076.

8 Conclusion

A new exponentially fitted numerical scheme is addressed to approximate the solution of a class
of SPDDEs having delay terms in the convection and reaction terms. Taylor’s series expan-
sion procedure has been used to approximate the terms containing the delay argument (). To

increase the accuracy of the solution and the ROC of the scheme from 1 to 2, Richardson ex-
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Table 4: MAPEs (EY) and ROCs (RY) for diverse values of N and ¢ of Problem 4 for § = 0.5¢

€ N =23 N =27 N =2 N =25 N =27 N =2 N =2
before
extrapolation

10-6 1.9855(-002)  1.0658(-002) 5.5309(-003) 2.8184(-003)  1.4226(-003)  7.1450(-004) 3.5787(-004)
RY 0.8976 0.9464 0.9726 0.9863 0.9935 0.9975

1077 1.9856(-002)  1.0659(-002) 5.5314(-003) 2.8189(-003) 1.4231(-003)  7.1497(-004) 3.5833(-004)
RY 0.8975 0.9464 0.9725 0.9861 0.9931 0.9966

1078 1.9856(-002)  1.0659(-002) 5.5315(-003) 2.8189(-003) 1.4231(-003)  7.1502(-004) 3.5838(-004)
RY 0.8975 0.9463 0.9725 0.9861 0.9930 0.9965

1079 1.9856(-002)  1.0659(-002) 5.5315(-003) 2.8189(-003) 1.4231(-003) 7.1502(-004) 3.5838(-004)
RY 0.8975 0.9463 0.9725 0.9861 0.9930 0.9965

1010 1.9856(-002)  1.0659(-002) 5.5315(-003) 2.8189(-003)  1.4231(-003)  7.1502(-004)  3.5838(-004)
RY 0.8975 0.9463 0.9725 0.9861 0.9930 0.9965

after

extrapolation

106 1.5751(-003)  4.4038(-004) 1.1714(-004) 2.9860(-005)  7.2300(-006)  1.4900(-006)  2.6000(-007)
RY 1.8386 1.9105 1.9719 2.0461 2.2787 2.5187

1077 1.5756(-003)  4.4083(-004) 1.1756(-004) 3.0310(-005)  7.6700(-006)  1.9000(-006)  4.6000(-007)
RY 1.8376 1.9068 1.9555 1.9825 2.0132 2.0463

1078 1.5756(-003)  4.4089(-004) 1.1761(-004) 3.0340(-005)  7.7100(-006)  1.9500(-006)  5.0000(-007)
RY 1.8374 1.9064 1.9547 1.9764 1.9833 1.9635

107° 1.5757(-003)  4.4087(-004) 1.1760(-004) 3.0360(-005)  7.7300(-006)  1.9500(-006) 5.1000(-007)
RY 1.8376 1.9065 1.9536 1.9736 1.9870 1.9349

10710 1.5756(-003)  4.4088(-004) 1.1763(-004) 3.0350(-005)  7.7000(-006)  1.9700(-006)  5.1000(-007)
RY 1.8374 1.9061 1.9545 1.9788 1.9667 1.9496

Table 5: Comparison of MAPEs (EXN) for diverse values of N and ¢ of Problem 1

e N =2° N =26 N =27 N =28 N =29 N =210
220 6.4250(-005)  1.6310(-005)  3.8700(-006)  9.8000(-007)  5.3000(-007)  4.2000(-007)
924 6.4580(-005)  1.6650(-005)  4.2200(-006)  1.0600(-006)  2.7000(-007)  8.0000(-008)
228 6.4620(-005)  1.6640(-005)  4.2500(-006)  1.0800(-006)  2.9000(-007)  9.0000(-008)
952 6.4610(-005)  1.6640(-005)  4.2500(-006)  1.0800(-006)  2.9000(-007)  9.0000(-008)
result in [60]
220 4.7320(-003)  2.4804(-003)  1.2705(-003)  6.4304(-004)  3.2349(-004)  1.6223(-004)
924 4.7320(-003)  2.4804(-003)  1.2705(-003)  6.4307(-004)  3.2352(-004)  1.6226(-004)
228 4.7320(-003)  2.4804(-003)  1.2705(-003)  6.4307(-004)  3.2352(-004)  1.6226(-004)
9-32 4.7320(-003)  2.4804(-003)  1.2705(-003)  6.4307(-004)  3.2352(-004)  1.6226(-004)
result in [3]
920 0.12360(-001)  0.62211(-002) 0.31206(-002) 0.15628(-002) ~0.78203(-003) 0.39117(-003)
924 0.12360(-001)  0.62211(-002) 0.31206(-002) 0.15628(-002) ~0.78203(-003) 0.39117(-003)
228 0.12360(-001)  0.62211(-002) 0.31206(-002) 0.15628(-002) ~0.78203(-003) 0.39117(-003)
9-32 0.12360(-001)  0.62211(-002) 0.31206(-002) 0.15628(-002) 0.78203(-003) 0.39117(-003)

trapolation technique is applied. Numerical experiments are performed to show the applicability
of the proposed method. Convergence and stability are also examined. Numerical results are

noted in tabular form in terms of MAPEs and the ROCs before and after applying the Richard-
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Table 6: Comparison of MAPEs (EN) for diverse values of N and ¢ of Problem 2

A fitted numerical technique for a class of singularly perturbed delay differential equations

€ N =25 N =26 N=27 N =28 N =29 N =210
10-10 4.8070(-004)  1.2549(-004) 3.2030(-005)  8.0900(-006) 2.0300(-006)  5.2000(-007)
10712 4.8070(-004)  1.2549(-004)  3.2030(-005)  8.0900(-006)  2.0300(-006)  5.2000(-007)
10°15 4.8070(-004)  1.2549(-004)  3.2030(-005)  8.0900(-006)  2.0300(-006)  5.2000(-007)
1020 4.8070(-004)  1.2549(-004)  3.2030(-005)  8.0900(-006)  2.0300(-006)  5.2000(-007)

result in [60]

10-10 7.9338(-003)  4.0004(-003)  2.0070(-003)  1.0060(-003) 5.0411(-004)  2.5064(-004)
1012 7.9338(-003)  4.0004(-003)  2.0070(-003)  1.0060(-003) 5.0411(-004)  2.5064(-004)
10715 7.9338(-003)  4.0004(-003)  2.0070(-003)  1.0060(-003) 5.0411(-004)  2.5064(-004)
10-20 7.9338(-003)  4.0004(-003)  2.0070(-003)  1.0060(-003) 5.0411(-004)  2.5064(-004)

L and various values of § of o(¢)

Figure 1: Solution graph for Problem 1 for NV = 100, ¢ = ;5

1

Figure 2: Solution graph for Problem 1 for N = 100, € = 155

son extrapolation. The results are compared to the results in [60, 3, 58, 41]. The method is
successfully achieving quadratic order convergence with higher accuracy. Solution graphs for

the considered example problems produced by the proposed numerical technique are plotted for
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Table 7: Comparison of MAPEs (EN) for diverse values of N and ¢ of Problem 3

e N=2 N=1 N=7 N=7 N=2" N =20
10-° 9.2200(-005) 2.3600(-005) _6.0000(-006) 1.6000(-006) _5.0000(-007) _3.0000(-007)
10710 9.2200(-005)  2.3300(-005) ~6.0000(-006) 1.6000(-006) ~ 5.0000(-007) ~3.0000(-007)
101 9.2200(-005)  2.3300(-005) 6.0000(-006) 1.6000(-006)  5.0000(-007) ~3.0000(-007)
10-12 9.2200(-005)  2.3300(-005) 6.0000(-006) 1.6000(-006)  5.0000(-007) ~3.0000(-007)
10-13 9.2200(-005)  2.3300(-005) 6.0000(-006) 1.6000(-006) ~ 5.0000(-007) ~ 3.0000(-007)
result in [60]
10-° 4.4394(-003)  2.3357(-003) 1.1972(-003) 6.0599(-003) 3.0464(-004) 1.5287(-004)
10-10 4.4304(-003)  2.3357(-003) 1.1972(-003) 6.0599(-003) 3.0464(-004) 1.5287(-004)
10-1 4.4394(-003)  2.3357(-003) 1.1972(-003) 6.0599(-003) 3.0464(-004) 1.5287(-004)
10-12 4.4394(-003)  2.3357(-003) 1.1972(-003) 6.0599(-003) 3.0464(-004) 1.5287(-004)
10713 4.4394(-003)  2.3357(-003) 1.1972(-003) 6.0599(-003) 3.0464(-004) 1.5287(-004)
result in [3]
107 4.8030(-003)  2.5439(-003) 1.3085(-003) 6.6353(-004) 3.3410(-004)  1.6763(-004)
10-10 4.8030(-003)  2.5439(-003) 1.3085(-003) 6.6353(-004) 3.3410(-004) 1.6763(-004)
1011 4.8030(-003)  2.5439(-003) 1.3085(-003) 6.6353(-004) 3.3410(-004)  1.6763(-004)
10-12 4.8030(-003)  2.5439(-003) 1.3085(-003) 6.6353(-004) 3.3410(-004) 1.6763(-004)
10713 4.8030(-003)  2.5439(-003) 1.3085(-003) 6.6353(-004) 3.3410(-004) 1.6763(-004)

result in [58]

107°
10-10
10-11
10-12

1071

result in [41]

1079
10710
10—11
10712

10-1

0.18(-001)
0.18(-001)
0.18(-001)
0.18(-001)
0.18(-001)

0.012(-001)

0.012(-001)

0.012(-001)

0.012(-001)
(_

0.012(-001)

0.24(-002
0.24(-002

)
)
0.24(-002)
0.24(-002)

)

0.24(-002
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Table 8: Comparison of MAPEs (EXN) for diverse values of N and ¢ of Problem 4

: N =21 N=2 N=2° N=2" N=2° N=2
10— 4.4087(-004)  1.1760(-004) 3.0360(-005) 7.7300(-006) 1.9500(-006) 5.1000(-007)
10710 4.4088(-004)  1.1763(-004) 3.0350(-005) 7.7000(-006) 1.9700(-006) 5.1000(-007)
101 4.4088(-004)  1.1763(-004) 3.0350(-005) 7.7200(-006) 1.9700(-006) 5.1000(-007)
10712 4.4088(-004)  1.1763(-004) 3.0350(-005) 7.7200(-006) 1.9700(-006) ~5.1000(-007)
10713 4.4088(-004)  1.1763(-004) 3.0350(-005) 7.7200(-006) 1.9700(-006) 5.1000(-007)
result in [58]
10- 0.40(-002)  0.20(-002)  0.10(-002)  0.51(-003)  0.26(-003)  0.13(-003)
10710 0.40(-002)  0.20(-002)  0.10(-002)  0.51(-003)  0.26(-003)  0.13(-003)
1011 0.40(-002)  0.20(-002)  0.10(-002)  0.51(-003)  0.26(-003)  0.13(-003)
10712 0.40(-002)  0.20(-002)  0.10(-002)  0.51(-003)  0.26(-003)  0.13(-003)
10-13 0.40(-002)  0.20(-002)  0.10(-002)  0.51(-003)  0.26(-003)  0.13(-003)
result in [41]
10~ 0.11(-001)  0.57(-002)  0.29(-002)  0.14(-002)  0.72(-003)  0.36(-003)
10710 0.11(-001)  0.57(-002)  0.29(-002)  0.14(-002)  0.72(-003)  0.36(-003)
1011 0.11(-001)  0.57(-002)  0.29(-002)  0.14(-002)  0.72(-003)  0.36(-003)
10712 0.11(-001)  0.57(-002)  0.29(-002)  0.14(-002)  0.72(-003)  0.36(-003)
10-13 0.11(-001)  0.57(-002)  0.29(-002)  0.14(-002)  0.72(-003)  0.36(-003)

Figure 3: Solution graph for Problem 2 for N = 100, ¢ =

Figure 4: Solution graph for Problem 2 for N = 100, € =
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Figure 5: Solution graph for Problem 3 for N = 100, ¢ = % and various values of ¢ of o(e)
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Figure 9: Log-log plot for MAPE vs N for Problem 1 for various values of ¢
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Figure 10: Log-log plot for MAPE vs N for Problem 2 for various values of
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Figure 11: Log-log plot for MAPE vs N for Problem 2 for various values of e
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Figure 12: Log-log plot for MAPE vs N for Problem 4 for various values of ¢
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N = 100 and different values of & and . These graphs show that as the delay argument (0)
increases and € — 0, the thickness of the boundary layer decreases. For more clarity, in Figures
9, 10, 11, and 12, we have plotted the log-log plots for MAPE vs N (after extrapolation) for the
considered Problems 1 to 4 for various values of €. Through these figures, we easily observe that
despite increasing the value of N, for ¢ = 107%, the MAPE increases after certain value of N.
Thus the method is capable of producing highly accurate and uniformly convergent results for
all the values of (1/N) > e where ¢ < 107%. Novelty of the proposed method is associated with
the improvement in the accuracy of the solutions in such a way that the ROC increases from
1 to 2, when the Richardson extrapolation procedure is applied. For some methods/schemes,
the accuracy of the solutions obtained improves, but the ROC does not when the Richardson

extrapolation procedure is applied to it [50, 51].
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